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ABSTRACT

MINIMUM WEIGHTED PERFECT NEIGHBORHOOD SET PROBLEM

Hastiirk, Umur
M.S., Department of Operational Research

Supervisor: Assist. Prof. Dr. Mustafa Kemal Tural

July 2020, [I18] pages

Given an undirected simple graph G = (V, E), the open neighborhood of a vertex
j € V, denoted by §(j), is defined as the set of all vertices that are adjacent to j ,
ie., d(j) ={i|{i,j} € E}. The closed neighborhood of a vertex j, denoted by A(j),
is defined as A(j) = 0(j) U {j}. Foraset S C V, a vertex j is said to be perfect
with respect to S, i.e., S-perfect, if |A(j) N S| = 1. The set S is said to be a perfect

neighborhood set if the set of S-perfect vertices dominate G.

Hedetniemi et al. (1997) [1]] proposed a linear-time algorithm for the minimum car-
dinality perfect neighborhood set problem when G is a tree. We observe some flaws
in the proposed algorithm and correct them. Moreover, we consider the weighted
version of the problem, where the weight of a perfect neighborhood set S is defined
as ) ey (wjy; + vja;). Here y; and x; are binary parameters taking the value 1 if
and only if j is in S and j is S-perfect, respectively, and w; and v; are the weights
associated with vertex j. We extend the algorithm proposed by Hedetniemi et al. for
trees to the weighted case and check its correctness by comparing its solutions with
the solutions of an integer programming formulation that we propose for arbitrary

graphs.



Additionally, we provide some valid inequalities for the integer programming formu-
lation to make it stronger, and characterize the perfect neighborhood set polytope for
star graphs and complete graphs by the help of these valid inequalities. Finally, we

conduct computational experiments to see the effects of these valid inequalities.

Keywords: Perfect Neighborhood Set, Integer Programming, Valid Inequality, Tree,

Dominating Set
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0z

MINIMUM AGIRLIKLI MUKEMMEL KOMSULUK KUMESI PROBLEMI

Hastiirk, Umur

Yiiksek Lisans, Yoneylem Arastirmasi: Boliimii

Tez Yoneticisi: Dr. Ogr. Uyesi. Mustafa Kemal Tural

Temmuz 2020 , [T18]sayfa

Yonsiiz basit bir ¢izge G = (V, E) iizerinde, §(j) ile gosterilen j € V diigiimiiniin
acik komsuluk kiimesi, 7’ye bitisik tiim komgularin kiimesi olarak tanimlanir, diger
bir deyisle §(j) = {i| {¢,7} € E}. A(y) ile gosterilen j diigiimiiniin kapali komguluk
kiimesi ise A(j) = d(j) U {j} olarak tanimlanir. Bir kiime S C V' igin, eger |A(j) N
S| = 1ise j digumii S’ye gore mitkemmel, diger bir deyisle S-mitkemmel kabul
edilir. Eger S-mitkemmel diigiimler kiimesi, GG ¢izgesinin bir baskinlik kiimesi ise, S

kiimesine miilkemmel komsuluk kiimesi denir.

Hedetniemi ve dig. (1997) [[1]], G bir aga¢ oldugunda en az eleman sayili miikem-
mel komsuluk kiimesi problemini ¢6zen ve dogrusal zamanda c¢alisan bir algoritma
onerdi. Biz, onerilen algoritmada bazi kusurlar gozlemledik ve bu ¢alismada bunlari
diizelttik. Ayrica, sorunun agirlikli versiyonunu ele alarak bir S miikemmel komguluk
kiimesinin agirligini ) jeV(wjyj + v,x;) ile belirledik. Burada y; ve x;, j’nin S’nin
icinde ve S-miikemmel oldugu durumlarda 1 degerini alan ikili degiskenlerdir, ve
w; ve vj, j diigiimii ile iligkilendirilen agirlik degerleridir. Biz onerilen algoritmay,

agirliklt versiyonu ele alacak sekilde genislettik ve algoritmanin dogrulugunu, her-

vii



hangi bir cizge i¢in Onerdigimiz bir tam sayili programlama formiilasyonundan gelen

coziim degerleri ile kendisinin ¢dziimlerini kiyaslayarak kontrol ettik.

Ayrica, tam sayili programlama formiilasyonunu daha gii¢clii hale getirmek icin ek
gecerli esitsizlikler sagladik, ve bu gecerli esitsizliklerin yardimiyla yildiz ¢izgeler
ve tam ¢izgeler icin miikkemmel komsuluk kiimesi politopunu karakterize ettik. Son

olarak, bu gegerli esitsizliklerin etkilerini gérmek i¢in hesaplama deneyleri yaptik.

Anahtar Kelimeler: Miikemmel Komgsuluk Kiimesi, Tam Say1 Programlama, Gegerli

Esitsizlik, Agac, Baskinlik Kiimesi
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CHAPTER 1

INTRODUCTION

Let G = (V, F) be an undirected simple graph, where V' is the set of its vertices and
FE is the set of its edges. The vertices ¢ € V and j € V' (i # j) are said to be adjacent
if {i,j} € E. The open neighborhood of a vertex j, denoted by d(j), is defined as
the set of all vertices that are adjacent to j , i.e., 6(j) = {i|{i,j} € E}. The closed
neighborhood of a vertex j, denoted by A(j), is defined as A(j) = §(j) U {j}. The
cardinality, i.e., number of elements, of a set A is denoted as |A|. The order of a
graph G = (V| F) is the cardinality of V. The degree of a vertex j is the number
of edges connected to it, which is equal to [6(j)|. A vertex j is called pendant if
|0(7)| = 1. If a vertex is adjacent to a pendant vertex, then it is named as a support
vertex. Therefore, the set of pendant and support vertices are defined as Pen =
{jl106(5)] = 1} and Sup = {j|{¢,j} € E,i pendant}, respectively. A set D C V is
said to be a dominating set of G if each vertex in V' — D is adjacent to at least one

vertex in D.

Givenaset S C V, a vertex j is said to be perfect with respect to S if |A(7) N S| = 1.
In this case, vertex j is said to be S-perfect. We also denote the set of all S-perfect
vertices of G by S — per fect. If the set of S-perfect vertices, i.e. S — perfect, is a
dominating set of G, then S is called a perfect neighborhood set (PN set) of G.

As an example, let G = (V, E) be the graph with V' = {1,2,3} and £ = {{1,2}
.{2,3}} (see Figure[l.1). Note that in this graph, we have A(1) = {1,2}, A(2) =
{1,2,3} and A(3) = {2,3).

Let us assume that S = {1}. In this case, it can be seen that the vertices 1 and 2

are S-perfect as we have |A(j) N S| = 1 for j = 1, 2. This example is displayed in



® ® ®
Figure 1.1: An example graph with three vertices.

Figure If a vertex is selected to be in the set S (here the vertex 1), then the vertex
is colored in black. Moreover, if a vertex is S-perfect (here the vertices 1 and 2), then
a square is placed outside the vertex. It can be observed the set of S-perfect vertices
is a dominating set of GG (since vertices 1 and 2 are in the set of S-perfect vertices
and vertex 3 is adjacent to a vertex in the set of S-perfect vertices, namely vertex 2).

Therefore, it can be concluded that the set S = {1} is a PN set of G.

o ® ®

Figure 1.2: Graphical display of the vertices in S and S — per fect when S = {1}.

For the same graph, now let us assume that S = {1,2} (see Figure[1.3). In this case,
we have |[A(1)NS| = |{1,2}n{1,2}| =2, |A(2)nS| = |{1,2,3}N{1,2} | = 2 and
IA(3)N S| =1{2,3} N {1,2}| = 1, implying that the only vertex that is S-perfect is
vertex 3. Since the set of S-perfect vertices is not a dominating set of G in this case,

we have that S = {1, 2} is not a PN set of G.

o 2 ®

Figure 1.3: Graphical display of the vertices in S and S — per fect when S = {1, 2}.

Given a graph (, the minimum (maximum) cardinality PN set problem, abbreviated
as MinCPNSP (MaxCPNSP), is the problem of finding a PN set of minimum (max-
imum) cardinality in G. Note that both problems MinCPNSP and MaxCPNSP take

into account the cardinalities of PN sets, but not the cardinalities of the sets of perfect

2



vertices with respect to PN sets. In this thesis, we also consider the cardinalities of
the sets of perfect vertices with respect to the PN sets by proposing the minimum
weighted perfect neighborhood set problem (MinWPNSP) which aims to find a PN
set S'in a given graph GG of minimum weight, where the weight of a set S is defined as
D jes Wit D ies perfect Vi Here w; and v; are the weights associated with the vertex
J. Whenw; = 1and v; = Oforall j € V, the MinWPNSP reduces to the MinCPNSP.
On the other hand, when w; = —1 and v; = O for all j € V, the MinWPNSP reduces
to the MaxCPNSP.

In the next chapter, we provide a literature review on perfect neighborhood sets. Then,
in Chapter 3| we show that the algorithm proposed by Hedetniemi et al. (1997) [1] to
solve the MinCPNSP in trees has some flaws and does not work correctly. In addition
to fixing this algorithm, we also extend it to make it work for the weighted problem,
i.e., the MinWPNSP, in trees. In Chapter 4] we propose an integer programming (IP)
formulation for the MinWPNSP that is applicable to any graph G and in Chapter
5l we compare the IP formulation with our extended algorithm in terms of solution
time and check the correctness of the algorithm by comparing the objective function
values of the two approaches. In Chapter [6| we provide some valid inequalities for
the MinWPNSP and characterize the perfect neighborhood set polytope in star and
complete graphs. In Chapter [/, we study the effects of the valid inequalities and

finally, we conclude in Chapter [§] with some future research directions.






CHAPTER 2

LITERATURE REVIEW

Perfect neighborhood sets were introduced by Fricke et al. (1999) [2]]. The authors
defined the lower and upper perfect neighborhood numbers of G, denoted by 6(G)
and O(G), respectively, as the cardinality of the optimal solutions of MinCPNSP and
MaxCPNSP, respectively.

Aset S C V of agraph G = (V, E) is called a 2-dominating set if each vertex in
V' — S is within a distance of at most two edges with at least one vertex of S. A
2-dominating set .S is minimal if S — {j} is not a 2-dominating set for all j € S.
The minimum (maximum) cardinality among all minimal 2-dominating sets of G is
denoted by v2(G) (I'3(G)). It can be shown that every PN set is also a 2-dominating
set (see Proposition [6.1] for the proof in our context), and therefore as argued in [2]

we have that ,(G) < 0(G).

Let v(G) (I'(G)) denote the minimum (maximum) cardinality among all minimal
dominating sets of a graph GG. It has been proved in [2] that for any minimal dom-
inating set D, there exists a PN set of G of cardinality |D|. This proof gives the
immediate results as 0(G) < 7(G) and O(G) > I'(G). The authors also show that
for any graph G, ©(G) < I'(G) holds true. Overall, the final result is O(G) = I'(G)
for an arbitrary graph G.

Closed neighborhood of a set S'is defined as the union of the closed neighborhoods
of the vertices in S, i.e., A(S) = UyesA(v). The S-private neighborhood set of a
vertex v € S is defined as pn[v, S| = A(v) — A(S — {v}). A set S is irredundant
if for every vertex v € S, pn[v, S| # (. ir(G) (IR(Q)) represents the lower (upper)

irredundance number which is the minimum (maximum) cardinality of a maximal



irredundant set in G. The authors also mentioned a conjecture as for all graphs G,

0(G) < ir(G).

This conjecture has been proved to be true for any tree 7" by Cockayne et al. (1998)
[3]]. Itis also proved in this paper that if S is a PN set, then S is irredundant. Moreover,
the conjecture has also been proved to be true for a graph G if GG is claw-free or if
G has a maximal irredundant set S of minimum cardinality for which the subgraph
induced by S has at most six non-isolated vertices by Cockayne et al. (1999) [4].
However, Favaron and Puech (1999) [5] had a counterexample to this conjecture and
proved that the conjecture is not necessarily correct for an arbitrary graph G and

0(G) — ir(G) can be arbitrarily large.

Hedetniemi et al. (1997) [1] continued to work on §(G). They proved that the de-
cision problem of computing §(G) (i.e., computing if a graph has a PN set of cardi-
nality at most k) is NP-complete for bipartite and chordal graphs. Additionally, some
bounds are provided for §(G). The authors combined the result of §(G) < (G) with
the result that v(G) < n/2 which holds true for every connected graph G of order
n > 2 (see Haynes et al. (1998) [6]]) and showed that if G is a connected graph of
order n > 2, then #(G) < n/2. Moreover, they have also proposed and proved that
0(G) < n/3is satisfied if G is a connected graph of order n > 3 and if the minimum
degree of the vertices is 2. Lastly, they presented a linear time algorithm to compute
0(T) for any tree T'. This algorithm has some flaws and does not work as intended.

This is discussed in Chapter [3]in detail.

Later, Xie et al. (2007) [[7] worked on the MaxCPNSP. They provided an algorithm
that finds ©(T') for a given tree T in O(n?) time (n = |V).

Denoting G[S] as the subgraph induced by S in G = (V, E), a set S is independent if
all vertices of G[S] are isolated, i.e., if the edge set of G|S] is an empty set. Favaron
and Puech (1999) [5] have introduced that a set S C V is called an “Independent
perfect neighborhood set” if S is a PN set and if .S is an independent set. The authors
denote by 6;(G) the minimum cardinality of an independent PN set and mention that
0(G) < 0;(G) is satisfied. They prove that if G is a claw-free graph, I an independent
set of G and A?[I] = V, then I is a PN set of G. Here, A?(I) represents the double

neighborhood, i.e., the set of all vertices of GG that can be reached from the set



within at most two edges. Additionally, Xie et al. (2007) [7] made a conjecture
that ©,(7) = ©(T) = IR(T), where ©;(T) denotes the maximum cardinality of
an independent PN set for a tree 7". Favaron (2000) [8], later, mentions that every

maximal independent set is a PN set.

A similar definition to PN sets, named as “Open perfect neighborhood sets”, is in-
troduced by Hedetniemi (2006) [9]. For these sets, it is still expected that S-perfect
vertices are dominating the given graph G, and a vertex j is assumed to be S-perfect
if |§(j) NS| = 1. The problems of finding the minimum and maximum cardinality of
open perfect neighborhood sets have never been studied in any paper in the literature

[LLO].

The reader should note that in addition to the perfect neighborhood set definition
made by Fricke et al. (1999) [2]], there has been another definition of perfect neigh-
borhood sets in the literature which is introduced by Sampathkumar and Neeralagi
(1994) [11]. The authors define the set S C V' as a PN set if for all u,v € S (u # v),
A(u)NA(v) = Qs satisfied. There is no direct relationship between these definitions,

so one set might be a PN set for only one of the two definitions.

PN sets have direct relations with many concepts in graph theory such as dominating
sets, irredundant sets, and packings, see e.g. [, 2, 7]. Thus, many complicated char-
acteristics of several graph theory problems can be encountered within the problems
involving PN sets. Additionally, PN sets can find applications in computer networks,

physiology, transportation, etc (see Xie et al. (2007) [[7]).

We also observe that the concept is applicable on a security problem on a graph
G = (V, E). We place weapons and controllers on the vertices and we assume that
a weapon in ¢ € V should be controlled by a controller in j € V if j € A(q).
Thus, both the weapon and the controller can be placed on the same vertex. How-
ever, neither more than one weapon nor controller can be placed on the same vertex.
A controller can control more than one weapon at a time and for a weapon in 7, we
assume that the control is only possible if there does not exist any other controller in
A(i) because of interference. If this is satisfied, we assume that the weapon protects
A(). The aim of the problem is to place weapons and their controllers in a way that

all vertices in V' are protected. If we also assume the cost of installing weapons or



controllers on the vertices are different than each other, then this problem would be
an example of MinWPNSP, where controllers and weapons represent the set S and

S — per fect, respectively.

Optimization problems related to PN sets in the literature focused on the cardinality
of PN sets. Therefore it is assumed that the weights of all vertices are equal to each
other. Moreover, none of the studies focused on using IP techniques to solve these
optimization problems. Our motivation is to fill these gaps of the literature for the PN

sets.



CHAPTER 3

A LINEAR TIME ALGORITHM FOR TREES

In this section, we propose a linear time algorithm for the MinWPNSP in trees. This
algorithm generalizes the algorithm proposed by Hedetniemi et al. (1997) [l1] for the
MinCPNSP in trees. While doing that, we have also changed the authors’ algorithm

to make it work as intended.

3.1 The Algorithm of Hedetniemi et al. (1997) [1] to Compute 0(G)

Assume that 7y = (V| E) is a tree with a specified root. For a vertex i, any vertex
j of Ty (j # 1) that lies on the unique path from ¢ to the root of the tree is called
an ascendant of 7. In this case, we also say that ¢ is a descendant of j. If j is an
ascendant of ¢ and {i,j} € F, then j is called the parent of ¢ and ¢ is called a child
of j. Hedetniemi et al. (1997) [1]] assume that the vertex set of the tree 7Tj is V =
{1,2,3,...,p}, where 1 is the root node of Tj and for any ¢ < j they have that j is not
an ascendant of ¢. Their algorithm uses an input vector parent, called the parent array,
where parent|[i] represents the parent of i. The algorithm starts with p trees which are
all isolated vertices and then joins p to parent|p| by adding an edge between them.
Next, it joins p — 1 to parent[p — 1] and continues in this manner finally joining
2 to parent[2] = 1. Throughout these iterations new trees are formed and after all

iterations tree 7Ty is constructed. In this thesis, we assume that p = n = |V/|.

Hedetniemi et al. (1997) [1] start by characterizing all possible (rooted) tree-subset
pairs (7', S) which may lead to a PN set of Tj after the iterations described above are
performed. In this notation, 7' represents a subtree of 7, which is obtained during

the iterations described above and S represents a subset of the vertices of 7. Let us

9



assume that r is the root of 7. If none of the conditions below hold true, then the
corresponding tree-subset pair cannot yield a PN set of 7;. We call these conditions

as [tem [l and Item

i. If r € A(S9), then every vertex of T, except possibly for r, is S-perfect or adja-

cent with an S-perfect vertex,

ii. Ifr ¢ A(S), then every vertex of T', except for r and possibly for some neighbors

of r, is S-perfect or adjacent with an S-perfect vertex.

Assume that we have two tree-subset pairs, (77, S1) and (T3, S), where 7 is the root
of T} and 9 is the root of 75. Hedetniemi et al. (1997) [[I]] combine (7}, .S;) and
(T3, S2) by putting an edge between r; and 5, and calling 7, as the root of the new
tree obtained. After this combination, a new tree-subset pair (7', S) is obtained with
T having r; as its root. This combination operation, denoted by the symbol o, is

displayed below

(T'(Vi, Ev), S1 C Vi) o (Ta(Va, Ey), Sy C Vo) = (T'(V, E),SCV)

where

V=Vul,
E:E1UE2U{7"1,T2}
S:»SlL_JSQ

An example of a combination is shown in Figure In this example, S; = () and
therefore S = S;. In the figure, the vertices in S, S, and S are colored in black.
Note that the root of T’ which is denoted by r is the same as ;. Observe that after the

combination, the set S obtained is a PN set of 7" (vertices in squares dominate 7).

Then, authors classify possible tree-subset pairs (7', .S) (with root ) that may lead to
a PN set of 7j by defining 14 different classes that are listed below.

10
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Figure 3.1: Two tree-subset pairs and their combination.

[1] = {(T,9)|r € S, Sis a PN set of 7', r is S-perfect, r is adjacent with an S-
perfect vertex, r has a neighbor that is not S-perfect and has r as its unique S-perfect

neighbor},

2] = {(T,S)|r €S, SisaPNsetof T, r is S-perfect, r is adjacent with an S-perfect
vertex, every neighbor of r is either S-perfect or is adjacent with an S-perfect vertex

different from r},

3] = {(T,S)|r € S, SisaPN setof T, ris S-perfect, r is not adjacent with an

S-perfect vertex, r has a neighbor that has r as its unique S-perfect neighbor},

[4] = {(T,S)|r € S, Sis a PN set of T, r is S-perfect, r is not adjacent with an
S-perfect vertex, every neighbor of r is adjacent with an S-perfect vertex different

from r},
5] ={(T,S)|r € S, SisaPNsetof T, r is not S-perfect},
6] ={(T,S)|r € S, SisnotaPN setof T},

7] = {(T,9)|r ¢ S, SisaPN setof T, ris S-perfect, r is adjacent with an S-
perfect vertex, r has a neighbor that is not S-perfect and has r as its unique S-perfect

neighbor},

8] ={(T,S)|r ¢ S, SisaPNsetof T, r is S-perfect, r is adjacent with an S-perfect
vertex, every neighbor of r is either S-perfect or is adjacent with an S-perfect vertex

different from r},

11



9] = {(T,S)|r ¢ S, Sis aPN set of T, r is S-perfect, r is not adjacent with an

S-perfect vertex,  has a neighbor that has r as its unique S-perfect neighbor},

[10] = {(T,S)|r ¢ S, S is a PN set of T', r is S-perfect, r is not adjacent with an
S-perfect vertex, every neighbor of r is adjacent with an S-perfect vertex different

from r},
[11] ={(T,S)|r ¢ S, SisaPNsetof T, r is not S-perfect},

[12] = {(T,9)|r ¢ A(S), S is not a PN set of 7', every neighbor of r is adjacent

with an S-perfect vertex },

[13] = {(T,9)|r ¢ A(S), S is not a PN set of 7', r has a neighbor that is neither

S-perfect nor is adjacent with an S-perfect vertex},

[14] = {(T,S)| r ¢ S, SisnotaPNsetof T, |A(r) N S| > 2}.

After the classification of these tree-subset pairs, Hedetniemi et al. create a multipli-
cation table, showing the result of each combination of ordered pairs of 14 classes
in Table 3.1} In this table, “x” represents tree-subset pairs that cannot fit into the
definitions of Item fif or [l Thus, they are eliminated since they can never form a PN

set with any combination.

For example, in Figure we have the combination [13] o [2] = [7] since the tree-
subset pairs (77, 51), (T3, S2), and (T, S) are in classes [13], [2], and [7], respectively.
In the multiplication table, the combination of [13] and [2] (in this order) is claimed

to result in the class [8] which is not correct.

The algorithm is initialized with |V/| trees, each having a unique vertex of 7 and no
edge. For a tree T consisting of a single vertex i and a class [¢], a value is assigned
and stored in vector|[i, {] to represent the minimum cardinality of S over all possible
subsets S making (7, .S) a tree-subset pair that is in class [¢]. Here vector is indeed a
matrix with |V/| rows and 14 columns. We keep this notation in order not to deviate

too much from the notation used in Hedetniemi et al. (1997) [l1]].

For a tree with a single vertex, say vertex ¢, we only have two possible tree-subset

12



Table 3.1: Multiplication table of classes in Hedetniemi et al. (1997) [].

o | [1] [2 B [4 [5] 6] [7] [8 [9] [10] [11] [12] [13] [14]
1] | x X X X x ox ox [ ox [A] [1a) [] [1] []
21| x Bl x x5 o x ox 21 x Q] 2 [2I [2 []
3] | x X X X X x x [3] X x 3] 1] 1] [3]
[4] | x 6] x x 6] x x [4 x 3 [ [2] [2] [
B | x 6]  x x [B] x x [5] x x [5] [5] [B] @ x
6] | x [6] x x [6] x x [6] x x [6] [5] [6] X
7] < x x ox ooxoox 7@ 7@ mo w7 [
8 | 1] [} [ [y o< g 8 8 B 8 [ 7 [7]
O | x xxoxooxe o op 9 9] 9 [ (9 [9]  [9]
[10] | 1] (1] = [11) [14] x [8] [8] [8] [8] [10] (9] [9] [9]
(1] | [11] [11] [11] [11] [11] x [11] [11] [11] [11] [11] X X X
2| 8 8 @8 (8 [0} [9] [11] [1] [11] 1] [12] [13] [13] [13]
3] | 8 (8 (8 [8) [10] [9] [11] [} [11] 1] [13] [13] x  [13]
(14] | [11] [11] [11] [11] [14] x [11) [11] [11] [11] [14] x X X

pairs. One is where we select the vertex to be in S and the other is where S = (). For
example, if we define a tree-subset pair (7,.5) such as 7" = ({i},()) and S = {i},
then (7,.S) would be in class [4] with |S| = 1. Otherwise, if S = (), then (T, 5)
would be in class [12] with |S| = 0. Finally, these cardinalities initialize the i'" row
of vector, denoted by vectorli], as [—,—, —,1,—, —, —, —, —, —, —,0,—, —], where
“—" denotes undefined. The steps of the algorithm of Hedetniemi et al. (1997) [1] is

shown in Algorithm [T which starts with this initialization step.

In the line 8] of the Algorithm |1} update procedure of vector|k| is done according to
the multiplication table in Table For example, vector|k, 10] is updated as follows.

vector[k, 10] .= min{vector[k, 10] + vector|j, 11], vector |k, 12] + vector[j, 5],

vector |k, 13] + vector(j, 5]}.

In the multiplication table, there are three combinations [a] o [b] resulting in [10].
These are [10] o [11] = [10], [12] o [5] = [10], and [13] o [5] = [10]. Thus, in the up-

date of vector|k, 10], among the combinations resulting in class [10], the one with the
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Algorithm 1 Algorithm for #(7") in Hedetniemi et al. (1997) [1]] .
1. procedure 0(7)

2: for: =1topdo
3 initialize vector|i] to [—, —, —, 1, —, — — — — —, —, 0, —, —];
4; end for

5: for j := pdown to 2 do

6: k = parentlj|;

7: Combine the tree with root 5 with the tree with root k;

8: Update vector[k| with the combination;

9: end for
10: return min{vector[1, 1], vector[1, 2|, vector|1, 3], vector|1, 4], vector[1, 5],
11: vector|l, 7], vector[1, 8], vector|1, 9], vector[1, 10], vector(1, 11]};

12: end procedure

minimum objective function value, i.e., minimum value of |S|, is taken into account.

Then, the same update applies to vector |k, ¢] for all 14 classes [¢] in line

Finally, in line[T 1] authors list all classes with the property that S is a PN set of 7" for
the tree-subset pairs (77, S) in which vertex 1 is the root of 7. This implies that 7' =
To. The classes that have this property are [1], [2], [3], [4], [5], [7]. [8], [9], [10], and [11].
For each such class [¢], vector|1, {] represents the minimum size of a PN set S in Tj,
where (7p, S) is in class [¢]. Therefore, the minimum of {vector|1, 1], vector|1, 2],
vector[1, 3], vector[1, 4], vector[1, 5], vector|1, 7], vector|1, 8], vector[1, 9], vector|

1,10], vector[1, 11]} gives the cardinality of the minimum cardinality PN set in 7§.

3.2 Corrections on the Algorithm for ¢/(7") in Hedetniemi et al. (1997) [1]

As we mentioned before, the algorithm of Hedetniemi et al. (1997) [1]] might not work
as intended because some of the values in the multiplication table are not correct.
Moreover, with the current definitions of the classes, some of the multiplications
might result in more than one class, and some classes are unnecessarily split into

two subclasses. We now go over these issues.
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We assume that two tree-subset pairs (71, .51) and (T3, Sp) with roots r; and ro, re-
spectively, are combined resulting in the tree-subset pair (7', S) having root r = ;.
Moreover, we assume that the tree-subset pairs (77, .51), (15, S2), and (7, S) are of
classes [al], [b], and [c]|, respectively. Therefore, we have that [a] o [0] = [¢]. If a
combination of two tree-subset pairs does not yield a valid tree-subset pair, then [c] is

taken as x.

One of the issues is with the combination [13] o [5]. In the case when 7 is adjacent to
an S;-perfect vertex, the result would be in class [7], and otherwise it would be in class
[9]. In the multiplication table given in Table it is stated that [13] o [5] = [10].
Examples of combinations [13] o [5] resulting in [7] and [9] are given in Figure
We solve this issue by removing the classes [7] and [9], and creating a new class [7’]
which is the union of [7] and [9]. We have checked that defining this new class does
not create any problem in the other parts of the multiplication table. The new class

[7'] is defined below.

(7] ={(T,9)|r ¢S, SisaPNsetof T, r is S—perfect, r has a neighbor that is not

S-perfect and has r as its unique S-perfect neighbor}.

Tl ez

(a) [13] (b) [5] (©) [13] o [5] = [7]
Tl TQ l l | m
(d) [13] (@) [5) () [13] o [5] = [9]

Figure 3.2: Examples to the combination [13] o [5].

Next, we observe the classes [1] and [3] are unnecessarily split. Therefore we also take

their union and create a new class [1'] instead of them. This decreases the number of
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classes by one as well. The definition of the new class [1'] is given below.

1] =A{(T,5)|r € S, SisaPNsetof T, ris S-perfect, r has a neighbor that is not

S-perfect and has r as its unique S-perfect neighbor}.

In the new multiplication table, each combination that results in either [7] or [9] is
changed into [7'] and each combination that results in either [1] or [3] is changed into
[1].

An update is also necessary for the class [11], because there might be two possible
outcomes of the combination [11] o [1’]. Note that this issue exists with [11] o [1]
as well; so it is not a result of redefining class [1]. The class [11] has the property
that “r is not S-perfect” which implies that [A(r) 0S| # 1. In this case, either
|A(r)N S| = 0or|A(r) N S| > 2. In the former case,  would be S-perfect after
the combination [11] o [1'], whereas in the latter one it would continue being not S-
perfect. Specifically, we have that [11] o [1] = [8] in the former case and [11] o [1'] =
[11] in the latter case. To solve this issue, we split the class [11] into two new classes
[11.1] and [11.2] by also storing the information about the cardinality of the set A(r)N

S. The definitions of these new classes are given below.

[11.1] = {(T,S)| r ¢ S, S'isaPN set of T', r is not S-perfect, |A(r) N S| = 0},
[11.2] = {(T,S)|r ¢ S, SisaPN set of T, r is not S-perfect, |A(r) N S| > 2}.

After the updates of the classes, the outer part of the multiplication table, i.e., the
classes, and a subset of the inner part of the multiplication table, i.e., results of the
combinations, are updated in Table Examples of tree-subset pairs belonging to

each class according to the new class definitions are given in Appendix [A]

In Table the cells that are grayed out have to be updated. These include the
combinations that either result in [11], or one of the classes combined is either [11.1]

or [11.2]. Now, we will update the grayed out combinations.

Proposition 3.1. [8] o [b] = [11.2] where [b] is a class with “r € S” and “S is a PN
setof 1.

Proof. Since we have 1| ¢ Sy, it is clear that “r & S” since S D 5.
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Table 3.2: Updated table with the redefinition of classes.

o | [P [4 [ (6 f[r] [8] [0] [11.1] [11.2] [12] [13] [14]
[T < oxox oxe e o U i [ i) 1]
2] S 1 S 1 R S /B £ B ) B P B B P B U
4 | o< 6l o< [l o< x4 [ [ @ 2 2] 1]
Bl | < B x Blox ox B ox 5 Bl B [B] x
6] | x 6] x [6(] x x [6] x [6] [6] [5] [6] x
A T S S SRS S S 0 B B R 6 B () i (G I A B
I R 8 Y IS £ B T A - R B (A
(o] (1] 1] [ 4 < [8) [8] (8] [0} fio] [T [7] [7]

[111] | A1) 1] [11] [11] x [11] [11] [11] [11] [11]  x x X

[11.2] | [11] [11] [11] [11] x [11] Q1] [11] [11] Q1] x x X
(2] |8 8 @8 o [7] [} o i) 12 12 [13) (i3] [13]
(3] | (8 8 (8 [wo] [7] [11} [} [11] [ [13] [13] x [13]
[14] | [11] [11] [11] [14] x [11] [11} [11] [14] [14] X X X

ry is Si-perfect, having |A(r1) N S;| = 1. With the combination, it is connected with

ry € S. Thus, we can add that “|A(r) N S| = |A(r1) N S1| + 1 = 27, which also

implies “r is not S-perfect”.

r1 has lost its perfectness with the combination but since 7; is adjacent with an S-

perfect vertex, it is still dominated by the set of S-perfect vertices. Rest of the vertices

of T} is also dominated by the set of S-perfect vertices since every neighbor of ry is

either S;-perfect or is adjacent with an S;-perfect vertex different from ;. Addition-

ally, Sy is a PN set of 75 and r5 is connected to r; ¢ S. Therefore, its perfectness

will remain the same with the combination and the set of S-perfect vertices would be

dominating 75. Overall, all of the vertices of 7" are dominated, thus “S'is a PN set of

"

The class that have these properties is [11.2].

Proposition [3.1] implies the following changes in the Table[3.2}

8] 0 [1'] = [11.2]
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8] 0 [2] = [11.2]
8] 0 [4] = [11.2]
8] o [5] = [11.2]

Proposition 3.2. [10] o [b] = [11.2] where [b] is a class with “r € S”, “r is S-perfect”,
and “S'is a PN set of 7™

Proof. See the proof Proposition[3.1] The only difference is that, now, r is dominated
by r5 (only), since r; is not adjacent with an S -perfect vertex. That is the reason we

need that [b] has the property of “r is S-perfect”. O

Following changes are valid after Proposition

[10] 0 [1'] = [11.2]
10] 0 [2] = [11.2]
10] 0 [4] = [11.2]

Proposition 3.3. [14] o [b] = [11.2] where [b] is a class with “r is S-perfect” and “S
is a PN set of 77,

Proof. Since we have 1, ¢ Sy, it is clear that “r ¢ S”.

Moreover, we have |A(r) N .Sy| > 2. Since S O S, we add that “|A(r) N S| >
|A(7ry1) N S| > 2”. This also implies “r is not S-perfect”.

Sy is a PN set for 75, and 75 is connected with 7, ¢ S; with the combination. Thus,
ro remains to be perfect and then it can be observed that the set of S-perfect vertices
dominates 7T5. We also know that S; is not a PN set for 7 because 7 is not dominated
by the set of S;-perfect vertices. After the combination, it is dominated by 5 and 7T}

gets dominated by the set of S-perfect vertices as well. Thus, “S is a PN set of T"".

The class that satisfies those properties is [11.2]. O

With the Proposition the following changes occurred on Table
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14] 0 [1'] = [11.2]

14] 0 [2] = [11.2]
14] 0 [4] = [11.2]
[14] o [7] = [11.2]
[14] 0 [8] = [11.2]

[14] 0 [10] = [11.2]

Proposition 3.4. [13] o [b] = [13] where [b] is a class with “r ¢ S and “S is a PN set
of T”.

Proof. Since we have r; ¢ A(Sy), A(r) = A(ry) U {r2} and ro ¢ Ss, it is clear that
“r ¢ A(S)”.

While combining two trees where both of the roots are not in S and Sy, respectively,
we can say that S — per fect = Sy — per fect U Sy — per fect. Since we know S; is a

PN set of 75, we can add that 75 is dominated by the set of S-perfect vertices as well.

Therefore, since |A(r1)N.S;| = |A(r)NS| = 0, we can add that both of the properties
of [13] as “S is not a PN set of 7" and “r has a neighbor that is neither S-perfect
nor is adjacent with an S-perfect vertex” remain the same. Moreover, resulting
class would not be x since we have shown that all of the vertices that are outside of

the A(r) are dominated (note that 75 is dominated by the set of S-perfect vertices).

All of the properties of [13] remain the same with this combination, thus we can

conclude that [13] o [b] = [13]. O

By the proof of Proposition [3.4] the following values are updated on the Table 3.2}

[13] 0 [7'] = [13]
13] 0 8] = [13]
[13] 0 [10] = [13]
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Note that the values we have changed here were initially [11] and now they are neither

[11.1] nor [11.2]. This is because the initial value of [11] were mistaken.
Proposition 3.5. [12] o [b] = [11.1] where [b] is a class with “r ¢ S”, “r is S-perfect”,
and “S'is a PN set of 7"

Proof. Since we have 1 ¢ Sy, it is clear that “r & S”.

With the combination, r; is connected to 75 ¢ Ss, which does not change the perfect-

ness of 1. Thus, “r is not S-perfect”.

Moreover, since 5 is Sy-perfect and m ¢ Sy, ro will remain to be perfect after the
combination and thus, the set of S-perfect vertices will dominate 75. Then, o will
dominate 7 and the remaining vertices of the 7} is already dominated by the set of

S1-perfect vertices. Overall, “S is a PN set of 1"

[12] claims 7 ¢ A(S;) and we have A(r) = A(r1) U {ra}. Since 5 ¢ S, last claim
would be “|A(r) N S| = 0”.

These properties are satisfied by class [11.1]. O

The following values are changed on Table [3.2] after Proposition 3.5}

[12] 0 [7] = [11.1]
[12] 0 [8] = [11.1]
[12] 0 [10] = [11.1]

Proposition 3.6. [11.1] o [b] = [8] where [b] is a class with “r € S” and “S is a PN
setof 77.
Proof. Since we have 1 ¢ Sy, it is clear that “r & S”.

We have |A(ry) N S;| = 0. With the combination, it is connected with r, € S. Thus,
we can add that “|A(r)N S| = |A(r1)NS1|+1 = 17, which implies “r is S-perfect”.

Before the combination, S; is a PN set of 7} and 7, ¢ A(S}). Therefore, there exists

at least one vertex, say u € 0(rq), which is S;-perfect and dominates r;, and remains
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to be S-perfect with the combination. Since u € A(r), we add that “r is adjacent

with an S-perfect vertex”.

Moreover, 1 ¢ Si, the perfectness of ry does not change with the combination. Thus,
S —perfect = Sy — per fect U Sy — per fect U{r}. Since, both the sets of .S;-perfect
and Ss-perfect vertices dominate 77 and 75, respectively, it is implied that “S'is a PN
set of T, Additionally, Sy — per fect U Sy — per fect defines a PN set of T without
r, thus we have “every neighbor of r is either S-perfect or is adjacent with an

S-perfect vertex different from .

The resulting class of the combination, then, would be [8]. O

Proposition [3.6] implies the following changes on the Table[3.2}

[11.1] 0 [1'] = [8]
[11.1]0[2] = [§]
[11.1] 0 [4] = [8]
[11.1] 0 [5] = [8]

Proposition 3.7. [11.1] o [b] = [11.1] where [b] is a class with “r ¢ S” and “S is a
PN set of 7™.
Proof. Since we have 1| ¢ Sy, it is clear that “r & S”.

We have |A(r1) N Sy| = 0. With the combination, 7 is connected with -, ¢ S. Thus,
we can add that “|A(7r) N S| = |A(r1) N S1| = 07, which also implies “r is not
S-perfect”.

Additionally, we know that r; ¢ S; and ro ¢ S,. Thus, none of the perfectness of
the vertices are changed with the combination, S' — per fect = S; — per fect U Sy —
per fect. Since, both the sets of S;-perfect and Ss-perfect vertices dominate 7 and

T,, respectively, it is implied that “S' is a PN set of 7"

All of these properties are satisfied with [11.1]. O

By the Proposition following combinations are changed on Table
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[11.1] 0 [7'] = [11.1]
[11.1] 0 [8] = [11.1]

[11.1] 0 [10] = [11.1]
[11.1] 0 [11.1]

[11.1]
[11.1] 0 [11.2] = [11.1]

Proposition 3.8. [a] o [6] = [7] where [a] is a class with “r & A(S)”.

Proof. Note that “r ¢ A(S)” is equivalent of |[A(r) N.S| = 0.

Since we have r; ¢ A(S)), it is clear that “r & S”.

rq is connected with 7o € Sy with the combination. Thus, |A(r) N S| = |A(r;) N

S1| + 1 =1, implying “r is S-perfect”.

In [6], every vertex except 75 is dominated by the set of Sy-perfect vertices. With the
combination, since r is S-perfect, r, would also be dominated by r. This results that
the set of S-perfect vertices dominates 7T5. Then, [a] is a class with ¢ A(S). We
know by Item [ij that the set of S; of such a class would be a PN set if we assume
that the root, 1, is also perfect. It is already implied that r; gets perfect with the
combination. Thus, we add that the set of S-perfect vertices dominates 77 as well.

Overall, “S is a PN set of 1.

Since r is not dominated by the set of Sy-perfect vertices and is dominated by the
set of S-perfect vertices, it is implied that r5 is only dominated by r. Thus, “r has a

neighbor that is not S-perfect and has r as its unique S-perfect neighbor”.

The class satisfies all properties would be [7']. O

Proposition [3.8] enables us to change the following combination:

[11.1] 0 [6] = [7]

Proposition 3.9. [a] o [b] = [13] where [a] is a class with “r ¢ A(S)”, and [b] is a

class with “r ¢ S”, “S is not a PN set of 77, and “every neighbor of r is adjacent
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with an S-perfect vertex”.

Proof. Note that [a] includes the classes [11.1], [12] and [13]. Moreover, [b] includes
[12] and [14]. “Every neighbor of r is adjacent with an S-perfect vertex” is not men-
tioned in class [14], but if it is not true, [14] has no chance of returning a PN set with
any combination and then will not fit into the definition of Item[iil Thus, this is a valid

information for [14].

Since we have r1 ¢ A(Sy), A(r) = A(ry) U {re} and ro ¢ Ss, it is clear that
“r & A(S)”, which also implies that 7 is not S-perfect.

Additionally, every neighbor of r, is adjacent with an Sy-perfect vertex and S is not
a PN set of 75. Thus, 7 is not dominated by the set of Sy-perfect vertices. By the
combination with [al, it is connected with ¢ S, which is not an S-perfect vertex.
Thus, 75 is also not dominated by the set of S-perfect vertices. Thus, “r has a neigh-
bor that is neither S-perfect nor is adjacent with an S-perfect vertex”, which

also implies that “S'is not a PN set of 1.

By the definition in Item fii, we know that all the vertices such that u ¢ A(ry) are
dominated by the set of S;-perfect vertices. This is again valid with the combination,
where all the vertices such that u ¢ A(r) are dominated by the set of S-perfect
vertices since every neighbor of 75 is adjacent with an Sy-perfect vertex. Overall, the
combined class would still be in the definition of Item [l and would not be classified

as Xx.

These properties are, then, satisfied by class [13] only. [l

The following changes on Table [3.2]are done with the Proposition [3.9;

[11.1] 0 [12] = [13]
[11.1] 0 [14] = [13]

Proposition 3.10. [a] o [13] = X where [a] is a class with “r ¢ S”.

Proof. In [13], we have at least one vertex, say u € d(r3), that is neither Sy-perfect nor

is adjacent with an Sy-perfect vertex. Additionally, it can be observed that |A(r3) N
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Sa| = 0 (see Item fif). With the combination of [a] o [13], we add an edge between 7
and ¢ S, implying that |A(r5) N S| = |A(r2) N S3| + 0 = 0. Thus, 7, would still
not be perfect and u will not be dominated by the set of S-perfect vertices. After the
combination of [a] o [13], distance between r and u would be 2, implying u ¢ A(r).
A tree-subset pair would not fit into Item fi| or [ if it has at least one vertex that is
neither S-perfect nor is adjacent with an S-perfect vertex outside of A(r). Therefore,

all of these combination will result “x. O]

Proposition gives the proof of [11.1] 0 [13] = X and [11.2] 0 [13] = x. Addi-
tionally, following list of changes have made in Table 3.2] with the Proposition 3.10;

(7] 0 [13] = x
8] 0 [13] = x

[10] 0 [13] = x
[12] 0 [13] = x

Proposition 3.11. [11.2] o [b] = [11.2] where [b] is a class with “S is a PN set of 77"

Proof. Since r; ¢ S, itis clear that “r & S”.

We know that |[A(ry) N Sy| > 2 and it is clear that |A(r) N.S| > |A(r1) N Sy]|. Thus,
it is implied that “r is not S-perfect” and “|A(r) N S| > 2”.

Additionally, none of the perfectness of the vertices changes with the combination.
We have already shown that r; will remain to be not perfect. 5, on the other hand,
is connected with r; ¢ S, which implies that the perfectness of 7, will not change as
well. Overall, since both [11.2] and [b] are classes with the property of “S is a PN set
of T, it is implied that the sets of S;-perfect and S,-perfect vertices dominate 7; and

T,, respectively. We, then, conclude that “S is a PN set of T".

These results are combined on the class [11.2]. O

After Proposition [3.11] we change the following combinations on Table 3.2

[11.2] 0 [1'] = [11.2]
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[11.2] 0 [2] = [11.2]
[11.2] 0 [4] = [11.2]
11.2] 0 [5] = [11.2]
11.2) 0 [7'] = [11.2]
[11.2] 0 [8] = [11.2]
[11.2] 0 [10] = [11.2]
[11.2] 0 [11.1] = [11.2]
[11.2] 0 [11.2] = [11.2]

Proposition 3.12. [11.2] o [b)] = x where [b] is a class with “S is not a PN set of 7.

Proof. We know that |A(r1) N S| > 2 and it is clear that |[A(r) N S| > |A(ry) N
S1|. Thus, it is implied that “r is not S-perfect”, which also means r will never be
perfect by any combination because |A(r) N S| never decreases. Additionally, rs is
connected with r; ¢ S, which implies that the perfectness of r, will not change by

this combination as well.

Overall, we have S — perfect = Sy — per fect U Sy — per fect. Since S, is not a
PN set of 75, there exists at least one vertex, say uy € V5, which is not dominated by
the set of S-perfect vertices will never be dominated by any combination that is made

by edge connections from . Therefore, the result of the combined tree-subset pair

would be “x”. O]

None of the values of the Table [3.2] are changed with the Proposition [3.12] but we
mentioned about it since we are covering all combinations that are grayed out on the

table.

Proposition 3.13. [a] o [11.1] = [a] where [a] is a class with “r € S” and that has not

the property of “r is not adjacent with an S-perfect vertex”.

Proof. Note that there are three classes that satisfy the properties listed for [al; [1'],
[2] and [5]. [4] is not valid since it has the property of “r is not adjacent with an S-

perfect vertex”. Even though it is not explicitly written, same applies for [6] because
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otherwise, [6] would be a class with the property S is a PN set of 7. Overall, in all

classes of [a], we have “S is a PN set of 7.

With such a combination, all of the properties of class [a] remains the same. First of

all, ry € Sy implies r € S.

Next, since r; € Sy is connected to 5 ¢ S, with the combination, the perfectness of
r1 1S not changed. r, gets, on the other hand, perfect with the combination and we
can imply the set of S-perfect (or Se-perfect) vertices dominates 75. In such a case S

would be PN set for 7T°, since S; is a PN set of 77.

If every neighbor of r is Si-perfect or is adjacent with an S;-perfect vertex differ-
ent from 7, this property will remain the same with the combination since A(r) =
A(ry) U{ry}, and ry becomes an S-perfect vertex with the combination. Else, there
exist u € d(ry) which is only dominated by r; before the combination, implying u
will only be dominated by r since none of the perfectness of the vertices changes
after the combination. Therefore, this property also remains to be the same with the

combination.

To sum up, all of the properties are valid after the combination. O

By the Proposition [3.13] we do not change any value in Table [3.2] but give the proof
of combinations [1'] o [11.1] = [1'], [2] 0 [11.1] = [2], and [5] 0 [11.1] = [5].

Proposition 3.14. [4] o [11.1] = [2] and [6] 0 [11.1] = [5].

Proof. See Proposition [3.13] The only different is that this time 7 is not adjacent
with an Sp-perfect vertex. After the combination, r» would be adjacent with S-perfect
vertex, 79, and the combination class will not have this property. Instead, it will have
that “r is adjacent with an S-perfect vertex”. For the class [4] ([6]), if we make 7 to

be adjacent with an S-perfect vertex, we will end up having the class of [2] ([5]). [

Both of the combinations in Proposition[3.14are changed on Table[3.2]
Proposition 3.15. [a] 0 [11.1] = [a] where [a] is a class with “r ¢ S”.
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Proof. None of the properties of [a] changes with such a combination, similar to the
ones that are explained in Proposition First of all, r; ¢ S; implies r ¢ S.
Additionally, if 71 ¢ A(S;), then we have r ¢ A(S) since 5 ¢ So.

Since r; ¢ Sy and ro ¢ Sy, we have S — per fect = Sy — per fect U Sy — per fect.
Thus, S would (not) be a PN set for 7, if and only if S; is (not) a PN set of 7.
Additionally, r; is connected to 7o ¢ .S, implying that the perfectness of 1 will not
change as well, which also implies |A(r) N S| = |A(r1) N Sy].

Finally, unlike in the situation of Proposition(3.13| 5 is now connected with r; ¢ S;.
Thus, the perfectness of r, does not change with the combination. This adds that the
information of “r; is (not) adjacent with a S;-perfect vertex” does not change with

the connection to r5 as well.

Overall, all properties of [a] are still satisfied by the combination. [

With Proposition [3.15] all values remain to be same in the Table[3.2]

Proposition 3.16. [a] o [11.2] = [a] for all classes [a].

Proof. See Proposition[3.13]and [3.15]

The difference is that, now, r; € S; might be valid for some classes. If r; € S} , then

r € S, so the property remains.

Additionally, the set of Sy-perfect vertices will always dominate 75 with any combi-
nation since Ss is a PN set of 75, and 75 is not an Sy-perfect vertex. Then, .S would

(not) be a PN set for 7', if and only if S; is (not) a PN set of 7.

ro will have not any chance to be perfect with any combination since |A(rg)NSy| > 2.
Because the cardinality of this set never decreases, the property of “r; is (not) adjacent

with a S;-perfect vertex” will not be affected by the combination for all classes [a.

]

Note that this proposition does not change any value in the Table [3.2] Moreover, with
the Proposition we covered all combinations that are grayed out in Table [3.2]
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However, before finalizing our table, some of the initial values of some combinations
are changed to make the function work as intended. Now, we will go over those

changes.
Proposition 3.17. [6] o [13] = [5].
Proof. r1 € Sy and r = ry imply that “r € S”. Additionally, since r; € A(S;) and

Sp is not a PN set of 77, we have that r; is neither S;-perfect nor is adjacent to an

Si-perfect vertex (see Item [i). Thus, we have that |A(rq) NS,

# 1, implying that
A(r)N S| =|A(r1)N S| # 1since ro € S, which means that “r is not S-perfect”.
|

Next, we have that ro ¢ A(S,), implying that |A(ry) N Se| = 0. After the combi-
nation, A(r3) is updated to A(ry) U {r1}. With r; € S, we have that [A(ry) N S| =
|A(ra) N Sa|+1 = 1, implying that r, is S-perfect. With the definition of Itemlii] it is
known that the vertices in 75 are all dominated by the set of S-perfect vertices when
ry is S-perfect. In this case, ro dominates r as well, and we have that the remaining
vertices of 77 are dominated by the set of Sj-perfect vertices (see Item [i), implying

that “S'is a PN set of 1.
By combining these results, it is observed that (7', S') would be in class [5]. O

Proposition 3.18. [13] o [b] = [7'] where [b] is a class with “r € S".

Proof. r1 ¢ A(Sy) and r = 7y imply that “r ¢ S”. Next, we have that |A(r) N
Si| = 0. r gets connected to 75 € Sy after the combination. Thus, |A(r) N S| =
|A(ry1) N S|+ 1 =1, implying that “r is S-perfect”.

Item fil implies that for a class with » € A(S), every vertex except possibly the root,
is dominated by the set of S-perfect vertices. Since r is S-perfect, 5 is dominated by
the set of S-perfect vertices after the combination, implying that all the vertices of 75
are dominated by the set of S-perfect vertices in the combination. Additionally, the
vertices of 7} are also dominated by the set of S-perfect vertices in the combination
since r is S-perfect (see Item if)). Overall, “S is a PN set of T"". r; has a neighbor that
is neither S;-perfect nor is adjacent to an S;-perfect vertex. Thus “r has a neighbor
that is not S-perfect and has r as its unique S-perfect neighbor”. The class with

these properties is [7']. O
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Proposition [3.18] enables us to make the following changes on the Table 3.2}

13
1

1
13

o

Q

Q

o

[
[
[
[

2
4

5

= [7]
(7'
7
(7'

After Proposition [3.18] we finalized our updated table which can be found in Table

3.3
Table 3.3: Final version of the multiplication table.
0 1 2 (4] 5] 6] [7 8 [10] [11] [11.2] [12] [13] [14]
[1'] x X x X ox X S N L e Y
2] x [5] x Bl x % 2 T 2 21 2] 21 [
[4] x (6] x 6] x X 4 7 2 [4 B2l 2 [
[5] x [5] x Bl x [5] X 5] B 5] [l x
[6] x (6] x 6]  x X [6] X [5] 6] 6] [l x
7] x x x x ooxo [T ox 7
8] | [1.2] [11.2] [11.2] [112] x  [§] 8] 8] (8] B8 [ x 7]
[10] | [11.2] [11.2] [11.2] [14] X 8] 8] [8] [10]  [10] [7] x 7]
[11.1] | [8] [8] 8] 8 [7] [11.1] [11.1] [11.1) [11.1] [11.1] [13]  x  [13]
[11.2] | 11.2] [11.2] [11.2] [11.2] x [11.2] [11.2] [11.2] [11.2] [11.2] x x X
[12] 8] [8] [8] [10) [7] [11.1] [11.1] [11.1] [12] [12] [13] x [13]
Wy mw o w ne @ [ep {13 @3 13 x o [13]
[14] | [11.2] [11.2] [11.2] [14] x [11.2] [11.2] [11.2] [14] [14] x x x

Since the multiplication table has changed, we have also made a couple of changes

in Algorithm|[I] The only change in the algorithm is indeed due to the changes in the

multiplication table. The steps and the running time of the updated algorithm are the

same with those of the original one.

First change is on line [3]in Algorithm [I} where we initialized vector for two classes

only ([4] and [12]) for each one vertex tree-subset pairs. After the index of the classes

changes with the update, we changed line [3|to

initialize vector[i] to [—, —, 1,
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Here the ¢*" entry of vector[i] corresponds to the ¢*" class in the new multiplication
table. Next, update procedure is now done according to the new table. For example,

vector[k, 10] is now updated as

vector [k, 10] := min{vector[k, 10] + vector[j, 11.1], vector[k, 10] + vector|j, 11.2],

vector |k, 12] + vector[j, 5]}.

Finally, in line [TT] we list all the classes with the property that S is a PN set of 77
for the tree-subset pairs in which vertex 1 is the root. With the current table, the list
of the classes that have the property would be [1'], [2], [4], [5], [7'], [8], [10], [11.1],

and [11.2]. Thus, the corresponding line is changed into

return min{vector(1, 1'], vector[1, 2], vector|1, 4], vector[1, 5], vector[1, 7'],

vector[1, 8], vector|[1, 10], vector[1, 11.1], vector|[1,11.2]};.

Algorithm [2|is the final version of the algorithm for #(T") in which all of the modifi-

cations listed above are implemented.

Algorithm 2 Updated version of the algorithm for 0(7").

1: procedure (1)

2: fori =1tondo

3 initialize vector|i] to [—, —, 1,—, — —, —, —, —, —,0,—, —];

4: end for

5: for j .= n down to 2 do

6: k == parentl[j|;

7: Combine the tree with root j with the tree with root k&

8: Update vector[k| with the combination;

9: end for

10: return min{vector[l, 1], vector[1, 2], vector|1, 4], vector|1, 5], vector|1, '],
11: vector(1, 8], vector[1, 10], vector[1, 11.1], vector|1,11.2] };

12: end procedure
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3.3 Generalization of the Algorithm for the Weighted Cardinality

In this section, we extend Algorithm [2] to the weighted case in order to solve the
MinWPNSP. In the MinWPNSP, we are given a tree 7 = (V, E) and two weights w;
and v; for each vertex j € V' and we aim to find a PN set S in 7; of minimum weight,

where the weight of a set S'is defined as } g w; + > v;. Here w; and v

jeS—perfect
are the weights associated with the vertex 7. The weight of selecting the vertex in the

set S and S — per fect would be w; and v;, respectively.

The extended algorithm will be very similar to Algorithm [2] because the same mul-
tiplication table, i.e., Table [3.3] is used since the results of the combinations are not
related with the weights. The only changes will be in the initialization step, i.e., line

of Algorithm 2] and in the update of vector[k] in line[8| of Algorithm 2]

First, we modify the initialization step of the algorithm. For a tree with a single
vertex, say vertex ¢, we only have two possible tree-subset pairs. In the first one, we
select the vertex to be in S and in the second one S = (). For example, if we define
a tree-subset pair (7,.5) such as T = ({i}, () and S = {i}, then (7, S) would be in
class [4] with the set S having weight w; + v;. Otherwise, if S = (), then (7', S') would
be in class [12] with S having weight 0. Finally, these weights initialize the i" row of

vector, denoted by vectorli], as [—, —, w; + v;, —, —, —, —, —, —, —, 0, —, —].

Next, we modify the update step in line [§] of Algorithm 2] When two tree-subset
pairs (71, 51) and (7%, Ss) are combined to give us another tree-subset pair (7', 5),
we know that S = S} U S5. However, the weight of S does not need to be equal to the
sum of the weights of S and S. This is because S-perfect is not necessarily equal to
S1 —per fect U Sy — per fect. However, it can be shown that S — per fect /{ry,ry} =
(S1 — perfect/{r}) U (S2 — perfect/{rs2}), where r; and ry are the roots of 7}
and 75, respectively. Therefore, when computing the weight of S, we have to give
special attention to r; and r,. There are 4 cases to consider with respect to ;. If
r1 is Si-perfect (before the combination) and S-perfect (after the combination) or
if r1 is neither S;-perfect nor S-perfect, then the weight of S; and its contribution
to the weight of S are the same. On the other hand, if r; is Si-perfect (before the

combination), but not S-perfect (after the combination), then the contribution of S,
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to the weight of S becomes the weight of S; minus v,,. Similarly, if r; is S-perfect,
but not S;-perfect, then the contribution of S to the weight of .S becomes the weight
of S plus v,,. For this purpose, we create Table which is a matrix named per,
that stores what happens to the perfectness of the root of 7} when (77, S7) that is in
class [i] and (7%, S>) that is in class [j] are combined. For example, the table shows
thatif (77, .S1) isin class [1'] and (7%, S>) is in class [2], then r; was perfect before the
combination and became non-perfect after the combination. The value of per[l’, 2]
in the table which is —1 represents the fact that r; lost its perfectness. Similarly 1 in
the table means that ; was not perfect before the combination and became perfect
after the combination. A value of 0 in the table means that the perfectness of r; did
not change by the combination. To see what happens to the perfectness of o when
(T3, S1) that is in class [1'] and (75, S>) that is in class [2] are combined, we have to
consider the value in the intersection of the row corresponding to class [2| and the
column corresponding to class [1'], i.e., per([2, 1']. In the table, the values that are not

0 are grayed out.

Table 3.4: Changes in perfectness of ry.

per |[1] [2] [4] [5] [6] [7] [8] [10] [11.1] [11.2] [12] [13] [14]
M | -1 =1 -1 =1 -1 0 0 0 0 o 0 0 0
2 -1 -1 -1 -1 =1 0 0 0 0 0O 0 0 0
4 |-1 -1 -1 -1 -1 0 0 0 0 0O 0 0 0
[5] o 0 0 0 0 0 0 0 0 0o 0 0 0
[6] o 0 0 0 0 0 0 0 0 0O 0 0 0
7 | -1 =1 -1 -1 -1 0 0 0 0 0O 0 0 0
8 -1 -1 -1 -1 -1 0 0 0 0 0O 0 0 0
o] |-1 -1 -1 -1 -1 0 0 0 0 0o 0 0 0
M1 1 1 1 1 1 0 0 O 0 0o 0 0 0
112 o o 0o 0 0 0 0 0 0 0O 0 0 0
M2 | 1 1 1 1 1 0 0 O 0 0o 0 0 0
M| 1 1 1 1 1 0 0 0 0 0O 0 0 0
M4 | o0 0o 0 0 0 0 0 0 0 0o 0 0 0

With the introduction of the matrix per, we are now ready to modify the update step

of the algorithm. For example, vector|k, 10] is now computed in the update step as
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vector |k, 10] :== min{vector[k, 10] + vector[j, 11.1]

+ per[10, 11.1]v; + per[11.1, 10]v;, vector[k, 10]

+ vector(j, 11.2] 4 per[10, 11.2]vy, + per[11.2, 10]v;,
vector|k, 12] + vector(j, 5] + per([12, 5]vg, + per[5, 12]v;}.

The updated algorithm is given in Algorithm 3]

Algorithm 3 Algorithm for the MinWPNSP in trees
1: procedure

2: for;:=1tondo

3: initialize vector|i] to [—, —, w; + v;, —, —, —, —, —, —, —, 0, —, —|;

4: end for

5: for j := n down to 2 do

6: k = parentl[j|;

7: Combine the tree with root j with the tree with root k;

8: Update vector|k] with the combination using “per”;

9: end for

10: return min{vector[1, '], vector[1, 2], vector|1, 4], vector[1, 5], vector|1, 7'],
11 vector(1, 8], vector[1, 10], vector|1, 11.1], vector|1,11.2] };

12: end procedure

Now, we give an illustrative example. In this example, let 7j be the tree given in Fig-
ure The input to Algorithm 3|is the parent array which is parent = [0, 1,2, 3,2].
The value 0O in this array means that vertex 1 does not have any parent, i.e., it is the

root of the tree.

Additionally, let us assume that we have the following weights.

w | 0.84 0.40 0.67 —0.69 0.19
v [ 086 —0.77 —-0.63 —-0.05 —-0.53

According to Algorithm 3] the combination operations in line[7)are done in the order

given in Figure 3.4 The root of each connected component is shown with 7 in the
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Figure 3.3: The tree used for the illustrative example.

figure.

o "o "el'o "o—0o|'0 "To—©O
'® '® HOREMO "O—®

(a) (b) (©

(d (e)

Figure 3.4: Combination operations in line [7|of Algorithmfor the illustrative exam-
ple.

The first step of Algorithm [3]is the initialization step where the rows of vector are

initialized. In our example, we have the following vectors after the initialization step.
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_vector[l]_ [ 170 — — — — — — — 0 — ]
vector|2] - - 037 - — — — - — -0 - -
vector[3]| = |- — 004 — — — — — — — 0 — —
vector[4] - - 074 — — — — — — — 0 - -
vector[5] - - 034 — — — — — — — 0 - -

Then, according to the order *“j := 5 down to 2", the algorithm connects the tree in
which vertex 5 is the root with the tree in which its parent, vertex 2 (parent[5] = 2),
is the root (see Figure [3.4(b)). Next, the tree in which vertex 4 is the root is connected

with the tree in which its parent, vertex 3 (parent[4] = 3), is the root (see Figure

3.4(c)), and so on.

At the end of the execution of Algorithm 3| vector[1] would be found as vector[1] =
[—,—0.44,-0.01,—,—-0.03,—, —0.78,1.35, —2.48, —, —0.35, —, —]. The updates in
vector after each combination step of the algorithm are given in Table [3.5] Then, the
algorithm returns min{vector(1, 1], vector[1, 2|, vector|1, 4], vector|[1, 5], vector[1,
7', vector[1, 8], vector[1, 10], vector[1, 11.1], vector|1, 11.2]}. In this case, the min-
imum value occurs for class [11.1] with vector[l,11.1] = —2.48. The solution with

this objective function value is given in Figure [3.5]

O—@— O

O—9

Figure 3.5: The optimal solution of the illustrative example.
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Table 3.5: Updates in vector after each combination step of Algorithm

(a) After vertex 5 is joined with vertex 2

vector[l] | — — L7 - - = - - —-— - 0 -
vector2] | — —0.9 - - - - -111 - - - = 0
vector[3] | — - 004 - — - - - - - 0 -
vector[4] | — - 071 - - - - - - - 0 -
vector[5] | — - =034 - - - - - - - 0 -
(b) After vertex 4 is joined with vertex 3
vector[l] | — - 1.7 - - - - - = 0 -
vector[2] | — —0.9 - - - —-111 - - - - 0
vector[3] | — —0.01 — - - =131 = - — — 0
vector[4] | — - —0.74 - = - - - = 0 -
vector[5] | — - —0.34 - - - - - - 0 -
(c) After vertex 3 is joined with vertex 2
vector[l] | — - 1.7 - — - - = - 0 -
vector[2] | — —1.64 — 049 -0.78 -248 - - -035 - -—1.37
vector[3] | — —0.01 — - - —-137 - - - - 0
vector[d] | — - —0.74 - — - - = - 0 -
vector[5] | — - —0.34 - — - - - - 0 -
(d) After vertex 2 is joined with vertex 1
vector[l] | — —0.44 —0.01 - —0.03 - —0.78 1.35 —248 — =035 —
vector[2] | — —1.64 — 049 - —0.78 —248 — - —0.35 - —1.37
vector[3] | — —0.01 - - — - —1.37 — - — - 0
vector[d] | — - —0.74 - - - - - - — 0 —
vector[d] | — - —0.34 - - - — - - 0 -
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CHAPTER 4

AN INTEGER PROGRAMMING FORMULATION FOR THE MINWPNSP

Now, we propose an integer programming formulation for the MinWPNSP. The in-

puts of this solution approach are an undirected simple graph G = (V, E') and weights

w; and v; for each vertex j € V. Note that the input graph G does not need to be

a tree in this case. We use two sets of binary decision variables. For every vertex

7 €V, we define

L,
Y;i =
0,
\
)
L,
€Ty =
0,

if vertex jis in §
otherwise

if vertex j is S-perfect

otherwise

(4.1)

4.2)

With these definitions, we are now ready to give an integer programming formulation

for the MinWPNSP.

minimize E (wjy; + v,x;)
jev

subject to Z z; > 1

VieV
VjeV
VieV, Yk le A(j), k#/

VieV, Vke A(j)
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(4.6)
4.7)



xj, y; binary VieV (4.8)

The objective function of this formulation minimizes the weight of .S, where the set

S is defined as {j € V'|y; = 1}. The constraints enforce that S is a PN set of G.

Constraint ensure that the set {j € V|z; = 1} which is equal to S — per fect
dominates G. Constraints in[4.5] [4.6] and[4.7|make sure that {j € V|z; = 1} is equal
to S — per fect. For a vertex j, if ) . ag) Yi = 0, then j cannot be S-perfect. This is
accomplished with Constraintby enforcing z; to 0. Similarly, if ). AG) Yi = 2,
then j cannot be S-perfect as well. In this case, z; is forced to 0 by Constraint 4.6
Now, if > iea() Yi = 1, the constraints andbecome redundant and in this case
Constraint 4.7/ make sure that z; = 1.
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CHAPTER 5

CORRECTNESS OF ALGORITHM

When developing Algorithm [3| we have checked several times the correctness of the
multiplication table that we generated. But, in any case, there is a possibility that
something is overlooked. For this reason, we wanted to have another exact solution
approach for the MinWPNSP for trees. Now, we compare the two solution approaches
to check whether the optimal solutions returned are the same or not. Secondly, we also
compare the two approaches in terms of solution time. Both solution approaches are
run on a computer with Intel Core 17-4770S CPU @3.10GHz (8 CPUs) and 16.00GB
RAM. We use C++ API (Visual Studio 2019, v142) for both approaches and CPLEX

12.9 to solve the integer programming formulation.

For this purpose, we consider different values for |V'| € {50, 100, 150, ...,950, 1000}
by generating 1000 trees at random for each |V'| value. Furthermore, we generate 100
trees randomly for each |V| € {2000, 3000, 4000, 5000}. To create a random tree,
T, an algorithm similar to the Prim’s algorithm to create a minimum spanning tree is
applied. Prim’s algorithm work by connecting two disjoint sets of the vertices with
a minimum possible cost, while our algorithm work by connecting these sets with a

random edge, which can be found in Algorithm 4]

The weights, both w’s and v’s, are selected uniformly at random from the interval
[—1,1] for all instances. We observe that for each instance generated, the optimal
objective function values of both solution approaches are the same. For each value
of |V, the average solution times of the instances are shown in Figure for both
approaches. As |V| increases, the increase in average solution times of Algorithmis
very small and therefore it is difficult to see this change in Figure[5.1] For this reason,

Figure [5.2]is provided to show the solution times of Algorithm [3|separately as well.
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Algorithm 4 Algorithm to randomize a tree with |V | = n.

1: procedure 7'(n)

2:

3:

4:

8:

9:

10:

initialize T = (V, E) with V = {1,2,...,n} and E = {).
assing two sets as C; == {1} and Cy .=V — {1}.
fori:=1ton—1do
Select a random item from both C'; and C5 as v; and vy, respectively.

F=FU {Ul,UQ}.

Ol = Cl U {UQ}.
02 = 02 — {’Ug}.
end for

return 7' = (V, E).

11: end procedure

From the figures, a linear trend can be seen in the average solution times of Algorithm

Moreover, as |V/| increases, the rate at which the average solution times increase

gets higher for the integer programming formulation.

Time (in seconds)

140
120
100
80
60
40
20

I
e Algorithm 3]
| | —e—Integer Programming

& & & 2
1,000 2,000 3,000 4,000 5,000

V]

Figure 5.1: Average solution times of both solution approaches.
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Time (in seconds)

1073

| | | |
1,000 2,000 3,000 4,000
Vi

Figure 5.2: Average solution times of Algorithm
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CHAPTER 6

VALID INEQUALITIES

An inequality is valid for a set if it is satisfied by all points of the set. The IP formu-
lation provided in Chapter [ is enough to define the solution set of the MinWPNSP
when the decision variables are restricted to be binary. However, when the integrality
restrictions of the decision variables are relaxed, i.e. when the linear programming
(LP) relaxation is considered, the optimal solution is not necessarily a feasible so-
lution for the IP, since the LP relaxation might return a non-integral solution which
would not represent a PN set. With the aim making the formulation stronger, we try to
find some valid inequalities for the feasible region of the IP problem. If an inequality
is valid for a polytope, we call it as a valid inequality for the problem as well. Let-
ting P;p denote the feasible region of the IP formulation, if we can find an inequality
description of conv(P;p) (which is the perfect neighborhood set polytope) by adding
some valid inequalities, then the LP relaxation would return an integral solution and

thus would solve the MinWPNSP.

To do this, we take the LP relaxation of the formulation in Chapter [ as the a base

model, given below.

minimize Z(wjyj + v;z;5)

jev
subject to Z x; > 1 VieV
i€A(®))
i€A(F)
Tj+ Yo+ yr <2 vjieV, Wk} € A(j), k#L
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it Y vz u vjeV, VkeA(j)
iEA(G) ik

0<a, <1, vjev (6.1)

We started with solving the LP relaxation for the graph given in Figure with
w; = 1 and v; = 0 for all j € V. The solution returned is in Figure[6.1]

y =0 yo = 0.5 Y3 =0
@ @ ®
Tr1 = 0.5 T9 = 0.5 Tr3 = 0.5

Figure 6.1: The solution of the LP relaxation of the base model for the graph given in

Figure E

We, then, realized that this solution can be cut off by the following valid inequality.

S w1 viev (6.2)

i€A2(H)
In A?(j) represents the double neighborhood, i.e., the set of all vertices that can
be reached from j within at most two edges. For the graph in Figure [6.1} we have
A%(1) = A%(2) = A%(3) = {1,2,3}. Thus, the constraint (for any j in the graph)
would be y; +y2+ys > 1, which cuts the current optimal solution of the LP relaxation

off.

Proposition 6.1. Constraint is a valid inequality for an arbitrary graph for the
MinWPNSP.

Proof. For some vertex j of a graph, if we have ) az(j) Yi = 0, then we can say that
> reag) Yk = 0forall v € A(j). Since ), x(;) Yk = 0, then we can add that z; = 0
forall i € A(j)and ), A(j) Ti = 0. In conclusion, this vertex is not dominated by

the set of S-perfect vertices and contradicts with Constraint [#.4] [

After adding Constraint @ to our model, we solved and found another non-integral
solution for the following graph in Figure [6.2] Note that the weights are taken as
w; = —land v; = 0 for all j € V. In other words, the aim is selected to find ©(G).
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y1 =0.75 y2 = 0.75 y3 = 0.75

@ 4 ®
r1 = 0.5 ro = 0.5 Tr3 — 0.5
Yyg = 0.75
[
T4 = 0.5

Figure 6.2: An optimal solution of the LP relaxation after the addition of Constraint

£

To cut off this solution from the solution set, we came up with the following valid

inequality:

T w<IAG) -1 VeV, A()] =2 (6.3)
1€A(])
Note that for the graph given in Figure [6.2] we have |A(1)| = [A(3)] = |A(4)] = 2
and |A(2)| = 4. For the vertex 1 in the graph, Constraintis y1 + vy < 1, that cuts

the current optimal solution of the LP relaxation off.

Proposition 6.2. Constraint [6.3]is a valid inequality for an arbitrary graph for the
MinWPNSP.

Proof. Proof is by contradiction. Let us assume that for a vertex j of an arbitrary

graph with |A(j)| > 2, we have ZieA(j) yi > |A(G)] - 1.

Casel. >, r¢;) ¥i > [A(j)|- The model restricts that y; < 1forall j € V. If we sum
this inequality for all i € A(j), then we have >, 5 ;) ¥ < |A(j)]. Contradiction.

Case 2. > ,cr(j)¥i = |A(j)[- This implies that all of the vertices in the closed
neighborhood of vertex j is selected to be in the set S. In this case we can add
ZkeA(i) yr > 2 for all i € A(j). Because it is clear that y; = 1 and y; = 1 for all
i € A(j), and j € A(é) forall i € A(j). Since ;- x¢;) Y = 2, then we can add that
x; = Oforalli € A(j) and 3, 5 (;y @i = 0. This contradicts with Constraint
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]

We continued to solve the LP relaxation for some graphs after adding Constraint [6.3]
to our model. The next solution with fractional optimal values is given in Figure [6.3]

below.

vy =5/T p=2/T y=6/T yu=6/T y;=2/T ys=5/7
® @ @ @ @ ®
1 =4/7 x5=3/7 ®3=2/7T wx4=2/7 x5=3/7 x5=4/7

Figure 6.3: An optimal solution of the LP relaxation after the addition of Constraint

To cut this fractional solution off, we added the following constraint into our model:

S <A -2+, VieV, VEed(j), |AG)I=3 (64
i€A()
i#k
This constraint is written for the case where j = 3 and k = 2 since {2} € §(3) and

|A(3)| = 3. In the open form, the constraint y5 + y4 < 1 + x5 cuts off the solution in
Figure[6.3]

Proposition 6.3. Constraint is a valid inequality for an arbitrary graph for the
MinWPNSP.

Proof. The inequality is always valid for the case where > 7, 1 ;) . i < |A(j)] — 2.
I cniyinn ¥ > |A()| — 2, then we can say } -, ;)i ¥ = [A(5)] — 1 since
the decision variables can be at most 1. Thus, > .\ y: > 2 forall i € A(j),i #
kand z; = 0 for all i € A(j),i # k. Constraint 4.4 implies that 37,5 i =
T, + ZieAOL#k x; > 1. Since ZieA(j)#k x; = 0, we have 2, > 1. In other
words, vertex k£ must be S-perfect in all feasible solutions of this case. Overall,

ZieA(j%#k yi < |A(j)] — 2+ xy is again valid with |A(j)| —1 < |A(5)|—2+1. O

Continuing in the same manner, the next fractional solution we came up with is given

in Figure[6.4]
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Yy =1/3 y2 =0 Yy =1/3

@ 4 @
.731:1/3 .’B2:2/3 .7)4:1/3
ys =1/3
o
JJ3:1/3

Figure 6.4: An optimal solution of the LP relaxation after the addition of Constraint

4

Then, this solution is cut off by the following inequality.

Z yi +x; > 2, Vje Sup (6.5)
i€A())
In Figure [6.4] we have |[A(1)] = |A(3)| = |A(4)| = 2, thus {2} € Sup, as Sup
represents the support vertices of G. For vertex 2, Constraint[6.5] would be y; + y2 +

Y3 + Y4 + 2 > 2 and cuts the current solution off.

Proposition 6.4. Constraint [6.5] is a valid inequality for an arbitrary graph for the
MinWPNSP.

Proof. Let j € Sup and k € Pen, as Pen represents the pendant vertices of G, that
is adjacent to j. From Constraint we have }, 1) 2¢ > 1. Since k is a pendant
vertex, Constraintwould be x;, + x; > 1. Thus, we have either x, = lorz; =1
(or both). In other words, we have either > ;1 ;y ¥i = 108 3, o 4y % = 1 (or both).
I3 camye = 1, then 37\ )y = 1since A(k) € A(j). Thus, for any case we
cansay » ;oac Yi = 1.

Case 1. >, ;¥ = 1. Then we know j is perfect, so z; = 1. Therefore,

Dieag) Vit ;=2
Case2. >, r¢j Vi = 2

47



For both of the cases, Constraint[6.5]is satisfied. O

After adding Constraint [6.5] the following fractional solution in Figure [6.5]is found
as optimal to the LP relaxation. Note that the weights of the vertices are uniformly

randomized in [—1, 1].

y3 - 05 y4 = 0
® ®
T3 — 0.5 Ty — 1
Yo = 0.5 Yy = 0.5 Ys = 1
Tg = 0.5 xry = 0.5 T9 = 0.5
® ® ® ®
ys =0
Is = 1
yr=20
L
Ty = 0.5

Figure 6.5: An optimal solution of the LP relaxation after the addition of Constraint

e}

This solution is, then, cut off by the following equation.

yi+y; =a;, Vi€ Pen, {i,j}€E (6.6)
In Equation [6.6] vertex j would be the support of vertex i. For vertex 6 of Figure[6.5]
Constraint [6.6| would be ys + y1 = w¢ that cuts the current solution off.

Proposition 6.5. Constraint[6.6]is a valid equality for an arbitrary graph for the Min-
WPNSP.

Proof.

Case 1. y; +y; = 2. Then, y; +y; = D ycay¥e = 2and 3,54 = 2 since
A(7) € A(7). Overall, we have z; = z; = 0.
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Case 2. y; +y; = 1. Then we have >, v = 1, s0 z; = 1.

Case 3. y; +y; = 0. Then we have >, 1,y yx = 0, 50 z; = 0.

First case cannot occur since it violates Constraint 4.4l for vertex ¢. For the rest of the

cases, Constraint [0.6]is always satisfied. O

After adding Constraint [6.6] we came up with another fractional solution given in

Figure[6.6]

Yo =2/3 y1=1/3 Y2 =2/3
ze=1 .’E1:2/3 T =1
® @
ys =0
1‘3:1/3

Figure 6.6: An optimal solution of the LP relaxation after the addition of Constraint

£4

For this graph, the following cut is used in Constraint [6.7]

Yityetyet+ayta, <3, VjeV, Wk} e€dj), k£l  (67)

Here, one of the constraints would be y; + y2 + y4 + 21 + 22 < 3, cutting the current

solution off.
Proposition 6.6. Constraint is a valid inequality for an arbitrary graph for the

MinWPNSP.

Proof.

Case 1. y; + yx + y¢ = 3. Then, we add that ZieA(j) y; > 3 and ZteA(k) Y > 2.
Thus, z; = x; = 0. Constraint[6.7]is valid with 3 < 3.
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Case 2. y; +yy, +y¢ = 2. Then, 3~ 1) ¥i > 2,50 7; = 0. Constraintis always
valid with 2 + z;, < 3.

Case 3. y; + yr +y, < 1. For any case, we can add z; + x;, < 2. Therefore,
Yi +ye +ye+ x5 +xp < 3.

Constraint[6.7]is satisfied for all cases. O

The next fractional solution is given in Figure

y3 = 0.6 y1 =0.2 ys = 0.6
T3 = 0.8 Ir = 0.8 Ty = 0.8
@ ®
Y2 =0
T9 = 0.2

Figure 6.7: An optimal solution of the LP relaxation after the addition of Constraint

This solution is cut off by the following inequality:

ri+ap+x <24vy;, V{k,(} € Pen, Y{k,(} €0(j), k#/L (6.8)

For the case where j = 1, k = 3 and ¢ = 4, we have 1 + 23 + x4 < 2 + y;. This

inequality cuts the current solution off.

Proposition 6.7. Constraint is a valid inequality for an arbitrary graph for the
MinWPNSP.

Proof. If x; +x), +x, < 2, then[6.§]is always feasible. Otherwise, we have x; + 1 +

x¢ = 3. In other words, we have >, ;) Ui = D enr) Ym = Doreaqy Y = 1. Since
{k,¢} € Pen and {k,(} € 6(j), we can add that y;, + y; = y¢ + y; = 1. Thus, we

have y = y,.
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14

Figure 6.8: An example case for Constraint

Case 1. y;, = y, = 0 and y; = 1. Since {k,(} € §(j), we can add that ZieA(j) Y >
Y; + yr + y¢ = 1. Then, in order to j being S-perfect, ZieA(j),i;é{j,k,é} y; = 0 should

occur.
Case 2. y;, = y, = land y; = 0. Then, we can add that ZieA(j) Yi 2> Yit+yptye = 2.

Contradiction with » 7, 1y yi = 1.

Since second case never occurs; if z; + x + x, = 3, then y; = 1, which satisfies the

Constraint O

The next fractional solution after adding Constraint [6.§] into the model is given in

Figure

y3 =0.5 y1 =0.5 ys = 0.5
I3 = Il = 0.5 Ty =
® @
Y2 =0
Lo = 0.5

Figure 6.9: An optimal solution of the LP relaxation after the addition of Constraint

£4
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To cut this solution off, we created the following constraint.

yj+yt+ Zyz+ Z ym+12x€+$k7 Vtepen7 V{t,k,g}eé(j)
ieA(l) meA(k)
i#{j,¢} m#{j,k}

(6.9)

In the graph given in Figure forj=1,t =2,k = 3 and ¢ = 4, Constraint [6.9]

would be y; + y2 + 1 > x3 + x4, which cuts the current solution off.

Proposition 6.8. Constraint is a valid inequality for an arbitrary graph for the
MinWPNSP.

A 4 A 4 A 4
A 4 A 4 A 4
\ 4 \ 4 \ 4
o) - o}

k J 4

t

Figure 6.10: An example case for Constraint

Proof. Constraint 1s always valid if xy + 7, < 1. It only cuts off the solutions

withzy + 2 =2and y; + y: + D ica@) Yi + D_meaw) Ym = 0.
i#{j.} m#{j,k}

Let us assume that we have a solution with z; = x;, = l and y; =y, = ZieA(@ Yi =
2omea(k) Ym = 0. Since ¢ = xp = 1, we have 375 Ui = 2mean y:j{ig}l. By
sug?a{égilg the sums, for example for the vertex ¢, we have ZZ eaw Yi— > fi {Aj( 2 Y =
1 = y; + ye. Overall, y; + vy, = y; + yr = 1. We already know that y; = 0, thus

Yo =yr = 1.

Since Y ca(j) Yp = Yo + Yk = 2, we have z; = 0. Moreover, since 3 cxq) Yr =
y;+y; = 0, we have 2, = 0. By Constraintfor the vertex ¢, we have >, ¢ @ =
xj + x, > 1. Contradiction with x; + x; = 0. ]

52



After adding Constraint [6.9] the LP relaxation finds the following solution optimal
given in Figure [6.11]

ys =0 y =1 y1=1/3 Y2 =0
.’175:]. .’E1:2/3 .%'4:2/3 $2:1/3
@ @ @
Y3 =1/3
5[33:2/3

Figure 6.11: An optimal solution of the LP relaxation after the addition of Constraint

£4

To cut this solution off, we use Constraint [6.10]

ri+x;+yp <2, Vie Pen, V{i,k} €d(j) (6.10)
In Figure[6.11} {3} € Pen and {1,3} € 6(4). Thus, the constraint for this case would
be x3 + x4 + y1 < 2 which makes the current optimal solution infeasible.

Proposition 6.9. Constraint is a valid inequality for an arbitrary graph for the
MinWPNSP.

Figure 6.12: An example case for Constraint|6.10

Proof. Let us assume that we have a solution with z; + z; + y, > 2, ie., x; =
xj = yr = 1. Then, we know that Y, ;Y = D yen( ¥ = 1. Since {i} €
Pen and {i,k} € 6(j), we can add A(i) C A(j) and {k} € A(j) \ A(7). Thus,
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Do) Yt — 2ieam Yo = 2reagnawm Yr = 0. Since {k} € A(j) \ A(é), we can
add y; = 0, which contradicts with y;, = 1. [

The next fractional solution the model gives as output after adding Constraint[6.10]is

given in Figure

y =
. 5
Xy = 0
Yy = 0.5 Y1 = 0 Yo = 0.5
xy = 0.5 ;=1 zo = 0.5
® 4 ®
ys = 0.5
. 3
Ty = 0.5

Figure 6.13: An optimal solution of the LP relaxation after the addition of Constraint

This solution is cut off by the following constraint:

(AG) =2+ > w<IAGI -1, YieV (6.11)

1€A(Y)

For vertex 1 in Figure [6.13] we have the constraint 3x; +y; +y2 +ys +ya +y5 < 4,

which cuts the current solution off.

This constraint, unlike the previous ones, is not created from scratch. Rather, it is a
stronger version of Constraint[6.3] Additionally, this stronger version is valid for each
vertex of each graph, i.e., we do not need to have a vertex with |A(j)| > 2 as stated

in Constraint

Proposition 6.10. Constraint is a valid inequality for an arbitrary graph for the
MinWPNSP.
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Proof.

Case 1. z; = 0 and |A(j)| > 2. This case has been proved to be valid in Proposition
6.2

Case 2. z; = 0 and |A(j)| = 1. This case cannot occur with the current set of

constraints because Constraint [#.4] for vertex j would be z; > 1.

Case 3. x; = 1. Then, it is clear that Zie G Yi = 1. Thus, the constraint is satisfied
with (JA(J)| —2) +1 < |A@)| - 1.

Since Constraint [6.11]is a stronger version of Constraint[6.3] the model that is to be
used in the following solutions is updated by adding Constraint[6.1T]to it and deleting

Constraint |6.3|from it. Then, we came up with the following fractional solution.

Y3 = 0 Y1 = 0.6 Ys — 0.4
$3:08 331:0 33'5:1
® ¢  J
@ ® |
Yy = 0.8 Yo — 0.2 Yo = 0
Ll)'4:1 ZUGZO 56220.4

Figure 6.14: An optimal solution of the LP relaxation after the addition of Constraint

eI

This solution is cut off by the following inequality:

yi—xy—ae <y, { 50 kLR O € B JAG) = [AR)] =3 (6.12)
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In the graph given in Figure[6.14] one of the constraints of [6.12] would be y, — ¢ —

x1 < ys. This inequality cuts the current optimal solution off.

Proposition 6.11. Constraint is a valid inequality for an arbitrary graph for the
MinWPNSP.

Tso J k ¢,
b o O O o4
7 ~
7 ~
'd N

Figure 6.15: An example case for Constraint(6.12]

Proof.
Case 1. y; — x; — x;, < 0. Then, the constraint is always satisfied.

Case 2. y; — x; — x;, > 0. Then, the only feasibility would be y; — x; — x;, = 1 with
y; = 1, 2; = 0 and 3, = 0. The constraint is still satisfied if 3, = 1, so the solutions

with y, = 0 is cut off by the inequality.

Let us assume that we have a solution with y; = 1, z; = 0, 2, = 0 and y, = 0.
Constraint for vertex j would be z; + x; + x;, > 1. We already know that z; =
xy = 0, thus 2; = 1 which implies ), ap b =1 for all feasible solutions. Since

yi =1, then ), ;) v = 0 which implies that y; = 0.

Next, we have z; = 0, thus > Y = ¥ +y; +yx # 1. Wheny; = 1 and
y; = 0, the only possible case we have is y, = 1. Similarly, we have z;, = 0, thus
ZmeA(k) Ym = Yj + Y +ye¢ # 1. Since y; = 0 and y, = 1, the only possible case

would be y, = 1, which contradicts with the assumption of y, = 0. [

After adding Constraint[6.12]into our model, the solution given in Figure[6.16]is found

as optimal.
This solution, then, is cut off by Constraints and
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ys =0 ys = 1/3 Yy =2/3

z5 =2/3 xr3 = Ty =

® @ ®

@ @ o
Yo = 2/3 y1=1/3 y2 =0
zg = 1 1 =0 o =2/3

Figure 6.16: An optimal solution of the LP relaxation after the addition of Constraint

vitye <1+, {75 U kLR O € B JAQ) = [AR)[ =3 (6.13)
yi+ye <1y, {{gh kKO € B, JAG) = |ARK)| =3 (6.14)

Note that the case of {{7,j},{j,k},{k,¢}} € E and |A(j)| = |A(k)| = 3 is the
same of the previous case, where the example is also given in Figure[6.15] One of the
constraints of [6.13]and [6.14] for the graph in Figure [6.16] would be y + y4 < 1+ 2,

which cuts the current solution off.

Proposition 6.12. Constraints [6.13] and [6.14] are valid inequalities for an arbitrary
graph for the MinWPNSP.

Proof. If y; + y, < 1, then both of the constraints are always valid. If y; + y, = 2,

then x; = x;, = 1 is implied by the constraints.

Let us assume the opposite, that we have a solution with y; = y, = 1 and x; = 0
(Note that the case where y; = y, = 1 and x;, = 0 is the same if we rename the
indices by switching ¢ with ¢ and j with k). Since z; = 0, we have y; + y; + v, # 1.

Moreover, since y; = 1, we have y; + y, > 0.
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Case 1. y; = 1. Constraint 4.4 for vertex j implies that x; + z; 4+ x;, > 1. Since we
have y; = y; = y, = 1, all of the vertices of 7, j and k has at least two vertices from
set S (as y’s) in their closed neighborhoods, making them as not S-perfect vertices,

ie., z; + r; + x, = 0. Contradiction.

Case 2. y, = 1. This case is very similar to the previous case. Since y; = yx = yp =

1, we conclude that z; + x, + x, = 0. Contradiction with Constraint for vertex k.

Since none of the cases are valid, any solution with y; = y, = 1 and z; = 0 (or

x = 0) is infeasible for the base formulation. ]

After adding constraints[6.13|and [6.14]into our model, we came up with the following

fractional solution:

y5:1 y1:05 y4:05
$5:1 $1:0 $4:1
® ® ®
@  J [
Y2 =0 Yo = Y3 =
$2:1 I6:05 $3:05

Figure 6.17: An optimal solution of the LP relaxation after the addition of Constraint

FTmaETy
To cut the fractional solution in Figure off, we used Constraint [6.15}

One of the constraints of inequality [6.15|would be y; + x4 < 1+ ys+ 24 for the graph
in Figure which cuts off the current solution of it.
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Proposition 6.13. Constraint[6.15]is a valid inequality for an arbitrary graph for the
MinWPNSP.

g
Q=
Q=

Figure 6.18: An example case for Constraint|6.15|

Proof. Constraint[6.15| would be infeasible if and only if ; = 2, = L and y; = x; =
0. Let us assume we have such a solution. In this case, it is clear that y;, = 1, because
otherwise z; would have been 1. Then, since y; = y,, = 1, we can say that x;, = 0.

Contradiction with the initial assumption as z; = 1. 0

Similarly, we added Constraint [6.15]into our model and tried to find other fractional

solutions. One of them is given below in Figure

Y2 =0 y1 = 0.5 ys = 0.5
To = 0.5 T = 0 Ty =

® L

@ @ o
ys = 0.5 ye = 0.5 ys =0
1’3:1 25'6:0 1’4:05

Figure 6.19: An optimal solution of the LP relaxation after the addition of Constraint

f-15

To cut this solution off, the following constraint is used:
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vy <yit+ye+ak, {65} {0 kLG € B, [AG) = |AKR)[ =3 (6.16)

One of Constraint[6.16]for the graph in Figure[6.19|would be x5 < ys +y; + ¢ Which

cuts off the current solution.

Proposition 6.14. Constraint[6.16]is a valid inequality for an arbitrary graph for the
MinWPNSP.

Proof. Constraint[6.16]is infeasible if and only if x; = 1 and y; = y, = x; = 0. Let
us assume we have such a solution. Since x; = 1, we know that y; + y; + y, = 1.
Moreover, since y; = 0, we add that y; + y, = 1. If we sum both sides of this
inequality by y, which is 0, we will have that y; + yi, + v, = 1. This equation implies
that z;, = 1 since |A(k)| = {j, k,¢}. Contradiction with our initial assumption of

With the addition of Constraint [6.16 one of the fractional solutions the model re-

turned is given in Figure [6.20}

y1 =0 ys = 0.75 Yo = y2 =0

z; = 0.25 zs = 0.25 ze = 0.25 Ty =1
@ @
®

yr =1 ys = 0.5 ys = 0.5

z; =1 x5 = 0.25 3 =1

Figure 6.20: An optimal solution of the LP relaxation after the addition of Constraint

1%

To cut the solution given in Figure [6.20] off, we used Constraint[6.17]
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(AG = B)ay+ > i <|AG) =24z, Vi€V, VEked(h), |AG) >3
1€A(J)
ik

(6.17)

This constraint is a stronger version of Constraint [6.4, The left hand side is added
with (|A(j)| — 3)z;. In Figure[6.20} we have |A(4)| = 4. Thus, for j =4 and k = 1,
Constraint would be x4 + y4 + Y5 + y¢ < 2 + x1. This makes the solution in
Figure infeasible.

Proposition 6.15. Constraint is a valid inequality for an arbitrary graph for the
MinWPNSP.

Proof.
Case 1. x; = 0. This case has been proved to be valid in Proposition

Case 2. z; = 1. Then, we know that ZieA(j) y; = 1 and ZieA(j)#k y; < 1. If we
sum both sides with (|A(j)| — 3)z;, we have that (|A(j)] — 3)@; + D icapimn i <
(IA(J)| — 2). In this case, Constraint is always valid.

Similar to the Constraints [6.3]and [0.T1] at this point, the model is updated by adding
Constraint[6.17]to it and by deleting Constraint [6.4]from it for further solutions. Then,
the solution in Figure[6.21]is found as optimal.

To cut this solution off, the following constraint is used:
(1AG) =2+ > wi=|AG)| -1, Vje€ Sup (6.18)
i€A(H)

where all the other vertices in the set of V' — {j} should be pendant vertices and
adjacent to j. In other words, the graph must be a star graph. Therefore, this is the

first constraint used in this chapter which is not valid in general for an arbitrary graph.
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Ys = 0.5 Yy = 0.5 Yo = 0.5

133:1 l‘4=0 .’1:‘2:1
@ @
y1:O.5
l‘l—l

Figure 6.21: An optimal solution of the LP relaxation after the addition of Constraint

Since the graph in Figure [6.21]is a star graph, Constraint [6.18 would be 224 + y; +
Y2 + y3 + y4 = 3. The current solution, then, would be infeasible with 2 # 3 by
adding Constraint[6.18]

Proposition 6.16. Constraint is a valid equality for a star graph for the MinWP-
NSP.

Proof. Since j is the support of the star graph, we have |A(j)| =nand A(j) = V.

Case 1. x; = 1. Then, it is known that ) .., 9; = 1. Thus the sum would be
(n—2)4+1=(n—-1).

Case 2. x; = 0. Since for a vertex i € V' — {j}, we have z; + z; > 1 by Constraint
4.4, we add that ; = 1 forall i € V — {j}. In other words, y; + y; = 1. Here,
y; cannot be 1 since if y; = 1, then y; = 0 for all i € V — {j}, which implies
> rev Y& = 1 and z; = 1. This contradicts with our assumption of z; = 0. Thus, we
add that y; = O and y; = 1 forall i € V' — {j}. In this case, the constraint would be
satisfied with (n —2)0+ (n — 1) = (n — 1).

The constraint is valid for both cases. O]

After adding Constraint[6.18]into our model, the solution given in Figure[6.22]is found
as optimal by the model.
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ys = 3/7

®
$5:4/7
ys =3/7 ya =1/7 y1=3/7
@ L @
® yo =0
.Iz:l/?

Figure 6.22: An optimal solution of the LP relaxation after the addition of Constraint

Then, we use Constraint [6.19]to cut off the solution given in Figure [6.22]

ity =1, [AQ) =7, [A@)] =2 (6.19)

This constraint would be written for i = 2 and j = 4 for the graph in Figure [6.22]
since we have |A(2)| = 2 and |A(4)| = 5. Then, x4 + y» > 1 would cut the current

optimal solution off.

Proposition 6.17. Constraint is a valid equality for an arbitrary graph for the
MinWPNSP.

Proof. The constraint would cut off the solutions with z; + y; < 1. In other words,
x; = y; = 0. Let us assume that we have a solution with z; = y; = 0. Since
|A(7)] = n and |A(7)] = 2, we know that ¢ is a pendant vertex and {i,j} € E.
Moreover, by Constraint @ for vertex 7, we have the condition that z; + z; > 1.
Since x; = 0, we have z; = 1 which implies y; + y; = 1. Since also y; = 0, we
know that y; = 1. Additionally, ; = 0 and y; = 1 imply that >, v, # 1 and
> rev Yk = 1, respectively. Overall, we have that ), _, v > 2.

Case 1. n > 2. Then, there exists at least one vertex, say t, in the set of V' — {1, j}
which has y, = 1. Since |A(j)| = n, we can add that |A(t)| € |A(7)|. Thus, any
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vertex in [A(¢)| would also be adjacent to vertex j. Since we have y; = y, = 1, we
can say that }©, x(y Ym = 2 forall £ € A(t), implying z, = 0 for all £ € A(¢). This
would be infeasible since Constraint (4.4 for vertex ¢ implies that 3 ;) 7¢ > 1.

Case 2. n < 2. We assumed that we have two distinct vertices ¢ and j, thus n > 2,
implying n = 2. Thus, ), _,, yx > 2 converts into y; + y; > 2. This is not possible

since we initially assumed that y; = 0.

Addition of Constraint [6.19] into our model gives us another fractional solution as

follows:

y2:O5
y3 =10 L2 =

Figure 6.23: An optimal solution of the LP relaxation after the addition of Constraint

%

The solution in Figure@is, then, cut off by the following constraint, where C' C V/

is a maximal clique:
=Yy A@j)=C (6.20)
ieC

For the graph in Figure [6.20, we have one maximal clique as C' = {1,2,3} and
A(1) = A(2) = A(3) = C. Thus, one of the constraints of the new equation would

imply that x5 = y; + y» + y3, which cuts the current fractional solution off.
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Proposition 6.18. Constraint [6.20|is a valid equality for an arbitrary graph for the
MinWPNSP.

Proof.

Case 1. >, - y; = 0. Then, since A(j) = C, we have >, 5; ¥ = 0, implies
zj=0=> cc Vi

Case 2. > .. vy; = 1. Then, vertex j would be perfect by the definition since
> iecYi = ZieA(j) yi=1thusz; =1=3% .

Case 3. >, oy; = 2. Then, z; = 0since 3 ;o yi = > ;cn( ¥ = 2. By the
Constraint for vertex j, we add that there exists at least one vertex k € A(j)
which is perfect, z; = 1 for each feasible solution of the problem. We also know that
k € A(j) = Cand C C A(k) since C' is a clique and k should be adjacent to each
vertex of the clique that is consisted of. Thus, we have Zie Ak Yi > ZieC Yy > 2,
implying x;, = 0 since . Ak Yi # 1. Contradiction with x; = 1.

Constraint[6.20]is valid for the first two cases and last case is not possible to occur for

any feasible solution of the problem. 0

Constraint implies Constraint 6.6 because [6.6]is the same of[6.20|when |C| = 2.

Thus, we updated our model by adding Constraint [6.20] and removing Constraint[6.6|

for the further solutions. After this update, we came up with the fractional solution in
Figure[6.24]

To cut this solution off, we created the following constraint:
xi = xj, A() = A()) (6.21)
For the graph in Figure Constraint implies that o, = z3 since A(2) =

A(3) = {1,2, 3,4} which cuts off the current fractional solution.

Proposition 6.19. Constraint is a valid equality for an arbitrary graph for the
MinWPNSP.
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xl—l JZ‘Q—].
L

L
ys =0 Yys =10
33320 .2174:05

Figure 6.24: An optimal solution of the LP relaxation after the addition of Constraint

%

Proof: If w; = 1, then 3y ny e = Lo thus 30 x sy Ym = 1 since A(i) = A(j),
whichimplies z; = 1 = ;. Else, 2; = 0implies Y ;o x ¢y Yi # L thus 30 1) Ym 7
1 since A(7) = A(j), which implies z; = 0 = x;. N

Continuing in the same manner, we had the following fractional solution after adding

Constraint into our model:

y2 =0 y1 = 0.5 ys =0
x9 = 0.5 ry =1 z3 =20
[

@

y5:0 y4:05 Yo —
375:05 $4=1 336_0

Figure 6.25: An optimal solution of the LP relaxation after the addition of Constraint

For the solution in Figure 6.25] we came up with the constraint y; + z; < 1 + z3

which cuts off the current optimal. In the general form, the constraint is

66



ye+z; < 1+m, ke Al) CA>) (6.22)

Proposition 6.20. Constraint is a valid inequality for an arbitrary graph for the
MinWPNSP.

Proof. The constraint is always feasible if y, +x; < 1. If y,, = x; = 1, it implies that

x; = 1. Thus, it only cuts the subset of solutions in which y, = z; = 1 and z; = 0.

Let us assume that we have a solution in which ¢, = z; = land z; = 0. z; = 1
implies that } S, n¢;yye = 1and 3, cx(y Ym < 1since A(i) € A(j). Additionally,
we have y; = 1 and k € A(i), which implies >, .. () Ym > 1. By the combination
of the results, we have ) Ay Ym = 1, implying x; = 1. This contradicts with our

initial assumption of x; = 0. ]

With the addition of Constraint in our model, we came up with the fractional
optimal solution in Figure [6.26]

y3:2/3 y1:1/3 y4:2/3 y2:2/3 y5:1/3
.’133:1 {L'1:1/3 $4:1/3 .’E2:1/3 .’135:1
@ @ @ @ @

Figure 6.26: An optimal solution of the LP relaxation after the addition of Constraint

23

To cut this solution off, the following constraint is used:

yityituet+ye <2, {{i,7} {5, k1R O} € B, |AG)| =|AK)| =3 (6.23)

In Figure[6.26] one of the constraints of this form would be y3-+y1+y4+y2 < 2, which
cuts the current optimal solution off. (Note that the demonstration of Constraint|[6.23]

is given in Figure [6.15)

Proposition 6.21. Constraint is a valid inequality for an arbitrary graph for the
MinWPNSP.
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Proof. Let us assume that we have a solution of v; + v; + yx +ve > 2, {{i,j},
{, kb Ak G} € B, |AG)] = [A(K)] = 3.

Casel. y; = 1,y; = 1,y = 1, and y, = 0. This contradicts with Constraint[6.1T]|for
j which 1mphes T + ZmEA(j) Ym = Tj + Y; + Y; + Yk < ’A< )‘ -1=2

Case 2. y; = 1,y; = 1, yp = 0, and y, = 1. This implies that > ¢ Ym >
2, ZmeA(j) Ym = 2, and ZmeA(k) Ym = 2, implying x; = x; = z;, = 0. This
contradicts with Constraintfor j which implies that > () Tm = i +3;+ 7, >
1.

Case3. y, =1,y;, =0,y = 1, and y, = 1 (Symmetric case with Case [2 . This
implies that 3, ;) =2, ) eam Ym = 2,and 3o A Ym > 2, implying
x; = x, = x¢ = 0. This contradicts with Constraint 4.4 for £ which implies that

2 men(k) Tm = Tj + Ty + 20 > 1.

Cased. y; = 0,y; = 1,y = 1, and y, = 1 (Symmetric case with Case |I| . This
contradicts with Constramt“ for k which implies xj, + Zme Aty Ym = Tr + Y5 +
Ye +ye < [AR)| -1 =2,

Case5. y; = 1,y; = 1,4, = 1, and y, = 1. This contradicts with Constraint[6.1T|for
j which implies x; + 3> Ay Ym = 7 +yi +y; +yp < [AG) —1=2.

All of the cases contradict with the current set of constraints. O]

With the addition of Constraint [6.23] into our model, the next fraction solution the

updated model returned is given in Figure [6.27]

=1 y2 =0 y3 =2/3 ys=1/3 ys = 2/3
z; =1 xe =1/3 zg=1/3 xy=1/3 x5 =1
@ L @ L o

Figure 6.27: An optimal solution of the LP relaxation after the addition of Constraint

2%

A valid constraint as y; + y4 < x5 + x3 cuts off the current optimal solution. In the

general form, the constraint is
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Here, fori = 1, j = 2, k = 3 and ¢ = 4, the constraint is generated since |A(2)| =
|A(3)] = 3 and these vertices are adjacent to each other for each consecutive pair.

Thus, the current optimal solution is successfully cut.

Proposition 6.22. Constraint is a valid inequality for an arbitrary graph for the
MinWPNSP.

Proof.

Case 1. y; +y, = 0. Then, z; + x;, > 0 is always satisfied and Constraint is

redundant.

Case 2. y; +y, = 1. Since the case of {{i,j},{J,k},{k,(}} € E and |A(j)| =
|A(k)| = 3 is symmetric (see Figure|6.15]), we assume that y; = 1 and y, = 0 without
loss of generality. In such a case, Constraint [6.24]implies that z; + x5, > 1, so it cuts

off the solutions with z; + x;, = 0.

Let us assume that we have a feasible solution with y; = 1, z; = 0, ;, = 0 and
ye = 0. z; = 0 implies that > A Ym = ¥i +y; +yr # 1. Since y; = 1, we
have y; + y, # 0 by combining these two results. It has already been proved that
y; +yr = 2is infeasible for this case (see Case|[I]of Proposition [6.21)). Thus, we only
have one possibility as y; + y, = 1. Then, one can observe that the sum of y values
in the closed neighborhood of vertex k is 1, i.e., Doy ¥ = ¥j + Yu + ¥ = 1,

implying x;, = 1. This contradicts with out initial assumption as x; = 0.

Case 3. y; +y, = 2. The model implies that y; +¥; +yx 4y, < 2 by Constraint[6.23]
thus we have that y; =y, = 0. Since >0, Ay Ym =¥ty Ty =1+0+0=1,
we have x; = 1. Similarly, since ZteA(k) Y=Y +U+y=0+0+1=1, wealso
have z;, = 1. So, y; + y¢ < x; + x} 1s satisfied with 2 < 2.

Overall, Constraint [6.24] is always valid for an arbitrary graph for the MinWPNSP.
]
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Constraint [6.24] is stronger than Constraint [6.12] [6.13] and [6.14] these constraints
would always be redundant by the addition of [6.24] Constraint [6.12] implies that

yi — xj — 7, < y, for a case as in Figure @ In other words, it implies y; + vy, <
2y + x; + 7. It is clear that this is always satisfied by the current model where all
of the feasible solutions satisfy Constraint @], which implies y; + v, < x; + x4,
for the same case in Figure @] and we have z; + x, < 2y, + x; + x). Similarly,
Constraint also implies and since y; +yr < z; +xx < 1+ 5 and
Yi +ye < x5 + 2 < 1+ x; are valid when decision variables are bounded to be at

most 1.

At this point, we stopped adding constraints into our model. After the elimination
of the implied constraints, the finalized model for the MinWPNSP can be found as

follows.

minimize Z(wjyj + v;z;5)

jev
subject to
d >l VieV
1€A(J)
1€A(F)
T+ Yo+ yp < 2 VieV, Wk (} € A(j), k#L
it Y vz u Vi€V, VkeA()
i€A()) ik
xj, y; binary VjeV
Z yi > 1 vVjev
i€A2(H)
Zyi—i—a:jZQ Vj € Sup
1€A(J)
yituetyetzj+ae <3 VjieV, Wk} €0()), k#¢
rj+ g+ <24y, V{k,(} € Pen, Y{k,l} €d(j), k#/{
Vit D Vit > Ym+1>ze+ax, VEE Pen, V{t,k (} €5(j)
ieA(l) meA (k)
i#{j,} m#{j,k}
Ttz +yp <2 Vi € Pen, Y{i,k} € d(j)
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(IAG) =225+ Y w<IAG)—1, VieV

ieA))
yi+ o <14y + a5 Hi,ih i ki e £, JA()| =3
(IAG) =3)z+ > i <|AG) —2+z, Vi€V, Vhed(j), |AG) =3
i€eA())
ik
(1AG) = 2)z;+ Y v =|A(j)| =1, Vj € Sup (and G is a star graph)
1€A())
vty > 1 IA(G) =n, [A@)] =2
Ty = Zyi A(j)=C
ieC
T = T A(i) = A(j)
yr +x; < 1+ a4 ke A(i) € A(>j)
Yi +ye < x5+ 1y i, 34,0, k3 Ak, 03} € B, JA(G)] = |A(k)| =3

(6.25)

In this model, we did not list the constraints that are implied by one of the other con-
straints. For example, Constraint and are created by making Constraint
and [6.4|stronger, respectively. We realized that ) . _ov; < lifz; = 1and S C A(j).
Thus, we added z; with a coefficient to Constraint [6.3] and [6.4] to create Constraints
and This direct relationship enabled us to easily remove Constraints
and [6.4] since they are implied by the new ones.

However, there might be more complex relationships between two or more constraints
of the finalized model, and there might other constraints that are implied by one or

more other constraints of the finalized model.

One important thing is that the constraints in the finalized model are given with the
same order as listed in this chapter. They are all created to cut a fractional solution off
that is found to be optimal to the LP relaxation with the previous set of constraints.
For example, there is at least one fractional solution (see Figure that is cut by
Constraint§28 yi-+ye < a;+a, {0, 3}, . kY (k. 0} € B, |AG)] = [A(K)] =

3, and that solution is found to be optimal with the previous set of constraints (all
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other constraints). Thus, we can say that Constraint@ is not a redundant constraint
in the finalized model. However, the same does not apply for the other constraints.
It is clear that a constraint cannot be implied by the previous set of constraints, but
there is a chance that it is implied by the set of constraints that are added after the
constraint (or implied by the combination of the previous set of constraints and the

set of constraints that are added after the constraint).

Additionally, while adding the valid inequalities, we found a couple of other valid
inequalities that are not listed here. Some of these are eliminated because they are
exponentially many (note that all of the constraints of our finalized model are polyno-

mially many) or because they are too specific. Now, we will go over these constraints.

Proposition 6.23. > . ¢ ;i + [Si| — 1> >, o uk + (|S1] — 2)x;, Vj €V where
S1USy = A(y), S1NSy =10, j € Sy and |S1| > 2 is a valid inequality for an arbitrary
graph for the MinWPNSP.

Proof.

Case 1. 2; = 1. Then we have ;¢ y, < 1 since since z; = 1 implies >3, ;)
yr = 1 and we have S; C A(j). Itis, then, implied that )}, o yr + (|51 — 2)2; <

S1]| — 1. In this case, the constraint will always be valid for all values of ), _¢ ;.

Case 2. z; = 0 and Zke& yr < |S1| — 1. Then, similar to the Case [I, we have
> wes, Y + (191] — 2)x; < [S1] — 1 and always satisfy the constraint.

Case 3. 7; = Oand ), ¢ yr = |S1]. In this case, it is clear that y, = 1 for all
k € Si. Since S C A(j), we have that j € A(k) forall k € Sy and 3y n ) ye > 2,
implying x;, = O for all k£ € 5.

Constraintimplies that 3, n(j) i = Dkes, Th + Dics, T = 1. In our case, we

x; > 1. Overall, left-hand side

have ), s, T = 0, thus constraint will imply Y ic s, Ti 2

of the constraint will be } . ¢ x; + [S1| — 1 > |S;] and the right-hand side will be

equal to | 51|, which is always feasible.

]

This constraint is a generalized version of Constraint For a vertex j, if Sy is
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selected to be an empty set, then the constraint in Proposition [6.23| will be the same of
Constraint[6.11]for vertex j. Thus, it implies Constraint[6.11] Additionally, the reader
may observe that the number of constraints in Proposition [6.23 will be exponentially

many. For a vertex j, there will be O(2/20)l) many constraints in Proposition

Another constraint class with exponentially many constraints is given in the following
proposition.

Proposition 6.24. [S1| > >, ¢ yx + (|S1] — 1)z, Vj € V where S; C A(j) is a
valid inequality for an arbitrary graph for the MinWPNSP.

Proof.

Case 1. z; = 1. Then we have >, 5 yr < 1 since since z; = 1 implies 7, ;)
yr = 1 and we have S; € A(j). It is, then, implied that 3, ¢ yx + (|51 — 1)z; <
|S1]-

Case 2. x; = 0. Then, the constraint is again satisfied since all decision variables are

bounded to be at most 1.

]

This constraint set, similar to the constraint in Proposition will have O(2/40))

many constraints for a vertex j.

The constraint in Proposition can be written for all subsets of A(j) as S;. If
Sy = 0, itimplies x; > 0. Else if |S1| = 1, say S; = {7}, then it implies y; < 1. Else
if | S1| = 2, say Sy = {4, k}, then it implies z; + y; + yx < 2 which is also implied
by Constraint Else if [S1] = A()), |A(G)] = Xpeay vk + ([AG)] — 1)z; would
be a valid constraint for the problem but will be implied by Constraint[6.11]for vertex
j. For the rest of the cardinalities of S, the constraint might not be implied by the

current model.

The next constraint that we found and did not add to the model is given below.

Proposition 6.25. > . ¢ v; + > ;.o i < [C] + 1 where C' is a clique, j,t € C,
ke A(j)—C,S =CU{k}and Sy = S; —{t}, is a valid inequality for an arbitrary
graph for the MinWPNSP.
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Proof. In this proposition, we are given with a clique, C', which includes two distinct
vertices as j and ¢, and k is a vertex that is adjacent to 5 but do not belong to C'.
Additionally, note that we have |S;| = C' + 1 and |S;| = C. Because of these three

vertices, we naturally have |S;| > 3.

First of all, Iet us assume that we have Zie 5, Yi = 3, then we have jec Yi = 2since
Sy = CU{k}. Inthis case, ), . x; = 0 since at least two vertices from C'is selected
to be in the set S, making all of the vertices in the clique as not S-perfect vertices.

Overall,if ;.o y; > 3, then ), o @ =y, 0r ) ;g 7 < 1.

Case 1. Zi651 y; = |S1]. Then, we have ZiESQ x; = . In this case, z;, = 0 because

we have y, = y; = 1, making ZieA(k) yi > 2. Overall, Y . yi + 2 icq T =
|S1| + 0 = |.S1| implies and the constraint would be satisfied.

Case 2. 3 < ), v < |S1|. First of all, note that in this case, we have [S;| > 4.
Similar to the Casem, we have Y. o x; < Lsince Y ;. ¥ > 3. Thus, Y, ¢ i +

Y ic g, Ti < |S1| is implied and the constraint, then, will be satisfied.

Case 3. ), . i = 2. Then, z; = 0 since there exists at least two vertex in A(j)
which are selected to be in S. Thus, we have » ;o 7; < [Sp| —1 = |C|— 1. Overall,
D ics, Yi T D icg, Ti < 2+ |C| — 1, which satisfies the constraint.

Cased. >, o vi < 1. Wenaturally have } ;o 2; < [S| = |C/| and the constraint

is always satisfied with D, v + > ;cq 0 < 1+ C.

]
When |S;| = 3, the constraint in Proposition will be equal to Constraint
We created constraint in Proposition[6.25]to generalize Constraint[6.7|for more cases,

since Constraint is seen to be effective in densely connected graphs. The effects

of the constraints will be discussed in more detail in Chapter|[7}

6.1 Perfect Neighborhood Set Polytope

While working on the additional valid inequalities, we tried to characterize the con-

vex hull of the feasible region of the IP formulation which is called as the perfect
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neighborhood set polytope for specific graph classes. We will now go over these in

this section.

6.1.1 Star Graph

A star graph is a tree with one vertex having the degree of |V/| — 1 and the rest of the
vertices having 1. Consider the graph G = (V| E) where V = {0,1,2,...,n} and
E = {{0,1},{0,2},...,{0,n}}. This graph defines the star graph in Figure[6.28] In
the literature, notation of \S,, and “n-star” are used to represent a star graph where the

v

order, |V |, of the star graph is n. In our example in the figure, the order is n + 1.

ol

Figure 6.28: A star graph with order of n + 1.

To possibly define the perfect neighborhood set polytope of a star graph, we first listed
all of the PN sets on a star graph as given in Figure[6.28] Overall, we have three types
of PN sets.

1. S = {0}, implying S-perfect = V.
2. S ={i},wherei € V — {0}, implying S-perfect = {0,}.

3. S={1,2,...,n}, implying S-perfect = {1,2,...,n}.

In the first solution, we select only vertex 0 to be in S. In this case, all of the vertices
of the star graph are perfect. Thus, S-perfect vertices define a dominating set where

each vertex dominates itself.
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In the second PN sets, we select one of the vertices with a degree of 1, let it be denoted
by i € V — {0}. In such a scenario, vertices 0 and i are identified as perfect vertices.
Since vertex 0 is adjacent to the whole graph, S-perfect vertices define a dominating

set. Thus, this scenario also defines a feasible solution.

In the third solution, we select all of the vertices except vertex 0 to be in .S, which
makes all of the vertices except vertex 0 perfect. The only vertex that is not perfect,

i.e. vertex 0, is dominated by one of the other vertices.

First and third solutions are unique. We have, however, n different second solutions
for each i € V' — {0}. Overall, for a star graph of order n + 1, we have n + 2 different
PN sets.

After identifying these solutions, we created the incidence vectors of all solutions.
For a star graph of order n + 1, we have two different sets of decision variables, y
and z, each is defined for each vertex of the star graph. Thus, each incidence vector
is in 2n + 2-dimensional space. Overall, Equation [6.26]is the set of feasible solutions

to the IP for a star graph of order n + 1, where vertex 0 is the vertex having degree

V| — 1.

Yo 1 0 0 0 0
U 0 1 0 0 1
0 0 1 0 1

Y2

Yn ol (o] |o 1] |1
€ ) 3 ey : (6.26)
0 |1 | 1| o
7 1 [1| o o] |1
To 1l |o| |1 o] |1
Tn 1| [o| o 1] |1

Lo \ L L L L R

First and last vectors of the set of feasible solutions in Equation [6.26] are for the first
and the third solution listed above, respectively. In between, we have n different

vectors for each solution of the second item.
Then, we defined the convex hull of the perfect neighborhood set polytope, conv(S),
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by adding additional variables, «; for each solution where j € {0,1,2,...,n+ 1}.

N . 7] 7] 7] .7 7 )

Yo 1 0 0 0 0

Y1 0 1 0 0 1

Yo 0 0 1 0 1

Un 0 0 0 1 1

conv(S) = ;g + oy + g + -y, + Qpi1

2 1 1 1 1 0

T 1 1 0 0 1

Ty 1 0 1 0 1

ESEEn 0] 0] 1] 1]
(6.27)
where

a; >0, Vje{0,1,...,n+1} (6.29)

Here, Equation defines a total of 2n + 2 equations for each decision variable of
the PN sets. These are listed below:

Yo = Qg (630) To=0Qp+Q+- -+ Qp (635)
Y1 = Q1+ Qpyr 631 21 = ap + o1 + (6.36)
Yo = Q2 + Qppy (6.32) 2y = ag+ a2 + Ay (6.37)
Yi =i+ any1, Vie{l,... ,n} T = o+ a;+apyr, Vi€ {l,...,n}

6.33) (6.38)
Yn = Qp + Qpyy (6.34) Ty = Qg + Qp + Opqq (6.39)

Then, we tried to reduce the number of variables of the convex hull definition by
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defining the vector of « in terms of vectors of y and z. By Equation [6.30] we have
that oy = yo. Moreover, Equation [6.33] implies that o; = y; — o, for each ¢ €
{1,2,...,n}. Combining these two results in Equation [6.35] we have the following

equation:

To=Yo+ (Y1 — 1) + (Y2 — @nr1) -+ + (Yo — Qr1)
By leaving «, 1 in one side, we have the equation as:

Qi1 = Yo T U1 Y Zo (6.40)
n

Moreover, if we add the result in Equation [6.40|into Equation [6.33] we have:

ai:yi_y°+yl+'7'l'+y"_x°, Vie{l,...,n} (6.41)

Combining the results, we were able to define « in terms of the rest of the variables,

y and x:

Qo = Yo (6.42)

alzyl_yo+y1+“'+yn—xo (6.43)
n

p=yy— BAWT e %0 (6.44)

n

an+1:y0+y1+"'+yn—$o (6.46)

n

Including that, we have y; = o; + o, 41 by Equation[6.33]and x; = o + o + a1
by Equation [6.38] Inserting [6.33] into the other, we have z; = ag + y; for each
i € {1,...,n}. By Equation |6.42] we have oy = yo and the combination of these

results gives us the following equation:
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T =% +vy, Vie{l,....,n} (6.47)

This equation is directly implied by our model with Equation[6.6] In our star graph, i
would be a pendant vertex and {i,0} € FE.

Moreover, Equation implies the sum of « values are 1. We already have oy +
a;+ -+ a, =x9and a1 = (Yo + 1 + -+ + Yo — To)/n. By summing those

equations, we have;

Yy — @
060+Oé1+"'+06n+1=$0+y0 - n ’ - =1

and

nto+ Yo+ +- -+ Yy, —To) =n

Overall, this equation gives us the following;

(n—1)xo+ Z Yy =n (6.48)

JjeEV

This, again, is also implied by our model with Equation [6.18] Note that in our exam-

ple, we have |V| =n + 1.

Lastly, convex hull implies Equation[6.29] Each of the « values must be nonnegative.

g =yo =0
Tyt Yy — T
oy = 1_yo h Y LS
n
Tyt Yy — T
= 2_90 n Y L
n




+y1+-- Yy, —
Oén+1=y0 U1 Y 020
n

By the first and the last one of nonnegativity constraints respectively, we have

Yo >0 (6.49)
mo <Yy (6.50)
JjeV

Equation [6.49]is directly implied by our model with the LP relaxation of Equation 4.§]
in Equation 6.1} Moreover, Equation[6.50]is implied by Equation {.5|for j = 0 since
A(0)=V.

Additionally, the nonnegativity constraints corresponding to « values from o4 to o,

implies that

P ek e ke i R I WS ST
n
and
nyi+zo > Yy, Vie{l,...n} 6.51)
JjeEV

Proposition 6.26. Equation is implied by our model with additional valid in-

equalities.

Proof. Equation [6.19|of the model implies that z; +v; > 1, |A(j)| =n, |A®G)] =
2 and note that for this equation we have |V'| = n, i.e. it is valid when |A(j)| = |V|.
Thus, this is written for our star graph representation when j = O andi € {1,...,n}.

Overall, model implies that

o+ 1y > 1, \V/ZE{L,TL}

and by multiplying each side by n and subtracting (n — 1)x, from both of the sides,

model implies
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ny; + ro >n—(n—1xy, Vie{l,...,n} (6.52)

oreover, Equation |6.1s| of the model 1implies that D —=2)xi + D . oan Y =
M Equation |6.18] of th: del implies that (|A(j 2)x; NG

|A(7)] — 1, Vj € Sup if the graph is a star graph. For our case, 0 € Sup, |A(0)| =
n 4+ 1, and A(0) = V. Overall, model implies the following equation
(n— 1)x0+2yj =n
jev
by subtracting (n — 1)z, from both sides, we imply
> yi=n—(n— 1)z (6.53)
jev
By combining Equation [6.52]and [6.53] the model implies
ny; +xg >n— (n—l)x():Zyj, Vie{l,...,n}
jev
and finally,
ny; +xo = Zyja Vi€ {1,,7’2}
jev
[

With the reduction of « values, the convex hull of the perfect neighborhood set prob-
lem on star graph converts into Equation [6.54] where each of the constraints on the

right hand side proved to be implied by our model with additional valid inequalities.

Let us assume that P is the polytope of our model with all additional valid inequalities

and P1 is the polytope that implies the convex hull in (6.54)), which is the union of

the model with valid inequalities [6.6] and

Since all of the valid inequalities are defined to be valid for the perfect neighborhood

set polytope of a star graph, we have that
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conv(S) C P

([, ] 3
Yo
mn subject to
Yy
Iowzo0
y 2o < D jev Vi
=411 : 6.54
onlS) =1 m= et vie{l,...n}( (©
1 nyﬁxozzjevyj Vie{l,...,n}
) (n—l)xo—FZjevyj =n
: Lj, Y; urs VieV
\ _1:”_ J

Additionally, P includes all of the constraints of P1 and an addition of the rest of the

valid inequalities, we have
conv(S) C P C P1

Moreover, we have proved that all of the constraints of conv(S) are defined by P1.

Thus,
P1 C conv(S)
implying
conv(S) =P = P1 (6.55)

for a star graph.
Proposition 6.27. Dimension of the perfect neighborhood set polytope in star graphs,
dim(P),is |V].
Proof. The list of solutions for a star graph (with |V'| = n+1 where vertex 0 being the

support vertex) was given in It is known that ', 22, ... 2% € IR" are affinely
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independent if the only solution of the system ., , a;z’ =0and > ,_;, , ;=0

..........

isa; =0foralls = 1,..., k. Let us create such a system of equations for the list of

the solutions of a star graph.

1 0 0 0 0

0 1 0 0 1

0 0 1 0 1

0 0 0 1 1
o) + oy + a9 + oty + Qi1 =0 (6.56)

1 1 1 1 0

1 1 0 0 1

1 0 1 0 1

1] 0] 0] 1] 1]
ag+ar+--F a1 =0 (6.57)

By solving the first |V| equations of |6.56, we have

ag =0 (6.58)
oy + Opt1 = 0 (659)
(6%) + Opt1 = 0 (660)
Oy + Apy1 = 0 (661)
These equations imply that g = 0 and oy = ap = - -+ = a,, = —,,11. Additionally,

we have ap + oq + -+ + a1 = 0by[6.57 and ap + oy + -+ - + @, = 0 by the
|V | + 1th equation of implying «,,+1 = 0. Then, it is implied that o; = oy =

- = o, = 0, which implies that list of the solutions of the perfect neighborhood set
problem on a star graph are affinely independent of each other. Then, we can add that
dim(P) > |V| since the number of affinely independent vectors of the solution set is

V| + 1.

83



Additionally, the system of equations of the convex hull of the star graph, [6.54] imply
two types of equality constraints as (n — 1)z + >,y y; = n and x; = yo + y; for
alli € {1,...,n}. Since each of these equality constraints include a unique z value
with a nonzero multiplier, we can add that the rank of the equality constraints of the
star graph, rank(A~), is at least |V/| (assuming that the polytope of the star graph is
in the form P = {:v e R*VI|Az < b} and A~ is the submatrix of the A including all

the equality constraints).

It is known that if P # () and P C IR*V/, then dim(P) + rank(A=) = 2|V|. Since
we have already shown that dim(P) > |V| and rank(A~) > |V|, we conclude that
dim(P) = |V].

6.1.2 Complete Graph

A complete graph, denoted by K, is a graph that includes one edge for any pair of
vertices. A graph, G = (V, E) where V = {1,2,....,n} and £ = {{i,j}|i € V,
j € Vi # j}is a complete graph denoted as K.

(a) Ky (b) K3 (c) Ky

(d) K5 (e) K

Figure 6.29: Illustration of complete graphs from K5 to K.



Similar to Section [6.1.1] we started by listing of all the PN sets in a complete graph
of order n. For a complete graph, there is only one type of a solution: one of the
vertices is selected to be in the set of S, which implies S — perfect = V. In a
case that more than one vertex is selected to be in S, we have S — perfect = ()
since each of the vertices of the graph includes two or more vertices from S in its
closed neighborhood. Overall, Equation [6.62]includes the list of all feasible solution

of perfect neighborhood set problem on a complete graph of order n.

] ( ] 7] N PR

Y1 1 0 0 0
Ys ol |o| |1 0
Yn ol [o] |o 1
€ ) ) ) H) (662)
T 1 1 1 1
Ty 1 1 1 1
T3 1 {1 |1 1
EN RN 1]

With the addition of « values, the convex hull of the MinWPNSP on complete graphs
is defined as in Equation [6.63]

([, ] 1] 0] 0] 0] )
Yo 0 1 0 0
Y3 0 0 1 0
Un 0 0 0 1

conv(K,) = ot} + Qg + a3 +-+a, (6.63)

Ty 1 1 1 1
5 1 1 1 1
3 1 1 1 1

e | 1] | 1] | 1] (1]

where
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atag+--+a, =1, (6.64)
a; >0, Yie{l,2,...,n} (6.65)

More explicitly, Equation [6.63] defines the following equations

Yy =4, VjeV (6.66)
rj=or+ay+-tay VeV (6.67)

In this case, we directly define the vector of a by y and z values as a; = y;, Vi €
{1,2,...,n}. Additionally, by Equation and we have z; = 1, Vj e V.
By combining the results of Equation and we have y; > 0, Vj € V.
Finally, if we sum all of Equation we have Zjev Y=o +og+ - +a, =1
By eliminating the « values and combining these results, we can characterize the

perfect neighborhood set polytope in complete graphs as in Equation [6.68]

( T 3
Y1
Y2
) subject to
conv(K,) = bl 920 vieVv (6.68)
1 z;=1 VieV
)
Ziev Yi = 1
T,
\ L . Vs

Proposition 6.28. Addition of Constraints [6.2] and to the LP relaxation of base
model defines the pefect neighborhood set polytope in complete graphs.

Proof. The relaxed version of the binary constraint, given in Constraint [6.1] directly

implies the first constraint of the convex hull description above; y; > 0, Vj € V.

Additionally, Constraint [6.20]is written for each maximal clique, C, of a graph. In
a complete graph, there is only one maximal clique, say C}, as C; = V. More-

over, since each vertex is adjacent to all the other vertices of the graph, we have
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A(j) =V = C1, Vj € V. Thus, Constraint |6.20| implies that x; = >, ¥ =
Ziev Yis Vj eV.

Constraint [6.2] implies that at least one vertex should be selected to be in the set of S
from the double neighborhood of each vertex of the graph. In a complete graph, we
have A(j) = A%(j) =V, Vj € V. Thus, all of these constraints of [6.2| define the
same whichis ) ., y; > 1.

By combining the results, we have z; = > ..\, 1 > 1, Vj € V. Since the relaxed
version of the binary constraint, Constraint 6.1} also implies that z; < 1, Vj € V,
we have z; = > ..,y = 1, Vj € V, which implies the second and the third
constraint of the convex hull description of a complete graph given in Equation

]

Let Pk, define the polytope of the LP relaxation of the base model with the addition
of Constraints [6.2]and [6.20] We have proved that

Py, C conv(K,)

Since all of the valid inequalities are defined to be valid for a polytope of a graph, we

have

conv(K,) C P C Pyg

n

Combination of the results give us
conv(K,) = P = Pk, (6.69)

for a complete graph.

Proposition 6.29. Dimension of the perfect neighborhood set polytope in complete
graphs, dim(Pk, ), is |V| — 1.

Proof. The set of feasible solution of a complete graph, as given in Equation [6.62]
are all affinely independent of each other since each includes a unique y value with a
nonzero coefficient. Since we found |V'| affinely independent vectors in the polytope,

we can add that dim(Pk,) > |V| — 1.
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Additionally, we can easily see that rank(A% ) > |V| 4 1 from Equation All
of those z; = 1 for all j € V constraints have a unique x value with a nonzero
coefficient and have zero coefficient on y; values for all j € V. Then, we can add
that || many constraints of x values being equal to 1 and the one constraint as all of
the y values should sum to one are linearly independent of each other. That implies
that rank(A%, ) > |V| + 1, as total number of linearly independent constraints of the

convex hull description of the polytope.

By using the fact that if P # () and P C R?"!, then dim(P) + rank(A=) = 2|V|,
we conclude that dim(Pk, ) = |V| — 1. O
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CHAPTER 7

EFFECTS OF THE VALID INEQUALITIES

The runs in this chapter are taken on a computer with Intel Core 17-4770S CPU
@3.10GHz (8 CPUs) and 16.00GB RAM. We use CPLEX 12.9 through C++ API
(Visual Studio 2019, v142) to solve the mathematical models.

We will first go over the effects of the additional valid inequalities for different graph
classes. To do that, we created a couple of models. All of those models share the
same objective function; minimization of the weighted case of the problem, and have
the base constraints that are given at the beginning of Chapter [0]in (6.1). Note that

the binary constraints are relaxed in (6.1)).

minimize Z(wjyj +v,x;)

JeV
subject to Z x; > 1 VieV
i€A())
i€A())
$]+yl+yk§2 Vj€V> V{kﬁ7l}€A(j), k#l
i+ > wzy  VieV, VkeA())
iE€A() itk
ngj,ngl, VieV

We created a set of 10 different objective functions. Half of them weights only the
vertices that are selected to be in the set S, and the second half of them weights for
both sets S and S — per fect. Each of these 5 objective functions includes a different
range to randomize the weights in between. These are [1, 1], [-1, —1], [0, 1], [-1, 0],

and [—1, 1].
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For example, we discussed the number 6(G) (O(G)) for MinCPNSP (MaxCPNSP),
in which the cardinality of the set of S-perfect vertices are ignored. In our context,
this objective function represents the one where we weight only the vertices that are
selected to be in the set S, thus v; = 0 for all j € V, and the range we randomize
the parameter w will be in [1,1] ([—1, —1]), i.e., w will be a vector of all (minus)
ones. In other words, the first two ranges of the weights, [1, 1] and [—1, —1], does not
randomize the weights and assign the value of 1 and —1 to all of them, respectively.
[0,1] and [—1, 0] represent the ones that we minimize and maximize the weighted
cardinality among all PN sets of G, respectively. Lastly, [—1, 1] creates an objective

function where a mixture of minimization and maximization applies.

7.1 Effects of the Valid Inequalities in Trees

We first test our valid inequalities on trees. By using Algorithm @4, we have cre-
ated 1000 trees for each number of vertices of the set |V| € {5, 10, 25,50, 75,100}.
Then, we have created the corresponding weight values for these trees individually
and solved them with the base constraints that are given in (6.I). The reader can find
the percentage values of these solutions in which the LP relaxation gives an integral
solution in Table[7.1] In this table, 1 and —1 are used to represent the ranges of [1, 1]

and [—1, —1], respectively, and a value is written with bold if it is exactly 0 or 100

percent.

Table 7.1: Percentage of the integral solutions of 1000 trees with the base LP relax-

ation model.

weight on both y and x weight on y
1 -1 0,1 [-1,0] [-1,1]| Avg. 1 -1 0,1 [-1,0] [-1,1]| Avg.
5 00% 93% 10.1% 41.0% 36.0% | 193% | 55% 93% 373% 81% 41.6% |20.4%

IV

10 6.7% 12.8% 112% 204% 14.5% | 13.1% | 10.3% 0.6% 153% 09% 17.5% | 8.9%
25 03% 03% 03% 14% 12% | 07% | 01% 00% 03% 0.0% 1.5% | 0.4%
50 00% 00% 00% 00% 00% | 0.0% | 0.0% 0.0% 0.0% 0.0% 0.1% | 0.0%
75 00% 0.0% 00% 00% 00% | 0.0% | 0.0% 00% 0.0% 00% 00% | 0.0%
100 | 0.0% 0.0% 00% 00% 00% | 0.0% | 0.0% 0.0% 00% 00% 0.0% | 0.0%

Avg. | 12% 37% 3.6% 105% 8.6% | 55% | 27% 17% 8.8% 15% 10.1% | 4.9%
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Then, to understand the cumulative effect of the valid inequalities, we have solved
the same trees with the same objective function values with the combination of the
base model with all valid inequalities that are given in the finalized model in Chapter

[l The percentage values of these solutions are given in Table

Table 7.2: Percentage of the integral solutions of 1000 trees with the finalized model.

weight on both y and x weight on y
1 -1 0,1 [-1,0] [-1,1] | Avg. 1 -1 0,1 [-1,0] [-1,1]| Avg.
5 1100.0% 100.0% 98.4% 100.0% 99.0% | 99.5% | 100.0% 100.0% 100.0% 100.0% 99.8% | 100.0%
10 | 89.4% 100.0% 94.6% 98.9% 90.5% | 94.7% | 99.8% 89.7% 982% 81.9% 92.7% | 92.5%
25 | 79.6% 99.9% 79.7% 96.8% 72.7% | 85.7% | 99.5% T1.4% 96.6% 553% 75.4% | 79.6%
50 | 57.8% 99.8% 61.8% 94.4% 54.1% | 73.6% | 93.0% 48.1% 94.6% 28.6% 55.9% | 64.0%
75 | 44.8% 99.4% 482% 88.5% 35.7% | 63.3% | 93.6% 344% 90.7% 14.9% 40.5% | 54.8%
100 | 37.7% 99.0% 37.6% 83.7% 28.0% | 57.2% | 90.0% 21.5% 87.0% 72% 31.5% | 47.4%
Avg. | 682% 99.7% 70.1% 93.7% 63.3% | 79.0% | 96.0% 60.9% 94.5% 48.0% 66.0% | 73.1%

Vi

If the solution of the LP relaxation with the additional valid inequalities is integral,
then the solution would also be the optimal solution of the corresponding IP model.
Thus, by the help of the valid inequalities, the average percentage of the solutions
which can be found with the LP relaxation increases from 5.5% and 4.9% to 79.0%
and 73.1% with the valid inequalities, for the weights on both 3 and = and the weight

on only y, respectively.

It is found that valid inequalities are significantly helpful on the instances where
weights are assigned as —1 for both y and z, because the average percentage increases
from 3.7% to 99.7%. Even for a large tree with |V'| = 100, the average percentage of
the integral solutions is found as 99.0%. Another significant improvement with the
valid inequalities occurs for the problems with weights in between [0, 1] for only y.
The average percentage of the integral solutions for these problems increases from
8.8% to 94.5%. Lastly, a similar improvement occurs on the range [—1, 0] for both y

and = where the percent increases from 10.5% to 93.7%.

With the addition of the valid inequalities, the number 6(7") can be found by solving
an LP relaxation with 96.0% chance for our instances. Even for a large tree with

|V| = 100, the percentage is increased from 0.0% to 90.0%.
We also analyzed the effects of the valid inequalities individually. Even though indi-
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vidual effects are dependent on the previous set of constraints, we take the order of
our finalized model into account and solved the same problems by adding the valid
inequalities one by one into the model and produced the same percentage tables after
each of those additions. The tables can be found in Appendix [Bl We provide the av-
erage percentages of the integral solutions from these tables for both y and x and for
y only in Figure In this figure, “Base” is used to represent the percentages of the

solutions with the base model without any addition of valid inequalities.

100 T T T T T T
80 - 86— o9
60 |-
40 -
20 | —&- Weight on both y and x
—— Weight on y

Base [6.91 [e.101[6.1T1[6.151[6.161[6.171[6.18116.19116.20116.21116.22116.23116.24]

Figure 7.1: Average percentages of the integral solutions of trees with the addition of

each valid inequality in the order of the finalized model.

In the figure, it can be seen that constraints [6.7} [6.6]and [6.2] create the most significant
increases in average percentages, 22.13%, 17.97% and 11.27%, respectively. Fourth
best increase is for Constraint with 3.01%.

It is usually expected that an addition of valid inequality increases the percentage.
However, there are some cases where the percentage decreases. For example, the
average percentage of the problems with weight on only y decreases from 60.9%
to 60.3% with the addition of Constraint This is because in some problems,
the model finds an integral solution even though there are other feasible non-integral
solutions with the same objective value. By the addition of a new valid inequality,
since the constraints are changed, the model might return one of the alternative non-
integral solutions if the addition of new constraint does not cut the alternative solution,
causing a decrease in the percentage. However, the same does not apply for the
optimal value; the optimal objective function value of a problem cannot decrease (for

a minimization problem) with an addition of a valid inequality. Thus, it might also be
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helpful to find the “optimal objective function values” of the solutions returned.

Secondly, there might be a valid inequality where its improvement might be relatively
small in terms of the percentage but relatively high in the optimal objective function
value. Assume there exists a valid inequality, where change within the optimal objec-
tive function value of the LP relaxation model before and after the constraint is added
is significant, but the solution is still returned non-integral after the addition. In the
percentage study, it is shown as there is no change with the addition of this inequality,
since both solutions are non-integral. However, we might have an objective function
value which is much more closer (or even equal) to the optimal objective function
value of the IP after the addition of the inequality. To see such effects, we did the
same study for the optimal objective function values of the problems with the addi-
tion of each constraint, which can be found in Figure Note that we did not split
the solutions into two groups according their weights, similar to Figure for this

figure.
.10°
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Figure 7.2: Total optimal objective function values of the solutions of trees with the

addition of each valid inequality in the order of the finalized model.

The total optimal objective function values of the IP solutions are also provided,
where the decision variables are restricted to be binaries. We observe that 97.70%
of the difference of the total optimal objective function values in between the LP
relaxation model of the base formulation to IP is cut by the addition of valid inequal-
ities given in the finalized model. Additionally, to find the cumulative effects of the
inequalities that are given after the finalized model in Proposition [6.23|to [6.25] we

solved the LP relaxation by adding these inequalities and found that the percentage
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increases from 97.70% to 98.06%.

We also observe that, similar to the percentage study, constraints [6.6]and [6.2] in-
crease the total optimal objective function values the most. However, the increase of
the optimal objective function values are more significant for Constraint[6.6]then Con-
straint even though Constraint has the highest increase in the percentage of

the integral solutions. Lastly, Constraint[6.5]also increases the objective significantly.

While these two figures show the solution quality, we would also like to analyze the

solution times of these instances. For this, Figure|[/.3|is provided.
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Figure 7.3: Total time of the solutions (in seconds) of trees with the addition of each

valid inequality in the order of the finalized model.

We observe that Constraint [6.6]is very useful. With the addition of it, the percentage
of the integral solutions increases by 17.97%, the average optimal objective function
values increases by 47.21% of the difference between base LP relaxation to IP, and

the solution time decreases by 0.62% compared to the case before its addition.

It is also realized that, Constraint and [6.2] the remaining two of the top three
constraints with the highest effects on both percentage and total optimal objective
function value study, have the highest increase in solution time. Thus, there is a
chance that their addition on an IP problem might increase the solution time. Even
though their addition creates a stronger model which may decrease the solution time,
the time of one LP relaxation solution with these constraints increases, for example,

on a branch-and-bound algorithm for IP.

We observe that the constraints that are added earlier have generally better effects on
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the solution quality and time. As mentioned earlier, their effects are dependent on the
previous set of constraints. Observe that with the addition of the inequalities given
after the finalized model, we found that the model decreases the difference between
base LP relaxation and IP in terms of the optimal objective function value by 98.06%.
This means that an additional of a valid inequality to our finalized model with the
inequalities in Proposition to can only increase this percentage by 1.94%
even though it might be very crucial, possibly defining the perfect neighborhood set
polytope in trees. Thus, such a valid inequality has no chance to be seen as more
effective then, for example, Constraint [6.6] Therefore, we wanted to do the same
study but with a different order, and we take the opposite order of the finalize model.
The same figures for the opposite order can be found in Figures and
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Base [6.24116.231[6.22116.21][6.20 6.18] 6.16][6.15116.111[6.10 [6.2]

Figure 7.4: Average percentages of the integral solutions of trees with the addition of

each valid inequality in the opposite order of the finalized model.
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Figure 7.5: Total optimal objective function values of the solutions of trees with the

addition of each valid inequality in the opposite order of the finalized model.
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Figure 7.6: Total time of the solutions (in seconds) of trees with the addition of each

valid inequality in the opposite order of the finalized model.

Lastly, we consider one random order of our inequalities and done the same study for

the order. The figures for this order can be found in Figures and
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Figure 7.7: Average percentages of the integral solutions of trees with the addition of

each valid inequality in the random order of the finalized model.

Combining the results for the three orders, we observe that constraints [6.5] [6.6] [6.11]
and [6.23] are the most important valid inequalities for trees. Either the ratio of the
increase in percentage and the optimal objective function values to the increase in
solution time is the highest for them, or they are the ones that increase the percentage

and the optimal objective function values while decreasing the solution time.

A second group of constraints are selected as [6.2] [6.10|and [6.24] which gives a good
results in terms of the solution quality and time but not as good as the constraints that

listed above for trees. We have made additional computational studies to find their
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Figure 7.8: Total optimal objective function values of the solutions of trees with the

addition of each valid inequality in the random order of the finalized model.

200 — : — : x x

180 | .

160

140

120

100
807 1

Base 6267606362006, 68 G210 [REN LI RN E
Figure 7.9: Total time of the solutions (in seconds) of trees with the addition of each

valid inequality in the random order of the finalized model.

effects further.

Constraint is not listed here because while it creates one of the most increases in
the solution quality, it also increases solution time sharply, and the ratio to increase in

quality to time is much smaller than those listed above.

7.2 Effects of the Valid Inequalities in G(n,2/n + 0.03)

We made the same study that is done for the trees for arbitrary graphs in order to
further study the constraints. To randomize an arbitrary graph, we used Erd6s—Rényi

random graph model with G(n, p). Given two inputs n and p where n is a positive
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integer and 0 < p < 1, a graph with n vertices is randomized in which the probability
of occurrence of each edge is p. We assumed that the graphs are connected (otherwise,
each connected component can be input to the model individually), and randomized

another graph if the output of G(n, p) is not a connected graph.

We first considered graphs with low densities, where the set of number of vertices
V] € {5,10,25,50} and p = 2/n + 0.03 are used. For each combination of |V| and
weight, we have randomized 500 connected graphs and solved them with LP relax-
ation to see the percentages of the integral solutions. The percentages for the base
model without any valid inequalities, and the final model with all valid inequalities

can be found in Table[73]and [7.4

Table 7.3: Percentage of the integral solutions of 500 connected graphs of G(n,2/n+
0.03) with the base LP relaxation model.

weight on both y and = weight on y
1 -1 0,1 [-1,0] [-1,1] | Avg. 1 -1 0,1 [-1,0] [-1,1] | Avg.
5 00% 20% 38% 18.6% 24.0% | 97% | 2.0% 1.8% 338% 4.0% 352% |15.4%
10 0.6% 00% 3.0% 56% 92% | 37% |11.6% 00% 208% 0.0% 19.2% | 10.3%
25 | 00% 00% 0.0% 00% 04% | 01% | 08% 00% 3.6% 00% 24% | 1.4%
50 | 0.0% 0.0% 0.0% 0.0% 00% |00% | 00% 00% 1.0% 00% 00% | 02%
Avg. | 02% 05% 17% 61% 84% | 34% | 3.6% 05% 148% 1.0% 142% | 6.8%

Vi

Table 7.4: Percentage of the integral solutions of 500 connected graphs of G(n,2/n+
0.03) with the finalized model.

weight on both y and x weight on y
1 -1 0,1 [-1,0] [-1,1] | Avg. 1 -1 0,1 [-1,0] [-1,1] | Avg.
5 520% 57.6% 58.8% 73.6% 81.4% |647% | 602% 76.0% 100.0% 89.6% 95.8% | 84.3%
10 | 244% 33.0% 30.6% 57.6% 43.4% |37.8% | 52.6% 244% 91.8% 35.8% 62.6% | 53.4%
25 32% 78%  38% 232%  9.6% | 95% | 558% 0.4% 73.4% 1.4% 17.8% | 29.8%
50 0.0% 02%  0.0% 20% 00% | 04% | 11.0% 00% 458% 0.0% 02% | 11.4%
Avg. | 199% 247% 233% 391% 33.6% | 28.1% | 449% 252% 778% 31.7% 44.1% | 44.7%

Vi

We observe that the effects of the valid inequalities decreases when we consider non-
tree graphs, even though these graphs G(n,2/n + 0.03) are very close to trees. A
graph with G(n, 2/n) would have n— 1 edges on average which is equal to the number

of edges of a tree, and we only increase this probability by 0.03 in these instances. We

98



observe that the average percentages for both y and z, and for only y are increased

from 3.4% and 6.8% to 28.1% and 44.7%, respectively.

Similar to the ones of trees, we have made the figures of these solutions in terms of

the solution quality and time. These can be found in Figure [7.10] [7.11]and[7.12]
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Figure 7.10: Average percentages of the integral solutions of G(n,2/n + 0.03) with

the addition of each valid inequality in the order of the finalized model.
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Figure 7.11: Total optimal objective function values of the solutions of G(n,2/n +

0.03) with the addition of each valid inequality in the order of the finalized model.

We observe that Constraint creates a significant improvement on percentages,
which is written for all maximal cliques C'. In a tree, we have |C'| < 2 which decreases
the effect of the constraint. Additionally, other constraints that found to be helpful

for trees are still the ones that increase the solution quality the most for the graphs

G(n,2/n + 0.03).
Similar to the trees, Constraint increases both solution quality and time. For
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Figure 7.12: Total time of the solutions (in seconds) of G(n,2/n + 0.03) with the

addition of each valid inequality in the order of the finalized model.

G(n,2/n + 0.03), time increases sharply with 82.22% with its addition, which de-

creases the ratio of the increase in solution quality to time from trees to G(n,2/n +

0.03).

7.3 Effects of the Valid Inequalities in G(n, 0.8)

Lastly, we have done the test for more densely connected graphs. We have cre-
ated 200 graphs of G(n,0.8) for each weight and each number of vertices in |V| €
{5,10,25,50}. The percentages for the base model without any valid inequalities,
and the final model with all valid inequalities can be found in Table[7.5and[7.6]

Table 7.5: Percentage of the integral solutions of 200 connected graphs of G(n, 0.8)

with the base LP relaxation model.

weight on both y and z weight on y
1 -1 0,1 [-1,0] [-1,1] | Avg. 1 -1 0,1 [-1,0] [-1,1] | Avg.
5 0.0% 00% 00% 60% 140% | 40% | 00% 0.0% 7.0% 05% 27.5% | 7.0%
10 | 0.0% 00% 00% 00% 0.0% |0.0% | 00% 00% 00% 00% 45% | 09%
25 0.0% 00% 00% 00% 0.0% |00% | 0.0% 0.0% 00% 00% 0.0% |0.0%
50 | 00% 00% 00% 00% 00% |00% | 0.0% 0.0% 00% 0.0% 0.0% |0.0%
Avg. | 00% 0.0% 0.0% 1.5% 35% | 1.0% | 00% 00% 18% 0.1% 8.0% | 2.0%

Vi

With the addition of valid inequalities, the model is capable of solving all the prob-
lems by the LP relaxation of the model for the weight on only y in the range [0, 1],
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Table 7.6: Percentage of the integral solutions of 200 connected graphs of G(n, 0.8)
with the finalized model.

weight on both y and = weight on y
1 -1 0,1 [-1,0] [-1,1]| Avg. 1 -1 [0,1] (-1,0] [-1,1] | Avg.
5 24.5% 41.5% 25.5% 713.0% 68.0% | 46.5% | 33.0% 82.0% 100.0% 83.5% 93.5% | 78.4%
10 0.0% 0.0% 0.0% 45% 50% | 1.9% | 32.5% 1.5% 100.0% 3.0% 11.5% | 29.7%
25 00% 00% 0.0% 00% 00% | 00% | 0.0% 0.0% 1000% 00% 0.0% | 20.0%
50 0.0% 0.0% 00% 00% 0.0% | 0.0% 05% 0.0% 100.0% 0.0% 0.0% | 20.1%
Avg. 6.1% 104%  64% 194% 183% | 12.1% | 16.5% 209% 100.0% 21.6% 26.3% | 37.1%

Vi

i.e., the weighted case of #(G). We observed that this starts with the addition of Con-
straint[6.2] that means, the base model with the addition of Constraint[6.2]is capable of
solving the weighted case of 6(G) for our instances, i.e., gives an average of 100.0%
integral solutions with LP relaxation for these problems. This is one of the cuts that

is found to be the most significant for the other test instances as well.

The figures for the solution quality and the time, similar to the previous instances, can
be found in Figures [7.13] [7.14] and [7.15]
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Figure 7.13: Average percentages of the integral solutions of G(n,0.8) with the ad-

dition of each valid inequality in the order of the finalized model.

In the solution quality, we observe that the same constraints that are found to be effec-
tive for the trees and the graphs of G(n,2/n + 0.03) are also effective for G(n, 0.8).
We observe almost no effect in terms of the percentage of the integral solutions and

the increase in the total optimal objective function values for the constraints except

6.2 [6.7] [6.11] and [6.20] for G(n, 0.8).
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Figure 7.14: Total optimal objective function values of the solutions of G(n, 0.8) with

the addition of each valid inequality in the order of the finalized model.
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Figure 7.15: Total time of the solutions (in seconds) of GG(n, 0.8) with the addition of

each valid inequality in the order of the finalized model.

Additionally, Constraint again increases the time for these instances with Con-
straint The increase in time for Constraint occurs more drastically in
G(n,0.8), then for G(n,2/n + 0.03). The reason behind this could be that the
constraint is written for a vertex j which satisfies |A(j)| > 3. In a more densely
connected graph, this occurs more frequently, resulting increase in the number of

constraints, and then possibly increase in time for one LP relaxation solution.

7.4 Selection of a Subset of Valid Inequalities

According to the results of our instances, we select a subset of additional valid in-

equalities in order to decrease the solution time of the IP model without any valid
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inequality. We observed that Constraints[6.2] [6.1T]and [6.20]are much more effec-
tive in terms of the solution quality than the others, but Constraint also increases
the solution time significantly. The increases in percentage are 82.22% and 83.15%
for the instances G(n,2/n + 0.03) and G(n, 0.8), respectively. Similar to Constraint
we observe that Constraint [6.2] increases the solution time significantly as well.
However, the increase is less than Constraint and it is the one that increases the
percentage of integral solutions with the weight on only y for graphs G(n, 0.8), in the
range [0, 1], from 1.8% to 100.0%. Thus, we did not eliminate Constraint|6.2|and we
have selected Constraints [6.2] [6.11] and [6.20] to be in our subset of valid inequalities
by discarding only Constraint[6.7]from these constraints.

We have also made a ratio analysis and sorted the constraints in terms of their ratios
of the increase in solution quality to increase in solution time (or possible decrease in
solution time), which also enabled us to discard Constraint for example. In this

analysis, even though their effects are seen to be less significant, we observed that

constraints [6.3] [6.6] [6.8] [6.16] [6.23] and [6.24] can be added into the subset.

In this list, constraints [6.3] [6.6] and are mentioned to be effective on trees but
their effects were smaller for arbitrary graphs. That is because all of these constraints
are written more in loosely connected graphs, which maximizes their effects on trees.
Yet, their ratios are one of the highest ones in our analysis for G(n,2/n + 0.03) and

G(n,0.8) graphs as well.

Overall, we have created the subset of valid inequalities to be added into the model to

possible decrease the solution time of IP. The subset is selected to be constraints [6.2]

[6.5,6.61 6.8} [6.111 [6.16] [6.201 [6.23] and [6.24]

7.5 Effects of the Subset of the Valid Inequalities in the Solution Time of IP

We compare two models, the base IP model with the IP model with additional valid
inequalities listed in the subset in terms of the solution time. We considered G(n, p)
model with the number of vertices values of n = {100, 150,200} and probability
values of p = {3/n,4/n,5/n}. In all of the instances, we randomized the weights

in the range of [—1, 1] for both y and z. For each combination of n and p, we have
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randomized 50 connected graphs. Moreover, we have selected a time limit for the
solution of the model as 1 hour and used the default MIP gap limits of CPLEX.
Average and median of the solution times for each combination can be found in Table
and respectively. Additionally, ratios of the values of advanced model to
base model are also provided. We call the model with additional valid inequalities

advanced model.

Table 7.7: Average solution times (in seconds) of the 50 instances of each combina-

tion with the base model and the advanced model with the subset of valid inequalities.

Base Model Advanced Model Ratio (Adv / Base)
Pl 3/n 4/n 5/n | 3/n  4/n  5/n | 3/n 4/n 5/n

100 1.00 4.13 10.03| 053 245 694|054 0.59 0.69
150 7.19 3811 1535 | 3.90 30.31 1186 | 0.54 0.80 0.77
200 | 33.02 476.9 2824 | 21.79 3482 2723 |0.66 0.73 0.96

Table 7.8: Median solution times (in seconds) of the 50 instances of each combination

with the base model and the advanced model with the subset of valid inequalities.

Base Model Advanced Model Ratio (Adv / Base)
Py 3/n 4/n 5/n | 3/n 4/n  5/n | 3/n 4/n 5/n

n
100 096 261 1009 | 041 1.71 479|043 0.65 047
150 435 26.06 72.76 | 2.11 2548 60.61 | 0.48 0.98 0.83
200 |23.95 128.1 3601 | 11.74 84.67 3709 | 0.49 0.66 1.03

Even though we found that the solution times for both models might be much more
than 1 hour without a time limit in preliminary experiments, we observe that the MIP
gap is found as negligibly small with a time limit of 1 hour in all instances. Average
objective function values and best objective function values can be found in Table

and[7.10] respectively. “Dift.” represents the difference.

We observe that 30% and 33% improvement occurred on the average and median of
the solution times for our instances with the additional valid inequalities, respectively,

while the MIP gap decreases with the additional valid inequalities.
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Table 7.9: Average objective function value of the 50 instances of each combination

with the base model and the advanced model with the subset of valid inequalities.

Base Model Advanced Model Diff. (Adv - Base)
aNP | 3/n 4/n 5/n 3/n 4/n 5/n | 3/n 4/n 5/n

100 | =30.07 —-28.97 —-29.75 | —-30.07 —28.97 —-29.75|0.00 0.00  0.00
150 | —43.90 —43.62 —44.03 | —43.90 —43.62 —44.03 |0.00 0.00  0.00
200 | —58.98 —59.37 —58.86 | —58.98 —59.38 —58.97 | 0.00 —-0.01 —0.11

Table 7.10: Average best objective function value of the 50 instances of each combi-
nation with the base model and the advanced model with the subset of valid inequal-

ities.

Base Model Advanced Model Diff. (Adv - Base)
P| 3/n 4/n 5/n 3/n 4/n 5/n | 3/n 4/n 5/n

n
100 | =30.07 —28.97 —29.75 | —30.07 —28.97 —29.75|0.00 0.00 0.00
150 | —43.91 —43.62 —44.03 | —43.91 —43.62 —44.03 | 0.00 0.00 0.00
200 | —58.99 —59.46 —60.27 | —58.99 —59.44 —60.07 | 0.00 0.02 0.20
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CHAPTER 8

CONCLUSION

In this thesis, we studied the minimum weighted perfect neighborhood set problem.
Only, the unweighted version of this problem has been studied before in the liter-
ature. We first propose a linear time algorithm for trees for the MinWPNSP. This
algorithm is a generalization of the algorithm proposed by Hedetniemi et al. (1997)
[1]]. Moreover, we have observed that the original algorithm had many flaws. We have
corrected the multiplication table that is used in the original algorithm. To check the
correctness of the generalized algorithm, we proposed an integer programming (IP)
formulation for the MinWPNSP that is applicable to general graphs. We observed
that the generalization of the algorithm of Hedetniemi et al. (1997) [1]] runs much

faster than the IP formulation on randomly generated trees.

We, then, made this formulation stronger with additional valid inequalities. We char-
acterized the perfect neighborhood set polytope for star graphs and complete graphs
by the help of the valid inequalities. Then, we made a detailed analysis of the individ-
ual effects of the valid inequalities, and selected a subset of these valid inequalities
for the comparison. We compared the IP formulation with and without the selected
subset of the valid inequalities in terms of the time and observed that the solution
times decrease about 30% for the Erd6s—Rényi random graph model with G(n, p)

with lower densities.

The MinWPNSP can be considered in future studies. In particular, specific algo-
rithms can be designed for some graph classes that beat the IP formulation in terms
of solution time. Moreover, the case when w;’s are all zero and v;’s are all 1 or —1

can deserve some attention.
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Figure A.1: Example of classes from [1'] to [11.1].
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Figure A.2: Example of classes from [11.2] to [14].
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Appendix B

APPENDIX

Table B.1: Percentage of the integral solutions of 1000 trees after Constraint 6.2]is
added to the base model.

weight on both y and = weight on y

1 -1 0,1 [-1,0] [-1,1] | Avg. 1 -1 [0,1] [-1,0] [-1,1] | Avg.
5 0.0% 93% 151% 41.0% 36.8% |204% | 92.6% 9.3% 1000% 8.1% 51.8% | 52.4%
10 | 23.7% 13.5% 162% 204% 154% | 178% | 70.5%  0.6% 93.0% 09% 24.9% | 38.0%
25 21%  0.3% 1.0% 1.4% 1.3% | 12% | 552% 00% 844% 00%  3.8% | 28.7%
50 01% 0.0% 0.0% 00% 00% | 0.0% | 206% 0.0% 68.7% 00% 03% | 17.9%
75 00% 00% 00% 00% 0.0% | 0.0% 34% 00% 549% 00% 0.0% | 11.7%
100 | 00% 00% 0.0% 00% 0.0% | 00% | 41% 0.0% 455% 00% 0.0% | 9.9%
Avg. | 43% 39% 54% 105% 89% | 6.6% | 41.1% 1.7% T44% 1.5% 13.5% | 26.4%

Vi

Table B.2: Percentage of the integral solutions of 1000 trees after Constraint is
added to the model of Table

weight on both y and z weight on y
1 -1 0,1 [-1,0] [-1,1] | Avg. 1 -1 0,1 [-1,0] [-1,1] | Avg.
5 0.0% 93% 302% 41.0% 425% | 24.6% | 100.0% 9.3% 1000% 8.1% 51.8% | 53.8%
10 | 258% 135% 30.0% 204% 192% |21.8% | 921% 0.6% 93.0% 09% 24.9% | 42.3%
25 22%  03% 4.3% 1.4%  22% | 21% | 88.4% 0.0% 844% 0.0% 3.8% | 35.3%
50 0.1% 00% 0.0% 0.0% 01% | 0.0% | 454% 0.0% 68.7% 0.0% 0.3% | 22.9%
75 0.0% 00% 00% 00% 00% | 00% | 104% 0.0% 549% 00% 0.0% | 13.1%
100 0.0% 00% 00% 00% 00% | 00% | 250% 0.0% 455% 00% 0.0% | 14.1%
Avg. | 47% 39% 108% 10.5% 10.7% | 8.1% | 60.2% 1.7%  74.4% 1.5% 13.5% | 30.3%

Vi
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Table B.3: Percentage of the integral solutions of 1000 trees after Constraint 1s
added to the model of Table

v weight on both y and z weight on y
1 -1 0,1 [-1,0] [-1,1] | Avg. 1 -1 0,1 [-1,0] [-1,1] | Avg.
5 [1000% 93% 93.5% 473% 823% | 66.5% | 100.0% 66.1% 100.0% 74.4% 87.8% | 85.7%
10 | 721% 145% 819% 253% 62.0% | 51.2% | 96.7% 349% 93.0% 48.1% 71.6% | 68.9%
25 | 574% 03% 585% 3.0% 27.0% |292% | 91.6% 58% 84.4% 155% 40.8% | 47.6%
50 | 297% 00% 339% 01% 79% | 143% | 720% 0.7% 68.7% 2.7% 17.1% | 32.2%
75 145% 0.0% 19.6% 0.0% 32% | 7.5% | 439% 0.0% 549% 02% 7.1% | 21.2%
100 84% 0.0% 103% 0.0% 1.2% | 40% | 31.9% 00% 455% 0.0% 3.6% | 17.4%
Avg. | 47.0%  4.0% 49.6% 12.6% 30.6% | 28.8% | 73.7% 17.9% 744% 23.5% 38.0% | 45.5%

Table B.4: Percentage of the integral solutions of 1000 trees after Constraint is

added to the model of Table

v weight on both y and x weight on y
1 -1 0,1 [-1,0] [-1,1] | Avg. 1 -1 0,1 [-1,0] [-1,1] | Avg.
5 1100.0% 100.0% 93.5% 92.9% 89.0% | 95.1% | 100.0% 100.0% 100.0% 79.5% 90.0% | 93.9%
10 | 73.1% 99.9% 83.5% 86.3% 72.6% | 83.1% | 99.8% 742% 96.8% 562% 77.8% | 81.0%
25 | 57.4% 99.5% 642% 69.6% 46.4% | 67.4% | 99.4% 43.2% 952% 23.1% 51.7% | 62.5%
50 | 309% 97.7% 403% 48.0% 225% | 479% | 91.3% 16.0% 90.1% 5.1% 27.4% | 46.0%
75 15.4% 932% 242% 32.6% 104% |352% | 81.7% 6.6% 85.0% 09% 13.9% | 37.6%
100 97% 913% 13.8% 234%  5.8% | 288% | 758% 22% 792% 0.0% 7.0% | 32.8%
Avg. | 478% 969% 533% 588% 41.1% |59.6% | 91.3% 40.4% 91.1% 27.5% 44.6% | 59.0%

Table B.5: Percentage of the integral solutions of 1000 trees after Constraint [6.8| is

added to the model of Table

v weight on both y and x weight on y
1 -1 0,1 [-1,0] [-1,1] | Avg. 1 -1 0,1 [-1,0] [-1,1] | Avg.
5 [100.0% 100.0% 93.5% 953% 89.4% | 95.6% | 100.0% 100.0% 100.0% 79.5% 90.2% | 93.9%
10 | 73.1% 99.8% 83.5% 89.0% 732% | 83.7% | 99.8% 742% 96.8% 562% 78.0% | 81.0%
25 | 574% 99.5% 642% 75.6% 47.6% | 689% | 99.4% 43.2% 952% 23.1% 52.7% | 62.7%
50 | 31.0% 97.7% 403% 57.8% 23.1% | 50.0% | 91.0% 164% 90.1% 5.1% 28.1% | 46.1%
(G 158% 94.3% 242% 41.0% 11.0% |373% | 81.8% 64% 85.0% 09% 14.3% | 37.7%
100 | 10.0% 90.9% 13.8% 31.7%  6.0% | 30.5% | 744% 2.1% 792% 0.0% 7.3% | 32.6%
Avg. | 479% 97.0% 533% 651% 41.7% | 61.0% | 91.1% 40.4% 91.1% 27.5% 45.1% | 59.0%
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Table B.6: Percentage of the integral solutions of 1000 trees after Constraint 1s
added to the model of Table

v weight on both y and x weight on y
1 -1 0,1 [-1,0] [-1,1]| Avg 1 -1 0,1 [-1,0] [-1,1] | Avg
5 11000% 100.0% 942% 953% 90.1% | 95.9% | 100.0% 100.0% 100.0% 79.5% 91.8% | 94.3%
10 | 727% 99.8% 83.5% 89.0% 74.5% | 83.9% | 1000% 74.2% 98.2% 562% 79.8% | 81.7%
25 | 57.5% 99.5% 643% 75.6% 493% | 69.2% | 99.7% 432% 96.6% 23.1% 54.1% | 63.3%
50 | 31.0% 97.3% 40.7% 57.8% 25.8% | 50.5% | 922% 164% 93.8%  5.1% 29.8% | 47.5%
75| 160% 94.5% 24.5% 41.0% 12.0% | 37.6% | 82.0% 6.8% 89.7%  0.9% 15.7% | 39.0%
100 | 9.1% 922% 142% 317%  6.6% | 30.8% | 76.0% 2.1% 853% 0.0%  8.3% | 343%
Avg. | 477% 972% 53.6% 65.1% 43.1% | 61.3% | 91.7% 405% 93.9% 21.5% 46.6% | 60.0%
Table B.7: Percentage of the integral solutions of 1000 trees after Constraint|6.10|is
added to the model of Table
vl weight on both y and z weight on y
1 -1 0,1 [-1,0] [-1,1]| Avg 1 -1 0,1 [-1,0] [-1,1] | Avg
5 11000% 100.0% 942% 98.0% 91.9% | 96.8% | 100.0% 100.0% 100.0% 80.2% 93.0% | 94.6%
10 | 728% 99.8% 83.5% 95.5% 79.0% | 86.1% | 100.0% 74.2% 982% 57.1% 82.5% | 82.4%
25 | 57.5% 99.7% 643% 88.0% 56.8% | 73.3% | 99.7% 43.4% 96.6% 24.9% 59.1% | 64.7%
50 | 300% 97.9% 40.7% 78.8% 33.5% | 56.2% | 912% 168% 93.8% 5% 35.1% | 48.5%
75| 164% 96.7% 245% 66.6% 17.1% | 44.3% | 80.9%  6.4% 89.7%  09% 19.6% | 39.5%
100 | 9.8% 942% 142% 582%  9.5% | 372% | 78.7%  22% 853%  0.1% 11.4% | 35.5%
Avg. | 478% 98.1% 53.6% 80.9% 48.0% | 65.6% | 91.8% 40.5% 93.9% 282% 50.1% | 60.9%
Table B.8: Percentage of the integral solutions of 1000 trees after Constraint (6.11]is
added to the model of Table
v weight on both y and x weight on y
1 -1 0,1 [-1,0] [-1,1]| Avg 1 -1 0,1 [-1,0] [-1,1] | Avg
5 11000% 100.0% 942% 99.5% 92.9% | 97.3% | 100.0% 100.0% 100.0% 82.6% 94.5% | 95.4%
10 | 73.0% 100.0% 84.6% 98.0% 82.0% | 87.5% | 94.1% 76.8% 98.2% 61.9% 84.7% | 83.1%
25 | 577% 99.9% 655% 93.6% 61.7% | 75.7% | 97.9% 453% 96.6% 28.8% 63.6% | 66.4%
50 | 313% 99.7% 412% 882% 39.3% | 59.9% | 91.8% 18.1% 94.6%  8.6% 40.7% | 50.8%
750 162% 99.1% 257% 80.4% 21.1% | 48.5% | 62.6%  83% 90.7% 1.7% 24.3% | 37.5%
100 | 10.0% 99.0% 157% 734% 13.7% | 424% | 553%  33% 87.0% 03% 157% | 32.3%
Avg. | 48.0% 99.6% 54.5% 889% 51.8% | 68.6% | 83.6% 42.0% 945% 30.7% 53.9% | 60.9%
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Table B.9: Percentage of the integral solutions of 1000 trees after Constraint |6.15|is
added to the model of Table
v weight on both y and z weight on y
1 -1 0,1 [-1,0] [-1,1]| Avg 1 -1 0,1 [-1,0] [-1,1]| Avg
5 11000% 100.0% 96.5% 99.5% 93.6% | 97.9% | 100.0% 100.0% 100.0% 82.6% 94.5% | 95.4%
10 | 83.0% 100.0% 87.7% 98.0% 834% | 904% | 95.0% 77.0% 982% 61.9% 84.7% | 83.4%
25 | 701% 99.9% 69.7% 93.6% 63.4% | 79.3% | 97.0% 454% 96.6% 28.8% 63.6% | 66.3%
50 | 46.9% 99.7% 472% 882% 40.7% | 64.5% | 762% 18.1% 94.6%  8.6% 40.7% | 47.6%
75| 320% 99.4% 32.6% 804% 23.0% | 53.5% | 60.4%  82% 90.7% 1.7% 243% | 37.1%
100 | 243% 98.8% 22.6% 73.4% 154% | 46.9% | 551% 32% 87.0% 03% 15.7% | 32.3%
Avg. | 594% 99.6% 594% 88.9% 533% | 72.1% | 80.6% 42.0% 94.5% 30.7% 53.9% | 60.3%
Table B.10: Percentage of the integral solutions of 1000 trees after Constraint|6.16|1s
added to the model of Table
v weight on both y and x weight on y
1 -1 [0, [-1,0] [-1,1]| Avg. | 1 -1 [0,1] [-1,0] [-1,1]| Avg.
5 1100.0% 100.0% 97.1% 99.5% 94.3% | 98.2% | 100.0% 100.0% 100.0% 82.6% 94.5% | 95.4%
10 | 87.3% 100.0% 90.6% 98.0% 84.1% | 92.0% | 98.1% 76.9% 982% 61.9% 84.7% | 84.0%
25 | 750% 99.9% 73.6% 93.6% 65.7% | 81.6% | 98.6% 454% 96.6% 28.8% 63.6% | 66.6%
50 | 545% 99.6% 53.8% 882% 43.6% | 67.9% | 93.9% 182% 94.6%  8.6% 40.7% | 51.2%
75 | 40.1% 99.2% 37.8% 80.4% 254% | 56.6% | 87.4%  82% 90.7%  1.7% 24.3% | 42.5%
100 | 31.8% 98.8% 283% 734% 17.4% | 499% | 86.1%  32% 87.0% 03% 15.7% | 38.5%
Avg. | 648% 99.6% 635% 889% 55.1% | T4.4% | 94.0% 42.0% 945% 30.7% 53.9% | 63.0%
Table B.11: Percentage of the integral solutions of 1000 trees after Constraint|6.17|1s
added to the model of Table W
v weight on both y and x weight on y
1 -1 0,1 [-1,0] [-1,1]| Avg 1 -1 0,1 [-1,0] [-1,1]| Avg
5 |100.0% 100.0% 98.2% 99.5% 95.3% | 98.6% | 100.0% 100.0% 100.0% 86.8% 96.2% | 96.6%
10 | 87.2% 100.0% 912% 98.7% 86.2% | 92.7% | 983% 80.6% 98.2% 753% $8.9% | 88.3%
25 | 759% 99.9% 75.0% 964% 69.3% | 83.3% | 98.1% 523% 96.6% 46.0% 70.6% | 72.7%
50 | 55.6% 99.8% 56.5% 93.6% 48.3% | 70.8% | 93.6% 254% 94.6% 19.8% 50.1% | 56.7%
75| 413%  993% 412% 872% 29.4% | 59.7% | 86.1% 13.6% 90.7%  8.8% 32.9% | 46.4%
100 | 348% 99.0% 32.1% 82.8% 20.5% | 538% | 843%  54% 87.0% 3.0% 24.7% | 40.9%
Avg. | 658% 99.7% 657% 93.0% 58.2% | 76.5% | 93.4% 462% 94.5% 40.0% 60.6% | 66.9%
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Table B.12: Percentage of the integral solutions of 1000 trees after Constraint|6.18|is
added to the model of Table
v weight on both y and x weight on y
1 -1 0,1 [-1,0] [-1,1]| Avg 1 -1 0,1 [-1,0] [-1,1] | Avg
5 | 100.0% 100.0% 98.2% 99.5% 96.1% | 98.8% | 100.0% 100.0% 100.0% 86.8% 96.2% | 96.6%
10 | 87.2% 1000% 912% 98.7% 86.2% | 92.7% | 98.3% 80.6% 98.2% 75.3% 88.9% | 88.3%
25 | 759% 99.9% 75.0% 96.4% 69.3% | 83.3% | 98.1% 523% 96.6% 46.0% 70.6% | 72.7%
50 | 55.6% 99.8% 56.5% 93.6% 48.3% | 70.8% | 93.6% 254% 94.6% 19.8% 50.1% | 56.7%
75| 413% 993% 412% 872% 29.4% | 59.7% | 86.1% 13.6% 90.7%  8.8% 32.9% | 46.4%
100 | 34.8% 99.0% 32.1% 82.8% 20.5% | 53.8% | 843%  54% 87.0% 3.0% 24.7% | 40.9%
Avg. | 658% 997% 65.7% 93.0% 583% | 76.5% | 93.4% 462% 94.5% 40.0% 60.6% | 66.9%
Table B.13: Percentage of the integral solutions of 1000 trees after Constraint|6.19|1s
added to the model of Table
vl weight on both y and z weight on y
1 -1 0,1 [-1,0] [-1,1]| Avg 1 -1 [0,1] [-1,0] [-1,1] | Avg
5 1100.0% 100.0% 982% 99.5% 96.1% | 98.8% | 100.0% 100.0% 100.0% 86.8% 96.2% | 96.6%
10 | 872% 100.0% 912% 98.7% 86.2% | 92.7% | 983% 80.6% 98.2% 75.3% 88.9% | 88.3%
25 | 759% 99.9% 75.0% 96.4% 69.3% | 83.3% | 98.1% 523% 96.6% 46.0% 70.6% | 72.7%
50 | 55.6% 99.8% 56.5% 93.6% 48.3% | 70.8% | 93.6% 254% 94.6% 19.8% 50.1% | 56.7%
75 | 413% 993% 412% 872% 29.4% | 597% | 86.1% 13.6% 90.7%  8.8% 32.9% | 46.4%
100 | 348% 99.0% 32.1% 82.8% 20.5% | 53.8% | 843%  54% 87.0% 3.0% 24.7% | 40.9%
Avg. | 658% 99.7% 657% 93.0% 58.3% | 76.5% | 93.4% 462% 945% 40.0% 60.6% | 66.9%
Table B.14: Percentage of the integral solutions of 1000 trees after Constraint|6.20|is
added to the model of Table w
v weight on both y and x weight on y
1 -1 0,1 [-1,0] [-1,1]| Avg 1 -1 0,1 [-1,0] [-1,1] | Avg
5 | 100.0% 100.0% 982% 99.5% 96.1% | 98.8% | 100.0% 100.0% 100.0% 86.8% 96.2% | 96.6%
10 | 87.0% 100.0% 912% 98.7% 86.2% | 92.6% | 99.5% 80.4% 982% 753% 88.9% | 88.5%
25 | 75.9% 99.9% 75.0% 964% 69.3% | 833% | 99.1% 517% 96.6% 46.0% 70.6% | 72.8%
50 | 55.6% 99.8% 56.5% 93.6% 48.3% | 70.8% | 93.5% 262% 94.6% 19.8% 50.1% | 56.8%
75 | 39.8% 99.2% 412% 872% 29.4% | 594% | 87.7% 142% 90.7%  8.8% 32.9% | 46.9%
100 | 342% 99.0% 32.1% 82.8% 205% | 53.7% | 844%  53% 87.0% 3.0% 24.7% | 40.9%
Avg. | 654% 99.7% 657% 93.0% 583% | 76.4% | 94.0% 463% 945% 40.0% 60.6% | 67.1%
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Table B.15: Percentage of the integral solutions of 1000 trees after Constraint|6.21|is
added to the model of Table
v weight on both y and x weight on y
1 -1 [0,1] [-1,0] [-1,1] | Ave 1 -1 0,1 [-1,0] [-1,1]| Avg
5 | 100.0% 100.0% 98.2% 99.5% 96.1% | 98.8% | 100.0% 100.0% 100.0% 86.8% 96.2% | 96.6%
10 | 87.0% 100.0% 91.2% 98.7% 86.2% | 92.6% | 99.5% 80.4% 982% 75.3% 88.9% | 88.5%
25 | 759% 99.9% 75.0% 964% 69.3% | 83.3% | 99.1% 51.7% 96.6% 46.0% 70.6% | 72.8%
50 | 55.6% 99.8% 56.5% 93.6% 48.3% | 70.8% | 93.5% 262% 94.6% 19.8% 50.1% | 56.8%
75 | 39.8% 99.2% 412% 87.2% 29.4% | 594% | 87.7% 142% 90.7%  8.8% 32.9% | 46.9%
100 | 342% 99.0% 32.1% 82.8% 20.5% | 53.7% | 84.4%  53% 87.0% 3.0% 24.7% | 40.9%
Avg. | 654% 99.7% 65.7% 93.0% 58.3% | 76.4% | 94.0% 463% 94.5% 40.0% 60.6% | 67.1%
Table B.16: Percentage of the integral solutions of 1000 trees after Constraint|6.22|1s
added to the model of Table
v weight on both y and z weight on y
1 -1 [0,1] [-1,0] [-1,1] | Ave 1 -1 [0,1] [-1,0] [-1,1] | Avg
5 |100.0% 100.0% 982% 99.5% 96.1% | 98.8% | 100.0% 100.0% 100.0% 86.8% 96.2% | 96.6%
10 | 87.0% 1000% 912% 98.7% 86.2% | 92.6% | 100.0% 80.4% 98.2% 75.3% 88.9% | 88.6%
25 | 757% 99.9% 75.0% 964% 69.3% | 83.3% | 99.4% 522% 96.6% 46.0% 70.6% | 73.0%
50 | 552% 99.7% 56.5% 93.6% 48.3% | 70.7% | 93.1% 263% 94.6% 19.8% 50.1% | 56.8%
75 | 403% 99.3% 412% 87.2% 29.4% | 59.5% | 93.8% 154% 90.7%  8.8% 32.9% | 48.3%
100 | 343% 98.9% 32.1% 82.8% 20.5% | 53.7% | 89.6%  5.5% 87.1%  3.0% 24.7% | 42.0%
Avg. | 654% 99.6% 657% 93.0% 58.3% | 76.4% | 96.0% 46.6% 94.5% 40.0% 60.6% | 61.5%
Table B.17: Percentage of the integral solutions of 1000 trees after Constraint|6.23|1s
added to the model of Table
v weight on both y and x weight on y
1 -1 [0,1] [-1,0] [-1,1] | Ave. 1 -1 [0,1] [-1,0] [-1,1] | Ave
5 |100.0% 100.0% 98.3% 100.0% 97.7% | 99.2% | 100.0% 100.0% 100.0% 100.0% 99.8% | 100.0%
10 | 86.9% 1000% 91.7% 98.9% 88.2% | 93.1% | 99.8% 919% 98.2% 81.9% 92.6% | 92.9%
25 | 76.1% 99.9% 763% 96.8% 71.8% | 84.2% | 99.4% 66.3% 96.6% 552% 75.1% | 78.5%
50 | 557% 99.8% 57.7% 944% 509% | 71.7% | 93.1% 38.3% 94.6% 282% 55.5% | 61.9%
75 | 403% 993% 42.8% 88.5% 32.1% | 60.6% | 940% 259% 90.7% 149% 39.7% | 53.0%
100 | 343% 99.1% 333% 83.7% 24.3% | 549% | 89.9% 15.6% 87.1% 12% 31.1% | 46.2%
Avg. | 65.6% 99.7% 66.7% 93.7% 60.8% | 713% | 96.0% 563% 94.5% 47.9% 65.6% | 12.1%
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