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ABSTRACT

KERR BLACK HOLES AND THEIR GENERALIZATIONS

Cebeci, Hakan
Ph.D, Department of Physics
Supervisor: Assoc. Prof. Dr. Ayse Karasu

Co-Supervisor: Prof. Dr. Tekin Dereli

October 2003, 115 pages.

The scalar tensor theory of gravitation is constructed in D dimensions in all
possible geometries of spacetime. In Riemannian geometry, theory of gravitation
involves a spacetime metric g with a torsion-free, metric compatible connection
structure. If the geometry is non-Riemannian, then the gauge theory of gravi-
tation can be constructed with a spacetime metric g and a connection structure
with torsion. In non-Riemannian theory, connections may be metric compati-
ble or non-metric compatible. It is shown that theory of gravitation which in-
volves non-metric compatible connection and torsion, can be rewritten in terms
of torsion-free theory. It is also shown that scalar tensor theory can be reformu-
lated in Einstein frame by applying a conformal transformation. By adding an
antisymmetric axion field, the axi-dilaton theory is studied in Riemannian and
non-Riemannian geometries. Motion of massive test particles is examined in all
these geometries. The static, spherically symmetric and stationary, Kerr-type
axially symmetric solutions of the scalar tensor and axi-dilaton theories are pre-
sented. As an application, the geodesic elliptical orbits based on a torsion-free

connection and the autoparallel orbits based on a connection with a torsion, are

iii



examined in Kerr Brans-Dicke geometry. Perihelion shift of the elliptical orbit is

calculated in both cases and the results are compared.

Keywords: connection, metric-compatibility, torsion field, singularity, Kerr black

holes, autoparallel orbits
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OZ

KERR KARA DELIKLERI VE GENELLEMELERI

Cebeci, Hakan
Doktora , Fizik Bolimi
Tez Yoneticisi: Assoc. Prof. Dr. Ayse Karasu
Ortak Tez Yoneticisi: Prof. Dr. Tekin Dereli

Ekim 2003, 115 sayfa.

Skaler tensor kiitlegekim kurami olasi tiim uzay-zaman geometrilerinde D
boyutta kuruldu. Riemann geometrisinde, kiitlecekim kurami, burulma alam
olmayan, metrik uyumlu baglant1 yapisina sahip uzay-zaman metrigi icerir. Eger
geometri Riemann degilse, o halde kiitle ¢ekim ayar kurami, g uzay-zaman metrigi
ve burulma alanina sahip baglant1 yapisiyla kurulabilir. Riemann olmayan ge-
ometride, baglant1 yapilart metrik uyumlu veya metrik uyumsuz olabilir. Metrik
uyumsuz ve burulma alanli baglant1 yapisina sahip bir kiitlecekim kuraminin, bu-
rulma alanina sahip olmayan kurama dayanarak yeniden yazilabilecegi gosterildi.
Ayrica, bir konformal doniigim uygulanarak, skaler tensor kuraminin Einstein
referans sisteminde de matematiksel olarak ifade edilebilecegi ispatlandi. Anti-
simetrik bir aksiyon alani eklenerek, Riemann ve Riemann olmayan geometrilerde
aksi-dilaton kurami ¢aligildi. Biitiin bu geometrilerde, kiitleli test pargaciklarinin
hareketi incelendi. Skaler tensor ve aksi-dilaton kuramlarinin statik, kiiresel
simetrik ve duragan Kerr tipi, eksenel simetriye sahip ¢oziimleri sunuldu. Bir
uygulama olarak, Kerr Brans-Dicke geometrisinde, burulma alanina sahip ol-

mayan baglant1 yapisina dayanan geodesik eliptik yoriingeler ve burulma alanh



baglant1 yapisina sahip eliptik otoparalel yoriingeler incelendi. Her iki durumda

eliptik yortingenin perihelyon kaymasi hesaplandi ve sonuclar karsilagtirildi.

Anahtar Sozciikler: baglanti, metrik uyumluluk, burulma alani, tekillik, Kerr

kara delikleri, otoparalel yortingeler
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CHAPTER 1

INTRODUCTION

Gravitation is one of the fundamental forces in nature. Its description can be
made in an elegant way geometrically. The mathematical or geometric formu-
lation of classical gravitation in 4 or higher dimensions is based on spacetime
manifold equipped with a Lorentzian structure and a connection on the bundle of
linear orthonormal spacetime frames [1]. Physically, gravitation is a gauge theory
such that connections are so(n, 1) valued gauge fields in D = n + 1 dimensions.
The Einstein formulation of gravitation is based on a spacetime structure with a
metric compatible Levi-Civita (torsion-free) connection determined by the met-
ric. Metric compatibility means vanishing of the covariant derivative of the metric
tensor field along any vector X on the spacetime manifold. Einstein identified
the gravitational force with the spacetime curvature associated with a metric g
[2]. There exists more general connection structures of gravitation, which offer a
framework to describe interaction of matter fields with gravitation geometrically
[1]. These general structures may involve metric compatible connection fields
with torsion as proposed by Cartan or non-metric compatible connections with a
zero-torsion as suggested by Weyl [1], or there also exist non-metric compatible

connection structures with non-vanishing torsion [3].



In 1961, Brans and Dicke [4] proposed a new model of gravitation by includ-
ing a scalar field. Their starting point was the idea of Mach which states that
the phenomenon of inertia should arise from accelerations with respect to the
general mass distribution of the universe. Therefore, according to this idea, iner-
tial masses of the various elementary particles cannot be fundamental constants,
but rather they represent interaction of particles with some cosmic (scalar) field.
However, the absolute scale of elementary particle masses (such as electrons) can
be measured by measuring the gravitational accelerations GT—T, [5] thus, equiv-
alently, rather than varying the fundamental particle masses, the gravitational
constant GG should vary, by identifying G with the inverse of a scalar field ¢, i.e
G ~ ¢~!. This new theory is also known as scalar tensor theory of gravitation.
Brans and Dicke formulated the theory on a 4 dimensional spacetime manifold
with a Levi-Civita (torsion-free) connection. It is shown in [6], that the scalar
tensor theory of gravity can be formulated on a spacetime with a connection with
a dynamical torsion that is proportional to the gradient of the scalar field. It is
also shown that the scalar tensor theory with torsion can be rewritten in terms of
the torsion-free theory. Such a reformulation does shift the Brans-Dicke (scalar
field) coupling parameter w. Interestingly, the motion of massive test particles in
these geometries should be interpreted accordingly. It was originally assumed by
Brans and Dicke that the histories of test particles to be Levi-Civita geodesics
associated with the metric derived from the field equations. However, if the the-

ory is formulated with a torsion, then this assumption should be changed and



therefore a new interpretation should be made. In [2], it is shown that world-
lines of test particles in a geometry with torsion are autoparallels of a connection
with torsion. Therefore, according to whether the geometry is torsion-free or
not, or even it is metric-compatible or not, the histories of particles are either
Levi-Civita autoparallels (geodesics) or autoparallels of a non-Riemannian con-
nection. Autoparalel worldline equations with a torsion and with a non-metric
field (non-metricity) can be rewritten in terms of Levi-Civita worldlines, such that
new terms can be interpreted as the force or acceleration terms due to non-metric
fields and torsion. If the torsion is induced by a scalar field, then this new force
can be interpreted as the force produced by the scalar field.

By adding an antisymmetric gauge field H interaction to the scalar tensor the-
ory, axi-dilaton gravity theory is obtained. This gauge field can be derived from a
gauge potential such that H = dA. Generally, the gauge field is represented by a
(p + 2)-form tensor field called the axion. If p = 0, then the theory becomes that
of a scalar tensor interacting with a Maxwell field F'. If p = 1, then it represents
the bosonic part of some low energy action of strings, which are the extended
objects in one spatial dimension in a spacetime manifold. The low energy limits
of some string theories are known as the bosonic parts of supergravity actions.
It is stated as a conjecture that all (super)string models belong to an eleven di-
mensional M-theory which accommodates some dualities. In a general setting,
a (p + 2)-form axion field represents the interactions of a p-brane which are the
extended objects in p spatial dimensions. Just as Maxwell potential couples to a
particle, a (p + 1)-form gauge potential A can couple to p branes.

3



In the first part of this work, we construct the scalar tensor theory of gravita-
tion in D dimensions in the metric-compatible and non-metric compatible space-
time geometries mentioned above. The theory is reformulated in the so-called
Einstein frame by applying a conformal transformation on the fields. Axi-dilaton
theory is studied in Brans-Dicke frame in all possible geometric structures. The
motion of free massive test particles is examined within a similar framework.
In the second part, static, spherically symmetric and stationary, Kerr (rotating)
type solutions of scalar tensor and axi-dilaton theories are presented. In the third
part, as an application, geodesic elliptical orbit equations and autoparallel ellip-
tical orbit equations (with torsion) are examined in Kerr Brans-Dicke geometry,
which is the stationary, axially symmetric solutions of scalar tensor theory in
4 dimensions. Kerr Brans-Dicke geometry represents the external gravitational
field of a spinning source, identified with its scalar charge, mass and angular mo-
mentum. Perihelion shift of the elliptical orbits is calculated in both cases and

compared.



CHAPTER 2

SCALAR TENSOR THEORIES OF GRAVITATION

Scalar tensor theories of gravitation are considered to be a possible alternative to
Einstein’s theory of gravity. The scalar field couples to the gravitational field such
that for large values of the coupling constant w, the theory reduces to Einstein’s
theory of gravitation. Scalar tensor theories were first proposed by Brans and
Dicke [4]. Hence, it is also called the Brans-Dicke theory in the literature. Geo-
metrically, the theory was firstly formulated by a space-time manifold in which
so(3, 1) valued connections were Levi-Civita (torsion-free) and metric compatible.
It can be seen that, the theory can also be formulated in terms of a spacetime ge-
ometry in which connections are not Levi-Civita but metric compatible [6]. It can
also be formulated in a spacetime in which connections are neither Levi-Civita
nor metric compatible. In the latter case, interacting fields can be rescaled under
a conformal group such that the corresponding action possesses a Weyl symmetry.
This chapter is organised as follows. First, possible formulations of scalar tensor
theories are developed in D = n 4+ 1 dimensions. Next, axi-dilaton gravity the-
ories are formulated within a similar framework. Finally, the motion of spinless

massive test particles in such spacetimes are studied.



2.1 Scalar Tensor Theory Of Gravity In Metric-Compatible Spacetimes

In a spacetime geometry equipped with a metric-compatible connection struc-
ture, the scalar tensor theory of gravity in D = n + 1 dimensions, is described by

the action density D-form,

L= ;gﬁR“b A x(eq A ep) — Zbdgb A xdo. (2.1)

Here the basic field variables are the co-frame 1-forms €%, in terms of which the
spacetime metric can be written as g = nabe“@)eb where 7y, = diag(—+++++---).
Hodge * map is defined so that the oriented volume form is defined as *1 = €% A
el A---Aem. ¢ is the massless scalar field usually called as dilaton in string theories.
Physically, it describes the inverse of the locally varying gravitational coupling
constant G (¢ ~ G™1). Since spacetime is metric-compatible i.e Vg = 0, the

connection 1-form fields satisfy w® = —w®® and the Cartan structure equations
de® +wy Ne? =T (2.2)

where T denotes the torsion 2-forms. The corresponding curvature 2-forms are
obtained from,

R® = dw® 4 w* . A w®. (2.3)

First, we construct the theory under the constraint that the connections are

Levi-Civita, i.e. they satisfy the structure equation
de® +w*y N e = 0. (2.4)

In that case, the constrained Lagrangian £ is obtained by adding the constraint

6



term to L:

L= gbRab/\*(ea/\eb) - —¢d¢A*d¢+(de + Wy Ae?) A A, (2.5)

where ), are Lagrange multiplier (n — 1)-forms. The field equations are obtained
by making variations of £ with respect to €%, w®;, ¢ and \,. So the variation of

the Lagrangian density £ with respect to the fields e?, w®;, ¢ and A, leads to

oL = 5eCA{1¢RabA*(ea/\eb/\ec)+ZS(LCd¢A*d¢+d¢/\LC(*d¢))
*d
+DA} + 0] = R“b/\*(e A e?) 4 wd( f) 2¢2d¢/\*d¢}

1
+0w®y A {D(§¢ * (eg N e)) + §(eb Adg —ea AN}
+(de® + wy A e?) A S + mod(d),
where mod(d) are closed forms. Since it is assumed that the fields vanish on the

boundary of the spacetime manifold, the closed forms do not contribute to the

field equations, i.e. they satisfy

/dQ: Q=0.
M oM

Hence, the variational principle

/Maﬁ’ —0

implies the following field equations:

— 2 (ed A #dd + dd A 1e(xde)) —© DA, (2.6)

1
§¢<°)R“” Asx(eq Aey Aeg) = %

OR® A x(eq A €y) = —wd (*Z¢> 207 ——d¢ A xdo, (2.7)

N | —
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1 1
D <2¢ * (e A eb)) = 5(6(1 AN —eb AN (2.8)
with the constraint equation de® +© w®, A e® = 0. Here (¥ implies that the

connections are torsion-free. Lagrange multiplier (n—1)-forms, \,, are calculated

from equation (2.8). Since 7% = 0 , the left hand side of equation (2.8) becomes
Op <¢ (e A eb)> _ % A x(e® Aeb).
2 2
Defining
A = dg A (e A €b) (2.9)

equation (2.8) becomes,

A =" AN — P AN (2.10)
Taking the inner product of both sides of (2.10) with respect to the frame vector
X,, we obtain,

LA = X0+ ¥ A\, (2.11)

where we have used the identities,

et = 6,9, P et = b,
together with

L = (n+1)
which is the dimension of spacetime and

¥ N 1a§2 = pQ)

satisfied for any p-form €. If we further apply the inner product operator ¢, to
(2.11), we obtain
oA = 40,7

8



Therefore,

A = A — e A\

1
= (A —e* A ELCLQA“C.

We calculate

LA™ = 1 (xdo))

and use
t°re(xdpp) =0
to obtain
Lelg A" = 0.
Hence,
A =12 (xdo). (2.12)

So, the Einstein field equation (2.6) becomes
1
§¢(O)R“b/\*(ea/\eb/\ec) = —;b{Lcdgb/\*dqﬁ—l—dqﬁ/\Lc(*dqﬁ)}—(0)D(LC(*dgb)). (2.13)

To obtain the scalar field equation, we consider the exterior multiplication of
equation (2.13) by e* and multiply equation (2.7) by (n — 1)¢ and then subtract
two equations side by side. After some algebra, we obtain the equation satisfied
by the scalar field:

(n+ (n— Dwld(+dg) = 0. (2.14)

We conclude from this equation that

d(xd¢) =0

9



provided that w # ——".
Now we consider the following action density in D = n+1 dimensions in which
the co-frames e® and the connection 1-form fields w*, are varied independently

without any constraint:

1
L= SOR"™ Nx(eg Ney) - Qibdgz) A xdo. (2.15)

Independent variations of £ with respect to w®s, ¢ and e® yields

0L = e A {;QﬁRab Ax(eq Ney Nee) + 20¢(LCd¢ A xdp 4+ do A te(xdo))}

+5¢{;R“b N x(eq A ep) +cd (*if) %22

+6w™® A {D (;gb * (eq N eb)>} + mod(d).

dp A *+dp}

The variational principle,

/Mazzo

implies the following field equations:

;gbR“b Ax(eqg Nep Nee) = —;qs{bcdqb A xdo + do A te(xdo)}, (2.16)
| d

SR A x(ea Ney) = —cd <*j> . %zqus A xdo, (2.17)

D <;¢ ¥ (ca A eb)> ~0. (2.18)

Equation (2.18) can be simplified as

D (¢ (eq ANep)) =dp A x(eq Aey) + @D (x(eq Aey)) .

Here
D (x(eq Nep)) =T N x(eq Aey Aee),

10



where the torsion 2-forms T are defined by the structure equations,

T¢ = de® + wy A e’

Then we obtain

do N\ x(eq N ep) = —dT° N x(e, N ey Aee). (2.19)

Algebraic field equations (2.19) can be solved uniquely to obtain

d¢

TC=e A —"t . (2.20)
(n—1)¢
The connection one forms w®;, can be decomposed according to
wy =0 why + K%, (2.21)
where the contorsion 1-forms K% = — K" satisfy
K*yNeb =T (2.22)
Substituting equation (2.20) into (2.22) gives
Ky = ——{e%d6 — ey*dg) (2.23)
b= 77— 1€ b — €Epl . .
(n—1)¢
On the other hand, the curvature 2-forms R are calculated from
dw™ + w® . A w® = R (2.24)

Substitution of (2.21) into (2.24) results in the decomposition of the curvature
2-forms as
R =0 Rt 4O DK + K* N K®, (2.25)

11



where

ODK® = dK® +© Wb A K% 4Oy A K, (2.26)

We calculate R A *(eq A ey Ae,) in terms of (D R™ A x(e, Aey A e.) and simplify
it by using equations (2.23), (2.25) and (2.26) and some identities. After some

algebra, it yields

R Ax(eg NeyNe) = DR Ax(e, Aey Ae,) + ; O D(1.(xde))
2n
RCEril Le(%dg)
E— d A xd 2.27
=T te(dg N *dep). (2.27)

Then we calculate,

RPAx(eqg Ney) = ORPAx(e, Aey) — ————dp A xdo

(n— )¢2
2 (99
o= l)d ( ) . (2.28)

If we substitute (2.28) into the action density (2.15), it reduces to

L= 50O Ax(ea her) — G _2;1) A9 A g + mod(d). (2.29)

Substituting (2.27) and (2.28) into the field equations (2.16) and (2.17), one

obtains
L (0) poab (C B #)
§¢ R A *(ea N €p N ec) = —T{Lcd¢ A *dgb + dgb AN LC(*de)}
—OD(1.(xd9)), (2.30)
and

n

1
n 1) jilxao). (231)

COR A x(ea her) = & 2¢:>d¢A*d¢ (e-

12



We consider the exterior product of (2.16) by e (the trace of the Einstein field
equation) and multiply equation (2.17) by (n—1)¢ and then subtract two resulting

equations side by side. This yields the scalar field equation
(n — 1)cd(xdp) =0 (2.32)
provided that ¢ # 0. We would like to note that, if one defines
w=c— —— (2.33)

equations (2.30) and (2.31) become equivalent to equations (2.13) and (2.7).
Now we consider the conformal rescalings of the metric induced by the follow-

ing co-frame rescaling

e — e7@et, (2.34)

where o(z) is any dimensionless scalar field. Under this rescaling, the connection

1-forms ©w® transform as
002t O yab 1 bdge® — eb1%do. (2.35)

Hence, under the conformal rescaling of the field variables

% s ea(a:) €@ 7

(2.36)
¢ — e~ (n=Do@) g

the torsion-free action (2.1) is conformally scale invariant for the parameter value
w = —~". Under conformal scaling rules stated above, contorsion 1-forms K,
transform as

K% — K% + ept*do — npdoe®. (2.37)

13



Therefore in a geometry with torsion specified by T* = e* A connection

d¢
p(n—1)’
1-forms do not transform, i.e.

why — wy.

Hence R® — R®. Therefore under the conformal rescaling of the fields, action
density (2.15) is conformally scale invariant for ¢ = 0. In the scale invariant limit
(¢ = 0), the field equations (2.16) and (2.17) admit solutions with an arbitrarily
chosen ¢.

We can reformulate the scalar tensor theory in Einstein frame by applying
a conformal transformation in both Riemannian and non-Riemannian cases. By

adopting

8% = (i) o e, (2.38)

where ¢q is a constant, new co-frame fields é* become orthonormal with respect

to the spacetime metric g such that

g = (i) o g (2.39)

In terms of this metric, associated Hodge dual is denoted by %. For an arbitrary

frame independent p-form €2

£ = (qu) Q) (2.40)

is satisfied.

Proof: We can write 2 in {e”} basis as

1
Q= —=Qupe..p” A e®Net A eP.
p!

14



Then

1 1
*() = —()

—— N R e
p' abc p(n+1_p>' Tt

In terms of {€%} basis, we can write

_(ntl1-p)

1 =) 1
£Q = = Qe <¢> e NG NG NG
p! oo (n+1—p)!

Since

1

e NSNS A

¥E*NEENE - NEP) =

we can write

p—(n+1)

1 ¢ n—1 o b B B
*Q0 = —Qubeon | — x(e*Ne"Nef--- NeP).
p| b P<¢O> ( )

This becomes

p—(nt1)

P P A R O
Q= p'QabC...p <¢0> (%) (e Ne” Ne A eP).

Using Q) = I%Qabc...pe“ Neb Aef--- AeP, we obtain

¢ 2p—(_n1+1)
*Q = — *Q).
(&)

In the reformulation of (2.1) in terms of §, the new connection fields @*; can

be decomposed in terms of ©Dw®, as
w® b :(O) w? b+ Q¢ by (241)
where w®,, satisfy structure equations

de* + "y Néb = 0. (2.42)

15



Substituting (2.38) and (2.41) into (2.42) solves 2%, uniquely. Since
de® +© W Ael =0,

we obtain

Q% = ! ¢{€aLbd¢ — eptdo}. (2.43)

(n—1)

We can determine the transformed curvature two-forms R that satisfy
R™ = do™ 4+ &% . A (2.44)
in terms of (W R%. Substitution of (2.41) into (2.44) yields
R® =0 Rab 410 D(Q) 4 Q. A Q. (2.45)

Substituting (2.45) and (2.43) into the action density D-form (2.1) and using

identity (2.40), we obtain the following action density in Einstein frame:

n

1 - W+ —
L= 5qboR“b N *(Eq N ép) — <2"1)¢0

1

pe do N *d¢ + mod(d). (2.46)

We define a new (dimensionless) scalar field

®=1In (i) (2.47)

such that d® = df, to obtain Einstein-Klein Gordon action density

1, - k
L= 500" N3 N &) = Sdod® A 3P + mod(d) (2.48)

where we define

(2.49)



The field equations obtained from this action density are:

_ k B B
bo RYN%(E,NEyNE,) = —§¢0{zcdc1> A %d® + dP A I.(%dD)} (2.50)

2
and

d(3d®) = 0. (2.51)

On the other hand, in the reformulation of the action density (2.15) in Ein-
stein frame (by applying the transformation (2.38)), we can assume a similar

decomposition in connection fields
W' =wry + 1. (2.52)
However, since w®, satisfy structure equation
de® +wy Ne’ =T,
with

d¢

S )

substitution of (2.52) into structure equation (2.42) will give us

r*,=0. (2.53)
Therefore,
and hence
R = R (2.55)



Thus the action density (2.15) can be reformulated in the Einstein frame in terms

of the new scalar field ® as:
1 -
L= S60R™" A (N &) - g%d@ A #d® + mod(d). (2.56)

The field equations are the same as equations (2.50) and (2.51) except that the
coupling constant k& is replaced with ¢. Thus we see that when we reformulate
the scalar tensor gravity in Riemannian geometry into Einstein frame, coupling
parameter w shifts. However, coupling parameter stays fixed when the theory is
reformulated in a geometry with torsion. In both cases, the independent connec-

tion variations of the transformed actions lead to
D(@){x(E*né")} =0 (2.57)
from which we can obtain 7% = 0. Therefore, although the torsion associated
with the metric ¢ may not be zero, the torsion in the geometry of the transformed
metric g is zero. Under local conformal scale transformation such that,
e* — exp(o(z))e’,

¢ — exp(—(n — 1)o(x))¢

new co-frames are not affected, i.e.

Hence the metric g is identified as the scale invariant atomic metric [6].

2.2 Scalar Tensor Theory Of Gravity In Spacetimes With Non-Metricity

In the previous section, we assumed that Vg = 0, i.e. covariant derivative of
metric tensor is zero. In this section, we consider Vg # 0. Non-metricity tensor
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is defined by

S =Vy. (2.58)

A geometry with S = 2Qg (with zero torsion) was first suggested by Weyl [3,
10, 11]. @ is introduced as dimensionless Weyl connection one form field which

transforms as

Q — Q+do, (2.59)

where ¢ is arbitrary dimensionless real scalar field.
In field-particle interactions including gravity, if any field element ® transforms
as,

® — exp(—qo)® (2.60)

then such a transformation is identified as Weyl transformation and ¢ is called
dimensionless Weyl charge or scale charge of the Weyl group representation [3].
If under such transformations, any action describing related interactions remains
invariant or if the action changes by a total divergence, then the action possesses
a Weyl symmetry. In gravitational interactions, scale charges are relative on
representation carried by a class of metric tensors [g], elements of which are

equivalent [3] under the transformation

g — exp(20)g. (2.61)

Before constructing a locally Weyl covariant theory of gravitation in D dimen-
sions, we introduce some concepts related to Weyl geometry. In terms of @, the

exterior Weyl covariant derivative of a p-form field ®¥ with scale (Weyl) charge
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q is defined as [3]

DO — DI + qQ A B, (2.62)

where D is the exterior covariant derivative defined for the tensor field. Under

the transformation

O — exp(—qo) P, (2.63)

the exterior Weyl covariant derivative transforms as,

DY — exp(—qo)DPY. (2.64)

If we introduce the Hodge map * associated with metric g, we can verify the
following rules for any p-form field ®# with Weyl charge q. Under the transfor-

mation,

G = exp(20)g,

*®F = kexp{(2p —n — 1)o} P,

where % is the Hodge map associated with metric §. Therefore, together with

transformation (2.63), it requires that,

*®F — exp(n + 1 —2p —q) * P, (2.65)

Hence,

D(x®h) = D(x®F) + (¢ — (n+ 1 = 2p)) Q A xPF. (2.66)

If one denotes ®2 by {#}® then the following rules generalise the results of [3] to
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(n + 1) dimensions:
“({(30) = (0o} (@),
D ({t}®) = {#*}DY,
({z3@1) A ({2302) = {7223 (@1 A D).
In order to construct a locally Weyl invariant action, we take the dynamic Weyl
connection () proportional to metric trace of the non-metricity tensor S = Vg

[3]. In a geometry (g, M) with Vg = S, we introduce connection one forms Ay,

such that

Aab = Qab + Qaba (267)
where %, is the symmetric part of the connection (called non-metricity one
forms) and 2% is the antisymmetric part of the connection. Since 1y, = g( X, X3),

where X, is the dual frame vector to the co-frame one form e® such that e*(X,) =

op, and

(Dnap)(X) = (Vxg)(Xa, Xy) (2.68)
for all X, we calculate
Dnab = dnab —A° alleb — A° bNac = _Aab - Aba-

Since Agy + Ny = 2Qab7

DT]ab = _2Qab‘ (269)

If we specify a geometry in which the non-metricity tensor is proportional to @),
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with S = Vxg = 2Q ® g, it follows that!

Qab = —QMab- (2.70)

Similarly,

Dn™ = 2Q%. (2.71)

Under the local Weyl transformation such that

Q — Q +do,

Q. transforms as

Qab — Qap — do 1gp. (2.72)
Torsion 2-forms are defined by

de® 4+ A%y N e =T, (2.73)
Therefore, we conclude that

De® =T°.
However
D(es) = D(€Nea) = (DNea) N €€+ (D€) e,

and hence

De, =2Q Ne, +T,.

It can be noted that, under Weyl scaling

e — exp(o)e?,

! In general, in a geometry with Vx g = 2Q(X) g+ Sap(X ¢, X°, X) symmetric part Qp of
the connection A%}, can be split into the metric trace component (diagonal part) Qap and the
trace-free component (non-diagonal part) Qap such that Qun™ =0 [12, 13]. In our case the
trace-free component is zero and Qab = —QMNap-
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torsion 2-forms transform as

T* — exp(o)T*.

The antisymmetric part 2%, of connection A*, can be further decomposed as:

Qab:wab—f—Kab—l—qab. (274)

Here, w®,, are the Levi-Civita (torsion-free) connection one forms which satisfy
the structure equations

de® + wy A e’ = 0.
Contorsion one forms K%, fix the torsion
K* WA €b = Ta,

and
o= u(Q")e’ — e (Qpe)- (2.75)
Curvature two forms R ,(A) of the connections A, are calculated from
Ry =dA"y + A" . NAy,. (2.76)

In terms of Hodge map *, following identity holds:

D (x(eg Nesy NecN---Nep)) = T Ax(egANey Aec N+ Ney, Ney)

+ (n+1DQAx(ea ANepAec A=+ Nep)(2.77)

Before proving this identity, we should show that

D(Eabcdemu) = (n + 1)Qeabcde-~ua (278)
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where €gpege..., 18 totally antisymmetric tensor in D = (n + 1) dimensions defined

by:
—1 if (a,b,¢,d,e,---u) is an odd permutation of (0,1,2,---n)
€abede--u = 0 if any two indices are equal
1 if (a,b,c,d e, --u) is an even permutation of (0,1,2,---n) .
Proof:

l l
D(Eabc---u> = deabc---u - A a€lbc-u " A u€abe---1-

We separate the connection Al , = Q! ,+@Q', into its symmetric and antisymmetric
parts and consider the combinations € ,epe.... and Q' g€ppee. Il =a, A, =0
since it is antisymmetric. If | # a, then [ can be any of indices (b,c---u).
Therefore €., becomes zero. Hence antisymmetric combinations Q' ,€j..., have

no contribution. Thus,

l l
Dfabc---u = _Q a€lbe-u "0 Q u€abe--1-

Since Q' = —Qn' 4,

l l
Q a€lbc-u = _Qn a€lbeu = _QEabc~~-u

and since there are (n + 1) such terms, we obtain

Deégpery = (n 4+ 1) Q€upeu-

To prove identity (2.77), we should also calculate D{egpe.., " }. Since

rseu 71, SS1 uul
€abede---p — 6abcde~-]z)’r’151~-u177 n | )
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we obtain,

rr1,,881

D{eabcdeu-p rs-~-u} == D(Eabcde-~-pr151-~-u1)77 n e

uu
uu

+€ab0d€'“l77“181~~u1D(nr”)77851 e

uul

+€abcde~~-prls1~~-u1nrmD<n881) e

rr1

+---+ €abede---prisy--ur ] 7]581 T D(nwl)

Now we use
D(Eabcde~~-prls1~~-u1) = (TL + 1)Q6abcde-~~pr1slmu1
and

D(nrrl) — 2@7"7’1 — _2Q77TT1-

Since we have ((n 4 1) — p) such D acting on 1 terms, we obtain

D{eabcde~~p U =02p—(n+ 1))Q€abcde~~p e (2.79)

With p = (n 4 1), (2.79) reduces to (2.78). Interestingly substituting p = 0, we
obtain

D(Eabcdemu) — —(TL + 1)Q€abcde~--u‘ (280)
Proof of identity (2.77):

1

D{*(ea NeygyNeN--- N\ ep)} = D{mﬁabc...p

Tt Nes N N eyt
Using equation (2.79) and the antisymmetry of (e, Aes A --- Ae,), we have

Dieape..y " Mer Nes--- Newt = Dl€apep ™ ") Nep Nes- ey

+(n4+1—=Dp)eapep * " Dep Neg- - ey
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Since

De, =T, +2Q Aey,

D{x(e, Ney Nec---e,)} becomes

(2p—(n+1))
D a/\ /\c abe:-- e /\7‘/\ s Cy
{x(ea NepNec---ep)} nr1—p) €abep - TQNeEr Neg €
1 rS--u
+m€abc...p (TT -+ 2@ A\ 67») Neg:--ey.
This can be simplified as:
D{x(ea NeyNec---ep)} = 2p—(n+1)Q Ax(eg Ney Nec---Ney)

+T, N*(eq Ney Nec---e, Ne")

+2Q Nep Nx(eg Ney Neq---e, NeT).

At this stage, we can use the identity

er Nx(eg NeyNee e, Ne') = e N {x(e, Ney Ne.---ep)}

= (n+1—p)x(eaNeyNec --ep).

Therefore, we obtain

D{x(eq NeyNec---Nep)t = T Ax(ea NeyNee---e, Ne')

+ (n+1DQAx(eq Nep ANec---ep).

An action S = [),; £ is locally Weyl invariant for (n + 1)-form action density

L, if £ transforms under Weyl scalings as:

L — L+dQ, (2.81)

where () is n-form.
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Now, we consider following (dimensionless) action density in D = (n + 1)
dimensions:

Lle®, ¢, A*y] = ;qu“ p A x(eq Aeb) — ;:bm A D¢ — ;M‘?dg AxdQ. (2.82)

Here @ is a real dimensionless coupling constant, since it is obvious from the
form of the action that the dimension of the scalar field ¢, [¢] = L= where

L denotes the dimension of length. Therefore Weyl covariant derivative of ¢ is

Dé = do + (n — 1)¢Q. (2.83)

We can note that, action S can have physical dimensions as in [3] by writing it

in the form
g = / Ao L, (2.84)
M

where Ag is a constant with the dimensions of the action. But for simplicity, we
choose the physical constants such that Ag = 1 and [Ag] = [1] (e.g we take ¢ =1
and G = 1). In the action density (2.82), we see that there is a scalar field-Weyl
field strength (d@) coupling in higher dimensions. It arises naturally to provide
scale invariance of the action density in higher dimensions. In 4 dimensions, when
n = 3 this coupling is not observed. The field equations are found by independent
variations of the action with respect to e®, ¢ and A%,. Co-frame e* variations

yield the Einstein field equation:

1 ~ 1 n-s
SORT Ax(ea Al Ner) = _;bTCW)] — 50T [dQ) (2.85)
where
7.[¢] = {tcDp * Dd + D A 1.(¥Dg) } (2.86)
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is n-form stress energy tensor of scalar field and

7[dQ] = {t.dQ N xdQ — dQ N 1.(xdQ)} (2.87)

is the stress energy tensor of Weyl field strength. The variation of action density

(2.82) with respect to the scalar field ¢ yields

;R“b Ax(eqg ANeb) = —2‘;2% A *Dp — & {d <*i¢> _ ; 1)62 A *Dqﬁ}
(n—=3) =2
Tom o T dQ A Q. (2.88)
Using (2.83) and
xD¢ 1 1
d ( 5 > = 5d(>«<1>¢) - Edqﬁ A xDé, (2.89)

we can simplify (2.88) to obtain,

N Qd(*p¢)+u¢*ﬁil>d@\*d@. (2.90)

1 a
§R pAx(egNe?) = 257 5 2= 1)

As before, we take the trace of (2.85) by considering its exterior multiplication
with e and multiply equation (2.90) by (n — 1)¢. If we subtract the resulting

equations, we obtain the equation satisfied by the scalar field
(n—1)@wd(xDg¢) =0, (2.91)

provided that the coupling constant @ # 0. However, since Weyl charge of ¢ is
(n — 1) and Weyl charge of ¥D¢ is (n — 1) — (n + 1 — 2) = 0, we can rewrite the

scalar field equation (2.91) as

(n—1)&D (*D¢) = 0. (2.92)
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The connection variations of the action density (2.82) can be performed under
constraint that Q¢, = —Qn?,. Therefore we can add \°, A (Q%, + Qn®;) term

to action density (2.82), where A\’, are Lagrange multiplier n-forms. Now using
a 1 a a
5@ b= 5{(5/\ b—{—(SAb },
the independent variations of action density (2.82) with respect to A%, yields
—D(¢* (ea AeV)) + (=1)"\, = 0. (2.93)
On the other hand, the independent ()-field variation results in,
Aoy — (n—1)& (*D @) — d(¢i1 % dQ) = 0. (2.94)

Equations (2.93) and (2.94) are combined to yield the equation

;D(Qs k(o M)+ (65 4 dQ)+ (n— 1)@ +Dg} =0.  (2.95)

M a
(n+1)
We should mention that equation (2.95) can also be obtained directly from the

action density (2.82) by noting that § Q) = )77 2 0 A%y, We multiply equation

n+1

(2.95) by my. and equate the antisymmetric and the symmetric parts of resulting

equation to zero. Equation (2.95) multiplied by . takes the form

1 c ba n—3 ~
5eD(6 % (ea ")) + (777;—2 0™ £dQ) + (1 =15 Do} 0. (296)

The first term can be simplified as follows: We consider

D(metp * (ea A €”)) = D A ¢ (€a A €”) + mpeD (¢ # (€q A €”)).

Therefore,

Noe D (¢ * (4 N eb)) = DMt * (€a A eb)) —Dnpe N @ * (eq A eb)
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= D(d*(eqg Ner)) — (—2Qpe) A b % (eg A €?)

= D(p*(eaNe)) —2Q N x(eq Nee).

Hence (2.96) becomes

1 Nac L*i’ «
§{D(¢* (ea Nee)) —2Q0 Ax(eg ANee)} + n+ 1){d(¢n, dQ)

+(n—1)@ *Dgt =0.  (2.97)

Now we equate the antisymmetric and the symmetric parts of equation (2.97) to

zero. Using
D(x(eq Ne)) = *(eq Aee Aey) AT 4 (n 4+ 1)Q A x(eq Ae,), (2.98)
the antisymmetric part yields
dp Nx(eg Neo) + ¢ % (eaNec Ney) AT 4+ (n — 1)oQ A x(eg Ae.) = 0. (2.99)
On the other hand, the symmetric part produces
Aot % dQ) + (n— 1)@ * D¢ = 0. (2.100)

Taking the exterior derivative of both sides of (2.100) will give the scalar field
equation (2.91)

(n—1)@wd(xD¢) =0.

Equation (2.99) can be solved uniquely for torsion 2-forms 7 as

d¢

=N G-

—QANe (2.101)

Then from K% ,Ae’ = T®, we can determine the corresponding contorsion 1-forms

Yy =€ 7d¢ — ept” 7d¢
K% = b((n—1)¢+Q> b <(n—1)¢+Q>' (2.102)
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Therefore, using

Aab — wab 4 Kab 4 qab + Qab

with
ab bna _c anb _c
q =1 Q c€ — 1 Q c€

connection one forms A% become

A% = % (n—ll)gb{eabbdqb —ebdo} — Qn™. (2.103)

Now, we can discuss the conformal rescaling of the action density (2.82). Under

local rescalings

e — exp(o(x))e”,

¢ — exp(—(n — 1)o(x))o,
Q — Q +do(x),

where o(x) is a dimensionless scalar field variable, the connection components
transform as:
wy — w4 eupdo — ept®do,

q“y — ¢y + *doey, — pdoe?,

(2.104)
K%y — K%, + e*pdo — ept*do + 1*doey, — pdoe® = K%y,
Q% — Q% — dony,.
Therefore the connection A%, transform as
A? b — A® b — dO'T]a b- (2105)

Under these rescalings
Ry — R",.
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Hence, action density (2.82) is conformally scale invariant for any dimensionless
coupling constant w. This shows the difference from metric-compatible scalar-
tensor gravity in which the conformal scale invariance is attained for specific
values of the coupling constant. Using (2.76), we can express the curvature 2-
forms R*,(A) of the connection A%, and the action in terms of the curvatures

R%,(w) of Levi-Civita connections w®;. Defining

A% = =T _1 1)¢{6abbd¢ — ebido},

we obtain
R*y(A) = R*p(w) + D(w)(A%,) + A% A A%y — dQn* s, (2.106)

where D(w) denotes the exterior covariant derivative with respect to the connec-

tions w®,. We can evaluate

AT NASY = {e* Ndp tpydp+dpNey t*dd—*x(dpAxdd)ey Ae®}. (2.107)

1
{(n—1)0}?
If we substitute equations (2.106) and (2.107) into the action density (2.82), we

obtain

L = 1 a b ((D—%) ~
= §¢>R b(w)/\*(ea/\e)—qub/\*dgb—(n—l)wdgb/\*Q

_(”_21)2 20Q N *Q — ;gbz—?dQ A *dQ + mod(d). (2.108)

With @ = 0, this action density is the same as the action density (2.29) pro-
vided that we identify @ = c¢. When @ = 0, it is the scale-invariant limit of
the action discussed in metric-compatible torsion-free theory. Interestingly when
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¢ = constant, it reduces to Einstein-Proca system [3]. We can express the field

equations (2.85) and (2.88) in terms of R*,(w). Einstein field equation becomes,

;R“ p(W) Ax(eg NeP Ne,) = —@;gfl){%dqs * do + do A 1.(xdd)}
—(n_zl)@{ccdch * Q + 1cQ * dp + dop N 1(xQ)
+Q Aot - “ 5 6ra
SO TAQ] — D(w)(te(+d)), (2.109)

where
7e[Q) = {1eQ A #Q + Q A 1e(+Q)}. (2.110)

Similarly, equation (2.88) becomes,

CRw) Axleahe) = ©=521) 4y psitgr =W 50 n a0

2¢° 2
(@) (n=3) o
g dxdg) + Sy AN xdQ
—(n— 1) @d(xQ). (2.111)

The action density (2.82) and the field equations (2.85) and (2.88) can also be
expressed in terms of curvature two forms R ,(I") of torsion-free Weyl connection

1-forms I'*;, defined as

“, =A% — K%, (2.112)
Therefore
Iy =w + Qe — 1,Qe* — QN . (2.113)
We can see that,
D()(e*) = de® + (A% — K*y) Ae® = 0. (2.114)
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However,

Using (2.76), we obtain

R%y(A) = R*y(T) + D(T)K®, + K% . A K°,.

deb— (Acb—ch>/\€c
Tb+2QA€b—Tb

2Q A ey (2.115)

(2.116)

Using (2.114) and (2.115), we can write (2.116) explicitly as

R*y(A)

R () —2Q Neyt® <

D) (555 + ) ) n e

ot Q)

)
o
i Q) h ((n "5
)

+a))

(2.117)

In expressing the action density (2.82) in terms of R*,(I"), we need the following

identities:

D(D){*(eq Ae® Aeo)}
D(T){*(ea A €")}

D(T){x(en)}

(n—1)Q Ax(eg Ae® Ae.),
(n—1)Q A *(eq A €?),

(n+1)Q A *(ep). (2.118)
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These identities can be shown easily by noting that,

D(F)nab — 2Qab7

D(M)nay = —2Quap, (2.119)

and
D(T){e™ "} = —(n 4 1)Qe™, (2.120)
D(T){€ape-s} = (7 + 1)Qeape..s (2.121)

hold. The last two identities can be proved in the same way as before by noting
that I'*, = A%, — K%, and therefore, I'*, = w®, + ¢*, — @n*,. Hence, in

calculating the exterior covariant derivative of the antisymmetric tensor e,

the antisymmetric combinations of the connection w? ;e/®¢*

and ¢% ;€!*** have no
contribution. Since the dimension of space-time is (n + 1), from the symmetric

combinations Q® ;¢! we obtain the results of the equations (2.120) and (2.121).

As a final remark, by using (2.119), (2.120) and (2.121), one can easily show that
D(T){e,® %} = (3 — n)Qe, 4 (2.122)

and
D(T){ep ™} = (1 = n)Qey “. (2.123)

One can use (2.122) and (2.123) to prove (2.118). But the proof will not be
illustrated, since a similar one (the proof of (2.77)) is given before.
Now we can express the action density (2.82) in terms of the curvature 2-forms

R ,(I") of the connection I'* . It becomes

&
|

L = ;qﬁRa »(T) A x(eq A e®) — (7
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_;Qﬂ_i’dQ A *dQ + mod(d). (2.124)

This action was considered by Dirac with a potential term (A¢? * 1 with ¢ = a?)
in (3 + 1) dimensions [8]. Similarly, in (n + 1) dimensions, we can also add a
scale invariant potential term V' (¢)*1 = )\qb% x 1 with a dimensionless coupling
constant A. But it is not of our interest in this work.

Similarly, Einstein field equation (2.85) becomes,

1 w— 1 n-s
§¢R“ o(T) A x(eq A e’ A e.) = —<2¢)’7'C[¢] — §¢n—1 7.[dQ)]

—D(M){i(xD o)}, (2.125)

where 7.[¢] and 7.[dQ] are given by (2.86) and (2.87), respectively. Furthermore,

scalar field variational equation (2.90) becomes,

2¢?
(n—3) 2 §
_1_72(” — 1)¢ =1 d@Q) N *d(Q). (2.126)

We can consider the trace of the equation (2.125), and multiply (2.126) by (n —
1)¢. If we subtract the resulting equations, once we obtain the equation (2.92)

satisfied by the scalar field.

2.3 Axi-Dilaton Gravity In D Dimensions

We can add gauge field couplings to the scalar tensor gravity theory. We
consider that a (p + 2)-form gauge field H called the azion , interacts with the
gravitational field. The resulting theory is called axi-dilaton gravity in D dimen-
sions. Such an effective gravitational field theory constitutes the bosonic part of
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higher dimensional supergravity theories. Hence for p = 1, axi-dilaton gravity
action can be considered as the low energy limit of effective string theory in Brans-
Dicke frame. In general, axion potential (p + 1)-form A can minimally couple to
p-branes, which are extended objects in p spatial dimensions, in a background
metric field. In that case, it becomes the low energy limit of effective p-brane
theory. If p = 0 (point particle), H field becomes identical to electromagnetic,
Maxwell 2-form field F'. In this case, action describes Einstein-Maxwell theory
with a massless scalar field in Brans-Dicke frame. Axi-dilaton gravity can be
conveniently studied in Einstein frame as most of the researchers have tradition-
ally done. However, the study of the theory in Brans-Dicke frame provides one
to determine the connection structure geometrically on which the theory can be
formulated. Therefore, either we can impose the connections to be Levi-Civita
(torsion-free) as a constraint, or we can formulate the theory in a geometry with
a connection with torsion by making independent variations of the action with
respect to the connection fields. We can even formulate axi-dilaton theory in a
geometry in which both torsion and non-metricity exists. In what follows, we
examine all possible formulations. We assume that, the axion field also cou-
ples to the scalar field. Hence, we first consider the following action density in
D = (n+1) dimensions in Brans-Dicke frame in a geometry in which connections

are constrained to be Levi-Civita:

1 1
L= 0 OR Nx(ea her) ;ibdgb Axdg = S H A M. (2.127)
Levi-Civita (7% = 0) metric-compatible connection 1-forms ©w?®, satisfy
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structure equations

de® +© W Ae’ =0,
and Ow,, = —©w,,. The corresponding curvature 2-forms are obtained from
(O)Rab _ d(O)wab +(0) wac /\(0) wa.

¢ is the dilaton O-form field. H is a (p + 2)-form field that is derived from a
(p+ 1)-form axion potential A such that H = dA. w and k are real dimensionless

coupling parameters. The co-frame e® variation of (2.127) leads to Einstein field

equation
;¢ OR® A x(eq Aey Aes) = —;ib(bcdd) A *dg + do A Lo(xdo))
SO lH] O Diu(edg)  (2128)
where
7[H] = {teH A *H — (—1)PH A 1,(xH)}. (2.129)

We notice the improvement term Y D(1.(xd@)) in the torsion-free formulation.
The scalar field variation of the action density (2.127) results in

w

(0) Rab A x(eq N ep) = 20

do A *de + ;kgble AxH — :Zd(*dqﬁ). (2.130)

N | —

If we consider the trace of (2.128) and multiply (2.130) by (n — 1)¢ and then

subtract the two equations, we obtain the equation satisfied by the scalar field,

1
(w . 1) d(xd6) = So*all A H, (2.131)

where

a:2p—(n—3)

k. 2.132
1t (2.132)
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On the other hand, independent A field variation gives

d(¢** H) =0 (2.133)

with dH = 0. Under local conformal rescalings of field variables such that

e — exp(o(x))e”,

¢ — exp(—(n — 1)o(z))¢,
the action density (2.127) is conformally scale invariant for the parameter values

_ __n — _ (2p—(n=3))
of w= D) and k = St

The action density (2.127) may be rewritten in terms of the (D — p — 2)-form
field

G=¢"+ H (2.134)
that is dual to axion (p + 2)-form field H. Then, we have in terms of G,

w

1
—— (0) pab
L ng R™ A x(eq N\ €p) 2%

1
do A xdo + §¢"“G A G (2.135)
Einstein field equation obtained from the action density (2.135) is

;Qﬁ(o)Rab/\*(ea/\eb/\ec) = —;;S{Lcd¢/\*d¢+d¢/\ac(*d¢)}

567G =0 Dlio(edg)),  (2.136)

where

7.|G] = {tc.G N G — (—1)("+1_p)G A te(xG)}. (2.137)

The scalar field variation of (2.135) leads to,

(0)

w
R Ax(eg Ney) = —

1, ey w
=542 do N\ xd¢o + 51@@5 G N *xG — Ed(*dgb). (2.138)
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Taking the trace of (2.136) and multiplying equation (2.138) by (n—1)¢ and then

subtracting the two equations will give the scalar field equation:
n 1
<w 4 1) A(+d6) = 56~ aG A <G (2.139)
n —

Hence given any solution {g,¢, H} of the field equations derived from action
density (2.127), we may write down a dual solution {g, ¢, G} to the field equations
derived from action density (2.135).

Interestingly we can formulate the theory in Einstein frame by adopting the

transformation,
1

-3
%o ’

where ¢q is a constant. In terms of Klein-Gordon field & = In (q%), action density

(2.127) becomes

1 - . 1 n -
L = §¢0Rab A *(ea A 6b) - 5 <w + n_1> Qﬁodq) A *dd

—;(gbo)k exp(a®)H A *H + mod(d). (2.140)

Einstein field equation obtained from this action density is

1 = 1
igboRab/\;(éa/\éb/\éC) = —5 (w+ nﬁ:[) ¢07~—c[(1)]

1 ~
—5(60)" exp(a®)7[H], (2.141)
where the stress-energy n-forms 7.[®] and 7.[H] are defined as

T[®] = {icd® A %dD + dD A 7.(%dD)} (2.142)

and
Tl H) = {icH AFH — (=1)PH A To(*H)}, (2.143)
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respectively. Similarly the scalar field equation becomes
1
(w + ”1) Gud(3 dD) = (o) aexp(a®) H A FH. (2.144)
n p—

Interestingly, by applying a conformal transformation on the co-frames in
Einstein frame, we obtain the so-called string frame action. Applying the trans-
formation

¢ = exp(pd)e” (2.145)

action density (2.140) becomes

1 - 1 .
L = exp((1—n)3d) {2¢ORab A #(8q A E) = Sookd® A :kdcp}

where
ag=2p—(n—3))3+«a (2.147)
and
k=Fk+3°n(1—n). (2.148)

with k = w+ - Choosing # = -2 gives the string frame action in D = (n+1)
dimensions. The independent connection @ variation of (2.146) yields
D(®@) (exp((1 — n)BP)%(é, N é)) =0 (2.149)

from which we can obtain the torsion 2-forms 7% as 7% = Bd® A é* [14]. The
co-frame € variation gives

1 (1—-n)B® pab A 2(4 A N L (1-n)B® ~

ng)oe RV N%(ég Népy Né.) = —§¢0k6 7.[®@]

1

_7<¢0>k€a0¢7ﬁc{H]7 (215())

2
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where

To[®] = {icd® A %dD + dD A i (%dP)} (2.151)
and
T [H] ={i.H N*H — (=1)PH N i.(*H)}. (2.152)

The scalar field ® variation yields

1 . 1 .
5= n)Bpoe PP RY N k(64 A &y) = 50— n)Bpoke =P AD A 2dD

—kod (' 4dD)

1 .
—5 (@) age™ H ARH. (2153)
We consider the exterior multiplication of (2.150) by é and then multiply the

equation by (—f3). If we subtract the resulting equation from (2.153) and use

(2.147), we obtain the scalar field equation
gokd (€07 P2dD) = ;(gzso)kae%‘bﬂ A *H. (2.154)
Finally, the gauge field A variation results in
d (e™"%H) = 0. (2.155)

The action density (2.146) and the field equations (2.150) and (2.153) can also be
expressed in terms of the curvature 2-forms (Y R% of the torsion-free connections
©ye . Since a similar calculation is given in the first section, there is no need to
present the result of the calculations.

In non-Riemannian formulation of the axi-dilaton gravity in Brans-Dicke frame,
we consider the following action density in which the co-frame 1-forms e* and the
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b

connection gauge field 1-forms w® are varied independently:

C

1 ab
L= §¢R A x(eq A ep) 2%

1
do N xdp — 5¢’“H A xH. (2.156)
Co-frame variation of this action density yields
1 1
5Rab A*(eq Ney Aee) = —;(b{/,cdgb A *dp + dp A 1(xdp)} — 5(/)‘CTC[H], (2.157)

where 7.[H] is given by the equation (2.129). We see that, in this formulation,
no improvement term exists since the connections are not constrained to be Levi-

Civita. The scalar field variation of (2.156) leads to

C

1 ab
§R A*(eaAeb)—2¢2

dp N *do + ;l@’“lH A*xH — ;d(*dcﬁ). (2.158)

Taking the trace of Einstein field equation (2.157) and multiplying (2.158) by

(n — 1)¢ and then subtracting the two equations, gives the scalar field equation
cd(xd¢) = ;qbkaH A xH. (2.159)

On the other hand, independent connection variations of (2.156) leads to
D(;b x(e*Neb)) =0, (2.160)

from which we can readily obtain the torsion 2-forms as

d¢

Ta:ea/\i(n—l)gb'

As before, the gauge field A variation leads to

d(¢F « H) = 0.
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We have shown in section (1.1) that we can rewrite the field equations and the
action in a spacetime with torsion, in terms of the curvature 2-forms of the Levi-
Civita connections. It results in a shift of the coupling parameter ¢. We should

state that under the conformal scalings of the field variables such that

e” — exp(o)e?,

¢ — exp(—(n — 1)o)¢,
the action density (2.156) is conformally scale invariant for the parameters ¢ = 0

_ _ (@p=(n-3))
and k = eV

Now we formulate the action density (2.156) in Einstein frame. Applying the

conformal transformation
1

SO
%o ’

the action density (2.156) becomes in terms of Klein-Gordon field ®,

1, - 1
L = §¢0R“” A F(Eq N &) — 5CPod® A FdP

_;(%)k exp(a®)H A %H + mod(d). (2.161)

The field equations are the same as (2.141) and (2.144) except that we replace

(w + ﬁ) by ¢, i.e. Einstein field equation becomes
1oy 1 1, i
§¢0R A %(Eq N ey NeE.) = —§C¢0TC[CD] — 5(%) exp(a®)7.[H], (2.162)

where 7.[®] and 7.[H] are given by (2.142) and (2.143), respectively. Similarly

the scalar field equation can be written as

bocd(7dD) = ;(%)kaexp(a@)H AEH. (2.163)
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The gauge field potential A variation yields
d(exp(a®)xH) = 0. (2.164)

We notice that in the Einstein frame formulation of axi-dilaton theory with tor-

sion, the coupling parameter ¢ does not shift.

2.4 Axi-Dilaton Gravity In Weyl Geometry

In this section, we construct axi-dilaton gravity in a geometry in which con-
nections are not metric compatible. So we take our scalar tensor action (2.82) and
add a (p + 2)-form gauge field H interaction to that action to obtain axi-dilaton
theory in Weyl geometry. We require that the constructed action is to be Weyl
symmetric such that under rescalings of the field variables

e® — exp(o(z))er,

¢ — exp(—(n —1)o(z))¢,

the action remains invariant. Therefore, to preserve Weyl symmetry of the total
action, we impose the following constraint between p and the gauge field coupling
parameter k:

(n—1k+2p—(n—3)=0. (2.165)

Now we consider the following action density with k satisfying (2.165):

1 ; 1w 1
L= 2¢R“b(A)/\*(ea/\eb)—;;ng/\*i)gb—2¢n—1dQ/\>|<dQ—2¢kH/\*H, (2.166)

where D¢ is given by (2.83). The co-frame variations of this action give us

Einstein field equation

w

1 »n-s 1
%Tc[cé] = 59" TldQ] - §¢krc[H], (2.167)

1
§¢Rab A x(€eq N e’ A e.) = —
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where the stress energy n-forms 7.[¢], 7.[dQ] and 7.[H] are defined by (2.86),

(2.87) and (2.129), respectively. The scalar field variation of (2.166) leads to,

1. " —-3) _ 2
iR s Ax(eg Neb) = ;&Dcﬁ N *D¢ + 2((7;_1))<b =1 dQ N *d(Q)
+;k¢”“1H A*xH — Zd(* D ). (2.168)

As before, we take the trace of (2.167) and multiply (2.168) by (n — 1)¢. Sub-
tracting the two resulting equations and using (2.165), we obtain the scalar field
equation which reads

(n— 1)od(+ D ¢) = 0. (2.169)

On the other hand, independent connection variations lead to (2.95), i.e.

1 b " =g n—1)w * =
§D(¢*(ea/\e))+(n+1){d(¢" dQ)+ (n—1)@w x D¢} = 0.

Antisymmetric part of this equation determines torsion

d¢

R T

—Q Ne“.
Symmetric part yields
d(¢pn1 % dQ) = —(n— 1)& =D ¢. (2.170)

Exterior differentiation of (2.170) reproduces the scalar field equation (2.169).
Interestingly, we can formulate axi-dilaton gravity in Weyl geometry, in torsion-
free Einstein frame by applying a conformal transformation on the co-frames e®.

With the transformation



new connection fields @w®, can be written in terms of A%, as
W' =N+ Q% (2.171)
where
Q% = 1"Qep — Qe (2.172)
Therefore new curvature two forms become
R, = R*,(A) + D(A)(Q%) + Q% . A Q. (2.173)

Substituting (2.173) into (2.166), one obtains the action density in Einstein frame

in terms of Klein-Gordon field ® = In (%) as

L = ;gbo]?za b A F(Ea N EY) — ;gzﬁofudcb AFdD — (n — 1)pod® A ¥Q
—500(n = D{(n — 15— n}@ A FQ — 1 (60)FHdQ A 5dQ
—;(qﬁo)kH A *H + mod(d). (2.174)
Then Einstein field equation becomes
;qsoéa b AR(ELNENE) = —;(%)ﬁ%[dQ] - ;%Jﬁc[@]
- ;(n 1) po{ind® A FQ + Q AL (7dD)
+ QA FID + dD A7 (¥Q)}
— Looln— D{(n— 1)@~ n}7[Q)
(G0l (2175)

where 7.[®] and 7.[H] are given by (2.142) and (2.143), respectively and 7.[Q)]

and T.[dQ)] are expressed by

7e[Q] = {EQ A *Q + Q N ie(+Q) } (2.176)
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and
T.[dQ] = {i.dQ N *dQ — dQ N T.(%dQ)}. (2.177)

The scalar field variation of the action density (2.174) results in
Dood(%dP) = —(n — 1)wPed(*Q). (2.178)
Q field variations give
(0)=1d(%dQ) = —(n — D)o{(n — )& — n}FQ — (n — 1)ogp¥d®.  (2.179)
Finally the gauge field A variation yields
d(*H) = 0. (2.180)

We notice that when we make a conformal transformation of the field variables in
axi-dilaton theory in a geometry in which connections are not metric-compatible,
from the so-called Brans-Dicke frame to Einstein frame, the scalar field coupling
with axion field is removed. This is not the case in metric-compatible theories.
In fact it is a consequence of Weyl symmetry of the action. We can state that
the geometrical structure on which a theory is constructed, does affect the inter-

actions.

2.5 The Motion Of (Spinless) Massive Test Particles

In this section, we study the motion of (spinless) massive test particles in the
geometries mentioned in the previous sections. Before we continue, we should
give the definition of parallelism of a vector field along a curve C. A vector field
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Y along a curve is said to be parallel along C' if it satisfies
VoY =0, (2.181)

where C is tangent vector to curve C' and V is a linear connection on a manifold
M. A curve is an autoparallel of a connection V if its tangent vector field is
parallel or covariantly constant along C. Therefore autoparallel curves are given
as solutions to equation

Ve C =0. (2.182)

We can rewrite this equation in coordinate form. If an autoparallel C'is parametrised
in terms of parameter 7 in a local chart such that C' : 7 — a#(7), then these

coordinate functions satisfy

d (dz* dz¥ dz
| 2.1
dr ( dr ) i dr dr 0, (2.183)

where connection coefficients I',y # are defined in any convenient basis {X,} ac-
cording to the equation

Vx, X =T X, (2.184)

The parameter 7 is to be interpreted as the proper time. We note that if we
reparametrise C' in terms of another parameter ¢ such that t = Ci7 + Cs then

reparametrised curve C'(¢) is also an autoparallel, i.e

Ve C =0. (2.185)

where in this case C' denotes dC(t)/dt.
Acceleration of a particle moving along an arbitrary curve C' is defined to
be the vector field V5 C on C [9]. Therefore a free particle of mass m moves
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along the trajectory of an autoparallel of natural connection V parametrised by

a proper time 7, i.e. the equation of motion of a free particle is an autoparallel

mVe C = 0. (2.186)

A point particle of inertial mass m moving in a non-autoparallel curve C' parametrised
by the Newtonian time, experiences a force F on C and the equation of motion
is given by

F=mVeC. (2.187)

For example, if C' describes the curve or trajectory of a particle of electric charge
g with a mass m moving in an electromagnetic field described by two form field
F, then the force on the particle is given by F = qte F where one form F denotes
the dual of the force vector F and we choose the units such that the speed of

light ¢ is taken as unity (¢ = 1). In that case, the equation of motion becomes

Ve (mC) = qu F. (2.188)

In the following we deal with the autoparallel equations of motion of free particles
in the geometries discussed in the previous sections. We restrict our spacetime
to (34 1) dimensions. Before examining equations, we give the idea to evaluate
the connection coefficients in respective geometries. Given three arbitrary vector
fields, X, Y and Z, consider the action of X on ¢(Y, Z) where g is (2,0) symmetric
metric tensor field specified on spacetime manifold M. X (g(Y, Z)) can be written
as

X(g(Y,2)) =Vxg(Y,Z2)+9(Vx Y, Z) + g(Y,Vx Z), (2.189)
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where Vx g(Y, Z) is defined as the non-metricity (3,0) tensor S(X,Y, Z), which

is symmetric in its last two arguments. Hence (2.189) becomes

XY, 2)) = S(X,Y,2) + g(Vx Y, Z) + g(Y,Vx Z). (2.190)

We consider cyclic permutations between X, Y, and Z and obtain the following

expressions:

Z(g(X,Y)) =8(Z,X,Y)+9(Vz X, Y) +g(X,VzY) (2.191)
and

Y (g(Z, X)) = S(Y, 2, X) + (Vy Z,X) + g(Z, Vy X). (2.192)

Adding (2.190) and (2.192) and subtracting (2.191) gives

XY, 2))+Y(9(2, X)) - Z(g(X,)Y)) = S(X,Y,2)-5(Z,X,Y)
+ S, Z,X)+9(VxY, Z)
+ g(Y,VxZ)+g9(Vy Z,X)
+ 9(Z4,Vy X) = g(Vz X,Y)
— g(X,VzY). (2.193)
To simplify expression (2.193), we use the definition of (2-antisymmetric,1) torsion

tensor field 7' [9],

T(X,Y)=VxY —Vy X — [X,Y] (2.194)

which satisfies T'(X,Y) = =T(Y, X). T is a type (2,1) tensor field. Torsion two

forms T can be written in terms of the torsion tensor 71" as
1
T(X,Y) = §ea(T(X, Y)). (2.195)
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In terms of torsion two forms 7, torsion tensor 7' can be written as

T=2T"® X,. (2.196)

Now, using (2.194), the equation (2.193) can be rewritten as

29(Z,VxY) = X(g(Y,2)) +Y(9(2, X)) = Z(9(X,Y))
—9(X, [V, Z]) = g(Y, [X, Z]) = (£, [V, X])
—9(X,T(Y,2)) = g(Y,T(X, Z)) = g(Z,T(Y, X))

+S(Z,X,Y) = S(Y,Z,X) - S(X,Y, Z). (2.197)

To calculate the connection coefficients, we choose vectors

X=0, Y=0, Z=0, (2.198)

Then Vx Y becomes

VxY =V, 0y =L, 0a

i-) Autoparallel equation of motion with S =0 and 7T'=0 :

With the choice (2.198) of vectors, since

g(a/u al/) = Guv, (2199)

we can evaluate e.g.

g<Za VX Y) = g(aﬁaruuaaa> = F,uzz agaﬁ

and

X(Q(Y> Z)) - a,u v = Guvg -
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Also, all the commutations vanish i.e [X,Y] = 0, [X,Z] = 0 and [V, Z] = 0.

Therefore, in the absence of torsion and non-metricity, equation (2.197) becomes

20 % 9ap = Gus .0 + 9us v — Guv 8- (2.200)

Multiplying (2.200) by ¢°” and using g.5g°° = .7, we can obtain Levi-Civita

connection coeflicients

(o 1 g
Cow” = 597 {98+ Gus v — G 8} (2.201)

Denoting the Levi-Civita connection coefficients by {7,}, we can write the Levi-

Civita autoparallel equation of motion

Ve C =0 (2.202)
in cooordinate representation
d (dxt dx” dz?
— | — ” — =0. 2.2
dr < dr ) +{ad dr dr 0 (2.203)

This is the so-called geodesics equation of motion for massive spinless test parti-
cles in which the connection coefficients depend only on the spacetime metric.
ii-) Autoparallel equation of motion with S =0 but 7"# 0 :
Now, we evaluate the connection coefficients with torsion. The torsion tensor
can be expressed in terms of the torsion 2-forms 7 through (2.196), such that the
torsion 2-forms T* are given by the gradient of the scalar field, i.e. T% = e* A %.

Then T becomes

T = 22—(6“ Ndp) @ X, = q2(6“ Ndp) @ X,.
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This can be expressed as a tensor product,

1
T = %(e“®d¢—d¢®e“) ® X, (2.204)
Therefore,
1
T = %{ea®d¢®Xa—d¢®e“®Xa}. (2.205)

Since this can be written in any frame (orthonormal or not), we can also write

T— zts{daﬂ@dqs@x, _dp®da X}, (2.206)
Now we can evaluate e.g. T(Y, Z) and g(X,T(Y, Z)),

TY,z) = T(9,,0s)
= 5 ld(0,) © d0(0s) © X, = 40(0,) @ de”(3) 9 X, ).

Using do(d,) = 9,6 and da(9,) = 87 , T(Y, Z) = T(d,, 9s) becomes

T(0,0) = 548000 X, — 0,05} X.)

_ 21¢{Xyaﬁ¢ —0,6X4).

Now, since X,, = 0,

WX T(Y,2) = 21(25{8@’(?9(8#,31/)—au¢9(au>aﬂ)}

1
= %{aﬁ¢guv — 0, PGus }-

We calculate the other components of torsion tensor in a similar way. We substi-

tute all the results into (2.197). After simplifications, we obtain

o 1 o 1 o g
L = 29 Gy 0+ G — G 5} — %{g "Op P9 0,050} (2:207)
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If C' is parametrised in terms of the proper time 7, the autoparallel equation of

motion with connection V

VaoC =0
can be expressed in local coordinates z7(7) as

d?z° dz¥ dz* 1 dx da*
o L {§7P 050 — 670, . 2.208
dr? At dr dr 2¢{g 509u nOn0} dr drt ( )

In the notation of exterior forms, one can realise that ¢:d¢ = 9,¢2" and LC-C' =
g(C’, C) = guw@”z". Denoting the dual one form of the tangent four-velocity C
by C, one can express (2.208) in exterior differential form notation in terms of

Levi-Civita connection V, i.e.

1 ~
250 (01 C). (2.200)

Vel =
We see that, the right hand side of this equation can be interpreted as a torsion
acceleration field which is analogous to Lorentz force equation on charged parti-
cles discussed above. However, it can be seen that torsion force produces same
acceleration on all massive particles; on the contrary, acceleration produced by
Lorentz force depends on the charge of the particles [2], and it produces different

accelerations for different masses. For a timelike autoparallel, four-velocity C is

normalized with

g(C,0) = —1, (2.210)

where we choose the units such that the speed of light is taken as unity (¢ = 1).

Then multiplying equation (2.208) by ¢'/? and noting that d(f;m) = 2(;1/2 loNo¥ia
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and g,,@"i" = —1, one can further simplify the equation (2.208) and obtain

d dx? P dx” dx* 1 o
R L]

Interestingly, (2.211) may be expressed in exterior forms as

Ve (612C) = —d(9"?). (2.212)

iii-) Autoparallel equation of motion with S # 0 but 7'=0 :
In this section, we evaluate the connection coefficients and discuss the au-
toparallel motion with non-metricity but zero torsion. In the geometry specified

by S =Vxg=2Q(X)g, S can be expressed as a tensor product by
S=20®yg (2.213)

where g = g,,dz” @ dz*. Then (3,0) S tensor components with X, Y, Z vectors

given by (2.198), can be evaluated as

S(X7 Y, Z) = 2@(8” ® g<aua aﬁ) = Qnguﬁa

S(Y7 Z> X) - 2@(&/) ® g(aﬁ7 au) = 2ngﬁu>

S(Z’ X, Y) 2@(85) ®g(0u,8V) = QQﬁguu- (2'214)

Then substituting these tensor components into (2.197), we obtain the connection

coefficient expression,

g 1 g, g,
F,LLV - gg ﬂ{g“ﬂ,y + gyﬁ’p, - g/_u/,ﬁ} + g ﬂ{g,UJ/QB - gﬁ#QV - gVﬁQN‘} (2215)

Then, the timelike autoparallel equation of motion

VaoC =0
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becomes after rearrangements,

ddT (i;f) v Ci;icg = 97°Qp +2Q, 3" 3" (2.216)
where we use g, "i* = —1. Equation (2.216) can be expressed in exterior forms
as

Vel =0Q+2(:Q)C. (2.217)

We can interpret the right hand side of this equation as acceleration produced
by the non-metric connection field ) which yields the same acceleration on all
massive test particles [15].

iv-) Autoparallel equation of motion with S # 0 and 7' # 0 :

In this section, we examine the case in which massive test particles move
along the autoparallel of a connection with non-metricity and torsion. Torsion
two forms are given by

do

T =e* N — “ . 2.21
e/\2¢+e AQ (2.218)

Then the torsion tensor defined by T'= 27T* ® X, can be written as

T =T+ Ty, (2.219)
where
1
T, = %{ea®d¢®Xa —dp®e" ® X, } (2.220)
and
Tir=e"QX,— Qe R X,. (2.221)

Now we can evaluate e.g. T(Y, Z) and g(X,T(Y, 7)) with X, Y and Z given by
(2.198). We have calculated T;(Y, Z) in part (ii). Then writing 77 in terms of
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non-inertial basis
T={dr"@Q®X, -Q®dx" ®X,}, (2.222)
we calculate

T (Y, Z) = T(0,,0p)
= {d2"(9,) ® Q(95) ® X, — Q(8,) ® dr"(95) @ X, } (2.223)

= Q,@XV - QVXﬁa

and

9( X, T (Y, Z2)) = Qpg(9y,0,) — Qug(9y, 0p)

= Q,Bg,ul/ - szg,uﬂ- (2224)

We can evaluate other components similarly. Components of the non-metricity
tensor given by S = 2@ ® g have been calculated in part (iii). Therefore, we

substitute all the results into equation (2.197) and simplify to obtain

o 1 o 1 o a g
Ly ” = 29 B{Q#ﬁ,v + v — G 8} — %{g ’ 059 g — 03 00} = 07Q. (2.225)

Then the autoparallel equation

Ve C=0
becomes
d (dz° dz¥ dx# dzt dx° 1 dz¥ dx*
i Bl o - o {08 o
dr < ir ) H i b vA U L W mr
dz¥ dx®
—0,0—— ) 2.22
¢ dr dr } ( 6)
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Noting that (»Q = Q,2", equation (2.226) can be written in exterior forms as

Vel = 1200 — —1:(dd A C). (2.227)

¢>

As before, the right hand side of this expression can be interpreted as the ac-
celeration produced by both torsion and non-metric connection field. We note
that these yield same acceleration on all massive test particles. As in part (ii),
we can multiply equation (2.226) by ¢'/2. The resulting timelike (g, 7" = —1)

autoparallel equation of motion is

d [ ,1)dz? 1/2 o o da” dat 12, dxt dx? 1 5
=)+ Q - 7 . (2.22
dr <¢ dr ) ¢ { i dr dr =¢ “dr dr 29251/29 Do ( §)

This in turn can be expressed in exterior forms as
Ve (812 C) = 61%0:Q C — d(9V2). (2.229)

We see that, the autoparallel equations depend on the connection structure of
spacetime geometry. Writing the autoparallel equations in terms of torsion-free
connections results in equations of motion with forcing terms. In some cases,
we can study actions in which non-metric compatible connection field Q% is
constrained to depend on scalar matter and torsion field is constrained to depend
on contraction of some antisymmetric tensor field as in [16] and [17]. In this
sense, it is possible to obtain the action of some fundamental interactions from
pure gravity action with such constraints. Therefore, Einstein-Hilbert action
density

L= R"(A) A x(eq Aeb) (2.230)
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in D = (n+ 1) dimensions with non-metric compatible connections with torsion,

subject to constraints Q% = %®n%, and T = exp(

5 ®)*H where ® is a scalar

2
matter field and H is a 3-form string field, produces low energy bosonic string
action in (n + 1) dimensions

(n—1)

% 10 Axdo— 2EPOP)

L= R"y(w)A*(e Neb)— HAxH+mod(d), (2.231)
where R*,(w) describes the curvature two forms associated with Levi Civita con-
nections. This shows that, the gravitational interactions with matter couplings
can be simply reformulated in terms of connections with non-metricity and non-
zero torsion. Therefore matter can be geometrised. This provides the frame-
work for the geometrical unification of interactions. It may be even possible to
geometrise the supergravity interactions with fermionic fields by adjusting the

constraints accordingly.

Now we consider the autoparallel motion of a massive test particle based on a
geometry represented by a torsion-free connection V@0 with metric field § where
g = ¢g. g can be conventionally identified as the Brans-Dicke frame metric and
g can be identified as the Einstein frame metric. Then we can show that the
autoparallel motion based on V@) with torsion T given by T = 27" ® X, and
T = e“/\g—i, is identical to the autoparallel motion based on the connection V@9,
First, we develop a relation between the connection coefficients in two frames. The
connection coefficient related with connection V@) with 7% = e® A %7 has been

obtained in part (ii). The connection coefficient related with connection V-0
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can be written as

m o 1 ~ofB [~ ~ ~
F;w - 59 ﬁ{guﬁ,u + guﬁ,u - g;u/ﬂ}' (2'232)

We can express the right hand side of equation (2.232) in terms of the metric g.

Using § = ¢g and noting that g = ¢~ 1¢g", we can write

S 1,
F/W = §¢ lg ﬁ{(bguﬁ,zx + au¢guﬁ + (bg,,g S
+au¢gl/ﬂ - 8ﬁ¢guu - ¢9;w ,ﬁ}- (2.233)
We can simplify (2.233) and express it in terms of the connection coefficients

'), 7 given in part (ii) (equation (2.207)) to obtain

) 1
Cyu” =T ” + 550700, (2.234)

Therefore, we conclude that

@0 _ ‘21(@*; RV (2.235)

Denoting the tangent four-velocity by V; in g frame, timelike autoparallel of the

connection V@T) can be written as

v, =0, (2.236)
where V, is normalised according to

9V, Vy) = —1. (2.237)

Now we consider the autoparallel equation of V@  Denoting tangent four-
velocity by Vj in g frame, one can write related time-like autoparallel as
Vv =0 (2.238)
Vg g . .
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where Vj; is normalised with ¢ = 1 according to
9(Vg, Va) = —1. (2.239)

In order that equations (2.236) and (2.238) be identical, parametrisations for
two autoparallels should be different [1]. Thus, we assume that the autoparallel
curve C of V@7) is parametrised such that C : 7 — 2(7) in any coordinates x°
and in the same coordinates we assume that the autoparallel curve C' of V@0 ig
parametrised such that C': 7 +— 27(7). Equation (2.237) implies that

dat dat _
ngT dr ’

Using g = ¢g, and assuming that the two parametrisations are functions of each

other, we can write

i a7 \dr

da” dat [ d7
e Wil ( T) -1 (2.240)
Using (2.239), we obtain
7\’
=) =9 (2.241)
This implies that 9= = ¢'/2. Noting that

i _didit e
dr  dr d7¥ dr’

and

d dz? dr d [ dx° 1 d7 dx” dz°
s (¢1/2> _ ¢1/277 < ) + §¢71/28V¢7

dr dr dr d7 \ d7 dr d7 d7
d [dx° 1 dx¥ dx°
- F ( yE ) O+ 300

and using (2.234) and (2.241), the autoparallel equation of the connection V")

d (| detdet
dr \ dr Wodr dr
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transforms into,

d (dx") dz¥ dz° - dz¥ dx“ 1

¢?% d7 ”¢d A7 L ¢d% d7 ¢“¢d~

which implies that

d [dx° ~ dx? dx#
@ poodr 9.949
= ( 7 ) e s (2:242)

Therefore, we have shown that autoparallel equation of the connection V@) is
equivalent to autoparallel (geodesics) of the connection V@9 Tt can be seen
that, autoparallels of V97) are parametrised with the proper time (7) according
to g while autoparallels (geodesics) of V@?) are parametrised with proper time

(7) according to g.
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CHAPTER 3

STATIC AND STATIONARY KERR TYPE SOLUTIONS OF

SCALAR TENSOR THEORIES

In this chapter, we present metric-compatible (Q% = 0) solutions of scalar tensor
and axi-dilaton gravity theories discussed in Chapter 2. In the first section, we
discuss static, spherically symmetric solutions which have a Killing symmetry in
the time coordinate t, while in the second part, we present axially symmetric,
stationary Kerr (rotating) type solutions. We discuss the singularities in both
cases. We consider the following action in D = (n + 1) dimensions in which the
gravitational field interacts with the scalar field and (n — 1)-form antisymmetric
gauge field H (we substitute p = n—3 in Chapter 2) and the related field equations
derived from that action,

w

1
_ = (0) pab
L 2(;5 R™ A x(eq N ep) %

do A xdp — ;gka A xH, (3.1)

where the connections are constrained to be Levi-Civita (torsion-free). Then the

field equations obtained from the action density (3.1) takes the following form:

;p O R A x(eg Aey Ae,) = —2ifc[¢] - ;(kaC[H] —O D(1(xdp)),  (3.2)
kd(sd¢) = ;OngkH AxH, (3.3)
d(¢" « H) =0, (3.4)
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where k = = +twand a= Z—j’ + k, and the stress-energy n-forms are given by

T[@] = {ted N xdp + d A 1o(xdd) } (3.5)
and
TelH] = {teH AN *H — (—=1)" 2 H A 1.(xH)} (3.6)
respectively. Also, since H = dA, it satisfies dH = 0. We note that one can easily
find dual solutions from this action by just substituting

G=¢"+H. (3.7)

Since G is a 2-form, action density (3.1) with dual field G represents Einstein-
Maxwell theory coupled with massless scalar field in higher dimensions. Then,
according to the given ansatz, if one solution represents solutions of magnetic-type

then its dual formulation represents solutions of electric-type.

3.1 Static, Spherically Symmetric Solutions

In this section, we present the most general static, spherically symmetric so-
lutions to field equations (3.2), (3.3) and (3.4). The ansatz for the solution, is
given by

g=—f*(r)dt @ dt + h*(r)dr @ dr + R*(r)d,_, (3.8)

for the metric tensor (D =n + 1),

for the dilaton 0-form and

H=gr)et N ne? - nem ™t (3.10)
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for the antisymmetric gauge (axion) field (n — 1)-form. We see that the solutions
are magnetic type. Before giving the general solution, we examine the special
cases:

i-) For the charge @ = 0 and ¢ = constant, we obtain the Tangherlini solution
[18], which is the generalisation of the Schwarzschild solution in (34 1) dimensions

to D = (n + 1) dimensions,

IMN 2M
g=-— (1 - rn_2> dt? + (1 - TH)

From the Einstein field equation, we can calculate the curvature scalar as

1
dr® 4+ r2dQ, ;. (3.11)

R =0. (3.12)

Calculation of other curvature invariants such as *(Rg, A *R%) and *(P, A *P?),
where P = 1, R are Ricci 1-forms, shows that the singularity at r = 0 is
essential, e.g.

C
#(Rap N *R™) ~ —

r2n
( C is proportional to M ) which shows that there exists a curvature singularity
at r = 0. The event horizon at r"~2 = 2M is regular. Therefore, the solutions
describe a black hole with an essential singularity at » = 0. The mass M, of the

black hole is defined to be
M, = lim (1 — f*)r"™ = 2. (3.13)

ii-) For k = 0 and ¢ = constant, we obtain the D = (n + 1)-dimensional
generalisation of the Reissner-Nordstrom metric. In this case the solution is
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given by

R(r) =, (3.14)
Q? oM ) ?
flr)y= {1 + (=) = 2)% D r”—Q} , (3.15)
1
h(r) = )’ (3.16)
with the source
H= T?_lel/\e2/\e?’~~/\e"1. (3.17)

From the Einstein field equation, we obtain the curvature scalar as

-3
R:-(" >>|<{H/\*H} (3.18)
n—1
which vanishes in (34 1)-dimensions. In terms of the function g(r) (g(r) = =25,
this can be written as
n—3 Q?
R=— (=) i (3.19)

We can deduce that the event horizons at "2 = {M F \/ M? — %} are
regular provided that M? > % Therefore, solutions describe magnetically

charged black holes. Calculation of x( Ry, A *R“b) yields

Ey
r2(n—1)

*(Rab A *Rab) ~ {

By s
+Tn}’

(The constants E; and Fy depend on M, () and the dimension of spacetime)
which again shows that the singularity at » = 0 is a curvature singularity. We
can easily obtain the electrical dual of this solution by replacing F' = *H. In
higher dimensions, it was also given by Tangherlini.
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iii-) For ) = 0, we obtain the solutions that generalise the Janis-Newman-
Winicour solutions in (3 + 1) dimensions, to the soltions of Einstein-massless

scalar field in D = (n + 1) dimensions [19]. In this case, the solution is given as
R(r) = rh(r), (3.20)

B
Tn—2 _ T(T)L—Q 7§7W)0(n71)
, (3.21)

n—2 n—2
r + rq

2(n—2) ﬁ n—2 _ ,n—2 m(ﬁ—%)
h(r) = {1 — (TO) } {W} (3.22)

r 2 42

=1

and the scalar field

_Bo
o(r) = do {TH_T“Z} (n_), (3.23)

n—2 n—2
r + 7

where 7y is an integration constant; and fy and 3 satisfy

Rk

o) (3.24)

(n—2)(6* —4) = -
with k = w + —-. From Einstein equation, we obtain the curvature scalar R
w
R = s x {dop N xdo} (3.25)

which can be calculated in terms of the solution given above as

Bo
2(n—3) n—2 _ ,n—2 727(ni2)(/87(n71))
_ r r r
R = —wiiBir" { : }

(rn=2 4 =24 | =2 4 2

2
2(n—2)) T (n—2)
y {1 _ <7"0) } , (3.26)
r

which shows that R is singular at 9. The other curvature invariant (R, A *R“b)

behaves as

“ C ,,aO 2(77,72) n—2
*(RabA*Rb)NW{l_(r> ,



which shows that 7 = 0 and 7 are curvature (essential) singularities. ry singu-
larity is also called a naked singularity. Therefore the solution presented above
cannot be classified as a black hole solution. The solution is asymptotically flat,
ie. asr — oo, R(r) —r, f(r) — 1, h(r) — 1. At spatial infinity, the scalar field
approaches a constant, i.e. ¢ — ¢y.

In the literature, there exist static, spherically symmetric solutions of both
magnetic and electric type in D = (34 1) and D = (n + 1) dimensions [20, 21,
22, 23, 24, 25, 26]. We now present the complete solution when ¢ # constant

and H # 0. Our solution is given as [27]:

sy = (1= (%)) (- (2)) (327

for the metric tensor field, and
b(r) = (1-— <(i1>n2> , (3.28)
for the scalar field and the axion field is:
H=g(r)e' N\e? AP ne

where

9(r) = 5. (3.29)

The exponents are:

1 2 1 1
ap = — - = ay = ——
T2 —1a) 2 2T Ty



with
12
= (n = La (3.30)
dk(n —2) 4+ (n — 1)a?
where
- n
k=w+ ,
(n—1)
and (C7)""2 and (Cq)" 2 satisfy
4~ n—2 -9 2
@2 = MGG (= 2] (3.31)

a2
Now we can examine the singularity of the solutions. The curvature scalar R is

calculated from the trace of Einstein field equation. It is given by

. n—3  na b1 . 1 .
R = {<n—1 l%(n—l)>¢ HN+H ¢2wd¢/\ do}. (3.32)

In terms of the solutions, R can be evaluated as

2(k—1)y

. . | -y (25 o))
R (- ) ¢ (- () )
iy <?(ol)n—2(n _ 2))2 (1 _ <€1)n—2> o (1 - <€2>n_2>}. (3.33)

Assume that (C5)"™2 > (C1)"2. Then at r"2? = (Cy)"" % R is finite. Hence

r = (s surface is a regular event horizon. The calculation of the other curvature

invariant *( Ry A *R) yields

C n—2y —4—4a1
#(Rap A *R™) ~ C {1 — (1> } p4n=D) (3.34)

r
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which shows that » = 0 is an essential singularity. So the solutions describe a

black hole with an event horizon located at C';. We can define the mass of the

black hole as

M = Jim "1 - ) = (G- 2)C) T (G (339)
where ¥y =1 — (nﬂ)a. The scalar charge is defined as
Y= lim ﬂlr"* =2(n — 2)(01)"*22. (3.36)
The magnetic charge can be found from
Q= lim gr" ' = Q. (3.37)

r—00

Therefore, by eliminating the integration constants (C;)"~2 and (Cy)"? above,

we can obtain the following relationship between these 3 physical parameters:

2(n — 2)

@ =" "2k 0y - 5) 20}, (3.39)

!
2(n —2)y
From this relation, we can determine the BPS bound. Since ¥ is a real parameter,

we have the following inequality satisfied by the mass and the charge of the black

hole:

. |
2k1/2(n —2)(n — 1

)wué(n—z) +da — (n—1)a?|Q) (3.39)
provided
a?(n—1) — da < 4k(n — 2). (3.40)

It is interesting to note that, the curvature scalar R and the curvature invariant
#(Ra, A *R®) also become finite (regular horizon) at r = O if the following
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inequality is satisfied:

2( 2 1>—1>0 (3.41)
7 an—1) n-2 - '

Together with the inequality (3.40), it requires that « should satisfy
(3.42)

Otherwise, r = ('} surface becomes singular and it shows a naked singularity.
Finally, the solutions (3.27), (3.28) and (3.29) are also the solutions of the
field equations obtained from the following action density in which independent

variation of the connections w® produces torsion 7% = e® A %:

_k

1 ab
L= §¢R A *(eq A ey) 2%

do N xdp — ;qka A xH. (3.43)

3.2 Stationary, Axially Symmetric, Kerr Type Solutions

The most general, axially symmetric, stationary solutions to vacuum Einstein
equations in (3 4+ 1) dimensions were given by Kerr in 1963 in Kerr-Schild form
[28].  Solutions found by Kerr are called Kerr black holes, or rotating (spin-
ning) black holes characterised by two parameters: the mass of the black hole M
and its angular momentum per unit mass [. Later, the solutions were put into
Boyer-Lindquist form. These solutions are the uncharged solutions. If the elec-
tromagnetic field couples to gravity, then the solutions become charged. In that
case, Kerr metric modifies to Kerr-Newman metric. Rotating vacuum uncharged
solutions are generalised to D = (n+ 1) dimensions by Myers and Perry [29]. On
the other hand, the rotating type, stationary solutions to Einstein field equations
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coupled with a scalar field are given by McIntosh in (3 4+ 1) dimensions [31]. But
these solutions do not describe a black hole. In the literature, there exist rotating
solutions of Einstein-Maxwell theory coupled with a scalar field. These solutions
are generated from static solutions by using Kaluza-Klein method and by boost-
ing the static solutions [33, 34]. In the work of Horne and Horowitz [33], rotating
black string solutions of Einstein theory coupled with a scalar field and a 3-form
string field H, are given. There are also rotating black hole solutions of heterotic
string theory in which gravity couples to a Maxwell field F', a dilaton field ®, a
string 3-form field H and a matrix valued scalar field M. In the following, we
present all possible stationary solutions to field equations (3.2). We take p = 0,
such that H field becomes Maxwell 2-form field.

i-) Vacuum stationary (rotating) solutions, when ¢ = constant and H = F' =

In D = (n 4+ 1) dimensions, rotating solutions are characterized by [5] + 1
parameters: The mass and [5] spin angular momentum parameters where []
denotes the integer part of z. In the following we present the solution with one
spin parameter. If ¢ is the angle on the plane in which the black hole is spinning,
vacuum (uncharged) solution is given by the metric [29]

2

_ 2 2 2y 2 2 2 112 P 2
g = —dt®+ (r* +1%)sin” 0dy” + p°dh* + (7“2—|—l2—2M7*4—")dr
2M ) 2 2 2
o (e = Lsin® 0dg)? + 72 cos? 0, (3.44)

where M is the mass of black hole and [ is its intrinsic spin angular momentum
per unit mass. df2,_s is the line element of the unit (n — 3)-sphere. p? is defined
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as

p* =1+ 1*cos 0. (3.45)

We can express the metric (3.44) in terms of orthonormal co-frame 1-forms defined
as,

e0 = M) (1 — [sin® 0dp),

61

= orE o AT
e? = pdb,
ed = %{(Tz —1?)dp — ldt},
et3 = rcosfo?, i=1,2,3--,(n—3)

where o' are the 1-forms containing intrinsic coordinates of (n — 3) sphere. In

terms of the intrinsic coordinates (61, 0,03, - --0,_3), {o'}’s can be expressed as
0'1 = d91,
09 = sin Q1d027
o3 = sin 0y sin 0,dfs,

0" 3 =sin 6, sinfysinbs - - -sinb,,_4db,,_s.

In that case, the metric g can be written as
n—3
g=—-"@+e' e+’ +e @’ + ) ricos’fo’ ® o’ (3.46)
i=1
We can see that the metric solution (3.44) is axially symmetric, stationary and
it is asymptotically flat. Also, it is Ricci flat i.e. all Ricci one forms defined by
P?® = 1, R" are zero. When [ = 0, it reduces to Tangherlini solution in (n + 1)
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dimensions. We can see that metric is not defined on the region where
24+ 12 —2Mrt =0 (3.47)

and

P’ =0. (3.48)

From the Einstein field equation, the curvature scalar
R =0.

On the other hand, the calculation of other curvature invariant *{Rg, A *R%®}
yields
C

#{Rg N xR} ~ el (3.49)

Therefore, there is an event horizon at rgy where ry satisfies (3.47), and (3.49)
states that there is a curvature (essential) singularity at the points where p = 0.
This means that the region where both 7 = 0 and cos = 0 (§ = 7) are satisfied,
forms a singularity. In the literature it is called a ring singularity. Therefore
the event horizon at ry encloses this ring singularity. When n = 3, the solution
(3.44) reduces to the well-known uncharged Kerr solution in the Boyer-Lindquist
coordinates:

g = —dt* + p*do* + 2p]\gr(dt — Isin® Ody)? + 1? sin* 0dp* + p;er, (3.50)

where do? = df? + sin? 0dp? and

A=r*41>—2Mr. (3.51)
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In that case, the event horizon forms at 72 4[> — 2Mr = 0. This requires that
there exist two regular horizon surfaces at r = M F VM2 =2 (inner and outer
horizon surfaces), provided that M? > [?. As a definition stated in the literature
[30], when M? < [?, Kerr spacetime is called rapidly rotating. When M? = [?, the
solution is called extreme Kerr spacetime. If [? < M?, it is called slowly rotating.
As a remark, when [ = 0 the metric (3.50) reduces to Schwarzschild metric.

ii-) Rotating charged solutions when ¢ = constant and F # 0 :

In that case, there exist axially symmetric, stationary charged solutions in

(34 1) dimensions. These are called Kerr-Newman solutions. They are given by

the metric
A — 2sin?0 2Asin®f(r? +12 — A
P p
2 1 2)2 _ 2A in2 ’
+{(r . 2l = e}singeds@2+p2d92+p~dr2, (3.52)
P A
where

A=r4+Q*+1>—2Mr (3.53)

with @ being the charge. Maxwell field potential one form A (F' = dA) is

.2
:@dt_lsm QQrd

4 p? p?

(3.54)

From the trace of Einstein field equation in (3 4+ 1) dimensions, we obtain the

curvature scalar

R =0.

Also, the other curvature invariant (R, A *R) is again of the form



Therefore, the solution (3.53) describes a charged rotating (Kerr) black hole with
event horizons at r = M F /M? — Q2 — [2 enclosing a ring singularity, provided

that

M? > Q* + 2. (3.55)

iii-) Kerr Brans-Dicke solutions (F' = 0 and ¢ # constant):

The rotating type, axially symmetric, stationary type of solutions of Einstein
field equations coupled with Brans-Dicke scalar field are given in (3+1) dimensions
by Mcintosh. They are called Kerr Brans-Dicke solutions. We can write the

solution in Brans-Dicke frame in Boyer-Lindquist coordinates (t,6, ¢, ) as:

_1l4a
—(M+vM2-12)\ * 2A Psin? 6 2M1
g = ot (L2 ) ey P g 2 e
r— (M —~M?—12) P p P
A 2hA dr?
? do* + —— :
T ((T—M)Q—(MQ—ZQ)COSQQ> (d0” + A b (3:56)
where A is defined by the equation (3.51) and

P = p*A+2Mr(r?* + 1?). (3.57)

k is given by k = w+ % in terms of the Brans-Dicke parameter w. The scalar field

is

e »

¢:¢0<r—(M— ME—2)

where the constant A determines the strength of the scalar field. A calculation

of the curvature scalar from Einstein field equation yields

R = —;"2 x (do A +dop). (3.59)

7



In terms of the given functions, it can be written as

2 A A —2kA?
R = A W%E ((r — M)z — (M2 — l2)c0829>
(- 1) )
=M —AP D)) (r — (M - m>> o

which shows that the surfaces at r = M F+/M? — [? are singular. The calculation

of other curvature invariant

*(Rab A *Rab) ~

1 (r—(M+ M2—l2)>A (3.61)

p12A4kA2 r— (M — /M2 — 12)

implies that the ring singularity is an essential singularity and the surfaces at r =
M F /M2 — 2 are naked singularities. Therefore, we can state that the solution
(3.56) does not describe a black hole. However, the solution is asymptotically
flat.

Finally, there exist rotating solutions of the low energy limit of heterotic string
theories given by Horowitz and Sen [32]. There are also solutions to the field
equations obtained from the action in (3+1) dimensions in which gravity couples
to scalar matter and Maxwell fields. Namely rotating solutions of the action
density

L=R"Nx(eq Aey) —2dD A dd — exp(—2BP)F A xF (3.62)

is obtained in (3+41) dimensions for the value of the coupling parameter 3 = /3 by
the Kaluza-Klein method and by boosting the static solution. The corresponding

field equations are

RPNx(eg ANeyNey) = —2(1d® A *d® + dP A 1.(xd®))
—e (L, F N*F — F A 1(xF)), (3.63)
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d(xd®) = —2Be P F A xF

and

d(e™?® x F) = 0.

The solution is given by [33, 34]

1-Z 2sin% 017 p?
= dt? — dtdy + B=dr?
g B BvV1 — 02 ot A

A
+ {B(T2 4 1%) + I* sin® QB} sin? 0dy? + p>Bdb?,

where

with

A=r*+1*—2Mr, p? =r1%+ 1% cos? 0.

v is the velocity of boost. Maxwell field potential is

_Qr ) v A
and the scalar field is
o = —\f In B.

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

In this solution, the physical mass M, the charge () and the angular momentum

J are given in terms of the boost velocity v and the parameters M and [ of

rotating solution, as

J - Ml
Vi
Mo
@ = 1 — 0?2’

(3.70)



When v is zero, the solution reduces to the original Kerr solution in (3 + 1)
dimensions. We can evaluate the curvature scalar from the trace of the Einstein
field equation as

R = —2 % (dP A *dD). (3.71)

In terms of the given solution, it is calculated as

~ 3MPVAAR(Pcos® 0 —1?)?

. 3.72
2 (1= ) + 022)" B 372
The calculation of the other curvature invariant *(Rq A *R%) yields
ab 1
k(Rap N %R ~ Bo (3.73)

which implies that the ring singularity is an essential singularity with regular
inner and outer event horizons at r = M — M? —[? and r = M + v M? — 2,

respectively [33].
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CHAPTER 4

AUTOPARALLEL ORBITS IN KERR BRANS-DICKE

SPACETIMES

In this chapter, as an application to section about the autoparallel motion of
massive test particles in a space-time geometry with torsion, we study the orbital
motion of a massive test particle in Kerr Brans-Dicke geometry with torsion. We
compare autoparallel orbits based on a geometry with torsion with those based
on the assumption that worldlines are geodesic (torsion-free). In [2], the geodesic
orbits based on torsion-free connection and autoparallel orbits based on a con-
nection with torsion are compared by considering a spherically symmetric and
static source of scalar tensor gravity. In this work, we consider a rotating (spin-
ning) gravitational source and take the Kerr Brans-Dicke metric as a background.
The solution describes a stationary and axially symmetric metric and depends on
the parameters that may be identified with the scalar charge, the mass and the

angular momentum of a localised source [35].

4.1 The Motion Of Massive Test Particles

The Kerr Brans-Dicke solution in a spacetime geometry with torsion is ob-
tained from the independent variations of the following action density with respect
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to the co-frame fields e, the scalar field ¢ and the connection fields w®,. So, the

variation of the action density

3
L= ;qﬁR“b/\*(ea/\eb) - (w—i— 2)dqb/\>x<dgz5 (4.1)

2¢

yields the field equations
1
SORY A x(ea Ney Aer) = —2;{Lcd¢ s dp + do A 1o(xdd)}, (4.2)

cd(xd¢) = 0, (4.3)

with the torsion 2-forms T = e* A %’ where ¢ = w—i—% in terms of the Brans-Dicke

parameter w. The solution to these field equations [31] in Brans-Dicke frame can

be written in Boyer-Lindquist coordinates (¢, 7,6, ¢) as

_ 7)) 2 2
g = ol r— (M +vM?—1?) {—%dtz—l—Psm e(dcp—Zerdt)z
r— (M — /M2 -2 P p)

(r— M)? — (M2 — 12) )2““2 a4

= ((T—M)2—(M2—l2)00820 d92+X)}’ (44)

with the scalar field solution

T_(M+m)>2, (4.5)

¢:¢0<r—(M— ME— )

where M denotes the source mass and [ denotes its angular momentum per unit
mass. It is assumed that M > [. The constant A determines the strength of the

scalar field. We define

Y = 7?4+ 1%cos?d,
A = r*+ 1 —2Mr,
P = AX 4+ 2Mr(r* +1?). (4.6)
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We first examine the orbits C' in this background, for massive spinless particles
based on the assumption that the worldline is Levi-Civita autoparallel (geodesic).
The equations of motion are

Ve C =0
in terms of the torsion-free Levi-Civita connection V and 4-velocity C' is nor-

malised according to

g(C,0) = —1. (4.7)

Throughout, we adopt units such that the speed of light ¢ = 1 and the gravita-
tional coupling constant G = 1. If C': 7 +— z#(7) in terms of the proper time 7,

these yield equations

dr

d (dz* dx¥ dx?
— S QR 4.
dr ( ) Y dr dr 0 (4.8)

The metric above has two independent Killing vectors d; and d,. These generate
two constants of motion: the particle energy E and the orbital angular momentum

L. Since the orbits are planar, we take ¢ = 7 and set [35]

L= m(Sbgcpcp + igcpt)a (49)

E = m(4gp + igtt)a (4.10)

where m is the mass of the particle. One can express 7 in (4.7) in terms of ¢ and
¢ and the metric components on the orbit (¢ = 7). On the orbital plane (6 = 7),

equation (4.7) becomes

izgtt + SngngD + ngigcpt + grr"LQ =-1 (411)
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Therefore,

) 1 . ) )
7% = ——{1 4 2g1,¢t + gpoP® + gut’}. (4.12)

rr

Dividing (4.12) by ¢?, we obtain

1 g _ ,
7T gt 2ot Jop?” + gut’}. (4.13)

We can eliminate ¢ and f from the equations (4.9) and (4.10) and substitute into

(4.13). Since

(;Z)Q = Lz (4.14)

the orbit equation may be written as

(C“")QZ TR0 A 1 gL - g B - gul?) (415)
dy 9rr (gt B — guL)? ’ 7

where £ = E@0'Z anq [ = H¢+)1/2 We define,

A(r) = 4Mlpl_m, (4.16)
By =21, (4.17)
C(r) = f;, (4.18)

_(r— (M VAP P)\ ¢
¢1(r> - (T‘ . (M B m)> ’ (419)
Pi(r) = 2MPr + (r* + I*)r?, (4.20)

P2 (2 12— oMy \ 2N
G(r) =%« (r? Ve 2M7~> (4.21)

We introduce the variable u = % In terms of the functions defined above and the

variable u, the orbit equation (4.15) becomes,

) —uA(1/u) A ) — E2A(1
(@ GO1ja) (BB(1u) — L) A AR
+2B(1/u)EL - C(1/u)E?}. (4.22)
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Before analysing this equation, we note that in geometrised units [38] where the
coupling constant G, ([G] = [1]) and speed of light ¢, ([¢] = [1]) are dimensionless

quantities, both M and [ take dimension of the length [m], i.e. [M] = [m)]

and [l] = [m]. Therefore the dimension of the energy and the orbital angular
momentum become, [E] = [m] and [L] = [m]?, respectively. Also since ¢g ~ &,
(o] = [1]. Hence, [E] = [1] (dimensionless) and [L] = [m]. Furthermore, since
[r] = [m], [u] = [m]~".

To analyse equation (4.22), we employ the physically motivated approxima-
tions discussed in [2]. Therefore, if the radius of a (weak field) Newtonian orbit is
much larger than the corresponding Schwarzschild radius of the source, one may
expand this orbit equation around u = 0 up to third order in order to compare
its solutions with those in a Schwarzschild background. Thus, up to third order

in u, orbit equation can be written as,

d 2
(d;L> ~ SO + Slu + SQU2 + Sgu3 (423)

where the constants are:

1 -
S = E(E2 - 1), (4.24)
1 o 1
S, = E4MZE(E2 ~1)+ E(2M — VM2 —[2A), (4.25)
Sy, = —1+ i{gﬂ(ﬁ —1)— 1(M2 — 1% A?
2 12 2

+2¢(M? — 12 (E? — 1) A2+ MVM? — 2A}

1 - -
+E{8M2E3l — AMIENM? — 2A}

12M2E2]?
T+

(B =), (4.26)

85



11
S = 2M + E{—§(4M2 — P)YWM? —2A - 31>V M2 — I2A

+6ME21% + 4cE* M (M? — 1) A2 4+ 2M>*V/M? — A

1 2 2\3/2 43 1 2 7

~(2c+¢) (M2 —12)"" A%+ ={-4M ENVM? = PIA

—2ME(M? —1)IA* + 16 M3 E®l

+8cEMI(E* — 1)(M?* — 1) A? + 12M E(E? — 1)13}

12 - .
+ﬁ{2M3E2(2E2 —1)I? - E*M*VM? — 2> A}

1 .~
+E32M3E3(E2 — 1) (4.27)

All the terms in Sy except —1 and all the terms in S3 give general relativistic
corrections to the Newtonian orbital equation.
By contrast, we now compare this orbit equation with the one obtained by
assuming that the worldline is a timelike autoparallel of a particular connection
2

with torsion specified by the gradient of a scalar field, as T = e* A d—(‘i. In that

case, autoparallel equation is given by

Vol =0,

where V denotes the connection with torsion. 4-velocity C' is again normalised
with

g(C,C) = —1.

We can express the autoparallel worldline equation in terms of Levi-Civita con-

nection V as

A . 1 ~
Ve U= —%LC(CM N,
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where for any vector field V, V = g(V, —) is the metric related 1-form. This may

be further simplified to

Ve (91/2C) = —dg'”.
In local coordinates, this can be written as

— — = —g" . 4.28
ir (Qb dr ) + ¢} dr dr g 20172 (4.28)
For any Killing vector K with K¢ = 0, the expression

i = ¢'°g(K, C) (4.29)

is constant along the worldline of the particle.

Proof: We can write v, in exterior forms as
Y = —* (¢'2k A xC),

where £ is the dual 1-form of the Killing vector K. Now we apply V with
respect to C on both sides. Since, the connections are metric-compatible, x and

V commute. Therefore,
Verk = —* (Vak A2 % C + k A=V, (612C)). (4.30)

Now,

@C«k‘/\gblﬂ*é:Lé(ﬁck?)qblﬂ*l.

From the defining Killing equation Lx g = 0, it follows that

(VzE)(Y) + (Vy k)(Z) =0
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for any vectors Y and Z. By choosing Y = Z = C, this implies that
(Ve k)(€) =0.

In exterior forms, it becomes (Vs k)(C) = 15 (Ve k) = 0. Therefore the first
term in (4.30) is zero. On the other hand, from the equation of motion, the

second term becomes,

kA Vg (6120 = kA % (—ﬁfk) :

Using k A xd¢ = dop A #k and dp A sk = 1xdp x 1 = dp(K) * 1, the second term
in (4.30) also becomes zero, since we have assumed K¢ = do(K) = 0.

Alternatively, since ¢'/2¢(K,C) = g(K,$"/2C)) and the connection is metric
compatible,

Ve = 9(Ve K, ¢'2C) + g(K, Ve (6120)).

The first term is zero due to Killing condition g(V K, C) = 14, (Ve k) = 0. Using
the equation of motion, the second term can be written as

do 1

9(K, @C (4151/20)) = —g(K, W) = —Wg(

K,d¢),

where d¢ is the dual vector of d¢. However, since ¢(K,d¢) = txdp and txcdd =
dp(K) = K¢ = 0, the second term is also zero. Therefore, vk is constant along
the worldline of the particle.

As before, the Killing vectors K, = d, and K; = J; generate two constants of
motion £ and L, corresponding to the energy and the orbital angular momentum,

respectively. Therefore,

1/2
L—m () (000 +00). (431)



o

in terms of the metric functions evaluated on planar orbits (¢ = 7). Eliminating ¢

é 1/2 _

and £ from the equations (4.31) and (4.32), and substituting in (4.7), one obtains

the new autoparallel orbit equation as

dr>2 d2A L 5z £ 29
) = _ ~ o A+ 2g,FL— g, ,E° — guL” ¢, (4.33)
<d90 G (910 E — guL)? { ’ ” }

where F = E(¢+)1/2 and [ = L(¢+)1/2 Expressed in terms of the variable u = %

and the functions A(r), B(r), C(r) and G(r), the orbit equation becomes

dj 2 _ —u4A(1/u) ALl — B AL
<dw> G0 (BjwE - Lamay T A
+2B(1/u)EL — C(1/u)E?}. i

Expanding equation (4.34) to third order in u as before, one obtains

du\ 2
(dZ) ~ Cy + Chu + Cou® + Csu® (4.35)

in terms of the constants:

1 -
Co = 72 (E* — 1), (4.36)
AMEL - M

C, = 7 (E* — 1)+ 25, (4.37)

1 2 2 2 2 12 1 2 113

Cy, = p{sz +2¢(M? — IP)A*N(E* — 1) + ﬁ38M B3

1 Ao A

er1121\42}«12(%12 —1)I* -1, (4.38)

1 )
Cs = 2M + E{(6M — AMcA*)? + dcM?P A*} B
1 o .
+E{[(12M — 8cM A*)I®> + 8cMPIA®|E(E* — 1) + 16 M° E°1}
1 hy 1 o
+ﬁ{24M3E2(2E2 —D)I*} + E{32M3E3(E2 — 1)} (4.39)
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The first three terms of Cy (terms except —1) and all terms in C3 imply corrections
to Newtonian orbits.

We note that both orbit equations have been written in the form

d 2
<d::> ~ g(u) = Lo + Liu+ Lou® + La®, (4.40)

so their solutions can be analysed in terms of the corresponding constants ac-
cording to the roots of the equation g(u) = 0. Suppose first that all three roots

are real. This corresponds that following inequality should be satisfied:
4L3Ls +4LoL3 — L3512 +27L2L5 — 18 LoL1 Ly L3 < 0. (4.41)

Suppose further that the roots are distinct and ordered to satisfy u; < us < us.

Then

Uy + uo + U = ——. (442)

From the orbit equation, g(u) > 0 throughout the motion. Thus, g(u) will have
a local maximum between u; and us. Hence, for a bounded orbit, u; corresponds
to the aphelion and wuy corresponds to the perihelion. We consider the following
cases:

i. If u; > 0, one obtains bounded orbits of elliptic type. This requires that
both Ly and Ly be negative provided that L3 > 0. Then the particle is confined
to the interval u; < u < ug. (If u; = us, one obtains circular orbits.)

ii. If u; = 0, one obtains open orbits of parabolic type. This requires that
Lo = 0. This is possible for orbits associated with both Levi-Civita and torsional
connections provided E? = m?¢;*.
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iii. If uy < 0, one obtains open orbits of hyperbolic type. This requires that
E? > m?¢, ' provided that Ls > 0 where L3 = Cs if the orbit is associated with
an autoparallel of the torsional connection and L3 = Sz if it is associated with

the Levi-Civita connection.

4.2 The Analysis Of Bounded Orbits

We are interested in the (bounded) elliptical type of orbits. In that case, from
the requirement that Ly < 0 and L, < 0, we obtain some restrictions on the
energy and the constant A. If the orbit is a geodesic of a Levi-Civita connection,

then it requires that £2 — 1 < 0 and the constant A should satisfy A < A, or

A > Ay, where
I+ A,
Aj=—Y=0 44
1 55 (4.43)
and
I — A,
Ay=— =0 4.44
2 5% (4.44)
with
1 1
L= VAP =P {M - E4MEZ} , (4.45)
Ay = L16 {(M? = P)ML? — 8(M* — 1) E* M*1?

—8M2E(M? —1?)(1 — 2E?)IL

—8c(M? — 1?)(1 — E){L* — 12M*E?(E? — 1)1?

—3(E%* — 1)I2L? — 8M?E3IL}

—2(M? = P){L* = 12M*E'P = 31°(E* — 1)L} (4.46)
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and
Y= = (M? = P){2¢(1 - E?) + ;}. (4.47)
We assume that Ay > 0. We note that if Ay < 0, we conclude that Sy < 0 for
all A, since ¥ is positive. It means that in that case we obtain elliptical geodesic
orbits for all A.
On the other hand, if the orbit is associated with an autoparallel of a connec-
tion with torsion, then we obtain the inequality E? —1 <0 for the energy. Since

C5 has to be negative for elliptical orbits, then for constant A,

1 1 . 1 o
A? —{8M?E’l + —12M*E*(E* — 1)1
2e(M? — 12)(1 — E2) 'L L?
+3(E2 — 12— L%} (4.48)

should be satisfied. Before giving the general solution of equation (4.40), we can

discuss Newtonian orbits. Newtonian orbit in geodesic case is obtained from

du\’
(dsO> ~ Sy + Siu — u?, (4.49)

i.e. we neglect corrections. Let us define L = mh with h = /M7, (G =1,c = 1).
We can identify 7y as standard Newtonian Kepler orbit parameter obtained when

¢ = ¢g = constant and [ = 0. Then 7y = ML—; in terms of L. We can write

constant S; in terms of 7y as

IR P SR VY G
Sl_{zzlE(E )l +2— |1 <M2>A}¢oro' (4.50)

Let us further define a new orbit parameter 7y as 7y = s% = uio Then by redefining

a new variable z as z = u — 1y, Newtonian orbit equation (4.49) becomes

dz\’ ) 2
(CZS0> ~ (So +1g) — = (4.51)
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whose solution is given by the closed ellipse equation

710 = 7:1(1 + écos(p + B)) (4.52)

where the constant B determines the initial orientation of the orbit and it can be

chosen as zero. The eccentricity of the elliptical orbit is given by

£ =\/1+ o2 (4.53)

in terms of Sy and 7. If, on the other hand, the worldline is an autoparallel of a

connection with torsion, then the Newtonian orbit is obtained from
2
du
() ~ Cy + Chu — u?, (4.54)

dp

i.e. we neglect general relativistic corrections as in the geodesic case. We define

L2
m2M

ro = as standard orbit parameter obtained when ¢ = ¢g and [ = 0. It can
be noted that actually 7y = ry since when ¢ = ¢q, the geodesic and autoparal-
lel orbits are equivalent. However, since we define different energy and orbital
angular momentum quantities in each case, we take these orbital parameters in
distinct notations to prevent confusion. Similarly we can express € in terms of

To-

1 . 1
C :{AE E2—1l+2}. 4.55
! L ( ) DoTo ( )

As before, let us further define a new orbit parameter 7y as 79 = c% = % Then by

redefining a new variable z as z = u — g, autoparallel Newtonian orbit equation

(4.54) becomes

(‘k) ~ (Cot i)~ 22 (4.56)



whose Newtonian Kepler orbit solution can be written in terms of r(y) as

1 1
- =—{l+¢écos(p+ B)}, (4.57)
r To

where the eccentricity é of the orbit is defined as & = {1 + Cor2}1/2.
The general solution of the orbit equation (4.40) can be expressed in terms of

Jacobian elliptic functions. By introducing the variables,

1 U—Uu
=59y Ls(us — uy), y= :

)
Uz — W

(4.40) becomes

(2) === (4.59)

with p = /2= Its general solution is
y = sn(x+9), (4.59)

where 0 is an arbitrary constant. Hence for both connections yielding orbits with
perihelia,
5 (1
u—uy = (ug —uy)sn §<p\/L3(u3 —up)+4). (4.60)
This elliptic solution does not describe a closed elliptical orbit. Therefore, we
observe a perihelion shift when we complete one revolution. The periodicity of
these solutions enables one to calculate a perihelion shift per revolution. The

increase in ¢ between successive perihelia is given precisely by

u2 du
Ap =2 / . (4.61)
w1 \/Lg(u—ul)(u—uz)(u—ug)
With the transformation y = 2a—as» this becomes
4K
Ap = ——e| (4.62)
(U3 - U1>L3
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where

(4.63)

K:/l i .
O (=) - )
Depending on the circumstances, one may be able to approximate this integral.
This is possible if one is interested in non-relativistic bounded orbits in which the
dimensionless quantity Mwu remains small compared with unity and the orbital
speed is small compared with the speed of light. This would, for example, arise
for the motion of the planet Mercury regarded as a test particle in orbit about
the Sun as a source. Even at the Sun’s surface, where M, = 1.477 x 10*m and
Ry =T x10%m, Mu = 2.11 x 1075, Since in both cases %‘;’ is of the order of M,
both _%UQ and —é—zul are small quantities at the perihelion and the aphelion
[36]. Thus in the following we approximate _%W ~ 1. This means that p? can

also be considered small, so:

1 1
K~-7n(1 ﬁ
2”( L

and since the ratios Z—i and Z—; are small, we expand

o (ug —uy) (ug —u1)Ls
P~y L~ =t
us L2

We note that since Ly < 0, we can replace —Lg by |Ls|. Then we further approx-
imate the term

1 _ 1 ~ 1 (1_ L3(
\/(u?, —uy)Ls \/|L2| (1—1—%(112—1—2111)) \/’LQ‘ 2Ls

After a little algebra, one finds that the increase in ¢ per revolution becomes

Ug + 2u1)) .

2w <1 _ 3L3
/|L2| 4L,
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The advance of the perihelion (the perihelion shift) per revolution would be
Y =Ap — 2. (4.65)

We can express the perihelion distance and the aphelion distance in terms of
elliptical orbit parameters. Then, in terms of the semi-axis major ry and orbit
eccentricity e

rr = (14 ¢e)ro, ro = (1 —&)ro,

where ry = i corresponds to perhelion distance and r; = u% corresponds to

aphelion distance. The perihelion shift may be expressed in terms of these orbit
parameters for the limiting Newtonian Kepler ellipse. Once a set of Kepler orbit
parameters have been ascertained then these formulae permit one to match them
to a relativistic orbit in terms of M, w, [, A and the constants of motion. The
perihelion shift of the orbit determined by the Levi-Civita connection can be
written in terms of the limiting Newtonian elliptical orbit parameters € and 7y,

as

~ 2 3 53
Y= 1+ —— — 2. 4.66
5 (1 sz ) (469

On the other hand, the perihelion shift of the orbit determined by the connection

with a torsion, can be expressed again in terms of its limiting Newtonian orbit

parameters € and 7y:

~ 27 3 03
S 14 __ _or 4.67
T ( 21— &7, |02|> (4.67)

We note that, even with the same constants of motion and the same limiting
Kepler orbits, these two shifts will differ. Interestingly, when A = 0 (i.e. the
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scalar field ¢ is constant ) both orbit equations describe geodesic motion given
by the Levi-Civita connection in a background Kerr geometry. If one further
sets [ = 0, they both describe geodesic motion in a background Schwarzschild
geometry. In this case the constants reduce to Cy, = Sy = —1 and C3 = S5 = 2M
and the perihelion shift reduces to the classical value [36]

6mM

Interestingly, we can include fourth order term to see its effect on the perihelion
shift. In that case, in both cases orbit equation is of the form,

d 2
(d::) ~ p(u) = LO + Llu + L2U2 + L3U3 + L4u4. (469)

Assume that the roots of this equation are ordered as uy < us < us < u;. Then

we can write (4.69) in the following form:

There are two cases in which p(u) > 0 provided that Ly, > 0 [37]:
i) u <y oru>uy,
ii-) ug < u < wuy .
We further assume that the second case holds. Therefore, us will correspond to

aphelion and uy will correspond to perihelion. Then by making the transformation

U — us U — U3 o
x:\/L4907 = Yy,

U — Uyg U2 — Uy

equation (4.70) becomes

<fli> = i(w — ug)(ur —uz)(1 — y*)(1 — k*y?) (4.71)
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with k2 = % Its general solution can be written as

1

y = Z(UQ — uy)(up — ug)sn(x +n), (4.72)

where 7) is an arbitrary constant.
In this case, advance of perihelion in both cases is given exactly by

u2 du
us \/LO + L1U —f- LQU,2 —I— L3U3 —f- L4U,4

Ap =2 (4.73)

and the perihelion shift is calculated from ¥ = Ay — 27. However, we cannot
employ the previous third order calculations and assumptions to compute the
perihelion shift. On the other hand, we can use the method outlined in [38]. The
method is to write or expand the orbit equation around its Newtonian Kepler

parameter. First, we write the geodesic fourth order orbit equation:

2
(ZZ) ~ Sy + Siu + Sou? + Ssu® + Syut, (4.74)

where constants Sy, S1, Sa, S35 are given by the equations (4.24), (4.25), (4.26)

and (4.27), respectively, and the constant Sy is

Sy = —2c(M?*—1*)A* -2 + 52{2(1\44 + I (E? — 1) A
+3(E? — 1)I* + 12M2E*1? + (M* + 51*)cA?
—6M22cA? — AMP(E?* — 1)1PPAY
+E2(TM* — 5I* — 2M>1*)cA? — (M? — 12)%cA?

1
+418{(2M2 _ l2)(2l2 — M) A EM(MQ _ l2)3/2A3

3 7 1 11 15
2 _ g2 2 252y, T 1 2 g2y (1 2_l2> A2
H{(MP = P)@M? = D) + 1t = (2M 1)(2M )

+§M\/M2 — 2(M? 4+ 5[))A — 2M~/ M? — [2cA%}

98



+z13{16M2E(M2 —I2)(2E% — 1)lcA* + 48 M*E(E? — ;)13
+32M*EPL — AM?E(M? — 1)IA% — 12M~/M? — PEPA
_gmm{mw 1)+ (M2 — P)A?}A
—SMENM? — 12(M? — 1?)IcA®} + 54{36M2E2(E2 -
+144MAEN? — 6MPE*(M? — 12)12A% — 36 MPE*V/M? — I2I2A
+24MPE*(M? — I2)(E* — 1)1%2cA® — 48 M*E*1%)
+£5{128M4E3 @E? — 1> 1P — 32M3E3/ M2 — 213 A}

1 o~
+§{80M4E4(E2 — 1)I*}. (4.75)

Now, we define a new variable as z = u — Uy where 7y = s% = uio is Newtonian

Kepler orbit parameter, and we substitute z into (4.74). We assume that the
orbit is nearly circular, so that z is small. Therefore we neglect the terms z* and
2% in the resulting orbit equation. Then we obtain the following nearly circular

orbit equation:

A -
(ds@) ~ S() + Slz — 5222, (476)
where
So = So + Syilg + SoliZ + Sstis 4 Sy, (4.77)
Sy = Sy + 28,y + 3S5u2 4 45,3 (4.78)
and
Sy = |Sy| — 3851y — 65,02, (4.79)
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The solution to the orbit equation (4.76) can be written as:

= S} +{go—|—< ~> } cos( \/SZ@+B (4.80)

25, S 25,

where B is a constant. We see that, the orbit returns to same r, when 1/ S Ap =
\V/S2(p2 — 1) = 2 is satisfied. Therefore, the change in ¢ from one perihelion
to the next is

Ap=-—"=. (4.81)

Y= —— —2m (4.82)

We can express all the expansion constants in terms of the ratio = Where re =2M
is the Schwarzschild radius, and 7 is the Newtonian orbit parameter. Since we
have assumed that Newtonian orbit is much larger than the Schwarzschild radius
and the speed of orbiting object is nonrelativistic, using equation (4.79) and

writing Sy as So = —1 4 55, (|S2] =1 —S%), we can approximate
\/7 ~ 1+ {S + 385y + 65415 }- (4.83)
Then perihelion shift can be written as
> ~ 7{Sh + 3Ssiy + 65402} (4.84)
We note that, we can express change in ¢ (4.81) in the form,

i _ 2w _ 2 ~ 2w {1 i 3837:60 354’&0

G ug 417«3 2 S S
\/372 \/|SQ| (1 - 3%‘2| - 6\k?5'2| ) |SQ| ‘ 2’ ’ 2‘
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Then if we consider the third order orbit equation (Sy = 0), since we can approx-
imate ﬁ ~ 1+ &2..., by subtracting 27, this reduces to the perihelion shift
(4.66) at the zeroth order ((¢2)? = 1 order).

Similarly, we write the autoparallel fourth order orbit equation related with a

connection with torsion, as

du\ 2
<d::> ~ Cy + Cyu + Cou? + Cyu® + Cyu? (4.85)

with the expansion constants Cy, C;, Cy and Cj given by equations (4.36), (4.37),

(4.38) and (4.39), respectively, and the constant Cy is:

1
12
—|—M2(M2 — 6l2)cA2 + 12M2E212 — 2c M2 B2 A?

Oy = —2¢(M?*—1%)A% — 21 + —{2(M* +*)(E® — 1)P A

+TMAE?cA? — AMPI2(E? — 1)2A* — 5(E? — 1)1 cA?

1
-
5)

A A

+3(E2 — 1)1} + ;{32M4E3l + 48 M2 E(E?
+16M2E(M? — 1?)(2E% — 1)lcA?}
+L14{24M2E2(M2 — ) (E? —1)12cA?
+144MAEY? + 36 M2 E?(E* — 1)I* — A8M*E*1%}

+

1 4 13 3 2 ) 3 1 4 14 12 4
—{128M"E <2E 1) 17} + = {SOMBH(ER — DI}, (436)

As in the geodesic case, we write orbit equation (4.85) in terms of new variable
z, defining z = u — 1y, where 1 is inverse of Newtonian Kepler orbit parameter,
ie. 7y = C% = uio Again, we consider that the orbit is nearly circular, so that z

is small and we neglect terms in y* and y?. Then in terms of variable z, the orbit
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equation (4.85) becomes

(g;)Q ~ Cy+ Cyz — Cy22, (4.87)
where
Co = Cy + Chiig + Cyti2 + Csti3 + Cyid, (4.88)
Cy = C) + 2Cyiy + 3C502 + 4C, 103 (4.89)
and
Cy = |Cy| — 3C5tip — 6C, 2. (4.90)

The solution to the equation (4.87) is

. . A\ 2) 12
C C C A
Z_1+{AD+ ( 1) } cos(\/Cy ¢ + B). (4.91)

20, Cy,  \20,

The periodicity of this solution requires that, the change in ¢ from one perihelion

to the next can be written as

Ap=-—"", (4.92)

— om. (4.93)

As in the geodesic case, we can express constants Cy, C7, Cy, C3 and Cy in terms

Ts

of the ratio = Since Newtonian orbit is much larger than Schwarzschild radius
rs = 2M and orbital speed of orbiting object is nonrelativistic, using (4.90) and

writing |Cs| = 1 — C}, we can express the perihelion shift as

S~ w{Ch + 3Csiig + 6C402}. (4.94)
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As a note, by this method, one obtains the results of perihelion shift in autopar-
allel orbit in static Brans-Dicke metric background presented in [2]. Similarly, we

note that, we can express equation (4.92) as,

27 27 27 3Csty  3C,u2
Ap = = o~ {1+ + }.

/A 4 o2 2|C C.

G, \/|02| (1 o 3%2|0 N 6%2|0> \/‘02’ | 2| | 2|

Then if we consider third order equation (Cy; = 0), since we can approximate

L; ~1+&%... by subtracting 27, this reduces to the perihelion shift (4.67) at

1-¢2 —

the zeroth order ((¢2)® =1 order).

Therefore, we see that even with the same constants of motion and same
limiting Kepler parameters, geodesic orbits and autoparallel orbits based on a
connection with torsion, differ. Hence, if there exists Brans-Dicke scalar field
coupling, we should consider possible formulations of the theory. If scalar theory
is specified with a (torsion-free) Levi-Civita connection, then test particles move
along the geodesics. If the space-time geometry is equipped with a connection
with torsion, then they follow autoparallels of a connection with a spacetime

torsion.
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CHAPTER 5

CONCLUSION

In this work, we have constructed the scalar tensor theory of gravitation in D
dimensions in all possible geometric structures. First we have formulated the
theory on metric-compatible, torsion-free connection structure, by considering
that, the connections and orthonormal frame vectors are not independent. Then,
we have constructed the same theory in a spacetime with torsion, without us-
ing any constraint. It is shown that, scalar tensor theory with torsion can be
reformulated in terms of torsion-free theory. Result is the shift of the Brans-
Dicke coupling parameter. We have then constructed the scalar tensor theory in
a spacetime with non-metric compatible connection structure. In this case, we
have formulated theory in such a way that corresponding action is Weyl symmet-
ric under conformal Weyl transformations of interacting field elements. We have
also rewritten the scalar tensor theory with non-metric compatible connections, in
terms of scalar theory with Levi-Civita connections. By adding an antisymmetric
axion field we have also constructed axi-dilaton gravity in all possible geometries.
We have reformulated both the scalar tensor theory and axi-dilaton theory in
Einstein frame. Then in the geometries mentioned, we have examined the mo-
tion of massive test particles. We have seen that, worldlines of the particles are
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nothing but the autoparallels of a specified connection. We have also shown that,
Levi-Civita autoparallels in Einstein frame are equivalent to autoparallels of a
connection with torsion in Brans-Dicke frame.

We have presented the static spherically symmetric and stationary Kerr (rotat-
ing) type axially symmetric solutions of the scalar tensor and axi-dilaton gravity
theories. It is also shown that, the static and stationary solutions of pure scalar
tensor gravitation theory where the scalar field interacts only with the gravita-
tional field, do not describe a black hole. Although the solutions are asymptoti-
cally flat, event horizon surface becomes singular.

As an application to autoparallel motion of massive test particles, we have
examined the geodesic elliptical orbits and autoparallel elliptical orbits with a
torsion depending on gradient of scalar field, in the Kerr Brans-Dicke spacetime
describing a rotating gravitational source. We have presented Newtonian Kepler
limit of the solutions. We have seen that even with the same constants of motion
and the same limiting Kepler parameters, geodesic orbits and autoparallel orbits
with a torsion differ [2],[35]. Therefore, the connection or the gauge structure
(whether the connections of theory are constrained to be Levi-Civita or not)

should be specified in all interactions including gravity.
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APPENDIX A

EXTERIOR ALGEBRA

In this appendix we explain the exterior algebra notation and operators on dif-

ferential forms which is used throughout the work [39].

A.1 Differential Forms On The Manifolds

Let M be a differentiable manifold of dimension n. Suppose {U;} is a family of
open sets which covers M, called submanifolds of M. Introduce a map ; from U;
onto an open subset U/ of R". The pair (U;, ;) is called a chart. ¢; is represented
by n functions {x?} which are the local coordinate functions. The cotangent space
at y € U, where U is a submanifold of an n-dimensional manifold, is defined to be
(T, R™)* which is the n-dimensional vector space of linear forms on the tangent
space at y. The elements of (7}, R")* are called the cotangent vectors or simply 1-
forms. We can define a basis for (T, R")* as {dz', dz? da®, - - - dz™}. A differential
form of order p or a p-form on the manifold M is a totally antisymmetric tensor
field of type (0,p). We can denote the vector space of p-forms by AP(T*M). Any
p-form can be expressed as a wedge product or an antisymmetric tensor product
of the basis one forms, i.e. if w is a p-form,

1
w = mem%"-m)

dxtt A dzt? N dxt® - - - datr, (A.1)
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where

datt A dxt? Ndats - Ndatr = Y sgn(P)dat ) @ - - - dahPe), (A.2)
Pes,

where sgn(P) = +1 for even permutations and —1 for odd permutations. Also
Sy is the symmetric group of order p. We can define the exterior product of a

g-form p and a p-form w as,

1

(AW (X, Xgip) = = Y sgn(P)u(Xpay, -+, Xp()
ap- PeSqip
W(Xpgr1)s s XP(gip))s (A.3)

where X; € T,M, which is the tangent space at point p. (u A w) € ATP(T*M)
which is zero if p + ¢ > n for an n-dimensional manifold. Some properties of the
wedge product are as follows:

i) The wedge product is bilinear,

(o1 + @) N =2 A+ 1 AP

and
oA () = alp A), a€R.
ii) It is associative,

(@AD)NE=p A (P NE).

iii) Tt is graded commutative,

pAY=(=1)" Ay,

for ¢ € AP(T*M) and ¢ € AI(T*M).
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iv) It has the following identity,
eNp=0 for e AP(T*M) and p odd.

In the coordinate basis, T, M is spanned by {9/0x"} and T;M by {dx"}. We
can define a non-coordinate basis for T),M and T;M if M is given a metric g.
We can define X, = X 58% as a non-coordinate basis for T, M and X, are called

the frame vectors, and e” = e;dz" as a non-coordinate basis for T;M and e* are

called the co-frame 1-forms.

A.2 Exterior Derivatives

The exterior derivative d is a map d : AP(T*M) — APTH(T*M). Hence it

raises the degree of a p-form by one. Consider any p-form w

1

_ - w1 w2 J7 S B}
w = p,wmuws---upd5’7 Adz"? A dz dzt?

then

1,0

LD sy e e i, (A

dw =

The exterior derivative possesses the following properties:

i) For a ¢-form ¢ and a p-form w,
d(E Aw) = dE Aw + (—1)7€ A dw. (A.5)

ii) It satisfies

d*w = 0. (A.6)
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A.3 Interior (Inner) Derivative

Another operator on differential forms is the inner derivative. It is a map
tx @ AP(T*M) — AP~Y(T*M), hence the degree of the differential form decreases

by one. For X € T,M and a p-form w

1

w = ijmuws-"ﬂp

dxﬂl A dm#z A dm#?) Ce dxﬂp

and X = X120
X

1
Lxw = MXMMUNQNfS"‘MPdeQ A - dxtr
1 P 1 ~ Ms
= 5 > X Wy, (1) A AT A A e, (ALT)
b s=1

where the entry below a hat ~ has been omitted. Some properties of the inner

derivative are:

i) tx is an antiderivation. For a p-form w,
ix(wAE) =ixw A€+ (—1)Pw A uxé.

ii) It is nilpotent, i.e.

(tx)*w = 0.

A.4 Hodge Map

Given an n-dimensional manifold with a metric g defined over it, the Hodge
map operator x is a linear map * : AP(T*M) — A"P(T* M) whose action on any
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p-form is defined as

w(datt A dxt? N dxh - datr) = m_‘g]‘?)!e“l“w‘”"”“p fipg 1 ATHPT
where
—1 if (uypeps - - py) is an odd permutation of (123---n),
Cprpops-pn = ) 0 if any of two indices are equal,
1 if  (uypeps -« p,) is an even permutation.

For a p-form w,

1
w = memm..ﬂpdx“l A dxt A dxt® - N dat,

9]

— fi1-- php
*W = Plln — p)!wul...ups .

If we take the co-frame 1-form field e, we can define

1

*(e®NePl NefrrreP) = ————ePP L et e

(n—p)!

x map has the following properties:

i) For co-frame one forms e®,
x(e® NeP Nef) = 1% (e* N e),
where (¢ is the inner derivative with respect to the field X°¢.
ii) For any p-form w,
x (w) = (=1)PPly if (M, g) is Riemannian and,
% (w) = (—1)P =Py if it is Lorentzian.

iii) The volume n-form is defined as

1
x] = —,albc...ne“ ANel AeC- Aem.
n
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A.5 Linear Connections And Covariant Exterior Derivative

A linear connection [9] on a manifold M is amap V : I'TM x I'TM — I'T'M

that satisfies the following for all f,g € F(M) and for all X,Y,Z € TTM:

Vixyey £ = fVx Z+gVy 2

and

Vx(fY +92)=X(f)Y + fVxY +X(9)Z +gVx Z.

Therefore, Vx is a linear mapping on vector fields which is also F-linear in X.
It is called covariant differentiation with respect to X. From these properties, we
can specify V by giving the components of the vector Vx, X, in any convenient
basis {X.}:

Vi, Xo =y X,

The n? functions I'y. ¢, where n is dimension of M, are known as the connection
components or connection coefficients in this basis. These coefficients can be used

to define a set of 1-forms, called as the connection 1-forms, by

w“b = Fcbaec’ (AlO)

where {e} is the co-frame dual to {X,}. Equivalently, we can write

va Xc = w* C(Xb) Xa.

Given a mixed tensor which is totally antisymmetric in some subset of r
vectors, we can associate a set of r-forms with any basis { X} with its dual basis
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{e’}. We can suppose that S is a tensor of type (r + ¢,p). We define a set of

1192030
r-forms S P jyeja DY

Si1i2i3~~ip o
J1Jq

(X17...7XT) :S(X17...7XT,XJ'1,'"qu,@ilj-..7eip)'

We define the covariant exterior derivative D of S"%% % , . in terms of a con-

nection 1-form w by,

D Giniziz-ip PR dSgiizis-ip e Wi i A Qs ip g F
W', NS g, — W NS,
=W NS,

e.g.

DSab = dS“b—i—w“C/\Scb —wdb/\Sad.

The exterior covariant derivative satisfies the following identity, for any r-form S

D(S'AT?y=DS' AT + (=1)"S' A DT”.
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