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ABSTRACT

THE EFFECTS OF p —w MIXING IN RADIATIVE VECTOR MESON
DECAYS

Kiigtikarslan, Ayse
Ph.D, Department of Physics

Supervisor: Prof. Dr. Osman Yilmaz

December 2003, 103 pages.

The radiative w — 7°7%, p — 7%7%, w — 7777y and p — 7F7 7y decays
are studied by adding the effect of vector meson mixing to the amplitude of
these decays. For the above decays we consider only p — w mixing. In addition
to the p — w mixing, we also analyse the contributions coming from different
intermediate states to examine the decay mechanism of these decays in a phe-
nomenological framework. For w — 77y decay, we consider the contributions
of the p-meson and o-meson intermediate states and of the kaon-loop, and for
the p — 7%7%y decay we calculate the amplitude using the contributions of the
w-meson and o-meson intermediate states and pion-loop. Moreover, the radia-
tive w — w7~y decay is studied by considering the contributions of o-meson
and p-meson intermediate states and the decay p — w7~ is investigated by
taking into account the contributions of bremmsstrahlung, pion-loop and o-
meson intermediate state amplitude. We also estimate the coupling constant

Juwo~ utilizing the latest experimental value of the branching ratio w — 77%.

Keywords: p — w Mixing, Radiative Decay, Vector Meson, Bremsstrahlung,

il



Kaon-loop, Pion-loop, Branching Ratio, Coupling Constant

v



07z

ISINSAL VEKTOR MEZON BOZUNMALARINDA p — w KARISIMININ
ETKILERI

Kiigiikarslan, Ayse
Doktora , Fizik Bolumii

Tez Yoneticisi: Prof. Dr. Osman Yilmaz

Aralik 2003, 103 sayfa.

Genlige vektor mezon karigimin etkisi eklenerek 1smsal w — 707%y, p — 7970,
w — wtrTy ve p — w7y bozunmalar ¢ahisildi. Bu bozunmalarda sadece
p — w karigimi gozontine alindi. p — w karigimina ek olarak, bu bozunmalarin
bozunma mekanizmalarina farkli katkilar1 fenomenolojik bir gercevede analiz
edildi. w — 7%y bozunmas: icin p-mezon ve o-mezon ara durumlar1 ve
kaon-dongiisii katkilar diisiiniildii, p — 7°7%y bozunmasi icin ise w-mezon
ve o-mezon ara durumlar1 ve pion-dongiisi katkilar: kullanilarak genlik hesabi
yapildi. Bundan baska, w — 777~ bozunmas1 o-mezon ve p-mezon ara du-
rumlar katkilar diigiintilerek ¢ahsildi ve p — 777~ + bozulmasi bremsstrahlung,
pion-dongiisii ve o-mezon ara durumu katkilar: dikkate alinarak galisildi. Ayrica,
w — 7% bozunmasmin en son deneysel dallanma oram kullamlarak g.o-

¢iftlenim sabiti hesaplandi.

Anahtar Sozciikler: p — w Karigimi, Bremsstrahlung, Isinsal Bozunma, Vektor

Mezon, Kaon-dongii, Pion-dongii, Dallanma Orani, ¢iftlenim Sabiti
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CHAPTER 1

INTRODUCTION

The SND Collaboration measured the branching ratio of the radiative w —
7070 and p — 770y decays [1] and they obtained the value BR(w — 7%7%v) =
(6.675% & 0.6) x 10~° which is in good agreement with GAMS Collaboration
measurement of the branching ratio, BR(w — n%7%) = (7.2 £ 2.5) x 107°
2] but it has a higher accuracy, and for the p — 7%7%y decay, they obtained
BR(p — 7°7%) = (4.175940.3) x 10~° and with this value they improved their
previous preliminary report of the value BR(p — 7'7%v) = (4.873§+£0.3) x10™°
[3]. This last result can be explained by means of a significant contribution of
the o intermediate state together with the well-known w7 contribution. For
the charged mode of w — 77y decay only upper limit exists and its branching
ratio has been measured as BR(w — 7w ) < 3.6 x 1072 [4]. The experi-
mental study of p — 777~ decay was reported earlier by Novosibirsk group
who measured the branching ratio as BR(p — 777 ) = (9.9 + 1.6) x 1073
[5, 6] and for this decay they observed that the main mechanism is the pion
bremsstrahlung with the structural radiation proceeding through the interme-

diate scalar resonance [5].



The theoretical studies of radiative p-meson and w-meson decays were ini-
tiated by Singer [7, 8] in 1960’s. For the w — 7wy and p — 77y decays, he
assumed that they proceed through w — (p)m — 77y and p — (w)m — 7Ty
mechanism, respectively. Moreover, by considering the bremsstrahlung mech-
anism, he calculated the amplitude for the p° — 7+t7~v decay. Renard con-
sidered the decay modes V' — PP’y where V and P denote vector meson and
pseudoscalar meson respectively, in a gauge invariant way using current algebra,
the hard-pion and Ward-identities technique and also considering intermediate
meson states [9]. Furthermore, he discussed the angular distributions, photon
spectra and decay rate in terms of the coupling constants and of the intermedi-
ate state meson parameters, mass and coupling constants. He observed that the
intermediate meson term modifies the shape of the photon spectrum for high
momenta differently in the case of the different mass of the meson considered. In
particular, he concluded that the o-meson term could be analysed in V' — PP’y
decays in terms of its mass and of the g,r» and gy, coupling constants, and
the o-meson intermediate state makes the largest contribution to the radia-
tive amplitude. Then the radiative V' — P°P% decays were studied by Fajfer
and Oakes [10] using a low energy effective Lagrangian approach with gauged
Wess-Zumino terms, there being no bremsstrahlung contributions. Scalar me-
son contributions were neglected and the branching ratios for the w — 797%y
and p — 707% decays were obtained as BR(w — 7%7%y) = 8.21 x 107 and

BR(p — 7°7%) = 2.89 x 107°. Bramon et al. [11] also studied the contribution



of intermediate vector meson (VMD) to the vector meson decay into two pseu-
doscalars and a single photon, V' — PP+, using standard Lagrangians obeying
the SU(3)-symmetry. Moreover, they also considered the V' — PP’y decays
within the framework of chiral effective Lagrangians using chiral perturbation
theory [12]. In particular for the branching ratio of the decays w — 7%r0y
and p — 7o7% they found the results BR(w — 7%7%y) = 2.8 x 107° and
BR(p — m%7%) = 1.1 x 107° [11]. However, they also observed that final state
interactions could lead to a larger value for the branching ratio BR(p — 77%y)
through the mechanism p — (777~ )y — (7°7°)7, but that was very unlikely for
the branching ratio BR(w — w%7%y). If chiral perturbation theory Lagrangians
are used there is no three-level contribution to the amplitudes for the decay
processes V' — PP'~, and moreover the one-loop contributions including both
7m and KK intermediate loops, are finite and to this order no counterterms
are required. For the w — 7%7%y amplitude, m-loop contributions vanish in the
good isospin limit and the contribution of K-loops, resulting in the decay rate
[(w — 77%)x = 1.8 eV, is two orders of magnitude smaller than the contri-
bution of VMD amplitude. Therefore, the contribution of the VMD amplitude
essentially accounts for the decay rate of the w — 7°7%y decay. Bramon et
al. [11] also considered the decay p — 7%7%y in this approach where the decay
proceeds mainly through the charged pion loops, obtaining the contribution of
pion-loops to the decay rate as I'(p® — 7%7%), = 1.42 x 10® eV which was

three orders of magnitude larger than that due to kaon-loops. As the result



show the pion-loop contribution is of the same order of magnitude as the VMD
contribution which is T'(p° — 797%)yap = 1.62 x 103 eV. Therefore, the global
P’ — 7% decay width was given by the sum of the pion-loop contribution and
the VMD amplitude as T'(p° — 797%)yapir = 3.88 X 10% eV and the branch-
ing ratio as BR(p* — 7°7%y)vypir = 2.6 x 107% which, however is smaller
than the latest experimental result [1]. Hubert and Neufeld [13] investigated
the process p — w7+, using the close relationship between the low-energy
constants of chiral perturbation theory and the chiral invariant interactions of
the vector meson resonances with the pseudoscalar mesons. They observed that
for small photon energies, the decay rate is dominated by bremsstrahlung, how-
ever, near the endpoint of the photon energy spectrum, the solution favoured by
chiral vector meson dominance shows a sizable enhancement comparable with
the contribution from the pure bremsstrahlung mechanism. Such a particular
shape of the differential decay rate has indeed been observed experimentally and
turns out to be an important confirmation of the theoretical concept of chiral
vector dominance. They also compared the theoretical and the experimental
branching ratio and they found the branching ratio of the p — 77~ decay
as BR(p — 77n~ ) = 1.1 x 1072 for E, > 50 MeV, while the measured value
is given by Dolinsky et al [5] as BR(p — 77 ) = (0.99 + 1.6) x 1072 for

E, > 50 MeV.

Guetta and Singer [14] in a recent work reexamined the theoretical value
for the branching ratio BR(w — 7%7%y) of the decay w — 7w%7%y which is
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BR(w — 7%7%) = (4.1 £1.1) x 1075, Determining the Born amplitude for
VMD mechanism of the w — 7%7% decay, they calculated the decay width of
w — m7% which is proportional to the coupling constants g* oy and gim. They
also assumed that the decay w — 37 proceeds with the same mechanism as
w — 7070 decay, that is as the sequential transition w — (p)m — 7my. Then
they used the experimental inputs for the decay rates I'(w — 37), T'(p® — 7%9)
and I'(p — 7r) and the Born amplitude for w — 7%7%y decay. Furthermore
they employed a momentum dependent width for p-meson and obtained the
value BR(w — 7%7%) = (4.1 4+ 1.0) x 107°. If a constant p-meson width is
used, for the branching ratio of the decay w — 7°7%y they obtained the value
BR(w — 7%7%) = (3.6 2 0.9) x 107°. Therefore, there appears to be a serious
discrepancy between the theoretical result and the experimental value for the

branching ratio of the w — 77y decay.

Guetta and Singer [14] noted that in the theoretical framework based on
chiral perturbation theory and vector meson dominance one feature has been
neglected. This is the possibility of p—w mixing, one consequence of which is the
isospin violating w — 77~ decay width the branching ratio BR(w — 771~ ) =
(2.2140.30)°/4 [6]. The phenomenon of p —w mixing has been observed in the
electromagnetic form factor of pion improving the standard VMD model result
involving vector-meson intermediate state. This phenomena is explained in the
following chapter in some detail. Guetta and Singer [14] calculated the effect of
p—w mixing using the Born amplitude for VMD mechanism of w — 7%7%y decay,

5



and they showed that it increases the w — 7°7%y decay width by 5°/y which is
less than 12°/, increase provided by using a momentum dependent width for p-
meson in the calculation using the VMD amplitude. They then combined all the
improvements on the simple Born term of VMD mechanism, that is p—w mixing,
momentum dependence of p-meson width and the inclusion of the chiral loop
amplitude as given by Bramon et al. [12], and using the resulting amplitude for
the decay rate they obtained the theoretical result I'(w — 797%) = (390 £ 96)
eV and BR(w — 7m7%y) = (4.6 & 1.1) x 107 for the branching ratio of the
w — m°7% decay. Their values are still smaller though barely consistent with
the existing experimental value of this decay. Besides Guetta and Singer, Palo-
mar et al. [15] also analysed the radiative V' — PP’y decays using the sequen-
tial vector meson decay mechanism in addition to p —w mixing and chiral loops
obtained using unitarized chiral perturbation theory. For the sequential mech-
anism (VMD) they followed the approach of Bramon et al.[11], but for the loop
contributions they adopted the approach of Marco et al. [16]. They obtained the
branching ratio of the w — %1%y decay as BR(w — 7°7%y) = (4.740.9) x 107°.
These theoretical results are still seriously less than the latest experimental re-
sult, BR(w — 77%) = (6.67s &= 0.6) x 107°. For the p — 77y decay,
Palomar et al. [15] found the branching ratio from the sum of the sequential
and loop mechanism as BR(p — 7%7%y) = 4.2 x 107 which is about three
times larger than with either mechanism alone, and this value is comparable

with the present experimental value, BR(p — 77%y) = (4.873% £ 0.3) x 107°.



From these results it follows that the possibility of additional contributions
to the mechanism of w — 7%°7% and p — 7%%y and also w — 7" 7~ and
p — wtm v decays should be investigated. For these decays the amplitude
involving scalar-isoscalar o-meson as an intermediate state, may provide one

such additional contribution.

About the existence of an isospin zero, broad scalar resonance in 7 scat-
tering there is a long standing argument in the literature. Lately, the possible
existence of the sigma resonance was discussed along the whole conference and
at this meeting all speakers took the light o-meson for granted and many mass
and width estimations near 500 MeV were presented. Tornqvist summarized
the most important results presented at the conference in his report [17]. He
emphasized that if the light and broad ¢ is accepted as a true resonance it
explains many basic problems of low energy hadronic physics in a simple way,
especially if the linear sigma model (Lo M) is used as an approximate effective

low energy theory.

The sigma meson has been difficult to find in the data due to the very large
width of the resonance. In the Fermilab E791 experiment it was found that the
o-meson manifests itself in the D-meson decay D — w77~ being responsible
for approximately half of the decays through the resonant sequence D — 7o —
7trtr~ [18]. A 77~ pair in the final state appears through the formation of
an intermediate o-meson resonance. In a coherent amplitude analysis of the 3
Dalitz plot the scalar resonance is determined with M, = (438 4+ 31) MeV and

7



the total width ', = (338 4+ 48) MeV, where statistical and systematic errors

have been added in quadrature [19].

Gokalp and Yilmaz [20] studied the w — 77y decays by adding to the
amplitude calculated within the framework of chiral perturbation theory and
vector meson dominance the amplitude of o-meson intermediate state in a phe-
nomenological approach. To calculate the decay rate for the w — w7y decay,
they considered p-pole vector meson dominance amplitude as well as the o-pole
amplitude. Then by employing the available experimental value for this branch-
ing ratio BR(w — wry) = (7.242.5) x 107° [2] which is somewhat less accurate
than the present new value BR(w — 7my) = (6.674:3+0.6) x 107° [1], they ob-
tained for the coupling constant g., the values g.,, = 0.13 and g.,, = —0.27
using the set of values M, = 478 MeV and I', = 374 MeV. Besides this, they
determined the coupling constant g,,, from the w — 7"7~~ decay using ex-
perimental upper limit for its decay rate, BR(w — 77 ) < 3.6 x 1073 [4].
They concluded that o-meson intermediate state amplitude makes an important
contribution by itself and by its interference with the VMD amplitude. Later
the same authors investigated the wo~-vertex and again estimated the coupling
constant g,, in the framework of the light cone QCD sum rules methods [21]
and its value was deduced as |g,,~| = (0.72£0.08). This result is in reasonable
agreement with the results obtained from the phenomenological analysis of the
w — 7wy decays [20]. Aliev et al. [22] also calculated the coupling constant ¢,,-
using the light cone QCD sum rules techniques, and they obtained the value

8



Gpory = (2.2£0.4) from which by using SU(3)-symmetry it follows that the cou-
pling constant g, should have the value g.,, = 0.73. Thus, there seems to
be a serious discrepancy between the values obtained for the coupling constant
Jwo~ Using the light cone QCD sum rules method and the phenomenological

analysis of w — w7y decays.

To include the effect of o-meson in the decay mechanism of the p°-meson, it
is considered as a o-pole intermediate state. Thus an amplitude characterizing
the contribution of o-meson to the p° — w7y decays result from the sequential
p° — (0)y — mmy interaction. To calculate the branching ratio BR(p® —
7t7~7) in a phenomenological approach, Gokalp and Yilmaz [23] used pion
bremsstrahlung amplitude and o-meson pole amplitude, and determined the
coupling constant g,,, by using the experimental value of the branching ratio
BR(p® — 7T n~v). Then, same authors used this value of the coupling constant
Gpo I their calculation of the branching ratio of the p® — 77y decay in
their following work [24]. They considered the contribution of o-meson and w-
meson intermediate states, and the pion-loop amplitude in their work. However,
including the contribution of the mechanism p® — (0)y — 7°7% the value
they obtained for the branching ratio BR(p® — 7%7%y) = 4.7 x 1075 was much
larger than the experimental result BR(p® — 7%7%) = (1.9192 £ 0.4) x 107°.
This unrealistic result was due to the constant p° — o~ amplitude employed
and consequently the large coupling constant g,,, that was deduced using the
experimental branching ratio of the p° — 777~ decay. In conclusion, the

9



o-meson should be considered as dynamically generated from pion loops and
therefore it should not be included in the mechanism of vector meson decays
as an intermediate o-pole state. Moreover, Marco et al. [16] also studied the
radiative V' — PP’y decays using the techniques of chiral unitary approach,
which was developed earlier by Oller et al. [25], to deal with the final state
interaction of the two pion system which was included by unitary resummation
of the pion-loops through the Bethe-Salpeter equation. Marco et al. noted that
the energies of two meson system are too large in some decays to be treated
with standard chiral perturbation theory. The novelty in their work is that the
strong interaction vertex is evaluated using the unitary chiral amplitudes instead
of the lowest order amplitudes used in [12]. Considering the total contribution
to the p° — 77~ decay, they obtained the branching ratio of the decay as
BR(p® — 7tn7y) = 1.18 x 1072 for E, > 50 MeV. The branching ratio for
p° — 7%7% that they obtained was BR(p" — 7%7%y) = 1.4 x 1075 which
could be interpreted as resulting from the p° — (0)y — 7°7% mechanism.
These values are consistent with experimental results. Therefore, it seems that
a natural way to include the effect of o-meson in the mechanism of radiative
pP-meson decays is to assume that o-meson couples to p-meson through the

pion-loop.

Bramon et al. [26] studied the scalar o-meson effects in vector meson decays
in a recent work using chiral loop, Linear sigma Model (LoM), vector meson
dominance (VMD) as well as p — w mixing which was first analysed by Guetta

10



and Singer [14]. They observed that there is a sizeable VMD contribution to the
p? — 707% decay, besides this there also exists a large contribution coming from
pion-loop which couple strongly to the low mass o-meson. For the w — 79%7%y
decay, the parallel analysis is more involved because p—w mixing plays a crucial
role [14]. Moreover, for this decay the main contribution comes from a less well
fixed VMD amplitude and the effects of scalar meson exchange are much more
difficult to disentangle. Then, the complementarity between chiral perturbation
theory and the Linear sigma Model model was used to study scalar meson
exchange in V' — P°PY% decays by Escribano [27]. Experimental data on
p° — 7y decays seem to prefer a low mass and moderately narrow (500). For
the reference values M, = 478 MeV and I', = 324 MeV, the branching ratio
BR(p® — 7%7%) was obtained as BR(p" — m7%y) = 3.8 x 107, in agreement
with the experimental result. Therefore, taking the different values M, and I,
as required by the LoM, one finds different value of the branching ratio of the
p? — 7%7% decay. So, the smallness of the former value disfavours a broad
o-meson while the smallness of the chiral loop contribution confirms the need

for the effects of a moderately narrow o-meson.

Recently, there are two valuable studies of the o-meson effects in the radia-
tive vector meson decays. First, Gokalp, Solmaz and Yilmaz [28] reexamined the
approach used in the references [24, 26]. They studied the radiative p’-meson
decays in a phenomenological framework in which the contribution of vector
meson dominance, chiral-loop and o-meson intermediate state amplitudes was

11



considered, and assumed that the o-meson couples to the p’-meson through
a pion-loop. They observed that their results for the branching ratios of the
pP-meson decay was in good agreement with the experimental values, and the
contribution coming from the o-meson intermediate state amplitude should be
included in the analysis of radiative p’-meson decays and moreover o-meson
should be considered to couple to the p®-meson through a pion-loop. Second,
Bramon and Escribano [29] suggested a consistent description of ¢(500)-meson
effects in p° — w7y decays in terms of reasonably simple amplitudes which
reproduced the expected chiral-loop behaviour for large M, values. In their
study, for the p° — 7%7% decay, in addition to the well known w-meson ex-
change, there is an important contribution from the ¢(500)-meson and for the
p° — mtm~ v decay, the dominant contribution comes from bremsstrahlung, the
effects of the o(500)-meson are relevant only at high values of the photon energy.
In their conclusion, the p° — 7wy decays have been shown to be an important
source of information on the low-mass 77 spectrum in the s-channel. A global
analysis of both processes, with a common amplitude interfering with markedly
different but well established backgrounds, should contribute to clarify the o-
meson status. According to their analysis, present data already suggest the

existence of such a low-mass state.

Singer [7] also discussed the electromagnetic decays of the w-meson in the
first order of the fine structure constant a with special emphasis on the 2w +
mode. This decay provides the opportunity for investigating the dynamics of
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m — 7 interaction in even angular momentum states because of the particular
final-state configuration of the pion pair, as a result of the charge-conjugation
invariance of the electromagnetic interactions. This way he obtained the re-
lation between the decay rates of the two possible final charge states, that is
[Nw — 7f77y) = 2I(w — 7%7%y). Then, Levy and Singer [30] presented a
detailed study of the first-order electromagnetic w — 77y decays. Apart from
providing a theoretical understanding of the radiative transitions among vector
and pseudoscalar mesons, there is an additional feature making this process
an interesting object for experimental and theoretical study. In their study,
they used the dispersion-theoretical approach and they showed that final-state
interactions resulting in a decay rate of the same order of magnitude as the
one calculated from the Born term can be parametrized with the effective pole

approximation.

In this thesis, we mainly examine the effects of p —w mixing in the radiative
vector meson decays, w — 7wy and p — 7wy besides the o-meson intermediate
state, vector meson pole state and chiral loop amplitude. We reexamine the
w — 7%y decay in a phenomenological framework in order to the assess the
role of o-meson in the mechanism of the radiative w — 7°7%y decay. Then,
utilizing the latest experimental value of the branching ratio BR(w — m97%),
we redetermine the coupling constant g,.,- which is essential in different stud-
ies. Furthermore, we calculate the decay rate for the w — 7°7%y decay by
considering p-pole vector meson dominance amplitude, chiral loop amplitude,
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o-pole amplitude as well as the effects of w — p mixing which was not taken into
account by Gokalp and Yilmaz while investigating the w — 7%7% decay [20].
We also examine the radiative p — 7%7%y decay, adding the effects of p — w
mixing to the amplitude calculated with the aid of w-meson pole intermediate
state, chiral loop and o-meson pole which couples to the p-meson through a
pion-loop, in the framework of a phenomenological approach. We compare the
branching ratio calculated using different contributions with the experimental
result for this decay. In order to investigate the role of o-meson in radiative
w — mTw v decay in the same approach, we consider the vector meson dom-
inance, chiral loop and o-meson intermediate state amplitudes and the effects
of p — w mixing. Using these contributions in our approach, we calculate the
branching ratio of this decay and obtain the photon spectra for the branching
ratio of w — w77+ decay which can be tested experimentally. If only Born
term VMD amplitude is used in the calculation one has the important relation
['(w — 7%7%) = (1/2)T'(w — 7" 7~ 7) which was noticed by Singer [7]. As men-
tioned above, this relation follows from charge conjugation invariance to order
a which imposes pion pairs of even angular momentum. Since the 1/2 factor
in the relation holds to the first order in «, our calculation is also of interest
since the amplitude resulting from the assumed decay mechanism for w-meson
and p-meson decays in our work contains terms of order 3. The last decay we
consider in our framework is the decay p — 77~ which is dominated by the

pion-bremsstrahlung amplitude. In addition to the o-meson intermediate state
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amplitude, we examine the effects of p—w mixing for this decay. However, in this
case the p — w mixing does not play a significant role, because the p — 77~y
decay does not have a contribution coming from the VMD amplitude. In our
phenomenological approach, we try to calculate the decay rates of all radiative
decays by considering the contributions of different mechanisms represented by
diagrams using effective Lagrangians where we employ the coupling constants

that are determined from the experimental values of the relevant quantities.
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CHAPTER 2

RHO-OMEGA MIXING

The isospin symmetry which is the invariance under arbitrary rotations in the
isospin space is the one of the basic symmetries in nuclear physics. It is an
internal symmetry that results in the relations between different particle states.
The charge symmetry is a special case of isospin symmetry which is rotations
through 180° about the number 2 axis in isospin space that converts protons
into neutrons, and vice versa. These symmetries assume that the proton and
neutron are identical and are distinguished only by the direction of their isospin.
However, we know that the nucleons are not completely identical proton being
charged and neutron being electrically neutral. Therefore, these symmetries
must be broken by the electromagnetic effects and by the mass differences of

the up and down quarks.

Most theoretical efforts have been devoted to understand the charge sym-
metry breaking (CSB) phenomena in nuclear physics. These phenomena are
well explained in terms of one-boson-exchange potentials, with the electromag-
netic effects, the neutron-proton mass difference, and isoscalar-isovector meson
mixing included. The violation of the charge symmetry was first observed in
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neutron-proton scattering at 477 MeV as a difference between the neutron and
proton polarization asymmetries at TRIUMF experiment [31]. Other experi-
ment was performed by Knutson et al. [32] measuring of the spin-dependent
left-right asymmetries for n-p elastic scattering at 183 MeV. In Quantum Chro-
modynamics (QCD) CSB is understood in terms of electromagnetic effects and
the up and down quark mass difference. Important source of CSB arises through
isospin mixing of vector mesons, p —w mixing, in single meson-exchange models

of the strong interaction in two-nucleon system

2.1 p— w mixing in quark model

The wave functions of p and w meson in the quark model are given schemat-

ically as

(Juit) — |dd)) (2.1)

Sl

1 . _
w) = ﬁ(\uw + |dd)) (2.2)

so that the mixing matrix is obtained in the form

- %(dE|H\dE> | (2.3)

I1,. = (1) = 5 {ualH]um)
Mixing matrix vanishes if the Hamiltonian does not include the effect of mass
term that distinguish between the up and down quarks (m, —mg). Therefore,
the mixing matrix element is strongly affected by the quark mass difference as

well as by the electromagnetic effects.
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Figure 2.1: Feynman graph for p — w mixing through a ¢g intermediate state.

In the one-boson-exchange model of the nucleon-nucleon interaction the p—w
potential is produced by p — w mixing in the intermediate vector-meson propa-
gator as shown by Coon and Barrett [33]. They showed that the charge asym-
metric potential, which then depends on the electromagnetic transition matrix
element between the vector mesons p and w, is about 140°/, stronger than
previous estimates. The input to the calculation was a new measurement of
the G-parity forbidden decay w — w7 which has extremely low statistical er-
rors and an inherently clean interpretation. Goldman, Henderson and Thomas
(GHT) [34] analyzed the problem associated with the assumed off-shell behav-
ior of the p — w mixing matrix element. They used a simple model where the
vector mesons are considered as quark-antiquark (¢ —g) composites. The p—w
mixing amplitude is entirely generated by an intermediate quark loop due to
the small mass difference between the up and down quarks, § = m, — my, and
the process that they calculated is illustrated in Fig. 2. 1. A p meson of four-
momentum ¢* dissociates into a quark-antiquark pair through a vertex function
F(k?), which is the form-factor, describing the meson structure where k, is the
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free momentum of the quark loop. Then, for the quarks free Dirac propaga-
tors were used, thus ignoring the question of confinement. GHT calculated the
mixing amplitude and obtained the static central potential in coordinate-space
by Fourier transform. Their conclusion was that the p — w mixing amplitudes
are strongly momentum dependent,they plotted the potential-radial distance
from source, there is a node in the exact potential at about 0.7-0.9 fm, and the

potential changes sign due to the node which is the most important feature.

Then Krein et al. [35] investigated the role of quark confinement and the
nature of the quark propagator in a ¢ — g based description of the p —w mixing
amplitude. Their study was motivated by one of the difficulties associated with
the GHT calculation which did not include quark confinement, namely that
an unphysical gg-pair production threshold resulted in the timelike region at
q> = 4M?. One possible mechanism of quark confinement is that the quark
propagator does not have a mass pole and one explicit quark model including
this property uses the solution of a quark model Dyson-Schwinger (DS) equa-
tion. Therefore they described the momentum dependence of the p — w mixing
amplitude using the analytic confining, Dyson-Schwinger equation, and also for
comparison they considered recent hadronic calculations [36], where an essen-
tially parameter free calculation was made using an NN-loop and the n — p
mass difference. They showed that the Dyson-Schwinger propagator and the
hadronic models predict the opposite sign at smaller r and have nodes between
0.5 and 0.8 fm whereas the heavy free quark and confining quark cases have the
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same sign as the usual assumed potential. They saw that this increase in mass
has removed the node in potential for the free propagator case. As a conclu-
sion they observed that all calculations appear capable of fitting the data with
typical parameters and the momentum dependence is qualitatively similar in
each case, but for free and confining cases it should be noted that the results
are sensitive to the choice of the average up-down quark masses used. Their

obtained results varied with choice of form factors but not strongly.

One particularly important idea of hadronic physics is about the interac-
tion between the photon and hadronic matter. This has been remarkably well
described using the vector meson dominance (VMD) model. A simple exam-
ple to introduce VMD is the electromagnetic pion-form factor, F,(q?), which
has played such a crucial role in our understanding of p — w mixing. This
quantity is measured experimentally in the process ete™ — w7~ in which the
non-perturbative strong interaction effects produce the significant enhancement
seen in the cross-section. In the p — w resonance region the cross-section dis-
plays a narrow interference shoulder resulting from the superposition of narrow

resonant w and broad resonant p exchange amplitudes.

2.2 p— w mixing in Vector Meson Dominance model

VMD supposes that the vector mesons play the dominant role in the inter-
action of the photon with hadronic matter. O’Connell et al. [37, 38] described
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how the interactions of the photon with hadronic systems can be modelled use-
fully using vector mesons. The traditional representation of VMD which is
called VMD2 supposes that the photon couples to hadronic matter exclusively
through a vector meson. For the photon-rho-pion system, the relevant part of

the VMD2 Lagrangian is

1 , 1 , 1
['VMDQ = _Z /J,I/Fu - ZG;WGM + 5 pz(pu)z - gpﬂ'ﬂ'pll«‘]#
eM? 1 2
T AR 4 S <e> M2 A, A¥, (2.4)
9p 2\ 9,

where J¥ is the hadronic current and F),, and G, are the electromagnetic and
p field strength tensors, respectively. The pion form-factor is obtained from this

equation as

M2
p Jomm | (2.5)

F7r q2 = - .
) ¢ — Mg +iM,Lp(¢?) g,

The VMD2 Lagrangian has a fixed photon-matter coupling as well as a photon-
rho coupling, but if this coupling were also generated by the kind of momentum
dependent loop processes used in for p —w mixing, also the photon-rho coupling
would be strongly momentum dependent. For this reason, an equivalent alter-
native formulation of VMD, developed by Sakurai in the 1960’s [39], which is
called VMD1 is preferred. As discussed by O’Connell et al. [37], the alternative

formulation, VMD1, is given by the following Lagrangian

1 1
EVMDl - _ZFHVFHV - ZGW,G'LW +

1

€ v
SMopuf = Gorepdf = 5 —Fup™. (2.6)

29,
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From this Lagrangian we can derive a pion-form factor of the form

¢ Gprn

F () =1— .
(¢°) (2 — Mg +iM,T,(¢%)] g,

(2.7)

We have the constraint F(0) = 1 at zero momentum transfer and it reflects
the fact that the photon sees only the charge of the pions. In the limit of
universality, g, = gprr, Which is seen to be only approximate in nature [40], the
two representations of VMD become equivalent and without universality only
VMD1 continues to satisfy the constraint condition.

In many ways VMD1 version differs from VMD2, for instance, in VMD1
photon-hadron interactions take place exclusively through a vector meson and
VMD1 does not have a photon mass term and it has a term which produces a

momentum-dependent photon-rho coupling of the form

N F,G" — — < A" (2.8)

[ —
P 2gp gp

We reach the result that this decouples the photon from the p at ¢*> = 0, for
this reason keeping the photon massless in a natural way. In Fig. 2. 2 we
display the difference the two representations of VMD. O’Connell et al. [38] in
two recent papers also discussed the two established representations of vector
meson dominance (VMD) model for photons coupling to matter, with vanishing
of vector meson-meson and meson-photon mixing self energies at ¢ = 0 and
showed that one of these representations is completely consistent with such a
coupling.
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Figure 2.2: Contributions to the pion form factor in the two representations of
VMD a) VMD1 b) VMD2.

2.3 p—w mixing in ete” — 77~

The observation of the interference of the w-meson in the reaction ete™ —
777~ and the improved the resolution of the cross-section plot, revealed that
there was a G symmetry violating interactions of the w-meson, such as w —
mtn~, which could not be explained by electromagnetism alone [37]. This

situation is shown by corresponding diagram in Fig. 2. 3.

Figure 2.3: Electromagnetic contribution to the w-resonance of ete™ — w7,
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Examination of the decay w — 77 concluded that there was not significant
statistical evidence for the direct decay. It was suggested that despite a possibly
substantial direct decay rate, some process produced a cancellation giving a
zero result. The strong symmetry breaking theory allowed for a mixing of the
two mesons, introducing the quantity, transition matrix element between the
vector mesons p and w. In Fig. 2. 4. the relevant diagram for the reaction

ete” — mhr is displayed.

Figure 2.4: p — w mixing contribution to ete™ — 77~ .

2.4  p— w mixing Amplitude

Writing the p and w meson propagators in matrix form and generating the
mixing by dressing the bare isospin pure matrix elements this interference of
the w meson can be included into the VMD picture formalism. Thus, in the
pure isospin limit we have the bare matrix, D}, = —g,, D, in order that vector
mesons coupled to conserved currents where DY is the scalar propagator whose
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matrix form is
(2.9)
0 DI

Here D[I)p and DI are the scalar parts of the renormalised propagators for the
isospin pure fields, and there is no p — w mixing and no direct w; — 77w cou-
pling. Then we take the full expression for the dressed propagator given by
D,, = D), + D}, [1°° Dy, where the polarization function [1,,(¢*) = (g —
4udnu/q*) [1,, has off-diagonal elements of the isospin violating mixing self-
energy [[,, which generates the mixing between the isospin pure pr and wy

states and we keep terms to first order in isospin breaking [41] to obtain

DL 0 DL DL (¢?)
D= " — D' = i g (2.10)
0 DI, D).(¢*) DL,
D! Dy, ,.(¢*) DL,
_ pp pp L1p . (2.11)
I I I
Dpp pr(q2)wa wa

The dressed propagator D;w(qQ) contains both a broad p resonance and narrow
w resonance piece.

In the p,w basis, the combinations of the p; and wy, for which only the
diagonal elements of the propagator matrix contain poles, define the physical p
and w fields as mentioned by Maltman et al. [42] and O’Connell et al. [37]. This
associates the broad resonant part of the full amplitude with the p and narrow
resonant part with the w. One would find also narrow resonant structure in
the off-diagonal element of the vector meson propagator using different linear
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combinations of p; and w; in the p’ and W’ basis. The propagator could be

diagonalised by transforming to the physical basis
p=pr—cewr, w=uwr+eps. (2.12)
The transformation matrix, C, is defined as follows [37]

P PI 1 —¢ pI
-C = (2.13)

w wr e 1 wr

where ¢ is given by

pr
M2 — M2 —i(M,T, — M,L,) '

e = (2.14)

The standard assumption is that the mixing amplitude, [],,, is momentum
independent with its value extracted from the experimental data on ete™ —
ntr~ at the w pole, ¢* ~ M2, while the exchanged mesons have spacelike four
momentum, ¢> < 0, and are therefore highly virtual. But, Goldman, Henderson
and Thomas (GHT) [34] raise the possibility of significant ¢>-dependence of the
p — w mixing matrix element, constructing a simple model in which [],, is
generated by an intermediate quark loop as a consequence of the difference
between up and down quark masses.

Then, the significant momentum dependence has been obtained using many
theoretical approaches by other various authors. Two of them are Piekarewicz
and Williams [36], they calculated the momentum dependence of the p — w

mixing amplitude in a purely hadronic model, the basic assumption of which is

26



that the mixing amplitude is generated by NN loops and thus driven by the
neutron-proton mass difference. Using standard values for parameters obtained
from fits to two-nucleon data they determined a value for the p — w mixing
amplitude at the on-shell w-meson point in good agreement with experiment.
Then extending their results to the spacelike region, they computed the contri-
bution from the off-shell p — w mixing amplitude to the N-N potential. Their
results were compared to a recent calculation of GHT of the mixing amplitude
in terms of ¢g loops. In spite of the obvious differences between the two models,
their findings agree with the main conclusion drawn from that GHT’s work that

the momentum dependence of the p — w mixing amplitude is significant.

From the experimental point of view, p — w interference has always been

T~ of w mesons

observed through the G-symmetry violation interaction w —
produced in different reactions. Coon and Barrett [33] determined the mixing
amplitude using the amplitude for G-parity forbidden decay w — 27 as [[,, =
(—4.52 + 0.60) x 1072 GeV?2. The sign of the mixing amplitude is determined
from the relative phase of the w and p amplitudes in e*e~ — 777~ near M, and
M,,. They used the values M, = 775.9£ 1.1 MeV and I', = 150.5 & 3.0 MeV in
their calculations. Then Bernicha et al. [43] determined the p mass and width
by applying the S matrix formalism to the reaction ete™ — 777~ in the timelike
region. Their obtained values are significantly smaller than the values quoted
by the Particle Data Group [4]. To calculate the strength of the p — w mixing,

they used their obtained values, determined a small dimensionless parameter
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(y) which quantifies the isospin-breaking contribution and also used the ratio
Guwn~/Gpry Obtained from the leptonic partial rate. Then, using M, = (757.5 £
1.5) MeV and y = (—1.91£0.15) x 1072, the value [],, = (—3.7354:0.300) x 10~*
GeV? is obtained, whereas from the values of M, = (757.0 £ 0.59) MeV and
y = (—2.16 £ 0.35) x 10~* they obtaine [],, = (—4.225 £ 0.684) x 10~* GeV?
which agrees well the values obtained by Coon and Barrett [33] despite the fact
that for the p mass and width quite different values are used. Also from the
values M, = (757.03 £ 0.76) MeV and y = (—1.87 £ 0.15) x 1072, the p — w
mixing strenght is derived as [],, = (—3.669 & 0.30) x 107 GeV?. As for
Urech [44], he derived the p — w mixing amplitude using the fourier transform
of the two-point function and compared his numerical result for the on-shell
expression with the calculations found in the literature. For the calculation of
the on-shell amplitude, he considered the w — p — 77~ decay and found

following expression
_ [[.T(p—ata”)

|M2 — M2 —i(M,T, — M,T,)[?
I, [(p— m*r)

[Nw—7tr)

~ . (2.15)
AM2 (M, — M,)? + i(Fw —TI,)?
Thus, Urech determined the amplitude [],, as
Ly
pr = 2M,(m, —mq) + 3¢ Fy (2.16)

and found the value [],, = (—3.91 4+ 0.30) x 107 GeV?. If the mass difference
M, — M, and the width I', is neglected in Eq. 2.15, the mixing amplitude
is [, = —4.08 x 1073 GeV?2. The first of the results is in good agreement
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with the values quoted in the literature. He also discussed the off-shell mixing,
for this he again considered the two-point function. In conclusion, he found
that pr(cf) contains a zero at ¢> = 0 and is positive in the spacelike region.
Gardner and O’Connell et al. [45] extracted the G-parity violating branching
ratio BR(w — ntn~) from the effective p — w mixing matrix element [],,
that is determined from the ete™ — 777~ data. They obtained three different

T~ where they also defined an effective,

equations for branching ratios of w — 7
isospin-violating coupling constant g%//- which was used to calculate branching
ratio. This way, they found a relation that is equivalent to Eq. 2. 15 determined
by Urech [44]. In this study they also calculated [],, mixing matrix element
which results from using following equation with ¢,z /gwry ratio

L gpn
[T, (M2) = 53"—7(—3500 MeV?) . (2.17)
wTy

The average value of mixing matrix element was determined as [[,,(M2) =
—3900 £ 300 MeV?2. Through these studies it is thus possible to understand
w — mtr~ decay and p — w mixing and also the connection between [],,(M2)
and the branching ratio of w — 77~ decay.

O’Connell et al. [37] reviewed their study of constraints on the momentum
dependence of p — w mixing and concluded that the p — w mixing amplitude
should also vanish at ¢> = 0 in a large class of models. A re-analysis of the
pion form-factor using this formulation gave an excellent fit to the data, while

careful re-analysis near the w-pole gave a value [, (M 3 ) = —3800 4370 MeV?
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[38]. There are two principle sources of error in the value of [],,, the first

pw
one is a statistical uncertainty of 310 MeV? resulting from the fit to data, and
the second one (200 MeV?) is due to the error quoted in the ratio gury/gpry-
These errors are added in quadrature. This value differs from other modern fits
mainly because of using the most recent value of g, /g,r, Which is obtained by

Bernicha et al. [43] utilizing the leptonic partial rate of neutral vector meson

[46] T'(p — eTe™) = (6.77 £ 0.32) keV and I'(w — eTe™) = (0.60 £ 0.02) keV as

W Mw F fe”
oy _ |[MoTlp—eter) o o (2.18)
Gpmy Mp F<w - 6+€_)

The ratio between g, and g, has long been considered to be approximately
1/3 and this value is obtained in a recent QCD- based investigation by Dillon
and Morpurgo [47]. In their study, to analize the V' — ~ couplings gy, in the
decays V' — ete™, they applied the general parametrization method that is
obtained from the general properties of QCD. They derived the quasi no flavor
breaking theorem using the method of general parametrization. Then employ-
ing this theorem, they showed that the ratio of py and wvy coupling is almost
unaffected by flavor breaking, and therefore, equal to 3. Also, they found two
values for the ratio of these couplings, using different value of I'(w — ete™)
and the formula in Eq. 2. 18. Their results were |g,ry/guwry| = 3.36 £ 0.07 and
|Gprr/ Guomny| = 3.18 £ 0.12.
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The underlying theory of strong interactions, QCD, is inaccessible for stud-
ies in the low energy region, therefore it was difficult to make some model-
independent statement about p —w mixing. However, some model-independent
treatments of low energy strong interactions have later been developed and ap-
plied to examine the p —w mixing. The technique of QCD sum rules (QCDSR)
is one such technique which examines two-point functions of different hadronic
currents, expanding them in powers of 1/¢?. Using this technique and disper-
sion relations, Hatsuda et al. [48] analysed the ¢* dependence of p — w mixing

amplitude. They set up the problem by considering the two-point function
[l . iq-x v
[ (@) =i [ d'wei™ <0 | () J5(0)) |0 > (2.19)
where the vector currents are

T = (@yu — dy,d) /2, Jh = @y A+ dy,d)/6 . (2.20)

p

h. has to be of transversal structure, because the currents J' and J are

conserved,

I, (") = - (%w - MV) 1L, - (2.21)

@
They equated this current correlator (Eq. 2. 21) with the mixed propagator

[1.(¢°) = ~(9 — gu0./4°) - E:;“;EZQ)_ i) (2.22)

and found a rapid variation of the mixing matrix element [](¢?) with ¢*. Going
off shell the mixing decreases, changes sign for positive ¢ and is always negative
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in the spacelike region (¢*> < 0). Although the variation of [[(¢?) obtained
in this work was qualitatively similar to previous results based on different
models, their value of [](¢?) has a stronger ¢*>-dependence than those of others.
In the quark-loop model (p — ¢g — w) with momentum cut-off [34], [1(¢?)
changes sign at a spacelike momentum (¢* ~ —M?/2), therefore the variation
of T1(¢%) is more moderate. The nucleon-loop model (p — NN — w) with
dimensional regularization [36] predicts a sign change of [[(¢?) at ¢*> = 0, which
still corresponds to a more moderate variation than result of Hatsuda et al. [48]
who noticed that there is a crucial assumption with no theoretical justification
in both quark-loop and nucleon-loop models that is the effect of the isospin
breaking other than the QED effect is solely attributed to the mass difference
between u and d constituent quarks in the quark-loop model or to the mass
difference between the proton and neutron in the nucleon-loop model. There
is no priori reason, however, to neglect the isospin breaking in the coupling
constants of the vector mesons with the constituent quarks or the nucleons,
which generates an extra effect to the p —w mixing of order O(my4 —m,,). They
also examined the central part of the N-N potential contributed by the p — w
mixing in order to observe how the nuclear force is affected by the ¢? variation
of [1(¢*). The long-range exponential part of the potential due to the p — w
mixing is strongly suppressed by the ¢ dependence of the mixing. As a result,
the potential changes sign at r=0.9 fm which is the region of interest for the

symmetry breaking effect, as mentioned before.
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The other model-independent method for considering the strong interac-
tion at low energies is the Chiral Perturbation Theory (ChPT). It sets up
an effective model involving all the interactions of the pseudoscalar meson
octet and admitting all terms allowed by the symmetry of the original QCD
Lagrangian. Maltman [49] described two model-independent results on the
momentum-dependence of p — w mixing. He displayed an explicit choice of
interpolating fields for the vector mesons for which both the mixing in the
propagator and the isospin-breaking at the nucleon-vector meson vertices van-
ish identically at ¢> = 0. He also showed, using the constraints of unitarity
and analyticity on the spectral function of the vector meson propagator, that
there is no possible choice of interpolating fields for the p, w mesons such that
mixing matrix element is independent of momentum. The standard approach
of charge symmetry breaking in few-body systems is physically realizable. In
consequence, since the standard treatment can not be interpreted as arising
from any effective meson-baryon Lagrangian it must be interpreted as being

purely phenomenological in nature.

Also that the p — w mixing amplitude has a zero at ¢> = 0 has been shown
by O’Connell et al. [50] within a broad class of models in which the mixing
is either zero everywhere or is necessarily momentum dependent. They argued
that the mixing amplitude vanishes at ¢> = 0 in any effective Lagrangian model,
where there are no explicit mass mixing terms in the bare Lagrangian and where
the vector mesons have a local coupling to conserved currents which satisfy the

33



usual vector current commutation relations as QCD. They concluded that the
p—w mixing might play a minor role in the theoretical understanding of charge-

symmetry breaking in nuclear systems.

Moreover, Igbal et al. [51] studied mesonic width effects on the momentum
dependence of the p — w mixing matrix element. Theoretical calculations of
the off-shell variations of the p — w mixing matrix element have used various
models that include mixing through ¢g loops [34, 35], NN loops [36], QCD sum
rule calculation [50]. In all these calculations, the p and w mesons are treated
as stable particles and their widths are neglected. Igbal et al. [51] showed in
a model independent way that the large difference in p and w widths, I', =
151.5MeV, T, = 8.4MeV , gives rise to a new source of momentum dependence
for the p — w mixing matrix element. The ¢?> dependence arising due to the
meson widths leads to a significant alteration of the result obtained in the zero-
width approximation typically discussed in the literature [34, 35, 36, 50]. They
concluded in a model independent way that the inclusion of p and w widths
significantly alters the ¢®> dependence of the p — w mixing matrix element and
hence of the mixed meson propagator. This behavior arises from the fact that
the widths of p and w are different. Any model calculation addressing the ¢*-
dependence of the p — w mixing matrix element that does not include meson

width effects is incomplete.

Recently, Ya. I. Azimov [52] reconsidered the isospin violating mixing of p-
and w-mesons in terms of propagators. He studied various pairs of p, w-decays to
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the same final states. An interesting situation appears in the w — 7+t7~ decay
due to transition of w into p having the near mass and large width p — 7#F7~
decay. Nevertheless, experiments of this decay can extract only one parame-
ter and,therefore are not sufficient to explain the isospin violation mechanisms.
From this point of view, the decay such as (p,w) — 7y and (p,w) — ete”
has attracted much attention in recent years. Taking the unperturbed propaga-
tor for vector meson V with bare mass My Azimov described the propagators
for mixing of vector particles in different form. Then he rewrote the ampli-
tude through contributions of the physical states with physical propagators and
physical amplitudes for the meson production and for meson decays considering
a process ¢ — [ with intermediate p- and w-mesons. In calculations, he made
all numerical estimations taking all necessary parameters constant, which are
p, w complex masses, that is masses and widths and mixing parameters, and
used the leading role of the p — w mixing for isospin violation. In summary we
can say that, the isospin violation due to p —w mixing that was known for some
time in the forbidden decay w — 77~ is later suggested for the radiative decay
p — wn~. The mixing also affect all pairs of decays of p, w to the same final
state and decays of heavier particles with the production of p, w. The p — w
mixing affects various pairs of p,w-decays in a regular, correlated manner. At
higher experimental sensitivity, the universal nature of the mixing parameter
will allow to separate mixing isospin violation due to p, w-transitions from direct

isospin violation in amplitudes of bare unmixed states p, w. Even present data
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from experiments give some proof for necessity of such direct violating effects.
As noted by Azimov [52] in the near future it can be expected that the meson
radiative decays with participation of p and/or w may certainly be attractive
and useful for studying the p — w mixing and other manifestations of isospin

violation.
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CHAPTER 3

FORMALISM

We extend previous studies of w — 707%, w — 7Fa7y [21], p° — 7970,
P — whry [28, 29] decays by considering the effect of w— p mixing in addition
to the vector meson exchange, o-meson intermediate states and chiral loop
amplitudes. We follow a phenomenological approach and attempt to calculate
the decay rate and explain the latest experimental result about the branching

ratio for these decays.

Although the contribution of chiral kaon-loop diagram shown in Fig. 3. 1b
to decay rate of w — w7’y decay is small, we also include the corresponding
amplitude of these diagrams in our calculation for completeness. For this radia-
tive decay, pion-loop contributions vanish in the good isospin limit. However,
since we lack any experimental information to describe the wK ™ K~ -vertex and
K* K~ —7%° amplitudes for the contribution of this diagram we use the ampli-
tude given by Bramon et al. [12] derived using chiral perturbation theory. This
may not be entirely consistent with the philosophy of our phenomenological
approach, but since their contributions are shown to be small we do not think
that this way of including kaon-loop diagram into our calculation constitutes
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a serious inconsistency. Moreover, in Fig. 3. 2b and Fig. 3. 7b in addition
to pion-loop intermediate state there is also a contribution to p® — %%y and
p° — 7t7 7 decays coming from KK intermediate state. However, as shown
by Bramon et al.[12] for these decays the kaon-loop intermediate states give a
contribution which is 10% times smaller than the contribution coming from the
charged-pion loops. Therefore, in our calculation we do not take the kaon-loop

amplitude in p° — 797% and p® — 7t7 =y decays into account.

3.1 Radiative w — 7% and p° — 7% decays

The contributions of VMD, chiral loops, o-meson intermediate state ampli-
tudes and the effect of p — w mixing are considered for the radiative w — 7070y
decay. In the case of the radiative p° — 7%7%y decay we calculate the decay
rate assuming that this decay also proceeds through the same mechanism as
well, that is its amplitude is provided by VMD, chiral loops, c-meson interme-
diate state amplitudes and p — w mixing. In order to calculate the effect of the
p — w mixing in the w — 7°7%y decay, we need an amplitude characterizing the
contribution coming from the different amplitudes to the p' — 7%7%y decay.
Likewise, for evaluating the effects of the p —w mixing in the p® — 7°7%y decay,
we use the amplitude resulting from the different amplitudes to the w — 7070y
decay.

Our phenomenological approach is based on the Feynman diagrams shown
in Fig. 3. 1 for w — 7%7% decay and in Fig. 3. 2 for p° — 7%°7%y decay. To

38



establish the gauge invariance, the direct terms shown in the diagrams in Fig. 3.
1b and in Fig. 3. 2b,c are required. The interaction term for two vector mesons
and one pseudoscalar meson is given by the Wess-Zumino anomaly term of the
chiral Lagrangian [53], therefore we describe the wpm- vertex by the effective

Lagrangian [54]

Loff = Sem 0 0,007 7 (31)

which also defines the coupling constant g,,.. This coupling constant was de-
termined by Achasov et al. [55] through an experimental analysis as g,,» =
(14.4) £ 0.2)GeV ! assuming that w — 37 decay proceeds with the intermedi-
ate pr state as w — (p)m — 7w and they used the experimental value of the
w — 31 width. Similarly, the V7ry-vertices where V' = p,w are described by

the effective Lagrangian [56]

E?/frfy = gVﬂvgﬂyaﬂapV;/aaAﬁﬂ' . (32)

To deduce the coupling constants g, and g, we use the experimental partial
widths of the radiative V' — 7y decays which are given as

M2_M2 3
F[v_)ﬂ_,y]:g( U 7T) 2

o1 . Jvm (3.3)

This way for the coupling constants g, and g,r, we obtain the values g, =
(0.706 + 0.021)GeV ™! and g,r, = (0.274 £ 0.035)GeV ', The onr-vertex is

described by the effective Lagrangian [57]

Leff~ — lgaﬂ_ﬂMg? To . (34)

OTT 2
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The decay width of the o-meson that follows from this effective Lagrangian is

given as

1/2

2 o 3M, 2M\?
F[J—MTW]:%T [1—<M )1 . (3.5)

Using this expression and experimentally measured values of the mass M, and
the width I', as M, = (483+31)MeV and I', = (338+£48)MeV, where statistical
and systematic errors are added in quadrature [18, 19], we obtain the strong
coupling constant as g, = 5.3 & 0.55. We describe the woy-vertex by the

effective Lagrangian [58]

(&
Ll = —g
woy = g, S

0° WP 0, Ay — 5 Aao (3.6)

which also defines the coupling constant g, that will be determined by our

analysis. For the prr-vertex the effective Lagrangian [59]

LA = g T (7 X 7) (3.7)

pT

is used. The decay width of p-meson that follows from this effective Lagrangian

is

w

o — ] = S22 [1— (ifj)] . (33)
For the coupling constant g, using the experimental decay width of the decay
p — mm [6] we obtain the value g, = (6.03 +0.02). The effective Lagrangians
LT and E;{r{r' are obtained from an extension of the 0 model where the isovec-

tor p is included through a Yang-Mills local gauge theory based on isospin with
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the vector meson mass generated through the Higgs mechanism [60]. In order
to describe the m-vertex again we consider the o-model with spontaneous sym-

metry breaking [61] and we describe the 74-vertex by the effective Lagrangian

Lo = 2(? -T2 (3.9)

2 2 2

. . . M2—M

where the coupling constant A\ is given as A\ = —‘(]”%W and the value
N

2
2 =MN = 14 is used. We note that this effective interaction results in only isospin

[=0 amplitudes. The small [=2 amplitudes were also neglected in previous
calculations within the framework of chiral unitary theory [16].

In our calculation of the invariant amplitude, in p-meson and o-meson prop-
agators we make the replacement ¢> — M? — ¢*> — M? +iMT in order to take
into account the finite widths of these unstable particles. We use the energy

dependent width for o-meson that follows from Eq. 3. 4

M, ([ ¢*—4M2 \?
2y _ o ™ 2 a2
Cale?) =2 () ot - a2 (310

and for p-meson we use the following momentum dependent width as conven-

tionally adopted [37]

M, (¢ —4M2\?
) =Tyt =) - ) (3.11)
p T

In order to evaluate the loop diagrams in Fig. 3. 1 and Fig. 3. 2 we note that
similar loop integrals were evaluated by Lucio and Pestiau [62] using dimensional
regularization and their calculations were confirmed by Close et al. [63] We use
their results and, for example, we express the contribution of the pion-loop
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amplitude corresponding to p° — (7777 )y — 7%% reaction in Fig. 3. 2b as

€YprrA
A= _QW;)MPQZ-I(&’ Olp-k)(e-u) = (p-e)(k-u)] (3.12)
where a = %, b = (p]\;l;)27 p,k the momenta and u,e the polarization vector

of p-meson and photon, respectively. The amplitude corresponding to p° —

(rt7n7)yo — 770y reaction can similarly be written. The function I(a,b) is

given as
Iah) = 555 = 1 LG~ 1G] + g [95) — 9(0)] 813)
where
Fa) = - {aurcsm(%ﬁ)}2 , T >
() —in]”, z<d
4x — 1)2 arcsin % , T i
o(a) = ( ) (5,7) >
s(1— 4z)2 {ln(%’—f) - iw} , r<j3
e = % 14 (1—42)3] | (3.14)

In addition to the vector meson dominance contribution that is displayed the
corresponding Feynman diagrams in Fig. 3. la for w — 7%7%y decay and Fig.
3. 2a for p — m°7w%y decay, the incorporation of isospin violation effects allowing
the mixing of the p and w resonances is readily possible. This is the p—w mixing
which is well known and it has been seen to be relevant in processes like the
w — w7~ decay or in the pion form factor in the w region as mentioned in the
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previous chapter. The p — w mixing is described by an effective Lagrangian of

the form
of f. 2
Ll =11 war" (3.15)

where w, and p, denote pure isospin field combinations. Therefore, the corre-

sponding physical states can be written as [37]

) = lp, I = 1) = €elw, [ = 0) (3.16)
w) = lw, I =0) +elp, I =1) (3.17)

where
€= H’ZM . (3.18)

M2 — M2 +i(M,T, — M,T,)

O’Connell et al. [37] determined values of ], from fits the efe™ — n*7~ data
as [1,, = [—3800 & 370]MeV?. Urech [44] also determined the [],, using the
chiral perturbation theory, as mentioned in the previous section, and this result
is in good agreement with the values quoted in the literature. Then, using the
experimental values for My and I'y where V = p,w, the mixing parameter €
is obtained as ¢ = (—0.006 4 i0.036). Besides the mixing of the states, there
is another effect of p — w mixing, which is that it modifies the p-propagator
in diagrams in Fig. 3. la for calculation of w — 7%7%y decay amplitude and
w-propagator in diagrams in Fig. 3. 2a for the amplitude of p — 7°7%y decay
as

1 1 gV7r'y H%/V/ ]
9v' 7vy DV(‘S) ’

(3.19)

43



where
Dy(s) = s — Mg +iMyTy(s) . (3.20)

New contribution coming from the p — w mixing makes the whole V' — PPy
amplitude to be written as Ay(V — PP'v) + eA(V' — PP'7), where Ay and
A include the contributions coming from the different terms. Therefore, the
amplitude of the decay w — 7%y can then be written as A = Ay + eA where
Ay includes the contribution coming from the diagrams shown in Fig. 3. 1 for
w — 107% and A represents the contributions of the diagrams in Fig. 3. 2 for
p — mon0y.

Similarly, the amplitude of the decay p — 7%7%y can be written same way
that is A = Ay — A and in this case Ay includes the contribution coming
from the diagrams shown in Fig. 3. 2 for p — 7%y and A represents the
contribution of the diagrams in Fig. 3. 1 for w — 79%7%.

We calculate invariant amplitude A(E.,, E) this way for the decays w —
797% and p — 77%y from the corresponding Feynman diagrams shown in Fig.
3. 1 and Fig. 3. 2. Then, the differential decay probability of V' — 7%7%y decay
for an unpolarized V-meson at rest is then given as

ar 1 1

_ 2 21
dE,dE, — (2m)® 8My AP (321)

where E, and E; are the photon and pion energies respectively. We perform
an average over the spin states of vector-meson and a sum over the polarization
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Figure 3.2: Feynman diagrams of p — 7°7%y decay.

45



states of the photon. We obtain the decay width T'(w — 7%7%y) by integration

F ]_ E'y,ma;n dE El,maac. dE dP 3 22
T2 /E i /Em YdE,dE, (3:22)

y,min.

where the factor £ is included because of the 7%7° pair in the final state. The
minimum photon energy is E. ;. = 0 and the maximum photon energy is
given as E,ar. = (ME — 4M2)/2My. Thus, we determine the maximum
photon energy as E. a0 = 341 MeV for w — 7°7% decay and F, 0. = 338

MeV for p — 77y decay. The maximum and minimum values for pion energy

E are given by

1
2(2E, My — M)

[—2E3My + 3E, M, — M;,

+E,\/(—2B, My + M) (—2E, My + M2 — 4M2) ] . (3.23)

3.1.1 Numerical analysis of w — 7%7%y decay

The contribution of different amplitudes to the branching ratio of the radia-
tive decay w — 7w’y are considerably different. We first consider the VMD
amplitudes for the branching ratio and we obtain the values BR(w — 7%7%) =
3.96 x 107° and BR(w — 7%7%y) = 4.22 x 107° without and with the effect
of the p — w mixing, respectively. These results are quite close to the values
calculated in Ref. [14]. Then we use VMD amplitudes and chiral amplitudes,
the resulting values for the branching ratio are BR(w — 7%7%) = 3.98 x 107>
and BR(w — 7%7%y) = 4.67 x 1075 without and with the effect of the p — w
mixing included, respectively. Again these calculated values for the branching
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ratio seem to be quite in agreement with the previous results, in particular, with
the results of Bramon et al. [12] and Palomar et al. [15]. When we consider the
contribution of o-meson intermediate state, the main difference with previous
results is observed. Indeed, using the full amplitude including the contributions
of VMD, chiral loop, and o-meson intermediate state diagrams we obtain the
branching ratio as BR(w — m7%y) = 7.29 x 107°, and this value is reduced to
the value BR(w — 7%7%) = 6.6 x 107° when we add the effect of the p — w
mixing. We thus observe that the effect of p — w mixing on the amplitude of
the w — 7°7%y decay is reasonably pronounced and moreover the contribution

of the o-meson intermediate state is quite substantial.

The theoretical decay rate for w — 7°7%y decay that we calculate using
Feynman diagrams in Fig. 3. 1 and Fig. 3. 2 results in a quadric equation for
the coupling constant g.,,. Using the experimental value for this decay rate
[1], we obtain the values g,y = (0.11£0.01) and guey = (—0.21£0.02) for the
coupling constant g, [64]. These values are smaller than the values g,o, =
0.13 and g,,y = —0.27 that were obtained in the previous phenomenological
analysis which did not include the effect of p —w mixing [20]. As a result of our
calculation, the p — w mixing does make a reasonably substantial contribution
to the w — 7°7%y decay amplitude when o-meson intermediate state is taken
into account and this consequently results in a reduced value for the coupling

constant g -

In Fig. 3. 3 we plot the distribution dB/dM o0 for the radiative w — 7%7%y
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Figure 3.3: The 7%z invariant mass spectrum of the decay w — 77y for
Jwoy = 0.11. The separate contributions resulting from the amplitudes of VMD;
VMD and p — w mixing; VMD, chiral loop, p — w mixing; VMD, chiral loop,
o-meson intermediate state, p — w mixing are shown.

decay in our phenomenological approach choosing coupling constat g, = 0.11,

0 system, where we also indicate

as a function of invariant mass M, of 7'r
the contributions coming from the different amplitudes. The interference term
between the different amplitudes is positive over the whole region. When we
take into account the effect of p—w mixing by including the contribution coming
from the diagrams in Fig. 3. 2a, the contribution of the VMD amplitude
calculated from the diagrams in Fig. 3. la does not change appreciably. Then

the situation changes somewhat if we consider VMD and chiral loop amplitudes
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and p — w mixing as well. However, the significant alteration is obtained when
we include VMD, chiral loop, and o-meson intermediate state amplitudes with

O_invariant mass distribution

p—w mixing. In Fig. 3. 4, we plot the resulting 7%
for the decay which using the coupling constant g,,, = —0.21. These figures
clearly show the importance of the o-meson intermediate state amplitude, and
again it makes a very significant contribution. The interference term between
the o-meson and VMD and chiral loop amplitudes is negative some regions of

the spectrum. Moreover, the overall shape of the spectrum is quite different

from the previous case.

For the mechanism of p — 7%7%y decay, we consider a new approach in our
work. Neglecting a direct poy-vertex, we assume that the p — 7%7% decay
proceeds by a two-step mechanism with o coupling to p’-meson with 77~
intermediate loop. We show the corresponding Feynman diagrams in Fig. 3. 2
for this decay. Scalar o-meson effects in radiative p’-meson decays are studied
in recent work by Gokalp and Yilmaz in detail [20]. In that work they use
the standard 7%7° — 7+7~ amplitude of chiral perturbation theory in the loop
diagrams. Using the same 7m — 7 amplitude in our work, we then obtain
the value of the branching ratios as BR(w — 7%7%) = 6.12 x 107 from the
full amplitude including the contributions of VMD, chiral loop, and o-meson
intermediate state diagram as well as the effects of p—w mixing. This evaluated
value is not very different from BR(w — 7%7%y) = 6.6 x 1075 that is obtained
employig the effective Lagrangian given in Eq. 3. 9 to described the m*-vertex.
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Figure 3.4: The 7%z invariant mass spectrum of the decay w — 77y for
Jwoy = —0.21. The separate contributions resulting from the amplitudes of
VMD; VMD and p — w mixing; VMD, chiral loop, p — w mixing; VMD, chiral
loop, o-meson intermediate state, p — w mixing are shown.

An essential assumption of this decay calculation is that there is no SU(3)
vector meson-sigma-gamma vertex. Thus, the woy-vertex cannot be related to
the poy-vertex. The wo~-vertex that we use may be considered as representing
the effective final state interactions in the wm-channel. The small value of the
coupling constant g, that we obtain leads to a change in the Born amplitude
of the w — 7%7% decay which is of the same of the magnitude, as it is typical
of final state interactions [64]. Finally, we noted that our analysis suggests that
the coupling constant g, has actually a much smaller value than obtained by
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light cone QCD sum rules calculations.

3.1.2  Numerical analysis of p — 779y decay

In the case of p — 7°7%y decay, the photon spectra for the decay rate is
plotted in Fig. 3. 5 as a function of photon energy E,. The contributions of
VMD amplitude, p—w mixing amplitude, loop amplitude, o-meson intermediate
state amplitude and the total interference term are indicated. As it is clearly
seen that there is no effect of p—w mixing for the decay of p — 7%7%y. So, the p—
w mixing gives the contribution as well as the contribution of VMD amplitude.
The total branching ratio, including p — w mixing, is obtained as BR(p —
7070v)) = (4.9040.82) x 10~ which is in good agreement with the experimental
result BR(p — 7°7%y)) = (4.1739 4 0.3) x 107 [1]. The contribution of VMD
amplitude that we obtain BR(p — 7%7%y)) = (1.03 £ 0.02) x 107> is the same
the p —w mixing contribution and it’s also in good agreement with the previous
calculations [11, 12, 28, 29]. On the other hand the contributions coming from
the pion-loop amplitude and o-meson intermediate state amplitude including
the effect of p — w mixing are BR(p — 7%7%)) = (1.07 £ 0.02) x 107° and
BR(p — m7%)) = (4.92 & 0.16) x 1075, respectively. As one compares the
contributions of VMD, p — w mixing and pion-loop amplitudes, it is seen that
the o-meson intermediate state makes an important contribution. Chiral loop
and VMD in the radiative vector meson decays are also studied by Palomar et
al. [15]. Their study includes the mechanisms of sequential vector meson decay,
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Figure 3.5: The photon spectra for the branching ratio of the decay p — m07%.
The separate contributions resulting from the amplitudes of VMD; VMD and
p — w mixing; chiral loop; o-meson intermediate state; and from the full ampli-
tude obtained using the diagrams in Fig. 3. 2 and in Fig. 3. 1 as well as the
total interference are shown.

chiral loops that is obtained using a chiral unitary approach to deal with the final
state interaction of the meson meson system and the effect of p —w mixing. For
the radiative p — w7y decay, they demonstrated that the loop contribution is
very important and the branching ratio obtained as BR(p — 7%7%y) = 4.2x107°
with the sum of the sequential and loop mechanisms is about three times larger
than with either mechanism alone (which is approximately the same value) and
then this value is compatible with present experimental value. They also found
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that the p — w mixing effects were negligible in the case of the p — 77y decay
as we reach the same conclusion for this decay. However, the mixing is relevant
in the rest of the decays and it has important interferences with the sequential
contribution and in addition modifies the resonance propagator involved even

though the mixing contribution is by itself small.

For the radiative p — 7%7%y decay o-meson effects are also investigated
by Gokalp et al. [28] and Bramon et al. [29]. Gokalp et al. consider the
contribution coming from the ¢ intermediate state as well as VMD and chiral
pion-loop contributions in a phenomenological approach. Their study shows
clearly that the contribution of the o-meson intermediate amplitude has to be
included in the analysis of radiative p — 7°7%y decay, moreover o-meson has
to be considered to couple to the p° meson through a pion-loop. As for Bramon
et al., they propose the description of o-meson effects in p — 7%7% decay in
terms of reasonably simple amplitudes reproduced the chiral-loop. They find
that there is an important contribution from the ¢ meson, in addition to the well
known w-exchange, for the p — 7°7%y decay. They obtained the decay width
of charged loops, VMD, as I'(p® — 7%7%), = 1.55 keV and T'(p° — 7%7%9),, =
1.89 keV, respectively. Then, for o-meson they determined two values due to
free parameter (k). The value k = 1 corresponds to the Linear Sigma Model
(LcM) and the value k ~ 2.5 matches for phenomenological context, and the
results were I'(p" — 7°7%) o0 = 2.63 keV and T'(p" — 7°7%9),_phen = 1.84
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keV. Moreover, they found the interference of VMD amplitude with the chiral-
pion loops, Linear sigma Model and sigma phenomenological context amplitudes
as T'(p" — 7°7%9) 41w = 440 keV, T'(p° — 7°7%9)1orr1w = 6.29 keV, and
L(p" — 7°7%9)s_phentw = 5.10 keV. Our results are coming from the VMD,
chiral loop and o-meson intermediate state and also interference of VMD with
the pion-loop and o-intermediate state amplitude, T'(p° — 7%7%)yap = 1.54
keV, T'(p° — 7%7%), = 1.60 keV, I'(p° — 7%7%), = 7.44 keV and T'(p° —
707%Y) v = 2.49 keV, T'(p° — 797%) o1 vrp = 8.25 keV, respectively. The
o-meson effects are quite different from our results because of using different
approaches. We add the o-meson effects to chiral-loop contribution, however,
Bramon and Escribano proposed a consistent description of ¢ meson effects in
terms of simple amplitudes which reproduced the expected chiral-loop behaviour

for large M, values.

3.2 Radiative w — 777 v and p° — 77~ decays

We consider the contributions of vector meson dominance model, o-meson
intermediate state amplitudes and w — p mixing in radiative w — 7" 7~ decay.
In the case of the radiative p — w77 decay, the contributions of the pion-
bremsstrahlung amplitude, pion-loop, o-meson intermediate state amplitude
and p — w mixing are considered. To calculate the effects of the p — w mixing
in the w — 7t7~ v decay, we use the amplitude resulting from the different
amplitudes to the p — 77~ decay. Similarly, for evaluating the effects of the
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p — w mixing in the p — 777~ decay, we need an amplitude coming from the
different amplitudes to the w — 777~ decay.

Our calculation is based on the Feynman diagrams shown in Fig. 3. 6
for w — 7mt7 v decay and in Fig. 3. 7 for p — 777 7 decay. The direct
terms shown in the diagrams in Fig. 3. Ta, b, ¢ are required to establish the
gauge invariance. For the wpm, pry, woy and prw vertices, we use the effective
Lagrangians described in Eq. 3. 1, 2, 6, 4 and 7 and also related coupling
constants we take the same values except the coupling constant g,,. For this
coupling constant, we use the values of g ., = 0.11 and g,,, = —0.23 that are

estimated by Gokalp et al. [64] in their analysis of w — 77% decay.

Oller and Oset [65] studied the meson-meson interactions in the scalar sec-
tor using the standard chiral Lagrangian in lowest order of chiral perturbation
theory. Their model predicts the mass and partial decay widths of the scalar
resonances, as well as the different scattering amplitudes, in good agreement
with experimental results and requires the use of only one parameter which is
the cut off parameter around 1.2 GeV, in the loop integrations. We use their
result for the isospin I = 0 four pseudoscalar amplitude 7t7~ — 777~ that
we need in the loop diagrams in Fig. 1b, thus the small I = 2 amplitude is

neglected.

Oller [66] noted that the important point in the argumentation is that the off-
shell part of the meson-meson amplitude, which should be kept inside the loop
integration, do not contribute, and consequently the amplitude A, (7T7~ —
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Figure 3.6: Feynman diagrams of w — 77~ decay.
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Figure 3.7: Feynman diagrams of p — 77~ decay.
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7t~ factorizes in the expression for the loop diagrams.

For p and ¢ mesons, we make the replacement in the propagator as calcula-
tion of w — 77% and p — 7°7% decays, and use the energy dependent widths
given in Eq. 3. 10 and 3. 11 in invariant amplitude calculation of w — 7t7 ™
and p — w7~ decays. Moreover, we use the loop integrals appearing in Fig.
6 and 7 evaluated by Lucio and Pestiau [62] as mentioned before. The contri-
bution of the pion loop amplitude corresponding to p° — (7777 )y —— 7t7r 7y
reaction in Fig. 3. 7b can be written as

g Alnt T > wta)
22 M2

A, = I(a,b) [(p.k)(euw) — (pe) (k)] , (3.24)

where @ = M2/MZ2, b= (p— k)2/M2, A, = —(2/f2)(s + M2/6), 5 = (p — )2,
fr = 92.4 MeV, which is the pion decay constant, p(u) and k(e) being the
momentum (polarization vector) of p-meson and photon, respectively. A similar
amplitude corresponding to p° — (7t77)y0 — w7~y reaction can also be

written as follows

o egpww (gcnmrMO')Q

A= 22 M2

Do(p = k)(a,b) [(e.u)(k.p) — (e.p)(ku)] , (3.25)

where D,(p — k) is the propagator of the o-meson. For the function I(a,b), we
again use the definition in Eq. 13 and 14. To calculate p — w mixing part for
w— wrr y and p — w7y decays, we follow the formalism that developed
for the decays of w — 7% and p — 7070.

The mixing allows the transition V' — V' in the process V — 77+, thus
the amplitude of the decay w — 77~ can be written as A = Ay + eA where
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Ajg includes the contributions coming from the diagrams shown in Fig. 3. 6
for w — 7t7~y and A represents the contributions of the diagrams in Fig. 3.
7 for p — 7w~ 7. Then for the radiative p — 77~ decay the amplitude is
written as A = Ay — eA where Ap contains the contributions coming from the
diagrams shown in Fig. 3. 7 for p — 777~ and A includes the contributions

of the diagrams in Fig. 3. 6 for w — w77 .

Another effect of p — w mixing is to replace the p propagator in first part
of amplitude of w — 777~ decay by the propagator given in Eq. 3. 19.
Since according to SU(3) relation gury/gpry = 3 this effect is relevant and it
makes a sizeable contribution. However, since there is no VMD diagram for the

p — mtw v decay, the first part of the effects of p — w mixing will not exist.

The invariant amplitude A(E., g,) is calculated this way for the radiative
w— 7t~y and p — wt7 v decays from the corresponding Feynman diagrams
are shown in Fig. 3. 6 and Fig. 3. 7. In this part of calculation we use Eq. 3.
21 and 3. 22, but we do not take the factor 1/2 in Eq. 3. 22 since final state
particles are not identical. In our calculations the minimum photon energy
E,min. = 0 for the w — 7777y decay in p — w mixing calculation of the
w — wtw v decay it is taken as E, min. = 30 MeV because of the presence
of bremsstrahlung amplitude coming from the p — 777~ decay. The same
situation also exist in calculation of p — w mixing of p — 77~ decay. The
maximum photon energy is given as E. .. = (Mg — 4M2)/2My. Eq. 23 is
used for the maximum and minimum values for pion energy Fj.
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Figure 3.8: The photon spectra for the branching ratio of the decay w — w7~y
for g..y = 0.11. The separate contributions resulting from the amplitudes of
VMD; VMD and bremsstrahlung with p — w mixing; VMD, bremsstrahlung,
chiral loop with p — w mixing; and from the full amplitude obtained using the
diagrams in Fig. 3. 6 and in Fig. 3. 7 including o-meson intermediate state
with p — w mixing.

3.2.1 Numerical analysis of w — 7" 7~ decay

For the branching ratio of the decay w — w7, the photon spectra are
plotted in Fig. 3. 8 for g,,, = 0.11 and in Fig. 3. 9 for g.,., = —0.21
as a function of photon energy E, and also the contributions of the different
amplitudes are indicated. The general shape of the spectrum as well as the rel-
ative contributions of different terms for positive and negative values of g, are
quite different. These figures clearly show that the bremsstrahlung amplitude
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Figure 3.9: The photon spectra for the branching ratio of the decay w — w7~y
for g,oy = —0.21. The separate contributions resulting from the amplitudes of
VMD; VMD and bremsstrahlung with p — w mixing; VMD, bremsstrahlung,
chiral loop with p — w mixing; and from the full amplitude obtained using the
diagrams in Fig. 3. 6 and in Fig. 3. 7 including o-meson intermediate state
with p — w mixing.

of p — w7~ ~ decay as the result of p — w mixing affects mostly the lower part
of the photon spectra, changing it drastically, but becomes practically negligible

toward the higher photon energy part of the spectrum.

In our calculation from the contribution of VMD amplitude for the w —
w7 decay, we obtain the branching ratio BR(w — 777~ v) = 7.2 x 107°. If
we consider the VMD amplitude for w — 77~ decay and the bremsstrahlung
amplitude for p — 777~ decay, as a result of p — w mixing, we obtain the
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branching ratio BR(w — wt777) = 0.46 x 107®. On the other hand, if we
consider VMD and o-meson intermediate state amplitudes for w — 7F7 7y
decay and do not consider p — w mixing effect, the obtaining branching ratio
is BR(w — mt7 ) = 0.13 x 1073 for g,,, = 0.11 and BR(w — 77 7) =
0.12x 1072 for g,,, = —0.21. These values show the importance of p—w mixing
and the o-meson intermediate state amplitude in w — 777~ decay.

Finally, if we consider the full amplitudes resulting from the Feynman dia-
grams in Fig. 3. 6 and in Fig. 3. 7, we obtain for the branching of w — w77~
decay the value BR(w — mrn~ ) = 0.43 x 1073 using the coupling constant
Gwoy = 0.11 and BR(w — 77~ 7) = 0.67 x 1072 if we use the coupling constant
Guwoy = —0.21 [67]. These values are consistent with the experimental upper

limit BR(w — 7~ ) < 3.6 x 1073 [6].

3.2.2  Numerical analysis of p — 7wt7 v decay

For the p — w7~ v decay, the contributions of the bremsstrahlung ampli-
tude, pion-loop amplitude and o-meson intermediate state amplitude to the
branching ratio of the decay are BR(p — w7 v), = (1.14 £+ 0.01) x 1072,
BR(p — 717 7); = (0.45 4+ 0.08) x 107® and BR(p — 777 ), = (0.83 £
0.16) x 107*, respectively. Gokalp et al. [28] also obtained the same results
in their analysis for this decay. For the total branching ratio including ef-
fects of p — w mixing we obtain BR(p — 7w~ v) = (1.22 + 0.02) x 1072 for
E, > 50 MeV which is in reasonably good agreement with the experimental
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Figure 3.10: The photon spectra for the branching ratio of the decay p —
77~ 7. The separate contributions resulting from the amplitudes of VMD;
bremsstrahlung; pion loop; o-meson intermediate state; and from the full am-
plitude obtained using the diagrams in Fig. 3. 7 and in Fig. 3. 6 as well as the
total interference are shown.

result BR(p — 77~ 7) = (0.99+0.16) x 1072 [5]. Also this value was obtained
without the effects of p — w mixing [28] and as the result we can say that the
p — w mixing is not important for p — w7~ decay. Therefore the dominant
contribution comes from bremsstrahlung and the contribution of g-meson in-
termediate state amplitude should be included in the analysis of the decay but
the p —w mixing effects should not be considered in this decay since there is no

contribution coming from the VMD mechanism.

In Fig. 3. 10 we show the photon spectra for the branching ratio of the decay
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p — w7y as a function of photon energy E, and also the experimental data
points [5]. The contribution of the pion-bremsstrahlung amplitude is the main
contribution, pion-loop and o-meson intermediate states become noticeable only
in the region of high photon energies.

Bramon and Escribano [29] also analysed this decay and determined the
decay width contributed by bremsstrahlung, chiral loop and o-meson ampli-
tudes. Similar to the p — 7°7%y decay there are two values of o-meson am-
plitudes coming from the free parameter k. They obtained the values I'(p —
T )brems = 1.706 MeV (for E, > 50 MeV), I'(p — 77— 7),, = 0.93 keV
and I'(p — 77 V) omr = 521 keV, T'(p — 777 %) o—phen = 3.84 keV, re-
spectively. For the contribution of different amplitudes to the decay width, we
find I'(p — 77~ 7), = 1.718 MeV from the bremsstrahlung amplitude, I'(p —
7t y)x = 0.67 keV from the pion-loop amplitude and I'(p — 7F 7 7v), =
0.0125 MeV from o-meson intermediate state amplitude. Again the differences

between these results can be attributed to the different approaches followed.
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CHAPTER 4

CONCLUSIONS

We have studied the radiative decays of the p and w mesons into pseudoscalar
mesons including the mechanism of vector meson dominance model (VMD),
chiral loop, o-meson intermediate state amplitude and w — p mixing in a phe-

nomenological approach.
Results of our study can be briefly summarized as follows

e The effects of p — w mixing is the efficient mechanism for having the
dominant contribution if to the vector meson dominance amplitude makes a

contribution to the decays considered.

e In the analysis of the w — 7%7%y decay in order to explain the latest
experimental result, the o-meson intermediate state and p — w mixing should

be considered.

e The p — w mixing is a small effect for the w — 7°7%y decay whose width
increases by 5°/¢ only due to p — w mixing, even less than the 12°/, increase
provided by using a momentum dependent width for p meson in the calculation

amplitude of VMD.

e In the full amplitude, if the o meson intermediate state is considered with
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the p—w mixing the value of the branching ratio of w — 7°7%y decay is reduced.
This conclusion affects the value of the coupling constant g.,,. Therefore, the
value of the coupling constant g.,, that we obtain is smaller than the values
obtained in the previous studies which was not considered the effects of p — w
mixing.

e The shape of the 77 invariant mass distribution for w — 7%7%y decay is
found to depend on the mechanism considered, especially o-meson intermediate
state changes the shape considerably.

e There is very slight effect of p —w mixing for the p — 77y decay, so this
effect is negligible in mechanism of this decay.

e p and w meson widths, which are rather different from each other, signifi-
cantly changes the results of the p — w mixing mechanism [51], thus, this may
be a reason of why the p — 7%7%y decay has not been effected by the p — w
mixing.

e In the case of the p — 797y decay, the loop and o-meson contributions
are very important and the branching ratio is obtained with the sum of the
VMD, pion-loop amplitude and o-meson intermediate state amplitude.

e For the w — 777~ decay, the o-meson intermediate state amplitude and
p — w mixing make important contributions to the branching ratio.

e Since the bremsstrahlung that comes from the effects of p —w mixing is the
main contribution to the decay it affects the lower part of the photon spectrum
in w — 777~ decay but for the higher part it is unimportant.
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e The bremsstrahlung contribution provides the dominant contribution of
the p — w7~ decay, however o-meson intermediate state amplitude also
makes an appreciable contribution for this decay.

e The p — 777 v decay does not have a contribution coming from the
VMD mechanism, therefore the p — w mixing is not pronounced in this decay
and thus its contribution is negligible.

e Our predicted branching ratios of the w — 7my and p — 7wy decays are

in good agreement with the latest experimental results.
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APPENDIX A

TWO BODY DECAY RATES

The probability of transition for a particular transition from initial state (] i >)
to a final state (| f >) is given by |Sy|* =|< f|S | i > |* where the element of

the scattering matrix S is defined as
Sﬁ = 5fi + i(27T>4(54(pf - pi)Tfi (Al)

where T is the transition matrix. A particle of mass M and energy E decays into
any number of particles 1,2,..... , if the invariant matrix element for the process
is Ay; , the decay rate is obtained by multiplying the transition probability per
unit time by number of final states as follows

5 1 dgpz'
op L (2m)3(2E;)

)

dr = (21)*5*(p; — p) Ay (A.2)

If we consider that the decay produces two particles, then in the rest frame of
the decaying particle p1 = —p3 = p, By + E3 = M, thus

— 1 2
ar = o5

The integration over d®p, eliminates the first delta function, the differential d®p,

1 1

- - 3 - _ 3 3
oM 4E1E25(p1 —l—pg)(S(El + E2 M)d pld P2 . (A?))

1s written as

Ey\Eyd(Ey + Es)

Bp = p2d|p1dQ = |p1dQ
p = p°d|p| |71 B 1B

(A.4)
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since B — M? = E5 — M? = p?. The second delta function is eliminated by

integration over (F; + Fy) and the result is

1
IT = oo A Iplae . (A.5)

In the rest frame of the decaying particle |p] is given as

1 [[M?2 — (M, + My)2|[M? — (M, — M5)?
’]5»1:_ [ ( 1+ 2)][2 ( 1 2)] (A6)
M
Therefore, for the decay M — M; + My where M; = M,
17 _ L (—2M1)2 (A7)
=5 M) '
and for the decay M — M; + v
= tar 1= (3) (A8)
pl = 5 i ) .

For the decay o — mm, the invariant matrix element that follows from the

effective Lagrangian

1
L = —g M7 To (A.9)

OTT 2

is given by ¢,.»M,, therefore

1/2

M, M, \?
T, =T(0 — 1) = 92::38 [1—(}\/” . (A.10)

For the decay p° — mm which is described by the effective Lagrangian

LT = g (0"7 X 7) (A.11)

P
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the invariant matrix element is A = ig,r-(2¢1 — p),U*, where ¢; is the mo-
mentum of one of the pions and p(U) is the momentum (polarization) of the

decaying p-meson. Thus the decay rate can be obtained as

G M, onr, )]
r =P — il A2
(p— ) = 12[ (%) (A12)
The radiative decay V° — ¢ v is described by the effective Lagrangian
Eeff = ingweﬂyaﬁauvyoaaAﬁ(po P (A]‘3)

Vi My
where V denotes the decaying vector meson and ¢ denotes the pseudoscalar me-
son. The invariant amplitude can be obtained as A = ZMLV Gy €7, U, kues,
where p(U) and k(e) are the momenta (polarization) of vector meson and photon

respectively, and the decay rate is

a (Mj — MZ)?
L(V? —¢") = o W Ty - (A.14)

Utilizing the experimental values of different two body decay rates, we de-
termine various coupling constants. Using the decay rates of p° — 77 and
p° — 7% decays [6] we find the coupling constants g,-x and gy as gprr = 6.047
and g,r, = 0.696, respectively where the mass and width for p is taken as
M, = 770 MeV and I') = 150.2 MeV in our calculation. We also determine
the coupling constant g, as gury = 1.821 from the experimental value of the
w — 7y decay rate [6] using the value of M, = 782 MeV and ', = 8.44
MeV. Furthermore, to calculate the coupling constant g,,,, we use the mass
and width of sigma as M, = 478 MeV, I', = 324 MeV and finally find this

coupling constant as g,» = 5.290.
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APPENDIX B

THREE BODY DECAY AND THE BOUNDARY OF DALITZ

PLOT

For the three particle decay M(p) — Mi(q1) + Ma(g2) + v(k), the differential

decay rate is given by

1 Bk B B

dl’ = (271')454(1)—/6—(]1_92) 2F, (27‘()3(2E7) (27)3(2E}) (27)3(2Ey)

[Api? (B.1)

where W is the average over spin states of the absolute square of the decay
invariant matrix element. Therefore, due to spin average, we can write W =
F(E,, Ey). In the rest frame of the decaying particle §*(p — k — ¢ — q2) =
(M —-E,—E; — E)03(k + ¢ + @), and the momentum delta function can be

eliminated by performing the integral over d®g,. Since

A3k 1
— = —F dE.dQ) B.2
2Efy 2 Y Y Yoo ( )
and
d3ql 1
— = —|q1|dE1dQ2 B.
2F, 2|Q1|d 1d$Yy (B.3)
we obtain
r E S(M—E,—E k4 )2+ M2
ar__ |Am P [ 000,20~ By E+EP M)
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If we consider the integral defined by

§(M — By — By —\J(k + ¢1)* + M2)
V(Eﬂ?)? + M3

I= yqqu,y/dQ,ydﬂl (B.5)

we perform the angular integrals and obtain

§(M — E, — By — \/E2 + E} — M} + 2E,|Gi| cos 6 + M3)
\/Eg + B} — M}? + 2E,|qi| cos 6 + M3

1
— g2 /_ d(cos 0)\i|

(B.6)
where 6 is defined by k - ¢ = |k||di| cosf. A change of variable
¢ = \JE2+ B} — M} + 2E,|qi| cos 0 + M3 (B.7)
gives
[= 87r2/d£(5(M — B, — B, —¢€) = 81 (B.8)

subject to the condition M — E, — E} —§ = 0. Therefore the double differential

decay rate can be obtain as

dr 11—
- 7 2 B9
dE.dE, ~ (27) saz A (B:9)

The limits of integral are defined by the condition M — E, — E; —§ =0 as

M — E, — Ey = \JE2 + B} — M} + 2B, |gi| cos 0 + M3 (B.10)

or

M- B B - BB M - M

B 2F.,\/E} — M?

<1 . (B.11)
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APPENDIX C

INVARIANT AMPLITUDES FOR THE V — 7%’y DECAYS

The invariant amplitude of the radiative decay V(p) — 7°(q1)7°(g2)y(k) in-
cluding the contribution of the p — w mixing is A[V — 770 = A’V —
10794] + eA[V’ — 7°7%4] where A° and A include the contributions coming
from the vector meson dominance amplitude, chiral loop and o-meson interme-
diate state amplitude. In case V, V' = w the amplitude is calculated using the
Feynman diagrams shown in Fig. 3. 1 (a), (b) and (c), and for V| V' = p the
Feynman diagrams shown Fig. 3. 2 (a), (b) and (c) are used. Moreover, in
the calculation of the amplitude A° the modified vector meson propagator is
used as given by Egs. (3.19) and (3.20). Therefore, we can write the invariant

amplitude including the effects of p — w mixing for V — 7%7%y decay as
A=Ay arp + Atooy + AV + el Avivain + Avt ooy + Avr o] (C.1)

where € = ¢ + ¢d. The numerical values of ¢ and d are ¢=-0.006 and d=0.036
38].
In the rest frame for the V(p) — P(q1)P'(q2)v(k) decay, when P and P’

0

denote any one of the pseudoscalar mesons 7, 7% and 7~

k-p = Mka
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We organize this Appendix as follows. First, the amplitudes contributing to

the w — 7°7% and p — 7°7% decays are introduced. Then, starting with the

VMD contribution we add the contributions of loops and o-meson intermediate

state. Finally, we give the square of the invariant amplitudes as we discuss in

the text.

C.1 w — 7%7% decay

For the w — 7%7%y decay we use the contributions coming from the VMD,

kaon-loop, and o-meson intermediate state amplitudes. As the result of the

p — w mixing, we change the propagator of the p-meson that is shown in Fig.

3. 1 (a). Therefore, we write the amplitudes that includes the change in the

propagator in the vector meson dominance amplitude as

A yup = ReAl(p— ) * Fu(p— ¢1) + ReAl(p — qo) * Flo(p — o)

7



+i[ImAg(p - Ch) * Fw(P - Q1) + ImAg(p - Q2) * Fw(P - Q2)]

(C.3)
ok = ReAl o« F,+ilmA) o+ F, (C4)
Al , = ReAl ,«F,,+ilmAl  «F,, (C.5)

where

ReAl(n) = (L,M)Do(n) + M,
oy

X{(n2 - Mz)(FpMp) - (n2 - Mg)(FwMW)}Gw(n) (C.6)

ImA%(n) = (n®— M2)Dy(n) + 2012,

Gpry

<{(n* = MZ)(n* = M) — (U, M,)(Fu M)} Gu(n) - (C.7)

€ gw T 1,0 123l
R = = (srom) (52) e pin, e
Mp Py M, Iz Iz
NyNy
X [_guu’ + M2 ] (08)
P
1
Dy(n) = C.9
N V) R (VA ()
Go(n) — ! (C.10)
(2= M2+ (DM, ))[(n? = M2+ (DMLY
ReA) x = Rel(a,b) (C.11)
ImA), = Iml(a,b) (C.12)
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€9 2
Fog = —|—/———— — 2k - p)paUs(ko€s — kgen) (C.13
w0 = (st O = 2 D sthaes = byer) (C13

ReAS, = (ToM,)Dy(p— k) (C.14)

ImAL, = [(p—k)?® = MJDs(p—k) (C.15)
e

Fw,a = - (nga'y) (gaﬂﬂ'Ma>po¢Uﬁ(ka€ﬁ - kﬁea) . (C16)

ImI and Rel are given in Eq. 3.13 and Eq. 3.14, respectively.

C.2 p— m7% decay

For the p — 7%y decay we use the contribution of the VMD, pion-loop,
and o-meson intermediate state. As the result of the p — w mixing, we change
the propagator of the w-meson that is shown in Fig. 3. 2 (a). Therefore, we
write the amplitudes that includes the change in the propagator in the vector

meson dominance amplitude as

Ag,VMD = ReAg(p —q)* Fy(p—aq) + ReAg(p —q2) * F,(p — q2)

+ilImA)(p — 1) * Fp(p — q1) + ImAY(p — q2) * Fp(p — ¢2)]

(C.17)
A . = ReA) «F,.+ilmA) *F,, (C.18)
A, = ReA) «F,,+ilmA) *F,, (C.19)
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where

ReA)(n)

ImA°(n)

ReA°

P

ImA°

P

Gor
(Fo M) Dy(n) + gz—gMpQW

<{(n* = MZ)(T,M,) — (n* — M7)(TuM.,,)}Go(n) (C.20)

(n® = M?)D,(n) + 202,

Gy

x{(n* = M) (n* — M) — (T, M,) (T M) }G,(n) (C.21)

() (2
M7 )\ M,

) euuaﬁpa Uﬂnueu’u’a’ﬂ’ N kor€s

X [—gyy, + n]\%] (C.22)
! C.23
(2 — M2 + (T, M) (C.23)
! (C.24)
[(n? = M2)? + (T, M, )?][(n? — MZ)? + (T M.,,)?] '
Rel(a,b) (C.25)
ImlI(a,b) (C.26)
29,mr(eN)Uyey
y / d4q { _4Q,uQV + g/w(q2 — Mg) }
(2m)* [ (¢* = M2)[(q — k)? — M2][(p — q)* — M]

80



€ Jorr
= — (271_2?\42) A ang(kaeﬁ — kgea) (027)

where

2 2
\ = __9xNN MO’—MT%

T (C.28)

ReA) , = {[((p — k)* — MZ)Rel(a,b) + (I'y My )ImlI(a,b)]} Dy(p — k) (C.29)

ImAS, = [((p — k)* — M2)ImI(a,b) — (T, M,)Rel(a, )]} Dy(p — k) (C.30)

€Gprm
FP@ = - (271'2PM2> (gaﬂﬂMg)2anﬁ<ka€g — kb’€a) . (C31)

C.3 The full amplitude of the w — 7%7%y decay including the p — w mixing

The invariant amplitude of the radiative decay w(p) — 7°(q1)7°(q2)7v(k)
including the contribution of the p — w mixing is Alw — 797%] = A%w —
10794] + e A[p — 7°7%] where in the p — 7%7%y decay amplitude we do not
include the change in the vector meson propagator. The contribution coming

from the VMD is

Avap = ReAY, s Fy + ReAY, % Flg + ¢(ReA, % Fjy + ReAy * Fl)
—d(ImA, % F,y 4+ ImA; x Fpp) +i[ImA°, « F + ImA, x Fy

—|—c([mﬁp1 * Fl + [mﬁpg * Flo) + d(Reﬁpl * F1 + Reﬁﬂ * Flo)] . (C.32)
The square of the invariant VMD amplitude is then obtained as

[Avipl* = [(ReAl)” + (ImAL )| (Fin)® + [(ReAl,)” + (ImALy)*) (Fion)®
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+( + P){[(ReApn)® + (ImAy)*)(Fn)? + [(ReA,)?
+(ImA)*)(F2)? + 2(ReA ReA y + ImA, ImA ) (FuFl)}
+2[(ReA Re A, + ImA° ImAL,) (F,1 F.2) + (ReA, x F,
+ReAY, * ng)(cRe;lpl * Fy — d]mﬁpl x Fy) + (ImAY, x Fy
+ImAY, x sz)(clm;lpl * Fo + dReﬁpl * Fy1) + (ReA, x F,
+ReA%, % Fp)(cReAy % Fry — dImA g % Fpp) + (ImA°, + F,,

+ImAL, x Flo)(cImAy + Fpy + dReA % Fp)]

(C.33)
where
2 2
e Gupr \~ 1

(Fw1)2 = (EQPM) <]pr > g{_Qk ‘pk-q

<[P*(p- @ —261) +p- @ @] + (k- p)?

X200 0)* = p’at =20 @ @ + @]+ (k- q)

<[p*+ 200 @) = p*2p- @+ a)l} (C.34)
(F2)? = (Fo)*(q1 — q2) (C.35)
(F1)? = (F.1)*(interchange w, p) (C.36)
(Fe)? = (F.2)*(interchange w,p) (C.37)

ki) = (7)) (%) 50 @0 af -2 dl

+kpk-gpepd-20-aq et+rr(-p a+tq
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+q - @)+ (k ‘p)z[—P'% Q% +Q1‘Q2(—p2+CI1'Q2)
+0-(2p- g —q2)] + (k‘Q1)2[(p‘Q2)2 —p? q%] +k-q
Xk -gp@—p @ -1 G+a-g@) +k p(—2p- ¢

Xq - @+p-a @+ (—p-@+a-e+a)} (C.38)

(EF1 Fo)(interchange w, p) (C.39)

ig <gwp7r> (ig ) Gpwr
a7 )\, )\, %) \
1
x{=2k-p k- alp’(p-a —2¢) +p-q
x@1+ (k-p)?20p-¢)* —p*dd —2p- a1

xqi +qi] + (k- q)*p* + 200 ¢1)?

—p*(2p- 1 + @)} (C.40)

e Gupr\ (€ Gpurn
() () i) (5)
(kw0 0) 7 Ak ke wlp o 6

—2- ¢ @+ (- + @+ @ @)+ (k-p)?
X[=p- @i+ (=P +a @) +p- a2 g
— @)+ k-q)[p-@)?—p &l +k-qlk-gp°

X —p @ —D @ta @) +k-p(—20 @q- g

+p-q qg+p2(_p‘QQ+Q1'(J2+qg)]} (C.41)
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(Fw?F/ﬁ) = (leFpl)(Q1 — G2) - (C.42)

After adding the chiral loop amplitude to the above amplitude the resulting
invariant amplitude is Ajw — 7°7%9] = Alw — 7% v up +Alw — T07%]100ps

where Alw — 77%9]100ps =AY, i +€ Ay x. Therefore, we can write the invariant

w

amplitude as

A = AVMD + Aloop
= Avup + ReAg’K * F, k + (cRelem — dlmﬁpﬂ) * I, »

+ilImAL o+ F, g + (dReA, . + cImA, )« F, ] . (C.43)
The square of the invariant amplitude is then obtained as

\A|2 = |Avup + Aloop’2

= |Avupl® + [(ReA] )* + (ImA )*] * (Fux)® + (¢ + &)
X [(Reﬁm)2 + ([mﬁp,,f)Q] * (Fp,,,)2 + 2[(R€A21R€A37K + ImA°,
xImA), ;) (FuFu i) + (ReAD Re Al i + ImA),ImA) 1) (FooFy k)
+R6A3,K(cReﬁp’1 — d]mflp,l)(Fw,KFpl) + ImAgﬁK(c]mflpyl
+dReA, ) (FuxFp) + ReAD j(cReA,s — dImA, ) (F., x Fy)
+ImAg’K(cImAp72 + dRe;lp,Q)(Fw’KFpQ) + ReAgl(cRez‘Ip,w
—dImA, ;) (FuF,z) + ReA%,(cReA, » — dImA, ;) (F2F, )
+R6A37K(cReﬁM — dlm;lp’,r)(Fw’KFpm) + ImAle(clmﬁp,ﬂ
+dReA, ) (FnF,r) + ImAL, (cImA, . + dReA, ;) (F.oF,.)
+ImAY i (cImA, . + dReA, ) (FoxF,) + (cReA,, — dImA, ;)
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x(cReA, . —dImA, ) (FuF,x) + (cImA,; + dReA, )(cImA, .
+bdReA, ) (FpF,x) + (cReA, 5 — dImA,s)(cReA, , — dImA, ;)

X (FpF,x) + (cImA,5 + dReA,5)(cImA, . + dReA, ;) (F o F, )]

(C.44)

where
(Foxc = (ﬁg}gw)?(ﬁ—%-pﬁ S0y (C.45)
(Fpn)? = (%“"M) 2 2 (k7] (C.46)

€ gwpﬂ' e.g 2
Fw Fw = a7 Ypm ( ) — 2k -
#arn) = (570m) (52) (o5 ) 0~ 29

1
xg{k 2k - qp® —p* (k- @)k -p+k-p(=2k-q +qi))}

(C.47)
(FoeFox) = (FaFox)(a — @) (C.48)
(FuxFn) = (FuiFox)(interchange w, p)

(C.49)
(FoxFp) = (Foxln)(a — ¢) (C.50)

e Gupre\ [ € Gprr
(FnFpr) = <E9pm> (JWPW> <2W2§\43> A
1
xs{k-pl2k - qp® —p*(k- @)’ /k - p+ k- p(=2k - a1 + )]}
(C.51)
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(FwZFp,ﬂ) = (leFpﬂr)(‘h — (2) (C.52)

e € GJonr 2 2 2
(FoxFon) = <4\/§7r29f72M,3> (27?/;% 3) A [p? — 2% - p) {g(k. p)} (C.53)

e Gowr € Jorm
(FonFor) = (ngw”> (J&p) <2ﬂ2§\43> A
1
% g{k pl2k - qup* —p* (k- @)k -p+k-p(—2k-q + ¢})]}

(C.54)

(FpF,r) = (EaF,z)(q1 — q2) . (C.55)

The full amplitude including the contribution of VMD), chiral loop and o-meson
intermediate state is Ajw — 77%9] = Alw — 7% ]vpp+AJw — 707 ]100ps +
Alw — 7%, where Alw — 7°7%9], = A%, +¢ A, ,. Therefore, the invariant

amplitude can be written as

A = AVMD + Aloop + Aa
= Avmp + Aipops + R(BAS)’U x F, o+ (cReﬁpVU — blmﬁpﬁ) x F, o

+i(ImAY  x F, o+ (cImA,, +dReA,,) « F,,) . (C.56)
The square of the invariant amplitude is obtained in the form

A? = [Avip + Ao + Ao |?
= [Avapl® + [Aioops|* + [(ReAL ,)* + (ImA )| (Flo)? + (¢ + d°)
x((Red,s)* + (ImA,0)*)(F,0)® + 2[(ReA Re Al ,
+ImAY ImA) ) (FuiFloo) + (ReAYyReA) , + ImAL,ImA] )
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X (FooFye) + (ReA) g ReAl , + ImA), ( ImAY, ) (FokFoo)
+ReAl ,(cReA,, — dImA, ) (F,,Fy) +ImA°  (cImA,,
+dReA,1)(FooFp) + ReAl ,(cReA, s — dImA,»)(F, . F,)
+ImAY (cImA, s + dReA,5)(FooFp) + ReAS ,(cReA,
—dImA, ) (F,,Fpr) + ImAL (cImA, . + dReA, ) (F, ,F, )
+ReA% (cReA,, — dImA, ) (F,1F,q) + ReA,(cReA, ,
—dImA,,)(FF,,) + ReAl y(cReA,, — dImA,,)(F, kFp,)
—i—ReAg,a(cReﬁp,g — d[mflp,g)(Fw,ng,g) + [mAgl(cIm;lp,a
+dReA, ) (FF,q) + ImA%(cImA,, + dReA, ;) (Fo2F,.s)
+ImA o (eImA,, + dReA,,)(F.oF,,) + ImAS,  (cImA,,
+dReA, ) (F,sF,s) + (cReA,; —dImA,,)(cReA,, —dImA,,)
X(F,F,o) + (cImA,; + dReA, )(cImA, , + dReA, ;) (F,1 F, o)
+(cReA, 5 —dImA,,)(cReA, , — dImA, ) (FpuF,s) + (cImA,,
—i—dRe;lp,Q)(cImﬁM + dReﬁp,a)(FPQFp,g) + (cRezzlp,,r — d[m;lm)

x(cReA,y — dImA,,)(F,+F,s) + (cImA,q + dReA, ) (cImA,,

+dReA, ;) (F,rF,,)]
(C.57)
(Foo)® = <Miw9°"”>2 (Gomn M )? {%(k : p)ﬂ (C.58)
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(Fpo)* = <€gp” )Q(QWMO—)A‘ [—(k-p)ﬂ (C.59)

e Jupr (&
(lepw,a) = <ﬁgp7r’y> (]\; ) (ﬁ&uav) (gO'TI'ﬂ'MO')

p

1
xs{k - pl2k- ap’ —p (k- @) /k-p+k-p(—=2k-q +¢})]}

(C.60)

(Fw?Fw,a) = (leFw,U)(QI - Q2> (0.61)
_ €g e 2 9

(FW,KFW,O') = (4\/_2772]”7%]\4,§> <]wwgwm/> (Gorn M) {B(k"p) ] (C.62)

(& €

Jpwn
(Fw,UFﬁl) — (ngo”y) (gmnrMo) (ngﬂ’y> <;\)4 )

p

1
xg{k P2k qp® — (k- @)k -p+k-p(=2k-q +q))]}

(C.63)
(Fw,onQ) = (Fw,UFpl)(QI - Q2) (064)
(FooFyz) = (Miwgm) (Gonn M) (2%}?) E(k -p)2] (C.65)

€ Gupr €Gprm 2
(leFp,o) = (E%m) (]\4/;) <2ﬂ_2pM7%> (gomrMo)
1
XAk pRk - qp® = (k- @)’ /k - p ke p(=2k - a1+ 7))}
(C.66)
(Foalho) = (FnFpo)(a — ¢2) (C.67)
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TTTT 2
o) = (1smnie) (ot om0 (Co9
Tk m

(Foafp) = (3500 oot (52055 ) (20007 (©.69)

€ Gpwn €Gprm 2
(Fple,U) = <ng7r'y) <]C4—p > (27TQPM2> (gO'ﬂ'ﬂ'MO')

1
xs{k-pl2k- ap’ —p (k- @) /k-p+k-p(—=2k-q +¢})]}

(C.70)
(FpeF,o) = (FaF,o)(a — ¢) (C.71)
FoFor) = (ezi%; ) (2?2%)(9"”%)2 S (C72)

C.4 The full amplitude of the p — 7°7%y decay including the p — w mixing

The invariant amplitude of the radiative decay p(p) — 7°(q1)7%(q2)v(k)
including the contribution of the p — w mixing is A[p — 7°7%] = A%p —
10799+ Alw — 70794] where A° and A include the contributions coming from
the VMD amplitude, chiral loop and o-meson intermediate states amplitudes
that result from the Feynman diagrams in Fig. 3. 2 (a), (b) and (c) for p —
7079 decay and in Fig. 3. 1 (a), (b) and (c) for w — 7%7% decay. Therefore,
we can write the invariant amplitude including the effects of p — w mixing for
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p — m07% decay as
A= Ag,VMD + Ag,w + A?,,U +e[Auvmp + Av i + Avo] (C.73)

For the p — 7°7% decay the amplitudes, which are A9 55, A) and AJ , are
described in section C. 2. For the w — 7%7%y decay, we use the same amplitude
which is described in section C.1, but for the calculation of the VMD amplitude
in A(w — 7°7%y) we use the unmodified propagator for the intermediate vector

meson. Therefore, we can write the contributions coming from the different

amplitudes as

Avup = ReA) « Fy + ReAj, x Fjy + c(ReAyy * Fy + ReAyy * F)
—d(ImAu * Fur + ImAus * Flo) +i[ImAS, + Fyy + ImAD, « F o

+C(Imﬁw1 % Fly 4+ ImA,y * F2) + d(Re/Ll * Fl1 + ReA,s * F.2)]

(C.74)
A = AVMD + Aloop
= Avup + ReAgm * I, -+ (cReﬁMK — d]mAMK) * F, x
+ilImAS % F, o+ (dReA, i + cImA, i) * F, k] (C.75)

A = AVMD + Aloop + AU
= AVMD + Aloops + R6A27o' * Fp,g + (CReAvp,g — b[mAvag) * Fw,a
+i[ImAS , x F,p + (cImA, , + dReA, o) * Fo] (C.76)
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The square of the full amplitude of p — 77% decay including VMD, chiral

loop and o-meson intermediate state amplitude is obtained as

A = |Avip + Aoy + Ao |?

= [(ReA%)? + (ImAS)?)(Fp)? + [(ReAY)” 4+ (ImAS,)?](F2)?
+( + d{[(ReAu)? + (ImA,)?(F0)? + [(ReAy)?
+(ImA)?|(F2)? + 2(ReA ReAyy + ImA ImA,) (FuFl)}
+2[(ReA); Re A 4+ ImA) ImAY, ) (Fy1 Fe) + (ReA),  Fyy
+ReAS, * Fpo)(cReAur x Fy — dImAy * Fop) + (ImAY) « Fjy
+ImA22 * Fpg)(clmflwl % F, + dReA, * Fo1)+ (ReAgl * Fly
—l—ReAg2 * Fpg)(cRe;lwg % B o —dImA,, Fo) + (ImAg1 * Fiy
+ImAY, * Fo)(cImAys * Fup + dReAys x Flp) + (ReAS )
+(ImAS )]« (For)® + (P + d2)[(Redy ) + (ImAy 1))
X (Fux)® + 2[(ReA) ReA) + ImA) ImA) ) % (FjuFr)
+(ReAY,ReA)  + ImAY,ImA) )(FjaF, ) + ReA)
x(cReAuy — dImA, ) (FprFon) + ImAS (cImA,,
+dReA, ) (FprF1) + ReAd (cReA,» — dImA, 2)(Fy - F.s)
—i—[mAgm(c[m;lw’Q + dReﬁw,Q)(Fmewg) + ReAgl(cRe;l%K
~dImA, ) (FyFox) + ReA% (cReA, k — dImA, k) (FpoF., k)
—|—R€A27W(CR€A‘U7K — d]mAW,K)(Fp,wa,K) + [mAgl(CIm;lw,K
+dReA, k) (FnFl i) + ImAY (cImA,  + dReA, k) (FjoF., k)
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+ImAS_(cImA, k + dReA, k) (FprFox) + (cReAyy — dImA, ;)
x(cReA, i — dImA, k) (F Fyx) + (cImA,, + dReA, ) (cImA, k
+bdReA, k) (FuF,x) + (cReAy, 5 — dImA,5)(cReA, x — dImA, k)
X (FoF, 1)+ (cImA, s + dReA, ) (cImA, k + dReA, )

X (FooFu i) + (ReAS )2 + (ImA) )’} (Fp0)® + (& + &%)
x((Redyo)® + (ImAu0)?) (Fuo)? + 2[(ReA% Re A,
—|—ImA21]mAg’g) (FaF,,)+ (R6A22 ReAgﬂ + ]mAngmAg,U)

X (FpaF,o) + (ReA) [ReAD , + ImA) ImA) )(Fp.F,,)
—i—ReAg’U(cRe;le — dlmﬁw,l)(Fp,ngl) + [mAgp(cIm;le
+dReA, ) (FpoFu1) + ReAd (cReA,» — dImA,2)(FpoF.s)
—l—]mAg,U(cIm;l%g + dR@Ava)(Fp,UFwQ) + RGA&J(CRGAUJ,K
—dImA, ) (FpoFor) + ImAS  (cImA, x + dReA, k) (Fpo Fl k)
+ReAb (cReA, ; — dImA, ) (FF,.) + ReA%(cReA,
—d]mﬁwp)(Fngw,g) + ReAg’ﬂ(cRegw,o — dlm;lw,g)(Fmew,o)
+ReAd (cReA, s — dImA, o) (FpoFl0) + ImAY (cImA, ,
+dReA, ) (FpnFoo) + ImAY (cImA, , + dReA, ;) (FaFl.o)
+ImAS (cImA, , + dReA, ) (FF, ) + ImAS (cImA,,
+dReﬁw7a)(Fp7aFw7g) + (cReﬁwl — dlm;lwl)(cReﬁw,o — dlmﬁwﬂ)
X(FF,0) 4 (cImAy + dReA,)(cImA, ; + dReA, ) (F1 F,.o)

+(cReAyy — dImA.,)(cReA, , — dImA, 4)(F.oF, ,) + (cImA,,
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+dR€Aw2)(CImAw7U + dReAvw’g)(FwQFw,U) + (cRefL,K — d]me,K)
X (cRepr — d]mﬁwﬂ)(Fw,KFw,o) + (c]mgwg + dRe;lm)(cImAwﬂ

+dReA, ) (FokF, )] (C.77)

The full amplitude of the p — 7%7%y decay can then be calculated using the
same expressions as for the w — m%7%y decay described in detail in the previous

section.
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APPENDIX D

INVARIANT AMPLITUDE FOR THE V — 7" n~v DECAY

The invariant amplitude of the radiative decay V(p) — 77 (q1)7 (g2)v(k) in-
cluding the contribution of the p — w mixing is A[V — 77777] = A’V —
mtn ] + e AV — 7t 4] where V, V' = p, w, and A° and A include the
contributions coming from the different amplitudes that follow from the Feyn-
man diagrams in Fig. 3. 6 (a), (b) and (¢) for w — 77~ decay and in Fig. 3.
7 (a), (b) and (c) for p — w7~y decay. Moreover in the calculation of VMD
amplitude in A° modified propagator is used for the intermediate vector meson

given by Egs. (3.19) and (3.20).

D.1 w — 77~ decay including p — w mixing

For the w(p) — 7" (q1)7 (g2)v(k) decay we consider the contributions of
VMD and o-meson intermediate state amplitudes, and p —w mixing. The total
amplitude of this decay is Alw — 7777 9] = Aw — 7t7 ] +eAlp — 77 1).

Therefore, we can express the invariant amplitude for w — 777~ decay as

A= A?U,VMD + A(E)),O' + g[jbrems. + Avpﬂr + -’Zlvp,a] (Dl)
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where

ASJ,VMD = ReAgl x [+ ReAg2 x F 9

+i[ImAY * F 1 + ImA°, x F ] (D.2)

Al = ReAl  xF,,+ilmAl «F,, (D.3)
Aprems. = i[A1 % Fy + Ay % Fyp + Ay % Fyy (D.4)
Aye = ReA, .« F, . +ilmA,  *F,, (D.5)

Ao = ReA,,+F,,+ilmA,, + F

PO

For the w — 777~ decay the terms including VMD and g-meson intermediate
state amplitude ReAl|, ReA)y Fo1,Foo, ImAY, ImAY,, ReA), ,,ImA] , F,,,
are defined in Appendix C for w — 7%7%y decay. Also, for the p — 7F7
decay the terms coming from the pion-loop and o-meson intermediate state
amplitude, Reﬁpm, Imﬁpﬂr,FM, Reﬁpm Im;lpJ,Fp’U, are given in Appendix

C for the p — 7%7% decay. Therefore, the contributions coming from the

bremsstrahlung amplitude are

~ 1

S —wr-i (D
~ 1

Y = Goaro ()
Fy = —4€9me;LQQLQ1u€V (D.9)
Fyp = —4egyr-U,q) 2" (D.10)
Fy3 = —2eg,m U, . (D.11)
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The full amplitude including all the contributions coming from the VMD), chiral
loop, o-meson intermediate state amplitudes and p — w mixing can be written
as
A = ReAl; x F, + ReAy « Fy + ReA , « F,,

+ C(Reﬁg7r * Fr+ Reﬁp,(7 * Flp) — d(ﬁl x By + Ay x Fyy

+ Az % Fys + Imﬁwr * F,n + ]mﬁpﬂ * Fl, o) + i[ImAY, x F

+ ImAy * Foo + ImAL , + F, » + c(Ay * Fyy + Ay * Fyg

+ Ay Fyy + ]mﬁer * F,r + Imﬁm) * F,r+ d(ReflM * F,n

+ ReA,, x F,,)] . (D.12)
The square of the total amplitude is obtained as

(AP = [(ReAL)? + (ImAL)?)(Fun)? + [(ReAly)? + (ImAL,)*|(Fle)?
+H[(ReAD ,)? + (ImAL ) )(Fug)? + (¢ + d*){ (A1) (Fn)?
+(A2)2(Fyo)? + (Fiz)* + [(Reﬁpm)2 + (]mgpﬂr)Q](Fpﬂr)Q
+[(Red,,)* + (ImA, 5)’|(F,0)* + 2[(AiImA, ) (Fin F )

(A ImA, 3 (FynF,o) + (AsImA, ) (FioF, ) + (AsImA, )

X (FyoFyo) + ImA, (FysF, ) + ImA, ,(FysF,,) + (ReA, ReA, ,
+ImA, . ImA, ) (F,+F, )|} + 2[(ReA%, Re AL, + ImA° ImAL,)
X (Fu1Fu2) + (ReAY  Re Al , + ImAL ImAL ) (Fin Flu o)
+(ReAY Re AD , + ImAY,ImAL ) (FaFl o) — ReAl (dA,)

X (F1Fy) — ReAY,(dA)(FaFy) — ReAl (dA))(F, o Fi)
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+ImAL (cA1)(FoiFy) + ImAL, (cAy) (FaeFi) + ImAL (cAy)
X (F, o Fy) — ReA® (dAy)(Fui Fy) — ReA%,(dAy)(FuoFyy)
—Re Al (dAs)(F, 0 Fio) + ImAY (cAs)(Fuy Fy) + ImAL,(cAs)
X (FaFy) + ImAL (cAy)(FLoFy) — ReAL d(F, Fis)

— ReAyd(FnFy3) — ReA)) ,d(F, o Fy3) + ImA) c(Fo Fy)

+ ImA),c(FooFys) + ImAY, ,c(F,0Fy3) — Re A, (dA, )
X (FFyr) — ReA%y(dA, ) (FaF, ) — ReAl (dA, )
X(FygFpr) + ImA® (cA, 2)(Fiy Fyr) + ITmALy(cA, )
X(FoF, ) + ReAl (cA, ) (F,0F,r) — ReA (dA, )
x(F.1F,,) — ReAly(dA, ) (F.oF,,) — ReAl ,(dA,,)
X(FooFpo) + ImAY (cA, o) (FrFpo) + ImAYy(cA, ;)
X(FuaFpy) + ReAL (A, 0) (FowFpo)] (D.13)

where the terms related to the VMD and o-meson are defined in Appendix C

and the terms related to the bremsstrahlung amplitude are given as

1 [ (p-q2)?]
F2 = Z(q)%|¢ - D.14
bl 3(Q1) D) Mg | ( )
1 [ (p'Q1)2_
2 . 2 2
Fp = 3(a) K (D.15)
2 2
FbS = (2691171'77) (D16)
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(&

Gupm
(leFbl) = (Egpm> (WZ) <4€gp71'7r)

X %{k @llp-a) —Pdl+ k- all-p - a)p- @)
+0 @ @) +k-plp-e)d — - a)la- @)} (D.17)

(Foalt) = (FuiFun) (D.18)

e
(Fw,GFbl) = (M@uow) (gcﬂrﬂ*Mcr) (4€gpﬂ'7r)

w

X{%[k’p%’%_p'(h k-qa]} (D.19)
(Forlbe) = (FiFin) (D.20)

€ Jupr
(FwQFb2> = <ﬁpgpﬂ"y> <ﬁpw> (4€gp7r7r>

xSkl 0) (e + P )] +E g

[(p-@2)* —P*@] +k-p[(—p- g2) (@1 - g2) + (- 1)g3)PD.21)

e
(Fw,anQ) - (ﬁ.@uav) (gcﬂrTrMU) (4egp7r7r)

w

1
X{g[k'pfh’%—p'fhk'ﬂh]} (D.22)

(&

Jupr
R I

x{%[k'ql(pQ—p-q1)+k-p(—p-ql—i-q%)” (D.23)
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(FwQFb3)

(Fw,UFbS)

(Fy1Fp2)

(Fo1 Fys)

(FpaFps3)

(Fble,W>

(Fble,U)

(Fb2Fp,7r>

(FbQFp,U)

(FooFn)(n — ¢2)

(7 o ) (Gome M) (2egpm) I - 1)

w

8(egprr)’ {1 |f]1 g — W] }
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CYpnm
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€Yprn
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(Fble,U)
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(D.24)

(D.25)

(D.26)

(D.27)

(D.28)

(D.29)

(D.30)

(D.31)

(D.32)



() = (Pl ) A0 (D.33)

fialoa) = (%) (oMo} (P ) (D.34)

D.2 p— 7t7 v decay including p — w mixing

For the p(p) — 77 (q1)7m (¢2)y(k) decay we consider the contributions of
pion-bremsstrahlung amplitudes, pion-loop, o-meson intermediate state am-
plitude and p — w mixing. Total amplitude of p — 7t7~y decay is A[p —
mtn ] = A%p — ntr 4] 4+ eAjw — 7t ). Therefore, we can express the

invariant amplitude as

A=A e + A+ A+ e[ Aoy + Aol (D.35)
where
Ao, = A[AY % Fy + AY % Fyy + A % Fyg) (D.36)
A = ReAd xF,.+ilmAS «F,. (D.37)
A, = ReAd, xF,,+ilmAS «F,, (D.38)

Aw,VMD = Re;lwl x Fl + Re./z{wQ x F
+i[ImAg % Foy + ImA g x Fo] (D.39)

Avo = ReA,,%F,,+ilmA,,xF,, . (D.40)

For the p — w7 m~~ decay, we use the amplitudes .4°

Py

AD , as described in
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section C.2. Similarly, for the w — 7" 7™~ decay we utilize the same amplitudes
for VMD and o-meson intermediate amplitude which are described in section
C.1, but in VMD amplitude in /T(w — m7%) we use unmodified propagator

for the vector meson.

For the p — 77~ v decay the square of the full amplitude including bremsstrahlung
amplitudes, pion-loop, VMD and o-meson intermediate state amplitude is ob-

tained as

AP = (AD*(Fo)? + (A3)°(Fi2)” + (Fis)” + [(Re Ay 1)* + (Tm A} )]
X (Fpr)? + [(ReAS )2 + (ImAS )?)(Fp0)? + (¢ + d®)[(ReAur)?
+(ImAn)(For)? + [(ReAuz)? + (ImAuo) ) (Flo)? + (ReA, )
+(Im AL )| (Foe)? + 2(AD)(A3) (Fun) (Fz) + (A} (Fy) (Fis)
+(AD) (Re Ay 1) (Fon) (Fy) + (AY) (Re AL ) (Fo) (o)
+(A2) (Fiz) (Fis) + (A) (ReA] ) (Fio) (Fyr) + (A2)(ReAy,)
X (Fy2)(Fpo) + (ReA, ) (Fis) (Fyr) + (ReAy ;) (Fis) (Fpo)
+[(ReA) ) (ReA) ) + (ImA) ) (ImA) )(Epr)(Fpo)
+(ReA) ) (ReAun)(Fpr) (cFin) + (ReA) ;) (ReAun) (Fp) (cFun)
—(ReA) ) (ImAun)(Fr) (dFu) — (ReAD ) (ImAu)(Fyo) (dF.n)
+(AY (cImAyy + dReA ) (Fo)(For) + (A (cImAy + dReA,,)
* (Fyo)(Fur) + (cIm Ay + dReA) (Fig) (Fur) + (ImAS ) (cIm A,y
+dReAun)(Fyr)(Fur) + (ImAS ) (cImAu + dReAu ) (F,0)(Fur)
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+(ReAS )(ReAys)(Fpr)(cFua) + (ReA ) (ReAus)(Fpo)(cF.z)
—(ReA) ) (ImAus)(Fyr) (dF.s) — (ReA) ,)(ImAus)(Fyo) (dF.o)
+(AY (cImAy + dReAs)(F ) (Fug) + (AY)(cImA, + dReA,,)

% (Fya) (Fus) + (cIm Ay + dReAus)(Fiyg)(Fus) + (ImAS ) (cIm A,
+dReAu)(Fyr)(Fus) + (ImAS ) (cImAu, + dReA)(F, 0 ) (Fls)
+(ReA) ) (Redu o) (Fpr) (cFug) + (ReAp ) (ReAu o) (Fpo)(cFu)
—(ReA) ) (ImAy o) (Fpr) (dFo) — (ReAp ) (ImAy o) (Fyo) (dFLo)
+(AY (cImA, , + dReA, ;) (Fy)(Foo) + (A (cImA, , + dReA,, ,)
X (Fyo)(Flo) + (cImA, , + dReA, ) (Fy)(F.0) + (ImAS ) (cImA,, ,
+dReA, ) (Fpr)(Flo) + (ImAY ) (cImA, , + dReA, ;) (Fpo)(Fuo)
(A + ) [(ReAu)(ReAs) (Fi)(Fu) + (ReAu ) (ReA, o) (Fu)
X(Fo) + (ReAuz)(ReAu o) (Fuz) (Fog) + (ImAu ) (ImAus) (Fla )
X(Fog) + (ImAu) (ImAu o) (Fun) (Fug) + (ImAup)(ImA,, o) (Ele)

X (Fo0)]] (D.41)

The square of the full amplitude of the p — 77~ decay can be calculated
using the similar expressions which are described for the square of the invariant

amplitude of the w — 77~ decay.
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