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ABSTRACT

AN INVESTIGATION OF SEVENTH GRADE STUDENTS’
COMPUTATIONAL ESTIMATION STRATEGIES AND FACTORS
ASSOCIATED WITH THEM

Boz, Burgak

Ph.D., Department of Secondary Science and Mathematics Education

Supervisor: Assoc. Prof. Dr. Safure Bulut

November 2009, 281 pages

The purpose of this study was to identify seventh grade students’ computational
estimation strategies and factors associated with these strategies. A case study was
conducted with five students. They were selected among 116 seventh grade students
from a public elementary school in Aegean region. Two sessions of clinical
interviews were carried out with each participant. In the first interview session, the
Computational Estimation Test, which was consisted of 15 estimation questions, was
administered to students with requesting explanations of solving procedure. In the
second interview session, students answered to semi-structured questionnaire

prepared by the researcher to understand their feelings and thoughts on estimation.

The results of the study indicated that students used three kinds of computational
estimation strategies, which were reformulation, translation, and compensation.
Reformulation was the most used types of estimation and by all interviewees. It was
divided into four sub-strategies, which were observed during the interviews, among
them rule based rounding was the most preferred one. The most sophisticated
strategy was compensation, which was used least frequently by the participants. The
other kind of computational estimation strategy was translation, which means
changing the operation for handling the questions more easily. Translation strategy

was used students who performed well in number sense. Based on interviews and
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observations, there were some cognitive and affective factors, which were associated
with the specified strategies. Number sense and mental computation were two sub
categories of the cognitive factors. Besides these cognitive factors, confidence in
ability to do mathematics, perception of mathematics, confidence in ability to do
estimation, perception of estimation and tolerance for error, which were identified as
affective factors, played important role for strategy selection and computational

estimation.

Good number sense may lead to use of multiple representations of numbers and use
of translation strategies. Moreover, mental computation ability may enable students
both to conduct reformulation and use compensation strategy easily. Interviewees
who had both high confidence in ability to do mathematics and low confidence in
ability to do estimation, preferred exact computation and more rule dependent
estimation strategies, like rule based rounding. Low tolerance for error may influence
students’ answers, in order to produce them in a narrow interval. Additionally,
perception of estimation may lead students recognize estimation as useful and use of

variety of computational estimation strategies.

According to data analysis, feelings and thoughts about computational estimation
may influence interviewees’ strategy usage, such as students, who had negative
feelings on estimation and thoughts about mathematics wanted exactness, generally
preferred exact computation process and did not use diverse computational
estimation strategies. Students who had poor in number sense and mental

computation could not conduct computational estimation strategies.

Therefore, the research study may lead to better understanding of students’
perspectives on computational estimation. With understanding used strategies, and
related factors are affecting computational estimation strategies, it might be produce

effective instructional designs for teaching computational estimation.

Keywords: Mathematics education, Computational Estimation Strategies, Cognitive

factors, Affective factors, Clinical Interview



(074
YEDINCI SINIF OGRENCILERININ TAHMINi HESAPLAMA
STRATEJILERI VE BUNA BAGLI FAKTORLERININ iINCELENMESI
Boz, Burgak

Doktora, Orta Ogretim Fen ve Matematik Alanlar1 Egitimi Boliimii
Tez Yoneticisi: Dog. Dr. Safure Bulut

Kasim 2009, 281 sayfa

Bu ¢alismanin amaci yedinci sinif 6grencilerinin hesaplamali tahmin stratejilerini ve
buna bagh faktorleri belirlemektir. Bes 6grenci ile bir durum (6rnek olay) calismasi
ylriitilmistir. Ege bolgesinde bulunan bir ilkdgretim okulunun 116 6grencisi
arasindan bu bes 0grenci se¢ilmistir. Her bir gorlismeci ile iki seans klinik goriisme
yapilmistir. Birinci goriismede 15 maddelik Hesaplamali Tahmin Testinin sorulari
sorulmus ve ¢dziim asamalarmin agiklanmasi istenmistir. Ikinci gdriismede
Ogrencilerin tahmin etmeye karst duygu ve diislincelerini anlamak iizere arastirmaci

tarafindan hazirlanan yar1 yapilandirilmis goriisme formu uygulanmustir.

Calismanin  sonuglarina gore, Ogrenciler sayilarin yeniden yapilandirilmasi,
islemlerin yeniden yapilandirilmasi ve diizenleme ve diizeltme olmak iizere ii¢ ¢esit
hesaplamali tahmin stratejisi kullanmaktadirlar. Sayilarin yeniden yapilandirimasi
tim say1 cesitlerinde biitiin goriismeciler tarafindan en ¢ok kullanilan strateji
olmustur. En gelismis ve karisik strateji olarak belirlenen diizenleme ve diizeltme
stratejisi ise en az siklikta kullanilan strateji olmustur. Diger bir hesaplamali tahmin
stratejisi olan islemlerin yeniden yapilandirilmasi, sorularla basedilebilmesi igin

islemlerin degistirilmesi anlamina gelmektedir.

Ogrenciler arasinda say1 algisi iyi olanlar bu stratejiyi kullanmiglardir. Gériisme ve
gbzlemlere dayanarak belirlenen stratejilerle ilgili olarak bazi biligsel ve duyussal

faktorler belirlenmistir. Say1 algist ve zihinden igslem yapma bilissel faktoriin iki alt
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kategorisidir. Biligsel faktorlerin yanisira, matematikte kendine gilivenmek,
matematige kars1 algi, tahmin etmeye dair kendine giiven, tahmin etmeye dair alg1 ve
hataya kars1 tolerans; hesaplamali tahmin stratejilerini segme ve kullanmada dnemli

rol oynamaktadir.

Sayisal algiya sahip olmak sayilarin ¢oklu gosterimlerini kullanabilmeyi ve
islemlerin yeniden diizenlenmesini saglayabilir. Hatta zihinden islem yapabilme
Ogrencilerin hem sayilarin yeniden diizenlenmesini hem de diizenleme ve diizeltme
stratejilerini  kullanabilmelerini saglayabilir. Matematikte kendine glivenirken,
tahmin etmede kendine daha az giivenen 6grencilerin, net hesaplamalarin yanisira,
kurala dayali yuvarlama gibi daha siklikla kural tabanli tahmin stratejilerini tercih
ettikleri goriilmiistiir. Hataya kars1 diisiik tolerans, 6grencilerin cevaplarinin dar bir
aralikta olmasina etki edebilmektedir. Buna ek olarak, tahmin etmeye karsi algi,
ogrencilerin tahmini yararli bulmalarini ve degisik tahmin stratejileri kullanmalarini

saglayabilmektedir.

Veri analizine gore, goriismecilerin strateji kulllanmalar1 onlarin  duygu ve
diisiincelerinden etkilenebilmektedir. Ornegin, tahmin etmeye karsi negatif duygulari
olan ve matematigin net cevaplar istedigini diisiinen Ogrenciler, genellikle net
hesaplamalar ~ yapmaya  cabalamakta  ve  farklh  tahmin  stratejileri
kullanamamaktadirlar. Zihinden heaplama becerisi ve say1 algis1 kotii olan 6grenciler

hesaplamali tahmin stratejilerini kullanamamaktadirlar.

Bu nedenle, bu caligsma 6grencilerin hesaplamali tahmine kars1 bakis agilarinit daha
iyl anlamay1 saglayabilir. Kullanilan hesaplamali tahmin stratejilerini ve bunlarla
ilgili faktorleri anlamak, hesaplamali tahmin {izerine daha verimli bir 6gretim

planlanmasina yardimc1 olabilir.

Anahtar Kelimeler: Matematik Egitimi, Hesaplamali Tahmin Stratejileri, Biligsel

faktorler, Duyussal faktorler, Klinik Gorlisme
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CHAPTER 1

INTRODUCTION

About thirty years ago, being able to perform paper-pencil calculations or mental
calculations as quickly, neatly, and accurately was a valuable skill for society. Now,
with advances in technology, the society needs people who can estimate the
reasonableness of the exact answer they may obtain. Therefore, estimation has
become important when determining reasonableness of an answer, particularly when
using a calculator (Hope, 1986). Usiskin (1986) stated that the computation of single
correct answer covers only a part of mathematics; the other problems require
estimation. Moreover, it was suggested by Reys (1992, p.142), “over 80% of all

mathematical applications call for estimation, rather than exact computation.”

Although exact computation could be performed easily with the aid of computers or
calculators, most of the time, it is not enough for making decisions. For instance,
when someone says that “budget for colleges with 62 772 pupils is $148 309 563
may be less meaningful to us. On the other hand, when this statement redesigned as
“colleges with about 63 000 pupils, has budget approximately $150 million” gives a
clear understanding about the college’s budget. Therefore, sometimes exact-solutions
in mathematics may make the situation more difficult to understand. In daily life
applications, approximation and estimation may help more than exact answers. Since
these concepts are important for daily life situations, they should be taught at
schools. Therefore, schools curricula should contain estimation as much as exact
computation. The goals of mathematics curricula should prepare students to handle
daily life problems. Although daily life computation can be made with the aid of
calculators and computers, we should be able to use our brain before using these

kinds of tools for simple calculations. As Maier (1977) stated, “Other computation



tools may not always be available, but people always carry their brains with them”
(p-47). Still someone may think that with developing technology why we need
estimation or approximate calculation. According to Reys (1986), the current
emphasis on estimation in the mathematics curriculum has been fostered by the
widespread availability and use of technology. Results obtained with the help of
technological devices should be evaluated and interpreted by a human. Therefore,
students should be taught how to use estimation in their computation or judging the

exact computation.

Many elementary school mathematics curricula (i.e., The Turkish Ministry of
National Education-MoNE, NCTM, The Spanish Ministry of Education-MEC, The
England Department for Education and Skills- DfES) make it clear that mathematics
today is more than just computation. Mathematics students today are expected to
learn estimation as a means of checking answers in computation and problem-solving

situations where an exact answer may not be needed (Usiskin, 1986).

In Turkey, estimation has become an explicit part of the mathematics curriculum
since 2005. Before 2005 renewed mathematics curriculum, not much attention was
paid to estimation in mathematics classes. However, since that time, MoNE
underlined that students should be encouraged to use mental computation and
estimation in mathematics lessons. Additionally, in the current mathematics
curriculum, it is emphasized that students should be trained not only to know
estimation and its strategies, but also the importance of judgments on the choice of
different estimation strategies appropriate for the situations (i.e., estimating distance
in meter or kilometer; giving more or less precise computation results) and
judgments on more reasonable estimated answers. MoNE (2005) particularly claimed
that estimation as a tool improves students’ reasoning ability and critical thinking

ability.



Although, in Turkey estimation is a fresh topic, in the United States, interest in the
topic of estimation is not recent. 1986 yearbook of NCTM was devoted entirely to
estimation, which was discussed in different perspectives, like meaning of
estimation, strategies, types of estimation, estimation in specific mathematics topics,
etc. NCTM (2000) acknowledged that students should develop and adapt procedures
for mental computation and computational estimation with fractions, decimals, and

integers.

Mathematics educators and curriculum developers altered the countries’ mathematics
curricula (e.g., MoNE, MEC, and DfES) by incorporating estimation and related
concepts into the mathematics topics since estimation is an important concept with
many applications in a person’s life. On one hand, it relates to many mathematical
areas, such as geometry, numbers, probability and statistics, among the other
mathematical domains, and it helps foster students’ understanding of mathematical
concepts. On the other hand, concepts involving estimation are an integral part of
practical applications in such fields as commerce, and industry. Therefore, estimation
is essential not only for developing mathematical proficiency among students, but

also for ensuring their success in other disciplines.

Curriculum developers and mathematics education researchers agree on the
importance of estimation. For instance Reys (1988) underlined the importance of
estimation by stating that “one of the exciting benefits of teaching estimation is the
opportunities it provides for individual thinking to occur (p. 29).” He has pointed out
“estimation skills are essential and must be given high priority within every school
program...only a few mathematical topics provide the wealth of benefits both
immediate as well as long-term as does estimation” (1988, p. 41). According to
Dolma (2002) having the ability of estimation can help students achieve some very
important goals, such as valuing mathematics, being a confident problem solver,
communicating mathematically, and learning to reason and discuss reasonableness in

mathematics.



Researchers (e.g., Hanson, & Hogan, 2000; Munakata, 2002; Reys, Reys, & Penafiel,
1991; Sowder, 1992; Volkova, 2006) generally investigated the estimation under
three main categories: measurement estimation, numerosity estimation and
computational estimation. Measurement estimation is related with the length, weight,
or time of estimation in daily life applications. Numerosity concerns the amount of
quantity, for example, the number of boxes in the storage. The last one is the
computational estimation, which concerns the approximate computations. Although
each of them has many applications in real life, there are more research studies

conducted on computational estimation than other types of estimation.

The research studies on computational estimation have investigated many aspects of
this type of estimation. For instance, most of the researchers (e.g., Baroody &
Gatzke, 1991; Bestgen, Reys, Rybolt & Wyatt, 1980; Berry, 1998; Boz, 2004; Case
& Sowder, 1990; Goodman, 1991; Reys, Reys, & Penafiel, 1991) were interested in
general achievement levels of computational estimation in any age groups. Some of
the researchers (e.g., Bestgen et al., 1980; Cilingir & Turnuklu, 2009; Rubenstein,
1982; Sowder, 1992; Goodman, 1991) investigated the achievement levels of
computational estimation according to the formats of the question. Moreover, some
other researchers (Blair, 2001; Goodman, 1991; Rubenstein, 1982, 1985)
investigated computational estimation performance according to types of questions
(i.e., multiple choices, reference number, open-ended, order of magnitudes).
Likewise, considerable amount of attention is given to subjects’ performance of
computational estimation on specific topics (i.e., whole numbers, fractions, decimals,
percents) of mathematics by the researchers (Bobis, 1991; Goodman, 1991; Hanson
& Hogan, 2000; Reys, Reys, Nohda, Ishida, & Shimizu, 1991; Reehm, 1992;
Rubenstein, 1985; Volkova, 2006).

With the hope of contributing to the knowledge of computational estimation
strategies, and students’ strategy use, this study will include the analysis of

computational estimation strategies and factors associated with them. To identify the



students’ strategies and thinking process, qualitative research design is used. It
facilitates the investigation of complicated thinking processes rather than just the end
products (Bogdan & Biklen, 1992; Strauss & Corbin, 1990). Two interview sessions,
classroom observations, and teachers’ interviews are conducted to understand the
students’ thinking procedures and thoughts on computational estimation, usage of
strategy and related factors, which are affecting students’ preferences of the

strategies.

1.1 Research Problems

In the study, two main problems and sub problems are examined. These are stated as

follows:

P 1. Which strategies do seventh grade students use in computational

estimation tasks?

SP 1.1 Which strategies are used in computational estimation

tasks in whole numbers?

SP 1.2 Which strategies are used in computational estimation

tasks in decimals?

SP 1.3 Which strategies are used in computational estimation

tasks in fractions?

P 2. Which factors are associated with computational estimation strategies

of seventh grade students?

SP 2.1 Which cognitive factors are associated with computational

estimation strategies?

SP 2.2 Which affective factors are associated with computational

estimation strategies?



1.2 Definition of the Terms

Computational estimation refers to the process of simplifying an arithmetic problem
using same set of rules or procedures to produce an approximation but satisfactory

answer through mental calculation (LeFevre, Greenham, & Waheed, 1993, p 95).

Mental computation is defined as “the process of carrying out arithmetic

calculations without the aid of external devices” (Sowder-Threadgill, 1988, p. 182).

Number sense refers to a person’s general understanding of numbers and operations

and his ability to handle daily-life situations that include numbers (Yang, 2009, p.93)

In the current study, estimation strategies refer to reformulation, translation, and

compensation.

Reformulation means the process of altering numeric data to produce more mentally

manageable form (Heinrich, 1998, p. 15).

Rounding is a kind of reformulation strategy. Rounding means the process of
changing a number with more manageable one, which is the nearest desired place

value. For instance, 47 rounded to 50.

Truncation is a type of reformulation strategy. Truncation strategy could be
performed by changing the number with a lower form of itself. For example, 47

might be truncated to 45; 3.54 might be truncated to 3.



Compatible numbers strategy refers to a set of numbers that can be easily “fit

together” (i.e., are easy to manipulate mentally) (Reys, 1986, p.41).

Translation refers to process of mentally changing the mathematical structure of the

problem to a more mentally manageable form (Reys, Reys, & Penafiel, 1991, p.353).

Compensation refers to process of altering numeric data to produce a more mentally
manageable form. This strategy is also divided into two sub methods; these are final
compensation and intermediate compensation. The first one is adjusting an initial
estimate to more closely convey the user’s knowledge of the error introduced by the
strategy employed. The second one is adjusting numerical values prior to their being

operated to systematically correct an error (Reys, Reys, & Penafiel, 1991, p. 354).

Tolerance for error refers to feeling comfortable with some pay off and not
disturbed with approximate solutions. In their study, Reys et al. (1980) tried to

explain error tolerance as follows:

A knowledge of the meaning and intent of estimation was found to permeate
the thinking of good estimators. This understanding of the concept of an
estimate enabled them to be comfortable with some error. They frequently
noted the importance of an efficient, reasonably accurate computational tool
and felt that their ability to estimate filled this need. In other words, they
saw estimation as an important tool when dealing with numbers and did not

see themselves as being “wrong” when using estimates. (p.198)

According to quoted passage from the study of Reys et al. (1980), tolerance for error

means not being disturbed with pay off estimated results. The operational definition



is that feeling comfortable with pay off while giving estimated answers. When
someone reacts to a computational estimation, if he/she hesitates about giving not
exact result, this person has not tolerance for error. On the other hand, if someone
has tolerance for error, it means that (s)he feels not being disturbed by this vague

result.

SBS refers to an exam conducted at the end of each year of the secondary school.
The Ministry of the National Education conducts the exam entitled “The Exam of
Determination of Level (SBS).” The results give achievement level of students,
classes, schools, regions and cities of Turkey. The other reason for applying the
exam is to determine which high school the students will attend. In Turkey, there are
many types of high schools, some of which give technical education, some science
education, and so on. Students choose their schools according to both their interest
and their SBS scores. The exam consists of questions, which are related with the
each grade’s courses given at secondary school period. These are Mathematics,

Turkish, English, and Science.

Dersane refers to a private institute where students are prepared for the exams. Since
SBS exam requires a kind of competition among the elementary school students, they

feel that they have to enroll in a “dersane” to get higher scores from the SBS.

Computational Estimation Test (CET) refers to 15 item open-ended computational
estimation ability test. The test was prepared in parallel forms as both numerical and

word formats and used in whole class application session.

Pay off is used as an amount of distance between exact answer and estimated one in
the current study. For example, if exact answer is 37 of an operation and someone

obtained 50 as an estimated answer, 13 is pay off of the operation.



Whole class application session represents the procedures involved in the first part
of the study. This part includes two measurements. In these measurements, word
format and numeric format of CET were applied to classes A, B, C and D. According

to these test scores, the interviewers were selected.

Multiple Representations of the numbers is used in the current study as converted
version of the numbers; fraction to decimal or decimal to fraction. For instance, 0.5

1 3

2, or 2
2 4

these conversions, it is said that student can use the multiple representations of the

can be used as can be used as 0.75 in the questions. When a student uses

numbers.

1.3 Significance of the Study

Although MoNE (2005) put into practice the new elementary mathematics
curriculum, which, consisting of the computational estimation and measurement
estimation in 2005, computational estimation has not been widely investigated by
researchers in Turkey. MoNE (2005) were confirming that computational estimation
was valuable ability, which should be improved through elementary school to higher
education. It was also emphasized that measurement estimation should be taught to
students in order to train the ability of measure of students without using any
standard tool. While using measurement estimation, computational estimation is also
used in order to obtain estimated measures by computing approximately. Therefore,

even using measurement estimation, computational estimation process could be used.

In addition, research studies show that computational estimation is essential concept
for mathematics education but there are few research studies addressing this concept.
In those studies, achievement levels of students and strategies used during the

estimating processes are mainly discussed. However, there are few research studies,



which look at the reasons for choosing estimation strategies, and factors affecting
those strategies of students. These factors associated with the computational
estimation should be deeply investigated to understand students’ strategy use and

achievement on computational estimation.

Case (1996) claimed that computational estimation is a complex construct where a
child tries to accomplish more than one task at a time during the estimation process.
The constructs underlying of estimation skill may dependent on two-way
explanations, which are cognitive and affective perspectives. Those constructs have
not so far clearly emphasized as potential variables, which may contribute to
students’ understanding and achievement of computational estimation, number sense,
and mental computation. Aiken (1976), and Ma and Kishor (1997) agreed that none
of the cognitive constructs is free from feelings and thoughts. Therefore,
computational estimation should be investigated through both affective and cognitive
factors. For the reasons already discussed, it can be confirmed that there is a
necessity for specifying the role of factors related with computational estimation
strategies. Hence, current study will attempt to fill the gap in literature related with
the topic. Some researchers have been interested in cognitive components of the
computational estimation (Case, 1996; Crites, 1992; Dowker, 1992; Goodman, 1991;
Rubenstein, 1982; Sowder, 1992; Volkova, 2006). These cognitive components were
tested either statistically (Rubenstein, 1982) or observed by interview sessions (Reys,
Reys, & Penafiel, 1991; Reys, Reys, Nohda, Ishida & Shimizu, 1991). A few of the
studies identified that computational estimation include affective factors, too (Hogan,
& Parlapiano, 2008; Hogan, et al., 2004; Sowder, 1992; Reys, et al., 1982). Some of
the researchers conducted statistical investigations (Hogan, et al., 2004; Hogan, &
Parlapiano, 2008), and some of them conducted qualitative inquiries (Reys, Rybolt,

Bestgen, & Wyatt, 1982; Sowder, 1992).

The wunderstanding of computational estimation strategies is important in

mathematics education. The reviewed literature suggests that diversity of
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computational estimation strategies, students use enable us to better the students’
conceptual knowledge about the computational estimation (e.g., Reys, Reys, Nohda,
Ishida, & Shimizu, 1991; Reys, Rybolt, Bestgen, & Wyatt, 1982; Sowder, 1992).
Since there is not much research examining students’ computational estimation
strategies in our country, this research may have implications for teachers and
curriculum developers in order to improve students’ computational estimation skills
through teaching and use of variety of strategies. This research study is also
important since knowing and understanding the reasons for students’ choosing and
using of strategies may contribute to the development of positive feelings and better
understanding of computational estimation and mathematics (Bestgen, Reys, Rybolt,
& Wyatt, 1980). Being able to understand what factors are related with the use of
computational estimation strategies by students may lead us to produce effective

instructions by which students can be trained as powerful estimators.

One additional contribution of this research to the related literature is that it identifies
factors associated with the computational estimation in Turkish education context.
Though existing research studies have already put forward some universal factors
that are influencing students’ use and selection of computational estimation strategy
(Reys, Rybolt, Bestgen, & Wyatt, 1982), this study revealed additional factors based
on our educational system requirements and culture. These differences based on
culture and educational systems may guide us to better understanding of students’
achievement on computational estimation and may give us opportunity to produce

more effective instructions about the topic.

The existing literature about the computational estimation focused on testing the
different age groups for understanding the achievement level on computational
estimation (e.g., Bana, & Dolma, 2004; Berry, 1998; Hanson, & Hogan, 2000).
However, related literature confirmed that testing procedure is not an appropriate
way to asses the computational estimation achievement of the students since it is too
complicated to understand whether students estimate or compute the questions
exactly (e.g., Rubenstein, 1982; Sowder, 1992). Dowker (1992) stated that observing

students’ estimation strategies might provide information not only about estimation
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itself, but also about people’s understandings of estimation and feelings about the
computational estimation. Therefore, in the current study, clinical interview sessions
are designed to investigate how could students estimate and how they could produce

computational estimation strategies.

Because of aforementioned reasons, the present study paid attention to understanding
of the strategies of computational estimation and factors that are associated with
computational estimation. The current research study has an expected valuable
contribution to mathematics education by expanding the knowledge base about the

computational estimation.

1.3.1 Personal Significance of the Study

As a researcher, I have been interested in computational estimation since 2001. 1
have realized that there are a few research studies on estimation both in my country
and abroad. The conducted studies reveal that students and adults have poor
estimation performance. In 2002, I conducted a study with preservice elementary
mathematics and science teachers and kindergarten teachers. The results showed that
they could not obtain estimated solutions and even they did not know what
estimation is. I observed that preservice teachers preferred exact solutions to the
estimation of the problems. Mathematics and science preservice teachers were more
successful than kindergarten teachers. According to unrecorded observations and
interviews with the subjects presented to me, the pre-service teachers had negative
feelings about estimation. These observations made me curious about the feelings

and thoughts of subjects on estimation.

Two years later, I had completed my master thesis, in which I aimed to understand
computational estimation performance of ninth grade students. Although time was

restricted to make students estimate the answers rather than compute exactly, some
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of them could produce exact answers. According to unrecorded observations, since
students had high mental computation skills, and did not have conceptual knowledge

about estimation, they preferred exact computation.

In both experiences, I have observed that there are some factors, which might be
affective and cognitive, related with the students’ estimation performance and use of
strategies. Therefore, in the current study, I investigate these factors, which are
associated with computational estimation strategies. For this purposes, first, I should

identify the strategies and then should specify the related factors
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CHAPTER 2

REVIEW OF RELATED LITERATURE

Four fields of research literature are important to the background of this project.
These are studies on estimation, the research studies on number sense, the research

literature on mental computation and reviews of clinical interviews.

The first section of this chapter examines the studies on estimation and related
concepts. This section is divided into three sub contents; these are the general
overview on estimation studies where it is aimed to give a top view for estimation,
the strategies used for estimation questions, which are the main concerns of the
current study, and the components of the computational estimation ability, where

categorized in affective and cognitive components.

In the second section, it is summarized the studies on number sense and related
concepts. The relations between number sense and computational estimation are
presented through the research studies. Then brief literature reviews are given about
mental calculation and place of mental computation in the computational estimation

processes in the next section.

Finally, the last section examines the research literature relevant to clinical interview
that conducted on the mathematics education studies. The clinical interview history
on mathematics education and how might be used are examined in the last section of

this chapter.
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2.1 Estimation Placed in Mathematics Curricula

Since this section aimed that giving a general view of research studies on estimation,
it is started with the definition of the estimation. Then importance of the estimation
ability is tried to explain through findings of research studies. In addition, there are
some research studies about the computational estimation placed in mathematics
curriculum of different countries. Particularly, the mathematics curriculum of Turkey
is examined, since it has been revised and estimation ability is embedded into it in
the recent years. Through the section it is examined some research studies which are
served the types of the estimation abilities. The remaining of the section contains
some studies on computational estimation, which are related with following answers

of the questions:

« What are the successful levels of the subject on different age groups

(kindergarten, elementary, secondary, higher education, or adults)?

« In which types of operations, or numbers the achievement level is low or

high?

. How does the content of the questions or type of the questions affect the

subjects’ achievement level?

o Whether this ability could be improved.

Estimation is a critically useful skill in everyday life and in mathematics. The
researchers claimed that estimation is important skill in three perspectives, first, it is
used for more often than paper-pencil skills in everyday life; then, it is particularly
important as both adults and children do more work with calculators and computers;
and lastly, it is the way to check the reasonableness of results are vital (Glasgow,

1998; Reys & Reys, 1998; Star & Rittle-Johnson; 2009; Suydam, 1985).

For many years, educators and curriculum developers emphasize the importance of

estimation in mathematics education. Especially reports of National Council of
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Teachers of Mathematics (NCTM, 1989) and conducted nationwide studies (National
Assessment of Educational Progress-NAEP) emphasized that estimation and
computational estimation abilities critical topics for mathematics education and
students had difficulties to perform this ability (Carpenter, Coburn, Reys & Wilson,
1976). Although the importance of the topic underlined by researchers, some
countries’ curricula (e.g., Kuwaiti, Mexico) still do not contain estimation as a topic
or a concept embedded into other topics (Alajmi, 2009; Reys, Reys, & Penafiel,
1991). Alajmi (2009) reported mathematics teachers’ understanding of the meaning
of computational estimation and their views about its significance in the elementary
and middle school curricula in Kuwait with underlying that the computational
estimation has not yet established a place in the Kuwaiti national curriculum.
Similarly, Reys et al. (1991) specified that the fifth and eighth grade students’ low
computational estimation ability with emphasizing they were not taught the
estimation topics in any education level of the school life. Nevertheless, some of the
countries (for example, Spain and Turkey) had been conducted the estimation as an
explicit component of curriculum not for a long time ago. Segovia and Castro (2009)
reported that estimation became an explicit part of curriculum plans for Primary
Education and Secondary Education since mid 1990s. In Turkey, the MoNE put into
practice the new mathematics curriculum with estimation ability applications in
2005. MoNE (2005) emphasized the elementary education (grades from 1 through 8)
students’ number sense, attitudes towards mathematics and mathematics achievement
can be improved through estimation and mental computation. In the renewed
curriculum in Turkey, estimation is underlined not only in algebra but also in
measurement process of the mathematics (MoNE, 2005). Especially, it is regarded
that the strategy using and producing of students both in computational estimation

and measurement applications.

Similar to MoNE (2005), in the United States, both in 1977 and in 1989, the National
Council of Supervisors of Mathematics recommended that estimation should be a
part of the mathematics education since students be able to judge whether a

calculation is reasonable or not. Estimating the solutions to the problems was
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recognized as one of the most useful topics in mathematics education (Trafton, 1986)
and through out the 1980s estimation including as a topic in mathematics curriculum
in USA (Mottram, 1995). According to NCTM (1989), estimation accepted as a
standard for mathematics education for elementary, middle and secondary school

students:

Students should be able to carry out rapid approximate calculations through
the use of mental arithmetic and variety of computational estimation
techniques. When computing is needed in a problem or consumer setting, an
estimate can be used to check reasonableness, examine a conjecture, or make
a decision (students) should be able to decide when a particular result is

precise enough for the purpose at hand. (p.8)

NCTM (2000, p.155) acknowledged the role of estimation “as an important
companion to computation” and as “a tool for judging the reasonableness of
calculator, mental and paper-pencil computations.” Furthermore, NCTM (2000, p.78)
stated that “instructional programs from kindergarten through grade twelve should
enable all students to understand numbers, understanding meaning of operations, and

how they relate to one another, compute fluently and make reasonable estimate.”

Although in recent years, many countries’ (e.g., USA, Spain, Turkey) mathematics
curricula contain estimation and it is known as very important concept in
mathematics, researchers are not paid attention as other mathematical topics
(Sowder, 1992; Reys, Reys, & Penafiel, 1991). When the conducted research studies
are investigated, it is observed that in generally estimation studies are made in three
types of estimation categories. The related research literatures on these categories are

presented the next section.
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2.1.1 Types of Estimation

Numerosity estimation, measurement estimation and computational estimation are
the types of estimation, which are defined and accepted most of the researchers (e.g.,
Hanson & Hogan, 2000; Munakata, 2002; Reys et. al., 1991; Sowder, 1992). Besides
these three kinds of estimation there are some other forms of estimation, for example,
Smart (1982) described estimating trigonometric functions, and estimating numerical
values of derivative for a graph of a function. Additionally, probability and statistics
are other areas where estimating will be useful and can lead to better understanding.
However, these forms are not concerned as type of estimation; therefore, the three

types are mainly discussed in the mathematics education.

Among the three types estimation, computational estimation has been the most
frequently studied while the research literature on numerosity estimation and
measurement estimation remain sparse (Sowder, 1992; Munakata, 2002; Volkova,
2006, Hanson, & Hogan, 2000). Through the current section, these three types of
estimation are reviewed. After reporting some information on numerosity and
measurement estimation briefly, computational estimation will be deeply concerned.
Although numerosity and measurement estimation is not concerned of the current
study, the reporting of the research studies about them is aimed to clarify the

distinction and similarities among the estimation types.

Numerosity is defined as estimating the number of objects, usually dots in an array
(Hanson & Hogan, 2000; Sowder, 1992). The answer of the question “approximately
how many” gives an approximate number of the items in a set which is called the
numerosity estimation. In many cases approximate number which is estimated
sufficient perhaps even more reasonable and usable than the exact numbers. For
instance, the questions “how many watchers are there in the stadium, how many bean

are there in a jar, how many cars are there at the parking lot, how many books are
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there on a library self, etc.” is asked for not exact numbers, the approximate one

enough for making judgments.

Although numerosity is usable in many areas in daily life, a few studies conducted on
it (Montague & Garderen, 2003; Baroody & Gatzke, 1991; Crites, 1992; Hogan &
Brezinski, 2003; Siegel, Goldsmith, & Madson, 1982). The most inclusive study of
all conducted up to now was Baroody and Gatzke’s (1991) research. They
investigated the ability and used strategies of gifted students by qualitative inquire. It
was provided an excellent history research on numerosity estimation. In the research,
they interviewed 18 potentially gifted kindergarten children about their ability to

perform three tasks:

(a) Estimation tasks, where children were to estimate the number of dots in a set

(b) Number-referent task, where children decided whether a set of dots was larger or

smaller than given reference numbers

(¢) Order-of-magnitude task, where children decided where a set of dots fit in

relation to two reference numbers.

According to the result of Baroody and Gatzke’ study (1991), a majority of the
children was successful on the number-referent task, but the performance of students
varied about magnitude task. The researchers concluded that according to type of
tasks, students’ successes were changed. Moreover, Montague and van Garderen
(2003) examined the different ability levels of the students’ numerosity estimation.
They examined that the fourth, sixth and eighth graders’ numerosity estimation,
relationships among the mathematics achievement, estimation skills, and academic
self-perceptions. Despite the differences among the ability groups, it was evident that
all students did quite poorly on the estimation test. When compared with the other
ability groups, the intellectually gifted students significantly performed better on

estimation measures. However, they still did not perform well when their overall
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percentage correct was calculated. The researchers concluded that estimating discrete
quantities correlated with more than general intellectual ability and mature number

sense to the acquisition of basic math skills (Montague & Van Garderen, 2003).

O’Daffer (cited in Hogan & Brezinski, 2003) was the first author to distinguish
explicitly between numerosity, measurement, and computational estimation.
However, in some research studies numerosity estimation embedded in measurement
estimation (e.g., Hogan and Brezinski, 2003). Such as, Hogan and Brezinski (2003)
served numerosity and measurement estimation in a unique form of estimation skill,
which was separated from computational estimation and it was concerned that a
general mathematical ability. They performed a research with 53 undergraduate in a
Fundamental of Psychology course of a university through the five tests. Participants
completed five tests: number facility, quantitative reasoning, computational
estimation, measurement estimation, and numerosity estimation. The principal
components analysis was applied to identify the components loadings and
correlations among the components. As a result, the researchers concluded that
numerical facility, computational estimation, and quantitative reasoning factors
loaned in a factor, which was called as general mathematical ability. On the other
hand, measurement estimation and numerosity loaned in another factor, which was

thought that there should be relation with spatial ability by the researchers.

Some other researchers made clear distinction among the three types of the
estimation (e.g., Schoen & Zweng, 1986; Sowder, 1992). For example, Schoen and
Zweng (1986), in the preface of the NCTM 1986 Yearbook, distinguished between
numerosity, measurement, and computational estimation. Moreover, Sowder (1992)
adopted this many-sided distinction in her comprehensive summary of research on
estimation with claiming that the skills required by these tasks were different from
each other. Even though the strategy of numerosity and measurement estimation is

the same, which is the “benchmark™ strategy, the context of both estimation types is
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different from each other. Sowder (1992) explained the different skill requirements

of each type as follows:

Estimating result computations, estimating measures, and estimating
numerosity...... [e]lach requires different kinds of understandings and
different sets of skills.....Estimating measures and estimating numerosity call
upon some of the same skills..... Estimating the length of [a] tile, however,

calls for a very different type of skill than estimating numerosity (p.371).

Other type of estimation, which has very similar strategy (that is benchmark strategy)
with numerosity, is “measurement estimation.” This type of estimation contains
everyday situations such as the weight of a typical car, the length of the time for a
normal adult to walk a kilometer. There are some studies on both types of estimation
like the study of Siegel, Goldsmith, and Madson (1982). The researchers studied on
both numerosity and measurement estimation with respect to the strategies of second
through eighth grade students (Siegel, et al, 1982). The researchers tried to assess
developmental differences in estimation strategies of the children on these types of
estimation. In contradiction to researchers Crites (1992), Montague et al. (2003) and
Mottram (1995); Siegel et al. (1982) stated that there was a weak relationship
between accuracy in estimation and used strategies. They also found age differences
for measurement estimates. According to result of the study, the more grade-level the
more different sophisticated estimation strategies in both numerosity and

measurement estimation (Siegel et al., 1982).

Likewise the findings of Montague and van Garderen (2003) on numerosity, Taylor,
Simms, Kim and Reys (2001) stated that students were poor on measurement
estimation. In order to results of Trends in the International Mathematics and Science
Study (TIMSS), Taylor, et al.,(2001) investigated why American third- and fourth-
grade students scored lower than the international average in the measurement

estimation and number sense. The surveys were distributed to 110 students to inquire
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about the use of estimation on metric measurement in the classroom. The researchers
served some recommendations to improve the students’ measurement estimation
ability, for example according to researchers teachers should help the students to

produce own strategies and benchmarks for estimation.

While Taylor et al. (2001) discussed the conducted surveyed on measurement
estimation, Forrester and Pike (1998) dealt with the same topic with conducting a
different research method. The researcher conducted a conversation-analytic
approach with classroom observation to identify children and teachers’ acts on
measurement estimation topic. They concluded that the significance of rough
measurement concerning estimation was clearly evidenced in the children’s activities
although they didn’t find explicit instructions or using a nonstandard measuring tool

in any teachers’ talk.

In order to results of these studies researchers agreed that for students to acquire
skill in estimation, they must have practical experiences in making measurement
estimates so that they can develop their own individual frames of reference for
estimating the quantity of various types of measurement such as weight, time, length
(Forrester & Pike, 1998; Sowder, 1992; Taylor et. al., 2001). Crites (1992) stated that
to improve the measurement and numerosity estimation ability of students, several

suggestions could be made. These are:

« Some opportunities should be provided for students to develop their own

benchmarks.

« Students should observe their teachers while teachers’ make use of
benchmarks and the benchmark and decomposition-recomposition strategies

to estimate discrete quantities.

o Students can develop their own estimation skills by frequently making

estimates in practical-application situations.
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The third type of estimation is the computational estimation. Because a universal
definition does not exist for the computational estimation, every researcher defines
the concept in his or her own style. Dowker (1992) defined computational estimation
as making reasonable guesses as approximate answers to arithmetic problems,
without or before actually doing the calculations. Reys, Rybolt, Bestgen, and Wyatt

(1982) produced the most popular definition, which was referred in many studies;

The interaction of mental computation, number concepts, arithmetic skills
including rounding, place value and mental compensation that rapidly and
consistently result in answers that are reasonably close to a correctly
computed result. This process is done internally without the external use of a

calculating or recording tool (p. 307).

As seen from the definition of computational estimation, different from measurement
estimation and numerosity estimation. One of the earliest works in the area of
estimation dealing with both measurement estimation and computational estimation
was Paull's (1971) doctoral dissertation. He tested 196 pupils, aged sixteen, in
college preparatory classes from an upper middle class community. One of his
conclusions was that the ability to estimate is not a unitary ability. In other words,
estimation tasks of different types (i.e. measurement estimation and computational
estimation) appear to require different abilities and there did not appear to be an easy
transfer of ability between the various estimation tasks. Therefore, computational

estimation considered as a unique construct in the following studies.

Rubenstein (1982) stated that computational estimation is the finding of an
approximate answer to a one-step verbal or numerical arithmetic exercise involving
whole or decimals without the use of calculating or recording tools, using
computation, arrived at quickly, and producing an answer adequate to make

necessary decisions. In the current study, it is focused on computational estimation,

23



which is defined as the process of mentally generating an approximate calculation for

a given arithmetic problem (Rubenstein, 1985).

In his study Heinrich (1998) explained that the computational estimation is a
multistep process performed mentally, which requires that a number be rounded off
and then used to calculate an answer using one of the four basic mathematical
applications of addition, subtraction, multiplication or division. Sowder (1992)
confirmed the complexity of the computational estimation process and specified the
computational estimation as stating that performing some mental computation on
approximations of the original numbers. When calculating the approximate answers
it should be considered that the correctness of the results as the answer must be fall

within a certain interval, as determined by the problem itself or some outside source.

It can be seen from the definitions above that the set of mental arithmetic skills,
approximations, and reasonableness of the results are intersecting of computational
estimation. Since computational estimation is a complex ability, the success in this
ability is rare within different groups of age levels. For instance, Goodman (1991)
conducted a computational estimation study with preservice elementary school
teachers and concluded that they had relatively low achievement on the estimation
items. Among the studies with small age groups, Rubenstein (1985) produced a study
to identify the computational estimation achievement within several dimension with
three hundred eight graders. She specified that generally in all dimensions (open-
ended, order of magnitude, reasonableness vs unreasonableness and reference
number) students had low performance but in specifically the worst performance of
the students on the open-ended type of the computational estimation questions.
Siegler and Booth (2005) served that surprisingly even adults are far from good at it.
However, Dowker (1992) examined estimates of four groups of adults who were
mathematicians, accountants, psychology students and English students, and among
these adults she concluded that mathematicians and accountants had good estimation
abilities with a notable accuracy. Although the researcher tried to find out what

strategies were used rather than how good or bad performance at estimating, except
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from the mathematicians and accountants, the other subjects were relatively bad at
the estimating the arithmetic problems. According to the research studies age had a
strong relationship to estimation performance (Case & Sowder, 1990; LeFevre,
Greenham & Waheed, 1993; Sowder & Wheeler, 1989). Case and Sowder (1990)
tried to build a developmental model of the concepts and processes involved in one
of computational estimation in the study, which was conducted with twelve children
at each grade K, 2, 4, 7, 9, and 11, 12. They concluded that the computational
estimation performance could be improved through the age levels grower. Similarly,
LeFevre et al. (1993) observed the difference among the fourth, sixth, eighth graders,
and adults’ computational estimation performance. The researchers concluded that
older students produced estimates that were closer to the exact answer than younger
students. According to LeFevre and colleagues (1993), arithmetic skill contributed to
solutions’ accuracy, and more complex problems were solved less accurately than
simpler problems. Confirming to findings of the results of the studies of Case and
Sowder (1990), and LeFevre et al. (1993); Sowder and Wheeler (1989) conducted a
study with forty-eight students to understand performance on computational
estimation. The researchers gave tasks that presented problems with solutions from
hypothetical students, to the twelve subjects in grades 3, 5, 7 and 9 individually and
asked them to contrast and compare the solutions (Sowder &Wheeler, 1989).
According to findings, the older children understood better than the younger children
what was asked but were uncomfortable with estimation processes and outcomes. It
was stated that according to maturation of the subjects estimation skills might mature
over time too. Moreover, Bestgen, Reys, Rybolt, and Wyatt (1980) found definite
trend of improved performance in computational estimation from grade 7 to adult. As
a contradiction of these findings, Reys, Reys, and Penafiel (1991) explained that
there was no significant grade level difference between fifth and seventh grade
students on computational estimation performance. According to NAEP reviewers
(Carpenter, Coburn, Reys, & Wilson, 1976), the results showed that young adults
could estimate much better than 17 year olds. By contrast, Forrester and Pike (1998),
who studied on the measurement estimation with age 9-11, found that age did not

affect length and area estimation.
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2.1.2 Types and Contents of Computational Estimation Questions

Some of the studies identified in specific topics students are unsuccessful on
estimation-required problems (Bestgen, Reys, Rybolt & Wyatt, 1980; Goodman,
1991; Hanson & Hogan, 2000; Levine, 1982; Rubenstein, 1985). Rubenstein (1982)
investigated to eighth graders’ estimation ability by developing an instrument and
stated that students had found items on decimals were more difficult than items on
whole numbers. She added that division is the most difficult operations, and then
multiplication is the second difficult operation among four type operations. Bestgen
et al. (1980) in a study with 187 preservice elementary teachers enrolled in one of
two mathematics preparatory courses found that they did better on addition and
subtraction problems involving estimation than on multiplication and division
problems. They were also more successful with whole number estimation problems
than with decimals, which was consistent with that of findings of Rubenstein’s
(1982) study. Estimation with decimal number was proved more difficult than
estimation with whole numbers, which was a finding of both studies of Rubenstein
(1985) and Bestgen et al. (1980). Giving the similar results, Levine (1982) conducted
a study with undergraduate students, and suggested that estimating multiplication and
division of whole numbers was difficult tasks for college students who were not
mathematics majors particularly those of low quantitative ability. Additionally,
Hanson and Hogan (2000) asserted that undergraduate students performed poorly on

multiplication of decimals subtraction of fractions and division of decimals.

Researchers agreed that students had difficulty more on the questions related with
fraction and decimal than whole numbers (Reys et al., 1991; Goodman, 1991;
Hanson & Hogan, 2000). Reys and his colleagues (1991) pointed out that students’
inability to estimate fractions may have more to do with not understanding the
concept of fractions than with lack of estimation ability. This reason confirmed also
by Hanson and Hogan (2000) and Carpenter and his colleagues (1976) who claimed

that the low performance on fraction and decimal might reflect the lack of deep
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understanding of these concepts rather than inability to solve problems involving
fractions and decimals. Similarly, Boz (2004) found that the ninth grade high school
students had difficulty on fractions and decimals where the findings of Goodman’s
(1991) study were confirmed. Additionally, Reys and Bestgen (1981) reported that
students had difficulty mostly on sum of three decimals estimation according to their

findings.

It was claimed that the problem with fraction was founded to have relationship with
the conceptual knowledge of fraction and Bobis (1991) served an alternative way to
solve this problem. The study reported by Bobis (1991), it was claimed that when
fraction concept first introduced with estimation applications the problems might be
solved. In the study, it was conducted an experimental inquiry and obtained
statistically significant results on 101 fifth grade boys from two primary schools. She
observed that the most difficult obstacle for students during the estimation was that
to overcome the reliance on paper-pencil techniques. However, she concluded that
the conceptual problems did not appear when the teaching process was redesign with
estimation. As a result, she suggested that when a new material like fractions should

be introduced by way of estimation strategies to improve the students’ achievement.

In some other research studies the low performance of estimation was discussed in
different perspectives, such as types and context of the estimation questions (Blair,
2001; Mitchell, Hawkins, Stancavage, & Dossey, 1999). The results of three NAEP
assessments cycles (1990, 1992, and 1996) have shown poor results in estimation
(Mitchell et al., 1999). According to the results, students’ errors in computational
estimation problems seemed more commonly result from misinterpretation of
problems more than errors in estimation strategies or mental computation (Blair,

2001).

It can be said that the assessment procedure is important in computational estimation

studies, and many researchers addressed the difficulties of assessment of estimation
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performance (e.g., Goodman, 1991; Dowker, 1997; Rubenstein, 1985). Goodman
(1991) assessed the preservice teachers’ computational estimation performance with
questions in three formats, reference number questions, open-ended questions and
order of magnitude questions. According to findings of the study open-ended
questions found more difficult than other types. Similarly, Rubenstein (1985)
conducted four different types of estimation question tests, which were the questions
served in open-ended estimation scale, reasonable vs unreasonable estimation scale,
reference number estimation scale, and order of magnitude estimation scale, to
understand the achievement difference among these types of question. In examining
tasks within these four types, she found that tasks presented in open-ended estimation
scale were more difficult that tasks presented in other forms. Goodman (1991) and
Rubenstein (1985) findings show agreement on the conclusions that is students
performed less successful on open-ended questions than reference number questions.
However, Boz (2004) claimed a contradictory result according to students’
achievement on open-ended, order of magnitude, and reference number questions in
her study. She claimed that the subjects of her study performed more successful on
reference number questions than open-ended questions. She argued the findings
according to subjects’ lack of regular instruction on estimation. According to
researcher (Boz, 2004) one reasonable explanation of the unexpected finding was
that students’ dependency of exact answers and their high computational ability,
which was performed on open-ended questions. However, the questions in the
reference number category, there were two options (yes-no) significantly most of
students did not try to estimate; they only made up an answer and passed the other

question.

Estimation related questions were designed not only according to aforementioned
four formats (open-ended, reference number, reasonable vs unreasonableness, and
order of magnitude) but also designed according to the context, which were in
application format and numerical formats. There are some amount of studies, which
are discussed the achievement differences between these two kinds of the questions’

formats where the numerical format served the problems in numbers, and the
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application questions served in the word formats (e.g., Gliner, 1991; Reys et al.,

1982; Rubenstein, 1983).

The study reported by Gliner (1991) served the computational estimation
performance of 141 elementary education students. The researcher tired to
understand students’ performance on estimation problems involving various
operations and types of numbers, which are presented in word problem and
computational (numerical format) formats. He stated that the word format
(application format) of the estimation performance was greater than the number only
format (numerical format) of the estimation tasks. As giving the similar results,
Goodman (1991) and Morgan (1990) stated that numbers only format’s questions
were more difficult than application format’s questions for the subjects. Although
this result also confirmed by Reys, Reys and Penafiel (1991) and Bestgen et al.
(1980); in her study Rubenstein (1985) disagreed with them and claimed that there
was no difference between the types of questions (word and numeric formats).
Goodman (1991) discussed this contradictory result by pointing out age level of the
subjects. The subjects of study conducted by Bestgen et al. (1980) and Goodman
(1991) were preservice teachers who were get used to application items in their
everyday situations, on the other hand, Rubenstein (1985) studied on eighth graders

who were relatively familiar to daily situations as estimation used.

As a different perspective, Reys et al. (1982), who were disagreeing with Rubenstein
(1985), claimed that estimation items in context were easier than not in context form.
To explain the reason of this disagreement, Rubenstein (1985) noted that her sample
included average students where in Reys’ (1982) study the subjects were above the
average achievement. The difference in samples could cause the difference in results,
but one would think that average students would find contextual problems more
meaningful and therefore easier to compute. Students with above average
mathematical skills should be able to estimate solutions to problems with little

difficulty regardless of the problem format.
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To understand the difference of students’ computational estimation achievement on
word and numeric formats, Reehm (1992) also conducted a research study with 238
eighth grade students by using parallel forms of word problems and numeric
problems that required open-response answers. The researcher randomly selected
fourteen students in each performance level (low, middle, high) and asked them to
ten estimation questions. She found that students of higher ability performed better
when estimating answers to word problems, and students of average and lower

ability performed better when making estimates answers to numerical problems.

The reason of the poor ability on word problems may be related with lower ability
students’ inadequate reading skills. The reading ability of the subject during these
tests interfered with his/her ability to estimate in as much as the time required to read
and understand the question often impeded his/her progress. Children might not
understand the words and structure of a problem and/or might have trouble accessing
mental representations of quantities when physical referents were not provided.
Levine, Jordan and Huttenlocher (1992) developed a nonverbal calculation tasks that
eliminated these sources of difficulties and conducted to children between 4 and 6
years of age. In the study, addition and subtraction calculations were presented in
three problem type formats, which were nonverbal problems, story problems, and
number-fact problems. According to research result, children as young as 4 years of
age had some success on the nonverbal problems. In contrast, children did not
achieve on the story problems or number-fact problems until five and a half years of
age. Moreover, throughout the age range tested, children performed better on
nonverbal problems than on either story problems or number-fact problems. These
results suggested that children's earliest ability to add and subtract was based on
experiences combining and separating sets of objects in the world and that this ability
came before the development of conventional verbal methods of calculating. The
researchers stated that the task required a child to reach an exact solution to a
calculation problem rather than to make a judgment about the effects of the addition

or subtraction transformation in the numerical estimation questions.
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Another distinction point in the estimation requested questions are the multiple-
choice questions’ effectiveness. That is, the traditional standardized test of multiple-
choice items given over a single of time has not proved successful for testing
estimation performance. As reviewers of NAEP, Carpenter et al. (1976, 1980) found
that the use of that format allowed students to compute exactly and then rounded.
Most of the researchers used special timing and open- ended questions to assess the
performance of the subjects on estimation questions (e.g., Dowker, 1992; Goodman,
1991; Reys et al, 1991). On the other hand, different from other applications, in the
study of Schoen, Friesen, Jarrett, and Urbatsch (1981), it was used individually
administered oral tests. However, this requires considerable time. Many researchers
gave briefly timed pencil and paper tests (e.g., Bestgen et al., 1980; Paull, 1971;
Reys et al., 1991). A difficulty with this method was that items involving certain
operations, for example, division were frequently avoids. In addition, the possibility
of computing skill still existed. To handle with this obstacle, Paull (1971) used
numbers with several decimal places to discourage computing. Most of the
researchers preferred to time every item separately using a slide or overhead
projector (e.g., Hogan, Wyckoft, Krebs, Jones, & Fitzgerald, 2004; Reys et al. 1982;
Reys, Reys, & Penafiel, 1991; Reys, Reys, Nohda, Ishida, & Shimizu, 1991;
Rubenstein, 1982; Rubenstein, 1985). The studies of Reys and his colleagues also
restricted students to a very small answer sheet to guard against scratch work (Reys,

Reys, & Penafiel, 1991; Reys, Reys, Nohda, Ishida, & Shimizu, 1991).

Whatever the reasons of the low achievement on computational estimation in all age
groups it was investigated that whether computational ability performance could be
improved. In the remaining of the section, it is presented the studies related with how

could be improved the computational estimation performance of the subjects.

Murphy (1989) conducted an experimental study to understand the effectiveness of
systematic instruction of computational estimation skills on two hundred forty five
secondary school students. The experimental groups were taught a seven-lesson unit
on estimation based on materials. The results provided that systematic instruction in

estimation improved students’ performance on standardized tests. Similarly, Bestgen
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et al. (1980) conducted an experimental study with 187 preservice teachers to
identify the effects of instructional lessons on computational estimation performance.
In the instruction sessions, the techniques and strategies that could be used to
estimate solutions to computational estimation were taught by weekly practice and
quizzes were applied one of the experimental groups. According to result of the
study, the group who received weekly quizzes showed significantly greater gains in
estimation performance than did the group receiving no practice. In a different
perspective, Damarin et al. (1988) investigated whether estimation could be taught
that using a sequence of computer based activities. They concluded that
appropriately designed computer programs can helps students improve their

estimation skills with a relatively small investment of instructional time.

Bobis (1991) investigated the effect of instruction on the development of the
computational estimation strategies, and the degree of success in determining a close
estimate after instruction. Bobis (1991) obtained that after training in estimation
students tended to adopt the valid estimation strategies they had been taught.
Therefore, the results of the studies Bestgen et al. (1980), Bobis (1991); and
Damarin, Dziak, Stull and Whiteman (1988) concurred with Murphy’s (1989) results
which was improvement of the performance on computational estimation can be

obtained by systematic instructions.

To improve the students’ performance on the computational estimation it should be
identified the strategies of this ability as a first step. The next section of the chapter
presents the research studies on the strategies that are used for the computational

estimation questions.
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2.1.3 Strategies of Computational Estimation

A strategy can be defined as "a procedure or a set of procedures to achieve a higher
level goal or a task" (Lemaire & Reder, 1999, p. 365). Although an assessment of the
procedure is difficult for estimation, to identify the strategies, which are used by
subjects during the estimation problems has been concern of many research studies
(Brame, 1986, Cilingir & Turnuklu, 2009; Crites, 1992; Dowker, 1992; Jurdak &
Shahin, 1999; Lemaire, Mireille, & Farioli, 2000; Levine, 1982; Morgan, 1990;
Reys, Rybolt, Bestgen, & Wyatt, 1982; Reys B., 1986; Reys, Reys, & Penafiel, 1991,
Reys, Reys, Nohda, Ishida, & Shimizu, 1991). According to these research studies,
it were identified many strategies, such as compatible numbers, truncation, front-end
strategies, reformulation, compensation, translation, nice numbers, matching pairs,
comparing whole numbers, comparing fractions with a whole and a half, grouping,

averaging or clustering, even standard computation procedure.

Of the work that has been done, most extensive research studies have been conducted
by Reys and his colleagues (Bestgen, Reys, Rybolt, &Wyatt; 1980; Reys, Reys,
Nohda, Ishida, Yoshikawa, & Shimizu; 1991; Reys, Reys, & Penafiel, 1991). These
were translation, reformulation, and compensation. They followed generally same
procedure in all studies. A large group of students were tested by a “Computational
Estimation Test” by using overhead projector in limited time period. According to
tests’ results, the most successful students were selected and interviewed with them
to indentify their strategies. In their studies, three general categories of strategies

were identified.

Reformulation is a changing the numerical data into more mentally manageable form
(Reys et al., 1982). One example of reformulation, which is most known one, is
rounding numbers. This is the simplest strategy to teach or learn, and therefore, it is
often the only strategy taught in the classroom (Levine, 1982; Trafton, 1986). A

misconception could be seen among students and teachers, that is they thought that
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rounding is the only strategy to find the solution of estimation questions. Similar to
this belief, Reys (1993) stated that students thought that estimation and rounding are

synonymous.

However, there are many standard rules for rounding numbers such as rounding to
nearest whole number, rounding the nearest ten, front-end rounding. Front-end
rounding is usually employed when dealing with addition of the numbers. Reys et al.
(1982) identified four forms of this strategy in their study. As follows, these four

forms of front-end rounding are presented with an example;

To add 4792 + 5430 + 6452;

(a) By rounding and operating with rounded numbers using the same number of

digits, so you should conduct 5000 + 5000+ 6000 — 16 000

(b) By rounding and operating with extracted portions of rounded numbers, so you

should conduct 5+5+6—16 so the estimate is 16000

(¢) By truncating and replacing the right hand digits with zeros and operating on the
revised numbers using the same number of digits so you should conduct 4000 + 5000

+ 6000— 15 000

(d) By truncating and operating on extracted front-end digits so you should conduct 4

+5+ 6 — 15, so the estimate is 15 000

The uses of “nice” numbers or “compatible numbers” are another example of
reformulation strategy. Levine (1982) and Dowker (1992) called this strategy
“known numbers” in their studies. Compatible numbers proposed many researchers
as a reformulation strategy (e.g., Murphy, 1989; Reys et. al, 1982; Reys, 1986).
Compatible numbers are those groups of numbers, which used in combination and
then being operated on the procedure. Murphy (1989) gave some examples to

compatible number in her research:
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« when you are conducting the division of 5657+28 it could be change by
6000+30

« for 15% of 28.75 dollar could be changed by }of 28 dollar or ! of 30 dollar
7 6

Similar to reformulation on whole numbers, in fraction and decimal related questions
reformulation could be performed by converting the numbers to fractions and/or
decimals equivalents. Reys (1986) called this kind of reformulation strategy in the

decimal and fraction as “special numbers strategy.” For example, rounding fractions

could be done by controlling the nearness to 1, l or 0, so that 33 might be thought
2 12

as 31 or the operation 3.65 x 0.75 might be thought as 31 X é According to
2 2 4

researchers reformulation strategy was used by in all achievement levels of students

for problems both in numerical and application formats (Dowker, 1992; Levine,

1982; Reys et al., 1982; Reys, Reys, Nohda, Ishida, & Shimizu, 1991; Reys, Reys, &

Penafiel, 1991). The other strategy might be used in the computational estimation

questions is “translation.”

Translation is changing the equation or mathematical structure of the problem to a
more mentally manageable form (Reys et al., 1982). The order of operations may be
changed to make the problem more manageable; which means that addition may be
converted in multiplication; division may be inverted to a fraction. For example, the
addition of the five numbers, 253 + 248 + 198 + 204 + 186 can be converted to
multiplication of 200 x 5 by conducting the translation strategy. Translation is more
sophisticated technique than reformulation. As an observation of Reys et al. (1982),
translation is more flexible than reformulation and may require an advanced level of
conceptual knowledge. However, among the three of the strategies, the last one,
compensation strategy, is the most complex strategy and the percentage of the

usability of this strategy is lower than others.
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Compensation is the process of the adjustments made into the intermediate and final
estimate to reflect and awareness of the relationship of the estimate to the exact
answer (Reys, et al., 1982). According to Reys et al. (1982), good estimators used
compensation frequently and identified as essential to successful estimation.
Lemaire, Lecacheur and Farioli (2000) concluded that the fastest strategy was
reformulation and the slowest was the compensation strategy. According to the
performance of the subjects and age level, the using of compensation is changed.
LeFevre et al. (1993) reported that children used so—called prior-compensation
strategies more frequently than post-compensation strategies whereas adults did the
reverse. Reys et al. (1991) observed the common points of Japanese and American
students according to computational estimation strategies. The researchers stated
that the most common process applied by Japanese and American students was

reformulation and lesser extent was compensation.

Sowder and Wheeler (1989) found that most fifth graders recognized the value of
compensation but did not use it when generating computational estimates. As grade
levels increased, the use of the strategies also increased. According to Sowder and
Wheeler (1989), this age-related improvement in computational estimation and
strategy using was because of the working memory capacity. Hunter (cited in
Heirdsfield, 2000) suggested that the demand for retrieval of facts and strategies was
met by long-term memory. Case and Sowder (1990) proposed that age-related
increases in working memory allow children to maintain an increasing number of
representations simultaneously. The researchers found that children of a wide variety
of ages succeeded at estimation tasks for which their working memory capacities
appeared sufficient and not tasks for which their memory capacities appeared

insufficient (Case & Sowder, 1990).

Brame (1986) investigated the computational estimation strategies used by high-
school students of limited computational estimation ability. The Assessing

Computational Estimation (ACE) Test was administered 460 students, and 40 of
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them were selected for interviews. Each students interviewed was asked to estimate
the answers to 14 computation and application problems. A comparison of the
interview results and ACE Test results showed that removing the time pressure did
improve performance. Students used wide variety of estimation strategies; however
sometimes they had no strategy for estimation and attempted to use exact calculation.
Although Brame (1986) did not classified exact calculation as a strategy, Levine
(1982) and Dowker (1992) labeled the proceeding algorithmically as an estimation

strategy in their studies.

In his study, Brame (1986) identified that all but one of the students used some form
of the front-end strategies rounding and truncation in making estimates. It was
observed that truncation was replaced by the use of rounding and compensation by
the better estimators of the study. Although many of the estimators were willing to
use compensation, they were many times not successful in its use. In his study,
Brame (1986) concluded that estimators of limited ability used rounding but not
always consistently or according to the standard rounding rules. Other commonly
used strategies in the study of Brame (1986) were “averaging, using compatible” or
“easier numbers” and using “the largest number” to eliminate choices. The students
in the study were most successful on percent problems when they thought of percents
as part of one hundred or in terms of an easier percent. The students in Brame’s
(1986) research study, performed better than expected on division problems. Possibly
this was because of the use of estimation in the traditional algorithm. A major
difficulty encountered by the estimators of limited ability was the large number
syndrome. This problem was connected to the power of ten error. Similarly, Sowder
and Schappella (1994) stated that the ability to multiply and divide mentally by
powers of ten is an important skill. According to many researchers, mental
calculation and development of number sense could be taught to aid in the
development of computational estimation strategies (Berry, 1998; Sowder, 1992;

Dolma, 2002; Reys et al., 1982).
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In another study reported by Levine (1982), it was determined the computational
estimation ability of 89 undergraduates - none of whom were mathematics majors -
and the strategies used by them which were classified into various categories. The
categories had been predetermined through a literature search, pilot testing, and an
examination of the computational estimation process. The categories (with an

illustrative example, where necessary) were:

1) Fraction (0.76 becomes E)

2) Exponents (0.047 becomes 5 x 107)

3) Rounding both numbers

4) Rounding one number

5) Powers of 10 (76 x 89 becomes 100 x 100)

6) Known numbers (27.2 x 4.63 becomes 25 x 4)

7) Incomplete Partial Products(Quotients) (689 x 34 becomes 600 x 30 + 90 x 4)

8) Proceeding Algorithmically

In her study, Levine (1982) identified eight common estimation strategies used to
estimate solutions to numerical problems as listed above, most of them could be
served under Reys’ (1991) defined strategies, which were classified in three main

titles.

In a related study, using the same problems but a more mathematically wise
population, Dowker (1992) identified seven strategies, four of which were also
identified by Levine (1982). Both Levine (1992) and Dowker (1991) identified
strategies which were use of fractions, rounding and use of algorithms as processes,
commonly used to estimate solutions. Seven of the strategies specified by Dowker
(1992) could be found in Levine’s (1982) eight strategies fit under the reformulation
and translation categories, which were identified by Reys et al. (1982).
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In her study, Dowker (1992) interviewed 44 pure mathematicians to learn the
computation estimation strategies used by mathematicians. They were accurate
estimators and they used great variety of strategies. Dowker (1992) concluded that
people often develop their own non-school based techniques for computational

estimation in her mathematically wise sample.

Furthermore, Reys (1986) identified that five types self-developed strategies in her
study. These were front-end, clustering, rounding, compatible numbers, special
numbers in her study. She stated that like the problem solving techniques, estimation

strategies are developed through instruction.

In a younger sample, Berry (1998) investigated to 8th grade students’ computational
estimation ability and the strategies they used. The researcher interviewed ten
students using the interview format of the Accessing Computational Estimation
(ACE) Test, which was developed by Reys, Rybolt, Bestgen, and Wyatt (1982). The
interviews were divided in 4 segments, which were computation, application,
calculator, and concept segments. In the computation segment the subjects were
presented with 5 problems and were asked to “think out loud” as they estimated
solution to the problems for identifying the students’ strategies. In the application
segment, the subjects were presented with 10 problems and then asked to answer the
interviewer’s probes. In the calculator segment, calculators were programmed to
make systematic errors and the subjects were tested to see if they questioned the
calculators’ output. The last segment was the attitude/concepts segment. The
questions in this segment were designed to learn about the subject’s concept of
estimation and to find out what factors, such as home, school, community activities,
and jobs, appeared to contribute to the development of estimation strategies. In
application and computation segments, Berry (1998) identified many strategies such
as front-end strategies, rounding, compatible numbers, truncation, and averaging in
many forms and in different situations. As a result, the researcher concluded that

rounding was the most frequently observed strategy among the subjects.
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Like Berry (1998), Levine (1982) concluded that the most frequently used strategy
was “rounding both numbers” in the problems. The other frequently used strategy
was “proceeding algorithmically,” where a form of a standard algorithm was used to
calculate at first then estimate and finally combine partial products or quotients.
According to Levine (1982), students of lower quantities ability used an algorithmic
procedure for estimation more likely to use a variety of different estimation
strategies. According to her, the compatible numbers strategy was especially useful

in working percent problems.

In another perspective, Smith (1993) investigated the preservice elementary teachers’
conceptual understanding of computational estimation strategies. In Smith’s (1993)
study, the results of the dialogues indicated that rounding was the only strategy that
many of the preservice elementary teachers knew. Some other subjects thought about
the compatible numbers strategy, as using set of numbers that could be used when
doing estimation. The subjects asserted that compatible numbers could easily be
manipulated mentally. A few of the subjects stated that the front-end strategies which
focuses on the left-most digit of a number to provide an initial estimate followed by
mental adjustment to determine a better estimate. Smith’s (1993) subjects did not
much use averaging or clustering strategies, which means grouping the numbers

about a particular value.

Crites’s (1992) study about the discrete quantities relied on the possession of spatial
visualization, measurement, mental computation, and number sense skills. In his
study, he identified two main strategies multiple benchmark and
decomposition/recomposition, which were more sophisticated strategies than the

others.

Benchmark defined as the comparison of a known standard to the to-be-estimated
item (Crites, 1992). The comparison is made by regular decomposition,

recomposition where to-be-estimated item is grouped into terms small enough to
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compare with a benchmark. This strategy involves dividing the item to be estimated
into smaller parts until a benchmark can be applied and then recombining the parts
based on a comparison with a known benchmark. If the item cannot be easily divided
into parts or the parts are of different sizes, then irregular decomposition occurs.
Benchmarks contribute to students’ number sense by allowing them to understand
the relative magnitude of fractions and to develop an intuitive feel for them (Crites,

1992).

Students can use these benchmarks to compare fractions by mentally about their
relative size (Crites, 1992). Initial attention should be given to knowing which
fractions are close to zero, equal to one whole, less than one whole, and greater than
one whole where Reys (1986) called this strategy as “special numbers strategy.”
Then students should examine which fractions are equal to one-half, less than one-

half, and greater than one-half (Crites, 1992; Reys, 1986).

Like Crites (1992) and Siegel et al., (1982), Heinrich (1998) concluded that the
superior calculation ability developed from additional experience and maturity. The
students in grades 6, 7 and 8 demonstrated that they were capable of learning to
perform computational estimation tasks in a short period of time. It was found that
the easiest strategy was translation and the most difficult one was the compensation
among the sixth, fifth and eighth graders. He concluded that the major problem
experienced by students not estimation ability skills that were lack of computational
skills. The choice and use of these strategies developed flexibility in thinking about
and using numbers that fit a particular situation. Students generally did poorly
estimating percents, square roots and product of mixed numbers (Heinrich, 1998;
Reys et al., 1991). Similar to Berry (1998) and Heinrich (1998), Sowder (1984)
found that errors on estimation problems could be attributed to a lack of

understanding of number size, which led students to make poor approximations.
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Lemaire, Lecacheur and Farioli (2000) carried out a study to understand which
strategies children use to do computational estimation, on which problem do they use
each strategy, and how they choose and execute computational estimation strategies.
In the study design, interview sessions were conducted with twenty-three fifth
graders (ten-year-olds) to identify the computational estimation strategy on three
digits addition (e.g., give an approximate answer like 400 to an arithmetic problem
like 224+213). As a result, the researchers confirmed that there are four strategies
(rounding with decomposition, rounding without decomposition, truncation, and
compensation) were used while doing computational estimation, the fastest strategy
was truncation, and the slowest was compensation. Additionally, Lemaire et al.
(2000) and LeFevre et al. (1982) are considered that the children’s improvement in
estimation between around 9 and 12 years is due not only better coordination ability

but also to increased flexibility of strategy are confirmed.

To understand why students have consistently performed so poorly when estimating
solutions to problems, it is important to review research that has been conducted on
assessing computational estimation skills, computational estimation strategies and
the variables that affect estimation ability. In three separate studies conducted in the
United States, Japan, and Mexico showed that there are some universal reason for
poor ability on computational estimation (Reys, Rybolt, Bestgen, & Wyatt, 1982;
Reys, Reys, & Penafiel, 1991; Reys, Reys, Nohda, Ishida, & Shimizu, 1991). In
these studies, problems from the ACE (The Assessing Computational Estimation
Test) with changes to reflect appropriate cultures were used to assess computational
estimation ability of students in grades five through twelve. According to research
studies, computational estimation was affected from the generally three constructs,
number sense, mental computation, and affective constructions of the students. The
studies on factors, which are affecting the computational estimation strategies
gathered under the title of “components of computational estimation,” are given in

the next sections.
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2.1.4 Components of Computational Estimation

It must emphasize that estimation itself is not a single unitary process, but it is
integrated numerous components (Case & Sowder, 1990; Sowder, 1992; Reys et al.,
1982, Reys, Reys, Nohda, Ishida, & Shimizu, 1991; Rubenstein, 1985). The research
literature showed that a wide variety of variables, which appeared to be related to
computational estimation performance (e.g., Reys et al, 1982; Rubenstein, 1982). For
instance, Case and Sowder (1990) identified that estimation is a complex construct

and when a child accomplished that he/she perform more than one tasks.

Moreover, Rubenstein (1985) conducted a study with three hundred eight graders
aimed that to explore the relationships among the computational estimation tasks and
the mathematical skills. As a result, she served that there were eight mathematical
skills that were related with the computational estimation; selection of operation,
making comparison, number facts, operating with tens, operating with multiple of
tens, place value, rounding and judging relative size. Sowder (1992, p375) suggested
that Rubenstein's “good predictors” might be too closely associated with “place
value” and “basic number understanding” for all to be significant in a stepwise

regression.

It was identified in Rey et al. (1982) study; the characteristics of good estimators had
three distinct dimensions: number skills, cognitive processes and affective attributes,
and each of these accumulated in two concepts cognitive and affective components
of computational estimation. In the following section, the review of the studies is

given about these components.
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2.1.4.1 Cognitive Components of Computational Estimation

There are some frameworks for the cognitive components of the computational
estimation (Reys, Rybolt, Bestgen, Wyatt & Wendell, 1982; Sowder, 1988; Sowder
& Wheeler, 1989). These frameworks mostly similar to each others with small
differences. For instance, Reys et al. (1982), Sowder and Wheeler (1989) specified

four main components, which were related to the computational estimation:
1) Conceptual components,
2) Skill components,
3) Related concepts and skills,

4) Affective components.

The Conceptual Components recognized the role of approximate numbers, the
potential for multiple of possible techniques and outcomes, and finally, the
appropriateness of an estimate was subject to context and desired accuracy. In the
Skill Components, process and outcomes of the estimation were explained, which
was deeply discussed in the strategies section through Rey et al. (1982) findings.
Under the title of the Related Component and Skill, the basic mathematical facts
were listed. Affective Components included recognition of the usefulness of
estimation, tolerance of error and confidence in mathematical ability and ability to

estimate are discussed through the research literature in the next section.

Sowder and Wheeler (1989) were particularly interested in the first two components
in the list above. Sowder (1988) delineated and related to various components of
computational estimation, which is presented in Figure 2.1. In the Figure 2.1, Sowder
(1988) specified the cognitive components of the estimation performance with the

based of four cognitive structures of computational estimation. These are:

1) prerequisite skills and components,
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2) primary skills required during computational estimation,
3) specific estimation process,

4) specific estimation concepts.

In the framework, first component contains some of themes such as understanding of
place value of whole numbers, decimals, and factions, ability to work with
multiple/powers of ten, knowledge of basic facts and ability to use properties of
operations. Then the second component involved in ability to compare numbers by
size and ability to mentally compute with whole numbers. The third component,
which is called “specific estimation process” contain three strategies (reformulation,
translation, and compensation) identified by Reys et al. (1982). The last component
of the framework is “specific estimation concept” which included in approximation,
appropriateness, and multiple answers of estimations. The relationships of these

components are presented in the Figure 2.1 as follows.
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Similarly, Hogan and Brezinski (2003) suggested that computational estimation
might be listed under more general, well-established mathematical abilities
specifically a combination of numerical facility and reasoning quantity. The
quantitative or numerical abilities have been correlated with estimation ability
through the results of many studies. For instance, Levine (1982) found that
quantitative ability in mathematics was positively correlated with estimation skill in
college students. In addition to Levine’s (1982) findings, Dowker (1997) concluded
that estimation proficiency increased with arithmetical competence and decreased
with the problem difficulty. Paull (1971) observed that estimation of numerical
computation was significantly correlated with problem solving, mathematical ability,
and verbal ability, and that the ability to compute rapidly was related to the ability to
estimate numerically. Contradicting with many research findings of the studies such
as Boz (2004), Dowker (2003) and Levine (1982); Gliner (1997) concluded that
mathematics achievement and estimation performance were negatively correlated.
This contradictory assumption might be related with exact computation dependency
of higher achievers among the subjects of Gliner’s (1997) study. According to him
someone who was more dependent on exact computation might had lower success on

computational estimation.

As reviewed above, conducted studies mostly stressed cognitive factors of
computational estimation ability. In the studies indicated that good estimators had
good knowledge of number operations and that the ability to estimate was positively
related to quantitative ability (Bestgen et al., 1980; Bobis, 1991; Levine, 1982; Paull,
1971; Reys et al., 1982). Reys et al. (1982) identified the following numerical
variables correlated with the computational estimation; basic facts of mathematics,
place value, mental computation, and arithmetical processes, which contained
commutativity, associative and distributive properties. In addition, Blair (2001)
established strong relationship among basic facts mastery and better performance in
basic computation, estimation, and numerical pattern recognition. Similar to Blair
(2001), Rubenstein (1982) conducted a regression analysis to find out the factors

explaining the computational estimation. She found that operating with tens, making
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comparisons, and getting to know the problems were the three factors confirmed by
the regression analysis. On the other hand, Sowder (1989) claimed that estimation
comprised of only two distinct tasks, which were approximation and mental

computation.

As a summary, the findings of research studies indicated that the following variables
appear to be related to ability to estimate solutions to computational problems,
mathematical ability, requirements of estimation process like approximateness and
compensation (Dowker, 1992; Gliner, 1991; Levine, 1982; Reys et al., 1982).
Although the studies showed that estimation ability mainly correlated with
mathematical variables, some research studies claimed that there were some other
factors rather than cognitive, that is affective factors (Reys et al., 1982; Sowder,

1992).

2.1.4.2 Affective Components of Computational Estimation

Researchers in both psychology and education have long investigated relationship
between affective and cognitive variables in mathematics (Aiken 1976; Ma & Kishor,
1997). The researchers asserted that none of the cognitive process could be performed
by isolated from feelings and beliefs. In addition to considering the skills and abilities
directly related to estimation tasks, it is necessary to take into account, other

distinguishing factors, rather than cognitive factors, among individuals.

Sowder and Wheeler (1989) identified in their framework, there were affective
components for the computational estimation. In the affective component there were
four sub categories related to success in computational estimation. These were

presented as follows:
1) Confidence in ability to do mathematics

2) Confidence in ability to estimate
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3) Tolerance for error

4) Recognition of estimation as useful.

The first and second components, confidence in doing mathematics and doing
estimation were discussed in many research studies. For instance, Bestgen et al.
(1980) found that self-perception as a mathematics student was most highly related
to success in computational estimation in preservice teachers. In his study, Gliner
(1991) tried to answer what personal attributes may be related to success in
mathematical estimation. He found the answer to “Are you a good at math?” was

positively correlated with estimation scores.

Moreover, Glasgow and Rey’s (1998) study, which was a replication of the study of
Bestgen, Reys, Rybolt, and Wyatt (1980), tried to understand students’ confidence to
their estimated answers with regard to exact computation. In the study, calculators
were defected in a range of 10% to 50% distance from the exact answers.
Researchers asked first to find the solution by estimation then find the same
question’s answer by using calculator (Glasgow & Reys, 1998). Interestingly
students in both studies, although subjects produced reasonable estimates solutions
for the computational items by estimation, confined the results of malfunction
calculators rather than trusting their own approximate answers. Where majority of
preservice teachers produced reasonable estimates, only seven of twenty-five
subjects questioned the accuracy of the answers produced by calculator (Glasgow &
Reys, 1998). This showed that students were not confident in their estimated solution
and estimation ability. However, it is not known whether this result was due to their
notion of estimation as a “less trustworthy” answer. If students had been asked to
produce exact answer (rather than estimates), using paper and pencil techniques prior
to using the calculator, would they have been more likely to challenge the calculator
result? Berry (1998) obtained a similar conclusion. In the study, it was aimed to
identify the students’ confidence level in estimation. He conducted four segments in

the study and one of which was a calculator segment. In this segment calculators,
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which were designed to produce systematic errors during the calculations were given
to subjects. It was observed that students were confident to calculators more than

their self-produced estimated answers.

Similarly Mottram (1995) examined students’ performance on estimating solutions to
real life tasks, compared it performance on estimating to numerical, and word
problems and relationships among performance on estimation and confidence in
doing mathematics. One of the results of Mottram’s (1995) study was that students
who were good estimators are confident in their mathematical ability and their ability
to estimate. The findings both Mottram (1995) and Reys et al. (1982) were consistent
in order to good estimators had high confidence in estimation and mathematical

ability.

LeFevre, Greenham, and Waheed (1993) conducted a study, which aimed to provide
information about students’ procedural and conceptual knowledge in solving
estimation problems in order to develop a model of the estimation process.
According to conducted correlation analysis of the adult questionnaire data revealed
that adults who considered themselves skilled in estimation also tended to report high
skill in arithmetic, high levels of confidence in their estimations, and frequent use of
estimation. High self-reported estimation skill also correlated with higher math
marks in high school and with the belief that estimation is useful in everyday
situations. These subjects also reported more math experience in high school,
recognition of math as useful in university courses development of estimation
procedures outside formal schooling and less avoidance and nervousness in
mathematical situations. Adults who perceived themselves as skilled estimators were
less anxious when calculating tips in restaurants when completing an income tax
form, and when adding up the cost of purchases. Thus adults who report high
estimation skill can be described as being skilled in arithmetic with positive high
school math experiences and high math marks. They are not math anxious but appear

confident in their abilities in these areas, recognizing the usefulness of estimation,
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and using it frequently in their daily lives (Reys et al., 1982). These results support
Sowder and Wheeler’s (1989) contention that affective components are related to
computational estimation skills. However, these correlations do not indicate of

causality between estimation skills and affect about estimation.

Among the affective factors, the most interesting one was “tolerance for error,”
which included in a few studies. In few studies, tolerance for error explained as being
comfortable with estimated solutions (Rubenstein, 1985; Sowder, 1992; LeFevre, et
al., 1993). In mathematics, particularly with respect to estimations skills, a high
tolerance for error has been identified as a feature of good estimators (Reys, et al.,

1982).

Dowker (1992) offered two explanations; one was that people who preferred
precision (those with low tolerance for error) see little point in estimating and thus
they were negatively affected by their lack of experience in this skill. Another was
that good estimators rely on their ability to adjust their errors and can effort to
estimate broadly. This concept is difficult to identify and examine. There is a short
research literature where it can be accessed according to explain how this structure
can be integrated into estimation (Hogan, Laurie, Wyckoff, Krebs, Jones &

Fitzgerald, 2004; LeFevre et al., 1993; Reys et al., 1982; Sowder, 1992).

Reys et al. (1982) claimed that a kind of error tolerance knowledge about estimation
diffused good estimators’ thoughts. This thought makes them comfortable with some
computational errors. The subjects of the study of Reys et al. (1982) steadily
underlined the importance of efficient, reasonably accurate computational tool and
that their ability to estimate filled this need. Similarly, LeFevre et al. (1993) claimed
that adults had less tolerance for error than children did in their study. According to
researchers for children, calculating exact answer was difficult on even easiest

problems; they preferred to use estimation to exact computation. On the other hand,
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adults who were calculating easily did not prefer to use estimation and had low

tolerance for error.

One of the studies, which identified the tolerance for error concept, was Sowder’s
(1992) reviews. According to Sowder (1992), students who had high tolerance for
error did not see them as “wrong” when estimating and were comfortable with error.
They were comfortable with the idea that their estimates where it might be different

from others and it were acceptable for them.

Reys et al. (1982) study was given as a reference in many computational estimation
research studies in order to affective domains of estimation performance (Hogan,
Wyckoff, Krebs, Jones, & Fitzgerald, 2004; Munakata, 2002; Rubenstein, 1985;
Sowder, 1992; Sowder & Wheeler, 1989; Volkova, 2005). On the other hand, there
were some criticisms on this component of computational estimation as claiming that
especially the relationship of tolerance for error and estimation performance was a
big assumption. According to Hogan et al. (2004) the factor tolerance for error,
which was influencing students’ estimation ability should be tested by psychological

tests since it was a psychological construct.

According to Hogan et al. (2004), the study of Reys et al. (1982) could not infer this
kind of relationship since there were no any statistical measurements about the
identification of the “tolerance for error.” Hogan et al. (2004) stated that although
this factor contained psychological requirements, the researchers did not explain how

they get that result without any psychological measurements.

To fill up this gap, Hogan and his colleagues (2004) performed a study by using very
detail statistical methods. The researchers used a psychological test to identify the
tolerance for error of subjects. They argued that tolerance for error as described by

Reys et al (1982), Rubenstein (1985) and Sowder (1989) appeared to be specific
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application of “tolerance for ambiguity” one of the main descriptor of the
“Openness” dimension in the Five Factors Personality Test (Hogan et al., 2004).
According to researchers, “Openness” should correlate significantly with the
computational estimation performance. McCrae and Costa (cited in Hogan et al.,

2004) explained the relationship of “Openness” as follows:

Need for variety, tolerance for ambiguity and preference for complexity all
represent motivational aspects of openness. In addition open people can be
characterized by their nontraditional attitudes, their rich and complex

emotional lives and their behavioral flexibility (p. 832).

As a result, the researchers claimed that there was no statistically significant
correlation between “Openness” and computational estimation performance (Hogan
et al., 2004). However, they found a very small correlation between “Agreeableness”
which was another factors of the “Five Factors Personality Test” and computational
estimation performance. Hogan and colleagues (2004) confirmed this finding with

another study and with another personality testing procedure (Hogan & Parlapiano,

2008).

The found correlation between “Agreeableness” and computational estimation score
was underlined relation between the negative pole of “Agreeableness” and
computational estimation score. According to Hogan et al. (2004) the negative pole
of “Agreeableness” contained the descriptors as “an antagonistic, competitive, and
skeptical disposition.” Although, the researchers gave statistical results about both
the correlation between “Agreeableness” and computational estimation performance
and no correlation between “Openness” and computational estimation performance,
those findings should be triangulated by some other techniques, like conducting
some interviews, or observations with their subjects to strengthen their findings.

Since tolerance for error is a kind of psychological construct, it should be also
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conducted some interview by an expert clinical interviewer (Hogan, et al., 2004).
Additionally, Piaget (cited in Ginsburg, 1981) stressed those mathematical structures
especially students thoughts should not only be tested rather should be conducted a

clinical interview.

Several investigators have suggested that a personality variable labeled tolerance for
error partially undergirds successful performance in completing computational
estimation problems. Rubenstein (1985), Sowder and Wheeler (1989), Sowder
(1992) and Lefevre, Greenham and Waheed (1993) cited tolerance for error as an
important or potentially important variable related to computational estimation skill

from elementary school through college.

Besides affective factors, among the cognitive factors that are affecting the students’
computational estimation strategies, two important topics emphasized which are
“number sense and mental computation.” These are reviewed through the research

studies in the next sections.

2.2 Number Sense

Sowder (1992, p. 387) claims that “computational estimation is closely related to
number sense and that number sense is difficult to define and therefore difficult to
assess.” The reviewers of The National Assessment of Educational Progress (NAEP)
results concluded that students should develop a quantitative intuition before to be
good estimators (Carpenter et al., 1976). In more recent years, this quantitative

intuition occurred to be referred to as number sense (Sowder, 1992).

In order to understand the relationship between these terms the meaning of number
sense should be specified in order to estimation context. For Sowder (1988) number

sense is a well-organized network of concepts that makes it possible to relate
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numbers and properties of operations, that provides skill in working with numeric
magnitudes. Moreover, number sense refers to a person’s general understanding of
numbers and operations and the ability to handle with daily-life situations that
include numbers (Yang, Li, & Lin, 2008). This ability is used to develop flexible and
efficient strategies (including mental computation and estimation) to handle

numerical problems (Mclntosh, Reys, & Reys, 1992; Reys, 1994).

Number sense is a complex process involving many different components of
numbers, operations, and their relationships. It has been the focus of research and
discussions among mathematics educators, educational psychologists, researchers
and curricula developers. As a result, in many studies, different psychological
perspectives have been provided; theoretical frameworks of number sense proposed;
characteristic of number sense described and essential components of number sense
have been enumerated (Case & Sowder, 1990; Greeno, 1991; Mclntosh, Reys &
Reys, 1992; Reys, 1994; Sowder, 1992; Tsao, 2004; Yang, Hsu & Huang, 2004).

The development of number sense in students is an important aim of mathematical
instruction (NCTM, 2000). Berch (2005) asserted that possessing number sense
permitted one to achieve everything from understanding the meaning of numbers to
developing strategies for solving complex mathematics problems. NCTM (2000, p.
32) noted that number sense is one of the foundational ideas in mathematics.

Therefore, students should:

(1) Understand number, ways of representing numbers relationships among

numbers and number system,
(2) Understand meanings of operations and how they related to one another,

(3) Compute fluently and make reasonable estimates

McChesney and Biddulph (1994) gave a smart metaphor that was number sense was

roads of a big city. The researchers explained this metaphor as a person with good
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road sense has an integrated mental picture how various roads are connected, where
they lead, what they were like, how traffic behaved on them, and how they might be

negotiated.

Although number sense has not a universal definition, the National Council of
Teachers of Mathematics (1989) defines number sense as an intuition about numbers
that is drawn from all the varied meaning of numbers. More specifically, Sowder
(1992) referred it as the ability to decompose numbers naturally, use benchmarks,
and use relationships among arithmetic operations to solve problems, understand
base-ten number system, estimate, make sense of numbers, and recognize the relative

and absolute magnitude of numbers.

Furthermore, Hatano (1988) described two types of number sense experts: Routine
and adaptive. Routine experts are able to solve familiar problems quickly and
accurately but are not able to invent new procedures because they lack the rich
conceptual knowledge of an adaptive expert. Adaptive experts can discover rules,
invent algorithms, and develop flexible uses of numbers. Number sense is not
broader domain than either estimation or mental computation (Greeno 1991;

Mclntosh, Reys & Reys 1992; Sowder & Schappelle 1989).

Greeno (1991) stated the relationship of number sense and estimation as pointed that
number sense involves several capabilities including flexible mental computation and
numerical estimation and quantitative judgment. In other words, number sense
includes both mental computation and computational estimation. Carroll (1996)
stated that good mental computation and estimation ability is evidence of number
sense and also develops number sense. According to Sowder and Schappelle (1994)
number sense refers to an intuitive feeling for numbers and their various uses and
interpretations; the ability to detect arithmetical errors and a common-sense approach

to using numbers.
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According to Sowder’s (2001) study 26 middle school students representing a variety
of backgrounds and achievement levels, were individually asked to estimate answers
to 12 computational problems and explained how they obtained their answers. They
were allowed to use writing materials. The results indicated that estimation skills
were highly dependent on a student’s “number sense.” Yang (1995, p. 6) stated,
“Computational estimation plays an important role in the development of number
sense. Weakness in performance of computational estimation may reveal a lack of

number sense.”

Jordan, Kaplan, Olah and Locuniak (2006) classified that there are five elements of
numbers sense, counting, number knowledge, number transformation, estimation and
number pattern. Counting including grasping one to one correspondence, knowing
stable order and cardinality principles, and knowing the count sequence. Number
knowledge means that discriminating and coordinating quantities and making
numerical magnitude comparisons. Number transforming included in calculating the
nonverbal and verbal context and also transforming the sets through addition and
subtraction. Estimation takes into account only approximating or estimating set sizes
and using reference points. The last element of number sense is the recognizing the
number patterns. It includes that coping number patterns, extending these patterns,
and discerning the numerical relationships. Jordan and colleagues (2006) examined
the development of number sense in 411 kindergartens. The findings suggested that
gender difference in math emerge as early as kindergarten. There were small, but
statistically reliable, gender effects on kindergarten level performance on overall
number sense, nonverbal calculation, and estimation. In each case, boys showed an
advantage over girls and the findings held above and beyond income level, age and

reading ability.

According to Reys, Reys, Mclntosh, Emanuelsson, Johansson, and Yang (1999) and
Reys and Yang (1998), number sense meant that general understanding of number

and operations, along with the ability and inclination to use this understanding in

57



flexible ways to make mathematical judgments and to develop useful and efficient
strategies for managing numerical situations. It results in a view of numbers as
meaningful entities and the expectation that mathematical manipulations and
outcomes should make sense. Number sense involves the development of multiple
relationships between mathematical concepts, facts, and skills and therefore provides

multiple accesses to them when needed (Yang, 1999).

Ell (2001) served a review of the international literature on number knowledge,
number strategies, and frameworks for classifying children’s learning of numbers.
Ell (2001) stated that a framework, which presented number sense as the backbone of
the number domain, was proposed by MclIntosh, Reys and Reys (1992). They

proposed three strands to number sense:
1. A knowledge of and facility with numbers,
2. Knowledge of and facility with operations and

3. Applying knowledge of and facility with numbers and operations to

computational settings.

Whitacre (2007) stated that students who rely heavily on standard methods evidenced
to poor number sense. These students understanding of an operation seems to be tied
to symbol manipulation so that they lack of flexibility. According to his research at
the other end of the spectrum, students who readily employ nonstandard method,
exhibit good number sense. Their understanding of the operations was independent

from any particular algorithm, so that they had good flexibility.

Markovits and Sowder (1994) designed an intervention program to develop the
number sense of seventh grade students. The program focused on number magnitude,
mental computation, and computational estimation. These researchers concluded that
number sense included using numbers flexibly when mentally computing, estimating,

judging number magnitude, and judging reasonableness of results, moving between
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number representations, and relating numbers, symbols and operations all stemming
from a disposition to make sense of numerical situations. In the results of the study, it
could be said that the brief instructional unit appeared to bring about positive

changes in number sense and estimation ability.

Sowder and Schappalle (1994) asserted that sense making of computation could be
focus of instructional activity. They claimed that place value is one basis for the
flexible decomposition and recomposition of numbers, a key element in other skills
related to number sense- mental computation and estimation. Although Rubenstein
(1985) did not count the place value as a predicted factor of computational
estimation, she emphasized the importance of it while conducting estimation
questions, especially with decimals. According to regression analysis, was conducted
in her research study, among the factors of “selection of operation, making
comparison, number facts, operating with tens, operating with multiple of tens, place
value, rounding and judging relative size” only the three of them predicted estimation
performance. These were “operating with tens, making comparison, and judging

relative size” factors.

The NCTM Standards document (1989) stated that children with good number sense
have well-understood number meanings, have multiple interpretations and
representations of numbers, can recognize the relative and absolute magnitudes of
numbers appreciate the operating on numbers and have developed a system of

numerical benchmark. The proficiency of these topics improved to estimation ability.

Reys and Yang (1998) cited in their study the characteristics of the number sense as
understanding of number magnitude, the use of benchmarks, the relative effects of
operations, decomposition and recomposition and application of the knowledge of
numbers and operations to computational situations. Sowder (1992) stated that the
effective use of benchmarks has been associated with estimation ability and number

sense. Similarly, Tsao (2005) conducted a study to answer the question “what
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cognitive processes do preservice elementary school teachers’ use when they asked
to solve problems involving number sense”. The researcher observed five cognitive
processes that are run about the number sense. The characteristics of number sense

included the following processes:
1. well-understood number and symbol meaning,
2. the ability to decompose/recompose numbers
3. recognition of the relative and absolute magnitude of numbers
4. having the ability to use benchmark

5. flexibility while applying knowledge of numbers and operations to
computational situation (including mental computation and computational

estimation)

In the explanations of numbers sense conducted so far underlined the relations
among computational estimation and mental computation. Moreover, Sowder and
Schappelle (1994, p. 343) state that “knowledge of relative and absolute number size
essential to judging the reasonableness of computation” which is the basics of
computational estimation. Sowder- Threadgill (1984) conceived that good estimators
have a good understanding of basic facts, place value, and arithmetic properties, are
skilled at mental computation, demonstrate tolerance for error, can flexibly use a
variety of strategies, and display self-confidence. Improving the teaching of

computational estimation is related to encourage the development of number sense.

Tsao (2005) stated that high ability students were more successful on each type of
number sense item than the low ability students. In the study, he concluded that the
low ability students tended to use the rule-based method more frequently when
answering interview items than high ability students. The low ability students also
preferred the use of standard written computation algorithms rather than the use of
number sense based strategies. The high ability students tended to use of

benchmarks, to apply knowledge of the relative operations on numbers and

60



decomposition/recomposition of operations on number, to reflect knowledge of
number magnitude and to response flexibility with number operations when
answering interview items. Tsao (2005) obtained results from the interviews
indicated that items including fractions were more difficult than whole number and

decimal items.

Rubenstein (1985) similarly found that eight grade students had more difficulties
with decimals more than with whole numbers. During the interview, subjects
conducted many comments that they could “do better” if they had pencil-paper or a
calculator. Reys et al. (1991) and Yang (1997) found that many students in both
Japan and Taiwan respectively were more comfortable solving computational
problems exactly than estimating a solution. These researchers indicated that students
resisted for giving estimates because they either did not understand the meaning of

the estimation or were reluctant to accept error (Reys et al., 1991; Yang, 1997).

Since many characteristics of number sense are reflected in mental computation and
estimation, number sense investigations were undertaken of students’ thinking when
asked to estimate and mentally calculate (Case & Sowder, 1990; Hope, 1986; Levine,
1982; Reys, Rybolt, Bestgen & Wyatt, 1982; Rubenstein, 1983; Sowder & Wheeler,
1989). Although there is currently, a great deal of interest in number sense has not
been a focus in instruction. Sowder (1992) stated that it was difficult to define and
asses number sense like higher-order thinking. Assessing number sense, mental
computation and all three kinds of estimation presents many difficulties. For
example, with estimation the multiple correct answers are a problem for students. In
a study by Sowder and Wheeler (1989), twelve students at each of grades 3, 5, 7, and
9 were individually given computational estimation tasks. The researchers found that
students were willing to accept that there could be multiple strategies for finding an
estimate, each producing a different answer, but students were reluctant to accept
more than one “right answer.” Students at all grade levels preferred computing-then-

rounding to estimate rather than the rounding-then-computing, because they believed
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that computing-then-rounding method was a good way to get a correct answer to the
estimation task. Sowder and Wheeler (1989) claimed that perhaps this is the
accumulative effect of school instruction on rounding and emphasis on unique

answers.

Whitacre and Nickerson (2006) discussed their model for developing the number
sense of the students according to their learning model and get impression results
from it. In their study, they began to answer the question of how an instructor can
support preservice teachers’ development of number sense with regard to mental
math. They concluded that the subjects of the study developed significantly greater
number sense as a result of “hypothetical learning trajectory”. They concluded that
with smart instruction number sense could be improved. In addition, Markovits and
Sowder (1994) examined the effect of an intervention in the instruction of 12 seventh
grade students, purposed that developing number sense. The students were taught
experimental units on number magnitude, mental computation and computational
estimation. From the interviews and written measures, it was discovered that the
students reorganized and used existing strategies rather than acquiring new
knowledge structure. Markovits and Sowder (1994) stated that a brief instructional
unit appeared to bring about positive changes in understanding most of aspects of
number sense. Sowder (1995) also stated the same conclusion with developmental
capacity of the number sense. She connected estimation and number sense in her
research that instruction on estimation and mental computation could provide an
avenue for developing number sense. Students who were good at estimation and
mental computation could easily link symbols to concepts that contributed to
development of number sense. According to Markovits and Sowder (1994) if
students understood the relationship between number sense and mental computation,

they could develop effective strategies to solve and estimate problems mentally.

Boz and Bulut (2002) searched the preservice mathematics, science, and childhood

teachers’ computational estimation abilities. The Estimation Ability Test was
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conducted to participant to understand their performance on computational
estimation ability. The researchers concluded that the preservice teachers’
computational estimation abilities were moderately low. The subjects of the study
struggled with mostly on fraction number questions. The other number related
categories of the estimation test were also difficult for the participant. As a result,
researchers concluded the preservice teachers’ quantitative intuition, number sense,

was very poor.

The researchers interested in studying number sense, computational estimation and
mental computation agreed on the importance of these topics, but did not necessary
agree on which were the most important research issues to pursue, how research
should proceed, or how these topics should be incorporated into the curriculum.
Sowder (1992) presented a reason for the lack of agreement that is primarily due to
the different epistemological viewpoints of the investigators. All do agree, however,
that number sense should permeate the curriculum and that computational estimation
and mental computational should be incorporated into all instruction on computation.
Therefore, the other important concept for computational estimation is mental

computation and the research studies are reviewed in the following section.

2.3 Mental Computation

Computation can be accomplished by various methods; mental, written, approximate
and calculator, each appropriate given a particular problem context. In general, if it is
possible to solve the problem mentally, then mental computation will be the natural
tool to choice. Often the mental strategy is an invented one and is based on
conceptual understanding. However, if the numbers are too complex for mental
computation but estimation provides a solution that addresses the problem context
then computational estimation is an appropriate tool. Again, the estimation strategy
employed is generally based on conceptual understanding although some standard

techniques for estimating are also practical. If however, the result from estimation
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are inconclusive or if more precise results are needed then exact computation is
needed. On the other hand, computational estimation and mental computation are
confused each other most of the time. Although mental computation needs exact
results, an approximate answers enough for computational estimation. While both
mental computation and computational estimation can be done mentally, the process
of estimation produces a response that is close to the exact answer, which would be
the result of the process of mental computation. But, either a calculator or a standard
written technique is a natural tool of choice for tedious computation requiring an
exact answer (Reys & Reys, 1998). Anghileri (1999) stated that mental computation
was calculating with the head, instead of in the head, which means that mental
computation was calculating using strategies with understanding. Thus, proficiency
in mental computation was not confined to accuracy, but also included flexibility of
strategy choice. Therefore, the factors that influence mental computation consist of

those that affect flexibility as well as accuracy.

Computational estimation and mental computation are frequently combined together
as one topic in the research studies (Bestgen et al., 1980; LeFevre, Greenham, &
Waheed, 1993; Markovits & Sowder, 1994; Munakata, 2002; Reys, Reys, Nohda,
Ishida, & Shimizu, 1991; Reys, Reys & Penafiel, 1991; Sowder, 2001). The research
literature has shown that mental computation may be viewed as a subset of number
sense, as students who exhibit proficiency in mental computation also display
number sense (e.g., Mclntosh, 1996; Mclntosh, Reys, & Reys, 1992; Sowder, 1990;
Sowder, 1992). Research on mental computation has proposed specific connections
among mental computation and aspects of number sense, in particular, number facts
knowledge and estimation (e.g., Heirdsfield, 1996; Sowder, 1992). Some research
studies relating to computation (in particular, children's natural strategies) had
reported connections with number and operation (the effects of operation on number)

and numeration, for example, place value (e.g., Kamii, Lewis, & Jones, 1991).
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Estimation requires competence in mental computation. Hanson and Hogan (2000)
studied on level of the computational estimation ability and the number of
computational estimation strategies with respect to different type of numbers on 45
college students. They prepared the three phases study to identify the students’
ability. In the first phase the students tested by 20-item estimation test on the
overhead projector. In the second phase students were tested individually to estimate
their answers and to think aloud as they arrived their answers. The last phase of the
study was containing again a testing with the sufficient time to compute the answers.
The researchers concluded that the subjects did fairly well on the integer part of the

test but the fraction and decimal part did relatively worse.

Sowder and Wheeler (1989) stated that the abilities to compute mentally and
estimate proficiently were related skills. Researchers indicated that good estimators
possessed a variety of skills and were flexible in the way they think about numbers
(Bestgen, Reys, Rybolt, & Wyatt, 1980; Reys, 1986; Reys, et al., 1991). However,
poor estimators had little understanding of what estimation meant. They usually tried
to calculate exact answers, and then give an estimate from that answer. They also
applied rigid algorithms that had been taught in the classroom, with little
understanding of the appropriateness of the strategy (Reys, 1992).

Hope and Sherrill (1987) found that skilled mental computers when compared with
unskilled ones used a variety of strategies. Computational estimation was a factor in
proficient mental computation. The researchers emphasized that "getting the right
answer,” was not a unique aim for understanding the students’ skills, context and
appropriateness of strategy were also involved in proficiency of the good computers.
An understanding of the effects of operation on number appears to be essential for
flexible mental computation, as some of the strategies that good mental computers
employ include decomposing and recomposing number to best suit the operations
(Sowder, 1988). For example, during the calculation of 136+199 it could be perform
as (136+200)-1. Sowder (1988) suggested that this kind of strategy would be both
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efficient and reduce demands on working memory, compared with a pen and paper

algorithm performed mentally.

The study of estimation performance of middle school students, Sowder- Threadgill
(1984) revealed through interviews a number of correct answers with incorrect
explanations. In the study, 26 middle school students representing a variety of
backgrounds and achievement levels were individually asked to estimate answers to
12 computational problems and explained how they obtained their answers. Results
indicated that estimation skills were highly dependent on students’ number sense and
mental computation performance. This means that students could find the correct
answers but they did not explain the reasons of them. Thus, interviews can give
better results than written tests. At best, tests might identify students who are good
estimators (i.e., score high on tests), and might identify related skills (Rubenstein,
1985); they cannot identify strategies or thinking processes. There was also a
possibility that students did not estimate, that is, they computed mentally, or first
computed mentally and then rounded to produce an estimate (Levine, 1982; Reys,
Bestgen, Rybolt, & Wyatt, 1982; Sowder-Threadgill, 1984; Sowder & Wheeler,
1989).

Brame (1986) stated that quantitative ability is most closely related to estimation
ability. Similarly, Rubenstein (1982) found that the mathematical skills, which
contributed most to the prediction of estimation performance, were operating with
tens, making comparisons, and judging relative size. Moreover, there is evidence
found by Yang (1995, p.38) that “skill in computational estimation is associated with
the flexibility of using and understanding the structure of number system and
operations.” Same as Yang’s (1995) findings, Paull (1971) found that the ability to
estimate answers to arithmetic problem was positively correlated with mathematical
and verbal ability and with the ability to solve problems by trial and error. This
finding also consistent with Boz (2004) results; she identified that the ninth graders

computational estimation ability was positively correlated to their literature score.
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According to Carpenter et al. (1976), instruction on estimation and mental
computation could provide a possibility for developing number sense, or quantitative
intuition. Students who were good at estimation and mental computation were easily
able to link symbols to concepts. The researchers stated that estimation and mental
computation were not only useful tools in everyday life but they could also lead to
better number sense. NCTM (1989) also stated that mental computation and

computational estimation require number sense.

According to Rubenstein (1982), estimation appears to have relationships to many
goals of mathematics instruction. For example, several mathematics educators have
noted its important relationship to problem solving. O’Daffer (1979) and Polya (cited
in Rubenstein, 1982) thought that estimating an answer before attempting a solution
would motive a pupil to pursue an exact solution. The reviewers of NAEP agreed
that estimation requires genuine understanding of basic mathematical concepts and

encompasses a variety of mathematical skills (Carpenter et. al., 1976).

With regard to older children, Sowder and Wheeler (1989) emphasized that
arithmetical skills, components and attitudes were all important in influencing
estimation ability. The concepts that the researchers proposed to be most relevant to

estimation ability were:
1. understanding of the role of approximate numbers in estimation

2. understanding that estimation can involve multiple processes and have

multiple answers

3. understanding that context can influence the appropriateness of an estimate

Estimation has been seen as a prerequisite to mental computation, a method of
arriving at an exact answer without using paper-pencil or technology (Hope, 1986).
Hope (1986) reported computational estimation should be increased in schools

because of its importance in relation to mental computation. Many research studies
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agreed that computational estimation is related with the mental computation. In
addition, they said that mental computation and computational estimation are to be
accomplished without the use of paper and pencil or other tools (Reys, Rybolt,
Bestgen, & Wyatt, 1982; Dowker, 1992).

According to Reys (1984), mental computation is important for estimation since it
provides the cornerstone necessary for the diverse numeric processes used in the
computational estimation. According to him, mental computation had two distinct
characteristics. First, it produces an exact answer and second, it is performed
mentally without the aid of external devices such as pencil and paper. She found that
a person could be competent at mental computation but very poor at computational
estimation simultaneously. However, converse is not true, that is, people who can
good at computational estimation are not also good at mental computation. Reys and
Yang (1998) supported to this result by the findings of their study. The researchers
tried to understand sixth and eighth grade Taiwanese students’ number sense through
the mental and written computation procedures. They asserted that “being able to
compute exact answers do not automatically lead to an ability to estimate or judge
the reasonableness of answers” (p.231). Thus, it was important that not only to

develop students’ ability to compute fluently, but also their ability to estimate.

Hope (1986, p. 49) described the close relationship between estimation and mental
calculation as stating, “Estimation is a less precise mental calculation.” Mental
computation is an important skill in its own right but computational estimation
greatly increases its potential. Hope (1986) asserted that while students all admire the
purity of Mathematics, they should learn to appreciate its flexibility, its adaptability
to whatever may be the special purpose in mind. Bennet (cited from Murphy, 1989)
concluded that common sense should be developed in stating and interpreting
problems and should apply the appropriate tools in finding a quantitative answer to

suitable and reasonable approximativeness.
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Mental computation enhances a student’s understanding of numbers, number
properties, and operations on those numbers that is; it improved the number sense of
the students. According to Gay (1990), mental computation also promotes flexible
thinking and problem solving. Siegel, Goldsmith, and Madson (1982) emphasized
the role of mental computation in bringing about a better understanding of the
number system and estimation. Mental computation is also useful in its own right. In
order to Hope (1986) in everyday world of the consumer and worker there was more
need for exact or a reasonably accurate mental calculation than for a pencil-and-
paper calculation. Like computational estimation, skill in mental computation is also
associated with understanding the structure of the number system. Individuals skilled
at mental computation use this understanding to their advantage while those poor at
mental calculation tend to try to use mental analogues of paper-pencil algorithm.
Because of that, these students could not cover the usefulness of mental computation

(Sowder, 2001).

Mental computation and estimation play a valuable role in everyday life. Reys and
Reys (1986) stated that surveys show mental computation and estimation are used in
more than 80% of all real-world problem solving situations outside the classroom. In
daily life people sometimes do not have calculator, paper-pencil or any other devices
to make computation that’s why they need their brains as stated by Maier (cited in
Hope, 1986) “Other computation tools may not always be available, but people
always carry their brains with them” (p.47). On the other hand, Reys and Bestgen
(1981) stated that it has often been found that students are more successful when

computing an exact answer with paper and pencil than when estimating an answer.

Although students more successful on mental computation than computational
estimation questions (Boz, 2004), in some topics students had difficulties while
conducting the mental computation questions. Students had difficulty on fraction and
decimal related questions in both estimation and mental computation formats

(Goodman, 1991; Hanson & Hogan, 2000; Rubenstein, 1982; Reys et al., 1995).
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Children may learn isolated techniques for dealing with fractions and decimals but
not make sense of these. Understanding about fractions and decimals became
disconnected from their place in the number system, within the child’s mind (Reys &
Yang, 1998). Irwin (2001) claimed that evidence that children working on
contextualized decimal problems improved their understanding more than children
who worked on decontextualised problems. Irwin (2001) suggested that connection

and sense making are key elements in the development of strategies for decimals.

Jurdak and Shahin (1999) conducted a study with a group of young street vendors in
Beirut. The researchers aimed that to examine the computational strategies of ten
young street vendors by describing, comparing, and analyzing the computational
strategies used in solving three types of problems in two settings: transactions in the
workplace word problems, and computation exercises in a school like settings. The
result of the study showed that the school-type algorithms for performing addition,
subtraction, and multiplication, which were originally memorized by the subjects
without understanding were transformed by the subjects into pieces of rules
remembered and combined in personal ways. A significant characteristic of these
incorrect rules was that they preserved the form of the correct rules but violated their
conceptual base or related understanding. Another striking result of the study was
related with the word problems. The word problems were comparable to transactions
in the frequency of occurrence of semantically based mental computational strategies
and in the high success rate associated with them. Jurdak and Shahin (1999)
concluded that the word problems, if meaningfully structured and used, they could
provide a pedagogically feasible option to develop the connection between formal

computational algorithms and contextual situations of real life.

Underlying children’s strategies in approaching problems are their conceptions about
number and their understanding of the number system. Place value and number sense

are thus essential elements of children’s strategic thinking. Ball (1990) and Nik Pa
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(1989) found out some common difficulties associated with fractions. These are

presented as follow:

l.

Students have difficulty with the meaning of operations. In whole number
arithmetic, division is understood to mean making smaller, and multiplication
is understood to mean making larger. The rules for addition, subtraction,
multiplication and division of fractions are easily confused and misapplied

(Ball 1990).

Students have difficulty interpreting mixed numerals correctly. They may not

interpret the number 4 (l) to mean 4+ 1 but rather as 2 (Ball, 1990).
2 2 5

Students have difficulty associating meaning with rational numbers expressed
as fractions. Students may not be able to recognize that units compared must
be same size, and that the numerator and denominator do not refer to distinct

regions of a closed figure (Nik Pa, 1989).

According to Johnson (1998), students have difficulty translating one rational

number model, whether verbal, pictorial or symbolic into another. Fractions are

symbols representing rational numbers may not be associated with real world

situations and therefore may not have practical implications than merely

computation.

Several studies compare children in different countries to see if there are differences

in their approach to computational problems (Anghileri, 1999; Mclntosh et al., 1995;

Reys & Yang, 1998). These studies suggest that there are differences brought about

by instructional focus. Children who were struggling with mathematics tend to

continue to rely on counting strategies and additive thinking, while successful

children use the more abstract and powerful ways of thinking (Anghileri, 1999).
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Callingham (2005) presented a report to initial findings of a model for developing
mental computation, which was applied to whole school from kindergarten to grade
six. In the model, there were three themes, which are Intellectual quality, Quality
learning environment and Significance. It was observed that considerable discussion
and interaction between teachers and students throughout all lessons. Hence, all
students were confident about taking risks and suggesting alternative approaches,
suggesting the model, which was well established. Similarly, Yang (2002) presented
a process-oriented activity through a class discussion, which aimed that the sixth
grade students learning on fractions. He asserted that through this activity,
cooperative learning, and class discussions could reduce students’ difficulties on
fraction. Thus, according to Yang (2002) number sense develops through

communication and debates.

However, Heirdsfield (2000) stated that computational estimation did not support
mental computation, which was a contradictory result with many research studies
(e.g. Reys, Bestgen, Rybolt, & Wyatt, 1982). According to Heirdsfield (2000)
findings, proficient mental computers did not exhibit proficiency in computational
estimation. She stated that one reason could be the students were too young to have

developed estimation strategies.

On the other hand, many searches asserted that there is a significant relationship
between estimation abilities and skill with arithmetic operations, which requires an
exact knowledge of numbers (Dowker, 1997; Rubenstein, 1985). According to
McChesney and Biddulph (1994), when doing mental computation the strategies that

are given below may be used;
« Using derived facts from memorized basic facts,
« Decomposing numbers, often using the nearest ten value as a benchmark

« Grouping numbers in different ways, for instance 100 as four groups of

twenty-five
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« Subconsciously using properties of the number system such as “the

distributive property”
« Employing invented strategies
. Using counting strategies
« Using front-end strategies

o Visualizing the written form of the “standard” algorithms for the “four

operations”

. Using pattern in the number sense

It appears that number sense in terms of mental computation could mean having
access to a variety of strategies based on an understanding of the number system and

how it works.

Teaching basic facts has always has been a part of any successful mathematics
program and is very important in developing mental math skills and flexibility
applying estimation skills (Leutzinger, 1999). Leutzinger (1999) addressed that too
much time spent on repetitive practice instead of exploratory experiences, which

gives the students the opportunity to developed thinking strategies on number sense.

2.4 Clinical Interview

Although clinical interview in mathematics education is not a new research tool, it
has not been known and applied in research studies much. Therefore, in this section,
clinical interview is introduced and explained through a tool for research studies and

an assessment tool for mathematics education.
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With the development of qualitative methodologies, interviewing has become one of
the main tools in mathematics education research. Clinical interview, which is a type
of tool for the qualitative methodologies get growing appreciation by researchers;
since it is seen as a kind of tool for entering the child mind (Ginsburg, 1981; Groth,
2005; Heirdsfield, 2002; Hunting, 1997; Huntley, Marcus, Kahan & Miller, 2007;
Karatas & Guven, 2003).

Clinical interview was originally developed by Piaget (cited in Ginsburg, 1981) for
psychological research studies. According to Ginsburg (1981), Piaget intended to
explore the wealthy of the children’s thought to understand their fundamental
activities and to establish the child’s cognitive capabilities. Ginsburg (1981) claimed
that Piaget produced this method to alternative of the standardized test. Since his
basic research goal was to explicate the nature of thought, he realized that it could be

performed by helping clinical interview not a standardized test.

The clinical method is generally a diagnostic tool applied to reasoning in children
(Opper, 1977). The researchers agreed that clinical interview is not a group testing, it
is a dialogue or conversation held in an individual session between an adult, the
interviewer, and the child, the subject of the study (Heirdsfield, 2002; Hunting, 1997,
Opper, 1977). Although most of the researchers agreed on the individual application
of clinical interview, Evens and Houssart (2007) examined the paired interviews in
mathematics education. In their study, the researchers were not specified the
procedure conducted as clinical interview but they argued that paired interviews
could possible tell more about the children approaches on questions. Even and
Houssart (2007) discussed how could be form the pairs of clinical interview and how

could be identified the factors appear during the interactions.

Similar to Zazkis and Hazzan (1999), Opper (1977) identified that the verbal
explanations were particularly valuable for inferring the underlying mental processes

of the students. Opper (1977) asserted that the interviewer consequently should make
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every effort to encourage the child to elaborate on and support students’ statements
or judgments about the different items presented. On the other hand, she added the
child’s verbalizations are not only information on his/her thinking and may be
supplemented or even at times replaced by observations of the child’s actions and

manipulations of the objects.

Unfortunately, a technology that makes it possible to observe a learner’s mind has
not been invented yet. Therefore, only means to speculate about students’ thinking or
understanding is by analyzing their words and actions (Zazkis, & Hazzan, 1999). In
his article, Ginsburg (1981) tried to identify three aims of the mathematical mind
activities that should be investigated by clinical interview since it is the most
appropriate method for these aims. Although this method could be assisted some
other procedures (naturalistic observation and standardized tests) involved many
different techniques. He identified that the division of clinical interview’s aims
through the mathematical thinking activities in threefold. These are based on Piaget’s
discriminations; the discovery of cognitive activities, (structures, processes, thought
pattern), the identification of cognitive activities, and the evaluation of levels of

competence.

Ginsburg (1981) aimed in his review to achieve better understanding of the clinical
method as it can be used in research into mathematical thinking. In order to do that
he gave detail information on clinical interview through the three kinds of aims.
According to him when it was aimed that to discover the cognitive processes actually
used by children in a variety of context, the clinical interview was planned as
involving an open-ended task and further questions in a contingent manner. The main
point of this issue was that the contingency of the questions are the essence of the
clinical interview and could not set all of them before the interview. When the
exploration was involved, the method was open-ended and employed a kind of

naturalistic observation. Besides discovery, when it was aimed that to identify the
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intellectual phenomena which cognitive processes underlying them, the method was

relatively focused and may employ elements of experimental procedure.

Some of the mathematics education researchers who are interested in the
mathematical thinking try to describe precisely the thought process involved in
mathematical tasks. Certainly, it is a complex process to identify the cognitive
structure of a child, often it begins with the extensive amount of observations, which
may have been produced, by any one of several different underlying structures.
According to Ginsburg (1981), the third research purpose to use clinical interview
that Piaget identified was evaluation of competence, which was involved in given
mathematical tasks. In this kind of clinical interviews, the intellectual competence is
detecting and identifying. Evaluating the competence contains three components the
assessment of motivation, subjective equivalence and strength of belief. As a result,
Ginsburg (1981) reviewed Piaget’s explanations on clinical interview through the
three aims of mathematics education research studies, which were Discovery,

Identification, and Competence.

Golding (2000, p. 520) noted that such interviews allow researchers to “focus
research attention more directly on the subjects’ processes of addressing
mathematical tasks, rather than just on the patterns of correct and incorrect answers
in the results they produce.” Nowadays, clinical interview is not only a scientific tool
for the researchers but also an assessment tool for teachers. Heirdsfield (2002)
discussed changing of clinical interview the form of a research tool to assessment
tool in her study. She asserted that the conventional way of assessments limited to
teachers about the students’ thoughts processes, misconceptions and learning
difficulties so they need more sophisticated tool, the clinical interview. Similarly,
Hunting (1997) claimed that this method should be used as an assessment tool
additionally to conventional way of assessment by teachers to plan effective teaching

strategies.
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Huntley, Marcus, Kahan and Miller (2007) were developed two task-based interview
protocols with semi structure probes. Although Opper (1977) defined the clinical
interview as a diagnostic tool and should be performed in an individual sessions,
Huntley et al. (2007) preferred interviewing students with couples since they aimed
to identify the students’ thinking on algebraic problems. They observed in the pilot
study that the students in pairs felt more at ease. Evens and Houssart (2007)
mentioned about the paired interview in mathematics education and claimed that the
children were interviewed in pairs provide opportunities for interaction and
discussion as well as putting the children at ease. On the other hand, there is no
specific explanation for the constructing the pairs that are join the interview together.
This couples’ interaction obviously changed the direction of the interviews and this

is an obstacle for an interview.

Goldin (1998) explained task-based interview in detail description including nature
and amount of intervention by interviewer, the extent to which participants are asked
to verbalize their thoughts as they work through the tasks, the tools and materials
available to them, the interview context, and the equipment used to make records of
the interviews. The researcher claimed that it was obtained deeper information
beyond students’ scores compared with the assessment administered to students in

paper-pencil format (Goldin, 2000).

Zazkis and Hazzan (1999) discussed about the selection of the questions of the
interviews on mathematics education research studies. They were tied to some
outlines of how the researchers select their questions by investigated interviews from
kindergarten to university. The researchers identified the article interview questions
which were categorized in six titles; performance questions, unexpected why
questions, twist questions, construction questions, give an example tasks and the
reflection questions. The researchers investigated the interviews were semi-
structured, clinical with cognitive orientation on the subject matter. The interviews

were clinical one since they all consisted extensive observation and conducted in a

71



clinic, which were usually an office or classrooms. According to Zazkis and Hazzan,
(1999), designing (good) questions was only one step in “art and science” of clinical
interviewing. Different from Huntley et al. (1997) study, the investigated clinical

interviews performed in individually.

Semi-structured means that planned interview with contingent questions following
the interviewee’s response. Huntley et al. (1997) meant that “Orientation on the
subject matter" as focusing on interviews about mathematical content, where the aim
is to reveal students' understanding of mathematical concepts. This is a special case
of Piaget's basic research goal, namely, to explicate the nature of thought” (Ginsburg,
1981). Although Zazkis and Hazzan (1999) tried to identify the questions that are
asked in the clinical interview they gave a contradictory explanation of one of a
researcher’s perspectives; she/he has pointed out that did not believe in pre-planned
interview as the best or even adequate way of helping researchers understand
mathematical understanding of students. She/he believed in integrating teaching
space and research space, where there was no room for pre-selected questions.
Acknowledging the complexity of human cognition, that researcher saw any
deliberate effort to excavate what is going on in people's head as unsatisfactory.
Zazkis and Hazzan (1999) agreed with this contradictory explanation by Ginsburg’s

(1981) calling which was the moving beyond the standardized instruments.

Groth (2005) performed a task-based clinical interview on statistical problems, which
were presented two different contexts to understand patterns of thinking of the fifteen
students. Additionally to interview records the researcher took some field notes and
keep students’ written works. In the educators’ interview sessions, questions were

asked to identify and describe the patterns of the statistical thinking.

Some other researchers examined the clinical interview method as an assessment tool
for evaluating students’ problem solving behaviors (Baki, Karatas, & Guven, 2002;

Karatas & Guven, 2003). In their study, they discussed some assessment methods,
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which were standard test, performance assessment, and essay type questions in the
evaluating procedure of problem solving. The researchers agreed that the most usable
method for the evaluating the students’ problem solving procedures was the clinical

interview method.

Opper (1977) emphasized that building a rapport with the child was the one of the
important component of clinical interview. To accomplish this rapport issue she
suggested that starting with more personal questions to the interview like, his name;
age whether he has sister or brother, etc. These more personal questions could then

be followed by questions about the interview context.

According to Goldin (2000), the concept of reliability includes measuring the
consistency with which a task-based interview is conducted, observations are taken,
and inferences are made from the observations using defined criteria. It also includes
measures of consistency among different observations intended to permit the same or

similar inferences.
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CHAPTER 3

METHOD OF THE STUDY

The purpose of the study is to describe the computational estimation strategies used
by seventh grade students and to identify the factors, which influence students’
estimation ability on numerical questions. In this chapter, research design, subjects of
the study, the procedure, the pilot study, measurement of the instruments are

discussed.

3.1 Research Design

Qualitative research is the approach of inquiry used in this study. According to
research questions, the present study tries to answer “what” questions rather than
how or why. Answers to these questions were sought through investigation of five
students’ perspectives. Therefore, multiple case study was designed for gathering
information to address the research questions. According to Yin's case study design
typology, embedded-multiple case study design was used for the current study (Yin,
2003; Yildirirm & Simsek, 2003). In the embedded -multiple case studies, firstly
every situation is considered by itself and later compared to each other. In the current
research study, each student was concerned as a single case and then compared to
each others. On the basis of Yin’s (2003) explanation, unit of analysis is relevant to
the fundamental problem of defining what the ‘case’ is; the unit of analysis of the
present study is five interviewees in themselves. According to Miles and Huberman
(1994), multiple-case sampling adds confidence to findings. It can strengthen the
precision, the validity, and stability of the findings (Miles & Huberman, 1994).
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3.2 Participants of the Study

In this section, the sampling procedure is described in detail. First, the two steps
sampling process is explained and it is followed by brief descriptions of the

interviewees.

The first step for the sampling started with the determination of the elementary
school. Therefore, an elementary school from a moderately big city located in
Aegean region was randomly selected among the forty-six schools. The middle socio
economic families’ children were attending this selected school. There were a
hundred and twenty seventh graders (aged in 12 years old) who were enrolled in the
four-classes of the selected elementary school. Three male mathematics teachers
were teaching these four classes. One of them was very experienced with 30 year-
service in teaching and the others were in their twentieth year of their profession. The
necessary permissions for conducting a research study were obtained from the
provincial directorate of National Education. The seventh graders constituted the

population of the study.

As a second step for sampling process, the researcher picked up seven students
according to testing results of four classes of the seventh graders. The scores were
listed and seven high scores among others selected for the reaming part of the study.
Therefore, purposive sampling was conducted. Purposive sampling is very common
sampling procedure for qualitative research studies where Merriam (1998, p. 61)
explained it as “purposive sampling emphasizes a criterion based selection of
information rich cases from which a researcher can discover, understand and gain
more insight on issues crucial for the study.” In the current study, the criterion was
“the high score” from the tests. Additionally, Miles and Huberman (1994) claimed
that qualitative samples tend to be purposive rather than random, which is very

important with small number of cases.
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Seven students who get higher scores from the tests (word test and numerical test)
were selected among a hundred sixteen students. A hundred twenty students reduced
a hundred sixteen since one student did not attend testing procedure and three of
them uncompleted the tests. The distribution of a hundred sixteen students according

to four classes and gender is presented in the Table 3.1 below:

Table 3.1 The distribution of the students in four seventh grade classes

Male Female Total
Class A 16 15 31
Class B 12 18 30
Class C 15 15 30
Class D 18 7 25
Total 61 55 116

Since, these selected seven students’ scores were very similar (S1: 9 points out of 15
points, S2: 9 points, S3: 9 points, S4:9 points, S5: 9 points, S6: 8 points, S7: 8 points)
to each other and there was a big gap between the scores of the first seven students
and eight one (S8: 4 points out of 15), only these seven students got involved in the
study. However, during the data gathering procedure two students (S5 and S7) were
eliminated from the study because of their lack of communication abilities. As a
result, four male and one female student formed the interview group. After
elimination of the two students, the participants were enrolled in the same class,
which was called as Class A. Brief descriptions of the five students are presented in

the next section.
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3.2.1 Personal Information about Participants

I collected some information from the three types of teachers who are related with
the subjects. First one is the mathematics teacher, identified their mathematics
achievements and attitudes in mathematics lessons. Other one is the guidance
counselor who advises students about their personal problems. He is collecting
information and keeping records about students’ family, academic achievements, and
some health problems. The last one is the classroom teacher who is responsible for
the classroom. He collected information about each student in his classroom, like
academic achievement, parental information, personal problems, or family problems.
In order to get to know each student deeply, I conducted interviews with these three
teachers. The mathematics teacher of Class A has been teaching for two years;
therefore, he could explain students’ previous semester mathematics achievement,
their improvement, or thoughts on mathematics. The classroom teacher takes notes
about the students’ last semester and this semester grades from all courses. With the
aid of these two teachers, students’ last semester academic grades (mathematics and
language courses only) were gathered and presented in the following Table 3.2. This
table is important for deducing some conclusions about students’ computational
estimation since researchers claimed that subjects’ mathematics and literature
achievements positively correlate with their estimation performance (e.g., Boz, 2004;
Cilingir & Turnuklu, 2009; Montague & van Garderen, 2003). Therefore, students’

previous semester grades on mathematics and language courses are reported.

Table 3.2 Students Academic Achievement Scores from Mathematics and Turkish
Courses

Interviewees Language Grade (out of five) Mathematics Grade (out of
five)

Mert 5 5

Ayse 5 5
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Table 3.2 continued

Interviewees Language Grade (out of five) Mathematics Grade (out of
five)

Deniz 5 4

Nevzat 5 5

Sergen 4 4

In Turkish school system, the highest grade is five for each course at elementary
schools. As can be seen in the Table 3.2, except Sergen and Deniz, the others (Ayse,

Mert, and Nevzat) had five out of five for the courses.

The remaining of the section contains specific information of each participant. The
presented information about the participants was gathered through teacher

interviews, observations, and student interviews.

Mert

Mert’s father is a doctor in a clinic and his mother is a nurse in a hospital. He has a
sister who 1is three years older than him, and studying in an Anatolian High School.
Mert was an outstanding student among others since he had a great expectation from
the future. He was the only person who stated that he want to be a student of Robert
College (which is the most selective independent private high school in Turkey. The
146-year-old institution is the oldest American school, still in existence in its original
location outside the United States). According to his mathematics teacher, Mert is a
very successful student. In the mathematics class, he finds solutions by using
unordinary methods for the problems and most of the time insists that his way is
better than the teacher’s method. The mathematics teacher claimed that Mert has

high self-confidence in mathematics lessons. According to classroom teacher, Mert
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sometimes exhibits aggressive behaviors towards his teachers and classmates. His
classroom teacher explained his aggressiveness by stating that these behaviors occur
when someone rejects his solutions to a problem. The classroom teacher confirmed
Mert has a great self-confidence in general. The guidance counselor pointed out his
family. According to guidance counselor’ records, Mert’s parents are very concerned
about their children. Mert sister was also a student of that elementary school three
years ago. According to the guidance counselor, Mert’s parents got information
about their children’s success or problems regularly from the teachers. According to
guidance counselor, Mert has outstanding ideas and perspectives compared to other

students.

Ayse

Ayse’s father is a manager in a government office, and mother is an elementary
school teacher. According to her mathematics teacher, Ayse is very successful
student since she is a hard-working student. He added that in the classroom she
listens to the mathematics lesson very mindfully. The mathematics teacher specified
Ayse as a researcher since she does her homework very properly by doing extra
studies about her homework. The teacher observed an interesting point about her that
is according to mathematics teacher she solves the questions always by following
methods that are taught at classroom, not using a practical or shortcut way. The

classroom teacher regards Ayse as a smart, quiet, and compliant person.

Deniz

Deniz’s father is a dentist and mother is an official in a government office. The
mathematics teacher of Deniz stated that he is very silent in the classroom. He stated
that Deniz talks in the mathematics lesson if and only if a question is asked to him.
According to the mathematics teacher, his mathematics achievement is moderate and
in the mathematics lessons, he is very silent and respectful. The classroom teacher
defined Deniz as a good football player and social student. The classroom teacher

stated that although he is a silent person in the lessons, he is very active out of class.
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The guidance counselor stated that Deniz is a smart student but does not work

systematically.

Nevzat

Nevzat’s parents are elementary school teachers. The mathematics teacher found
Nevzat poor about mathematics. Although his mathematics grade is good enough
(five out of five), the mathematics teacher explained this success as saying that
“Nevzat is working hard only before the exam otherwise he is not a hard-working
student”. According to mathematics teacher in the mathematics lessons, he raises his
hand neither to answer any questions nor to ask any questions to understand any
problems. The classroom teacher stated that Nevzat is a polite and respectful person.
According to classroom teacher, since he cannot express himself in a precise way, he
may be unsuccessful on his lessons. This observation may explain the mathematics
teacher’s interpretation about Nevzat’s poor mathematics success in classroom
contrary to exam results. The guidance counselor made a similar observation stating
that Nevzat has some difficulties in expressing himself but he is a smart student in

nature.

Sergen

Sergen’s parents are both officials in a government office. According to his
mathematics teacher, he was more successful last year. He got the highest score
among the sixth graders last year. However, the mathematics teachers identified that
Sergen lost his ambition about mathematics, so that his achievement decreased
relative to last year. According to classroom teacher, Sergen is a skeptic person in his
personal life. The classroom teacher explained Sergen’s skepticism, as “he wants an
explanation for every event in the classroom and wants to be convinced about the
situation.” According to the teacher, Sergen is a person who sticks strictly to the
rules however; rules should be explained to him. The guidance counselor described
Sergen as a social student and active in groups. He is a football player in the team

and according to the guidance counselor; Sergen has a high level of self-confidence
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when compared to his peers. The guidance counselor pointed that Sergen’s father is
very ambitious about Sergen’s school achievement and sometimes, he puts some

pressure on Sergen.

3.3 Procedure

In this part of the chapter, the procedure of the study is explained. The procedure of
the study consists of two main parts; pilot study and main study. In the following

Table 3.3, stages of both pilot and the main research are presented:

Table 3.3 The Steps of the Research Study

« An elementary school was selected

« Two six-grade classes were selected

The pilot One week observation was carried out

study Computational Estimation tests were conducted

« Six interviewees were selected

o Clinical interviews were conducted in three sessions

Afterthe  « Clinical interview protocols were redesigned

pilot study The grade level of the participants was changed

o The Computational Estimation Test was redesigned
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Table 3.3 Continued

« An elementary school was selected for the main study
« Four classes of seventh graders were selected

« The four classes of the seventh graders’ mathematics classes

Main study were observed for two weeks

« Computational Estimation Tests in word and numerical formats

were administered to all the classes
« Seven interviewees were selected according to test results

« Two-session clinical interviews were conducted with five

students

3.3.1 Pilot study

The pilot study was conducted in spring semester of 2007-2008 academic year with
sixth graders. The aims of the pilot study were first, testing questions in the
Computational Estimation Test in both numerical and word formats and the second,
piloting the interview protocols in three sessions. Additionally, researcher aimed to

gain experience about the clinical interviews.

First by random sampling, an elementary school was selected among the forty-six
elementary schools located in the central area of the city. The selected elementary
school has two sixth grade classes with forty students. The Computational Estimation
Test with 20 items was applied to these two sixth grade classes. The test involved
estimation questions on 5 whole numbers, 5 decimals, 5 fractions, and 5 percentages.
Researcher produced the test with the help of some other instruments used by other
researchers (Berry, 1998; Goodman, 1991; Heinrich, 1998; Reys, Rybolt, Bestgen &
Wyatt, 1980). The items all are in numeric form and required to apply only

computation. After analyzing the test results, the most successful seven students were
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selected. According to answers, communication skills, arithmetical and estimation
ability levels, two students were eliminated from the study. Therefore, the interview
group consisted of five students with one female and four males. There were three
interview sessions conducted for each student, so that totally eighteen interviews

were recorded by audio-tape and transcribed by the researcher.

The data gathering process had to be separated into three sessions because of some
internal and external reasons. Firstly, the time was the main obstacle for the research.
The elementary school conducted educational schedule in the mornings with sixth,
seventh and eight graders, in the afternoon the first five grades of the classes were
present in the school. Therefore, the researcher could apply the interview sessions at
the end of the day for the morning group of students who were selected as

interviewees.

Because the interviews should be conducted in a restricted time, which was in
midday break, the interview sessions must be divided into three parts. The students
participated in the study attended in the morning class, they finished the school day
at the midday. Interviews could be done in this midday time as half an hour sessions.
The students had to take the interviews in three weeks at the same day to finish the
prepared questions in the interview schedule. The second reason is that the age
constrain of the interviewees. All students were at 6™ grade and their mean age is 10-
11 years old. As the students were hungry or tired in the midday period, they could
not give full attention to the whole part of the questions, so that questions had to be
divided into three separate parts. These reasons for dividing the interview sessions
are external reasons; on the other hand, there are some internal ones for this
separation. When we look into the sessions, we see that all of them are similar to
each other within the context of the questions; on the other hand, they are different
from each other within the context of the interview questions. That is, all questions
required estimation but in some sessions they were presented in numeric form, in

some as word problems. Additionally, some of them contained percents and only
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some of them had options; some of them required self-produced solutions. The
examples and explanations of the questions in the three sessions are given in tables

below.

In the Table 3.4, whole number and percent related questions are presented as the
session 1 question examples. In session 1, eight word problems were asked to the
students. The problems contained four types of numbers (whole number, decimal,
percent, and fraction) and requested self-produced solutions from the students in the
pilot study. Among the eight problems, three were eliminated in the main study since

they were percent estimation questions like in the Table 3.4 below.

Table 3.4 Example Questions from Session 1

Questions Type

There are five big cities in a region and according to last ~ Whole number
census, the population of cities are: first one is 87 419, second
one is 92 765, the third one is 90 045, fourth one is 81 974 and
the last one is 98 102. What is the average population of this
region?

Yusuf spent 10.83 YTL in supermarket and he saw that Percent
15 % of this shopping was spent in haphazard manner.
According to bill, approximately how much money had been
spent in haphazard manner?

The following table shows, the example of questions in Session 2. The three
examples given are among the 12 numerical estimation questions in fraction, decimal
and whole number. These questions were used in the main study without any
changes because it was observed that there was no problem while producing
estimated answers for them. Some of the examples are given in the following Table

3.5.
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Table 3.5 Example Questions from Session 2

Questions Type

31 x 68 x 296 Whole number
0.7+ 0.002 +0.81 Decimal
1 1 1 Fraction

3—+19 —+12—
2 2 4

For each type of the numbers (fraction, decimal and whole numbers), the students

were asked to estimate by explaining how they got their answers in the Session 2.

In the third session, only percent-related four questions were asked and the students
were wanted to choose one of the given options. The Table 3.6 shows some
examples from this session. These questions were not involved in the main study
because it was observed that students had some problems while producing the
estimated answers for them. For instance, they tried to contextualize the numerical
questions at first then tried to estimate. Therefore, finding acceptable estimation
might be related with rather than students’ ability to conduct estimation but with the

ability to change numerical problems to word formats.

Table 3.6 Example Questions from Session 3

Percent Questions

What is the 25 % of 572? Less then 200
More then 200
Have to compute

What is the 35% of 37.50? Less then 12

More then 12
Have to compute

In this session, the students did not produce the estimated answers, they only chose

appropriate option among the three options by notifying the given reference
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numbers. Additionally, researcher wanted students to explain how they selected the
answer among the other options, so that it was checked whether students used

estimation or not.

According to transcriptions for each session, themes and codes were constructed.
These are presented in the Appendix F. As can be seen, these codes and themes are
more complicated and amateurish than the codes of main study. An example part of
results of pilot study is given in the Appendix G. According to pilot study, the
process of coding transcribes could be performed easily. Pilot study produced many
contributions to the main study because the pilot study was a detailed long term-
process. It took nearly four months to conduct the Computational Estimation Test,
interviewee-selecting procedure and perform the three session interviews with
participants. The piloting made many changes to the present study. These

contributions are discussed below.

After the pilot study, the researcher reexamined most of the critical points for the
main qualitative study. First, the subjects’ grade level was a critical point for study.
After reconsidering capability of the students, seventh graders were chosen in order
to sixth graders. There were some reasons to pick up the seventh graders; the first
one was the sixth graders’ poor performance on estimation and mathematical facts.
Another reason is that the selected sixth graders had poor communication skills;
hence, the clinical interview sessions were difficult to carry out with them.
Additionally, some changes on estimation test were made. The test items included
whole numbers, decimals, fractions, and percents. The percent-related questions were
eliminated from the test since those questions were requiring different mathematical
applications such as context-based requirement for subjects and strong construct of
division or multiplication with hundred relationships. Every student in the pilot study
correlated the percent questions in daily life money problems and this kind of
connection may produce extra variables for the study where it may be difficult to

control them.
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Moreover, the second session of the interview in the main study was modified after
pilot study. In the former one, the affective domain questions that formed the second
session of the interview were embedded in the numerical format interviews in the
pilot study. If the questions had not been divided into three interview sessions during
the pilot study, the interview might have taken a very long time for sixth graders.
Therefore, the questions were separated in three types and three interview sessions
each of which were applied in thirty minutes were carried out. Although there were
seven students, 21 interviews were conducted in pilot study totally but 18 were taken
into consideration. However, one student who took a session could be taking the
other session after three weeks, sometimes four weeks later. This kind of time
interval made students away from the estimation concepts and forgot the topic, which
were mentioned in the previous interview. During the pilot study, there was a striking
point observed after these interviews. A student, who involved in the first session of
interview, until he/she took the second or third sessions, could be more experienced
on estimation or sometimes forgot about our talking on estimation. In addition, it was
found that students’ gaining experience affected the gathered data. This finding was
also confirmed by the results of Montague and Garderen (2003) who claimed that
estimation ability is likely developmental in mature and as students mature their
estimation strategies, they become more sophisticated and their estimation abilities
improve. As a result, affective domain questions put together and used in a separate
interview domain differently from the numerical format of estimation questions, so
that the number of sessions arranged was two not three. Moreover, the time interval

between the interviews taken by each different student was one day.

Besides the changing of grade level of the participants, the number of interviews that
was conducted with them and elimination of percent-related questions from the pilot
test, some other changes were made during the data gathering processes. For
example, in the pilot study, an audio recorder was used for the recording the
interviews. However, during the transcription of the interviews, face and body
movements during the some parts of the conversations were desired to be

remembered or reexamined. Therefore, in the main study, a video camera was used
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and during the transcriptions, some extra observations could be done on body
movements through the video recordings. The researcher trained herself to apply the

interviews, particularly, to ask follow-up questions after answers of the students.

As a result, the pilot study showed some critical points to be considered by the
researcher. These are: grade level is quite important for the clinical interviews, the
percent related estimation questions should be separated from the other types of
numbers (whole, decimal and fractions), and interview sessions’ time should be
closer to each other, for instance, it may be in the same week, or may be at most two

days between them.

Pilot study produced great contribution to the main study. As discussed above, both
the way of conducting the case study, and used tools for data collecting were revised.
The revised data collecting tools and procedures are going to be explained in the

following section.

3.3.2 Data Collection Tools

This section explains the tools for gathering the data. There are mainly four types of
tools, which are classroom observations with taken fieldnotes, the Computational
Estimation Test with two parallel forms, clinical interviews, which were conducted
twice with participants, and interviews with teachers to get detailed information
about the participants, are listed in the Table 3.7. In the following table, the aims of
the tools are given briefly and detailed explanations are also presented in the next
section under the title of each tool. The tools are presented in orders that are used

during the procedure.
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Table 3.7 Data Collection Tools

The data collection The aims of the tools
tools
1. Classroom Researcher conducted two-week observations of four

classrooms at the very beginning of the study and took
some fieldnotes. The aims of the observations were to
get rapport with students, and to understand the teachers
and students’ interactions, students’ perspectives of the
“fraction” topic of the mathematics lesson.

Observations

2. The Computational The test was used in word and numerical formats as

. parallel forms during the whole class application for
Estimation Test (CET) identifying the higher estimation achievers. The aim of
using CET is to select high scorers for interview
sessions.

3. Clinical Interviews  Two sessions of clinical interviews were conducted. In
the first session, CET numerical form was asked to
students who were also requested to explain their
solution procedures. In the second session, semi-
structured questions were asked to understand
participants’ thoughts and feelings about computational
estimation.

4. Teachers Interviews There were five interviews conducted with the three
types of teachers who were mathematics teacher,
classroom teacher, and guidance counselor. The aim of
the interviews with teachers was to get more
information about the participants.

The data collecting procedure was started with the classrooms’ observation and then
following with the others, which are presented in the Table 3.7 above. The details of

the steps are explained in the following sections.

3.3.2.1 Classroom Observation

Marshall and Rossman (1999) defined triangulation as an act of bringing more than

one sources of data relevant to a single point. To get multiple sources of data, that is,

95



to make the triangulation, the researcher conducted many procedures to confirm the
data. In the current study, the researcher conducted two weeks’ observation to take
fieldnotes. The researcher observed the participants in the four classes before the
whole class applications were carried out, and took some field notes during the

observations.

The time of observation was planned according to “fraction” topic of mathematic
curriculum in seventh graders. Therefore, observations were made while “fraction”
topic of the math classes was being taught. The three mathematics teachers’ four
seventh grade classes were observed in two lesson periods. The focus of the
observation was teachers’ approaches to estimating fractions, the students’ answers,
and teachers’ reactions to the students’ estimated answers. A striking field note

observed from class A is given below in Figure 3.1;

Class A: 23 December 2008 8.30 am to 9.10 am
Tuesday

Teacher A wrote a question (i n 9) on blackboard and

17 7
asked to the students “before conducting a computation
what would you say about the answer? May be bigger than
2 or smaller than 2?” Four of the students raised their
hands, and teacher gave them a hearing. Most of them
gave unreasonable answers, or gave reasonable answers
without any explanation. However, one student (Mert)
gave his answer with correct explanation. He used
“nearness of fraction to one” concept to explain his
answer. Additionally, he checked his answer by
conducting exact computation on the board. Then the
teacher explained the estimation strategies of fractions by
saying “you should control the fraction’s numbers both in
the denominator and numerator, so that fraction may be
bigger or smaller than one, bigger or smaller than a half, or
near to zero. These help you to decide where the answers
should be.”

Figure 3.1 An Example to the Fieldnotes from a Classroom Observation
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The observation of the above-mentioned event made me aware of Mert’s talent at the
mathematics classes. In the other classes, there were a few students who reacted as

Mert did.

Additionally, observation gave some evidence about the teachers’ views on
estimation. Although the Teacher A, who was the teacher of class A, tried to use of
estimation in the fraction lesson, the other teachers, Teacher B (teacher of class B
and class C) and Teacher C (teacher of class D) did not ask any questions related to

estimation.

The other aim of the observations was to build rapport with the students. Since
clinical interview requests a relationship, which is trustworthy, warm, honest and
close, the rapport with students should be built by the researcher. After the lesson
time, the students and researcher made some conversations, as the researcher
answered the students’ questions like “Why are you sitting at the end of the
classroom?, Why are you making a research?, What does it mean being a

researcher?” etc.

As a result, the observation, which was conducted even in a shorter period of time,
yielded many clues gathered from the students and teachers. The researcher built
close relationship with all interviewees by helping and interacting with them during

the observation period.

3.3.2.2 Computational Estimation Test

At the beginning of the study, first word format of CET was conducted and then the
numeric format of CET was applied to four classes of the seventh graders. The

Computational Estimation Test consisted of 15 open-ended questions, which were
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obtained from different research studies and kept in their original formats (Berry,
1998; Goodman, 1991; Heinrich, 1998; Reys, Rybolt, Bestgen & Wyatt, 1980).
However, the questions adapted from the studies were in numerical form and they
were converted into word form for the current study to construct the application
format of the CET (Berry, 1998; Goodman, 1991; Heinrich, 1998; Reys et al., 1980).
Both CET tests (word and numeric) were presented to whole class by using overhead
projector and giving 15-20 seconds for each question in the word format CET test
and 10-15 seconds for each question in the numeric format CET. A standard answer
sheet was given to the students, so that the students would not loose time for
rewriting the questions. The answer sheet is given in the Appendix D. The questions

in CET (word and numeric) requested self-produced solutions.

In the whole class application, the Computational Estimation test was conducted in
two different forms, first in word format and then in numeric format. The researcher
at the very beginning of the study prepared the word format of the test according to
feedback from the pilot study. For the content validity, more than one procedure was
conducted. First, researcher reviewed the questions with a selected seventh grade
student who was not involved in the study group and classified as successful one by
the student’s teachers. Then the questions were discussed with this seventh grader’s
mathematics teacher. The mathematics teacher gave some insight into the wording of
the questions and content. Additionally, a candidate of doctorate student reviewed
the questions as an expert. After all the recommendations, some modifications were
made on the wording of the test. For example, according to feedbacks, the second
question presented in the Table 3.6 below was changed. The first form was “Burak
thought approximately one of every eight marbles was lost during the moving. He

had 713 marbles. Approximately how many of his marbles were lost?”

The examples of the word and numerical formats of the tests were given in the table
below. The items were designed to require the same operations to control the

students’ problem solving abilities.
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Table 3.8 Example of Word and Numeric Formats Questions

Example of word format of CET Example of numeric format of CET
A tailor buys 835.67 m ribbon for
dresses. However 0.526 m dirty part 835.67— 0.526

should be cut. Approximately, how long
is the rest of the part?

Burak should give his 713 marbles to his
8 friends. Approximately, how many 713+8
marbles does each friend take?

The reason for conducting the word format of the CET is to control variables that are
problem-solving abilities, which were discussed in some other studies (Mottram,
1995; Reys et al., 1980; Rubenstein, 1982). These studies reported that the effect of
problem solving abilities on word application of estimation questions differs from
that on numerical format of estimation questions. According to literature, children
might not understand the words and syntactic structure of a problem and/or may have
trouble accessing mental representations of quantities when physical referents are not
provided. Levine, Jordan and Huttenlocher (1992) developed a nonverbal calculation
tasks that eliminated these sources of difficulties. In their study, the task requires a
child to reach an exact solution to a calculation problem rather than to make a
judgment about the effects of the addition or subtraction transformation. In the
current study, researcher tried to control the students’ problem solving ability by
conducting word format and numeric format of CET, which requested to the same
operations. While selecting the students, the researcher matched the questions in both
word and numeric format tests of CET. After matching items in two tests, students
who got the highest score in both matched items were selected. According to analysis
of correlation between the word and numerical formats of the tests, there is a
statistically significant correlation (r=0.42, p(0.001) between the tests. Since the tests
were highly correlated to each other, the students who got higher scores for both of

them at the same time were chosen for the interview group.
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The fifteen open-ended items were formed in word and numerical formats that
consisted of three number types; whole numbers, fractions, and decimals, which
appeared in four operations. All estimation questions requested self-produced
answers. The table below shows which questions contain which operation and which
type of number. Additionally in the Table 3.7 it is showed the aims the questions and
the ability desired to be observed.

Table 3.9 Distribution of the Questions of CET

Addition Subtraction  Multiplication Division
Whole  Question 15 Question 3 Question 1 Question 8
number Question 11
to be able to to be ableto  to be able to O to be able to
Aim add big subtract big use ten and divide big
numbers numbers multiple of ten number by
in small one
multiplication 0 to be able to
divide small
number by big
number
Fraction Question 10 Question 4 Question 13 Question 6
Question 9
to be able to to be ableto  to be able to O to be able to
Aim add to mixed subtract multiply divide proper
numbers mixed mixed fractions
numbers numbers O tobe able to
divide mixed
number by a
proper
fraction
Decimal Question 5 Question 2 Question 12 Question 7
Question 14
to be able to to be able to O tobe ableto divide a decimal
Aim add decimals subtract multiply too by a bigger whole
decimals small number
decimals
O to be able to
multiply
fraction by a
decimal
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In the current study, the responses of the interviewees, which were falling within the
range of 10% above or below the exact answer, were considered to be acceptable.
Therefore, the answers given by students were taken as right answers and coded as
one point in data sheet if they fall into the acceptable intervals (the intervals are
presented in Appendix B) otherwise the answers were coded as zero. This accepted
interval changes according to the subject’ age. In most of the studies, the accepted
interval used for identifying the correct answers changes. There is no generally
accepted interval for estimation related tests. For example, in some research
“acceptable interval” was considered to be within 50% of the exact answer (Baroody
& Gatzke, 1991; Boz, 2004; Siegel, Goldsmith & Madson, 1982; Crites, 1992;
Cilingir & Turnuklu, 2009; Rubenstein, 1982; Montague & Garderen, 2003). On the
other hand, Gatzke (1989) took the acceptable estimates within 25% of the actual
answer and Mottram (1995), Hanson and Hogan (2000) and Hogan and Brezinski
(2003) set this interval as between 10% and 20% of the exact answer. These intervals
are changing according to subjects’ ages, grade levels, achievement, or estimations

background.

Various question formats could be used for assessing the estimation ability.
However, these various question formats —open ended, intervals, multiple choices,
order of magnitude, and reference number- all have advantages as well as
disadvantages (Reys, 1986). In the current study, the Computational Estimation test
consists of 15 items designed in the open-ended format; that is, questions requested
self-produced answers. Although the open-ended format is recommended by most of
the researchers as it is consistent with the notion that there are several good
estimates, establishing acceptable intervals for each response and hand scoring the

test takes time (Reys, 1986; Rubenstein, 1982).

The tests were administered to 116 students and the test answers were coded in 0-1
coding system. That is if an answer is in the acceptable interval, it is coded as 1 and

if not coded as 0. Therefore, 15 points is the highest possible score to get from the
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test. The reliability of the word and numeric format of CET was 0.61 and 0.63
respectively. Although the reliabilities of the tests are not very high, CET tests are

used for selecting the five interviewees for the study.

In the answer sheet given in the Appendix D, students should also answer the two

qualitative questions, which are;
« In your opinion, what does estimation mean?

«  Where do you use the computational estimation in your daily life?

In the answer sheet, there are two questions related with the students’ self-rating of
their estimation abilities, and mathematical abilities. They rated themselves
according to four-point scale (4=very good, 3=good, 2=moderate 1=poor). Although,
these questions were also asked them during the interview sessions, researcher
wanted to record the thoughts of students before the interviews with students about

estimation. It was observed that students were consistent in themselves.

The tests were administered to four seventh grade classes after completing the
observation sessions. In the observation sessions, “fraction related concepts” were
taught the students in math lessons. In the mathematics curriculum of the seventh
grade, estimation concept is taught only during the topic of fraction. Therefore, the

testing procedure started after fraction topic was completed in mathematics lesson.

3.3.2.3 Clinical Interviews

Two weeks after the whole class application procedure was completed, the interview
sessions started. The interviews were clinical, semi-structured with cognitive

orientation for first session, and then affective orientation for the second session
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(Ginsburg, 1997). All interviews were video-recorded and transcribed verbatim by

the assistant of the researcher who was a graduate student.

The first interview was semi-structured, and interview questions, which were
contingent to the numerical format of CET, were not pre-designed by the researcher.
That is the estimation questions were asked to students but the other follow up
questions were changed according to students’ answers. The interview provided the
means of learning what strategies and processes the subjects used in solving different
estimation problems. They were asked to explain the thinking process they used to
arrive at their estimate. The CET questions were asked one by one and the students
were asked to explain how he/she found the answers. Each problem was presented on
a card, which was held by the student during the answering process, and all students
viewed the problems in the same order. No time limit was imposed for completion of
the questions, but the students were instructed to estimate the answers not to compute
the exact results. Students gave detailed explanations while solving the estimation
questions. Therefore, time was not restricted in the interview sessions. To ensure that
the students are mentally active while solving the questions, no paper pencil was

provided for students during the interviews.

In the second session, interview was semi-structured and the questions were prepared
through a literature review and pilot study observations and results (e.g., Reys et al.,
1980; Reys, Reys, Nohda, Ishida, & Shimizu, 1991; Reehm, 1992). The affective
domain questions (see Appendix C) were asked in the second session and the aim of
these questions was to understand students’ perceptions, thinking and feelings on
estimation questions both at mathematics class and outside the class. Some examples
of the questions of the second interview session are presented in the following Table

3.10.

The second session interview questions were designed regarding some studies’
(Berry, 1998; Heinrich, 1998; Rubenstein, 1985) instruments and the pilot study

results. Additionally, the mathematics teacher and the guidance counselor’s
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feedbacks on the questions were taken into consideration. An expert on qualitative

research also examined the interview questions and made some corrections on them.

Table 3.10 Example Questions from Second Session of the Interview

Questions

Aim of the question

1. What do you think

about applying an
approximate
calculation to a

mathematics question?
Why?

The purpose of this question was to understand
students’ viewpoints about mathematics and using
estimation in mathematics. The responses to this
question constructed the theme of “perception on
mathematics” and “perception on estimation.” In
“perception on mathematics” theme, some beliefs about

mathematics like it should give exact result were
explained. Similarly, in perception on estimation theme,
beliefs about estimation such as it makes or does not
make you feel like disregardful about mathematics were
explained.

2. What do you think The purpose of this question was to understand the self-

about your confidence of the students when doing estimation and to
achievement on identify the reasons why they were feeling successful or
computational unsuccessful on estimation. The answer to this question
estimation ability? constructed theme of “confidence in ability to do
Why? estimation.”

Each interview was coded according to a particular classification system reflecting
the various strategies and hypothesizes, which influence estimation ability.
According to Strauss and Corbin (1998) and Yildirim and Simsek (2003) there are
three types of coding procedure; the coding according to pre determined concepts,
the coding the concepts which are gathered from the data and the coding in a general
frame (Yildirrm & Simsek, 2003). The researcher conducted the third coding type,
which is a combination of first two types. That is, pre-determined concepts were
constructed with the help of literature (LeFevre, Greenham, & Waheed, 1993; Reys
et al., 1982), and new concepts gathered from pilot study were integrated into pre-
determined concepts. There were some modifications on themes and codes during
data gathering procedure. As a summary, I constructed the codes with the help of

literature on estimation, and the results of pilot study, which was conducted before
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the main study (See Appendix F) (LeFevre, Greenham, & Waheed, 1993; Reys et al.,
1982).

3.3.2.4 Interviews with Teachers

The other triangulation method is the data collected from the teachers’ interviews.

Three types of teachers could give information about the interviewees of the study.

The researcher made some unstructured interviews with the teachers who were the
mathematics teacher of the interviewees, the guidance counselor of the school, and
the class-teacher who is the responsible teacher for the class A. The teachers’
interviews were conducted in their spare time at teacher’s room and counseling
room. | met mathematics teacher three times, two times with guidance counselor and
one time with classroom teacher. The meetings with guidance counselor and
classroom teacher were held after the students’ interview sessions in the guidance
room. Nevertheless, the mathematics teacher’s interview was conducted during the

students’ data gathering procedure in the teacher rooms.

These interviews were about the interviewees’ parental situations, general
achievements on school specifically on mathematics, the behaviors in classroom and
school, and the relationships with their peers and teachers. Some questions from the
interviews of the teachers and the reasons of the questions are exemplified in Table

3.11 below:
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Table 3.11 The Examples of Questions Asked to Teachers

Question asked each teachers  The Aim of the questions
Mathematics What do you think about To learn mathematics
teacher Mert’s success in teacher’s perspectives of the
mathematics? Why? student’s success and the
reasons for student’s success
according to him.
Guidance Do Mert’s parents visit school To understand the
counselor regularly? interviewees’ parental
situations.

Classroom  How does Mert’s relationship To learn student’s behaviors
teacher with peers and his teachers? in classroom and school, his
relationships with his peers
and teachers.

The unstructured interviews generally include open-ended questions that are few in
number and intend to elicit views and opinions from participants (Creswell, 2003).
Teachers were asked what they know about the interviewees and follow-up questions
were asked depending on the teachers’ answers. There was no contradictory
explanation about the students among the three teachers. Although, mathematics
teachers were mostly interested in students’ behavior in math class or students’
mathematics achievement, the classroom teacher and the guidance counselor of the
school could give information different from the achievement of the students. These
teachers have observed the students for two years and collected information about
them during this time. Therefore, the teachers’ opinions on interviewees of current

study are essential and important.

3.3.3 Main Study

The data collection session took two and a half months in the fall semester of 2008-
2009 academic year in the elementary school. The study started in December 2008
by selecting the elementary school and observing the mathematics classes of each

seventh grade classes for two- week period. The researcher took fieldnotes for four
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classes in two-week period in two mathematics lessons of the seventh graders. Since
the researcher was not a teacher in that school, the observation sessions were planned
to understand the interactions between the mathematics teacher and students, to
understand the communication of the students and teacher during the topic of
“fraction” and to build rapport with the seventh grade students. According to
Marshall and Rossman (1999), observation is a fundamental and very important
method in all qualitative studies; basic reason to use it is to discover complex
interactions in natural social settings. Even in the in-depth interview studies,
observation plays an important role as the researcher notes the interviewee’s body

language and emotions in addition to her words (Marshall & Rossman, 1999, p. 107).

After observations of the classroom, the Computational Estimation Test (CET) was
administered to four seventh grade classes to identify the students’ estimation
performance. The CET (see word form in Appendix A and numerical form in
Appendix B) was administered by using overhead projector in the four classes in the
same way. The researcher applied all testing procedure with her assistant who was a
graduate student at Statistics Department. The assistant’s task was to control the time
for each item with the help of a chronometer and to observe the students’ reactions
(whether they were writing the questions or computing with / without writing, etc.)
during the testing period. During word format of CET, each question took 15 to 20
seconds and 3-second interval was allocated between two questions. Before starting
both tests, students were warned about the time and were told, “Not to copy the
problem but do the work in their heads.” They were provided with answer sheets,
which should be used to record the estimated answers for all students. A week after
the word form of CET was administered; the numeric form was administered to four

classes in the same way by using overhead projector.

The interview sessions were conducted in a clinic, which is the guidance counselor’s
room in a separate and silent area. The room was allocated for the interview sessions

to us for 10 days in two-week period from 12 pm to 13.30 pm. Students were
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involved in the interview sessions individually in their one and half-hour break time
after completing their meal. In each midday break, one interviewee participated in
the interview session. The assistance videotaped all interviews by a handy cam and
observed the interview sessions for feedback to the researcher in each session. These

sessions took about 30 or 45 minutes.

Ginsburg’s (1981) reviewed that on the basis of clinical interview definition of
Piaget, the aim of mathematics research is to discover cognitive activities such as
structures, processes, and thought patterns. It should be achieved by conducting
clinical interviews involving an open-ended task and further questions in a
contingent manner (Ginsburg, 1981). Researchers agreed that clinical interview is
used as a tool for understanding the students’ thinking process (Heirdsfield; 2002;
Hunting, 1997).

One purpose of the current research was to make students verbalize the process. It
was accomplished through the use of a clinical interview protocol (Ginsburg, 1981;
Hunting, 1997; Opper, 1977). The clinical interview part was divided into two
separate sessions and completed in two weeks’ period. In the first part of the
interview, students were asked the 15-item CET numerical questions one-by-one and
they were asked for their explanations while solving the problems. The questions
were written on cards separately; students read them aloud and then started to explain
solutions and how they got the answers. While they were giving their answers,
researchers asked how and why questions to get more information from the students,
for instance, “how do you get that answer, why did you use that number, would you
explain by giving some detail for your work, would you give an answer in a different
way, etc.” This first session took approximately forty minutes for each student. When
a student completed the part one interview session the next day, second part of the
interview was conducted with that student. So, in two days, one student’ interview-
sessions were all completed. This part one interviews revealed several important

trends for the first question of the study.
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In the second interview session, each student was asked the semi-structured
questions on computational estimation. The questions were presented in Appendix C.
Students explained their thoughts or feelings about the estimation while responding

to the asked questions.

3.4 Data Analysis

The following strategies were used for analyzing the qualitative data;
« The matrices were constructed by using interviews
. Fieldnotes were recorded through classroom observations
. Fieldnotes were recorded through teachers interviews

. Fieldnotes were recorded through the interview

The themes and codes were placed into the matrices to display and to analyze the
cases. According to Miles and Huberman (1994), matrices essentially involve the
crossing of two or more dimensions or variables to see how they interact. Therefore,
to identify the interactions of cases (interviewees) and themes, matrices were
constructed. These matrices lend me first, to conduct a theme-oriented analysis and

then to give a chance to expand to a more holistic case oriented analysis.

Before starting the construct the data analysis matrix, all interviews were transcribed
and printed out. I read transcribes in three times, first reading was for understanding
the students’ answers and remembering the interview session. Second reading was
performed with the watching the records of video camera. This time, it was aimed to
see students’ gestures and body movements and also check the transcribes. In the last
time, I read the transcribes for coding the selected ideas and words (see an example

of coding transcribe in Appendix I). Each of the five students’ transcribes were read
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three times. After coding all transcribes of interviewees, codes were listed. Listed
codes were combined with each other and the researcher tried to find a link among
them. Themes, which were general concepts that were representing all codes, were
constructed. The produced themes and codes listed in Appendix E are generally
based on results of the pilot study and literature review that are related with the

estimation ability.

The data analysis matrices involved students in the columns and questions in the
row. In the intersections of the cells, there are some comments, and codes are
written. The comments are very helpful for producing the connection among the
themes and also students. An example of these matrices, which was worked on it by

researcher, is given in the Appendix J.

The students’ estimation strategies and factors that associated with computational
estimation strategies, were analyzed in two dimensions ‘“cognitive and affective”

which were divided into two and five themes, respectively (see Appendix E).

Besides the matrices, some fieldnotes were collected from classroom observations,
interviews with the teachers and even interviews with the students. These fieldnotes
contain sentences and paragraphs that are reflecting a more personal account of the
course of the inquiry (Bogdan & Biklen, 1998). I collected fieldnotes as memos.
Miles and Huberman (1994) stated that memos are primarily conceptual in intent.
Therefore, my aim was to write memos not just to report the data but also to tie
different pieces of data into the defined themes. Miles and Huberman (1994)
emphasized that memos are one of the most useful and powerful sense making tools
at hand. I wrote memos about classroom observations, the teachers’ interviews, and
about the interviewees after each interview with them. Some comments are written in
the exceptions of interviewees in result chapter under “researcher note” title to make

situation more understandable and visible.
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A double coding procedure was used to identify and categorize students’ responses
to each item (Miles & Huberman, 1994). A measure of reliability was obtained by
randomly choosing a subject and having another coder independently code the
responses from the transcribed interviews. There was 95 % of agreement between the
coders. Although, this is a high level of inter-rater agreement, there were some
disagreed points, which were later discussed and full agreement was reached on

codes.

3.5 Validity of the Study

Lincoln and Guba (1985) proposed four criteria for judging the soundness of
qualitative research and explicitly offered these as alternatives to more traditional
quantitatively oriented criteria. These are credibility (internal validity), transferability

(external validity), dependability (reliability), and confirmability (objectivity).

The credibility criterion requires demonstrating that the results of qualitative research
are credible or believable from the perspective of the participant in the research
(Lincoln & Guba, 1985). I presented the analysis’ results through the defined themes
in an understandable and clear way. The inferences and interpretations are supported

with the interviewees’ quotations.

Transferability refers to the degree to which the results of the study can be
generalized or transferred to other contexts or settings (Lincoln & Guba, 1985). To
"transfer" the results to a different context is related with the judgment of how
sensible the transfer is. The qualitative researcher can improve transferability by
doing a careful and accurate description of the research context and the assumptions
that are central to the research. The steps of the procedure, sampling processes and

properties of interviewees, the instrumentations of the study, the interview details all
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were explained in detail in the current chapter so that in some extent the results of the

study could be transferrable to other contexts.

Dependability is analogous to reliability, that is, the consistency of observing the
same finding under similar circumstances (Lincoln & Guba, 1985). In the present
study, detailed explanations of how the data collected and analyzed were provided in
the study. Lodico, Spaulding, and Voegtle (2006) stated that the dependability is
often the difference between an experiential report that simply summarizes a
researcher’s conclusions and research-based qualitative study that includes a
systematic explanation of methods. Although in the study no raw data were served,

certain explanations about the procedures are given.

Confirmability refers to the extent that the research findings can be confirmed or
corroborated by others. It is analogous to objectivity, that is, the extent to which a
researcher is aware of or accounts for individual subjectivity or bias (Lincoln &
Guba, 1985). Lincoln and Guba (1985, p.320) referred to the degree to which the
researcher can demonstrate the neutrality of the research interpretations through a
"confirmability audit." This means providing an audit trail consisting of 1) raw data;
2) analysis notes; 3) reconstruction and synthesis products; 4) process notes; 5)
personal notes; and 6) preliminary developmental information. I wrote fieldnotes,
memos, and personal notes to enhance the confirmability of the study. Some crucial
examples of transcripts are embedded in the report. Naturally, if the reader examines
these examples of transcripts, then the interpretations and results are maximally

confirmable.
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CHAPTER 4

RESULTS

This chapter includes the results of the analyses through the explained methods. The
chapter is divided into two sections according to research questions. In the first
section, the strategies of the students are discussed in three subtitles, which are called
reformulation, translation, and compensation. The second section presents factors
associated with the students’ computational estimation strategies. These factors are
firstly separated into two categories, cognitive and affective then; each category is
explained by the themes according to coded data. The cognitive factors examine in
two main themes; number sense and mental computation. Affective factors are
explained in two themes, mathematics related affective factors, and estimation

related affective factors.

4.1 Computational Estimation Strategies

The first question of the study is “Which strategies do 7th grade students use in
computational estimation tasks?” According to data gathered from interviews a
number of strategies identified used by students. These strategies can be collected
under three main titles, which are called as reformulation, translation, and
compensation. This kind of grouping of the strategies confirmed many other
researches and this is helpful for understanding the underlying construct of the
strategies and properties of them (e.g., Reys, Reys & Penafiel, 1991; Reys, Reys,
Nohda, Ishida, & Shimizu, 1991). In the following Table 4.1, these three strategies

are exemplified from the answers of the interviewees:
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Table 4.1 Strategy Table

Strategy Subcategories of strategies Example
. rule based rounding « 835.67-0.526—836-1 since
nearness of 0, 2 or 1 after decimal point number
should be round upper.
. 14é +§—> 15+1/2
4 8
« situation based rounding 835.67-0.526—835-0.5
) . compatible numbers 835.67-0.526—835.5-0.5
Reformulation
16.272 +36— 16+36 — 16 is
almost half of 36 so answer is
0,5
« truncation
ignoring fraction part of 31x1 Ol 3% 10
mixed number 2 g
: 1o decimal part
\gnioring dectmat pa 16.272+36-> 16+36
ignoring too small
decimal 0.7+0.002 +0.81>
0.7+0.81—>1+1
Translation convert addition to 87419+ 92 765+ 90 045 + 81
multiplication 974 + 98 102— 90 000 x 5
convert division to fraction 713 +8—720/8
intermediate compensation 835.67-0.526—835.6-0.5
Compensation

final compensation

835.67-0.526—836-0.5=835.5
a little bit less than 835.5 ; the
result may be between 830-
830.5

According to Table 4.1, it cab be seen that reformulation was observed in four forms

in the answers of interviewees. These are rule based rounding, situation based

rounding, compatible numbers and truncations. In the Table 4.1, rule based rounding

i1s exemplified with a whole number application and fraction application, where the

strategy on fraction called as nearness of 0, %> or 1. Rule based rounding is
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depending on taught rules, which is defined as a number should be rounded upwards
if it ended with five or more; and the number should be rounded downward if it
ended less than five. Other kind of rounding is situation based rounding, which is
exemplified by a decimal application. In the questions, the decimal parts were
managed in order to interviewees’ expectance from the result. The other
reformulation strategy is compatible numbers, which require combining
complementary couples of numbers to each others. Two decimal number applications
are given as exemplification of the compatible numbers strategy. The last
reformulation strategy identified from interviews is truncation. It was used in
decimal and fraction applications, which contains codes as ignoring the fraction part

of mixed numbers, ignoring decimal part, and ignoring the too small decimals.

Translation and compensation strategies were exemplified by interviewees’ answers
in Table 4.1. Translation can be conducted in two ways, by converting addition to
multiplication and converting division to fraction. Compensation strategy can be
performed as intermediate and final compensation. The intermediate compensation
requires revising numbers according to each others, where one of them is rounded
upper, then other one should be rounded downwards to compensate the pay off.
Different from intermediate compensation, final compensation modify the result.
That is if the numbers were rounded upwards to get more reasonable result, at the
end of the operation result should be downwards to compensate the pay off. The
example question from decimal number is given for each compensation types in the

above Table 4.1.

The interview questions consisted of three types of numbers; whole numbers,
decimal and fractions with four operations (addition, multiplication, division, and
subtraction). In the following sections, it is discussed students’ strategies according

to these three types of numbers.
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In the next sections, the results are given according to reformulation in whole
numbers, decimals, and fractions with the summary tables after each sections.
Similarly, the findings on the translation strategy in whole numbers, and decimals are
discussed in the sections together with the summary tables. The last strategy which is
compensation is discussed in whole numbers, and decimals attached with the

summary tables at the end of the strategies section.

4.1.1 Reformulation

Reformulation means changing the numbers into numbers that are more manageable
by using rounding, truncation or compatible numbers processes. In the theme list,
reformulation is investigated under four codes; rule based rounding, situation based
rounding, compatible numbers and truncation. According to these codes, results are
given and discussed under subtitle of each number types. Next section presents the

results of the data on reformulation strategy in the whole number questions.

4.1.1.1 Reformulation in Whole Numbers

There are five whole number questions (Q1, Q3, Q8, QI1, and QI15) in the
Computational Estimation Test (See Appendix A). These are given in the form of
addition, subtraction, multiplication, and division. All subjects started the operation
by reformulating, which are rounding upwards or downwards of the numbers.
However, it could be performed as rule stated or according to requirements of
questions. According to interviews, students mostly (almost 70% of the used strategy
was rule based among the reformulation strategies) preferred rule based rounding
process, which is taught at school and textbooks where the numbers are rounded up
when they end with five or more and they are rounded down when they end with less
than five. According to Reys (1993), school based learned strategy, which is the rule

based rounding is the most preferred strategy among the all age groups and known as
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the unique strategy for estimation. Reys’ (1993) finding confirmed in the study,
where the rule rounding was one of the most used strategies. Among the used
strategies which were a hundred thirty six, thirty one of them were rounding strategy,
that is 23 % of the strategies were labeled as rounding from the transcribes of the

interviews.

One of the interviewee, Sergen, explained how he used the rule based rounding

strategy in Q3 (7465—572) in the following excerpt;

Sergen: In the first number’s “four hundred sixty five”
should be rounded “five hundred” (7465 —7500), since
sixty-five is more then fifty, and second number’s seventy

two should be rounded up (547 — 600) because of the same
reason.

(EX1)

Sergen preferred to use rule based rounding in all whole number questions, except
Q8 (713 +8), which showed that he could not think any other rounding because the

only learned strategy for him is this kind of rounding.

On the other hand, there are some exceptional situations among the students, for
example, Nevzat preferred the situation based rounding for the Q3 (7465—572)
since the numbers could be matched to each other according to him. Nevzat

explained his answer as follows;

Nevzat: The answer is 7000.
Researcher: How did you find?
Nevzat: 1 round the first number to 7500, himm.

Researcher: Why did you round like this?
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Nevzat: Because the second number is fifty thousand
something. When I round the second one to 500, the
operation becomes easier.

(EX2)
In this question, Nevzat figured out the matching numbers and performed the
operation easily. Q8 (713+8) is an exceptional question, in which rule based
rounding is not used by interviewees, except from Nevzat. Other interviewees
preferred situation based rounding and multiplication table for controlling the
multiplicands of eight. Although the rounding rule states that 713 should be truncated
into 700, four of the interviewees rounded the number 713 to 720. Then they tired to
remember the multiplication table. The following excerpt is an explanation of
perspective of Ayse;

Ayse: Seven hundred thirteen divided by eight, himm, I

should remember the multiplication table of eights.

Researcher: Why do you think so?

Ayse: Because there should be a number approximately
seventy in the multiplication table. Eight times
eight....himm... sixty-four. Eight times nine... yeap...
seventy-two!

Researcher: What is the answer?

Ayse: When I round the first one seven hundred twenty, the
answer is ninety.

(EX3)

In this kind of rounding, interviewees tried to check their divisions by using
multiplication operation. Besides considering the division operation, they wanted to
use the multiplication table for eights and found that 72 was multiplication result of 9
by 8. The students used reversed operation that is in order to divide the numbers they

check multiplication of the divisor.

However, Nevzat performed rule based rounding in this question. He rounded the
first number to 700 and divided by 7 instead of 8. Then he found “a hundred” as an

answer, which was in predefined acceptable interval for the question.
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Similar to previous division question, in Q11 (474 257+ 8 127) all of the students
used the rule based rounding and multiplication table. Sergen, Nevzat and Ayse
performed rounding to the nearest thousand that is they rounded 474 257 to 470 000.
But since 470 000 could not be divided by 8 000 easily, they changed their mind

after a while. For example, Sergen explained his solution in the following excerpt;

Sergen: The first number is rounded 470 000.
Researcher: Why?

Sergen: Because two hundred fifty seven (257) can be
ignored and think as there are zeros. Similar with this
rounding I can substitute a hundred twenty seven (127) by
zeros so that the second one became 8 000.

Researcher: Next?

Sergen: Himm, this division is a little bit difficult. I want to
change the 470 into 472. Does it work? Himmm. I think no.

Researcher: Ok. Let us think about another way. You erased
the zeros?

Sergen: yeap. Since both numbers have three zeros, I can
remove them.

Researcher: Ok. Then why did you change the 470 to 4727

Sergen: Because in one of the previous questions, eight times
nine was seventy two. So that I want to get 72. But I think
472 could not divide by 8.

Researcher: Yeap. But you can change the numbers into
more manageable forms. Do you?

Sergen: 1 think so. Yes, the first one should be 480 so that it
could be divided by 8 and it should be sixty...

(EX4)

On the other hand, Deniz chose to round the 474 257 to nearest ten thousands, that is
500 000. He stated his solution in the following excerpt;

Deniz: The first number must be 500 000.
Researcher: Why do you think so?
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Deniz: Because 474 is close to 500.
Researcher: Ok. Then?

Deniz: Homm. I must divide five hundred by eight. Homm...

(Researcher’s Note: From his eye movements it can be
understood that he was trying to perform a standard division
algorithm in his head)

Researcher: Deniz you do not have to give exact answer.
Give me an approximate solution.

Deniz: Ok. Then, when I round 8 to 10, the operation became
five hundred divided by ten. It is easier. Therefore, the
answer is around a fifty.

(EX5)

These two questions (Q8: 713 <8 and Q11: 474 2578 127) showed that in division
questions students prefer to use multiplication table procedure which is revised
operation of division. Most of them (four of the five interviewees) rounded the

numbers 474 257 according to multiplication table of eights to find the solution.

Even rule based rounding strategy used almost all question, some of the interviewees
could prefer different strategies from rule based rounding. For example, in Q15 (87
419 + 92 765 + 90 045 + 81 974 + 98 102), two of the interviewees chose the
strategy except from the rule based rounding. These interviewees were Nevzat and
Sergen. Nevzat chose the situation based rounding, whereas Sergen preferred to use
the compatible numbers. In the following excerpt, Sergen explains how he performed
the strategy;

Sergen: | round the first number 87 419 to 87 000. Then the

second one can be rounded to 93 000.

Researcher: Why did you round these numbers like that?

Sergen: Because, | want to get ten by adding seven and three.
Seven comes from at the end of the first number and three
comes from at the end of the second number.

(EX6)
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This type of reformulation, called compatible numbers, requests a kind of ability to
convey the mental computation, which demands exact computation. Therefore, it can
be said that Sergen might have good mental computation because of his ability to

conduct compatible numbers strategy with giving an acceptable answers.

On the other hand, Nevzat performed situation based rounding for Q15 (87 419 + 92
765 + 90 045 + 81 974 + 98 102). He stated that “the all numbers are very close to
90 000 so that I can round all five numbers to 90 000.” Although he was not started
the question with using the situation based rounding, after he couldn’t rounded each
numbers separately and after realizing that rounding each number separately was
very complex process, he changed his mind and rounded all numbers to 90 000

without concerning one by one.

Ayse was the person who preferred the rule based rounding by rounding all numbers
to nearest a hundred, i.e., 87 419 to 90 000 and 81 972 to 80 000. She thought that 81
972 should be round upwards since 81 was close to 80 not 90. Among the five
interviewees, only one (Ayse) preferred rule based rounding, other one (Sergen)

chose compatible numbers and the rest of them used situation based rounding.

Generally, all interviewees tended to use exact computation but specifically two of
them were more eager to conduct mental computation than others. One of them was
Ayse. Because of her tendency to exact computation, she used rule based rounding
and compatible numbers strategy most frequently in the questions. These strategies
are depending on exact computation procedures. Ayse used compatible numbers in

Q3 (7465—572) and in following excerpt shows her perspective;

Ayse: The first number could be round to 7500. himmm. No,
no. It should be 7470.
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Researcher: why did you change your mind?

Ayse: Because if it is so, there is too much difference. The
second one is more appropriate. The result is six thousand
nine hundred.

Researcher: The six thousand nine hundred?

Ayse: The second one is 570. Therefore, the result is six
thousand nine hundred.

Researcher: How did you find this result so fast?

Ayse: Because, the subtraction became very easy after I
rounded the numbers to similar numbers. I mean that since
the ends of the two numbers (7470 and 570) are same, the
subtraction is easy.

(EX7)

Four of the students used reformulation in once that is, when students used rounding
in a question, then they did not use it for another time in the same question. On the
other hand, Mert used reformulation in many times to make operation easier for that
question. This kind of flexible usage of the strategies may be seen a characteristic of
the good estimators (Lemaire et al., 2000; Reys et al., 1980; Sowder, 1992). As an
example, in the Q1 (31 x 68 x 296), Mert rounded the numbers as rule stated at first
and then got the first multiplication result as 2100 (result of 30x70). After that, he

stated his solution as follows,

Mert: Thirty multiplied by seventy is two thousand and a
hundred. Then the multiplication of two thousand times three
is approximately six hundred thousand.

Researcher: How did you get this result?

Mert: When we remove the two zeros of two thousand and a
hundred, it became 21. Then in order to multiply twenty-one
(21) by three hundred, I can multiply twenty (20) by three in
which the result is sixty. The four zeros, which two of them,
come from two thousand a hundred and the other two of them
come from three hundred, should put at the end of sixty.
Therefore, the answer is six hundred thousand.

(EX8)
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According to excerpt, Mert conducted rounding procedure twice in Q1 (31 x 68 x
296). As can be identified that he was a flexible strategy user. This flexibility could

be an evidence for his high tolerance for error.

In the Table 4.2, as can be seen easily, all five students preferred to use rule based
rounding strategy for Q1 (31 x 68 x 296) and Q11 (474 257 =8 127). In the other
questions, Q3 (7465 - 572) and Q15 (87 419 + 92 765 + 90 045 + 81 974 + 98 102),
one student used situation based rounding, and another student among the five of
them used compatible numbers strategies. Among the whole number questions, Q8
(713 = 8) is an exceptional question since situation based rounding strategy was used
by four of the five interviewees in this question. For the current interview group, it
can not be seen a pattern for conducting the strategies in whole number questions.
There are two division questions, which are Q8 (713 + 8) and Q11 (474 257 =8 127),
in the first one students preferred to use rule based rounding reformulation strategy
where, in the second one most of them (four of the five students) preferred to use the
situation based rounding. Therefore, a pattern could not be found in students’
strategy using even in the question, which was requesting the same operations. The
solution process of the two division problems (Q8: 713 + 8 and Q11: 474 257 =8

127) are two examples for the previous claim.
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4.1.1.2 Reformulation in Decimals

In the decimal related questions (Q2, Q5, Q7, Q12 and Q14 see in Appendix A) as
can be seen in Table 4.3, the interviewees mostly used the rule based rounding

Strategy.

In fact students had difficulties to apply estimation strategies to decimals since they
were not used use it. Therefore their first reaction to do decimal questions was
conducting standard paper pencil procedures. For instance, in Q2 (835.67— 0.526),
although two of the students tried to perform estimate without standard algorithm,
the others prefer making the numbers of decimal places equal in decimal questions.
These were Nevzat and Sergen, who preferred to make numbers equal in decimal
places for the Q2 (835.67— 0.526). Sergen explained her solution presented as

follow;

Sergen: One zero could be added to first number’s end. So,
the number becomes 835.670. The second number rounds to
0.500 (He read the number as zero point five thousand)

Researcher: Why did you need to add the zero?

Sergen: Because when I am doing the subtraction with
decimals, the numbers of digits should be the same for both
numbers.

Researcher: Ok. How do you subtract these numbers?

Sergen: 1 round the first number 835.700 then I subtract five
hundred from the seven hundred. Therefore, the answer is
eight hundred thirty five point two hundred.

(EX9)

If the researcher did not force Sergen and Nevzat to do estimate the question, they
had wanted to perform exact computation for Q2 (835.67— 0.526). Even this
warning did not stop them to conduct estimate after exact computation procedure.

There are findings of some research studies, which confirmed the result obtained
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from the excerpts of interviews with Sergen and Nevzat (Carpenter, Coburn, Reys.,
& Wilson, 1976; Carpenter, Kepner, Corbitt, Lindquist, & Reys, 1980; Sowder-
Threadgill, 1984). In the studies, it was identified that students first computed exactly
and then rounded the obtained results in some estimation questions. As a similar
situation, in the current study, Sergen performed this kind of estimation procedure.
From this kind of reactions, it may be said that students couldn’t understand the

usage of estimation in mathematics.

In the current study, students’ preference of exact computation rather than estimation
may occur because of the interviewees’ confidence in their mathematical
performance or giving less importance to estimation. Because, especially Sergen
classified himself poor estimator and clearly stated that he did not give importance to
estimation. He thought he could compute perfectly in his head but he couldn’t

perform estimation.

On the other hand, according to interview transcribes, even good estimators as Mert
used similar procedure with Sergen. However, the reason for Mert’s preference was
different than Sergen. Mert used exact computation process after researcher question,
which was requested closer answer for the Q2 (835.67— 0.526). It was asked such a
question since, Mert found his first answer in an acceptably large interval. Then he

performed as below:

Mert: The first number’s decimal part could be ignored. Then
the number becomes 835 and the second number is rounded
as 1. Therefore, the result of subtraction is 834.

Researcher: Ok. Nevertheless, this answer is far away from
the exact answer. Would you find a result closer to exact
answer?

Mert: Ok. I can round the first number as 835.650 and the
second as 0.500. The operation became 835.650 minus 0.500,
the result is around 835.150, and this may be rounded to 835.

(EX10).
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The second solution of Mert was more precise. He obtained the exact answer in his
second solving procedure. This might be evidence to his high mental computation
performance. In Mert’s situation, it may be concluded that giving an answer in a
large interval is a kind of evidence for high tolerance for error, but in Deniz’s

situation, it was not related with the tolerance for error.

Deniz was the other interviewee who found the answer in large interval like Mert’s
first solution in Q2 (835.67— 0.526). Nevertheless, the explanations of Mert and
Deniz were different from each other. Since Mert did not feel uncomfortable with
some pay off, he chose to perform the operation in large interval but Deniz estimated
in large interval because of preference of rounding rule. Deniz explained his solution

as below:

Deniz: him. The first number could be 836 and the other is 1.

Researcher: Deniz why did you round the number like
these?

Deniz: According to the rule of rounding if the decimal part
is bigger than five I should round number to upper whole
number. The first number’s decimal part is bigger than fifty I
mean five...They are same. So that, I rounded the first
decimal to 836. The second one also is bigger then five and
then it becomes 1.

(EX11)

In decimal related questions, students conducted another reformulation strategy,
which was not used in whole numbers. This was the truncation strategy. It means
rounding the numbers only backwards. According to data, interviewees used this
strategy in fraction and decimal related questions and gathered data coded as
ignoring too small decimal, ignoring decimal parts, and ignoring fraction parts of

mixed numbers.
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In Q7 (16.272+36) all interviewees used the truncation by ignoring the decimal
parts. Although ignoring the decimal part is seen as the same procedure as the rule
based rounding strategy, in fact they are different. Students truncated the first
number to 16, not because the decimal part is smaller then 500 (where rounding rule
asserted in this procedure) but also they want to use a whole number instead of the
decimal one in this question. For example, the reason can be seen in following

statement from interview with Deniz clearly;

Deniz: To make the decimal a whole number I can erase the
numbers after the coma.

(EX12)

As seen from the excerpt, in his explanation Deniz clarified that he did not use rule
based rounding he used truncation strategy. If the decimal part were bigger than five,
he ignored the parts again, because his aim was to get rid of the decimal parts of the

number.

Other reformulation strategy was compatible numbers. In the previous question (Q7:
16.272+36) Mert and Ayse used compatible numbers strategy that built a

relationship between 16 and 36. Mert explained this relationship as follows;

Mert: 16 and 36 have half-twice relationship between them.
Researcher: What does it mean?

Mert: 1t means half of the 36 is almost 16 or twice of 16 is
almost 36.

Researcher: Ok. So what is the answer?
Mert: 1t should be 0.5
(EX13)

The truncation strategy was observed decimal related questions easily. Mert and

Deniz preferred to use truncation strategy as the form of ignoring too small decimal
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number for in Q5 (0.7 + 0.002 + 0.81). Two of the five students solved this question
by using the strategy where the second decimal is ignored and not involved in the
addition process. The following is an excerpt from interview with Mert;

Mert: The first number is seen as 1 and also the third number

is seen as 1.

Researcher: Why do you think so?

Mert: Since they are very close to 1.Therefore, the addition is
almost two.

Researcher: Ok. But what about the second decimal?
Mert: Oh yes, it doesn’t need to use in this addition.
Researcher: Why?

Mert: 1t is so small, almost zero. It does not put much on the
result.

(EX14)

However, other students (Sergen, Nevzat and Ayse) could not use any estimation
strategies in the Q5 (0.7 + 0.002 + 0.81); they tried to add the decimals by standard
addition procedure which is the mental computation process. Nevzat and Sergen
were confused about the decimal places of the numbers and gave unacceptable
results. However, conducting same mental computation procedure, Ayse obtained the
exact result of the question. They all performed adding zeros after the numbers on
the decimal parts to make same number of digits of the decimal parts. This shows
that these three students (Ayse, Nevzat and Sergen) were insisting on using exact
computation procedure rather than estimation procedure. They addicted to conduct
exact computation even they felt that the question was difficult to solve by mentally.
They might not give much importance to estimation while solving the mathematics

questions. This is discussed through the following chapter.

Conducting the rule based rounding for decimals may cause some problems for
interviewees. As it can be seen in Table 4.3 presented at the end of this section, Q12
(98.6 x 0.041) could not be completed by any of the students. The most important

reason was insisting on to apply the rule based rounding. Two of the interviewees,

129



Deniz and Mert, confessed that according to rule 0.041 must be rounded to zero.

Therefore, they found the answer as zero, which was not an acceptable answer.

On the other hand, other three students (Sergen, Nevzat and Ayse) discriminated that
the answer could not be zero, but they couldn’t find answer, either. The reason why
they could not perform the solution was related with the lack of knowledge about
multiplication of a hundred by a decimal. The following excerpt is from interview
with Sergen;
Sergen: The result should be smaller than the current one.
Since the first decimal, multiply by zero point something.

Also it should not be zero, since there are forty one at the end
of the zeros.

Researcher: Ok. So what should be?

Sergen: 1 took a hundred instead of first decimal and forty
one for the second one.

Researcher: hmm. But you said that the result should be
smaller than the first number, didn’t you?

Sergen: Yes. 1 did. But himm I couldn’t remember. There
should be a rule, something related with the multiplication
with a hundred. I think we erase zeros from the end of the
number. No, we should add I think. Or I guess we should
remove the coma. Himm. I forget that

(EX15).

As can be seen from the excerpt above, student tried to remember a rule about
multiplication a decimal by a hundred. This lack of ability with multiplying a power
of ten with a decimal is taken into consideration as “number sense ability.” The
researchers stated that the ability to multiply and divide mentally by powers of ten is
an important skill for the number sense (Sowder & Schappella, 1994). This question
is the most problematic question among the fifteen questions; none of students

obtained acceptable answer for this question.
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Among the decimal related questions, Q14 (11 x 1.67) was a combination of decimal
2

and fraction numbers. This question could be solved in two ways; first, two of
numbers might be converted into decimal, second, two of them might be concerned
as fractions. Although these conversions are discussed in the translation strategy,
they preferred to use rule based rounding procedure. Except Mert, other students
rounded both numbers to two, and multiplied with each other. Nevertheless, Mert
converted fraction into decimal and conducted the multiplication of 1.5x 1.5 mentally
and get the exact result. He performed multiplication by using the standard
multiplication procedure and found the exact result. This computation ability may be

an evidence for Mert’s number sense. The following is an excerpt from his interview;

Mert: The fraction is also read as one point five, the second
decimal also read one point five. Therefore, it became the
multiplication of 1.5 by 1.5

Researcher: How do you multiply these?
Mert: In my head.

Researcher: Ok but would you explain how do you conduct
the multiplication?

Mert: Well, 1 put these numbers under each other and
multiply five by five and five by one, and so on. The answer
is 2.25

(EX 16).

The previous excerpt is also evidence that the interviewee Mert has high mental
computation, which were approved by his mathematics teacher. In the following
excerpt from his mathematics teacher’s interview, shows the teachers’ opinion in

mathematics performance of Mert;

Researcher: How is Mert computation ability in math class?

Math Teacher A: Mert doesn’t like using paper-pencil. He
doesn’t take note. Mostly he answers the questions by doing
mental computation. His computational ability is very good.

(EX17)
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Among the reformulation strategies (Rule based rounding, situation based rounding,
compatible numbers, truncation), rule based rounding was the most used one. This
can be observed from the Table 4.3 in the following. During the interviews, it was
observed that the interviewees of the current study had difficulty in decimals.
Especially, Q12 (98.6 x 0.041) could not perform any of them and they generally
used standard addition, subtraction and multiplication procedures for the questions.
This may be related with the students’ high performance on mathematics lessons, and
their ambitions about being a most successful mathematics achiever. In the following
sections it is discussed the students’ perceptions of mathematics and estimation, they
felt that they were successful on mathematics only if they found the exact answers
for the questions. Since there is only one right answer, which is the exact one, the

other estimated ones are wrong according to them.

The reformulation strategies, which were discussed above, summarized in the
following Table 4.3. As can be seen from the table, rule based rounding, situation
based rounding and truncation are the strategies of the students. Q12 (98.6 x 0. 041)
is a remarkable questions among the five of them since nobody could produced
reasonable answer for it. Because of dependency on rule based rounding and lack of

ability to work with power of ten.
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4.1.1.3 Reformulation in Fractions

According to interview data, there are some specific reformulation estimation
strategies for fractions and decimals. Decimal related reformulation strategies are
discussed in the previous section. In this section fraction related reformulation
strategies are going to be examined. These are nearness to 1, /> and zero, which is
coded under rule based themes and ignoring too small fractions which is coded

truncation theme

As it can be seen in Table 4.4, there are five fraction questions (Q4, Q6, Q9, Q10,
and Q13 where can be seen at Appendix B) in four types of operations (addition,
subtraction, multiplication, and division). The division operation is the most difficult
question type for the interviewees. Two kinds of division questions were asked them
and almost all of them tended to conduct the standard division algorithm. These were
division of two proper fractions and division of mixed number by proper fraction. In
each type of questions, students had different difficulties. These difficulties and

interviewees’ solutions are discussed in the following.

Only two of the students conducted a reformulation strategy that is nearness to 1, 7

and zero for Q6 (13 + 7 ).The other interviewees preferred to conduct exact division
16 8

algorithm. Strategy used interviewees, rounded the fractions according to nearness to
1, 2 or zero strategy and then found the result easily. For example, Deniz suggested

a solution as follows;

Deniz: The first fraction is so close to one.
Researcher: Why do you think so?

Deniz: Because when I check the denominator and numerator
distance, it is only three. This means the fraction is three units
far from to sixteen over sixteen, which is one.

134



Researcher: Then, what do you think about the second one?

Deniz: This is also similar to the first one. I mean the fraction
is almost one. Therefore, the question became 1 divided by 1.
The result is one.

(EX18)

However, except Deniz and Mert, other interviewees tried to conduct standard
fraction division algorithm, which means multiplying after reversing the second
fraction. This kind of application may be a result of poor estimation skills in fraction,
and highly dependency on computational procedures or not giving importance to

estimation. These reasons are discussed in the following chapter.

Similar to Q6 (13 + Z), in Q9 (14% + %) interviewees conducted nearness to 1, %
16 8

or zero strategy. The first mixed number is rounded to 15 and the second fraction
rounded to 2. However, except Ayse, all other interviewees produced wrong results
for this division question. Since they might have misconceptions on division with a
fractions, that is they thought that the division result might be smaller than the

dividend. For example, an excerpt is given below from Nevzat’s interview;

Nevzat: The first number is nearest to 15, and the second one

1 1

is nearest to — . The division 15 by ~ is 7.5.

2 2

Researcher: himm. Nevzat, could you explain the rounding
procedure, and how did you find 7.5?

Nevzat: Ok. The first fraction is 14 and 3 over 4 where the
three over four is so close to one. So that the first one could
be round the fifteen. Am I right?

(Researcher note: he looks at me for continuing the
explanations. I approve him and then he continued)

Nevzat: Then the second fraction is near to half, since it is far
from one only one over eight point.
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(Researcher Note: He is thinking the number line relations in
his head when giving the distance among the numbers)

After that, fifteen divided by half; it is seven and half!
(EX19)

On the other hand, Ayse could give the acceptable result for this question without
any hesitation. She stated that;

Ayse: The division of fifteen and half is thirty.
Researcher: Could you explain how did you find this result?

Ayse: There are two halves in one whole. Then if I have
fifteen whole, there should be two fifteen halves in a whole
thirty.

(EX20)

The other operations (addition, subtraction, and multiplication) of fractions are easier

than division for the interviewees. The easiest one was Q10 (1 l +3 i +8 L) for
16 12 2

all students. They rounded the fractions as regarding to nearness to 1, %> and zero

strategy and found the similar rounded solutions.

As a different perspectives, Mert and Ayse preferred to use converting fractions into
decimals after the rounding procedure where they used the multiple representations
of the numbers. The multiple representations of the numbers are discussed in the

“number sense” section.

The other reformulation strategy ignoring the fraction part of the mixed numbers was

used mostly in the Q13 (31x 10%). Three of the five students (Ayse, Nevzat and
2

Sergen) ignored the fraction parts of the both mixed numbers and solved the

questions without fractions. Ayse explained her solution as follows;
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Ayse: 1 could omit the fraction part of the numbers and the
operation becomes 3 times 10. Therefore, the result is 30.

Researcher: Why did you omit the fraction part Ayse?

Ayse: Since they are very small factions, especiallyl. If I

8
don’t omit the first fraction %2 I can round it to four and the
result is forty now.

(EX21)

The rest of the interviewees only ignored the second mixed numbers’ fraction part.
Although Mert converted first mixed number into a decimal version as three and
half, Deniz preferred to round the first mixed number to upper integer, which is four,
and then applied the multiplication procedure to the numbers. By converting fraction
into decimal version, Mert is the one who got the closest result among others in this

question. This is an evidence for the researcher about Mert’s ability of number sense.

Different from other interviewees, Mert and Ayse were the students who solved the

question in a large interval by ignoring fraction parts of the mixed numbers in Q4

(7 1_ -4 L ). An excerpt is given below from Mert’s interview;

6

Mert: The result is three.
Researcher: You found the result so fast. How did you do?

Mert: 1 omitted the fraction parts of the mixed numbers so
that the result became three.

Researcher: Why did you omit them?

Mert: They are very small and it does not affect the result too
much.

(EX22)
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This excerpt is an evidence for his feelings on estimation. According to him, small
number does not change the answers very much, and this small pay off did not

disturb him. therefore, it may be concluded that Mert has high tolerance for errors.

The reformulation strategies discussed above were listed in the following Table 4.4.
As can be clearly seen that students Mert and Ayse are two interviewees used
estimation strategies most frequently. Others generally tended to compute the
fractions rather than to estimate the solution. They tried to find “common
denominators” of the fractions and “decomposed of mixed numbers” which are
specified in “mental computation” title in hereafter of the next sections. In the Table
4.4, the used computational estimation strategies in fraction related questions were
specified as “nearness of 0, 2 or 1” which is a kind of rule based rounding, was the
most popular strategy since it was used seven times in the five fraction questions.
Ignoring the fraction part was another strategy that was used by students and it was

applied to questions in six times by interviewees.
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4.1.2 Translation

Translation means changing the operations in the questions into more manageable
form. According to data, two clusters were constructed, changing addition into
multiplication and changing division into fraction. These concepts are discussed
according to whole number questions and decimal questions of the Computational
Estimation Test. This strategy couldn’t be discussed in fraction related questions
since it could not be found any applications of it in fraction related questions. The
reasons are going to be discussed in the “Summary of the Computational Estimation
Strategies” section. It is tried to answer why students did not use any translation

strategy for the fractions.

In the following sections, results on whole numbers and decimals where translation
strategy used are discussed. Each section is ended with a table in which explained

strategies are summarized.

4.1.2.1 Translation in Whole Numbers

As can be seen in Table 4.5, in the whole number questions, translation strategy was
used only in Q15 (87 419 + 92 765 + 90 045 + 81 974 + 98 102) and Q11 (474 257 +
8 127) by the interviewees. In Q15 (87 419 + 92 765 + 90 045 + 81 974 + 98 102),
all of the students preferred to change the addition process with multiplication
operation in some extent. Except from Nevzat and Mert the other three interviewees
preferred to add the numbers partially, that is they added the first three numbers by
using the translation strategy then the rest of the numbers were added on the found

addition one by one.

The following excerpt from the interview with Nevzat is an illustration of using the

translation strategy in Q15 (87 419 + 92 765 + 90 045 + 81 974 + 98 102);
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Nevzat: The last one could be a hundred thousand, himm.
The others. ..

(Researcher Note: Nevzat is thinking about rounding of each
number separately but I think he can not have in mind each
of the rounded numbers. Therefore, he changed his mind.)

Researcher: What do you think about Nevzat?

Nevzat: 1 thought that another way. I want to round all
numbers to 90 000 then the result is five times 90 000 that is
four hundred fifty thousand.

(EX23)

Only he could cluster the all numbers into 90 000 and then conducted the addition
operation as multiplication. Similar to Nevzat, Mert used translation by rounding all
numbers to a hundred thousand and stated that the result should be 500 000 which is
in the acceptable range. His result showed his confidence in his estimation ability. He
wasn’t uncomfortable with this big result, which was given in a large interval. In the

following excerpt, Mert is explaining his operation;

Mert: The answer is five hundred thousand.
Researcher: How did you find that?

Mert: All numbers could be rounded to a hundred thousand
there are five of them. So that, the result is five hundred
thousand (500 000).

Researcher: Could you find closer answer?

Mert: yeap. 1 can round first three of them 90 000 and
multiply by three, and get 270 000. Then fourth and fifth one
become 80 and 100 which makes180. The addition of 270
and 180 himm, should be 450.

Researcher: So the answer?
Mert: Four hundred fifty thousand.
(EX24)
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The only person who used translation strategy in another question was Nevzat. He
preferred to use it in Q11 (474 2578 127). The following excerpt from Nevzat’s

interview;

Nevzat: The first number rounded to 470 000 and the second
one is to 8 000. himm. How can I divide these?

Researcher: Why did you round the first number like this?

Nevzat: Because it is closer to 470 000. But yeah.. It can also
be rounded to 480 000. and it is more useful.

Researcher: What does useful mean?

Nevzat: When 1 removed the three zeros, it became 480 over
8. Then I could simplify this fraction.

(EX25)

As seen in the excerpt, Nevzat changed the division procedure into the fraction

operation and conducted simplification on it.

The translation strategy did not used any other whole number question, except from
Q11 (474 257 = 8 127), in this question translation was conducted by Nevzat. In the
following Table 4.5 this rare usage of the translation strategy can be seen. The reason
might be related with operations’ restrictions or lack of knowledge about the

different strategies of computational estimation by the interviewees.
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4.1.2.2 Translation in Decimals

The interviewees used translation in decimals for only one question, Q7
(16.272+36). All students preferred to use estimate instead of conducting the
standard division algorithm for Q7 (16.272 +36). They produced a fraction and then
conducted simplification procedures. For instance, in the following excerpt, Sergen
tries to explain his solution;

Sergen: 1 throw the decimal part of the first number at first.

Him.. I though that this operation as a fraction.

Researcher: What do you mean as a fraction?

Sergen: 1 mean that 1 saw this as sixteen over thirty-six.
Then, I think I must conduct simplification. Four can divide
both of the numbers so after the simplification it becomes
four over nine.

Researcher: Where do you wuse the computational
estimation?

Sergen: Yes. I can also use it. Let us think about like this, I
can round at first before the simplification. The fraction
sixteen over thirty-six can be said that twenty over forty so

the result easily seen as one over two which means a half.
(EX26)

The reason for why the students used the fraction conversion of the division
operation may be related with the dividend and divisor relations. They used to divide
big number by small number but in this question situation is reverse, which means a
small number divided by a big number. Because of this, the division operation is
more likely to be a fraction than a division operation. Therefore, they chose to
convert this division into a fraction form rather than conducting the division

algorithm.

In the following Table 4.6 it can be seen that in decimals, only in one question the

strategy was applied by all interviews.
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4.1.3 Compensation

Compensation means that rethinking the result of the question and making some
changes to get closer answer to the estimation. It could be done while the operation
conducting or at the end of the operation. For example, one can round the first
number and to compensate it, approximately same amount of truncating is performed
to the other number; this type of compensation is called as intermediate
compensation. The other type is called the final compensation since the round or
truncating the number is done at the end of the procedure. By doing this, the result

could be closer to the exact answer.

According to research study (Reys, et al., 1982), the good estimators could use this
strategy more often than others. Moreover, this strategy is more sophisticated than

the other strategies.

In the interviews, the researcher waited for the interviewees conducting the
compensation strategy themselves, but if they did not prefer to conduct it, she asked
them “Is your answer above or below the exact result?” The reasons for asking them
such a question is to identify both their mental computation performance and to
understand whether they could see the reasonableness of their answers. In general,
students did not perform compensation without asking them. It may be related with

lack of conceptual knowledge on computational estimation of the students.

According to research study (Reys, et al., 1982), the good estimators could use this
strategy more often than others. Moreover, this strategy is more sophisticated than

the other strategies.

Since compensation strategy could not identify within the fraction related questions,

next sections present compensation in whole numbers and decimals. Each section
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accompanied with strategy specification tables in which each students and questions

are presented.

4.1.3.1 Compensation in Whole Numbers

According to Table 4.7 presented in the end of this section, in the whole number

questions, among the interviewees, Mert, Ayse and Nevzat performed the

compensation strategy in some questions (Q1, Q3, Q8, and Q11). Among these three

interviewees, Mert was the only person conducted the strategy in three different
whole number questions. He used this strategy in Q1 (31 x 68 x 296), Q8 (713+ 8)
and Q11 (474 257+ 8 127), as the forms of intermediate and final compensation. For

example, in the following excerpt, Mert confidently applied the intermediate

compensation strategy in Q1 (31 x 68 x 296);

Researcher: Mert, you are saying, “I get 2100 but then
multiply 20 by 3.” How did you get those numbers?

Mert: Since I rounded 68 to 70 and 296 to 300 to compensate
the result I chose the 20x3 to place with 21x3.

Researcher: Why did you need to compensate the result?

Mert: Actually, it is not so big deal, but I do not want to
round all number upper, therefore to balance this I truncate
one of them.

(EX27)

Similar with Mert, Nevzat conducted intermediate compensation strategy only in Q3

(7475- 572). In the following excerpt from interview with Nevzat;

Nevzat: The result is approximately 7000.
Researcher: How did you find the answer?

Nevzat: 1 rounded the first one to 7500. Since it is rounded
upper, the second one should be subtracted some for the
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balance. Therefore, the second one became 500. As a result,
7500 minus 500 is 7000.

(EX28)

Among the three interviewees who used to compensation strategy, Mert could be
identified easily in order to perform final compensation. For instance, in the
following excerpt is from interview with Mert for Q8 (713+ 8), he is explaining his

solution;

Mert: The first number could be 720. himm. The
multiplication of 8 there should be 72... Well, it is 9... yeah
90 but no, it should be 89.

Researcher: Why not 90?

Mert: since the first number rounded up so the result should
be a bit smaller than 90, it may 89.

(EX29)

As the researchers (Reys et al, 1982; Sowder, 1992) findings show, good estimators
could use variety of strategies and they could perform compensation easily. Mert is
one of the good estimators among the interviewees, in fact best estimator. Like Mert,
Ayse followed similar final compensation strategy in Q11 (474 2578 127). The

following excerpt shows Ayse’s perspective;

Ayse: The first number could be rounded to 470 000 and the
second one to 8 000.

(Researcher note: She is trying to divide mentally. It can be
understood by the eye movement and head movements.)

Researcher: Ayse, you don’t have to find exact result. Could
you tell me approximate one?

Ayse: Ok. Well, the first number should be rounded 480 000
then the result is sixty, something.

Researcher: Why did you say something?
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Ayse: Because, the exact answer not sixty... a little bit less
than sixty.

Researcher: Why do you think so?

Ayse: Because 1 added to first number some amount of
numbers more than the second number. The division of the
previous numbers should be a bit less than sixty.

(EX 30)

By conducting successfully the compensation strategy in those questions, in fact
Mert had some mistakes during the use of the compensation strategy in some
questions. This is because of his high self-confidence. For example in Q3 (7465-

572), he insisted on his compensation was true, but it was not.

Mert: The result is approximately 6900.

Researcher: You found the result very fast. You should
explain how you found the answers to me.

Mert: 1 round first one to 7500 and the second one 600. Then
the answer is 6900. But it may a bit more.

Researcher: How could you give this decision? A bit more?

Mert: 1t is very easy. The first number is rounded to 35
forward and the second number is rounded 28 forward.
Therefore, the result should be a bit more than six thousand
nine hundred.

(EX 31)

The next table, Table 4.7, shows which student used compensation strategy on which
questions. As can be seen there is only three person used the compensation in three
questions and Mert used it more frequently than other two interviewees. It is
remarkable that Nevzat is the third person which could use this strategy. Since
according to interviews’ results, Ayse and Mert are competent estimators and mental
computers among others, but Nevzat is not. On the other hand, Nevzat can use the
compensation strategy which is specified as “good estimator’s strategy” according to
some researchers (Reys et al., 1980; Reys et al., 1991). This might be related with

Nevzat’s out of school learning and self-training on estimation. However, it was
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observed that Nevzat thought that out of school application was not true or should
not be used in school applications, since these learned concepts did not follow rules
but mathematical applications should have formulas or rules. Therefore, according to
him, the researcher’s questions should be answered in schooling process that is,

followed by a rule sequences.

150



0186+
vL6 18
S+0 06
$9L 6
61t L8
- - - - - S10

LTI 8+ LSTVLY

uonesuadwos [eury - - uonesuadwoo Jeury - 110
8+¢IL

- - - uonesuaduwos [eury - 80
uonesuaduwod CLS—SOYL

- SlRIpaWLIDIUI - - - €0

uonesudduwos 967X 89X [¢
- - - JJRIPAULIAIUL - 10
Shy JBZAIN uo3diag JOIN yALETq|

suonsan)

SO1391eI)S SOOMOTAIIU]

SOpO)) UO paseq suonsan() JoquinN oY\ U] pas() sa139jens uonesuadwo) /'y [qeL

151



4.1.3.2 Compensation in Decimals

In the decimal part of the Computational Estimation Test, only in Q14 (1 lx 1.67),
2

compensation strategy was used only two of the interviewees who are Mert and

Ayse. As can be seen from Table 4.8, except from Mert and Ayse, nobody could use

the compensation strategy in decimal questions. Both interviewees preferred to use

the intermediate compensation, in which students controlled their solutions “during

the procedure” to make the estimation more precise. The following excerpt is the rest

of ideas of Mert for Q14 (1 lx 1.67), which was presented in “4.1.1.2 Reformulation
2

of Decimals” in EX16;

Researcher: Mert you found the exact answer. But I want
you give me an approximate answer. If you don’t have any
time and have to give reasonable answer for this question,
what would you do?

Mert: OK. I round both of them to two and get four. But,
himm. It is a bit more. I think I only round the second one,
and multiply 1.5 by 2. So that, the result could be reasonable.
I mean 3 could be the result.

(EX 32)

Similar with Mert’s solution, Ayse explained her answer as following;

In the following Table

Ayse: 1 round both of them but the result is more. Himm. I
only round one of them, the second one. Then three could be
answer that is more appropriate.

Researcher: Why does it bother you Ayse? I mean why you
tried to find another solution.

Ayse: Since four is very big result for this question, it should
be smaller than four. I can find closer answer, for example 3.

(EX 33)

4.8 shows the compensation strategies, which are used by the

interviewees in decimals. There are only two students, who used this strategy.
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4.2 Summary of the Computational Estimation Strategies

In this section it is discussed that the findings on computational estimation strategies
which are used by the interviewees. Students were used twelve different
computational estimation strategies during the interview sessions. According to
similarities of concepts and aim of the used strategies, they were assembled in three
different types of estimation strategies, which are reformulation, translation and

compensation.

Although more than three strategies were defined in some research studies (e.g.,
Rubenstein, 1985; Dowker, 1992), generally these were clustered in the three main
strategies (Mottram, 1995; Reys et al., 1980; Reys et al., 1991; Rubenstein, 1985;
Sowder, 1992). In the current section, a brief summary and discussion related with
these strategies are given. The investigation of strategies and students’ perspectives
on these strategies could give evidences about the second research questions which is
“Which factors are associated with computational estimation strategies of seventh

grade students?”

The first question is explained according to each number type under a title in the
pervious sections. The strategies were presented at the end of each section separately.
Additionally, all three strategies with codes are given in Appendix H, as three tables,
which are Table 1, Table 2, and Table 3. These tables are summarizing the strategies

of each student for each question of the CET.

Rule based rounding, situation based rounding, compatible numbers and truncation
strategies are gathered under the reformulation strategy in the study. In the whole
numbers, students used reformulation strategies except truncation. In Table 1 (see
Appendix H), each student used “rule based rounding” at least three times for five

whole number questions. Although “rule based rounding” is a strategy for
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computational estimation, according to other strategies it is not a precious one, since
in my opinion preferring this strategy may be an evidence for dependency of the
rules of mathematics and not being enough competency of estimation. For example,
Ayse is a rule-follower student, that is, she answered questions in mathematics
classes according to taught rules. Therefore, it may be the reason for her the
preference of rule-based rounding. Her mathematics teacher confirmed her rule

dependency in mathematics lessons in the following excerpt;

Math Teacher A: Ayse is a hard-working student. She
listens to the lesson very carefully, and does her homework
properly. However, she could not produce an alternative
solving methods for any mathematics problems. She prefers
to use the standard method that she learnt in the classroom.

(EX 35)

However, Deniz used rule based rounding not because of exact computation
dependency but he knew only strategy as estimation strategy. He confessed that he
knew rounding very well and performed it successfully, and then he used it for every
question. When it was asked “How successful are you at computational estimation?”,
Deniz gave 10 points to his computational estimation ability; he answered the
researcher’s “why” question in a different way from the other interviewees as “/ can

round the numbers so that I am a good estimator.”

Two interviewees preferred to use “compatible numbers” in one whole number
questions, and all other interviewees used “situation based rounding” at most twice in
whole number questions. The remarkable point is that reformulation strategies
especially in whole numbers might not distinguish the good estimators from not good
ones. This distinguish is important since the second question of this research study
interested in the factors associated with students’ computational estimation
strategies. That is, the difference between the good estimator and poor ones serve the
relating factors that one group of students have but the others not. Therefore,

reformulation strategy could not say much about the good estimators since all
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students used this strategy. However, one significant observation can be make on
“rule based rounding” that is rule dependency is important for interviewees in

mathematics questions. This may lead to students’ flexibility while using strategy.

Besides the whole number questions, in decimal questions it was produced some
distinguishing points by students in order to used strategies. In these questions,
truncation was used as reformulation strategy by two forms, which were “Ignoring
too small decimal and Ignore decimal parts.” As a good estimator, Mert, was more

competent in using truncation in decimals.

In the fractions, students had problems on estimating the questions more than other
type of question. Because rather than estimating the solutions, they attempted to
conduct standard fraction operation which was seen as finding ‘“common
denominator” in the study. Except from Ayse and Mert, others started to operation in
fraction by finding the common denominator of given fractions. This is an obvious
evident for giving importance to exact computation more than estimation. Students
could not performed variety of estimation strategies in factions. Rule based rounding
which was coded as “nearness to 1, /2 or 0”, and truncation strategy coded as “ignore
fraction part of mixed numbers”, and situation based rounding strategies were used in
fraction related computational estimation questions. In fraction questions, students
rounded the fractions according to nearness to one, half or zero strategy, which was
taught in schools in the fraction topic of mathematics classes. However, among the
interviewees, Deniz, Sergen, Nevzat, and Ayse mostly prefer to use exact
computation procedures like finding common denominators or standard division
algorithm. Although the exact computation process was more difficult than
estimation strategy, students wanted to conduct the exact computation. In schools,
when a new operation is introducing at first, students are taught exact computation
firstly and then may be some estimation strategies are taught. This order of teaching
makes students prefer to use exact computation as the first step. On the other hand,

estimation might be preventing students from having lack of conceptual knowledge
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about the fraction. Trafton (1986) believes that fractions should be taught with early
emphasis on the meaning of the topic using estimation and then mental computation
as a vehicle for developing the concept of it. In his study (Trafton, 1986) it was
observed that students were more component in factions than decimals among the
interviewees. In contrast to research literature, in the current study, students were
more successful on fractions than decimals related questions (e.g., Carpenter et al.,
1976; Goodman, 1991; Hanson & Hogan, 2000). This might be related with the data
gathering time, which was right after the application of the fraction topic in the math

class.

The other strategy, which was used not as frequent as reformulation, was the
translation strategy. Translation is converting the operations into more applicable
situations. In the current study, two version of translation strategy was observed,
these were “converting addition to multiplication and converting division to
fraction.” This strategy requests good number sense, since the relationships of the
operations should be known well so that they can be converted to each other. In
whole numbers questions this strategy used only once by all students in Q15 (87 419
+ 92 765 +90 045 + 81 974 + 98 102). However, there were some distinguishing
points among the interviewees by using the strategy. That is only Nevzat preferred to
conduct translation strategy to whole numbers in the addition procedure. Other
interviewees used it partially. In other words, the other interviewees grouped the
numbers in three and two and added within the groups at first than two groups of

results were added.

The remarkable person in this strategy was Nevzat, since he used translation in two
questions, Q15 (87 419 + 92 765 +90 045 + 81 974 + 98 102) and Q11 (474 257+ 8
127). In Q11 he performed rounding procedure for both of the numbers and then

converted the division algorithm into the fraction. That is, he produced @ and

80
conducted the simplification of fraction. Although Nevzat was the only person who

used this strategy in two questions (the other interviewees used it only for QI15),
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Nevzat’s mental computation ability is not very good. He is a relatively good
estimator but he is not a good computer. Reys (1984) claim a kind of confirmation to
Nevzat’s case. Reys (1984) observed similar situation on people who can be good at
computational estimation, should not be necessarily good at mental computation.
That is a person who is a good estimator should not have to be also being good

computer.

None of the interviewees could use compensation strategies in the fraction related
estimation questions. The reason why the students did not use the compensation
strategy might be related with the strong dependency on exact computation and
difficulty of fraction questions. It was identified that the most used strategy while
solving the fraction questions were “nearness of 1, 1/2 or zero,” as rule based
rounding and the “common denominator” as mental computation procedure. These

two procedures based on the exact computation or rule dependency perspectives.

The last strategy is compensation strategy, which is used for making the estimated
result closer to the actual answer. There are two ways for this adjustment of the
estimated answers; these are “intermediate compensation” which requires
adjustments during the operations, and the “final compensation,” which requires the
adjustment of result according the rounding amount. Three students could use
compensation in three questions. These students (Mert, Nevzat and Ayse) are
classified as good computational estimators according to be able to use this strategy.
According to the studies compensation is the most sophisticated strategy and least
used one (Reys, et al, 1982; Reys et al, 1991; Sowder, 1992). This strategy is one of
the most obvious evident for identifying the good estimator. Reys et al. (1982)
recommended not using the compensation strategy among the middle and high
school students because of the lack of conceptual understanding of what constitutes
reasonable compensation. Therefore, being able to use this strategy also may be an
evidence for having the conceptual knowledge and wunderstanding of the

computational estimation. Among the interviewees, Mert has not any problems about
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the conceptual understanding of compensation on estimation, so that he used this
strategy more often than others. Ayse and Nevzat are the other two interviewees who
used the compensation in two questions. On the other hand, Mert used compensation
strategies in both version, intermediate and final compensation in four questions of
whole number and decimals. This is a very strong evidence for concluding that Mert
is a good computational estimator. As many researchers confirmed the relationship
between the uses of compensation strategy and being a good computational estimator
(Reys, et al., 1982; Reys et al., 1991; Sowder, 1992; Dowker, 2003). According to
Reys and his colleagues (1982), good estimators used compensation frequently and
identified it as essential to successful estimation. Students who are good estimators
used more strategies than students who are not good estimators (Mottram, 1995). In
line with this finding, in the current study, Mert used more strategies than other four
interviewees did and he used more sophisticated strategies (that is compensation

strategies) than others.

There are some differences, which are observed according to strategy choices,
strategy uses of the good and poor estimators. According to research studies, to
develop and use estimation strategies, students must understand the power of the
strategies in producing useful answers for reasoning and making mathematical
judgments and be eager to use estimation rather than exact computation (Dowker,
1992; Reys et al., 1982). These constructs (mathematical judgments, eager to use
estimation, understand the power of estimation, use of numbers and operations, etc.)

are concerned in the next sections to understand factors that are related with them.

4.3 Factors Associated with Computational Estimation Strategies

The second research question of the current study was “Which factors are associated
with computational estimation strategies of 7" grade students?” and discussed

according to interview data in this section. There are two factors, which associated
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with computational estimation strategies of students; these are cognitive factors and

affective factors.

4.3.1 Cognitive Factors Associated with Computational Estimation Strategies

According to interview data, cognitive factors were divided into two sub-categories,
number sense, and mental computation. The number sense and mental computation
ability of interviews are discussed in the next sections under the titles, Number Sense

and Mental Computation.

4.3.1.1 Number Sense as Cognitive Factor

As defined in Chapter II, number sense is closely related with the computational
estimation ability. According to data obtained from the interviews, number sense is
investigated based on two titles; “ability to work with powers of ten” and “multiple

representation” of the numbers.

In the analysis, the theme of “ability to work with powers of ten” contains, removing
zeros while doing addition, subtracting, or multiplication; simplification of zeros

while conducting division, and multiplication by powers of ten.

In her study, Rubenstein (1982) stated that estimation ability could be explained by
operating with tens. Because of this, the ability to work power of ten is an important
component of number sense and estimation ability. Additionally, the multiple
representation of numbers means that make connections among the number types and

conducting transitions if necessary.
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In the following sections, the data gathered from interview are analyzed based on
number sense and each type of numbers, which are whole numbers, decimals, and
fractions. The codes of numbers sense can be seen in Appendix E and tables contains
these codes are also presented at the end of the “4.3.1 Cognitive Factors Associated

with Computational Estimation Strategies” section.

4.3.1.1.1 Number Sense on Whole Number

In the study, since high achiever students participated in interviews they mostly had
good number sense. Especially “working with zeros” which is a good evidence for
number sense in whole number questions, students could conducted the questions

successfully. Rarely, there were some problems on students’ responses.

In Q1 (31 x 68 x 296), except Nevzat and Deniz, the other three interviewees used
the removing zero of numbers during the multiplication process and they conducted
operation successfully. Following excerpt from interview with Deniz, is an

illustration of removing zeros during the multiplication;

Deniz: The first one could be 30, and the second one 70.
Then thirty times seventy is two hundred ten (210). The third
number rounds three hundred and the result is thirty six
thousand.

Researcher: how did you find the result? Could you explain
it step by step.

Deniz: Ok. First I rounded the numbers. Then for the first
multiplication I removed the zero and three times seven is
twenty one. | put back zero so that the result is two hundred
ten. After that I multiply this result by the third rounded
number three hundred. While doing this, I removed the zeros,
and multiplied twenty one by three.

Researcher: How did you multiply these numbers?
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(Researcher note: Deniz smiled at me. Since he thought, what
kind of question is this? When I asked is this multiplication
easy for him, he approved by his head.)

Deniz: Ok. I multiply three by one and then three by two.
Researcher: What is the result?

Deniz: Thirty six thousand.

(EX 37)

In the excerpt, as can be identified, that Deniz forgot a zero after multiplication
procedure while putting back zeros at the end of the multiplication result so that the
solution conveyed wrong result. The reason for this misinterpretation of the
questions may be due to Deniz’s short-term memory. He could not keep the sequence
of actions of the multiplication. Therefore, his ability to work with zeros might be

poor relatively for Q1 (31 x 68 x 296).

Another question in whole number, Q15 (87 419 + 92 765 + 90 045 + 81 974 + 98

102), Deniz performed it without removing zeros correctly different from others.

Deniz: 1 round the first three of them ninety thousand and
multiply by three. I get two hundred seventy thousand. The
next number could be rounded eighty thousand and the last
one a hundred thousand.

Researcher: The result?

Deniz: The result could be found by adding two hundred
seventy thousand and a thousand first, then adding the eighty
thousand... himmm. So it should be firstly three hundred
seventy thousand, then himm add eighty thousand.. it is four
hundred fifty thousand.

(EX 38)

Removing zeros in Q1 and Q15 is performed successfully by Mert, Ayse and Sergen.
On the other hand, simplification of the zeros during the division algorithm Sergen

was confused in Q11 (474 2578 127). The following excerpt is the continuing part
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of the excerpt given in the title “4.1.1.1 Reformulation in Whole Numbers” of

Sergen,;

Sergen: 1 think so. Yes, the first one should be 480 so that it
could be divided by 8 and it should be sixty....

Researcher: Your answer?
Sergen: 1 must put the removed zeros back.
Researcher: Which removed zeros?

Sergen: At the beginning, I removed the three zeros from the
first two numbers. Therefore, I should put them back.

Researcher: hhmmm. Ok. What should the answer be?
Sergen: It is sixty thousand.
(EX 39)

In the excerpt, it could be understood that Sergen confused the removing zeros and
simplification of zeros. This may be an evidence for the poor number sense of
Sergen. Ayse and Mert chose to solve the Q11 (474 2578 127) by without
removing zeros. These students conducted the division of 480 00080 000, and not
being removed zeros, found an acceptable answers. It may be considered as a

confirmation for good number sense of these students.

4.3.1.1.2 Number Sense on Decimals

Decimal is a problematic topic for the interviewees. As seen in Table 4.3, there are
some questions, Q12 (98.6 x 0.041) and Q5 (0.7 + 0.002 + 0.81), which could not be
answered by interviewees. Especially Q12 (98.6 x 0.041) was the most difficult one
for all of them. There are some reasons for not answering this question. The first and
most powerful reason is that the sticking with the rule based rounding. The three
interviewees (Mert, Deniz, and Sergen) confused with the rules since the second

decimal should be rounded to zero according to the rules. On the other hand, this
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multiplication result should not be zero. In the following excerpt, Mert is trying to

explain his confusion;

Mert: The second decimal could be round zero.

(Researcher’s note: He is hesitating about saying zero. He
was quite for a minute)

Researcher: So the multiplication result is zero?

Mert: No... should not. But... well, it could be round zero
point five.

Researcher: Do you think that 0.041 is close to 0.5?
Mert: No...I think...himmm..
(EX 40)

Even Mert had difficulties in rule based rounding in the Q12 (98.6 x 0.041), Deniz
and Sergen could not get rid of this confusion. The other matter according to this
question is that the multiplication of a decimal with powers of ten. Nevzat and Ayse
were struggle with this concept. The next excerpt shows Ayse’s comments on

multiplication a hundred by a decimal;

Ayse:  The first decimal could be rounded a
hundred...himmm. The second one...

(Researcher’s Note: She thinks for a long time... I think she is
trying to conduct exact computation but she was stuck)

Researcher: Ayse would think aloud. I want to hear what are
you thinking...

Ayse: Ok. I thought about the multiplication process with ten.
There should be a rule about zeros and coma.

Researcher: What kind of rule?

Ayse: We are doing something with coma and zeros...himm..
I think we move the coma according to the number of zeros
or himm. I don’t know. I could not remember the rule.

(EX 41)
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This question is a difficult one for the whole group. It may be related with the
groups’ poor learning on decimals. However, three of the interviewees had problems
on rule based rounding procedure but the other had problems on multiplication of
powers of tens. The interviewees’ problems on this question may be related with lack
of the place value fact or multiplication with powers of ten by a decimal, which is

examined in next sections in the current chapter.

Morgan’s (1990) findings are consistent with the situation that is multiplication by a
number less than one was the most difficult one for the interviewees on his study.
Hanson and Hogan’s (2000) identified the subjects who were struggle with some
specific operations and number types; among them, there was multiplication of

decimals by power of ten.

Multiplication of decimal by ten was a difficult question also for Nevzat. In Q13

(31){ 10%), Nevzat changed his solution process because he couldn’t perform the
2

multiplication of a decimal by 10 and produced another way which was simpler than

decimal multiplication procedure. The next excerpt indicated his difficulty;

Nevzat: The first number is three and half. The second one
could be seen as 10. Therefore, I should multiply three and
half by 10. hbmmm. I think... ok... lets say the first one is
three. Then the answer is thirty.

(EX 42)

“Multiple representations of the numbers” are other subcategory of number sense.
The representation is conducting by converting decimal to fraction and fraction to
decimal. Students who can easily translate from one representation form to another
are able to use the representations as tools to approach problems from several

different perspectives. The use of this kind of multiple representations depends on
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1

students’ ability to work with either fraction or decimal. For instance, in Q14 (1 —x

1.67), Mert was the person used both numbers as decimals. He conducted the
conversion of fraction to decimal and multiplied two decimals mentally. The excerpt
(EX16) from his interview was given in the section “4.1.1.2 Reformulation in

Decimals,” showed his solving procedure.

In the next section, fraction related questions are examined according to students’
number sense. Although questions on decimals and fractions were solved by
converting each other, there were critical points on some questions and some

different application through student to student

4.3.1.1.3 Number Sense on Fraction

In the fraction questions, especially in Q10 (1 T 435 481 ), the interviewees
16 12 2

Mert, Nevzat and Ayse spelt the fractions as decimals while reading the questions.
They converted the fractions into the decimals at the very beginning of the solution
so that this might be an evidence for their good number sense. The following excerpt

showed Mert’s performance on converting fraction into decimal smoothly,

Mert: One and half plus, three and half, and eight and half...
himm. Three and half and one and half make five. Then eight
and half three and half.

Researcher: You’re so fast. Please explain each step to me.

Mert: Ok. The first and second fractions could be rounded
half since they are close to one over two.

(Researcher note: He is pointing out the first and second
mixed number’s fraction parts)

(EX 43),
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The changing of the fractions to decimals can help students perform the addition
procedure easily. Since, without thinking equivalence denominators of fractions they

performed addition by halves and whole numbers.

Similarly, in Q13 (3 Iy 10% ), only Mert preferred to convert first fraction to decimal
2

and then multiply by ten. Nevzat also converted the fraction to decimal but he could
not conduct the multiplication decimal by ten, then he changed his mind and ignore
the first mixed number’s fraction part. So that, the operation became two whole

numbers multiplication and could be performed easily for Nevzat.

While Mert is very competent with mental computation and computational
estimation, Nevzat is a poor computational estimator. Mert obtained the closest

answer by doing the conversion of fractions to decimals and performed the

multiplication successfully in the Q13 3 1 x 10-)and Q10 (1 7 +3 5 +81 ).
2 8 16 12 2

Therefore, it might be said that Mert has better number sense than the others. The
other interviewee, who has a good number sense, is Ayse. She is the only person who

can obtain acceptable answer for Q9 (14% + %). The following excerpt shows her

comments on the question;

Ayse: The first number rounded to 15. The second one is
close to half.

Researcher: So...?
Ayse: So, the result is 30.
Researcher: Can you make it clear? How can you find 30?

Ayse: 1 should divide 15 by 0.5. So, I asked myself, how
many half are there in fifteen. The answer is 30 halves.

(EX 44)
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To be able to use multiple representations of decimal and fraction help students
produce acceptable answers in the computational estimation questions. This

converting process might help Ayse to find the answer of Q9 (14% +§), since

nobody used this converting process for the question and nobody could find the
answer. The other reason might be related with the conceptual knowledge of
division. While answering the question, Ayse asked herself, “how many halves are
there in fifteen?” as can be seen in the Excerpt 44 above. After asking this question,
she could say the reasonable answer since her questions was a right question to get
the right answer. By asking herself such a question, she made herself think about the
meaning of the division process, not the standard division algorithm. Therefore, she
could count how many halves in the fifteen as separate pieces. Nobody, except from

her, could think to ask this kind of question to them.

Sowder and Markovits (1989) believe that meaningful understanding of the size of
fraction and decimals can help students in developing number sense in general.
Therefore, ability to work with fraction and decimal questions may show that

students’ good number sense.

Contradictory with some research result, in the current study students had difficulties
on decimals more than on fractions. However, Ling (2005) asserted that in his study
the interview results indicated that items including fractions were more difficult than
whole number and decimal items. Different from these studies, in the current study,
the interviewees performed fraction questions better than decimal questions. This
may be because of the data gathering procedure was quite after the “fraction topic” in
their math classes. They had been practicing in classroom for a week before the

interview sessions of the current study.

Students’ capability of using strategies of computational estimation is not depending

on number sense but also depending on their performance of mental computation.
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This performance is examined in the next section through the each type of numbers

and computational estimation questions.

4.3.1.2 Mental Computation as Cognitive Factor

There are three categories of mental computation; mathematical facts on whole
number, mathematical facts on decimal and mathematical facts on fraction are

specified from the data. Each of these is discussed in the following sections.

4.3.1.2.1 Mathematical Basic Facts on Whole Number

Whole number category contains; (a) decomposition of whole numbers during
addition, multiplication, and subtraction; (b) standard operation algorithm, which
means that paper-pencil work and (c) usage of multiplication table. Dimensions of
basic facts of whole numbers that were identified from the interviews are examined

in the following.

Except Nevzat, all interviewees used decomposition of the whole numbers in Q15 (87
419 + 92 765 + 90 045 + 81 974 + 98 102) after reformulating to each numbers.
Because, Nevzat chose translation strategy for this question and with rounded all
numbers to 90 000, then convert addition into the multiplication procedure.
However, other interviewees preferred to add numbers partially. Therefore, they
should manipulate numbers for easy addition that is they used decomposition of the
numbers. For example, following excerpt from Deniz’s interview shows using of

decomposition of the numbers while addition;

Deniz: The first three numbers rounded to 90 000 and get 270
000 when I multiply by three. The third number could be
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rounded 80 000 and the last number is 100 000. Adding 100
000 to 270 000 is 370 000. Moreover, the result is 450 000.

Researcher: how did you find the result? Tell me your
addition.

Deniz: 1 break 80 as 30 and 50. Then add 30 to 370 we could
get 400. After that, 50 could be added to 400. So that the
result 1s 450.

(EX 45)

Decomposition of the numbers helps students to handle with addition, subtraction,
and multiplication questions easily. One can separate the numbers in order to usage

and easiness.

Mert conducted a similar version of this addition with decomposition, but without

zeros. In the following excerpt, he stated his solution;

Mert: 1 get 270. Then by adding 80, I can get 350. After
adding a hundred, the result is 450 000.

Researcher: How did you perform the addition?

Mert: To add 27 and 8, first [ added the 27 with three and get
30 and then the other part of eight... that is five can be added
30. So that 35 is obtained. Since the last number is a hundred,
the result is 450 000.

(EX 46)

Similar to addition operation, in the subtraction question decomposition was used,
for example in Q3 (7465—572). Except from Nevzat and Ayse, the other
interviewees (Mert, Sergen and Deniz) rounded the numbers and used decomposition
of the numbers to conduct the subtraction. The following excerpt shows Sergen’s
solution of the question and he explained the decomposition of the numbers during
subtraction;

Sergen: The first number is 7500 and the second is six
hundred. The result should be six thousand nine hundred.
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Researcher: Well, Sergen would you explain your operation,
please?

Sergen: Ok. I break the six hundred in a hundred and five
hundred. So, seven thousand and five hundred minus five
hundred is seven thousand. The remaining a hundred could
be easily separated from seven thousand that is six thousand
nine hundred.

(EX 47)

As a remark, Nevzat and Ayse preferred to use compatible numbers strategy for this

question, they did not conduct decomposition of the numbers process.

In mental computation themes, “standard operation algorithm” was most popular
computation way among the students. Almost all of them tried at least once to
conduct the standard operation for the question, but researchers convenience them to
give estimated solution. For example, Ayse, Sergen, Nevzat, and Deniz conducted
the standard operation algorithm in Q1 (31x 68 x 296) for the multiplication of
rounded numbers. The excerpt given is from Nevzat’s interview shows an example

below.

Researcher: How did you find the 63 000?
Nevzat: After I get 21, I multiply 21 by three.
Researcher: How did you multiply these?
Nevzat: In a normal way...

(Researcher Note: Nevzat was surprised at the question. he
found the result but someone asked him how he found. Also,
the question of “tell me how you multiplied them” is a weird
question according to him.)

Nevzat. Ok. I put the three under twenty-one. Then multiply
one by three, after that multiply two by three.

(EX 48)
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Similar to Nevzat’s explanations, Sergen, Ayse and Deniz conducted the
multiplication procedure by using paper-pencil algorithm. Students were confused
when researchers asked them, how they multiply the numbers with each other, since

this question was weird, numbers are written one under other and multiplied.

In the division problems, the standard operation algorithm could be easily identified
during the interviews. The movement of the interviewees’ heads gave clues that
students were trying to draw a division cross in their head to compute the problem by
paper and pencil algorithm. Moreover, when it was asked that “how did you find the
answer” interviewees explained drawing the division line and trying to explain the
operation of the division algorithm. For instance, Deniz conducted a standard
division algorithm in his head for Q7 (16.272 +36). The following excerpt explained

the way of his solution,

Deniz: 1 want to ignore decimal part of the first number.
Then it should be seen zeros. Only we have 16.

Researcher: Why?

Deniz: Since sixteen is smaller than thirty-six when we
divide two of them, we should add zero after sixteen. Himm,
I guess it is a bit hard to divide them.

Researcher: do you use division cross?

Deniz: Yes. But I could not do the division.
Researcher: Well, let’s try something easier.
Deniz: OK. We can round thirty-six to thirty-two.
Researcher: Why?

Deniz: Or we can round sixteen to twenty and thirty six to
forty, so that the result should be one over two.

(EX 49)
Although, students pretended to estimate the answers, it could be observed from the

excerpt above, they tried to imagine a blackboard on their eyes, raise their hand as

though writing in the air in front of them and tried to produce written algorithms,
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which was heavily emphasized in classrooms. This observation, which was
conducted during the interviews, consistent with Volkova’s (2006) findings.
Although Volkova (2006) studied on preservice teachers, they also tended to apply
standard algorithms to the problem before they could think of a possible estimation

strategy.

Although Ayse was a good estimator and good mental computer, she more often
preferred to use mental computation than other interviewees did. The reason was that
both she could do the computation mentally and she wanted to use it or she did not
want to use estimation. There are many examples for her related with using mental
computation insistently on the interviews questions. For instance, in Q3 (7465—
572), she tried to compute at first; with the warning of the researcher she used
estimation strategy and rounded the numbers. The continuing part of the Excerpt 7,
which was given in “4.1.1.1 Reformulation in Whole Numbers,” is presented below

to show Ayse’s reactions;

Researcher: How did you find the six thousand nine
hundred?

Ayse: 1 subtracted the 570 from 7470.
Researcher: How did you subtract?

Ayse: 1 put the 570 under 7470. Since the seventy parts
removed each other, the end of the result should be zero. It
should be 9, after subtracting five from four.

(EX 50)

Standard operation algorithm, which known paper-pencil work, is mostly concerned
as a strategy for computational estimation in most studies (Levine, 1982; Dowker,
1992). Especially in the mental computation ability, paper-pencil algorithm took an
important place. In the current study, the interview group insistently used standard
operation procedure in many questions, but standard operation algorithm is not

concern a computational estimation strategy for the current study.
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The other factor related with the performance on mental computation on whole
number is ‘“using the multiplication table” for whole number question. The
interviewees used the multiplication table procedure in two division questions of the
Computational Estimation Test during the interviews. The first one is Q8 (713 +8)
and the other one is Q11 (474 2578 127). The following excerpt presents one of
the example from students’ interview how the interviewee explained the solution of

Q8 (713 +8);

Researcher: What are doing Sergen?

Sergen: (He is counting something silently). 1 am checking
the multiplication table of eighths.

Researcher: Why?
Sergen: Because in the question 71 divided by 8.
Researcher: 71?

Sergen: 1 removed three or I can say that 72 since I think 8
times 9 is 72. Then one zero should be put back to 9 and the
result is approximately 90.

(EX 51)

Similar with Sergen, the other three interviewees (except Nevzat) checked
multiplication table of eights to find the division of 713 by 8. However, Nevzat
preferred to round the first number to nearest hundred rather than nearest ten.

Therefore, his division question became 700 divided by 8.

As a remarkable observation, standard algorithm in the division questions requires
students to ignore place value. For example, in dividing 713 by 8, the interviewees
ask themselves, “how many times does 8 go into 71?” rather than “how many 8s can
I get out of 713?” for these reasons the standard algorithm in these division questions

works against students’ number sense.
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In the following Table 4.9 mental computation and number sense codes of whole
numbers are given. As seen from the table, except from Nevzat, all of them used
various amount of strategies of mental computation. As explained previous sections,
Nevzat was poor computer but this did not lead being poor estimator. On the

contrary, he was one of the good estimators among the interviewees.
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4.3.1.2.2 Mathematical Basic Facts on Decimal

Decimal questions in the Computational Estimation Test were difficult to estimate
for the interviewees. They mostly wanted to solve the questions by using the
standard decimal procedure that is making the same number of decimal places. The
data are investigated according to three sub categories of mathematical facts on
decimal; these are making the same number of decimal places, place value of

decimal and decomposition of decimal.

In Q2 (835.67— 0.526), Sergen and Nevzat tried to solve the question by the
standard decimal procedure, they thought at first to make the same number of
decimal places and then computed. However, it can be identified that this kind of
solutions was having poor number sense since in order to ignore decimal parts or
rounded the numbers, students chose standard decimal procedure where it was more
difficult. Additionally they could not conduct this operation properly, so that this
could be concerned as having poor mental computation ability. An example, the
excerpt, which was also given in previous section “4.1.1.2 Reformulation in
Decimals” from interview with Sergen, shows this kind of poor mental computation

and poor number sense.

Sergen: One zero could be added to first number’s end. So,
the number becomes 835.670. The second number is
rounded to 0.500.

(Researcher Note: He read the number as zero point five
thousand)

Researcher: Why did you need to add the zero?

Sergen: Because when I am doing the subtraction with
decimals, the numbers of digits should be same for both
numbers.

Researcher: Ok. How do you subtract these numbers?
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Sergen: 1 round the first number as 835.700 then I subtract
five hundred from the seven hundred. Therefore, the answer
is eight hundred thirty five point two hundred (835.200).

(EX9)

In the excerpt, Sergen could not identify 0.500 and 0.5 were the same numbers.
Moreover, he did not remove the founded answer’s zeros because of the same reason.
Therefore, these could be concern as poor number sense of Sergen. The opinion of
his mathematics teacher supported the researcher’s inference. In the following
excerpt is from interview with Sergen’s mathematics teacher, gives another

perspective for performance of Sergen in mathematics classes.

Researcher: How successful is Sergen in the mathematics
classes?

Math Teacher A: He has not been interested in mathematics
this year. Last year he was the most successful student among
the sixth graders. However, this year he is poor at
computations.

(EX 51)

The other person in the interview group is Nevzat who had difficulties on decimals.
In the following excerpt, it is shown that Nevzat has trouble with Q2 (835.67—
0.526);

Nevzat: The second decimal could be rounded as 0.50. I
mean to make the same decimal places I dropped the third
digit from 0.526. So that...himm...835.67 minus 0.50. I
think...835 and sixty six and a half?

Researcher: Sorry. I missed you. How did you conduct
subtraction?

Nevzat: 1 subtracted whole parts between each other that is
835 minus zero is 835 then in the decimal parts, sixty seven
minus half is sixty-six and a half?

Researcher: himm. Would you tell me the result?
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Nevzat: Eight hundred thirty five point sixty six and a
half.. . himm??

(EX 52)

Nevzat had some misinterpretations on decimals’ place value that is he thought that
there were separate numbers of the two sides of coma of decimals and tried to
conduct the subtraction both side of the coma separately. In her study, Sowder (1984)
observed that students lacked of number sense on decimals could perform
unacceptable result for computational estimation. This kind of misconception may be
an evidence for Nevzat’s poor number sense and poor computational ability on

decimals.

Making the same number of decimal parts to be equal was also conducted in Q5 (0.7
+ 0.002 + 0.81) by Sergen, Nevzat and Ayse. Different from others, Ayse could
perform the standard paper-pencil algorithm and could get an exact result; however,
the others could not. The following excerpt shows Ayse’s solution for Q5 (0.7 +
0.002 +0.81);

Ayse: The first number could be 0.700 the second is ok. Then
the third could also be 0.810.

Researcher: Why did you put zeros?
Ayse: When adding the numbers the zeros help to add easily.
Researcher: How?

Ayse: When I put the numbers under each other, the first and
third number is ended with zero but the second is ended with
two. So the solution of addition ended with 2...himm..then...

(Researcher Note: She put an imaginary blackboard in front
of her and conducted the addition on board with her close
eyes and moving finger)
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Ayse: After then two, next comes fifteen. Hmmm. One could
be written left part of coma...so the result should be one
point, fifty twelve...

(EX 53)

According to excerpt, Ayse used standard paper pencil procedure for the addition of
the decimals where it was difficult to conduct mentally, she could find out the exact

result. Therefore, it can be said that she had good mental computation.

Although Q10 (1l+ 39 + 81_) was labeled as a fraction related question,
16 12 2

students mostly used the decomposition of decimals in this question. Mert, Deniz,
and Ayse decomposed the decimals in similar way, Nevzat and Sergen used another
different way of decomposition of the numbers. That is, the first group of students
(Mert, Deniz and Ayse) conducted addition of 1.5+3.5 as 1.5+3—4.5 and after then
4.5+0.5—>5. The second group of students(Nevzat and Sergen) conducted the same
addition of 1.5+3.5 at first by adding decimal parts 0.5+0.5—1, and then adding the
whole parts 1+3—4 and 4+1—5. The first application is an example of counting on
procedure; the second one is the property of commutativity of addition. These two
kinds of decompositions are not discriminated to each other in order to importance
but if the steps of process are counted, the first decomposition has fewer steps than
second one. It may not be very important, unless the speed of the operations would

not be considered.

In the following Table 4.10 shows that students most of the time used standard
operation algorithm perspective by making the same number of decimals of the
numbers. Since decimals were the most difficult type of questions among others,
students more were depending on standard operation rather than used estimation
strategies. However, as can be seen from the table, Deniz was not used any mental
computation procedure and this may lead us to conclude that he used mostly

estimation strategies for decimals.
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4.3.1.2.3 Mathematical Basic Facts on Fraction

According to interview data, mathematical facts on fraction is divided into four sub
categories, common denominator, division algorithm, decomposition of mixed

numbers and misconception on fraction.

Finding the common denominator was most preferred application for the fraction
related questions. Since interviewees used exact computation on fractions more than
estimation questions, they heavily rely on exact computation procedure for fraction.

Among the five of them, three of interviewees (Sergen, Nevzat and Ayse) tried to

find common denominator for the Q6 (13 + Z). The following excerpt is an
16 8

example of their perspective from the interview with Nevzat;

Nevzat: In the division of fraction I must conduct a
procedure...himm.. I must remember that. I think before that
I must find the common denominator of them.

Researcher: Ok. But let’s estimate the problem rather than
compute exact result.

Nevzat: yes. Then I could round the first fraction as 10 over
20. I remember the rule. I should reverse the second fraction
as eight over seven, and multiply by ten over twenty. That’s
it. The result is 80 over 140.

(EX 54)

This excerpt is an evidence for inferring poor conceptual understanding of Nevzat on
fraction. He concerned fraction as two separate numbers rather than a whole concept.
This perspective takes into account a sub category in the misconception on fraction
division of the current title. The misconception was observed during the interviews
was that treating the numerator and denominator of a fraction as separate integers

which was observed previous excerpt above. Ayse conducted this type of
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misconception in Q6 (13 + Z ). Although she was the only person, who obtained the
16 8

3 5), she produced a misconception in Q6

acceptable answer for Q9 (14Z+§

(13 + Z). In the following excerpt (EX 55), Ayse explains her solution for Q6 but
16 8

she treated the first fraction as two separate integers. She began with finding of
common denominator of the fractions but then she confused enlargement of
fractions. In the following it is given that her explanations for Q6 (13 + Z );

16 8

Ayse: 1 can make the denominator similar.

(Researcher Note: She smiled and stopped a while. I think

controlling the result by doing exact computation in her
mind.)

Researcher: ok. What are you thinking about Ayse? Please
think aloud.

Ayse: himm, | think the answer is two.
Researcher. How do you get the answer?

Ayse: 1 changed my mind and round the first fraction
numerator as fourteen. So that, I get fourteen over sixteen
where it is two times of the second fraction, seven over eight.
Therefore, the result is two.

(EX 55)

Different from Ayse, Mert and Deniz used rounding strategy for the fractions in the
same question. They rounded each fraction to 1 by using nearness to 0, 7> and 1

strategy. They gave 1 as a result of this division question.

Another application for the Q6 (13 + Z) was to make the similar denominator of the
16 8

fractions. However, reason of using same denominators procedure for these fractions
may be related with if the denominators of the fractions were twice each other. This

may lead to students to conduct the standard fraction operation. For example, in Q4
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(7 1_ - 41 ), four of the five interviewees tried to made denominators similar. Among

6 3
the interviewees, Mert gave an answer without using standard fraction operation,
since he just subtracted whole parts. However, Deniz found an exact answer by doing
making the denominators same and conducting the standard fraction algorithm

mentally.

Addition to take two separate numbers of denominators and numerators of fractions,
“multiplication makes bigger, division makes smaller” is another misconception on

3.5

fraction. For example, in Q9 (14Z +§

) students performed this popular

misconception which was known as “multiplication makes bigger, division makes
small.” Students could easily round the first mixed number to 15. However, when
dividing 15 by almost a half, was complicated process for four of the interviewees
(except from Ayse). These four interviewees could not realize that the result was
more than 14 or 15. Similar to findings of Markovits and Sowder (1994) and
Volkova (2006), the interviewees of the current study thought that when dividing a
number by another, the division should be smaller than the divided numbers.
Nevertheless, one of the students could realize that this fact is not true for all time,
especially on operations with fractions and decimals. All interviewees except Ayse,

asserted that the result should be seven point five (7.5) for the Q9 (14% + %). Four

of the interviewees explained this division as “when fifteen is divided by half result
should be seven and half”” When the researcher made situation clearer with asking,
“How many halves are there in a whole?”, then students could say correct reasoning
for the question but most of them stopped a while before saying that “the answer is
30 but how could it be?” Since they thought this is a division operation and the result

could not be more than 15. On the other hand, there was only one interviewee, Ayse,

3.3 ). She followed the division algorithm

who gave acceptable answer for Q9 (14Z + A

properly. Additionally she asked herself some conceptual questions like, “how many
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halves are there in fifteen?” and then she figured out the operation in her way as

saying “fifteen should be divided by a half so that the answer should be thirty.”

In the following Table 4.11 consisted of the codes of mental computation and
number sense on fractions. It can be seen that students generally tended to use
common denominator and decomposition of the mixed numbers. Converting fraction
to decimal or vice versa relationship coded under number sense and Nevzat, Mert
and Ayse, were the persons used these conversion in the fraction related question
more often than others. These are all an evidences of good number sense and high

mental computation of these students.
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4.3.2 Affective Factors Associated with Computational Estimation Strategies

According to the data gathered from the interviews, there are some affective factors
related with the students’ computational estimation strategies. The second session of
the interview was designed to understand the students’ thoughts on using
computational estimation in daily life applications, in mathematical applications,
feelings of students on using estimated solution, whether they gave importance to

estimation or not.

Although, the data examined in the following section was gathered from the second
interview session, and so that the second interview was designed for understand the
students thought and feelings, the first interview session and observations gave

considerable amount of data for answering the second question of the study.

According to interviews and observations of the students in the interview sessions,
two main themes are defined which are associated with the students’ computational
estimation for the affective factors. These are mathematics related affective factors
and estimation related affective factors. The codes, which are listed under these two

themes are given below:

Mathematics Related Affective Factors
a. Confidence in ability to do mathematics
b. Perception of mathematics

Estimation Related Affective Factors
a. Confidence in ability to do estimation
b. Tolerance for error

c. Perception of estimation
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Each factor is discussed below according to students’ answers for related interview
questions (see Appendix C). In the following sections, students’ answers are

examined through these themes and codes.

4.3.2.1 Mathematics Related Affective Factors

According to interviews, students answers could be collected under mathematics
related affective factor, since students’ perception of mathematics and confidence in
their mathematical ability influencing their computational estimation strategies. In

the following sections, students’ answers of each question are examined.

In order to identify the students’ confidence in ability to do mathematics, in the
second interview session some obvious questions were asked them. Students’
confidence in their mathematics performance was affecting their answers and
perspectives on estimation. Similarly, the perception of mathematics was concern
another mathematics related affective factors. It mainly concerns the beliefs about
mathematics, such as mathematics gives exact results or mathematics means
exactness. According to interview sessions, students’ reactions were observed based
on “exactness” concept. Through the answers, test anxiety was identified as a factor

that influence students’ thoughts on exactness of mathematics.

Each factor is examined through the answers of interviews and data were presented
from observations and fieldnotes, which were taken from the first interview and
second interview sessions. Although, second interview questions were designed for
identifying these factors, some observations of first interview and classroom

observations gave huge amount of data related with affective factors.
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4.3.2.1.1 Confidence in Ability to do Mathematics

In the current study, three types questions were asked to identify students’

confidence in mathematics performance. These were;
1. Rate your mathematics achievement,
2. Give a point out of 10 to mathematics achievement , and

3. How successful are you at mathematics?

As a first question, during conducting the Computational Estimation Test procedure,
in the answer sheets (see in Appendix D) a four scale self-rating question was asked
to whole class. The question is “Rate your mathematics achievement: ( ) very
good, () good, () moderate, () poor.” The students marked a cross in the
brackets to specify their achievement levels. According to results, among the five of
the interviewees, Mert and Ayse marked “very good” option and the others marked

‘Ggood",

In the second interview session, there were two questions related with students’

confidence in their mathematics. These were;

1. What points would you give yourself out of 10 on your mathematics

achievement? Why?

2. How successful are you at mathematics? Why?

Although the first question was very similar to self-rating question, these were asked
for identifying students’ consistency during the current study. The self-rating
question was asked at the very beginning of the study, but the other self -rating
question (What points would you give yourself out of 10 on your mathematics
achievement? Why) was asked in the second interview session and there was at least

one mouth between them.
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The answers of the first question listed above were answered in consistency with
previous answers, which were given on the CET answer sheet. Although all
interviewees were well-enough at mathematics lessons according to their score of
math exams and their mathematics teacher’s comments, the students gave points in
various ranges, from five points to ten points out of ten. Among the interviewees,
Ayse and Mert gave themselves 10 points out of 10 for the first questions. The
interviewees, Deniz and Nevzat gave seven points, and Sergen gave himself five

points.

The students (Deniz, Sergen and Nevzat) who gave themselves lower points are
generally poor at computational estimation questions. On the other hand, Ayse and
Mert who gave themselves very high points for their mathematics success differed

from each other in the answer of second question.

Where Ayse and Mert gave themselves 10 points out of 10 in the first question, their
answers were very different from each other in the second question, which was “How
successful are you at mathematics? Why?” Ayse answered this question as “enough”
but Mert answered it as “not enough.” This is a very important data to understand the
difference between these two students. Although they are both successful at
mathematics according to exams’ score and math teacher’s classifications, they
performed computational estimation questions differently. Ayse was eager to
conduct exact computation but Mert felt comfortable with estimated results and
could give estimated results. According to Ayse, estimation was nonsense in the
mathematics, but Mert preferred to use estimation and he was good at computational

estimation.

Ayse has high confidence in to do mathematics, because of this; she might want to

show her ability to find out exact results for almost all the questions in the interview.
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1 1

For instance, in the Q4 (7 —- 4 ), the following excerpt is an example of her

reaction to do estimation;

Ayse: May 1 compute the problem or give rounded answer.
Researcher: Please, give an estimated answer.

Ayse: 1 can do this computation in my head
without writing if you want.

Researcher: I know you can do it. But I want you to estimate
the solution.

(EX 56)

As a summary, although the interviewees were all successful students according to
questions that were asked them, Ayse and Mert had high confidence in ability to do
mathematics but other three interviewees did not as much as Ayse and Mert. There
should be examined another affective factor, which was called as “perception of

mathematics” and in the following section there are some other data is investigated.

4.3.2.1.2 Perception of Mathematics

According to data analysis, perception of mathematics associated with students’
strategy using and choosing process. Especially, exactness of the mathematics and
test anxiety are two main codes of this theme. Test anxiety is affecting students’
perspectives of estimation and mathematics. Since this code is very important, it is
going to be presented in following section under “Test Anxiety” title. In this section,

students’ thought on “mathematics should be included exact results” is examined.

In the interviews, Ayse and Sergen asserted very powerful assumptions on
“mathematics needs exactness.” The following excerpt from the interviews with

Ayse and Sergen show their ideas, respectively.
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Researcher: What do you think about to use of estimation in
mathematics lesson?

Ayse: In mathematics class, I don’t prefer to use it.
Researcher: Why don’t you prefer?

Ayse: Because mathematics needs exactness. Estimation
contains ambiguity. In math lesson, you should find exact
answers. Therefore, I don’t prefer to use it in math classes.

(EX 57)

Researcher: What do you think about to use of estimation in
mathematics lesson?

Sergen: himm. Estimation gives approximate solutions. It
doesn’t give exact result. HHmm I don’t want to use it in math
classes. But if I solve test questions...then estimation may
help me in tests...may be...

(EX 58)

As can be seen from these dialogues, students (Sergen and Ayse) believe that

mathematics does not contain the approximate answers and estimated solutions. In

addition to thought on exactness, Ayse stated an interesting explanation in the

following excerpt;

Researcher: Don’t you ever comment on a mathematics
problem without exact result?

Ayse: Himm, Sometimes I do. Then I find the exact solution.
I feel disregardful to the math question if I do not find the
exact result.

(EX 59)

Ayse believe that she could show her respect to mathematics by computing the

question and not giving the estimated result. These show that a general perception of

mathematics is present among interviewees. This kind of thinking mostly comes

from directions provided for student by teachers. The researcher observed an
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interesting scene about how a teacher can influence students’ view on the nature of

mathematics. The following figure, the fieldnotes explains this situation.

Class A: 24 December 2008 8.30 am to 9.10 am
Wednesday

title on board “Addition with mixed numbers” then
explains two ways through which we can add these
numbers. First, by converting them to compound fraction,
second by adding whole parts and adding fraction parts

separately. Then he writes a question (5 S i1 3 ) on

blackboard. Students note it on their notebooks. One of
the students raises her hand and says her solution in the
following way;

Student: Teacher, I think result is more than four.
Teacher A: no, no... You should first convert this number
(show first fraction) to compound fraction.”

Then he warns all students about conducting the
compound fractions.

Teacher A: Before conducting the operation, you should
convert the mixed number to compound fraction....

The student who gave approximate answer to the question
on board, is conducting teacher’s way of solving
question...

Figure 4.1 An Example to the Fieldnotes from a Classroom Observation

The fieldnotes was taken from the class A, where a student found an approximate
answer for a fraction question and teachers gave a reaction to him. Although the
student in class A gave the reasonable answer for the question, the math teacher said
that it was wrong. The teacher made students gave the exact answers only, not
approximate one. Since teacher gave a rule of mathematics, students did not think

about the range of the answer for that question not ever for any questions.
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The following excerpt from interview with Mert may shed light on the above-
mentioned view. He is explaining why he does not want to use estimation in math
classes.
Researcher: What do you think about finding approximate
solutions in math class?

Mert: 1 use sometimes, for controlling the answers. But most
of the time mathematics teacher wants me to give exact
answers. Therefore, I generally conduct exact solution in
math class. Sometimes, this makes me angry.

Researcher: What makes you angry?

Mert: When I say the approximate result to teacher, he thinks
it is a wrong answer. But I only say approximate one, not
exact one. When I explain this is an exact answer, he says
“find exact one”. Therefore, I don’t want to use estimation in
math classes.

(EX 60)

As a result, teachers’ perspectives and the way of teaching mathematics influenced
students’ perception of mathematics. These concepts are going to be discussed in the
next chapter. However, before that, the other factors, which was affecting students’
point of view according to computational estimation usage and strategies is the “test

anxiety” which is examined in the following.

Test Anxiety was identified that from the interview results, there was a powerful
factor that influencing the students2 perception of mathematics that is the tests
students took. However, this test was not a teacher-applied test it was applied in
nationwide. This factor appeared while answering one of the question of “confidence
in ability to do mathematics”. This was “How successful are you at mathematics?
Why?” and students pointed out an interesting point, which was coded in the coding

list as “dersane”.

194



They confessed that their achievement levels in mathematics were changing
according to place where they took the mathematics lessons. The following excerpt

from second session of interview with Deniz;

Researcher: How successful are you at mathematics?
Deniz: 1 am good enough at “dersane” but not good at school.

Researcher: why is that? What is the difference between
“dersane” and school?

(EX 61)

From this excerpt, it can be seen that Deniz thought his mathematics achievement
was different from place to place. In “dersane,” mathematics was teaching based on
multiple choices testing with underlying some practical ways of the topics without

showing reasons.

The reason for going to “dersane” is related with the Level Determination Exam
(SBS), which is a nationwide exam for elementary students. Therefore, test anxiety is
concerned as an affective factor, which influencing the computational estimation
strategies of the interviewees. SBS anxiety is a cultural variable for Turkish society

since in elementary schools in Turkish educational system students take this exam.

The interviewees are very seriously concerned about the SBS. The high score
obtained from these exams is a kind of sign for the students and their teachers,
families and friends about their achievement especially in mathematics. Because of
this, Level Determination Exam is very important for all. All the interviewees are
going to a “dersane” for getting high scores from the exam. “Dersane” is a kind of
school but students have to pay money to attend this school and lessons are given

more depending on exams and on multiple choice test. The interviewees all took
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lessons more seriously at “dersane” than at school. In the following excerpt, Sergen

is explaining why he has to go to “dersane”;

Researcher: How successful are you in math classes?

Sergen: In school, I am not good. But in the “dersane” I am
pretty good at mathematics.

Researcher: Sergen why do you go to “dersane”?
Sergen: Because in SBS, I want to get a high score.

Researcher: Do you have to go there? Without dersane can’t
you get a high score?

Sergen: No, I can’t. Everybody goes to dersane. In school, I
cannot motivate myself. But in dersane, you have to attend
the lectures, and get high score from the trial exams.

Researcher: Why do you have to do? What if you get low
score in trial?

Sergen: your classroom is changed. I am in the class A,
which is the class where high achievers are enrolled. If my
scores decrease, then I will be transferred to lower class,
which is class B.

(EX 62)

The five interviewees go to same “dersane” and all in the top classes. They asserted
that they should get higher scores from the tests that were conducted time to time in
“dersane” to protect their achievement level and class degree. Periodic exams are
taken at “dersane” to identify the students’ levels, if anyone has poor performance;
his/her classroom is changed and decreased the class degree. These exams make
students give more importance to “dersane” than school lessons. Mert explained this

situation in the following excerpt;

Mert: 1 am good at both in school and dersane. However, in
dersane I must be good at tests. And I should not let my
achievement decrease.

Researcher: Why?
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Mert: Because, If get lower scores, the administration
changes my class. I don’t want to attend lower classes.
Therefore, 1 am trying to improve my testing skills.
Estimation sometimes helps me during the test. I could
eliminate some options among the four of them.

(EX 63)

Although Mert made use of estimation in the tests, the other interviewees thought
that in test they should found the exact solution. Moreover, except Mert, the others
thought that estimation might lead them to wrong answers. Ayse explained her view

about estimation using during the tests in the following excerpt;

Researcher: You do not want to use estimation in math
classes. Ok. At dersane? During testing?

Ayse: 1 don’t think so... this may mislead me.
Researcher: Why do you think so?

Ayse: When I estimate an answer to a test question, I find
approximate result. This may be more or less than the exact
one. What if there are options close to each of them. No,
no... Estimation should not be used in math classes in school
and at tests in dersane.

(EX 64)

Because of this exam anxiety, according to interviewees, the success in multiple-
choice tests of mathematics is very important. However, multiple choice testing
makes students more specific on their mathematical thinking and makes them think
that mathematics requires a single correct answer, which is given among the options.
Therefore, students’ perception of mathematics and computational estimation was
affecting by the perspective of “dersane” and teaching mathematics based on

multiple choice testing.

Besides, mathematics based affective factors, there are some factors based on

estimation nature in it. Since some students had specific thoughts and feelings on
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estimation. According to interview data, these thoughts and feelings are clustered in

some themes and codes, which are examined in the following section.

4.3.2.2 Estimation Related Affective Factors

Estimation related affective factors influencing the students’ estimation performance
are investigated in three titles, confidence in ability to do estimation, perception of
estimation and tolerance for error. In confidence in ability to do estimation section,
the researcher discuss the students’ confidence in making computational estimation
through mathematics questions. Under the title of the perception of estimation,

students’ thoughts and feelings are discussed.

In this section, doing estimation makes students feel good or bad, what students are
thinking about estimation, do they thought that is it useful or not, do they give
importance to estimation in their daily life or academic life, are discussed. Under the
title of tolerance for error the questions on whether estimation is an ambiguous
situation or not, and may large interval-solution cause any trouble for interviewees,

are examined.

4.3.2.2.1 Confidence in Ability to do Estimation

In the present study, three questions were asked to students to identify their
confidence in doing estimation. One of them was asked during the testing procedure
of CET and it asked them to rank their estimation ability achievement. The question
is “Rate your computational estimation ability level: ( ) very good, ( ) good,

’

( ) moderate, () poor.’
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The other two questions were asked to the students in the second interview session.

These were;
(1) What points would you give out of 10 on your computational estimation? Why?

(2) How successful are you at computational estimation? Why?

Moreover, some observations and fieldnotes, which were collected from the first

interviews helped to infer students’ confidence in estimation.

According to gathered data, among the five interviewees, only Mert rated himself as
a “very good” estimator in the answer sheet of CET. Deniz, Sergen, and Ayse
selected the “good” options, and Nevzat thought that his estimation ability was

“moderate” in the first self-rating questions.

To confirm interviewees’ thoughts, in the second interview session, two questions
were asked related with the confidence of the interviewees in computational
estimation. the answer of the question “What points would you give out of 10 on
your computational estimation? Why?” was varied fro six to ten points among the
interviewees. Although, Deniz gave 10 points on his estimation ability, Ayse gave 9
points, Mert gave 8 points, and Nevzat and Sergen gave 6 points on their
computational estimation ability. The follow up questions revealed the reasons for
the students’ assigning these scores to themselves. In the following excerpt, Deniz
and Mert explained why they gave 10 points and 8 points, respectively, to

themselves;

Researcher: Why did you give 10 points on your estimation
ability?

Deniz: Because I can round the numbers easily.
(EX 65)
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Researcher: Why did you give 8 points on your estimation
ability, Mert?

Mert: 1 am not good enough at computational estimation. I
can not find the answer in a few seconds, it takes a time. But
I am a good estimator.

(EX 66)

If Mert and Deniz’s performances on estimation are compared, Mert is found to be
more successful than Deniz in the first interview session according to computational
estimation. Reehm (1992) reported that students in low ability range tended to
overestimate their ability to estimate, and students in the high ability range tended to
underestimate their ability. Mert and Deniz’s self-rating situation could be explained
by Reehm’s (1992) finding. Although Mert gave lower score than Deniz and Ayse,
this did not mean Mert had low confidence in his computational estimation ability.
This is related with Mert’s high expectations of his achievement. Therefore, he

thought his success was not enough for his high expectations.

The confidence in to do estimation was varied in interviewees and this might be
affecting their preferences of computational estimation strategies. However, it was
not the only factor affecting to interviewees’ computational estimation, also
perception of estimation affected to their strategies of computational estimation. This

factor is examined in the following section.

4.3.2.2.2 Perception of Estimation

According to the interview questions, it was aimed that to understand that what
students thought about computational estimation, whether they used in daily life
applications or not, or whether they want to use it or not. Accomplishing to this aim,
it was asked some specific questions, for example, “Where do you use computational
estimation in your daily life?” was asked them and they answered generally “at

markets or during shopping” (apart from Ayse).
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Although Ayse gave very high point on herself about the computational estimation
ability, she stated that computational estimation should not be used in daily life. The

following excerpt is from the interview with Ayse;

Researcher: Where do you use computational estimation in
your daily life?

Ayse: 1 think, I use estimation, for example while computing
how far away the school from home is.

Researcher: It is not a computational estimation procedure.
It is measurement estimation. Do you use computational
estimation in your daily life?

Ayse: HHmmm. I think, no.
Researcher: During shopping at the supermarket?

Ayse: No. There is a cashier at markets. Therefore, I do not
have to compute. I only use estimation when I have to
measure something like length or weight.

(EX 67)

In the excerpt is given above, she stated that she did not use computational

estimation in daily life. In excerpt 57, she asserted that mathematics is exactness;

therefore, in math classes, estimation should not be used according to her. Sergen
expressed similar thoughts with Ayse, in the following excerpt Sergen explained why

estimation should not be used in math classes;

Sergen: In mathematics classroom you should find exact
answers, estimation does not give you exact results.

(EX 68)

When it was asked “what does she feel about when doing estimation question” Ayse

gave an interesting answer. While explaining her feelings, she claimed that

201



estimation makes her uncomfortable. In the following excerpt, Ayse explained her

reasons,;

Researcher: What do you feel when you doing
computational estimation requested questions?

Ayse: Actually, I do not prefer to use computational
estimation. I can compute mentally the given question, or use
pencil to compute exactly. Therefore, I don’t need to use
estimation.

Researcher: ok. What if you have to do estimation...? What
do you feel?

Ayse: It makes me uncomfortable. The estimated answer is
not an exact one. If I could find the exact result then I should
find it.

Researcher: Why do you feel uncomfortable?

Ayse: Because, the ambiguity makes me uncomfortable. By
doing estimation, I can only find approximate solutions. I
don’t feel good with estimation.

(EX 69)

The excerpts show that Ayse and Sergen felt estimation was not much useful. They

were liked-minded in terms of using estimation in math classes and in daily life;

according to their statements, ‘“estimation should not be used in mathematics

classroom.” These beliefs could trigger the exact computation procedure for them so

that Ayse and Sergen were eager to find exact solution to the computational

estimation question.

According to interview with mathematics teacher of Ayse, she was not produced her

own methods for problems. In the following excerpt from interview with

mathematics teacher A, presented the perspectives of Ayse in mathematics lessons

through improving new ideas on problems;

Math Teacher A: Ayse prefers to conduct taught methods.
She doesn’t like use shortcuts or untaught ways.
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Researcher: Do you promote her use another way for
solving the questions?

Math Teacher A: yes. | promote every student in the class.
For example, Mert could produce another ways, but Ayse
doesn’t prefer. If she finds the answer, she does not need to
try another way.

(EX 70)

In the current study, Ayse frequently asked whether to compute or to give estimated
solution. She wanted to exact computation of the questions for interview questions,
since one of the reason for that her negative feelings on estimation. Similar with
Ayse, Sergen also insisted on using exact computation procedure rather than using
estimation procedure. This is also an evidence for these students’ not giving

importance to computational estimation.

As a specific example, in Q5 (0.7 + 0.002 + 0.81), Ayse solved the question by
standard addition procedure. Her explanation was given in section “4.3.1.2.2
Mathematical Facts on Decimal” in EX53. She put the numbers under each other and
then added as in the standard addition similar to a paper-pencil computation

procedure.

In the first interview session, in Q7 (16.272 +36), Sergen could not conduct an
operation at the beginning and he asked whether he had to use estimation with a
gestured showing he got bored. This situation, which had to estimate, was annoyed
him. In the following excerpt from the first interview with Sergen, it can be seen his

perspective for estimation;

Sergen: | have to use rounding.

Researcher: Do you feel discontent, as you use rounding?
Sergen: Yes. I little.

Researcher: Why do you feel discontent?

Sergen: Since, | usually compute math questions mentally..

Researcher: Why don’t you prefer to use estimation?
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Sergen: 1 do not prefer, since computing questions mentally
is usually very easy for me and I mostly use mental
computation. “To estimate” is different for me. I rarely
conduct estimation for a math question. I usually prefer
directly to solve it.

(EX 71)

Ayse is the other interviewee who did not want to use estimation unless researcher

made her use of it. She continuously stated that she could compute the problem in

her mind if researcher wanted her to do so. For example, in Q4 (7 l -4 l) was very

easy for her, so that she wanted to compute mentally and find exact answer.
However, when the researcher warned her to find estimated answer, she gave an
answer in a big range by subtracting only whole parts of the mixed numbers not
because of estimation only because of get rid of the question. She wanted to conduct

mental computation for all the questions in the first interview.

The perception of estimation is influencing the students’ reactions to computational
estimation questions. The specific examples were Sergen and Ayse who were
unwilling to use estimation, since they thought that estimation could not give exact
computation. Exact computation is more important than estimation for these
students. However, Mert, who has positive thoughts on estimation, preferred using
estimation in the interview questions. He attached more importance to estimation

than the other interviewees did.
4.3.2.2.3 Tolerance for Error

In the current study, tolerance for error is defined as feeling comfortable with inexact
results and pay off computations. This kind of feeling is not easy to identify by exact

questioning but there could be some evidences embedded in the interviews of the

204



students. For example, in Q3 (7465—572), the following excerpt from interview

with Ayse, she explained her feelings about rounding,

Ayse: 1 could round the first one seven thousand five
hundred. No, it is going to be too much.

Researcher: What is going to more?

Ayse: If I rounded the first one to seven thousand five
hundred, there will be more difference between my answer
and exact one. Therefore, I should round them as seven
thousand four hundred seventy and five hundred seventy.

(EX 72)

Among the interviewees, Ayse is the one who explained that the approximate
computations made her uncomfortable and this kind of computation makes her feel
ambiguous.

Ayse: When I compute approximate solutions, this make me

uncomfortable.

Researcher: Why do you feel that?

Ayse: It is not exact solution. I mean it is not clear, it is
uncertain.

(EX 73)
Ayse tried to find solutions in a very narrow interval, like in the Q4 (7—-4—). The

following excerpt is continuing part of EX 56, which is given in the section

“4.3.2.1.1 Confidence in ability to Do Mathematics”

Ayse: Ok. Then the answer is three. But I can say that less
then three.

Researcher: how can you say that?

Ayse: 1f 1 subtract 1/3 from 1/6, I should take a whole from
three, since 1/3 is bigger than 1/6. Therefore, the answer is 2
and five over six.

(EX 74)
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She stated in almost all numerical questions that she could find the exact result by
computing and tried to find answer in a small range of estimation pay off. This is a
powerful evidence for concluding that Ayse did not feel comfortable with estimated
answers. therefore, this may be an evidence to understand Ayse’s low tolerance for
error and why she was not comfortable with some pay off. Opposite to her, Mert is
the one who has high error tolerance since he can easily make rounding in a big
range and states given result being in a big range does not matter for him. For
instance, the following excerpt is from the first interview with Mert while solving a

decimal related question which was Q2 (835. 67— 0.526);

Mert: 1 round 835.67 to 836. Then the second one can be 1.
Therefore, the result is 834.

Researcher: Would you give a closer answer?

Mert: The closer answer should be eight hundred thirty five
point a hundred fifty but the other one is also OK for me.

(EX 75)

There is another evidence for recognizing Mert’s high tolerance for error. In the
question Q1 (31 x 68 x 296), he conducted rounding procedure more than once.
Although the multiplication of first rounded numbers (2100 x 300) could be done
easily by Mert, he preferred to conduct second rounding procedure (2000 x 300) on
purpose to get the result. This shows that Mert’s ignorance of pay off, which was cut

from numbers while operating the multiplication.

In Q4 (7l - 41 ), Mert gave an estimated answers in a big range and stated that he
3

did not uncomfortable with this kind of pay offs. In the following excerpt, he

explains his perspective;

Mert: The result is three.

Researcher: That’s it?

206



Mert: Actually, a bit less than three but does not matter.
Since it’s too small.

(EX 76)

Additionally, Mert confessed his disappointment with the mathematics teacher’s
reaction when he found a solution by estimation. It was explained in the section
“4.3.2.1.2 Perception on Mathematics,” in the excerpt EX60, previously. Mert said
that he was nervous because when he found a rounded solution, his mathematics
teacher did not accept his answer and said the answer was wrong. Therefore, Mert

does not conduct estimated solutions for the math questions in the math class.

Other interviewee, Sergen was the person who had low error tolerance. Similar to
Ayse, Sergen thought that mathematics contains exact solutions. Therefore, in Q15
(87 419 + 92 765 + 90 045 + 81 974 + 98 102) he prefers to use the compatible
numbers strategy for reformulating the numbers. The reason to choose this strategy
was finding a very specific result, which was the closest to the exact answer. In the

excerpt given below, Sergen is explaining his reasons,

Sergen: the first one could be rounded to 87 000 and the
second one to 93 000.

Researcher: Why would you round the numbers
like this?

Sergen: 1 don’t want to exaggerate the result.
Researcher: Exaggerate?

Sergen: I mean that [ want to find an answer closer
to exact one. I don’t want to go far away from the
exact answer. This is not true.

Researcher: Why do you think so?

Sergen: Actually, | am more comfortable with
exact computation. But you want to estimate
solution then I perform the addition as specific as I
can. This kind of rounding is reasonable for that.

(EX 77)
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The second coder of the study conducted the other significant observation. While
coding the transcripts of Ayse, the second coder identified that how low tolerance
error that Ayse had. The coder stated “Ayse was reluctant to take risk on questions”
to the researcher and confessed that how impressed from Ayse’s results. According
the second coder, Ayse did not want to take risks on computing, so that she wanted

to find exact result.

As a last word, factors, which are associated with the students’ strategies of
computational estimation tried to examine in the sections presented above. In the
following section, a general overview and brief results are presented for these

factors.

4.4 Overall Results of the Factors Associated with Computational Estimation

Strategies

Previous sections it is presented to factors associated with the students’
computational estimation according to two main themes. In this section, the given
results are summarized for clear understanding. In the following sections divided into
two, cognitive factors and affective factors that associated with computational

estimation strategies.

4.4.1 Overall Results of Cognitive Factors

Data collected from the first interview session and observations lead us to divide the
analysis according to two titles, these are “number sense” and “mental computation.”
In the current study, some concepts are taken into consideration as evidence for the
number sense. These are “ability to work with power of ten, and multiple

representations of the numbers.”

208



According to strategy uses and strategy choices for the first interview questions, it
was observed that Sergen and Deniz are poor computational estimators. When their
number sense was investigated, it was concluded that they both have poor number
sense, either. They both had difficulties on “ability to work with power of ten.” In
Q12 (98.4 x 0.041), Sergen and Nevzat could not multiply the decimal by a hundred.
Where Sowder and Schappella (1994) emphasized that lack of ability in multiplying
a power of ten with a decimal should be taken into consideration while explaining
“number sense ability” so that it can be concluded that Sergen and Nevzat had poor

number sense.

Another evidence for Sergen to concluded that his poor number sense is confusion of
the “removing zeros” and “simplification of zeros” in the questions. The strategy-
removing zero” is used when dealing with the big numbers addition and subtraction
process. The zeros are removed while operation is conducting after that zeros should
be added to result. On the other hand, simplification procedure is conducted in only
division of the numbers. Sergen confused these procedures with each other in Q11
(474 2578 127). This kind of mistake is a powerful indication of the poor number
sense. Rubenstein (1982), who conducted a regression analysis and obtained a result
showing the factors accounting for the estimation ability, confirms it. The most
powerful factor was “operating with tens” which explained the computational

estimation.

Nevzat is the other person who had poor number sense. He could not work with the
power of tens in three questions; Q1 (31 x 68 x 296), Q12 (98.4 x 0.041), and Q13
3lx 10%). For example, in Q13 (31x 10%), he wanted to convert first fraction to
2 2
decimal but since he could not perform multiplication a decimal with ten (3.5 x10).
Since he did not remember “the rule” which is the multiplication of a decimal by a
ten. Therefore, Nevzat changed his procedure and ignored both fractions of mixed
numbers he only conducted 3x10. This shows both his poor number sense and also
his flexibility of preferences on numbers and operations. He did not insist on

computing the operation, which was initially produced. He changed his mind and
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preferred easer operation. Nevzat generally has difficulties on decimal related

problems.

In Q1 (31 x 68 x 296), only Nevzat and Deniz missed zeros, which they removed at
the beginning of the operation. Nevzat and Deniz removed the zeros of rounded
numbers for conducting the multiplication easily and then they forget to replace the
zeros to the end product. Working with powers of ten is a powerful evidence for

concluding that Nevzat, Deniz and Sergen have poor number sense.

Other interviewees, Mert and Ayse have not any problems with the ability to work
with zeros. However, this does not make them having good number sense. The other
evidence for good “number sense” was the skill to use “multiple representations of
the numbers,” which means that converting fraction to decimal and vice versa. In
general, the interviewees preferred to convert fractions to decimals. Mert, Ayse and
Nevzat conducted this conversion process in all fraction related questions. Although
Nevzat has poor number sense in general, he could conduct conversion of fraction to
decimal successfully. Yet, this is not enough for him to have a good number sense.
Mert could use decimals instead of fractions easily and smoothly, without any
hesitation. He reads the fraction related questions in decimal forms at the very
beginning of the solution and conducted the operation in decimal version. Similarly,
Ayse is the other person who has good number sense since she could convert
fractions to decimals whenever she needs. According to Yang, Li and Lin (2007)
“the multiple representations of numbers and operations” as one of the components
of number sense. The researchers (Yang, Li & Lin, 2007) revealed that there is a
moderate correlation among the multiple representations of numbers and operations

and mathematical achievement.

All the examples presented above confirmed that poor estimators (Sergen, Deniz and
Nevzat) have poor number sense and being good estimators (Mert and Ayse) lead
having good number sense. There is just one exception to this conclusion. Nevzat has

poor number sense and poor mental computation but he could use “translation and
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compensation” strategies, which are the strategies used mostly by good estimators.
Therefore, it is a bit complicated to conclude that Nevzat is a poor computational
estimator based on these indications. It is clear that Nevzat is not as good estimator
as Mert, but to conclude that he is a poor estimator, some other factors affecting his
estimation ability should be investigated. These factors are feelings, thoughts, and

tolerance for error.

The other cognitive factor, which is affecting the students’ estimation performance,
is “mental computation.” The mental computational performance of the interviewees
was checked according to codes, which are mathematical “basic facts of whole

numbers, basic facts on decimals, and basic facts fractions”.

Interviewees are generally good at mental computation on whole numbers.
Especially Mert and Ayse are remarkably good at mental computing among the
interviewees. The basic facts on whole numbers discussed according to
“decomposition of numbers, standard operation algorithm, and multiplication table”

codes.

Decomposition of whole numbers was used effectively by all interviewees during the
addition and subtraction of the numbers in Q15 (87 419 + 92 765 + 90 045 + 81 974
+ 98 102) and in Q3 (7465—572). Apart from Ayse and Nevzat, other interviewees
subtracted the numbers by using decomposition of the numbers in Q3 (7465—572).
Ayse tried to conduct standard subtraction algorithm, where she put the second
number under the first one. Attempting to exact computation procedure may be
concern as an evidence of being a good mental computer. However, one should not
only intend to compute exactly, he/she could perform it successfully, too. Sergen
intended to compute exactly but could not perform it successfully but Ayse both
wanted to compute exactly and also performed it successfully. Therefore, Ayse is a

better mental computer than Sergen.
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Ayse and Sergen are two person insisting on exact computation for almost all
estimation questions of the first interview. When the researcher did not want to exact
computation, they pretended to estimate the question but they still conducting exact
computation. Sowder-Threadgill (1984) confirmed in her study in this kind of case.
That is, she confessed that some students went so far as to use a combination of
finger writing and visual imagery to perform the computation although they asked to

estimate the question.

During the first interview sessions, decimals were found to be the most challenging
topic for all the interviewees in the current study. The basic facts on decimals are
divided into three sub categories; “made same number decimal places, place value of
decimal and decomposition of decimal.” Among the interviewees, the poor
computers, Sergen, Nevzat and Deniz had more difficulties than others on decimals.
Sergen and Nevzat preferred to conduct standard algorithm by using the same
number of digits in the decimal place of the decimals in two decimal question but
they could not found the answer. Levine (1982) stated that an understanding of place
value is essential to be able to estimate decimals. However, since these three
interviewees (Sergen, Nevzat and Deniz) have poor number sense and poor mental
computation on decimal, they could not answer estimation problems successfully.
Additionally as Whitacre (2007) asserted that depending heavily on paper-pencil
procedure is concerned as evidence for poor number sense, where it likes the cases of
Sergen and Nevzat in decimal questions. According to Tsao (2005) students with low
ability on number sense preferred the use of standard written computation algorithms

rather than the use of number sense based strategies.

Except from other interviewees, Mert preferred to use rounding strategy with
decimal and found an answer in a large interval. This kind of result may concern as

an evidence for the high tolerance for error.
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The basic facts on fractions are investigated in four categories; ‘“common
denominator, division algorithm, decomposition of mixed number and
misconceptions on faction (that is, taking two independent integer of fraction, and
during multiplication making denominator same).” Finding the common denominator
is used three of the five students (Deniz, Sergen, and Nevzat). It is the first choice of
these three students for solving the fraction questions. In their study, Yang, Reys, and
Reys (2009) showed that, even preservice teachers depend on the written algorithm
to find the common denominator. They also underlined that less than one third of the
preservice teachers utilized components of number sense (benchmarks, estimations,
and reasonableness) in explaining their answers. Interestingly, over 60% of all the
responses used rule-based approaches. According to research studies (Boz, 2004;
Goodman, 1991; Hanson & Hogan, 2000), fraction related estimation questions are
most difficult questions among questions. However, in the current study it was not
because students preferred to conduct exact computation procedure on these
problems. The interviewees mostly tried to find common denominator of the

fractions to find the solution.

The division algorithm of fraction is another struggle point for the interviewees.
Although it is difficult to conduct mentally, the students tended to conduct standard
division algorithm for the fractions. Students confused the “division of a number by a
half ” in one of the question since most of them (n=4) had not thought about the
meaning of the division. Ayse was the only person who could obtain an acceptable
estimation in the division question. Other students did not figure out the meaning of
the division operation. When the students were helped in their thinking procedures,
they could find the answer but they were surprised with the result since they thought
that the answer should be smaller than the dividend. Ball (1990) specified that
students suppose that like in whole number arithmetic, division is understood to

mean making smaller and multiplication is understood to mean making larger.

213



As a result, Sergen, Nevzat, and Deniz have poor number sense and poor mental
computation. Consequently, they are poor computational estimators. Poor number
sense and mental computation are not the only reasons for poor computational
estimation but also negative emotions and thoughts about estimation are affecting the
computational estimation performance. According to research results (Brame, 1986;
Boz, 2004; Levine, 1982; Reys et al., 1982) quantitative ability is in a highly
correlation with computational estimation. Therefore, high performance on
computation either written or mental might affect the performance on computational
estimation ability. According to many studies, it is observed that number sense and
mental computation are affecting the students’ computational estimation
performance (Mclntosh, De Nardi, & Swan, 1994; Mclntosh, Reys, & Reys, 1992;
Reys et al., 1982; Rubenstein, 1982; Sowder, 1992).

Reys (1984) said that a person could be competent at mental computation but very
poor at computational estimation simultaneously. This claim explains Ayse’s
situation. She is a competent computer but she has some difficulties in estimation.

Actually, this may be related with her perception of estimation.

4.4.2 Overall Results of Affective Factors

Affective factors associated with students’ computational estimation strategies are
divided into mathematics related factors and estimation related factors according to
data gathered from the interviews. Therefore, the results are given under these titles.
In the first title there are two codes, “confidence in ability to do mathematics” and

perception of mathematics.”

According to interview results, Mert and Ayse classified themselves as “very good”
in mathematical ability. Additionally, they gave 10 credits on themselves out of ten

points. This means that Ayse and Mert are very confident in their mathematical
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abilities. The conducted observations it could be confirmed that is these students had
high confidence in to do mathematics. The following fieldnotes presents Mert and

Ayse’s confidence in to do mathematics in interview sessions, respectively.

According guidance of councilor notes, Mert was planning to be a student of Robert
College in Istanbul. This ambition shows his high confidence in himself. Similarly,
Ayse specified that she was good at mathematics during the interviews. When their
computational estimation is investigated, there is an interesting distinction between
them. Although Mert is a good computational estimator, Ayse is not. Therefore, the
high self-rating on mathematical achievement is not enough to explain the students’
good or poor computational estimator and their preferences of computational

estimation strategies.

Interview Session 1 with Mert 12™ January 2009 Monday

Mert read the every question confidently and thought a
little bit on each of them. Then he gave the answers and
explained the ways of solution gradually. While doing his
explanations, he was very confident in himself. This could
be understood from the voice tone, the movement of his
hands and sitting position on the chair. He was confidently
looking straight ahead in my eyes to persuade me that the
answer was right and the reason was acceptable. His voice
was clear. I did not fell any hesitation in his actions while
explaining the reasons of the answers.

Interview Session 1 with Ayse 157 anuary 2009 Thursday

Ayse was smiling when each question was asked her. I
think she thought that the questions were very easy for
her, and she could not understand why the researcher was
asking these easy questions. In several times, she wanted
to compute the questions mentally, since the questions
were very easy for her. Sometimes, she was very upset
about the easiness of the questions, since she wanted to
show her computational power.

Figure 4.2 Examples to the Fieldnotes from Observations of Interviews
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To double check the students’ thoughts on their mathematical ability, it was asked
them to rate themselves according to success on mathematical ability in the second
interview session. Although the interviewees, Deniz, Sergen and Nevzat thought that
they were good at mathematics since they crossed “good” option in the testing
session while CET conducting, they gave lower score in self-rating question in
second interview session. Sergen gave himself five points and other interviewees
gave seven points. Sergen was not much confident in his mathematics ability and his

computational ability is also poor.

The perception of mathematics is affecting computational estimation of interviewees.
Especially, Sergen and Ayse specified that “mathematics needs exactness” and
estimation should not use mathematics related concepts since estimation gave
approximate answers. The students believed that mathematics questions should have
exact answers rather than approximate. Although Ayse has good number sense, and
mental computation, and even had high self-confidence in her mathematics ability,
she is not a good computational estimator. The belief that mathematical calculations
must produce a single correct answer may contribute to a preference for exact
solutions (Baroody, 1987). Ayse tried to find exact solutions for the questions asked

her in the first interview session.

According to observations and interviews with student showed that teachers could
affect students’ thoughts on computational estimation and mathematics that is
“mathematics could be performed only for exact solutions.” Mathematics teachers
and mathematics lesson might make students think about mathematics as a pile of
rules and exactness is the main point of it. There are some evidences about this
assumption. The mathematics teacher A, made students found the solution by exact
computation in a math lesson during the observation session. Additionally, Mert
confessed that when he found approximate solutions, his mathematics teacher
warned him to find the exact result. Again, Mert explained that in “dersane” his
teachers said that “you should conduct your operations by paper-pencil, not in your

head since you may probably miscompute the operations” which means that
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“dersane” teachers made students do not use mental computation, they systematically

made students dependent on paper-pencil calculations.

The “dersane” was identified from the data and labeled in perception of mathematics,
since it was observed that this variable influenced students’ perspective towards
mathematics. Since the interviewees suffered from the SBS exam, all of them were
attending a “dersane” for being successful in the exam. They want to get high score
from the exam, so students must be successful on multiple-choice testing procedure.
This kind of assessment makes students find exact answers for mathematics
questions. Different from others, Mert stated that he could use estimation in test to
eliminate inappropriate options; the other interviewees do not prefer to use

estimation in the multiple-choice tests.

Estimation based affective factors are divided into three sub titles; “confidence in
ability to do estimation, perception of estimation and tolerance for error.” In the
interviews, students were asked to rate themselves in order to their computational
estimation performance. Among the five interviewees, only Mert thought that he was
a “very good” estimator. After him, Ayse, Nevzat, and Deniz thought that they were
“good” estimators and Sergen thought that he was “moderate” estimator. Although,
in the interview session Mert gave himself eight points out of ten for his
computational estimation performance, Deniz gave himself 10 points. This situation
1s an interesting one, since Mert was a good estimator but he thought that he could do
better. However, Deniz thought since he could round the number, he was a
competent estimator. This situation could be reexamined through Reehm’s (1992)
assumption. The researcher (Reehm, 1992) reported that subjects in low ability range
tended to overestimate their ability to estimate, and students in the high ability range
tended to underestimate their ability. Although Mert gave lower score than Deniz and
Ayse, this did not mean Mert did not have confidence in his estimation ability. This
was related with Mert’s high expectations of achievement. Therefore, he thought his

success was not enough for his high expectations. LeFevre et al. (1993) identified
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that high self-reported estimation skill correlated with higher math marks in high
school and with the belief that estimation is useful in everyday situation. Where
Mert, explained that estimation should be used in daily life since one can deceive

you.

The other affective factor based on estimation is perception of estimation. The most
interesting examples are Sergen, Ayse and Mert. The first two students, Sergen and
Ayse were two defenders of not using estimation in both math classes and daily life
computation situations. The researcher asked Ayse, while shopping whether
estimation could be used, Ayse claimed should not. She gave an extraordinary
perspective that is she claimed that “when she was buying something she gave exact

money for the price of that thing not approximate one.”

On the other hand, Mert positively reacted to the questions about the usage place of
estimation. He could easily explain that in math classes and in daily life, he could use
estimation. Among these three students, Mert was a flexible computational estimator
but the other two were not. Ayse was a good mental computer but not a good
computational estimator. According to Reys (1984), a person can be competent at
mental computation but very poor at computational estimation simultaneously, like

Ayse in the current study.

Ayse confessed that estimation made her uncomfortable. When she explained that
she stated that ambiguity of estimated results made her feel like the question had not
been completed yet. Similar to Ayse, Sergen felt uncomfortable with estimated
solutions and intended to find exact results. Sergen underlined that estimation was
useless for him. He stated, “Since I can find the exact solution, why do I try to find
estimated solution?” Students who did not prefer to use computational estimation

believed that estimation was useless and needless.
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The other affective factor is tolerance for error, which was identified through the first
and second interview sessions. There were some evidences of high or low tolerance
for error of the interviewees. These could be specified in order to understand
students’ perspectives on “doing estimation in a large interval” and “being not
uncomfortable with approximate solutions.” Students who had tolerance for error
could perform estimate in a large range, which was good enough for its purposes.
Sowder (1992) and Reys, Rybolt, Bestgen and Wyatt (1982) emphasized that
tolerance for error is a feature of good estimators. A person who was obsessively
concerned with obtaining exact answers was unlikely to see much point in
estimation, which involved acceptance of the possibility and usefulness of inexact
answers. With low tolerance for error, Ayse wanted to find exact answers and
conducted the exact computation enthusiastically. The good estimators studied by
Reys et al. (1982) showed had high tolerance for error and it was suggesting they had
greater conceptual understanding of the role of approximate numbers in estimation.
Among the interviewees, Mert was the one who had high tolerance for error. He was
very comfortable with approximate solutions and he could give results in large
intervals. On the other hand, Ayse and Sergen who were obsessively dependent on

exact computation had low tolerance for error.

The interviewers of the current study were successful students compared to their
peers in the class. However, since some of them (Sergen and Ayse) did not give
importance or appreciation to estimation, they did not want to use it in the questions.

Therefore, being good in mathematics does not imply that being good at estimation.

Consequently, it can be said that confidence in to do mathematics, and estimation,
positive feelings on estimation like accepting estimation as useful in mathematics
classes and daily life, and high tolerance for error are all evidences of good

estimators or affective factors of computational estimation.
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CHAPTER 5

DISCUSSIONS, CONCLUSIONS AND RECOMMENDATIONS

This chapter consists of discussions, conclusions, and interpretations of the results
with some recommendations for further studies and also a section related with a short
discussion of the present study’s contribution to me., In the first section, particularly
the results of the study are discussed. Then, the next section consists of the
restatement of results and interpretations of these results. In the third section, some
suggestions for teachers, students, curriculum developers, teacher educators, and
researchers are made. At the end of the chapter, the things learned from this study by

the researcher are presented.

5.1 Discussions

The present study aimed to answer the question “Which strategies do 7th grade
students use in computational estimation tasks, and which factors are associated with
computational estimation strategies of 7™ grade students?” 15-items Computational
Estimation Test (CET) was administered to 116 seventh grade students. Among the
116 students, five of them were selected according to their CET scores. Two sessions
of clinical interviews were conducted with these five students. In the first session of
the clinical interview, the strategies used by the students were identified. The
questions of Computational Estimation Test were asked to students one by one
without time restriction and they students also gave explanations of procedure used
while solving the questions. In the second session of the clinical interview, the other
research question, which was aimed to identify the associated factors of
computational estimation strategies was discussed. In order to identify the factors,

students were asked their thoughts and feelings about estimation. The results of the
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current study revealed some issues of critical importance that are worth being
discussed. Indentified three computational estimation strategies and related factors

are discussed below.

Reformulation strategy is one of the observed strategies among the students. It is
divided into four sub-strategies according to analysis of transcribed interviews. These
are rule based rounding, situation based rounding, compatible numbers and
truncation. The preference of reformulation strategies is depending on some affective
factors. As stated by Schoenfeld (1983) “purely cognitive behavior is extremely rare”
that is cognitive and affective aspects are intertwined. Therefore, factors that are

associated with reformulation strategies are investigated into two perspectives;

affective factors and cognitive factors.

Rule dependent interviewees preferred rule-based rounding mostly as the
reformulation strategy. Among the interviewees, Deniz and Sergen are two students
who used this strategy more often than the others. Besides the rule dependency, these
students think that mathematics needs exactness therefore even working with
estimation, the mathematical rules are very important. Because of this, they used rule
based rounding strategy. Apart from Deniz and Sergen, the other interviewees also
used rule based rounding during the interviews. However, they had different reasons
for using this strategy. Ayse, Mert and Nevzat were very confident in themselves
about their mathematical competence. They believed in their ability to compute
mentally so that they could use rule based rounding, which had rules for rounding.
When students performed the rule based rounding they might have thought that they
were doing mathematics, but otherwise, they would not have felt as if that they were
solving a mathematical question. Yang and Reys (1998) pointed out similar findings,
which are the subjects of the study could not give importance to their solutions since
they thought as the rule-based solutions and exact computations are more precise

than they produced.
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When students were forced to estimate, they chose the rule based rounding rather
than other reformulation strategies and this might be due to the desire to both fulfill
the researchers’ demands of estimation and satisfy his/her thoughts on exact
computation. Yang and Reys (1998) presented similar findings and stated that
although high ability students were more likely to breakaway from rule-based
methods, these breakaways were observed only when motivated by such questions as
“can you do it another way?” An evidence for this claim might be the following
statement of Ayse from an interview with her: “I feel disregardful to the math
question if I do not find the exact result.” The factor associated with the preference of
this strategy might be perception of estimation. Since Ayse confessed that estimation
made her uncomfortable and not finding the exact answers made her felt careless
about mathematics, she used rule based rounding to get rid of this kind of disturbing
feelings. To compute estimated answers based on rules of mathematics made her feel

good.

An alternative strategy for rule based rounding is situation based rounding in the
current study. Tolerance for error, perception of estimation and recognition of
estimation as useful might have played an important role in choosing situation based
rounding as a reformulation strategy for the questions. Mert is the student used
situation based rounding more often than others (3 times in all types of the numbers).
A high tolerance for error of Mert might be a strong reason for choosing this
strategy. Since he had high tolerance for pay off, he could find estimated answers in
an acceptably broad interval. Differently from others, Mert asserted that he
recognized estimation as a useful application both in his daily life and academic life.
He claimed that estimation is important in mathematics classes also since by using it,

he can check the exact results’ reasonableness.

Compatible numbers is another reformulation strategy associated with confidence in
ability to do mathematics and coded among the affective factors in the coding list. A
student who has high confidence in ability to do mathematics is more dependent on

exact computation than producing estimated answers.
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When the procedure of compatible number is investigated, it can be seen that it
requires finding matched pairs and combining these pairs to add or subtract.
Therefore, identification of these matching pairs might be related to computation
ability and number sense of the students. Among the interviewees, Ayse used this
strategy more often than others. It can be said that Ayse is the person highly
dependent on exact computation since she has high confidence in ability to do
mathematics and this dependency affects her strategy selection and use. However,
being an addicted to use mental computation may prevent her producing estimated
answers. According to Usiskin (1986), obsession with exact answers leads children
to make unnecessary calculations and this kind of obsession keeps them from gaining
experience and confidence in estimation judgments. Although Ayse did not use any
unnecessary computations but she thought that mathematics questions must be solve
only using exact computation procedures. Therefore, such an idea may also kill
intuition and reinforce the false notion that exactness is always to be preferred to

estimation.

Although, in whole numbers and decimals sections, all of the interviewees could use
the three strategies, they had some problems with fraction related questions because
only used strategy was the reformulation strategy in these sections. In the fraction
related questions, almost all of them (Deniz, Sergen, Ayse and Nevzat) tried to
compute operations by standard paper and pencil computation rather than using
estimation strategies. Students relied on the exact computation procedures rather than
estimation. This result might convey that if fraction related concepts might be taught
first with estimation and then with exact computation procedures, students might
more rely on estimation related processes rather than exact computation.
Additionally, students were not capable of producing their own strategies for the
estimation questions in fraction and decimal problems. This may be related with the
students’ good mental computation and confidence in doing mathematics. Many
studies (Levine, 1982; Reys et al.,1982 ) asserted that mathematical achievement is
significantly correlated with the estimation success, and also it was observed that

self-rating of the students according to their mathematical achievement correlated
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with estimation scores (Bestgen, et al., 1980; Gliner, 1991; Mottram, 1995; Reys et
al., 1991).

In the current study, according to the researcher’s observation and interviews with
teachers, interviewees had high confidence in their mental calculation ability, so that
they thought that if they were mentally able to get the results, then there would no
need to estimate the questions. Therefore, teachers should make students aware of
the use of estimation in daily life applications and mathematical questions in the

mathematics classes.

In decimal and fraction related questions, truncation was used more often than it was
in whole number questions. Although students frequently chose the truncation
strategy for decimals and fractions, still they wanted to conduct exact computation.
The reason for that may be related with the difficulties of decimal and fraction
concepts. In the current study, decimal questions were considered as difficult
questions than questions on fractions by the interviewees. These kinds of thoughts
were observed in many research studies (e.g., Bobis, 1991; Goodman, 1991; Hanson
& Hogan, 2000; Rubenstein, 1982). Since they had difficulties on these topics,
students wanted to be sure about the results of these questions, since fraction and
decimal conceptual knowledge might not be matured within them. Since students
could not make judgment on estimated results, they could conduct rote-learning rules
of fractions, and decimals. Therefore, they generally preferred exact computation
procedure in both types of topics. Mert and Ayse are two students who used exact
computation procedure fewer than other interviewees, and preferred to use truncation
for decimals and fractions. According to data analysis, there are some affective
factors associated with the use of truncation strategy. These are listed as tolerance for
error, perception of estimation and confidence in ability to mathematics. Mert having
high tolerance for error could ignore fraction part of the mixed numbers and could
produce estimated answers in a large interval. He generally chose producing whole

numbers from the decimals and fractions by ignoring the decimal and fraction parts
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1

of these numbers (i.e. for the question four, 71 -4 _, Mert ignored fractions of the

6

mixed numbers and get three as an answer). Therefore, he was a competent user of
truncation strategy. The interviewees generally produced the standard operation
procedure for decimals and fractions by making the same number of decimals places
for decimals, and finding the common denominators for fractions. These kind of
application might be related with the confidence in ability to do mathematics since
they thought that they could mentally find the exact result. In addition to this, another
reason for Ayse does not prefer to conduct truncation for decimals and fractions but
using the standard operation procedure might be seeing estimation as not useful for
mathematical applications. Ayse confessed in the one of the interview session that

estimation should not be used in situations requiring mathematical problems .

Besides reformulation strategy, translation strategy might differentiate students
among each others since it is more complicated strategy than reformulation.
Reformulation strategy was generally used without any difficulties; it has a limited
capacity for discriminating the interviewees. According to result of the data, most
preferred second strategy was translation, which means that reconstructing the
problem to a more manageable form. Especially, in whole number and decimals,
three interviewees actively used this strategy. However, translation strategy provided
some evidence for students’ perspectives on estimation and mathematics. The
identified constructs that are associated with translation strategy are discussed below

right after that compensation related constructs are discussed.

The interviewees rarely used translation strategy in the interview sessions. It might
be because of the heavy dependence on confidence in ability to do mathematics,
since translation consists of being able to use multiple representations of numbers
and being competent in computation mentally. Among the five interviewees, only
Nevzat used this strategy in three times for the three questions, others used it twice.
Nevzat is an exceptional interviewee since in overall perspective, he is not a good

mental computer but he is a good estimator because he could use translation and
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compensation strategies, which are used by competent estimators. Reys and his
colleagues (1982) identified that translation is more flexible than reformulation and

may require an advanced level of conceptual knowledge of estimation.

Three students (Nevzat, Ayse and Mert) could use compensation strategy, and this
might be give huge amount of knowledge about students’ perspectives on
computational estimation. Compensation is a kind of higher level of strategy.
According to researchers (e.g., Reys et al., 1991; Sowder, 1992), more competent
estimator could use compensation strategy since it includes more complex constructs
than other strategies. In the current study, this claim was confirmed by the finding.

Related factors of compensation strategy are explained below.

Compensation strategy was chosen by good estimators and used less frequently than
the other estimation strategies. It was observed that in whole number and decimal
number questions, three out of five interviewees used the compensation strategy.
When we look at the strategies used by the students, we can see that compensation
strategy is used relatively less (for example, compensation was used seven times, and

reformulation strategies were used more than a hundred times).

Although compensation was used in few times, this frequency of using and process
of using the strategy explain many important underlying constructs of the students.
For example, researchers (Reys et al, 1980; Reys, Reys, Nohda, Ishida, & Shimizu
1991; Sowder, 1992) agreed that compensation strategy discriminates good
computational estimators. Findings of the study suggest that interviewees rarely
preferred to use compensation strategy. Only three interviewees performed either
intermediate or final compensation in five questions. Among three of these
interviewees, only one of them is more competent strategy user and used
compensation strategy more often than the others. Similar findings were reported by
Sowder and Wheeler (1989) who stated that most fifth graders recognize the value of

compensation but do not use it when generating computational estimates. In the
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current study, the reason why some students are more competent strategy user than
the others might be related to some factors, which are associated with the

computational estimation.

According to observations, there are some affective factors determining the use of
compensation strategies by these three interviewees. These are listed as perception of
mathematics and tolerance for error. Perception of mathematics is identified among
interviewees as the belief that mathematics needs exactness. Among the
compensation strategy users, one of the student underlined that mathematics should
produce exact results. Because of this, the student prefers to use compensation
strategy to make the estimated result closer to exact answers. Moreover, the other
reason for the student to use the compensation strategy is low tolerance for error. It
may be related with the belief that mathematics needs exactness. The student thought
that mathematics should produce exact answers because of this she could not tolerate
pay off for the estimated answers. Although her use of compensation strategy in the
questions should be evidence for her being a good estimator, Ayse who believes that
mathematics needs exactness, and who has less tolerance for error, uses this strategy
for producing closer estimation in her answers. Since she is a good mental computer
she could use compensation strategy properly, but her first choice is to find the exact

answer rather than estimated one.

On the other hand, the other compensation strategy user is Mert who has positive
feelings on estimation. According to his interview transcribes, he is using estimation
during both daily life and school time. Therefore, his reason for choosing
compensation strategy is related with producing acceptable estimations rather than
getting exact answers. Mert who is a good estimator, confirmed that estimation is a
useful tool and he himself uses it. He stated that he used estimation to check his
results’ correctness. Therefore, Mert’s positive feelings on estimation affect his

strategy preferences and usage.
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The differences and similarities between these two students may reveal that the
affective factors are associated with the computational estimation. Ayse and Mert
might be specified as good mental computers but they are not both good estimators.
Though Ayse has negative feelings on estimation, Mert stated that it is useful in
many areas. Ayse’s negative feelings may be due to her belief that mathematics
requires exactness and estimation could not be a mathematical application. The
findings of Dowker (1992) explained that people who prefer precision (those with
low tolerance for error) see estimation as useless and thus they are negatively
affected by their lack of experience in estimating. Since Ayse had negative belief
about estimation, she could not be a good estimator. Although, she was a good
computer, she could not be an estimator, because of her beliefs about mathematics

and estimation.

Heirdsfield (2000) identified that the belief about nature of mathematics could be
revealed in a student’s performance orientation. Such beliefs can be as mathematics
should make sense, one can often conduct different ways of solving problems, and
he/she may think there should be more than one answer. However, where
mathematics is viewed as set of rules to be learned and need not make sense, then
one only follow rules and thinks that there should be only one possible answer for the
question. Similarly, Schoenfeld (1987, p.34) claimed that “Beliefs have to do with
your mathematical worldview. The idea is that your sense of what mathematics is all

about will determine how you approach mathematical problems.”

As a result, there are some affective factors associated with compensation strategy of
computational estimation. This was observed through interviewees’ conversations.
Belief that mathematics means exactness and tolerance for error play a role in the
usage and preference of compensation strategy by the interviewees. These affective

factors which were students possess might be produced by helping teachers.
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In interviews with Mert, he pointed out mathematics teachers’ demanding exact
computations. He claimed that his mathematics teacher made him to find exact
answer rather than estimated results. Therefore, a reason why students have so much
trouble with estimation may be related with teachers’ orientations. According to
Lambert (1990) mathematics is commonly associated with certainty and being able
to get the right answer quickly and teachers tell students whether their answers are
right or wrong, but rarely do they encourage students to explore the assumptions,
which led them to their answers. As a result, children learn that, there is only one
correct answer and they become afraid to offer alternative ones. Sowder and Wheeler
(1989) also emphases that schooling factors such as emphasis on unique answers and
instruction on rounding and computational procedures seemed to influence students’

reactions to estimate requested questions and feelings on estimation.

As a last word, interviewees used very few computational estimation strategies.
There are some factors identified as associated with these strategies. These factors
are discussed in relation to each strategy above. Mainly two specific factors,
cognitive and affective, are influencing to students’ strategy preference and use. How

these are affecting are explained and discussed above.

5.2 Conclusions

The data gathered from the two interview sessions and observation fieldnotes

revealed the following results;

1. Students mostly preferred the reformulation among the three types of

strategies in all types of numbers, whole numbers, decimals, and fractions.

2. Rule-based rounding is the most used reformulation strategy especially used

by those believing that mathematics .needs exactness.

3. More competent computational estimation user could use translation, and

compensation more often than less competent one.
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4. Number sense might be a construct that is associated with the students’

computational estimation strategies.

a.

In particular, ability to work with power of ten may be an evidence of

good number sense ability and also good computational estimator.

Ability to use multiple representations of the numbers may be an
evidence for good number sense and also good computational

estimator.

5. Mental computation might be a construct that is associated with the students’

computational estimation strategies.

a. Skills in managing the basic facts on whole numbers may be an

element of good mental computers and good computational

estimators.

Skills in managing the basic facts on decimals may be an element of

good mental computers and good computational estimators.

Skills in managing the basic facts on fraction may be an element of

good mental computers and good computational estimators.

6. Mathematics-based affective factors, which are confidence in ability to do

mathematics and perception of mathematics, may be affecting the students’

computational estimation strategies.

a. Confidence in mathematics ability may be affecting the students’

computational estimation strategies. .

Perception of mathematics may be affecting students’ computational

estimation strategies.

Test anxiety may be an undeniable factor which is related with the
perception of mathematics and which it also associated with

computational estimation strategies.
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7. Estimation-based affective factors, which are confidence in ability to do
estimation, perception of estimation, and tolerance for error, may be affecting

the students’ computational estimation strategies.

a. Confidence in estimation ability may be affecting the students’

computational estimation strategies.

b. Perception of estimation may be affecting students’ computational

estimation strategies.

1. Negative feelings on estimation may affect the students’

computational estimation strategies.

1. Recognition of estimation as useful may affect the students’

computational estimation strategies.

c. Tolerance for error may be affecting the students’ computational

estimation findings.

5.3 Recommendations

In this section, some recommendations are made for teachers, teacher educators, and
researchers. According to result of the study, reformulation is generally known and
used only strategy, particularly; rule based rounding is most preferred one in
computational estimation applications. This limited exposure to computational
estimation strategies might be removed the students of the opportunity to learn
methods. Because of this, students should be taught variety of computational
estimation strategies rather than reformulation. Since students addicted to rule based
strategies, teachers should produce estimation activities through out the mathematics
classes to teach students mathematics did not only base on exact results. Teachers
should use and appreciate the language of estimation in arithmetic classes. While
doing this, they should not require too much precision. They should emphasize the
multiple answers of computational estimation where all could be acceptable. At the

same time, they should emphasize and give feedbacks about the reasonableness of
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the estimated answers. So that student could understand that estimation could

participate in mathematical applications.

Especially, compensation strategies should be emphasized in the classroom
applications, since by using the strategies either final or intermediate compensation,
students could identify that estimated answers could be arranged according to
requirement of the precision of the questions. Based on the results, compensation
strategy was observed among the good estimators; therefore improving compensation
strategy might help to students being good computational estimators. More time
should be spent on teaching the concept of compensation, which is the most

sophisticated strategy in order to facilitate mastery of this concept.

Students could use computational estimation strategies more effectively when they
had high mental computation ability and high number sense ability. Students should
improve their mental computation and they should use it as a tool for using
computational estimation. For using estimation strategies more effectively teachers
should improve students’ number sense and mental computation, which were
associated factors of computational estimation. First, students should be taught how
precise result is enough for the purpose at hand, and then they should decide
exactness of the results. So that students should decide where they could use
estimation or exact computation. Students should give importance to estimation, and
believe that estimation is useful in their mathematical applications and daily life
situations. Therefore, teachers solve daily life applications of computational

estimation questions in mathematics classes.

Since the current research results, show that giving importance to estimation is
affecting to use computational estimation strategies, teachers should help students to
develop a respect for approximate answers. Therefore, teachers should give
opportunities to students to find approximate answer at first, then exact answers

should be produced. By conducting this kind of instruction, teachers might help
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students to develop positive feelings on estimated answers. As a result of this kind of
instruction, teachers might change students’ opinion on mathematics, which was
usually regarded as mathematics needs exactness. Since this kind of opinion may
affecting computational estimation strategies of students, changing students’ opinion
on mathematics may improve students’ performance. Additionally teachers should
emphasize and use real-world examples where only estimation is required so that
students can look for an estimated answer almost naturally. So that students may
want to use and appreciate estimation in daily life. Moreover, by solving questions,
teachers may influence students’ thought on the usage of estimation in mathematical
problems. Since test-based exams were given more importance than written exams
because of the national exam system, it should be emphasized by teachers, that

students could use estimation in test exams also.

Teachers should emphasize that the exact results not always essential for making
decision; on the contrary, estimated results may be more helpful than exact one for
making decisions. Therefore, teachers should convince students to use computational

estimation in mathematics classes.

For further research studies, researchers should pay more attention to the number
sense and related abilities to make the basic rules of the mathematics because these
are factors, which are associated with the computational estimation strategies. They
should conduct more researches on the computational estimation and factors that

related with computational estimation and strategies.

Moreover, researchers should give special emphasis on the task of improving
students’ own strategies of estimation and additional time should be spent on
teaching methods. Not only quantitative, but also qualitative research studies should
be conducted to identify the strategies of different age groups of subjects. As a
critical element of mathematical problem solving, students’ estimation ability and in

particular that of computational estimation should be investigated. Researchers
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should emphasize that the sooner students are exposed to estimation and related
skills, the more they give value on estimation and understand when and how to apply

it effectively.

5.4 What I Have Learned From The Current Research Study?

There is no doubt I gained and improved many skills and knowledge while
conducting this research. When I ask myself what I have learned from this study, the

answers could be listed as follows:

1. I have learned that the research question should interest you or meaningful at
least for you. While I had troubles with procedures of the study, I did not give
up. Since I was wondering the answers of the questions, which were made me
to continue on working. The topic that I had been studying on was make me
curious about results so that I continued to find the answers.

2. T have learned that the preparations for doing a case study include prior skills
such as communication skills, prevision about the possible obstacles, being
unbiased . While conducting pilot study I have realized that if I could not
have good communication skills I would not have rapport with children. This
would prevent deep understanding of the data collected from them.

3. Since there is no strict prescribe for conducting case study, I have learned that
a researcher should be flexible so that newly encountered situations can be
seen as opportunities or threads. The study plan before started to conduct it
was changed in many times. This changing made me uncomfortable first, but
then I could adjust study plan through changed situations.

4. T have learned that a researcher who is conducting interview should able to
ask good questions and interpret the answers. In the beginning of the I could
realize that some probes should be prepared for the questions since during the
interviews students might had short answers to the questions. to get depth
understanding of the situation, researcher should asked every detail and

should get a clear answers for the questions.
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5. As an interviewer, | have learned that an investigator should be a good
listener and not direct interviewees by his or her own ideologies or
preconceptions. During the interviews, sometimes students stopped talking to
answer the questions and only they were staring to the questions. In those
times if researchers should cleverly use communication skills to make them
answers the questions without directing them. If it could not be achieved, the
data gathered from the interviewees could not be reflecting the true
perspectives of the students.

6. I have learned that pilot study is very important for a research study to check
the instruments, to train himself/herself, to understand the concept deeply.
During the pilot study, I had learned many things, such as, to communicate
with students who were shy, communicate with teachers who were not
willing to participate in the study, manage with technical tools, which were
audio recording and video recording, and so on. Therefore, pilot study taught
how I could conduct a case study and what kinds of awkwardness could be
come across during the procedure, and how I could overcome.

7. Thave learned that qualitative data analysis needs a full concentration without
any interruption. During data analysis, | interrupted for a week and I saw that
a week time was a very long time to lose the concentration of analysis
procedure. I work hard to build the links among the themes and codes again.
A full concentration is very important during the analysis of a qualitative
data.

8. I have learned that the recommendations of advisor are vital and they must be
followed. During the research I realized again an advisor was a vital person
of you since I could have lost in data so the only person who could
understand and help was your advisor.

9. T have learned that writings should be read by someone else and this person’s
comment should be paid attention. Since I had been center of the data pile,
someone as an outsider should read your writings and should give feedback
for important revisions.

10. I have learned that you should not give up believing in what you are doing.
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APPENDIX A

THE COMPUTATIONAL ESTIMATION TEST

(Word format)

Sorular

Sehrin su deposu dikdortgenler prizmasi
seklinde olup boyutlar1 31 m, 68 m ve 296 m
dir. Bu depo yaklasik olarak ka¢ m’ su

alacaktir?

Bir terzi yapacak oldugu elbiseler i¢gin toplamda
835.67 metrelik serit almistir. Ancak bu seridin
ucunda kirli oldugunu disiindiigic  0.526
metrelik yerini kesmek zorunda kalmistir. Sizce
geriye yaklasik ka¢ metre serit kalmistir?

Bir ¢ift¢i bahgesine 7465 agac fidesi dikmistir
ancak bunlarin 572 si tutmamistir. Geriye
yaklasik kag tane fide kalmigstir?

Masa oOrtiisti i¢in aldig1 71 metrelik kumasgin
6

4lmetresini kullanarak bir masa ortiisii diken
3

Fidan Hanmmin yaklasik olarak ka¢ metre

kumas1 artmistir?

Ozgiir  bir o6nceki giin bakkaldan yaptig
aligverislerde 6demedigi 0.7 kurus, 0.002 kurus
ve 0.81 kurus tutan kusiiratlar1 ertesi giin
hepsini ddemek istedi. Ahmet yaklagik olarak
bakkala ne kadar 6deme yapacaktir?

Babas1 Umut’a her hafta ayni miktarda harclik

vermektedir. Gegen haftaki har¢liginin B qile
16

bir diizine kalem alan Umut, bu haftaki
harghiginin 7 si ile de bir roman aliyor.

8
Umut’un aldigt romanin fiyati, kalemlerin
fiyatindan yaklasik olarak kag kat fazladir?
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Kabul edilen
aralik
500 000-700
00

829-835

6000-9000

2-3

1-2

1

Net
Cevap
623 928

835.67

6893

17/6~2.83

0.928

0.928



10.

11.

12.

13.

Sorular

16.272 litrelik toprak 36 saksiya paylastirirsam
her bir sakstya yaklasik olarak kag litre toprak
konulmus olur?

Burak, 713 bilyesini tasinirken yaninda
gotiirmek istemedigi i¢in 8 arkadasina hediye
etmek istedi. Burak her bir arkadasina yaklasik
ne kadar bilye vermelidir?

Alani 14% cm’ olan kare seklindeki bir duvara,

alani gcm2 olan kiiciik fayanslardan yaklasik

olarak kac tane dosenebilir?

Fatos saglikli yasam icin kosu yapmaya karar
vererek her hafta bir kere mahallerinde bulunan
parktaki kosu yolunda kosmaya bagladi. Ilk

defa gittigindel l tur sonraki giin 3 itur
16 12

ve ondan sonrakinde de 81 tur atti. Fatos ilk
2

kosuya bagladigi andan itibaren bu kosu

yolunda toplamda yaklasik olarak kac tur

atmistir?

Bir tekstil sirketi 474 257 paket bornozu tirlarla
yurtdisina ihra¢ etmektedir. Herbir tir 8 127
paket bornoz tasidigina gore yaklasik olarak kag
tir yola ¢cikmistir?

Bir metrekarelik tarlaya 0.041 kg giibre
dokiilmektedir. 98.6 metrekarelik tarlaniz i¢in
kag kilogram giibre alinmalidir?

Nevzat'nin bahgeye dikdigi aga¢ her yil
10%cm uzamaktadir. 3%y11 sonra bu agac

yaklasik olarak ka¢ santimetre olacaktir?
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Kabul Edilen
Aralik
0.5-2/3

70-100

20-30

12-13.5

50-60

3-5

30-40

Net
Cevap
0.452

89.125

23.6

13.354

58

4.04

35.48



14.

15.

Sorular

Efe bisikletiyle saatte 1,67 kilometre
yapabilmektedir. 1 % saat boyunca bisikletiyle

giderse yaklasik kag¢ kilometre gitmis
olacaktir?

Bir sehrin bes biiyiik il¢esi vardir ve son niifus
sayimindaki veriler soyledir: Birinci ilgesinin
niifusu 87 419, ikinci ilgesinin ki 92 765,
iliglincli il¢esinin niifusu 90 045, dordiinci
ilcesinin ise 81 974 ve son olarak besinci
ilgesinin nufiisii 98 102 dir. Buna goére bu ilin
toplam niifusu yaklagik ne kadardir?
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Kabul Edilen
Aralik
1.5-3

400 000 -

500 000

Net
Cevap
2.505

450 305



10.

11.
12.

13.

14.

15.

THE COMPUTATIONAL ESTIMATION TEST
(Numerical format)

Questions

31 x 68 x 296

835.67— 0.526
7465—572

71 41

6 3
0.7+0.002 +0.81

§+z
16 8
16.272+36

713 +8

14§+§
4 8

17 +3 5 +81
16 12 2

4742578127
98.6 x 0.041

31x10l
8

2

11x1.67

2

87419 +92 765+ 90 045 + 81

974 + 98 102

APPENDIX B

Accepted Interval

500 000- 700 00

829-835
6000-9000

2-3

1-2

0.5-2/3
70-100

20-30

12-13.5

50-60

30-40

1.5-3

400 000-500 000

Exact
Answer

623 928

835.67
6893

17/6=2.83

1.512

0.928

0.452
89.125

23.6

13.354

58
4.04

35.48

2.505

450 305



10.

11.

12.

APPENDIX C

SECOND INTERVIEW SESSION’S QUESTIONS

In your opinion, what does estimation mean?
Where did you learn to compute by estimating?
Where do you use the computational estimation in your daily life?

What do you think about to use computational estimation the mathematics
classes? Why?

What do you think about to use computational estimation in your daily life?
Why?

What do you feel when you doing computational estimation requested
questions? Why?

What points would you give out of 10 on your mathematics achievement?
Why?

How successful are you at computational estimation? Why?

What points would you give out of 10 on your computational estimation?
Why?

What do you think about to apply an approximate calculation to a mathematics

question? Why?

How successful are you at mathematics? Why?

In which topic you are more successful in mathematics lesson? Why?
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APPENDIX D

THE ANSWER SHEET OF COMPUTATIONAL ESTIMATION TEST

TAHMIN BECERI TESTI
Admiz Soyadmiz....................... Smifiniz............. Cinsiyetiniz: ( ) Kiz ( ) Erkek
Matematik basarinmizi derecelendiriniz: ( )Coklyi ( )iyi ( )Orta () Zayif
Tahmin ile ilgili yeteneginizi derecelendiriniz: ( )Cok Iyi ()Iyi ()Orta () Zayif

YONERGE: Bu test islemsel tahmin konusunda sorular icermektedir. Sorular1 en kisa siirede
tahmin ederek cevaplayiniz. Bazi sorularda cevap siklari yoktur sizin buldugunuz cevap
siklarini yazmaniz gerekmektedir. Higbir soruyu bos birakmadan ve yalmiz bir sikki
isaretleyerek cevaplaymiz. Bu test yalnizca arastirma amagh kullanilacaktir ve verdigimiz
bilgiler kesinlikle gizli tutulacaktir. Sadece siz ve arastirmaci tarafindan bilinecektir.

Tesekkiir. Burcak BOZ /OFMAE Bolimii

1.

2.

10.

11.

12.

13.

14.

15.
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1. Tahmini hesaplama ne demektir sence?

2. Giinliik yasamda nerelerde tahmini hesaplamay kullanirsin?
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APPENDIX E

MAIN STUDY CODING LIST

Interview Session I Themes and Codes

Computational Estimation Strategies
1. Reformulation
1.1 Rule based rounding
1.1.1 Nearness to 1, %2 or 0
1. 2 situation based rounding
1. 3 compatible numbers
1. 4 truncation
1. 4.1 Ignore fraction parts of mixed numbers
1. 4.2 Ignore too small decimal
1. 4.3 Ignore decimal parts
2. Translation
2.1 convert addition to multiplication
2.2 convert division to fraction
3. Compensation
3.1 intermediate compensation

3.2 final compensation

Interview Session II Themes and Codes

The Factors Related with Computational Estimation Ability

1. Cognitive Factors

1.1 Number Sense

1.1.1 Ability to work with powers of ten
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1.1.1.1 Removing zeros
1.1.1.2 Simplification of zeros
1.1.1.3 Multiplication by powers of ten
1.1.2 Multiple representations
1.1.2.1 Convert decimal to fraction

1.1.2.2 Convert fraction to decimal

1.2 Mental computation
1.2.1 Mathematical facts on whole number
1.2.1.1 Decomposition of numbers
1.2.1.2 Standard operation algorithm
(paper-pencil algorithm)
1.2.1.3 Multiplication table
1.2.2 Mathematical facts on decimal
1.2.2.1 Made same number decimal places
1.2.2.2 Place value of decimal
1.2.2.3 Decomposition of decimal
1.2.3 Mathematical facts on fraction
1.2.3.1 Common denominator
1.2.3.2 Division algorithm
1.2.3.3 Decomposition of mixed numbers

1.2.3.4 Misconception on fraction

2. Affective Factors

2.1 Mathematics Related Factors

2.1.1 Confidence in ability to do mathematics
2.1.1.1 Feel successful / not successful
2.1.1.2  Give high/ low point
2.1.1.3 Mental computation ability

2.1.2  Perception of mathematics
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2.1.2.1 Exactness

2.1.2.2 Math teachers

2.1.2.3 Test Anxiety
2.1.2.3.1 Dersane
2.1.2.3.2 Class A

2.2 Estimation Related Factors
2.2.1 Confidence in ability to do estimation
2.2.1.1 Feel successful / not successful
2.2.1.2 Give high/ low point
2.2.1.3 Easy questions
2.2.2 Perception of estimation
2.2.2.1 Feelings on estimation
2.2.2.1.1 Like / not like
2.2.2.1.2 Disturbed / not disturbed
2.2.2.1.3 Feel good
2.2.2.1.4 makes feel disregardful about mathematics
2.2.2.2 Recognition of estimation as useful
2.2.2.2.1 Use/ not use in daily life
2.2.2.2.2 Use /not use in math class
2.2.2.2.3 should not use in math
2.2.2.2.4 Important /not important
2.2.2.2.5 Prefer /not prefer
2.2.2.2.6 insist on computing
2.2.3 Tolerance for error
2.2.3.1 Ambiguity
2.2.3.2 Comfortable/ not comfortable with pay off

2.2.3.3 Give answer in a small/big range
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APPENDIX F

PILOT STUDY CODING LIST

Phase I Themes and Codes
1. Strategies
1.1. Reformulation
1.1.1. Rounding
1.1.2. Truncation
1.2. Compensation
1.2.1. Intermediate compensation
1.2.2. Final compensation
1.3. Translation
1.4. Compatible numbers

1.5. Leading digit

2. Cognitive factors
2.1. Mental computation
2.1.1. Computation strategies
2.1.1.1.distribution law
2.1.1.2. transformation to appropriate use
2.1.1.2.1.  On operation (percent to division, fraction to division)
2.1.1.2.2.  On numbers ( percent to fraction, fraction to decimal)
2.2. Standard algorithm
2.2.1. Knowledge of basic facts
2.2.1.1.decimals
2.2.1.2.fractions
2.2.1.3.percent
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Phase II Themes and Codes

. Rounding
1.1. Exaggerated rounding (upper-lower)

1.2. Round one, two/all numbers

. Decimal

2.1. Number of digits
2.1.1. More digit bigger number
2.2. converting decimals
2.2.1. to fractions
2.2.2. to percent
2.3. base ten information
2.4. think as a two number both sides of comma
2.5. Computational rules

2.5.1. Making same number of digit

. Fraction

3.1. Round fractions as decimals
3.2. Round fractions as percent
3.3. Rounding partially (numerator-denominator- both)
3.4. Computational rules
3.4.1. Denominator similarity
3.4.2. Multiplicity rule (reverse and multiply)
3.4.3. Simplifying
3.5. Take fraction as division
3.6. Used fraction and whole part separately
. Multiplication
4.1. Shortcut multiplication with 10 and 100
4.2. Two fraction multiplication
4.3. Taking off zeros
4.4. Multiplication table

. Division

5.1. With big numbers
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5.2. With small numbers
5.3. Taking off zeros
5.4. Relationship between fraction
5.5. Standard rules
5.6. Make numbers less digits
. Psychological factors
6.1. Tolerance for giving big range
6.2. Ignore too small numbers
6.3. Insisting to compute exact result
6.4. Believe estimation gives wrong results
. Cognitive Factors
7.1. Number sense
7.2. Used math rules
7.2.1. Commutativity rule
7.2.2. Distribution rule
7.3. Couldn’t give a rule
7.4. Reading big numbers

Phase III Themes and Codes

. Percent

1.1. Proportional thinking
1.2. Converting percent to fraction
1.3. Used good percents
1.4. Standard percent algorithm
1.5. Percent comparatives
1.5.1. Two percents
1.5.2. Fraction and percent
. Computational strategies
2.1. taking oft/ adding zeros
2.1.1. dividing numbers by 10 and 100
2.1.2. multiplication with 10 and 100
2.2. subtraction by adding strategy
2.3. 6x25= (4x25)+(2x25)=(2x25)x3
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2.4. some mathematical rules
2.4.1. least common divisor

2.4.2. division rule (small number and big number, comma)

3. Options
3.1. Used as feedback
3.2. Let give direction to the answer
4. Strategies
4.1. Rounding
4.1.1. Standard rounding
4.1.2. Percent rounding
4.2. Compensation
4.2.1. Final compensation
4.2.2. Intermediate compensation
5. Psychological factors
5.1. Eager to find result
5.2. Intuitive knowledge
5.3. Try to find another way ( don’t give up)

5.4. Run away (by saying: we haven’t been learnt it yet.)
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APPENDIX G

EXAMPLE OF RESULTS FROM PILOT STUDY

In this section, students’ answers are given to understand how they behave and how
they solve the asked estimation questions. By helping of the answers, some codes

and themes are constructed.

Q1: Bir sehrin bes biiyiik il¢esi vardwr ve son niifus sayimindaki veriler soyledir: 1.
ilgesinin niifusu 87 419, ikinci ilcesinin ki 92 765, iigtincii ilgesinin niifusu 90 045,
dordiincii ilgesinin ise 81 974 ve son olarak bes il¢esinin nufiisii 98 102 dir. Buna

gore bu ilin toplam niifusu yaklasik ne kadardir? (C: 450 305)

Zeynep : She worked with each number specifically, whether rounded or truncated.
Then she added each of them with standard algorithm, which is added column by
column. On the other hand when it was asked to another way to add these all
numbers, she stated that there are three 90 000 so it was 270. She used to translation
strategy which is the reconstructed to operation from addition to multiplication. Then
she added to 100 000 to 270 and the last part 80 000 addition is completed by
standard algorithm rules where she stated that “after it was added to it 80 000. When
we are adding firstly we should add 8 with 7.” However, she added these two digits
by distribution law where she said that “when we get 2 from 7 for 8, there is 10 and 7
is now turn to 5. When we added 10 by 5 is should be 15.” On the other hand after
this distribution property she continue to the standard addition procedure by saying
that there should be 1 from 15 so it should be added to 3 so that there is 450 000. She
couldn’t identified that there are almost all the numbers so close to 90 000 so there
were 5 of them and we can multiply by 5 and 90 000 and get 450 000. I think she
tried to use the algorithm procedures because she is the most successful students

among her friends. When the researchers asked to the exact solution of the question
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where should be? She answered correctly by saying that her solution was smaller
than the exact one. The reason to saying this was almost all of the numbers were

truncated to smaller number she asserted that.

Ferhat : He started with the leading digit strategy that is he began with adding the
numbers started with 9 and 8. Then he wants to change his strategy with compatible
numbers during the adding numbers started with 9. On the other hand, during partial
addition he used standard algorithm with column by column. He tried to find so close
to exact answer by adding tens part separately. He rounded or truncated also these
numbers and added two big parts to each others. He also used leading digit strategy
in here the ten parts. Deciding the compensation of the result he couldn’t give the
correct command also the reason to saying the result was smaller the exact result

(1334

give us some prejudge of estimation. Because he said that “’my result is smaller than

the exact result since I computed to appropriate numbers and also compute mentally

fast.

Metehan : He rounded or truncated more specifically to the numbers for example 92
765 to 92 800. On the other hand, he used some difficulties during the addition to
these big numbers then he changed the strategies and rounded or truncated to the
numbers to more manageable form. After reformulated the numbers he added the
numbers with the standard algorithm approach. Also he can use one of the mental
computation strategies that are distribution law to add easily. He asserted that the
result he founded was smaller than the exact one since he “rounded” all the numbers.
Although he tried to explain that, he truncated all of them. There is some words
meaning difficulties in Turkish since there is only one word for truncation and
rounding. He said that all numbers were truncated so that his result was the smaller

than the exact one. He is eager to find the closest answer.

Ozgiir : He used rounding and truncation professionally since in the question he
could easily said that each number close to 90 000 so that we can multiply the 5 by
90 000. By doing this, he also used the translation strategy. However, he made a
mistake when doing multiplication he said that 5x 90 000 = 270 000. Additionally he
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added the tens part numbers at the end to compute closer result to the exact answer.
He asserted that his answer is smaller than the exact result but he found the wrong

one.

Semih : Firstly, he tried to rounded and truncated to learn form, which is the
numbers, rounded/truncated to close numbers separately without thinking totally.
However, when it is asked to add all of them he revise his estimation to more
manageable form which are 90 000 and 80 000s. Then when adding these sums he
used distribution law, which is a mental computation strategy for adding easily. It is
asked that where can be the exact solution according to your result, he answered that
it was over his results since he “rounded” all numbers. He gave wrong answer firstly
but after partly talking on the problem he found that the acceptable solution but did
not accept the making mistake. In the following Table 1, the codes of question 1 are

presented. These codes are identified by the students’ transcribes

Table G 1 The codes of Q1 with respect to each student

Questionl Codes

Zeynep reformulation (part by part), standard algorithm, distribution law
Ferhat Standard algorithm, Leading digit strategy, compatible numbers
strategy, wrong final compensation, reason to compensation is

using appropriate results

Metehan Standard algorithm, distribution law, eager to find exact answer
Ozgiir Translation, professionally used reformulation
Semih distribution law, reformulation (part by part)

Q2: Bir terzi yapacak oldugu elbiseler icin toplamda 835.67 metrelik serit almistir.
Ancak ucunda kirli oldugunu diisiindiigii 0.526 metrelik yerini kesmek zorunda

kalmistir. Sizce geriye yaklasik kagc metre serit kalmistir? (C: 835.144)

Zeynep : She made exaggerated rounding to the numbers and couldn’t made

reasonable compensation to the results.
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Ferhat : He had some difficulties on decimals as he stated that. Also he couldn’t
subtract the decimal part as correct. Because he asserted that the operation 835.67-
0.500 answer should be 834. When the decimal part subtraction he took one digit
from the ones part and said that the result is 834. Also he confesses that his result

was less than the exact one.

Metehan : He truncated the second decimal and called it as half so he could use the
appropriate transformation between the numbers. On the other hand, he couldn’t
understand the sensibility of the questions because he found 835.5 which is the same
as the beginning number. Also he couldn’t give reasonable compensation answer
because he said that he gave the smaller answer in order to exact solution however

the exact solution is less than he gave.

Ozgiir : He truncated both number as 835 and 0.500 and also used appropriate
transformation for 0.500 as saying half. However, he said that the result was 834
because he competed to half as full. He made exaggerated rounding and found the

result as 834.

Semih : He has lack of knowledge about decimal procedure. He firstly conducted
exaggerated truncation both decimals, and applied the subtraction. However, he
found that 700. He could not manage the decimals. In the following Table 2, the
codes of question 1 are presented. These codes are identified by the students’

transcribes

Table G 2 The codes of Q2 with respect to each student

Question2 Codes

Zeynep Exaggerated rounding

Ferhat lack of arithmetical basic facts about decimals

Metehan Reformulation, transformation to appropriateness

Ozgiir Reformulation, transformation to appropriateness, Exaggerated
rounding
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Table G 2 Continued

Question2 Codes
Semih Exaggerated truncation, lack of arithmetical basic facts about

decimals

Q3: Masa ortiisii icin aldig 2% metrelik kumagin 1 % metresini kullanarak bir masa

ortiisti diken Fidan Hanimin yaklasik olarak ka¢ metre kumast artmistir? (C: 1 % )

Zeynep : She can use professionally transformation between fraction and decimal.
Also she is confident to say large range of estimation results. Even she found that the

exact result truncated it and said a smooth result.

Ferhat : He used standard fraction algorithm. He tried to make similar denominators
for subtract the two fractions. Therefore, he accomplished and found the exact
solution. When it was asked to if you would estimate the answer how would you do,

he answered as I computed directly.

Metehan : He exactly found the solution with similar denominator procedure. He

conducted the mental computation as paper pencil format.

Ozgiir : He gave very large result by doing only integer subtraction. When it was
asked what happen to the proper fraction part, he said that they were not as important
as in this question. The result was only one. When the researcher asked the how

about the exact result he asserted that it was bigger than his result.

Semih : He exactly found the solution with similar denominator procedure. He
conducted the mental computation as paper pencil format. In the following Table 3,
the codes of question 1 are presented. These codes are identified by the students’

transcribes
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Table G. 3 The codes of Q3 with respect to each student

Question3 Codes

Zeynep transformation to appropriateness, reformulation

Ferhat Standard Algorithm for fraction (denominator process)

Metehan Standard Algorithm for fraction (denominator process), mental
computation

Ozgiir Exaggerated rounding (fraction)

Semih Standard Algorithm for fraction (denominator process),

04: Omer’in marketten yaptig1 10.83 YTL aligverisin yiizde 15 ini abur cubura
verdigini gordii. Buna gére Omer abur cubur icin kag YTL vermis oldu? (C: 1.6245)

Zeynep : She easily rounded the first decimal to 11 and percent to 20. However,
when she concluded that she would take the 1 part from 5, changed the rounded
number with 10. After this revision she answered 2 as result. Besides this, she

asserted that the exact number is less than the on she found.

Ferhat : He has some problems with decimals and fraction. He confused the percent
standard algorithm and made some subtractions. Then he tried to take whole part
percent and decimal part separately. After some guidance he could identified the 15
% as 20 % even one over 5. Before that he rounded 10.83 as 11. When it was asked
what is the fifth of one of 11. He could say 2.5. He answered correctly the

compensation question, as his result was bigger than the exact one.

Metehan : He consciously truncated the first number to 10 because he stated that
there was a relationship between ten and percent. He didn’t change the 15% and
applied the mental computation strategies to it. He completed the 10 as 100 and take
15 from 100 after that divide 10. Although he gave the reasonable result to the
question he couldn’t explain what he was do. The researcher asked to how can find
the result since he couldn’t explain his way he produce a new strategy which is the

transformation strategy. In this way he used 15 % as 20 % and also a fraction which
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is five over 1. Then he found 2 as a result and think of he rounded the percent he

should off the result so he could say one and half.

Ozgiir : He rounded the decimal since closeness of the upper integer. Then take the
percent as six over 1. He could say easily 15 is 6™ over one of 100. Then he tried to
divide 11 to six. Also he could divide and said that approximately 1.83. After that
researcher directed him to dividable number which is 12. He easily said that the

result was 2. He also asserted that his result is a bit bigger than the exact number.

Semih : He firstly rounded the decimal as his previous learning but then he identified
the percent relationship between 10 and 100. Then he changed his mind and
truncated to 10. After that he produced mentally the percent procedure but like a
paper pencil application. In the following Table 4, the codes of question 1 are

presented. These codes are identified by the students’ transcribes

Table G 4 The codes of Q4 with respect to each student

Codes

Question4

Zeynep Reformulation, , transformation to appropriateness (percent to
fraction), final compensation

Ferhat Lack of basic facts (percent and decimal),

Metehan Standard algorithm (percent), Mental computation, reformulation

Ozgiir Reformulation, transformation to appropriateness (percent to
fraction), mental computation, final compensation

Semih Standard algorithm (percent), mental computation

Result of Phase 1
In phase 1; I have tried to identify estimation strategies that students use when

dealing with the questions which are required to estimated solutions for the words

problems in fraction, decimal, whole number and percent. This phase consisted of
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four questions and in those questions students mostly behave similar, used similar
strategies which are preliminary learnt estimation strategies; for example, rounded up
when the digit is 5 and more than 5. Also they mostly preferred paper pencil
computing to mental computation or estimation. It is observed that most of them

have problems on arithmetical facts, specifically on decimal and percent problems.

Question 1: there are five big cities in a region and according to last census the
population of cities are first one 87 419, second one 92 765, the third one 90 045,
fourth one 81 974 and the last one 98 102. What is the approximate population of

this region?

In question one; translation and reformulation are most used estimation strategies.
However; almost all students prefer standard addition algorithm by imagining the
numbers in their head and adding digit by digit with drawing an addition line. The
confirmation about the final compensation were differs. Most used strategy was the
reformulation of the numbers, which was the rewrite the numbers rounded or
truncated forms. Except from Ozgiir; the other students rounded or truncated the
numbers one by one that is how they learnt in class. Even one of the students
rounded the numbers’ hundreds and tens separately. “We could round 92765 (1gg) 92
thousand (1gg) 800.” Ozgiir identified that there were 5 of 90 000 and the answer
was near the 5x 90 000. He said that: “There are (1gg) approximately 90 000 people
live in a city. How you get this result? Because some of them above the 90 some of
them under.” Almost all the student tried to add the sum of the numbers by standard
addition algorithm. Only two students (Zeynep and Semih) were used commutativity
rules while adding 270 and 80. When adding 8 and 7, they used (8+2) +5. Differently
from others, Ferhat chose the leading digits strategy which is the adding the leading
digits of the numbers. However, he could not handle the numbers by using this
strategy because he wanted to compute exact result. Then changed the strategy with
other one; compatible numbers strategy. Besides using these strategies, he always
aimed to get the exact result. Naturally, this exact number finding ambition exist
almost all of the students. Because they believed that, they could find the exact

answer and also they should find it. When the researcher asked comparisons of exact
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and estimated answers, half of them gave the correct answers. It can be easily
identified that they hadn’t any arithmetical facts problems in whole numbers; they

could use the taking off zeros professionally.

Question 2: A tailor buys 835.67 m ribbon for dresses. However 0.526 m dirty part
should be cut. Approximately how long the rest of the part?

Although whole number problems almost done all students, the second question
which was involved in decimal forced to students because of the inadequacy of

knowledge on decimal numbers arithmetical facts. Ferhat asserted that:

I could round 835 to (1gg) 830. It became 830 point and the percent part could be
rounded 0 percent. I could round (1gg) 52 to (think a while) 100. The result is (1gg) 0
point 0100 (say long, and stress), sorry is that 5267?”....OK. (1gg) 10 billion
(surprise); I could round 10 thousand to 1000. Then subtracted with (think) the
result is approximately (1gg, think) 700 thousand (think) 7 thousand 39 hundred like
this.

Three of them exaggerated their rounding the numbers just like the rounding rules
learnt in school, 5 and over 5 should be rounded above. On the other hand, the
question has a great sensibility because if it was rounded the decimals (like taught in
school) the subtraction gave an unreasonable result which was bigger than the

starting point.

1 1
Question3: Mrs. Fidan bought 2 5 m texture for making a tablecloth and used 1 2 m.
Approximately how long texture has she got now?
In the fraction question, almost everyone tried to conduct standard fraction

denominator procedure. Although the fractions were “good ones”, they didn’t choose

to use them. Only two of them produced a strategy about fractions. Zeynep called the
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fractions as “half” and “quarter” and then truncated to nearest integers. “This % can

be half, and this is two and a half in real. And it can be rounded (think) two. This %

is quarter. That is one and a quarter.” Similarly Ozgiir truncated and get rid of the
fractions so that found a result in a big range. Others applied standard algorithm, as

showed in the following:

.... the rest is approximately 1 (1gg) I exact (think) (1gg) that is (1gg) (think) there is
1 exact the rest.” “How did you do?” “I subtracted whole parts. 2 minus 1 is 1”
“where is the fraction part?” “I left them.” “Why did you leave them?” “(1gg ) for
doing easier operation in this case (1gg) the real answer [ mean it is the less than
when we do it in real (think, 1gg).” “How did you do subtraction?” “it was said
that 15 percent or it is more like 17, so could divide 10 and 83 to 17" “why did you
divide them?” Because it is asked to 15 percent of 10.83.

Questiond: Omer spent 10.83 YTL in supermarket and he saw that 15 % of this
shopping spent on haphazard manner. According to bill approximately how much

money had been spent on haphazard manner?

In the last question, everyone produce different strategies for themselves. For
example Zeynep started with the rounded/truncated both numbers; decimal is
truncated to nearest integer and percent is nearest manageable for, that is 20 %. Then
she transformed percent to faction for taking one fifth of 10. Besides all these, she
asserted that the exact answer is less then that she founded. Metehan and Semih had
same mental computation strategy that is 10 was completed to 100 and take 15 from
100 then divide 15 to 10. On the other hand Ozgiir could see 15% is sixth of 100 so
he divided six to 11 which was rounded but when he was forced to divide it he
changed his mind and take it as 12 for divide 6 easily. Besides those, Ferhat has
problems on percent and decimal application; he had lack of basic arithmetical facs.

In the following explanation is presented from interview with Ferhat:
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2 ENTS

15 percent is approximately (1gg) 85 (stop) not I think (1gg), (ugg)” “what are you

I3 BT

doing?” “(1gg) I am doing subtractions, subtraction.” “What subtraction are you
doing?” He confused percent problems which part he was going to calculate, 15 or

85.

Although there could be used lots of strategies, the students had used only
reformulation strategy as estimation strategy in this phase. It can be identified that
they also had some arithmetical problems especially in decimal and percent

problems.
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APPENDIX H

TABLES OF STRATEGIES

In the following pages, three tables are presented according to each interviewee
answers. The tables are including in computational estimation strategies, number

sense, and mental computation codes.
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APPENDIX I

EXAMPLES OF TRANSCRIBE CODING

Konusmalar

Kodlar

A: Tahmini hesaplama ne demektir sence?

B: Yuvarlayarak yani sayilar: tam bir miktara yuvarlayarak ——> Pound

A: Tam bir miktara yuvarlayarak, ne demek tam bir miktar?
B: Tam bir sayiya yuvarlayabilirsin mesela sekiz bin yiiz doksan bes onu
sekiz bine yuvarlayabilirsin.

A: Anladim. Nereden égrendin tahmini hesap yapmayl"

B: Ilkokul besinei simifia derste 6grendim. —
A: [lkokulda derste 6grendin. Ogretmenin mi G@retti yoksa sen bo:, le olursa
biyle yaparim mi dedin? —pacield
B: Tahmin ederken 6gretmen yuvarlayarak yapacaksimiz dedi.

A: Bunu styledi. Nasil yuvarlama yapman gerektigini soyledi mi?

B: $imdi sifir nokta bes biz onu nereye yuvarlayabiliriz. Bes ve _‘tg:_§_i_1_1_)
tistiindekiieri bir tama yuvarlayabiliriz.

A: Anladim, bes ve lizerini yukanya; altim agagiya yuvarlanz.

A: Sence giinliik yasamda nerelerde tahmini hesaplamay: kullaniyoruz ve sen
nerelerde kullamyorsun?

B: Hesaplama degil de yani mesela buradan suraya ka¢ km veya iste dlgiilerde
kullamyoruz.

A: Sen kullamyor musun peki bunlari?

Kullanmyorum.

Mesela belirli bir érnek versen surada kullandim.

Evde olabilir yolda giderken olabilir.

Suan aklimda yok ki.

Uzaklik tahminlerinde kullaniyorum dedin.

Onlarda kullaniyorum iste bagka. ..

Ev ile okul arasimi ni tahmin ediyorsun?

Evet

Nasil tahmin ediyorsun?

Evle okul arasi kag metre...

Kag¢ metre kag km! Peki tahmini hesaplama agisindan bakinea giinliik
yvasamda

B: Giinliik yasamda kullanirim bazen.

A: Nerelerde kullamrsin? Diistin bakalim kullanirsin bityiik ihtimalle.

A: Hig akhna gelmedi mi? Peki gelince sdyle o zaman.

A: Peki matematik dersinde tahmini hesaplama kullanma konusunda ne
diisiinilyorsun?

B: Ne diisiintiyorum yani?
A: Yani matematik dersinde kullamlsa ne diigtiniirsiin, neler diigiin

B: Sayi olarak dﬁ?ﬁndﬁgﬁmﬁ;&dc daha pratik olur ama tam sonucu
bulamivorsun kullamlmasi o Kadar sey degil. B
A: Gerekli 3e§1|' Diyorsun. Ta

matematikte
B:

AR Rl R T

m sonucun bulunmasi mi gerekir sence

— (v
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 [eq exach—
yo lu o

e
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Py

A: Giinlitk yasamda tahmini hesaplama kullanma konusunda ne diigtiniirsiin? |\ d ‘n‘&

B: Giinlitk yasamda kullanilabilir yani. Sy y M dw‘ \ .

A: Neden? 1 pees lfe Ea¥)
B: Hayati kolaylastirmak ig¢in =i

A: Hayati kolaylastirmak igin! Ne yapiyorsun da ha)"ltm kolaylasiyor.

A: Kiigiik bir 6rnek ver sunu yaparak hayatim kola lagtinyorum. e . . T -
B: Ber? ullanmam Jen:lde tznfhe‘;a ]d:l"rld a Y ; ) o \ J3cC ! L ‘fxzc
A: Kagit kalem mi kullaniyorsun hesap makinesi mi kullanly'q;sun’ Crack com e sl

nob WY

panfer
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A: Pargalarin igine diisen miktar
B: Daha az olacak, sekize biliince daha az ¢ikacak, daha biiyiik sayiy1
sekize boldiigiimiizde daha fazla ¢ikacak

91, | A:Evet giizel dokuzuncu soru
- On dort tam iig bolii dort bolii bes bolii sekiz (4> {-% N
B: Beg bilii sekize sifir nokta bes desem s ” g .\D —~H¢ founl C{htﬂb"\ v
A: Giizel bes bolii sekize sifir nglﬂa_l:acﬁ_d:_dm Alecra o s |
B: Buna da on bes desem - . “-ls' i a
A:On bes: yarima bo]uyorsun'? - nd LomeAon o Nt L
B: Otuz gikar- Fc
A: Otuz falan ¢ikar nasil baldiin bb}me 1$]cm1m anla} 1. : | \ v
B: On dért tam ii¢ bolii dordii on bese yuvarladim, bes bélii sekizi Slfl )
nokta bese yuvarladim e pefion troh 3. ean
A: Tamam gy Qesult ok Ahe fiesk
B: Béldugiimiizde otuz ¢ikiyor COQ Qcck v
A: Iste nasil bsldiin AL
| B: On besin iginde kag tane yarim var; yarisi oldugu iginde 1k|y|9_“7 0o -,30113\'2
garpicam; o yiizden otuz ¢ikiyor j’—"”ﬁ ?. o7
A; Iste budur! 3—’]9?:'{) 4 0 e 47
A: Net cevap otuzdan fazla midir az midir? 1o v/
B: ir. Ciinkii burada boldiigimiiz say1 daha kiigiik b_ﬁlen) e camEenPhP
say1 daha fazla
A: O ylizden otuzdan daha az ¢ikar
__ k% | A: Onuncu soru
| B:Bir tan} yae;il boli or} alt am!uc tam bes bolii on iki arti sekiz tam bir | ——
bolii iki b+2% 13 ek
B: Sekiz tam bir bol ikiye dokuz desek; buna da i huguk desek: buna [2ound FROCHS: %
da bir buuk desek decwrol? - 4
B: Ug buguk bir buguk bes. dokuz demistik on dért oluyor o ud ¢ ‘) 2 o5
A: Uq bugukla bir bu(;ugu nasil topladin ~_ 354140 T v
B: Once ii¢ bugukla biri topladim sonra buguk ekledim = 2.0+ 15 = \JZW———'# Ko
A: Besle dokuzu nasil topladin ke decomp=3)
B: Normal topladim © Ak vj BG v
| A:Nasil igte normal toplama iglemi
B
A: Cok basit geldlgl igin mi anlatamiyorsun ? . Q4S5 =A+l+ Y -
B: Simdi dokuz ekleyince ona tamamliyorum bir ¢ikariyorum; ondan pan Lo caco MJJO? )
begten bir gikardigimda dort oluyor on ekliyorui on dort J t’]
A Nel cevap nerededir, on dordiin tistiinde midir altinda midir? oy
tnda) — ey R C’DmK N3N
A: Neden?
B: Ciinkii daha ¢ok seylere yuvarladik azlan daha gok_yu\'ar]adllv 5&: o ‘5-!,?.?:& th«f v
A: Hep ileriye dogru yuvarladigin igin on dértten azdir q
By
) A:Onbirincisoru 2y 2% 5 24 2% B
B: Dért yiiz yetmis dort bin iki yiiz elli yedi bélii sekiz bin yiiz yirmi (&
1 B U
yedi (Nooss 100> . - F_’.)\J"d fins op W

A: Duymuyorum
B: Simdi buna dért yiiz yetmis bin desek buna da sekiz bin desem
B: Yok bunu dort yiiz seksen bmc yuvarlasam =]
A: Tamam

B: Sekiz bine bo]dugumuzdc( ltlll hlr sey c;lk:yor )

S—— |
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APPENDIX J

AN EXAMPLE OF DATA ANALYSIS MATRIX

whole number fraction decimal
Deniz « In all questions used «Q6,Q9, Q10, Q13 «Q2,Q7,Q12,Q14
rule based Rounding used rule based
rounding(Q8-not «Q13, Ignore too rounding
applicable) small « Q5 ignore too small
« Q15 used translation fraction(rounding decimal (situation
by situation) based rounding)
Mert « In all questions used «Q4 and Q13 « 2, used truncation
rule based rounding Ignore fraction « Q2 and Q12 rounding
(Q8-not applicable) (rounding by in a large interval
+Q1 intermediate situation) Q5 ignore too small
compensation «Q6,Q9, Q10 decimal

« Q8 final rounding «Q7, Ignore decimal
compensation part of number

« Q15 used translation « Q14 intermediate

compensation
« Q7 translation
Sergen « In all questions used « Q6 round fraction «Q7, Ignore decimal
rule based rounding as two separate part of number
(Q8-not applicable), numbers « Q14 rounding,

e QI5used +Q10, Q9 rounding intermediate
compatible «Q13, Ignore too compensation
numbers small fraction « Q7 translation

Nevzat «except Q3 and Q15, «Q10, Q9 rounding «Q7, Ignore decimal
used rule based « Q6 round fraction part of number, round
rounding as two separate integer to another

«Q11 used numbers integer
translation-changed « Q13 Ignore +Q12 and Q14 rule
division to fraction fractions based rounding
form « Q7 translation

« Q15 used translation

Ayse « used rule based «Q4 and Q13 « Q2 rule based
rounding (Q8-not Ignore fraction rounding

applicable)
« Q15 translation

«Q9, Q10 rounding

«Q7, Ignore decimal
part of number

« Q14 rounding,
intermediate
compensation

« Q7 translation
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