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ABSTRACT

ANALYTICAL SOLUTION OF A CRACK PROBLEM
IN A RADIALLY GRADED FGM

CETIN, SUAT
M.S., Department of Mechanical Engineering
Supervisor  : Prof. Dr. Suat KADIOGLU

December 2007, 128 pages

The objective of this study is to determine stress intensity factors (SIFs) for a
crack in a radially graded FGM layer on a substrate. Functionally graded coating with
an edge crack perpendicular to the interface and a homogeneous substrate are bonded
together. In order to make the problem analytically tractable, geometry is modeled as
an FGM strip attached to a homogeneous layer. Introducing the elastic foundation
underneath the homogeneous layer, an FGM coating on a thin walled cylinder can be
modeled. At first, governing equations are obtained from stress displacement and
equilibrium equations. Then using an assumed form of solution in terms of Fourier
Transforms for displacements and applying the boundary conditions, a singular
integral equation is obtained for the mode-I problem. Solving this singular integral
equation numerically, stress intensity factors are obtained as functions of crack

length, strip thicknesses and inhomogeneity parameter.

Keywords: Functionally Graded Material (FGM), Stress Intensity Factor, Crack

Problem, Elastic Foundation
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FONKSIYONEL OLARAK DERECELENMIS SILINDIRIK
MALZEMEDEKI CATLAGIN ANALITIiK COZUMU

CETIN, SUAT
Yiiksek Lisans, Makina Miihendisligi Boliimii
Tez Yoéneticisi : Prof. Dr. Suat KADIOGLU

Aralik 2007, 128 sayfa

Bu c¢alismanin amaci, catlak iceren fonksiyonel olarak derecelenmis silindirik
malzemedeki gerilme siddeti ¢arpanlarini belirlemektir. Yiizeye dik bir ¢atlak igeren
silindir malzeme, birbirine baglanmis iki katmandan olusmaktadir: Fonksiyonel
olarak derecelenmis katman ile homojen katman. Problemi analitik olarak ¢6ziilebilir
duruma getirmek icin, silindir elastik bir mesnet iizerinde duran diiz bir homojen
katmanin baglandigi fonksiyonel olarak derecelendirilmis bir tabaka olarak
modellenmistir. Problem, yer degistirmelerin Fourier doniisiimleri cinsinden ifade
edilerek ve denge denklemlerinde yerine konulmasiyla formiile edilmistir. Sonugta
1.Mod diizlemsel gerinim problemine gore bir tekil integral denklemi elde edilmistir.
Bu denklem sayisal yoOntemlerle c¢oziilerek gerilme siddeti carpanlari, catlak
uzunlugu, tabakalarin kalinliklar1 ve derecelenme parametresinin fonksiyonu olarak

elde edilmistir.

Anahtar Kelimeler: Fonksiyonel Olarak Derecelenmis Malzeme, Gerilme Siddeti

Carpani, Catlak Problemi, Elastik Mesnet
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CHAPTER 1

INTRODUCTION

In the Middle Ages, weapons and tools were being made of either very soft
wrought iron or hard and brittle cast iron. As time passed instead of wrought and cast
iron, steel started to be used. In spite of the fact that steel was a big improvement over
iron in those days, with the rapid developments in engineering applications from the
Middle Ages until today, technology lead to a great demand for advanced high
performance materials, which are subjected to higher loads or supposed to stand up to
the high temperatures and corrosive environments. Today’s conventional materials

seem to be inadequate; therefore, it is necessary to develop new materials [1].

The main requirement for new materials is to acquire good thermomechanical as
well as structural properties in high temperature applications, such as high mechanical
toughness, low heat conductivity, high machinability, high strength, high stiffness,
and high heat and corrosion resistance. Traditional composites are homogeneous
mixtures, and they therefore involve a compromise between the desirable properties
of the component materials. By choosing an appropriate combination of
reinforcement and matrix material, ceramic coatings are designed to exactly fit the
requirements for a particular structure for a particular purpose. There are some
disadvantages of these homogeneous ceramic coatings used in high temperature
applications. Due to the mismatch in the thermal expansion coefficients of ceramic
coating and metal substrate, high thermal stresses occur which can cause cracks. Also,
it is worth remembering that strength of bonding between ceramic and metal is

relatively poor and ceramic is fairly brittle.



Hence, a new material system, called as functionally graded materials (FGM),
was developed instead of ceramic coating. The concept of FGM was first proposed in

1984 when Japanese researchers studied advanced materials for aerospace

JL Metallic phase

Metallic matrix
with i
ceramic inclusions

> Transition region

Ceramic matrix
with
metallic inclusions

} Ceramic phase

Figure 1.1: Schematic illustration of an FGM with continuously graded

microstructure

applications working on a space plane project. The body of the space-plane, coated of
FGM, could be exposed to a very high temperature environment (about 2100 K), with
a temperature gradient of approximately 1600K. FGM is made of a metal and a
ceramic as opposite faces with the intermediate zones consisting of varying volume
fractions of constituents. It is designed in such a way that its composition

continuously varies from 100% metal at the interface to 100% ceramic at the surface



along the thickness direction [2]. Schematic illustration of an FGM with continuously
graded microstructure is shown in Figure 1.1.
The FGM has the following advantages over the metal-ceramic joints:
e cffective reduction in the overall magnitude of the thermal and residual
stresses stress concentration near the ends,
e significantly increasing the bonding strength by a better overall use of the
available materials,
e delaying of the yielding and the failure of the metallic layer by the load
sharing of the ceramic,
e providing protection against severe thermal and chemical environments,
e increasing the fracture toughness in thickness direction.

In today’s highly demanding technological environment, FGMs are durable to
severe operating conditions, such as wear-resistant linings for handling large heavy
abrasive ore particles, rocket heat shields, heat exchanger tubes, thermoelectric
generators, heat-engine components, plasma facings for fusion reactors, and
electrically insulating metal/ceramic joints, etc [3].

Many advanced manufacturing techniques have been proposed to fabricate
FGMs, such as chemical vapor deposition, the plasma spray technique and various
powder metallurgy techniques [4].

Today, studies on advanced high performance FGMs continue. In designing
with FGMs an important aspect of the problem is the question of mechanical failure,
specifically the fracture failure. Very often the process begins with the formation of
microcracks at locations of corrosion pits, surface flaws, or severe stress
concentrations. Generally a number of microcracks coalesce and form a local
dominant crack, which would then propagate subscritically under cyclic or sustained
loading. The loads or stresses acting on the medium may be mechanically or

thermally induced [5].



Nonhomogeneity of the material is the distinguishing property of FGM which
should be taken in to account in the fracture mechanics analysis. Until now, there are

various material models to solve crack problems in nonhomogeneous materials.

1.1 Literature survey

A brief survey of relevant literature is given below.

Delale and Erdogan (1983) investigated the crack problem of an infinite
nonhomogeneous plate with the elastic properties varying in the direction paralleling
the crack. They found that the effect of Poisson’s ratio on SIFs could be ignored [6].
The crack lying in the interfacial zone between two homogeneous half planes was
studied by Delale and Erdogan (1988) [7]. The problem of a circumferential crack in
a thin walled composite cylinder was considered by Rizk and Erdogan (1992) [8]. Jin
and Noda (1994) revealed that the singularities and angular distributions of the crack-
tip field in nonhomogeneous materials are the same as those in the homogeneous
material provided that the properties of the material are continuous and piecewise
differentiable and some of them do not vanish at the crack tip [9]. Erdogan and
Ozturk (1995) carried out a study of the antiplane periodic cracking of a functionally
graded coating bonded to a homogeneous half plane [10]. In the same year, Bao and
Wang (1995) investigated the multi-cracking in a FGM coating [11]. The interface
crack problem between the functionally graded ceramic coating and the homogeneous
substrate was studied by Chen and Erdogan (1996) [12]. In their paper, the mixed-
mode crack problem was formulated for a crack subjected to surface tractions. Choi et
al. (1996a, b) studied the fracture problem of a layered medium consisting of a
surface layer, a functionally graded interface layer and a semi-infinite/finite substrate
containing a crack perpendicular to the boundary under the mode I loading [13].
Erdogan and Wu (1996, 1997) studied a single functionally graded strip with an
internal or edge crack [5]. Thermal stress intensity factors in a thin-walled cylinder
which contains a circumferential crack were studied by Dag (1997) [14]. Various

internal and surface crack configurations in the coating and the substrate were



subjected to mechanical and thermal loads were considered by Kasmalkar (1997)
[15]. Choi et al. (1998) investigated the embedded collinear cracks in a layered half-
plane with a graded nonhomogeneous interfacial zone under static mechanical load
[16]. The cylindrical FGM layer with a circumferential crack normal to the surfaces
was investigated by Kadioglu et al. (1998) by introducing an elastic foundation [17].
Ueda and Shindo (2000) investigated the crack kinking problem in FGMs subjected a
constant initial strain resulting from stress relaxation [18]. Marur and Tippur (2000)
conducted numerical simulations and experimental studies of the static fracture
behavior of FGMs [19]. Itou (2001) conducted a study of the crack in a functionally
graded layer between two homogeneous half planes. In his paper, the integral
equation was solved by Schmidt method [20]. Ueda (2001) studied the surface crack
problem for a layered plate with a functionally graded nonhomogeneous interface. In
his paper, the crack is located in the homogeneous layer [21]. By using an
approximate method, Wang, Mai and Noda (2002) also considered the model
depicted by Erdogan and Wu (1997) by dividing the structure into a number of
homogeneous layers along the thickness direction [22]. Another approximate analysis
of a functionally graded coating with arbitrary variation of properties was developed
by Huang et al. (2002) [23]. In their model, the medium was divided into some
sublayers with the material properties varying in a linear manner along the thickness
direction in each layer. By using the finite element method, Chi and Chung (2003)
analyzed the SIFs of a crack propagating through coating-substrate composites with a
multi-layered or FGM coating with the material properties governed by two power-
law functions of volume fractions [24]. The static crack problem of a functionally
graded coating-substrate structure with an internal or edge crack perpendicular to the
interface is investigated under an in-plane load by Guo, Wu, Ma, and Zeng (2004)
[25].



1.2 Scope of the study

In this study a crack problem in a radially graded FGM is considered.
Functionally graded coating with an edge crack perpendicular to the interface and
homogeneous substrate are bonded together. The geometry of a radially functionally

graded coating-substrate system is shown in Figure 1.2.

=N

FGM with radially grading

Homogeneous substrate

ﬁﬂ—Circumferential crack
ﬁ e

Figure 1.2: The geometry of a radially functionally graded coating-substrate system



CHAPTER 2

ANALYSIS OF THE PROBLEM

2.1 Formulation of the crack problem

In order to make this problem analytically tractable, one can consider the
plane strain problem of two bonded layers attached to an elastic foundation. Such an
approach has been used earlier in [8] and [14]. By attaching the homogeneous layer to
the elastic foundation, a two-layered strip with an internal crack is modeled as shown
in Figure 2.1. By taking a = 0, edge crack problem can also be modeled and choosing
appropriate values for the foundation modulus, the crack problem for a thin walled
cylinder can be approximated. The relationship between the foundation modulus, the

mean radius, thickness and the young modulus of the cylinder is derived in Appendix-

A.

Ej|

h
E]GB 1

Homogeneous

2 VaVaNN

v

22321222

<—h2—>

g

E(x)

Ei

Foundation modulus

Figure 2.1: Model of a two-layered strip with an internal crack
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It is assumed that the elasticity problem associated with the crack-free two
layered strip on an elastic foundation subjected to external loads is solved and the
stresses at the possible location of the crack are determined. Then, to calculate the
SIFs for the cracked structure, one may only consider the local perturbation problem
in plane elasticity where the only nonzero external loads are the crack surface
tractions. The loading is assumed to be such that y = 0 plane is a plane of symmetry
with regard to geometry and loading conditions. Thus the corresponding crack
problem is one of mode-I and it can be treated by considering one half (y > 0) of the
medium only.

For the material property variation, exponential form is selected basically for
mathematical convenience. Poisson ratio is assumed to be constant. In previous
studies [14], it was shown that the effect of Poisson’s Ratio on SIFs is insignificant
[6].

The nonhomogeneity of the layer is assumed to be such that its shear modulus
varies across the thickness as an exponential function given by
p(x) = 1 exp(fx), (1)
where B is the nonhomogeneity constant.

If the strip on the elastic foundation is to be interpreted as a thin walled

cylinder, foundation modulus can be determined as follows:

_E [ ~1)+ 1, ]

2
PR, “

where
R,=x+R, , 3)
- 242412 B 1+ 2m B+ ) @

28(-1+e" (1+h,p))
R, is the inner radius and x is the centroid of the transformed composite section of

unit width consisting of FGM layer and substrate thin walled cylinder.



3—v

Let k =3 —4v for plane strain and x = for generalized plane stress,

I+v
Hooke’s Law may then be expressed as,
o (ry)= 0 ()2 320l )
’ k-1 ox oy
o (ry)= 2 e )2 (3o ) 2 ©
we k-1 oy ox |’
ou Ov
0, (x,y)=pleh—=+—". (7)
oy Ox
In the absence of body forces equations of equilibrium are expressed as,
oo
ao-_xx +—2=0, (8)
ox oy
oo oo
24+ —2=0. 9)
oy ox
By using equation (5) and (6) in the equilibrium equation (8), one obtains:
ou ov o’u 0% o’u
+1)—+ B3 —-«x)—+(x+1 +2 + (k-1 =0. 10
Blic+1)=+ 3~ x) . e+ 1) oy (x-1) P (10)

Similarly using equation (6) and (7) in the equilibrium equation (9), one

obtains:
0%y 0%u ou ov 0%y
(K+1)8y2 +2 v +ﬂ(/<—1)5+,6’(1c—1)5++(1c—1)ax—2 =0. (11)

It is assumed that the solutions of equations (10) and (11) may be expressed in

terms of the following Fourier Integrals, i.e.,

)= [k o+ 2] i eoslaria 12
—0 0
1 0 N 2 00 )
v(x,y):z .[gl(y’p)e( p)dp+;jg2(x,a)s1n(ay)da, (13)
—0 0

where p and o are the transform variables. Because u# and v are symmetric and

antisymmetric with respect to y respectively, the second term of u is a cosine



transform and the second term of v is a sine transform. The first terms are used to

represent the crack.

Substituting above equations (12) and (13) into equation (10) and doing some

simplifications, one gets:

f (y,p) 2ip og,(y,p)

—j( (e +1) £, p)P* +(xc=1) o

~B(x+1)ipfi(», p)+ﬂ(3—z<)—aglf§;’ p)Je(ixP)dp

1 I 82 2 s 2 a 2 >
+E£((K+1)—f6i’j D _(x-1) fy(x, ) +2 8D ((; %) g

e Bl ) 5D 4 s K)gz(x,a)ajcos(ay)da iy (14)
Then one obtains from equation (14):
(x— I)W—A(y,p)(x +1)p7 + ﬂip)+%;”’)(ﬂ<3 —K)=2ip)=0 ,  (I5)
and

1
(x+ S

)—azfzai’j’“) —(K—l)azfz(x,a)+2a—agzé(;’ D\ p(x+1) L)
+af(3-x)g,(x,a)=0. (16)

Substituting above equations (14) and (15) into equation (11) and doing some
simplifications, one gets:

ot (v, p)
oy

iw{_(’(_l)g1(yap)p2+(,(+l) glaiy,p) ZZp

o) P20 —z'pﬂ(zc—l)gl(y,p)}e“’*mdp

1 7 0°g,(x, » A 0h(x,
+E'[)|:(K_1)—g6)(€§ a)—(K+1)g2(x,a)a %) g;a)a
+ﬂ(/(—l)%—ﬂ(x—1)f2(x,a)a}sin(ay)da:0. (17)
X

10



Then one obtains in equation (17):

(s p)

» (ﬂ(K—l)—Zip)-i—(K-i—l)% g (y.p) (k- 1)(p2+ip/3):0, (18)

and

2 PED () s () TEED 2 (1) g, )

+ﬁ(,<_1)5g22;"“)=0 . (19)

Finally, one obtains two systems of ordinary differential equations one
for ﬁ(y, p), gl(y, p) and one for fz(x,a), gz(x,a). These two sets of ordinary
differential equations are obtained in the above form.

First, the system for fl(y, p) and gl(y, p) 1.e., equations (15) and (18) are

2

considered. By defining, the differential operators D =diand D’ :% equations
y

(15) and (18) can be written in the following matrix form,

(x—1)D* —(k +1)p(p +ip) (B(3~x)-2ip)D }{fl(y,p)} _ {0} _ (20)

(B(x —1)-2ip)D (x+1)D*> = (x=1)p(p+iB) | &.(r,p)] |0
Defining the determinant of the coefficient matrix by A, equation (20) can be

uncoupled as follows:

A fi(.p)=0, 1)
Ag (v.p)=0. (22)
Determinant A, is defined as:
(K —I)D (k-1 (p +z,8p)D (x+1 (p +zﬂp)D (KZ—IX,OZ—Fiﬂp)z
~D*(B(3-x)-2ip)px ~1)-2ip)=0. (23)
At this one can assume a solution of the forme™ . If one substitutes this

solution into (21) and (22) and simplify, following characteristic equation is obtained.

11



> ~(o* +igo)f —n*p? E +1§ 0. (24)

Roots of this 4™ order equation are:

mip)=-2p %—%J[ﬁt(p%iﬂp)wz ((f( ;’jﬂ (25)
m(p)=3 m J Ap? +ip)+ S{;’jg , 26)
mp) == o 2 [4/» +ifip)+ (f(;’jﬂ @7)
n(p)=3 5 e \/4/) +ifip)+ S{;’jﬂ (28)

It must be noted that real parts of n, and 7, are less than zero and real parts of
n, and n, are greater than zero for any value of 0.

Since the displacements must remain bounded as y—oo, solutions for fl(y, p)
and g, (y, p) can contain only the terms that vanish as y—o, so the general solution

can be expressed as,

£, p)=m ()4, (p)e" +m, ()4, (p)e", (29)

g (y.p)=4,(p)e" + 4,(p)e"". (30)
A(p) and A4,(p) are unknown functions and they will be determined later

using the boundary conditions of the problem; whereas, m,(p) and m,(p) can be

determined by substituting equations (29) and (30) into equation (15) or (18) and they

are found as,

_(e=1)p* +ifp)—(x + ) (p)
O -2 o) o
m,(p)= (x =1)0* +ifp) - (x + ) (o) _ (32)

(Bl =1)=2ip)n, (p)

12



Following a similar procedure for the equations (16) and (19), these equations

are expressed in matrix form as shown below:

|:(K+1)D2 +Blc+1)D-a’(xk -1) 2aD +af(3-«) }{fz(%“)} _ H . (33)

—2aD—a,B(K—1) (K—l)D2 +ﬁ(K—1)D—a2(K+1) gz(x,a) 0
Denoting the determinant of the coefficient matrix by A, , equation (33) can be

uncoupled as:

A, f,(x,a)=0, (34)
A,g,(x,0)=0. (35)
Determinant A, :

A, = {2 —1)D* + Bl —1)D* - & (k + 17 D + Bl —1)D° + (x> —1)D?

—a’Bx +1Y D —a’(xk 1Y D* —a? Bk —1) D+a4(1<2 —1)}

— {— 4a’D* — 20:2,8(1( - I)D - 20{2,8(3 - K)D

—a* B> (3-x)x—1)D*|=0. (36)
If one assumes a solution of the form e”” and substitutes it into (34) and (35)

and simplify, following characteristic equation is obtained.

pt+2p B+ pP (B —202)-2pa’Brat +a’ B B-x) (37)

(+1)

Roots of this equation are:

_ B 1y g g [BK)
p(a)= : 2\/4a + B +idap (cr1)’ (38)

_ B Ve e B-x)
p,(a)= ; 2\/4a + % —idap (ce1)’ (39)
p3(a)=—§+%\/4a2+ﬁ2+i4aﬂ % (40)
p (a):—£+l 4a’ + B* —idaf (3-x) 41)

! 2 2 (k+1)

So the general solution for f,(x,e) and g,(x,) can be expressed as:

13



fxa)= { 0,(@)B,(a)e” ™) + ¢,(a)B, (@ )e'"*>)

+q; (a)83 (a)e(Pz(a)X) +q, (Q’)B4 (a,)e(m(a)X)} , (42)
g,(x,a)= 1B, (a)e @ 1 B, (@)elrte)
-I—B3 (a)e(Pz(U‘)x) +B4(a)€(p4(a)x)} ’ (43)

where B, (a) are unknown functions that will be determined by using the boundary
conditions of the problem. g, (a) (=1,...,4) can be determined by substituting

equations (42) and (43) into one of the equations (16) and (19), and they are obtained

in the following form:

~ (x-1)p, (a)[pj (a)+ﬂ]—a2(1(+1)
% YN 3 oy R 49

wherej =1,...,4.
As a result, by substituting equations (29), (30) and (42), (43) into (12) and

J

(13) respectively, displacements u(x, y) and v(x, y) for the nonhomogeneous layer

can be written as follows,

1 e n;\p)y—ixp
u(x,y)ZgJZm,(p)Aj(p)e(’( lap

—o0j=1

+%IZq_/ (a)Bj (a)e(p/(a)x) Cos(ay)da , (45)

+3TZ4:B (@)e"” " sin(ay)der . (46)
T 0

The primary unknowns u(x,y) and v(x, y) are now expressed in terms of the
unknown functions 4, (p) and B ; (a). Now, substituting equations (45) and (46) into

equations (5), (6) and (7) stresses can also be written as follows:

14



{L [ 060, (o)~ i+ 1, (o), (o)l

2[5 lp )=,k (ks @)

The unknown functions Ai(p),(i=1,2) and Bj(a),(j=l,2,3,4) will be

determined later by using the boundary conditions of the problem.

2.2 Application of boundary conditions

If there is a crack on the symmetry axis, displacements and stresses must
satisfy the following mixed boundary conditions,
v(x,y)zo, O<x<a and b<x<h, (50)
O'y},(x,O):—p(x), a<x<b. (51)
Due to symmetry, the following condition is also valid:

o, (x,O):O, O<x<h,. (52)

15



At this point, another auxiliary unknown function is defined in the following

form,

g(x):%(v(x,O)), O<x<h,. (53)

It follows that g(x)=0, for 0<x<a andb < x < h,, which is a direct result of
the fact that v(x,O)z 0 outside of the crack. Using equation (46) and (53), g(x) is

expressed as follows:

1% .
:TIW () dp. (54)

Also, using conditions (49) and (52) and applying inverse transforms, the

following two equations can be obtained.
. b
A4,(p)+ 4,(p) = é [ gle)e ™, (55)

[, (p)ni(p)=ipl4, (p)+ [m (o), (p)—ip4s () = 0. (56)
From equations (55) and (56), 4,(p) and 4,(p) are obtained as follows:

_dm(pnlp)=ip]l Ty,
)= o na(o) - m (o <p>]ag(’)e( ol
i[ml(p) ( )

A e ) O 9

(57)

Finally, the displacements and stresses can be written as below:

Displacement u(x, y) :

T e [l o o)k
)= e

7
my (o), (o) (p)— ipe" P -42)
o, (o)ns (0)—m (o) ()] }d”

+%J.qu (05)3‘,(05)6(”) cos(ay)da . (59)

=

700(1

16



Defining,

_Jm (p)[mz(p)nz(p)—ip]e(”l(P)y )
A(P) a { P[m2 (,o)n2 (p)_ m, (p)”l (p)]

_ m2 (p)[ml ,O)I’ll (p)— ip]e(”z(P)y*iXp) }

plm, (o), (p)—m (o), (p)]

one obtains:

Displacement v(x, y):

ol dH (o) ()~

_ L ok
V(x,y)—zﬂ__[oL p[mz( ) ( ) ( ) ( )]
[m, (o), (p)-iple
S (Palp)- <><>]}””’
+ %TZ::B/ (a)e(pjx) sin(ay)da
Defining,

[ms (o) (p) il
Ble)= { [m, (o), (p)=m, (p)n, (p)]
(ny

17
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(61)

(62)

(63)



one obtains:

+%TZ4: B, sm ay)da. (64)
0 J=I
Stresses:
y7s x) 1 f T t)
1.0, (x,y) = EJ‘g I ” (0)+ plxc+1)A(p)ldp i
23 a6~ o sl 5
4 0 Jj=1

ny(p <m1<p>n1<p> ”’),f;n( . ”}. (66)

{ng@%Tew[l-(“l)c(p)w@_,()A(p)]d,,}dt

—00

241:[(3 K)p]( ) K‘+1)OC]B cos ay) a}, (67)

where

A(p) - {ml (P)[mz(p)n2 p)_ l'p]e(”l (p)y—ixp)

(
plm, (o) (p)=m, (o), (p)]

_mz(P)[ml(/?) (p)- zp]( 2 (p)y-ivp)
T ] )

18



213, (@) 4, (@l (@) sm<ay>da}, (69)

(s o m (o p>—fp1e(”””)y_”p)}. (70

2.3 Formulation of the crack problem for the homogeneous layer

In this case, the shear modulus is constant, i.e.,

()= gt 1)
. 3-v, .
K, =3—4v, for plane strain and «, = for generalized plane stress,
Vi
then Hooke’s Law can be expressed as,
y2i ou ov,
O-xxih(x’y): : (Kh +1)_h+(3_Kh) 1 H (72)
K, —1 Ox oy
Hy v, ou,
o x,y)=—"—<Ix, +1)—"+3-x, )| —+¢, 73
yy,h( y) K‘h—l{( h )ay ( h)ax} ( )
ou, Ov,
o X,y)= — . 74
xyih( y) ﬂh{ ay ax } ( )

In the absence of body forces equations of equilibrium are expressed as,

oo, , Oc
—+

xy_h
— =0, 75
ox oy (73)
oo oo
woh  TPwoh g (76)
oy ox
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By substituting equation (72) and (74) into equation (75) and (76), one

obtains:
2 2 2

(e, + 1)1 20V (e, )P g, (77)
ox Ox0y oy
2 2 2

(k, +1)2 V;’+2a “i (e, —1)° Moo, (78)
oy 0yox Ox

It is assumed that the solutions of equations (77) and (78) are expressed in

terms of the following Fourier Integrals, i.e.,

()= 2 [ £, (v.a)eos(ar)da. 19

v(er)=2 [ e,y (ralsinar)da. (50)

where a is the transform variable. u, and v, are symmetric and antisymmetric with

respect to y respectively.

Substituting above equations into equations (77) and (78) and after making

simplifications:

il o’ f, 4(x, 0g, ,(x,

f| e, + 1.2 g;ﬁx D 2 gzgff D (-1’ 1, (x,a)} -0, (81)
0 -

o a , 82 ,

|-, +1)ag, (a2 LoD o & (82)
di - ox ox

Finally, one obtains one system of ordinary differential equations for

S (x, ) and g1 i (x, a). This set of ordinary differential equations is obtained in the
following form.

o , 0 )
(Kh +1) fo o (xa) 2 2, ,(x,a) B

P - =0, (83)

(K 3 1)82g2h(x,05) o o, ,(x,a)
! ox? Ox

The equations (83) and (84) are expressed in matrix form as shown below:

—(x, +1)’g, ,(x,a)=0. (84)
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(s, +1D" - (s, -1) 2aD }[waHO} 55)

~2aD (1, ~1)D* —a*(x, +1)| &> 4(xa)| [0]
Denoting the determinant of the coefficient matrix by A, equation (85) can be

uncoupled as:

Azfz_h(x»a)zo’ (36)
Azgzih(x,a)=0. 87)
Determinant A, :

AZI{(KZ—I)D4—0{2(Kh+1)2D -a ( —1) D’ +a ( —l)}
~{~4a’D*} =0. (88)

If one assumes a solution of the form e’ and substitutes it into equations (86)

and (87), after simplifying the equations, following characteristic equation is

obtained.

(p>-a?) =0. (89)
This equation has double roots:

pl@)=a, (90)

pl(a)=a, 1)

pila)=-a, (92)

pla)=—a. (93)

So the general solution for f,(x,er) and g,(x,) can be expressed as:

fth (x,a) = (Cl (0‘)"" xC, (a))eiax + (C3 (a)+ xC, (0‘))600C ) (94)
2. 1(x.a)=(Dy(@)+xD; (@)l +(Dy(a)+xD, (@)}, 95)
where C, («) and D ; () are unknown functions that will be determined by using the

boundary conditions of the problem. In fact, C, (a) and D, (a) are not

independent. C (a) can be expressed in terms of D, (a) by substituting equations
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(94) and (95) into equations (83) or (84) (where (j = 1,2,3,4)). By doing so, one

obtains:

(@)= D)+ Dl 2. %)
Cyla)=D,(a), (97)
C.(a)=-,(a)+ D, (a2 | %)
C,(a)=-D,(a). (99)

Then, general solution for f;(x,a) and g,(x,a) can be expressed as follows:

> (x.a)= [Dl (@)+ D, (@[ﬂJr xDeax

(— D,(a)+ Q(a)[%—xDe”‘ : (100)
g, (x,a)=(D,(a)+xD,(a)le ™ +(D,(a)+xD,())e™. (101)

Finally, displacements u(x, y) and v(x, y) can be defined as:

0

)= j{(Dl (@)+ D, (a _ﬂ”De—w

0 (24

[— D, (a)+ D, () 2 - xDe"“ } cos(ay e , (102)

L &

o0

v () == [, (@) 2D, ()

0

+(D,(a)+xD,(a))e™ }sin(ay)da. (103)
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The stresses are defined by Hooke’s Law as follows:

o y):_ﬂm{[a(g(apxDz(a)){”z"h jpz(a)}—wf

%

{a[D} (@) 1D, (a)]_(”z"h jp4 (a)}ew}cos(ay)da, (104)

2

_ y)=47ﬂz{{a(pl (@i oy (o)

_ {a[g (e0)+xD,()]- ( "hz_ ! ]134 (a)}e“"}sin(ay)da . (106)

2.4 Homogeneous boundary conditions

Now, one can determine the unknown functions B, (@) and
D, (a), ( j= 1,2,3,4) in terms of the unknown auxiliary function g(t) by using the

homogeneous boundary conditions of the problem.

The homogeneous boundary conditions are:

o.(0,y)=0, (107)
c,(0.y)=0, (108)
where x = 0 is the top surface of the nonhomogeneous layer.

uhy,y)=u,(hy,y), (109)
W, y)=v, (b, ), (110)
o (h.y)=0, _(h.»), (111)
o, (h,y)=0, _,(h.»), (112)
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where x = h,is the interface between the nonhomogeneous and the homogeneous

layers.
o, 4l +hyp)=0, (113)
Gufh(hl"‘th’):_Z“h(hl+h2,y) . (114)

where x = A, is the bottom surface of homogeneous layer.

Equation (107) and (108) represent the free surface condition for the FGM
layer. Equations (109)-(112) are the continuity conditions for perfect bonding.

Equation (113) and (114) represent the connection between elastic foundation and

homogeneous layer.

= Equation (107) can be written in following form,

o) 4L L %j p>+p<K+1>A<p>]dp}dt

\_/

[(K+l)pj(oc +(3- Ka]B cos )da}zO, (115)

where A(p) and C (p) are given in equation (68) and (66) respectively.
Introducing superscript “0” to A(p) and C(p) to indicate that one should

substitute x =0 in equation (66) and (68), equation (115) can be written in following

formatx=0:

ij'g(ﬁ{ Te(ipt)[i(3 _ K‘)C (p)+ Pl +1 ]dp}

_%Ti[(ﬁl)p( ), (c)+ (3= x)eJB, (@)cos(e Jder . (116)

Applying inverse cosine transform to equation (116), the following equation

can be obtained:
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M-

[(<+1) p,(@)q, (@) +(3-x)a B, (@)=

1

%{ jUg {j ™ [i(3-x)C"(p )+p(K+1)A°(p)]dp}dtﬂcos(ay)dy. (117)

~.
I

By changing the order of integrations for the right hand side of above

equation, one can rewrite (117) as:

i][(m1)pj(a)q_,(a)+(3_,()@]3_7(05)—

—leg(t)dt ]Ee(ipt)dp]z([i(?’ — K)CO (,0)+ p(K‘ + I)Ao(p)]J cos(ory)d , (118)
27 - 0 [
where
AO(p) {ml[m 21y ~ lpp[]:l p mrjl[’:]nl _ip]enzy}’ (119)
and
of )| ™ (m,n, _ip)e(ﬂly) - (mlnl —ip)e™
¢ (P)—|: p(mznz _mlnl) ’ (120
at x=0.

The integrand of the innermost integral in equation (118) is amenable to
further simplifications. Substituting (119) and (120) into (118), one gets:
[i(3—K)C° (p)+p(xk+1)4" (p)} _
i
{(3 —x)n, (myn, —ip)e"™ —(3—x)n, (mn —ip)e™’

P (mznz —mn, )

— plic +V)im,[myn, —iple™” + p(ic +1)im, [mn, —iple™” }
. (121)
p[mznz _mlnl]
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Upon simplifying,

[i(3—K)C° (p)+p(K+1)A° (,0)] :{e(”‘” {(mzn2 —ip)[(3—l()n1 —ipm, (K-H)]}

i ,0(m2n2 —mln])

_my) {(mlnl —ip)l:(3 _K) n, —ipm, (K+1):|}. (122)

p(mznz —mn, )

Introducing,
C, (,0) (m n, — lp)[ ) lpml(K+1)] , (123)
p\mn,ny —nmn )
Cz(P): (mlnl )[(3 K) lpmz(K+ 1)] , (124)

p(mznz mlnl)
and substituting the expressions for C, (,0) and C, (,0) into equation (116), one obtains

the following:

24:[1(+1pj( q] 3 Ka]B

\

. b ©

L[ gl [ j( (p)e" = Cy(p)e" Jeos(ay)dy (125)

a —00

= By the same way, equation (108) can be reduced as follows:

o {%j {j dMiD(p)+ pB(p)]dp}dt

—00

+%Tz4;[pj ]B exp( )sin(ay)da} =0. (126)

Above equation (126) can be written in following form atx =0:

] [ [0 (o) ()~

_%Ii[pj (a)-g, (a)a}Bj (a)sin(ay)da . (127)
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Applying inverse sine transform to equation (127) following equation can be

obtained:

b/ (@)-q,(@)a]B, (@)=

J=1

‘%{%T[ig“){? i) {ipo (p)+pB (p)}dp}dt}in(ay)dy], (128)

l
—0

By changing the order of integrations for the right hand side of above

equation:

Zi;[Pj(a)—qj(a)a]Bj(a):

—leg(t)dt ]?e(ipt)dp]?{iDo(p)f pBO(p):| sin(ay)dy , (129)
27

w 0 l
where B”(p) and D°(p) are given in equation (63) and (70) respectively.
Superscript “0” is introduced to B(p) and D(p) to indicate that one should

take x =0 in equations (63) and (70). After doing simplifications in equation (129),

one obtains:

iD"(p)+ pB°(p) _{ lmm, —iplmymy —ip]\( oy s
i - ( p[mznz - mlnl] J(e ),

(130)

and defining,

Cy(p)= by, = iplmon, _ip], (131)
p[mznz _mlnl]
(129) is reduced to:

(b, (a)-q,(a)a]B, ()=

J=1

b

L [g (et [ d™dpf . (p)[e — e Tsin(ay)dy. (132)
0

a —00
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= At the interface of between the nonhomogeneous and the homogeneous layers,

continuity condition (109) can be written in following form (x = 4, ):

2 [g(r){f ew(p)dedt:
2113008, (@) - (a0 o o

J=1

_(_ Dy(a)+ D, (a){%_thea’n }cos(ay)da . (133)

Applying inverse cosine transform to equation (133) following equation can

be obtained:

S, (a)8,(a)e" | 0. (a)e Dy 224 ] e -, @) Dy 2o e -

_ i{%?[} g(t){_T e A' (p)dp}dt} cos(ay)d } : (134)

By changing the order of integrations for the right hand side of above
equation:
4

=
. b 0 )
—éfg(t)dtIei”deAl(p)cos(ay)dy , (135)
a —0 0

where

Al(p) _ {ml [mznz _ip]enly_ihlp —m, [m1”1 _ip]enzy_ihlp } ’ (136)

p[mznz - mlnl]
atx =h,.
By doing following simplifications,

A'(p)= ii.p {e”‘y[ m|myn, —ip ]]j—e”zy( my[mm —ip] j} (137)

e p[mznz —mn p[mznz _mlnl]

and defining,
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C,(p)= s, —ip) , (138)
P[mznz _mlnl]

C (p — mZ[mlnl _ZIO] (139)
p[m2n2 _m1n1]

(137) can be written as:

(o)==l c.(p)-ev ey (o). (140)

After substituting (140) into equation (133), one can obtain the following:

(@8, (@ - (@)D, (@) o (D (@), )] 5o e -

.ML

j=1

. b L ®
_éj‘g(t)dt J'eip(t—hl)dpj [enlyc4(p)_enzycs(p)]cos(ay)dy, (141)
“ S 0

= For the boundary condition v(%,,y)=v,(k,,y) at interface of nonhomogeneous

and homogeneous layers, equation (110) can be written as:
b ® 0 4

o [g(t){ | e(’”’)B(p)de IZ (c)e'” sin(ay)der =
a —o0 0 j=1

ET {(Dl (a)+ xD, (a))eim + (D3 (a)+ xD, (a))em }sin(ay)da : (142)

ax

Equation (142) can be written in following form atx = 4, :

ijg(t){ e (p)dp}dr—__f{igj e’ ~{(D,(@)+ WD, (@)

j=1

—00

+(D3(a)+ h1D4( )) o }sm( )da}. (143)

Applying inverse transform to equation (143) following equation can be

obtained:
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EIU g(t){Tewfsl(p)dp}dz]sm(ay)d } | (144)

—00

By changing the order of integrations for the right hand side of above

equation:

325,k -0+ el (D, (a) D) -

_i [ g(e)dt [edp[ B'(p)sin(ay)dy - (145)

Superscript “1” is introduced to B(p) to indicate that x = 4, in equation (63).

Defining C,(p) and C,(p) as:

C(p)=—o=p (146)
p[mznz _mlnl]
Cy(p)= P (147
p[mznz _mlnl]
One can express B' (p) as:
1 n ny
B'(p)=—le" Ci(0)-e™ ¢, (p)]. (148)

e

After substituting (148) into equation (145), the following can be obtained:
4
j=

> B,(@)e”" ~(D,(e)+ hDs(a)le™ —(D(@)+ hD,(a))e™ =

. b 0 ®
_ZLJ‘g(t)dt jeip(t_h' )dpJ‘ [enlyc6(p)_e”2yc7 (p)]sm(ay)dy . (149)
T u —oo 0
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* At x = h,, equation (111) can be written as:

0

ﬁjﬁg(ﬂ{& #[i(3-x)C"(p)+ plic+1)4 ]dp}dt—
TS e e o) 0=,

24 D (@) D)+ (1 o ] D, (a)}_m

. zﬂ:a[g (@)+ kD, (a)]—(l s jg@)}ah }cos(ay)da | (150)

Note that u= ,u(hl) = ,uleﬁ " in (150). Superscript (1) indicates that x="his
substituted in C(p), defined in (66). 4'(p) is given in (140).

Applying inverse transform to equation (150) following equation can be

obtained:

é(%)[("”)]?,( (a)+(3-x) a]B W
+2y_ (D,(a)+ hD,(a +(1+K‘hJ e—ah]
24 oD [Dy()+hD,(a (”Khj ea’“:

I(Ig >{I #[i3-x)C' (o) + plic +1)4 ]dp}dt}os@)dy]. (151)

By changing the order of integrations for the right hand side of above

equation:
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i(ij[(lf + l)pj (Ot)qj (0!)+ (3 — K)Ot]Bj (a)ep/hl

=N

2l alp )i e[ 5 o)

12 ;{a[@ (a)+ D, ()]~ L5 jD4 (a)}e“hl _

2

l

{2 et fenap I A o, (152)

a -0 oL
By using simplifications and definitions of C,(p) and C,(p) from (123) and

(124) into equation (152), one can obtain the following:

i(ﬁj[(’f +1)p,(@)g,(a)+ (- K)a]Bj ()"

2l alb ). 5 o)
v2uolp (@) o) e -

. b o »
1 ip(t-hy) H my 1,y
—El!lg(t)dt‘[je” dp'([(—,(_lj(c](p)e -G, (p)e ))cos(ay)dy. (153)

* At x = h,, equation (112) can be written as:

+2[a(Dl (@ nofa){ . (a)}e-ah.

_ 2[0:[D3 (@)+ 1D, ()]~ (’fhz‘ 1)134(0[)}% }sin(ay)da . (154)

Applying inverse transform to equation (154), following equation can be

obtained:
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{a[az (a)+hlp4(@}-("%jg(@}ah}:
A 2T @8 i s 159

—00

By changing the order of integrations for the right hand side of above
equation:

4
=

S, (e)-a, (a)a]s, (@) +2 (o ) om0, ) o 5 o) e
o @m0, pu(e) | -

_ i j‘ g(t)dt ]Eeip(t_hl )de [M} sin(oqy)dy . (156)

1

By using simplifications and definitions of C, (,0) from (131) into equation

(154), one obtains the following:
2[ p,(@)-a,(a)a]B, (@) +2{[a(D, (a))+hlpz(a)+("h2‘1joz(a)}eahl
{a(g (a))+th4(a)—(Kh2_ljD4 (a)}e’”’l } _

_ij.g(t)dtT eip(t—h.)de G, (p)[e"‘y —e"zy]Sin(ay)dy . (157)
a 0 0

* For the last two boundary conditions at x = 4, + A, , equation (113) can be written

in following form:

{oz(D1 (a)+ (i, +h,))D, () + ( K,,z— 1] D, (a)i|e—a(h,+h2)

_{a[g @)+ +1,)D, (a)]—[K”Z_le (a)}aw _o. (158)

Similarly, equation (114) can be written in following form:
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{z;{a(a (a)+(h +h2)D2(a))+(1+2KhjDz(a)}—;{Dl (@)+D.(a) S +hzﬂ}e“(’“’lz)
+{2;{a[03 (a)+(h+h)D, ()] —(“2’(" JD4 (a)}

o D) D] £ —th}e“(’””’z)zo- (159)

A summary of the final forms of the homogeneous boundary conditions are

written below:

Z::[(’f +1)p,(a)g,(e)+(3- K)a]Bj (@)=

. b o 0
—éjg(t).[e(ipt).[(cl (p)enly _ C2 (p)e”zy )Cos(ay)dydpdt , (160)
# S 0

4

Z [p, (0‘)_ q; (“)“]Bj (a) =

_i.}i‘g(t)]ge(ipt)]o‘c3 (p)[enly —e™ ]Sin(ay)dydpdt , (161)
" o 0

M-
=
S
=

 (@)e”” —(Dl(a)+D2(a)[ﬂ+h1De-ahl —[—D3(a)+D4(a)[ﬂ—the“”l _

o o

- L e [l o) e ¢, o)eoslan v (162)

——J.g(t)jeip(”h‘).[ [e”‘yC6 (p)— e™'C, (p)]sin(ay)dydpdt , (163)
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. b o o
L] (L) o) -Culp)e Jeoslan)abipar, a6
a —o0 0

_ijig(l‘)]3 eip(t—hl)TC3 (p)[enly _enzy]sin(ay)dydpdt , (165)
a o 0

a[D,(a)+ (1, +h2)D4(a)]—(K”2_1)D (a)} (h+1) — (166)
{2u[a(D,(a)+(hl+h2)D2(a)) (HTK”JDZ(a)} ;{[D (a) D(a)[% ) hm (ho)
{2y[a[D3(a)+(hl+h2)D4(a)] (“—"hjg(a)}

o Da)-Dfa] S }H s (167)
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In (160-167), p,(a), q;(a), C(p). C(p), Ci(p). Ci(p). Cs(p),

C;(p)and C,(p)are given in (38-41), (44), (123), (124), (131), (138), (139), (146)

and (147) respectively.
One can express these boundary conditions in matrix form as follows:
_All AIZ Al3 A14 AIS AIG Al7 AIS__B] | _Rl_
A21 A22 A23 A24 AZS A26 A27 A28 B2 RZ
A3l A32 A33 A34 A35 A36 A37 A38 B3 R3
A41 A42 A43 A44 A45 A46 A47 A48 B4 _ R4 . (1 68)
ASI ASZ A53 A54 ASS A56 A57 ASS ‘Dl RS
A61 A62 A63 A64 A65 A66 A67 A68 D2 R6
A71 A72 A73 A74 A75 A76 A77 A78 D3 0
_A81 A82 A83 A85 ASS A86 A87 A88 B _D4 _ L 0 .

Here the terms 4;; and R; (i,j = 1,...,8) can be inferred from equation (160) to
(167) and they are also listed in Appendix-B for the convenience of the reader. Note

that one can write:

R =|F(a,t)g(t)dt , (169)

Q C—, >

where i = 1,..,6.

2.5 Simplifications of the expressions on the right-hand side of 8x8 equation
system

From equation (160) to (167), one can observe that the right hand sides of the
equations contain triple nested integrals. The innermost two integrals can actually be
evaluated in closed form.

e Recall from equation (160) that the first boundary condition can be written as
follows:

3L+ 1, (el (@) + G- x)alB, () = [ £ el (170)

4
J=1 a
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where F(a,t) can be expressed as follows:

o0

F(a,t)= —i Te("”’)dpf (C.(p)e™ —C,(p)e™ Jeos(ay)dy . (171)

—o0 0
K (a, t) can be evaluated through integration. Integrating over y first, the inner

integral can be expressed as follows:

I( (p)e" = C,(p)e™ Jeos(ay )dy={—cl(p)[az’:lnlzﬂ—{—cz(p)[aznjnzzﬂ. (172)

After substituting the expressions for C, (p) and C, (p) into equation (171),

the following equation is obtained:

2 el

Fl(a,t)=§j7 (p.a)dp. (173)

where

¥ (p,a) = (3= ), —ipm, (1 + 1)om, nz—lp)[ n, j

(mznz mlnl) a’ +n12

(174)

[3=x)n, —ipm, (x+1))(mm, - ip)( n, j

(mznz _mlnl) a’ +n22 .

e Recall from equation (161) that the second boundary condition can be written as

follows:

i[p,-( (o) }B, (e I Dgleyr (175)

where F,(a,t) can be expressed as follows:

Fy(a,t)= 2; Te w dp_[C [ " —e”zy]sin(ay)dy . (176)

Similarly, F. (a t) can be evaluated. Integrating over y first, the inner integral

can be expressed as follows:
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O sy 8

Clple™ - "zy)s1n<w>dy=c3<p{ « zj—cg(p{Lj. a7)

a’+n a’ +n;
After substituting the expression for C, (p) into equation (176), the following
equation is obtained:
i % el

Fz(a,t):—g p ¥, (p,a)dp, (178)

(m,n, —ip)myn, —ip)a (myn, —ip)fmyn, —ip)a
b d = - . 179
:(0.2) (m,n, —myn, )(az + nlz) (m,n, —myn, )(0‘2 + ”22) ()

e Recall from equation (162) that the third boundary condition can be written as

follows:

iqj ()B, (a)e"fh‘ _[Dl (a)+D2(a)[%+hDe—ahl

J=1

—(—D3(a)+D4(a){%—hqDeah' =iFg(aat)g(t)dta (180)

a

where F,(a,t) can be expressed as follows:

Fylant)=—— ["Mdple (o) € (p)]eos(ay)dy - (181)
—00 0

Proceeding as before, one can simplifyF3(a,t). Integrating over y first, the
inner integral can be expressed as follows:

T(C4 (P)e™ ~Cs(ple™ Jeos(ey)dy = ~C, (p)( o j+ C (,0)[ e: j (182)

2 2
o a’+n a” +n,

After substituting the expressions for C, (p)and C, (p) into equation (181), the

following equation is obtained:

OOe:pt h,
et =—j

a)p., (183)
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where

m1n1(m2"2 - ip) oy, (mlnl - ip)

2 2 2 2)
m,n, —mlnl)(a +n1) (mznz—mlnl)(a +n2)

¥ (p.a)= ( (184)

e Recall from equation (163) that the fourth boundary condition can be written as

follows:

35, (a)e” (D) (@) + D, (a)) e ~(Dy(@)+ D, (@) -

=1

Fy(a,t)g(t)dr , (185)

Q C—) > -

where F,(c,t) can be expressed as follows:

F,(a,t)= —é [emap[lec,(p)-eC,(p)fsin(ay)dy - (186)
z 0

o0

In order to evaluate the integrands in equation (186), one needs to
simplifyF4(a,t). Integrating over y first, the inner integral can be expressed as
follows:

(cﬁ(p>ew—c7<p>eﬂzy)sm(ay)dy:q@{Lj—a(p{ “ j (187

a’ +n! a’ +n;

O —y 8

After substituting the expressions for C,(p) and C,(p) into equation (186),

the following equation is obtained:

i % efp(t*hl)

Filat)=-——] p ¥, (p,a)dp (188)
where

(myn, —ip)a (m,n, —ip)a
¥, (p,a)= - . 189
) N + 7)o —mo Yot 1) (189)

e Recall from equation (164) that the fifth boundary condition can be written as

follows:
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i(ij[(’ﬁ'l)pf (a)q, (05)+(3—K)a}B/. ()"

Ak =1

2 a(Dl(a)+th2(a))+(1+2Khj DQ(a)}_ahl

24| a[ D, (a)+ 1D, (a)]- (1+2K”jD4(a)}“”'=IFs(a,t)g(t)dt, (190)

where F(a,?) can be expressed as follows:

. 0

Fleoi) = ferap g(ﬁj(cl (o)™ —Co(p)e™ Jeoslekdy . (191)

—00

In order to evaluate the integrands in equation (191), one needs to

simplify F; (a,t). Integrating over y first, the inner integral can be expressed as

follows:

I( "~ C,(p)e™ Joos(ay)dy = —Cl(p)( & J+C(p)( o 2). (192)

a’ +n! a’ +n,

After substituting the expressions for C, (p) and C, (p) into equation (191),

the following equation is obtained:
o _ipt—iph

Filar)= W1y (pa)dp, (193)
7[(1(—1)_00 P

where ‘P, (p,a) has already been defined in equation (174).

e Recall from equation (165) that the sixth boundary condition can be written as

follows:

i[p,- (a)-q,(a)a B, (a)e"" +2{a(Dl (a)+hD, (a)){’fhz—lj D, (a)} oo

Jj=1

{ [ D,(a)+hD,(a )]—(Khz_ljD4(a)}e“h‘}:iﬂ(a,t)g(t)dt, (194)

where F,(c,?) can be expressed as follows:
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o0

Fy(a.t)= —i [ermap[c,(pe — e Jsin(ay)dy . (195)
0

F, (a,t) is also simplified as before. Integrating over y first, the inner integral

can be expressed as follows:

ICs (p)e™ —e™ Jsin(ay)dy = C, (p)[%] -G, (p)(Lj : (196)

a’+n a’ +n;
After substituting the expression for C, (p) into equation (195), the following

equation is obtained:
i weipt—[ph]
Fat)==-" |
T P

¥, (p,a)dp, (197)

where ¥, (p,a) has already been defined in equation (179).

e Recall from equations (166) and (167) that the right hand sides of these equations

are zZero.

So that,
F,(a,t)=0, (198)
Fy(a,t)=0. (199)

Equations (160 - 167) constitute an 8x8 linear system of equations for the

determination of the unknown functions B, (a) and D ; (@), (j =1,...,4) in terms of the
unknown auxiliary function g(t). But, before proceeding further, the
integrals (a,t),( j= l,...,6) must also be evaluated. These types of integrals can be

evaluated by using integration on complex plane by the theory of residues. Before
evaluation of integrals, some further simplifications must be done by substituting

equations (25)-(28) and (31)-(32) into '¥,,...,\¥;.

For convenience in simplifications, one can define m, as:
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G — Hn

m, ,(i=1,2), (200)
where

G=(x—1)\p*+ifp) . 201)
H=(x+1), (202)
J=px—-1)-2ip . (203)

* From equation (174), ¥, (p,a) can be written as:

[(3—7()111 _iM1(K+1)](mzn2 —ip)nl(az +n22)
(n12n2 —mlnl)(az +n12X0(2 +n22)

¥ (p,a)=

[(3 - K‘)n2 —ipm, (K+1)](m1n1 —ip)n2 (az + ”12) (204)
(mznz—mlnl)(az—i—anClz—i—nzz) .

After many simplifications, one can show that,

80{2(1( - 1),02
1
¥ (p,a)= (e+1) Gor): (205)
Pt +2ifp’ + (2a2 - B )p2 +2ifa’p+at+a’p’
(K‘ + 1)

Then,

Fla,t)= 4ilx 1) T a’p e™dp . (206)
e 72(1(+1) Y opt+2ipp’ +(2052 —,Bz)p2+2iﬂa2p+a4+a27/2 ’

where
r=pl (207)

K+1

* From equation (179), ¥, (p, a) can be written as:

¥ (par) = 2l = ip Ky, — ip)n: =) (208)

(mznz —mn )(az + "fxaz + n22) '

Again, after many simplifications, one can show that,
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8a(B—ip)p’

Y (p, )= (KH) '
2(p a) . . h 3 2 )2 . 2 4 2 ZM
pt+2ifp +(2a B )P +2ifo’pra+a’f
(K‘+1)
Then,
_ 4 ap(B-ip) ()
Fz(a,t)— ﬂ_(K+1)J;p4+2l.ﬂp3+(2a2_ﬂ2)p2 +2iﬂa2p+a4+a2726 dp )

where y has already been defined in equation (207).

* From equation (184), ‘¥, (p, a) can be written as:

Y, (p,a)= (o, _ip)(“z + ”22)‘ myn, (myn, — ip)(az + nf)
a (mznz —-mn )(az + nlzxaz + nj)

9

After simplifications, one can show that,

k-=3) , (k+1 ) ) )
et e

pt+2ipp’ + (20{2 —,82),02 +2ifa’p+at +a’ B’ 3-x)

(K+1)

‘1’3(p,a)=

Then,

(3 - K) T
F —
(1) 27 (s + 1)_[0 p'+2ipp’ + 20’ - B o> +2ia’ p+at + @’y

where y has already been defined in equation (207) and

K+1

w=a
3—«x

* From equation (189), ¥, (p, a) can be written as:

_ (m2n2 —ip)a(a2 + nzz)— (mln1 - ip)a(a2 + nf)
i (p’a) B (mznz —mn, )(0‘2 + Xa2 T ni)

>

After simplifications, one can show that,
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p +2ifp-w - f g,

(209)

(210)

(211)

(212)

(213)

(214)

215)



a[az +7 +8°p° +2ipﬂ]

¥, (p.a)= Gon) (216)
4 2 3 2 2_ pn2 2+2-IBa2 +a4+a2ﬂ2
pt+2ifp’ +(2a7 - ) p* +2ipa’p (e )
Then,
2 2 2 2 .
i % ala +y +0 " p +2ipp i
B A e T,
Zﬁ_mp(p +2ifp +(2a - )p +2ipa’p+a’t +a’y )
where y has already been defined in equation (207) and
s= K (218)
K+1
= Since ¥, (p, &)=Y, (p,), F,(a,t) is defined as:
F5(O[,t)= 41./1 T azp ez‘pt—iph.dp, (219)
a(x +1) 2 p* +2ipp° +(20(2 —ﬁz)pz 2ipa’p+at +aty’
= Since ¥,(p,a)="Y,(p,a), F,(a,t) is defined as:
4 % ap(ﬂ - ip) ipt—iph
Flet) = gp. (220)
6(a t) 7Z'(K+1)_‘[Op4 +2ifp’ +(20¢2 —ﬂz)p2 +2ipa’prat +aty’ ¢ P

Simplifications of ‘¥, (p,a) is given in Appendix-C as an example.

2.6 Evaluation of F; in closed form through the use of residue theorem

In order to use the residue theorem, equations of E(a,t) (i=1,...,6) will be

written in the following forms:

-4

I, (221)

where

a’p
2

I = dp . 222
' _'[Op4 +2if3p +(2a® - B2 )p* + 2ipa’ p+ ot +a*y? r (222)
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4i

F =— I
Z(a’t) 7Z'(K+1) >
where
Y ap(B-ip) () g
[y +2ifp° +(2 /sz+mmfp+a4+awze P

- S

where

,0 P+ 2ifp-w' - B’ .
wp +2ifBp> + 2a - B ) +2ifa’tp+at +aty

b e—y g

F4(a,t):—él4,

where
T (x[(x2 +y +8°p’ +2ipﬂ] oloh)
= e dp‘
o p(p4 +2iBp’ +(2a2 —ﬁz)pz +2ifa’p+a’t +a2;/2)
_ 4iu
FS(a’t)_ 7r(1(+1)15 ’
where
_ T 0{ zptfiphl dp

_wp4+2iﬂp3+(2a2—ﬂ2) +2zﬂa p+at+a’y’
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(224)

(225)

(226)

(227)

(228)

(229)

(230)

(231)



0

ap(,B —ip) ipt—iph
I = e dp . 232
6 J. p4+2i,8p3+(2a2—,82),02+2iﬂa2p+a4+a272 r (232)

—0o0

Now, I' be a positively oriented simple closed contour in the complex plane,

within and on which a function G(z) is analytic everywhere and the derivative of
G(z) is continuous throughout this closed curve region R, then,

§G(z)dz=0. (233)

If G(Z) is analytic within and on the boundary I" of a region R and if z, is

any point interior R, then Cauchy’s Integral Formula is as follows:

G(z,)= iifl%dz , (234)

where integration around I'is in the positive sense if counterclockwise direction is

used. The integral around the closed curve vanishes if the function is an analytic

interior region (Cauchy’s Theorem) [27]. The integral 2L§G(Z)dz is called the
V4

residue of G(z) for the curve I' around a point z, and is denoted as Res G(z)

P(z)
0(z)

20

Furthermore, if G(z) is a fractional form as G(z) = , the pole is at the zero

of Q(Z). Then, the application of L’Hospital Rule yields:

ResG(z)], = {@%. (235)

The result above is readily extended to the case of simple closed curve
containing a number of isolated singularities of a function G(z). Indeed one can draw
a closed curve C; around each singularity small enough to enclose no other
singularity. Then, one obtains multiply connected region in which G(z) is analytic.

This multiply connected region can always be made singly connected by introducing
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cuts along infinitesimally close lines ¢, and/,. Then, Cauchy’s Theorem implies

that:

§G(Z)dz = ;— §G(z)dz + zk:[ J:G(Z)dz - J.G(z)dz} =0- (236)

A
v

v

Figure 2.2: The roots of quadratic equation for evaluation of the integral
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Above integrals along C; are taken with negative sign as these are traversed in

the clockwise direction. For G(z) being analytic each pair of integrals along ¢, and

¢, cancel out as these are traversed in opposite directions. Then,
§G(zlz = §G(2)dz . (237)
k ¢,
Hence, one has established the Residue Theorem by noting that each of the

integrals in the summation is equal to 27 times the residue at an isolated point [27].

§G(z = 277y ResG(z) - (238)

The significance of this theorem lies in that it enables to calculate integrals by

transforming the problem to the evaluation of residues.

Integrals of the form IG(x)dx is first extended to one in the complex plane by

—00

replacing x with z. To benefit from the Residue Theorem, one needs to complete this
path to a closed curve. This is usually achieved by either adding a semi-circular arc in

the upper or in the lower half planes shown in Figure 2.3.
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A Im
I';
R Re
< > >
-R I, +R
v
Alm I'=TI1+1I,
- r +R Re
< R 4 ! >
R
I';
v

Figure 2.3: The upper and lower contours for evaluation of the integral

One can consider, as radius R goes to infinity, contour I" is combined contour

made of I, and I',. So that the integral can be expressed as follows:

lim lim lim
R_)Oolc(z)dpR_mlle(z)dﬂR_)Oorsz(z)dFo. (239)
By considering above curves separately I',andI’,, integral can be expressed as
follows:
§G(2)z = [Gx)dx+ [Glz)dz = 277y ResG(z) . (240)
—0 Fk k
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For the integral on contour I, ( jG(z)dz) one makes the substitution z = Re”
rk

so it reduces to,

jG(z)dz:RlinooTG(Re”)iRe” de. (241)

r, V4

lim
R—
From the theorems on pages 556 and 557 in [27], it can be shown that for
functions G(z) satisfying certain conditions,
lim

o OOTG(Re”)iRe“H d6=0, (242)

where 7 <0<2r.
Then, the second term of equation (240) vanishes and equation (240) can be

written as follows:
lim

R I G(p)dp = 2 2(Residues of G(p) in lower or upper contour) (243)
— o0y,

So, the integral given by equations (222)-(232) can be written as,

o0

I, = _[G1 (p)dp =27 2(Residues of G, (p) in upper half plane), (244)
I, = j G,(p)dp = 27 X(Residues of G,(p) in upper half plane), (245)
I, = IG3 (p)dp = -2 2(Residues of G, (p) in lower half plane) , (246)

Since there is a pole on the integration path for/,, one needs to use an
indented contour. From Figure 2.2, it can be understood that at the pole p =0 , Cs is

extracted from the closed line on real axis and since Cs is half curve, residue at the

origin is multiplied by 7z [27]. The integral can be expressed as:

0

1, = J.G4 (p)dp = —27i Z(Residues of G, (p) in lower half plane)

—0

— 7 Z(Residue of G,(p) at p=0), (247)
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I, = J. G, (p)dp = -2 %(Residues of G, (,0) in lower half plane), (248)

—00

I, = I G, (p)dp =27 2(Residues of G, (p) in lower half plane). (249)

—00

The choice between a curve I', in the upper or in the lower half plane is based

on the following question: On which curve does IG(z)dz become zero, as R — 0.
k

As shown in Appendix-E, when G(z) contains the exponential function e such
that (r > 0) a curve I',in the upper half plane should be chosen and when G(z)

contains the exponential function e’ #(=h) such that (t <hj;)acurve I', in the lower half

plane should be chosen.

Now, the problem of evaluation of the integrals is reduced to the problem of

determination of the residues of G,(p)(i=1,..,6) in lower or upper half planes. In
order to determine these residues, first poles of G,(p) have to be determined. For
G,,G,,G,,G5 and G, the denominators are the same. For G,, there is an additional

multiplicative factor p in the denominator. If this common term in the denominators

is equated to zero following fourth order equation will be obtained:

pt+2ifp + (207 - B2 )p? +2ipa’ p+at +a’ (('Z 1’3 =0, (250)

The roots of this equation are the poles of G, (p)and they are determined as,

plz—%+é\/ﬂ2+4a2+i4aﬂ 3K , (251)
ﬂ i
[’ +4a’ +z4aﬂ (252)
04 :—ﬁ—i\/ﬂ2 +4a’ —idaf,|—— 3K , (253)
2 2 K+1
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(254)

Poles in the upper half plane are p, and p,, whereas poles in the lower half
plane are p, and p,. Note that p; =0is also a pole for G, (). Since this pole is on

the path of integration an indented contour must be used along with the necessary

integration theorem for such contours. The residues of G,,G,,G;,G,,G5,G, at these

poles are obtained as follows:

Res“*:Res{Gl(p);p:p]}:ph_r:lplG(p)(p—pl), (255)

Res14*:Res{G1(p);p:p4}= fim G(p)p-p.), (256)
P> p

Reszl*zRes{Gz(p);p=p1}= fim G(p)p-p). (257)
p—p

Resz4*:Res{G2(p);p:p4}: fim G(p)(p—p;), (258)
PP,

Res32*:Res{G3(p);p:p2}: fim G(p)p-p,), (259)
P> p,

Res33*:Res{G3(p);p=p3}= fim G(p)(p-ps), (260)
p = py

ReS42*=Res{G4(p);p=p2}= fim G(p)p—p,). (261)
p—>p,

Res43*:Res{G4(p);p:p3}: fim G(p)p-ps), (262)
PP

Res45*:Res{G4(p);p:p5}: fim G(p)(p-ps). (263)
P> p;

Res52*:Res{G5(p);p:p2}= fim G(p)(p-p,), (264)
p = p,
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lim

Res53*:Res{G5(p);p=p3}:p_)p3G(p)(p—p3), (265)

Reser=Res{G, (p);:p=p,} = " (o) (p-p2). (266)
p—>p,

Resg»=Res{G (p):p=p;} = fim G(p)(p-p;)- (268)
P> p;

Now, one can express equations from (244) to (249):

0

I, = j G,(p)dp =27 (Res; 1+ + Resyr) (269)
I, = _TGZ (p)dp = 27 (Resy++ Resas), (270)
I, = T G,(p)dp = —27 (Reszp«+ Ressar) , (271)
I, = _TG4 (p)dp = —27i (Ressp++ Resss)— 7 (Ressss) (272)
I, = TGS (p)dp = —27i (Ressa+ Ressss) (273)
I, = TGé (p)dp = —27i (Resgr+ Resgss) . (274)

—00

Now, some lengthy simplifications are applied to equations from (269) to
(274). These are outlined below for 7, as a sample case.

o0

I = j G,(p)dp = 27i (Res 1=+ Resir) (275)

—00

where

idt(f424 )é

Res,.=Res,, e , (276)
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it (2 )
Res ,.=Res,, e i) , (277)

where
. 2 2 .
Res, = aﬂ—i—za\/ 4a” - " —4diay ’ 278)
4y\-4a’ - B* —diay
_ _ _4 2_ 2 4
Res,, = af za\/ a - p +4iay . (279)
4;/\/—4052 - B +diay
Then,

. . : (p+24);
I, =2xi{(Res,, + Res;)cos(Az)+i(Res,, + Res,)sin(A,r)}e 2, (280)

where

Partl=(Res,, + Res,,)

+iar-4a’ - B —4i
(Res,, + Res,,) = of la\/ a P ey
4]/\/— 4’ - B* —diay

+[—aﬂ—ia\/—4‘12—ﬁ2+4i“7 } e81)

4y\-4a’ - B +4iay

ﬁZ
aff —2a,a’ +—+iay
(Res,;,; + Res,) = - 4
8iy,|a’ +’B4+ia7/

2
_aﬂ+2a\/a2 +’B4—ia7/

+ : (282)
ﬂZ
81']/\/052 + 5 —iay
4
(Res,, + Resm):(Numj, (283)
Den
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Num = {aﬂ—2a\/a2 +ﬂ72+ia7]\/a2 +ﬂ72—ia7

+£—aﬂ+2a\/a2+%2—ia;/]\/a2+'872+ia7/}, (284)
Num = {(aﬂ —2a,/x+1iy L/x—iy + (— af +2a.x—iy L/x+i}/} , (285)
where
x=a’ +'BTZ, (286)
and
y=ay. (287)
Num = {(aﬂ - 205\/;)\@ + (— af} + Zax/g)\/;}, (288)
where
z=x+1iy, (289)
and
Vz= \/%(\/xz +y? +x)+i\/%(1/x2 +y° —x). (290)
Num = ap(Vz =), (291)
Num = —2iaﬂ\/%(1/x2 +y° - x), (292)
where
A, = \/é(ﬂxz +y? —x). (293)
Num =2iafA,, (294)
Den=8i;/\/a2+ﬂ72+iay\/a2+ﬂ72—iay, (295)
Den=8iy\x+iyx—iy, (296)
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Den =8iy~\x* +y°, (297)

Den =8ijR, , (298)
where
2 2 3
o] e
4 K+1
(Res,, + Res,,) = —2iaft, . (300)
8iyR,

Part2 : (Res,; —Res,,)

(Res,, — Res,) =
aﬂ+ia\/—4a2—ﬂ2—4ia7/ B —aﬂ—ia\/—4a2—ﬁ2+4ia7/ (301)
47\/—4052 - B —diay 47/\/—4052 - B’ +diay ,

(Res;, — Res;,) =

2 2
aﬂ—Za,/az—i-’B—Ha;/ —aﬂ+2a,/a2+ﬂ——iay
4 4 (302)

2 2 ’
8i7,{a2+’i+ia7 8i71/a2+€—ia7/

_ [ Num
(Res,, —Res,,) = ( Den J, (303)
Num = {aﬂ—hx\/az +’B—2+ia7/}\/a2 +ﬂ—2—ia7/
4 4

—[—aﬂ+2a\/a2+%2—iay]\/a2+%2+ia7}, (304)
Num = {(aﬂ—2a1/x+iy L/x—iy —(— aff +2a./x —iy L/x+i;/}, (305)
Num = {afp - 20z N7 - (- ap + 2a4E Nz, (306)
Num = a(NZ +z )- 4azVz (307)
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Num = 2aﬂ\/%(w/x2 +y? +x)—4aw/x2 +y?, (308)

Num =20fA, —40oR, , (309)
where
A :\/%(1/x2+y2 +x). (310)
Den =8ijR, , (311)
(Res,, —Res,,) = | 2PA — 4ok | (312)
8iyR,
Then,
. B

-2 2 —4aR A+

1, = 27| ZHAPR | o(ae)+ 1] 2P AR G () e( ) : (313)
8iyR, 8iR,

_ _ 1 /11+£ t

I - 272{( aﬂlz)cos(/izt)z(c;ﬂ/”tl 20R, )sm(/lzt)je( 2j ’ (314)
s

where y,4,,R,, A, are given respectively by equations (207), (293), (299) and (310).

The other integrals can be obtained through similar simplifications. Hence,

I, = Zm'{_ ('82 +4R, )ﬂz cos(izgt)R_ (4R1 -p )11 Sin(izt)}e(iﬁf} , (315)
s

el fen) | (316)

where w=« K—H (317)
3-«x
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K(az+7z—a26’+ﬂ2(l—;9)j 4Rlﬁ,2ﬁ(1—16)+ao9yM
I, =4-2mi{| - + 2 cos(4, (1=1))
YR (B> +4P4 +4R,) YR (B> +4PA4 +4R,)

2 2 2 2 1
M[a +y —a’0+ B (1—2¢9D 2Rﬁ(1—§0)(ﬂ+2&)—a6ﬂ( . (mf)(t—h.)
+ sin(4, (1—h))te

+
YR (S +4B4 +4R)) YR (B +4B4 +4R))
(1
i (_j} (318)
a
where
9= K+5’ (319)
xK+1
K:ﬂ\/%(1/x2+y2 —x)+2y, (320)
and

Mzﬂ\/%(\/x2+y2 +x)+2x. (321)

Since it is somewhat different, the detailed derivation of /, is also given in the

Appendix-F.

I, - _272{ (aﬁﬂz )cos(/lzt) — (205Rl +afih, )sin(/lzt)]e(% %](H«I ) ’ (322)
4R,

I = —2721{ g + 4R )2, COS(%Q ;R (4R, = Wy sin(21 )}e(*‘ hem (323)

One can rearrange the equations from (206) to (220) to obtain final forms of

the integrals of F,(p) (i = 1,..., 6) by using following definitions:

oS
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where

o anlE ).

2

A +1)| 44,2 +22)

Fa)=-—2 {fxs(“’t)+ﬁ%(a,t)}e[mf}

) B=k) [ frslant)- frglar)) [ Jew
T

Fule)= st el (1),

b

__ Ha fx9(a>t)+fx10(a,t) [/I‘Jfgj(t_h‘)
}qmﬁ_(mni A2+ 22) ¢

b

___ @ S (o) + fi (@) [M@(’_hl)
falent)= 2(’<+1){ A \i+4) }e

where fx,(a,t) are given in Appendix-G (i = 1,...,12).

(325)

(326)

(327)

(328)

(329)

(330)

Now, one can readily determine the unknown functions B, (a) and

D, («),(j =1,...,4) in terms of the unknown auxiliary function g(t).

By using equation (168) and introducing a notation, the unknown functions

may be expressed as follows:
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(R R e =
S 8 % a,(a,\ S o o -
N N N N’ N— —
_F1 SIS SO S < o _
S
%))
o —
Il
f ~ —~ ~ ~ ) !
< < <= < < <
= = -~ = ~ ~
) S S S ) S
S R 59 53 R £y
o~ - - - = ~
SN—" SN— N SN— N SN—
80 &0 80 80 %0 &0
_b[.a Qe 3 Q) 3 Qe T Q— S Qe T |
Il
f )\I/)_
T3 T v 3R
(((((/‘?\./IM(A\.
_BleBsB4D Q QA
I 1
N NI I
N NI T
TN IS IS T
NI IS
N NI I T
Al A?. A3 A4 AS A,O A7 Aoo
TN I I

~ < O < Ag_

Then, one can write:

(332)

dt -

[ _ _ 1
P N N N N
I 3 3 3 3 3 o ©

—_— — — — — —

]
o0 o0 o0 fe'e) o0 SJOMO
N v 9 <

A77
A87

<~ ¥ <<

A76
Ags

1,...,6) are given by equations from (324) to (330), 4;; where

< <<

TR SR S SR S 4
M O A R AR
N v ¥

<~ < <Y

4,
A

_A.I A?. A3 A4 AS A6 A7 AS_

g()

0 —
Il

e P~~~ /ST

I 3 3 R 3IBRB B

~_ — — — N

gd g dq

F, (a,t) where (j

(ij = 1,..,8) are given in the Appendix-B.

At this point, the unknown functions Bj(a) and Dj(a),(jzl,...,4) are

determined in terms of the unknown auxiliary function g(t). Hence, the crack problem

is reduced to only one unknown namely g(t). Now, an integral equation will be

derived for the determination of g(t) by satisfying the last boundary condition of the

problem.

60



2.7 Derivation of the singular integral equation

In the mode-I crack problem described in the previous section, g(t) defined by

equation (53) is the only unknown function that must be determined in such a way
that the following last mixed boundary condition of the problem is satisfied.

ny(x,0)= —p(x), (where a < x < b), which means that the tractions on the

crack surfaces is equal to the stresses obtained from uncracked problem with opposite

sign. Substituting o, (x,y) from equation (48), following singular integral equation

is obtained:

0 e 0)+ o e = = 2N =1) (333)

) #(x)

where /,(x,¢) and ,(x,?) are in the following form,

(x 1}£g1{ [ y,p)e’p”dp} (334)
llgl{%TKz x1,0)cos ay)da} (335)

where

K0P o T o o (1052 K 02), (336)

K, (3.0)= (e + 1, (0) - 103 £, (o )om, (o), ) - i)

(337)

K12(y> ,0) = ((K + 1)”2 (,0)— ip(3 - K)mz (p))(ml (p)nl (,0)— ip)enZ(p)y ) (338)
and

K,(x,t,a)= i: [(3 —x)p,(a)g,(e)+(x+ l)a]ep/xBj*(a, 1) . (339)
where
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_Bl*(a,t)_ Ay A, Ay Ay As Ag Ay Ay B _Fl(aat)_

Bz* (a N ) Ay Ay Ay Ay Ay Ay Ay Ay | | (a= t )

33* (a, f) Ay Ay Ay Ay Ay Ay Ay Ay F (a= t)

34* (Cl N ) _ Ay Ay Ay Ay A Ay Ay Ag | | F (a= t ) (340)
D, ) (a N ) A5, A5, Az Ay Ay Ay Ay, Ag F; (a, t ) ’

Dz* (05 N ) Ag Ay Ay Ay A A Ag Ag | | F (0‘ 2 )

D3* (05 N ) Ay Ay Ay Ay Ay Ay Ay Ay 0
_D4* (05 N )_ Ay Ay Ay Ay Ay Ay Ay A |0

b
Note that Bj(a): .[g(t)Bj*(a,t)dt and D, (a)=

a

g(t)Dj*(a, t)dt (where j =1,..,4).

Q C— >

The integral equation will be solved for an edge crack problem. To obtain a
suitable form for the numerical solution of singular integral equation of the edge
crack problem, an asymptotic analysis of the kernels /(x,z) and /,(x,#) must be
done. For the particular problem under consideration the asymptotic analysis that has
already been done in [14], given in Appendix-I, is valid so the results of that analysis
have been used in this study. The main steps of that asymptotic analysis are outlined
below.

First, one can write /(x,) in the following form as:

o0 o0

()= [ M. p)eos(ple —x)ip) + - [ N(v. p)sin(ple - x)dp). (41)
where

M(y,p)=K (v, p)+ K (y.-p). (342)
Ny, p)=i(K,(v, p)- K,(y,—p)). (343)

Now, the asymptotic behavior of M ( , p) and N (y, p) as p — ooshould be
investigated. These asymptotic forms are as follows [14]:
bbb

. b, b b, | -
M (y,p)z[;l+p—33+p—55+p7 p9+ﬁje o (344)
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» C, € C G ¢y € | -
N (y’p):(00+p_22+p_t+p_66+p_88+ﬁ+ﬁ]e o, (345)
Then, ¢, is extracted from 4, (x, t) to obtain Cauchy singularity. So, 7 (x, t)
can be written as follows:

o0

By (x,1) :i!M(y,p)cos(p(t—x))dp+iI[N(y,p)—cojsin(p(t—x))dp

0

+i1}5§ 0 cie” sin(p(t-x))dp . (346)

The integral containing sin(p(z —x)) in equation (346) can be evaluated as
follows:

0

. s c
lyliréocoe Py sm(p(t—x))dp=t_°x . (347)

Then, equation (344) is written as:

0

hl(x,t):ijM(O,p)cos(p(t—x))dp+iI[N(O,p)—c()]sin(p(t—x))dp

0
+C_o( ! ] , (343)
2r\t—x

By introducing large but finite values of F and G for the limits of the integrals,
one can express equation (348) as follows:

aty=0.

G

h (1) == M (0, p)cos( p(t-x))

T
27) dp+E'G[M(0,p)cos(p(t—x))dp

+i]:[N(0,p)—cO]sin(p(t—x))dp+iI[N(O,p)—cojsin(p(t—x))dp

G ( 1
+E(z—xj . (349)
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Now, the asymptotic values of M (O, p) and N (O, p) from (344) and (345) can

be subtracted from 2" and 4™ integrals in equation (349) and then added separately
giving:

G

ht) =5 [ M0, p)oos(ple - x)ldp

V4

1
+ 0 . 350
Zﬂ(t—x] (330)
By taking F and G sufficiently large, 2™ and 5™ terms in equation (350)
become negligible:

17 b, b, b, b b, b
_I[M(Oa,0)——1——33——55——77——99—%}cos(p(t—x))dpzO : (351)
2ry pop P op PP

17 c c c c c ¢ .
E}[{N(O,P)—Co—p—zz—p—t—p—i—p—z—ﬁ—ﬁ}sm(p(t—x))dpzO : (352)
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Then, /,(x,¢) reduces to:

)= 410, pleos(oli - x)p

+ i?{ﬁ} cos(pp(t —x))dp

GLP

+L {b_33+b_5+b—7+b—99+b—}cos(p(t—x))dp
2zl opopopp

1§ :

+ [ N0, p)- ¢, Jsin(ol—)dp

T

0

+

272.F ,02 ,04 p6 ,08 p10

co[lj . (353)
2r\t—x

The cosine integral in equation (353) can be taken:

)= [ (0, peos(pli— <)

2zylp* Pt P P p
c 1
+_o(_j | (354)
2r\t—x
By defining below forms and using them in the equation (354):
W, (F,t—x)zj%;))dp where k =1,23,..., (355)
F P
cos
j ?dp where k =123,..., (356)
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One can obtain:
e P A S )
TT\t—X
+7 I M(0, p)eod plt—x))dp
7[0
16 :
+2— I [N(0, 0)—c, Jsin( ot —x))dp
7[0
+2i{c2m(F,z—x)+c4Wz(F,z—x)+c(,W3(F,t—x)+c8m(F,t—x)+cmWs(F,t—x)+c12W6(F,t—x)}
T
+2i{b3zz(c,t—x)+bsz3(G,t—x)+b7z4(G,t—x)+bQZS(G,t—x)+bnz(,(G,t—x)}, (357)
VA

where closed form expressions of W, and Z, can be obtained as given in

Appendix—H.
Note that
G(r—x)|
CHG{ )= 7y + LoglGli—x) + j %a (358)
One can write:
Ci(G(t—x))= {Ci(G(t -x))- Log‘G(t - x}}+ Log‘G(t - xX ) (359)
Ci(G(t—x)) = {Ci(G(t—x)) —Log|(t—x)| —LogG} +L0gG+L0g|(t —x)| . (360)

Then, one can write 7 (x,¢) as follows:

hl(x,t):c"(lj b —L Logft —x|

2z\t-x) 2n
+217TEM(0,p)cos<p<r—x>>dp
- E[N«), p)-cuJsinlple—x))dp
~[cile - x)- Log ]

+2i {CZW,(F,t—x)+c4W2(F,t—x)+ c6W3(F,t—x)+c8W4(F,t—x)+c,0W5(F,t—x)+c12VK,(F,t—x)}
V1

+2i{b3zz(G,t —x)+b,Z,(G,t = x)+b,Z,(G,t = x)+ b, Z,(G,t —x)+ b, Z(G.t — x)} (361)
T
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In equation (361), 1% term is going to be integrated in closed form over ¢, 2™
and 3" terms are integrated numerically first over p, then they are going to be
integrated over ¢ and the last three terms are integrated numerically over ¢.

Now, &,(x,¢) will be considered. It can be written in the following form by

expanding K, (x,z,a) term:

loot) =2 [ (6= ) (@b )+ s+ D)8 )

+e”(3-x)p (g, () + (x + 1)a)B, (a1)
+e" (3= x)ps(a)gs (@) + (e + 1)ar)By (1)

) (rrx)as B
—(crza +cr105+cr0)e 2 o

2 —(t+x a+ﬂ(t_x)
+£J.(cr2a2+crla+cr0)e e do . (362)
4 0

Here, cr, are again taken from [14] and the integrand of the 2" integral in
equation (362) actually represents the asymptotic behavior of K, (x,t,a) as o — o,

(cr; are given in [14] and in Appendix-1.)

hz(x’t):

2| Z2cr, cr, cr, @
+— + + ) 363
ﬂ{@+xf (1+x) ¢+xﬁe 0

Introducing a large cut-off value D again and subtracting further terms

EHEN
S —y 8

() 22)
Kz(x,t,az)—(crzar2 +cr1a+cr0)e 2 rda

obtained in the asymptotic analysis of K,(x,t,&), h,(x,t) can be written as follows:
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Byl
(8]
on
=

~

2cr, + cr N cr, . R
(t+x)3 (t+x)2 (t+x)

() B
{Kz(x,t,oz)—(crzoz2 +cr,a+cr0)e 2 }da

SN—
Il
SRS

—

+

+

a a a

ENESEEE RS
T8 o=

Bli=x)
v, Cr, CFy  CTg | ~(trx)a+
{Kz(x,t,a) (crza +cr1a+cr0++‘2‘+5+f1} 2 }da
a

= () 23]
E;{[____] ke s }da. (364)
Ty a a a a

If D be sufficiently large, so 3™ term in equation (364) becomes negligible; i.e,

© ﬂ(l—x)

cry, cr, Crs  CF, | (trx)ar=o
J K,(xt,a)—| e’ +ena+ern +—+ —+ =+ —% e > lda=0. (365)
: a o o «a

N o

Then, /,(x,¢) can be written in the following form:

2| 2cr cr cr. pl)
h )== 2 1 0 2
e e e

2 —(t+x a+ﬂ(t_x)
+EI{K2 x.t,a) crza +crla+cr0)e 3 }da
4 0

7 Blt—x) o (t+x) o (t+x)a o (t+x)a o (t+x)a
+=e ? cr3J. da+cr4'[ - da+cr5J. ; da+créj do - (366)
IZ- D a D a D a D

Exponential integral can be defined as follows:

i —(t+x)a

e

da = —Ei(— (¢t + x)D). (367)

n

By defining other integrals as Q,,0;,0, in the equation (366), one obtains:

2| 2cr cr cr Ali)
h Jt)== 2 1 0 2
e e T T

() 2
2fliinar-ere rerawenk ™ i
T

S —y

Bli=x
+—e ? {cr3 (— Ei(— (t + x)D))+ cr, 0, (c,t + x)+ cr;0; (c,t + x) + cr6Q4(c,t + x)} (368)
Vs

[\

where Q, can be obtained in closed form and are given in Appendix-H.
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In equation (368), 1 term is going to be integrated numerically over 7, 2™
term is integrated numerically first over«, then it will be integrated over ¢ and the
last term is going to be integrated numerically over ¢.

Now, the singular integral equation (333) can be written as follows:

lig(t){(ij—(I:—1L0g|t—x|—ﬂ[Ci(G(t—x))—Log|t—x|]

) )

+—{02W] (F,t—x)+c4Wz(F,t—x)—i—cGWS(F,t—x)—i-ch (F,t—x)+c]0W5 (F,t—x)+c]2W6 (F,t—x)}
=0
+i{b3z2 (G.t—x)+b,Z,(G,t=x)+b,Z,(G,t —x)+b,Z;(G,t —x)+b,Z (G, - x)}
0
G
+IM(0,p)cos(p(t—x))dp
;
+I[N(O,p)—co}sin(p(t—x))dp

0

4 | 2cr, cr, cr, £ (’; %)
+— -+ =+ e
C (t+x) (t+x) (t+x)
pli—x)

+—e ? {—C}gEi(—(t + x)D) +cr,0, (e, t+x)+ers Qs (e,t+x)+cr, 0, (c,t+ x)}
cO

D —(t+x a+ﬂ(l_x) -1
+iJ‘{K2 (x,t,a)—(cr2a2+c1f1a+cr0)e e }da dt=—2m- (369)
%% cott(x)
One can normalize the interval a<x<b by defining:
x:b_ar+b+—a, where —1<r <1, (370)
2 2
t:b;"“b;a, where —1<s<1, (371)

By doing these substitutions, the interval is normalized. By using above

definitions in equation (371), the singular integral equation can be written as follows:
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Z{G,(b ; “j(s - r)j -z, (375)

plx(r) = (r), (376)
px(r)=p"(r). (377)

and rearranging equation (372),
1 1 b \(b-a
; :l‘l G(S){(H] - (coj(szOgS - V‘
b ; aj[ci(G(b ; “)(s - V)J — Log|s - r}

W+, Wy e Wy + oW, + e W5 + e, W }

B S i

L4 (b—a jef[bza] " e Bl (s)+ < )D)+ 1,0, (e, 1(5)+ x(r)

Pl -)
2 el 79

Instead of long terms in equation (373), one can define:
K(s,r) =K, (s,r)-i—K2 (s,r)—kK3 (s,r)+K4 (s,r)+K5 (s,r) + K (s,r)+K7 (s,r)+K8 (s,r) , (379)

where

b ; aj(s - r)) - Log‘s - r} > (380)
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K, (s,r)= (i [b%a]{cle* ey ey ey e s+ Cleé*}’

\]

Ky(s,r)= (i (b - aJ{szz* +b, 7 +b,7, +b,Z +b,Z, }

Kg(s,r)= :)(b;a)ﬂl(2(x(”) t(S)aa)—(Cl’zaz +cna +cr, )eim(t(s)+ ( ))+2[M](”)}da ,
_8(x-1)

“ (x+1) °
_4px-1)

b= (k+1)

Finally, the singular integral equation can be expressed as follows:

%le(S){(sLJ_('B(Z_G)jLog'S_r|+K(S’r)}:_ﬂp*(r).

A’ (r)

Now, the mode-I SIFs at the crack a<x<b can be defined as,

k() =— ™ 44 AR5 (1),

x—>b xk+1

and it can be shown that [14], it reduces to

h(b)::—fzézgg«JBle).
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(387)
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(389)
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(391)

(392)



2.8 On the numerical solution of singular integral equation

The singular integral equation (390) is solved by using a series expansion
collocation method, an example of which can be found in [28]. This method involves
expressing the unknown function as a series of appropriate Jacobi Polynomials with
undetermined coefficients. Discrete values of » and used as collocation points. By doing
so the singular integral equation is converted to a linear system of equations with these
coefficients as unknowns. After determining the coefficients, the values of G(s) and
therefore, the mode-I SIFs are also determined. An existing program, which is
capable of solving the problem given in [14], is modified in order to meet the
requirements in this thesis. This modification amounts to replacing a part of the

kernel K(s,r) in the program with the Ks(s,7) given in this study.
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CHAPTER 3

NUMERICAL RESULTS

In this chapter, sample numerical results for the normalized SIFs are
presented. An edge crack in the FGM layer, perpendicular to the interface and bonded
a homogeneous substrate, is considered.

In the tables and in the figures, the nondimensional parameters £, /E; and
Ri/ h; are denoted as E* and R* respectively. In all the results obtained, the Poisson’s
ratio is taken as 0.33. It is believed that its effect on the SIFs is quite negligible.

The SIFs are determined for two types of loading, namely uniform crack
surface pressure loading and constant strain (fixed grip) loading cases.

a) Uniform loading
In this case, a constant normal traction on the crack surfaces is assumed. It is

expressed as,
o, (x0)=-0,, where a<x<b . (393)

The SIFs for an edge crack (a = 0) is defined in (392). In the tables and figures

for the uniform loading, the normalized form of SIFs is defined as,

k*(b)zM. (394)
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b) Constant strain loading

In this case, constant strain loading through fixed grips, ie. ¢, (x):go is

assumed. Elastic foundation will have no effect on the calculation of input

function p(x) and in this case, it is expressed as,

o, (x,O) = —ixz)go , where a<x<b. (395)

In the tables and figures for the constant strain loading, the normalized form of

SIFs is defined as
k*(b):ﬂ : (396)
)
1-0°

3.1 Verification of the results

In order to verify the formulation and the computer program, attempts are
made to duplicate several results given in the literature. The problems considered in
[14], [25] and [17] can be treated as special cases of the problem considered in this
thesis. Hence, the results presented in those studies are taken to be the benchmark
results.

The first group of comparisons which are presented in Tables 1 and 2 involve
the normalized SIFs for an edge crack under uniform loading for various R* values.
The results in [14] have been obtained for a single layer that is 4, = 0, so in order to

approximate that problem /,/h; = 107 and 10™ are used. It is observed that, for
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relatively short crack lengths (b/z < 0.4), the differences between the results are less
than 1%. For all the crack sizes considered, the differences do not exceed 3% and as
hy/h; decreases so does the difference between the results.

In the second group, a comparison of our results and those in [25] are given
(Table 3). In [25], the elastic foundation does not exist, so the foundation modulus is

taken as zero (i.e. y =0 and consequently R* = o). The numerical results are

presented as graphs in [25], so the values listed in Table 3 have actually been read
from these graphs. Again, one can observe that the agreement is quite good,
especially for relatively small crack lengths.

In the third and last group of comparisons, the results given in [17] for
constant strain loading has been considered (Tables 4-7). The geometry is identical to
that of the first group of comparisons. £* values both less than one (Tables 4-5) and
greater than one (Tables 6-7) are considered. hy/h; is taken as 102 and 107, The
difference between results become significant (i.e. greater than 5%), only when A./h;
is taken as 10'2, foundation modulus is zero and b/4; > 0.4. Based on these results, it is
concluded that the foundation is correct and the computer program is producing

accurate results.

3.2 Sample results and parametric studies

Having concluded that accurate values for normalized SIFs could be obtained
a limited parametric study has been performed. In this study, six different values of
crack lengths (i.e. b/h; = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6), three different values of layer
thickness ratio (i.e. i2/h;= 0.5, 1.0, 2.0), three different values of cylinder radius
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(R* = oo, 20, 10) corresponding to three foundation modulus values (¥ =0, 0.08,0.35),
three different values of nonhomogeneity parameter (fh; = -1.6094 giving E* =0.2,
Shy = 0.4054 giving E* =1.5 and ph; = 1.6094 giving E* =5) and two loading cases
(uniform crack surface pressure and fixed grip) were considered. Hence, altogether
(6 x 3 x 3 x3 x 2) runs were made, giving 324 normalized SIF results. Hence, the
influences of the above listed parameters on the normalized SIFs could be
investigated. The results are presented in both tabular form (to provide benchmark
numerical values) and in graphical form (to facilitate observations regarding the
variations).

In Tables 8, 9 and 10 (and Figures 3.1 - 3.9) uniform loading results were
given whereas in Tables 11, 12 and 13 (and Figures 3.10 - 3.18) fixed grip results

were given.
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Table 4: Comparison of the normalized SIFs for an edge crack in a layer under
constant strain loading with [17], E*=0.2 and h,/h;=0.010

E*=0.2
h,/h,=0.010
R*= *=20 R*=10
blh; | k(b) | k(b)*[17] | Diff. [ k(b) | k(b)*[17] | Diff. | k(b) | k(b)*[171 | Diff.
0.050 | 1.1249 | 1.1269 0% |1.1193 | 1.1212 0% |1.1172 1.1190 0%
0.100 | 1.1589 | 1.1626 0% | 1.1372 | 1.1410 0% |1.1289 | 1.1326 0%
0.150 | 1.2156 | 1.2216 0% | 1.1667 | 1.1733 1% | 1.1490 | 1.1553 1%
0.200 | 1.2921 1.3013 1% | 1.2038 | 1.2138 1% | 1.1733 | 1.1828 1%
0.250 | 1.3883 | 1.4019 1% | 1.2455 | 1.2597 1% | 1.1993 | 1.2124 1%
0.350 | 1.6477 | 1.6755 2% | 1.3346 | 1.3591 2% | 1.2490 | 1.2702 2%
0.400 | 1.8187 1.8585 2% | 1.3781 | 1.4085 2% | 1.2701 1.2953 2%
0.450 | 2.0260 | 2.0832 3% | 1.4187 | 1.4551 3% | 1.2875 | 1.3164 2%
0.500 | 2.2793 | 2.3627 4% | 1.4547 | 1.4968 3% | 1.3009 | 1.3328 2%
0.550 | 2.5928 | 2.7165 5% | 1.4848 | 1.5316 3% |1.3104 | 1.3441 3%
0.600 | 2.9869 | 3.1744 6% | 1.5084 | 1.5580 3% | 1.3169 | 1.3509 3%
where k(b)*[17] shows the normalized SIFs in [17].
Table 5: Comparison of the normalized SIFs for an edge crack in a layer under
constant strain loading with [17], E*=0.2 and h,/h;=0.001
*=0.2
h,/h,=0.001
R*=o R*=20 R*=10
b/h, k*(b) |k(b)*[17]| Diff. | k*(b) |k(b)*[17]| Diff. | k*(b) |k(b)*[17] | Diff.
0,000 1,1216 1,1215 0% | 1,1216 1,1215 0% |1,1216 | 1,1215 0%
0,050 1,1262 1,1269 0% | 1,1203 1,1212 0% (21,1180 | 1,1190 0%
0,100 1,1621 1,1626 0% | 1,1394 | 1,1410 0% |(1,1308 | 1,1326 0%
0,150 1,2212 1,2216 0% | 1,1704 | 1,1733 0% | 1,1521 | 1,1553 0%
0,200 1,3009 1,3013 0% | 1,2092 1,2138 0% |1,1777 | 1,1828 0%
0,250 1,4016 1,4019 0% | 1,2530 1,2597 1% | 1,2052 | 1,2124 1%
0,350 1,6757 1,6755 0% | 1,3467 1,3591 1% | 1,2579 | 1,2702 1%
0,400 1,8594 | 1,8585 | 0% | 1,3929 | 1,4085 1% | 1,2804 | 1,2953 | 1%
0,450 2,0853 | 2,0832 0% | 1,4362 1,4551 1% | 1,2992 | 1,3164 1%
0,500 2,3673 | 2,3627 0% | 1,4747 1,4968 1% | 1,3137 | 1,3328 1%
0,550 2,7262 | 2,7165 0% | 1,5070 1,5316 2% | 1,3240 | 1,3441 1%
0,600 3,1947 | 3,1744 | -1% | 1,5320 | 1,5580 2% |1,3308 | 1,3509 | 1%

where k(b)*[17] shows the normalized SIFs in [17].
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Table 6: Comparison of the normalized SIFs for an edge crack in a layer under

constant strain loading with [17], E* = 1.455 and hy/h;=0.010

E*=1.455
h,/h,=0.010
R*=« *=20 R*=10
b/h, k(b) | k(b)*[17] | Diff. | k(b) | k(b)*[17] | Diff. | k(b) | k(b)*[17] | Diff.
0.050 | 1.1397 1.1452 0% | 1.1365 1.1411 0% | 1.1351 1.1395 0%
0.100 | 1.1893 1.1999 1% | 1.1754 1.1841 1% | 1.1695 1.1781 1%
0.150 | 1.2658 1.2825 1% | 1.2336 1.2467 1% | 1.2203 1.2335 1%
0.200 | 1.3685 1.3930 2% | 1.3089 1.3272 1% | 1.2851 1.3038 1%
0.250 | 1.4990 1.5338 2% | 1.4006 1.4250 2% | 1.3628 1.3880 2%
0.350 | 1.8603 1.9294 4% | 1.6341 1.6754 2% | 1.5557 1.5979 3%
0.400 | 2.1056 2.2037 4% | 1.7776 1.8306 3% | 1.6713 1.7246 3%
0.450 | 2.4086 2.5503 6% | 1.9406 2.0080 3% | 1.8004 1.8667 4%
0.500 | 2.7861 2.9948 7% | 2.1245 2.2097 4% | 1.9437 2.0251 4%
0.550 | 3.2621 | 3.5776 9% | 2.3308 | 2.4375 4% | 2.1022 | 2.2007 4%
0.600 | 3.8716 4.3639 11% | 2.5611 2.6927 5% | 2.2774 2.3945 5%
where k(b)*[17] shows the normalized SIFs in [17].
Table 7: Comparison of the normalized SIFs for an edge crack in a layer under
constant strain loading with [17], E* = 1.455 and hy/h;=0.001
E*=1.455
h,/h,=0.001
R*=w R*=20 R*=10
bih; k*(b) |k(b)*[17]] Diff. | k*(b) |k(b)*[17]| Diff. | k*(b) |k(b)*[17]! Diff.
0,000 1,1216 1,1215 | 0% | 1,1216 1,1215 | 0% | 1,1216 1,1215 | 0%
0,050 1,1439 1,1452 0% | 1,1398 1,1411 0% 1,1381 1,1395 0%
0,100 1,1979 1,1999 0% | 1,1821 1,1841 0% 1,1754 1,1781 0%
0,150 1,2796 1,2825 0% | 1,2439 1,2467 0% 1,2292 1,2335 0%
0,200 1,3888 | 1,3930 | 0% | 1,3233 | 1,3272 | 0% | 1,2972 | 1,3038 1%
0,250 1,5278 1,5338 0% | 1,4198 1,4250 0% 1,3786 1,3880 1%
0,350 1,9173 1,9294 1% | 1,6662 1,6754 1% 1,5804 1,5979 1%
0,400 2,1862 | 2,2037 1% | 1,8184 | 1,8306 1% | 1,7016 | 1,7246 1%
0,450 2,5240 | 2,5503 1% | 1,9919 | 2,0080 1% 1,8370 1,8667 2%
0,500 2,9543 | 2,9948 1% | 2,1886 | 2,2097 1% 1,9874 | 2,0251 2%
0,550 3,5130 | 3,5776 | 2% | 2,4098 | 2,4375 1% | 2,1536 | 2,2007 2%
0,600 4,2563 | 4,3639 2% | 2,6567 | 2,6927 1% | 2,3365 | 2,3945 | 2%

where k(b)*[17] shows the normalized SIFs in [17].
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3.4 Stress intensity factors (Figures)
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Figure 3.1: Influence of hy/h;, on the normalized SIF, uniform load, E*=0.2, R*=00
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Figure 3.2: Influence of hy/h;, on the normalized SIF, uniform load, E*=1.5, R*=00
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Figure 3.7: Influence of hy/h;, on the normalized SIF, uniform load, E*=0.2, R*=10
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Figure 3.8: Influence of hy/h;, on the normalized SIF, uniform load, E*=1.5, R*=10
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Figure 3.9: Influence of hy/h;, on the normalized SIF, uniform load, E*=5, R*=10

91



1.40

|+ h2/h1=0.5 = h2/h1=1.0 ~ h2/h1=2.0_*
1.30 + //
_1.20
2 [ / '
1.00 +
0.90 | : : : :
0.10 0.20 0.30 0.40 0.50 0.60
b/h1
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Figure 3.13: Influence of hy/h;, on the normalized SIF, constant load, E*=0.2, R*=20
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Figure 3.14: Influence of hy/h;, on the normalized SIF, constant load, E*=1.5, R*=20
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Figure 3.15: Influence of hy/h;, on the normalized SIF, constant load, E*=5, R*=20

93



[ |« h2/h1=0.5 = h2/h1=1.0 ~ h2/h1=2.0|
1.10 !;\‘\__/’
21.05
X r
1.00 +
0.95 - | | ! | |
010 020 030 040 0.50 0.60

b/h1
Figure 3.16: Influence of hy/h;, on the normalized SIF, constant load, E*=0.2, R*=10

1.80
‘-’-h2lh1=0.5 =+ h2/h1=1.0 h2/h1=2.0/t

1.60 -+

010 020 030 0.40 0.50 0.60
b/h1

Figure 3.17: Influence of hy/h;, on the normalized SIF, constant load, E*=1.5, R*=10
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CHAPTER 4

DISCUSSION

In this study, the singular integral equation (390) for the edge crack in a
FGM layer under uniform loading and constant strain loading cases for the
mode-I problem was solved. Stress intensity factors (SIFs) at the crack tip in FGM
layer were obtained. The results are given in tables and figures in Chapter 3. After
formulating the crack problem and modifying the computer program for the solution,
the SIFs for cases whose solutions are known and comparable with [14], [17] and [25]
are obtained. The normalized SIFs given for an edge crack in Table 1-7 are in close
agreement with the results obtained in the earlier studies. According to the results of
the comparisons, the differences between normalized SIFs for an edge crack under
uniform loading and constant strain loading cases goes to zero when the ratio of
hy/h; decreases. For the edge crack case, under the same loadings, as b/h; approaches
to zero, the normalized SIF go to the 1.1215. This result is the well known value for
the SIF of an edge crack in a semi-infinite homogeneous medium. SIFs increase for

both loading cases as the crack length b/Ah; increases.

In the figures, the results under uniform and constant strain loading cases show
the influences of E»/E;, Ri/h and hr/h; on the normalized SIFs. The ratio E»/E;
shows effects of the material property variation on the SIFs. Besides, Ri/h; is a

measure of the stiffness of the elastic foundation. When this ratio increases, the
stiffness of the elastic foundation ( ;() decreases and eventually it becomes zero as
Ri/h — oo.

From figures 3.1 to 3.9, it can be observed that the normalized SIFs generally

increase as the ratio of the crack length b/A; increases under uniform loading case.

There is, however, a slight decrease when E* is equal to 5 and the crack length ratio is

95



small (0.2 ~ 0.3) (see Figures 3.3, 3.6 and 3.9). This indicates the possibility of crack
arrest when the stiffness of the FGM layer is rapidly increasing in thickness direction,
for a loading which could be approximated by uniform crack surface traction. In all the
figures from 3.1 to 3.9, SIFs sharply decreases as the £* increases from 0.2 to 5 at any
value of stiffness of the elastic foundation. When E* is equal to 0.2, there is a clear
decrease at SIF as R* decreases (see Figures 3.1, 3.4 and 3.7). However, when E* is
equal to 5, there is hardly visible decrease at SIF as R* decreases (see Figures 3.3, 3.6
and 3.9). At the £* is equal to 1.5, the values of SIFs are between the others (see
Figures 3.2, 3.5 and 3.8). This is an expected result due to the fact that R* = oo (y =0)

is an unconstrained layer. The results of plane geometry are conservative for
cylindrical geometry. When the stiffness of FGM layer decreases in the direction of
thickness (i.e. E* = 0.2), SIFs decreases as hy/h; increases. On the other hand, when
the stiffness of FGM layer increases in the direction of thickness (i.e. E* = 5), SIFs
increases as /,/h; increases. If each figure is separately examined, these results are
evident.

From figures 3.10 to 3.18, it can be concluded that the normalized SIFs
increase as the ratio of the crack length b/h; increases except for £* is equal to 0.2
under constant strain loading case. When E* is equal to 0.2 on the figures 3.10, 3.13
and 3.16, SIFs decrease as the crack length increases. There is significant rise of SIFs
on the figures 3.10 and 3.13 only when the thickness ratio is equal to 0.5. As far as E*
is concerned, as opposed to uniform loading case, the SIFs rise as the ratio of Ey/E,
increases. Besides, the stiffness of the elastic foundation seems to have only a minor
influence on SIFs. It is concluded that parameter of /,/h; does not have a significant
change on SIFs when stiffness increases in the direction of thickness (i.e. £E* = 1.5
and £* = 5). That is, curves on figures 3.11, 3.12, 3.14, 3.15, 3.17 and 3.18 are
almost overlapped. The differences among them are not meaningful. Furthermore,
when stiffness decreases in the direction of thickness (i.e. E* = 0.2), SIFs decreases

as hp/h; increases. This is also an expected and logical result.
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CHAPTER 5

CONCLUSION

In this thesis, the basic mode I crack problem of a functionally graded material
coating was studied. This coating with an edge crack perpendicular to the interface and a
homogenous substrate were bonded together. FGM coating on a homogeneous thin walled
cylinder was modeled by supporting the homogeneous layer with an elastic foundation.
This made the problem analytically tractable. Normalized stress intensity factors were
obtained as functions of non-dimensional crack length, layer thickness, cylinder radius and
inhomogeneity parameters. Two types of loading namely uniform crack surface pressure
and constant strain loading were considered.

The following conclusions were drawn:

* Under uniform loading normalized SIFs generally increase by increasing
crack length.

= Under uniform strain, when the stiffness of the FGM layer is decreasing with
depth, normalized SIFs could have a minimum value with respect to the crack
length, indicating the possibility of crack arrest.

= Under uniform loading, normalized SIFs decrease as inhomogeneity
parameter increases.

= Under constant strain, normalized SIFs increase as inhomogeneity parameter
increases.

* Under uniform loading, as the radius of the cylinder increases so does the
normalized SIFs. This effect is more prominent when stiffness of the FGM
layer decreases with depth.

= Under constant strain, as the radius of the cylinder increases, the change in the

normalized SIFs remains practically constant when the stiffness of the FGM
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layer increases with depth. On the other hand, when the stiffness decreases
with depth no clear observation could be made.

Under uniform strain, the thickness of the substrate appears to have only a
very minor effect on normalized SIFs when the stiffness of the FGM layer is

increasing with depth.
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APPENDIX-A

=  Foundation modulus is defined as [14]:

Iy hy
J.En (x)dx + .[Eh (o )elx
0 Iy

Z =

R2

n

where
E (x)=Ee™ and E,(x)=E,

( E e’ dx+ l E dx
]

y

Z:

RZ
By doing integrations in above equation, one obtains:

_E [ ~1)+ 1]

x SR,
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APPENDIX-B

* The coefficients of 8 by 8 matrix of boundary conditions:
A= (K + l)plq1 + a(3 - K)
A= (x+1)pgq, +a(3-x)
A= (K + 1)p3q3 + (x(3 - K)
)

A= (K+1 J2 +a(3—1c)

Ais=0
Ai=0
Ai=0
Aig=0

Axi= p, —og,
An= p,-oq,
A= py—oy,
A= p,—oq,
Ars=0

A= 0
A7—=0
Ay=0

Azi= ge™”
A= g™
Asz= q3ep3hl
As= g’
Azs= —e ™

A36: — eiahl (ﬂ + hl j
(04
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K' —
As=| 2=k +1)prg, + @3-k )Je™

As=| - [(x+1)pyq; +a(3—x )"

As=| = [ +1)pag, +a(3— )"

Ass=2 poe™ ™

Ase= 2uah, + u(k, +1)fe
As7=2 poe™

Ass= [2uah, — u(x, +1)le
A= (p, —aq, )e""

Aq= (p, —aq, e’

Ae= (p, — g )e™
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Asi= (py —ag,)e™"

Ags= 2ae™™"

Ase= [2ah, + (kc, =1)|e™"
Agr= —2ae™

Ags= [-2ah, +(x, 1)l
A7;1=0

An=0

A7;=0

A=0

A75: ae*a(hl +hy)

-1
Aq6= e_a(h‘%){a(hl +h2)+(Kh2 ﬂ

a(hy+hy)

A= —ae

-1
A7g= — e°’(’“‘+hz{oc(h1 +hy)— (K”z ﬂ

Agi=0
Ag=10
Ag3=0
Ag=0

a(h+hy)

A85— 2,Ll0[ }()

Age= { h +h +,u(1ch +1) Z[ﬂq—hl +hzﬂe—a(/ﬁ+hz)
a

h1 +h2

Agr= 2,ua + ;()

Agg= {2,105 By +hy)— (K, +1)— ;((ﬂ—hl —hzﬂe“(”l”’z)
(24
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APPENDIX-C

= Simplifications of 1//1(/),0():

m,n, —mn 0!2+I’l2
(22 1|) 1

xpl(p’a):[(3—K)n1—ipml(fc+1)](m2n2—ip)( n, J

(3 - x)n, —ipm, (i +1))m,n, - ip)[ n, j

(mznz - mlnl) a’+ n22

Y, (p,a)= [ =), —ipm, (s + 1)m,n, —ip)nl(az + nf)
e (m2n2 —mn, )(062 +n12 Xaz + nf)
- [(3 = ), —ipm, (1 + 1)](’”1”1 —ip)n, (0‘2 + nf)
(m,n, —myn, )(‘Zz +n/ XOCZ + nf)

_ Numl
Denl

¥ (p.a)

Numl = (3 = )n, —ipm, (& +1){myn, —ip)n, (a2 + nzz)
~[3=r)n, —ipm, (s + 1), —ip)ny (e + )

Denl = (mzn2 —-mn, )(a2 +n/ Xaz + n22)

Numl = {[(3 — & )n, —ipm, (x + 1)](m2n2n1a2 —ipna® +mynin, — ipnlnf)

—[(3 = x)n, —ipm, (x + 1)](m1n1n2a2 —ipn,a® +mnn, —ipn,n; )}

Numl = {(3 —)mmnla’ —i(3—x)pnla’ + (3 - x)mnint —i(3 - x)pnin}
- ip(K + l)mlm2n2n1a2 - pz(rc + l)mlnloz2

—ip(k + Dmm,nin, — p*(k + Dmnnd — (3 —x)mnnia’

+i3—x)pnia® —(3—x)mynin? +i(3 -« )pnin}

+ip(x + Dmmynna’ + p* (x +1)myn,a

+ip(x + Dmmyn’n, + p*(x + l)mznznf}

Numl = {(3 - 1()&2112n1 (myn, —mn,)+i(3 - /();7(){2(1122 - nf)
+ (3 - K)n22”12 (mznz - m1n1)+ P’ (K + l)az(m2n2 - mlnl)

- ip(K + 1)m1m2n2nl (nz2 -n’ )+ ,02(1( + l)nzn1 (myn, — mlnz)}
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nl)

{(m2n1 - mlnz)[(3 — i)’ + pPx+ l)kn2

+(n2 = n2Yip)(3 - x)er® = (i + 1Yoy, Yomy, )|

Numl

+pla’(c+ l)]}

+ (mznz —mn, )[(3 - ’()nzznl2

mmﬂk—@w+p%mnﬁmm>

1

VR

2”2

T~
|

O~

N——

VR

T~ W

+

GLUJNCIEN
| +
— S
< —
< _
o NS
I~
— |
SR

/[\_Jq_
IS
—|_ X
|—— 2n1

1]

— |
s X
= +

o o=
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o2 =) Sl w00+ 1]

H
R Sy G

) (”22 —n} Xip){@ — K)o’ —(k+ 1)(5; _ ilnfj((j _ Ijnzzﬂ

H
Sl —nilat nifat ni)

\Pl(p’a): -

(02 =) 3= i + (o +1)

H
Ol —nila wni o+ ni)

By using Mathematica computer program in simplification of above equation:

8a’(x—1)p’
‘Pl(p,a)= (K+1) (3-x)
p4+2iﬂp3+(2a2—,Bz)p2+2iﬂa2p+a4+a2ﬂ2 K
(K‘+1)
where
_G—Hn/

m; ¥ , (i=1,2)

G=(c—1)p* +ifp),
H=(x+1),

J=,6’(1<—1)—2ip.
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APPENDIX-D

= Simplifications of complex terms:
2
x=a’ + ﬂ—,
4

y=ay,
z=x+1iy,

z=x-1y,

\/_:\/%(\/m+x)+i\/%(m—X),
f:\/%(m+x)—i\/%(\/m_x)’
NZ-z Z:—2i[ \/%(m—x)—y\/%(m”)}
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APPENDIX-E

Example of determination of upper or lower half plane for /; and /3.

e Forl;:

o0

a’p
2

I = Py
: I pt+2ipp’ +(20{2 —,82),0 +2ipa’p+at +a’y’ P

—00

11 = I i e(ipt)dp
. 2 2 . 2 4 2,2
- 4{1+21ﬁ+(2a ﬁ)+2zﬁa L2 +a’y }

2 3 4

P P P P
Defining 4 as:

. 2 2 . 2 4 2,2
A_1+2zﬂ+(2a ,B)+2zﬂa Lo tay

P P’ P P
Then,
o 2
a i
11 — I T e(pt)dp

By making the substitution of z = Re' instead of p and simplifications:

. T {ioz2 ]( cos(R + cos(@)) + isin(R + cos(8)) j( 1 jemin "0

A cos(20) + isin(20) R

—00

—Rtsi . . .
"% "one can examine the sign of «“ — Rtsin 6 *;

To obtain smaller value fore
Case 1: > 0 and sin(d) > 0 or
Case 2: t < 0 and sin(0) < 0

Since ¢t = b-a > 0, case 1 is chosen.

Then, sin(#) > 0 is obtained when the interval of 6 is chosen as 0 <60 <180° .

So that, the upper half plane is chosen for /;.
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e For ls:

T ,02 +2ifip—w’ - B’ 70 g
ot +2ip + (207 - B )p? +2ifa p+at +a’y?
. 2 2
o p{l_i'w_w +2IB }
— P P ip(t=hy)
3_J. . 2 p2 cn 2 4 2. 27¢ dp
_wp4|:1+2lﬂ+(20{ 2,8 )+21,83a L2 +iz y }
P P P Y
Defining B as:
. 2 2
1+%—W +2’B
B= P P
. 2 2 . 2 4 2.2
1+2z,8+(205 zﬂ)+21ﬂ3a La +(j¢7
P P P P
Then
T B (ipt-n
13::[076(;7( ))dp

By making the substitution of z = Re' instead of p and simplifications:

I - T (cos(R(t — hy)cos(0)) + isin(R(r — &, )cos(8)) j(ﬁJe‘R(t‘h‘)Si“ 040

cos(6) +isin(H) R

—00

—R(t—hy )sin@ .
To obtain smaller value fore , one can examine the sign of -R(z-h;)sin(6):

Case 1: (t-h;) > 0 and sin(6) > 0

or

Case 2: (t-h;) < 0 and sin(6) < 0

Since (#-h;) <0, case 2 is chosen.

Then, sin(d) < 0 is obtained when the interval of 6 is chosen as -180° <6 <0 .

So that, the lower half plane is chosen for /3.
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APPENDIX-F

Example of evaluation of contour integral for/, :

a[az +y + 8% p’ +2ip/3]
(p4 +2ipp’ +(2052 —,82),02 +2iBa’p+a’ +a272)

. I,- J - eip(””‘)dp

o0

1, = IG4 (p)dp = 27 Z(Residues of G,(p) in lower half plane)

—00

[4 = IG4 (p)dp = =27 (Ress+ + Resasx)— 7 (Resys+)

—00

lim

Resqr=Res{G, () p = p,}= GlpNp—p,)
P =P
lim
Resqy-=Res{G,(p) p=ps;}= GlpNp~p;)
P =P
lim
Resss»= Res{G, (p) p = ps}= G(pNp - ps)
P = Ps

2 (- ) +(B+2 4 )(t_;’l)

Res,,.=Res,, e

i2o(t=hy )+(B+22 )@

Res,;.=Res,, e

Partl = Res,, +Res,;
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Res,, +Res,; =
Dia® +2if +2iy> + 2B\ -4’ — B> —diay - 2ia*0—if>0
[+2a76’—ﬂ9\/—4a2 - p* —diay J
2 |-4a’ - B —siaylip+ -4’ - ~diay )

—2ia® = 2if* - 2iy’ —Zﬂ\/—4a2 - p* +diay +2ia’*0+iB’0
+2ay0+ PO-4a® — B +diay

2y -4a’ - B +diaylip+\-4a’ - B’ +diay )

Res,, +Res,; =
zi[az + B+ +2ﬂ\/_—a29—;ﬂzﬁ—ia}/9—ﬂ9\/;)
4iyNz(iB + 2iNz)

21{0{2 + B2+ +2,6'\/:—a26’—;ﬂ26’+ia70—,89x/§j
4iyNZ(iB + 21z )

Res,, +Res,, =
(az +p 4+ +2ﬂ\/_—a29—;,329—ia70—,6’9\/2j
2iy|pz +2z)

(az +p 4+ +2ﬁ\/:—a29—;ﬁ29+ia;/9—,b'¢9\/§J

2iy(BVz +22)

Num

Den

Res,, +Res,; =
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Num :{(az (g 2%/2{1 —%9)—0{9(& +i;/)J(ﬂ\/§+ 2z)
_(az ryt (g 2&/?{1 —%ej —ab(a —iy)j(p’\/h 22)}

Num = {(a2 +72Xﬂ[\/§—\/;]+ Z[E—Z])
+(1—%ej(ﬁ[\/?—\/E]+2ﬂ2[2—z]+4ﬂ[z\/2—zx/§])
—aﬁ(aﬂ[\/g—\/;]Jr 2a[§—z]+iyﬁ(\/§+\/;)+2i7[2+z])}

Nm = {(az . 72{_ 2ip [y —)- 4z-yJ
+(1—%9j[— 2iﬂ3\/%(\/m—x)—4iﬂzy—8ﬁi\/xz e \/%(\/xz e —x)]
- a@[— 2iaﬂ\/% (\/m - x)— diay + 2i7ﬂ\/% (W + X) + 4i70€]}

Numz{— 2i(e? +y2{ﬂ\/%(m—x)+ 2yJ
_2iﬁ(l—%9j(ﬁ{ﬂ\/%(m—x)+ 2y}+4\/x2 +y? \/%(\/xz +y? —x)J
. 2ia6{a{ﬁ\/% (e —a) 2@ ] {ﬁ\/é (ﬁ)zm

NumZ{— Zl-(az +]/2)K_2lﬂ(1_%9j[ﬂlf+4\/x2 +y2 \/%(\/xz +y2 _x)J
—2ial(aK — yM )}
Num:—Zi{K(cxz +7° —a26’+,6'2(1—%HD+4R1/12,3[1—%6?)+0597/M}

Den = 2|z +22) gz +22))
Den = 2ip(B 2Nz +2p(ENz + 247 )+ 422)

Den = 217(/32\/)8 +37 1485 + 3 \/%(\/xz +y° +x)+ 4(x2 +y2)]
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Den= mm[ﬂz +4ﬁ\/§(m+x)+4m]
Den = 2iR (> + 484, +4R,)
—2iK(a2 +7? —a20+ﬂ2(1—;0D
2R, (8% + 42, +4R,)
2{4&12 ﬂ(l —i@j + aHyM]
2R (87 + 484, +4R))

K(O{2 +y° —a26+ﬂ2(1—;6’n

R (B* +42, +4R,)

Res,, +Res,; =

Res,, +Res,; =—

4R1/12ﬂ(1 - ;«9) +ayM

R (B* +42, +4R,)

Part2 =Res,, —Res,,

Res,, —Res,; =
2ia® +2iB% +2iy + 2P\ -4a’ — 7 —diay —2ia’0—ip’0
[+2a7/6’ﬂ<9\/4a2 - B —diay ]
2p-4a’ - B? —4ia7/(iﬁ+\/—4a2 - p? —4ia7/)

—2ia® —2iB* —2iy® —2B+-4a’ — B’ +4iay +2ia’0+iB>0
+2ay0 + B0 - 4a® - B +diay
2}/\/— 4o’ - p? +4ia}/(i,8+\/— 4o - p? +4ia7/)
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Res,, —Res,; =

(oﬂ + B4yl +2,B\/;—a29—;ﬂ29—iay6’—ﬂt9\/;j

2iy(pz +2z)

(az + B2 +y? +2ﬂ\/§—a29—;ﬁ29+iay9—/39\/§j

+

2iy(pVz +22)

Num

Den

Numz{(az +y7 4 (,6’2 +2,Bx/§{1—%c9j—a6’(a +i;/)](/3\/§+22)
+(0{2 +y2 + (ﬂ2 + 2ﬂx/§{l—%9j —af(a —i;/)j(ﬁx/2+ 22)}

Numz{(Ot2 +72Xﬂ[\/§+\/;]+ 2[E+z])
+[1—%9j<ﬂ3 VZ ez ) 287 + 2] 4P VE + aplEdz - 24E)
—a’ﬁ(aﬂ[\/?+\/;]+ 205[2+Z]+i}/ﬂ(\/§—\/;)+2i;/[2—z])}

Num ={(a2 + y2{2ﬂ\/%(\/x2 +y° +x)+ 4x

2ﬂ3\/l(w/x2 +y° +x)+ 44°x
+(1—16’j 2
: +8/3i\/x2 +y° \/%(\/xz +y? +x)

_ag[zaﬂ\/%(,/xz +y° +x)+ 4ax+2yﬁ\/%(\1x2 +y? —x)+ 4yy/]}

Res,, —Res,; =
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Nim {< . yzw;(m+ ) zx]

ﬂ{ﬂ\/é (07 42 zx}

SN (m 2\/%(m + x)J

] M{QW; (o +a)+ 4 . Mg (e -+ D}

1
+281-—6
f1-3

Num = {2(a2 +y2 M+ 2,8(1 —%9](/31\4 +2R,(B+24,))- 2a6(cM + 7K)}

Num = Z{M(az +y —a’0+ /32[1 —%ej} 2R15[1 —%9)(5+ 24,)- aHyK}
Den = 2iR (> +4/84, +4R,)
Res,, —Res,; =

Z{M(az +y° —a26+ﬂ2(1 —;ej} 2R1,B(1—;Hj(ﬂ+ 2/11)—0(97]{}

2R, (8> + 44, +4R,)

Res,, —Res,; =

M(az +y? —a29+ﬂ2(1—;QJJ+2R1ﬂ(1—;9)(ﬂ+2/11)—a6’7/K
iR, (8> +482, +4R,)

119



K(oc2 +7° —a20+ﬁ2(1—;9D

I, =-2m|-
4 R (B> +452, +4R,)

4R, ﬁ(1 - % 9] +abyM

R (B> +44, +4R,)

M(a2 +y? —a29+ﬁ2[1—;6’D
+

R (B> +4p4, +4R,)

cos(Z, (¢ =1, )

2R, ﬂ(l - % Hj(ﬂ +24,) - abK

R (B> +42, +4R,)

)

where

K =,6’\/%(1/x2 +y? —x)+ 2y,
M:,B\/%(w/xz—i-yz +x)+2x,

9=K+5’
K+1

IJré (¢-m)
sin(4, (t = ,)) e
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APPENDIX-G

= Definitions of terms used in final forms of the integrals of F,(p) where i =1,...,6:
Ju(at)= (=, )eos(4,1),

fi,(a,t) = (A, —2aR, )sin(A,t),

fis(@.)= (87 + 4R, cos(A1),

o) = (R, = p* ] sin(2,1),

suda)=( o+ B ot

fio(a,t)= (Wz +ﬁ72+ lezl - ﬂRl}sin(lz(t -h)),

K(az R ﬂZ(l—;eﬂleﬂzﬁ(l—;H} atyM

R, (B +4p4, +4R,) cos{ds(t =)

fx7(a,t)= -

M(az +y? _a29+52(1_;9n 2Rlﬂ(1—;6’j(ﬂ+2/11)—a0yK

R, (B> + 44, +4R,) (B> + 44, +4R,)

fxx(a’t): Sin(lz (t_hl ))

fio(o,t) = (— o, )cos(A, (t —h, )
fiola.t) = (2aR, + apl, )sin(A, (¢ — 1, ))
fiy, (ant)= (B2 + 4R W, cos(2,(t - 1))
fi(cnt)=(4R, = p* A sin(4, (¢t - 1)
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APPENDIX-H

e Following expression is used to evaluate equation (348):

% Sin(A(s—r)p)d (=) (A=) @n=2j-1)!
I (AP _ o (g § V=) @021
v p" = Qn-1)14¥"
| s (1) (A=) @n=2))!
+Sln(A/1(S—l”))jZ:, (2n_1)!A(2n_2j+1)
ﬂ, _ 2n-1
(1) (A=) Ci(AA(s— 1))
2n-1)!
where Ci is the cosine integral
‘Al(s—r)‘

Ci(AA(s 1)) =y, +log|AA(s =)+ [ cosa=l,,
(04
0

e Expression below is used to evaluate (349):

% cos(A(s—r)p)dp L (1) (s =) @n—-2j-1)!
:[ p2n—1 =Cos (Aﬂ’(s - l”)) ; (271 _ 2) ! A(2n—2j)
. (D (As =) @n-2j-2)!
+s1n(A/1(s — r))jzl: ( (2Sn _rz))!A(Z”—Z—I) /
(ﬂ,(s _ r))Zn—Z

+(-1)" Ci(AA(s—r))

(2n—2)!

e Expression below is used to evaluate 3" terms in equation (361):

© e—(t+x)a

[ —da =—Ei(- 1+ x)C)
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Tl () (t+x) Ei(~ (¢ + x)C ) {42 g 1 t+x) c*

)...(n—k)

n is any positive integer and the function Ei is the exponential integral

OM

a n!

function and defined as follows:

Ei(x)z—j%dt where x<0.

£—>+0

Ei(x ):—hm[j—dt+.[—dt} where x>0.
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APPENDIX-I

ASYMPTOTIC EXPANSIONS

The terms obtained in the asymptotic expansion of the kernels of the integral

equation, (bl,b3,...,b11), (co,c2,...,c12) and (cr0,crl,...,cr6), are given below. Instead

of B and « symbols, be and ka are used in the following expansions respectively [14].

bl =
b3
b5
b7
b9

bll =

c2
c4

c8

clo

cl2 =

4¥be*(-1+ka)/(I+ka)

~(be**3%(-] + ka)**2/(1 + ka)**2)

be**5%(-] + ka)*(-13 + 6*ka + ka**2)/(4*(1 + ka)**3)

be**7#(-1 + ka)*(111-9%ka-21*ka**2-ka**3)/(16*(1 + ka)**4)

be**0% (-l +ka)*(-925-268*ka+210*ka**2-+44*ka**3+ka**4)/ (64*(I+ka)**5)
be** | 1*(-l+ka)*(7747+5025%ka-1210*ka**2-830*ka**3-75%ka**4-ka**5)/
(256%(1+ka)**6)

8*(- + ka)/(1 + ka)
2%be**2% (-] + ka)**2/(1 + ka)**2

be**4* (-] + ka)*(5 - 2*ka - ka**2)/(2*(1 + ka)**3)
be**6*(-I+ka)*(-39-7*ka+13*ka**2+ka**3)/(8*(I+ka)**4)

be**8%(-1 + ka)*(321 + 192%ka - 90*ka**2 - 32*ka**3 - ka**4)/
(32%(1+ka)**5)

be** 1 0% (-I+ka)*(-2675-2593*ka+250*ka**2+478*ka**3+59*ka**4+
ka**5)/(128*(1+ka)**6)
be**12%(-+ka)*(22483+29782%ka+4715%ka**2-4860%ka**3-1445%ka**4
94%ka**5 - ka**6)/(512%(1 + ka)**7)
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The functions (cro, crl, ..., cr6) are defined in terms of the auxiliary functions

(ro, jrl,..., jr6) and (kr0, krl, ..., kr6) and they are obtained as follows,

the =

cr2 =
crl =
crQ =
cr3 =
crd =
crd =

cré6 =

jré =

s =

be* SQRT((3-ka)/(ka+1 ))*x/2

jr2*Cos(the)+kr2*Sin(the)
jr1*Cos(the)+kr1*Sin(the)
jr0*Cos(the)+kr0*Sin(the)
jr3*Cos(the)+kr3*Sin(the)
jrd*Cos(the)+kr4*Sin(the)
jr5*Cos(the)+kr 5*Sin(the)
jr6*Cos(the)+kr6*Sin(the)

be**4*(-1 + ka)*(42*be*Sqrt(3 - ka)*Sqrt(l + ka)*t* Cos(be*Sqrt(3 — ka)
*t/(2*Sqrt(l + ka))) + 34*be*Sqrt(3 - ka)*ka*Sqrt(l + ka)*t*Cos(be*Sqrt

(3 - ka)*t/(2*Sqrt(l + ka))) -8*be*Sqrt(3 - ka)*ka**2*Sqrt(t + ka)*t*
Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(1 + ka))) -6*be**2*Sqrt(3 - ka)*Sqrt
(I+tka)*t**2* Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + 2*be**2*Sqrt
(3-ka)*ka*Sqrt(1 + ka)*t**2* Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) -
70*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(1 + ka))) -112*ka*Sin(be* Sqrt

(3 - ka)*t/(2*Sqrt(l + ka))) -16*¥ka**2*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka)))+
24*ka**3*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) -2*ka**4*Sin(be*Sqrt

(3 — ka)*t/(2*Sqrt(l + ka))) -72*be*t*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) —
36*be*ka*t*Sin(be*Sqrt(3-ka)*t/(2*Sqrt(l+ka)))+32*be*ka**2*t*Sin(be* Sqrt
(3-ka)*t/(2*Sqrt(1 + ka))) -4*be*ka**3*t*Sm(be*Sqrt(3 - ka)*t/(2*Sqrt
(1+ka))) —15*be**2*t**2*Sin(be*Sqrt(3-ka)*t/(2*Sqrt(l+ka)))-
10*be**2*ka*t**2*Sin(be*Sqrt(3-ka)*t/(2*Sqrt(l+ka)))+5*be**2*ka**2*
t**2*Sin(be*Sqrt(3-ka)*t/(2*Sqrt(1 (16*Sqrt(3 - ka)*(1 + ka)**(9/2))

be**3*(-1 + ka)*(2*Sqrt(3 - ka)*Sqrt(l + ka)* Cos(be*Sqrt(3—ka)*t/(2*Sqrt
(1+ka))) -2*Sqrt(3 - ka)*ka**2*Sqrt(l + ka)*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt
(1+ka))) -4*be*Sqrt(3 - ka)*Sqrt(l + ka)*t* Cos(be*Sqrt(3 - ka)*t/(2*Sqrt
(1+ka))) + 6*be*Sqrt(3 - ka)*ka*Sqrt(l + ka)*t* Cos(be*Sqrt(3-ka)*t/(2*Sqrt
(1+ka))) + 96*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + 64*ka*Sin(be*Sqrt
(3 - ka)*t/(2*Sqrt(l + ka))) -32*ka**2*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka)))-
6*be*t*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) —4*be*ka*t*Sin(be*Sqrt

(3 - ka)*t/(2*Sqrt(l + ka))) + 2*be*ka**2*t*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt
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jrd4 =

3=

jrl =

jro=

kr6=

(1+ ka))) + 9*be**2%t+*2%Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka)))-3*be**2
*ka*t**2*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))))/ (8*Sqrt(3 - ka)*
(1 + ka)**(7./2))

be**2*(1 - ka)*(5*be*Sqrt(3 - ka)*Sqrt(l + ka)*t* Cos(be*Sqrt(3 — ka)*t/
(2*Sqrt(1 + ka))) -9*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka)))-8*ka*Sin(be*Sqrt
(3 - ka)*t/(2*Sqrt(1 + ka))) + ka**2*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) -
6*be*t*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + 2*be*ka*t*Sin(be*Sqrt

(3 - ka)*t/(2*Sqrt(1 + ka))))/ (2*Sqrt(3 - ka)*(1 + ka)**(5./2))

be*(1 - ka)*(Sqrt(3 - ka)*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(1+ ka)))+Sqrt

(3 — ka)*ka*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) -3*be*Sqrt

(3 - ka)*t*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) 16*Sqrt(l +ka)*Sin(be*Sqrt
(3 - ka)*t/(2*Sqrt(l + ka))))/ (Sqrt(3 - ka)*(1 + ka)**2)

12%(1 - ka)*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka)))/ (be*Sqrt(3 - ka)*Sqrt
(1 +ka))

2*(-1+ ka)*(2*Sqrt(3 - ka)*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(1+ ka))) 5*Sqrt
(I+ka)*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))))/(Sqrt(3 - ka)*(1 + ka))

be**4*(1 - ka)*(18*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka)))-48*ka**2*
Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) -24*ka**3*Cos(be*Sqrt(3 - ka)*t/
(2*Sqrt(1 + ka))) + 6*ka**4*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) 156*be*t*
Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) -192*be*ka*t*Cos(be*Sqrt(3 - ka)*t/
(2*Sqrt(l + ka))) + 12*be*ka**2*t*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) +
48*be*ka**3*t*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + 9*be**2*t**2*
Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + 6*be**2*ka*t**2*Cos(be*Sqrt

(3 - ka)*t/(2*Sqrt(l + ka))) -3*be**2*ka**2*t*1(2*Cos(be*Sqrt(3- ka)*t/
(2*Sqrt(l + ka))) -6*be**3*t**3*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) +
2*be**3*ka*t**3*Cos(be*Sqrt(3- - ka)*t/(2*Sqrt(l + ka))) -144*Sqrt(3 - ka)*
Sqrt(1 + ka)* Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + 96*Sqrt(3 - ka)*ka*
Sqrt(l + ka)* Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + 240*Sqrt(3-ka)*ka**2*
Sqrt(1 + ka)* Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + 30*be*Sqrt(3 - ka)*
Sqrt(l + ka)*t* Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + 30*be*Sqrt(3-ka)*ka*
Sqrt(l + ka)*t* Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(1 + ka))) -6*be**2*Sqrt(3 - ka)*
Sqrt(l + ka)*t**2* Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + 30*be**2*

Sqrt(3 - ka)*ka*Sqrt(l + ka)*t**2* Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(1 + ka))))/
(48*Sqrt(3 - ka)*(1 + ka)**(t(9/2))
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be**3*(1 - ka)*(30*be*t*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(1+62*be*ka*t*
Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + 18*be*ka**2*t*Cos(be*Sqrt

(3 - ka)*t/(2*Sqrt(1 + ka))) -14*be*ka**3*t*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt
(1+ ka))) + 9*be**2*t**2*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(1 + ka))) -6*be**2*
ka*t**2*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka)))be**2*ka**2*t**2*Cos(be*
Sqrt(3 - ka)*t/(2*Sqrt(l + ka)))+154*Sqrt(3 - ka)*Sqrt(1 + ka)*Sin(be*Sqrt

(3 - ka)*t/(2*Sqrt(l + ka))) +74*Sqrt(3 - ka)*ka*Sqrt(l + ka)*Sin(be*Sqrt

(3 - ka)*t/(2*Sqrt(l + ka)))-82*Sqrt(3 - ka)*ka**2*Sqrt(l + ka)*Sin(be*Sqrt
(3 - ka)*t/(2*Sqrt(l + ka)))-2*Sqrt(3 - ka)*ka**3*Sqrt(l + ka)*Sin(be*Sqrt

(3 - ka)*t/(2*Sqrt(l + ka))) +36*be*Sqrt(3 - ka)*Sqrt(l + ka)*t*Sin(be*Sqrt
(3 - ka)*t/(2*Sqrt(1 + ka)))-18*be*Sqrt(3 - ka)*ka*Sqrt(l + ka)*t*Sin(be*Sqrt
(3 - ka)*t/(2*Sqrt(l + ka))) +2*be*Sqrt(3-ka)*ka**2*Sqrt(1+ka)*t*Sin(be*
Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) +18*be**2*Sqrt(3 - ka)*Sqrt(1+ka)*t**2*
Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) - 6*be**2*Sqrt(3 - ka)*ka*Sqrt

(1+ ka)*t**2*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))))/(8*Sqrt(3 - ka)*

(-3 + ka)*(1 + ka)**(7./2))

be**2*(1 - ka)*(3*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l 2*ka*Cos(be*Sqrt
(3-ka)*t/(2*Sqrt(l + ka))) -4*ka**2*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) —
2*ka**3*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + ka**4*Cos(be*Sqrt

(3 - ka)*t/(2*Sqrt(1 + ka))) -30*be*t*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(1 + ka)))-
44*be*ka*t*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(1 + ka))) -6*be*ka**2*t*Cos(be*
Sqrt(3 - ka)*t/(2*Sqrt(1 + ka))) + 8*be*ka**3*t*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt
(1+ka))) + 8*Sqrt(3 - ka)*Sqrt(l + ka)*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt

(I+ ka)))+48*Sqrt(3 - ka)*ka*Sqrt(l + ka)* Sin(be*Sqrt(3 - ka)*t/(2*Sqrt
(1+ka))) +40*Sqrt(3 - a)*ka**2*Sqrt(l + ka)* Sin(be*Sqrt(3 - ka)*t/(2*Sqrt
(1+ka))) + 3*be*Sqrt(3 - ka)*Sqrt(l + ka)*t* Sin(be*Sqrt(3 - ka)*t/(2*Sqrt
(1+ ka))) + 2*be*Sqrt(3-a)*ka*Sqrt(l + ka)*t* Sin(be*Sqrt(3 - ka)*t/(2*Sqrt
(1+ka))) -be*Sqrt(3 -a)*ka**2*Sqrt(l + ka)*t* Sin(be*Sqrt(3 - ka)*t/(2*Sqrt
(1+ka))) -3*be**2*Sqrt(3 - ka)*Sqrt(l + ka)*t**2* Sin(be*Sqrt(3-ka)*t/(2*
Sqrt(l + ka))) + be**2*Sqrt(3 - ka)*ka*Sqrt(l +ka)*t**2* Sin(be* Sqrt

(3 - ka)*t/(2*Sqrt(l + ka))))/ (2*Sqrt(3 - ka)*(-3 + ka)*(1 + ka)**(7./2))

be*(-1 + ka)*(-18*be*Sqrt(l + ka)*t* Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) +
6*be*ka*Sqrt(l + ka)*t*Cos(be*Sqrt(3 - ka)*t/(2*3qrt(l + ka))) + 41*Sqrt

(3 - ka)*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + 42*Sqrt(3 - ka)*ka*Sin(be*
Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + Sqrt(3 - ka)*ka**2*Sin(be*Sqrt(3 - ka)*t/(2*
Sqrt(l + ka))) + 3*¥be*Sqrt(3 - ka)*t*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) -
be*Sqrt(3 - ka)*ka*t*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))))/ (Sqrt(3 - ka)*
(-3 - 5*ka- ka**2 + ka**3))

16*(1 - ka)*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(1 + ka))) /(be**2*(-3+ka))
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4*(1 - ka)*(-3*Sqrt(l + ka)*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) +ka*Sqrt
(1+ka)*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) -6*Sqrt(3 - ka)*Sin(be*Sqrt
(3 - ka)*t/(2*Sqrt(l + ka))) -6*Sqrt(3 - ka)*ka*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt
(1+ka))))/ (be*Sqrt(3 - ka)*(-3 - 2*ka + ka**2))

2*(-1 + ka)*(3*Sqrt(1 + ka)*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + 2*ka*
Sqrt(l + ka)*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) -ka**2*Sqrt(l + ka)*Cos
(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) -6*be*Sqrt(l + ka)*t*Cos(be*Sqrt(3 - ka)*
t/(2*Sqrt(l + ka))) + 2*be*ka*Sqrt(l + ka)*t*Cos(be*Sqrt(3 - ka)*t/(2*Sqrt
(1+ ka))) +22*Sqrt(3 - ka)*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + 28*Sqrt
(3 - ka)*ka*Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))) + 6*Sqrt(3 - ka)*ka**2*
Sin(be*Sqrt(3 - ka)*t/(2*Sqrt(l + ka))))/ ((3-ka)**(3./2)*(I+ka)**2)
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