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ABSTRACT

SCALAR WAVES IN SPACETIMES WITH CLOSED
TIMELIKE CURVES

Necmi Bugdayci
Ph. D., Department of Physics
Supervisor: Prof. Dr. Sibel Bagkal (METU, Phys.)

December 2005, 60 pages

The existence and -if exists- the nature of the solutions of the scalar wave equa-
tion in spacetimes with closed timelike curves are investigated. The general proper-
ties of the solutions on some class of spacetimes are obtained.

Global monochromatic solutions of the scalar wave equation are obtained in flat
wormholes of dimensions 2+1 and 3+1. The solutions are in the form of infinite
series involving cylindirical and spherical wave functions and they are elucidated
by the multiple scattering method. Explicit solutions for some limiting cases are
produced as well. The results of 241 dimensions are verified by using numerical
methods.

Keywords:

Wave Equation, Helmholtz Equation, Wormhole Spacetimes, Closed Timelike Curves,
Non-Globally Hyperbolic Spacetimes, Bessel functions, Addition Theorems, Spher-

ical Waves..
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KAPALI ZAMANSAL EGRILER ICEREN
UZAYZAMANLARDA SKALER DALGALAR

Necmi Bugdayci
Doktora, Fizik Bolimi
Tez Yoneticisi: Prof. Dr. Sibel Bagkal (METU, Phys.)

Aralik 2005, 60 sayfa

Kapali zamansal egriler igeren uzay-zamanlarda varolabilecek dalgalarin dogasi
aragtirilmaktadir. Bu sinifa giren uzay-zamanlarin belli baz tiirlerinde dalga den-
kleminin ¢oztimlerinin karakteristik ozellikleri elde edilmistir.

241 ve 341 boyutlu diiz solucan deligi uzayzamanlarda dalga denkleminin global
¢oziimleri bulunmustur. Coziimler silindirik ve kiiresel Bessel fonksiyonlar1 cin-
siden sonsuz seri toplami olarak ifade edilmis ve ¢oklu sacilim yontemiyle hesa-
planmislardir. Bazi limit durumlar icin agik ¢oziimler verilmisg, ayrica 241 boyutta

elde edilen ¢oziimler sayisal yontemler kullanilarak dogrulanmistir.

Anahtar Kelimeler:
Dalga denklemi, Helmholtz denklemi, solucan-deligi uzay-zamanlari, Kapal za-
mansal egriler, Global hiperbolik olmayan uzay-zamanlar, Bessel fonksiyonlari, toplama

teoremleri, kiiresel dalgalar
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CHAPTER 1

INTRODUCTION

In this thesis, the effect of existence of closed timelike curves on the solutions of scalar
wave equation is investigated. The main motivation is the problematic nature of
the closed timelike curves -which results from their causality violating property- in
physics . It is investigated whether this problematic nature shows itself in the waves
propagating in this kind of spacetimes.

In spacetimes admitting closed timelike curves, it is possible to travel to the
past as time propagates in future direction. Therefore closed timelike curves can be
interpreted as time-machines. This means past and future are not separated from
each other. A point on such a spacetime can be both at the chronological future,
and at the chronological past of another point. Causality issues arise due to this
property, and the classical cause and effect relation between events are no longer
definite.

Existence of closed timelike curves contradicts with the strong belief of common
sense which states that there exists only one copy of an object in the space at a
specific time. Following a timelike curve in future direction, if an object may return
infinitesimally close to its original spacetime point, a local observer will be able to
observe two instances of the same object at the same time.

Another questionable issue regarding to the closed timelike curves is the com-
mon notion of free will. It is customary to believe that the past has passed away
and cannot be changed anymore, but we can effect the future by our intentional
behaviors. In a universe where closed timelike curves can exist, the future and the
past are not distinguishable from each other. In such a spacetime either one has no
control on future which means there is no free will, or one can change the past with

his actions at present time. This second alternative falls into a logical contradiction



called grandfather paradox. By changing the past from present time, the conditions
that created present time would be altered, hence present time would not be the
same. Therefore the person that changes the past through his actions would not
exist in present time.

The entropy law is still another problem regarding time travel physics. Accord-
ing to second law of thermodynamics, entropy always increases with time which
flows in one direction, namely future direction. Therefore past and future is clearly
distinguisable in terms of entropy, and a spacetime where past and future are inter-
changeable contradicts with the entropy law.

Despite all these paradoxes and unreasonable consequences, there is no law for-
bidding the chronology violating spacetimes within the context of general relativity.
Einstein field equations, which are the main equations of General Relativity theory,
put no restriction on the causal structure of the spacetime. The chronology vio-
lating spacetimes, may violate the so called "energy conditions”. However energy
conditions are not physical laws, they are just conjectures that universe believed by
most of the physicists to obey.

In the mathematical structure of General Relativity, time and space coordinates
are distinguished from each other by means of a minus sign present in the Lorentzian
metric of the spacetime. Also the fact (which is apparent from everyday experience)
that time is in continuous flow, and locally every moment is lived only once, is
accommodated in relativity theory by postulating that every particle follows a time-
like curve in spacetime. Except these two differences, the role of time and space
is symmetric the framework of General relativity. If it is possible to find out the
mathematical anomalies/inconsistencies of chronology violating spacetimes within
the boundaries of current physics, the mathematical tools we have are the unique
time direction of the Lorentzian spacetime and the timelike curves.

In this context the waves propagating in chronology violating universes are worth
to study. If we can find out the some characteristic common properties of the so-
lutions of the wave equation in the chronology violating spacetimes, at least theo-
retically, this can be used to get a clue about whether our universe admits closed
timelike curves and time travel.

For simplicity, only homogenous classical scalar wave equation is considered. The



theory of tensor wave equations is closely related to that of scalar wave equations
and can be considered only a simple extension of it [1]. Therefore solutions of vector
(or more generally tensor) wave equations are not expected to have significantly
different qualitative properties from solutions of the scalar wave equation.

Throughout the thesis, a spacetime (M, g, D) will be defined as ”a connected,
oriented and time oriented Lorentzian manifold (M, g) together with the Levi-Civita
connection D of g on M” [2] [3]. With this definition, the universe models that
admit more than one timelike direction are excluded since they fail to be Lorentzian.
Godel’s universe which admits two timelike direction (and therefore not Lorentzian)
is an exception which is considered in section II. On the other hand the dimension
is not required to be four and different dimensional spacetimes will be allowed in
order to investigate the effect of closed timelike curves in simpler lower dimensional
models.

In chapter 2, general properties of the solutions of wave equation on some class
of spacetimes are studied. It is very difficult to find out general rules (if there
exist any) that are valid for all spacetimes that admit closed timelike curves. What
determines the causal character of a spacetime is (1) its topology and (2) its metric
tensor. In section 2.1, a class of spacetimes are treated in which existence of closed
timelike curves are a natural consequence of the their topology. These spacetimes
are compact in time direction and closed timelike curves exist globally all over the
spacetime. The characteristic property of these solutions is that their frequency
spectrum are a discrete set instead of continuum. This brings a severe restriction on
the solution set. However the same type of restriction is also present for the globally
hyperbolic spacetimes when the space dimensions form a compact manifold.

In section 2.2 manifolds of more trivial topology (R™ or (R"~! — {0}) x R) are
considered. In these class of spacetimes, the tip of the null cone changes direction
in time and bends to make a close loop. Suitable metric tensors are written for
these spacetimes and separation of variables is used to obtain the solutions. Godel’s
universe is also discussed as an example of the same kind of manifold.

It is remarkable that again in these kind of spacetimes, only a discrete set of
frequencies are allowed as solutions of the wave equation.

Chapter 3 is dedicated to wormholes, in particular 2+1 and 3+1 dimensional



flat wormholes. As a significant consequence of their non-trivial topology, worm-
holes also admit closed timelike curves (CTC’s). As such they constitute a suitable
framework for the study of the solutions of the scalar wave equation in a spacetime
admitting closed timelike curves.

Due to the topology of a wormhole, no single coordinate chart is sufficient to
express the global geometry of the whole wormhole spacetime and it becomes neces-
sary to develop techniques to handle global issues on the one hand and to investigate
the propagation of scalar waves near closed timelike curves. It should be mentioned
that there are works that study the scalar and electromagnetic waves that are valid
locally in a certain region (such as may be termed the “throat”) of the wormhole or
that study waves in similar spacetimes [4],[5],[6],[7],[8],[9],[10].

Wormbholes are widely studied and discussed, especially after the paper of Morris
and Thorne, in the context of time travel [11],[12],[13],[14],[15],[16]. Cauchy prob-
lem of the scalar wave equation in the flat wormhole considered here is studied
throughout by Friedman and Morris with a variety of other spacetimes admitting
closed timelike curves [17],[18]. They also proved that there exist a unique solution
of Cauchy problem for a class of spacetimes, including our case, with initial data
given at past null infinity [19].

Due to the wormhole structure, the boundary conditions imposed in solving the
Helmholtz equation depends on the frequency. Therefore spectral theorem is not
applicable in a straight forward manner to express the solution of the wave equation
as a superposition of monochromatic wave solutions. However, in [19], it is proved
using limiting absorption method that, the superpositions of the monochromatic
wave solutions of the problem converge to the solution of wave equation.

The problem can be handled as a Cauchy problem with given initial data at past
null infinity or alternatively as a scattering problem, i.e. finding scattered waves
from the wormhole handle for a given incident wave.

The approach used in section III is similar to that used in scattering from infinite
parallel cylinders [20]. ¥y and W, represents outgoing cylindrical ( for 3+1 dimen-
sions spherical) waves emerging from the first and the second wormhole mouth
respectively. In order to be able to apply the boundary conditions conveniently

which arise from the peculiar topology of the wormhole in our case, it is necessary



to express Wy in terms of cylindrical (spherical) waves centered at second mouth
and vice versa. Addition theorems for cylindrical and spherical wave functions are
employed for this purpose.

The equations for the scattering coefficients of ¥; and W, that result from the
boundary conditions in question are in general not amenable to direct algebraic
manipulation . The multiple scattering method is applied to obtain an infinite series
solution. On the other hand for some important limiting cases the equations solved
explicitly. The solutions by these both methods are consistent with one another.

In section 3.1, the spacetime is described and the general formulation of the
problem is presented. In section 3.2, 241 dimensional case is studied. The equations
are presented, explicit solutions for two limiting cases are obtained, and finally the
multiple scattering solution is applied. In Section 3.3, the same scheme as section
3.2 is followed for 3+1 dimensional case. In section 3.4 numerical verifications of
the results obtained in section 3.2 are presented. In section 3.5 the solution for
different wormhole parameters are presented and finally in section 3.6 the scattering
coefficients of the wormhole is compared with that of scattering from a infinite

conducting cylinder.



CHAPTER 2

GENERAL RESULTS ON SOME
CLASS OF SPACETIMES
ADMITTING CLOSED
TIMELIKE CURVES

2.1 Spacetimes that are compact in Time direc-
tion:

The existence of closed timelike curves in a spacetime emerges in different ways.
One class of spacetimes that admit closed timelike curves are those spacetimes which
are compact in time direction. The generic topology for this kind of spacetimes can
be considered as M x S'where M. is an arbitrary Riemannian manifold. In this
class of spacetimes, time is vicious. Every timelike curve advancing to future returns
back to past after some time.

Every non-compact manifold admits some Lorentzian metric defined on it, how-
ever this is not true in general for compact manifolds [21]. Some compact manifolds
does not admit Lorentzian metric, and hence they are excluded from being spacetime
according to our definition. The simplest examples of this kind are S* and S? x S2.
The manifolds considered in this section are product manifolds and they are compact
iff both manifolds entering to the product are compact. For the spacetimes analyzed
here, one of the manifolds entering the product is one dimensional representing the
time direction. Although not every compact manifold admit a Lorentzian metric

defined on it, all compact manifolds of product type where one of the products is



one dimensional manifold and represent the timelike direction, admits some Lorentz
metric defined on it.

If the metric is flat in such a cylindrical spacetime, it is well known that the
possible wave solutions are limited to certain discrete frequencies. An important
question is whether this restriction is a result of existence of closed timelike curves.
The compactness of the spacetime manifold in space direction may result exactly
the same kind of restriction on solutions of wave equation.

Consider a spacetime manifold M = M x N where M is a Riemannian 3 manifold
and N is an one dimensional Riemannian manifold. The metric of the product
spacetime is considered not to be warped, i.e., in the expression of the metric tensor,
the coefficients of time variable dt ® dt is independent of space variables Z, and
coefficient of d7 ® d¥ is independent of £. In this case it is natural to assume a

solution that is separable into time and space coordinates:
LetF:M—>(C,u:M—>(Candv:NHCbefunctionsonM, M and N.

F(z,t) = u(z)v(t) (2.1.1)

AF = Au(z)v(t) — u(z)Av(t) =0 (2.1.2)

2.1.2 gives two equations for u(x) and v(t):

Auy(x) = duy(z) (2.1.3)
AU,\(t) = )\U,\(t) (2.1.4)

The solution of 2.1.4 is:
u(t) = e™ (2.1.5)

Therefore the eigenvalues A are indeed the frequencies of monochromatic wave
solutions to the wave equation on M.

Given any compact Riemannian manifold, it is well known that the eigenvalues



of Laplacian A, forms a discrete set [22]. Thus if N is compact, A = w,, n € Z.
Therefore there is solution to wave equation only for discrete frequencies.

On the other hand the same result applies also to M. If M is compact, 2.1.3 has
discrete eigenvalues and again A = w,, n € Z.

If both M and N are compact, the solution set has the common elements of the
set of eigenvalue of 2.1.3 and 2.1.4. If the intersection of the eigenvalue sets is empty,
there is no non-constant solution for wave equation. Similar method of separation
of variables can be extended to warped product manifolds [23].

A simple example of a spacetime which is compact in either directions is a two
c21imensional torus spacetime given in [17]. In this case the eigenvalues of 2.1.3 are

Tm

< m € Z, where L is the length of the torus in space dimensions and eigenvalues

2
of 2.1.4 are %, n € Z, where T is the length in time direction. Therefore a non-

2rm  2mn
constant solution exists only when I = 7 Therefore there exist no solution

L. . .
when T is irrational.
This simple example suggests that the effect of closed timelike curves does not

have a distinguishable effect on solutions of the wave equation.

2.2 Spacetimes of trivial topology with metric ten-

sors admitting closed timelike curves:

Closed timelike curves can also appear in manifolds of topology R™. The metric
of the spacetime can be adjusted such that the tip of the null cone deflects and
make a loop. One simplest way of producing closed timelike curves is to assign the
angular coordinate 6 direction to be timelike direction in a cylindrical coordinate
system (r,0,t) where § = 0 and 6 = 27 is identified.

2.2.1 2+1 dimensional sample spacetimes

Consider the spacetime M = (R* — {0}) x R and the cylindrical coordinates
system (r,0,t) defined on it. In usual flat Minkowski spacetime, the tip of the null



cone always points the ¢t direction. When the time direction is chosen as 6, there
exist closed timelike curves. Alternatively time direction can be chosen as r which

does not admit closed timelike curves either. These spacetimes will be denoted by
M, M? and M", respectively.

O

Figure 2.1: Null cones of M

Figure 2.2: Null cones of M"

The metric tensor in (r,6,t) coordinates for M" is

gijda'dr? = dr® + r?de* — dt* (2.2.6)

The homogenous wave equation for a general metric is:



Figure 2.3: Null cones of M?

oF

1 0 ij _
F= m@( | det(gi;)|g @) =0 (2.2.7)

Since the metric coefficients are independent of ¢ and 6, it is natural to separate

the variables in ¢ and # direction and assume a solution of the type:

F(r,0,t) = u(r)e™’e ! (2.2.8)
Periodicity of # with 27 forces m to be an integer. The resulting equation

d? 1d , m? B
WU(T) + ;%u(r) + (w* — T_Q)U<T) =0 (2:2.9)

is the famous Bessel’s differential equation with solution:

u(r) = Jp(wr) (2.2.10)
F(r,0,t) = Jy(wr)e™le it (2.2.11)

For M" the metric tensor is:
gijda'dr! = —dr® + r’d¢* + dt* (2.2.12)

and the differential equation for r is:

10



d? 1d , m?
WU(T) + ;au(r) + (w* + F)U(T) =0 (2.2.13)
The solution to 2.2.13 is again in terms of Bessel functions, but this time with

imaginary order:

F(r,0,t) = Jyp(wr)e™ et (2.2.14)

Finally the metric and radial equation for M? are:

gijdr'da’ = dr® — r?d¢* + dt* (2.2.15)
d? 1d , m?
WU(T) + ;au(r) + (w* + F)u(r) =0 (2.2.16)
and the solution reads:
F(r,0,t) = Jo(iwr)e™ e (2.2.17)

The Bessel function can be generalized for complex order and complex argument
[24]. The solutions for M? and M" are expressed in terms of these Bessell functions
of imaginary order and imaginary argument in (2.2.14) and (2.2.17).

For M?, since timelike direction is @, m can be interpreted as frequency, and
it is discrete. Therefore only discrete frequencies can propagate in this kind of a
spacetime. It is noteworthy that, the restriction on the solution of the wave equation
is the same with that of spacetimes that are compact in time direction.

A more general class of spacetimes can be defined that have closed timelike
curves in certain region of the spacetime. Consider R?® equipped with the metric in

cylindrical coordinates as:

gijdx'dz’ = dr® + cos(2a(r))r*d6* — cos(2a(r))dt* — 2sin(2a(r))dtdd  (2.2.18)

where 8 = 0 is identified with § = 2.

11



*

Figure 2.4: Variation of timelike direction with r

The orientation of null cone for this type of metric is shown in the figure 2.4.
When r = 0, null cone is indefinite unless «(0) = 0. Therefore a(r) will be choosen
to satisfy a(0) = 0.

When «a(r) < m/4 for all r, there exist no closed timelike or null curves. When
m/4 < a(r) < 3m/4, time coordinate is not ¢ anymore; instead 6.is the time coor-
dinate. Since 6 coordinate is cyclic with period 27, closed timelike curves exists in
this case.

Homogenous wave equation in for this metric is:

1,0 OF, cos(2a)0?F P*F 2 PF
#ETE) e T cos(2a)w - Sm(2a>898t =0 (2.2.19)

Again the separation of variables in # and ¢ can be used:
F(t,r 0) = e “tekfy(r) (2.2.20)

2.2.19 gives:

12



Ysin(2a)u(r) =0 (2.2.21)

For |a(r)| < m/4, or |m—a(r)| < m/4, timelike direction is ¢, and w represents the
frequency. However, when 7/4 < a(r) < 37w/4 since timelike direction is switched
to be 6, ki represents the frequency of the wave.

Periodicity of 8 with 27 requires k; to be an integer: ky = m, m € Z. Therefore

the frequency switches from being discrete to continuum as « changes with r.

2.2.2 Godel’s universe:

Godel’s universe is another famous example that admit closed timelike curves
[25]. Godel’s universe is an exact solution of Einstein Field equations. However it is
not a spacetime in the sense of the definition because it is not everywhere Lorentzian:
Godel’s universe admits two timelike directions at some part of the universe. Closed
timelike curves exist with the appearence of this second timelike direction.

The metric of Godel’s universe is [3]:

o 1
gijdatdy! = —dt* + dx* — 562‘/§dey2 + dz2? — 2eV2 % didy (2.2.22)

where () is a constant.
After a coordinate transformation to cylindrical coordinates, in new coordinates

the metric takes the form:

gijdatdr? = 2072 (—dt?+dr?—(sinh" r—sinh® r)d6*4-2v/2 sinh® rdfdt' +dz* (2.2.23)

This behaviour of the null cones in this metric is similar to that of 2.2.18 and
closed timelike curves appears when r > log(1 + v/2).

The solution of scalar wave equation in Godel’s universe is given in [26]. In
agreement with the above results, the frequency can take discrete values in Godel’s

universe:

13



w=(1+2n)Q+ \/(2712 +2n+1)Q+ k3, neZ (2.2.24)

where k3 is the wavenumber in z direction. The solution for a more general class of
universes with papapetrou metic has similar properties [27].

In all these class of spacetimes where closed timelike curves are admissible
throughout the manifold, the common property is frequency selection. Frequency is

not continuum and only a discrete set of frequencies can exist in these universes.

14



CHAPTER 3

SCALAR WAVES IN A
WORMHOLE SPACETIME

Wormholes are another very important class of spacetimes that may admit closed
timelike curves (CTC). In wormholes, however closed timelike and null curves are
restricted to pass around the throat of the wormhole and in general there does not

exist a CTC passing from an arbitrary point of wormhole.

3.1 Flat wormbhole

Given a Riemannian manifold M, a solution F': M x R — C of the scalar wave
equation
B O*F

ot?
is said to be a monochromatic solution with angular frequency w € R — {0} if it is
of the form F(m,t) = ¥(m)e™" for some ¥ : M — C. Clearly ¥ is a solution of the

Helmholtz equation

AF

AV + w*T = 0. (3.1.1)

On a general Lorentzian spacetime the concept of monochromatic solution makes
sense provided the spacetime has an almost product structure that singles out the
time direction locally.

A simple example of a wormhole topology is the flat wormhole described in

[19]. This 341 dimensional flat wormhole spacetime is constructed as follows: Let
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Figure 3.1: 241 dimensional flat wormhole. P is identified with ). Arrows indicate
the direction of the identification.

a,d, 7 € R with d > 2a > 0. Consider

N=R>— (A, UA.),
M =N xR,

where A, A_ are open balls of radius a > 0 and respective centers (0,0, d/2), (0,0, —d/2)
in R3. The boundaries of A, and A_ are designated as ¥, and X_ respectively. The
wormhole spacetime M of width d, radius a, and lag 7 is the Semi-Riemannian mani-
fold obtained as the quotient space of M by identifying events P, Q on &, xR, ¥_ xR
respectively if P is the reflection of @) in the xyt- hyperplane after a translation by
7 along the ¢- axis, the Semi-Riemannian metric being naturally inherited from the
ordinary Minkowski metric on R*. M is clearly a flat Lorentzian spacetime. To be

precise:
2y =A{(z,y,2) € R’]a” + 9y + (2 — d/2)" = a’},
- = {(2,9,2) € RYa® +y* + (= + d/2)° = a?}.

For (z,y,2) € ¥y, P and @ are identified where

16



P = (‘rayazat>v
Q: (fE,y,-Z,t+T)-

In 2+1 dimensions the manifold is defined in the same way except that:

N=(R-(A;UA)),

A, A_ are open disks of radius a > 0 with respective centers (d/2,0),(—d/2,0) in
R? and P is the reflection of () in the yt- plane after a translation by 7 along the t-
axis.

The geometry for 2+1 dimensions is shown in fig. 3.1.

Two wormhole conditions arise from this identification map defining the topol-
ogy. These conditions will function as boundary conditions imposed on the general
solution of Helmholtz equation in a flat spacetime.

The two wormhole conditions will be denoted as C-1 and C-2. C-1is

and C-2 is
np- VF(P) = —ng - VF(Q).

where 7 is the unit outward normal to ¥_ at @) and np is the unit outward normal
to X, at P. In terms of ¥, C-1 and C-2 are:

T(w,p) = 7T (w,q),

np- V¥ (w,p) = —ei‘”ﬁQ -V (w,q),

where p and ¢ are the projections of P and () on N respectively.
The solution will be expressed in three components: An everywhere regular part
of the wave, Uy, which may be considered as originating from the sources at past

null infinity (or alternatively as the incident wave if the problem is considered as a

17



Figure 3.2: Coordinates used for 241 dimensions.

scattering problem), and two outgoing waves originating from each wormhole mouth

(or scattered waves from each mouth), U; and Wy Obviously ¥ = Wy + ¥y + s,
There are two wormhole conditions that enable one to determine two of Wy, Wy

and W,. The problem will be handled like a scattering problem and the scattered

waves Uy and Wy. will be solved given the incident wave Wy,

3.2 2+1 Dimensions:

In 241 dimensions, solution of Helmholtz equation in cylindrical coordinates
yields Bessel (or Hankel) functions. Being everywhere regular, W, is expressed in
terms of J,(r),while ¥;and W, represent outgoing waves radiating from the worm-
hole mouths A_ and A, respectively. Outgoing waves are expressed by Hankel
functions of the first kind, Hﬁl)(r). Referring to fig. 3.2, ¥, has its natural coordi-
nates (r,6) centered at (—d/2,0), and W, has its natural coordinates (R, ¢) centered
at (d/2,0). The coordinate variables, # and ¢ are chosen in this way to make use of
the mirror symmetry of the geometry of the wormhole with respect to y axis. Since
Uy, Uiand W, are valid in exterior domain, they are expressed in terms of integer
order Bessel (Hankel) functions only. Therefore the expansion of ¥y, Uiand ¥, in

terms of Bessel (Hankel) functions are:

18



L Z Aan(wT)eme,

n=—oo

U, = Z B,HW (wr) - e™?

n=—oo

U= > C.HV(WR)- ™
B,, and C,, will be found given the coefficients of the incident wave A,,. The two
wormbhole conditions supply the two equations to determine the unknown coefficients
B, and C,,.

The wormbhole conditions C-1 and C-2 are:

lI]|R:a,¢:9 = 67;L‘”—\]:l|7":a — T < 0 S 7T,
0 9
_\Ij ad— = — sz_\Ij —a . < 9 <
R | R=a,p—0 S ! T <7

To compute ¥ at R = a and r = a it is necessary to write down ¥y, ¥y in
(R, ¢) coordinates and Wy in (7, #) coordinates. The addition theorem for cylindrical
harmonics is used for expressing a cylindrical wave in terms of cylindrical waves of a
translated origin [24]. It should be noted that, unlike the everywhere regular Bessel
functions J,,(wr), there are two different versions of the addition theorems of Hankel

functions. For 7= d + ﬁ, addition theorems yield
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( o)
@ r) kz To(wd) Y (wr)e @00 if > d
H R = & . (322
S HO (wd) Jyi(wr)el ™08 if < d
\ k=—00
( o) A
(1) in(0—m) kz Jk(wcz)Hr(zlJZkWR)e_z("’Lk)(’b if R>d
Hy (wr)e™" ™™ = o C(323)
S HO(wd) Jyn(wR)e 08 if R < d
k k=—00
Ty (wr)em 0= Z Je(wd) Jy i p(WR) e (02, (3.2.4)
k=—00

Wormbhole conditions require the expression at » = a and R = a. Since a < d,
r < d versions of (3.2.2) and (3.2.3) should be used.
Accordingly, the wave functions are expressed as a sum of Bessel functions at

translated origin as

Z Apdp(wr)e e = Z A, - T (wR)e™,

ZBHIW inf — ZB Ju(wR) -
Z C, HV(WR)e™ = f: Cp - Jn(wr) - e

The expressions for A,, B, and C,, are found using (3.2.2), (3.2.3) and (3.2.4).
For A,, :

Z ATy (wr)e™ = Z An(=1)" D Je(wd) Jugr(wR)e " (3.2.5)

n=-—00 n=-—00 k=—00

Renaming the index —(n+k) = n on the right hand side and using (—1)"J,(z) =
J_n(x):
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Z Ay (wr)e™ = Z Z A (D) J(wd) T (WR)E™? (3.2.6)

n=-—o00 n=—00 k=—o00

- Z ( Z A*nfkjfk(Wd))Jn(WR)emd) (3'2'7)

n=—00 k=-—o0

= Z Z Apendi(wd)) Jp(wR)e™® (3.2.8)

n=—o0 k=-—o0

Similarly for B, :

[e.9]

U, = Z BnHS)(wT)-eme: Z B n Z H]gl wd)Jn+k(wR) —i(n+k)d

n=-—o00 n=-—00 k=—00

= > BT FH (wd) T (wR)e™

n=—o00 k=—o0
%)

- Z ( i Bfn—kH(_l,z(wd))Jn(wR)eiw

n=—o00 k=-—o0

=SS B HO @) IR (3.29)

n=—oo k=—o0

The translation direction for C, is reverse and translation formula is slightly

different. However choosing the ¢ mirror image of 6, results in the same formula for
C,, either:

Z C,HV (wR)-eM? = Z Chn Z H wd ) i (wr)e? RO (3.2 10)

n=-—o00 n=—o00 k=—o00

Renaming the index —n + k& = n on the right hand side:

U, = i ( i Cron H (wd)) I, (wr)e™ (3.2.11)

n=—o00 k=-—o0
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Therefore the formulas for A,, B,, and C,, are:

A=) Appdi(wd), (3.2.12)
k=—0oc0

B,= Y By H"(wd), (3.2.13)
k=—o00

Co=Y CinH (wd). (3.2.14)
k=—0oc0

Having obtained the expression of the wave in the coordinates centered at each
mouth, application of wormhole conditions give necessary equations for the unknown
coefficients B,, and C,,.

C-1 leads to
Z (A, - Jo(wa) + By, - HY(wa) + CoJy (wa))e™
=T Z (ApJy(wa) + BpJy(wa) 4+ C - HV(wa))e™,
Bn - @inC’n = _%(AA” o eiWTAn T CYn - einBn)’ <3215)
Hn (wa)
and C-2 leads to
"5 A (1) R ind
n;m (An Gy n(@n)lr=a & Bu - 5 HyP(wr)lr=a + Cg Jn(w)|m) e
) > _ 9 9 5 |
= 5 = — _ 9 g ) ins
e nzzoo (An or Jn(uﬂ")|r—a + Bn or Jn(uﬂ’)|r—a + Cn or Hn (wr)|r_a) e,
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)
| I (wr)lr=a o
By +€*7C, = — gr (An + €“7 A, + C,, + €7 B,,). (3.2.16)
EH,(ll)(wr)]r:a

Solving (3.2.15) and (3.2.16) for B,, and C,,, one finds

B, = =1 (wa)Cp + €Ty, (wa) By — 7t (wa) Ay 4 €7y, (wa) Ay, (3.2.17)
Cn = =7 (wa) By + e 7y, (wa)Cy — 7f (wa) Ay + €77, (wa)An,  (3.2.18)

where

0
o (wa) 2 L [ Lnled) 5@l
n (1) |
Hy'(wa) %Hél)(wr)“a
0
_ A 1 Jn(wa) 5‘]”(”7‘”7"%
Tn (Wa) = — _
2 Hél)(wa) g

o H" ()=
For the sake of simplicity the known parts of (3.2.17) and (3.2.18) will be denoted

by E, and F,, respectively.

E, = -y (wa)A, + “v, (wa) A, (3.2.19)
F, = v (wa)A, + e Ty, (wa)A,. (3.2.20)

This pair of equations (3.2.17) and (3.2.18) are not solvable explicitly; however

it is possible to solve them for the limiting cases a < d and a < 1.
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3.2.1 Solutions for « < dand a <K 1:

The difficulty in solving (3.2.17) and (3.2.18) arises from the convolution sum
present in the expressions of B, and C,. However this term can be evaluated for
special forms of H” (wd), namely when it is in complex exponential e~™* form.
When |n| < wd, asymptotically HS"(wd) becomes e~™™/2 as a function of n.
¥ (wa) and 7, (wa) are almost zero for |n| 2 2wa, and so are B, and C,. Thus
when a < d, the only terms that contribute to ~(wa)B, (v(wa)C,) are those
satisfy |n| < 2wa < wd. The a < d case is of practical importance in physics. In
a wormhole universe, this corresponds to the case that the wormhole is connecting
regions of the universe that are spatially far from each other compared to the radius
of the wormbhole.

This approximation is not valid for the high frequency limit in general.

When a < 1, 72 (wa) tends to zero unless n # 0, regardless of d. Accordingly,
so are B, and C,.

These two cases in which approximate solutions are possible, a < d and a < 1,

are examined below.

a<<d

For large wd, asymptotic formula for Hél)(wd) is

Hfll)(wd) = z(wal)e_m“/2 (3.2.21)
2 2 _ 2 2 2 _ 2 _
« (1+ Z,4n 1 L2 (4n* —1)(4n* —9) L (4n* — 1)(4n* — 9)(4n* — 25)
11(8wd) 2!(8wd)? 3!(8wd)?
Swd) & | giled=(x/0),
Twd

For n? < wd, the infinite sum inside the brackets can be approximated to 1 :

HWY (wd) ~ z(wd)e /2

This form of H,sl)(wd) allows one to evaluate the sum B,,:
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Z Bk—n) wd) = Z B H}fjm (wd) =~ z(wd)( Z Bpemm/2)gminm/2

k=—o00 m=—00 m=—00

= z(wd)B(r/2)e” "/

where hat denotes the Fourier sum:

[o@)
X, e me
E m )

m=—00

Substituting into (3.2.17) and (3.2.18)

B, = 2(wd)[-C(n/2)~vF + €“"B(n/2)v;]e”"/? + E,, (3.2.22)
Cp = 2(wd)[=B(r/2)y;} + e 7 C(n/2)y; e /? + F,. (3.2.23)

The right hand sides of (3.2.22) and (3.2.23) involves C/(7/2) and B(r/2) which

are unknown yet. Multiplying each side by e~"/2

equations for C(7/2) and B(w/2) :

and sum over n’s gives a pair of

B(r/2)

. 3.2.24
F(m/2) ( )

_ [1 = sed)eri(m) 2(wd)¥(n)
Awd)iH(m) 1= s(ed)e i (n)

The numerical results comparing the solutions obtained by these formulae and

by the multiple scattering method is presented in the appendix.
2

To have a better approximation, the second term Zl?(8—7d) in the infinite sum of
(8w
n (3.2.21) can be included:
2 . 4n? —1
HDO(wd) 1] 2 pilwd=(m/4)) j—inm/2 (|
v (wd) mwd" (14 11(82) )

In this case, the expression for Hf(bl)(wd) involves n2e~""/2_ This form of Hﬁl)(wd)

still enables one to evaluate B,, and C,,, explicitly. This time there arise 6 unknowns
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and (3.2.24) is replaced by a 6x6 matrix equation. In this way it is possible to have
better approximations by taking more terms into account in (3.2.21). The number of

the linear equations is 4k — 2 when the first k£ term is taken into account in (3.2.21).

a<<l:

At wa = 0, the Bessel function J,,(wa) is a discrete delta function with respect

to variable n, and its derivative is zero for all n :

lifn=0 0
Jn(0) = i —Jp(wr)|—¢ = 0 for all n. 3.2.25
© { 0 otherwise or (@r)lo ( )
Therefore, in the limit a goes to zero, v, (wa) and 7, (wa) become discrete delta
functions:
_ Jo(wa)
+
o (Wa) =7, (wa) = —————0n,
o) ) =
where [28],
Jo(wa 1
Hy (wa) L+ —(In(5) +0.5772)
T

The vE(wa) factors standing in front of each term on the right hand sides of
(3.2.17) and (3.2.18) make B,, and C,, delta functions as well.

Bn = B05n7
Cn = CO(Sn;

so that,

U, = By - H (wr),
Uy = Cy- H" (wR).

By and Cj are found by substitution to (3.2.17) and (3.2.18):

26



i (wa) By ~ (700n)(BoH (wd)) = 70 BoHS (wd)d,
’yf(wa)én ~ YCoHo(wd)dy,

By
Co

Ey

_ 1= YoHo(wd)e™T Yo Ho(wd)
YoHo(wd) 1 — yoHo(wd)e ™"

where

EO - ’70(_/40 + eiWT Z Ame<Wd))7

m=—0oQ

= Y Apdu(wd) + €747 Ay).

m=—0oQ

3.2.2 Multiple scattering

An alternative approach is the use of multiple scattering [20],[29]. In the multiple
scattering method, the scattered waves are decomposed into lower order scattered
waves from each mouth. Initially each wormhole mouth is considered to be excited
by only the incident wave and first order scattering coefficients are found by imposing
wormhole conditions. Then each wormhole is considered to be excited by only the
first order scattered wave from the other mouth and the second order scattering
coefficient are found imposing wormhole conditions. k™ order scattering coefficients
are found by continuing the same procedure. The scattered wave from each mouth

is the sum of these k" order scattering coefficients.

U, = i or
k=1

where
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Ui = " BYH)(wr) ¢ and B, = > B

n=—00 k=1

Similarly,

v, = i \Ijgv
k=1

U= Y CrHD(wR)- ™.

n=—0oo

Wormbhole conditions for the first order scattering coefficients are:

(\IJO + \I[%)T:a = QQZ‘L‘”—(\PO + qj%)R:a,d):e; (3.2.27)
a WWT a
5(\110 + \Iji)‘r:a = —€ @(\Ifo + \Ifé)‘R:a@:g. (3.2.28)

Similarly for the (k + 1) order coefficients:

(U + ) —g = (U + W5 | peg g,
a WT a
5(‘1’1{:+1 + U5 | = —e @(‘Iﬂf + U5 | g po-

It is easy to see that when 1% and k' order scattered waves satisfy wormhole

conditions, total scattered wave satisfies as well.

Upmq = (Wo + U1 + o) |mg = (Uo + Ui + > (U + T5))]r0

k=1
= T (Ut W) pamote™” > (UF+ U5 poagmp = €7 (Wo+ U1+ T3)| g g0-
k=1

Imposing wormhole conditions to (3.2.27) and (3.2.28), first order scattering
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coefficients are obtained.
C-1 yields:

[e.9]

Z Ap-Jp(wa)e™+BL-HD (wa)-e™ = ™7 ( Z And(wa)e™+ Z CLHW (wa)-e™),

Bl —eCl = _—Jggwa) (A, —e“TA,).
Hy' (wa)
C-2 yields:
| 9 @)l -
Bé + eszc«é — 887‘ (An 4 e“"TAn).

EH&”(WNTZG

Solving for B! and C! :

B, = =71 (wa) A, + 7, (wa) Ay, (3.2.29)

n

Ol = 7 (wa) A, + e (wa) Ay, (3.2.30)

Note that B} and C} are equal to the known parts of (3.2.17) and (3.2.18), E,
and F},, respectively.

kthorder scattering coefficients are obtained similarly as:

B = —yH(wa)CF + ey (wa) BY, (3.2.31)

n

O =y (wa) B + e 7 (wa)CE. (3:2.32)
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o 3

Figure 3.3: Coordinates used for 341 dimensions.

3.3 3+1 Dimensions

In 3+1 dimensions, the solutions of wave equation in spherical coordinates, i.e.
spherical wave functions, involve spherical Bessel functions and spherical harmonics
[30]. In agreement with the 241 dimensional case, Wy is expressed in terms of usual
spherical Bessel functions, while ¥; and W, are expressed in terms of spherical

Hankel functions. Referring to fig.3.3,

U= 3 3 A @) Yim(6, ), (3.3.33)

l[=—ocom=-—1
00 l
U= 3" Y B (@r)Yim(0,0), (3.3.34)
I=—o0 k=—1
00 l
Up= Y D Cin Iy (WR)Yin(6, ), (3.3.35)
l=—c0o m=-1

and the wormhole conditions are,
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U,y = V| pey.0-0; 0<H<7m, —mn<p<m,
0 0

E\tha:—e’ 8R\IJ|R 0,0=0; 0<O<m —7m<p<m.

- -

The addition theorems for the spherical wave functions, for 7= d+ R are [31],[32]:

Ji(wr Z Al (d)ji (wR) Yo (1 — ©, ), (3.3.36)

B (wr)Yim (0, @) = Zagzn (d)jr (WR) Yy (m — ©, ) for R <d, (3.3.37)

h (wR)Y Zal, (=) jir (Wr)Yim (0, ) for r < d, (3.3.38)
where
ol (1) & Z c(Im|l'm!|Ap)jx(w [2])Yau(Z), (3.3.39)
Ap
afine (&) 23 e(tm|l'm/ | )b (@ ]) Yo (@).
Al

The coefficients c(Im|l'm/|Ap) in terms of 3-j symbols are:

0 0 0 m —m' u
(3.3.40)
The expansion (3.3.37) and (3.3.38) are valid for R < d and r < d, respectively

/ I+A—1 m / e [ UUA LorA
c(Im|l'm/|Ap) =i (=)™ [4m(214+1)(2I'+1)(2A+1)]

and they cover region where the wormhole conditions are imposed: R = a and r = a,
(a < d).
Using (3.3.36), (3.3.37) and (3.3.38), Wy, ¥; and Wy are expressed as a sum of

wave functions at translated origin as:
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ZAlm jl WT lm ZAlmjl WR)nm(q) 90)

Z Blm . Z Blm]l WT lm (I) QD)
chm' Yim (@, @) = chm]l (wr)Yim (0, ¢).
lm

where the analogues of the formulas (3.2.12), (3.2.13) and (3.2.14) are (see appendix
A)

Ay = (1)1 Z Apmalm(d), (3.3.41)

By = (1) Z Birmaly(d), (3.3.42)
l/

Cim = (=)™ >~ Comal(d). (3.3.43)
l/

3-j symbols are zero unless m —m’ = p [33]. Furthermore, d = 2d, and Yau(d) =
Y),.(0, ¢) is nonzero only when y = 0. Thus m’ = m and that’s why the summation

over m' drops in (3.3.41), (3.3.42) and (3.3.43)

22+ 1
Y)\O(Oy@) 4 )
T
"o/ = 'm, = 2)\"‘1
o (d) = afy(d) = e(l'm|Im|A0)h{ (wd) e
T
A

'om! = ', = 3 2A+1
o (d) = ol (d) = 3 eUmlimlA0)ja(wd | =

A

Imposing the wormhole conditions and using the orthogonality of Y},,(6,¢) for
different [, m, yields the 34+1 dimensional analogues of the equations found for 241

dimensions:
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jl(wa) (Clm . einBlm + Alm . einAlm>,

(élm - 6iWTBlm + Alm - einAlm)a

giving

(3.3.44)
(3.3.45)

Bin = it (0a)Cim + €77 (00) B + B,
Cim = = (wa) B + ¢~ (w@) Ci + Fipn,

where £, and Fj,, are known functions of A, :
B, = —Wf(wa)Alm + eiw’yl_ (wa)/_llm,
Fyp = _71+ (wa)Alm + e_iMVl_ (Wa)Alm’

and 7;*(wa) are defined similar to 2+1 dimensional case:

0 i)
1 jl(wa> - _Jl r=a
! Ehl (Wr)lr=a
0 .
B Al ji(wa) E]z(u”")’r:a
Y (wa) = 9 1) )
hewa) D )
r

Similar to the 241 dimensional case, (3.3.44) and (3.3.45) can be solved for a < 1

and a < d cases.
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Solutions for a < d and a < 1:

The asymptotic form of hl(l)(wd) for | < wd allows us to compute af;gnl(cf).
The similarity between 2+1 and 3+1 dimensional cases are remarkable. Indeed

_ 00
for 2+1 dimensional case, if we consider X,, = > Xk,nH,gl)(wd) as an opera-
k=—00

tor on H.' (wd) the asymptotic form of H,(ll)(wd) for n <« wd is an eigenvalue
of this operator. Similarly in the passage to the 341 dimensions, considering

Xim = (=)™ 32 Xppad™ (d) as an operator on h!"(wd), asymptotic form of
U'm/

hl(l) (wd) for | < wd is an eigenfunction of Xj,,.

As in the 2+1 dimensional case, the presence of the v (wa) factor at each term
of the right hand sides of (3.3.44) and (3.3.45), makes By, and Cj,, vanish when
wa < [. Thus when a < d the asymptotic form of hf\l)(wd) for | < wd can be used.

For a < 1, just like 2+1 dimensions, hl(l)(wd) is zero unless | = 0 and (3.3.44)
and (3.3.45) can be solved.

a < d:

7" (wa) and v, (wa) filter the terms with [ > 2wa, thus when a < d the only
terms that contribute to By, and Cj,are | < wd. In this case hg\l)(wd) has the

asymptotic expression:

(1) (A+1)6M
h d) ~ 1~ —
3 (wd) ~ i wd

Then,

e 220 +1
By, = Z ZBZ/ e(I'm|lm|\0)i~ (1 & il 4:

Substituting

, DY A DY
c(I'm|lm|A0) = i" A H(—=1)™[4m(20+1)(20'+1) (2A+1)] /2 ( - ) (
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gives:

B & mi’ [(20 + 1)(20" + 1)]*26,0

where in the last step the orthogonality property of the 3-j symbols is used [34]:

l U A I A
> @ +1) < ) ( ) = Gpipy Omp2-
mp Mg W pP1 p2 M

Ap
Thus,

_ iwd
Blm ~ —

N /(21/ _|_ 1)5m0 —_

(20 + 1)

(20 + 1)T(Byo)0mo,

where, for X; being any function of [, the functional 7'(X;) is defined as:

ZXZ/Z 2[’ + 1)

If m # 0; By, = Epn, Ci = Fiy, and if m =0

(-1 l\/ 20 + 1)7;, (wa)T(By) +
Cip = —e_“” \/ (214 1), (wa)T'(Cyp) +

—1)l\/(25 + 1)y, T(Cio) + Eio,
~)'N/ (2L + 1)y T(By) + Fo.

Multiplying each side of these equations by i'1/(2] + 1) and summing over [ gives
T(Blg) and T(Clo) :

eiwd eiwd
T(By)| _ |1~ 6“’; — (=)' 2+ 1)y, (wa)) od T‘((d_i)l(% + 1)y (wa)) T(Ep)
T(Cu) 6:; T((—i)' (2l + 1)y, (wa)) 1— e_iW%T((—i)l(% + 1), (wa)) T(Fio)
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a << 1:

Similar to the 241 dimensional case, for a < 1, 7;"(wa) becomes a discrete delta
function, §;. Due to the factors of ”yli(wa) in each term, By, and Cj,, are nonzero

for only [ = m = 0. The problem reduces to finding the constants By, and Cp.

+ — ~ wa 6
M (wa) " (wa) i - wa ls
Blm = B00516m7
C’lm = CYOO(Sldm-

[ =0 implies m = 0 and I’ = A, so that

) A+ 1
Bao = 3 Boodre(A0|00 01 (wd) == = Buoh{! (wd),
A

) A1
Coo = >, CondncA0[000)AS (wd)(~ 1)/ 5= = Coohl ().
A

Byo and Cyy are found as:

-1
BOO

COO

e mhi) (wa) hY (wd)

_ EOO
hY (wd) 1— e @ hY (wd)

FOO

Multiple scattering

Multiple scattering formulae for the 341 dimensions can be found by the same
steps followed as the 2+1 dimensional case. The multiple scattering expansion of

3+1 dimensional wave functions are:
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U =" BE, b (wr)Yim (0, 9),
lm

wh =3 "Cf, - MY (WR)Yin(0, ),
lm

The wormhole conditions for the 1°¢ and the k" order scattering coefficients for

3 dimensional case are:

(\IIO + \D%)r:a = eiWT<\I’0 + \Ijé)R:a,@Zea

a WT a
E(‘Ifo + U))|pme = —€ ﬁ(‘yo + U3)| Rea.0=0,
(U 4+ U8 | = €7 (U + U5Y) | peg,0-0,

8 WT a

E(q’lﬁl + U5 | = —e ﬁ(‘lﬂf + U5 | pa,00,

When the 1% and the k' order scattering coefficients satisfies the wormhole

conditions, total wave satisfies wormhole conditions as well:

\I]‘rza = (qIO + \Ijl + \112)|T=a = (\IIO + \D% + Z(q’]erl + qlg))’T:a

k=1
= T (U+03) | peao—ote™” > (UF+UE) pogoms = €7 (Vo+ U1+ T3)|p—g.0-0-
k=1

Wormhole conditions for the 15 order coefficients gives:
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N Auni(wa)Yia (8, 0) + Bl - b (0a) Vi (6, )

= WT ZAlm]l wa)Yim (0, ) + qu
Im

Equating the coefficients of Y}, (0, ) for each I, m :

. 1 (wa o
_ eZwTCllm — _ ](ll() ) (Alm - eszAlm>-

B,
hy(wa)

m

Z Almjl(wa)}/lm<97 30) + Bllm ’ hl(l)(wa’)yim(e’ QD)

= T ZAlmjl wa)Yim (0, ¢) + chm

gives a second equation similar to (3.3.46)

Bllm + e"“’TC'llm = —L(Alm + ei‘”/_llm).

Solving B}, and C}., gives:

Bl1 = _71+ (wa) Ay, + eiwvl_ (wa)/_llm,

m

Chn = = (wa) Ay + e 77 (wa) Ap,.

and k" order scattering coefficients are found similarly as:
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Yim (0, ¢)),

(3.3.46)

Yim (0, ¢)),

(3.3.47)

(3.3.48)
(3.3.49)



Bt == (wa)Cy, + 7, (wa) By,
Ch = =" (wa) By, + €77 (wa) .

3.4 Numerical verification of the solution:

In this section, the solutions for certain values of a, d, w and 7 are evaluated
numerically for 241 dimensions and it is verified that they satisfy wormhole condi-
tions. Numerical evaluation of solutions are done by using the multiple scattering
results (3.2.29), (3.2.30), (3.2.31) and (3.2.32). Alternatively (3.2.17) and (3.2.18)
are tested by an iteration method. For iteration, two initial test functions BY and
C? are picked and substituted to right hand sides of (3.2.17) and (3.2.18) to ob-
tain B} and C}. Similarly B! and C! are substituted to (3.2.17) and (3.2.18) to
obtain B? and C?. Continuing this iteration, B™ and C'™ are assumed to converge
to the solution. No proof for the conditions of convergence is given, it is verified
numerically that the solution found by iteration method converges to the multiple
scattering solution for the parameter sets that are considered.

Moreover, to check the formulas found for a < d the solutions found by this
method is compared with the multiple scattering solution.

As the velocity of wave is taken as 1 in equation (3.1.1), wd = 27d/\ and
wa = 2ma/A where A is the wavelength of the wave. Practically if when a light wave
in a wormhole universe is considered, these values supposed to be much larger (at
least order of ~ 10'%) compared to what chosen in the below examples. However,
numerical calculations with such large values were beyond the capacity of the PC
used and there is no reason to think that the formulas will fail for large values.

The incident wave VU, is chosen as a plane wave and A,, = e*, where « is the
angle between direction of the incident wave and the y axis.

Referring to figure 3.2, the wormhole is located symmetrically with respect to the

y axis. Consider the reflection operator R with respect to the y axis, i.e. RU(x,y) =
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Figure 3.4: The contour plot of Re(¥ — ¢“"RV) in the vicinity of left wormhole
mouth A_. The contour circle at r = a shows that (¥ — 7 R¥)|,—, is constant.
(wa = 20; wd =120; 7=1; a =7/3)

40



0 ,
Figure 3.5: The contour plot of Re(a—(\If + e RW)) in the vicinity of left wormhole
r

mouth A_. The same contour circle at r = a is evident.(wa = 20; wd = 120; 7 =
1; a=m/3)
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Figure 3.6: The contour plot of Re(¥) in the vicinity of A_. The incident wave
is coming from the left with an angle 7/3 and the shadow is on the opposite side.
(wa =20; wd =120; T =1; a =7/3).
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Figure 3.7: Comparison of the multiple scattering and the iteration results. The
difference of | B,| found by these two methods are points with marker ‘x” which are
zero for all n. (wa = 20; wd =120; 7=1; a = 7/3)

U(—x,y). According to the wormhole conditions C-1 and C-2

(¥ — €“"RU)|,—q =0 (3.4.50)

%(\If + €“TRY)|,—q = 0 (3.4.51)

It is verified that the solution found satisfies (3.4.50)and (3.4.51) by plotting the

contours at the vicinity of one of the wormhole mouths.

In Figure.3.4, figure 3.5, figure 3.6 and figure 3.7 the parameters are: wa =
20, wd =120, o = /3, wt = 1.Figure 3.4 and figure 3.5 show contour plots of the
multiple scattering solution for real part of ¥(z,y)+e“" R(¥(x,y) and %(\P(x, y)—
e“TR(¥(z,y)), respectively. In both figures, the contour circles at wr = wa = 20
are clearly visible indicating that the values of each function are zero along r = a
circle. This shows that the wormhole conditions are satisfied. The contour plots
of imaginary parts -which are not presented here- give the same contour circles at

r = a. Although the contour is plotted for 0.8a < r < d to make the zero contour
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Figure 3.8: Comparison of the multiple scattering and the a < d approximation.
(wa =5; wd =1600; wr =1; o =7m/5)

circle more visible, it should be remembered that the region r < a is not a part of
the spacetime. Figure 3.6 is a contour plot of the real part of the solution W(r, )
to give an example of a visual image of the solution. Figure 3.7 is a comparison of
the multiple scattering solution and the iteration solution. The solid line with ‘+’
markers show the | B,| that are found by multiple scattering and dashed line with ‘x’
markers are the difference of the absolute values of B,, found by the iteration method
and the multiple scattering method. The difference is zero for all n; i.e. these two
solutions are exactly the same. The results are obtained after 20 iterations. The
test functions are chosen as constant, B = CY = 1.

In figure 3.8, the parameters are: wa =5, wd = 1600, o« = /5, wr = 1. This is
an example for a < d case. In the figure | B,| versus n is plotted. The solid line with
‘+7 markers is the multiple scattering solution and the dashed line with ‘x’ markers

is the a < d approximation solutions given by (3.2.22) and (3.2.23).
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3.5 Dependence of the scattered waves to worm-

hole parameters

In this section, the results found for scattered wave solutions from a 2+1 di-
mensional wormhole will be explored for different time lag 7, incidence angle o, and
wormhole parameters a, d. The results will be compared with that of a conducting
sphere of radius equal to radius of wormhole throat. The parameter that distin-
guishes the wormhole from an ordinary globally hyperbolic manifold with an handle

is the time lag 7. First the solutions with different 7 are compared.

Effect of :

Since T enters to the equations as exp(iwT) , the important quantity is wt instead
of 7. exp(iwT) being periodic with 27 | it is sufficient to consider the effect of wr
in the range 0 < wr < 2m. The coefficients B,, and C,, are obtained for wr =
0, wr = 7/2 and wr = 7. The other parameters are kept constant: (wa = 15,
wd = 200, a = 0).

The geometry of the 2+1 dimensional wormhole has mirror symmetry along y
axis. When the incidence angle « is zero, the incident wave is symmetrical along y
axis also, and the solution will be symmetrical as well. On the contrary when the
incidence angle is 7/2, the left wormhole mouth will shadow the right mouth and
symmetry will be lost like any other nonzero incidence angle. Therefore for a = 0,
due to symmetry B, is equal to C,. When « # 0, changing o to —« interchanges
the role of B,, and C,,. Therefore only B, is plotted.

The magnitude of B,, for three different values of wr is shown in figure 3.8. It
is seen that the coefficients for n > wa vanishes rapidly as usual, and for the lower
values of n, the envelope of the magnitudes are almost uniform. But at the sides
of the spectrum, there exist one last smaller peak for wr = 0, and this peak fades
away as wt deflects from zero. The same pattern is observed for another set of
parameters: wa = 60, wd = 180, « = 0 with a unchanged (Figure 3.9).

The phase of B, does not seem to give any significant information and not

plotted. In Figure 3.10 is an example for o # 0 case. o = 7/3; wa = 30, wd = 300.
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Figure 3.9: Scattering coefficients for different wr values: From above to below wr
values are 7, 7/2 and 0, respectively. (wa = 15, wd = 200, a = 0).

The contour plot of the real part of the total wave for 7 =0, 7 =n/2and 7 ==
are shown in Figure 3.11, Figure 3.12 and Figure 3.13. It is interesting that the
wormhole mouth completely shadows the incident wave and the total wave is almost
zero in the shadowed region. Different set of a and d confirms this observation. The
shadow effect is most strong for 7 = w. We have no theoretical explanation so far
for this observation. Not only the real part, imaginary part of the total wave is
also zero in the shadow region. This situation is not specific to @ = 0; the same

phenomena is observed in different incident wave directions.

Comparison of the small d/a and large d/a cases.

To observe the effect of moving apart the wormholes mouths, the scattered wave
coefficients are calculated for two different parameter set. The radius of the throat
a is kept constant and d is increased. Figure 3.14 shows the a = 0 case and Figure

3.15 shows a = 7/3 case.
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Figure 3.10: From above to below, w7 values are again m, 7/2 and 0, respectively.
(wa = 60, wd =180, a = 0).

3.6 Comparison with the scattering from a con-

ducting cylinder:

The problem of scattering from a wormhole that admit closed timelike curves is
handled identical to scattering from an arbitrary object. The topology of the space-
time itself can be viewed as an scatterer object. If there were a real wormhole in the
universe it would be possible to obtain the radar image of the wormhole by sending
waves and measuring the reflected wave. Considering that the wormhole studied in
this thesis is cylindrical (or spherical for 3+1 dimensional case), the coefficients of
scattering from a cylindrical object satisfying Dirichlet boundary conditions on its
surface can be can be compared with that of wormhole.

The expression for an incident plane wave making an angle o with y axis is:

zwrsma 0) Z e 1naJ wr m9 (3652)

n=—oo
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Figure 3.11: o = 7/3. wr values are again 7, m/2 and 0, respectively from above
to below. (wa = 30, wd = 300).

The scattered wave can be expressed as:

U,(r,0) = > Dy H(wr)e™ (3.6.53)

n=—oo

Applying the Dirichlet boundary condition at r = a gives:

D, = _%"(W“) (3.6.54)
H, "’ (wa)

The magnitudes of B, and D,, are shown in figure 3.16 where wa = 20, wd = 80,
T =0, a = 7/3. Figure also shows wt = 7 case. The coefficients B,, and D,,, both

vanishes rapidly for n > wa and their pattern are similar in this sense.

48



210

-G -0 -a0

&0

=100

The Contour plot of the total wave around left wormhole mouth for

wr = 0. (wa =15, wd

Figure 3.12:

40, o =0)

49



=100 -89 -6 -&0 -20 Q 20

Figure 3.13: The Contour plot of the total wave around left wormhole mouth for
wr =7/2. (wa =15, wd =40, a = 0)
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Figure 3.14: The Contour plot of the total wave around left wormhole mouth for
wt = 7. The effect of the shadow at upper part of the wormhole mouth shows itself
stronger than othe w7 values. (wa =15, wd =40, a = 0)
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Figure 3.15: Below: wa = 15,wd = 1600; above: wa = 15,wd = 30.02. (oo = 0)
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Figure 3.16: From above to below, wd = 500, wd = 200, wd = 50 and wd = 42
respectively. (wa = 15, o = 7/3).

02



Figure 3.17: From above to below: (1) conducting sphere. (2) wormhole: wr = T;
(3) wormhole: wr =0 ; (wa = 20, wd = 80, a =0)
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CHAPTER 4

CONCLUSIONS

The principal purpose of the present work was to investigate the properties of
scalar waves in chronology violating spacetimes and specifically in a wormhole topol-
ogy.

The principal results can be summarized as follows: Existence of closed timelike
curves may force the solution of the wave equation to be composed of frequencies
from a set discrete set: Not all the frequencies which form a continuum can exist
as the solution, instead only certain frequencies that constitute a discrete set are
allowed.

However, this is not true for all spacetimes that admit closed timelike curves.
In the wormhole spacetime analysed in section III, there is no restriction on the
frequency of the waves. The main difference between the spacetimes studied in
section II (which has the frequency selection property) and wormhole spacetime is
that in wormhole spacetime, the region of the spacetime that closed null curves are
confined to a set of measure zero in the spacetime. It can be conjectured that if a
spacetime admits closed null curves and if these curves are not confined to a set of
measure zero within the spacetime the solution of the wave equation has frequency
selection property.

On the other hand frequency selection is not specific to spacetimes admitting
closed timelike curves; the results of Chapter II.A shows that product manifolds
whose space component is compact may also have the same property. Thus it seems
that there is no anomaly specific to existence of closed timelike curves.

Although the wormhole spacetime considered in this work admits CTCs for suffi-
ciently large values of time lag 7, their existence has no influence on monochromatic
waves. The closed timelike curves emerge when time lag 7 is greater than d — 2a.

However, T appears in the equations only as exp(iw7). Thus the solution remains
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the same for all integer k’s where wr = 2km 4+ « and increasing 7 does not change
the nature of the solutions. This suggests that the presence of closed timelike curves
does not have a dramatic effect on the scalar wave solutions.

This should not be surprising considering that, in a wave equation, what really
matters is presence of closed null curves, rather than closed timelike curves. It is
reasonable to think that the existence of closed timelike curves will not effect the
nature of the solutions as long as closed null curves are not present. CTC’s are
present in the flat wormhole spacetime studied here, but still they don’t have a
significant effect on the solution. The reason is explained in [17]: In this kind of
spacetimes, the closed null curves are a set of measure zero and due to the diverging
lens property of the wormhole, the strength of the field is weakened by a factor a/2d
at each loop in the infinitely looping closed null geodesics [35],[36].

The complications related to closed timelike curves are due to difficulty in spec-
ifying a Cauchy hypersurface when solving the Cauchy problem. Null geodesics are
bicharacteristics of the wave equation and arbitrary initial data cannot be properly
posed in a null direction [1]. A spacelike hypersurface never contains vectors in a
null direction, thus are good candidates for specifying initial data. However there
always exist a null direction on a timelike point of a hypersurface. In the light of
these discussions it can be conjectured that no complications arise on the solution
of wave equation due to CTC’s. The complications are mainly due to the nature of
Cauchy problem approach.

If we consider the question in a purely mathematical point of view, the form of
the wave equation considered is almost symmetric with respect to time and space
variables. For the 1+1 dimensions there is complete symmetry (remembering that
the minus sign on the time derivative does not effect the symmetry since it is al-
ways possible to reverse the signs) and for higher dimensions the only difference
is having more space variables. This suggest that there is no strong mathematical
background for expecting disparate consequences of existence of CTC’s compared
to existence of closed curves along any space direction. On the other hand more
space coordinates give rise to asymmetry between the spacelike hypersurfaces and
the timelike hypersurfaces in Cauchy problem due to the shape of the null cone: Any

timelike hypersurface passing through a spacetime point intersects the null cone of
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that point, while spacelike hypersurfaces does not.

There is a strong analogy between 241 and 341 cases, which suggests that
the results can be extended to n + 1 dimensions easily. In any dimensions, the
solutions can be expressed in terms of spherical waves, f(r)Y(§2), where r is the
radial distance and € denotes the angular part [24]. In addition, to be able to
apply the same method, an addition theorem similar to that of the 241 and 341
dimensions is needed for this higher dimension. The similarity of (3.2.17), (3.2.18)
with (3.3.44), (3.3.45) suggests that the solution for higher dimensions are readily
given by these equations where the expressions of B and C'in terms of B and C will

be found using addition theorems of those dimensions.
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APPENDIX

CALCULATION OF Ay, By, AND Cj,

Referring to the equations (3.3.33), (3.3.34) and (3.3.35)

ZAlm jl WT lm ZAlm]l WR)YEm((I) 90)
Z B - by (wr)Yim (0, ) = Z Bimji(wr) Yim (®, ¢),
ZClm- chm]l wr)Yim (0, ¢),

(3.3.36), (3.3.37) and (3.3.38) can be employed to calculate Aj,, B, and Cj,.
Considering W,

ZAlm ]l wr lm ZAlmZa?Zj/_ )Y /(71—_@790)

U'm/

_ Z Alm Z aler )( 1)[ +m/ Y’m’<@7 QO)
By (3 Avwrali D)0 R)Yi (. ).
Im

In the last step the order of summations and indices Im and I'm’ are interchanged.

It is assumed that these series converge and changing the order of the summations
is valid [32].
Thus
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_ _ l+m E Al’ 'alm

Calculation of the By, is identical except o/ 't s replaced by o} " M To find Ciypy:

Uy =Y Cuan bV (@R)Yin (0, 0) = > (=1)*™"Chyy - hY (wR)Yipn (7 — O, )
Im

Ilm

_ Z(_ l+m0 Zal, ]l’ wT)Y/m/(‘g, SO)
= Z Z ll+m Cl/ /Oélm ( d))]l(“”“)%m(&@)

m U'm/

=S O =) Cual (=d)) i (wr) Yim (6, ). (4.0.1)

Im U'm/

Recalling (3.3.39):

b (—d) = o (—d) Y e(Im[I'm|A0)RS (wd)Yao (, )
A

220 +1

)
=" c(im|I'm|X0)hY (wd) (—1)* 7
/I

Ap

LU A
The ( 00 0 ) factor in c(Im|l'm|A0) is zero when I’ + [ + X is odd. Thus

(=D =1 and (=1)* = (=1, yielding

220 +1 =

ab (=) = (=1 S el mINO)RS (wd)\ | == = (<1 afr(d).

Ap

Substituting in (4.0.1)
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> Cin - iV (@R)Yin(©,90) = Y (- ”chy ! (@) iwr)Yiu (0, ).

Ilm Ilm

Hence

~ _ l+m
C’lm - E Ol’malm
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