SCHWARZ PROBLEM FOR COMPLEX PARTIAL DIFFERENTIAL
EQUATIONS

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES
OF
MIDDLE EAST TECHNICAL UNIVERSITY

BY

UMIT AKSOY

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR
THE DEGREE OF DOCTOR OF PHILOSOPHY
IN
MATHEMATICS

DECEMBER 2006



Approval of the Graduate School of Natural and Applied Sciences

Prof. Dr. Canan Ozgen

Director

I certify that this thesis satisfies all the requirements as a thesis for the degree

of Doctor of Philosophy.

Prof. Dr. Zafer Nurlu
Head of Department

This is to certify that we have read this thesis and that in our opinion it is
fully adequate, in scope and quality, as a thesis for the degree of Doctor of

Philosophy.

Prof. Dr. Okay Celebi

Supervisor

Examining Committee Members

Prof.Dr.Hasan Tageli (METU,Math)
Prof.Dr.Okay Celebi (METU ,Math)
Prof.Dr.Marat Akhmet (METU,Math)
Prof.Dr.Kerim Koca (Kirikkale U.)

Assoc.Prof.Dr.H.Turgay Kaptanoglu (Bilkent U.)




I hereby declare that all information in this document has been
obtained and presented in accordance with academic rules and
ethical conduct. I also declare that, as required by these rules and
conduct, I have fully cited and referenced all material and results

that are not original to this work.
Name, Last name : Umit, Aksoy

Signature :

11



ABSTRACT

SCHWARZ PROBLEM FOR COMPLEX PARTIAL DIFFERENTIAL
EQUATIONS

AKSOY, Umit
Ph.D., Department of Mathematics
Supervisor: Prof. Dr. Okay Celebi

December 2006, 55 pages

This study consists of four chapters. In the first chapter we give some
historical background of the problem, basic definitions and properties. Basic
integral operators of complex analysis and and Schwarz problem for model
equations are presented in Chapter 2. Chapter 3 is devoted to the investiga-
tion of the properties of a class of strongly singular integral operators. In the
last chapter we consider the Schwarz boundary value problem for the general

partial complex differential equations of higher order.

Keywords: Schwarz problem, strongly singular integral operators, complex

partial differential equations.
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OZ

KISMI KOMPLEKS DIFERENSIYEL DENKLEMLER ICIN SCHWARZ
PROBLEMI

AKSOY, Umit
Doktora, Matematik Bolimi
Tez Yoneticisi: Prof. Dr. Okay Celebi

Aralik 2006, 55 sayfa

Bu calisma dort bolitmden olugsmaktadir. 1k boliimde problemin tarihgesi,
temel tanimlar ve ozellikler ele alinmistir. Ikinci boliimde temel integral op-
eratorler ve model denklemler i¢in Schwarz sinir deger problemleri verilmigtir.
Uciineii boliimde bir sif kuvvetli tekil integral operatéorlerin ézellikleri ince-
lenmistir. Dordiincii boliimde yiiksek mertebeden difererensiyel denklemler

icin Schwarz sinir deger problemi ¢ahigilmigtir.

Anahtar Kelimeler: Schwarz problemi, kuvvetli tekil integral operatorler,

kompleks diferensiyel denklemler.
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CHAPTER 1

INTRODUCTION AND
PRELIMINARIES

1.1 Introduction

The methods and special features of holomorphic (analytic) functions
of a complex variable enable us to apply complex function theory in many
branches of theoretical and applied mathematics; in particular, in geometry,
algebra, partial differential equations, etc., and in mathematical physics, hy-
drodynamics, shell theory, elasticity theory, quantum mechanics, etc. Phys-
ical problems can be converted to mathematical models including boundary
value problems. Thus, the theory of boundary value problems has many
applications.

From the beginning of the theory of boundary value problems, two basic
boundary value problems, namely Riemann-Hilbert and Riemann problems,
have been investigated for analytic functions, Beltrami equations and elliptic
first order equations; see [36], [37], [25]. In Riemann-Hilbert problem, a linear
combination of the real part and the imaginary part of the function satisfying
the given differential equation is prescribed on the boundary of the domain.
Riemann problem concerns the piecewise continuous solution of the given
equation satisfying a jump discontinuity condition along the boundary of
the given domain. In recent years, Schwarz, Dirichlet, Neumann, Robin and
mixed boundary value problems have great interest in differential equations

of higher order. These problems are particular cases of the Riemann-Hilbert



and Riemann problems defined above. The Schwarz problem is a particular
case of the Riemann-Hilbert problem. Dirichlet, Neumann and Robin prob-
lems are the special cases of the Riemann problem. These boundary value
problems have been investigated in simply connected bounded domains and
in particular on the unit disc of the complex plane for complex model equa-
tions ([9], [10]), since in the unit disc, solutions are given explicitly. By
the well-known conformal mapping theorem, any simply connected domain
is conformally equivalent to the unit disc. Thus the solutions may also be
considered in such domains.

The model equations are simple inhomogeneous partial differential equa-
tions, where the differential operator is obtained by the product of some
powers of the Cauchy-Riemann operator d; and some powers of its complex
conjugate, that is, the operator 0,. These operators are the Laplace operator
0-0., Bitsadze operator 02, polyanalytic operator of order k given by 0%, and
polyharmonic operator of order k, 959%. Schwarz, Dirichlet, Neumann and
some related boundary value problems are solved for the Bitsadze equation in
the unit disc of the complex plane in [8]. Second-order equations of special
type with some boundary conditions are treated extensively by Begehr in
[10]. Also the Schwarz problem is considered for polyanalytic functions and
bi-polyanalytic functions, see [16] and [15], and iterated Neumann problem
is investigated for higher-order Poisson equations, see [17]. The main aim
of the investigations on model equations is to develop a complete theory for
elliptic equations of arbitrary order. Using the results obtained for the model
equations, one can consider a more general equation of arbitrary order with
the same boundary conditions under suitable conditions.

In this study, we are mainly interested in the Schwarz problem for general
partial complex differential equations in the unit disc of the complex plane.
The boundary value problem is studied by reducing it to a singular integral
equation. The idea of this method is based on the work of I. N. Vekua [36] for

generalized analytic functions. Integral operators are important for reducing



the boundary value problems for differential equations to integral equations.

=1 [ [roF . ec

and its weak derivative with respect to z,

= [ [ oS cec

are the main tools of Vekua’s theory of generalized analytic functions. In-

The Pompeiu operator

vestigations on complex first order partial differential equations are based on
the properties of these operators, see [22], [12]. In Chapter 2, first we give
their important properties. Iterating the Pompeiu integral operator 7" with
itself and with its conjugate leads to a hierarchy of integral operators 75, ,
given in [13], related to the differential operator 07°0Z. These operators are
important in dealing with the differential equations of higher order. Secondly
in Chapter 2, we present main results on them.

The Pompeiu operator can be modified in accordance with the some
boundary condition by adding a holomorphic function. For the unit disc
D = {|z] < 1}, the following two operators are defined in [6]. The first is the

operator T defined by
1 f© 2
;//DL_ZH_ZJ ded

which satisfies

and
Reff =0 ondD.

The second is the operator T; defined by

~ J(+z  FO1+2C
Lifte) = 2w//< ez ¢ 1—zc‘>d§d”’




satisfying

and the Schwarz conditions
ReTf=0 ondD and Im7Tyf(0)=0.

These operators are important for treating first-order differential equations in
the unit disc, see [12], [22]. Since the operator T} satisfies the Schwarz condi-
tions naturally, it is in the center of interest when dealing with the Schwarz
problem for complex partial differential equations. Iterating this operator
with itself generates the operators fk, for k € N, which are investigated ex-
tensively in [13], [4], [14] and [5]. The results concerning these operators are
reviewed in Chapter 2. Properties of the weakly singular operators aﬁ i for
0 <1 < k—1 are known. But, as Begehr pointed out in [6], [14], and [5],
the properties of the strongly singular operators affk are not known in the
literature for k > 1. For k = 1, it is proven in [36] that L? norm of 8.7 := II
is 1. These operators are important for treating higher order general partial
differential equations. One of the aims of this study is to obtain some prop-
erties of this strongly singular integral operators of Calderon-Zygmund type.
In Chapter 3 we show that they are bounded operators in L? for 1 < p < oc.
Also we give a sharper estimate for their L? norms. These operators are
investigated by decomposing them into two parts. One of the parts is the
operator T_; which is investigated extensively by Begehr and Hile in [13].
The other part P, will be handled via Schur’s theorem and Forelli-Rudin
type estimates. Also, we prove that the P, operator is compact from LP! to
LP? for py < p;. This property is shown by defining a compact sequence of
operators whose limit is Pj.

In [5], Begehr considers a general complex partial differential equation of
order k£ with homogeneous Schwarz conditions. He reduces the problem into
a singular integral equation and he observes that the problem is solvable and

gives the form of the solution. The differential equation that he considers



does not contain the terms whose transforms to the integral equation yields
8§Tk for £ > 1. After getting some properties of these operators in Chapter
3, we deal with a general complex partial differential equation containing
these terms in Chapter 4. In the investigation the problem, we mainly use
the Fredholm theory. Basic definitions and theorems concerning Fredholm

theory is presented in the preliminary section.

1.2 Preliminaries

1.2.1 Basic Definitions and Inequalities

Theorem 1.2.1. [33] Let p and q be conjugate exponents, 1 < p < co. Let
X be a measure space, with measure p. Let f and g be measurable functions

on X, with range in [0,00). Then

IREE (/Xfpd“)l/p (f g%m)l/q. (1)
(L(f+g)pdu) " < (/X fpd,u) 1/p+ (/X gpdﬂ) " . (1.2)

The inequality (1.1) is Hélder’s; (1.2) is Minkowski’s. Following theorem

and

gives an analogue of Minkowski’s inequality.

Theorem 1.2.2. [33] Let X be a measure space, with measure j and Y be
a measure space, with measure A. Let f be measurable functions on X XY,

with range in [0,00). Then

([ ][ sevow] aw) < [ [ rewe] oo,



1.2.2 Fredholm Theory

Following definitions and results are mainly given in [30], [34] and [26] in
which B(X,Y) will denote the set of all bounded operators from X to Y,
K (X) is the set of all compact operators on X and A’ is the adjoint of the

operator A.

Definition 1.2.3. Let XY be Banach spaces. An operator A € B(X,Y) is
said to be a Fredholm operator from X toY if the numbers a(A) = dimker A
and B(A) = codimImA are finite. The set of Fredholm operators from X
to Y is denoted by ®(X,Y). The index of a Fredholm operator is defined as
i(A) = a(A) - B(A).

Theorem 1.2.4. (Fredholm Alternative) For an index-zero Fredholm opera-
tor A either of the following mutually exclusive events takes place.

(1) The homogeneous equation Ax = 0 has only the zero solution. The
equation Ax = y is solvable and has a unique solution given an arbitrary
right hand side.

(2) The homogeneous equation Ax = 0 has a nonzero solution. The ho-

mogeneous equation Ax = 0 has finitely many linearly independent solutions

Z1,...,T,. The conjugate equation A'y" = 0 has finitely many linearly inde-
pendent solutions ., ...,y.,. The equation Tx = y is solvable if and only if
y1(y) = -+ =y.(y) = 0 and the general solution is the sum of a particular

solution and the general solution of the homogeneous solution.

Theorem 1.2.5. Let K € K(X). Then I — K is an index-zero Fredholm

operator.

Definition 1.2.6. Let A € B(X,Y). An operator L € B(Y,X) is a left
approzimate inverse of A if LA —1 € K(X). An operator R € B(Y,X)
is a right approzimate inverse of A if AR — 1 € K(Y). An operator S €
B(Y, X) is an approximate inverse of A if S is a left and right approximate
inverse of A. If an operator A has an approximate inverse S then A is called

approximately invertible.



Theorem 1.2.7. (Noether Criterion) An operator is a Fredholm operator if

and only if it s approximately invertible.

Corollary 1.2.8. The product of finitely many Fredholm operators is itself

a Fredholm operator.

Theorem 1.2.9. The index of the product of finitely many Fredholm opera-

tors equals the sum of the indices of the factors.

Corollary 1.2.10. Let A be a Fredholm operator and let S be an approzimate
inverse of A. Then ind(A) = —ind(S).

Theorem 1.2.11. (Bounded Index Stability Theorem) Assume that A €
®(X,Y). Then there is an n > 0 such that for any T € B(X,Y) satisfying
T <mn, one has A+ T € ®(X,Y) with i(A+T) = i(A).

Theorem 1.2.12. (Nikolskii Criterion) An operator is an indez-zero Fred-
holm operator if and only if it is the sum of an invertible operator and a

compact operator.



CHAPTER 2

INTEGRAL OPERATORS AND
SCHWARZ PROBLEMS

This chapter is devoted to the presentation of the integral operators that
are used in further discussions and definition of Schwarz problems for analytic

functions and some model differential equations.

2.1 Integral Operators of Complex Analysis

In this section, we discuss main properties of the basic integral operators
of the complex analysis. These operators are used in solving the boundary
value problems for the complex partial differential equations. Firstly, we
begin with Pompeiu operators that are used for first-order differential equa-
tions and related boundary value problems. Secondly, higher-order Pompeiu
operators which are obtained by iterating the Pompeiu operators are intro-
duced. These operators are important for higher-order partial differential
equations. Next, modification of these operators for the unit disc are consid-
ered. We start by giving some preliminary results concerning the complex
partial differential operators.

A complex valued function w = u + iv where v and v are real valued

functions of real variables x and y with
z=x+1y Z=x—1Yy,

will be denoted by w(z). The complex partial differential operators 0, and



0z are defined in terms of the real partial differential operators d, and 9, by

-9 . _1(o0 .0 o9 _1(o0 .0
=9 2\ar ay) T oz T 2\or oy )

They satisfy the basic rules of differentiation and also the relations

and

or _ (0w
0z \oz /)~

If v and v satisfy the Cauchy Riemann system

for an analytic (holomorphic) function w = u + iv, then w satisfies —Qf = 0.

The following lemma gives the complex form of the well known éreen—
Gauss integral formula for functions of two real variables which are continu-
ously differentiable in a bounded domain D with smooth boundary 9D and
continuous in the closure D = D N dD. The set of continuous functions of
z =z +iy in D is denoted by C(D) and C™(D) is the set of functions which
are continuous and have continuous partial derivatives of order less than or
equal to m in D. Henceforth, we will consider functions assuming complex

values.

Lemma 2.1.1. [36] Let D C C be a bounded domain with smooth boundary
and let w € C*(D) N C(D). Then

/ /D ws(2) dmdy:%, | w(z)dz

//Dwz(z) dxdy:—% | @iz

and



The following theorem gives the Cauchy-Pompeiu representations for

functions which are not assumed to be holomorphic.

Theorem 2.1.2. [36] Let D C C be a bounded domain with smooth boundary
and let w € C*(D) (C (D). Then for z € D we have

= g f O O

1 d¢ 1 dédn
wie) = —5m [ w0 ﬂ//DW(OC_Z'

2.1.1 Pompeiu Operators

Definition 2.1.3. Suppose D is a domain in C. Also suppose that F(z,() is
a bounded function for each z,( € D. Then,

F(z,9)
(€ —2)

15 called a kernel with a weak or strong singularity depending on whether

K(z,¢) =

O<a<?2

a < 2 or a=2, respectively. The operator

/K () dédn, ¢ =¢€+in
15 called the corresponding singular integral operator.

Definition 2.1.4. [36] Let D be a domain in C and let f € L*(D). Then

the operator T given by
d d
= // 5 77 ) zZ € Ca

is called the Pompeiu operator. By T we denote

&= [ [ 10 dfd” zec

10



Thus, the Pompeiu operator 7' is a weakly singular operator. It is inves-
tigated extensively by Vekua [36]. For the differentiability of this operator

we need the following definition of generalized derivatives.

Definition 2.1.5. Let f,g € L'(D). Then g is called the generalized (dis-
tributional) derivative of f with respect to z if for all ¢ € C§(D)

//D(f%—l—gtp) drdy =0,

where CY(D) denotes the set of complex-valued functions in D continuously
differentiable and having compact support in D. This derivative is denoted

by g = f: = 0-f. Analogously the relation

//jj(fg—f+gg0> dxdy =0

defines a generalized derivative with respect to z.

These derivatives are also called derivatives in Sobolev’s sense or weak

sense.

Theorem 2.1.6. [36] If f € LY(D) then Tf has generalized first order

derivative with respect to zZ equal to f, i.e.,
0
ZTF =
0z r=1
holds.

Theorem 2.1.7. [1/] If f € LP(D), p > 1, then Tf has generalized first

order derivative with respect to z equal to I1f i.e.,

0 B o l d&dn
gt [ [0 see

Theorem 2.1.8. [}/ For f € LP(C) we have I1f € LP(C) and

ITLf [ oy < Apll flleey (> 1)

with HHHL2((C) =1.

11



2.1.2 Higher Order Pompeiu Operators

Iterating the operators T' and T, a hierarchy of kernel functions and
higher-order integral operators are constructed and general higher order

Cauchy-Pompeiu representation formulas are developed in [14].

Definition 2.1.9. For m,n € Z satisfying 0 < m +n and 0 < m? + n? let

¢ 1\n(__ ]
<(71>_—<1)!ﬂ7?(4 o () ifm <0,
1Y ()
Ko = %(C =)= ifn <0,
() K () =1 1] .
m—1Dln -1 [logK—Z‘?_Ml; V:1; if 1 <m,n,

and for f € LY(D),D c C a domain,
Toof(2) = f(2)
Taf (2) = [ [ Ko QF(Odénfor (mm) # 0,0)

Example 2.1.10. For the following particular choices of m and n, the op-

TH(2) %r=—//f %“,

i =1L [ [ 0
If— T11———//f dé’dn

The principal attention is given to the strongly singular integral operators

of the form 1", ,,,, in our further investigations. They are viewed as a Cauchy

erators T, ,, are

principal value integral,

Tmm[(z) := lim K omm(2, Q) f(C)dEdn (2.1)

e—0 D
€

12



where D, is the domain D — {( : |( — z| < €}. They can be analyzed with
the theory of Calderon-Zygmund [19]. Essential properties are given in the

following theorems.

Theorem 2.1.11. [13] Assume m +n = 0,(m,n) # (0,0), and let w be a
complex valued function in LP(C) where 1 < p < co. Then T, ,w, as defined
by (2.1) with D = C, also belong LP(C), and

[Tl e ey < M(p)|lwl| ooy - (2.2)

Theorem 2.1.12. [13] For f € L*(C), T_,.m is a unitary operator from
L*(C) into itself, i.e. |T—mml|lr2@c) = 1.

For the differentiability, integrability and many other properties of these

operators, see [13]

2.1.3 Operators for the Unit Disc
In the case of the unit disc D = {z : |z| < 1}, a modification of the
Cauchy-Pompeiu formula is given by the following theorem [4].

Theorem 2.1.13. [14] Any w € CY(D)(C(D) is representable as
w(z) = % Rew(()gi—z% + i/ Imw(()%

U (e sz(C)) .
W//D(C—Z_’_l—zé dédn , c D.

Subtracting i/mw(0) from either side, the following formula is obtained.

Corollary 2.1.14. [14] Any w € CY(D)(C(D) can be represented as

1 d
W) = o Rw<o§fjf

27rz

_ //( <+Z+w<()1+Zc>d§dn+dmw(0),z€ﬂ).

¢ (=2 ¢ 1—=2¢

This formula is called the Cauchy-Schwarz-Poisson-Pompeiu formula.



The operator T, which was mentioned in introduction is defined in [4] as

follows.

Definition 2.1.15. [4] For f € L'(D),

)bz, T+
//( Cc—tc1n <>d§d”

Differentiability properties of the operators T, are given in the next

lemma.

Lemma 2.1.16. [/] For f € LY(D), the function Tif has generalized first

order deriwatives 5
_Tlf / a_Tlf =1L f
z

where 11 s given by

IL f = ——//[ 1{(_%)]‘@ zeD.

The operator I1; is a strongly singular integral operator from L?(ID) into

itself, satisfying ||II;||z2(py = 1, which is proved in [36], page 210.
The following definitions and theorems are given in [4], [13], [5], [14] and
in [6].

Definition 2.1.17. Let k € N, f € LP(D),1 < p. Then for z € D,

. 1)k o [fQcrs T@14C
ka(z)::%//ﬂm(g—m—(—z) [(C)C—Z—i_ (()1— < d&dn

Moreover, T[)f = f.
Theorem 2.1.18. Fork € N, f € L?(D),1 <p andz € D, T, f(z) = TFf(2).

Proof. 1f k = 1, there is nothing to prove. Let & > 2 and {f,} be sequence
in C5°(D) converging to f in the norm of L'(D). Then

kan — fkf n Ll(D)

14



We have for k > 2,

2_ o | [ chc—z e

= Tk—lfn(z) )

since there is no singularity at ( = z and the differentiation under the integral

sign is allowed. For z € 0D, 2z = 1 is satisfied and thus,

1+_Z<=C+z and _1—2;;{:(_2
hold. Now for z € 9D,
e O¢+2  fald)C+2
) =gy | [ [ C o= =)
(D)% - fulQC+2
W(k—l)!//D@Re(C_Z))k lfm( c —z) dédn

is obtained. Thus, Refk fu(2) = 0 follows. If z =0,

Fof.(0) = //2R “[fnéo EC)]dgd

gives ImT}, f2(0) = 0. Now applying the Cauchy-Schwarz-Poisson-Pompeiu

formula to T} fn gives

Tr-1fn(C C+ z kalfn(g) 1+ 2¢
kan - // ( 6 1_th> dfdﬂ
=T\ (To1) fu(z) ,z € D.
Since T}, fn — T, [ in L'(D), the result follows. O

15



Theorem 2.1.19. [}/ For f € LP(D),p > 1 and k € N, ka has the following

properties:

[
aaszf Tioof 1< 1<k, (2.3)
Re aallka—OonaD 0<I<k-—1, (2.4)
Im aallka()_0,0glgk;—l. (2.5)
Moreover,
9 ~ Ll ()R =) o
@Tkﬂz):;(A) ey d I (ST
() Q)
[(C _ Z)l—>\+1 + (1 _ ZC_)Z—)\—H] d§d7]+
) f(¢) f(()
+ _l_l,zﬂ// (—z+(—2) el LD

15 a weakly singular integral if 0 <1 <k — 1, while

e kk/ / [( ) <<fg>2

+(C—z+§—z<_ ) (1f(<) ] e (27)

1—2¢ - 2¢)?

18 a strongly singular integral.

Proof. The equalities (2.3),(2.4) and (2.5) follow directly from the Theorem
2.1.17. To obtain (2.6) and (2.7), Leibniz rule is used. O

As Begehr pointed out in [5], [6] and in [14], the properties of the operators
(2.7) are not known in the literature. One of the aims of this thesis is to
prove the boundedness of these operators on LP spaces for 1 < p < oo and
particularly, estimate the L? norm of these operators. Their proofs are given
in Chapter 3.

16



2.2 Schwarz Boundary Value Problems for

Model Equations in the Unit Disc

In this section, we mainly present the Schwarz problems for the basic
model differential equations in the unit disc. Firstly, we present the Schwarz
problem for analytic functions with unique solution. Then, the Schwarz
problem is discussed for first and second-order equations. Finally we present

the Schwarz problem for inhomogeneous polyanalytic functions.

2.2.1 Schwarz Boundary Value Problem for Analytic
Functions
The following problem is discussed by Schwarz in [35].

Schwarz boundary value problem. Find an analytic function w in

the unit disc D, i.e. a solution to wz = 0 in D, satisfying
Rew =7 ondD, Im w(0) =c
for v € C(0D;R), c € R given.

Theorem 2.2.1. This Schwarz problem is uniquely solvable. The solution is
gwen by the Schwarz formula
1 C+zd( .
w(z) = 5 [HOTEG e

27 (—=z2¢(
oD

2.2.2 Schwarz Boundary Value Problem for First-
Order Equations

Theorem 2.2.2. [16] The Schwarz problem for the inhomogeneous Cauchy-

Riemann equation in the unit disc D defined by

wy=finD, Rew=~ondD, Imw()=c

17



for f € LY(D),y € C(OD;R), c € R is uniquely solvable in the distributional

sense by the Cauchy-Schwarz-Poisson-Pompeiu formula

1 C—i—zdg ()C+ = f(§)1+z§
w<z>—%/7<<>g_z 2W// L T ey

oD

Remark 2.2.3. In the above theorem, the second integral is ﬁf(z). If homo-
geneous boundary conditions are given, it is the only solution to the Schwarz

problem for the inhomogeneous Cauchy-Riemann equation.

2.2.3 Schwarz Boundary Value Problem for Second-
Order Equations

There are two basic second-order differential operators. One of them is
the Laplace operator 9.0;, the other is the Bitsadze operator 92. The Schwarz
problem is considered for both operators in the sequel. Since the operator
02 is the complex conjugate of the Bitsadze operator, all of the results can
be applied to that operator [16], [10].

Theorem 2.2.4. [10] The Schwarz problem for the Poisson equation, in the
unit disc D, defined by

wyz = finD, Rew =y, Rews =~ 0n 0D, Imw(0) = ¢y, Imwz(0) = ¢,

is uniquely solvable in the distributional sense for f € LY(D),v, 71 €
C(0D;R), co,c1 € R. The solution is

I
w(z) =ico +ici(z +Z) — % /BD%(OE i_ Z?g

L[ (Olclog(t — 0 — Tlog(1 —z¢)? + 2 — A%

211 Jop ¢

+%//D{f(<)[10g |<_z|2 _log(l_zzﬂ_mlog(l_ZZ)}dgdn

18



—%//D{f@)[wﬂog\c@—%{Mg(z—lwmgw}dﬁdn

¢
L [ T

The result follows from solving the Schwarz problem for inhomogeneous

Cauchy-Riemann equations
wr=ginD, Rew =y ondD, Imw(0) = c

and
g.=finD, Reg=~ 0ondD, Im g(0) = ¢ .

Also a dual result can be obtained for the same equation with the bound-

ary conditions
Re w =1y, Re w; =7, 0on 9D, Im w(0) = ¢y, Im wz(0) =¢; .

Theorem 2.2.5. [8/,[10] The Schwarz problem for the inhomogeneous Bit-
sadze equation in the unit disc D defined by

wz = finD, Rew =y, Rews =~ 0n 0D, Imw(0) = ¢y, Imwz(0) = ¢,

for f € LY(D),v,71 € C(OD;R), co, c; € R is uniquely solvable in the distri-

butional sense by

w(z) :ico—l-i(z+2)+L/(9D70(C)C+ch

o (—2C
1 ¢+ =z — dC
~5 aD%(OCTZ (C—Z+C—2)?+
1 fQ¢+z  f(O1+2C —
%//D< c C—z+ : 1_ZZ>(C—z+C—z)d§dn.
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The result follows from solving the Schwarz problem for the inhomoge-

neous Cauchy-Riemann equations
wy=ginD, Rew =5 on dD, Im w(0) = cy

and
g:=finD, Reg=v 0ondD, Im g(0) = ¢ .

In [17] and [10], the Dirichlet, Neumann and mixed boundary value problems

are also considered for these model equations.

2.2.4 Schwarz Boundary Value Problem for Inhomo-
geneous Polyanalytic Equations
We begin with the definition of the polyanalytic functions, see [3].

Definition 2.2.6. A function of the form

w(z) =Y di(2)z*

where ¢(z) are analytic functions, is called a polyanalytic function of the

n-th order.

Thus if w(z) is a polyanalytic function of order k, it satisfies the equation
oFw
ozk

Theorem 2.2.7. [10] The Schwarz problem for the inhomogeneous polyana-

=0.

lytic equation in the unit disc D defined by
OHw=finD, Redbw=0n 0D, Imdaw0)=c¢, 0<I<k—-1,

is uniquely solvable in the distributional sense for f € LY(D),y €
C(OD;R), € R,0 <1< k—1. The solution is
dg

-4 T2
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27r —1 // ST f(Zoizé)“_Hm)k_ldgdn'

In this section we have considered the Schwarz problem for model equa-

tions. In Chapter 4, we consider the Schwarz problem for general higher-order

complex partial differential equations.
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CHAPTER 3

THE PROPERTIES OF 8§Tvk

In this chapter, we discuss some properties of the linear operators

+(<—z+g~75_1)“ (1f(C)_2] sedy

1—2¢ — ()

in LP space. We call these operators II,. These operators are Calderon-
Zygmund type operators. It is known that, IT; has L? norm 1, see [36] where
it is called ﬁ,. Our aim is to prove the boundedness of the operators I in L?
and particularly, to estimate the L? norms of them. Firstly, these operators
are decomposed into two parts. One of the parts is the higher-order strongly
singular Pompeiu operator 71"y, 5, which is extensively studied by Begehr and
Hile in [14]. As given in Chapter 2, these operators are known to be bounded
in LP (1 < p < 00), and unitary in the space L?. The other part, denoted
by Py, is investigated in the space L” and it is proved that they are bounded
for 1 < p < oo, using Forelli-Rudin estimates and the well-known Schur’s
theorem. Next we give an estimate for the L? norms of II,. Then, we discuss

the compactness of the operators Py from LP' to LP? for py < p;.
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3.1 Norm Estimates

3.1.1 Preliminaries

In the proof of our norm estimates, one of the two facts we will use is
given by the following theorem, usually called Schur’s test, which is a very

effective tool in proving the LP boundedness of integral operators.

Theorem 3.1.1. (Schur) Let i be a positive measure on a measure space X .

Let K(x,y) be a positive measurable function on X x X, and let p > 1 with

1
— 4+ — = 1. If there exists a positive constant C' and a positive measurable

p q
function h on X such that

[ K nt)dut) < Chiay

and
/XK(x,y)h(:U)pdu(fL’) < Ch(y)?

for all x and y in X, then the integral operator
7f(5) = [ K@) @ty
X

is bounded on LP(X,dp) with ||T||rx) < C.

For the proof, see [38], [27] for example.

The second result we will use is due to Forelli-Rudin [24]. In their paper
the above Schur’s test is seen with C' = a'/? and C' = b/ in the integral
estimates, respectively. Before giving the following proposition, we introduce
some general notation. Let C" denote the n dimensional complex space of all

ordered n-tuples z = (z1, ..., 2,) of complex numbers with the inner product
(z,w) = 2101 + ... + 2,0y, .

B={z¢cC": |zl = (2,2)/2 < 1} is the unit ball of C*. The letter v

shall denote the normalized Lebesgue measure on C", so that v(B) = 1.
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Corresponding to a complex number
s=o0+it (c>—1,—00 <t <o0),

a kernel K is defined by

(1 —Jwf?)*

Ks(z,w) = (1 — (2, w))m++s

where z,w € B. Note that, the kernel K is the Bergman kernel for B. For
z € C", the letter h will be used for the function h(z) = 1 — |z|?. The
following proposition gives estimates for certain integrals on B, which are
denoted as Forelli-Rudin estimates in the literature. The generalizations of

these type of estimates are given in the book of Rudin [32] as Proposition
1.4.10.

Proposition 3.1.2. [2// (a) If0 < c < 1+ 0, then

suph(z) [ 1K,z w)lh-“(w) dv(w) = Afc,s.n)
z€B B
nI'(1+ o0 —¢)I'(c)
\F (%Hs) |2
(b) If0<c+o0 <140, then

where A(c, s,n) =

sup h¢(w) /B |Ks(z,w)|h™(2) dv(z) = A(c+ o, s,n).

weB
(c) If 0 > 0, then
~ nll'(e)
sup/|K (z,w)| dv(z) = |I‘("+1+s)]

web

(d) If —oco <t < o0, then

1
SUPW /B |K2t(z,w)|dv(w) = AQ s

n!

where Ay =

24



In [24], Forelli and Rudin investigate a class of operators T}, defined by

Tof(2) = ( ”: ) / K,(z,w)f(w)dv(w) (2 €B),

which are induced by K. These operators are known as Bergman-type pro-
jections. They prove that, for 1 < p < oo, T} is a bounded linear operator on
LP(B) if and only if Re(1 +s) > 1 This property is also observed by Begehr
and Dzhuraev [11]. Tt is shown t}]fat [24], the theorem does not extend to the
case p = oo. Kolaski [29] prove that theorem for the weighted case and Choe
[20] generalized the weighted case. Kaptanoglu has defined and characterized

extended Bergman projections from Lebesgue classes onto all Besov spaces,
see [28].

3.1.2 Main results

Before giving the proofs of the main results, we start with decomposing

the operator II;
My f(2) = Topif(2) + Prf(2)

RN L g I
and

Puf(z kk//( _szi_zg 1>k1 %dfdn. (3.2)

Our main results are the following theorems.

where

Theorem 3.1.3. Let f be a complex valued function in LP(ID) where
1 < p < oo. Then Il f also belongs to LP(D), and there exists a constant
C(k,p) > 0 depending on p and k such that

||ka||LP(]D)) < O(k7p>||f||LP(D)
holds.
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Proof. Let us start with the operator Py,

1

- (o) T

o e e

Taking the absolute value of both sides,

2 k-1

e <2 [ I o
- k—1

<& [ [ o aeay

holds. Using the binomial theorem we have

1

> ( o ) (1= ¢Pym(iclic — =
<t [ [ = T 7O ded,

and by the fact that f —

Z_‘ <1 for |z| <1, [(] < 1, we obtain

> ( o ) (1= ¢Py" 1 - 2t
i< [ [ == . 1£(Q)| ded

|1 — ZC|k+1

() e

Letting0<a<min{1—|—m,—1}, m=20,1,...,k —1 we have
p_

[P f ()]

k-1
<

k
s

-1 (L= [P (1 = [¢P)~/a(1 — [¢[?)s
( ) // |1_Z<"m+2 | f(O)] d&dn

m=0
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1 1
where — + — = 1. Applying Holder’s inequality to the integral we get
p q

. k— (1-— |C| |C|2)fa 1/q
LYCIEDDY ( ) (] [ora-ier
(L [Py — [ NP
(// |1 — zqm+2 | f(Q)] dde]) )

Using the Holder’s inequality for the summation leads to

¥~ (1— ICI —|¢]?) /e
|Pkf(2)| : ' ( ( > // ZC’m+2 didﬁ

m=0

X kil // 1_|C‘ |q2)pa/q\f(§)‘10d€d 1/p
:0 Z§|m+2 N ,

m

k—1 m ) Vg
|Pkf |<k<z< > // 11_—’2’€|m+2 §d77>

0

S (1-— m+pa/q 1/p
X( ( ) // K’qu-s-g il d&dn) ]

or

m=0

1
Since — dxdy is the normalized measure in D), using Proposition 3.2.2 part
T
(a) with
0O<a<l4+m,m=01,...,k—1

we get
— p/a
s (Z ( n ) Culm, a)(1 - |z\2>a>
k —

k—1
ey
) <m2=o m > // 11— 2|+ | £(O) dﬁdn>
k! p/q
= kP < ( k—1 ) Ci(m, a)) (1— |Z’2)_ap/q
m=0 m
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—1 kF—1 2\m+pa/q
><< ( ) [ ,IF'Z{)W |f(<)|pd£dn>,

I'(1+m—a)l(a)
2(752)

where C(m,a) = . Integrating both sides of this inequal-

ity we have

//D|Pkf(z)\p dxdy < kP (k 1 ( > Ci(m a))p/q

m=0

x <Z ( k;j) [ [ty

(1~ [¢f2ymirers
x| R o dedn dsy)

and utilizing Fubini Theorem we obtain

// Pef (2)P dady < kP <§ ( k;;bl )Cl(m a))p/q
X< ( )//“'Cl yerlf O

1—ICI (1= [2f?)P/a
// EpvaTEE dxdy dfdn) .

Applying Proposition 3.2.2 part (b) for

0<® fm<ciem om=01,.. k-1,
q

/ | s dsdy

k1 p/q
#(S()ema)

( S 7;1>02ma>//|f )P dédn |

we get

o
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ra- %)F(% +m)
where Cy(m,a) = () . Thus
1 Bl 1/q
(//D|Pkf(z)\p dxdy) <k (;( - >Cl(m,a)>
Bl 1/p , 1/p
. (mzo ( - ) @(ma)) ( J [ d&dn) .
Now, for
k-1 YVa rp 1 1/p
N(k,p) :k( ( k;l )C’l(m,a)) ( ( k;Ll ) C’g(m,a)>
m=0 m=0
we have
1P f ey < Nk, p)|| fll e o) - (3.4)

Since
I f | ey < N Tk f | o) + | Pef |l ey

using the Theorem 2.1.10, we obtain

HkaHLP(D) < (M(p) + N(kap))HfHLp(D)
C(k, p)|| fll ey -

]

Theorem 3.1.4. 11}, is a bounded operator on L*(D) with norm less than or

1+kr<%>§(k;l)l;g7—$

m=0

equal to

Proof. For p =2, we have 0 <a <1, m =0,1,...,k — 1. Repeating the

computations above, we find

| [ 1Bt dsay
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() (o
x / /D (O Pdedy

where
F(a)['(14+m —a) I'(l—a)l'(m+ a)
A(m,a) = — and B(m,a) =
() r3(22)
1 1
Ifa_§ then A(m, 3) = B(m, 3) and

Bl |
-l

assumes its minimum value. Thus

| Prf |2y < CR)||f] 2wy

which completes the proof.

3.2 Compactness of the Operators F;

In this section we prove that the operators

kk: —2+C—z i m
8 () T

are compact from LP'(D) to LP?(D) where ps < p;.

Let us define the operators

1)*k —z~|—C—z bl m
Porf(2 //( — 1) e
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for f € LP(D), z € D, where rD = {z € C : |z| < r} for fixed r € (0,1) and
k € N. Since

| Pr f o) < | Prfllerm) < Nk, )| fllzemo)

holds for 1 < p < oo in (3.4), the operators Py, is a sequence of bounded
operators in LP(D) for 1 < p < occ.
In the sequel we will utilize the following lemma from Conway [21], Page

177 Ex. 7.

Lemma 3.2.1. Suppose 1 < p < oo and K(z,w) is a measurable function
on D x D such that

JL(f i) s <

for 1/p+1/q = 1. Then the integral operator T defined by

7iw) = [ [ Kewfeiae)

is compact on LP(D), where dA denote the Lebesque measure on the unit disc
D.

It can be easily seen that for the original operator Py, Lemma 3.2.1 is not
applicable. That is why we first prove that the operators P, are compact
in LP(D) for 1 <p < oo, 0 <r<1.

Lemma 3.2.2. The operators Py, are compact on LP(D) for 1 < p < oo and
for fized r € (0,1).

Proof. The operator Py, f is of the form

Pt = [ [ KGoT@dsan,

where

c—z+g—z¢4>“1x@@>
(

K(Z,C):(—l)kk( 1—2C ¢ 1_—25)2

31



with the characteristic function

) 1 if¢erD,
MMO_{OﬁC¢m.

Making the calculations similar to those in Theorem 3.1.3 and using Holder’s

inequality, we have the following estimate for |K(z, ().
k-1 P
k=1 (=[P
K P |k _—
’ (Z,<)| — < “— ( m ) |1 _ ZC‘erQ
k—1 - pla s - o 2ymp
(S ) (SR ol
m= m m=0 m |1 - Z<|mp+2p
-1
_ -1\ (@ [¢P)m
— k) ZO ( ) 1 — ZélmerQp

for a generic constant C'(k). Then we have

(2 o)
S L o) s
b / /TD (g( ) / / ,11__25[71:; xdy>qld§dn
v [ (Z ( . ) (1 [¢Py

1_ ‘C| mp+2p 2 q—1
// 1o d:cdy) dédn

Now by part (¢) of the Proposition 3.1.2 to the inner integral we get,

%//D(%//u( |pdxdy> dein <

IN
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sc(k)// (g(’“_1>01< (1 - ¢ >“P)qldsdn
// (1= [¢) 5 F dedy

since ¢ — 1 =1/(p — 1). Thus the inequality

a—
! / / (1 / / (2 |pdxdy) dédn < C(k / / it o
T p \ 7 o 7( 1—t2

is obtained which shows that P, are compact on LP(D) by Lemma 3.2.1. [

Lemma 3.2.3. The operators Py, are compact operators from LP*(D) to

LP2(D) whenever ps < p;.

Proof. 1t is known that the canonical imbedding iy, ,, : LP* (D) — LP*(ID) with
p2 < pp is a bounded linear operator [30], and the operator P, : LP(D) —
LP>(ID) can be decomposed into the composition of a compact operator Py, :
LPr (D) — LP (D) and bounded operator i,,,, : LF*(D) — LP*(DD), it follows
that [26], Py, : LP*(D) — LP?>(D) is a compact operator. O

Now, using the compactness of the operators P, we prove the compact-
ness of Pj.
Theorem 3.2.4. The operators Py, : LP*(D) — LP?>(D) are compact if 1 <
2p1
p1+1

Proof. In order to prove the compactness of Py, it suffices to establish that

P2 < < o0

Py is a uniform limit of the sequence { Py, } of compact operators, that is,
| P, — Prr|| — 0 as r — 17 [34]. Using the estimate (3.3) for the operators

P, we have

1/p2
|Bef = Porfllmeo) = ( / / Pof — Py f|p2dxdy)
D

LS ( )L mmomn) wm) "

m=0

33



Using Minkowski’s inequality in Theorem 1.2.2, we get

| Prf — Pryfll ez

: / /DTD (/ /D (%:; ( k;bl ) %) |f(<)|”2d:vdy> " dedy
carf [ o (S (1) S L)

m=0

Applying the Proposition 3.1.2 part (c) to the inner integral we have

1P = Puoflimey < €0 [ [ 1700101 = [Py 5" agar

Lo )"

2 22
PL then d = 222201

p+1 pa(pr — 1)

> —1 and

Now, if py <

1
| Pef — PrewfllLr2m) < C(k) (/ (1— t2)d2tdt) | 1 zer ()

(1 _ 7,.2)d+1
= d—H"f|’LP1(D)
Hence,
(1 o 7”2>d+1
P, - P, || <——
1P = Perll < ===
(1 — r2)d+t
Since — 0 asr — 17, then ||P, — Py,|| — 0 as » — 17, which
d+1 ’
completes the proof. O

Note 1. The idea of defining a sequence of compact operators and taking
the limit to get a compact operator is also used in proving the compactness

of Toeplitz operators on the Bergman space of the unit disc in [2] and [31].
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CHAPTER 4

SCHWARZ BOUNDARY VALUE
PROBLEM FOR HIGHER-ORDER
DIFFERENTIAL EQUATIONS

In this chapter, we investigate a general higher-order complex partial
differential equation in the unit disc with homogeneous and nonhomogeneous

Schwarz boundary conditions.

4.1 Higher-Order Equations with Homoge-

neous Schwarz Boundary Conditions

We begin with the following theorem of Begehr [5] about the homogeneous
Schwarz problem for a higher-order differential equation. The nonhomoge-

neous case of this theorem will be considered at the end of the next section.

Theorem 4.1.1. [5] The Schwarz problem
O'w Olw

for the k-th order equation
OFw OFw oFw
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is solvable for given a;;,b;; € C*(D),0 < a < 1, f € LP(D), q1, g measurable
satisfying |1 (2)| + |q2(2)] < qo < 1, @o|[ILi||rm) < 1. Any solution is given
in the form w = Tyg, where g € LP(D) is a solution of the singular integral

equation

l s ais
P Ti—1459 T 1459\
+ Z <alj(2)—azj + blj(z)—azj =f.
Proof. See [5]. O

Remark 4.1.2. For the case k =1, (4.1) becomes the generalized Beltrami
equation [7]. For k = 2, the equation (4.1) becomes a general second-order
equation of elliptic type. The principal part of (4.1) does not involve all the
highest order derivatives for k > 2.

As we have pointed out previously, because of not knowing the properties
of the integral operators II; for k£ > 1, the differential equation in the previ-
ous theorem is not taken in its general form. Now, we consider a more gen-
eral complex differential equation with homogeneous and nonhomogeneous
Schwarz conditions. In the sequel, W»*(D) will denote the Sobolev space
consisting of the functions which itself and their k-th order weak derivatives
belong to the space LP(D).

Problem (H). Find w € WP*(D) as a solution to a k-th order complex

differential equation equation

o"w
a 95k +ZQ1J Zk ]aZ] Zq2j O0zk— ]azg+

k=1 1
ow ow
+ ;mzzo |:Clml(z) azl—mazm + bml( )8Zl mazm:| f( ) inD (4 2)
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satisfying the homogeneous Schwarz boundary conditions

ow ow
where
Aty by € LP(D), f € LP(D), (4.4)
and ¢;; and g5, j = 1,...,k, measurable bounded functions satisfing
k
(lgu; (2) + g2 (2))) <o < 1. (4.5)

7=1

Remark 4.1.3. a) The condition (4.5) on qi; and qoj implies the ellipticity
of the given differential equation, see [1], [22], [23].
b) In [1] and [23], Riemann-Hilbert type problem is considered for the

higher-order differential equations not containing w and its derivatives.

Lemma 4.1.4. The Schwarz problem (4.2) and (4.3) is equivalent to the

singular integral equation

(I+1T+K)g=f, (4.6)
where w = Tkg ,
k k
g = Z qi119 + Z q251159 (4.7)
=1 j=1
and
g o™, g o™, g
K-Sy (m—mm y bm—mm> s
e 0z 0z
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Proof. By Theorem 2.2.7, it is known that, w = fkg is the only solution to

the equation

.
satisfying the conditions

[

Rea—w—Oona]D 0<I<k—1,
0z

al
mZ%0)=0,0<1<k—1.
m 500 =0, 0<i<
If we differentiate w = Tkg using the differentiability properties of the oper-

ators 7T} r given in Theorem 2.1.15, the equations

Fw Ty 0 ~

o ~
07105 ~ 9510  9a 9 = 5519 =19

and similarly

w0 [0FThg 0=
940z 95307 9z \ oz | oz 09T Y
are obtained for 1 < j < k. Also we have
dw  IThg  I"Thrimg
Ozl=mdzm — Pzl-mPzm ozm

and

odw 3lﬁg 0 =" Thg B 0" Tt 4myg

Ozl=mdzm — Qzl-mPzm  gzm \ 9 l-m N ozm '

Therefore, g satisfies equation (4.6) if and only if w = Tvkg satisfies equation
(4.2) with the conditions (4.3). Thus the result follows. O

Therefore, the equation (4.2) with the boundary conditions (4.3) is trans-
formed into a singular integral equation of the form (4.6). In the following
section we will analyze that singular integral equation by means of the Fred-

holm theory.
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4.1.1 Analysis of the Integral Equation of Problem (H)

In this section we discuss two different points of view in analyzing the
singular integral equation (4.6).

(Case 1) First, we impose a condition on ¢y to make the operator I + I1.

Lemma 4.1.5. If
quHk“LP <1 (49)

for p > 1, then the operator I + I1 is invertible.

Before starting with the proof of this lemma, we state the following well-
known fact [34].

Theorem 4.1.6. Let X be a Banach space andT € B(X). If |T|| < 1, then
I — T is invertible, i.e., the inverse correspondence (I —T)™1 is a bounded
linear operator. Moreover, ||[(I —T)7'| < (1 —||T)*

Proof. (of Lemma 4.1.5) The norm of the operator IT satisfies the inequality
k
]| 2oy < Z |q15| + la2; DI || 2oy < ol TLkl| 2o (o)
If condition (4.9) holds, then we have ||IT||»m) < 1. In that case, by Theorem

4.1.6 the operator I + I1 is invertible. O]

Lemma 4.1.7. Under the conditions (4.4), K is a compact operator in LP(D)
forp > 2.

Proof. Consider first the operators

L% () SR [t

9O . (0
(C _ Z>I7A+1 (1 _ ZC)Z_)\+1

] d&dn+
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kll kll
* —l—1'27r// —at (==

for 0 <[ <k —1. Define

— T )kl 9(¢) ¢19(0)
_//D(C +(—2) [(C—z)l—/\“ + (1_25)1_“1] dédn

for 0 < X <[ and

= //D<C —z+ (=2

%O—i-% dédn .

Now,

1 —2—1
gl < [ [l |+ e la@lacan.

Using the fact that ’f — ZC' < 1 when |¢| < 1 and |z| < 1 and Holder’s

inequality, we get

1/q
gl < ([ [ 1o 2agin) gl
Since k — 1 —2 > 1, then for 1 < g < 2,

|Ag(2)] < Clgll ey

holds.
For B(z) we have

1/q
ng<z>|s(/ |<—z|q<’““>|<!qdfdn) 9/l 2» ()
D

which gives |B(2)| < C||g||r(n) for p > 2. Thus

< Cligllzem) (4.10)

8 Tkg
0z
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g
T

for 0 < [ < k — 1 is obtained. Therefore, % is bounded on D. For
Z

21,29 € D, we have

IAﬂm>—Aﬂ@Mfi/AN<—aﬁl2—WC—QWZQNMOM&M,

Bo(er) = Botaa)l < [ [ (16—l ¢ - wlﬁﬁﬂw

Using Lemma 4.4 in [13] and Holder’s inequality, we get

5lfk9(z1) . 81@9(22)
0z 0z

< Clz1 = 20 llgll o) (4.11)

=

where 0 < a < 1 and p > 2. Thus, in particular, a_’j
z

is uniformly
e

continuous. Arzela-Ascoli theorem [21] implies that the operators for

Z
0 <1 <k —1 are compact operators from the space LP(D) to the space of

Holder continuous functions C*(D). Now, the operator K satisfies

k—1 1 -~ p
. " e
yxmps;(§j§j|am w+wmmab‘9—g;%ﬂﬁ> ,

and by (4.10) we have

k—1 1 p
\&gl?, <mﬂmn//<253md )mw

=0 m=0

+O||g||LpD>// (ZZVM ) dxdy .

=0 m=0
Using the Minkowski inequality we get

1K gllr@) < Mlgllzo)

kgn

Let {g,} be a bounded sequence in LP(D); then {

C*(D). By the Arzela-Ascoli theorem there is a convergent subsequence

} is bounded in
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a Tk‘gnk

}. Then

c’)mfk_ngm amfk—l—&-mgn
b .
ozm O ozm J

is a convergent sequence in LP(D) for any 0 < m <l and 0 <[ < k—1 since

{aml

its elements satisfy

O™ t4mYny,
ozm

< [ [Qamt)l + bt

Therefore, Kisa compact operator in LP(D) into itself. O

o T, mn
+bml k’l—i— ng

||aml

dd.
82’” ray

Thus, we are ready to give the following theorem which gives the condition
for the solution of the problem (4.2) and (4.3).

Theorem 4.1.8. If condition (4.9) is satisfied, then equation (4.2) with the
conditions (4.3) has a solution of the form w = Tvkg, where g € LP(D), p > 2,

is a solution of the singular integral equation (4.6).

Proof. If (4.9) holds then by Lemma 4.1.5 and Lemma 4.1.7, the operator
I+11+ K becomes the sum of an invertible operator and a compact operator.
Nikolskii Criterion (Theorem 1.2.12) implies that the operator I +II+ K is a
Fredholm operator with index zero. By Theorem 1.2.4, the singular integral
equation (4.6) has the Fredholm alternative. Thus, if ¢ is a solution to the
integral equation (4.6), then w = Tjg is a solution to the given equation (4.2)
with the conditions (4.3). Therefore, the differential equation (4.2) with the
boundary conditions (4.3) has a solution of the form w = T; kg, where g is a

solution of the integral equation (4.6). O

(Case 2) For the second point of view, we separate the principal singular

part II of the singular integral equation (4.6) as

A

M=T+P
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with

k k
Tg=> a;T-j;9+> 0T ;9
=1 j=1
and
k k
Pg=3 a;Pg+) a5P9
j=1 j=1

where the operators T_ ; and Py are defined in (3.1) and (3.2), respectively.

Then the integral equation (4.6) is rewritten in the form
(I+T+P+K)g=f.

Now we are in a position to prove that for p close enough to 2, the operator
I+T is invertible in L?(D). To prove this, we need the following well known

Riesz-Thorin theorem of interpolation theory.

Theorem 4.1.9. (The Riesz-Thorin interpolation theorem) [18/ As-
sume that py # p1 and qo # ¢1 and that T : LP°(U) — L%(U) with norm Mo,
and that T : L (U) — L®(U) with norm My. Then T : LP(U) — L%(U)
with norm M < Mol_er provided that 0 < 0 <1 and

1 1-6 46 1 1-0 0
= + =

P Po g 9o ¢

Lemma 4.1.10. The operator I +1T is invertible in LP(D) for 0 < p—2 < e.

k

Proof. Since |T|omy < D> (laysl + a2 D755l o) < @oll Tkl 1oy and
j=1
by the property that ||7;;||r2m) = ||Tkkllz2m) < 1 for j = 1,... k, the

Riesz-Thorin Theorem implies that qo||7_ x| L) < 1 holds for p > 2 and
sufficiently close to 2. Therefore, the inequality || T @) < 1 is satisfied.
Then by Theorem 4.1.6, the operator I 4+ T is invertible in L?(ID) with 0 <
p—2<e. ]

Now, we can prove the following theorem.
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Theorem 4.1.11. If the inequality
9l Pell oy | (1 + 1) = Ko ||y < 1 (4.12)

is satisfied for some Ky € K(LP(D)), 0 < p—2 < €, then equation (4.2) with
the boundary conditions (4.3) has a solution of the form w = fkg, where

g € LP(D) is a solution of the singular integral equation (4.6).

Proof. Since I + T is invertible for p close enough to 2 by Lemma 4.1.10,
and K is compact in LP by Lemma 4.1.7, Nikolskii Criterion implies that
I+ T+ K is a Fredholm operator with index zero. Thus by Theorem 1.2.11
(Bounded Index Stability Theorem) given in [34], there is an 77 > 0 such that
P satisfying HPHLP(D) < n will imply that the operator I + T+ P + K is
also a Fredholm operator. Now, we will determine the condition to have this
property. Since I + T + K is a Fredholm operator, Theorem 1.2.7 (Noether
Criterion) implies that it is approximately invertible. Then there exists Ay €
B(LP(D)) and Fy, Fy € K(LP(D)) such that the equations

A I+T+K)=I—-F, and (I+T+K)Ay=1-F, (4.13)

are satisfied, i.e., Aq is the approximate inverse of the operator I +T+K. Now
by Corollary 1.2.10, we have Ay € ®(L?(D)) with index zero and therefore,
it has the form

Ag=(T+T)" - K,

where K; € K(LP(D)) by Theorem 1.2.12 with
F=I+T)'K-K(I+T)-KK
and
F=K(I+T)'-—(I+T)K, - KK, .

The choice of the compact operator K is presented in the note below. Now,

take
1 1

’)7 = = = .
Mol (7 + 1) = Kl oy
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If the inequality qo||Psl|Lem)||({ + ) — Ki|lLrmy < 1 is satisfied, then the
inequality
[ Ao Pl ey < [|Aol| o) Pl o (o)

-1

N

(]

<NT+T)7 = Kl Y (ol + la2 DI Pl o o)

1

>
Il

< @l Pell oI +T)7" = Kl oy < 1

is obtained, and thus I+ Ao P and I+ P A are invertible. Since the equalities
AI+T+K+P)=1—F + AP

and
(I+T+ K+ P)Ay =1 — Fy+ PA
hold, they imply
(]+Aop)—1Ao(I+T+K+P) =71 — (]+A0]3)—1F1 ’

(I+T+ K+ P)Ay(I+ PAy) ™ =1— Fy(I+PAy)™".

Since (I+AgP) ! and (I4+PAy)~* are bounded operators and (I+AgP) ' F,
and Fy(I + f’AO)_l are compact, being the composition of bounded and
compact operators, the operator I + T+ K + P is a Fredholm operator. By
Theorem 1.2.9 we get

(I +T+ K+ P)+i(A) +i(I + PA) ™t =i(I — Fy(I + PAy)™Y) .
Taking into consideration Theorem 1.2.12,
i(Ag) = i(I + PAy) ' =i(I — Fy(I+ PAy)) ™t =0

holds. Thus, i(I+7+K+P) = 0 is obtained, i.e., [+T+ K +P is a Fredholm
operator with index zero. Therefore the Fredholm alternative applies to the
operator I + T+K+P. Thus, if ¢ is a solution of the index-zero Fredholm
operator I + I+ K, then w = Tkg is a solution of the Schwarz problem (4.2)
and (4.3). O
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Note 2. In Theorem 4.1.11, Ky, F} and F; satisfy
I+T) "I -(I+TK)I+KI+T)YI+T)=1-F (4.14)
and
I+T)I+{T+D)'"K) I -K\(I+T)I+T)"'=1-F,. (4.15)

The choice of the compact operator K; can be done as follows. It is known
that the sum or difference and composition of compact operators and of
bounded and compact operators yield compact operators. Since the operator
K is compact and the operator (I + T)_l is bounded, we can represent K

(I+T)K,=K({I+T) = (K +T)™)2 4+ (~)"(K(I+T) "

for some n. In this case the compact operators F; and F} satisfying (4.14)

and (4.15), respectively, are in the form
Fy=[(I+T)"K]"

and

4.2 Higher-Order Equations with Nonhomo-

geneous Schwarz Boundary Conditions

In this section, we consider the general differential equation (4.2) with the
nonhomogeneous Schwarz conditions. A related problem is the following.

Problem (NH) Find w as a solution to a k-th order complex differential
equation equation (4.2) in I, with the conditions (4.4) and (4.5), satisfying
the nonhomogeneous Schwarz boundary conditions

! !
e%:% on JD , Ima—w(O):cl,Oglgk—l, (4.16)
F

R 0z
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where 7, € C(OD;R),¢c; e R,0 <1 <k —1.
We denote a solution of the equation (4.2) with the conditions (4.16) as

w = wy + wy where wy is the solution of the problem

Okwl 8l 8lwl
55k =0, Re@z =, 0n dD , Imagl(O):cl,OSZSk—l
(4.17)
and ws is a solution of the problem
k
aaw2 4 Lws = f — Ly |, (4.18)
8lw2 @lwg
Re@z =0 ondD, ImW(O):(),OSlgk—l, (4.19)
where

oFw,
Zq” a 073021 aaza Z% Vozia T

k—1
0lw2 alwg
3 [onC) gt o) s

=0 m=0

Now, let us consider. problem (4.17) first. By Theorem 2.2.7, the unique

(QW,/ 7(¢)

Let us denote w; = f; + fo where

solution is given as

@)
L
s
+
w

ZZ l z+zl+

|
=0

=~

k—1 k—
l=

o~
|
N
N

and

47



Now,

A
Ozk=izi — Qzizh—i
and .
8lfl alfl —N\ij—1
agl—mzm - Zle m Z ,] _l Z+Z>]
7=l

for [ < k hold. Then the problem (4.18), (4.19) becomes

& k-1 1 k—1
aau,f + Lwy = f — ; mz_o(aml + by)i ; ; . i 2L Lfy (4.20)
! !
Re%:o on oD Im%m):o,oglgk—y (4.21)
If we denote
k-1 1 k—1
f=1r- Z(aml + byt )i . (z+2)"'=Lfs,
1=0 m=0 j=l (7 =Dt

we conclude that the problem (4.20), (4.21) is equivalent to the singular
integral equation
(I +T4 K)gy = | (4.22)
where
Wy = T'kgl .
Thus, if ¢; is a solution of the singular integral equation (4.22), then wy =

Ty.g1 is a solution of the problem (4.20) and (4.21). Therefore, the following

theorems can be stated.

Theorem 4.2.1. If condition (4.9) is satisfied, then equation (4.2) with the
conditions (4.16) has a solution of the form

k—1 k—1
~ . C _\ (—1)! C+z —dC
- T “ ST2 — 9
w=Tig i A [ OFT -2 TR
(4.23)

where g1 € LP(D, p > 2, is a solution of the singular integral equation (4.22).
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Theorem 4.2.2. If the inequality
0l Pl oy | (T + 1) = Kyl oy < 1

is satisfied for some Ky € K(LP), 0 < p—2 < ¢, then equation (4.2) with the
boundary conditions (4.16) has a solution of the form

k—1 k—1
I = Y 1 A p—
w=Tig i e+ oy [ OF €2 TR
(4.24)

where g1 € LP(D) is a solution of the singular integral equation (4.22).

Note 3. The proofs of the above theorems can be done similar to the
proofs of the Theorems 4.1.8 and 4.1.11. When the right hand side of the
singular integral equation (4.6) is zero, if (4.6) has only the trivial solution,
then for any f(z) problems (H) and (INH) are uniquely solvable. On the
contrary, if the homogeneous singular integral equation has a nontrivial so-
lution, using the Fredholm alternative gives two different conditions on the
function f to be satisfied.

Now, we consider the differential equation given in Theorem 4.1.1 with

the nonhomogeneous Schwarz conditions.

Theorem 4.2.3. The Schwarz problem

al al
ReTwZVl on 0D, ]m—zﬂ(O):cl, 0<I<k-—-1,
0z! Z
for the k-th order equation (4.1) is solvable for given a;;,b; € LP(D), f €
LP(D), q1, g2 measurable satisfying |qi(2)] + [q2(2)] < g0 < 1, qol|/1||rm) < 1
and

v € C(OD;R), ¢, € R,0 <1 <k —1. Any solution is given in the form

S

k—1 —1
_ T ; G —\! <_1)l C+z —dC

l

I
o
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where g € LP(D) is a solution of the singular integral equation

g+ a(2)g +q(2)g+

k=1 1 i , ajf—_g ~
: 1=0 jgo <Gz]( )% blj(z)% =f,
where ; .
N F :
f:f_ql(z)angzgz_%(Z)aszag
) 0'fs U5
— lz:; ; (azj(Z)m + blj(Z)m
e Al
_ ) ' :
o jzo(azg(z) + zJ(Z))ZnZ; =1 (2 +2)
with .
-S G : 1
fo(2) = - ST /m%(o(— (C—z+C—2) ? '

Proof. In the singular integral equation, only II; and II; as the singular part

appears. It is known that, ||[II;|[z2@p) = 1. Thus for 0 <p —2 <,

g1 ()T + g2 ()T || 2oy < qoll T || L2y < 1

is satisfied for any ¢o < 1. The remaining operator in the singular inte-
gral equation is compact, so that the Fredholm alternative applies to that

equation. If g is a solution of the equation, then

k-1

B k—1 ) 4
w:Tkg+iZ%(z—|— z) + (27”“/ )gj(C—z—%C—z)lé
=0 =0

is a solution of the differential equation (4.1) with the nonhomogeneous
Schwarz condition.

]
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