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ABSTRACT

COMPUTATIONAL MODELING OF RUPTURE IN RUBBERY POLYMERS

Akcoren, Berkay
M.S., Department of Civil Engineering
Supervisor: Assoc. Prof. Dr. Serdar Goktepe

January 2020, 68| pages

Rubbery polymers, also known as elastomers, can exhibit large deformations that
are generally accompanied by inelastic deformations. Owing to their superior me-
chanical, physical, and chemical properties, elastomers are widely used in a broad
range of industrial applications such as car tires, seismic isolators, mechanical mem-
branes, and seals. For these applications, failure prediction is cardinally essential.
Therefore, this thesis is concerned with the computational failure analysis of rubbery
polymers that exhibit highly non-linear material behavior at large deformations. To
this end, we model the rupture of rubbery polymers by using the Phase-Field method,
where the conservation equation of linear momentum and the evolution equation for
the crack phase-field are solved together. While the former describes the mechanical
equilibrium, the latter governs damage evolution in rubber. The material behavior of
rubbery polymers undergoing damage is modeled by two distinct approaches taken
from literature where the damage-induced degradation in the material affects either
the entropic and volumetric part of the energy or the energetic and volumetric part
of the energy. Moreover, for the entropic elasticity, distinct constitutive approaches
are considered. The different modeling approaches are compared through numeri-

cal analyses of benchmark problems involving highly heterogeneous deformations of
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rubbery polymers undergoing rupture.

Keywords: Phase-field method, Fracture, Rubbery polymers
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LASTIKSI POLIMERLERDE YIRTILMANIN HESAPLAMALI
MODELLENMESI

Akgoren, Berkay
Yiiksek Lisans, Ingaat Miithendisligi Boliimii
Tez Yoneticisi: Dog. Dr. Serdar Goktepe

Ocak 2020 , 68 sayfa

Elastomerler olarak da bilinen lastiksi polimerler genellikle elastik olmayan defor-
masyonlar1 da barindiracak sekilde biiyiik sekil degistirmeler gosterirler. Ustiin me-
kaniksel, fiziksel ve kimyasal ozelliklerinden 6tiirii, elastomerler araba lastikleri, sis-
mik izolatorler, mekanik membranlar ve contalar gibi endiistriyel uygulamalarin ol-
dukca genis bir yelpazesinde yayginca kullanilirlar. Bu uygulamalarda hesaplamali
yirtilma kestirimi biiyliik 6nem tasir. Bu sebeple, bu tez, biiyiikk deformasyonlarda
yiiksek derecede dogrusal olmayan malzeme davranisi gosteren lastiksi polimerle-
rin hesaplamali yirtilma analizini konu almaktadir. Bu maksatla, lastiksi polimerlerin
yirtilmasint dogrusal momentumun korunumu ve catlak faz alani degisim denklem-
lerinin beraber ¢oziildiigii Faz Alan1 yontemi kullanarak modellenmistir. ilk denklem
mekanik dengeyi ifade ederken, obiirii kaugugun hasarini kontrol eder. Hasar goren
lastiksi polimerin malzeme davranigi, malzemedeki hasarla azalan bozunmanin ener-
jinin entropik ve hacimsel kismin1 ya da enerjinin enerjik ve hacimsel kismin1 etki-
ledigi literatiirden alinmig olan iki farkli yaklagsimla modellenmistir. Ayrica, entropik
elastisite icin farkli biinye denklemleri géz 6niinde bulundurulmustur. Farkli model-

leme yaklagimlari, hasar goren lastiksi polimerlerin heterojen deformasyonlarini ice-
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ren referans problemlerinin niimerik analizleri vasitasiyla kiyaslanmistir.

Anahtar Kelimeler: Faz-alan1 yontemi, Catlak, Lastiksi polimerler
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CHAPTER 1

INTRODUCTION

1.1 Motivation and Problem Statement

Rubber has been used since 1850 and has gained an important place in daily life. To-
day, rubber technology is still being developed, and its application areas are gradually
increasing due to its superior properties. Rubber is a widely used material in critical
technological applications that range from space vehicles, automobile tires, sealings
to seismic isolators, to mention a few. To this end, a sound understanding of the fail-
ure mechanism in rubbery polymers and its computational prediction are of cardinal
importance. A realistic prediction will contribute to the development of the rubber
industry and identify potential problems that may arise, and lead to the tailoring of

the microstructure of polymeric materials for applications-specific designs.

The thermomechanical behavior of rubber is highly nonlinear, generally inelastic,
and time-dependent. In this thesis, we focus on computational modeling of rupture
in rubbery polymers. For this purpose, the finite elasticity of elastomers are extended

by using the phase-field fracture models.

Imperfections within the specimen may lead to fracture under increasing load. Dam-
age initiates either in the interior part or on the surface of the material. The theoretical
foundations of the classical theory of brittle fracture in solids are outlined in the works
of [2, 13} 4]. The study of Griffith and Taylor [2] claims that crack propagates if the
energy stored in the material at the macroscale is higher than the surface energy dis-
sipated through the creation of new surfaces. This study able to predict the fracture
mechanism at the macroscale. However, such a theory is unable to predict crack ini-

tiation. Variational methods based on energy minimization in [5} 6] overcome crack
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initiation problem. In these studies, sharp crack discontinuities are approximated with
a diffusive crack and it has shown that with a significantly small scale parameter [,
a regularized crack surface tends to converges to the surface area of a discontinuous
crack. Study of Chen, Wang and Suo [7] states that fracture stretch of the highly
stretchable elastomers is insensitive to the depth of cut smaller than the material spe-

cific length parameter.

In 1952, Rivlin and Thomas [8] proposed a pioneering work in polymer fracture by
considering the macroscopic response. Lake and Thomas [9] were able to explain
the experimental observations by a molecular theory, which states that rupture is
an energetic process at the microscale originating from the breakage of molecular
bonds in the polymer network and has been demonstrated experimentally. Additional
dissipative mechanisms around the crack tip are discussed in [10]. Moreover, vis-
coelastic dissipation around the crack tip, also studied in Kroon [11], and Persson
and Brener[12]. Fineberg and Marder [13] discuss unstable crack propagation and
complicated crack paths in dynamic fracture by considering the critical energy flux

around the crack tip.

For information about the deformation-induced softening effect, also known as the
Mullins effect, that accompanies the rupture process, the reader is referred to [[14]
and references therein. In a recently published experimental study, the Mullins effect

exploited as toughening mechanism by introducing the sacrificial bonds [135].

In recent years, the modeling of polymeric gels has gained importance due to the
developing biomedical applications. The mechanical response and fracture behavior
of polymeric gels have the same baseline modeling aspects of the elastomers due
to their micro-level structure, which is composed of crosslinked chain molecules.
In literature, there are several devoted studies considering the fracture mechanism
of polymeric gels [16, [17, [18]. In the study of [18]], the phase-field framework is
used to express the loss of the stress-bearing capacity of the polymer network at the
macro-scale. The study of [[17] shares the same idea of stretchable Kuhn segments in
microscale, whereas they treat the swelling phenomena of elastomers by splitting the

deformation gradient into swelling and mechanical parts.

Over the past few years, the phase-field approach has been used for modeling complex



crack topology. This approach was firstly used in the pioneering work of Francfort
and Marigo [19]. Since that time this approach has been used in various applications
of the modeling of fracture at large strains, the thermal effects in fracture, and the
healing of elastomers, [20[,[21], [22]. In the literature, phase-field models for frac-
ture can be divided into two groups, as small-strain models and large-strain models.
The proposed model in [23] with the thermodynamically consistent framework de-
rived from the one-dimensional setup is an example for the former. As an example
for the latter, some dedicated works can be considered as rupture of elastomeric mate-
rials [20, 24], and the bond stretch model used in the fracture mechanism of a rubber
specimen is proposed in [25]. The fracture of solids with anisotropic free energy is
studied in [26] by introducing structural tensors for the both the anisotropic geometric
regularized crack surface and the anisotropic free energy of the bulk material. Most
of the proposed models in literature focus on the two-dimensional problems probably
owing to the high computational cost. However, phase-field method can be extended
to three-dimensional setting straightforwardly [27]]. High computational cost can be
restrained by using adaptive mesh refinement methods [28]]. The operator-split algo-
rithms proposed in [29] ease the numerical implementation of the crack phase-field
models. The phase-field approach to fracture is also extended to ductile fracture in
some recent works of [30, 31]. The phase-field approach has garnered great atten-
tion by the scientific community since it overcomes some modeling problems like
sharp crack discontinuities, and complex crack branching. Also, the use of phase-field
makes it possible to be implemented within the general finite element solvers without
using interface element formulations, element enrichment strategies, and nodal en-
richment strategies. Generally, in order to solve the problem of concern numerically,
sufficiently fine mesh resolution gives more accurate results for complex crack pat-
terns without any change in structure of algorithm [20]. For more information about

the phase-field method, reader is referred to the comprehensive review article [32].

Many constitutive models for the macroscopic response of the rubbery polymers con-
sider the change in configurational entropy [33) 34, 135]], and neglect the energetic
effects. Recent study of Talamini, Mao, and Anand [25] splits the response of the
polymeric network into entropic and energetic part based on the ideas of [9]. By

proposing such a split, they were able to express both the stiffening response due



to the finite extensibility of the polymer chain as well as chain scission due to the

internal energy increase.

1.2 Aim and Scope

This thesis is concerned with the computational failure analysis of rubbery polymers
that exhibit highly non-linear material behavior at large deformations. To this end,
we model the rupture of rubbery polymers by using the Phase-Field method, where
the conservation equation of linear momentum and the evolution equation for the
crack phase-field are solved together. While the former describes the mechanical
equilibrium, the latter governs damage evolution in rubber. The material behavior of
rubbery polymers undergoing damage is modeled by two distinct approaches taken
from literature where the damage-induced degradation in the material affects either
the entropic and volumetric part of the energy or the energetic and volumetric part
of the energy. Moreover, for the entropic elasticity, distinct constitutive approaches
are considered. The different modeling approaches are compared through numeri-
cal analyses of benchmark problems involving highly heterogeneous deformations of

rubbery polymers undergoing rupture.

1.3 The Outline of the Thesis

In Chapter 2, the fundamentals of non-linear continuum mechanics and the laws of
thermodynamics are presented. The governing differential equations are formulated
for a solid body undergoing large deformations. The notation introduced in this chap-

ter is used throughout the thesis.

In Chapter 3, continuous formulation for the crack phase-field problem is derived
through the geometric derivation. This derivation is also extended to obtain the two-
dimensional setting. Moreover, the governing equations of the coupled finite elastic-

ity - crack phase-field problem are provided.

Chapter 4 is devoted to the finite element discretization of the coupled elasticity -

crack phase-field equations.



In Chapter 5, the specific constitutive models are introduced. The stress and moduli

expressions for these models are derived for their numerical implementations.

Chapter 6 points out the numerical modeling capabilities of the proposed model. Nu-
merical results are compared with the experimental data obtained from the literature.

A convergence analysis is performed for a model problem taken from the literature.

In Chapter 7, concluding remarks regarding the obtained results are given and future

work is suggested.






CHAPTER 2

FUNDAMENTALS OF CONTINUUM MECHANICS

This chapter outlines the basic concepts of continuum mechanics and the key quan-
tities that constitute governing equations. The kinematics of deformation, stress
measures and balance equations will be introduced. The concepts outlined here are
broadly studied in literature, and for further reading reader is referred to [36], [37],

[38]] and [39]].

2.1 Fundamental Geometric Mappings

Let material part B be a part of body B which is furnished by the reference coordinate
system X € R3. Similarly, spatial point S, be a part of body S, which is furnished
by the spatial coordinate system x € R3. The former coordinate system lies in
the undeformed state whereas the latter one lies in the deformed state. The relation

between deformed and undeformed states is defined through

B, — S,
Pt = (2.1)
X —x=¢ (X )
the nonlinear deformation map, which maps the undeformed coordinates to deformed

coordinates, see Figure

Since the deformation map ¢, (X) is bijective, it can be inverted uniquely to obtain

the inverse deformation map.

. S, — B,
o, = (2.2)
rz— X = cpt_l(w)



S

Figure 2.1: Non-linear deformation map ¢, maps the material coordinates to spatial

coordinates and F' denotes the deformation gradient.

The material velocity and acceleration are then defined as

d 0
V(X,t) = PTAZS (t) = &SO(XJ)

f 5 (2.3)
A(X t) = EVX (t) = EV(X,t)

The spatial counterparts of V' (X, ¢) and A (X, t) can be obtained by reparametrizing
the functional dependency of the fields in terms of current coordinates . The spatial

velocity and acceleration are then defined as;

v(z,t) =V(p (x),1) =Vi(X)op, " (x)
a(z,t) = A(p; ' (z),t) = A (X) oo, ' ()

(2.4)

Note that both V(X ,t) and v(w,t); A(X,t) and a(x,t) are same vectors but
former ones are parametrized in terms of material coordinates X, whereas latter ones

are parametrized in terms of the current coordinates .

The deformation gradient, the most fundamental deformation measure, can be con-
sidered as a linear map of referential tangent vectors T' € T'x 3 onto the spatial coun-

terparts t € T,.S;.

¢,

F = VXgot (X) with F,p = X, (2.5)
Txb) — szt

F = (2.6)
T—t=FT



The cofactor of the deformation gradient
cof F:=det FFT = JFT, (2.7)

where
T:B — TS,
=" (2.8)
N—n=FTN,

maps the material normal vectors N € 1'% B to the spatial normal vectors n € TS.

The volume (Jacobi) map is defined through the Jacobian,

dv
J = det(F d J=— 2.9
et(F) an 2 (2.9)

with

R, - R
J.=4¢ 7 (2.10)

dV — dv = JdV

that transforms the volume element in the reference configuration dV' to the volume
element in the current configuration dv. The value of the Jacobian is restricted to the
value J > 0 for admissible deformations. A positive Jacobian ensures the invertibil-

ity of the deformation gradient and impenetrability of a material body.

In order to measure the length quantities in a curved monifold, we define metric
tensors as a mapping from tangent to co-tangent spaces.
G :TxB—T%B,

@2.11)
g: 1,8 =>T;S.

Both metric tensors reduce to Kronecker delta (6;; = 1 for ¢ = j) in case of the
Cartesian coordinate system.

Gry =01y, 2.12)

9ij = 0ij-

Having the metrics and the deformation gradient defined, we can now interpret the

right Cauchy-Green and left Cauchy-Green deformation tensors as pull-back of the
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current metric and push-forward of the inverse reference metric, respectively. Pull-

back and push-forward operations on covariant objects are defined as;

M=y (o)=F'(o)F, (2.13)
c=p.(M=FT(WF"

whereas pull-back and push-forward operations on contravariant objects are defined

as;
-:(P* ° :F—l ° F_T,
(¢) (¢) (2.14)
o=@ (M) =F(mF"
The right Cauchy-Green tensor C' := ¢* (g) and its inverse C~' := * (g~!) are
defined by
C:= (9 =F'gF ‘ Cap = FaagaFon
Cli= ¢ (¢g7)=F"g7'F! (€)= () 00 (F7)p,
(2.15)
The left Cauchy-Green b := ¢, (G_l) and its inverse b~ ' := ¢, (G) are defined by
similarly
b:= ¢, (G')=FG'F" bab = FurGapFip

1 T 1 1 1 1 (10
b= ¢, (G) =F "GF~ (b_ )ab = (F_ )AaGAB (F_ )Bb

The above equations summarized in the commutative diagram, shown in Figure

@ e Oy

- b C C 1 g —1
T;(B}C *S TiB Z ;T*

Figure 2.2: Commutative diagram of pull-back and push-forward of metrics.
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2.2 Length and Area Stretch

The deformation gradient and the deformation tensors play a fundamental role in
measuring the basic deformations. To illustrate this, let tangents T' € TxB and
t := FT < T,S be the undeformed and deformed tangents, respectively. Stretch,
is defined as the ratio between the length of the deformed tangent ¢ and the length
of the undeformed tangent T', i.e. A := ||t[|, /|| T|l¢ = Vt-gt/vT-GT > 0. By

setting ||T’|| o = 1, the stretch can be obtained as,

N th'gt — JFT gFT

= VT -CT =Tl

and by setting |||, = 1, inverse stretch can be obtained as

—VF't-GF 't
—Vt FTGF 't (2.18)

=Vt -b't=|t],-:.

\1_ VT -GT
1

The metric tensors G and g can be thought of rulers whose lengths dependent on
position. Although the length of the reference tangent T' does not change, A changes
with deformation, and that deformation information contained in C'. It can be con-
sidered as, the vector in the space remains constant but the ruler which is used to
measure the length of the vector changes with time.

Analogous to the length stretch A\ defined in (2.18)), the area stretch, v, is introduced
as the ratio of the length of the deformed normal 7 to the length of the undeformed

normal N, ie. v = [[nf . /[[N[g-1 = vVn-gn/VN -G 'N > 0. Holding

the reference value ||IN|| ;-1 = 1 the area stretch obtained as

i, -1
V:%: «/n.g_ln
:\/FfTN,g_lprN (2.19)

—\/N-F g F "N = |N| s

11



and by setting ||n|| g-1 = linverse area stretch obtained as

V—1:%: vVN-G'N
—VF'n.G 'Fn (2.20)

—Vn -FG'F'n=|n|,.

2.3 Concept of Stress and Fundamental Stress Measures

Consider a material part Bp C B cut off from the reference body B and its spa-
tial counterpart Sp C S surrounded by boundaries 0Bp and 0Sp with outward unit

normals IN and n, respectively as depicted in Figure

Bp P, Sp

Figure 2.3: Traction vectors exerted on the material and spatial surfaces of the cut out

parts of the body with given unit outward normals

2.3.1 Cauchy Stress

Let t denote the Cauchy (true) stress traction vector exerted on da, the deformed
surface area with unit normal n. The Cauchy stress theorem states that the spatial
traction vector t € 7, S linearly depends on the spatial normal n € TS of the

surface OSp, through a unique second-order tensor field o so that
t(x,t;n) :=o(x,t)n with t, = oun. (2.21)

12



From the geometrical viewpoint, o can be thought as a mapping of normal vectors 72
onto tangent vectors.

T:S — T,8,
o= (2.22)

n —t=on.

An immediate consequence of 2.21]) is
t(x,t;n)=—t(x,t;—n) (2.23)

for all unit normal vectors . This is known as the Newton’s third law, action and

reaction.

2.3.2 Different Stress Measures

T 1.8
F . t
TxB
S P T=Jo
N n
TxB TS
F—T
>

Figure 2.4: Commutative diagram of pull-back and push-forward of different stress

measures.

Another spatial stress measure, the Kirchhoff stress tensor is obtained by weighting

the Cauchy stress tensor with the Jacobian
T:.=Jo, (2.24)

also known as the weighted Cauchy stress tensor. Another stress tensor defined

through the force equality between the deformed and undeformed areas
TdA = tda. (2.25)
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Note that, the traction vector 7' is measured per deformed area and 7' and ¢ are par-
allel, see Figure By using 2.23) and , the Lagrangean counterpart of the

Cauchy Theorem can be constructed.

PNdA = onda,
(2.26)

P=JoF T=7FT,

We introduce the Nominal Stress tensor, also known as the first Piola-Kirchhoff stress

tensor, as a two—point tensor

%8 —=1T,8,
P = 2.27)

N —T=PN,
which maps the undeformed normals to deformed tangents. The transformation (Hl) =
J (¢) F~T used in the derivation of the first Piola stress tensor is called the Piola
Identity. It is used for transforming the Lagrangean equations to Eulerian equations.

The immediate outcome of the Piola transformation is the Piola Identity
Jdiv (e) = DIV (W) = DIV (J (e) F~7) (2.28)

where (B) defined as a Lagrangean object, whereas (o) defines an Eulerian object.
The last stress measure, the second Piola-Kirchhoff stress tensor, is defined through
T=SN

B — TxB,

S = ) (2.29)
N —T=8N,

where T := F~'T ¢ TxB.
Note that the first Piola-Kirchhoff stress tensor can be interpreted as the engineering

stress tensor and the Cauchy stress tensor as the true stress tensor.

Incorporating the equations (2.24), (2.26), and ([2.29) all stress measures can be ex-

pressed in terms of each other by applying the pull-back and push-forward operations.

+=PF' =FSF?
P=7F" =FS (2.30)
S=F'P =F'7F 7T

These transformations are summarized in the commutative diagram given in Figure

2.4l and Table 211

14



Table 2.1: Stress transformation (push-forward / pull-back) rules

T P S
o= J'r J'PFT | J'FSFT
T = Jo T PFT FSFT
P=| JoF 7' TF T P FS
S=|JF'eF ' |F'rsF 7| F'P S

2.4 Balance Principles of Continuum Mechanics

The balance laws of continuum mechanics area set of differential equations that must
be valid and satisfied by any material for all times. The solution of these differential
equations with proper initial and boundary conditions provides us with the primary
variables. For this purpose, we derive the local form for the balance laws, which
are initially written in the integral form. In order to obtain their local form, first,
the Gauss integral theorem (GIT) is used to transform the flux terms on the surface

integrals, and localization is applied for vanishing infinitesimal body point.

2.4.1 Balance of Mass

Let Sp C &S is a cut out part of &, with its Lagrangean counterpart Bp C B. In
a closed system, where there exists no mass sources or mass flux, we assume that
mass cannot be produced or destroyed. Therefore, the mass of the cut out body is

conserved.

d

d d d
—(Ms,) = — dv = — JdV = — dv =0 2.31
= (Msp) dt/&,p bl ai Js " (231)

where p (x,t) is the spatial mass density and py (X)) is the reference mass density.
This equation must hold locally. Therefore (pJ — po) =0 — pJ = py. Since body

part Bp does not change over time, we can rewrite the third expression in (2.31))
/ (pJ + pJ) dV =0 (2.32)
Bp
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for vanishing part lim Bp — 0 and J = J div v. The local form of the mass balance

equation is acquired as

p+pdive =0 and po(X) =p(x,t) J (x,1)

(2.33)

where the former one is in the spatial setting while the latter one is in the material

setting.

2.4.2 Balance of Linear Momentum

The balance of linear momentum states that the temporal change of linear momentum

ZIs, of Sp C S is equal to the sum of the forces F s, acting on the Sp.

d
(7)==

where Zs,, and F s, defined as

Is, :/ pv dv,
Sp

.7:57,:/ pbdv+/ tda.
Sp 8Sp
—_—— N——

body forces surface forces

Combining equations (2.34) and (2.33)), we arrive at

d

— pvdv:/ pbdv—i—/ t da
dt Js, Sp oSp
—_———— ——

@)

Terms A and B are treated separately; that is,

i e [ oo [ o om)
— pv dv = pU dv + v—|pdv

N——
=0 due to 237)

/8 e 22) /a _onda (arr) /S div (o) d

Combining equations (2.36H2.38]), we obtain

/ pi}dv:/ div(a’)dv—l—/ pb dv.
Sp Sp Sp
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The localization of (2.39)) results in

po = div (o) + pb (2.40)

Recallinga = v = %v and by using above expression is rearranged as

pa = div (J7'7) + pb (2.41)

In elementary particle mechanics, the well-known equation for the balance of linear

momentum appeared as F' = ma, also known as the Newton’s Second Law of motion.

2.4.3 Balance of Angular Momentum

The time change of angular momentum of Sp is equal to the total moment generated

by the external forces; that is,

d

— a:xpvdvz/ wprdv—l—/ x X tda (2.42)
dt Js, Sp oSp

Exploiting the mass balance (2.31)), the equality v x v = 0, and the Cauchy stress
definition (2.22)) through the Gauss integral theorem we obtain

/ x X (,01'; — pb — div (0')) dv = / €abeOc dv = 0, (2.43)
Sp

Sp

which is fulfilled only when the Cauchy stresses is symmetric. Thus, the balance of

the angular momentum results in
oc=o0", (2.44)

As a result of the above equality other stress measures are required to satisfy the

following symmetry relations.

r=77, PF'=FPT S=5"T (2.45)

2.4.4 Balance of Energy - First Law of Thermodynamics

This fundamental balance principle states that the rate of the total energy of the body

K+ Uis equal to the sum of the thermal power Q and mechanical power P.
K+U=P+Q (2.46)
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where the kinetic energy, the internal energy, the mechanical power and the thermal

power are defined as

77:/ pb-vdv+/ t-vda

Sp aSp

Q:_/ diquv+/ pr dv
Sp Sp

lC:/ %pv-vdv
Sp

U:/ pe dv
Sp

in terms of the internal heat source r, the outward heat flux vector g, and the internal

(2.47)

energy density e. Combining above definitions, we end up with
/ (pé +divg—o:d+ p?“)dv (2.48)
Sp
With vanishing part lim B — 0, local form of the energy balance becomes
pe+divg—o:d—+ pr =0. (2.49)
By multiplying above equation by .J and using the Piola-identity, we get
poe+DIvQ — T :d+ pgR=0 (2.50)

where @ and R are defined as Eulerian heat flux and Eulerian heat source term.

2.4.5 Balance of Entropy - Second Law of Thermodynamics

The entropy of a system can be considered as a measure of disorder. The second
law of thermodynamics is an inequality that restricts every process that the entropy
production rate of the system must be non-negative. This restriction defines the evo-
lution of every dissipative process. For the part of body Sp the total rate of entropy

production [ is defined as

F:/ prydv = H - S >0
Sp

d pr q-n
= — pndv —/ —dv+/ da >0
dt Sp Sp 9 Sp 9

where we introduced 7y as the mass-specific spatial rate of entropy production, 6 as

(2.51)

the absolute temperature, 7 as the mass-specific spatial entropy, H as the total entropy

of the system, and S as the total entropy input to the system.
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Following the conventional steps, we end up with the local form of the spatial entropy

balance

o1 1. 1
py=pi—gor+odivg——23q-V,0 >0 (2.52)

Alternatively, the Clasius-Duhem Inequality is expressed as
PQV_Pﬁ—(Pé—Uid)—$Q'Vx€20 (2.53)
where we introduce the dissipation per unit mass as
pD = pbh~y > 0. (2.54)
We decompose (2.34) into the local and conductive parts
pD = pDioc + pDeon (2.55)
and require separately their non-negativeness
PDioe ' =0 :d — pé+ phn >0
1 (2.56)
PDon = —aq -\V.0>0

In solid mechanics, it is common to use the Helmholtz free energy as a thermodynamic
potential. The Helmholtz free energy is defined through the Legendre transformation.
For more information about the Legendre transformation between the thermodynamic

potentials, reader is referred to [40]

U:=e—0On (2.57)

Insertion of (2.57) into the first inequality of (2.56)) and multiplying both sides with
J yields,
poDioe = T 5 £,9 = po¥ (2.58)

for isothermal (9 = 0) and purely elastic processes (Dj,. = 0), where d = % £,9.

Therefore, the Coleman’s exploitation method implies the following equality.
T—po20,¥ =0 — 7 =p20,V, (2.59)

which is known as the Doyle-Ericksen formula.
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CHAPTER 3

PHASE FIELD MODELING OF BRITTLE RUPTURE AT FINITE
DEFORMATIONS

This chapter summarizes the derivation of the governing differential equations of
phase-field modeling of fracture at finite strains by following the similar steps in
[201,[23] and [29]. First, the equation of the phase-field method is derived through
the purely geometric approach. Second, the proposed crack regularization function
extended to the multi-dimensional setting. Last, the Euler-Lagrange equations of the

coupled problem will be derived through the energy balance.

3.1 Geometric derivation of the crack phase-field

Consider a one-dimensional bar with cross-section I', which is infinitely long. The
bar is lying on the x-axis and fully cracked in the middle, see Figure 3.Th. The crack

condition is characterized by the variable d.

1 for x=0,
d(x):= 3.1

0 otherwise,

where d = 1 indicates the fully broken state whereas d = 0 describes the intact state.
We approximate the sharp crack topology with the help of the length scale parameter
[ by the following function, see Figure 3.1b,

d(x) = eI, (3.2)

Notice that, Equation is the solution of the following differential equation.
d(z) —1d"(r)=0 and d(%o0)=0 (3.3)
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v d ()

b)

Figure 3.1: Sharp and diffusive crack modeling. a) Sharp crack b) Diffusive crack

with length scale [

with the boundary condition d (0) = 1. This differential equation is non other than

the Euler-Lagrange equation of the following minimization problem.

d=inf I(d) with W ={d|d(0)=1,d(£c0) = 0} (3.4)

dew

where the function / (d) is defined as,

I(d)= 3} /B {d2+l2d’2} dv. (3.5)

Substituting Equation into (3.3) and transforming the volume integral into the
line integral dV = I'dx, we end up with

I(d(z) = 7Dy =T11. (3.6)
Therefore, the crack surface can be expressed as,

1 1
[=T=-I(d)= —/ d? + 1?d” } dV. (3.7)
l 2l J
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oB

Figure 3.2: Sharp and diffusive crack topology.

3.2 Extension of Geometric Derivation to Multi-Dimensional Setting

Let material body 5 occupy a place in 0 € [1,2, 3] dimensional space. We apply a

similar procedure and characterize the cracking condition by the variable d,

p B —[0,1],
(X):= (3.8)
X —d(X)

inside the solid body B in the reference configuration. The sharp crack topology is
then approximated by a multi-dimensional extension of Equation (3.7) which is called
the regularized crack surface by changing the derivative terms to spatial gradient

terms d’ ~ Vyd.

1 [
[y = /V(CL Vied) = / {2_ld2 +3 |Vid|” } dv. (3.9)
B B

Minimization of the above equation gives us the governing differential equation and

the necessary boundary conditions of the pure phase-field problem.
d—PAd=0 in B and Vyed-N=0 on 0B, (3.10)

where Ad := Div (VXd). Notice that the regularized crack surface converges to the
sharp crack surface I'; — I" as the length scale parameter approaches to zero [ — 0,

see Figure 3.2b.
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3.3 Governing Equations of the Coupled Finite Elasticity - Crack Phase-Field

Problem

We will extend the conservation of energy by adding the damage variable to the bulk
free energy and the energy dissipated by the fracture surface by following the similar
steps in [25]],[23] and [29]. The global energy storage functional of the material body
B that depends on the field variables (go, d) is expressed as

E(p, d) :/\II(F,d) av, 3.11)
B
and the rate of the stored free energy for a given state is
. 3 0 . .
E(¢.dip.d) = S B(p,d) = [P F 4 ﬁd} dv. (3.12)
B

where the nominal stress tensor and crack driving force are defined as P = 0V and
B = 0,V respectively. The externally applied mechanical power is given as
Pewt = T-VdA+/pQB-VdV, (3.13)
o8 B

and the energy dissipated by the fracture is given as

D= / g dV = / 9c| 0y + O 1Vied] AV (3.14)
B B

where ¢, is identified as the Griffith-type critical fracture energy parameter. In a
system, the external power input should be equal to the rate of energy stored in the

system plus dissipation.

Pext = & + D
%T-VdA—l—/BpOBVdV:/B[P:F—Fﬁd} v +/B[adfyd+avxdwxd} dv.
@
(3.15)

We apply the divergence theorem and the Gauss integral theorem to the terms denoted

aS@and,
@ /BP:FdV:/BDiV(V-P)dV_/DiV(P)‘VdV

B (3.16)
= PN-VdA—/Div(P)-VdV,
oB B
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/(%XdWXchV— —/Div (avxdy)ddV+/8VXd7~NddA. (3.17)
B B B

Combining equations (3.13)-(3.17) we come up with the final expression

T-VdA+/poBVdV: PN-VdA—/Div(P)-VdV
oB B oB B
+/5ddV~l—/8d'yddV
B B
s . (3.18)

Rearranging the volume and surface integral terms, we arrive at

/V-(T—PN) dA+/(p0B+Div(P)> Vav
B B
+/ (Divé?vxdv—B)ddV—/0vxd7-NdA:O
B B

Since Equation (3.19) must hold for arbitrary rates V' and d, the Euler Lagrange

(3.19)

equations of the coupled problem are obtained as

DivQ — B — f =0 in B,
DivP + poB =0 in B,

(3.20)
Q- N =0 on 0B,
T=PN on 0B.
where we define Q = ZedV and f = 0,y. The Eulerian versions of the above
equations are given as
Jdivg—p— f=0 in B,
(3.21)

dive +pb=0 in S,
with body force b and the Cauchy stress tensor o. q is calculated from the Piola-

Identity (2.28).
Jdivg =DivQ with Q= JqF 7 (3.22)
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CHAPTER 4

DISCRETIZATION AND FINITE ELEMENT IMPLEMENTATION OF
COUPLED PROBLEM

This chapter outlines the solution technique for the derived coupled problem (3.20)
with the corresponding boundary conditions (3.20). Since those equations are impos-
sible to solve analytically for complex geometries, the solution is obtained approxi-
mately by using the finite element method. For further details about the finite element

implementation reader is referred to [41, 42].

First, the weak forms of the coupled differential equations will be constructed through
the Galerkin method. We multiply the both equations with the corresponding test
functions (g*o € W) and (d € V) which conforms the homogeneous boundary condi-

tions (QZ = 0 on 9B,) and (d = 0 on 9B;) and integrate over the body.

G?(p,p:d) = GE (i, p:d) — GE (. 3 d)
G¥(d.d: p) = Gl (d. ds ) — Gl(d. d: 0)

int

4.1)

where the internal and external Galerkin functionals for the balance laws are obtained

as,
Gilo.#id) = [ Vpirav
B

G, ;) :/pQ*O'BdV-f—/ ¢ TdA
5 o (4.2)

e (d, d; ) :/Vji-f;dv+/35dv+/flfdv
B B B

ngt(d,d;go):/ dQ NdA=0 dueto@20).
OBy

Here, B is defined as a body force, T as surface traction vector. The external Galerkin
functional for the damage problem vanishes identically due to the boundary condition

(3.20). Since Galerkin functionals are nonlinear functions of the solution fields, they
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. . . .. _ 7. . A
need to be linearized. The linearization around ¢, d with the incremental terms ¢ =

@ — ¢ and 3 = d — d results in,
Lin G* (9, 1 d) |p.q 1= G* (. 1 d) + AG* (0, @, 3 d)
* % * A
Lin GY(d, d; @) |50 = G*(d, d; @) + AG(d, d, d; )

Please note that, the operator splitting algorithm proposed in [20] is used here, hence

4.3)

the staggered solution procedure will be conducted, see Figure 4.1] for the solution
diagram. Therefore, off diagonal tangential terms are not used. Since the variable d
in the functional Lin G and the variable ¢ in the functional Lin G are taken from the
previous time step (d,,, ,,), AG? and AG? are not functions of c,Ao and 2, respectively.

The incremental functionals are then expressed as

AGY = AGE, —

nt

AGY = AG? —

nt

AGY,
AGY

ext

4.4)

Where the internal Galerkin functional for the mechanical problem is defined as
AGE (o, @, d) = / A(Vp) : TdV + / V.o : AT dV (4.5)
B B
with the incremental term AVIQZ being derived as,
A Ao Ao
A(Vp) = A(VxpF ') = Vg pAF™!
= —Vyp(F'A(F)F™) (4.6)
= —VxQ*O VzSA@
and the incremental stress A7 is obtained as,
AT = LT+ VxQAOT + T(VIQAO)T
’ A A A\T S
=C:Vp+ Vo7 +7(V0)

Moreover, the incremental internal Galerkin functional for the damage problem is

derived as
AGY (d:lg‘go)—/ %4 /d dav
int \% %y Wy - a7
ONd ™ 4.8)
/d—d dV.
Combining the results obtained in Equations (4.4))-(4.8)), we end up with
AG# (.5, 31 d) =/%¢:©:%édV+/%é:%érdv,
4.9)
op  of
AGH 9wy
G4(d. . d: o) /v an /d(ad+8d>ddv
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Note that externally applied loads are assumed to be deformation-independent, thus
AGE, = 0. In order to describe and solve the given continuous equations (4.3),
whole body is discretized into nel subdomains B ~ B" = U, B" the so-called finite

elements. Consider discretization over the element domain B,

wi‘:iN"df d?ziN‘kbf
i=1 i=1
=3 Nid; =SNG
i=1 i=1
S =S Nl =3 NG
— = (4.10)
Vel =) d; @ VN Vdl =Y ¢f @ VN
=1 =1

Ve =S deuN =Y deuN

i=1 =1

e =S deuN  ud-Y deuN
' i=1

where d and ¢ are nodal solutions. By using discrete expressions (4.10) with combi-

nation of equations (4.3), we end up with following residual expressions,

Nel

Rf:A{/lgthcNi-TdV— BhNi-BdV—

e=1

Nt. TdA}
oBs
4.11)

Nel . . .
R = A VNI .qdV+ [ NBdV+ | Nifav ;.
e=1 Bh Bh Bh
Expressions that contain mixed derivatives K ¢d and K% are set to zero, due to the

proposed staggered solution scheme.

Nel . .
ST\ { RARR A dv}

e=1 &

Nel

K77 o= A { . V,N'- (V,N'T) dV} (4.12)

e=1

Nel . 6(} ) . 85 8f .
dd __ i J vl —_ J
K% A{ BQV’”Navmdva dV+/BgN<ad+ad>N dV}

e=1

where A\, the assembly operator, assembles the contribution of each nodal value

1,7 = 1,2,...,ne, to provide global nodal values I, J = 1,2,3,....,n,4. The final

29



solution scheme of the staggered algorithm results in

(4.13)

In a general staggered solution scheme, Equations ({.13)) are solved separately and
successively by using the values of the other variable taken from the previous time
step, Figure Since Equations are solved separately, terms that contain

mixed derivatives in the stiffness matrix are not needed, and are thus set to zero.

K#=0, K%=0 (4.14)
Newton iteration Newton iteration
d only updates d only updates d
mn

. > o > o

- Step 1 s ‘dpis Step1 s @ Gni2

Step 2 P Step 2 L Pnto
¢n @ > 0 > @

: » Newton iteration : Newton iteration

: ./ only updates ¢ : only updates ¢

tn tn+1 tn+2

Figure 4.1: Staggered solution scheme of the coupled problem.
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CHAPTER 5

SPECIFICATION OF CONSTITUTIVE MODELS

The chapter outlines two distinct approaches of Miehe and Schénzel [20] and Ta-
lamini, Mao and Anand [25] to rupture of rubbery polymers, and extends the latter
approach to the Non-affine Microsphere framework. Therefore, the whole chapter is

divided into three parts.

1. Non-affine Microsphere model of hyperelasticity [35].

2. Rubber fracture model I: Neo-Hookean-type hyperelasticity coupled with the
Phase-field model [20].

3. Rubber fracture model II: Microsphere extension of the bond-stretch model

coupled with the Phase-field model [25].

In Section the so called the non-affine microsphere model will be presented [35].
Single chain mechanics and homogenization through the microsphere will be dis-
cussed. In Section [5.2] the Neo-Hookean-type hyperelasticity model coupled with
the Phase-field model for finite elasticity will be explained. In Section[5.3] the Micro-
sphere extension of the bond-stretch model coupled with the Phase-field model will
be explained and necessary expressions for the coupled phase-field problem will be

derived.

In the geometrically nonlinear setting, as introduced in Chapter 2] the response of a

solid body is described by the nonlinear deformation map.

BxT—S
p = (5.1)
X|—>:B:cp(X,t)
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which maps the material points X in the material body B on to the spatial points x
in the spatial body S. The free energy of a solid is assumed to be a function of the

deformation gradient F' = Vi .
U =U(g; F) (5.2)

where g is the spatial metric tensor defined in . The stresses and moduli expres-

sions are derived as

T=20,V(9;F) C=40,,9(g;F) (5.3)

Most rubber-like materials exhibit nearly incompressible behavior. For this purpose,

we decouple the energy function into volumetric and isochoric parts.

U(g;F)=U(J)+V(g: F) (5.4)

Therefore, the stress expression also splits into volumetric and deviatoric parts, ac-
cordingly.
T=s1+717:P (5.5

The corresponding moduli expression is obtained as

C=(s+k)1®1—2sI+P": {C+2(1_':1)]I} P

w

), ) (5.6)
—s(Pirel+107:P)

where the fourth-order identity tensor and the deviatoric projection tensor are defined

as
1
Liji = 5 (03051 + 0udjk)
1 5.7
Pijki = Liji — §5ij5kz-
The volumetric terms that appear in Equations (5.3)) and (5.6)) are defined as
s:=JU' (J) k:=J*U" (J) (5.8)

The isochoric terms that depend on the isochoric part of the deformation gradient are
defined as
T = 289@(g;1_7‘) C:= 4639@(9;1_7') (5.9

More detailed derivation of the volumetric-isochoric decoupling formulation can be

found in [41, [39].
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5.1 Non-affine Microsphere Model of Hyperelasticity

The idea behind most of the elasticity models for natural rubber is based on the sin-
gle chain mechanics [43] 44, 45, 46]. The micromechanical response of polymer
molecules is based on their entropic change. In statistical mechanics, the entropy of

a body is calculated through the Boltzmann Equation.
n=klnp (5.10)

where k is the Boltzmann constant and p is the probability density function of the
vector which is located between the two ends of the chain molecule, often referred to

as the end-to-end vector r.

5.1.1 Contribution of the Free Chain

In order to truly express the force-extension relation for the high extension values,
the non-Gaussian model introduced in [47]] is used. The distribution function of the

end-to-end distance r for the proposed model given as

—1(r

ps(r) = poexp [—N(%ﬁl(%) +lnﬁ>] (5.11)
where subscript f denotes the free chain. The considered polymer chain is composed
of N Kuhn segments each with length [ as depicted in Figure 5.1l Hence, the full
chain contour length is L = NI. For an unstrained chain molecule, the mean end-to-
end distance assumed to be ry = V/N1 for all molecules in network. Note that, ro 18
not the most probable location of the end of the chain, it is the most probable distance
between the end points of chain [33] p.52. Since 7 is the rest end-to-end distance and
r is the current end-to-end distance, stretch in a single chain is defined as A = r /7.
To ease the formulation, the relative stretch ), is defined as a ratio of the end-to-end

distance r to the fully extended length L.

(5.12)



Figure 5.1: Idealized single chain composed of /N Kuhn segments each with length /.

with A € [0,v/N) and A, € [0,1). By definitions (5.12) at hand, Equation (5.1T)

can be rearranged as,

B
sinh

ps(Ar) = poexp [— N(A,ﬂ +1In )] with g:=L7'()\). (5.13)

Substituting this probability density function into the Boltzmann equation (3.10), we

end up with the free energy of an unconstrained single chain.

Ur(A) = Nko ()\,ﬂ +1n ) + 1o (5.14)

sinh 3

where 1) ¢ is the normalization constant.

5.1.2 Contribution of the Tube-like Constraint

In the classical treatment of the chain molecules, long polymer chains idealized by
freely rotating chains [48]. This idealized behavior does not truly express the con-
straint motion of a single chain in the polymer network. This constraint is mostly
caused by cross-linking and entanglements. In order to account for these constraints,
a polymer chain is assumed to be confined in a tube [49] p.205. This tube acts as an
obstacle against the free movement of a chain, like natural obstacles. The probability

function of the tube constraint given as

2
pe(v) = poexp { — a(r—‘]) u} (5.15)
do
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where v is defined as the area contraction of the tube

2
V= (%) (5.16)

where dj is the initial diameter of the tube and subscript ¢ stands for constraint. Sub-
stituting the probability function of the tube constraint into the Boltzmann equation

(5.10) we obtain the tube free energy.

l 2
Y (v) = akeN<d— 1/) + Ye (5.17)
0
where 1) is a normalization constant.

The probability of the end-to-end distance and the tube constraints are assumed to be

independent of each other. The total probability function can then be expressed as

p(Av) =ps(A\)pe(v) (5.18)

Therefore, the free energy splits additively,

WA v) =) + Ye(v) (5.19)

with the corresponding free energies,

¥y (N) = Nk6 (ATB +In sinﬂhﬁ) + o
(5.20)

0

2
wc(u) = aNkbl (di) v+ e

5.1.3 Micro-Macro Bridging of State Variables

The main concept of network theories is to connect the behavior of the single chain
to the behavior of the whole network. This connection is made through the averaging
of the micro stretches over a unit sphere in order to relate them to macro stretches,
i.e. A, 7. The additive split of the microscopic free energy leads to an additive split in

the macroscopic free energy.

\I/(g;F) = \Iff(g;F) + \I/c(g;F) (5.21)

W is the energy contribution from the free movement of chains constituting the net-

work, whereas W, is the energy contribution from the constrained movement of the
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chains. As a consequence of (5.21)), the stress response and moduli expression also

split into two parts.
T=T;+T. and @ZCf—I—CC (5.22)
with corresponding derivatives,

T =20,V (g; F) o T.=20,V, (g; F) (5.23)

Cr=402,9(g: F) C. =40;,%.(g; F)

5.1.3.1 Free Chain Contribution

Despite the fact that models with affine deformation treatment [50], [34] perform
well in some cases, in a real polymeric network, chains deform differently. Although
sufficiently large bodies behave similarly under the same loadings, in micro-scale,
they distort differently due to the distinctive alignment of the chains in the polymeric
network. In other words, under a homogeneous deformation, not all the sufficiently
small material points are deformed homogeneously. To this end, micro-stretches are

allowed to fluctuate over a unit microsphere, that is

A=Af(0,9) (5.24)

with € and ¢ being the spherical coordinates. For affine deformation, the stretch

fluctuation field would become f = 1. The non-affine micro-stretches constrained by
(A, =(N), (5.25)

where (e) » denotes the p-root averaging operation, defined by

(o), = \/(e)" = {ﬁ/(-)f’m}w (5.26)

S

It is postulated that the micro stretches are assumed to fluctuate in a way that, these
fluctuations minimize the macroscopic free energy. This constrained minimization

problem is expressed as
y(gi ) =swint { (noy () = K((37), = (0,)} - 62m)
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where the Lagrange multiplier K dictates (\) » = </_\>p. The minimum free energy

with respect to f can be calculated by taking the derivative with respect to f.
ot On)A= K (D) ()3 =0 (5.28)

rearranging the latter expression, we arrive at

_ () 0.6)
(Af), ")

Since K is constant, only admissible solution can be derived if and only if A = \f is

(5.29)

constant. Then Equation (3.23)) takes the form,
A=(N), (5.30)
and the free energy turns into

V(g F) =n((A),) (5.31)

5.1.3.2 Tube Contribution

A non-linear relation between the micro-tube contraction and the macro-area-stretch

1s assumed

v=r" (5.32)

Since the relation between the micro and the macro variables are non-linear, the en-

ergy contribution of the tube contraction is calculated by

V.(g; F) = (nye (7)) . (5.33)

5.1.4 Stress and Moduli Expressions

Free Chain Contribution. Let r be an arbitrary orientation unit vector which em-
anates from the origin. The deformed position of this orientation vector is calculated

as

t=Fr (5.34)

37



where t is the deformed stretch vector. Note that, r is not a single vector but an
arbitrary vector which could possibly take any orientational direction over the unit

sphere. The macro stretch \ for an orientation vector r is expressed as
A=Vt-t since ||| =1 (5.35)
the micro stretch A has already been derived as
A= <)\>p (5.36)

By using the first equation of (5.23)), the stress contribution of the free chain can be

calculated as

75 =209,V (g; F) =29, (npr (A) ) = ndyiby () - 29, A (5.37)
where
My = VNkOS (5.38)
and
R g
20,A = 20 //\”dA = — —/XpdA /8 MdA
[rsw y [|5| Is]
S
1 1 (5.39)
= —Al P Nt @ tdA
[\S! / X
= MNP (NP Rt)
with 29, A = A~'t ® t. Hence, the overall stress expression is
;= VNEIBN' P (W2t @ t) (5.40)
with the corresponding tangent moduli
Cy = 29,7y = nVNk§20, [M—p (NPtt)
1 - _
=nVNEO | —=\N"" (N2t @t) o (NP (Wtet)
[ VN ( ) (5.41)

4P AT (N s ) @ (N (VP et) )

AN p—d Nt ete <%t ® t> )
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To express the terms (5.40) and (5.41) in a more compact way, we introduce the

second order tensor h and the fourth order tensor H as

ho= (W 2tot)

_ (5.42)
H:=(p-2) W "totetat).
Using these tensors in the stress and moduli expressions, we obtain
7 =VN uBN PR
! (5.43)

Cy= (uB NP 4 /' NB (1 —p) N ")h @ h + VNN PH

where 1 := nk6 defined as the shear modulus, and 3, 8 are calculated by the Padé’s
approximation

N

MY

o A +3

f=L70) TN T -y

/B/

(5.44)

Tube Contribution. The deformed configuration of the normal vector 7 is calculated
as,

n=F"Tr (5.45)

where n is the deformed normal vector. Macro-area-stretch 7 for normal vector 7 is
expressed as,

v=+/n-g7n (5.46)

Micro-tube contraction is already introduced in (5.32)). By using the stress equation

(5.23)), the stress contribution of the tube constraint can be calculated as

Te =20,V (g; F) = 20, (nipe (v))

] (5.47)
T, = — <nk9a(d—)2]\7q17q_2n ® n>
0

and the corresponding moduli expression is derived as
C. = 28QTC

2
C.= <”k90‘ (dio) Nq(g=2)7""'"n@n@nen (5.48)

2
+nkfa (L) qu?qQQ>
do

with the fourth order tensor QQ defined in indicial notation

Qubed = (957 nane + g Mana) + (9o nona + gog mome) (5.49)
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To express terms (5.47) and (5.48) in a more compact way, we introduce the second

order tensor k and the fourth order tensor K as

k:=(qg/"’n®n)

(5.50)
K:= <q(q—2)ﬂq’4n®n®n®n>
and rearrange the stress and the moduli expression to arrive at
7. = —uUNEk
(5.51)

C.=uUN (K+ Q)

where U := « (1/ do)2 is defined as a material parameter. All the material parameters

are summarized in Table 3. 11

Table 5.1: Material parameters of the Micro-sphere model

Parameter | Explanation

Shear modulus
Number of chain segments
Non-affine stretch parameter

Tube geometry parameter

Q@ O =" =2 =

Non-affine tube parameter

5.1.5 Integration Over the Sphere

Since the proposed model involves an integration over the sphere, the numerical in-
tegration is proposed for the area integration over the unit sphere. The continuous

integral is approximated by a discrete weighted summation, that is,

1 =1
(r) = m/sr (0,0)dA~> " raw; (5.52)

In order to retain isotropy and stress-free state under zero deformation, the integration

points in [S1]] are used.

(ry=0 and (reor) = %1 (5.53)

Orientation vectors and their associated weights are given in Table By exploiting

the symmetry, only the points in the upper portion of the sphere are considered. For
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Table 5.2: Integration points with x, y and 2z coordinates and the associated weights

point T r? r? w; /2
1 0.0 0.0 1.0 0.0265214244093
2 0.0 1.0 0.0 0.0265214244093
3 1.0 0.0 0.0 0.0265214244093
4 0.0 0.707106781187 0.707106781187 0.0199301476312
5 0.0 -0.707106781187 0.707106781187 0.0199301476312
6 0.707106781187 0.0 0.707106781187 0.0199301476312
7 | -0.707106781187 0.0 0.707106781187 0.0199301476312
8 0.707106781187 0.707106781187 0.0 0.0199301476312
9 | -0.707106781187 0.707106781187 0.0 0.0199301476312

10 0.836095596749 0.387907304067 0.387907304067 0.0250712367487
11 | -0.836095596749 0.387907304067 0.387907304067 0.0250712367487
12 0.836095596749  -0.387907304067 0.387907304067 0.0250712367487
13 | -0.836095596749  -0.387907304067 0.387907304067 0.0250712367487
14 0.387907304067 0.836095596749 0.387907304067 0.0250712367487
15 | -0.387907304067 0.836095596749 0.387907304067 0.0250712367487
16 0.387907304067  -0.836095596749 0.387907304067 0.0250712367487
17 | -0.387907304067  -0.836095596749 0.387907304067 0.0250712367487
18 0.387907304067 0.387907304067 0.836095596749 0.0250712367487
19 | -0.387907304067 0.387907304067 0.836095596749 0.0250712367487
20 0.387907304067  -0.387907304067 0.836095596749 0.0250712367487
21 | -0.387907304067  -0.387907304067 0.836095596749 0.0250712367487
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different numerical integration schemes and error analysis the reader is referred to

[52]. For the numerical implementation, the whole algorithm summarized in Table

5.3

5.2 Rubber Fracture Model I: Neo-Hookean-type hyperelasticity coupled with
Phase-field

In this section, we discuss the recent work of Miehe and Schinzel [20]], which is
proposed for the phase-field method in the geometrically nonlinear setting. We will
derive the constitutive equations and summarize the numerical implementation of the

proposed model.

The response of the solid undergoing fracture is described by

BxT—S8 BxT —|0,1]
= and d:= (5.54)

X|—>a::<p(X,t) XHd(X,t)

where (o maps the material points X to their deformed positions x and d dictates the
local damage state of the material at point X. d = 0 denotes the undamaged state and
d = 1 corresponds to fully fractured state. The free energy of the fracturing isotropic

solid is given as a function of the deformation gradient F' and damage d
U (g; F,d) = g(d) V(g F) (5.55)

with a monotonically decreasing degradation function ¢ (d) and the undamaged ref-
erence free energy V(. The degradation function determines the weakened response

of the damaged material and should satisfy the following constraints.
g<0 g0)=1 g1)=0 g(1)=0. (5.56)

The simple degradation function for the given constraints is adopted [20, 25} 53] as

follows.

g(d) = (1-d)* (5.57)
The elastic response of the proposed model is described by following undamaged free
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Table 5.3: Algorithmic Box for the Microsphere model

1. Initialization of orientational vectors 7 and weigths w® for i = 1, 21.

2. Calculation of the micro-stretch \ and the corresponding derivatives. t' = Fr*

and \! = }tzl

H=Y (p-2) (W) tot ot atv -2

3. Coefficients for the stress 7 and the moduli Cy.

32
NUP S PN
VN 1— A

T =/ NBA h
C; = [W'A?(l—p) + uﬁ\/ﬁ)\l‘%] h @ h + VN PH

AN +3

T

4. Calculation of the micro-area-stretch and the corresponding derivatives n' =

F~Triand 7' = |n'|.

21
k=Y q(@)" 'n'@niv 2
=1
21
K=Y qq-2) (@ "'n'en eon @nw 2
=1
21
Q= Z q (’7)q_2 (ninngdl + nZni,g,jcl +ninbgat + ninigadl)wl )
=1

5. Coefficients of stress 7. and moduli C,
T7.=—pUNE
C.=pUn(K+Q).

6. Final Stress 7 and moduli C

T=1;+7. and C=C;+C,
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energy

\Ifo(g;F)Zg(b:g—S)JrU(J) (5.58)

as a Neo-Hookean-type energy form with the weakly incompressible volumetric part.
Moo . 2v

U(J):==(J¢=1 th &= 5.59

()= ) with &= 1—— (5.59)

The parameter ¢ is defined as a function of the Poisson ratio. The stress expression

and the corresponding fourth-order moduli expression obtained as

T =20,V (g; F,d) = g(d) [,ub +p1}

(5.60)
C=49,,0 (g; F,d) = g(d) [(p+r)1© 1 — 2pl]

where p := JU' (J) and  := J>U"” (J). The critical fracture surface energy derived

through the multiplication of the regularized crack surface by critical energy release.

(& Cl
gz & + 7 [Vdf (5.61)

Hence, the energetic force f and the crack driving force S defined in Equation (3.20)

are obtained as

(4 Cl C
f=0,(d Vid) =0 {g @+ % [V} = %d (5.62)

B=0,0(d.g:F)=—2(1—d) ¥ (5.63)
The flux-like vector @ is calculated as

Since we formulate and numerically implement the model problem in the Eulerian
configuration, the term V. d should be converted into V.d = Vi dF ™', and turned
into Eulerian object by using the Piola-Identity (3.22)).

1
q=-q with g:= 9V, dFF" (5.65)

Substituting the equations (3.62)),(5.63), and (5.63), into (3.21)), we arrive at

1 :
J div (jgczvxdb) +2(1—d) Ty — %d ~0 (5.66)
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To account for the irreversibility of the crack propagation, the term Vg in (3.63)) is

replaced with the non-decreasing history field H introduced in [29].

H(t) := max Uy (F,g,s) (5.67)

s€[0,t)
In order to stabilize the numerical treatment of the crack propagation, the rate depen-
dent viscous resistance term 7d can be added. Thus, final form of the equation (5.66)

becomes

1 .
J div (761) ~Td+2(1l-d)H —nd=0. (5.68)

For the update of the history field, the maximum achieved reference energy of the
material is used.

To, for Vo, > Hp
H = (5.69)

H, for Vo, < H,

and for the time integration of rate term d, the Backward Euler scheme 1s used.

d—d,

d~
At

(5.70)

The superscript “n’”” denotes the quantities belonging to the previous time step ¢,,, and

At = t, .1 — t, denotes the time increment between two consecutive solution steps.

5.3 Rubber fracture model II: Microsphere extension of the bond-stretch model

coupled with Phase-field

This section is concerned with the microsphere model [35] extension of the recently
developed model by Talamini, Mao, Anand [25]. The motivation of the bond stretch
model is to divide the response of polymeric network into the internal energetic con-
tribution and the configurational entropic contribution where the former is mainly
concerned with the rupture of the network, whereas the latter is concerned with the
overall stiffening stress response before the failure. In the bond stretch theory, unlike
the classical Langevin chain, Kuhn segments are considered as extensible. While the
interaction between the molecules contribute both internal energy and configurational

entropy, stretching of the chain contributes only to the configurational entropy.
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Figure 5.2: a) Kuhn segments are allowed to deform, b) Proposed single chain model.

Each segment in the Langevin chain is allowed to stretch by )\, as shown in Figure

5.2

=1l (5.71)

where [ is the current segment length and [ is the resting segment length. The modi-
fied relative stretch ), is obtained as

o I r v T r _)\)\b_l

. — = = 5.72
o VNN L= Nl IN (5.72)

Hence, the free energy contribution of the bond stretch becomes

-1
(N, \) = Nk6 (A,ﬁ +In Sinﬁhﬂ) with [:=L7" (A\jbﬁ ) (5.73)

The internal energy contribution of the interaction between the atomic bonds are given

as a quadratic form.

1
e =S NE, (A — 1) (5.74)

where £, parameter can be considered as a bond stiffness. The final form of the free

energy of a single chain is obtained as

b\ Ny) = %NEb (A — 1)% + Nk (ATﬁ +1n sifm) (5.75)

For the evolution of ), the following constrained minimization problem is used.

Ay = arg min A A 5.76
’ g>\2>)\/\/ﬁw( V) ( )
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In other words, for a given stretch state, segments realign themselves in such a way
that they minimize the energy of the single-chain. At this point, since the )\, reduces
the relative stretch, it should not be thought to decrease the amount of chain elon-
gation. Contrary to this, since ), increases the resting length ry and consequently
reduces the relative stretch \,., the asymptotic response of the Langevin chain for the
limiting case remains always finite. Hence, the stretch A of a single chain can be
higher than v/N. However, the stretch due to the segment realignment )\)\b_l should
not be higher than V/N. In other words, for any value of stretch A, A\, remains less
than 1.

Increasing bond stretch will increase the internal energy and consequently bring the
single chain closer to the scission state. Therefore, the free energy of the single

fracturing chain is given as

1
W (A Ny, d) = g (d) [éNEb (O — 1)2] + Nké ()\TB +1n Sinﬁhﬁ> (5.77)

where the degradation function g (d) has the same properties as defined in Equation
(5.36). Although the degradation function does not reduce the contribution of the
configurational entropic part, an increasing resting end-to-end distance r, decreases

the relative stretch and reduces the configurational entropy contribution.
For the micro-macro bridging, microsphere model is used.
A=(A), (5.78)

For p = 2, the microsphere model becomes exactly same as the model of [25] where
the 8-chain model is employed. For the bond stretch )\, and damage d, every segment

and chain in the network is assumed to be stretched and damaged identically.

The isochoric part of the deformation gradient contributes to the configurational en-
tropic part through the (5.78)) and the volumetric part of the deformation gradient con-
tributes the internal energetic part of the free energy. Therefore, constitutive equation

for the energetic part given as
1 2 1 -1 2
go (Mo, J) = 5 NnE, (N — 1)+ gK (J—J) (5.79)
where 7 1s the number of chains in a unit volume and K is the bulk modulus. Hence,
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overall free energy becomes

V(g F,d) = g(d) %E” o =1+ éK (7= Jl)ﬂ e (Arﬁln Sifhﬁ)
(5.80)

where the shear modulus ;1 = kfn and the bond stiffness E, = EynN are material

parameters. The energy minimization problem solved for finding ), then becomes

ov _
o,

0 = g(d)EN—-1)XN—p\3=0 (5.81)
For the damage evolution, the following equation is considered.

1 .
Jdiv7(}—5fd+2(1—d)7-[—77d:0 (5.82)

where ¢ := £/I?V.dFF” and the history variable # is defined through the non-

decreasing threshold function.

H(t) = max ("(N\y (s),J (s)) —€/2) with (z) = 0ws0 (5.83)

s€[0,t)

5.3.1 Derivation of Stress and Moduli expressions

Having the free energy defined, we can continue with the calculation of the isochoric
stresses and moduli. The micro-macro transition for the stretch is the same as Equa-

tion (5.30). The isochoric stresses become, then
1
7 =71h with 7= /L\/NA—MH (5.84)
b

where the inverse Langevin function approximated by the Padé approximation

33—\ Po
=L (\) ~ L)\, with )\, o= 220 5.85
The corresponding isochoric moduli are expressed in the following form
C=csh@h+H (5.86)

with the coefficient

1 1, 15 1 ] O
e = B GNP HpBVN (1= p) AT | A 4 /N5 a2 2
' ’ ' (5.87)
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The required derivative, % will be calculated by using the persistency condition

in the algorithmic update of the internal variable \,. For the volumetric part, the
derivatives of the volumetric free energy in Equation (5.79)) are obtained as
Jt—1 34!

YR VR (5.88)

S =

The total stresses and tangent moduli are obtained by substituting the isochoric and

volumetric terms in Equations (5.84),(3.86) and (5.88)) into Equations (3.6) and (5.3).

The material parameters of the model are summarized in Table 5.4l

Table 5.4: Material parameters of the Bond-stretch model

Parameter | Explanation

L Shear modulus
K Bulk modulus
N Number of chain segments
E, Bond stiffness
e/ Threshold critical energy
[ Length scale parameter

Viscous regularization parameter

P Non-affine stretch parameter

5.3.2 Algorithmic update of bond stretch

Update of the bond stretch is governed by the energy minimization problem (3.76).
Once the micro-stretch is obtained, the bond stretch is updated by solving Equation
(5.81) implicitly. For the numerical implementation, the iterative solution scheme is

summarized in Table
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Table 5.5: Iterative Newton scheme for the update of A\,

1. Get database from history A\, = A} and stretch \ using step 2 in Table 5.3
2. Newton iteration scheme for A,

a. Initialize expressions for residual and tangent.

A\ 3—\2 AN +3
b ﬁ — T )\ 6/ _ T +

VN

\, = A - T2
EpF (122’
b. Calculate residual and tangent, update A,

r:g()ﬂ\/—()‘b_l) - rﬂ
/ E /)‘
ng()ﬂ\/—@/\b—l) (B +AB) +
)\bF)\b—g

c. Check whether problem is converged.

IF (r < tol) update history and calculate required derivative in

Equation [5.87]
O\ Al
5N =B+ N5 Y

ELSE IF (r > tol) GO TO Step a.
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CHAPTER 6

NUMERICAL RESULTS

This chapter demonstrates the modeling capability of the proposed models. First,
we investigate the effect of mesh density in a penny shape pre-cracked rectangular
test specimen. Second, as a benchmark problem, we examine double-notched speci-
mens with different notch lengths given in the experimental study [1]. All numerical

analysis are conducted using the Finite Element Analysis Program (FEAP) [54]].

For Rubber Fracture Model I introduced in Section 5, we investigate the effect
of mesh density on a benchmark problem given in [20]. The specimen is 2 mm in
width, 0.4 mm in height, and has a 0.2 mm notch in the center as shown in Figure
Three different element sizes are considered in the crack path. By exploiting
the symmetry of the geometry of the specimen and boundary conditions, we only
discretize the quarter of the test specimen. For the analysis, 13500 elements with
he = 5 x 10~* mm element size, 10000 elements with 2 = 1 x 10~ mm element
size, 4000 elements with h¢ = 2 x 10~2 mm element size are used in the crack path.
The mesh with ¢ = 0.002 mm used in simulations is shown in Figure[6.1l The stress
analysis is conducted with monotonic displacement-driven boundary conditions with
constant displacement increment Au = 1 x 107°. Simulations are performed in
plane-strain condition. The shear modulus, the Poisson’s ratio, the critical fracture
energy, and viscosity parameters are set to . = 5 N/mm?, v = 0.45, g. = 2.4 N/mm,
and 7 = 1 x 1073, respectively. The length scale parameter [ is taken constant in all
analysis and set to [ = 0.01 mm. The load-displacement curves for different element
sizes are compared in Figure Results converge to the solution of the smallest
element sized mesh. Figure shows the deformed geometry at Points 1 through

9 on the load-displacement curve in Figure Principle stresses for the fracturing
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specimen are given in Figure

A
<
[/
[/
.

Notch size = 0.2 mm

Figure 6.1: Mesh for penny shaped precracked test specimen and crack region with

effective element size h¢ = 0.002 mm.

For Rubber Fracture Models I and II, we tried to reproduce the results given in [20]
and [25] by using the experimental setup in [[1]. The specimen is 80 mm in width, 200
mm in height and 3 mm in depth. We consider specimens with different notch lengths
a = (16,20, 24) mm with a fixed notch radius R = 1 mm, see Figure[6.6]. Since the
specimen is very thin, simulations are performed in plane stress condition, which is
proposed in [55] and is explained in detail in [S6]]. In simulations, displacement of
the bottom edge of the specimen kept fixed while the top edge of the specimen is
subjected to monotonically increasing displacement. Displacement increments are
decreased as soon as the damage has initiated due to the sudden crack propagation.
By exploiting the symmetry, we discretize only the quarter of the test specimen. For
the analysis, the element size of 0.05 mm is used in the crack path. For 16 mm notch
size 13000 elements, for 20 mm notch size 11000 elements, for 24 mm notch size
9000 elements are used in quartile. The mesh used for simulations of the specimen
with 20 mm notch size is shown in Figure The corresponding mesh in Figure
is generated using ABAQUS/CAE [57].

The load-displacement curves for the Rubber Fracture Model I and Rubber Fracture

Model II with different notch lengths are compared in Figures [6.7] and [6.8] respec-
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16 o h = 0.001
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0 0.1 0.2 0.3 0.4 0.5 0.6

Displacement [mm]

Figure 6.2: Load-displacement curves of penny shape precracked test specimens for

Rubber Fracture Model I with different element sizes.

tively. In Figure [6.7h, numerical results are compared with the experimental data for
the Rubber Fracture Model I. The simulations were performed in plane-strain condi-
tion. For a = 24 mm and ¢ = 20 mm, the specimens could not be stretched until
a fully fractured state. This could be explained with extreme element deformations.
The elements around the crack region deform excessively due to the non-linear ge-
ometric setting of the problem. This problem can be solved through utilizing a well
structured mesh. There are some discontinuities before the sharp decrease in load val-
ues. These could be explained by the sudden change in the time increment value. An
adaptive time stepping method could overcome this problem. In Figure[6.7b, numeri-
cal results are compared with the experimental data for the Rubber Fracture Model I.

Simulations were performed in plane-stress condition.
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Load F' [kN]

| | | | | ©&

0 0.1 0.2 0.3 0.4 0.5 0.6
Displacement v [mm]
Figure 6.3: Penny shaped tension test for Rubber Fracture Model I with element size

h¢ = 0.002 mm. u; = 0 mm, uy = 0.2 mm, us = 0.378 mm, uy = 0.458 mm,

us = 0.478 mm, ug = 0.498 mm, u; = 0.518 mm, ug = 0.538 mm, ug = 0.545 mm

For Rubber Fracture Model 1I, Figure shows the deformed geometry at points
(a) through (k) on the load-displacement curve in Figure To aid visualization of
the damage, elements with d > 0.95 are removed from the plot. Figure is the
initial configuration of the specimen. Figure is the first point where the damage
has initiated. At Point ¢, damage is still increasing, but crack has not been propagated
yet. After the Point d, a small crack zone becomes observable and material starts to
lose its stress bearing capacity. Further stretching results in sudden crack propagation.
Note that, the displacement and time increments between Points e,f, and g are same
in Figure In Points g, h, and 1 in Figure material has already lost its bearing

capacity. Point j shows the fully fractured material.
For Rubber Fracture Model 11, Figure shows the load-displacement curve for the
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u1 = 0 mm
uy = 0.458 mm

us = 0.2 mm 0.475
U5 = L.afc mm ug = 0.538 mm

uz = 0.378 mm ug = 0.498 mm ug = 0.545 mm

Figure 6.4: Corresponding deformed shapes of the specimen for the tension test given

in Figure

double-notch specimen with different initial notch lengths. In this numerical analysis,
non-affinity parameter has taken different than p = 2. Further analysis should be
conducted for determine the material parameter set in order to reflect the experimental

results more accurately.

6.1 Discussion of Numerical Results

Although the load carrying capacity of double-notched specimen decreases with in-
creasing notch length, they do not coincide with the experimental data. In Rubber
Fracture Model I, although the same material parameters as in the [20] study have
been used, they could not be fitted to the experimental data, Figure [6.7b. The main
reason for this problem may be that the simulation was performed with plane strain

conditions, although the experimental study was more suitable for plane stress as-
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Figure 6.5: Principal stresses for Fracture Model I with penny shaped precraked test

specimen, © = 0.518 mm.

sumption. However, more realistic results for the presented model can be obtained
by performing a parameter analysis for the plane stress condition. In Rubber Frac-
ture Model II, although the material parameters in the study [25] have been used, the
fracture displacement in the simulations underestimate the experimental data, Figure
The inaccuracy of the material parameters may cause this problem. However, the
consistency of the results in itself indicates that the model will offer promising results

with appropriate material parameters as shown in Figure[6.10
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80 mm R =1mm

200 mm

Figure 6.6: Mesh for double-notch specimen and crack region.
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Figure 6.7: a) Comparison of the numerical results of Rubber Fracture Model I with
experimental data in plane-strain solution. b) Comparison of the numerical results of
Rubber Fracture Model I with experimental data in plane-stress solution. The chosen
material parameters p = 0.203 N/mm?, v = 0.45, ge =2.67 N/mm, [ = 1.0 mm, n =

1.0 x1073 mm.
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Figure 6.8: Comparison of load-deflection curves for Rubber Fracture Model II from
simulations against the experimental results of [1]] with chosen material parameters
K = 2.68 N/'mm?, i = 0.268 N/mm?, N = 1000, p = 2.0, E, = 2.67 N/mm?,
e/ =0.235 N/mm, [ = 1.0 mm, 7 = 1.0 x 1072 MPa - s
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Figure 6.9: Load-displacement curve of double-edge-notched tension specimen for
Rubber Fracture Model II with initial crack length ¢ = 16 mm. u, = 0.0 mm,
uy = 30.5 mm, u, = 37.0 mm, ug = 37.214 mm, u, = 37.229 mm, u; = 37.239
mm, u, = 37.249 mm, v, = 37.259 mm, u; = 37.261 mm, u; = 37.262 mm.

35 T T T T T

Simulation

,,,,,,,,,,,,,,,, Experiment

= N N
o o a
T T T
| | |

Load F' [kN]

i
o
T
|

0 1 1 1 1 ' 1
0 10 20 30 40 50 60
Displacement [mm]

Figure 6.10: Comparison of load-deflection curves for Rubber Fracture Model II from
simulations against the experimental results of [[1]] with chosen material parameters
p = 0.268 N/mm?, N = 1000, £}, = 2.67 N/mm?, K = 2.68 N/mm?, &/ = 0.240
N/mm, [ = 1.0mm, n = 1.0 x 1072 MPa - s, p = 1.47.
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Figure 6.11: Deformed geometry of double-edge-notched tension specimen for dif-

ferent displacement values given in Figure
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CHAPTER 7

CONCLUDING REMARKS

The failure analysis of rubbery polymers which show high nonlinear material be-
havior at large deformations was numerically modeled in this thesis. The rupture of
rubbery polymers has been modeled by using the Phase-Field method where the con-
servation equation of linear momentum and the evolution equation crack phase-field
are solved together. The material behavior of rubbery polymers undergoing damage
has been modeled by two distinct approaches taken from literature where the damage-
induced degradation in the material affects either the entropic and volumetric part of
the energy or the energetic and volumetric part of the energy. Furthermore, for the en-
tropic elasticity distinct constitutive approaches has been implemented to observe the
high non-linear material behavior. Several modeling approaches has been studied to
make a comparison through numerical analysis of benchmark problems with highly

heterogeneous deformations of rubbery polymers undergoing rupture.

In Rubber Fracture Model 1II, the free energy contribution of the single-chain is not
multiplied with the degradation function ¢ (d). To this end, )\, parameter increases
the chain restingx length and increases the number of possible configurations. There-
fore, single-chain contribution decreases and the infinite response of the single-chain
remains finite for the larger values of stretch. With an increasing number of possible
configurations, entropy begins to increase. Once the critical crack driving force 7 is
reached, damage starts to initiate and decreases the energetic and volumetric contri-
bution. The power of the bond stretch model comes from the energetic and entropic
split, both controlled by one internal variable \;,, which increases the crack driving
force H. In the light of this discussion, we did not use the tube contribution proposed

in the microsphere model, because the contribution of the tube will not reach to a
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finite value. Another area contraction variable could be added to the proposed model

with an appropriate minimization principle similar to Equation (5.87)).

Based on our investigations, the stability of the solution of the coupled failure prob-
lem is highly dependent on the mesh size and mesh structure due to the extreme
deformations of the elements in the crack path. In order to outcome the mesh distor-
tion problem, the arbitrary Lagrangian-Eulerian finite element formulation could be
considered as future work. Moreover, crack tips in the tearing zone have high velocity
due to the sudden crack propagation, especially in the late stages of failure. For that
reason, a dynamic solution scheme may be more suitable than the quasi-static solu-
tion scheme for the failure analysis of the rubbery polymers. Furthermore, as a future
work, the viscoelastic effects of the rubber should be considered in order to express
the time-dependent behavior of the rubber and estimate the fatigue resistance under
cyclic loading. Moreover, for non-monotonous loadings, the damage-induced degra-
dation function should be extended to account for tension-compression asymmetry to
avoid interpenetration of the crack lips. Also, the effect of strain-induced crystalliza-
tion should be studied in order to express the stiffening response and increased crack

resistance of rubber.
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