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ABSTRACT

EXPLORATIONS IN YANG-MILLS MATRIX GAUGE THEORIES WITH
MASSIVE DEFORMATIONS

Oktay, Onur
Ph.D., Department of Physics
Supervisor: Prof. Dr. Seckin Kiirkciioglu

December 2019, [149] pages

We focus on two research projects on Yang-Mills (YM) matrix models with massive
deformation terms, where fuzzy four-spheres, as well as fuzzy two-spheres appear as
matrix configurations which are of interest. We first concentrate on an SU(N) YM
gauge theory in 0+ 1-dimensions with five Hermitian matrices, a YM 5-matrix model,
with a massive deformation term and search for matrix configurations of fuzzy four-
spheres, which are formed by taking tensor products of certain irreducible and re-
ducible representations of the isometry group SO(5) of the fuzzy four-spheres, which
may be understood as new static configurations satisfying the classical equations of
motion of this matrix model. The reducible representation of SO(5) that we em-
ploy is formed by following a Schwinger type construction which utilizes four pairs
of fermionic annihilation-creation operators and their SO(5) irreducible representa-
tion (IRR) content is determined. It is shown that in addition to standard fuzzy
four-spheres, the generalized fuzzy four-spheres, S3, that recently appeared in the
literature [1]], also emerge as solutions to the YM 5-matrix model. We examine the

quantization of the coset space O, = SU(4)/(SU(2) x U(1) x U(1)) via the coad-



joint orbit method to provide a perspective on the structure of S3 and employ the
generalized coherent states associated to SO(6) ~ SU(4) to discuss some aspects of
both the basic and generalized fuzzy four-spheres. In the second part of the thesis, we
examine a YM matrix model that can be contemplated as a massive deformation of
the bosonic part of the Banks-Fischler-Shenker-Susskind (BFSS) model. An ansatz
configuration involving fuzzy two- and four-spheres with collective time dependence
is proposed to arrive at a set of reduced actions whose chaotic dynamics are revealed
by calculating their Lyapunov spectrum, Poincaré sections and in particular largest
Lyapunov exponents by using numerical solutions to their Hamiltonian equations of
motion. We also analyze how the largest Lyapunov exponents change as a function

of the energy.

Keywords: Fuzzy Spheres, Matrix Gauge Theories, Coadjoint Orbits, BFSS Matrix

Model, Chaotic Dynamics, Lyapunov Exponents, Poincaré sections
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0z

KUTLE DEFORMASYONLU YANG-MILLS MATRIS AYAR TEORILERI
UZERINE ARASTIRMALAR

Oktay, Onur
Doktora, Fizik Boliimii

Tez Yoneticisi: Prof. Dr. Seckin Kiirkciioglu

Aralik 2019, sayfa

Bu tezde, kiitle deformasyon terimleri tagiyyan Yang-Mills (YM) matris modellerine
odaklanilmistir. Fuzzy 2-kiire ve fuzzy 4-kiire konfigiirasyonlar1 bu modellerin po-
tansiyellerinin ekstremumlar1 olarak ortaya ¢ikmaktadir. Oncelikle, bes Hermityen
matris iceren, 0 + 1 boyutta bir SU(NN) ayar teorisi olan kiitle deformasyonlu YM
S-matris modeli ele alinmistir. Bu baglamda, fuzzy 4-kiirelerin izometri grubu olan
SO(5) grubunun birtakim indirgenebilir ve indirgenemez gosterimlerinin tensor car-
pimlarini hesaplamak suretiyle, YM 5-matris modelinin klasik hareket denklemlerini
saglayan yeni fuzzy 4-kiire konfigiirasyonlar1 arastirilmistir. Bu arastirma esnasinda
kullanilan indirgenebilir SO(5) gosterimleri, dort ¢ift fermiyonik yaratma ve yok
etme operatorii vasitasiyla tammmlanan Schwinger tipi bir yapiyla olusturulmus ve bu
sayede SO(5)’in indirgenemez gosterimleri cinsinden igerigi belirlenmigtir. Standart
fuzzy 4-kiirelerin yaninda, literatiire kisa bir siire once girmis olan [1]] genellestirilmis
fuzzy 4-kiirelerin (Sﬁ) de YM 5-matris modelinin ¢oziimleri oldugu gosterilmistir.
Sh yapilarinin daha iyi anlagilmasi maksadiyla, coadjoint yoriinge metodundan yarar-

lanilarak O, = SU(4)/(SU(2) x U (1) x U (1)) koset uzayinin kuantizasyonu incelen-
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migtir. Bunun yaninda, SO(6) ~ SU(4) gruplarinin eg uyumlu durumlari kullanilarak
hem standart hem de genellestirilmis fuzzy 4-kiirelerin 6zellikleri irdelenmistir. Te-
zin ikinci boliimiinde, Banks-Fischler-Shenker-Susskind (BFSS) modelinin bozonik
sektoriiniin kiitleli deformasyonu seklinde agiklanabilecek yeni bir YM matris mo-
deli incelenmistir. Es zamanli dinamik yapilara sahip fuzzy 2- ve 4-kiirelerden olusan
bir konfigiirasyon ansatz olarak alinmis ve bu sayede indirgenmis bir eylem kiimesi
elde edilmistir. Indirgenmis eylemlerin kaotik dinamiklerini ortaya koymak amaciyla
Hamilton denklemleri niimerik yontemlerle ¢oziilerek ilgili Lyapunov spektrumlari,
Poincaré kesitleri ve en biiyiikk Lyapunov iistleri hesaplanmistir. Ayrica, en biiyiik

Lyapunov iistlerinin enerjiye bagh degisimleri analiz edilmistir.

Anahtar Kelimeler: Fuzzy Kiireler, Matris Ayar Teorileri, Coadjoint Y 6riingeler, BFSS

Matris Modeli, Kaotik Dinamik, Lyapunov Usleri, Poincaré Kesitleri
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CHAPTER 1

INTRODUCTION

Over the past few decades, there has been an immense and determined effort in theo-
retical physics community to enhance our understanding of matrix gauge theories [2,
3L 14,15, 16]. Among these theories, the models proposed by Banks-Fischler-Shenker-
Susskind (BFSS) [2] and Berenstein-Maldacena-Nastase(BMN) [S]] have been densely
studied and hold prominent places in the literature. These models appear as super-
symmetric SU(N) gauge theories in 0+ 1-dimensions and commonly called as matrix
quantum mechanics in the literature. This name may be attributed to the fact that they
are build up from N x N matrices whose entries only depend on time. For instance,
the bosonic part of these models contain nine NV x N Hermitian matrices, has SU ()
gauge and SO(9) global symmetries and contains a quartic interaction term among
the matrices. BFSS model is associated to the type II-A string theory and appears as
the discrete light-cone quantization (DLCQ) of the M-theory in the flat background
[7,18]. The BMN model is a deformation of the BFSS, which contains quadratic and
qubic terms in addition to the quartic term and preserves the maximal amount of su-
persymmetry, and can be obtained as the DLCQ of M-theory on pp-wave background
[5,9]. BFESS theory with SU(N) gauge symmetry may be understood as describing
the dynamics of N-coincident DO-branes, i.e. point-like Dirichlet branes in string
theory, in flat background [10, [11], where the diagonal entries of the nine N x N
matrices give the positions of these D0-branes in 9-dimensions, and the off-diagonal
elements describe the interactions among them. The BMN model aims to describe
the D0-brane dynamics in spherical backgrounds. This is due to the fact that fuzzy
2-spheres are stable vacuum configurations in the BMN model [12]]. Thus, the di-
agonal entries of the matrices may now be interpreted in part as the coordinates of

DO0-branes on the fuzzy sphere. These models have gravity duals, which are obtained



in the large NV, and strong coupling/low temperature limit [13}10]. It has been shown
that D0-branes then form a black brane phase, which is essentially a string theoretical
black hole in 9 + 1-dimensions [7, |8, [14]. Due to large number of degrees of free-
dom interacting through a quartic Yang-Mills (YM) potential, it does not appear quite
possible that general solutions of the BFSS/BMN models can be determined. Even
the smallest Yang-Mills matrix model with two 2 x 2 matrices and with SU(2) gauge
symmetry has not been completely solved until this date [15]. Nevertheless, there
are both analytic and recently increasingly more numerical techniques being applied
to these models to explore their structure and dynamics [16, [17, [18]. In this con-
text, there are two major research topics within matrix models to which the findings
presented in this thesis are connected: massive deformations of Yang-Mills matrix
models [, [19} 20]] and chaotic dynamics emerging from the BFSS and related matrix
models [21} [17, 22, 118, 20]. We study two problems in this thesis and in the rest of
this introduction we outline the basic features of these problems and briefly state the

results that we have obtained.

In this thesis, we focus on different of aspects of Yang-Mills matrix gauge theories
with massive deformations. The first problem we examine is finding new static solu-
tions for the Yang-Mills matrix model with five matrices and a massive deformation
term. This model can also be seen as a particular massive deformation of a subsector
of the BFSS model which is distinct from the BMN theory. It is already known that
fuzzy four-spheres constitute static solutions to the equations of motion in this model
[19] 23]. To search for new solutions, we adapt the approach applied in a series of
papers [24,25]] in SU () gauge theories coupled to adjoint scalar fields and massive
deformations of .4/~ = 4 supersymmetric (SUSY) YM, where fuzzy two-spheres in
various direct sum forms are obtained as new vacuum configurations. This is per-
formed by augmenting an additive new part using a Schwinger type realization of
SU(2) generators with fermionic annihilation-creation operators to matrices which
are already satisfying the equations of motion. For the model we study the situation
is rather more complicated due to the geometrically elaborate structure of fuzzy four
spheres. By using Schwinger type realization of SO(5) generators with "fermionic"
oscillators we find matrix configurations serving as new static solutions to the YM

S-matrix model. These configurations contain not only direct sums of fuzzy four-



spheres, but also matrices whose structure describe genealized fuzzy four-spheres
recently introduced in [1]. Using the representation theory of SO(5) and SO(6),
we discuss in detail how the new static solutions are obtained and subsequently turn
our attention to discuss essential features of generalized fuzzy four-spheres appearing
in our solutions. As an alternative to the approach given in [1], we use quantiza-
tion of coadjoint orbit methods [26, [27] and handle the quantization of a particular
10-dimensional coadjoint orbit of SO(6), namely O, to discuss the formulation and
properties of generalized fuzzy four-spheres. Coherent states associated to the Lie
group SO(6) ~ SU(4) are also used in this context to compare the structure and

properties of the ordinary and generalized fuzzy four-spheres as certain squashed

SU(4)

limits of the fuzzy CP? and fuzzy O, = SHOFHORI0]

. Using these techniques we
also solve a related problem, namely the Landau problem on O, and briefly state its

connection to the fuzzy O,.

In chapter 4, we focus our attention to a YM matrix model with two massive deforma-
tion terms to study the emerging chaotic motions as we shall explain shortly. Recently,
there has been intense interest in exploring, modelling and understanding the emer-
gence of chaos from matrix models of Yang-Mills theories [17, 18], 22]]. Attention
has been focused on examining many aspects and features of chaos in the BFSS and
BMN models. A strong motivation in studying possible chaotic dynamics possessed
by these matrix models comes from possibilities in acquiring an in depth perspective
and perhaps even discovering novel physical phenomena relating to the dual black-
brane phases, such as their thermalization, evaporation processes. For this purpose,
authors of [22] considered simple ansitze for the BMN model at the matrix levels
N = 2,3 satisfying the Gauss law constraint to probe the chaotic dynamics. The
model we study in chapter 4, has the same matrix content as the bosonic part of the
BFSS matrix model, but contains mass deformation terms breaking the global SO(9)
symmetry of the latter to SO(5) x SO(3) x Z,. Introducing an ansatz configuration
involving fuzzy four and two spheres with collective time dependence, we examine
the chaotic dynamics in a family of effective Lagrangians obtained by tracing over the
aforementioned ansatz configurations at the matrix levels N = %(n+1)(n+2)(n+3),
forn =1,2,--- 7. Before presenting a full numerical analysis of the chaotic dynam-

ics, we first identify the fixed points of the phase space for the model at each matrix



level and perform a linear stability analysis of these points. The latter allows us to
identify both the stable and unstable fixed points, and it also suggests that the possible
chaotic motion in these models could start at energies around and above the lowest
unstable fixed point energy within a given model. This expectation is corroborated
through the numerical work we perform, in which we obtain the Lyapunov spectrum
and analyze how the largest Lyapunov exponents change as a function of the energy.
We also give the Poincaré sections of these effective models at selected energies that

best describes the dynamics prior to, at and after, the onset of chaos.

Chapter 2 start out with introducing the first and second Hopf fibrations which are
later employed in the general discussion of the construction of fuzzy spaces. This
introductory part is followed by the construction of the simplest example of the fuzzy
spaces, i.e. the fuzzy two-sphere S% (28, 29, 30, B1]. After providing a detailed
description of the construction of S%, we move on to the discussion of the fuzzy
four-sphere, Sy [32] 33, 34]. Although there is an apparent resemblance between
the constructions of S% and Sy, as it is shown from both geometric and algebraic
sides, the fuzzy four-sphere is indeed a quite distinct object. This fact is thoroughly
demonstrated in the extensive review we present regarding the construction of Sy. In
concluding chapter 2, we give a self-contained review of the bosonic part of the BFSS
matrix model and introduce the Yang-Mills 5-matrix model. Chapter 5 summarizes

the results obtained and states the conclusions we have reached in this thesis.



CHAPTER 2

FUZZY SPHERES AND YANG-MILLS MATRIX MODELS

This chapter provides an introduction on the general aspects of fuzzy spheres and their
connection to the Yang-Mills matrix models. The approach we take on here is mainly
one of review and aims to explain concepts that relate to the ensuing chapters. In order
to gain familiarity with the problem of construction of fuzzy spaces, it is appropriate
to initiate the developments with a consideration of the well-known example of the
fuzzy two-sphere. In order to do so, we first start with a description of the basic
features of commutative manifolds C?, 52, S° and show the realization of S from S°
via the first Hopf fibration. This is followed by the quantization of these manifolds
using the canonical procedures and leads us to the construction of the fuzzy two-
sphere, S7, which is comprehensively presented in subsection This discussion

is based on the references [28, 129, 130, 31]].

There is also a four-dimensional version of the fuzzy sphere, the basic fuzzy four-
sphere, S Iff (32 133, 34]. In order to provide a detailed account of the construction
of Sj, the descent chain of manifolds C* — S” — S%, i.e. the second Hopf map,
is identified in section [2.2] In subsection [2.3.2] we perform the quantization of this
descent chain and give an extensive review of the construction of .S Iff. In this review,
we explicitly show that S7 cannot be obtained in a canonical way by quantizing the
second Hopf map. Rather, it should be thought of as emerging from the quantization

of the fibration S? — CP® — S*.

In section 2.4 we give a self-contained review of the bosonic part of the Banks-
Fischler-Shenker-Susskind (BFSS) matrix model including its derivation from the
Yang-Mills theory in 9 + 1 dimensions with .4~ = 1 supersymmetry. In the final sec-

tion of this chapter, we introduce the Yang-Mills 5-matrix model whose new vacuum



solutions will be explored in chapter 3]
2.1 Geometry of Two-Sphere

For any natural number n, the n-sphere S™ can be defined in terms of its embedding in
the (n+1)-dimensional Euclidean space, R™ ", as the set of points that are equidistant
from a fixed central point [35]. In particular, the two-sphere, SZ, can be defined as the

two-dimensional, real, compact manifold via its embedding in R® by the constraint

pil 40" +pst =00 (p1ypa,ps) € R 2.1.1)

where p is the radius of S?. It is sufficient to introduce two parameters to describe S°.
For instance, we may use the spherical angles ¢ and  where the polar angle ranges
from the values 0 < # < 7 and the azimuthal angle is in the range 0 < ¢ < 27. The

Euclidean coordinates can be expressed in terms of these angles by

p1=psinfcosp, py,=psinfsinp, p;=pcosh. (2.1.2)

The coordinates p,, (11 = 1,2, 3) together with (2.1.1T) generate an infinite-dimensional
commutative algebra of smooth bounded functions on S* denoted as C*°(S?). Any

element Q2 € C™(S 2) can be expanded in terms of polynomials of p,, as
UB) = D Dosi PP (2.1.3)

An equivalent expansion of €2 can also be provided in terms of the spherical harmonics

Y. (0, @) as follows

0o l
Q0,0) =D > Ym0, 9). (2.14)

=0 m=-1
The spherical harmonics satisfy the normalization and orthogonality conditions given

by [36] )
/ / Yin(0,0)Yy (0,0)sinfdf dp = 6,40,/ - (2.1.5)
o Jo

Isometry group of S 2 is the group of rotations SO(3). We may therefore, use the gen-
erators of SO(3) as the derivations on the algebra of functions C*°(S?). Explicitly,
we have

L,=—i(px V), = —i€ump,0y. (2.1.6)

m

6



acting on C'*°(S?). They fulfill the SO(3) commutation relations

L, L,) = i€l (2.1.7)

prn—mn:
A glance at equation (2.1.6) reveals that Lis perpendicular to the position vector p
which is parallel to the radial direction on S2. Therefore, we immediately see that
this vector differential operator is tangential to the two-sphere. Indeed L, are deriva-
tions on C'*°(S?), because they provide a map from C*°(S?) onto itself fulfilling the
Leibniz rule

L, (2,9) = (L) + Q(L,Q,). (2.1.8)

The Laplacian operator on S” can be written as
L?*=1,L, =L+ Ly + L;°. (2.1.9)

As the simultaneous eigenfunctions of L? and L operators, spherical harmonics sat-

isfy the following eigenvalue equations:

LY, (p) = U1+ 1)Y;(P), (2.1.10)
LsY(B) = mYin(P), (2.1.11)

where the index [ takes the integer values 0, 1,2, ... and the index m runs through

values —I[, ..., [.

Having now presented the basic features of the two-sphere, we move on to discuss its
geometrical properties. To proceed further, it is convenient to review two necessary
group theoretical concepts: cosets of a Lie group and adjoint action of a Lie group on
its Lie algebra and also as a manifold for which it is the group of isometries. Given
a Lie group GG with a subgroup H, an equivalence relation can be constructed in G

using H. For any two elements g;, g, € G, if there exist an element i € H such that
gl — 92]7/, (2.1.12)

we shall say that g; and g, are in the same equivalence class and express this relation
as g; ~ go. Since equation (2.1.12)) constitutes an equivalence relation, G can be
partitioned into a disjoint union of these equivalence classes, each of which is a coset.
The set of cosets, which are denoted by GG/ H, are called right cosets of G. The right

coset space can be defined as [37]]
G/H={g~ghlge G,he H}. (2.1.13)

7



If g denotes the Lie algebra of GG then we may define the adjoint action of G on g as
Ad(g)Y =gY g, geG,Y eg. (2.1.14)

Let us use these definitions for the isometry group SO(3) ~ SU(2) of S*. Since
SU (2) is the group of 2 x 2 unitary matrices with unit determinant, we may introduce

a generic element in the form

to
Ad(g)os = gosg' =G 5. (2.1.16)
Explicitly, ¢ - 7 is
2 2 *
2|7 — |z 22,2
e |2| N (2.1.17)
2(2129") —|21|" + |2|

where & = (04, 09, 03) is the vector of Pauli matrices and the components of the unit

vector ¢ are given by
[ 2R€(2122*), o = —2[m(2122*), gs = ‘21’2 — |ZQ‘2. (2118)

In order to check that g is actually a unit vector, squaring both sides of equation (2.1.16))

we find
903919039 = 4.0.4,0, ,
gos’g = 4 (0,15 +i€y,,0,)
1, = QMQM]IQ )
thus
7 4= quq, =1, (2.1.19)

which leads us to realize that g, correspond to the coordinates of a unit 2-sphere.
Therefore, we may interpret equation (2.1.16)) as a projection map from SU(2) to S 2
as follows [38, 39]]

My SU(2) — S°



g~ Ad(9)(@7) =77, (2.1.20)

where ¢, = (0,0, 1) is the unit vector pointing along the third axis. Now consider two

elements g;, g» € G in the same equivalence class given by
g =gh,  h=e3" cU(1) C SUQ). 2.1.21)

We can verify that ¢g; and g, are projected onto the same point ¢ as follows

10397 =7 & (2.1.22a)
92h03(92h)—1 = 92h03h719271
_ 926(1‘/2)0030_36(—2‘/2)90392—1
-1
= 020392
=q-7, (2.1.22b)

which implies that ¢ can be identified with the equivalence class [ge(i/ 2)9"3} € SU(2)/U(1).
Therefore, we deduce that unlike S* and S?, the two-sphere is not a group manifold

but an example of a coset manifold [40], and we may express this as

SU_(2) (2.1.23)

S? o)

Another way to see two-sphere as a coset manifold is by considering the linear ac-
tion of SU(2) on C*. Let us take two complex numbers which correspond to the

coordinates of C* with its origin removed, i.e.
2= (2,2), 2€C*\{(0,0)}. (2.1.24)

The complex projective line, CP', is the set of complex lines going through the origin

of C? that are grouped through an equivalence relation given by
CP' = {(21,2) ~ Mz1, 22)| A € C}. (2.1.25)

SU (2) maps a complex line to another complex line. Hence, its action on CP* is tran-
sitive. The isotropy group of SU(2), which leaves the complex line of CP" invariant
is U(1) which is generated by the phase of A\ € C in (2.1.25). Therefore, CP" is also
diffeomorphic to SU(2)/U(1). To summarize, the topological equivalence of S* and
CP' to the adjoint orbit of SU(2) can be expressed as

2 _ opl = SUQ2)
§*=CP' = 7y (2.1.26)



2.2 Hopf Fibration

A Hopf fibration is a many-to-one continuous function from a higher dimensional
sphere to a lower dimensional one. Generally, there are four Hopf fibrations, on S°,
53,57 and S0 [41]]. In this section, we review the fibrations on the three-sphere and

the seven-sphere.

The first and best known example of a Hopf fibration is a map from the three-sphere
into the two-sphere known as the first Hopf map whose bundle structure is denoted
by S* — §° 7, g2 meaning that the total space S° is a S' = U(1) bundle over the
base space S” [42]]. In this mapping, the inverse image of a point on S” is a circle on

S3. Given the unit three-sphere as a submanifold of R* by
ei+xd +ai4al=1, (21, T2, T3, 74) € R, (2.2.1)

and the unit two-sphere by equation (Z.1.19), the first Hopf map .77, : S® — S is
defined by

1 = 2(2125 + 2214), (2.2.2a)
Qo = 2(T9T5 — T174), (2.2.2b)
43 = 51512 + $22 - $3? - 9542- (2.2.2¢)

An equivalent description of 7] can be formulated by regarding the three-sphere as
embedded in C* \ {0,0}. Since the coordinates given by equation (2.1.24) are never

all zero, they can be normalized as

Ry im . 4 =12, (2.2.3)

21" + |22l
such that they describe a three-sphere embedded in C* \ {0, 0}
S? = {KTI{ =1, k= (Kky, RQ)T} . (2.2.4)

The coordinate functions on S can be defined in terms of the complex argument r as

Yu(k) = liTO'MFL, (2.2.5)



where o, are the Pauli matrices. The Hopf map between r, and y,, is equivalent to

the projection map from S° to S* which may be introduced as

3 2

My S7— S, Ko+ Yu(K). (2.2.6)
It is obvious that () are left invariant under the U(1) transformations x — k.
Furthermore, a closer inspection of equation (2.2.3) reveals that they are indeed real
functions

Y, = </€TO'MT(I€T)T>* =Y, (2.2.7)

y,, can be written out explicitly as follows

Y1 = K1 Ko + Ko Ky, (2.2.8a)
Yo = i(Ky Ky — Ky Ky), (2.2.8b)
Ys = Ky Ky — Kg K. (2.2.8¢)

The Fierz identity for Pauli matrices is given by

(Uﬂ)aﬁ(aﬂ)‘s'Y = 25&75,35 — 5a555,y . (229)

The sum of the squares of 3/, can be determined by invoking equation (2.2.9)

YuYu = (KT)Q(O— )aﬁ("i) (HT>6(0-M>67(H>7

= (KN (1) 5(k")5(K) (200,055 — Oapdsy) (2.2.10)
=2kl krln — kKK
pu— 17

which proves that y,, are the Euclidean coordinates on the unit two-sphere.

There also exists a second Hopf bundle S* — S’ N S*, consisting of the four-
sphere as the base space, and the seven-sphere as the bundle space with the fibers
being S ®. In order to explain the second Hopf map, .74, we should first note that .S T
can be represented in C* by utilizing the complex coordinates (. (1 =1,2,3,4) as

described below

={<*<=1,<T— (= <<1,42,<3,<4>T\£Te@4\{0}}, (2.2.11)

€l
where |&]* = 3" _|&.° and 0 = (0,0,0,0). The Euclidean coordinates on the four-
sphere base of the fibration is defined by [43, 44]

U, () =C"¢,  a=1,..5, (2.2.12)

11



where v, are the gamma-matrices in five dimensions that are associated to the SO(5)

group. They are 4 x 4 matrices satisfying the anticommutation relations

(Yo} = 200 14. (2.2.13)

A possible representation of these matrices is given in The map .7 may then be

written out explicitly in this basis as

U =GF G+ GG+ GG+ GG, (2.2.14a)
Uy = —i(G7G =G G+ GG —6G), (2.2.14b)
Uy =—G"G+ G G — GG+ G, (2.2.14¢)
Uy =G G+ GG — GG — GG, (2.2.14d)
Uy = =G -GG+ G G+ UG (2.2.14e)

Using (2.2.14) we directly evaluate ¥,V

WU, = 4G G+ GGG G+ GRG) — (GG — GGG G — GGY)]
(6P + 162 = 1GP = 16’

(6P +16" + (G +16P) + 200 P + 16D 1GP +16G) @215
= (¢"¢)?
L,

hence we have verified that ¥, correspond to the Euclidean coordinates on the unit S 4
and completed the constructions of the descent chains of manifolds C* — $* — §?

and C* — 5" — S*.
2.3 Fuzzy Spheres
2.3.1 Construction of Fuzzy 2-Sphere

In section we have collected several essential facts about the geometry of the
two-sphere and demonstrated that S? is an adjoint orbit of SU (2). For compact and

semi-simple groups like SU(2), the adjoint orbits are isomorphic to the coadjointﬂ

! Coadjoint action of a Lie group can be defined as its action on the dual vector space underlying the Lie
algebra [43]]. We give a detailed discussion of coadjoint orbits for SU(2), SU(3) and SU (4) groups in chapter 3
and in appendix B.

12



orbits which are symplectic manifolds. Therefore, they are equipped with a symplec-
tic structure. Thus, the two-sphere can be quantized by employing the quantization
procedure detailed in [31]. We may note that S *isnot a symplectic manifold and can

not be quantized in the same manner.

In order to achieve the quantization of S*, we should explore the descent chain of
manifolds C* — S — S? and construct a noncommutative version of the first Hopf
map to obtain the fuzzy two-sphere S7. To start with, the Poisson bracket of two

functions ©; and ©, on C? is given by [46]]

2
00,00, 09,00,
Q. Q) = — 2.3.1
{1, 92} ;(8,2& 0zy 0z 0z, ) (2.3.1

where the complex variables z, and their conjugates z,; satisfy

{20:25} = 0aps {2ar23} =0, {22,725} =0. (2.3.2)

The next step in the quantization of C? is to change all of the complex variables into
linear operators acting on a Hilbert space. To achieve this, we can now proceed by
replacing the Poisson bracket algebra of equation (2.3.2) by an analogous quantum

mechanical commutation algebra of the form
[a a*}:e 5 [& a}:o [a*aq:o (23.3)
ay B nclaf) a3 3 ay Wp ) o

where &J (G,,) are the harmonic oscillator creation (annihilation) operators that act on
the two-particle Fock space and 6,,.. is the noncommutative parameter with dimension
length squared. It is possible to rewrite the commutation relations of equation (2.3.3)

in the more familiar form of
[aa, aﬁq = 6., [aa, aﬁ} _0, [aL, aﬁq —0, (2.3.4)
with the scaling G, — (Go/vBe)-

The quantization of the three-sphere can be performed in a similar fashion by replac-
ing the complex coordinates of equation (2.2.3) with the annihilation and creation

operators:

.1 L
a:aa /\: /\aom
VN V1+N

13

R

(2.3.5a)



Ko = —F=0, =0, —F/—, (2.3.5b)
VN V1+N
where N is the number operator defined by
N=> da,, N#0. (2.3.6)

(e

Although the presence of N # 0 condition might be interpreted as the exclusion of
vacuum state from the Fock space, this conclusion would be misleading as successive
application of the &, operator on any state in Fock space will eventually result in the
creation of the vacuum state. Thus, the construction of noncommutative 33 may be

taken only as an auxilary step toward the construction of fuzzy S°.

Before completing the generalization of the first Hopf map to the noncommutative

spaces, we should inspect another commutation relation which is

W&a)> 2.3.7)

where a = (a,, dz)T is a column vector consisting of the annihilation operators. In-
tuitively, it should be clear that the commutator in the left hand side of van-
ishes since, a,TUMa term contains equal number of annihilation and creation operators
in each component. As a result of combining with the quantized version of
equation (2.2.5)), we arrive at the set of operators %, that corresponds to the noncom-

mutative coordinates of S7 as follows

1 1 1
_ T _ T
= —=a'0,0—— = =<a'0,0a, (2.3.8)
g vV N g VN N g
where we have used (2.3.7) for the last equality in (2.3.8)), as (2.3.7) is valid for any

function of N. We can immediately observe that the number operator commutes with

A

T

these coordinates:

N.i] =0, (2.3.9)

14



which suggests that it is possible to restrict 2, to the (N + 1)-dimensional subspace
¢y of the Fock space in which the eigenvalue of the number operator is never zero,
iLe., N=N # 0 on any of the vectors of 7. The set of orthogonal vectors
N1, N — N;) that are defined by

(@) (@) "

INi, N — N;) = (Nll(N—Nl)!)m 0,0) , (2.3.10)
constitute a convenient basis for spanning .7y . In this basis, Z,, are (N +1) x (N +1)
Hermitian matrices whose polynomials generate the matrix algebra Mat(N+1). Here,
it is essential to note that, as a consequence of the quantization of the first Hopf map,
the algebra of functions on .S 2, c>(S 2), is converted into the noncommutative algebra

of matrices Mat(N + 1) on Sp.

These foregoing considerations about the noncommutative coordinates of can
be enriched by focusing on the relationship between the algebraic theory of angu-
lar momentum and quantum oscillators. The Jordan-Schwinger map, which may be
thought of as an operator analogue of the Hopf maps, is a mapping from a set of
matrices into the annihilation (creation) operators of either bosonic or fermionic type
[47,148]]. As a specific example, consider the map .#5 given over the bosonic opera-
tors:

M 10’ —J, = 1cﬁa a (2.3.11)

3 9 H H 2 [Tl

where o, are the Pauli matrices. The operators .J,, correspond to the generators of
SU(2) group on the Fock space spanned by
) ()"

0,0,
(nl!n2!)1/2 | >

(2.3.12)

1, m9) =
and Jordan-Schwinger map assures that they satisfy the commutation relations
[y L] = i€ (2.3.13)

prn =t

The operators J,, may be expressed in an explicit form as

1
=3 (aﬁag + dQTd1> , (2.3.14a)
_ (st atn
=3 <a2 iy — Gy a2> , (2.3.14b)
1
Js =3 (aﬁal _ a;a2> , (2.3.14¢)



from which we easily find that
J,10,0) =0, (2.3.15)

hence the ground state is an SU(2) singlet. Furthermore, the adjoint action of .J,, on

the annihilation operators is

1
2
1 t [ ot o ]

= 505 (5|2 0] + [af 0] a,) (2.3.16)
1
5(7)sy (

and similarly we have

. 1 .
[Ju,aaT] = (it 2.3.17)

so the operators daT and a,, both carry the spin % irreducible representation (IRR) of
SU(2) and transform as spinors under the action of SU(2). An important and useful
implication of this fact is that by taking the N-fold symmetric tensor product of spin-
half IRRs, we may reach the angular momentum j = g IRR of SU(2) as follows

1 1 1 N
—CR-R.Q0 = = 2.3.18
(2 ® 5 R ... ® 2)sym 5 ( )

~ N
In fact, we see that [N , ‘]u] = 0 by (2.3.7), so J, spans the spin j = 5 IRR on the
subset of states |n;, ny) with N = n; + n,. Therefore the full Fock space splits into

an infinite direct sum of subspaces each of which is labeled by an SU(2) IRR j =

and we may write .# = @}_, #. The Casimir operator of SU(2) in the spin
IRR is

| =] =

J.J NG N = Ny) =G (+1) [N, N — Ny) (2.3.19)
N (N
=5 <5+1) [Ny, N — Ny) .
By exploiting (2.3.9), the connection between the angular momentum operators and

the fuzzy sphere coordinates can be established as

J#|N1,N—N1) = ]/\}i‘u|NlaN_N1>

N | —

16



1. -
= S8 N[N N = V) (2.3.20)
N .
= 5:1:“ |Ny, N — Ny),
or
. 2
’:E,LL|N17N_N1>:N‘]}L‘N17N_N1>7 (2.3.21)

from which one may observe that S7 coordinates satisfy

2

| = St (2.3.22)

[, 2, -

Moreover, it follows from equation (2.3.19) that z,,’s fulfill the relation:

N
It is clear from equations (2.3.22) and (2.3.23)) that in the large-/N limit the standard

2
B8, = (1 + —) Tnos. (2.3.23)

commutative S” is recovered. With the scaling

N 1

T, — z, = g (2.3.24)
CoVNH2E G "
the last two equations can be put in better-known forms shown below
2,2, =1y, (2.3.25)
i

Ty, 2| = ————=€pn - 2.3.26
el = G (2:3:20

A general matrix m € Mat(2j + 1) is an element of S7. (j) and can be finitely gener-

ated by 7, as detailed below

m= Y my e E, (2.3.27)

We may compare this with equation (2.1.3), we see that, m tends to €2(p) in the

j — oo limit. The scalar product on the fuzzy sphere is defined as
(my,my) = Tr (mle2> , (2.3.28)

where my, my € Mat(N + 1) and Tr stands for the normalized trace given by

1
N +1

Tr(Lys,) = tr(Lyy,) = 1. (2.3.29)

17



It must be clear that the Tr corresponds to the integral ﬁ S d®p and the inner prod-
uct (2.3:28) converges to [d’p Q,(p) Q(p) in the j — oo limit. Besides, we
may also introduce left and right acting linear operators O and O" that are defined

through their action on Mat(N + 1):

N

Ofm =om, OFm = mo, OF, 0f e Mat(N + 1), (2.3.30)

and satisfy the relations

[OL, PR] —0, (OP)L _ OLpr, (OP)R _ PROR. 2.331)

A subset of these linear operators, which should be given special emphasis, consist of

the angular momentum operators ./ ML and J, MR whose Casimir operators are given by

JuRJuR <N17N_N1’ = <N1>N_N1’th]#
=7+ 1) (N, N = Ny, (2.3.32)

JMLJML |N1’N - N1> - ‘],u‘]u |N17N - N1>
=7 +1) [Ny, N—Ny). (2.3.33)

Now that we have introduced the left and right acting operators, it is time to construct
a noncommutative analog of the derivative operator, L, of equation (2.1.6). The
derivatives on the fuzzy sphere are defined by the adjoint action of the group SU (2)
on Mat(N + 1) as follows

Lym = add,m = (JE = 30 m = [J,.m], (2.3.34)
where .Z)’s satisfy the Leibniz rule
gﬂ (mlmQ) = (X#mﬁ mo + myq (gHmQ) s (2335)

therefore .Z,’s are derivations on Mat(N + 1). As they contain JML and JMR, which
both carry the spin-j irreducible representations of SU(2), the .Z,, operators carry the

tensor product representation (7 x j) that decomposes into the direct sum of IRRs of

SU(2) as
27
j@j:o@1@...@2j:@k, (2.3.36)
k=0

18



which means that there is a cut-off value for the spectrum of the Laplacian .#* =
Z,<%, on SZ. We see that .#* can take on the eigenvalues [ (I + 1) with [ =
0,1, ...,27. In fact, we can choose to diagonalize %, together with £ = 2,2, The
eigenvectors in this basis are known as the irreducible polarization tensors 7;,,(7)

(—1 < m <) that carry the spin-/ irreducible representation of SU(2). We have

L) = L3 LT = [ [1o Ton| | =10+ DT (), @33D)

LiTin(§) = |5, Tin| = mTi (). (2:338)

where the polarization tensors are (25 + 1) x (2j + 1) matrices. The inner product
rule is given by

(2.3.39)

.
mm

(T‘lmn T’l/m/) =Tr (T‘lmTT‘l’m’> = 51[’5

For a given value of [, there are 2/ 4 1 possible values of m, hence in total 7},,,(7) has

2j
> @I+1) =22 +1)+2 +1=(2j+1), (2.3.40)
=0

independent degrees of freedom which leads us to realize that 7},,(j) form an or-

thonormal basis of the matrix algebra Mat(2j + 1). As an essential consequence of

these facts, generic matrix M € Mat(2j + 1) on the fuzzy S* can be decomposed as

2j l
M=3 > CuTimli). (2.3.41)

=0 m=—1

We see that, this result is the fuzzy analogue of (2.1.4)) and 7},,(7) may be thought as

the discrete basis replacing the spherical harmonics Y;,,,(0, ¢) on S 2,
2.3.2 Construction of Fuzzy 4-Sphere

In the preceding subsection, we focused on the construction of the fuzzy two-sphere.
In this subsection, we continue our inspection of fuzzy spaces by turning our focus
to the discussion of the fuzzy four-sphere S #. Some aspects of construction of S =
resembles the construction of S ﬁ Nevertheless, there are also important distinctions,
which does not allow us to give a simple generalization of the discussion leading to

the construction of S7.
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To begin the construction of S ,ff, we start with the standard definition of a four-
sphere. The four-dimensional sphere S* can be embedded in five-dimensional Eu-

clidean space R® as
T2+ 2y oy x4 as = R (21, X9, T3, 4, T5) € R’ (2.3.42)
Since the coordinates x, commute by definition, we have

ey mra, =0, (2.3.43)

where ¢20¢d¢

is the 5-dimensional Levi-Civita tensor. The derivations on 4-sphere are
provided by the SO(5) generators that are defined in terms of differential operators
as follows

Ly, = 2,0, — 2,0,. (2.3.44)
Allowing L, to operate on an arbitrary coordinate shows readily that
Lap(7e) = [Laps Te) = Tabep — Tp0ac (2.3.45)
and the derivations satisfy the usual SO(5) commutation relations given by

[Labu Lcd] = 5bcLad - 5deac + 5adLbc - 5acLbd' (2346)

In equation (2.1.26), we provided the description of S? as a coset space. The four-
sphere can be described as a coset manifold in a similar fashion. To demonstrate
this fact, we should consider the action of certain special orthogonal groups on S*.
It is known that SO(5) acts transitively on the 4-sphere. The infinitesimal action
of SO(5) on S* is already provided by L,, in (2.3.44) and (23.43). Let &, =

(21, &9, 3,24, x5)" denote the coordinates of the 4-sphere. From (2.3.42) we can

infer that ', transforms as a vector under the rotations of SO(5) group. The north

pole of st may be given by Z, = (0,0,0,0, 1)T. The isotropy group of %, is clearly

G= I(L)[ (1] = {diag (H,1) |H € SO(4)} = SO(4), (2.3.47)

since the action of SO(5) is transitive, we have the desired result

gt 22 (2.3.48)



Before giving a detailed construction, we may define the fuzzy four-sphere in terms

of noncommutative coordinates Y, (a = 1, ..., 5) satisfying the conditions

XaXa = R2 ) (23493)

"X aXpXeXa = CXe s (2.3.49b)

which can be realized by N x N matrices such that N = 3(n+1)(n+2)(n+ 3) with
n € Z*. The radius R and the constant C' are given by

1
R* = 4, C=(n+ 2)r°, (2.3.50)

where r is a constant of dimension length. (2.3.49a) is analogous to (2.3.23) of fuzzy
sphere, while (2.3.49b) is new. We also see that not all N x /N matrices can represent
S but only those of dimension 4, 10, 20, ... etc. We may now proceed to discuss the

underlying facts.

In order to initiate the formation of a matrix configuration with the symmetry prop-
erties of a four-sphere, we recall the Clifford algebra relation (2.2.13)), {7,, 7} =
20414, where v, are the 4 x 4 gamma-matrices in five dimensions. The generators
of the spinor representation (0, 1) (in the Dynkin notation) of SO(5) are given as

]

G —
ab 4

[Vas V] (2.3.51)

and fulfills the SO(5) commutation relations, that is
[Gabu ch] =1 (6achd + 5bdGac - 6adGbc - 5chad) : (2352)

Let us note that L, in contrast carry the vector IRR of SO(5) denoted as (1,0) in
Dynkin notation. -y, act on the four-dimensional spinor space C* which is the carrier
space of the (0,1) IRR of SO(5). We define the Hilbert space .7Z,, which is the
carrier space of the (0, n) IRR of SO(5), as the n-fold completely symmetrized tensor
product space

H,=(C'®..eC"), (2.3.53)

with the dimension N given by
1
N =dim(0,n) = E(n +1)(n+2)(n+3). (2.3.54)
Now, we consider the n-fold symmetric tensor product

1
XM =2(1,01,0.0L+.+1,8..01,87,)

5 (2.3.55)

sym ’
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that acts on .7Z,. The subscript ”sym” indicates that X, are restricted to the com-
pletely symmetrized tensor product space. By taking the commutators of X,’s, it is

possible to obtain the generators of SO(5) in the (0,n) IRR
[Xar X = iMa, (2.3.56)
which satisfy the SO(5) algebra
[Map, Meg] = i(00cMpa + 6paMac — 6aaMpe — 6peMad)- (2.3.57)

The commutation relations of M, with X_’s show that X transform as vectors under

the SO(5) transformations generated by M,

{Maba Xc] = Z.((Sczc)(b - 6cha)' (2358)

The N x N Hermitian matrices X, satisfy the identities (2.3.49) for the fuzzy four-

sphere
1
XX, = gn(n+4)Ly, (2.3.59a)
abcde 1 abcde
XXX Ky = N My My = (n+ 2)X,. (2.3.59b)

We will compute (2.3.59a)) explicitly after stating a few further developments, while
we omit the proof of and refer the reader to [34]. Note that X, X, is an
b XX, = 0, it is not
the Casimir operator of SO(5) though. The latter is given as M, M, and in the (0, n)

SO(5) invariant operator. Since one can easily check that [M,

a

irreducible representation takes the value
1
5P ((0,n)) = My M, = Sn(n+4)Ly. (2.3.60)

. . 4 . . .
The noncommutative coordinates of Sy can be related to X, via a dimensionful con-

stant 7 introduced in (2.3.49) as shown below

1
Yo =1X,, R*= Zn(n +4)r*, C=(n+2)r. (2.3.61)

The X,’s can also be expressed in terms of quantum oscillators by employing a gener-
alization of the Schwinger’s construction. Let 42{2 (%) be the creation (annihilation)
operators that correspond to the four bosonic oscillators. They satisfy the bosonic op-

erator algebra

«

[%%ﬂ =5, [%yf} —0, [;zfj,yeﬂ} —0. (2.3.62)



By allowing the creation operators to act on the vacuum state |[0) = |0000), one
obtains the Fock space equivalent of (2.3.53), i.e. %, is spanned by the states
,ijl safjn |0). The realization of X, in this basis is written by

1 . .
X, = 5%%%, (2.3.63)

. . . . T
where the vector <7 has components given by .o/ = (%, Ay, s, ;2%4> . Taking the

commutators of X, ’s yields

X, = 1[(71) (0o () (1) 0000 () ]
= O W [, ]|

1 At . ot .
= Z (/ya)oca/ (’Yb)ﬁ/ﬁ” <”Q{O¢ (Sa/ﬁ/%u —_ %léﬁnadal> (2364)

= i (ﬂf e — A Y >

a1 o
=119 — o

= ZMaba

where M, is

My, = o Goydd . (2.3.65)
Equations (2.3.57) and (2.3.58) can be verified by the same token. From the analysis

of the preceding commutation relations it is found out that the matrix algebra gen-
erated by the S ;5 coordinates, X,, do not close. Thus, it is not possible to write an
expression analogous to (2.3.41)) which enables an expansion of functions on S Fina

complete basis.
2.3.2.1 Symmetric Tensor Product of Matrices

With the algebraic background of the fuzzy four-sphere in hand, we shift our view
to the calculation of Sy matrices that are defined by (2.3.55). A convenient way of
determining the elements of these matrices is to express the symmetric tensor product
in terms of an orthonormal basis. To achieve this, we first write the elements of a
matrix W as

W = (a| W|B) . (2.3.66)

The tensor product, i.e. Kronecker product, of two matrices may be expressed as [49]

(W@ V)i,5 = (o, aol W VB, By)
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= (| (| (W @ V) |B1) | B2) (2.3.67)
= (| W[By) (o V' | By)

where [a 3] is a collective notation for («y, ay, 51, B2). Now, consider |3}, 55).... to

sym

be a symmetrized orthonormal state that is given by

|517 52>sym = |527 51>Sym = (|/31> |52> + |52> |51>) ) (2.3.68)

1
fyTLT
where 7,,,. is an appropriate constant of normalization. The two-fold symmetric tensor

product could be defined by

(W ®s V)[ag] = Sym<0517 a|W @ V|51, Ba) (2.3.69)

sym *
As an illustration of the calculation of symmetric product, we may determine a spe-

cific element. For instance, consider the case of [ 5] = («ay, oy, 51, 52) = (1,2,1,1):

sym

= %[<<1|<2|+<2r<1r><W®v><|1>|1>>} (23.70)
-Slawmevin+eawpavi]
1

= ﬁ (W11 Vg + Wy Vi) .

Besides, an examination of equation (2.3.69) also demonstrates that the symmetric

tensor product is commutative. This property is manifest if one substitute (2.3.68) for

|B1’62>sym in "

(W &5 Vi = [ o W13) (02l VI8 + (o] W 152) (ol V151

nr

+ (| W[B1) (| V' [B2) 4 {aa| W [Bs) (| V Iﬁﬂ

= [ (ol (ol (V@ W) 18 18:) + (el (V @ W) |81} |2

nr

+ (o | (| (V @ W) |Bs) |B1) + (aq] (] (V @ W) [By) |ﬁ2>]

= i1, |V @ WIBy, B2) 1,

Inspecting (2.3.71]) we may infer that the minimum number of terms required to eval-

uate XC(L”) can have two values depending on the parity of n, and it is 5 for even n
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1
while it is - i for odd n. We can exemplify this situation by analyzing the case of

5-fold symmetric tensor product:

1
x® :5[%@)(14@)14@14@14)+(]l4®%®]14)®(]14®]14)

+1L,e1LRY,L 1L+ (1,01,) ® (1, ®, ®1,)
(L OL Lo L) 87

ym

— RO LeLOLeL+L 8,181, 81, (2.3.72)

1
+§14®14®%®14®14} .
sym

As expected, 3 terms are sufficient to completely evaluate XéS). Before concluding
the discussion of symmetric tensor product we need to point out that, as suited to
the particular needs of the subsequent chapters, X(S") matrices forn = 1,...,9 were
numerically evaluated in the basis of y-matrices provided in appendix The al-
gorithm, which was developed for the task of the calculation of these matrices, was

implemented in the MATLAB code shown in appendix [G]
2.3.2.2 Geometry of Sy

To conclude this subsection and to further reveal the distinctions between S }% and
S, we move on to a discussion of proper geometric characterization of the fuzzy 4-
sphere. Our initial task to reveal the geometry of S} is to render a reinterpretation of
equation (2.2.12)). To achieve this, one should first notice that the overall phase of (.
drops out 1171 (2.2.12)). Therefore, the second Hopf map is also related to a map from

CP? =~

o) to the four-sphere [10,[19]]. As it is central to the understanding of this

new interpretation, let us consider a definition of CIP° in terms of projection operators.

The relevant projection operator can be defined in Dirac notation as follows [50, 51]]

P = 1¢)¢| = ¢¢, (2.3.73)

where ¢ = ({1, G, G5, ¢)" and |¢) € C*is a unit vector modulo an overall phase

factor. CP* is the space of all projection operators of rank one on C*:
CP* = {P' = P, P’ = P, Te(P) = 1|P e Mat(4,C)} . (23.74)
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In this regard, we may define the map .#, as

%4 : (CPS — 54

P 0, = (C]7,1¢) = ¢'aC. (2.3.75)

The five-dimensional gamma-matrices in the Weyl basis are given by [52]]

0 _]12 0 o ]].2 0
Yo = s T = , Vs = . (2.3.76)
0 —1,
In this basis, a generic column vector ( is mapped under ., to the fifth Euclidean

coordinate written by

U5(¢) = (MsC = 107 + 16l = G =[Gl (2.3.77)

To further clarify the mapping between two manifolds, a specific point can be cho-
sen as the point of reference. Let us pick ¢,, = (1,0,0, O)T as the reference point.
From (2:3.77), we determine that W, ((,;) = 0 (o # 4) and ¥5((,;) = 1. There-
fore, C,; is evidently mapped to the S* reference point U, s = (0,0,0,0,1) which
corresponds to the north pole of the 4-sphere. The isotropy group of W, , is written
by

H,.; = {[hs,7) =0]h,; € SO(5)} = SO(4) = SU(2), x SU(2),, (2.3.78)

where we have employed the local isomorphism of SO(4) to SU(2) x SU(2). It is
obvious that while SU(2), acts on the —1, eigenspace of 75, SU(2), acts on the

eigenspace 1,. The fiber over W, ; is subject to the condition

1= (¢l 1¢0) = ¢, (2.3.79)

where (; = ((7,¢7,0,0)". Inserting (2.3.76) into (2.3.79) , we find the constraint

relation
G+ =1, (2.3.80)

that defines the three-sphere. In addition, since the overall phase of (; drops out
3

. . . S .
in (2.3.73), it turns out that the fiber is indeed S* = o) Thus, we arrive at the

conclusion that CP? is an S?-bundle over S*.
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In order to construct the fuzzy version of this fibration, we start with introducing the

map .5 that describes an embedding of CP? to R'® as follows [53]

My: CP?— RY
Pe s W = (¢l Fyn [€) = (T, (2.3.81)
where the F;, (g, h = 1, ..,6) are the generators of SO(6) in the fundamental spinor
IRR of SO(6) labeled as (1,0,0). A useful categorization of fifteen generators is
F,, = {Fu, F,} where a further identification of Fi,; with the y-matrices is also
possible [19]
Yo = 2F. (2.3.82)

then for ¥, coordinates of .S * in (2.3.73), we have the composition of manifolds:
3 15 or o5
v,: CPP - R” — R”, (2.3.83)
where 7, is the projection of F, to the subspace spanned by F.

The quantization of (2.3.81)) is performed by utilizing Schwinger’s construction as
Fp=d Fpdd (2.3.84)
hence, Sy arises from the quantization of the map ¥, : CP* — S* defined by
Xa = 1Xq = 1F s, (2.3.85)

where y, and X, were already defined in equations (2.3.61)) and (2.3.63). Sum-
marizing, as we have stated earlier S* admits no symplectic structure, so Sy can-
not be quantized in the canonical way followed for S*> — S%. Rather, the fuzzy
four-sphere should be thought of as emerging from the quantization of the fibration

S? — CP? — S*. Sp is a squashed fuzzy CP® with S7 fibers.
2.4 BFSS Matrix Model

Now that, we have discussed several geometrical aspects of fuzzy two- and four-
spheres, it is important to see how they appear in physical context. That brings us
to the discussion of matrix gauge theories and the Banks-Fischler-Shenker-Susskind

(BFSS) [2] matrix model and its deformations in particular. We will aim to give a
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self-contained review of the BFSS matrix model and its deformations which will be

referred to throughout the chapter four.

The effective theory describing the dynamics of N coincident D0-branes is the BFSS
matrix model [2]. In this interpretation of the model, the diagonal elements of the
matrices give the positions of these D0-branes in 9-dimensional flat space, while the
off-diagonal elements describe the interaction of these pointlike objects. Further de-
tailed discussion on this subject may be found in [2, 10, [11}54]. The BFSS action is
a Yang-Mills theory in 0 + 1 dimensions which arises from the dimensional reduction
of the Yang-Mills theory in 9 + 1 dimensions with .4 = 1 supersymmetry. Leaving
apart the fermionic part of the action, we focus on the bosonic part of theory, which
will be sufficient for our purposes. The starting point of our analysis of the dimen-
sional reduction procedure is then the bosonic part of this ten-dimensional Yang-Mills

action and it is given by [11]
1
Sgy = — /dx10 Te(F,,F"), v =0,..,9. (2.4.1)
9

Here the background of the ten-dimensional space-time is flat, has the Minkowski

metric 1), = diag(—1,1,...,1). The field strength tensor is defined as

F, =08,A,—0,A,—ilA,, A, (2.4.2)

pv 1
where A, is the gauge field which transforms as
— st Tt
A;L =U'A,U+:U'0,U, (2.4.3)

under the U(N) gauge transformations. Sgy is invariant under this U(N) gauge
symmetry. The field components can be written as A, (¢,X) = (Ay(t,X), A;(t,X))
where [ =1,..,9.

The dimensional reduction procedure is carried out by assuming that all fields and
gauge transformations are independent of the spatial coordinates /. Thus we may

introduce the notation
U=U(t), A,=A,) = (A(t),B;(1)). (2.4.4)
Under this assumption (2.4.3) implies
Ab(t) = UTAU +iU'o,U, (2.4.5a)
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Bj(t)=U'B,U. (2.4.5b)

While equation (2.4.5d) demonstrates the transformation property of gauge field Ay (),
(2.4.5D)) indicates that B; transform adjointly under U (V) gauge transformations, that

is, B;’s transform as an adjoint non-abelian scalar field with U(N) gauge symmetry.

To proceed further, it is convenient to list the relationships between covariant and

Contravariant ComponentS:
A" =p®A, = —A,, B'=9"B,=B,, 8" =n"0=-08,  (246)

Computing the required derivatives with the help of (2.4.6), the components of the

field tensor are cast into the following forms
For = 0yBr — 014y — i[A0> Bl]

— 8tBI - Z.[Ao, BI] (247)
= DtBI7

07 _ aOB] o aIAO —i[AO,BI]
— —0,B; +i[Ay, By (2.4.8)

__FOIa

FY = Fy; = 0,B; — 0,B; —i[By, B)]

—i[By, By]. (2.4.9)
Then, utilizing the antisymmetry of F),, i.e. F, = —F,,, it is straightforward to
show that
1 w1 10 1J
— 1 Fuw " = =7 (FOIF 4 F F £ F F )
1
= =7 (F2FoFor + FryFyy) (2.4.10)
1
§< ) +Z{BIJBJ}2-

Thus, as a consequence of the dimensional reduction procedure, equation (2.4.1)) be-

comes

SB = iQ /dtTI‘(% (DtB[)Q + ;l[B[,BJ]z). (2411)
9
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It must be clear that Sy is invariant under U (V) gauge transformations given by (2.4.5)).
Besides this gauge symmetry, the SO(9, 1) Lorentz symmetry of the original Yang-
Mills theory yields to a global SO(9) symmetry of the BFSS model, which is given
as

Let us note in passing that this SO(9) symmetry may be broken by the addition of
massive deformations to the action preserving the gauge symmetry. The maximally
supersymmetric deformation of the BFSS model is called the Berenstein-Maldacena-
Nastase (BMN) [5] model which breaks SO(9) to SO(6) x SO(3). This leads to a
description of coincident DO-branes on spherical backgrounds. In particular, fuzzy
2-sphere appears as vacuum configurations in the BMIN model. In chapter @] we will
focus on another massive deformation of the BFSS model which breaks SO(9) to

SO(5) x SO(4) and subsequently to SO(5) x SO(3) X Z,.

We see that the gauge field A, in the BFSS model is not dynamical as its time deriva-
tive does not appear in the action (2.4.11). The variation of S with respect to A,
leads to a constraint equation. To see this explicitly, consider the variation of A,
given by

Ay — Ay = Ay + 54, (2.4.13)

whose effect on the covariant derivative term of the BESS action can be determined

as
. 2 2 . 2
Tr(<DtBI —i[6 Ao, By]) ) = Tr(<DtBI) —i{ DBy, [6A,, Bf]} + ﬁ((fsAo) ))
= Tr((D,B;)?) — 20 Tr((DyB;) [6 Ay, By])  (2.4.14)
= Tr((DtBI)Z) — 2 Tx([By, D, B1] 6 4y),
so the variation of Sy with respect to A is
5%:—%/&HW%Q&M%ﬁﬂ, (2.4.15)
g
which leads to the equation
By, D,B;] = 0. (2.4.16)

Substituting the gauge choice of A; = 0 into (2.4.16), we obtain the Gauss law

constraint written by

[B;,8,B;] = 0. (2.4.17)

30



In the A, = 0 gauge, the action is simply given as

1 1 5 1 9
SB AO:O: ?\/dtTr(§ (@Bﬂ —I—Z[BI,BJ] ) (2418)
The conjugate momenta of B; are
1 1 .
P = —0,B; = By, (2.4.19)
g g
and the associated Hamiltonian takes the form
P2 1
Hprss = ¢ Tr(TI — 4—94[31, BJ]2>. (2.4.20)

It is easy to see that [ grgg is invariant under the constant shift of the matrices
BI_>BI/:BI+€T]]-N7 (2421)

where e is a constant. We have

1. B
Pl == (BI n eTON) ~Zl_p, (2.4.222)
g g
[B;, B }} = [B, +erly, By +erly] = [By, By, (2.4.22b)

which shows that neither the momentum terms nor the commutators are affected
by (2.4.21)). Therefore, we deduce that the Hamiltonian has translational symme-
try. This means that, center of mass motion of D0-branes may be separated out, and
we can work with traceless Hermitian matrices, 1t Bl = 0, and the U(1) part of the

U(N) gauge symmetry separates out, leaving us with the SU(N) gauge symmetry.

The potential part of Hprgg may be written out separately as
1
Vp=— Tr(Vis Vi), (2.4.23)
4g
where V;; = i[B;, B;]. Due to the hermiticity of B;, V;; are also Hermitian matrices

that can be diagonalized with the help of a similarity matrix S
D=28V;,;5", (2.4.24)

which allows us to write
1 1
Vg =— Tr(SVy; 8718V, 87" = — Tr(D?). (2.4.25)
4g 4g
Then, we conclude that since all elements of the diagonal matrix D are real, V3 must

be a non-negative potential, i.e. V3 > 0.
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2.5 Review of Yang-Mills Matrix Models

After comprehensive introductions to fuzzy spheres and the BFSS matrix model, we
wish to review some elementary aspects of Yang-Mills matrix models. We start this
section with a brief review of 5-matrix model i.e. model with five Hermitian matri-
ces. This can be seen as a subsector of the BFSS model, with first five matrices as
dynamical variables, while the remaining four are frozen and essentially set to zero.
Then, with the addition of an appropriate massive deformation term, an action with a

4 .
fuzzy S” extremum is constructed.

The action of Yang-Mills 5-matrix model in Minkowski signature can be given as

1 1 1
SYM = _2/dt Tr(i(DtBa>2 + Z[Bav Bb]2>7 (251)
g

where B, (a = 1,..,5) are N x N Hermitian matrices transforming under the adjoint

representation of U(N) as
B, - U'B,U, UeU(N). (2.5.2)
Tr stands for the normalized trace and the covariant derivatives are given by
D.B, = 0,B, —i[A, B,], (2.5.3)
where A is a U(INV) gauge field transforming as
A — UTAU +iU'S,U. (2.5.4)

Action in (2.5.1)) is invariant under the U(/N) gauge transformations implemented
by (2.5.2) and (2.5.4). Besides U(/N) gauge transformations, Sy, is also invariant

under the global SO(5) rotations which are given as
B, = B, = RyB,, R € SO(5), (2.5.5)
where R, are time-independent, rigid rotations.

The potential part of Sy, can be written as

1
Vi = “i7 Tr([B,, By*). (2.5.6)
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There exists a massive deformation term of the form

1 2
S, =—— /dt Tr(“ZBi), (2.5.7)
g

that preserves both the U(N) gauge and SO(5) global symmetries of Sy ,,. With
the addition of S, the potential part of the combined action S = Sy, + S, can be

expressed separately as

1 1 2
V= —Z/dt Tr<——[Ba, By + “—Bg). (2.5.8)
p 4 4

For the gauge choice of A = 0, the covariant derivatives D, B, vanish. We may look at

the configurations extremizing the potential V' in (2.5.8)). By letting B, — B, + d B,
in equation (2.5.8)

1 2
V=15 /dt ATN([By, [B,, B)))9B,) — 24° Te(B, 0B,)|

1 2
- _g_Q/dtTr (([Bbv [Bcu Bb]] - %Ba> 5Ba) = 0, (259)
we deduce that V' is extremized by the matrices fulfilling

1
[By, By, B,]] + §/fBa =0. (2.5.10)

Using (2.3.56) and (2.3.38)) it is straightforward to demonstrate that by the fuzzy four-

sphere configurations B, = X, equation (2.5.10) can be put into the form

1
0 :[va [va Xa“ + _:U’2Xa

2
. 1,
:Z[Maba Xb] + 5:“ Xa
1
= — (0 Xp — OppX,) + §M2Xa
Ly
= (44507 ) X, 2.5.11)

([2.3.11) is satisfied for > = —8 which means that fuzzy four-spheres and their direct
sums provide non-trivial solutions of equation (2.5.10). Although such a negative
mass squared term may imply an instability, it was shown in [19] that quantum cor-
rections in the pure (i.e. matrices with no time-dependence), five matrix Yang-Mills

model stabilizes the radius of the fuzzy four-sphere.
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CHAPTER 3

YANG-MILLS 5-MATRIX MODEL AND GENERALIZED FUZZY
FOUR-SPHERE

3.1 Overview

In the preceding chapter, we aimed to provide a comprehensive description of fuzzy
spaces, focusing on the concrete cases of the fuzzy two-sphere and the fuzzy four-
sphere. We have also seen how these fuzzy spaces arise as vacuum solutions to Yang-

Mills (YM) matrix models related to massive deformations of the BFSS model.

In this chapter, our main focus is going to be exploring new vacuum solutions of
the YM 5-matrix model with a massive deformation term whose essential features
were sketched in section [2.5] We look for static matrix configurations i.e. extrema
of the potential which carries tensor product representations of SO(5), which solves
the classical equations of motion. For this purpose, we essentially generalize and
apply an approach followed in [24, 23] which introduces an additive new part to
the matrix configuration, which is already satisfying the equations of motion, us-
ing a Schwinger type realization of the SO(5) generators with "fermionic" annihi-
lation/creation operators. In [24) 25], this approach has been applied to generate
new vacuum configurations in an SU (V) gauge theory coupled to a triplet of adjoint
scalar fields and a massive deformation of the bosonic part of the .4 = 4 SUSY YM
model. The new vacuum configurations obtained this way are expressed as direct
sums of fuzzy two-spheres or direct sums of products of fuzzy two-spheres. This is
because quite straightforwardly tensor products of SU(2) IRRs and likewise that of
SU(2);, x SU(2)r IRRs can be expressed as direct sum of IRRs of these groups, and
allows one to interpret each block of the matrices carrying an IRR of these groups as

generating a fuzzy sphere S% ora product S7 x 5% at a matrix level specified by the
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dimension of the respective IRRs.

For the 5-YM model, the situation becomes much more complex since the direct
sum decompositions of the tensor product representations of SO(5) contains not only
those IRRs of SO(5) which are carried by the S matrices but also more general
IRRs of SO(5) which does not appear to be immediately related to Sy matrices. It
however turns out that some of these new matrix configurations can be understood
as generalized fuzzy four-sphere configurations introduced in [1]]. The configurations
are denoted as S3, where A stands for the SO(5) and SO(6) IRR labels carried by
these configurations. After the presentation of these new vacuum configurations and
discussing in detail how they come about, using the representation theory of SO(5)
and SO(6), we will subsequently focus on understanding the connection of our re-
sults with the generalized fuzzy four-spheres of [[1]. 54 has a more involved geomer-
ical structure then S;L:* and as an alternative to the discussion given in [1l], we use
the quantization of coadjoint orbits method and quantize a particular 10-dimensional
coadjoint orbit O, of SO(6) ~ SU(4) to see detailed structure of Sy. Generalized
coherent states associated to SO(6) ~ SU(4) are used to discuss some aspects of
the generalized fuzzy four-spheres. While elaborating on these ideas, we also solve
the Landau problem on the coset space O, and interpret its connection to the fuzzy
version of O, as well to Sy and S} taking advantage of the general results in the
literature [S5} 156] that relates the Hilbert space of the lowest Landau level on cPy ,
Gr(2,4) etc. to the Hilbert space of the fuzzy spaces CP} and Grp(2,4).

The plan of the chapter is as follows. In section [3.2] we consider the 5-YM matrix
model and introduce the new solutions using Schwinger construction of SO(5) IRRs
with fermionic oscillators. A detailed group theoretical analysis is provided in the
subsection [3.2.2] Section [3.3|presents some warm-up material on the techniques fol-
lowed to obtain quantization of coadjoint orbits, while some details are relegated to
the appendix [B] In section[3.4] coadjoint orbit technique is applied to the coset space

O, and its quantization is obtained.
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3.2 New Solutions of the Mass Deformed YM Model

We focus on the mass deformed Yang-Mills 5-matrix model with gauge symmetry

group U(.#"). The action is given as

1 1 1 2
5= [an(Gomr e jwwE - we) e
9

where W, are .4~ x .4 matrices. The potential part of S is extremized by matrices

fulfilling (2.5.10)

1
(W, [W,, W,]] + 3 AWy, = 0. (3.2.2)
As we have demonstrated in section and equation (2.5.11)), (3.2.2) has fuzzy 4-
sphere solutions given by the matrices(2.3.53)) and for the * = —8 value. In fact,

any direct sum of the S;* matrices yield a solution of (3.2.2) in the form
W,=X"aexW)ag...¢oxW, (3.2.3)
provided that
N =Ny + Ny+ ...+ Ny, (3.2.4)

where N; = ¢(n; +1)(n; +2)(n; + 3) with i" S carrying the (0, ;) IRR of SO(5).
In particular, if all S}?’s are at the same matrix level, i.e. all /V; are the same and

A = kN, the solution may be written as
W,=X,®1,. (3.2.5)

This is a solution of (3.2.2) consisting of k& concentric S}l; at the same matrix level.
We may wonder if there are other solutions of (3.2.2) which may be expressed in the

form

W, =X, 21, +1y®Y,. (3.2.6)

with 4" = kN, dim(Y,) = k, and Y, satisying the same commutation relations as

X ,. Explicitly, we may write the requirements on Y, as

[Yav Y}J = iZabv (327)
[Zaba Yc} = Z‘((sachl-) - 6ch;L)7 (328)

and we have
[Zabv ch] - i(éachd + 5bdZac - 6adec - 5chad)7 (329)

37



where Z,, generates the group SO(5). In general, it may carry a reducible represen-

tation of SO(5).

Under these assumptions, we may show that (3.2.6)) is a solution of equation (3.2.2).
We have

[Wa, Wil = (Xo @ 1) (X, @ 1) — (X @ 1) (X, ® 1)
+(AyeY,)(Iy0Y) - (Iy®Y,)(1y®Y,) (3.2.10)
= (XoXp — X3 X,) @ 1 + 1y ® (VY — YY)
= i(Myp @ 1 + 1y ® Zy).

Thus

(Wa, Wa, Wil] = i([Xas M) @ 1j + 1y @ [Ya, Zap])
= (0aa Xt — 0paXa) @ 1 + 1y ® (6405 — 6baYa) (3.2.11)
= (05X, — X)) @1, + 1y ® (5Y;, — 13)
=4,

and for 11> = —8 we find
1
(W, [W,, W,]] + §u2w,, — AW, —4W, = 0. (3.2.12)

We now want to focus on a specific form of Y,, which yields solutions of (3.2.2),
whose geometric structure yields to interesting new aspects and become linked to the

generalized fuzzy four-sphere S} mentioned in the overview section of this chapter.
3.2.1 Reducible Representation of SO(5) and Schwinger Construction

We launch the discussion by introducing four sets of fermionic annihilation-creation

operators, fulfilling the anti-commutation relations
{b:,b;} =0, {bj,b}} —0, {bi,b}} — 4y, (3.2.13)

where 7, 7 = 1,2, 3, 4. These operators span a 16-dimensional Hilbert space with the

basis vectors
|11, g, g, g) = (B1)™(B5)™2(b5)™2 (1) |0,0,0,0) (3.2.14)
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2
where n,, ny,n5,n4 = 0,1 as a consequnce of the fact that b? =0= (bj) . Let us

introduce a four-component column matrix as

vy by
v b

v=| =71 (3.2.15)
U bs
vy by

Now by utilizing Schwinger’s construction [48]] we may form the operators
1
1;:::§mﬁm@p (3.2.16)

acting on the Hilbert space spanned by |n,, ny, ns,n,). Thus, evaluating the matrix
elements of Y, in this basis, we may express each Y, as an 16 x 16 matrix. Similarly,
using the SO(5) generators

1

4 [ryav Vb] ) (3217)

in the 4-dimensional spinor IRR of SO(5) given in equation (2.3.51]) we may write

Gab -

Zy =G0, (3.2.18)

The IRR content of 7, will also be determined.

Using the oscillator algebra (3.2.13)) and the Clifford algebra relations for y-matrices,

we may obtain the commutation relations of Y,’s
1

1
Yo, Vo] = Z[b;‘r(’h)z'jbja lerc(Vb)klbl] = Z('Ya)ij(%)kl[bgbja b};bl]

1
= 1 (W)u (bl {60} oo — el {ol. b} b, + {8, 8L} b,
—@@{@mg> (3.2.19)
= U

43"
— iZab'
Similarly, it can be demonstrated that
[Zaba }/;] - Z.((5510}/27 - 5cha)7 (3220)
[Zabv ch] = Z.((Sachd + 5bdZac - 5adec - 5chad)' (3221)

We see that Y, transforms as a vector of SO(5) i.e. in the IRR (1, 0) with respect to
its index "a", as observed from (3.2.20). Our primary task at this stage is to determine

the SO(5) IRR content of the matrices Y, as well as the generators Z,,.
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3.2.2 SO(5) and SO(6) Irreducible Representation Content of Y,

We start by listing the fermionic number operators and their properties. We have

where no summations over the indices ¢ are implied and NV, could take on the eigen-

values 0 and 1. The total number operator is

4

N:=> N=> bb,. (3.2.23)

i=1
We have that

(V)2 =) Vo Ye = (V)2 + (V) + (V3)* + (V2)* + (V5)°, (3.2.24)

a=1

is an invariant under the action of SO(5). This is easily seen by writing the expression

}/;L/}/;l/ = (RabY;))(RacY;:) = RabRacY;)Y;: = Y;zYa (3225)

since RT = R. After a long but straightforward calculation, whose details are given

in appendix (Y,)? is found to be equal to

5) 3 1
(Ya)2 - Z__LN — §(N1 + NQ)(Ng + N4) "‘ §(N1N2 "‘ N3N4> (3226)

+ 2(b1bLbsby + bybyblbl) .

(3:2.26) expresses (Y,)? in terms of N, and b;,b!’s. In an appropriate basis (see ap-

12 7

pendix adapted from the Fock basis (3.2.14), (3.2.26) is diagonalized as

5 5 55 D
- -0, 1,1,1,1,1, -, —, — . 2.2
7474’57 ) Y Y ) 747474’ 70) (3 7)

| Ot
] Ot

(Y,)? = diag (0, Z,

Next, let us also look at generators Z,, of SO(5) induced from the 4-dimensional

spinor IRR of SO(5) given in (3.2.17) and (3.2.18). We have for the Casimir operator

)
Z ZapZay = (Zab)2 = §N - 2(bib£bsb4 + blebng (3.2.28)

a<b<h

— (N7 + No)(N3 + Ny) — 3(N1 Ny + N3Ny).
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The detailed derivation of the right hand side of this expression is provided in
By calculating the matrix elements for (Z,;)* operator in the basis given in appendix

[A.T]its representation is obtained as

5555 5
(Zab)deiag(O 1355 0 d 444,00,

BDICH
l\DICﬂ
DN | Ot

. 322
2222 ’0) (3-2:29)

We will shortly state the SO(5) IRR content of this representation. Before doing so let
us go a step forward and introduce the generators of the group SO(6) by employing

the Schwinger’s construction as

Zg = VG, 0, (3.2.30)

g

where Z, = (Zy, Zo) and G, = (Gop, Gup) = (Gaps %%). The quadratic Casimir
operator of SO(6) obtained from these generators takes the form

15 5
Z gh)2 =—N-— §(N1N2 + N3N,) (3.2.31)

4
g<h<6

5
- §(N1 + Ny) (N3 + Ny).

Details of the calculation leading to the expression in (3.2.31) are presented in the
appendix [A.4] We can easily see that

[Zghv Za } [Yde, ZabZab]
=YYy, Zop) Zap + YaZa[Ya, Zas)
+ Yo, Za)ZanYa + Zan[Ya, Zab]Ya (3.2.32)
= i[Yy, Yol Zap + iZ[Ya, Y3
avZab — ZabLab
=0.

Therefore, we may diagonalize (Z,;,)* in the same basis as that used for (Z,;)?

g
n (3.2.29). This gives

15 15 15 15 15 15 15 15
Z ) = di . 3.2.33
(Zyn) zag(O T DT .5,5,5,5,5,5, — VRWEEWE O) ( )

From (3.2.30) we also that (Y,) given in (3.2.24) can be expressed as the difference
of the Casimirs of SO(6) and SO(5)

(Vo) = (Zy)* = (Zw) (3.2.34)
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5555 5555
=di - — - —=0 L1111 - - - - .
dzag(074747474757 ) Y Y ) 7474747470)

the last line easily follows from using (3.2.29) and (3.2.33) and the result (3.2.34)
matches with what we have found earlier in (3.2.27).

Since we see that the Casimir operators can be put into block diagonal form, their
decompositions in terms of the direct sums of IRRs of SO(5) and SO(6) may be seen
by inspecting the Casimir eigenvalues and dimensions in the fundamental IRRs of
SO(5) and SO(6). An IRR of SO(5) is labelled in the Dynkin indices (n,m), since
it is of rank 2. The dimension of the IRR (n,m) is [19]

dim(n,m) = é(n +1)(m+1)(n+m+2)(2n+m+ 3), (3.2.35)

where n and m are positive integers. The trivial representation is (0, 0) which obvi-
ously has the dimension dim(0,0) = 1. The fundamental spinor and vector represen-

tations have dimensions 4 and 5, respectively
dim(0,1) =4, dim(1,0) =5, (3.2.36)

while the corresponding eigenvalues of the Casimir operator are

C579((0,0)) =0, 05“5)((0,1)):2, CyOP((L0) =4 (3.237)

Thus, we conclude that the decomposition of (Z,,)* into direct sum of SO(5) IRR is
given as

3(0,0) ®2(0,1) @ (1,0), (3.2.38)

where the coefficients in bold denote the multiplicities of the respective representa-

tions in the decomposition. Clearly the total dimensionis 3 x 1 +2 x 4 4+ 5 = 16.

The IRR of SO(6) ~ SU(4) are labeled by three positive integers (p, g, ) in the

Dynkin notation and has the dimension [57]
1
dim(p,q,;r) = 5P+ D)@+ D(r+1)(p+g+2)(g+r+2)(p+g+7+3). (3.239)

The fundamental and anti-fundamental spinors are 4-dimensional and the vector rep-

resentation is 6-dimensional:
dim(1,0,0) =4, dim(0,1,0) =6, dim(0,0,1)=4. (3.2.40)
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Eigenvalues of the SO(6) Casimir are

C37((0,0,00) =0, ¢57((0,1,0)) =5, (3.241)
1
C59((1,0,0)) = G570 ((0,0,1)) =

Therefore, the IRR decomposition of (Z,,)” under SO(6) is given by
2(0,0,0) @® 2(1,0,0) @ (0,1,0). (3.2.42)

Let us now look at the tensor product of the (0, n) IRR of SO(5) with the fundamental

vector and spinor representations. These are given as [58]]
(0,n)® (1,0) = (1,n) ® (0,n) ® (1,n — 2), (3.2.43a)
(0,n)®(0,1)=(0,n+1)®(1,n—1)® (0,n—1). (3.2.43b)

Our first task is to obtain the SO(5) IRRs carried by the Y, ’s. To see that, we introduce
the generators H,, of SO(5) related to M, and Z,;, as

Hab = Mab ® ]]-16 + ]]-N ® Zab‘ (3244)
The SO(5) IRR content of H,, is found using (3.2.43)

(0,n) ® [3(0,0) ®2(0,1) ® (1,0)] = 4(0,n) ® 2(0,n+ 1) ® 2(1,n — 1)
B200,n—1)®(1,n)d (1,n—2). (3.2.45)

From the right hand side of (3.2.43)) we observe that there are 4 concentric fuzzy S*’s
at the matrix level dim(0,n) = Z(n + 1)(n + 2)(n + 3), and two concentric Sp at
each matrix level dim(0,n—1) and dim(0,n+ 1) respectively. The remaining SO(5)
IRR’s in the right hand side of (3.2.45]) have higher spin and we cannot interpret them
as fuzzy S*’s. This is the matrix algebra content of our new solutions to the YM-

matrix model equations of motion.

In order to obtain an enhanced geometrical understanding of these developments, it
is useful to consider the SO(6) representation content of these matrix configurations.

Proceeding in a similar manner we introduce the SO(6) generator

th = Mgh®]]'16+]lN®Zgh‘ (3246)

where M, carries the (n,0,0) IRR and Z, carries the representation given in the

direct sum form in (3.2.42)). Using the tensor products [58]

(n,0,0) ® (1,0,0) = (n+1,0,0) & (n — 1,1,0), (3.2.47a)
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(n,0,0) ® (0,1,0) = (n — 1,0,1) & (n, 1,0). (3.2.47b)
We find that H , carries the direct sum representation

(n,0,0) ®[2(0,0,0) & 2(1,0,0) & (0,1,0)] = 2(n,0,0) ® 2(n+1,0,0) (3.2.48)
B(n—1,0,1)®2(n—1,1,0)® (n,1,0).

We may now notice several facts by inspecting this result. We should first recall that
according to branching rules of SO(6) IRRs into SO(5) IRRs, we have that (n, 0, 0)
IRR of SO(6) simply branches to a single IRR of SO(5), which is (0, n) [59]. Thus
the matrix algebras representing fuzzy four-spheres carry the generic form (n, 0, 0).
Consequently, we see that from the SO(6) perspective 2(n,0,0) & 2(n + 1,0,0)
part of the right hand side of (3.2.48) is associated to two concentric S at ma-
trix level dim°°® (n,0,0) = dim®°®(0,n) and two concentric Sy at matrix level
dim®°©(n + 1,0,0) = dim®°®(0,n + 1), respectively. From the recent devel-
opments identifying generalized fuzzy four-spheres as associated to higher dimen-
sional orbits of SO(6) ~ SU(4), we infer that the (n — 1,0, 1) IRR appearing in the
right hand side of (3.2.48)) can be related to a particular generalized fuzzy four-sphere

which may be denoted as Sﬁ in the notation of [1]].

Then, we have the result that part of the new matrix configuration (3.2.3)) solving the
YM 5-matrix model, may be interpreted as the generalized fuzzy 4-spheres recently
constructed in [1]]. In the next sections, we lay out the structure of these generalized

fuzzy 4-spheres using the coadjoint orbit quantization techniques.
3.3 Coadjoint Orbit Method and Fuzzy Spaces

In the following sections, the construction of the basic and the generalized fuzzy four
spheres will be explored using the coadjoint orbits method [27]. Our main focus
will be on quantum geometries realized as quantized coadjoint orbits embedded in
a Euclidean target space. Since S* is not a Poisson manifold, it is not realized as
a coadjoint orbit of its isometry group. Therefore, the application of the method of
coadjoint orbits to S* is not direct. The constructions of the basic and generalized
fuzzy-four spheres are facilitated by studying the quantization of the coadjoint orbits

of SO(6) =~ SU(4).
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To start with, we present a brief overview of the technique of coadjoint orbit quanti-
zation. The theory of quantization of coadjoint orbits was throughly given by Kirillov
in [60] and several related examples were provided in [61]. The development of this
section will mostly depend on these sources. To begin with, let G be a Lie group and
g be the associated Lie algebra. Now consider g*, which is the vector space dual to
g , the action of G on g” is called the coadjoint action. In this regard, a coadjoint
orbit is simply the orbit of some point in g* under the action of G. For compact and
semi-simple groups, the adjoint and coadjoint orbits are equivalent. Since the groups
SU(N) are compact and semi-simple, their adjoint and coadjoint orbits coincide.
From now on we assume that G is compact and semi-simple, hence to determine its

coadjoint orbits it suffices to examine the adjoint orbits of G.

For matrix groups such as SU(N), the associated Lie algebra g is a subspace of the
matrix algebra M at(N). Therefore, the adjoint action of G on g is given by the matrix
conjugation

Ad(g)Y =gYg™, (3.3.1)

where g € Gand Y € g . The coadjoint orbit of G is defined by

_ G
O;={Ad(9) =gJg '|J€g, g€ G} %E. (3.3.2)

The coadjoint orbit is then considered as a coset space G/ H ; where H ; is a subset of

G called the isotropy subgroup at J or the stabilizer group of O; :

Hy={heH;|J=Adh)] =hJh "} . (33.3)
3.3.1 Warmup

To get started, let us quickly look at the coadjoint orbits of SU(2). An arbitrary
element J € su(2) can be written as
L i’ u® 4 u'
J=1wi-0= ) . 5 (3.3.4)
—u” +u —u

where & is the vector of Pauli matrices. To follow the convention of [61], we pick
J to be anti-Hermitian in this section. The eigenvalues of J can be found from the
characteristic equation

N —tr(J)A 4 det(J) = 0, (3.3.5)
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with tr(J) = 0 and det(J) =: 2 = @ - @ as
Ay = Fir,, (3.3.6)
therefore the diagonal matrix is
e 0
Jp = , (3.3.7)
0 —ar

which spans the U(1) subalgebra of SU(2). Recall from (2.1.13), a general element
g of SU(2) is given as

g= , (51,55) € C?, det(g) = 1. (3.3.8)

From equations (3.3.8]) and (3.3.7) we have

S1 —So iTre S1 So

oo =g Jpar’ = i | . (339
Sog S 0 —ur, —S9 S
- i<|51’2 - |32’2)7"e 027518,
gpgi = AU (3.3.10)
i2r.(s159") —i(|s1|” = [sa|")re

Let s; = a; + ib;, sy = ay + iby and rename the parameters as follows
wy = 2re(ayay+biby),  wy =2r.(aby—biay), ws= (‘31’2_’52‘2)%, (3.3.11)

then we obtain

1 Z"LU3 Wo "‘Z’(Ul
—Wqy + 1W1 —1Ws3

By comparing this equation with equation (3.3.4) , we observe that gJ,g ' is an

element of su(2). Hence we have
J=gJpg ", (3.3.13)

for some g; € G. From (3.3.13) we deduce that every element of su(2) can be

diagonalized by means of an SU(2) matrix.

By using (3.3.13)), orbits of SU(2) can be described as

O;=9Jg " =g(g:Jpo g " = (901)Ip(991) ", (3.3.14a)
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O;=gdpgs "y G2:=gg. (3.3.14b)

The stabilizer of these orbits should be a subgroup of SU(2) leaving J,, invariant

under the adjoint action. That is satisfying

JD = gsJDgsTa (3315)
Explicitly we have
S1 —89" ir. 0 517 sy
Iy = , (3.3.16a)
So 51* 0 —iT’e —S9 51
ir. 0 s1% = |so]? 25,89
= ir, 1" = I I (3.3.16b)
0 —ire 28581 —[s1]" + |5

There are two cases to be considered:
Casel: 7, =0

This is the trivial case. The stabilizer is SU(2). Therefore, the orbit is a just a single

point specified by ¢/P .= 1,. Adjoint actions by all group elements g € SU(2)

Te=

leave the point fixed.

Case2:r, #0

71 Y2

Let s, = re™, sy =19e™ | 0= 818" = riree’ ) If we pick 7, = 0 then

so = 0. This gives det(g,) = 1 and therefore we have r; = 1, hence 5; = €'

e 0
gs = . . (3.3.17)
0 6—1’71

The stabilizer is U (1) C SU(2) and the orbit is SU(2)/U(1) = CP' = S°.

Following the same line of developments, coadjoint orbits of SU(3), SU(4) and in
general SU(N) can be constructed. For the examples of coadjoint orbits of SU(3)
we refer the reader to the appendix [B] Since we need to know the coadjoint orbits of
SU(4) for the developments in this chapter, we direct our attention to these spaces.
The coadjoint orbits of SU(4) can also be found by using (3.3.13)). They are given in
[[62]] as follows

SU(4)
U)xU1)xU(1)’

SU(4)
SU(2) xU(1) x U(1)’

0, = Oy = (3.3.18a)
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SU(4) SsUM)

Os = SUR)xUQ2) ~* SUB)xUQ)

~ CP?, (3.3.18b)

with corresponding dimensions

dim(0;) =12, dim(0O,) =10, dim(O3) =8, dim(0O,)=6. (3.3.19)

3.4 Quantization of O,

General technique of the quantization of coadjoint orbits was developed in [26].
Among the four coadjoint orbits of SU(4) given in (3.3.18) we are particularly in-
terested in the quantizations of O, and O,. The quantization of O,, which is diffeo-
morphic to CP®, was achieved by Bernevig et. al. [27]. The general formalism of

quantization [38] is given in appendix [C| Some of the intermediate steps used during

SU(4)
SU@)xU1)xU(1)

ploy the method outlined in [26] and use the Dirac constraint analysis formalism [63]]

the quantization of O, = are provided in appendix @ Here, we em-

to perform the quantization of Os.

In the previous chapter, we have seen how CP? and S* are related through an .S ? fibra-
tion and the corresponding relations between the fuzzy CP* and fuzzy spheres Sy and
S%. By studying the quantization of O,, we would like to understand and elaborate on
the relation between this quantized space and the generalized fuzzy four-spheres Sa.
which are introduced in the work [1] and encountered in our search for new solutions
to the YM matrix model, discussed earlier in this chapter. Although, several aspects
of S} are discussed in detail in [T], we feel that coadjoint orbit quantization technique
allows us to gain a useful and practical perspective to its structure, and at the same
time allows us to exploit the connection between fuzzy spaces and Landau problem

[64. 165! |66] which is discussed later on in this section.
The starting point is the Wess-Zumino term defined by
L= —itr (AS‘IS>, (3.4.1)

where S € SU(4), S = % and ¢ is a parameter with respect to which group ele-
ments are parametrized. Let us denote by 7}, (k = 1, ..., 15) 15 generators of SU(4)
satisfying [67]]

T, i) = i frtmTon » (3.4.2)
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frim being the structure constants for SU(4) and A be a linear combination of Cartan
generators that will be specified shortly. If the general group element S is parametrized

by the set of real variables £(t) = (&1, &, ..., &15), it can be expressed as
S(€) = e 2k Tl (3.4.3)

The momenta conjugate to &, are

T = 8—L = —ii tr(ASla—S%)
&, &, o0& dt

. _,08 9§
—_ — A 1——.
ztr( S 7, (%k)

_ itr (m-l%) | (3.4.4)

Local coordinates and conjugate momenta satisfy the following Poisson brackets as

usual

{gk’vﬂ-l} = 6kl ) {flmgl} = {ﬂ—kuﬂ-l} =0. (345)

We may introduce a 15 x 15 matrix £ whose elements are functions of &;, and write

S‘lg—i =T, By - (3.4.6)

Since F,,, is non-singular [26, 27] we may multiply both sides of (3.4.4) with " to
write
meE = —itr(NMT By B ). (3.4.7)

Introducing A, = wk/EIQ}C , this gives
A = tr(AT},). (3.4.8)
A, generate SU(4) since we can easily see that

{Ak7 Al} = fklmAWw (349)
as a consequence of the commutation relations of 7}.’s given above. We also see that
{A, S} = —iSTy, (3.4.10)

since 7}, acts on the right of S € SU(4). In this expression, it is customary to call A,

the right acting generators of SU (4).
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The Cartan generators of SU(4) in the 4-dimensional fundamental representation are

usually taken to be

1
Ty = gdiag(1,~1,0,0), (3.4.11a)
1
Ty = ——diag(1,1,—2,0), 3.4.11b
1
Tys = ——diag(1,1,1,—3). (3.4.11c)

2v/6

in a notation generalizing the Gell-Mann matrices in SU(3). However, for our pur-

poses it is more convenient to use the Cartan subalgebra basis (hq, hy, hg) which is

given as
3 1
hy = ng = 4 diag(1,1,-2,0), (3.4.12a)
3 2 1
hy = \/?_T8 + \/;T15 = Z—Ldiag(l, 1,0, —2), (3.4.12b)
hy =Ty, (3.4.12¢)

We would like to quantize O, by considering the U(1) x U(1) part of the isotropy

subgroup of SU(4) in the coset space realization of O,. For this purpose we take
A =nihy + nghy, (3.4.13)

where n;,n, € Z are the corresponding U(1) charges. For the choice of A given

above, the right acting generators take the form

V3 V3 1
Ak = an 58,16 + Ny E 58,k + % 515,k . (3414)

Since the Lagrangian is first order in derivatives, equation (3.4.14) actually defines a

set of constraints for the conjugate momenta which is expressed as

n V3 n V3 2
Ak—gl{758,k}—72{?58,k+\/;515,k} ~ 0, (3.4.15)

where ~ is the weak equality sign indicating that the equality is valid on the con-
straint surface only. The classification of constraints can be performed by calculating

Poisson brackets among A,. We have
{A, A} = fiasAg = A3 =0, (3.4.16)

50



1
(A, Ay} = furhr = §A7 ~ 0, (3.4.17)

\/§ 3/n n
{AL A5} = fussAs = 7/\8 ~ 3 (Zl + 1—;>7 (3.4.18)
2 Ty
{Ag, Ao} = froyaoyas Mis = §A15 i (3.4.19)

If we keep on calculating the Poisson brackets, we observe that the brackets of A,
Ay, A3, Ag and A5 with all constraints are weakly equal to zero. Therefore, we infer
that while A, Ay, A;, Ag and A5 are first-class constraints, while all the remaining

constraints are second-class constraints.

The second-class constraints can be rearranged to form a complete set of first-class

constraints by taking the appropriate linear combinations qbf,j :
O = N £ 001, (3.4.20)
where m = 4,6,9, 11, 13. For instance,

{A8a ¢6i} = {A8>A6} +1 {A8a A7}
= f8,6,7A7 + if8,7,6A6 (3.4.21)

We may take either ¢, or ¢,, as the first-class constraints. Aside from this fact, their

Poisson brackets with A;, Ag and A5 also provide the following results

{A3a gbf} = {A37A4} +1 {A3aA5}

= faas s £if350\ (3.4.22)
-
= §(A5 F iAy)
i
[ {
(Moot =2500,  {As,00} =F500, (3.4.23)
[
{Asoii} =F500,  {As 05} =0, (3.424)
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{A87 éf:} = {A87A4} iZ{A87A5}

= f845A5 + if854A4 (3-4-25)
3
= g(Af) T M)
3
3 |
{As. 06} = x%qﬁéﬂ {As 057} = F 5200 (3:4.26)
{As, 65} = ?21%%? {As, 655} = i%qsfg, (3.4.27)

2
{Ai5, 05} =0, {Ais5.05} =0, {Alg,qbg*}:q:z'\/;ﬁ, (3.4.28)

2 2
{Ays, 011} = :Fz'\/;qbﬁ, {Ays, 015} = q:i\/;qéé,. (3.4.29)

From these Poisson brackets we may interpret gzﬁ,j,i (m =4,6,9,11,13) as the ladder
operators of SU(4) with respect to the Weyl-Cartan basis.

The usual procedure of quantization can be followed at this stage. Namely, we must
have that first class constraints annihilating the physical states. This means that the
physical states must be SU(2) singlets and carry the U(1) charges n; and n,, respec-
tively. The SU (4) IRRs carried by the physical states are therefore given as (n,, ¢, ny)

in the Dynkin notation.

The natural wave-functions on the group manifold of SU(4) are given by the Wigner

D-functions D[(fj%)(S), S € SU(4), where [L] and [R] denote collectively the appro-

priate left and right quantum numbers that uniquely label these states. Dgﬁ}’%) (S) are

the matrix elements of the group elements DP%")(S) of SU(4) in the IRR (p, ¢, 7).
On these wave-functions, the Dirac quantization procedure following the given con-

straint analysis requires that

hy D(S) = %nlD(S), (3.4.30)
hy D(S) = %nQD(S), (3.4.30b)
hs D(S) = 0. (3.4300)
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Let us take ¢, and 6, as two real parameters, then the U (1) rotations generated by the

Cartan generators h, hy and h3; may be given as

e/t 0 0
o 0 &%t 0 0
Vi =ehth = 0 0 oz g | (3.4.31a)
0 0 0o 1
0, /4
TR oo 3.4.31b
S R & (3:4310)
W29 0 0
o 0 e ™2 g0
Vy = e¥3hs = . 010 (3.4.31c)
1

o]
@]
@]

Since D(S) satisfies the group homomorphism property, we may write D(S;5,) =
D(S,)D(S;). Thus, we may also express (3.4.30) as

D(SV;) = D(S)D(V;) = D(S)e”s™% (3.4.32a)
D(SV,) = D(S)D(V,) = D(S)e 2", (3.4.32b)
D(SV3) = D(S)D(V3) = D(S). (3.4.32¢)

In order to consider the physical states that are annihilated by the first class con-
straints, it is sufficient to consider SU(4) IRRs with ¢ = 0. At this stage, it is most
convenient to use tensor operators in a Cartesian basis rather than the Wigner D-
functions to give a concrete demonstration. Let us denote by Z? an irreducible tensor

in the IRR (p, 0,7) of SU(4). We may write

70 = g (3.4.33)

11-- Z ?

where i, 5 = 1,2,3,4 and the indices j,, i, take the values a = 1,...,pand b =
1,...,7. Under the SU(4) rotations .S, Z” transforms as

(29 = = S SJPS“ Sy Zl"ll ," . (3.4.34)

Gyl
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Applying V; on Z” gives the eigenvalues of V] acting on the upper index appearing
as py, P2, D3, P4 respectively so that p = p; +p, + p3 + p, and eigenvalues of V] acting
on the lower index appearing as r, 79, 1’3, 4 respectively so that r = r{ +7y+1r5+7,.

We have

i (D1 P2 D3 Ti Ty T
(o) e (T ) s
which gives
2ny = 2p3 —py — Po — 215+ 11 + Ty (3.4.36)

Likewise, for V; acting on Z we find

i (P1 P2 Py T1 T2 T
e:vp( - §n292)zg;m — exp <Z<Zl +2_too2y 5‘*)@) Zh (34.37)
which requires

2Ny = 2Py — Py — Po — 214 + 11 + T3, (3.4.38)

and Vj acting on Z? gives
O — pl - p2 - Tl + 7‘2 . (3.439)

We have not yet imposed all the constraints on the physical states and it is rather
tedious to explicitly work out the equations for p; and r; coming from these as the
corresponding generators for the constraints are not diagonal. Nevertheless, the rest

of the analysis can be completed by determining the eigenvalues of

1
H= o= (5" 0 (p.0,) = 65" (0) - 12 - 112, (3.4.40)
m
which is a linear function of n, and n, only when acting on D®%") Here
3 1
Cy "W (p,0,7) = 2(r* + p*) + = (pr + 6p + 67), (3.4.41)

8 4
are the eigenvalues of the Casimir operator in the (p, 0, 7) IRR of SU(4) and
cs ve (0) = 0 is the Casimir eigenvalue in the spin-0 IRR of SU(2) and we have

3 1
<T82 + T125> DPOT) = (§ (7112 + n22> - Z—anz) DPOT) (3.4.42)

since h; = \/7§T8 and h, = ‘/?gTS + \/ngg, as already noted in (3.4.12)).

Equation (3.4.40) may be interpreted as the Hamiltonian of the particles on

Oy = W&U(l) charged under U(1) x U(1) and subject to non-vanishing U (1)
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fluxes. This is the Landau problem of O, [27,68]. From the known correspondences
on the Hilbert space of the Lowest Landau levels (LLL) with fuzzy spaces it is ex-
pected that LLL corresponds to the generalized fuzzy S* which is to obtained as a
quantization of O,. The LLL energy is expected to be linear in the U (1) fluxes n; and
ny. Taking

p1 =pgs =pyg =0, ry =179 =13 =0, (3.4.43)

in (3.4.36), (3.4.38)) and (3.4.40), we have

113 1 3 1
B= o | 2} +p5) + 7 (pora + 6ps + 6r9) — 2 (9 +77 ) = Zpgm}, (3.4.44)
ny =p3=p, Ng = —Ty= —T, (3.4.45)
and these give
1 (3 1 3 1
3
= R(m — ny)
3

which is the LLL energy and linear in n; and n,. The wavefunctions are in the form

D02l () carrying the SU(4) IRRs as we wanted to demonstrate.
3.5 Fuzzy Spheres and Coherent States

In this section, the relationships between the coherent states on CP° and O, coadjoint
orbits of SU(4) and fuzzy spheres are examined. A review of canonical coherent

states can be found in appendix [E]
3.5.1 CP? Coherent States and S

In order to provide a better grasp of the mathematical structure of S #, we should give
an explicit derivation of the continuum limit of coherent state expectation values of
SU(4) generators 7;,. In appendix |D] we have shown that the quantization procedure
transforms (D:, (n’ = 9,11,13) constraints into ladder operators. Therefore, CP®

coherent states for the defining representation (p,q,r) = (1,0,0) can be given as

55



follows [69]]

’M> = Exrp [Z(aTg + leO + CTIl + dT12 + €T13 + fT14)i| |/U(170’0)>

= ¢ "M vao0) (3.5.1)

where ‘v(1’0,0)> = |v) is the highest weight state for the defining representation and
a,b,c,d, e, f are some real parameters. The coherent states | M) are in one-to-one cor-
respondence with the points M of CP? [53]]. This is analogous to the fact that canon-
ical coherent states |z) are in one-to-one correspondence with the complex plane C.

Let us note also that a point M/ € CP? can be described by three complex numbers as

CP’ = {ZE (21,22, 23) € 63\{0} | zi2; = ‘Z|2 =1,2=X, €C, |\ = 1}'
3.5.2)
CP? has complex dimensions 3 and real dimensions 6. The three complex coordi-

nates (z, 2o, 23) in (3.5.2) and the six real numbers a, b, ¢, d, e, f in (3.5.1) are two

. . .. a; b
equivalent ways to describe CP°. In fact we see that with & = —,b = — ..., we have
r r

a2+ b+ + f2 =1, where 1’ = a® + 0> + - + fQ, which is equivalent to the

condition |z|* = 2z = 1.
For the coherent states | M), we may introduce the rank 1 projection operators as
Py = |MXM|, Py’=Py, Py =Py. (3.5.3)

Clearly, this is also in one-to-one correspondence with the points on CPP?. Our task
is to understand how the manifold CP? is embedded in the group manifold of SU (4).
To this end, we may start with computing the expectation values of SU(4) generators

with respect to the CP* coherent states. We have
Y = Tr(PpT})
= Tr(|MYM|T)
= (M| T}, |M) (3.5.4)
= (v| e Te ™ |v)
= piy (0 Th Jv)

where sum over repeated indices is implied and the last line follows as a conse-

quence of the Baker—Campbell-Hausdorff formula [[70], which allows us to express
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e T e~ as a linear combination > pr. 1) of the generators T}, of SU(4) [69]. The
Cartan generator matrices are given in (3.4.12). Since only the eigenvalue of the

fifteenth generator is nonzero, i.e. 115 [v) = ;5 |v), we have

Ye = (V| Pe1s L5 (V) = Pras (V] tis [v) = Pras tis- (3.5.5)

The highest weight state for the defining representation is |v) = | 1/2,1/(2v/3),1/(2V6)),

SO ty5 = ﬁé and v, are

1
5 \/6 Pk,15-
By applying the lowering operator to |v), the rest of the states in the (1,0,0) IRR
of SO(6) can be obtained. In (3.5.6), v, (k = 1,..,15) are called the trigonometric

yr = (M| Ty |M) = (3.5.6)

embedding functions that parametrize the coset space O, = CP®. The technique

used for the derivation of these functions can be found in appendix [F y, are given as

follows
.2
sin“(r sin”(r
Y1 = —5(ac+ bd) 2( )7 Yo = — 5 (bc — ad) 2( ) )
r 3 r 3.5.7
in2(r) (3.5.7)
g = —=(a® + 1 — & — ) I
r
.92 2
sin”“(r 1 sin”“(r
i=—glae oIy g
r () r (3.5.8)
sin”(r
y6:——(C€+df) 7“2 ’
1 sin?(r 1 sin“(r
v = s(ef —de) )y = L e 2y - 2 S
3 r 6v'3 r (3.5.9)
__bsin(2r)
AR
a sin(2r) d sin(2r) ¢ sin(2r)
= — = —— = — 5.1
Y10 3 9y Y1 or Y12 3 9p (3.5.10)
f sin(2r e sin(2r 1 4
Vis=—3 2(7~ ) V=3 2(7” ) y Y5 = NG I 551112(7”) , (3.5.11)

where 12 = a® + b + & + d* + € + f2.
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The sum of the squares of y;, is

15 9 8 9 15 9 sin4(7“) 1 sin4(7“) 1
E Yk = E Y + E Yk = + - = —. (3.5.12)
k=1 k=1 k=9

27 24 27 24

There is another identity satisfied by the embedding functions, which may be written

as
1
kls
=—= S.1

Ay ys DI (3.5.13)

where d*" is the totally symmetric tensor defined through

1[1

T,T =5 [delh + (dM* + z‘f’”S)Tsl . (3.5.14)

In appendix the generators in the fundamental spinor representation (1,0, 0) of

SO(6) are given. These generators can be expressed in terms of SU(4) generators as

Fy =S T, (3.5.15)
where nghi are the ’t Hooft symbolsﬂ F,;,’s can be written explicitly as
1, V3., V6 1, 1 1, 1
Fiy = §T3_7T8+?T157 Fi3 = §T2+§T14» Fiy = —§T1+§T13, (3.5.16)
1 1 1 1 1 1
Fis = §T7 + §T10» Fig = _§T6 - §T97 Foy = —§T1 - §T13> (3.5.17)
1 1 1 1 1 1
F24 g —§T2 —I— §T147 F25 = §T6 — §T9, F26 — §T7 - §T10, (3.5.18)
1. V3. V6 1.1 11
Py = 5ot Ts=—Ts, Iy =—5T+5Tn, Iy =5Ti—5Tn, (33.19)
1., 1 1., 1 V3, V6
Fys = §T4 + §T11> Fys = §T5 + §T12> Fy = ?Ts + ?Tm- (3.5.20)

Using the projection operator Py, = |M )} M| of (3.5.3)), we may compute the expec-

tation values of the SO(6) generators as

1
wgh = 5 Tr(PMth)

LA general basis for the 't Hooft symbols can be found in [71].
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1
= 5 Te(IMYM] Fy) (3.5.21)

1
= 5 (M| Fy, M)

This means that we can write
Py = wyFy, = % > weFy, (3.5.22)
g<h
where wg;, are the embedding functions of CP? to SU (4) group manifold using
the SO(6) generator basis. By combining equations (3.3.16) to (3.5.20) with equa-
tions (3.5.6) to (3.5.11), w,, can be given as
V3 V6 11

1 1 1
Wiz = 5YsT e Ys T e Vs, Wi = Sl ol Wi = —5hit g, (3.5.23)

W5 = %?ﬁ + %ylm Wig = —%% - %ym W = _%yl - %%3, (3.5.24)
Wyy = —%yz + %%47 Was = %QG - %y97 Wap = %?ﬁ - %ylov (3.5.25)
Waq = %3&"‘?3/8_?:%57 W5 = —%%‘i‘%yl% Wae = %Z/z;—%yn, (3.5.26)
Wis = 5Ya + QY1 Wi = 5Ys + %y127 W56 = ?ys + ?%5- (3.5.27)

Let us consider the embedding functions associated to the five generators F,q =

1
—5% (a=1,...,5) of SO(6). We have

v,

1
(M|~ |M) . (3.5.28)

a::wa6:<M|Fa6|M>:_§

From the expression of w,g in ((3.5.24)-(3.5.27)) and expression for relevant 3, we

see that the sum of the squares of v, is

25:(1)8)2 = (11—2)2 (3.5.29)

e=1

It is also straightforward but rather tedious to show that

5
> wyev, =0, (3.5.30a)
e=1
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eedey vy = 0, (3.5.30b)

e™edey vpwey = 0, (3.5.30c)
abcde 1 2 2 sinz(r)
€ Wa Weg = — 7 cos(2r) + 2(e” + f7) 2| (3.5.30d)

From these considerations it is possible to see how the fuzzy 4-sphere emerges by

comparing these expressions with those given in subsection [2.3.2]

Referring to equation (2.3.51)) we recall

[’yav’Yb] = 4iGabv (3531)
and therefore,
[FLe, Fyg = [— %—%} - [%%} — Gy, (3.5.32)

where G, generate the (0, 1) IRR of SO(5). Moreover, as it is shown in subsection
2.3.2, M, generators given in equation (2.3.56) generate the (0,n) IRR of SO(5).

Now, let us relabel the CP* coherent states in the defining representation (0, 1) as
|z,1) = |M). (3.5.33)
In this new notation, equation ((3.5.28) can be rewritten as
(z,1] Fig 12, 1) = v,. (3.5.34)
By taking the n-fold symmetric tensor product of these coherent states, we obtain

lz,n) = (|2,1) @ |2, 1) ® ... ® |2, 1)) (3.5.35)

Sym*

n-fold symmetric tensor product of ~,’s, i.e. the X, generators of equation (2.3.55)

are then mapped to the embedding functions v, via (3.5.35)) as
(z,n| X, |z,n) = nv,. (3.5.36)

—~ 1 . . .
Let us denote X, = — X, then the embedding functions into S * are
n

1 —
Vo= (z,n| X, |z,n) = (z,n] X, |z,n), (3.5.37)

and the coherent state maps for the commutators [X,, X,| are

— 1
(z,n|[X,, Xy]|z,n) = (z,n] F[XQ,XZ,] |z, n)
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= (z,n| ——=|z,n) (3.5.38)
n

which is consistent with
1

X, X, = ﬁl\/@;, (3.5.39)

where M, = %Mab. Likewise, we have

—_— VA — — — —
<Za 7’L| [Mab7 Mcd] |Zv 7’L> = <Z7 TL| E(Csachd + 5bdMac - 6bcMad - 5adec) |Zv 7’L>

—_—

[Mab7 Mc ] = %(5acm + 5bd]\/4;c - 5bc]/w:d - 5ad‘]@)a (3540)

P Z — —
(z,n| [My, X.] |z,n) = (z,n] E(dach — 0 Xy) |2, 1)
(Mo, XJ] = (80X — 6,.X,). (3.5.41)
n

3.5.2 O, Coherent States and S}

In section[3.4] we have investigated the Dirac quantization of the coadjoint orbit O, =

WM and revealed that as a result of the quantization procedure, oL (m =

4,6,9,11,13) constraint can be interpreted as the ladder operators i.e. generators
associated to the roots in the Cartan-Weyl decomposition of SO(6) ~ SU(4). Thus,
O, coherent states for the irreducible representation (p, ¢,7) = (1,0, 1) of SO(6) can

be defined as follows

|G) = exp [i(91T4 + 9215 + 9316 + g4 L7 + 9519 + 96 T10 + 97111 + 93112

+ 99115+ 910T14)] ‘w(1,0,1)>
i9; T3 |w(17071)> , (3.5.42)

= e

where |w(, 1)) = |w) is the highest weight state for (1,0,1) IRR and g, (r =

1,..,10) are all real parameters.
Now consider the tensor product (n,0,0) ® (0,0, 1) which can be decomposed as
(n,0,0) ® (0,0,1) = (n,0,1) ® (n — 1,0,0). (3.5.43)
For the case of n = 1 we have
(1,0,0) ® (0,0,1) = (1,0,1) & (0,0,0). (3.5.44)
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The tensor product given in equation (3.5.44) is carried by U, which is given by
Us=7%QI1+1® (—,). (3.5.45)
The coherent state maps for U,’s are
u, = (GU,|G) = (G|, @ I =TI @, |G) . (3.5.46)

If we denote the generators of SO(6) in the product representation (7,0, 0) ® (0,0, 1)

as D, then the quadratic Casimir operator C, is
Cy = DypDyp. (3.5.47)
In view of the right hand side of (3.5.46), C,, can be put to block diagonal form

C.(1,0,1 0 diag(d, ... D)isers 0
c - ( ) _ [diag( )15x15 7 (3.5.48)
0 C,00,0,0) 0 0

then the projection operators into the (1,0, 1) and (0, 0, 0) representations are [[72]

C C, — Al
Pi=—, PB=—t— (3.5.49)

u, are the embedding functions that parametrize the coset space O,. An alternative

derivation of u, that depends on CPP* coherent states |z, 1) can also be provided:

|Z, 1> = exp [Z(CLTQ + bTIO + CTll + dT12 + 6T13 + fT14)] ‘U(17070)> 5 (3550)

12,1) = expli(a(Ty)" +b(Ty) +c(Tn) +d(Tw) +e(Tis)”  (3.5.50)
+ f(T14)*)} |U(1,0,0)> :

By employing |z, n) coherent states given in equation (3.5.33), we may define |G) as

(lz,n) ®|z,1)) =P(lz,n)®|z,1)) = |G), (3.5.52)

Sym

SO u,’s are

U = (G| U, [G) = ((z,n| @ (2, 1)) Pi (7. © T = I ®@7,) Pi(|z,n) ® |2, 1)). (3.5.53)
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CHAPTER 4

BFSS MODEL WITH MASS DEFORMATIONS

This chapter opens with an introduction that provides the necessary background infor-
mation on a Yang-Mills (YM) matrix model with two distinct mass deformation terms
which may be contemplated as a double mass deformation of the bosonic part of the
BFSS model. As the first step, it is demonstrated that due to the presence of quadratic
deformation terms, this newly introduced YM model subsequently breaks the global
SO(9) symmetry of the BFSS action down to SO(5) x SO(4) x Z,. Since our main
objective is to examine the nature of emerging chaotic dynamics from the YM matrix
models, as the next step, we propose an ansatz configuration in section 4.2} involving
fuzzy two- and four-spheres with collective time dependence that can be employed
to obtain reduced models with a few phase space degrees of freedom whose dynam-
ics can be investigated in considerable detail. The chaotic dynamics emerging from
these reduced models are revealed by calculating their Lyapunov spectrum, Poincaré
sections and mean largest Lyapunov exponents by using numerical solutions to their

Hamiltonian equations of motion.

As there is room for the choice of the values of massive deformation parameters,
in subsection we consider the same ansatz configuration with different masses
and obtain another set of reduced models. In order to investigate the effects of mass
parameters on the emerging chaotic dynamics; the Lyapunov spectrum, Poincaré sec-
tions and mean largest Lyapunov exponents for these new models are also calculated
and comparisons between the two cases are made. Furthermore, in order to discuss
the consequences of changing the fuzzy two-sphere part of the first ansatz, we pro-
pose a second ansatz configuration in section4.3|and investigate its chaotic dynamics.

Lastly, in section4.4] we examine the dynamics of the motion when the two real func-
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tions with collective time dependence are taken to be equal to each other. This leads

to quasi-periodic motion.
4.1 Yang-Mills Matrix Models with Double Mass Deformation

As thoroughly discussed in section [2.5] gauge invariant deformations of YM matrix
models are possible. Such a gauge invariant double mass deformation of (2.4.11)) may

be specified as

L

1 1 1 1
Sup = _Q/dt Tr (§(DtBI)2 + Z[Bla BJ]2 - 5#?32 - 5#233) ) (4.1.1)
g

where the indices a and ¢ take on the values a = 1,..,5 and ¢ = 6,7, 8, respectively.
In (@.1.1) the terms proportional to z; and p, are the quadratic deformations, which
respect the U (V) gauge symmetry, but altogether break the SO(9) down to SO(5) x
SO(3) X Z,y. The discrete Z, factor is present for By — — By symmetry. In what
follows, we are going to consider the sector in which B, is set equal to the zero
matrix, or equally well, taken as the zero matrix as a part of the ansatz configuration
which will be introduced shortly. Since, we are going to be essentially concerned with
the classical dynamics of (4.1.T)), we absorb the coupling constant in the definition of

h, as it only determines the overall scale of energy classically.

In the A, = 0 gauge, the equations of motion for B; take the form

Ba+ [Blu[BbBa]] +/L%BQIO, (4123)
B; + [By, [Br, B]] + 155B; = 0, (4.1.2b)
By + [By, By, Bo)] =0, (4.1.2¢)

while the Gauss law constraint remains unchanged in the form as given in (2.4.17)).

The massive deformation of the BFSS model, which preserves maximal amount of
supersymmetry is already known to be the BMN matrix model [S]], which possesses
fuzzy two-spheres and their direct sums as possible vacuum configurations. However,
in this thesis, our focus is directed toward exploring the emerging chaotic dynam-
ics from the Yang-Mills matrix models which could allow for not only fuzzy two-
sphere configurations but also more exotic fuzzy sphere, and in particular a fuzzy

four-sphereﬂ

! In this section, we employ scaled versions of S # matrices that are defined as H, (E") =2X, ,§">.
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It is possible to conceive deformations of (2.4.11)) including two separate mass terms,
which break the SO(9) symmetry down to several different product subgroups. The
underlying motivation for introducing the specific massive deformation in (4.1.1)
comes from the fact that in two distinct limiting cases the equations of motion can
be solved by either with fuzzy two-sphere our fuzzy four-sphere configurations. To
be more precise, we have for B; = 0, By = 0, and satisfied identi-
cally, while takes the form

Ba+ [Bb7[Bb>BaH +M%Ba = 07 (413)
which is satisfied by the fuzzy four-sphere configurations B, = H,, for y; = —16.
H, are N x N matrices carrying the (0,7) UIR of SO(5) so that N = £(n+1)(n +
2)(n+ 3). Whereas, in the other extreme, one may set B, = 0, By = 0, with the only

remaining non-trivial equation of motion
B, +B;,B;, B]] + u3B; = 0, (4.1.4)

which is solved by fuzzy two-sphere configurations B; = Z; or their direct sum for
15 = —2. In this case, Z, are N x N matrices carrying the spin j = % UIR of

SO(3) ~ SU(2).

In view of these observations we consider ansitze configurations involving fuzzy two-
and four- spheres with collective time dependence, which fulfill the Gauss law con-
straint given in (2.4.17)). Tracing over the fuzzy two- and four-sphere configurations,
we aim to obtain reduced models with a few phase space degrees of freedom, whose

dynamics can be investigated in considerable detail.
4.2 Ansatz [ and the Effective Action

A reasonably simple, yet non-trivial, configuration is constructed by introducing two
separate collective time-dependent functions multiplying the fuzzy four- and two-

sphere matrices. Concretely, we have
Ba = T(t> Ha ) Bz = y(t) Zz ) BQ == 07 (421)

where r(t) and y(t) are real functions of time. In this ansatz, we consider a sin-

gle spin-j = % IRR of SU(2) as the fuzzy S* configuration, while taking direct
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sums of fuzzy two spheres with different IRRs of SU(2), i.e. forming Z; as a block-
diagonal matrix composed of a direct sum of different IRRs of SU(2) with spin less
than j remains an open possibility which will be discussed later in section Z;
exist at every matrix level, while this is not so for H,. Fuzzy four-spheres exist at the
matrix levels 4,10,20- - - as given by the dimension N = #(n + 1)(n + 2)(n + 3) of
the IRR (0,n) of SO(5). Accordingly the fuzzy two-spheres are taken at the matrix
levels matching these dimensions of the fuzzy-four sphere. In what follows, we ini-
tially keep the mass parameters .} and 13 as unspecified in some of the key equations,
but will investigate the detailed dynamics for ;if = —16 and 3 = —2, which emerge
as the limiting values for the static solutions of and and subsequently
will also briefly investigate the consequences of taking another set of values for the

masses, namely ;1] = —8 and 13 = 1 on the chaotic dynamics of the reduced models.

Substituting the (4.2.1)) configuration in the action (4.1.1]), we perform the trace over
the fuzzy four- and two-sphere matrices at each of the matrix levels N = %(n +
1)(n+2)(n+3) forn =1,2,---,7. Using Matlab to evaluate the traces we obtain

the Lagrangian for the reduced in the form
L, = 017'“2 + 023)2 - 8017”4 - 023/4 - C1M127’2 - 02M22y2 - 037"23/2 ) (4.2.2)

where the coefficients ¢, = c,(n) (1 = 1,2, 3) depend on n and their values (given up
to one digit after the decimal point at most) forn = 1,2, ... |7 are listed in the table
given below. We suppress the label n of the coefficients ¢, (n) in in order
not to clutter the notation. Coefficients given for n = 7 in table (4.1)) are evaluated by
obtaining a polynomial function of n approximatinﬂ c,(n)forn =1,2,---,6 and

interpolating this result ton = 7.

% These polynomial functions are given as

ex(n) = gn(n +4),

1
co(n) = ﬁ(n6 +12n° + 58n" + 144n° + 193n> + 132n),

cs(n) = 0.0093n” + 0.20n° + 1.35n° + 4.22n" + 6.99n° + 5.44n + 2.43n + 0.36..
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Table 4.1: ¢, (n) values for Ansatz 1andn = 1,...,7

n=1{n=2|n=3|n=4|n=5|n=6|n="7
¢ | 25 6 10.5 16 22.5 30 38.5
c | 1.9 124 | 49.9 153 | 391.9 | 881.9 | 1800
cg | 21 207.7 | 1080 | 3970 | 11691 | 29493 | 66345

The corresponding Hamiltonian is easily obtained from (#.2.2)) and it is given by

2

pr
H,(r,y,prDy) = 401 + 4—02 +8c, !t + eyt + oy pir? + ey 3y’ + esr?y’
p py
_. R Vg 423

where V,,(r, y) denotes the potential function.

To explore the dynamics of the models governed by H,,, we first evaluate the Hamil-

ton’s equations of motion. These take the form

Pr LDy
- =0 — 2 =0 4.2.4
20, ; Y= 5, =0 (4.2.42)
P 4 32¢,7° 4+ 2¢, 13 + 2¢5my” =0, (4.2.4b)
Py + deqy® + 202;1,334 + 2037"2y =0. (4.2.4¢)

Taking the mass parameter values as ;i = —16 & u5 = —2, (4.2.4) becomes

P S TR (4.2.52)
2C1 202

P, 4 32¢,1° — 32¢,7 + 2¢57y° =0, (4.2.5b)

Py + deqy® — deqy + 2e5r%y =0 (4.2.5¢)

In order to investigate the dynamics of these models governed by (#.2.5) in detail,
it is quite useful to start the analysis by determining the fixed points corresponding
to the equations of motion in and addressing their stability at the linear order.
The dynamical system reaches equilibrium states at the fixed points. This fact can be

equivalently stated by the set of equations specified as 73}, [74]

(7,9, 0, p,) = (0,0,0,0). (4.2.6)
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Using (@.2.6) in (#.2.3) leads to four algebraic equations, two of which are trivially

solved by (p,,p,) = (0,0), which means that all the fixed points are confined to the

(pr,py) = (0,0) plane in the phase space. The remaining two equations are
—32¢,1r° 4 32¢y1 — 2037’y2 =0,
—4cyy” + degy — 203T2y =0, 4.2.7)
and have the general set of solutions given as

(r,y) = {(0,0),(£1,0),(0,£1), (£hy, £hy), (£hy, Fhy)}, (4.2.8)

where h, and h, are given in terms of ¢, as

hy = —/2i V—Cycs + 16¢; 9 b= _4@,\/20102 — At
/2 /2
C3 — 320102 C3 — 320102

Clearly, only real solutions of are physically acceptable. From table [4.1] it is

(4.2.9)

straightforward to compute that both h; and h, are real except atn = 1. Forn > 1

the set of fixed points are given as

(r,y,prspy) = {(0,0,0,0),(+1,0,0,0),(0,£1,0,0)),
(4£hy (1), £hy(n), 0,0) , (£hy (n), Fhy(n),0,0)}, (4.2.10)

where the values of h; and h, are presented in the table 4.2 below

Table 4.2: h; and h, values forn =2,...,7

n=2|n=3|n=4|n=5|n=6|n=
h,y | 0.26 0.28 0.27 0.26 0.24 0.23
hoy 0.6 0.38 0.25 0.17 0.12 | 0.093

while for the n = 1 model we only have
(r, 9,0 p,) = {(0,0,0,0),(£1,0,0,0),(0,%1,0,0)} , (4.2.11)
as the fixed points.

Let us note that (4.2.8)) corresponds to the critical points of the potential V,,, since
(4.2.7) are the equations determining the extrema of the latter. From the eigenvalues

68



of the matrix %, (91,92) = (r,y), we see that the points (+1,0) and (0, +£1) are
local minima, (0, 0) is a local maximum, while (+h,(n), £hy(n)), (£h(n), Fhe(n))
are all saddle points of V,,. Evaluating V,, at the local minima, we find V,,(+1,0) =
—8¢; and V,,(0,£1) = —c,. From table we easily conclude that (+1,0) is the
absolute minimum of V,, for n = 1,2, 3, while (0, £1) is the absolute minima for the
models with n = 4,5, 6. From now on we add to the Hamiltonian’s, H,,, the constant
term 8c; forn = 1,2,3, and ¢, for n = 4,5, 6, respectively, to shift the minimum

value of the potentials V,, to zero and use the notation

Hycy=H,+8¢, Hy,>y=H,+c,. (4.2.12)

Fixed point energies are readily evaluated using (4.2.10)), (4.2.11]) and the mass squared

values ;i; = —16 and pi3 = —2 in the Hamiltonian’s H, 4, H,>, and they are
Er(0,0,0,0) = 8¢y, Er(£1,0,0,0) =0,
Er(0,£1,0,0) = 8¢; — ¢y, 1<n<3, (4.2.13a)
Er(0,0,0,0) = ¢y, Fr(£1,0,0,0) = ¢y — 8¢y,
Er(0,£1,0,0) =0, 4<n<6. (4.2.13b)

Table 4.3: Fixed point energies forn = 2,...,7

n=2|n=3|n=4|n=5|n= n =

Er(£hy(n), £(F)ho(n),0,0) | 39.4 | 70.2 | 134.6 | 368.9 | 854.2 | 1767.7

4.2.1 Linear Stability Analysis in the Phase Space

It must be clear that the properties of extrema of V,, does not provide sufficient in-
formation to decide on the stability of the fixed points. We now perform a first order
stability analysis around the fixed points of H,, given in and @.2.11). To-
gether with the Lyapunov spectrum and the Poincare sections that will be determined
in the next subsection, this analysis, will allow us to comment on the outset and vari-
ation of chaos, that is, the increase and decrease in the amount of chaotic orbits in the

phase spaces of H,,, with respect to energy.
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For the phase space coordinates, it is useful to introduce the notation

(91792793794) = (T>yaprapy) . (4214)

From g, and ¢g,, we may form the Jacobian matrix

_ 99a
Joeﬂ— a_gﬁa

whose eigenvalue structure allows us to decide on the stability character of the fixed

(4.2.15)

points [[75]. Written in explicit form, we have

0 0 ﬁ 0
0 0 0 =
J(r,y) = = (4.2.16)

Js1 —2c3ry 00
—2037'y J42 0 0

where J3; and J, are

J31 = 3261 — 9601T2 — 263y2 s
Jyo = dey — 12¢9y% — 2¢577 . (4.2.17)

Eigenvalues of J(r,y) at the fixed points (4.2.10) are easily evaluated and listed in
the table [4.4] below.

Table 4.4: Eigenvalues of the fixed points for Ansatz 1

Fixed Points Eigenvalues of J(r,y)
(0,0,0,0) +4, 42
: . \/c: Cac—2c5¢C;
(£1,0,0,0) | (+4iy/2, i ¥e20—a0)
. -\/c c 02i1202c2
(0,+£1,0,0) (24, ¥
(R1(2),h2(2),0,0) (£2.5, +i3.2)
(h1(3), h2(3),0,0) (£2.9, +i3.4)
(h1(4), ha(4),0,0) (£3.1, +i3.5)
(h1(5), hs(5),0,0) (£3.1,£i3.5)
(h1(6), h(6),0,0) (£3.2, £i3.5)

General criterion of the linear stability analysis states that a fixed point is stable if

all the real eigenvalues of the Jacobian are negative, and unstable if the Jacobian has
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at least one real positive eigenvalue [75, [76]. It may that all the eigenvalues of the
Jacobian matrix are imaginary. This is called the borderline case and an analysis
beyond first order is necessary to decide if the system is stable or unstable at such
a point. Accordingly, we see that (0,0, 0,0) and (h;(n), hy(n),0,0) are all unstable
fixed points as the corresponding Jacobian’s have at least one real positive eigenvalue,
as readily seen from the table From the same table and the values of ¢, (n) given
in table (4.1), we see that (+1,0,0,0) and (0, £1,0,0) are borderline cases. We are
not going to explore the structure of these borderline fixed points any further, as we
expect that their impact on the chaotic dynamics should be rather small compared
to those of the unstable fixed points which we just identified at the linear level. Our
numerical results on the Lyapunov spectrum indeed corroborates with this expectation

as will be discussed shortly.

4.2.2 Chaotic Dynamics
4.2.2.1 Lyapunov Spectrum

In order to probe the presence and analyze the structure of chaotic dynamics of the
models described by the Hamiltonian’s H,,, we will examine their Lyapunov spec-
trum. A detailed description of the technique used to compute the Lyapunov ex-
ponents is included in appendix [J| In a dynamical system, presence of at least one
positive Lyapunov exponent is sufficient to conclude the presence of chaotic motion.
In Hamiltonian systems, due to the symplectic structure of the phase space, Lyapunov
exponents appear in \; and —)\; pairs, a pair of the Lyapunov exponents vanishes as
there is no exponential growth in perturbations along the direction of the trajectory
specified by the initial condition and sum of all the Lyapunov exponents is zero as a
consequence of the Liouville’s theorem. These facts are well-known and their details

may be found in many of the excellent books on chaos [75,[77].

In order to obtain the Lyapunov spectrum for our models we run a Matlab code,
which numerically solves the Hamilton’s equations of motion in (4.2.5) for all H,,
(1 < n < 7) at several different values of the energy. We run the code 40 times
with randomly selected initial conditions satisfying a given energy and calculate the

mean of the time series for all runs for each of the Lyapunov exponents at each value
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of n. In order to give certain effectiveness to the random initial condition selection
process we developed a simple approach which we briefly explain next. Let us denote
a generic set of initial conditions at ¢ = 0 by (r(0),y(0), p,(0), p,(0)). For H, 4, we
take y(0) = 0 and for H,,~,, 7(0) = 0 as part of the initial condition and subsequently

generate three random numbers w; (i = 1,2, 3) and define Q; = \;’?\/E for a given

energy E of the system, so that £ = QF = Q} + Q3 + Q3. Subsequently, we take

positive roots in the expressionﬂ

P (0) = /4,1, p,(0) = 1/4c,03, (4.2.18)

and the real roots of

8¢ (0) — 16¢,72(0) + 8¢, — Q3 =0 for H,_,
ey (0) — 207 (0) + ¢, — Q3 =0 for H,oy, (4.2.19)

where in the last step of the process our code randomly selects from the available real
roots of the equations (4.2.19). In the computations we use a time step of 0.25 and run
the code for a sufficient amount of computer time to clearly observe the values that
the Lyapunov exponents converge to. We present sample plots for these time series
of Lyapunov exponents at each value of n in the following pages. From the figures
M.2] chaotic dynamics of the models are clearly observed, as in each case (except
in figure 4.2b)) a positive Lyapunov exponent is present. We also observe that the
properties of Lyapunov spectrum for Hamiltonian systems summarized at the end of
the first paragraph of this section are readily satisfied. Let us immediately note that
the model at n = 1 have distinct features from the rest. This is already observed from
the first two plots (figures [4.2a) and #.2b)); for £ = 30 there is a positive Lyapunov
exponent, while at £/ = 500 all the Lyapunov exponents appear to be converging to
zero indicating that very little chaos remains at this energy. The distinct features of

the n = 1 model will also be seen in the ensuing discussions.

In order to see the dependence of the mean largest Lyapunov exponent (MLLE), (de-
noted as )\, in figures and tables) to energy, we obtain the MLLE at several different
values of energy in a range, which appears to be best suited to observe the onset and

progression of chaotic dynamics in these models. As may be expected, the energies

3 We have checked that randomly selecting positive and negative roots in li does not cause any signifi-
cant impact on our results.
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determined for the unstable fixed points in the previous section are of central impor-
tance here. From the figures 4.4 we see that appreciable amount of chaotic dynamics
starts to develop once the energy of the systems exceeds the energy E of the models
at the fixed points (+£h(n), +=(F)hy(n),0,0). The onset of the chaotic dynamics as
observed from progression of the MLLE values with increasing energy is highlighted
by the blow-up figures provided in the insets of the plots in figures 4.4l Error bars at
each data point is found by evaluating mean square error using MLLE and the LLE

values of each of the 40 runs.

Table 4.5: «,, and (,, values for the fitting curve (4.2.20

Ni(E) | ap B

XN (E) | 1.7 -8.5

A (E) | 24 | -182
M(E) | 29 | 2320
As(F) | 34 | -63.8
X(E) | 3.69 | -101.9
M(E) | 43 | -1804

Several observations can be made from these numerical results. Firstly, we see that in
the n = 1 model the MLLE acquires a peak value of about ~ (.55 at an energy around
~ 32 and rapidly decreases toward zero with increasing energy. From the profile of
MLLE with respect to energy in figure [d.4alas well as the time series plot (4.2b) of the
model at £ = 500, we conclude that this model is not chaotic for energies £ > 500.

These conclusions are also fully supported by the Poincaré sections given in figures

43l

In order to elaborate on the data obtained for the MLLE values, it is useful to explore
the dependence of the LLEs at a given level n with respect to the energy. We find that

the function

M (E) = oy, + m% : (4.2.20)

gives not perfect but essentially very good fits to our data as can be seen from the

figures 4.4} For consistency, we consider the fits to the data starting from the energies
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corresponding to an MLLE Valu of =~ 0.1. The coefficients for the fits are provided
in the table4.5] Extrapolating these fits, we find that the energies at which the MLLE
vanish are given approximately as 25, 58, 122, 352,799, 1760 for n = 2,3,4,5,6,7,
respectively. We find that these are somewhat less than the £’s given in table[d.3] As
previously noted, the latter are marking the onset of chaotic dynamics in our models
and the comparatively lower values of energy found for vanishing MLLE is expected
and consistent with this fact. Results of this extrapolation appear to be also consistent
with the Poincaré sections obtained at nearby energies as can be seen from the figures
M.3] We may use (4.2.20) to compare the relative rate at which the chaotic dynamics

tends to develop once the systems reach their respective fixed point energies in table

4.3 Defining
_d\,(E) 1

= ~burm
n /2 Y
dE 5, 2F;!

as the quantity measuring this relative rate, we find that R,, takes on the values 0.017,

0.015, 0.010, 0.005, 0.002, 0.0012 for n = 2,3,4,5,6,7, respectively. Thus, as n

R, : (4.2.21)

increases, R,, values indicate a slow decrease in the rate at which MLLE increases
with energy. This suggests that the models at low values of n become chaotic some-
what more rapidly. It is also interesting to note that MLLE values show essentially
the same functional relationship with the energy, as that was found in the Yang-Mills

5-matrix models with a mass term, which was studied in [20]].

Let us also remark on a feature of the models H,,-, which is observed from the plots
in figures - at energies £ < 2500. We see that for a range of energy values
in these models there is an observable decrease in the value of MLLE and the mean
square errors appear to be considerably larger than those computed for the rest of the
data points. A closer analysis of the Lyapunov time series at these data points reveal
that LLE values of less than a quarter of the 40 initial conditions approach to zero,
leading to the observed decrease in MLLE values and the increase in the mean square
errors. From a physical point of view, approach of some of the LLE values to zero
implies that the systems’ development in time, starting from these initial conditions
are of either periodic or quasi-periodic type and not chaotic. Nevertheless, the overall

MLLE values are still quite large and the sample Poincaré sections taken at one of

* The numerically determined best fits to the functional form (4.2.20) do not necessary start at MLLE ~ 0.1.
They actually start somewhat above this MLLE value; In the figures [4.4] the best fits are extrapolated to start at
MLLE ~ 0.1.
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these energies are densely chaotic, showing no sign of KAM tori signaling the pres-
ence of quasi-periodic orbits. Thefore, we are inclined to think that such periodic
or quasi-periodic orbits occur only at comparatively very small regions of the phase
space and evaluated the MLLE values at these energies by excluding the initial condi-
tions leading to vanishing LLE. The results of MLLE obtained this way are given in
the plots in the figures 4.4d]- 4.4g|in yellow color for comparison and used to obtain
the fits given in the table 4.5]

4.2.2.2 Poincaré Sections

In order to supplement the results of the previous subsubsection, we have obtained the
Poincaré sections at several different values of the energy. For each model we plot
the Poincaré sections at energies below, around and above the energy of unstable the
fixed points (+h,(n), £(F)hy(n),0,0) to visualize how the phase spaces trajectories
develop and capture the onset of chaotic dynamics. As in the calculation of Lyapunov
spectrum we use 40 randomly selected initial conditions for each model at a given en-
ergy and the same procedure as in the analysis of the Lyapunov spectrum is followed.
For H, 4, y(0) = 0 is a part of the initial conditions and for H,,>4, 7(0) = 0 is so,
therefore it is convenient to look at the Poincaré sections on the » — p,-plane and the

y — p,-plane, respectively in these cases. Our plots for n = 1,...,6 cases are given
in figures 4.3]

4.2.3 Other Mass Values

We now consider assigning different values to the mass parameters and their impact
on the dynamics of our models. Let us first note that 3 = —16 and p5 = —2 is
a suitable and immediate guiding choice for the mass values due to the reasons dis-
cussed around equations (4.1.3]) and (4.1.4)), but surely not canonical in the sense that
they are not enforced on us by the full set of equations of motion (#.1.2). Considering
Chern-Simons-type terms, 1.e. a cubic term in B;’s as in the BMN model and a fifth

order term in B,’s [34] alter the equations of motion given in (4.1.3) and (#.1.4) and

lead to solutions with zi > —16 and y5 > —2. It is not our aim in this subsec-
tion to provide a detailed analysis of such possibilities, but simply confine ourselves

to examining another choice for the mass values and to serve this purpose we take
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(2= —8and uj = 1.

With the Lagrangian and Hamiltonian given in the form (4.2.2) and (4.2.3)) and the
corresponding Hamilton’s equations given as in (4.2.4), we find that the fixed points

of the phase space are

1
(T7y7prapy) = {(0707 070) ) (i_707070)} (4222)

V2

with the corresponding energies

1
Er(0,0,0,0) = 2¢; = n(n+4), EF(iE, 0,0,0) =0. (4.2.23)

Linear stability analysis shows that (0, 0,0, 0) is an unstable fixed point while

(i\%, 0,0,0) are of the borderline type that we encountered previously and play no
significant role in the numerical analysis that follows next. For convenience of com-
parison to numerical data for n = 1,---6, the fixed point energies are given in the

same order as 12,21, 32,45, 60, 77.

Following the same steps of the numerical analysis for the Lyapunov spectrum as
outlined previously, we find that, in this case too, the models exhibit chaotic dynamics
for n = 2, 3,4, 5,6, while the model at the level n = 1 is essentially not chaotic for
energies £/ 2 100, but retain some chaos only in a narrow band of energy from around
E ~ 12 (i.e. the fixed point energy) to £ Z 100 (See the figures . The transition
to chaos for n = 2, 3,4, 5, 6 appears to happen around the fixed point energies as can
be clearly seen from the blow-up insets of these figures and the time series plots given
in figures This fact is also captured by inspecting the Poincaré sections taken at

energies somewhat below and above those of the fixed points.

In contrast to the previous case, MLLE values fluctuate and the mean square errors
are comparatively larger at a narrow band of energies after . Due to this reason,
for each model, we consider fits to the data starting at end of this transient band,
where the change in MLLE with respect to energy starts to settle in a steady pattern
of development and do not attempt to extrapolate them all the way to zero MLLE
value as it would clearly be misleading to do so. We find that a logarithmic fit of the
form

M(E) = a, + B, log(E), (4.2.24)

with
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Table 4.6: &, and Bn values for the fitting curve (4.2.24

a, | B,
Mo(E) | —0.84 | 0.34
M (E) | —0.79 | 0.35
M(E) | —0.81 | 0.37
As(E) | —2.19 | 0.56
A(E) | —2.47 | 0.58

appears to be well-suited to model the dependence of MLLE to energy after transient
band is passed. Let us also note that within the transient band of energies, chaotic and
quasi-periodic motion coexist, this is clearly seen from those of the Poincaré sections
in figure [4.6] that are taken at energies somewhat above the E.. Using we

have

Ra= 2
Ep
measuring the relative rate of the development of chaos at £/.. We find that R, takes

the values 0.016,0.011, 0.008, 0.009, 0.007 for n = 2, 3,4, 5,6, respectively, which

(4.2.25)

essentially indicates that there is not any significant difference at the rate in which
chaos develops in these models once the systems have energies around those of the

fixed points.
4.3 Ansatz /]

We would like to briefly discuss the consequences of changing the fuzzy two sphere

part of ansatz /. Namely, we consider the configurations
Ba = T(t> Ha ) Bz = y(t) Zz ) BQ == 07 (431)

at the matrix levels N = ¢(n 4 1)(n + 2)(n + 3) forn = 2,3,5. In (4.3.1), H, are
the same as in ansatz I, while we take Z; = ®,.", %, (k), with X;(k) spanning the spin
1 UIR of SU(2), in the k™ block of the direct sum and K, is the number of 2 x 2
blocks, which are 5, 10, 28 for n = 2, 3, 5, respectively. Thus, we have a direct sum

of 2 x 2 fuzzy two spheresE] We call this the ansatz /1.

® For odd values of N, it is not possible to form Z;’s by 2 x 2 blocks only. In this case we can fill the last
block of the matrices simply with the O-matrix, i.e. the trivial representation of SU(2).
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The Lagrangian and Hamiltonian are given in the same form as in (4.2.2)) and (.2.3),

where now the coefficients c; are given in the table

Table 4.7: ¢, (n) values for Ansatz 2 and n = 2, 3,5

n=2|n=3|n=>
¢ 6 21/2 | 45/2
co | 3/8 3/8 3/8
C3 7 11.45 | 3.44

Corresponding fixed points and their energies are

(r,y, P, p,) = {(0,0,0,0), (£1,0,0,0), (0,£1,0,0)}, 4.32)
Ex(0,0,0,0) = 8¢;, Ep(£1,0,0,0) = 8¢; — ¢y, Ep(0,£1,0,0) =0. (4.3.3)

Linear stability analysis reveals that (0, 0, 0, 0) is the only unstable fixed point in these

models.

We have numerically studied the Lyapunov spectrum at several different values of the
energy in these systems and determined that for an interval starting around the fixed
point energies Ep = 48,84, 180, respectively and going up to ~ 500 for the first
two cases and ~ 1000 for n = 5, there is a positive Lyapunov exponent indicating
the presence of chaotic motion. From the times series plots in figure {.8] and the
Poincaré sections in figure [4.9] taken at energies within these ranges, we see that
chaos is not dense, coexists together with quasi periodic motion and remains local in
the phase space. At higher energies chaos ceases to exist and the phase space becomes

dominated by periodic and/or quasi-periodic orbits.

4.4 Effective Action with Single Time-Dependence

While specifying the fuzzy two- and four-sphere configurations of Ansatz I given
in (@.2.1), we have introduced two real functions with collective time dependence,
namely r(t) and y(¢). In this section, we examine the dynamics of motion when 7(¢)

is taken to be equal to y(¢). Let us keep the values of mass parameters as /ﬁ = -8

78



15 T T T T T T T T T 04

03

02

[R]

03

(@) T'(k) vs. Kk (b) r5(¢) vs. time

Figure 4.1: T'(k) vs. k and 75(t) vs. time

and ;5 = 1, i.e. as selected in subsection In this case, (4.2.2) becomes

Lo (r,7) = (¢1 4 ¢)7° — (8¢1 4 ¢o + ¢c3)r 4+ 8¢y — ¢)1% — 2¢4, (4.4.1)
from which the Lagrange’s equations of motion can be determined as follows

Pi(t) = —eyr® 4 eqr, (4.4.2)
where e; and e, are explicitly given by
2(8¢; + ¢y +¢3) 8¢y — ¢y

e = , g = —=, 443
1 ot o . (4.4.3)

As a concrete example, let us take initial conditions as r(0) = 0, 7(0) = 0.1, the
general solution of (#.4.2)) can be written in terms of the Jacobi elliptic function sn of

modulus k, denoted by sn(z|k)

r(t) = (e —i¢)sn((e + id)t| — n), (4.4.4)

where (, ¢, n are positive real numbers and € is a real number which is very close
to zero. A review of some properties of Jacobi elliptic functions can be found in
appendix [H] For all practical purposes, ¢ can be considered to be equal to zero.

Moreover, for the sake of simplicity, let us concentrate on the case of unit frequency
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(¢ = 1) and redefine the elliptic modulus as x = —n. Applying these changes to

equation (4.4.4) yields
r(t) = —i (sn(it|k). (4.4.5)

The complete elliptic integral of the first kind is defined by [78]
H 2 . 2 —2
K(k) = / (1 ~ K2sin (9)) d, (4.4.6)
0

with 0 < k < 1. The complementary elliptic modulus is defined by k. = (1 — kQ)% .
For the interval of —2K (k.) < t < 2K(k,), Jacobi’s imaginary transformations
relate the elliptic functions with complex arguments to the elliptic functions with real
arguments. For the case of sn, we have

B isn(t|k.)

sn(it|k) = otk

(4.4.7)

where cn (t]kc) is the Jacobi elliptic function c¢n of modulus £.. As an immediate
consequence of (4.4.7), for the time interval of —2K,. < t < 2K, equation (4.4.5)

can be put in the form
sn(t]r.)

TOTAR (4.4.8)

with s, = V1 — k¥ and K, = K(k,) .

Let us denote with 7" the period of (4.4.5)). The calculations of the 7" values for the
range of modulus values 0 > x > —1 were performed utilizing a MATLAB script
and graphed in figure Since the numerical values (given up to two significant
digits after the decimal point at most) of the ¢, coefficients for the model at the level

n = 2 are given by
cp =06, c3=1238, c3=207.66, (4.4.9)
and e, coefficients of take the values
e; =29.17, e, =194, (4.4.10)

#.4.2) takes the form
iy = —29.177,° +1.947, 4.4.11)

whose solution can be written as
ro(t) = —i0.071 sn(i 1.42¢] — 0.036) . 4.4.12)
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Using Mathematica it can be verified that the maximum value of the imaginary part
of 75(t) is on order of 10™"*. Therefore, the imaginary part of 7(¢) may be ignored

for practical purposes, and we may write
ro(t) =2 Re[—i0.071 sn(i1.42t| — 0.036)] . (4.4.13)

A graph of ry(t) versus time is shown in figure m By reading the numerical value
of T(k = —0.036), which corresponds to the period of —i sn(it| — 0.036), from
figure the period of r,(t) can be computed as

T(—0.036) 12.11
1.42 1.42

T, = = 8.53. (4.4.14)

Summarizing the above considerations, choosing collective time dependence in terms
of a single function r(¢) results in periodic motion whose variation in time can be

completely described by the Jacobi elliptic function sn.
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Figure 4.2: Lyapunov exponents vs. time for Ansatz 1 at ji;
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CHAPTER 5

CONCLUSIONS

This thesis has focused on two research projects investigating the applications of
fuzzy spaces to Yang-Mills matrix models. In the second chapter, we started out
with reviewing the constructions of fuzzy two- and four-spheres from both geometric
and algebraic viewpoints in order to provide necessary background for the discussion
of YM matrix models presented in the ensuing chapters. This review was followed
by the introduction of the bosonic part of the BFSS matrix model including its deriva-
tion from the Yang-Mills theory in 9 4 1 dimensions by dimensional reduction. In
this chapter, we have also demonstrated how fuzzy spheres arise as vacuum solutions

to YM matrix models related to massive deformations of the BFSS model.

In chapter 3, we have concentrated on the YM 5-matrix model which can be contem-
plated as a sector of the bosonic part of the BFSS with only five Hermitian matrices
and the same type of massive deformation term, which was introduced in section 2.5
Our primary aim was to obtain new static solutions or vacuum configurations in this
model. For this purpose, we have considered matrix configurations involving bilinears
of a set of fermionic oscillators spanning a reducible representation of SO(5), which
is subsequently decomposed into direct sums of irreducible representations of the lat-
ter. Taking tensor products of these IRRs of SO(5) with the (0,n) IRR of SO(5)
carried by the standard fuzzy four-sphere, new solutions were formed. Since the di-
rect sum decompositions of this tensor product representation of SO(5) also contains
IRRs of SO(5) that does not appear to be related to basic fuzzy four-sphere matri-
ces, it was not possible to express the newly obtained vacuum configurations as the
direct sums of S matrices only. However, we have noticed that some of these new

configurations can be realized as the generalized fuzzy four-sphere configurations,
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which were recently encountered in [1]]. In order to understand the connection of our
results with the generalized fuzzy four-spheres, the quantization of coadjoint orbits
method was used. To be more specific, a certain 10-dimensional coadjoint orbit, O,
of SO(6) ~ SU(4) was quantized to observe the detailed structure of the generalized
fuzzy four-spheres. As a by product of this approach, we have also formulated the
Landau problem on the coset space O,. Determining the ground state energy levels
in the Landau problem is shown to be equivalent to the quantization of the coadjoint
orbit O,. We have demonstrated that as a result of the quantization procedure of O,,
the generalized fuzzy four-sphere IRRs are obtained. In the last two sections of this
chapter, generalized coherent states associated to SO(6) ~ SU(4) were employed to

discuss some aspects of both the basic and generalized fuzzy four-spheres.

Chapter 4 was devoted to the examination of a YM matrix model with two distinct
mass deformation terms which may be contemplated as a double mass deformation of
the bosonic part of the BFSS model. Using an ansatz configuration involving fuzzy
two- and four-spheres as backgrounds and assuming collective time dependence of
the matrices, we were able to obtain a family of effective models descending from
tracing over the fuzzy spheres at matrix levels N = ¢(n + 1)(n + 2)(n + 3), for
n =1,---,7. We have performed a detailed numerical analysis and demonstrated
the development of chaotic dynamics in these reduced models by obtaining their Lya-
punov spectrum and Poincaré sections. From our results, we were able to see that the
onset of chaotic motion is at the energies which are at or around the lowest of that of
the unstable fixed points and modeled, by fitting curves to the data, how the largest
Lyapunov exponents change as a function of the energy for two different set of the
mass values. The similarities and differences in these two cases are also discussed.
Let us recapitulate some of the key results that we have obtained from these analyses.
In section we have constructed Ansatz / by introducing two separate collective
time-dependent functions, 7 () and y(¢), multiplying the fuzzy four- and two-sphere
matrices. For this ansatz, we have considered a single spin-j = % IRR of SU(2)
as the fuzzy S” configuration and investigated the detailed dynamics for the mass pa-
rameters 1f = —16 and ;5 = —2. A noteworthy observation was the convergence
of the mean largest Lyapunov exponents to non-zero values with increasing energy.

On that note, we were able to demonstrate through an appropriate fitting function
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that mean largest Lyapunov exponents (MLLE)s approximately vary as 1/v/E with
increasing energy. From the value of the derivative of the latter at the fixed point en-
ergies, we concluded that the models at low values of n become chaotic more rapidly.
In order to observe the impact of mass parameters on the dynamics of our models, we
considered assigning different values to the mass parameters and took ; = —8 and
,u% = 1. Upon performing a detailed numerical analysis on the new reduced models
we demonstrated that MLLEs vary logarithmically with the energies of the reduced
actions. In section .3] we have focused on another ansatz, whose fuzzy two-sphere
configurations consist of a direct sum of spin-1/2 fuzzy spheres. These configura-
tions lead to chaos only within a narrow interval of energies in each model. Lastly,
in section 4.4 we have examined the dynamics of the quasi-periodic motion induced
when r(t) is taken to be equal to y(¢). By using explicit derivations and numerical
calculations, we have shown that choosing the product of a single time-dependent
function, r(t), with S% and S7 matrices as a solution of Sy, p results in a periodic
motion whose variation in time can be completely described by the Jacobi elliptic

function sn.
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APPENDIX A

IDENTITIES AND DERIVATIONS RELATED TO S}

A.1 Gamma Matrices, SO(6) Spinor Generators and Fermionic Basis

Gamma matrices in five dimensions are 4x4 matrices satisfying the Clifford algebra

{Yas T} = 20,,14. A possible representation of these matrices is given by

0 0q O o)
Y1 =0180; = ) Yo =018 09 = )
01 0 09 O
O O3 . 0 ]].2
V3= —01 Q03 = — y Ya=—0a @1y =1 . (Al
0'3 O —]].2 0
1, 0

V5 = N1V2V3Ye = —03® 1y = L
2

In terms of the y-matrices in five dimensions, 4-dimensional SO(6) spinor represen-
tations (1,0,0) and (0,0, 1) are given as

1 1 .
Ej - E[Vu%] ) EG = :FﬁrYZJ v,] = 172737475‘ (A12)

These fifteen I, (g,h = 1,..,6) generators satisfy the usual SO(6) commutation

relations

[th7 an] = Z(énghn + 5hanm - 5gnthm - 6hman> : (A13)

The representations of the quadratic Casimir operators are found in the basis given

below. There are 16 states here and we label them as follows

|B,) = i?(|0011) +]1100)), (A.1.4)
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(1) = [0000), (2)=1000), (3)=> (0100},

(A.1.5)

(4) = |0010), (5)=[0001), (6)= |B,), (7)== |1010),
® = |o110), (O = lo101), (10)=|B_), (11)= [1001),

(12)= 110y, (13)= joi11), (14)= [1011),
(15)= o1y, (16)= [1111).

A.2 Evaluation of (Ya)2

We use the definitions given in (3.2.13) and (3.2.22) for the operators b;

number operators.

000 1\ (b

1 1 0010]]b
Yz—\IfHﬂfz—(bTbTbTbT)

b2 2\ 0 1 0 o | b

100 0/) \b,

= %(bm + Diby + Diby + biD)),
Y, = —%(bm — blbs + biby — biby),
Y; = —%(bibz — blb, + bgbl — blb,),
Y, = %(bib3 +blby — bgbl — blby),

1
Y5 = =5 (biby + biby — blbs — blby).
Squaring these expression we find

(Y1)? = (1/4)(b}by + blbs + blby + biby)(b]by + blbg + by + blb,)

b! and the

12

(A.2.1a)
(A.2.1b)
(A.2.1c)
(A.2.1d)

(A2.1e)

1
= S I01(Z = bibu)by + BL(I = Bby)by + BY(T — bba)by + BY(I — b1b1)by

+ 2(bTblbaby — blbyblby — bybibsbl + bybyblbh)]

1
- Z—L[(bibl + biby + biby + blby) — DIDLbb, — bbLbsby — bIBIbD,
— i by + 2(6105byb, — DlDybLby — bybLbbY + bybybEDT)]

1
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= 1IN = 2(NLNy + NyNy) + 2(bb3bsbs — blbobiby — biblbsb + bibyblb))]



(Yy)? = E[N — 2(Ny Ny + NoN3) + 2(b1bLbsby + blbyblby + byblbsbl
+ bybyblbl)],

(Va)? = 1IN = 2N, Ny + Ny + 2(b{bbbsb — blbabath — 0163ty
+ bybablb)],

(Y,)? = i[N — 2(N; N3 + NoNy) + 2(b1b5byby + blbybsbl + by bLbL,
+ bybobib})],

(¥3)? = i{N + 2NNy + Ny, — (N, + Ny)(N; + NI}

Finally, this gives

5
(V)P =) V.Y,
a=1

(A.2.2b)

(A.2.2¢)

(A.2.2d)

(A.2.2¢)

1
= AN = 2(NyNy + NpN) + 2(bIbibab, — blbybib, — bybibsbl 4 bybybibl)

+ N — 2(N, Ny + NyN3) + 2(b1bbbsby + blbyblib, + by bbbl 4 bybobibl) + N

— 2(N, N3 4 NN + 2(b1bibsb, — blbybabl — byblblb, + bybyblibh) + N

— 2(Ny Ny + NyNy) + 2(biblbsby + blbybsbl + bybiblb, + bybyblbl) + N

+ 2[Ny Ny + N3Ny — (Ny + No) (N3 + Ny)J}
) 3 1
= Z_lN - §(N1 + Na) (N3 + Ny) + §(N1N2 + N3Ny)

+ 2(biblbsby + bybybiD}) .

(A.2.3)

(A23) expresses Y, in terms of the number operators and two terms which cannot

be cast in terms of the number operators.

A.3 Evaluation of (Zab)2

Using the same technology, we evaluate the Casimir operator of SO(5) using the

generator Z,;, given in equation ((3.2.18)

1
(Zap)? = == (T 1)
4

1
= ——[(TTy70) + (T 0)° + (U7, 0)° + (U775 0)

4

+ (‘I’T%%‘I’)Q + (‘I’T7ﬂ4‘1’)2 + (‘IJT%%\I’)Q + (‘I’T%%‘I’)Z

+ (U5 0)° + (U7 1)7).
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In expression (A.3.1)), we need to evaluate each term explicitly. We have

i 0 0 0 b,

0 0 b
Uy 7,0 = <b§ b bl bZ) 2
] 0 b3

00 0 —i) \b,
=i(Ny — Ny + N3 — N,),

(U7 0)? = —(N; = Ny + Ny — Ny)(N; — Ny + Ny — N)
— —[(N} + N} + N7 + N?) —2N,N, + 2N, N, — 2N, N, (A.3.2)
— 2N,N;3 + 2N, N, — 2N, N,
= —N +2(N,N, — N, Ny + N, N, + NyN; — NyN, + N3N,).

Similarly, we find

(Ui 730)? = =N + 2(Ny Ny + NyNy) + 2(blbyblby 4 0l bybsb} (A3.3)
+ by bbb, + byblbsbl)

(U7, )2 = 2(b1bybib, — blbybsbl 4 by bbbl — byblbin,) — N (A.3.4)
+ 2(Ny N, + N3Ny),

(U5 0)2 = 2(bT b byby + bybLbsbY + blbyblby + bybybLlbL) — N (A3.5)
+ 2(Ny Ny + NoNs),

(UT o5 0)2 = 2(b1bybybl + b bibLb, — blbyblb, — bibibsbl) — N (A.3.6)
+ 2(N, N, + N,N,),

(U, U)2 = —2(blbybliby + bibybsbl + bybLbLb, + bibibbE) — N (A3.7)
+ 2(Ny Ny + N3Ny,

(\I’T’Vz%‘l’)Q = 2(bib;b3b4 - blbgbs,bj; + b1b2b£bi - b1b2b:§b4) - N (A.3.8)
+ 2(Ny Ny + NoN3),
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(‘I’T’Y?,’M‘I’)Q = —N+2(N;Ny+ N;N3— N; N, + N3N, + Ny N, — NoN3), (A3.9)

(Ul ysy50)? = 2(bybibib, + bIbLbsby 4 blbabsbl + biboblibl) — N (A.3.10)
+ 2(NyNy + Ny N3),

(U5 0)? = 2(bT bl byby — blbybabl — bibibib, + bibobibl) — N (A3.11)
+2(Ny N3 + Ny Ny) .

Combining (A.3.2)- (A3.11) in (A3.1) we find

(Zab

)2 = —i{[zu\m\f2 — N;N; + NyN, + NyN3 — NyN, + N3N,) — N + [2(N, N,
+ N3Ny + 2(b1boblby + blbobabl + by bibib, + b bib,bY) — N+ [2(b1byblb,
— bl bobybl + bybYbsbl — bybIbED,) — N 4+ 2(Ny Ny + N3 N,)] + [2(b!blbsb,
+ by DLbsbl 4 blboblby 4+ byboblbl) — N 4+ 2(Ny Ny + NyNy)] + [2(b1 b2b3bT
+ b, bibLby — blboblb, — bybibsbl) — N + 2(N, N,y + NyN,)] + [2(V,
+ NyNy) — 2(blboblby + bibobsbl + bybibib, + byblbsbl) — N + [2(b1b;b3b4
— bybibsbl 4 bybyblbl — blboblib,) — N + 2(Ny N, + NoN,)| + [2(N, N,
+ NyN;3 — NN, + N3N, 4+ NyN, — NoN;) — N| + [2(b,bblb, + biblbsb,
+ bl bybybl + byboblbl) — N 4 2(Ny Ny 4+ Ny Ny)| 4 [2(b1blbsby — blbybybl
— bybibiby + byboblbl) — N + 2(N, Ny + NNy}, (A3.12)

which upon simplification reduces to

5
(Z)? = 5N — 2(bblbaby + bybybibl) — (Ny + Ny)(Ny + Ny) (A.3.13)

— 3(N,Ny + Ny N,).

A4 Evaluation of (Z,,)’

The completeness relation for the generators 7 (f = 1,.., N > — 1) of SUNN) in an

IRR is given generically in the form [[79]

1 1
E(Tf)s’l) (Tf)wy _I_ N(Ss’l}(s’wy - 63y5wv . (A.4.1)
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where C is a constant depending on the IRR. Since SU(4) and SO(6) have isomorphic
Lie algebras, for the fundamental spinor representation (1,0,0) of SO(6) we may

write the identity with C' = 1and N =4

1
(Ggh)sv<Ggh)wy = 6sy5wv - _65U5wy, (A4.2)
4

where G, (g,h=1...,6) generators generate the SO(6).

We evaluate the Casimir operator of SO(6) generators Z, given in (3.2.30)

(Zy)? =0'G,,00'G,, T
= (UN)i(Gyn)is U (V) (Gon) ¥,
= b;’[(Ggh)ijbij(Ggh>klbl
= (G 1)i; (Ggn)iib;bD, (A.4.3)
= (80 — }laijakl)b}bjb;b,

1
= bibblb; — ijbiblbk.
Since we have

bibblb; = bI (41 — blby)b; = 4bib; — bibibeb; = AN + blblbby,
— AN + b/ (6,1 — b;bl)by, = AN + bib; — bib;bl b, (A4.4)
= 4N + N — (N)(N)
=5N — N?,

and

N? = (Ny + Ny + N3 + N,)(Ny + Ny + Ny + N,) = Nf + N3 + Nj + N;
+ 2(N;Ny + N{N3 + NyNg + Ny N, + N3Ny + NyN,y) (A.4.5)
= N +2[N{Ny + N3N, + (N + Ny) (N3 + Ny)J,

the calculation yields

= 5{N — (1/4){2[N,Ny + N3N, + (N; + Ny)(N3 + N,)] + N}}. (A4.6)
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15 5 5
(Zgn)? = ZN - §(N1N2 + N3N,) — 5(N1 + N,)(Ny + Ny). (A.4.7)

Using (Z,3)°, (Z,)? on the basis (A-1.3) yields the results found in chapter 3 in
equations (3.2.34), (3.2.38) and (3.2.42).
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APPENDIX B

COADJOINT ORBITS OF SU(3)

In order to construct the coadjoint orbits of SU(3), we may start with the group

elements
myp My My

gs = Mo Moy Mgy 5 gs < SU(B) (Bl)

Mgy Mgy Mg3

where m;; are complex numbers and gi g, = 1. Consider also the diagonal matrix
Jdg = diag(icl, iCQ, Z.C3> , C1,C9,C3 € R. (B2)

For the possible coadjoint orbits the requirement is that

Jdg = gstggsTu (B3)
written out explicitly this yields
My, My, M
diag(icla ic27 Z.C3> = 2.gsdiag(clv Co, 03)951L = Z M21 M22 M23 3 (B4)
Mz, My My

where Muv (p, v=1,2,3) are given as

My = ci|my” + colmyol” + cslmys), (B.5a)
My = cymyymay” + comygMas™ + c3migmag”, (B.5b)
Mg = cymyymg,” + comaagmas™ + cgmagmys”, (B.5¢)
My = cymagymay” + coMaogmay™ + cgmogmys”, (B.5d)
Moy = c1|man|? + calmas|” + c3lmay|, (B.5¢)
Moz = cymagmigy” + ComagMizy” + CyMazmiss”, (B.5f)
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* * *
Mgy = cymaymyy” + comsamyy” + c3mssmys,
* * *
M3y = cymizymay” + ComizaMiay” + C3M33Miag™,

Mss = c1|m31\2 + 02|m32’2 + 03|m33|2-

There are three distinct cases of interest.

Case 1: ¢; = ¢y = c3 = c. This is the trivial case.

gs‘]dggsJr = gs(iC]l?))gsT - Z.cgsgsil - Z.0]13 = Jdg'

The stabilizer is SU(3) and the orbit is just a point.

Case 2: ¢; # ¢y # c3. In this case, (B.5a)) requires

arlmul® + ealmaal® + czlmas)” = 1,
and it is solved by

myg=my3=0, |my|=1-—=my = e,

Similarly, we have

crlmar|” + calman|® + c3lmas|” = 3,
from and the solution is
i

Moy = Moz =0, mgy=c¢

Finally from (B.51)), we have

C1|m31|2 + C2|m32|2 + C3|77”L:),3|2 = C3,

_ _ _ 033
mgy =mgy =0, mgg=e"%.

(B.5g)
(B.5h)

(B.51)

(B.6)

B.7)

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

Remaining equations in are automatically satisfied by these solutions. We may

write

1= det(gs) — €i9116i9226i933 N ei933 _ e—i(011+022)‘

el 0
g=| 0 e 0
0 0 —i(011+022)

(B.13)

(B.14)



Since there are two independent phases, we see that the orbitis SU(3) /(U (1) xU(1)).

Case 3: ¢; = ¢y # c3 From (B.5a) we have
almul® + crlmaal® + c3lmas) = 1,
but this time we have
my3 =0, |m11|2 + |m12|2 =1,
contrary to (B.8)). Proceeding with and we have

C1|mz1|2 + Cl|mzz|2 + C3\TT523|2 = Cq,

mag =0, |m21|2 + |m22\2 =L

01|m31|2 + Cl|m32|2 + 03\m33|2 = ¢z,

_ _ __ ifsg
Mgy =mgy =0, mgg=e"%.

Putting these together we have

miy Myg 0

G, 0

=|my m 0 = ,
s 21 Moy 0 ot

0 0 %

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

Since det(g,) = 1 we have det(G,,) = e "3, therefore the corresponding orbit is

SU(3)/S[U(2) x U(1)]. This is a 4-dimensional manifold and it is isomorphic to the

complex projective space CP?,
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APPENDIX C

THE WESS-ZUMINO TERM AND COADJOINT ORBITS

In order to understand some features of coadjoint orbits of compact Lie groups, we
follow the method given in [80] and discuss the quantization of the Wess-Zumino
Lagrangian. A common property of this kind of systems is that elements .S of the

group G are treated as dynamical variables. The action S,,, is given by
S, ——i / tr(AS*ls> dt, (C.1)

where S = %. The group element S can be parametrized in terms of real variables

(&1, &, ..., &;) and expressed as
S(€) = e' = Titr, (C.2)

where d is the dimension of the Lie algebra of G and &; = (). T},’s form a basis for
this Lie algebra and satisfy
[Tk7 jjl] = ifklsTsa (C3)

where f;;, are the corresponding structure constants. Now let us define a set of func-

tions
(&)= (f1(€), fo(&), ., fa(&)), (C4)
where & = (81,8, ..., &) and f(0) = £. A change in the local coordinates § — f(&)
leads to
S[f(£)] = e =5 ¢), (C.5)
and
2—2 => SZ 2—2 = T}, 0pe 2 T S (€). (C.6)
At & = 0, we have S
TS =3 g7 | Gkl = TN (ven=gg| e

S
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Note that, for the total variation of S we may write

ds = Z d{'l, S = Z a& (C.8)

from which it follows that

85 05 oS
5, = —. (C.9
06, Zl: o6 " 9y
Using (C.9) conjugate momenta is derived from (C.1)
oL
T = ——
&},
e, _ :
= =l Z((A)albl (S 1)blcl (S>cla1)
06, &
o .
= —1 a1 1 1€1 _‘(5)01‘11)
Z b )b o€,
= —itr ASA%
&},
oS
= —itr( AS™ ) C.10
( %, (10

Local coordinates and conjugate momenta satisfy the canonical Poisson brackets

{€k77rl} = 5kl ) {&m&} = {ﬂ-kaﬂ-l} =0. (Cll)

Since N (&) in (C.7) is an invertible matrix, conjugate momenta, ¢;, associated to

variables £ can be written as
—>  mNy,. (C.12)
!

They satisfy the following Poisson brackets

{te, S} =141}, S, (C.13a)
{ty, S7'} = —is™' Ty, (C.13b)
{testi} = fusts - (C.13¢)

These relations make it obvious that ¢; are the generators of the left action of G.

It is also possible to define a right action of the generators

> 4Ry, (C.14)
l
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where R, = Ry;,(S) denote the adjoint representation of G, which has the property

> RyT,=ST,S7". (C.15)
l

The right generators satisfy the following Poisson brackets

{Ay, S} = —iSTy, (C.16a)
{Ay,S7'} =iT S, (C.16b)
{Ae, A} = frshs . (C.16¢)

Comparison with (C.7) shows that A, are indeed the generators of the right action of
G

. . 08 _ 08 08
DTSN =) gst(N D= ¥5sp = % (C.17)
l l s s s $ P

o5 _
0¢,
By combining equations (C.10),(C.12),(C.14) and (C.I8) the right generators can be

rewritten as

i> TSN, (C.18)
l

A=t = — ZtuRuk = ZWINZuRuk
u u,l

oS
=Y —itr( AST'==|N
%l: 1 I'( S a§l> luRuk

= —1 Z tr(AS_liTSS(N_I)sl)NluRuk

u,l,s

= r(AST'TLS) 0 R

= w(AST'T,S)R,,
= r(AST (RyTY)S)

=tr(AS™H(ST,S7)S)
= tr(AT}). (C.19)
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APPENDIX D

QUANTIZATION OF O,

For the quantization of the coadjoint orbit O, = CP*, we should concentrate on the
Lie algebra of SU(4) and the L,,, in (C.I)) written for S € SU(4). The latter has 15

generators, Tj,, (k = 1, ..., 15) that satisfy the trace condition
1
tr(13.1;) = §5kz~ (D.1)

We take A = \/76n0T 15 Where n is the U(1) charge. The right generators are

V6 V6
Ay = > tr(ngTi51y) = Tno%,m- (D.2)

Since we will apply Dirac constraint formalism for quantization, the last equation

should be reexpressed more precisely as

V6
Cr =N, — Tno%m ~ 0, (D.3)

where 7 ~ ” denotes a weak equality and C), is a primary constraint. As it is em-
phasized in [63], the constraint equations A, = \/Té ny0x,15 must not be used before
working out all the Poisson brackets. To remind us of this rule, constraint equations

are written as (), =~ 0 and said to be "weakly equal" to zero.

According to Dirac formalism, constraint equations can be classified as first-class
constraints and second-class constraints. If a constraint has vanishing Poisson brack-
ets with all other constraints, it is called first-class constraint. Otherwise, it is called

a second-class constraint [[81]].

The non-vanishing structure constants f,;, of the Lie algebra of SU(4) can be found
in several sources, for instance in [67]] and [82]]. Now let us start with the Poisson

brackets of A;. For instance, we have

V6
{AL A} = flasAg = Ay = Tn053,15 =0, (D.4)

117



1 V6
{AL A} = fir Ay = §A7 ~ ?”057,15 =0. (D.5)

The remaining Poisson brackets also vanish. Therefore, we deduce that A; is a first-
class constraint. In fact, we have all A ; with a’ = 1,...,8 are primary first-class

constraints and they constitute an SU (3) subalgebra of SU(4). We have
{Aa/7 Ab/} = fa/b/c/ Ac/ ~ 0 . (D6)
A5 has also zero Poisson brackets with all other constraints due to (D.3)). Thus, we

conclude that A, (k= 1,2,...,8,15) are all first-class constraints.

For Ay, we have

2 2 (/6 ny
{A97A10} - f9,10,15A15 - \/;AL”) ~ \/;(Tn(]) - ?7 (D-7)

{Ag, Mg} = 72, so Ay is a second class constraint. In fact, all of the remaining

six constraints A; (I = 9, ..., 14) are second-class constraints. However, they can be

rearranged to form a complete set of first-class constraints. Consider the combinations
4+ .

(I)n/ = An/ + ZAn/+1, (DS)

where n’ = 9,11, 13. If »’ = 9, we have

{A10> (I)gi} = {Am, Ag} (D.9)
= fl0930\;3 (D.10)
:—%Ag,zo. (D.11)

Proceeding similarly, it is easy to see that either the @n/+ or ® .~ can be shown to
constitute first-class constraints for n, > 0 and ny < 0 respectively. Furthermore,
their Poisson brackets with A5 reveal another important identity; for instance we have
+ .
{A37 D, } = {Ag, Ao} £ {Ag, Ao}
(5
= —5(21\10 + Ag)

- q:%%i. (D.12)

.. . + +
Similar relations for @, and ®,5 are

{A37®11i} - i%q)nia {A3>q>13i} =0, (D.13)
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so Poisson brackets of the form {Ag, @n/i} vanish on the surface defined by equa-

tion (D.3) for ny > 0 & ny < 0, respectively. In addition, Ag and A5 satisfy

?

{A&‘bgi} = :FQZ%(I)Q:E’ {A8><I)11i} = ?ﬁq)ni» (D.14)
{Ag, @157} = i%%i, {As5, @7} = q:z\/g@n/i. (D.15)

Then, Poisson brackets {AS, @n/i} and {A15, @n/i} also weakly equal to zero for
ny > 0 & ny < 0, corresponding to + superscripts. We also infer from last four

equations that (IJn/i have the structure of ladder operators of SU(4).

Summarizing we have

6

® " ~0 for ng>0, ®, ~0 for ny<0. (D.17)

The states satisfying these constraints have the non-vanishing eigenvalue \/Tgno of A5

A5 |As, Mg, Ags) = \/Té”o |As, Mg, Ags) (D.18)
Together with equations (D.16), the set of constraints @n/i map to different irre-
ducible representations of SU(4). For ny, < 0, they select (0,0, |ng|) irreps and for
ny > 0 they select (ng,0,0) irreps. These irreducible representations are IRR of
SU (4) which may be obtained from the |n,| fold symmetric tensor product of (0,0, 1)

and (1,0, 0) respectively. Their dimensions are equal to
1
g Unol + 1)(Inol +2)(Ino] +3). (D.19)

In this way, we complete the quantization procedure of CP*. In agreement with [51]],

representations obtained are totally symmetric representations of SU (4).
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APPENDIX E

CANONICAL COHERENT STATES

Our discussion of canonical coherent states begins with a consideration of the simple

harmonic oscillator Hamiltonian given by [83]]
1 1 1
H,, = —p* + ~mw’i® = hw <aTa + 5), (E.1)
m

where G and &'

G= .M @+LA P @_LA (E.2)
—\ 2n mwp ’ —V 2n mwp ’ '

are the canonical annihilation and creation operators, respectively. It is obvious that
both ¢ and &' are non-Hermitian, dimensionless and they satisfy the basic commuta-
tion relation

[a, cﬂ — 1. (E.3)
The occupation number operator is defined as

Vi T

M=a

a, (E4)

and satisfies
[]\//7, a} — _a, []\/4\ a*] —al (E.5)

Simultaneous eigenkets of H; and M are denoted by its eigenvalue m, and span the

infinite dimensional Fock space, spanned by |m) . We have
]\/4\|m> =m|m). (E.6)
The actions of annihilation and creation operators on |m) are listed by

alm)=vmim—1y, a'|lm)=vm—+1|m+1). (E.7)
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The fact that any energy eigenket can be obtained by the successive application of al

on the ground state is manifestly evident from the relation

Im) = J% <&T)m 10) . (E.8)

It is straightforward to determine the uncertainty product for the eigenstates |m):
2 2 . N . .
(@), (@), = (), = @) (7)., - 1)
h 1 1
=—|n+ < |Jmhw|n+ - (E.9)
mw 2 2

h2
=5 (n+ 1)
Therefore, only the ground state |0) saturates the Heisenberg’s uncertainty bound.

A coherent state |7) is an eigenstate of the non-Hermitian operator a [84]

aln) =nln), (E.10)

where 7) is a complex number. From this definition and equation (E.§), we have

) = 3 [m)omn)
-3 =m0l ) (E11)

= () Y = ).

Normalization of |1) can be fixed by the condition

1= (o) = o 3 L e

1 k
- |<0|n>|22kjg(|n|2) (E.12)
= (0l

upon choosing (0|n) to be real and positive yields
— o3l Ui
) = e 2" " ——|m). (E.13)
Combining (E.8) and (E.I3), one can obtain
T A <T>m
=e 2 ———=(a") |0
n) ; T 0)
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— gl na =n'a ) (E.14)

Here to derive the last line, we employed equation (E.10) and the requirements that
the state remains normalized and the corresponding dual element is (7).
Recalling the Baker-Campbell-Hausdorff formula gives [[85]]

My My _ Myt Myt 3(My M) (E.15)

)

e

for [M,, [My, M,]] = [My, [M;, M,]] = 0, using (E.I15)) equation (E.T4) assumes the

form

[n1
) = ¢4l gl el
— ¢ 2In\ naez\nl ’0>

_ e"f‘“" “10) . (E.16)
Let us define the displacement operator as
D(n) =™ "%, (E.17)
then, can be simply expressed as

In) = D(n) |0), (E.18)

which offers another way of understanding the notion of coherent state |r) as a dis-
placed ground state by the magnitude || of . Alternatively, can be taken as
the definition of 7 and the property (E.10) can be derived from this.

The uncertainty products for coherent states |n) are

<(Ag:~)2>n<(Aﬁ)2> <<n|m2|77> (nl2|n) )((n\p n) — 77!15|77>2>

- f _ *\ 2
2mw(n+1+27777+(77) (n+n)) (E.19)

(_n;hw) ((n*)2 —1=27"n+n" = (" - 77)2)
_ hQ

4 Y
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demonstrating that the canonical coherent states are minimum uncertainty states.

The overlap of two coherent states reads

(mlma) = <€—§In1|2 Z (m| (% > (e—§|n22 Z
— e*%(lmﬁlngﬁ) Z (ﬂ1k7!72)

k
2 2
— 6771*772*%(\771| +ma| )

Therefore, we have

=

(1 [m2) (M2|m Xm|n2) = e

2
— | —mn2]
)

(E.20)

(E.21)

indicating that the coherent states form an overcomplete basis as |(1;]1,)|” attains a

nonzero value if 7, is not equal to 7,. It can be shown that the closure relation can be

defined as follows [84]
1

%/dzn!anl = 1.
C

(E.22)

A detailed discussion and further details may be found in [84), (86, [87]].
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APPENDIX F

DERIVATION OF C' P? EMBEDDING FUNCTIONS

In chapter 3, we have written equation (3.5.6)) as follows

Ye = (M| T}, | M) (E1)
15

= (v] e T o) = Y (vl piTi v)
=1

= (V] prasTis [v) = (V] Prastis [v) (F.2)
1
= —= (v v (E.3)
26 ( |pk,15 v)
1
= 2\/6 Pk,15 5
where, we have used the notation
H=—(aT’ +bT" + T +dT" + eT" + fT). (F.4)

In order to compute the embedding functions we may make use of the B.C.H. formula,
which is given as [[70]

.2 .3
1 1

e e ™ =T, +i[H, T, + i[H, (H,T,]] + 5[H, [H,[H, T +.. (E5)

As a concrete example we work out py ;5 for £ = 1, the remaining functions ;, can

also be determined by the application of the same method. We have,

15 ‘ .
Zpl,lTl = BZHTU?_ZH
=1
. 1 )
= Tl +Z[H7T1] - §[H7 [HvTIH - 6[H7 [Hv [H7T1]H + .

4 212 2 2 2 12
27 d
- (a yL2 face ¢ +...>T1 (E.6)

24 " 12 12 12
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db’c  abd®  ad*»  a’dc

2 2 2 2
n a’c ac bd3+bgd+ e
4 4 4 3
+ ..
2 2 3
a’c  a‘bd ab’c ac
—-2v6 - — — — — — — — T,
f( 9 9 9 + )15

By rearranging the coefficient of the fifteenth generator, we obtain

(ac + bd)
135
+ 20" + AVP P + AV + AVPE? + 4B 2 — 15D + 26" + 4Pd* + 4P + A P

Piis = -2v6 <2a4 + 40’0 + 4> + 4a°d* + 4a’e® + 4a® f* — 154

—15¢° + 2d" + 4d%e® + 4d° 7 — 15d° + 2¢* + 4e° 2 — 15¢° + 2f* — 152

2
+45 + ) = —%E((IC—F bd) [45 - 15(a2 +V 4+ +d+ e+ f2>
2
+2<a2+b2+62+d2+62+f2) +] (F.7)
2
. 1‘3/56(ac + bd) (45 — 157+ 2t 4 )
21/6 2, 21/6 sin®(r)
13% 5(ac + bd) 3 +457” + 3 (ac + bd) .
and this finally gives
1 1 sin”(r)
= — = ——(ac+bd : E.8
Y1 2\/61)1,15 3( ) 2 (E.3)
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APPENDIX G

MATLAB CODES

The MATLAB programming language is a powerful and versatile tool to perform cal-

culations on large collections of data. In this regard, it was chosen as the platform of

implementation for the task of determination of S, matrices. In this appendix, the

original MATLAB functions and script developed to calculate X" of (2.3:53) are

presented.

clc; clear all; close all

N = 2;
mtxNo = 5;
Nstart = Nj;

Nend = N;

matSr mtxNo;

matEd = mtxNo;

for NN = Nstart:Nend
for matNo = matSr:matEd

M = genFzzN (NN, matNo) ;

txtStr = strcat ('N’,num2str (NN),’ X’

save (txtStr, "'M’)
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end

end

function fzM = genFzzN (fzOrd, mtrNo)

algbScL = 1/2;

sigmal = eye(2);

sigmal = [0 1; 1 01,

sigma2 = [0 —-i;1 0];

sigma3 = [1 0; 0 -11;

Gammal = kron(sigmaZ2, sigmal) ;

Gamma2 = kron(sigmaZz2, sigmaZ?) ;

Gamma3 = kron(sigmaZ2, sigma3) ;

Gamma4 = kron(sigmal, sigmaO0) ;

Gammab5 = kron(sigma3, sigmal) ;

gmmLst = {Gammal GammaZ2 Gamma3 Gamma4 Gammab};

mtrxLst = cell (£z0rd,1);

if fzOrd ==

fzM = gmmLst{mtrNo};

else

mtrxLst{l} = gmmLst{mtrNo};
for £ = 2:£z0rd

mtrxLst{f} = eye(4);

end

fzM = fzOrdxsymKron (mtrxLst);
end

fzM = algbScLxfzM;
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function symMat = symKron (matLst)

set = [1 2 3 4];
k = length (matLst);
l=length (set);

shp=zeros (1°k, k) ;

for 7 = 1:k

shp (:, j)=reshape (reshape (repmat ((1:1),1,1"(k=-1)),1"3...

17 (k=3)) ", 17k, 1) ;

end

res=set (shp) ;
res = sort (res,2);
[ul, il1] = unique(res,’rows’,’first’);

iDpRw = setdiff(l:size(res, 1), il);

res (iDpRw, :) = [];

[rN cN] = size(res);

for i = 1:rN

permV = perms(res (i, :));

[u2,12] = unique (permV,’rows’,’first’);
iDpRwl = setdiff(l:size(permV,1), 12);
permV (iDpRwl, :) = [];

symLst{i} = permV;

end
symMat = zeros (rN);
for ii = 1:rN

for jj = 1:rN
symMat (ii, 3J) = fndMtE (symLst{ii},symLst{jj},matLst);
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end

end

function outE = fndMtE (M1,M2,mtLst)

[rl cLl] = size (M1);
[r2 cL2] = size (M2);
sum = 0;

for al = 1:rl

vl = Ml (al, :);

for bl = 1:r2

v2 = M2 (bl, :);

prd = 1;

for a2 = 1l:cLl

mtNw = mtLst{a2};

prd = prdxmtNw (vl (a2),v2(a2));

end

sum sum + prd;

end

end

outE = sum/ (sqgrt (rl) *sqgrt (r2));
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APPENDIX H

JACOBI ELLIPTIC FUNCTIONS

The Jacobi elliptic functions are a set of elliptic functions which appear in a variety
of problems in physics such as the motion of a simple pendulum and the motion
of a force-free asymmetric top [78, 88, [89)]. For the derivation of Jacobi elliptic
function sn, one may consider the problem of planar pendulum. The planar pendulum
is assumed to consist of a small-diameter bob of mass m attached to one end of a
massless rod of length [. The other end of the rod is attached to a pivot point. The

energy of the system is given by
1 .
E = Eml2192 + mgl(1 — cos®), (H.1)

where 1 is the angular displacement measured from the position of equlibrium. It is

possible to express this energy equation in dimensionless form as

1 .
— = —2192 + 1 — cos?, (H.2)
mgl 2w

where wj = % Since the kinetic energy of the pendulum vanishes at the point of

maximum angular displacement, ¥J,,,, (H.I)) may also be rewritten as
E =mgl(1 — cos?,,), (H.3)
where 0 < 9J,,, < 7. From (H.2) and (H.3)) , we have

1 .
1 —cosv,, = —2192 + 1 — cosv
2(.4.10

1 .
25in°(0,,/2) = — 1" + 2sin’(/2)
2&)0

(7)) = tebtoin®tvn/)  sinto/2)}
<%) = 4{sin2(19m/2) — sin2(19/2)}, (H.4)
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where the dimensionless variable y is given as

Yy = \/gt:wot.

Let us introduce the variable s as

9
s:sin(7m>, 0<s<l1.

Applying Euler’s substitution [[78]

. 1. [0
S1n = —SIn| —
¥ S 95 ]
on equation (H.4) yields

(%)2 =4 = sin’()).

(H.5)

(H.6)

(H.7)

(H.8)

Differentiating both sides of (H.7]) with respect to ¢, one can obtain the useful identity

cosp = — cos VNI oAb 2scosp
LA de’ dy  cos(¥/2)

2
Combining equations (H.8)) and (H.9) gives
ANCTANEENY
dy)  \dy¢/) \dy

45 (1 — sinQ(go)> = %‘;/(;) (j_‘t;)

then by taking the positive root, we arrive at the crucial relation

dy 1

dep 1 — s*sin’(y)

which may be integrated under the given initial conditions to obtain

y(p,s) = /j (1 — 323in2(g0/)>5d<p/.

(H.9)

(H.10)

(H.11)

(H.12)

Since the pendulum is assumed to be swinging between ¥J,, and —4,,,, equation (H.12)

should be valid within the range K (s) > y > — K (s) where K is the complete elliptic

integral of the first kind defined as [90]

K(k):/og (1—k23in2(19)> 4,
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with0 < k° < 1.
The Jacobi elliptic function sn(y) is defined by [89]

sn(y) = sn(ylk) = singp, (H.14)
where y can be given in terms of the inverse-functional relationship

y(p, k) = sn”" (sinp| k)

_ / " ((1-a?) (1-#0?)) da (H.15)
0

¢ 4
= / (1 - /{;QSinz(gol)) dy'.
0

Aside from the elliptic sine, sn, there are two other Jacobi elliptic functions: elliptic
cosine cn and delta amplitude dn. By performing substitutions similar to (H.7)), these

functions can be defined as follows

en(y) = en(ylk) = cosy, (H.16)

dn(y) = dn(y|k) = \/1 — k*sin®*(p). (H.17)

When the elliptic modulus is equal to zero i.e. £ = 0, the functions satisfy the limiting
definitions

sn(yl0) = siny, cn(yl0) = cosy, dn(y|0) = 1. (H.18)

The Jacobi elliptic functions sn, cn, dn are doubly periodic with periods (4K , 20K '),
(4K,4iK') and (2K, 4iK") respectively:

sn(y +4K) = sn(y + 2iK') = sn(y), (H.19)
en(y +4K) = en(y + 4iK") = en(y), (H.20)
dn(y + 2K) = dn(y + 4iK') = dn(y). (H.21)

where K’ = K (k,) and the complementary elliptic modulus is given by the relation
k, = (1— k).
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APPENDIX I

POINCARE SECTIONS

In dynamical systems theory, a Poincaré section (or surface of section) plot is a way
of representing phase space trajectories by a sequence of points that are obtained from
the reduction of a continuous time flow to a discrete time chart 75,91} 92, [93]]. Con-
sider an )/ -dimensional phase space. Let S, be an (M — 1)-dimensional hyperplane
which is preferably transverse to the continuous flow. The Poincaré section plot is
generated by recording the points formed by the intersections of the phase path with

S,n- Each time the trajectory comes back around to pierce S

on» it leaves a point on the

Poincaré section. Thus, the Poincaré section plot consists of a pattern of points that
can be utilized to study the dynamics of the system. In periodic motion, depending
on the number of oscillation frequencies, the Poincaré section plot consists of a sin-
gle fixed point or several discrete points whose locations can vary for distinct initial
conditions. Instead of discrete points, a quasi-periodic trajectory would draw a closed
contour in the surface of section and chaotic motion appears in plots as a collection

of randomly scattered points.

As an example to illustrate the usage of Poincaré sections to probe chaotic behavior,

we may consider the Hénon-Heiles model whose Hamiltonian is given by [94, 22]

1 1 1
H = §(pg26+pz) +§(x2—l—y2) +902y— gy?’. (L)

The Hamilton’s equations read

= p,, (I.2a)
j=p,, (1.2b)
b, = —2(2y + 1), (1.2¢)
py=yly—1) — 2. (1.2d)
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The surface of section graphs of figure [[.T] are plotted for the Hénon-Heiles model
with four distinct energy values. The plots depict the variation of ¢(¢) with y(¢) at
values where x(¢) = 0. It should be noted that to fill out a surface of section a variety
of initial conditions consistent with the same energy value are picked. The Poincare

section of figure[[.Ta|fall on two ellipses that correspond to periodic or quasi-periodic
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orbits. Although the majority of solutions shown in figure correspond to quasi-
periodic orbits, it is seen that these orbits coexist with the chaotic ones. The physical
implication of this observation is that while some initial conditions lead to quasi-
periodic trajectories, others lead to chaotic ones. One may easily deduce from an
examination of that chaotic trajectories occupy a considerably larger region of
phase space if the energy is increased further. Finally, nearly all of the Poincare
section plot of [.Td]is filled with densely distributed scattered dots which suggest that

a chaotic trajectory covers almost the entire phase space.
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APPENDIX J

LYAPUNOV EXPONENTS

The notion of exponential separation of neighboring trajectories can be made formal
and precise with a study of the Lyapunov exponents of a dynamical system [93, (96,
97, 22]]. They provide a way to explore what chaotic behavior means quantitatively
by measuring the average exponential rate of divergence of nearby initial conditions.
In order to compute the Lyapunov exponents of a multidimensional chaotic system,
we consider the system of first order differential equations in M/ —dimensional phase

space described by
y(t) = Gy(t)), d.n

where y(t) = (y1(t), ..., yas(t))". Concentrating only on linear deviations about an

arbitrary element of y(t) yields the equation of motion for the variation as

09(t) = Go(y=(t) + dy:(t)) — G(y:(t)) ~ %jf

5z (1.2)

where €,¢ = 1, ..., M. With the help of the time evolution operator, 7}, the deviation

vector can be related to its initial value:
dy(t) = T, 0y(0). J.3)
Besides, from the linearity of 7, we have
Sy(t, +ty) = T;, T,,0y(0). (J.4)

Suppose that the final evaluation time, ¢, of the system is divided into m steps of size
At. Then, employing the linearity property, the Lyapunov exponent for the deviation
vector can be defined by

A= lim 1 10g(‘5y(te)|>

te=voo L, |0y(0)]
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lim — log(|6y(mAt)|) 1.5)

m—o0 mAL |0y(0)]
— hm 1 log |TAtTAt5y(0)|
- mooo mAL |0y(0)] '

The procedure detailed above can be generalized to determine all M exponents by
first forming an orthonormal basis set that spans the tangential component of the tra-
jectory vector and then observing its evolution in time. Let { by, ..., b, ..., bé/[ } denote
such a set where b}, corresponds to the basis constructed with ™ initial condition at

time ¢ = 0. Evolving each basis by T4, yields the new set

{ei,.nelsoyel’} = {Tubb, oo, Taghg, oo, Tarhg' b, (J1.6)

which is not necessarily orthonormal. Let {b],...,b{"} denote the orthogonal set
that is produced from {c%, el } by applying the Gram-Schmidt orthogonalization

process. This set can be normalized in the usual way:

. b
bl = _;, J.7)
€1
where e; is the expansion rate defined by
- B
¢l = | 1‘ = | J.8)

As a result of the orthonormalization process, the basis set {bi, .., bV }, which con-
stitutes the initial conditions for the next cycle, is obtained. Upon completing the
remaining m — 1 cycles, one determines the whole set of Lyapunov exponents whose

£ member can be defined in terms expansion rates as

A = lim A Zlog (1.9)

m—oo 11
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