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ABSTRACT

ETA-ETA PRIME MIXING IN CHIRAL PERTURBATION THEORY

Kokulu, Ahmet
M.S., Department of Physics
Supervisor : Assoc. Prof. Dr. Altug Ozpineci

September 2008, 79 pages

Quantum Chromodynamics (QCD) is believed to be the theory of strong in-
teractions. At high energies, it has been successfully applied to explain the
interactions in accelerators. At these energies, the method used to do the cal-
culations is perturbation theory. But at low energies, since the strong coupling
constant becomes large, perturbation theory is no longer applicable. Hence,
one needs non-perturbative approaches. Some of these approaches are based
on the fundamental QCD Lagrangian, such as the QCD sum rules or lattice
calculations. Some others use an effective theory approach to relate experimen-
tal observables one to the other. Chiral Perturbation Theory (ChPT) is one of
these approaches. In this thesis, we make a review of chiral perturbation the-
ory and its applications to study the mixing phenomenon between the neutral

pseudoscalar mesons eta and eta-prime.

Keywords: Chiral Symmetry, Symmetry Breaking, Mixing, Goldstone Bosons,
U(1) Axial Anomaly.
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KIRAL TEDIRGEME KURAMINDA ETA-ETA USSU KARISIMI

Kokulu, Ahmet
Yiiksek Lisans, Fizik Bolumu

Tez Yoneticisi : Doc. Dr. Altug Ozpineci

Eyliil 2008, 79 sayfa

Kuvantum Renk Dinamigi'nin (QCD) kuvvetli etkilegimleri agiklayan kuram
olduguna inanilmaktadr. Yiiksek enerjilerde, hizlandiricilardaki etkilegimleri
aciklamakta bagarili bir sekilde kullanilmistir. Bu enerjilerde, hesap yapmak
icin tedirgeme (perturbasyon) kurami kullamilmaktadir. Ancak diigiik ener-
jilerde, kuvvetli etkilesme sabiti biiyiik degerler aldig: igin, tedirgeme kurami
artik kullanilamaz. Bu yilizden tedirgemeye dayanmayan yaklagimlara ihtiyag
vardir. Bu yaklagimlardan bir kismi, direk olarak QCD Lagrangian’in1 kullanir,
QCD toplam kurallar1 ve 6rgi (latis) hesaplari gibi. Bir kismu ise, etkin kuram
yaklagimini kullanarak, deneysel gozlemlenen nicelikler arasinda iligkiler bulur.
Kiral Tedirgeme Kurami da bunlardan biridir. Bu tezde Kiral tedirgeme ku-
raminin genel bir tekrarini yaparak bu baglamda eta ve eta-iissii mezonlarinin

karigim olayini inceleyecegiz.

Anahtar Kelimeler: Kiral Simetri, Simetri Kirilmasi, Karigma, Goldstone Bo-

zonlary, U(1) Aksiyel Anomali.
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CHAPTER 1

INTRODUCTION

In physics, it is known that there are four fundamental interactions which de-
scribe all the physical phenomena around us. These are, gravitational, weak,
electromagnetic and strong interactions. In particle physics, all we know about
the nature of these interactions (except gravitational interactions) is described
by the so called Standard Model. Since the influence of gravitational forces are so
small at present available energies, gravitational interactions are ignored in inter-
preting experimental results. Moreover, from the beginnings of particle physics,
universality of Fermi coupling has pushed many physicists to think about the
underlying symmetry for weak interactions. Looking at the charged current na-
ture which converts a neutron to a proton in beta decay and with other weak
decays the physicists thought that the responsible symmetry is SU(2). First,
Glashow (1961) proposed that SU(2) ® U(1) is the possible symmetry for weak
interactions. Then, Weinberg (1967) and Salam (1968) proposed spontaneously
broken SU(2);, @ U(1)y [1]. After that, quarks and the strong interactions are
included in this model as well and the symmetry group SU(3).®@SU(2),@U(1)y
is supposed to describe the standard model of electro-weak and strong interac-
tions [1]. Therefore, the weak and electromagnetic interactions were combined
in a single theory called Electroweak Theory and physicists became able to de-
scribe the physics of the particles that interact weakly or electromagnetically by

this single theory.

Likewise, the physics of strongly interacting particles can be described by Quan-
tum Chromodynamics (QCD). It is a non-abelian gauge theory. That is, the



generators of the theory do not commute. The dynamics of the theory is de-
scribed by QCD Lagrangian. In this Lagrangian the quark and gluon fields,
which carry color charges and interact with coupling strength g, are included.
This Lagrangian is assumed to be renormalizable and invariant under Lorentz
transformations. Charge conjugation, Parity, Time reversal etc. are some ex-

amples of accidental symmetries that QCD Lagrangian possesses.

Symmetries play a very important role in physics. Most generally, if the La-
grangian of a theory possesses an invariance, as a consequence of that conserved
quantities exist. There exist many global symmetries in strong interactions. For
example, SU(2) isospin and SU(3) flavor symmetries play an important role
in QCD. Moreover, if one assume that the light quark masses m,,, mg, ms van-
ishes, QCD possesses another symmetry which is called Chiral symmetry. As we
will discuss in the following chapters of this thesis, spontaneous breakdown of
the chiral symmetry will create states which are called pseudo-scalar Goldstone

bosons [2].

In general, mesons can be grouped according to their intrinsic properties. For
example, the mesons that have a total angular momentum quantum number zero
and Parity eigenvalue plus (J¥ = 0T) are called scalar meson fields. Similarly,
the mesons with J” = 0~ are named as pseudo-scalar mesons. By similar
reasoning (looking at the J and P values), one can name the remaining mesons
as vectors, axial vectors, tensors etc. We gave a list of some scalar and pseudo-
scalar mesons in Tab.(1.1) and Tab.(1.2) respectively. Spin, mass, parity and

isospin values of these particles are given there.

Chiral perturbation theory is known as the low-energy effective theory of QCD.
Since the strong coupling constant «; gets large at small momentum transfer
squared, at these energies the quarks binds to each other with strong forces [3].
Thus, in the low-energy considerations, the mesons rather than the quarks, are
taken as the relevant (active) degrees of freedom. Likewise, the general method
used in ChPT is that the degrees of freedom that describe the dynamics of the

theory are chosen to be the eight lightest pseudo-scalar fields for the reasons



Table 1.1: Mass, Spin and Isospin values of some Scalar Mesons [4].

Spin | Parity | Mass[Mev| | Isospin
7o(980) | 0 ¥ 980 £ 10 0
Fo(1500) | 0 ¥ 1507 £5 0
fo1710) | 0 ¥ 1718 £ 6 0
a0(980) 0 T | 9847+03 1
ao(1450) | 0 T | 1474£19 1
K*(1430) | 0 n 1414+ 6 1/2
D*4(2317) 0 + 2317.8£0.6 0

Table 1.2: Mass, Spin and Isospin values of some Pseudo-scalar Mesons [4].

Spin | Parity Mass[Mev] Isospin

w0 [ 0 - 134.9 £ 0.0006 1
SR - 139.6 4 0.0004 1
K°| 0 - 497.5+£0.022 | 1/2
KE| 0 - 493.6 +0.016 1/2

n 0 - 547.5 £0.2 0

n 0 - 957.8 +0.14 0
DE| 0 - 1869 + 0.4 1/2

that will be discussed later. Actually, this theory has been developing since
1960’s. Weinberg, Gasser and Leutwyler have made important studies [5-7] in
the low energy hadronic physics sector and their work brought ChPT to its
improved form [8]. In fact, ChPT is a very wide subject to deal with. Hence, for
this thesis we limit ourself in studying the leading order O(p?) mesonic ChPT
and so we do not consider the formalism of baryons in ChPT. However, for more
comprehensive studies of this theory see e.g [9-21]. For the higher order analysis
one can look to the studies of Ecker [12], Meissner [18] and Bijnens [8] as well.

Moreover, for the recent studies of ChPT we refer the reader to see e.g [22,23].

The organization of this thesis is as follows. In chapter 2, we discuss some
important symmetries of QCD in detail. These are SU(2) isospin, SU(3) flavor
and Chiral symmetries. We also look at the U(1)4 problem by discussing the

relation of it with the mixing phenomenon in the same chapter. In chapter 3, the



general features of the effective field theories and the leading order (LO) mesonic
chiral effective theory are reviewed in detail. Finally, in chapter 4, making use of
the low-energy expansion of the chiral effective theory, the mixing phenomenon
of the pseudo-scalar particles more specifically 7-n' mixing is explained. In
addition, we present both the theoretical and phenomenological results for the

mixing parameters of 7-n" and check the consistency in between.



CHAPTER 2

SYMMETRIES IN QUANTUM CHROMODYNAMICS
(QCD)

In physics, symmetries play a very important role. Symmetries are generally
grouped in two: space-time symmetries and internal symmetries. Space-time
symmetries are the transformations that effect the space and time coordinates.
Lorentz transformations, Parity, Rotations, Time reversal etc. can be given as
some examples to space-time symmetries. Second group is the internal sym-
metries which are the transformations that do not effect the space and time
coordinates. SU(2) isospin, SU(3) flavor, Baryon, Lepton, Strangeness num-
ber conservations, Charge conservation, SU(3) Color etc. are some examples of

internal symmetries.

The existence of a symmetry in a particular theory follows from the invariance
principle. According to Noether’s theorem, if there is a symmetry in a system
this symmetry always requires an existence of a conserved quantity in that sys-
tem. For example, if we have an invariance under time translation, the total
energy of our system is conserved; if the system has an invariance under space
translation, the linear momentum of the system is conserved. Similarly, if we

have a rotational symmetry the angular momentum is conserved [24].

In the following sections, we will examine the basic nature of some symmetries
of QCD and look also at the so called the spontaneous symmetry breaking

phenomenon and its consequences.



2.1 SU(2) Isospin and SU(3) Flavor Symmetries

[sospin symmetry has initially been introduced for hadron multiplets like the
doublet of proton and neutron, triplet of pions etc., and then has been examined
in quark level. It is also called the SU(2) symmetry of QCD. It mainly states
to treat the up and down quarks as the same constituents i.e. in an exact
isospin symmetry conditions we require m, = my. However, in the real world
we know that the up and down quarks masses differ slightly (m, ~ 6MeV, mg ~
10MeV') and thus isospin symmetry is broken. Moreover, since the up quark has
a charge of +§e whereas the down quark has charge —%e, where e is the charge
of the proton, the electromagnetic interactions break the isospin symmetry as
well. Nevertheless, the isospin symmetry considerations are very helpful in many

applications of particle physics [25].

In SU(2) symmetry, the central assumption is that the up and down quarks are
associated with the same total isospin quantum number I = %, whereas they

differ in their third component of isospin quantum number as;

and for all the remaining quarks the isospin quantum number is assigned to be
zero. By such a definition the up and down quarks can be treated as the two
different projections of the same state. This representation of SU(2) symmetry
allow us to combine the particles into groups called multiplets. For example,
according to this definition the proton which has a quark content of uud and
a neutron with quark content udd form an SU(2) doublet. Similarly, the pions
71, 7~ and 7 can be regarded equally and form a triplet. If we neglect the EM
interactions (charge difference), there would be no way to distinguish among the

particles within the same multiplet.

Unlike the weak and the EM interactions, the strong interactions are assumed
to conserve the isospin symmetry. The isospin symmetry can be thought as an

invariance under a rotation in the isospin space which is described by a so called



isospin operator [25];

Pg = e (2.1)

where o' (i = 1,2,3) are the usual 2 x 2 Pauli matrices which are the generators
of SU(2) and #"’s are the elements of an arbitrary constant vector rotation angle
defined in the isospin space. Now, let us check the the invariance of the usual

QCD Lagrangian under such a transformation;

- - 1
£QCD = \I’iDH”)/“\I/ — ‘I’M\If — iTT(Gw/Guy) (22)
with
u m, 0O
U= . M=
d 0 mgy
D,=08,—igG, , Gu=0G,—08,G,—igG,G) (2.3)

The isospin transformations do not effect the gluon fields. Thus, first let us

apply the isospin operator to the first term as;

U —e 00y \17/—>\IfTeiE'9'yO — eidl (2.4)

where, we used the fact that since the the Pauli matrices are defined in isospin
space whereas the gamma matrices in spinor space, they commute and as a
7.6

result of this one can interchange the places of €°? and «° freely. Then, if we

continue we can write;

TiD, "V — T 0iD, e 70y = UiD, " (2.5)

7



Hence, we have seen that the first term is invariant under isospin transformation.
Now, lets check whether the mass term of the Lagrangian is invariant or not.

For this we can write;

IMU — T pMe70g (2.6)

where, we can write the mass matrix M as;

u+ 10 - 1 0
M . <m mq X m md)
2 01 2 0 —1
N—————
My, + M My — M
= 2 d)12x2+< 2 d)U3 (2.7)

Now, by checking the invariance of the second term one can get;

€360 = (cos O + id0sin 0)os(cos O — i sin )
= (cos®0 + sin®0)o3 — i|oy, o]0 sin O cos 0

= O'312x2 - iég?)iko-k sin 6 cos 0 7é 0312X2 (29)

As a result of this, we have seen that only when the mass difference between
u and d quarks vanishes the whole QCD lagrangian becomes invariant under

isospin transformations. Therefore, we can conclude that the central reason of



isospin symmetry breaking is the mass difference of v and d quarks (m, —mg ~
4MeV') and the strength of this isospin symmetry breaking can be estimated by
looking at the ratio [25];

(my —myg)

TR 0.3 (2.10)

Furthermore, one can define the so called U — spin and V' — spin symmetries
within the realm of SU(2) group. The U — spin symmetry states that the
strange and the down quarks can be treated equally (d < s). It is described by

the transformation [26];

e (2.11)

Since the down and strange quarks have the same charge value (—%e), unlike to

isospin symmetry the EM interactions do not break the U-spin symmetry. In
fact, this can be understood from the commutation of U-spin generators with the
electric charge operator Q [26]. Letting ¢/ = d, s and ¢* as the U-spin generators

we can write;

0'Ql’) = o'egla’) = ¢ (0'l¢")) (2.12)
————

where, letting o?|¢’) = |¢7) one can write;

Qo'l¢)) = ey (o']¢")) (2.13)

Now, since the charge values of d and s quarks are equal, for U-spin considera-

tions we can take e, = e, so that we obtain;

9



Qo'¢)) = 0'Qle’) = [Qo" — o' Q') = 0 (2.14)
or

[Q,0']=0 (2.15)

Similarly, one can define a symmetry called V-spin which treats the up and
strange quarks equally (u < s) and has a transformation property in analogy

to isospin or U-spin symmetries as;

il (2.16)

Following exactly the same procedure as we did for U-spin symmetry, we can
check the commutator of the electric charge operator () with the generators of
V-spin symmetry. Because of the charge difference of u and s quarks (e, # ¢/),
unlike to the U-spin symmetry case, in V-spin symmetry the commutator is not

zero. Therefore, EM interactions break the V-spin symmetry.

Moreover, following the same reasoning as we did for isospin symmetry case,
it is also possible to see that the U-spin symmetry is broken due to the mass
difference of d and s quarks (mg —mg ~ 130MeV'). Similarly, V-spin symmetry
is broken by the mass difference of uw and s quarks (ms — m, ~ 135MeV).
As the ratio (m, — ms)/(m, +ms) ~ 1 where ¢ = u,d, the breaking of these

symmetries can be large.

To continue, if we include the strange quark to our considerations of SU(2)
we would be able to define another symmetry, called SU(3) flavor symmetry.
This symmetry mainly states that the up, down and strange quarks can be
treated similarly providing that their mass differences can be neglected and the
electromagnetic interactions are ignored. In analogy to isospin case, the SU(3)

flavor transformations transform the quark fields ¥ as [26];

10



U=|d | =9 =exp(—=ir.6%| 4 (2.17)

where, \* with a = 1,2, 3....,8 are the usual Gell-Mann matrices which are the

generators of SU(3) and 6% are arbitrary phase factors.

Like in the isospin symmetry case, SU(3) flavor symmetry allow us to collect
particles that have similar properties into the same groups. The important point
in grouping the particles is that the particles in the same multiplet should have
the same spin and masses. For example, in an exact SU(3) flavor symmetry
conditions the eight pseudoscalar states; 7%, 7, K* K and 7, form an SU(3)
octet. Similarly, o is considered as an SU(3) singlet state [see Table.(1.2)].
Actually, the idea of grouping the particles into octet and a singlet state comes
from the group theoretical knowledge since in group theory language one can

write;

33=8d1 (2.18)

which means that the bound states of a quark (3) and an anti-quark (3) can be
formed either in octet(8) or singlet(1) representation. SU(3) flavor symmetry
does not give us any relation between the particles of the octet and the singlet
groups. It only relates the parameters of the particles that are in the same
multiplet. In the real world, the flavor symmetry is broken due to the large
mass of strange quark compared to the masses of up and down quarks and
also by EM interactions. Therefore, we do not expect the particles in the same
multiplet to have exactly same masses. Because of that reason, they may differ

slightly:.

In order to check the strength of symmetry breaking in a theory, mostly some

parameters are compared with a specified scale or limit that comes from the

11



theory. In our case, comparing the strange quark mass (~ 150MeV) with the
QCD confinement scale Agep ~ 250MeV, one can conclude that the SU(2)
isospin symmetry can be regarded as a good symmetry of QCD, whereas the

SU(3) flavor symmetry is an approximate symmetry [27].

The final point we want to mention in this section is that the breaking of the
SU(2) isospin or SU(3) flavor symmetries have important consequences. For
example, the breaking of the SU(2) isospin symmetry causes mixing between
the physical particles 7 —n — 1. Similarly, as a result of SU(3)r symmetry
breaking, even if the SU(2) subgroup is not broken, the physical particles n and

n can mix. We will examine the mixing phenomenon in chapter 4 in detail.

2.2 Chiral Symmetry

At relatively low energies (F < 1 GeV/) the relevant degrees of freedom of the
Standard Model are the hadrons (mesons, baryons) rather than the quarks or
gluons. In this energy limit the QCD Lagrangian is described only in terms of
the light quarks (u,d,s) and the other quarks (c,t,b) are assumed infinitely heavy
and frozen sources so that they are excluded from the theory [12]. In this limit,

the fermionic part of the QCD Lagrangian has the form;
»CQCD - Zq:u,d,sq_(i%au - mq)q (2'19)
One can define a left and right handed quark fields;

. :1—75(] ‘ :1+75q
L 2 ) R 2

(2.20)

such that q;, + qr = q. Then, the Lagrangian can be written as;

Locp = Zq:u,d,s(q_[’ + dr)ivu0u(qr + qr) — me(dr + dr)(qr + qr)

12



(2.21)

or

Locp = qrivuOuqr + qrivu0uqr + qrivu0uqr + qriv.0uqr

me{drqr + drar + GrqrL + Grar} (2.22)

Here, using some properties of the Dirac matrices and the quark fields as;

_ 1
a=q7" ., Y=+, (P)P=1, {*}=0 (2.23)

one can write;

2
1 —
(—)

1+ . 1-— 11— .
Locp = q( 2%)1’#3#(T%)Q+Q( 2%)2%3#(

T+, 1+ _ 1=
5 )% 0u( 5 )q + a( 5

2
S g a( (0,
)

g+ a5 ) (2.24)

+ q(

)Z.’Yuau q

1+
- mq{Q( 9
A= 1=
I(—5 )

Besides, using (1 —5)(1+7;5) = 0 and (1+75)? = 2(1+~5) the QCD Lagrangian

takes the form;

Locp = q1i7u0,q1 + qr1Y,0u9r — Meg{dLqr + qraL} (2.25)

At this point, let us check whether this Lagrangian is invariant or not under
SU(3) transformations which transform the left and the right handed quark
fields differently [26];

13



qr — Lqr . gqr — Ryr (2.26)

where, L € SU(3), and R € SU(3)g are defined as;

L =™ R=clr"™ =18 (2.27)

Using, Eqn.(2.23), the QCD Lagrangian (Eqn.(2.25)) transforms as;

—fa A" -

N ny\n — —a ny\n .
Z,yuauew% A QL+QR€ iar™ A

Locp — qre 7,0, " N qp

—ta, A" —tar" A"

. m{Cf[ﬁ i,yuaueiaRn,\an + (ﬁ%e Z,yuéueiaLn)\nqL}

(2.28)

Making the cancelations, we can see that the kinetic terms remain invariant
under these transformations whereas the mass terms do not. The mass term
mixes the Left and Right handed states with each other. Thus, if we assume the
up, down and strange quark masses are zero (chiral limit), the SU(3), x SU(3)r
transformations defined in Eqn.(2.27) leaves QCD Lagrangian invariant. The
corresponding symmetry is called ”Chiral Symmetry of QCD” [2]. Moreover,
even in the case of finite quark masses, if we let ay = ag = ay in Eqn.(2.27),
one can defines a symmetry called SU(3) vectorial symmetry (SU(3)y) under

which the Lagrangian remains invariant.

According to Noether’s Theorem, to each symmetry corresponds a conserved

current J* such that 0,J* = 0. If one defines [24];

Q:/f@% (2.29)

where, () is a conserved charge we can write;

14



d

dcfzi[H,Q]:O , = [H,Q]=0. (2.30)
Associated with the SU(3); and SU(3)r algebra, we would have conserved
charges Q¢ and Q% (a = 1,2,...,8), respectively. We can define Vectorial and

Axial charges as;

Qv =0 +Q% , Q4=Qr—-0Q1 (2.31)

We can see that under parity transformation (R — L , L — R) they are

transformed as;

Qv = Qv , Q4h——Q% (2.32)

The Left-Right symmetry requires that the states Q{ |¢p*) and Q%|¢*) should
have the same energy. This means that for each particle with specific spin and
parity, there should exist another one with the same spin value but opposite
parity [8]. However, if we look at the mass spectrum of the particles we do not
see such a property. For example, comparing the masses of scalar particles with
those of pseudo scalars [see Tab.(1.1) and Tab.(1.2)], we can convince ourself that
this requirement does not exist at all. The answer to this problem was given by
Nambu-Goldstone [28]. They have realized that the eight Axial charges do not

annihilate the vacuum state while the Vectorial charges do [11].

Qvl|0) =0, Q4]0) #0 (2.33)

In this case, since the full symmetry group of the Hamiltonian is not shared by

the ground state (vacuum), the Chiral SU(3);, x SU(3)r symmetry is said to

15



be broken spontaneously. In that case, there is no need for masses of scalar and
pseudo scalars to be the same. Thus, the puzzle is solved. Spontaneous breaking
of a continuous global symmetry is always accompanied by the existence of
massless and spinless particles. This is known as the ”Goldstone Theorem”
and the particles appearing as a result of the spontaneous symmetry breaking
are called ”Goldstone Bosons”. Since we have eight axial charges that do not
annihilate the vacuum, eight massless and spinless particles should appear. If

we let Q%|0) = |¢*) one can write;

H[¢") = HQ}|0) = Q% H|0) =0 (2.34)

——
When we look at the particle spectrum we can see that the best candidates for
the above discussions are the eight lightest hadrons 7%, 7%, K% K° and 5 [4]. In
the real world, since the quark masses are finite, we expect these eight pseudo

scalar particles to have masses different from zero.

Now, as a last subject to this section let us check the validity of Goldstone
Theorem which states that ”only when a continuous symmetry is broken massless
and spinless particles appear and the number of massless bosons is equal to the

number of broken symmetry generators”.
Spontaneous Breaking of a Discrete Symmetry

For discrete symmetry case, let us assume we have a Lagrangian density de-

scribed in terms of a scalar field ¢ as;

1 1 A
= —[0,0)* + =m?¢* — ~¢" 2.35
£= 10,0 + S — 30 (2.35)
We can see that under the discrete symmetry transformation ¢ — —¢ (Reflection

transformation), the Lagrangian is left invariant, since the field ¢ appears in the

Lagrangian only in even powers. Now, let us first find the ground state value of
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the potential V(¢?) = —%mg(bQ + %qﬁ“. Here, in order for the potential energy
to be bounded from below, A should be positive [29]. However, m? can be both
positive or negative. When m? < 0, the form of the potential V(¢?) represent
a parabola with a unique minimum at ¢ = 0. On the other hand, if m? > 0,
the ground state develops two values different from zero which can be found by

differentiating the potential with respect to ¢? and then equating it to zero as;

oV m?  \¢?
Py A B S
2
¢:j:%, (2.36)

At that point, redefining our field ¢ in terms of a new field  which is a fluctuation

around this ground state as;

m2 m2
o5 = ¢=n+\/? (2.37)

and expressing our Lagrangian in terms of this new field one can write;

1 m2 m2 1 m2 A m?
1 L m= L ms A m7\4
£ = 20w "0\ + e [T < A
2
= L == |au77|2—|— m77 +——|—m\/m
2)\
4 2 2
- f{ +§+%n +—n +ay n+4—\/mn} (2.38)

or

m
LG . NS WY LA S N i 2.
) 27] mon )\77 m (2.39)



Finally, after doing the cancelations the Lagrangian turns to be;

1 2 2 2 m* A 4 m? g
== - LR VY 2.4
L= 10" —m " + = it = M (2.40)

Now, we can see that by this new parametrization, due to the presence of 73
term in £, our initial reflection symmetry has been spontaneously broken and n

field has a mass!
Spontaneous Breaking of a Continuous Symmetry

Now, let us check what happens when we spontaneously break a continuous
symmetry. For this purpose, suppose we have a Lagrangian density described

in terms of two real fields ¢; and ¢, as;

2
L= ;(&@1)2 + ;(aufbg)Q + ;m2<¢12 + ¢22) _ );l(¢12 + ¢22)2 (241>

Initially, looking at the structure of this Lagrangian one can see that it has an

invariance under the continuous SO(2) transformations defined as;

@1 — ¢p1cosf + pysinf
¢y — —¢18inf + Py cosb (2.42)

Then, following the same reasoning as we did for discrete symmetry case, in
order to break the symmetry we should replace the fields ¢; and ¢, by the new
fields, which are fluctuations about the corresponding ground states. Therefore,

first let us find the corresponding ground states of the potential;

2
V(gi® + ¢2°) = —;m2(¢12 + %) + Z(¢12 + ¢2%)°

by differentiating it with respect to ¢ + ¢o> and equating it to zero as;
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ov 2y
Sertan =0 T Tarp@iteel=o
2
&2+ ¢y’ = % (2.43)

Here, we are free to choose one of the fields to be zero. Then, we can write [24];

, $2=0 (2.44)

Introducing new fields that are fluctuations around these ground states as;

= ¢1=77+T , Q2= P (2.45)

A

m
77:¢1—X

the new Lagrangian turns to be;

/ 1 1 2m
L = 5(&”7) ( u¢2) (77 +777+ \2 +¢2 )
2m m?
- {(n 5t g +¢22>2}
(2.46)
or
/ 1 1 m3 mt m? ., m?
L = 5(@”7) ( Opu2)” + m n” +777+4)\2 +7¢2 —7%
A2 m? m?
— W 20767+ 60") — P —mAn® — Ton® — == — mAng,’
(2.47)
Hence, doing the simplifications we arrive at [24];
| ) 5 o 1 5 mt
L =150um)" =m0+ [5(0ud2)] + 35
)\2
HmAW +n062") — (0 + ¢2°)] (2.48)

4
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Then, at that stage looking at the form of this new Lagrangian, due the presence
of the terms like 72,7 and n¢,? it is no longer invariant under the continuous
SO(2) transformations. The symmetry is broken spontaneously by this ground
state. As a result of this symmetry breaking we see that in the new Lagrangian
the mass term for the field ¢y has disappeared in accordance with the Goldstone

theorem.

2.3 U(1)4 Anomaly

In some circumstances, a particular transformation may leaves the standard
QCD Lagrangian invariant. However, one may observe that in quantum theory
the divergence of the axial vector current, which is associated with the invariance
of the classical Lagrangian, does not vanish (d,J* # 0). In particle physics, this

problem is referred as ” Anomaly”.

Now, we study the anomalies in the U(1) symmetries. The chiral U(1) Vectorial
symmetry is defined in analogy to Eqn.(2.27) but now in the U(1) group as;

v g (2.49)

(1o (16"
qr —€°VqL , qr —€"Vqr or q—e

By similar reasoning, in the U(1) group, one can define another symmetry called
U(1) Axial symmetry which is assumed to transform the left and right handed
quark fields oppositely as;

gL — €“Yqp , qr— e g or  q— €% (2.50)

In fact, the standard QCD Lagrangian that we have written in Eqn.(2.2) has an
extra term which is assumed to be connected with Anomaly. Hence, by adding

this term, the usual QCD Lagrangian is modified to;
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) 1 .
L= Zi:u,d’s@‘(l%lDu — My)qi — §TT[GWGM ] — fw (2.51)

where w is referred as the topological charge density and it is responsible for
the strong CP violation [30]. This is the most general Lagrangian which is
renormalizable and invariant under the Lorentz transformations. The first term
includes the kinetic and interaction terms of quarks with gluons, the second term
is the usual dynamical term for the gluons and the last term is the contribution of
the Anomaly and CP violating terms. In the above Lagrangian, the topological

charge density w is defined as [26];

s =
== 2.52
w 47rGG (2.52)

where, GG = €uapGM G is the product of the gluon field strength tensor and
its dual.

The usual QCD Lagrangian defined in Eqn.(2.2) has an invariance under the
U(1)y transformations defined as ¢ — el®vlg. This invariance is connected with
the baryon number conservation. Similarly, we can check the invariance of the

massless QCD Lagrangian under Axial U(1) transformations (g — el®4%lq) as;

317, 0uq — ge[iaA%]Z',yuaue[mA%]q — cﬁ’yﬂaue[_ia‘*%]e[io“‘%]q = §i7,0,q
(2.53)

where, we have used the commutation property of Dirac matrices as;

{757 7u} =0

We see that the U(1)4 transformations leave the massless classical QCD La-
grangian invariant. Thus, according to Noether’s Thm. classically we expect
that the SU(3) singlet axial vector current should be conserved in chiral limit.

Letting J°,5 = ¢7,75A% one would expect to have;
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1 2 .
8u<]0u5 = %{(ap@)%t%q + q7u,75(0,q) } = %mq‘ﬁ%q — 0 as myg—0
(2.54)

where, we used the convention \° = %13X3 and ¢ = u,d,s. However, it was
found that [31] in quantum theory, the divergence of the singlet axial vector

current does not vanish even in the chiral limit;

GMJOM) = jgmq(ji’yg,q + \/5%6’@ , GW = 6WagGaﬁ (2.55)
The second term in the above equation comes from the contribution of the
Anomaly and is independent of mass [30]. As we have seen, the U(1) 4 symmetry
that we have in classical regime is broken when we come to quantum level. This
phenomenon is known as the U(1)4 puzzle of particle physics [32]. If the U(1)
symmetry was a symmetry of both classical and the quantum theory, this would
tell us the existence of a ninth pseudo-scalar particle with small mass value. The
best candidate for this is the ' meson with a mass value of m, = 958 MeV which
is too heavy for a Goldstone Boson. The resolution of this puzzle is that the
U(1)4 symmetry is broken and the second term (Anomaly term) of Eqn.(2.55)
makes 77’ too heavy to be accepted as the ninth Goldstone boson associated with
the spontaneously broken U(1),4 symmetry. For that reason, n' particle is not
included in the meson ChPT analysis [2]. However, there are approaches that
include 1 to ChPT as the ninth GB. For example, in the so called large N,
limit [7,33] (where N, describe the color number of quarks), the second term of
Eqn.(2.55) is expended in the powers of Ni and as we let the number of colors
to go to infinity the anomaly contributions vanishes. Hence, in that case the
extra mass of  which comes from the Axial anomaly disappears and 1 mass

becomes comparable with the other Goldstone bosons’ masses.
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CHAPTER 3

CHIRAL PERTURBATION THEORY

In physics, an effective field theory is described as the theory that contains the
appropriate degrees of freedom to describe physical phenomena occurring at a
chosen energy scale, while ignores the substructure and the degrees of freedom
at higher energies (or, equivalently, shorter distances). If we want to examine
a specific physical system within the great features of the surrounding nature,
we need to isolate some parts of the system from the others. By doing so, we
would get a brief description to that particular system without trying to learn
everything related to that system. The basic idea for doing that is to determine
relevant variables which are assumed to be adequate to describe the physics at

the chosen energy or length scale [19].

Most of the time, a specific physics problem includes energy scales that are
separated from each other. For that reason, one can analyze the low-energy
properties of this problem separately without a need for considering the high
energy dynamics. In doing that, we should specify small parameters for the
theory and neglect the parameters that reflect the high-energy details. The high
energy degrees of freedom are then can be considered as the corrections to the

results found in the low-energy analysis [19].

Therefore, it is believed that the effective field theories explain the low-energy
physics. Actually, by low-energy it is meant that low with respect to some
specified energy limit say A. Effective field theories only deal with the degrees

of freedom which have energies lower than the energy limit A and they neglect the
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energies with M > A. The low-energy constants which occur in the expansion
of the effective Lagrangian, include the information for the neglected degrees
of freedom [19]. As we will examine in the next section, the so called Chiral
effective theory is nothing but the low-energy effective theory of QCD which
chooses an energy scale below 1GeV and uses the relevant degrees of freedom

as the eight light pseudo-scalars (7%, 7%, K%, K° and n).

Now, in the next section we will examine the chiral effective theory formalism in
detail and also mention about chiral power counting rule, construction methods

of an effective Lagrangian, mass relations etc.

3.1 Chiral Effective Theory

As we have mentioned in the previous chapter, the main idea of ChPT is that
the degrees of freedom that formulate the theory are chosen to be the eight
light pseudo-scalar mesons (7%, 7%, K=, K°) which are the Goldstone bosons
that arise as a result of the spontaneous breakdown of the chiral SU(3); x
SU(3)g symmetry [2]. In chiral effective theory context these Goldstone bosons
are represented by a so called matrix-valued field U which is assumed to be

transformed under the chiral rotations as [2];

U—U =LUR'=LUR' (3.1)

where, L = ¢t""" € SU(3), and R = er"" € SU(3)z (n = 1,2,...,8) are
the usual definitions of the chiral transformations. In SU(3), the matrix-valued

field U can be expressed in terms of the physical fields (pions, kaons, etc.) as;

U =e7? (3.2)

where, ¢ is defined as ¢ = ¢*. A\* with ¢*’s (a = 1, 2...,8) describe the eight fields
which are related to the Goldstone boson fields through the relations [26];
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7(¢ + ZQS ) )
7T0 — ¢3 ,
K= (= id)

o = O

o

)\4

e}

—_

o o O

K* = —(¢* Fig
\/—( )
n=¢°
_ 1
K= — (% +id" 3.3
ﬁ(cb i) (3.3)
which have the values
0 1 0 0
0o, X=]0 -1 0
0 0 0 0
" 00 0
0 [, A=]00 1
0 010
10 0
01 0 (3.4)
00 —2

Then, keeping these at hand, we can now determine the explicit expression for

the product ¢®.\* as;

¢ — ¢a')\a ¢1 + ¢2

+ ¢°

¢7

25

0 —i 0 1 0 0
i 0 0|+ 0 -1 0
0 0 0 0 0 0
00 —i 000
00 0 [+¢°| 00 1
i 0 0 010

10 0

01 0

00 —2

(3.5)



which can be simplified to;

¢3 + % gbl —’ing ¢4 —'igb5

o= o' +ig? ~¢*+ 5 ¢ —igT (3.6)
¢l tigd @O +igT -2

or writing this in terms of the pseudo-scalar fields we obtain [26,34];

=2 T —%WO + %n K° (3.7)
_ 0 2

As we have mentioned before, since our degrees of freedom are the GB’s, which
are combined in the matrix valued field U, the effective Lagrangian of the chiral

theory will be expanded in terms of the powers of U as;

Leops = Less(U,0U,0°U, ...) (3.8)

In this expansion, the powers are determined by considering the momentum as
the reference point. For example, the chiral powers are determined according to
the number of derivatives acting on the U field. That is, each OU term implies
one order in momenta and as we will see in the following discussions the quark
masses are in the order of momentum squared O(p?). This is known as the

”chiral power counting rule” in ChPT [2].

Since the effective Lagrangian should be invariant under the same transforma-
tions (Lorentz invariance, C, P, T and Chiral invariance etc.) as the usual QCD
Lagrangian does, the effective Lagrangian L. is expanded in even chiral powers
only. Because, in other case some uncontracted tensor indices remain and this

would break the Lorenz invariance. Thus, we can write;

Eeff = ﬁeff(o) + Eeff(Q) + ﬁeff(4) + ... (3.9)
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In the above expansion, since we also expect each term to be invariant under chi-
ral transformations defined in Eqn.(3.1), the choices like Tr(U), Tr(U?), Tr(U +
U')...ete. can not be included to £,;;©;

/

Tr(U) — Tr(LURY) =Tr(UR'L) # Tr(U)

13

Tr(U") — Tr(RUTL'LUR'LUR") # Tr(U?)

/

U+ U = )+ e £ Tr@) 2 TrUY (3.10)

Then, the zeroth chiral power implies just a constant;

Lo = cTr(UUY) = constant (3.11)

As a result, we can omit it completely from the Lagrangian. In that circum-
stances, the second chiral order effective Lagrangian becomes the leading order
(LO) term. The most general form that we can write for Lo, which is O(p?)

is;

Logs® = aTr(0,U0"UT) + bTr(U9,0"UT) (3.12)

However, one can write for the second term;

0,(U0*U) = 0,U0"U + U9, 0"UT (3.13)

Since the term 0, (UT0"U) appearing above is a total derivative it has no effect
on the physics done. Thus, we can omit it from the Lagrangian. Therefore, we
see that the second term in Eqn.(3.12) can be expressed in terms of the first one

so we are left with the simplest form of L.y f(Q);

Lesi? = aTr(8,U0"UT) (3.14)
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Where the constant a is one of the low-energy constants of the chiral effective
theory and its value can be determined by expanding the matrix-valued field U

as;

i 3
i 6f3¢ 24f4
f_ oZie . b 2 3 4
Ui=elm=1-5 2f2¢ +6f3‘25 24f4

U=er®=1+ ——¢° —

2f2 o -

¢+ . (3.15)

Plugging this into L, ff(2) we get;

T T
+...)( ;o sz T )

WO G — —20,8°" )

—i@uqb 3,@2 i8u¢3
rooer MNTE
_ aTr[ F20u00"6 + 9,001 —

Loy = aTr|(

2 f3
0,0’ 0" ¢” — 273 Du?0" ¢ +

6 f4
8M¢28“¢ +

6 f4

12 f5 4f4 12 f5 0ud’0" "

o0+

(3.16)

At that point, doing all the required cancelations in the above expansion, L. s f(g)

reduces to;

Lops® = 5 Tr(0,00"¢) =

f 5(0,00"6,) (3.17)

f2
where a = 1,2,...,8 and we have used the trace property of the Gell-Mann

matrices as Tr(\A\?) = 2§9. Then, comparing this result with the kinetic term

of the standard Lagrangian for scalars;

1
Lyinetic = 5’8y¢‘2 (318)

we obtain a = f;. As a result, the leading order (LO) effective Lagrangian turns

to be;
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2

Loss® = ZTT(@MU(?“UT) (3.19)

All of the above arguments are done by assuming that the chiral symmetry is
exact i.e. m, = myg = ms, = 0. However, we know that in the real world
the quark masses are small but finite. As a result of that the chiral symmetry
is explicitly broken [2]. At that point, in order to add mass terms to QCD
Lagrangian, we may initially think of the mass matrix of the light quarks M =
diag(m.,, mg, ms) as an external field 3 which is transformed similarly with the

matrix-valued field U under chiral transformations [2] ;

Y — LYR' (3.20)

In that case, since the QCD Lagrangian should be invariant under the chiral

transformations, the external field ¥ can be added to £Y¢P in chiral invariant

form as [2] ;
LOP ass = =L Mar — rMar — =3¢k — Gr¥Tqr (3.21)
m, O 0
where, M = 0 mg O is the mass matrix of u,d and s quarks.
0 0 msg

Now, since we also expect the effective Lagrangian to be invariant under the
chiral transformations even in the presence of the external field ¥, we expand

the L.ss by including the field ¥ as [2] ;

,Ceff = ,Ceff(U, 8U, 82U, ) — ,Ceff = [,eff(U, 8U, 82U, ceed E) (3.22)

Therefore, the LO chiral effective Lagrangian in the presence of the external

field ¥ can be written as;
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2 2

Eeff@) = J;TT(auUa“UT) + J;BTT(EUT + UXh (3.23)
Where B is a constant which is assumed to be related to the explicit breakdown
of the chiral symmetry and the second term is written in a chiral invariant form.
Moreover, we accepted ¥ to be in the chiral order of two i.e. O(p?) for the

reasons that we will explain later.

Now, having constructed the Eeff@) in the presence of external field, we can
return to our initial case and set > = M. Hence, the LO chiral effective La-

grangian turns to be;

2 2
Less® = ];Tr(auU@“UT) + ];BTr(MUT +UM) (3.24)
Keeping these at hand, by Taylor expanding the matrix-valued field U we can

now express the mass part of Lo as;

o _

Lomass? = T BTr (MUY + UM) = (my + mq + ms) Bf* = ;BTT‘(MgﬁQ)

(3.25)

In the above expansion, the first term represent the quark condensates which
reflect the quark density of the vacuum and the second term is connected with
the Goldstone bosons’ mass terms. The quark condensates can be found by
just taking the vacuum matrix element of the derivative of QCD Hamiltonian

(Hoep D 2q myqq) with respect to the masses of the quarks as;

OH oL
10) = —{0]

(0lagl0) = (O] - 510) = —f*B

= (0|uu|0) = (0|dd|0) = (0]3s]0) = —f*B (3.26)

Then, the second term in Eqn.(3.25) can be expanded as;
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0 + K+ ° + K+
R m NI m
— 71'0 0 — ﬂ'O 0
Tr {2M T -nts K T ~mt%k KO
- 0 2 K~ 0 2
K K — — 5
(3.27)

Now, letting the product ¢? to be equal to T' we can write;

Tr(Me¢*) = 2{muT11 + mgToe + msTss3}

= 2[m (—W + +mym T +my K KT +mgrt

1
2 f”)

+ myK°K°+ md(—TW + 7 n)? +meK Kt +m,K'K°+ gmsvﬂ

= 2{(my +ma)n 7 + (my + ms) KKt + (mg +ms) K°K°

my, +md
2

My, — Mg

+ 0% + (T)WOU + é(mu +mg + dmg)n*}

(3.28)

As we can infer from the term (%)ﬁon in the above expansion, unlike to other
mesons’ masses, the 7 —7 mass matrix is non-diagonal and diagonalization of it
will result in expressing the mass eigenstates of 7° and 7 as a linear combination
of SU(2) and SU(3) pure eigensates. Therefore, this will tell us that there is
a mixing between 7 — 7. However, if we assume that the isospin symmetry is
intact (m, = mg = m), the mass term of the LO effective Lagrangian takes the

form;

Loas® = =2Bix*n = Blin+m) KK+ = B+ m)K°K°

1
— Bmn® - B0+ 2m)? (3.29)

At that stage, comparing this mass Lagrangian with the mass terms of the

Standard Lagrangian we obtain [2];
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m2 =2mB , mi+=(my,+m,B
2
mio = (mg+mg)B | mp = gB(m + 2my) (3.30)
Now, combining the results of Eqn.(3.30), we can get the so called ” Gell-Mann-

Okubo mass formula” ;

4 1
my = gm% - gmi (3.31)

In addition, extracting the value of B from the above relations (Eqn.3.30) and
inserting it to the previously found results in Eqn.(3.26), we can get the so called

”Gell-Mann-Oakes-Renner relations” ;

frm2 = —2m(0]qq|0)

femy = —(m+m,)(0gq|0)
2, _

fymy = =30+ 2m,)(0]gq|0)

(3.32)

As we can see, Eqn.(3.30) provides an evidence for the assumption that the

quark masses have chiral order of two. Since B is orderless and;

m=—2, m2=p> = m=0(p% (3.33)

Another point which is worth to mention is that in lowest order ChPT analysis,
the decay constant f is taken to be the decay constant of the pion which has

the value [2];

[~ fr=93MeV (3.34)
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Besides, the explicit chiral symmetry breaking parameter B can be calculated
by using the previous formulas obtained. For which, we make use of the QCD
sum rule value for the quark condensate term as (0|gq|0) = —(250MeV)? [35].

Hence, one can write [2];

B = 1800MeV (3.35)

Furthermore, ChPT allows us to find a relation for the ratio of the quark masses
by using the known mass values of the pseudo-scalar fields, which are extracted
from experiment. Because of the fact that the quark masses are dependent on
the QCD renormalization scale, their values differ from one scale to another.
However, when we take the ratio of the masses this scale dependency disappears

[2]. Using the previously found relations we can write;

(Mies — Mio) +m2 — (my +ms)B = (mg +my)B + (my +ma) B my
(m%(O - m%{*‘) + m72r (md + mS)B - (mu + ms)B + (mu + md)B mq
(3.36)

For this ratio, inserting the mass values of the pseudo-scalar fields from phe-
nomenology, to lowest order one can find %+ ~ 0.55 [36]. Following the same

reasoning, to leading order we can write;

M0 + My —mZ  (mg+mg)B+ (my, +mg)B — (m, +mq)B  mj
(m2o —m2% ) +m2  (mg+ms)B— (my +ms)B+ (m, +mg)B my

(3.37)

Hence, the ratio is found to be e~ 20.1 (36].

Another point to consider here is the inclusion of the " meson to the Chiral
effective theory as the ninth pseudo-scalar field. The so-called nonet symmetry

allows us to find relations between the SU(3) octet and the singlet states. In
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addition, as we have mentioned before if the U(1)4 symmetry was not broken
at quantum theory, the extra mass of 7' meson would disappear and it could be
included to Chiral effective Lagrangian. By means of the so called N% expansion
[7,33,37] ' can be accepted as the ninth GB. With the inclusion of " (1), the
mass part of the LO chiral effective Lagrangian improves to (in SU(2) symmetric

~

case i.e. m, = mgy =m);

/

ﬁf,{g;s@) = —B(my, +mg)m 1 — B(my +mg) K"K — B(mg +m,) K°K°
My +ma, o2 1 1
- Bl———) _— §m§7782 - 577187702 — MigNos

(3.38)

where, 73 and 7y are defined to be the SU(3) octet and the singlet states, mg
and mg are the masses of the octet and singlet states respectively. Similar to
7% — 1, the term myg in the above expression implies a mixing between ng — 7.
In the SU(3) symmetric case, ng and 7y states correspond to the physical meson

fields 7 and 7’ respectively and in this limit ms = 0 .

In the next chapter, we will give insight to this mixing phenomenon and see how
to calculate these mass terms (mg, mg, mos), which reflect the mixing here, in

addition to the determination of the other mixing parameters.
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CHAPTER 4

MIXING OF PSEUDOSCALAR MESONS

In the last few decades many scientists have found the mixing phenomenon of
pseudo-scalar particles interesting and thus lots of studies related to this mixing

have been done till now (see e.g. [38-53)).

In fact, the mixing phenomenon of pseudoscalar particles has a starting point
since the invention of SU(3)r symmetry. In the real world, neither the isospin
nor the SU(3) flavor symmetry is exact. There is an explicit breaking of these
symmetries due to the mass difference of up, down and strange quarks. Thus,
in these cases some particles are not seen as pure SU(3)r eigenstates in nature.
The pure SU(3)r eigenstates mix with each other and so the physical particles
that are observed in nature become linear combination of these pure SU(3)r

eigenstates. This phenomenon is called ”Mixing of States”.

At this point it is worth to mention that within pseudosacalars family, only the
neutral pseudoscalars 7°, 7 and 7" mix. This is because, when states mix, at the
same time they should still obey the conservation rules. For example, K* can
not mix to K~ because this would violate the charge conservation. Similarly,
since strong interactions should conserve strangeness, K° can not mix to 7°, n
orn . Actually, in mixing phenomenon of pseudoscalar mesons, U(1)4 Anomaly
has an important effect. As we have studied before, the anomalous factor in the
divergence equation is not dependent upon energy or mass. As a result, one may
think that mixing with heavier pseudoscalars (1., 1,) is also possible (provided

that isospin is still conserved) [30]. In fact, it is so. However, we can assume
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that our basis sates are orthogonal (n.(1,)|7s(10)) = 0 so that the mixing with
heavy pseudoscalars (7., 7,) with I = 0 can be neglected [38].

In this chapter, we are going to review the mixing phenomenon of pseudo-scalar
mesons, more specifically the mixing of 7—7 mesons and its consequences in de-
tail. Making use of the low-energy expansion of ChPT and the nonet symmetry
considerations, the mass terms mg, mg, mps that appear in the improved leading
order chiral effective Lagrangian (Eqn.(3.38)) will be calculated. In section 1,
some basic calculational techniques which are commonly used in ChPT will be
discussed. This section closely follows the paper [39]. In sections 2, we will
discuss the mixing formalism of 7 and 7" mesons in the so-called quark-flavor

basis scheme in detail.

4.1 Nonet Symmetry and Matrix Element Analysis (PCAC Method)

SU (3) flavor symmetry allows us to find relations among some parameters of the
pseudoscalar states in the octet group. However, it does not tell us any relation
between the parameters of the octet and the singlet states. On the other hand,
the so called nonet symmetry allows us to relate some parameters of the octet

group to the parameters of the singlet state.

The matrix elements of the Axial-vector currents taken between the vacuum and

pseudo-scalar states are defined as;

(0]5iv,758|5s) = ifspu » (Oluiy,ysuluw) = ifup, , (0|Jz’fy#75d|62d> = ifapy
(Oluivuysuldd(ss)) = (Ofsinuyss|dd(au)) = 0
(4.1)

where, |Gq) is the gg component of a pseudo-scalar state with a four momentum
p.. In the above expressions, we have used the fact that since [3s), |uu), |dd)

are pseudo-scalar states, the matrix elements of the Axial-vector currents taken
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between them and a scalar vacuum will result in a vector. The only vector that
we can relate with this matrix element is the four momenta of the pseudo-scalar

fields p,, with a proportionality constant defined as ¢ f.

Moreover, SU(3) octet (ns) and singlet (7y) states with I = 0 are defined in

terms of the flavor ¢qg components as;

Ino) = (|uti + dd + s5))/V/3 (4.2)

ns) = (|uti + dd — 2s5)) /6 (4.3)

Now, by sandwiching the axial vector currents givy,v5q and siy,v55, where ¢ =

u, d, between vacuum and octet/singlet states we can write [39]:

(01givuys4lm0) =i fopu/ V'3 (4.4)
(01Gin5a1m8) =i foypyu/ V6 (4.5)
(01887, 755|m0) =1 fspu/ V'3 (4.6)
(0[8i9,755In8)= — 2ifepu/ V6 (4.7)

where, f, = fu.q describes the decay constants related to vt and ss respectively.

In addition, the matrix elements of octet/singlet axial vector currents;

a8 = (wiyysu+ Jz’%%d — 2§@'7u75s)/\/6

w = (W su+ divysd + Sivs)/V3

between vacuum and octet /singlet states give us [39];
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1 . _ 5. T . _
(OVAysle) = () (Ol sulin) + (0ldiy sl dd) + 4(0]siv56/59))

é(fu + fd +4fs)pu

Ol Aslm) = <0|Auo|n8>=?)j§<fu+fd—2fs>pu

(0]A,0ln0) = Zl))(fu + fa+ fs)pu
(4.9)

Then, because of the explicit breaking of SU(3)r symmetry due to the mass of
strange quark, f, and f, are assumed to differ from each other by a symmetry
breaking factor. With the assumption that each s-quark contributes to decay

constant with a factor of €, making expansion to first order in €, one can write

[39,40];

for = fua = fu, frr = fus = (14 6)fuga = (1+€)fu
fo = fex(Q+20)fu~ (14’ fu=0+e)(1+e)fu ~(1+e€) fx
—— ~~

fe = fus =+ fua=1-6)fs (4.10)

Thus,

for fx(l—) > fe(l+e) =~ (1+e)2f, ~ (1+26)f. (4.11)

where, f,7, fus...etc. describe the decay constants of the physical mesons (7, K...)
written in terms of the quark constituents. We also took f, >~ f; as a consequence
of the SU(2) isospin symmetry and made a Taylor expansion to first order in €

as;

=1+e+ ..
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Afterwards, if we take the matrix elements of the pseudoscalar densities uiysd,
wWiss and wiysu — divsd between the vacuum and our pseudoscalar fields 77,

KT and 7° respectively we get [39];

(010" wyysdlud) = (010" u)yuv5d + uyuy5(9"d)|ud)

= (mu +ma)(Olaiysdlad) = fr m;
—~

™

= [xB(my +mq) (4.12)

(O]9 uyysslus) = (0[(0"u)yuyss + wyuys(0"s)|us)
= (my + mg)(0|uiyss|us) = fx mi(
N

Similarly, for 7 with 7° = 5 (du — dd) we can write [39];

(0]0" (wiry,ysu — cfz"yu%d)hro) = (my + ma)(0|aiysu|uu)
= JuB(my +my) (4.14)

where, we took f, = f; so that we expressed the matrix element (0|divysd|dd)
in terms of (0|uiysu|uu). Moreover, the B’s that appear above are the usual
order parameters responsible for the explicit breaking of chiral symmetry (see
Eqn.(3.23)) and we have used the leading order chiral effective theory results
(Eqn.(3.30)) to express the physical particles’ masses in terms of B [2,7,26].

Looking at the quark structure of 7° = %(au — dd) one can also write [39]:

(Oaiysulr®) = —(0]divsd|r®) (4.15)

Now, let us calculate the matrix elements of pseudo-scalar densities taken be-

tween vacuum and octet-singlet states by adding the pole (anomaly) terms to
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divergence equations [39];

0 A, = 2(myuivsu+ mda_li%d) + 22—;GWG7W

Ouha = 2m5ivss + -GG (4.16)

where, for each pseudo-scalar density term we added an anomaly contribution
term Z‘—;G#,,Gﬁ” (see Eqn.(2.55)). In the above expressions, the axial vector

currents with I = 0 are defined as;

Appe = (@yy5u + dyysd)  Age = 570758 (4.17)

For the divergence results in Eqn.(4.12), Eqn.(4.13) and Eqn.(4.14) we simply

made use of the relations;

(17,0, —m)¥ =0 , ¥ =0l

T
P =090 {5t =0, YT =4" (4.18)

For example;

0457755 = (0u3) Vu V58 + 5775 (9u8)
N——" N——"

= iMsSY58 + iMsSY58 = 2MSiy5S (4.19)

Similar reasoning can be applied for d,A4,,. Then, having these tools at hand

we can now calculate the matrix elements (by assuming f, = f4) as;

(010" Anulo) = 2[m Oltivsulno) + ma(0ldivsd]mo)]

s .
+2<O|EGW/GW/|,’70> (4.20)
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. as -
(010" Agpulno) = 2mg(0|Siryss|no) + (O\EGWGW‘U@ (4.21)

. as 7
(010" Asulns) = 2ms{0l5iy55|s) + (07— G GH[11s) (4.22)

(010" Appulns) = 2[my, (0 tiysulns) + ma(0|diysd|ns)]

Qs ~
+2(0|—G ,, G*|ns) (4.23)
47
In the above equations, the left hand side of these equations is also related to

the p?> = m2 term as:
0,8 ’

(0[0" Apulns) = fumi = 2[ma(0laivsulns) + ma(0|divsd|ns)]
+ 200152, G i) (4.24)
47

Similarly,

. Qg Y,
(010" Asulmo) = fomg = 2ms(015inss[n0) + (01— G G 10) (4.25)

In the limit of vanishing v and d quark masses, comparing the left and the right
hand sides of Eqn.(4.24) and Eqn.(4.25), one can see that the anomaly term
(0

%@, G |150) is in the order of O(m2).

Now, we define decay constants associated with 79,7s and their mixing as
fo, fs, fos Tespectively. As a consequence of the nonet symmetry, taking
fu=fa=[fs = fo= fs = fos and using the nonet symmetry mass relations [26]

for m§ g and mgs (see Appendix B for the detailed calculations of these relations);
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m? = B§(2ms + )

ma = mo> + Bz(ms + 21)

miy = BSVA(-m, + 1)
(4.26)

with 1 = (my,+mg)/2 and my? = v/3(0

%GWGL”MO% we can go further and cal-
culate the pseudo-scalar densities matrix elements ((0|uivsu|uw), (0|5iv5s|s5)...etc).

For this, we start from the definitions [41];

1 - 1 _
10) = 73|Uﬂ +dd+s5) , |ng) = f6|uﬁ + dd — 2s3)

V2 L1
Ans = ﬁmfﬁ +V2A%) Al = E(Ags —V24%) (4.27)

Then,
2 8

2
5 (010 Ays[10) + %<0|8MA25|770> (4.28)

55

(010, Apis|m0) =

where we can write;

(O’auAi5|"70> = fOSmgs = fumgB ) <0!8M425|?70> = f0m3 = fumg

(4.29)

Thus, inserting the nonet symmetry mass values (Eqn.(4.26)) one can get;

2 242 2 2
OO A = V2RO~ m) + i + B (m, + 2m0)
= LBt 2 funie? (4.30)

V3 V3
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On the other hand, (0[0,A}5|n0) can also be written as;

(019, A5 1m0) = (0|4maiysu|lua) + 2 (0|—GG|770>

7

= —(O|mﬂz’75u|uﬂ> +

S

Hence, equating both equations we obtain [39];
Similarly,

V2
(010, A%sIms) = —=(010,, Ays|1s) — \/§<0‘8#A25|778>

7

where, using;

<0|auA25|778> = fOSmgs = fsmgB , (0|9, A, 5|778> f8m§ = fsm§

with the nonet symmetry mass expressions (Eqn.(4.26)) we obtain;

OB Aain) = 2V BOn - m) Y2182
= 2\/\/——fsBms
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2mg + m)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)



At the same time, (0|0, A;5[ns) is equal to;

_4 . _ Qg Y,
(010, Ayslns) = —=ms(0]5y58s5) + (0 G G [11s)

V6

(4.36)

Now, equating both equations and letting (0|Z—SGWG7W|778> = 0 we obtain [39];
4

<O|§i758|8‘§> = fsB

(4.37)

Following the same procedure one can get the same result from the other two

equations as well.

As we have seen so far, by using the nonet symmetry mass relations (Eqn.(4.26))
and adding the 79, ns pole contributions (anomaly terms) to the divergence equa-
tions (Eqn.(4.31) and Eqn.(4.36)), the matrix elements for the pseudo-scalar
densities can be found [39]. In the next sections, we will examine the n — 7’

mixing in detail. These sections mainly follow [42].

4.2 n—n Mixing and its Consequences

As we have mentioned before, as a result of the explicit breaking of SU(3) flavor
symmetry, the physical particles n and 1’ that we observe in nature, are defined
as the linear combination of the SU(3) pure eigenstates n®n° with a mixing

parameter 6 between them as [26];

) = cosb|ng) — sinflno) , |n') = sin6|ng) + cos b|n,) (4.38)

Thus, the main point here is to determine this mixing parameter 6 theoretically

and measure it experimentally and then to check the compatibility in between.
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Actually, we will make two important assumptions while studying this mixing.
In the first one, the mixing with heavier pseudo-scalars that could mix to 7
and ng with I = 0 is neglected [38]. Next, we will assume that the mixing
parameters are independent of the mass or the energy scale of the states. If they

were dependent to energy, the problem would be harder to deal with [26].

For theoretical calculation of the mixing angle between these states, there are
two basic schemes that are used commonly. One of them is the octet-singlet basis
scheme which uses (n%7°) as the basis states and the other is the quark-flavor

basis scheme with (n9,17°) as the relevant basis states.

In either basis, owing to our knowledge from Quantum Mechanics, we can write

our physical states (1,n) as a superposition of the chosen basis sates as [37,47,

48,54);

"N=vw|"” (4.39)
Ui 1’
Similarly, for quark flavor basis we write [42—46];
n nt
| =ve (4.40)
7 n

) ) o cosa —sina
where, U is defined to be a 2x2 unitary matrix in the form U(a) =

sin  cosa

[38] and |n,) = L84 ) — |s5).

Now, in order to find a relation between the octet-singlet mixing angle 6 and
quark-flavor mixing angle ¢ we compare the mixing pattern of the states for

both schemes as;

In) = cos@|ns) — sinf|ny) = cos ¢|n,) — sin ¢|n,)
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') = sinflns) + cosOlny) = sin g|n,) + cos |ns)

(4.41)
Using [41];
1o
s = \/glr]q \/6773
V2 1
= —=Nn,+ —F—=ns 4.42
="Mt A (4.42)
and equating both sides of Eqn.(4.41), we get;
¢ =sinf 2 + cos 6 !
cos ¢ = sinf— + cos—=
V6 V3
1 2
sin ¢ = sin —= + cos 00—
Ve RRV;
(4.43)

In the ideal limit, i.e. when there is no mixing in the octet-singlet basis (6 = 0),

one can define an ideal mixing angle ¢;4.q for the quark-flavor basis;

1 .
COs ¢ideal = ﬁ , Sl ¢ideal =

e

Thus, we get [42];

Bidear = arctan v'2 (4.44)

After that, using (Eqn.(4.43)) one can also write ;

sin ¢ = sin 6 cos Gigear + €08 0 8N Gjgeqr = SIN(Djgear + 6) (4.45)
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Thus,

0 = & — bideal (4.46)

This result show us how to relate the octet-singlet mixing angle to the quark-
flavor basis mixing angle. Namely, once we know one of them the other can be

found easily.

Then, for the calculations of the decay constants in either basis, we make use of
an important and commonly used assumption that ”decay constants follow the
same mixing pattern as the states do” [42]. Hence, following these arguments,

we can describe the octet-singlet basis decay constants as [42];

fs = fgcost , f,? = —fosinf
ffj, = fgsinf | f:;, = fycosf (4.47)

However, it was later understood that in octet-singlet basis scheme instead of
assigning one mixing angle #, one should assign two mixing angles 6, and 6g
in order to be compatible with the theoretical study within ChPT [37,54] and
phenomenological results [55]. This requirement can be understood as follows.
Initially, in octet-singlet basis if we assume that the matrix elements of the axial

vector current with opposite state vanish. i.e.

(0] A% 1n") = (0] A [n%) =0 (4.48)

Then, by using the mixing pattern of particle states;

) = cosf|ns) — sinb|no)
In') = sin A|ns) + cos O)1o) (4.49)
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one can write for decay constants in terms of matrix elements (see section 4.1);

ipufy = (Ol Auslm) = cos 0 (0] ALs|n°) —sin 0 (0] AR5 ]°)
= ipufscost (4.50)

Following the same reasoning we can find for the rest [42];

ff; = fgcosf fg = —fpsiné
fsl = fgsinf ff]), = focosf (4.51)

However, this time doing the same calculations by assuming that the matrix
elements of the axial vector currents with opposite pseudo-scalar states is non-

zero, i.e. (0]A%5]n°) = (0|A%|n®) # 0, we can get;

ipufy = (0|A%sIn) = cos 0 (0] A% |n") —sin (0] AR5 |n")

= ip,costfs —ip,sind fog = cosbsfs (4.52)

Performing the same procedure we obtain for the rest;

fr=costsfs , [} =—sinbfo
fS/ = fgsinby , fr?, = focos b (4.53)

Phenomenological results [55] showed that 6, and s angles are distinct (6p ~
—9.2,05 ~ —21.2) and so this requirement is justified. However, in quark-flavor
basis, if one initially assign two mixing angles (¢,, ¢5) in analogy to octet-singlet
scheme, by the help of the phenomenological studies done in [55], it was found

that these two angles nearly coincide (¢, = 39.4,¢s = 38.5). Moreover, a
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theoretical explanation has been given to this by OZI rule which sates that ”the
difference between ¢, and ¢s vanishes in the leading order 1/N, expansion of
ChPT” [37,54]. Therefore, in quark flavor basis one mixing angle ¢ is enough
to describe the mixing between n and 1. As a result, decay constants in that

basis show the mixing pattern [42];

[y =fqcos¢ , f;=—fssing
fg/ = fgsing , [y = ficos¢ (4.54)

Hence, we see that the central assumption that the "decay constants follow the
same mixing pattern as states do” will be valid only for quark-flavor basis mixing

scheme.

As we can see from above discussions, studying in quark-flavor basis has more
advantages. First, we have only three parameters to be calculated (f,, fs, ¢).
Moreover, it allows us to find a relation between the ratio f,/fs and ¢ as we will

see in the next section.

4.2.1 Mixing in quark-flavor Basis

The relations we wrote in Eqn.(4.54) for the mixing pattern of quark-flavor basis

decay constants can be combined in a matrix form as;

1y
Z T =U(e)F (4.55)
fn/ f;/
where F is given by;
[0
0 f
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Then, expressing the octet-singlet axial vector currents in terms of quark-flavor

axial vector currents as [41];

1 V2

A8 \/— u5 \/—AZE) = CO8 ¢zdealA — sin ¢idealAZ5
V2 1 . .
A,Ow = \/—A;qm + \/— M5 = S ¢idealAZ5 + cos ¢idealAu5
(4.56)
or in matrix notation;
A8 Al
55 - U(¢id€al) ':5 (457)
AMS wH

v I, (014551)  (01A47s1n) 43,
L ~ (00 (0o )
( , °f>p (<0A5In> <0A5|n) (Ag5) (0 4)

— . Al g s N
[U<¢zdeaz>.<o(AZ5)(n 7 ) U)

= [U($idea) FU(9)"]'ip, (4.58)

Finally, we reach to the desired form [42];

8 0
To = U(d)FU (¢igear) (4.59)
55

This equation shows us the relation between octet-singlet and quark-flavor basis

decay constants.
Now, if we write the above results for the decay constants explicitly;
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8 0 cos —sin COS Qidea Sin @;dea
fn fn :U(QS)}—UT((bideal): ¢ ¢ fq ¢d l fq ¢d l
fS’ fg’ sin (b COos ¢ _fs sin ¢ideal fs COos ¢ideal
(4.60)
we get;
S = [0S @ CO8S Pigear + [5SIN @ SIN Pjgear
5/ = f¢Sin @ cos Gigear — fs COS @SN Pigear
7(7) = f4C0S @SN Gigear — fsSIN P COS Pidea
,?' = fqsin ¢ sin Gigeqr + fis €OS @ COS Pideal
(4.61)
and from here one can write;
fs = JUD2+ ()7 = ) £2008 et + [2510 62y
fo=\JUD?+(f9)? = \/ £25i0 0% + 208 62y
(4.62)
Thus, we obtain [42];
/1 2
_ T2 22
fS 3 fq + 3 fs
/2 1
_ “r2 g2
fO 3 fq + 3 fs
(4.63)

Moreover, using the previous results found in Eqn.(4.60);
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fr = fscosbs = fyc08 ) cos Pigear + [ SN G SIN Pigear

ff;f = fgsinbg = f;5in ¢ cos Gigear — fs COS P SIN Gigear

(4.64)
one can write;
Sin @ oS @;gear — [ COS @ SIN O;deq
tanfs = f/f5 = 4 5100 COS Gieat — 12 €08 & 510 Dide
" fq COos ¢ CcOs ¢ideal + fs S ¢ sin ¢ideal
(%) SN @ COS Pigear — COS @ SIN Pigeal
B (}i) COS ¢ COS Pidear T SIN P SIN Didear
(4.65)
Similarly;
COS @ SIN Q;geal — [fs SIN G COS Djgea
tan@o _ _fg/f()/:_fq. ¢ gbdl f Qb del
’7 f4 S0 G SIN Gigear + [5 COS P COS Digear
(%) COS @ SIN Pjdeqr — SIN O COS Pigeal
B (%) SIN @ SIN Pjgeqr + COS @ COS Pigeal
(4.66)

At that point, making use of some trigonometric properties and with a little alge-
bra we can obtain the relations [42] (see Appendix D for the detailed derivation

of these equations);

0s = ¢ — arctan(f./ f,V/2)
0o = ¢ — arctan(f,/ f;V/2)

\/i(fs/fq - fQ/fs)

tan(@o — 98) = ?

(4.67)
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These relations tell us how to connect the mixing parameters occurring in octet-
singlet basis (fo, fs, 0, 6o, 0s) to the ones in the quark-flavor basis (f;, fs, ¢). Now,
let us look what happens to these equations in the limit of f, = fs. It is obvious
from the structure of these equations that in that limit the equations above
give 0y = 03 = 6. Moreover, combining Eqn.(4.63) with Eqn.(4.67) one can
also see that the octet-singlet and quark-flavor basis decay constants coincide

(fo= fs = f, = fs) as expected by the nonet symmetry.

Now, in order to describe the matrix elements of the axial vector current diver-
gences taken between vacuum and meson states in terms of the physical states’

parameters , we need a mass matrix of the form;

M? = K (4.68)
0 M?
7
which satisfies the equation;
(0]0" Al 5| P) = FU(¢) M? (4.69)
. - fq 0
where, 1 = ¢,s and P =1n,n with F = . On the other hand, we can
0 fs
also write;
; O+ Al )
(0/0" 414/ P) = () (00 ) (4.70)
o' Al s

Or, transforming the physical fields into the fields in quark-flavor basis as;

(n n')z(nq 178)0'(925)T

we can proceed as;

93



(010" Aysln®) 010" Ays|n®)

(00" A5 P) =
(0]0" ALsln®) 010" ALs|n®)

)UW = FU($)'M* (4.71)

Thus,

(<03“AZ5|77Q> (00" A% [°)

) = FU(¢) MU () (4.72)
(010" Asgln?) (00" Ass|e)

At that point, if we define a mass matrix in quark-flavor basis as;

M2 — fi<0|aMA 51m7) %<0|3"A85|nq> (4.73)
qs :
7 0[0" Asln®) - 7 (010" A n*)

one can also see that ./\/lgs is equal to;

7-(0[0" AjsIn?)  7-(0]0"Aj51n7)
Mz, = | AT E R pgymee)
7 (0[0" Ays|n®) - 4 (010" ALs |n°)
B M cos® ¢ + Ms, sin? ¢ — M cos ¢sin ¢ + Ms, sin ¢ cos ¢
Mg cos ¢sin ¢ + Mz, sin ¢ cos ¢ Mg sin® ¢ + Mg, cos? ¢

(4.74)

Now, we can calculate each entry of the mass matrix (by including the anomaly

contributions to axial-vector currents’ divergences) as;

O ALl = f<0|muuw5u+mddmd\n> ff<orGG\ 0
— +£<0|—GG| ay
14 — 2 _ 2 =
L O Alar) = lmsivsla) + HOIGEI) = i, + 012 GCy)
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v2 2012 Gér)

«Na“Aqln ) = (0|mytiiysu + madiysd|n®) +
fq fq fq
V2
o —(0 I*GGI °)
q
O A3l = Ohmsivssla’) + £ (01 F GG )
fS g fs 3 s 47'('
=7 <0|*GG n)
(4.75)
Therefore, our mass matrix in quark-flavor basis becomes;
m2, + ¥2(0] 5 GG L0]2=GaG|ne
YR T qj4tsm> 2E<Ma’i>s (4.76)
Tq<0 ﬁGGW > Mgy + é<O ﬁGG’T, >

where, m?, and m?, are defined as [42];

) _ V2 2

My, = 7 ~Z(0|mytivsu + medivsd|n?) , m2, = ?<O|ms§i%s|ns> (4.77)

q s
As we can see, the non-diagonal elements of the mass matrix ./\/lgs exist as a result
of the Anomaly. Now, looking at the form of Mgs defined in terms of quark-
flavor mixing angle ¢ ( Eqn.(4.74)), one can see that the non diagonal entries
are equal. Thus, by equating the non-diagonal entries appear in Eqn.(4.76), one

can define the ratio of the quark-flavor basis decay constants as;

y:ﬁ:ﬂm = GGn)

—am L 4.78
fs (0|2 GGn9) (4.78)
Moreover, we define another parameter a? as;
s 1
a (0 | GG In?) (4.79)

V2,
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Now, making use of the relations found in Eqn.(4.74) we can write;

M?2 cos?® ¢ + M? sin® ¢ — m?
2 = U n aq
- )

2
(Mi, — M?)sin2¢

Jo= 2¢/2a2

(4.80)

At that point, comparing the Eqn.(4.78) with Eqn.(4.80), one can obtain relation
between the ratio of the decay constants (%) and the quark-flavor basis mixing
angle ¢. Moreover, comparing Eqn.(4.67) with Eqn.(4.78) and Eqn.(4.80), one
can get a relation between the quark-flavor basis mixing angle ¢ and octet-singlet

mixing angle 6s [42] (see Appendix C for detailed calculations) as;

2

cot g = — tan ¢( ]\/;l ) (4.81)

n

Now, in order to relate the quark-flavor decay constants to the decay constants
of pion and kaon, we follow the same reasoning as we did in section 4.1. To the

first order in €, due to the flavor symmetry breaking we can write [39,40];

fﬂ' fq ) fK:fu§ =~ (]-_I_E)fq
fs = fss = (14+26)f, ~ (1+¢)fx (4.82)

12

Thus, combining these equations one can write [42];

fq = f7r y fs = 2fl2( _fg (483)

At that point, we make the theoretical estimate that the quark-flavor basis

2
qq’

2 2

mass terms (m2,, m?,) are related to the physical particles’ masses (m2, m3) in

the same way as the quark-flavor basis decay constants f,, f; related to fr and
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fr [38] (see Eqn.(4.83)). Then, we can write (to first order in flavor symmetry
breaking) [42];

m2, = M? . ml =2M; — M (4.84)

As a result, we can see that by using all of these relations it becomes possible
for us to determine all of the mixing parameters (¢, a2, y, 6, fs, f) related to n-n’
mixing provided that the physical particle’ masses and their decay constants are
known. Below are listed the values of these parameters which are obtained both

from theoretical studies [42] and phenomenology.

Table 4.1: Values of the quark-flavor basis mixing parameters obtained from Theory
and Phenomenology [42].

fs/fr | falfr | @ 0 | a®[GeV?] | y
Theory [42] | 141 | 1.00 | 42.4 | -123 | 0.281 | 0.78

Phenomenology. | 1.34 1.07 | 393 | —154 0.265 0.81

Furthermore, in the (1/N,) expansion of ChPT, Leutwyler and Kaiser have found
that [56];

4

1
fo =15k - 512 (4:85)

Actually, inserting the previously found results; f, = f; and fs, = \/2f% — f2,

in the above equation one gets;

A2+ f2 1 1. 2
fs_\/gf 2f _qu2_\/3fq2+3fs2 (4.86)

which is exactly the same result with Eqn.(4.63) the one that Feldmann, Kroll

and Stech found [42]. Combining Eqn.(4.63), Eqn.(4.67), Eqn.(4.83) and the
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value of the quark-flavor basis mixing angle ¢ obtained from mass matrix, the
parameters fo, fs, 0o and g can be calculated. The theoretical and Phenomeno-

logical values of these parameters are given in Table.(4.2).

Table 4.2: Values of the octet-singlet mixing parameters obtained from Theory and
Phenomenology [42].

Jo/fr | f3/fr | 60 | b8
Theory [42] 1.15 1.28 | -2.7 | -21.0
[55] 120 | 1.28 | -9.1 | -22.2
[56] 125 | 1.28 | -4.0 | -20.5
Phenomenology | 1.17 1.26 |-9.2 | -21.2

It is important to emphasize that the calculations done by Feldmann, Kroll and
Stech in this part, depend on the central assumption that the decay constants
in quark-flavor basis follow the same pattern of mixing as the particle states do.
Otherwise, compatibility with phenomenology could not be established. In the
next part, we will check the consistency of these calculations with experimental

results.

4.2.2 Phenomenological Results for ¢

The mixing parameters can also be determined from phenomenology. For exam-
ple, the quark-flavor basis mixing angle ¢ can be obtained from several decays
which are discussed in references [30,42,45,48,49,57,58]. The main idea for the
evaluation of the mixing angle ¢ from experiment is to look at the branching
ratios of the processes in which n and " are involved. Where, the results of the
branching ratios only depend on the mixing angle ¢ and some factors that come
from kinematics. As an example for the extraction of quark-flavor mixing angle

¢ from phenomenology, let us consider the decays of J/1) — pn and J/¢ — pn’.
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Figure 4.2: J/¢ — p ns Decay Mode.

For these decays if the Okubo-Zweig-lizuka (OZI) suppressed effects are ignored,
which states that "the decays that correspond to disconnected quark diagrams
will be suppressed compared to those in which quark lines are connected”, look-
ing at the Fig.(4.2) we see that the transition to 7y diagram includes disconnected
quark lines and so we can neglect the 1y component contribution in these decays.
Thus, we can say that the final state of these decays is the 7, component of 7

or n’. In general, we can write the matrix element for these decays as;

M = (p(k)n (k2)|T9(q)) = Epwape’e ks . F, o) (¢)

where, e# and € are the polarizations of the vector mesons p and .J /1 respec-
tively. Afterwards, making use of the transformation property of the physical

states to quark-flavor basis sates one can write for the transition form factors [42];

Fpn(q2> = cos ¢F,,, (QQ) ) Fpn’ (q2) = sin¢f,, (q2> (4.87)
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Then, using this matrix element and doing the required calculations we can

write [42] (see Appendix A for detailed calculation of the decay widths);

’ ]f ,
= tan® ¢(=-21)? (4.88)

where,

= — 1= (M7 + M) /M7,

is the magnitude of the 3-momenta of the particles that appear in the final state
and P = n,n. As a result, we can see that by using the experimental result
for this branching ratio as 0.54 4+ 0.11 [59] and extracting the meson masses
from experiment, it becomes possible for us to calculate the quark-flavor mixing
angle ¢. According to the study of Feldmann, Kroll and Stech [42] the value
of the mixing angle has been found to be ¢ = 39.9 + 2.9. Furthermore, in the
all isospin-1 J/¢ — V P decays approximatively the same value for this mixing
angle have been found [58]. As we have mentioned before, the value of the
quark-flavor mixing angle ¢ can also be determined by looking at several decay
processes [41,49,53,57,58]. Some of these experimental processes and the values

obtained from them for the mixing angle ¢ are listed in Table(4.3).

Table 4.3: Values of quark-flavor mixing angle obtained from different experimental
decays [38].

Decays [0 Error

J/v — pn(n) | 39.9 | £2.9

J/v— An(n) | 39.0 | £1.6

77, — pyv,p—ny | 35.3 | £5.5

D, — fuvn(n) | 41,3 | £5.3

pp— w(n,w)n(n) | 37.4 | £1.8
)

ay — mn(n 43.1 | £3.0
p— nn(n) | 39.3 | £1.2
Average 39.3 | £1.0

As can be seen from the Table.(4.3), the results obtained from all processes
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are compatible with each other. The average value for the quark-flavor mixing
angle ¢ is found to be @gperage = 39.3£1.0. To conclude, for recent experimental
analysis of 7 — 7' mixing with the decay of J/¢» — VP we refer the reader to
see e.g [53].
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CHAPTER 5

CONCLUSION

In this thesis, firstly some symmetries of Quantum Chromodynamics (QCD) are
discussed. When discussing these symmetries, it is mentioned that in the limit of
vanishing quark masses the QCD Lagrangian possess a symmetry called ” Chiral
symmetry”. However, by the realization of Nambu and Goldstone that the QCD
vacuum is not annihilated by the Axial charges , it is seen that the SU(3) Chiral
symmetry was broken to SU(3) Vectorial symmetry. As a result of that since
eight generators were broken, eight pseudo-scalar particles (7, 7% K= K° n)
appear in accordance with the Goldstone Theorem. Moreover, the U(1) axial
anomaly is examined and it is seen that the so called anomaly occurs since even

in chiral limit the the divergence of the singlet axial vector current does not

vanish (9,J°,5 # 0).

Afterwards, the main properties of the effective field theories are investigated.
As a low-energy effective field theory of QCD, the leading order (LO) mesonic
ChPT is reviwed and the general construction principles for the leading order
chiral effective Lagrangian are discussed. In the lowest order ChPT analysis, it is
seen that there exist only one low-energy constant f and also the determination
methods for the mass relations are studied in detail. It is also seen that ChPT
provides an important way for the determination of the quark mass ratios by

using the known mass values of the pseudo-scalar particles.

In the final part of this thesis, the mixing phenomenon of the pseudo-scalar

states are discussed. It is shown that the main reason for the mixing of the
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pseudo-scalar particles is the explicit breakdown of SU(2) isospin or SU (3) flavor
symmetries. Namely, the mass differences of u, d and s quarks cause the mixing.
While studying the mixing phenomenon of 7- mesons, a brief explanation
to the general methods used to determine the mixing parameters in the matrix
element analysis section was given. Afterwards, following the work of Feldmann,
Kroll and Stech, the determination methods for the quark-flavor basis mixing
parameters fg, fs, ¢ are reviewed and in the last part the consistency of these
results with the values obtained from phenomenology is checked. Looking at
the results obtained from different experimental processes which involve 7 and
n', it is seen that all the values obtained for the quark-flavor mixing angle ¢
were compatible with each other and the average value for it was found to be

¢average =39.3 £ 1.0.
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APPENDIX A

BRANCHING RATIO CALCULATIONS

For the decay of J/v¢» — pn/, the decay width can be written as;

d3ky d3ky

__ 1 2 i

where, ¢, k1 and ky are the 3 momenta of J/v, p and 1’ particles respectively.
Applying the conservation rules in the rest frame of .JJ/1 and using the properties

of the dirac delta functions we can write;

q=(Mjy,0)
kl = (Ehk:—l))
k? = <E27k_2))

Ey+ Ey = My

ki + ks =0
Moreover, one can separate the 4-dimensional delta function as;

- =

64(q — k1 — ko) = 8(Myjy — By — E2)8(0 — Ky — k2)

Then, using these properties and taking the %y integral we get;

- 2Myp (27m)32E, (2m)32E, I/ 1 2 .
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where, M can be defined as;

M = (p(k)n(k2)|T/1(@)) = Epape’e " krks” F(g?)

Taking square of this we get;

M? = 5uuaﬁ5“5/yk1ak2ﬁF(q2) X E,u'l//a/,@/‘gu £V k™ Ky’ F(q?)

Now, using the relations;

and inserting the product of two Levi-Civita tensors in |M|*;

EuvapE ety K10k k1 ke’ = 2(9000 955 — o Ipe ) F1 "R Er® K"
N— —

1
= 2[k{k; — (kiko)?] = 2k k3 — Z[(lﬁ + ko) — ki — K3)?]
1
= 2[mim; — Z(Mﬁ —mi —m3)?]  (A4)

we obtain;
(M3, +mi — m3)*

where, since ¢% = M, J/d,Q = constant, F(q*) becomes a constant too. Moreover,
from the structure of M? (Eqn.(A.5)), it follows that the matrix element squared

is a constant so that in the decay width relation it can be taken out of the integral
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freely. Now, going back to the decay width expression (Eqn.(A.3)) and in the

rest frame of J/v inserting

—

k= —Fks

Elz\/k12+m12:\/k22+m12

Ey =/ ko? 4 my?

one can get;

477']{3226“{72

1 ) 1
rz——4M|/
QMJM’ 2\/k22 +m12(27r)3 (271')32\/]622 +m22

5(MJ/,¢, — \/]{322 + m12 — \/k‘22 + m22)

(2m)*

(A.6)

and

r

1 ko dk
R o T (S R

1
- =M
8MJ/T/’7T \/k?22 + m12 \//{322 + Mo
(A7)

In order to take this integral, we make use of the properties of delta function;

I
2

[ dwr@itgta) =Sl

where, z;’s are defined to be the zeros of the function g. Thus, in order to find

x; values one can write;

[M(]/w — k‘22 + m12]2 = [\/ k‘22 + m22]2

= MJWQ — 2Myyy k22 +mi?2 + k22 +m? = k22 + my?
(A.8)
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so that we get the relation;

(Myyy® = M,* — M,?)?

ks =k,y° =
2 o 4MJ/1/;2
or ) )
k= Mgy Mo+ My
] D) ]\4‘]/w2

After these, we can take ks integral and the result is;

]. QMJ/w Mp2+M’2
I'= M 1-— 1 A9
87TMJ/¢| ’ 2 [ MJ/¢2 ( )
or
I'= k A.10
87TMJ/»¢,‘M| ( )

At that point, inserting the value of [M|* from Eqn.(A.5), one can conclude
that

1

I =
7TMJ/¢

Mk ok Fori(6%) = Ly, F2 o (q%) (A.11)

on’ P’? T on’

Finally, following the same calculations for J/¢¥ — pn one can obtain;

Tock? F2 (¢%) (A.12)

P PN

Therefore, the ratio of the decay widths is;

I'[J/ — pn]

VLAY
6 o = tan” ¢(-2-) (A.13)

Ry = ?
on
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where, tan? ¢ factor comes from the definitions of the form factors as [42];

Fpn/ (q2> = sin ¢FP77q <q2)

Fpn(q2> = Cos (prnq(qQ)-
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APPENDIX B

CALCULATION OF THE NONET SYMMETRY MASS
EXPRESSIONS

In the nonet symmetry conditions letting f, = fq = fs = fs = fo = fos and

using the relations

Olaivsulan) = B, <0|m%u|n8>—féfu
(0[5ivss|ns) = \;%st (B.1)

one can write;

(010, A%N") = fsmg = <0|\/—a Ay — \/E%AZI??8>

2 - _.
- 7{mu<0|112’y57,b|77 ) 4+ mg(0|divsd|n®) — 2m(0|5ivssn®)}

{mufuB mdfd 2_2msfsB}
\/_ V6 V6 V6

= 7fu (mu+md+4ms)
6 —_—

(B.2)

Thus, we get;

2 .
<O|auAi|n8> = meg = fumg = gfuB(m + 2ms)



Similarly, for m2 mass we write;

010, 4000°) = fomg = <0|\[a AT+ \/gﬁuAZ|77°>

2 2 _
= %mu@lﬂi%uln% + ﬁmd<0|di%d|770>

+ jg Olsiassli) + VB2 GG1)
mufuB mdde msfs
= +/3(0 GG n
\/—{ 73 7 7 F+ V3 | [n°)
(B.4)
Thus, at that point letting v/3(0[%2 GG|77 ) = miy? we can write;
9 _ o, 2 .
mg = mo- + gB(Qm + my) (B.5)

: 2 o
Finally, for mgg we can write;

1
(010, A%n") = fosmis = <OI%[8#AZ = 20,45)In")

1 _ L
= —=[2m(Ofainsuln’) + 2ma{0ldinsdln®) + 20| GGIn’)

V6
— Am,{0[sivss]n°) — 2<0\ GG|77 )]
_ {mufuB mdfd msfs }
NRYE] V3 V3
(B.6)
Therefore, we obtain;
mag = 2\3/§B(m ms) (B.7)
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APPENDIX C

THE DERIVATION OF THE RELATION BETWEEN
THE MIXING ANGLES ¢ AND 6s

Using the previously found relations;

f,? = fgcosby fs/ = fgsinfy

we can write;

£ 000,450
(010, ATl

2

— n
[

n M2/
n

(C.1)

cot g =

Now, transforming the octet-singlet Axial vector currents to quark-flavor basis

Axial vector currents, and the physical states to quark-flavor basis;

we write;

M7 (0120, A%s — 20, A% cos ¢t — sin ¢n®)
M ' (0\%@1425 — %8#14;5\ sin ¢n? + cos ¢n®)

cot g =

Neglecting the masses of up and down quarks, this relation reduces to;
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M2 (0] — 20, A35] — sin ¢n®)

tlg = —L. £
T M 0] = 20,35 cos drr)

where, we used the orthogonality conditions that
(010, A%s1m°) = (010, A 5n") = 0

Finally, we obtain the desired result;

cot by = —(%)2 tan ¢.
M,
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APPENDIX D

THE DERIVATION OF THE TRIGONOMETRIC
RELATION OF 6y, AND 6y

In order to obtain the last part of the Eqn.(4.67), we can use the first two

relations of the same equation;

0s = ¢ — arctan(f./ f,V/2)
0o = ¢ — arctan(f,/ f«\/2)

(D.1)
or writing in different form as;
arctan(fs/fq\/ﬁ) = ¢ — O3
arctan(fq/fs\/ﬁ) =¢—0
(D.2)
Now, using the trigonometric properties for the tangent functions as;
tan 6y — tan 6
tan(@o — 68) = anvo anbs (Dg)

1 + tan 0, tan Oy

Therefore, inserting the values in Eqn.(D.2) into the last equation we get;
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0,0 = (o) (o= (Ot 60

tan(arctan(f,/f,v/2)) — tan(arctan(f,/ f:v/2))
1 + tan(arctan(f,/ f,v/2)) tan(arctan(f,/ fsv/2))
fs/ faV2 = fo/ 532

= (D.4)
Lt fo/ foV/2f0/ fV2
Hence, doing the simplifications at the end we obtain;
V2
tan(o = 00) = (Ll fu = ful 1)
(D.5)
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