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ABSTRACT 
 
 
 

FAILURE ANALYSIS OF ADVANCED COMPOSITES UNDER IMPACT BY 
COHESIVE ZONE METHOD 

 
Doğan, Oğuz 

M. Sc., Department of Mechanical Engineering 
Supervisor: Prof. Dr. K. Levend Parnas 

 
September 2013, 76 pages 

 
The main objective of this study is to investigate the delamination damage of laminated 
composites subjected to low velocity impact. Three-dimensional finite element analyses are 
conducted to determine delamination area, shape and location. The impact analysis is 
performed by using the explicit finite element method which uses the central difference rule 
to integrate the equations of motion through the time. The composite structures are modeled 
using eight-node solid elements. The critical interfaces between layers is represented by 
special interface elements based on Cohesive Zone Method (CZM). A combined approach 
considering damage initiation and damage growth phases in a single model is utilized in this 
method. The linear elastic and linear softening behavior is applied for these interface 
elements. A stress based failure criterion and damage mechanics approach are used to 
simulate initiation and propagation of delamination, respectively. The analyses are divided 
into two main sections involving the validation of computational model and parametric 
studies. The eight-node brick element is verified without delamination damage. Then, the 
model with delamination damage is validated by experimental results from literature. The 
verified model is adapted for the curved laminates and a parametric study is conducted in 
order to determine the effect of curvature on the delamination damage. Additionally, the 
effect of element size on delamination damage is discussed.   
 
Keywords: Delamination, Cohesive Zone Method, Impact, Laminated Composites 
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ÖZ 
 
 
 

DÜŞÜK HIZLI DARBE ALTINDAKİ İLERİ KOMPOZİTLERİN YAPIŞKAN ALAN 
YÖNTEMİ İLE YETMEZLİK ANALİZİ  

 
Doğan, Oğuz 

Yüksek Lisans, Makina Mühendisliği Bölümü 
Tez Yöneticisi: Prof. Dr. K. Levend Parnas 

 
Eylül 2013, 76 sayfa 

 
Bu çalışmada, düşük hızlı darbeye maruz kalan tabakalı kompozit yapıların tabaka 
ayrılması (delaminasyon) hasarı incelenmiştir. Delaminasyon alanı, şekli ve konumunu elde 
edebilmek amacı ile üç-boyutlu sonlu eleman analizleri gerçekleştirilmiştir.  Darbe analizi, 
hareket denklemlerini merkezi fark yöntemi ile zamana göre integral alma ilkesini kullanan 
açık sonlu eleman yöntemi ile gerçekleştirilmiştir. Kompozit yapılar sekiz düğümlü katı 
elemanlar kullanılarak modellenmiştir. Tabakalar arasındaki kritik arayüzler Yapışkan Alan 
Yöntemi (YAY) ile modellenmiştir. Hasarın başlangıcını ve ilerleyişini tek bir model içinde 
göz önüne alan bu tümleşik yaklaşım bu çalışmada kullanılmıştır. Doğrusal elastik ve 
doğrusal yumuşama davranışı bu arayüz elemanlarına uygulanmıştır. Hasar başlangıcı için 
gerilme tabanlı yetmezlik (failure) ölçütü, hasar ilerleyişi için ise hasar mekaniği yaklaşımı 
kullanılmıştır. Yapılan analizler doğrulama çalışmaları ve parametrik çalışmalar olmak 
üzere iki ana kısma ayrılmıştır. Sekiz düğümlü katı eleman, tabaka ayrılması hasarı göz 
önüne alınmadan doğrulanmıştır. Sonlu eleman modeli ise tabaka ayrılması hasarı göz 
önüne alınarak literatürdeki deneysel çalışmalar ile doğrulanmıştır. Doğrulanan model eğri 
yüzeyli kompozit yapılara uygulanmış ve kavisin tabaka ayrılması hasarına olan etkisi 
parametrik çalışmalar ile belirlenmiştir. Ayrıca eleman boyutunun tabaka ayrılması hasarına 
olan etkisi de tartışılmıştır. 
 
Anahtar kelimeler: Tabaka ayrılması, Yapışkan Alan Yöntemi,  Darbe, Tabakalı 
Kompozitler 
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CHAPTER 1 
 
 

INTRODUCTION 
 
 
 
1.1 Review 

Advanced composite materials are used in various industrial applications as primary 
structures due to attractive properties such as high specific strength, high specific stiffness, 
toughness, mechanical damping, chemical, corrosion resistance. Aerospace and military 
industries have tremendous interest in composites to overcome challenging environmental 
problems and meet superior system requirements. Hence, composite materials are regarded 
as a substitution for conventional materials.  
 
Despite of their virtues, complexity of their structure constitutes an obstacle to understand 
failure modes and limits. Material limits should be determined accurately in order to utilize 
material effectively and at the same time guarantee the safety of the parts. Consequently, 
ability to model the damage in a composite structure is important in order to meet 
challenging demands.  
 
The most widely used type of composites for structural applications is the laminated 
composites. They are manufactured by stacking a number of layers with specific fiber 
orientation and impregnating them with an appropriate matrix system. It is known that 
common failure modes of laminated composite structures are fiber tension/compression 
failure, matrix tension/compression failure, interlaminar failures, and fiber-matrix 
debonding. Interface failures are known as separation along the interfaces of successive 
layers which is generally called as delamination.  Among all these, delamination is the most 
dangerous and insidious common failure type that can be observed in composite materials. 
Common sources of this failure are material and structural discontinuities such as free edge 
effects, ply drop-offs, stiffener terminations, skin-stiffener flange interfaces, bonded/bolted 
joints, holes; local disturbances during manufacturing and in service such as drilling, 
impact of foreign objects; variations in temperature and moisture and internal failure 
mechanisms such as matrix cracking which gives rise to considerable interlaminar stresses 
[1], [2]. Most of the time, delamination cannot be detected by naked eye but, mechanical 
behavior of the structure is significantly changed with delamination for example by 
degrading its stiffness. The structure can survive on after series of loadings and maintain its 
integrity. However, delamination is propagated and reaches a critical value with 
compressive loading and the structures become more susceptible to buckling. Therefore, 
delamination is one of the most dangerous and destructive failure modes [3]. 
 



2 
 

In literature, there is a number of mathematical and experimental studies for different type 
of problems considering various failure criteria regarding delamination of laminated 
composites. Nilsson et. al. [4] has investigated delamination buckling and its growth for 
slender composite panels loaded in compression. The panels made up of 35 plies in cross-
ply configuration contain artificially embedded delaminations after three, five or seven 
plies from the upper surface. It is showed that delaminated panels fail by delamination 
growth slightly below the global buckling load of undamaged panels, whereas the 
undelaminated panels failed in compression at global buckling. The shape of delamination 
front after growth is also predicted. The analysis is performed by finite element based 
computational model with shell elements and crack growth is studied by fracture 
mechanics. 
 
Wang at. al. [5] has studied numerical analysis of delamination buckling and growth in 
slender laminated composites using cohesive element method. 3D 8-node solid elements 
are used for both composite and cohesive sections. In this study, the critical loads of 
delamination growth are determined for different panels which have embedded 
delaminations after various depths with different delamination sizes. The propagation 
characteristics according to loading direction and parameters affecting delamination shapes 
are presented in that study. 
 
Researchers encounter delamination not only in buckling of composite panels subjected to 
compression loading, but also in tensile-loaded panels. Satyanarayana et. al. [7] has 
performed a numerical analysis and experiments for center-notched tensile-loaded coupons. 
The study is divided into two parts with and without delamination. In the first part, only 
intralaminar damage considering fiber breakage and matrix cracking is modeled with 
progressive damage analysis method using Hashin failure criteria. In the second part, the 
study is expanded by including interlaminar damage using cohesive zone method. 
Numerical results for damage analysis with interlaminar damage are compared with 
experimental results. It is shown that the inclusion of interlaminar mode gives better 
prediction for failure loads and damage analysis with delamination as expected. 
 
Gözlüklü and Coker [8] have investigated the dynamic delamination of L-shaped 
unidirectional laminated composites in conjunction with the cohesive zone method. In 
previous studies, it is reported that delamination propagation is highly unstable in L-shaped 
composite laminates. They have focused on the simulation of delamination using explicit 
finite element analysis with an L-shaped laminate having precrack. In order to minimize 
computation time, sequential finite element analysis is applied in which implicit method is 
followed by explicit method. Implicit method is used to determine the linear elastic part of 
the dynamic load response until crack propagation starts. An explicit method is applied to 
see the effect of the loading after crack propagation [8].  
 
Another popular delamination analysis in composites is impact induced damage of flat, 
curved or cylindrical laminates. Kim et. al. [9] investigates the effect of curvature on the 
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dynamic response and impact-induced damage in composite structures with different 
stacking sequences. The delamination of curved laminates and plates are predicted using a 
stress based failure criteria. It is reported that the delamination region in cylindrical panels 
are larger than those of plates subjected to the same impact conditions. Her and Liang [10] 
perform similar analysis on cylindrical and spherical composite shells. The effect of shell 
curvature is investigated under different boundary conditions with different impactor 
velocities. In addition, they use a stress based failure criteria suggested by Choi and Chang 
for assessing delamination. Similarly, Changliang et. al. [11] focused on the delamination 
prediction of filament wound vessels with a metal liner considering internally pressurized 
and empty cases under low velocity impact using a stress based failure criterion, which is 
proposed by Chang and Chang [12]. They put forward the fact that the impact damage of 
internally pressurized filament wound vessels with a metal liner is more susceptible to 
induce delamination under low velocity impact. Chakraborty [13] investigates multiple 
impacts on flat composite laminates by cylindrical impactor using the same procedure. 
Effect of time interval between successive impacts on the plate is investigated in this study. 
It is stated that the individual delaminations grows into one big delamination by coalescing 
when the interval between successive impacts is shortened. 
 
Zhang et. al. [14] has studied low velocity impact in composite laminated plates to predict 
the initiation and the propagation of delamination. In that study, the matrix cracking is also 
predicted at specified locations based on observation on the experiments. The surface based 
cohesive zone model is implemented in finite element model by means of a user-defined 
subroutine. The cohesive zone model combines the initiation and the propagation of 
delamination using stress-based criterion and damage mechanics, respectively. The stress-
based initiation criterion is nothing but the quadratic interaction failure criteria. The power 
law is used in the context of damage mechanics which indirectly uses fracture mechanics. 
The test specimen is in the configuration of ሾ0ସ/90ସሿ௦. One of the important observations 
in their experiments is that the delamination is developed only between layers of different 
orientation. Delaminations occur only at the lower interface between middle and lower 
sublaminates in the shape of peanut. Therefore, the middle and lower sublaminates are 
bonded together using the damage model as a contact behavior at the interface. In addition 
to that, the matrix cracking is also observed at lower sublaminates extending in the 
direction of the fibers due to bending effect. The surface-based cohesive zone is applied at 
lower sublaminate where it is experimentally observed. The half model is prepared for plate 
and impactor since there is a geometrical and material symmetry. It is important to note that 
the matrix cracking cannot be simulated in quarter finite element model maintaining 
material symmetry. The impactor and plate is modeled using eight-node linear elements, 
which is included in their commercial finite element program ABAQUS, with reduced 
integration and hourglass control (C3D8R). Three different impact velocities are used in 
numerical simulations. The results are compared with experimental data under the basis of 
maximum length and width of delamination and the reasonable agreement is said to be 
obtained. 
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Shi et. al. [15] has modeled the impact damage of composite laminates under low velocity 
impact and has investigated the damage experimentally and numerically. In the model, each 
lamina is represented by two 8-node linear brick elements and interface cohesive elements 
are inserted between neighboring plies to simulate delamination. A contact algorithm is 
used to simulate contact between the impactor and the laminate. Besides, contact between 
layers is defined using appropriate contact properties with various friction coefficients. The 
delamination onset is estimated by quadratic interaction criterion whereas cohesive zone 
method is applied for the propagation of delamination with Benzeggagh–Kenane (BK) 
criterion [71] to define the mixed-mode behavior of the interface. Secondly, the intra-
laminar failure is predicted using Hashin failure criterion for the initiation of the damage. 
Moreover, the damage mechanics based on strain failure criterion is used to predict the 
damage propagation in tensile and compressive failure modes both for fiber and matrix by 
gradually degrading the material properties. The carbon fiber and epoxy resin is used for 
composite specimens with stacking sequence of ሾ0/90ሿଶ௦. The finite element model for the 
plate is constructed by using two eight-node brick elements (C3D8) through thickness 
direction for each ply. X-ray radiographs and predicted delamination areas for different 
impact energies are compared and it is showed that the overall damage areas are in 
agreement with experimental data. 
 
One of the popular subjects regarding the delamination of composite structures is impact 
damage of composite helmets. In literature, the concept of Head Injury Criterion (HIC) is 
introduced for the judgment of the protective performance of the helmets. Kostopoulos et. 
al. [16] states that a well-designed helmet must be able to absorb as much energy as 
possible and diffuse it to the whole helmet in order to provide a better protection against 
impacts. They mainly focus on the impact performance of motorcycle safety helmets 
consisting of a composite shell and a polystyrene liner. Using a finite element simulation, 
the effect of different materials combinations for the composite shell is investigated. The 
delamination is simulated using the stress based delamination condition provided by 
Hallquist [17], [18]. It is shown that delamination absorbs 7.7, and 12% of the total impact 
energy of 150J for glass-, carbon- and Kevlar-fiber shells; respectively. The Kevlar-fiber 
configuration experiences more extensive matrix cracking and delamination due to 
relatively lower shear strength and stiffness values. As a result of damage analysis with 
delamination failure, it is stated that the Kevlar-fiber configuration provides lower HIC 
values compared to carbon- and glass-fiber configurations. Similarly, Pinnoji and Mahajan 
[19] numerically investigate the performance of composite helmets under impact. They 
conduct a study which includes both in-plane damage using Hashin failure criteria and 
delamination using cohesive zone method instead of stress based method. They establish 
the effectiveness of the finite element model by comparing experimental results from 
literature.  
 
High velocity impact is another subject about the delamination of composite structures. 
Oka et. al. [20] focus on the high velocity impact damage on CFRP laminates considering 
foreign object damage in blades of a turbo fan engine. The surface and internal damages in 
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CFRP laminate is observed by using optical microscopy together with radiography. 
Additionally, finite element analysis is carried out to simulate the damage. The laminates 
are tested with projectile having velocity of 200 or 400 m/s. Oka et. al. [20] uses cohesive 
elements to express the delamination and use the maximum stress fracture criteria to 
simulate the intralaminar failure. Simulated front and back surface damages and simulated 
delamination areas are in good agreement with experimental results.  
 
A considerable attention has been paid to a relatively new approach called the Peridynamic 
Method, which can be used in structural analyses involving fracture [21]. This method is 
developed to overcome the limitations of finite element method in calculating the partial 
differential equations around discontinuities, cracks or any other singularities. The 
peridynamic theory utilizes integral equations, while the finite element methods are based 
on differential equations. Therefore, it is said that the peridynamic methods does not have 
limitations in evaluating displacement at discontinuities and at singularities. The model is 
constructed by particles which are in interaction with each other by means of central forces 
or bonds. The damage of the material is based on the amount of stretching of the bonds. 
When the stretching reaches and exceeds the critical stretch value, the bonds are broken so 
that the irreversible damage is introduced. It is mentioned that this method is successfully 
used in failure analysis of composite laminates [21]. Askari et. al. [21] has investigated the 
mechanical behavior of the composite laminates through two different problems: the large-
notch tension tests and the low velocity impact tests. It is said that the damage predictions 
agree well with experimental results.  
 
The selected studies are introduced with the aim of expressing the diversity of the 
delamination related subjects in structural applications. The brief information about the 
distinguishing features of the studies is also given in this part. The mentioned studies 
remain limited to divide the damage analysis approaches of composite structures into 
subgroups since there are extensive amount of work on this topic. However, it can be 
broadly classified into three groups of approaches as failure criteria approach, fracture 
mechanics approach and cohesive zone approach. Since it combines the initiation and 
propagation of crack within one model, Cohesive Zone Method is found popular among 
these approaches where the structure is initially undamaged. 
 
1.2 Motivation 

Delamination is frequently observed in composite structures in various forms. Mishandling, 
accidents in service, storage, maintenance or manufacturing such as tool drops, foreign 
object damage and hailstone strikes are the main sources of delamination. It is well known 
that the low velocity impact can easily lead to delamination in composite structures and it is 
insidiously developed with the structure [10], [22-27]. Moreover it is often regarded as a 
precursor to catastrophic failure [28]. Furthermore, according to a survey by IATA 
concerning problems of aircrafts almost 60% of all damages detected in composite 
structures are because of impact [29]. Therefore, the knowledge of delamination 
phenomena and the modeling of delamination always deserve significant attention by 
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researchers due to its importance in engineering applications and also its challenging 
characteristics.  The motivation behind this study is to perform finite element modeling of 
delamination failure providing visualization of delamination from initiation to propagation 
by using Cohesive Zone Method. The advantage of Cohesive Zone Method over other 
widely used methods is to be discussed in Chapter 3. Using this method the approximate 
behavior of delamination is represented by interface elements modeled between laminas 
which are constructed by solid elements.  
 
1.3 Objective 

The main objective of this study is to investigate the delamination analysis of a laminated 
composite under low velocity impact by modeling layers and interfaces using 3D solid 
stress elements and solid cohesive elements, respectively. The finite element model is to be 
validated with studies already conducted numerically and experimentally. After validation 
works, the effect of curvature on delamination is investigated for curved laminates by using 
cohesive zone method to simulate the behavior of the interface. Then, the effect of mesh 
size on delamination area is investigated in curved laminate. 
 
1.4 Content 

The thesis is organized in six chapters. In Chapter 1, delamination is defined and explained 
with various numerical and experimental studies on different delamination related subjects. 
Also, methods used in those researches are briefly explained. 
 
Chapter 2 is devoted to the impact theory. Numerical methods are also introduced in order 
to calculate the contact forces developed under low velocity impact. The comparison 
between numerical methods is presented at the end of that chapter. 
 
Chapter 3 includes brief information on the type of failure in advanced composites and 
general failure criteria. This chapter mainly focuses on methodologies for the analysis of 
delamination failure. In addition to failure types and methodologies, the interfacial fracture 
toughness in pure modes and mixed modes are also discussed since those parameters are 
used in delamination analysis. Moreover, the related tests for determination of fracture 
toughness in pure and mixed mode are explained in that chapter. 
 
The Cohesive Zone Method is discussed in Chapter 4 in detail. The constitutive laws for 
pure and mixed mode Cohesive Zone Method are presented within the framework of 
damage mechanics. 
 
In Chapter 5, the finite element model without cohesive zone is firstly constructed with 
solid elements. These results are validated with previous studies in terms of contact force 
history. Secondly, the Cohesive Zone Method is applied on a specific problem found in 
literature which is about delamination analysis of a composite plate under impact. After 
obtaining similar results compared to that study, a new parametric study is conducted in 
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which the effects of curvature and mesh size on delamination is investigated for curved 
laminates. 
 
Chapter 6 is dedicated for the interpretation of computational results and comparison of 
these results with literature. Future works are also presented at the end of that chapter. 
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CHAPTER 2 
 

 

IMPACT THEORY 
 
 
 
2.1 Impact Phenomenon 

Impact is a transient loading when two or more bodies collide which occurs in a short 
period of time. A pressure develops between colliding bodies in a small contact area. This 
pressure results in local deformation in each body during contact period. The local 
deformation varies according to relative velocities, material properties of the bodies and 
boundary conditions [30]. 
 
The impact response of materials is categorized according to their velocities such as low, 
intermediate, high/ballistic and hyper velocity impacts. Low Velocity Impact (LVI) is 
generally experienced at velocities below 10 m/s due to tool drop or foreign object 
damages. Motion of the whole structure is observed during LVI. High velocity impact 
typically ranges from 50 m/s to 1000 m/s due to gun fire or certain explosion in which the 
damage is localized because the structure does not have enough time to respond and the 
impact response is almost independent of boundary conditions since impact event finalizes 
before stress waves develops throughout the structure. In hyper velocity impact, the 
projectile velocity is approximately 2-5 km/s which are studied in space applications [31]. 
 
2.2 Hertz’s Contact Theory 

In order to understand the damage of a composite structure subjected to impact, the contact 
force applied by the impactor is an important parameter. In general, impact between two 
bodies occurs in very short period of time that is measured in some milliseconds. Hence, 
efforts on evaluating the contact force history rather than only contact force is vital for 
progressive damage analysis.  
 
Contact between two isotropic solids was first studied by Hertz. The equation is known as 
Hertz Contact Law which relates motion of the target and the impactor to contact force as,  
 

ܲ ൌ  ଷ/ଶ (2.1)ߙ݇
 
where ܲ is the contact force, ݇ is the contact stiffness and α is the depth of indentation. 
Indentation is defined at a time, ݐ, as the motion of impactor relative to target as   
 

ሻݐሺߙ ൌ ሻݐ௜௠௣ሺݑ െ  ሻ (2.2)ݐ௧௔௥ሺݑ
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Contact stiffness, ݇, is given by 
 

݇ ൌ
4
3

 ଵ/ଶ (2.3)ܴܧ

 
Parameters R and E in (2.3) can be defined as 
 

1
ܴ

ൌ
1

ܴଵ
൅

1
ܴଶ

 (2.4) 

 
1
ܧ

ൌ
1 െ ଵߥ

ଶ

ଵܧ
൅

1 െ ଶߥ
ଶ

ଶܧ
 (2.5) 

 
where ܴଵ  and ܴଶ  are radius of curvatures, ܧଵ  and ܧଶ  are Young’s moduli, ߥଵ  and ߥଶ  are 
Poisson’s ratios of the bodies. It is important to note that contact stiffness definitions vary 
according to the case of the Hertz contact problems such that; 
 

i. For the contact of an elastic sphere and an elastic half-space [32], 
 

݇ ൌ

4
3 ቀ 1

ܴ௜
ቁ

ቆ1 െ ௜ߥ
ଶ

௜ܧ
൅ 1 െ ଶߥ

ଶ

ଶܧ
ቇ

 (2.6) 

 
where ܴ௜ is radius of the spherical impactor, ܧ௜ and ܧଶ are Young’s modulus, ߥ௜and νଶ are 
Poisson’s ratios of the impactor and the half space, respectively (Figure 2-1). 
 

ii. For the contact of a sphere pressed on a transversely isotropic half-space [32], 

݇ ൌ

4
3 ቀ 1

ܴ௜
ቁ

ቆ1 െ ௜ߥ
ଶ

௜ܧ
൅ 1

ଶܧ
ቇ

 (2.7) 

 
where ܴ௜, ௜ܧ ௜ andߥ  are the radius, the Poisson's ratio and the Young's modulus of the 
spherical impactor, respectively, and ܧଶ is the modulus of elasticity in transverse direction 
for the fiber-reinforced composite (Figure 2-1). 
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Figure 2-1: Contact of a spherical impactor on half-space  

iii. For the contact of a sphere pressed on a cylindrical composite shell [10], [33], 
 

݇ ൌ

4
3 ൬ 1

ܴ௜
൅ 1

2ܴ௖௬௟
൰

ቆ1 െ ௜ߥ
ଶ

௜ܧ
൅ 1

ଶܧ
ቇ

 (2.8) 

 
where ܴ௜, ,௜ߥ ௜ and ܴ௖௬௟ܧ  are the radius, the Poisson's ratio, the Young's modulus of the 
spherical impactor and the radius of the cylindrical composite shell, respectively. ܧଶ is the 
modulus of elasticity in transverse direction for the fiber-reinforced composite (Figure 2-2). 

 
 

Figure 2-2: Contact of a spherical impactor on a cylindrical composite shell 
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iv. For the contact of a sphere pressed on a spherical composite shell [10], [33], 
 

݇ ൌ

4
3 ൬ 1

ܴ௜
൅ 1

ܴ௦௣௛
൰

ቆ1 െ ௜ߥ
ଶ

௜ܧ
൅ 1

ଶܧ
ቇ

 (2.9) 

 
where  ܴ௜, ,௜ߥ ,௜ܧ ܴ௦௣௛ and ܧଶ are the radius of the sphere, the Poisson’s ratio of sphere, the 
Young's modulus of the spherical impactor the radius of the spherical composite shell and 
the modulus of elasticity in transverse direction for the fiber-reinforced composite, 
respectively (Figure 2-3). 

 
 

Figure 2-3: Contact of a spherical impactor on a spherical composite shell 

Although composite plates and shells are not homogenous and isotropic, Hertz contact law 
is also applicable to the loading phase of the impact for those structures as well. There are 
various analytical and experimental studies on contact between composite plates by a 
smooth impactor considering unloading phase [34]. It is known that permanent indentation 
occurs at low loading levels and there are significant differences in unloading phase 
compared to loading phase. Crook observed that phenomena during studies on indentation 
of steel plates by spherical indentors [34]. Contact force during unloading phase suggested 
by Crook is 
 

ܲ ൌ ௠ܲ ൬
ߙ െ ଴ߙ

௠ߙ െ ଴ߙ
൰

ଶ.ହ
 (2.10) 

 
where ߙ௠  is the indentation when contact force reaches its maximum value, ௠ܲ , during 
contact period and ߙ଴ is defined as  
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଴ߙ ൌ 0
 

݄݊݁ݓ ௠ߙ ൏  ௖௥ߙ
(2.11) 

 

଴ߙ ൌ ௠ߙ ቈ1 െ ൬
௖௥ߙ

௠ߙ
൰

ଶ/ହ
቉

 
݄݊݁ݓ ௠ߙ ൏  ௖௥ߙ

(2.12) 

 
 .௖௥ is the critical indentation which is determined by experimentsߙ
 
2.3 Analysis of Impact 

The characteristics of the composite structures under impact can be investigated by 
experimental or numerical methods. The large number of configuration can be generated 
during design stage by changing the orientation of plies and their stacking sequence. 
Consequently, these vast number of alternatives need to be tested. However, numerical 
methods are generally preferable on experimental studies because manufacturing and 
experimental costs are relatively high for composite materials. The finite element method is 
the most popular and commonly used computational tool. The solution of finite element 
methods can be classed as implicit and explicit for structures under time varying loads such 
as impact. It is known that MARC, ANSYS, NASTRAN, ABAQUS can solve impact 
problems. In this study, ABAQUS is used as computational tool which provides both 
implicit (ABAQUS/standard) and explicit (ABAQUS/explicit) solutions for impact 
problems. The implicit method incrementally solves the equations by using Newton-
Raphson iterative method. The explicit method solves the equation of motion in the 
dynamic problems by using central difference integration rule. It is known that the implicit 
method has numerical difficulties in converging. It requires many iterations to satisfy the 
contact conditions. The inversion of the global stiffness matrix is also required which is a 
computationally expensive operation in implicit method. Additionally, the convergence is 
generally not guaranteed for three dimensional problems. However, the explicit method is 
inexpensive since only the inversion of diagonal mass matrix is required. It can be easily 
diagonalized so that its inversion is trivial. The iterations are not also needed to solve the 
equation of motion in explicit procedure. Nevertheless, the explicit method requires 
relatively small time increments comparing to implicit procedure [89]. For convergence, the 
time increment should be selected less than the time require for stress wave to cross the 
smallest element. Although it takes thousands of increment to solve the problem, the 
explicit method is more robust and efficient for dynamic problems including contact [89]. 
Therefore, ABAQUS/explicit is to be used in this study with the default explicit settings 
and contact algorithm. The contact stiffness can be calculated according to the impact 
configuration by using Eqns. (2.6)-(2.9) and it can be incorporated into FEM solver. 
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CHAPTER 3 
 
 

DELAMINATION ANALYSIS 
 
 
 
3.1 Composite Failures 

Laminated composites exhibit complex damage patterns which are generally difficult to 
detect and quite different compared to isotropic materials. Types of damage in laminated 
composites can be classified into two groups: intra-laminar and inter-laminar failures [15]. 
Intra-laminar failure modes are fiber tensile damage, fiber compression damage, matrix 
tensile damage, matrix compression damage and fiber matrix debonding. Inter-laminar 
failure occurs between adjacent plies and is also called as delamination. Although these 
failure mechanisms can occur individually, a combination of them can also be observed 
[35]. 

 
Figure 3-1: Fiber breakage due to tensile loading 

Tensile loads can lead to individual or multiple fiber rapture as shown in Figure 3-1. In 
longitudinal compression load, there are three different failure modes: shear failures of 
fibers, transverse tensile failure due to Poisson’s effect and fiber micro-buckling which 
leads to the formation of fiber kinking  [15], [36]. 
 

 
 

Figure 3-2: Fiber kinking 

Matrix cracks can develop under tensile loading, compression loading, fatigue loading, 
thermal loading, thermocycling and impact conditions [15, 37]. Tensile loading in 
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composite laminates generally results in matrix cracks transverse to direction of loading 
which also leads to fiber-matrix interfacial failure or splitting [15].  
 

 
 

Figure 3-3: Matrix cracking 

Moreover matrix cracks can turn into delamination when it reaches to interface of the 
adjacent plies. 
 

 
 

Figure 3-4: Matrix cracking and delamination 

Delamination failure occurs on the interface of the adjacent plies in laminated composites. 
It is generally initiated by transverse ply cracking [15, 27]. Cracks in laminated composites 
can easily turn into a delamination since the strength and toughness of the matrix materials 
are relatively low compared to those of fiber materials.  
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Figure 3-5: Delamination and its types 

3.2 Failure Theories 

Failure of composites can be modeled by stress or strain-based failure criteria approach. 
Tsai-Wu and Tsai-Hill criteria are applied to determine the failure envelop for 
multidirectional laminate which is subjected to multi-axial loadings. Tsai-Hill and Tsai-
Wu failure criteria are quadratic failure criteria which mean that the stress components are 
squared or multiplied by another stress component in each term. They are employed to 
individual plies to predict failure.  

3.2.1 Tsai-Hill Criterion 

Tsai-Hill criterion is an extension of von Mises yield criterion which is proposed by Hill to 
include the effect of induced anisotropy for metals which are initially isotropic and 
subjected to large plastic deformation [36]. According to Tsai-Hill criterion, failure occurs 
when the following condition is satisfied 
 

ଵଵߪ
ଶ

ଵܵଵ
ଶ െ

ଶଶߪଵଵߪ

ଵܵଵ
ଶ ൅

ଶଶߪ
ଶ

ܵଶଶ
ଶ ൅

ଵଶߪ
ଶ

ଵܵଶ
ଶ ൒ 1 (3.1) 

 
where ଵܵଵ

ା , ଵܵଵ
ି , ܵଶଶ

ା , ܵଶଶ
ି  and ଵܵଶ  represent longitudinal tensile strength, longitudinal 

compressive strengths, transverse tensile strength, transverse compressive strength and in-
plane shear strength, respectively.  
 
Equation (3.1) does not distinguish between tensile and compressive strengths. Therefore, 

ଵܵଵ and ܵଶଶ take the values according to the stresses such that 
 

ଵଵߪ ൒ 0 ฺ ଵܵଵ ൌ ଵܵଵ
ା  

ଵଵߪ ൏ 0 ฺ ଵܵଵ ൌ ଵܵଵ
ି  

ଶଶߪ ൒ 0 ฺ ܵଶଶ ൌ ܵଶଶ
ା  

ଶଶߪ ൏ 0 ฺ ܵଶଶ ൌ ܵଶଶ
ି  

(3.2) 

3.2.2 Tsai-Wu Criterion 

Tsai and Wu propose a simplified failure criterion based on the Gol’denblat and Kopnov 
criterion which is a general tensor polynomial failure criterion for anisotropic materials 
[36]. It has the form 
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ଵଵߪଵܨ ൅ ଶଶߪଶܨ ൅ ଵଵߪଵଵܨ
ଶ ൅ ଶଶߪଶଶܨ

ଶ ൅ ଵଶߪ଺଺ܨ
ଶ ൅ ଶଶߪଵଵߪଵଶܨ2 ൒ 1 (3.3) 

 
 
where ܨଵ, ,ଶܨ  ଶଶ are defined asܨ ଵଵ andܨ
 

ଵܨ ൌ
1

ଵܵଵ
ା ൅

1

ଵܵଵ
ି  

ଶܨ ൌ
1

ܵଶଶ
ା ൅

1
ܵଶଶ

ି  

ଵଵܨ ൌ െ
1

ଵܵଵ
ା

ଵܵଵ
ି  

ଶଶܨ ൌ െ
1

ܵଶଶ
ା ܵଶଶ

ି  

(3.4) 

 
and ܨଵଶcan be defined in two different ways such that 
 

i. Under equal biaxial tensile loading ሺ ߪଵଵ ൌ ଶଶߪ ൌ   ௕௜௔௫ሻߪ
 

ଵଶܨ ൌ
1

௕௜௔௫ߪ2
ൣ1 െ ሺܨଵ ൅ ௕௜௔௫ߪଶሻܨ ൅ ሺܨଵଵ ൅ ௕௜௔௫ߪଶଶሻܨ

ଶ ൧ (3.5) 

 
ii. Tsai and Hahn propose an approximation [36] 

 

ଵଶܨ ൌ െ
1
2 ඥܨଵଵܨଶଶ (3.6) 

3.2.3 Hashin Failure Criterion 

Although the Tsai-Hill and Tsai-Wu criteria cannot distinguish between fiber or matrix 
failure [15], Hashin failure criterion is widely used to model intra-laminar failure modes 
such as fiber damage in tension and compression and matrix tensile and compressive failure 
for a unidirectional composite.  
 

i. Tensile fiber failure, 
 

ቆ
σଵଵ

Sଵଵ
ା ቇ

ଶ

൅
σଵଶ

ଶ ൅ σଵଷ
ଶ

Sଵଶ
ଶ ൒ 1 (3.7) 

 
ii. Compressive fiber failure, 

 

ቆ
σଵଵ

Sଵଵ
ି ቇ

ଶ

൅
σଵଶ

ଶ ൅ σଵଷ
ଶ

Sଵଶ
ଶ ൒ 1 (3.8) 
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iii. Tensile matrix failure for σଶଶ ൅  σଷଷ ൐ 0, 
 

ሺσଶଶ ൅ σଷଷሻଶ

Sଶଶ
ା ଶ ൅

σଶଷ
ଶ െ σଶଶσଷଷ

Sଶଷ
ଶ ൅

σଵଶ
ଶ ൅ σଵଷ

ଶ

Sଵଶ
ଶ ൒ 1 (3.9) 

 
 

iv. Compressive matrix failure for σଶଶ ൅ σଷଷ ൏ 0, 
 

ቈ ൬
ܵଶଶ

ି

2ܵଶଷ
൰

ଶ
െ 1቉ ቆ

ଶଶାఙయయߪ

ܵଶଶ
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ଶ െ σଶଶσଷଷ

ܵଶଷ
ଶ ൅

σଵଶ
ଶ ൅ σଵଷ

ଶ

ଵܵଶ
ଶ ൒ 1 (3.10) 

 
Hashin failure criterion is the most suitable criterion since individual in-plane failure modes 
can be evaluated separately. However, fiber failure does not always occur in low velocity 
impact problems [38]. It is mentioned that the fiber failure is not experienced for impact 
energy lower than 8 J in specific experiments conducted in [38] which is to be used in 
comparison of our finite element model. Therefore, it is assumed that intralaminar damage 
does not develop in current analysis which only deals with low velocity impact. 
 
3.3 Delamination Analysis 

Delamination process is generally divided into two phases such as initiation and 
propagation. In this section, the approaches to initiation and propagation stages of 
delamination are discussed. 
 
3.3.1 Delamination Initiation Analysis 

Delamination initiation analysis is generally based on strength of material methods [1], 
[22], [39], [40]. The onset of delamination is predicted by some criteria (Figure 3-6) which 
compare the interfacial tractions with interfacial strengths. According to the maximum 
stress criterion, delamination initiation occurs when an interlaminar traction exceeds its 
respective interfacial strength. The maximum stress criterion does not take into account the 
interaction of the traction components. However, the quadratic interaction, which is most 
widely used in mixed-mode initiation problems, takes into account the interaction of the 
traction components. Camanho et al. [22] also proposes a criterion for delamination 
initiation and it is stated that the values predicted by the new criterion are very close to the 
quadratic interaction criterion. 
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Figure 3-6: Delamination initiation criteria [22] 

3.3.2 Delamination Propagation Analysis and Approaches 

The delamination propagation analysis differs from initiation analysis with the method 
used. Fracture mechanics (FM) and damage mechanics (DM) are the most widely used 
approaches utilized in the delamination propagation analysis.  
 
In the fracture mechanics (FM) approach, the strain energy release rate is compared with 
the fracture toughness of material and it determines the state of delamination such as no 
growth, stable growth or unstable growth [41]. The fracture toughness of the interface 
depends on the materials and the orientations of the neighboring plies so it is considered as 
a material property [42]. There are different FM approaches to calculate the strain energy 
release rate namely: the finite crack extension method, the virtual crack extension method, 
J-integral method, an equivalent domain integral method and the virtual crack closure 
method [43] in which the calculation procedures are slightly different. 
 
The virtual crack closure technique (VCCT) [1, 43-51] is widely used for the prediction of 
delamination growth in composite materials by evaluating the energy release rates. It is first 
proposed by Rybicki and Kanninen based on Irwin’s crack closure integral [43,44]. VCCT 
is based on Irwin’s crack closure integral [87]. The Irwin’s first assumption states that 
energy ∆E released when a crack extends a small amount by ∆a from a to a ൅ ∆a is equal to 
the work required to close the crack from a ൅ ∆a to a  (Figure 3-7) [1, 43]. 
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Figure 3-7:  Virtual crack closure model 

The energy release rates can be computed using finite element model in terms of nodal 
forces and displacements. The crack model with two-dimensional, four-noded elements is 
shown in Figure 3-7. The work ∆ܧ required to close the crack is calculated as 
 

ܧ∆ ൌ
1
2

ሾ ௜ܺ∆ݑ௟ ൅ ܼ௜∆ݓ௟ሿ (3.11) 

 
where X୧ and Z୧are the shear and opening forces at nodal point ݅, ∆ݑ௟ and ∆ݓ௟ are the shear 
and opening displacements at node l as shown in Figure 3-7. 
 
The energy release rate can be calculated as follows; 
 

ܩ ൌ
ܧ∆
ܣ∆

 (3.12) 

 
where ∆ܣ is the crack surface area. The components of the strain energy release rates ܩூ 
and ܩூூ  can be calculated for the two-dimensional four-noded elements in Figure 3-7 as 
follows [43]; 
 

ூܩ ൌ െ
1

2∆ܽ
ܼ௜ሺݓ௟ െ ௟ݓ

 ሻ (3.13)כ

 

ூூܩ ൌ െ
1

2∆ܽ ௜ܺሺݑ௟ െ ௟ݑ
 ሻ (3.14)כ

 
where ∆ܽ is the length of the elements at the crack front. The relative displacements behind 
the crack tip are calculated from the nodal displacements at the upper crack face as u, and w 
(nodal point ݈) and the nodal displacements ݑ௟

௟ݓ and כ
 at the lower crack face (nodal point כ



22 
 

ܣ∆ created is calculated as ܣ∆ respectively [43]. Note that the crack surface ,(כ݈ ൌ ∆ܽ x 1, 
where it is assumed that the model is of unit thickness. 

 
For VCCT, it is stated [1] that when fine meshes are used and the dimensions of the 
elements are equal at the crack tip, the energy release rates can be easily computed.  
 
König et. al. [52] uses VCCT to predict delamination growth in plates using three-
dimensional layered element with eight nodes. The plates have delamination of 10-mm 
diameter and they are also subjected to tension and compression. It is mentioned in [1] that 
delamination growth predictions are in good agreement with the experimental results. 
Although the use of three-dimensional elements eliminates the dependence of the results on 
the shear deformation assumptions, this finite element models generally require intensive 
computing [1]. 
 
VCCT is applied in various engineering problems for fracture of composite structures such 
as compression after impact [35]. The studies on fracture of composite structures with 
different element types using VCCT are summarized by Krueger [43] and can be referred 
for further information. 
 
Although VCCT is extensively used to predict delamination propagation, it has drawbacks 
limiting its use. First of all, there exist numerical instabilities due to oscillatory character 
around the singular crack tip stress field and it is also quite mesh dependent method [53]. It 
is recommended to select crack tip element size between 1/2 and 1/4 of the ply thickness 
[54,55]. Moreover, crack propagates in a self-similar form which is not the case in many 
problems. One of the restrictions of using VCCT is that it does not predict delamination 
initiation. Hence, initial delamination must be defined if VCCT is to be applied. However, 
it is known that the exact location of delamination front is quite difficult to estimate [1]. 
Considering these limitations, VCCT is often prevented from being applied in many 
important delamination problems such as delamination due to impact. 
 
In damage mechanics (DM) approach, delamination propagation can be numerically 
simulated using the cohesive crack model which deals with a cohesive zone developed near 
the crack front [22]. Cohesive zone method, which is to be discussed in detailed in Chapter 
4, basically relates tractions to separations at the interface where a crack exists. Damage 
propagation is related to the fracture mechanics such that when the area under the 
traction/separation curve is equal to the fracture toughness of the interface [22].  If the 
traction exceeds peak value of that curve, the delamination arises. After the delamination is 
initiated in the interface, the damage starts to accumulate related to the loading. The 
fracture toughness gradually decreases as damage accumulates due to irreversibility of the 
process [56]. Finally, when the interface is totally damaged, the traction is reduced to zero 
and then new crack surface is formed [22].  
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The origin of the cohesive zone method is based on Dugdale’s study in which the yielding 
of steel sheets containing internal and edge slits are investigated [1], [22]. Dugdale [57] 
introduces the thin plastic zone generated in front of the notch. Barenblatt [58] investigates 
the equilibrium in solids containing cracks by introducing molecular cohesive forces acting 
in the vicinity of the crack tip. A model similar to Barenblatt’s model is proposed by 
Hillerborg [59] which is applied to the analysis of concrete cracking with the concept of 
tensile strength. In Hillerborg’s model, the existing crack is able to grow. Furthermore, it 
allows the initiation of new cracks. 
 
3.4 Measurement of Interfacial Fracture Toughness 

The interlaminar tension (Mode I), interlaminar shear (Mode II), interlaminar scissoring 
(Mode III) and as well as  mixed-mode are briefly described in this part as the fundamental 
failure modes. Test methods to obtain material properties for the delamination analysis are 
also discussed with associated failure modes. These failure modes can be seen in Figure 3-
8. Delaminations generally form due to some combination of these fracture modes [2]. 
 

 
 

Figure 3-8: Fracture modes 

3.4.1 Mode I 

The interlaminar fracture toughness in the opening mode (Mode I) is determined using the 
double cantilever beam (DCB) specimen. The test specimen is illustrated in Figure 3-9. The 
test specimen is made of unidirectional fiber reinforced laminate with even numbers of 
plies in 0° direction. A non-adhesive insert is placed at the mid plane near the loaded end in 
order to create an artificial crack [1], [60]. 
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Figure 3-9: DCB test specimen 

The details of test specimen and procedure can be found in [60]. One of the major problems 
in the DCB test is the fiber bridging (Figure 3-10).  
 

 
Figure 3-10: Fiber bridging mechanism observed in the DCB tests [61] 

O’Brien states that this phenomenon is an artifact of unidirectional DCB specimen which 
does not occur in structural composite laminates. Fiber bridging directly affects the R-curve 
as shown in Figure 3-11 so that it may not show the real material properties.  
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Figure 3-11: R-curve effect on a DCB test of a [0]24 CFRP laminate [1]. 

The test procedure is limited to use unidirectional (0º) fiber reinforced laminate. However, 
it is expected to have delamination at interfaces of neighboring layers with different 
orientations. Therefore, it is crucial to investigate the interlaminar fracture toughness of 
neighboring layers with different orientations other than 0° plies.  
 

 
 

Figure 3-12: Variation of GIc with in-plane fiber orientation angle, θ of θ/-θ interface 
between UD layers [62] 
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Solaimurugan and Velmurugan [62] investigate the variation of GIc with different 
orientation angles for θ / θ interface of UD layers. It is stated that the interfaces with 0/0 
stacking has the lowest GIc as shown in Figure 3-12 [62]. It is important to note that there 
are problems in multidirectional DCB tests with interfaces other than 0/0 such as crack 
jumping after a limited extent of propagation due to intralaminar failure and promotion of 
Mode II loading due to utilization of arms with unequal bending stiffness [1], [63]. 
Robinson and Song [64] propose a modified double cantilever-beam (MDCB) to keep the 
crack propagation in a coplanar manner. They report that the crack propagate along the 
intended interface without extensive fiber bridging and without crack jumping due to the 
suppression effect of +45/-45 and +45/+45 interfaces. In spite of what preceded, the values 
of GIc for +45/-45 interface are greater than the value for the unidirectional 0º fiber 
composite. Hence, it is concluded that unidirectional laminates exhibit the most 
conservative GIc values [1], [62].  
 

 
 

Figure 3-13: Deflection of single arm of DCB specimen 

According to linear beam theory, the moment-curvature relation gives the deflection of the 
single arm of DCB specimen such that; 
 

ሺܽሻߜ
2

ൌ
4ܲܽଷ

 ଷ (3.15)݄ܤଵଵܧ

 
The compliance of the system, C, can be found by using (3.15), 
 

ሺܽሻܥ ൌ
ߜ
ܲ

ൌ
8ܽଷ

 ଷ (3.16)݄ܤଵଵܧ

 
Using (3.16), the energy release rate for DCB specimen is given by 
 

ூܩ ൌ
ܲଶ

ܤ2
ܥ݀
݀ܽ
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The critical energy release rate, ܩூ௖ is provided when applied load ܲ is equal to the critical 
load ௖ܲ, 

ூ௖ܩ ൌ
12 ௖ܲ

ଶܽଶ

 ଶ݄ଷ (3.18)ܤଵଵܧ

3.4.2 Mode II 

It is more challenging to characterize Mode II than Mode I [65] so that four different tests 
are suggested to measure the interlaminar fracture toughness GIIc [1], [65] namely,  the 
End-Notched Flexure (ENF), the Stabilized End-Notched Flexure (SENF), the End-Loaded 
Split (ELS), 4 Point End-Notched Flexure (4ENF).  
  
The ENF test is performed using the unidirectional specimen which is also used in DCB 
test. The difference is the loading. The ENF test specimen is loaded by three point bending 
configuration (Figure 3-14). 
 

 
 

Figure 3-14: The ENF specimen 

The critical energy release rate for ENF specimen is given by  
 

ூூ௖ܩ ൌ
9ܽଶ

௖ܲ
ଶ

 ଶ݄ଷ (3.19)ܤଵଵܧ16

 
Owing to its simplicity of load introduction, ENF test is easy to apply [65], [66]. However, 
the ENF specimens lead unstable growth. This makes ENF-test limited to measure the 
initiation of GIIc values and makes it impossible to generate R-curve [65], [66], [67]. 
Actually, initiation values of GIIc are the most significant data for design [66]. Nevertheless, 
the following tests are introduced to overcome stability problem of the ENF test. 
 
The stabilized version of the ENF test (SENF) is controlled by the shear displacement 
measured between the top and bottom halves of the specimen at the insert end [65]. 



28 
 

Although the generation of the R-curve is available with this test configuration, SENF test 
requires sophisticated equipment and time consuming shear displacement measurements. 
 
The stable crack propagation is also provided by the End-Loaded Split (ELS) test       
(Figure 3-15), thereby allowing generation of an R-curve [65], [66]. It is stated that the ELS 
specimen is more susceptible to large displacements [66] and requires a more complicated 
fixture to insure the clamped end condition. 
 

 
 

Figure 3-15: End-Loaded Split (ELS) specimen 

The critical energy release rate for ELS specimen is given by  
 

ூூ௖ܩ ൌ
9 ௖ܲ

ଶܽଶ

 ଶ݄ଷ (3.20)ܤଵଵܧ4

 
The Four-point End- Notched Flexure (4ENF) shown in Figure 3-16 test is developed to 
measure GIIc which provides a stable crack growth with simple test apparatus. 4ENF tended 
to give values of GIIc measured by 3ENF test is significantly higher than those of 3ENF test 
[67]. Moreover, it is reported that the consistent 4ENF test results are obtained from 
different laboratories [67] thereby making 4ENF test satisfactory.  

 
 

Figure 3-16: Four-point End- Notched Flexure (4ENF) specimen 
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The critical energy release rate for 4ENF specimen is given by 
 

ூூ௖ܩ ൌ
9ሺܮ െ ݈ሻଶ

௖ܲ
ଶ

ଶ݄ଷܤଵଵܧ16  (3.21) 

3.4.3 Mode III 

Although there are numerous researches on the determination of interlaminar fracture 
toughness for Mode I and Mode II loadings, Mode III delamination tests are required to 
define delamination process completely [1], [40], [65]. 
 
The edge crack torsion (ECT) specimen is introduced to determine Mode III fracture 
toughness. Test specimen is prepared in [90/(±45)n]2s configuration. The delamination is 
created by a non-adhesive film at the mid-plane along one edge. The specimen is loaded as 
shown in Figure 3-17 to create torsion along the length of the laminate [65]. 

 
 

Figure 3-17: Mode III edge crack torsion (ECT) specimen 

3.4.4 Mixed Mode 

The delamination growth due to pure mode loadings is rarely experienced in structural 
composite applications. In fact, the mixed-mode loading generally leads to the delamination 
failures in real engineering problems [1], [39]. The investigation of the delamination under 
mixed mode loading conditions is vital for that reason. The delamination under mixed 
mode loading is divided into two subjects such that the delamination initiation and the 
delamination propagation.  

3.4.4.1 Delamination Initiation 

The onset of delamination in pure mode loadings can be determined by comparing the 
interfacial tractions with the corresponding interfacial allowable. However, it is stated that 
the delamination initiation under mixed mode loading can occur before any of the traction 
components reach their allowable because of the interactions between interlaminar stresses 
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[39], [68]. Hence, the quadratic failure criterion is proposed to predict the delamination 
initiation while the maximum stress criterion provides poor results [1], [68]. The quadratic 
failure criteria accounts for the effect of interaction of traction components in the onset of 
delamination which is written as follows [68]; 
 

ቆ
ۄଷ߬ۃ

ܰ
ቇ

ଶ

൅ ቀ
߬ଶ

ܵ
ቁ

ଶ
൅ ቀ

߬ଵ

ܶ
ቁ

ଶ
ൌ 1 (3.22) 

 
where ߬ଵ, ߬ଶ and ߬ଷare the interfacial tractions; ܶ, ܵ and ܰ are the interfacial strengths. Mc-
Cauley operator in (3.22) is defined as; 
 

ۄݔۃ ൌ ቄ0, ݔ ൑ 0
,ݔ ݔ ൐ 0 (3.23) 

 
As a result, the delamination initiation is not affected by the compressive normal tractions. 

3.4.4.2 Delamination Propagation 

The mixed mode bending (MMB) test is used to determine the mixed mode I and II 
interlaminar fracture toughness. MMB test is proposed by Reeder and Crews [69]. After 
some modifications on MMB test, it is standardized by ASTM. The details of the test can 
be found in Test Method D6671-01 [70]. 
 

 
 

Figure 3-18: MMB test specimen 

MMB test specimen shown in Figure 3-18 is described as a combination of DCB and ENF 
test specimens [39]. The amount of the mixture of Mode I and Mode II is measured by a 
ratio which is called as mixed mode ratio, ߚ and defined as follows; 
 

ߚ ൌ
ூூܩ

ூܩ ൅ ூூܩ ൅ ூூூܩ
 (3.24) 
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The different mixed mode ratios can be obtained using MMB test specimen by changing 
the length c of the loading lever (see Figure 3-18) from pure mode I to pure mode II as 
illustrated in Figure 3-19.  
 

 
 

Figure 3-19: Gc vs. GII/GT [71] 

The one of the most widely used mixed mode criterion in delamination propagation is the 
power law criterion [39] which is suggested by Wu and Router [72]. The power law 
considers the interaction between the critical energy release rates as follows; 
 

൬
ூܩ

ூ஼ܩ
൰

ఈ
൅ ൬

ூூܩ

ூூ஼ܩ
൰

ఈ
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The another mixed-mode criterion is suggested by Benzeggagh and Kenane [71] which is 
used to predict the total critical energy, GC by curve fitting for GC vs. GII/GT curve. This 
criterion is also known as B-K criterion and defined as follows; 
 

஼ܩ ൌ ூ஼ܩ ൅ ሺܩூூ஼ െ ூ஼ሻܩ ൬
ூூܩ

்ܩ
൰

ఎ
 (3.26) 

   
For GII/GT = 0 and GII/GT = 1, the points on Gc curve correspond to GIc and GIIc. Therefore, 
DCB and ENF tests can be used to determine former and latter values, respectively.  Other 
points on ܩ௖  plot can be found by different MMB test configurations. Finally, the parameter 
η in Eq. (3.26) is determined by curve fitting using Figure 3-19. 
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The mixed-mode fracture toughness of a tough epoxy resin (IM7/977-2), a brittle epoxy 
resin (1S4/3501-6) and a thermoplastic resin (AS4/PEEK) are compared in [39] using The 
Power Law, B-K criterion and experimental results. It is shown that B-K criterion gives 
accurate results while power law criterion can lead to inaccurate results over a large range 
of mode ratios as presented in Figure 3-20. 
 

 
 

Figure 3-20: Mixed-mode fracture toughness [73] 

It is mentioned in [39] that the results for the prediction of the mixed-mode fracture 
toughness of AS4/PEEK composites obtained by the power law criterion with α = 1 
compare well with those obtained by the B-K criterion. Although the B-K criterion is 
suggested for epoxy and thermoplastic based composites, it is expressed in [39] that the 
power law criterion with α = 1 can also be used with a reasonable error. Moreover, the 
power law is more applicable for engineering problems having one less variable than B-K 
criterion.  
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CHAPTER 4 
 
 

COHESIVE ZONE MODEL 
 
 
 
The cohesive zone model utilizes the interface elements (also called as cohesive elements) 
which are defined to simulate cohesive forces between bulk materials such as neighboring 
plies in a laminate. It is vital to note that the interface element does not represent a physical 
material between bulk materials. Therefore, it is implemented in a finite element model by 
placing it between bulk elements as shown in Figure 4-1.  
 

 
 

Figure 4-1: Implementation of cohesive elements between neighboring layers 

As a structure is loaded gradually, cohesive forces start to soften and result in crack. This 
phenomenon is utilized to simulate the delamination. The interface elements or cohesive 
zone elements are generally formulated by establishing a relationship between traction and 
relative displacement instead of the traditional stress and strain relation. The interface has 
two surfaces as top and bottom surfaces (Figure 4-2), and the relative displacement is 
described by the displacements of these two surfaces [28].  

 
 

Figure 4-2: An interface model 
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The traction separation behavior is generally described such that as separation between the 
interfaces increases, the traction first increases until it reaches a maximum. Then, the 
traction starts decreasing until it becomes equal to zero as separation between the interfaces 
continues to increase [1], [25],  [74]. Finally, the complete separation occurs since there is 
not any traction. This behavior is valid for both normal and shear directions [25]. A 
characteristic traction separation curve is shown in Figure 4-3. 
 

 
 

Figure 4-3: Schematic representation of bilinear traction-separation curve 

Although there are many traction-separation models to simulate interfacial behavior in 
laminated composites [73], the global behavior of the different traction-separation laws is 
similar as shown in Figure 4-4. 
 

 
 

Figure 4-4: Various traction-separation laws [73] 

The exponential traction-separation model proposed by Xu and Needlemen is supposed to 
be more stable than discontinuous models [25]. An interfacial potential with normal and 
tangential components ( ௡ܶ and ௧ܶ, respectively) are used by Xu and Needleman to define 
the traction vector ࢀ at the cohesive surface [25] such that, 
 

ࢀ ൌ െ
߲߶ሺઢሻ
߲ሺઢሻ

 

with 

(4.1) 
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ઢ ൌ ሺΔ௡, Δ௧ሻ 
 
The potential is written as; 
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where ߜ௡ and ߜ௡ are the characteristic separations such that:  
 

௡ܶሺߜ௡ሻ ൌ  ௠௔௫ߪ
and  

௧ܶሺߜ௧/√2ሻ ൌ ߬௠௔௫ 
 
 ௠௔௫ and ߬௠௔௫ are the maximum values of normal and shear tractions, respectively. Theߪ
normal and shear tractions can be derived using (4.1) and (4.2) as follows [25]; 
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The parameter ݍ in (4.2) is the ratio of area under the normal traction-separation curve to 
the area under shear-traction curve and it is taken as one and r is equal to zero [25]. The 
uncoupled tractions are found by assuming for ݍ ൌ ݎ ,1 ൌ 0 and ௡ܶ ൌ ௡ܶሺ∆௡, ∆௧ൌ 0ሻ and 

௧ܶ ൌ ௧ܶሺ∆௧ൌ 0, ∆௧ሻ [25]. Finally, the relation for ߶௡ and ߶௧ can be obtained by using the 
relations of ௡ܶሺߜ௡ሻ ൌ ௧ሻߜ௠௔௫ and ௧ܶሺߪ ൌ ߬௠௔௫ as follows; 
 

߶௡ ൌ  ௡ (4.5)ߜ௠௔௫݁ߪ
 

߶௧ ൌ ඥ݁/2߬௠௔௫ߜ௧ (4.6) 
 
Inserting (4.5) and (4.6) into (4.3) and (4.4), respectively, normalized force-normalized 
separations can be obtained as follows: 
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The normalized normal traction is plotted with respect to the normalized relative opening 
displacement as shown in Figure 4-5. 
 

 
Figure 4-5: Normalized normal tractions vs. normalized relative opening displacement. 

The normalized shear traction is plotted with respect to the normalized relative tangential 
displacement as shown in Figure 4-6.  

 
Figure 4-6: Normalized shear tractions vs. normalized relative tangential displacement 

In our study, the linear elastic-linear softening behavior is implemented for the 
delamination analysis since this model is widely used in such analyses [1] and shows good 
agreement between experimental and numerical results [75]. 
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4.1 Constitutive Law for Pure Mode Cohesive Zone Model 

The work done by normal and shear stresses can be related to corresponding critical energy 
release rates [1]. The cohesive zone formulation is identical to Griffith’s theory of fracture 
[1],  [74]. If J-integral on the boundary Γ proposed by Rice [76] is considered, 
 

ܬ ൌ න ሺܹ݀ݕ െ ܜ ·
ܝ∂
∂x

ሻݏ݀
୻

 (4.9) 

 
where the traction vector is ܜ which is defined according to the outward normal along Γ, ܝ 
is the displacement vector, ݀ݏ is an element of arc length along Γ and ܹ is the strain energy 
density [76]. 
 

 
 

Figure 4-7: Flat surfaced notch in 2D deformation field 

In (4.9), Γ is defined as any curve surrounding the notch tip where the integral is evaluated 
in the counterclockwise direction starting from the lower flat notch surface and continuing 
along the path Γ to the upper flat surface as shown in Figure 4-7. 
 
Assuming Γ represents the contour of the cohesive zone shown in Figure 4-8, (4.9) is 
written as [1], 
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Considering dy = 0 in the path Γ by neglecting the thickness of the interface, (4.10) can be 
written as follows; 
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where δ୲  is the relative displacement at the tip of the crack. It is possible to express the J-
integral as the rate of decrease in potential energy in the following equation and it is also 
equivalent to the energy release rate  [74], 
 

J ൌ െ
∂Π
∂ܽ

ൌ  (4.12) ܩ

 
where Π is the potential energy of the system, ܽ is the crack length. (4.11) and (4.12) can 
be equated as 
 

ܩ ൌ න σሺδሻ
ஔ౪

଴
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When the relative displacement reaches a maximum, the value of the energy release rate is 
equal to the critical energy relate, Gc. Therefore, (4.13) becomes: 
 

௖ܩ ൌ න σሺδሻ
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଴
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Considering (4.14), it is to say that the area under the traction-separation curve equals to the 
critical energy release rate, Gc. 
 
The bilinear softening behaviors for respective pure mode loadings (Mode I, Mode II and 
Mode III) are given in Figure 4-8 and Figure 4-9 [39]. The relative displacement of onset of 
damage and traction of onset of damage are shown with subscript “o”. At the point of 
complete separation, the relative displacements are represented with subscript “c”.  
 
In the elastic range as represented in Figure 4-8 and Figure 4-9 by point 1, the bottom and 
top faces of the interface is hold by establishing a high stiffness to avoid big separations. It 
is also called as penalty stiffness and designated by [39] ܭ. At point 2 in Figure 4-8 and 
Figure 4-9, the interfacial normal and shear tractions reaches their corresponding interfacial 
tensile or shear strengths. At point 2, the onset displacements can be found by 
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δଷ୭ ൌ
ܶ
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where N is the tensile strength, S and T are the shear strength of the interface. The final 
relative displacements at complete separation  δଵୡ, δଶୡ  and δଷୡ  are also defined by the 
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traction-separation curve [39]. As shown in (4.14), the fracture toughness for each pure 
mode is equal to the area under the respective traction-separation curve and evaluated by 
the following expressions: 

I௖ܩ ൌ න τଵ

ஔభౙ

଴
݀δଵ (4.18) 

 

II௖ܩ ൌ න τଶ

ஔమౙ

଴
݀δଶ (4.19) 

 

III௖ܩ ൌ න τଷ

ஔయౙ

଴
݀δଷ (4.20) 

 
The final relative displacements at complete separation are obtained as follows when the 
bilinear relationship is established; 
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Figure 4-8: Cohesive zone ahead of delamination front for Mode I 



40 
 

 
Figure 4-9: Cohesive zone ahead of delamination front for Modes II and III 

As a result, the penalty stiffness, the interfacial strength and the energy release rate for each 
mode are necessary to completely define the bilinear constitutive relation  [74]. The 
complete separation occurs at point 5 in Figure 4-8 and Figure 4-9. Therefore, the interface 
cannot transfer any load since the penalty stiffness becomes zero. Although the load 
carrying capability of the interface vanishes after the complete separation, the 
interpenetration of the separated surfaces must be avoided by re-applying the penalty 
stiffness where the contact is detected [39],  [74]. It is crucial to note that the negative 
displacement corresponds to interpenetration of separated surfaces in Mode I whereas the 
negative displacement in Mode II or Mode III indicates the direction of deformation. 
Hence, the negative relative displacement in Mode I is controlled by Mc Cauley bracket by 
using ݏ௜ሾݔሿ notation.  

ሿݔ௜ሾݏ ൌ ൝
ۄݔۃ

|ݔ|

if ݅ ൌ 1

if ݅ ൌ 2,3
 (4.24) 

 
The irreversible constitutive law under single mode delamination instanced in Figure 4-8 
and Figure 4-9 can be expressed as follows [77]. 
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(4.25) 

 
where ݏ௜ሾδ௜ሿ୫ୟ୶ denotes the maximum value which is attained by ݏ௜ሾδ௜ሿ within the time 
range of interest and ݀ is the damage variable which indicates no damage when it is equal 
to 0 and fully damaged when it is 1. The linear damage variable can be expressed as, 
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The irreversibility is taken into account by defining the maximum value of mixed-mode 
relative displacement over time ߬ such that, 
 

δ௜
୫ୟ୶ሺ߬ሻ ൌ maxሼδ௜ሺ߬Ԣሻሽ | ߬Ԣ א ሾ0, ߬ሿ (4.27) 

  
4.2 Constitutive Law for Mixed-Mode Cohesive Zone Model 

Pure mode constitutive behavior of interface is derived in the previous part. In order to fully 
define the response of delamination, a mixed-mode cohesive zone model is necessary since 
it is more probable to encounter mixed-mode loading in structural applications. It is vital to 
define relative displacements on a 3D interface element as shown in Figure 4-10 in order to 
examine the mixed-mode loading situation. 
 

 
 

Figure 4-10: Displacements in an interface element 

The total relative displacement of the element is defined as, 
 

δ ൌ ටδI
ଶ ൅ δଶ

ଶ ൅ δଷ
ଶ (4.28) 

where the subscripts 1, 2 and 3 are used for Modes I, II and III, respectively. The shear 
relative displacement can be written as,  
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Then, Eq. (4.28)  becomes, 
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The participation of the different modes is expressed by φ as; 
 

φ ൌ
δୱ୦ୣୟ୰

δI
 (4.31) 

 
The mixed mode cohesive zone formulation is established in terms of fracture toughness as 
such in pure mode. The test methods for determination of Modes I and II fracture 
toughnesses are reviewed in detailed in Chapter 3. However, the test method for Mode III 
still needs further development. It is mentioned that the determination of shear modulus 
 ଶଷ requires clarification [39]. Moreover, there is no mixed mode test method includingܩ 
Mode III. Therefore, the delamination growth is generally studied using only Mode I and 
Mode II. The energy release rate with shear loading is used in this study following Li’s 
work [78], [79] in a way similar to [39] such that ܩ௦௛௘௔௥ ൌ ூܩ ൅  .ூூܩ
 
In Figure 4-11, it is shown that the mixed-mode constitutive relation is projected on 
corresponding pure mode planes [80]. The superscript M is used for the projected mixed-
mode extremes (i.e.; ܩூ௖

ெ, ூூ௖ܩ
ெ , ூ௖ݐ

ெ, ூூ௖ݐ
ெ , ூ௖ߜ

ெ, ூூ௖ߜ
ெ , ூ௢ߜ

ெ, ூூ௢ߜ
ெ  ) and it can be seen that all of them 

are lower than the pure mode equivalents. As a result, in mixed-mode loading conditions, 
the damage propagation can initiate even before one of the limit tractions for pure mode 
loading is satisfied [28].  
 

 
 

Figure 4-11: Mixed-mode constitutive relations [80] 
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As can be seen in Figure 4-11, the relative displacement of onset of damage δ୭ is defined 
by a mixed-mode initiation criterion (3.22) and the final relative displacement, δୡ , is 
defined by a mixed-mode propagation criterion either (3.25) or (3.26). 
 
Using Figure 4-11, the mixed-mode onset relative displacement is derived as follows, 
 

߬ூ ൌ  ூߜூܭ
߬ூ௖

ெ ൌ ூ௢ߜூܭ
ெ 

߬ூூ ൌ  ூூߜூூܭ
߬ூூ௖

ெ ൌ ூூ௢ߜூூܭ
ெ  

(4.32) 

 
Inserting Eqn. (4.32) into Eqn. (3.22), the following expression is obtained, 
 

ቆ
ۄூߜூܭۃ
ூ௢ߜூܭ

ெ ቇ
ଶ

൅ ቆ
ூூߜூூܭ

ூூ௢ߜூூܭ
ெ ቇ

ଶ

ൌ 1 (4.33) 

 
By eliminating ܭூ and ܭூூ from Eq. (4.33), then inserting Eq. (4.31), Eq. (4.33) can be re-
written as, 
 

ۉ

ۈ
ۇ

ۃ ௢ߜ

ඥ1 ൅ φଶ
ۄ

ூ௢ߜ
ெ

ی

ۋ
ۊ

ଶ

൅

ۉ

ۈ
ۇ

௢φߜ
ඥ1 ൅ φଶ
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ெ

ی

ۋ
ۊ

ଶ

ൌ 1 (4.34) 

 
 
Solving for ߜ௢,  the mixed-mode onset relative displacement is found as follows 
 

δ଴ ൌ

ە
۔

δI୭ۓ
MδII୭

M ඨ
1 ൅ φଶ

δII୭
M ଶ ൅ ൫φδI୭

M൯ଶ

δII୭
M

if ூߜ ൐ 0 
 
 
if ூߜ ൑ 0 

(4.35) 

 
In mixed-mode loading situation, the energy absorbed up to the complete delamination can 
be expressed in terms of the relative displacement since the tractions are the function of the 
relative displacements. The absorbed energies for each mode in mixed mode loading can be 
expressed as, 
 

Iܩ ൌ
ܭ δI୭

ெ δIୡ
ெ

2
 (4.36) 

 

IIܩ ൌ
ܭ δII୭

ெ δIIୡ
ெ

2
 (4.37) 
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Introducing (4.36) and (4.37) in the expression of the B-K criterion given in Eq. (3.26) the 
expression for ߜ௖ can be obtained as, 
 

δୡ ൌ ൞
2

δ୭ܭ
ቈܩIୡ ൅ ሺܩIIୡ െ Iୡሻܩ ቆ

φଶ

1 ൅ φଶቇ
஗

቉

δII௖

if ூߜ ൐ 0 
 
if ூߜ ൑ 0 

(4.38) 

 
By inserting (4.36) and (4.37)  in the expression of the power law criterion given in (3.25), 
the critical displacement for the mixed mode can be expressed as, 
 

δୡ ൌ ൞
2ሺ1 ൅ φଶሻ

δ୭ܭ
ቈ൬

1
ூ௖ܩ

൰
஑

൅ ቆ
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ூூ௖ܩ
ቇ

஑

቉
ିଵ/஑

δIIୡ

if ூߜ ൐ 0 
 
 
if ூߜ ൑ 0 

(4.39) 

 
The constitutive equation for the mixed-mode loading is defined similar to Eq. (4.25) 
considering penetration in the following expression in which the penalty parameter, the 
linear damage variable, the mixed-mode relative displacements corresponding to damage 
initiation and total decohesion are defined as ߜ ,݀ ,ܭ௢ and ߜ௖, respectively. 
 

τ୧ ൌ D୧୨δ୨ (4.40) 
 
 ,௜௝ is defined asܦ
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ە
ۖۖ
۔
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if δ௜
୫ୟ୶ ൑ δ୭ 

 
if    δ୭ ൏ δ௜

୫ୟ୶ ൏ δୡ 
 
if δ௜

୫ୟ୶ ൒ δ௖௜ 

(4.41) 

 
where δത௜௝ is Kronecker’s Delta (݅, ݆ ൌ 1, 2, 3) and the linear damage variable ݀ is defined as 
 

݀ ൌ
δୡሺδ୫ୟ୶ െ δ୭ሻ
δ୫ୟ୶ሺδୡ െ δ୭ሻ

, ݀ א ሾ0,1ሿ (4.42) 

 
The type of failure is rarely in pure mode in structural applications. Commonly, they are 
encountered in material characterization test for pure modes (see Chapter 3). Mode of 
failure is generally mixed type in engineering applications such as the composite laminate 
subjected to impact or buckling due to compression. Therefore, the mixed mode 
formulation should be used in the current analysis since delamination due to impact is 
investigated in this study. The critical displacement can be evaluated by either Power Law 
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(See Eqn. (3.25)) or Benzeggagh and Kenane (B-K) Criterion (see Eqn. (3.26)).  It is 
known that B-K criterion exhibits more accurate results since it is created by curve fitting 
from test data for various mode ratios [39]. Nevertheless, having one less variable makes 
Power Law more applicable for engineering problems than B-K criterion where exponent 
of B-K criterion is not available for analysis. As a result of that, Power Law is used in 
mixed mode formulation in analysis. 
 
4.3 Cohesive Zone Method in ABAQUS/Explicit 

The constitutive behavior discussed in previous sections (Section 4.1 and 4.2) are also 
utilized by ABAQUS software. In this section, the important parameters and settings such 
as defining cohesive material, meshing technique, element type, and stable time increment 
are explained.  
 
Cohesive elements are the native element of ABAQUS for cohesive zone applications. 
Although there are many different cohesive elements are available in the software, the 
eight-node three-dimensional cohesive element (COH3D8) is used in this study. The 
geometry of the interface is created by deformable 3D solid model. The interface should be 
meshed by using either sweep or bottom-up technique. Otherwise, the software does not 
allow assigning “cohesive element” as element type. Additionally, cohesive element should 
be selected from explicit element library since explicit solution scheme is to be used for our 
case. The maximum degradation is set to 0.99 to maintain some residual stiffness since 
excessive deformation may lead to numerical problems in convergence. 
 
In order to assign the material properties to the interface element, the cohesive material 
should be defined with the following required parameters: density, elastic behavior, damage 
type for traction-separation law. The elastic behavior type is selected as traction and 
quadratic nominal stress criterion is chosen for damage type for traction separation law. For 
the damage propagation, energy based method is chosen with linear softening and Power 
Law or B-K model can be selected for mixed mode behavior. These settings are sufficient 
to utilize the mixed mode behavior of the cohesive zone method discussed in Section 4.1 
and 4.2 in the software. 
 
The stable time increment is an important parameter in explicit analysis. It is defined as the 
required time for a stress wave to pass through the thickness of the interface element [81]. 
The computation time of the analysis is generally determined by the interface elements 
since their stable time increments are very low compared to other elements in that model. 
However, the time increment can be controlled by changing the stiffness and the density of 
the interface material. In order to increase the time increment, the density can be artificially 
increased, or the stiffness can be decreased in an artificial manner which is also known as 
“mass scaling” [81]. Although none of these regulations are used in our study, it is crucial 
to note that they may affect the result of the analysis. 
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CHAPTER 5 
 
 

SIMULATION OF IMPACT INDUCED 
DELAMINATION 

 
 
 
In this section, a computational model is presented to simulate delamination under low 
velocity impact (LVI) on laminated composites. In the first part of this section, modeling of 
impact problem is covered. The behavior of the structure without delamination under LVI 
is discussed considering the corresponding literature. In the second part of this section, the 
impact behavior of the structure is studied including delamination failure. The parametric 
study investigating the effect of mid-surface radius on delamination is conducted in the 
third part of this section. The study is further elaborated by examining the effect of the 
mesh size on numerical results. 
 
5.1 Impact without Delamination 

Numerous researchers have made efforts on composite structures under LVI to understand 
its behavior. Majority of them focused on the analysis of composite plates due to simplicity 
of the flat geometry. However, there are some studies on curved and cylindrical composites 
based on finite element method and experiments. Generally, shell elements are used in 
these studies and the results are presented in terms of the contact force history as a 
meaningful parameter in order to ensure the obtained results are acceptable. In this thesis 
however, continuum shell and eight-node brick elements are utilized.  
  
Impact on Composite Tubes 
 
The current model with solid elements is compared with the study presented in [82]. In that 
study, a filament wound cylinder made of E-glass (some mechanical properties given in 
(Table 5-1) is examined.  
 

Table 5-1: Mechanical properties for filament wound cylinder [82] 
 

E11  49.5 GPa E22 15.9 GPa E33 15.9 GPa 
ν12  0.255 ν13 0.255 ν23 0.255 
G12  5.6 GPa G13 5.6 GPa G23 5.6 GPa 

 
The inner diameter of cylinders is 55 mm with a wall thickness of 6.5 mm and 100 mm 
long. The stacking sequence is given as [±55]10. The cylinder is impacted using a 1.6-kg, 
50-mm-diameter hemispherical steel impactor with an impact velocity of 1.55 m/s. In this 
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study, the cylinder is assumed to be supported by a rigid cradle as in [82] and the finite 
element model is shown in Figure 5-1. 

 

 
Figure 5-1: Finite element model for filament wound cylinder subjected to impact 

 
The contact force history obtained in this study and those presented in [82] are shown in 
Figure 5-2. It is shown that solid and continuum shell element results of this study are 
closer to test results of [82] and they have a better comparison compared with explicit 
simulation results of [82]. Although the model constructed by using shell elements requires 
less time than the one with solid elements, solid elements are to be required for simulating 
delamination later. 
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Figure 5-2: Comparison of contact force history of cylinder subjected to impact 

 
5.2 Impact Induced Delamination 

In order to model delamination induced by impact, a cohesive zone method (CZM) is used 
in this thesis. The results of this model are validated by comparing them with those of [38]. 
In that study, the cohesive zone approach is utilized for the damage prediction of laminated 
plates subjected to low velocity impact. They use Hou criterion [88] for damage initiation 
and the power law with exponent α=1 for damage propagation. They validate their results 
with experimental data. The graphite/epoxy laminate used in that study is 65x87.5 mm in 
size, and it has a stacking sequence of [03/903]s. The hemispherical impactor is 2.3 kg and 
its diameter is 12.5 mm. The corresponding laminate and interface material properties used 
in that study are given in Table 5-2 and 5.3, respectively. 
 

Table 5-2: Material data for graphite/epoxy laminate [38] 
 

E11 E11 93.7 GPa E22 7.45 GPa E33 7.45 GPa 
ν12 ν12 0.261 ν13 0.261 ν23 0.261 
G12 G12 3.97 GPa G13 3.97 GPa G23 3.97 GPa 
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Table 5-3: Material parameters used in the interface cohesive element [38] 
 

 Mode I Mode II Mode III 
Penalty stiffness (K1, K2, K3) (GPa/mm) 120 43 43 

Interlaminar strength (N, S, T) (MPa) 30 80 80 
Interlaminar fracture toughness (GI, GII, GIII) (J/m2) 520 970 970 

 
The constructed finite element model is represented in Figure 5-3. The quarter of the 
laminate is modeled because of the material and geometrical symmetry. Another important 
feature of the model is that (0)3 and (90)3 sublaminates are clustered and modeled as solid 
elements (C3D8R) as shown in Figure 5-3. 
 

 
 

Figure 5-3: FE model of [03/903]s graphite/epoxy laminate 

The interface elements are built by solid elements specialized for cohesive application 
(COH3D8) and placed between 0/90 and 90/0 interfaces. The interface thickness is taken to 
be 0.02 mm. Although there is no information about the element type and material of the 
impactor in [38], it is modeled here by rigid elements (R3D4). According to the 
experimental observations [38], matrix cracks develop in 0° layers in along 0° direction. 
They use vertical cohesive elements on the symmetry plane parallel to 0° direction in 0° 
sublaminates in order to simulate the matrix cracks. 
 
In our study, the above parameters and mentioned methodology given in [38] are directly 
used. There is an exception in terms of the damage initiation criteria. The quadratic nominal 
stress criterion (QNSC) given in Eq. (3.22) is used in the current study as opposed to the 
Hou criterion used in [38].  
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Hou Criterion controls the initiation of interface damage by following expressions: 
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(5.1) 

where ߬ଵ is the normal traction, ߬ଶ and ߬ଷ are the shear tractions, N is the tensile strength, S 
and T are the shear strength of the interface. QNSC and Hou criterion are exactly the same 
when the laminate is under out-of-plane tension loading, i.e. ߬3 ൒ 0, but they are completely 
different when the laminate is under out-of-plane compression loading. Therefore, it should 
be expected to have different damage patterns especially when there are excessive 
compressive forces involved in the impact process.  
 
The comparison of results in terms of the damage pattern at the top interface is given in 
Figure 5-4. 
 

 
 

Figure 5-4: Comparison of delamination patterns at the top interface 
for impact energy of 7 J (a) computational [38], (b) experimental [38], (c) current  

 
Although, QNSC is said to inaccurately predict the delamination in the top interface [38], 
Figure 5-4 proves the opposite that the delamination pattern of top interface predicted by 
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QNSC is consistent with the test data. The discrepancy of QNSC results in [38] can be 
attributed to the mesh quality of that analysis or problem in the vertical interface element. 
The thickness, mesh stacking direction, mesh density of the vertical interface elements is 
expected to affect the results to a certain extent. Secondly, for the bottom interface, another 
good agreement between the current analysis and experimental data is obtained for impact 
energy of 5 J and 7 J as shown in Figure 5-5 and 5-6, respectively. As shown in these 
figures, there is excessive delamination especially around the point of impact in [38] which 
is well beyond the experimental data. Whereas the current delamination prediction 
compares well with the experimental data around the point of impact and the delamination 
patterns are quite similar. Thus, this can be taken as an indication of applicability of the 
current model for the delamination prediction of laminated composites. 
 

 
 

Figure 5-5: Comparison of delamination pattern of the bottom interface 
for impact energy of 5.1 J (a) current (b) experimental [7], (c) computational [7] 
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Figure 5-6: Comparison of delamination patterns of the bottom interface 
for impact energy of 7 J (a) computational [7], (b) experimental [7], (c) current 

 
 
5.3 Parametric Study on Curved Laminated Composites 

In this part, the effect of the curvature on the dynamic behavior of the curved composite 
laminate is investigated with different radii changing from 100 to 180 mm Figure 5-7. 
Moreover, this study also focuses on the behavior of the laminates with and without 
delamination. Therefore, the impact analysis are firstly performed without applying 
cohesive elements and then these results are compared with the ones in which the cohesive 
elements are used.  
 
The material and laminate properties are taken from [38] since an experimental study 
having this configuration is not found in literature. The stacking sequence is also similar as 
[03/903]s. 
 
The geometry of the laminates is presented in Figure 5-7. The parametric study is based on 
the variation of the radius of curvature of the laminate mid-surface while other dimensions 
are kept constant. The arc length and the width of the laminate are 80 mm each while its 
thickness is 2 mm for the given stacking sequence. 
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Figure 5-7: Schematic representation of curved laminate 

 
The curved laminates are impacted by a 2.3 kg impactor which has a hemispherical indenter 
of 12.5 mm in diameter. The simply supported boundary conditions are applied to the 
curved laminate. The sublaminates of curved laminate are modeled using the eight-node 
linear brick elements (C3D8) and interfaces are modeled using the eight-node three-
dimensional cohesive elements (COH3D8). 

5.3.1 Impact without Cohesive Elements 

In this part, the analysis is carried out without implementing cohesive elements between 
layers of dissimilar orientations assuming that there will not be no delamination during the 
impact. The reason for this model is to obtain mechanical characteristics of laminates 
irrespective of cohesive elements. 
 
Figure 5-8 shows the midpoint displacements of the curved laminate for radius varying 
from 100 to 180 mm. It is expected that the laminate having smaller radius should deflect 
less than others because of the increasing stiffness with decreasing radius. Hence, the 
laminates with larger radius can deflect more than the laminates with smaller radius, or in 
other words, the former absorbs more energy in the form of strain energy. 
 
Similarly, the contact force should be higher for laminates having smaller radius as shown 
in Figure 5-9. 
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Figure 5-8: Midpoint displacements of curved plates without cohesive elements 
 

 

 
 

Figure 5-9: Contact forces without cohesive elements 
 
Force-displacement curves can be plotted as shown in Figure 5-10 in order to show 
differences in their stiffnesses. For R = 100 mm, the specimen represents the highest 
stiffness. The curve is not exactly linear because the calculation method of contact force in 
loading and unloading phases of the impact are different as discussed in Chapter 2. 
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Figure 5-10: Contact forces vs. midpoint displacement without cohesive elements 

5.3.2 Impact with Cohesive Elements 

The next analyses are carried out with implementing cohesive elements between layers of 
dissimilar orientations assuming that this time there will be delamination during impact. In 
this part, the kinetic energy of the impactor is not only absorbed in the form of the strain 
energy as well as in the form of delamination. Hence it is expected to have significantly 
different results. 
 
The prediction of delamination area is given in Table 5-4. In the top interface (0/90  
interface), no significant delamination is obtained. However, in the bottom interface (90/0 
interface) a considerable amount of delamination is observed to occur.  The size of the 
delamination area is getting smaller as the laminate radius getting larger (Figure 5-11). This 
result is reasonable since the laminate with R = 100 mm is not able to absorb the impact 
energy as much as other laminates. Therefore, the available energy is transferred to the 
interface which results in more delamination. On the other hand, the laminate with largest 
radius gets less damage since it can deflect more due to its lower stiffness.  
  

Table 5-4: Delamination area of 0/90 and 90/0 interface 
 

 Delamination area (mm2) 
R (mm) 0/90 interface 90/0 interface

100 6 456 
120 6 352 
140 8 308 
160 8 264 
180 8 240 
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Figure 5-11: Variation of delamination area with radius of curvature 
 
The delamination patterns of top and bottom interfaces with mid-surface radius of 100 mm 
are shown in Figure 5-12 and Figure 5-13, respectively. These figures represent the instant 
when the contact between impactor and laminates is just terminated. The cross-section view 
of laminate under impact is given in Figure 5-14. The delamination at top interface is 
negligible, whereas the delamination extending along 0° direction at the bottom interface is 
quite large. 
 
 

 
Figure 5-12: Delamination at top (0/90) interface (R = 100 mm) 
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Figure 5-13: Delamination at bottom (90/0) interface (R = 100 mm) 

 
 
 
 
 
 

 
 

Figure 5-14: Cross-section view (R = 100 mm) 
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Table 5-5: Maximum displacement and contact forces at midpoint of the laminate 
 

R(mm) 

Maximum midpoint 
displacement (mm) 

Maximum contact 
forces (N) 

without cohesive 
elements 

with cohesive 
elements 

without cohesive 
elements 

with cohesive 
elements 

100 3.35 3.26 1487 896 
120 3.55 3.20 1413 910 
140 3.74 3.16 1367 923 
160 3.91 3.12 1319 939 
180 4.06 3.09 1303 942 

 
The comparison of damaged and non-damaged midpoint deflections and contact forces of 
the laminates is represented in Table 5-5. For a specific laminate radius, non-damaged 
displacements and contact forces are larger than displacements and contact forces of 
damaged specimens. This can be explained by different energy absorption mechanisms 
with and without delamination. As the structure is damaged with more delamination, there 
will be less energy to make it deform. Similarly, generated maximum contact forces are less 
in the latter case in which cohesive elements are implemented. Additionally, contact force 
history with cohesive elements (see Figure 5-15) is quite different than the former contact 
force history in which progressive damage is not taken into account. 
 

 
 

Figure 5-15: Contact force history with cohesive elements 
 
A surprising result when the cohesive elements are included in the analysis is that the 
deformation of the laminate with larger radius is less than the others. On the contrary, the 
laminate with the largest radius experiences the largest displacement compared to the other 
laminates without the application of cohesive elements as shown in Table 5-5 and            
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Figure 5-16. Although the midpoint displacements of the laminates are decreased with 
laminate radius, it is questionable that the laminate with the largest radius experiences the 
least midpoint displacement. This result cannot be intuitively predicted. The trend of 
maximum midpoint displacements significantly changes by incorporating cohesive 
elements into FEM as shown in Figure 5-17.  
 

 
 

Figure 5-16: Midpoint displacement of the curved plates with cohesive elements 
 

 
 

Figure 5-17: Maximum midpoint deflections vs. radius of the laminate 
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The above discussion shows the importance of taking delamination into account in order to 
realistically simulate the response of the laminate under impact. However, the results of the 
model with cohesive element may be found questionable. Hence, it is better to test the 
model including cohesive elements and the model without cohesive elements under very 
low velocity impact condition which does not cause any damage. It is expected to obtain 
almost similar results from both models.  
 
The analyses are repeated for the laminate with R=100 and 180 mm at an energy level of 
0.1 J and 0.05 J. The maximum midpoint deflections and percent of error are given in  
Table 5.6. There is a slight difference between two results as expected since the elastic 
properties of the interface elements are not exactly similar to those of composite layers. 
However, the results show that the cohesive elements do not significantly affect the 
response of the laminate under impact.  
  

Table 5-6: Maximum midpoint displacements for impact energy of 0.1 J and 0.05 J 
 

 

R (mm) 

Maximum midpoint 
displacement (mm) 

Error (%) 
without cohesive 

elements 
with cohesive 

elements 

Im
pa

ct
 E

ne
rg

y 

0.
1 

J 100 0.3529 0.3801 7 

180 0.4219 0.3915 7 

0.
05

 J 100 0.2482 0.2659 7 

180 0.2929 0.2755 6 

 
  
5.4 Effect of Element Size on Delamination 

The element size must be selected as sufficiently fine to obtain accurate results in the 
delamination analysis. However, the model with a finer mesh may constitute a problem if 
the model is too large which result in higher computational time [80]. Therefore, the 
element size should be optimized to obtain accurate results and at the same time to avoid 
excessively time consuming computations. The characteristic length is introduced by 
Hillerborg et al. [59] for isotropic materials in cohesive zone model. Yang and Cox [55] has 
established a modified characteristic length for orthotropic materials for Mode I and Mode 
II loadings, respectively as follows: 
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ܰଶ  (5.2) 
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where ܧI

ᇱ and ܧII
ᇱ  are equivalent elastic moduli which are calculated as 

 

1
ூܧ

ᇱ ൌ ඨܾଵଵܾଷଷ

2
ඨ൬

ܾଷଷ

ܾଵଵ
൰

ଵ/ଶ

൅
2ܾଷଵ ൅ ܾହହ

2ܾଵଵ
 (5.4) 

 
1

ூூܧ
ᇱ ൌ ඥܾଵଵ/2 ටሺܾଵଵܾଷଷሻଵ/ଶ ൅ ሺܾଷଵ ൅ ܾହହ/2 ሻ (5.5) 

 
where 
 

ܾଵଵ ൌ ଵଵ ܾଵଶܧ/1 ൌ െ߭ଵଶ/ܧଵଵ ܾ଺଺ ൌ  ଵଶܩ/1
(5.6) ܾଶଶ ൌ ଶଶ ܾଶଷܧ/1 ൌ െ߭ଶଷ/ܧଶଶ ܾହହ ൌ  ଷଵܩ/1

ܾଷଷ ൌ ଷଷ ܾଷଵܧ/1 ൌ െ߭ଷଵ/ܧଷଷ ܾସସ ൌ  ଶଷܩ/1
 
The element size in the cohesive zone is defined by the following relation 
 

݈௘ ൌ
݈௖௭

௘ܰ
 (5.7) 

 
where ௘ܰ represents the number of elements in that characteristic length. Inaccurate results 
may be obtained when there are an insufficient number of elements in the characteristic 
length. However, the optimum number of elements in a cohesive zone is not well defined 
[84]. The number of elements in the characteristic cohesive length varies between 2 and 10 
elements for different studies [84].  
 
In this study (see Sections 5.2 and 5.3), the analysis is performed by selecting an average 
number of 5 for required elements in the characteristic cohesive length. Thus, according to 
the material properties given in Table 5-2 and Table 5-3, the mesh sizes are calculated as 
1.24 and 1.15 mm for Mode-I and Mode-II loading, respectively, by using Eq. (5.2), (5.3) 
and (5.7). From these results, the cohesive zones are meshed by elements with the average 
length of 1 mm.  
 
The analysis in Section 5.3 is repeated for R = 100 mm with different element sizes. It is 
found that results diverge if the finer meshes are used as shown in Figure 5-18. As 
mentioned above, the element length is selected as ݈௘ ൌ 1  mm. As can be seen from   
Figure 5-18, the top interface delamination almost vanishes for ݈௘ ൌ 1.33 mm whereas a 
distinguishable amount of delaminated area exists in the results of the model having 
element length of 1 mm. The delamination area looks like the shape of peanut. For ݈௘ ൌ 0.8 
mm, the top interface delamination area is still quite small compared to the bottom interface 
delamination area. The top interface delamination area increases as the element sizes are 
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getting smaller to the point that it becomes comparable with the bottom interface 
delamination area. It is shown that there is a sudden increase in the size of top interface 
delamination area after ݈௘ ൌ 0.66  mm. This situation is shown in Figure 5-18. From   
Figure 5-18 it can be observed that there is an abrupt change in top interface delamination 
area for ݈௘ ൌ 0.5 mm. It can be said that these unexpected and probably inaccurate results 
are obtained as moving away from optimum element length. The effect of element size can 
be discussed for the bottom interface damage pattern as well. Similarly, there is no 
significant change in the corresponding delamination area as shown in Figure 5-18 for all 
element lengths except ݈௘ ൌ 0.5 mm. 
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 Element length, 
݈௘ (mm) 

Top interface (0/90) Bottom interface (90/0) 

1.33 

 

1 

 

0.8 

 

0.66 

 

0.5 

 
 

Figure 5-18: Effect of element size on delamination pattern 
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CHAPTER 6 
 
 

CONCLUSIONS AND FURTHER STUDIES 
 
 
 
In this study, finite element analysis of laminated composites under low velocity impact is 
studied for delamination failure. A three-dimensional finite element model is successfully 
constructed including contact algorithm, failure criterion for initiation and propagation of 
delamination. Hertz Contact law is implemented to simulate contact between impactor and 
the laminated composite. The delamination initiation is determined by using the stress 
based quadratic failure criteria, whereas the delamination propagation is computed by 
Power Law criteria. The damage of interface is simulated by specialized interface elements 
using cohesive zone method which is a unified method based on damage mechanics and 
also utilizing the fracture mechanics indirectly. The laminated composite is modeled using 
eight-node brick elements. Similarly, the eight-node brick elements are also used to model 
the interface which is between layers having dissimilar ply orientations. The layers having 
similar ply orientation are clustered in accordance with the previous studies to expedite the 
analysis.  
 
As mentioned in Chapter 5, the contact force history is one of the significant data which are 
often compared with previous and present works in order to validate the model before using 
the solid elements with cohesive zone method. Therefore, the analysis on impact of a 
composite tube is performed with solid elements without applying cohesive zone method in 
the first part. In other words, the delamination is not monitored in this part. The 
performance of solid elements is compared with shell element and the experimental and 
numeric results of previous study. Although the contact force history does not exactly 
follow neither previous numerical analysis nor the experiment, the result is acceptable in 
terms of peak contact force and duration of impact. It is thought that this small discrepancy 
is due to the element type used in the analysis and mesh density of the model. 
 
In the second part of analysis, a laminate having an orientation of [03/906/03] is analyzed 
and the results are compared with previous experimental data. The damage initiation 
criterion used in current study is different from previous study. However, the delamination 
pattern especially around the point of impact compares well with experimental data where 
the previous numerical analysis provides incorrect results around that point. This analysis 
constitutes the core of the thesis and plays crucial role in following discussions. The 
obtained result is also a good indication about the applicability of this finite element model. 
 
The third part of the analysis is regarding to parametric study on effect of curvature in 
delamination. The material used and the configuration is the same with the analysis 
performed for validation of finite element model in Section 5.2 since there is no 
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experimental setup for the parametric study. The study can be divided in two parts. Firstly, 
the cohesive elements are not included in the analysis. The global behavior of laminates is 
determined in terms of mid-point displacement of the laminate and contact force. The 
laminate with larger radius experiences less displacement. Moreover, the contact forces are 
becomes smaller as reducing the curvature due to the ability of absorbing energy of the 
impact elastically. It is clear that these results are obtained as expected. Secondly, cohesive 
elements are introduced between layers having dissimilar ply orientation. The laminate with 
larger curvature absorbs more the impact energy by means of strain energy compared to the 
laminate with smaller curvature so that the former experiences less delamination than latter. 
Although this result is predictable, the change in midpoint displacement characteristics is 
what is surprising for this work. From the comparison of all results, the laminate with the 
larger radius experiences larger displacement compared to the other laminates where the 
cohesive elements are not implemented. The larger displacement is unexpectedly 
experienced by the laminate having smaller radius where the cohesive elements are 
included in the analysis. 
 
The last part of the analysis covers the effect of global element length on delamination 
characteristic. The number of elements suggested to be in the characteristic cohesive zone 
is not well established in literature. Generally, the number of elements existing in the 
characteristic cohesive length is selected as Ne=5 so that it makes the element length 
approximately 1 mm. The analysis in Section 5.3 is repeated for curved laminate (R = 100) 
in order to show the effect of mesh density on delamination. That effect is investigated by 
applying different the element lengths between 1.33 mm and 0.5 mm which is to indirectly 
say that the number of elements in the characteristic cohesive length is in between Ne=4  to 
Ne=10. The top and bottom interface delamination patterns are compared and results are 
relatively similar for le=1.33 and 1 mm. The dependency of the finite element model on 
mesh is not significant until the element length is set to be le=0.8 mm. As the element 
lengths are getting smaller than that, the top interface delamination area becomes 
comparable with the bottom interface. Another important result to be noticed is that the 
bottom interface delamination does not change much until the element length is set as 
le=0.66 mm. With an element length of le=0.5 mm, the results lose their consistency. From 
the outcome of that investigation it is possible to conclude that the cohesive zone method 
may has a mesh sensitivity which is negatively affected from the excessive mesh size 
refinement. However, this mesh dependency problem is not observed in Section 5.2 in 
which the composite laminate is planar. Therefore, it is also possible that there may be a 
geometrical dependence. The findings suggest that this method should be carefully used. To 
discover the effects of mesh and geometry on delamination, the more elaborate study 
should be conducted by comparing the numerical results with experimental data. 
 
The numerical simulation is performed on a computer with 2.67 GHz Intel® Xeon® CPU 
w3520 12 GB RAM. The analysis performed in Section 5.4 is the most time consuming one 
with approximately 630000 increments. The stable time increment for this analysis is 
approximately set to 1eି଼ seconds and the analysis takes almost 50 hours to by using four 
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processors in parallel. The number of elements, nodes and variables in this analysis is 
51502, 59381 and 178146, respectively. 
 
In this thesis, the verification of cohesive zone method, the effects of curvature and mesh 
size are studied and discussed in detailed. However, more research in delamination analysis 
with the cohesive zone method is still necessary before obtaining a definitive answer to 
applicability of the method for prediction of delamination in laminated composites. In our 
future research we intend to concentrate on building a complete model which takes into 
account fiber and matrix related damages. Although fiber or matrix failures are not 
observed in our case, they can be experienced in more severe loading conditions. These 
damages can be implemented by using a user defined subroutine VUMAT which is used to 
define the mechanical behavior of the material.  
 
The ply clustering as a simplification is applied throughout the study in order to decrease 
the number of elements used yielding significant speed up in calculations. This method 
basically unites the layer with the same stacking orientation, whereas the interface elements 
are placed between the neighboring layers with different orientations. It is shown that the 
this approach is applicable to the delamination analysis and gives compatible results with 
experimental results provided by [38] as discussed in Section 5.2. However, in our future 
research we intend to extend our knowledge on the applicability of clustering approach. 
The model can be constructed such that the cohesive elements can be introduced between 
each layer. Hence, the effect of ply clustering on delamination pattern can be investigated. 
It is known that the fracture toughness differs with fiber orientation [62], [85], [86]. 
Therefore, properties of every interface including interfaces between layers with same fiber 
orientation, i.e. θ°/θ° interfaces, have to be well defined in order to obtain accurate results. 
θ°/θ° interfaces does not exist in clustered models since the layers with same orientation are 
united. It is expected that if the same properties are used in every interface, there will be 
slight discrepancy with the results of clustered model. This discrepancy is expected due to 
the energy absorption potential of the θ°/θ° interfaces. Actually, the delamination area of 
the transition interfaces between layers having dissimilar fiber orientation must be decrease 
since θ°/θ° interfaces are able to share the damage. Furthermore, the new delaminations can 
be even developed between θ°/θ° interfaces. The computation time is one of the important 
issues in comparison between the detailed model and the clustered model. If there is not a 
significant change in delamination results, the detailed model may not be favorable 
considering the computational expense of an excessively large model. Moreover, the 
computation time may constitute a limitation when a large structural model is to be 
analyzed. In conclusion, further research will be needed to clarify the effect of clustering on 
delamination results by establishing the detailed model solution. 
 
The second simplification which is used throughout this study is to perform the analysis by 
using quarter model due to geometrical and material symmetry of the laminate in order to 
speed up the analysis. Although the quarter model is validated with previous experimental 
results, further research is necessary to investigate the performance of the full model. The 
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computation time is expected to be much more than the quarter model since number of 
elements increases by 4. Therefore, there is a need for a judgment on whether the full 
model worth to analyze or not considering the computation time and accuracy of the results.  
In our future research we also intend to concentrate on building a complete model which 
takes into account fiber and matrix related damages. 
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