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ABSTRACT

ESTIMATION AND HYPOTHESISTESTING
IN STOCHASTIC REGRESSION

SAZAK, Hakan Sava
Ph. D., Department of Statistics
Supervisor : Prof. Dr. Moti Lal TIKU
Co-Supervisor : Asst. Prof. Dr. Qamarul SLAM

December 2003, 201 pages

Regression analysis is very popular among researchers in various fields
but ailmost all the researchers use the classical methods which assume that X is
nonstochastic and the error is normally distributed. However, in rea life
problems, X is generally stochastic and error can be nonnormal. Maximum
likelihood (ML) estimation technique which is known to have optimal features, is
very problematic in situations when the distribution of X (marginal part) or error

(conditional part) is nonnormal.

Modified maximum likelihood (MML) technique which is asymptotically
giving the estimators equivalent to the ML estimators, gives us the opportunity to
conduct the estimation and the hypothesis testing procedures under nonnormal
marginal and conditional distributions. In this study we show that MML
estimators are highly efficient and robust. Moreover, the test statistics based on

the MML estimators are much more powerful and robust compared to the test



statistics based on least sguares (LS) estimators which are mostly used in
literature. Theoreticaly, MML estimators are asymptotically minimum variance
bound (MVB) estimators but simulation results show that they are highly efficient
even for small sample sizes. In this thesis, Weibull and Generalized Logistic
distributions are used for illustration and the results given are based on these
distributions.

As a future study, MML technique can be utilized for other types of
distributions and the procedures based on bivariate data can be extended to
multivariate data

Key Words: Maximum likelihood (ML), modified maximum likelihood (MML),
least squares (LS), stochastic regression, nonnormal error
distribution, nonnormal marginal distribution, minimum variance
bound (MVB), robustness, Weibull, Generalized Logistic.
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STOKAST K REGRESYONDA TAHM NVEH POTEZ TEST

SAZAK, Hakan Sava
Doktora, statistik Bolima
Tez YoOneticis : Prof. Dr. Moti Lal TIKU
Ortak Tez Yoneticisi : Yrd. Dog. Dr. Qamarul SLAM

Aral k 2003, 201 sayfa

Regresyon analizi ge itli alanlardaki ara t rmac lar aras nda ¢ok populerdir
fakat hemen hemen tum aratrmaclar, X'in stokastik olmad n ve hata
da Imnn norma oldu unu varsayan klasik metotlar kullanrlar. Bununla
beraber gercek hayat problemlerinde X, genellikle stokastik de ildir ve hatan n
da | m danorma olmayabilir. En uygun yontem olarak bilinen en ¢ok olabilirlik
(ML) tahmin etme yontemi, X 'in (marjinal k sm) veya hatan n (ko ullu k sm)

da | mnnnormal olmad durumlarda cok problemli bir yontemdir.

Uyarlanm en cok olabilirlik (MML) tahmin etme tekni i ki asimptotik
olarak Oretti i tahmin ediciler ML tahmin etme yonteminin tahmin edicilerine
e ittir, bize normal olmayan marjinal ve ko ullu durumlar alt nda tahmin etme ve
hipotez testi yapma imkan verir. Bu ¢cal mada MML tahmin edicilerinin sa lam
ve yuksek etkinli e sahip olduklar n gosterdik. Dahas, MML tahmin edicilerine
dayal test istatistikleri de literatirde gokca kullanlan en kucik kareler (LS)
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yontemi ile bulunan tahmin edicilere dayal test istatistiklerinden ¢ok daha gugcll
ve sa lamdr. Teorik olarak MML tahmin edicileri asimptotik olarak en kiguk
varyans snrn bulan (MVB) tahmin edicilerine e ittirler fakat simulasyon
sonuglar gosteriyor ki kicik orneklem hacimlerinde bile ¢ok etkindirler. Bu
tezde normal olmayan da | mlara 6rnek olarak Weibull ve Genelle tirilmi

Lojistik da | m kullanIm ve sonuglar buda | mlaragore verilmi tir.

Gelecekteki cal malarda MML tekni i daha de i ik da | mlar igin
kullan labilir ve bu tezde ikili veri seti icin verilen sonuglar gok de i kenli veri
setleri igin genellenebilir.

Anahtar Kelimeler: En ¢ok olabilirlik (ML), uyarlanm en c¢ok olabilirlik
(MML), en kuciuk kareler (LS), stokastik regresyon,
normal olmayan hata da | m, norma olmayan marjinal
da I m, en kicik varyans snr (MVB), sa laml k,

Weibull da | m, Genelle tirilmi Lojistik da | m.

vi
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CHAPTER 1

INTRODUCTION
and
HISTORICAL PERSPECTIVE

Summary: In asimple linear model, the design variable X has traditionally been
taken to be nonstochastic and the random error e assumed to be normally
distributed. It has been recognized, however, that in numerous applications X
might be stochastic and e might not be normal. This gives rise to three research
areas:. (@) X is nonstochastic and e is nonnormal, (b) X is stochastic and e is
normal, and (c) X is stochastic and e is nonnormal. In this chapter, we briefly
review the work done so far in the areas (a) and (b). There is no previous work in

the area ().
1.1 Linear Model Under Nor mality

Consider asimple linear regression model

Y, =Gy +ax +€,1£i £n, (L1.1)

where x's are nonstochastic design values (assumed to be measurable without
error) and e's are identically and independently distributed (iid) random errors.
The parameter g, is called the intercept and g, is called the slope or the

regression coefficient. The parameter g, is of particular importance since % =q,
X

1



and represents the rate of change in y as x changes by one unit. Usualy, x's
(L£i £n) are chosen to be equidistant and such an arrangement is called

symmetric design. In fact, a symmetric design has certain theoretica and

computational advantages which will be pointed out later.

A problem of major importance is to estimate the parameters g, and g,
and test the null hypothesis H,:g, =0. Clearly, H, implies that the design
variable (also called input) has no effect on the response y. Assume in the first
place, as the tradition hasiit, that e's (LE£i £ n) areiid normal N(0,s %) . Since
the method of maximum likelihood has all the desirable optimal properties under
some general regularity conditions, we employ this method to estimate g, , g, and

S . Thelikelihood functionis

1" n

Lu S exp - 252 (Y- Go- @%)* (11.2)

The maximum likelihood (ML) estimators are the solutions of the equations

InL 1 "
ﬂﬂq — ? (y| -q,- qlxi) =0 (113)
0 i=1
InL 1 "
ﬂﬂq =5z (Y- - gx)x =0and (1.1.4)
1 i=1
finL n 1" 2
- 4 (yi_q _qxi) =0. (115)
s s s°. °

~ n n

4 =y-dx. $= (x-%y/ (x-%°, ad (116)

i=1 i=1



1/2

A= y-9-dx-ofin-2 (1.1.7)

i=1
The divisor n-2in (1.1.7) makes $¥ unbiased, i.e., E($) =5 2.

Lemma 1.1: The estimator 4} is the minimum variance bound (MVB) estimator

of g, with variance s?/ (x - X)*and is normally distributed. This follows
i=1

from a re-organization of {InL/9q,. In view of (1.1.3), we have (Kendall and

Stuart, 1979, p.24)

n

ﬂInL (Xi - )_()2 -
=1 (- q) (1.1.8)
19, s

which implies that cfl isthe MVB estimator of g,. The normality follows from the

fact that (}1 isalinear function of iid normal variates y,, y,,..., ¥, -

Fisher Information: The Fisher information matrix 1(g,,q,,S), consists of the

elements - E(1°InL/9gZ), - E(T?InL/1g7) .- E(T?InL/1¢,%9,), etc., and is
given by

1 %
1G0,01,5) =— X (Un) X 0 . (1.1.9)
S i=1
0 0 2

The asymptotic variance-covariance matrix of the estimators 40, 41 and ¢ is

givenby |1, In particular,



V@) =521 (x - %)? and V(S @s2/2n. (1.1.10)

i=1

It may be noted, however, that the expression for the variance V(cfl) given

in (1.1.10) isexact for all sample sizes n (Lemma 1.1). We also have the Cochran

identity

T nredar - v- - 0b.Q= (x- 9y

i=1 i=1 i=1

or (n-1s?° ﬁlQ+(n- 2)s? (1.1.11)
with expected values
(n-Ds?°s?+(n- 2)s? (if g, =0); (L.1.12)

(1.1.12) is, in fact, true even if g, * O but then the expected values of the SS on
the left and the first SS on the right also have a noncentrality parameter. Under the

normality assumption, the distribution of (n- 2)s?/s? is chi-square with (n- 2)

degrees of freedom, and cf} and s’ are independently distributed. Note that
Q= (x-%)°. (1.1.13)
i=1

Remark: It is well known that if X 's are equidistant (without loss of generality

between -1 and 1) then  (x - X)> = x*is maximized, that is, V(d}) is

i=1 i=1

minimized. Such an arrangement is called an optimal design.



Hypothesis Testing: As said earlier, testing the null hypothesis H,, : g, =0 is of

paramount importance. Totest H, against H, : g, >0, we define the statistic

t=] (-0 @ds). (11.14)

Large values of t lead to the rejection of H,. This test is, in fact,

uniformly most powerful (UMP). The null distribution of t is Student's t with
n- 2 degrees of freedom. The nonnull distribution of t is noncentral t with n- 2

degrees of freedom and noncentrality parameter D,

D= ) (x - X)?(q,/5)°. (1.1.15)

i=1

Totest H, against H, : g, * 0, we use the statistic

F= (x-0ds)? =dorst (11.16)

i=1

The null distribution of F is central-F with (1,n- 2) degrees of freedom.
The nonnull distribution of F is noncentral-F with (1,n- 2) degrees of freedom

and noncentrality parameter D?. For details about noncentral distributions, one
may refer to Tiku (1985).

Incidentally, the following properties of the likelihood equations (1.1.3)-
(1.1.5) may be noted:

(i) E(W"InL/Mg,)=0 and E(1" InL/9g;)=0for r3 3,
(i) E(™°InL/9Mg;7s°) =0 and E(T"°InL/Tg;T1s°) =0

5



foral r3lands31
and (i) E(T°InL/Ys?)=-2n/s?, E(1°InL/Ts®) =10n/s?, etc; (1.1.17)

(i)-(iii) are called Bartlett (1953) conditions and together with the Cochran
identity (1.1.11), imply that d, and d, are independently distributed of s?, and d,
is normal and s’ is a multiple of chi-square. We will use such structural

relationships from time to time in determining the distributions of statigtics like
those in (1.1.14) and (1.1.16). We now briefly review the research area (@)
mentioned above.

1.2 Nonnormal Error Distribution

Consider the situation where X in the linear model (1.1.1) continues to be
nonstochastic but the random error e is nonnormal. We consider location-scale

distributions of the type @/s)f((y- n)/s), i.e, the distribution of
z=(y- n)ls isfree of n and s. Under nonnormality, using the maximum

likelihood methodology is in general problematic, e.g, the likelihood equations
have no explicit solutions and solving them by iteration can be problematic for
reasons of (i) multiple roots, (ii) nonconvergence of iterations, or (iii)
convergence to wrong values; see, for example, Barnett (1966), Lee et al. (1980)
and Vaughan (1992). In fact, Puthenpura and Sinha (1986) showed that if the
sample contains outliers, iterations with likelihood equations might not converge
at al. To alleviate these difficulties , we use the method of modified likelihood
due to Tiku (1967; 1968 ; 1980) and Tiku and Suresh (1992). This method
linearizes the intractable terms in the likelihood equations and its features are
discussed in the literature, e.g., Vaughan and Tiku (2000). Suffice it to say here
that this method yields estimators which are explicit functions of sample
observations and are, therefore, easy to compute. The estimators are called
modified maximum likelihood (MML) estimators and are asymptoticaly fully
efficient , i.e., they are asymptotically minimum variance bound estimators. For
6



small samples, they have no or negligible bias and are highly efficient; see, for
example, Senoglu and Tiku (2001, 2002) and V aughan (2002).

Islam et al. (2001) and Tiku et al. (2001) develop modified likelihood
methodology for treating statistically the situations where X is nonstochastic and e
is nonnormal. They consider, for illustration, the following families of
distributions: Weibull, Generalized Logistic, Student's t, and short-tailed
distributions recently introduced by Tiku and Vaughan (1999), namely,

2 ' P 2
f(e)psiuLE_ OPCEI25T)  ycec<y (/50).

2r s2 J2p

For illustration, we present their results for Student's t family which
represents long-tailed symmetric distributions with kurtosis /7% 3 3. The

distributions in this family are aso used to model samples which contain outliers
(Tiku et al., 2001).

1.3 Student t Family

Suppose that e hasthe distribution ( p known)

1 e °
fOU— 1+— - ¥ <e<¥; (2.31)
s ks

k=2p-3 and p3 2. It may be noted that E(e) =0 and V(e) =s?, and the
distribution of t=,/(7/k)(e/s) is a Student's t distribution with 7=2p-1

degrees of freedom. Given a random sample vy,,Y,,...,y, from (1.3.1), the

n

likelihood function is



Writing
z=6/s =(y,- g, - gx)/s and g(2) = 2/[L+ @/k)2?),
the likelihood equations are

finL _2p "
- =T z =0
10, ks i=1g( )

ﬂInL:@ n
ﬂql ks i=1
ﬂInL: n

2p "
-—+— zg(z)=0.
1s s ks .9(z)

x0(z) =0 and

(13.2)

(13.3)

(1.3.4)

(1.3.5)

(1.3.6)

As explained in Tiku and Suresh (1992), and Vaughan (1992), solving

such equationsis problematic. In particular, they have multiple roots.

1.4 Modified Likelihood

To formulate the modified likelihood equations, we write (for agiven g,)

W) = Yy - 4 and Zg) = (wgp - Go)/s LETEn;

(1.4.1)

(Y, X)) may be called concomitants of z; and is that pair (y;,X;) which

determines z;. Since complete sums are invariant to ordering, the likelihood

equations (1.3.4)-(1.3.6) can be written as



ﬂIanﬂ n

ﬂ% ks i=1 ()
finL _2p "

=—  X.9(z,) =0 and 143
lgv ks ia 19(z0) (43
finL n 2p"

= 4+ 7 z,)=0. 144
1S s ks n9(z) (1.4.4)

Notethat g, and s (> 0) have no role to play in determining the ordered variates

Z(i) .

Linearization: Since the function g(z) is linear (almost) in a small interval
a<z<b, and z; islocated in the vicinity of t; = E(z(i)), (@£i £n), we have

thefirst two terms of a Taylor series expansion

o(2) @a(ty)+ [z - 1] So(2)
z=t)

=a, + bz, LEi £n. (L4.5)
Thus,
2/ K)t¢ 1- @/ K)t¢
ai:% and bi:(—)(')z,1£i£n. (14.6)
L+ @i} fr @i}

Thevaluesof t;) (1£i £ n) aregiven in Tiku and Kumra (1981) for p =2(.5)10
and n£20. For n310, the approximate values of t; obtained from the
eguations

1 1) 2

p .
Z | .
1+5  dz=——, (1Ei £n), 1.4.7
Jkb(1/2,p-1/2) k el ) (14.9

9



are used. Readlize that t =,/(7/k)z has Student's t distribution with 7=2p- 1
degrees of freedom. An IMSL subroutine is available to compute t;) from (1.4.7).
The use of the approximate values of t; for al n3 10 does not affect the

efficiency of the resulting estimators adversely (Tiku and Suresh, 1992; Tiku et
al., 2001).

Modified likelihood equations are obtained by incorporating (1.4.5) in (1.4.2)-
(1.4.9):

 +b.z,1=0 (2.4.8)
19, 19, KS iz ()}

finL _fInL" _2p "

==F na; +b.z;,;=0 and 149
ﬂ% ﬂ% ks i=lX[]{ ()} ( )
finL _gInL n 2p"

=-_—+2F z23a +phz.t=0. 1.4.10
is s P s (|){ i i (|)} ( )

The equations (1.4.8)-(1.4.10) are asymptotically equivalent to the
likelihood equations (1.4.2)-(1.4.4); see Vaughan and Tiku (2000) for a rigorous
mathematical proof.

1.5TheMML Estimators

The solutions of the equations (1.4.8)-(1.4.10) are the following MML estimators:

4, =V, - 4%;, d=K+LA and (15.1)
A= {B+\/(Bz +4nC)}/2m (15.2)

10



where
m= b, y;=am)
i=1

K= i b, (%) - )_([.])y[i]/_j b, (4 - X)°

n
i=

) by % =@/ m) » b X1

L= a(x- >_<[.])/ b, (X - X%
i=1 i=1

2p " _ =
B:Tp __lai{y[i] - Y- KO- x[_])},and
_2p" = P
C== 3 b{yiy - Yy - KO- %}
2 n _ " =
:Tp b(yp - Vi) ¥ - Ko b0 X))y - (1.5.3)
i=1 i=1

Note that B/,/(nC) @0for large n and, consequently, ¢ @C/(n- 2).

Since for symmetric distributions t, ;.,) = - t;;), itimmediately follows that

a =0and b, ., =b,1EIiEnN. (1.5.4)

i=1

Computations. The MML estimators are computed in two iterations. In the first
place, they are computed from the order statistics wy of w =y, - c?lxi
ALiEN), g = (- >‘<)yi/ (% - X)? being the least squares (L S) estimator
i=1l i=1
of g,. In the second iteration, the estimate c?l is replaced by zf} and the
computations repeated. Tiku et al. (2001) and Islam et a. (2001) show that no
more than two iterations are needed for the estimates to stabilize sufficiency
enough.
11



Comment: It is clear from (1.5.2)-(1.5.3) that ¢ isreal and positiveif b, 3 0 for
al i=12,...,n. Now, b, isanincreasing sequence until the middle value and then
decreases again in a symmetric fashion. Thus, if 6, 3 O then all b, coefficients

are nonnegative. For small p and large n, however, b, (and possibly few other

coefficients) can be negative (Tiku and Suresh, 1992; Vaughan, 1992).
Consequently, & can cease to be real. In such situations, we recast the linear

approximation (1.4.5). This can be done since g(z;)) is bounded and so are a;

and b, (L£i £ n). Now (Tiku et a., 2001)

9(zy)) @a; + bz, 1£i £n, (15.5)
where
a =0 and b =Y{+@K}. (1.5.6)
Asymptotically,
a, + bz, @a; + bz, since z,- t; @0. (15.7)

Remark: Since b, is negative only for small pand large n, the linear functional

(1.5.5) is not used that often.

Asymptotic Variances-Covariances. Since the MML estimators (1.5.1)-(1.5.2)
are asymptotically equivalent to the ML estimators, their asymptotic variance-

covariance matrix is given by 17%(g,.q,,S), where | is the Fisher information

matrix consisting of the elements - E(12InL/1g2), - E(12InL/1g,14,), etc.

12



The Fisher information matrix is

1 X 0
_n p(p-1/2) _ "2 s
I(qo,ql,s)—?(pﬂ)(p_?,/z) (1/n)i=lxi 0 (p®2). (158
0 0 2(p-p3/2)

This gives, in particular, the following MV B:

2 - o2 n
MVB(g,) =2 PEIR- 312 X e =1 T (- e,
n  p(p-12) S5 N iz
2 ) 2
MvB(g,) =S (PHIP-3/2) 1 oy pypsy =S (P+D (15.9)
p(p-1/2) s, 2n (p-1/2)

Tiku et al. (2001) simulated the means and variances of (fo , 4} and ¢ for
p=2,3,4and5 and n=20,50and100. They showed that these estimators have

negligible bias and their variances are very close to the minimum variance bounds
above. In other words, the MML estimators are highly efficient as expected.

n

Remark: It may be noted that V(d}) isinversely proportional to  (x, - X)?, as

i=1
in the situation when the error e is normally distributed. Therefore, a design which
isoptimal for normal is also optimal for Student' st family, at any rate for large n.
This is a very useful result since there is no necessity of re-inventing optimal

designs.

Least Squares:. No distributional assumptions as such are made in deriving the

L S estimators. The only requirement is the existence of the mean and the variance

of €. Theestimatorsof g, and g, are obtained by minimizing

13



&= (Yi-G-aqx) (1.5.10)
which gives

670:7'671)_(1 (-;1:_ (Xi')_()yi/_ (Xi—>‘()2,and

i=1

§2=min ef/(n- 2= {y-y-a0x- i)}z/(n- 2. (@51

The LS estimators are used very widely. For the family (1.3.1) and other
families, however, Tiku et a. (2001) and Islam et al. (2001) showed that the

MML estimators are enormously more efficient than the LS estimators.

Another important issue is that of robustness. An estimator is said to be
robust if it is fully efficient (or nearly so) for an assumed model but maintains
high efficiency for plausible alternatives (Tiku et al., 1986, Preface). The MML
estimators are known to be remarkably robust (Tiku, 1980; Tiku et al., 2001,
Islam et al., 2001; Akkaya and Tiku, 2001). We will address the issue of

robustnessin later chapters.
1.6. Hypothesis Testing for Symmetric Family

Totest H, :g, =0, we have the following result regarding the distribution of the

MML estimator cfl givenin (1.5.1).

Lemma 1.2 Conditionally (s known) the asymptotic distribution of
cfl(s) =K +Ls isnormal with mean g, and variance sz/ b, (X - >‘<[.])2 . This
i=1

follows from a re-organization of (1.4.9). In the light of (1.4.8), it can be

expressed in the form
14



n

finL" _ P04 )_(['])2{ }
= = K+Ls)- q}. 16.1
1. 32 ( )- G, (1.6.1)
Also
imE " B0 - x)? = 2D (16.2)
YN iy (p+D(p- 3/2)

Totest H,:g, =0 against H, : g, >0, we use the statistic (p 3 2)

(p+1D(p-3/2) * A (1.6.3)

T:J p(p-12) &

The null distribution of T is asymptotically normal N(0,1) . This follows

from (1.6.1) and the fact that ¢ convergesto s as n becomes large. For small
n, the null distribution of T is referred to Student's t with n- 2 degrees of
freedom.

The statistic based on the LS estimatorsis
G =/(ns?) (g, /5), (1.6.4)

c;l and S, are given in (1.5.11). The null distribution of G is asymptotically

normal N(0,). This follows from the fact that S converges to s and c;l IS

asymptotically normal by Central Limit Theorem. The asymptotic nonnull

distributions of T and G are aso norma with noncentrality parameters Dand

D, , respectively:

15



D = f{np( p- 1/ 2)/(p+1)( p- 3/ 2)}s?| (g / s ) and D, = (ns2)(g, /s )* (1.6.5)
Theratio of the two noncentrality parametersis

D’ /D, = p(p- 1/2)/(p+1)(p- 3/2) (1.6.6)

which is greater than 1 for al p<¥ . For p=¥, D’/D; =1 which was to be

expected since the distribution (1.3.1) reduces to normal, and the estimators
(1.5.2)-(1.5.2) reduce to the LS estimators. The T test is, therefore,
asymptotically more powerful than the classical t test for all p<¥.For p=¥,

T reducesto t.

Tiku et a. (2001) investigate the power properties and robustness of the T
and G tests. Realize that the latter is very commonly used in practice. They show
that the T test is robust and more powerful than the G test. They have in fact a
very interesting result, namely, if the sample contains outliers or the sample is
contaminated, the T test has not only smaller Type | error but has generaly
higher power. For illustration, we reproduce their results in Table 1.1. The

assumed model is (1.3.1) with p=3,i.e. f(3,s), but the sample comes from

(s =1 without loss of generality)

(@) the outlier model: (n- 1) observations from f(31) and 1 ( we do not

know which) comes from f(38);

(b) contamination model: 0.90f (31) + 0.1IN(0,8%).

Their simulated values of the Type | error and power are given in Table
1.1 and are based on [100,000/ n] (integer value) Monte Carlo runs.

16



Table 1.1 Values of the power of the T and G tests; n = 30.

Model (a) Model (b)

q, T G T G
0.0 0.045 0.080 0.025 0.044
0.4 0.31 0.34 0.28 0.30
0.8 0.69 0.64 0.66 0.58
1.2 0.88 0.80 0.86 0.77
1.6 0.95 0.89 0.97 0.89
2.0 0.97 0.93 0.99 0.95

Not only has the G test lower power but it has also substantially higher
Type | error than the presumed level 0.050 for model (a). The G test, therefore,

has neither criterion robustness nor efficiency robustness.

1.7 Stochastic Design Variable

In numerous applications the design variable X in the model (1.1.1) is aso
stochastic. This is indeed the research area (b) mentioned earlier. Consider, for
example, the following well-known data given in Table 1.2 where X represents
100 times the white blood counts and Y represents the survival times (in weeks) of

patients who died of acute myelogenous leukemia (Gross and Clark, 1975).

Table 1.2 Gross and Clark data.

[ 1 2 3 4 5 6 7 8
Xi: 23 7.5 43 26 60 105 100 170
Yi: 65 156 100 134 16 108 121 4

[ 9 10 11 12 13 14 15 16
Xi: 54 70 94 320 350 1000 1000 520
Yi: 39 143 56 26 22 1 1 5

Source: Gross and Clark (1975)

17



Clearly, X and Y are both random variables. In fact, Vaughan and Tiku
(2000) showed that it is reasonable to regard X as a Weibull random variable and
the conditional distribution of Y given X =x as normal. To initiate a proper
analysis of the Gross and Clark data given in Table 1.2, we proceed step by step

asfollows.

Marginal and Conditional both normal: In the first place assume that in the
model (1.1.1), Xisnormal N(m,s?2) and Y given X = x isnormal N(m,,s3,),
where  n,, =n,+r(s,I1s)(x- n)=q,+gx ad s, =si(l-r?);
g,=n,-qn and g, =r(s,/s;). Redize that the distribution of € is, in fact,
the conditional distribution of Y given X = x other than the mean E(e) =0. The
parameter r is the correlation coefficient between X and Y. Let (X,V;),

1£i £ n, bearandom sample of size n. Thelikelihood functionis

1 " - eemest g " - (v mer(sals)is- mf/2s},
L Hn — e i1 e =t
sl 52.1
“LL,, (L7.0)

which is essentially of the form
A
O a(x)h(y; %) (2.7.2)
i=1

asit should be.

The ML estimators are solutions of the following equations:

finL _ 1 " ,
= — X - +
e B

r s, "

S
Yi- M- I’S—Z(Xi -m) =0 (L7.3)

2
i=1 Sa1 51 = 1
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fInL n 1"
=-—+= (x-m)’

1s, S, S;ia

r s

n S,
(X -m)y- r=2%(x-m) =0
51522.1 S = e S,

=— r—(x- m) =0
Tim 5221i=1 e S,
2
finL n 1 "
= —++ /'_X_
ﬂ52 52 52522.1 i=1 ”L ( ’71)
+ (X-ﬁz)y. -f—(X- m) =0 and
SISZlI—l sl
2
finL _  nr r "

= : - m- 32 (% - m)
T @-r7) sha-rt).y O s A

1 s, "
t— —= (X-m)y- f—(X- m) =0.
522.1 Sioim " S

s
Also g, =r—% ,
sl

finL _ 1 "
= X - - - X - =0
fq. sz O m{(y; - m)- a.(x - m)}
which gives

0= - mu-m/ " o my

(1.7.4)

(1.7.5)

(1.7.6)

(1.7.7)

(1.7.8)

(1.7.9)

The solutions of the eguations above are the well-known ML estimators of 7,

n,,st, s, r and g,, respectively:
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x=@Wn) X, y=Wn y.$= (- 2)2/(n-1>,

i=1 i=1

=" -9 fo-, i\=”(xi-x)yi/\/ %R (-9 e

i=1 i=1 i=1

A= (x- i)yi/ (% -7 (17.10)

i=1 i=1

Of course, s* and s; are bias-corrected estimators. The bias-corrected ML

estimator of s2, iss?, =s? =s2(1- A) = {yi -y- cfi\(xi - X)}Z/(n— 2).

n
i=1
Remark: It is very important to realize that the ML estimatorsof 7,, s and g,

obtained from L, (with n, and s replaced by X and s?, respectively) are
exactly the same as those obtained from the entire likelihood function L. This has
unfortunately created the impression that using the conditional likelihood function
L, (with 7, and s} replaced by X and s, respectively) will suffice and the
margina likelihood L, has no role to play in the estimation of 7,, sZ and g,.

This is not true if X has a nonnormal distribution. This is illustrated in the

following section.
1.8 Nonnormal Marginal Distribution

Suppose that the marginal distribution of X is the extreme-value distribution
(Vaughan and Tiku, 2000)

g(X)=sieX|O- cep - My <x<y. (1.8.1)

1 1 :;1
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This distribution is important not only on its own but also for the fact that
if U hasthe Weibull distribution

f(u)= exp - % , 0<u<¥, (1.8.2)

o |
o | c

then X =InU has the extreme-value distribution (1.8.1) with 7, =Inb and
s, =1/a.Since a determines the failure rate of U , the parameter s, in (1.8.1)

takes on an added importance.

Suppose that the distribution of € is normal as in the previous section.

Given arandom sample (X, y,), the likelihood function is

n 1 n

Lus;"s;"@-r>)"*exp - (z-€2%)- ———~ ¢€ 1.8.3

P— 1 2 ( ) p i=l(| ) 2522(1_ ,_2) i:]_q ( )
where z =(x - n)/s,ande =y, - m- r % (x-m) AEIi£n).

1

The likelihood equations for estimating 7,, s,, n,, s, and r are
ﬂ|nL:£_i exp(_ Zi)_ r 5 e =0 (184)
im s, Siia 5.5,1-r)ix
ﬂlnl—:_l_i z exp(_zi)-{-i Zi_;z ze =0 (185)
1s, S, Sii= S1ia 5:5,(- 7%) ia
finL _ : 1 _ e=0 (1.8.6)
ﬂ”l 52(1' r )i=l
finb_.n, 1 "g 4 ze =0 and (1.8.7)

+
is, S5 5;(1' r?)ia 522(1' r?)ia
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fInL nr r "o, 1 n
- i} e+ = z7e =0. 1.8.8
fir (1' /,2) 522(1' /,2)2 i=1 | 52(1' fz) i=1 “ ( )

2

Writing g, = r S2
s

1

, we aso have

finL S, "
= ze =0. (1.8.9)
9. s;Q-r*)ia

Due to the intractable nature of the first two equations, (1.8.4)-(1.8.8) have
no explicit solutions. Solving them by iteration is indeed problematic as is, in
general, true with likelihood equations ( Tiku et. a., 1986).

1.9 Maodified Likelihood Equations

Since the ML estimators are intractable, we derive the MML estimators. We
reiterate that under some very genera regularity conditions, the MML estimators
have the following properties (Tiku and Suresh, 1992; Vaughan 1992; Vaughan
and Tiku, 2000):

(a) asymptotically, the MML estimators are fully efficient, i.e., they are
unbiased and their variances are equal to the MVB (minimum variance
bounds);

(b) for small samples, the MML estimators are amost fully efficient, that
is, they have no or negligible bias and their variances are only marginally
bigger than the MV B;

(c) the MML estimators are explicit functions of sample observations and

are, therefore, easy to compute.
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To derive the MML estimators in the present situation, let

X(l) £ X(2) £..E X(n) (191)

be the order statistics of the random sample X;,X,,...,X,. Let yj be the vy,
observation which correspondsto X; y;; may be called concomitant of x;. The

sample observations are now denoted by (X, ), 1£i £n. Write

S .
Z(i) - (X(i) - m)/sl and ql] = y[l] -m-r 5—2 (X(i) - m) (l£| £ n). (192)

1

The fact that complete sums are invariant to ordering implies that

3 g)=0and 3 ;87 =0 (1.9.3

from (1.8.6) and (1.8.9). Thus, the equations (1.8.4)-(1.8.8) reduce to

finL _n 1"

= - exp(-7,)=0
ﬂ”l sl sli:1 ()
finL n 17"
=-—- = zexp(-7,) =0
s, S, S, ia (i) (i)
finL _ 1 n B
&) =0

Im  sI@- r?) i

fnt_.n, Lt &) =0 and
Is, S, S,1-r°)ia

fink _ nr r "
ir (@-r% si@-r?»%

ef =0. (19.4)
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Solving these equations is problematic because of the function exp(- z;) .

Linearization: To linearize exp(- z;), we need the values of t; = E(z(i)),

1£i £n. They aregiven by (Lieblien, 1953; White, 1969)

tj) =c+i e (-1)1'—"1.(I +.J) (1.9.5)
I j=0 ) I+

¥
where c= In(u)exp(- u)du @0.57722 is the Euler constant. For n3 10,

0

however, t) obtained from the following equation are used (David, 1981),

L)

_ _ 2
_¥g(z)dz Eeyer 0(2) =exp(- z- €7%) (2.9.6)
which gives
tyy @ In[- In(i/(n+1)], LEi £n. (1.9.7)

Now we have the linear functional, obtained from the first two terms of a Taylor

series expansion,

e 0 @Zi - bi Z(i)’ 1£i £n, (198)
where
b, =- 4 =e' and a = (1+ty). (1.9.9)
dz

Z:t(i)
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It may be noted that b, ispositivefor al i =12,...,n

The modified likelihood equations are obtained by incorporating (1.9.8) in the
first two equationsin (1.9.4). Their solutions are the following MML estimators:

A =K+D&H (1.9.10)
X _ (B+ B? +4nC)
A= o (19.12)
P .
=y- AZZ (- 1912
=y & (X- ) (1.9.12)
- i ﬁ_ 12
A= s+ e < 1 (1.9.13)
and
PSR R}
A= =L =12 . (1.9.14)
o (- A
Here, nx = _n X s ny: _n Yi (n' 1)35 = _n (Xi - )_()2’ (n' 1)35 = _n (yi - y)z’

(n-Ys :_ (% - X)(y; - y),and

b.x(i),D:— a-a), m= b
i=1

i=1

Elle
3

B= (1- ai)(X(i) - K) and C = bi (X(i) - K)2 = bi X(ZI) - mK?2. (1915)
i=1 i=1 i=1
Note how different the estimators of 72,, s, and g, are than those based on the

conditional likelihood L, (with /151 and & replaced by X and s?, respectively).

ylx
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Inevitably, the estimators & and & have to have the property that & >0 and

A £1. We now establish these results as follows.

Remark: The estimator 5522 is always positive. This follows from the fact that

2 2.2 2 _ (a2 [c2Y3 &2 _ &2 =
Sy £5;S, sothat s; - (s, /s;)® s, - s, =0.

Remark: The estimator A is bounded above by 1. This follows from the fact
that

A= — 1 - (1.9.16)
1+ S¢Sy 1 Sy
SZ}Z}Z SZSZ
Xy Xy

and O£ s} £ s]s; ; seealso Tiku and Kambo (1992).

y

Lemma 1.5: The asymptotic distribution of /5} is conditionally (for known s,)

normal with mean 7, and variance s/ /m.
For known s, A = A(s,) =K +Ds,, and

fInL _ m

o ;{ﬁz(sl)- m}. (1.9.17)

The result follows from the fact that InL /9 is asymptotically equivalent to
finL/qn, and E(T1" InL /9M7) =0 for al r3 3. It also follows from (1.9.17)
that /4 isthe MVB estimator (asymptotically).
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Lemma 1.6: Asymptotically, the estimator 351 is conditionally (for known n,)
the MVB estimator of s,.

For known 77,, & = A(n,) isgiven by

(BO +./B + 4nCO) (19.18)

A(m) = o

where

By= (@-a)(x)-m)andCy=  b(x- m)?.

i=1 i=1

Further,

finL" _ n B, +4B+4nC, s B, - /B +4nC, s (19.19)

Is, s 2n ! 2n !

The only admissible solution of (1.9.19) is s, = 551('71) and the result follows; see

Kendall and Stuart (1979).

Corollary: Since for large n, B, is very small as compared to ./(nC,),

B,//nC, isnegligibly small. Thus,

InL" _n C
“ﬂs @ =-si. (1.9.20)
1 1
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Therefore, 9 (m) @C,/n is asymptotically the MVB of s and C,/s? isfor

large n distributed as chi-square with n degrees of freedom; see Kendall and
Stuart (1979).

Remark: For small n(£15), A and 4 have some bias. The bias corrected

estimators are given by

(1.9.21)

Lemma 1.7: For known n, and n,, 4}(/71,/7;) is the MVB estimator of g, and
is normally distributed with mean g, and variance s 7 (1- rz)/ (x - m)?.

i=1
This follows from the fact that

_ 2
finL _finL" _ izl(x‘ m)
ﬂql ﬂ% 522(1' ,.2)

(4}(%@) - ql)- (1.9.22)

1.10 Asymptotic Covariance Matrix

The asymptotic covariance matrix of the estimators #,9, &, & and A is
given by I'l(nz,sl,/n,sz,r), where | is the Fisher information matrix
consigting of the elements - E(T?InL/9n7), - E(T°InL/qs?), etc. Writing
k =(p*+6c*+6-12c)/p> @1.10866 (c € 0.57722 being the Euler constant),
the elements of this matrix are (Vaughan and Tiku, 2000):

- E(T?InL/nf) =ksZin, - E(T?InL/Tms,) = 6(1- c)s2/np?,

and so on.
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Testing the null hypothesis H, : » =0 is of primary importance. That can

be done as follows.

Since the MML estimators are asymptotically equivalent to the ML
estimators, the likelihood function L is maximized (asymptotically) by the MML
estimators (Vaughan and Tiku, 2000). Thus, the likelihood ratio is
(asymptotically)

A= max(L[H,)
max(L |H,)
£ " (n-98] o (-1
=== (1- A)?exp ——= 21 A)- (1.10.1)
S, 2(1- A& 2
x S
where A :i is the usual Pearson sample correlation coefficient. Since SS
Xy

and &% both convergeto s2, and A and A both convergeto r as n tendsto

infinity, the exponent is essentially zero for large n, so that the likelihood ratio is

amonotonic function of /. Thus, to test H, against H,: r <0 (or r >0), the

test based on A will be uniformly most powerful (asymptotically). Vaughan and
Tiku (2000), therefore, propose the statistic

w = 7/\6/[np?) (1.10.2)

67

6/ (np 2) is the asymptotic variance of A under H o» Obtained from

{i(msm.s,.r)}, . (1.10.3)
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The null distribution of W is referred to normal N(0,)) . Large values of W lead
to the rgjection of H, against H,: 7 >0 and small values of W lead to the

rejectionof H, against H, : r <0.

For the Gross-Clark data (see Table 1.2) reported in Section 1.7,

A=-07121 and W =-3.654. (1.10.4)

The computed value of W being less than - 3.09, the null hypothesis H, is

rejected even at 0.1% level, let alone the 1% and 5% significance levels used so
often. The conclusion is, therefore, that a higher white blood count tends to
shorten the survival time of a patient. This is in conformity with the medical

opinion.

Remark: The estimate A=-07121 above is estimating the correlation
coefficient between In of white blood count and the survival time of a patient. To
estimate the correlation coefficient between white blood count and survival time,
however, we need to take the distribution of X as Weibull and the conditional
distribution of Y given X = x as normal. That is the model proposed originally by
Vaughan and Tiku (2000) but they did not give the mathematical analyses. We
consider this situation in Chapter 2, and develop the required mathematics.

Another interesting situation isthat X has Student' st distribution and the
conditional distribution of Y givenX =x is normal. Tiku and Kambo (1992)
mention that this model has genetic applications. We now briefly review the

estimation of parameters under this model.

1.11 Student t Marginal and Nor mal Conditional

Let the marginal distribution of X be
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1, (x-m)? " .
g — 1+——1 - ¥ <x<¥; (1.11.1)
S ks

1 1

k=2p-3and p3 2. Itiseasy to show that E(X) =, and V(X) =s?, and the
distribution of t =./(n/k)z, z=(x- n,)/s,, has a Student's t distribution with

n=2p- 1 degrees of freedom.

Here, the likelihood functionis

-m? " 2T faszae 2
% - m) 1 e . (1112)
ks; s,;@-r7)

" g
Ly L @) 14
i=1

Sy

e=y-m-r % (%, - m). The likelihood equations work in terms of the

1

intractable functions
9(z)=z/[L+ WK)Z), 1Ei £n. (1.11.3)

Conseguently, the likelihood eguations have no explicit solutions. In fact, they
have multiple roots. Solving them by iteration and locating the ML estimates is
very problematic (Tiku and Kambo, 1992). To obtain the MML estimators, we
first express the likelihood equations in terms of zj :{x(i) - /71}/51 @£i£n).

Writing tg) = E(z,)) (1£i£n), modified likelihood equations are obtained by

replacing g(z(i)) by

glz)€a + bz, 1Ei £n. (1.11.4)
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The coefficients a, and b, are determined by the first two terms of a Taylor
series expansion of g(z(i)) around t; . Infact,

2/ K)t¢ 1- @/ Kt¢

_ @ ad b = @/K)tg)

b =

L+ @il Thewog P (1.1L5)

The values of t;) are available in Tiku and Kumra (1985) and Vaughan (1992b);
tois) =-t;) @QE£i£n). The modified likelihood equations have explicit

solutions, giving the following MML estimators:

= ’ b, X /m (m= .n b), A :{B+w/(B2 +4nC)}/21Hn(n— D}, (1.11.6)

A=y A% (x- &), (1.11.7)
#
2 Az 1/2 s /A

A = s§+S—XX2y s_f 1 and A= S—szy;\, (1.11.8)

B=(2p/k) a;xy and C=(2p/k) b (x,- M)*. (1.11.9)
i=1 i=1

Notice the remarkable property of the MML estimators, namely, in spite of the
fact that the extreme-value distribution (1.8.1) is very different from the long-
tailed symmetric distribution (1.11.1), the formulae (1.9.10)-(1.9.14) and (1.11.6)-

(1.11.8) are exactly similar to one another.

Comment: The estimator 551 is real and positive if b, is positive. For small p

and large n, however, b, (and possibly few other coefficients) can be negative
(Tiku and Suresh, 1992; Vaughan, 1992) as said earlier. In such situations, we
replace a, and b, by a; and b, , respectively:
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a =0 and b =Y+ WK} (111.10)
This does not alter the asymptotic properties of the estimators.
1.12 Asymptotic Variances and Covariances

The asymptotic variance-covariance matrix V of the MML estimators (1.11.6)-
(1.11.8) are obtained by inverting the Fisher information matrix. Because of the

symmetry of (1.11.1), V assumes an interesting form:
V= (1.12.2)

where

roezp@-rm s
2a2
_k s k s n s;5, 55

2p r 1 m

5251 512

(1.12.2)

1

and, similarly, V,. Redlize that V, is different from the variance-covariance

matrix of the sample means X and y, namely,

1 r
s2 55, s2s?
Vo=Covx,y)= °F Oy T (112.3)
5251 5_12
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Since (Tiku and Suresh, 1992)

lim M = (P-1/2)

(1.12.4)
ne¥ n p +1

V, -V, isaways a positive semi-definite matrix, even asymptotically; V, - V, =0
only if p=¥ in which case (1.11.1) reduces to norma N(m,s/}). It is,

therefore, very important to pay attention to nonnormality of the marginal
distribution.

Tiku and Kambo (1992) develop a Hotelling type T2 statistic for testing

the mean vector
H, : 2 - 8 . (1.12.5)

Their statistic is
T2 =8k, = (R, B). (112.6)

They show that sz is more powerful than the bivariate normal-theory Hotelling

T? statistic which they denote by T, .

Tiku and Kambo (1992) give the likelihood ratio statistic, similar to
(1.10.2), for testing H,: 7 =0. They also extend the methodology to censored

samples. Censored samples occur due to experimental constraints.



CHAPTER 2

NORMAL CONDITIONAL AND NONNORMAL MARGINAL
DISTRIBUTIONS

Summary: Wefirst consider the situation when X has athree parameter Weibull
distribution and the conditional distribution of Y given X = x isnormal. Then we
develop estimation and hypothesis testing procedure for the case when the
marginal distribution is Generalized Logistic and the conditional is normal.

2.1 Marginal Weibull and Conditional Normal

In this section we consider the situation when the marginal distribution of X is
three parameter Weibull and the conditional distribution of Y given X =X is
normal. We first estimate the parameters and then develop the hypothesis testing
procedures based on the MML estimators.

2.1.1 Estimation of Parameters

Suppose that the marginal distribution of X is the Weibull distribution with
density

p-1

p x-m x-m "
1

g(x) = exp - : (2.1.1.1)
S

1 51

and the conditiona distribution of Y given X = X is the normal distribution with

density
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1 .
Jops,@- r*)?

h(y|x) =

y- m- 2t
e

exp (x- m)

2570 r7)

where n, <x<¥, -¥ y ¥, n,m1 A ,s,s, 0,-1r

(2.1.1.2)

1, p>0.

Given arandom sample (x,,y;) (L£i £ n), thelikelihood function is

n n

b 1

i)
Lus;"s;"@- r2y"Qz"'exp - z°- ———
p' 1 2 ( ) O i p o i 2522(1_ rz) o

i=1

€

2

(2.1.1.3)

where z =(x - n,)/s,ande =y, - m- r % (%-m),1Ei£n; r*<1.

1

The likelihood equations for estimating 7,, s, 17,, S, and r are

n

r

ﬂlnl_:_(p'l) n Zi_1+£ ip-l_—2 Q:O
im S1 a1 S1i= 5,5,-7%) i
finL_ n (p-9 2zt + B g e ;2
fis, S, S; ia S1ia 5.5,(0- r?);
TinL 1 o

2 2 €=
ﬂ”} 52(1' r )i:l
Mh- Ny 2 er o ze=0and
fis, S, S;(1-r%)ia S;(@-77)ia
finL nr r ", 1 " —0.

@77 SIS 7
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(2.1.1.4)

) ze =0 (2.1.15)

(2.1.1.6)

(2.1.1.7)

(2.1.1.8)



Writing g, = r % , we also have the additional equation
1

finL_ s, "
_ ze =0. 2119
19 si@- )" (21.19)

Due to the intractable nature of the first two equations, (2.1.1.4)-(2.1.1.8) have no
explicit solutions. Solving them by iteration is indeed problematic as is, in
general, true with likelihood equations (Tiku et. al., 1986; Tiku and Akkaya,
2003).

To derive the MML estimators for this situation, let

be the order statistics of the random sample x,,X,,...X,. Let yj be the vy,
observation which corresponds to X; yj;; may be called concomitant of x;). The

sample observations are now denoted by (x;y, yj;), 1£ i £n. Write

s .
z) = (X - m)/s, and ) =y - M- r 5—2 (X - m),1€i£n. (21.111)

1
The fact that complete sums are invariant to ordering implies that

» gy=0and z,g;=0 (2.1.1.12)

i=1

from (2.1.1.6) and (2.1.1.9). Thus, the equations (2.1.1.4)-(2.1.1.8) reduce to
(p>1)
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ﬂInL:- (p-l) " Z('.l+_p " ZP)'lzo

(i

ﬂnz 51 i=1 51 i=1

Mk o D BB gzt 2 gz =0
s, S, S1 = Sii=

finL_ 1

=0
m si- o).
finL _.n. 1 "o,

ﬂsz 5_2 523(1' fz) i:1qi B

T”nl_ _ nr s n _
r ~@-r?3) si-r3? g &) =0. (2.1.1.13)

Solving these equations is problematic because of the functions z('j and zf) '. To

alleviate this difficulty, we linearize these functions by using the first two terms of

Taylor series expansions around E(z;)) =t asfollows:

-1

dz;
. )
Z) @) + (7 - t)

dz
Zi) =)
=a- biOZ(i)’ 1£i £n. (21114)
where a, =2t and b, =t;;.
And
dzfy*
-1 -1 i)
@y + (- ) —;
)=t
=a, + bz, , LEi£n. (2.1.1.15)
where a =(2- pify* and b, =(p- Dfy>.
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Remark: We assumethat p >1 which istrue in most engineering and biomedical

applications, since p >1 representsincreasing failurerate r(t) = f (t)/(l- F(t)).

Substituting (2.1.1.14) and (2.1.1.15) in (2.1.1.13), we obtain the following
modified likelihood equations:

finL _fInL" _ (p-1 " p "
@ =- aio- bz )+— \a +b,z,)=0 2.1.1.16

m m s, i:1( 0 0 ()) s, i:1( ()) ( )
finL _TInL n (p-1)°"

= —_ A 7 - b
ﬂsl ﬂsl S, S, ia Z(I)(alo IOZ(I))

+—p " Z(i)(ai +biZ(i)):0 and (21117)

Sz

finL _1InL -0, finL _ TinL -0, ‘I]InL:‘I]InL 0. (21.1.18)
1m 1m 1s, 1s, Tr 1r

The MML estimators are the solutions of the equations (2.1.1.16)-(2.1.1.18):

- - D -

A= - (2.1.1.19)
_ 2

A = B+“ZB +4nC (2.1.1.20)

n
h=y- A% (X- ) (2.1.1.21)
1/2

. SZ A2

A= 5+ % 1 and 2.1.1.22)

. s, §

F=51 (2.1.1.23)
Sx 52
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Additionally,

- Ry, - A)
g =" — . (2.1.1.24)
- (% - /%)2
Asusual,
= x.ny= oy (-9 = (x- %7
(-0 = (y- 9% (- Ds, = (x - Ny, - 9), and
L 10 . _
" _Eiﬂdix(i)’ a =(p-Db,+pb, m i:ldi’

Di:(p_l)aio- pai! D= Di;
i=1
B= Di(xy- &) adC= d(x,- &)’ (2.1.1.25)

i=1 i=1 i=1

N
Q
2%

3
X

Lemma 1: The estimator A is always positive. This follows from the fact that
s;, £2s? sothat s - (s;,/s2)® s2-s.=0.Since s;, 9 /s; isaways positive,

the result follows.

Lemma 2: The estimator A always assumes values between 0 and 1. This

follows from the fact that

Al =1 = 3 2 2.2
ST S AT IR )
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2.1.2 Conditional and Marginal Likelihood Functions

We now separate out the likelihood function into two parts as conditional and

marginal density functions and consider a reparametrization in the conditional

part. If welet w =y, - g,x, n,, =n,-g,n, and s2, =s>(1- r?), wehave

n 1 "

Lylx H S, 6Xp - 2 (VV| - ,7;.1)2 . (2121)
21 i=1

It isimportant to realize that e is distributed as normal N(0,s2,) and w,

is distributed as normal N(m,,52,).

Redlize that e =(wW - n,,)=Yy,- n,-q,(x-mn), 1Ei£n. Since

L=L,L

X yx !

InL=nInp- nins, +(p-2) Inz- z°
i=1 i=1

- 2In2p— nins,, - 1 e . (21.2.2)

Here, the first part represents the loglikelihood of the marginal distribution and
the second part represents the log likelihood of the conditional distribution.

The likelihood equations for estimating 7,, s, n,,, S,, and g, are

fink _ (=D " 0, P " pig 2.1.2.3)
Tm S, i Sqi=1

m =- n . M z Zi_l +£ z Zip_l =0 (2.1.2.4)
s, Sy S1 i=m Syia
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finL 1"
=~ e=0 (2.1.2.5)
ﬂ”l.l 52.1 i=1

finb_ ", 1 "0 and (2.1.2.6)
ﬂsz.l Sy1 So1i=m

finL _ s, "

ze =0. (2.1.2.7)
19 S5, q

Since (2.1.2.3)-(2.1.2.7) have no explicit solutions, we again derive MML

estimators. Wefirst order x;'sin the increasing order
X(l) £ X(2) £..£ X(n) (2128)

Let yj) bethe y; observation which correspondsto X). The sample observations

are now denoted by (X, y)), 1£1 £ n. We now define

Zi) = (X) = M)/ S10 Wiy = Yy - GuXg), and
qi] = y[|] - /72 - ql(X(i) - /71), 1£i £n. (2129)

Realize that ordering of z; isinvariant to 7, and s, (>0). That is why z,

correspondsto X, (L£i £n).
Since complete sums are invariant to ordering, we have

ﬂlnl-:_(p'l)n -_1+£n Pl_(

ZI Zi
im S1 i=a ) S1ia1 )
finL n (p-n° a2, p" -1 _
=- o WAt ) =0
ﬂsl 51 51 i=1 51 i=1
fnl_ 10
ﬂ@.l ‘5‘21|::L
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finL _ n 1",
=- + . 8 =0 and
1TsZ.l 52.1 52.1 i=1

finL _ s, "
ﬂql 522_1 i=1

Zy8) = 0. (2.1.2.10)

Replacing z;y by a, - b,z and z)}' by a, +b,z;, gives the modified

likelihood equations below (the coefficients a,,, b,,, a; and b, are the same as

in(2.1.1.14) and (2.1.1.15) ):
finL _9gInL (p-D " p "
@ =- a0 - bozy)J+— l\a +bz;,)=0 (21.2.11)
ﬂm ﬂ/TZ sl i:l( 0 0 ()) sl i:1( ())
finL _fInL' _ n (p-D "
=-—- 2 z.a.- b.z
ﬂsl ﬂsl s, S, (l)( i0 i0 (l))
p " _
+$_ Z(i)(ai +biZ(i))—O and (21212)
1 i=1

finL :ﬂlnL* 0o ﬂlnL:ﬂlnL* —o finL :'nlnL* _

, 0. (2.1.2.13)
ﬂlré.l ﬂn;l ﬂs 2.1 ﬂs 2.1 1-[ql 1-[ql

The MML estimators are the solutions of the equations (2.1.2.11)-(2.1.2.13):

A= 21214
A=227 B +4nC (2.1.2.15)
2n
", =% _n Wy = Y- X (2.1.2.16)
A, = Sy R)P= (v V- B - X)? and (212.17)
ST T R P O A +e
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" (- Ry, - R)
E : (2.1.2.18)

Y

Py

(% - /@)2
i=1
/A, D, m, B, C and related terms are given in (2.1.1.25). It is interesting to

note that d} in (2.1.2.18) reduces to S, /sk.

Remark: The MML estimators (2.1.1.19)-(2.1.1.23) are very different than those

based on bivariate normality. However, the conditional estimators 7,,, $,, and
c}l are the same as the LSE. This is due to the fact that € 's in the linear model

Y, =n,, +q,x +e (LEi £n), are assumed to beiid normal N(0,s?).
2.1.3 Properties of the MML Estimators

Lemma 2.1: The asymptotic distribution of /A is conditionally (for known s,)

normal with mean 7, and variance s2/m.

The result follows for the fact that for known s, # = A(s,) =K +Ds, and

finL _m
im s?

{B(s,)- m}. (2.1.3.1)

Lemma 2.2: Asymptoticaly, the estimator 551 is conditionally (for known 7,)

the MV B estimator of s ;.



For known 7,, A = $(n,) isgiven by

(' Bo +M)

A(m) = o

where

Further,

finL" _ n - BO+JB§+4nCO_S

Ts, s 2n !

-BO-JB§+4nCO_5

2n v

(2.1.3.2)

(2.1.3.3)

(2.1.3.4)

The only admissible solution of (2.1.3.4) is 5, = $A(n,) and the result follows as

before.

Corollary: Since for large n, B, is very small as compared to ./(nC,),

MinL

1

assumes the form

Bo/,/nC0 is negligibly small. Consequently,

2
fMinL __13 G 1 B N 1+£ B, S5,
1s, S n 2 ,nC, 4 ,/nC,
2
& 'l BO - :I."'E BO '51 ]
n 2 ,nC, 4 /nC,
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finL n |[C IC
is @ ? ?0 -5, - ?0 -S, (2136)
1 1

finL jn C,

vo @5 oS (2.13.7)
1 1
* * 2 2
Since ﬂ#;l_ :ﬂ1;2I; j;l and 111;1 =2s,, #(m) @C,/n is asymptoticaly
1 1 1 1

: . 2s; : o .
the MVB of s/ with variance 1 C,/s? isfor large n distributed as chi-
n

sgquare with n degrees of freedom; see Kendall and Stuart (1969).

Bias Correction: For smal n(£15), A and # have some bias. The bias

corrected estimators are given by (see Appendix B for details)

n In2
dty) A with -‘f‘i={B+ 5 +4nC}-

1 (21.3.8)
m s 2/n(n- 1)

Lemma 2.3: For known n, and n,, cfl(/q,n;) is the MVB estimator of g, and
is normally distributed with mean g, and variance s 2 (1- rz)/ (x - m)?.
i=1

Thisfollows from the fact that

: _ 2
finL _qinL _ e-m)

Nm.m)- q,). 2139
o, g si@- 1)) im,m)- a) (2139
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2.1.4 Asymptotic Covariance Matrix

The asymptotic covariance matrix of the estimators A,s4, &, & and A is
given by 17*(m,s,,m,s,,r), where | is the Fisher information matrix. The

Fisher information matrix isgiven by (i, j =1,2,3,4,5)

%InL
I=[I..]= -E t,=n,t,=5,t;=n,,t,=5,,ty=r. (2141
ij LA 1 * 2 1 =3 27 4 21 %5
9t
If welet | :(1_r12) A, the elements of the matrix A are
-r

An:s—lz[(p' D2(- r3)GA- 2/ p)+r2),

A, =5—12[p2(1- r2)G(2- 1/ p)+ r2GL+1/ p)],

1

r /'2 r
= A 1+1/ ), Ay =- - GL+1/ p),
Ao =g Au s o~ OLHLp) A= - GLeL )
1 2 2 2 r
A, =22 r?)+ ric+2i p)|, Ay = - —L—G1+1/p),
Sy 5,5,

/,2
5152

Ay, =- G(1+2/p),A25=-SLG(1+2/p),A33=5—12,

r 1
Ay =—5G1+1/p), Ay =—G(1+1/ p),
S, s,

A, :5—12[2(1- r2)+ r2GL+2/ p), As =SL[— 2+ G(L+2/ p)]

and

2r?
7 +G(1+2/ p). (2.1.4.2)

A =
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Here, the asymptotic covariance matrix of the estimators A, &, A, A and Ais

givenby °17*(m,s,,m,s,,r).SeeAppendix D for details.

Hypothesis Testing: Our major interest is in testing the null hypothesis
H,:r =0. Since the MML estimators are asymptotically equivalent to the ML

estimators, the likelihood function L is maximized (asymptotically) by the MML
estimators. Thus, the likelihood ratio statistic is (asymptotically)

A max(LIH,)
~ max(L[H,)

_ ﬁ " _ A2yni2 (n- 1)55 _Rey (n-1)

= Sﬁ @- A)Y"“exp —2(1_ )5 @a- A) Y (21.4.3)

~ S
where A =—2- is the usual Pearson sample correlation coefficient. For the
xSy

same reasons as before, the likelihood ratio is a monotonic function of A Thus,
totest H, against H,: 7 <0 (or r >0), the test based on A is uniformly most

powerful (asymptotically). We propose the statistic

% 1

n Gl+E - G 1+1

p p

= A\/n G1+2 - @ 1+ (2.1.4.4)

p Y

1

NG1+2 -G 1+
p

p

is the asymptotic variance of A under H,, obtained

from
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{|_1(/7],Sl,l7£,52,/’)}/=0 . (2.1.4.5)

The null distribution of W is referred to normal N(0,1) . Small values of W lead

torejection of H, against H, : 7 <O0.
Also, testing the mean vector

-0 (2.1.4.6)

Hy: &
m 0

is of enormous practical interest. Since & and A are asymptotically equivalent

to the ML estimators, the distribution of the random vector /n(4&, M) is

bivariate normal with zero mean vector and (estimated) covariance matrix
Aop%: 9% (2.147)
Hy Iy

where, &,, A, and &, are the estimated elements of the asymptotic covariance

matrix , more specificaly, s; = ; :Iijl(nz,sl,ﬂ;,sz,r). Since in these

i
elements §, and & converge to s, and s, respectively, the asymptotic null

distribution of

2 = (A, Ag) At 2 (2.1.4.8)

is chi-square with 2 df. We reject H,, at the 5% significance level if the value of

~ ~

™ is greater than ¢?,(2). The nonnull distribution (asymptotic) of % is
noncentral chi-square with 2 df and noncentrality parameter
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12 =n(m,m) * /’Z : (2.1.4.9)

For small n, the null distribution of %T& is approximately central-F with

(2,n- 2) degrees of freedom and the nonnull distribution is approximately

noncentral-F with (2,n- 2) degrees of freedom and noncentrality parameter /2.

In Section 2.1.2 we expressed the likelihood function as the product of the

marginal and the conditional likelihood functions and used a reparametrization.

We now define the Fisher information matrix, 1(n,,5,,1,,,5,,,9,) for
estimating n,,s,, n,,, S,, and q, instead of n,,s,, n,, s, and r . If we let

| =n A, the elements of the matrix A are

(p-1)

p_
s7

A, = a1 2/p),/>~12=§6(2-1/p),a3:0, A, =0, A =0,

—p_2 = = = :i =
P = 70 A =0, A =0, A6 =0, Ay =5, Ay =0,

1 21

S 2
As =- —-Gl+1/p), A, =—5,
S S

21 21

2
A.=0and A, =- ;—;G(1+ 2/p). (2.1.4.10)

21

Here the asymptotic covariance matrix of the estimators &, 9, A, & and g,
isgivenby °1*(m,s,,m,,S,,.q,). See Appendix D for the details of the

derivation of the Fisher information matrix.
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Hypothesis Testing: Now, we want to test the mean vector

H,: = . 2.1.4.11
' m T o ( )
Since A and A, are asymptotically equivalent to the ML estimators, the

distribution of the random vector ~/n(/, A, ) is bivariate normal with zero mean

vector and (estimated) covariance matrix

X A O
A=p 531 (2.1.4.12)

s
where &, and s\, are the estimated elements of the asymptotic covariance
matrix , more specifically, s, =  =1:'(m,5,,m,,5,,,q,) . The covariance
between # and A, is zero since they are orthogonal components, so there is no

need to estimate it. Since in these elements §, and $,, convergeto s, and s,

respectively, the asymptotic null distribution of

A = (A, Ap,) A

2!

(2.1.4.13)

;'l%l

is chi-square with 2 df. Since the inverse of the estimated covariance matrix is

simply

~ A -1
Ar_1 9 O_ (2.1.4.14)
n
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our test statistics 'I%? isequal to

T = A, + R, (2.1.4.15)

We reject H, at the 5% significance level if the value of ff is greater than

0505(2). The nonnull distribution (asymptotic) of f‘f is noncentral chi-square

with 2 df and noncentrality parameter

/> =n(mm,) 7
Yom,
=[S+ my’ S, (2.1.4.16)
o (n-2) &% . . .
For small n, the null distribution of 2 1)'??? is approximately central-F with

(2,n- 2) degrees of freedom and the nonnull distribution is approximately

noncentral-F with (2,n- 2) degrees of freedom and noncentrality parameter /2.

2.2Marginal Generalized Logistic and Conditional Normal

We again take the conditional distribution as normal but the marginal distribution
as Generdized Logistic. We derive the estimators and the hypothesis testing
procedure for this situation.

2.2.1 Estimation of Parameters

Generalized Logistic digtribution is flexible in nature. It is negatively skewed if

the shape parameter b islessthan 1 and positively skewed if b is greater than 1.

It is symmetric if b is equal to 1 in which case it is the well known logistic
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distribution. Generalized Logistic distribution is also preferred since its range is

between minus infinity and plus infinity.

Suppose that the marginal distribution of X is the Generalized Logistic
distribution with density

. xm

b
g(x) =— el (2.2.1.1)
S x-m

1

S1

1+ e_
and the conditional distribution of Y given X = x is the normal distribution with
density

1 ,
h =
U192

1 y- m- r22 (x- m) (2.2.1.2)

ex -
P oI ) s,

where - ¥ <x<¥, -¥ y ¥ n.,n1A s,5,0,-1r 1,b>0.

Given arandom sample (x,,y;) (L£i £ n), thelikelihood function is

Lps;"s;"@- r*)y ™ o—" ! exp - ! & (2213

b1 i 252(1- r?) .
O(1+e-2.) i=1 2 i=1

where z =(x - n,)/s,ande =y, - m- r 52 (X -m),1£i£n; r*<1.
s

1
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The loglikelihood function is

InL=nInb- nins, -z - (b+1) In(1+e")
i=1 i=1
1 "o

—— €. 2214
2520 7% (2214

n n 2y
- Eln(2p)— nins, - Eln(l— re)

The likelihood equations expressed in terms of x; and the corresponding

concomitants y;; (L£i £n) are

finL _n (b+]) " e
m s, s, mf+e®)

n n " 4i)
finL _ n+i z.-(b+1) 2 & ~o

ﬂsl _-5_1 S1ia 0 S ia () 1+e -
InL 1 n

ﬂ = 5 5 e[i]:0

im  s;Q-7r7)ia

finL_ n_ 1 & =0 and

s, S, S3A-r?*ia

finL nr r "o,
= - © =0 2.2.1.
9r @-r? s;@-r?? i:1e[|] ’ ( )

s :
where 7y = (x) - m,)/s, and &) =Y - m- r 5—2 (X)- m),1E£i£n.

1

i s
Writing g, = r =% , we also have
Sl

finL S, "
= ze =0. 2216
g, si@-r?%) i 8 ( )
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Solving these equations is problematic because of the function
e o . . . .

a(z) -m. We linearize this function by using the first two terms of a

Taylor series expansion around E(z;;)) =t;) asfollows.

da(z;)
dz

9(z)) @a(tg) +(z) - t))

0] 0|
e e

= +(z.\ - t, -

il_l_e-t(i) ) ( (i) (')) +e_t(i) 2

=a, - biz(i)7 1£i £n. (2217)

") et

e 1,
where a, = 1+t +e V) and b = :
Y 2 ( (i) ) (1+e't“))2

Realizethat b, are positivefor al i =12,...,n.

Substituting (2.2.1.7) in (2.2.1.5), we obtain the following modified likelihood
equations:

finL _finL _n  (b+]) " (a- bz ):o (2.2.1.8)
m m s, S, ia (i)

ﬂInL ﬂInL =- 1+i " Z(i)_ w ’ Z(i)(ai - biZ(i))ZO and (2219)
ﬂsl ﬂsl 51 51 i=1 sl i=1

finL _TInL -0, finL _ TinL -0, finL =‘ﬂlnL 0. (2.2.1.10)
m m s, s, ir Tr

The MML estimators are the solutions of the equations (2.2.1.8)-(2.2.1.10):

A =K+DA (2.2.1.12)
55



B++/B%+4nC

= 2n
- S
M =y- A== (X- h)
A
1/2
- S2 A2
A = s§+s—2’ % 1 and
o 2
F=2v2
s; S,
Additionally,
. (x - By, - &)
4}= i=1 . -
(% - /y)?
i=1
Here, nx= x, ny= vy, (n-Dsf= (x-X)?, (n-Ds] =
i=1 i=1 i=1
(n-Ys, =  (x-x)(y;-Yy) ad
i=1
K:l bix(i),Dzl i_ O
m m b+l
m= b,
i=1
B0+ (- K) t-a  C=(0+D) b0q)- K.
i=1 i=1

2.2.2 Conditional and Marginal Likelihood Functions

By separating the likelihood function as before, we obtain
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(2.2.1.13)

(2.2.1.14)

(2.2.1.15)

(2.2.1.16)

(2.2.1.17)



ﬂInL:n (b+1) " e

im s, Sy i=1(1+e_4)

-0 (2.2.2.1)

n n "%
finkL_ n_ 1 7 - (b+1) 2 e -0 (2.22.2)
s, S, Siia S, ia (1+e ‘)
fink _ 1 "¢ g (22.2.3)
ﬂnl.l 52.1 i=1
finL __n 13 & =0 and (2.2.2.4)
T[S 21 52.1 52.1 i=1
flnk_s: " e 0. (2.2.25)
ﬂql So1im
The modified likelihood equations are
fiinL @M:ﬂ- (b+1) (ai b z(i))zo (2.2.2.6)

im im S, S, iz

finL _finL _ n+i . _(b+1) .

e (i)

W@ - bz,)=0 and (222.7)
Ts, Ts, S1 Siim S1 = ()( ())

ﬂInL:ﬂInL* 0o ﬂIanﬂlnL* o ‘ﬂInL:‘ﬂlnL* _

, 0. (2.2.2.8)
im, im, s Y5 9, g,

The MML estimators are the solutions of the equations (2.2.2.6)-(2.2.2.8)

& =K+DA (2.2.2.9)
A =27 |322n+ anc (2.2.2.10)
", =% _n Wy = Y- (2.2.2.11)
A=ty A= (- y- B - 0 (2212)
1 (n_ 2) o \N[l] 1 (n_ 2) o ] 1\X(0) 2.2,
and
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- - )
g, =2— =
(% - m)?

i=1

: (2.2.2.13)

K, D, m, B, C andrelated termsare givenin (2.2.1.17).
2.2.3 Properties of the MML Estimators

Lemma 2.4: The asymptotic distribution of /i} is conditionally (for known s,)

2

normal with mean 7, and variance 51
m(b +1)

For known s,, A = #(s,) =K +Ds,. Since

fInLC _mb+1; - )
s {(s,)- m}, (2.2.3.1)

the result follows.

Lemma 2.5: Asymptotically, the estimator 551 is conditionally (for known ;) the
MVB estimator of s,.

For known 77,, & = A (n,) isgiven by

A(m) = o+ E;gn+ 4G,

(2.2.3.2)
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where

By = (b+1) (X~ )

i=1

-a andC,=(b+1 ' b (x. - m? (2.2.3.3

(b+l) i 0 ( )i:l |( (i) nZ) ( )
Further,

finl' _ n B, ++Bs +4nC,

s, 53 2n

B, - w/Bj +4nC,
1 2N R
before.

(2.2.3.9)
The only admissible solution of (2.2.3.4) is s, = 551(/71) and the result follows as

Bias Correction: For small n(£15), A and 4 have some bias. The bias
corrected estimators are given by (see Appendix B for details)

A n In2
l@ =K- ﬁ blt(l) with ‘A.L = {B+ B +4nC}
m 4 2/n(n- 1)

(2.2.3.5)
Lemma 2.6: For known n, and n,, cfl(/q,n;) is the MVB estimator of g, and

is normally distributed with mean g, and variance s 2 (1- rz)/ (x - m)?.
i=1
This follows from the fact that

"o N2
finL _qinC _ -m)
74

19, s;@-r?) (4}(”11/7%)- ql).

(2.2.3.6)
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2.2.4 Asymptotic Covariance Matrix

The asymptotic covariance matrix of the estimators A,s4, &, & and A is

given by 17*(m,s,,m,s,,r), where | is the Fisher information matrix. The
Fisher information matrix isgiven by (i, j =1,2,3,4,5)

11 f?InL B
I_[Iij]_ - E ﬂfiﬂtj vl

=S, t;=n,,t,=5,,t,=r. (224.1)

n
- r?

If welet | = A, the elements of the matrix A are

1 obd-r%), o

s (b+2)
Ae= s bﬁtjz)’(y(b D-y @)+ il 0)- ¥ @)
Ao = AT (- 0).A =V ®-y ),
Aoz or 1t b O D @b 0Dy )]

sril )y @+ o)y OF) |

). Ay =

Ay =

F)

Ao ==l )y @Oy OF). Ay =

%))
NN||_\

——(v(b) y), A ——(y(b) y @),
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Ay =5i[2(1- r3y+ il an) +y @+ -y )]

A :sL[ 2+(yazb)+ycz1)+(y(b)-y(1))2)] and

A, = (12+2) ) +y @+ o) -y ). (2.2.4.2)

Here, the asymptotic covariance matrix of the estimators &, 4, A, & and Ais
given by °17*(m,s,,m,s,,r). See Appendix D for details about the

derivation of Fisher Information matrix and Appendix A for details about y (psi)

functions.

Hypothesis Testing: Our major interest is testing the null hypothesis H, : 7 =0.

The likelihood ratio statistic obtained exactly along the same lines as before is

Az max(LHo)
~ max(L [H,)
_ ﬁ " _ R2yni2 (”'1)55 gy (N-1
= Si @- A)Y"“exp —2(1_ Az)ﬁg a- #) 5 (2.2.4.3)
which gives the statistic
~ 1
W = —
’%J ny ¢b) +y €)
= A/n(y €0) +y €)); (2.2.4.4)

) isthe asymptotic variance of A under H »» obtained from

1
n(y ¢b) +y €Y)
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{ii(m,s, m.s,.r)},5 . (2.2.4.5)

The null distribution of W is referred to normal N(0,1) . Small values of W lead

to rejection of H, against H, : 7 <O0.
It is of great practical interest to test the null hypothesis

- (2.2.4.6)

Hy: &
m 0

Since A and A are asymptotically equivalent to the ML estimators, the

distribution of the random vector /n(#4, &) is bivariate normal with zero mean

vector and (estimated) covariance matrix
Aop %2 9% (2.24.7)
Hy Iy

where, &,, A, and &, are the estimated elements of the asymptotic covariance

matrix , more specificaly, s;

=, =1;'(m,s,,m,s,,r). Since in these
elements $, and ﬂ converge to s, and s,, respectively, the asymptotic null

distribution of

2 =n(Ay, Ag) At 2 (2.2.4.8)

is chi-square with 2 df. We reject H,, at the 5% significance level if the value of

~ ~

™ is greater than ¢?(2). The nonnull distribution (asymptotic) of ¥ is
noncentral chi-square with 2 df and noncentrality parameter
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S

= n(nz, ”l) (2.2.4.9)
For small n, the null digtribution of (P_ 21))75? is approximately central-F with
n -

(2,n- 2) degrees of freedom and the nonnull distribution is approximately

noncentral-F with (2,n- 2) degrees of freedom and noncentrality parameter /2.

In Section 2.2.2 we expressed the likelihood as the product of the marginal and

conditional likelihood functions and made a reparametrization.

Now we define the Fisher information matrix, 1(7,,5,,1,,,5,,,9,),
consisting of n,,s,, n,,, s,, and q, instead of n,,s,, n,, s, and r . If welet

| =n A, the elements of the matrix A are

b

A= apag e l(b+2)(y(b D-y(2),

A; =0, A, =0, A;=0,

1
A22=_2

52 U eyl @@ b0y F}

Ay =0, Az4=0,A25=0,A33=si2,A34=o,

21

A= ZHl0)- Y O). Ay =5 As =0 and

21 2 1

A =- j—;wb) +y @+ (0) -y OF) (2.2.4.10)

Here the asymptotic covariance matrix of the estimators &, 9, &, &, and g,

isgivenby °1°%(m,s,,m,,s,,,q,) . See Appendix D for details.
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Hypothesis Testing: Now, we want to test the mean vector

H,: = . (2.2.4.11)
““m, 0

Since A and A, are asymptotically equivalent to the ML estimators, the

distribution of the random vector ~/n(/#, /4, ) is bivariate normal with zero mean

vector and (estimated) covariance matrix

X A O
A=n Sgl (2.2.4.12)

Ay
where &, and $\, are the estimated elements of the asymptotic covariance
matrix , more specifically, s, =  =1:'(m,5,,m,,5,,,4,) . The covariance
between #& and A, is zero since they are orthogonal components, so there is no
need to estimate it. Since in these elements §, and $,, convergeto s, and s,
respectively, the asymptotic null distribution of

A A

ﬁzzn(%’ﬁgi) _ ﬁg

=[P+ R, A, (2.2.4.13)

is chi-square with 2 df. We rglect H,, at the 5% significance level if the value of

~ ~

¢ is greater than ¢?,(2). The nonnull distribution (asymptotic) of ¥ is

noncentral chi-square with 2 df and noncentrality parameter
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. m
/% =n(m,m !
(m.m,) .
=m’ /s, +mIs,,. (2.2.4.14)

For small n, the null distribution of én—

21)) 'P% is approximately central-F with

(2,n- 2) degrees of freedom and the nonnull distribution is approximately

noncentral-F with (2,n- 2) degrees of freedom and noncentrality parameter /2.
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CHAPTER 3

NONNORMAL CONDITIONAL AND NORMAL MARGINAL
DISTRIBUTIONS

Summary: In this chapter we develop estimation and hypothesis testing
procedure for the situation when the marginal distribution is normal (stochastic)
and the conditional distribution is nonnormal. We will, for illustration, take the
conditional distribution as Generalized Logistic. The methodology, however,
appliesto any other location-scale distribution.

3.1 Estimation of Parameters

Suppose that the marginal distribution of X isnormal with density

and the conditional distribution of Y given X = X is Generalized Logistic given as

S
y- m-r=2(x- m)
exp - 51
S,\@-r?)
b
h(le):S (1- r2)v2 < b+l (312
2
y- m-r>2(x- m)
Sl
1+exp -



where - ¥ <x<¥, -¥ y ¥ n,nmi A,s,s, 0,-1r

Given a random sample (x,y;) (L£i£n), the margina

likelihood functions are

1 5 -m)
L, = ———e Fin and
(20)'s !
e e m)
b" e S (- r?)i= S1
Y X= = 2\n/2 b+l *
“osJ@A- )" "

S
yi- my- r=2(x- m)
S1

6 1+e_ S r?)
0

If we write z=(X-nm)ls,, €=y -qgX-"n,,

1, b>0.

and conditiond

(3.1.3)

(3.1.4)

Ny, =n,-qn,

s =s5@-r? and qlzri, the loglikelihood functions based on the
s

1

marginal and the conditional distributions are, respectively,

InL, =- 2In(20)- nins, - 1 Z’, -¥<z<¥
2 24

and

1 n
InL,,_ =nlnb-nins,, - — ¢
21 i=1

n .8
-(b+D) Inl+e®* , -¥<e<¥.

i=1
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The loglikelihood function is

i
i=1

n 1
InL=-—In -nins,- = Z°
> (2p) 175

&

+ninb- nins,, - 1 e-(b+) In l+e = (31.7)
21 i=l i=1

where - ¥ <z<¥, - ¥<e<¥,n,n,,1 A, s,,s,, 0,b>0.

The likelihood equations for estimating 7,, s,, n,,, S,, and g, are

finL _ 1 2 =0 (3.1.8)
Im  s;ia
‘ﬂInL:_£+i 22 =0 (3.1.9
ﬂsl 51 Sl i=1
.8
finL _ n  (b+]) e -o (3.1.10)
Im, S,1 Sy ia 'si
1+e 21
&
finL__n 12 ] (bzl) € " -0 ad (3.1.11)
ﬂ52,1 52.1 52.1 i=1 52-1 i=1 si
1+e 21
&
n + n Sa1
finL _ s, Zi_(b Ds, P -0, (31.12)
1, S, 02 Sa1 = o
1+e 21
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The ML estimators of 7, and s, found from (3.1.8)-(3.1.9) are

(3.1.13)

Because of the intractable function e—a, the equations (3.1.10)-(3.1.12)

1+e =

can not be solved. Hence, we use the modified likelihood methodology to solve
them.

To find the MML estimators, we define w. =y, - g,x,.. We order w, (LEi £n),

in ascending order of magnitude. Let

be the ordered variates (for agiven g,). Then, e;) =w; - /13, has the same

order with w,y since 7,, is a constant. We also define a, =e /s,, and write

;) =€) /S0 =Wy - M1)/Sy,. AlSO, W) = Y- gy, (0 Y)  and

-a

z = (X - m)/s,. If we write g(a):(lf a the likelihood equations
e
expressed interms of a, €; and z;, are
inb __n _(b+D g(ay) =0 (3.L.15)
ﬂ/ré.l S 21 S 21 i=l
finL n 1" b+1) "
=- + € - (b+D e;9(a;) =0 and (3.1.16)

2 2
ﬂs 21 52.1 52.1 i=1 52.1 i=1
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M:ﬁ n Z[i]_ (b+l)51 i Z[|]g(a(|)):0 (3117)

ﬂql ) 21 i=l 52.1 i

In order to derive the MML estimators, we linearize the function g(a;)) by using

the first two terms of a Taylor expansion around E(ag)) =t asfollows:

do(a;
g(a(|)) @(t(l)) + (a(i) - t(l)) @
i)t

-40) -10)
e e
= +(a,. -1t.) -
15+e-t(i)’ ( (i) t(')) +e_t(') 2

=a, - bia(i), 1£i £n. (3118)

- t) - t0)
—\ (1+t(|) +e_t(i)) and bi = €

e
t) ) P
+e 1+e

Substituting (3.1.18) in (3.1.15)-(3.1.17), we obtain the following modified
maximum likelihood equations:

where a, =

fInL _ n  (b+D " _
= 0. a - ba,)=0 (3.1.19)
ﬂ”l.l Sa1 So1 = ( a( ))

fInL _ n 10 (b+1) " _

ﬂszl o S, +5221 i=1e(i) ) 5221 i=1e(i)(ai _ bia(i))_o and (3.120)

T“LL :i Z[|] - % Z[i](ai - bia(i))zo' (3121)
19, S,1 =1 S, ia
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The MML estimators are the solutions of the equations (3.1.19)-(3.1.21):

~ _ A D -~
&, =Y - X - Eﬂ% (3122
2
A, = BIVBHANC g (3.1.23)
2yn(n- 2)
4, =K- D&, . (3.1.24)

Here, B=(b+1) n Di{y[i] - Y- K(X[i] - 7[-])}
i=1

C=(+) b V- yf - K b SO
i=1 i=1

K = ) b, (X[i] - Y[_])y[i]/': b, (x[i] . X[.])Z

D= 3 Di (X[i] - X[])/: bi (X[i] - X[_])z

10 10
X1 =— bXy,Y¥yy=— by, ad
W= 2 = o

Dizai—L,Dz D,,m= b . (3.1.25)
(b+1) i=1 i=1

If we write z =(x - n)/s, and € =y, - m- r % (x,-m), 1£i £n, the
1

loglikelihood function is

n 1"
InL=-—In -nins,- = Z°
2 (2p) 1Ty 8

n 1 "
+ninb- nins, - —In(l- r?)- ———— e
2 S,/ r?) =
2
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: Sl
-(b+1) Inl+e’VED | ¥y <z<¥, -¥<e<¥.

i=1

The likelihood equations for estimating 7,, s,, n,, S, and r are

R &
ﬂlnl‘—i n ] nr . (b+1)f n esm/(l-fz) o
Tm sy s /@-r?) s@-r?) = —
+o S2V@-r
ﬂ'”'-:_iJ,i 2. r .
fis, Si1 Siia S@- r?) iz
)
n Sy(1-r?)
N (b+1)r2 z e : 0
Slﬂ(l- r i=1 1+e52\/ﬁ
R &
finL _ n b+l " e sVED “o
&

Tm  s,a- r?) s,J@- r? = Lre e

finL __1*_; n e +; n .
1s, S, 5221/(1- r?) iz S,/ (- r?)ia I
-
b+yr " g s/
' &

S,y /(- r?) = -
A (V)

D

b+ " e

2 2
S 1- r°) ia -
2 ( ! 1+e S, /(l- r2)

D
N
—

!

(3.1.26)

(3.1.27)

(3.1.28)

(3.1.29)

(3.1.30)



finL _  nr r 1 5

@) 5,0 ) i) e

(b+) " et

S 2 o s
@- r°) = Lee o o

&
(b+yr " e sV®
213/2 =0.
S§,(L-r°)"" ia 8
1+e Sy (1-77)
" _ s,
Also, writing g, = r —=,
sl
&
finL _ s, n . (b+ls, " , e Syy(1-r?) o
19, s,Ja-r?) i s, r?) s s
l+e ™

From (3.1.29) and (3.1.32),
; 9
n e 52\)(1"2)
n- (b+1) =0
i=1 - &
1+e S\ r?)
and
} Q
n n S r?)
z-(b+) z—————=0
i=1 i=1 1+e_52m
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(3.1.31)

(3.1.32)

(3.1.33)



Using (3.1.33), the likelihood equations reduce to

z, =0
im s
T“nL:-L'FinZiZ—O
1s. S, Siia

.8
ﬂlnl_: n _ (b+1) n esz\(l—rz) :0
1 - r2 PEN 8
m 52\/(1 r<) 52\/(1 ré) = e sli D
finL _ n 1 "
Ts, Sy Si@-r?) i=n
&
n syy(1-r?)
(b+1) e ~0 and

fink _ nr r " e
Tr @-r?) s,@-r3)¥
; &
(b+)r " efEn
213/2 € =0.
52(1' r ) i=1 - &
l+e S\ (1-77)
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(3.1.34)

(3.1.35)

(3.1.36)

(3.1.37)

(3.1.39)

(3.1.39)



R )
S2 @ r?
Because of the function, g(e) :e—q’ (3.1.36)-(3.2.38) can not be

1+ e- 5,41 r?)

solved and solving them by iteration is problematic.

To find the MML estimators, we again define w, =y, - ¢,x. and order w,

(L£1i £ n), inascending order of magnitude. Let

&)
S,4@-r?)

be the ordered variates. Since a;) = , the problematic function

&

e S\ @-r?)
9(§)=—————— can be expressed in terms of &, which is equa to
1+e_321 @-r?)
e'ai
g(a) = —. When we order the values of w's, we have
(1+e?)

(W(i) B (/72 ) 571”1))

IS O N
sl sAle )

- Now, wiy = vy - g where (g, yy)

- &)

are the concomitants of w; and also g(a(i)):;. The likelihood
@Q+e ™)
equations which are the same as (3.1.36)-(3.1.38) are
InL n b+1 "
fint _. 0D " ya,)=0 (314Y)
im 52\/(1- re) 52\/(1- re) ia
b n, 1 e O "o g@=0ad (3142

1s, S2 S3\@-r?) in v S$3\@- r?) =
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ﬂInL: nr r " + (b+Dr "
@) s, L s,w )

We again expand g(ay;)) around its expected value by using a Taylor expansion
asin (3.1.18). Substituting g(a;)) @a, - b,a;) in the equations (3.1.41)-(3.1.43)

gives the following modified maximum likelihood equations:

ﬂInL n (b+2 :

- b =0 3144
fim 52\/(1 r? 52\/(1 r? |—1 %) ( )
finL _1+; _

Ts, Sy 522\/(1- f2) i=1E(I)
. (b*D " - ban)=0 and 3.1.45
PN T o
finL_ nr r "
ar 1- r?) s,d- r2)*? i=1e(i)
b+1 "
+ﬁ_ &(@ - bag) =0. (3.1.46)

We find the MML estimators by solving (3.1.44)-(3.1.46) and the functional

: s
relations r :qls—l and s,, =S,4/(1- r?) as

2

- A% - A)- S, (3.1.47)
A =K, +FFHK and (3.1.48)
K— "l% (3.1.49)

76



Related terms are given in (3.1.25). Redlizing that A =X and & = s, we have

=5 40 24, (3150
A = +d%s? and (3.1.51)
A= 4}% . (3.1.52)

Computations. The computation of the estimatorsis carried out in two iterations.

In the first iteration, w. =y, - ¢,x. (LEi £ n) iscaculated by replacing g, by the

LSE 51 = (X - i)yi/ (% - X)>. The MMLE 4} is then calculated from

i=1 i=1

(3.1.23)-(3.1.24). In the second iteration, we obtain w;'s by ordering

W =y, - cfﬂlxi (L£i £n) and the estimators are calculated by using these w,'s

and the concomitants (X1, Yji)) -
3.2 Properties of the MML Estimators

Lemma 3.1: For known n, and n,, cfl(m,/q) is asymptotically the MVB

estimator of g, and is asymptotically normally distributed with mean g, and

2
variance - 521 . Thisfollows from the fact that
b+ b (x - m)?
i=1

. b+ B - M)

finL _fInL ia A

@ = | .m)- 321
17 ©1a o7 Am.m)- q,) (32.1)
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and the difference (1/ n){(‘ﬂln L/ ‘ﬂql) - (‘ﬂln L/ ‘qu)} converges to zero as n tends
to infinity.

Lemma 3.2: For n, and 7, unknown, zfl is asymptotically the MVB estimator of
g, and is asymptotically normally distributed with mean ¢, and variance

2
S 21

. . Thisfollows from the fact that
b+ b,(x- X*

i=1

b+ 5,(x)- %)

finL __fInL _ i
@) = - 322
19, © 14, s - o) (822

and A and A convergeto 17, and 77, respectively, as n tendsto infinity.
3.3 Asymptotic Covariance Matrix

The asymptotic covariance matrix of the estimators &, A, A, & and Ais

given by | *(m,s,,m,s,,r), where | is the Fisher information matrix. The

Fisher information matrix isgiven by (i, j =1,2,3,4,5)

%InL
¢ ¢,

I:[Iij]: -E vt =n,t,=5,,t;=n,,t,=5,,t;=r.

If welet | =n A, the elements of the matrix A are

1 b r? b r

M Y@ ) TR T iy ss,a )
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b r

Ai4 = - (b+2) 5152 l_ ,_2

vy (b+1)-y(2),

__ b r’ ]
Ao = (b+2)s,@1- r*)* b ©+)-y ().
-1 b r’ _ b r?
Azz—slz 2+ 0+2 @7 Ay =0, A, 0+2) 55,0 1))’
- b r _ b 1
M= e s@ ) T e sia )
__ b b+)-y@) , __ b e
Ay (b+2) S;W v s (b+2).5‘2(1— 3/2(1/( )- Y ( ))
1 b
Mz e (1 @‘(b+1)+ﬂ2)+(y(b+1) y@Yy)
_ r
SRR (b+2)( 1+l 0+ +y @)+ 0+ -y @) and
A=+ B L

+
(1- r?)? (b+2) (- r?

b e @ ey @) (331
Here, the asymptotic covariance matrix of the estimators A, A, A, & and Ais

givenby °17'(m,s,,m,s,,r).SeeAppendix D for details.

Hypothesis Testing: Our major interest is testing the null hypothesis H, : 7 = 0.

Since the MML estimators are asymptotically equivalent to the ML estimators, the
likelihood function L is maximized (asymptotically) by the MML estimators.
Thus, the likelihood ratio statistic is (asymptotically)
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Az max(L[H,)
~ max(L[H,)

= —. (33.2)

K- A i)
-t

Here, A, and &, are the MML estimators of 77, and s, under H,:r =0.
Under H,:r =0, since the conditional likelihood function (the marginal part

cancels with the denominator) becomes a univariate Generalized Logistic
likelihood function for Y, they are found exactly in the same way as in Section

2.1 but here vy, 's take the place of x 's. Since A, and A both convergeto n,,

A, and A both convergeto s,, A, convergesto s, 4; convergesto g, and
A converges to 77, as n tends to infinity, the likelihood ratio is a monotonic
function of A. Thus, to test H, against H, : 7 <0 (or r >0), the test based on

A will be uniformly most powerful (asymptotically). We propose the statistic

w=4 [10*D
n b
= A2 . (333)
(b+2)

isthe asymptotic variance of A under H »» Obtained from

1(b+2)
n
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{i'i(m,s,,m.s,.r)}, . (3.3.4)

The null distribution of W is referred to normal N(0,1) . Small values of W lead

torejection of H, against H, : 7 <O0.
Also we want to test the mean vector

0

Hy: 0= (3.36)
m 0

Since A and A are asymptoticaly equivalent to the ML estimators, the

distribution of the random vector +/n(#, /&) is bivariate normal with zero mean

vector and (estimated) covariance matrix
Aop % 9% (33.7)
Hy Iy

where, &,, &, and &, are the estimated elements of the asymptotic covariance

matrix , more specificaly, s; = ; :Iijl(nz,sl,n;,sz,r). Since in these

i
elements .‘A and & convergeto s, and s,, respectively, the asymptotic null

distribution of

(3.3.8)

S
1
=
2!
£
ES
3

is chi-square with 2 df. We reject H,, at the 5% significance level if the value of

™ is greater than ¢?(2). The nonnull distribution (asymptotic) of % is
noncentral chi-square with 2 df and noncentrality parameter
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S

=n(m,m) (3.3.9)

For small n, the null distribution of é(n 1))763 is approximately central-F with

(2,n- 2) degrees of freedom and the nonnull distribution is approximately

noncentral-F with (2,n- 2) degrees of freedom and noncentrality parameter /2.

Now, we define the Fisher information matrix 1(n,,s,,n,,,5,,,q,) for
estimating 7,,s,, n,,, S,, and g,. If we write | =n A, the elements of the

matrix A are

Av= 5 A =0, A =0.A, =0, A =0, A, =5,
_ _ b 1 b (y(b+1> y (@)
A23_0’A24_O’A25_ A33 (b+2)$21’A34_(b+2) 521
_ 1
Ae=0, Au= o 1+ b ) @+ 0+ -y )]
and
Ao =0, A, = (bfz) 51 (3.3.10)

As usual, the asymptotic covariance matrix of the estimators & ,8, & ,, &, and

41 isgivenby °1°Y(m,s,,m,,S,,,q,) - See Appendix D for details.

Hypothesis Testing: We are interested in the null hypothesis (7,,7,) =(0,0)

which isthe ssme as
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H,: = . 3311
"m0 (33.11)

Since A and A, are asymptotically equivalent to the ML estimators, the

distribution of the random vector ~/n(/4, 4, ) is bivariate normal with zero mean

vector and (estimated) covariance matrix

A_ 5611 0
=n 0 5533 (3.3.12)

where &4, and A, are the estimated elements of the asymptotic covariance
matrix , more specifically, s, = , =1;'(m,s,,m,,5,,,q,) . The covariance
between 4 and A , is zero since they are orthogonal components, so there is no
need to estimate it. Since in these elements & and &,, convergeto s, and s,
respectively, the asymptotic null distribution of

A A

715\12 = n(ﬁYﬁg.l) ﬁg

=[P, + B[R, (3313

is chi-square with 2 df. We reject H, at the 5% significance level if the value of

~ ~

¢ is greater than ¢?(2). The nonnull distribution (asymptotic) of ¥ is

noncentral chi-square with 2 df and noncentrality parameter

L m
/% =nlm,m,)
(m,m,) m.
=17 s+ my* S 5. (33.14)
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(n-2) | . .
is roximately central-F with
2(n- 1) 1 app y

(2,n- 2) degrees of freedom and the nonnull distribution is approximately

For small n, the null distribution of

noncentral-F with (2,n- 2) degrees of freedom and noncentrality parameter /2.
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CHAPTER 4

NONNORMAL CONDITIONAL AND MARGINAL DISTRIBUTIONS

Summary: Finaly, we develop estimation and hypothesis testing procedures for
the most difficult situation when both the marginal as well as the conditional
distributions are nonnormal. For illustration, we take both of them as Generalized
Logistic with shape parameter b, for the margina and b, for the conditional
distribution. The results extend to any other location-scale non-normal
distribution.

4.1 Estimation of Parameters

Suppose that the marginal distribution of X is Generalized Logistic with density

g(x) = LY oL (4.1.1)
S

and the conditional distribution of Y given X =X is again Generalized Logistic
with density
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exp -
S,4@- r?)
b
h(y | x) = s 2,2)1/2 . o (4.12.2)
2
y- m-r>(x- m)
Sl
1+exp -

where - ¥ <x<¥, -¥ y ¥, n,nl1A s,s, 0,-1r 1,b,b,>0.

Given a random sample (x,y,) (L£i£n), the margina and conditional

likelihood functions are

_ " (X|'”1)
bln e =t 51
b Ten 4-m) and (419
1 4 M)
O 1+e =
i=1
1 " S,
N vi- my- r22(x -
b" e s (1-r?)i= " Sl(x‘ )
2

= 414
Y X=x 52(1- ,.Z)nlz ( )

1

6 1+ e- S r?)
0

y.nzfs(x m)

If we write z=(X-n)/s,, €=Y -qgX-NnN,, N, =n,-q.n,

s =s3@-r? and g, = r%, the loglikelihoods based on the marginal and

1

the conditional distributions are

InL, =ninb, - nins, - z- (b +1) Infl+e*), -¥<z<¥, (415

i=1 i=1
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and

1 n
InL,,_, =ninb,-nins,,- — ¢
21 i=1

n .8
-(b,+D) Inl+e®» | -¥<e<¥. (4.1.6)

i=1

The full loglikelihood function is

InL =niInb, - nins, -

n
i=

z-(b+D) Inflre?)

1 1

n n .8
+nlnb, - nins,, - 1 e-(b,+) Inl+e’= (4.1.7)
21 i=1 i=1

where - ¥ <z2<¥,- ¥ <e<¥,n,n,, 1 A,s,,s,, 0,b,b,>0.

The likelihood equations for estimating 7,, s,, n,,, S,, and g, are

ﬂInLZL_ (b,+) " €
ﬂnz S, S, i=1 (1+e_z')

=0 (4.1.8)

n n - Z
ﬂInL:_£+i z-(b1+1) e

i : -0 (4.1.9)
ﬂsl S1 Siim S1i= (1+e-2)
&
+]) " S21
finL _ n (b, +1 e -0 (4.1.10)
im, s, So1 = -si
1+e ">
8
n + " Sa1
fink__n , 17, b7, e =0 (4.1.11)
P Syt Saiim Sy = -Si
l+e ™
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n +1 n S21

finL _s, ", b.*Ds, " e =0. (4.1.12)

ﬂ% 52.1 i=1 521 i=1 'Si

l+e ™

8
: e’ e °= ,
Because of the functions and —— , the equations (4.1.8)-(4.1.12
m T €q ( )-( )
1+e °=

and (4.1.14)-(4.1.15), respectively, are ailmost impossible to solve. Hence, we use
the MML method to solve the equations (4.1.8)-(4.1.9) and (4.1.10)-(4.1.12). To
find the MML estimators, we define w, =y, - g,x,. We order the values x, and

w. (foragiven g,), 1£i £ n, in ascending order of magnitude as
X(l) £ X(2) £..£ X(n) (4113)

Then e;) =w) - m, hasthe same order with wj;) since 7,, is a constant and
z;) = (%) - m)/s, hasthe same order with x) since 7, isa constant and s, is
positive. We also define &, =€ /s,, so that a;, =€, /5,; = (W - 13,)/S,;.
Now Wiy = Y1 - ¢ X (X, Ypp) and z = (X - m)/s, are the concomitants of
W;). Since complete sums are invariant to ordering, the likelihood equations can

be written as

n " 4i)
fink_n G+ " €7 g (4.1.15)
m s, s =f+e®)
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n +1 n 0
ﬂlnL:_1+i Z _M Z € =0

i I = (4.1.16)
15, 81 Sim O s i Ve
n - &)
ﬂInL: n (b+) " e = (4.1.17)
im, s, Sy = (l+ e a('))
n n - &)
finb_ 0,1 7 - (b, +) =0 and (4.1.18)
521 So1 Sarim Sa1 im (1"'6‘ a('))
n n - &)
finL _ s, |- (b, +1s, 201 e — (4.1.19)
ﬂql Soq i Sy, i=1 (1+e a(,))
If we write Z) = - and a) = ’ , the likelihood equations
9.2)= ey M %@ o e

expressed in terms of the ordered variates are

finL_n_ (b+D "

ﬂfq 51 51 i=1

InL n 17" +1) "
finb__n,1 Z; - Che) Z2;)0,(z;)) =0 (4.1.21)
ﬂsl 51 51 i=1 51 i=1

0:(z;) =0 (4.1.20)

ﬂInL: n (b+th "
ﬂn&.l 52.1 52.1 i=1
ﬂInL: n+1 ”e (b, +1) "

B 2 i) 2
ﬂs 21 So1 So1im1 So1 i=m

9,(a;) =0 (4.1.22)

€1)92(&;)) =0 and (4.1.23)

n 1 n
finL _ s, 7 - (b, +1)s, 2,9,(3y)) =0. (4.1.24)
g, s, 02 So1 i=1

To derive the MML estimators, we linearize the functions g,(z;)) and g,(a))
by using the first two terms of Taylor series expansions around E(z;)) =t,;) and

E(ag)) =ty respectively, asfollows
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dg,(z;)

9:(7)) @g,(ty) +(Z) - ty)

o) @) -

=ay - bli Z(i)’ 1£i £ n, (4125)

e_ b(i) o e_ t(i)
where a,; = 5 (1+tl(i) +e 1(')) and b, = >
f+eo) f+e)

and

dg, (a))
gz(a(i)) @gz(tz(i)) +(a(i) - tZ(i)) 2aa()
3(i)=ta(1)
-ta() - to())
e e
= +(a; - t,h) -
fre™) @)~ ) - Y
=a, - bZia(i), 1£i £n. (4126)

2(|)

e by e
where a,, :zl—yz @+t2(i) +e 2(')) and b, :zl—yz .
+ e' ta(i) + e' ta()

Substituting (4.1.25) and (4.1.26) in (4.1.20)-(4.1.24), we obtain the following
modified maximum likelihood equations:

fInL" _n (b,+) "

- . (a_- bizi):O (4127)
ﬂ”l S, S, i=1 ! v

finl __n, 1"  (h+D"

i zy(a, - b;z,) =0 (4.1.28)
1s, S, S, (i) s, i)\ T M4

i=1
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finLl _n (b+) "

a. - b,.a\)=0 4.1.29
ﬂnl.l S, S, i=1( 2i 2|a(|)) ( )
fInL _  n 1" (b, +1) " _

. +S221 . &) - ;—221 . &)@, - bya;) =0 and (4.1.30)
finL" _ s, " (b, +1s, " B
Mg a0, L R0 @13

The equations have explicit solutions which are the following MML estimators:

A =K, +D,A (4.1.32)

.~ B, +.B?+4nC

A= L Ay (4.1.33)

2n

~ _ X D -~

=Y - X - —B, (4.1.34)
m2

~ -B,+,BZ+4nC

A, =—2 2; ™2 and (4.1.35)

41 = Kz - Dzysﬁ.l . (4-1-36)

Here,

- " k- K) -
Bl_(b1+1)i:1(x(i) Kl) (b1+1) a,

Co=(b+D)  by(xy- Ky)?

i=1

1" 1" 1 n
K== byxy,D=— ———-a,
' m iz 170 m o (b +1) ! i=1

82 = (b2 +1) :1 Di {y[I] - 7[] - KZ(X[i] - XH )}

n n

C, =(b, +1) b, (y[i] - Y )2 - K, _ b, (X[i] - X[.])Y[i]

i=1 i=1
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Kz = z bzi (X[i] - )_([])y[.]/il bzi (X[i] - )_([_])2

D= Di(x[i]—i[,])/inl (- %)

i=1

(] m 2K Y1 = m i

1 n n
D =a,-—,D= D ,m= b,. 4.1.37
BTSRRI L=

All the estimators are very different than those based on a bivariate normal
distribution. It is, therefore, very important to recognize the true underlying
distribution.

In order to develop the estimation procedure for the parameters n,, s,

n,, s, and r directly, we consider the loglikelihood function

InL =nlInb, - nins, - n z - (b +1 n In(1+e"‘)

i=1 i=1
n 1 "
+nlinb, - nins, - —=In(l- r?)- ——— ¢
’ P2 S,\@- r?) in
n ; a8
- (b,+1) In1+e V& (4.1.38)

i=1
The likelihood equations for estimating 7,, s,, n,, S, and r are

finL_n (B+H " e’
m s, s =l+e?)
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nr L (Bthr v g 2@
S

- sd-r?) s4d- r?) m e -0
1+e V&)
InL n 17" + " e
‘IT‘”S1 :_s_1+s_1i:1zi ) (b151 )i:lzi o]
; &
S S S T eszJT o

2y 2y ] .
SW@A-r?) s s r?) = e

R 8
finb_ n () " et
2 2y 8
ﬂﬂ} 52\/(1' r ) 52\/(1' r ) i=1 1te sl 1)

finb_n, 1 T, £ 7,
fs, S2 S3@-r?) in | S,y /(L- r?) = I
s
(b, +1)r " g sV

) Z
- r?) s
S,4(-r°) = 1+e52m

@D

d

(b2 +1) n e So\(@-r

- €
siJ@-r?) = (j.rz)

1+e 2

=

finL _  nr r 1 ,

T P R S R e

(b2 +1) n e s\ (1-r?)
&

D

2y ]
\/(1 r ) i=1 lee )
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(4.1.41)
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(b,+)r " es®

. =0.
5,(1- r?)¥* i —
1+e S,4(2-77)

. S,

Also, writing g, = r —=,
sl
R S

fMinL _ S, " (btDs, " eSZx/(l-,T)

= z z
- r?) - AN .__ 8
g, s,J@-r>) = s,J@-r? = Lrgolar

From (4.1.41) and (4.1.44),
R ]

n e Sy (2 fz)
n- (b, +1 . =0

T e sler)
and

]
n n e S0 r?)
z-(0,+1) z —=0.

i=1 i=1 1+e szm

Thus, the likelihood equations reduce to

fink_n (B+H " e* _
m s, s, wal+e?)
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(4.1.45)
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finl_ n, 1", B+, e

- =0 4.1.47
Is, S, Sy S, ia '(1+e") ( )
; &
finL _ n ~_(b,+h " e e =0 (4.1.48)
1M s,\@- r?) s,Ja- r?) ia . (e::.-rz)
fInL _ 14_; n e
fis, S, SsZJ-r?) ia
R &
(b2 +1) n e s r?)
- € =0 and (4.1.49)
2 | 2y . &
S, (1-f )|—l 1+e52m
finL _ nr r " 6
Ir @7 s,a- )7
_ &
n soy(L-r?)
(b, + 1) € =0. (4.1.50)
s 7 e
1+e 5 1-r?)
JL
-7 5y r?)
Because of the intractable functions (1f ~ ) and —2 . , the equations
e -
1+e )

(4.1.46)-(4.1.47) and (4.1.48)-(4.1.50), respectively, can not be solved. Hence, we
use MML method to solve the equations (4.1.46)-(4.1.47) and (4.1.48)-(4.1.50).

To find the MML estimators, we define w, =y, - rixi . We order the values

1

x, and w; (foragiven @,), 1£i £ n, in ascending order of magnitude as
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X(l) £ X(z) £..£ X(n) (4151)

Thus, e;) =w - (1 - r%nz) has the same order as w since (/73 - r%nz)
1 1

is a constant and z;,) = (X - M)/s, has the same order as x; since 7, is a

constant and s, is positive. We aso write &, :q/(szwll- rz). Thus, we have
2 s

) :e(i)/(52 1- rz): W) - (173 - f?zm) /(52\/1- r? ) Now,
1

Wiy = Yjip - r%x[i], (%> Ypp) and z =(X; - m)/s, are the concomitants of
1

W;). Since complete sums are invariant to ordering, the likelihood equations can

be written as

n " 4i)
m :L_ (b1+1) y e — =0 (4153)
m s, s, a{+e™)

n n 0]
fink_ n, 17, &, e =0 (4.1.54)
fis, S, Siia S1 im 1+e 0
n 0l
finL _ n (b)) =0 (4.1.55)
1M s,\@- r?) s,/ r?) = (1+e a('))
finL _ n 1 " (b,+1) " e
=Ny = e, 2FJ e ® -0 (4156
fs, S, siJ@-r? i=1E() s r? i=1e()(1+ea(')’
and
finL _  nr r :

RS N RO

(b, +1r " e
2 7 : =0. 4.1.57
52(1' r2)3/2 i=1 e(l) (1+ e_a(i) j ( )
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If we write gl(z)=L and g,(a) = €

@+e?) @+e?)
the modified likelihood equations are

Tnl' _n (b+D "
‘ﬂﬂz Sy S1 im

finl _ n_ 1" (b+)"

(@y - byz;))=0

T e i z(a. - b.z,)=0
fis, S, Siia 0 S, ia (@ - byZ)
finL _ n (b,+1 " B

B ) (@, - bya;))=0
M s @) saa e
finL :_14_; n |
Is, s, szJa-r?) L0

(b,+1) " _
T o A o i(ai‘bii)—Oand
S 7y T T
ﬂlnl—* _ nr r n

@) s,

(b +Dr "

W i=1 e(i)(aZi i bZia(i)) =0.

To solve (4.1.58)-(4.1.62), we use the functional relations r =g,

S,, =S,4(- r?), and obtain the following MMLE:

and linearize them as before,

(4.1.58)
(4.1.59)

(4.1.60)

(4.1.61)

(4.1.62)

51 and
S 2

(4.1.63)
(4.1.64)

(4.1.65)

(4.1.66)



13

>
I
&fL?Bz

(4.1.67)

iy

Since the estimators (4.1.63)-(4.1.67) can be obtained from (4.1.32)-(4.1.36), by
simple substitution, it follows that, like the ML estimators, the MML estimators
have the invariance property even in this complex situation. This is a very
interesting result indeed.

Computations: The computations are carried out exactly along the same lines as
those in Section 3.1. See specifically page 77.

4.2 Properties of the MML Estimators

Lemma 4.1: For known n, and n,, zfl(nz,n;) is asymptotically the MVB
estimator of g, and is asymptoticaly normally distributed with mean g, and

2
. s
variance 21

. Thisfollows from the representation

n

(bz +1)__ bZi(X(i) - ”2)2

i=1

finL (b, +1) Dy (X - m)?
@) = i

fInL o X
.m)- q,). 42.1
. @ 1 o7 (tﬁ(nz m) q) (4.2.2)

Lemma4.2: For n, and n, unknown, cf} is asymptotically the MVB estimator of
g, and is asymptotically normally distributed with mean ¢, and variance
Sa1

0+ by 05~ %)’

. This follows from the fact that & and A& converge to

n, and n,, respectively, as n tendsto infinity and
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finL _9gInL
@ =
19,  Tq 53

(0, +1) by (- X))
=1 (4}- ql). (4.2.2)

Bias Correction: For small n(£15), &, & and &, have some hias. The bias

corrected estimators are given by (see Appendix B for details)

N Ao ~ 1B +4/B2+4nC
’@:Kl_% byty)  with 561:{ : il 1}

i=1 2/n(n- 1)
x _-B,+4B;+4nC,
and A, = 202 : (4.2.3)

4.3 Asymptotic Covariance Matrix

The asymptotic covariance matrix of the estimators #,8, A, & and A is

given by I'l(nz,sl,n;,sz,r), where | is the Fisher information matrix. The

Fisher information matrix isgiven by (i, j =1,2,3,4,5)

T%InL
I_[Iu] } ﬂl‘ﬂl‘ =M, 1, =8, 0=, 0, =5, [= 7.

If welet | =n A, the elements of the matrix A are

1 b b r?

MTST D B )

-1
A= +2)(y<b1 +)-y )+ (b+2)(1 HV©)-y®) .
A, =- b, r

(b,+2)s,5,(1- r?)’
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- bz r )
A= e 5152(1 p )(y(bo y @)+ m(mm y @),

At iV Oy O) b -y @)

Aoz s 1 i b @D @b () )

e @b ey

Ay = (bber)slsz(l b (0)-y @)

P o i @@ @)y o))
+ﬁ(y(bl> y O) (o, +9-y () ,

Aoz 5ty s @@y )]

l(l—zs,z(ﬂbl) y O) b, +9-y () |

A BT T

A=ty sra YO 52\/1—(”’ ,+1-y(2)

Aoz 5 0m s V@)Y @) @)y @)
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b, r?
+
(bz + 2) (1' r

Ae= 5 1 2)+{y¢bl>+y¢1>+(v(bl>-y<1>)z}

2r

(b, +1) 4y (2)+ (v (b, +1)- ¥ (2))

(v (b)-y @) (b, +1)- v (2)

+

Ag=-+ 1 b, 4 2)+{y¢q>+y¢1)+(y(q>-y(1>)2}

_ + -
s, @77 (0,+2 @ r

/,2
+W(y(bl)-y<1>)(y(bz+1>-y(2>)

1

b @) @b 0 -y )]

v 0)-y @) (b, +1)- ¥ (2)

and
__rt ., b 1
@-r3)? (0,+2) @ r

A 5 )+ 0)-y )}

-ﬁ(y(bl)-ya))(y(bﬁl)-y(z))

@)@+ @)} 431)

The asymptotic covariance matrix of the estimators #&,8, &, & and A is

givenby °17*(m,s,,m,s,,r).SeeAppendix D for details.

Hypothesis Testing: Our major interest is testing the null hypothesis H, : 7 = 0.

Since the MML estimators are asymptotically equivalent to the ML estimators, the
likelihood function L is maximized (asymptoticaly) by the MML estimators.

Thus, the likelihood ratio is (asymptotically)
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Az max(L[H,)
~ max(L[H,)

) TV N T (432
1 e ~¢2.1i:1
éﬁ'g(l_ AZ)nIZ . _yi'ﬁ'iﬁ\(xi"ﬁl) b+1

i=1

It can be shown that for large n, # is a monotonic function of A2, Thus, to test

H,:r >0, we propose the statistic

W:%/l(bﬂ) 1
n b, (@)+y@)

x b
= A 2 + : 4.3.3
J“@ o)V @)y @) (433)
1(b,+2) 1 : : . X .
= is the asymptotic variance of A under H,, obtained
nob @)ty @) i
from

{"1(”21511”51521f)},:0- (4.3.4)

The null distribution of W is referred to normal N(0,1) . Large values of W lead

to rejection of H, against H, : 7 > 0.
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Testing the null hypothesis

H,: = (4.3.5)

isalso of great practical importance.

Since A and M are asymptotically equivalent to the ML estimators, the

distribution of the random vector +/n(#, &) is bivariate normal with zero mean

vector and (estimated) covariance matrix
Aop%: 9% (4.3.6)
Hy Iy

where, ,, A, and &, are the estimated elements of the asymptotic covariance

matrix , more specificaly, s; = ; :Iijl(nz,sl,n;,sz,r). Since in these

i
elements eﬂ and & converge to s, and s,, respectively, the asymptotic null

distribution of

(4.3.7)

S
1
=
2!
£
ES
3

is chi-square with 2 df. We reject H,, at the 5% significance level if the value of

T is greater than c2,(2). The nonnull distribution (asymptotic) of ¢ is

noncentral chi-square with 2 df and noncentrality parameter

) L m
/° = , . 4.3.8
n(m,m) i (4.3.8)
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For small n, the null distribution of é(n ))T“? is approximately central-F with

(2,n- 2) degrees of freedom and the nonnull distribution is approximately

noncentral-F with (2,n- 2) degrees of freedom and noncentrality parameter /2.

Now, we define the Fisher information matrix 1(n,,5,,n,,,5,,,q,) for

estimating 7,,S,, n,,, S,, and g,. If welet | =n A, the elements of the matrix

A are

b, b, (Vo +1)- y(2))
A = (b1+2)sl’/*2‘(b1+2> s

b (b +)-y(2)

Moy s TR ATRATD

Aoz 3 1 g V@D Y@ 6Dy )]

Au= i b 0)-y ). A=, As =0 A=

pom g VO @) o By )

A= 1 b @b )y )

Aoz g ot b )y O 0Dy @)

and

T A A AN s (439

Here, the asymptotic covariance matrix of the estimators /&, &, A&, & and d,

isgivenby °1°%(m,s,,m,,S,,,q,) . See Appendix D for details.
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Hypothesis Testing: We also consider the null hypothesis

Ho: = . 4.3.10
" m. T 0 (4.3.10)

Since A and A, are asymptotically equivalent to the ML estimators, the

distribution of the random vector ~/n(/, A, ) is bivariate normal with zero mean

vector and (estimated) covariance matrix

KA 0
Aop®h ¢ (4.3.11)
0

where &, and s\, are the estimated elements of the asymptotic covariance
matrix , more specifically, s, = ; =1:'(m,5,,m,,5,,,4,) . The covariance
between # and A, is zero since they are orthogonal components, so there is no
need to estimate it. Since in these elements & and &, convergeto s, and s, ,,
respectively, the asymptotic null distribution of

Aa A

’ﬁzzn(ﬁiﬁ&) _ ﬁg

=[P, + B[R, (4.3.12)

is chi-sguare with 2 df. We rgject H,, at the 5% significance level if the value of

~ ~

¢ is greater than ¢?(2). The nonnull distribution (asymptotic) of ¥ is

noncentral chi-square with 2 df and noncentrality parameter
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a1 M
/7 =n(lm,m !
(m,m3,) .
= ”12/511 +”£.12/533- (4.3.13)

For small n, the null distribution of én—

" 21))1%@ is approximately central-F with

(2,n- 2) degrees of freedom and the nonnull distribution is approximately

noncentral-F with (2,n- 2) degrees of freedom and noncentrality parameter /2.
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CHAPTER 5

SIMULATION RESULTSAND ILLUSTRATIVE EXAMPLES

Summary: We give the simulated means and variances of the MML and the LS
estimators. We show that the MMLE are enormously more efficient and robust
than the LSE. We also show that the test statistics based on the MMLE are more
powerful and robust than the corresponding test statistics based on the LSE. For
conciseness, we only reproduce the results for the situation when the marginal and
the conditional distributions both are Generalized Logistic with shape parameters
b, and b,, respectively. The simulated values are in perfect agreement with the

theoretical results given in earlier chapters.

5.1 Efficiency of the Estimators

To compare the efficiencies of the MMLE and the LSE, we first note that the
former are self bias-correcting. If the mean of the random error is not zero, the

L SE needs a bias correction. If the variance of the random error is not equal to
sZ , the LSE §,, needs a bias correction. The same applies to the LSE

calculated from the marginal sample (see Appendix C for details). We give the
simulated relative efficiencies of the LSE, namely, 100 times the ratio of the
variance (or mean sguare error) of the MMLE to that of the corresponding values

of the LSE. We give the results only for r =0.5. The results are similar for other
r values, other than the estimators of . We consider numerous values of b, and

b, and sample sizes n=15,30,60 and100. The results are based on 10,000
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Monte Carlo runs. Without loss of generality, n,, s, , n, and s, are taken to be
0, 1, 0 and 1, respectively. The other parameters take values from the relations

S .
g =r=%, n,=n,-qn ad s,, =5,/(1- r?). From these relations, 7,,,
S : : :

1

s,, and g, take the values 0, 0.866 and 0.5, respectively. The computer program

to do the simulations iswritten in Visual Fortran and given in Appendix E.

The simulated values are given in Table 5.1-5.14. The values of the mean,
n*bias® and n* variance of the MML and LS estimators are given. Also given
are the relative efficiencies of the LSE, namely, 100* var(A/var(f) and
100* mse(A/mse(F) . The latter is more relevant if at least one of the estimators#
or F have substantial bias since mse(A)=var(A)+bias®. In Table 5.1, the
simulated values are given for b, =0.5, b, =0.5 and r =0.5 and n=15, 30, 60
and 100. This is a situation when the conditional and the marginal distributions
are both negatively skewed. Here, al the estimators are almost unbiased,
therefore, the relative efficiencies based on the variances of the estimators are
relevant. It is seen that for all sample sizes, n=15, 30, 60 and 100, and for all
parameters, the MML estimators are more efficient than the LS estimators. Thisis
an expected result since the MMLE have the Fisher efficiency, at any rate for
large n. There is another result of interest, namely, the efficiency of the MMLE
increases with n. This is also an expected result since the MMLE are
asymptotically the MVB estimators. It is seen that the efficiencies of the LSE of
r and g, which are very important in the context of regression analysis, are only
about 80%. Moreover, their efficiency steadily decrease as n increases. In Table
5.2, we consider b, =05 and b, =1 which is a situation when the marginal
distribution is skew but the conditional distribution is symmetric. The value of r
istaken to be 0.5 in the simulations. It is seen that some L SE have substantial bias
even for n=100. The LSE 7 of r ishighly biased and always overestimates r .
The relative efficiency of 7 (as compared to the MMLE A) is very low - can be
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as low as 19% primarily because of the large biasin 7. Also, 77, and S, have
some bias for all sample sizes. Moreover, as n getslarge, the biasin 77, increases
although the biasin S, decreases. On the other hand, the MML estimators have

no substantial bias and they are self bias-correcting. For large n, in fact, they

have hardly any bias.

Table 5.1 Simulated valuesfor b, =0.5, b, =0.5 and r =0.5.

n=15 mn Sy m, S, My So1 G r
MWL nean: 0.046 1.025 -0.029 1.049 -0.052 0.881 0.503 0. 485
n*bi as2: 0.031 0.010 0.013 0.037 0. 041 0.003 0. 000 0.003
n*vari ance: 5.356 0.833 6.861 0.743 5.689 0.663 0. 859 0.628
n*nse: 5.387 0.843 6.874 0.779 5.730 0. 666 0. 859 0.632
LS nean: -0.056 0.971 -0.127 0.970 -0.058 0.834 0. 497 0. 489
n*bi as2: 0.047 0.013 0.243 0.013 0. 051 0.015 0. 000 0. 002
n*vari ance: 5.548 0.971 7.125 0.797 6. 231 0.735 1.023 0. 750
n*nse: 5.595 0.984 7.368 0.811 6. 282 0. 750 1.023 0.751
ef fvar: 96.5 85.8 96. 3 93.1 91.3 90. 2 84.0 83.8
ef f nse: 96. 3 85.7 93.3 96. 1 91.2 88.9 84.0 84.1
n=30 m S n, S, U So1 . r
MWL nean: 0.036 1.010 0.010 1.025 -0.007 0.875 0.504 0.493
n*bi as2: 0.038 0.003 0.003 0.019 0. 001 0. 003 0.001 0.001
n*vari ance: 5.066 0.796 6.374 0.677 5.197 0. 606 0. 688 0.556
n*nse: 5.104 0.799 6.377 0.696 5.199 0. 609 0. 688 0.558
LS nmean: -0.019 0.982 -0.042 0.986 -0.011 0. 852 0.501 0. 496
n*bi as2: 0.011 0.010 0.054 0.006 0. 004 0. 006 0. 000 0. 000
n*vari ance: 5.460 1.014 6.935 0.829 5. 847 0.780 0. 836 0.690
n*nse: 5.471 1.024 6.989 0.834 5.851 0.786 0. 836 0.690
ef fvar: 92.8 78.5 91.9 81.7 88.9 77.7 82.3 80.7
ef f nse: 93.3 78.0 91.2 83. 4 88.9 77.5 82.3 80. 8
n=60 m S n, S, o Ss1 aq r
MWL nean: 0.021 1.007 0.003 1.011 -0.007 0. 869 0.501 0. 498
n*bi as2: 0.025 0.003 0.001 0.007 0. 003 0. 000 0. 000 0. 000
n*vari ance: 5.118 0.786 6.254 0.652 5. 062 0. 600 0.629 0.563
n*nse: 5.143 0.789 6.255 0.659 5. 065 0. 600 0.629 0.563
LS nean: -0.007 0.993 -0.024 0.992 -0.010 0. 856 0.501 0.500
n*bi as2: 0.003 0.003 0.033 0.004 0.005 0. 006 0. 000 0. 000
n*vari ance: 5.572 1.057 6.945 0.842 5. 758 0. 796 0. 803 0.732
n*nse: 5.575 1.060 6.978 0.845 5.763 0. 801 0. 803 0.732
ef fvar: 91.9 74. 4 90.1 77.5 87.9 75. 4 78. 3 76.9
ef f mse: 92.3 74. 4 89.6 78.0 87.9 74.9 78. 3 77.0
n=100 n S, n, S, n,, S, q, r
MWL nean: 0.013 1.003 0.000 1.006 -0.006 0. 868 0. 500 0. 498
n*bi as2: 0.017 0.001 0.000 0.004 0.004 0. 000 0. 000 0. 000
n*vari ance: 5.050 0.751 6.330 0.634 4.993 0.584 0.620 0.566
n*nse: 5.067 0.752 6.330 0.638 4.997 0. 585 0.620 0.566
LS nean: -0.004 0.993 -0.016 0.995 -0.008 0.861 0. 499 0. 498
n*bi as2: 0.002 0.004 0.025 0.003 0. 006 0.003 0. 000 0. 000
n*vari ance: 5.550 1.041 7.153 0.855 5.719 0. 802 0.797 0.744
n*nse: 5.551 1.045 7.178 0.858 5.725 0. 805 0.797 0.744
ef fvar: 91.0 72.1 88.5 74.2 87.3 72.8 77.8 76.1
ef f mse: 91.3 71.9 88.2 74. 4 87.3 72.6 77.8 76.1
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In Table 5.1, the shape parameters b, and b, are both equal to 0.5. In
Table 5.2-5.5, we have given results for numerous other combinations of b, and

b,. The same comments apply as for the values in Table 5.1. We conclude,

therefore, that the MMLE are enormously more efficient than the LSE.

Table 5.2 Simulated valuesfor b, =0.5, b, =1 and r =0.5.

n=15 m Sy n, S, o S5 aq r
MVL mean: 0.058 1.021 0.029 1.041 0. 001 0. 882 0.501 0.491
n*bi as2: 0.051 0.007 0.013 0.025 0. 000 0.004 0. 000 0.001
n*vari ance: 5.154 0.865 4.413 0.640 3.269 0. 629 0. 494 0. 452
n*nse: 5.205 0.872 4.426 0.665 3. 269 0.633 0.494 0. 454
LS nmean: -0.044 0.967 0.090 0.920 0. 002 0. 840 0.502 0.614
n*bi as2: 0.029 0.017 0.122 0.095 0. 000 0. 010 0. 000 0.196
n*vari ance: 5.371 0.978 4.618 0.540 3. 495 0.604 0.516 0. 548
n*nse: 5.400 0.994 4.740 0.636 3. 495 0.614 0.516 0.744
effvar: 96.0 88.5 95.6 118.4 93.5 104. 2 95.9 82.6
ef f rse: 96. 4 87.7 93.4 104.5 93.5 103.0 95.9 60.9
n=30 m Sy m, S, My So1 G r
MWL nmean: 0.030 1.009 0.017 1.022 0. 002 0.878 0.501 0.494
n*bi as2: 0.028 0.002 0.008 0.015 0. 000 0.004 0. 000 0.001
n*vari ance: 5.174 0. 806 4,372 0.591 3.116 0.581 0.417 0.424
n*nse: 5.201 0.808 4,381 0.606 3.116 0. 585 0.417 0. 425
LS mean: -0.023 0.979 0.113 0.935 0. 001 0. 857 0. 500 0.620
n*bi as2: 0.016 0.013 0.382 0.127 0. 000 0. 003 0. 000 0.429
n*vari ance: 5.558 1.001 4.660 0.548 3.354 0. 606 0. 444 0.513
n*nse: 5.574 1.014 5.041 0.675 3.354 0. 609 0. 444 0.942
effvar: 93.1 80.5 93.8 107.8 92.9 95.8 94.0 82.7
ef fmse: 93.3 79.7 86.9 89.8 92.9 96.1 94.0 45.1
n=60 m Sy m, S, N34 So1 G r
MWL nmean: 0.012 1.006 0.009 1.010 0. 003 0.870 0.501 0. 499
n*bi as2: 0.008 0.002 0.004 0.006 0.001 0. 001 0. 000 0. 000
n*vari ance: 5.202 0.794 4,237 0.547 2.978 0. 536 0. 373 0.412
n*nse: 5.210 0.796 4,241 0.552 2.979 0.536 0.373 0.412
LS nean: -0.015 0.992 0.124 0.939 0.002 0.859  0.501 0.628
n*bi as2: 0.014 0.004 0.916 0.222 0. 000 0. 003 0. 000 0.987
n*vari ance: 5.666 1.059 4.608 0.540 3.221 0.592 0. 404 0.503
n*nse: 5.680 1.063 5.524 0.762 3.222 0.595 0.404 1.490
effvar: 91.8 75.0 91.9 101.2 92. 4 90.5 92.2 81.9
ef fmse: 91.7 74.8 76.8 72.5 92.5 90. 2 92.2 27.7
n=100 m Sy 1, S, M Sa1 a r
ML nean: 0.008 1.002 0.005 1.005 0.001 0.868  0.500 0.499
n*bi as2: 0.007 0.001 0.002 0.003 0. 000 0.001 0. 000 0. 000
n*vari ance: 4,966 0.771 4.203 0.544 2.954 0. 532 0. 372 0.411
n*nse: 4,973 0.771 4,206 0.547 2.954 0. 532 0. 372 0.411
LS nmean: -0.009 0.994 0.128 0.941 0. 000 0. 862 0. 500 0.629
n*bi as2: 0.009 0.004 1.629 0.345 0. 000 0. 002 0. 000 1.669
n*vari ance: 5.429 1.041 4.591 0.544 3. 240 0. 595 0.401 0.501
n*nse: 5.438 1.045 6.220 0.889 3. 240 0.596 0.401 2.170
effvar: 91.5 74.0 91.6 100.0 91.2 89.4 92.6 82.0
ef fmse: 91.5 73.8 67.6 61.5 91.2  89.3 92.6  19.0
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Table 5.3 Simulated valuesfor b, =1, b, =0.5 and r =0.5.

n=15
MWL mean:
n*bi as2:

n*vari ance:

n*nse:
LS nmean:
n*bi as2:

n*vari ance:

n*nse:

ef fvar:
ef f nse:

n=30
MWL mean:
n*bi as2:

n*vari ance:

n*nse:
LS mean:
n*bi as2:

n*vari ance:

n*nse:

ef fvar:

ef f nse:
n=60

MWL mean:
n*bi as2:

n*vari ance:

n*nse:

LS nmean:
n*bi as2:

n*vari ance:

n*nse:

ef fvar:
ef f nse:

n=100
MWL mean:
n*bi as2:

n*vari ance:

n*nse:
LS mean:
n*bi as2:

n*vari ance:

n*nse:

ef fvar:
ef f nse:
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Table 5.4 Smulated valuesfor b, =1, b, =1 and r =0.5.

n=15
MWL mean:
n*bi as2:

n*vari ance:

n*nse:
LS nmean:
n*bi as2:

n*vari ance:

n*nse:

ef fvar:
ef f nse:

n=30
MWL mean:
n*bi as2:

n*vari ance:

n*nse:
LS mean:
n*bi as2:

n*vari ance:

n*nse:

ef fvar:

ef f nse:
n=60

MWL mean:
n*bi as2:

n*vari ance:

n*nse:

LS nmean:
n*bi as2:

n*vari ance:

n*nse:

ef fvar:
ef f nse:

n=100
MWL mean:
n*bi as2:

n*vari ance:

n*nse:
LS mean:
n*bi as2:
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Table 5.5 Simulated valuesfor b, =4, b, =4 and r =0.5.

n=15
MWL mean:
n*bi as2:

n*vari ance:

n*nse:
LS nmean:
n*bi as2:

n*vari ance:

n*nse:

ef fvar:
ef f nse:

n=30
MWL mean:
n*bi as2:

n*vari ance:

n*nse:
LS mean:
n*bi as2:

n*vari ance:

n*nse:

ef fvar:

ef f nse:
n=60

MWL mean:
n*bi as2:
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n*nse:

LS nmean:
n*bi as2:

n*vari ance:
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ef fvar:
ef f nse:
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MWL mean:
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Robustness. Another important issue is that of robustness. An estimator is called

robust if it is fully efficient (or nearly so) for an assumed model but maintains

high efficiency for plausible aternatives. To verify the robustness of the MMLE

and the LSE, we consider the situation most favourable to the LSE, namely,

b,=1 and b, =1 (i.e, marginal and the conditiona distributions are both

logistic). As aternatives, we consider the following:
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1) outlier modd: (n- r)GL(n,,s,) and rGL(n,,4s,), r =[O.5+O.1n]
2) mixture model: 0.9GL(7,,s,) +0.1GL(n,,4s,)

3) contamination model: 0.9GL(n,,s,)+0.WJ(n, - s,/2,n, +5,12).

In the first model, (n- r) observations ( X 's) come from GL(7,,s,) and
r (we do not know which) come from GL(7,,4s,) . In the second model, with 0.1
probability X 's come from a Generalized Logistic distribution with mean 7, and
variance 16s 7. In the third model, with 0.1 probability X 's come from a uniform
distribution with support 7, - s,/2 to n, +s,/2. Without loss of generality, n,

istaken to be zero and s, istakento be 1.

For illustration, we give the simulated means, biases, variances and the
relative efficiencies of LSE for r =0.2,0.5,0.9 and n =15, 30,60 and100.

It is important to mention here that the efficiencies based on the mse are
not valid for the estimators of s, and r since the variance of X is not as before
for the outlier, mixture or contamination models. Consequently, the true values of
s, and r are shifted. Therefore, the mean square errors which are calculated by
using the true values of the estimators are not valid anymore. The efficiencies
based on the variances of the estimators, however, can still give an idea about the
merits of the estimators. For the outlier model, the MML estimators are highly
efficient as compared to the LSE. Thisis due to the fact that in the calculation of
the MMLE, the extreme observations automatically receive small weights. Thus,
the influence of these observations is depleted giving the MMLE the intrinsic

robustness property they possess.
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Table 5.6 Simulated values for the outlier model for b, =1, b,

n=15
MWL mean
n*bi as2:

n*vari ance:

n*nse
LS nmean:
n*bi as2:

n*vari ance:

n*nse

ef fvar:
ef f nse

n=30
MWL mean
n*bi as2:

n*vari ance:

n*nse
LS mean:
n*bi as2:

n*vari ance:

n*nse

ef fvar:

ef f nse
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MWL mean
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n*nse

LS nmean:
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n=100
MWL mean
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LS mean:
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52.1

002
007
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810

=land r =0.2.
q, r
0. 200 0.284
0. 000 0. 107
0.577 0.877
0.577 0.984
0. 200 0. 308
0. 000 0.175
0.595 1.023
0. 595 1.198
97.0 85.7
97.0 82.1
a r
0.199 0. 264
0. 000 0.124
0.528 0. 829
0.528 0. 953
0.199 0.292
0. 000 0. 253
0. 558 1. 050
0. 558 1.303
94. 6 79.0
94. 6 73.2
a r
0. 200 0. 265
0. 000 0. 250
0. 450 0.762
0. 450 1.012
0. 200 0. 299
0. 000 0.592
0. 483 1.071
0. 483 1.663
93.3 71.1
93. 3 60. 8
7 r
0. 200 0. 263
0. 000 0. 396
0.413 0.705
0. 413 1.101
0. 200 0. 302
0. 000 1.040
0. 442 1.043
0. 442 2.083
93.5 67.6
93.5 52.9

It is also seen from Tables 5.6-5.14 that as the correlation between X and

Y gets larger in magnitude, the efficiency of the MMLE increases, particularly

for estimating 7, and s,. The reason for the LSE to have low efficiency for

large values of r is that the LS estimators of 7, and s, use only the

y - observations but they do not use the x- observations. When the correlation
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coefficient r islarge, X contains considerable information about the parameters

of Y. Tables 5.6-5.8 show the simulated values of the estimators for three
different values of r for the outlier model. It can be seen that the MML

estimators are superior in terms of efficiency.

Table 5.7 Simulated values for the outlier model for b, =1, b, =1 and r =0.5.

n=15 mn Sy m, S, My So1 G r
MWL nean: 0.003 1.563 -0.006 1.215 -0.006 0. 884 0. 500 0.624
n*bi as2: 0.000 4.753 0.001 0.691 0. 001 0. 005 0. 000 0.232
n*vari ance: 5.522 4.267 3.785 1.191 2.511 0.634 0. 433 0. 536
n*nse: 5.522 9.021 3.786 1.881 2.511 0.639 0. 433 0.768
LS nean: 0.002 1.601 -0.006 1.179 -0.006 0. 843 0. 500 0. 652
n*bi as2: 0.000 5.421 0.001 0.481 0. 001 0.008 0. 000 0. 347
n*vari ance: 9.881 6.073 5.011 1.496 2. 666 0. 609 0. 449 0.579
n*nse: 9.881 11.494 5.012 1.977 2. 667 0.617 0. 449 0.926
ef fvar: 55.9 70. 3 75.5 79.6 94.2 104. 1 96. 5 92.6
ef f nse: 55.9 78.5 75.5 95.2 94.2 103.5 96.5 83.0
n=30 m S n, Sy U So1 . r
MWL nean: -0.005 1.396 -0.003 1.135 -0.001 0.873 0.501 0. 608
n*bi as2: 0.001 4.701 0.000 0.547 0. 000 0. 002 0. 000 0. 352
n*vari ance: 4,383 2.961 3.381 0.904 2.378 0. 569 0. 407 0.539
n*nse: 4.384 7.662 3.382 1.451 2.378 0.571 0. 407 0.891
LS nean: -0.010 1.516 -0.006 1.152 -0.001 0. 853 0.501 0. 644
n*bi as2: 0.003 7.982 0.001 0.696 0. 000 0. 005 0. 000 0.626
n*vari ance: 8.400 6.116 4.497 1.416 2.548 0.594 0. 427 0. 646
n*nse: 8.403 14.098 4,498 2.112 2.548 0. 600 0. 427 1.272
ef fvar: 52.2 48. 4 75.2 63.9 93.3 95.7 95. 3 83.4
ef f nse: 52.2 54.3 75.2 68.7 93.3 95.1 95. 4 70.1
n=60 m S n, S, o Ss1 aq r
MWL nean: -0.001 1.364 0.000 1.114 0.001 0.871 0.501 0.610
n*bi as2: 0.000 7.930 0.000 0.780 0. 000 0.001 0. 000 0.725
n*vari ance: 4.188 2.620 3.227 0.810 2.223 0. 552 0. 342 0.491
n*nse: 4.188 10.550 3.227 1.589 2.223 0. 554 0. 343 1.216
LS nean: 0.002 1.544 0.002 1.163 0. 001 0. 860 0.502 0. 657
n*bi as2: 0.000 17.784 0.000 1.603 0. 000 0.002 0. 000 1.484
n*vari ance: 8.206 7.093 4,392 1.508 2. 433 0. 600 0. 363 0. 652
n*nse: 8.207 24.877 4.392 3.111 2.434 0. 602 0. 363 2.137
ef fvar: 51.0 36.9 73.5 53.7 91. 4 92.0 94. 3 75.3
ef f nse: 51.0 42.4 73.5 51.1 91.4 91.9 94. 3 56.9
n=100 m S 1, S, My, Sa1 G r
MWL nean: 0.002 1.347 0.000 1.104 -0.001 0. 869 0. 500 0. 609
n*bi as2: 0.000 12.064 0.000 1.086 0. 000 0.001 0. 000 1.182
n*vari ance: 4.099 2. 387 3.312 0.762 2. 257 0.543 0. 320 0. 475
n*nse: 4,099 14.451 3.312 1.847 2. 257 0. 544 0. 320 1. 657
LS nean: 0.004 1.557 0.001 1.167 -0.001 0.863 0.501 0.663
n*bi as2: 0. 002 31.076 0.000 2.787 0. 000 0. 001 0. 000 2.642
n*vari ance: 8.223 7.579 4,570 1.551 2. 488 0. 599 0. 346 0.676
n*nse: 8. 225 38.655 4,570 4.339 2. 489 0.599 0. 346 3.318
ef fvar: 49.8 31.5 72.5 49.1 90.7 90.7 92.5 70. 4
ef f mse: 49.8 37. 4 72.5 42.6 90.7 90.7 92.5 49.9
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Table 5.8 Simulated values for the outlier model b, =1, b, =1 and r =0.9.

n=15
MWL mean:
n*bi as2:

n*vari ance:

n*nse:
LS nmean:
n*bi as2:

n*vari ance:

n*nse:
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ef f nse:
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MWL mean:
n*bi as2:

n*vari ance:
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LS mean:
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n*vari ance:

n*nse:
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MWL mean:
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n=100
MWL mean:
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LS mean:
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For the mixture model, we have results similar to those for the outlier
model. This is evident from the values given in Tables 5.9-5.11. What is true in
general is that the MML estimators become more efficient than the LS estimators

as n becomes large. In fact, this is a very striking result since it is generaly

perceived that the LS estimators are highly efficient for large n.

117



Table 5.9 Simulated values for the mixture model for b, =1, b, =1 and r =0.2.

n=15
MWL mean:
n*bi as2:

n*vari ance:

n*nse:
LS nmean:
n*bi as2:

n*vari ance:

n*nse:

ef fvar:
ef f nse:

n=30
MWL mean:
n*bi as2:

n*vari ance:

n*nse:
LS mean:
n*bi as2:

n*vari ance:
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MWL mean:
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LS nmean:
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n=100
MWL mean:
n*bi as2:
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n*nse:
LS mean:
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n, s,
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3.051 0.709
3.051 0.761
0.001 1.023
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3.443 0.832

88.6 88.5
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Table 5.10 Simulated values for the mixture model for b =1, b, =1 and

r =0.5.
n=15 m S n, Ss U So1 . r
MWL nmean: 0.005 1.424 0.002 1.176 0. 000 0. 883 0.501 0.585
n*bi as2: 0.000 2.695 0.000 O0.465 0. 000 0.004 0. 000 0.108
n*vari ance: 4.913 4.663 3.607 1.235 2.535 0. 626 0. 629 0.677
n*nse: 4.914 7.358 3.607 1.700 2.535 0. 630 0. 629 0.785
LS nmean: 0.007 1.435 0.003 1.129 0.001 0. 842 0.501 0. 607
n*bi as2: 0.001 2.839 0.000 0.248 0. 000 0. 009 0. 000 0.173
n*vari ance: 8.218 6.224 4.576 1.491 2.682 0. 607 0. 651 0.737
n*nse: 8.218 9.063 4.576 1.740 2.682 0.616 0. 651 0.910
effvar: 59.8 74.9 78.8 82.8 94.5 103.2 96. 6 91.9
ef fmse: 59.8 81.2 78.8 97.7 94.5 102. 4 96. 6 86. 3
n=30 n Sy n, S, N34 So1 q r
MVL mean: -0.004 1.397 -0.001 1.139 0. 000 0. 875 0.501 0. 604
n*bi as2: 0.000 4.733 0.000 0.581 0. 000 0. 003 0. 000 0. 324
n*vari ance: 4.406 4.203 3.470 1.050 2.388 0.585 0. 439 0.613
n*nse: 4.406 8.935 3.470 1.631 2.388 0.588 0.439 0.937
LS nean: -0.005 1.507 -0.003 1.153 -0.001 0.855  0.501 0.636
n*bi as2: 0.001 7.702 0.000 0.704 0. 000 0.004 0. 000 0. 558
n*vari ance: 8.129 7.805 4,597 1.629 2.564 0.610 0. 462 0.730
n*nse: 8.130 15.508 4,598 2.333 2.564 0.614 0. 462 1.288
effvar: 54.2 53.8 755 644 931 958 95.0  84.0
ef fmrse: 54.2 57.6 75.5 69.9 93.1 95. 6 95.0 72.7
n=60 un Sy n, S, Ny, So1 G r
MWL nmean: 0.004 1.365 0.002 1.116 0. 001 0.872 0. 500 0. 607
n*bi as2: 0.001 7.998 0.000 0.801 0. 000 0. 002 0. 000 0. 683
n*vari ance: 4,223 3.698 3.306 0.920 2.280 0. 556 0.361 0.578
n*nse: 4,224 11. 696 3.307 1.721 2.280 0. 558 0. 361 1. 260
LS nmean: 0.005 1.539 0.004 1.163 0.001 0. 862 0. 500 0.651
n*bi as2: 0.002 17.432 0.001 1.598 0. 000 0.001 0. 000 1.375
n*vari ance: 8.135 8.730 4.479 1.716 2.490 0. 607 0. 382 0.753
n*nse: 8.137 26.162 4,480 3.314 2.490 0.608 0. 382 2.128
effvar: 51.9 42. 4 73.8 53.6 91.6 91.6 94. 6 76.8
ef f rse: 51.9 44,7 73.8 51.9 91.6 91.8 94. 6 59.2
n=100 m S n, S, My, Sa1 a, r
MVL mean: 0.003 1. 346 0.001 1.103 -0.001 0. 868 0. 499 0. 607
n*bi as2: 0.001 11.956 0.000 1.052 0. 000 0. 000 0. 000 1. 140
n*vari ance: 4,109 3.383 3.251 0.875 2.231 0. 532 0. 332 0. 558
n*nse: 4,110 15. 339 3.251 1.927 2.231 0.532 0. 332 1.698
LS nean: 0.005 1.550 0.002 1.163 0.000 0.862  0.499  0.659
n*bi as2: 0. 003 30. 218 0.000 2.673 0. 000 0. 002 0. 000 2.515
n*vari ance: 8.057 9.204 4.452 1.771 2.458 0.594 0. 355 0.787
n*nse: 8. 060 39.422 4.452 4. 444 2.458 0. 596 0. 355 3. 302
effvar: 51.0 36.8 73.0 49. 4 90. 8 89.5 93.5 70.9
ef fmrse: 51.0 38.9 73.0 43. 4 90.8 89. 3 93.5 51.4
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Table 5.11 Simulated values for the mixture model for b =1, b, =1 and

r =0.9.
n=15 m S n, Ss U So1 q r
MWL nean: 0.004 1.433 0.004 1.376 0.000 0.445 0.899 0.923
n*bi as2: 0.000 2.812 0.000 2.119 0. 000 0.001 0. 000 0. 008
n*vari ance: 5.103 4.675 4,785 3.591 0.661 0. 157 0. 148 0. 059
n*nse: 5.104 7.487 4,785 5.710 0.661 0.158 0.148 0. 067
LS nean: 0.005 1.447 0.004 1.378 0.000 0.424 0.899 0.930
n*bi as2: 0.000 3.004 0.000 2.139 0. 000 0. 002 0. 000 0.013
n*vari ance: 8.415 6.289 7.520 4.870 0. 702 0.151 0. 155 0. 057
n*nse: 8.415 9.293 7.520 7.009 0.702 0.154 0. 155 0. 070
ef fvar: 60.6 74.3 63.6 73.7 94.2 103. 4 95.7 103.1
ef f nse: 60.6 80.6 63.6 81.5 94.2 102.7 95.7 94.9
n=30 n Sy n, S, N34 So1 q r
MVL mean: -0.011 1.389 -0.010 1.332 0. 000 0. 440 0. 900 0.932
n*bi as2: 0.004 4.541 0.003 3.308 0.000 0.001 0.000 0.032
n*vari ance: 4.519 3.930 4.180 3.009 0. 607 0.141 0.111 0. 044
n*nse: 4.523 8.470 4.183 6.317 0.607 0. 142 0.111 0.076
LS  nean: -0.014 1.492 -0.014 1.416 -0.001 0.430 0.900  0.940
n*bi as2: 0.006 7.267 0.005 5.195 0.000 0.001 0.000 0.049
n*vari ance: 8.294 7.189 7.248 5.521 0. 655 0.148 0.117 0. 047
n*nse: 8.300 14. 455 7.254 10.716 0. 655 0. 149 0.117 0. 096
effvar: 54.5 54.7  57.7 54.5 926  95.4 94.7  94.4
ef f mse: 54.5 58.6 57.7 59.0 92.6 95.0 94.7 79.0
n=60 un Sy n, S, Ny, So1 G r
MWL nean: -0.001 1.361 -0.002 1.304 -0.001 0. 439 0.900 0.936
n*bi as2: 0.000 7.821 0.000 b5.549 0. 000 0. 000 0. 000 0.078
n*vari ance: 4.280 3.724 4.031 2.856 0.585 0.140 0.093 0.038
n*nse: 4,280 11.545 4.031 8.405 0. 585 0. 140 0. 093 0.116
LS nean: -0.001 1.532 -0.002 1.449 -0.001 0. 433 0.900 0.947
n*bi as2: 0. 000 17.001 0. 000 12. 107 0. 000 0. 000 0. 000 0.133
n*vari ance: 8.227 8.875 7.268 6.826 0. 639 0. 153 0. 098 0. 042
n*nse: 8.227 25.876 7.269 18.933 0.639 0.153 0.098 0.175
ef fvar: 52.0 42.0 55.5 41.8 91.5 91. 3 94. 6 89.5
ef f mse: 52.0 44.6 55.5 44.4 915  91.4 94.6  66.3
n=100 m S, n, s, n,, S, q, r
MVL mean: -0.001 1.352 0.000 1.295 0. 000 0. 437 0. 900 0.938
n*bi as2: 0.000 12.415 0.000 8.706 0.000 0.000 0.000 0.145
n*vari ance: 4,179 3. 467 3.997 2.640 0.599 0.132 0. 083 0. 033
n*nse: 4.179 15.882 3.997 11.346 0.599 0.133 0.083 0.178
LS  nean: 0.000 1.558 0.001 1.470 0.001 0.434 0.900 0.951
n*bi as2: 0. 000 31.120 0. 000 22.078 0. 000 0. 000 0. 000 0. 262
n*vari ance: 8.343 9.226 7.381 7.061 0.655 0.145 0.090 0.036
n*nse: 8. 343 40. 346 7.381 29.139 0. 656 0. 146 0. 090 0. 298
effvar: 50.1 37.6 54.2 37.4 913 911 92.8  91.2
ef f mse: 50.1 39.4 54.2 38.9 91.3 91.0 92.8 59.7

120



Table 5.12 Simulated values for the contamination model for b, =1, b, =1 and

r=0.2.
n=15 m S n, Ss U So1 . r
MWL nean: -0.006 0.960 -0.001 1.059 -0.002 1. 006 0. 201 0.179
n*bi as2: 0.000 0.024 0.000 0.051 0. 000 0.010 0. 000 0. 007
n*vari ance: 2.575 0.788 3.013 0.863 3.170 0. 842 1.387 0.910
n*nse: 2.576 0.813 3.013 0.915 3.170 0. 852 1.388 0.917
LS nean: -0.006 0.923 -0.001 0.978 -0.002 0.959 0. 201 0.186
n*bi as2: 0.001 0.090 0.000 0.007 0. 000 0. 007 0. 000 0. 003
n*vari ance: 2.949 0.776 3.184 0.784 3. 366 0.812 1. 456 1.009
n*nse: 2.949 0. 866 3.184 0.792 3. 366 0.819 1. 456 1.012
ef fvar: 87.3 101.5 94.7 110.0 94.2 103.6 95.3 90. 2
ef f nse: 87.3 93.8 94.7 115.5 94.2 104.0 95.3 90. 6
n=30 n Sy n, S, N34 So1 q r
MWL nean: 0.001 0.947 0.003 1.024 0.003 0.989 0. 202 0.186
n*bi as2: 0.000 0.084 0.000 0.017 0. 000 0.003 0. 000 0. 006
n*vari ance: 2.573 0.757 3.080 0.734 3. 092 0.718 1.152 0. 894
n*nse: 2.573 0.841 3.081 0.751 3.092 0.721 1.152 0.901
LS nean: 0.001 0.936 0.002 0.984 0.002 0. 965 0. 202 0.191
n*bi as2: 0.000 O0.122 0.000 0.007 0. 000 0. 006 0. 000 0. 003
n*vari ance: 3.059 0.800 3.301 0.745 3. 306 0.748 1.224 0.983
n*nse: 3.059 0.922 3.301 0.753 3.306 0. 754 1.224 0.986
ef fvar: 84.1 94. 6 93.3 98. 4 93.5 96.1 94.2 91.0
ef f mse: 84.1 91.2 93.3 99.7 93.5 95. 6 94.2 91.3
n=60 un Sy n, S, Ny, So1 G r
MWL nean: -0.001 0.939 0.001 1.008 0. 001 0.983 0. 201 0.186
n*bi as2: 0.000 0.220 0.000 0.004 0.000 0. 001 0. 000 0.012
n*vari ance: 2.504 0.709 2.950 0.719 2.919 0.705 1.042 0. 846
n*nse: 2.505 0.929 2.950 0.723 2.920 0. 706 1.042 0. 858
LS nean: -0.002 0.943 0.001 0.990 0. 002 0.971 0. 201 0.191
n*bi as2: 0.000 0.195 0.000 0.006 0. 000 0. 004 0. 000 0. 005
n*vari ance: 2.969 0.789 3.223 0.784 3.184 0.777 1.116 0. 940
n*nse: 2.969 0.984 3.223 0.791 3.184 0.781 1.116 0. 945
ef fvar: 84.3 89.9 91.5 91.7 91.7 90.7 93.3 90.0
ef f nse: 84.3 94. 4 91.5 91.5 91.7 90. 3 93.3 90.7
n=100 m S n, S, My, Sa1 a, r
MWL nean: 0.000 0.937 -0.003 1.006 -0.004 0.983 0. 201 0.187
n*bi as2: 0.000 0.403 0.001 0.003 0. 001 0.001 0. 000 0.017
n*vari ance: 2.514 0.739 2.997 0.707 2.923 0.692 1.018 0. 850
n*nse: 2.514 1.142 2.998 0.710 2.924 0.694 1.018 0.867
LS nean: -0.001 0.946 -0.004 0.995 -0.004 0.976 0. 201 0.191
n*bi as2: 0.000 0.291 0.001 0.003 0. 001 0. 001 0. 000 0. 008
n*vari ance: 3.047 0.831 3.317 0.776 3.222 0. 765 1.104 0.951
n*nse: 3.047 1.122 3.319 0.779 3.223 0.767 1.105 0. 959
ef fvar: 82.5 89.0 90. 4 91.1 90.7 90.5 92.2 89.4
ef f mse: 82.5 101.8 90. 3 91.2 90.7 90.5 92.2 90. 4

The contamination model represents mild deviation from the assumed
model. Even here, the MMLE are more efficient than the LSE particularly for

large n (say, n>15).
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Table 5.13 Simulated values for the contamination model for b, =1, b, =1 and

r =0.5.
n=15 m S n, Ss U So1 q r
MWL nean: -0.004 0.958 0.004 1.036 0.006 0.884 0.500 0.454
n*bi as2: 0.000 0.026 0.000 0.019 0. 001 0. 005 0. 000 0. 032
n*vari ance: 2.590 0.788 3.042 0.711 2.592 0.611 1.096 0.704
n*nse: 2.590 0.814 3.042 0.731 2.592 0.616 1.096 0.736
LS nean: -0.003 0.921 0.006 0.963 0.007 0.841 0.500 0.467
n*bi as2: 0.000 0.094 0.000 0.020 0. 001 0. 009 0. 000 0.016
n*vari ance: 2.943 0.767 3.265 0.656 2.749 0. 587 1.141 0. 753
n*nse: 2.944 0.861 3.265 0.676 2.749 0. 596 1.141 0.769
ef fvar: 88.0 102.7 93.2 108.5 94.3 104. 2 96. 1 93.4
ef f nse: 88.0 94.5 93.2 108.1 94.3 103. 4 96.1 95. 6
n=30 n Sy n, S, N34 So1 q r
MVL mean: 0.004 0.945 0.003 1.010 0. 000 0. 877 0.501 0. 463
n*bi as2: 0.000 0.092 0.000 0.003 0.000 0.004 0.000 0.041
n*vari ance: 2.494 0.763 2.916 0.647 2.379 0.568 0.913 0.649
n*nse: 2.494 0.854 2.916 0.650 2.379 0.572 0.913 0.689
LS  nean: 0.003 0.934 0.002 0.977 0.001 0.857 0.501 0.473
n*bi as2: 0.000 0.130 0.000 0.015 0.000 0.003 0.000 0.022
n*vari ance: 2.945 0.806 3.200 0.659 2.566 0.593 0. 967 0.707
n*nse: 2.945 0.936 3.200 0.675 2.566 0.596 0.967 0.729
effvar: 84.7 94.6 91.1 98.1  92.7  95.8 94.4  91.8
ef f mse: 84.7 91. 3 91.1 96. 3 92.7 96.0 94. 4 94.6
n=60 un Sy n, S, Ny, So1 G r
MWL nean: 0.001 0.939 0.001 0.996 0.001 0.872 0.498 0.468
n*bi as2: 0.000 0.220 0.000 0.001 0. 000 0. 002 0. 000 0. 063
n*vari ance: 2.511 0.718 2.964 0.628 2. 356 0.551 0. 820 0. 644
n*nse: 2.511 0.938 2.964 0.629 2. 356 0. 553 0.821 0.707
LS nean: 0.002 0.943 0.001 0.982 0.001 0.861 0.498 0.476
n*bi as2: 0.000 0.197 0.000 0.019 0. 000 0.001 0. 000 0.034
n*vari ance: 2.998 0.797 3.319 0.675 2.576 0. 595 0. 887 0.713
n*nse: 2.998 0.994 3.319 0.694 2.576 0.596 0.887 0.747
ef fvar: 83.7 90.1 89.3 93.1 91.5 92.7 92.5 90. 3
ef f mse: 83.7 94.4 89.3 90.7 915  92.8 92.5  94.6
n=100 m S, n, s, n,, S, q, r
MVL mean: 0.000 0.935 -0.001 0.991 -0.001 0. 869 0. 499 0. 470
n*bi as2: 0.000 0.422 0.000 0.009 0.000 0.001 0.000 0.090
n*vari ance: 2.498 0.724 2.877 0.623 2. 265 0. 547 0. 815 0. 630
n*nse: 2.498 1.147 2.877 0.632 2.265 0.548 0.815 0.721
LS  nean: -0.001 0.944 0.000 0.984 0.000 0.863 0.499 0.478
n*bi as2: 0.000 0.310 0.000 0.026 0. 000 0.001 0. 000 0. 049
n*vari ance: 2.986 0.817 3.219 0.692 2.476 0.609 0.882 0.697
n*nse: 2.986 1.128 3.219 0.718 2.476 0.610 0. 882 0. 745
effvar: 83.7 88. 6 89.4 90.1 91.5 89. 8 92. 3 90.5
ef f mse: 83.7 101.7 89.4 88.0 91.5 89.9 92.3 96. 7
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Table 5.14 Simulated values for the contamination model for b, =1, b, =1 and

r =0.9.
n=15 m S n, Ss U So1 q r
MWL nmean: 0.000 0.961 0.000 0.982 0. 000 0. 445 0. 898 0. 869
n*bi as2: 0.000 0.023 0.000 0.005 0. 000 0.001 0. 000 0.014
n*vari ance: 2.530 0.803 2.666 0.708 0.642 0. 156 0.274 0. 106
n*nmse: 2.530 0.826 2.666 0.712 0. 642 0. 157 0.274 0.121
LS nmean: -0.001 0.923 -0.001 0.935 0. 000 0.424 0. 898 0.877
n*bi as2: 0.000 0.089 0.000 0.064 0. 000 0. 002 0. 000 0. 008
n*vari ance: 2.910 0.778 3.021 0.693 0.681 0. 151 0. 287 0.103
n*nmse: 2.910 0.866 3.021 0.757 0.681 0. 153 0. 287 0.111
effvar: 87.0 103.3 88.2 102.1 94. 3 103. 6 95. 6 103.1
ef fmse: 87.0 95.3 88. 2 94.1 94. 3 102.9 95. 6 108.7
n=30 m Sy n, S, o So1 q r
MWL nmean: 0.000 0.945 0.001 0.964 0. 000 0. 441 0.901 0.879
n*bi as2: 0.000 0.090 0.000 0.040 0. 000 0. 001 0. 000 0.014
n*vari ance: 2.545 0.739 2.683 0.648 0. 605 0. 143 0.235 0.079
n*nse: 2.545 0.829 2.683 0.688 0. 605 0. 143 0.235 0.093
LS nean: -0.001 0.934 0.000 0.946 0.001 0.430  0.900 0.884
n*bi as2: 0.000 0.130 0.000 0.086 0. 000 0. 001 0. 000 0.008
n*vari ance: 2.990 0.786 3.109 0.687 0. 654 0. 149 0. 248 0. 080
n*nse: 2.990 0.917 3.109 0.773 0. 654 0. 149 0. 248 0.088
effvar: 85.1 93.9 86.3 944 925  96.0 94.7  99.0
ef fmrse: 85.1 90.4 86. 3 88.9 92.5 95.9 94.7 105. 6
n=60 m Sy m, S, My So1 G r
MWL nmean: 0.001 0.939 0.002 0.955 0. 001 0.438 0.901 0.883
n*bi as2: 0.000 0.225 0.000 0.121 0. 000 0. 000 0. 000 0.017
n*vari ance: 2.527 0.725 2.582 0.629 0. 579 0.137 0. 210 0. 070
n*nmse: 2.527 0.950 2.582 0.750 0. 579 0.138 0. 210 0. 086
LS nmean: 0.000 0.942 0.001 0.954 0.001 0.433 0.901 0. 888
n*bi as2: 0.000 0.200 0.000 0.129 0. 000 0.001 0. 000 0. 009
n*vari ance: 3.018 0.793 3.042 0.689 0. 636 0. 150 0.223 0.071
n*nse: 3.018 0.993 3.042 0.818 0. 636 0. 150 0.223 0.080
effvar: 83.7 91.4 84.9 91.2 91.0 91.8 94. 3 98.5
ef f nse: 83.7 95.6 849 91.6 910 91.7 94.3  108.1
n=100 m S, n, s, n,, S, q, r
MWL nmean: 0.002 0.936 0.002 0.950 0. 000 0. 437 0. 899 0.885
n*bi as2: 0.000 0.413 0.000 0.251 0. 000 0. 000 0. 000 0.023
n*vari ance: 2.530 0.704 2.630 0.623 0. 579 0.134 0.202 0. 067
n*nse: 2.531 1.116 2.630 0.874 0.579 0.134 0. 202 0. 090
LS nean: 0.002 0.946 0.002 0.956 0.000 0.434  0.900 O.889
n*bi as2: 0.001 0.294 0.000 0.196 0. 000 0. 000 0. 000 0.012
n*vari ance: 3.029 0.791 3.085 0.706 0. 632 0. 149 0.218 0.071
n*nmse: 3.030 1.084 3.085 0.902 0. 632 0. 150 0.218 0.084
effvar: 83.5 89.0 853 884 917  89.6 92.5  94.6
ef fmrse: 83.5 103.0 85.3 97.0 91.7 89.5 92.5 108.1

5.2 Simulated Powers of the Hotelling T2

As we stated earlier, we give results only for the situation when the marginal and

the conditional distribution are Generalized Logistic with shape parameters b, and
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b, , respectively. In Chapter 4, we defined statistics to test assumed values of the

location parameters (7, 1,) . Totest

0
Hy: 0= (5.2.1)
m 0
in the present situation, we propose the statistic
fo sy A A
=n(A.m) A" 5 (5.2.2)
m
Here, A is the (estimated) covariance matrix
A=n 5? 5?3 (5.2.3)
s Hg

where, &,, A, and &, are the estimated elements of the asymptotic covariance
matrix , more specifically, s, = , =1;*(m,s,,m,s,,r). The statistic using

the LS estimators is calculated just by putting the LS estimators instead of the
MML estimators in the test statistic. Unfortunately, the estimated covariance

matrix  of the LS estimators \/ﬁ(ﬁz,ﬁ;) is not known under nonnormal
distributions. Thus, we use the ssimulated covariance matrix. Denote the statistic

(5.2.2) by T and the corresponding statistic based on the LSE by T2,

Alternatively, totest H, above we propose the statistic

. A
= n(Ay, A,) A A
= [A, + R, A, . (5.2.4)
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Here, Ajsthe (estimated) covariance matrix

A_ 5511 0
=n 0 &, (5.2.5)

where &, and A, are the estimated elements of the asymptotic covariance

matrix , more specificaly, s; = , =1,*(m,5,,m,,5,,,q,). The statistic

based on LS estimators is calculated simply by replacing the MMLE in (5.2.4) by

the LSE and, &, and &, by 5, and 5, . For the same reason as before we use
the simulated variances for §,, and S,,. Denote the statistic (5.2.4) by T?z and

the corresponding statistic based on the LSE by 'Flz. Testing (n,,n,) =(0,0) is
equivalent to testing that (n,,7,,) =(0,0).

Since the covariance matrix does not converge to its expected value fast

enough, we will give the simulation results based on the simulated variances and

covariances of the estimators. For example, instead of using Ain (5.2.2) we use

simulated variance of 4 and A and simulated covariance of /4 and A .

We give the graph plots of the power of 7* and T2, and 'Ié? and T, for
testing (7., 7,) =(0,0). We give the plots for r =0.5. The relative powers are
essentially the same for other values of r . We include numerous values of b, and

b, and n =15, 30, 60 and100. The results are based on 10,000 Monte Carlo runs.

First, we give the plots for ¢ and T,2.
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Figure 5.1 Power graphs of T?z and 'Flz for b =05, b,=05, r =05 and
n=15, 30,60 and 100.

It is seen that T?z(based on the MMLE) has higher power than 'Flz (based

on the LSE) for all sample sizes. The type | error for both of them is almost 0.05,
the presumed value.

Figure 5.2 shows the graph plots of power for b, =0.5 and b, =1. It is

seen that 7¥ has higher power than 'ﬁz and the differences increase with

increasing n.

Figure 5.3 shows the graph plots of power for b, =1, b, =0.5. Although
the differences between the power values is not very large but again T% is ahead

of T,2.
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Figure 5.2 Power graphs of Ff and
n=15,30,60 and 100.

T, for b,=05, b,=1,7 =05 and
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Figure 5.3 Power graphs of Ff and
n=15,30,60 and 100.

T,? for b =1, b,=05,7r =05 and
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Figure 5.4 Power graphs of ¢ and 'Flz for b =1, b,=1,r=05 and
n=15,30,60 and 100.

In Figure 5.4 we consider the situation when both the marginal and the

conditional distributions are symmetric. Like the previous case, the differences

between the power of the T% and 'I? tests are not substantial. Nonetheless, 'P?Z is

ahead of the T,? test.

Finally, we consider the situation when b, =4 and b, =4. The graph

plots of the power are given in Figure 5.5. For n£ 30, there are very little

differences between the power values. For

n > 30, however the differences are

more pronounced and 'P?? test is more powerful.
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Figure 55 Power graphs of ¥ and
n=15,30,60 and 100.

T? for b,=4, b,=4,r =05 and

We now consider the 'I’52 and T2 tests. We simulate the values of their

power for testing (n,,n,) =(0,0). The graph plots of their power, simulated for

r =0.5 and n=15,30, 60 and100, are given in Figure 5.6 for b, =0.5, b, =0.5,

Figure 5.7 for b, =0.5, b, =1, Figure 5.8 for b, =1, b, =0.5, Figure 5.9 for

b, =1, b, =1 and Figure 5.10 for b, =4, b, =4. The comparison between the

power valuesis essentially the same asfor the TS? and T2 tests. In the case given

~

in Figure 5.8, ¥ shows higher power values for all sample sizes. Moreover, as

sample size increases, the difference gets bigger in favor of 'PSz .
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Figure 5.6 Power graphs of 'P52 and T2 for b, =05, b,=05,r =05 and

n=15,30,60 and 100.
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Figure 5.7 Power graphs of P and T2 for b, =05, b,=1,r =05 and

n=15,30,60 and 100.
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Figure 5.8 Power graphs of 7 and

n=15,30,60 and 100.

T? for b =1, b,=05,7r =05 and
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Figure 5.9 Power graphs of T* and T? for b =1, b,=1,r=05 and

n=15,30,60 and 100.
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Figure 5.10 Power graphs of TS? and T2 for b=4, b,=4,r=05 and
n=15,30,60 and 100.

Robustness. A test is said to be robust if its Type | error is, for plausible

alternatives, never substantially higher than a presumed value and it maintains
high power. Consider the situation when the model is the one with b, =1 and
b, =1. The alternatives we consider are the outlier, mixture and contamination
models given on page 115. The graph plots of the powers of 'P?Z ﬁz, T* and T2
tests under three alternatives considered above are given in Figure 5.11-5.16. It
can be seen that T?z and T* tests are robust. This is due to the fact that 'Ié? and

¥ tests use efficient and robust estimators of the unknown parameters.
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Figure 5.11 Power graphs of 'P% and T,2 for b, =1, b, =1,7 =05 and n=30
for the outlier model.
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Figure 5.12 Power graphs of TS? and T2 for b =1, b,=1,7 =05 and n=30
for the outlier model.
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Figure 5.13 Power graphs of T¢ and T,2 for b, =1, b, =1, 7 =05 and n=30
for the mixture model.
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Figure 5.14 Power graphs of TS? and T2 for b =1, b,=1,7 =05 and n=30
for the mixture model.
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Figure 5.15 Power graphs of 'I% and T,2 for b, =1, b, =1,7 =05 and n=30
for the contamination model.
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Figure 5.16 Power graphs of ¥ and T2 for b =1, b,=1,7 =05 and n=30
for the contamination model.

5.3 Testing the Correlation Coefficient

As stated in Chapter 4, in order totest H,: 7 =0 against H,: 7 <0 (or r >0),
the proposed statistic is

W:»?/\/l(b2+2) 1
n b, (/@,)+y@)
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— A bz
= /A\/ "B 13 (v @) +y @) (5.3.1)

Here,

1(b, +2) 1
- (5.3.2)
nob @)+ @)
is the asymptotic variance of A under H »» obtained from
{| '1(’71’51,/75,521f)},=0- (5.3.3)

_ s
The LSE of r is the Pearson sample correlation coefficient, 7 =——. The
S
xJy

statistic based on the Pearson sample correlation coefficient is found by dividing
r by the square root of the variance of 7 under H,. Since we do not know the
variance of 7 under nonnormal distributions, we use the simulated variance of 7
under H,. Denote the test statistic (5.3.1) by W and the corresponding test
statistic based on the LSE by W, 4. In Section 5.1, we gave the efficiencies of the
LS estimator 7 relative to the MML estimator A. In this section we give the
simulated power graphs of W and W,¢ for values of b, and b,, and for
n =15, 30, 60 and100. Since the variance of A does not converge fast enough to
the asymptotic value, we use the simulated variance of A under the null

hypothesis H, : r =0.

First, we give the smulated power graphs of W and W, ¢ for b, =0.5 and

b, = 0.5 for several sample sizes (Figure 5.17). For all sample sizes, W is more
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powerful than W . As n gets large, the differences become larger in favor of W

due to the asymptotic optimality of the MML estimator A.

In Figure 5.18, the simulated power graphs of W and W, for b, =0.5

and b, =1, are given. The difference between the power values is not

considerable but again there is a difference in favor of W and it becomes large as

the sample size n increases.
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Figure 5.17 Power graphs of W and W ¢ for b, =0.5, b, =0.5 and n=15,30,60
and 100.

In Figure 5.19, we give the smulated powers of W and W, ¢ for b, =1
and b, =0.5. Asexpected, the W test has higher power for all n.

In Figure 5.20, the power values of the W and W, tests for b, =1 and

b, =1 are given. The W test is more powerful and and the differences between

the values increase with sample size n.
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Finally, for b, =4 and b, =4, the simulated powers of the W and W,q

tests are given in Figure 5.21. Now, the W test is considerably more powerful

than the W, test. The differencesincrease with n.
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Figure 5.18 Power graphs of W and W g for b, =0.5, b, =1 and n=15,30,60

and 100.
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Figure 5.19 Power graphs of W and W4 for b, =1, b, =0.5 and n=15,30,60

and 100.
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Figure 5.20 Power graphsof W and W, for b, =1, b, =1 and n=15,30,60 and
100.
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Figure 5.21 Power graphs of W and W, ¢ for b, =4, b, =4 and n=15,30,60 and
100.
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5.4 Proximity of ML and MML Estimators

We know that the MMLE are asymptotically equivalent to the MLE, of course
under the regularity conditions. The latter satisfy the likelihood equations of the

type TInL/f¢ =0. Since T2InL/Y¢? <0, the solution of fInL/fz =0 in fact
maximizes L (or InL). We now show that the MMLE maximizes L (almost) even
for small n. That establishes the numerical proximity of the ML and the
corresponding MML estimators.

We generated N =10,000 random samples from the bivariate distribution
consisting of Generalized Logistic marginal with shape parameter b, and
Generalized Logistic conditional with shape parameter b,. We simulate the means

and variances of the random variables l ‘HInL_ TinL
n 9t 1t

(i=1,8). Here,

t,=n, t,=5,, t,=n,, t,=5,,, t;=n,, t,=5,, t,=q and tyg=r.
The values are given in Table 5.15-5.16 for numerous values of b, and b, and
r =0.5. The values for other r -values are exactly similar. It is concluded that

the MMLE are numerically close to the corresponding MLE. Thisisindeed a very
positive result. As such, there is no necessity of chasing the elusive ML
estimators.

This result shows that the MML estimators are ailmost equivalent to ML

estimators even for small sample sizes. Additionally, MML estimators are robust

to data anomalies.

140



Table 5.15 Simulated means and variances of 1finL
n

(evaluated at the MMLE)
for (b1,b2)=(0.5,0.5), (0.5,1) and (1,0.5), and r =0.5.

b,=0.5 b,=0.5 b;=0.5 b,=1 b;=1 b,=0.5

nmean varil ance nean varil ance mean varil ance

n, -0.0158 0. 0001 -0.0151 0. 0001 -0. 0007 0. 0001

s, -0.0724 0. 0008 -0.0735 0. 0007 -0.0874 0. 0010

n,, 0.0013 0. 0000 0. 0000 0. 0001 0.0013 0. 0000

n=15 s, -0. 1476 0. 0019 -0.1613 0. 0022 -0. 1471 0. 0012
n, 0.0013 0. 0000 0. 0000 0. 0001 0.0013 0. 0000

s, -0.1236 0.0012 -0. 1347 0.0012 -0.1213 0.0012

q, -0. 0022 0. 0004 0. 0003 0. 0003 -0. 0001 0. 0002

r 0. 0974 0. 0064 0.1053 0. 0055 0. 1050 0. 0107

n, -0.0082 0. 0000 -0. 0081 0. 0000 0. 0000 0. 0000

s, -0.0364 0. 0002 -0. 0365 0. 0002 -0. 0448 0. 0002

n,, 0. 0001 0. 0000 -0. 0001 0. 0000 0. 0001 0. 0000

n=30 s, -0.0722 0. 0003 -0. 0800 0. 0004 -0.0721 0. 0003
n, 0. 0001 0. 0000 -0. 0001 0. 0000 0. 0001 0. 0000

s, -0.0615 0. 0002 -0. 0681 0. 0002 -0.0611 0. 0002

q, -0. 0003 0. 0001 0. 0001 0. 0001 0. 0000 0. 0000

r 0. 0448 0. 0006 0. 0491 0. 0006 0. 0460 0. 0009

n, -0.0042 0. 0000 -0.0042 0. 0000 0. 0001 0. 0000

s, -0.0181 0. 0000 -0. 0180 0. 0000 -0.0222 0. 0000

n,, -0. 0001 0. 0000 0. 0000 0. 0000 -0. 0001 0. 0000

N=60 s, -0. 0357 0. 0001 -0. 0397 0. 0001 -0. 0355 0. 0001
n, -0. 0001 0. 0000 0. 0000 0. 0000 -0. 0001 0. 0000

s, -0. 0306 0. 0000 -0.0342 0. 0000 -0.0304 0. 0000

q, 0. 0001 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000

r 0. 0215 0. 0000 0. 0235 0. 0001 0. 0215 0. 0001

n, -0. 0025 0. 0000 -0. 0026 0. 0000 0. 0000 0. 0000

s, -0.0106 0. 0000 -0. 0107 0. 0000 -0.0131 0. 0000

n,, -0. 0001 0. 0000 0. 0000 0. 0000 -0. 0001 0. 0000

n=100 s, -0.0211 0. 0000 -0.0235 0. 0000 -0.0211 0. 0000
n, -0. 0001 0. 0000 0. 0000 0. 0000 -0. 0001 0. 0000

s, -0.0181 0. 0000 -0. 0203 0. 0000 -0.0181 0. 0000

q, 0. 0001 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000

r 0.0126 0. 0000 0. 0138 0. 0000 0.0125 0. 0000
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Table 5.16 Simulated means and variances of 1finL
n

(evaluated at the MMLE)
for (by,b2)=(1,1) and (4,4), and r =0.5.

b;=1 b,=1 b,=4 b,=4
nmean varil ance nmean varil ance
n, 0. 0002 0. 0001 0. 0446 0. 0002
s, |- 0. 0880 0. 0010 -0.0216 0. 0006
n, |- 0. 0001 0. 0001 -0.0125 0. 0001
n=15 s, |- 0. 1610 0.0021 -0.1680 0. 0022
n, -0. 0001 0. 0001 -0.0125 0. 0001
s, -0.1340 0. 0013 -0.1514 0.0018
q, 0. 0001 0. 0001 -0. 0229 0. 0003
r 0.1081 0.0073 0. 0888 0. 0068
n, 0. 0000 0. 0000 0. 0258 0. 0000
s, |- 0. 0448 0. 0002 -0.0081 0. 0001
n,, 0. 0000 0. 0000 -0. 0059 0. 0000
n=30 s, |- 0. 0803 0. 0004 -0. 0827 0. 0003
n, 0. 0000 0. 0000 -0. 0059 0. 0000
s, -0.0683 0. 0003 -0.0758 0. 0003
q, 0. 0000 0. 0000 -0.0109 0. 0001
r 0. 0500 0. 0008 0. 0402 0. 0006
n, 0. 0000 0. 0000 0. 0146 0. 0000
s, |- 0. 0222 0. 0000 -0.0029 0. 0000
n,, 0. 0000 0. 0000 -0. 0026 0. 0000
n=60 s, |- 0. 0396 0. 0001 -0.0413 0. 0001
n, 0. 0000 0. 0000 -0.0026 0. 0000
s, -0.0341 0. 0000 -0.0378 0. 0001
q, 0. 0000 0. 0000 -0.0049 0. 0000
r 0. 0237 0. 0001 0. 0199 0. 0001
n, 0. 0000 0. 0000 0. 0095 0. 0000
s, |- 0.0131 0. 0000 -0.0012 0. 0000
n,, 0. 0000 0. 0000 -0.0014 0. 0000
n=100 s, |- 0. 0235 0. 0000 -0.0247 0. 0000
n, 0. 0000 0. 0000 -0.0014 0. 0000
s, -0.0203 0. 0000 -0. 0226 0. 0000
q, 0. 0000 0. 0000 -0.0026 0. 0000
r 0.0138 0. 0000 0.0119 0. 0000
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5.5 lllustrative Examples

5.5.1 A Real Life Example

We give the first example using real life data given in Table 5.17 where U
represents 100 times the white blood counts and Y represents the survival times
(in weeks) of patients who died of acute myelogenous leukemia (Gross and Clark,

1975).

Table5.17 Gross and Clark data

i 1 2 3 4 5 6 7 8
Ui: 23 7.5 43 26 60 105 100 170
Yi: 65 156 100 134 16 108 121 4

i 9 10 11 12 13 14 15 16
Ui: 54 70 94 320 350 1000 1000 520
Yi: 39 143 56 26 22 1 1 5

Source: Gross and Clark (1975)

Vaughan and Tiku (2000) showed that it is reasonable to regard U as a
Weibull random variable with p =0.8. This can be verified by the Q-Q plot of U
in Figure 5.22. Since the natural logarithm of a Weibull random variable has an
extreme value distribution, if we let X =InU , it follows that X has an extreme
value distribution. This can also be verified by the Q-Q plot of X in Figure 5.23.
Vaughan and Tiku (2000) also showed that it is pertinent to regard the conditional

distribution of Y given X = x asnormal (see Figure 5.24).
We find the MML estimators by taking the marginal distribution (X) as

extreme value and the conditional distribution (Y given X = x) as normal. The
MML and the LS estimates are given in Table 5.18.

143



Table5.18 The MML and LS estimates for the Gross and Clark data.

/71 Sl /72 52 r /72_1 52.1 Q1
MML | 39868 | 1.3617 |83.7533 | 55.7215 | -0.7389 | 204.2984 | 38.8660 | -30.2358
LS | 4.0749 | 1.0759 |82.9921 | 48.1972 | -0.7433 | 204.2984 | 38.8660 | -30.2358

Realize that since the conditional distribution is normal, the MML and the LS

estimates of n,,, S,, and g, which are the parameters belonging to the

conditional part are exactly the same.
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Figure 5.22 Q-Q plot of White Cell Blood Count (U).
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Figure 5.23 Q-Q plot of natural logarithm of White Cell Blood Count (X).
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Now we derive the test statistics to test the mean vectors and the
correlation coefficient. Since the sample size is not large enough to use the
asymptotic covariance matrix, we give the results based on the simulated
variances and covariances. The simulated variances and covariances of the MML
and the LS estimators are given in Table 5.19.
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Figure 5.24 Q-Q plot of the standardized residuals.

Table 5.19 Simulated variances and covariances of the MML and the LS
estimators for 7 =-0.74, and simulated variance of Aunder H,:r =0 for the

samplesizeof n=16.

var(f) | var(i) | cov(d,B) | var(h,) | var(Aunder H,: r =0)

MML | 0.0714 | 0.0740 -0.0525 0.0366 0.0508

LS 0.0743 | 0.0749 -0.0549 0.0366 0.0659

To test the mean vector H,: (n,,n,)=(0,0), the statistic based on the MML

estimatorsis

(5.5.1.1)

ES
1
=
2!
£
ES
3
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Here, Aisthe (estimated) covariance matrix

AopSh % (55.1.2)
Hy Fy

We use the simulated variance of 4 and /& instead of &, and &, respectively.

In the same way, the simulated covariance between A and A is used instead of

$\,. The corresponding LS statistic is

T =n(m,m) (5513)
m
Here, " isthe (estimated) covariance matrix
~ s, S
=n_" B (5.5.1.4)
513 533

In a similar manner, we replace the elements of

Table 5.19.

by the simulated ones from

Then,

=l ) A

e: g £

00714 - 00525 ' 3.9868
= 16(3.9868,83.7533) 16
- 00525 00740  83.7533

0.0714 - 0.0525 ' 3.9868

= (3.9868,83.7533)
- 00525 00740 83.7533
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20.2797 20.7727 3.9868
= (3.9868,83.7533)
20.7727 28.2509 83.7533

= 212,507.18. (5.5.1.5)

The corresponding LS statistic is

!

T2 =n(m.m)

S

0.0743 - 00549 = 4.0749
=16(4.0749,82.9921) 16
- 00549 0.0749  82.9921

1

0.0743 - 0.0549 ' 4.0749
= (4.0749,82.9921)
- 00549 0.0749 82.9921

203603 21.5205 4.0749
= (4.0749,82.9921)
215205 29.1251 82.9921

= 215,648.25. (5.5.1.6)

We either compare them with ¢2,(2)=5.99 by using their asymptotic

(-2 % .4 (-2

T2 and compare them with
2(n-1) 2(n-1)

distribution or calculate

Foes(2,n- 2). Since both of them are greater than c¢Z,;(2) =5.99, the null

hypothesisis rejected by both of the statistics. To compare them with F ,

M'P52 =(14/30) 212,507.18 =99,170.02 (5.5.1.7)

2(n-1)

and

%fz =(14/30) 215,648.25 =100,635.85. (5.5.1.8)
n -

We again reject the null hypothesis by both methods since F,(2,14) = 3.74.
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Alternatively, totest H,,,

A
= (A, A&y,) A A,
= [+ B[,

= (3.9868)° / 0.0714 + (204.2984)? / 0.0366 = 1,140,600.65. (5.5.1.9)

The corresponding LS statistic is

~ ~ \~. M

=n(m, o
(m./m,) .

= /712 /§ll + ﬁz.lz /§33

= (4.0749)% /0.0743 + (204.2984)2 / 0.0366 = 1,140,601.52. (5.5.1.10)

The null hypothesisis rejected since both of them are greater than ¢Z,(2) =5.99.

Also,

(n-2)
2(n-1)
and

(n-2
2(n-1) *

'PAg (14/30) 1,140,600.65 = 532,280.30 (5.5.1.11)

T,% = (14/30)1,140,601.52 = 532,280.71. (5.5.1.12)

We again reject the null hypothesis by both methods since F,(2,14) = 3.74.

Totest H,: 7 =0 against H, : r <0, the proposed sttistic is
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T
!

w=—" _=Ap [0 55.1.13
7—)6 Top? Ap 5 ( )

Here,
6/(np?) (5.5.1.14)

is the asymptotic variance of A under H » - Because of small sample size, we use
the simulated variance of A under H , instead of the asymptotic variance. Then

the proposed statistic becomes

W = A/,/0.0508 . (5.5.1.15)

The corresponding statistic based on the LS estimator is

W, = 7/+/0.0659 . (5.5.1.16)
Then,
W = - 0.7389/~/0.0508 = - 3.278 (5.5.1.17)
and
W, =- 0.7433/,/0.0659 = - 2.895. (5.5.1.18)

We rgject the null hypothesis for both methods since z,,, =-1.645.

5.5.2 Examples Using Simulated Data

In this section we give examples using simulated data for various sample sizes.

We simulate data for the situation when the marginal and the conditional
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distributions both are Generalized Logistic with shape parameters b, =0.5 and
b, =1, respectively. The other parameters are taken as n, =0, s, =1, n, =0,
s,=1, n,, =0, 5,,=0866, r =05 and g, =05. Firstly, we give an

illustration for n=20. Since the sample size is not large enough to use the
asymptotic covariance matrix, we use only the simulated variances and
covariances. The simulated data for n=20 are given in Table 5.20. The MML
and LS estimates are given in Table 5.21 using the results given in Chapter 4. The

simulated variances and covariances are given in Table 5.22.

Table 5.20 Simulated datafor n=20.

Xi Yi i Xi Yi
0.6111 0.7854| 11  -1.3532 -3.4839
-1.6487 -5.3303| 12 -2.5452 -1.6069
0.8257 2.6373| 13  -3.4990 -2.9060
1.4621 1.0638| 14 0.9557 0.1458
-0.7485 -1.0418| 15 -0.5475 1.3740
-0.4574 2.5459| 16 -3.4978 -2.6781
-0.7913 -1.8961| 17 -0.6870 -1.1195
-5.2085 -2.6557| 18 -0.8852 -0.3033
-0.3644 0.7956| 19 -0.9960 0.8554
-2.2536  -1.4654| 20 0.3194 -1.1990

Boo~vwourwNnrR|—

Table5.21 The MML and LS estimatesfor n=20.

7
n S, m, S, n,, So1 q

MML | .0.0799 | 0.6663 | 0.0176 | 1.0419 | 0.4737 | 0.0769 | 0.9176 | 0.7407

LS |.0.1603 | 0.6529 | 0.0771 | 0.9659 | 0.6357 | 0.0655 | 0.9077 | 0.7880

Table 522 Simulated variances and covariances of the MML and the LS
estimators for r =0.5, and simulated variance of Aunder H,:r =0 for the

samplesizeof n=20.

var(A) | var(i) | cov(B,B) | var(i,) | var(Aunder H,: r =0)

MML | 0.2641 | 0.2193 0.1335 0.1563 0.0272

LS 0.2779 | 0.2311 0.1405 0.1668 0.0530
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It is interesting to note that the variances of the MMLE are smaller than those of

the LSE as for other data sets presented here.

To test the mean vector H,, : (n,,n,) =(0,0),

# =l ) A

,\%1 2

0.2641 0.1335 * - 0.0799
= (- 0.0799,0.0176)
0.1335 02193  0.0176

54695 - 3.3296 - 0.0799
= (- 0.0799,0.0176)
- 33296 65869  0.0176

=0.0463. (5.5.21)
The corresponding LS statistic is
= M
T2 =n(m,m) *
m
0.2779 0.1405 * - 0.1603
= (- 0.1603,0.0771)
0.1405 0.2311 0.0771
51953 - 3.1585 - 0.1603
= (- 0.1603,0.0771)
- 31585 6.2474 0.0771
=0.2487. (56.5.2.2)
To compare them with F ,
(n- 2) 7* = (18/38)0.0463 = 0.0219 (5.5.2.3)
2(n-1)
and
(n-2) =, _ _
——T°=(18/38)0.2487 = 0.1178. (5.5.249)
2(n-1)
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Alternatively, totest H,,,

= AR+ R,

= (- 0.0799)? / 0.2641 + (0.0769) / 0.1563 = 0.0620.

The corresponding LS statistic is

le = /712 /§ll + 77—2.12 /§33

= (- 0.1603)% / 0.2779 + (0.0655) / 0.1668 = 0.1182..

To compare them with F ,

(n- 2
2(n-1)

7% = (18/38)0.0620 = 0.0294

and

(n- 2) +2 _ (18/38)0.1182 = 0.0560.

2(n-1)

(5.5.2.5)

(5.5.2.6)

(5.5.2.7)

(5.5.2.8)

Totest H,:7 =0 against H,: 7 >0 by using the simulated variances,

our statistic based on the MML estimator is

w = A/,0.0272.

The corresponding statistic based on the LS estimator is

W, = 7/+/0.0530 .
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Then,

W =0.4737//0.0272 = 2.872

and

W, = 0.6357//0.0530 = 2.761.

(5.5.2.11)

(5.5.2.12)

Now we give an example for a sample size n =30 which is fairly large.
The simulated data are given in Table 5.23. The MML and LS estimates and the

simulated variances and covariances are given in Table 5.24 and Table 5.25,

respectively.

Table 5.23 Smulated datafor n=30.

i Xi Yi i Xi Yi

1 0.6669 1.1393 | 16 0.2683 2.8408
2 -15802 -0.6026 | 17 -6.2760 -1.5212
3 -15593 -0.3870 | 18 -3.0977 -1.3426
4 0.0538 0.6795 | 19 -1.6503 -0.6978
5 -3.1483 -5.7769 | 20 -2.0622 -1.6132
6 -0.0067 -1.3394 | 21 -1.3645 0.8223
7 -1.5705 -1.1441 | 22 -6.9407 -2.3434
8 -29500 0.7003 | 23 -0.8378 -2.6615
9 -2.9839 0.4107 | 24 -2.2439 -1.3998
10 -2.6043 -3.8578 | 25 -4.6253 -3.8861
11 -1.5338 -2.7978 | 26 0.4540 1.0792
12 -0.5314 2.2537 | 27 0.2349 1.8984
13 0.6660 -2.1259 | 28 0.4964 -1.6335
14 -2.4359 -1.7708 | 29 -4.7850 0.4714
15 09837 15028 | 30 0.5023 -1.4676

Table5.24 The MML and LS estimatesfor n =30.

m S m, S r My S a
MML | .0.3924 | 0.8393 | -0.2767 | 1.1165 | 0.2789 | -0.1311 | 1.0722 | 0.3711
LS | .0.5641 | 0.8065 | -0.2343 | 1.0001 | 0.4218 | -0.1439 | 1.0015 | 0.4014
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Table 5.25 Simulated variances and covariances of the MML and the LS
estimators for r =0.5, and simulated variance of Aunder H,:r =0 for the

sample size of n=30.

var(A) | var() | cov(h, &) | var(h,)

var(Aunder H, : r =0)

MML | 0.1769 | 0.1441 0.0886 0.1019 0.0169
LS | 0.1885 | 0.1564 0.0956 0.1110 0.0343
To test the mean vector H,, : (77, 7,) = (0,0),
fe = () A
»
0.1769 0.0886 * - 0.3924
= (- 0.3924,- 0.2767)
0.0886 0.1441 - 0.2767
8.1693 - 5.0223 - 0.3924
= (- 0.3924,- 0.2767)
- 5.0223 10.0276 - 0.2767
(5.5.2.13)

=0.9349.

The corresponding LS statistic is

T2 =n(m.m)

S

0.1885 0.0956 * - 0.5641
= (- 0.5641,- 0.2343)
0.0956 0.1564 - 0.2343

7.6885 - 4.6996 - 0.5641
= (- 0.5641,- 0.2343)
- 46996 9.2665 - 0.2343

=1.7130.
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To compare them with F

(n-2
2(n- 1
and

(n- 2
2(n- 1)

7% = (28/58) 0.9349 = 0.4513

~— g T2= =(28/58)1.7130 = 0.8269.

Alternatively, totest H,,,

= [+ B,

= (- 0.3924)?/0.1769 + (- 0.1311)%/0.1019 = 1.0391.

The corresponding LS statistic is

= ’712 /§ll + /"7‘5.12 /§33
= (- 0.5641)*/0.1885+ (- 0.1439)* /0.1110 = 1.8747 .

To compare them with F ,

(E‘ _21))7‘3? = (28/58)1.0391 = 0.5016

and
(n-2

2n- 1) T2 (28/58)1.8747 = 0.9050.

(5.5.2.15)

(5.5.2.16)

(5.5.2.17)

(5.5.2.18)

(5.5.2.19)

(5.5.2.20)

For the sample size n =30, we can also calculate the statistics based on

MML estimators by using the asymptotic covariance matrix (estimated by using
the MML estimates). We first calculate the components of the estimated Fisher

information matrices Pa(nz,sl,ng,sz,r) and Ps(lq,sl,n;_l,sz,l,ql) by using the
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results given in Chapter 4. These matrices for the smulated data with the sample

sizeof n=30 aregivenin Table 5.26 and Table 5.27, respectively.

Table 5.26 The estimated Fisher information matrix, Pz(nz,sl, m,Ss,,r).

/71 S 1 /72 S 2 r
n 9.7157  -4.9510 -3.2280 1.2483 4.9963
S, -4.9510 67.4998 44750  -7.6551 -30.6399
n, -3.2280 4.4750 8.6990 -3.3639 -13.4642
S, 12483 -7.6551 -3.3639 40.1676 11.4105
r 49963 -30.6399 -13.4642 114105 96.1134

Table 5.27 The estimated Fisher information matrix, Km,s,,m,,5,..4,) -

m S, U S a,
m 8.5179 -3.2904 0.0000 0.0000 0.0000
Sy -3.2904  57.3162 0.0000 0.0000 0.0000
My 0.0000 0.0000 8.6990 0.0000 -10.1212
S 0.0000 0.0000 0.0000  37.3168 0.0000
a. 0.0000 0.0000 -10.1212 0.0000 52.0934

The estimated asymptotic covariance meatrices are r&l(nz,sl,n;,sz,r) and
Pa*l(/q,sl,ﬂ;_l,sz_l,ql) which are given in Table 528 and Table 5.29,
respectively.

Table 5.28 The estimated asymptotic covariance matrix, r&l(nz,sl, m,Ss,,r).

nl S 1 nZ S 2 d
n 0.1201 0.0069 0.0446 0.0007 0.0021
Sy 0.0069 0.0178 0.0026 0.0018 0.0055
m, 0.0446 0.0026 0.1651 0.0070 0.0208
S» 0.0007 0.0018 0.0070 0.0263  -0.0016
r 0.0021 0.0055 0.0208  -0.0016 0.0151
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Table 5.29 The estimated asymptotic covariance matrix, P&l(nz,sl, mi.,5,.,4,).

n S, M4 Sa1 G,
m 0.1201 0.0069 0.0000 0.0000 0.0000
S 0.0069 0.0178 0.0000 0.0000 0.0000
M4 0.0000 0.0000 0.1485 0.0000 0.0289
Sa1 0.0000 0.0000 0.0000 0.0268 0.0000
G 0.0000 0.0000 0.0289 0.0000 0.0248

To test the mean vector H, : (n,,n,) =(0,0) by using the asymptotic covariance
matrix, we take the components &3,, &, and 3, from the estimated asymptotic
covariance matrix P&l(nz,sl, m,s,,r) where they correspond to the asymptotic
variance of A, M and the asymptotic covariance of (A4, B ), respectively (see
Table 5.28). Then,

_ A A Al AS &
=nhA) 0 s & A
xR AT A
“AA) G A A
0.1201 0.0446 o 0.3924

= (- 0.3924,- 0.2767)
0.0446 0.1651 - 0.2767

9.2548 - 25001 - 0.3924
= (- 0.3924,- 0.2767)
- 25001 67323 - 0.2767

=1.3976. (5.5.2.21)
To compare with F ,

(- 2) % _ (28/58)1.3076 = 0.6747. (5.5.2.22)
2(n-1)
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Alternatively, to test H,, we use the following statistic by using the
asymptotic covariance matrix with parameters n,, s,, n,,, S,,, g,- We take the
components &, and &, and from PL(m,s,,m,.5,,.q) where they
correspond to the asymptotic variances of /A and ’5&.11 respectively (see Table
5.29). Then,

=i [P+ R, A,
= (-0.3924)%/0.1201 + (- 0.1311)2/0.1485=1.3978.  (5.5.2.23)

To compare with F ,

(n-2
2(n-1)

7% = (28/58)1.3978 = 0.6748. (5.5.2.24)

In fact the values of 7 and 'Ié? are exactly the same since the random
sample is generated under H,:(n,,n,) =(0,0) and the invariance properties of

the MML estimators hold. However, they take slightly different values 1.3976 and
1.3978, respectively. Thisis due to the rounding error.

From Table 5.25, the smulated variances of A and 7 under H,:7 =0

are 0.0169 and 0.0343, respectively. Thus, totest H,: 7 =0 against H,: 7 >0
by using the simulated variances, our statistic based on the MML estimator is

W = A/,/0.0169. (5.5.2.25)
The corresponding statistic based on the LS estimator is

W, = 7/+/0.0343 . (5.5.2.26)
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Thus,

W =0.2789/~/0.0169 =2.145 (5.5.2.27)
and
W, =0.4218/1/0.0343 = 2.278.. (5.5.2.28)

To test H,:r =0 against H,:r >0 by using the asymptotic variance, our
statistic based on the MML estimator is

o \/1(b2+2) 1

W = -
n b, (y@)+y@)
— A bz
= /A\/ "6, +2) (v @) +y @)). (55.2.29)
Here,

1(b,+2) 1
= 5.5.2.30
n b, (y@)+ya@) ( )

is the asymptotic variance of A under H . For our casewhen b, =0.5, b, =1
and n =30, the asymptotic variance of A under H o IS

1(b, +2) 1 1 @1+2 1 _
1 -1 = 0.0152. 5.5.2.31
n b (/@)+y@) 30 1 (y&05)+y @) ( )
Then,

W = 0.2789/0.0152 = 2.262. (5.5.2.32)
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Note how close the asymptotic variance (0.0152) and the simulated variance

(0.0169) are. This is because of the fact that the asymptotic variance of A under
H, does not depend on a parameter other than the shape parameter b, . Thus, it is
not affected by the sample observations. Here, the shape parameter b, is accepted
to be known, but if it is not known, a plausible value for b, can be selected by
examining the Q-Q plots of the residuals for various values of b,. In a
neighborhood of the true value of b,, it does not create any problem because of

the robustness features of the MMLE.

We finally give an example for the sample size n=50 which is
reasonably large. The simulated data are given in Table 5.30. The MML and LS
estimates and the simulated variances and covariances are given in Table 5.31 and
Table 5.32, respectively.

Table 5.30 Smulated datafor n=50.

Xi Yi i Xi Yi

0.6835 2.2477 | 26 -4.2547 -2.5344
-0.0916 1.1876 | 27 -1.0503 -0.7988
-2.3285 -2.0603 | 28 -5.0743 -5.5956
-3.3540 -1.9623 | 29 -3.8151 -0.8886
-2.8114 -0.7293 | 30  0.8401 -0.2699
-1.5234 -2.0661 | 31 -0.4681 -0.2539
-4.4988 -2.3772 | 32 -1.9460 -2.7240
0.3929 -0.4555 | 33 3.5027 0.6134
13894 0.8483 | 34 -1.1407 -2.2441
10 -2.6403 -0.3914 | 35 -3.1005 -1.8102
11  -7.7905 -5.8337 | 36 -0.0829 0.4360
12 0.3042 0.1504 | 37 -1.1216 -1.3454
13 -0.4516 -2.0239 | 38 -6.4154 -3.1029
14 -2.0072 -0.5461 | 39 -2.3739 -2.0689
15 -1.5964 1.0274 | 40 -1.8839 -1.1435
16 1.3988 0.7220 | 41 2.9904 -0.2193
17 -1.9833 -2.4168 | 42 1.1398 0.6691
18 -1.3818 0.3607 | 43 -1.9728 -1.6492
19 29700 3.4914 | 44 -0.7201 -2.4401
20 04868 0.9639 | 45 -1.9394 -0.7457
21 2.0186 0.9996 | 46 -4.4113 -2.7447
22 12531 0.5313 | 47 -0.1953 -0.8101
23 2.0595 2.5948 | 48 -9.4126 -5.0426
24 -54119 -2.3795 | 49 1.3961 -2.5010
25 -2.0811 0.4135 | 50 -2.0768 0.7598

OCO~NOULE WNRP|—
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Table5.31 The MML and LS estimatesfor n =50.

n S, m, S, r n,, So1 q

MML | 0.1136 | 1.1002 | -0.0682 | 0.9215 | 0.6520 | -0.1297 | 0.6987 | 0.5416

LS | 0.0466 | 1.0519 | -0.0270 | 0.8331 | 0.7759 | -0.1467 | 0.6721 | 0.5500

Table 5.32 Simulated variances and covariances gf the MML and the LS
estimators for r =0.5, and simulated variance of Aunder H,:r =0 for the
samplesize of n=50.

var(A) | var(A) | cov(M,B) | var(A,) | var(Aunder H,: r =0)

MML | 0.1059 | 0.0867 0.0529 0.0611 0.0098

LS 0.1141 | 0.0941 0.0572 0.0664 0.0202

To test the mean vector H,, : (77, 7,) =(0,0),

A = (i, Ay) A

,\?z 2

1

0.1059 0.0529 ' 0.1136
= (0.1136,- 0.0682)
0.0529 0.0867 - 0.0682

135827 - 82875 0.1136
= (0.1136,- 0.0682)
- 82875 16.5906 - 0.0682

=0.3809. (5.5.2.33)

The corresponding LS statistic is

T

T =n(m.m)

ST

1

0.1141 00572 * 0.0466
= (0.0466,- 0.0270)
00572 0.0941 - 0.0270
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12.6055 - 7.6625  0.0466

= (0.0466,- 0.0270)
- 76625 15.2847 - 0.0270

=0.0578.

To compare them with F |

(n-2
2(n-1)

7* = (48/98) 0.3809 = 0.1865

and

(N~ 2) F2 - (18/38) 0.0578 = 0.0283.

2(n-1)

Alternatively, totest H,,

W= AR+ R,

= (0.1136)%/0.1059 + (- 0.1297)%/ 0.0611 = 0.3972..

The corresponding LS statistic is

le = /712 /§ll + 77—2.12 /§33
= (0.0466)%/0.1141+ (- 0.1467)% /0.0664 = 0.3431.

To compare them with F

(n-2
2(n-1)

7% = (48/98) 0.3972 = 0.1945

and
(n- 2

T2 =(48/98) 0.3431=0.1681.
2(n-1)
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(5.5.2.39)
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For the sample size n =50, we can also calculate the statistics based on
MML estimators by using the asymptotic covariance matrix (estimated by using
the MML estimates). We first calculate the components of the estimated Fisher

information matrices Pa(nz,sl,n;,sz,r) and Pz(lq,sl,n;_l,sz,l,ql) by using the

results given in Chapter 4. These matrices for the smulated data with the sample
size n =50 are given in Table 5.33 and Table 5.34.

Table 5.33 The estimated Fisher information matrix, rz(nz,sl, m,Ss,,r).

/71 S 1 ”2 S 2 r
m 18.1432  -17.0241  -18.4916 16.7132 23.6216
S -17.0241  139.8374 25.6347 -102.4946 -144.8602
1, -18.4916 25.6347 34141  -30.8577  -43.6126
S» 16.7132 -102.4946  -30.8577  207.5803 86.3867
r 23.6216 -144.8602  -43.6126 86.3867  338.3961

Table 5.34 The estimated Fisher information matrix, Pg(nz,sl, m.,5,.,4,) -

m S, U S .
m 8.1278 -3.1397 0.0000 0.0000 0.0000
Sy -3.1397 54.6910 0.0000 0.0000 0.0000
U 0.0000 0.0000 34.1410 0.0000 -52.4985
S 0.0000 0.0000 0.0000 146.4581 0.0000
a 0.0000 0.0000 -52.4985 0.0000 357.1101

The estimated asymptotic covariance matrices are P&l(nz,sl,n;,sz,r) and

Pal(nz,sl, m,,S,,,q,) Which aregiven in Table 35 and Table 36, respectively.

To test the mean vector H, : (n,,n,) =(0,0) by using the asymptotic covariance
matrix, we take the components ,, A, and A, from AX(m,s,,m,s,.r)
where they correspond to the asymptotic variance of 4, A and the asymptotic
covariance of (A, ), respectively (see Table 5.35). Then,
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0.1258 0.0682

= (0.1136,- 0.0682)

0.0682 0.0748
15.7189

= (0.1136,- 0.0682)

=0.5479.

To compare with F ,

(- 2) & - (48/98) 0.5479 = 0.2684.

2(n-1)

- 14.3319

- 14.3319
26.4363

1

0.1136

- 0.0682

0.1136
- 0.0682

(5.5.2.41)

(5.5.2.42)

Table 5.35 The estimated asymptotic covariance matrix, P&l(nz,sl, m,s,,r).

n 1 S 1 n 2 S 2 r
m 0.1258 0.0072 0.0682 0.0026 0.0024
Sy 0.0072 0.0187 0.0039 0.0066 0.0063
1, 0.0682 0.0039 0.0748 0.0054 0.0052
S 0.0026 0.0066 0.0054 0.0081 0.0013
r 0.0024 0.0063 0.0052 0.0013 0.0058

Table 5.36 The estimated asymptotic covariance matrix, Pa*l(nz,sl, m.,5,.,q,).

n S, My Sa1 G
m 0.1258 0.0072 0.0000 0.0000 0.0000
S 0.0072 0.0187 0.0000 0.0000 0.0000
M4 0.0000 0.0000 0.0378 0.0000 0.0056
S 0.0000 0.0000 0.0000 0.0068 0.0000
a, 0.0000 0.0000 0.0056 0.0000 0.0036
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Alternatively, to test H,, we use the following statistic by using the

estimated asymptotic covariance matrix with parameters n,, s,, 7,,, S,,, 4.

We take the components s&, and &, and from A(m,s,, m,,s,,.q,) where
they correspond to the asymptotic variances of A and /A, respectively (see
Table 5.36). Then,

=i [P+ R, A,
= (0.1136)%/0.1258 + (- 0.1297)% /0.0378 = 0.5476.  (5.5.2.43)

To compare with F ,

N 2) % - (28/58) 0.5476 = 0.2682. (5.5.2.44)
2(n-1)

From Table 5.32, the smulated variances of A and 7 under H,:7 =0
are 0.0098 and 0.0202, respectively. Thus, totest H,: 7 =0 against H,: 7 >0

by using the simulated variances, our statistic based on the MML estimator is

W = A/,/0.0098.. (5.5.2.45)

The corresponding statistic based on the LS estimator is

W, = 7/4/0.0202 . (5.5.2.46)
Then,
W = 0.6520/+/0.0098 =6.586 (5.5.2.47)
and
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W, = 0.7759/+/0.0202 = 5.459. (5.5.2.48)

To test H,: 7 =0 against H,:r >0 by using the asymptotic variance, our
statistic based on the MML estimator is

W= A \/1 (b, +2) 1
n b (ye)+y@)
— A bz
= /A\/n(bz 22 (v @n) +y @). (5.5.2.49)
Since
1(b,+2) 1 _13d+2 L = 0.0091 5.5.2.50
" b, Y@@ 0 1 pesuy@) o 6990
W = 0.6520/+/0.0091 = 6.835. (5.5.2.51)

Since the sample size is reasonably large, the asymptotic variance of A
(0.0091) is closer to the simulated variance of A (0.0098) as compared to the

results given in the earlier example with sample size n = 30.
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CHAPTER 6

CONCLUSION AND DISCUSSION

In a linear regression model, the design variable X is usually assumed to be
nonstochastic and the distribution of the error of measurement € is assumed to be
normal. In practice, however, X may be stochastic and € might not be normally

distributed. In thisthes's, we considered the following four possibilities:

(@ X isnormal and e=Y - n,- r(s,/s,)(x- n) isnormal
(b) X isnon-normal and € is normal
(c) X isnormal and e isnon-normal

and the most difficult and important situation when

(d) X and e are both non-normal.

There is no previous work in the areas (c) and (d).

Thejoint distribution of X and Y involve five parameters which are not
functionally related to one another. The five paremeters are the location parameter
n, and scale parameter s, of X, the location parameter 77, and scale parameter
s, of Y, and the correlation coefficient r between X and Y. Another
parameter of interest is the regression coefficient g, = r(s,/s;) which, of
course, is functionally related. Consequently, its estimator can be obtained from

thoseof s,, s, and r .
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In situation (@), the maximum likelihood estimators are the sample means
and standard deviations and the sample correlation coefficient. The maximum
likelihood estimators are intractable in situations (b)-(d). Thus, we have obtained
the modified maximum likelihood estimators. They are explicit functions of
sample observations and, therefore, easy to compute. We have shown that they
have all the optimal properties of the maximum likelihood estimators. We have
also shown that they are robust and enormously more efficient than the commonly
used least squares estimators. Finally, we have given a real life application and

some examples using simulated data.

In Chapter 1, we review the literature on the estimation and hypothesis
testing of the parametersin alinear regression model when the design variable X
is nonstochastic and the response variable Y has a location-scale distribution,
normal or nonnormal. In this chapter, we also review the work of Vaughan and
Tiku (2000) which covers the situation when X is stochastic and the conditional
distribution is normal. In Chapter 2, we deal with the situation when X is
stochastic. For illustration, we assume that the distribution of X is Weibull which
is one of the most important distributions from applications point of view. The
conditional distribution of Y given X = x is taken to be normal. As a second
situation, we assume that the distribution of X is Generalized Logistic. In
Chapter 3, we consider the situation when the margina distribution of X is
norma and the conditional distribution of Y given X =x is nonnormal. In
Chapter 4, we deal with the most difficult situation when the distribution of X
and the conditional distribution of Y are both nonnormal. In all the situations

above, we derive the MML estimators of the five parameters 7, and s,, n, and
S,, and the correlation coefficient r . Another parameter of interest is the
regression coefficient g, = r(s,/s,). We have also obtained its MMLE. We

have shown that the MMLE have the following properties:
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(i) They are explicit functions of sample observations and, therefore, easy
to compute.

(ii) They are asymptotically fully efficient.

(iii) They are highly efficient for small sample sizes since their variances
are only marginally bigger than the minimum variance bounds.

(iv) They have the very desirable invariance property, i.e., if cf is the

MMLE of g, then t(cf) isthe MMLE of a one-to-one function ¢ (g) .

We develop T2 gtatistics for testing the null hypothesis H, : 7 =0. We

show that these statistics are more powerful than the normal theory statistics. We
aso study the robustness of the procedures to outliers, mixtures and
contaminations. Also, we develop a procedure for testing the null hypothesis

H, : 7 =0 and again show that it is more powerful than the classical test statistic

based on the Pearson sample correlation coefficient. Finally, we give one rea life

example and three computer generated examples.

For a comprehensive study of the MML estimators and their optimality
properties (and numerous applications), see Tiku and Akkaya (2004). Akkaya and
Tiku (2004) introduce a model for generating inliers and extend the methodol ogy
of modified likelihood to analyze univariate samples containing inliers. We did
not have an opportunity of discussing this work in this thesis since the work has
not yet appeared in print.
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APPENDIX A

Ps Functions

Psi (Digamma) function is defined as
¥ (2) = d[InG(z)]/dz= C(2)/C(2) (A.1)

¥
where G(z) = t*'e'dt.
0

Vaues of y(z) and its derivative y (z) (Trigamma Function) are given in
Abramowitz and Stegun (1965) for 1< z<2. To find the values of y(z) and
y (2) for z3 2, thefollowing recurrence relations can be used,

y(z+)) :y(z)+% and (A.2)

Y2+ =y €2)- Zi A3)

To find the value of any polygamma function, the following recurrence relation

can be used,

yO(z+) =y () +(-D"niz """ (A.4)

The values of the psi functions and its derivative for some selected values of b

aregiven in Table A.1 for easy accessibility.
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Table A.1 The values of psi functionsfor selected valuesof b.

b b+1 Y (b) y{(b+1) y®) | y(b+])
0.2 12 | 26.2674 1.2674 | -5.2891 | -0.2890
0.5 15 4.9348 0.9348 | -1.9635 | 0.0365
1 2 1.6449 0.6449 | -05772 | 0.4228
2 3 0.6449 0.3949 0.4228 | 0.9228
3 4 0.3949 0.2838 0.9228 | 1.2561
4 5 0.2838 0.2213 1.2561 | 1.5061
6 7 0.1813 0.1535 1.7061 | 1.8728
8 9 0.1331 0.1175 2.0156 | 2.1406
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APPENDIX B

Bias Correction in the MML Estimators

As a general result, we will give the bias corrections in the estimators 4, $ and
A, for the situation when the marginal and the conditional distributions are
Generalized Logistic with shape parameters b, and b,, respectively. This can be

extended to any other distribution. The estimator of s, is

B, ++/BZ +4nC,

2n

A= (B.1)

Since n, is not known and is estimated, we adjust for one degree of freedom.

Thus, the bias corrected estimator of s, is

& = {Bl +./B/ +4nC1}. (B2)

2yn(n- 1)
The estimator of 7, is
A =K, + D& (83)
1" 17 1 "
where K, =—  b;X;, D, =— ———-a;, andm = b,;.
tomg = m o b+ " -
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To obtain the bias corrected estimator of 7,,

m
2!
1
JL
N
+
Y
B

S

b,E(x))+ D.E(s;)

1
I
-

=

bn‘ (/72 +51t1(i)) + D151

{1l
-

=

N 3|H 3|~

+

et
i

since E(X)=n, +st, and E(si )=sl. Thus, the bias corrected estimator of 7,

is
M=K, - % blitl(i) . (B.4)

The estimator of s,, is

& = B, ++/B +4nC,
1 2n :

(B.5)

Since n,, and g, are not known and are estimated (note that w, =y, - ¢,x, and
n,,, s,, and g, arethe parametersin the conditional part), the scale parameter in

the conditiona distribution is adjusted for two degrees of freedom. Thus, the bias

corrected estimator of s, is

& = B, +4/B; +4nC,
B 2/n(n- 2) ' (B.6)
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APPENDIX C

Bias Correction in the Least Square Estimators

LS estimators of location and scale estimate the mean and the variance of
the distribution but since we want to estimate the parameters, they need to be
adjusted for the bias. As a genera case we give the bias corrections for the
location and scale estimators of least squares for the case when the marginal and
the conditional distribution are both Generalized Logistic with the shape

parameters, b, and b,, respectively. It can easily be extended to any location-

scale distribution.

For the marginal distribution, the LS estimators, X and sf , are estimating
the mean E(X) and the variance V(X), respectively. Since
E(X)=n+s,(v(0d)-y @) and V(X)=s2(y &b,) +y €1)), the bias corrected

LS estimatorsof n, and s, are, respectively,

7, =X- 5,0 (0)- ¥ (D) gng 51 =S/ ) +y €1) (C.2)

In symmetric distributions, there is no need to adjust for the estimators of the
location parameters since the mean of the distribution directly gives the location

parameter.

In the same way, for the conditional distribution, the LS estimators

W=y- (sxy/sf)i and s2= ’ (w, - \Tv)z/(n- 2) are estimating E(w) and

i=1
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V(w), respectively (Note that W =Y - gX%). Since
E(W) =171, +5,,(/(b,) -y (D)  and V(W) =s;,(/&b,) +y €D), the bias

corrected LS estimatorsof 77,, and s,, are, respectively,

Aoy =W- 55,0/ () -y @) and 5, =5, /U @)y @) . g

. S S
Alsosince y=m - r =2 m+r=2x+e (notethat € =w, - n,,),
sl 1 ‘

=m-r32 22
E(Y)=m fsl”2+fsl E(X)+E(e)

=1 - /7Z+f (”Z+51(J/(b1) y)+s,@- r3) (b,)- ¥ D)

=m+ 1S,y (0) -y @) +5,/A- r*) (b,)- y (D) and

V(Y)=r? z—sz(X) +V(e)

= 5_22( 2(y @by) +y €D))+ s 2(A- ) €b,) +y 1))

=s2(r2(y ab) +y @)+ (L- 72)( ¢b,) +y €0)),

the bias corrected LS estimatorsof 7, and s, are, respectively,

M =Y- P50 (0) -y @)+ 5,4/ 70 (6) - y @) 3
and
5, =5, /(P20 @) +y @) + (- 70 ®,) +y @)). 4
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APPENDIX D

The derivation of the Elements of the Fisher Information M atrix

As a general example we give the derivation of one element of the Fisher
information matrix for the situation when the marginal and the conditional

distribution is Generalized Logistic with shape parameter b, and b, , respectively.
We will derive the element [Ilz] in the Fisher information matrix

[ (n,8,,n,,S,,r). Since

[Iij]: - E Tint

01 yb=n,t,=8,t,=n,,t,=S,, =1, (D.1)
il |

2InL
l,]=-E . D.2
le]=-E St (D.2)

Theloglikelihood equation is

InL =nlInb, - nins, - n z - (b +1 n In(1+e"‘)
i=1

i=1
1 n

S,\/@- r?) i:1a

+nlnb, - nins, - gln(l- r?)-

; ]
-(0,+1) Inl+e VD Ly <z<y -¥<e<¥, (D.3)

i=1
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To evaluate [I 12], firstly we take the partial derivative of InL w.r.t /2, and then

w.rt s,

finL_n (B+H) " e*
Tm s, s, all+e?)

N §
nr o, (p+Dr " et

_ s@-r?)  s,d- r?) m

d

, which can be written as

1+e_52 - r?)

finL_n (b+) " e’
m s, S, a{+e?)

L +Dr " e” (D4)

nr
51\/(1- /'2) +51V(l‘ r?) iz (1+e-ai)

since a :e,/(szw/(l— rz).

2InL _ L+(b1+l) no g _(b1+1) n e’ N nr

T2

= z
Imls, s s af+e?) s? o (1+e'Zi )2 sZ@- r?)
n - g 2 - 8
(b, +1)r e b+hr- " e (D.5)

- s2J- r?) m+e®) s2@-r?)m f+es )

2 n -z n -z
g PPinL :%_(qtl) LA +(bﬁ;1) Ez o
imis, s S1 = (1+e L) S1 o ia (1+e_;)

nr S E e

) sf\/(l- r?) sf\/(l- r?) i=a (1+e'@)

+ 2 n gl
+% Ez——y
S, (1' r ) i=1 (1+ e'%)
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+1) " "4 + n "%
:1_(b12) £ e_z +(blzl) £z © :
51 i=1 (l+e I) sl i=1 (1+e_zi)
nr N (b, +nr " £ e’

] sf\/(l— r?) sf\/(l— r?) iz (1+E'6‘)

b, +1)r% n -
R L

JE —— D.6
SP(A-r?)im (1+e'a")2 (B0
since the marginal and the conditional parts are independent.
E ?InL _n B+ " 1
Imls, s s} b+
(b, +1) "
e e LA G
) nr N (b,+)r " 1
s2Ja- r?) s2Ja- r?yia b+
(b +)r2 " b,
ST ALYt (D.7)
Finaly,
MInL _ 1
s, s <b1+z>‘”b1”) /@)
b,
"o ia@ e o) (D:8)

We use the result of some special integrals and functions to find the
elements of the Fisher information matrix. We now give them in detail. If X has

a Generalized Logistic distribution with location parameter 77,, scale parameter

s, and shape parameter b, and welet z=(x- n,)/s,,
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E(z)=y(b)-y @ and E(z?) =y €b,) +y €0 + (v (b)) - ¥ ()’ (D.9)

and

E e’ = 1 E e’ = b1
Lre™) "0 +)" T flrerf B DO, +D’

e'zi

E 2 ) (b1+1)(y(b1) v (),

e'Zi
E z

I(1*‘9")2 (b1+1)(b1+2)(y(bl -y (2) and

e' Z
E 22

) TR CY +2){”b1 -y €2+ (o, +1- ¥ )}, (0.10)

Similar rules apply to a, but with replacing b, with b,. Also the following
recurrence formula is used in finding some elements of the Fisher information

matrix;

y(@2)=y@+1 (D.11)

which is a particular case of

y(z+D) =y () +§ . (0.12)
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APPENDIX E

Visual Fortran Program for the Case of Marginal and Conditional

Generalized L ogistic with Shape Parametersb; and b,

c *** Witten by Hakan Sava Sazak, 2003, Ankara ***

use nunerical _libraries

r eal
r eal
r eal
r eal
r eal
r eal
real
r eal
r eal
r eal
r eal
r eal
r eal
real
r eal
real
real
real
r eal
real
real
real
real
real
r eal
real
r eal

y(100), x(100), xc(100), yc(100), e(100),teta0,tetal
x0(100), w( 100) , wo(100) , wol s(100), W s(100)

z(100), a(100), ul(100), u2(100)

uext (100), uext cont ( 100)

nmeanl1(10000), mean2(10000), si gmal(10000), si gma2( 10000)
rho(10000), bet 1( 10000)

mL, n2, k1, bel, cl

nmeanll s(10000), nean2l s(10000), si gmall s( 10000)

si gma2l s(10000), r hol s(10000), bet 11 s( 10000)

si gma2g1l s(10000)
nmean2g1(10000), si gna2g1(10000), nean2gll s( 10000)
t1(100),t2(100), bett1(100), al phal(100), d2(100)
bett 2(100), al pha2(100)

meanl0, nean20, nean2g10

asvar neanl(10000), asvar si gnal(10000)

asvar nean12(10000), asvar si gnal2( 10000)

asvar neanl2l s(10000), asvar si gnal12l s( 10000)

asvar nean2(10000), asvar si gnma2(10000)

asvar nean2g1(10000), asvar si gna2g1(10000)

asvarr ho(10000), asvarr ho0(10000), ascovimeanlnean2(10000)
asvar neanll s(10000), asvar si gnall s(10000)

asvar bet 1(10000) , ascovneanlnean2gl(10000)

psi d_b, psid_bplusl, psid_1,psid_2

dl nLdneanlover n(10000), dl nLdsi gnalover n( 10000)

dl nLdnean2glover n(10000), dl nLdsi gna2glover n( 10000)
dl nLdnean2over n(10000), dl nLdsi gna2over n( 10000)

dl nLdr hoover n( 10000), dIl nLdbet 1over n( 10000)

c *** Specifying the Fisher information matrices and their inverses ***

paraneter (LI=5,LIINvV=5,KI=5)

real

M (LI, LIY, MINV(LITNY, LITNY)

paraneter (LI2=5,LI2INvV=5, KI2=5)

real

M 2(LI2,L12), M2 NV(LI 21 NV, LI 21 NV)

¢ *** Specifying the location of the output file ***

open(unit=1,file="c:\savas\progran ar\congennar ggen\out.txt")

print *, 'enter sanple size
read *, n

¢ *** Specifying the nunber of turns in the sinulation ***

nn=10000
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c *** Specifying the paraneter val ues ***

b1=0.5
b2=1.0
prho=0.5

prmeanl1=0. 0
prean2=0. 0
psignal=1.0
psi gnma2=1.0

pbet 1=pr ho* ( psi gna2/ psi gnal)

pbet O=pnean2- pr ho* (psi gma2/ psi gmal) * pneanl
prean2gl=pnean2- pbet 1* preanl

psi gnma2gl=psi gma2*sqrt (1- pr ho**2)

c *** Means of the null hypothesis ***

meanl10=0. 0
mean20=0. 0
mean2g10=0. 0

c *** Specifying the values of the Trigamm functions ***

psi d_1=1. 6449
psi d_2=0. 6449

if(bl.eq.0.1) then
psid_b1=101. 4316
psid_blpl us1=1. 4333
else if(bl.eq.0.2) then
psid_b1=26. 2674
psid_blplusl=1.2672
else if(bl.eq.0.5) then
psid_bl=4.9348
psid_blpl us1=0.9348
else if(bl.eq.1.0) then
psid_bl=1. 6449

psi d_blpl us1=0. 6449
else if(bl.eq.2.0) then
psid_b1=0. 6449

psi d_blpl us1=0. 3949
else if(bl.eq.3.0) then
psi d_b1=0. 3949

psi d_blpl us1=0. 2838
else if(bl.eq.4.0) then
psid_b1=0.2838

psi d_blpl us1=0.2213

el se if(bl.eq.6.0) then
psid_b1=0.1813

psi d_blpl us1=0. 1535

el se if(bl.eq.8.0) then
psid_b1=0.1331

psi d_blpl us1=0. 1175
endi f

if(b2.eq.0.1) then
psid_b2=101. 4316

psi d_b2pl us1=1. 4333

el se if(b2.eq.0.2) then
psi d_b2=26. 2674

psi d_b2pl us1=1. 2672

el se if(b2.eq.0.5) then
psi d_b2=4.9348

psi d_b2pl us1=0. 9348
else if(b2.eq.1.0) then
psi d_b2=1. 6449

psi d_b2pl us1=0. 6449
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else if(b2.eq.2.0) then
psi d_b2=0. 6449

psi d_b2pl us1=0. 3949

el se if(b2.eq.3.0) then
psi d_b2=0. 3949

psi d_b2pl us1=0. 2838
else if(b2.eq.4.0) then
psi d_b2=0. 2838

psi d_b2pl us1=0. 2213

el se if(b2.eq.6.0) then
psi d_b2=0. 1813

psi d_b2pl us1=0. 1535

el se if(b2.eq.8.0) then
psi d_b2=0. 1331

psi d_b2pl us1=0. 1175
endi f

c *** The expected val ues and variances of zi and ai ***

expzi =psi (bl)-psi (1.0)
varzi =psi d_bl+psid_1

expai =psi (b2)-psi (1.0)
varai =psi d_b2+psid_1

c *** The tabul ated val ues ***

finv=fin(0.95,2.0,1.0%(n-2))
xki 2i nv=chi i n(0. 95, 2. 0)

xki 1i nv=chi i n(0. 95, 1. 0)

xki ni nv=chi i n(0. 95, 1. 0*n)
xz095=anori n(0. 95)

¢ *** Sinmul ati ng nn=10, 000 random sanpl es ***

do 300 k=1, nn

¢ *** Producing random nargi nal and conditional

call rnun(n,ul)

call rnun(n,u2)

do 10 i=1,n

a(i)=-alog(u2(i)**(-1.0/(1.0*b2))-1.0)

z(i)=-alog(ul(i)**(-1.0/(1.0*b1))-1.0)
10 conti nue

c *** Creating 10%outlier for x ***

c r=int(0.1*n+0.5)
c do 15 i=1,r

c z(i)=4.0*z(i)
cl5 conti nue

c *** Creating mxture nodel for x ***

call rnun(n, uext)
do 15 i=1,n
if(uext(i).Gr.0.9) then
z(i)=4.0%z(i)
endi f

15 conti nue

OO0 0000
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c *** Creating contanination nodel for x ***

OO0 00O0O0

15

call rnun(n, uext)

call rnun(n, uextcont)
do 15 i=1,n
if(uext(i).Gr.0.9) then
z(i)=uextcont(i)-0.5
endi f

conti nue

c *** Generating randomx and y pairs ***

20

do 20 i=1,n
e(i)=psigma2gl*a(i)
x(i)=pmeanl+psigmal*z(i)
y(i)=pmean2gl+pbet 1*x(i)+e(i)
conti nue

c *** Ordering x's ***

30

40
50

do 30 i=1,n
xo(i)=x(i)

conti nue

do 50 i=1,n

do 40 j=i+1,n
if(xo(i).Grl.xo(j)) then
dummy=xo(i)

xo(i)=xo(j)

xo(j ) =dummy

endi f

conti nue

conti nue

c *** Calculating the ML and the LS estimators ***

60

ml=0. 0
nm2=0.0
k1=0.0

b1t =0.0
xmeanx=0. 0
xmeany=0. 0

do 60 i=1,n

xi =(1.0%i)/ (1. 0*n+1)
t1(i)=-alog(xi**(-1.0/(1.0*bl))-1.0)
bett1(i)=exp(-t1(i))/((1.0+exp(-t1(i)))**2.0)
al phal(i)=((1l+exp(-t2(i))+t1(i))*exp(-t1(i)))/
&((1.0+exp(-t1(i)))**2.0)

nml=ml+bet t 1(i)

t2(i)=-alog(xi**(-1.0/(1.0*b2))-1.0)
bett2(i)=exp(-t2(i))/((1.0+exp(-t2(i)))**2.0)
al pha2(i)=((1+exp(-t2(i))+t2(i))*exp(-t2(i)))/
&((1.0+exp(-t2(i)))**2.0)

n2=nR+bet t 2(i)

kl=kl+bett1(i)*xo(i)
d2(i)=al pha2(i)-1.0/(b2+1.0)
blt=blt+bett1(i)*t1(i)
xmeanx=xmeanx+x(i)
xmeany=xmeany+y(i)

conti nue

xmeanx=xmeanx/ (1. 0* n)

xmeany=xmeany/ (1. 0*n)
k1l=k1/ mL
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sx2=0.0
sy2=0.0
sxy=0.0

bel=0.0
c1=0.0

sx2=0.0
sy2=0.0
sxy=0.0

do 70 i=1,n
bel=bel+(bl+1.0)*(1/(bl+1.0)-al phal(i))*(xo(i)-k1l)
cl=cl+(bl+1.0)*bett 1(i)*((xo(i)-kl)**2)
sx2=sx2+( x(i)-xmeanx) **2
sy2=sy2+(y(i)-xmeany)**2
sxy=sxy+(x(i)-xnmeanx)*(y(i)-xmeany)

70 conti nue

sx2=sx2/ (1. 0*n-1)
sy2=sy2/ (1. 0*n-1)
sxy=sxy/ (1. 0*n-1)

bet 1l s(k) =sxy/ sx2

bet 1( k) =sxy/ sx2

rhol s(k) =sxy/sqrt (sx2*sy2)

si gma2l s(k)=sqrt (sy2/ ((rhol s(k)**2)*(psid_bl+psid_1)+
&(1-rhol s(k)**2)*(psid_b2+psid_1)))

mean2l s(k) =xmeany- si gma2l s(k)*

&(psi (b2)-psi(1.0))*sqgrt(1-rhol s(k)**2)

& si gma2l s(k)*(psi (bl)-psi(1.0))*rhol s(k)

si gmal(k) =(bel+sqrt(bel*bel+4.0*n*cl))/(2.0*sqrt(1.0*n*(n-1)))
meanl(k)=k1-blt*signmal(k)/m

si gmall s(k)=sqrt(sx2/ (psid_bl+psid_1))
nmeanll s( k) =xmeanx- si gnall s(k)*(psi (bl)-psi(1.0))

c *** The iteration # 'ite' ***

do 150 ite=1,2
do 80 i=1,n
w(i)=y(i)-bet1(k)*x(i)

80 conti nue

c *** Ordering Ws and finding the concomtants x and y ***

do 82 i=1,n

wo(i)=w(i)

xc(i)=x(i)

ye(i)=y(i)
82 conti nue

do 87 i=1,n
do 84 j=i+1,n
if(wo(i).Gl.wo(j)) then
dumy=wo(i)
wo( i) =wo(j )
wo(j ) =dummy
dunmmy=xc(i)
xc(i)=xc(j)
xc(j ) =dummy
dunmy=yc(i)
ye(i)=ye(i)
yc(j)=dumy

endi f

188



84

115

120

130

150

170

180

conti nue
conti nue

b2y=0. 0
b2x=0. 0
del t=0.0

do 115 i=1,n
b2y=b2y+bett2(i)*yc(i)
b2x=b2x+bett 2(i)*xc(i)
del t =del t +d2(i )

conti nue

ycnmean=b2y/ n2
xcnean=b2x/ nm2

rk2nunv0. 0
den=0.0

rd2nunv0. 0
bety2=0.0

do 120 i=1,n

rk2nunrr k2numtbet t 2(i ) *(xc(i)-xcnean) *yc(i)
den=den+bett 2(i)*((xc(i)-xcmean)**2)
rd2nunrrd2numtd2(i ) *(xc(i)-xcmean)

bet y2=bety2+bett 2(i)*((yc(i)-ycnmean)**2)
conti nue

rk2=rk2nuni den
rd2=rd2nuni den

be2=0.0

do 130 i=1,n
be2=be2+d2(i)*(yc(i)-ycnean-rk2*(xc(i)-xcnmean))
conti nue

be2=(b2+1. 0) *be2
c2=(b2+1. 0) *(bet y2-rk2*r k2num

si gma2gl1(k) =(-be2+sqgrt (be2**2+4. 0*n*c2))/ (2. 0*sqrt(1.0*n*(n-2)))
bet 1(k) =rk2-rd2*si gna2g1(k)

conti nue

xmeanwl s=0. 0

do 170 i=1,n

W s(i)=y(i)-betlls(k)*x(i)

xmeanwl s=xmeanwl s+w s(i)

conti nue

xmeanwl s=xmeanwl s/ (1. 0*n)

sw2l s=0. 0

do 180 i=1,n

sw2l s=sw2l s+(w s(i)-xneanwl s) **2

conti nue

sw2l s=sw2l s/ (1.0*(n-2.0))

si gma2gll s(k) =sqrt (sw2l s/ varai)

mean2gll s(k) =xmeanwl s- si gma2g1l s(k) * expal

mean2gl( k) =ycrmean- bet 1( k) *xcnean- del t *si gma2g1(k)/ nR2
mean2( k) =ycnean- bet 1( k) *(xcnean- meanl(k)) - del t *si gma2g1(k)/ n2

si gma2( k) =sqrt (si gma2g1(k) **2+(bet 1( k) *si gnal(k))**2)
rho( k) =bet 1(k) *si gmal(k)/si gma2(k)
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c *** Calculating the derivatives of the In likelihood functions at M\LE ***

totz=0.0
totln_1pluse_z=0.0
tota=0.0
totl n_1pluse_a=0.0

totgz=0.0
totzxgz=0.0
totga=0.0
t ot zxga=0.0
t ot axga=0.0

do 200 i=1,n

zhead(i)=(xc(i)-meanl(k))/sigmal(k)
ahead(i)=(yc(i)-(rho(k)*sigma2(k)/sigml(k))*xc(i)
-mean2( k) +(r ho(k) *si gma2(k)/si gmal(k))*meanl(k))/
(sigma2(k)*sqrt(1.0-rho(k)**2)) totz=totz+zhead(i)
totl n_1pluse_z=totln_1pl use_z+al og(1. O+exp(-zhead(i)))
t ot a=t ot a+tahead(i)

totl n_1pluse_a=totln_1pl use_a+al og(1. O+exp(-ahead(i)))

totgz=t ot gz+exp(-zhead(i))/ (1. 0+exp(-zhead(i)))

t ot zxgz=t ot zxgz+zhead(i) *exp(-zhead(i))/ (1. 0+exp(-zhead(i)))

t ot ga=t ot ga+texp(-ahead(i))/ (1. O+exp(-ahead(i)))

t ot zxga=t ot zxga+zhead(i) *exp(-ahead(i))/ (1. 0+exp(-ahead(i)))

t ot axga=t ot axga+ahead(i ) *exp(-ahead(i))/ (1. 0+exp(-ahead(i)))
200 conti nue

dl nLdneanlovern(k)=(1.0/(1.0*n))*(1. 0*n/sigmal(k)-
(b1l+1.0)*totgz/si gmal(k)-1.0*n*rho(k)/
(sigmal(k)*sqrt(1.0-rho(k)**2))+
(b2+1.0)*rho(k)*totga/ (sigml(k)*sqgrt(1.0-rho(k)**2)))

dl nLdsi gnmalovern(k)=(1.0/(1.0*n))*(-1.0*n/sigml(k)+

&t ot z/ si gnmal(k)- (b1l+1.0)*t ot zxgz/ si gmal(Kk) -

& ho(k)*totz/(sigml(k)*sqrt(1.0-rho(k)**2))+

&(b2+1. 0) *r ho(k) *t ot zxga/ (si gmal(k)*sqgrt(1.0-rho(k)**2)))
dl nLdnean2glovern(k)=(1.0/ (1. 0*n))*(1.0*n/si gma2gl(k)-
&(b2+1. 0) *t ot ga/ si gma2gl(k))

dl nLdsi gma2glovern(k)=(1.0/(1.0*n))*(-1.0*n/sigma2gl(k)+
&t ot a/ si gna2gl(k) - (b2+1. 0) *t ot axga/ si gma2gl(k))

dl nLdbet 1lovern(k)=(1.0/(1.0*n))*(si gmal(k)*totz/sigm2gl(k)-
&(b2+1. 0) *si gmal(k) *t ot zxga/ si gma2g1(k))

dl nLdnean2overn(k)=(1.0/(1.0*n))*(1. 0*n/ (sigma2(k)*
&sqrt(1.0-rho(k)**2))-(b2+1.0)*totga/
&(sigma2(k)*sqrt (1. 0-rho(k)**2)))

dl nLdsi gma2overn(k)=(1.0/(1.0*n))*(-1.0*n/sigma2(k)+

& ho(k)*totz/(sigma2(k)*sqgrt(1.0-rho(k)**2))+

&t ot a/ si gma2(k) - (b2+1. 0) *r ho(k) *t ot zxga/
&(sigma2(k)*sqrt (1. 0-rho(k)**2))-(b2+1.0)*t ot axgal/ si gma2(k))
&dI nLdr hoovern(k)=(1.0/(1.0*n))*(1.0*n*rho(k)/ (1. 0-rho(k)**2)+
& otz/sqrt(1.0-rho(k)**2)-rho(k)*total/(1.0-rho(k)**2)-
&(b2+1.0) *t ot zxga/ sqrt (1. 0-rho(k)**2) +

&(b2+1. 0) *rho(k) *totaxga/ (1. 0-rho(k)**2))

300 conti nue
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c *** Sinul ating the neans, variances, biassquares and nean square errors of the
c MW and LS estimators and the efficiency of the LS estimators as conpared to
c the MWL estimators in nmeans of variances and nean square erros ***

c *** Also sinulating the neans and variances of derivatives of the Inlikelihood
c functions at MMLE ***

emeanl=0.0
enmean2=0. 0
esignal=0.0
esi gma2=0.0
erho=0.0

ebet 1=0.0
enean2gl1=0.0
esi gna2g1=0.0

eneanll s=0.0
enean2l s=0. 0
esignmall s=0.0
esignma2l s=0.0
erhol s=0.0
ebet 11 s=0. 0
enean2gll s=0.0
esi gna2gll s=0.0

edl nLdneanlovern=0.0
edl nLdsi gnalover n=0.0
edl nLdmean2glover n=0. 0
edl nLdsi gna2glovern=0. 0
edl nLdnean2over n=0. 0
edl nLdsi gna2over n=0. 0
edl nLdr hoover n=0. 0

edl nLdbet 1over n=0.0

do 350 i=1, nn
emeanl=eneanl+meanl(i)
emean2=enean2+mean2(i)

esi gmal=esi gmal+si gmal(i)

esi gma2=esi gnma2+si gma2(i)

er ho=er ho+rho(i)

ebet 1=ebet 1+bet 1(i)
enmean2gl=enean2gl+nmean2gl(i)
esi gma2gl=esi gma2gl+si gna2gl(i)

edl nLdneanlover n=edl nLdneanlover n+dl nLdnmeanlovern(i)
edl nLdsi gnalover n=edl nLdsi gnalover n+dl nLdsi gnalovern(i)
edl nLdmean2glover n=edl nLdnean2glover n+dl nLdnean2glovern(i)
edl nLdsi gna2glover n=edl nLdsi gnma2glover n+dl nLdsi gma2glovern(i)
edl nLdmean2over n=edl nLdnean2over n+dl nLdrmean2overn(i)
edl nLdsi gma2over n=edl nLdsi gnma2over n+dl nLdsi gna2over n(i)
edl nLdr hoover n=ed| nLdr hoover n+dl nLdr hoover n(i)
edl nLdbet 1over n=ed| nLdbet 1over n+dl nLdbet 1overn(i)
350 conti nue

eneanl=eneanl/ (1. 0*nn)
enean2=enean2/ (1. 0*nn)

esi gmal=esi gnal/ (1. 0*nn)
esi gnma2=esi gna2/ (1. 0*nn)
er ho=er ho/ (1. 0*nn)

ebet 1=ebet 1/ (1. 0*nn)
enean2gl=enmean2gl/ (1. 0*nn)
esi gma2gl=esi gma2gl/ (1*nn)

enmeanll s=eneanll s/ (1. 0*nn)
enean2l s=enmean2l s/ (1. 0*nn)

esi gmall s=esi gmall s/ (1. 0*nn)
esi gnma2l s=esi gnma2l s/ (1. 0*nn)
er hol s=er hol s/ (1. 0*nn)

ebet 1l s=ebet 1l s/ (1. 0*nn)
enmean2gll s=enean2gll s/ (1. 0*nn)
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esi gma2gll s=esi gma2gll s/ (1*nn)

edl nLdneanlover n=edl nLdnmeanlovern/ (1. 0*nn)

edl nLdsi gmalover n=edl nLdsi gmalovern/ (1. 0*nn)

edl nLdnean2glover n=edl nLdnean2glovern/ (1. 0*nn)
edl nLdsi gma2glover n=edl nLdsi gma2glovern/ (1. 0*nn)
edl nLdnean2over n=edl nLdnmean2over n/ (1. 0*nn)

edl nLdsi gma2over n=ed| nLdsi gnma2overn/ (1. 0*nn)

edl nLdr hoover n=edl nLdr hoovern/ (1. 0*nn)

edl nLdbet 1over n=ed| nLdbet 1overn/ (1. 0*nn)

vnmeanl=0. 0
vmean2=0. 0

vsi gmal=0. 0

vsi gma2=0. 0

vr ho=0.0

vbet 1=0. 0
vnmean2g1=0. 0

vsi gma2g1=0. 0
covneanlnean2gl=0. 0
covneanlnean2=0. 0

vdl nLdmeanlover n=0. 0
vdl nLdsi gnalover n=0. 0
vdl nLdmean2glover n=0. 0
vdl nLdsi gna2glover n=0. 0
vdl nLdmean2over n=0. 0
vdl nLdsi gna2over n=0. 0
vdl nLdr hoover n=0. 0

vdl nLdbet 1over n=0. 0

do 380 i=1, nn
vneanl=vneanl+(neanl(i)-enmeanl)**2
vnean2=viean2+(nean2(i) - enmean2) **2

vsi gmal=vsi gnmal+(sigmal(i)-esignal)**2

vsi gma2=vsi gnma2+( si gma2(i)-esigna2)**2
vrho=vrho+(rho(i)-erho)**2

vbet 1=vbet 1+(bet 1(i)-ebet1)**2
vnean2gl=vnean2gl+(mean2gl(i) - enean2gl)**2

vsi gma2gl=vsi gna2gl+(si gma2gl(i)-esi gma2gl)**2
covneanlmean2gl=covimeanlnean2gl+
&(meanl(i)-eneanl)*(nmean2gl(i)- enmean2gl)
coveanlnean2=covieanlnean2+(neanl(i)-enmeanl)*(nmean2(i)-enean2)

vdl nLdrmeanlover n=vdl nLdnmeanlover n+
&(dl nLdneanlovern(i)-edl nLdneanlovern)**2
vdl nLdsi gnalover n=vdl nLdsi gnalover n+
&(dl nLdsi gnalovern(i)-edl nLdsi gmalovern)**2
vdl nLdmean2glover n=vdl nLdmean2glover n+
&(dl nLdnean2glovern(i)-edl nLdmean2glovern) **2
vdl nLdsi gna2glover n=vdl nLdsi gna2glover n+
&(dl nLdsi gma2glovern(i)-edl nLdsi gna2glovern) **2
vdl nLdrean2over n=vdl nLdnmean2over n+
&(dl nLdnean2over n(i) - edl nLdnmean2overn) **2
vdl nLdsi gna2over n=vdl nLdsi gna2over n+
&(dl nLdsi gma2over n(i) - edl nLdsi gma2overn) **2
vdl nLdr hoover n=vdl nLdr hoover n+
&(dl nLdr hoovern(i)-edl nLdr hoovern) **2
vdl nLdbet 1over n=vdl nLdbet 1over n+
&(dl nLdbet 1overn(i) - edl nLdbet 1overn) **2
380 conti nue

vnmeanl=vneanl/ (1. 0*nn)
vnean2=vnean2/ (1. 0*nn)

vsi gmal=vsi gmal/ (1. 0*nn)

vsi gma2=vsi gna2/ (1. 0*nn)
vrho=vrho/ (1. 0*nn)

vbet 1=vbet 1/ (1. 0*nn)
vnmean2gl=vnean2gl/ (1. 0*nn)
vsi gma2gl=vsi gna2gl/ (1. 0*nn)
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covneanlnean2gl=covneanlnean2gl/ (1. 0*nn)
covneanlnmean2=covneanlnean2/ (1. 0*nn)

vdl nLdrmeanlover n=vdl nLdnmeanlover n/ (1. 0* nn)

vdl nLdsi gmalover n=vdl nLdsi gmalovern/ (1. 0*nn)

vdl nLdmean2glover n=vdl nLdnmean2glover n/ (1. 0*nn)
vdl nLdsi gma2glover n=vdl nLdsi gma2glovern/ (1. 0*nn)
vdl nLdmean2over n=vdl nLdnmean2over n/ (1. 0* nn)

vdl nLdsi gma2over n=vdl nLdsi gma2over n/ (1. 0*nn)

vdl nLdr hoover n=vdl nLdr hoovern/ (1. 0*nn)

vdl nLdbet 1over n=vdl nLdbet 1overn/ (1. 0*nn)

vmeanln=vmeanl*1. 0*n
vnmean2n=vnean2*1. 0*n

vsi gmaln=vsi gmal*1. 0*n

vsi gma2n=vsi gma2*1. 0*n

vr hon=vr ho*1. 0*n

vbet 1n=vbet 1*1. 0*n
vnmean2gln=vnean2gl*1. 0*n

vsi gma2gln=vsi gna2gl*1. 0*n
covneanlnmean2gln=covimeanlnean2gl*1. 0*n
covneanlmean2n=covieanlnean2*1. 0*n

vneanll sn=vnmeanll s*1. 0*n

vnean2| sn=vnean2l s*1. 0*n

vsi gmall sn=vsi gmall s*1. 0*n

vsi gma2l sn=vsi gna2l s*1. 0*n

vr hol sn=vrhol s*1. 0*n

vbet 1l sn=vbet 1l s*1. 0*n

vnmean2gll sn=vnmean2gll s*1. 0*n

vsi gma2gll sn=vsi gna2gll s*1. 0*n
covneanlnean2gll sn=covneanlnean2gll s*1. 0*n
covneanlnean2l sn=covneanlnean2| s*1. 0*n

bi as2neanl=( enmeanl- pneanl) **2

bi as2nean2=( enmean2- pnean2) **2

bi as2si gmal=(esi gmal- psi gmal) **2

bi as2si gma2=( esi gnma2- psi gma2) **2

bi as2r ho=( er ho- prho) **2

bi as2bet 1=( ebet 1- pbet 1) **2

bi as2nean2gl=( enean2gl- prean2gl) **2

bi as2si gma2gl=(esi gna2gl- psi gma2gl) **2

bi as2neanll s=(eneanll s- preanl) **2

bi as2nean2l s=( enean2l s- prean2) **2

bi as2si gmall s=(esi gnall s-psi gmal)**2

bi as2si gma2l s=(esi gma2l s- psi gma2) **2

bi as2r hol s=(er hol s- prho) **2

bi as2bet 11 s=( ebet 1| s- pbet 1) **2

bi as2nean2gll s=( enean2gll s- pnean2gl) **2

bi as2si gma2gll s=(esi gnma2gll s- psi gma2gl) **2

bi as2neanln=bi as2neanl*1. 0*n

bi as2nean2n=bi as2nean2*1. 0*n

bi as2si gmaln=bi as2si gnmal*1. 0*n

bi as2si gma2n=bi as2si gnma2*1. 0*n

bi as2r hon=bi as2r ho*1. 0*n

bi as2bet 1n=bi as2bet 1*1. 0*n

bi as2nean2gln=bi as2mean2gl*1. 0*n
bi as2si gma2gln=bi as2si gma2gl*1. 0*n

bi as2neanll sn=bi as2meanll s*1. 0*n

bi as2nean2l sn=bi as2mean2| s*1. 0*n

bi as2si gmall sn=bi as2si gmall s*1. 0*n

bi as2si gma2l sn=bi as2si gma2l s*1. 0*n

bi as2r hol sn=bi as2rhol s*1. 0*n

bi as2bet 11 sn=bi as2bet 1l s*1. 0*n

bi as2nean2gll sn=bi as2nean2gll s*1. 0*n
bi as2si gma2gll sn=bi as2si gna2gll s*1. 0*n
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xmsenmeanl=vneanl+bi as2neanl
xmsenmean2=vnean2+bi as2nmean2

xmsesi gnal=vsi gmal+bi as2si gnal
xneesi gma2=vsi gma2+bi as2si gnma2

xmser ho=vr ho+bi as2r ho
xmsebet 1=vbet 1+bi as2bet 1
xmsenmean2gl=vrean2gl+bi as2nean2gl
xneesi gna2gl=vsi gna2gl+bi as2si gna2gl

xnmseneanll s=vneanll s+bi as2neanll s
xmsenean2l s=vnean?2l s+bi as2nean2l s

xneesi gmall s=vsi gmall s+bi as2si gnall s
xmsesi gna2l s=vsi gma2l s+bi as2si gma2l s

xmser hol s=vr hol s+bi as2rhol s

xneebet 11 s=vbet 11 s+bi as2bet 1l s
xnmsenean2gll s=vnean2gll s+bi as2nmean2gll s
xneesi gma2gll s=vsi gma2gll s+bi as2si gma2gll s

xnmseneanln=vneanln+bi as2neanln
xnmeenean2n=vnean2n+bi as2nean2n

xnmeesi gmaln=vsi gmaln+bi as2si gmaln
xnmeesi gma2n=vsi gma2n+bi as2si gma2n

xnmser hon=vr hon+bi as2r hon

xnmeebet 1n=vbet 1n+bi as2bet 1n
xnmeenean2gln=vnean2gln+bi as2mean2gln
xnmeesi gma2gln=vsi gma2gln+bi as2si gna2gin

xmsemnmeanll sn=vrreanll sn+bi as2meanll sn
xmsenmean2l sn=vrrean2l sn+bi as2mean?2l sn

xnmeesi gmall sn=vsi gmall sn+bi as2si gnall sn
xmsesi gna2l sn=vsi gma2l sn+bi as2si gma2l sn

xmser hol sn=vr hol sn+bi as2r hol sn

xmsebet 11 sn=vbet 1l sn+bi as2bet 1l sn
xmsenmean2gll sn=virean2gll sn+bi as2nmean2gll sn
xmsesi gna2gll sn=vsi gma2gll sn+bi as2si gma2gll sn

ef f vmean1=100. O*vireanln/ vneanll sn

ef fvsi gnal=100. 0*vsi gmaln/ vsi gmall sn

ef f vmean2=100. 0* vrean2n/ vnean2l sn

ef f vsi gna2=100. 0*vsi gma2n/ vsi gma2l sn

ef f vr ho=100. O*vr hon/ vr hol sn

ef f vmean2g1=100. 0*vmean2gln/ virean2gll sn

ef fvsi gna2g1=100. 0*vsi gna2gln/ vsi gma2gll sn
ef f vbet 1=100. O*vbet 1n/ vbet 1l sn

ef f msemean1=100. 0* xnmseneanln/ xnseneanll sn

ef f nsesi gmal1=100. 0* xnsesi gnmaln/ xnsesi gmall sn

ef f msemean2=100. 0* xnmsenean2n/ xnsenean?2l sn

ef f nsesi gma2=100. 0* xnsesi gnma2n/ xnsesi gma2l sn

ef f nser ho=100. 0* xnser hon/ xnser hol sn

ef f neemean2g1=100. 0* xnsenean2gln/ xnsenean2gll sn

ef f nsesi gma2g1=100. 0* xnsesi gma2gln/ xnsesi gma2gll sn
ef f neebet 1=100. 0* xnsebet 1n/ xnsebet 1l sn

c *** Qutput of the sinulated nmeans, variances, biassquares and nean square errors

C
C

450

490

500

of the MWLE and LSE, and the efficiency of the LSE as conpared to the MWE
in means of variances and nean square errors ***

format (a2,i 3, 9x, a5, 1x, a6, 3x, a5, 1x, a6, 2x, a7, 1x, a8, 2x, a6, 4x, a3)
wite(1,450) 'n=",n,' neanl','sigmal','nmean2','sigma2
& 'mean2.1','sigma2.1',"'thetal','rho

format (a5, 7x,f7.3,f7.3,1x,f7.3,f7.3,f8.3,18.3,f10.3,f8.3)
wite(1,490) 'nmean:', eneanl, esi gnal, emrean2, esi gna2
&, emean2gl, esi gma2g1l, ebet 1, er ho

format (a8, 4x,f7.3,f7.3,1x,f7.3,f7.3,f8.3,f8.3,f10.3,f8.3)
wite(1,500) 'n*bias2:',bias2neanln, bi as2si gmaln, bi as2nmean2n
&bi as2si gma2n, bi as2mean2gln, bi as2si gna2gln, bi as2bet 1n, bi as2rhon
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550 format(all, 1x,f7.3,f7.3,1x,f7.3,f7.3,f8.3,1f8.3,f10.3,8.3)
wite(1,550) 'n*variance:',vmeanln,vsigmaln, vmrean2n, vsi gna2n
&vmrean2gln, vsi gma2gln, vbet 1n, vrhon

555 format(a6,6x,f7.3,f7.3,1x,f7.3,f7.3,f8.3,f8.3,f10.3,f8.3,/)
wite(1,555) 'n*mse:', xnmsemeanln, xnsesi gnaln, xmsenean2n
&msesi gnma2n, xnmsenmean2gln, xnsesi gma2gln, xnsebet 1n, xnser hon

560 format(a7,5x,f7.3,f7.3,1x,f7.3,f7.3,f8.3,f8.3,f10.3,8.3)
wite(l,560) 'meanls:',enmeanlls, esigmlls, enean2ls
&, esi gma2l s, emrean2gll s, esi gna2gll s, ebet 1l s, erhol s

570 format(al0,2x,f7.3,f7.3,x,f7.3,f7.3,f8.3,f8.3,f10.3,8.3)
wite(1,570) 'n*bias2ls:',bias2neanll sn, bi as2si gmall sn
&bi as2mean2l sn, bi as2si gna2l sn, bi as2nean2gll sn
&, bi as2si gma2gll sn, bi as2bet 11 sn, bi as2r hol sn

580 format(al3,f6.3,f7.3,x,f7.3,f7.3,f8.3,f8.3,f10.3,18.3)
wite(1,580) 'n*variancels:', vneanll sn, vsi gmall sn, vhean2l sn
&, vsi gma2l sn, vnean2gll sn, vsi gma2gll sn, vbet 1l sn, vr hol sn

585 format(a8,4x,f7.3,f7.3,x,f7.3,f7.3,f8.3,18.3,f10.3,18.3,/)
wite(1,585) 'n*msels:', xnmseneanll sn, xnmsesi gmall sn, xnsenean2l sn
&nsesi gma2l sn, xnsenmean2gll sn
&, xnmsesi gma2gll sn, xmsebet 11 sn, xnser hol sn

588 format (a6, 8x,f5.1,2x,f5.1,3x,f5.1,2x,f5. 1, 3x
& f5.1,3x,f5.1,5x,f5.1,3x, f5. 1)
wite(1,588) "effvar', effvneanl,effvsigmal, ef fvmean2, ef f vsi gna2
&ef f vmean2gl, ef f vsi gma2gl, ef f vbet 1, ef fvrho

589 format (a6, 8x,f5.1,2x,f5.1,3x,f5.1, 2x,f5. 1, 3x
& f5.1,3x,f5.1,5x%,f5.1,3x,f5. 1, 3/)
wite(1,589) 'effnse', effnseneanl, ef fmsesignal
&ef f msenean2, ef f msesi gma2,
&ef f meenean2gl, ef f msesi gna2g1l, ef f msebet 1, ef f nser ho

c *** Calculating the little sinulated covariance matrix for the hotelling T2
c to test neanl=neanlO and mean2=nean20 ***

det on2=vneanl*vnean2- covneanlnmean2**2
det on2l s=vneanll s*vrean2l| s- covneanlnean?2| s**2

si nonR211=vean2/ det on?
si non212=- covneanlnean2/ det on?
si nonR22=veanl/ det on2

si nonRl s1l1=vnean2l s/ det on2l s
si nonRl s12=- covneanlnean2| s/ det onRl s
si nonRl s22=vneanll s/ det on2l s

c *** Simulating the powers of the test statistics for nn=10,000 ***

xpower ast 2=0. 0
xpower as2t 2=0. 0
xpower asw=0. 0
xpower si mx=0. 0
xpower si mM s=0. 0
si npowert 2=0. 0

si mpowert 2l s=0. 0
si npowert 22=0. 0
si mpowert 221 s=0. 0

do 600 k=1, nn
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c *** The estimated Fisher information matrix of meanl, signal, nmean2gl,

[

and thetal ***

M (1,1)=1.0*n*((bl/(b1+2.0))*(1.0/(sigmal(k)**2)))

M (1,2)=1.0*n*((bl/(b1+2.0))*(psi (bl+1l.0)-psi(2.0))

& (sigmal(k)**2))

M (1,3)=0.0

M (1,4)=0.0

M (1,5)=0.0

M (2,1)=1.0*n*((bl/(b1+2.0))*(psi(bl+1l.0)-psi(2.0))

& (sigmal(k)**2))

M (2,2)=1.0*n*((1.0/(sigmal(k)**2))*(1.0+(bl/(bl+2.0))*
&(psi d_blpl usl+psid_2+(psi(bl+1.0)-psi(2.0))**2)))

M (2,3)=0.0

, 4)=0.
, 5)=0.
, 1) =0.
, 2)=0.
,3)=1. 0*n*(b2/(b2+2.0))/ (si gma2gl(k)**2)
,4)=1.0*n*(b2/(b2+2.0)) *

si (b2+1.0)-psi (2.0))/(signma2gl(k)**2)

3,5)=1. 0*n*(b2/(b2+2.0)) *
igmal(k)*(psi(bl)-psi(1.0))/(sigm2gl(k)**2)

4,1)=0.0

4,2)=0.0

4,3)=1.0*n*(b2/ (b2+2.0))*

si (b2+1.0)-psi (2.0))/ (si gma2gl(k)**2)
4,4)=1.0*n*(1.0/(sigma2gl(k)**2))*(1.0+(b2/(b2+2.0))*
si d_b2pl usl+psid_2+(psi (b2+1.0)-psi(2.0))**2))
4,5)=1.0*n*(b2/ (b2+2. 0)) *(si gmal(k)/(sigma2gl(k)**2))*
si (bl)-psi(1.0))*(psi(b2+1.0)-psi(2.0))

5,1)=0.0

(5,2)=0.0

M (5, 3) =1. 0*n*(b2/ (b2+2.0) ) *

&si gmal(k)*(psi(bl)-psi(1.0))/(sigm2gl(k)**2)

M (5, 4) =1. 0*n*(b2/ (b2+2. 0) ) *(si gmal(k)/ (si gma2gl(k)**2))*
&(psi (bl)-psi(1.0))*(psi(b2+1.0)-psi(2.0))

M (5, 5) =1. 0*n*(b2/ (b2+2. 0) ) *( (si gmal(k)/si gma2gl(k))**2)*
&(psi d_bl+psid_1+(psi(bl)-psi(1.0))**2)
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c *** The estimated Fisher information matrix of meanl, signal, nean2,

C

and rho ***

M 2(1,1)=1.0*n*(1/(sigml(k)**2))*

&((b1/ (b1+2.0))+(b2/ (b2+2.0))*((rho(k)**2)/(1-rho(k)**2)))
M 2(1,2)=1.0*n*(1/(sigmal(k)**2))*

&((bl/ (bl+2.0))*(psi (bl+1l.0)-psi(2.0))

&+(b2/ (b2+2.0))*((rho(k)**2)*(psi (bl)-psi(1.0))/(1-rho(k)**2)))
M 2(1,3)=-1.0*n*(b2/(b2+2.0))*

&(rho(k)/ (sigmal(k)*sigma2(k)*(1-rho(k)**2)))

M 2(1,4)=-1.0*n*(b2/(b2+2.0))*
&((rho(k)**2)*(psi(bl)-psi(1.0))/

&(si gmal(k)*si gma2(k)*(1-rho(k)**2))+
&(rho(k)*(psi(b2+1.0)-psi(2.0)))/

&(si gmal(k)*sigma2(k)*sqrt(1-rho(k)**2)))

M 2(1,5)=-1.0*n*(b2/(b2+2.0))*
&(rho(k)*(psi(bl)-psi(1.0))/

&(si gmal(k)*(1-rho(k)**2))-
&((rho(k)**2)*(psi(b2+1.0)-psi(2.0)))/

&(si gmal(k)*((1-rho(k)**2)**1.5)))

M 2(2,1)=1. 0*n*(1/(sigmal(k)**2))*

&((bl/ (bl+2.0))*(psi (bl+l1l.0)-psi(2.0))

&+(b2/ (b2+2.0))*((rho(k)**2)*(psi (bl)-psi(1.0))/(1-rho(k)**2)))
M 2(2,2)=1.0*n*(1/(sigmal(k)**2))*

si gma2gl

si gma2

&( 1. 0+(bl/ (bl+2.0))*(psi d_blpl usl+psi d_2+(psi (bl+1l.0)-psi(2.0))**2)

&+(b2/ (b2+2.0))*((rho(k)**2)/(1-rho(k)**2))*
&(psi d_bl+psid_1+(psi(bl)-psi(1.0))**2))

M 2(2,3)=-1.0*n*(b2/(b2+2.0))*(psi(bl)-psi(1.0))*
&(rho(k)/ (sigmal(k)*si gma2(k)*(1-rho(k)**2)))
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M 2(2,4)=-1.0*n*(b2/(b2+2.0))*
&((psid_bl+psid_1+(psi(bl)-psi(1l.0))**2)*
&(rho(k)**2)/(si gmal(k)*sigma2(k)*(1-rho(k)**2))+

&(psi (bl)-psi(1l.0))*(psi(b2+1.0)-psi(2.0))*rho(k)/

&(si gmal(k)*sigma2(k)*sqgrt(1-rho(k)**2)))

M 2(2,5)=-1.0*n*(b2/(b2+2.0))*

&( (psid_bl+psid_1+(psi(bl)-psi(1l.0))**2)*

& ho(k)/ (sigmal(k)*(1-rho(k)**2))-

&(psi (bl)-psi(1.0))*(psi(b2+1.0)-psi(2.0))*(rho(k)**2)/
&(sigmal(k)*((1-rho(k)**2)**1.5)))

M 2(3,1)=-1.0*n*(b2/(b2+2.0))*

&(rho(k)/ (sigmal(k)*sigma2(k)*(1-rho(k)**2)))

M 2(3,2)=-1.0*n*(b2/ (b2+2.0))*(psi (bl)-psi(1.0))*
&(rho(k)/ (sigmal(k)*sigma2(k)*(1-rho(k)**2)))

M 2(3, 3)=1. 0*n*( b2/ (b2+2.0))*

&( 1.0/ ((sigma2(k)**2)*(1-rho(k)**2)))

M 2(3, 4) =1. 0*n*( b2/ (b2+2.0))*
&(rho(k)*(psi(bl)-psi(1.0))/((sigma2(k)**2)*(1-rho(k)**2))+
&(psi (b2+1.0)-psi (2.0))/ ((sigma2(k)**2)*sqrt(1-rho(k)**2)))
M 2(3,5)=-1.0*n*(b2/(b2+2.0))*

&((psi (b2+1.0)-psi (2.0))*

& ho(k)/ (sigma2(k)*((1-rho(k)**2)**1.5))-

&(psi (bl)-psi(1.0))/(sigma2(k)*(1-rho(k)**2)))

M 2(4, 1)=-1. 0*n*(b2/(b2+2.0))*
&((rho(k)**2)*(psi(bl)-psi(1.0))/

&(si gmal(k)*si gma2(k)*(1-rho(k)**2))+
&(rho(k)*(psi(b2+1.0)-psi(2.0)))/

&(si gmal(k)*si gma2(k)*sqrt(1-rho(k)**2)))

M 2(4, 2)=-1.0*n*(b2/(b2+2.0))*
&((psid_bl+psid_1+(psi(bl)-psi(1l.0))**2)*
&(rho(k)**2)/(si gmal(k)*sigma2(k)*(1-rho(k)**2))+

&(psi (bl)-psi(1.0))*(psi(b2+1.0)-psi(2.0))*rho(k)/

&(si gmal(k)*sigma2(k)*sqgrt(1-rho(k)**2)))

M 2(4, 3)=1. 0*n*(b2/ (b2+2.0))*
&(rho(k)*(psi(bl)-psi(1.0))/((sigma2(k)**2)*(1-rho(k)**2))+
&(psi (b2+1.0)-psi (2.0))/ ((sigma2(k)**2)*sqrt(1-rho(k)**2)))
M 2(4, 4)=1.0*n*(1.0/(sigma2(k)**2))*

&( 1. 0+(b2/ (b2+2.0)) *((psi d_bl+psid_1+(psi(bl)-psi(1.0))**2)*
&(rho(k)**2)/(1-rho(k)**2)+

&2.0*rho(k)*(psi (bl)-psi(1.0))*(psi(b2+1.0)-psi(2.0))/
&sqgrt(1-rho(k)**2)+

&psi d_b2pl usl+psi d_2+(psi (b2+1.0)-psi (2.0))**2))

M 2(4,5)=-1.0*n*(1.0/sigma2(k))*

&(rho(k)/ (1-rho(k)**2)+(b2/(b2+2.0))*(
&(-1.0)*(psid_bl+psid_1+(psi(bl)-psi(1.0))**2)*

& ho(k)/ (1-rho(k)**2)+

&(psi (bl)-psi(1.0))*(psi(b2+1.0)-psi(2.0))*
&(rho(k)**2)/((1-rho(k)**2)**1.5)-

&(psi (bl)-psi(1.0))*(psi(b2+1.0)-psi(2.0))/
&sqrt(1-rho(k)**2)+

&( psi d_b2pl usl+psi d_2+(psi (b2+1.0)-psi(2.0))**2)*rho(k)/
&(1-rho(k)**2)))

M 2(5, 1) =-1. 0*n*( b2/ (b2+2.0)) *
&(rho(k)*(psi(bl)-psi(1.0))/
&(sigmal(k)*(1-rho(k)**2))-
&((rho(k)**2)*(psi(b2+1.0)-psi(2.0)))/
&(sigmal(k)*((1-rho(k)**2)**1.5)))

M 2(5, 2) =-1. 0*n*( b2/ (b2+2.0)) *
&((psid_bl+psid_1+(psi(bl)-psi(1l.0))**2)*

& ho(k)/ (sigmal(k)*(1-rho(k)**2))-

&(psi (bl)-psi(1.0))*(psi(b2+1.0)-psi(2.0))*(rho(k)**2)/
&(si gmal(k)*((1-rho(k)**2)**1.5)))

M 2(5, 3)=-1. 0*n*( b2/ (b2+2.0)) *

&((psi (b2+1.0)-psi(2.0))*

& ho(k)/ (sigma2(k)*((1-rho(k)**2)**1.5))-

&(psi (bl)-psi(1.0))/(sigma2(k)*(1-rho(k)**2)))
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c *** Just taking the inverse of the estimated Fisher

M 2(5, 4)=-1. 0*n* (1. 0f si gma2(k)) *
&(rho(k)/ (1-rho(k)**2) +( b2/ (b2+2. 0)) *(

&(-1.0)*(psi d_bl+psi d_1+(psi(bl)-psi (1.0))**2)*

& ho(k)/ (1-rho(k)**2)+
&(psi (bl)-psi(1.0))*(psi(b2+1.0)-psi(2.0))*

&(rho(k)**2)/ ((1-rho(k)**2)**1.5)-

&(psi (bl)-psi(1.0))*(psi(b2+1.0)-psi(2.0))/

&sqrt(1-rho(k)**2)+
&( psi d_b2pl usl+psi d_2+(psi (b2+1.0)-psi (2.0))**2)*rho(k)/
&(1-rho(k)**2)))
M 2(5,5)=1. 0*n*((rho(k)**2)/((1-rho(k)**2)**2)+

&( b2/ (b2+2.0))*((psid_bl+psid_1+(psi(bl)-psi(1.0))**2)

& (1-rho(k)**2)-2.0*rho(k)*
&(psi (bl)-psi(1.0))*(psi(b2+1.0)-psi(2.0))/
&((1-rho(k)**2)**1.5)+

&((rho(k)**2)/ ((1-rho(k)**2)**2))*
&( psi d_b2pl usl+psi d_2+(psi (b2+1.0)-psi (2.0))**2)))

call LINRG (KI', M, LI, MINV,LIINV)

call LINRG (KI2,M2,LI2, M2INV,LI2INV)

information matrices ***

c *** Taking the elements fromthe inverse of the Fisher Infornation matrices
which are the estimated asynptotic covariance natrices ***

C

asvarneanl(k)=M I NV(1, 1)
asvarsi gmal(k) =M I NV( 2, 2)

asvar nean2gl(k) =M I NV( 3, 3)
asvar si gna2gl(k) =M I NV(4, 4)
asvar bet 1(k) =M | NV( 5, 5)
ascovneanlnean2gl(k)=M I NV(1, 3)

asvarneanl12(k) =M 21 NV(1, 1)
asvarsi gmal2(k) =M 21 NV( 2, 2)
asvar nean2( k) =M 21 NV( 3, 3)
asvar si gna2( k) =M 21 NV(4, 4)
asvarrho(k) =M 21 NV( 5, 5)
ascovneanlnean2(k)=M 21 NV( 1, 3)

c *** Calculating the little estimted asynptotic covariance nmatrix for
the hotelling T2 to test nmeanl=neanl0 and nmean2=nean20 ***

C

OO0 00

O00O0

* %k *

* %k *

* %k *

* %k *

* %k *

* ok k

* %k *

* Kk Kk

asbnvnmeanl2=asvar nean12(k)* (1. 0*n)

asbnvnean2=asvar nean2(k) *( 1. 0*n)
asbncovneanlnean2=ascovneanlnmean2(k)* (1. 0*n)

det ason2=asbnvneanl2*asbnvnean2- asbncovneanlnean2**2

asonRll=asbnvnean2/ det asonf

asonR12=- asbncovneanlnean2/ det ason

asonR22=asbnvneanl2/ det ason?

The follow ngs are the test statistics based on asynptotic variances ***

ast2 is for
as2t2 is for
aswis for r

nmeanl=neanlO, nean2gl=nean2gl0 ***
nmeanl=neanl0, nean2=nmean20 ***

ho=0 ***

The follow ngs are the test statistics based on sinulated variances ***

sim2 is for

sinmkt2 is for

simwis for

nmeanl=meanl0, mrean2gl=nean2gl0 ***
meanl=neanl0, mnean2=nean20 ***

rho=0 ***
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c *** Calculating the test statistics ***

ast 2=((nmeanl(k)-nmeanl0)**2)/asvarmeanl(k)+
& (mean2gl(k)-nean2gl10) **2)/asvar nean2g1( k)

ast 2f =ast 2* ( (1. 0*n-2. 0)/ (2. 0*(1.0%*n-1.0)))

as2t 2=1. 0*n* (( (nmeanl(k)-nmeanl0)**2)*asonmR1l1l+
&( (mean2( k) - nean20) **2) *asonR22+
&2. 0* (meanl(k) - nean10) *( nean2(k) - nean20) *ason12)

as2t 2f =as2t 2*( (1. 0*n-2. 0)/ (2. 0*(1. 0*n-1.0)))

if(prho.eq.0.0)then
vr ho_under HO=vr ho

vr hol s_under HO=vr hol s
endi f

si mw=r ho(k)/sqrt (vrho_under HO)
si MM s=rhol s(k)/sqgrt (vrhol s_under HO)

asw=rho(k)*sqrt (1. 0*n*(psid_bl+psid_1)*(b2/(b2+2.0)))
aswl s=rhol s(k)*sqrt (1. 0*n*(psi d_bl+psid_1)*(b2/(b2+2.0)))

si nt 2=((nmeanl(k) - rean10) **2)/vmeanl+
&( (mean2gl(k) - nmean2g10) **2)/vmean2gl

si nt 2f =si mt 2% ( (1. 0*n-2. 0)/ (2. 0*(1. 0*n-1.0)))

si nt 2l s=((meanll s(k)-neanl0)**2)/vneanll s+
&( (mean2gll s(k) - mean2g10) **2)/vrean2gll s

sint 21 sf=si nt 21 s*((1.0%n-2. 0)/ (2. 0%(1.0%n-1.0)))

si nmt 22=((nmeanl(k) - mean10) **2) *si mron211+
&( (mean2( k) - nean20) **2) *si nonR22+
&2. 0* (nmeanl(k) - mean10) * ( nean2(k) - mrean20) * si non212

si mt 22f =si mt 22* ((1. 0¥n-2.0)/ (2. 0*(1.0*n-1.0)))

sinmt 221 s=((nmeanll s(k) - mean10) **2) *si nonR2l s11+

&( (mean2l s(k) - mean20) **2) *si non2l s22+

&2. 0* (nmeanll s(k) - mrean10) * ( nean2l s(k) - mrean20) *si monRl s12
si mt 22| sf =si nt 22| s*((1.0*n-2.0)/(2.0*(1.0*n-1.0)))

c *** Calculating the sinulated powers by conparing with the tabul ated val ues ***

i f(ast2.GT. xki 2i nv) then
xpower ast 2=xpower ast 2+1. 0
endi f

i f(as2t2. GT. xki 2i nv) then
xpower as2t 2=xpower as2t 2+1. 0
endi f

i f(asw. GT.xz095) then
xpower asw=xpower asw+1. 0
endi f

i f(simw GT.xz095) then
xpower si mw=xpower si mw1. 0
endi f

if(simds.GT.xz095) then

xpower si MM s=xpower si mM s+1. 0
endi f
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if(sint2. Gl xki2inv) then
si npower t 2=si npowert 2+1. 0
endi f

if(sint2ls.GrI. xki2inv) then
si npowert 2| s=si npowert 2l s+1. 0
endi f
if(sint22.GrT.xki2inv) then
si npower t 22=si npowert 22+1. 0
endi f
if(sint22ls.GrI. xki2inv) then
si npower t 22| s=si npowert 22| s+1. 0
endi f

600 conti nue
xpower ast 2=xpower ast 2/ (1. 0*nn)
xpower as2t 2=xpower as2t 2/ (1. 0*nn)
xpower asw=xpower asw (1. 0*nn)

xpower si ma=xpower si mv/ (1. 0*nn)
xpower si mM s=xpower si mM s/ (1. 0*nn)

si npower t 2=si npowert 2/ (1. 0*nn)
si mpowert 2| s=si npowert 2| s/ (1. 0*nn)

si mpowert 22=si npowert 22/ (1. 0*nn)
si npower t 22| s=si npowert 22| s/ (1. 0*nn)

c *** The End ***

end
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