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�

HYHU\WKLQJ�WRJHWKHU��ZKLOH�WKH�RWKHU�PDWHULDO�VHUYHV�DV�D�³UHLQIRUFHPHQW´��LQ�WKH�IRUPRI�ILEHUV�HPEHGGHG�LQ�WKH�PDWUL[��8QWLO�UHFHQWO\��WKH�PRVW�FRPPRQ�PDWUL[�PDWHULDOVZHUH� �WKHUPRVHWWLQJ�� PDWHULDOV� VXFK� DV� HSR[\�� ELVPDOHLPLGH�� RU� SRO\LPLGH�� 7KHUHLQIRUFLQJ�PDWHULDOV� FDQ�EH� JODVV� ILEHU�� ERURQ� ILEHU�� FDUERQ� ILEHU��.HYODU�� RU� RWKHUPRUH�H[RWLF�PL[WXUHV�
)LEHUJODVV� LV� WKH� PRVW� FRPPRQ� FRPSRVLWH� PDWHULDO�� DQG� FRQVLVWV� RI� JODVVILEHUV�HPEHGGHG�LQ�D�UHVLQ�PDWUL[��)LEHUJODVV�ZDV�ILUVW�XVHG�ZLGHO\� LQ�WKH�����V�IRUERDWV�DQG�DXWRPRELOHV��DQG�WRGD\�PRVW�FDUV�KDYH�ILEHUJODVV�EXPSHUV�FRYHULQJ�D�VWHHOIUDPH��)LEHUJODVV�ZDV�ILUVW�XVHG�LQ�WKH�%RHLQJ�����SDVVHQJHU�MHW�LQ�WKH�����V��ZKHUHLW� FRPSULVHG� DERXW� WZR� SHUFHQW� RI� WKH� VWUXFWXUH�� %\� WKH� ����V�� RWKHU� FRPSRVLWHPDWHULDOV�EHFDPH�DYDLODEOH��LQ�SDUWLFXODU�ERURQ�ILEHUV�DQG�JUDSKLWH�ILEHUV��HPEHGGHGLQ�HSR[\� UHVLQV��7KH�8�6��$LU�)RUFH�DQG�8�6��1DY\�EHJDQ�UHVHDUFK�LQWR�XVLQJ�WKHVHPDWHULDOV� IRU� DLUFUDIW� FRQWURO� VXUIDFHV� OLNH� DLOHURQV DQG� UXGGHUV�� 7KH� ILUVW� PDMRUPLOLWDU\� SURGXFWLRQ� XVH� RI� ERURQ� ILEHU� ZDV� LQ� WKH� KRUL]RQWDO� VWDELOL]HUV� RQ� WKH8�6�1DY\
V� )���� 7RPFDW� LQWHUFHSWRU�� %\� ������ WKH� %ULWLVK� $HURVSDFH�0F'RQQHOO'RXJODV�GHYHORSHG�$9��%�+DUULHU�DLUFUDIW�ZLWK�RYHU����SHUFHQW�RI�LWV�VWUXFWXUH�PDGHRI�FRPSRVLWH�PDWHULDOV�
7KH� PDQXIDFWXULQJ� RI� FRPSRVLWH� DLUFUDIW� VWUXFWXUHV� LV� PRUH� FRPSOH[� WKDQPDQXIDFWXULQJ�PRVW�DOXPLQXP�DOOR\�VWUXFWXUHV��7R�PDNH�D�FRPSRVLWH�VWUXFWXUH�� WKHFRPSRVLWH�PDWHULDO�� LQ� WDSH�RU� IDEULF� IRUP�� LV� ODLG�RXW�DQG�SXW� LQ�D�PROG�DQG�FXUHGXQGHU� KHDW� DQG� SUHVVXUH�� 7KH� UHVLQ� PDWUL[� PDWHULDO� IORZV� DQG� ZKHQ� WKH� KHDW� LVUHPRYHG��LW�VROLGLILHV��,W�FDQ�EH�IRUPHG�LQWR�YDULRXV�VKDSHV��,Q�VRPH�FDVHV��WKH�ILEHUVDUH�ZRXQG�WLJKWO\�WR�LQFUHDVH�VWUHQJWK��2QH�XVHIXO�IHDWXUH�RI�FRPSRVLWHV�LV�WKDW�WKH\FDQ� EH� OD\HUHG��ZLWK� WKH� ILEHUV� LQ� HDFK� OD\HU� UXQQLQJ� LQ� D� GLIIHUHQW� GLUHFWLRQ�� 7KLVDOORZV� PDWHULDOV� HQJLQHHUV� WR� GHVLJQ� VWUXFWXUHV� WKDW� EHKDYH� LQ� GHVLUHG� ZD\V�� )RULQVWDQFH�� WKH\� FDQ� GHVLJQ� D� VWUXFWXUH� WKDW� ZLOO� EHQG� LQ� RQH� GLUHFWLRQ�� EXW� QRW� LQDQRWKHU�� 7KH� GHVLJQHUV� RI� WKH� *UXPPDQ� ;���� ([SHULPHQWDO� $LUFUDIW� XVHG� WKLVDWWULEXWH�RI�FRPSRVLWH�PDWHULDOV�WR�GHVLJQ�IRUZDUG�VZHSW�ZLQJV WKDW�GLG�QRW�EHQG�XSDW�WKH�WLSV�OLNH�DOXPLQXP�DOOR\�ZLQJV�RI�WKH�VDPH�VKDSH�ZRXOG�KDYH�EHQW�LQ�IOLJKW�
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7KH� JUHDWHVW� DGYDQWDJH� RI� ³$GYDQFHG� &RPSRVLWHV´� LV� WKDW� WKH\� DUH� OLJKW�ZHLJKW�DQG�KLJK�VWUHQJWK�ZKLFK�DUH�WKHLU�PDLQ�FKDUDFWHULVWLFV�7KH�KHDYLHU�DQ�DLUFUDIWZHLJKV�� WKH� PRUH� IXHO� LW� EXUQV�� VR� UHGXFLQJ� ZHLJKW� LV� FUXFLDO� WR� DHURQDXWLFDO� DQGDVWURQDXWLFDO� HQJLQHHUV�� 7KH� ZHLJKW� VDYLQJV� RI� WKH� RUGHU� RI� ������� DUH� JHQHUDOO\FRQVLGHUHG� WR� EH� DFKLHYDEOH� XVLQJ� FXUUHQW� ³$GYDQFHG� &RPSRVLWHV´� LQ� SODFH� RIFRQYHQWLRQDO�OLJKW�ZHLJKW�PHWDO�DOOR\V�
'HVSLWH� WKHLU� KLJK�VWUHQJWK� DQG� ORZ�ZHLJKW�� FRPSRVLWHV� KDYH� QRW� EHHQ� DPLUDFOH�VROXWLRQ�IRU�DLU�DQG�VSDFH�YHKLFOH�VWUXFWXUHV��7KH\�KDYH�VRPH�GLVDGYDQWDJHV�WRR��&RPSRVLWHV�DUH�KDUG� WR� LQVSHFW� IRU� IODZV��6RPH�RI� WKHP�DEVRUE�PRLVWXUH��$QGWKH\� DJH� E\� SDVVLQJ� WLPH�� 0RVW� LPSRUWDQWO\�� WKH\� FDQ� EH� H[SHQVLYH�� SULPDULO\EHFDXVH�WKH\�DUH�ODERU�LQWHQVLYH�DQG�RIWHQ�UHTXLUH�FRPSOH[�DQG�H[SHQVLYH�IDEULFDWLRQPHWKRGV�DQG�HTXLSPHQWV��$OXPLQXP��E\�FRQWUDVW��LV�HDV\�WR�PDQXIDFWXUH�DQG�UHSDLU�$Q\RQH�ZKR�KDV� HYHU� JRWWHQ� LQWR� D�PLQRU� FDU� DFFLGHQW� KDV� OHDUQHG� WKDW� WKH� GHQWHGPHWDO�FDQ�EH�KDPPHUHG�EDFN�LQWR�VKDSH��EXW�D�FUXQFKHG�ILEHUJODVV�EXPSHU�KDV�WR�EHFRPSOHWHO\�UHSODFHG��7KH�VDPH�LV�WUXH�IRU�PDQ\�FRPSRVLWH�PDWHULDOV�XVHG�LQ�DYLDWLRQ�
7KH�PRGHUQ�DLUOLQHUV��FXUUHQWO\� LQ�XVH�DOO�RYHU�WKH�ZRUOG��HPSOR\� VLJQLILFDQWDPRXQWV�RI�FRPSRVLWHV�WR�DFKLHYH�OLJKWHU�ZHLJKW��$ERXW�����RI�WKH�VWUXFWXUDO�ZHLJKWRI� WKH�%RHLQJ� ����� IRU� LQVWDQFH�� LV�PDGH� RI� FRPSRVLWH�PDWHULDOV��0RGHUQ�PLOLWDU\DLUFUDIW��VXFK�DV�)����³-RLQW�6WULNH�)LJKWHU´��XVH�FRPSRVLWHV�IRU�DW�OHDVW�����RI�WKHLUZHLJKW�� 6RPH� H[SHUWV� KDYH� SUHGLFWHG� WKDW� IXWXUH� PLOLWDU\� DLUFUDIW� ZLOO� EH�� ZHLJKW�ZLVH�� PRUH� WKDQ� WZR�WKLUGV� ZLOO� EH� PDGH� RI� FRPSRVLWH� PDWHULDOV�� %XW� IRU� QRZ�PLOLWDU\� DLUFUDIW� XVH� VXEVWDQWLDOO\� JUHDWHU� SHUFHQWDJHV� RI� FRPSRVLWH� PDWHULDOV� WKDQFRPPHUFLDO� SDVVHQJHU� DLUFUDIW� SULPDULO\� EHFDXVH� RI� WKH� GLIIHUHQW� ZD\V� WKDWFRPPHUFLDO�DQG�PLOLWDU\�DLUFUDIW�DUH�GHVLJQHG�DQG�PDQXIDFWXUHG�DQG�HPSOR\HG�
$OXPLQXP�LV�D�YHU\�WROHUDQW�PDWHULDO�DQG�FDQ�WDNH�D�JUHDW�GHDO�RI�SXQLVKPHQWEHIRUH�LW�IDLOV��,W�FDQ�EH�GHQWHG�RU�SXQFWXUHG�DQG�VWLOO�KROG�WRJHWKHU��&RPSRVLWHV�DUHQRW� OLNH� WKLV�� ,I� WKH\�DUH�GDPDJHG�� WKH\� UHTXLUH� LPPHGLDWH� UHSDLU��ZKLFK� LV�GLIILFXOWDQG� H[SHQVLYH�� $Q� DLUSODQH� PDGH� HQWLUHO\� IURP� DOXPLQXP� FDQ� EH� UHSDLUHG� DOPRVWDQ\ZKHUH�� 7KLV� LV� QRW� WKH� FDVH� IRU� FRPSRVLWH� PDWHULDOV�� SDUWLFXODUO\� DV� WKH\� XVHGLIIHUHQW� DQG� PRUH� H[RWLF� PDWHULDOV�� %HFDXVH� RI� WKLV�� FRPSRVLWHV� ZLOO� SUREDEO\
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DOZD\V�EH�XVHG�PRUH�LQ�PLOLWDU\�DLUFUDIW��ZKLFK�DUH�FRQVWDQWO\�EHLQJ�PDLQWDLQHG��WKDQLQ�FRPPHUFLDO�DLUFUDIW��ZKLFK�KDYH�WR�UHTXLUH�OHVV�PDLQWHQDQFH�
&RPSRVLWHV� FDQ� EH� FODVVLILHG� RQ� WKH� EDVLV� RI� WKH� IRUP� RI� WKHLU� VWUXFWXUDOFRPSRQHQWV��ILEURXV��FRPSRVHG�RI�ILEHUV�LQ�D�PDWUL[��� ODPLQDU��FRPSRVHG�RI� OD\HUVRI� PDWHULDOV��� DQG� SDUWLFXODWH� �FRPSRVHG� RI� SDUWLFOHV� LQ� D� PDWUL[��� 5HVLQV� FDQ� EHFODVVLILHG� DV� WKHUPRSODVWLF� �FDSDEOH� RI� EHLQJ� UHSHDWHGO\� KDUGHQHG� DQG� VRIWHQHG� E\LQFUHDVH� DQG� GHFUHDVH�� UHVSHFWLYHO\�� LQ� WHPSHUDWXUH�� RU� WKHUPRVHW� �FKDQJLQJ� LQWR� DVXEVWDQWLDOO\� LQIXVLEOH�DQG�LQVROXEOH�PDWHULDO�ZKHQ�FXUHG�E\�WKH�DSSOLFDWLRQ�RI�KHDWRU� E\� FKHPLFDO� PHDQV��� $W� SUHVHQW�� WKH� XVH� RI� WKHUPRVHWWLQJ� UHVLQV� �SRO\HVWHU�SR\LPLGH�DQG�HSR[\��SUHGRPLQDWHV���/XELQ�>,��@��
7KHUPRSODVWLFV� DUH� D� UHODWLYHO\� QHZ�PDWHULDO� WKDW� LV� UHSODFLQJ� WKHUPRVHWV� DVWKH� PDWUL[� PDWHULDO� IRU� FRPSRVLWHV�� 7KH\� KROG� PXFK� SURPLVH� IRU� DYLDWLRQDSSOLFDWLRQV��2QH�RI�WKHLU�ELJ�DGYDQWDJHV�LV� WKDW� WKH\�DUH�HDV\�WR�SURGXFH��7KH\�DUHDOVR�PRUH�GXUDEOH�DQG�WRXJKHU�WKDQ�WKHUPRVHWV��SDUWLFXODUO\�IRU�OLJKW�LPSDFWV��VXFK�DVZKHQ� D�ZUHQFK� GURSSHG� RQ� D� ZLQJ� DFFLGHQWDOO\�� 7KH�ZUHQFK� FRXOG� HDVLO\� FUDFN� DWKHUPRVHW�PDWHULDO�EXW�ZRXOG�ERXQFH�RII�D�WKHUPRSODVWLF�FRPSRVLWH�PDWHULDO�
,Q� DGGLWLRQ� WR� FRPSRVLWHV�� RWKHU� DGYDQFHG�PDWHULDOV� DUH� XQGHU� GHYHORSPHQWIRU� DYLDWLRQ��'XULQJ� WKH� ����V��PDQ\� DLUFUDIW� GHVLJQHUV� EHFDPH� HQWKXVLDVWLF� DERXWFHUDPLFV��ZKLFK�VHHPHG�SDUWLFXODUO\�SURPLVLQJ�IRU� OLJKWZHLJKW� MHW�HQJLQHV��EHFDXVHWKH\�FRXOG�WROHUDWH�KRWWHU�WHPSHUDWXUHV�WKDQ�FRQYHQWLRQDO�PHWDOV��%XW�WKHLU�EULWWOHQHVVDQG�GLIILFXOW\� WR�PDQXIDFWXUH�ZHUH�PDMRU�GUDZEDFNV�� DQG� UHVHDUFK�RQ� FHUDPLFV� IRUPDQ\�DYLDWLRQ�DSSOLFDWLRQV�GHFUHDVHG�E\�WKH�����V�
³$OXPLQXP´� DQG� ³$GYDQFHG� $OXPLQXP� $OOR\V´� VWLOO� UHPDLQ� D� UHPDUNDEO\XVHIXO� PDWHULDO� IRU� DLUFUDIW� DQG� VRPH� VSDFHFUDIW� VWUXFWXUHV� DQG� PHWDOOXUJLVWV� KDYHZRUNHG�KDUG� WR� GHYHORS� EHWWHU� DOXPLQXP�DOOR\V� �D�PL[WXUH� RI� DOXPLQXP�DQG� RWKHUPDWHULDOV���,Q�SDUWLFXODU��DOXPLQXP�OLWKLXP�LV�WKH�PRVW�VXFFHVVIXO�RI�WKHVH�DOOR\V��,W�LVDSSUR[LPDWHO\� WHQ� SHUFHQW� OLJKWHU� WKDQ� VWDQGDUG� DOXPLQXP�� %HJLQQLQJ� LQ� WKH� ODWHU����V� LW� ZDV� XVHG� IRU� WKH� 6SDFH� 6KXWWOH
V� ODUJH� H[WHUQDO� WDQN� LQ� RUGHU� WR� UHGXFHZHLJKW� DQG� HQDEOH� WKH� VKXWWOH� WR� FDUU\� PRUH� SD\ORDG�� ,WV� DGRSWLRQ� E\� FRPPHUFLDO
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DLUFUDIW�PDQXIDFWXUHUV�KDV�EHHQ�VORZHU��KRZHYHU��GXH�WR� WKH�FRVW�RI� OLWKLXP�DQG�WKHJUHDWHU� GLIILFXOW\� RI� XVLQJ� DOXPLQXP�OLWKLXP� �LQ� SDUWLFXODU�� LW� UHTXLUHV� PXFK� FDUHGXULQJ� ZHOGLQJ��� %XW� LW� LV� OLNHO\� WKDW� DOXPLQXP�OLWKLXP� ZLOO� HYHQWXDOO\� EHFRPH� DZLGHO\�XVHG�PDWHULDO�IRU�ERWK�FRPPHUFLDO�DQG�PLOLWDU\�DLUFUDIW�
7KH�FRPSRVLWH�PDWHULDOV�WKDW�DUH�JHQHUDOO\�XVHG�IRU�DLUFUDIW�VWUXFWXUHV�EHORQJWR�WKH�FODVV�NQRZQ�DV�µµILEHU�FRPSRVLWHV¶¶�FRPSULVLQJ�FRQWLQXRXV�ILEHUV�HPEHGGHG�LQD� UHVLQ� �RU� µµSODVWLF¶¶�� PDWUL[�� &XUUHQWO\�� JUDSKLWH�HSR[\� DQG�� WR� D� OHVVHU� H[WHQG�NHYODU�HSR[\� DUH� VHHQ� DV� WKH� PRVW� LPSRUWDQW� FRPSRVLWHV� IRU� DLUFUDIW� VWUXFWXUDODSSOLFDWLRQV�� 7KHVH� FRPSRVLWH� PDWHULDOV� LQ� WKH� IRUP� RI� ODPLQDWHG� DQG� PXOWL�OD\HUVKHOOV��SODWHV�DQG�EHDPV�DUH�H[WHQVLYHO\�XVHG�LQ�DLUFUDIW�VWUXFWXUHV��$QRWKHU�JURXS�RIFRPSRVLWHV�LV�WKH�ILEHU�UHLQIRUFHG�PHWDO�DOOR\V��PHWDO�PDWUL[�FRPSRVLWHV��ZKLFK�DUHVWURQJHU�WKDQ�WKH�XVXDO�PHWDOV�
6RPH� PDMRU� DSSOLFDWLRQV� RI� FRPSRVLWHV� LQ� DLUFUDIW� VWUXFWXUHV� DUH� JLYHQ� LQ7DEOH�������+RVNLQV�DQG�%DNHU>,��@��$60�,QWHUQDWLRQDO�+DQGERRN�>,��@�
0RVW� DHUR�VWUXFWXUHV� FRQVLVW� RI� DQ� DVVHPEO\� RI� D� QXPEHU� RI� LQGLYLGXDOHOHPHQWV� RU� FRPSRQHQWV� FRQQHFWHG� RU� MRLQHG� WRJHWKHU� WR� IRUP� D� VWUXFWXUDO� V\VWHPDSSURSULDWH�IRU�D�FHUWDLQ�W\SH�RI�YHKLFOH��7KHVH�FRQQHFWLRQV�RU�MRLQWV�DUH�SRWHQWLDOO\WKH�ZHDNHVW�SRLQWV� LQ� WKH�VWUXFWXUH�DQG�PD\�GHWHUPLQH� LWV�YLDELOLW\��,Q�JHQHUDO�� LW� LVGHVLUDEOH�WR�PLQLPL]H�WKH�QXPEHU�RI�MRLQWV�LQ�D�VWUXFWXUH�LQ�RUGHU�WR�PLQLPL]H�ERWK�LWVZHLJKW�DQG�FRVW��7KH�ILEHU�UHLQIRUFHG�FRPSRVLWHV�KDYH�DQ�LPSRUWDQW�DGYDQWDJH�RYHUPHWDOV� LQ� WKLV� UHVSHFW�� VLQFH� ODUJH� RQH�SLHFH� FRPSRQHQWV� FDQ� UHDGLO\� EH� SURGXFHG�7KH\�DUH��WKHQ��MRLQHG�WRJHWKHU�WR�FUHDWH�WKH�ILQDO�VWUXFWXUH�
7KH� W\SHV� RI� MRLQWV� FDQ� EH� FODVVLILHG� DV�� �D�� DGKHVLYHO\� ERQGHG�� �E�PHFKDQLFDO�� HLWKHU� IDVWHQHG� �EROWHG�ULYHWHG�� HWF��� RU� ZHGJH� ORDGHG�� DQG� �F�FRPELQDWLRQV�RI�W\SHV��D��DQG��E����,Q�WKH�ILUVW�W\SH��ORDGV�DUH�FDUULHG�E\�WKH�VXUIDFH�RIWKH�MRLQW�HOHPHQWV�LQ�VKHDU��EHQGLQJ�DQG�WHQVLRQ�WKURXJK�D�OD\HU�RI�DGKHVLYH�RU�UHVLQ�,Q�WKH�VHFRQG�W\SH��WKH�ORDGV�DUH�FDUULHG�E\�WKH�MRLQW�HOHPHQWV�LQ�FRPSUHVVLRQ�RQ�WKHFRQWDFWLQJ� IDFHV��&RPSDULQJ� WKH� WZR�PDMRU� MRLQLQJ� WHFKQLTXHV� VKRZV� WKDW� DGKHVLYHERQGLQJ�� ZKHUH� DSSURSULDWH�� LV� XVXDOO\� SUHIHUUHG� RYHU� FRQYHQWLRQDO� IDVWHQLQJ



�

WHFKQLTXHV�VLQFH�LW�RIIHUV�JUHDWHU�XQLIRUPLW\�LQ�ORDG�GLVWULEXWLRQ��L�H��PRUH�VWUXFWXUDOHIILFLHQF\�� �� VPRRWKHU� MRLQWV� LQ� UHGXFLQJ� GUDJ�� EHWWHU� IDWLJXH� SURSHUWLHV�� VHDOLQJDJDLQVW� FRUURVLRQ�� DQG� UHODWLYHO\� OLJKW� ZHLJKW�� +HUHDIWHU�� WKH� QDPH� µµ/DPLQDWHG3ODWHV¶¶�ZLOO�UHIHU�WR�WKH�FDVHV�ZKHUH�VLPLODU�RU�GLIIHUHQW�OD\HUV�RI�ILEHUV�DUH�SXW�LQ�WKHVDPH�PDWUL[� WR� IRUP� WKH� SODWH� DQG� µµ0XOWL�/D\HU� 3ODWHV¶¶�ZLOO� UHIHU� WR� D� V\VWHP� LQZKLFK�VLPLODU�RU�GLIIHUHQW�SODWHV�DUH�VRPHKRZ�ERQGHG�WR�FRQVWUXFW�WKH�GHVLUHG�VKDSHRI�WKH�VWUXFWXUH�
7KH� WKHRUHWLFDO� DQG� H[SHULPHQWDO� NQRZOHGJH� DQG� UHOLDEOH� LQIRUPDWLRQ� DUHQHHGHG�RQ�WKH�IUHH�DQG�IRUFHG�YLEUDWLRQV�RI�WKH�VWLIIHQHG�FRPSRVLWH�SODWHV�DQG�SDQHOVLQ� WKH� GHVLJQ� RI� WKH� IOLJKW� YHKLFOH� VWUXFWXUHV��7KLV� NLQG� RI� NQRZOHGJH� LV� H[WUHPHO\LPSRUWDQW�LQ�WKH�VWXGLHV�RI�SDQHO�IOXWWHU��VRQLF�IDWLJXH�DQG�VRXQG�WUDQVPLVVLRQ�HWF��LQSDQHOV� RI� WKH� FRPSOH[� VWUXFWXUDO� V\VWHPV�XVHG� LQ� DLUFUDIW� VWUXFWXUHV�� &RQVHTXHQWO\�WKHVH�VWLIIHQHG�RU�SDUWLDOO\� VWLIIHQHG�SODWHV�DQG�VKHOOV� DUH� LQFUHDVLQJO\� UHFHLYLQJ� WKHDWWHQWLRQ�RI�WKH�UHVHDUFK�ZRUNHUV�LQ�WKH�VFLHQWLILF�DQG�HQJLQHHULQJ�OLWHUDWXUH��$PRQJWKHVH� VWXGLHV� VRPH� LPSRUWDQW� RQHV� ZLOO� EH� PHQWLRQHG� DQG� EULHIO\� UHYLHZHG� LQ� WKHIROORZLQJ�VHFWLRQ�

����/LWHUDWXUH�6XUYH\�DQG�%ULHI�5HYLHZ
7KHUH� DUH� PDQ\� UHVHDUFK� VWXGLHV� RQ� WKH� ³$GYDQFHG� 0DWHULDOV´� VXFK� DV³&RPSRVLWHV´�DQG� WKHLU�PDQXIDFWXULQJ� WHFKQLTXHV�DQG�DSSOLFDWLRQV� LQ�YDULRXV�DUHDVRI� HQJLQHHULQJ�� /XELQ� >,��@��$60� ,QWHUQDWLRQDO�+DQGERRN� >,��@ DQG� 6FKZDUW]� >,��@DUH�VRPH�RI�WKH�LPSRUWDQW�KDQGERRNV�DERXW�µµ&RPSRVLWHV¶¶��$OVR��WKH�DSSOLFDWLRQ�RIFRPSRVLWHV�WR�WKH�DLUFUDIW�DQG�VSDFH�YHKLFOH�VWUXFWXUHV�FDQ�EH�REWDLQHG�IURP�D�ERRNE\�+RVNLQV�DQG�%DNHU�>,��@ DQG�DOVR�IURP�WKH�WH[W�E\�0DUVKDOO�DQG�'HYDXWV�>,��@ DQGIURP�RWKHU�UHIHUHQFHV�LQFOXGHG�LQ�WKRVH�ERRNV�
/HLVVD� >,,��@�� LQ� WKLV� PRQRJUDSK�� EDVLFDOO\� FRQFHQWUDWHG� RQ� WKH� µµ&ODVVLFDO3ODWH� 7KHRU\� �&/37�¶¶� DQG� LVRWURSLF� PDWHULDOV� DQG� SUHVHQWHG� D� FROOHFWLRQ� RILQYHVWLJDWLRQV�RQ�WKH�IUHH�YLEUDWLRQ�RI�SODWHV��$PEDUWVXP\DQ�>,,��@�SUHVHQWHG�D�YHU\H[WHQVLYH�ZRUN�RQ�WKH�YLEUDWLRQ�RI�DQLVRWURSLF�SODWHV�EDVHG�RQ�KLV�LPSURYHG�WKHRU\�
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$PEDUWVXP\DQ� DOVR� IRUPXODWHG� V\PPHWULFDOO\� ODPLQDWHG� DQLVRWURSLF� SODWHV�� 7KHPRVW� UHFHQW� UHYLHZ� RI� WKH� WKHRULHV� RI� G\QDPLFV� DQG� YLEUDWLRQV� RI� LVRWURSLF� DQGDQLVRWURSLF�SODWHV�DQG�PXOWL�OD\HU�FRPSRVLWH�SODWHV�LV�DYDLODEOH�LQ�.DSDQLD�DQG�5DFLWL>,,���,,��@��,Q�1RRU�DQG�%XUWRQ�>,,,��@�DQG�LQ�5HGG\�DQG�5REELQV�>,,,��@��RQH�FDQ�ILQGVRPH�FRPSDULVRQV�RI�YDULRXV�WKHRULHV�RI�PXOWL�OD\HU�FRPSRVLWH�SODWHV�
7KH�³6WLIIHQHG�3ODWHV�RU�3DQHOV´�DQG�RU�³6WHSSHG��7KLFNQHVV�3ODWHV´�DQG�WKHLUYDULDQWV� DUH� XVHG� LQ� YDULRXV� DSSOLFDWLRQV� LQ� VHYHUDO� DUHDV� RI� HQJLQHHULQJ� DQGWHFKQRORJ\��7KHVH�FODVVHV�RI�SODWHV�DUH�SULPDULO\�XVHG�LQ�OLJKW�ZHLJKW��KLJK�VSHHG�DLUDQG� VSDFHFUDIW�� DQG� PDULQH� YHKLFOH� VWUXFWXUHV�� 7KH\� DUH� DOVR� LQFUHDVLQJO\� XVHG� LQDXWRPRWLYH�YHKLFOH�VWUXFWXUHV��2XU�PDLQ�FRQFHUQ�DQG�UHYLHZ�LQ�WKLV�WKHVLV�DUH�OLPLWHGWR�WKH�EDVH�SODWHV�RU�SDQHOV�ZKLFK�DUH�³FHQWUDOO\��QRQ�FHQWUDOO\�RU�DW�VXSSRUWV�GRXEO\VWLIIHQHG�EDVH�SODWHV�RU�SDQHOV�E\�WKH�XSSHU�DQG�ORZHU�VWLIIHQLQJ�SODWH�VWULSV´�
6RPH�RI�WKH�UHODWLYHO\�ROG�VWXGLHV�FRQFHQWUDWHG�RQ�WKH�IUHH�YLEUDWLRQV�RI�WKLQSODWHV�ZLWK�XQLIRUPO\�VSDFHG�PXOWL�VWLIIHQHUV�DOVR�XVH�VRPH�NLQG�RI�DSSUR[LPDWLRQV�$� FRPPRQO\� XVHG� RQH� LV� WR� DSSUR[LPDWH� RU� UHSODFH� WKH� VWLIIHQHG� WKLQ� SODWH� E\� DQRUWKRWURSLF�RQH��WKDW�LV�WR�GHILQH�WKH�IOH[XUDO�ULJLGLWLHV�LQ�WZR�GLUHFWLRQV�VXFK�WKDW�WKHLVRWURSLF� SODWH�ZLWK� VWLIIHQHUV� EHFRPHV� DQ� RUWKRWURSLF� SODWH�� 7KH� IUHH� YLEUDWLRQV� RILVRWURSLF��WKLQ�SODWHV�ZLWK�WZR��RU�PRUH��VWLIIHQHUV�RU�EHDPV�DUH�LQYHVWLJDWHG�E\�:DK>,9��@�� /LQ� >,9��@�� /RQJ>,9���,9��@�� 6PLWK� >,9��@�� %DWK� >,9��@�� 5HFWDQJXODU� SODWHVZLWK� LGHQWLFDO� DQG� HTXDOO\� VSDFHG� VWLIIHQHUV� �EHDPV�ZLWK� UHFWDQJXODU� FURVV�VHFWLRQ�DUH� VWXGLHG� LQ�:DK� >,9��@ DQG� /LQ� >,9��@�� 7KH� IUHH� YLEUDWLRQ� RI� UHFWDQJXODU� SODWHVFRQWLQXRXV�RYHU�LGHQWLFDO�DQG�HTXDOO\�VSDFHG�HODVWLF�EHDPV�DUH�LQYHVWLJDWHG�E\�:DK>,9��@�� ,QLWLDOO\�� :DK� XVHG� WKH� FRPELQDWLRQ� RI� IUHTXHQFLHV� REWDLQHG� IURP� WKHFODVVLFDO� WKHRULHV�� 7KHQ�� KH� XVHG� DQ� RUWKRWURSLF� SODWH� LQ� KLV� VWXG\� WR� LQFUHDVH� WKHDFFXUDF\�RI�VLPXODWLQJ�WKH�YLEUDWLRQ�PRGHV�RI�D�VWLIIHQHG�SODWH�DQG�WKH�UHVXOWV�ZHUHFRPSDUHG�WR�WKRVH�RI�RUWKRWURSLF�SODWH�WKHRU\��/LQ�>,9��@ DOVR�GHWHUPLQHG�WKH�QDWXUDOIUHTXHQFLHV� DQG� QRUPDO� PRGHV� RI� YLEUDWLRQ� IRU� SDQHOV� ZLWK� LGHQWLFDO� DQG� HTXDOO\VSDFHG�VWULQJHUV�DQG�DVVXPHG�VLPSOH�VXSSRUWV�RQ�DOO�IRXU�HGJHV�RI�WKH�V\VWHP��/RQJ>,9��@ DQG�6PLWK� >,9��@ FDUULHG� RXW� D�PRUH�GHWDOLHG� DQDO\VLV� IRU� SDQHOV�ZLWK�PXOWLVWLIIHQLQJ�EHDPV�ZKLFK�DUH�VLPSO\�VXSSRUWHG�DORQJ�WKH�HGJHV�QRUPDO�WR�WKH�GLUHFWLRQ
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RI�VWLIIHQLQJ�SODWH��/DWHU�RQ��/RQJ�>,9��@ IXUWKHU�VLPSOLILHG�WKH�DQDO\VLV�E\�QHJOHFWLQJLQSODQH�GLVSODFHPHQW�LQ�WKH�GLUHFWLRQ�QRUPDO�WR�WKH�GLUHFWLRQ�RI�VWLIIHQLQJ�SODWH��/RQJ>,9��@ XVHG� WKH� PDWUL[� PHWKRG� DV� WKH� VROXWLRQ� PHWKRG�� <XUNRYLFK� >,9��@ VWXGLHGG\QDPLF�DQDO\VLV�RI�D�VWLIIHQHG�SDQHO�V\VWHP��%DWK�>,9��@ XVHG�5D\OHLJK�5LW]�PHWKRGWR� DQDO\]H� WKH�YLEUDWLRQ�RI�SODWHV�ZLWK� QRQXQLIRUPO\� VSDFHG� VWLIIHQHUV�� %HVLGHV� WKHPHWKRGV� PHQWLRQHG� DERYH�� WKH� ILQLWH� HOHPHQW� PHWKRG� XVHG� E\� 2OVRQ� DQG� +D]HOL>,9��@��0XNKHUMHH�DQG�0XNKRSDGK\D\�>,9��@ DQG�WKH�ILQLWH�VWULS�PHWKRGV�HPSOR\HGE\� 6ULQLYDVDQ� DQG�0XQDVZDP\� >,9���@�� &KHQ� HW� DO�� >,9���@ LQ� RUGHU� WR� VROYH� WKHVWLIIHQHG� SODWH� SUREOHPV�� 7KH� IUHH� YLEUDWLRQV� RI� WKLQ�� LVRWURSLF� SODWHV� ZLWK� RQHVWLIIHQHU�DUH�FRQVLGHUHG�E\�.LUN�>,9���@��$NVX�DQG�$OL�>,9���@��$NVX�>,9�����9,,��@�.LUN� >,9���@ GHWHUPLQHG� WKH� QDWXUDO� IUHTXHQFLHV� RI� WKH� ILUVW� V\PPHWULF� DQG� ILUVWDQWLV\PPHWULF�PRGHV�RI�D�VLPSO\�VXSSRUWHG�UHFWDQJXODU�SODWH�UHLQIRUFHG�E\�D�VLQJOHLQWHJUDO� VWLIIHQHU� �RU� EHDP� ZLWK� UHFWDQJXODU� FRUVV�VHFWLRQ�� SODFHG� DORQJ� LWV� FHQWUHOLQH��7KH�IUHH�YLEUDWLRQV�RI� WKLQ�� LVRWURSLF�SODWHV�ZLWK�D�FHQWUDO�VWLIIHQHU� �EHDP�ZLWKUHFWDQJXODU� FURVV�VHFWLRQ�� ZHUH� VWXGLHG� E\� GHYHORSLQJ� D� YDULDWLRQDO� WHFKQLTXH� LQFRQMXQFWLRQ� ZLWK� ILQLWH� GLIIHUHQFH� IRUPXODWLRQ� E\� $NVX� DQG� $OL� >,9���@�� $NVX>,9���@ LQYHVWLJDWHG� WKH� HIIHFW� RI� WKH� WUDQVYHUVH� VKHDU� GHIRUPDWLRQ� DQG� URWDWRU\LQHUWLD�DQG�DOVR�LQSODQH�LQHUWLD�RQ�WKH�IUHH�YLEUDWLRQ�RI�SODWHV�ZLWK�D�VLQJOH�VWLIIHQHU�/HH� DQG� /HH� >,9���@ LQYHVWLJDWHG� WKH� YLEUDWLRQ� DQDO\VLV� RI� DQLVRWURSLF� WKLQ� SODWHVUHLQIRUFHG� E\� D� FHQWUDO� VWLIIHQHU�� $SSOHJDUWK�� %XOO�� %HWWHVV�� %RQG� DQG� 7KRPSVRQ>,9���@� GHYHORSHG� DQ� DXWR�DGDSWLYH� ILQLWH� HOHPHQW� DQDO\VLV� VRIWZDUH� IRU� VWLIIHQHGSODWH� DQG� VKHOO� VWUXFWXUHV�� ,Q� WKHLU� VWXGLHV��%DUUHWWH�� %HUU\� DQG�%HVOLQ� >,9���@� XVHGKLHUDUFKLFDO� WULJRQRPHWULF� IXQFWLRQV� WR� LQYHVWLJDWH� WKH�YLEUDWLRQV�RI�VWLIIHQHG�SODWHV�=HQJ�DQG�%HUW�>,9���@�VWXGLHG�RQ�WKH�GLIIHUHQWLDO�TXDGUDWXUH�DQDO\VLV�RI�YLEUDWLRQ�IRUUHFWDQJXODU�VWLIIHQHG�SODWHV��:HL�&KDX�;LH�DQG�5LFKDUG�=KL�+XD�&KHQ�>,9���@�PDGHWKH� YLEUDWLRQ�PRGH� ORFDOL]DWLRQ� LQ� ULE�VWLIIHQHG� SODWHV� ZLWK� PLVSODFHG� VWLIIHQHUV� LQRQH� GLUHFWLRQ�� 6KHLNK� DQG�0XNKRSDGK\D\� >,9���@� VWXGLHG� RQ� OLQHDU� DQG� QRQOLQHDUWUDQVLHQW�YLEUDWLRQ�DQDO\VLV�RI�VWLIIHQHG�SODWH�VWUXFWXUHV�
,Q� PXOWL�OD\HU� SODWHV�� WKH� WKLFNQHVV� RI� WKH� ERQGLQJ� RU� DGKHVLYH� OD\HU� LVJHQHUDOO\�QHJOHFWHG�LQ�PRVW�RI�WKH�VWXGLHV�LQ�OLWHUDWXUH��7KDW�LV��WKH�ERQGLQJ�EHWZHHQWKH�SODWH�OD\HUV�LV�DVVXPHG�WR�EH�ULJLG�ERQGLQJ��+RZHYHU��WKH�QDWXUDO�IUHTXHQFLHV�DQG
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WKH�FRUUHVSRQGLQJ�PRGH�VKDSHV�FDQ�EH�VLJQLILFDQWO\�DIIHFWHG�E\�WKH�UHODWLYHO\�VPDOOWKLFNQHVVHV�DQG�WKH�HODVWLF�FRQVWDQWV�RI�WKH�DGKHVLYH�OD\HUV��$OVR��WKH�IUDFWXUH�DQG�WKHGHODPLQDWLRQ� RI� WKH�PXOWL�OD\HU� SODWH� V\VWHPV�XVXDOO\� LQLWLDWH� LQ� WKH� DGKHVLYH� OD\HUDQG� WKHQ� SURSDJDWH� WR� WKH� ILQDO� IDLOXUH�� 7KHUH� DUH� YHU\� IHZ� VWXGLHV� LQ� OD\HUHGFRPSRVLWHV�WDNLQJ�LQWR�DFFRXQW� WKH�UHODWLYH�IOH[LELOLW\�DQG�GHIRUPDWLRQV�RI�DGKHVLYHOD\HUV��6RPH�RI� WKHVH� VWXGLHV� RQ� RUWKRWURSLF� SODWHV� DUH�SUHVHQWHG� E\�<XFHRJOX� DQGg]HUFL\HV� >9���9���@�� ,Q� DVVXPLQJ� D� YHU\� WKLQ� EXW� GHIRUPDEOH� DGKHVLYH� OD\HU� RUOD\HUV� EHWZHHQ� WKH� ODPLQDH� RQH� FDQ� VLJQLILFDQWO\� FKDQJH� WKH� VWDWLF� DQG� G\QDPLFFKDUDFWHULVWLFV� DQG� UHVSRQVHV�RI� WKH� HQWLUH�PXOWL�OD\HU� FRPSRVLWH� V\VWHP�DV� SRLQWHGRXW� LQ� ,ULH� HW� DO� >9��@� DQG� LQ� <XFHRJOX� HW� DO�� >9���� 9��@� DQG� LQ� <XFHRJOX� DQGg]HUFL\HV�>9���WR�9���@�
7KH� VWXGLHV� DERXW� WKH� VWHSSHG�WKLFNQHVV� DQG�RU� VWLIIHQHG� SODWHV� DYDLODEOH� LQWKH� VFLHQWLILF� DQG� HQJLQHHULQJ� OLWHUDWXUH� DUH� EDVHG� PRVWO\� RQ� WKH� µµ&ODVVLFDO� 3ODWH7KHRU\¶¶� DQG� RQ� LVRWURSLF� SODWHV�� $QRWKHU� YHU\� LPSRUWDQW� SRLQW� LV� WKDW�� LQ� DOO� WKHDERYH� PHQWLRQHG� SDSHUV� >,9���,9���@�� WKH� VWLIIHQHU�V�� LV�DUH�� EHDP�V�� ZLWKUHFWDQJXODU� FURVV� VHFWLRQ�V��� $QRWKHU� UHVWULFWLRQ� RU� GHILFLHQF\� KHUH� LV� WKDW� WKHWUDQVYHUVH�VKHDU�GHIRUPDWLRQV�DQG� WKH�URWDWRU\�PRPHQWV�RI� LQHUWLD�RI�SODWHV� DUH�QRWWDNHQ�LQWR�DFFRXQW�LQ�WKH�G\QDPLF�HTXDWLRQV�
,W� LV� D� ZHOO�NQRZQ� IDFW� WKDW� WKH� QDWXUDO� IUHTXHQFLHV� REWDLQHG� IURP� WKH³&ODVVLFDO�3ODWH�7KHRU\��&/37�´�DQG�³)LUVW�2UGHU�6KHDU�'HIRUPDWLRQ�3ODWH�7KHRULHV�)6'37�´�VXFK�DV�5HLVVQHU�>9,����9,����9,��@�DQG�0LQGOLQ�>9,����9,��@�DQG�³+LJKHU2UGHU�6KHDU�'HIRUPDWLRQ�3ODWH�7KHRULHV��+6'37�´��VRPH�RI�ZKLFK�FDQ�EH�IRXQG�LQ1RRU�DQG�%XUWRQ�>,,,��@�DQG�LQ�5HGG\�>9,��@��DUH�VLJQLILFDQWO\�GLIIHUHQW�

0HVVLQD� DQG� 6ROGDWRV� >9,��@� VWXGLHG� RQ� WKH� YLEUDWLRQ� RI� FRPSOHWHO\� IUHHFRPSRVLWH�SODWHV�DQG�F\OLQGULFDO�VKHOO�SDQHOV�E\�D�KLJKHU�RUGHU�WKHRU\��$WWLD�DQG�(O�=DIUDQ\� >9,��@� XVHG� D� KLJKHU�RUGHU� VKHDU� HOHPHQW� LQ� WKHLU� VWXG\� IRU� QRQOLQHDUYLEUDWLRQ�DQDO\VLV�RI�FRPSRVLWH�OD\HUHG�SODWHV�DQG�VKHOOV��6LQJK��<DGDY�DQG�,\HQJDU>9,��@� REWDLQHG� QDWXUDO� IUHTXHQFLHV� RI� FRPSRVLWH� SODWHV� ZLWK� UDQGRP� PDWHULDOSURSHUWLHV�XVLQJ�D�KLJKHU�RUGHU�VKHDU�GHIRUPDWLRQ�WKHRU\� LQVWHDG�RI�ILUVW�RUGHU�VKHDUGHIRUPDWLRQ� WKHRU\�� .DQW� DQG� 6ZDPLQDWKDQ� >9,���@� DOVR� LQYHVWLJDWHG� WKH� IUHH
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YLEUDWLRQ�RI�LVRWURSLF��RUWKRWURSLF��DQG�VDQGZLFK�SODWHV�EDVHG�RQ�KLJKHU�RUGHU�UHILQHGWKHRULHV��:LWWULFN� >9,���@� VWXGLHG� DERXW� DQDO\WLFDO� ��'� HODVWLFLW\� VROXWLRQV� WR� VRPHSODWH�SUREOHPV�DQG�VRPH�REVHUYDWLRQV�RQ�0LQGOLQ¶V�3ODWH�7KHRU\�
,I� WKH� VWLIIHQLQJ�SODWH� VWULS�V�� LV�DUH� FRQQHFWHG� WR� WKH�EDVH�SODWH�E\� DGKHVLYHOD\HU�V��� WKH� FRPSRVLWH� SODWH� V\VWHP� LV� D� WZR� RU� PRUH� OD\HU� SODWH� V\VWHP� LQ� WKHVWLIIHQHG� UHJLRQ��7KHUHIRUH�� WKH� LQIOXHQFH� RI� WKH� WUDQVYHUVH� VKHDU� GHIRUPDWLRQV� DQGWKH� URWDWRU\�PRPHQWV� RI� LQHUWLD� VKRXOG� GHILQLWHO\� EH� FRQVLGHUHG� LQ� WKH� IRUPXODWLRQDQG� WKH� VROXWLRQ� RI� WKH� SUREOHP� DW� OHDVW� LQ� WKLV� PXOWL�OD\HU� SODWH� UHJLRQ�� 7KHLPSRUWDQFH�RI�WKLV�SRLQW�LQ�WKH�VWDWLFV�DQG�G\QDPLFV�RI�PXOWL�OD\HU�SODWHV�RU�ODPLQDWHGSODWHV� DUH� LQYHVWLJDWHG� E\�5HLVVQHU� DQG�6WDYVN\� >9,,��@��:KLWQH\� >9,,��@��:KLWQH\DQG�3DJDQR�>9,,��@��:KLWQH\>9,,��@�DQG�E\�'DZH�DQG�&UDLJ�>9,,��@��&UDLJ�DQG�'DZH>9,,��@��$VOR��$NVX� >9,,��@� LQYHVWLJDWHG� WKH� HIIHFW�RI� WUDQVYHUVH� VKHDU�GHUIRUPDWLRQDQG� URWDWRU\� LQHUWLD� RQ� YLEUDWLRQV� RI� VWHSSHG�WKLFNQHVV� SODWHV�� $GGLWLRQDOO\�� WKHLQIOXHQFH�RI�WKH�DGKHVLYH�OD\HU�V��RQ�WKH�GHIRUPDWLRQV�RI�WKH�VWLIIHQLQJ�SODWH�VWULS�V�DQG� WKH� EDVH� SODWH� FDQ� EH� VLJQLILFDQW� LI� WKH� YHU\� WKLQ� DGKHVLYH� OD\HU�V�� LV�DUHGHIRUPDEOH� �HYHQ�WKRXJK�ZLWK�UHODWLYHO\� VPDOO�VWUDLQV���7KLV�DOVR�DIIHFWV� WKH�QDWXUDOIUHTXHQFLHV� DQG� WKH� FRUUHVSRQGLQJ� PRGH� VKDSHV� RI� WKH� HQWLUH� SDUWLDOO\� VWLIIHQHGFRPSRVLWH�SODWH�RU�SDQHO�V\VWHP�

)URP�WKH�DERYH�EULHI�UHYLHZ��LW�FDQ�EH�FRQFOXGHG�WKDW�WKH�FRPSRVLWH�RUWKRWURSLFDQG�RU� LVRWURSLF� EDVH� SODWHV� RU� SDQHOV� GRXEO\� UHLQIRUFHG� E\� WKH� XSSHU� DQG� ORZHUVWLIIHQLQJ� SODWH� VWULSV� DUH� QRW� FRQVLGHUHG� LQ� WKH� OLWHUDWXUH�� 7KHUHIRUH�� IUHH� G\QDPLFUHVSRQVH�RI�WKRVH�FODVVHV�RI�6WLIIHQHG�3ODWHV�RU�3DQHOV�DUH�WKH�VXEMHFW�RI�WKLV�WKHVLV�
,Q� WKH� SUHVHQW� VWXG\�� WKH� WUDQVYHUVH� VKHDU� GHIRUPDWLRQV� DQG� WKH� URWDWRU\LQHUWLDV�RI�ERWK�WKH�EDVH�SODWH�DQG� WKH�VWLIIHQLQJ�SODWH�VWULSV�ZLOO�EH� LQFOXGHG� LQ� WKHIRUPXODWLRQ� LQ� WHUPV� RI� WKH�0LQGOLQ� 3ODWH� 7KHRU\� IRU� RUWKRWURSLF� SODWHV�� $OVR�� WKHWUDQVYHUVH�VKHDU�DQG�QRUPDO�VWUDLQV�DQG�VWUHVVHV�DUH� WR�EH� WDNHQ�LQWR�DFFRXQW� LQ� WKHYHU\�WKLQ��\HW�GHIRUPDEOH�LQ�EHWZHHQ�DGKHVLYH�OD\HUV��7KH�UHDVRQ�IRU�QRW�FRQVLGHULQJ³+LJKHU� 2UGHU� 6KHDU� 'HIRUPDWLRQ� 7KHRULHV� �+6'7�´� �VHH� IRU� LQVWDQFH� 5HGG\>9,��@��� LV� WKDW� WKHUH� LV� QRW� VLJQLILFDQW� GLIIHUHQFH� LQ� WKH� QDWXUDO� IUHTXHQFLHV� RI� WKH/DPLQDWHG� SODWHV� REWDLQHG� E\� �+6'37�� DQG� ³)LUVW� 2UGHU� 6KHDU� 'HIRUPDWLRQ
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7KHRULHV��)6'37�´��7KLV� IDFW� LV� FOHDUO\� GHPRQVWUDWHG� LQ�D� UHFHQW� VWXG\�E\�.KDGHLUDQG�/LEUHVFX�>9,,��@�
+XQWHU�>9,,,��@�XVHG�WKH�³,QWHJUDWLQJ�0DWUL[�0HWKRG´�IRU�GHWHUPLQLQJ�WKH�QDWXUDOYLEUDWLRQ�FKDUDFWHULFV�RI�SURSHOOHU�EODGHV��7KH�SUHVHQW�PHWKRG�RI� VROXWLRQ�ZKLFK� LVXVHG�LQ�WKLV�WKHVLV�FDQ�DOVR�EH�VHHQ�LQ�<XFHRJOX�HW�DO��>9,,,���9,,,��@
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7DEOH������³$GYDQFHG�&RPSRVLWHV´�DQG�³&RPSRVLWH�&RPSRQHQWV´�LQ�$LUFUDIW�6WUXFWXUHV�IRU�9DULRXV�7\SHV�RI�$LUFUDIW��PRVW�RI�WKH�GDWD�EHORZWDNHQ�IURP�5HI��>,��@�DQG�>,��@�´
&RPSRVLWH&RPSRQHQW )��� )���� )��� )���+RUQHW %�� $9��% '&���'HPR /����� %����'HPR %���� %���� %���� /HDU�)DQ -$6���*ULSHQ )���6XSHU+RUQHW'RRUV ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥5XGGHU ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥(OHYDWRU ¥ ¥ ¥ ¥ ¥ ¥9HUWLFDO�WDLO ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥+RUL]RQWDO�WDLO ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥$LOHURQ ¥ ¥ ¥ ¥ ¥ ¥6SRLOHU ¥ ¥ ¥ ¥ ¥)ODS ¥ ¥ ¥ ¥ ¥ ¥:LQJ�ER[ ¥ ¥ ¥ ¥ ¥%RG\ ¥ ¥0LVFHOODQHRXV )DLULQJV 6SHHGEUDNH 6SHHGEUDNH�IDLULQJV

6ODWV�LQOHWV )DLULQJV )DLULQJV )DLULQJV )DLULQJV )DLULQJV )DLULQJV�VSHHGEUDNH�VODWV�FDQDUG
)DLULQJV�VSHHGEUDNH�VODWV1RWH ������¥ PHDQV�WKDW�FRPSRVLWH�LV�XVHG�IRU�WKDW�FRPSRQHQW������6RPH�RI�WKH�FRPSRVLWH�DSSOLFDWLRQV�LQ�WKH�DERYH�WDEOH�DUH�JLYHQ�DFFRUGLQJ�WR�WKH�LQIRUPDWLRQ�DYDLODEOH�LQ������RU�VR�
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&+$37(5��
0$,1�385326(�$1'�6&23(

����,QWURGXFWRU\�5HPDUNV�DQG�0RWLYDWLRQ�IRU�3UHVHQW�6WXG\
,Q� WKLV� 6HFWLRQ�� D� FHUWDLQ� JURXS� RU� FODVV� RI� WKH� ³)UHH�)OH[XUDO� �RU�%HQGLQJ�9LEUDWLRQ�3UREOHPV�RI�6WLIIHQHG�0LQGOLQ�3ODWHV´�ZLOO�EH�FRQVLGHUHG�
)URP�WKH�EULHI�UHYLHZ�RI�VWXGLHV�RQ�VWLIIHQHG�SODWHV�DYDLODEOH�LQ�WKH�VFLHQWLILFDQG�WKH�HQJLQHHULQJ�OLWHUDWXUH��DQG�DOVR�IURP�WKH�SUDFWLFDO�DSSOLFDWLRQV�SRLQW�RI�YLHZLQ� DHURVSDFH� YHKLFOHV� VWUXFWXUHV� �RU� DHUR�VWUXFWXUHV��� RQH� PD\� FRQFOXGH� WKDW� WKHIROORZLQJ�IUHH�YLEUDWLRQV�SUREOHPV�QHHG�WR�EH�FRQVLGHUHG�EHFDXVH�RI�
x 7KH� ³6WLIIHQLQJ� DQG�RU� 5HLQIRUFLQJ´� RI� UHODWLYHO\� VOHQGHU ³$GYDQFHG&RPSRVLWH´�RU�³$GYDQFHG�0HWDO�$OOR\´�SODWH�RU�SDQHO�V\VWHPV�LQ�DHUR�VWUXFWXUHV�RU�DHUR�VWUXFWXUDO�V\VWHPV�x 7KH�³%RQGHG�5HSDLULQJ�DQG�RU�6WUHQJWKHQLQJ´�RI�UHODWLYHO\�VOHQGHU DQGDOUHDG\� FUDFNHG ³$GYDQFHG� &RPSRVLWH´� RU� ³$GYDQFHG� 0HWDO� $OOR\´SODWH�RU�SDQHO�V\VWHPV�LQ�DHUR�VWUXFWXUHV�RU�DHUR�VWUXFWXUDO�V\VWHPV�x $OVR�� WKH� ³)UHH� '\QDPLF� 5HVSRQVH´� RI� GRXEO\� VWLIIHQHG� FRPSRVLWHRUWKRWURSLF� DQG�RU� LVRWURSLF� EDVH� SODWHV� RU� SDQHOV� DUH� H[WUHPHO\LPSRUWDQW� IURP� WKH�SRLQW� RI�YLHZ�RI� VRXQG� WUDQVPLVVLRQ�� VRQLF� IDWLJXHDQG�IUDFWXUH��G\QDPLF�IDWLJXH�DQG�IUDFWXUH��SDQHO�IOXWWHU��G\QDPLF�SDQHOVWUXFWXUDO�VWDELOLW\��HWF�LQ�DHUR�VWUXFWXUHV�
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7KH� PRWLYDWLRQ� DQG� MXVWLILFDWLRQ� IRU� WKH� SUHVHQW� 7KHVLV� DQG� UHVHDUFK� ZRUN�WKHUHIRUH�� DUH� EDVHG� RQ� WKH� DERYH� PHQWLRQHG� JHQHUDO� IUHH� IOH[XUDO� �RU� EHQGLQJ�YLEUDWLRQ� SUREOHPV� HQFRXQWHUHG� LQ� DHUR�VWUXFWXUHV�� ,Q� RUGHU� WR� H[SODLQ� DQG� DOVR� WRJLYH� D� JHQHUDO� LGHD� DERXW� WKH� SUDFWLFDO� DSSOLFDWLRQV� DQG� LPSRUWDQFH� RI� WKHVHSUREOHPV��RQH�PD\�UHIHU�WR�WKH�WKUHH�EDVLF�FDVHV�SUHVHQWHG�LQ�)LJXUH�����WKURXJK�����7KHVH�FDVHV�ZLOO�EH�FRQYHUWHG�WR�DQG�EH�SURSHUO\�GHILQHG�DV�DQG�UHIHUUHG�WR�DV�WKH�³0DLQ�352%/(06´�ZKLFK�DUH�WKH�PDLQ�VWXG\�WRSLFV�RI�WKH�SUHVHQW�7KHVLV��7KXV��WKH³0DLQ�352%/(06´�DUH�SURSHUO\�GHILQHG�LQ�&KDSWHU���LQ�JUHDW�GHWDLO��6RPH�JHQHUDOLGHDV��KRZHYHU��DUH�JLYHQ�LQ�6HFWLRQ�����
����0DLQ�3XUSRVH�DQG�2EMHFWLYHV

7KH� ³PDLQ� SXUSRVH´� RI� WKLV� 7KHVLV� LV� WR� DQDO\]H� WKH� ³)UHH� )OH[XUDO� �RU%HQGLQJ��9LEUDWLRQV�RI�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKWURSLF�DQG�RU�,VRWURSLF�%DVH3ODWHV�RU�3DQHOV´��SDUWLFXODUO\��LQ�³$HUR�6WUXFWXUDO�6\VWHPV´�
7KH�³PDLQ�REMHFWLYHV´�DUH�

x )LUVW�� WR� GHWHUPLQH� IUHH� G\QDPLF� UHVSRQVH� FKDUDFWHULVWLFV� LQ� WHUPV� RI� WKHLUQDWXUDO�IUHTXHQFLHV�DQG�FRUUVSRQGLQJ�PRGH�VKDSHV�
x 6HFRQG�� WR� SHUIRUP� VRPH� LPSRUWDQW� SDUDPHWULF� VWXGLHV� RI� WKHVH� FRPSRVLWHV\VWHPV�LQ�RUGHU�WR�KHOS�WKH�DHURVSDFH�YHKLFOH�GHVLJQHUV�
x 7KLUG�� WR� LQYHVWLJDWH� WKH� IUHH� G\QDPLF� UHVSRQVH�� DIWHU� WKH� UHSDLULQJ� RUVWUHQJWKLQLQJ�E\�XSSHU�DQG�ORZHU�VWLIIHQLQJ�FRPSRVLWH�RUWKRWURSLF�SODWH�VWULSV��RI�WKHFRSPRVLWH�DQG�RU� LVRWURSLF��PHWDO�DOOR\��EDVH�SODWHV�RU�SDQHOV�ZLWK� WKURXJK�RU�SDUW�WKURXJK�FUDFN�V��

,Q�WKH�SUHVHQW�VWXG\��WKH�EDVH�SODWHV�DUH�UHODWLYHO\� WKLFN�FRPSRVLWH�RUWKRWURSLFDQG�RU� LVRWURSLF� 0LQGOLQ� SODWHV�� 7KH� EDVH� SODWHV� DUH� ³FHQWUDOO\´� DQG�RU� ³QRQ�FHQWUDOO\´�DQG�RU�³DW�VXSSRUWV´�GRXEO\�VWLIIHQHG�E\�GLVVLPLODU�VWLIIHQLQJ�SODWH�VWULSV�
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7KH�³0DLQ�352%/(06´��LQ�JHQHUDO�WHUPV��LQYROYHG�LQ�WKLV�ZRUN�DUH�VWDWHG�RUOLVWHG�EULHIO\�LQ�WKH�IROORZLQJ�VHFWLRQ�
����6WDWHPHQWV�RI�³0DLQ�352%/(06´�DQG�*HQHUDO�&RQILJXUDWLRQV

7KHVH�DUH��LQ�JHQHUDO�WHUPV��WKH�³'RXEO\�6WLIIHQHG�3ODWHV´�VXFK�WKDW�
7KH�³0DLQ�352%/(0�,´�LV�GHILQHG�DV�WKH�³)UHH�)OH[XUDO��RU�%HQGLQJ�´9LEUDWLRQV� RI� ³&HQWUDOO\ 'RXEO\� 6WLIIHQHG�� &RPSRVLWH� 2UWKRWURSLF� DQG�RU,VRWURSLF�3ODWHV�RU�3DQHOV��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF�6WLIIHQLQJ�3ODWH6WULSV�´�

7KH� JHQHUDO� FRQILJXUDWLRQ� DQG� LWV� ORQJLWXGLQDO� FURVV� VHFWLRQ� RI� WKLV� W\SH� RIVWLIIHQHG�SODWH� �L�H�� ³0DLQ�352%/(0� ,´�� DUH� VKRZQ� LQ�)LJXUH� ���� DQG� )LJXUH� ����UHVSHFWLYHO\��7KH� DQDO\VLV�ZLOO� EH� EDVHG� RQ�0LQGOLQ� 3ODWH�7KHRU\� >9,���9,��@�� DQGWKXV�WKH�WUDQVYHUVH�VKHDU�GHIRUPDWLRQV�DQG�WKH�URWDWRU\�LQHUWLDV�LQ�WKH�SODWH�OD\HUV�ZLOOEH�LQFOXGHG�LQ�WKH�IRUPXODWLRQ�
7KH� ³0DLQ� 352%/(0� ,,´� LV� GHILQHG� DV� WKH� ³)UHH� )OH[XUDO� �RU%HQGLQJ�´� 9LEUDWLRQV� RI� ³1RQ�&HQWUDOO\ 'RXEO\� 6WLIIHQHG�� &RPSRVLWH2UWKRWURSLF� DQG�RU� ,VRWURSLF� 3ODWHV� RU� 3DQHOV� �ZLWK� 8SSHU� DQG� /RZHU2UWKRWURSLF�6WLIIHQLQJ�3ODWH�6WULSV�´�
7KH� JHQHUDO� FRQILJXUDWLRQ� DQG� LWV� ORQJLWXGLQDO� FURVV� VHFWLRQ� RI� WKLV� W\SH� RIVWLIIHQHG�SODWH� �L�H�� ³�0DLQ�352%/(0� ,,´�� DUH�SUHVHQWHG� LQ�)LJXUH����� DQG�)LJXUH�����UHVSHFWLYHO\��7KH�IRUPXODWLRQ�ZLOO�EH�EDVHG�RQ�0LQGOLQ�3ODWH�7KHRU\�>9,���9,��@WDNLQJ�LQWR�DFFRXQW�WKH�WUDQVYHUVH�VKHDU�GHIRUPDWLRQV�DQG�WKH�URWDWRU\�LQHUWLDV�LQ�WKHSODWH�OD\HUV�
7KH�³0DLQ�352%/(0�,,,´��³6SHFLDO�FDVH�RI�³0DLQ�352%/(0�,,´�� LVGHILQHG�DV� WKH�³)UHH�)OH[XUDO� �RU�%HQGLQJ�´�9LEUDWLRQV�RI�'RXEO\�6WLIIHQHG�DW
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6XSSRUW��&RPSRVLWH�2UWKRWURSLF�DQG�RU�,VRWURSLF�3ODWHV�RU�3DQHOV��ZLWK�8SSHUDQG�/RZHU�2UWKRWURSLF�6WLIIHQLQJ�3ODWH�6WULSV�´�$JDLQ��WKH�JHQHUDO�FRQILJXUDWLRQ�DQG�LWV�ORQJLWXGLQDO�FURVV�VHFWLRQ�RI�WKLV�W\SHRI� VWLIIHQHG�SODWH� �L�H�� ³�0DLQ�352%/(0� ,,,´�� DUH� JLYHQ� LQ�)LJXUH� ���� DQG� )LJXUH�����UHVSHFWLYHO\��7KH�DQDO\VLV�HPSOR\V�WKH�0LQGOLQ�3ODWH�7KHRU\�>9,���9,��@�WDNLQJLQWR�DFFRXQW� WKH� WUDQVYHUVH�VKHDU�GHIRUPDWLRQV�DQG� WKH� URWDWRU\� LQHUWLDV� LQ� WKH�SODWHOD\HUV�
����2ULJLQDO�&RQWULEXWLRQV

7KH�PDLQ�RULJLQDO�FRQWULEXWLRQV�RI� WKH�SUHVHQW�7KHVLV�FDQ�EH�VXPPDUL]HG�LQ� WKHIROORZLQJ�ZD\�
x ,Q�WKH�³'RXEO\�6WLIIHQHG�&RPSRVLWH�3ODWH�RU�3DQHO�6\VWHP´��HYHQ�ZKHQ� WKHHQWLUH� JHRPHWU\��PDWHULDO� DQG� WKH� ERXQGDU\� FRQGLWLRQV� DUH� V\PPHWULF� ZLWKUHVSHFW� WR� WKH�PLGGOH� YHUWLFDO� SODQH� �RU�PLG�SODQH�� �SHUSHQGLFXODU� WR� WKH� \�D[LV��� LW� ZDV� IRXQG� WKDW� PRGH� VKDSHV� DUH� QRW� H[DFWO\� V\PPHWULF�� VNHZ�V\PPHWULF�� 7KLV� LV� EHFDXVH� RI� WKH� VKHDU� GHIRUPDWLRQV� GXH� WR� WKH� DGKHVLYHVKHDU�PRGXOXV�*D��:KHQ�WKH�DGKHVLYH�VKHDU�PRGXOXV�*D ���������� WKH�PRGHVKDSHV�DUH�VKRZQ�WKDW�WKH�V\PPHWULF�DQG�VXEVHTXHQWO\�VNHZ�V\PPHWULF�PRGHVKDSHV�GHYHORS�DQG�IROOORZ�HDFK�RWKHU�LQ�WKH�FRPSRVLWH�SODWH�V\VWHP�
x $Q� LPSRUWDQW� DGGLWLRQDO� FRQWULEXWLRQ� RI� WKLV� VWXG\� LV� WKDW� WKH� GHWDLOHG� IUHHG\QDPLF� UHVSRQVH� RI� WKH� ³%RQGHG� 5HSDLULQJ� DQG�RU� 6WUHQJWKHQLQJ´� RIFUDFNHG�SODWHV�RU�SDQHOV� �&RPSRVLWH� DQG�RU�0HWDO�$OOR\�� LV� REWDLQHG�ZKLFKZHUH�QRW�FXUUHQWO\�DYDLODEOH�LQ�WKH�RSHQ�VFLHQWLILF�DQG�HQJLQHHULQJ�OLWHUDWXUH�
x $JDLQ�� DQRWKHU� LPSRUWDQW� FRQWULEXWLRQ� RI� WKH� SUHVHQW� ZRUN� LV� WKDW�� LQ� WKHVOHQGHU� ³'RXEO\� 6WLIIHQHG� &RPSRVLWH� 3ODWH� RU� 3DQHO� 6\VWHPV´�� WKH� IUHHIOH[XUDO� YLEUDWLRQV� UHVSRQVH� RI� WKH� ³'RXEO\� 6WLIIHQHG� 3ODWH� RU� 3DQHO´FRQILJXUDWLRQV� �DIWHU� ³6WLIIHQLQJ� DQG�RU� 5HLQIRUFLQJ´�� DUH� REWDLQHG� ZKLFKPLJKW� VLJQLILFDQWO\� DIIHFW� WKH� GHVLJQ� RI� WKLV� W\SH�RI� DHUR�VWUXFWXUHV� RU� DHUR�
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VWUXFWXUDO� FRPSRQHQWV�� �7KHVH� V\VWHPV� DUH� QRW� \HW� LQYHVWLJDWHG� DQG� WKHLUG\QDPLF�UHVSRQVH�LV�QRW�DYDLODEOH�LQ�WKH�RSHQ�OLWHUDWXUH��
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)LJXUH�����µµ&HQWUDOO\ %RQGHG�5HSDLU�RU�%RQGHG�6WLIIHQLQJ¶¶ LQ�&RPSRVLWH2UWKRWURSLF�DQG�RU�,VRWURSLF�%DVH�3ODWH�RU�3DQHO�

)LJXUH�����µµ1RQ�&HQWUDOO\ %RQGHG�5HSDLU�RU�%RQGHG�6WLIIHQLQJ¶¶ LQ&RPSRVLWH�2UWKRWURSLF�DQG�RU�,VRWURSLF�%DVH�3ODWH�RU�3DQHO�

)LJXUH�����µµ$W�6XSSRUW %RQGHG�5HSDLU�RU�%RQGHG�6WLIIHQLQJ¶¶ LQ�&RPSRVLWH2UWKRWURSLF�DQG�RU�,VRWURSLF�%DVH�3ODWH�RU�3DQHO�
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&+$37(5��
0$,1�352%/(06

����,QWURGXFWRU\�5HPDUNV
,Q� WKLV� &KDSWHU�� WKH� ³+LJKHU� 2UGHU´� DQG� WKH� ³)LUVW� 2UGHU´� WKHRULHV� IRU� WKHSODWH� G\QDPLF� HTXDWLRQV� ZLOO� EH� EULHIO\� UHYLHZHG�� 7KHQ�� SURSHU� GHILQLWLRQV� RI� WKH³0DLQ�352%/(06��,��,,��,,,�´�ZLOO�EH�VWDWHG��)LQDOO\��WKH�FRUUHVSRQGLQJ�WKHRUHWLFDOIRUPXODWLRQV�RI�WKHVH�SUREOHPV�ZLOO�EH�GHYHORSHG�LQ�WKH�QH[W�&KDSWHU���

����%ULHI�5HPDUNV�RQ�³+LJKHU�2UGHU�6KHDU�'HIRUPDWLRQ�3ODWH�7KHRULHV�+6'37�´�XVHG�LQ�0XOWL�/D\HU�3ODWHV
7KH� VWXGLHV� FDUULHG� RXW� E\� UHVHDUFK� ZRUNHUV� LQ� WKH� ODVW� IHZ� GHFDGHV� ZHUHDLPHG�DW�LPSURYLQJ�WKH�³&ODVVLFDO�3ODWH�7KHRU\��&/37�´�ZKLFK�GRHV�QRW�LQFOXGH�WKHHIIHFW�RI�WKH�WUDQVYHUVH�VKHDU�GHIRUPDWLRQV��WKH�URWDWRU\�PRPHQWV�RI�LQHUWLD��DQG�WKHWUDQVYHUVH� QRUPDO� VWUHVV�� 7KH� VHYHUDO� VWXGLHV� E\� UHVHDUFK�ZRUNHUV� WRZDUG� QHZ� DQGLPSURYHG� WKHRULHV�� VXFK� DV� PDQ\� GLIIHUHQW� ³)LUVW� 2UGHU� 6KHDU� 'HIRUPDWLRQ� 3ODWH7KHRULHV� �)6'37�´�ZKLFK� KDYH� EHHQ� SURSRVHG� LQ� RUGHU� WR� LPSURYH� WKH� ³&ODVVLFDO3ODWH�7KHRU\��&/37�´�VKRZHG�WKDW�WKH�³&ODVVLFDO�3ODWH�7KHRU\��&/37�´�LV�LPSHUIHFW�7KH�UHVXOWV�REWDLQHG�E\�XVLQJ�WKDW�WKHRU\�LV�QRW�DFFXUDWH�HQRXJK�IRU�D�ORW�RI�SUDFWLFDOSUREOHPV��)RU�H[DPSOH��VRPH�SUREOHPV�ZKLFK�LQFOXGH�WKH�YLEUDWLRQ�SUREOHPV��HODVWLFZDYH� SURSDJDWLRQ� SUREOHPV�� WKH� DQDO\VLV� RI� DQLVWURSLF� SODWHV�� WKH� VWUHVVHVFRQFHQWUDWLRQ�GXH�WR�KROHV�RU�FXW�RXWV��HWF��FDQ�EH�PHQWLRQHG�
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5HLVVQHU�>9,���9,��@�ZDV�WKH�ILUVW�UHVHDUFKHU�WR�SURGXFH�WKH�VLPSOHVW�RI�DOO�WKHLPSURYHG� SODWH� WKHRULHV� ZKLFK� LQFRUSRUDWHV� WKH� HIIHFW� RI� VKHDU� GHIRUPDWLRQV�� 7KHGHULYDWLRQ�JLYHQ�E\�5HLVVQHU�UHVXOWV�LQ�GLVSODFHPHQWV�RI�WKH�IRUP�
� � � � � �� � � � � �� � � �\[Z\[Z \[]\[Y\[Y \[]\[X\[X
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ZKHUH� �X � �Y �\[��\\ DQG�Z� KDYH�D�GHSHQGHQFH�XSRQ�WKH�LQ�SODQH�FRRUGLQDWHV�[�DQG\��DQG�\[��\\ DQG�Z� DUH�DFWXDOO\�ZHLJKWHG�DYHUDJHV��DQG�]�LV�WKH�FRRUGLQDWH� WKDW� LVQRUPDO� WR� WKH� PLGGOH� SODQH�� 7KH� EDVLF� DVVXPSWLRQ� XVHG� E\� 5HLVVQHU� >9,���9,��@LQFOXGHG�FRQVLVWHQW� IRUP�IRU� WKH� VWUHVV�GLVWULEXWLRQ�DFURVV� WKH� WKLFNQHVV�� WKDW� LV�� WKHEHQGLQJ� VWUHVVHV� DUH� DVVXPHG� WR� EH� GLVWULEXWHG� OLQHDUO\� RYHU� WKH� WKLFNQHVV� RI� WKHSODWHV�DV�LQ�WKH�VWDQGDUG�WKHRU\�RI�WKLQ�SODWHV�

V
V
W

[ [

\ \

[\ [\

0K ]K0K ]K0K ]K

 
 
 

�
�
�

� �
� �
� �

�����

$� VSHFLDO� YDULDWLRQDO� WKHRUHP� ZKLFK� FRQVLVWV� RI� DQ� DSSOLFDWLRQ� RI&DVWLJOLDQR¶V� WKHRUHP� FRPELQHG� ZLWK� WKH� /DJUDQJLDQ� PXOWLSOLHU� PHWKRG� RI� WKHFDOFXOXV�RI�YDULDWLRQV�E\�DFFRXQWLQJ�WKH�HQHUJ\�RI�WUDQVYHUVH�VKHDU�VWUHVVHV�ZDV�XVHGWR� GHWHUPLQH� ERWK� HTXLOLEULXP� HTXDWLRQV� LQ� WHUPV� RI� UHVXOWDQWV� DQG� VWUHVV�VWUDLQUHODWLRQV�LQ�WKH�IRUP�RI�LQYROYLQJ�UHVXOWDQWV�DQG�WKH�IXQFWLRQV�LQ�������
,Q� WKH� VDPH� RUGHU� RI� DSSUR[LPDWLRQ�� 0LQGOLQ� >9,���9,��@ DVVXPHGGLVSODFHPHQWV� RI� WKH� IRUP� LQ� ������ DQG� REWDLQHG� JRYHUQLQJ� HTXDWLRQV� ZLWKRXWLQWURGXFLQJ� WKH� FRUUHVSRQGLQJ� VWUHVV� GLVWULEXWLRQ� DVVXPSWLRQ�� 7KH� UHODWLRQ� �����SUHGLFWV�D�XQLIRUP�VKHDU�VWUHVV�WKURXJK�WKH�WKLFNQHVV�RI�WKH�SODWH��ZKLFK�LV�LQFRUUHFWDQG�ZRXOG� YLRODWH� WKH� VXUIDFH� FRQGLWLRQV� LQ� JHQHUDO�� 7KHUHIRUH�� D� VKHDU� FRUUHFWLRQ
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IDFWRU� �� HYDOXDWHG� E\� FRPSDULVRQ� ZLWK� DQ� H[DFW� HODVWLFLW\� VROXWLRQ� ZDV� XVHG� LQ0LQGOLQ¶V�GHULYDWLRQ�
%RWK�0LQGOLQ� DQG� 5HLVVQHU� WKHRULHV� FDQ� EH� FRQVLGHUHG� DV� WKH� ³)LUVW� 2UGHU6KHDU�'HIRUPDWLRQ�3ODWH�7KHRULHV��)6'37�´�E\�FRQVLGHULQJ�WKH�WHUPV�LQ�������DV�WKHILUVW�WHUPV�LQ�D�SRZHU�VHULHV�LQ�]�
7KH� LQ�SODQH� GLVSODFHPHQW� IXQFWLRQV� KDYH� D� QRQ�OLQHDU� GHSHQGHQFH� RQ� ]� LQ³+LJKHU�2UGHU�6KHDU�'HIRUPDWLRQ�3ODWH�7KHRULHV��+6'37�´�ZKLFK�KDYH�KLJKHU�RUGHUWKDQ�WKRVH�RI�5HLVVQHU�DQG�0LQGOLQ�WKHRULHV��2QH�RI�WKHP�LV�EDVHG�XSRQ�WKH�IROORZLQJGLVSODFHPHQW�IRUPV�
� � � � � �� � � � � �� � � � � � � �
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7KH�DERYH�IRUP�RI�GLVSODFHPHQWV�KDV�EHHQ�XVHG�WR�GHULYH�D�JHQHUDO�³+LJKHU2UGHU� 6KHDU� 'HIRUPDWLRQ� 6KHOO� 7KHRU\� �+6'67�´� DQG� DOVR� WR� GHULYH� WKHFRUUHVSRQGLQJ�³+LJKHU�2UGHU�6KHDU�'HIRUPDWLRQ�3ODWH�7KHRU\��+6'37�´��7KH\�DUHDOVR�XVHG�LQ�GHYHORSPHQW�RI�D�WKHRU\�RI�ODPLQDWHG�F\OLQGULFDO�VKHOOV���VHH�WKH�UHYLHZE\�.DSDQLD�DQG�5DFLWL�>,,���,,��@�
7KH� DQRWKHU� ³+LJKHU� 2UGHU� 6KHDU� 'HIRUPDWLRQ� 3ODWH� 7KHRU\� �+6'37�´� LVEDVHG�XSRQ�WKH�IROORZLQJ�GLVSODFHPHQW�IRUPV�
� � � � � � � �� � � � � � � �� � � � � � � �

X [ \ X [ \ ] [ \ ] [ \Y [ \ Y [ \ ] [ \ ] [ \Z [ \ Z [ \ ] [ \ ] [ \
[ [
\ \
] ]

� � � �� � � �� � � �
 � � � � � �

� �
� �
� �

\ [\ [\ [ �����

)URP� WKH�DSSOLFDWLRQV�RI� WKH�DERYH� WKHRU\� WR�PXOWL�OD\HU�SODWHV�� LW�ZDV� VHHQWKDW�WKH�VHFRQG�RUGHU�WHUPV�LQ�]�GR�QRW�SURYLGH�VLJQLILFDQW�DGYDQWDJHV�RYHU�WKH�ORZHURUGHU�WKHRULHV�VXFK�DV�5HLVVQHU�DQG�0LQGOLQ�WKHRULHV�>9,���9,���9,���9,��@�
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5HLVVQHU�>9,��@ KDV�DQRWKHU�WKHRU\�IRU�EHQGLQJ�VXFK�WKDW�
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)RU�SXUH�EHQGLQJ�RI�DQ� LQILQLWH�SODWH�ZLWK�D�FLUFXODU�KROH��5HLVVQHU�XVHG� WKHDERYH� GLVSODFHPHQW� ILHOG� DQG� KH� REWDLQHG� YHU\� DFFXUDWH� UHVXOWV� WKDQ� WKH� RQHVREWDLQHG� E\� XVLQJ� WKH� RWKHU� WKHRULHV�� +RZHYHU�� WKHUH� LV� D� GLVDGYDQWDJH� EHFDXVH� LWFRQVLGHUV�RQO\� RXW�RI�SODQH�HIIHFWV��%XW�� LW�GRHV�QRW�DFFRXQW� WKH�FRQWULEXWLRQ�RI� LQ�SODQH�PRGHV�RI�GHIRUPDWLRQ�
0RUH�UHFHQWO\��5HGG\� >,,,��@�GHYHORSHG�D�³+LJKHU�2UGHU�6KHDU�'HIRUPDWLRQ3ODWH�7KHRU\��+6'37�´�ZKLFK�KDV�WKH�VDPH�RUGHU�RI�DSSUR[LPDWLRQ�DV�WKH�5HLVVQHUWKHRU\��+RZHYHU��WKLV�WKHRU\�LQFOXGHG�LQ�SODQH�PRGHV�RI�GHIRUPDWLRQ�EHVLGHV�RXW�RI�SODQH�PRGHV�RI�GHIRUPDWLRQ�DQG�LW� LQYROYHV�WKH�GLVSODFHPHQW�ILHOG�RI� WKH� IROORZLQJW\SH�
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ZKHUH�WKH�³6KHDU�&RUUHFWLRQ�)DFWRUV´�DUH�QRW�QHHGHG�
,Q� JHQHUDO�� WKH� JRYHUQLQJ� HTXDWLRQV� RI� D� ODPLQDWHG� SODWH� V\VWHP� DQG� WKHQDWXUDO�ERXQGDU\� FRQGLWLRQV�EDVHG�XSRQ������� FDQ�EH�GHULYHG� IURP� WKH�³+DPLOWRQ¶V3ULQFLSOH´�VXFK�WKDW�� �� � � �³ G G G8 9 . GW7 �����

ZKHUH�G VWDQGV� IRU� WKH�YDULDWLRQV�RI� WKH� VWUDLQ�HQHUJ\�8�� WKH�ZRUN�GRQH�E\�DSSOLHGIRUFHV�9 DQG�WKH�NLQHWLF�HQHUJ\�. RI�WKH�HQWLUH�V\VWHP�
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5HGG\¶V� WKHRU\� >,,,��@� KDV� EHHQ� XVHG� IRU� VRPH� FODVV� RI� ODPLQDWHG� SODWHSUREOHPV��+RZHYHU��WKLV�WKRHU\�FDQ�DOVR�EH�DSSOLHG�WR�RWKHU�FODVVHV�RI�SODWH�SUREOHPVVXFK�DV�� �FXWRXWV�� ORDGHG�KROHV��VXUIDFH�FUDFNV�� DQG�DOVR�SUREOHPV� LQYROYLQJ� LPSDFWFDXVHG� ORFDOL]HG� VWUHVV� JUDGLHQWV� WKDW� DUH� HVVHQWLDOO\� WKUHH�GLPHQVLRQDO� LQ� QDWXUH�UHTXLUH�WKH�DSSOLFDWLRQ�RI�WKLV�W\SH�RI�KLJKHU�RUGHU�WKHRU\�
,Q� WKH� VWUHVV� DQDO\VLV�� ³+LJKHU� 2UGHU� 6KHDU� 'HIRUPDWLRQ� 3ODWH� 7KHRULHV�+6'37�´� SURYHG� WR� EH�PRUH� DFFXUDWH� WKDQ� ³)LUVW� 2UGHU� 6KHDU�'HIRUPDWLRQ� 3ODWH7KHRULHV��)6'37�´��+RZHYHU�� WKH\�DUH�DOVR�PRUH�FXPEHUVRPH�DQG� LQYROYH�D� ODUJHQXPEHU� RI� GHSHQGHQW� XQNQRZQV�� 7KHUH� DUH� VLJQLILFDQW� GLIIHUHQFHV� LQ� WKH� VWUHVVHVREWDLQHG�IURP��+6'37��DQG��)6'37��LQ�YLEUDWLRQ�DQG�EXFNOLQJ�SUREOHPV��+RZHYHU�WKH� QDWXUDO� IUHTXHQFLHV� REWDLQHG� IURP� ERWK� WKHRULHV� ZHUH� SUDFWLFDOO\� YHU\� FORVH� DVZDV�VKRZQ�E\�5HGG\�>9,��@�DQG�.KGHLU�DQG�/LEUHVFX�>9,,��@��ZLWK�GLIIHUHQFHV�DERXW�������2Q�WKH�RWKHU�KDQG��WKH�GLIIHUHQFHV�LQ�QDWXUDO�IUHTXHQFLHV�REWDLQHG�E\�XVLQJ�WKH�&/37�¶V�DQG�WKH��+6'37�¶V�DUH�DSSUR[LPDWHO\������,Q� DQRWKHU�SUREOHP�� RUWKRWURSLFSODWHV�XQGHU�XQLIRUPO\�GLVWULEXWHG�WUDQVYHUVH�ORDGV�ZHUH�DQDO\]HG�DQG�LW�ZDV�SURYHGWKDW� WKHUH� DUH� QR� GLIIHUHQFHV� LQ� GHIOHFWLRQ� VKDSHV� EXW� VRPH� GLIIHUHQFHV� LQ� VWUHVVHV�+HQFH�� LW� FDQ� EH� FRQFOXGHG� WKDW� LW� LV� PRUH� SUDFWLFDO� WR� XVH� D� ³)LUVW� 2UGHU� 6KHDU'HIRUPDWLRQ� 3ODWH� 7KHRU\� �)6'37�´� VXFK� DV� ³0LQGOLQ¶V� 3ODWH� 7KHRU\´� >9,��@LQVWHDG� RI� XVLQJ� D� FRPSOLFDWHG� ³+LJKHU� 2UGHU� 6KHDU� 'HIRUPDWLRQ� 3ODWH� 7KHRU\�+6'37�´�� LQ�RUGHU� WR�REWDLQ�DFFXUDWH�QDWXUDO�IUHTXHQFLHV�DQG�FRUUHVSRQGLQJ�PRGHVKDSHV�IRU�PRGHUDWHO\�WKLFN�SODWHV�DQG�PXOWL�OD\HU�SODWHV�
,Q�SDVVLQJ��RQH�PD\�PHQWLRQ�WKH�DSSHDUDQFH�RI�FHUWDLQ�KLJKHU�RUGHU�PRPHQWDQG� WUDQVYHUVH� VKHDU� IRUFH� UHVXOWDQWV� LV� DQRWKHU�GLVDGYDQWDJH� LQ� WKH� HPSOR\PHQW�RIKLJKHU� RUGHU� SODWH� WKHRULHV�� 7KHVH� KLJKHU� RUGHU� UHVXOWDQWV� DUH� GXH� WR� WKH� SDUWLFXODUIRUP� RI� WKH� SURSRVHG� GLVSODFHPHQW� ILHOG�� 7KH\� FDQ� QRW� HDVLO\� EH� VHHQ� WR� KDYHSK\VLFDO� PHDQLQJ� DQG� WKH\� PD\� FUHDWH� D� FRPSOLFDWHG� DQG�� WKHUHIRUH�� D� VRPHKRZXQXVXDO�DQG�IRUPLGDEOH�LPDJH�IRU�WKH�HQWLUH�DQDO\VLV�RI�FRPSRVLWH�SODWH�V\VWHPV�
6RPH� RI� WKH� VLJQLILFDQW� GLIIHUHQFHV� EHWZHHQ� ³&ODVVLFDO� 3ODWH� 7KHRU\�&/37�´�� ³)LUVW� 2UGHU� 6KHDU� 'HIRUPDWLRQ� 3ODWH� 7KHRULHV� �)6'37�´� DQG� ³+LJKHU2UGHU�6KHDU�'HIRUPDWLRQ�3ODWH�7KHRULHV��+6'37�´�DUH�DV�IROORZV�
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2QH�RI�WKH�PDLQ�DVVXPSWLRQV�XVHG�LQ�³&ODVVLFDO�3ODWH�7KHRU\��&/37�´�LV�WKDWQRUPDOV�WR�WKH�PLG�SODQH�EHIRUH�GHIRUPDWLRQ�UHPDLQ�VWUDLJKW�DQG�QRUPDO�WR�WKH�PLG�SODQH� DIWHU� GHIRUPDWLRQ�� $OVR�� WKH� URWDWRU\� PRPHQWV� RI� LQHUWLD�� LQ� JHQHUDO�� DUHQHJOHFWHG�
7KH� FRUUHVSRQGLQJ� DVVXPSWLRQ� XVHG� LQ� WKH� ³)LUVW� 2UGHU� 6KHDU�'HIRUPDWLRQ3ODWH�7KHRULHV��)6'37�´�LV� WKDW�SODQH�VHFWLRQV�RULJLQDOO\�SHUSHQGLFXODU� WR� WKH�PLG�SODQH�RI�WKH�SODWH�UHPDLQ�SODQH�DIWHU�GHIRUPDWLRQ��EXW�QRW�QHFHVVDULO\�SHUSHQGLFXODUWR�WKH�PLG�SODQH��7KH�³6KHDU�&RUUHFWLRQ�)DFWRUV� \[ NN , ´�DUH�XVHG�WR�DFFRXQW�IRU�WKHWUDQVYHUVH�VKHDU�VWUHVVHV�DQG�DOVR�WKH�URWDWRU\�PRPHQWV�RI�LQHUWLD�DUH�LQFOXGHG�LQ�WKHIRUPXODWLRQ�LQ��)6'37�¶V�
7KH� ³+LJKHU�2UGHU� 6KHDU�'HIRUPDWLRQ�3ODWH�7KHRULHV� �+6'37�´�� KRZHYHU�DOORZ�IRU�GLVWRUVLRQ��RI� WKLUG�RUGHU��RI�QRUPDOV� WR� WKH�PLG�SODQH�RI� WKH�XQGHIRUPHGSODWH��%\�WKLV�PHDQV��WKH�QHHG�IRU�WKH�VSHFLILFDWLRQ�RI�WKH�³6KHDU�&RUUHFWLRQ�)DFWRUV´FDQ�EH�HOLPLQDWHG�IURP�WKH�HTXDWLRQV��+RZHYHU��YHU\�FRPSOLFDWHG�LQHUWLD�DQG�VWUHVVUHVXOWDQW�WHUPV�ZLWKRXW�XVXDO�SK\VLFDO�PHDQLQJV�DSSHDU�LQ�WKH�JRYHUQLQJ�HTXDWLRQV�

���� ³)LUVW� 2UGHU� 6KHDU� 'HIRUPDWLRQ� 7KHRULHV� RI� 3ODWHV� �)6'37�´� DQG0LQGOLQ¶V�3ODWH�7KHRU\
,Q� WKLV� SUHVHQW� VWXG\�� LQ� WKH� WKHRUHWLFDO� IRUPXODWLRQV� RI� WKH� ³0DLQ352%/(06´�� WKH� ³0LQGOLQ� 3ODWH� 7KHRU\´� LV� WR� EH� HPSOR\HG�� $V� PHQWLRQHG� LQ6HFWLRQ� ����� DFFRUGLQJ� WR� D� VWXG\� E\� .KDGHLU� DQG� /LEUHVFX� >9,,��@�� WKHUH� LV� QRGLIIHUHQFH�LQ�WKH�QDWXUDO�IUHTXHQFLHV�REWDLQHG�E\�WKH��)6'37�¶V�DQG�WKH��+6'37�¶V�7KHUHIRUH�� D� ³)LUVW� 2UGHU� 6KHDU� 'HIRUPDWLRQ� 3ODWH� 7KHRU\� �)6'37�´� VXFK� DV0LQGOLQ¶V� 3ODWH� 7KHRU\� LV� FKRVHQ� IRU� WKH� WKHRUHWLFDO� DQDO\VLV� LQ� WKH� SUHVHQW� VWXG\�7KHUHIRUH�� WKH� FRPSOHWH� VHW� RI� G\QDPLF� HTXDWLRQV� RI� WKH�0LQGOLQ�3ODWH�7KHRU\� DUHGHYHORSHG�LQ�WKLV�VHFWLRQ�IRU�HDV\�UHIHUHQFH�
7KH� JHQHUDO� FRRUGLQDWH� V\VWHP� DQG� WKH� SRVLWLYH� VLJQ� FRQYHQWLRQ� IRU� WKHGLVSODFHPHQWV��VWUHVV�UHVXOWDQWV�DQG�H[WHUQDO�VXUIDFH� ORDGV�RU�VWUHVVHV� IRU� WKH�³0DLQ
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7KH�LQWHJUDWLRQV�DUH�QRZ�SHUIRUPHG�DFURVV�WKH�WKLFNQHVV�RI�WKH�SODWH�WR�REWDLQWKH�VWUHVV�UHVXOWDQWV�VWUDLQ�UHODWLRQV��7KH�UHVXOWV�DUH�WKHQ�DOWHUHG�LQ�WZR�UHVSHFWV�
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ZKHUH� WKH� ³6KHDU�&RUUHFWLRQ�)DFWRU´��N���RI� WKH�0LQGOLQ�3ODWH� WKHRU\�� LV�GHILQHG� WRDFFRXQW�WKH�WUDQVYHUVH�VKHDU�VWUHVVHV�ZKLFK�DUH�QRW�GLVWULEXWHG�XQLIRUPO\�WKURXJK�WKHWKLFNQHVV�
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(YHQ�WKRXJK�WKH�³&ODVVLFDO�3ODWH�7KHRU\��&/37�´�DOORZV�SUHVFULSWLRQ�RI�WZR³%RXQGDU\� &RQGLWLRQV´� DORQJ� HDFK� HGJH�� WKH� ³0LQGOLQ� 3ODWH� 7KHRU\´� UHTXLUHVSUHVFULSWLRQ� RI� WKUHH� %RXQGDU\� FRQGLWLRQV� DORQJ� HDFK� HGJH�� 7KHQ�� LQ� WKH� 0LQGOLQ3ODWH�7KHRU\�
7KH�³%RXQGDU\�&RQGLWLRQV´�DUH��)���IUHH� 0QW 0Q 4Q ��6���VLPSO\�VXSSRUWHG� Z \W 0Q � �������&���FODPSHG� Z \Q \W �

ZKHUH�Q�DQG�W�DUH�QRUPDO�DQG�WDQJHQWLDO�FRRUGLQDWHV�RI�WKH�HGJHV�
����'HILQLWLRQ�RI�³0DLQ�352%/(06´�DQG�6FRSH�DQG�/LPLWDWLRQV

,Q�JHQHUDO��WKH�WKUHH�³0DLQ�352%/(06´�FRQVLGHUHG�LQ�WKH�SUHVHQW�7KHVLV��LQPRUH�GHWDLO��DUH�DV�IROORZV�
x ³0DLQ�352%/(0�,´
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CHAPTER 4 

 
(“Main PROBLEM І.a’’) __FREE FLEXURAL (or BENDING) 

VIBRATIONS of CENTRALLY DOUBLY STIFFENED, 
COMPOSITE ORTHOTROPIC PLATES or PANELS 

(Orthotropic Base Plate or Panel Case) 
 

 

4.1 Main Assumptions and Analytical Modeling 
 

 Figure 3.2 shows the general configuration of the “Centrally Doubly 

Stiffened, Composite Plate System” which has an “Orthotropic Base Plate or Panel 

with Upper and Lower Stiffening Plate Strips” (“Main PROBLEM I.a”) under 

consideration here and Figure 3.3 presents its longitudinal cross-section. In the 

aforementioned composite plate or panel system, the plates are connected by a 

relatively very thin, elastic adhesive layers. 

 

 The analytical formulation is based on the following assumptions; 

 

(i) The analysis is carried out only for the free flexural (or bending) vibrations of 

the stiffened plate system. The in-plane moments of inertia are neglected, but 

the rotatory moments of inertia of the plates are included in the formulation. 

(ii) The rotatory moments of inertia of the base plate and stiffening strips as well as 

their thickness shear deformations are taken into account in the sense of the 

“Mindlin Plate Theory”. 

(iii) There is no slip and separation on the interfaces of the adhesive layers and 

plates. 
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(iv) Since the thickness of the adhesive layers is very small relative to the thickness 

of the plates, the inertia and the mass of the adhesive layers are neglected, and 

both adhesive normal and shear stresses are to be constant across the its 

thickness. 

(v) Damping effects in Mindlin Plates and in the adhesive layers are neglected. 

(vi) Stiffening Plate strips and base plate are assumed to be simply supported along 

edges x=0 and x=a while arbitrary support conditions may be specified in the y-

direction at y=0,b1 and y=0,b2 as shown in Figure 3.2 and Figure 3.3. 

(vii) The coordinate system of each plate is attached to its medium plane or the 

reference plane. 

(viii) The principal directions of orthotropy in plates are parallel to the edges and to 

the coordinates as shown in Figure 3.2. 

 

 For the general formulation of the problem, the entire “Composite Plate or 

Panel System” of Figure 3.2 is divided into three parts, namely, Part I, Part II and 

Part III in the y-direction as shown in Figure 3.3. Part I corresponds to the “overlap 

region” which contains all of the three plates and Part II and Part III correspond the 

continuation of the middle base plate as a single plate in the y-direction. 

 

 

4.2 Theoretical Formulation of “Main PROBLEM І.a” (Theoretical 
Analysis)  
 

 

 4.2.1 Analysis of Adhesive Layer in the “Overlap Region” 
 

 In the previous section, basic equations for a one-layer Mindlin Plate of 

composite plate system have been derived. In this section, the aim is to develop a 

suitable mathematical model for the system shown in Figure 3.2 in order to obtain 

the natural frequencies and corresponding mode shapes. The system in “Overlap 

Region” or Part I region in Figure 3.2 is composed of three plates which are 
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adhesively bonded by means of very thin adhesive layers. The stresses at the upper 

and lower faces of the plates due to the adhesive layers are considered as external 

surface stresses or loads on the plates. The adhesive stresses should be related 

unknown displacement functions and angle of rotations of the base plate and the 

stiffening plate strips in the “Overlap Region”. Figures 4.1 and 4.2 show an 

exaggerated view of the deformation of an infinitesimal element of three-layer plate 

system. The positive sign convention for displacements, stress resultants and angles 

of rotation is also shown in those figures.  

 

 The purpose of this section is to obtain the relations between the stresses in 

the upper and lower adhesive layers and the plate interfaces and displacements of the 

upper, lower and base plates as shown in Figure 4.1 and Figure 4.2, respectively.  

 

 Then, the shear strains ( )γxz
j  and ( )γ yz

j  at upper (j=1,2) and lower (j=1,3) 

interfaces can be found by considering the distortion in the right angles of the 

adhesive infinitesimal element as given in Figure 4.2 after deformation. It can be 

seen from Figure 4.2 that, 
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Figure 4.1 Stress Distribution at Plate Adhesive Layer Interfaces in the “Overlap 

Region” 
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Figure 4.2 Deformations of Upper, Lower and Base Plates (Mindlin Plates) and in-

between Adhesive Layers in the “Overlap Region” 



43 43

 
( ) ( ) ( )

( ) ( ) ( )j
y

j
y

j
yz

j
x

j
x

j
xz

βαγ
βαγ

+=

+=
 (j=1,2,3) (4.1) 

 

With the assumption of small deformations, α(j) and β(j) can be expressed as the 

slopes of the upper, lower and base plates and the displacements in x and y 

directions, respectively. That is, 
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 Between Plates 1 and 3, 
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where ha2 and ha3 are the thicknesses of the upper and lower adhesive layers, 

respectively and (uA)s, (uB)s and (uC)s are axial deformation of points A, B and C in s 

direction respectively. By assuming that the axial deformations (uA)s, (uB)s and (uC)s 

are caused only by the bending of the plates, then, it can be shown from the basic 

assumption on the displacement components (3.1) that, 
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 Hence, using (4.1) through (4.3), one can express the shear strains in the 

interfaces in terms of displacements and angles of rotation of the upper and lower 

plates as, 

 

 Between Plates 1 and 2 (Adhesive Strains), 
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 Between Plates 1 and 3 (Adhesive Strains), 
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 It should be mentioned here that in some previous studies by Yuceoglu and 

Özerciyes [V.4-V.13], the double underlined terms (=) are neglected. In this present 

study; however, they are included in the analysis and the governing equations. 

Hence, the interface shear stresses in the adhesive layers can be expressed as, 

 

 Between Plates 1 and 2 (Adhesive Stresses), 
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 Between Plates 1 and 3 (Adhesive Stresses), 
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 where Ga is the shear modulus of adhesive layer and superscript (j) denotes 

middle base plate for j=1, upper plate for j=2 and lower plate for j=3. The 

thicknesses ha2 and ha3 of the adhesive layers are assumed to be much smaller than 

the thicknesses of the plates and ( ) ( )j
y

j
x ψψ ,  have the same order of magnitudes when 

compared with 
( )

x
w j

∂
∂  and 

( )

y
w j

∂
∂ .Therefore, one may assume that the variation of 

transverse displacement in the adhesive layer is to be linear that is equivalent to 

constant normal strain εz across the thickness assumption. 

 

 Therefore, normal and tangential stresses at the interface can be written as, 

 

 Between Plates 1 and 2 (Adhesive Stresses), 
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 Between Plates 1 and 3 (Adhesive Stresses), 
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where Ea2 and Ea3 are the modulus of elasticity (or Young’s modulus) and Ga2 and 

Ga3 are the modulus of rigidity (or shear modulus) of the upper and lower adhesive 

layers, respectively. 
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 4.2.2 Analysis of Part I (or the “Overlap Region”) of Composite 
Plate System 
 

 The adhesive stresses should be related to unknown displacement functions 

and angle of rotations of the stiffening plate strips and the base plate in the “Overlap 

Region” since they can be considered as surface loads or external stresses acting on 

the upper and lower faces of the plates as shown in Figure 4.2. The Equation (4.6) 

shows the normal and tangential stresses at the interface may be considered as the 

‘‘compatibility or coupling conditions’’ of the three plates in the “Overlap Region” 

of Part I in Figure 3.3. Then, surface load terms qzx’s and qzy’s in the governing 

equations (or plate equations of motion) given in (3.19) and (3.20) can be replaced 

by adhesive stresses. Therefore, one can write the plate equations of motion of the 

three-layer coupled plate system shown in the Part I of Figure 3.3 as, 

 

For Plates 1 and 2 (Base Plate=1, Stiffening Plate Strip=2), 
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For Plates 1 and 3 (Base Plate=1, Stiffening Plate Strip=3), 
( ) ( )

( ) ( ) ( )( )
( )

( ) ( )
( ) ( ) ( )( )

( )

( ) ( )
( )( ) ( ) ( )( )

( )

2

2
31

3

31

2

23
33

3
1

1
3

3

2

23
33

3
1

1
3

3

1

1224

1224

t
whww

h
E

y
Q

x
Q

t
h

y
wGh

hh
h
Gh

Q
y

M
x

M

t
h

x
wGh

hh
h
Gh

Q
y

M
x

M

j

jj
a

aj
j

y
j

x

j
yjj

j
aj

yy
a

ajj
y

j
y

j
yx

j
xjj

j
aj

xx
a

ajj
x

j
yx

j
x

∂
=−−++

∂
=

∂
∂++−−+

∂
=

∂
∂++−−+

+ ∂ρ
∂

∂
∂

∂

ψ∂ρ
ψψ

∂
∂

∂
∂

ψ∂ρ
ψψ

∂
∂

∂
∂

)(

)(

  (j=1,3) (4.7.b) 

 

where superscript (j) denotes the base plate for j=1, upper stiffening platestrip for j=2 

and lower stiffening plate strip for j=3 in the “Overlap Region” or the Part I region of 

Figure 3.3. Also, in the above equations of both types, the “underlined terms” are the 
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“coupling terms” between the base plate in the middle and the upper and lower 

stiffening plate strips. 

 

 The three-layer composite orthotropic plate system shown in the “Overlap 

Region” or Part I region of Figure 3.3 is simply supported along x=0,a edges. ( )M x
j  

and ( )Qx
j  are taken as subsidiary variables and they are eliminated from the 

governing partial differential equations because they can not be prescribed in the 

cross-sections perpendicular to y-directions. Then, the remaining “fundamental 

dependent variables” ( ) ( ) ( ) ( ) ( ) ( )ψ ψx
j

y
j j

yx
j

y
j

y
jM M, ,w , , ,Q  (j=1,2,3) are chosen as intrinsic 

variables and unknowns of the problem under consideration. Six of the twentyfour 

equations (nine equations of motion (4.7) and three sets five stress resultants-

displacement relations (3.17) one set for each plate) are algebraically manipulated to 

eliminate the subsidiary variables ( )M x
j  and ( )Qx

j . The remaining eighteen equations 

are used to obtain the following set of the coupled “Governing System of First Order 

Governing Partial Differential Equations” of motion in matrix form for the three 

plates in the “Overlap Region” or Part I. region, 
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 Rewriting (4.8), one can write , 

 

In the “Overlap Region” or Part I region, 
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where the “Coefficient Matrix [C]” includes, as shown above, the partial differential 

operators and the geometric and the material characteristics of the three-layer plates 

and adhesive layers. 
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 Similarly, for the base plate, 

 

In the single layer plate or Part II region, 
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where the “Coefficient Matrix [D]” is composed of partial differential operators and 

the geometric and the material characteristics of the base plate in Part II region. 

 

 Also, one can write,  

 

In the single layer plate or Part III region, 
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where the “Coefficient Matrix [E]” include the partial differential operators and the 

geometric and the material characteristics of the base plate in Part III region. 

 

 In the above (4.8.a), (4.8.b) and (4.8.c), the “state vector” for Part I, Part II 

and Part III regions, respectively, 

 

 ( ){ } ( ) ( ) ( ) ( ) ( ) ( ){ } Tj
y

j
y

j
yx

jj
y

j
x QMMw ,,;,,ψψ=jY  (j=1,2,3) (4.9) 

 

where the independent space variables are yI, yII and yIII, respectively. 

 

 The “Column Matrix {Y
(j)

}” includes the “fundamental dependent variables” 

which are the angles of rotation,  displacements and stress resultants appearing in the 

arbitrary cross-sections of the plates defined by y=const. in the y-direction in Part I 

region in Figure 3.3. 

 

 At this stage, the “Classical Levy’s Method” with the trigonometric series 

expansions is to be considered. The “Classical Lévy’s Method” is restricted to 
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rectangular plates with any two opposite edges simply supported. However, the other 

two edges may have arbitrary boundary conditions. 

 

 In the present study, the edges at x=0 and x=a are simply supported and the 

plate boundary conditions which have to be satisfied along these edges are  as 

follows,  

 

 at x=0,a  → ( ) ( ) ( )w Mj
x

j
y
j= = =0 0 0, , ψ     (j=1,2,3) (4.10) 

 

 Since it is assumed that all plates in the composite system are simply 

supported along the edges at x=0 and x=a, the classical "Classical Levy-Type 

Solutions" in trigonometric series which satisfy the boundary conditions at these 

edges can be assumed. Then, one can expand the angles of rotations and the 

displacements of the upper, lower stiffening plate strips and the base plate in 

appropriate trigonometric series in dimensionless quantities in the x-direction. Then,  

 

 The Displacements and Angles of Rotation, are, 
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where "m" is the number of half-waves in the x-direction. The nondimensional 

independent space variables η  and Iξ  are defined as x/a and yI/lI, respectively. Note 

that superscript (j) denotes base plate for j=1, upper plate for j=2 and lower  plate for 

j=3 whereas i isdefined as −1  and the “barred” (__) quantities are the dimensionless 

transverse displacements and angles of rotation. And "ωmn " is the dimensionless 

circular frequency or the natural frequency of the flexural (or bending) vibrations of 

the entire composite plate or panel system (The non-dimensionalization process will 

be explained later).  



50 50

 The components of stress resultants can be expressed in trigonometric series 

in the x-direction using plate stress resultant-displacement relations (3.17) as, 

  

 The Stress Resultants, are, 
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 (j=1,2,3) (4.12) 

 

where the “barred” (__) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )w M M M Q Qmn
j

mnx
j

mny
j

mnx
j

mnyx
j

mny
j

mny
j

mnx
j, , , , , , ,ψ ψ  are 

“dimensionless fundamental dependent variables”. 

 

 Further nondimensionalization of the equations can be achieved in the 

following manner: 

 

 ( )" " ," " ," "B h11
1

1 1ρ and “a” are chosen as main or reference quantities or 

parameters and all other parameters are nondimensionalized with respect to these 

quantities. 

 

 The dimensionless coordinates or independent space variables are, 

 

 η=x/a,       ξI =yI/lI,       ξII =yII/lII,       ξIII =yIII/lIII (4.13) 

 

 The dimensionless parameters related to orthotropic elastic constant and the 

adhesive layers are, 
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 The dimensionless parameters related to the densities and the geometry of the 

plates and adhesive layers are, 
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 The dimensionless frequency parameter mnω  of the entire doubly stiffened, 

composite plate or panel system of  the “Main PROBLEM I.a”: 
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mnmn Bha
ω

ωρω
=Ω

= 1
11

2
1

24
1  (m,n=1,2,3...) (4.16) 

 

 where the dimensionless natural frequency parameter mnω  is ordered in terms 

of its magnitudes as Ω1<Ω2<Ω3<.... with the subscript indicating the first, second, 

third,...... dimensionless natural frequencies depending on the given m, n values. 
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 For the “Overlap Region” or Part I region, one can obtain the following 

partial differential equations after writing (3.21) with respect to the dimensionless 

independent variables ξI and η given in (4.13) in the y- and x-directions, 

respectively. 
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 (4.17) 

 

where q’s are surface loads and the stresses on the upper (-) and lower (+) surfaces of 

the plates. Also, note that superscript and subscript (j) denotes the base plate for j=1, 

upper plate for j=2 and lower  plate for j=3.  

 

 After substituting (3.17), (4.11) and (4.12) into (4.17) and making necessary 

non-dimensionalizations with respect to (4.14), (4.15) and (4.16), one can obtain the 

“Governing System of First Order Ordinary Differential Equations” for the base plate 

in terms of the “dimensionless fundamental dependent variables” in the “Overlap 

Region” or Part I region in Figure 3.3. Then, in detailed form, 
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 For the Orthotropic Base Plate in the “Overlap Region” or Part I region,  

 
( )

( )
( ) ( )

( )

( )
( )

( )

( )
( )

( )

( )
( ) ( )

( )

( )

( )

( )

( )

( ) ( )

( )

( )
( ) ( ) ( )( )

( ) ( )( )

( )
( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( )( )

( )

( ) ( )

( ) ( )

( ) ( ){ } ( ) ( ){ }


































−







+−








+

















+




























+






−

=





























+++++

























−








−+













++






−
=

















































+







+

+







+








−









−−+






































−








+









+







−

=

−







=









+








=








−=

31

13

3121

12

21

1

1

1
55

2
1

11
55

2

1

12
1

3
1

1

1

3
3

1

3

132
2

1

2

121
1

1
1

44
2

3

1

11
44

2

2

1

1

1

111312
4

11
1

3
3

1
2

13

13

2
2

1
2

12

121
11

22

1
12

1
3121

1
551

2

1

1
22

1
121

11

2

1

1

2

1

1
55

2
1

2
11

1

1
1

1

1
1

44
2

1
1

1
2

1
1

22

1
12

1
1

2

1
1

22

1
1

1
2

1
1

1
1

66

1
1

44

222212

4

4

22

12

12

12

12

2

mnmn
a

a
mnmn

a

a

mnxx

mnx

I

mny

mnymny
a

a
mnymny

a

a
mnyx

mny

y

aa
mny

aa

I

mny

mnxmnx
a

a

mnxmnx
a

a
mny

mnaax

mnx

x

I

mnyx

mnymny
yI

mn

mnxmny
I

mny

mnymnyx
I

mnx

WW
h
a

h
EL

WW
h
a

h
EL

m
h
aBL

WB
h

am
a
hL

a
hL

d
Qd

h
h

LG
h

h
LG

MmL

Q
B

G
h
aL

B
G

h
aL

h
aLLGLG

a
hL

d
Md

h
h
a

h
LG

h
h
a

h
LG

MmL
B
B

WGmLGmLmBL

B
BB

h
amL

h
aBL

a
hL

d
Md

LQ
h
a

B
L

d
Wd

h
a

B
BmLM

h
a

B
L

d
d

a
hmLM

B
L

d
d

ψπκ

πκΩ

ξ

ψψψψπ

κκ
ψΩ

ξ

ψψ

ψψπ

πππκ

ψ
π

κΩ

ξ

ψ
κξ

ψπ
ξ

ψ

ψπ
ξ

ψ

)()(

)(

 

  (4.18) 

 

where the double underlined (=) terms come from ∂w(j)/∂x and ∂w(j)/∂y terms in the 

adhesive layer equations. 
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 Similarly, for the stiffening plate strips, one may write: 

 For the Upper Orthotropic Stiffening Plate Strip in the ‘‘Overlap Region’’ or 

Part I region,  

 

 

( )

( )
( ) ( )

( )

( )
( )

( )

( )
( )

( )

( )
( ) ( )

( )

( )

( )
( )

( )

( )

( ) ( )

( )

( )
( ) ( ) ( )( )

( )
( ) ( )

( ) ( ) ( ) ( )( )

( )

( ) ( )

( ) ( )

( ) ( ){ }


































−







−

















+




























+






−

=





























+++

























−+













+






−
=

















































+







+








−









−+






































−








+









+







−

=

−







=









+








=








−=

21

12

21

2

1
2

2
55

2
1

22
55

2

1

1
2

2
1

3
1

221

2

2
2

1

2

2122
1

2
2

44
2

2

1

1

1

12212
4

13
22

1
2

2
2

1
2

12

212
12

22

2
12

2
221

2
551

2
2

2

2
22

2
122

11
3

2

2

1

1

2

1
2

2
55

2
1

2
13

22
1

2

2
1

2

12
2

44
2

1
2

2
2

1
2

22

2
12

1
2

2

1
3

2
2

22

1
2

2
2

1
1

2
3

2
2

66

1
2

4

2212

4

2

12

12

12

12

2

mnmn
a

a

mnxx

mnx

I

mny

mnymny
a

a
mnyx

mny

y

a
mny

a

I

mny

mnxmnx
a

aj
mny

mnax

mnx

x

I

mnyx

mnymny
yI

mn

mnxmny
I

mny

mnymnyx
I

mnx

WW
h
a

h
EL

m
h
ahBL

WB
h

am
a
hhL

a
hhL

d
Qd

h
h

hLG
MmL

Q
B

G
h
aL

h
aLhLG

a
hhL

d
Md

h
h
a

h
hLG

MmL
B
B

WGhmLmBLh

B
BBh

h
amL

h
ahBL

a
hhL

d
Md

LQ
h
a

hB
L

d
Wd

h
a

B
BmLM

h
a

hB
L

d
d

a
hmLM

hB
L

d
d

ψπκ

πκΩρ

ξ

ψψπ

κ
ψΩρ

ξ

ψψπ

ππκ

ψ
π

κΩρ

ξ

ψ
κξ

ψπ
ξ

ψ

ψπ
ξ

ψ

)(

 

  

  (4.19) 

 where the double underlined (=)terms come from ∂w(j)/∂x and ∂w(j)/∂y terms  

in the adhesive layer equations. 
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 For the Lower Orthotropic Stiffening Plate Strip in the ‘‘Overlap Region’’ or 

Part I region,  
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 where the double underlined (=) terms come from ∂w(j)/∂x and ∂w(j)/∂y terms 

appearing in the adhesive layer equations. 

 



56 56

 One can write the “Governing System of First Order Ordinary Differential 

Equations” in terms of the “dimensionless fundamental dependent variables” given 

in (4.18), (4.19) and (4.20) for the “Overlap Region” or Part I region in Figure 3.3 in 

a more general form as follows, 
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where the double underlined (=) terms come from ∂w(j)/∂x and ∂w(j)/∂y terms 

appearing in the adhesive layer equations. 
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                              (0<ξI <lI),(j=1,2,3)                                          (4.21) 

 

 The quantities having the subscript “m” are called as “dimensionless 

fundamental dependent variables” of this problem. As given above, the system of 

partial differential equations are finally reduced to a ‘‘Governing System of First 

Order Ordinary Differential Equations’’ in ξI or yI direction. This creates a ‘‘Two-

Point Boundary Value Problem in the ‘‘Overlap Region’’ or Part I region. Then, the 

“Governing System of First Order Ordinary Differential Equations” in the compact 

matrix or ‘‘state vector’’ form for the ‘‘Overlap Region’’ or Part I region can be 

written as, 
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 (4.22) 

 with the ‘‘Arbitrary Boundary Conditions’’ at ξI =0,1 for the stiffening strips 

and the ‘‘Continuity Conditions’’ at ξI =0,1 for the base plate. 

 

where Iξ  is defined as yI/lI , and the superscripts show the related plate layer, the 

sub-matrices [ ji,C ] are partitioned square matrices of dimension (6x6) which 

explicitly include the nondimensional geometric and material characteristics of the 

base plate and the upper and lower stiffening plate strips and the adhesive layers and 

dimensionless natural frequency parameter ωmn  of the entire composite system. 
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Also, ( )j
mnY  (j=1,2,3) is the ‘‘state vector’’ corresponding to state variables or 

‘‘dimensionless fundamental dependent variables’’. Thus, 

 

 ( ){ } ( ) ( ) ( ) ( ) ( ) ( ){ } Tj
mny

j
mny

j
mnyx

j
mn

j
mny

j
mnx QMMW ,,;,,ΨΨ=j

mnY ,  (j=1,2,3)      (4.23) 

 

where the elements of ( ){ }j
mnY are the quantities related to the displacements, angles of 

rotation and the stress resultants which appear at ξI=constant segments or cross-

sections of the plate system in the “Overlap Region” or Part I region (see also Figure 

3.3.) 

 

  
4.2.3 Analysis of Part II of Composite Plate System 

 

 One can obtain the governing system of equations for the base plate in Part II 

region of Figure 3.3 by using the same procedure in the previous section. Thus, one 

may substitute j=1, ξI is replaced by ξII in equations (4.21) and (4.22) for Part II. 

region. There is no adhesive layer in Part II. Therefore, coupling terms in (4.21) 

including the adhesive layer elastic constants are dropped. The “Governing System 

of First Order Ordinary Differential Equations” in the ‘‘state vector’’ form, for Part I 

region, 

 

 (((( )))){{{{ }}}} [[[[ ]]]] (((( )))){{{{ }}}}1
mn

1
mn

II

YY
d

d D====
ξξξξ

 (0<ξII<1) (4.24) 

 with the ‘‘Arbitrary Boundary Conditions’’ at ξII =0 and the ‘‘Continuity 

Conditions’’ at ξII =1 for the orthotropic base plate. 

 

where ξII is defined as yII/lII and [ D ] is the “Coefficient Matrix” of dimension 

(6x6) which explicitly includes dimensionless geometric and material characteristics 

of the base plate in the Part II region as well as the dimensionless natural frequencies 

ωmn  of the entire composite plate system. The column matrix or the “state vector” 
( ){ }1

mnY  is defined as in (4.23) by taking j=1 only, that is, 
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 ( ){ } ( ) ( ) ( ) ( ) ( ) ( ){ } T
mnymnymnyxmnmnymnx QMMW 111111 ,,;,,ΨΨ=1

mnY ,  (j=1)      (4.25) 

 

4.2.4 Analysis of Part III of Composite Plate System 
 

In order to obtain the governing system of ordinary differential equations in a 

“state vector” form for the Part III region, a similar procedure as in Section 4.2.3 is 

followed. However, in (4.24), ξII is replaced by ξIII in Part III region. Then, the 

“Governing System of First Order Ordinary Differential Equations” in the ‘‘state 

vector’’ form for the Part III region, 

 

 (((( )))){{{{ }}}} [[[[ ]]]] (((( )))){{{{ }}}}1
mn

1
mn

III

YY
d

d E====
ξξξξ

,                   (0<ξIII<1) (4.26) 

 with the ‘‘Arbitrary Boundary Conditions’’ at ξIII =1 and the ‘‘Continuity 

Conditions’’ at ξIII =0 for the orthotropic base plate. 

 

where ξIII is defined as yIII/lIII and [ E ] is the “Coefficient Matrix” of dimension 

(6x6) which explicitly includes dimensionless geometric and material characteristics 

of the base plate in the Part III region as well as the dimensionless natural frequency 

parameter ωmn  of the entire composite plate system. The column matrix or the “state 

vector” ( ){ }1
mnY  is defined as in (4.25). 

 

 

 4.2.5 System of Governing Differential Equations (“Main 
PROBLEM I.a”) 
 

 In the previous sections, the governing system of coupled ordinary 

differential equations in the matrix or “state vector” form is obtained in (4.22) for the 

“Overlap Region” or Part I region, in (4.24) for Part II region and in (4.26) for Part 

III region. Then, one can write these equations in open form as follows, 
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For Part I region or the “Overlap Region” (or Three-Layer Composite Plate 
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                                                      (0<ξI<1)       (4.27.a) 

 In the above, the elements of the ‘‘Coefficient Sub-Matrix [Λ](j)’’ corresponding 

to the plate layers are, 
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where superscript j denotes base plate for j=1, upper stiffening plate strip for j=2 and 

lower stiffening plate strip for j=3. 

 Similarly, the elements of the ‘‘Coefficient Sub-Matrix [α](k)’’ related to the 

adhesive layers are, 
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where superscript k denotes the upper adhesive layer for k=2, and the lower adhesive 

layer for k=3 . 
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 The elements, in the open form, of the ‘‘Coefficient Sub-Matrix [Λ](j)’’ 

related to the plate layers are, 
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 Also, in the above, the double underlined (=) terms come from ∂w(j)/∂x and 

∂w(j)/∂y terms appearing in the adhesive layer equations. 
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 The elements, in the open form, of the ‘‘Coefficient Sub-Matrix [α](k)’’ 

associated with the plate layers are, 
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Similar to Part I, one may write, 
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where the elements of the above ‘‘Coefficient Matrix [[[[ ]]]]D ’’ are, 
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 For Part III region (or Single Layer Orthotropic Base Plate Region), 
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where the elements of the above ‘‘Coefficient Matrix [[[[ ]]]]E ’’ are, 

 
2

1
32,1 







−=
a
hmLe π  ( )1

66

3
4,1

12
B

Le =   

( )

( )

2

1
1

22

1
12

31,2 







=

h
a

B
BmLe π  ( )

2

1
1

22

3
5,2

12








=

h
a

B
Le  

32,3 Le −=           ( ) 







=

1
1

44
2

3
63 h

a
B
Le

yκ,  

( ) ( )
( )

( ) 












−








+








+Ω







−= 1
22

1
121

11

2

1

3

2

1

1
55

2
3

2
13

14

2

1212 B
BB

h
amL

h
aBL

a
hLe x

πκ,  

( ) πκ mBLe x
1

553
2

34 =,                                    
( )

( )1
22

1
12

35,4 B
BmLe π−=   

Ω






−=
4

13
2,5 12 a

hLe                                   πmLe 34,5 =               







=

1

36,5 h
aLe   

( ) πκ m
h
aBLe x 







=

1

1
553

2
16 ,                             ( )1

55

2

1

12
3

3
1

336 B
h

am
a
hL

a
hLe x 















+Ω






−= πκ,  

(4.29.b) 

 

 The “Boundary Conditions” at x=0 and x=a are already satisfied by 

trigonometric expansion in ‘‘Classical Lévy’s Type Solution’’. Then, in order to be 

able to solve the ‘‘Governing System of First Order Ordinary Differential 
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Equations’’ (4.27), (4.28) and (4.29), the ‘‘Appropriate Boundary Conditions’’ and 

the ‘‘Continuity Conditions’’ are needed. These are, 

 

The ‘‘Boundary Conditions’’ along the edges in the y-direction, 

 

 F (Free):                                        ( ) ( ) ( ) 0=== j
y

j
y

j
yx QMM  

 C (Clamped): ( ) ( ) ( )w j
x
j

y
j= = =ψ ψ 0   (j=1,2,3)  (4.30) 

 S (Simply Supported): ( ) ( ) ( ) 0=== j
y

j
x

j Mw ψ   

 

 The ‘‘Continuity Condition’’ between Part I and Part II (see also Fig. 3.3), 

 

 
( ){ } ( ){ }1

0ξ
1

1ξ III
YY == =  (4.31) 

  

 The ‘‘Continuity Condition’’ between Part I and Part III (see also Fig.3.3), 
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 Finally, the set of the “Governing System of First Order Ordinary Differential 

Equations” for “Main PROBLEM I.a” is as follows, 
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with the “Appropriate Boundary Conditions” and the “Continuity 

Conditions” for each differential equation above. 
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 The above system of equations forms a “Two-Point Boundary Value 

Problem” for the “Main PROBLEM I.a”. It is obvious that, once the natural 

frequencies are obtained, then, the Equations (4.33.a,b,c) can be integrated 

numerically for a given particular geometry, materials and the support conditions. 
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CHAPTER 5 
 

 (‘‘Main PROBLEM І.b’’)__ FREE FLEXURAL (or BENDING) 
VIBRATIONS of CENTRALLY DOUBLY STIFFENED, 

COMPOSITE PLATES or PANELS 
(Isotropic Base Plate or Panel Case) 

 
 

5.1 Application of Mindlin’s Plate Theory to Isotropic Base Plate and 
Orthotropic Stiffening Plate Strips 

 

 The coordinate system and the positive sign convention for the stress 

resultants and surface loads or external stresses for plates are shown in Figure 3.2. 

The faces of the plate are the planes at z=±h/2. 

 

 The basic assumptions of the “Mindlin Plate Theory” [VI.3] is given in 

Chapter 3. The in-plane displacements u and v are proportional to z and the 

transverse displacement w is independent of z. That is, 
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 The positive sign convention for the angles of rotation ψx and ψy are the 

negatives of rotations in xz and yz-planes respectively.(see also figure 3.2) 
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 The strain-displacement equations in three dimensional elasticity are, 
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 One can obtain another form of strain-displacement relations by inserting the 

assumed form of displacement functions (5.1) into the strain-displacement relations 

in three dimensional elasticity (5.2) as the follows,  
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 From (3.9), the Hooke’s law (or Strain-Stress Equations) for the orthotropic 

base plate is, 
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 Of the above six equations, the one which is ignored, namely, the one 

containing the strain (εz) normal to the faces of the plate which are the planes at 
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z=±h/2. The remaining equations are then solved for σx, σy, τxy, τxz and τyz in terms 

of εx, εy, γxy, γxz, γyz and σz. Then,  

 

 Stress-Strain Equations 
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 The Hooke’s law (or Strain-Stress Equations) for isotropic upper and lower 

 plates, 
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 where, for the isotropic material of the base plate, 
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 Of the above six equations, the one which is ignored, namely, the one 

containing the strain (εz) normal to the upper and lower surfaces of the plate at 

z=±h/2. The remaining equations are then solved for σx, σy, τxy, τxz and τyz in terms 

of εx, εy, γxy, γxz, γyz and σz . 
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 In the case of an orthotropic material, the coefficients Bij can be expressed in 

terms of the engineering constants of the orthotropic material as, 

 

 

1266221211212112

1355
2112

2
22

2344
2112

1
11

,

,
1

,
1

GBBBBB

GBEB

GBEB

====

=
−

=

=
−

=

νν
νν

νν

 (5.9) 

  

 where subscripts denote the material directions. 

 

 In the case of an isotropic material, the coefficients Bij can be expressed in 

terms of the isotropic material engineering constants as, 
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 where subscripts denote the directions in which they are meant. 

 

 For the plates, the bending and twisting moments and the transverse shearing 

forces, all per unit length, are written in the integral form., 
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 From Section 3.2, it is known that relations between stress-resultants and 

plate displacements functions for orthotropic plates are as follows: 
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 where B’s are defined as in (5.9). 

 Also, in terms of the ‘‘Orthotropic Plate Stiffnesses’’, 
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where the “Bending Stiffness D’s” and the “Shear Stiffness A’s” are given as, 
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 Under similar assumptions in Section 3.2; (a) the weighted average of σz is 

ignored. τxz and τyz are written with a correction factor κ2 of the Mindlin Plate 

Theory, the following relation between stress-resultants and plate displacements 

functions for isotpropic plate are obtained as, 
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 where B’s are given in (5.10). 

 The Stress Resultants in terms of “Isotropic Plate Stiffnesses”, 
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where the “Bending Stiffness D’s” and the “Shear Stiffness A’s “ of the isotropic 

plate are given as, 
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 where B’s are given in (5.6). 

 From Section 3.2, it is known that the plate stress resultants-displacement 

equations or the governing equations of the “Mindlin Plate Theory” for both 

orthotropic and isotropic plates, 
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where )()()( ,, +++
zzyzx qqq  and )()()( ,, −−−

zzyzx qqq represent the surface stresses or surface loads 

at z=+h/2 and z=-h/2, respectively. 

 

 The ‘‘Mindlin Plate Theory’’ requires prescription of three ‘‘Boundary 

Conditions’’ along each edge. Hence, 

 The “Boundary Conditions” are, 

 (F) (free) Mnt=Mn=Qn=0 

 (S) (simply supported) w=ψt=Mn=0 (5.15) 

 (C) (clamped) w=ψn=ψt=0 

 where n and t are normal and tangential coordinates along the edges. 

 

 

5.2 Main Assumptions and Analytical Modeling 
 

 Figure 3.2 shows the general configuration of the “Centrally Doubly 

Stiffened, Composite Plate System which has Isotropic Base Plate with Orthotropic 
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Stiffening Strips (Special Case of “Main PROBLEM I”)” under consideration and 

Figure 3.3 presents its longitudinal cross-section. However, in this special case, the 

stiffening strips are made of orthotropic materials but  the base plate is made of an 

isotropic material(for instance, Aluminum Alloy in this study). 

 
 The composite plate or panel system of the “Main PROBLEM I.b” is 

composed of three rectangular plates (isotropic base plate and orthotropic stiffening 

plate strips) connected through  relatively thin elastic adhesive layers.  

 

 The formulation for the present case is to be based on the same basic 

assumptions through one to eight used in Section 4.1 for the previous more general 

problem. 

 
  
5.3 Theoretical Formulation of “Main PROBLEM І.b” (Theoretical 
Analysis)  
 

 

 5.3.1 Analysis of Part I (or the “Overlap Region”) of Composite 
Plate System 
 

 In this section, a suitable mathematical model will be set up as in the 

preceding Chapter in order to obtain mode shapes and natural frequencies of 

“Centrally Doubly Stiffened Composite Plate or Panel System (with Isotropic Base 

Plate and Orthotropic Stiffening Plate Strips)”. The system is composed of three 

rectangular plates (isotropic base plate and orthotropic stiffening strips) of equal 

width connected through the relatively thin adhesive layers. 

 

 The adhesive stresses should be related to the unknown displacement 

functions and angles of rotation of the base plate and the stiffening plate strips in the 

“Overlap Region”. They can be considered as surface loads or external stresses 

acting on the upper and lower surfaces of the plates as shown in Figure 4.2. 

 



 74

 As in section (4.2.1), normal (σz)  and tangential or shear (τxz, τyz) stresses at 

the interfaces can be written as, 

 

 

 Between Plates 1 and 2 (Adhesive Stresses), 
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 Between Plates 1 and 3 (Adhesive Stresses), 
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where Ea2 and Ea3 are the modulus of elasticity (or Young’s modulus) and Ga2 and 

Ga3 are the modulus of rigidity (or shear modulus) of the upper and lower adhesive 

layers, respectively 

 

 The adhesive normal and tangential stresses at the interfaces may be thought 

as the ‘‘compatibility or coupling conditions’’ of the three plates in the “Overlap 

Region” or Part I region in Figure 3.3. 

 One can obtain the governing system of coupled ordinary differential 

equations in the matrix or “state vector” form for the “Overlap Region” or Part I 

region by following similar steps to those of Section 4.2.2. During this process, it 

should be noted that ( )" " ," " ," "B h11
1

1 1ρ and “a” are also chosen as main or reference 

magnitudes or parameters and all other parameters are again nondimensionalized 

with respect to these quantities. 
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 The dimensionless coordinates or independent variables are, 

  

 η=x/a, ξI =yI/lI,     ξII =yII/lII (5.17) 

  

 The dimensionless parameters related to orthotropic elastic constants of the 

plates and adhesive layer are, 
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 The dimensionless parameters related to the densities and to the geometry of 

the plates and adhesive layer are, 
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 The dimensionless frequency parameter of the entire three-layer, centrally 

doubly stiffened, composite plate system which has isotropic base plate and 

orthotropic stiffening plate strips in “Main PROBLEM I.b”, 
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 where the dimensionless natural frequency parameter mnωΩ =  is ordered in 

terms of its magnitudes as Ω1<Ω2<Ω3<.... with the subscript indicating the first, 

second, third,...... dimensionless natural frequencies depending on the given m, n 

values. 

 

 Finally, the “Governing System of First Order Ordinary Differential 

Equations” in the matrix or “state vector” form for the “Overlap Region” or Part I 

region can be written as, 
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 with the ‘‘Arbitrary Boundary Conditions’’ at ξI =0,1 for the stiffening plate 

strips and the ‘‘Continuity Conditions’’ at ξI =0,1  for the isotropic base 

plate. 

 

where Iξ  is defined as yI/lI , superscripts show the particular plate layer, the “sub-

matrices [ '
ji,C ]” are partitioned square matrices of dimension (6x6) which explicitly 

include the nondimensional geometric and material characteristics of the isotropic 

base plate and of the orthotropic stiffening strips and the adhesive layers and the 

dimensionless natural frequency parameter ωmn  of the composite system. The 

“Column Matrix { ( )j
mY }” (j=1,2,3) is the “state vector” corresponding to the state 

variables or the “dimensionless fundamental dependent variables” of the stiffening 

strips and the base plate, defined as before, 
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where the elements of ( ){ }j
mnY are the transverse displacement, angles of rotation and 

stress resultants which appear at ξI=constant segments or cross-sections of the plate 

system in the “Overlap Region” or Part I region as shown in Figure 3.3. 
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 Similarly, one can write the governing system of equations in the matrix or 

“state vector” form for the Part II region (see Figure 3.3). 

 

 

 5.3.2 Analysis of Part II of Composite Plate System 
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 with the ‘‘arbitrary boundary conditions’’ at ξII =0 and the ‘‘continuity 

conditions’’ at ξII =1 for the isotropic base plate. 

where ξII is defined as yII/lII and [ D ′′′′ ] is a coefficient matrix of dimension (6x6) 

which explicitly includes dimensionless geometric and material characteristics of the 

isotropic base plate in the Part II region as well as the dimensionless natural 

frequencies ωmn  of the entire composite plate system. The column matrix or the 

“state vector” as ( ){ }1
mnY  is defined as in (5.22) by taking j=1 only, that is,   
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 5.3.3 Analysis of Part III of Composite Plate System 
 

Similarly, one can write the governing system of equations in the matrix or 

“state vector” form for Part III region shown in Figure 3.3 as, 
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 with the ‘‘arbitrary boundary conditions’’ at ξIII =1 and the ‘‘continuity 

conditions’’ at ξIII =0 for the isotropic base plate. 

 

where ξIII is defined as yIII/lIII and [[[[ ]]]]E ′′′′  is a coefficient matrix of dimension (6x6) 

which explicitly includes dimensionless geometric and material characteristics of the 



 78

isotropic base plate in the Part III region as well as the dimensionless natural 

frequencies ωmn  of the entire composite plate system. The column matrix or the 

“state vector” as ( ){ }1
mnY  is defined as in (5.24). 

 

 

 5.3.4 System of Governing Differential Equations (“Main 
PROBLEM I.b”) 
 

 In the previous sections, the governing system of coupled ordinary 

differential equations in the matrix or state vector form is obtained in (5.21) for the 

overlap or Part I region and in (5.23) for Part II region and in (5.25) for Part III 

region. Then, one can write these equations, in open form, as follows, 
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For Part I region or “Overlap Region” (or Three-Layer Composite Plate Region), 
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where the “Coefficient Sub-Matrices” [ ] )( jΛ  and [ ] )( kα  are, 
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 The elements of the ‘‘Coefficient Sub-Matrix [Λ](j)’’ are, 
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where (j=2) indicates the “Upper Orthotropic Stiffening Plate Strip” and (j=3) 

defines the “Lower Orthotropic Stiffening Plate Strip”. Thus, 
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 The elements of the ‘‘Coefficient Sub-Matrix [Λ](1)’’ for the Isotropic Base 

Plate are shown below, 
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where the double underlined (=) terms in above equations come from ∂w(j)/∂x and 

∂w(j)/∂y terms in the adhesive layer equations. 
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 For Part II region (or Single Layer Isotropic Base Plate Region), 
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where the elements of the above ‘‘Coefficient Matrix [[[[ ]]]]D′′′′ ’’ are, 
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and similarly, 
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 For Part III region (or Single Layer Isotropic Base Plate Region), 
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where the elements of the above ‘‘Coefficient Matrix [[[[ ]]]]E′′′′ ’’ are, 
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It should be noted here that the “primed” quantities belong to the isotropic 

base plate. 
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 It will be recalled that the “Boundary Conditions” at x=0 and x=a are already 

satisfied by trigonometric expansions in the “Classical Lévy’s Type Solution”. Then, 

the aim is it to determine ( ) ( ) ( ) ( ) ( ) ( )Ψ Ψmnx
j

mny
j

mn
j

mnyx
j

mny
j

mny
jW M M Q, , ; , ,  in such a form that 

they satisfy the ‘‘Boundary Conditions’’ in the y-direction at the sides ξI=0, ξI=1 for 

the stiffening plate strips, at ξII=0, ξIII=1 for the base plate and also the ‘‘continuity 

conditions’’ at ξII=1 (ξI=0) and ξIII=0 (ξI=1) for the base plate. 

 

 The ‘‘Boundary Conditions’’ along the edges in the y-direction, 
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 S (Simply Supported): ( ) ( ) ( )w Mj
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y
j= = =ψ 0   

 

 The ‘‘Continuity Condition’’ between Part I and Part II is (see also Fig. 3.3), 
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 The ‘‘Continuity Condition’’ between Part I and Part III is (see also Fig. 3.3),  
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 Finally, one can summerize the enitre set of the “Governing System of First 

Order Ordinary Differential Equations” as,  
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,                (0<ξIII<1)    (in Part III) 

with the “Appropriate Boundary Conditions” and the “Continuity 

Conditions” for the above differential equations. 

 

 As mentioned in the previous section, the above set of equations creates a 

“Two-Point Boundary Value Problem” for the “Main PROBLEM I.b”. The above 

system can be integrated numerically if the natural frequencies are obtained or 

known for a particular geometry and materials and the boundary conditions. In 

Chapter 10, the “Method of Solution” and the way the natural frequencies are 

computed will be explained in detail. 
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CHAPTER 6 
 

(“Main PROBLEM ІI.a’’) __FREE FLEXURAL (or BENDING) 
VIBRATIONS of NON-CENTRALLY DOUBLY STIFFENED, 

COMPOSITE ORTHOTROPIC PLATES or PANELS 
(Orthotropic Base Plate or Panel Case) 

 
 
6.1 Main Assumptions and Analytical Modeling 
 

 The general configuration of the “Non-Centrally Doubly Stiffened, 

Composite Plate or Panel System (with Orthotropic Base Plate and Orthotropic 

Stiffening Plate Strips)” is shown in Figure 3.4. The longitudinal cross-section of the 

system in the y-direction is given in Figure 3.5. The coordinate systems and the 

orthotropic plate material directions are again indicated in Figure 3.4. 

 

 The theoretical formulation for the present case is once more based on the 

same basic assumptions through one to eight and the “Mindlin Plate Theory” 

explained in Section 4.1 for the previous ‘‘Main PROBLEM I.a’’ in Chapter 4. 
 
6.2 Theoretical Formulation of “Main PROBLEM ІI.a” (Theoretical 
Analysis) 
 

 

 6.2.1 Analysis of Part I (or the “Overlap Region”) of Composite 
Plate System 
 

 After following the same steps in Sections (4.2.1), (4.2.2), (4.2.3) and (4.2.4), 

one can obtain the ‘‘Governing System of First Order Ordinary Differential 
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Equations”in terms of the ‘‘dimensionless fundamental dependent variables’’ for the 

‘‘Overlap Region’’ or Part I region in Figure 3.5 as follows, 
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where the double underlined (=) terms come from ∂w(j)/∂x and ∂w(j)/∂y terms in the 

adhesive layer equations. 



 88

( )

( ) ( )

( ) ( )

( )( ) ( ) ( ){ } ( )( ) ( ) ( ){ }


































−







−−−








−+

















+




























+






−

=

++ 31

13

31121

12

211

1
55

2
1

55

2

1

12
1

3
1

1

11 mnmn
a

aj
mnmn

a

aj

j
mnxj

j
x

j
mn

j
jxjj

I

j
mny

WW
h
a

h
EL

WW
h
a

h
EL

m
h
ahBL

WB
h

am
a
hhL

a
hhL

d
Qd

ψπκ

πκΩρ

ξ
 

where 0
2

2 =
a

a

h
G

 ( 02 =aG  ) for j=3 , 0
3

3 =
a

a

h
G

 ( 03 =aG ) for j=2  

and 0
2

2 =
a

a

h
E  for j=3 , 0

3

3 =
a

a

h
E  for j=2 , 33 1 aa EE ×−=  for j=1 

  (0< ξI <lI),(j=1,2,3) 

  (6.1) 

 

 The Equations (6.1) shows that the entire of partial differential equations are 

reduced to a set ‘‘Governing System of First Order Ordinary Differential Equations’’ 

in ξI or yI direction and this creates a ‘‘Two-Point Boundary Value Problem’’ in the 

‘‘Overlap Region’’ or Part I region. Similarly, one can obtain the ‘‘Governing 

System of Equations’’ for Part II and Part III regions. The ‘‘Governing System of 

First Order Ordinary Differential Equations’’ in the matrix or ‘‘state vector’’ form is 

given below. 

 

 For Part I region ‘’Overlap Region’’) (or Three-Layer Composite Plate 

Region), 
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 with the ‘‘Arbitrary Boundary Conditions’’ at ξI =0,1 for the orthotropic 

stiffening plate strips and the ‘‘Continuity Conditions’’ at ξI =0,1 for the 

orthotropic base plate.  
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where ξI is defined as yI/ '
Il  , the superscripts show the related plate layer, submatrices 

[ ji,C ] are partitioned square matrices of dimension (6x6) which explicitly include 

the nondimensional geometric and material characteristics of the base plate and 

stiffening strips and the adhesive layer and dimensionless natural frequencies 

parameter ωmn  of the entire composite system. The “Column Matrix ( ){ }j
mnY ” 

(j=1,2,3) is the ‘‘state vector’’ corresponding to the state variables or the 

‘‘dimensionless fundamental dependent variables’’, defined as,   

 

 ( ){ } ( ) ( ) ( ) ( ) ( ) ( ){ } Tj
mny

j
mny

j
mnyx

j
mn

j
mny

j
mnx QMMW ,,;,,ΨΨ=j

mnY ,  (j=1,2,3)      (6.3) 

 

where the elements of ( ){ }j
mnY are the quantities related to the displacements, angles of 

rotation and the stress resultants which appear at ξI=constant segments or cross-

sections of the plate system in the ‘‘Overlap Region’’ or Part I region as shown in 

Figure 3.5.  

 

 

 6.2.2 Analysis of Part II of Composite Plate System 
 

 One can obtain from Equations (6.1), the Orthotropic Base Plate Equations 

for Part II region. Then,  

 

 For Part II (or Single Layer Orthotropic Base Plate Region), 
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1
mn

II

YY
d
d D====
ξξξξ

, (0< ξII <1) (6.4) 

 with the ‘‘arbitrary boundary conditions’’ at ξII =0 and the ‘‘continuity 

conditions’’ at ξII =1 for the orthotropic base plate. 

where ξII is defined as yII/ '
IIl  and [ D ] is a coefficient matrix of dimension (6x6) 

which explicitly includes dimensionless geometric and material characteristics of the 

base plate in the Part II region as well as the dimensionless natural frequencies ωmn  
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of the entire composite plate system. The column matrix or the ‘‘state vector’’ ( ){ }1
mnY  

is defined as in (6.3) by taking j=1 only, that is,   

 

 ( ){ } ( ) ( ) ( ) ( ) ( ) ( ){ } T
mnymnymnyxmnmnymnx QMMW 111111 ,,;,,ΨΨ=1

mnY ,  (j=1)      (6.5) 

 

 

 6.2.3 Analysis of Part III of Composite Plate System 
 

 For Part III (or Single Layer Orthotropic Base Plate Region), 
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,                   (0< ξIII <1) (6.6) 

 with the ‘‘Arbitrary Boundary Conditions’’ at ξIII =1 and the ‘‘Continuity 

Conditions’’ at ξIII =0 for the base orthotropic plate.  

 

where ξIII is defined as yIII/ '
IIIl  and [ E ] is a coefficient matrix of dimension (6x6) 

which explicitly includes dimensionless geometric and material characteristics of the 

base plate in the Part III region as well as the dimensionless natural frequencies ωmn  

of the entire composite plate system. The column matrix or the state-vector ( ){ }1
mnY  is 

defined as in (6.5).  

 

 

 6.2.4 System of Governing Differential Equations (‘‘Main 
PROBLEM II.a’’) 
 

 In the previous section, the sets of the ‘‘Governing System of First Order 

Ordinary Differential Equations’’ in the ‘‘state vector’’ form for the ‘‘Overlap 

Region’’ or Part I region, for Part II region and for Part III region are obtained. Then, 

rewriting these equations, in open form, as follows,  
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For Part I region or “Overlap Region” (or Three-Layer Composite Plate Region), 
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                                                          (0<ξI<1)       (6.7) 

where the elements of the ‘‘Coefficient Matrix [[[[ ]]]]C ’’, in detailed form, are the same 

with those of Equations (4.27) in Section (4.2.5). 

 

 For Part II (or Single Layer Orthotropic Base Plate Region), 
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where di,j, elements of the ‘‘Coefficient Matrix [[[[ ]]]]D ’’ in detailed form are the same 

with those of Equations(4.28) in Section (4.2.5). 
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 For Part III (or Single Layer Orthotropic Base Plate Region), 
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where ei,j, elements of the ‘‘Coefficient Matrix [[[[ ]]]]E ’’ in detailed form are the same 

with those of Equations(4.29) in Section (4.2.5). 

  

 In order to be able to solve the sets of the ‘‘Governing System of Equations’’ 

given by (6.7), (6.8) and (6.9), the ‘‘Boundary Conditions’’ and the ‘‘Continuity 

Conditions’’ are needed. Hence, 

 

 The ‘‘Boundary Conditions’’ along the edges in the y-direction, 

 

 F (Free): ( ) ( ) ( ) 0=== j
y

j
y

j
yx QMM  

 C (Clamped): ( ) ( ) ( )w j
x
j

y
j= = =ψ ψ 0    (j=1,2,3)   (6.10) 

 S (Simply Supported): ( ) ( ) ( ) 0=== j
y

j
x

j Mw ψ   

 

 The ‘‘Continuity Condition’’ between Part I and Part II (see also Figure 3.5), 

 
( ){ } ( ){ }1

0ξ
1

1ξ III
YY == =  (6.11) 

 

 

 The ‘‘Continuity Condition’’ between Part I and Part III (see also Figure 3.5), 

 
( ){ } ( ){ }1

1ξ
1

0ξ IIII
YY == =  (6.12) 
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 Hence, the full set of the “Governing System of First Order Ordinary 

Differential Equations” for the “Main PROBLEM I.a.” are, 
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,      (0<ξI<1)       (in Part I)  

( ){ } [ ] ( ){ }1
mn

1
mn YY D=

IId
d
ξ

,                 (0<ξII<1)    (in Part II) (6.13 a,b,c) 

( ){ } [ ] ( ){ }1
mn

1
mn YY E=

IIId
d

ξ
,                (0<ξIII<1)    (in Part III) 

with the “Appropriate Boundary Conditions” and the “Continuity 

Conditions” for the above system. 

 

 Here, needless to say that the above system constitutes a “Two-Point 

Boundary Value Problem” for the “Main PROBLEM II.a”. The “Method of 

Solution” is similar to that of the “Main PROBLEM I”. In the above equations, once 

the natural frequencies are obtained, then, a numerical integration can be performed 

for a given particular geometry, materials and the support conditions. 
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CHAPTER 7 
 

(‘‘Main PROBLEM ІI.b’’)__ FREE FLEXURAL (or BENDING) 
VIBRATIONS of NON-CENTRALLY DOUBLY STIFFENED, 

COMPOSITE PLATES or PANELS 
(Isotropic Base Plate or Panel Case) 

 
 
7.1 Main Assumptions and Analytical Modeling 
 

 In Figure 3.4, the general configuration and geometric and material 

characteristics of the “Non-Centrally Doubly Stiffened, Composite Isotropic Base 

Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)’’are 

presented in detail. The longitudinal cross-section of the entire composite system is 

given in Figure 3.5. The material directions are also given in Figure 3.4. 

 
 In the above case, the theoretical analysis is again based on the main 

assumptions and the analytical (or mathematical) modeling developed for the 

preceding cases (or problems) and, in particular, the ‘‘Main PROBLEM I.b’’ in 

Chapter 4. 
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7.2 Theoretical Formulation of “Main PROBLEM IІ.b” (Theoretical 
Analysis)  
 
 

 7.2.1 Analysis of Part I (or the ‘‘Overlap Region’’) of Composite 
Plate System  
 

 The ‘‘Overlap Region’’ or Part I is composed of an “Isotropic Base Plate 

reinforced by the bonded “Upper and Lower Orthtropic Stiffening Plate Strips”. In 

other words, Part I, as in previous cases, is a three-layer composite system in which 

the “Mindlin Plate Theory” elements are connected by relatively thin, yet elastic, 

deformable adhesive layers. 

 After going through the same steps as was done in Sections (5.3.1), one can 

obtain the ‘‘Governing System of First Order Ordinary Differential Equations’’ in 

the simpler matrix or ‘‘state vector’’ form for the ‘‘Overlap Region’’ or Part I region. 

 

 For Part I region (or ‘‘Overlap Region’’) (or Three-Layer Composite Plate 

Region), 
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CCC
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CCC

 (7.1) 

 with the ‘‘Arbitrary Boundary Conditions’’ at ξI =0,1 for the orthotropic 

stiffening plate strips and the ‘‘Continuity Conditions’’ at ξI =0,1 for the 

isotropic base plate. 

 

where ξI is defined as yI/ '
Il  , and the superscripts show the particular plate layer, 

submatrices [ '
ji,

C ] are partitioned square matrices of dimension (6x6) which 

explicitly include the nondimensional geometric and material characteristics of the 

isotropic base plate and the orthotropic stiffening plate strips, the adhesive layer and 

the dimensionless natural frequency parameter ωmn  of the entire composite system. 
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The ‘‘state vector’’ { ( )j
mY } (j=1,2,3) includes the state variables or the 

‘‘dimensionless fundamental dependent variables’’ of the present ‘‘Main PROBLEM 

II.b’’.Then,  

 

 ( ){ } ( ) ( ) ( ) ( ) ( ) ( ){ } Tj
mny

j
mny

j
mnyx

j
mn

j
mny

j
mnx QMMW ,,;,,ΨΨ=j

mnY ,    (j=1,2,3)      (7.2) 

 

where the elements of ( ){ }j
mnY are the quantities related to the displacements, angles of 

rotation and the stress resultants which appear at ξI =constant segments or cross-

sections of the plate system. 

 

 
7.2.2 Analysis of Part II of Composite Plate System 

  

 For Part II (or Single Layer Isotropic Base Plate Region), 

 (((( )))){{{{ }}}} [[[[ ]]]] (((( )))){{{{ }}}}1
mn

1
mn

II

YY
d
d D ′′′′====
ξξξξ

, (0< IIξ  <1) (7.3) 

 with the ‘‘Arbitrary Boundary Conditions’’ at ξII =0 and the ‘‘Continuity 

Conditions’’ at ξII =1 for the isotropic base plate. 

 

where ξII is defined as yII/ '
IIl  and [ D ′′′′ ] is a coefficient matrix of dimension (6x6) 

which explicitly includes dimensionless geometric and material characteristics of the 

isotropic base plate in the Part II region as well as the dimensionless natural 

frequencies ωmn  of the system. The column matrix or the ‘‘state vector’’ ( ){ }1
mnY  is 

defined as in (7.2) by taking j=1 only, that is,   

 

 ( ){ } ( ) ( ) ( ) ( ) ( ) ( ){ }T
mnymnymnyxmnmnymnx QMMW 111111 ,,;,,ΨΨ=1

mnY ,  (j=1)      (7.4) 
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7.2.3 Analysis of Part III of Composite Plate System 

 

 For Part III (or Single Layer Isotropic Base Plate Region), 
 

 (((( )))){{{{ }}}} [[[[ ]]]] (((( )))){{{{ }}}}1
mn

1
mn

III

YY
d

d E ′′′′====
ξξξξ

,                   (0< IIIξ  <1) (7.5) 

 with the ‘‘Arbitrary Boundary Conditions’’ at ξIII =1 and the ‘‘Continuity 

Conditions’’ at ξIII =0 for the isotropic base plate. 

 

where ξIII is defined as yIII/ '
IIIl  and [[[[ ]]]]E ′′′′  is a coefficient matrix of dimension (6x6) 

which explicitly includes dimensionless geometric and material characteristics of the 

isotropic base plate in the Part II region as well as the dimensionless natural 

frequencies ωmn  of the system. The column matrix or the ‘‘state vector’’ ( ){ }1
mnY  is 

defined as in (7.4).  

 

 

 7.2.4 System of Governing Differential Equations (‘‘Main 
PROBLEM II.b’’) 
 

 In the previous sections, the sets of the ‘‘Governing System of Ordinary 

Differential Equations’’ in the matrix or ‘‘state vector’’ form are presented in (7.1) 

for the ‘‘Overlap Region’’ or Part I region, in (7.3) for Part II region and in (7.5) for 

Part III region, respectively. Then, one can rewrite these equations in open form, 

 

 

 

 

 

 

 

 

 

 



 98

For Part I region or “Overlap Region” (or Three-Layer Composite Plate Region), 
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                                                                 (0< ξI <1) (7.6) 

where the elements of the “Coefficient Matrix [[[[ ]]]]'C ”, in detailed form, are same with 

the ones in Equation (5.26) in Section (5.3.2). 

  

 For Part II (or Single Layer Isotropic Base Plate Region), 
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where the elements of the above ‘‘Coefficient Matrix [[[[ ]]]]D′′′′ ’’, in detailed form, are same 

with the ones in Equation (5.27) in Section (5.3.2). 



 99

 For Part III (or Single Layer Isotropic Plate Region), 
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where the elements of the above ‘‘Coefficient Matrix [[[[ ]]]]E′′′′ ’’ are given in detail and 

they are identical with the ones in Equation (5.28) in Section (5.3.2). 

 In addition to the above set of Equations (7.6), (7.7) and (7.8), the appropriate 

“Boundary Conditions” and the appropriate ‘‘Continuity Conditions’’ of the entire 

composite system are needed to solve the problem. Therefore, 

 

 The ‘‘Boundary Conditions’’ prescribed along the edges in the y-direction,  

 F (Free): ( ) ( ) ( ) 0=== j
y

j
y

j
yx QMM  

 C (Clamped): ( ) ( ) ( )w j
x
j

y
j= = =ψ ψ 0  (j=1,2,3)     (7.9) 

 S (Simply Supported): ( ) ( ) ( ) 0=== j
y

j
x

j Mw ψ   

 

The ‘‘Continuity Condition’’ between Part I and Part II is (see also Figure 3.5) , 
( ){ } ( ){ }1

0ξ
1

1ξ III
YY == =  (7.10) 

  

 

The ‘‘Continuity Condition’’ between Part I and Part III is (see also Figure 

3.5),  

 
( ){ } ( ){ }1

1ξ
1

0ξ IIII
YY == =  (7.11) 

 

 

 Now, one may summarize the complete set of the “Governing System of First 

Order Ordinary Differential Equations” for the “Main PROBLEM II.b” as,  
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, (0<ξI<1) (in Part I)  

(((( )))){{{{ }}}} [[[[ ]]]] (((( )))){{{{ }}}}1
mn

1
mn

II

YY
d
d D ′′′′====
ξξξξ

, (0<ξII<1) (in Part II) (7.12 a,b,c) 

(((( )))){{{{ }}}} [[[[ ]]]] (((( )))){{{{ }}}}1
mn

1
mn

III

YY
d

d E ′′′′====
ξξξξ

, (0<ξIII<1) (in Part III) 

with the “Appropriate Boundary Conditions” and the “Continuity Conditions” 

for the above set of differential equations. 

 

 The above system creates a “Two-Point Boundary Value Problem” for the 

“Main PROBLEM II.b” considered here. The above system of equations can be 

numerically integrated once the natural frequencies are obtained for a particular 

geometry, materials and the boundary conditions. The “Method of Solution” (see 

also Chapter 10) in the above case is similar to the “Main PROBLEM I.b”. 



 101

 
 

 

CHAPTER 8 
 

(“Main PROBLEM III.a”) (‘‘SPECIAL CASE of Main PROBLEM  
II.a’’)__ FREE FLEXURAL (or BENDING) VIBRATIONS of 

DOUBLY STIFFENED-at SUPPORT, COMPOSITE 
ORTHOTROPIC PLATES or PANELS 

(Orthotropic Base Plate or Panel Case) 
 

 
8.1 Main Assumptions and Analytical Modeling 
 

 The problem under consideration here, is the “Doubly Stiffened-at Support, 

Composite, Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic 

Stiffening Plate Strips)”(“Main PROBLEM III.a”). The general configuration and the 

geometric and material characteristics are shown in detail in Figure 3.6. This 

problem, in a way, is a ‘‘SPECIAL CASE of Main PROBLEM II.a’’. This can be 

seen by simple comparison of Figures 3.4 and 3.5 with Figures 3.6 and 3.7, 

respectively. The longitudinal cross-section in the y-direction of the entire composite 

system is presented in Figure 3.7. In the composite system, the base plate and the 

stiffening plate strips are dissimilar Orthotropic Mindlin plates joined by very thin, 

yet flexible adhesive layers. In the theoretical developments, upper and lower 

adhesive layers are considered to be not identical at first. But in numerical 

calculations, they are assumed to be, from the practical applications point of view, 

exactly the same. 

 

 The theoretical formulation, in the present case the ‘‘Main PROBLEM III.a’’, 

the basic assumptions and the analytical modeling are similar to those of the ‘‘Main 

PROBLEM II.a’’ in  Chpater 6. Therefore, they will not be repeated here. 
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 8.2 Theoretical Formulation of ‘‘Main PROBLEM III.a’’ (Theoretical 
Analysis) 
 
 In this section, the theoretical analysis will be based on the formulation of the 

‘‘Main PROBLEM II.a’’ and the same assumptions regarding the Mindlin Plates and 

the adhesive layers. However, intermediate steps in the derivations will be omitted 

and more or less the final form of the equations will be included in the subsequent 

sections. 

  

 

 8.2.1 Analysis of Adhesive Layer in the “Overlap Region” 
 

The adhesive stresses should be related unknown displacement functions and 

angles of rotation of the orthotropic base plate and the orthotropic stiffening strips in 

the ‘‘Overlap Region’’. 

 

Thus, in a similar fashion, as in section (4.2.1), normal (σz)  and tangential or 

shear (τxz, τyz) stresses at the interfaces can be written as, 

 

 Between the Orthotropic Base Plate 1 and the Upper Orthotropic Stiffening 
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 Between the Orthotropic Base Plate 1 and the Lower Orthotropic Stiffening 

Plate Strip 3, 
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where Ea2 and Ea3 are the modulus of elasticity (or Young’s modulus) and Ga2 and 

Ga3 are the modulus of rigidity (or shear modulus) of the upper and lower adhesive 

layers, respectively. In the above Equations (8.1.a) and (8.1.b), the double underlined 

(=) terms are coming from 
y

w
x

w jj

∂
∂

∂
∂ )()(

,  terms in adhesive layers deformation 

equations. 

 

 

8.2.2 Analysis of Part I (or “Overlap Region”) of Composite Plate 
System 
 

The Equations (8.1) which show the adhesive normal and the shear stresses at 

the interfaces may be thought as the ‘‘Compatibility or Coupling Conditions’’ of the 

three plates in the ‘‘Overlap Region’’ or Part I region in Figures 3.6 and 3.7. Then, 

the surface load terms qzx’s and qzy’s in the plate dynamic equations of motion given 

in (3.19) and (3.20) can be replaced by adhesive stresses. Therefore, one can write 

the plate equations of motion of the three layer coupled plate system shown in the 

Part I of Figure 3.6 as, 
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 For Plates 1 and 2 (Base Plate=1, Upper Stiffening Plate Strip=2), 

 
( ) ( )

( ) ( ) ( )( )
( )

( ) ( )
( ) ( ) ( )( )

( )

( ) ( )
( )( ) ( ) ( )( )

( )

2

2
21

2

21

2

23
22

2
1

1
2

2

2

23
22

2
1

1
2

2

1

1224

1224

t
whww

h
E

y
Q

x
Q

t
h

y
wGh

hh
h
Gh

Q
y

M
x

M

t
h

x
wGh

hh
h
Gh

Q
y

M
x

M

j

jj
a

aj
j

y
j

x

j
yjj

j
aj

yy
a

ajj
y

j
y

j
yx

j
xjj

j
aj

xx
a

ajj
x

j
yx

j
x

∂
∂ρ

∂
∂

∂
∂

∂
ψ∂ρ

ψψ
∂

∂
∂

∂

∂
ψ∂ρ

ψψ
∂

∂
∂

∂

=−−++

=
∂

∂++−−+

=
∂

∂++−−+

+

)(

)(

   (j=1,2)    (8.2.a) 

 

For Plates 1 and 3 (Base Plate=1, Lower Stiffening Plate Strip=3), 
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   (j=1,3)    (8.2.b) 

where superscript (j) denotes the orthotropic base plate for j=1, upper orthotropic 

stiffening plate strip for j=2 and lower orthotropic stiffening plate strip for j=3 in the 

“Overlap Region” or Part I region of Figures 3.6 and 3.7. Also, the underlined terms 

are the coupling terms between the base plate and the stiffening plate strips. 

 

The three-layer orthotropic composite plate system shown in the ‘‘Overlap 

Region’’ or Part I region of Figure 3.6 is simply supported along x=0,a edges. ( )M x
j  

and ( )Qx
j  are taken as ‘‘subsidiary variables’’ and they are eliminated from the 

governing partial differential equations because they can not be prescribed in the 

cross-sections perpendicular to y-directions. Then, the remaining dependent variables 

( ) ( ) ( ) ( ) ( ) ( )ψ ψx
j

y
j j

yx
j

y
j

y
jM M, ,w , , ,Q  (j=1,2,3) are chosen as ‘‘intrinsic’’ variables of the 

problem. Here, six of the twentyfour equations, that is, the nine equations of motion 

(4.7) and five stress resultants-displacement relation (3.17) for each plate, are 

algebraically manipulated to eliminate the subsidiary variables ( )M x
j  and ( )Qx

j . The 

remaining eighteen equations are used to obtain the following set of the ‘‘Coupled 
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Governing First Order Partial Differential Equations” of motion in matrix form for 

the three plates in the ‘‘Overlap Region” or in Part I region. After then, using non-

dimensionalization and the “Classical Levy’s Solution” in the x-direction, the 

governing system of equation are obtained. 

 

The procedure for the non-dimensionalization is the same with the one in 

Section 4.2.2. Therefore, 

  

The “dimensionless coordinates” or “independent space variables’’ are, 

 η=x/a,          ξI =yI/ ''
Il ,         ξII =yII/ ''

IIl  (8.3) 

 

 The dimensionless parameters related to orthotropic elastic constants of the 

plates and the adhesive layers are, 
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 The dimensionless parameters related to the densities and the geometry of the 

plates and adhesive layer are, 
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 The dimensionless frequency parameter, mnω , of the entire composite plate 

system,  
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1  (m,n=1,2,3...)           (8.6) 

 

where the dimensionless natural frequency parameter Ω  is ordered or sequenced in 

terms of its magnitudes as Ω1<Ω2<Ω3<.... with the subscripts indicating the first, 

second, third,...... dimensionless natural frequencies depending on the given m, n 

values. 

 

First, all parameters are nondimensionalized with respect to the base or main 

parameters ( ( )" " ," " ," "B h11
1

1 1ρ and “a”) and then, by means of some algebraic 

manipulations, the “Governing System of First Order Ordinary Differential 

Equations” for the “Overlap Region” or Part I region in Figures 3.6 and 3.7 is 

obtained in the matrix or the “state vector” form,  
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with the ‘‘Arbitrary Boundary Conditions’’ at ξI =0,1 for the orthotropic 

stiffening plate strips, and the ‘‘Continuity Conditions’’ at ξI =1 for the 

orthotropic base plate. 

 

where Iξ  is defined as yI/ ''
Il  , and the superscripts indicate the related plate layer The 

“sub-matrices [ ji,C ]” are partitioned square matrices of dimension (6x6) which 

explicitly include the nondimensional geometric and material characteristics of the 

orthotropic base plate and the orthotropic stiffening plate strips and the adhesive 

layer and also the dimensionless natural frequency parameter ωmn  of the composite 

system. In Equation (8.7), the “Column Matrix ( ){ }j
mnY ” (j=1,2,3), the “state vector” 
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corresponding to the state variables or the dimensionless fundamental dependent 

variables which is given as before, 
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mnY ,  (j=1,2,3)      (8.8) 

 

where the elements of ( ){ }j
mnY are the quantities related to the displacements, angles of 

rotation and the stress resultants which appear at ξI=const segments or cross-sections 

of the plate system in the “Overlap Region”. 

 

 
8.2.3 Analysis of Part II of Composite Plate System 

 

 By following the steps in Section 4.2.3, one can obtain the governing system 

of ordinary differential equations in a “state vector” form for the Part II region as 

follows, 
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, (0<ξII<1) (8.9) 

 with the ‘‘Arbitrary Boundary Conditions’’ at ξII =1 and the ‘‘Continuity 

Conditions’’ at ξII =0 for the orthotropic base plate. 

. 

where ξII is defined as yII/ ''
IIl  and [ D ] the “Coefficient Matrix” of dimension (6x6) 

which explicitly includes dimensionless geometric and material characteristics of the 

orthotropic base plate in Part II region as well as the dimensionless natural 

frequencies ωmn  of the entire composite plate system. The column matrix or the 

“state vector” ( ){ }1
mnY  is defined as in (8.8) by,  
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mnY ,  (j=1)      (8.10) 
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8.2.4 System of Governing Differential Equations (“Main PROBLEM 
III.a”) 
 

 In preceding sections, the “Governing System of First Order Ordinary 

Differential Equations” in “state vector” form is obtained in (8.7) for the “Overlap 

Region” or Part I region. Similarly, for Part II and Part III regions, the Equations (8.8) 

and (8.9) are developed acccordingly. Thus, one can write the sets of “Governing 

System of First Order Ordinary Differential Equations” in open matrix form: 

 
 For Part I region or “Overlap Region” (or Three-Layer Composite Plate 

Region), 
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                                                      (0<ξI<1)  (8.11) 

where the elements of the ‘‘Coefficient Matrix [[[[ ]]]]C ’’and also the “Sub-Matrix [Λ](j)” 

and the “Sub-Matrix [α](k)”, in detailed form, are given in Equations (4.27) in Section 

(4.2.5). 
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 For Part II (or Single Layer Orthotropic Base Plate Region), 
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where the elements of the ‘‘Coefficient Matrix [[[[ ]]]]D ’’ are identical with the ones 

given in Equations (4.28) in Section (4.2.5). 

 

 As explained in several previous sections, the ”Boundary Conditions” at x=0 

and x=a are already satisfied by the trigonometric expansions in “Classical Lévy’s 

Type Solution”. Then, the aim is it to determine 

( ) ( ) ( ) ( ) ( ) ( )Ψ Ψmnx
j

mny
j

mn
j

mnyx
j

mny
j

mny
jW M M Q, , ; , ,  in such a form that they satisfy the 

“Appropriate Boundary Conditions” for the base plate and the stiffening plate 

strips,and also the “Appropriate Continuity Condition” and also satisfy the 

“Governing System of Ordinary Differential Equations” in  (8.11) and (8.12). Hence, 

 

 The ‘‘Boundary Conditions’’prescribed in the y-direction, 
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 The ‘‘Continuity Condition’’ between Part I and Part II is (see also Fig. 3.7), 
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 Hence, one may express the complete set of the “Governing System of First 

Order Ordinary Differential Equations” for the “Main PROBLEM III.a” as, 
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with the “Appropriate Boundary Conditions” and the “Continuity 

Conditions” for the above given system. 

 

 Again, the above system forms a “Two-Point Boundary Value Problem” for 

the “Main PROBLEM III.a” under consideration here. Once the dimensionless 

natural frequency parameter ωmn  is known or computed, then the above set of 

equations can be numerically integrated (see the “Method of Solution” in Chapter 

10). 

 

 

 

 



���

�

&+$37(5���
�

�³0DLQ�352%/(0�,,,�E´���µµ63(&,$/�&$6(�RI�0DLQ�352%/(0��
,,�E¶¶�BB)5((�)/(;85$/��RU�%(1',1*��9,%5$7,216�2)�

'28%/<�67,))(1('�DW�6833257� &20326,7(�3/$7(6�RU�
3$1(/6�

�,VRWURSLF %DVH�3ODWH�RU�3DQHO�&DVH��
�

����0DLQ�$VVXPSWLRQV�DQG�$QDO\WLFDO�0RGHOLQJ�
�

,Q�WKLV�FKDSWHU��WKH�SUREOHP�RI�WKH�³)UHH�)OH[XUDO��RU�%HQGLQJ��9LEUDWLRQV�RI�
'RXEO\�6WLIIHQHG�DW�6XSSRUW� ,VRWURSLF�%DVH�3ODWH�RU�3DQHO� �ZLWK�8SSHU�DQG�/RZHU�
2UWKRWURSLF� 6WLIIHQLQJ� 3ODWH� 6WULSV�´� �³0DLQ� 352%/(0� ,,,� E´�� LV� WR� EH� DQDO\]HG��
7KLV�SUREOHP�PD\�EH�FRQVLGHUHG�DV�D�³VSHFLDO�FDVH´�RI�WKH�³0DLQ�352%/(0�,,�E´�
ZKLFK�LV�DQDO\]HG�LQ�&KDSWHU����7KH�JHQHUDO�FRQILJXUDWLRQ�DQG�DOVR�WKH�JHRPHWULF�DQG�
WKH PDWHULDO�FKDUDFWHULVWLFV�DQG� WKH� FRRUGLQDWH�V\VWHP�RI� WKH�SUREOHP�DUH�VKRZQ� LQ�
)LJXUH������7KH� ORQJLWXGLQDO� FURVV�VHFWLRQ� LQ� WKH�\�GLUHFWLRQ�RI� WKH� FRPSRVLWH�SODWH�
V\VWHP�LV�JLYHQ�LQ�)LJXUH������
�

7KH PDLQ�DVVXPSWLRQV�DQG�DQDO\WLFDO�PRGHOLQJ�UHJDUGLQJ�WKH�IRUPXODWLRQ�RI�
WKLV SUREOHP�DUH�H[DFWO\�VDPH�DV�ZDV�JLYHQ�LQ�&KDSWHU����,Q�WKLV�SDUWLFXODU�FDVH��WKH�
FRPSRVLWH�SODWH�V\VWHP�LV�D�FRPELQDWLRQ�RI�DQ�LVRWURSLF�EDVH�SODWH�GRXEO\�VWLIIHQHG�
DW VXSSRUW� E\� WKH� ERQGHG� XSSHU� DQG� ORZHU� RUWKRWURSLF� VWLIIHQLQJ� SODWH� VWULSV�� 7KH�
XSSHU�DQG�ORZHU�RUWKRWURSLF�VWLIIHQLQJ�SODWH�VWULSV�DQG�WKH�DGKHVLYH�OD\HUV�FRQQHFWLQJ�
WKHP WR�WKH�LVRWURSLF�EDVH�SODWH�DUH�DVVXPHG�WR�EH�LGHQWLFDO�LQ�SUDFWLFDO�DSSOLFDWLRQV�
DQG�IRU�QXPHULFDO�UHVXOWV�LQ�WKH�SUHVHQW�7KHVLV��,Q�WKH�WKHRUHWLFDO�DQDO\VLV��KRZHYHU��
WKH XSSHU�DQG� ORZHU�DGKHVLYH� OD\HUV�DV�ZHOO�DV� WKH�XSSHU�DQG� WKH� ORZHU�RUWKRWURSLF�
VWLIIHQLQJ� SODWH� VWULSV� DUH� DVVXPHG� WR� EH� GLVVLPLODU� DQG� WKH� SUREOHP� LV� IRUPXODWHG�
DFFRUGLQJO\��



���

���� 7KHRUHWLFDO� )RUPXODWLRQ� RI� ³0DLQ� 352%/(0� ,,,�E´� �7KHRUHWLFDO�
$QDO\VLV��
�

������$QDO\VLV�RI�$GKHVLYH�/D\HU�LQ�3DUW�,��RU�³2YHUODS�5HJLRQ´��
�

7KH�WKHRUHWLFDO� IRUPXODWLRQ�KHUH�� IROORZV� WKH�VDPH�VWHSV�DV�ZDV�GRQH� LQ� WKH�
³0DLQ�352%/(0�,,�E´�LQ�FKDSWHU����,Q�WKLV�FDVH��KRZHYHU��LQ�RUGHU�WR�IDFLOLWDWH�WKH�
WKHRUHWLFDO�DQDO\VLV��WKH�FRPSRVLWH�SODWH�V\VWHP�LQ�\�GLUHFWLRQ�LV�GLYLGHG�LQVWHDG�LQWR�
� SDUWV�QDPHO\�3DUW�,�DQG�3DUW�,,�DV�VKRZQ�LQ�)LJXUH������
�

,Q� ZKDW� IROORZV�� WKH� LQWHUPHGLDWH� VWHSV� RI� WKH� GHULYDWLYHV� LQYROYHG�ZLOO� EH�
RPLWWHG��7KXV��RQO\�WKH�ILQDO�UHVXOWV�DUH�JLYHQ��
�

7KH DGKHVLYH� VWUHVVHV� VKRXOG� EH� UHODWHG� WR� WKH� XQNQRZQ� GLVSODFHPHQW�
IXQFWLRQV� DQG� DQJOHV� RI� URWDWLRQ� RI� WKH� LVRWURSLF� EDVH� SODWH� DQG� WKH� RUWKRWURSLF�
VWLIIHQLQJ�VWULSV�LQ�WKH�³2YHUODS�5HJLRQ´�RU�3DUW�,�5HJLRQ��$V�ZDV�GRQH�LQ�SUHYLRXV�
FKDSWHUV�DQG�VHFWLRQV�� WKH�DGKHVLYH�VWUHVVHV��DW� WKH�LQWHUIDFHV�RI�SODWHV�DQG�DGKHVLYH�
OD\HUV��DUH�FRQVLGHUHG�DV�WKH�VXUIDFH�ORDGV�RQ�WKH�SODWH�XSSHU�DQG�ORZHU�VXUIDFHV��
�

$V LQ�VHFWLRQ����������RQH�FDQ�ZULWH�WKH�DGKHVLYH�VWUHVVHV�DV��
�

%HWZHHQ�3ODWHV���DQG����$GKHVLYH�6WUHVVHV��

� � � � � � � �� � � �

� � � � � � � �� � � �

� � � � � � � �� ���

�D

�DM
]�D

M
]

M

�D
�
\�

�
\�

�D

�DM
\]�D

M
\]

M

�D
�
[�

�
[�

�D

�DM
[]�D

M
[]

ZZK
((

\
Z*KKK�

**
[
Z*KKK�

**

� H V
w
w�\�\� J W
w
w�\�\� J W

�M ����� �����D��



���

� %HWZHHQ�3ODWHV���DQG����$GKHVLYH�6WUHVVHV��

� � � � � � � �� � � �

� � � � � � � �� � � �

� � � � � � � �� ���

�D

�DM
]�D

M
]

M

�D
�
\�

�
\�

�D

�DM
\]�D

M
\]

M

�D
�
[�

�
[�

�D

�DM
[]�D

M
[]

ZZK
((

\
Z*KKK�

**
[
Z*KKK�

**

� H V
w
w�\�\� J W
w
w�\�\� J W

�M ����� �����E��

�
ZKHUH�(D��DQG�(D��DUH�WKH�PRGXOL�RI�HODVWLFLW\��RU�<RXQJ¶V�PRGXOL��DQG�*D��DQG�*D��
DUH WKH�PRGXOL�RI�ULJLGLW\��RU�VKHDU�PRGXOL��RI�WKH�XSSHU�DQG�ORZHU�DGKHVLYH�OD\HUV��
UHVSHFWLYHO\��$OVR� LQ� WKH� DERYH� HTXDWLRQV� GRXEOH� XQGHUOLQHG� WHUPV� � �� DUH� FRPLQJ�
IURP�WKH�DGKHVLYH�OD\HU�HTXDWLRQV��
�

7KH� (TXDWLRQV� ������ ZKLFK� VKRZV� WKH� WUDQVYHUVH� QRUPDO� DQG� WDQJHQWLDO�
VWUHVVHV� DW� WKH� SODWH�DGKHVLYH� OD\HU� LQWHUIDFHV� PD\� DOVR� EH� WKRXJKW� DV� WKH�
µµ&RPSDWLELOLW\�RU�&RXSOLQJ�&RQGLWLRQV¶¶�RI�WKH�WKUHH�SODWHV�LQ�WKH�³2YHUODS�5HJLRQ´�
RU 3DUW�,�5HJLRQ�LQ�)LJXUH������
�

������$QDO\VLV�RI�³2YHUODS�5HJLRQ´�RU�3DUW�,�5HJLRQ��RI�
&RPSRVLWH�3ODWH�6\VWHP�
�
2QH FDQ�REWDLQ� WKH�³*RYHUQLQJ�6\VWHP�RI�)LUVW�2UGHU�2UGLQDU\�'LIIHUHQWLDO�

(TXDWLRQV´�LQ�WKH�³VWDWH�YHFWRU´�IRUP�IRU�WKH�³2YHUODS�5HJLRQ´�RU�3DUW�,�5HJLRQ�E\�
IROORZLQJ� VLPLODU� VWHSV� DV� LQ�6HFWLRQ��������'XULQJ� WKLV�SURFHVV�� LW� VKRXOG�EH�QRWHG�
WKDW � �� � �� � �� �% K��

�
� �U DQG�³D´�DUH�DOVR�FKRVHQ�DV�³PDLQ�RU�UHIHUHQFH�SDUDPHWHUV´�DQG�

DOO RWKHU�SDUDPHWHUV�DUH�QRQGLPHQVLRQDOL]HG�ZLWK�UHVSHFW�WR�WKHVH�TXDQWLWLHV��
�

7KH GLPHQVLRQOHVV�FRRUGLQDWHV�RU�³LQGHSHQGHQW�VSDFH�YDULDEOHV´ DUH��
�

K [�D�����������[,  \,� 


,O � [,,� \,,� 



,,O ������



���

�
7KH�GLPHQVLRQOHVV�SDUDPHWHUV UHODWHG� WR�RUWKRWURSLF�HODVWLF�FRQVWDQW�DQG� WKH�

DGKHVLYH�OD\HU�DUH��
�

� � � �
� � � �

� � � �
� � � �
� �

� � ���
��

�
��

��

�
�

���
��

�
��

��

�
�

�
��

�
��

�
�

����������
������������

%
((%

((
%

**%
**

DQGM%%%
NLDQGM%%%

D
D

D
D

D
D

D
D

M
M

M
LNM

LN

  
  

   
   

"""
"" ������

�
7KH�GLPHQVLRQOHVV�SDUDPHWHUV UHODWHG�WR�WKH�GHQVLWLHV DQG�WKH�JHRPHWU\ RI�WKH�

SODWHV�DQG�DGKHVLYH OD\HU�DUH��
�

�

��
�

�
�







�

�
�

�

�
�

�

�
�

�

�
�

�
�
�
�

KKKKKK
D/D/
KKKKKK

,,,,,
,

D
D

D
D

  
  
  
  

""

UUUUUU

������

�
7KH�GLPHQVLRQOHVV�QDWXUDO�IUHTXHQF\� PQZ SDUDPHWHU RI�WKH�HQWLUH�WKUHH�OD\HU��

VXSSRUW GRXEO\� VWLIIHQHG�� VWHSSHG�WKLFNQHVV�� FRPSRVLWH� SODWH� V\VWHP� ZKLFK� KDV�
LVRWURSLF�EDVH�SODWH�DQG�RUWKRWURSLF�VWLIIHQLQJ�VWULSV�RI��WKH�6SHFLDO�&DVH�RI�3UREOHP�
,,,�LV�DV�IROORZV��
�

� �
PQ

PQPQ %KD
Z

ZUZ
 :
 �

��
�
�

��
� �P�Q ���������� ������

�
ZKHUH� WKH� GLPHQVLRQOHVV� QDWXUDO� IUHTXHQF\� SDUDPHWHU� : LV� RUGHUHG� RU�

VHTXHQFHG�LQ�WHUPV�RI�LWV�PDJQLWXGHV�DV�:��:��:�������ZLWK�WKH�VXEVFULSW�LQGLFDWLQJ�



���

WKH�ILUVW��VHFRQG��WKLUG��������GLPHQVLRQOHVV�QDWXUDO�IUHTXHQFLHV�GHSHQGLQJ�RQ�WKH�JLYHQ�
P��Q�YDOXHV��
� )LQDOO\�� WKH� ³*RYHUQLQJ� 6\VWHP� RI� )LUVW� 2UGHU� 2UGLQDU\� 'LIIHUHQWLDO�
(TXDWLRQV´� LQ� WKH�PDWUL[�RU�³VWDWH�YHFWRU´� IRUP�IRU� WKH�³2YHUODS�5HJLRQ´�RU�3DUW� ,�
5HJLRQ�FDQ�EH�ZULWWHQ�DV��
�

� �
� �
� �

� �
� �
� � °¿
°¾
½

°̄
°®

»»
»
¼

º
««
«
¬

ª
 °¿

°¾
½

°̄
°®


[
�

PQ

�
PQ

�
PQ
















�
PQ

�
PQ

�
PQ

<
<
<

<
<
<

���������

���������

���������

&&&
&&&
&&&

,G
G � ���[,���� ������

ZLWK� WKH� µµ$UELWUDU\� %RXQGDU\� &RQGLWLRQV¶¶� DW� [,  ���� IRU� WKH� RUWKRWURSLF�
VWLIIHQLQJ� SODWH� VWULSV�� DQG� WKH� µµ&RQWLQXLW\� &RQGLWLRQV¶¶� DW� [,  �� IRU� WKH�
LVRWURSLF EDVH�SODWH��
�

ZKHUH ,[ LV� GHILQHG� DV� \,� 


,O �DQG WKH� VXSHUVFULSWV� VKRZ� WKH� SDUWLFXODU� SODWH� OD\HU��

VXEPDWULFHV� > 

ML�& @ DUH SDUWLWLRQHG� VTXDUH� PDWULFHV� RI� GLPHQVLRQ� ��[��� ZKLFK�

H[SOLFLWO\� LQFOXGH� WKH� QRQGLPHQVLRQDO� JHRPHWULF� DQG� PDWHULDO� FKDUDFWHULVWLFV� WKH�
LVRWURSLF� EDVH� SODWH� DQG� WKH� RUWKRWURSLF� VWLIIHQLQJ� VWULSV�� WKH� DGKHVLYH� OD\HU� DQG�
GLPHQVLRQOHVV�QDWXUDO�IUHTXHQFLHV�SDUDPHWHU�ZPQ �RI�WKH�FRPSRVLWH�V\VWHP���
� ,Q� WKH� DERYH�� � �^ `MP< �M ������� LV� WKH� ³VWDWH� YHFWRU´� FRUUHVSRQGLQJ� WR� VWDWH�
YDULDEOHV� RU� ³GLPHQVLRQOHVV� IXQGDPHQWDO� GHSHQGHQW� YDULDEOHV´� RI� WKH� XSSHU�� ORZHU�
VWLIIHQLQJ�SODWH�VWULSV�DQG�WKH�LQ�EHWZHHQ�EDVH�SODWH��GHILQHG�DV����
�

� �^ ` � � � � � � � � � � � �^ `7M
PQ\

M
PQ\

M
PQ\[

M
PQ

M
PQ\

M
PQ[ 400: �����<< M

PQ< � �M ������������ ������
�
ZKHUH WKH�HOHPHQWV�RI� � �^ `MPQ< DUH� WKH�TXDQWLWLHV� UHODWHG� WR� WKH�GLVSODFHPHQW��DQJOH�RI�
URWDWLRQV�DQG�VWUHVV�UHVXOWDQWV�ZKLFK�DSSHDU�DW�[, FRQVW�VHJPHQWV�RU�FURVV�VHFWLRQV�RI�
WKH� SODWH� V\VWHP� LQ� WKH� ³2YHUODS� 5HJLRQ´� RU� 3DUW� ,� UHJLRQ�� �VHH� DOVR� )LJXUH� �����



���

� ������$QDO\VLV�RI�3DUW�,,�RI�&RPSRVLWH�3ODWH�6\VWHP�
�

6LPLODUO\��RQH�FDQ�ZULWH�WKH�³*RYHUQLQJ�6\VWHP�RI�(TXDWLRQV´�LQ�WKH�PDWUL[�
RU�³VWDWH�YHFWRU´�IRUP�IRU�WKH�3DUW�,,�DQG�UHJLRQ�VKRZQ�LQ�)LJXUH�����DV��
�

)RU 3DUW�,,�UHJLRQ�

� �^ ` > @ � �^ `�
PQ

�
PQ

,,

<<G
G ' c [ � ���[,,���� ������

ZLWK� WKH� µµ$UELWUDU\� %RXQGDU\� &RQGLWLRQV¶¶� DW� [,,�  �� DQG� WKH� µµ&RQWLQXLW\�
&RQGLWLRQV¶¶�DW�[,,� ��IRU�LVRWURSLF�WKH�EDVH�SODWH��

�
ZKHUH [,,� LV� GHILQHG� DV� \,,� 



,,O DQG LV� WKH� ³&RHIILFLHQW�0DWUL[� > @
' ´ RI� GLPHQVLRQ�
��[���ZKLFK�H[SOLFLWO\�LQFOXGHV�GLPHQVLRQOHVV�JHRPHWULF�DQG�PDWHULDO�FKDUDFWHULVWLFV�
RI WKH�LVRWURSLF�EDVH�SODWH�LQ�WKH�3DUW� ,,�UHJLRQ�DV�ZHOO�DV�WKH�GLPHQVLRQOHVV�QDWXUDO�
IUHTXHQFLHV� Z PQ � RI� WKH� HQWLUH� FRPSRVLWH� SODWH� V\VWHP�� 7KH� FROXPQ�PDWUL[� RU� WKH�
³VWDWH�YHFWRU´� � �^ `�

PQ< LV�GHILQHG�DV�LQ��������WKDW�LV��
�

� �^ ` � � � � � � � � � � � �^ `7M
PQ\

M
PQ\

M
PQ\[

M
PQ

M
PQ\

M
PQ[ 400: �����<< M

PQ< � �M �������� ������
�

������ 6\VWHP� RI� *RYHUQLQJ� 'LIIHUHQWLDO� (TXDWLRQV� �³0DLQ�
352%/(0�,,,�E´��

,Q� SUHYLRXV� 6HFWLRQV�� WKH� JRYHUQLQJ� V\VWHP�RI� FRXSOHG� RUGLQDU\� GLIIHUHQWLDO�
HTXDWLRQV� LQ� WKH�PDWUL[�RU�³VWDWH�YHFWRU´� IRUP�LV�REWDLQHG� LQ� ������ IRU� WKH�³2YHUODS�
5HJLRQ´�RU�3DUW� ,� UHJLRQ��DQG� LQ� ������ IRU�3DUW� ,,� UHJLRQ��7KHQ��RQH�FDQ�ZULWH� WKHVH�
HTXDWLRQV��LQ�RSHQ�IRUP��DV�IROORZV��



���

)RU�3DUW�,�UHJLRQ�RU�³RYHUODS�UHJLRQ´��RU�7KUHH�/D\HU�3ODWH�&RPSRVLWH�5HJLRQ��

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� �

� � °
°
°
°
°
°
°
°
°
°
°
°
°
°

¿

°°
°
°
°
°
°
°
°
°
°
°
°
°

¾

½

°
°
°
°
°
°
°
°
°
°
°
°
°
°

¯

°°
°
°
°
°
°
°
°
°
°
°
°
°

®



»
»
»
»
»
»
»
»
»
»
»
»
»
»
»
»
»
»
»
»
»
»
»
»
»
»
»
»

¼

º

«
«
«
«
«
«
«
«
«
«
«
«
«
«
«
«
«
«
«
«
«
«
«
«
«
«
«
«

¬

ª

 

°
°
°
°
°
°
°
°
°
°
°
°
°
°

¿

°°
°
°
°
°
°
°
°
°
°
°
°
°

¾

½

°
°
°
°
°
°
°
°
°
°
°
°
°
°

¯

°°
°
°
°
°
°
°
°
°
°
°
°
°

®



�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�

��

�

��
�
��

�
��

�

��

�

��

�

��
�
��

�
��

�

��

�

��

�

��
�
��

�

��

�

��

�

��

�

��

�

��

�

��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

���������������

��������������

��������������

����������������

����������������

����������������

��������������

�������������

�������������

����������������

����������������

����������������

���������������

��������������

��������������

����������������

����������������

����������������

PQ\

PQ\

PQ\[

PQ

PQ\

PQ[

PQ\

PQ\

PQ\[

PQ

PQ\

PQ[

PQ\

PQ\

PQ\[

PQ

PQ\

PQ[

PQ\

PQ\

PQ\[

PQ

PQ\

PQ[

PQ\

PQ\

PQ\[

PQ

PQ\

PQ[

PQ\

PQ\

PQ\[

PQ

PQ\

PQ[

,

4

0

0

:

4

0

0

:

4

0

0

:

FFU

FFFU

FFFU

FF

FF

FF

UFFU

UFFFU

UFFFU

FF

FF

FF

UFF

UFFF

UFFF

FF

FF

FF

4

0

0

:

4

0

0

:

4

0

0

:

G
G

\

\

\
\

\
\

\

\

\
\

\
\

[

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��

�

��

�

��
�

��
�

��

�

��

�

��

�

��
�

��
�

��

�

��

�

��

�

��
�

��

�

��

�

��

�

��

�

��

�

��

�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

���[,����� ���������
ZKHUH WKH� HOHPHQWV� RI� WKH� ³&RHIILFLHQW� 0DWUL[� > @
& ´LQ� GHWDLOHG� DUH� SUHVHQWHG� LQ�
(TXDWLRQV�����E��LQ�6HFWLRQ����������
�

)RU 3DUW�,,��RU�6LQJOH�/D\HU�,VRWURSLF�%DVH�3ODWH�5HJLRQ��

� �
� �
� �
� �
� �
� �

� �
� �
� �
� �
� �
� � °°

°°
¿

°°
°°
¾

½

°°
°°
¯

°°
°°
®



»»
»»
»»
»»

¼

º

««
««
««
««

¬

ª

 

°°
°°
¿

°°
°°
¾

½

°°
°°
¯

°°
°°
®



�

�

�

�

�

�

����

������

������

����

����

����

�

�

�

�

�

�

����
���

���
����

����
����

PQ\

PQ\

PQ\[

PQ

PQ\

PQ[

PQ\

PQ\

PQ\[

PQ

PQ\

PQ[

,,

4
0
0
:

GG
GGG

GGG
GG

GG
GG

4
0
0
:

G
G

\
\

\
\

[


�



�



�



�



�



�



�



�



�



�



�



�



�



�

���[,,���������������������������

�
ZKHUH WKH�HOHPHQWV�RI�WKH�³&RHIILFLHQW�0DWUL[� > @
' ´ DUH�JLYHQ�LQ�(TXDWLRQV��������LQ�
6HFWLRQ����������
�



���

� 7KH�³$SSURSULDWH�%�&�¶V´�DQG�WKH�³$SSURSULDWH�&RQWLQXLW\�&RQGLWLRQV´�WR�EH�
XVHG� ZLWK� WKH� VHWV� RI� HTXDWLRQV� LQ� ������� DQG� ������� LQ� WKH� VROXWLRQ� RI� WKH� ³0DLQ�
352%/(0�,,,�E´�DUH�JLYHQ�EHORZ��
�

7KH µµ%RXQGDU\�&RQGLWLRQV¶¶�DORQJ�WKH�HGJHV�LQ�WKH�\�GLUHFWLRQ�DV��
�

) �)UHH��� � � � � � � �   M
\

M
\

M
\[ 400

& �&ODPSHG��� � � � � � �Z M
[
M

\
M   \ \ � �M ����������������

� 6��6LPSO\�6XSSRUWHG��� � � � � � � �   M
\

M
[

M 0Z \

7KH�µµ&RQWLQXLW\�&RQGLWLRQV¶¶�EHWZHHQ�3DUW�,�DQG�3DUW�,,�LV��VHH�DOVR�)LJ��������

� �^ ` � �^ `�
�

�
� ,,,

<<    �������

7KXV�� WKH� FRPSOHWH� VHW� RI� WKH� ³*RYHUQLQJ� 6\VWHP� RI� )LUVW� 2UGHU� 2UGLQDU\�
'LIIHUHQWLDO�(TXDWLRQV´�IRU�WKH�³0DLQ�352%/(0�,,,�E´�DUH���
�

� �
� �
� �

� �
� �
� �°¿
°¾
½

°̄
°®

»»
»
¼

º
««
«
¬

ª
 °¿

°¾
½

°̄
°®


�
PQ

�
PQ

�
PQ
















�
PQ

�
PQ

�
PQ

<
<
<

<
<
<

���������

���������

���������

&&&
&&&
&&&

,G
G
[ ���[,���� �LQ�3DUW�,�� �

� �^ ` > @ � �^ `�
PQ

�
PQ

,,

<<G
G ' c [ ���[,,���� �LQ�3DUW�,,��������D�E��

ZLWK� WKH� ³$SSURSULDWH� %RXQGDU\� &RQGLWLRQV´� DQG� WKH� ³&RQWLQXLW\�
&RQGLWLRQV´�IRU�WKH�DERYH�JLYHQ�V\VWHP��

$JDLQ��WKH�DERYH�V\VWHP�FRQVWLWXWHV�D�³7ZR�3RLQW�%RXQGDU\�9DOXH�3UREOHP´�
IRU� WKH� SUREOHP� XQGHU� FRQVLGHUDWLRQ� KHUH�� 7KH� DERYH� V\VWHP� FDQ� EH� LQWHJUDWHG�
QXPHULFDOO\� LI� WKH� GLPHQVLRQOHVV� IUHTXHQF\� SDUDPHWHU� Z PQ LV� FRPSXWHG�� ,Q� WKH�
³0HWKRG�RI�6ROXWLRQ´�LQ�&KDSWHU�����WKLV�SURFHGXUH�ZLOO�EH�H[SODLQHG�LQ�GHWDLO��
�



 119

 
 
 

CHAPTER 10 
 

METHOD OF SOLUTION 
 
 

10.1 Introduction 
 

 Several different approaches and numerical methods and also some 

approximate methods have been developed for the solution of plate “Initial and 

Boundary Value Problems”. Since very few analytical and/or closed form solutions 

are available in the literature and in the graduate level texts, the solution of 

complicated plate problems1 are, in general, attempted by means of several numerical 

and some approximate methods developed over the years (Leissa [II.1]). 

 

 In the present Thesis, a semi-analytical and numerical method which is the 

“Modified Transfer Matrix Method” is employed to solve the “Main PROBLEMS” 

considered here. The ‘‘Modified Transfer Matrix Method’’ [V.4-V.13 and VIII.3-

VIII.7] is a combination of the “Classical Levy’s Method” and the ‘‘Integrating 

Matrix Method’’ and the “Transfer Matrix Method”.  

 

 Yuceoglu and Özerciyes [V.4-V.13 and VIII.3-VIII.7] have developed 

several versions of the present method of solution such that,  

 

•  “Modified Transfer Matrix Method (with Interpolation Polynomials)” 

•  “Modified Transfer Matrix Method (with Chebyshev Polynomials)” 

•  “Modified Transfer Matrix Method (with Eigenvalue Approach)” 

 

                                                 
1 Some of these problems are multi-layer composite plates, composite multi-layer and/or single layer 
plates with one (or more) stiffener(s) (or holes(s) or cut-out, etc.), etc. 
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            Aforementioned methods are essentially semi-analytical and numerical 

techniques. 

 

 Here in this Thesis, the first two methods mentioned above are employed.The 

earlier version of the present technique is in Yuceoglu et al [V.2, V.3, VIII.2]. 

 

 The present method of solution will be systematically applied to the “Main 

PROBLEMS” defined and formulated in preceding Chapters 4-9. 

 

 

10.2 Method of Solution of “Main PROBLEM I.a” 
 

Here in this Section, the application of the present solution technique will be 

explained in some detail for the “Main PROBLEM I” without making any distinction 

for I.a and I.b part of the “Main PROBLEM I”. 

 

The initial step in the present method of solution is to write the “Governing 

System of Differential Equations” in a first order “state vector” form as in (4.22), 

(4.24) and (4.26). This is because only a single step integration is required in order to 

eliminate the differential operator and obtain numerically the “fundamental 

dependent variables” when the equations are expressed in the first order form. 

 

Referring to Chapters 4-9, the entire set of “Governing System of Equations” 

may be rewritten in compact matrix form with the “state vectors” as unknowns. 

Then,  
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 The “Governing System of First Order Ordinary Differential Equations” are, 
( )

( )

( )
[ ]

( )

( )

( )















=
















3
mn

1
mn

2
mn

3
mn

1
mn

2
mn

Y
Y
Y

Y
Y
Y

C
Id

d
ξ

,               (0<ξI<1)      (in Part I)  

( ){ } [ ] ( ){ }1
mn

1
mn YY D=

IId
d
ξ

,                 (0<ξII<1)   (in Part II) (10.1.a,b,c) 

( ){ } [ ] ( ){ }1
mn

1
mn YY E=

IIId
d

ξ
,                (0<ξIII<1)   (in Part III) 

with the “Appropriate Boundary Conditions” and the “Continuity 

Conditions” for the particular problem under consideration. 

 

where ξI, ξII, ξIII are defined as yI/lI, yII/lII, yIII/lIII, respectively and the “Coefficient 

Matrix [ C ]” is of dimension (18x18) which explicitly includes the nondimensional 

geometric and material characteristics of the base plate, the stiffening plate strips and 

the adhesive layers and also the dimensionless natural frequency parameter ωmn  of 

the composite system. Similarly, the “Coefficient Matrix [ D ]” and “Coefficient 

Matrix [ E ]” both of dimension (6x6) which explicitly include dimensionless 

geometric and material characteristics of the base plate in Part II and Part III regions, 

respectively, and also the dimensionless natural frequency parameter ωmn .The 

“Column Matrix ( ){ }j
mnY ” (j=1,2,3) is the “state vector” including state variables or 

“dimensionless fundamental dependent variables” of the problem, 

 

 ( ){ } ( ) ( ) ( ) ( ) ( ) ( ){ } Tj
mny

j
mny

j
mnyx

j
mn

j
mny

j
mnx QMMW ,,;,,ΨΨ=j

mnY   (j=1,2,3) (10.2) 

 

 The next step involves a discretization of the “fundamental dependent 

variables” of the problem under investigation and the “Coefficient Matrices” in 

(10.1) with respect to the independent space variables ξI, ξII, ξIII, respectively. They 

are taken as spatial coordinates along the Part I, Part II and Part III regions, 

respectively. This is realized by dividing the Part I, Part II and Part III regions in 

Figure 3.2 into sufficient number of segments or stations along ξI, ξII and ξIII 



���

GLUHFWLRQV� DQG� SUH�PXOWLSO\LQJ� GLVFUHWH� YHUVLRQ� RI� �������� ������� DQG� ������� E\� WKH�
DSSURSULDWH� ³*OREDO� ,QWHJUDWLQJ� 0DWUL[� > @/ ´ DQG� GURSSLQJ� ³PQ´� VXEVFULSW� IRU�
FRQYHQLHQFH��ZKLFK�\LHOGV��
�
)RU WKH�³2YHUODS�5HJLRQ´�RU�3DUW�,�UHJLRQ��7KUHH�/D\HU�&RPSRVLWH�3ODWH��

� �
� �
� �

� �
� �
� �

> @
� �
� �
� �°°¿
°°¾
½

°°̄
°°®

»¼
º«¬

ª 
°°¿
°°¾
½

°°̄
°°®


�
°°¿
°°¾
½

°°̄
°°®


�

�

�

�
�

�
�

�
�

�

�

�

<
<
<

<
<
<

<
<
<

�

�

�

�

�

�

�

�

�
�&/ , � �LQ�3DUW�,�� �������

)RU�3DUW�,,�UHJLRQ��6LQJOH�/D\HU�2UWKRWURSLF�RU�,VRWURSLF�%DVH�3ODWH��
� �^ ` � �^ ` > @ � �^ `��

�
� <<< ��� »¼

º«¬
ª � �'/ ,, � �LQ�3DUW�,,�� �������

)RU�3DUW�,,,�UHJLRQ��6LQJOH�/D\HU�2UWKRWURSLF�RU�,VRWURSLF�%DVH�3ODWH��
� �^ ` � �^ ` > @ � �^ `��

�
� <<< ��� »¼

º«¬
ª � �(/ ,,, � �LQ�3DUW�,,�� �������

ZKHUH� � �^ ` »¼
º«¬

ª»¼
º«¬

ª»¼
º«¬

ª ��� ('& ���M<� �³GRW´�RU�³�´�LQGLFDWLQJ�WKH�GLVFUHWL]DWLRQ�DORQJ�WKH�[�
GLUHFWLRQ�� DUH� WKH� GLVFUHWH� YHUVLRQV� RI� ³VWDWH� YHFWRU� � �^ `MPQ< ´ DQG� WKH� FRHIILFLHQW�

PDWULFHV� »¼
º«¬

ª»¼
º«¬

ª»¼
º«¬

ª ('& �� � LQ� �������� UHVSHFWLYHO\�� 7KH� ³VWDWH� YHFWRU� � �^ `M
�< ´ LV�

HYDOXDWHG�DW�WKH�³LQLWLDO´�HQG�SRLQW��L�H��DW�[, ���[,, ���DQG�[,,, ��IRU�3DUW�,��3DUW�,,�DQG�
3DUW ,,,�� UHVSHFWLYHO\� 7KH� VXSHUVFULSWV� �������� GHQRWH� WKH� EDVH� SODWH� DQG� VWLIIHQLQJ�
SODWH� VWULSV�� UHVSHFWLYHO\�� 7KH� VXEVFULSWV� ³P´� DQG� ³Q´� ZLOO� EH� GURSSHG� IURP� WKH�
PDWULFHV�IRU�FRQYLHQFH�LQ�WKH�IROORZLQJ�HTXDWLRQV��,Q�GHWDLOHG�IRUP��RQH�FDQ�ZULWH�WKH�
³VWDWH�YHFWRU´�DW�D�³JHQHUDO�VWDWLRQ´�DV� � �^ `M<� � DQG�WKH�³VWDWH�YHFWRU´�DW�WKH�³LQLWLDO�HQG�
SRLQW´�ZLWK�WKH�VXEVFULSW�³�´�DV� � �^ `M

�< DQG »¼
º«¬

ª �& � »¼
º«¬

ª �' DQG� »¼
º«¬

ª �( H[SOLFLWO\�DV��
�



���

� �^ `

� �
� �

� �
� �
� �

� �

� �

� �^ `

� �
� �

� �
� �
� �

� �

� �

� �^ `

� �
� �

� �
� �
� �

� �

� �

� �^ `

� �
� �

� �
� �
� �

� �

� �

^ `

� �
� �

� �
� �
� �

� �

� �

� �^ `

� �
� �

� �
� �
� �

� �

� �°°
°°
°°
°°
°°
°

¿

°°
°°
°°
°°
°°
°

¾

½

°°
°°
°°
°°
°°
°

¯

°°
°°
°°
°°
°°
°

®



 

°°
°°
°°
°°
°°
°

¿

°°
°°
°°
°°
°°
°

¾

½

°°
°°
°°
°°
°°
°

¯

°°
°°
°°
°°
°°
°

®



 

°°
°°
°°
°°
°°
°

¿

°°
°°
°°
°°
°°
°

¾

½

°°
°°
°°
°°
°°
°

¯

°°
°°
°°
°°
°°
°

®



 

°°
°°
°°
°°
°°
°

¿

°°
°°
°°
°°
°°
°

¾

½

°°
°°
°°
°°
°°
°

¯

°°
°°
°°
°°
°°
°

®



 

°°
°°
°°
°°
°°
°

¿

°°
°°
°°
°°
°°
°

¾

½

°°
°°
°°
°°
°°
°

¯

°°
°°
°°
°°
°°
°

®



 

°°
°°
°°
°°
°°
°

¿

°°
°°
°°
°°
°°
°

¾

½

°°
°°
°°
°°
°°
°

¯

°°
°°
°°
°°
°°
°

®



 

�
\�

�
\�

�
\�

�
\�

�
[�

�
[�

�
[�

�
\�

�
\�

�
\�

�
\�

�
[�

�
[�

�
[�

�
\�

�
\�

�
\�

�
\�

�
[�

�
[�

�
[�

�
\Q

�
\�

�
\�

�
\�

�
[Q

�
[�

�
[�

�
\Q

�
\�

�
\�

�
\�

�
[Q

�
[�

�
[�

�
\Q

�
\�

�
\�

�
\�

�
[Q

�
[�

�
[�

4
�
�
4
�
�
�

�
�

4
�
�
4
�
�
�

�
�

4
�
�
4
�
�
�

�
�

4
�
�
4
�
�
�

�
�

4
�
�
4
�
�
�

�
�

4
�
�
4
�
�
�

�
�

�
�

���
�

�
�

��� <<<<<< ������ �����

�������
�
DQG�WKH�³&RHIILFLHQW�0DWULFHV´� »¼

º«¬
ª»¼

º«¬
ª»¼

º«¬
ª ��� ('& �� �DV��

�
> @ > @ > @> @
> @ > @ »»

»»
»»

¼

º

««
««
««

¬

ª
 »¼

º«¬
ª

Q[Q�����Q[Q����

Q[Q����

Q[Q����Q[QQ[Q

���
�����
�����

����
��

&&

&
&&& ������

�& �������

> @ > @ > @> @
> @ > @ »»

»»
»»

¼

º

««
««
««

¬

ª
 »¼

º«¬
ª

Q[Q���Q[Q���

Q[Q���

Q[Q���Q[Q���Q[Q���

�

���
�����
�����

����
��

''

'
'''

' �������

� > @ > @ > @> @
> @ > @ »»

»»
»»

¼

º

««
««
««

¬

ª
 »¼

º«¬
ª

Q[Q���Q[Q���

Q[Q���

Q[Q���Q[Q���Q[Q���

�

���
�����
�����

����
��

((

(
(((

( �������



���

7KH� VHFRQG� VXEVFULSWV� LQ� �������� �������� ������� DQG� ������� LQGLFDWH� WKH�
GLVFUHWL]DWLRQ�SRLQW�RU�WKH�³VWDWLRQ´�ZLWK�ZKLFK�WKH\�DUH�DVVRFLDWHG��>&L�M@� >'L�M@ DQG
>( L�M@ DUH WKH�GLDJRQDO�³6XE�0DWULFHV´�DQG�&L�M� 'L�M�DQG�( L�M�DUH�WKH�HOHPHQWV�RI�WKH�
³&RHIILFLHQW�0DWULFHV´�LQ����������������DQG���������UHVSHFWLYHO\��
�

,Q� RUGHU� WR� H[SODLQ� WKH� QXPHULFDO� SDUW� RI� WKH� VROXWLRQ� WHFKQLTXH� WKH�
³,QWHJUDWLQJ�0DWUL[�0HWKRG´�LV�QHHGHG��+XQWHU�>9,,,��@�JDYH�D�GHWDLOHG�GLVFXVVLRQ�RI�
WKH�³,QWHJUDWLQJ�0DWUL[�0HWKRG´��,Q�WKLV�7KHVLV��WKH�DOJRULWKP�RI�WKH�GHYHORSPHQW�RI�
WKH� ³,QWHJUDWLQJ� 0DWUL[´� ZLOO� EH� EULHIO\� H[SODLQHG�� 7KH� ³,QWHJUDWLQJ� 0DWUL[´� LV� D�
PHDQV� E\�ZKLFK� D� FRQWLQXRXV� IXQFWLRQ�PD\�EH� LQWHJUDWHG�ZLWK� WKH� XVH� RI� D� ILQLWH�
GLIIHUHQFH� DSSURDFK��7KLV�QXPHULFDO�PHWKRG� LV�EDVHG�XSRQ� WKH� DVVXPSWLRQ� WKDW� WKH�
IXQFWLRQ�I�[��PD\�EH�UHSUHVHQWHG�E\�D�SRO\QRPLDO�RI�GHJUHH U DV�IROORZV��
�

,QWHUSRODWLRQ�3RO\QRPLDO��RI�GHJUHH�U��
I�[� D��D�[�D�[�������������DU[U ��������

7KH�³,QWHJUDWLQJ�0DWUL[´� LV�GHYHORSHG�E\�H[SUHVVLQJ� �������� LQ� WKH� IRUP�RI�
³1HZWRQ¶V� )RUZDUG� 'LIIHUHQFH� ,QWHUSRODWLRQ´� IRUPXOD�� 7KH� LQWHJUDQG� PD\� EH�
UHSUHVHQWHG� FRQYHQLHQWO\� E\� SRO\QRPLDOV� RI� DQ\� GHJUHH�� :KHQ� WKH� ³,QWHJUDWLQJ�
0DWUL[´� DV�SUHVHQWHG� LQ� WKLV� VWXG\� LV� HPSOR\HG�� DQ\�QXPEHU�RI� VWDWLRQ� ³Q´�PD\�EH�
FKRVHQ� �VR� ORQJ� DV� QtU�� �VHH� +XQWHU� >9,,,��@��� 7KH� ³,QWHJUDWLQJ� 0DWUL[´� FDQ� EH�
GHYHORSHG��LQ�JHQHUDO��IRU�DQ\�YDOXH�RI�Q���
�

7KH ³*OREDO�,QWHJUDWLQJ�0DWUL[�>/@´ ZRUNV�DV�DQ�RSHUDWRU��LQ�D�VLPLODU�ZD\�
DV WKH�FRQYHQWLRQDO�LQWHJUDO�V\PERO��WKDW�LV��
�

� �³l V

�

GV������������������������������/ ��������
�

7KH� IROORZLQJ� ³,QWHJUDWLQJ� 0DWUL[´� LV� UHSHDWHG� IURP� +XQWHU� >9,,,��@�
+RZHYHU��LW�LV�ZRUWKZKLOH�WR�SRLQW�RXW�WKDW�WKH�V\PERO� > @,/ LQ �������ZLOO�EH�XVHG�
IRU WKH� ³*OREDO� ,QWHJUDWLQJ� 0DWUL[´� IRU� 3DUW� ,�� ZKLFK� LV� D� VTXDUH� EORFN� GLDJRQDO�
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PDWUL[� FRPSRVHG� RI� ��î��� �VLQFH� WKH� ³VWDWH� YHFWRU´� LQ� ������� LV� FRPSRVHG� RI� ���
³GLPHQVLRQOHVV� IXQGDPHQWDO� GHSHQGHQW� YDULDEOHV´� IRU� ³2YHUODS� 5HJLRQ´� RU� 3DUW� ,�
UHJLRQ��µµEDVLF¶¶�VTXDUH�EORFNV�RI�GLPHQVLRQ�QV� �L�H��QV �����DQG�Q� LV�WKH�QXPEHU�RI�
GLVFUHWL]DWLRQ�SRLQWV� DORQJ�3DUW� ,� UHJLRQ��(DFK�EDVLF�EORFN� ³,QWHJUDWLQJ�6XE�0DWUL[�
>/@µ� LV� UHVSRQVLEOH� IRU� WKH� LQWHJUDWLRQ� RI� RQH� VLQJOH� VWDWH� YDULDEOH� RU� IXQGDPHQWDO�
GHSHQGHQW�YDULDEOH�RI�WKH�SUREOHP�XQGHU�FRQVLGHUDWLRQ��7KHUHIRUH��WKH�GLPHQVLRQ�RI�
WKH� ³*OREDO� ,QWHJUDWLQJ�0DWUL[� > @,/ IRU 3DUW� ,� LQ� ������� LV� ���Q�î��Q����6LPLODUO\��
> @,,/ LQ �������DQG� > @,,,/ LQ �������VWDQG�IRU�WKH�³*OREDO�,QWHJUDWLQJ�0DWULFHV´�IRU�
3DUW� ,,� DQG� 3DUW� ,,,�� UHVSHFWLYHO\�� 7KHQ�� WKHVH� DUH� VTXDUH� EORFN� GLDJRQDO� PDWULFHV�
FRPSRVHG� RI� VL[� �VLQFH� WKH� ³VWDWH� YHFWRU´´� LQ� ������� LV� FRPSRVHG� RI� VL[�
³GLPHQVLRQOHVV� IXQGDPHQWDO� GHSHQGHQW� YDULDEOHV´� IRU�3DUW� ,,� DQG�3DUW� ,,,�� µµEDVLF¶¶�
VTXDUH� EORFNV� RI� GLPHQVLRQ� QV� �L�H�� QV ���� DQG� Q� DQG� Q� DUH� WKH� QXPEHU� RI�
GLVFUHWL]DWLRQ� SRLQWV� DORQJ�3DUW� ,,� DQG�3DUW� ,,,� UHJLRQV�� UHVSHFWLYHO\��7KHUHIRUH�� WKH�
GLPHQVLRQV�RI�WKH�³*OREDO�,QWHJUDWLQJ�0DWULFHV� > @,,/ IRU 3DUW�,,�DQG� > @,,,/ IRU�3DUW�
,,,� LQ� ������� DQG� ������� DUH� ��Q�î�Q�� DQG� ��Q�î�Q���� UHVSHFWLYHO\�� 7KH� H[SOLFLW�
H[SUHVVLRQ�IRU�WKH�³*OREDO�,QWHJUDWLQJ�0DWUL[�>/ @´�LV�DV�IROORZV���
�
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%RWK�DFFXUDF\�DQG�FRQYHUJHQFH�RI�WKH�PHWKRG�XVHG�DUH�DIIHFWHG�E\�WKH�GHJUHH�

RI WKH�³$SSUR[LPDWLQJ�3RO\QRPLDO�RU�,QWHUSRODWLRQ�3RO\QRPLDO´��+RZHYHU��WKH�HIIHFW�
RI WKH�GHJUHH�RI�WKH�³$SSUR[LPDWLQJ�3RO\QRPLDO´�RQ�WKH�DFFXUDF\�RI�WKH�FDOFXODWHG�
IUHTXHQFLHV� LV� GHSHQGHQW�RQ� WKRVH�RI� WKH�QXPEHU�RI�GLVFUHWL]DWLRQ�SRLQWV��$�SURSHU�
GHJUHH�RI� WKH�³$VVXPHG� ,QWHUSRODWLRQ�3RO\QRPLDO´�PD\� UHVXOW� LQ�FRQYHUJHQFH�ZLWK�
IHZHU� GLVFUHWL]DWLRQ� SRLQWV�� +RZHYHU�� LW� LV� QRW� H[SHFWHG� WR� REWDLQ� PRUH� DFFXUDWH�
UHVXOWV� DV� WKH� GHJUHH� RI� WKH� ³$VVXPHG� 3RO\QRPLDO´� LQFUHDVHV� DUELWUDULO\�� 7KLV� LV�
EHFDXVH� RI� WKH� IDFW� WKDW� WKH� SRO\QRPLDO� VKRZV� D� PRUH� RVFLOODWLQJ� EHKDYLRU� DV� WKH�
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GHJUHH�RI�LW�LQFUHDVHV��7KLV�GRHV�QRW�QHFHVVDULO\�UHVHPEOH�WKH�DFWXDO�EHKDYLRU�RI�WKH�
SODWH�V\VWHP��7KHUHIRUH�RQH�KDV�WR�EH�FDUHIXO�LQ�WKDW�UHJDUG��$OVR��DQRWKHU�LPSRUWDQW�
SRLQW�LV�WKDW��RQH�KDV�WR�FKHFN�LI�WKH�IDU�HQG�VXSSRUW�FRQGLWLRQV�LQ�WKH�\�GLUHFWLRQ�DUH�
VDWLVILHG�SURSHUO\�LQ�WKH�QXPHULFDO�VHQVH��
�

7KH� ³,QWHJUDWLQJ� 6XE�0DWUL[� >/@´ ZKLFK� LV� D� FRPSRQHQW� RI� WKH� ³*OREDO�
,QWHJUDWLQJ�0DWUL[�>/@´ LV�QRUPDOL]HG�IRU�LQWHJUDWLRQV�LQ�WKH�XQLWDU\�LQWHUYDO�>�� �@�
LQ WKH�IROORZLQJ�ZD\��
�

> @ > @> @Q:6 / ��������
ZKHUH� >6@� LV� DQ� �Q�îQ�� ORZHU� WULDQJXODU�PDWUL[� IRU�3DUW� ,�� �Q�îQ�� ORZHU� WULDQJXODU�
PDWUL[�IRU�3DUW�,,�DQG��Q�îQ�� ORZHU�WULDQJXODU�PDWUL[�IRU�3DUW�,,,��7KXV��WKH�³/RZHU�
7ULDQJXODU�0DWUL[�>6@´ LV�JLYHQ�DV��
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ZKHUH�¨Q�LV�WKH�³VWHS�VL]H´��JLYHQ�E\��
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7KH DERYH� H[SUHVVLRQ� ��������� LV� EDVHG� RQ� D� ³�WK� 2UGHU� ,QWHUSRODWLRQ�
3RO\QRPLDO´�DQG�Q�LV�WKH�QXPEHU�RI�GLVFUHWL]DWLRQ�SRLQWV�GHSHQGLQJ�RQ�3DUW�,��3DUW�,,�
DQG� 3DUW� ,,,� UHJLRQV�� 0RUHRYHU�� WKH� ³:HLJKWLQJ� 0DWUL[� >:Q@´ IRU� WKH� ³�WK� 2UGHU�
,QWHUSRODWLRQ� 3RO\QRPLDO´� ZKLFK� LV� DOVR� XVHG� LQ� WKLV� 7KHVLV� LV� JLYHQ� LQ� +XQWHU�
>9,,,��@���
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$IWHU� UHDUUDQJLQJ� �������� ������� DQG� �������� WKH� UHODWLRQV� EHWZHHQ� WKH� ³VWDWH�
YHFWRU´� DW� D� µµJHQHUDO� VWDWLRQ¶¶� DORQJ� [,� [,,� DQG� [,,,� LQ� 3DUW� ,�� 3DUW� ,,� DQG� 3DUW� ,,,�
UHJLRQV�� UHVSHFWLYHO\� DQG� WKH� ³VWDWH� YHFWRU´� DW� WKH� ³LQLWLDO� HQG� SRLQWV¶¶� [, ��� [,, ���
[,,, ��DORQJ�3DUW�,��3DUW�,,�DQG�3DUW�,,,�UHJLRQV��UHVSHFWLYHO\��DV�VKRZQ��DUH�REWDLQHG��
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�

)RU WKH�³2YHUODS�5HJLRQ´�RU�3DUW�,�UHJLRQ�
� �
� �
� �

> @
� �
� �
� �°°¿
°°¾
½

°°¯
°°®


 
°°¿
°°¾
½

°°¯
°°®


�
�

�
�

�
�

�

�

�

<
<
<

<
<
<

�

�

�

�

�

�

�

8 ��������

ZKHUH > @8� LV�WKH�³0RGLILHG�7UDQVIHU�0DWUL[´�IRU�3DUW�,�UHJLRQ��

> @ > @ > @ ��

¸̧¹
·¨̈©

§ »¼
º«¬

ª� �&/8 ,,� ��������
�
6LPLODUO\��IURP�(TXDWLRQ���������

� )RU�3DUW�,,�UHJLRQ�
� �^ ` > @ � �^ `�

�
� << ��� 9 ��������

ZKHUH > @9� LV�WKH�GLVFUHWL]HG�YHUVLRQ�RI�³0RGLILHG�7UDQVIHU�0DWUL[´�IRU�3DUW�,,�
UHJLRQ��
> @ > @ > @ ��

¸̧¹
·¨̈©

§ »¼
º«¬

ª� �'/9 ,,,� ��������



���

$JDLQ��VLPLODUO\��IURP�(TXDWLRQ���������
� )RU�3DUW�,,,�UHJLRQ�

� �^ ` > @ � �^ `�
�

� << ��� : ��������
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>/,,,@´�DUH�IRU�3DUW�,��3DUW�,,�DQG�3DUW�,,,��UHVSHFWLYHO\��
�
$OVR� LQ�WKH�DERYH�H[SUHVVLRQV�� > @8� � > @9� � > @:� DUH�WKH�GLVFUHWL]HG�YHUVLRQV�

RI WKH�³0RGLILHG�7UDQVIHU�0DWUL[´�EHWZHHQ�D�µµJHQHUDO�VWDWLRQ¶¶�DORQJ�[,� [,,� [,,,�DQG�
WKH ³LQLWLDO�HQG�SRLQW�[, ���[,, ���[,,, �´��UHVSHFWLYHO\��7KXV�RQH�FDQ�H[SUHVV��LQ�RSHQ�
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7KH�PDWUL[� > @8� LV FRPSRVHG�RI����î����VTXDUH�EORFNV�RI�GLPHQVLRQ�Q� DQG�
HDFK LQGLYLGXDO�EORFN�UHSUHVHQWV�D� UHODWLRQ�EHWZHHQ�D�VWDWH�YDULDEOH�DW�DQ\�³JHQHUDO�
VWDWLRQ�[,´ DORQJ�WKH�3DUW�,�UHJLRQ�DQG�WKH�VWDWH�YDULDEOH�DW�WKH�³LQLWLDO�HQG�SRLQW�[, �´��
7KH� VXEVFULSW� Q� LV� WKH� QXPEHU� RI� GLVFUHWL]DWLRQ� SRLQWV� LQ� 3DUW� ,� UHJLRQ� RU� WKH�
³2YHUODS�5HJLRQ´��
�

7KH PDWUL[� > @9� LV� FRPSRVHG� RI� ��î��� EORFNV� RI� GLPHQVLRQ� Q� DQG� HDFK�
LQGLYLGXDO�EORFN�UHSUHVHQWV�D�UHODWLRQ�EHWZHHQ�D�VWDWH�YDULDEOH�DW�DQ\�³JHQHUDO�VWDWLRQ�
[,,´ DORQJ�WKH�3DUW�,,�UHJLRQ�DQG�DQRWKHU�VWDWH�YDULDEOH�DW�WKH�³LQLWLDO�HQG�SRLQW�[,, �´��
7KH�VXEVFULSW�Q� LV�WKH�QXPEHU�RI�GLVFUHWL]DWLRQ�SRLQWV�LQ�3DUW�,,��
�

7KH� PDWUL[� > @:� LV FRPSRVHG� RI� ��î��� EORFNV� RI� GLPHQVLRQ� Q� DQG� HDFK�
LQGLYLGXDO�EORFN�UHSUHVHQWV�D�UHODWLRQ�EHWZHHQ�D�VWDWH�YDULDEOH�DW�DQ\�³JHQHUDO�VWDWLRQ�
[,,,´ DORQJ� WKH� 3DUW� ,,� UHJLRQ� DQG� DQRWKHU� VWDWH� YDULDEOH� DW� WKH� ³LQLWLDO� HQG� SRLQW�
[,,, �´��7KH�VXEVFULSW�Q� LV�WKH�QXPEHU�RI�GLVFUHWL]DWLRQ�SRLQWV�LQ�3DUW�,,,��
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7KHQ��IURP������������������DQG����������RQH�FDQ�REWDLQ�WKH�UHODWLRQ�EHWZHHQ�
WKH�³VWDWH�YHFWRU´�DW�WKH�³LQLWLDO�HQG�SRLQWV�[, ���[,, ��DQG�[,,, �´�DQG�WKH�³ILQDO�HQG�
SRLQWV� [, ��� [,, �� DQG� [,,, �´� DQG� DORQJ� 3DUW� ,�� 3DUW� ,,� DQG� 3DUW� ,,,� UHJLRQV��
UHVSHFWLYHO\��7KHQ��E\�VXPPLQJ�WKH�HOHPHQWV�RQ�WKH�LQWHJHU�PXOWLSOHV�RI�QWK� URZ�RI�
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ZKHUH� LQ� WKH� DERYH� H[SUHVVLRQV� > @8a � > @9a DQG� > @:a DUH� WKH� ³ILQDO� IRUP´� RI� WKH�
³0RGLILHG� 7UDQVIHU�0DWULFHV´� IRU� 3DUW� ,�� 3DUW� ,,� DQG� 3DUW� ,,,� UHJLRQV�� UHVSHFWLYHO\��
7KH\�WUDQVIHU� WKH�GLVFUHWL]LHG�TXDQWLWLHV�IURP�WKH�³LQLWLDO�HQG�SRLQW�[W �´��W 3DUWV� ,��
,,��,,,��WR�WKH�JHQHUDO�HQG�SRLQW�[W �´��W 3DUWV�,��,,��,,,���UHVSHFWLYHO\��
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7KHUHIRUH�� RQH� FDQ�ZULWH� ��������� �������� DQG� �������� �LQ� D� FRPSDFW�PDWUL[�
IRUP��VXFK�WKDW��
�
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ZKHUH WKH�VXEVFULSW������LQ�WKH�DERYH�H[SUHVVLRQV�PHDQV�WKDW�WKH�³ILQDO�IRUP´�RI�WKH�
³0RGLILHG� 7UDQVIHU�0DWUL[´� WUDQVIHUULQJ� WKH� DERYH� TXDQWLWLHV� IURP� WKH� ³LQLWLDO� HQG�
SRLQW���³�´�SRLQW�´��WR�WKH�³ILQDO�HQG�SRLQW���³�´�SRLQW�´��7KH�PDWULFHV� > @ML�8a DUH�WKH�
SDUWLWLRQHG� VTXDUH� PDWULFHV� RI� GLPHQVLRQ� ��[��� ZKLFK� LPSOLFLWO\� LQFOXGHV� WKH�
GLPHQVLRQOHVV� QDWXUDO� IUHTXHQFLHV� ZPQ � 6LPLODUO\�� > @ML�9a DQG� > @ML�:a DUH� ��[���
PDWULFHV�ZKLFK�DOVR�LPSOLFLWO\�LQFOXGH�WKH�GLPHQVLRQOHVV�QDWXUDO�IUHTXHQF\�SDUDPHWHU�
ZPQ �RI�WKH�HQWLUH�FRPSRVLWH�SODWH�V\VWHP�RI�WKH�³0DLQ�352%/(0�,�´�
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,Q� HTXDWLRQV� ��������� �������� DQG� ��������� WKH� UHODWLRQV� EHWZHHQ� WKH� VWDWH�
YHFWRUV�DW�WKH�³LQLWLDO�HQG�SRLQWV´�DQG�³ILQDO�HQG�SRLQWV´�RI�WKH�3DUW�,��3DUW�,,�DQG�3DUW�
,,,�UHJLRQV�DUH�REWDLQHG��UHVSHFWLYHO\��1RZ��WKH�DLP�LV�WR�IRUPXODWH�WKH�QRQFODVVLFDO�
HLJHQYDOXH�SUREOHP�RI�WKH�HQWLUH�FRPSRVLWH�SODWH�V\VWHP�RI�WKH�3UREOHP�,��7KHUHIRUH��
WKH ³%RXQGDU\�&RQGLWLRQV´� DQG� WKH� ³&RQWLQXLW\� &RQGLWLRQV´� LQ� WKH� \�GLUHFWLRQ� DUH�



���

XVHG�WR�REWDLQ�WKH�QDWXUDO�IUHTXHQFLHV�RI�WKH�HQWLUH�V\VWHP�VKRZQ�LQ�)LJXUH������2QH�
FDQ� SUHVFULEH� DQ\� FRPELQDWLRQ� RI� WKH� ³%RXQGDU\�&RQGLWLRQV´� DW�[, ���[, �� IRU� WKH�
VWLIIHQLQJ�SODWH�VWULSV��DQG�[,, ���[,,, ��IRU�WKH�EDVH�SODWH�LQ�WKH�\�GLUHFWLRQ�DV�VKRZQ�
LQ )LJXUH������7KH�ERXQGDU\�FRQGLWLRQV�IRU�WKH�VWLIIHQLQJ�SODWH�VWULSV�DW�[, ��DQG�[, ��
DUH ³)UHH�(GJH�%RXQGDU\�&RQGLWLRQV´�IRU�SUDFWLFDO�SXUSRVHV��DV�VKRZQ�LQ�)LJXUH������
�
7KH µµ&RQWLQXLW\�&RQGLWLRQV¶¶�EHWZHHQ�WKH�3DUW�,�DQG�3DUW�,,��
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7KH�µµ&RQWLQXLW\�&RQGLWLRQV¶¶�EHWZHHQ�WKH�3DUW�,�DQG�3DUW�,,,��
� �^ ` � �^ `�
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$IWHU�LQVHUWLQJ���������LQWR����������
� � �^ ` > @ � �^ `�
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7KHQ��RQH�FDQ�ZULWH���
�

� �
� �
� �

� �
� �
� � °°¿

°°¾
½

°°¯
°°®


»»
»
¼

º
««
«
¬

ª
 

°°¿
°°¾
½

°°¯
°°®


 

 

 

 

 

 

�
�

�
�

�
�

�
�

�
�

�
�

,

,,

,

,

,

,

<
<
<

,��
��
��,

<
<
<

���9a ��������

�$IWHU�LQVHUWLQJ���������LQWR����������
� � �^ ` > @ � �^ `�

�
�

� ,,,, <<  
�

  �

���9a ��������
�
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ZKHUH >,@ LV D�XQLW�PDWUL[�ZLWK�GLPHQVLRQ� ��[���� > ���:a @ DQG� > ���9a @ DUH�DOVR� ��[���
PDWULFHV� GHILQHG� DV� EHIRUH� LQ� �������� DQG� �������� ZKLFK� LPSOLFLWO\� LQFOXGH� WKH�
GLPHQVLRQOHVV�QDWXUDO�IUHTXHQF\� ZPQ �DQG�> ML�8a @ DUH�SDUWLWLRQHG�VTXDUH�PDWULFHV�RI�
GLPHQVLRQ� ��[��� GHILQHG� DV� EHIRUH� LQ� �������� ZKLFK� DOVR� LPSOLFLWO\� LQFOXGHV� WKH�
GLPHQVLRQOHVV�QDWXUDO�IUHTXHQFLHV� ZPQ �RI�WKH�SODWH�V\VWHP��$OO�WKH�³VWDWH�YHFWRUV´�LQ�
�������� DUH� DW� VWDWLRQV�ZKHUH� WKH�ERXQGDU\� RU� VXSSRUW� FRQGLWLRQV�RI� WKH� V\VWHP� DUH�
SUHVFULEHG�DV�LQ�)LJXUH������7KHUHIRUH��RQH�FDQ�ZULWH��
�
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�
6L[� RI� WKH� HLJKWHHQ� VWDWH� YDULDEOHV�PXVW� EH� SUHVFULEHG� DW� ³HDFK� HQG� SRLQW´��

$IWHU�VXEVWLWXWLRQ�RI� WKH�³%RXQGDU\�&RQGLWLRQV´�LQ�WKH�\�GLUHFWLRQ�DW�[, ���[, ��IRU�
WKH� VWLIIHQLQJ� SODWH� VWULSV�� DQG� [,, ��� [,,, �� IRU� WKH� EDVH� SODWH� LQWR� ��������� WKH�
IROORZLQJ�PDWUL[�HTXDWLRQ�FDQ�EH�REWDLQHG��
�

> @ ^ ` ^ `�<& �,�D���,�D��  � > @ ^ `� �,�D��& ��������
�
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ZKHUH� > @
�,�D��& LV� D� ��[��� ³&RHIILFLHQW� 0DWUL[´� ZKLFK� LPSOLFLWO\� LQFOXGHV� WKH�

GLPHQVLRQOHVV�QDWXUDO�IUHTXHQF\�SDUDPHWHU� ZPQ � 7KH�³&RHIILFLHQW�0DWUL[� > @
�,�D��& ´ LV�

REWDLQHG�IURP�WKH�³&RHIILFLHQW�0DWUL[´�EHWZHHQ�WKH�³ILQDO�HQG�SRLQW´�DQG�WKH�³LQLWLDO�
HQG SRLQW´�LQ���������E\�HOLPLQDWLQJ�WKH�URZV�FRUUHVSRQGLQJ�WR�QRQ]HUR�VWDWH�YDULDEOH�
DW WKH�³ILQDO�HQG�SRLQW¶¶�DQG�WKH�FROXPQV�FRUUHVSRQGLQJ�WR�]HUR�VWDWH�YDULDEOH�DW�WKH�
³LQLWLDO� HQG� SRLQW¶¶�� +HUH�� ^<�` LV� D� YHFWRU� ZKRVH� HOHPHQWV� DUH� WKH� QRQ]HUR�
FRPSRQHQWV�RI� � � � � � �^ `7�

�
�
�

�
� ,,,

�<�<<    

,W� LV� HVVHQWLDO� WKDW� WKH� GHWHUPLQDQW� RI� WKH� ³&RHIILFLHQW� 0DWUL[� > @
�,�D��& ´ EH�

HTXDO� WR� ]HUR� LQ� RUGHU� WR� KDYH� QRQWULYLDO� VROXWLRQ� IRU� WKH� V\VWHP� RI� ��������� 7KH�
YDOXHV� RI� WKH� GLPHQVLRQOHVV� QDWXUDO� IUHTXHQF\� SDUDPHWHUZPQ � ZKLFK� PDNHV� WKH�
GHWHUPLQDQW�RI�WKH�³&RHIILFLHQW�0DWUL[� > @

�,�D��& ´ HTXDO�WR�]HUR�DUH�WKH�HLJHQYDOXHV�RI�
WKH� V\VWHP� XQGHU� FRQVLGHUDWLRQ�� 7KHUHIRUH�� WKH� SURFHGXUH� VKRXOG� EH� UHSHDWHG� IRU� D�
VSHFLILF�VHW�RI�³%RXQGDU\�&RQGLWLRQV´�LQ�RUGHU�WR�ILQG�WKH�URRWV�RI�WKH�GHWHUPLQDQW�RI�
WKH� ³&RHIILFLHQW�0DWUL[� > @

�,�D��& ´�� 7KH� URRWV� FRUUHVSRQG� WR� WKH� QRQGLPHQVLRQDOL]HG�
QDWXUDO� IUHTXHQFLHV�� ZPQ � RI� WKH� HQWLUH� FRPSRVLWH� SODWH� V\VWHP� RI� WKH� ³0DLQ�
352%/(0� ,�D´�� 2QH� FDQ� HDVLO\� ILQG� WKH� FRUUHVSRQGLQJ� PRGH� VKDSHV�� DIWHU� WKH�
QDWXUDO�IUHTXHQFLHV��DQG�HLJHQYHFWRUV��DUH�REWDLQHG�IRU�D�SDUWLFXODU�VHW�RI�³%RXQGDU\�
&RQGLWLRQV´�LQ�WKH�\�GLUHFWLRQV��
�

�����0HWKRG�RI�6ROXWLRQ�IRU�³0DLQ�352%/(0�,�E´�
�

+HUH�� LQ� WKLV� FDVH�� WKH� LQWHUPHGLDWH� VWHSV� LQ� WKH� VROXWLRQ� WHFKQLTXH� ZLOO� EH�
RPLWWHG��

7KHQ� DV�LV�GRQH�LQ�6HFWLRQ���������WKH�ILUVW�VWHS�LV�WR�ZULWH��IURP����������������
DQG� �������� WKH� VHWV�RI� WKH� ³*RYHUQLQJ�6\VWHP�RI�)LUVW�2UGHU�2UGLQDU\�'LIIHUHQWLDO�
(TXDWLRQV´�LQ�D�³VWDWH�YHFWRU´�IRUP�LQ�3DUW�,��3DUW�,,�DQG�3DUW�,,,�UHJLRQV��UHVSHFWLYHO\��
�
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ZKHUH�[,� [,,� DQG�[,,,� DUH�GHILQHG�DV� \,�O,� \,,�O,,� DQG�\,,,�O,,,� UHVSHFWLYHO\��7KH�SULPHG�
TXDQWLWLHV� FRUUHVSRQG� WR� WKH� LVRWURSLF� EDVH� SODWH� ZLWK� RUWKRWURSLF� VWLIIHQLQJ� SODWH�
VWULSV��L�H��³0DLQ�352%/(0�,�E´���7KH�³&RHIILFLHQW�0DWUL[�>& c @´ LV�RI�GLPHQVLRQ�
���[���� ZKLFK� H[SOLFLWO\� LQFOXGHV� WKH� QRQGLPHQVLRQDO� JHRPHWULF� DQG� PDWHULDO�
FKDUDFWHULVWLFV� RI� WKH� EDVH� SODWH� DQG� VWLIIHQLQJ� VWULSV� DQG� WKH� DGKHVLYH� OD\HU� DQG�
GLPHQVLRQOHVV�QDWXUDO�IUHTXHQFLHV�SDUDPHWHU� Z PQ �RI�WKH�FRPSRVLWH�V\VWHP���>' c @�
> @( c DUH ³&RHIILFLHQW�0DWULFHV´�RI�GLPHQVLRQ���[����7KH\�LQFOXGH�WKH�GLPHQVLRQOHVV�
JHRPHWULF� DQG�PDWHULDO� FKDUDFWHULVWLFV� RI� WKH� EDVH� SODWH� LQ� WKH� 3DUW� ,,� DQG� 3DUW� ,,,�
UHJLRQV�� UHVSHFWLYHO\�� DV� ZHOO� DV� WKH� GLPHQVLRQOHVV� QDWXUDO� IUHTXHQFLHV� Z PQ �´7KH�
³&ROXPQ�0DWUL[´� � �^ `MP< �M �������LV�WKH�³VWDWH�YHFWRU´�LQFOXGLQJ�WKH�³GLPHQVLRQOHVV�
IXQGDPHQWDO�VWDWH�YDULDEOHV´�RI�WKH�EDVH�SODWH�DQG�WKH�VWLIIHQLQJ�SODWH�VWULSV��
�

� �^ ` � � � � � � � � � � � �^ `7M
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M
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M
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$IWHU�IROORZLQJ�WKH�VLPLODU�VWHSV�DV�LV�GRQH�LQ�6HFWLRQ�������RQH�FDQ�REWDLQ���
�
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ZKHUH WKH�SULPHG�TXDQWLWLHV�LQGLFDWH�WKDW�WKLV�LV�WKH�LVRWURSLF�EDVH�SODWH�FDVH��
�

,Q�WKH�DERYH��VL[�RI�WKH�HLJKWHHQ�GHSHQGHQW�VWDWH�YDULDEOHV�PXVW�EH�SUHVFULEHG�
DW ³HDFK� HQG� SRLQW´�� $IWHU� VXEVWLWXWLRQ� RI� WKH� ³%RXQGDU\� &RQGLWLRQV´� LQ� WKH� \�
GLUHFWLRQ�DW�[, ���[, ��IRU�WKH�XSSHU�DQG�ORZHU�VWLIIHQLQJ�SODWHV�DQG�IRU�WKH�EDVH�SODWH�
DW [,, ���[,,, ��LQWR����������WKH�IROORZLQJ�PDWUL[�HTXDWLRQ�LV�REWDLQHG��
�

> @ ^ ` ^ `�<& �,�E���,�E��  c � > @ ^ `� c
�,�E��& ��������

�
ZKHUH > @

�,�E��&c LV� D� ��î��� ³&RHIILFLHQW� 0DWUL[´� ZKLFK� LPSOLFLWO\� LQFOXGHV� WKH�
GLPHQVLRQOHVV�QDWXUDO�IUHTXHQF\�SDUDPHWHU� ZPQ � 7KH�³&RHIILFLHQW�0DWUL[� > @

�,�E��&c ´ LV�
REWDLQHG� IURP� WKH� ³&RHIILFLHQW� 0DWUL[´� EHWZHHQ� WKH� µµILQDO� HQG� SRLQW¶¶� DQG� WKH�
µµLQLWLDO�HQG�SRLQW��LQ���������E\�HOLPLQDWLQJ�WKH�URZV�FRUUHVSRQGLQJ�WR�QRQ]HUR�VWDWH�
YDULDEOHV� DW� WKH� ³ILQDO� HQG� SRLQW¶¶� DQG� WKH� FROXPQV� FRUUHVSRQGLQJ� WR� ]HUR� VWDWH�
YDULDEOHV� DW� WKH� ³LQLWLDO� HQG� SRLQW¶¶��$V� LQ� SUHYLRXV� SUREOHPV�� WKH� ³&ROXPQ�0DWUL[�
^<�`´�LQFOXGHV�WKH�QRQ]HUR�FRPSRQHQWV�RI�� � � � � � �^ `7�

�
�
�

�
� ,,,

�<�<<    �

)RU D�QRQ�WULYLDO�VROXWLRQ�RI� ��������� WKH�GHWHUPLQDQW�RI�³&RHIILFLHQW�0DWUL[�
> @

�,�E��&c ´ KDV�WR�EH�HTXDO�WR�]HUR��7KH�YDOXHV�RI�WKH�GLPHQVLRQOHVV�QDWXUDO�IUHTXHQF\�
SDUDPHWHUZPQ � ZKLFK� PDNHV� WKH� GHWHUPLQDQW� RI� WKH� ³&RHIILFLHQW� 0DWUL[�
> @

�,�E��&c ´HTXDO� WR�]HUR�DUH� WKH�HLJHQYDOXHV�RI� WKH�V\VWHP�XQGHU�FRQVLGHUDWLRQ��7KHVH�
DUH�FRPSXWHG�E\�DVVLJQLQJ�P��Q�YDOXHV�LQ����������7KHUHIRUH��WKH�SURFHGXUH�VKRXOG�EH�
UHSHDWHG� IRU� D� VSHFLILF� ³%RXQGDU\� &RQGLWLRQ´� LQ� RUGHU� WR� ILQG� WKH� URRWV� RI� WKH�
GHWHUPLQDQW� RI� WKH� ³&RHIILFLHQW� 0DWUL[� > @

�,�E��&c ´�� 7KH� URRWV� DUH� WKH�
QRQGLPHQVLRQDOL]HG�QDWXUDO� IUHTXHQFLHV�� ZPQ � LQ� WKH�FRPSRVLWH�SODWH� V\VWHP��$IWHU�



���

WKHQ��WKH�FRUUHVSRQGLQJ�PRGH�VKDSHV��IRU�D�SDUWLFXODU�VHW�RI�³%RXQGDU\�&RQGLWLRQV´�
LQ WKH�\�GLUHFWLRQV�FDQ�EH�HDVLO\�REWDLQHG��
�

�����0HWKRG�RI�6ROXWLRQ�IRU�³0DLQ�352%/(0�,,�D´�
�

,Q�WKLV�³0DLQ�352%/(0�,,�D´��D�SURFHGXUH�DQG�DOJHEUDLF�RSHUDWLRQV�ZLOO�EH�
SHUIRUPHG� VLPLODU� WR� WKRVH� LQ�PHWKRG� RI� VROXWLRQ� RI� WKH� ³0DLQ� 352%/(0� ,�D´� LQ�
&KDSWHU����

$IWHU� IROORZLQJ� WKH� VDPH� VWHSV� LQ� 6HFWLRQ� ������ RQH� FDQ� REWDLQ� WKH� UHODWLRQ�
EHWZHHQ� WKH�³VWDWH�YHFWRUV´�DW� WKH�³LQLWLDO�HQG�SRLQWV´�DQG�³ILQDO�HQG�SRLQWV´�RI� WKH�
³0DLQ�352%/(0�,,�D´���
�
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�
,Q�WKH�DERYH��VL[�RI� WKH�HLJKWHHQ�VWDWH�YDULDEOHV�PXVW�EH�SUHVFULEHG�DW�³HDFK�

HQG� SRLQW´�� $IWHU� VXEVWLWXWLRQ� RI� WKH� ³%RXQGDU\� &RQGLWLRQV´� LQ� WKH� \�GLUHFWLRQ� DW�
[, ���[, ��IRU�WKH�VWLIIHQLQJ�VWULSV�DQG�DW�[,, ���[,,, ��IRU�WKH�EDVH�SODWH�LQWR����������
WKH�IROORZLQJ�PDWUL[�HTXDWLRQ�FDQ�EH�REWDLQHG��
�

> @ ^ ` ^ `�<& �,,�D���,,�D��  � > @ ^ `� �,,�D��& ��������
�
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ZKHUH� > @
�,,�D��& LV� D� ��[��� ³&RHIILFLHQW� 0DWUL[´� ZKLFK� LPSOLFLWO\� LQFOXGHV� WKH�

GLPHQVLRQOHVV�QDWXUDO� IUHTXHQF\�SDUDPHWHU� ZPQ � 7KH�³&RHIILFLHQW�0DWUL[� > @
�,,�D��& ´

LV REWDLQHG� IURP� WKH� ³&RHIILFLHQW�0DWUL[´� EHWZHHQ� WKH� µµILQDO� HQG� SRLQW¶¶� DQG� WKH�
µµLQLWLDO�HQG�SRLQW´�LQ���������E\�HOLPLQDWLQJ�WKH�URZV�FRUUHVSRQGLQJ�WR�QRQ]HUR�VWDWH�
YDULDEOHV� DW� WKH� ³ILQDO� HQG� SRLQW¶¶� DQG� WKH� FROXPQV� FRUUHVSRQGLQJ� WR� ]HUR� VWDWH�
YDULDEOHV� DW� WKH� ³LQLWLDO� HQG� SRLQW¶¶�� 7KXV�� ^<�` LV� D� ³&ROXPQ� 0DWUL[´� ZKRVH�
HOHPHQWV�DUH�WKH�QRQ]HUR�FRPSRQHQWV�RI� � � � � � �^ `7�

�
�
�

�
� ,,,

�<�<<    �

$JDLQ�� WKH� GHWHUPLQDQW� RI� WKH� ³&RHIILFLHQW�0DWUL[� > @
�,,�D��& ´ WR� EH� HTXDO� WR�

]HUR�LQ�RUGHU�WR�KDYH�QRQWULYLDO�VROXWLRQ�IRU�WKH�V\VWHP�LQ����������7KH�YDOXHV�RI�WKH�
GLPHQVLRQOHVV�QDWXUDO�IUHTXHQF\�SDUDPHWHUZPQ �ZKLFK�PDNHV�WKH�GHWHUPLQDQW�RI�WKH�
³&RHIILFLHQW� 0DWUL[� > @

�,,�D��& ´ HTXDO� WR� ]HUR� DUH� WKH� HLJHQYDOXHV� RI� WKH� FRPSRVLWH�
SODWH V\VWHP� XQGHU� FRQVLGHUDWLRQ�� 7KH� SURFHGXUH� VKRXOG� EH� UHSHDWHG� IRU� D� VSHFLILF�
³%RXQGDU\� &RQGLWLRQV´� LQ� RUGHU� WR� ILQG� WKH� URRWV� RI� WKH� GHWHUPLQDQW� RI� WKH�
³&RHIILFLHQW�0DWUL[� > @

�,,�D��& ´� 7KH�QRQGLPHQVLRQDOL]HG�QDWXUDO� IUHTXHQFLHV� ZPQ � RI�
WKH HQWLUH�SODWH�V\VWHP�PD\�EH�REWDLQHG�E\�DVVLJQLQJ�P��Q�YDOXHV��$IWHU�WKHQ��RQH�FDQ�
HDVLO\� ILQG� WKH� FRUUHVSRQGLQJ� PRGH� VKDSHV�� �DIWHU� WKH� QDWXUDO� IUHTXHQFLHV� DQG� WKH�
FRUUHVSRQGLQJ� HLJHQYHFWRUV� DUH� REWDLQHG�� IRU� D� SDUWLFXODU� WKH� VHW� RI� WKH� ³%RXQGDU\�
&RQGLWLRQV´�LQ�WKH�\�GLUHFWLRQ��
�

�����0HWKRG�RI�6ROXWLRQ�IRU�³0DLQ�352%/(0�,,�E´�
�
7KLV LV� WKH� ³,VRWURSLF�%DVH�3ODWH�&DVH´� LQ� ³0DLQ�352%/(0� ,,´��+HUH� WRR��

WKH LQWHUPHGLDWH�RSHUDWLRQV�UHTXLUHG�LQ�WKH�VROXWLRQ�WHFKQLTXH�ZLOO�EH�RPLWWHG��
�
7DNLQJ�D�VLPLODU�DSSURDFK�WR�WKRVH�RI�6HFWLRQ������DQG�6HFWLRQ�������RQH�FDQ�

REWDLQ� WKH� UHODWLRQ�EHWZHHQ� WKH�³VWDWH�YHFWRUV´�DW� WKH�³LQLWLDO�HQG�SRLQWV´�DQG�³ILQDO�
HQG SRLQWV´�RI�WKH�³0DLQ�352%/(0�,,�E´�VXFK�WKDW��
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,Q�(TXDWLRQ����������VL[�RI�WKH�HLJKWHHQ�VWDWH�YDULDEOHV�PXVW�EH�SUHVFULEHG�DW�
³HDFK�HQG�SRLQW´��7KH�VXEVWLWXWLRQ�RI�WKH�³$SSURSULDWH�%RXQGDU\�&RQGLWLRQV´�LQ�WKH�
\�GLUHFWLRQ�DW�[, ���[, ��IRU�WKH�XSSHU�DQG�ORZHU�VWLIIHQLQJ�SODWH�VWULSV�DQG�DW�[,, ���
[,,, ��IRU�WKH�EDVH�SODWH�LQWR����������\LHOG�WKH�IROORZLQJ�PDWUL[�HTXDWLRQ��
�

> @ ^ ` ^ `�<& �,,�E���,,�E��  c � > @ ^ `� c
�,,�E��& ��������

ZKHUH > @
�,,�E��&c LV� D� ��î��� ³&RHIILFLHQW� 0DWUL[´� ZKLFK� LPSOLFLWO\� LQFOXGHV� WKH�

GLPHQVLRQOHVV�QDWXUDO�IUHTXHQF\�SDUDPHWHU�ZPQ � 7KH�³&RHIILFLHQW�PDWUL[� > @
�,,�E��&c ´ LV�

REWDLQHG�IURP�WKH�³&RHIILFLHQW�0DWUL[´�EHWZHHQ� WKH�µµILQDO�HQG�SRLQW¶¶�DQG�µµLQLWLDO�
HQG SRLQWV¶¶� LQ� �������� E\� HOLPLQDWLQJ� WKH� URZV� FRUUHVSRQGLQJ� WR� QRQ]HUR� VWDWH�
YDULDEOH�DW�WKH�³ILQDO�HQG�SRLQW¶¶�DQG�WKH�FROXPQV�FRUUHVSRQGLQJ�WR�]HUR�VWDWH�YDULDEOH�
DW WKH�³LQLWLDO�HQG�SRLQW¶¶��7KHQ���^<�` LV�D�³&ROXPQ�0DWUL[´�ZKRVH�HOHPHQWV�DUH�WKH�
QRQ]HUR�FRPSRQHQWV�RI� � � � � � �^ `7�

�
�
�

�
� ,,,

�<�<<    �

7KH�GHWHUPLQDQW�RI� WKH�³&RHIILFLHQW�0DWUL[� > @
�,,�E��&c ´ ZKLFK�LV�HTXDO� WR�]HUR�

\LHOGV�WKH�QRQWULYLDO�VROXWLRQ�IRU�WKH����������7KH�YDOXHV�RI�WKH�GLPHQVLRQOHVV�QDWXUDO�
IUHTXHQF\� SDUDPHWHUZPQ � ZKLFK�PDNHV� WKH� GHWHUPLQDQW� RI� WKH� ³&RHIILFLHQW�0DWUL[�
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> @
�,,�E��&c ´ HTXDO� WR� ]HUR� DUH� WKH� HLJHQYDOXHV� RI� WKH� SUREOHP� XQGHU� FRQVLGHUDWLRQ��

7KHUHIRUH��WKH�SURFHGXUH�VKRXOG�EH�UHSHDWHG�E\�DVVLJQLQJ�P��Q�YDOXHV�DQG�D�SDUWLFXODU�
VHW�RI�WKH�³%RXQGDU\�&RQGLWLRQV´�LQ�RUGHU�WR�ILQG�WKH�URRWV�RI�WKH�GHWHUPLQDQW�RI�WKH�
³&RHIILFLHQW� 0DWUL[� > @

�,,�E��&c ´�� 7KH� URRWV� FRUUHVSRQG� WR� WKH� QRQGLPHQVLRQDOL]HG�
QDWXUDO� IUHTXHQFLHV�� ZPQ � RI� WKH� HQWLUH� FRPSRVLWH� SODWH� V\VWHP� RI� WKH� ³0DLQ�
352%/(0� ,,�E´�� $IWHU� WKHQ�� WKH� FRUUHVSRQGLQJ� PRGH� VKDSHV� DUH� REWDLQHG� IRU� D�
SDUWLFXODU�VHW�RI�WKH�³%RXQGDU\�&RQGLWLRQV´�LQ�WKH�\�GLUHFWLRQV��
�

�����0HWKRG�RI�6ROXWLRQ�IRU�³0DLQ�352%/(0�,,,�D´�
�

$V�SRLQWHG�RXW�SUHYLRXVO\�� WKLV� LV�D�³VSHFLDO�FDVH´�RI� WKH�³0DLQ�352%/(0�
,,�D´��7KH�GRXEO\�VWLIIHQHG�SDUW�RI�WKH�FRPSRVLWH�V\VWHP�LV�PRYHG�WR�WKH�OHIW�VXSSRUW��
�VHH�DOVR�)LJXUHV�����DQG�������,Q�VXFK�D�FDVH��WKHUH�DUH�RQO\�WZR�SDUWV��QDPHO\�3DUW�,�
DQG�3DUW�,,�DV�VKRZQ�LQ�)LJXUH������
� 6LPLODU�WR�WKH�VROXWLRQ�PHWKRG�RI�WKH�SURFHHGLQJ�SUREOHPV��WKH�LQLWLDO�VWHS�LV�
WR ZULWH�WKH�³*RYHUQLQJ�6\VWHPV�RI�)LUVW�2UGHU�2UGLQDU\�'LIIHUHQWLDO�(TXDWLRQV´�LQ�D�
³VWDWH�YHFWRU´�IRUP�DV�LQ�������DQG��������7KLV�LV�EHFDXVH�RQO\�D�VLQJOH�VWHS�LQWHJUDWLRQ�
LV UHTXLUHG� LQ� RUGHU� WR� HOLPLQDWH� WKH� GLIIHUHQWLDO� RSHUDWRU� DQG� REWDLQ� WKH�
³GLPHQVLRQOHVV´� IXQGDPHQWDO� GHSHQGHQW� YDULDEOHV�� 7KHQ� UHZULWLQJ� WKH� ³*RYHUQLQJ�
6\VWHP�RI�)LUVW�2UGHU�2UGLQDU\�'LIIHUHQWLDO�(TXDWLRQV´�IRU�3DUW�,�DV��
�
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ZKHUH ,[ LV�GHILQHG�DV�\,� 



,O � 7KH�³&RHIILFLHQW�0DWUL[�>& @´ LV�RI�GLPHQVLRQ����[����
ZKLFK�H[SOLFLWO\�LQFOXGHV�WKH�QRQGLPHQVLRQDO�JHRPHWULF�DQG�PDWHULDO�FKDUDFWHULVWLFV�
RI WKH� XSSHU�� DQG� ORZHU� VWLIIHQLQJ� SODWH� VWULSV� DQG� WKH� EDVH� SODWH� DQG� WKH� DGKHVLYH�
OD\HUV�DQG�GLPHQVLRQOHVV�QDWXUDO�IUHTXHQF\�SDUDPHWHU�Z PQ �RI�WKH�FRPSRVLWH�V\VWHP��
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,Q� WKH� DERYH�� � �^ `MPQ< �M ������� LV� WKH� ³VWDWH� YHFWRU´� LQFOXGLQJ� ³GLPHQVLRQOHVV�
IXQGDPHQWDO�GHSHQGHQW�YDULDEOHV´��VXFK�WKDW��
�

� �^ ` � � � � � � � � � � � �^ `7M
PQ\

M
PQ\

M
PQ\[

M
PQ

M
PQ\

M
PQ[ 4�0�0�:�� M

PQ< �M ������� ��������
�

7KH� QH[W� VWHS� LQYROYHV� WKH� GLVFUHWL]DWLRQ� RI� WKH� ³IXQGDPHQWDO� GHSHQGHQW�
YDULDEOHV´�RI�WKH�SUREOHP�DQG�WKH�³&RHIILFLHQW�0DWULFHV´�LQ�������RU�LQ���������ZLWK�
UHVSHFW� WR� WKH� LQGHSHQGHQW� YDULDEOH� [,� DORQJ� 3DUW� ,� UHJLRQ�� 7KLV� LV� UHDOL]HG� E\�
GLYLGLQJ�WKH�3DUW�,�UHJLRQ�LQ�)LJXUH�����LQWR�VXIILFLHQW�QXPEHU�RI�VHJPHQWV�DORQJ�[,

DQG�SUH�PXOWLSO\LQJ� GLVFUHWH� YHUVLRQ� RI� ������ E\� ³*OREDO� ,QWHJUDWLQJ�0DWUL[� > @,/ ´
ZKLFK�\LHOGV��
�
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ZKHUH � �^ ` »¼

º«¬
ª �&�M<� DUH� WKH� GLVFUHWH� YHUVLRQV� RI� ³VWDWH� YHFWRU´� � �^ `MPQ< DQG� WKH�

³&RHIILFLHQW� 0DWUL[� > @& ´ LQ� ������� UHVSHFWLYHO\�� $OVR� � �^ `M
�< LV� WKH� ³VWDWH� YHFWRU´�

HYDOXDWHG�DW�WKH�³LQLWLDO�HQG�SRLQW��[, �´��7KH�VXEVFULSWV�³P´�DQG�³Q´�LQ���������DUH�
GURSSHG�IURP�WKH�PDWULFHV�IRU�FRQYLHQFH��,Q����������WKH�VXSHUVFULSWV�GHQRWHV�XSSHU��
ORZHU�VWLIIHQLQJ�SODWH�VWULSV�DQG�WKH�EDVH�SODWH�LQ�WKH�3DUW�,�UHJLRQ��,Q�WKH�GHWDLOHG�DQG�
RSHQ�IRUP��RQH�FDQ�ZULWH�WKH�GLVFUHWL]HG� � �^ `M<� � � �^ `M

�<� DQG� »¼
º«¬

ª �& H[SOLFLWO\�DV��
�
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7KH� IXQFWLRQ�RI� WKH� VHFRQG�VXEVFULSWV� LQ� ��������DQG� ��������DUH� WR� LQGLFDWH�

WKH�VWDWLRQ�ZLWK�ZKLFK�WKH\�DUH�DVVRFLDWHG�RU�HYDOXDWHG��,Q�WKH�DERYH��WKH�³0DWULFHV��
>&L�M@´ �VPDOO� FKDUDFWHUV�� DUH� WKH� ³'LDJRQDO� 0DWULFHV´� ZKLFK� DUH� WKH� GLVFUHWL]HG�

HOHPHQWV�RI�WKH�³&RHIILFLHQW�0DWUL[� »¼
º«¬

ª �& ´ LQ��������RU�LQ����������
�

7KH�GHWDLOHG�H[SODQDWLRQ�RI�WKH�³*OREDO�,QWHJUDWLQJ�0DWUL[� > @,/ ´ LV�JLYHQ�LQ�
VHFWLRQ�������7KHUHIRUH�� LW�ZLOO�QRW�EH�UHSHDWHG�KHUH��7KH�LPSRUWDQW�SRLQW�LV�WKDW�WKH�
³,QWHJUDWLQJ�0DWUL[´�LQ���������KDV�D�GLPHQVLRQ�RI���Q�î��Q� DQG�Q� LV�WKH�QXPEHU�
RI GLVFUHWL]DWLRQ�SRLQWV�DORQJ�3DUW�,�UHJLRQ��
�
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$IWHU�UHDUUDQJLQJ����������D�UHODWLRQ�EHWZHHQ�WKH�³VWDWH�YHFWRU´�DW�D�µµJHQHUDO�
VWDWLRQ¶¶�[, DORQJ�LQ�3DUW�,�UHJLRQ�DQG�WKH�³VWDWH�YHFWRU´�DW�WKH�³LQLWLDO�HQG�SRLQW¶¶�[, ��
LQ 3DUW�,�UHJLRQ�LV�REWDLQHG��
� ^ ` > @̂ `�<< ��� 8 ��������
ZKHUH

> @ > @ > @ ��

¸̧¹
·¨̈©

§ »¼
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ª� �&/8 ,,� ��������
�

,Q� WKH� DERYH�� > @8� LV WKH� GLVFUHWL]HG� YHUVLRQ� RI� WKH� ³0RGLILHG� 7UDQVIHU�
0DWUL[´�EHWZHHQ�D�µµJHQHUDO�VWDWLRQ�DORQJ�[,´ DQG�WKH�³LQLWLDO�HQG�SRLQW�[, �´��
�

,Q�D�GHWDLOHG�DQG�RSHQ�IRUP��RQH�FDQ�ZULWH��
�
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7KH�PDWUL[� > @8� LV�FRPSRVHG�RI����[����VTXDUH�EORFNV�RI�GLPHQVLRQ�Q� ZLWK�
UHVSHFW� WR� �������� DQG� �������� DQG� HDFK� LQGLYLGXDO� EORFN� UHSUHVHQWV� D� UHODWLRQ�
EHWZHHQ�D�VWDWH�YDULDEOH�DW�³DQ\�JHQHUDO�VWDWLRQ�[,´ DORQJ�3DUW� ,� UHJLRQ�DQG�DQRWKHU�
VWDWH�YDULDEOH�DW�WKH�³LQLWLDO�HQG�SRLQW�[, �´�LQ�3DUW�,�UHJLRQ��
�

7KHQ�� IURP� WKH� (TXDWLRQ� ��������� RQH� FDQ� REWDLQ� WKH� UHODWLRQ� EHWZHHQ� WKH�
³VWDWH�YHFWRU´�DW�WKH�³ILQDO�HQG�SRLQW�[, �´�DQG�WKH�³LQLWLDO�HQG�SRLQW�[, �´�LQ�3DUW�,�
UHJLRQ� E\� VXPPLQJ� WKH� HOHPHQWV� RQ� WKH� LQWHJHU� PXOWLSOHV� RI� QWK� URZ� RI� > @8� DV
IROORZV��
�
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ZKHUH WKH� HQG� SRLQWV� DUH� GHILQHG� DV� µµLQLWLDO� HQG� SRLQW� [, �´� DQG� µµILQDO� HQG� SRLQW�
[, �´�DORQJ�3DUW�,�UHJLRQ��DV�VKRZQ�LQ�)LJXUHV�����DQG�������7KH�VXE�PDWULFHV�> ML�8a @
DUH SDUWLWLRQHG� VTXDUH� PDWULFHV� RI� GLPHQVLRQ� ��[��� ZKLFK� LPSOLFLWO\� LQFOXGHV� WKH�
GLPHQVLRQOHVV�QDWXUDO�IUHTXHQFLHV� ZPQ � 7KH�VXEVFULSWV� LQ�³VWDWH�YHFWRUV´�RI���������
GHQRWH�WKH�VWDWLRQ�ZLWK�ZKLFK�WKH�³VWDWH�YHFWRU´�LV�DVVRFLDWHG�RU�HYDOXDWHG�DORQJ�WKH�
³2YHUODS�5HJLRQ´�RU�3DUW�,�5HJLRQ���
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7KHQ��LQ�D�VLPLODU�ZD\��RQH�FDQ�REWDLQ�D�UHODWLRQ�EHWZHHQ�WKH�³VWDWH�YHFWRUV´�
DW WKH�µµLQLWLDO�HQG�SRLQW�[,, �´�DQG�WKH�³VWDWH�YHFWRUV´�DW�WKH�µµILQDO�HQG�SRLQW�[,, �´�
IRU�WKH�3DUW�,,�UHJLRQ��DV�VKRZQ�LQ�)LJXUH�����DQG������VXFK�WKDW��
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ZKHUH Q� LQGLFDWHV�WKH�QXPEHU�RI�GLVFUHWL]DWLRQ�SRLQWV�LQ�3DUW�,,�UHJLRQ�DQG�> ML�:a @ LV�
WKH VTXDUH�EORFN�PDWUL[�RI�GLPHQVLRQ�Q��

$ UHODWLRQ�EHWZHHQ�WKH�³VWDWH�YHFWRU´�DW�WKH�µµLQLWLDO�HQG�SRLQW�[,, �´�DQG�WKH�
³VWDWH�YHFWRU´�DW�WKH�µµILQDO�HQG�SRLQW�[,, �´�IRU�3DUW�,,�FDQ�EH�REWDLQHG�IURP���������
DV ��
� ^ ` > @ ^ `���
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� ,,,, <<    �����:a ��������
�
ZKHUH > ���:a @ LV� D� ��[��� PDWUL[� ZKLFK� DOVR� LPSOLFLWO\� LQFOXGHV� WKH� GLPHQVLRQOHVV�
QDWXUDO�IUHTXHQF\�SDUDPHWHU� ZPQ �RI�WKH�FRPSRVLWH�V\VWHP�RI�WKH�³0DLQ�352%/(0�
,,,�D´��
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,Q�HTXDWLRQV���������DQG����������WKH�UHODWLRQV�EHWZHHQ�WKH�³VWDWH�YHFWRUV´�DW�
WKH� ³LQLWLDO� HQG�SRLQWV´� DQG�³ILQDO� HQG�SRLQWV´�RI� WKH�3DUW� ,� DQG�3DUW� ,,� UHJLRQV� DUH�
REWDLQHG�� UHVSHFWLYHO\�� 7KHUHIRUH�� WKH� ³%RXQGDU\� &RQGLWLRQV´� DQG� WKH� ³&RQWLQXLW\�
&RQGLWLRQV´�LQ�WKH�\�GLUHFWLRQ�DUH�XVHG�WR�REWDLQ�WKH�QDWXUDO�IUHTXHQFLHV�RI�WKH�SODWH�
V\VWHP��2QH�FDQ�SUHVFULEH� DQ\� FRPELQDWLRQ�RI� WKH� ³%RXQGDU\�&RQGLWLRQV´� DW�[, ���
[, �� IRU� WKH� VWLIIHQLQJ� SODWH� VWULSV� DQG� DW� [, ��� [,, �� IRU� WKH� EDVH� SODWH� LQ� WKH� \�
GLUHFWLRQ��DV�LQGLFDWHG�LQ�)LJXUH��������7KH�³%RXQGDU\�&RQGLWLRQV´�IRU�WKH�VWLIIHQLQJ�
SODWH�VWULSV�DW�[, ��DUH�IUHH�HGJH�ERXQGDU\�FRQGLWLRQV��DV�VKRZQ�LQ�)LJXUH�������7KHQ��
ZULWLQJ��
�

7KH�µµ&RQWLQXLW\�&RQGLWLRQV¶¶�EHWZHHQ�WKH�3DUW�,�DQG�3DUW�,,�DV��
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ZKHUH >,@ LV D�³XQLW�PDWUL[´�ZLWK�GLPHQVLRQ���[����> ���:a @ LV D� ��î���PDWUL[�ZKLFK�
LPSOLFLWO\� LQFOXGHV� WKH� GLPHQVLRQOHVV� QDWXUDO� IUHTXHQF\� ZPQ � DQG� > ML�8a @ DUH�
SDUWLWLRQHG� VTXDUH� PDWULFHV� RI� GLPHQVLRQ� ��[��� ZKLFK� DOVR� LPSOLFLWO\� LQFOXGHV� WKH�
GLPHQVLRQOHVV�QDWXUDO�IUHTXHQFLHV� ZPQ �RI�WKH�SODWH�V\VWHP��$OO�WKH�³VWDWH�YHFWRUV´�LQ�
�������� DUH� LQ� VWDWLRQV�ZKHUH� WKH�ERXQGDU\�RU� VXSSRUW� FRQGLWLRQV�RI� WKH� V\VWHP�DUH�
SUHVFULEHG�DV�LQ�)LJXUH������7KHUHIRUH��RQH�FDQ�REWDLQ��
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,Q� DERYH� (TXDWLRQ� ��������� VL[� RI� WKH� HLJKWHHQ� VWDWH� YDULDEOHV� PXVW� EH�

SUHVFULEHG�DW�HDFK�HQG�SRLQW��$IWHU�LQVHUWLQJ�RI�WKH�³%RXQGDU\�&RQGLWLRQV´�LQ�WKH�\�
GLUHFWLRQ�DW�[, ��DQG�[,, ��LQWR����������WKH�PDWUL[�HTXDWLRQ�EHORZ�LV�REWDLQHG�WKHQ���
�

> @ ^ ` ^ `�<& �,,,�D���,,,�D��  � > @ ^ `� �,,,�D��& ��������
�
ZKHUH > @

�,,,�D��& LV� D� ��[��� ³&RHIILFLHQW� 0DWUL[´� ZKLFK� LPSOLFLWO\� LQFOXGHV� WKH�
GLPHQVLRQOHVV�QDWXUDO�IUHTXHQF\�SDUDPHWHU� ZPQ � 7KH�³&RHIILFLHQW�0DWUL[� > @

�,,,�D��& ´
LV REWDLQHG�IURP�WKH�³&RHIILFLHQW�0DWUL[´�EHWZHHQ�WKH�µµILQDO�DQG�LQLWLDO�HQG�SRLQWV´�
LQ �������� E\� HOLPLQDWLQJ� WKH� URZV� FRUUHVSRQGLQJ� WR� QRQ]HUR� VWDWH� YDULDEOHV� DW� WKH�
³ILQDO HQG�SRLQW¶¶�DQG�WKH�FROXPQV�FRUUHVSRQGLQJ�WR�]HUR�VWDWH�YDULDEOH�DW�WKH�³LQLWLDO�
HQG SRLQW¶¶�� ,Q� (TXDWLRQ� �������� ^<�` LV� D� YHFWRU�ZKRVH� HOHPHQWV� DUH� WKH� QRQ]HUR�
FRPSRQHQWV�RI� � � � � � �^ `7�
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7KH�GHWHUPLQDQW�RI�WKH�³&RHIILFLHQW�0DWUL[� > @
�,,,�D��& ´ EH HTXDO�WR�]HUR�\LHOGV�

WKH��QRQWULYLDO�VROXWLRQ�IRU�WKH�V\VWHP�RI���������ZKLFK�DUH�WKH�GLPHQVLRQOHVV�QDWXUDO�
IUHTXHQF\� SDUDPHWHUZPQ � RI� WKH� FRPSRVLWH� V\VWHP�� $V� LQ� SUHYLRXV� FDVHV�� WKH�
SURFHGXUH�VKRXOG�EH�UHSHDWHG�IRU�D�JLYHQ�VHW�RI�WKH��³%RXQGDU\�&RQGLWLRQV´�LQ�RUGHU�
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WR�ILQG�WKH�URRWV�RI�WKH�GHWHUPLQDQW�RI�WKH�³&RHIILFLHQW�0DWUL[� > @
�,,,�D��& ´��7KH�URRWV�

DUH WKH�QRQGLPHQVLRQDO�QDWXUDO�IUHTXHQFLHV�� ZPQ �RI�WKH�SODWH�V\VWHP��2QH�FDQ�HDVLO\�
ILQG�WKH�FRUUHVSRQGLQJ�PRGH�VKDSHV���DIWHU�WKH�QDWXUDO�IUHTXHQFLHV�DUH�REWDLQHG��IRU�D�
SDUWLFXODU�VHW�RI�³%RXQGDU\�&RQGLWLRQV´�LQ�WKH�\�GLUHFWLRQV��
�

���� 0HWKRG�RI�6ROXWLRQ�IRU�³0DLQ�352%/(0�,,,�E´�
�

7KLV SUREOHP� PD\� EH� FRQVLGHUHG� DV� WKH� ³VSHFLDO� FDVH´� RI� WKH� ³0DLQ�
352%/(0�,,�E´�VXFK�WKDW�WKH�GRXEO\�VWLIIHQHG�SDUW�LV�PRYHG�WR�RU�SRVLWLRQHG�DW�WKH�
OHIW�VXSSRUW��VHH�)LJXUHV�����DQG��������

�
$V D� ILUVW� VWHS�� ZULWLQJ� WKH� VHW� RI� WKH� ³*RYHUQLQJ� 6\VWHPV� RI� )LUVW� 2UGHU�

2UGLQDU\�'LIIHUHQWLDO�(TXDWLRQV´��
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ZKHUH [, DQG�[,,�DUH�GHILQHG�DV�\,� 



,O DQG \,,� 


,,O � UHVSHFWLYHO\��7KH�³&RHIILFLHQW�0DWUL[�

>& c @´ LV�RI�GLPHQVLRQ����[����H[SOLFLWO\�LQFOXGHV�WKH�QRQGLPHQVLRQDO�JHRPHWULF�DQG�
PDWHULDO�FKDUDFWHULVWLFV�RI�WKH�EDVH�SODWH�DQG�VWLIIHQLQJ�VWULSV�DQG�WKH�DGKHVLYH�OD\HU�
DQG� DOVR� WKH� GLPHQVLRQOHVV� QDWXUDO� IUHTXHQF\� SDUDPHWHU� Z PQ � RI� WKH� FRPSRVLWH�
V\VWHP�� 7KH� ³&RHIILFLHQW� 0DWUL[� >' c @´ LV� RI� GLPHQVLRQ� ��[��� DOVR� H[SOLFLWO\�
LQFOXGHV�WKH�GLPHQVLRQOHVV�JHRPHWULF�DQG�PDWHULDO�FKDUDFWHULVWLFV�RI�WKH�EDVH�SODWH�LQ�
WKH�3DUW� ,,� UHJLRQ� DV�ZHOO� DV� WKH�GLPHQVLRQOHVV�QDWXUDO� IUHTXHQF\� Z PQ � RI� WKH�SODWH�
V\VWHP�� � �^ `M

P< �M ������� LV� WKH� ³VWDWH� YHFWRU´� LQFOXGHV� ³GLPHQVLRQOHVV� IXQGDPHQWDO�
GHSHQGHQW�YDULDEOHV´�RI�WKH�SUREOHP��
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,Q�(TXDWLRQ���������VL[�RI� WKH�HLJKWHHQ�VWDWH�YDULDEOHV�PXVW�EH�SUHVFULEHG�DW�

³HDFK�HQG�SRLQW´��)XWKHU�VXEVWLWXWLRQ�RI�WKH�³%RXQGDU\�&RQGLWLRQV´�LQ�WKH�\�GLUHFWLRQ�
DW [, ��DQG�[,, ��LQWR����������RQH�FDQ�REWDLQ�WKH�IROORZLQJ�PDWUL[�HTXDWLRQ��
�

> @ ^ ` ^ `�<& �,,,�E���,,,�E��  � > @ ^ `� �,,,�E��& ��������
�
ZKHUH > @

�,,,�E��& LV� D� ��î��� ³&RHIILFLHQW� 0DWUL[´� ZKLFK� LPSOLFLWO\� LQFOXGHV� WKH�
GLPHQVLRQOHVV�QDWXUDO�IUHTXHQF\�SDUDPHWHU� ZPQ � 7KH�³&RHIILFLHQW�0DWUL[� > @

�,,,�E��& ´
LV REWDLQHG�IURP�WKH�FRHIILFLHQW�PDWUL[�EHWZHHQ�WKH�µµILQDO�DQG�LQLWLDO�HQG�SRLQWV´�LQ�
��������E\�HOLPLQDWLQJ�WKH�URZV�FRUUHVSRQGLQJ�WR�QRQ]HUR�VWDWH�YDULDEOH�DW�WKH�³ILQDO�
HQG SRLQW¶¶�DQG� WKH�FROXPQV�FRUUHVSRQGLQJ� WR�]HUR�VWDWH�YDULDEOH�DW� WKH�³LQLWLDO�HQG�
SRLQW¶¶� ,Q� (TXDWLRQ� ��������� ^<�` LQFOXGHV� WKH� QRQ]HUR� FRPSRQHQWV� RI�
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7KH�QRQ�WULYLDO�VROXWLRQ�RI�WKH�PDWUL[�HTXDWLRQ�RI���������FRUUHVSRQGV�WR�WKH�
QDWXUDO� IUHTXHQF\� SDUDPHWHU� ZPQ � RI� WKH� FRPSRVLWH� SODWH� V\VWHP�� 7KHVH� QDWXUDO�
IUHTXHQFLHV� DUH�� WKHQ�� WKH� URRWV� RI� WKH� GHWHUPLQDQW� RI� WKH� ³&RHIILFLHQW� 0DWUL[�
> @

�,,,�E��& ´ DV�VKRZQ�LQ�(TXDWLRQ����������$IWHU�WKH�QDWXUDO�IUHTXHQFLHV�DUH�REWDLQHG��
WKH�FRUUHVSRQGLQJ�PRGH�VKDSHV�FDQ�HDVLO\�EH�FDOFXODWHG�DQG�SORWWHG��
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CHAPTER 11 
 

NUMERICAL RESULTS AND DISCUSSION 
 
 
11.1 Some Remarks on Geometric and Material Characteristics and 
Boundary Conditions 
 

In the previous Chapters, the theoretical formulations of the “Composite Plate 

or Panel System” in terms of “Main PROBLEM I”, “Main PROBLEM II” and “Main 

PROBLEM III” were given. Then, recalling and rewriting, 

 

•  “Main PROBLEM I ” 

I-a) Free Flexural (or Bending) Vibrations of “Centrally Doubly 

Stiffened, Composite Orthotropic Plates or Panels (Orthotropic Base Plate or 

Panel Case)”. 

I-b) Free Flexural (or Bending) Vibrations of “Centrally Doubly 

Stiffened, Composite Plates or Panels (Isotropic Base Plate or Panel Case)”. 

 

•  “Main PROBLEM II ” 

II-a) Free Flexural (or Bending) Vibrations of “Non-Centrally Doubly 

Stiffened, Composite Orthotropic Plates or Panels (Orthotropic Base Plate or 

Panel Case)”. 

II-b) Free Flexural (or Bending) Vibrations of “Non-Centrally Doubly 

Stiffened, Composite Plates or Panels (Isotropic Base Plate or Panel Case)”. 

 

•  “Main PROBLEM III ” 

III-a) Free Flexural (or Bending) Vibrations of “Doubly Stiffened-at 

Support, Composite Plates or Panels (Orthotropic Base Plate or Panel Case)”. 
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III-b) “Free Flexural (or Bending)” Vibrations of “Doubly Stiffened-at 

Support, Composite Plates or Panels (Isotropic Base Plate or Panel Case)”. 

 

In this Chapter, the parametric studies and the numerical results for three 

“Main PROBLEMS” defined in Chapter 3 are presented. In each “Main 

PROBLEM”,  

 

a) “Orthotropic Base Plate or Panel (with Orthotropic Stiffening Plate 

Strip)”  

b) “Isotropic Base Plate or Panel (with Orthotropic Stiffening Plate Strip)” 

 

are considered and the mode shapes and the parametric studies of the natural 

frequencies, depending upon various “Boundary Conditions” are presented in detail. 

 

 In the “Composite Plate or Panel System” (which has the “Orthotropic Base 

Plate (Kevlar-Epoxy) with Upper and Lower Orthotropic Stiffening Plate Strips 

(Graphite-Epoxy)”), the material and the geometric characteristics of the plates and 

the adhesive layers are displayed in Table 11.1.  

 

 Similarly, the “Composite Plate or Panel System” (which has the “Isotropic 

Base Plate (Aluminum Alloy) with Upper and Lower Orthotropic Stiffening Plate 

Strips (Graphite-Epoxy)”), the material and the geometric characteristics of the plates 

and the adhesive layers are displayed in Table 11.2. 

 

 In order to investigate the significant effects of the adhesive layer elastic 

constants on the mode shapes and on the natural frequencies and on the mode shapes, 

the “hard” and the relatively “soft” adhesive characteristics as shown in both Tables 

11.1 and 11.2.are taken into account in the numerical studies. 

 

 For all cases, since the “Classical Lévy’s Type Solutions” were used in the 

formulation of the problems, the “Boundary Conditions” are always assumed to be 

simply supported at sides x=0 and x=a since the Lévy’s type solutions were used in 
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WKH�IRUPXODWLRQ�RI�SUREOHPV��+HQFH��RQO\�WKH�³6XSSRUW�&RQGLWLRQV´�DW�VLGHV�\ ��DQG�
\ E� /��L�H��VXSSRUWV�LQ�\�GLUHFWLRQ��ZLOO�EH�JLYHQ�LQ�)LJXUHV��
�

,Q� WKH� ³%RXQGDU\�&RQGLWLRQV´�RQ�DOO� ILJXUHV�� WKH� OHWWHU� �6�� LV�XVHG� WR�GHILQH�
µµ6LPSOH� 6XSSRUW� &RQGLWLRQ¶¶�� �&�� IRU� µµ&ODPSHG� 6XSSRUW� &RQGLWLRQ¶¶� DQG� �)�� IRU�
µµ)UHH�(GJH�&RQGLWLRQ¶¶��$OVR��WKH�³%RXQGDU\�&RQGLWLRQV´�DUH�UHDG�IURP�OHIW�WR�ULJKW��
7KH�ILUVW� WZR� OHWWHUV�VKRZ�WKH�VXSSRUW�FRQGLWLRQV�RI� WKH�XSSHU�VWLIIHQLQJ�SODWH�VWULS��
WKH VHFRQG�DQG�WKLUG�OHWWHUV�LQGLFDWH�WKH�VXSSRUW�FRQGLWLRQV�RI�WKH�EDVH�SODWH�DQG�WKH�
ODVW�WZR�OHWWHUV�LQGLFDWH�WKH�ERXQGDU\�FRQGLWLRQV�RI�WKH�ORZHU�VWLIIHQLQJ�SODWH�VWULS��
�

)RU LQVWDQFH�� �))&&))�� PHDQV� WKDW�� UHDGLQJ� IURP� OHIW� WR� ULJKW�� WKH� XSSHU�
VWLIIHQLQJ� VWULS� KDV� µµ)UHH� (GJH� %RXQGDU\� &RQGLWLRQV¶¶� DW� \ �� DQG� \ E�� WKH� EDVH�
SODWH� KDV� µµ&ODPSHG� %RXQGDU\� &RQGLWLRQV¶¶� DW� \ �� DQG� \ E� /� DQG� WKH� ORZHU�
VWLIIHQLQJ�VWULS�KDV�µµ)UHH�(GJH�%RXQGDU\�&RQGLWLRQV¶¶�DW�\ ��DQG�\ E� ,"

6LPLODUO\�� �6)666)�� PHDQV� WKDW�� UHDGLQJ� IURP� OHIW� WR� ULJKW�� WKH� XSSHU�
VWLIIHQLQJ�VWULS�KDV�µµ6LPSOH�6XSSRUW�%RXQGDU\�&RQGLWLRQV¶¶�DW�\ ��DQG�µµ)UHH�(GJH�
%RXQGDU\� &RQGLWLRQV¶¶� DW� \ E� /�� WKH� EDVH� SODWH� KDV� µµ6LPSOH� 6XSSRUW� %RXQGDU\�
&RQGLWLRQV¶¶�DW�\ ��DQG�\ E� /�DQG�WKH�ORZHU�VWLIIHQLQJ�VWULS�KDV�µµ6LPSOH�6XSSRUW�
%RXQGDU\�&RQGLWLRQV¶¶�DW�\ ��DQG�µµ)UHH�(GJH�%RXQGDU\�&RQGLWLRQV¶¶�DW�\ E� ," �
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Table 11.1. Composite Plate or Panel System  
(Geometric and Material Characteristics) 

(Orthotropic Base Plate and Orthotropic Stiffening Plate Strips) 
 

Kevlar - Epoxy 
(Base Plate) 

(j=1) 

Graphite- Epoxy 
(Stiffening Plate 

Strips) 
(j=2) (upper one) 
(j=3) (lower one) 

Adhesive Layer 
(soft) 

(k=2) (upper one) 
(k=3) (lower one) 

Adhesive Layer 
(hard) 

(k=2) (upper one) 
(k=3) (lower one) 

Ex1 = 5.50 GPa 
Ey1 = 76.0 GPa 
Gxy1 = 2.10 GPa 
Gxz1 = 1.50 GPa 
Gyz1 = 2.00 GPa 
ννννxy1 = 0.024 
ννννyx1 = 0.34 
ρρρρ1 = 1.3 gr/cm3 
h1 = 0.007 m. 
a = 0.5 m. 
b1 = L= 1.0 m. 

Exj = 11.71 GPa 
Eyj = 137.8 GPa 
Gxyj = 5.51  Gpa 
Gxzj = 2.50 GPa 
Gyzj = 3.00  GPa 
ννννxyj = 0.0213 
ννννyxj = 0.25 
ρρρρj = 1.6 gr/cm3 
hj = 0.007 m. 
a = 0.5 m. 
b2 = b3= ℓ1= 0.3 m. 

0.35b =~  m. 

Eak /
(1)
11B  = 4.22x10-4  

Gak /
(1)
11B  = 2.11x10-4 

hak = 0.15x10-3 m. 

ρρρρa = neglected 
 
Eak = 2.34 MPa 
Gak = 1.17 MPa 

Eak /
(1)
11B  = 0.340  

Gak /
(1)
11B  = 0.119 

hak = 0.15x10-3 m. 

 ρρρρa = neglected 
 
Eak = 4.0 GPa 
Gak= 1.4 GPa 

 
Table 11.2. Composite Plate or Panel System 

(Geometric and Material Characteristics) 
(Isotropic Base Plate and Orthotropic Stiffening Plate Strips) 

 
Aircraft Aluminum 

(Base Plate) 
(j=1) 

Graphite- Epoxy 
(Stiffening Plate Stips) 

(j=2) (upper one) 
(j=3) (lower one) 

Adhesive Layer 
(soft) 

(k=2) (upper one) 
(k=3) (lower one) 

Adhesive Layer 
(hard) 

(k=2) (upper one) 
(k=3) (lower one) 

E =72.69 GPa 
G =25.78 GPa 
νννν=0.313 
ρρρρ=2.796gr/cm3 
h1 =0.007m. 
a= 0.5 m. 
b2 = b3= ℓ1= 0.3 m. 
b1 =L= 1.0 m. 

Exj = 11.71 GPa 
Eyj = 137.8 GPa 
Gxyj = 5.51  Gpa 
Gxzj = 2.50 GPa 
Gyzj = 3.00  GPa 
ννννxyj = 0.0213 
ννννyxj = 0.25 
ρρρρj = 1.6 gr/cm3 
hj = 0.007 m. 
a = 0.5 m. 
b2 = b3= ℓ1= 0.3 m. 

0.35b =~  m. 

Eak =2.34 MPa 
Gak =1.17 MPa 
hak =0.15x10-3 m 

ρρρρa = neglected 
 

Eak = 4.0 GPa 
Gak= 1.4 GPa 
hak = 0.15x10-3 m 

ρρρρa = neglected 
 



���

�����1XPHULFDO�5HVXOWV�DQG�'LVFXVVLRQ�IRU�³0DLQ�352%/(0�,�D´�
�

,Q� WKLV� ³0DLQ� 352%/(0� ,�D´�� WKH� ³2UWKRWURSLF� %DVH� 3ODWH´� LV� PDGH� RI�
.HYODU�(SR[\� DQG� WKH� ³8SSHU� DQG� /RZHU� 6WLIIHQLQJ� 3ODWH� 6WULSV´� DUH� FKRVHQ� DV�
*UDSKLWH�(SR[\�SODWHV��,Q�)LJXUHV��WKH�DGKHVLYH�OD\HUV�DUH�FKRVHQ�DV�WKH�³KDUG´�DQG�
WKH�³VRIW´�DGKHVLYH�FDVHV�ZLWK�YDULRXV�ERXQGDU\�FRQGLWLRQV��$OVR��LQ�RUGHU�WR�VHH�WKH�
VLJQLILFDQW� HIIHFWV�RI� WKH�DGKHVLYH� OD\HU�RQ� WKH�PRGH�VKDSHV�DQG� WKH� FRUUHVSRQGLQJ�
IUHTXHQFLHV�� WKH�DGKHVLYH�VKHDU�PRGXOXV�LV�DVVXPHG�WR�EH�*D�� �*D�� ��������� §����
7KH�PDWHULDO�DQG�JHRPHWULF�FKDUDFWHULVWLFV�RI�WKH�FRPSRVLWH�SODWH�V\VWHP�DUH�VKRZQ�
LQ� 7DEOH� ������ 7KH� HODVWLF� FRQVWDQWV� RI� WKH� XSSHU� DQG� ORZHU� DGKHVLYH� OD\HUV� DUH�
DVVXPHG� WR� EH� LGHQWLFDO� LQ� WKH� QXPHULFDO� FDOFXODWLRQV� �WKH\� DUH� DVVXPHG� WR� EH�
GLVVLPLODU�LQ�WKH�WKHRUHWLFDO�IRUPXODWLRQV���
�

6HYHUDO PRGH�VKDSHV�FRUUHVSRQGLQJ�WR�WKH�VHYHUDO�VXSSRUW�FRQGLWLRQV�ZLOO�EH�
FRQVLGHUHG�DQG�GLVFXVVHG�QH[W���
�

,Q� )LJXUH� ������ WKH� ILUVW� IRXU� PRGH� VKDSHV� DQG� WKH� FRUUHVSRQGLQJ�
GLPHQVLRQOHVV� QDWXUDO� IUHTXHQFLHV� RI� WKH� FRPSRVLWH� SODWH� RU� SDQHO� V\VWHP� DUH�
GLVSOD\HG�IRU�WKH�³KDUG´�DGKHVLYHV�FDVH�DQG�ZLWK�WKH��))&&))��VXSSRUW�FRQGLWLRQV��
�

,W�FDQ�EH�HDVLO\�REVHUYHG�IURP�)LJXUH������� WKDW� LQ�VSLWH�RI� WKH�V\PPHWU\�RI�
WKH�HQWLUH�V\VWHP��WKH�JHRPHWU\��WKH�PDWHULDO�DQG�WKH�%�&�¶V��ZLWK�UHVSHFW�WR�WKH�PLG�
SODQH� SHUSHQGLFXODU� WR� WKH� EDVH� SODWH�� WKH�PRGH� VKDSHV� DUH� QRW� H[DFWO\� V\PPHWULF�
DQG�RU� VNHZ�V\PPHWULF��+RZHYHU�� LQ�)LJXUH������ IRU� WKH� ³VRIW´� DGKHVLYH� FDVH�ZLWK�
WKH� VDPH� �))&&))�� VXSSRUW� FRQGLWLRQV� DQG�� LQ� SDUWLFXODU�� LQ� )LJXUH� ����� ZLWK� WKH�
VDPH�%�&�¶V�DQG�ZLWK�WKH�DGKHVLYH�VKHDU�PRGXOXV�*D�� �*D�� ��������� §����LW�FDQ�EH�
REVHUYHG� WKDW� WKH� PRGH� VKDSHV� EHFRPH� V\PPHWULF� DQG�RU� VNHZ�V\PPHWULF� ZLWK�
UHVSHFW� WR� WKH� SUHYLRXVO\� GHILQHG� PLG�SODQH�� 7KHVH� REVHUYDWLRQV� FDQ� DOVR� EH�
FRUUHODWHG� E\� FRPSDULQJ� WKH� VLGH�YLHZV� RI� WKH� PRGH� VKDSHV� DV� VKRZQ� LQ� )LJXUHV�
�����E� DQG������E���
�

7KXV� RQH�FDQ�FRQFOXGH�WKDW��LQ�VSLWH�RI�WKH�V\PPHWULF�JHRPHWU\��PDWHULDO�DQG�
WKH�%�&�¶V��LI�WKH�DGKHVLYH�VKHDU�PRGXOXV�LV�QRW�VXIILFLHQWO\�VPDOO��RU�]HUR���WKHQ�WKH�



���

PRGH�VKDSHV�DUH�QRW�JRLQJ�WR�EH�V\PPHWULF�DQG�RU�VNHZ�V\PPHWULF��$OVR��IURP�WKH�
DIRUHPHQWLRQHG�)LJXUHV��LW�FDQ�EH�VDLG�WKDW�WKH�DGKHVLYH�VKHDU�PRGXOXV�VLJQLILFDQWO\�
LQIOXHQFH�WKH�PRGH�VKDSHV�DQG�WKH�FRUUHVSRQGLQJ�QDWXUDO�IUHTXHQFLHV��
�

$QRWKHU�LPSRUWDQW�UHVXOW�RI�WKH�SUHVHQW�VWXG\�LV�WKDW��LQ�WKH�³KDUG´�DGKHVLYHV�
FDVH�� WKH� FHQWUDO� SRUWLRQ� RI� WKH� FRPSRVLWH� V\VWHP� LV� DOPRVW� VWDWLRQDU\� GXH� WR� WKH�
�RYHUO\�VWLIIHQLQJ�HIIHFW�RI�WKH�XSSHU�DQG�ORZHU�VWLIIHQLQJ�SODWH�VWULSV�DQG�DOVR�GXH�WR�
WKH�³KDUG´�DGKHVLYH��7KLV�FRQFOXVLRQ�LV�DOVR�YHU\�LPSRUWDQW�IURP�WKH�SRLQW�RI�YLHZ�RI�
IUDFWXUH�PHFKDQLFV���7KH�DOPRVW�VWDWLRQDU\�QDWXUH�RI�WKH�GRXEO\�VWLIIHQHG�SRUWLRQ�RI�
WKH�SODWH�V\VWHP�LQ�WKH�³KDUG´�DGKHVLYHV�FDVH��DFWV�IDYRUDEO\�LQ�VORZLQJ�GRZQ�DQG�RU�
HOLPLQDWLQJ�WKH�SURSDJDWLRQ�RI�WKH�H[LVWLQJ�FUDFN�V��LQ�WKH�EDVH�SODWH�RU�SDQHO��� ,W�LV�
REYLRXV�KHUH��WKDW�VLPLODU�FRQFOXVLRQV�FDQ�EH�GUDZQ�E\�FRPSDULQJ�)LJXUHV������DQG�
�����DQG�DOVR�)LJXUH������DQG�������,W�LV�REYLRXV�WKDW�WKH�³VRIW´�DGKHVLYH��HYHQ�ZKHQ�
WKH�EDVH�SODWH�LV�GRXEO\�VWLIIHQHG��LV�QRW�JRLQJ�WR�SUHYHQW�GHIOHFWLRQV�LQ�WKH�VWLIIHQHG�
SRUWLRQ�RI�WKH�SODWH�V\VWHP��+HQFH��WKH�FUDFNV��LI�WKH\�DUH�DQ\��LV�JRLQJ�WR�SURSDJDWH�
UHODWLYHO\�HDVLO\��
�

+HQFH�� WKH� PRGH� VKDSHV� DQG� WKH� FRUUHVSRQGLQJ� QDWXUDO� IUHTXHQFLHV� DUH�
GUDVWLFDOO\�DIIHFWHG�E\� WKH�HODVWLF�FRQVWDQWV� �VSHFLDOO\�E\� WKH� VKHDU�PRGXOXV��RI� WKH�
DGKHVLYH�OD\HUV�EHWZHHQ�WKH�EDVH�SODWH�DQG�WKH�VWLIIHQLQJ�SODWH�VWULSV��
�

,Q�)LJXUHV������DQG�������³KDUG´�DQG�WKH�³VRIW´�DGKHVLYHV�FDVHV��UHVSHFWLYHO\��
LQ )LJXUHV� ����� DQG� ����� FRUUHVSRQG� ZLWK� WKH� �))&&))�� DQG� �))66))�� VXSSRUW�
FRQGLWLRQV�� UHVSHFWLYHO\�� $OWKRXJK� WKH�PRGH� VKDSHV� H[KLELW� VLPLODU� WUHQGV�� EXW� WKH�
FRUUHVSRQGLQJ�IUHTXHQFLHV�DUH�FRQVLGHUDEOH�GLIIHUHQW�GXH�WR�WKH�VLJQLILFDQW�LQIOXHQFH�
RI�WKH�ERXQGDU\�FRQGLWLRQV�LQ�WKH�\�GLUHFWLRQ��
�

,W� FDQ� EH� VDLG� DV� D� FRQFOXVLRQ� WKDW� WKH� VWLIIHU� �RU� PRUH� FRQVWUDLQLQJ�� WKH�
VXSSRUW� FRQGLWLRQV� LQ� WKH� \�GLUHFWLRQ�� WKH� KLJKHU� QDWXUDO� IUHTXHQFLHV� �SURYLGHG� WKH�
DGKHVLYH�OD\HUV��LQ�ERWK�FDVHV�DUH�VDPH���
�

1RZ�� WKH� SDUDPHWULF� VWXGLHV� IRU� ³0DLQ� 352%/(0� ,�D´� ZLOO� EH� FRQVLGHUHG�
DQG�GLVFXVVHG�QH[W��



���

,Q� )LJXUHV� ������ ������ DQG� ������ ������ WKH� ³$VSHFW� 5DWLR� �E��D�´� DUH�
FRQVLGHUHG��7KH�GHSHQGHQF\�RI�WKH�QDWXUDO�IUHTXHQFLHV�RQ�WKH��P�Q��YDOXHV��DQG�DOVR�
WKH�GHSHQGHQF\�RQ�QDWXUDO�PRGHV�� LV� SORWWHG� LQ� WKH� ³KDUG´� DGKHVLYHV� FDVH�ZLWK� WKH�
�))&&))��DQG� WKH��))66))��VXSSRUW�FRQGLWLRQV�� UHVSHFWLYHO\��5HFDOOLQJ�³P´� LV� WKH�
QXPEHU�RI�KDOI�ZDYHV�LQ�WKH�[�GLUHFWLRQ�DQG�³Q´�LV�WKH�VHFRQG�VXEVFULSW�LQ�WKH�QDWXUDO�
IUHTXHQF\�SDUDPHWHU� PQZ � WKH�QDWXUDO�IUHTXHQFLHV�JURZ�JUDGXDOO\�XS�WR�WKH�³$VSHFW�
5DWLR ���´� YDOXH�� DQG�� DIWHU� WKDW� YDOXH�� VWDUW� LQFUHDVLQJ� VKDUSO\�� LQ� WKH� WKLUG� DQG�
KLJKHU PRGHV��$�VLPLODU�WUHQG�LQ�WKH�QDWXUDO�IUHTXHQFLHV�LV�REVHUYHG�LQ�)LJXUHV�������
DQG�������IRU�WKH��))))))��ERXQGDU\�FRQGLWLRQV��
�

7KH QDWXUDO� IUHTXHQFLHV� ZLWK� UHVSHFW� WR� WKH� ³$VSHFW� 5DWLR´� �E��D�� IURP� WKH�
ILUVW� WR� WKH� IRXUWK� DUH� SORWWHG� LQ� WKH� ³KDUG´� DGKHVLYHV� FDVH�� IRU� YDULRXV� ERXQGDU\�
FRQGLWLRQV�LQ�)LJXUHV�������WKURXJK��������UHVSHFWLYHO\��$V�WKH�³$VSHFW�5DWLR��E��D�´�
RU WKH� ZHWWHG�DUHD� LQFUHDVHV�� VR� WKH� QDWXUDO� IUHTXHQFLHV�� 7KLV� UHVXOW� LV� H[SHFWHG�
EHFDXVH� RI� WKH� LQFUHDVLQJ� VWLIIQHVV� RI� WKH� FRPSRVLWH� V\VWHP� DV� WKH� ZHWWHG�DUHD�
LQFUHDVHV�RU�VSUHDGV��
�

,Q� )LJXUHV� ������ DQG� ������ WKH� QDWXUDO� IUHTXHQF\� SDUDPHWHU� YHUVXV� WKH�
³$VSHFW� 5DWLR� �E��D�´� DUH� SORWWHG� LQ� WKH� ³VRIW´� DGKHVLYHV� FDVHV� DQG� ZLWK� WKH�
�))&&))�� ERXQGDU\� FRQGLWLRQV�� 6LPLODUO\�� LQ� )LJXUHV� ������ DQG� ������ WKH� QDWXUDO�
IUHTXHQFLHV�YHUVXV� WKH� ³$VSHFW�5DWLR� �E��D�´�SUHVHQWHG� LQ� WKH� ³VRIW´� DGKHVLYHV�FDVH�
DQG� ZLWK� WKH� �))66))�� VXSSRUW� FRQGLWLRQV�� $OVR�� VLPLODUO\�� LQ� )LJXUHV� ������ DQG�
������WKH�QDWXUDO�IUHTXHQFLHV�YHUVXV�WKH�³$VSHFW�5DWLR��E��D�´�SUHVHQWHG�LQ�WKH�³VRIW´�
DGKHVLYHV�FDVH�DQG�ZLWK�WKH��))))))��VXSSRUW�FRQGLWLRQV��
�

2QH�PD\�FRQFOXGH� IURP� WKH�DIRUHPHQWLRQHG� ILJXUHV�� WKH�QDWXUDO� IUHTXHQFLHV�
LQFUHDVH� ZLWK� VRPH� VRUW� RI� D� ZDY\� SDWWHUQ� ZLWK� WKH� LQFUHDVLQJ� WKH� ³$VSHFW� 5DWLR�
�E��D�´��
�

,Q�WKH�SDUDPHWULF�VWXGLHV�� WKH�LQIOXHQFH�RI� WKH�³-RLQW�/HQJWK�5DWLR��/�E��´� LV�
LQYHVWLJDWHG��7KHQ��WKH�QDWXUDO�IUHTXHQFLHV�YHUVXV�WKH�³-RLQW�/HQJWK�5DWLR��/�E��´�DUH�
SUHVHQWHG� LQ� )LJXUHV� ������� ������ DQG� ������� ������ DQG� ������ DQG� ������� LQ� WKH�
³KDUG´� DGKHVLYHV� FDVH� IRU� WKH� �))&&))��� �))66))�� DQG� WKH� �))))))�� ERXQGDU\�
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conditions respectively. In all the above Figures, the frequency curves corresponding 

to the modes from first to fourth exhibit closely similar patterns. In other words, as 

the “Joint Length Ratio (L/b2)” increases the frequencies sharply decrease as can be 

expected and eventually they become asymptotic to certain values. 

 

 Similar to the aforementioned figures, in Figures 11.29, 11.30,and 11.31, 

11.32 and 11.33, 11.34, the natural frequencies versus the “Joint Length Ratio 

(L/b2)” are plotted, in the “soft” adhesives case, with the aforementioned the 

(FFCCFF), (FFSSFF) and (FFFFFF) support conditions, respectively. The trend or 

the behavior of the natural frequencies is similar. However, the first and the second 

and the third, the fourth dimensionless frequencies are very close to each other in the 

“soft” adhesives case. 

 

The effect of the “Bending Rigidity Ratio )(/ )()()( 3
11

2
11

1
11 DDD ==== ” on the 

natural frequencies are also investigated. Thus, Figure 11.35, 11.36 and 11.37, 11.38 

and 11.39, 11.40 presents the natural frequencies versus the “Bending Rigidity Ratio 

)(/ )()()( 3
11

2
11

1
11 DDD ==== ” in the “hard” adhesives case with the (FFCCFF), (FFSSFF), 

and the (FFFFFF) support conditions , respectively. It is interesting to observe that 

the first, second, and the third, fourth dimensionless frequencies are extremely close 

to each other. Also, the trend is that they drop sharply for the small values of the 

“Bending Rigidity Ratio )(/ )()()( 3
11

2
11

1
11 DDD ==== ” up to 0.6, after than they decrease 

gradually.  

 

It should be pointed out here, that, while the dimensionless natural frequency 

parameters decrease as the “Bending Rigidity Ratio )(/ )()()( 3
11

2
11

1
11 DDD ==== ” increases, 

the real dimensional natural frequency increases as excepted (see for instance, the 

expression (4.16) for the dimensionless natural frequency parameter). 

 

 The effect of the “Bending Rigidity Ratio )(/ )()()( 3
11

2
11

1
11 DDD ==== ” on the 

dimensionless natural frequencies in the “soft” adhesives case are computed in 

Figures 11.41, 11.42 and 11.43, 11.44 and 11.45, 11.46 for several modes 

corresponding to the (FFCCFF), (FFSSFF) and the (FFFFFF) boundary conditions 
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respectively. The dimensionless natural frequencies decrease relatively sharply, at 

first, (up to 0.6 value of the “Bending Rigidity Ratio )(/ )()()( 3
11

2
11

1
11 DDD ==== ”) and, 

after that value, the decrease is rather gradual. However, there does not exist another 

common pattern in those figures. As in the similar “hard” adhesives case, the real 

dimensional natural frequencies increase while the dimensionless natural frequencies 

decrease (see again for example, the expression (4.16)) 

 

 The influence of the “Cross Bending Rigidity Ratio )(/ )()()( 3
11

2
11

1
22 DDD ==== ” on 

the natural frequencies, in the “hard” adhesives case, are demonstrated in Figures 

11.59, 11.60 and 11.61, 11.62 and 11.63, 11.64 for the support conditions (FFCCFF), 

(FFSSFF) and (FFFFFF), respectively. The general trend in the natural frequencies 

shows almost linear increases as the “Cross-Bending Rigidity Ratio” increases. 

 

 In Figures 11.65, 11.66 and 11.67, 11.68 and 11.69, 11.70, the natural 

frequencies versus “Cross Bending Rigidity Ratio )(/ )()()( 3
11

2
11

1
22 DDD ==== ” are plotted, 

in the “soft” adhesives case, for the boundary conditions (FFCCFF), (FFSSFF) and 

(FFFFFF), respectively. The common trend or pattern in all those Figures is that, for 

the first through up to the fourth mode, the dimensionless natural frequency increases 

non-linearly with the increasing “Cross Bending Stiffness Ratio”. In the first mode, 

however, the increases in the natural frequency are again non-linear although 

extremely gradual. 

 

The direct effects of the adhesive layer elastic constants Ea, Ga on the 

dimensionless natural frequencies are investigated for the “Main PROBLEM I.a”. 

For this purpose, the dimensionless natural frequencies versus the “Adhesive Elastic 

Modulus Ratio Ea2(=Ea3)/ (1)
11B ” are plotted (while the other elastic constant kept 

constant) in Figures 11.71, 11.73 and 11.75 for the support conditions (FFCCFF), 

(FFSSFF) and (FFFFFF), respectively. Similarly, the dimensionless natural 

frequencies versus the “Adhesive Shear Modulus Ratio Ga2(=Ga3)/ (1)
11B ” are presented 

in Figures 11.72, 11.74 and 11.76 for the boundary condition (FFCCFF), (FFSSFF), 

(FFFFFF), respectively. 

 



���

,W�LV�REYLRXV�IURP�WKH�DIRUHPHQWLRQHG�)LJXUHV��WKH�³$GKHVLYH�6KHDU�0RGXOXV�
5DWLR� *D�� *D��� ���

��% ´� KDV� YHU\� VLJQLILFDQW� HIIHFW� RQ� WKH� QDWXUDO� IUHTXHQFLHV� RI� WKH�
FRPSRVLWH� SODWH� V\VWHPV� FRQVLGHUHG� LQ� WKH� ³0DLQ� 352%/(0� ,�D´�� 7KLV� UHVXOW� LV�
H[SHFWHG�LI�WKH�VKHDU�GHIRUPDEOH�FKDUDFWHU�RI�WKH�0LQGOLQ�3ODWHV�LV�WDNHQ�LQWR�DFFRXQW�
LQ WKH� FRPSRVLWH� V\VWHP�� 7KH� LQIOXHQFH� RI� WKH� ³$GKHVLYH� (ODVWLF� 0RGXOXV� 5DWLR�
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a) First Mode with 796.1949111 ==Ω ω  
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b) Second Mode with 785.2004==Ω 122 ω  

 
Figure 11.1. Mode Shapes and Natural Frequencies of “Centrally Doubly Stiffened, 

Composite Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic 
Stiffening Plate Strips)” 

 
(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 

((FFCCFF) B.C.’s in y-direction, “Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m) 
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c) Third Mode with 800.2233==Ω 213 ω  
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d) Fourth Mode with 243.2245==Ω 224 ω  

 
Figure 11.1. (continued) 
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a) First Mode with 796.1949111 ==Ω ω  
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b) Second Mode with 785.2004==Ω 122 ω  

 
Figure 11.1(b). “Side Views” of Mode Shapes and Natural Frequencies of “Centrally 

Doubly Stiffened, Composite Orthotropic Base Plate or Panel (with Upper and 
Lower Orthotropic Stiffening Plate Strips)” 

 
(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 

((FFCCFF) B.C.’s in y-direction, “Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m) 
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c) Third Mode with 800.2233==Ω 213 ω  
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d) Fourth Mode with 243.2245==Ω 224 ω  

 
Figure 11.1(b). (continued) 
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a) First Mode with 471.262111 ==Ω ω  
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b) Second Mode with 457.710==Ω 122 ω  

 
Figure 11.2. Mode Shapes and Natural Frequencies of “Centrally Doubly Stiffened, 

Composite Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic 
Stiffening Plate Strips)” 

 
(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 

((FFCCFF) B.C.’s in y-direction, “Soft” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m) 
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c) Third Mode with 954.1003==Ω 213 ω  
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d) Fourth Mode with 216.1152==Ω 224 ω  

 
Figure 11.2. (continued) 



 169

-1.5

-1

-0.5

0

0.5

1

1.5

2

Z

0
0.2

0.4 X

0
0.2

0.4
0.6

0.8
1

Y
X Y

Z

 
a) First Mode with 032.983111 ==Ω ω  
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b) Second Mode with 697.1009==Ω 122 ω  

 
Figure 11.3. Mode Shapes and Natural Frequencies of “Centrally Doubly Stiffened, 

Composite Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic 
 Stiffening Plate Strips)” 

 
(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 

((FFSSFF) B.C.’s in y-direction, “Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m) 
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c) Third Mode with 446.1232==Ω 213 ω  
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d) Fourth Mode with 606.1244==Ω 224 ω  

 
Figure 11.3. (continued) 
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a) First Mode with 318.221111 ==Ω ω  
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b) Second Mode with 435.434==Ω 122 ω  

 
Figure 11.4. Mode Shapes and Natural Frequencies of “Centrally Doubly Stiffened, 

Composite Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic 
 Stiffening Plate Strips)” 

 
(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 

((FFSSFF) B.C.’s in y-direction, “Soft” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m) 
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c) Third Mode with 990.741==Ω 213 ω  

 

-1.5

-1

-0.5

0

0.5

1

1.5

2

Z

0
0.2

0.4 X

0
0.2

0.4
0.6

0.8
1

Y
X Y

Z

 
d) Fourth Mode with 576.756==Ω 224 ω  

 
Figure 11.4. (continued) 
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a) First Mode with 746.35111 ==Ω ω  
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b) Second Mode with 903.216==Ω 212 ω  

 
Figure 11.5. Mode Shapes and Natural Frequencies of “Centrally Doubly Stiffened, 

Composite Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic 
 Stiffening Plate Strips)” 

 
(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 

((FFCCFF) B.C.’s in y-direction, Adhesive Ga2=Ga3≈0, b2=0.30 m,a=0.50 m, L=1.0 
m) 
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c) Third Mode with 842.24012 ==Ω ω3  
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d) Fourth Mode with 826.508==Ω 224 ω  

 
Figure 11.5. (continued) 
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a) First Mode with 746.35111 ==Ω ω  
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b) Second Mode with 903.216==Ω 212 ω  

 
Figure 11.5(b). “Side Views” of Mode Shapes and Natural Frequencies of “Centrally 

Doubly Stiffened, Composite Orthotropic Base Plate or Panel (with Upper and 
Lower Orthotropic 

 Stiffening Plate Strips)” 
 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((FFCCFF) B.C.’s in y-direction, Adhesive Ga2=Ga3≈0, b2=0.30 m, a=0.50 m, L=1.0 

m) 
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c) Third Mode with 842.24012 ==Ω ω3  
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d) Fourth Mode with 826.508==Ω 224 ω  

 
Figure 11.5(b). (continued) 
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a) First Mode with 834.18111 ==Ω ω  
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b) Second Mode with 117.130==Ω 122 ω  

 
Figure 11.6. Mode Shapes and Natural Frequencies of “Centrally Doubly Stiffened, 

Composite Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic 
 Stiffening Plate Strips)” 

 
(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 

((FFSSFF) B.C.’s in y-direction, Adhesive Ga2=Ga3≈0, b2=0.30 m, a=0.50 m, L=1.0 
m) 
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c) Third Mode with 884.194==Ω 213 ω  
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d) Fourth Mode with 423.369==Ω 224 ω  

 
Figure 11.6. (continued)
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���

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ$VSHFW�5DWLR�E��D¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´�
�'HSHQGHQF\�RI�QDWXUDO�IUHTXHQF\� PQZ : RQ�QXPEHU�RI�KDOI�ZDYHV�LQ�\��DQG�[�

GLUHFWLRQ���%DVH�3ODWH 3ODWH�� �.HYODU�(SR[\���3ODWH�� �3ODWH�� �*UDSKLWH�(SR[\����))))))��%�&�¶V��µµ6RIW´ $GKHVLYH��E� YDULHV��D �����P��/ ����P��

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ$VSHFW�5DWLR�E��D¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´��9DULRXV�0RGHV�ZLWK��))))))��%�&�¶V��µµ6RIW´ $GKHVLYH��E� YDULHV��D �����P��/ ����P�



���

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ-RLQW�/HQJWK�5DWLR�/�E�¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´�
�'HSHQGHQF\�RI�QDWXUDO�IUHTXHQF\� PQZ RQ�QXPEHU�RI�KDOI�ZDYHV�LQ�\��DQG�[�

GLUHFWLRQ���%DVH�3ODWH 3ODWH�� �.HYODU�(SR[\��3ODWH�� �3ODWH�� �*UDSKLWH�(SR[\����))&&))��%�&�¶V��µµ+DUG´ $GKHVLYH��E� ����P��D �����P��/ YDULHV��

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ-RLQW�/HQJWK�5DWLR�/�E�¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´��9DULRXV�0RGHV�ZLWK��))&&))��%�&�¶V��µµ+DUG´ $GKHVLYH��E� ����P��D �����P��/ YDULHV�



���

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ-RLQW�/HQJWK�5DWLR�/�E�¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´�
�'HSHQGHQF\�RI�QDWXUDO�IUHTXHQF\� PQZ : RQ�QXPEHU�RI�KDOI�ZDYHV�LQ�\��DQG�[�

GLUHFWLRQ���%DVH�3ODWH 3ODWH�� �.HYODU�(SR[\��3ODWH�� �3ODWH�� �*UDSKLWH�(SR[\����))66))��%�&�¶V��µµ+DUG´ $GKHVLYH��E� ����P��D �����P��/ YDULHV��

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ-RLQW�/HQJWK�5DWLR�/�E�¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´��9DULRXV 0RGHV�ZLWK��))66))��%�&�¶V��µµ+DUG´ $GKHVLYH��E� ����P��D �����P��/ YDULHV�



���

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ-RLQW�/HQJWK�5DWLR�/�E�¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´�
�'HSHQGHQF\�RI�QDWXUDO�IUHTXHQF\� PQZ : RQ�QXPEHU�RI�KDOI�ZDYHV�LQ�\��DQG�[�

GLUHFWLRQ���%DVH�3ODWH 3ODWH�� �.HYODU�(SR[\��3ODWH�� �3ODWH�� �*UDSKLWH�(SR[\����))))))��%�&�¶V��µµ+DUG´ $GKHVLYH��E� ����P��D �����P��/ YDULHV��

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ-RLQW�/HQJWK�5DWLR�/�E�¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´��9DULRXV 0RGHV�ZLWK��))))))��%�&�¶V��µµ+DUG´ $GKHVLYH��E� ����P��D �����P��/ YDULHV�



���

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ-RLQW�/HQJWK�5DWLR�/�E�¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´�
�'HSHQGHQF\�RI�QDWXUDO�IUHTXHQF\� PQZ : RQ�QXPEHU�RI�KDOI�ZDYHV�LQ�\��DQG�[�

GLUHFWLRQ���%DVH�3ODWH 3ODWH�� �.HYODU�(SR[\��3ODWH�� �3ODWH�� �*UDSKLWH�(SR[\����))&&))��%�&�¶V��µµ6RIW´ $GKHVLYH��E� ����P��D �����P��/ YDULHV��

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ-RLQW�/HQJWK�5DWLR�/�E�¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´��9DULRXV�0RGHV�ZLWK��))&&))��%�&�¶V��µµ6RIW´ $GKHVLYH��E� ����P��D �����P��/ YDULHV�



���

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ-RLQW�/HQJWK�5DWLR�/�E�¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´�
�'HSHQGHQF\�RI�QDWXUDO�IUHTXHQF\� PQZ : RQ�QXPEHU�RI�KDOI�ZDYHV�LQ�\��DQG�[�

GLUHFWLRQ���%DVH�3ODWH 3ODWH�� �.HYODU�(SR[\��3ODWH�� �3ODWH�� �*UDSKLWH�(SR[\����))66))��%�&�¶V��µµ6RIW´ $GKHVLYH��E� ����P� D �����P��/ YDULHV��

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ-RLQW�/HQJWK�5DWLR�/�E�¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´��9DULRXV 0RGHV�ZLWK��))66))��%�&�¶V��µµ6RIW´ $GKHVLYH��E� ����P��D �����P��/ YDULHV�



���

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ-RLQW�/HQJWK�5DWLR�/�E�¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´�
�'HSHQGHQF\�RI�QDWXUDO�IUHTXHQF\� PQZ : RQ�QXPEHU�RI�KDOI�ZDYHV�LQ�\��DQG�[�

GLUHFWLRQ���%DVH�3ODWH 3ODWH�� �.HYODU�(SR[\��3ODWH�� �3ODWH�� �*UDSKLWH�(SR[\����))))))��%�&�¶V��µµ6RIW´ $GKHVLYH��E� ����P� D �����P��/ YDULHV��

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ-RLQW�/HQJWK�5DWLR�/�E�¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´��9DULRXV 0RGHV�ZLWK��))))))��%�&�¶V��µµ6RIW´ $GKHVLYH��E� ����P��D �����P��/ YDULHV�



���

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ%HQGLQJ�5LJLGLW\�5DWLR�
��� ������ �
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�

�� '''  ¶¶ LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�
3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´�

�'HSHQGHQF\�RI�QDWXUDO�IUHTXHQF\� PQZ : RQ�WKH�QXPEHU�RI�KDOI�ZDYHV�LQ�\��DQG�[�GLUHFWLRQ��
��))&&))��%�&�¶V��µµ+DUG¶¶�$GKHVLYH��E� ����P��D �����P��/ ����P�� ���

��'  YDULHV��

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ%HQGLQJ�5LJLGLW\�5DWLR�
��� ���
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�� '''  ¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�
3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´��9DULRXV�0RGHV�ZLWK��))&&))��%�&�¶V��µµ+DUG¶¶�$GKHVLYH�E� ����P��D �����P��

/ ����P�� ���
��'  YDULHV�



���

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ%HQGLQJ�5LJLGLW\�5DWLR�
��� ������ �
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�

�� '''  ¶¶ LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�
3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´�

�'HSHQGHQF\�RI�QDWXUDO�IUHTXHQF\� PQZ : RQ�WKH�QXPEHU�RI�KDOI�ZDYHV�LQ�\��DQG�[�GLUHFWLRQ��
��))66))��%�&�¶V��µµ+DUG¶¶�$GKHVLYH��E� ����P��D �����P��/ ����P�� ���

��'  YDULHV��

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ%HQGLQJ�5LJLGLW\�5DWLR�
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�� '''  ¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�
3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´��9DULRXV 0RGHV�ZLWK��))66))��%�&�¶V��µµ+DUG¶¶�$GKHVLYH�E� ����P��D �����P��

/ ����P�� ���
��'  YDULHV�



���

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ%HQGLQJ�5LJLGLW\�5DWLR�
��� ������ �
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�� '''  ¶¶ LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�
3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´�

�'HSHQGHQF\�RI�QDWXUDO�IUHTXHQF\� PQZ : RQ�WKH�QXPEHU�RI�KDOI�ZDYHV�LQ�\��DQG�[�GLUHFWLRQ��
��))))))��%�&�¶V��µµ+DUG¶¶�$GKHVLYH��E� ����P��D �����P��/ ����P�� ���

��'  YDULHV��

�)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ%HQGLQJ�5LJLGLW\�5DWLR�
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�� '''  ¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�
3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´��9DULRXV 0RGHV�ZLWK��))))))��%�&�¶V��µµ+DUG¶¶�$GKHVLYH�E� ����P��D �����P��

/ ����P�� ���
��'  YDULHV�
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)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ%HQGLQJ�5LJLGLW\�5DWLR�
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�� '''  ¶¶ LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�
3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´�

�'HSHQGHQF\�RI�QDWXUDO�IUHTXHQF\� PQZ : RQ�WKH�QXPEHU�RI�KDOI�ZDYHV�LQ�\��DQG�[�GLUHFWLRQ��
��))&&))��%�&�¶V��µµ6RIW¶¶�$GKHVLYH��E� ����P��D �����P��/ ����P�� ���

��'  YDULHV��

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ%HQGLQJ�5LJLGLW\�5DWLR�
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�� '''  ¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�
3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´��9DULRXV�0RGHV�ZLWK��))&&))��%�&�¶V��µµ6RIW¶¶�$GKHVLYH�E� ����P��D �����P��

/ ����P�� ���
��'  YDULHV�
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)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ%HQGLQJ�5LJLGLW\�5DWLR�
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�� '''  ¶¶ LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�
3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´�

�'HSHQGHQF\�RI�QDWXUDO�IUHTXHQF\� PQZ : RQ�WKH�QXPEHU�RI�KDOI�ZDYHV�LQ�\��DQG�[�GLUHFWLRQ��
��))66))��%�&�¶V��µµ6RIW¶¶�$GKHVLYH��E� ����P��D �����P��/ ����P�� ���

��'  YDULHV��

�)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ%HQGLQJ�5LJLGLW\�5DWLR�
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�� '''  ¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�
3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´��9DULRXV 0RGHV�ZLWK��))66))��%�&�¶V��µµ6RIW¶¶�$GKHVLYH�E� ����P��D �����P��

/ ����P�� ���
��'  YDULHV�
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)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ%HQGLQJ�5LJLGLW\�5DWLR�
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�� '''  ¶¶ LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�
3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´�

�'HSHQGHQF\�RI�QDWXUDO�IUHTXHQF\� PQZ: RQ�WKH�QXPEHU�RI�KDOI�ZDYHV�LQ�\��DQG�[�GLUHFWLRQ��
��))))))��%�&�¶V��µµ6RIW¶¶�$GKHVLYH��E� ����P��D �����P��/ ����P�� ���

��'  YDULHV��
�

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ%HQGLQJ�5LJLGLW\�5DWLR�
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�� '''  ¶¶�LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�
3ODWH�RU�3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´��9DULRXV 0RGHV�ZLWK��))))))��%�&�¶V��µµ6RIW¶¶�$GKHVLYH�E� ����P��D �����P��

/ ����P�� ���
��'  YDULHV�
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)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ%HQGLQJ�5LJLGLW\�5DWLR�
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�� ��� '''  ¶¶ LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�
RU 3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´�

�'HSHQGHQF\�RI�QDWXUDO�IUHTXHQF\� PQZ : RQ�WKH�QXPEHU�RI�KDOI�ZDYHV�LQ�\��DQG�[�GLUHFWLRQ����))&&))��%�&�¶V��µµ+DUG¶¶�$GKHVLYH��E� ����P��D �����P��/ ����P��
���
��' � ���

��' � YDULHV��

)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ%HQGLQJ�5LJLGLW\�5DWLR�
���

��
���

��
���

�� ��� '''  ¶¶ LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�
RU 3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´��9DULRXV�0RGHV�ZLWK��))&&))��%�&�¶V��µµ+DUG¶¶�$GKHVLYH�E� ����P��D �����P��

/ ����P�� ���
��' � ���

��' � YDULHV�
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)LJXUH��������'LPHQVLRQOHVV�1DWXUDO�)UHTXHQF\�: YHUVXV�µµ%HQGLQJ�5LJLGLW\�5DWLR�
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�� ��� '''  ¶¶ LQ�³&HQWUDOO\�'RXEO\�6WLIIHQHG�&RPSRVLWH�2UWKRWURSLF %DVH�3ODWH�
RU 3DQHO��ZLWK�8SSHU�DQG�/RZHU�2UWKRWURSLF 6WLIIHQLQJ�3ODWH�6WULSV�´�
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11.3 Numerical Results and Discussion for “Main PROBLEM I.b”  
 

In this “Main PROBLEM I.b”, the composite plate or panel system includes 

an “Isotropic Base Plate or Panel” (substituting for an “Aircraft Aluminum Alloy” 

panel) reinforced by the centrally positioned “Upper and Lower Orthotropic 

Stiffening Plate Strips”. Both stiffening strips are identical and made of Graphite-

Epoxy plates. Again in Figures, adhesive layers are chosen as the “hard” and the 

“soft” adhesive cases with various support conditions. Although, they are not shown 

here, in order to demonstrate the significant effects of the adhesive shear modulus, 

Ga2=Ga3=0 (10-8)≈0 is considered as an extreme case in some Figures not shown 

here. It was found that the symmetry and/or skew-symmetry of mode shapes hold 

provided the geometry, the material and the B.C.’s are symmetric with respect to the 

mid-plane. The geometric, and material characteristics of the composite plate system 

under consideration are given in Table 11.2. In this “Main PROBLEM I.b”, (similar 

to the preceding “Main PROBLEM I.a”) the elastic constants of the upper and lower 

adhesive layers are considered to be identical (In the theoretical formulation, they are 

assumed to be dissimilar). 

 

In what follows, first, the mode shapes corresponding to the several support 

conditions, in the “hard” and the “soft” adhesive cases are presented and discussed in 

some detail. 

 

Figure 11.77, the first four mode shapes with the corresponding 

dimensionless natural frequencies of the composite system of “Main PROBLEM I b” 

are displayed, for the “hard” adhesives case, with the (FFCCFF) boundary 

conditions.  

 

Similarly, the first four mode shapes and the corresponding dimensionless 

natural frequencies for the same system with the same boundary conditions in the 

‘‘soft’’ adhesives case are presented in Figure 11.78. 

 

 As in “Main PROBLEM I.a”, it can be easily observed from Figure 11.77 that 

the mode shapes are not exactly symmetric and/or skew-symmetric while the entire 
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system (geometry, B.C.’s and material) is symmetric with respect to the previously 

defined mid-plane perpendicular to the base plate. However, in Figure 11.78 for the 

“soft” adhesives case with the same (FFCCFF) support conditions, it can be observed 

that the mode shapes become symmetric and/or skew-symmetric with respect to the 

previously defined mid-plane.  

 

 Also, by comparing, the “hard” and the “soft” adhesive cases, in the above 

Figures, it can be concluded that the adhesive layer elastic modulus and shear 

modulus significantly influence the mode shapes and the corresponding natural 

frequencies. 

 

In Figures 11.79 and 11.80, the same composite system of Figures 11.77 and 

11.78 are now considered with (FFSSFF) boundary conditions. From the comparison 

of those Figures, it is obvious that the mode shapes have essentially the same pattern 

in both cases of the boundary conditions.  

 

It is again interesting to observe, in the “hard” adhesive cases, the doubly 

stiffened central portion of the composite plate system is almost stationary. This 

result is important from crack creation and/or propagation point of view in the 

“Isotropic Base Plate and Panel” (or the Aluminum Alloy Base Plate). 

 

Another important observation is that the support conditions in the y-

direction, greatly influenced the mode shapes and the corresponding frequencies. It 

can be concluded that the stiffer or more constraining the boundary conditions, the 

higher the natural frequencies. 

 

 The parametric studies for “Main PROBLEM I.b” will be considered next. 

 

 In Figures 11.81 through 11.96 dimensionless natural frequency Ω  versus 

“Aspect Ratio b2/a” are plotted for both ‘‘hard’’ and ‘‘soft’’ adhesives cases for 

various boundary condition. For the “hard” adhesives case, it is obvious from these 

Figures that as the “Aspect Ratio (b2/a)”, or the wetted-area increases, so the natural 

frequencies. It can also be stated that as the support conditions get increasingly stiffer 
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or more constraining, the natural frequency curves go higher and with sharper slopes 

specially in the ‘‘hard’’ adhesives case. However, for the “soft” adhesives case, the 

adhesive layers effects on the natural frequencies are not dominant in comparison 

with other parameters. Hence, as the “Aspect Ratio b2/a” increases, the 

dimensionless natural frequencies remain almost constant or change in a very small 

range.  

 

In Figures 11.97, 11.98 and 11.99, 11.100 and 11.101, 11.102, the effect of 

the “Bending Rigidity Ratio )(/ )()()( 3
11

2
11

1
11 DDD ==== ” on the natural frequencies are 

investigated in the “hard” adhesives case with the (FFCCFF), (FFSSFF), and the 

(FFFFFF) support conditions , respectively. It is interesting to observe that the first, 

second, and the third, fourth dimensionless frequencies are extremely close to each 

other. Also, the general trend is that they drop sharply for the small values of the 

“Bending Rigidity Ratio )(/ )()()( 3
11

2
11

1
11 DDD ==== ” up to 4.0, after than they decrease 

rather gradually.  

 

It should be pointed out here, that, while the dimensionless natural frequency 

parameter decreases as the “Bending Rigidity Ratio )(/ )()()( 3
11

2
11

1
11 DDD ==== ” increases, 

the real dimensional natural frequency increases as excepted (see for instance, the 

expression (4.16) for the dimensionless natural frequency paramater). 

 

 The effect of the “Bending Rigidity Ratio )(/ )()()( 3
11

2
11

1
11 DDD ==== ” on the 

dimensionless natural frequencies in the “soft” adhesives case are plotted in Figures 

11.103, 11.104 and 11.105, 11.106 and 11.107, 11.108 for several modes 

corresponding to the (FFCCFF), (FFSSFF) and the (FFFFFF) boundary conditions, 

respectively. The dimensionless natural frequencies decrease relatively sharply, at 

first, (up to 4.0 value of the “Bending Rigidity Ratio )(/ )()()( 3
11

2
11

1
11 DDD ==== ”) and, 

after that value, the decrease is rather gradual. However, there is not another 

common pattern in those figures. As in the similar “hard” adhesives case, the real 

dimensional natural frequencies increase while the dimensionless natural frequencies 

decrease (see again for example, the expression. (4.16)) 
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Lastly, the direct effects of the adhesive layer elastic constants Ea, Ga on the 

dimensionless natural frequencies are investigated for the “Main PROBLEM I.b”. In 

order to show these effects, the dimensionless natural frequencies versus the 

“Adhesive Elastic Modulus Ratio Ea2(=Ea3)/ (1)
11B ” are plotted (while the other elastic 

constant kept constant) in Figures 11.109, 11.111 and 11.113 for the support 

conditions (FFCCFF), (FFSSFF) and (FFFFFF), respectively. Similarly, the 

dimensionless natural frequencies versus the “Adhesive Shear Modulus Ratio 

Ga2(=Ga3)/ (1)
11B ” are presented in Figures 11.100, 11.112 and 11.114 for the boundary 

condition (FFCCFF), (FFSSFF), (FFFFFF), respectively. These curves are very 

much similar to those of the “Main PROBLEM I.a”. 

 

It is obvious from the aforementioned figures, “Adhesive Shear Modulus 

Ratio Ga2(=Ga3)/ (1)
11B ” has very significant effect on the natural frequencies of the 

composite plate systems considered here in the “Main PROBLEM I.b”. This result is 

expected if, in the composite systems, the shear deformable character of the Mindlin 

Plates is taken into consideration. The influence of the “Adhesive Elastic Modulus 

Ratio Ea2(=Ea3)/ (1)
11B ” on the natural frequencies is rather relatively weak and depends 

on the support conditions in the y-direction on the composite plate or panel system.
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a) First Mode with 744.193111 ==Ω ω  
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b) Second Mode with 026.195==Ω 122 ω  

 
Figure 11.77. Mode Shapes and Natural Frequencies of “Centrally Doubly Stiffened, 

Isotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening 
Plate Strips)” 

 
(Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 

((FFCCFF) B.C.’s in y-direction, “Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m)
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c) Third Mode with 630.420==Ω 213 ω  
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d) Fourth Mode with 282.423==Ω 224 ω  

 
Figure 11.77. (continued) 
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a) First Mode with 850.33111 ==Ω ω  
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b) Second Mode with 969.78==Ω 122 ω  

 
Figure 11.78. Mode Shapes and Natural Frequencies of “Centrally Doubly Stiffened, 

Isotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening 
Plate Strips)” 

 
(Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 

((FFCCFF) B.C.’s in y-direction, “Soft” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 475.168==Ω 133 ω  
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d) Fourth Mode with 681.194==Ω 214 ω  

 
Figure 11.78. (continued) 
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a) First Mode with 134.113111 ==Ω ω  

 

-1.5

-1

-0.5

0

0.5

1

1.5

2
Z

0
0.2

0.4 X

0
0.2

0.4
0.6

0.8
1

Y
X Y

Z

 
b) Second Mode with 099.114==Ω 122 ω  

 
Figure 11.79. Mode Shapes and Natural Frequencies of “Centrally Doubly Stiffened, 

Isotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening 
Plate Strips)” 

 
(Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 

((FFSSFF) B.C.’s in y-direction, “Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 



 223

-1.5

-1

-0.5

0

0.5

1

1.5

2

Z

0
0.2

0.4 X

0
0.2

0.4
0.6

0.8
1

Y
X Y

Z

 
c) Third Mode with 224.333==Ω 213 ω  

 

-1.5

-1

-0.5

0

0.5

1

1.5

2

Z

0
0.2

0.4 X

0
0.2

0.4
0.6

0.8
1

Y
X Y

Z

 
d) Fourth Mode with 592.334==Ω 224 ω  

 
Figure 11.79. (continued) 
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a) First Mode with 560.29111 ==Ω ω  
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b) Second Mode with 568.55==Ω 122 ω  

 
Figure 11.80. Mode Shapes and Natural Frequencies of “Centrally Doubly Stiffened, 

Isotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening 
Plate Strips)” 

 
(Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 

((FFSSFF) B.C.’s in y-direction, “Soft” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.)
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c) Third Mode with 299.111==Ω 133 ω  
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d) Fourth Mode with 693.187==Ω 214 ω  

 
Figure 11.80. (continued) 
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Figure 11.81. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Centrally Doubly Stiffened, Isotropic Base, Plate or Panel (with Upper and Lower 

Orthotropic Stiffening Plate Strips)” 
(Dependency of natural frequency parameter on the number of half waves in y- and x-
directions) 

(Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 
((FFCCFF) B.C.’s, ‘‘Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m ) 

  
Figure 11.82. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Centrally Doubly Stiffened, Isotropic Base, Plate or Panel (with Upper and Lower 

Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFCCFF) B.C.’s, ‘‘Hard’’ Adhesive, b2=0.30 m, a=0.50 m, 

L=1.0 m)) 
 (Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 
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Figure 11.83. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Centrally Doubly Stiffened, Isotropic Base, Plate or Panel (with Upper and Lower 

Orthotropic Stiffening Plate Strips)” 
(Dependency of natural frequency parameter on the number of half waves in y- and x-

directions) 
(Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 

((FFSSFF) B.C.’s, ‘‘Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m ) 

 
Figure 11.84. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Centrally Doubly Stiffened, Isotropic Base, Plate or Panel (with Upper and Lower 

Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFSSFF) B.C.’s, ‘‘Hard’’ Adhesive, b2=0.30 m, a=0.50 m, 

L=1.0 m) 
(Base Plate=Plate 1= Aluminum, Plate 2= Plate 3= Graphite-Epoxy)
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Figure 11.85. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Centrally Doubly Stiffened, Isotropic Base, Plate or Panel (with Upper and Lower 

Orthotropic Stiffening Plate Strips)” 
(Dependency of natural frequency parameter on the number of half waves in y- and x-

directions) 
(Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 

((FFFFFF) B.C.’s, ‘‘Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m ) 

 
 

Figure 11.86. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Centrally Doubly Stiffened, Isotropic Base, Plate or Panel (with Upper and Lower 

Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFFFFF) B.C.’s, ‘‘Hard’’ Adhesive, b2=0.30 m, a=0.50 m, 

L=1.0 m) 
(Base Plate=Plate 1= Aluminum , Plate 2= Graphite-Epoxy, Plate 3= Graphite)
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Figure 11.87. First Mode Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio 
b2/a’’ in “Centrally Doubly Stiffened, Isotropic Base, Plate or Panel (with Upper and 

Lower Orthotropic Stiffening Plate Strips)” 
(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
(For Various B.C.’s, ‘‘Hard” Adhesive, b2=varies, a=0.50 m, L=1.0 m) 

 
 

Figure 11.88. Second Mode Dimensionless Natural Frequency Ω  versus ‘‘Aspect 
Ratio b2/a’’ in “Centrally Doubly Stiffened, Isotropic Base, Plate or Panel (with 

Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
(For Various B.C.’s, ‘‘Hard” Adhesive, b2=varies, a=0.50 m, L=1.0 m)
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Figure 11.89. Third Mode Dimensionless Natural Frequency Ω  versus ‘‘Aspect 
Ratio b2/a’’ in “Centrally Doubly Stiffened, Isotropic Base, Plate or Panel (with 

Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
(For Various B.C.’s, ‘‘Hard” Adhesive, b2=varies, a=0.50 m, L=1.0 m) 

 
 

Figure 11.90. Fourth Mode Dimensionless Natural Frequency Ω  versus ‘‘Aspect 
Ratio b2/a’’ in “Centrally Doubly Stiffened, Isotropic Base, Plate or Panel (with 

Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
(For Various B.C.’s, ‘‘Hard” Adhesive, b2=varies, a=0.50 m, L=1.0 m)
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Figure 11.91. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Centrally Doubly Stiffened, Isotropic Base, Plate or Panel (with Upper and Lower 

Orthotropic Stiffening Plate Strips)” 
(Dependency of natural frequency mnω=Ω  on the number of half waves in y- and x-

direction) 
((FFCCFF) B.C.’s, ‘‘Soft’’ Adhesive, b2=varies, a=0.50 m, L=1.0 m) 

 
Figure 11.92. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Centrally Doubly Stiffened, Isotropic Base, Plate or Panel (with Upper and Lower 

Orthotropic Stiffening Plate Strips)” 
 (Various Modes with (FFCCFF) B.C.’s, ‘‘Soft’’ Adhesive, b2=varies, a=0.50 m, 

L=1.0 m)
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Figure 11.93. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Centrally Doubly Stiffened, Isotropic Base, Plate or Panel (with Upper and Lower 

Orthotropic Stiffening Plate Strips)” 
(Dependency of natural frequency mnω=Ω  on the number of half waves in y- and x-

direction) 
((FFSSFF) B.C.’s, ‘‘Soft’’ Adhesive, b2=varies, a=0.50 m, L=1.0 m) 

 
  

Figure 11.94. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Centrally Doubly Stiffened, Isotropic Base, Plate or Panel (with Upper and Lower 

Orthotropic Stiffening Plate Strips)” 
 (Various Modes with (FFSSFF) B.C.’s, ‘‘Soft’’ Adhesive, b2=varies, a=0.50 m, 

L=1.0 m)
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Figure 11.95. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Centrally Doubly Stiffened, Isotropic Base, Plate or Panel (with Upper and Lower 

Orthotropic Stiffening Plate Strips)” 
(Dependency of natural frequency mnω=Ω  on the number of half waves in y- and x-

direction) 
((FFFFFF) B.C.’s, ‘‘Soft’’ Adhesive, b2=varies, a=0.50 m, L=1.0 m) 

 
Figure 11.96. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Centrally Doubly Stiffened, Isotropic Base, Plate or Panel (with Upper and Lower 

Orthotropic Stiffening Plate Strips)” 
 (Various Modes with (FFFFFF) B.C.’s, ‘‘Soft’’ Adhesive, b2=varies, a=0.50 m, 

L=1.0 m)
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Figure 11.97. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(D/D )3(

11
)2(

11
)1(

11 = ” in “Centrally Doubly Stiffened, Isotropic Base, Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Dependency of natural frequency mnω=Ω on the number of half waves in y-and x-
directions) 

((FFCCFF) B.C.’s, ‘‘Hard’’ Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m) 

 
Figure 11.98. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 

)D(D/D )3(
11

)2(
11

)1(
11 = ’’ in “Centrally Doubly Stiffened, Isotropic Base, Plate or Panel 

(with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFCCFF) B.C.’s, ‘‘Hard’’ Adhesive, b2=0.30 m, a=0.50 m, 

L=1.0 m)
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Figure 11.99. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(D/D )3(

11
)2(

11
)1(

11 = ” in “Centrally Doubly Stiffened, Isotropic Base, Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Dependency of natural frequency mnω=Ω on the number of half waves in y-and x-
directions) 

((FFSSFF) B.C.’s, ‘‘Hard’’ Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m) 

 
Figure 11.100. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 

)D(D/D )3(
11

)2(
11

)1(
11 = ’’ in “Centrally Doubly Stiffened, Isotropic Base, Plate or Panel 

(with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFSSFF) B.C.’s, ‘‘Hard’’ Adhesive, b2=0.30 m, a=0.50 m, 

L=1.0 m)
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Figure 11.101. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(D/D )3(

11
)2(

11
)1(

11 = ” in “Centrally Doubly Stiffened, Isotropic Base, Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Dependency of natural frequency mnω=Ω on the number of half waves in y-and x-
directions) 

((FFFFFF) B.C.’s, ‘‘Hard’’ Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m) 

 
Figure 11.102. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 

)D(D/D )3(
11

)2(
11

)1(
11 = ’’ in “Centrally Doubly Stiffened, Isotropic Base, Plate or Panel 

(with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFFFFF) B.C.’s, ‘‘Hard’’ Adhesive, b2=0.30 m, a=0.50 m, 

L=1.0 m)
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Figure 11.103. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(D/D )3(

11
)2(

11
)1(

11 = ” in “Centrally Doubly Stiffened, Isotropic Base, Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Dependency of natural frequency mnω=Ω on the number of half waves in y-and x-
directions) 

((FFCCFF) B.C.’s, ‘‘Soft’’ Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m) 

 
Figure 11.104. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 

)D(D/D )3(
11

)2(
11

)1(
11 = ’’ in “Centrally Doubly Stiffened, Isotropic Base, Plate or Panel 

(with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFCCFF) B.C.’s, ‘‘Soft’’ Adhesive, b2=0.30 m, a=0.50 m, 

L=1.0 m) 
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Figure 11.105. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(D/D )3(

11
)2(

11
)1(

11 = ” in “Centrally Doubly Stiffened, Isotropic Base, Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Dependency of natural frequency mnω=Ω on the number of half waves in y-and x-
directions) 

((FFSSFF) B.C.’s, ‘‘Soft’’ Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m)         

 
Figure 11.106. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 

)D(D/D )3(
11

)2(
11

)1(
11 = ’’ in “Centrally Doubly Stiffened, Isotropic Base, Plate or Panel 

(with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFSSFF) B.C.’s, ‘‘Soft’’ Adhesive, b2=0.30 m, a=0.50 m, 

L=1.0 m)
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Figure 11.107. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(D/D )3(

11
)2(

11
)1(

11 = ” in “Centrally Doubly Stiffened, Isotropic Base, Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Dependency of natural frequency mnω=Ω on the number of half waves in y-and x-
directions) 

((FFFFFF) B.C.’s, ‘‘Soft’’ Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m) 

       
Figure 11.108. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 

)D(D/D )3(
11

)2(
11

)1(
11 = ’’ in “Centrally Doubly Stiffened, Isotropic Base, Plate or Panel 

(with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFFFFF) B.C.’s, ‘‘Soft’’ Adhesive, b2=0.30 m, a=0.50 m, 

L=1.0 m)
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Figure 11.109. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Elastic 
Modulus Ratio )1(

113a2a B/)E(E = ’’ in “Centrally Doubly Stiffened, Isotropic Base, 
Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFCCFF) B.C.’s, b2=0.30 m, a=0.50 m, L=1.0 m) 

  
Figure 11.110. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Shear 

Modulus Ratio )1(
113a2a B/)G(G = ’’ in “Centrally Doubly Stiffened, Isotropic Base, 

Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFCCFF) B.C.’s, b2=0.30 m, a=0.50 m, L=1.0 m)
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Figure 11.111. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Elastic 

Modulus Ratio )1(
113a2a B/)E(E = ’’ in “Centrally Doubly Stiffened, Isotropic Base, 

Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFSSFF) B.C.’s, b2=0.30 m, a=0.50 m, L=1.0 m) 

  
Figure 11.112. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Shear 

Modulus Ratio )1(
113a2a B/)G(G = ’’ in “Centrally Doubly Stiffened, Isotropic Base, 

Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFSSFF) B.C.’s, b2=0.30 m, a=0.50 m, L=1.0 m)
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Figure 11.113. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Elastic 

Modulus Ratio )1(
113a2a B/)E(E = ’’ in “Centrally Doubly Stiffened, Isotropic Base, 

Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFFFFF) B.C.’s, b2=0.30 m, a=0.50 m, L=1.0 m) 

 
Figure 11.114. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Shear 

Modulus Ratio )1(
113a2a B/)G(G = ’’ in “Centrally Doubly Stiffened, Isotropic Base, 

Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFFFFF) B.C.’s, b2=0.30 m, a=0.50 m, L=1.0 m) 
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11.4 Numerical Results and Discussion for “Main PROBLEM II.a” 
 

In this “Main PROBLEM II.a”, the “Orhotropic Base Plate is made of 

Kevlar-Epoxy and “Upper and Lower Stiffening Plate Strips” are chosen as 

Graphite-Epoxy.  

 

In Figure 11.115, the first four mode shapes and the corresponding 

dimensionless natural frequencies of the composite plate or panel system are plotted 

for the “hard” adhesives case and with the (FFCCFF) support conditions.Also, Figure 

11.116 is plotted the “soft” adhesives case with the same (FFCCFF) support 

conditions and, in particular, Figure 11.119 is plotted with the same B.C.’s and with 

the adhesive shear modulus Ga2 = Ga3 = 0 (10-8) ≈ 0. By comparing those Figures, it 

can be said that the adhesive shear modulus significantly influence the mode shapes 

and the corresponding natural frequencies. It is obvious, here that similar conclusions 

can be obtianed by comparing Figures 11.117 and 11.118 and also Figure 11.120. 

 

By comparing Figures 11.117 and 11.118 with Figures 11.115 and 11.116, it 

is obvious that the mode shapes are essentially the same in both cases of the 

boundary conditions in the y-direction. However, the natural frequencies are 

drastically affected by the boundary conditions in y-direction. Also, by comparing 

Figures 11.115 through 11.118 with Figures 11.1 through 11.4, it can be concluded 

that both mode shapes and natural frequencies are essentially affected by the 

positions of the stiffening plate strips. 

 

The parametric studies for “Main PROBLEM II.a” will be considered next. 

 

In Figure 11.121, the dimensionless natural frequency parameter Ω  versus 

the “Aspect Ratio (b2/a)” is considered for “Main PROBLEM II.a”. In this Figure, 

the dependency of the natural frequencies on the (m,n) values (and also the 

dependency on natural modes) is shown in the “hard” adhesives case with the 

(FFCCFF) support conditions. The natural frequencies with respect to the “Aspect 

Ratio” (b2/a) from the first to the fourth are plotted in the “hard” adhesives case, for 
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various boundary conditions in Figures 11.122 through 11.125, respectively. As the 

“Aspect Ratio (b2/a)” or the wetted-area increases, so the natural frequencies. 

Similarly, in Figure 11.126, the “Aspect Ratio (b2/a)” are considered. 

However, in this Figure, the dependency of the natural frequencies on the (m,n) 

values (and also the dependency on natural modes) is shown in the “soft” adhesives 

case with the (FFCCFF) support conditions. Also, the natural frequencies with 

respect to the “Aspect Ratio” (b2/a) from the first to the fourth are plotted in the 

“soft” adhesives case, for various boundary conditions in Figures 11.127 through 

11.130, respectively. As the “Aspect Ratio (b2/a)” or the wetted-area increase, so 

generally the natural frequencies . 

 

In Figures 11.131, 11.132 and 11.133, the effect of the “Bending Rigidity 

Ratio )(/ )()()( 3
11

2
11

1
11 DDD ==== ” on the natural frequencies are investigated in the “hard” 

adhesives case with the (FFCCFF), (FFSSFF), and the (FFFFFF) support conditions , 

respectively. Also, the effect of the “Bending Rigidity Ratio )(/ )()()( 3
11

2
11

1
11 DDD ==== ” 

on the dimensionless natural frequencies in the “soft” adhesives case are plotted in 

Figures 11.134, 11.135 and 11.136 for several modes corresponding to the 

(FFCCFF), (FFSSFF) and the (FFFFFF) boundary conditions, respectively. It is 

obvious from these Figures, the trend of the dimensionless natural frequency curves 

is that they drop sharply for the small values of the “Bending Rigidity Ratio 

)(/ )()()( 3
11

2
11

1
11 DDD ==== ” up to 0.6 as in “Main PROBLEM I.a”, after than they 

decrease gradually for both “hard” and “soft” adhesive cases.  

 

Lastly, the direct effects of the adhesive layer elastic constants Ea, Ga on the 

dimensionless natural frequencies are investigated for the “Main PROBLEM II.a”. 

For this purpose, the dimensionless natural frequencies versus the “Adhesive Elastic 

Modulus Ratio Ea2(=Ea3)/ (1)
11B ” are plotted (while the other elastic constants kept 

constant) in Figures 11.137, 11.139 and 11.141 for the support conditions (FFCCFF), 

(FFSSFF) and (FFFFFF), respectively. Similarly, the dimensionless natural 

frequencies versus the “Adhesive Shear Modulus Ratio Ga2(=Ga3)/ (1)
11B ” are presented 

in Figures 11.138, 11.140 and 11.142 for the boundary condition (FFCCFF), 

(FFSSFF), (FFFFFF), respectively.  
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It is obvious from the aforementioned figures, “Adhesive Shear Modulus 

Ratio Ga2(=Ga3)/ (1)
11B ” has very significant effect on the natural frequencies of the 

composite plate systems considered in the “Main PROBLEM II.a”. The influence of 

the “Adhesive Elastic Modulus Ratio Ea2(=Ea3)/ (1)
11B ” on the natural frequencies is 

rather relatively weak depending on the support conditions on the plate or panel 

system. 
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a) First Mode with 617.532111 ==Ω ω  
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b) Second Mode with 903.715==Ω 212 ω  

 
Figure 11.115. Mode Shapes and Natural Frequencies of “Non-Centrally Doubly 

Stiffened, Composite Orthotropic Base Plate or Panel (with Upper and Lower 
Orthotropic Stiffening Plate Strips)” 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((FFCCFF) B.C.’s in y-direction, “Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m) 
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c) Third Mode with 453.1337==Ω 313 ω  
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d) Fourth Mode with 309.3690==Ω 124 ω  

 
Figure 11.115. (continued) 
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a) First Mode with 941.237111 ==Ω ω  

-1.5

-1

-0.5

0

0.5

1

1.5

2
Z

0
0.2

0.4 X

0
0.2

0.4
0.6

0.8
1

Y
X Y

Z

 
b) Second Mode with 309.486==Ω 122 ω  

 
Figure 11.116. Mode Shapes and Natural Frequencies of “Non-Centrally Doubly 

Stiffened, Composite Orthotropic Base Plate or Panel (with Upper and Lower 
Orthotropic Stiffening Plate Strips)” 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((FFCCFF) B.C.’s in y-direction, “Soft” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m)
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c) Third Mode with 771.540==Ω 213 ω  
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d) Fourth Mode with 419.1183==Ω 314 ω  

 
Figure 11.116. (continued) 
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a) First Mode with 094.271111 ==Ω ω  
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b) Second Mode with 488.450==Ω 212 ω  

 
Figure 11.117. Mode Shapes and Natural Frequencies of “Non-Centrally Doubly 

Stiffened, Composite Orthotropic Base Plate or Panel (with Upper and Lower 
Orthotropic Stiffening Plate Strips)” 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((FFSSFF) B.C.’s in y-direction, “Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m)
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c) Third Mode with 370.1067==Ω 313 ω  
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d) Fourth Mode with 580.2526==Ω 124 ω  

 
Figure 11.117. (continued) 
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a) First Mode with 323.159111 ==Ω ω  
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b) Second Mode with 689.327==Ω 122 ω  

 
Figure 11.118. Mode Shapes and Natural Frequencies of “Non-Centrally Doubly 

Stiffened, Composite Orthotropic Base Plate or Panel (with Upper and Lower 
Orthotropic Stiffening Plate Strips)” 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((FFSSFF) B.C.’s in y-direction, “Soft” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m)
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c) Third Mode with 277.367==Ω 213 ω  

-1.5

-1

-0.5

0

0.5

1

1.5

2

Z

0
0.2

0.4 X

0
0.2

0.4
0.6

0.8
1

Y
X Y

Z

 
d) Fourth Mode with 610.984==Ω 314 ω  

 
Figure 11.118. (continued) 
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a) First Mode with 729.37111 ==Ω ω  
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b) Second Mode with 051.218==Ω 212 ω  

 
Figure 11.119. Mode Shapes and Natural Frequencies of “Non-Centrally Doubly 

Stiffened, Composite Orthotropic Base Plate or Panel (with Upper and Lower 
Orthotropic Stiffening Plate Strips)” 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((FFCCFF) B.C.’s in y-direction, Ga2=Ga3≈0, b2=0.30 m, a=0.50 m, L=1.0 m)
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c) Third Mode with 347.28312 ==Ω ω3  
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d) Fourth Mode with 120.506==Ω 224 ω  

 
Figure 11.119. (continued) 



 256

-1.5

-1

-0.5

0

0.5

1

1.5

2

Z

0
0.2

0.4 X

0
0.2

0.4
0.6

0.8
1

Y
X Y

Z

 
a) First Mode with 754.23111 ==Ω ω  
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b) Second Mode with 030.131==Ω 122 ω  

 
Figure 11.120. Mode Shapes and Natural Frequencies of “Non-Centrally Doubly 

Stiffened, Composite Orthotropic Base Plate or Panel (with Upper and Lower 
Orthotropic Stiffening Plate Strips)” 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((FFSSFF) B.C.’s in y-direction, Ga2=Ga3≈0, b2=0.30 m, a=0.50 m, L=1.0 m)
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c) Third Mode with 696.181==Ω 213 ω  
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d) Fourth Mode with 571.336==Ω 224 ω  

 
Figure 11.120. (continued) 
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Figure 11.121. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 

“Non-Centrally Doubly Stiffened, Composite Orthotropic Base Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Dependency of natural frequency mnω=Ω on the number of half waves in y- and x-
directions) 

((FFCCFF) B.C.’s, ‘‘Hard’’ Adhesive, b2=varies, a=0.50 m, L=1.0 m) 

 
 

Figure 11.122. First Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio 
b2/a’’ in “Non-Centrally Doubly Stiffened, Composite Orthotropic Base Plate 

or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(For Various B.C.’s, ‘‘Hard’’ Adhesive, b2=varies, a=0.50 m, L=1.0 m) 
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Figure 11.123. Second Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio 
b2/a’’ in “Non-Centrally Doubly Stiffened, Composite Orthotropic Base Plate 

or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(For Various B.C.’s, ‘‘Hard’’ Adhesive, b2=varies, a=0.50 m, L=1.0 m) 

 
 

Figure 11.124. Third Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio 
b2/a’’ in “Non-Centrally Doubly Stiffened, Composite Orthotropic Base Plate 

or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(For Various B.C.’s, ‘‘Hard’’ Adhesive, b2=varies, a=0.50 m, L=1.0 m)
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Figure 11.125. Fourth Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio 
b2/a’’ in “Non-Centrally Doubly Stiffened, Composite Orthotropic Base Plate 

or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(For Various B.C.’s, ‘‘Hard’’ Adhesive, b2=varies, a=0.50 m, L=1.0 m) 

 
Figure 11.126. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 

“Non-Centrally Doubly Stiffened, Composite Orthotropic Base Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Dependency of natural frequency parameter on the number of half waves in y- and x-
directions) 

((FFCCFF) B.C.’s, ‘‘Soft’’ Adhesive b2=varies, a=0.50 m, L=1.0 m)



 261

 
 

Figure 11.127. First Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio 
b2/a’’ in “Non-Centrally Doubly Stiffened, Composite Orthotropic Base Plate 

or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(For Various B.C.’s, ‘‘Soft’’ Adhesive, b2=varies, a=0.50 m, L=1.0 m) 

 
 

11.128. Second Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Non-Centrally Doubly Stiffened, Composite Orthotropic Base Plate or Panel 

(with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(For Various B.C.’s, ‘‘Soft’’ Adhesive, b2=varies, a=0.50 m, L=1.0 m)
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11.129. Third Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Non-Centrally Doubly Stiffened, Composite Orthotropic Base Plate or Panel 

(with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(For Various B.C.’s, ‘‘Soft’’ Adhesive, b2=varies, a=0.50 m, L=1.0 m) 

 
 

11.130. Fourth Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Non-Centrally Doubly Stiffened, Composite Orthotropic Base Plate or Panel 

(with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(For Various B.C.’s, ‘‘Soft’’ Adhesive, b2=varies, a=0.50 m, L=1.0 m)
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Figure 11.131. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(D/D )3(

11
)2(

11
)1(

11 = ’’ in “Non-Centrally Doubly Stiffened, Composite Orthotropic 
Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFCCFF) B.C.’s, ‘‘Hard” Adhesive, b2=varies, a=0.50 m, 

L=1.0 m) 

   
 

Figure 11.132. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(D/D )3(

11
)2(

11
)1(

11 = ’’ in “Non-Centrally Doubly Stiffened, Composite Orthotropic 
Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFSSFF) B.C.’s, ‘‘Hard” Adhesive, b2=varies, a=0.50 m, 

L=1.0 m)
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Figure 11.133. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(D/D )3(

11
)2(

11
)1(

11 = ’’ in “Non-Centrally Doubly Stiffened, Composite Orthotropic 
Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFFFFF) B.C.’s, ‘‘Hard” Adhesive, b2=varies, a=0.50 m, 

L=1.0 m) 

 
  

Figure 11.134. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(D/D )3(

11
)2(

11
)1(

11 = ’’ in “Non-Centrally Doubly Stiffened, Composite Orthotropic 
Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFCCFF) B.C.’s, ‘‘Soft” Adhesive, b2=varies, a=0.50 m, 

L=1.0 m)
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Figure 11.135. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(D/D )3(

11
)2(

11
)1(

11 = ’’ in “Non-Centrally Doubly Stiffened, Composite Orthotropic 
Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFSSFF) B.C.’s, ‘‘Soft” Adhesive, b2=varies, a=0.50 m, 

L=1.0 m) 

 
 

Figure 11.136. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(D/D )3(

11
)2(

11
)1(

11 = ’’ in “Non-Centrally Doubly Stiffened, Composite Orthotropic 
Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFFFFF) B.C.’s, ‘‘Soft” Adhesive, b2=varies, a=0.50 m, 

L=1.0 m)
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Figure 11.137. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Elastic 

Modulus Ratio )1(
113a2a B/)E(E = ’’ in “Non-Centrally Doubly Stiffened, Composite 

Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate 
Strips)” 

(Various Modes with (FFCCFF) B.C.’s, b2=varies, a=0.50 m, L=1.0 m) 

 
  

Figure 11.138. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Shear 
Modulus Ratio )1(

113a2a B/)G(G = ’’ in “Non-Centrally Doubly Stiffened, Composite 
Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate 

Strips)” 
(Various Modes with (FFCCFF) B.C.’s, b2=varies, a=0.50 m, L=1.0 m)
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Figure 11.139. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Elastic 

Modulus Ratio )1(
113a2a B/)E(E = ’’ in “Non-Centrally Doubly Stiffened, Composite 

Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate 
Strips)” 

(Various Modes with (FFSSFF) B.C.’s, b2=varies, a=0.50 m, L=1.0 m) 

 
  

Figure 11.140. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Shear 
Modulus Ratio )1(

113a2a B/)G(G = ’’ in “Non-Centrally Doubly Stiffened, Composite 
Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate 

Strips)” 
(Various Modes with (FFCCFF) B.C.’s, b2=varies, a=0.50 m, L=1.0 m)
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 Figure 11.141. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Elastic 
Modulus Ratio )1(

113a2a B/)E(E = ’’ in “Non-Centrally Doubly Stiffened, Composite 
Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate 

Strips)” 
(Various Modes with (FFFFFF) B.C.’s, b2=varies, a=0.50 m, L=1.0 m) 

      
 

Figure 11.142. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Shear 
Modulus Ratio )1(

113a2a B/)G(G = ’’ in “Non-Centrally Doubly Stiffened, Composite 
Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate 

Strips)” 
(Various Modes with (FFFFFF) B.C.’s, b2=varies, a=0.50 m, L=1.0 m) 
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11.5 Numerical Results and Discussion for “Main PROBLEM II.b”  
 

In this “Main PROBLEM II.b”, the “Isotropic Base Plate is made of 

Aluminum and “Upper and Lower Stiffening Plate Strips” are chosen as Graphite-

Epoxy. In Figures, the adhesive layer are chosen as the “hard” and the “soft” 

adhesive cases with various boundary conditions.  

 

Figure 11.143 represents the first four mode shapes with the corresponding 

dimensionless natural frequencies of the entire composite system of “Main 

PROBLEM II.b” for the “hard” adhesives case with (FFCCFF) boundary conditions 

in the y-direction. Similarly, the first four mode shapes and the corresponding 

dimensionless natural frequencies for the same system with the same boundary 

conditions for the ‘‘soft’’ adhesivs case are presented in Figure 11.144.  

 

In Figures 11.145 and 11.146, the same composite system of Figures 11.143 

and 11.144 are now considered with (FFSSFF) boundary conditions in the y-

direction. From the comparison of these figures, it is obvious that the mode shapes 

are essentially the same in both cases of the boundary conditions in the y-direction. 

However, boundary conditions change the natural frequencies drastically. 

 

 The parametric studies for “Main PROBLEM II.a” will be considered next. 

 

In Figures 11.147 through 11.151, the dimensionless natural frequency Ω  

versus “Aspect Ratio b2/a” are given for only ‘‘hard’’ adhesive case for different 

support conditions. It is clear from these Figures that the natural frequencies increase 

as the “Aspect Ratio (b2/a)” or the wetted-area increases.  

 

In Figures 11.152, 11.153 and 11.154, the effect of the ‘‘Bending Rigidity 

Ratio )(/ )()()( 3
11

2
11

1
11 DDD ==== ’’ on the natural frequencies Ω  for the ‘‘hard’’ adhesives 

case with the (FFCCFF), (FFSSFF), and the (FFFFFF) support conditions is plotted, 

respectively. It can be stated that as the “Bending Rigidity or Stiffness Ratio 

)(/ )()()( 3
11

2
11

1
11 DDD ==== ” increases, the dimensionless natural frequency curves of each 

mode decrease sharply for the small values of the “Bending Rigidity Ratio 

)(/ )()()( 3
11

2
11

1
11 DDD ==== ” up to 4.0, after than they decrease gradually.  
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 In Figures 11.155, 11.157 and 11.159, the dimensionless natural 

frequencies versus the “Adhesive Elastic Modulus Ratio Ea2(=Ea3)/ (1)
11B ” are plotted 

(while the other elastic constants kept constant) for the support conditions 

(FFCCFF), (FFSSFF) and (FFFFFF), respectively. Similarly, the dimensionless 

natural frequencies versus the “Adhesive Shear Modulus Ratio Ga2(=Ga3)/ (1)
11B ” are 

presented in Figures 11.156, 11.158 and 11.160 for the boundary condition 

(FFCCFF), (FFSSFF), (FFFFFF), respectively. Again, “Adhesive Elastic Modulus 

Ratio Ea2(=Ea3)/ (1)
11B ” has relatively weak influence on the natural frequencies of the 

composite plate systems considered in the “Main PROBLEM II.b” while the 

“Adhesive Shear Modulus Ratio Ga2(=Ga3)/ (1)
11B ” has very significant effect on the 

natural frequencies.  
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a) First Mode with 959.63111 ==Ω ω  
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b) Second Mode with 470.237==Ω 212 ω  

 
Figure 11.143. Mode Shapes and Natural Frequencies of “Non-Centrally Doubly 

Stiffened, Isotropic Base Plate or Panel (with Upper and Lower Orthotropic 
Stiffening Plate Strips)” 

(Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 
((FFCCFF) B.C.’s in y-direction, “Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 796.359==Ω 123 ω  
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d) Fourth Mode with 194.681==Ω 224 ω  

 
Figure 11.143. (continued) 
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a) First Mode with 143.31111 ==Ω ω  
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b) Second Mode with 439.63==Ω 122 ω  

 
Figure 11.144. Mode Shapes and Natural Frequencies of “Non-Centrally Doubly 

Stiffened,  Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate 
Strips)” 

(Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 
((FFCCFF) B.C.’s in y-direction, “Soft” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 432.159==Ω 133 ω  
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d) Fourth Mode with 622.183==Ω 214 ω  

 
Figure 11.144. (continued) 
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a) First Mode with 989.42111 ==Ω ω  
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b) Second Mode with 083.213==Ω 212 ω  

 
Figure 11.145. Mode Shapes and Natural Frequencies of “Non-Centrally Doubly 

Stiffened, Isotropic Base Plate or Panel (with Upper and Lower Orthotropic 
Stiffening Plate Strips)” 

(Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 
((FFSSFF) B.C.’s in y-direction, “Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 701.258==Ω 123 ω  
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d) Fourth Mode with 376.568==Ω 224 ω  

 
Figure 11.145. (continued) 
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a) First Mode with 653.25111 ==Ω ω  
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b) Second Mode with 714.47==Ω 122 ω  

 
Figure 11.146. Mode Shapes and Natural Frequencies of “Non-Centrally Doubly 

Stiffened, Isotropic Base Plate or Panel (with Upper and Lower Orthotropic 
Stiffening Plate Strips)” 

(Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 
((FFSSFF) B.C.’s in y-direction, “Soft” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 099.121==Ω 133 ω  
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d) Fourth Mode with 951.175==Ω 214 ω  

 
Figure 11.146. (continued) 
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Figure 11.147. Dimensionless Natural Frequency. Ω  versus ‘‘Aspect Ratio b2/a’’ in 

“Non-Centrally Doubly Stiffened, Isotropic Base Plate or Panel (with Upper and 
Lower Orthotropic Stiffening Plate Strips)”  

(Dependency of natural frequency mnω=Ω  on the number of half waves in y- and x-
directions) 

((FFCCFF) B.C.’s in y-direction, ‘‘Hard” Adhesive, b2=0.30 m, b~ =0.35 m, a=0.50 m, 
L=1.0 m) 

 
 

Figure 11.148. First Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio 
b2/a” in “Non-Centrally Doubly Stiffened, Isotropic Base Plate or Panel (with Upper 

and Lower Orthotropic Stiffening Plate Strips)”  
(For Various B.C.’s, ‘‘Hard” Adhesive, b2=0.30 m, b~ =0.35 m, a=0.50 m, L=1.0 m)
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Figure 11.149. Second Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio 
b2/a” in “Non-Centrally Doubly Stiffened, Isotropic Base Plate or Panel (with Upper 

and Lower Orthotropic Stiffening Plate Strips)”  
(For Various B.C.’s, ‘‘Hard” Adhesive, b2=0.30 m, b~ =0.35 m, a=0.50 m, L=1.0 m) 

 
Figure 11.150. Third Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio 

b2/a” in “Non-Centrally Doubly Stiffened, Isotropic Base Plate or Panel (with Upper 
and Lower Orthotropic Stiffening Plate Strips)”  

(For Various B.C.’s, ‘‘Hard” Adhesive, b2=0.30 m, b~ =0.35 m, a=0.50 m, L=1.0 m)
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Figure 11.151. Fourth Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio 

b2/a” in “Non-Centrally Doubly Stiffened, Isotropic Base Plate or Panel (with Upper 
and Lower Orthotropic Stiffening Plate Strips)”  

(For Various B.C.’s, ‘‘Hard” Adhesive, b2=0.30 m, b~ =0.35 m, a=0.50 m,L=1.0 m) 

   
 

Figure 11.152. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(D/D )3(

11
)2(

11
)1(

11 = ’’ in “Non-Centrally Doubly Stiffened, Isotropic Base Plate or 
Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Several Modes with (FFCCFF) B.C.’s, ‘‘Hard” Adhesive, 
 b2=0.30 m, b~ =0.35 m, a=0.50 m, L=1.0 m)
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Figure 11.153. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 

)D(D/D )3(
11

)2(
11

)1(
11 = ’’ in “Non-Centrally Doubly Stiffened, Isotropic Base Plate or 

Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Several Modes with (FFSSFF) B.C.’s, ‘‘Hard” Adhesive, 

 b2=0.30 m, b~ =0.35 m, a=0.50 m, L=1.0 m) 

 
 

Figure 11.154. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(D/D )3(

11
)2(

11
)1(

11 = ’’ in “Non-Centrally Doubly Stiffened, Isotropic Base Plate or 
Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Several Modes with (FFFFFF) B.C.’s, ‘‘Hard” Adhesive, 
 b2=0.30 m, b~ =0.35 m, a=0.50 m, L=1.0 m)
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Figure 11.155. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Elastic 
Modulus Ratio )B/)E(E )1(

113a2a = ’’ in “Non-Centrally Doubly Stiffened, Isotropic 
Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Several Modes with (FFCCFF) B.C.’s, b2=0.30 m, b~ =0.35 m, a=0.50 m, L=1.0 m) 

 
  

Figure 11.156. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Shear 
Modulus Ratio )B/)G(G )1(

113a2a = ’’ in “Non-Centrally Doubly Stiffened, Isotropic 
Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Several Modes with (FFCCFF) B.C.’s, b2=0.30 m, b~ =0.35 m, a=0.50 m, L=1.0 m)
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Figure 11.157. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Elastic 
Modulus Ratio )B/)E(E )1(

113a2a = ’’ in “Non-Centrally Doubly Stiffened, Isotropic 
Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Several Modes with (FFSSFF) B.C.’s, b2=0.30 m, b~ =0.35 m, a=0.50 m, L=1.0 m) 

 
  

Figure 11.158. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Shear 
Modulus Ratio )B/)G(G )1(

113a2a = ’’ in “Non-Centrally Doubly Stiffened, Isotropic 
Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Several Modes with (FFSSFF) B.C.’s, b2=0.30 m, b~ =0.35 m, a=0.50 m, L=1.0 m)
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Figure 11.159. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Elastic 
Modulus Ratio )B/)E(E )1(

113a2a = ’’ in “Non-Centrally Doubly Stiffened, Isotropic 
Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Several Modes with (FFFFFF) B.C.’s, b2=0.30 m, b~ =0.35 m, a=0.50 m, L=1.0 m) 

 
 

Figure 11.160. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Shear 
Modulus Ratio )B/)G(G )1(

113a2a = ’’ in “Non-Centrally Doubly Stiffened, Isotropic 
Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Several Modes with (FFFFFF) B.C.’s, b2=0.30 m, b~ =0.35 m, a=0.50 m, L=1.0 m) 
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11.6 Numerical Results and Discussion for “Main PROBLEM III.a” 
 

In this “Main PROBLEM III.a”, the “Orthotropic Base Plate is made of Kevlar-

Epoxy and “Upper and Lower Stiffening Plate Strips” are chosen as Graphite-Epoxy. 

In Figures, the adhesive layer are chosen as the “hard” and the “soft” adhesive cases 

with various boundary conditions. 

 

In Figures 11.161 and 11.162, the first four mode shapes and corresponding 

natural frequencies of the composite plate or panel system of “Main PROBLEM 

III.a” with the (CFCCCF) support conditions are displayed for the “hard” and “soft” 

adhesive cases, respectively. From the above mentioned Figures, it can be observed 

that the in-between adhesive layers seriously influence or rather change the mode 

shapes as well as the natural frequencies of the composite plate or panel system. 

 

In a similar manner, in Figures 11.163 and 11.164, the first four mode shapes 

and the associated natural frequencies of the composite plate or panel system of the 

present problem are plotted for the “hard” and “soft” adhesive cases, respectively. 

This time, in both cases, the support conditions in the y-directions are shown as 

(SFSSSF). By comparing these Figures with Figures 11.161 and 11.162, it can be 

stated that mode shapes are almost the same but natural frequencies are drastically 

affected by the support conditions in y-direction. 

 

Figure 11.165 represents the same composite system of Figure 11.161 again 

with the (CFCCCF) boundary conditions but for the adhesive shear modulus Ga2 = 

Ga3 = 0 (10-8) ≈ 0. From the comparison of those Figures, the effect of the adhesive 

shear modulus on both mode shapes and the corresponding natural frequencies can 

easily be seen.  

 

Similarly, the first four mode shapes of the same composite plate or panel 

system for “hard” and “soft” adhesive cases, but with the (FFFFFF) boundary 

conditions are presented in Figures 11.166. and 11.167. In these Figures, due to less 

restraining support conditions in the y-direction, very interesting mode shapes and 
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the corresponding natural frequencies are observed. This can be seen by comparing 

the mode shapes of these Figures with the previous ones. 

The parametric studies for “Main PROBLEM III.a” will be considered next. 

 

In Figure 11.168, the dimensionless natural frequencies Ω  versus the 

“Aspect Ratio b2/a” are plotted for the(CFCCCF) boundary conditions and for the 

“hard” adhesives case. In this Figure, “m” is the number of half waves in the x-

direction and “n” is the second subscript of the natural frequencies ωmn . 

 

In Figures 11.169, 11.170, 11.171, 11,172 and 11.173, the dimensionless 

natural frequency Ω  versus the “Aspect Ratio b2/a” for the first four modes and for 

the “hard” adhesives case are investigated. The boundary conditions in the y-

directions are the (CFCCCF), (SFSSSF) and (FFFFFF), respectively. It can be 

concluded that as the “Aspect Ratio b2/a” increases, the natural frequencies get 

relatively higher. Also, it is interesting when the ‘‘Aspect Ratio b2/a” takes 2.0 value 

(i.e. the base plate and the stiffening strips are of the same length of 1.0 value), the 

natural frequencies for the same modes but with different boundary conditions 

converge to almost same values regardless of the boundary conditions. 

 

In Figure 11.174, the dimensionless natural frequencies Ω  versus “the 

Aspect Ratio b2/a” are plotted for the “soft” adhesives case with the (CFCCCF) 

boundary conditions. It is wortwhile to compare 11.174 with the previous Figure 

11.168. 

 

In Figure 11.175, 11.176 and 11.177, in a similar manner to the preceding 

Figures 11.169, 11.171 and 11.173, the dimensionless natural frequencies Ω  versus 

the “Aspect Ratio b2/a” are plotted for the “soft” adhesives case with the (CFCCCF), 

(SFSSSF) and (FFFFFF) support conditions, respectively. It can be concluded from 

these three Figures that, in contrast with the “hard” adhesives case, the natural 

frequency curves corresponding to each mode are very much separate from each 

other. Also, one may conclude from the aforementioned figures, the natural 

frequencies increase with a wavy pattern with the increasing the “Aspect Ratio b2/a”. 
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This is, of course, due to the “soft”ness of adhesive layers and consequently to the 

relatively loose coupling (because of the “soft” adhesives) between the base plate 

and the stiffening strips. 

In Figures 11.178 through 11.184, the effect of the “Bending Rigidity Ratio 

)(/ )()()( 3
11

2
11

1
11 DDD ==== ” on the natural frequencies are investigated in the “hard” and 

“soft” adhesive cases with the (CFCCCF), (SFSSSF), and the (FFFFFF) support 

conditions , respectively. It is obvious from these Figures that the dimensionless 

natural frequencies decrease relatively sharply, at first, (up to 0.6 value of the 

“Bending Rigidity Ratio )(/ )()()( 3
11

2
11

1
11 DDD ==== ”) and, after that value, the decrease is 

rather gradual. 

 

The direct effects of the adhesive layer elastic constants Ea, Ga on the 

dimensionless natural frequencies are investigated for the “Main PROBLEM I.a”. 

For this purpose, the dimensionless natural frequencies versus the “Adhesive Elastic 

Modulus Ratio Ea2(=Ea3)/ (1)
11B ” are plotted (while the other elastic constants kept 

constant) in Figures 11.185, 11.187 and 11.189 for the support conditions (FFCCFF), 

(FFSSFF) and (FFFFFF), respectively. Similarly, the dimensionless natural 

frequencies versus the “Adhesive Shear Modulus Ratio Ga2(=Ga3)/ (1)
11B ” are presented 

in Figures 11.186, 11.188 and 11.190 for the boundary condition (FFCCFF), 

(FFSSFF), (FFFFFF), respectively. 

 

It is obvious from the aforementioned figures, “Adhesive Shear Modulus 

Ratio Ga2(=Ga3)/ (1)
11B ” has very significant effect on the natural frequencies of the 

composite plate systems considered in the “Main PROBLEM III.a”. This result is 

expected if taking into account the shear deformable character of the Mindlin Plates 

in the composite systems. The influence of the “Adhesive Elastic Modulus Ratio 

Ea2(=Ea3)/ (1)
11B ” on the natural frequencies is rather relatively weak depending on the 

support conditions on the plate or panel system. 

 
 The position of the upper and lower stiffening plate strips will obviously have 

some effects on the natural frequencies for the “Main PROBLEM III.a”. In order to 

observe this effect, the dimensionless natural frequencies versus the “Stiffeners 
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Position Ratio ( /Lb~ )” are plotted in the “hard” adhesives case in Figures 11.191, 

11.192 and 11.193, 11.194 and 11.195, 11.196 taking in to account several boundary 

conditions. 

 

 It is interesting to observe that, in Figure 11.192 corresponding to the 

(FFCCFF) boundary conditions, the first three frequencies gradually increase as the 

“Stiffeners Position Ratio ( /Lb~ )” increases up to the 0.5 value (which means that the 

stiffening plate strips reach the central position in the plate system). In the case of the 

fourth natural frequency the natural frequencies increase relatively sharply and reach 

a maximum value corresponding to the “Position Ratio ( /Lb~ )=0.4”. After this point, 

the fourth natural frequency decreases rather fast and finally reaches the fourth 

natural frequency in the case of the central position of the stiffening plate strips in the 

composite system. 

  

Similar conclusions can be reached in the case of the (FFSSFF) support 

conditions as can be seen from Figure 11.194. However, in the case of the (FFFFFF) 

support conditions, there are some similarities in the fourth natural frequencies, but 

for the first three frequencies, there are no similarities with those Figures 11.192 and 

11.194 corresponding to the (FFCCFF) and (FFSSFF) support conditions, 

respectively.  This is the consequence very loose (FFFFFF) boundary conditions with 

very little constraining effects on the entire composite system. 

 

In Figures 11.197 through 11.202, the effect of the “Stiffeners Position Ratio 

( /Lb~ )” on the natural frequencies are investigated in the “soft” adhesives case with 

the (FFCCFF), (FFSSFF), and the (FFFFFF) support conditions, respectively. In the 

case of the (FFCCFF) and the (FFSSFF) support conditions, similar results to those 

of the “hard” adhesives case are obtained. However, in the case of the (FFFFFF) 

support conditions, the general trend in the first , the second and the third 

dimensionless natural frequencies show increases or decreases in a wavy pattern 

while the first natural frequency increases gradually as the “Stiffeners Position Ratio 

( /Lb~ )” increases. 
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a) First Mode with 678.162111 ==Ω ω  
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b) Second Mode with 390.316==Ω 212 ω  

 
Figure 11.161. Mode Shapes and Natural Frequencies of “Doubly Stiffened-at 
Support, Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic 

Stiffening Plate Strips)” 
 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((CFCCCF) B.C.’s in y-direction, “Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 845.891==Ω 313 ω  
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d) Fourth Mode with 105.1112==Ω 124 ω  

 
Figure 11.161. (continued) 
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a) First Mode with 588.119111 ==Ω ω  
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b) Second Mode with 881.277==Ω 212 ω  

 
Figure 11.162. Mode Shapes and Natural Frequencies of “Doubly Stiffened-at 
Support, Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic 

Stiffening Plate Strips)” 
 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((CFCCCF) B.C.’s in y-direction, “Soft” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 492.543==Ω 123 ω  
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d) Fourth Mode with 537.852==Ω 314 ω  

 
Figure 11.162. (continued) 
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a) First Mode with 443.85111 ==Ω ω  
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b) Second Mode with 960.236==Ω 212 ω  

 
Figure 11.163. Mode Shapes and Natural Frequencies of “Doubly Stiffened-at 
Support, Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic 

Stiffening Plate Strips)” 
 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((SFSSSF) B.C.’s in y-direction, “Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 391.738==Ω 123 ω  
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d) Fourth Mode with 898.808==Ω 314 ω  

 
Figure 11.163. (continued) 
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a) First Mode with 807.66111 ==Ω ω  
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b) Second Mode with 943.218==Ω 212 ω  

 
Figure 11.164. Mode Shapes and Natural Frequencies of “Doubly Stiffened-at 
Support, Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic 

Stiffening Plate Strips)” 
 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((SFSSSF) B.C.’s in y-direction, “Soft” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 731.367==Ω 123 ω  
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d) Fourth Mode with 381.746==Ω 224 ω  

 
Figure 11.164. (continued) 
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a) First Mode with 286.72111 ==Ω ω  
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b) Second Mode with 450.228==Ω 212 ω  

 
Figure 11.165. Mode Shapes and Natural Frequencies of “Doubly Stiffened-at 

Support, Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic 
Stiffening Plate Strips)” 

 
(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 

((CFCCCF) B.C.’s in y-direction, Ga2=Ga3≈0, b2=0.30 m, a=0.50 m, L=1.0 m)
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c) Third Mode with 589.30112 ==Ω ω3  
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d) Fourth Mode with 814.517==Ω 224 ω  

 
Figure 11.165. (continued) 
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a) First Mode with 074.14111 ==Ω ω  
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b) Second Mode with 166.142==Ω 212 ω  

 
Figure 11.166. Mode Shapes and Natural Frequencies of “Doubly Stiffened-at 
Support, Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic 

Stiffening Plate Strips)” 
 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((FFFFFF) B.C.’s in y-direction, “Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 185.165==Ω 123 ω  
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d) Fourth Mode with 822.353==Ω 224 ω  

 
Figure 11.166. (continued) 
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a) First Mode with 127.13111 ==Ω ω  
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b) Second Mode with 654.120==Ω 122 ω  

 
Figure 11.167. Mode Shapes and Natural Frequencies of “Doubly Stiffened-at 
Support, Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic 

Stiffening Plate Strips)” 
 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((FFFFFF) B.C.’s in y-direction, “Soft” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 580.140==Ω 213 ω  
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d) Fourth Mode with 911.289==Ω 134 ω  

 
Figure 11.167. (continued)
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Figure 11.168. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a 
(“Aspect Ratio up to 2.0”)’’ in “Doubly Stiffened-at Support Composite Orthotropic 

Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Dependency of natural frequency mnω=Ω  on the number of half waves  

in y- and x-directions) 
((CFCCCF) B.C.’s, in y-direction, “Hard” Adhesive, 2b =varies, b~ =varies, a=0.5 m, 

L=1.0 m)  

  
Figure 11.169. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a 

(“Aspect Ratio up to 2.0”)’’ in “Doubly Stiffened-at Support Composite Orthotropic 
Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Various Modes with (CFCCCF) B. C.’s, ‘‘Hard” Adhesive,  

2b =varies, b~ =varies, a=0.5 m, L=1.0 m)
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Figure 11.170. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a 

(“Aspect Ratio up to 1.6”)’’ in “Doubly Stiffened-at Support Composite Orthotropic 
Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Various Modes with (CFCCCF) B. C.’s, ‘‘Hard” Adhesive,  

2b =varies, b~ =varies, a=0.5 m, L=1.0 m) 

 
 

Figure 11.171. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a 
(“Aspect Ratio up to 2.0”)’’ in “Doubly Stiffened-at Support Composite Orthotropic 

Base Plate or  
Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Various Modes with (SFSSSF) B. C.’s, ‘‘Hard” Adhesive,  

2b =varies, b~ =varies, a=0.5 m, L=1.0 m)
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Figure 11.172. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a 

(“Aspect Ratio up to 1.6”)’’ in “Doubly Stiffened-at Support Composite Orthotropic 
Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Various Modes with (SFSSSF) B. C.’s, ‘‘Hard” Adhesive,  

2b =varies, b~ =varies, a=0.5 m, L=1.0 m) 

 
 

Figure 11.173. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a 
(“Aspect Ratio up to 2.0”)’’ in “Doubly Stiffened-at Support Composite Orthotropic 

Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFFFFF) B. C.’s, ‘‘Hard” Adhesive,  

2b =varies, b~ =varies, a=0.5 m, L=1.0 m)
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Figure 11.174. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a 
(“Aspect Ratio up to 2.0”)’’ in “Doubly Stiffened-at Support Composite Orthotropic 

Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Dependency of natural frequency mnω=Ω  on the number of half waves  

in y- and x-directions) 
((CFCCCF) B.C.’s, in y-direction, “Soft” Adhesive, 2b =varies, b~ =varies, a=0.5 m, 

L=1.0 m)  

 
Figure 11.175. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a 

(“Aspect Ratio up to 2.0”)’’ in “Doubly Stiffened-at Support Composite Orthotropic 
Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Various Modes with (CFCCCF) B. C.’s, ‘‘Soft” Adhesive,  

2b =varies, b~ =varies, a=0.5 m, L=1.0 m)
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Figure 11.176. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a 
(“Aspect Ratio up to 2.0”)’’ in “Doubly Stiffened-at Support Composite Orthotropic 

Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (SFSSSF) B. C.’s, ‘‘Soft” Adhesive,  

2b =varies, b~ =varies, a=0.5 m, L=1.0 m)  

 
 

Figure 11.177. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a 
(“Aspect Ratio up to 2.0”)’’ in “Doubly Stiffened-at Support Composite Orthotropic 

Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (FFFFFF) B. C.’s, ‘‘Soft” Adhesive,  

2b =varies, b~ =varies, a=0.5 m, L=1.0 m) 
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Figure 11.178. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)(/ )()()( 3

11
2

11
1

11 DDD = ’’ in “Doubly Stiffened-at Support Composite Orthotropic Base 
Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Various Modes with (CFCCCF) B. C.’s, ‘‘Hard” Adhesive,  

2b =0.30 m, b~ =0.15 m, a=0.5 m, L=1.0 m) 

 
 

Figure 11.179. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(/DD (3)

11
(2)
11

(1)
11 = ’’ in “Doubly Stiffened-at Support Composite Orthotropic Base 
Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Various Modes with (SFSSSF) B. C.’s, ‘‘Hard” Adhesive,  

2b =0.30 m, b~ =0.15 m, a=0.5 m, L=1.0 m)
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Figure 11.180. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(/DD (3)

11
(2)
11

(1)
11 = ’’ in “Doubly Stiffened-at Support Composite Orthotropic Base 
Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Various Modes with (FFFFFF) B. C.’s, ‘‘Soft” Adhesive,  

2b =0.30 m, b~ =0.15 m, a=0.5 m, L=1.0 m)  

 
11.181. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 

)D(/DD (3)
11

(2)
11

(1)
11 = ’’ in “Doubly Stiffened-at Support Composite Orthotropic Base 
Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Dependency of natural frequency mnω=Ω  on the number of half waves  

in y- and x-directions) 
((CFCCCF) B.C.’s, in y-direction, “Soft” Adhesive, 2b =varies, b~ =varies, a=0.5 m, 

L=1.0 m)
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Figure 11.182. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(/DD (3)

11
(2)
11

(1)
11 = ’’ in “Doubly Stiffened-at Support Composite Orthotropic Base 
Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Various Modes with (CFCCCF) B.C.’s, ‘‘Soft” Adhesive,  

2b =0.30 m, b~ =0.15 m, a=0.5 m, L=1.0 m) 
 

    
 

Figure 11.183. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(/DD (3)

11
(2)
11

(1)
11 = ’’ in “Doubly Stiffened-at Support Composite Orthotropic Base 
Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Various Modes with (SFSSSF) B.C.’s, ‘‘Soft” Adhesive,  

2b =0.30 m, b~ =0.15 m, a=0.5 m, L=1.0 m)
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Figure 11.184. Dimensionless Natural Frequency Ω  versus ‘‘Bending Rigidity Ratio 
)D(/DD (3)

11
(2)
11

(1)
11 = ’’ in “Doubly Stiffened-at Support Composite Orthotropic Base 
Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Various Modes with (FFFFFF) B.C.’s, ‘‘Soft” Adhesive,  

2b =0.30 m, b~ =0.15 m, a=0.5 m, L=1.0 m) 
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Figure 11.185. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Elastic 
Modulus Ratio )(/)( 1

1132 BEE aa = ’’ in “Doubly Stiffened-at Support Composite 
Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate 

Strips)” 
(Various Modes with (CFCCCF) B.C.’s, 2b =0.30 m, b~ =0.15 m, a=0.5 m, L=1.0 m) 

 
  

Figure 11.186. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Shear 
Modulus Ratio )(/)( 1

1132 BGG aa = ’’ in “Doubly Stiffened-at Support Composite 
Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate 

Strips)” 
(Various Modes with (CFCCCF) B.C.’s, 2b =0.30 m, b~ =0.15 m, a=0.5 m, L=1.0 m) 
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Figure 11.187. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Elastic 
Modulus Ratio )(/)( 1

1132 BEE aa = ’’ in “Doubly Stiffened-at Support Composite 
Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate 

Strips)” 
(Various Modes with (SFSSSF) B.C.’s, 2b =0.30 m, b~ =0.15 m, a=0.5 m, L=1.0 m)        

 
 

Figure 11.188. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Shear 
Modulus Ratio )(/)( 1

1132 BGG aa = ’’ in “Doubly Stiffened-at Support Composite 
Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate 

Strips)” 
(Various Modes with (SFSSSF) B.C.’s, 2b =0.30 m, b~ =0.15 m, a=0.5 m, L=1.0 m) 



 315

 
 

Figure 11.189. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Elastic 
Modulus Ratio )(/)( 1

1132 BEE aa = ’’ in “Doubly Stiffened-at Support Composite 
Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate 

Strips)” 
(Various Modes with (FFFFFF) B.C.’s, 2b =0.30 m, b~ =0.15 m, a=0.5 m, L=1.0 m) 

 
 

Figure 11.190. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Shear 
Modulus Ratio )(/)( 1

1132 BGG aa = ’’ in “Doubly Stiffened-at Support Composite 
Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate 

Strips)” 
(Various Modes with (FFFFFF) B.C.’s, 2b =0.30 m, b~ =0.15 m, a=0.5 m, L=1.0 m) 
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Figure 11.191. Dimensionless Natural Frequency Ω  versus ‘‘Position Ratio of 

Stiffeners b~ /L’’ in “Doubly Stiffened Composite Orthotropic Base Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Dependency of natural frequency mnω=Ω on number of half waves in y- and x-
direction) 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
 ((FFCCFF) B.C.’s in y-direction, ‘‘Hard” Adhesive, b~ =varies, a=0.50 m, L=1.0 m) 

  
Figure 11.192. Dimensionless Natural Frequency Ω  versus ‘‘Position Ratio of 

Stiffeners b~ /L’’ in “Doubly Stiffened Composite Orthotropic Base Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
(Various Modes with (FFCCFF) B.C.’s in y-direction, ‘‘Hard” Adhesive, b~ =varies, 

a=0.50 m, L=1.0 m)
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Figure 11.193. Dimensionless Natural Frequency Ω  versus ‘‘Position Ratio of 

Stiffeners b~ /L’’ in “Doubly Stiffened Composite Orthotropic Base Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Dependency of natural frequency mnω=Ω on number of half waves in y- and x-
direction) 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
 ((FFSSFF) B.C.’s in y-direction, ‘‘Hard” Adhesive, b~ =varies, a=0.50 m, L=1.0 m) 

  
Figure 11.194. Dimensionless Natural Frequency Ω  versus ‘‘Position Ratio of 

Stiffeners b~ /L’’ in “Doubly Stiffened Composite Orthotropic Base Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
 (Various Modes with (FFSSFF) B.C.’s in y-direction, ‘‘Hard” Adhesive, b~ =varies, 

a=0.50 m, L=1.0 m)
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Figure 11.195. Dimensionless Natural Frequency Ω  versus ‘‘Position Ratio of 

Stiffeners b~ /L’’ in “Doubly Stiffened Composite Orthotropic Base Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Dependency of natural frequency mnω=Ω on number of half waves in y- and x-
direction) 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
 ((FFFFFF) B.C.’s in y-direction, ‘‘Hard” Adhesive, b~ =varies, a=0.50 m, L=1.0 m) 

  
Figure 11.196. Dimensionless Natural Frequency Ω  versus ‘‘Position Ratio of 

Stiffeners b~ /L’’ in “Doubly Stiffened Composite Orthotropic Base Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
 (Various Modes with (FFFFFF) B.C.’s in y-direction, ‘‘Hard” Adhesive, b~ =varies, 

a=0.50 m, L=1.0 m)
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Figure 11.197. Dimensionless Natural Frequency Ω  versus ‘‘Position Ratio of 

Stiffeners b~ /L’’ in “Doubly Stiffened Composite Orthotropic Base Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Dependency of natural frequency mnω=Ω on number of half waves in y- and x-
direction) 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
 ((FFCCFF) B.C.’s in y-direction, ‘‘Soft” Adhesive, b~ =varies, a=0.50 m, L=1.0 m) 

  
Figure 11.198. Dimensionless Natural Frequency Ω  versus ‘‘Position Ratio of 

Stiffeners b~ /L’’ in “Doubly Stiffened Composite Orthotropic Base Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
 (Various Modes with (FFCCFF) B.C.’s in y-direction, ‘‘Soft” Adhesive, b~ =varies, 

a=0.50 m, L=1.0 m)
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Figure 11.199. Dimensionless Natural Frequency Ω  versus ‘‘Position Ratio of 

Stiffeners b~ /L’’ in “Doubly Stiffened Composite Orthotropic Base Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Dependency of natural frequency mnω=Ω on number of half waves in y- and x-
direction) 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
 ((FFSSFF) B.C.’s in y-direction, ‘‘Soft” Adhesive, b~ =varies, a=0.50 m, L=1.0 m) 

  
Figure 11.200. Dimensionless Natural Frequency Ω  versus ‘‘Position Ratio of 

Stiffeners b~ /L’’ in “Doubly Stiffened Composite Orthotropic Base Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
 (Various Modes with (FFSSFF) B.C.’s in y-direction, ‘‘Soft” Adhesive, b~ =varies, 

a=0.50 m, L=1.0 m)



 321

 
Figure 11.201. Dimensionless Natural Frequency Ω  versus ‘‘Position Ratio of 

Stiffeners b~ /L’’ in “Doubly Stiffened Composite Orthotropic Base Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Dependency of natural frequency mnω=Ω on number of half waves in y- and x-
direction) 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
 ((FFFFFF) B.C.’s in y-direction, ‘‘Soft” Adhesive, b~ =varies, a=0.50 m, L=1.0 m) 

        
Figure 11.202. Dimensionless Natural Frequency Ω  versus ‘‘Position Ratio of 

Stiffeners b~ /L’’ in “Doubly Stiffened Composite Orthotropic Base Plate or Panel 
(with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
 (Various Modes with (FFFFFF) B.C.’s in y-direction, ‘‘Soft” Adhesive, b~ =varies, 

a=0.50 m, L=1.0 m) 
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11.7 Numerical Results and Discussion for “Main PROBLEM III.b”  
 

The “Isotropic Base Plate is made of Aluminum and “Upper and Lower 

Stiffening Plate Strips” are chosen as Graphite-Epoxy in this “Main PROBLEM 

III.b”. 

 

In Figures 11.203 and 11.204, the first four mode shapes with the 

corresponding dimensionless natural frequencies of the composite system of “Main 

PROBLEM III.b” for the “hard” and the ‘‘soft’’ adhesive layer cases with the 

(CFCCCF) boundary conditions are plotted  

 

Similarly, in Figures 11.205 and 11.206, the same composite system of 

Figures 11.203 and 11.204 are now considered with (SFSSSF) support conditions. 

From the comparison of these figures, it is obvious that the mode shapes are 

essentially the same in both cases of the boundary conditions. However, boundary 

conditions change the natural frequencies drastically. 

 

The parametric studies for “Main PROBLEM III.b” will be considered next. 

 

 In Figures 11.207 through 11.211 dimensionless natural frequency Ω  versus 

“Aspect Ratio b2/a” are displayed for the ‘‘hard’’ adhesives case for different 

boundary conditions in y-direction. From the comparison of those Figures, it can be 

stated that dimensionless natural frequencies increase as the “Aspect Ratio b2/a” 

increases regardless of the support conditions. 

 

In Figures 11.212 through 11.217, the natural frequency parameter versus 

both “Adhesive Elastic Modulus and Adhesive Shear Modulus Ratios” are plotted in 

a logarithmic scale for various modes and boundary conditions. These curves are 

similar to those of the orthotropic case in the previous section (i.e. “Main PROBLEM 

III.a”). However, the natural frequencies are smaller than those for “Main 

PROBLEM III.a” as expected. 
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a) First Mode with 285.28111 ==Ω ω  
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b) Second Mode with 607.124==Ω 122 ω  

 
Figure 11.203. Mode Shapes and Natural Frequencies of “Doubly Stiffened-at 

Support, Isotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening 
Plate Strips)” 

 
(Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 

((CFCCCF) B.C.’s in y-direction, “Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 728.176==Ω 213 ω  
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d) Fourth Mode with 858.350==Ω 224 ω  

 
Figure 11.203. (continued) 
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a) First Mode with 181.22111 ==Ω ω  
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b) Second Mode with 383.67==Ω 122 ω  

 
Figure 11.204 Mode Shapes and Natural Frequencies of “Doubly Stiffened-at 

Support, Isotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening 
Plate Strips)” 

 
(Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 

((CFCCCF) B.C.’s in y-direction, “Soft” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 567.148==Ω 133 ω  
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d) Fourth Mode with 729.162==Ω 214 ω  

 
Figure 11.204. (continued) 
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a) First Mode with 812.21111 ==Ω ω  
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b) Second Mode with 036.93==Ω 122 ω  

 
Figure 11.205. Mode Shapes and Natural Frequencies of “Doubly Stiffened-at 

Support, Isotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening 
Plate Strips)” 

 
(Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 

((SFSSSF) B.C.’s in y-direction, “Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.)
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c) Third Mode with 272.168==Ω 213 ω  
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d) Fourth Mode with 879.304==Ω 134 ω  

 
Figure 11.205. (continued) 
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a) First Mode with 057.18111 ==Ω ω  
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b) Second Mode with 414.50==Ω 122 ω  

 
Figure 11.206 Mode Shapes and Natural Frequencies of “Doubly Stiffened-at 

Support, Isotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening 
Plate Strips)” 

 
(Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 

((SFSSSF) B.C.’s in y-direction, “Soft” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 135.107==Ω 133 ω  
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d) Fourth Mode with 500.157==Ω 214 ω  

 
Figure 11.206. (continued) 
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Figure 11.207. Dimensionless Natural Frequency. Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Doubly Stiffened-at Support, Isotropic Base Plate or Panel (with Upper and Lower 

Orthotropic Stiffening Plate Strips)” 
(Dependency of natural frequency mnω=Ω  on the number of half waves in y- and x-

directions) 
((CFCCCF) B.C.’s in y-direction, ‘‘Hard” Adhesive, b2= varies, b~ =varies, a=0.50 m, 

L=1.0 m) 

  
Figure 11.208. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Doubly Stiffened-at Support, Isotropic Base Plate or Panel (with Upper and Lower 

Orthotropic, Isotropic Base Plate or Panel (with Upper and Lower Orthotropic 
Stiffening Plate Strips)” 

(Various Modes with (CFCCCF) B.C.’s, ‘‘Hard” Adhesive, 
 b2= varies, b~ =varies, a=0.50 m, L=1.0 m)
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Figure 11.209. Dimensionless Natural Frequency. Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Doubly Stiffened-at Support, Isotropic Base Plate or Panel (with Upper and Lower 

Orthotropic Stiffening Plate Strips)” 
(Dependency of natural frequency mnω=Ω  on the number of half waves in y- and x-

directions) 
((SFSSSF) B.C.’s in y-direction, ‘‘Hard” Adhesive, b2=varies, b~ =varies, a=0.50 m, 

L=1.0 m) 

 
Figure 11.210. Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Doubly Stiffened-at Support, Isotropic Base Plate or Panel (with Upper and Lower 

Orthotropic, Isotropic Base Plate or Panel (with Upper and Lower Orthotropic 
Stiffening Plate Strips)” 

(Various Modes with (SFSSSF) B.C.’s, ‘‘Hard” Adhesive, 
 b2=varies, b~ =varies, a=0.50 m, L=1.0 m)
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Figure 11.211 Dimensionless Natural Frequency Ω  versus ‘‘Aspect Ratio b2/a’’ in 
“Doubly Stiffened-at Support, Isotropic Base Plate or Panel (with Upper and Lower 

Orthotropic, Isotropic Base Plate or Panel (with Upper and Lower Orthotropic 
Stiffening Plate Strips)” 

(Various Modes with (FFFFFF) B.C.’s, ‘‘Hard” Adhesive, 
 b2=varies, b~ =varies, a=0.50 m, L=1.0 m) 
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Figure 11.212. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Elastic 
Modulus Ratio )(/)( 1

1132 BEE aa = ’’ in “Doubly Stiffened-at Support, Isotropic Base 
Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Various Modes with (CFCCCF) B.C.’s, b2=0.30 m, b~ =0.15 m, a=0.50 m, L=1.0 m) 

 
Figure 11.213. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Shear 

Modulus Ratio )(/)( 1
1132 BEE aa = ’’ in “Doubly Stiffened-at Support, Isotropic Base 

Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (CFCCCF) B.C.’s, b2=0.30 m, b~ =0.15 m, a=0.50 m, L=1.0 m) 
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Figure 11.214. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Elastic 

Modulus Ratio )(/)( 1
1132 BEE aa = ’’ in “Doubly Stiffened-at Support, Isotropic Base 

Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 
(Various Modes with (SFSSSF) B.C.’s, b2=0.30 m, b~ =0.15 m, a=0.50 m, L=1.0 m) 

 
 

Figure 11.215. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Shear 
Modulus Ratio )(/)( 1

1132 BEE aa = ’’ in “Doubly Stiffened-at Support, Isotropic Base 
Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Various Modes with (SFSSSF) B.C.’s, b2=0.30 m, b~ =0.15 m, a=0.50 m, L=1.0 m) 
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Figure 11.216. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Elastic 
Modulus Ratio )(/)( 1

1132 BEE aa = ’’ in “Doubly Stiffened-at Support, Isotropic Base 
Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Various Modes with (FFFFFF) B.C.’s, b2=0.30 m, b~ =0.15 m, a=0.50 m, L=1.0 m) 

 
 

Figure 11.217. Dimensionless Natural Frequency Ω  versus ‘‘Adhesive Shear 
Modulus Ratio )(/)( 1

1132 BEE aa = ’’ in “Doubly Stiffened-at Support, Isotropic Base 
Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

(Various Modes with (FFFFFF) B.C.’s, b2=0.30 m, b~ =0.15 m, a=0.50 m, L=1.0 m) 
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11.8 Influence of Additional Partial Derivative Terms in Adhesive Layer 
Equations 
 

For this purpose, two cases, namely, the “Orthotropic Base Plate or Panel 

with Orthotropic Stiffening Plate Strips” and also the “Isotropic Base Plate or Panel 

with Orthotropic Stiffening Plate Strips” are investigated. For both cases, the “hard” 

and the “soft” adhesive layers are considered. The free flexural vibrations response in 

terms of their modes and the natural frequencies of these aforementioned two cases 

are presented in Figures 218 and 219 and in Figures 220 and 221, respectively.  

 

From the comparison of these Figures with the Figures 11.1 and 11.2 and 

Figures 11.77 and 11.78, it can be observed that the mode shapes exhibit similar 

trends whether the additional partial derivative terms 
y

and
x ∂

∂
∂
∂ ωω  (which are 

“double underlined” terms in the adhesive layer equations) (see Equations (4.4), 

(4.5), (4.6) and (4.7)) are taken into account or not. However, as expected, there are 

some increases in the natural frequencies if those additional terms are considered. 

Their effect on the first natural frequency is relatively small, however, in higher 

frequencies, their influence starts becoming significant (as can be seen from the 

calculated natural frequencies corresponding to the higher modes). These 

conclusions are valid for the “hard” adhesives case. 

 

 In the “soft” adhesives case, however, the effect of those 
y

and
x ∂

∂
∂
∂ ωω  terms 

seems rather negligible. 
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a) First Mode with 486.1955111 ==Ω ω  
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b) Second Mode with 842.2135==Ω 122 ω  

 
Figure 11.218. Mode Shapes and Natural Frequencies of “Centrally Doubly 

Stiffened, Composite Orthotropic Base Plate or Panel (with Upper and Lower 
Orthotropic Stiffening Plate Strips)” 

 

(Adhesive Layer Equations with 
y

and
x ∂

∂
∂
∂ ωω  terms) 

 
(Base Plate= Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 

((FFCCFF) B.C.’s in y-direction, “Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 297.2253==Ω 213 ω  
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d) Fourth Mode with 774.2397==Ω 224 ω  

 
Figure 11.218. (continued) 
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a) First Mode with 172.272111 ==Ω ω  
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b) Second Mode with 625.722==Ω 122 ω  

 
Figure 11.219 Mode Shapes and Natural Frequencies of “Centrally Doubly Stiffened, 

Composite Orthotropic Base Plate or Panel (with Upper and Lower Orthotropic 
Stiffening Plate Strips)” 

 

(Adhesive Layer Equations with 
y

and
x ∂

∂
∂
∂ ωω  terms) 

 
(Base Plate= Plate 1= Kevlar-Epoxy, Plate 2= Plate 3= Graphite-Epoxy) 

((FFCCFF) B.C.’s in y-direction, “Soft” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 557.1033==Ω 213 ω  
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d) Fourth Mode with 5821175.== 224 ωΩ  

 
Figure 11.219. (continued) 
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a) First Mode with 815.193111 ==Ω ω  
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b) Second Mode with 096.205==Ω 122 ω  

 
Figure 11.220. Mode Shapes and Natural Frequencies of “Centrally Doubly 
Stiffened, Isotropic Base Plate or Panel (with Upper and Lower Orthotropic 

Stiffening Plate Strips)” 
 

(Adhesive Layer Equations with 
y

and
x ∂

∂
∂
∂ ωω  terms) 

 
(Base Plate=Plate 1= Aluminum, Plate 2= Plate 3= Graphite-Epoxy) 

((FFCCFF) B.C.’s in y-direction, “Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.)
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c) Third Mode with 333.423==Ω 213 ω  
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d) Fourth Mode with 054.434==Ω 224 ω  

 
Figure 11.220. (continued) 
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a) First Mode with 791.34111 ==Ω ω  
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b) Second Mode with 775.79==Ω 122 ω  

 
Figure 11.221 Mode Shapes and Natural Frequencies of “Centrally Doubly Stiffened, 

Isotropic Base Plate or Panel (with Upper and Lower Orthotropic Stiffening Plate 
Strips)” 

 

(Adhesive Layer Equations with 
y

and
x ∂

∂
∂
∂ ωω  terms) 

 
(Base Plate=Plate 1= Aluminum , Plate 2= Plate 3= Graphite-Epoxy) 

((FFCCFF) B.C.’s in y-direction, “Soft” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m.) 
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c) Third Mode with 085.169==Ω 133 ω  

 

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5
Z

0

0.20.4 X

0
0.2

0.4
0.6

0.8
1

Y
X Y

Z

 
d) Fourth Mode with 166.198==Ω 214 ω  

 
Figure 11.221. (continued) 
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Figure 11.222. Effect of Adhesive Layer ywandxw ∂∂∂∂ //  Terms on Natural 

Frequencies in “Centrally Doubly Stiffened Composite Orthotropic Base Plate or 
Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

 (Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((FFCCFF) B.C.’s, ‘‘Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m) 

 

  
Figure 11.223. Effect of Adhesive Layer ywandxw ∂∂∂∂ //  Terms on Natural 

Frequencies in “Centrally Doubly Stiffened Composite Orthotropic Base Plate or 
Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

 (Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((FFSSFF) B.C.’s, ‘‘Hard” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m) 
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Figure 11.224. Effect of Adhesive Layer ywandxw ∂∂∂∂ //  Terms on Natural 

Frequencies in “Centrally Doubly Stiffened Composite Orthotropic Base Plate or 
Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

 (Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((FFCCFF) B.C.’s, ‘‘Soft” Adhesive, b2=0.30 m, a=0.50 m, L=1.0 m) 

 

  
Figure 11.225. Effect of Adhesive Layer ywandxw ∂∂∂∂ //  Terms on Natural 

Frequencies in “Centrally Doubly Stiffened Composite Orthotropic Base Plate or 
Panel (with Upper and Lower Orthotropic Stiffening Plate Strips)” 

 (Base Plate=Plate 1= Kevlar-Epoxy , Plate 2= Plate 3= Graphite-Epoxy) 
((FFSSFF) B.C.’s, ‘‘Soft” Adhesive, b2=0.30.m, a=0.50 m, L=1.0 m) 
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11.9 Some Remarks About the Accuracy of the Present Solution 
Technique 
 

In the present Thesis, firstly, the “Governing System of Partial Differential 

Equations” for “Main PROBLEM I”, “Main PROBLEM II” and “Main PROBLEM 

III” were obtained. Then, these equations were reduced to a set of the “Governing 

System of First Order Ordinary Differential Equations” which constitutes a “Two-

Point Boundary Value Problem” in terms of the dependent or the “state vector” 

variables in the y-direction. Then, these equations are solved by means of the 

“Modified Transfer Matrix Method”. The running time of the computer depends on 

some parameters in the ‘‘Fortran’’ solver code. The “number of discretizing points ni 

(i=1 for Part I, i=2 for Part II and i=3 for Part III)” is the most important parameter 

which affects the running time. As the “number of discretizing points’’ increases, the 

running time of the computer also increases. The reason for this is that the 

dimensions of the “Modified Transfer Matrices” increase. Thus, the inversion 

processes needed to obtain “Modified Transfer Matrices [ ]U� , [ ]V�  and [ ]W� ” 

require more computer time as the “number of discretizing points’’ increases. The 

transfer matrices also include the “degree of the approximating polynomials ndpi” 

but its effect on the running time of the computer is much less than that of ‘‘ni’’.  

Therefore, it is essential that the minimum appropriate “number of discretizing points 

ni” and a suitable ‘‘degree ndpi of the approximating polynomials’’ should be chosen 

for the sufficiently accurate results. 

 

 It is important to note here that the ‘‘Boundary Conditions’’ at the right hand-

side support (or at the ‘‘final end points’’) for the base plate and the stiffening plate 

strips should be satisfied. In trying to satisfy the right hand-side support conditions, 

the chosen ‘‘number of discretizing points ni’’ and the ‘‘degree ndpi of the 

approximating polynomials) are important factors. 

 

 It is observed that a large “number of discretizing points n1” in the ‘‘three 

layer region (i.e. Part I)’’ is required in order to obtain accurate results especially for 

higher modes of vibration. Only 5 discretizing points can be enough to satisfy the 

“Boundary Conditions” at the “final end points” within an acceptable error (for 
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instance 0 (10-7-10-8) for zero quantities) for the first natural frequency. However, 

this number “n1” increases up to 10 or 12 in order to obtain higher natural 

frequencies. Also, the error increases for the free edge boundary conditions, but this 

is also negligible. Although large number of discretizing points help to achieve more 

accurate results, it may also cause to increase the error after a certain value. As the 

“number of discretizing points” increase, the intervals or steps between intermediate 

stations become extremely small.  

 

 As mentioned above, the “degree ndpi of approximating polynomials” also 

affects accuracy. But this effect is not as much as those of the “number of 

discretizing points ni”. The accuracy may not necessarily increase ss the ‘‘degree of 

the approximating polynomial’’ increases because of the numerical behavior of the 

solution method. Some numerical test runs in the computer are necessary in order to 

get used to and have a feeling for any particular problem. 

 

By investigating the values or magnitudes of the dependent variables at the 

“final end points” (or at the right hand-side support conditions) and by observing the 

numerical results obtained, one can conclude the following, 

  

1) In the “Centrally Doubly Stiffened, Composite Orthotropic and/or 

Isotropic Plates or Panels (with Upper and Lower Orthotropic Stiffening 

Plate Strips)” (i.e.“Main PROBLEMS I.a and I.b”), the number of 

“discretizing points” n1=6, n2=n3=7 (for each Part I, Part II and Part III, 

respectively) and the degrees of the “Approximating or the Interpolation 

Polynomial” ndp1=5, ndp2=ndp3=6 (for each Part, respectively) were 

chosen as appropriate values in order to obtain accurate natural 

frequencies and the corresponding accurate and smooth mode shapes.  

 

2) In the “Non-Centrally Doubly Stiffened, Composite Orthotropic and/or 

Isotropic Plates or Panels (with Upper and Lower Orthotropic Stiffening 

Plate Strips)” (i.e.“Main PROBLEMS II.a and II.b”), the number of 

“discretizing points” n1=n2=6 and n3=16 (for each Part I, Part II and Part 

III, respectively) and the degrees of the “Approximating or the 
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Interpolation Polynomial” ndp1=ndp2=5 and ndp3=6 (for each Part, 

respectively) were employed as appropriate values in order to obtain 

accurate natural frequencies and the corresponding accurate and smooth 

mode shapes.  

 

3) In the “Centrally Doubly Stiffened-at Support, Composite Orthotropic 

and/or Isotropic Plates or Panels (with Upper and Lower Orthotropic 

Stiffening Plate Strips)” (i.e.“Main PROBLEMS III.a and III.b”), the 

number of “discretizing points” n1=6 and n2=16 (for Part I and Part II 

respectively) and the degrees of the “Approximating or the Interpolation 

Polynomial” ndp1= =5 and ndp2=6 (for each Part, respectively) were 

taken as appropriate values in order to obtain accurate natural frequencies 

and the corresponding accurate and smooth mode shapes.  

 

4) Last but not the least, in all PROBLEMS, one has to plot the mode shapes 

too in order to see if they exhibit smooth and appropriate surfaces to the 

mode shapes they correspond. 

 

 There is no available study published in the open literature on the “Main 

PROBLEMS” considered here. Therefore, the comparisons of accuracy with other 

available solutions of the aforementioned  “Main PROBLEMS” were not possible in 

the present Thesis. However, for a single layer orthotropic Mindlin Plate, the 

numerical results of the present method of solution and the analytical closed form 

solutions are compared in Toghi’s Thesis [VIII.8] and also Özerciyes’ Thesis [V.7]. 

The accuracy of the present solution technique was found to be exceptionally good in 

those cases. On the basis of present studies, one may conclude that the accuracy of 

the present solution technique in the case of “Main PROBLEMS” studied here 

should be sufficiently good.  

 

It should be pointed out here, however, in Özerciyes’ Thesis [V.7], there is 

only single stiffening orthotropic stiffening plate strip connected to a base plate. In 

the “Main PROBLEMS” involved in the present research work, the orthotropic 

and/or isotropic base plates are reinforced as “Doubly Stiffened Composite 
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Orthotropic and/or Isotropic Base Plates or Panels”. The frequencies obtained in this 

study when compared with the Özerciyes’ Thesis [V.7] are found to be slightly 

higher. This is, of course, due to the doubly stiffened nature of the composite plate or 

panel system of the present study. Therefore, frequencies will be higher as expected. 

 

Also, for the ‘‘Doubly Stiffened-at Support’’ cases, both studies give almost 

the similar mode shapes. However, for the ‘‘Centrally Stiffened’’ cases, the mode 

shapes are similar but not the same because of the effect of the ‘‘Modulus of 

Rigidities (Ga’s)’’ of the upper and lower adhesive layers in the present Thesis. 

 

The numerical results presented in this Thesis may be compared 

approximately with the numerical results obtained for the same ‘‘Main 

PROBLEMS’’ by ‘‘Finite Element Method’’. This, of course, means a new study or 

thesis in terms of the commercially available “Finite Element Codes” or re-

formulating the “Main PROBLEMS” considered here in the. “Finite Element 

Method” and then, writing an independent “Finite Element Code” which will require 

considerable programming effort.  

 

 It should, of course, be emphasized here that, the “Finite Element 

Method (F.E.M.)” itself is an approximate method. Therefore, the numerical results 

by “F.E.M.” will not necessarily more exact or accurate. In the present study, the 

exact governing equations without any approximations are employed. The errors, if 

any, are the results of the numerical procedures associated with the present solution 

technique which is the “Modified Transfer Matrix Method (with Interpolation 

Polynomials and/or Chebyshev Polynomials)”. Therefore, one may say that, by 

reasonable guessing, the numerical results of the present study are more accurate 

than those of the “F.E.M.”. 
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CHAPTER 12

CONLUSIONS

12.1 Conclusions for “Main PROBLEM I.a” and “Main PROBLEM I.b”

The analytical modeling for the ‘‘Free Flexural (or Bending) Vibrations of

Adhesively Bonded, Centrally Doubly Stiffened, Composite Plate or Panel

System (with Orthotropic or Isotropic Base Plate and Orthotropic Stiffening

Plate Strips)’’ (i.e. “Main PROBLEM I”) based on the Mindlin’s Plate Theory is

analyzed and a suitable semi-analytical solution procedure is developed. In previous

chapters, the solution technique employed is the “Modified Transfer Matrix Method”

which is a combination of the ‘‘Classical Levy’s Method”, the “Integrating Matrix

Method” and the “Transfer Matrix Method”. Based on the numerical results given in

the preceding chapters, one can reach the following conclusions:

1. The analytical formulation of the problem in the “state vector” form and the

present solution procedure (i.e. “Modified Transfer Matrix Method”) is fairly

general and very efficient. The formulation and the solution technique used in

this Thesis are general enough and can be extended to other stiffened composite

plate systems.

 

2. “Classical Lévy’s Solutions” were used in the formulation of the problem.

Therefore, the only limitation in the solution technique is that the base plate and

the stiffening strips are to be simply supported at two opposite edges, i.e. the

edges at x=0 and x=a, while other edges, that is, the edges at y=0 and y=b2, may

have arbitrary boundary conditions.
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3. The mode shapes and the corresponding natural frequencies of the composite

plate or panel system are significantly effected by the “hardness” and the

“softness” (i.e. elastic constants) of the upper and lower adhesive layers which

connect the base plate and the central stiffening plate strips. In the “hard”

adhesives case, the stiffened portion of the composite plate or panel system

behaves as a relatively thick and very stiff plate in comparison with the rest of the

system. Consequently, the stiffened portion stays almost stationary (except

perhaps at relatively higher modes) while the remaining portions experience

relatively large deflection shapes. In the “soft” adhesive layers case, the

stiffening plate strips have the same or almost similar deflection shapes with the

base plate in the central three-layer portion of the plate system. In other words, in

the “soft” adhesives case, the central stiffening plate strip moves almost in step

with the base plate in any mode, at least up to fourth mode.

4. For the ‘‘hard’’ adhesives case, the mode shapes obtained are not exactly

symmetric or skew-symmetric in spite of the symmetry of the entire system (the

geometry, the material and the B.C.’s) with respect to the mid-plane

perpendicular to the base plate. This is because of large values of ‘‘Modulus of

Rigidities (Ga2 and Ga3)’’ in the ‘‘hard’’ adhesive layers. The mode shapes tend

to be symmetrical or skew-symmetrical when Ga’s practically go to zero.

 

5. As the constraining or the stiffenning effect of the boundary conditions in the y-

direction increases so do the natural frequencies of the composite plate or panel

system.

6. In the ‘‘hard’’ adhesives case, the dimensionless natural frequencies Ω  increase

as the “aspect ratio b2/a” increases and as the modes get higher so do the

frequencies. Also, the general trend is that the natural frequency curves

corresponding to each mode are close to each other for less than 1.0 value of the

“Aspect Ratio b2/a” as expected. After this value, they go up sharply and start to

separate from each other. However, in the case of the ‘‘soft’’ adhesives, the

natural frequency curves corresponding to each mode are separate from each

other while they are close to each other in the ‘‘hard’’ adhesives case for less
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than 1.0 value of the “Aspect Ratio b2/a”. These curves increase gradually

without any sharp slopes. This is because of the “softness” of the adhesive layers

and consequently of the relatively loose coupling between the base plate and the

stiffening strips. The base plate and the stiffening strips don’t interact with or

influence each other as the adhesive layers become relatively “softer” and

“softer”. Eventually, in the limit, they will vibrate as three separate plates at their

own independent natural frequencies uneffected by each other.

7. In the ‘‘hard’’ adhesives case, the natural frequency parameter Ω  decrease as the

“Joint Length Ratio L/b2” increases. In the ‘‘soft’’ adhesives case, as the “Joint

Length Ratio L/b2” increases, the influence of the support conditions decrease

and the natural frequency curves get closer to each other and the natural

frequency parameter Ω  decreases. In both cases, the natural frequency curves

converge to the same value for the relatively large values of L/b2 ratio.

8. As the “Bending Stiffness Ratio )(/ )()()( 3
11

2
11

1
11 DDD = ” increases, the natural

frequencies Ω  decrease almost linearly and then remain almost constant. It

should be pointed out here, that, while the dimensionless natural frequency

parameter decreases as the ‘‘Bending Rigidity Ratio )(/ )()()( 3
11

2
11

1
11 DDD = ’’

increases, the real dimensional natural frequency increases as expected (see for

instance, the expression (4.16) for the dimensionless natural frequency

parameter).

9. As the “Bending Stiffness Ratio )()()( /)( 1
11

3
11

2
11 DDD =  or ( )2(

11D or )3(
11D ) / )1(

11D ”

increases, the dimensionless natural frequency parameter Ω  almost remain

constant in both of the ‘‘hard’’ and ‘‘soft’’ adhesive cases.

10. The dimensionless natural frequency curves increase linearly as the ‘‘Bending

Rigidity Ratio )(/ )()()( 3
11

2
11

1
22 DDD = ’’ increases and these curves have almost the

same slope and are very close to each other for the ‘‘hard’’ adhesives case but the

dimensionless natural frequency curves increase gradually as the ‘‘Bending
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Rigidity Ratio )(/ )()()( 3
11

2
11

1
22 DDD = ’’ increases. These curves have different

slopes and are separate from each other for the ‘‘soft’’ adhesives case.

11. As the ‘‘Adhesive Elastic Modulus Ratio )(/)( 1
1132 BEE aa =  increases, the natural

frequency parameter Ω  first slowly increases and then becomes almost constant.

However, in the case of the “Adhesive Shear Modulus Ratio )(/)( 1
1132 BGG aa = ”,

there is a jump in frequencies in a narrow “transition region” (with sharp

increases in natural frequencies) .After then, the natural frequencies become

asymptotic to a certain value. This clearly indicates that the natural frequencies

are very much dependent up to a certain value of the )(/)( 1
1132 BGG aa =  ratio.

12. The mode shapes exhibit similar trends whether the additional partial derivative

terms 
y

and
x ∂

∂
∂
∂ ωω

 in the adhesive layer equations are taken into account or not.

However, as expected, there are some increases in the natural frequencies if those

additional terms are considered. Their effect on the first natural frequency is

relatively small, however, in higher frequencies, their influence starts becoming

significant. These conclusions are valid for the “hard” adhesives case. However,

in the “soft” adhesives case, the effect of these 
y

and
x ∂

∂
∂
∂ ωω

 terms seems rather

negligible.

12.2 Conclusions for “Main PROBLEM II.a” and “Main PROBLEM II.b”

The analytical modeling for the ‘‘Free or Flexural Bending Vibrations of

Adhesively Bonded, Non-Centrally Doubly Stiffened, Composite Plate or Panel

System (with Orthotropic or Isotropic Base Plate and Orthotropic Stiffening

Plate Strips)’’ (i.e. “Main PROBLEM II”) based on the Mindlin’s Plate Theory is

analyzed and the appropriate solution procedure is developed by following a similar

approach to that of the “Main PROBLEM I”. The solution technique is the

“Modified Transfer Matrix Method” which is, as pointed out before, a semi-
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analytical and numerical method. On the basis of the numerical results in the

preceding chapters, the following conclusions can be reached:

1. The “state vector” form of the formulation of the problem and the solution

technique developed in this study is fairly general and also efficient numerical

method. For certain class of plate vibration problems, here in this case too, the

only limitation is that the two opposite edges of the orthotropic or isotropic

composite plate or panel system have to be simply supported, while the supports

at other opposite edges can be arbitrary.

 

2. The “hardness” and the “softness” of the adhesive layers influence significantly

the natural frequencies and mode shapes of the “Main PROBLEM II”. The

central stiffened part of the composite plate or panel system with  the “hard”

adhesive layers stays almost stationary in any mode (except perhaps at relatively

higher modes). As in the “Main PROBLEM I”, the central stiffening strips

connected by the “soft” adhesive layers to the orthotropic or isotropic base plate

have the same or almost similar deflection shapes with the base plate in the

central three-layer portion of the plate system. Thus, the central stiffening plate

strips move almost in step with the base plate in any mode, at least up to fourth.

3. As the constraining or the stiffenning effect of the boundary conditions in the y-

direction increases so do the natural frequencies of the composite plate or panel

system.

 

4. In the “hard” adhesives case, the natural frequencies increase with sharper slopes

compared to the ones in the ‘‘soft’’ adhesives case as the “Aspect Ratio b2/a”

increases.

5. The dimensionless natural frequencies Ω  of each mode decrease almost linearly

and then remain almost constant for both ‘‘hard’’ and ‘‘soft’’ adhesive cases as

the “Bending Rigidity or Stiffness Ratio )(/ )()()( 3
11

2
11

1
11 DDD = ” increases.
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6. As the “Adhesive Elastic Modulus Ratio )(/)( 1
1132 BEE aa = ” increases, the natural

frequencies for the first four modes increase slowly at first and then remain

almost constant. However, for the “Adhesive Shear Modulus Ratio

)(/)( 1
1132 BGG aa = ”, there is also a jump in frequencies in a narrow “transition

region” and then frequencies remain almost constant.

12.3 Conclusions for “Main PROBLEM III.a” and “Main PROBLEM III.b”

The analytical formulation for the ‘‘Free or Flexural Bending Vibrations of

Adhesively Bonded, Doubly Stiffened-at Support, Composite Plate or Panel

System (with Orthotropic or Isotropic Base Plate and Orthotropic Stiffening

Plate Strips)’’ (i.e. “Main PROBLEM III”) has been developed on the basis of the

Mindlin’s Plate Theory and the solution procedure follows the similar approaches to

those of “Main PROBLEM I” and “Main PROBLEM II”. The present solution

technique is again the “Modified Transfer Matrix Method”. Based on the numerical

results given in the preceding chapter, the following conclusions can be drawn:

1. The present formulation of the problem in a “state vector” form and the solution

procedure is fairly general and very efficient.

2. The only limitation in the solution technique is that the stiffening strips and the

base plate have to be simply supported at two opposite edges while for the other

edges, arbitrary boundary conditions may be prescribed.

 

3. The “Elastic Constants” (or the “hardness” and the “softness”) of the in-between

adhesive layers drastically influences the mode shapes and the corresponding

natural frequencies of the composite plate or panel system. In the case of the

“hard” adhesive, the stiffened portion of the composite plate or panel system

stays almost stationary (except perhaps at relatively higher modes). In mode

shapes, in the case of the “soft” adhesive, the stiffening strips and the base plate

experience different deflection shapes in the same mode.
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4. As the constraining or the stiffenning effect of the boundary conditions in the y-

direction increases so do the natural frequencies of the composite plate or panel

system.

5. In ‘‘hard’’ adhesives case, the natural frequencies increase as the ‘‘Aspect Ratio

b2/a” increases. When the ‘‘Aspect Ratio b2/a” takes 2.0 value (i.e. the stiffening

plate strips become almost equal to the base plate in the y-direction), the natural

frequencies for the same modes but for different boundary conditions converge to

almost same values regardless of the boundary conditions. In the ‘‘soft’’

adhesives case, the natural frequency curves remain more or less constant or they

go up gradually without any sharp slopes or increases. This is, of course, due to

the “softness” of the adhesive layers and to the relatively loose coupling (because

of the “soft” adhesives) between the base plate and the stiffening plate strips.

6. For both ‘‘hard’’ and ‘‘soft’’ adhesive cases, the dimensionless natural frequency

curves decrease almost linearly and then remain almost constant as the ‘‘Bending

Rigidity Ratio )(/ )()()( 3
11

2
11

1
11 DDD = ’’ increases.

 

7. As the ‘‘Adhesive Elastic Modulus Ratio )(/)( 1
1132 BEE aa =  increases, the natural

frequency parameter Ω  first very slowly increases and then becomes almost

constant. However, for the “Adhesive Shear Modulus Ratio )(/)( 1
1132 BGG aa = ”,

there is again a jump in frequencies in a narrow “transition region”.
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CHAPTER 13

RECOMMENDATIONS FOR FUTURE STUDY

Some recommendations for future research may be suggested. In this section, the

recommendations will be considered in two groups, namely 1 and 2:

(1) Recommendations for the furher extension of the present solution technique to

some other related problems which do not require considerable modification in the

present method of solution:

(2) Recommendations for the extension of the present solution technique to the

problems which require considerable modification in the present method of solution:

Recommendations for (1):

Ø The damping effects in the plate system may be considered in terms of complex

damping by employing some modifications in the present method of solution and

the numerical procedures.

Ø The elastic support conditions in terms of mechanical springs, that is, torsional

and/or extensional springs, can be considered in the boundary conditions in the y-

direction.

 

Ø The stiffening plate strips may be replaced by beams of regular rectangular cross-

sections. This case may be handled with relative ease.
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Ø The upper and lower adhesive layers may be assumed to be of dissimilar

materials. Then, the present solution technique can easily be used.

Recommendations for (2):

Ø Considering  the supports in the y-direction stationary, one can obtain higher

order “state vectors”, and consequently increase the number of governing system

of equations by adding u and v displacements and the membrane stress resultants.

In this case, the solution procedure needs some modifications.

Ø The base plate in the centrally, non-centrally or at-support doubly stiffened plate

systems may be replaced by a multi-layer composite plate. Then, the present

solution technique will need considerable changes.

Ø The stiffening plate strips may be composed of multi-layer plates or plate strips.

Again the solution method does need some significant changes.

 

Ø Several stiffening plate strips separated by equal or unequal spans may be used to

reinforce the base plate. In this case, the present solution technique will be

suitable, too. However, increased number of numerical calculations will be

needed.

Ø Slightly curved plates or shallow shell panels may be considered instead of

rectangular plates.

Ø The non-linear governing system of equations by using non-linear ‘‘strain-

dislacement’’ and ‘‘strain-stress’’ relations (or Hooke’s Law) may be developed

and investigated.

Ø The stiffening strips and the base plate may have arbitrary directions of

orthotropy.

 

Ø The adhesive layers between the base plate and the stiffening strips may be

considered as viscoelastic layers with damping characteristics



361

 

Ø The extension of problems here into forced vibrations, flutter problems, etc., may

be considered.

Ø The extension into problems with stiffeners as thin walled hat or thin walled open

or closed cross-section beams may be considered.
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