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ABSTRACT

INVERSE DYNAMICS CONTROL OF PARALLEL MANIPULATORS
AROUND SINGULAR CONFIGURATIONS

Ozdemir, Mustafa
M.S., Department of Mechanical Engineering
Supervisor: Prof. Dr. S. Kemal Ider

January 2008, 98 pages

In this thesis, a technique for the motion of parallel manipulators through drive
singularities is investigated. To remedy the problem of unbounded inverse
dynamics solution in the neighborhood of drive singularities, an inverse
dynamics controller which uses a conventional inverse dynamics control law
outside the neighborhood of singularities and switches to the mode based on
the formerly derived modified equations inside the neighborhood of
singularities is proposed. As a result, good tracking performance is obtained
while the actuator forces remain within the saturation limits of the actuators

around singular configurations.

Keywords: Parallel Manipulator, Inverse Dynamics Control, Drive Singularity
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PARALEL MANIPULATORLERIN TEKIL KONFIGURASYONLAR
YAKININDA TERS DINAMIK KONTROLU

Ozdemir, Mustafa
Yiiksek Lisans, Makine Miihendisligi Boliimii
Tez Yéneticisi: Prof. Dr. S. Kemal ider

Ocak 2008, 98 sayfa

Bu tezde paralel manipiilatorlerin tahrik tekillikleri yakinindaki hareketi icin
bir yontem tlizerinde g¢alisilmistir. Tahrik tekillikleri yakininda ters dinamik
¢Ozlimiin 1raksamasini dnlemek icin tekilliklerin uzaginda konvansiyonel bir
ters dinamik kontrol yontemi kullanan ve tekilliklerin yakininda daha 6dnceden
tiiretilmis modifiye denklemlere dayali bicime degisen bir ters dinamik
kontrolcii 6nerilmistir. Sonug olarak tekil konfiglirasyonlar yakininda eyleyici
kuvvetleri eyleyicilerin saturasyon limitleri i¢inde kalirken, iyi bir yoriinge

izleme performansi elde edilmistir.

Anahtar Kelimeler: Paralel Manipiilator, Ters Dinamik Kontrol, Tahrik
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CHAPTER 1

INTRODUCTION

1.1 Literature Survey

Parallel manipulators are becoming more and more popular thanks to
their higher load-carrying capacity, greater rigidity to weight ratio and more
precise positioning capability of the end-effector compared to their
conventional serial counterparts. Additionally, since all of the joints are not
required to be actuated, it is possible to gather the actuators closer to the
ground or on the ground itself resulting in lower weight and hence higher end-
effector accelerations [1-3]. Merlet [4], Dasgupta and Mruthyunjaya [5]
presented comprehensive reviews of the literature on the parallel manipulators.
Despite the advantages, due to the closed loop structure, parallel manipulators
suffer from drive singularities where the actuator forces become unboundedly
large. Many researchers studied this type of singularity [6-21].

Gosselin and Angeles [6] showed that there are three types of

singularities of parallel manipulators based on the two Jacobian matrices. The



rank deficiency of each Jacobian matrix corresponds to inverse kinematic
singularities or drive singularities of the manipulator and the rank deficiency of
both Jacobian matrices occurs if and only if the manipulator is at an
architectural singularity. However, Daniali et al., [7] declared that the rank
deficiency of both Jacobian matrices is not necessarily architecture-dependent.

Sefrioui and Gosselin [8] derived analytical expressions in quadratic
form to describe the singularity loci of general three-degree-of-freedom planar
parallel manipulators in terms of the roots of the determinant of the
manipulator's Jacobian matrix. Additionally, a graphical representation of these
loci superimposed on the manipulator's workspace is obtained. St-Onge and
Gosselin [9] indicated that the singularity loci of the general Gough-Stewart
platform should be a third-degree polynomial expression also by analyzing the
Jacobian matrix.

Merlet [10] and Collins and Long [11] analyzed singularity of parallel
manipulators using line geometry rather than the Jacobian matrix. Basu and
Ghosal [12] proposed algebraic and geometric methods to determine the
singularities of platform-type multi-loop spatial mechanisms containing
spherical joints on the platform.

Earlier studies on the drive singularities typically focused on the
determination of the locations of this type of singularity for avoiding them in
the motion planning stage. At an inverse kinematic singularity the manipulator
generally reaches a boundary of its workspace [6] and avoiding them does not
limit its workspace in practice. Besides, architectural singularities can normally
be eliminated by an appropriate selection of the kinematic parameters [6].
However, drive singularities characteristically arise within the workspace [6]
and avoiding them restricts the practical workspace. For that reason, although
parallel manipulators are uncontrollable at drive singularities [17], it is required
to develop methods for moving parallel manipulators through those singular

positions.



Ozgoren [18] studied the constrained motion control of a normally
unconstrained mechanical system. As a part of his work, he considered drive
singularities in a case where non-redundant number of actuators is used and
developed a modification scheme by allowing a slight deviation from the
desired trajectory only locally around the drive singularities.

Jui and Sun [19] devised a method to overcome the problem of
unbounded actuator forces at drive singularity by relaxing the rigid constraint
on timing due to trajectory parameterization with respect to time. Based upon
the techniques of minimum time path tracking, they presented techniques for
path verification and tracking and examined an inverse dynamics algorithm
taking actuator bounds into consideration.

Ider [20, 21] identified that if the trajectory is planned in such a way
that certain conditions corresponding to the consistency of the dynamic
equations are met, the manipulator can pass through the singular positions
while the actuator forces remain bounded. Furthermore, he showed that the
dynamic equations can be modified by using higher order derivative
information to replace the linearly dependent equations in the neighborhood of
the singularities. Analogous modifications were formerly used for kinematic
singular positions of multibody systems by Ider and Amirouche [22] and for

drive singularities of redundant serial manipulators by Ider [23].

1.2 Objective

The aim of this thesis is to propose an inverse dynamics controller for
trajectory tracking control of parallel manipulators passing through drive

singularities.



For this purpose, the controller uses the conventional inverse dynamics
control law based on the regular inverse dynamics equations outside the
neighborhood of drive singularities and switches to the mode based on the
approximate dynamics obtained by Ider [20, 21] inside the neighborhood of

drive singularities where the modified equations are valid.

1.3 Scope of the Thesis

Chapter 1 presents the literature review on the singularity analysis of
parallel manipulators and gives the objective of this thesis.

Chapter 2 is reserved to explain the inverse dynamics algorithm for
parallel manipulators passing through drive singularities proposed in [20]. In
this chapter, inverse dynamics problem and singular positions are defined and
consistency conditions and modified equations are introduced as in [20].

Chapter 3 proposes a switching inverse dynamics controller for
trajectory tracking control of parallel manipulators passing through drive
singularities. In this chapter, the conventional inverse dynamics control law to
be used outside the neighborhood of drive singularities is presented and the
inverse dynamics control law to be switched inside the vicinity of drive
singularities is derived.

In Chapter 4, the 2-RPR (revolute, prismatic, revolute joints) planar
parallel manipulator with two legs is considered to test the performance of the
proposed inverse dynamics controller. First, inverse dynamics problem and
singular positions of this parallel manipulator are defined and the consistency
condition and modified equation are given as done in [21]. Next, the

conventional inverse dynamics controller to be used outside the neighborhood



of drive singularities is introduced and the inverse dynamics control law to be
switched inside the neighborhood of drive singularities is derived using the
method proposed in Chapter 3. Finally, the results of the numerical simulations
carried out using the SIMULINK® model developed and the SIMULINK"
model itself are presented.

Chapter 5 interprets the simulation results and recommends for future
work on the trajectory tracking control of parallel manipulators in the presence

of drive singularities.



CHAPTER 2

DYNAMIC MODEL

This chapter is reserved for a presentation of the work of Ider [20, 21]
on the inverse dynamics of parallel manipulators in the presence of drive
singularities. His work provides the basic groundwork to this thesis.

Section 2.1 briefly reviews inverse dynamics and singular positions.

Section 2.2 deals with consistency conditions and modified equations.

2.1 Inverse Dynamics and Singular Positions

Consider an n degree of freedom parallel robot. This system can be
converted into an open-tree system by disconnecting a sufficient number of

unactuated joints. Let the degree of freedom of the open-tree structure be m.
Let q= [ql e, ]T denote the joint variables of the open-tree system. The

m-—n loop closure equations to be satisfied in order to convert the open-tree

structure into the closed-loop parallel manipulator can be written as



0(q)=0 (2.1)
where ¢ is a (m—n)-dimensional vector function. Equation (2.1) can be
expressed at velocity level as

Ir°q=0 (2.2)

where I'® =T°(q)=0¢/dq .

Let x(t)=[x(t) - x, (t)]T denote the prescribed Cartesian

position and orientation coordinates of the end-effector. The n task equations
which give the relation between the pose of the end-effector and the joint

variables can be written as
f (q) =X (2.3)
where f is an n-dimensional vector function. Equation (2.3) can be expressed
at velocity level as
rq=x (2.4)
where I'" =" (q) =of/oq .

Equations (2.2) and (2.4) can be combined to give
I'q=h (2.5)
where I'" = [FGT r J and h' = [0 X' ] . Differentiating Equation (2.5)

with respect to time gives the acceleration level relations as follows:

I'j=-Tq+h (2.6)
During the inverse kinematic solution, singularities arise when |F| =0.

It is assumed that I" never becomes singular so that an inverse kinematic

singularity is not encountered.

If q is chosen for the generalized coordinates, the equations of motion

of the parallel manipulator can be represented in the following matrix form

obtained through the Lagrange’s equations:



M{+B=Z"T+T% 2 (2.7)
where M =M(q) is the mxm generalized inertia matrix and B=B(q, q) is

the m-dimensional bias vector that includes the generalized Coriolis,

centrifugal and gravity forces of the open-tree system, A is the (m—n)-

dimensional vector of Lagrange multipliers, T is the n-dimensional vector of
the actuator forces, and each row of Z is the direction of one actuator force in
the generalized space. If the variable of the joint which is actuated by the i™
actuator is ¢, then for the i™ row of Z, Z,=1 and Z; =0 for
i=L2,-,m (j=k).

If the terms involving A and T are combined, Equation (2.7) can be

rewritten as follows:
A'p=M{j+B (2.8)
where A’ :[FGT ZT] and p' :[LT TT].

In the inverse dynamics solution, singularities are encountered when
|A|=0. This type of singularity is called drive singularity. At such

singularities, the actuator forces take infinitely large values.

2.2 Consistency Conditions and Modified Equations

The rank deficiency of the A matrix results in drive singularities. At a

drive singularity the rank r of A usually becomes m—1. The general case

r<m is considered though. Let rows S,, k=1, ---,m—-r of A' can be



expressed as linear combinations of the other rows of A" at the singular
position, i.e.,

A=A (2.9)

]
for p=1,---,m (p#s,), j=1 -, m, k=1 -, m-r
where the linear combination coefficients ¢, may also depend on q. Notice

that in the equations, repeated subscript indices in a term imply summation
over their corresponding ranges. Hence, the following relations must be at hand

among the rows of the Equation (2.8).
T T " .e
ALt = o Aty =M, 0+ B, —a, (M0, +B,) (2.10)
for k=1, ---,m-r
Putting Equations (2.9) into Equations (2.10) gives
M, b +B, =a,(M,d,+B,) Q.11
for k=1, ---,m-r
Equations (2.11) signify the m—r consistency conditions that q should satisfy
at the singular position. Since ¢ is related to X through Equation (2.6), the
prescribed trajectory must satisfy Equations (2.11) at the drive singularity.
Otherwise an inconsistent trajectory cannot be realized and the actuator forces
grow without bounds as the drive singularity is approached.
Differentiating Equations (2.10) with respect to time yields

T T . A T A T . T cee

(A%kj ~ Ay ),U,- +('°%kj ~ Ay — A Ay )ﬂj = (Mskj — My, )qj

. (2.12)
+(M

s~ UMy — M pj)qj +B, —,B,—B,

for k=1, ---,m-r

Now, since Equations (2.9) are valid at the singular position, there
exists a vicinity in which the first terms of Equations (2.12) are insignificant
compared to the other terms. Therefore in that neighborhood these terms can be

neglected to obtain



(A%T;i —akpA;- _dkpA;j)ﬂj :(Mskj -a,M pj)'q',-

(2.13)
+(M

— M~ M )b, +B, —a,,B, —c,B

Skl PR p
for k=1, ---,m-r

The m—r Equations (2.13) are the modified equations that can be used to
replace the s, th rows, k=1, ---, m—r, of Equation (2.8).

Note that ¢ which appears in the modified equations and the prescribed
end-effector jerks X are related via the derivative of Equation (2.6),
I'g=-2Ig-T'q+h (2.14)
In addition, the coefficients of the forces in the modified Equations (2.13)
depend on velocities. As a result, if at the singularity the system is in motion,
the actuator forces in general affect the end-effector jerks instantaneously in
the singular directions thanks to the modified equations.

When the modified equations replace the linearly dependent dynamic

equations in Equation (2.8), Equation (2.8) takes the following form, which is

applicable in the vicinity of the singular configurations.

D'p=8 2.15)
where
DJZ{-T ATT e (2.16)
A — a2 A~ Ay 1=5
and
M;d; +B, i#s,
5, =1 (M, —agM,, )G, +(My —au M, — oM, ) g, s (2.17)

+B, -, B, —,B,
fork=1, ---,m-r
Equation (2.15) is employed in the neighborhood of the drive singularities, i.e.,

‘g(q)‘<s and Equation (2.8) is employed elsewhere, where g(q)=0

10



represents the singularity condition and € is a positive number which defines
the size of the neighborhood. & should be selected small enough to have the
error in the modified equations in Equation (2.15) insignificant and also large

enough to prevent the A matrix in Equation (2.8) from becoming ill-

conditioned.

11



CHAPTER 33

INVERSE DYNAMICS CONTROL

This chapter proposes a switching inverse dynamics controller for
trajectory tracking control of parallel manipulators in the presence of drive
singularities. The controller uses the conventional inverse dynamics control
law based on the regular inverse dynamics equations given by Equation (2.8)
outside the neighborhood of drive singularities and switches to the mode based
on the approximate dynamics given by Equation (2.15) inside the
neighborhood of drive singularities where the modified equations are valid.

Section 3.1 presents the conventional inverse dynamics control law to
be used outside the neighborhood of drive singularities. Section 3.2 derives the
inverse dynamics control law to be switched inside the vicinity of drive

singularities.

12



3.1 Inverse Dynamics Control outside the Neighborhood of

Drive Singularities

The n elements of the m -dimensional generalized force vector Z'T in
Equation (2.7) are the elements of the vector T and its remaining m—n
elements are zero. Accordingly, the rows of Equation (2.7) can be interchanged

to have those m—n zero elements at the bottom:
— . = |T| =&
Mq+B= 0 +I'° A (3.1

where M, B and T are obtained by interchanging the corresponding rows
of M, B and re , respectively. This rearranged form suggests a partitioning

process of M, B and T as follows:

1\—/[ 1\_/Iixm 32
- 1\_/ijm—n)xm ( ' )
ﬁ E:xl (3 3)
B EFm—n)xl '
T~Ga'
fGT nx(m-n) 34
=l o (3.4)
l_‘(m—n)x(m—n)

where superscripts a and U denote the partitions related to the actuated and
unactuated joints, respectively. Thus, Equation (3.1) can be divided into the

following two equations:
T=M%j+B*-T% A (3.5)

% =M"g+B" (3.6)

13



Note that the drive singularity condition e

=0 is equivalent to

|A| =0. As long as ‘g (q)‘ >¢, A and hence " are not ill-conditioned and

the T matrix is invertible outside the neighborhood of drive singularities.

Hence, A can be found using Equation (3.6) as follows:
N _

x:(rG“ ) (M*g+B") (3.7)
Then, T can be determined substituting Equation (3.7) into Equation (3.5):
T=M'G+B’ (3.8)
where nxm matrix M’ is

— — —eaT (=aT V7 —

M= M -T (T) W (3.9)
and n -dimensional vector B’ is

S/ ma e (wo'\ ' o

B =B*-T° (r v ) B (3.10)

Equation (2.6) can be rearranged as

§=_"(-Iq+h) 3.11)
Putting Equation (3.11) into Equation (3.8) yields

T=Mh+B’ (3.12)
where nxm matrix M is

M =MT"' (3.13)
and n -dimensional vector B is

B =B -MT'Tq (3.14)

In Equation (3.12), all of the elements in the first m—n columns of the

matrix M" are multiplied by the first m—n zero elements in the vector h.

This fact leads to a partitioning of the matrix M~ as follows:

M = [M M } (3.15)

14



Based on this partitioning, the relation between the input T and the output x

can be obtained in the following form:

T=M"%+B (3.16)
An inverse dynamics control law can then be formulated using Equation
(3.16). In the control law, command accelerations u have to be specified. For

example, using PD control, u can be generated as
u=%"+C (X' -%)+C,(x" -x) (3.17)
where superscript d denotes desired values and C, and C, are constant

feedback gain diagonal matrices.

Then, using Equation (3.16) the actuator forces T can be computed as
T=M"u+B (3.18)
Since M" is the nxn inertia matrix of the parallel manipulator expressed in

the task space, the inverse of M" exists because the inertia matrix should be
positive definite for a proper system. Hence, in the absence of modeling error
and disturbances, the application of the actuator forces given by Equation
(3.18) results in actual accelerations which are equal to the command
accelerations, i.€.,

X=u (3.19)
As a result, Equations (3.17) and (3.19) lead to the following error equation:
e+Ce+Ce=0 (3.20)

where e=x" —x.
Based on this error equation, the feedback gain matrices can be selected

appropriately to ensure asymptotic stability.
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3.2 Inverse Dynamics Control inside the Neighborhood of

Drive Singularities

The rank deficiency of " results in drive singularities. Combining
the terms involving A and T in Equation (3.1), Equation (2.8) can be rewritten

as follows:

A'n=Mi+B (3.21)
- =GT = =T In . . .
where A" = [F ZT] and Z' = 0 . Recall that I | is an nxn identity
(m—n)xn
matrix. This rearranged form suggests a partitioning process of A" as follows:

i (3.22)

where A® :[fGaT In] and A" =[l_“GuT O(m_n)xn] Thus, Equation (3.21)
can be divided into the following two equations:

A¥ p=M%+B? (3.23)
A p=M'G+B" (3.24)
One should note that Equations (3.23) and (3.24) are just another way of
writing Equations (3.5) and (3.6) respectively by combining the terms the
terms involving A and T . By looking at A , one can claim that the rows of

T

A® are always linearly independent due to I, . However, at a drive

singularity, I, hence A" due to 0, become rank deficient. Therefore,

Equation (2.9) gives essentially the relation among the linearly dependent rows

of A", hence e , at a drive singularity. Then, at that drive singularity

Equation (2.10) must give the relation between the linearly dependent rows of
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Equation (3.24), hence Equation (3.6). Consequently, the linearly dependent
equations in Equation (3.24), hence in Equation (3.6), can be replaced by the
m—r modified equations given by Equation (2.13). Noticing that Equation
(2.10) does not include any of the actuator forces since Equation (3.6) does not,
one can conclude that the modified equations also do not include any of the
actuator forces. When, the m—r modified equations replace the linearly
dependent equations in Equation (3.6), the resulting system of equations can be

written in matrix notation as follows:

% =Ng+M'G+B" (3.25)
where the corresponding rows of the (m—n)xm matrix N* =N"(q) consist
of the coefficients of §;’s j=1, ---,m in the modified equations while its
remaining r—n rows are composed of zeros, I'® =T (g.q) and
M =M" (4.q) are obtained via replacing the corresponding rows of I and
M" by the rows consisting of the coefficients of A ’s i=1, ...,m-n and § ;s
in the modified equations, respectively and B' =B (q,q) is obtained via

replacing the corresponding elements of B' by the remaining terms in the
modified equations. Note that Equations (3.5) and (3.25) form together
Equation (2.15).
A can be found using Equation (3.25) as follows:

A T -1 A A A
x:(rG“ ) (NG +M'§+B*) (3.26)
Then, T can be determined substituting Equation (3.26) into Equation (3.5):
T=NG+M'G+B (3.27)
where nxm matrices N' and M’ are

N =T (B )71 N (3.28)
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M= M - (F) e (3.29)

and n -dimensional vector B’ is

B/ =B T (I )71 B (3.30)
Equation (2.14) can be rearranged to obtain

I'4=Pg+R+h (3.31)

where the mxm matrix P=P(q,q) and the m-dimensional vector

R= R(q, q) includes the coefficients of (;’s and the nonlinear terms in

Equation (2.14), respectively. Solving Equation (3.31) for q gives

G=T"(P§+R+h) (3.32)

On substituting Equation (3.11), Equation (3.32) becomes

g=r" [PF’I(—I'“q+li)+R+l'i] (3.33)

Putting Equations (3.11) and (3.33) into Equation (3.27) gives

T=Nh+Mh+B’ (3.34)

. ] ANk
where nxm matrices N and M are

N =NT" (3.35)
M’ =( NT'P +M')r-1 (3.36)
and n -dimensional vector B” is

B =B'+NT"'(R-PI''Tq)-MT Tq (3.37)

In Equation (3.34), all of the elements in the first m—n columns of the
matrices N* and M’ are multiplied by the first m—n zero elements in the
vectors h and h, respectively. This fact leads to a partitioning of the matrices

N and M" as follows:

N =[N N (3.38)
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ot

M = [M M } (3.39)

nx(m-n) nxn

Based on this partitioning, the relation between the input T and the output x

can be obtained in the following form:

T=N"%+M"x+B (3.40)
An inverse dynamics control law can then be formulated using Equation (3.40)
provided that the desired trajectory is chosen to be consistent. It is then
assumed that the trajectory tracking errors have become small at the onset of
the neighborhood of drive singularities so that the actual trajectory almost
satisfies the consistency conditions. This is possible if the initial positioning
errors are handled for a sufficient time to settle down to small values by the

inverse dynamics control law covered in Section 3.1.

The rank of N is m—r which is indeed less than n . So, in the control
law, both command accelerations u and command jerks uw have to be
specified. Once u is generated as in Equation (3.17), the actuator forces T can
be computed using Equation (3.40):

T=N"a+M u+B’ (3.41)
To show that the application of the computed forces from Equation (3.41)
linearizes and decouples the system in the absence of modeling error and

disturbances, substitution of Equation (3.41) into Equation (3.40) results in

A

N q+M =0 (3.42)
where n=u—-X. Besides, since Equation (3.19) holds up to the onset of the
neighborhood of drive singularities,

n(zr)=0 (3.43)
where 7 is the right end point of the closed time interval passed until the

manipulator arrives at the onset of the neighborhood. Since the rank of the

. SoxP L . .
matrix N is less than n, namely m—r as mentioned earlier, n—m+r

equations of Equation (3.42) can be converted to algebraic equations through
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elementary row operations. Then, using those algebraic equations, N—m+r of
the 77, ’s can be obtained in terms of the others and those results can be used to

reduce the system of Equation (3.42) by n—m+r unknowns and n—m+r

equations. The reduced system is a linear first order system of m-r

differential equations in the m—r unknowns «(t), ..., &, (t) and is in the
form of
&K+ 8y K+ D =0
(3.44)
a(mfr)lkl +... a(mfr)(mfr)km_r + b(m—r)lKl +.. 'b(m—r)(m—r)Km—r =0
subject to the initial conditions
K (7)=0,x,()=0, ..., &, (7)=0 (3.45)

where x,, K, ..., k,,_, denote the remaining 7;’s in the reduced system and
the coefficients 3, (t), a, (1), s & rymn (1) and

b, (t), b, (t), ey b(mfr)(mfr) (t) can be determined in terms of the elements of

all a‘l(m—r)
N and M" . Now, since the rank of the matrix : : is

Y-y (m-r)(m-r)
m—r, Equation (3.44) can be written in the explicit form:
K, =C,K, +C,K, +. +Cy(nor)Kimr
(3.46)
K, , = Cln-r)i&1 + Cmor2Xa + -+ Cmrymor) Kimr>

subject to the initial conditions (3.45). The Existence and Uniqueness Theorem

for Linear First-Order Systems [24] states that if A(t) is a continuous matrix

valued function of t and v(t) is a continuous vector valued function of t, each
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on the closed time interval Y, and if t; is a given point in Y, then the initial
value problem

&(t)=A(1)&(t)+v(t) (3.47)
&(t,) =& (3.48)
has a unique solution &(t) on Y. This theorem implies that, since the
coefficients ¢, (t),c,(t), -, Cmrym-r) (t) are continuous on a closed time

interval | including the time period passed inside the neighborhood of the
singularity and the point 7 as well, the system of Equation (3.46) subject to
the initial conditions (3.45) has a unique solution on | . Consequently, the

system represented by Equation (3.42) subject to initial conditions (3.43) has a

unique solution on |, and obviously, it is the trivial solution, i.e., n(t) =0.

Therefore, Equations (3.19) and (3.20) are still valid inside the neighborhood

of drive singularities.
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CHAPTER 4

CASE STUDY AND NUMERICAL SIMULATIONS

In this chapter, the 2-RPR (revolute, prismatic, revolute joints) planar
parallel manipulator with two legs is considered to test the performance of the
proposed inverse dynamics controller in the presence of drive singularities.
Singularity robust inverse dynamics of this type of parallel manipulators was
studied by Ider [21].

Section 4.1 reviews inverse dynamics and singular positions of this
parallel manipulator as dealt in [21]. Section 4.2 presents the consistency
condition and modified equation as derived in [21]. Section 4.3 covers the
conventional inverse dynamics controller to be used outside the neighborhood
of drive singularities as depicted in Section 3.1. Section 4.4 derives the inverse
dynamics control law to be switched inside the neighborhood of drive
singularities using the findings of Section 3.2. Section 4.5 introduces the
SIMULINK® model developed to carry out the numerical simulations. Section
4.6 presents the results of the simulations under different scenarios using the
model depicted in Section 4.5. The numerical data and consistent and
inconsistent reference trajectories used in these simulations are taken from the

numerical example in [21].
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4.1 Inverse Dynamics and Singular Positions

The 2-RPR planar parallel manipulator is shown in Figure 1. This

parallel manipulator has 3 degrees of freedom (n = 3).

Figure 1 2-RPR planar parallel manipulator

This system can be converted into an open-tree system by disconnecting the

revolute joint at D (Figure2). The degree of freedom of the open-tree structure
is 5 (m=5). q=[6 ¢ 6, ¢ 6] denotes the joint variables of the

open-tree system, where ¢, = AB and ¢, =CD. Let the joints whose variables
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are ¢, , and C, be the actuated joints. The actuator force vector can be

writtenas T=[T, F F, ]T where T, is the motor torque corresponding to 6,,

and F, and F, are the actuator forces corresponding to ¢, and C, .

Figure 2 The open-tree system obtained by disconnecting the joint at D

Let the link dimensions of the manipulator be labeled as a=AC, b=BD,
c=BP and a=/PBD. x=[X V¥, 93]T denotes the position and

orientation of the moving platform, where X, Y, are the coordinates of the

end point P .
The position level loop closure constraint equations expressing the fact

that D, and D, are always coincident can be written as
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¢ =C,cosb +bcosd, —a—-_,cos6,=0
¢, =C,sinf +bsinf, -, sinb, =0
Equations (4.1) and (4.2) can be expressed at velocity level as
r‘q=0
where
— {—Cl sin@, cos®, (,sind, —cosf, -—Dbsin 6’3}
g ,cosd sin@ —C,cosd, —sinf, bcosb,
The position level task equations are
f,=C, cosf +ccos(6, +a)=X,
f,=C,sing +csin(6,+a)=y,
f,=0,=0,
Equations (4.5)-(4.7) can be expressed at velocity level as
r‘q=x
where
—C,sinf, cosg 0 0 —csin(6,+a)

I’ =|cosd sing 0 0 ccos(6,+a)
0 0 0 0 1

Equations (4.3) and (4.8) can be combined to give
rq=h

where
[~ sin@, cosh (,sinf, —cosh,  —bsiné,
C,cosl,  sinf -C,cosf, -—sinb, bcosé,
I'=|-¢,sinf, cosf, 0 0 —csin(6, +a)
¢ cosf, siné, 0 0 ccos(6, +a)
0 0 0 0 |

(4.1)
(4.2)

(4.3)

(4.4)

(4.5)
(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

4.11)

Differentiating Equation (4.10) with respect to time gives the acceleration level

relations as follows:
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rg=-Iq+h (4.12)

where

I_‘11 1—‘12 1L‘13 I'_‘14 I_‘15

. FZI 1—‘22 1—‘23 1—‘24 FZS

r=r, r, o 0 I, (4.13)

1—‘41 1‘—‘42 0 0 1.—‘45

L0 0 0 0 0

The time derivatives are
I, =—C, sind —¢,6 cosb, (4.14)
I, =-6sin§, (4.15)
I, =E,sin6, +¢,0, cosb, (4.16)
I, =6,siné, (4.17)
I\ = b6, cosb, (4.18)
I, =C, cosf ¢ 6 siné, (4.19)
I, =6 cosb, (4.20)
I, =—(,cos6,+¢,0,sinb, (4.21)
I, =—-6,cosb, (4.22)
I, =—hé, sin 6, (4.23)
I, =—C, sin6, —¢,6 cos b, (4.24)
I, =—6 sin, (4.25)
I,y =—c6,cos(6, +a) (4.26)
I, = cos6 —¢,6 siné, (4.27)
I',, =6 cosé, (4.28)
Iy, =—C6,sin(6, +a) (4.29)
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During the inverse kinematic solution, singularities arise when |F| =0.
Since |F|:(;1C2, the kinematic singular positions are the positions where

€, =0 or £, =0. These positions are not accessible in practice because of the

. " v . i sinoularity i . .
legs’ finite lengths, i.e., an inverse kKinematic singularity is not encountered in
practice.

Once q is chosen for the generalized coordinates, the dynamic behavior

of the open-chain system can be obtained through the Lagrange’s equations.
The Lagrangian of the open-chain system is the difference between its kinetic
energy and potential energy

L=K-U (4.30)
Use of Lagrange’s equations yields the 5 differential equations for the open-

chain system

d( oL oL .
AT 1% _q =15 431
dt(aqij o ° 0

where Q. ’s are the generalized forces.

The kinetic energy of each link is
Kizlmiv5+1|iaoi2 i=1 -5 (4.32)
2 2

where m., i=1, ---,5 are the masses of the links, v., i=1,---,5 are the
velocities of the mass centers of the links, I, i=1, ---, 5 are the centroidal
moments of inertia of the links and @, i =1, ---, 5 are the angular velocities of

the links. The velocities of the mass centers of the links are
_dr

vi=—L i=1 -5 4.33
Ry (4.33)

where r;, i=1, ---, 5 are the position vectors of the mass centers of the links.

The position vectors of the mass centers of the links are given in the

exponential form as:
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= glej&I
r,=(¢,—9,)e"
r, = g3ej€2
r,= (Cz - g4)ej62

r,=Ge" + g/

(4.34)
(4.35)
(4.36)

(4.37)

(4.38)

where ] is the unit imaginary number and the locations of the mass centers

G,, i=1, -, 5 are indicated by ¢, =AG,, g9,=BG,, 9,=CG,, g,=DG,,

g; =BG, and f=2G,BD.
Differentiating, one obtains:
v, = jg,0,e"

v, =Ce" +j6, (5, -g,)e”
v, = jg,0,e"
v,=C(.e"+j6,(¢,-9,)e"

Vs = C1ej91 + jgélejg1 + j6)3gsej(03+ﬂ)

or in terms of their Cartesian X and y components:

{—919—1 sin 91}
v, = .
0,6, cos 6,

v, = _

_Cl c()501_91(C1 gz)Sinel
_ClSin'91+‘91(C1 gz)COSHl

_—9392 sin @,
v, = .
| 9,6, cos b,

_ _éz COS(92 _92 (Cz - g4)Sin02:|
| C,sind, +6, (C,—9,)cosb,

28

(4.39)
(4.40)
(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)



v - _él cos 6, —Clél sin 6, —6:?395 sin (6, + f3)
C,sin @, +£,6, cos 6, + 6,95 cos (6, + )

Then, the kinetic energy of each link will be given by:

K, :%ml [(—9191 Sin‘91)2 +(91191 cos 6, )2}+% I16')12

1 1.
zzmlglzelz +5|1‘912

1 . . R
K, :Emz {|:C.:1 cos 6, — 6, (Cl - 92)51n91]
+[é1 sin ) +91(C1 —gz)c0591]2}+%|2912
1 . 11 .
=5m2 [Cf +(C1 _92)2 912:|+5|26’12

K, =%m3 [(—9392 sin 6, )2 +(g3<9'2 cos 0, )2}+% 1,6;

1 1.
:Em3932922 "’5'3‘922

1 ) ) ' )
K, :Em4 {[Cz cos6, -0, (Cz _94)Sm‘92]
+[(';2 sind, +0, (&, —g4)cos6?2]2}+%l4922
1 ) ) 1 .
=M &+ (6 -0.) 6 [+ 510

1 . ' : . 2
K, :Em5 {I:Cl cos 6 —C,6,sin 6, — 6,9, Sln(03+’6)}

+[E;1 sin 6, +¢,6, cos 6, + 6,4, cos (6, + ﬂ)]z} +% 1.6;

1 . i ) ..
:Ems |:C12 +C126’12 + 952032 +295C16’3 SIH(Hl _03 _ﬂ)

.. 1 .
+26,9:6,6, cos(6,— 6, - ﬁ)]+5 1,62

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

The kinetic energy of the open chain system is the sum of the kinetic energies

of each link:
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1 o1 1 . . 1. .
Kzzmlglzelz+5|1012+5m2|:C12+(C1_92)2912:|+5|2012

QI L i m [ E (- 0,) 6 |42 1.6
2 2 2 2
: (4.54)
+5m5 [QZ + C]2912 + 952‘932 +295C1‘93 Sin(@l _‘93 _ﬂ)
.. 1 .
+2¢,9,6,6; cos (60,6, - ) | +3 1,62
The potential energy of each link is
U=mgh i=1--5 (4.55)
where @ is the gravitational acceleration and h, i=1, ---, 5 are the distances

from the datum to the mass centers of the links. Choosing the joint at A as the

datum, the potential energy of each link will be given by:

U, =m,gg, sin 6, (4.56)
U,=m,g({ —9,)sin6, (4.57)
U, =m,gg, sinb, (4.58)
U,=m,g(¢,—g,)sin6, (4.59)
U, =m,g[ ¢, sin6, + g, sin(6, + )] (4.60)

The potential energy of the open chain system is the sum of the potential

energies of each link:
U =m,gg, sing, +m,g (&, — g, )sin 6, +m,gg,sin 6, +m,g (¢, — g, )sin b,
+m,g[ &, sin 6, + g, sin(6; + B) |
Substituting Equations (4.54) and (4.61) into Equation (4.30), the

4.61)

Lagrangian of the open-chain system is
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1 o1 a1 . .
L:Emlglzelz+E|1912+_m2|:C12+(C1_gz)2‘912j|

1 . 1 .
o mgi0; + Ll m[g2 (= )9;}+E|40§

+%Izél2

1 . . . o

+5m5[(;12 +56" +9:05 +29,C,6,5in (6, -6, - 5) (4.62)
. 1.

+2C,0,6,0; 005(91—93—ﬂ)]+5|5(932

—m,gg, sin6, —m,g (¢, — g, )sin 6, —m,gg, sin &, —m,g (¢, — g, )sin 6,
-m.g [z;l sin@, + g, sin (6, +/3)]

The partial derivatives are

oL 2 2 1 4
8_6’1 |:mgl +| +| +m (Cl_gz) +m5C1]‘91 (4.63)
+m5C1g593COS(91—93—ﬁ)

oL . -

fz(mz+m5)Q1+m59593sm(01—93—,B) (4.64)
1

oL .

a_é’zz[m3gsz +h+1,+m, (Cz _94)2}92 (4.65)

oL .

—=mMm 4.66

2. ,Cs (4.66)

88'9‘ M.¢,06, cos (6, - 6, — B) + Mg, sin (6, - 6; — B)+(myg: +15) 6, (4.67)

aL

7 =m,0,0,] &, cos(6,-6, - B)—¢,6,sin(6,-6,- B) | s

—[mlgl +m, (CJI - 92)+ mSCJ gcosf,

oL ; ) [ 6 )
ag =™ (Gm0)0 b G4 + a0 cos(0 -6, )] (4.69)
_(m2 +m5)g sin 6,
oL
% - _I:m3g3 +m, (Cz - g4):| gcos &, (70
2
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a_
ac,

a
00,

m4|:(C2 _94)922 _gSin02:|

=—Ms9; {93[C1COS(61 _93 _ﬂ)_CIélsin(al_QS _ﬂ)}

+0 cos(é’3 +ﬂ)}

The time derivatives of the first group of terms are

d( oL .
a(a_e'l]:[mlglz + Il + Iz +m2 (Cl _92)2 +m5€12:|'91

+m,G,956, cos(6,— 6, — )

+2|:m2(C1 _92)+m5C1]91C1 +m5958;]6'3 C05(91_‘93_/3’)

_(m5C1959193 - msglgsgf)sm(el -0 _ﬂ)

+(m 0,00, ~m,0.6% )cos (0,0, )
d( oL ] ).¢
dLog ) Flmai st (c -0 Ja vom, (€. -0,) 0%,
d( oL 5
m 5_§2 =m,;,
d_ =/ :msglgsﬁlcos(ﬁl—@—ﬂ)+m595C151n(‘91_03_13)
t\ 24,

+(m5952 + |5)6?3 _(msqlgsaz - m5C195‘9193)Sin(01 _‘93 _IB)

+(2m595é191 o msgséﬁa)cos(ﬂ _93 _ﬂ)

4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)

The corresponding set of Lagrange’s equations of the open-chain

system is then
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podfa) o
' odtl e ) a6,

= |:m1912 ++1,+m, (C1 - gz)2 + m5€12:|é1 + m5C1gsé3 c05(6’1 —0, _ﬁ) (4.78)

+2|:m2 (Cl - gz)+ m5C1:| 91&1 + msglgsész Sin(t91 _63 _/B)

+|:mlgl +m, (Cl —92)+m5cl]gcosal

_dfa) o
Sdtl g, ) e

M

:(mz +m5)é1+msgsé3 Sin(el -0, _ﬁ)_[mz (Cl —g2)+m5C1:|1912

—m,g6; cos(6, -6, — B)+(m, +m;)gsin6,

o_dfoL) oL
dt\ a6, ) 06,

:[m3g32 + |3+ |4+m4(C2_g4)2]é2 +2m4(€2 _94)6?2&2

+[m393 +m, (Cz - 94)] gcoso,

d( oL oL
~=wla )
C,) oG,

:m4é2_m4[(gz_g4)9;_95in92]

o-dfoL) oL
dt 06, | 06,

= m5C1gs‘.9.1COS(91 _93 _ﬂ)+msg5é1 Sin(el _93 _ﬂ)+(msg52 + |5)(93
+m, g, [—QIQZ sin(6,— 6, — B)+28,0,cos(6,— 6, - B)+ g cos (6, +ﬂ)]

Equations (4.78)-(4.82) can be expressed in matrix form as follows:

M{+B=Z'T

where M, B and Z' are
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(4.80)

(4.81)

(4.82)
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‘M, 0 0 0 M|
0 M, 0 0 M,
M= 0 0 M, 0 0
0 0 0 M, O
_M51 M52 0 0 Mss_
8]
BZ
B=|B,
B4
_BS_
1 0 0]
01 0
Z'=(0 0 0
0 0 1
0 0 0

and the elements of M and B are given below:

M, =mg}+1 +1, +m2(§1—gz)2 +m¢;
M5 =m.( g cos(6, -6, — )

M,, =m, +m;

M,; = m,gssin(6,—6, - B)

M, =mg;+1,+ I4+m4(qz—g4)2

M m

4 =

M, =m. g5 cos(6,—6, - f5)

M;, =m,g;sin(6, -6, - )

4

_ 2
M5 =msgs + 1

Bl :2|:m2 (Cl _92)+m5C1:|91C1 +m5§195932 sin(@l _‘93 _:B)

+[mg, +m, (¢, —9,)+mg, |gcosd
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(4.84)

(4.85)

(4.86)

(4.87)
(4.88)
(4.89)
(4.90)
(4.91)
(4.92)
(4.93)
(4.94)

(4.95)

(4.96)



B2 :_[mz (Cl _gz)+m5C1]912 _m595932 008(91—493 —ﬂ)

(4.97)

+(m, +m;) gsin6,
B, =2m, (&, - 9,)6.5, +[ g, +m, (&, - 9,) g cosb, (4.98)
B, =-m,[(¢,~9,)6; —gsind, | (4.99)
Bs =m;Q;s I:_Clélz sin(é’l _‘93 _IB)+2¢10.1 COS(Hl _‘93 _ﬂ) (4'100)

+gcos(6?3+,6’)]
Then, imposing the constraint equations on Equation (4.83), the

dynamic behavior of the parallel manipulator can be expressed by the

following matrix equation:
M{+B=Z"T+T% 2 (4.101)
where A =2, A,].

Combining the terms involving A and T, Equation (4.101) can be

written again as

A'pn=M{+B (4.102)
where
T _ T T
w=[a" T (4.103)
and
—{,sing,  Ccosf, 1 0 O]
cos 6, sin 6, 010
AT =| {,sind, —C,cos6, 0 0 0 (4.104)
—cos 0, -smn@, 0 0 1
| —bsind;  bcosd;, 0 0 O]

Since |A|=b¢,sin(6,—6,), drive singularities arise when §, =0 or
6,-06,=*nr, (n:O, 1, 2, ) Noting that £, cannot become zero in

practice, the drive singular positions are those positions where the points B,

D and C happen to be collinear.
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4.2 Consistency Conditions and Modified Equations

At a singular position, the third and fifth rows of AT become linearly

independent as
T-+G£ ;=0 j=1,..,5 (4.105)
] b J

where 6=1 if 6,=0, and c=-1 if 6,-6, = 7. The same relation must be

present among the third and fifth rows of Equation (4.102).

(A31—|-c5Cz Al j?» +(A32+0 ASZJK =M,,6,

(4.1006)
193 M,,6 +M M..6, )+ B, CZ
+o b ( 51 + SZCI + 55 )+ +0——= b
On substituting Equation (4.105), Equation (4.106) becomes
M..6, +0%(M519 + M8, + M6, )+B, +0Cb2|3 =0 (4.107)

Equation (4.107) is the consistency condition that ¢ should satisfy at the
singular position.

Differentiating Equation (4.106) with respect to time, one obtains
(Aﬂ +o 22 A ]& +(A32 +toS= Aszjfl +(A51 +o 22 A ro2 As ]ﬂq

{AzzméAﬂmiAﬁ]z M..6, rol2 2 (M6, + My, &, + M6,
b (4.108)

+M330 +O_ét; (M51‘9 +|\/|52§’1+|\/|556’) él; (M519'1+M524.;1+M55673)

42

+B, +0'§2 B,+o2%
b b

In view of the fact that the coefficients of 4, and A, vanish thanks to Equation

(4.105) at the singular position, there is a neighborhood in which the terms
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containing /11 and /iz are negligible. Therefore in that neighborhood they can

be dropped to yield

HA+H,A =Y (4.109)
where

H, A31+a A51+0' A51 (4.110)
H2=A§2+J%A§2+G%A; 4.111)

¥ =M,b +ai (Ms6 +Mo,d + M6
+M .6, +ai (My,6,+My,d + M6 (4.112)
+0'%(M516’ +My,d + M6 )+ B, +a% B, +ai2

The time derivatives that appear in Equation (4.109) are

Al =, sin6, +¢,6, cos, (4.113)
Al =-,cos 8, +¢,0,sinb, (4.114)
Al = b, cos 6, (4.115)
A, = -bé, sin 6, (4.116)
M, =2m,¢, (¢, - 9,) 4.117)
My, =m,&,g, cos (6, -6, — B)—m.(,0, (6, -6, )sin(6, -6, B) (4.118)
My, =m.g, (6,6, )cos(6, -6, - B) (4.119)
|v'|55 =0 (4.120)

=2m (Cz g4)Czl§2 +2m, (Cz - 94)922;2 +2m492C§

- (4.121)
+m4g(;2 cos 6, —[ m,g,+m, (¢, -d,)] g6, sin 6,
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B, =m,g, {[ 26,6, sin(6,— 0, - B)+ 2, cos (6, -6, - ) ]
+26,8,cos(6, -0, - B)—C,0 sin(6,— 6, - B)
4,67 (6,—6,)cos(6,-6,- B)
~2£,6,(6,-6,)sin(6,- 6, - #)- g6, sin (0, +ﬂ)}

(4.122)

Equation (4.109) is the modified equation that can be used to replace the third
or fifth equation of Equation (4.102).
Note that § which appears in the modified equation and the prescribed

end-effector jerks X are related via the derivative of Equation (4.12),

I'g=-2r4-T'q+h (4.123)
where
1—.‘11 1:‘12 1:‘13 1:‘14 1—‘15
. 1—‘21 Fzz r23 1—‘24 1—‘25
r=r, I, 0o 0 T, (4.124)
1:‘41 1_.‘42 0 0 1_.‘45
|0 0 0 0 0

with

'), =—¢,6,cos —C,sinb, — 26, cos b, +¢,6; sin 6, (4.125)
', =—6,sin§ -6 cos b, (4.126)
', =6,0,cos0, +C,sinf, +2£,6, cos 8, —£,07 sin 6, (4.127)
'), =6,sinf, +67 cos b, (4.128)
[',s = —bd, cos 6, + b6, sin b, (4.129)
I, =—¢,6sin +C cosd —26,C, sinb, —¢,67 cos b (4.130)
I, =6 cos6, —6sin, (4.131)
[, =¢,0,sin0,~C,cosb, +26,C,sin b, +¢,67 cos b, (4.132)
I, =-6,cos0, +6;sinb, (4.133)
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I, = —bé, sin 6, —b; cos b, (4.134)

', =—¢,6,cos6 —C, sin@ —26,C, cos6, + ¢ 07 sin b, (4.135)
I',, =—6,sin6, -6 cos b, (4.136)
', =—cb, cos(6, + &) +c6; sin (6, + ) (4.137)
I',, =—¢,0,sinf + cosd —26,C,sin 6, —,67 cos b, (4.138)
I, =6 cos6, —6siné, (4.139)
I, =—cO,sin(6, +a)—co; cos(6, + ) (4.140)

When the modified equation replaces the third equation in Equation

(4.102), Equation (4.102) takes the following form by which one can find p
(and hence T) in the neighborhood of the drive singularities,

D'u=S (4.141)
where

A i=1,2,4,5 j=1,..,5

T ) P
Dij = Hj i=3; j=12 (4.142)
0 i=3; j=3,4,5
and
M.Gg.+B 1=1,2,4,5
S, = 17 ) (4.143)
v 1=3

Equation (4.141) is utilized in the neighborhood of the drive singularities, i.e.,
|6’3 -0, in7z| <g (n =0,1, 2, ) and Equation (4.102) is used elsewhere,
where € is a positive number which defines the size of the neighborhood. ¢
should be selected small enough to have the error in the modified equation in

Equation (4.141) insignificant and also large enough to prevent the A matrix

in Equation (4.102) from becoming ill-conditioned.
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4.3 Inverse Dynamics Control outside the Neighborhood of

Drive Singularities

The first, second and fourth elements of the generalized force vector

Z'T in Equation (4.101) are the elements of the vector T and its third and
fifth elements are zero. Accordingly, the third and fourth rows of Equation

(4.101) can be interchanged to have those two zero elements at the bottom:
— . = |T| =
Mq+B= 0 +I'” A (4.144)

where M, B and T are obtained by interchanging the third and fourth rows

of M, B and T'®', respectively as follows:

‘M, 0 0 0 M|
0 M, O 0 M,
M= 0 0 0 M, 0 (4.145)
0 0 M, O 0
_M51 Msz 0 0 Mss_
B ]
B2
B=|B, (4.146)
B3
| Bs
[—¢,sinf, & cos |
cos 6, sin 6,
% =| —cosf, —sinb, (4.147)

g,sin@, —C,cosé,
| -bsin®,  bcosl, |
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This rearranged form suggests a partitioning process of M, B and ¢ as

follows:

_ M

M:[_st} (4.148)
M2><5

_ | B?

B= {_3“} (4.149)
B2><1

Lo [T

re ={_3GZT] (4.150)
l—‘2><2

where
M, 0 0 0 M;,]

M= 0 M, 0 0 M, (4.151)
| 0 0o 0 M, 0|

_. o o M; 0 0]

M = (4.152)
MSI M52 O O MSS
8]

B® =| B, (4.153)
B, ]

nu _B3_

B = (4.154)
B
[—¢,sin6, ¢, cosf,

e =| cosé, sin 6, (4.155)

| —cos®, —sinb,

Tor _ [ ¢,sinf, —C,cosé), (4.156)
- | —bsind,  bcosd, '

Thus, Equation (4.144) can be divided into the following two equations:
T=M%j+B*-T% A (4.157)

' %n=M'j+B" (4.158)
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As [T |= —bC, sin (6, —6,), the drive singularity condition e (=0

is equivalent to |A| =0. As long as |93 -0, + n;z| >g (n=0,1,2,...), A and

hence T are not ill-conditioned and the T® matrix is invertible outside the
neighborhood of drive singularities. Hence, A can be found using Equation
(4.158) as follows:
— T -1 —_ —_

x:(rGu ) (M§+B") (4.159)
Then, T can be determined substituting Equation (4.159) into Equation
(4.157):
T=M'G+B’ (4.160)
where 3x5 matrix M’ is
— — —eaT (=aT V7 —
M’ =M?® T (FG“ ) M (4.161)
and 3-dimensional vector B’ is
— — —nT (=~ T\ —
B =B°-T* (FG“ ) B (4.162)

Equation (4.12) can be rearranged as
§=r"(-Irq+h) (4.163)
Putting Equation (4.163) into Equation (4.160) yields
T=Mh+B’ (4.164)
where 3x5 matrix M’ is
M =MT"' (4.165)
and 3-dimensional vector B is
B =B -MT 'T'q (4.166)

In Equation (4.164), all of the elements in the first two columns of the

matrix M" are multiplied by the first two zero elements in the vector h. This

fact leads to a partitioning of the matrix M~ as follows:
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(4.167)
(4.168)
M
M, (4.169)
M*

5

Then, the relation between the input T and the output x can be obtained in the

following form:

T=M"%+B’

(4.170)

An inverse dynamics control law can then be formulated using Equation

(4.170). Once u is generated by the command acceleration generator, the

actuator forces T can be computed as

Tzl\_/I*Pu+]_3*

4.171)

4.4 Inverse Dynamics Control inside the Neighborhood of

Drive Singularities

The rank deficiency of ' results in drive singularities. When the

modified equation replaces the linearly dependent dynamic equation in

Equation (4.158) and the terms involving §;’s and ¢;’s are factored, the

resulting system of equations can be written in matrix notation as follows:
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I =N'g+M'G+B

(4.172)

N'=N'(q), M =M"(q,q), B" =B"(q,q) and T =T (q.q) will have

the following expressions:

4 4
N O_FzMsl O_FzMsz

B“H

B,
B
{ bsm49 bcos@}

; 4 4
M,, —O'FZMSI-FO'FzMSI

% m,gs[ ~26,6,sin (6, - 6, - B)+ 28, cos (6, - 6, - B) |

where

M., —J%MS2 +0%M52 +20%m59591 cos(6,—6,-B)

A

M _M33+2m (Cz_gz;)éz
M, =2m, (¢, -9,)6,

; 4 4
1Y/ —O'FzM55+GF2M55
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(4.173)

(4.174)

(4.175)

(4.176)

(4.177)

(4.178)

(4.179)

(4.180)

(4.181)



B, =2m,4,&; +m,g&, cos b, _[m3gs +m, (&, -9, )] g6, sin 6,
+0%{m595[—C1‘91251n(91—93—ﬂ)—Cléﬁz(Q—93)005(91—93—ﬂ)
o . (4.182)
~26,6,(6,-6,)sin (6,6, - )~ 96, sin (6, + B) |}

+0 == B,

b
Note that Equations (4.157) and (4.172) form together Equation (4.141).
A can be found using Equation (4.172) as follows:

n=(F )_] (R + MG+ B (4.183)

Then, T can be determined substituting Equation (4.183) into Equation
(4.157):

T=NG+M'q+B’ (4.184)

where 3x5 matrices N’ and M’ are

Q —ca’ (o’ | R

N’ = -Te (r . ) N (4.185)

~ — —caT (2eT VoA

M’ = M?® - % (rG“ ) M (4.186)

and 3-dimensional vector B’ is

A — — T (A~ T\ LA

B =B*-T° (FG“ ) B (4.187)
The terms in Equation (4.123) involving §;’s can be factored to yield

I'4=Pg+R+h (4.188)

where 5x5 matrix P=P(q,q) and 5-dimensional vector R =R(q,q) are

R, P, Py Ry B
I:)21 P22 P23 I:)24 P25
P=IF PR, 0 0 Py (4.189)
I:)41 P42 0 0 P45
0 0 0 0 0]
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and

Rl
R2
R=|R,
R4
L 0 _
with

R, = 3(@1 sin 6, +¢,0), cos@l)
P, =36, siné,

R; = —3(@2 sin @, +£,0, cos 92)
P, =-36,sin6,

P = 3bé, cos b,

P, = 3(@191 sin 6, — &, cos 6’1)
P, =—36,cos6,

P = 3(@2 cos 8, —(,6, sin 6?2)
P, =36, cosé,

P,. = 3bé, sin 6,

P, = 3(@1 sin @, + ¢, 6, cos 491)
P, =36,sin 6,

P =3c0, cos (6, + )

P, = 3(@191 sin 6, — &, cos 6’1)
P,, =—36, cos 6,

P, =3c6, sin(0, +a)

R, =367¢, cos 6, — 6 sin 6, —3E,65 cos 6, +C,0; sin 6, —bé; sin 4,
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(4.190)

(4.191)
(4.192)
(4.193)
(4.194)
(4.195)
(4.196)
(4.197)
(4.198)
(4.199)
(4.200)
(4.201)
(4.202)
(4.203)
(4.204)
(4.205)
(4.206)

(4.207)



R, =367C, sin6, +,6° cos 6, —30¢, sin 6, — 0 cos b, +b6; cos b,
R, =367¢, cos 6, —,0] sin 6, —c6; sin (6, +ct )

R, =367, sin 6, +¢,6; cos 6, +¢é; cos(6, +a)

Solving Equation (4.188) for q gives

G=T"(P§+R+h)

On substituting Equation (4.163), Equation (4.211) becomes
§=0"[Pr'(-Ng+h)+R+h|

Putting Equations (4.163) and (4.212) into Equation (4.184) gives
T=Nh+Mh+B’

where 3x5 matrices N and M" are

N =NT"'
M = (NT*P + M) r
and 3-dimensional vector B” is

B =B'+NT'(R-PI"'Tq)-MT'Iq

(4.208)
(4.209)

(4.210)

4.211)

(4.212)

(4.213)

(4.214)
(4.215)

(4.216)

In Equation (4.213), all of the elements in the first two columns of the

matrices N and M~ are multiplied by the first two zero elements in the

vectors h and h, respectively. This fact leads to a partitioning of the matrices

N* and M~ as follows:
N* = |:N;><2 N;x3:|

M* = |:M;><2 M;x3:|

where
N11 le
A 4G A A
N = N21 sz
Ak ANk
N31 N32
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(4.217)

(4.218)

(4.219)



N, NG NG

N =|N;, N, N (4.220)
N, NI, N
My M

M* =M, M, (4.221)
M M

<
> ¥
<
=
<
o ¥

(4.222)

<
Il
I\JZ)
NZ)
< NZ)

©
[V

Then, the relation between the input T and the output x can be obtained in the
following form:

T=N"%+M" x+B (4.223)
An inverse dynamics control law can then be formulated using Equation
(4.223). The rank of N is 1. So, in the control law, both command
accelerations u and command jerks u have to be specified. Using u generated
by the command acceleration generator as done outside the neighborhood of
drive singularities and the time derivative of it, i.e., command jerks u, the

actuator forces T can be computed using Equation (4.223):

T=N"u+M u+B (4.224)

4.5 SIMULINK® Model

The SIMULINK® model developed to perform the simulation of the

proposed control system is shown in Figure 3. The clock generates the
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simulation time and at each simulation step the Embedded MATLAB®
Function called Desired Motion outputs the prescribed pose, velocity and
acceleration of the end-effector. The desired and actual end-effector states are
passed to the Embedded MATLAB® Function called Errors in the End-Effector
States to yield the errors in the end-effector states. Taking the desired
accelerations and the errors in the end-effector states as inputs, the Embedded
MATLAB®™ Function called Command Accelerations generates the command
accelerations according to a chosen control strategy.

The Embedded MATLAB® Functions called Control Torque and
Forces outside the Neighborhood of the Drive Singularity and Control Torque
and Forces inside the Neighborhood of the Drive Singularity use Equations

(4.171) and (4.224), respectively to evaluate the required motor torque T, and
the actuator forces F and F,. The switch allows the 1% input to pass through

when the 2™ input is greater than or equal to the specified threshold, namely .
If not the 3" input is allowed to pass through. Note that the inputs are
numbered from top to bottom, i.e., the 1* and 3™ inputs are the outputs of the
Embedded MATLAB®™ Functions called Control Torque and Forces outside the
Neighborhood of the Drive Singularity and Control Torque and Forces inside
the Neighborhood of the Drive Singularity, respectively whereas the ond input
is the output of the Embedded MATLAB® Function called Switching Criterion

which evaluates g(q).

Application of the control torque and forces to the parallel manipulator
is executed in the subsystem called 2-RPR Planar Parallel Manipulator which
is shown in Figure 4. The Embedded MATLAB®™ Function called Direct
Dynamics solves Equation (4.101) and the loop closure constraint equations at
acceleration level for actual joint accelerations and Lagrange multipliers but
outputs only the actual joint accelerations to be integrated twice for obtaining

the actual joint velocities and displacements.
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Once the actual joint velocities and displacements are found, the actual
end-effector states are determined using task equations at position and velocity
levels by the Embedded MATLAB® Function called Direct Kinematics to be
fed back for calculating the errors in the end-effector states at the next time
step.

Scopes are used to display the computed motor torque and actuator
forces and the errors in the end-effector states. For brevity, those scopes are

banded together in the subsystem called Scopes which is shown in Figure 5.

qd fcn  qdd

wlk

A4
A\ 4

d

ad

Direct Dynamics

‘ X_><Z

fcn

Direct Kinematics

i

Figure 4 The subsystem called 2-RPR Planar Parallel Manipulator
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p[ | ]
error in xP T1

el H>—Pp > ] [ >—p ]
error in yP F1
radtodeg  error in theta3 F2

Figure 5 The subsystem called Scopes

4.6 Numerical Example

The data used are as follows: The link lengths are a=1m, b=0.4 m,

c=02m, a=0. The masses and the centroidal moments of inertia are
m=2kg, m,=15kg, m;=2kg, m,=1.5kg, m,=1kg, I, =0.05kg.m?,
I, =0.03 kg.m’, I,=0.05kg.m’, 1,=0.03kg.m’ and I, =0.02 kg.m’. The
mass center locations are @,=0.15m, ¢,=0.15m, ¢,=0.15m,
9,=0.15m, g;,=0.15m and f=0.

Consider a deployment motion where the platform is desired to move

with a constant orientation given as 6, =320" and with point P having a

trajectory S(t) along a straight line whose angle with X-axis is given as
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y =200", starting from the initial position X, =0.800m, y, =0.916 m
(Figure 6). Here, to recall later, one can easily conclude that
$(0)=0 (4.225)

The distance between the initial and final positions is determined to be

L =1.5 m and this distance is desired to be takenin T =1 s, i.e.,
S(T) =L (4.226)
Hence the desired Cartesian motion of the platform can be written as
Xp, +5(t)cosy
x=| Yp +5(t)siny (4.227)
320°
In addition, it is desired that the system has zero initial and final velocities, i.e.,

§(0)=0 (4.228)

§(T)=0 (4.229)

Figure 6 Desired motion of the parallel manipulator
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When point P comes to s=L,=0.6618 m, a drive singularity is
encountered since 6, becomes equal to &, —7 and the other joint variables at
that instance can be found as 6 =1.5404rad, ¢, =0.8186 m and
¢, =0.8729 m. This singular configuration is shown in Figure 7. By the way,
it is convenient to note down the following equation to revisit later:

S.(Td ) =L, (4.230)
where T, denotes the time when the singularity happens. The consistency

condition is given by (4.107) with o =-1. The desired trajectory should be

planned via an appropriate choice of s (t) to satisfy the consistency condition.

Figure 7 Singular configuration of the parallel manipulator
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An arbitrary inconsistent trajectory cannot be realized by the actuators

of the manipulator. This fact is illustrated by considering an arbitrary third

order polynomial for S(t) having zero initial and final velocities, i.e.,

3L 2L .
s(t) :T_2t2 —Fﬁ (Figure 8).

In such a case, the conventional inverse dynamics control law is
applicable only. A PD controller is decided to be used. Therefore, the
command accelerations are generated as in Equation (3.17). The constant

feedback gain diagonal matrices are chosen to be in binomial form, i.e.,

C,=20,0, and C,=w]l, where @, is a positive constant and selected as
@, =30 rad/s.

Besides, it is assumed that initially the parallel manipulator is at rest

with 6, =1.0439rad, ¢, =1.1960m, 6&,=1.7023rad, ¢,=0.7729 m and

0, =5.5501rad. The corresponding end-effector pose is X, =0.795m,

Yp, =0.900 m and 6, =318". Hence the parallel manipulator is assumed to be
initially mispositioned.

The closed loop system is simulated using the fourth-order Runge-Kutta
solver with a fixed step size of 0.001 s and assuming no modeling error. The
motor torque and actuator forces are shown in Figures 9 and 10. (In the figures
the torque and forces are out of range around the singular position.) The
singular position is reached when t=0.461s. The motor torque and actuator
forces grow without bounds as the singularity is approached and take infinitely
large values at the singular position.

However, in a real application the output powers of the actuators are
limited. Hence, the maximum torque and forces exerted by the actuators are
limited and, as a result, the actuators unavoidably saturate as the singularity is

approached. To take actuator bounds into account, the closed loop system is
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simulated again by setting the actuator limits as £250 N-m for the motor

torque T, and +£300 N for the actuator forces F, and F,. For this case the

errors in the end-effector states, the motor torque and actuator forces are shown
in Figures 11 through 14. It can be seen that tracking would be very poor and
unacceptable and the manipulator could not perform the desired task in an
application where an arbitrary inconsistent trajectory is chosen for the

prescribed motion which passes through the drive singular position.
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Figure 8 A time function that does not satisfy the consistency condition
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Figure 12 Error in 6, for the inconsistent trajectory considering actuator limits
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As it 1s obvious from the above results, for the time function S(t) a

polynomial is required to be chosen which satisfies the consistency condition at
the drive singularity in addition to having zero initial and final velocities. For

this purpose, one can specify the time T, and the velocity of the end point at
the singular configuration, v, (T). Let T, and Vv, (T,) be chosen as 0.62 s
and 1.7 m/s, respectively. Incidentally, one can establish that

$(Ty)=ve (Ty) (4.231)

Using Equation (4.231), x and X at T, can be written as

A (T, )cosy

X(Ty) =] v (T )siny (4.232)
i 0
a, (T, )cosy

X(Ty)=| a, (T, )siny (4.233)
i 0

where

5(Ty)=a,(T,) (4.234)

Substituting the numerical values of q(Td) found above into Equation (4.10)

where x(T,) is given by (4.232) yields q at T, as follows: 6, =1.9290 rad’s,

£, =-0.6298 m/s, 6,=1.6866rad/s, £,=0.8500m/s and 6, =0rad/s.
Having the numerical values of q(T,) and ¢(T,) now, Equation (4.12) where
3&(Td ) is given by (4.233) and the consistency condition constitute together the
six equations required to solve for the six unknowns ¢ at T, and a,(T,) as

follows: 6, =14.9871rad/s>, ¢ =-0.8778 m/s>, 6, =7.2240 rad/s®,

£,=7.7792 m/s>, 6, =0rad/s’ and &, (T,)=10.5922 m/s*. Consequently, the

sixth order polynomial satisfying all of the Equations (4.225), (4.226), (4.228),
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(4.229), (4.230), (4.231) and (4.234) together is shown in Figure 15 and given

below:

s(t)= 20.7303t* —87.8009t” +146.5637t* —103.6459t> + 25.6528t° (4.235)
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1.4} .

121 B

0.8F B

s (m)
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0.4+ B

0.2F B

0 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

time (s)

Figure 15 A time function that satisfies the consistency condition

Once the trajectory is chosen to be consistent, to test the proposed
switching inverse dynamics controller, the model is run twelve times under
different scenarios. These scenarios are presented in Table 1. The solver type
and the step size used in these twelve simulations are the same with the ones

used in the previous two simulations carried out for the inconsistent trajectory.
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In addition, it is assumed in these simulations that the manipulator is at the
same initial configuration so that the initial position error is the same with
those previous two simulations.

In the first four scenarios, the closed loop control system is simulated
using a PD controller in the absence of modeling error. The constant feedback
gain diagonal matrices are chosen to be in binomial form as in the previous two
simulations carried out for the inconsistent trajectory, and so that a critically
damped response is achieved.

In the second four scenarios, the closed loop control system is
simulated using 5 % smaller values for the mass and inertia values in the model

to see the effects of modeling error. But the controller type in use is still PD.

Table 1 The scenarios simulated

Scenarios | Modeling Error | Controller Type | @, (rad/s) | & (deg)
1 No PD 30 0.5
2 No PD 50 0.5
3 No PD 30 1
4 No PD 50 1
5 Yes PD 30 0.5
6 Yes PD 50 0.5
7 Yes PD 30 1
8 Yes PD 50 1
9 Yes PID 30 0.5
10 Yes PID 50 0.5
11 Yes PID 30 1
12 Yes PID 50 1
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In the last four scenarios, an integral control action is added to the
closed loop control system to see the effects of the PID controller on the closed
loop response considering the same modeling error as in the second four
scenarios. When a PID controller is used, command accelerations are generated

as
u=x"+C (X -x)+C, (x* -x)+ C, [ (x" —x)dt (4.236)
where the constant feedback gain diagonal matrices are again chosen to be in
binomial form, i.e., C, =3w,1,, C, =3w.1, and C, = &1,.

Furthermore, in each quartet @, and ¢ are altered to understand the
effects of the selected positive constant @, and the specified size of the
neighborhood of the drive singularity on the closed loop response, respectively.

For each scenario four different graphs are plotted to present the

simulation results: errors in X, and Y., error in €,, motor torque T, and
actuator forces F and F, (Figures 16-63). The key points in the results,

namely, steady-state errors before the neighborhood of the singularity,
maximum errors in the neighborhood of the singularity, maximum errors after
the neighborhood of the singularity, steady-state errors after the neighborhood
of the singularity, maximum control torque and forces, jumps in the control
torque and forces at the onset of the neighborhood of the singularity, jumps in
the control torque and forces at the exit of the neighborhood of the singularity,
and control torque and forces at the singularity are also tabulated in Tables 2-9

for ease of interpretation. The results are as follows:
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Table 2 Steady-state errors before the neighborhood of the singularity

Scenarios | error in X, (mm) | error in Y, (mm) | error in &, (deg)
1 0,0000 0,0000 0,0000
2 0,0000 0,0000 0,0000
3 0,0000 0,0000 0,0000
4 0,0000 0,0000 0,0000
5 -0,4538 0,4414 0,0157
6 -0,1862 0,1519 0,0055
7 -0,4432 0,4445 0,0158
8 -0,1836 0,1525 0,0056
9 -0,0928 -0,0301 -0,0004
10 -0,0139 -0,0039 -0,0002
11 -0,0965 -0,0317 -0,0003
12 -0,0149 -0,0043 -0,0002

Table 3 Maximum errors in the neighborhood of the singularity

Scenarios | error in X, (mm) | error in Yy, (mm) | error in &, (deg)
1 -0,0001 -0,0001 0,0000
2 -0,0001 -0,0001 0,0000
3 -0,0016 -0,0019 -0,0008
4 -0,0050 -0,0059 -0,0026
5 -0,4734 0,4408 0,0157
6 -0,1912 0,1518 0,0055
7 -0,4853 0,4438 0,0158
8 -0,1985 0,1524 0,0055
9 -0,0921 -0,0298 -0,0006
10 -0,0137 -0,0038 -0,0003
11 -0,0958 -0,0314 -0,0027
12 -0,0859 -0,0931 -0,0392
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Table 4 Maximum errors after the neighborhood of the singularity

Scenarios | error in X, (mm) | error in Y, (mm) | error in &, (deg)
1 -0,0002 -0,0002 -0,0001
2 -0,0002 -0,0002 -0,0001
3 -0,0026 -0,0031 -0,0013
4 -0,0062 -0,0075 -0,0032
5 1,1108 1,0543 0,0152
6 0,4820 0,4086 0,0051
7 1,1108 1,0543 0,0131
8 0,4820 0,4086 0,0024
9 0,2755 0,0972 -0,0033
10 0,0626 0,0223 -0,0008
11 0,2755 0,0972 -0,0035
12 -0,0947 -0,1053 -0,0446

Table 5 Steady-state errors after the neighborhood of the singularity

Scenarios | error in X, (mm) | error in Yy, (mm) | error in &, (deg)
1 0,0000 0,0000 0,0000
2 0,0000 0,0000 0,0000
3 0,0000 0,0000 0,0000
4 0,0000 0,0000 0,0000
5 1,1108 1,0543 -0,0039
6 0,4820 0,4086 -0,0015
7 1,1108 1,0543 -0,0039
8 0,4820 0,4086 -0,0015
9 0,2755 0,0972 -0,0004
10 0,0626 0,0223 -0,0001
11 0,2755 0,0972 -0,0004
12 0,0626 0,0223 -0,0001
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Table 6 Maximum control torque and forces

Scenarios | T, N.m) | K (N) | F, (N)
1 118,33 76,56 | -131,04
2 -417,39 76,56 | 268,40
3 118,33 76,56 | -131,04
4 -417,39 76,56 | 268,40
5 123,56 80,46 | -137,75
6 -417,39 80,54 | 268,40
7 123,56 80,46 | -137,75
8 -417,39 80,54 | 268,40
9 -465,61 80,58 | 295,89
10 -1622.80 | 244,97 | 955,59
11 -465,61 80,58 | 295,89
12 -1622,80 | -312,50 | 955,59

Table 7 Jumps in the control torque and forces at the onset of the

neighborhood of the singularity

Scenarios | T, (N.m) | F, (N) | F, (N)
1 -1,03 -0,83 1,50
2 -1,08 -0,88 1,58
3 -3,76 -3,34 5,66
4 -6,99 -6,31 10,56
5 -4,67 -4,23 7,09
6 -2,59 -2,28 3,89
7 -7,06 -6,36 10,67
8 -8,73 -7,90 13,22
9 -1,67 -1,43 2,48
10 -1,37 -1,15 2,03
11 -6,88 -6,20 10,40
12 -20,64 | -18,86 | 31,34
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Table 8 Jumps in the control torque and forces at the exit of the neighborhood
of the singularity

Scenarios | T, (N.m) | K (N) | F, (N)
1 -0,59 -0,41 0,81
2 -0,71 -0,53 1,00
3 -1,95 -1,79 2,98
4 -6,41 -6,32 10,10
5 -5,27 -5,03 8,18
6 -2,61 -2,41 4,00
7 -5,61 -5.47 8,79
8 -8,15 -8,09 12,88
9 -1,37 -1,17 2,03
10 -1,53 -1,33 2,29
11 -5,45 -5,34 8,56
12 -192,27 | -195,14 | 306,88

Table 9 Control torque and forces at the singularity

Scenarios | T, (N.m) | F, (N) | F, (N)
1 28,12 26,17 1,91
2 28,07 26,12 1,99
3 27,96 26,02 2,15
4 26,59 24,70 4,29
5 28,35 26,25 4,05
6 28,65 26,60 3,52
7 28,03 25,95 4,54
8 27,01 25,02 6,08
9 29,25 27,19 2,58
10 29,08 27,05 2,82
11 27,92 2591 4,65
12 -67,06 | -65,52 | 152,39
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CHAPTER 5

CONCLUSIONS

Ider [21, 22] formerly showed that if the trajectory is planned as it
makes the dynamic equations consistent at drive singularities, the parallel
manipulator can pass through those singular positions while the actuator forces
remain stable. Moreover, he modified the dynamic equations by using higher
order derivative information to be utilized in the neighborhood of the
singularities so that the control forces that cannot influence the end-effector
accelerations affect the end-effector jerks instantaneously in singular
directions.

In this thesis, a switching inverse dynamics control law is proposed for
trajectory tracking control of parallel manipulators in the presence of drive
singularities. For this purpose, a conventional inverse dynamics controller is
used outside the neighborhood of drive singularities and this control law is
modified to be switched inside the neighborhood to prevent actuator forces
from becoming unboundedly large using the results of [21, 22]. A 2-RPR

parallel manipulator with two legs is considered as a case study and several
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numerical simulations are carried out using the developed SIMULINK® model.
In all of the simulations performed, the manipulator is initially assumed to be
mispositioned.

As it is shown in the first two simulations carried out with an arbitrary
inconsistent trajectory using the conventional inverse dynamics controller and
assuming no modeling error, the prescribed motion of the parallel manipulator
should be chosen such that the consistency of the dynamic equations is
satisfied at the drive singularity. Otherwise an inconsistent trajectory cannot be
performed by the manipulator since the actuators would unavoidably saturate
as the drive singularity is approached and unacceptably large task violations
would be encountered.

Once the trajectory is chosen to be consistent, to test the performance of
the proposed controller, it is applied to the manipulator under different
scenarios. In the first four scenarios, it is assumed that there is no modeling
error and the command accelerations are generated by a PD controller of which
gains are chosen to be in binomial form. In the second four, the closed loop
system is simulated introducing 5 % modeling error while the previous PD
controller of which gains are chosen to be in binomial form remains
unchanged. In the last four scenarios, a PID controller is decided to be used to
see the effects of integral control action on the closed loop response in the
presence of the same modeling error with the second four scenarios. The
controller gains are again selected to be in binomial form.

In all these scenarios, good tracking performance is obtained while the
motor torque and the actuator forces at the drive singularity are always within
the saturation limits which can be assumed to be higher than the maximum
torque and force values attained outside the neighborhood of the drive
singularity. In the scenarios where modeling error is present, the errors in the
end-effector states at the onset of the neighborhood of the singularity and

towards the end of the task after the neighborhood of the singularity is passed
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take almost constant values so that steady-state can be assumed to be reached
whereas in the absence of modeling error steady state is fully reached at both
the onset of the neighborhood and the end of the task. Furthermore, in all
scenarios, steady state errors at the onset of the neighborhood of the singularity
are negligible so that the actual trajectory manages to track the desired
trajectory which is planned to be consistent until the neighborhood of the
singularity is reached. This fact verifies the assumption made in Section 3.2 to
be able to use the inverse dynamics algorithm of Ider [21, 22] in the presence
of drive singularities as a base for the proposed control law.

A careful examining of these scenarios reveals that the errors in the
end-effector states do not change dramatically but an increase in the jumps in
the control torque and forces at the onset and exit of the neighborhood of the
singularity is observed when the size of the neighborhood of the singularity is
increased. This is due to the fact that the errors in the approximate dynamics
neglecting the terms involving the first time derivatives of the Lagrange
multipliers are greater in larger neighborhoods. Such jumps yield a jerky
motion which should be avoided by a proper selection of ¢.

Another conclusion that can be drawn from these simulation results is

that increasing the positive constant @, would decrease the errors in the end-

effector states to the expense of an increase in both the maximum control
torque and forces and the jumps in the control torque and forces at the onset
and exit of the neighborhood of the singularity. The former may be dangerous
since the required maxima may fall beyond the saturation limits of the
actuators being used in a real application while the reason why the latter should
be avoided is explained earlier.

As a final remark, adding an integral control action results in better
tracking performance and smaller jumps in the control torque and forces at the
onset and exit of the neighborhood compared to PD controller in the presence

of modeling error while the maximum torque and forces dramatically increase;
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that may be an undesirable situation as explained formerly. However, despite
the advantages, adding an integral control makes the system relatively less
stable. This fact may lead situations, as 12" scenario, where the control torque
and forces dramatically increase especially in the neighborhood of the
singularity since in larger neighborhoods the errors in the approximate
dynamics are greater as mentioned previously and the effect of these errors on

the control torque and forces is further magnified with larger «, .

As an extension of this thesis, a study on the trajectory tracking control
of parallel manipulators with flexible joints in the presence of drive

singularities is strongly recommended for future work.
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