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ABSTRACT

A BOUNDARY ELEMENT FORMULATION FOR AXI-SYMMETRIC
PROBLEMS IN PORO-ELASTICITY

Ozyazicioglu , Mehmet H.
Ph. D., Department of Civil Engineering
Supervisor : Prof. Dr. M. Yener Ozkan

Co-Supervisor : Prof. Dr. Miinevver Tezer

July 2006, 222 pages

A formulation is proposed for the boundary element analysis of poro-elastic media
with axi-symmetric geometry. The boundary integral equation is reduced to a set
of line integral equations in the generating plane for each of the Fourier
coefficients, through complex Fourier series expansion of boundary quantities in
circumferential direction. The method is implemented into a computer program,
where the fundamental solutions are integrated by Gaussian Quadrature along the
generator, while Fast Fourier Transform algorithm is employed for integrations in
circumferential direction. The strongly singular integrands in boundary element
equations are regularized by a special technique. The Fourier transform solution is
then inverted in to ROz space via inverse FFT. The success of the method is
assessed by problems with analytical solutions. A good fit is observed in each

case, which indicates effectiveness and reliability of the present method.

Key Words: Poro-Elasticity, Boundary Element Method, Axi-symmetric, Fast
Fourier Transform, Wave Propagation
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POROELASTISITEDE EKSENEL SIMETRIK PROBLEMLER iCIN BIR
SINIR ELEMAN FORMULASYONU

Ozyazicioglu , Mehmet H.
Doktora, Insaat Miihendisligi Boliimii
Tez Yoneticisi : Prof. Dr. M. Yener Ozkan
Ortak Tez Yoneticisi : Prof. Dr. Miinevver Tezer
Temmuz 2006, 222 sayfa

Eksenel simetrik geometriye sahip poro-elastik ortamlar icin bir sinir eleman
formiilasyonu Onerilmektedir. Siir degiskenleri acisal yonde karmagsik Fourier
serisine acilarak sinir integral denklemleri meridyen diizleminde her bir Fourier
bileseni icin yazilan egrisel integral denklemlerine indirgenmektedir. Sinir elemen
denklemlerinde tezahiir eden cekirdek fonksiyonlart donel cismi iireten egri
tizerinde Gauss metodu, agisal yonde ise Hizli Fourier Doniisiim algoritmast
kullanilarak integre edilmektedir. Sinir eleman denklemlerindeki tekil integraller,
0zel bir doniisiim yolu ile diizenlenmektedir. Fourier uzayinda elde edilen ¢6ziim
ters Hizli Fourier Doniisiimii yolu ile ROz uzayina taginmaktadir. YOntemin
basaris1 analitik ¢Oziimii bulunan 6rnek problemlerde test edilmistir.
Coziimlemelerin her durumda analitik ifadelerle iyi uyum gostermesi yontemin

etkin ve giivenirliligini ortaya koymaktadir.

Anahtar Kelimeler: Poro-Elastisite, Sinir Eleman Metodu, Eksenel Simetrik, Hizli

Fourier Doniisiimii, Dalga Yayilist
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CHAPTER 1

INTRODUCTION

Axi-symmetric boundary element formulations for elasto-dynamic (Brebbia and
Dominguez 1992, Wang and Banerjee 1990, Becker 1992) and acoustic analysis
(Juhl 1993, Soenarko, Pozrikidis 2002) are available in the literature. However,
these formulations are either based on integration of the fundamental solutions in
circumferential direction, hence fully axi-symmetric (both geometry and boundary
conditions are axi-symmetric) or they expand the boundary quantities into regular
(real) Fourier series separating the boundary excitations into symmetric and anti-
symmetric modes, the final response is obtained by combining solutions for each
of these modes. The first approach suffers from the accurate evaluation of Elliptic
Integrals, while in the second approach care ought to be given to integrations in
circumferential direction where Gaussian Quadrature along with segmentation is
proposed (Brebbia and Dominguez, 1992), for accurate evaluation; the
segmentation procedure, on the other hand, lead to extended run times.

Following the second approach described above, an axi-symmetric formulation for
poro-elasticity is given by Dargush and Chopra (1996). Their formulation involves
the symmetric modes only (symmetric boundary conditions), thus fully axi-
symmetric.

An alternative method based on complex Fourier series expansion of boundary
quantities is developed by Ozkan (1995). In this method the integrations in
circumferential direction is accomplished by the Fast Fourier Transform algorithm
(Brigham, 1988), which is shown to bring in considerable savings in computer run

times over integration using segmentation along with Gaussian Quadrature.



The formulation of Tsepora and Polyzos (2003) for gradient elasticity is similar to
Ozkan, 1995; however, they used the so called non-periodic FFT (Press, et. al.,
1992) for integrations in 0-direction when the source point lies in the integration
element. According to this algorithm, the FFT is applied with the value at 6=0 is
set to zero (actually the algorithm is to be modified for numerical stability as
discussed by Press, et. al. 1992). The integrals when 6=0 are computed separately
for each frequency by using advanced integration techniques (Guiggiani, 1992).

In this study, we extend the method proposed in (Ozkan, 1995) to axi-symmetric
poro-elastodynamic analysis with arbitrary boundary conditions. To summarize,
we first write the boundary integral equations in cylindrical coordinate system by
transforming boundary variables from Cartesian (xyz) to cylindrical coordinate
(ROz) system; the z-coordinate of the ROz-system coincides with the axis of
revolution of the body. The boundary variables (generalised displacement and
traction vectors) are then expanded in complex Fourier series with respect to
0-coordinate; thereby we reduce the surface (3-D) boundary integral equations to a
set of N boundary integral equations in the generating plane (2-D), where the
kernels appear in the form of Fourier integrals of fundamental solutions; where, N
is the number of terms in the truncated complex Fourier series (N must be a
positive power of 2). The kernels now appearing in line integral equations can be
integrated effectively by FFT algorithm. The solution of N line (2-D) integral
equations establishes the coefficients of the boundary variables in the complex
Fourier expansions; the combination of these coefficients using again FFT
algorithm yields the solution in R0z space.

The formulation developed in this study has two major advantages: First, the use
of FFT algorithm in integrations over O-direction increases computational
performance considerably compared to Gaussian Quadrature for the same purpose.
Second, using complex Fourier expansion obviates the analysis for symmetric and
anti-symmetric modes separately (Ozkan, 1995); analysis for a general boundary

condition is accomplished in a single run.



The formulation is developed in frequency domain, yet solutions in time domain
can be obtained by inverse FFT after solution vectors have been obtained for a
sufficient number of frequencies.

As a part of this work, a general purpose computer program, named AxiPoro, is
implemented in ANSI standard C++ language. The program compiles equally well
under both Windows and Unix, compilation under Linux should bring no
problems.

The method is assessed in four problems, these are, (i) the poro-elastic column
problem, (ii) cylindrical cavity problem, (iii) spherical cavity problem and (iv) the
vertical compliance function for a rigid circular foundation. The first three
problems possess exact analytical solutions, for the last problem the results are
compared with the numerical solution given by Apsel and Luco (1987). A good fit
is observed in each case, except for the last problem where the largest relative
difference in absolute value of the compliance is found to be %7.5; however, it
should be noted that in the solution we provide an ideal elastic problem is

simulated by a poro-elastic formulation, hence, a perfect match is not expected.

The organization of this thesis is as follows: In Chapter 2, we make a review of
theory of poro-elasticity including a brief history. The governing equations are
derived using the methods of continuum mechanics and a short discussion of
waves in infinite poro-elastic media is given. Chapter 3 is a review of published
boundary element work concerning poro-elasticity only. In Chapter 4, we develop
the boundary integral equations for poro-elasticity. Fundamental solutions of
dynamic poro-elasticity are developed in Chapter 5. In chapter 6, boundary
element formulation for axi-symmetric geometry using complex Fourier expansion
of boundary variables is presented. The treatment for strongly singular integrals
encountered when 0=0 is described. The computer implementation and manual of
input instructions are described in Chapter 7. Assessment problems and results are
presented in Chapter 8. The thesis ends in Chapter 9 with conclusions and

suggestions for further study.



CHAPTER 2

REVIEW OF THE THEORY OF PORO-ELASTICITY

2.1 Background Information

A porous medium is a material matrix composed of a deformable solid skeleton
with interconnected pores and fluid residing in these pores. The pores are
interconnected, as mentioned, in the form of small irregular arcs so as to provide

fluid mass exchanges within the body or with the outside.

Although occurrence of more than one type of fluid, either miscible or immiscible,
partially filling the pores is possible; this study addresses the presence of a single
fluid fully saturating the pores. In this regard, a porous medium is the
superposition in time and space of two media, the solid skeleton and the pore fluid

(Coussy, 1995).

Figure 2.1 Two phase porous medium as the superposition of a granular solid
matrix and a fluent medium (after Coussy, 1995).



Examples of such media are foundation soils saturated with ground water and
porous rock containing hydrocarbons and the bone; porous metals and plastics are
also produced. The phenomenon may involve interaction of disparate materials
like soil and water, oil or natural gas and porous rock, etc., but the general

framework of study is the same, “pore-fluid solid interaction”.

The mechanics of fluid filled porous media, as the solid went through deformation
or fluid flowed in or out, has captivated the attention of many scientists and
engineers for centuries, in connection with, for instance, the settlement of land
surface in long term owing to a civil structure, underground water flow, flow
through earth structures (e.g. dams), fluctuation of water levels in wells when
trains pass nearby, land subsidence after extensive utilization of underground

reservoirs and of course soil liquefaction during large earthquakes.

It is immediately observed that the deformation of the porous solid skeleton and
flow of the pore-fluid are not independent (one affects the other), and coupling
always occurs among fluid mass content, fluid pressure (pore pressure),

deformations in the bulk solid and applied stresses.

The word solid is often used to refer to the skeletal framework of bulk porous-
material, and the terms fluid pressure and pore-pressure are used interchangeably.

The bulk material will be referred to as “porous medium”.

2.1.1 The Continuum Assumption

If we were to the view the porous medium on a length scale on the order of the
pore size, the pore space will appear extremely detailed and chaotic. If we hope to
model the flow and transport of the fluid on a macro or mega volume of the porous
medium, it is necessary to average the description of the system over a
representative elementary volume (REV) that is large compared to the sizes of the

pores but small compared to the macroscopic dimensions of the porous medium.



The properties of the system will be described by continuum variables such as

porosity and permeability.

Fundamental definitions:

The term porosity is used to demonstrate how porous the bulk material is, in other
words, what percent of the total bulk material volume is constituted by
interconnected pores. Therefore, porosity, designated by n is the ratio of the
interconnected pore volume to the total volume. Although considerations about the
presence of two degrees of porosity (of pores and of fissures/cracks) exist in the

literature, we stick to single porosity formulation.

Permeability (after Dullien 1992), designated in this text by &k refers to the
conductivity of the porous medium to permeation by a fluid. A definition of such a
general sense is of limited usefulness; because this permeability with respect to a
particular porous medium changes with different permeating fluids and flow field.
It would be more instructive and more practical as well as more scientific to single
out the material parameter that gives the contribution of only the porous medium
to the conductivity; and is independent of both fluid properties and flow field. This
last quantity is called the intrinsic permeability “k*’, which is uniquely determined
by the pore structure only.

The definitions of permeability will gain more clarity when Darcy’s Law is

discussed in the course.
2.2 Brief History of Porous Media Theories
In the following, we make a brief of the history of poro-elasticity following Wang

(2000) and Chen (1992). Extensive review of the history of the development of

porous media theories are covered in the works of de Boer (1996, 2000).



Although attempts to understand and model the behaviour of fluid-filled porous
media start earlier, e.g. Telford in 1821(after Chen, 1992) drew attention to
squeezing out water in the phenomenon of consolidation of soil, it is generally
deemed that the study of fluid filled porous media begins with Darcy (1856) who
studied one dimensional flow of water in homogenous sands in connection with

the fountains of the city of Dijon, France.

In the period 1900-1930, utilization of underground hydrocarbon reservoirs as well
as heavy civil constructions (high rise buildings, dams, etc.) necessitated an
improved understanding of fluid flow in porous media and deformational
behaviour of soils and rock (Wang, 2000). In relation to the state of pore fluid, the
principal problems were discharge and elastic storage in confined aquifers and in

relation to deformation the problem was soil consolidation (Wang, 2000).

First, mathematical model on deformation of a porous medium was established by
Terzaghi in 1923 (after Detournay and Cheng 1993), who realizing that soil
consolidation was in effect a diffusion process (escape of water from high pressure
zone) set up his famous one-dimensional consolidation equation. Later an attempt
was made by Rendulic in 1936 (after Detournay and Cheng 1993) to extend the
Terzaghi’s 1-D theory to 3-D by replacing the spatial derivative for the Laplacian,
however, in both cases this theory uncoupled the deformation from stresses and

fluid pressure and flow; a fully coupled theory was yet to be developed.

The era 1930-1970 witnessed development of constitutive theories for porous
media. A real coupled quasi-static 3-D theory was established by Biot (1941.a).
Other contributions were due to Kosten and Zwikker (1941), Frenkel (1944),
Lubinski (1954 after Chen, 1992), Brutsaert (1964). Biot’s theory has gained the
widest acceptance. Kosten and Zwikker and Frenkel, deserve a special note;
Kosten and Zwikker (1941) were perhaps the first researchers to notice the
existence of second compressional wave and Frenkel (1944) was the first to work

out the first complete dynamic theory. Brutsaert’s unsaturated dynamic model



carries features similar to Biot’s theory for liquid saturation and to Kosten and
Zwikker’s for gas saturation. More complex models using the theory of mixtures
have also been developed (Steel 1967, Bowen 1976, 1980, 1982, Prevost 1980,
Burridge and Keller 1981, de Boer 2005). These complex models reduce to Biot’s
theory under certain simplifying assumptions (Schanz and Diebels, 2003); hence
confirm the soundness of this theory. Some analytical solutions were also obtained

during this period (Biot, 1941.b, 1941.c, 1942, 1956.a).

Starting with 1960’s problems on complex domains with arbitrary boundary
conditions were targeted at by powerful numerical methods (Finite Element
Method, Boundary Element Method, Method of Characteristics (Mengi and

McNiven, 1977), etc.) on digital computers.

2.3 Biot’s Theory of Linear Poro-elasticity

Biot’s poro-elasticity theory (Biot 1941.a, 1955, 1956.d, 1962.a, 1962.b) is a
generalization of elasticity theory to materials with fluid filled pore spaces and it
includes Terzaghi’s 1-D consolidation theory as a special case. Quite remarkably,
this theory was developed by him only, over a deliberation of approximately 40
years. During those years, Biot considered the theory from almost every angle, laid
out the thermodynamical foundations to cover various dissipative effects and
relaxation mechanisms (1962.a, b). His theory led to mathematical formulation of
problems in soil mechanics, geophysics, acoustics and biomechanics (Cowin 1999,
Lim and Hong 2000) predicting behaviour beyond that conceivable by classical
elasticity theory. The predictions of the theory have been substantially verified
experimentally (Plona 1980, Berryman 1980, Ogushwitz 1985, Bonnet and
Auriault 1985, Klimentos and McCann 1988, Gurevich et. al. 1999). The material
constants (Biot and Willis 1957) involved are easily discernible, physically
meaningful and experimentally measurable. The theory redefines the concept of

effective stress, which is a fundamental principle in soil mechanics.



In the following, the discussion will be restricted to homogenous and isotropic

poro-elastic media.

2.3.1 Governing Equations

A note on the notation:

In what follows, indicial notation (Cartesian tensor) together with (Einstein’s)
summation convention will be used; all tensor quantities are to be resolved in
Cartesian frames. Hence for example, a term like “v;” represents i-th component of
the vector ¥ in Cartesian coordinates. In summation convention, any (twice)

repeated index implies automatic summation over its range. The following are

equivalent designations for partial differentiation (of a vector v say):

All variables (displacements, fluid pressure, stresses, etc.) are functions of both
space and time.

The displacement field is defined by the displacements of the solid (skeleton) “u;”
and the displacements of the fluid “U;”. Then the relative displacement of the fluid

with respect to solid is

.=U. —u..

e 9

Assuming that the porosity of a material plane is the same as volume porosity “n”,

the net flux of fluid through unit area in unit time is then given by

q; =nw;

1
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where “q;” denotes flux in the direction of i-th coordinate axis and w is relative
velocity of the pore-fluid.

The strains in the solid are defined as usual

1
& = E(ui,j + uj,i)

One more variable, increment of fluid content “0” introduced by Biot (1941.a), is
needed to define the change in the amount of fluid in a unit volume of bulk
material. This variable measures the volume of fluid that has flowed in or out per

unit volume of bulk material. Hence,

0=-nw,

ii

Drained and un-drained conditions:

Although, one almost never encounters true drained as well as un-drained
condition in reality, we still define a condition where all internal fluid is prevented
from motion by impermeable boundaries as un-drained. The condition during or
shortly after a rapid process (deformation, loading, injection, etc.) such that the
pore-pressure induced cannot dissipate is also considered to be un-drained. On the
other hand, if, free drainage of the fluid is permitted or the process is so slow that
the excess pore-pressure can dissipate, the porous medium is said to be under
drained condition.

Mechanically, the un-drained condition corresponds to no relative motion:
w,=U, —u, =0 — un-drained.
Whereas, drained condition corresponds to pore pressure keeping constant:

p=0
w, #0

— drained.

10



2.3.1. a Constitutive Equations

Assuming that (1) the material is linear-elastic and isotropic (2) strains are small,

Biot (1941.a) arrived at the following constitutive equations:

T, = 2UE; + A0 €, —aOp

1
9=a’€kk +6p

Tij — components of total stress tensor
The four elastic constants,

A — drained Lame’s modulus (dimension = F/L?)

u — drained shear modulus (dimension = F/LZ)

o — Biot’s effective stress coefficient (dimensionless)

Q— Biot deformation modulus, corresponds to the reciprocal of

constrained storage coefficient in hydrogeology (dimension = F/L?)

characterize the poro-elastic material. The material constants and their

measurement techniques will be discussed in the next section.

Effective Stress Principle (a measure of inter-granular stress):

When the deformation (or strength) response of a porous medium (soil for
instance) is considered, it is immediately discerned that the behaviour will not be
the same with zero and nonzero pore-pressure. As first realized by Terzaghi, the
strain in a soil element in a tri-axial cell should be governed by the inter-granular
stresses. Then, which of the stress fields (fluid pore-pressure and solid) or what
linear combination of them is directly responsible for the strength and
deformational characteristics of the porous medium? This question (and other
similar questions) leads naturally to the concept of effective stress” (Berrymann,

1992). The effective stress principle is discussed extensively in soil mechanics

11



books (Lamb and Withman 1979, Suklje 1969) and there are scientific papers

discussing this principle (Berrymann 1992, 1993; de Boer and Ehlers 1990) in

many articles, here we choose the definition, which follows naturally from the

constitutive equation (2.1) and generalizes the Terzaghi’s effective stress principle:
T = T; +apd;

where, 1 is effective stress. Then, it is clear that Terzaghi’s definition

Ti =Ty +pd;

is the case when o = 1.
Hence, in Biot’s definition of effective stress, a fraction o of fluid stress

(0; =—pJ;) is subtracted from total stress. There is experimental evidence that

this definition better describe the volumetric strain under confining stress (Wang

2000, p.45).

The constitutive equations (2.1) can be rewritten for effective stresses in the

following form:
T, =T, +pd; = 2ue; + A€,
or,

T =C_¢

ij ikl “Kk
where,

C,, =285, +1(3,8,+8,3,)

12



Sign convention:

13 2

In equation (2.1) the stress components 7.

i represent total stresses and are

66

positive when tensile, on the other hand, “p” represents the pore-fluid pressure and

is positive when compressive.

An alternative form of constitutive equations is possible (in fact there are four

alternatives, see Wang, 2000) if pressure is isolated in the second equation in (2.1)

T, =2ue, +A1 8¢, —0Qd 0
p =-0aQg, +Q6

where

A, =A+0°Q

is the undrained Lame’s modulus. We know, on physical grounds that A, > A4

hence, Q must be positive (refer to the discussion before equation 2.11). In fact,

thermodynamic considerations also stipulate positiveness of Q (Biot, 1962.a).

2.3.1. b Poro-elastic Material Constants

In order to gain insight into the material constants, it is useful to consider spherical

stress volumetric strain relations, thus applying contraction over the index “i” in
(2.1) and (2.2) above
o=Ke-op
..................................................................... 23
O=o0c+ P (2.3)

and

13



where,

Tkk
o= ? — mean normal stress
e = &, — volumetric strain

K=41+ % M — drained bulk modulus

K, =4, + % 1 =K +a*Q — undrained bulk modulus

Skempton’s Coefficient “B” (for pore-pressure built up during confined loading):

Skempton’s coefficient B (Skempton, 1954) is defined to be the ratio of the
induced pore water pressure to applied all round isotropic stress increment under

un-drained conditions,

A negative sign is necessary because positive (tensile) ¢ gives rise to negative

(tensile) p. As can be seen B is non-dimensional.

From (2.3),
@ gives 1 — Ki—a@
Jdo oo Jdo
8_6’% 0 :a£+la_13
Jo do Qoado

14



combining

Skempton’s B may also be defined as

__9%e
26|,

> «

The effective stress coefficient (Biot’s “o.”):

[Pl

o’ is a dimensionless coefficient. From (2.3)

00
R PRI 2.9
@ de 29)

For a solid matrix of single material (individual grains are made of identical

material), a restriction on the range of values that a is given by the following

15



This conclusion is established in (Biot, 1957). For solid grains of mixed material

the lower bound on a has to be relaxed to zero (Berrymann, 1992).

Now from (2.7) with (2.8) and (2.10) one infers thatK , =2 K . Since,

K, =K+a’Q
one has
K+o'Q=>K
or
a’Q=0
thus
Q 0 i (2.11)

Methods to measure “o.”, “K” and “K,”

i) Unjacketed Test

In an unjacketed test, a specimen is tested under a constant cell pressure
“o.” while pore-pressure is also maintained at the same level (Fig 2.2).
This is equivalent to immersing the bare (or with a perforated
membrane) specimen in a fluid, till a confining pressure “c.” is

attained; the same fluid pressure develops in the pore space.
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Figure 2.2 Specimen under unjacketted test, pore-pressure is kept equal to cell
(surrounding) pressure, as if the membrane were missing (after Wang, 2000).

If now, unjacketed bulk modulus is defined as

K, =22
de|_ ,
from (2.3),
0
—(c=Ke-al-0))
de
a—G =K+ aa—g
de de
Hence,
a=1- LT (2.12)

For an incompressible solid skeleton K:—» oo, when o = 1. In this case, Biot’s

effective stress reduces to Terzaghi’s effective stress definition.

17



It may be noted that, though K’ appears to be the same as the bulk modulus of
solid grains, i.e. K, this is true only when the grains are of the same material;

when the solid phase is composed of two types of minerals, e.g. a sandy clay,

there is still one K, although, one cannot speak of a single grain modulus K| .

i) Jacketed test

This test is the usual drained test; a specimen is tested under a constant
cell pressure while pore-pressure is kept constant by allowing free

drainage of the pore-fluid.

Gc

Fluid freely
drains out

‘\

impervious
membrane

Figure 2.3 Specimen under jacketed test, i.e. pore-pressure is kept constant, normally
at zero level. Fluid freely drains out (after Wang, 2000).

If pore pressure is kept at zero value (p=0), equation (2.3) provides Biot’s “a’ and

drained bulk modulus “K”’:

ives

-o0.=Ke-ap ——— K=--—-
o)
=0

0 =oe + p(: 0) gives o=

Q

18



Poisson’s ratio:

Poisson’s ratio is defined, in solid mechanics, as the ratio of the lateral to

longitudinal strain under uniaxial loading in longitudinal direction.
E..
v=-_ (i #))

The underline is to mean summation is discarded.
There are two possible definitions for Poisson’s ratio in poroelasticity
Drained Poisson’s ratio:

It is the Poisson’s ratio under drained conditions (p=0)

Un-drained Poisson’s ratio:

It is the Poisson’s ratio under un-drained conditions (6=0)

19



Similarly,

Recalling the relations

One finally derives,

y :3v+aB(1—2v)
' 3—aB(1-2v)

from which, it is clear thatv, >v. (2.15) can also be used to relate Skempton’s

“B” to “v,, vand o as,

) (1.26)
a(l-2v)i+v,)
Another useful formula can be obtained from (2.14) if the relation
A= A+0CQ oo (2.17)

is substituted and “Q” is solved for,

20



2u(v, -v)

Q= (v I —ay) (2.18)
Rearranging (2.17) as Q= k“a; A
or
Q=" (2.19)
o

Remark 1: Although various combinations are possible, an isotropic poro-elastic
material is fully defined by four independent constants, others can be derived from
the relationships given above.

Remark 2: The poro-elastic constants of various earth materials have been
measured in the laboratory. A summary table can be found in Wang (2000). The
reader is also referred to Yew and Jogi (1978) and Fatt (1959).

A sample procedure to determine poro-elastic constants:

1. From a jacketed (drained) test (isotropic consolidation); determine {a, K}.

2. From an un-drained test (isotropic compression), determine {B or K;}. B
can also be determined, if suitable, by measuring volume expansion of the
bulk material per unit volume of fluid injection under back pressure, while
cell pressure is zero (see expression 2.9).

3. Measure Young’s modulus “E” in a drained test,

E=2%ul+V) o (2.20)

4. Compute K, from (2.7) and Q from (2.19) or (2.6).
5. Using (2.13, 2.14, 2.17 and 2.20) compute v, vy, U, A, Ay.
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2.3.1. ¢ Field Equations (Balance Laws)
Conservation of Linear Momentum (LME or SEM):

Newton’s second law of motion states that in an inertial reference frame, material
rate of change of momentum of a body is equal to the resultant of applied forces.

Hence,

ltidl“+E[fidﬂziz[pduidﬁ+%inpridQ ............................ (2.21)

where,

ti — components of the traction vector

fi — components of the body force vector (defined per unit volume of the bulk
material)

ps — density of the solid material

pr — density of the pore fluid

pa — dry density of the bulk material, which is equal to (1-n)p,

and, Q designates the body (domain) and I" the surface, boundary of Q.

Inserting, U; = u; + w; and recalling, the Cauchy’s stress formula

£ = DT5 et ettt (2.22)
(2.21) becomes

jn.cudmjf.dg=ijpdudg+ijnpfu.dg+ijnpfw.dg ....... (2.23)

. ! s dty dt s, ' dt s, '
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The first integral on the left can be converted to a volume integral by Gauss

Integral Theorem as,

T dQ (2.24)

Jij

_!njrﬁdl“z

< —_—

hence, (2.23) becomes

[75,d0+ [£.dQ=[(p, +np, )ii,dQ+ [np, ¥ dQ
Q Q Q

Q

But,
p = bulk density = total mass (fluid + solid)
total (bulk) volume
p=np, +(1-n)p,
I
therefore,

“‘Cﬁ,j +1; —pi, _npf‘x’i]d9=0

Q
this implies,
T HE =PU +NPW, (2.25)

which is the LME or Stress Equation of Motion (SEM).
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Equation of Continuity:

Consider, an infinitesimal cube of PE material with faces parallel to coordinate
planes. Assuming that percent cross-sectional area occupied by the fluid is equal to

the porosity, we have for net fluid flux per unit time through i-th face :

Amount of fluid mobilized in x, -direction

:(percent pore area ) * (relative fluid displacement = w; )
"\ ) L\ J

' Y Y
: =n =U,-u,

Figure 2.4 Definition of flux vector.

If a(t) represents fluid source per unit volume, law of conservation of mass can be

written as follows:

amount of fluid

Change in the amount amount of fluid .
o Lo passing through
of fluid inside the =| generated inside |+ ] ]
) o ) o the surface in unit

volumein unit time In unit time R (2.26)

- time

v a(t)dv

o i —J' fi.Gds

S

(2.26) can concisely be stated in words as “accumulation equals net influx plus net

generation”. Hence,

gy = Ia(t)dV - j O TR A (2.27)

Vat S

9dn
—
normal component of

fluid flux vector through
the boundary
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using Gauss Integral Theorem (GIT) the second integral (surface integral) on the

right can be converted in to a volume integral,

00
J —dv= l a(t)dV —{[qk‘de

collecting the terms

j[@mkk —a(t)}dV=0
vLot ’

hence (since V is arbitrary);

20
§+qk’k ZAL) e e (2.28)

Darcy’s Law:

We interpret Darcy’s Law as the linear momentum equation for the fluid phase, in
disguise; otherwise the so called Generalized Darcy’s Law (Chen, 1992, 1994a,
1994b) sometimes causes confusion. Thus, writing the LME for the fluid phase per
unit volume of the bulk material;

f

Gt (body force term) = inertial terms + frictional drag

but, 6, = —pd, (stress in the fluid)

_ 1
—p, =p,ii, + mw, +pfg£nv'vi — g (2.29)

seepage force
per unit volume

25



where k is the “hydraulic conductivity” or Darcy’s coefficient in the units of

velocity, [k]E LT andm :npf—-l-pa' p, is added mass density, introduced by
n

Biot (Biot 1956.b) to describe the interaction between the internal fluid and the

solid skeleton, some authors (e.g. Zienkiewicz et. al., 1980, 1999) discard this
effect and takep, =0; and gif is body force acting per unit volume of fluid

representing such effects as gravity or magnetism.

Rearranging equation (2.29)

nw, =—K[p_i +p,ii, + 2P TP g —gi'} ...................................... (2.30)

n

k . . e . LT
where, K =—— now is the coefficient of permeability, with units [K]EV' In
P8

terms of intrinsic permeability k* ([kd]z L) and dynamic viscosity of the fluid

7 ([7]=ML'T™") permeability coefficient can be written as

The relative velocity w; can be related to specific flux q; by
q; =nw

thus,

q :_K[pi +p,i, +%w —gif} et (2.32)

which is the Generalized Darcy’s Law for an isotropic medium. In the absence of

dynamic effects and body forces, (2.32) reduces to the form of Darcy’s flow
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equation as it is used in soil mechanics and well hydraulics. In what follows, the

body force term g, will be discarded in this work also.

(alternatively, we can write per unit volume of bulk material:

Lo+ngl =np, U, +p,W, +bW, .coovvrrnnn (*)

Il(Sji’J

where “b” is the drag coefficient and “p, ” is added mass density both defined per unit
volume of bulk material due to fluid resistance to moving particles. Note that, when the
fluid is inviscid drag coefficient vanishes, however the fluid continues to develop against
accelerating particles. Hence, added mass densityp, remains regardless of the viscosity
of the internal fluid.

«__ 9

If we insert in (*): oy =—pd; and U, =u; + w, and divide by “n

b. .. . P, P
_;Wi =p; tPfU; FPpW; + n W; —&;

or
2

. n { . . P, .. r}
nw; =———|p; +Pel; +PW; +—W; — g
b | n

finally the Darcy’s Law follows

q; =_K|:p,i +peU; + 2P TP W, _gif:|
n

2
. n
note the relation x = o J)

Conservation of Angular Momentum (ANME):

Conservation of angular momentum yields the symmetry of the total and hence,

effective stress tensors, i.e. 7; = 7;and7; =7, (Coussy, 1995).

2.3.2 Boundary and Initial Conditions
A well posed problem in mechanics is not fully defined unless a proper set of

initial and boundary conditions are specified. In poro-elasticity, these conditions

are defined in terms of the following pairs:
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........................................................... (2.33.a,b)

For each boundary condition, either one term from the above pairs is specified or a
combination for each separate pair is defined over part of or the whole boundary.

In other words, from (2.33.a)

either, u,| =1, (Dirichlet)
- (solidB.C.'s) ... (2.34.a,b)
or, ti|F =t, (Neuman)
and from (2.33.b),

either, = p(Dirichlet)
p|r P }(ﬂuid B.C.'S) toiiiiiiiiiii (2.35.a,b)

or, q,|. = 9q,(Neuman)
must be specified; alternatively combination type boundary conditions (Robin

type) of

=k.u

tF_ ij j‘r

i

or/and

Qulp = BP oo (2.37)

may be specified. Boundary conditions may be different on different parts of the
boundary and on some part (2.34) and (2.37) or (2.35) and (2.36) types of

boundary conditions (mixed type) may be given.
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2.3.3 Governing Equations in Fourier Transform Domain

The Fourier and inverse Fourier transform of a function f(t)is defined by the

following pair

Fo)= [ile™a & (0= [Flokdo

Taking Fourier transform of equations (2.1), (2.25), (2.28), (2.32) and assuming

zero initial conditions for velocity and displacement one gets the frequency

domain expressions,

CE’s —

SDR —

SEM —

CONT —

Darcy’s Law —

but, since q; =nw,

hence, we get

F F F F
T; = Zueij + KekkSij —ap Sij

T B (2.38.a, b)
Q

€F=—[uFJ+ui] .................................................. (2.39)

T+ =-w'pu] — @’ npw] (2.40)

1(00}:+q};k = Al e, (2.41)

q" =—/{pi —@put - Lo n“”f F} .................... (2.42)

Qf STOOW! e (2.43)
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F nK
W, =T""7 2
ion” — o °k(p, +np;

1

)[—pi+w2pfuf] s (244)

or designating

n’xp, @’
p=— D e (2.45)
ion” —w°k(p, +np;)
(2.44) becomes —
F 1 F 2 F
W, =— TP e 2.46
i ﬁnpfa)z [p,l pt i ] ( )
alternatively
— _IB F F
Q; 10—+ U] | e, (2.47)
" Py
Inserting (2.39) into (2.38.a) one gets
= plu 0l [ AT 8 =P, s (248)

insert (2.48) and (2.46) into (2.40) we obtain the first three of GE’s in terms of

skeleton isplacements and pore fluid pressure in frequency domain,

pul s+l + At — (a4 Bpt +1 =—” (p+ Bo ]| e (2.49)

Next, inserting (2.39) into (2.38.b)
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B0 = 0L F o P s (2.50)
and (2.50) into (2.41)
ia)(ocuik +lij+ql:k AT s (2.51)
Q 8
and recalling (2.43) hence
Qp k TEONW, | e (2.52)
and from (2.46)
1
S ﬁm[pik @ Pl | e (2.53)

inserting (2.53) into (2.52) and the result into (2.51) one gets as a result the fourth
GE,

1 F F 1 F 1 F
D F @+, +—D = |t 2.54
B 602,0f P ( B) K.k Qp 5 ( )
In operator form (2.49) and (2.54) are
uv2u" +uV. @ V) + AV(Va© ) - (o4 BVT + £ = —02(p + Bp U e (A)
-B 21 V" + (0 +B)Vau" +lpF =.laF ............................................. (B)
op, Q 10

In matrix form, equations (A) and (B) would read,
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—io(o+P)V e __B o

v+ @ (p+Bp)Ie+h+pn)V Ve  —(a+p)V H{
iop,  Q

cevreeene. (2.55)

or, alternatively

o, +*(p+pp I8, +(+ul,  ~(c+P)o, H*H

_iw(a'i'ﬁ)aj _.—akk N

2.3.4 Wave Propagation in Infinite Poro-elastic Media

The preceding section dealt with governing equations of Biot’s poro-elasticity

theory. In this section we investigate the types of body waves that exist in poro-

elastic media. Contrary to the classical elasticity theory, Biot’s theory infers the

existence three body waves; two dilatational waves and one shear

1956.b, ¢).

wave (Biot

To simplify the discussion, we consider the case of infinite permeability; i.e. k—o0

(or wave propagation in the absence of dissipation). In this case the governing

equations of poro-elasticity (2.56) become,

Now, we introduce the potentials for the displacement vector u as
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Uy = 0, B Wy oeeeeeeeneee ettt (2.59)

Where, ¢ and y are the irrotational and solenoidal (divergence free,y;; =0)

parts, respectively. Inserting (2.59) into (2.57) and (2.58), we get

(oc— Efji{ikk+if)—ipkk—0 ........................................ (2.60)
Q
(k+2u)¢kk—(p B?jdiz(oc “ffjp ................................ 2.61)
m m
wy, —(p— Ps j\p 20 e (2.62)

It is obvious that equations (2.60) and (2.61) govern the dilatational waves (p-
waves), while (2.62) governs the rotational (shear) waves. From (2.62), we obtain

the propagation velocity of the shear waves as

This shows that the shear waves in poro-elastic media propagate slightly faster
than an idealized elastic body with same shear modulus and density (bulk density).
Equation (2.63) is slightly different from that obtained by Biot (1956.b), this stems
from the fact that Biot disregards equation of continuity in his investigation.

Equations (2.60) and (2.61) are two coupled wave equations for which we assume

plane harmonic wave solutions of the form

0= A p= A T (2.64)

Substituting (2.64) into (2.60) and (2.61), we get the dispersion relation
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Q[Ot—npsz
.| A+ nQ m) | QU AR (2.65)
p-Pe Mmoo, O M p- P
m m
%/_/

where, ¢ =-— is the propagation velocity of dilatational waves. It is obvious that

K
(2.65) gives two wave velocities corresponding to the slow and fast compressional
waves respectively. Investigating the coefficients B (>0) and C (=0), we observe
that (2.65) always have two positive roots for ¢’ (C=c’ *c; >0 — ¢ and
c, have the same sign, B=c, *c’ >0 — ¢, and c, both positive).

An interesting case occurs when we assume dry soil, i.e. Q=0 and p,=0. In that

case the dispersion relation (2.65) reduces to

T (2.66)
p—np;
this gives
L (2.67)
p—np,

as expected.

For the case of infinite permeability, the waves are non-dispersive, however for
finite permeability (2.65) become frequency dependent and therefore the p-waves
become dispersive. The slow wave is difficult to observe in experiments (Yew and
Yogi 1976, Klimentos and McCann 1988); nevertheless, Plona (1980) and

Gurevich et. al. (1999) verified the existence of this wave experimentally.
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CHAPTER 3

STATE OF THE ART - BEM IN PORO-ELASTICITY

The basic idea of boundary element method consists of transforming the partial
differential equation in to a boundary integral via the use of method of weighted
residuals or theorem of reciprocal work together with the fundamental solutions
(free space Green’s functions) of the adjoint differential operator. Then a system of
algebraic equations is formed by bringing the source point to the boundary and
numerically integrating the resulting boundary integrals after proper discretization
of the boundary. Since correct fundamental solutions are essential for successful
deployment of BEM, the first applications of BEM in poro-elasticity had to wait
until they are established. We can investigate the BEM studies in poro-elasticity in
two eras. Quite naturally, in the early era the focus was on quasi-statics, and in the

latter on dynamic applications.

BEM in Quasi-static Poro-elasticity:

For linear quasi-static poro-elasticity an indirect BEM in the Laplace domain was
developed by Cleary (1977) without application, where he proved the reciprocity
theorem for poro-elasticity and introduced the quasi-static fundamental solutions.
Banerjee and Butterfield (1981) give a time marching scheme to solve Biot
consolidation problems. Aramaki (1986) extends this scheme for soil profiles
including thin layers of high permeability.

Predeleanu (1981) presents a time domain BIE formulation aiming at applications

in Biot consolidation problems; he suggests that the fundamental solutions be
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found by using the analogy between thermo-elasticity and poro-elasticity. The
paper adjourns with recommendations for possible future extensions.

Cheng and Ligget (1984 a, b) proposed both 2 and 3-D Laplace domain poro-
elastic BEM and numerical results were presented for 2-D only. The procedure
was reformulated later by Cheng and Detournay (1988) for new material
parameters which were physically more meaningful.

In 1985, Nishimure (after Chen 1992) published a 2-D time domain BEM for soil
consolidation. Dargush (1987) and Dargush and Banerjee (1989) developed time
domain BE formulations for both 2-D and 3-D quasi-static poro-elasticity. These
BEM formulations were extended to axisymmetric consolidation (Dargush and
Banerjee, 1991); in this work full (both geometry and loading) axi-symmetry was
assumed.

A 3-D BEM formulation via the reciprocal work theorem in Laplace-transform
domain was given by Badmus et. al. (1993). Numerical results for one dimensional
soil consolidation of a column and 3-D consolidation of a finite soil layer were
compared to the existing exact analytical solutions, the comparisons display
excellent agreement. The solution for the 3-D Mandel problem by the BEM model
was also compared to an available FEM solution from the older literature. The
quasi-static fundamental solutions were listed in the appendix.

Cavalcanti and Telles (2003) discus the application of time independent

fundamental solutions to solve Biot's plane strain consolidation equations.

BEM in Dynamic Poro-elasticity:

In dynamic poro-elasticity, no progress was made until the first fundamental
solutions were published (Bonnet 1987 and Boutin 1987); although the first
attempt to derive fundamental solutions had been made as early as 1975, the work
of Burridge and Vargas (1979) (based on an earlier work (Vargas, 1975 )) did not
contain all of the fundamental solutions. Norris (1985) derived point load
fundamental solutions only. Bonnet (1987) showed that the six displacement
components (3 solid and 3 fluid) in poro-elasticity were not independent and a

formulation with solid displacements and the pore-pressure was sufficient; noting
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also the analogy in frequency domain to thermoelasticity, he pointed out that 3-D
fundamental solutions were available in Kupradze, 1979. Bonnet then described
the procedure to derive the 2-D fundamental solutions; however, he did not present
all fundamental solutions.

The Laplace domain BEM formulation by Manolis and Beskos (1989) contained
six independent variables (3 skeleton and 3 relative fluid displacements).

Based on the reciprocity theorem by Cleary, Wiebe and Antes (1991), presented a
direct time domain BEM formulation for dynamic poro-elasticity using the fluid
and solid displacements as the state variables (six variables); for the case of
inviscid fluid, they worked out the first true time domain fundamental solution in
closed form.

Cheng, et. al. (1991) derived the integral equations of poro-elasticity from the
reciprocity relation in frequency domain. They obtained the 3-D as well as 2-D
fundamental solutions by the frequency domain thermoelastic analogy. Although
the fundamental solutions were given in differential form only, they are listed in
explicit form in the dissertation by Badmus (1990) and Cheng and Detournay
(1998). An analytical solution to the one dimensional poro-elastic column,
harmonically excited either from the top by a vertical solid stress/fluid pressure or
from bottom by specified displacement was provided and to verify the model
numerical results from a two dimensional BEM implementation were compared to
these solutions. A preliminary Coulomb failure analysis in plain strain was
provided.

Dominguez (1991, 1992) published an application of BEM in 2-D dynamic poro-
elasticity. He used Bonnet’s fundamental solutions with corrections.

The first complete set of fundamental solutions in Laplace transform domain was
published by Chen (1992). Chen derived time domain fundamental as well, but
they are not in closed form and contain some integrals.

Approximate time domain fundamental solutions were derived by Kaynia (1992)
and Gatmiri and Kamalian (2002).

A full axi-symmetric formulation for dynamic analysis of foundations on poro-

elastic media by BEM was accomplished by Dargush and Chopra (1995).
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Antes and Wiebe (1996), discuss both time and Laplace domain BEM
formulations for wave propagation problems, using two formulations of poro-
elasticity, namely the solid-fluid displacement (u-U formulation, 6 unknowns) and
solid displacement-pore pressure (u-p formulation, 4 unknowns). They present the
boundary integral equations for the 4 different formulations and discuss the forms
of fundamental solutions in each case. The authors’ claim that time domain
fundamental solutions, in explicit form, can only be obtained in the idealized case
of infinite permeability. The methods of deriving fundamental solutions are briefly
mentioned and the 3-D fundamental solutions for displacements in Laplace
domain are given in explicit form. Numerical results from a 3-D BEM solution for
1-D column problem (classical bar theory) are presented in graphics; the results
compare well to analytical solution (Cheng et. al. 1991). The paper discusses the
importance of finite permeability in connection to the superfluous resonances
occurring in the case of infinite permeability. The authors compare poro-elastic
waves to purely elastic waves and conclude that for short observation times a one
phase elastic solution with bulk material properties would be sufficient. They
remark also that the problem may best be formulated in transform domain using
four variables (u-p). A nice review of formulation of integral equations and
fundamental solutions is given by Cheng and Detournay (1998).

Chopra (2001) gives a review of theoretical background of poro-elasticity and the
use of BEM in related problems.

A time domain poro-elastodynamic boundary element formulation using a special
time stepping procedure, called Convolution Quadrature Method by Lubic, which
requires the Laplace transform fundamental solutions only, has been published
(Schanz, 2001a, b).

Fundamental solutions of poro-elasticity in the dynamic rage for both u;-p (solid
displacements-pore pressure) and u;-U;j (solid displacements-fluid displacements)
formulations are investigated by Pryl and Schanz (2004) for incompressible
constituents.

More recently, a simplified BE model is developed for low relative velocity

behaviour by Schanz and Struckmeier (2005).
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CHAPTER 4

BIE FORMULATION FOR PORO-ELASTICITY

4.1 Boundary Integral Equations (BIE):

Boundary integral equations of poro-elastodynamics can be obtained from either
the weighted residual statement or the theorem of reciprocal work (Schanz 2001.a,

b). Here, both methods will be presented to show that they yield the same BIE’s.

In what follows every variable is in Fourier transform space, but to simplify the

notation, the superscript ()" designating Fourier transform will be omitted later.

4.1.1 BIE by the Method of Weighted Residuals

The equations (2.49) and (2.54) are multiplied by two different weight functions
and integrated over the problem domain. Since (2.49) is a vector equation it must

be multiplied by a vector function and (2.54) with a scalar function

The technique essentially consists in taking the inner product of the system of
PDE’s (2.55) with a vector of weighting functions [Ui P]T , 1.e., let [B] represent

the partial differential operator pertaining to equations (2.55) of the chapter 2, then

one can write these equations in matrix form as,
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where,

Then the weighted residual statement becomes,

ﬂ?;H[B] [H + {F}JdQ:O .......................................

Then,

j(eqn. 2.49)*U,dQ =0 — gives

Q

F F

+ .

— —
2

1 4 5

Now, each integral will be evaluated by parts separately,

(H— J.;uui,jjUidQ = J-lu(ui,jUi )Jd.Q - jﬂui,jUi,jd‘Q
Q2 kel 0

[l + gty + 2Ty — @+ B’ + @ (p+ Bp uf +£)7U,dQ.=0
2 —— X —_— Y ¥

TR N § |

the first integral on the right can now be transformed to surface integral by

applying GIT. Hence,
jﬂui,jjUid‘Q = jﬂ(ui,jUi )”jdr— jﬂui,jUi,jd‘Q
2 T 2

applying integration by parts and GIT to the second integral,
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j,uulﬂ de= jﬂ u, U, Jndr- jﬂ U, ), df+jﬂulUIJJdQ
similarly,
(2) — with GIT twice

jﬂu U de= jﬂnJ u,Udl - I,unl J ”dr+jouU1ﬁdQ

(3) — with GIT twice

jﬂum do= Iﬂnl

Js JAg

U, dr = [ nu,U dl+ [ Au,U, jd 2
r 0
4 — I_(a+15)p,iUid‘Q :I_(a"'ﬁ)niPUidr_I_(a+,8)PUi,id~Q
0 r 0
(5)— [~ (p+ B, Ju,U,dQ
Q

© — [f,U;de
0

Finally, (1) + (2)+ (3) + (4) + (5) + (6) — give

[l U, —w,U, o+ gm0, U, U 0, )+ 20 o U, =00 )= (@+ B)n,pU, B0

T

+u U+ 10+ 20, + 0 (p+ fo UL HQ+ [(@+ B)pU, dQ+ [£,U,dQ =0
Q Q Q

... (4.5)
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collecting the terms,

J-,u(um+uj’i)Uinj—,u(Ui'j+Uj!i)uinj+/1ni u, ;U —u, Uy —(0{+,B)ni pU, |dI"
. | s -

00wy s, n;J;

U+ 10+ 20+ 0 (p+ B UL HQ+ [(@+ A)pU, dQ+ [1U,d0 =0
Q Q Q

e (4.6)

or,

“(/u(ui,j +uy; )+/1uk,k5ji )Ui n, _(/‘(Ui,j +Uj,i )+ ﬂ’Uk,kaji )uinj _(a"'ﬂ)n‘é" pU; ]dr

i
r

+Iui I;llUi,jj +/'[UJ,1J + ﬂ’Uj,ji + a)2 (,0+ ,B,Of )U1 hg+j(a+ﬂ)pU1,1dQ+ IfiUi dQ = O
Q Q Q

............ 4.7)

Next for equation (2.54),
J-(eqn. 2.54)*P dQ — gives,
Q

-B 1 1
I ——p; +(@+Bu,; +—p|P dQ:J.—a PdQ cooiviiiiiiiiiiiiiieeeeeeeenns (4.8)
ol o°p T — Q 510

ﬁ_/ 2 T 4“

Again employing GIT

- | a;ﬁ p.Pde=]

2 f

p n,p,Pdr-|
I

P n,pP<dF+jipP.‘dF
2 i i 2 i
@’ p, LOp

2
wpf f
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@) — [(@+pBu;P d@=[(@+pnuP dI - [(@+p)uPd
r 02

Q0

3) - IépP de

Q0

@) — [La*p de
Liw

Finally, (1)+ (2)+ (3)=(4) — gives,

.[w;E ni[p.iP _PP_i]Jr(OHB)niuiP dr
r f

+£|:m2§f

pP; — (o+PB)u;P; +lpP }dQ =j_la P dQ
' TQ 2 1o

Now, adding (4.7) and (4.9)

I[(}L(ui.j +uj,i)+7\‘uk,k5ji )Uinj _(“(Ui.j +Uj,i)+}\‘Uk,k5ji i _(OH‘B)H'S' pU; }ﬂ—‘
r

j

U +0U 5 +20 +0f (0 +Bp U, MR+ [+ BpU, da+ [1 U, do
Q Q Q

2
O Py

+J‘{ -B ni[p,iP _pP’i]+(oc+B)niuiP }dr
T

n;8;u;

+_[ _ZB PPﬁ—(OC+[3)uiPi +lpP dQ=j_ia P dQ
Q O Py ' ' Q Q1(,!)

collecting terms,
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j[(u(u +u, )+ A, 8, —apd, U, — (U, + U, )+ AU, 8, —aP 8, u, br+

+H{ p, +Bu, }nP —{ EfP +BU, }nip}dr+

+I [p,U +UU ; +AU —(0c+B)P,i +0*(p+Bp,)U; ]dQ

+j{

}dQ j—a P dQ - [f.U,dQ

Q

Equation (4.11) is the basic integral equation (BIE) of poro-elasticity. Recalling

that stress tensor is related to displacements by equation (2.48)
Ty :|lu(ui,j+uj )+/hlkk5 ap5ji]

traction (stress) vector to stress tensor by Cauchy’s stress formula (2.22)

components of the flux vector to pressure and skeleton displacements by (2.47)

.q_i:{ _218 p,i+ﬁ’lij|

io | o p;
and normal component of flux vector is
d, =q;n
one can then identify the following in eqn. (4.11),

llu,, +u )+ Au, 8 —apSfn, =t v, (4.12.2)
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(U, +U )+ 0,6, -a® 5, ], -t

.............................. (4.12.b)
[_f p,i+,&1i}ni—>g—“ ................................................ (4.13.2)
@’ p, iw

[ _f P, + AU, }ni S (4.13.b)
@’ p, iw

then BIE abbreviates to the following form

[ (el +uy, )+ 20, 8 —aps, o U, = (u(U, + U, )+ 20,8, —aP 8, )n,u, [T+

r

5 t

+I |:_2—ﬁp,i+ﬁuij|nip [ 5 P, +pU; }np dr'+

L@ P @’ p;
I 9

+Jui [IUUi,jj +lLlUj,ij +/1Uj,ji _(OH'ﬁ)P,i +0)2 (p+ﬁpf )Ui ]dQ'

Q

_IB 1 1 F

+ +—P |dQ= a P dQ—-|f.U,dQ

Z[p{wzpf Q 10) I

.................... (4.14)

J-[t U, —tu ]dF+—.[{an -q, p}dF+
tufuu,+uU 20 @+ PP, +a* (p+ foU R (4.15)

Q
+[p| = Lp laa={Larp dQ - [f,U,dQ

: a)Z Q la) ) 171
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If there are no body forces (fiF =0) and no internal fluid sources (a" =0), eqn.

(4.15) further simplifies to,

“tiUi ‘tjui]d“%l{qnl’ ~q,pHl+

r

+ufuu, +uU + 20 —(a+ PP, + @ (p+ fo)U HQ L (4.16)
Q

El

o LD P Q |

E2

It is seen that the terms designated by E1 and E2 in equation (4.16) are the same

form of PDE’s as equations (2.49) and (2.54), the governing equations of poro-
elasticity.

From (4.16), two boundary integral equations result in the following way

(1) Choose U, and P such that they satisfy

pU S+ Ut S+ 0 S~ (a+ BPC + @ (p+ B UL =—-8,A(A,P)

El

and - (417)
-B s vs o1 s

—P, +(@+pU,; +—-P =0

@’p, Q

E2
then (4.16) gives
u,(A)= [tiuiS —ti*ui]dr+.i [ [anls —qu]dr ........................... (4.18)
A lwf
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if it is noted, (4.17) are the same equations as (2.49) and (2.54), the GE’s of poro-
elasticity, with body force per unit volume f = &8, 4(A,P) and fluid sourcea; =0.

Then, (4.17) can be interpreted as another poro-elastic medium under the influence
of a unit load at point “A” in “1” direction and no fluid source. Schematically,

(4.17) defines,

s P
| 1
U i and t i

Point load
A(AP)in 1
direction

Figure 4.1 Interpretation of fundamental solutions in weighted residual
method as suddenly applied point loads in poro-elastic full space.

Uis 'sand P" 's are found by applying the unit load in 1, 2, 3 directions in

succession.

(2) Choose U, and P such that they satisfy

HUS +uUY + AU —(a+ B)PE +@* (p+ fp,)UE =0

i,jj i Jhji

El

and 4.19)
Bt pUt + L 2 AP
o p; S Q 1w

E2
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then (4.16) gives,

ip(A) = l [tj‘Lui —t,U" ]dr+$ l {q’;Lp—anL}dr ............................. (4.20)

again (4.19) are the same equations as (2.49), (2.54) with zero body forces and unit

impulsive fluid source at point “A”.

Solutions to (4.17) and (4.19) give the fundamental solutions of 3-D poro-
elasticity in Fourier Transform Space (FTS). It is to be noted that fundamental
solutions correspond to unit Dirac sources in time and space, for both body force
and fluid source terms in governing equations (2.55). That is in time domain,

fundamental solutions correspond to solutions of the governing equations for

f, =qor
0

and
0

a=qo0r
S(t)A(A,P)

where, €, designates a unit vector in the direction of i-th coordinate axis.

4.1.2 BIE by Reciprocal Work Theorem for Poro-elasticity
Define two poroelastic systems :
1. Actual System (ACS), actual poro-elastic medium to be analysed.

2. Auxillary System (AXS), fictitious infinite medium of same PE material
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PE region in
x-space (Q)
Cij, Q,

\
X AXS

N !
N ’
N ,
PE full space \
Ciu» Q, a0
X2

7.. . total stress
1

X3

ES
T.. :total stress
1
* . .
€.. :solid strains
gij :solid strains 1
p: fluid pressure

%
p :fluid pressure
@ : fluid volume increment

* . .
0 :fluid volume increment

Figure 4.2 Definition of the actual (ACS) and auxiliary (AXS) poro-elastic
systems in reciprocal work theorem.

The reciprocity theorem states (in FTS) that,

creereeneneennes (4.21)
where ()’ designates AXS variables.

Proof of the reciprocity (in FTS) (Schanz 2001 a, b):

Recall — Constitutive equations of poro-elasticity in FTS (eqn. 2.38),

T; = Zueij + XSKkSij - (xpSij
%/—/
Cijéu

.............. for ACS
1
0= Oy +6p

and
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T; =2uE; +he, 8 —op J
[N

y

Cwfa i, for AXS
0 =ae Kk + 6 P

Thus,
Tijeij + pe = [Cijklskl - a’psij ]Eij + p|:a'£kk + 6p j|

1
=C,, &€&, —apg,d, +Ocp£kk+Qpp

ukl ij
Cm s," =g, ——
— 0-ae,,

T, +opd,

= Tl;lekl + a’pgklskl + ep - OLP' gkk

SAA

= Tl;lekl + ep

which proves the reciprocity theorem for PE in FTS. Now, to obtain the boundary

integral equation integrate (4.21) over the domain of ACS ;

1R L il | TR XU e —— (4.22)
] B e el B )

1 -

}[ d.Q IT[ u +u )}d[)zi%fu +7.u;, |dR

0 g0
—

#
jiti.j

:I—Tu +Tu de

Il
b'—n Q= b"—-

[(Z' u. ) TUJUI}ZLQ

= [(ryu;) d2- jf u'dQ

1_]J 1
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Now, applying GIT to the first integral on the right and employing SEM,

1. =—f —@pu, —nw’p,w, (Eqn.2.40)

1,])

then,

(1) gives 3 n. Tuu1dr + I[f1 —+ O“)zpui + n0)2hWi ]urdQ
——

= | cudr+ J.[fi +o’pu, +ne’p,w, Ju'dQ

—~e

Q

(2) —sie ip 0" dO = J._%q;pdﬂ+£%a*pdﬂ

apply GIT to the first integral,

1 . 1 . .
[-L nal pdr+[Lqip.de+[La'pde
S (e 510 ’ 10
q":normal
of flx vector

= J.—%q:pdr-‘rJ‘%q:’p’idg+v{%a*pdg
r Q Q

(3) —te sy j £,d0= ju u,dQ= jn drj T ud@

1_] 1 1],]) 1

* * *
ti —t —wz;mi —a)znpfwi

= [tudr- [t -w*pu; - w*np,w; lnde
I Q2

ives * _ *i _
(4) —= J-P &LQ—J.P ia)[ qi,i+a]d‘Q

Q0

= J.—ip*qi!id.Q + J-ép*adg
Q

0
1. 1 .
_1_—p n,q; dr+j$p’iqid[2+:([ap ad
; 1 .
_i_—p q, dF+j$p,iqidQ+£Ep ad.Q
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(H+®2)=B)+(4) — gives

J-tiuidl“ + |, + 0*u, +ne?p,w, Jujdo + J-— — g pdl'+ J..—qip’idQ + J‘.—a pdQ
10 10 10
T Q T Q Q

:J‘tiuidl“—i-J‘[fi +(,02pui +w2npfwi]uidQ+J‘—.—p q“dF+J‘.—p iqidQ+J‘.—p adQ
10 10 10
r Q r Q Q

making the following subtitutions in the above,

From Darcy’s Law (Eqn. 2.42):

+ n,
p,=-— q‘-i—(npfu +o? 2P, ¥0P; pfWi
’ K n
and
q; =ionw,

one obtains
Itiude+ J'[fi +®’ pu, +na)2pfwi]ufdQ +
r 02

J—_iqudF+I_L iow! |-t 0’pu, +0 2 P 0P dQ+J—a pdQ
10 _Qla) — K n
di

P

= ltfuidf+£[ff +@’ pu; +a)2npfw?]ujd.Q +1—$p*qnd1“+

+ :
.[i —q—‘+a) poou; + @’ 2 Pa T 2 Tlw! | ionw, d.Q+I—p adQ
Qla) K n T’

P

several terms cancel and the following integral equation will result,
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l tudl+ l iqnp*df+ £ fujdQ+ | iwpa*dg

ol

= [tudr+] L gipar+ [t'u,d2+[—-p'ade
r Fla) 02

1
Liw

In the absence of body forces (f; =0) and fluid source (a = 0) in ACS, (4.24)

becomes
[tujdr+[—q,p'dl+[—pa'dQ=[tju,dl+ [ —q,pd[+ [/u,dQ ..... (4.25)
T 1_161) Q1(() T 1_160 2

From (4.25), two integral equations will result if ;

1. f, is taken as point load with unit stregth (unit Dirac source) at the source
point A in x, -direction, and a" is zero; i.e., fi“ = A(A,P)é'il anda =0

In which case, u; and p" are the solution of the system :

gty + A —(a+ B+’ (p+ Bpoul +8,A(A,P)=0
\—T_—J
f
and
B R
. +(@+pu.. +—p =0
a)zpf p,u ( ﬁ) 1,1 Qp ::J

and t; is given by

" 1 _
t; =n,7; —nj[u(u

1 *
i

1k 1 * i
+uy; )+/1§jiuk!k —0{5ﬁp

where, u! andp' are the fundamental solutions. There are

9 (for ui*) +3 (for p') = 12 (total) fundamental solutions for this set.
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2. f are zero and a" is a point fluid source of unit strength (unit Dirac

source), i.e., fil* =0anda” =A(A,P)

In which case, u; and p are the solution of the system :

Hu  +pul, + A, —(0+B)p, + @ (p+PBp,)u; =0

and
B 1 A(/: P)
P+ (@+Bu +—p =
zfp.u (o +Pu,; Qp -

and t. is given by

t=n7, =n ulu], +u),)+28,u;, —ad,p]

where, u; andp’ are the fundamental solutions. There are 3 (u; )+ 1 (p ) =4

fundamental solutions for this set.

Then one obtains the following set of boundary integral equations,

(1) = uA)=[tu]dl+] L prar- [t/ udr-] L par
T 1 T 1o

(2) = —p(A)= [tiudr+ [ q:pdl - [tuidr = -~ q,p'dT
10 r rla) T Fla)

The BIE’s in (4.26) contain a set of 16 fundamental solutions in total. Note that,
eqn.’s (4.26) are the same BIE obtained earlier by method of weighted residuals
(eqn’s (4.18) and (4.20)).
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CHAPTER 5

FUNDAMENTAL SOLUTIONS (3-D) OF DYNAMIC PORO-ELASTICITY

5.1 Fundamental Solutions

The early attempts to find the fundamental solutions for poro-elastodynamics are
due to Burridge and Vargas (1979), Bonnet (Bonnet, 1987) and Boutin (Boutin,
1987). However, the solutions they provided were incomplete or contained errors
(Chen, 1994.a). The first successful derivation therefore is known to have provided
by Chen (1992) who followed the method utilized by the Soviet applied
mathematician Kupradze in his monograph (Kupradze, 1979) in connexion with
thermoelasticity (see also Nowacki, 1975). The method is deemed to be due to
Swiss mathematician Hormander (Kupradze 1979). In the following we lay out
this method, and give full derivations of the fundamental solutions of the

governing equations of poro-elastodynamics.

5.1.1 An Operator Method for Finding Fundamental Solutions of Systems of

Differential Operators
A linear partial differential operator with constant coefficients follows the same
rules of linear algebra, i.e. it can be added, multiplied, inverted much the same as

an ordinary matrix.

For instance, consider the following linear ordinary differential equation,
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2

d’y
dx’

+y=q(x)

or in operator form

(1-D*)y =q(x)

where, L =1—D” is an ordinary differential operator, where D = di .
X

In terms of this operator “L” the solution can be written as

1
1-D?

y q(x)

since “L” is a linear operator with constant coefficients, it can be expanded to

power series much as we do with algebraic functions, that is:

=1+D*+D"+....

7 =

The solution is then,

y=(1+D*+D*+....)q(x)

Same idea applies to systems of ODE also, e.g. consider the system,

2(D-2)y(x) + (D -1)z(x) =¢"
(D+3)y(x)+z(x)=0

which can be written in matrix form as,
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o UL

then, the particular integral is given by

MR

evaluating the inverse operator, one gets

M (| S I

2(D-2) D-1

D+3 is the determinant of the matrix operator
+

where, A=—(D> +1) =‘

and “Adj” represents the matrix adjoint.

ax

on ﬁ)} (recall that | n_©

i0)° @

D> +1

First operating

is the required particular integral of the system.
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The same techniques can be applied to find the fundamental solutions for many
ordinary differential equations as well. For instance, it can be shown that the

fundamental solution to the first order operator

D-A)U"(x —a,1)=3(x —a)

UY(x—a,\)= %sign(x —a)e

Although, it is possible to derive the above fundamental solution via Fourier (or
Laplace transform) we present a method based on a transformation over the

dependent variable, as
V(x—-a,A)=U"x—-a,A)e ¥

This reduces the differential equation to
D[V(x—a,A)]=8(x—a)

on integration, we get

V(x—a,\) = %sign(x —a)
Thus, on back substitution the fundamental solution for U® becomes,
A(x—a)

1
U (x —a,\) = Esign(x —a)e

It is to be noted that above fundamental solution reduces in the limit A — 0 to
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UY(x—a,0)= % sign(x —a)

which is the fundamental solution of DU(x —a)=3(x —a)

In view of this information one can derive the fundamental solution to the 1-D

Helmholtz equation:
(D> =X )JuP(x —a,A)=8(x —a) — 1-D Helmholtz equation
But the 1-D Helmholtz operator can algebraically be factored to read
D-A)D+A)U%(x—a,L) =d(x—a)
then the fundamental solution is given by

3(x—a)

@)y _ —
RN Y C¥¥Y

applying partial fractions expansion the inverse operator becomes

, 1 1 1
U%(x—a,\) _ﬁ|:(D—}u)_(D+>u)i|8(X_a)

then the fundamental solution of the 1-D Helmholtz equation can be written as the

sum of those of two first order operator’s as
1
U?(x—a,1) =—[U"(x—a,A) - U (x —a,—\)]
2A
more explicitly
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UP(x—a,A) = !

|:l slgn(x _ a)ek(x—a) _% Sign(X _ a)e}»(xa)}

202

_sign(x-a) {ewa) _euu)}
2

2\

sinh A(x—a)

= m sinh AM(x —a)
2\

1 sinh k| X — a|
2\

which is the same as given in many references, e.g. Rashed 2002, Pozrikidis 2002,

and Kythe 1995.

Using this technique, it is possible to derive the fundamental solutions of higher

order operators, to mention e.g.

(D* =2 )UW(x —a,1) =8(x —a)

which governs beam bending for instance, by the above method has the

fundamental solution

UY(x—a,A) = ﬁ&x—a)
_ ! L 1 8(x—a)
20X | D* =N D +N\
L D -(ir)’
1 [sinh 7\,|x —a| _ sinh i7\,|x —a|

2\ 2iA

L[sinh A|x —a| —sin k|x—a|]
4x

this checks with that given by Schanz 2001.b.
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Now, these ideas will be extended to partial differential equations with constant
coefficients, and the method will then be applied to obtain fundamental solutions
of poroelasticity as particular integrals of the governing equations with Dirac
sources.

A set of coupled partial differential equations is written in matrix operator form as,

where B is the matrix partial differential operator and u is the vector of unknowns.
A matrix differential operator is a matrix whose elements are partial differential
operators. A multiplication of such a matrix with a vector of functions means that
the differential operators as the elements of the matrix are to be applied on the
functions in the vector following the rules of normal matrix multiplication, the

following example is provided by M. Schanz (Schanz 2001 b),

9, 9, O ul(xj,t)
let B=|d, 4 0, | and g={ui(xj,t)}= uz(xj,t)
0 9, 20, u3(xj,t)

Then, Bu=0 — means,

81 82 0 ul(xj,t) alul(xj,t)+azu2(xj,t) =0
9, 4 0, uz(xj,t) =0 = du, (x;, ) +4u, (X, ) +0,u,(x;,t) =0
0 0, 20, u3(xj,t) 0,u,(X;,t)+20,u,(x;,t)=0

The rules of matrix algebra apply analogously. The elements ij(’f of the cofactor

matrix of B are then computed by the determinant of the sub matrix of B with the

[13%4]

row “i” and column “” deleted multiplied by (—1)i+j . Then,

80,-00, -200, 9,0,
B 2| 20,0, 20,0, —0,0) | ceeeeeeeeeeee e (5.2)
9,0, -9, 43,-00,
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The determinant of B is defined similarly;

9, 2, 0
A=[Bl=, 4 9,[=9,(89,-9,0,)3,(20,9,) +rerrrieriiiiiieiieeie e (5.3)
0 9, 20,

The cofactor and determinant provides definition of the inverse operator because,

Bl = {

3 9, 0 783,-0,0, -20,0, 9.9,
3, 4 9, | -20,0, 209, -39, |=
0 9, 20,| 9,0, -39, 49,-9,9,
9,(89, —9,9,)+9,(-29,9,) 0 0
0 9(-2953,)+4(2,9, )+, (-2,9;) 0
{ 0 0 9;(-9,9,)+29, (43, -2,9,)

=Al

Therefore, the inverse operator is given by

The operator method applied to find the fundamental solutions of poro-

elastodynamics:

For the governing equations of poro-elastodynamics, the differential operator is

(recall equation (2.55))

HVZSU +(}“+“)aiaj +0)2(p+[3pf)8ij _(OH‘B)ai
E: —i(o(oc+B)8j — B V2 _E .............................. (55)
1000 ¢ Q

or in extended form,
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€9

UV +(A+ 10,9, +@ (p+ fp;) (A+u)0,9, (A+u)0,9,
(A+4)9,0, UV +(A+u)0,9, +@* (p+ fp;) (A+ 10,9,

B= (A+u)0,0, (A+u)0,0, UV +(A+ 1,0, +@ (p+ fp;)
—io(a+ )0, —iola+ )0, —ioa+ B0,

then the governing equations in matrix extended form are

yV2+M+uB@1+w%ﬁ+ﬁ%) (A+4)0,0, (A+4)0,05
(ﬂ»+/1)8281 ,uV2+(l+/1)8282+a)2(p+ﬁpf) (’1"'#)8283

(+ 1039, (2+ 10039, w2 +(A+ 1305 + 0 (o + o, )
—io(a+ )0, —iw(a+ B)o, —ia)(a+ﬁ)a3

_ivz_

_(a+ﬂ)al
—(0{+ﬁ)a2
_(a"'ﬁ)‘%‘

10

iop,  Q

—(a+ B,
—(a+ 4,
_(a"‘ﬂ)ag,

B _y2_io

iapf

Q_

............... (5.6)
u, f, 0
up | f, _ 0
u, f, 0
p a 0
............. (5.7)



The fundamental solutions are the 4 set of solutions for (u, p) when one of {f}, f5,

f3, a} in (5.7) is set equal to the Dirac delta function and others to zero.

Designating the fundamental solution matrix by G, one has for the fundamental

solutions

BG+A(AP=0 cooviniiiiiiiiiiieieeen

where,

1
I

{u*u( u:}
Py P

is a 4x4 matrix of fundamental solutions.

If we let G= (];“’f F@ oo

BB | ®+A(A.PI=0
but since

BB ) = det(B)L

det(B)JP+A(AP)=0 o.ovviviiieiiieieeean

If now, (5.10) can be solved for ® then fundamental solutions can be evaluated

from (5.9). It remains to evaluate B anddet(B), solve (5.10) for & then evaluate

the matrix of fundamental solutions by G = (Q“’f )T o

Before proceeding to find determinant and the cofactor transpose of B matrix, we

introduce the abbreviations,

64



A=uv’+0’(p+ fp,)
B=A+u
C o+ B (5.11)

1ap¢
F=BD+iaC?

then det(B) is written as,

A+B3,d, B2, B3I, -C9,
B30, A+Bd,0, Bd,Y, —CI,
B9, B0, A+Bdd, -Cd,

—i@wCd, —iwCo, —iwCd, -D

det(B) =

multiplying the first row by 9,9, , second row by 9,0, and the third by 9,0, ,

AaZS +Ba1123 Ba1223 Ba1233 _Ca123
det(ﬁ)= 1 Ba1123 Aa13 +Ba1223 Ba1233 _Ca123
a112233 Ba1123 Ba1223 Aa12 +Ba1233 _Ca123

—imCd, —i0Ca, —iwCad, -D

where, operations like 9,0,0, have been abbreviated as d,,,, etc.

The determinant can then be simplified by row operations to yield

953 S 0 0
.2 0 813 —812 0
detB)=—>—| . 2 . c? _c?
Ininsss | BHiO— - Py1p3 | BHiO—101503 Adjy +| Brio—=1djp33 0
1aCdy 153 1aC9 573 iaCdy533 Ddyp3

2
. C .
factoring (B + iw—Jalz out and expanding about the last column,
D
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. c?
—-A°D B+10)F 823 —813 0
det(B) = 0 0, -d,,
1233 A
dy;  dy o2 +0d,
B+io—

Finally,
det(B)=—-A2|(BD+iaC?V? + AD]

(5.13) when extended reads,

V2 +—0)2(P+Bpf) :
u

B(n + 2u)u2
icopf

det(B) = -

BQ B(n +2u) (r

2 2 2 2
{VA;[OJ Pp @ pf(oc+13) o (p+Bpf)JV B
+2u)

which can be factored to read,

_ B2 (o0 V(o2 Y2 2
det(B) = iap; (v /13) (V A )(V /12) ............
where,
22 _ w2(9+BPf)
2 o ——1]
m
o’p; . o%p; (o +B) ) o*(p+Bo;) .
BQ B(A +2u) (A+2u) |
7‘%221 2
> 2
o%p; cozpf(a+B)2_w2(p+Bpf) +4w4pf(p+Bpf)
BQ B(r+2u) (A +2u) QB(% +2u)

QB(n +2u)

2 w4pf (p +PBpy )}

veeeee (5.15)
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Then, according to (5.10) one has

—%(vz—xg)z(vz—x%)(vz—xzz)cpm(A,P):o ............... (5.16)
Let

w:-W:Tf‘f‘)“z(vz—zgjcp ............................................... (5.17)
Then,

(VZ—ﬁ%j(vz—ﬁlz)(vz—/l%)lPJrA(A,P):O .............................. (5.18)

Algebraic Reduction - The difference trick: (Ortner, 1989)

Introduce the following,
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These equations are well known Helmholtz equations, thus the solutions are

Y = Le‘]1r
47
v, =ée_ﬂz‘ .................................................................... (5.21)
l}’3 = Le_i"r
4m
where,

r = dis tance between points A and P

; :HP—A»“ =||fp _fA" _ m .......................................... (5.22)

From (5.19)

¥, -¥ =(/1§—/112)(V2—/1§)‘P

................................................. 5.23
1}13_\}12:(1?_/1%XV2_/112)1P ( )
hence,
(72 -2)w =22
\pz l}: .................................................. (5.24.a,b)
(VZ_xi)lP= 23_ 22
7“3 _7“2
subtracting (5.24.b from 5.24.a)
1 (v,-v, ¥ -¥
T:ﬂg_f(ﬂg_fz_ﬂ;_ﬁ;J ............................................. (5.25)
1 2 2 1

Substituting ¥, ¥,, ¥, from (5.21) into (5.25)
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=Mt At =Ar A
=L e e e e, (5.26)
Am A -A\ A4 A=A
rearranging,
1 e e M e "
Y=— + e 5.27
e A AR AR 620
The fundamental solutions can now be determined from (5.9):
g — (Bcof )T¢ .
where,
AD+F(9,, +90,;) -Fd,, -Fo,, —AC9,
B ) =-a -F9,, AD+F(9,, +95;) —Fa,, —AC9,
T -Fo,, ~Fo,, AD +F(9,, +9,,) — ACo,
—i0ACD, —iOAC, —ioACd,  —(A?+ABV?)
.................... (5.28)
Where, the factor “F” is defined in (5.11). We also recall (5.17),
B+ 2”2 2
)
iop 3
from which & can be obtained by inversion as,
Po L (5.29)
BA+2u)u (v2 ,15)
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Recall also the factor A in (5.28) is given by A = w(V? = X’), then the fundamental

solution matrix in extended form is

AD+FQ,), +35,) —(Falz | ~Fd, 5 )
o (VZ_;LZ) —F812 AD+Fall+a33 —(13823 ) —AC&)2
G=-u 3 ~Fo,, ~Fd AD+F,, +9;, ~ACo,
- icomAE)l - ia)coAB2 - icomAE)3 - (Az + ABVz)
f __Pr !
B(h+2uu? (Vz - 7%)
.................................................. (5.30)
simplifying,
_ ) _
(AD+FV )—Fa11 “F,, ~Fd, - AQ),
. _ 2\ _ _ _
oy R, (AD+ FV ) Fo., Fa. Ay |
= BA+2 _ _ 2)_ _
BA+ 2u)u F, Fo,s (AD+ v ) R, AG,
- i0AQ), - i0AC), - i0AQ), (AZ + ABVZJ
...................................... (5.31)
or more simply in index notation
iop, [(AD+FV?), -F3,  —ACY,
G=——1+— ) ! ! ) AP e (5.32)
BL+ 21 ~i®ACD, —(a% +ABV?)
Thus, the 16 fundamental solutions in four groups are given by
* iap, 2
G . =u,. =———————||AD+FV7)0. —FO. ¥ eerrirriiiieieiieeeeeeeeeeeaes 5.33
ij ulJ ﬁ(ﬂ + Zﬂ)/l [( + ij ij ( )
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_o e A
Gy =P} = 3074 22 [FHOACO ] oo (5.34)
G,=u =P ACD ¥ oo 4.35
i i ﬂ(ﬁ+2ﬂ) [ i ( )
_ _1opg 2 2
G, =p = B(?»0+Op2u) [A2 £ ABV2 I oo (4.36)

5.2 Derivation of Fundamental Solutions of Poro-elastodynamics

In this section, explicit expressions for the 1°* and 2" fundamental solutions
(FS’s) of the dynamic poro-elasticity in frequency domain will be derived.

1" FS’s can be obtained by inserting the expression for y from (5.27) into (5.33),
(5.34), 5.35) and (5.36).

2" ES’s, however are obtained from the 1% FS’s via the relationships for the
traction vector (Cauchy’s Stress Formula, eqn. 2.22) and fluid flux (Darcy’s Law,
eqn. 2.47)

Before derivation, we repeat the expression for y (5.27) below.

W L e—l,r . e—ﬂq_r . e—igr
am\ @ -2 -4) -2k -2) (-2 )4 -2)
Also, the following identities will prove to be useful and will be used frequently in
the course:

Recall that r designates the distance from the source point “A” to the field point

“P”, (5.22)

e =[PA] = [F ~ 5 = Vi =2 )ik —a)
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r=1(A,P) is a two point scalar function. Then, the gradient of “r”

or or or
= L)_Xl . E} =(0;1) = (1) oo (5.37)

will be a vector, when the differentiation is evaluated in (5.37)

which are identified to be the components of the unit vector r = (r,) pointing in the

direction from “A” to “P”.

Similarly,
L, =1, =l(§ij —rirj) ............................................................................... (5.39)
r
Also, since the function ¥ contains terms like — , we further needs

g

(3rr -9, ) }L(?arr —8.)+7L21ri1rj}ekr
r

T

Here, we introduce the abbreviation

Y

R :%(31}1‘]. - Sij)+%(3rirj —Sij)-i— }\,zrirj
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because it will often recur in the development to follow. By (5.40) one can infer

the following easily,

iy -Ar —Ar —Ar
vz(%]—akk(er J %%:zﬁr ...................................... (5.41)
12
and,
—Jr —Jr
e et
r ; ror S (5.42)
# T 2
=2 eT[r—z(f*flfJ - 5; )+?(3firj -9; )+,12rirj}
hence,
_ —Ar —Ar —Ar
v{%}:vzw[%}vza“(e J:Wr ....................................... (5.43)

Now, we start deriving the components of G matrix.
5.2.1 First (Displacement) Fundamental Solutions

The termsu; : Solid Displacement components at the field point “P” due to unit

point load in j-direction at the source point “A”:

* iap; 2
=0, =————|\AD+FV7 )0, —FO. [¥ oot 44
Gu ulJ ﬂ(ﬂ + Zﬂ)ﬂ [( + ij ij (5 )

where, (recall 5.11)
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AD = [uv? +a)2(p+/)’pf){ IS +£}

oo, Q
:__'uﬁ V‘L,.(iwlu +ﬁwz.(p"'ﬁpf)JVz_i_in(p"‘ﬁpf)
lwpf Q lwpf

and
F=BD+iaC” = (/“ﬂ){ivz +i—w} +iola+ B)
14y Q
= ﬁ(/H’u)W + iw(/qwr’u)+iw(05+ﬂ)2
iap, Q
Then,

AD+FV? = (1+24) 2 v +[(ﬂ+2ﬂ)i§+—ﬂwz.(p+ﬁpf)+iw(a+ﬁ)2 v i@’ lo+fp)

1ap; 10p; Q
.......................... (5.45)
(1) — Evaluate (AD+FV? ¥
Recall (5.41) and (5.43), then
—Ar 4 _—-Ar 4 A
AD 4 FV? _(A+2u)B 1 Ale Ale™ Ale™
apFv e = w-z2fe-2) -2 -2) E-2NE-£)
. 2
+|:(ﬂ+2ﬂ)£+M+i&)(d+ﬂ){|L*
Q lapf 4mr
A N e N Ae™™
w-zle-2) B-2le-2) B-2ke-2)
Y I S S
Q dm|m-2fu-2) B-2fe-2) B-2fe-2)
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SL

(A+24)B 1

Collecting terms for eache*", and taking the factor y. out of the parenthesis, we get
T

14
(AD + Fv? ) = (.+2up 1 e Vi o’ (p+Pp,) , o' (0+pf e @'p; (p+Bp,)
iop, 4 | 0 -23 )05 -2%) BQ  A+2n  PlA+2u) BQ( +2u)
e s [0p,  Flp+Bp,)  op(a+B) .. w'plp+Bp,)
+m{k2 [BQ k+2“ + B(k-{—ZM) ]7&2 BQ(X+2H) :| .................... (546)

I

RN P _[wzpf _of(p+Bp,)  oFp, (e +pf }3 _o'p,(p+Bp,)
05 -205-%) " (BQ  a+au  Bl+zw) BQ+2u)

Iy
this expression is substantially simplified on simplifying the multipliers I, I, I3,

Recall that, (refer to equation 5.15)

2 2 2 2 4
pap o ovbp) o'plat Y g e @'pilot o)
el A+2u BA+2u) BRAA+24)




I, =4 - Py — wz(p+ﬁpf)+ o’ p;(a+ B) 2 - o*p;(p+ Bp;)
R A+2p BA+2u) [ pA(A+2u)
B+2 iy
=2 -+ B+ A,
=0
I, =1 a)2pf _wz(p+ﬂpf)+a)2pf(a+ﬁ)2 2 _a)4pf(p+ﬂpf)
) A+2u BA+2u) |7 AA+2u)
=L -(B ) a2
=0
I, =4 - w2,0f_a)2(p+ﬂpf)+a)2pf(a+ﬂ)2 ﬂé_w4pf(p+ﬂpf)
3 R A+2u BlA+2u) MAA+2u)

A -(B+ B+ 2E
S HY Y Y Y &
=z -z)-2E-2)
= (& -z - 2)

Hence,

(AD+FV? o = MLG
iap, 4m

(2) Evaluate Fo,¥ —

76



140

’B(/“ﬂ)vz+iw(/1+ﬂ)+ia)(a+,8)2}a..
Q ij

e A

L( e

am | (2 - 22

4anl2 - ﬂ;)(ﬂ& zz)[ﬂfgﬂ)/ﬁ iw(f2+ﬂ)+iw(a+ﬂ)2}a“%
pe /13)(/12 g [ /1+,u /7(’2 ﬂ)+ia)(oz+,b’)2}aij
pp p /12 PR [ '“ﬂ lQ ﬂ)+ia)(a+/3)2}aij

Referring to (5.40) and (5.42), i.e.

AT

Then,

0 e = {iz(ﬁirj —é}j)-i-%(?»rirj —(5})+ ﬂf(rirj} i

A

e

r
—Ar

r

ﬂz)(ﬂf—ﬂ§)+(ﬂi—ﬂé)(ﬂi—ﬂ?)+(ﬂ§—ﬂf)(ﬂ§—ﬂ§)]
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8L

FO,¥ =

u

! B(?»Hl)le +i(')(k+“)+io)(oc+[3)2 R e + ! B(,xﬂl)?fz +im(7bﬂl)+i(o(oc+[3)2 Rj?)Lzr
anfx -2 Ja -x)| iop, Cordni - -x)| o, Q " x
“ © (5.49)
s l — B(?H-M)?S}+lw(7"-’-u)+i(u)(oc+[3)2 RS
475(7‘3 _7‘1 )(7‘% _7‘2) 1000, Q r
. iop ,
=——>% |(AD + FV ~—Fo.
T B, -ro.
BO‘ + ZH)BYG_M _ . 1 . . BO\' + “)7»2] + i(t)(?\. + “) + im((x + B)z R:.”e’”"
iop, W -2 ) -a2)| iop, :
— lmpf L _ 1 BO\' + IJ') 2 1('0(7\' + IJ') : 2 (2) ,—A,pr
B0+ 20 drr -2, - kﬁ){ iop, riole+B) R}
W )1(73 RyY ){B(f;); .u)kz’* ’ iw(xc; ot B)Z}RE‘S)CM
—hsr _ 1 lmpr BO\' + IJ') 2 1('0(7\' + IJ') : 2 (1) 4 —Ayr
M (F v (E v T 2u)[ wp, Mt g Tielr )Ry
_ 1 ) 1 iop, | B +p),. . i‘”(““)ﬂm(aw)z R Pe-har (5.50)
dmur (a2 -2 - 22) B+ 2u)| iwp, Q
_ 1 i(‘)pf BOb + M) 2 iwo" + M) : 2 (3) p—har
0 R - 23) Bl + ZH){ wp, T tisloxB R




The above expression for G; =u; can be shortened by algebraic manipulations:

o’ (p+ Bp;)

Denote — 4 =———— "0 s

A+2u

and recall £+ 2 = w'p o' (p+fp)  @'pila+ B)

R A+2u B(A+2u)

%

o’py _ M and ATH _1_/11

also noting that, > =1-=
Ay A+2u Y

+iola+ B)

_iap, {ﬁ(ﬂﬂ)/iuiw(ﬂw)
1 . 1
ﬁ(ﬂ-‘rzﬂ) 140
_Qrp) » @'p (Atp) @pla+B)
(A+24)"  pQ (A+2u)  BA+2u)
PR ReR)

2 292 2 292
SO ()
3 4 3 4

- lE-2)a-2)

3

Similarly,
K, = (8- 2 2 - 2)

K, = (2 -2)2-2)

2
Hence,
. Y 22
U= 1/12 ﬁRiﬁ”e%'+ﬁR§)e%'+(ﬂ§f2j—Ri(f) J“r
TUAST | A4 — Ay T4
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or

. 1 A=A e A=A L
uy = PP P PN /1;‘_/15 R{e™ —/12 /112 R{Ve” +(/1§56—R§j3> *«} .......... (5.53)
f 1 2

The termsu; : Solid Displacement components at the field point “P” due to unit

fluid injection rate at the source point “A”:

= _ lep,
G,=u, yremn [-ACo. ¥ .. e (5.54)

A=uV?+@* (p+ fp) = ulv? - )

Recall —
C=a+p

Then,

Gy =~ MP%(—OHﬂa[VW /1‘//]

BlA+2u)
/lfe—l,r /12 Ayt ﬂ%e—/@r
_iap e+ ) | 1 | -aE-2) T - P2 FERE) M P Py
BA+2u) | 4m Be B Be
E-xNE-2) E-xNE-x) oAl -A)
.............. (5.55)
upon simplification
__ iapf(a"‘ﬂ) {L e—/l,r_e—/lzr:|
G, = T2 f—/ig)a‘ 4m( D e (5.56)

carrying out the differentiation,

Gy, =-
JIr

iop (@t f) [ & (ar e}y L (g r }
ﬁ(ﬁ+2ﬂ)(f—ﬂ§)[ a7 e At e )| L (5.5T)
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finally,

G —y = iop (a+p) N (5 4 1 )orer |5
Giu= i—MB(Mzu)(Xﬁ_ﬁZ)KkﬁJ [7»2+rj L ................ (5.58)

The termsp| : Fluid Pressure at the field point “P” due to unit load in j-direction

at the source point “A”:

note that,
N iap, . Low
G, =p,=——————|-iwACI. |¥ = C=AWG e 5.60
4j p_l ﬂ(/1+2,u),u[ 10, ]}}’ la"l_] 1 j4 ( )
hence,
G, = L 0)2p1' (a+B) (7\‘ +1je—7\.1r _[7\' +lje—k2r r_J
4j pj 47{5(7\,4'2“)(7\,21 _7\'22) 1 r 2 r PURSRRRRCIRCIRCEE (5.61)

The termyp” : Fluid Pressure at the field point “P” due to unit fluid injection at the

source point “A”:

IS T P 2
G, =p = B(k+2u)u[A FABY2N e, (5.62)

where,

A =[av? 1@ (p+ B, )f = 12V +2u0 (p+ fip, V2 + 0 (0 + B, ) .. (%)
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ABY? = [ + 0 (p+ fip A+ wIV? = ld+ )V + (A4 o> (0 + o V2 e (%)
inserting (*) and (**) inG,,,

G = _mﬁ'ﬁh(mz@w + (P +Bp YA 43V + 0 (P +Bp, I e (5.63)

where, using the identities (5.41) and (5.43)

V4IP=__14 e"ﬁr +ﬂ4 eikr +/l§ e*ﬂgr
am | G -n-x) " lE-alg-x) " w-ake-2))

VY = —_,12 N + 22 e + A2 e |
am| - -2) T R-ae-a) T R-2)e-2)

hence,

W0+ 20) + 50 (p-+ B, JA+ 30V + 0" o+, )
0 -2 Jod -7
TI
o - o 1| Mar2w230 0B JA+ 3V + o'+ )
H B+ 2w dar 0 -2 o -7
T,
(M +20)+ 2202+ Bp Jr+ 30V + 0" +Bp, ) .,
() S

The expressions Tj, T,, T3 can be simplified by algebraic manipulations as

follows,
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o _Bular2m)+ 2o o+ o Ja+3ul + 0 (0 + o, )
! -z -2z)

ﬂ(/1+2ﬂ) /111+/112a)2(p+,3pf)(/1+3ﬂ)vz+w2(p+ﬂpf)w2(p+ﬂpf)

-z -2) uo (A+2u) H (2+24)

2 2 2 2
7 Wi - X

(A +2u)
T Ao AR AR A,

(-2 )2-2)

= u(A+ 2#)&2%):5)

Similarly,

(B4 +20)+ 2o (p+ B, NA+3uV? +0* (0 + Bp, ))

T =
(2 -2je-2)

[N

(% -2)

oW 20)+ 2ot (p+ o YA+ 30V + 0 (o + fp, )
3 & -2 0% - %)
=0

Since, G,, =p" is the solution for the fluid part, which cannot sustain shear waves.

As a result, we have

Gu=p'= —mﬁl%[(kﬁ ) ALY Sy (5.65)

5.2.2 Second Fundamental Solutions (FS’s for Tractions and Net Flux)

IS

The terms t;, — FS for tractions due to unit force at the source pt. “A” in “j

direction:
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First we recall Cauchy’s Stress Formula (2.22) for the traction vector,

where,

Tﬁi = ZU’EL +}\‘8ji£:(k _ap18ji
. . 1
or, noting that, ¢} =5 Wi+

t=fula!y +ul )+ A8, 0! =P8y 1y oo (5.66)

(13444

Hence, replacing the index “I” by “j
6=l + 0l )+ A8, = ap By [y e (5.67)
Recall — (5.52)

. L s S et Agr gt
N i | B e P e +b, ~Ri7E

To simplify the notation, we denote

73 -2 73 -\
xZ }\‘2 an A xZ xZ

Then,
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[A R(e™ + AR Pe™ + (125, ~RO ™ |+

Yia = Amod 1A Rile™ — A ARPe ™1 + ARZe™ —A,A,RPe™ T,
r —ROe™ 2, (25, ~RO kM,
.......................... (5.68)
Rff{) ai{lz(Srirj —E‘)ij)+}h—k(3rirj —Sij)+7u2krirj}
AT b (5.69)

ki -3, —8,)+ k3(rr) +A5 (),

:—2—2(3rir 8)+ 3(1r11rj)l
r

(1ri1rj)v1 =10 + 11,

1 1
= ;(Sﬂ —rr)r; + ;(Sjl ITDL ettt (5.70)

1
r(SﬂrJ +0,1, —2r11)

Therefore,

R ——(28ijrl rr1)+ (35 r, +33,;r, rr1)+ (28,1, —3rr;1,)

ij,1
Ay X
+—2(35ﬂrj +33;r, —6rr1) +T(8llrJ +8,r, —2rr1)

:%(2555 +38; 1, +33;r; —12r;1, r1)+ - (8,1, +33,r, +38,r, - 9r,r;1)

2

+h(35ﬁri + 38urj -2rr1))
r

and,

A 22
Mo - M 3
AR = Brryry, —8;1) +— (31rr1rl &;r) +Airrr,

1 22
Rfjm—l=r—3(3rirjr1 rl)+ £ @rrr, - fiijrl)+Tkrirjrl

Then,
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I r
@ h Q) Q) A @5 %) @) At
(—Rij ?+Rij,1 —k1Rij rlJA@ 1 +(—Rij ?-1-Rij’1 —kQRij rl]Aze 2y

s 1 I I
ij,1 4 2
TUAST 2 5 @ T (3) 3 3).. | Aar
-5 ?Sij +Rj; o Ry =38, + AR e
1(3)

ijl

1(1) R(1) L R(1) kjo1)rl

ijl ij,1

2
—%(8 1 +8,r; +0,1; 5rirjrl) 3 (8 +8,1; +0,1; 5rirjrl)+%(8ijrl+8ﬂrj+8j1ri —6rirjr1)—7»31rirjr1

.............................................................. (5.74)
[ =—R? 1+R(2) ARy,
—i 8 L +9, T +8 L —=5trr |+ 8 L +90, A +8 L =orrr |+ ;f 8 L +9, A +8 L —6rrr, —2rrr
3 itjl rz itjl ity 24t
.......................................................... (5.75)
Il(j)_ 2L 5 +R<3) Rﬁ) 738 -+, R<3)
°r
2
=r—3;( =81 —8;r,— Sﬂri) 3 (51‘1rrl &1 =1, Sﬂr)+7; ( 1, —20,1 —8,r;—J, I‘)+7\. (rr =81 )
.......................................................... (5.76)
therefore,
uj, =W[A e + ALIPe™ £ 1Pe™ | e (5.77)
and then,
uy, = 47m7»2 [A I0e™ + A I2e” Igj?e**af] .................................................. (5.78)
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where,

2
19 =% 8,1, +8,1,+8,r, —5rrr, +3—7:1 81, +8,1,+8,1, —5rrr, +£ 81, +8,r,+8,r —6rrr, |-Arrr,
T 3r; rJ 5r =0 -1 rJ
=0
2 1
==X M +=
r

.................................................... (5.79)

similarly,
1
1 = —xg(xz +;jrj. .......................................................................................... (5.80)
I =0, e (5.81)
Therefore,
* T 2 1) o 2 LR
U = | AR A = e F AN Ay = e | (5.82)
4muAs,r r r
B 1 W 7 ) @ L 7@ et (13 4 1@ fyPor
(uij"+ulj’i):m[A1(Im +1j +A2(Iijl +1j; +(Iijl +1; ] .............. (5.83)
evaluate — (I +1) , ((® +1?) and (¥ +12)
ijl i /oo i Jii il Jii

) =1, symmetric with respect to the indices “i” and “1”
I =1, symmetric with respect to the indices “i” and “1”
(I 4 T0 )2 25T et (5.84)
([2 412 )2 25 1B oo (5.85)

7 = 1Y not symmetric with respect to the indices “i” and “1”
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(1(3) + I(s))— g(Srr =81, — 1, — Sjlri)+ 7;3 (5rirjr1 =8, — 8,1, - Sjlri)

1ji ijl

2
+7L—3(12rirjrl _38ijrl —28ilr 35,1r1)+ )ﬁs (2ririrl —Sij Bllrl)
" ]
.................................................. (5.86)
€ = U +Up 0y A A0, — OB PIN,  cereeeeesseeeeeess e (5.87)

M @ @) o (1B L 1® —xr]
[A Ik]l +ng)n e +A (le +Iuk )nke i +(Ik_]1 +Iuk )nke ?

(s, +ujyn, =
Ui + Wy 0y

47\.2

(Igl) +I$() %(rinj +ny1 +§—r(5ij —5ri1rj )]+6—7;1(rinj +n,1 +§—r(5ij —5ri1rj )j
r

n r n
2
+i(rn +n,r; +a—(5 —6rr )j 27L311ri1r4ﬂ

r on ! on

Denote, RS = o (5, —5tr,) and R = o (5. —6rr.) ...... (5.88
enote, Rj —rinj+nirj+$ ; —orr;) and Rj —rinj+nirj+$ g —6nr;) ... (5.88)
(10 + 10 = TR TIRP SR - 20 o
6 61 2)% or

(2) (2)
(IkJI + Il]k

K =—3R§5) +—ERY +—2R{¥ -2\, —
r r r on

r\ on

2
(IS? +Ii(ji))nk :_r_R@ —Gr—%R.@ }\’—3[3i(6ij _4rirj)+ 2ﬂirj +3njri]_}\«%[%(6ij _2rirj)+ rjnj)

) =
usj,s llx = sjs i sjs
—

—— | A IPne™ + A, 1% ne" +I§j‘?nie’“'
By

1
ISS) ; ——7»21(%1 +;j1rjni
(2) 2 1
In, = %(% + jj
Finally,
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68

Amudsr I

¢ =p 1 A, 6 S re M 67‘1 R(S) M 2)5 R(e) 27\21}1‘-£ e 1A, %Ri('S) 67‘2 R(5) L e 2)5 R(G) 27»32rir.i o hor
! 2 r T on e 12 r ! on

+e'”“'( S re_ 6}L3 R - h(3£(8ij —4rirj)+ 2n;r, +3njrij—7»3(§r (6 —2rr, )+ L, jﬂ .. (5.89)

1]
P r n n

1 1 gt 1 Ay o?p, (o +PB) AT 1
+k47m7&23_r [_ A17¥21[7¥1 +;jrjnie * —Azkzz(lz +;jrjnie A }+a4n[3r(k +f21~1)( 2 _7@2) Ay +; e —| A, +; e 0,

or,

(6) (5) 2
ot aer] BB o gy (xl —] Ry wlin+a o (at B, rn
' 4mNr r Jon r)or w BL+2u)n —22) "

2R(6) f.5) 2 2
+ Aze—k or ij }\‘2 2 ‘r ﬁ}\‘? (7\'2 lj 6Rl_| _}\‘ZZ&rAni +0o W pf (a + B)A‘? r‘ni
r 'on r\ p R 2u)( - )

(6) (5)
Lo Ry o Ty [x —j6 +7&( a.ﬂj
r ' on r r’ ' on




The terms q;) — FS for normal fluid flux due to unit force at the source pt. “A” in

“j” direction:

IR T 0N S T 0 TSRS (5.91)

Recall — Equation 2.47 (Darcy’s Law in FTS)

where,

. M= g, MM g, (2 @ )y Aor
Yi T a2 {%2_%2 Rje™ +73 _sz +(k35ij_Rij
UAST | Aq = A

and
o?p, (o +P) [( 1) o ( 1] o | 5
- _ f - 1 _ of | )
TR (B ey |G M Gy A
Az
Then

...................................... (5.93)
Recalling that, r,; = 1 (Sji - rjri) and collecting terms,
r
p; A e“(lz(&qrj - Sij)+£(31ri1rj -9§, )+ Xzzr]rjj e (iz(?ﬂirj - 50)+£(3rirj -8, )+ kzlrlrjj
r r r r r

f 1)
R R
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P = AL [R e “RWe™ | oorriivrrseersssenrnennssness s (5.94)
r
Inserting in (5.91)

2 2 2 ) )
= o] PRI Ry ] 2 P;‘ R ) —R;%)NJ
1000 r 475“7\,31' 7\,1 — 7\‘2 7\'2 _ 7\«1

i Bl’l; r A (02[) -y L A Osz; 2 2 mzp‘ L
q) =" | Rfe™| - ——T- 2 |+ Re ™| — - SN ! (738 —R;J)ex

iop, | ro Ak A - X, ! roAmpXr X —-X | dmakr "
.......................... (5.95)
2
Recall—> A, =— o’p, (00 +B)

4nB(r+2u)A2 - 23)
Then,

o) o Kot

" anp(or 200 22k A -2

— (1)2pf ((X+ﬁ) 2 (2 g2
A erey” [B(sz) UAS (7»4 %2)}

Recall— 22 = _W

T = 471:“7\,20)(7?{_ 2 )r [_ (OCJFI-))BL m2(p+|3pf)_(7€4 _7‘22)}

Recall— 22 = _o*(p+Bp;)
A+2u
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mpr (OH‘B)z_ 2 42
T1 47“0\’2 (7\’2 7\.2)1‘|: B 7L4 (}“4 7L2):|

mpr 2 2
= g - 73}r[°‘7L B

Similarly,

- o’p, 2 2
T~ e g P

Thus,

i * i(l)ni (X}\«z +B}\« 1 —7‘~1r (X;\, +B}\.1 @ —kzr 2 @) LA
A= 4nu%3r[ R 2Rj’e WR +|3(7\’381j R (5.96)
t; — FS for tractions due to unit fluid injection rate at the source pt. “A”:
t; =T;n;
’C —u(u +u; )+7u5pukk Ocﬁjip*
Recall — ;= ip, (@ +2B) i ((7»1 +1je—%f —(7»2 +l]e—x2r 5L
amp(n+2u)0% -2 ) " r r
Ay
* i(Dpf 2 2 ) A 2
=- A=A -
L S
and
u, = A BLLRPeM 4 RECH ] (5.97)
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(note, derivation of (5.97) follows the same outline as given for p, previously

(5.94))

’C; = “|:% [_ Rfjhef’n' + R:jz)e’)‘lr]—i_ % [_ R;:)ef%' + R;?’e)‘”]:| + }Lﬁij %[_ Rilk)efl.r + R:i)e—xzr]
o gl g

ceeereeenennnen (5.98)

note, R{” =R{" and

Rf:l:l) - (3rkrk _SkkJ-'-}\‘_m(Srkrk _akk)+>\‘2mrkrk
—_— T

r2

—
1 3
thus,
. 2UA A \G.
T = Hr 4 [_ Riil)efklr +R§i2)ef)”r]+ 4r i [_ leefllr " 7»22677‘”]

N imp 0f, [(
475[3‘78, =X )k

- 7L7L2,A4 + impfasn )r(le - 7‘24 ):|6n

) S

r 4npe -x

+e-x:r }"}"zzA4 _ i(‘)pfasii
r 4mp(R -2

2uA
_ 4P oA (2) ,=Aur —Ar
== [ R’e™ +R;"e ]+e

E (-, )}su

* - I(Dp' {[2H(Q+B) R(l) +[}\‘(a+ﬁ);\‘zl _a(;\; —7\«2 )JS :|e)”

T [
Toamp - || A+2n A+2u

{2“(“”3) R® +[X(“+Wz —al -2 )JSU}:M}

A+2u A+2u

*_ *
t; —Ijinj —
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t? _ iwp f H: 2“((1 + B) Rf.l)nj + [7\,(0( + B)kzl _ 0L(}\‘zl _ }\‘24 )jni:|e-x,r

Camp —R || A+ou A+ 20
_[ZH(OHB)R‘(;)H_ +[7L(a+[3)}”zz _0‘(}\22 _ki)jn':|e“}
A+2u 7 A+2u '
.................................... (5.100)

Rfj . =r—2(3rirj —Sij)nj +T(3rirj =8 )n; +2X2rrn.

J mTi)Tg
’ 3 \ o L gp T (5.101)
=— |3 —-n; [+—| 3, —-n, +Ar—
r on r on on

q, — FS for normal component of fluid flux vector due to unit fluid injection rate

at the source pt. “A”:

Recall — (Darcy’s Law in FTS)

q,(A,P)= P [p,*i_mzpfu?]ni

iop

where,

o iop, (a+p) (( 1jew_( 1}3@}&
T anB(i+2u)2 -2 ) M ot s r

Ay
and
. 10p 2 a2 Lhr (12 a2 Lohar
p = M[(M }‘4)‘3 (}‘2 7L4)e ]
therefore,

s et (R o S (B ) S IS (R ) WS (PR FY Wy

Az -2 4np0Z —22)
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*_ iop I N2 a2 ) N2 a2 L 102
P mr{[mrj(m 22 [x2+rj(x2 22 } ............ (5.102)

«_ B iwp 5 TVa2  qo)oar D)o g2 )oar
qn |:4nB ) |:(7\‘l+rj(7\‘l 7"4)6 (7"2"'1_](7\'2 7"4)6 :|

~iop, | 4nBd; - ) r
i 1
—0)2 lu)pf(a+ﬁ) (7\‘ +lj —Ar _(7\‘ +_] —A,r
P+ e -2 )|\ TS A

- |

L= {(ﬁ —xi)——‘”zp‘(“*m}(% +lje-” —{(732 —xi)——‘”zp‘(“*m}(xz +1je-kzr

" hrau r A2 :
‘ . | i
........................ (5.103)
o’p, (o +
T, <2 -2 )- P (arh)
A+2u
Recall — A2 =_M
! A+2u
Then,
T, = (2 2 )4 Pelet BN
+Bp;
_yz, ~Milp+Bp)+p (0B
- ™
p+Bp;
p+PBp;
similarly,

2
T2 — (7\‘22 _7\‘24)4_ P (0(+|3)7\.4

p+Bp;
e o =Xl +Bpo)+p, (ot BN
p+Bp;
=7\‘2 _7\‘2 p_(xpf
? ! p+PBp;

As a result,

2, 1 or p—op ( 1} e (2 12 p—Op ( 1) s
q, = — || A3 =25 o, +=le™ =22 -2 E"Fr 4~ e
T b ranM o p+[3pf] ) e e, TS (5.104)
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5.3 Investigation of Singularities of the Fundamental Solutions

R R P Y
- A) ohr 4 "M@ A 2 3) | Agr
Loouy= 5|52 e Ry et —oRye™ +(7»35-._1—R-.j ’
4mudsr| A —A% A5 — A
—x v
1 2

Recall - R{™ =1rl2(3rirj —Sij)+}h—m(3rirj —Sij)+ A2t

muitj
r

and Taylor’s expansion of ™" :

inserting above:

e =1 —%mr+l7»2mr2 —17»3;an Fo] i
2 6

(5.105)
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L6

u; ! {A{l(&irj —?Sii)+£(3rirj _5i1)+ Kfrirjj(‘l —7»1r+%7ﬁr2 —17»31r3 +j
i/ i

T gz 6

+A2(l2(3rirj —Sij)+k(3rirj —Sij)+ kzzrirjj(‘l —k2r+%k22r2 —%kszrs +...j+
r r

+[7»235ij —[rlz(&irj —56)+k73(3rirj —Sij)+ k%rirjjJ(1 —k3r+%k23r2 —%X%rs +H

. 1 1 1 1 1
u; = prrER l:r—2(3rirj = ){A1(1 —Ar +Ek21rzj + Az(‘l —A,r+ Ekzzrzj - (1 — A r+ Ek@rzj}
3

+ 1 @rr — 8, A, (1= A 0)+ Ay (- 2r)— (1= Ag0)b (A2 + 4,22 — 23 )i, +228, +0(r)]
T

1 1 r?
i —2(3rirj = )(A17»1 + AL, —ks)r-i-—z(f}rirj = )(AJ»? + AN A5 )E
UASL | T ——— T r

. ;l%(&irj -3, )(A1 +A,-1)-

+1(3rirj —8, (AL + AL, —7»3)—1(3“j ~8 AN + AN A2+ (A2 + A% 02 ), +7335ﬁ}+0(r°)
. ; . _ ;

some terms cancel, and



 4mud3r

1

A3 r

871?].1]\.2

875 7@

(A17"ﬁ +A27\‘22{_%rirj +%5ij +rirj]+7\.g(%rr
_

—%(3%. —8, AR + A3 =23 )+ (AR + A3 =23 Jr, 238, } +0@°)

—%Sij - +6ijj +0(r°)

it]
%

1 1
E(au —IL ) E(r,rv +8; )

1]

[7L2 rirj)—i- 23 (8ij +11; )]+ or?)

[+ 256, - 05 - 23 Jor ]+ 06

2
(2 +22)= kz(i—ﬂj ki( “2 +1j:73—3_4v
+

I 1
(2 -22)= 7‘2{1_77}_7”23[1_ a J:—xg

3

[(3 AV)8, + 1, | OGO) oo (5.106)

1" FS of Elastostatics

O(u;)oc 1 — (weak singularity) ...........coccoeeiiueeiineiiieaiini (5.107)

p;=

r

2 B .
— @ pf ((x +ZB) 5 (Aq + ljehﬂ _ (kz + ljehzr r_']
Amp(n+2u)2 —23)| r r r

. ?p, (o +p) _( 1] ( j T,
- _ A+ JA=nr+)=[ 2 1-2, 4
P B 20)02 —22)| R N Uiy Ut
o’p (a+p) [, 1 1 }rj
- My Fmmhy =N, —— 4, +O(r) |L
Bl oz 2| T M T e T TR PO

=0(r?)

.................. (5.108)
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1il.

iv.

O(p,) o<1’ — (nonsingular)  ...........ocoeiiiiiiiiiiiiiiiiin, (5.109)

y o o (0+p) [(K +lje7“r—(7t +1jex2r}r_i
Tanpr2u)2 —23) | U r 2y r

by the preceding reasoning

O(u)) o<1’ = (non singular)  ......ovviiiiiiiiiiii e, (5.110)
P = g e Ak 0 -2k
1 2
P = _W%[W’ 2= hr )= (02 -2 N = +)
= —W%[(ﬁ -22)- (2 -2 )]+ o
p*=—%+0(ro) ...................................................... .111)
O(p’) =< % — (weak singularity) ..., (5.112)
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001

5) ®) (6)

. 1 _ _ . \6R¢ B B 7 R B B 5 \2R!
ty=—sp (A1e ML ATt e 7‘3‘) —+ (A17\,16 ML A ke — Age 7‘3‘) >+ (A17J‘1’e MU AR e — A e 7‘3‘)—” +
4T\ r r r

D

)

- 211, i(AJ&;e’k‘r + AN e — 7»336'7‘“)— A 1 e rn + d; o
on r on

2 2 2 2
+ 1 [_ AN A Lo P (o +B)A5 )J[;H + 1je—x.r _ (Azxzz A +o 5 @’p, (o +BIAG )J[xz + 1]e—x2r £,
r 0 r

4mA5r wo B 2u)d -2 (A +2u)a; -5
D T T,

* 1 =k 1 —Aor 1 “Asr GR;S) —Ayr —A,r “Asr 2Ri('6) 1 ar —Asr
t; =D [A(M +?je A +A2[k2 +?je he —[7“3 +;)e As ] T+ (A1}\.216 ML AR e — Ale ™ )—J—?fg[ks +;j(rinj +5..—je *a

r r Y on

K, K. Kg

- 2rr, aa—r(AJﬁe’Mr + AN e - 7»336'”) +D T{k1 + lje’h" - Tz[kz + 1]6’*2‘ N,
n r r

K, Ks

or or
Recall - R® =¢n. +rn. + (8.. —5r.r.)— and R® =tn. +rn + (8.. - 6r.r.)—
ij [ ij 9 ij ity T ij /5,

6R©® 2 3 2 3 2 3
K, =—|A, k1+1 1—7»1r+hr2 —£r3+... +A, k2+1 1—7»2r+7b—2r2 —x—2r3+... - k3+1 1—7»3r+}n—3r2 —k—3r3+...
r? r 2 6 r 2 6 r 2 6
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r
2

N

L
2

=— - -R)=+ (AN + AN -N )g} +0(r)
(5) )

== 30 —x)+ (AX + AN, - X 2r]+ 0
Tr

2R®
K, = (AJﬁe’}“'r + A27»22e’7“2' - %ée"‘")—r”
2R

¢
T
®)

== [l A -23)- (408 + A2 23 b+ o)

(A2 =Ar+.)+ AR (=gt +.) = W2 (1= Agr +...)]

r

r

lAr +An “A) =] AR +AR R (AR + AL -2Vt (A, + A, —1) L (Ax + AL A ) e[ AR AR -2

2
Ay
3

(AR + AL -2 ) L o)
r6

.

1



01

K, +K, =

X=X (

3R + 2R 1)+ 2(A8 + AN - )RS -RP )+ 0(r)
' :
—5n;-rn; (5 Sl'r)g—1 fi‘]%
2 _ g2
——M[rn +rn; +(8 3rr)§ j+2(Ak3+A 2 - k3)|' 8 +O(r)
r

K, =2 (7% + %J(rn +9; ;)—jeXSI

wW

=) 7L3+:j(rn + 9, or j( — gl +...)

Ua
or

W

=23 tn, +81J§ J+k23[r +5“a j1 k"g[r +81J§ j+0(r)
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O(q:j)ocl — (weak singularity)

............................................................ (5.116)
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5.4 BIE in Matrix Form and the Free Term Coefficient

We recall the BIE of PE in the absence of body sources (Eqn. 4.26)

(1) - u,(A)= J‘tl ﬂdr+j q,p;dl - Itllu dr- j q! pdl

........................ (4.26)
@) - Spa) = [Cudr+ [Lq;par-[tuiar-[1q,p'ar
10 T T 10 T T 10
Introducing the notation,
uy 6
u, t
u= and =] 2 | e e (5.121)
uj t3
p dn

where, u represents a generalized displacement and t represents a generalized
traction vector, but equation (4.26) gives the solid displacement and the fluid
pressure for a point inside the domain, when the source point “A” is brought to the

boundary “I"” the BIE (3.26) can be expressed in matrix form as

j G'(A,P)(P) - jH A PIUPT | oo (5.122)
T
where,
_ * X _
Uyy Upy Ug, E
1 *
— * * * * p
G- e 3 I TR o | e (5.123)
_lm{u } _p* * * * p;
Uyg Upg Ugzg E
—iou; -—iou, —iovu; —p
and
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_ "
* *® * q
t11 t21 t31 .n
1
% [T #3
H = [;] iu){ /) =ttt Sl s (5.124)
. = T * *3
_lm{tj} _qn t* t* t* qn
13 23 ' 33 i®
| —iot, —iwt, —iotg —q, |

The constant “c” is called the free term coefficient and is equal to 0.5 for a smooth

boundary.
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CHAPTER 6

BOUNDARY ELEMENT FORMULATION FOR PORO-ELASTIC SOLIDS
WITH AXI-SYMMETRIC GEOMETRY

We closely follow the basic outline of the formulation given in Ozkan, 1995.
Consider a poro-elastic isotropic axi-symmetric body of boundary S, referred to a
cylindrical coordinate system R-0-z as shown in Figure 6.1 where the z-axis is the
axis of revolution of the body. It will be assumed that the boundary conditions are
not axi-symmetric. In this section, the 3-D boundary integral equation developed
previously for poro-elastodynamics will be expressed in cylindrical coordinates
through a coordinate transformation and the method presented in Ozkan, 1995 will
be extended to poro-elastodynamic boundary element formulation. This method is
based on complex Fourier series expansion of the boundary quantities
(displacements, pore-pressure, tractions and normal component of fluid flux
vector) in circumferencal direction.
There are two main advantages of this method (Ozkan, 1995) over others available
in the literature (Brebbia and Dominguez 1992, Dargush and Chopra 1996) :

1) the evaluation of integrals in 0 direction is accomplished by FFT algorithm,

which reduces the computational load,
ii) the need for differentiating symmetric and anti-symmetric modes in the

analysis is eliminated, which facilitates computer programming.
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X2

X1 (a)

R (b)

Figure 6.1 An axi-symmetric body referred to ROz coordinate system: a) three

dimensional body, b) x-section on R-Z plane
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6.1 Boundary Integral Equations in Cylindrical Coordinates

We start by recalling the 3-D boundary integral formulation in FT'S when the body

is referred to a rectangular coordinate system, in matrix form:

cu(A)= j G'(A,P)t(P)dI - j H(A,PJu(P)T oo (6.1)

where the terms involving body sources have been disregarded as previously. We

again note that an underline designates a matrix quantity; G’and H  matrices (4x4)

contain first and second fundamental solutions of poro-elastodynamics,
respectively. We recall that these solutions are two point (source point A and field
point P) functions and associated with an infinite medium with either a point force
in only one coordinate direction in turn or a unit fluid injection rate at a point “A”
(called the source point). The point “P” in the Eqn. (6.1) is the integration point on
the boundary “S”. t and u are (4x1) column matrices representing generalized
traction and displacement vectors at the boundary points, respectively; as may be

recalled, c is a (4x4) matrix which has the form

1
L S (6.2)

if the boundary is smooth at the source point “A”. Equation (6.2) holds in our
formulation, as we shall use constant elements in the analysis.

The fundamental solutions in Eqn. (6.1) are functions of the positions of the source
point A and the integration point P, and on the angular frequency ®; and they

involve the variables (recall 5.57, 58, 61 65, 90, 98, 100, 104) :

r : the distance between “A” and “P”

unit vector in AP direction

=

outer unit normal vector at “P”

1=
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r : derivative of r in n direction at P (n is the normal axis at

n

(‘P”)

where,

r= [Xi_ai](xi_ai)
X.—a
L= et (6.3)
r
or
rn=$=rinl
Xj,a; - coordinates of “P” and “A” , respectively in

rectangular coordinate system j runs 1-3.

In cylindrical coordinates, we refer the point “P” by (R, 6, z) and point “A” by
(R", 07, z"), see Figure 6.1.

One can infer that the resolution of the generalized displacements and tractions in
cylindrical and rectangular coordinate frames obey the following transformation

rule.

t=Qt, and u=0Qu, .o (6.4)

where, u, =[u, u, u, p] and 1, :[t, t, t, qn]T are the generalized

displacement and traction vectors resolved in cylindrical coordinate frame. The

transformation (rotation) matrix Q is defined at a certain point “D” by

cosa -—sino
2= 0

0
sin¢ cosa 0O
1
0 0 0

- O O O

where “a  is the angular (0) coordinate of the point “D”.
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Then the transformation rule for the generalized displacement and traction vectors

at points “A” and “P” can be written as

u(A)= Q(A)gc (A)
u(P)=Q(P)u,(P)
E(A) — Q(A) EC (A) ......................................................... (66)
t((P)=Q(P)¢,(P)
on substituting (6.6) in (6.1) we have for the BIE
c Q(A)u,(A)=[G/(AP)QP)t. (PHI - [H(A P)Q(P)u, (PHT ..o 6.7)

on multiplying (6.7) from right by Q" (A), the superscript “T” designates the matrix

transpose, we get

Q'(A) c Q(A) u,(A)=[Q"(A)G'(A,P)Q(P) . (P)r - [ Q"(A)H'(A,P)Q(P) u, (P)r

The surface integrals in (6.8) can be written as two iterated integrals, over the
circumferential direction and over the generator “C”, if one notes that the surface

differential element in cylindrical coordinates isdl'=R dfds, i.e.

2n

r co

hence (5.8) becomes,
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2n 2n

c.u(A)= j j G.(A,P)t, (P)Rd6ds — j j H_ (A,P)u (P)RAOAS ..ewvvenenininnnnne. (6.9)

Cc 0 co

where the differential element along the generator “C” is

ds =+dr? +dz?

Equation (6.9) is the expression of BIE of poro-elastodynamics in cylindrical

coordinates. Here G (A,P) and H_(A,P) represent the fundamental solution

matrices in cylindrical coordinates and are given by

In (6.11) it is understood that the boundary is smooth at the source point “A”.
Now, the variables r,r,n which appear in G_(A,P) and H, (A,p) have the

expressions, in cylindrical coordinates, as

r= \/[(R cos®—R’cos®’) +(Rsin®—R’sin0) +(z — Z’)Z] ..................... (6.13)
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r=(r,1,.1,)= %[(R cos®—R’cos®’), (Rsin®—R’sin®), (z—2")] .......... (6.14)

n=(n,,n,,n,)=(ng cosO,n, SINO,N,) .eoovvrrrreiiniiiieiineiiiaiinns (6.15)

wheren,, n,are the cylindrical components of the outer unit normal vector n at

the integration point "P". It may be noted that due to the axi-symmetry of the body,

the @-component of the normal vanishes, i.e. n, =0.

6.2 Expansion of Field Variables in Complex Fourier Series

The expansion of boundary quantities in complex Fourier series stems from the

awareness that these quantities (u,, p,t,,q,) are periodic in angular direction.

Consider, for instance, the solid displacement components in cylindrical

coordinates. From the axi-symmetry, it is immediately realized that

U.(R,0,2) =0, (R,O+2T,2) oovvniiiiiieiie e (6.16)

hence, the boundary displacements are ‘2z’ periodic in angular direction, the
same is true for other boundary quantities. Any periodic function £(8)= f(@+T),

where T is the period, can be expanded into complex Fourier series as

f(0) = Z%’ke”’ke ............................................................... (6.17)
k=—c0
where,
o, = % ......................................................... 6.18)
f* = %jf(e)e*‘“k"de ...................................................... (6.19)

Here, f" is the Fourier coefficient at the frequency “k” (k=0, £1, £2, +3,...).
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Then, for f to represent a typical element of u or t which are ‘“2n” periodic, we

can write in discrete form

~ 1 & —ionk
fr==>f%e ¥ |  (k=012...,N-1)
n=0
e (6.20)
=) fle N ., (n=0,1,2,...,N-1)
k=0

The formulas in Eqn.’s (6.20) can be obtained by subdividing the interval [0, 271']
into “N” (N is an even integer) equal parts and by taking into account the

periodicity of the function “f” with the period2z . f" in Eqn.’s (6.20) designate
the value of the function atd =8, =nA@, withA8 =2—7[. The two formulas in
Eqn.’s (6.20) are referred to as “discrete” and “inverse discrete Fourier transform”
formulas, respectively. The frequency k = % =k_ corresponds to the cut-off

frequency, which is the highest frequency that can be considered in the analysis.
We note that the discrete and inverse discrete Fourier transforms can effectively be

computed by FFT algorithm (Brigham 1988), if the subdivision “N” is chosen to

be N =2", where “M” is a positive integer.

When the generalized displacement u_and traction f_ are expanded in 0-direction

in complex Fourier series,

EC (R,, 9,, Z,) — ZEE (R,, Zr)eike,
k=—c0

EC(R,@,z):Zg:(}z,z)eike .................................................. (6.21)

k=—oo

t.(R,0,2) = Zzt(R,z)e“

k=—oc0
then the equation (6.9) looks
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2T
[[G. (AP (R, 2)e* Rd0ds

¢ DA R =3 e, (6.22)
ke = ~ [ [H. (AP} (R, z)e" Rd6ds
co
sincee™’e™ =1, we can play the following trick,
”G AP)TE (R 2)e™ (e ™ )RdOds
e YER R =Y | -
= b ~ | [H.(AP)E¥ (R, 2)e* [e"e ™ Rdds
cCo
and,
”G A.P)i: (R, z)e™ %) Rd6ds
C_C ZEE(R,, 7\ k8’ — Z eike co \ ’
o e — [ [H (A, P)EE (R, 2)e**'Rd6ds
co
collecting all the terms to one side and combining under one summation,
c 8t (R",2)- ” (A.P)T:(R,z)e™®*) Rdeds
i o ke’ co i ~0

since harmonics e

we must have

ke’

+ j j H,(A.P)i! (R.z)e"**'Rd6ds

co

are linearly independent, for the above summation to be zero

Y(R,z)e™ Rdeds+UH A,P)i* (R, z)e*®*)Rdods | =0
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or,

sw{fe

(APl a0 T (R, szs—”H A,P)e )40 i (R,z)Rds .... (6.23)

since 1. (R,z) and i*(R.z) no longer are functions of “0”.

It can be shown that the fundamental solutions G_(A,P) and H_(A,P) are functions of

the form

G (r0-0.z-2), H(r,0-0,2-2") ...coooitiiiiiiiiiiiiiiiiiiii, (6.24)

—c

When (6.23) is observed along with the form in (6.24), one can identify the inner
integrals in (6.23)

GH R/ 5R.2) = j G, (AP0
e, (6.25)

2n

gg(R:Z';R,Z):J' H. (A PR*0)4(6 - @)

0

since @’ is unvarying under the integral sign; or equivalently we can write

2n

0

Then for the k-th Fourier component of boundary quantities, we have
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B (R'7)= J' G*R"7R.2)T* (R, 2)Ras— J' HE R R AT R RS | oo (6.27)
C

C

Again, it may be noted that “C” is a generating curve of the axi-symmetric body
passing through point “P — (R, 0, z)”. Because the integrals in (6.27) are line
integrals (in stead of surface integrals in 6.8), this procedure reduces the

dimensionality of the boundary integral equations by one.

6.3 Spatial Discretization and Boundary Element Equations

The first step in our aim is to solve (6.27) for a number of Fourier coefficients of

.« . . ~k . . e
the unknown boundary quantities, i.e.@',t, once the Fourier coefficients are

available, the solution in (R, 0, z) system can then be produced numerically by an

inverse FFT.

Figure 6.2 Boundary Element discretization of the generator in R-z plane
To solve (6.27) we introduce the constant element formulation, where the curve

“C” 1s approximated by straight line segments (called boundary elements) over

which the boundary quantities are assumed to be constant. The node of a boundary
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element will be taken as its mid point. Let the node and boundary of the j-th

element be Q, — (R’,z’) and C, respectively, see Figure 6.2.

When we introduce the spatial discretization equation (6.27) reads

c,i¥Q)= E Igﬁ(Qi;Q)Rds gﬁj_ E Igt(Qi;Q)Rds [APPPPR (6.28)

J C J C

=]}
|

~k _ ~k~k ~K
cu., = E Gjtei— E Hyle | coeeem (6.29)
i i

where, @*

¢j

[13%4]

and itj are the values of i“and i' over the element “j”, and

When the definitions of G"(Q,;Q) and H'(Q, ;Q) are inserted in (6.30) and change

the order of integration is reversed, we get

2n
GY ' 7 ’ ik
Qij:J- IQC[R,Z ;R,2;0-6 Rds [e*°d0
C, :

0 0'=0

G,(6)

.................................. (6.31)
27
ﬁz :I IHC [R',z';R,Z;G-G' R ds |e*®do
—_—

4t 3 9 oo

H(6)

here we introduce,
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Qij(e):"'gc[gg;y;ﬁ-e' R ds

Q Q

——
Q Q

CJ '
H; (6):IEC[R',Z';R,Z;G-G' R ds
e '

hence (6.31) abbreviates to

2
~k ke
g—jgwkde
OO OO T OO UR O U U UUUUPRPRRORY (6.33)
~k ik6
m=jmmkde

0

The integrals in (6.32) with respect to the integration point Q = (R, z) in R-z plane
can be computed numerically for a given &, hence G; (6) and ﬂii(ﬁ) are

determined at a series of angles &; then the integrals in (6.33), which are in the

form of Fourier integrals, can be evaluated effectively by FFT algorithm.

For that we write,

i21tk—n

N N-1
Gy =G ™
"= (6.34)

- N-1
il =2
N n:()_J

where G}, and H; are the values of QU(Q) and Qij(é?) atd=4a ,i.e.

Gj =G,l®
' Jk (6.35)

H' =H (e)|e

i

where,
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0, =nA6

AP ZE e (6.36)

To summarize, Qlj and H; in (6.33) can be computed numerically in two steps:

=ij

e Take e=en=2% and compute the line integrals in (6.32) by

Gaussian quadrature (or by a special Gaussian rule if the integral is

singular), which determines N values of G; andH;, (n=0 ... N-1).

=—=ij
¢ Insert these values in (6.34) to compute the sums, i.e. Qt and E]j

for the frequency range k = 0 ... N -1, for this step FFT algorithm

can be used to facilitate the computations.

Recall now, the discretized boundary element equation (6.29), this equation can be

written in matrix form as
A =61, k=0,1,2,..N'-1 i (6.37)

In (6.37) the Fourier expansion is truncated to N'=2M terms, it may be noted that
the number of subdivisions N=2" for integration in 6-direction does not have to be
equal to the number of terms in truncated complex Fourier series sum; for more
accurate integrations N > N’. The solution of (6.37) for unknown boundary

quantities determines the Fourier coefficients of all the boundary quantities "
and ik, the solution in (R, 0, z) system is then found through inverse FFT over all

“k”. In constant element formulation, ﬂk and Qk are (4M x 4M) dimensional

matrices, where M is the number of boundary elements, with

127



Finally the formulation is complete and we can summarise the procedure as

follows:

1. Choose N =2"" (N is the number of subdivisions in 0 - direction),
and compute the incrementAf=2z/N. N must be a number in

power of “2” for FFT to be applied.

2. Discretize the generating curve “C” in (R, z) plane, let the number of

boundary elements be M.

3. Choose the number of terms N'=2"™P to be retained in complex
Fourier expansion of boundary variables. Compute the Fourier
coefficients of the boundary excitations in 0-direction at frequencies
k=0,1,2,..,N -1 either analytically if they have a simple analytical
form or by FFT algorithm if their analytical form is complicated or

they are specified in discrete form.

4. Compute Qsj and E; (s=0...N-1), and form the system matrices Ek and
ékforkzo...N'—l. A frequency shift is necessary when assembling

QU and ﬂ: into ék andﬂk, as “s” and “k” run through different ranges.

5. Solution of the complex algebraic system of equations in (6.37)

together with the specified boundary conditions yields the Fourier

coefficients & * and ik at frequency pointsk =0,1,2,...,N"-1.

6. By an inverse FFT evaluate the boundary quantities in (R, 0, z) space.
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6.4 Computation of G, (6)and H; 9)

When the collocation (source) point Q. does not belong to the boundary element,

over which the integration is performed, the integrals in (6.32) are all ordinary

(non singular) integrals and can be computed to high precision by Gaussian

Integration. On the other hand, when the collocation point (source point) belongs

to the boundary element (i.e. when, when i = j and 6 = 0 in (6.32)), these

expressions become singular and require special treatment.

6.4.1 The Non-Singular Integrals

Here, we start by repeating (6.32),

Recall that,
G.(A.P)=Q'(A)G(A.P)Q(P)
H (A.P)= Q' (A)H(A,P)Q(P)

then, (6.32) becomes

G,0)= | (Q'®)c (Q:ae.000)) Ras

0’=0

Hij (e) = (QT (e’)ﬁ, (Ql, Q, e,, 6)9(9)) R ds

0’=0

or
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G; = Q,(Qi;Q;G',G* Rds * Q(0)
6'=0 —_
K

H; = EI(Qi;Q;G',G* Rds #Q(6)

0'=
o
C

wheni#jor8#0, G,and H; will be computed by standard Gaussian quadrature,
else the integrands become singular whose treatment is considered in the next
section. In (6.41), Q,=(R’.z") represents R-z coordinates of the source point as the
node ‘i’ in ® =0plane, and Q=(R,z) represents R-z coordinates of the integration

point in the element ‘j° which is in 6 -plane.

Over a typical boundary element, Figure 6.3, the coordinates of the mid-node are

given by
w_ R +RY
o2 (6.42)
K) _ Z(zk) + ka)
: 2

Element - Ci

»
»
R

Figure 6.3 Typical boundary element, unit tangent and normal vectors
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We define

K 2
O PEROP R PPN P (6.43)
b(k) ) 1
g 2

Then, one has for the parametric description of the integration point Q,

R® = o) 4 b
) = al®) 4 by

where t = -1 .. 1 is the parameter. With this parametric form, one hasds=Ldt, L is

the half element length (Figure 6.3). Then (6.41) becomes

G =|c (ag),af);RU),z“);e’,eI (a0 + bt )L dt * Q(B)
6'=0 -
; e (6.45)

H=|H (ag),a(zi);R(j),z(j);G',91 (ag)+bg)t)Ldt * Q(0)
0'=0 =

i

The kernels in (6.45) contain variables, such as

r= \/(R (@) cos(0)— ag) cos(G'))2 + (R ) sin(0)— ag) sin(e'))2 + (z(j) - a(i))2

z

or, when 6'=0

r= \/(R 0 cos(8) - ag) )2 + (R 0 sin(G))2 + (z(j) - a(zi))2 ................................. (6.46)

also,
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(o RY-RY _bp o

R 2%L L =®

s 0 (6.48)
G _., 0 oW _

Sl = z zy _ b -5

6.4.2 Treatment of Singular Integrals

The singular terms in (6.45) become singular when i=j and8(=6')=0. The
kernels in (6.41) and (6.45) are the fundamental solutions, which can be written as
the sum of a regular and a singular part (g' :Q,Reg +§/Sing andﬂ, = E/Reg +ﬂ,smg ).
The singular parts of fundamental solutions were previously investigated in section
5.3. Therefore, the singularity problem in equations (6.41 - 6.45) essentially reduce
to the integration of the singular parts of the fundamental solutions. To illustrate,

consider e.g. the fundamental solution for the displacements due to unit load on the

solid that is

2 2 2 2
A B L el S Sl TH N + (25, RO
1 1
DoAmuir| A -5 - P

whose singular part as shown earlier is the elastostatic fundamental solution, i.e.
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o1 _ 1
(uij)smg_lm(l_v)[(3 WPy pank e (6.50)

Therefore, the singular part in (6.45) is

1
: 1 1
G fPre=— 1B -4v)s_ | -
( mn)1_| 1671:“(1—\/) ( V) mnjr —0
-1

As an example, we may consider the term (G, );™,

1
2

(2% + b0t de + jn_

() + o)L dt | ... (6.52)

1
; 1 1
G Pe=—— JB-4v)] -
(G 16mu(l—v) ( V)J.r :
-1

g:‘) r 3;200
then, from (6.46) and (6.47) we have for i=j and 6=0
r= \/(R(i)cos(e)— ag))z + (R(i)sin(e))z + (Z(i) - ag))z
= V[ + @)1 aOF +[a® + bt )OF + [0+ 60)-aOF ... (6.53)
=L|t]
(i) (i) (i) (i)
= RVcos(0)-ax’ _ byt _ b 11 1( NPT (6.54)

Thus, for the term (G],), we have

133



1 1

o
’ 1 1 i i i i
(G”)ii :m (3—4\/) o | (35{) + b%)t)L dt + J‘L—z(m)(agz) +b£{)t)L dt

-1 -1

1
:m (3-4v)a j—dt+b j| |dt + L |dt+b L N
Y \
_16nu(1—v){3 v) }j“

dlvergenl

Therefore, (G;,,);™ and (H;,, )™ are not generally integrable in the form (6.45).

Now, consider a surface element S, formed around the axi-symmetric BE C, and

subtended by the angle AB, Figure 6.4. If the angle A® is sufficiently small, one

can write (by the mean value theorem) for the surface integral of some function

f(P)over S,

AO

2

J-f(P) dA = J- J.f( Q,0)Rdstdo = Aejf(Q,e ZORAS e (6.56)
(R7)

S, A0 | C, C,

2

Hence, we propose that (after Ozkan 1995) the singular parts of integrals in (6.45)
when i=j and ©=0can be approximated by the following surface integrals (see

Figure 6.4),

dA

6=0

G, = l GRZRZGG
- AG

:L HRszee){ dA
Ae = =0

134



when A6 -0, G, —» G,,(6=0) and H, — H,, (6=0), where subscript ‘k’ refers to the

constant boundary element ‘Cy’ along the generator and its node.

Figure 6.4 Surface Sy about element Cy for singular integration.

Since, 0 is small, we can use the approximations

sin(0) =0 and  cos(B) =1 L.l (6.58)

In (6.57), the coordinates of the node Qy are
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................................................. (6.59)
and for the integration point ‘P’, we can write,
X, = Rcos(8) = (ag‘) + bg‘)u)
~1
X, = Rsin(0) = (ag‘) + bg‘)u)e (6.60)
N agk) +b(zk)u .............................................. .
0= ﬁv
2
where,
LS, VS (6.61)
\'
psin(y) =1
I M 7
N %
1 A /
N , _
4 _é Nz ”/W.Y Eé
g RN h u
7 AN
./‘ \
1 L N
/ '\'.
—_ psin(y)=-1
|
1 2 |
I 1 7 1 1

Figure 6.5 The image of surface element Sy in u-v space and the polar coordinates.

Equations (6.60) parameterize the curved surface element Sy and define a

coordinate transformation from R0z system to u-v plane.

When (6.60) is used in (6.46) and (6.47), we have
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2 2
r= \/Lzuz +(A79] (ag‘) +bg‘)u)zv2 = L\/u2 +(A79j (55{‘) +Bg‘)u)zv2

or with the abbreviation

r=L= D(u,v) .......................................
and
r_xl—al_aR+bRu—aR - u
! r L *D(u,v) *D(u,v)
AO
Lo Xamy (ax +bRu)7v—0 B (ER +bRu)v AB
: r L *D(u, V) D(u,v) 2
r3=x3—a3= b,u =Bz u
r L#D(u,v) D(u,v)
where,
_ a = b
ag _TR ;o by =TR
a, =22 b _b
L L
Note that,

a, =R’cos(0’)=R = a,
a, =R’sin(6)=0

a, =7 =a

z

and the normal vector to the surface element is

n= (nl’n2’n3)

= (ng cosB, n,sin®, n,)
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since 0 is small,

since the surface element S* is generated by a straight line, n, and n, components

of the normal vector does not change with position and are given by (see 6.49)

nR :Ez ’ nz = _bR
therefore
n=|b,, b, %m B | e, (6.66 b)
————

Also, the differential surface element ‘dA’ becomes

AA=RABAS SR IAUAV oottt ettt ettt ettt ettt eeiae e e eaanns (6.67)
where,
I- L[% ..................................................................... (6.68)

It may be noted that the jacobian in (6.68) is given by

138



J:a(S,e)ZE E:L AOQ
) | 0|70 2
du ov
1 (6.69)
] :| G|

Goode R O e, (6.70)
du oJu Ju
R B o
ov ov ov

Now, the singular parts of the fundamental solutions are to be integrated according
to the formula (6.57). The singular parts of the fundamental solutions have been

derived in chapter 5, section (5.3). Recall the form of the singular part of the first

fundamental solution matrix

I I
G = L S el IR 6.71)

b )

- 1(,0([]: )(sin 2) _ 10)(u; )(sin 2) _ 10)(u§ )(sin ) _ (P* )(sin g)—

Hence according to (6.57)

bl

im
, , , « Y(sing)
g0 zﬁ (uTz)(mg) (U;2)(Smg) (Uzz)(smg) (Pzi?) : RdAA .o (6 72)
. . ) % \lsin g
| e B

__i"’(uf)(mg) —iw(u;)(mg) —iw(uﬁ)(““g) _(p*)(sing)_
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Now, consider (ufj)(smg) terms in (6.72),

Recall — (uij)Sing —mb s, +rrJ]
o =L I B R A o, (6.73)
Sk
where
(sin g) 1 2
u:,) l6m(}»__v)[(3--4v)+(rl) L TP (6.74)

o 1 1 3 2|1
G“_AOJ-—Mnu( )[(3 4v)+(r,) ] R dA
3 4V 4 2 ! (a +b u)LEA—eJdudV
Y 167m *D,v)) |[L*D(u,v) " ® R 2
K [ I .[ J‘ .[ byl }
— 3—4v dudv+ dudv
) 16nu1 v) D3(u,v)

or

G’ = (B-4v) aR dudv -+ — "R Jqudv
16Ttu u V 1 V D3 (u, v)

Let,

_ (3-4v) B 1
A_—lm“(l_v) and B_—167m(l—v) e eeesrinnnneeeaeee. (0.75)
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1 [l-ﬁ-l_)Ru] . uz[l-&-ERu]
a — 2 a
G =2 Al | AR qudv+B(b R udvl e 6.76
-t [ [yt | [ (6.76)
-1 -1 -1 -1
I I,

or
G’ =%R{A*Il +B(b, J *12} ..............................................

Similarly,

D

— 2
L1 uv(1+t_)Ru]
b B ([ AO agr
GY =—R(a 2—[—) —— < —dudv
12 2 ( R) L2 2 S(U’V)
-1 -1
I,

b B (A8
& A e e I
12 Z(R)Lz B 4

However, this term vanishes in the limit when A8 — 0

Therefore,
G =0 o,
1 lu2 1+Ruj

dg 7~ R

G’ =—2bp,b B dudv

13 5 Rz :[l:[l D3(u,V)

a _— —

G = Db, B I, ittt e
2

G =G 20 o,
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a
B J D(u,v) 2 e D3(u,v)
. = - .. (6.82)
2
=a—R{A*II+B(aR)2(%j 15}
— 2
b B A 1 1uv[1+1_)u]
o _b, B 2 A6 aR
Gy = ) L2( R) ( > J-'[ D3(u,v) dudv
-1 -1 y
b, B )
-2 By R)Z(TJ L (6.83)
=0
G = G, e, (6.84)
G =G 20 oo, (6.85)
[ } L1y {l+u}
G23_aR AJ’J dudv +B(b II dudv
Dwv (6.86)
:TR[A*II+B(bZ) *12}
The terms
Gl om0 o (6.87)
and
G =0 o (6.88)

since u; ~O(r’) and p, ~O(r") are non-singular.
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The term G{, —

*(Sing)__i(,')il
(o7 > = yoc SRRSO (6.89)

therefore,
0 = L |19 Tpga

“ 7 A0 anp r

gk

iop; 1 1 AS
= b = |dud
4mB AGIL*D(u,V)(aR+ Ru)L( 2] o

a
............................................ 6.90
T 4np 2 D(u,v) (6.90)
-1 -1
L
a i0
G, :TR[—?FE]*II .......................................................... 6.91)
The final expression for (6.72) is then
v _
A*1,+Blbgf *I, 0 beb,B*1, 0
) ag 0 Ax], 0 0
G :T BRBZB*IZ 0 A*l, +B(EZ)2 %1, 0 | e (6.92)
iop;
0 0 0 I
4np "
Now, consider the singular part of the second fundamental solution matrix
I \6ne) T
+ \sing) + \sing) + \sing) (qnj
(tn) * (tzl) * (t3l) : —_—
10
L2\ e
ne + \sing) + \sing) + \sing) (qn )
H(A & = (12) ¢ (tzz) ¢ (t32) ¢ I R I I (6.93)

i®

L3\ bing)
(* )(sing) (t* )(sing) (t* )(sing) (q“ )

t
13 23 33 .
10

N o R S T ]
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Therefore, according to (6.57) we have

(trl )(Siﬂg) (t; )(Si"g) (t; )(Siﬂg)
T I L A

s ,3)ine)
) () () (q" )

13 23 33 .
10

_—io)(tf)(smg) —io)(tZ)(smg) —ico(t;)(smg) _(qn*)(sing)

The expressions for the singular parts are given in section 5.3 of Chapter 5. Recall

that,

(tf )(sing) 1
ij

8m(l—v)e?

:—[(1—2v)(nirj —Ln; )— [(1—2v)5ij +3rirj ]g—:l

In view of (6.63)-(6.66) we have for the normal derivative of the distance vector

- u - u AO
=| by , —,b, ® ng, ng—Vv, n,
D(u,v) D(u,v) 2 D(u,v) 2

_p 20 [ +beuh” o
R R pu,v) "l 2 D(u, v) “7% D(u, v)
2 (= =~ 2
— b
(o ) +HR(£J (@ +Deup?
" D(u,v) 2 D(u,v)

on 2 D v)
=b [A_ej (aR +BRU)V2 .........................
2 D(u,v)

Now, we consider each term of the matrix separately.

The term H, —
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=_—r2[(1—2v)+3(r1)2 L

1 -1 or
H, =— | ————|(1-2 3(r, )? [=—RdA
" AOISR(l—V)tZ [( v)ral) ]an

Sk

v2
—1[ ng4(1-2v) aR +bRu dudv+3 aR +bRu ——————dudv
16m(1-v) D3(u,v) D (u,v)

the result tends to zero asA® — 0, therefore we take

+ \sing) 1 o
(t ) & :—V[(I—ZV)(nlrz nn ) 3nr, a;}

sn(l—v)r

[BZ MAG_BR L Aevj
(i )(m) (1-2v) D(u,v) 2 Du,v) “ 2
12

~8a(l—v) 1D(u,v)
5 u (ER +BRu)v &E (AG)Z (ER +BRu)v2
3 *Du,v) Duv) 2 ‘(2 D(u, v)
8m(l-v) L’D?(u,v)
_ (1-2v) AB—  agv 3bgb, [A_Gf (5R+5Ru)zuv3
sn(l-v)L> 2 " D3(u,v) 8m(l-v)L*\ 2 D’ (u,v)
, = - I A N LR
(i, e = _=2v) A6y Ev 3bRb22[A_9) G bpufut 6.97)
sn(l-v)L2 2 “D3u,v) S8m{l-v)L2\ 2 D’ (u,v)
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Hy =L j ()" ?Raa

(1-2v) — AG aR +bRu)L[A—eJdudv—
871:1 v L D (u V) 2

3bRb AG J‘J‘ G, +bguf v’ fay + by u)L(%eJdudv

D3(u,v)

l 2vb AG aR +b u dudy — PPz 3b b AG aR+bRu uv’ dudy
l67tl -V D (u,v) 167r1 V D3 (u,v)

integrands of both integrals on the right are odd functions of “v”, hence the
integrals evaluate to zero. We have,
H Y =0 oot (6.98)

The term H, —

+ \sing) 0
(t13) o= [(l—Zv)(nlg—rln3)—3r1r3£}

1
8m(l—v)r2

55, by _5] L S _
(e, ) - =2) ( " Dluy) " D(U’V)( 4 3 “Dluy) “Dluv); [A_e]2_(§R+bRu)V2
8n(1—v) L’D?(u,v) 8n{1-v) L’D?(u, v) 2 D(u,v)

iz (BSBS ) B (0] b

sV D(wv) snfl-v) 2 |2 D’(u,v)

but, (b, ) +(b, ) =1

x \sing) (1—2v) u 3 bR( ) (Aej (aR +BRu)vzu2
) " 8n(l-v)L? D3(u,v) 8m(l-v) 2 (2 D’ (u,v) (6.99)

therefore, H, becomes
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(1-2v AB
(ag +bgu)l| = |dudv—
| 8n(l- sz_” 8 R)Ezj
H) =—
A0
— +5b u aR+bRu)L(A—ejdudv
STtl V D’ (u,v) 2
_ (1- 2v aR+bRu 3bR AG aR+bRu viu? \ag +bgu) viu® oo
167tl V D3(u,v)

the second term tends to zero asA® — 0, as aresult

(6.100)

Similarly, the other terms of the H’ can be obtained and one has as a result

[ 1-2v_bgp b,L[28(1 - v)—a(i-2v)]
0 — =13 I
sn(i-v) ag 16mu(l—v)
_ 0 0 0 0
uo = 2R 1-2v by brL[2B(1-v)-all-2v)]
H ) ———=1 0 0 - L
gn(l—v) ag 16mu(1-v)
oocloli-2)-pk5,  o¥pyluali-2v)-plb
1 0 - I 0
snp(l-v) 8np(1-v) |
......... (6.101)
G’and H’ contain the following integral expressions:
11 {I+ERH}
I, = i dudv
D(u,v)
-1 -1
1 1.(l+:RuJu2
I, = ﬁdd ................................................... (6.102)
Y ’
l. 1. 2
I, = ] ) dudv
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2
where, D(u,v)z\/uzﬁ-[A—ej (Eg()ﬁ-gg‘)u)zvz ............................................. (6.103)

It may be noted that in writing I, in equation 6.102, we dropped the

11
term J- J- ﬁdudv. Because, this term vanishes asAO — O:
u,v
-1 -1

11 11
lim | | —2— dudv = lim 4 dudv
A8—0 D3 (u, v) AB—0 3

-1 -1 1 k) |, *) J

-?:-!:(\/u%f dudv
:Iiwdudv

——
odd fnct. of "u"

However, the integrals (6.102) are still singular at the origin. We regularize them

further by the following polar transformation in u-v plane (Figure 6.5):

u=pcos(y) 6108

pmpsin(y) T :
Accordingly,

dudv=pdpdy oooiiii (6.105)

and the integrals (6.102) become
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2 1+ l_)—R P cos(y)

I = I I — pdpdy
o+ 2 6+t oot it

1+ E—R p cos(y)
R dpdy

2
p(v)\/cos2 (y)+ [%GJ [Eg‘) + Bg‘)p cos(}()]2 sin?(y)

Il
© C Y

or with the short hand,

Blp,7) = ,|cos? (y)+ 22 2[ag<>+5g>pcos(y)]2 S12(Y) oo, (6.106)
2

2np(Y)cos? (’Y{l + ]_DfR P COS(’Y)J

ag

D*(p.y)
[ eos* )
L[ [

Referring to the Figure 6.5 and considering that D(p,Y) is an even function of ‘7’,

(6.107)

the integrals in (6.107) can be put in the form

1 a1 -1

) % ) % o)
I, =2x j IE dpdy+j jFi dpdy+j Edpdy| coverieiiiiiiiiiiaannn. (6.108)
00 T 0 0
4 4
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where,

F =&
D(p.7)
cos (y)[l + E—R p cos(y)]
% R (6.109)
F, = cos"(1)
D’(p.v)

The integrands (6.109) are non-singular and can be computed by standard
Gaussian quadrature. It may be of interest to note that to accelerate computations

the integrals in (6.108) can be evaluated analytically over “p ”’; then the resulting

forms would be as follows:

[ =g N/A\/4cos (y)+(a +b )(AG) sin (y) \/4cos (M +a, (AG) sin (y)
b a, R(Ae) sin’ (y) cos(Y) a

3n/4

\/4005 (y)+ ay sm(y)+b cos(y)) A9 \/4cos (V) +a, (AG) sin’(y)
b, (A6)" sin” () cos(y) a

\/4cosz(y)+(5R b, J (A6)* sin? (y) —[4cos® (y) +a, > (46)° sin*(y)
E (AB) sin’ () cos(Y) &

3n/4

=16 I _ cos(y) 1 B 1 dy
3, by (46)" sin” (v) Jacos* )+, +5, ] (A0) sin*(y)  y4cos’ () +7,”(46) sin(y)

3n/4
+ cos(y) { 1 1

— dy
agby (AB) sin” (7) \/4cos (Y)+(a sm(y)+b cos(y)) AG \/4005 (N +a, (AG) sin” (y)

+ J. cos() 1 B 1 dy
a,b, (A8) sin?(y) \/4cosz(y)+(5k b, S (86) sin*(p) JAcos> () +a, > (A6) sin (y)
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/4

I 1 B a,
[, =4% — - dy
b, cos(y) \/4cos ™) +( +b ) (Ae)z sin®(y) N/4cosz(y) +5RZ(A9)2 sin’(y)

| 1 a, sin(y)+g cos(y) ay
+ dy
b cos(y) s1n(y)\/4cos (y)+(a sm(y)+b cos(y)) (a8) \/4‘505 (7)) +ag *(A6)* sin*(y)

/4

T
aR

+ J- ! ~ O - dy
by cos(y) WCOS (y)+( ~b, J (26) sin*(y) \/4cos2(y)+§R2(A9)2sinz(y)

3n/4

It is found that the computer subroutines that use above forms execute much faster

than those employing forms (6.108). We, in addition, note that further dividing the

angular interval at y— improves numerical accuracy considerably, since

2
D(p,y)= \/COSZ(Y)+(%GJ [a;k) +b%p cos(y) ]2 sin’(y) tends to zero at yzgwhen A0 — 0.

Also, it has to be noted that, the preceding expressions all contain “b, ” in the

denominator which can become zero; therefore a further regularization is required

to avoid division by zero error for vertical elements.

6.5 Computation of Stress Resultants

The force and moment resultants are of use when checking the solution for
equilibrium or they can be used as impedance functions to be used in sub-structure
methods in soil-structure interaction analysis.

The general expressions for the resultants of the surface tractions over a part S” of

the body (considering the axi-symmetry of the geometry) in integral form are

2n

2n
F :J.[J.tidGJRds and M, :I Ieijkxjtkde RAS wovvvvinninnns (6.110)
cNo '\ 0

where,

c’ : the generator of the surface part S’
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t. : Cartesian traction components

X, : components of the distance vector b/w the origin and the surface
F, : force resultant in x, -direction
M, : moment resultant in x, -direction

The Cartesian components of the tractions t; are related to the cylindrical

components as

t, =t ,cos@—t,sinO

B, =€, SINO T COSO oottt ettt (6.111)
t,=t,
and, as done previously, we proceed by expanding t , t, and t, in complex

Fourier series

_ ~% ke
=) Te

k=—c0

to= D T ™ (6.112)
k=—o0

t = Z ’E‘Zkeike
k=—c0

To obtain the expression for the resultants in terms of Fourier coefficients of the
tractions, we insert (6.112) and (6.111) in (6.110). The following integrals

repeatedly appear in the expressions and it is worth noting the results here,

2n

o n ifk=-1,1
e cos0do =

0 otherwise
0

............................................. (6.113)
2z —in if k=-1
e™sinfdd=1 in if k=1
> 0 otherwise
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For example, for “F,”, we have

2n 2n

F = I[ I(t' )deRds = J[ I(tr cosO—t, sin G)dﬂdes .......................... (6.114)
o\ o o\ o

F = ('[(kz_‘:o(ik J.Ozneike cos0dO — t,' J.OM e™? sin Gde)des ........................ (6.115)

in view of (6.113) we have

Bo=[lnlit+0)-inlf -5 Ras oo (6.116)

bt

But, in discrete Fourier Transform, the Fourier amplitudes are circular (periodic)

with period “N"” and therefore, the amplitudes in the negative Frequency region

1\21 <k <0 are the same as those to the right of the cut-off (Nyquist) frequency

k :i;thus,
2

C

oY =T T (6.117)

Bo=af[@+ 1)l -0 Ras oo (6.118)

The line integral over C’ can be evaluated after discretization, in view of constant

element formulation

F = nz[(aN’-' o) il - H [Ras

i
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where summation is over all the elements comprising C’.
The integral on the right hand side can be evaluated after noting that, over an

element

R| =(a,), +(b,);t and  ds=Ldt
where, L, is the half length of the BE.
Thus,

JRas=[' ), + (o)L, =(a,), o)

Finally,

F=nX (@) +6) J-i6) -GN e eL) oo 6.119)

Similarly,
F=xy i 0 -G @) 6 o bL) o (6.120)
F, = 27rZ(fZ Jlag),2L,) coi (6.121)

Similarly, for the moment resultants,

M, =x3 il ) =) o, =il ) - G, - )+ &), oo (6.122)
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M =13 e+ G g, il ) - G Iy~ A )+ ) oy | e (6.123)

M, =23 (G 0 e (6.124)
where, o;and f,; are defined by
aj=jR%h
TSRO RO SO UUUOUPUPPPPPPN (6.125)
&:JRZM
CJ

For a constant element, above integrals for o;and B, can be evaluated analytically,

considering that a typical BE C, (Figure 6.3) can be parameterized by

R =all +b0

e -4 - (6.126)
z:a9+b9t
where a,,b.,a,, b, are as defined in (6.42) and (6.43), then one finds
()
3 =2*L[(a£s>)2 ) ]
(6.127)

6.6 Solutions at Interior Points

Once the Fourier coefficients of the boundary quantities * and t"are

determined, the displacements - pore pressure, and total stress (or effective stress)

- fluid flux components can be computed at interior points of interest, if desired.
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6.6.1 Determination of Displacements and Pore-Pressure at Internal Points

We again start by writing the boundary integral equation (6.8) in cylindrical

coordinates,

c c

gC(A)zjgc(A,P)g.(P)dF— J' H.(AP)u,(P)T| ..o, (6.128)

which relates the displacements and pore-pressure at an interior point “A” to the
boundary quantities, which have already been determined in the preceding analysis
procedure, note that, for an interior point the free term coefficient ¢, =I. As
before, we expand the boundary quantities (only) in to complex Fourier series in

circumferential direction and write,

k=—c0

o 2n 2n
u = z[ j j G.(A,PX*d6T" (R, z)Rds j j H_(A,P)e*d0i* (R, zZ)Rds | ....... (6.129)
0 Cco

C

where the surface integral has been decomposed into two iterated integrals.

With the shorthand,

G (Q.Q)= j G.(A,P)e™do
e, (6.130)

A (Q.Q)= j H_ (A, P)e*do

0

we have

u, :Z[Iékii(R,z)Rds—J-Hkgi(R,z)Rds} ............................ (6.131)
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After truncating the series in (6.131) to N’ terms, and introducing boundary

discretization with constant elements,

k=0

or

N'-1

w(8)=33|6 T

k=0

where we introduced,

3 [(jg QJ,Q)RdsJiEJ.—(J.Hk(Qj,Q)Rdsjﬁtj} ............ (6.132)

........................................... (6.133)

........................................................ (6.134)

for brevity. Equation (6.133) determines displacement components and pore-

pressure at an interior point “A” in cylindrical coordinates in terms of the complex

. . . ~k ~
Fourier coefficients t_ and i .

. .. . ~ k
Since no singularity is involved, the matrices G,

and HT in (6.133) can be computed by employing Gaussian Integration along the

generator, while FFT algorithm along 6-direction.
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CHAPTER 7

COMPUTER IMPLEMENTATION

As a part of this study, a computer program has been developed for the
elastodynamic analysis of porous solids with axi-symmetric geometry, following
the formulation derived and outlined in the previous chapters. The implementation
uses ANSI-99 standard C++ language instructions. The program has been
developed under WINDOWS environment (successful compilation are achieved
using gnu C++ compiler versions 3 and 4, Dev-C++ (uses MingW compiler)
versions 4 and 5, MS-C compiler version 2003, BORLAND compiler V5.2).
Compilation under UNIX (Linux) systems brings no problems; the author
managed to compile the program under IBM-AIX using both xlc and g++

compilers without modifications.

7.1 Organization of the Computer Program

The flow chart of the program AxiPoro is given in Figure 7.1. The main steps of
the program are as follows:

a) First the system matrices G* and H* are formed. We do that by performing
integrations in r-z plane by Gaussian Quadrature while that in circumferential
direction is obtained via FFT algorithm.

b) Then the BE equation 6.37 is solved for each frequency, in view of the given
boundary conditions, which establish the Fourier coefficients of the boundary

quantities.
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c¢) Trough inverse FFT, the boundary quantities are computed in r0z space.
d) Finally, if desired, the resultant forces and moments are compute via 6.119-

6.123, and displacement at interior points by 6.133.

START

Read Input Data and perform data generation

\4
Compute Complex Fourier Coefficients of Boundary Conditions (FFT)

NO

For each frequency k,
check if this frequency
is excited

k
u =

=

form G* and H* and compute Fourier coeff.s of boundary quantities u* and t*

interior

int Compute u, at specified interior points
points

lNO

A

Compute the stress resultants

'

inverse FFT to determine u, and t, in r0z
space

Write results

!

STOP

A 4

Figure 7.1 Flow chart diagram for the program AxiPoro
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7.2 Description of Functions in the Computer Program AxiPoro

The main steps of the program are as follows;

Read the input file
Form system matrices ék and Ek (equation 6.36)

Solve the system (6.37) for Fourier coefficients of boundary quantities
Compute solution at interior points (6.133), and the stress resultants (6.119-
124 and ) if desired

Compute the solution in ROz-space through inverse FFT

The C functions that fulfill the required tasks are described below:

main :
Performs partial input and organizes function calls in the order
described above
initialize :
Allocates space for matrices used in the analysis.
Mult :
Performs multiplication of two complex matrices; this function is
called by RRot and RL_Rot functions
Form_Rot_Mat :
Forms rotation matrix for a given angle of rotation, equation (6.5).
RRot :
Multiplies element matrices by rotation matrix before FFT
11123 :
Computes the integrals in equation (6.102)
GS0, HSO :
Fills in G’ and H’ matrices, equations (6.92) and (6.101).
fund3D_singular_part:

Computes singular parts of fundamental solutions.

fund3D

160



Computes complete dynamic fundamental solutions.

integratel
Integrates the fundamental solutions when source point falls in the
integration element (singular case).

integrate2
Integrates the fundamental solutions when source point falls outside
the integration element (non-singular case).

AssembleElement :
For a particular element forms element matrices by proper calls to

functions integratel or integrate2, then assembles the element

matrices in system matrices ék and Ek. This function is called by
Assemble.

ReadBoundaryConditions :
Reads 2 blocks of boundary condition data.

interpolate :

Interpolates a given vector of boundary condition data at

’

intervals.
WriteIlnterpolatedBoundaryConditionData:
Write interpolated boundary conditions in output file.
TransformInterpolatedBoundaryConditions :
Transforms boundary condition data via FFT.
RearrangeSystem :
Rearranges the system equation (6.37) into A x =b form.
ImposeBoundaryConditions :
Forms the right hand side vector in the rearranged system
equationAx =b.
Assemble :
Performs the task of forming system matrices by calling
AssembleElement function successively.

Solve :

161



Solves the linear system Ax =b by calling lu_dec and forw_back

functions.
lu_dec :
Performs LU decomposition of a square matrix by partial pivot
changes.
forw_back :
Solves a linear system for a given right hand side vector after the
coefficient matrix has been LU decomposed.
Compute_Solution_at_an_interior_point :
Computes solution at a given interior point.
RL_Rot :
Performs rotation of element matrices before integration in
circumferential direction by FFT, this function is called by
Compute_Solution_at_an_interior_point.
BackTransformBoundaryQuantities :
Transforms boundary quantities in to rfz-space, after all unknown
Fourier coefficients have been found.
WriteSolution :
Prints boundary quantities in the output file.
Write_Solution_Interior_Points :
Prints solutions computed at requested interior points.
Stress_Resultants :
Computes stress resultants over given elements, if requested.
Write_Stress_Resultants :
Prints stress resultants in output file.
CleanUpMemory :
De-allocates space for all matrices.
fft :

Performs Fast Fourier Transform of a vector of complex numbers.
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7.3 Input Instructions for Program AxiPoro

All the data related to program execution is to be written in a single input file. The
name of the input file is interactively specified by the user; the input file name may
be any valid file name (with or without extensions), accepted by the system.

The input file is free format and is composed of the following blocks of data:

TITLE :
The program expects to read a single line of input at top. Write a single line of any

thing of the form

TITLE

A descriptive sentence up to 255 characters can be written; otherwise a blank line

at top must be left. TITLE will be re-printed in the output file.

GENERAL INFORMATION DATA BLOCK:

This block has the following information; this information can be input in a single
line or broken into multiple lines as appropriate; individual data values are

separated by any number of spaces:

OME PORO KAPP RO ROf ROa MU NU HYS
ALF Q

N_NODES N_ELEMS N_INT_PTS N_ELEM_RES
MM MMp N_GAUSS CODE

where,

OME : the angular frequency

PORO : porosity

KAPP : permeability coefficient (k) in equation 2.32
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RO
ROf
ROa
MU
NU
HYS

ALF

Q
N_NODES

N_ELEMS
N_INT_PTS
N_ELEM_RES
MM

MMp

N_GAUSS

CODE

Remarks:

bulk mass density

mass density of fluid

added mass density

shear modulus

drained Poisson’s ratio

hysteretic damping ratio, (values in the range 0.05-
0.15 are common for granular earth materials like
soil)

a in equation (2.1)

Q in equation (2.1)

number of nodes

number of elements

number of internal points

number of elements for stress resultants

2’s power (N=2"M

) which defines number of angular
subdivisions for integrations in 0-direction

2’s power (N'=2P) which defines the number of
terms to be retained in truncated complex Fourier
series

number of Gauss points used in integrations along
the generator

a control parameter, either “1” or “0”, which
specifies whether the interpolated boundary

conditions are to be printed or not, if “1” is entered

program prints the interpolated boundary condition

. 2
values at angular deviations 6, = n%; n=0...N'-1.

1. No upper limits are set for the size of the problem (N_NODES,
N_ELEMS, MM, MMp, etc.); the problem size is limited only by the

hardware memory.

2. Any number of Gauss points can be specified between 1 and 22.
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3. MM must be greater than or equal to MMp.

4. The program uses two different N (N and N”) values for integrations in
0 direction and for the complex Fourier series sum; this stems from the
fact that one needs refined angular sub-divisions (MM=7, 8 is usually
good) for accurate integration of fundamental solutions in 6-direction
while a small number of terms (MMp=2-4) in complex Fourier series is
sufficient in many cases. Jumps in the boundary conditions may
necessitate number of terms in the complex Fourier series to be increased.
5. For element as well as system matrices the program allocates matrices
with three indices. These matrices can be conceived as sheets of 2-D
matrices each corresponding to a particular Fourier amplitude in equation
(6.27). The use of different N values in the computation of integrals and
in the number terms in Fourier series results in element matrices to
contain more frequencies for 0 variation than the system matrices. When
assembling the element matrices, the program makes a frequency
adjustment to match element matrix sheets to system matrix sheets
properly.

6. The program divides elements into two when integrating, thus uses
twice as many Gauss points as specified by N_GAUSS. A special cubic
transformation (Kahaner et. al. 1989, Telles 1987) is also implemented to

smooth the kernels for end point singularities.

BOUNDARY POINTS DATA BLOCK:

This block defines the nodal coordinates of boundary elements in the form:

where,

NO R Z
NO : node number
R : R coordinate of boundary node
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Z : z coordinate of boundary node

The nodes need not be entered in successive order.

ELEMENT DEFINITION DATA BLOCK:

Defines the element connectivity. Input N_ELEMS lines in the following form:

ENO nodel node2

where,

ENO : element number
nodel : beginning node of the element
node2 : end node of the element

BOUNDARY CONDITIONS DATA BLOCK:

The program expects to read two blocks of boundary condition data; one block for
generalized displacement boundary conditions and one block for generalized
traction boundary conditions. There is no definitive order for each block. The two

blocks are in the following format:

(1) TYPE N_BC
2) EL_NO COMP N_VALS
3) 0O val ............. angle val ............. 360 val
where,
TYPE : boundary condition type for this block, enter either

“D” for displacement boundary conditions and “T”
for traction boundary conditions
N_BC : number of boundary conditions of type TYPE

EL_NO : element number for boundary condition input

166



COMP : component no of generalized vector (u or t), ranges
from 1 to 4. For displacement boundary conditions 4
specifies pore-pressure while for tractions the net

outward flux.

val : boundary condition value
angle : angular deviation (in degrees) for boundary condition
value

Repeat (2) and (3) N_BC times for boundary condition of type TYPE.

Remark 1: The boundary condition values are to be the cylindrical components of
the boundary variables.

Remark 2: If a boundary condition specified by (2) and (3) above must contain 0
and 360 degree angular deviations; for instance if boundary condition is uniform in
0-direction (axi-symmetric), it suffices to enter value at zero and 360 degree
angular deviation only.

If there are no boundary conditions of a particular type (displacement or traction),
write only line (1) and enter O for N_BC.

Remark 3: If no boundary condition (either displacement or traction) is specified
for a boundary variable component, the program automatically assumes traction

free boundary condition; which may significantly reduce the input requirements.

INTERIOR POINTS DATA BLOCK:

Contains N_INT_PTS lines of input for the rectangular coordinates of interior
points where displacement and pore-pressure output is requested. Input

N_INT_PTS lines of the form

where,

X : x-coordinate of interior point
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Y : y-coordinate of interior point

Z : z-coordinate of interior point

If N_INT_PTS is 0 skip this block.

ELEMENTS FOR STRESS RESULTANTS DATA BLOCK:

Contains the element no’s of those elements over which the force and moment
resultants are to be computed. Write N_ELEM_RES element no’s separated with

spaces in the following form:

611 612 .............. elN_ELEM_RES

If N_ELEM_RES specified in the “general information data block™ is 0, then skip
this block.

7.4 Output File
The name of the output file is entered interactively by the user, the file name can
be any valid name (with or without extensions) accepted by the system. The output

file is self descriptive and consists of the following sections.

INPUT ECHO:

The input information, such as the title, material data, element information and

boundary conditions, is copied for input checking purposes.

RESULTS AT THE BOUNDARY:

First generalized displacements then generalized tractions at every boundary
. .. 2
element are printed at angular deviations 8, = n%; n=0...N’-1. It should be noted

that both displacement and traction components are referred to the cylindrical

coordinate system.
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RESULTS AT INTERIOR POINTS:

Generalized displacement components are printed at desired interior points.

Displacement components are referred to cylindrical coordinate system.

FORCE AND MOMENT RESULTANTS:

The force and moment resultants of the tractions acting on the prescribed part of
the boundary (defined in the elements for stress resultants data block of the input

file) are printed in this section. The values are the Cartesian components of the

forces and moments, where moment resultants are computed with respect to the

origin of the coordinate system.

7.5 Convergence

In this section we make a simple convergence check for the method of integration
employed in the computer implementation. For that purpose, we compute one term
from each of the two BE matrices using the proposed method and compare them
with the values obtained by usual methods of calculus. We start by repeating

(6.33a), where the coefficients of the tractions are given by

G, = jgij(e)e“de ............................................................. (7.1)
where,

G,(0)=[G. R 2R 2:0-0"| RS .couvviiiiiiiiiiiiiiiiiiiiiiiie (7.2)
and

G.(Q,.Q.6-6)=Q"(0)G(Q,.Q.0%.6)Q6) ......vvvvviiiiiiiiiii (7.3)

when (7.3) and (7.2) are substituted in (7.1), we get
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2n

G, = j{jg’(Ql,Q,e'=O, 6)R ds}g(e)e“‘"de ............................... (7.4)

Now consider that we want to compute (7.4) for the top surface of a cylindrical

poro-elastic (PE) body of unit base radius, as shown in Figure 7.2.

n=(0,0, 1)

/X2/

X1

Figure 7.2 A cylindrical PE body; the meridional plane and the generating curve
are highlighted.

The top surface “S” of the PE body is depicted in more detail in Figure 7.3. Since,
we discretize only the generator; for the top surface we introduce only one
boundary element along x; — axis and take the source point (A) on the same

element in order to enforce the integration to be a singular case.
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1
r=qpt - peosC o)+ o

X1, X1

p=—cos(0)
p=-2cos(0)

Figure 7.3 The top surface of the previous cylindrical PE body.

We further simplify by taking =0 (static problem) and k=0 (zeroeth frequency in

angular direction). Therefore, we have

G = '[{ _[ G'(Q,,Q.6'=0,0)R ds} QUONIO v (7.5)

0 |c

but, this integral is simply a surface integral over the top surface “S”. Hence, we

can write

We want to compute the third diagonal element in (7.6), we shall do this first by
usual methods of calculus and than by the procedure outlined in Sections 6.3 and

6.4, and we would like to check if the results from the latter will converge to the
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value we obtain from the first when the number of subdivisions in angular

direction is increased.
Taking the material parameters L =1.andVv =0.25, the third diagonal element of

1** FS matrix reduces (in static case) for the element in Figure 7.2 to

,
P 8nu(l-v)
1

6mr

[(B-4v)s,, +1,1,]

since 1; = 0 on the top surface. Therefore,

where we removed the indices “i” for clarity. The integral in (7.8) can best be
integrated by dividing the region “S” into two: (i) a smaller circular region “ S”™”
of radius 0.5 about the singular point “A”, (i1) the remaining region “ S- S”” where

the kernel is never singular. Therefore, we continue by writing

G =Ll [Laa+ IldA ................................................... (7.9)
6T |Jr ok
¥ &
K, K,

We integrate the terms on r.h.s. of (7.9) separately. The first term K; can be

integrated exactly if one converts to polar coordinates over S”

1/2

K =L jl drde_— .................................................. (7.10)
p T

167t

o'—';’
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For the second term, by referring to the Figure 7.2 and noting the polar

representations of the inner and outer circles in the shifted coordinate

’ ’ .
frame X, - X, , we write,

The distance “r” can be expressed in terms of “p” via cosine theorem:

2
r’=p’ +(1j —2plcos(7t—9) =p’ —pcos(7t—6)+l ..................... (7.12)
2 2 4
hence,
1 g —2cus(9) p
K, :a'[ j APAD .o (7.13)

—eos(®) \/pz —pcos(nt—0)+ 41‘

SRR

Although (7.13) cannot be evaluated analytically, it can be computed to any
desired accuracy (by any numerical integration method), since it does not contain
the singular point. Here, we present the value produced by the program MAPLE
(MATHCAD 2001 computes exactly the same result as above):

K,=0.1447384859

The second term K, can of course be integrated more conventionally as follows;
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2
) e
K, =6—2 .. (7.15)
T 1 1-x,
1
+I J = dx,dx,
e RN
in which case MAPLE produces the result,
Ko=0.1447363638 ... (7.16)

(MATHCAD 2001, in this case disagrees with MAPLE and computes
K»=0.144738519468)

Hence, we get the following half analytical result for 623 :

GY, =K, +K, =0.31140515| (using 7.14)

OF (7.17)
G, =K, +K, =0.31140303| (using 7.16)
Similarly, from (6.33 - b)
27
i = j H(0)€™00 ..t (7.18)
0
where,
_U(G)—J'QC[R;’E’;EZ 0 e} N (7.19)
C Q Q 0'=0
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and
H,(Q;.Q.6-6)=Q" (0)H(Q;.Q.0".6)Q(6) ....vvvnrrninininiiiiiiii (7.20)

when (7.20) and (7.19) are substituted in (7.18), we get

2n

ﬂ;:j IE’(Qi,Q,G':O,G)Rds QO)e™®AB e (7.21)

0 (¢

Again, we want to compute one element of (6.23) for the top surface of a
cylindrical poro-elastic (PE) body of unit radius, as shown in Figure 6.1. To
simplify, we set o=k=0

Therefore, we have

0= II Q0 =0,0)R s [QB)AO ettt (7.22)

0 |G

but, this integral is simply a surface integral over the top surface “S”. Hence, we

can write

We want to compute (1, 3) element of (7.23), we shall do this first by usual
methods of calculus and than by the procedure outlined in sections 6.3 and 6.4.

We again select the material parameters L =1.andv =0.25, the third element of

first row of 2™ FS matrix reduces (in static case) for the element in Figure 7.2 to
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1 1

B (7.24)

Lx-ay)
121 r3

Since, X; = Rcos(e) and a = Rcos(O)

[13%4]
1

where we removed the indices for clarity. We again divide the region “S” into

two as shown in Figure 7.2, hence,

We integrate the terms on r.h.s. of (7.26) separately. The first term KK; can be
integrated exactly if one converts to polar coordinates over S°, we note that (7.26)
is strongly singular and must be understood in “Cauchy Principle Value” sense,

thus

KK, =—— reos(®) ;40
12n r
0 0
27 1/2
_ j cos(0)de j D o (7.27)
12 r
0 0
=0

One can convince oneself about this result, by writing the integral KK,

alternatively as
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m/2  cos(a)

KK, L peos(®)-0.5 PAPAOL  w ettt (7.28)
121 r’

-n/2 0

and MATHCAD 2001 produces

KK, = 1952 X107 .ot (7.29)

Still, another approach would be to have MATHCAD compute the following,

2n 1/2
1 rcos(G)
KKI—EI I > AEAB oottt e (7.30)

0 €

2n 1/2
For e=10"" MATHCAD 2001 computes KK, :%I I rcof(e) rdrdd=0
T T

0 10"

For the second term, by referring to the Figure 7.2 and noting the polar
representations of the inner and outer circles in the shifted coordinate

’ ’ .
frame X - X, , we write,

KK, == %, 20 dx,dx, + X203 dx,dx
12 2 2pr2 A 2 2 pr2 T2
e [(xl—O.S) +X, ] [(xl—o.s) +X, ]

: 7

MATHCAD 2001  computes KK, =-0.046322183  for (7.31) and

KK, =-0.046322205 for (7.32), respectively. Finally,
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HY = —0.046322183| ..o (7.33)

The computed values for G%andH’,, by the procedure we described earlier, are

summarized in the following table,

Table 7.1 Convergence computations for the proposed method

N=2M Gauss Rule Gl H;

8 M=3) 8 0.304332 -0.005506
16 0.308021 -0.027872
32 8 0.309817 -0.037362
64 8 0.310637 -0.041865
128 8 0.311026 -0.044095
256 (M=8) 8 0.311216 -0.045208
512 (M=9) 8 0.311310 -0.045767
1024 (M=10) 8 0.311359 -0.046032
2048 (M=11) 8 0.311393 -0.046225
4096 (M=12) 8 0.3114056 -0.046264
8192 (M=13) 8 0.3113876 -0.046237
8192 (M=14) 8 0.3113613 -0.046242
8192 (M=14) 10 0.3113848 -0.046267
8192 (M=14) 14 0.3114006 -0.046294
16384 (M=15) 8 0.3113428 -0.046256
16384 (M=15) 15 0.3113956 -0.046300
16384 (M=15) 20 0.3114019 -0.046312
MATHCAD2001 0.3114052 -0.0463222

The values in Table 7.1 are computed by the computer program developed in this

work. In the computations, line elements are divided into six sub-elements  (-1.0
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.-0.2..-0.1..0.0..0.1..0.2 .. 1.0) and to compute expressions in (5.102) 17 point
Gauss rule is used in both p andydirections. As seen these values converge to the
half-analytical value (MATHCAD 2001) as the number of divisions in angular
direction is increased. Unfortunately, the numerical accuracy is spoiled “slightly”
when angular divisions are too much refined, i.e. N>12, but this can be amended

by using more Gauss points at increased computational cost.
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CHAPTER 8
ASSESSMENT OF THE FORMULATION

8.1 One Dimensional Wave Propagation in a PE Layer

This problem, in the context of poro-elasticity is first mentioned in Cheng et. al.
(1991), an analytical solution is also provided in the same reference. We briefly
work out the theory here in cylindrical coordinates.

Uniform dynamic impulse
of infinite extent

Pood(t)

PYVY I YY I IV VY Y YRy vy

4

PE layer

\ ; 2

‘ - ﬁ\ 7
L Cylindrical cut in the layer Fixed or
' u,=Ud(0)

Figure 8.1 One dimensional wave propagation in a layer.

In this problem we consider a PE layer of infinite extent loaded at the top surface

by a uniform pressure (infinitely wide) which is suddenly applied and removed,
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the fluid is assumed to drain freely from the top surface while the bottom surface is
impermeable; displacement excitation at the bottom is considered separately. Since
the surface load is infinitely wide, one can readily assume that lateral
displacements are zero, thus the governing equations of 3-D poro-elasticity,

equations (2.55), in this case reduce to the following:

(A+2uu,, —(@+Bp, +o*(p+Bp; Ju, =0

~ P p#+ip+(a+B)u“ Lo e (8.1)
op, — Q '
together with the boundary conditions (in FTS)
ul =0 q,|_ =0
i S PP PUT PP (8.2)
tZ z=H = _PO ’ p z=H = O

The solution to this system is given in Cheng et. al. (1991) and Schanz (2001.b),

the following solution from Schanz (2001.b) is reproduced here (set, s=i®),

e oM (Hy) _

) —io\, (Hty) e—iw}»z(H—y) _e—i(Ml(H-#y) 8 3)
,Z) = d . -d | .
u(@.2) io(A +2u)(d A, —d A, ){ R : 142 } (
B POdle e—iw}»l(H—y) + e—iw}»l(H+y) ~ e—iwxl(ﬂ—y) +e—i(Ml(H+y) 8 4

p(®,2) Y —a g ETPPPRPRPRINS (8.4)
where, A, and 2, are the positive roots of the following characteristic equation;

-3“2”7&-(“2”-(p+Bpf)£+(a+B)2]x2+Lm=o ........................ (8.5)

P Q P Q
and
2
g =27 —loxBer) (8.6)
‘ (0C + ﬁ)}\‘i
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In solving this problem by BEM, we model the PE “layer” by a PE “column” of

unit diameter as shown in figure 8.2.

Py

vy
O O
H=3m O O
O O
O O

- O 0 O

I m
R

impermeable

I
&

BE mesh

\ Axis of

revolution

Figure 8.2 Equivalent column model of PE layer for BE analysis.

Although, the PE column in Figure 8.2 is not an exact model for the layer in

Figure 8.1, the impermeable rigid walls can sufficiently prevent lateral

displacement and flow, in which case the behaviour of PE column closely

approximates that of PE layer. The material properties are given in Table 8.1

below.

Table 8.1 Material data for Berea sand stone

n

o

Q (Pa)

w(Pa)

AY

k(m?/N/s)

p(kg/m’)

pr(kg/m)

pa(kg/m3)

0.19

0.778

1.353*10'°

6*10°

0.2

1.9%101°

2458

1000

1254

The poro-elastic column problem is solved by program AxiPoro. The column is

modelled by 40 axi-symmetric boundary elements. N=128 (27) and N=32 (25 ) sub-

divisions for circumferential integrations were used for convergence checking. A

slight hysteretic damping is introduced with zp=0.003. The results for top

displacement are plotted in Figures 8.3-8.5 together with the analytical solution,

equation 8.3.
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Figure 8.3 PE column: Top displacement amplitude spectra (traction B.C. at top),

BEM vs. analytical solution; E=2A+L.

ND Displacement Re(u.E/P.H)
=
T

I 1 | | 1 1
0.5 1 1.5 2 2.5 3 35 4
ND Frequency, (w/wf)

— Exact
- BEM (M=7)
BEM (M=5)

Figure 8.4 PE column: Real part of top displacement (traction B.C. at top), BEM

vs. analytical solution, E=2A+.

183



0.351 (R L .

e
>
[
T
1

ND Displacement Im(u.E/P.H)
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ND Frequency, (w/wf)

— Exact
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Figure 8.5 PE column: Imaginary part of top displacement (traction B.C. at top),

BEM vs. analytical solution, E=2A+.

The circular frequency is non-dimensionalized (ND) with respect to fundamental

vibration frequency of the dynamically impermeable porous material

is the p-wave velocity for dynamically impermeable material.

The results for pore-pressure at the bottom of layer are displayed in the Figures

8.6-8.8 below.
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ND Porepressure, Ip/Pol

ND Frequency, (w/wf)
— Exact
000 BEM (M=7)

Figure 8.6 PE column: Pore-pressure amplitude at the bottom, (traction B.C. at

top), BEM vs. analytical solution.
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Figure 8.7 PE column: Real part of pore-pressure at the bottom (traction B.C. at

top), BEM vs. analytical solution.
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Figure 8.8 PE column: Imaginary part of pore-pressure at the bottom (traction

B.C. at top), BEM vs. analytical solution.

Next, we consider the same body for displacement boundary conditions at the
bottom; the top surface is free of tractions. This time the boundary conditions read

as

A0 =U ; 4., =0
=0 0 ORI (8.9)
=0 ; pZ:H =0

Again from Schanz (2001.b) the solution is,

_i‘”}‘q(z*H_Y) —ioh,y —iwh, (Z*H_Y) —iwh,y

uz(m,z): e D, = :;e -D, : :_Ae

(L +2p)A2 —22) I+e7" 14+e"

.................... (8.10)
1 _i('-o"](z*H_Y) _ —iwhy _i('-o"z(z*H_)') _ —iwh,y
p(u)’ Z) = 1(’)U(Z) 2 d1D2 = 2’037\.16'1 _d2D1 = 2‘0)7»?'1
(L +2u)(2 —22) 142 1+e729h
............ (8.11)

where,
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D, = (A4 2L 40P, =P v (8.12)

Again the column is modelled by 40 axi-symmetric boundary elements. The
angular divisions for circumferential integrations were N=2% = 256. A hysteretic
damping of 0.5% is introduced. The results for top displacement are plotted in

Figures 8.9-8.11 together with the analytical solution, equation 8.8.

Top Displacement lul

0 1 1 1 1 1 1 1
0.5 1 1.5 2 2.5 3 35 4
ND Frequency, (w/wf)

— Exact
000 BEM (M=8)

Figure 8.9 PE column: Top displacement amplitude spectra, (displacement B.C. at
the bottom) BEM vs. analytical solution, E=2A+.
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Figure 8.10 PE column: Real part of top displacement, (displacement B.C. at the
bottom) BEM vs. analytical solution, E=2A+L.
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Figure 8.11 PE column: Imaginary part of top displacement, (displacement B.C. at

the bottom) BEM vs. analytical solution, E=2A+.
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8.2 Sudden Pressurization of a Circular Cavity (Infinitely long cylinder in a

PE full space)

This problem was investigated by Senjuntichai and Rajapakse (1993). They
considered step load, gradually applied step load and triangular pulse load type
pressurizations for either drainage free or impermeable wall conditions. However,
the governing equations they solved did not include the “continuity equation”,
therefore, to comply with our BEM formulation, we re-work the solution for

sudden pressurization (Dirac loading in time) of the circular cavity with permeable

wall condition below, following the outline in Senjuntichai and Rajapakse (1993).

|

p=S53(1)

Infinite PE
2a medium

Figure 8.12 Circular cavity (infinite cylinder) in a poro-elastic full space suddenly

pressurized.

We consider an infinitely long cylindrical cavity, whose axis of revolution
coincides with the vertical axis (z-axis), Figure 8.12, in a PE medium of infinite
extent. Because the displacement conditions are essentially that of plane strain and

the boundary conditions are also axi-symmetric, we write

u, :%(.):0 and u, :5—9(.):0 ....................................... (8.13)
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(u, u, u,) are the components of the displacement vector in cylindrical
coordinates. Under these conditions the governing equations of 3-D poro-

elasticity, equations (2.55), in this case reduce to the following:

v 20 & ) |- oo, =0

dr{r\dr
............ (8.14)
(ot s)l(i(m)j __B 11@@) +2 g
r\dr op, rdr dr) Q
where, we substituted u for u, for simplicity.
If we introduce a displacement potential ¢ , such thatu = ?, then (8.14) become
r
(A +2u)V 20— (0 +B)p+ 0 (P+PBP, J0=0 oooveeeeiiiiieeeee, (8.15)
(o +B)V 0 — B VP2 =0 (8.16)
P, Q
where, Vr2 :li(ri ))
rdr\ dr
Eliminating p between (8.15) and (8.16), we get
(V2R V=22 )02 0 oo, (8.17)

where,
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_wzpf <»2;>f((>t+ﬁ)2 wz(p+ﬁpf)

B= + R (8.19)
BQ B(r+2u) (n+2u)
4
c= L (8.20)
BQ(r +2u)
It is well known that the solution to (8.17) can be written in the form,
O = 0, A 0, et (8.21)
where,
O =ALADEC K, ) ] (8.22)

¢, =B-I,(A,r)+D-K,(A,r)
where, I and K are modified Bessel functions of order zero (Abramowitz and

Stegun, 1964). For (8.22) to be regular at infinity, the constants A and B must be

zero. Thus,

0=C-K,(AD)+D K AT ceovoeieeeioeeeeeeeeeeeee . (8.23)

Thus, the radial displacement function is

uzj—q’:—xl CK,AMD=A, DK (A1) oo (8.24)
T

Similarly, one obtains for the pore-pressure solution

p=d,C-K, D) +d,C-K D) cooeoeeeieeiieiie e, (8.25)
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where,

4 =ht2,. o e+ B ) (8.26)
o+ o+p

i

The radial stress is obtained from

Te unknown coefficients are determined from boundary conditions (B.C.’s). The

B.C.’s for circular (cylindrical) cavity problem are the following:

c="5% A, K A, 0) o (8.29)
Det
D=0 d, Ky 8) weeeeeiiieee e (8.30)
where,
Det=d, -N(Aa)-K,(A,a)—d, - NX,a)- K, (Aa) .ccoevveninininnnne. (8.31)
: 2n
N(g,x)=(A+2u)-¢ 'Ko(g-x)+?'g-Kl(g-x) ...................... (8.32)

Finally, we obtain
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u =%(Xl -d,-K,(A,-a)- K, A1) -4, -d, -K,(A,-a)-K,A,1) .oovvnnnnn. (8.33)
p= %(— K,(A,-a)- K Ar)+K,(A-a)-K,A,r) oo, (8.34)
The poro-elastic circular cavity problem is solved by program AxiPoro, the
material data are again that of Berea sandstone’s (Table 8.1). A finite cylindrical
cavity of 10 metres height is modelled by 25 axi-symmetric boundary elements.
The angular divisions for circumferential integrations were N = 2’ = 128. A slight
hysteretic damping is introduced with zp=0.05. The results for radial surface
displacements (compliance) at mid-height of the cavity are plotted in Figures 8.13-
8.15 together with the analytical solution (equation 8.33). Some noise is observed

in the figures due to waves generated at the ends of the cavity.

1210 1©

—10

8§10 ' F o ]

610 "' | .

ND Compliance, lu.E/a.Sol

410" o .

50! | | | | | ©
0 1000 2000 3000 4000 5000 6000
ND Frequency, (w.a/Vu)

— Exact
00O BEM (M=7)

Figure 8.13 Circular cavity: Absolute value of ND compliance, BEM vs.

analytical solution, E=2A+.
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Figure 8.14 Circular cavity: Real part of ND compliance, BEM vs. analytical

solution, E=2A+1.
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Figure 8.15 Circular cavity: Imaginary part of ND compliance, BEM vs.

analytical solution, E=2A+L.
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8.3 Sudden Pressurization of a Spherical Cavity in an Infinite PE Medium

This problem is solved for this study, an extensive literature survey revealed no
earlier solution available in the literature. We consider a spherical cavity in an
infinite PE medium; in the absence of body forces and fluid source, the governing

equations of 3-D poro-elasticity in FTS (eqn.’s 2.55) in this case reduce to the

following:
(mm{izi(rz di)—%ur}—(a+ﬁ)@+wz(p+ﬁpr)u, 0 e (8.35)
r- dr dr r dr
__ B 1df.dp 1 dey )y P
e dr(r drj+(0c+[3)rz dr(r u’)+Q 0 tiiieiiiieeee . (8.36)
Uy =0, =0 it e e (8.37)

If one introduces a displacement potential ® such that, u, =aaip then (8.35) and
T

(8.36) become,
d o+p ) _
drz( )_x+2u A € o PR (8.38)
d: o’p, (a+B) d* ,\ ©°p,
?( )- 5 dr—z(‘{f) 50 () =0 e (8.39)
where,
e, (8.40)
X=rp

o p+pp,)

and, as defined before, A* =-
A+2u

Now, we assume solutions of the form,
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_ imor
Y=¥e

e (8.41)
X=%Xo€
Substituting (8.13) in (8.10) and (8.11), one obtains the eigenvalue problem:
-m’0’ -1’ _otB
wae sp) o F'} :m ...................................... (8.42)
Py _ WPy _miw? |LXo 0
p pQ
hence the characteristic equation:
(mzwmj{ﬂmzwz} otp mo'plavp) o (8.43)
BQ A+2u p
Introduce the following abbreviations,
p_LrBec o plorB) o poetBel) (8.44)
A+2n BQ Blh+2u) BQ(r+2u)
Thus, the roots of the characteristic equation are
m, = %[B—\/B2+4C] ; m, = %[B+\/B2+4C]
................. (8.45)
m, =-m, ; m, =-m,
Then the solution of the system (8.38) and (8.39) becomes,
e e e e, (8.46)

- —im,or —im,@r im, or im,or
X=Ae ™ e e e

It is clear that the termse™ represent waves propagating inwards. In an infinite

medium no waves propagate from infinity, hence we discard these terms and write,
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lP — lPle—im,u)r 4 \{Ize—imlmr

X — Xle—im‘wr + Xze—imlu)r
Moreover, the amplitudes ¥, , x, are related through (8.42) as

_ _(7"+2u)(mk2(°2 +A,° )‘P
o+

k

Finally, one obtains

lP — \{;le—imlmr + lpze—imza)r
A+2u

‘= " [‘Pl (mlz(nz o) )e_iml(m ‘o, (lez(Dz o )e_imlmr] ........................

Furthermore, since ¥=r® andu, = 382

T

—im, or —im,or

e, (8.50)

o=y

Thus,

1 ) e—imm,r 1 ) e—immzr
u=-Y%|—-+iom, -¥,| —+iom,
r r r r

p=__7H-2H |:‘Pl(m12m2 +7‘42)e l
o+

+W, (m22m2 + 7»42)

Where, we introduced u=u, for simplicity. The integration constants ¥, and ¥, are

to be evaluated from boundary conditions atr=a:
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Finally,

y, = _a‘j’TO(mgmz 2™ e (8.53)
w, z%(mf(oz O ) (8.54)
where,

A= [4—M(imml +1j (A +2u)o’m, }(mgof +22)
a a

- [4—“(iwm2 + lj —(+ Zu)mzmz}(mf(oz +22)
a a

The poro-elastic spherical cavity problem is solved by program AxiPoro, the
material data are again that of Berea sandstone’s (Table 8.1). The cavity is
modelled by 35 axi-symmetric boundary elements. The angular divisions for
circumferential integrations were N = 27 = 128. No hysteretic damping is
introduced for this problem. The results for radial displacement at the surface
(compliance) are plotted in Figures 8.16-8.18 together with the analytical solution,
equation 8.51. The pore-pressure at ND radial distance R=1.5 is plotted in figures
8.19-8.21. The circular frequency is non-dimensionalized with a/V,, where V, is
given by (8.8).

To obtain distribution of displacement and pore-pressure along the radius, 8
interior output points are specified along R-axis at coordinates (R,z) = (1.5,0),
(2.0,0), (2.5,0), (3.0,0), (5.0,0), (8.0,0), (12.0,0), (20.0,0). The distribution of
displacement (radial) and pore-pressure along the radius for varying frequencies

are displayed in Figures 8.22 - 8.26.
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Figure 8.16 Spherical cavity: Absolute value of ND compliance, BEM vs.

analytical solution, E=2A+.
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Figure 8.17 Spherical cavity: Real part of ND compliance, BEM vs. analytical
solution, E=2A+1.
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Figure 8.18 Spherical cavity:

analytical solution, E=2A+.
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Figure 8.19 Spherical cavity: Absolute value of ND pore-pressure at R=1.5.
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Figure 8.20 Spherical cavity: Real part of ND pore-pressure at R=1.5.

ND Porepressure Im(p/So)

l l l l l
0 0.5 1 1.5 2 2.5 3
ND Frequency, (w.a/Vu)

— Exact
OO0 BEM (M=7)

Figure 8.21 Spherical cavity: Imaginary part of ND pore-pressure at R=1.5.
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Figure 8.22 Spherical cavity: Radial distribution of ND displacement

at® = 0.225, E=2A+L.
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Figure 8.23 Spherical cavity: Radial distribution of ND pore-pressure

at®w=0.225.

202



0.25

0.2

0.15

0.1

ND Porepressure Ip/Sol

0.05

l l l l
2 4 6 8
ND Distance, (r/a)

— Exact
000 BEM (w=)

Figure 8.24 Spherical cavity: Radial distribution of ND pore-pressure
atmw=045.
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Figure 8.25 Spherical cavity: Radial distribution of ND pore-pressure
atw =0.9.
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Figure 8.26 Spherical cavity: Radial distribution of ND pore-pressure at @ = 1.8.

8.4 Vertical Compliance for Rigid Circular Foundation on Elastic Half Space

Compliance (or impedance) functions are needed in soil-structure interaction
analysis. Here, we show how program AxiPoro can be used to determine
compliance (or impedance) relations for rigid axi-symmetric foundations; we
consider a rigid circular disc resting on an elastic half space. This problem was
considered earlier by Apsel and Luco (1987). The geometry and the BE mesh used
are described in figures 8.27 and 8.28, the angular sub-divisions used in this
analysis is N = 2’ = 128. We solve the problem in non-dimensional (ND) space,

appropriate ND variables and parameters

- X - u - t _ gqa _ p-a_ ®a
Xlz_;ulz_’tl: ;qn_ ;p: = ’
a Uo H’ UO Cs UO H’ UO Cs
ﬁ:n,K:—H.K,ﬁzl,at: f’uzl,V:V,ng’E: F
a-c, p u n-a-U,
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Where over-bar denotes a ND variable and F; are resultant forces, ¢, = \/E s the
p

shear wave velocity for ideal elastic material. The problem we consider is an ideal
elastic problem, yet our formulation involves poro-elastic media; in order to

simulate elastic behaviour, we set K =1 and other poro-elastic material parameters
are given negligibly small values, namely, 6, p;» P,, O are set to 107,

Impedance at a particular frequency is the force acting on the foundation for unit
displacement; the compliance is the algebraic reciprocal of the impedance. When
requested, the program AxiPoro computes the stress resultants for specified
elements and prints at the end of the output file. In this case the impedance is the
vertical stress resultant for elements 1 through 10. The results are plotted in
Figures 8.29 and 8.30. There is a good agreement between the results of Apsel and
Luco (1987) and the program AxiPoro, the maximum absolute difference being
7.5%; it should however be noted that, Apsel and Luco’s results, based on a

numerical method, were not exact either.

Rigid Disc

Figure 8.27 Rigid circular foundation resting on an elastic half space.
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Figure 8.28 Rigid circular foundation on EHS, axi-symmetric BE mesh.
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Figure 8.29 Rigid circular foundation on EHS, real

compliance.
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Figure 8.30 Rigid circular foundation on EHS, imaginary part of ND vertical

compliance.
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Figure 8.31 Rigid circular foundation on EHS, absolute value of ND vertical

compliance.
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CHAPTER 9

CONCLUSIONS

In this study, the axi-symmetric formulation proposed in Ozkan, 1995 is extended

for dynamic poro-elasticity. The formulation is explained in Chapter 6 and can be

summarized as follows:

expand the traction and displacements in complex Fourier series in
circumferential direction, this reduces surface BI equations to line integral
equations along the generator, for each frequency of the series expansion
the kernels appearing in the reduced BIE are now in the form of Fourier
integrals, which can be computed efficiently by FFT algorithm

introduce boundary discretization along the generator and solve the
reduced BE equations for each frequency of the complex Fourier series
expansion, thereby determine the Fourier coefficients of the unknown
boundary quantities. The integrations along the generator can be performed
via Gaussian Quadrature; however a special treatment is necessary when
the source point is on the integration element.

combine the complex Fourier coefficients of the boundary variables
through inverse FFT to compute the variation of unknown boundary

quantities in circumferential direction.

The proposed formulation has features superior to the other methods described

in the literature. To be precise,
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The expansion of boundary variables in complex Fourier series,
instead of real Fourier series, obviates the need for differentiating
symmetric and anti-symmetric modes in the analysis. This further
provides for easier coding in the case of arbitrary boundary
conditions.

The integrations in circumferential direction are performed by FFT
algorithm, thereby the reduced BE equations at all frequencies are
obtained in one roll simultaneously. In other methods these
integrals are computed by Gaussian Quadrature (Brebbia and
Dominguez 1992) at each frequency separately. The use of FFT
algorithm, therefore, increases the computational performance and
accuracy remarkably. Still other formulations entail numerical
evaluation of complete elliptic integrals (Guiggiani and Cassalini,
1986), which is both computationally involved and problematic
when the modulus “k” approaches unity.

. When the source point is on the integration element, the line
integration at 6=0 pose a particular hyper-singular behaviour. This
difficulty is circumvented by a special technique described in
Chapter 6. In alternative formulations complete elliptic integrals has
to be computed numerically, which may lead to numerical
instabilities at high frequencies.

The convergence of the method for a given BE mesh is controlled
by the number of subdivisions in circumferential direction as shown
in section 7.6. Good accuracy is obtained for N = 28 angular sub-
divisions while perfect convergence is observed at N = 2'? sub-

divisions.

The proposed formulation is coded in C language as a part of this
work. The program computes unknown boundary quantities, force
and moment resultants over specified elements, as well as the

displacements and pore-pressure at prescribed interior points. The
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boundary conditions in circumferential direction are input at
arbitrary angular positions; the program can interpolate to obtain
variation of boundary values at appropriate angular deviations for
FFT computations. In the current implementation only real
boundary conditions are to be input, for complex boundary
conditions analytical expressions can be entered in the code,
otherwise a slight modification in the implementation is still

possible to accommodate for input of complex boundary conditions.

In the example problems presented in Chapter 8, a good fit is
observed between the solutions obtained by the proposed method
and the analytical solutions, which shows the effectiveness of this

formulation.

The accuracy is improved as the number of angular sub-divisions
(N = 2MM) and the number of terms in the complex Fourier series
(Np = 2MMP) are increased, sufficient accuracy is obtained for MM
=7 and MMp = 2 for uniform boundary conditions (axi-symmetric
boundary conditions). For good results MM = 8 is recommended.
The parameter MMp should be increased for non axi-symmetric
boundary conditions, especially when there are jumps in the
variation of boundary conditions in 6-direction. It should be noted
that boundary element mesh refinement may also be needed to

rectify the results.
Recommendations for Further Study:
The axi-symmetric bodies having two different materials cannot be

handled with the program developed in this study. The program can

be modified to handle multi-domain problems.
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Similarly, the formulation can be extended for self weight and
similar body force effects by exploiting the derivable from a
potential nature of these effects, or otherwise dual-reciprocity

approach is always within easy reach.

Stress and flux vector components can be computed after stress
kernels of 3-D poro-elastodynamics are implemented in the
computer program. These kernels are available in Badmus, 1990;
however, to author’s knowledge, the kernels have not been verified

and should be used with caution.
The evaluation of singular integrals discussed in Chapter 6 can

alternatively be performed using asymptotic expansion of kernels

for 0 tending to zero. This will be the subject of a further study.
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