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ABSTRACT

SCALAR MESON EFFECTS IN RADIATIVE DECAYS OF VECTOR
MESONS

Kerman Solmaz, Saime
Ph.D., Department of Physics
Supervisor: Prof. Dr. Ahmet Gokalp

October 2003, 98 pages.

The role of scalar mesons in radiative vector meson decays is investigated. The
effects of scalar-isoscalar f,(980) and scalar-isovector ag(980) mesons are studied
in the mechanism of the radiative ¢ — 777~ and ¢ — 7°ny decays, respec-
tively. A phenomenological approach is used to study the radiative ¢ — 77~
decay by considering the contributions of o-meson, p-meson and fy-meson. The
interference effects between different contributions are analyzed and the branch-
ing ratio for this decay is calculated. The radiative ¢ — 7°ny decay is studied
within the framework of a phenomenological approach in which the contribu-
tions of p-meson, chiral loop and ap-meson are considered. The interference
effects between different contributions are examined and the coupling constants
Gsaoy and ggok+ k- are estimated using the experimental branching ratio for the
¢ — 71y decay. Furthermore, the radiative p® — 7*7~v and p° — 7%7% de-
cays are studied to investigate the role of scalar-isoscalar o-meson. The branch-

+

ing ratios of the p° — 777~y and p’ — 7°7%y decays are calculated using a

phenomenological approach by adding to the amplitude calculated within the

111



framework of chiral perturbation theory and vector meson dominance the ampli-
tude of o-meson intermediate state. In all the decays studied the scalar meson
intermediate states make important contributions to the overall amplitude.

Keywords: Vector Meson Decay, Scalar-Isoscalar Meson, Scalar-Isovector Me-
son, Vector Meson Dominance, Chiral Perturbation Theory, Coupling Constant,

Radiative Decay
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VEKTOR MEZONLARIN ISINSAL BOZUNMALARINDA SKALER
MEZON ETKILERI

Kerman Solmaz, Saime
Doktora , Fizik Boltimii
Tez Yoneticisi: Prof. Dr. Ahmet Gokalp

Ekim 2003, 98 sayfa.

Isinsal vektor mezon bozunmalarinda skaler mezonlarin rolii aragtirildi. Skaler-
izoskaler f,(980) ve skaler-izovektor ag(980) mezonlarmin etkileri sirasiyla ¢ —
ata~y ve ¢ — w17 15msal bozunma mekanizmalarinda caligildi. Ismsal ¢ —
777~y bozunmasinin incelenmesinde o-mezon, p-mezon ve fy-mezon katkilarimin
diistiniildiigii fenomenolojik bir yaklagim kullanildi. Farkh katkilar arasindaki
girisim etkileri analiz edildi ve bu bozunma igin dallanma orani hesaplandi.
p-mezon, chiral halkas1 ve ag-mezon katkilar1 goz oniine alinarak fenomenolo-
jik bir yaklagim cercevesinde 1gmsal ¢ — 7’7y bozunmasi calisildi.  Farkli
katkilar arasindaki girisim etkileri incelendi ve ¢ — 7%y bozunmasmin deney-
sel dallanma oram kullanilarak gga,y Ve gaor+x— ¢iftlenim sabitleri hesap edildi.
Ayrica, skaler-izoskaler o-mezonunun roliinii aragtirmak icin 1gmsal p® — 77~y
ve p? — 7°7% bozunmalari calisildi. Chiral tedirgeme kurami ve vektér mezon
dominans cercevesinde hesap edilen genliklere o-mezon ara durum genligi ek-
lenerek fenomenolojik bir yaklasimla p° — 7F7=y ve p' — 7%7% bozun-
malarinin dallanma orani hesaplandi. Biitiin bu bozunmalarda, skaler mezon

ara durumlarinin toplam genlige onemli katkilar sagladigi bulundu.



Anahtar Sozeiikler: Vektor Mezon Bozunmasi, Skaler-Izoskaler Mezon, Skaler-
Tzovektor Mezon, Vektor Mezon Dominans, Chiral Tedirgeme Kurami, Ciftlenim

Sabiti, Isinsal Bozunma
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CHAPTER 1

INTRODUCTION

Radiative decays of vector mesons offer the possibility of investigating new
physics features about the interesting mechanism involved in these decays. One
particular mechanism involves the exchange of scalar mesons. The scalar mesons,
isoscalar o and fy(980) and isovector ao(980), with vacuum quantum numbers
JPC = 0** are known to be crucial for a full understanding of the low energy
QCD phenomenology and the symmetry breaking mechanisms in QCD. The ex-
istence of the o-meson as a broad 77 resonance has been the subject of a long
standing controversy although the f,(980) and the a¢(980) mesonic states are
well established experimentally. Recently, on the other hand, new theoretical
and experimental studies find a o-pole position near (500 — i250) MeV [1, 2].
An experimental evidence for a light and broad scalar ¢ resonance, of mass
M, = 478 MeV and width I', = 324 MeV, was found by the Fermilab E791
collaboration in DT — 7~ 7"7" decay [3]. From the other side there is some
debate about the nature and the quark substructure of these scalar mesons.
Several proposals have been made about the nature of these states: g states
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[4], 77 in case of o [5] and KK molecules in case of fy and ag [6] or multi-
quark ¢°g* states [7, 8]. The scalar mesons have been a persistent problem in
hadron spectroscopy. In addition to the identification of their nature, the role
of scalar mesons in hadronic processes is of extreme importance and the study
of radiative decays of vector mesons may provide insights about their role. The
radiative decay processes of the type V' — PP~y where V and P stand for the
lowest multiplets of vector (V) and pseudoscalar (P) mesons have been studied
extensively. The studies of such decays may serve as tests for the theoretical
ideas about the nature of the intermediate states and the interesting mechanisms
of these decays and they may thus provide information about the complicated

dynamics of meson physics in the low energy region.

In particular, radiative ¢ meson decays, ¢ — 7ry and ¢ — 7y, can play a
crucial role in the clarification of the structure and properties of scalar f,(980)
and ao(980) mesons since these decays primarily proceed through processes in-
volving scalar resonances such as ¢ — f,(980)y and ¢ — a¢(980)~, with the sub-
sequent decays into 7y and 77y [9, 10]. Achasov and Ivanchenko [9] showed
that if the fo(980) and ay(980) resonances are four-quark (¢*g?) states the pro-
cesses ¢ — fo(980)y and ¢ — a((980)7y are dominant and enhance the decays
¢ — mry and ¢ — 7'y by at least an order of magnitude over the results
predicted by the Wess-Zumino terms. Then Close et al. [10] noted that the
study of the scalar states in ¢ — S, where S = fy or ag, may offer unique in-

sights into the nature of the scalar mesons. They have shown that although the



transition rates I'(¢ — foy) and I'(¢p — apy) depend on the unknown dynamics,
the ratio of the decay rates I'(¢ — aoy)/T'(¢p — fory) provides an experimen-
tal test which distinguishes between alternative explanations of their structure.
On the experimental side, the Novosibirsk CMD-2 [11, 12] and SND [13] col-
laborations give the following branching ratios for ¢ — 77~y and ¢ — 7y
decays: BR(¢ — nrn=) = (0.41 £0.12 £ 0.04) x 107* [11], BR(¢ — 7°ny) =
(0.904£0.2440.10) x 107* [12], BR(¢ — 7°ny) = (0.8840.144:0.09) x 1074 [13],
where the first error is statistical and the second one is systematic. Theoretically,
the role of f,(980)-meson in the radiative decay processes ¢ — w7y was also in-
vestigated by Achasov et al. [14]. They calculated the branching ratio for this
decay by considering only f(980)-meson contribution. In their study, they used
two different models of fy(980)-meson: the four-quark model and KK molecu-
lar model. In the four-quark model they obtained the value for the branching
ratio as BR(¢ — foy — 7my) = 2.3 x 107* and in case of the KK molecular
model, the branching ratio was BR(¢ — foy — 7ry) = 1.7 x 107°. Marco et
al., later considered the radiative ¢ meson decays [15] as well as other radiative
vector meson decays within the framework of chiral unitary theory developed
earlier by Oller [16]. Using a chiral unitary approach, they included the final
state interactions of the two pions by summing the pion-loops through Bethe-
Salpeter equation and they obtained the result BR(¢ — ntr~7y) = 1.6 x 10~*
for the branching ratio of the ¢ — 777~ decay. In their calculation they em-

phasized that the branching ratio for ¢ — 77~ decay is twice the one for



¢ — 77% decay. Recently, the radiative ¢ — 7%7%) decay, where the scalar
f0(980)-meson plays an important role was studied by Gokalp and Yilmaz [17]
within the framework of a phenomenological approach in which the contribu-
tions of o-meson, p-meson and fp-meson are considered. They analyzed the
interference effects between different contributions. By employing the exper-
imental branching ratio for this decay, they calculated the coupling constant
Gso~- Their analysis showed that f;(980)-meson amplitude makes a substantial

contribution to the branching ratio of this decay.

On the other hand, Fajfer and Oakes [18] studied the radiative decay pro-
cesses of the type V? — PYPY% by a low energy effective Lagrangian with the
gauged Wess-Zumino terms. Using such an effective Lagrangian they calculated
the branching ratios for these decays in which scalar meson contributions were
neglected and the branching ratio for the radiative ¢ — 7%y decay was found as
BR(¢ — 7°ny) = 5.18 x 1075, The contributions of intermediate vector mesons
to the decays V° — P°P%y were later considered by Bramon et al. [19] using
standard Lagrangians obeying SU(3) symmetry, and they obtained the result
BR(¢ — 7°ny) = 5.4 x 1075 for the branching ratio of the ¢ — 7%y decay.
This result was not in agreement with the numerical prediction quoted in Ref.
[18] even if the initial expressions for the Lagrangians were the same. Later,
Bramon et al. [20] studied these decays within the framework of chiral effective
Lagrangians enlarged to include on-shell vector mesons using chiral perturbation
theory, and they calculated the branching ratio for ¢ — 71y decay as well as
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other radiative vector meson decays of the type V? — P°PY% at the one-loop
level. They showed that the one-loop contributions are finite and to this order
no counterterms are required. In this approach, the decay ¢ — 7’1y proceeds
through the charged kaon-loops and they obtained the contribution of charged
kaon-loops to this decay rate as I'(¢ — 7ny)x = 131 eV. They noted that the
intermediate vector meson state (VMD) contribution is much smaller than the
contribution of charged kaon-loops due to the OZI rule. Adding VMD contribu-
tion to the contribution of charged kaon-loops they obtained for the decay rate
the value I'(¢ — 7%y) = 157.5 eV and their result for the branching ratio was
BR(¢ — 7ny) = 36 x 107%. Moreover they stated that OZI allowed kaon-loops
are seen to dominate both photonic spectrum and decay rate. As we mentioned
before, ¢ meson decays into 77y, 7%7% and 7%y was also investigated by
Marco et al. [15] using a chiral unitary approach. The branching ratio, they
obtained for the case ¢ — 71y, was BR(¢ — 7°n7y) = 0.87 x 10~* in agreement,
with the SND data. They also noted that the branching ratio is dominated by
the ag contribution. Bramon et al., later discussed the radiative ¢ — 7%ny decay
emphasizing the effects of the a(980) scalar resonance [21]. In their previous
approaches [19, 20] the scalar resonance effects were not contemplated. They
noted that the observed invariant mass distribution shows a significant enhance-
ment at large 77y invariant mass according to Refs. [12, 13] so this could be
interpreted as a manifestation of a sizeable contribution of a¢(980) intermediate

state. In order to take explicitly into account scalar resonances and their pole



effects, they proposed to use the linear sigma model (Lo M) because of the fact
that chiral perturbation theory is not reliable at energies of a typical vector me-
son mass and scalar resonance poles are not explicitly included. Moreover they
stated that in the case of ¢ — 7%y decay, the dominant contributions arise
exclusively from loops of charged kaons since contributions from charged pion
loops are highly suppressed due to the isospin violation and OZI rule forbid-
den ¢ coupling. Indeed they noted that the LoM amplitude is obtained by
adding the contribution of ag(980)-meson, generated through a loop of charged
kaons, to the one coming from chiral loop amplitudes. They predicted a value
of branching ratio to be in the range BR(¢ — 7°ny) = (0.75 — 0.95) x 1074,
compatible with the experimental data. They also showed that a((980) scalar
resonance dominates the high values of the 7% invariant mass spectrum. Re-
cently, the radiative ¢ — 7’17y decay in addition to the radiative ¢ — 770y
decay has been considered by Achasov and Gubin [22] taking into account the
contributions of p-meson and ag-meson. They analyzed the interference effects
between ¢ — agy — 7’1y and ¢ — pr® — 71y processes and obtained the
branching ratio for this decay as BR(¢ — 7n7y) = (0.79 £ 0.2) x 10~%. Their
analysis showed that ap-meson amplitude makes a substantial contribution to

the branching ratio of this decay.

The radiative decays of p° meson into 7*7~v and 7%°7%y have been stud-
ied extensively up to now. The Novosibirsk SND collaboration have reported
very recently the branching ratio for the p° — 7%7%y decay the value BR(p® —
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7%y) = (4.1739 £ 0.3) x 107° [23], thus their preliminary study [24] includ-
ing the measurement of BR(p° — 7°7%) = (4.87%% 4+ 0.2) x 107°, has been
improved. On the other hand, the branching ratio for the p® — 77~ decay,
obtained from Novosibirsk group, was BR(p? — 7#fn7v) = (9.9 £ 1.6) x 1073
(25, 26]. Moreover it was concluded that the p® — 777~ decay is dominated
by the pion bremsstrahlung mechanism and the contribution of the structural
radiation, proceeding trough the intermediate scalar resonance, to the branching
ratio of this decay is one order of magnitude lower than the total branching ra-
tio [25]. The theoretical study of p meson decays was begun by Singer [27] who
considered only the bremsstrahlung contribution for the radiative p° — 7+7 =~
decay, and he suggested that the p® — 7%7%y decay proceeds via wr® interme-
diate state. Later, Renard [28] studied radiative decays V' — PP’y in a gauge
invariant way with current algebra, hard-pion and Ward identities techniques.
He concluded that the main contribution to the p® — 777~ decay comes from
the pion bremsstrahlung term and the o contribution modifies the shape of
the photon spectrum for high momenta differently depending on the mass of
the o-meson. Moreover, he observed that for the radiative p° — 7%7%y decay,
the intermediate ¢ and w meson contributions are dominant and the w peaks
the photon spectrum toward the high momenta. The radiative p® — 7%
decay was also considered by Fajfer and Oakes [18] using a low energy effec-
tive Lagrangian approach with gauged Wess-Zumino terms and they calculated

the branching ratio for this decay as BR(p® — mn%y) = 2.89 x 107°. The



vector meson dominance (VMD) calculation of Bramon et al. [19] with wr in-
termediate state resulted in the branching ratio BR(p? — n%7%y) = 1.1 x 107
for p° — 7°7% decay. This result was not in agreement with the one ob-
tained by Fajfer and Oakes although the initial expressions for the Lagrangians
were the same. Bramon et al. [20] later considered the radiative vector me-
son decays within the framework of chiral effective Lagrangians and using chiral
perturbation theory they calculated the branching ratios for various decays at
the one-loop level, including both 77 and KK intermediate loops. In this ap-
proach, the decay p° — 77y proceeds mainly through charged pion-loops,
contribution of kaon-loops being three orders of magnitude smaller, resulting
in the decay rate I'(p° — 7°7%), = 1.42 keV which is of the same order
of magnitude as the VMD contribution. They noted that the interference be-
tween pion-loop contribution and the VMD amplitude is constructive and the
total branching ratio is BR(p° — 7°7%Y)vmpiy = 2.6 X 107°. Furthermore,
p meson decays were also considered by Marco et al. [15] in the framework
of unitarized chiral perturbation theory. They noted that the energies of two
pion system are too big to be treated with standard chiral perturbation the-
ory. They used the techniques of chiral unitary theory to include the final
state interactions of two pions by summing the pion loops through the Bethe-
Salpeter equation. The branching ratios for p° — 7tn~y and p° — 770,
they obtained, were BR(p® — w7 v) = 1.18 x 1072 for E, > 50 MeV and

BR(p® — 7%7%) = 1.4 x 1075 respectively. They showed that the branching



ratio for the radiative p° — 77~ decay agrees well with the experimental
number BR(p° — 7r7n~v) = (0.99 £ 0.04 + 0.15) x 1072 for E, > 50 MeV
[25]. Indeed, they concluded that the obtained result for the branching ratio
of the p® — 7%7% decay could be interpreted as the result of the mechanism

079 interaction is dominated by the o-pole in the

P’ — (0)y — (7°7°)y since 7
relevant energy regime of this decay. The role of the ¢ meson in radiative decays
P’ — mrr7y and p°® — 7Y% was investigated in detail by Gokalp and Yilmaz
29, 30]. They calculated the branching ratio for the radiative decay p° — 77~
by considering the bremsstrahlung amplitude and o-pole amplitude [29]. Using
the experimental value for this branching ratio they estimated the coupling con-
stant g,oy. Their analysis showed that, the contribution of the o-term becomes
increasingly important in the region of high photon energies dominating the
contribution of the bremsstrahlung amplitude. Then, using this coupling con-
stant, they calculated the branching ratio for the p° — 797% decay [30]. In this
approach, the contributions of o-meson, w-meson intermediate states and of the
pion-loops are considered. They concluded that the o-meson amplitude makes
a substantial contribution to the branching ratio and this contribution strongly
depends on the value of the coupling constant g,,,. Moreover the branching ra-
tio BR(p" — 7%7%y) obtained this way for M, = 478 MeV and ', = 324 MeV
was more than an order of magnitude larger than the experimental value. This

unrealistic value was the result of the constant p — o amplitude used and

consequently the large coupling constant g,,, extracted from the experimental



value of the branching ratio of the p° — 77~ decay. Furthermore, they noted
that, the measurement of the p° — 7%7%y decay rate may help to clarify the
mechanism of the p® — 7%7% decay and the role of the o-meson in this pro-
cess. Additionally, in a very recent paper of Palomar et al. [31] the branching
ratios of the radiative p® and w meson decays into 7%7° and 7% are evaluated
using the sequential vector decay mechanisms in addition to chiral loops and
p — w-mixing. They observed that for the p° — 7%7% decay p — w mixing is
negligible but the branching ratio coming from the sum of the sequential and
loop mechanisms is almost three times larger than either mechanism alone. The
obtained value of this branching ratio was BR(p? — 7%7%) = 4.2 x 107° [31],
which agrees well with the experimental value [23]. Finally, a consistent descrip-
tion of ¢(500) meson effects in p® — 797% and p° — 77~ decays have been
proposed by Bramon and Escribano [32] in terms of reasonably simple ampli-
tudes which reproduce the expected chiral loop behaviour for large M, values.
They have shown that for the neutral case, in addition to the well known w
exchange, there is an important contribution from the ¢(500) meson and for
the charged case, where the dominant contribution comes from bremsstrahlung,
the effects of the ¢(500) meson are relevant only at high values of the photon
energy. In order to include the o-meson effects, they have multiplied the four
pseudoscalar amplitudes A(7t7~ — 7%7Y), and A(r*n~ — 7t77), with an
additional factor F,(s), where s denotes the invariant mass of the final dip-

ion system and they have considered two possible values for the free parameter
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k incorporated in the additional factor F,(s). In their study the first value
for the parameter k& = 1 corresponds to LoM and the second one k ~ —2.5
represents the phenomenological o amplitude. They have calculated the follow-
ing values: BR(p® — 7°7%),4, = 2.95 x 107° from chiral loops and VMD
amplitudes, BR(p° — 7°7°Y)rorri0 = 4.21 x 107 from LoM and VMD am-
plitudes and BR(p" — 7°7%Y),_phentw = 3.42 x 107° from phenomenological
o-meson and VMD amplitudes. In the same way for the branching ratios for
different contributing reactions to the radiative decay p° — 7t7~v the val-
ues BR(p" — 77 V) ytbacky = 1.171 X 1072, BR(p° — 777 Y) LoM+backy =
1.138 x 1072 and BR(p® — 77 )s—phentbackg = 1.136 x 1072 are obtained
where backg denotes the contributions from the background amplitude [32].
Also they have noted that their results are quite compatible with the experi-
mental values. Furthermore, recently Escribano studied the scalar meson ex-
change in V — 797% decays [33]. He discussed the scalar contributions to the
¢ — 71y, ¢ — 71y and p° — 797y decays in the framework of the Lo M.
He obtained the branching ratios for the decays ¢ — 7%7%y, ¢ — 79y and
p° — 770 as BR(¢ — 7°7%) = 1.16 x 10~*, BR(¢ — 7°ny) = 8.3 x 1075
and BR(p® — 7m%7%) = 3.8 x 107> and noted that, the branching ratios for
¢ — 1%, ¢ — 7y and p® — 7°7% decays are dominated by f,(980),

a0(980) and o(500) exchanges respectively.

In this thesis, we study the radiative vector meson decays ¢ — w7 7,
¢ — 7wy, p° — 7t~y and p° — 7070y to investigate the role of the low mass
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scalar mesons and to extract the relevant information on the properties of these
scalar mesons. We follow a phenomenological approach. In this approach we use
the effective Lagrangians to describe the vertices for the considered processes.
The invariant amplitudes resulting from these effective Lagrangians do not in-
clude any form factor as in point-like effective field theory calculations. Also,
we extract the relevant coupling constants from the experimentally measured
quantities. Theoretically, the radiative ¢ — 777~ ~ decay has not been studied
extensively up to now. One of the rare studies of this decay was by Marco et
al. [15] who neglected the contributions coming from intermediate vector meson
states. Therefore, this decay should be reconsidered and the VMD amplitude
should be added to the fy-meson and o-meson amplitudes. Firstly, we attempt
to explain the effect of the scalar fy-meson in the radiative ¢ — 77~ decay.
In our phenomenological approach for this decay we consider the contributions
of o-meson, p-meson and fy-meson. We analyze the interference effects between
different contributions and calculate the branching ratio of this decay. Then
we study the role of the scalar ag-meson in the mechanism of the radiative
¢ — w1y decay employing a phenomenological framework in which the con-
tribution of the ap-meson in addition to the contributions of the p-meson and
chiral loops is considered. In our calculation we try to assess the roles of different
processes and the contributions to the decay rate coming from their amplitude
in the mechanism of this decay and utilizing the experimental branching ratio

for this decay we estimate the coupling constants geq,y and ge,x+x-. We try

12



to estimate the branching ratio BR(¢ — ao(980)y) of the decay ¢ — a(980)y
from the experimental data of the radiative ¢ — 7%y decay. It is also useful to
state that in earlier calculations, the obtained values for the branching ratio of
the radiative p® — 797%y decay are smaller than the latest experimental result
so the mechanism of the decay p° — 779y should be reexamined and additional
contributions should be investigated. Therefore, we study the contribution of
the o-meson intermediate state amplitude to p® — 77~ and p — 7%7%y de-
cays and calculate their branching ratios using a phenomenological approach by
adding to the amplitude, calculated within the framework of chiral perturbation
theory and vector meson dominance, the amplitude of o-meson intermediate
states. In our calculations of the branching ratios, the coupling constants that

we use are determined from the relevant experimental quantities.
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CHAPTER 2

FORMALISM

In this chapter, we introduce the theoretical framework that we used to inves-
tigate the effects of scalar mesons in radiative vector meson decays. First of
all, we describe the theoretical details of our calculation about the role of the
scalar-isoscalar fy(980) meson in the mechanism of the radiative ¢ — 77~ de-
cay. Next we deal with the effect of scalar-isovector ag(980) meson in ¢ — 700y
decay for which two different approaches are used. We then discuss the radiative
P’ — mtr~y and p° — 7°7% decays to include the effect of the scalar-isoscalar

o-1meson.

2.1 Scalar f(980) meson in ¢ — 77~y decay

We study the radiative decay ¢ — w7+ within the framework of a phe-
nomenological approach in which the contributions of o-meson, p-meson and
fo-meson are considered and we do not make any assumption about the struc-
ture of the fy meson. We note that ¢ and fy mesons both couple strongly to the
KK~ system. In our phenomenological approach we describe the ¢ K K-vertex

14



Figure 2.1: Feynman diagrams for the decay ¢ — foy

by the effective Lagrangian
CZ’EK = —igsr K" (KJF@MK_ — K‘@uKJ“) , (2.1)

which results from the standard chiral Lagrangians in the lowest order of the
chiral perturbation theory [34] and for the fo /K K-vertex we use the phenomeno-

logical Lagrangian
L%k = 9nxxMp K K™ fo (2.2)

The effective Lagrangians for the ¢ K K- and fyK K-vertices also serve to define
the coupling constants gyxx and gs, ki respectively. The decay width for the
¢ — K1TK~ decay, whose derivation we present in Appendix A, is obtained from

the Lagrangian given in Eq. 2.1 and this decay width is
) 97 3/2
v UKk 2My
r KTK™) =222 M, |1 - | —~ ) 2.3
(6 — K*K) = 921 ¢[ (qu)] 23)
The coupling constant gsxx is determined as gyoxx = (4.59+0.05) by using the
experimental value for the branching ratio BR(¢ — KTK~) = (0.492 £ 0.007)
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for the decay ¢ — KTK~ [26]. The amplitude of the radiative decay ¢ — foy
is obtained from the diagrams shown in Fig. 2.1 where the last diagram assures

gauge invariance [9, 35]. This amplitude is

M (¢ — foy) = _27r21MI2< (9o Mp,) (egsrx) I(a,b) [e-u k -p—e-pk-ul(2.4)

where (u,p) and (e, k) are the polarizations and four-momenta of the ¢ meson
and the photon respectively, and also a = M3 /M3, b = M} /Mj. The I(a,b)

function has been calculated in different contexts [10, 16, 36] and is defined as

Hah) = 5~ g )~ Q) + g o) — o)) - 29)
where
Fla) = — [arcsm(m)}z , T >
in(2) —in]”, 2<]
(dx — 1 %arcsin(ﬁ , T>1
g(x) = ) ) !
s(1— Az)3 {ln(Z—f) — iw} , r<j3
Ny = % 14 (1—42)3] | (2.6)

The decay rate for the ¢ — fpy decay that is obtained from the amplitude

M(¢ — foy) is

2 2
o M¢_Mfo 2

(6= i) = oy g S M) o = DI (27

The derivation of I'(¢p — fpy) given in Eq. 2.7 is presented in Appendix A.
Utilizing the experimental value for the branching ratio BR(¢ — fyy) = (3.4 +
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Figure 2.2: Feynman diagrams for the decay ¢ — w7~

0.4) x 107* for the decay ¢ — fyy [26], we determine the coupling constant
9ok K 8S gror i = (4.13+1.42). In our calculation, we assume that the radiative
decay ¢ — wTm 7 proceeds through the reactions ¢ — oy — 7#t7n v, ¢ —

* - rtr v and ¢ — fyy — mTn 7. Therefore, our calculation is based

prm
on the Feynman diagrams shown in Fig. 2.2. For the ¢ovy-vertex, we use the
effective Lagrangian [37]

refl — ©

= S 9l = DA (23)

which also defines the coupling constant gs.,. The coupling constant gy, is
determined by Gokalp and Yimaz [17] as ggry = (0.025 £ 0.009) using the
experimental value of the branching ratio for the radiative decay ¢ — 7%7%
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[38]. We describe the omm-vertex by the effective Lagrangian [39]

1
LAl = —g M7 To (2.9)

OTTT 2

The decay width of the o-meson that results from this effective Lagrangian is

given as

1/2

2 3M, 2M,\?
razr(oﬁm):gzﬂ?’g ll_(M ) ] . (2.10)
™ o

For given values of M, and I',, we use this expression to determine the coupling
constant g,r.. Therefore, using the experimental values for M, and T, [3],
given as M, = (478 £ 17) MeV and I', = (324 £ 21) MeV, we obtain the
coupling constant gy, = (5.25 4+ 0.32). The derivation of T', given in Eq. 2.10
is presented in Appendix A. The ¢pr-vertex in Fig. 2.2(b) and in Fig. 2.2(c) is

conventionally described by the effective Lagrangian [40]

Lo = g](’}—p;rﬁ“”aﬂﬁu¢u8ap% T (2.11)

The coupling constant gy, is calculated as ggpr = (0.811 & 0.081) GeV ! by

Achasov and Gubin [22] using the data on the decay ¢ — pr — 777" [26].

For the pmy-vertex the effective Lagrangian [41]

e
reff —
e M,

Gorr € P00 - T Oadp (2.12)
is used. At present there is a discrepancy between the experimental widths of
the p® — 7%y and p™ — 7~ decays. We use the experimental rate for the decay

p® — 70 [26] to extract the coupling constant g, as gpry = (0.6940.35) since
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the experimental value for the decay rate of ¢ — 7°7%y was used by Gokalp and
Yilmaz [17] to estimate the coupling constant gs,,. Finally, the fyrm-vertex is

described conventionally by the effective Lagrangian

eff. _ 1 L o
Efgw:§9fomeo7T'7Tf0 : (2.13)

The decay width of the fy-meson that follows from this Lagrangian is given by
a similar expression as for I', and this expression can be used to obtain the
coupling constant gs .» for a given value of I'y,. Furthermore, it is useful to
state that, in the calculation of invariant amplitudes we make the replacement
¢>—M? — ¢*> — M?+iMT, where ¢ and M are four-momentum and mass of the
virtual particles respectively, in p-, o- and fy- propagators in order to take into
account the finite widths of these unstable particles and use the experimental
values I') = (150.2+0.8) MeV [26] for p-meson and I', = (324+£21) MeV [3] for
o-meson. However, since the mass My, = 980 MeV of fy-meson is very close to
the KK~ threshold this gives rise to a strong energy dependence on the width
of the fy-meson and to include this energy dependence different expressions for

I'4, can be used. First option is to use an energy dependent width for f

Lsy(a®) = Tis(a?) 0 (\/E - 2Mﬂ> +TR_(¢%) 0 <\/¥ = 2MK> L (2.14)

where ¢? is the four-momentum square of the virtual fy-meson and the width

I'/o (¢?), derived in Appendix A, is given as

M? q® — 4M?
Il (g?) =Tl —fo T 2.15
7'('7r(q ) T q2 M‘%O _ 4M7% ( )
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We use the experimental value for I'/0 as I'/o = 40 — 100 MeV [26]. The width
ngﬁ(qz) which can be calculated from the effective Lagrangian given in Eq. 2.2
is given by a similar expression as for I'/2 (¢*). Another and widely accepted
option is the work of Flatté [42]. In his work, the expression for F?F(qQ) is ex-
tended below the KK threshold where \/m is replaced by Z\/m
SO Ff(o?((f) becomes purely imaginary. However in our work, we take into ac-
count both options. The invariant amplitude M(E,, E;) which we present in
Appendix C is expressed as M(E,, Ey) = Mg+ M+ M.+ M, where M,, M,,
M. and M, are the invariant amplitudes resulting from the diagrams (a), (),
(c) and (d) in Fig. 2.2 respectively. Therefore, the interference between different
reactions contributing to the decay ¢ — w7~ is taken into account. Then, in
terms of the invariant amplitude M(E,, E1) the differential decay probability of
¢ — w7~y decay for an unpolarized ¢-meson at rest is given as

ar 1 1
dBE,dE, — (2m)3 8M,

[ M (2.16)

where E, and E; are the photon and pion energies respectively. An average over
the spin states of ¢-meson and a sum over the polarization states of the photon
is performed. The decay width I'(¢ — 7t7~+) is then obtained by taking the

integral and this is given by

E71ma90~ El,maa:. dF
I'= dE dE , 2.17
E’y,minA 7 El,minA ! dErydEl ( )
where the minimum photon energy is E, ., = 0 and the maximum photon

energy is given as Eypar. = (M7 — 4M?)/2M, = 471.8 MeV. The maximum
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and minimum values for the pion energy E;, derived in Appendix B, are given
by

1
2(2E, My — M?2)

2 2 3

B\ (<2, My + M2)(—2E, M, + M2 —4M2) ] . (2.18)

2.2 Scalar ag(980) meson in ¢ — 7’1y decay

In order to investigate the role of scalar-isovector ay (980) meson in radiative
¢ — 717y decay, we consider two different approaches and in both approaches,
where the contributions of the p-meson, chiral loop and ag-meson are considered,
we do not make any assumption about the structure of scalar ay meson. In our
first approach, called model I, the contribution of the ag-meson is considered
as resulting from an ag-pole intermediate state. In this approach, we assume
that the mechanism of the ¢ — 7ny decay consists of the reactions shown by
Feynman diagrams in Fig. 2.3. We describe the ¢pm-vertex by the effective
Lagrangian given in Eq. 2.11 and as we mentioned before the coupling constant
gopr Was determined by Achasov and Gubin as gg,r = (0.811 £ 0.081) GeV ™!

[22]. The pnry-vertex is described by the effective Lagrangian [43]

€ 14
EZ%. - ﬁgrmvﬁ“ *0,pu0aAgn (2.19)

p
which also defines the coupling constant g,,,. Then, the coupling constant g, is
obtained from the experimental partial width of the radiative decay p — 7y [26]
as gppy = (1.14£0.18) . We describe the ¢ K K-vertex by the effective Lagrangian
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Figure 2.3: Feynman diagrams for the decay ¢ — 7%77y in model I

given in Eq. 2.1 and also the decay rate for the ¢ K™ K~ decay resulting from this
Lagrangian is given in Eq. 2.3. For the four pseudoscalar K K7n amplitude, we
use the result obtained by Bramon et al. using the standard chiral perturbation

theory [21] which is

M(KTK™ — ') = 4_\?5; (Mﬁo,7 - %Mf() , (2.20)
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where 1 —n’ mixing effects are neglected. Here, Mo, is the invariant mass of the
77 system and f, is the pion decay constant having the value f, = 92.4 MeV.
Therefore, the amplitude of the radiative decay ¢ — 7%y obtained from the

diagram in Fig. 2.3(b) is

_ [ iegsrK 4o 0
M_(QWQM?(>M(K K —>7Tn)](a,b)[e-ukj-p—e.pk.u] 7 (2‘21)

where (u,p) and (e, k) are the polarizations and four-momenta of the ¢ meson
and the photon respectively, and also a = Mg /M, b = M2, /M. The invariant
mass of the final 7% system is given by MZ%, = (q1+¢2)* = (p—Fk)? where ¢, and
¢2 are the four-momenta of the final pseudoscalar 7° and 1 mesons respectively.
Also the I(a,b) function is given in Eq. 2.5. For the ¢agy- and agm’n-vertices

we use the the effective Lagrangians [37]

eff. € a a
£¢{1£’y - Egdmov[a ¢ﬁaaAB -0 ébﬁaﬂAa]ao , (2.22)

and

Left = Gagmn ™ * GON (2.23)

apmn

respectively, which can be used to determine the coupling constants ggq,, and
Jagry- Since there are no direct experimental results relating to the ¢ayy-vertex,
but only an upper limit for the branching ratio of the decay ¢ — a¢7y is mentioned
in “ Review of Particle Properties ” as BR(¢ — agy) < 5 x 1072 [26] we
estimate the coupling constant g4, in our calculation utilizing the experimental
branching ratio of the ¢ — 7%y decay. The decay rates for the ¢ — agy and
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ag — 7°n decays, given in detail in Appendix A, which follow from these effective

Lagrangians are given as

Q (Mq% — M30)3

and
2
g (Mo + M,)? (Mo — M,)?
r 0,y - Jaomn | |{ n)” | g o A = )T 2.25
(aO — T 77) 167TMa0 J [ MC%O Mgo ) ( )

respectively. We obtain the coupling constant gu ny as gagm = (2.34 £0.18) by
using the value I'y, = (0.069 £ 0.011) GeV which was determined by the £E852
collaboration at BN L [44]. Since the diagram in Fig. 2.3(c) implies a direct
quark transition and it has a very small contribution as a result of the OZI
suppression, we conclude that the introduction of the ay amplitude as in Fig.
2.3(c) can not be very realistic. Therefore, we reconsider the approach which we
name model I. It has been shown that the scalar resonances f; (980) and aq (980)
can be excited from the chiral loops, with the loop iteration provided by the
Bethe-Salpeter equation using a kernel from the lowest order chiral Lagrangian
[15] and also the experimental data obtained in Novosibirsk give reasonable
arguments in favour of the one-loop mechanism for ¢ — KTK~ — foy and
¢ — K"K~ — agy decays [45]. Then, we develop a second approach to study
the radiative ¢ — 7%~ decay, called model II, in the light of the works of Marco
et al. and Achasov [15, 45]. In our second approach we assume that this decay
proceeds through the reactions ¢ — p’7° — 7%y, ¢ — KTK~v — 7%y and
¢ — agy — Ty where the last reaction proceeds by a two-step mechanism with

24



(@)
v
o KT x
—_ + +
K n

(©
Figure 2.4: Feynman diagrams for the decay ¢ — 7’17y in model II

ap coupling to ¢ with intermediate K K states. The processes contributing to the
¢ — 71y decay amplitude is shown diagrammatically in Fig. 2.4. We proceed
within a phenomenological framework and we do not make any assumption about
the structure of the ag-meson. We note that the ¢ and ay mesons both couple
strongly to the KK~ system and therefore there is an amplitude for the decay
¢ — 7yag to proceed through the charged kaon-loop independent of the nature
and the dynamical structure of the ag-meson. In our second approach, we need
also the effective Lagrangian which is used to describe the KK ~agp-vertex in
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addition to the other Lagrangians used in model I
£Z£Q+Kf = Gaox+ k- Moy KK ag . (2.26)

The decay width of the ag-meson that follows from this effective Lagrangian is

given as

1/2

2 2

i 2M,

T(ag— KTK™) = %Mao [1 - (M ’“) ] . (2.27)
ao

Derivation of I'(ag — KK ™) given in Eq. 2.27 is presented in Appendix A. This
expression is used to determine the coupling constant g, x+x-. In model II, we
calculate the decay rate of the ¢ — 71y decay using the diagrams shown in Fig.
2.4 and determine the coupling constant g,,x+x- by employing the experimental
branching ratio of this decay. Furthermore, in our calculation of the invariant
amplitudes for both models, we make the replacement ¢ — M? — ¢> —M?+iMT
in ag- and p°- propagators in order to take into account the finite widths of these
unstable particles. We use the experimental value I') = (150.2 £ 0.8) MeV [26]
for p’-meson, because using a ¢>-dependent width did not influence our results
considerably. However, the mass M,, of ap-meson is very close to the K™K~
threshold and this induces a strong energy dependence on the width I',, of
ap-meson. In order to take that into account, we follow the widely accepted
option that was proposed by Flatté [42] based on a coupled channel (7, KK)

description of the ag resonance, and parametrize the ag width as

Lle) = T%,(¢%) 0 (Va2 = (Moo + 0,))
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Figu/ Mg — /16 (205 = |/
tor A= MG 0 (o —2Mic) . (28)

where

T (¢°) = %\/W — (Mo + M,)?] [¢® — (Mqo — M,)?] . (2.29)

We use the Flatté parameter g, as gp = (0.22 £ 0.04) which was deter-
mined by the E852 collaboration at BNL [44] by a fit to the data in their
experiment in which they determined the parameters of the ag-meson. In all
our calculations we use the experimental value M,, = (0.991 4+ 0.0025) GeV
[44]. In model I, the invariant amplitude M(E,, E}), given in Appendix D.1,
for the decay ¢ — 7 7y is expressed as M(E,, E;) = M, + M, + M, where
M,, M, and M, are the invariant amplitudes resulting from the diagrams
(a), (b) and (c) in Fig. 2.3 respectively. In model II, the invariant amplitude
M(E,, Ey) which we present in Appendix D.2, for this decay is expressed as
M(E,, E) = M, + M,/ + M. where M,', M," and M." are the invariant
amplitudes corresponding to the diagrams (a), (b) and (¢) in Fig. 2.4, respec-
tively. This way, the interference between different reactions contributing to the
decay ¢ — 7wV is taken into account. In terms of the invariant amplitude
M(E,, Ey) the differential decay probability of ¢ — 7%y decay for an unpolar-
ized ¢-meson at rest is given in Eq. 2.16 where E, and E; are the photon and
pion energies respectively. Then we perform an average over the spin states of
¢-meson and a sum over the polarization states of the photon. The decay width
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['(¢ — mn) is obtained by taking the integral and given in Eq. 2.17 where the
minimum photon energy is E, ,,;,. = 0 and the maximum photon energy is given
as E mar. = [Mq% — (Mo + ]\/[,7)2} /2M,. The maximum and minimum values

for the pion energy E; which are derived in Appendix B, are given by

1
2(2E, My — M?)

{—2E2My — My(M3 + M2 — M?) + E,(3M;, + MZ — M)
+E, [ 4E2M 4+ My + (MZ — M2)? — 2M3 (M2 + M)

HAE My(—MJ + M2+ M2) 1'%} (2.30)

2.3 Scalar o meson effects in radiative p° meson decays

The effects of the scalar o-meson are investigated in the radiative p° —
ata~y and p° — 7%7% decays. In our approach we assume that the o-meson
couples to the p® meson through the pion-loop; in other words, we consider that
the amplitude p® — o~ results from the sequential p° — (777~ )y — o mech-
anism as suggested by the unitarized chiral perturbation theory in which the
o-meson is generated dynamically by unitarizing the one-loop pion amplitudes
[15, 16]. In our analysis of the radiative p® — 77~y and p° — 7%y decays,
we proceed within a phenomenological framework and our calculation is based
on the Feynman diagrams shown in Fig. 2.5 for p° — 7t7n~7 decay and in
Fig. 2.6 for p° — 7%7% decay. It is useful to state that, the last diagrams in
Figs. 2.5(d),(e) and in Figs. 2.6(c),(d) and also the diagram in Fig. 2.5(c) are
the direct terms which are required to establish the gauge invariance. For the
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Figure 2.5: Feynman diagrams for the decay p°® — mr7

prm-vertex we use the effective Lagrangian [46]

L= g b (07 X 7). (2.31)

pTT

As it is shown in Appendix A, the decay width of p-meson that follows from this

effective Lagrangian is

3/2

2 2

o 2M,

L(p— nm) = 4%71 M, [1 — <_M ) ] ) (2.32)
p
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Figure 2.6: Feynman diagrams for the decay p® — m%7%

We obtain the coupling constant g, from the experimental decay width of
the decay p — 7mm [26] as gpnr = (6.03 £ 0.02). We describe the orm-vertex by
the effective Lagrangian given in Eq. 2.9. The decay width of the o-meson that
results from this effective Lagrangian is given in Eq. 2.10. Note that our effective
Lagrangians £&/7: and £5/7: result from an extension of the ¢ model to include

the isovector p through a Yang-Mills local gauge theory based on isospin with
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the vector meson mass generated through the Higgs mechanism [47]. Meson-
meson interactions were studied by Oller and Oset [5] using the standart chiral
Lagrangian in the lowest order of chiral perturbation theory which contains the
most general low energy interactions of the pseudoscalar meson octet in this
order. Therefore, we used their results for the four pseudoscalar amplitudes
atn™ — 7tr~ and 77~ — 7%7° that is needed in the loop diagrams in Fig.
2.5(d) and Fig. 2.6(c). As it is shown by Oller [16] due to gauge invariance the
off-shell parts of the amplitudes, which should be kept inside the loop integration,
do not contribute and as a result of this, the amplitudes M, (77~ — 7t717)
and M, (mt7~ — 7%70) factorize in the expressions for the loop diagrams. For
the loop integrals appearing in Fig. 2.5(d), in Fig. 2.5(e), in Fig. 2.6(c) and
in Fig. 2.6(d) we use the results of Lucio and Pestiau [36]. The contribution of

tn7)y — mtry reaction

the pion-loop amplitude corresponding to the p® — (7
can be written as

_ egprnMy(mTn™ — )
272 M2

M I(a,b)[e-uk-p—e-pk-u] , (2.33)

where a = M2/M7?, b = (p — k)*/M2, (u,p) and (¢ k) are the polarizations
and four-momenta of the p” meson and the photon, respectively. Also the four

pseudoscalar 77~ 7wt 7~ amplitude is given by
21 7
M, (mtr” - rtnT) = -2 — (s — —M2> : (2.34)

where s = M?

i

fr = 92.4 MeV. The contribution of the pion-loop amplitude
corresponding to the p° — (7777)y — 7%’y reaction is given by a similar
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expression as for the amplitude of the radiative p° — (7777 )y — 77~ decay
and this is given by
0

_ eGpraMy (T — 77

0
o2 M2 )[(a7b)[€'Uk'P—€'Pk'u] ,  (2.35)

M

where @ = MJ/MZ, b= (p — k)* /M7, My(w¥n™ — 7°7%) = =(1/f2) (s — M),
s = M% o, fr = 924 MeV, (u,p) and (e, k) are the polarizations and four-
momenta of the p° meson and the photon respectively. The amplitudes resulting
from the diagrams in Fig. 2.5(e) and in Fig. 2.6(d) can be written in a similar

way. The I(a,b) function is given in Eq. 2.5. The wpm-vertex, in Fig. 2.6(a)

and in Fig. 2.6(b), is described by the effective Lagrangian [41]

Lol = %}iewa%wya&p@ 7 (2.36)

which also conventionally defines the coupling constant g,,,r. The coupling con-
stant g,,~ was determined by the Novosibirsk SND collaboration [48]. In their
work, they assumed that w — 37 decay proceeds with the intermediate pr state
as w — (p)m — mrm and using experimental value of the w — 37 decay width
they obtained this coupling constant as g,,» = (14.3+0.2) GeV~!. We describe

the wmy-vertex by the effective Lagrangian [41]

(&
Eeff. —
“m M,

Gy €0, 00 ApTr (2.37)
and the coupling constant g,,- is obtained as g, = (1.82£0.05) by using the
experimental partial width [26] of the radiative decay w — 7°y. In our calcu-

lation of the invariant amplitude, in the o-meson propagator the replacement
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¢> — M? — ¢*> — M? + iMT is made to take into account the finite lifetime of
unstable o-meson. The energy dependent width for the o-meson, presented in
Appendix A is given as

M2 | ¢ —4M2,

o 2 o
() = e -t L
o nt

3 0 (¢ —4M2)

1 M2 [ g2 —ans2
T (g2 = Mo | L 0
Falel e = Mo) " g 401,

0 (q* —4M%) . (2.38)
The invariant amplitude M(E.,, Ey) which we present in Appendix E.1, for the
decay p° — mtm v is expressed as M(E,, E1) = M, + My + M.+ My + M.
where M., My, M., My and M, are the invariant amplitudes resulting from
the diagrams (a), (b), (¢), (d) and (e) in Fig. 2.5 respectively. Also, the invariant
amplitude M(FE,, E1), given in detail in Appendix E.2, for the decay p° — %%
is expressed as M(E,, Ey) = M, + M, + M. + M4 where M/, M,’;, M./
and M, are the invariant amplitudes corresponding to the diagrams (a), (b),
(c) and (d) in Fig. 2.6, respectively. Then in terms of the invariant amplitude
M(E,, Ey) the differential decay probability for an unpolarized p°-meson at rest
is given as

ar 1 1

_ 2 2.39
dE,dE, ~ (27)? 8M, M (2.39)

where E, and E; are the photon and pion energies respectively. An average over
the spin states of p’-meson and a sum over the polarization states of the photon

is performed and the decay width is then obtained by integration

F 1 E’y,maz. dE El,mam dE dr 2 40
B 5 ‘/E’y,min. K ‘/El,min. ! dE’ydEl ’ ( ‘ )
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where the factor (1) is included for the calculation of the decay rate for p° —
7979 because of the identity of 7% mesons in the final state. The minimum
photon energy for the decay p* — 77y is E, ;i = 0 and the maximum photon
energy is given as Ey oz, = (M7 —4MZ,)/2M, = 338 MeV. On the other hand,
the minimum photon energy for the decay p° — 77y is E, . = 50 MeV
since the experimental value of the branching ratio is determined for this range
of photon energies [25] and the maximum value of the photon energy is given as
E, oz, = (Mp2 —4M?2,)/2M, = 334 MeV. Finally the maximum and minimum
values for the pion energy E; of the p° — 7tn~y and p° — 7%7% decays,

derived in Appendix B, are given by

1
2(2E,M, — Mg)[

2 2 3
—2E2M, + 3E,M? — M?

+E,\/(=2E,M, + M2)(=2E,M, + M2 —4M2) ] . (2.41)
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CHAPTER 3

RESULTS AND DISCUSSION

In this chapter we first give the parameters that are needed in our calculation of
the branching ratio and discuss the invariant mass distribution for the reaction
¢ — mtmw~ 7. Later, we indicate that the spectrum for this decay is dominated
by the fy-amplitude. We then present our calculation for the branching ratio of
the ¢ — w7~ decay and compare it with the previous calculations. Then for
the radiative ¢ — 77y decay we give the details of our calculations about the
coupling constants gsq,, in model I and gq x+x- in model II. Afterwards, we
indicate the invariant mass distributions of the radiative decay ¢ — 7°ny using
the values of the coupling constants g, for model I and g,,x+x~ for model II.
We then compare our results with the experimental invariant mass spectrum for
the decay ¢ — 7%)y. Finally, we present our results for the decay mechanism of
pP-meson radiative decays including the contribution coming from the o-meson
intermediate state as well as VMD- and chiral pion-loop contributions. Our

results for the branching ratios are compared with the experimental values.
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3.1 Radiative ¢ — 77~ decay

In order to determine the coupling constant g¢,», we choose for the fo-meson
parameters the values My, = 980 MeV and I'y, = (70 £ 30) MeV. Therefore,
through the decay rate that results from the effective Lagrangian given in Eq.
2.13 we obtain the coupling constant gprr as grprr = (1.58 £ 0.30). If we
use the form for ngl—((qz), proposed by Flatté [42], the desired enhancement
in the invariant mass spectrum appears in its central part rather than around
the fo pole. Bramon et al. [21] also encountered a similar problem in their
study of the effects of the ag(980) meson in the ¢ — 7%y decay. Therefore,
in the analysis which we present below for T'y, (¢*) we use the form given in
Eq. 2.14. The invariant mass distribution dB/dM,, = (M./My)dB/dE, for
the radiative decay ¢ — 7wtw v is plotted in Fig. 3.1 as a function of the
invariant mass M, of 7¥7~ system. In this figure we indicate the contributions
coming from different reactions ¢ — oy — 7t7 7y, ¢ — pFrt — 7t7~y and
¢ — foy — mtr vy as well as the contribution of the total amplitude which
includes the interference terms as well. It is clearly seen from Fig. 3.1 that
the spectrum for the decay ¢ — w7~ is dominated by the fp-amplitude. On
the other hand the contribution coming from o-amplitude can only be noticed
in the region M,, < 0.7 GeV through interference effects. Likewise p-meson
contribution can be seen in the region M., < 0.8 GeV so we can say that
the contribution of the fy-term is much larger than the contributions of the
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Figure 3.1: The 7w invariant mass spectrum for the decay ¢ — wtm~~. The
contributions of different terms are indicated.

o-term and p-term as well as the contribution of the total interference term
having opposite sign. The dominant fy-term characterizes the invariant mass
distribution in the region where M,, > 0.7 GeV. In our study contributions of
different amplitudes to the branching ratio of the decay ¢ — 77~ are BR(¢ —
foy — mtn=y) =254 x 1074, BR(¢ — oy — nrn~v) = 0.07 x 107*, BR(¢ —
ptrt — 1t y) = 0.26x 1074, BR(¢p — (foy+ntpT) — nhm—y) = 2.74x 1074,
BR(¢ — (foy+ovy) — ntr—y) = 2.29 x 10~* and for the total interference term
BR(interference) = —0.29 x 107*. We then calculate the total branching ratio
as BR(¢p — mrn ) = 2.57 x 107%. Our result is twice the theoretical result
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for ¢ — m97% decay, obtained by Gdokalp and Yilmaz [17], as it should be.
They obtained the following values: BR(¢p — foy — 797%y) = 1.29 x 1074,
BR(¢ — oy — 7°7%) = 0.04 x 107*, BR(¢p — p’7° — 7%70) = 0.14 x 1074,
BR(¢ — (foy+70%) — 7%70%) = 1.34x 1074, BR(¢ — (foy+07) — 7n%70) =
1.16 x 107* and BR(interference) = —0.25 x 10~*. Moreover, our calculation for
the branching ratio of the radiative decay ¢ — 77~ is nearly twice the value
for the branching ratio of the radiative decay ¢ — 7%7%y that was obtained by
Achasov and Gubin [22]. Besides, ¢ — n" 7~ decay was considered by Marco et
al. [15] in the framework of unitarized chiral perturbation theory. The branching
ratio for ¢ — w77, they obtained, was BR(¢ — ntr =) = 1.6 x 10~* and
for ¢ — 770y was BR(¢ — 7°7%) = 0.8 x 107%. As we mentioned above,
they noted that the branching ratio for ¢ — 7°7%y is one half of ¢ — 77~ 7.
Therefore our calculation for the branching ratio of ¢ — 77~ decay is in
accordance with the theoretical expectations. A similar relation can be seen
between the decay rates of w — 7tr~ vy and w — 7% [27]. It was noticed
that T'(w — 7%7%) = 1/2'(w — 777~ ) and the factor 1/2 is a result of charge
conjugation invariance to order « which imposes pion pairs of even angular
momentum. The experimental value of the branching ratio for ¢ — 777,
measured by Akhmetshin et al., is BR(¢ — 777~ v) = (0.41£0.1240.04) x 1074
[11]. So the value of the branching ratio that we obtained is approximately six
times larger than the value of the measured branching ratio. As it was stated by

Marco et al. [15], we should not compare our calculation for the branching ratio
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of the radiative decay ¢ — 77~ v directly with experiment since the experiment
is done using the reaction ete™ — ¢ — w7, which interferes with the off-
shell p dominated amplitude coming from the reaction ete™ — p — 77~ [49].

Also the result in [11] is based on model dependent assumptions.

3.2 Radiative ¢ — 77y decay and the coupling constants gsag, Jagk+ K-

In order to determine the coupling constants ¢sq,~ in model I and gqyx+x- in
model II, we use the experimental value of the branching ratio for the radiative
decay ¢ — 71y [26] in our calculation of this decay rate. As a result of this
we arrive at a quadric equation for the coupling constant gsq,, in model I and
another quadric equation for the coupling constant g, x+x- in model II. In
the first quadric equation for the coupling constant ggq,, the coefficient of the
quadric term results from ag-meson contribution of Fig. 2.3(c) and the coefficient
of the linear term from the interference of the ag-meson with the vector meson
dominance term of Fig. 2.3(a) and the kaon-loop terms of Fig. 2.3(b). In
the other quadric equation for the coupling constant g, x+x-, the coefficient
of the quadric term results from the ag-meson amplitude contribution shown
in Fig. 2.4(c) and the coefficient of the linear term from the interference of
the ag-meson amplitude with the vector meson dominance and the kaon-loop
amplitudes shown in Figs. 2.4(a) and 2.4(b) respectively. Therefore, our analysis
results in two values for each of the coupling constants stated above. In model
I, we obtain for the coupling constant g, the values gsq,, = (0.24 £ 0.06)
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Figure 3.2: The 77 invariant mass spectrum for the decay ¢ — 77 for gsay, =
0.24 in model I. The contributions of different terms are indicated.

and gy = (—1.3 £0.3) [50]. We then study the invariant mass distribution
dB/dMyo, = (Myo,/My)dB/dE, for the reaction ¢ — 7’1y in model I. In Fig.
3.2 we plot the invariant mass spectrum for the radiative decay ¢ — 7% in our
phenomenological approach choosing the coupling constant geq,, = (0.2420.06).
In this figure we indicate the contributions coming from different reactions ¢ —
Pt — 7y, ¢ — KK~y — 7%y and ¢ — agy — 70y as well as the
contribution of the total amplitude which includes the interference terms as
well.  Our results are in accordance with the experimental values [13] only in
lower part of the invariant mass. It is expected that, the spectrum for the decay
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¢ — w17 is dominated by the ag-amplitude but the expected enhancement due
to the contribution of the ag resonance in the higher part of the invariant mass
is not produced. Since the distribution dB/dM; o, we obtain for the other root,
that is for gge,, = (—1.34£0.3), is worse than the distribution shown in Fig. 3.2
we do not show this in any figure. So model I does not produce a satisfactory
description of the experimental invariant Mo, mass spectrum for the decay
¢ — 7y and as a result of this the value of the coupling constant gsu,, =
(0.24 £ 0.06) can not be considered seriously [50]. Indeed, Gokalp et al. [51],
used the same model in their study of scalar meson effects in radiative ¢ — 71y
decay, noted that this approach does not give a reasonable ay contribution since
the expected enhancement in the higher part of the invariant mass spectrum
due to the contribution of ay resonance is not produced. On the other hand the
value of the coupling constant g4, has been calculated by Gokalp and Yilmaz
[52] in their study of the pagy and ¢o~y vertices in the light cone QCD. Utilizing
w¢-mixing, they estimated the coupling constant gsayy S gpagy = (0.11 £0.03).
Moreover, the p’-meson photoproduction cross-section on proton targets near
threshold is given mainly by o-exchange [41]. Friman and Soyeur calculated
poy-vertex assuming vector meson dominance of the electromagnetic current and
obtained the value of the coupling constant g,,y as g,oy ~ 2.71. Later, Titov et
al. [37] in their study of the structure of the ¢-meson photoproduction amplitude
based on one-meson exchange and Pomeron exchange mechanism used this value

of the coupling constant g,,, to calculate the coupling constant ggq,,. Their
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Figure 3.3: The 7%y invariant mass spectrum for the decay ¢ — 7’ny for
Jaoi+ k- = —1.5 in model II. The contributions of different terms are indicated.

result for this coupling constant was |ggq.,| = 0.16. Our results for the coupling
constant geq,y are different than the values used in literature. Consequently,
the contribution of the ag-meson to the decay mechanism of ¢ — 71y decay
should not be considered as resulting from ag-pole intermediate state [50, 51].
Therefore, another model, called model II, is developed to obtain a reasonable
ap contribution to the decay mechanism of this decay. The same procedure is
followed in model II and utilizing the experimental value of the ¢ — 71y decay
rate, the values for the coupling constant g,,x+x- are obtained as gu x+x- =
(—1.5£0.3) and guox+x- = (3.0£0.4) [50]. We plot the distribution dB/dMo,,
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for the radiative decay ¢ — 7’1y choosing coupling constants g, x+x- = —1.5 in
Fig. 3.3 and g4 x+x- = 3.0 in Fig. 3.4 as a function of the invariant mass Mo,
of the 7%y system. In these figures we indicate the contributions coming from
different reactions shown diagrammatically in Fig. 2.4 as well as the contribution
of the total amplitude which includes the interference term as well. On the
same figures we also show the experimental data points taken from Ref. [13].
As it can be seen in Fig. 3.3 the shape of the invariant mass distribution is
reproduced well. As expected the enhancement caused by the contribution of
the ag resonance is well produced on this figure. On the other hand, 7% invariant
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mass spectrum for g, x+x- = 3.0 is not in good agreement with the experimental
result. Therefore from the analysis of the spectrum obtained with the coupling
constants g, x+x- = —1.5 and gy x+x- = 3.0 in Figs. 3.3 and 3.4 respectively,
we may decide in favour of the value g,,x+x- = —1.5. Furthermore, we note
that model II provides a better way, as compared to model I, in order to include
the ag-meson into the mechanism of the ¢ — 71y decay and thus our result
supports the approach in which the ag-meson state arises as a dynamical state.
Consequently, ag-meson should be considered to couple to the ¢ meson through
a kaon-loop. Moreover it is possible to estimate the decay rate I'(¢p — ag7)
of the decay ¢ — a¢(980)y. Using the coupling constant g, x+x- = —1.5 we
obtain the decay rate I'(¢ — ag7y), the expression of which is given in detail
in Appendix A, as I'(¢ — agy) = (0.51 + 0.09) keV, so the branching ratio
is BR(¢ — agy) = (1.1 £0.2) x 107*. If we compare our result with the
experimental value BR(¢ — apy) = (0.88 £ 0.17) x 10~* [13], we observe that

our result does not contradict the experimental one.

3.3 Radiative p° — 7777 and p° — 7°7% decays

The photon spectra for the branching ratio of the decay p° — 7F7 v is
plotted in Fig. 3.5 as a function of photon energy E,. In this figure, the con-
tributions from the pion-bremsstrahlung, pion-loop and o-meson intermediate
state amplitudes as well as the contribution of the interference term are indi-
cated as a function of the photon energy. We take the minimum photon energy
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Figure 3.5: The photon spectra for the branching ratio of p° — 7t7 =7 decay.
The contributions of different terms are indicated. The experimental data taken
from Ref. [25] are normalized to our results.

as .y min = 50 MeV since the experimental value of the branching ratio is de-
termined for this range of photon energies [25]. We show also the experimental
data points [25] on this figure. As shown in Fig. 3.5 the shape of the photon
energy distribution is in good agreement with the experimental spectrum. In
our calculation we observe that the contribution of the pion-bremsstrahlung am-
plitude to the branching ratio is much larger than the contributions of the rest.
It is clearly seen that contributions of the pion-loop and o-meson intermediate
states can be noticed only in the region of high photon energies. It is useful to
state that, if a o-meson pole model is used as in Ref. [29], the contribution of
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the sigma term becomes larger at high photon energies and this enhancement,
dominating the contribution of the bremsstrahlung amplitude, conflicts with the
experimental spectrum. The contributions of bremsstrahlung amplitude, pion-
loop amplitude and o-meson intermediate state amplitude to the branching ratio
of the decay are BR(p" — ntn~v), = (1.14+0.01) x 1072, BR(p° — 77 7). =
(0.4540.08) x 1075 and BR(p® — nt7 =), = (0.83+£0.16) x 10™*, respectively.
If the interference term is considered between the pion-loop and o-meson ampli-
tudes, then the contribution coming from the structural radiation which includes
the pion-loop and o-meson intermediate state amplitudes as well as their inter-
ference is obtained as BR(p" — ntm ) = (0.8340.14) x 10~%. As a consequence
this result agrees well with the experimental limit BR(p® — 777 7y) <5x 1073
[25] for the structural radiation. Also our result for the contribution of the
o-meson intermediate state BR(p® — 7777 7), = (0.83 £0.16) x 10~ is in ac-
cordance with the experimental limit BR(p" — €(700)y — ntm ) <4 x 1074
where the transition proceeds through the intermediate scalar resonance [25].
For the total branching ratio, including the interference terms, we obtain the re-
sult BR(p® — ntm~y) = (1.224+0.02) x 1072 for E, > 50 MeV [53]. Therefore,
our result for the decay p° — 7777 is in good agreement with the experimental

number BR(p® — 77 77) = (0.99 + 0.16) x 1072 [25].

The photon spectra for the branching ratio of the decay p° — 7%7%y is
shown in Fig. 3.6. In this figure the contributions of VMD amplitude, the
pion-loop amplitude and o-meson intermediate state amplitude as well as the
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Figure 3.6: The photon spectra for the branching ratio of p° — 7°7%y decay.
The contributions of different terms are indicated.

contributions of the interference terms are indicated. As it can be seen in Fig.
3.6 o-meson amplitude contribution to the overall branching ratio for this de-
cay is quite significant. This figure clearly shows the importance of the o-
meson amplitude term. We see that the dominant o- term characterizes the
photon spectrum which peaks at high photon energies and the contributions
of vector meson intermediate state and pion-loop amplitudes are only notice-
able in the region of high photon energies. Also it is clearly seen from this
figure that total interference term is destructive for this decay. For the contri-
bution of different amplitudes to the branching ratio the following results are
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obtained; BR(p® — 7°7%y)yap = (1.03 £0.02) x 1075 from the VMD ampli-
tude, BR(p® — 7%7%y), = (1.07 4 0.02) x 10~ from the pion-loop amplitude
and BR(p® — 797%), = (4.96 £ 0.18) x 107° from the o-meson intermedi-
ate state amplitude [53]. In our calculation we observe that the contribution
of the o-meson intermediate state amplitude is much larger than the contri-
butions of VMD and pion-loop amplitudes. We also notice that the values for
BR(p® — 77%)yap and for BR(p® — 7%7%y), are in agreement well with pre-
vious calculations [19, 20]. Further the value, we obtain for the total branching
ratio BR(p® — m97%) = (4.95+£0.82) x 107°, agrees well with the experimental
result BR(p" — 7°7%) = (4.175:5 £ 0.3) x 107° [23] and the theoretical result
BR(p" — 7°7%) = 4.2 x 107° [31]. Indeed, the total branching ratios that we
obtained for p° — wf7~v and p° — 77% decays are quite compatible with
the results obtained by Bramon and Escribano [32] in their study of p° — 7my
decays including o(500) meson effects. However, in the limit of high M, their
results for the branching ratios of the radiative p’-meson decays are in conflict
with our results as well as with the conclusions of Marco et al. [15] and Palomar
et al. [31]. In our calculations of the branching ratios, the coupling constants
are determined from the relevant experimental quantities. Our results for the
branching ratios are in accordance with the experimental values. Therefore, we
propose that the contribution coming from o-meson intermediate state ampli-
tude should be included in the analysis of radiative p’-meson decays and also

o-meson should be considered to couple to the p’-meson through a pion-loop. In
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addition to the radiative p’-meson decays, the effect of o-meson in the radiative
w — 7wy decay has been studied by Gokalp et al. [54] and it is noted that
the o-meson intermediate state amplitude makes a substantial contribution to

the branching ratio of this decay.
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CHAPTER 4

CONCLUSIONS

In our work we obtain the following conclusions:

e It is shown that for the radiative ¢ — w7~ decay, the dominant fy-
meson amplitude term characterizes the invariant mass distribution in the region
where M., > 0.7 GeV and the contributions coming from o-meson and p-meson

amplitudes are much smaller than the fy-meson contribution.

e [t is observed that there is a discrepancy between the experimental and the
theoretical results for the branching ratio of the radiative ¢ — w7~ decay.
However, the theoretical result for the branching ratio of this decay should not
be compared directly with the experimental one because of the fact that this
experiment is done using the reaction ete™ — ¢ — w7 v, which interferes
with the off-shell p dominated amplitude coming from the reaction ete™ — p —
T,

e Two different values, one being positive and the other one negative, have

been obtained for the coupling constant gya,, for the decay ¢ — 777y in model

L.

e It is shown that for the positive value of the coupling constant g4+, the
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7% invariant mass spectrum is dominated by the ag-meson amplitude but the
expected enhancement due to the ag-meson contribution in the higher part of the
invariant mass is not produced. Also the distribution dB/dM o, for the negative
value of the coupling constant g4~ is worse than the one for the positive value.
This can be interpreted as that the obtained values for the coupling constant
Jsaoy should not be considered too seriously and the contribution of the ag-
meson to the decay mechanism of the ¢ — 7%~y decay can not be considered as

resulting from ag-pole intermediate state.

e For the coupling constant g,,x+x- in model II where ap-meson state arises
as a dynamical state, two different values having positive and negative signs
have been obtained. It is demonstrated that for the negative value of the cou-
pling constant g, x+x-, our prediction for the invariant mass spectrum is in
accordance with the experimental result and both the overall shape and the ex-
pected enhancement due to the contribution of the ag resonance has been well
produced.

e From the analysis of the invariant mass spectrum, plotted for both values
of the coupling constant g,,x+x-, the negative value of the coupling constant
Jaoi+ K~ 15 suggested.

e [t is concluded that ag-meson should be considered to couple to the ¢ meson
through the charged kaon-loops in radiative ¢ — 7%y decay.

e It is observed that for the radiative p° — 777~ decay the main con-
tribution comes from pion-bremsstrahlung term and the contributions of the
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pion-loop and the o-meson intermediate state amplitudes can only be noticed
in the region of high photon energies. This agrees well with the experimental
result.

e It is demonstrated that for the radiative p® — 7%7%y decay the dominant
o term characterizes the photon spectrum which peaks at high photon ener-
gies. The contributions coming from vector meson intermediate (VMD) state
and pion-loop amplitudes are much smaller than the one coming from o-meson
amplitude.

e It is shown that the values for the branching ratios of the radiative p° —
ata~y and p° — 77y decays are in good agreement with the experimental
values.

e It is concluded that the o-meson should be considered to couple to the p°-
meson through the charged pion-loops in radiative p® — 77~y and p° — 7%7%y
decays.

e In the future further experiments such as the measurements of the invariant
mass distributions will enable us to understand the mechanism of the p° —
797% decay and to obtain insight into the nature and the properties of the
o-meson, and the role it plays in the dynamics of low energy meson physics.

e The radiative decays of light vector mesons into a photon and two pseu-
doscalar mesons, V' — PP+, are becoming an area of active experimental re-
search in laboratories such as Novosibirsk and Frascati to investigate the nature
and extract the properties of light scalar meson resonances. These decays will
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provide valuable information on the properties of the f3(980), ao(980) and o(500)

scalar mesons.
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APPENDIX A

TWO BODY DECAY RATES

If an initial state, defined by the state vector | ¢ >, undergoes to a final state
| f > then the transition probability is given by [Sp|* =|< f|S | i > |*>. The

corresponding probability amplitude is
< fIS]i>= Sy . (A1)

The S-matrix element is defined as

7

1 1/2 1 1/2
18 18> 0t (2m)*a® (ol = Ev) Ml (gpg;) U avgy)
(A.2)
where My; is the invariant matrix element p; = (E;, p;) and p; = (E, p_’})
are the four momenta of the initial and final particles respectively. In this case

transition probability per unit time becomes

= V(27r)45(4) (Zp/f - ZPz) |Mfi|2 H (QX}E’) 1;[ <2V1E}> ) (A.3)

This is the transition rate to one definite final state. To obtain the transition
rate to a group of final states with momenta in the intervals (p_’}, p_’} + dp_’}),
f=1,....., N we must multiply I' by the number of these states which is

() s

f
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therefore, the differential decay rate becomes

a3y’

dr = V(2 ; i < ) ——L ) . (A5
7T (pr Zp) |Mf | H 2V E; H (27T)3QE} ( )
For the decay of particle of mass M and energy E into any number of particles

1,2,...,N the differential decay rate is

3
If we consider the two body decay in which the decay produces two particles,
then in the rest frame of decaying particle p1 = —ps = p, Ei1 4+ E, = M, the
differential decay rate is given by

1

OM 4E Ezé(g) (P1 + P2)0(Ey + By — M)d’pyd’py . (A7)

dl = Mﬂ
B )| #il

Integration over d®ps, eliminates the first delta function and the differential d3p;

1s written as

E1Eyd(Ey + E»)
E, + E, ’

d*p = p*d|pldQ = |pldS (A8)

since E? — M} = E2 — M? = p?. The second delta function is eliminated by
integration over (F; + F5), and this gives

1
a0 = s M PPl (A.9)

Therefore, the decay rate is obtained as

= Ml (A.10)

In the rest frame of decaying particle, |p] is given as

1 = 57y = O+ MLRIE — (MG =05 . (A1)

o8



For the decay M — My + My where M, = M,

Pl = ;M 1- (2]\]\;1)2 , (A.12)

and fOI‘ he decay M — lwl + "Y
|ﬂ? — 17\1 1— < 1>2 (A 13)

For the decay ¢ — K™K, the invariant matrix element that follows from the

effective Lagrangian
Lol = —igorcrn- ¢ (K0, K~ — K~ 0,K7) (A.14)

is given by M(¢p — K"K~) = —igyx+x-(2¢1 — p),ut, where ¢ is the four-
momentum of the kaon having plus sign and p(u) is the four-momentum (polar-

ization) of the decaying ¢-meson. Therefore,

2 273/
_ oK+ K- 2M
r KYK™) =255 11— (228 : Al
(60— K1) = 28 ¢[ <M¢>] (A.15
For the decay ¢ — Sv (where S = fy or ag), in which the ¢ and the S each
couple strongly to KK, with the couplings Jox+r- and gsg+p- for pKTK™

and SK™ K™, the invariant amplitude is obtained as

- -M
M(6 = $7) = u¢" (kupy = gurk - p) P <§;;; M) ra by L (A16)
M

where (u, p) and (e, k) are the polarizations and four-momenta of the decaying
vector meson and the photon respectively and a = M7 /Mj, b= Mg/Mj.. Then,

o M(% — M3 2 2
quKJrK*(gSK*K*le) |(a —b)I(a,b)]” .(A.17)
6(2m)4 M(g’

(¢ — Sv) =
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For the decay S — ¢y, the invariant matrix element that follows from the

effective Lagrangian

erf. 1 .o
Es{p{pzigsts@'SOS ; (A.18)

is given by M(S — @) = igs,, Mg, where S and ¢ denote scalar o or fy meson

and pseudoscalar m meson respectively. Therefore

1/2

2 2
9%, 3M 2M,
T'(S — pp) = Z?D _85 [1 - ( :) ] . (A.19)

The radiative decay V' — ¢ is described by the effective Lagrangian

ejr. € vo
EVJZVIM—VQV@WGH Ba,uvzxaaABSO s <A20)

where V denotes the decaying vector meson and ¢ denotes the pseudoscalar

meson. The invariant amplitude is obtained as

- € 14e%
MV — py) = @M—ngwe“ Opuukaes (A.21)

where (u, p) and (¢, k) are the polarizations and four-momenta of the decaying

vector meson and the photon respectively. Then, the decay rate is

Q (M2 - M2)3
\%

For the decay ¢ — ag7, the invariant matrix element that is obtained by using

the effective Lagrangian

. e

baoy M¢g¢ao”/[aa¢ﬁaaf45 - aa¢ﬁ8ﬂf4a]ao ; (A.23)
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is given by M(¢ — apy) = iMi¢g¢a07p°‘uﬂ(ka65 — kgeq), where (u, p) and (e, k)
are the polarizations and four-momenta of the ¢ meson and the photon respec-

tively. Therefore, the decay rate for the ¢ — agy decay is

a (M§— M)’

I'(¢ — agy) = ﬁng;ao'y : (A.24)

The decay rate for ag — 71 decay resulting from the effective Lagrangian

Left — Gagrn ™ - QON (A.25)

aomn

18

2 0 2 0 — 2
o= ) =t 1 Dl P, JAF] (o

For the decay ay — K1TK~, described by the effective Lagrangian,
EZJOC{("*K* = gaoK+K—MaoK+K7GO 5 <A27)

the invariant matrix element is M(ag — KTK ™) = iga i+ i~ Ma,, therefore the

decay rate is given by

1/2

2 e IMp\>
T(ag — KTK™) = 9@01%1\4&0 {1 _ ( MK> . (A.28)
ag

For the decay p° — mm which is described by the effective Lagrangian

L= g b (0'7 X 7) (A.29)

pTT
the invariant matrix element is M(p — 77) = igprr(2q1 — p),ut, where ¢; is the

four momentum of one of the pions and p(u) is the four momentum (polarization)

of the decaying p-meson. Then, the decay rate is obtained as

92 o1 \2 3/2
P(p — wm) = 27 M, [1 - ( M“) ] . (A.30)
P
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If the particle is off-shell, then two body decay rate becomes

I =

12191 (A.31)

where ¢? is the four-momentum square of the off-shell particle. In the rest frame
of decaying off-shell particle p; = —p5 = p, E1 + Ey = +/¢?, and |p] is given as

1/2

7 = \/_ {| = (M + M)?] [ — (M — Mp)?] } (A.32)

For the decay \/q? — M, + M, where M, = M,

97 1/2
15|, (2M
’ﬂ:§ﬁ[1 (\/q_2> } : (A.33)

So, for the 0 — 7mm decay where o meson is an off-shell particle the matrix

element is 19, M, that follows from the effective Lagrangian

1
LA = —g, M, 7o . (A.34)

OTT 2

The energy dependent I'?_(¢?) decay width is given by

L7a(®) = T7en(a%) + Tono(q?)

M2 | g2 —am2
= = M)=Z,\|—— T
ren- (0" = ) M2 = A2,

M2 | g2 —4AMZ,

1% 0(g? = M2) =2 |~
o0 ) M2 — 4M2,

(A.35)

or

2 M? | ¢? — 4M?
o 2 o 2 Tt 2 2
F7r7r<q ) = gFﬂﬂ(q = Mg’) M2 —4M2+ 0( — 4Mﬂ.+)
I Ma2 q* — 4M730 2 2
3T = M) T TEEwTYES 0 (¢ —4M%) . (A.36)
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For p — 7w decay where p meson is an off-shell particle, the absolute square of

the matrix element is

1
M(p — 7m)]> = ggim(cf —4M?) (A.37)

this results from the effective Lagrangian L) = gprrpy, - (94T X ) so the

energy dependent I'”_(¢?) decay width is

1
1 (%) = 487Tq29§m(q2—4M$)3/2

M,

= I7.(¢ = Mﬁ)? (

2 _ 4]v[2 3/2
d m ) (A.38)

M2 —AM?
For ay — mn decay where ag meson is an off-shell particle the absolute square

of the matrix element is

M(ao = m0)* = Gagmy (A.39)
which follows from the effective Lagrangian L), = gagry® - agn , then the

energy dependent I'% (¢*) decay width is given by

T(0") = i VIe = (Moo + M2 — (Moo = M| (A40)

For fy, — mm decay where fy; meson is an off-shell particle the matrix element

that follows from the effective Lagrangian

e 1 -
Lol = 3 9pomn My - Tfo (A.41)

1S 7 o an e ener ependaen ecay wi 1S g1ven
is igyrn My, and th gy dependent I'/% (¢%) decay width is given by

1
Il () = T8 (&) + T8 (¢

92 7070
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Ly 27 2 211/2 1
- 167Tq29f07r7ero [q - 4M7r] <1 + 5)
3 27 2 211/2
= G Ml — M2
foi g2 M [ @402 77
= Iinle” = M) —~ y A42
7T7T(q 0) q2 [M?O - 4M7%‘| ( )
A similar expression is used for F{?K(cf)
M2 > g2 12
fo_(2y _ mfo_(2 _ a2y | 4 K
Per(d)) = Tigld’ =Mp)- [ ME — 4MIQJ (A.43)

Utilizing the experimental values of different two body decay rates, the var-
ious coupling constants are determined. The calculated coupling constants are

given in Table 1.

Table A.1: The experimental decay widths of various two body decays and the
calculated coupling constants.

Meson | Mass (MeV) | I' (MeV) | Decay Mode BR Coupling Constant
p 1020 4.46 K K- | 49x 10" | gorex-= 459
fo’)/ 3.4 x 1074 JfoK+tK-— 4.13
o 478 324 T dominant Jonn=5.25
fo 980 70 T dominant Gforn= 1.58
P° 770 150.2 70y 6.8 x 107* Gpmy=0.69
ny 2.4 x 107 9omy= 1.14
s ~ 100 % Gprr= 6.03
ag 980 69 nm dominant Gagrn= 2.34
w 782 8.44 70y 8.5 x 1072 Guwry= 1.82
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APPENDIX B

THREE BODY DECAY AND THE BOUNDARY OF DALITZ

PLOT

The differential decay rate for the decay of a particle P with four momentum

p = (E,, p) into N particles with four-momenta p’; = (E, v f) is given by

, 1 A —
a0 = om0 (0 = 2) o, Wgepomy Mol - B

The differential decay rate for the three particle decay M (p) — M (q1)+Ms(q2)+

v(k) becomes

1 d3Q1 d3QQ dgk‘
2E, (2n)°(2E,) (20)°(2E,) (27)*(2E,)

ar = (27)'6D (g + g+ k — p) MAP
(B.2)
where W is the average over spin states of the absolute square of the decay
invariant matrix element. In the rest frame of decaying particle the 6 function
can be written as 6 (q; + gu +k —p) = 6(Ey + By + E, — M)§® (g1 + ¢ + E)

and to eliminate the 5 function first integrate over the (three-) momentum of

the final-state particle with momentum ¢y. Using

P _ |qiPdgid
2F, 2,

L.
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and

Pk |kPdkdQ, 1

= —FE. dE.dQ B4
2E’y 2E’y 2 Y v Yoo ( )
we obtain
dr |G| By [Mp] /dQ o S+ By = M+ VE+ )2+ M3)
= 1 =
dE,dE;  16M(2m)° ! &+ @)+ M2
(B.5)
If the integral I is defined by
S(Ey+ By — M +\/(k + )2 + M2
1= GIE, [ do,an Mt B UUET T
VE+ @+ M3
and the angular integrals are performed then we obtain
1 SE,+E, — M+ /E2+ E? — M} +2E,|q;| cos 0 + M3
YL CAL JEZ+ BT — M7 2B, [q] h
-1 \/E§+Ef—M12+2E7|q}\COSH+M§
(B.7)
where 6 is defined by k - ¢; = |k||qi| cos 8. Change of variable
¢ = \JE2+ B} — M} + 2B, |gi| cos 0 + M3 (B.8)
gives
I = 8r? /dgé(E7 VB~ M4g) =8 | (B.9)

with the condition E, + £y — M +& = 0. Therefore the double differential decay

rate is obtained as

dr 11
_ T B.10
dE,dE, ~ (27)? saz Mo (B-10)

The limits of integral are defined by the condition

M — E, — By = \JE2 + B} — M} + 2E,|qi| cos 6 + M3 (B.11)
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or

-1

(M — B, — Er)* — (E7 + Ef — M} + M3)

2E,\/E? — M?

67
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APPENDIX C

INVARIANT AMPLITUDE OF THE RADIATIVE ¢ — nfn— v

DECAY

For the radiative decay &(p) — 71 (q1)m (g2)7(k), the invariant amplitude

M(E,, Ey) is expressed as

M=M,+My+ M.+ M, (C.1)

where M,, M,, M. and M, are the invariant amplitudes resulting from the

diagrams (a), (b), (c¢) and (d) in Fig. 2.2 respectively,

€
Ma = - (ﬁg(bo"y) (gzﬂrﬂ'Ma)pauﬁ<kaeﬁ - kﬁea)
o]
x {il(p — k)2 = M2 + T, M, } AS(p— k) (C2)
My = — (27 [ g ) e Pp i (d — @)ae”™ ™ (p — 1) whares
M¢ Mp pTY H fe? p o
x {il(p— @)* = M +T,M,} RS, (p— 1) (C.3)
M, = — Igom ig e‘waﬁp U (p— q2) E“I’/O‘/ﬁl(p— G2) .k €gr
c M¢ Mp Py Yy ] ' vae
< Aillp— a)* = M)+ T, M, } Rb,(p—a5) (C4)
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My = —(egoxk) (GponnMy) (9rorxx My,)

x {[(p— k)? = M} ) = iT'y, My, } AY (p — )

X Qule” / dq { —44,90 + g (¢* — Mi) }
(2m)* | (¢* = ME)[(q — k)2 — ME][(p — q)* — ME]
= (ool g OONITIR) [ — o — M) M)

x NG (p— k) I(a,b) [(e-u)(k-p) = (e-p)(k-u)] (C.5)

(* — Mg)Z + (I's M,)? 7

1
(¢ — M3)? + (Ty, My,)?

1 Qulv
p — — L
RW(Q) (q2 - M5)2 + (FpMp)2 l Iww Mg ]
quqv
= R)(q) l—gw, + —]*\‘42 ] . (C.8)
P

The complex amplitudes are parametrized with M; = M/ 4+iM/ and the absolute

value of the square of the invariant amplitude is obtained as
‘M ’2 _ M{Q—i-Mé2+Mé2—|—M42+M{IQ—|—M£2+M§/2+M£2
+2(M]y" + M{g" + MY, + Mgg™ + Mg,” + My,
M 2 M 2 M 2 M 2 M 2 MY 2 C.9
+ My, + Myy™ + My, + Myy™ + My, + My,™) (C.9)
where
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n2
M)™ =

12
M~ =

2 2
e Gopr 2 21 0 2
(o) (%) {10 a7 = 2100 — )}
L o 2 o2 2
><3{ 2k-pk-qp’(p-q1 —2¢7) +p- @1 ¢i]
+(k-p)?2(p-¢)* —p°at —2p- @1 ¢ + qi)

+ (k- q)’p +200-0) —0*2p- o+ D))},

2 2
e g¢ T 0 2
(37m) (%) {mmmme - w)
1 k- k- 2(p - ay — 20> . 2
X 3{ pk-qp*(p - —2¢1) +p- ¢ 4]
+(k-p)’2p- @) —p*ai — 20 @1 ¢ + ¢

+(k-q)’'+200- @) =2 a+ )]}

(W> WQ > {il0- 0y - MIBG - @)

p
1
x g{=2k-pk- @’ (P-g—26)+p- ¢ ¢
+(k-p)’20p-@)* —P*a — 20 ¢ ¢ + G5
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172
M,

12
M,

n2
M,

- |

+ (k- @)?p +200- )’ -0’2 e+a)} ,

(

Mig,m>2 (Qﬁ;r)z [T, M)Rp— a2}

p

1
x =2k p k@l (p g2 = 263) + 7 2 ]

+(k-p)’20- @) — PG — 20 ¢ ¢ + ¢

+ (k@) +200- @) -2 +a@)}

(

(

2
(e9prc 1) (G omn Mo ) (9015 My, )
22 M3

x {[(p— k)? = M3l — (D, Mp)Rel} {AY (0~ k)}

Wl

x =(k-p)* |

(egorc i) G romn M) (g Mp,) |
22 ME

2 2

x {[(p = k)* = M} |Rel + (Ts, M) ImI} { A (p — k)}

2
X_

3(/76‘-29)2 :

) et (i) ()
< {[(p—k)> = MAAS(p - k) }H{(p— a1)* = M2RY(p — 1) |

1
x {2k p kg PP —(k-q)?p+(k-p?(—2p-a+a)} ,
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"2

;7 2

172
Mis

7 2

n2

(o)) )
x {(Co M)A (p — )} {(T, M) R)(p — 1) }

1
x {2k -p kg’ = (k-a)’ p*+ (k-p)(=2p- i+ a)} . (C19)

e € Gppr
T Yoo O'7T7TMO' A5 Jpm
<M¢9¢ v) (9 ) (Mpgp v) <M¢>

< {l(p—k)* = MAAY(p — k) } {[(p — )* = MJR)(p — q2) }

1
x {2k p kg p’ = (k@) p"+(k-p(=20-e+6)} . (C20)

() e (i) (5
x {0 M)A (p = k) } {(T, M) Ry (0 — 2) }

1
X 5{214: pk-q p2 — (k- C_I2)2 p2 + (k 'P)Z(—Qp “q2 + qg)} ) (C.21)

€ (69¢KK)(gfoﬂWMfo)(gfoKKMfo)
A ; Yoo O’7T7TMO'
<M¢g¢ ”) (g ) ( 22 M2

x {l(p— k) = MAAY(p — k) } {[(p — k)* = M} ]ImI — (U4, My,) Rel }

(k-p)* | (C.22)

[SH )

x {A‘}O(p— k)}

e (eger & ) (G fomn My ) (gpo i My,)
- loz O'7T7TM0'
<M¢g¢ ”) (9 ) < 2 M2

x {(Te M)A (p — k) } {[(p = k) = M7 ] Rel + (I, My,) Il }

(k 'p)2 ) (C23)

< {A‘}O(p—k;)}g
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2 2
(i)
<{l(p—a)* = MR p — ) } {[(0 — 02)* = MR — @)
x z1){(/%-qrz)Q[(p-qn)Z—p2 @ +k-pk-@p @d-2aq ¢
+P (- a+adta- e+ Eppedta e(-r+a-e)
-2 @2 — @)+ (k-0)?[(p-@)* — v 6]

+k'Q1[k'Q2p2(p2—p‘Q1—p'Q2+Q1'Q2)

+k-p(—2p- 1 -@+p ¢ qg +p2(—p Qo+ q1- Qo+ qg))]} ,(C.24)

2 2
2 € Gopr
= (o) (5%)

X {(FpMp)Rg(p - QI)} {(PpMp)Rg(p - QQ)}

% %{(k-fb)z[(p'ql)z — PGl +kpk-@p-ed—20-qa- e
+p°(—p- o+ g +a-@))+k-p)?[-p-ad+a-@(—p+a- )
+p-a2p @ — @)+ (k- a)[(p- @) —p° 6]

+k-qk @@ —-pa—p @+a-e)

+kp(=2p ot @+p @ G+ (P @+ a@+a))} ,(C.25)

M2 o= Ly 9opr \ ([ (€9or K )(Gponn My ) (g g My, )
2 M, )\ My, 22 M2

p

< {0 = 0)* = MJIRS(p — 1) |

< {[(p— k)* = MZ]ImI — (U5, My, Rel } {AS (p — k) }
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1
X g{% qk-pp?—p*k-q)+ (k-p?*(-2p -1 +¢)} ,  (C.26)

M2 — (-, 9opr \ ([ (€9or k) (Gponn M) (gpor i My, )
2 M, )\ M, 212 M3

x {(T,M,)R)(p — a1) }

% {l(p— k)* = Mj|Rel + (Vg M) Il | {AG (p — )

1
x {2k aqk-p pP=pk-q)’+ k- p*(-2p-a+4¢)} . (C27)

M2 = ig 9gpr (69¢KK)(gfo7r7ero)(gfoKKMfo)
i M, )\ My 2m2 ME

p

< {0 = @)* = MJIRS(p — ) |
< {[(p— k)? = MZ]ImI — (Us, My, Rel |} {AS (p — k)

1
X §{2k: g k-pp? —p2(/€ : Q2)2 + (k .p)2(_2p Q2 + qg)} ) (C.28)

M2 — _( e ) <9¢p7r> ((69¢KK)(gfo7r7foo)(gfoKKMfo))

7 )\ M, 22 M2

X {(FpMp)R2<p - QQ>}
x {[(p— k) = M JRel + (U5, My, ) ImI } {AG (0 — k) |

1
X 5{% @ kopp—p*k-@)?+ (k-p?*(-2p @ +¢)} ,  (C.29)

where ImlI and Rel are given in the text in Eq. 2.5 and in Eq. 2.6, respectively.

In the rest frame of the decaying ¢-meson
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APPENDIX D

INVARIANT AMPLITUDE OF THE RADIATIVE ¢ — 7'y

DECAY

D.1 Invariant Amplitude for the Decay ¢ — 71y in Model I

For the radiative decay ¢(p) — 7°(q1)n(g2)v(k), the invariant amplitude

M(E,, Ey) is expressed as

M= M, + M+ M, | (D.1)

where M, M, and M. are the invariant amplitudes resulting from the diagrams

(a), (b) and (c) in Fig. 2.3 respectively,

€ 9épr v "ol B
M, = — (Mpgpm) <Mp¢ ) e Ipuu(p = @)a” 7 (p = @) wkares
x {il(p — q)* = M2} +T,M,} RS,.(p— 1) (D.2)
My = —(iegorr) M(KTK™ — 7%)2ute”

y / dq { —4q,q0 + g (¢ — M) }
(2m)* | (¢? — Mi)[(g — k)* = Mi][(p — q)* — ME]

iegd)KK — 0
(27T2MI2() M(K+K — T 77)](@, b)

x[(e-u)(k-p) = (e-p)(k-u)] (D.3)
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€ (6%
MC = — <—M gd,am) (gaoﬂTI)p uﬁ(kaeﬁ — kgea)
¢

x {il(p = k)? = M2] + oy Moy } AL (p = k) (D.4)
Ry (q) = 1 [—g v+ q“q”l
e T VAL BT
= B0 |-au+ U] 0.5)
P
M(KYE™ = 1%) = 4_\;0% (M,ronQ _ gM;) , (D.6)
0 1
Agylq) = : (D.7)

(q2 - M30)2 + (Fao]w%)2
The complex amplitudes are parametrized with M; = M/ +iM/ and the absolute

value of the square of the invariant amplitude is obtained as

[ M= M7+ My* 4 MET+ M o+ M+ M
2 M’ 2 M 2 M 2 M 2 M 2 M 2 D.8
+2(Myy" + Myg™ + Myg™ + Myy™ + My~ + Mys™) , (D.8)

where

2 2
2 e 9o 2 21 150 2
M = (EQPW’Y> (-]Wiﬁ) {[(p— Q)° — Mp]Rp(p_ Ch)}
1
xo{=2k-pk- alp’(p-a —2¢) +p- a1 ¢
+(k-p)’20p-@)* —p*ai — 20 @1 ¢ + ¢i]

7



+ (k) +200- @) —p*2p- a+ @)}, (D.9)

2 2
2 € Gopm 2
M = (EQpnv) (VZ) {(FpMp)Rg(p - 91)}
1
x =2k p k-l (p- a1~ 261) + - g

+(k-p)’20p-a)* —p2ai — 20 @1 ¢ + qi]

+ (k- @)’ +200- ) =20 o+ ad)]} (D.10)
M = S9KK 2{M(K+K‘ . 77077)}2(}%6])2 2k p)? (D.11)
2 2m2 M2 3 ’
M = SHeKK 2 [M(K*K™ - ﬂon)}z (ImI)? (k- p)? (D.12)
2 2m2 M3 3 ’
/2 e 2 2 2 271A0 2
M= (o) o {100 12 - M2 G- 1)
« §<k-p>2 , (D.13)
"2 € ? 2 0 2
M, = mg@mv (gaovm) {(FGOMGO)AaO (p - k)}
« g(k.p)2 , (D.14)
r2 [ € 9gppr CYeK K + =, 0
My, = (Mpgmw> <M¢>> <2W2MIQ(> {M(K K 7T 77)}

< {l(p = a1)* = M2RY(p — q1) } (Rel)

1
X§{2k-pk-q1p2—(k~q1)2p2
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+(k-p?(=2p- a1 +a)} (D.15)

"2 o i Gopr CJypKK + - 0
= (o) (37) (25) e
x {(T,M,)RS(p — 1) } (Im1)
1
X§{2k-pk-q1p2—(k-qn2p2

+(k-p?*(=2p-a+4d)} (D.16)

;2 e 9opr e
M, = (E%nv) (1{2(;5) (m%aov) (gaom})
< (0= @) = MARSp — ) } {[(p — k)? = M2]AS (p — k) }
X %{Zk-p/C-qqu——(/f~(11)2p2

+(k-p*(=2p-a+d)} (D.17)

M{/32 = (Ajpgpm> (%) (]\ng‘m‘”) (9agmn)
X {(FPMP)Rg(p - QI)} {(FaoMao)Ago(p - k)}

1
X§{2k-pk-q1p2—(k:-q1)2p2

+(k-p)?(=2p-q +a)} (D.18)
]\4532 = - (Mid)gqﬁao'y) (gamrn) (;jﬁ;}?{) {M(K+K_ — 7T077)}
< (Rel) {[(p— K = MZ)AL (0~ W)} S(hpf . (D.19)
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2 € €IpKK _
My~ = (mgmm) (Jagmn) <2W2M[2(> {M(ETK™ — ')}
2
x (ImI) {(T'ag Mag) A2 (p — k) } Sk p)? . (D.20)
D.2 Invariant Amplitude for the Decay ¢ — 7%y in Model II

For the radiative decay ¢(p) — 7°(q1)n(g2)v(k), the invariant amplitude

M(E,, Ey) is expressed as

M=M,+ M+ M., (D.21)

where M,’, M,' and M/ are the invariant amplitudes resulting from the dia-

grams (a), (b) and (c) in Fig. 2.4 respectively,

(& g¢ T va "ol B!
Ma/ = - (ﬁpﬁhrm) <]\4p¢ ) e ﬁpuuu(p - %)aeu g (p - %)u’ka’eﬂ/
< {il(p — q)* = M2} +T,M,} RS, (p— 1) (D.22)
My = —(iegoxx) M(KTK™ — 7%)2ute”

d*q —44,qy + 9 (¢* — M%)
- / (2m)* { (¢ — M7 )[(q — k)2 = ME][(p — q)* — ME] }

= (Ze%KK) M(KTK™ — 7%9)I(a,b)

22 M3
x [(e-u)(k-p)—(e-p)(k-u)] , (D.23)
M. = —(egsxr)(Japr+ K~ May)(Jagrn)

x {[(p = k)? = MZ] = iy Moy | AS (p — k)2ue”
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dq —4G,qy + 9 (¢° — M5)
< (2m) { (¢ — MZ)[(q— k) — ME][(p — q)> — ME] }

o eg¢KK(ga K+K*Ma )(ga 71'77) 2 2 .
- < etz ) = k) = M =il May}

x Ng,(p — k)

x I(a,b) [(e-u)(k-p) = (e-p)(k-u)] . (D.24)

The complex amplitudes are parametrized with M; = M/ 4+iM/ and the absolute

value of the square of the invariant amplitude is obtained as

| MP = M+ M+ M+ MY My 4 M

+2(Myy? + Mi" 4+ M+ My + Mi,* + My?)  (D.25)

where

2 2
2 e oo 2 21 0 2
M® = (ﬁp.%"ﬂ) (]\4/;) {[(p —q1)" — Mp]Rp(p - %)}
1
xg{=2k-pk- alp’(p-a —2¢) +p- a1 ¢
+(k-p)?20p- @) —p°at — 20 @1 ¢ +qi)

+ (k- q)’p"+20- ) -2 @+ 4}, (D.26)

2 2
2 e 9opr 0 2
M = (ypam) (%) {0 - w)
1
X {=2k-pk- alp’(p- @ —2¢) +p- a1 ¢
+(k-p)?2(p-¢1)* —p°at — 20 @1 ¢ +qi)

+k-q)?’p'+20 @) —p*2p @+ @)}, (D.27)

81



2
2 eg¢KK _ 0 9 ) 2 )

2
e €Yo KK + = 0 2 2 2 9
My™ = (27T2M12(> {M(K K —r 77)} (ImlI) §(k 0?2, (D.29)

2
M’2 — <(69¢KK)(9¢10K+KMao)(gaoﬂn>>
5 2w M3

x {[(p — k) = M2]ImI — (Toy M) Rel )

< (AL ) 20 p) (D.30)

2
M - <(€9¢KK)(9«10K+K— Mao)(gaoﬂ’n)>
3 212 M2

x {[(p — k) = M2]Rel + (T4 M) ImI}

22

(k-p) (D.31)

x {AS (p— k)}

/ € Gppm €g. _
M2 = — (Egpm> (ﬁd)) <27Tj]f\}f;{> {M(K+K —>7r0n)}
< {[(p—@)* = MARY(p — q1) } (Rel)
1
xg{2kpk-qp’ = (k-a) p’

+(k-p*(=2p- a1 +qG)} (D.32)

" € Gopr CIoKK + - 0
i = (o) (57) (a7 ) s =0}

x {0, M) R (p — 1) } (Im1)
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1
X g{Zk-pk-q1p2—(kJ-q1)2p2

+(k-p*(=20- a1 +aq)} (D.33)

M2 = _( e ) <9¢p7r> <(eg¢KK)(gaoK+K_Mao)(gamm))

1,77 ) \ ", 2r2 M2

{0 —a)* = MIRY(p—a1)}
x {[(p— k)? = M2 ImI — (TayMa,) Rel } {AS (p — k) }
X %{%mk-ql P —(k-q)’ p?

+(k-p)?(=2p- a1 +q))} (D.34)

ML = _( e ) <g¢>m> <(€g¢KK)(gaoK+K_Mao)(gaown))

1,77 ) \ ', 2r2 M2

x {(T, M) R (b — 1) }
x {[(p— k)? = M2 Rel + (Toy M,y ) ImI } {AS (p — k) }
X %{2k-pk-qlp2—(k-q1)2p2

+(k-p*(=2p- a1 +aq)} (D.35)

My® = (;ﬁ@g} {(aoic 1= Mao) (Gagmn) {M (BT — 1)
x (Rel) {[(p — k)* = M2)ImI — (Do, Ma,) Rel }

< {80, (- B} (k) (D.36)
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2
2 €K K _
M£/3 = - (27T2M12(> {(gaoKJrK* Mao)(gaoﬂ—n)} {M(K+K — 7TO’)7)}

x (ImI) {[(p — k)* = M2]Rel + (T, M,)ImI }

(k-p)* (D.37)

Wl

x {AS (p— k)}

where Iml and Rel are given in the text in Eq. 2.5 and in Eq. 2.6, respectively.

In the rest frame of the decaying ¢-meson

v

1

1
kg = (Mg —2MyEy + M — My)
p-p = pPP=M; ,

p-qu = Mgk, |
g1 = Q1 IMfo )

Q- q2 = Q22:M3 )

G-qe = Z(Mj—2MyE, — MZ — M) . (D.38)
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APPENDIX E

INVARIANT AMPLITUDE OF THE RADIATIVE p° — ntr

AND p° — 797% DECAYS
E.1 Invariant Amplitude for the Decay p° — nt7 =~

For the radiative decay p°(p) — 7 (q1)7 (q2)7(k), the invariant amplitude

M(E,, Ey) is expressed as

M=Mg+Mpy+ M.+ Mg+ M, | (E.1)

where M., My, M., My and M, are the invariant amplitudes resulting from

the diagrams (a), (b), (c), (d) and (e) in Fig. 2.5 respectively,

Mo = —i(degpmr) wuds € Dr"(p — @) (E.2)
My = —i(4egprr) uu@i g2, € D" (p — q1) | (E.3)
M. = —i(2egpmn) uu€e” (E.4)
Mg = —(eX)(gpnn)2ute”
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2m)* | (¢® = MP)[(q — k)* — MZ][(p — q)* — MZ]

- (zﬁﬁ) Ia,b) [(e-w)(k - p) = (e p)(k-w)] (E.5)

y / d4q _4qMQV + gul/(QQ - Mz)
(

M. = _<iegp7”r)(gcr7r7rM0)2 {Z[(p - k)2 - Mg] + FUMG}

x A2(p — k) 2ute”

% / d4q { _4QuCIV + gw/(q2 — Mz) }
(2m)* ((¢* = M2)[(q — k)? = MZ][(p — q)* — M]

R o TR TE T,

X A(p— k) o, 0)[(e- )k ) — (- p)(k-w)] ,  (EB)
DY) = (E.7
Aq) = : (E5)

s = (p—k)y?=M2_. (E.10)

The complex amplitudes are parametrized with M; = M/ +iM! and the absolute
value of the square of the invariant amplitude is obtained as
[ M = M7+ M3+ Mg* o+ M7+ M+ M+ M
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+2(M{,° + M{y" + M2+ MY+ My + My,°

+ M2+ ML+ ML+ ML+ ML) (E.11)
where
21 (p- @)
M? = (degpmn)’ {D2(p — q2)} 3 {qf lqﬁ by , (E.12)
p
2 21 (p-q)?
M3? = (degpmn)* {D2p— 1)} 3 {q% [q% Y : (E.13)
p
12 2
M3~ = (2€9p7r7r) ) (E.14)
12 gp7r7r€)\ 2 2 2 2
"2 g,mm€>\ ? 9 2 9
My = |5 o) (Bel) g(k-p)° (E.16)

2
12 egpmr 4
M5 — (27T2M7% ) (gamrMa)

< {[(p— k) = MIImI — (T, M,)Rel}’

< (A2 - B} Sk p) (E.17)

2
2 €Gprm 4
ME/), - (27T2M7%> (gO'7T7TMO')

< {[(p — k) = MRel + (T, M,)ImI}’
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1
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X

d
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1
Xg{k'pﬂh'(h—p'@hk'%} ; (E.24)

4(69 7F7T>2(gO'7T7I'MO'>2
M£52 = ( : o2 M2 {Dg(p - Q1)}

x {[(p = k)* = M2 ImI — (0, M,)Rel } {DS(p — k)}

1
xotkpar-a—p-@k-al (E.25)

/ 2 €Gprn 2)\
My' = - (%) Iml(k-p) , (E.26)

Mi* = (2(€g"”)2(gmM”>2> {l(p = k)* = M2 ImI — (U; M) Rel }

272 M2
< {AYp—k)} (k-p) (E.27)
My = - <(€gp”;7)r(zg]\”;;M”)>2 MIp = k)? = M2ImI — (ToM,)Rel }
x {AY(p— k) ImI %(k p)? (E.28)
M = = (O ) (- k2 - MR+ (0, M) )
X {A‘;(p - k)} Rel g(k p)? (E.29)

where ImlI and Rel are given in the text in Eq. 2.5 and in Eq. 2.6, respectively.

In the rest frame of the decaying p°-meson
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= q12 = MT% s

g q22 _— Mg s
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E.2 Invariant Amplitude for the Decay p® — 7%7%y

For the radiative decay p°(p) — 7%(q1)7"(q2)v(k), the invariant amplitude

M(E,, Ey) is expressed as

M=M,+ M+ M+ M, , (E.31)

where M, M,', M. and M, are the invariant amplitudes resulting from the

diagrams (a), (b), (c¢) and (d) in Fig. 2.6 respectively,

€ gw us ro a3
Ma/ = - (ﬁgumv) <Vp> e ﬁpuuu(p - QI)oceu A (p - QI)u’ka’EB’
x {illp— @)* = MY+ TuM,} Rs,(p— q1) (E.32)
M !/ _ € gwpw /14’/045 ,u/l/’a’ﬁ’ k
b = = ﬁgwm W € puuu(p - Q2)a€ (p - CI2)H/ o/ €3
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x {il(p — @) = M2 + TuM,} R4, (p — @2) (E.33)
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Ry (q) = : Fy +%%]
" (q2 - ME)Q + (Fwa)2 w Mfz
S Ul (E:30)
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The complex amplitudes are parametrized with M; = M/ 4+iM/ and the absolute

value of the square of the invariant amplitude is obtained as

[ MP = M+ My* 4 M7+ M7+ M+ My™ o+ My + M
+2(Myy? + Mis" 4+ MY2 + Myg® + My, + Mi,?
M// 2 M// 2 M// 2 M// 2 M// 2 M// 2 E.40
+ 12+ 13+ 14+ 23+ 24+ 34)7 ()

where
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< {l(p = @)* = M2RY(p — @) } {[(p = k)* = M2 ImI — (T, M,)Rel }

x {AY(p— k)}
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1
x {2k-p kg pP—(k-@)’p+k p*(—2p ¢+¢)} . (ES57)

i = (o) (5) (5™ )
x { (DM RS (p = 42) } {[(p — k)? = M2|Rel + (Do M,) I}
x {AS(p—k)}

1
x {2%k-pk-g pP—(k-@)’p+k p’(-2p-¢+¢) . (E58)

My = - (e M) — k2 - M2t — (o et
x (A~ B} (ImD) S (k- p)” (E:59)
M//2 _ ((ffgpﬂ‘ﬂ')(gamrMa)>2)\{[( - ]{?)2 - M2]R I—|— (F M )I I}
34 27_[_2]\/[7% p o € oVlg )L

(k-p)* (E.60)

[GVIN )

x {AS(p — k) } (Rel)
where ImlI and Rel are given in the text in Eq. 2.5 and in Eq. 2.6, respectively.
In the rest frame of the decaying p’-meson

k-p = MyE, |,

1
k-q = §(Mp2—2MpE2) ,

k-qu = %(MPQ—ZMpEl) :
p-p = p=M

p-qn = MyE, |

P-qg = MpE2 )
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q1- ¢

q2 - g2

q1 - Qg2

q12 = M20 )

™

Q22 = M20 )

s
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~(M? = 2M,E, —2M%) .

(E.61)
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