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ABSTRACT

ENVIRONMENTAL EFFECTS ON QUANTUM GEOMETRIC PHASE AND
QUANTUM ENTANGLEMENT

Giinhan, Ali Can
Ph.D., Department of Physics
Supervisor : Prof. Dr. Namik Kemal Pak

March 2008, 58 pages

We investigate the geometric phase (GP) acquired by the states of a spin-1/2 nucleus
which is subject to a static magnetic field. This nucleus as the carrier system of GP,
is taken as coupled to a dissipative environment, so that it evolves non-unitarily. We
study the effects of different characteristics of different environments on GP as nucleus
evolves in time. We showed that magnetic field strength is the primary physical
parameter that determines the stability of GP; its stability decreases as the magnetic
field strength increases. (By decrease in stability what we mean is the increase in the
time rate of change of GP.) We showed that this decrease can be very rapid, and so it
could be impossible to make use of it as a quantum logic gate in quantum information
theory (QIT). To see if these behaviors differ in different environments, we analyze the
same system for a fixed temperature environment which is under the influence of an
electromagnetic field in a squeezed state. We find that the general dependence of GP
on magnetic field does not change, but this time the effects are smoother. Namely,
increase in magnetic field decreases the stability of GP also for in this environment;
but this decrease is slower in comparison with the former case, and furthermore it

occurs gradually.

iv



As a second problem we examine the entanglement of two atoms, which can be used
as a two-qubit system in QIT. The entanglement is induced by an external quantum
system. Both two-level atoms are coupled to a third two-level system by dipole-
dipole interaction. The two atoms are assumed to be in ordinary vacuum and the
third system is taken as influenced by a certain environment. We examined different
types of environments. We show that the steady-state bipartite entanglement can be
achieved in case the environment is a strongly fluctuating, that is a squeezed-vacuum,

while it is not possible for a thermalized environment.

Keywords: Quantum information theory, quantum computation, entanglement, con-

currence, geometric phase, Berry phase, quantum logic gate.



Oz

KUANTUM GEOMETRIK FAZ VE KUANTUM DOLANIKLIGA CEVRESEL
ETKILER

Giinhan, Ali Can
Doktora, Fizik Boliimii
Tez Yoneticisi : Prof. Dr. Namik Kemal Pak

Mart 2008, 58 sayfa

Statik bir manyetik alana maruz kalan bir ¢ekirdegin kuantum durumlarinin kazanacag
geometrik faz (GF) incelendi. GF’nin tasiyicist olan bu ¢ekirdek dagitici bir sistemle
birlegik alindig: i¢in liniter olmayan bir gekilde evrilmektedir. Cekirdegin zamanda
evrimi esnasinda farkli ortamlarin farkli 6zelliklerinin GF’ye etkileri ¢alisildi. Uygu-
lanan manyetik alan gsiddetinin GF’nin kararliligini belirleyen birincil fiziksel parame-
tre oldugu gosterildi. Manyetik alan giddeti arttirildikga GF’nin kararlihiginin azaldig
gozlendi. (Burada, kararhliktaki azalma GF’nin degigim hizindaki arts: tarif etmekte-
dir.) Kararhliktaki bu azalmanin ¢ok hizh olabilecegi gosterildi. Oyle ki, bu durumda
kuantum bilgi kuraminda (KBK) bir kuantum kap: olarak kullanilamaz hale gelmek-
tedir. Boyle davramglarinin farkli ortamlarda farkli olup olmadiginin anlagilmasi
icin ayni sistem, sicakligi sabit tutulmug ve sikigtirilmig bir durumda bulunan bir
elektromanyetik dalgaya maruz olan bir ¢evrede ¢oziimlendi. GFnin manyetik alan
bagimliliginin genelde degismedigi, ancak etkilerin bu durumda daha yumusak oldugu
bulundu. Yani manyetik alandaki artis GF’'nin kararliliginda bu ortam i¢in de azal-
maya sebep olumakta ama bu sefer bu azalig 6nceki ortamdakine gore daha yavag ve

kademe kademe gerceklesmektedir.
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Ikinci bir problem olarak, KBK’nda bir iki-kuantum-bit olarak kullanilabilecek iki tane
iki seviyeli atomun dolanikligi incelendi. Bu sistemdeki dolanikliga bir dig sistem neden
olmaktadir. Tki-seviyeli atomlarin her ikisi de ti¢iincii bir iki-seviyeli atomla dipol-dipol
etkilesim halinde ve ayn1 zamanda siradan vakum icinde bulunmaktadirlar. Uglincii
atom ise bagka bir ortam icerisindedir. Bu sistem, tigiincii atomun i¢inde bulundugu
ortam farkhlagtirilarak incelendi. Iki parcacikl duragan-durum dolanikhigmin, tigiincii
atom sikistirilmig-vakumda iken elde edilebilmesine ragmen sadece sicakligin oldugu

bir ortamda bulundugunda bunun miimkiin olmadig1 gosterildi.

Anahtar Kelimeler: Kuantum bilgi kurami, kuantum hesaplama, dolaniklik, mu-

tabiklik, geometrik faz, Berry fazi, kuantum lojik kapasi.
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CHAPTER 1

INTRODUCTION

During the history of civilization, humankind invented and improved various methods
to encode, to process data, and to send it to a receiver in such a way that it is secure
and fast enough. These data have been for example, his love, commercial information,
military secrets. For this purpose he educated the pigeons, wrote the messages on a
piece of cloth that is wrapped around a rod, encoded the natural languages with

symbols different than the known alphabets, created non-natural languages, etc.

Beginning from 1950s another method has been used. In this technique, which is now
conventional, information is processed classically via logic gates, that performs logical
operations on one or more logic inputs, and produces a single logic output. These
inputs and outputs are register of classical bits, which are discrete Boolean states
0 and 1. Classical logic gates are primarily implemented electronically and electro-
magnetically. Though it is not reached yet, today’s technology show us the limits
of this technique. What we can see more is the existence of another method which
takes these limits far beyond. It depends on the quantum theory. This theory’s basic
principles, which are constructed in the first quarter of 20th century, offer alternative
entities for information processing, such as the states of any two-state quantum sys-
tem. These states can be used as Boolean variables. Unlike those classical ones, such
a system, which is called a quantum bit, can actually be in an arbitrary superposition
of its bases states, |0) and |1). This makes it a much more powerful computational
resource as a continuous variable. The devices that performs necessary operations on
these quantum bits are also offered by quantum theory. These are called quantum
logic gates. These gates can be implemented by an entity called, quantum geometric

phase, [1,2]. It involves intrinsic properties of a quantum system, so is independent



from the parameters that determines the dynamics of evolution of the system.

One other entity offered by quantum theory is entanglement, [3—5]. It depends basi-
cally on the inseparability of degrees of freedom of a quantum system. This means
that these degrees of freedom are instantly sending information of their state to each
other. This information is called quantum information and does not necessitate man

in nature.

On account of mentioned properties, if man makes it possible to use and to manipu-
late these quantum entities, in all the ways he wants, he would process and send the
information in an amount [6], with a speed [7-9], and with a security [10, 11] never
attained before. In chapter II, we introduce basic components of quantum informa-
tion theory (QIT). First the definitions of necessary tools for processing information
quantum mechanically will be given. Then, how computation can be performed with
quantum logic gates operating on input states giving needed outputs will be explained.
In this manner definition of quantum geometric phase is introduced. It is shown that
it is a physical property with which one is capable to perform those computational
tasks for implementing the necessary quantum logic gates. In computation, the input
states can, and sometimes have to be entangled. Together with its structure, defining
quantum information, a measure for entanglement is given. Because one needs to
know whether a quantum state is entangled, and if so, the amount of entanglement it

possesses.

Even though it is known where to find and how to take advantage of these quantum
structures, there is one thing to battle against, that is, the environment in which the
systems carrying these entities are placed. (The terms bath, environment and reservoir
will be used interchangeably throughout this thesis.) Since we can not truly isolate
a system, it constantly interacts with an environment. This interaction has a great
potential to kill those fragile quantum characteristics of a system before it is made
possible to utilize these characteristics. Thus, we have to know what can happen to

our candidate carrier systems during their evolutions in a reservoir.

In chapter 111, we give the basic properties of environments in which quantum systems
are expected to be affected differently. These environments are assumed to be baths

of harmonic oscillators. A general equation of motion for a collection of spin—1/2



quantum systems in a bath is given. This system is taken to be in interaction with a
thermal environment driven by an electromagnetic field in a squeezed coherent state.
But due to its infinitely many degrees of freedom this bath is assumed not to be
affected significantly, so that it remains in its initial state. One other approximation
is considered in simplifying the equation of motion for the system. It is the so called
Markov approximation which assumes that the system does not have memory. In
other words, it instantly forgets the past due to the damping caused by environmental

degrees of freedom.

We assumed our carrier system to be in environments having different physical prop-
erties. One of these should be temperature. It is because first, there would always
be a finite temperature in a real physical environment, and second, with increasing
temperature a quantum system can easily leave the quantum regime. Another physi-
cal parameter is the magnetic field in and around the system. Even the background
radiation, which exists everywhere in the universe, may cause significant changes, es-
pecially in geometric phase, so that it cannot be used in QIT. In taking into account
these possibilities we analyzed, in chapter IV, the effects of temperature and magnetic
field on carrier systems. We also studied the case when the environment is under the
influence of a specific type of radiation field. We chose it to be in a squeezed state.
The reason is that, squeezed state electromagnetic fields are in the farthest position
to classical regime. Their this property makes one to think that they have a potential
to make the systems, to which they affect, stay in the quantum regime, and demon-
strate their quantum characteristics. Since we need quantum bits, all the carriers are

assumed to be two-level quantum systems.



CHAPTER 2

INFORMATION PROCESSING AND COMPUTING
QUANTUM MECHANICALLY

In this chapter we will introduce some basic concepts and definitions on quantum
information processing and quantum computing together with some examples. The
aim is to underline the nature of quantum states, so called entangled states, which are
needed to be used as resources and the characteristics of the operations, quantum gates,
manipulate those resources to get required outputs as results of the computational

processes.

In classical information processing, binary digits 0 and 1 are used as logical states. A
classical bit can be in either one of the boolean states 0 and 1. The information is
classically encoded and decoded with these classical bits, and processed with classical

logic gates.

In quantum information processing, the basic resource is two-level quantum systems.
Two-level atoms, polarization states of polarized photons, spin states of spin—1/2
nuclei are examples of those resources, called as quantum binary digits, or qubits, in
short. The quantum states, |0), |1), representing the two levels of a qubit, also repre-
sents the quantum Boolean states. But in this case, unlike its classical counterpart, a

qubit can be in any arbitrary superposition state,
0/0) + 1), (2.1)

with «; € C, making it a much more powerful resource. Here [0) and |1) states
are prescribed as normalized and mutually orthogonal, (j|k) = d;i, where d;; is the
Kronecker-delta symbol, being equal to 1 for j = k, and to 0 for j # k. For the

superposition state (2.1) we have described normalization by |ag|? + |az|? = 1.



A quantum computation is performed as follows: An input state is prepared on a
register of qubits. The state of qubits is evolved unitarily by a building-block of
operations. At the end of this unitary evolution the final state is taken as the output
of the block. A ’device’ which performs fixed unitary operations on selected qubits of

the input state of the block in which it stays is called a quantum logic gate, [12,13].

At this point some examples of quantum logic gates will be given, using the following
notation;

A matrix representation of the computational bases |0) and |1) can be as follows;

1 0
0) = ;D= ; (2.2)
0 1

where = will be read as ’is represented by’, following Sakurai, [14].

Schematic representation of a gate operated on input states resulting output states is

linput state) ———JGATE|—>—— |output state).

One-Qubit Gates
A NOT gate, X, defined as a flip operation between states |0) and |1), is given in the
computational basis By = {|0),]1)} as

Throughout this thesis computational basis, which is defined for n—qubits as

@{10), 1)},
j=1

= {|00...0>,|0...01>7...7|11...1>}_ (2.4)

By,

will be used, unless otherwise stated.
A Y -gate is defined as a flip operation between states |0) and |1) followed by multi-

plication of them with —i and 4, respectively,



A Z-gate leaves |0) unchanged and flips the sign of |1),

A phase ¢-gate changes the relative phase between the states |0) and |1) by ¢,

) 1 0
b= . (2.7)
0 €
One other important single-qubit gate is the Hadamard gate, H, sometimes described

as ’square-root of NOT’ gate, in that it turns |[0) and [1) into (|0) + [1))/v/2 and
(]0) — [1))/+/2, respectively, which are "halfways’ between (|0) and |1). It is defined as

e L[ (2.8)
V2l o1 ) ’

The schematic representations of these five single-qubit gates are

) — X 1= =), (2.9)
7). — 1y (=Dl =), (2.10)
) —Z [ (1)l (2.11)
) — ) ¢*?la), (2.12)
) —H [ Hl -+ D), g

where z is either O or 1.

Two-Qubit Gates

Quantum computation and quantum information processing requires to execute con-
ditional dynamics between two qubits, where the state of one qubit influences the
evolution of another qubit during a quantum computation, ( [13,15,16] ). So, in
addition to those single-qubit ones we also need two-qubit gates. We will give two

important ones.



Controlled-NOT or CNOT gate has two input qubits, known as the control qubit, |c),

and the target qubit, |t), respectively. It is defined schematically as

2 — U t®c) (2.14)
and represented by the matrix
1 0 00
0100
Ucn = , (2.15)
00 01
0010

for the second qubit being the target. Here the input state |c,¢) is CNOTted by the
gate to get the output state |c,t @ c), where @ is addition modulo two. It is possible
to think that control qubit does not change its state. But depending on the state of
control qubit, a NOT operation may or may not be applied to target. One candidate
implementation for the CNOT gate was proposed by Cory et al. ( [17,18]). In this
technique it is showed that by applying a sequence of radio frequency pulses ( [19-21])
to a nuclear magnetic resonance (NMR) liquid consisting of identical molecules each
containing exactly two spin-1/2 nuclei of the same isotope, it is possible to obtain
a CNOT-gate operated two qubit system. Here the two qubits are the two nuclei
of the identical molecules, and the sequence of radio frequency (RF) pulses play the

CNOQOT-gate role.

Controlled phase-shift gate is defined schematically as

|z) > > |z)

ly) - - e"ely) (2.16)



and represented by the matrix

100 O
010 O
Uy = (2.17)
001 O
00 0 €

It performs the transformation [11) — ¢'®|11), and leaves the other basis states un-
changed. For implementation of the controlled phase-shift gate a similar technique
used for implementation of CNOT gate is suggested by Ekert et al. ( [13,22]). In this
technique again the NMR spectroscopic methods are used. But this time an appro-
priate sequence of RF pulses is used to eliminate the dynamical phases gained by the
states of the system in hand during an evolution. What remains at end is a condi-
tionally phase shifted states of a system of two spin—1/2 particles. This remaining
phase is the so-called Berry phase, or more generally geometric phase, ( [1,2]). By
conditionally it is meant that the phase shift of the state of particle 1 depends on
the state of particle 2, and vice versa, i.e. the amount of phase shifts of the states
of particles, when their spins are aligned, is different than the amount of shift when
they are anti-aligned, for example. By the same method it is also possible to obtain
a single qubit phase shift gate defined by (2.7). In fact, all the single qubit gates can
be implemented by NMR operations.

In order to be able to perform an arbitrary quantum computation on any number
of qubits, one needs ”a set of gates that is sufficient for approximating any unitary
operation to arbitrary accuracy”. A set is called a universal set of quantum gates
if it is possible to satisfy this approximation only with the gates in it [23]. A known
result in the literature states that the Hadamard gate, H, and all controlled phase

gates, Uy, form a universal set, £, for quantum computations, ( [13,16]),

E ={H,Uy; V¢ € R}. (2.18)
Having a universal set of quantum gates, one is able to manipulate a register of n-qubit
state. These states can, and for some quantum computations have to be entangled.

Now we will give definitions of quantum geometric phase and quantum entanglement

together with some properties that will be needed and used throughout this work.



2.1 Geometric Phase

During its evolution, the wave function of a quantum system gathers information on
the geometric structure of the Hilbert space, H, in which it lies. This information
is retained in the form of a phase factor distinct from the familiar dynamical one,
which is caused by and depends on the dynamical variables of the system. Unlike its
dynamical counterpart, this phase is independent of all the external dependencies of
the system, and depends only on the path traversed by the system’s state in H. For
this reason it is named as the geometric phase, [24]. Its this property that makes it a
possibly useful tool for fault tolerant quantum computation [25], since it is potentially

robust against certain sources of noise, ( [26] and the references therein).

Pancharatnam is the one who first introduced the concept of geometric phase in the
classical context in 1956 [1]. He defined a phase characterizing the interference of
classical light in distinct states of polarization. The quantum counterpart is defined
30 years later in 1984 by Berry, [2], for the case of cyclic evolution of a pure state. In
this case the system is assumed to be closed, and the speed of change of the state is
small enough in comparison with the change in its energy, so that it is in an adiabatic
unitary evolution. In 1987 and 1988 Aharanov and Anandan relaxed the adiabaticity
condition, ( [27,28]). They showed first that a quantum system which is initially
in state [¢)) and completes a closed loop in its Hilbert space, H, at time 7 in state

[)) = e~if|4p), gains a geometric phase

vo=i [ W0, (2.19)

where f = f(t) is a real valued function of time so that f(7) — f(0) = ®5 and the
observable characteristics of 1)) and |¢)) are the same. What they then showed is that
this expression is adiabaticity independent, where a system is said to be adiabatically
evolving if its speed of change between the states of different energies is too slow
in comparison with the energy differences in convenient units. The following year
Samuel and Bhandari were able to extend the concept to non-cyclic evolutions, viz
they express the geometric phase between any two non-orthogonal states in a Hilbert

space, [29].

The concept of mixed state geometric phase was first introduced as a purely math-



ematical problem by Uhlmann in 1991, [30]. Then in 2000 Sjoqvist et al. provided
a physical prescription based on interferometry, and introduced the total phase of a
mixed state [31]. They showed that it is possible to express the geometric part of this

total phase by defining the parallel transport condition [32] for mixed states.

Finally in 2004 Tong et al. relaxed the unitarity condition and obtained the gener-
alization of the mixed quantal state geometric phase to non-unitary evolutions, [33].
What they did is summarized below. The problem is to express the geometric phase of
a state, p(t), of a system, s, gained during the course of its evolution in time ¢ € [0, 7].

The mixed state p(t) can be expressed in its spectral decomposition as

S
pt) = Zpk(t)\Pk(t»(Pk(t)\’ (2.20)
k=1
S
where pg(t) € [0, 1], satisfying the normalization condition, Z pr = 1, are the eigen-
k=1

values, and {|px (t))}le, spanning the Hilbert space H of dimension S of the system,
is the set of eigenvectors of p(t). This state is purified by taking the system s as a
subsystem of a larger system s + a, where the added system a is called ancilla, of
dimension dim(a) > S. So, the pure state |¢(t)) € Hs ® Hq, Hq being the Hilbert

space in which the states of ancilla lies, can be expressed as

s
(1) = > Vor(B)lok(t) @ lax). (2.21)
k=1

Here H, is assumed to be spanned by {|ax)};_,, and its dimension, without loss of

generality, is taken to be S. The relative phase between |¢(7)) and [¢(0)) reads

Oa(r) = arg((Y(0)[v(7)))

M)«

= arg( k(0)pk(7) (% (0) | px (7))
k=1
s

= arg(>_ Vor(0)pr(T) (o (0)[V (1) |k (0))), (2.22)
k=1

where in the last step the transformation between orthonormal basis {|px(t))}%_, and

{pr(0))}2_, is performed by a unitary operator
S
V()= o) pe(0)]. (2.23)
k=1
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But this operator is not the only one that realizes the path between [1(0)) and |1(7)).

Instead, there is an equivalence set of unitary operators V(t) of the form

S
V(t) = V()Y e Olp(0))(pr(0)], (2.24)
k=1

where 60, are time-dependent real parameters such that 6;(0) = 0. We know that
arg(y(0)|y(7)) gives the pure geometric phase of [¢) in case its evolution satis-
fies the parallel transport condition (1)(t)[4(t)) = 0, and if so |ps) should satisfy
{pe(t)|pr(t)) = 0. Taking this condition into account with the operators V(t), they
removed the dependence of ®(t) upon the purification type displayed by equation
(2.21), and reached to the expression

- [ ool
0 (2.25)

S
Oa(r) =arg | D v/pr(0)px(7) (o1 (0)] o (7))e
k=1
The equation (2.25) is the most general expression for the geometric phase of a quan-

tum system evolving non-unitarily, i.e. in interaction with an environment.

2.2 Entanglement

The concept of entanglement was introduced as a tool for the test of completeness
and, in some sense consistency of the quantum theory, [3-5,34]. Today it is a vital
concept for quantum information theory, [7,35,36]. In spite of this much significance,
there is no general agreement on a single definition or a measure of entanglement,
valid for all types of quantum states.

Mainly there are three difficulties against a general definition. These are non-locality,
violation of classical realism and separability. First, the strong overlap of wave-
functions of individual atoms in a Bose-Einstein condensate, [37], and the concept
of single particle entanglement with respect to its intrinsic degrees of freedom, [38,39],
makes the non-locality requirement meaningless. Second, violation of classical real-
ism which is described by Bell-type inequalities, [40—42], and was assumed to be a
signal for the existence of entanglement, indicates only the quantum nature of states.
This violation can be observed in truly unentangled states as well as entangled ones.
And third, non-separability condition, which is undoubtedly necessary for a state to

be entangled, is not sufficient for at least one definition. Three-tangle is defined for
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three-partite entanglement measure, [43], and gives 0 for the so-called inseparable

W -states,

Wy = %(\100> +1010) + [001)). (2.26)

Though it is still in need of an accurate definition, we have at least one necessary
condition for a quantum state to be entangled. And without further details we will be
content with this condition only, which will be mentioned below. It is because first,
the very definition of this enigmatic phenomenon is beyond the scope of this work.
Second, and fortunately, those quantum computation and quantum information tasks
requires the ability of only one- and two-qubit manipulations for which the following

necessity condition is also sufficient.

For an N-particle system’s state to possess N-partite entanglement it is necessary

that their total density matrix, V), can not be written in the form
~ k) A(k ~(N—k
P =3 p 0 e Y, (2.27)
]

for any k =1--- N — 1, where pl(-;?) € [0,1] satisfy Zpgf) =1.
]

Since it is a 'kind of” information between the corresponding parties of a total system,
and is purely quantum in nature, in order to quantify the entanglement in a two qubit
system, one has to answer the question ”how much quantum information does the
state of the pair involve?”. Before this, the quantification of classical information will
be stated, with which the quantum counterpart is closely related.

By knowing a random variable X it is meant that one has the complete information
about X. Or, with the complementary perspective, before knowing X there was some
uncertainty about X, and to know it one should remove this uncertainty. The amount
of uncertainty, before having the complete knowledge about X, and equivalently the
information gained, on the average, by knowing X, is given by the Shannon entropy,

[44], defined for a probability distribution {p,} as
H(X) =~ palogspa, (2.28)

where p,. is the probability for X to get the value z, x is a possible symbol for X, and

'log,’ is the logarithm function in base a.
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Now, let |¢(AB)> be the pure state of a pair of quantum systems, A and B. The
appearing state from the viewpoint of either observer can be obtained by tracing over

the degrees of freedom of the other observer,

pt =Trp po), PP =Try po), (2.29)

where p(AB) = [p(AB)Y (h(AB)| "and Try is the partial trace operation with respect to
part K.

What this operation does is more than tracing over one party, it takes the quantum
information, shared by the pair, out of the picture. That is, it creates an uncertainty
(in some sense) which does not appear when the pair is considered as a total system.
So it destroys the quantum information between A and B. The meaning of the
general physical quantity entropy, ” available space per available states”, makes it again
the best candidate for the quantification of this uncertainty. Because, ignoring one
subsystem of the whole creates some amount of space for the information between the
parties, which means that the parties share this information with some probability,
or share that information with some other probability, etc. Such probabilities did not
appear before. There were no room for more than one possibility, which is for the

state of the whole at which the subsystems can share only this information.

This time von Neumann entropy is the proper choice [45],

S(p"*) = —Trp"log, p*

= BE(|ypABY). (2.30)

Here K can be either one of A and B, the result does not change. The amount of

entanglement, F, is the same from point of view of either observer, as it should be;

S(p7) = S5(p")- (2.31)

In the spectral decomposition of its argument von Neumann entropy reduces to the

Shannon entropy,

S(*) == pflogy pff, (2.32)
J

with pJK is the j* eigenvalue of the density matrix of the system K.

Bennett et al. [45] verified the validity of this quantification for entanglement as the

following. Take n copies of the bi-partite pure state |1/)(AB)>. Let this n qubit pairs be

13



reversibly convertible to maximum m copies of one of the completely entangled Bell

states, i.e. to the singlets

L
V2

by purely local operations and classical communication (LOCC). Then, the entangle-

’6xy> = (‘Ovy> + (_1)m’17 - y>)7 T,y = 07 17 (233)

(AB)>

ment of concentration for [ is given as

Bo(p?y) = ™, (2.34)

They showed that for large n, Ec(|]yp(45))) approaches E(|1)(A5))),

lim @ = E(jyp“B)y). (2.35)

n—oo

Entanglement of concentration gives the number of singlets that can be extracted from
a state. The complementary perspective also gives a measure for bi-partite entangle-
ment; the minimum number of singlets required to create a state. This measure is
called entanglement of formation (EoF) and given by Bennet et al. [46]. It is defined
as the following. Let m’ copies of singlets (2.33) be reversibly convertible to n copies

of |14B)) by LOCC. Then, EoF for [¢)(4B)) is given as

m/(n)

Ep(jp“P))) = (2.36)

n

In case the state in question is pure, distillation (E¢) and dilution (EFr) gives same
amount of entanglement S(p%). But for mixed states they need not be equal, [45-49).
Moreover, for mixed states, S (ﬁK ) can not be a measure of entanglement, since it

gives different values for different decompositions

A A A
PP =3 sl ) (2.37)
J

of the same state p(45). Here |1,Z)](-AB)> are the pure states of the pair (AB), and p; are

the corresponding weights for the decomposition in hand, satisfying Z pj = L.
J

Depending on this argument Wootters et al. [50,51] introduced a well defined definition

for the quantification of entanglement of a bi-partite state p(A5)

as
" the average entanglement of the pure states of the decomposition of the state pAB),

minimized over all decompositions 7,
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E(pAB)) = mianjE(W](-AB)>), (2.38)
J

where

E([w$*™) = s(lpi* Py 7). (2.39)

In case the parties A and B are two-level systems, it is possible to find a closed form
for the amount of entanglement (2.38) as a function of their density matrix. First we

define concurrence as
C(pAP)) = max(0, 2\ nae — T7 R), (2.40)
where A4z is the maximum of the eigenvalues of the matrix

R=|p4PY g Y212, (2.41)

with Y given by (2.5) in the basis By (2.4) is the Pauli matrix, oy, and /f*(AB) is

the complex conjugate of p(4B) with respect to the basis By (2.4). They proved that
E(p'48)), (2.38), can be given in the closed form

E(,;(AB>)_h<1+ V;_(ﬂ), (2.42)
with
h(z) = —[zlogy x + (1 — x) logy(1 — )]. (2.43)
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CHAPTER 3

EVOLUTION OF SYSTEMS IN INTERACTION
WITH THE ENVIRONMENT

The quantum superposition of a system interacting with an environment decays, in
general, into statistical mixtures. This phenomenon is called decoherence. For quan-
tum computational and quantum informational tasks decoherence is one of the most
important limiting factors. So, one has to deal with it. The reason for the word in
general is that, the state of a system may evolve in a subspace of its total Hilbert
space without decohering. Such a subspace is called decoherence free [52,53]. Such
subspaces may be obtained even with adiabatically [54] manipulating the environ-
ment [55]. Hodges et al. reported in [56] an experimental implementation of condi-
tional gate, CNOT gate, between two qubits, each of which lies in their decoherence
free (DF) subspaces. The gate is capable of creating entanglement between those
qubits. Since they are in DF subspaces it is possible to control these qubits coherently

so that the entanglement between them can live long enough.

But for more realistic cases we need to know the effects of environments on the tools
that are needed to be used in computational and informational processes. For this
purpose we have studied the effects of an environment at different temperatures and
the effects of electromagnetic field in squeezed state that drives the environment in

which our candidate systems live.

In this chapter some important properties of different kinds of reservoirs will be given.
These reservoirs constitute possible environments for the quantum systems to live in
and to interact with. Most of the notations and definitions used in the sections which

follow are taken from [57] and [58].
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3.1 Thermal States

In thermal equilibrium at temperature 1" the state of a system with Hamiltonian H
is represented by the density matrix

H

e kBT
Pthermal = ﬁ (31)
Tre *sT

where kp is the Boltzmann constant. The only non-zero moments are those containing

equal number of photon creation, IST, and annihilation, 13, operators. First two of them

are
(BT (Wh)B(W1)) prpermar = Plw1)S(w! = wy), (3.2)
(b (@) (w2)b(w2)b (1)) ppermar = w1) ) B! — w1)3(w? — wa)—
S —wn)d(w? —wp)],  (3.3)
where & is the Planck’s constant divided 2,
A(w) = (55T — 1)1 (3.4)

is the average number of thermal photons with frequency w, and lA)(w), bt (w) are the

annihilation and the creation operators for the corresponding photons, satisfying

[b(w), b (W)] = 6(w — ). (3.5)

3.2 Squeezed States

Squeezed states are one of the most important types of states of radiation field. They
are characterized by the property that the variance of a quadrature operator I, Ay

is less than 1/2. Here the operator #) is defined in terms of operators b! and b as

1 ~ . Ny
ﬁ(be_’)‘ + ble), (3.6)

with [l;, BT] =1, and A € R being a phase. And it is said that the quadrature Z, is

T

squeezed. Following the Heisenberg uncertainty relation,

1 1

AL%AA‘%3\+W/2 2 Z‘([j)\v‘%k+7r/2]>‘2 = Zv (37)
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the variance in &y, ./ is greater than 1/2. Here [#),31r/2] = i is the commutator
between quadrature operators. As an illustration with a physical quantity, consider a
quantized single-mode electric field of frequency v, amplitude F, and polarized in the
direction €,

E(t) = eE(be ™" + bfe™). (3.8)
In terms of quadrature operators given above, E(t) is given as

E(t) = V2€E [y cos(A — vt) — &y yrjosin(A — vt)] . (3.9)

Single mode squeezed states are generated by the action of the unitary squeezing

operator S(¢) on ordinary vacuum,

S(6)10)

exp <—§iﬁ2 + %z}?) 0), (3.10)

1£)

with € = Tgei(z)f € C, & the complex conjugate of £, and 7¢, ¢¢ € R characterizing the

squeezing.
The annihilation and creation operators b and bt transform by S (&) as

STEbS(E) = b cosh(re) — bl ¢ sinh(r¢), (3.11)
StptseE) = bt cosh(re) — be % sinh(r¢). (3.12)

For two modes with annihilation operators by and 52, the two-mode squeezed vacuum

state |€12) is generated by the action of the two-mode squeezing operator
S12(€) = exp(—€bIbY + £7baby), (3.13)

on the vacuum |0;05). The operator S1(€) is not simply the product of the single-
mode squeezing operators for the modes 1 and 2. The generalization of the squeezed
vacuum states to a continuum of modes is achieved by acting on the vacuum state |0)

of the continuum field with the squeezing operator

2Q) R . R R
/ A€ ()BT ()51 (20 — w) — € (w)h(202 — w)b(w)]) C (314)

N =

$le(w)] = exp (—
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where {(w) = 7r¢(w)exp [ige(w)], and 20 is the squeezing carrier frequency, which
is the natural generalization of the two-mode squeezing operator (3.13). Since they
multiply the same pairs in the integrand, we can set, without loss of generality, &(w)
and £(2Q2 —w) as equal, i.e. r(w) =7r(2Q —w) and ¢(w) = ¢(2Q2 — w). It is then said
that the field is squeezed at frequency 2. The statistical properties of the continuum

squeezed vacuum state

{&(w)}) = S[Ew)]|0) (3.15)

can be found with the aid of the transformations

!

[€(w)] = b(w') cosh(re(w))—

v
~
&
=
&
>

b (20 — W) explige (w)] sinh(re(W')), (3.16)

and

!

STE(w)] b1 (W) S[E(w)] = b (w') cosh(re(w))—
b(2Q — w') exp[—ige(w)] sinh(re(w'). (3.17)

The lowest order moments in the continuum squeezed vacuum are

(b(w))ew) =0, (3.18)

(b (W))ew) =0, (3.19)

(BN (@)b(W))g(w) = sinh? re(w) 6w — ), (3:20)
(b(w)b! (W) g(w) = cosh®re(w) 6w — ), (3:21)
(b@)b(w)ew) = e sinh rg(w) cosh re(w) dw +w' —20),  (3.22)
= (BN ()b (@) (3.23)

where (3.20) defines the photon number function N(w) = N(2Q — w), and (3.22)
defines the two-photon correlation function M (w) = M (22 — w).
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3.3 Coherent States

Coherent states are another important type of radiation field states. Single mode

coherent state is defined as

la) = D(a)|0) (3.24)
= exp(ab! — a*b)|0) (3.25)
= exp (—|a|2/2) exp(ab?) exp(—a*b)|0), (3.26)

where « is any complex number. Here, |«) is an eigenstate of the annihilation operator
with eigenvalue a,

bla) = ala), (3.27)

and it follows from (3.26) that

|a) = exp (—|a|2/2) Z \;([:;_')W (3.28)
n=0 :

where the single-mode number states |n) are the eigenatates of the number operator n
with eigenvalues n. So, for a radiation field in a coherent state |a) the mean number
of photons is
(i)a = (alblbla)
= laf?, (3.29)
and the variance of 7 is easily calculated to be equal to it
An? = (7?), — (n)2

= o (3.30)

Their equivalence is a characteristic of the Poissonian statistics, namely the photon

number probability distribution P(n) for the coherent state |a) is

P(n)

I
£
£
o

2n
= exp (—|al?) R (3.31)

Another important property of coherent states to be mentioned is that, for all coherent
states the variances of the quadrature operator, &), defined by (3.6), and its conjugate

component, T/, are same and equal to 1/2,

1
Ai3 = 5= AZS | - (3.32)



It follows that coherent states are minimum uncertainty states.

Under the action of the unitary operator D(«) defined in (3.24) the annihilation and

the creation operators b and b' transform as follows

DY a)bD(a) = b+« (3.33)
D )b D(a) = bt +a*. (3.34)
With this property the operator ﬁ(a) takes its name as the displacement operator.

Accordingly, continuum displacement operator ﬁ[a(w)] acts on the continuum anni-

hilation and creation operators as

~ ~ ’ ’

Dia()]b(w)D]a(w)] = bw)+ a(w) (3.35)

D a())bf (w)D[aw)] = bW+ a*(w). (3.36)

It defines the continuum coherent state

{a()}) = Dla(w))o)
= exp < / dw[a(w)éT(w)—a*(w)é(w)]> 0), (3.37)

which is an eigenstate of the continuum annihilation operator l;(w), so is an eigenstate

of the boson annihilation operator

~

b = / dw f*(w) b(w) (3.38)
with eigenvalue
ap = /dw ff(w) a(w), (3.39)

where f(w) is any complex function satisfying the normalization condition
/dw\f(w)F ~ 1. (3.40)

m

The expectation value of the normal ordered product (5})l(5f) in the continuum

coherent state is
{al@) D (b ™ {elw)}) = (@f) (ap)™. (3.41)

For il =m

(01 () Vaw) = BFbr) ),

showing that statistics associated with quanta annihilated by l;f are Poissonian i.e.

the variance is equal to the mean.
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3.4 System, Environment,

The Hamiltonians for the system,

Hp and H RS, respectively,

and Their Interaction

environment and their interaction are given as Hg,

= ﬁs+ﬁR+gRS

= ﬁo +gRS- (3.42)

Environment will be assumed to be a bath of harmonic oscillators with creation op-

erator b(w)" and annihilation operator b(w) for the w-mode,

g =

h / Wb ()b (w)doo. (3.43)

The system is a collection of 2—level systems each of which will be characterized by

the dipole operators

57 = lei)ail,
5 = lgiel; (3.44)
5 = gledledl — lopail),

with the transition frequency w; between the excited state, |e;), and the ground state,

lgj), of the j" 2—level system. The dipole operators (3.44) satisfy the well-known

commutation

and anti-commutation

relations, with (§§E)2 =0.

[5F,8,] = 2570,
(55, 80] = 57651, (3.45)
(57,50 =0k (3.46)

The Hamiltonian of the J 2—level systems is

J
Hs=h>» w;s. (3.47)
j=1

The interaction Hamiltonian Hpg in Schrodinger picture is assumed to be as

J o
s =1y / dog; ()5Fh(w) + hc. (3.48)
=1 =
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where g;(w), depending on w; and w, is the coupling coefficient between the Gt 2-level
system and the w-mode of the reservoir, and h.c. indicates the hermitian conjugate of

the previous term.

The total (system + environment) is represented by the density matrix prg for which
the equation of motion in the interaction picture reads

d

s (t) = bns(t) = —3 V(1) s (0], (3.49)

St|

where
V(t) = enflot Fpg e~ nlot (3.50)
is the interaction Hamiltonian in the interaction picture.

Integrating (3.49) and inserting the result again in (3.49) gives

prs(®) = —£ V(0. pnsO) = 35 [ V0. V) pms(@ 1. (351)

Since it has infinitely many degrees of freedom, evolution resulting from coupling with
the finite system does not affect the environment significantly. This enables us to
assume that the reservoir, represented by the density matrix pr, remains in its initial

state during this evolution, i.e.
pr(t) = pr(0).

Ignoring the terms not affecting the dynamics, total density matrix can be written as

prs(t) ~ ps(t) @ pr(0).

Here pg(t) is the system’s density operator, and is obtained from prg(t) by tracing

out the reservoir’s degrees of freedom,
ps(t) =Trr prs(t).

So, the equation of motion for pg(t) is

ps(t) = = TralV (1), ps(0) © pr(0)] - %Tm /0 V(0. V() ps(¢) @ (O] ] dt.
(3.52)
Substituting the explicit form of the interaction picture Hamiltonian V(t),
J )
V=Y / e (g5()55 b)) + e, (3.53)
j=1770°
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into (3.52) one gets

jstt) = (=i Y157 ps 00 [ e (gs)e e (b))
j=1 o
t o 00 J J
+/0 dt /_Oodw /_mde;;

+ h.c., (3.54)

where (operator)r means the expectation value of the reservoir operator.

In the next step, one more assumption will be taken into account. In order to illustrate
this assumption explicitly, we write the second term in (3.54) that contains time

integral as follows,

pa.(t) = /_ " asi(p) /0 (i), (3.55)

Here we confine all the terms, which are not necessary for this illustration, into the
definitions of new variables. If f(3) is a slowly varying function function of 3, then
the (-integration would yield a strongly localized function in time at ¢’ = ¢. This
function approximates a Dirac-delta function the width of which depends on the -
rate-of-change-of-f. In this case p(¢') in (3.55) can be taken outside the integral as
p(t),

0 . t ) ,

polt) = ptt) [ dof(@) [ aretse), (3.56)
o0

0

Since in the t' integration the contribution will be prominently at ¢ = ¢, the upper

limit can be extended to infinity,
pa®)=pt) [ asf(e) [ s, (3.57)
—00 0
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Performing these integrals would yield as follows,

12

5o (8) mw[wwﬂm(ww—&wmp (3.58)

1
(B - 50))
i)

= p(t) <7Tf(ﬁ0) +iP /_‘X’ dﬂm) ) (3.59)

where P denotes the principal part of the integral,

7>/oo a5, (/50_5 RGN /OO dﬁﬂ> . (3.60)
oo (B=PB0) -0\ (B—=05o)  Jaows (B— Do)
This principal part integral yields a shift in the natural frequency, Gy, of the system.
Practically by redefining the natural frequency, these shifts can be incorporated into
the free Hamiltonian. Thus, since it does not effect the dynamics of the system, we
will ignore these shifts.
The physical motivation behind this approximation is that, the large number of reser-
voir degrees of freedom causes a damping on the system. And this damping destroys
the memory of the past. It is the so called Markov approximation. Now we define
the reservoir in which the Markov approximation will be assumed. The environment
is taken to be a continuum in a thermal bath that is driven by a squeezed coherent
field, i.e.

pr = S[EW)] D]a(w)] hehermar STIE(w)] DT [a(w)] (3.61)

The operator moments in (3.54) can easily be calculated for this reservoir with the
aid of the displacement and the squeezing operators given in (3.16, 3.35). They are
listed below:

(B(w)) r = a(w) cosh r(w) — a*(2Q — w)e®® sinh (W), (3.62)
(b(w)b(w'))r = ((w) cosh r(w) — a*(2Q — w) sinh r(w)e™))
x (a(w') coshr(w') — a*(2Q — ') sinh r(w')e" ™))
—[(n(w) + 1) cosh 7(w) sinh r(w)e’*")
+n(w') sinh 7(w) cosh 7(w)e?@]5(w + W' — 20)
= (b(w))(b(w))
—[(n(w) + 1) cosh r(w) sinh r(w')e**“")
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+n(w') sinh 7(w) cosh (w5 (w+w' —2Q), (3.63)
(b(w)bl (W) r = (a(w) coshr(w) — @*(2Q — w) sinh 7 (w)e ™))
x (o (w') cosh r(w') — (29 — ') sinh r(w')e "))
+[(n(w) 4 1) cosh r(w) cosh r(w)
+n(2Q — w) sinh 7(w) sinh (W)@ =@ 5w — W)
= (b(w)) (b' (")
+[(n(w) 4 1) cosh r(w) cosh r(w)

+ n(2Q2 — w) sinh r(w) sinh r(w’)ei(¢(w)—¢(w’))]5(w — ),
(3.64)
(b (w)b(w)) g = (a(w') coshr(w') — a* (20 — ') sinh r(w')e ")

(0" () cosh 1) — (29 — ) sinh r(w)e %)
+[(n(2Q — w) + 1) sinh r(w) sinh r(w’)e—i(¢>(W)—¢(W’))
+n(w) cosh r(w) cosh r(w')]d(w — ')
= (b () (b("))
+[(n(2Q — w) + 1) sinh r(w) sinh r(w’)e—i(¢(w)—¢(W’))
+n(w) cosh r(w) cosh r(w')]d(w — ). (3.65)
In the next chapter we will consider different systems in specified environments. For

these systems we will find the solution for the equation (3.54) by taking into account

the Markov approximation.
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CHAPTER 4

EFFECTS ON GEOMETRIC PHASE AND
ENTANGLEMENT DUE TO THE INTERACTION
BETWEEN CARRIER SYSTEMS AND
ENVIRONMENT

4.1 Geometric Phase

As it was mentioned in chapter two a full understanding of the nature of quantum
geometric phase in different environments is vital for quantum computations. Because
it is proposed to implement the controlled gates, [13,56], and these gates are of crucial
importance for a universal set of quantum logic gates. In this section the analysis of

the environmental characteristics affecting the geometric phases will be given.

The effects of such environments on the geometric phase that will be gained by the

state of an open quantum system was studied before.

Wang et al. [59] analyzed the effects of a squeezed vacuum reservoir on geometric phase
of a two-level atom in an electromagnetic field by a formulation entirely in terms of
geometric structures. Carollo et al. [55] showed that geometric phase can be induced
by cyclic evolution in an adiabatically manipulated the environment, which is again a

squeezed vacuum reservoir.

Banerjee and Srikanth studied the effects of a squeezed-thermal environment on the
geometric phase of a two-level atom, [60]. In this study two types of interaction
between the two-level atom and the environment was considered; one is quantum

non-demolitional and in the other weak Born-Markov approximation is considered.
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Rezakhani and Zanardi analyzed the temperature effects on mixed-state geometric

phase for one and two coupled spin-1/2 particles, [26].

In this work the geometric phase gained by a two-level nucleus in a mixed state, which
is evolving non-unitarily, viz. in interaction with the environment, is studied. The
effects of temperature, magnetic field and squeezing is analyzed in the time evolution

of the system. The relationships between those effects is also examined.

Our specific system is a single spin 1/2 nucleus in a magnetic field B. We assume
that the static magnetic is in the direction of the quantization axis which is assumed

to define the z—axis, i.e. B = B2. In this case the Hamiltonian of the system is

~ —

Hs = —fi-B

= —hy,BI?, (4.1)

where 7, is the gyromagnetic ratio of the nucleus, and I# is the z—component of the

spin operator I of the nucleus,

. 1(1 0
I == (4.2)
0 -1
Defining w(,) = v, B., we have the interaction picture Hamiltonian as
V(t)=h / dw[gn (w)e @ TN [Hp(w) 4+ h.cl, (4.3)

where /% defined in terms of the z— and y—components of spin operator Ias I+ =

I* 4 41Y, and satisfy the commutation relations

(17, IF] = £17, (4.4)

[I+,17]=2I%. (4.5)
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4.1.1 Temperature and Applied Magnetic Field Dependencies of Geomet-

ric Phase

In order to analyze the effects of only temperature and magnetic field in time we set

a =r = ¢ =0 in equations (3.62-3.65). The operator moments in this case are

(bw)r = 0
(bwbw))r = 0
b (W)r = (nw)+ Dé(w — o)
bW (@))r = nw)d(w— ') (4.6)

Inserting equations (4.3) and (4.6) into equation (3.54) and performing the integrals
by taking into account the Markov approximation, we get the equation of motion for

the density matrix of the nucleus as

ps(t) = mg*{ (n(wey) + DU ps() T =171 ps(t))

(@) ps I = psOI T} +he, (A7)
where »
(W) =n(B,T) = < :;;B — 1) , (4.8)

T being the temperature of the environment. Here the coupling coefficient, g,(w),

between the nucleus and the w—mode of the reservoir is taken to be constant, g.

We obtained the solution of the equation (4.7) as

_ n(wn) ~ n(wn) — (4n(wn)+2)mg?
psu(t) = n(wn) +1 T <p511(0) 2n(wn) + 1) © (4.9)
PS12 (t) _ p512(0)€_(2n(w")+1)7r92, (4‘10)

where pg;;(t) is the ij-th entity of the matrix pg(t). In terms of these, the eigenvalues

and the normalized eigenvectors of pg(t) are

Asx(t (1 + V1 —4(ps11(t)(1 — ps11(t)) — \Psn(t)\z)) ; (4.11)

|ps«(t)) = Nx(t) PSlz(t)e‘“’(nf | )
(As+(t) — psiz(t))e o’
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with the normalization coefficient

Ni(t) = (Ips12()]* + (Asx(t) — ps12(t)?) 2. (4.13)

Since pg(t) is the density matrix in an interaction picture, and since geometric phase
expression (2.25) assumes Schrodinger picture, we have transformed the eigenvectors
of ps(t) into Schodinger picture. The last term in the geometric phase (GP) expression

(2.25), which is the exponent, can be expressed in terms of (4.9) and (4.10) as follows,

—/0 (ps+(t)]ps+(t'))dt =

./t Im[ps1a(t)p51(t)] = wn [!Psm(t/)!z — (s () = psur())?]
i ', (4.14)
0

lps12(t)[2 — (A5 () — psu(t))”

We calculated (4.14) for the system in hand, and obtained explicitly

t 0 9

2 o2 (4n W(n)) )+2)mg?t
+iw () |ps12(0))] [ Arcsinh o
(4n(wm)) + 2)mg% 20y + ) V4a2y2 — 32
) 202 + 3
— Arcsinh <
VAda?y? — 62>
) 2 2 —(4n(wn)) )+2)mg?t + ﬁ
— Arcsinh m
a?y? —
. 29% + ]
+ Arcsinh < , (4.15)
Vda?y? —62>
where
1
n(wn)
= -7 4.1
ps11(0) () 17 (4.17)
B = |psi2(0)]* — . (4.18)

Now, with equations (4.11), (4.12) and (4.15) we are able to calculate the GP, ®¢, of
the system. We will analyze the temperature and the magnetic field dependence of &g
as it evolves in time. For this purpose we first define new dimensionless parameters
for time, magnetic field, and temperature as ¢°t, %’;B, %T, respectively. We take
an arbitrary initial state, defined by pg11(0) = 0.6 and pg12(0) = 0.3, and evaluate

the time evolution of GP.
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Figure 4.1: GP (®¢, in radians), versus time. Time, ¢, is in unit of g=2. Here, we have
2
taken 22 B = 1, i.e. magnetic field, B, is in unit of &, and ££7 = 1, i.e. temperature,
g n g°h

. . . 2
T, is in unit of %—h.
B

The figure (4.1) shows the behavior of ®¢ for ¢g°t € [0,100]. Each blue dot shows the
first point on the next 27 segment, which ®¢ sweeps. So, (2 X nd — 1)7 per unit time
gives the speed of ®5. Here, nd stands for the number of the dots, and we will use
it as the measure of speed of GP. The increase in the negative direction shows that
the angle that defines GP rotates clockwise. At some instants 60.01 g%t, 66.03 g*t and
72.03 ¢°t it oscillates back-and-forth around —197, —217 and —23m, respectively. But

then it continues to rotate in the same direction.

By fixing temperature at % T = 1 we analyzed the behavior of ®¢ for different values

of magnetic field ';—ZB )
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o)

Figure 4.2: GP (®¢, in radians), versus time, for various values of ;—;LB. Time, t, is

. . —_ . . . . 2
in unit of g~2. Here, we have taken :TBHT =1, i.e. temperature, T, is in unit of %i.

It is understood from figure (4.2) that when we increase magnetic field twice of its
first value, ®¢ becomes very unstable. Because it completes 265 rotations in a 100 g~2
time interval by sweeping a 1664.74 radians angle, while it completed 22 rotations by
sweeping 99.64 radians angle before the magnetic field is doubled. For a stronger
magnetic field, B, g—ZB = 4, GP changes the direction of rotations, this time counter-
clockwise. It becomes more stable, because number of full rotations is 103 and the
swept angle is 645.28 radians in this case. Further increases in B to the values ;—ZB =

8,16 decrease the stability of & that continues rotating counter-clockwise.

Next, we increase temperature twice, and look how does ®¢ evolves, first for a single

value of magnetic field, B.
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Figure 4.3: GP (®¢, in radians), versus time. Time, ¢, is in unit of g=2. Here, we have
2
taken 22 B = 1, i.e. magnetic field, B, is in unit of &, and ££7 = 2, i.e. temperature,
g n g°h

. . . 2
T, is in unit of %—h.
B

Data of figure (4.3) differs from figure (4.1)’s only in temperature. Comparing these
two figures we see two little differences when the other physical parameters are held
fixed. First, the back-and-forth oscillations again occur but this time at different times
9.57 g%t, 72.07 g*t and 91.26 ¢°t around —3m, —237 and —297, respectively. Second,
the total angle swept is 99.51 radians while it was 99.64 radians both with 22 surface-

changes.

We will analyze again magnetic field dependence of ®¢, but this time fixing temper-

ature at a higher value, !];Q—BhT =2.
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Figure 4.4: GP (®¢, in radians), versus time, for various values of ;—SB. Time, t, is

. . —_ . . . . 2
in unit of g~2. Here, we have taken ;Q—BFLT = 2, i.e. temperature, T, is in unit of %i.

How does the change in temperature affects the GP, that is understood from the
figure (4.4), can be listed as follows; change in the stability occurs at a stronger
magnetic field. The crazy increase in the speed takes place at a magnetic field value
in ;—SB € (2,4], while this value was %B € (1,2], for a lower temperature, (figure 4.2).
The change in the direction of rotation occurs at a magnetic field strength between
4g—i and Sg—i. While it was between Zg—i and 4*% for T = f—; . When this change

occurs, the stability increases, at least relatively.

In order to be able to make some generalizations we increase the temperature further,

again in the same ratio. What we obtained is summarized in the next figure.
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Figure 4.5: GP (®¢, in radians), versus time, for various values of Z—SB. Time, t, is

. . — . . . . 2
in unit of g=2. Here, we have taken %T =4, i.e. temperature, T, is in unit of %.

The general characteristics does not change. Before it changes its direction with the
changing magnetic field, there is a wild increase in the speed of GP; number of dots
increases from 194 for B = 4?{—721 to 1059 for B = Sg—i, whereas the increase is from 70
to 194 for the increase in magnetic field from B = 2z—i to B = 4;‘%. And a change
in the direction of rotations takes place at a magnetic field stronger than B = 43—:

When we compare with the previous figures we saw that this change occurs always

: ﬁf}/n B
for the ratio T T 2.

These are reasonable results. Because, increase in magnetic field increases the differ-
ences between energy levels of a system, which means the system is more quantized,
and increase in temperature decreases that difference, so that this less quantized sys-
tem goes to a classical system for which the energy spectrum is a continuum. And we
know that the more quantized a system is, the more those quantum characteristics
come into prominence.

In order to reach more generalizations we analyze GP with decreasing magnetic field,

again by holding temperature fixed at different values. First results are for a very
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low temperature. The figure (4.6) shows that for temperature T' = ?:—h , decrease in
B

magnetic field increases the stability of GP; number of dots decreases. It does not

change its direction of rotation.
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Figure 4.6: GP (®¢, in radians), versus time, for various values of %%B. Time, t, is

. . — . . . . 2
in unit of g~2. Here, we have taken ;—'}LT =1, i.e. temperature, T, is in unit of %.

In the next two figures we increase temperature to values ;Z—Bh = 2,16, decrease the
strength of magnetic field gradually, and see that the general behavior of GP does not

change.
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Figure 4.8: GP (®¢, in radians), versus time, for various values of Z—ZB. Time, t, is

. . — . . . . 2
in unit of g~2. Here, we have taken %T = 16, i.e. temperature, 7', is in unit of %.

Another point on the effects of magnetic field and temperature on GP is the magnetic
field at which it changes its direction of rotation. In figure (4.9) its seen that GP
begins to rotate really very fast before it changes its direction, number of dots are
of the order 4000. For temperature T = f—; , this change occurs at a magnetic field

strength %}B between 2.3595 and 2.36.
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Figure 4.9: GP (®¢, in radians), versus time, for various values of %’%B around which

GP changes its direction of rotation. Time, t, is in unit of g~2. Here, we have taken
2

;TBRT =1, i.e. temperature, T, is in unit of %L.

Now, by taking into consideration all data above in the figures, the most general result

that one can reach can be stated as geometric phase depends on the ratio, ,?;’;FB,
more than other physical parameters. This ratio determines the average number of
excitations in the environment. The dependencies of GP can be listed as;

1. Stability of GP is determined by the magnetic field which influences the system.

2. GP is more stable when ratio is less than 1.

3. GP changes its direction of rotation when the ratio is between 2 and 3, and
around these ratios it has a speed so that it would be interrogated whether GP

can be used in QIT.

In the next section, we will analyze how GP is affected in another type of environment.
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4.1.2 Applied Magnetic Field and Squeezed-State-Driven-Environment

Dependencies of (Geometric Phase

The environment we will consider is assumed to be held at a fixed temperature and
driven by an electromagnetic field in a squeezed state. For such an environment the

operator moments (3.62-3.65) are given as,

—([n(w) + 1] cosh r(w) sinh r(w') ")

—
S
—
€
~—
S
—
€
~
~—
~
I

+n(w') cosh r(w') sinh r(w)e™“))§(w + ' — 2Q)
(b(w)b' (W) = ([n(w) 4 1] cosh r(w) cosh r(w’)
+n(29 — w) sinh r(w’) sinh r (w)e (@) =¢))

(bt (w)b(w")) = (n(w) sinh r(w') sinh r(w)

+[n(2Q — w) + 1] sinh r(w) sinh r(w')e (@@ =A))
(4.19)
Here the parameters 22 is the squeezing carrier frequency, and r and ¢ characterizes

the squeezing, as defined in chapter II.

With these moments, the equation of motion (3.54) for the single spin-1/2 nucleus
becomes,
ps(t) = 1g? ([n(wn) + 1] cosh? r(wy) + n(2Q — wy,) sinh? r(w,))
x (20 ps(®I+ = 11 ps(t) — ps(t) 1)
+7g? (n(wn) cosh? r(wy,) + [n(2Q — wy,) + 1] sinh? r(wn))
x (21 ps(O) ™ = 171 ps(t) — ps(t)I 1)
— g% (n(29 — wy) + n(wy,) + 1) sinh 2 (w,,)

% (ei[2(wn—9)t+¢>(wn)]j—l—ﬁs(t)j—l- + e—i[2(wn—Q)t+¢(wn)]f‘ﬁs(t)j_) . (4.20)

We obtained the solution of this equation in terms of matrix elements as,

A
psi1(t) = pg11(0)e2ATDI 4 A1 B <1 - 6_2(A+B)t> ; (4.21)
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psia(t) = (Ce R=(n=% | (pe10(0) — C)e—\/kz—(wn—9)2t> oiwn—Q)t—(B+O)t
(4.22)

)

with

A =7g? (n(wy) cosh? r(wy) + [(292 — wy) + 1] sinh? r(wy)) |
B = 1¢* ([n(wn) + 1] cosh? r(wy,) + n(2Q — wy,) sinh? r(wn))

= —7g?[n(2Q — wy,) + n(wy) + 1] sinh 27 (wy,),

1 Wy, — 2 k )
= R n * Z¢(Wn)
€= rsald) <2 Vo ar k2> Mo o A

For calculations of the first two terms in the GP expression (2.25) this solution is

sufficient. For the last term we need the time derivative of pg12(t), which is given as

i) (VT 0y P

><ei(wn—Q)t—(B+C)t L2 — (Wn — Q)g

+ (i(wn = Q) = (B + C)) psz2(t)- (4.23)

But we could not evaluate the integral in (4.14) analytically. Thus, in the following
we computed it numerically.

We will analyze the squeezing and the magnetic field dependence of GP, ®¢, as it
evolves in time. Temperature will assumed to be constant at T' = f—Bh. We will
consider dimensionless parameters, as was defined in the previous section, for time and
magnetic field, ¢*t, ;—ZB, respectively. Initial state of the system will also assumed
to be the same with the previous analysis, ps11(0) = 0.6 and pg12(0) = 0.3. Since
they can always be adjusted, or can be incorporated into other physical parameters
by redefining them without affecting the dynamics of the system, two of the three
squeezing parameters will not be taken as variables. These are the squeezing carrier

frequency, €2, and one of the squeezing characteristic parameters, ¢, which are assumed

to be equal to g% and , respectively.
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3.64 9.92

Figure 4.10: GP (®g, in radians), versus time. Time, ¢, is in unit of g=2. Here,
2
we have taken ;—SB = 1, i.e. magnetic field, B, is in unit of ;Z—n, and the squeezing

parameter » = 1. Temperature is constant at ;“TBR =1.

Figure (4.10) shows that GP rotates clockwise with a speed 0.95’;%‘3. It is slower and
smoother in comparison with the one in figure (4.1). To see how the magnetic field

affects we looked at GP with changing magnetic field strength.
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Figure 4.11: GP (®¢, in radians), versus time. Time, ¢, is in unit of g=2. We have
2 2
changed magnetic field from B = f{—n, to B = 16;Z—n. The squeezing parameter is taken

as r = 1. Temperature is constant at ;2—';LT =1.

In this figure the two behavior attracts the attention. One is the decrease of stability
with the increase in magnetic field, which was observed before also. Second, this
decrease occurs gradually, in contrast with the environment that was not driven by a
squeezed state electromagnetic field. To see whether this is also valid for a different

squeezing we increase r twice.
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Figure 4.12: GP (®¢, in radians), versus time. Time, ¢, is in unit of g~2. We have
2 2
changed magnetic field from B = z—n, to B = 16%. The squeezing parameter is taken

as r = 2. Temperature is constant at %T =1.

This figure is almost the same with the previous one, the graphs are only a little bit
less flattened in this case. But these two shows that the wild increase in the speed of
GP can be smoothened with driving the environment a squeezed state electromagnetic
field.

The next figure shows how GP is affected with changing squeezing. It is seen that it

changes only the smoothness of GP in its time evolution, for r > 0.
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Figure 4.13: GP (®¢, in radians), versus time. Time, ¢, is in unit of g=2. We have
2
fixed magnetic field at B = 2;Z—n. The squeezing parameter is varied from r = 1 to

r = 4. Temperature is constant at ;2—3}1T =1

This completes our analysis on how different types of environment affects the geometric
phase, and we see the advantage of radiation in a squeezed state. In the next section
we will look at the effects of such an environment on entanglement, as a resource for

quantum computing.
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4.2 Steady-State Bi-Partite Entanglement Supported By Squeezed

Environment

The practical applications in quantum information theory do not demand an arbitrary
entanglement. The quantum system which is in an entangled state needed to carry
this property long enough to be used in computations. Among the suggestions aiming
this purpose few are [61,64]. In these works robust entangled states in two- and

three-level atomic systems is studied. Our study is on a similar system, [65].

We consider a system of three atoms such that one is connected to the others by a
dipole-dipole interaction. This atom, occupying the central position in the arrange-
ment is connected with a ’bath’ which provides decoherence in the system, (see figure

4.14).

Squeezed Vacuum

Figure 4.14: Two target atoms with decay rates I' are in interaction with a source
atom of decay rate I'g which is driven by a squeezed vacuum.

The total Hamiltonian of this system has the form

2
N A
H= 3 > wo;
j=0
2 [0
+ (g;&;&; + 59&1"&5 + h.c.), (4.24)

where w; denotes the atomic transition frequency, g is the coupling constant of inter-
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action of the ”source” atom labeled by the subscript 0 with the "target” atoms, «/2
gives the relative strength of interaction between the ”target” atoms, and &; denotes
the atomic operators as defined in (3.44). For simplicity, we assume that the target
atoms have symmetric positions with respect to the source atom and all atoms have

the same frequency w.

The evolution of the density matrix pg, of the system is described by the equation
ps(t) = —i[H, ps(t)] + L(ps (1)), (4.25)

where the form of the Liouvillean term, £, depends on the specification of the ”bath”.

In the case of thermal ”bath” acting on the source atom, we have

£= Linermat = {3+ 1265 ps(1)67 — o365 ps(1) — ps(0)57 57)
+1(260 ps(t)Gy — g 6q ps(t) — ps(t)og o)}
2
+ Y0 SR @ay pst)ar — ofaras(t) — ps(ofor),  (4.26)
Jk=1
where I'; = I';; denotes the spontaneous decay rate of the j-th atom, I'yg = I'yy is the
collective emission rate of the target atoms, and 7 is the average number of ”bath”

excitations.
In the case of squeezed vacuum state, we get
L = Linermar — m(Gg ps(t)ag e 2t + 65 ps(t)oy €2ty (4.27)

where 2w, denotes the frequency of the squeezed mode and m specifies the amount of

squeezing.

Since we are looking for the robust entanglement of the target atoms, we restrict our
consideration to the steady state solutions of the equation (4.25), i.e. pg(t) = 0. The
density matrix pg is defined in the eight dimensional Hilbert space of the three 2-level
atoms. As the measure of entanglement of the mixed state pg(t) we calculate the

concurrence ( [50], [51]).

The numerical calculations performed in the case of thermal environment with the
Liouvillean term of the form (4.26) give the maximum value of concurrence (2.40) of

the order of C' = 1.15 x 1072 at % =1,{% =157 =0.5,«a = 3, which is practically
0 0
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next to nothing. Thus, the thermal environment cannot generate entanglement in the

system under consideration.

The case of squeezed vacuum state shows much more interesting dependence of con-

currence on the parameters of the system shown in figure below.

Figure 4.15: Concurrence as a function of « and 7; for I'/Ty = 1 and g/T'g = 1.5. The
figure indicates that the maximum amount of concurrence occurs at a certain value
of a, and increases slowly with 7.

In particular, the maximum value of concurrence C' = 0.227 is achieved at o = 5, and
increases with 7. This level of entanglement corresponds to that usually discussed in

connection with the practical applications.
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CHAPTER 5

CONCLUSION

The availability of easy manipulation with the current technology NMR techniques
makes nuclear systems good candidates as carrier systems of the entities that necessary
for the quantum information theory (QIT) . With this motivation, we have studied the
effects of coupling between a nucleus and a dissipative environment on the geometric
phase (GP) that the state of the nucleus gains during its evolution in time. The
spin—1/2 nucleus is assumed to be under the influence of a static magnetic field of
strength B. The environment is taken as a bath of harmonic oscillators, and the
temperature, T', is assumed to be held fixed at different values. We have studied the
magnetic field effects on GP of the nucleus. It has been shown that B is the primary
factor that determines the stability of GP. What we mean by the stability of GP is the
speed of change of GP. Since it is the argument of a complex number, [33], the speed of
GP is defined as the angle swept in unit time. The increase in magnetic field strength
increases the speed of GP, making it less stable. This increase is proportional to B up
to a threshold. After this threshold value, increase in the speed of GP becomes wild.
Until this point the direction of rotation of GP, as an angle, is constant. However,
further increase in B, from this point, suddenly changes the direction of rotations.
Together with this change it slows down, and gains speed in the reversed direction
with more increase in B. We have shown that the general magnetic field dependence
of GP, which we have explained above, does not change with temperature. Change in
temperature changes the threshold value of B. It is shown that when the temperature
gets higher the wild increase in the speed and the change in the direction of rotation
of GP occurs at stronger magnetic field strengths. Thus, a ratio of temperature and
magnetic field strength plays a crucial role. This ratio is T—;%, and is related to

the number of excitations, or in other words, the dissipation in the environment. At
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some values, around 1 and 3, of this ratio GP changes so rapidly that it would be
interrogated whether it can be used in QIT, and even whether it can be observed
or not. Next, we have made similar analysis for an environment having different
characteristics. We have assumed that the environment is driven by an electromagnetic
field in a squeezed state. We have fixed the temperature at a certain value, and
examined the behavior of GP by varying B and the squeezing, r, in the state of
driving field. We have shown that the static magnetic field applied to the nucleus
affects its GP similar to the previous case with some differences. We have observed
that the GP changes smoother, and the decrease in its stability is slower in comparison
with that in the previous environment. One other difference we have shown is that,
there does not exist a wild change in the speed of GP for the B values at which we
observed such a change before. The decrease in its stability occurs gradually. Then,
we have looked at whether we can reach further results by changing the squeezing in
the state of the driving field. We have shown that for different amounts of r at fixed
B, the behavior of GP is almost the same, unless r = 0. These differences observed
at different environments are crucial for the robustness of the GP.

Then, we have studied the steady-state entanglement of two two-level atoms induced
by an external quantum system. This induction is made possible by the interaction of
these two target atoms with a third one, which we called as the source and is under
the influence of a certain environment. First, we have chosen the environment as a
heat bath. As the measure of entanglement between two targets, we have computed
the concurrence of their mixed state. The numerical calculations has shown that the
thermal environment is not able to create entanglement at least by induction. Next,
we have assumed that the source atom is in a squeezed vacuum. In this case , we have
found that, depending on the other physical parameters of the system, it is possible to
achieve a concurrence value of C = 0.227. Thus, we have shown that the steady-state
entanglement can be induced in a system, which has low ability to evolve into an
entangled state, through interaction with a strongly fluctuating environment, that is

a Squeezed vacuull.
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