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ABSTRACT

PROSPECTIVE TEACHERS’ INTERPRETATION OF MULTIPLICATIVE
SITUATIONS WITH FRACTIONS

Kursav, Merve Nur
Master of Science, Mathematics and Science Education
Supervisor: Prof. Dr. Ayhan Kiirsat Erbas
Co-Supervisor: Prof. Dr. Andrew lzsak

September 2019, 135 pages

This study examined middle school prospective teachers’ interpretations of
multiplicative situations—multiplication and division—-when solving problems with
fractions. Multiplication situations with fractions are at the heart of middle school
mathematics, so learning and teaching this concept is crucial. To improve learning and
teaching these concepts, there is a need to educate middle school prospective teachers
and design education programs for middle school prospective teachers to support their
reasoning. Through coursework which emphasizes the importance of fraction-as-
number and various interpretation of multiplicative situations with fractions with
various curriculum materials, prospective teachers would be more competent in
operating with fractions.

In this study, middle school prospective teachers’ solutions were examined
through a perspective that connects multiplication and division into a coherent
framework. The analytical framework of this study placed emphasis on multiplication,
partitive division, and quotitive division situations. The data were collected from 13
middle school prospective teachers’ final exam problems completed as part of a
content course at a large university in the Southeastern United States. Findings

revealed that (a) prospective teachers used strategies involving multiplicative



situations after completing a two-semester sequence of mathematics content courses
on fraction tasks (b) this instructional approach supported the development of an
understanding of multiplicative operations with fractions and understanding of the
meaning of multiplication and division for middle school prospective teachers, and (c)
when allowed to choose methods prospective teachers used the partitive division
(PDS) more often than the quotitive division (QDS) and multiplication situation (MS)

correctly and appropriately.

Keywords: Multiplication situation, Partitive division situation, Quotitive division

situation, Middle school prospective teachers
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0z

ORTAOKUL OGRETMEN ADAYLARININ KESIRLER iLE CARPIMSAL
DURUMLARI (CARPMA VE BOLME) YORUMLAMALARI

Kursav, Merve Nur
Yiksek Lisans, Matematik ve Fen Bilimleri Egitimi
Tez Danismant: Prof. Dr. Ayhan Kiirsat Erbas
Ortak Tez Danmigmant: Prof. Dr. Andrew 1zsak

Eylil 2019, 135 sayfa

Bu calisma, ortaokul 6gretmen adaylarmin kesirler ile ilgili problemleri
cozerken, carpimsal durumlar1 (carpma ve bdlme) yorumlamalarini incelemistir.
Kesirler ile ¢arpma ve bdlme islemleri, ortaokul matematiginin merkezinde yer
aldigindan, bu kavrami 6grenmek ve 6gretmek cok dnemlidir. Kesirler kavramini ve
kesirlerle ¢arpma islemlerini 6grenmeyi ve Ogretmeyi gelistirmek icin, orta okul
O0gretmen adaylarinin egitime ve onlarin bu konu {lizerinde fikir yiirtitmelerini
destekleyecek egitim programlarmin tasarlanmasina ihtiyag vardir.

Say1 olarak kesirlerin 6nemini vurgulayan dersler ve cesitli miifredat
materyalleri ile kesirler iceren ¢arpimsal durumlarin ¢esitli yorumlamalar1 sayesinde,
Ogretmen adaylar1 kesirler ile ¢alisma konusunda daha yetkin olacaktir. Bu ¢alismada,
ortaokul 6gretmen adaylarinin ¢éziimleri, ¢arpma ve bélmeyi mantikli ve tutarh bir
cergeveye baglayan bir bakis agisiyla incelenmistir. Bu ¢caligmanin analitik ¢ercevesi,
carpma, pargalamali bolme (partitive division) ve gruplamali bélme (quotitive
division) modellerine vurgu yapti. Veriler, Gilineydogu Amerika Birlesik
Devletleri'ndeki biiyiik bir tiniversitede bir ders kapsaminda tamamlanan final smavi
problemleri kullanilarak 13 ortaokul 6gretmen adaylarindan toplandi. Bulgular, (a)

Ogretmen adaylarinin, iki dénemlik bir matematik dersleri dizisini kesir gorevleri

vii



iizerine tamamladiktan sonra, ¢oklayict durumlari igeren stratejileri kullandiklarini (b)
bu Ogretim yaklagimi, Ogretmen adaylarmin kesirler ile carpma islemlerinin
anlamasini ve ¢arpimsal durumlarmin yorumlarini anlamalarini desteklemistir ve (c)
Ogretmen adaylarmin kullanacaklar1 modeli kendilerinin se¢gmesi Ssaglandiginda
ogretmen adaylarmin parcalamali bolme modellerini gruplamali bélme ve ¢arpim

durum modellerinden daha dogru ve uygun bir sekilde kullandig1 gorilmistir.

Anahtar Kelimeler: Kesirler, Carpimsal durumlar, Par¢alamali bdlme modeli,

Gruplamal1 b61lme modeli, Ortaokul 6gretmen adaylar1
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CHAPTER 1

INTRODUCTION

“Division of fractions is often considered the most mechanical and least understood
topic.”
Dina Tirosh (2000)
Multiplication and division with fractions are among the most challenging
topics in the middle school mathematics (Tchoshanov, 2011). More studies appear to
be warranted on the multiplication and division with fractions as these concepts
continue to be complicated for prospective teachers (Tirosh, 2000; Simon 1993) . For
example, many prospective teachers exhibit difficulty in understanding division
problems with fractions. As reported by Isik and Kar (2012), some common
difficulties of prospective teachers for division with fractions are as follows

Fraction-as-number, unit confusion, assigning natural number interpretations

to fractions, problems using ratio proportions, being unable to establish part-

whole relationships, dividing by the denominator of the divisor, using
multiplication instead of division, and increasing errors by inverting and

multiplying the divisor fraction (p. 2-7).

The progress of developing knowledge for fractions starts in elementary school
and continues to middle school. The development of fractional concepts in the middle
school helps students to progress from additive to multiplicative reasoning.
Multiplicative reasoning is major topic of middle school (e.g., Greer, 1992; Lamon,
2007) and a basic to multiplication, division, fractions, ratio, proportions, and so on
(e.g., Vergnaud, 1983). It also requires them to foster knowledge for proportional
understanding, and comprehend the relationship between fractions, ratios, and

proportions (Sowder et al., 1998).



When fostering the required knowledge from fundamental level of
understanding through advanced level of understanding of the fractions and
mathematical operations with fractions, teachers play an essential role. To help
students, middle school teachers need to understand how students’ reason when they
are dealing with fractions (Sowder et al., 1998). To provide students with in-depth
understanding of fractional concepts and help them enhance their understanding and
reasoning for fractional relationships and their operations, middle school teachers
should have comprehensive college experiences with a procedural and conceptual
understanding of fractions (Ball, 1993; Siebert, 2002; Taber, 2002). Unfortunately,
most of the prospective teachers have been traditionally educated, and they might not
be well prepared to teach these concepts.

For example, in a study by Ball (1990), when prospective teachers asked to
create word problems or the meaning of fraction multiplication and fraction division
situations, only 26% of them were able create a word problem that shows the meaning
of the division problem appropriately. Similarly, in a different study, when
prospective teachers were asked to make explanations for the meaning of fraction
arithmetic in the given situation, most of prospective teachers could not succeed to
explain the meaning and go beyond invert and multiply algorithm (Li & Kulm, 2008).

Many mathematics concepts like fractions and ratios or multiplication and
division have generally been treated as discrete and unconnected mathematical
concepts. However, according to Vergnaud, ratios are proportional relationships that
are part of the multiplicative conceptual field (as cited in Beckmann & lIzsak, 2015).
The multiplicative conceptual field is “a web of interrelated ideas that also include
multiplication and division, fractions, linear functions, and more” (Beckmann & Izsak,
2015, p,18). Students development of a fundamental knowledge for understanding
ratio and rate and the connection of ratio and rate to multiplication and division before
the middle school is vital so that they can be prepared to understand fractions and
fraction arithmetic (National Council of Teachers of Mathematics [NCTM], 2001).

Most curriculum materials, with a few exceptions, do not provide content that

explores the similarities and differences between multiplication and division, fractions



and ratios, or fractions and rates, and so on in a manner that is accessible to learners
(Namkung, Fuchs, & Koziol, 2018). Accordingly, it should not be shocking when
prospective teachers, who were not given the opportunity to develop and create the
required knowledge, make the same errors as middle school students. Additionally, it
is essential to be aware of how slowly learners can develop these ideas (Lamon, 1995;
Mack, 1995; Thompson, 1994). Thus, a learner may not be expected to develop a full
knowledge for fractions in early ages and it can last longer.

In many curriculum textbooks for prospective teachers, multiplication and
division are taught as simple extensions of addition and subtraction. Definition of
multiplication has been taught as repeated addition (CCSSI, 2010); however, this
approach can cause some issues for students. Students think that adding positive
numbers make them to have a larger number than addends and that lead students think
that product is always greater than factors of the multiplication operation. Also, it is

not easy for students to think on the repeated addition when multiplying two fractions;
for instance, when students are asked % X g, they might have difficulties to think about

the repeated addition. Similarly, for division, division is repeated subtraction and fair
sharing is widely used (CCSSI, 2010), but this also might cause some issues. For
instance, when students are sharing 20 pencils equally for 5 people, it is
straightforward, but this sharing might be challenging when they need to use fractions.
It is the fact that these are not the only ways to teach multiplication and division, and
there are alternative ways to represent multiplication and division.

Many studies have shown that prospective teachers do not have a good
comprehension of multiplication and division operations or rational numbers (Ball,
1990; Borko et al., 1992; Depaepe, 2015; Graeber et al., 1989; Olanoff, Lo, & Tobias,
2014; Post et al., 1988; Simon, 1993; Tirosh, 2000). For instance, according to Ball
(1990), some prospective teachers did not answer division problems correctly, and
very few of them provided appropriate mathematical explanations for the underlying
principles and meanings. According to Ma (1999), the combination of multiplicative

operations and fractions is a challenging concept for prospective teachers because



multiplicative operations with fractions connects two difficult concepts and pushes
them to develop mutually procedural and conceptual understanding.

Multiplication and division can be more complex than originally thought, a
fact argued by Greer (1992) and Hiebert & Behr (1988) since multiplication and
division are closely related, and interpretations of multiplication and division is
sometimes not as accurate as it needs to be for multiplicative situations (Vergnaud,
1983).

1.1. Problem Statement and Rationale

Multiplicative situations are psychologically complex (Greer, 1992; Hiebert &
Behr, 1988) and have often been treated in middle school textbooks as discrete and
unconnected (Sowder, Armstrong, Lamon, Simon, Sowder, and & Thompson, 1998).
Fractions are a fundamental foundational skill for future mathematics success (The
National Mathematics Advisory Panel NMAP, 2008). Multiplicative situations with
fractions, the most intricate operation with the most complicated numbers, can be
viewed as a concept at the peak of arithmetic (Ma, 1999). Research showed that a
considerable number of middle school prospective teachers had difficulty with
multiplicative situations (Graeber, Tirosh, and & Glover, 1989).

While much has been written about fractions, there is an absence of literature
which explicitly addresses how prospective teachers interpret multiplicative situation
on fractions (Bradshaw, lzsak, Templin, & Jacobson, 2014). Thus, this study
investigated middle school prospective teachers’ interpretations of multiplicative
situations on a fraction task which had five sub-questions. The data were collected
from the final paper-and-pencil final exam for a mathematics content course offered
to prospective middle school mathematics teachers at a state university in southeastern
United States.

Therefore, the purpose of this study was to explore middle school prospective
teachers’ performance of interpretation of multiplicative situations on paper-and-
pencil test items about fraction on a word problem. Accordingly, the present study

examined the following research questions:



1. What interpretations do middle school prospective teachers make with fraction
problems that involve multiplicative situations?

2. To what extent did middle school prospective teachers make explicit use of
specific features from the instruction including the use of equations and
quantitative meanings for multiplication and division in their solution

methods?






CHAPTER 2

LITERATURE REVIEW

This chapter reviews the literature on fractions and fractions arithmetic. The
chapter first discusses key terms used in the literature and then summarizes reports of
fractions, prospective teachers and fractions, conceptual and procedural knowledge
for multiplicative situations with fractions, prospective teachers’ pedagogical content
knowledge for multiplicative situations with fractions, and multiplicative situations
interpretations.

2.1. Concept of the Fraction and Prospective Teachers’ Understanding Fractions

NCTM (2000) states that students should develop a deep understanding for
fractions in the middle school to develop their skills to use fractions in problem
solving. Fractions are relational representations that can be perceived as continuous or
discrete quantities and are a challenging concept. A fraction is composed of a

numerator and a denominator such as %Where a is numerator and b is denominator.

For example, to represent the situation of 3 slices of a brownie which has 8 slices, we

can use the figure below.

3
8

Figure 1. Fraction representation

When working with fractions, some operations can be required, and division

operation is one of them. The general rule of division operation with fractions can be



d d
represented as = + == =X == 2= where a, b, ¢, and d €Z where b, ¢, and d #0

when we consider division operation with two fractions. This is a procedural definition
for fractions. Conceptual definition of fractions should include both general principles
about fractions, as well as knowledge of which principles underlie procedures for
operating on them by connecting fractions to division, multiplying a whole number or
a fraction by a fraction, and understanding multiplication as scaling in preparation for
ratios and proportional relationships, and extending understanding of division to
divide unit fractions by whole numbers and to divide whole numbers by unit fractions.
Fraction arithmetic is a vital part of middle school mathematics. For example, in the
Common Core State Standards Initiative ([CCSSI], 2010), it is stated that fraction
arithmetic is a major topic of middle school, and teaching this concept starts with
fraction addition and subtraction. Instruction of fraction addition and subtraction
begins with the operations with common denominators and then includes operations
with unequal denominators, and then students learn fraction multiplication and
division. Students start to build a fundamental knowledge with the operations and
applications to ratios, rates, and proportions in the fourth grade and then this gradually
helps them be prepared to arithmetic operations with fractions.

According to The National Assessment of Educational Progress reports
(2001), fractions can be accepted as “exceedingly difficult for children to master” (p.
5). According to NMAP (2008), at least 40 percent of middle school students have
struggled with fractions and 50 percent of middle and high school students’ challenges
with elementary level fraction content. This finding indicates that fractions are
considered a fundamental foundational skill for “successful participation in the
contemporary American workforce” (NMAP, 2008, p. 3—11) to be able to accomplish
daily activities (e.g., modifying recipes, ordering supplies) and to make decisions for
assessing risks for medical treatments (Reyna & Brainerd, 2008; Subramaniam &
Verma, 2009).

Siegler and Pyke (2013) conducted a study with sixth and eighth graders who

were given 16 fraction arithmetic problems, four for each of the four arithmetic



operations. Siegler and Pyke (2013) reported that the students’ performance was better
on fraction addition and subtraction as opposed to fraction multiplication and division.
According to Bailey Hoard, Nugent, and Geary (2015), these results are not universal
since they found that Chinese 6™ grade students had a better performance on these 16
fraction arithmetic questions, approximately 90% of problems solved correctly;
however, these results are an indicator for the U.S. children’s fraction arithmetic
performance (Bailey et al., 2012; Siegler, Thompson, & Schneider, 2011).

In some U.S. textbooks, fraction division has far less instruction than other
arithmetic operations. For example, in Everyday Mathematics (2002) which has been
the commonly used middle school curriculum text books and workbooks, there are
250 fraction multiplication questions, whereas there are 54 fraction division questions
(Son & Senk, 2010). In Saxon Math (Hake & Saxon, 2003) textbooks, there are more
questions for the fraction multiplication (n=122) than fraction division
(n=56). Although fraction division is the least mastered arithmetic operation for
students and teachers in the U.S., it is interesting that these very traditional textbooks
do not include enough questions for fraction division (Siegler & Lortie-Forgues, in
press; Siegler & Pyke, 2013). However, in Korean mathematics textbooks, there are
239 fraction multiplication question and 440 fraction division questions. It is the fact
that 440 fraction division questions are 8 times higher than 54 and there are more
questions for fraction division in Korean textbooks as opposed to U.S. textbooks (Son
& Senk, 2010).

The NCTM (1989, 2000, 2006) provides a guide for mathematics curriculum
development in the U.S. and advocates that fractional content integrates understanding
of fractions as part of the number line, understanding of the relationship of fractions
to whole numbers, and proficiency and fluency with addition, subtraction,
multiplication, and especially with division of fractions. By considering the NCTM
standards, NMAP (2008) proposed that students should be fluent in identifying and
representing fractions by the end of grade 4, comparing magnitudes of fractions and

adding and subtracting of fractions by the end of grade 5, multiplication and division



of fractions by the end of grade 6, and all operations with positive and negative
fractions by the end of grade 7.

Research in the literature showed that the concept of the division with fractions
is challenging not only for students (Carpenter, Lindquist, Brown, Kouba, Silver, &
Swafford, 1988) but also for prospective teachers (Ball, 1990; Simon, 1993). The
findings of various studies (Ball, 1990; Simon, 1993) also revealed that providing a
variety of problem-solving situations when teaching this concept, encouraging
students to use multiple representations and to develop an understanding of different
interpretations of divisions is momentous. There should be more emphasis on
understanding and conceptualize division with fractions which would ultimately assist
aspiring teachers and their future students. Prospective teachers and in-service
teachers should understand division situations that utilize various numbers types (e.g.,
whole numbers, fractions, and decimals), combinations of number sizes (e.g., a
smaller number divided by a more substantial number and vice versa), and contextual
settings (e.g., continuous as well as discrete settings) (lzsak, Lobato, Orrill, &
Jacobson, 2011). To spotlight the importance of understanding division with fractions,
more studies are needed because more knowledgeable teachers are necessary to teach
such multifaceted concepts of mathematics.

Both prospective teachers and in-service teachers should be treated as active
learners since they build their understanding for mathematical concepts (Putnam &
Borko, 1997) to scaffold their students’ learning by using their skillset and integrating
it into new situations. Therefore, research about prospective teachers’ knowledge to
teach division of fractions is essential to increase students’ understanding of the
concept since prospective teachers should “develop a sound and deep understanding
of mathematics knowledge for teaching to build their confidence for classroom
instruction” (Li & Kulm, 2008, p.833).

Lee Shulman (1986) stated that “Those who can, do. Those who understand,
teach.” (p.14). As educators in colleges or schools, we need to critique that whether
or not we do teach what we know well and do not teach what we do not know enough.

We need to think what prospective teachers will do when they find themselves in the

10



position of having to teach a fundamental topic like division with fractions that they
struggle. | highlight that when prospective teachers are provided learning and
teaching opportunities to conceptualize the mathematical concept of a division with
fractions, they will speak more confidently in their classroom when serving as teachers
in the future.

2.1.Conceptual and Procedural Knowledge of Prospective Teachers for Fractions

According to the NMAP (2008), development of conceptual and procedural
knowledge is essential in a mastery of division with fractions to create links between
discrete pieces of knowledge. To scaffold students for learning fractions and division
with fractions in the elementary and middle schools, effective instructional practices
are essential. This is possible with well-educated prospective teachers who will teach
their future students with an explicit and systematic instruction including step-by-step
explanations.

The psychological complexity of fractions can be overlooked because of its
operational simplicity. The operational aspect of learning fractions and multiplicative
situations with fractions requires procedural knowledge. It is the fact that
“...procedural knowledge is a familiarity with the individual symbols of the system
and with the syntactic conventions for acceptable configurations of symbols” (Hiebert
& Lefevre, 1986, p. 7) and “...procedural knowledge consists of rules or procedures
for solving mathematical problems. Many of the procedures that students possess
probably are chains of prescriptions for manipulating symbols” (Hiebert & Lefevre,
1986, p. 8). Furthermore, the psychologically complex component of fraction and
multiplicative situations with fractions requires conceptual knowledge. Conceptual

13

knowledge is “...a connected web of knowledge, a network in which the linking
relationships are as prominent as the discrete pieces of information. Relationships
pervade the individual facts and propositions so that all pieces of information are
linked to some network” (Hiebert & Lefevre, 1986, pp.3-4).

In tasks about multiplicative situations with fractions, connecting aspects of
procedural knowledge (i.e., formulations, definitions, and mathematical operations) to

properties of conceptual knowledge (i.e., linking the all pieces of information) are

11



particularly important for academic achievement in middle school mathematics.
Numerous studies have reported prospective teachers and in-service teachers have
conceptual struggles with different aspects of fractions (e.g., Ball, 1990; Borko et al.,
1992; lzsék, 2008; Izsék, Jacobson, de Araujo, & Orrill, 2012; Ma, 1999; Sowder,
Philipp, Armstrong, & Schappelle, 1998; Tirosh & Graeber, 1990). Research has
determined that teachers’ mathematical knowledge for teaching has an important
impact on student learning (Hill, Rowan & Ball, 2005). Teachers’ both procedural and
conceptual approaches have a crucial impact on students’ outcomes and especially
teachers’ conceptual approach is so critical for students (Watson, Beswick, Brown, &
Callingham, 2007; Cheeseman, 2007; Cooper, Baturo, & Grant, 2006). According to
Van de Walle, Karp, and Bay-Williams (2004), when students are working on the
multiplicative operations with fractions and when their answer should be more than
being able to do a procedure.

Knowing this concept means that students can opine about the examples or
situations for the division with fractions. It also means that students can use various
strategies to solve problems, estimate an answer, represent the circumstances, and
make a meaningful explanation about what happens in the multiplicative operations
with fractions (Sinicrope, Mick, & Kolb, 2002; Yim, 2010). Groff (1996) explored
that students often have difficulties to remember their prior experiences with fractions
and how to use their prior experiences with fractions for new situations. There has
been a rising acknowledgment over the past several decades about students’ having
been taught fraction arithmetic by memorizing steps and numerical procedures instead
of learning these conceptually (Bradshaw et al., 2014). The lack of instructional
support for students’ conceptual understanding of fraction arithmetic results in
students who are prone to make errors, since they can overlook the steps or generalize
inappropriately (National Research Council, 2001).

Although most teachers can use algorithms to calculate the correct quotient of
two fractions, many studies have reported that many prospective teachers and in-
service teachers have struggled with meanings for fraction division (e.g., Ball, 1990;
Ma, 1999; Ponte & Chapman, 2008; Tirosh & Graeber, 1990). It is the fact that
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teachers are guide to help students learn fractions (McDiarmid and Wilson 1991);
however, research showed that teachers have difficulties for the meaning of
multiplicative situations (Azim 1995; Borko et al. 1992; Post et al. 1991; Simon and
Blume 1994; Tirosh 2000). Thus, there is an urgent need to help prospective teachers
and in-service teachers to develop a conceptual understanding for meaning for
operations of fractions so they can teach students why computation methods like
“keep, change, flip” or “invert and multiply” make sense (Borko, Eisenhart, Brown,
Underhill, Jones, & Agard, 1992; Tzur & Timmerman, 1997). For example, when
students have been taught to divide fractions by memorizing to “keep, change, and
flip” or “invert and multiply,” they are usually confused about whether they should
invert, keep, or change the divisor or the dividend. As an example, a student can
struggle to solve % +§ by computing % X 3 or g X g Many prospective teachers have
struggled with the fraction arithmetic, especially multiplication and division in middle
grades. One of their main difficulties for fraction arithmetic is to identify the word
problems that call for multiplication or division (Kaasila, Pehkonen, & Hellinen, 2010;
Ma, 1999).

Kilic (2013) conducted a study in Turkey and proposed that prospective
teachers have difficulties to understand meaning multiplicative situations with
fractions, and Luo, Lo, and Leu (2011) stated that there is a need to prepare prospective
teachers to make a better sense with both conceptual and procedural understanding on
fraction multiplication or division operations. Research showed that prospective
teachers have difficulties with fraction multiplication (Isik, 2011; Luo 2009) and
fraction division (Isik, 2011; Rizvi 2004). In studies, no prospective teachers could
create word problems for fractions with division (Rivzi, 2004) and for fraction
multiplication (Luo, 2009). Revzi (2004) also found a remarkably interesting fact that
prospective teachers in this research recognized that they have never been asked to
create word problems on multiplicative situations with fractions during their all
education lives. Also, this kind of results make researchers to ruminate about reasons

prospective teachers’ inadequacy of conceptual understanding on the fraction
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multiplication and division concept. In this vein, Chapman (2012) stated that
prospective teachers adequacy on the mathematical knowledge for a specific concepts
is based on their post experiences. Unfortunately, prospective teachers do not have
enough experiences (Tobias, Serow, & Schmude, 2010).

2.2. Pedagogical Content Knowledge (PCK)

Pedagogical content knowledge (PCK) of teachers is related to a specific
mathematics domain, such as proportional reasoning (Watson, Callingham, & Donne,
2008), fractions (Watson, Beswick, & Brown, 2006), or so on. Shulman (1986) said
that PCK provides teachers the ways to represent the mathematical content to students
by using the most powerful appropriate tools in an efficient way. When a teacher who
has a prominent level PCK, this teacher can have the enough knowledge to select the
best tools amongst various options according to the grades and skills of the students
according to the specific mathematical topic. Then students can understand the topic
meaningfully that is possible when students are able to connect the ideas and connect
to their previous knowledge (Hiebert & Carpenter, 1992) and teachers are the guides
to support students to make meaningful connections. Therefore, prospective teachers’
knowledge for the content, noticing the crucial nuances of the content of mathematics
and practicing ways they can teach their students mean a lot for their students. If
prospective teachers recognize what they struggle on when learning, they can
recognize their needs and recoup the missing points.

2.3. Multiplicative Situations Interpretations

Research has shown that prospective teachers and teachers struggle to interpret
multiplicative situations (e.g., Graeber & Tirsoh, 1988; Harel & Behr, 1995; Harel et.
al.1994; 1zsak & Jacobson, 2015; Tirsoh & Graeber, 1990). Fischbein, Deri, Nello,
and Marino (1985) proposed that mathematical operations are “attached to the
primitive behavioral models which have an impact on the choice of an operation” (p.
3). Even after students learned far beyond their primitive models for the mathematical
operations, they keep being influenced by primitive models (Simon, 1993). Fischbein

et al. (1985) stated that the primitive model of multiplication is repeated addition and
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the primitive models of division is partitive (fair share) and quotative
(measurement). Simon (1993) also stated that partitive division could be defined “an
object or collection of objects is divided into a number of equal fragments or sub
collections” and with quotitive division the purpose is to determine “how many times
a given quantity is contained in another quantity” (p. 235). For instance, according to
Izsdk Jacobson, de Araujo, and Orrill (2012) “if each car can take 5 people and 20
people want to go on a field trip, how many cars are needed (how many 5s are in 20)?”
(p. 391) and this is a quotitive situation. Also, “if 20 people want to go on a field trip
and there are 5 cars, how many people should get into each car (how many people in
each of 5 cars)?” (p. 391) and this is a partitive situation.

In other words, the division operation v + w where v and/or w are fractions can
be thought of as “How many w’s are there in one v?”. Olmez (2014) also defines the
operation v +w as v items divided into w groups. In this division operation, v + w, we
should decide whether “we are looking for the number of groups (how many groups)
or for the size of each group (how many in each group)” (p. 6). A response would
have two interpretations. It can be interpreted as how many groups division when v
items are divided by w (i.e., v + w) in each group to find the number of groups. In
contrast, it can be interpreted as how many in each group division when v items are
shared by w groups equally to find the number of units in one group.

For example, on the one hand, when each brownie of an 8-slice brownie is
sliced in half and each slice are placed on a plate (i.e., 8 + 1/2), we would need 16

plates (the number of groups) (see Figure 2).
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1 eight-slice brownie

OOOO
OOOO

OOO
OOOO

when each slice is divided 16 plates are needed
in half and shared to a
plate

Figure 2. How-many-group division

On the other hand, if we are looking for how many slices in a whole group if
there are 8 slices in half of a group (i.e., 8 + 1/2), there becomes 16 slices on the plate
(the number of units in 1 group) (see Figure 3).

1 eight-slice brownie in half of a group

There are 16 slices brownie in one group

There should be 16 slices constituting the original

slices in one group

Figure 3. How-many-in-one-group division
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Merely having an interpretation for multiplication and division (quotitive or
partitive) is not always sufficient to complete a fraction task which requires some
multiplicative operation when numbers are embedded in problem situations (lzsék,
Lobato, Orrill, & Jacobson, 2011). There is a need to be able to understand the

quantities to which numbers refer and to show units and groups in an equation. For

example, for the problem: A chocolate factory uses % of a bag of cacao in each batch

of chocolate. The factory used iof a bag of cacao yesterday. How many batches of

chocolates did the factory make?, there is a need to decide what the number of groups,

number of units, product amount, and the what the question is asking for. First, the
whole amount is i and that is product amount, the amount in each batch is % that is

the number of the units, and the question is asking number of the batches that is the

number of the groups. Therefore, considering the equation in the form of (the number

of units) ¢ (the number of groups)= (product amount), our equation is %

(the number of groups) = i Thus, the number of groups is § + % = § -10= 2 =

the number of groups that gives the number of the batches and concludes the

solution (see Figure 4).

E!!!! The shaded area represents %

The shaded area represents 11—0
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Question: How many groups of pink shaded area are there in blue shaded area?

Answer: There will be two groups of % in é

1.1_110_2
1 2 5 10 5 B

Figure 4. Pictorial solution for example question

Understanding various interpretations of multiplicative situations with
fractions and conceptual underpinnings of this concept is crucial since making
reasoning for these foundations takes the understanding division with fractions beyond
memorization of the rules. There has been a rising acknowledgment over the past
several decades that students have been taught fraction arithmetic by memorizing steps
and numerical procedures instead of learning these mathematical concepts
conceptually (Murray, Olivier, & De Beer, 1999).

2.1. Analytical Framework

In this study, the analytical framework developed by lzsak, Jacobson, and
Orrill (2014) was used to explore the prospective teachers’ reasoning about the
fractions. Beckmann and Izsak (2015) formulized the multiplicative situations
equation representing multiplicative structure in the form of NeM= P., where the
multiplicand (N) is the number of the units in each whole group, the multiplier (M) is
the number of the groups, and the product amount (P) is the total number of units in
all the groups. A key feature is consistently writing multiplicand and the multiplier in
the same order. Following Beckmann and lIzsak, in this study, multiplication
expressions are considered in the form of “multiplicand ¢ multiplier” (N*M). I used
this analytical framework in my study because it provides a distinct way to compare
different types of interpretations by using NeM= P equation. According to Izsék et al.
(2011), interpretation of partitive division requires answering the question “how many

objects (or units) are in each group when A objects (or units) are separated into B
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groups” (p. 17). In contrast, interpretation of quotitive division situations requires
answering the question “how many groups are formed when A objects (or units) are
separated into groups of B objects (or units)” (p. 17). According to both Izsak, et al.
(2011) and Ma (1999), teachers have a better performance with whole numbers with
partitive division (i.e., fair sharing). They also proposed that there are very few
teachers who can recognize multiplicative situations. To better equip teachers to better
understand operations, more research exploring pre-service and in-service teachers’

understanding of multiplicative relationships is needed.

Multiplication/Division NeM=P
(# of units in each/one whole group) ¢ (#of]
groups)

= (# of units in M group)
Multiplication Situations (MS) Ne M= [
where P is the unknown
Partitive Division Situations (PDS) [1eM=P
where N is the unknown
Quotitive Division Situations (QDS) Ne[=P
where M is the unknown

Figure 5. The analytical framework used in the study (adapted from Izsak et al., 2011, p. 19)

Figure 5 shows that in an equation in the form of NeM =P,

e when N and M are known and P is unknown, it is a multiplication situation.

e when M and P are known, it is partitive, fair sharing, or how many units in 1

group situation.

e when N and P are known, it is quotitive, measurement, or how many groups

situation.

Figure 6 shows three sample questions from my data and for each question, sample
solutions and their interpretations using the analytical framework (see Figure 5).
According to Figure 6, first question is MS, the second one is PDS, and third question
is QDS.
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Problem Solution Analytical | Interpretation
Framework
If %of a gallon Z is number of units in 1 | Ne M= IZI MS
ice cream weighs | group that is N, 2 is the where P is
1 pound, then 3 the
number of the group Kk
hOW many i unknown
) that is M, and the
gallons a_re 3 °F | number of units in %
2rggfnrl,d Ice group that is product
' amount (P) is unknown.
Thatis2>x 2="Pso
3 * 2 3 1
P= 2 X 3 = >
If fof a pint of 2 is number of groups, | O*M=P PDS
ice cream weighs | the number of the units mhere P is
3 in 1 group is unknown €
4 of a pound, g P 3. unknown
then how much that is N, and 2 is the
does 1 pint of ice | number of the units in
cream weigh? M group that is product
amount. That is N x
2 3 3 2
-=SON=-+-=
3 4 4 3
3 3 9
- X == =
4 2 8
If%of a gallon Z is number of unitsin1 | N«O =P QDS
ice cream weighs | group, the number of where N is
1 pound, then the group is unknown the
unknown

how much does
2 .
5 of a gallon ice
cream weigh?

that is M, and g is the

number of the units in %
group that is product
amount. That is % X

Mzz,soMz
3

4 8
X== -
3 9

.3
4

wWIN

wIN

Figure 6. Sample questions with their solutions and interpretations utilizing the analytical

framework
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CHAPTER 3

METHOD

The purpose of this qualitative case study was to investigate middle school
prospective teachers’ performance on paper-and-pencil test items about fractions by
concentrating on their use of the multiplicative situation interpretations. I investigated
to what extent middle school prospective teachers make explicit use of specific
features from the instruction including the use of equations and quantitative meanings
for multiplication and division in their solution methods. In this chapter, first I will
discuss the research method. Then I will describe the data collection and analysis
procedures followed.

3.1. Research Design

The purpose of this study was to explore middle school prospective teachers’
performance of interpretation of multiplicative situations on paper-and-pencil test
items about fraction on a word problem. The focus was on their use of the equation in
the form of N « M= P by determining the number of units and the number of groups
in a fraction word problem. 1 examined how they interpreted the multiplicative
situation in the fraction task regarding quantities (i.e., units and groups) with an
equation considering N ¢« M= P, various notations, and specific meanings for
multiplication and division (i.e., MS, PDS, and QDS).

To address the research questions: (1) What interpretations do middle school
prospective teachers make with fraction problems that involve multiplicative
situations?; (2) To what extent did middle school prospective teachers make explicit
use of specific features from the instruction including the use of equations and
quantitative meanings for multiplication and division in their solution methods?,

qualitative methods were utilized to examine pre-service teachers’ solutions.
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Qualitative research methods were used to discover the meanings that
participants created in context or an activity (Wolcott, 2009). When reviewing
prospective teachers written work qualitatively, | analyzed features of solutions to
determine what they employed. | also provided frequency tables to reveal additional
information and help clarify the primarily qualitative study. With qualitative approach,
“the researcher builds a complex, holistic picture, analyzes words, reports detailed
views of informants, and conducts the study in a natural setting” (Creswell, 2008, p.
15).

This qualitative case study explored the following question: (a) What
interpretations do middle school prospective teachers make with fraction problems
that involve multiplicative situations? (b) To what extent did middle school
prospective teachers make explicit use of specific features from the instruction
including the use of equations and quantitative meanings for multiplication and
division in their solution methods? Yin (2003, 2009) proposed that in a case study,
participant behavior manipulation is not possible. This methodology can be accepted
as “a phenomenon...bounded by a certain context...in effect [it is] your unit of
analysis” (Miles & Huberman, 1994, p. 25). In this study, the prospective teachers’
classroom represents the unit of analysis. In the data collection and data analysis part,
| explain the qualitative data collection and analysis procedure.

3.2. Participants and Data Collection

Data for the present study were collected from 13 junior middle school
prospective mathematics teachers at a large, public university in the Southeastern
United States during the Spring 2017 semester of a two-semester mathematics content
course. The first semester focused on numbers and operations, and the second
semester focused on topics related to fraction division, ratio, proportional
relationships, and algebra. Both courses emphasized the meaning of multiplicative
situations and included multiplication, division, and fractions. These courses were
designed to help prospective teachers develop practices outlined in the Common Core
State Standards (CCSS) for Mathematics (National Governors Association Center for
Best Practices & Council of Chief State School Officers, 2010).
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These practices are “make sense of problems and persevere in solving them;
reason abstractly and quantitatively; construct viable arguments and critique the
reasoning of others; model with mathematics; use appropriate tools strategically;
attend to precision; look for and make use of structure; and look for and express
regularity in repeated reasoning” (CCSS, 2010). Throughout the course, a textbook
“Mathematics for Elementary Teachers with Activities” (Beckmann, 2014) was
used. It was a routine practice in these courses that the prospective teachers worked
in groups during class and work on tasks collaboratively interpreting the multiplicative
situation in the fraction task regarding quantities considering NeM= P formulization,
using various notations, and specific meanings for multiplication and division;
however, they individually completed homework assignments and examinations.

The timelines below summarize the topics covered in the first and second
semester courses. As shown in Figure 7, number operations were included mainly in

the first course and algebra was included in the second course.
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Figure 7. Timeline of the First Course in Fall 2017

As shown in Figure 8, the second course addressed fraction division, ratio and

proportional relationships, statistics, probability, and number theory.
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Figure 8. Timeline of the Second Course in Spring 2018

Instructor of this course who worked with prospective teachers for years and
allows students think, question, and look for ways to go more deeply into the material.
In the classroom, prospective teachers collaborate with peers and share and generate
knowledge with their groupmates first and classmates later, so prospective teachers
grapple with the ideas together in the groups when working on in class activities.
Instructor of this course is interested in prospective teachers’ reasoning about ratio
and proportional relationships and associated multiplicative ideas. In the class, the
instructor aimed to figure out what is harder for the teachers, what is easier, and how
they think about those tightly intertwined ideas. The instructor of this course thinks
that there are two types of ratios and proportional relationships that fit with the two
types of division. There is a “how many in each group” type of division and a “how
many groups” type of division, and there is a parallel situation for ratios and
proportional relationships. Therefore, the instructor decided to explore how

prospective teachers understand different definitions or versions of ratios and
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proportional relationships. This a two-semester mathematics content course was
designed by considering those purposes. This course helped students make sense of
problems and persevere in solving, reasoning, modeling, arguing, and critiquing them
and develop a fundamental knowledge for fractions, fraction arithmetic, ratio and
proportional relationships, statistics, probability, and number theory.

In this study, I selected a question which comprised of five sub-questions from
the second semester’s final exam to analyze (see Figure 9) since this question allowed
the middle grades prospective teachers to choose their solutions for MS, PDS, or QDS,

as opposed to items that directed them to use a particular one.

2. Which of the following word problems are problems for % + —: =7, which are for
% + % =7, and which are for neither of those division problems? Explain how

you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

2 3

(a) If  of a pint of ice cream weighs 3 of a pound, then how much does 1 pint

of ice cream weigh?

(b) If % of a pint of ice cream weighs % of a pound, then how many pints of ice
cream weigh 1 pound?

(c) If there is —; of a pint of ice cream and you eat % of that ice cream, then how
much ice cream did you eat?

(d) If 3 of a gallon of ice cream weighs 1 pound, then how much does 2 of a
gallon of ice cream weigh?

(e) If % of a gallon of ice cream weighs 1 pound, then how many gallons are 2

3
of a pound of ice cream?

Figure 9. The task items used for data collection
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For each sub question, structure of the task and answer key is provided in Figure 9.

Task Usual Usual Quantities | Writing Situation

item Potential Equations Interpretations
Answers

a For the N is number of This The operation is
equation base units in 1 question is | 3/4+2/3 which is asking
NeM=P group, M is the ?¢2/3=3/4 | how many units in one
where N=? number of groups, group. Thus, it is how-
M= 2/3,and | and P is the many-units-in-one-
P=3/4. number of base group division or PDS

units in 2/3 group. problem.

b For the N is number of This The operation is
equation base units in 1 question is | 2/3+3/4 which is asking
NeM=P group, M is the ?¢3/4=2/3 | how many units in one
where N=?, | number of groups, group. Thus, it is how-
M= 3/4,and | and P is the many-units-in-one-
P=2/3. number of base group division or PDS

units in 3/4 group. problem.

C For the N is number of This The operation is 3/4+2/3
equation base units in 1 question is | which is asking for
NeM=P group, M is the 3/4+2/3=P | multiplication
where number of groups, operation. Thus, it is
N=3/4, and P is the MS problem.

M=2/3, and | number of base
pP=? units in 2/3 group.

d For the N is number of This The operation is
equation base units in 1 question is | 2/3+3/4 which is asking
NeM=P group, M is the 3/4sM= how many groups.
where number of groups, | 2/3 Thus, it is how-many-
N=3/4, M=?, | and P is the group division or QDS
and P= number of base problem.

2/3. units in ? group.

e For the N is number of This The operation is 3/4+2/3
equation base units in 1 question is | which is asking for
Ne M=P group, M is the 3/4+2/3=P | multiplication
where number of groups, operation. Thus, it is
N=3/4, and P is the MS problem.

M=2/3, and | number of base
P=? units in 2/3 group.
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Data analysis was guided by grounded theory methodology. Charmaz (2006)
defined grounded theory as methods that “consist of systematic, yet flexible guidelines
for collecting and analyzing qualitative data to construct theories ‘grounded’ in the
data themselves” (p. 2). The purpose in grounded theory is for researcher allow what
is relevant to one’s research question to emerge from the data. Hutchinson (1988)
focusses the relevance of grounded theory method to education, noting that grounded
theory allows for the explanation of the everyday world of teachers and students. With
“a focus on lived experience, patterns of experience and judging and appraising the
experience”, grounded theory provides a way to “study the richness and diversity of
human experience” (Hutchinson, 1988, p. 127).

Creativity is crucial in the grounded theory since researcher can “break through
assumptions and create new order out of the old” (p. 27). Being creative helps naming
categories. Grounded theory follows a three-stage process to coding the data. Open
coding involves identifying concepts. Data were compared and sorted according to
themes. In axial coding stage, the researcher looks for relationships between categories
by comparing with each other. Another stage in the coding is the selective coding. In
selective coding the core category in which the final analysis was done is selected.
The words and codes were analyzed and grouped together according to common
theme (Charmaz, 2006). Grounded theory provided a framework to analyze data
through sensitizing the concepts.

In this study, I will use Figure 10 as a coding schema. It has four categories as
category 0, category 1, category 2, and category 3. Having categories was helpful
because it provided me to have a strong organizational structure is paramount to see
how each solution is different than another solution and to understand if prospective
teachers solved problems correctly, completely or if they included any information
about multiplication and division, units and groups, and multiplicative situation
interpretations.. The hierarchy between categories allowed me to identify each
solution for each prospective teacher.

Drawing on the analytical framework, prospective teachers’ solutions were

classified under category 0, category 1, category 2, and category 3 (see Figure 10).
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Those categories were prepared according to steps for grounded theory as open
coding. In a solution, 1 am looking at three main things: (a) if prospective teachers
use multiplication or division correctly (i.e., use of the multiplication sign x or ¢, and
mentioning multiplication in a statement), (b) if prospective teachers included any
explicit and correct information about the number of units and groups, and (c) if
prospective teachers interpreted the multiplicative situation correctly. The category
0 included prospective teachers’ solutions that consist of use of incorrect,
incomplete, or not included multiplication or division operations, have incorrect,
incomplete, or not included information about the units and groups, and have
incorrect, incomplete, or not included interpretations of multiplicative situations
altogether. The category 1 comprised of prospective teachers’ solutions that include
incorrect, not completed, or not included information for two of a, b, and c. The
category 2 comprised of prospective teachers’ solutions that include only one
incorrect, incomplete, or not included from a, b, and c. The category 3 comprised of
prospective teachers’ solutions that includes correct solutions for a, b, and ¢
altogether.

3.3. Ethical Considerations

In order for research to be trusted four constructs need to be developed:
credibility, transferability, dependability, and confirmability (Marshall & Rossman,
2006). In this study credibility is addressed by analyzing the data from the classroom
assessments. Credibility is also addressed by analyst triangulation because two
different researchers have reviewed the analysis and the results were carefully
compared. Transferability is demonstrated when researchers “argue that findings will
be useful to others in similar situations, with similar research questions or questions
of practice” (Marshall & Rossman, 2006, p. 201). Confirmability in this research was
addressed through adhering to internal consistency of the data in relation to findings,
interpretations, and recommendations. To address confirmability, | situated the study
in the research literature. Two raters independently worked on the data by looking at

the criteria tables for categories and criteria for each interpretation (which have been
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created and developed by me). This resulted in an interrater reliability (Cohen’s
Kappa) of between .87-.95 on individual questions.

In this study, all of the ethical guidelines of the University’s Institutional
Review Board (IRB) were followed. In order to protect the participants’ privacy, all
of the student’s exam questions were coded using pseudonyms. The data were
password-protected, and the computer was locked when not in use. All of the
participants were made aware that |1 would be careful to protect their confidentiality
and privacy. As is customary, they were also offered the opportunity to withdraw
from the study at any time without a penalty in the course.

3.4. Data Analysis

In the qualitative data analysis, “a code is a researcher-generated construct
that symbolizes or translate data and thus attributes interpreted meaning to each
individual datum for later purposes of pattern detection, categorization, assertion, or
proposition development, theory-building, and other analytic processes” (Saldana,
2017, p. 1). In this study, after data collection, I used open coding. | read data word-
by-word initially. Then | broke the data up into their component parts or properties,
looked for tacit assumptions, or explicated implicit actions and meanings; crystallized
the significant of the points, and compared data with data. In this process, | checked
if prospective teachers included multiplicative situations (multiplication and division)
and how they represented multiplication and division operations, if they included any
information about groups and base units in their response, if they included
multiplicative situation interpretation explicitly or implicitly by considering definition
and distinctions of interpretations. After detecting all of these, | compared 13
prospective teachers’ responses for five sub-questions on the final exam of the content
course by considering my open coding. With axial coding stage, based on my
comparison of prospective teachers’ responses, | decided to have three categories. |

looked at relationships among categories that allowed making connections among
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prospective teachers’ responses. Table 1 shows structure of the task and potential
answers. The prospective teachers can have different solution methods.
Table 1. Coding Schema

In my analysis, | checked if prospective teachers:

a) Include division or multiplication
o Indicator for multiplication:
= Use of the multiplication sign x or ¢ (e.g., NeM=P)
= Mention multiplication in a statement
o Indicator for division:
= Use of division operation sign +
= Mention division in a statement
= Use the multiplication with a missing factor (e.g., N ? =
P)
b) Include quantities and number of units and number of groups
o Showing the number of units and groups for M, N and P correctly
and this can be explicit or implicit
= e.g., for question d, N is the number of units that is 3/4
and M is the number of groups and that is unknown when
P is the number of units in M group and that is 2/3. That is
an explicit demonstration of quantities and number of
units and number of groups.
= e.g., for question c, % is pint ice-cream in 1 group, 2/3 is
group, and ? is the pint ice cream in 2/3 group. That is not
an explicit demonstration of quantities and number of
units and number of groups, but it is still correct and this
will be enough for my coding.
c) Include multiplicative situation interpretations
o Indicators for Multiplicative Situation Interpretations
= when M and P are known and N is unknown: how-many-
in-one-groups division or partitive division
= when N and P are known: how-many-groups division or
quotitive division
= when M and N are known and P is unknown:
multiplication situation or neither (i.e., neither means it is
not PDS or QDS)
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Table 1 (continued).

Criteria for Category 0 Criteria for Category 1

e |If prospective teachers have e |f prospective teachers have
incorrect solutions for a, b, and ¢ incorrect solution for two of a, b,
altogether, and c,

e |If prospective teachers have e |f prospective teachers have
incomplete solutions for a, b, and ¢ incomplete solutions for two of a, b,
altogether, and c,

e If prospective teachers do not e |If prospective teachers do not
include a, b, and c altogether in their mention two of a, b, and ¢
solutions, their response for the question is

their response for the question is | categorized in category 1
categorized in category 0

Criteria for Category 2 Criteria for Category 3
e If prospective teachers have e |If prospective teachers have correct
incorrect solution for one of a, b, solutions for a, b, and c altogether
and c, their response for the question is
e If prospective teachers have categorized in category 3
incomplete solutions for one of a, b,
and c,

e If prospective teachers do not
mention one of a, b, and ¢

their response for the question is

categorized in category 2

By using coding schema, | provide some examples of the use of coding schema
for each category from Figure 10a through Figure 10d. PT 6’s solution for d (see
Figure 10a) was coded as category O since PT 6 used multiplication rather than
division, did not include any information about the number of units and groups, and
interpreted this situation as MS instead of PDS. PT 5 for question b (see Figure 10b)
had similar issues for the number of units and groups and interpretation, but PT 5 used
division correctly, so this solution was in category 1. Also, PT 12 for the solution of a
(see Figure 10c), correctly used multiplication, and interpreted situation as MS, but
unfortunately, did not included any information about the number of groups and units,

so | coded this solution as category 2. Unlike these solutions, PT 7 used multiplication
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correctly, included information about units and groups, and interpreted the situation
correctly, so it is in category 3 (see Figure 10d).
PT’s Solution

(d) If § of a gallon of ice cream weighs 1 pound, then l&ow mucls does £ of a

gallon of ice cream weigh? o G / |
L ‘ 3/4, | 12
Mtred, This 1S MU PlCcHon ProblEm. o~
— I = I E

Explanation

Category 0:
a) Multiplication/Division: Incorrect

e PT 6 used the multiplication, but for this question PT 6 should use

division.

b) Groups and base units: Not Included

e PT 6 did not include information about groups and base units.
c) Multiplicative situation interpretation: Incorrect
PT 6 interpreted this situation as MS not QDS.

Figure 10a. Samples of PTs’ solutions for category O

PT’s solution

CQTTIY T v WY W

3-% Creorn
(b) If % of a pint of ice cream weighs 1 of a pound, then how many pints of ice
cream weigh 1 pound? . " 3
z . <
Sooe Y2 W AnoW thak o Pt Wwegns 2/4\p 5o vow Wbk

mony YRS o€ 2jgrint weiqhs |l —> wng 1 < pwd e
? —7\\e ayovps dwision — 2/ =34

X
= — (c) If there is § of a pint of ice cream and you eat 3 of that ice cream, then how

o much ice cream did you eat?
flhicis £ mnlliatsadias ONGAEMN * WE Nave, 3l Aink

“"ah'

{o

Explanation
Category 1:
a) Multiplication/Division: Correct
e PT 5 used the division operation sign.
b) Groups and base units: Not Included
e PT 5did not include information about groups and base units.
c) Multiplicative situation interpretation: Incorrect
PT 5 interpreted this situation as QDS not PDS.

Figure 10b. Samples of PTs’ solutions for category 1
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PT’s Solution

(a) If % of a pint of ice cream weighs $ of a pound, then how much does 1 pint
of i u:e cream weigh?

b
ez Fhy S our

: ' 3 PI'YH— = /L'Ino x3 _“._H__H— Jodal bt &
u!\\“ ih(.)i?m,‘_ = 7&23 < 4 A #giicﬂﬂ
wdd mmhj o, fade, we con fd
d“am ?Lr? syt w%mrun\m:wn mlm.a.rd(&qmbibg\,( s}njef-wﬂom\‘afwj

(b) If 2 of a pint of ice cream weighs 2 of a pound. then how many nints of ice

Explanation

Category 2:
a) Multiplication/Division: Correct

e PT 12 used the division operation sign.
b) Groups and base units: Not Included

e PT 12 did not include information about groups and base units.
c) Multiplicative situation interpretation: Correct

e PT 12 interpreted this situation as PDS.

Figure 10c. Samples of PTs’ solutions for category 2

PT’s Solution

LXouca J auasdy
. (cJ Tthere is  of a pint of ice cream and you eat 3 of that ice cream, then how

much ice cream did you eat? This © u\\wa THLY Qo (ould, \
Su \\U\ \'N k\n V) Watiplicakpn 0OV * 3 2

N X = 7
Bay (A, twxe'y =/ Pk (€€ LrTAMA \n ?‘ ﬁ )\
| qroue 604 UV EaY 773 ged-hay ARA, Yy P ik ;‘r-),\u,‘,‘, “2" \, WE e
2o uf @ t‘s,‘/ ¢ . o 77") OTawa N A AL LY '}rc.u-‘)
B T = s "\ LARA L
Explanation

Category 3:
a) Multiplication/Division: Correct
e PT 7 used the multiplication operation sign.
b) Groups and base units: Correct
e PT 7 included information about groups and base units correctly.
c) Multiplicative situation interpretation: Correct
e PT 7 interpreted this situation as MS.

Figure 10d. Samples of PTs’ solutions for category 3
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CHAPTER 4

RESULTS

Middle grades prospective teachers who completed the two-semester sequence
of content courses emphasizing topics related to ratio, proportional relationships,
fraction division, algebra, and the meaning of multiplication were able to interpret the
multiplicative operations appropriately. When working on a task that allowed them to
decide their own choice for multiplication situation (MS), partitive division situation
(PDS), and quotitive division situation (QDS). Results showed that prospective
teachers used strategies involving multiplicative situations after completing a two-
semester sequence of mathematics content courses on fraction tasks. This instructional
approach supported the development of an understanding of multiplicative operations
with fractions and understanding of the meaning of multiplication and division for
middle school prospective teachers.

In Table 2, I used color codes for each PST’s solutions for each sub questions.
The purpose of this table is to be able to explicitly and specifically show the extent
middle school prospective teachers made explicit use of specific features from the
instruction including the use of equations and quantitative meanings for multiplication
and division in their solution methods and interpretations middle school prospective
teachers made with fraction problems that involve multiplicative situations. More
details for each prospective teacher for each question were included in appendices (see
Appendices A-M). Table 1 shows each prospective teachers’ performance for every
sub-question. For example, prospective teacher 1 (PT 1) used division operation sign
for the solution of b correctly and did not include information about units and groups
in her solution. Also, PT 1 interpreted the situation as PDS correctly and explicitly.
Thus, PT 1 is in the category 2 considering the coding schema. According to table

below, green shows these three criteria that use of multiplication and/or division, use
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of groups and base units, and division interpretations are completely correct, red
shows that prospective teachers’ solutions for each sub question is wrong, yellow
shows that in prospective teachers responses for each sub question the criteria was not
included, and blue shows that in prospective teachers’ responses these three criteria
were included but the response was incomplete.

The study showed that six prospective teachers (PT 1, PT 2, PT 4, PT 7, PT 8,
and PT 13) used multiplicative situation operation signs correctly and appropriately
for each question, four prospective teachers (PT 2, PT 7, PT 8, and PT 13) included
the necessary information for the number of the groups and base units correctly and
appropriately for each question, seven prospective teachers (PT 1, PT 2, PT 3, PT 4,
PT 7, PT 8, and PT 13) interpreted multiplicative situations correctly and
appropriately for each question. Three prospective teachers (PT 6, PT 9, and PT 11)
used multiplicative situation operation signs in four out of five sub-questions correctly
and appropriately, three prospective teachers (PT 4, PT 9, and PT 11) included the
necessary information for the number of the groups and base units in four out of five
sub-questions correctly and appropriately, and four prospective teachers (PT 1, PT 4,
PT 5, PT 6, and PT 9) interpreted multiplicative situations in four out of five sub-

questions correctly and appropriately.

Table 2. Prospective teachers’ solutions for the five sub questions with color codes

PTs Criteria a b c d e
Multiplication/ | Use of + | Use of + | Use of x | Use of + | Use of x
Division
Group/Base Mention | Mention | Mention | Mention | Mention

PT1 | Unit unitand |unitand |unitand |unitand | unitand

(NB) group group group group group
Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations itasPDS |itasPDS |itasMS |itas it as MS
Interpretation | or how- | orhow- |or QDSor |or

many- many- neither haw- neither
units-in- | units-in- many-
one- one- groups
group group
Category (Cat) Cat 3 Cat 2 Cat3 Cat3 Cat 2
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Table 2 (continued).

Multiplication/ | Useof+ | Useof+ | Useof x | Use of + Use of x
Division
Group/Base Mention Mention | Mention | Mention Mention
PT 2 | Unit unit and unit and unitand | unit and unit and
(MB) group group group group group
Multiplicative | Interpret | Interpret | Interpret | Interpret it | Interpret
Situations itasPDS |itasPDS |itasMS |asQDSor |itasMS
Interpretation or how- or how- or haw- or
many- many- neither many- neither
units-in- | units-in- groups
one-group | one-group
Category (Cat) Cat 3 Cat 3 Cat 3 Cat 3 Cat 3
Multiplication/ | Use of+ | Useof+ | Useof x | Use of + Use of x
Division
Group/Base Mention Mention | Mention | Mention Mention
PT 3 | Unit unit and unit and unitand | unit and unit and
(AC) group group group group group
Multiplicative | Interpret | Interpret | Interpret | Interpret it | Interpret
Situations itasPDS |itasPDS |itasMS |asQDSor |itasMS
Interpretation or how- or how- or haw- or
many- many- neither many- neither
units-in- | units-in- groups
one-group | one-group
Category (Cat) Cat 3 Cat 3 Catl Cat 2 Cat 3
Multiplication/ | Use of + | Useof+ | Use of x | Use of + Use of %
PT 4 | Division
(EE) | Group/Base Mention Mention | Mention | Mention Mention
Unit unit and unit and unitand | unit and unit and
group group group group group
(unit is
wrong, but
group is
correct)
Multiplicative | Interpret | Interpret | Interpret | Interpret it | Interpret
Situations itasPDS |itasPDS |itasMS |asQDSor |itasMS
Interpretation or how- or how- or haw- or
many- many- neither many- neither
units-in- | units-in- groups
one-group | one-group
Category (Cat) Cat 3 Cat 3 Cat 3 Cat 2 Cat 3
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Table 2 (continued).

Multiplication/ | Use of + | Useof+ | Useof x | Use of + | Use of x
Division
Group/Base Mention | Mention | Mention | Mention | Mention
PT 5 | Unit unitand |unitand |unitand |unitand | unitand
(JG) group group group group group
Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations itasPDS |itasPDS |itasMS |itas QDS |itasMS
Interpretation or how- or how- or or haw- | or
many- many- neither many- neither
units-in- | units-in- groups
one- one-
group group
Category (Cat) Cat 2 Catl Catl Cat 2 Cat 2
Multiplication/ | Use of + | Use of+ | Use of x | Use of + | Use of x
Division
Group/Base Mention | Mention | Mention | Mention | Mention
Unit unitand |unitand |unitand |unitand | unitand
PT6 group group group group group
(JH) Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations itasPDS |itasPDS |itasMS |itas QDS | itas MS
Interpretation or how- | orhow- |or or haw- | or
many- many- neither many- neither
units-in- | units-in- groups
one- one-
group group
Category (Cat) Cat 2 Cat 3 Cat 3 Cat0 Cat 2
Multiplication/ | Use of + | Useof+ | Use of x | Use of + | Use of X
Division
Group/Base Mention | Mention | Mention | Mention | Mention
Unit unitand |unitand |unitand |unitand | unitand
PT 7 group group group group group
(LH) Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations itasPDS |itasPDS |itasMS |itas QDS | itasMS
Interpretation or how- | orhow- |or or haw- | or
many- many- neither many- neither
units-in- | units-in- groups
one- one-
group group
Category (Cat) Cat 3 Cat 3 Cat 3 Cat 3 Cat 3
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Table 2 (continued).

Multiplication/ | Use of + | Use of + | Use of x | Use of + | Use of x
PT 8 | Division
(CH) | Group/Base Mention | Mention | Mention | Mention | Mention
Unit unitand |unitand |unitand |unitand | unitand
group group group group group
Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations itas PDS |itasPDS |itasMS |itas it as MS
Interpretation or how- | orhow- |or QDSor |or
many- many- neither haw- neither
units-in- | units-in- many-
one- one- groups
group group
Category (Cat) Cat 3 Cat 3 Cat 3 Cat 3 Cat 3
Multiplication/ | Use of + | Use of + | Use of x | Use of + | Use of x
Division
Group/Base Mention | Mention | Mention | Mention | Mention
PT9 | Unit unitand |unitand |unitand | unitand | unitand
(o)) group group group group group
Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations itas PDS |itasPDS |itasMS |itas it as MS
Interpretation | or how- | orhow- | or QDSor |or
many- many- neither haw- neither
units-in- | units-in- many-
one- one- groups
group group
Category (Cat) Cat 3 Cat 3 Cat0 Cat 2 Cat 3
Multiplication/ | Use of + | Use of + | Use of x | Use of + | Use of X
Division
Group/Base Mention | Mention | Mention | Mention | Mention
PT | Unit unitand |unitand |unitand | unitand | unitand
10 group group group group group
(CM) Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations itas PDS |itasPDS |itasMS |itas it as MS
Interpretation | or how- | orhow- | or QDSor |or
many- many- neither haw- neither
units-in- | units-in- many-
one- one- groups
group group
Category (Cat) Cat 1 Catl Catl Catl Cat0
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Table 2 (continued).

Multiplication/ | Use of + | Use of + | Use of X | Use of + | Use of x
Division
Group/Base Mention | Mention | Mention | Mention | Mention
PT | Unit unitand |unitand |unitand |unitand | unitand
11 group group group group group
(SP) Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations itas PDS |itasPDS |itasMS |itas it as MS
Interpretation | orhow- | orhow- |or QDSor |or
many- many- neither haw- neither
units-in- | units-in- many-
one- one- groups
group group
Category (Cat) Cat 3 Cat0 Catl Cat 3 Cat 2
Multiplication/ | Use of + | Use of + | Use of x | Use of + | Use of x
PT | Division
12 | Group/Base Mention | Mention | Mention | Mention | Mention
(AS) | Unit unitand |unitand |unitand |unitand | unitand
group group group group group
Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations itasPDS |itasPDS |itasMS |itas it as MS
Interpretation | or how- | orhow- |or QDSor |or
many- many- neither haw- neither
units-in- | units-in- many-
one- one- groups
group group
Category (Cat) Cat 2 Cat 1l Cat0 Cat0 Cat 3
Multiplication/ | Use of + | Use of + | Use of X | Use of + | Use of x
Division
Group/Base Mention | Mention | Mention | Mention | Mention
Unit unitand |unitand |unitand |unitand | unitand
PT group group group group group
13 Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
(WY) | situations itasPDS |itasPDS |itasMS |itas it as MS
Interpretation | orhow- | orhow- |or QDSor |or
many- many- neither haw- neither
units-in- | units-in- many-
one- one- groups
group group
Category (Cat) Cat 3 Cat 3 Cat 3 Cat 3 Cat 3
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Color Meaning

Done correctly

Done incorrectly

Not Included

Included but incomplete

Also, | provide a different version of the Table 1 for more clarification without
using colors. In the next table PTs’ correct responses are showed with “+”, incorrect
responses are showed with “X”, incomplete solutions are showed with “-”, not
included solutions showed with “N”. According to Table 2, 8% of 65 solutions is
categorized in Category 0 (5 out of 65 solutions), 15% of 65 solutions is categorized
in Category 1 (10 out of 65 solutions), 17% of 65 solutions is categorized in Category
2 (11 out of 65 solutions), and 60% of 65 solutions is categorized in Category 3 (39
out of 65 solutions) (see Table 2). This shows that instruction focusing on definitions
multiplicative interpretations of the situations during a mathematics content course
was helpful for prospective teachers to help their learning conceptually multiplicative
operations with fractions and operate correctly and explicitly what they learned.

According to analysis showed by Table 1 and 2, all solutions categorized in
categories 1-3, so there is no solution was categorized as category 0 for the question
a. However, PT 11°s solution for b was categorized in category 0 since this prospective
teacher used division operation sign incorrectly, included the number of groups and
units incorrectly, and interpreted situations incorrectly. Also, solutions of PT 9 and PT
12 were categorized in category 0 since PT 9 did solve whole problem incorrectly
similar to PT 11 and PT 12 did incomplete arithmetical operation for situation, did not
include any information about the number of units and groups, and interpreted
situations incorrectly.

Solutions of PT 6 and PT 12 were categorized in category 0 since they both
did not use operation sign correctly, did not include any information about the number

of units and groups, and did not interpret correctly (see Table 3).
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Table 3. Prospective teachers’ solutions for the five sub-questions

] b d
Criteria Cl c2 3 Cat Cl C2 C3 Cat Cl c2 c Cat | CI c2 C3 | Cat | CI Cc2 C3 | Cat
PT 1 + + 3 + + + + + 3 + + 3 + +
PT2 + + + 3 + + + 3 + + + 3 + + 3 + + + 3
PT3 3 3 N N + 1 X + 2 + 3
PT 4 - + 3 + + 3 + + + 3 + + + 3 + + - 3
PTS + N + 2 + N X 1 N 1 + N + 2 N +
PT6 3 + 3 X N X 0 N +
PT?7 + + + 3 3 3 + 3 + + 3
PTS - n 3 + + 3 . 4 3 + + 3
PT9 + 3 + + 3 X X X 0 + X + + + 3
PT 10 X N 1 X N + 1 + N N 1 X X + 1 X X X 0
PT 11 + + 3 X X X 0 + N N 1 + + + 3 + + N 2
PT 12 + N 2 + N X 1 + N + - N X 0 + + + 3
PT 13 + + 3 + + + 3 + + + 3 + + + 3 + + + 3
Frequencies of Categories in each a b c d ¢ | Total
question
Cat0 0 1 1 2 1
Cat 1 1 3 4 1| 0 | 10
Cat2 3 1 I 3| R
Cat3 9 8 7| 7 | 8 | 39
Total 13 13 13 13 13 65

According to analysis when prospective teachers could choose methods, they
used the PDS more often than the QDS and MS correctly and appropriately. Table 3
shows counts for solution classifications to the fraction problem and its five sub
questions. Recall that the task asked for three interpretations as MS, PDS, or QDS.
The counts in Table 4 shows that solutions were provided by 13 middle grades
prospective teachers and each of them solved five sub-questions question a to question
e. 65 solutions were obtained entirely. 26 of these items would be expected to include
MS, 26 of these items would be expected to include PDS, and 13 of these items would
be expected to include QDS. However, according to prospective teachers’ solutions
77% (20 out of 26) of solutions included MS interpretation, 88% (23 out of 26) of
solutions included PDS (19 out of 26) , and 77% (10 out of 13) of solutions included
QDS correctly.
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Table 4. Frequency of correct interpretation for each task item (n = 13)

Sub- Correct interpretation foreach MS PDS QDS
guestions sub-question

a PDS 0 13 0

b PDS 0 10 0

C MS 9 0 0

d QDS 0 0 10

e MS 11 0 0
Total # 20/26 23/26 10/13
Percentage 7% 88% 77%

Table 5 shows the frequency of each interpretation for each student and task
item. According to this table, 8% of 65 solutions were categorized in Category 0, 17%
of 65 solutions were categorized in Category 1, 18% of 65 solutions were categorized
in Category 2, and 57% of 65 solutions were categorized in Category 3. Those results
show that more than half of the students correctly and explicitly used division or
multiplication in their solutions including both the number of groups and units, and

interpreted situations correctly and explicitly for the situations (see Table 5).

Table 5. Frequency of each interpretation as MS, PDS, and QDS for each student and each task item

a b C d e
PDS PDS MS QDS MS Total  Percentage
#
Category PT11 PT9 PT6 PT10 5 8%
0 PT 12 PT 12
Category PT PT5 PT3 PT10 11 17%
1 10 PT10 PT5
PT12 PT6
PT 10
PT 11
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Table 5 (continued).

a b c d e
Category PT5 PT1 PT 3 PT1 12 18%
2 PT6 PT 4 PT5
PT PT5 PT6
12 PT9 PT 11
Category PT1 PT2 PT1 PT1 PT2 37 57%
3 PT2 PT3 PT2 PT2 PT 3

PT3 PT4 PT4 PT7 PT4
PT4 PT6 PT7 PT8 PT7
PT7 PT7 PT8 PT11 PT8
PT8 PT8 PT13 PT13 PT9

PT9 PT9 PT 12
PT  PT13 PT 13
11
PT
13

Table 6 shows counts for solution interpretations of 65 solutions for each
category. The counts in Table 5 shows that 12% of 26 solution items which requires
MS placed in Category 0, 19% of 26 solution items which requires MS placed in
Category 1, 15% of 26 solution items which requires MS placed in Category 2, and
54% of 26 solution items which requires MS placed in Category 3. According to this
result, more than half of 26 solutions which requires MS were interpreted correctly.

Another result concerning Table 5 shows that 4% of 26 solution items which
needs PDS placed in Category 0, 15% of 26 solution items which needs PDS placed
in Category 1, 15% of 26 solution items which requires PDS placed in Category 2,
and 65% of 26 items which requires PDS placed in Category 3. Like MS, more than
half of 26 solutions which requires PDS were interpreted correctly.

Furthermore, the other result according to Table 5 demonstrates that 15% of
13 solution items which requires QDS placed in Category 0, 15% of 13 solution items
which requires QDS placed in Category 1, 31% of 13 solution items which requires

QDS placed in Category 2, and 46% of 13 solution items which requires QDS placed
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in Category 3. In contrast to the first two results according to the Table 5, less than
half of 13 solutions which requires QDS were interpreted correctly. Also, when the
percentages in each category were considered, approximately half of prospective
teachers completely can correctly solve each problem by showing arithmetical
operations and including information quantitates and interpretations of situations.
Instruction that support learners in developing conceptual understanding by extending
their knowledge of multiplicative situations from the context of whole numbers and
exploratory evidence indicates that mathematics instruction of this form can have a
positive impact on student learning (Poon 2014). These results reveal that through
instruction engaging learners to develop a knowledge for multiplicative situation
interpretations with fractions help prospective teachers learn the interpretations with
conceptual understanding.

Table 6. Frequency of each interpretation as MS, PDS, and QDS for each category

Category 0 Category 1 Category 2 Category 3

# % # % # % # %

MS  3/26 12 5/26 19 4/26 15 14/26 54
PDS 1/26 4 4/26 15 4/26 15 17/26 65
QDS 2/13 15 1/13 15 4/13 31 6/13 46

In the next section, | will provide at least one example from prospective teacher
solutions for each interpretation and categories. | selected those examples that is
related to the title of the example randomly from the appendix that shows more

detailed explanation for each solution of each prospective teachers.

4.1. Some Examples from Prospective Teachers’ Solutions for Multiplicative
Situation Interpretations

4.1.1. Prospective Teachers’ Interpretations of Multiplication Situations (MS)

There are 65 responses in total from 13 middle school prospective teachers.
Prospective teachers interpreted 77% of multiplication situations in the gives task

items. According to results, only 6 of 26 solutions requires MS prospective teachers
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included incorrect interpretations, so 20 out of 26 solutions requires MS were
interpreted correctly by prospective teachers. For example, PT 2 interpreted the given
situation as MS when N and M are known, and P is unknown. The PT 2’s MS
interpretations for ¢ and e were categorized in Category 3 (see Table 3 and 4) because
PT 2 correctly and appropriately interpreted the situation in ¢ and e as MS by sing
multiplication sign and mentioning this situation as “neither” that means this is not a
PDS or QDS. The solutions also included an equation which mainly has appropriate
values for N, M, and P as it is seen in the task item c and e (see Figure 11).

Z

2. Which of the following word problems are problems for £ + § =?, which are for
%+ % =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.
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Figure 11. PT 2’s solution

4.1.2. Prospective Teachers’ Interpretations of Partitive Division Situations

(PDS)

Prospective teachers interpreted 88% of partitive division situations in the
gives task items. Three solution requires PDS were incorrect, so 23 out of 26 solutions

included correct interpretation for PDS. For example, PT 13 interpreted the given
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situation as PDS when M and P are known and N is unknown. PT 13’s PDS
interpretations for a and b were categorized in Category 3 (see Table 2). PT 13
mentioned the division is partitive or how-many-units-in-one-group. The solutions
included an equation which mainly included appropriate values for N, M, and P (i.e.,
N is unknown, M is 2/3, and P is 3/4 or N is unknown, M is 3/4, and P is 2/3) as it is
seen in the task item a and b. The PT 13 correctly and appropriately interpreted the
situations in ¢ and e as MS by mentioning it is how-many-units-in-one-group division

problem (see Figure 12).

2. Which of the following word problems are problems for 3 + § =?, which are for
3 <+ % =7, and which are for neither of those division pxobl:ms’ Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) If § of a pint of ice cream welgh: of a pound, then how much does 1 pint
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(b) 1f 3 of a pint of ice cream weighs } of a pound, then how many pints of ice
cream weigh 1 pound?
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(c) If thereis 3 of & pmt of ice cream and you eat 3 of that ice cream, then how
much ice cream did you eat?
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Figure 12. PT 13’s solution
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4.1.3. Prospective Teachers’ Interpretations of Quotitive Division Situations
(QDS)

Prospective teachers interpreted 77% of QDS in the gives task items. Three of
13 solutions require QDS were interpreted incorrectly by prospective teachers, so 10
out of 13 solutions were correctly interpreted. For example, PT 7 interpreted the given
situation as QDS when N and P are known, the division is quotitive or how-many-
groups. PT 7°’s QDS interpretations for d were categorized in Category 3. The
solutions included an equation which mainly included appropriate values for N, M,
and P (i.e., N is 3/4, M is unknown, and P is 2/3 ) as it is seen in the task item a and
b. The PT 4 correctly and appropriately interpreted the situations in d as QDS by
mentioning this is how-many-groups division problem (see Figure 13).

U 2

\
2. Which, of the following word problems are p for § + § =?, which are for
% -+ % =7, and which are for neither of those division problems? Explain how
you.can tell from the structure of the problem. For the ones that are division
problems, say which kind of division probl they are, h y-units-i
group or how-many-groups. )
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Figure 13. PT 4’s solution
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In the tables, in the appendix, | present each PST’s work for five sub questions.
In these tables, for each question, prospective teachers’ use of multiplication and/or
division, group and base units, and multiplicative situation interpretations have been
reported. Also, in the following part, | provide some analysis examples for category
0-3.

4.2.1. Prospective teachers’ solutions with respect to Category 0

Table 1 and 2 have been useful to see how students have done for each sub
question with color codes. For example, solution of PT 11 for the sub question b was
categorized in category 0 since PT 11 did not perform well on the sub question and
instead of division used multiplication, did not correctly include information for the
number of units and groups and interpreted as MS rather than PDS (see Figure 14).

T u,umu\ L AN 7/ LE G LA N LA T
s 1 '
(b) IR; of a;@r,eﬁn)wughs of a pound, Itht niowaga%gnﬁ%#:—%w
cream weigh [ pound Frove,
TS question™§8" M- vecor 2[5 PNFOF <@ | - W‘“M (37
W Qrovp (21> o” a grow) ona 3|4 of o fond S"’ZM~4

of whre 1bs s 100 V“"’S
,ﬁ‘i onils in als Of sy VL glop (L g, ur Tt quediibn
was for % of %vaf {m’ J_ base \mnL (,r of pm\S for L \b)

o) IF o)

Figure 14. PT 11’s solution for b

In the figure 15, PT 9 for ¢ did not solve problem correctly and did not include
any information about units and groups and did not interpret this situation correctly
(see Figure 15). PT 9 used subtraction instead of multiplication that shows PT 9 did

not get if she needs to think multiplicative situations.

(c) If there is 2 of a pint it of ice cream and you eat 3 _of that ice cream, then how
much ice crc'Lm m did you eat?

3 2 ol o kfiplication
V0o dinigion, P

Figure 15. PT 9’s solution for ¢
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4.2.2. Prospective teachers’ solutions with respect to Category 1

The solution of PT 3 for the sub question ¢ was categorized in category 1 since
PT 3 did not perform well on the sub question. Although PT 3 mentioned “neither”,
PT 3 did not use the multiplication operation sign and did not solve the problem (see
Figure 16).

(c) If there is % of a pint of ice cream and you eat g of that ice cream, then how
much ice cream did jou eat?

M\'\'Mf ) Wre oren'd 3 A Yerend
Up ! xs So WS Ny 5

Figure 16. PT 3’s solution for ¢

PT 5 solved the problem by using division, but PT 5 did not include
information about groups and base units explicitly and correctly and did not include
correct information about the interpretation about the partitive situation correctly (see
Figure 17).

TXCTAT)
(b) If 2 of a pint of ice cream weighs } of a pound, then how many pints of ice
cre'xm weigh 1 pound?

Wt ANoW thak H pint Wwegns 3/\p | 50 \ow whbeh
OO ADRS 5 2/geint wWeahT |l —> Wig (& © Vapwd e
AVpS dwision — 2(a = °/4

Figure 17. PT 5’s solution for b

4.2.3. Prospective teachers’ solutions with respect to Category 2

The solution of PT 12 for a was categorized in category 2 since PT 12 used the
division correctly, did not include groups and base units in the solution, and interpreted
situation correctly as how many units in one group division”, so it was PDS (see
Figure 18). That is why, PT 12’s first and last criteria are green and second one is
yellow (see Table 2).
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2. Whlch of the f ing word problems are probl for 2 + 3 =7, which are for

1+%=and “thh are for nenher of r.how division problems" Explain how

you can tell from the structure of the problem. For the ones that are  division
——

roblems, say which kind of division problems they are, how:

group or how-many-groups.

(a) If 7 of a pint of ice cream weighs 3ofa pound, then how much does 1 plnl et ID B
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(b) If 2 of a pint of ice cream \»elghs of a pound, then how many pints of ice

Figure 18. PT 12’s solution for a

The solution of PT 1 for b was categorized in category 2 (see Appendix A and
Table 2) since PT 1 used multiplication operation and included information about
group and base units and interpreted the situation as QDS, but it should be PDS (see
Figure 19). That is why first and last criteria were shown with green, while the second
one was shown with red (see Table 2).
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how  many avips oy A page uinit would wiake -
(c) If there is 2 of a pint ofice cream and vYu eat 2 of that ice cream. then how

Figure 19. PT 1°s solution for b

4.2.4. Prospective teachers’ solutions with respect to Category 3

The solution of PT 9 for a was categorized in category 3 (see Appendix | and
Table 2) since PT 9 used multiplication operation and included group and base units
and interpreted the situation as PDS (see Figure 20). That is why all three criteria

were shown with green (see Table 2).
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2. \’Vhlch of the following word problems are problems for 2 g+ - =7, which are for

+ 2 =7, and which are for neither of those division problems" Explain how

you can tell from the structure of the problem. For the ones that are division

problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

N v M = F (a) If % of a pint of ice cream weighs § of a pound, then how much does 1 1 pint
2 2 of ice cream weigh? S —_
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2 ) Nel- Anie. Mo llindical i

Figure 20. PT 9’s solution for a

The solution of PT 2 for b was categorized in category 3 (see Appendix B and
Table 2) since PT 2 used multiplication operation and included group and base units

and interpreted the situation as PDS (see Figure 21). That is why all three criteria
were shown with green (see Table 2).

0Py 5 Bese l/\mk( c) If thlere is 3 of%;nd& of ice creath and \ﬁu eatw,{:f that ice cream, then how
much ice cream did you eat?
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Figure 21. PT 2’s solution for b

The solution of PT 7 for ¢ was categorized in category 3 (see Appendix G and
Table 2) since PT 7 used multiplication operation and included group and base units

and interpreted the situation as MS (see Figure 22). That is why all three criteria were
shown with green (see Table 2).
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Figure 22. PT 7’s solution for ¢

The solution of PT 8 for d was categorized in category 3 (see Appendix H and
Table 2) since PT 8 used multiplication operation and included group and base units
and interpreted the situation as QDS (see Figure 23). That is why all three criteria
were shown with green (see Table 2).
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Figure 23. PT 8’s solution for d

The solution of PT 13 for e was categorized in category 3 (see Appendix M
and Table 2) since PT 13 used multiplication operation and included group and base
units and interpreted the situation as MS (see Figure 24). That is why all three criteria
were shown with green (see Table 2). As well as these examples, in the next part,

solutions of PT 1- 13 with details were provided with all details.
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(e) If $ofa gall‘og';zg u':e cream weighs 1 pound, then how n;any g.a.llons are 3
of & pound of ice cream?
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Figure 24. PT 13’s solution for e
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CHAPTER 5

DISCUSSION AND CONCLUSION

Results of this study revealed that the prospective teachers in this study
correctly interpreted 77% of multiplication, 88% of partitive division, and 77% of
quotitive division situations. 8% of 65 solutions is categorized in Category 0, 15% of
65 solutions is categorized in Category 1, 17% of 65 solutions is categorized in
Category 2, and 60% of 65 solutions is categorized in Category 3.

Multiplicative operations with fractions are at the heart of middle grades
mathematics, so learning and teaching this concept is crucial. Kursav (2017) proposed
that when topics related to fractions, fraction division, fraction multiplication, ratio,
proportional relationships, and algebra were emphasized in a course, middle grades
prospective  teachers were able to interpret multiplicative situations
appropriately. Prospective teachers understanding and awareness of fractions
arithmetic and interpretations of the situations as an essential skill for mathematics
and beyond was limited. The small but representative selection of prospective teachers
provided some evidence of prospective teachers’ developing knowledge for fractions
and fraction arithmetic considering quantities and multiplicative situation
interpretations throughout the content course. This study revealed that through
coursework which emphasized interpreting fraction, multiplicative situations
prospective teachers were more competent in operating with fractions.

This study investigated what interpretations middle school prospective
teachers make with fraction problems that involve multiplicative situations and to
what extent middle school prospective teachers make explicit use of specific features
from the instruction including the use of equations and quantitative meanings for
multiplication and division in their solution methods.

Similar to the finding of Beckmann et al. (2005) who reported that when

prospective teachers were given questions that did not specify the use of division
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they still have used division and incorporated the meaning of division, prospective
teachers in this study used multiplication and division in 53 responses of 65 total
responses for sub questions. In the present study, the use of division was not
specified since the aim was to investigate whether or not the prospective teachers
could use the meaning of division without any direction.

The instructional approach to topics in the multiplicative conceptual field appeared
to support the development of middle grades prospective teachers’ understanding of
multiplicative operations with fractions. This approach also supports prospective
teachers’ understanding of the meaning of multiplication and division and the use of
each interpretation’s (i.e., MS, PDS, and QDS) features. Izsak et al. (2015), this
framework offers prospective teachers an approach to thinking about multiplicative
operations in fraction problems.

To address my research question about what interpretations middle school
prospective teachers, make with fraction problems that involve multiplicative
situations, | can say that in this study, prospective teachers used the PDS more often
than QDS and MS correctly and appropriately. This result represents the first
determination regarding prospective teachers’ tendency when choosing which
appropriate interpretation to work with. According to Fischbein et al. (1985)
“Arithmetical operations were assumed to remain attached to primitive behavioral
models that influence tacitly the choice of an operation even after the learner has had
solid formal-algorithmic training” (p.3). Although in 65 solutions, PDS (88%) is
used more often than QDS (77%), the percentage of use of QDS is not low. This
result is consistent with a considerable amount of research that prospective teachers
attempted to use the PDS rather than the QDS, and prospective teachers found QDS
more difficult than PDS (e.g., Greer 1992; Nillas 2003). One of the main reasons of
finding QDS more difficult is that learners’ intuitive model for division is the
partitive model. However, when the divisor is less than one, PDS may not be
adequate. It is obvious that prospective teachers in this study worked on fraction
problems and so there was the need to QDS. Thus, for this case, the quotitive model

is also helpful like PDS. Fischbein et al. (1985) stated that quotitive interpretation
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was not influential until around age 14 or 15. Research has showed that learners
have difficulties about division and those stem from a lacking view of division
(Fischbein, Deri, Nello, & Marino, 1985; Tirosh & Graeber, 1990).

To address my research questions about the extent middle school prospective
teachers make explicit use of specific features from the instruction including the use
of equations and quantitative meanings for multiplication and division in their
solution methods, | investigated how prospective teachers used groups and units in
their solutions and how they used multiplication and division in their solutions. |
categorized prospective teachers’ solutions according to their performance on each
question considering their use of multiplication and division, units and groups, and
interpretations, 8% of 65 solutions are categorized in Category 0, 15% of 65
solutions are categorized in Category 1, 17% of 65 solutions are categorized in
Category 2, and 60% of 65 solutions are categorized in Category 3. This result
indicates that more than half of solutions of prospective teachers is categorized in
category 3, so those solutions included completely correct answers for use of
multiplication and division, use of units and groups, and multiplicative situation
interpretations. Not only solutions in category 3, but also some other solutions in
category 2 and category 1 included some correct responses for use of multiplication
and division, use of units and groups, and multiplicative situation interpretations (see
Table 1).

All those in mind, I can conclude that prospective teachers can solve
multiplicative situation problems when provided with a learning environment that
encourages them to draw on their intuitive thinking strategies and knowledge of
multiplicative situations within a designed content course similar to in this study.
Given an opportunity to experience a range of structures for multiplicative situations
provides a solid basis for learners’ developing a well conceptual understanding of

the concept.
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5.1. Limitations and Implications for Future Research

As with many qualitative studies, this study is also not without limitations.
First, the sample in this study is only representative of one mathematics education
program at one university and cannot be generalized to a broader context of
prospective teacher education programs. Additionally, the only data source used in
this study were the exam results. Future studies can include additional data sources
such as individual focus group interviews and classroom observations.

While the sample size of the study is small, more participants are needed in
more classes for future work. Also, studies including interviews are required to
further understand prospective teachers’ interpretations of multiplicative situations
with fractions. According to Thanheiser et al. (2014), fractions as numbers is an area
that needs to be investigated genuinely further and that is why there is a need a study
which includes interviews and bigger data sets.

Implications for this study can include theoretical, methodological, and
pedagogical considerations. Although the final exam question consisted of only one
main question, there were five distinct sub questions that asked the PST’s to perform
variety of multiplicative situation interpretations. In future research, different versions
of these questions/tasks can be conducted. This research should also shed light to
teacher education programs in their curriculum interventions for prospective middle
level mathematics teachers specifically for factions with multiplication and division
concepts. Additional research should be conducted in different teacher education

programs to compare and inform different programs
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APPENDICES

M. PT 1’s solutions for the five sub questions

PT1
NB

2. Which of the following word problems are problems for § + 3 =7, which are for
3+13 =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1f § of a pint of ice cream weighs 3 of a pound, then how much does 1 pint
of ice cream weigh? . Tis 15 A

(€) 1f § of a gall
~o€a pourd o

2.a.
e Multiplication/Division
o PT 1 used the division
operation sign +
3 2

4
e Group and Base units
o PT lincluded
information about
groups and base units
explicitly and correctly.
e Multiplicative situation
interpretation
o PT1 mentioned this
situation as “how-
many-units-in-one-
group division
problem”
o Thus, PT1 interpreted
this situation as PDS.
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A (continued).

PT1
NB

2. Which of the following word problems are problems for § + § =?, which are for
3+ 1 =7, and which are for neither of those division problems? Explain how
you can tell from the struct o
problems, say which kind of di
group or how-many-groups.

(a) 1f § of a pint of ice cream weighs 3 of & pound, then how much does 1 pint
of ice cream weigh? A 7 Y’

2.b

Multiplication/Division
o PT 1 used the division
operation sign +
2 3

3

Group and Base units

o PT lincluded some
information about
groups and base units,
but it is not complete
and explicit since PT 1
said that “it gives you #
of base units and asks
how many groups only
1 base unit would
make”. PT 1 did not
mention which one is
base unit or group and
the number of the
groups and base units.

Multiplicative situation

interpretation

o PT 1 mentioned this
situation as “how-many-
groups division
problem”

o Thus, PT 1 interpreted
this situation as QDS,
but it should be PDS
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A (continued).

PT1
NB

(b) 16§ of a pint
crgsm weigh

2.C.
e Multiplication/Division
o PT 1 used the
multiplication
operation sign X
3 2
173
e Group and Base units
o PT lincluded
information about
groups and base units
explicitly and
correctly.
e Multiplicative situation
interpretation
o PT interpreted this
situation as MS
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A (continued).

PT1
NB

2. Which of the following word problems are problems for § + § =7, which are for
3413 =7, and which are for neither of those division problems? Explain how
you can tell from the sructure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

of ice cream.

(a) If ] of a pint of i .u cream we-ghs 3 of a pound, then hw mud\ dm: 1 pmz
oG L Z bl

\ rm( o

%l Xy $12¢d
(b) I } n( n pml o[ m cream welghs § of a puund meu how muly pints
cem vrel‘h 1 pound?

(© fthere s jofa
mud\ ice cream did you en"

V anid 1w, A

0 J

1f § of a gallon of ice cr
gallon of ice cream weigh?

t B o
1f § of a gallon of ice cream weighs
~of.a pound of ice cream?

Xz 2 -2

2.d.

Multiplication/Division
o PT 1 used the
division operation
sign +
2 3

3 4
Group and Base units

o PT lincluded
information about
groups and base units
explicitly and
correctly.

Multiplicative situation
interpretation

o PT mentioned “how-
many-groups
division problem”

o PT interpreted it as
QDS.
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A (continued).

PT
1
NB

¥ o oy
(b) 1§ of a pint
sesm

‘which are for
Explain how
n

weigh 1 pound?

Multiplication/Division

o PT 1 used multiplication
with multiplication
operation sign X

3 2

—_— X —_

4 3
Group and Base units

o PT lincluded information
about groups and base
units but it is not
complete and explicit
since PT 1 said that “it
gives you both # of bu in
1 group and asks you to
find # bu in a different
sized group”. In PT 1’s
statement it is not clear
which one is the number
of base units or which one
is the number of groups
and not clear with the
number of the groups
with “different sized
groups’.

e Multiplicative situation
interpretation

o PT 1interpreted
this situation as
MS.
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N. PT 2’s solutions for the five sub questions

PT 2
MB

©

oups = Base Units
—02 7 Pase Units

pot = 7 e

et =2 s
7x % =3
e

wps = faase Unds

L7 pied

l\\b -’lp wk
l) Z

e

\)0;.\\ - /q‘ e

2,2 5

4*3

mv\{), » E{\ 3 Uuq
1 Vo= J\ Ja\lrn
f[\\: -7 y\Hrn

Yy » B =7
3

Yoo\ =2 2% g it

4 \\’hnrh of the following word problems are problems for  +  =?, which are for

1+ 1 =7, and which are for neither of those division pmblems" Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) If § of a pint of ice cream weighs  of a pound, then how much does 1 pint 2 . 2 -~
of jce cream \mg T ) ) )
’\J 1S &m For Y+ % -7 bewaunse Wt 1 -Sk' .
i mhw(j fov \\r\x numbar of  bage wnats ‘/Iql\u« '.r; -
in on¢ rxaw,mﬁ s | pind Theansuey, 5 et \
will be i bage units oc Jbs i
X How Woang in | arows
(b) 1£ § of a pint of ice cream weigfis § of a pound, then how many pints ofice 5 . o .,
cream weigh 1 pouyd? 1 ', “

? becawsa i¢ig

2
This 1§ asknge For =3

T A
oﬁkmz for T 54 pvds in | lbor, the Yaeiat?Mib
‘t \,N wrvts in | group. The answer will " Me 16y

base ruts, b.nﬂ tn i

*
v PR Bt
2Ou0y = Bese Yha ACR lhcn.\s ol a pit arue Creath and y0u eat § ‘of that ice cream, then how

much ice cream did you eat?

NE\M g P(ob\(,m < (AS\Lvr\-;a for
3 L =1
H* 37«

<'w‘* Yoo AgiT i

2 bowsl

Mops = Bexse U (4) IF 3 of o galon of ico cream weighs 1 pound, then how much does §of a 2 5 2. =

gallon of ice cream weigh? 7 ~ \
bine for A= & - 7 because V ,/l g ‘/ X 2
nmhw) fo(” the #F of arowps, o¢ pounds, s Ao l'vlh

T answses Will be in growps, or Pown s

R

tlow Mﬂﬂ?
{e) If § of a gallon o cellacam waighs 1 pound, then how many gallons are H
of a pound of ice cream?

P8
Newty, g question s askvgy for \wmunu}
. ~ -~
"b“‘\c"s M 3 \blgrewp), of 2 - 157 f
’\ K) .y \
1 allons in
/4 aslon i a
\ \\.\ o\ 11 \b

e Multiplication/Division
o PT 2 used the
multiplication with
a missing factor

2 3
X == —
3 4
o thenPT 2 used the

division operation
sign +
3 2

43
e Group and Base units

o PT 2included
information about
the group and units
explicitly and
correctly.

o Groups— Base
units 1 pint — ?
Ibs. 2/3 pint — 3/4
Ibs.

e Multiplicative situation
interpretation

o PT 2 mentioned
that this situation is
“how many in one
group”

o PT 2 identified this
situation as PDS.
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B (continued).

PT 2
MB

2.b.
e Multiplication/Division
o PT 2 used the
division operation
sign +
2 3

3
e Group and Base units

o PT 2included
information about
groups and units
explicitly and
correctly.
Groups— Base units
pint — ? Ibs.
It is asking for #
pints in 1 Ib. or the #
base units in 1 group.
The answer will be
base units or pints.

e Multiplicative situation

interpretation

o PT 2 mentioned this
situation as “how
many in one group”

o Thus, PT 2
interpreted this
situation as PDS.
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B (continued).

PT 2

M B 2. Which of the following word problems are problems for § + § =?, which are for
3+ =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one
group or how-many-groups

"10Ups > Ease Units  (a) If § of a pint of ice cream weighs § of a pound, then how much does 1 pint 3
= ofice cream weigh 5 4
This 1 Mn) For H+% 27 beanse it
is \\h»«j for YL numbac of  bage wadts 416
n_onclaronp, o # lbs | pind Thearsiey £ e
m\\ be i base wnats o lbg

%How wonw in | yrowe
(b) 1f § of a pint of ice cream weigfis 1 of a pound, then how many pints of ice 5 .
R cream weyghlpougd7 2.3 .9 2
This ssHng- Foc 7 g becansa i¢is T g
aSkine- For The 3 pivds Tn | b or, Ha YapiatMle

=N ™

ool uuts jn | f)mwp The answers will A 5
be base  truts Ppivits (%
) lflhmu TR Bifl orSom ereir bt 35 eat T that ice cream, then bow
Do T g R ice cream did you eat?
1 “ s NQH‘\/\U( g P(ob\(m [ agk.m,(.s for
e loou\ =7 % g it 5 %
- R )
i,2 o q*3
A 3 2 X
.. 2 gundion
Lonis s bowol .
sc i S o s callcn of ke crom wiighe 1 pou, then bow tmch dows § lofa2 o2 .
gauanor.cecmmmu.[ PR T 4U
T SEiney o X = % because 9T o]
2]

lsasking FoC the # of Aronps, oC pow
TWe andwees Will be in growps, or powde

% Hou
‘Krm‘; ? f\ ¢ Unitsle) 1f 3 ofngnllun o’fln!\m\m ‘weighs 1 pound, then how many gallons are §
mn of & pound of ics cream?
\n‘m NatAL, 4y question i
allon allons in - T3\ (qremp), o 3 »
) ' =)
a4
14 aellen

ot 3
,\
e i

| o= :\ s g\wvﬁ for \how »wm»}

2.C.
e Multiplication/Division
o PT 2 used the
multiplication with a
multiplication

operation sign x

3 2
= x = =7?where
4 3

pint in one bowl,
g bowl, and ? is ?
pint in 2 bowl
e Group and Base units
o PT 2included
information about the
number of groups and
units explicitly and
correctly.
e Multiplicative situation
interpretation
o PT 2 identified this
situation as
multiplication situation
as MS.
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B (continued).

PT 2
MB

T
\ s ¥l
pivd Thearsuy % eim

for e " or, the thp
< wruits in wp. The answes will A
€ by s D

of i
cream did you eat?
1,\,_,(‘ g ()fo\u\vm < ugkyNA for

s asking 4
The ondwses Will be v

s
Weighs 1 pound, then how many gallons are §

wasking for \‘w»\A.un)

N hlyed, or 22 LT

2.d.
e Multiplication/Division
o PT 2 used the division
operation sign +
2 3

3 4
e Group and Base Units
o PT 2included information
about the number of groups
and units explicitly and
correctly.
e Multiplicative situation
interpretation
o PT 2 mentioned this
situation as “how many
groups”
o Thus, PT 2 interpreted this
situation as QDS.
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B (continued).

PT 2
MB

"

. Which of the following word problems are problems for 3 + 3 =?, which are for
3+ 1 =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

oUps - Base Units () If § of a pint of ice cream weighs § of a pound, then how much does 1pint 3 . 2 -

P W LRt of jce cream weigh? p < N 4=

pat— ¥ lbs \S 1S m_\m;) For [+ % 7 becawse 1t T e R

o s is q\hwa fov Yaw numbar of  bage wndts -‘/’»m,"-lu:“
. in onc’arong, or ¥ \bs 1\ ‘“w‘ Thearsuey, < ¢ A

¢ will be VA base wonats o s ¥

¥ How oy in arownl
orps= Pt Unds (b) 1f 3 of a pint of ice cream weiglis 3 of a pound, then how many pints of % .9

cream weigh 1 poupd? 2
Vo7 pind Twis 1§ asking For F =2 Lecawsa ifig

T 5
o(k\nz. For The 4 pivds in | lbor, tiw 1,,‘,,,4«’/4\».)
t\)m wruts in | :(!'UWP-" e answer wil| " Mle
€ in Lase wruts, of b

Fe = Z ik
? a2 -2

4 3 ivits "

FHoy., . Do
1600y = Base nse(©) 1f there is § OFA'DIA of ck creatn and 10 at Y%t that ios cream, then how
| \;a,' = (/‘“* > much ice cream did you eat? ‘
> A NOthor, vWs pr oblem € asking. foc
f2 o\ =7 % p et )
2.2

] Al 3 -

W%

T t Noink
3 i in
e R 28
Iy et "z boval )
Moyge — kst Unds (d) 1 § of o gallon of ice cream weighs 1 pound, then how much does 3 of 8 Z 4 T =
Nevrr gallon of ice cream weigh? 2 2T 4

e = Sr el is s askines o0 I+ I~ 7 Lecause iy gl
b = Fhgellon o asking fol” the # o€ grougs, o pownds, a7l
s‘ x7 =% T andreers Will be in growps, or pownds

—— ¥ How mang- avom,
3Tougs = Eace Urits(e) If § of a gallon o ieddream whighs 1 pound, then how many gallons are §
T of a pound of ice cream?
WNetiy, Hang question i
2 ~ -
gedlons in 3 \plgreg), o0 2o » f

q S >
2 gallon
')/’v b

1 o= % 3,,”“{ waskng For how many

=7 THM

ST 1
3y aslenin
e /31y

Multiplication/Division

o PT 2used
multiplication with
multiplication
operation sign X

Group and Base Units

o PT 2included
information about the
number of groups and
units explicitly and
correctly.

Multiplicative situation

interpretation

o PT 2 interpreted this
situation as
multiplication
situation.

o Thus, PT 2 interpreted
this situation as MS.
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C. PT 3’s solutions for the five sub questions

PT 3
AC

2

2. Which of the following word problems are problems for § + =2, which are for
3+ =, and which are for neither of those division pxoblems" Ex how
you can tell from the structure of the problem. For the ones that

problems, say which kind of division n prolems they are, howman > i
"

group or how-many-groups. n VO“'A
3 of G %“3 oo © YT gmt
(a) ll{;_o!_n)uu of e cream weighs /S_n_pg;m_men how %

\\huw MY 2y —) My O XJJ{ 1

und [ro0? 7
‘ s VST
eia VANV gy p of g ) Aty ¥of s [ pard
(b) 1 § of a pint of ice cream weighs § of a pound, then how many pints of ice G YU [5*
sicam weigh-1 pound?
Wy Vhans 2 ? )(‘J/»( 2 1/3

urds f4ue” :
C by 22K

(c) I there is § of a pint of ice cream and you eat § of that ice cream, then how
much ice cream did fou eat?

O, Yhe orend B dif Yeren
Ut \3 So WS nod 5

askhy Yor ¥
(d) 1f 3 of a gallon op mﬂ.( weighs 1 pound, then how much dm}' ra yaura. J fl

gallon of ice cream weigh?
W\ NJV Wd”v Ju— Al 6 \[’) 3/[{ alrﬂﬂ
9 reuts 2y — 7 3.
L( s
v
) ll*o!np]knnhmu;ﬂ LQMWW mhwmmypnnn:ﬁ{;uv A

‘Y\&\*Wl lh( == jf W X317
sy ey

Shy WO e A paHiPkcatia Pragles

2.a.

Multiplication/Division
o PT 3 used the division
operation sign +
3 2

43
Groups and base units
o PT 3included
information about
the groups and units
explicitly and
correctly.
Multiplicative situation
interpretation
o PT 3 mentioned this
situation as “how
many units/group”
o Thus, PT 3
interpreted this
situation as PDS
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C (continued).

PT3
AC

2

2. Which of the following word problems are problems for § + § =?, which are for
3+ 13 =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-

group or how-many-groups. M 19wk
ol gt N e ayns P P9
() IW of ice cream weighs ﬁiwnd_lhcn how much does 1 pint
Tow MaTE o)y — Wy m
\ow M 2 A Lo
4 X =214

. v =
[ s [ty g STRTS

SRR T Y e 4§ of qon sty For ¢S [ pord
(6) 12 of a pint of ice cream weighs § of a pound, then how many ints of ice _f Ut [¥0*
cream i1 2 =

s T T 7/%;:371(737
& T

(c) If there is § of a pint of ice cream and you eat  of that ice cream, then how
much ice cream did jou eat?

M’\L‘Mf/ Yo otend B dif¥erend
upils 8o WS ned 5

; Aal
W] 9t askhg ¥or ¥4
(@) 12 of a gallon Ll 0ihs 1 pound, then how much desd} ofa Yaras ¢l

gallon of ice cream weigh? + of
Wiy Mepf, Sl 1 2y T Ty Taen
ey & T3

s 2y 7
P PIRRpn L ——— g
TP e N S TR B
/ L) s L[y
iy Wong e A paiPic@tia Pragles

2.b.
e Multiplication/Division
o PT 3 used the
division operation
sign +
2 3

3
e Groups and base units
o PT 3included
information about
units and groups
explicitly and
correctly.
e Multiplicative situation
interpretation
o PT 3 mentioned
this situation as
“how many
units/group”
o Thus, PT 3
interpreted this
situation as PDS.
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C (continued).

PT 3
AC

2

2. Which of the following word problems are problems for § + 3 =2, which are for
3+ =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups. \ o 194

@S e T Dhmet he how s 1 g 00 149
a) 1 § 5 & piot of ke cream welgha 3 (13 o sach does 1 pint
3 vt veig] ./_mnd—‘ en how much does 1 pint

Whow MY gy 3y o] )(21&;\3/1

s [T g SRS

I e A E T e
\\ c{,\o\u ﬁawl ’ 9 @2 m 3
S gt : IR "1:“
C 2k =2
(c) I there is § of a pint of ice cream and you eat ? of that ice cream, then how ¥
much ice cream did jou eat?

Y\l'\l"‘u/ Yo orentd B difYeren
Wptls So WS nod 5
g ¥or 4
(d) If 2 of a gallon ory?«‘: clngu( '3\:;;)» 1 pound, then how much dffﬁ‘;‘ :ra. ‘\;:m ¢

gallon of ice cream weigh? ——
Whoy Mt du— 1 2y T T Yy Taen
9rurs 1y — 7 Vg
¢ ”\‘/79“’3_)
REPRTR (| S e——

of a’pound of ice cream?

e sly —r 1L g 2/.?7
\\_\\XWJ Ty i X327

A0 WO b A a PRt Progles

2.C

Multiplication/Division
o PT 3did not show
the multiplication
Groups and base units
o PT 3did not
include information
about groups and
base units
Multiplicative situation
interpretation
o PT 3interpreted
this situation as
MS.
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C (continued).

PT 3
AC

2

2. Which of the following word problems are problems for § + § =?, which are for
3+3 =7, and which are for neither of those division problems? h
you can tell from the structure of the problem. For the ones th i
problems, say which kind of division problems they are, how-many

roup or how-many-groups. wi
) 1 :‘\‘; ”h-?‘l" %%Id hen h Oh&h\:& ‘:‘ e £0 0 mp‘
(a) 3 of & o ol s cream weig %18 pound. then how much does 1 pint ”

WY [ 9o - L
i 17 Gy p O

Jedat WA\ Yy e 4o Qreuhd Astng Yo s [ powrd
(b) 1£ 3 of a pint of ice cream weighs 3 of  pound, thea b ¢ pints of ( o
13 ol pot ooy weighs o s hen bow many s el e ()

an) €2 ;4 =l
W T’ T RmE
& XD

(c) 1f there s § of a pint of ice cream and you eat 3 of that ice cream, then how
much ice cream did jou eat?

M.‘qul Ve orend 2 difYerend
Wptls S0 WS med 5
3 sl
(@ x:;w.%md. then how much 4555‘;( :!J- ;:MJ L
gallon of ice cream weigh? T, wo
Whoy Derf, S 1 2Jq VT Ty Tyen
9reuts 1y — 7 A

ey 23
(¢) 11§ of a gallon of ice um‘ﬂx!‘uli L‘Y!md, e many guxun:;\}e ga ¥y
of a’pound of ice cream? —_—
ol L
O i P SR
/ a S 2y
D=

Sh WO e A palHiPicatia Proplem

2.d.
e Multiplication/Division
o PT 3used the
division operation
sign + and showed
the equation
wrongly
3 2

4
e Groups and base units
o PT 3included
information about
units and groups
explicitly and
correctly.
e Multiplicative situation
interpretation
o PT 3 mentioned this
situation as “how many
groups” problem
PT 3 interpreted it as
QDS.
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C (continued).

PT 3
AC

2

2. Which of the following word pmhlem! are problems for § + § =?, which are for
3+ 1 =7, and which are for neither of those division pmblems Explm huw
You can tell from the structure of the problem. For the ones that are d on
problems, say which kind of divison problems thy are, bow-many-units in-one-

group or haw m:m) -sious. _\%« ‘ ot pquHw .

o

v(ln.'tcun vkghs/_wnd.lhenhowmwrhﬂnmlp o ot [9
w much does 1 pint * |

()H'o!

\w\aw MY 2y — Wy o =9/
iy [’ 3 =214
! ! gz 23 O
sl AN gy P QN ey Yol Rimy [ pord
() ulor a pint of ice csean weighs { of a pound, then how many pints of ice g YU ¥
W \Wou Thand a ? W )‘
\\n,,u/qvu ' X Kis
2l s 30

(6) I thece s § o a pint of ice cream and you eat § of that ice cream, then how
much ice cream did fou eat?

M\LJ\U v\\r\lru orend B difYerend
Upt \S se WS no4 5

e
() Il‘ ol glllann tu&gr{om‘}nlpo ind, then how much das"‘:‘ol;:w
\ ﬂ(;\# “rnr‘{ UV‘—’) 1 /6 \[’) - ")/‘ 3”‘6
9 rauts m— 7 Y
ARV
x|
() lf}Mh bowmmyyﬂcm}lngdv v
f & undo[mcmun
a=y 2/ -
m\ij e 5’L A X3 =
Uy

IR Woud e A ma i@t Proples

Multiplication/Divis

ion

o PT 3used
multiplication
with
multiplication

operation sign X

Group and Base

Units

o PT 3included
information
about groups and
base units
explicitly and
correctly.

Multiplicative

situation

interpretation

o PT 3interpreted
this situation as
MS
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D. PT 4’s solutions for the five sub questions

PT 4
EE

v - 2

2, Which, of the following word problems are problems for| 3 + § =7, which are for
E +* 1 =7, and which are for neither of those division mo‘bltml’l Explain how
}unun lel.l from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many- !muw
v Pl
(a) 11§ of a pint of ice eream weighs § oo pound, then how much does 1 pint
oy cram kT KTne proliom A Vo UL~
'3(‘-‘—3— ’F’ o ﬂ(w-'\g\ otk b n Tt
' o iosin qrgp, T Sk fov How mang’
4y pint «rm \pint b are in | grup alont (N)
K yow yaany \)mt in - ﬂmf’ Awisisy
(g¥p) ulr?um o ice cream weighs § of & pound, then how many pintof ice
pint  ceam weigh T pound? x WWUWY\ Vel \/]47‘/1 =
% —~i ? i 1 %MFS IS
3 = P s pwin Ngups= 75 pintin
Y <
Yo ,bh»wmw 195 V‘“‘ n = N 7 = #op pintsw | \b?
?
v (eI nme isdofa EI:! of ice cream and you eat § o[ that ice cream, then how
o uh h ice ¢ 'undxd?\‘ml “ EITHER
s =7 HThisis a mv\hﬂlmhmhfwm b
ASH
vasc 341*5 are m %3 of a oNpP
that i< 244 boin sizl

gllon_| | 165 (4) 1t  of a gallon of ice'Sream weighs 1 pound, then how much does YA

o+ |

20 \? ?#T"’

qﬂ i I b$ B
2 ’*/.{

?

| sgllon of ice cream. »I.\jw w7
2 5

*The problevnt § Yo AL
Sll[: of | QV&VW {I;,i g4l = | \b
> los “ G of 7 gqvovps = 23 3a\| 2lb
- s 2lbs
haniany aﬁ%‘ﬁw i

(e) 1f # of a gallon of ice Slan veighe'1 poiind, then how many gallons are

of s pomad of ics cre .mv
hplieati
NEMHER: -2 =2 R s manplet

Y  ginel
,I, JOut YA ‘bﬁt in | gro(s
Z:) iy Ale s - o VS (4)
ad - nking fov’
buin }I3 Q’\ wp

¢
s gions
MmN
o

2.a.
e Multiplication/Division
o PT 4 used the division
operation sign +
3 2

43
e Groups and base units
o PT4included
information about group
and base unit explicitly
and correctly.
e Multiplicative situation
interpretation
o PT 4 interpreted this
situation as mentioned
“how much of a group,
total base unit in that
group, then asks for ‘how
many bu are in 1 group
alone (N)”.
o Thus, PT 4 interpreted
this situation as PDS.
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D (continued).

PT 4
EE

qallon_| 165
= w | :;llunolm(u&sl’ M7

2 \Q 'a—kT"

=

2 B8 3

v 2

2. Which, of the following word problems are problems for  + § —7 which are for

3+ =7, and which are for neither of those division problems? Explain how
you_can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
goup or how-many.- gmps

() I fofa ut of me weighs 3 da ponnd then Bow moch dows 1 ok

of ige cream yeigh? ,,
. KThe pwldom oaves Yo Now Mt
T Tk %Pﬂ(w P e
wein  wom o Ygin qvyp, TER a&ks Fov Now mal
Hypint NPT vpinr b arein | gov alone (N)

H ow wWany unitsin |- ﬂvnwp Awisie
(990 16 g

§ of & pint of ice cream wexsh:'\ of a pound, then how many pintgof ice
pint  cream  weigh 1 pound? KR 03V P =
% 4 _3_ ? - M groups : g

3 = P tlovin Mgoups= 73 pintin %/

?\Y\TS in 12

;
e ’bhnwmgm\ s - N" - sop ptsia | (b7
? RN
v (o If lhm is 3 of a pi nl of ice cream and you eat § oHI\nl ice cream, then how

much jce cream did you eat? E lTHER

3 2
Ty =Ty ,k’W\lS isa mv\h?‘“‘ﬁ‘ f”’
Asting You ndl nbw vnan
Vacc Sl are W #3 of a P
that ic 24 bun sn(,

165 (d) IF 2 of & gallon of ice'e eream weighs 1 pound, then how much deu
#The problevn S ymA 1’VLL
~Siwe of | gwp = 2y qall = |\
'Gru M 7 qvovps = 7,/5 fﬂnll ?lb
S vnenpw)
’X\!\Vw ”\V“Y graes mvm M

(6) 1 of  gallon o ice &eam weighs'L poind, then how many A
of & pound of ice cream uuuw"*—‘ i S

:L 2.2 )ﬁﬂms \sm mum \catiw
NEITHER * P KM

Y
1bs
w0

. '3*.“.{“ "/i’n( OtV b\/\ in \ vp (s
7 i RAe - o VP ()
) - Wnkingy fov
byin 1/3 0[(' L

2.b.
e Multiplication/Division
o PT 4 used the
division operation
sign +
2 3

3 4

e Groups and base units

o PT 4 included
information about
group and base unit
explicitly and
correctly.

e Multiplicative situation

interpretation

o PT 4 mentioned
that this question is
asking # of base
units in 1 group.

o Although PT 4
explicitly did not
state if it is PDS,
PT 4 included
definition for PDS
in the solution.
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D (continued).

PT 4
EE

Ay

(bv)

1bs

kD

UL
|

gallon_|

anllm
jlm |

7 |

v N
2 Whih of the[llwing word prolemsar proems o3 + =1, which e for
e for neither of those division problems? Explain how

Jou.dn tl from the siuchae of e problms. For e ons et are dvion
problems, say which kind of division problems they are, how-many-unitsin-one-
8roup or how-many-groups.
2 2. 2
(9 1 of a pintof e ieam weighs 3 5 8 pound,then how much does 1 pint
fige eream weight
> 5 KThe ww»m oW ow MU~
Z-7 of & P M-;@c ow n Tt
Avoup, ww\ nsEs hv Now mal
Foit s | gup alons (N)
H oW WAy Unitsin | ﬂrwf’ Awisin

(00 1o i o o cenm eih} of 8 pound, th how ey s e

pint  csm vegh 1 pouna? w Papm ”f\“‘“
% £+ j_ ? - M : gavps :
; - P ipuin Mﬂmupa Y3 va\nnyz
Yo :g":;“ﬁ’m“t‘“ s P\’“‘”’ = N7 #op piniswn | \b?
?
Vv © llx;:n sl or.d.:t ofce cream nd you st o tht i cream,thn b
e - |?\m|nl. NEITHER.
w3 #Twisis 8 muation i,
ASHNg Yon o
Jase onis mm —/; of a group
€ P by
bs of ice cream weighs 1 pound, then how much dosy ; hr s
[ 7“‘“" '“‘:’W #The problen gives you +1RL

~Sine of 1 gwvp = 2y gail = | b
- Gize of 7‘:)vw ps = 23 qall ?lb
R ‘1‘:»9 ?Ciy 5:%\%‘5 mvm.gp
(o) H 3 of a gallon of ice nmxm weighs'1 poiind, then how many

N
% 4 s
1.“)"55 A

s 3 K¢ ‘émumphmm
;Ir gatons oy PNy b?lv\ \%9[,
2 PR -mrmvwv!m

Vi i)

Wt

Multiplication/Division

o PT 4 used the
multiplication with the
multiplication

Groups and base units

o PT 4 included
information about group
and base unit explicitly
and correctly.

Multiplicative situation

interpretation

o PT 4 interpreted this
situation as MS.
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D (continued).

PT 4
EE

(bv)

1bs |
3
v
[

(JMN‘/"
4
2

gallm

5

[ 1bs NEHHEP +%-

v N
2. Which,of the following word problems are problems for(3 + 3 =?, which are for

3+ =7, and which are for neither of those division problems? Explain how
you.can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
goup or how-many.-groups.

v

(a) Irgnrnmm ol_mcmm weighs § oIlpo\md then how much does 1 ‘ﬁn

7 X The pw\a\mw h»w%

oﬁ‘@t o N

@v‘é\:p e o\sts fov Now many”
oV arein | gev adon (N)

F oW Wany unitsin |- :amf' Awisie
(90 1t /o:?u.m of ice cream weighs 3 of a pound, then how many pintglofice

pint  cream eigh 1 pound? KU 0ivee ST =

K —3~~2¢ ? ~M : gavps : |ps ”
. T‘ = P bvin Mgowps= 73 F'V\"'ﬂ’/
/w ’bmw S pintcin - N2 = s pintsia | \b?

v @1 Lhaeu iau int of ice cream and you et} or that ice cream, then how
L/mlldl m cream d); et eI TH EK
1 & HTnisis a mv\h?l\mhm WWV"‘M
Asting You o fing now ma
basc onis are lv\ 2f3 of e WP
that i< ZH boin sizL

tosn  p e oS in
oA pint TpEE tpinv

| b5 (d) IF 2 of & gallon of ice c 'éream weighs 1 pound, then how much does(]}f

| w‘;“ ‘"‘mv&@ M7 T problem § yon AL

? ’:—T”‘*" G Sine of 1 gobp = 2Jy gl = | \b
qoffms i 185 “Gincof 7 va: 23 gl - 2 b
A ) = 0} gnup’S vnknmn < 2 (b

i e
o # how Wiy %W?? mvm
(e) If 2 of a gallon o[ ice cieam welghs'L poiind, then how many gallon @)

of o pound of ice
¢ i« & pauth plicatin
% 'gvulé\/z/(vx mLKM%

T s \‘ § gpnet
i
,‘, ﬂﬂ.“fz'“ v/ﬁ,'aé A TR -bam \ o (s
i o) '““IS”(“"P”M)
Vg - ing fo
byin 1!3 zp we

2.d.
e Multiplication/Division
o PT 4 used the
division operation
sign +
2 3

3 4
e Groups and base units
o PT 4 included
information about
group and base unit
explicitly and
correctly.
e Multiplicative situation
interpretation
o PT 4 mentioned it
as “how many
groups division”
problem
Thus, PT 4
interpreted it as
QDS.
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D (continued).

PT 4
EE

DR = 2

2, Which of the following word problems are problems fof 2 + 3 =7, which are for
i+ g =7, and which are for neither of those division problems? Explain how
you.can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

o 2P Ol
(a) 1£ 3 of a pint of ice cream weighs § of a pound, then how much does 1 pint
of ige cream yeigh? AT

) X The prldem oqwes yow Now mut~
'3;7—2?77? o},,gq/\mmz,\—roi ow i That
win e e Yo in groyp, Then asks fov ow mal
0 pint Nesist Vpnr by arein | goopalone N)

H W ANy Inedsin | Grup Avisn

by @) 13 cl?l pint of ice cream weishav'\! of o pound, then how many gitglf ice
[ps | pint oo logmd? PPN e v =
s | Z= .3 =7 - M i gups : |pg
&l . f L‘; E . = P thvin Mgoups= 73 pintin Y/
Y| Ve elmen gy PR - 20 sy pintsia | \b?
| 2 ¢ b R A
/v (c) 1f there is  of a pint of ice cream and you eat § of that ice cream, then how
much ice cream did you eat?’
== Al EITHER o
1 &+ %o 10 ATNisis a nuipiplication W%
i Vetnts in asking You o fing new mansl
Woor qine 7ea™f VaSC oNitS Are i 273 of a oo
(SR tat i€ 24 b in sizl
gallon IbS___ (d) IF 2 of a gallon of ica'Sream weighs 1 pound, then how much does| r‘i
5| Sl"zﬂulfmﬁ'sﬂ@;"\;ﬂ" M7 T problen gives yon AL
2y | ? ¥ T o ’Slu(ﬁi@ p=3/4@,4l|=(\?h
golims a1 -Gt of 7 s = 22 gali = 2 |
7 i - 4 1) gnup's vnkgn -:U?ri‘?j
e v o Ve R AR
(¢) 1f # of a gallon of ice cream weighs'1 poiind, then how many gallons ar
of a pound of ice cream? ";E‘ ;‘V\—""_‘a mu\h P\‘Mh[m
[ 4 18, 2k, 0 i< ic
gelm [ 06 NEMTHER® - % = f oblon, pecliste
=3 | it gv va““
{v\ . gafons ?/i:u‘g P50 bt in | grople
7| L 4 of 4VPS ()
Y oo 5 \°‘§)\°'\VW& Ifn\r "
vin 23 gnow
(P\q‘

2.e

Multiplication/Division

o PT 4 used the
multiplication
operation sign X

Group and Base Units

o PT 4 included
information about
group and base unit
explicitly and correctly

Multiplicative situation

interpretation

o PT 4 interpreted this
situation as MS.
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E. PT 5’s solutions for the five sub questions

PT5
JG

2

%sxumé o

b
Fopon 77

3
aton =7 1o

?T\\wr\S > el

2

Which of the following word problems are problems for § + § =7, which are for
1+ § =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
§roup or how-many-groups
(8) 1 of a pint of ce cream wiighis § of a pound, then how much does 1 pint
of ice cream weigh? - Lo
We are given e weaght of /s pint \er ergam o or
Falo. Wewont o Ve M weignt of |pok of iee cream.
Thos, s 1 0 Y4173 diwision pveblem We wank o
Wrew oW _mneny ONtS axe \n | goop o pov of (e

oo
(b) T § of a pint of ice cream weighs § of a pound, then how many pints of ice

cream weigh 1 pound?

Wt hnow tnak o ik Waghs /\b, 50 lvow whdeh

om0 26 3[zgint wSANS I —> Wi 6 < v e
youps dwisien —» 2737 Ty

(c) If there is § of a pint of ice cream and you eat § of that ice cream, then how
‘much ice cream did you eat?

This 16 6. mulGiplicedion PUALM * WE hove 34 pink
and #/3ef Sror ampont 16 waden Thog, we Wank Yo
Vinow wihek 213 of apink is —> s (8/4 por)

(d) If § of a gallon of ice cream weighs 1 pound, then how much does § of
gallon of ice cream weigh? ! -
Mt oYe rjing %o fnd Ve weighy of =/y g ~lon
16 Sreom winen 3% Gellon weigns one poond.
ThLis o iew  many Aoups diyifion , we wont fo
tront oW mone, voup3 of [ 14 ;;_ﬂn ’él>3auun o
WE GF Kb oy'=—7 5L
T e T e 1B e o LB
of a pound of ice cream? e i \ N
This 18 & motolitod.on problem wnehn  Weapies
h}\(:n% 3/ gallon  (we know ¢ o) and mq\(.pN‘.noK
vy 213 ook axmeunt +o find 00F Ya gallons 10 Y3

Ly 3.2

% 5

e Multiplication/Division
o PT 5used the
division operation
sign +
3 2

4
e Groups and base units
o PT 5did not
include information
about groups and
base units
e Multiplicative situation
interpretation
o PT 5 mentioned
this situation as
“how many units
are in 1 group or
pint of ice cream”
o Thus, PT5
interpreted this
situation as PDS
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E (continued).

PT5
JG

2

2. Which of the following word problems are problems for § + 3 =2, which are for

2

S Fo

\prox ¥ _?
P
7

5

EHERETS
?—7lv

foiw

P
5

%gntlm 7%

EN
Fgplon ¥ ?

3
figeton =7 \le

?%‘\\v,‘g > Yalo

{1+ § =, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(w) 1 § of a pint of ice cream weighis 3 of a pound, then how much does 1 pint
of ice cream weigh i’ X
We v gven Hhe weghh of %3 pint e crgam o or
Zujlo. Wework to Pwmow M weignt of |ok of ice cream.
Toos, 4 is O 4373 dwision pwblem We wank to
thre oW many Ot axe in { grosp oF pink of ico-
o
(b) 1f § of a pint of ice cream weighs § of a pound, then how many pints of ice
cream weigh 1 pound?

W Anow +hak Ho P wegns 4\, 5o lvow whiehe

M_ﬁﬂ“‘—‘m\%ﬂmv = W B < \how e
yops dwision — 2/ /.1

(c) If there is § of a pint of ice cream and you eat § of that ice cream, then how
‘much ice cream did you eat?

This 16 6. mulhiplicodion PRALN * WE hoves 3N pint;
and 2/30¢ Yok ampont 16 caden Thug, we Want to
Vinow wihok 213 6f 3/apink is —> /5 (8/4 por)

(d) If § of a gallon of ice cream weighs 1 pound, then how much does § of a
gallon of ice cream weigh' . 3
Vit oxe tnying o fnd Mo weighy of Iy g~lon
G- Oroom wnen 24 gallon wWeighS ane poond.,
Thieis o isw many AoupS diyition , we wont- o
l’vv&m o Y voup3 of 5/‘?3‘:) ;:\\: 'L‘Iagau'm to
Wt T o= %
© nr!d& i s 11 e B iy e 3
of a pound of ice cream? " 5
Tois 18 a. motolitad on problem wihnen  requives
toKing 3/ gallon (we lnow i€ \b) gna m\)\ho\dr\o&
vy 213 Yaar amevnt fo find 0% Yae gallons 1n Y3 |

Ly 3.2
c:

3

e Multiplication/Division
o PT 5used the
division operation
sign +
2 3

3
e Groups and base units

o PT 5did not
include information
about groups and
base units

e Multiplicative situation
interpretation

o PT 5 mentioned
this situation as
“how many groups
division”

o Thus, PT5
interpreted this
situation as QDS
not PDS. That is
wrong.
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E (continued).

PT5
JG

2.

2
L ind %\b

\pirr 7

%9.\\?1—‘7 o

t
Fopuon 7

3
Reton =7\l

{ qullens > Yal

2

Which of the following word problems are problems for § + § =, which are for
3+ =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups

(8) 1§ of a pint of ice cream weigh ] of a pound, then how much does 1 pint

of co cream weigh? X .
We ard gven 4ne weight of Z/3 pint \ee oo 1o a

Iulo. Wewank o tnon W wegnt of Igok of ice cveam.
TS, dhis \s 0 Y4i3  division pwblem We want to
W ow_many 9ts ore \n | grovp or p\av of (-

Creaxn
(b) 1 § of a pint of ice cream weighs  of a pound, then how many pints of ice
eream weigh 1 pound?

W ANOW 4hak M Pt WEghs 4\, 50 \how whdeh

ON_oops 5E_ 2gpint weqhs Il —> w6 < 1ow e
Iy

Yops dwision — 2/3703

(c) 1f there is J of a pint of ice cream and you eat § of that ice cream, then how
much ice cream did you eat?
This 16 o mulkiplicodion Pdem * We hove 3J4 pinty
and %30t Yot ampont 16 caden Thug, we Wank Yo
Vinow ot 23 o€ B/apink is —> /s (8/4 por)

(d) If § of a gallon of ice cream weighs 1 pound, then how much does § of a
gallon of ice cream weigh?

e are Arying Yo And Yo weighe of /3 g ~lon

G- Orooim winen 2% Gallon weighs one poond.

THLiS o Visw many gvoups diyision , we wont 1o

tinod \how v voups of  3[{ gn) (;_\\o ’él&tjn((nf\ to

R Kon = =

(O Yt e ST s 1/ o ey
of a pound ofice cream? . .
This 18 . motsolitaton peoblem Wneh Leqpves
toKing 3/4 gallon  (ve know i€ INb) and waltiphin

b vy 213 Yok aeunt do find 00F Y gallons in Y3

Ly 3.2

L S

ven how many gallons are §

Multiplication/Division

o PT 5used the
multiplication with
the multiplication
operation sign but PT
5 misplaced numbers

2 3
373
Groups and base units
o PT 5did not include
information about
groups and base units
Multiplicative situation
interpretation
o PT 5interpreted this
situation as MS.
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E (continued).

PT5
JG

% gulion -7\

LS
Footon 77

3
Tpton > Wl

2

2. Which of the following word problems are problems for § -+ § =?, which are for
1+ =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.
() 1f § of a pint of ice cream weighs 3 of a pound, then how much does 1 pint
of ice cream weigh? ; o
We are gven 4ne waght of %3 pint \er troam o a
Yo, Wewank o vwoe W weignt of ‘Pﬂ‘g of ice areom.
Toos, dhis s 0 Y4373 diision pblum We wank o
Wosw oW onany OVt S ore \n \ vovp o Pov of ico-

Crgomn
(b) 1f § of a pint of ice cream weighs § of & pound, then how many pints of ice

eream weigh 1 pound?

W ANOW 4ok M it Wegns 2/4\b, 50 low waseh

M_ﬂﬂ&iiuﬁn%_@_nhs\uh = W b © ew e
youps dwisien — Z/3 = /_‘

(c) 1 there is § of a pint of ice cream and you eat § of that ice cream, then how
much ice cream did you eat?

This 15 6 muliplicedion PUALN * WE hove )4 pin;
and 2/30¢ Yhor ampont 16 waden Thug, we Wank Yo
Vinow winak 213 of 3/ypink is —> 25, (8/4 pror)

() 11 3 of a gallon of ice cream weighs 1 pound, then how much does § of a

gallon of ice cream weigh? :

Ve oxe Arjing %o fnd Mo wweigie o8 /g, g alon
\G- OMoon when 2[4 Gellon weighS one poond,
s o ow many  Awups Qw'\:;on L We wont fo
tanodt \iow vio. voUp3 “of ")Hrn) ;;_\\Q"é(ﬁga(lbr\ )
(uﬁ‘r% Amn:{ﬁk;hr::m o\:tlghs 11&.1?.";‘)\\3.?“ wmeny {;l?ll:ns p

of apound of ice cream? | ) )

This 18 o moBlitedion problem waieh  reapives

toking 3/ gallon  (we know & I\b) gna mo\frwin%,

? > el vy 213 Yaak amovat fo find 00F Yhe galions 1n 23S
$ epllons N e

Ly 3.2
%

3

Multiplication/Division

o PT 5used the
division operation
sign +

2 3

3
Groups and base units
o PT 5did not
include groups and
base units
Multiplicative situation
interpretation
o PT 5 mentioned
this situation as
“how many groups

of% gallon go into

g gallon” problem

Thus, PT 5
interpreted this
situation as QDS.
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E (continued).

PT5
JG

z 3
GO Flo

\F\m"_?

£ guon=r 1

N
Fgoton ?

3
Fopton =\l

2

2. Which of the following word problems are problems for § + § =2, which are for
3+ =?, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.
(a) 1f § of a pint of ice cream weight § of a pound, then how much does 1 pint
of ice cream weigh? : X
We ave given 4he waght of 3 pint \er oam 1o oa
%ao. wewark o Dwon M weignt of Ik of e creom.
Thos, dhis s O Y4173 dision.pblem We want o
e ow_many IS are \n | grooe or par of (-

e
(b) 1f § of a pint of ice cream weighs § of a pound, then how many pints of ice
cream weigh 1 pound?

W ANOW 4hak Hp P WEghs /\b, 50 \vow whieh

MOy _OvpS 8€_ agint weaiqhs i —> Mg (b < W) Mev
yops dwision —y Z/37 Ta

(c) If there is § of a pint of ice cream and you eat § of that ice cream, then how
wch ice cream did you eat?

This 16 6. mukiplicedion PRAEM * WE hove 3/ pink;
and /3ot ¥not ampont 16 caen Thug, we Wank Yo
Vinow what 243 0f B/apink is —> /s (8/4 o)

(d) £ § of a gallon of ice cream weighs 1 pound, then how much does § of
gallon of ice cream weig] } -
MEore tnjing %o fnd Ve weighr o8 2/ g~lon
10 o winen 24 Gellon weighs one pond.
Theis o sw many  wups é.'“'\ﬁlp\'\ 1 We wont o
Hnovt \om o voup3 o8 (290 into *(sgallen iy
Fm,(L Mne wBQRE GF 3 qolen=> 2/3+3
(¢) 1 § of a gallon of ice"cream weighs 1 pount, then how many gallons are §
of a pound of ice cream?

Tois 18 A MoMBN Gt ion problem whnen Veqpives
Foing 3/ gallon  (we know & 1\b) gna. mQ\ﬁPNin%
1

?T“W > olo vy 213 Mook axnevat 4o find 00F Yae gallons in Yy

Ly 3.2

a4 3

Multiplication/Division

o PT 5used the
multiplication
operation sign X

3 2

j— X j—

4 3
Group and Base Units

o PT5did not
include information
about groups and
base units

Multiplicative situation

interpretation

o PT 5interpreted
this situation
interpreted it as MS
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F. PT 6’s solutions for the five sub questions

PT 6
JH

2. Which of the following word problems are problems for § <+ § =7, which are for
1+ =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1f § of a pint of ice cream weighs § of a pound, then how much does 1 pint
3 s

%5 % This is o hou peny i Ohe Growe diision Présicm.

We Chn tell petayse We o givey; O FT0CHm oF 0 Lo
2
(3“’*_) M Gre 0515c8 {0 Find tue Whole (L Ping),
(b) 1f § of a pint of ice cream weighs § of a pound, then how many pints of ice
o igh 1 pound?
s is 0 how seny fpy one goed diviSon Probicun .
2
We o girn o froctien of o (!:'!zu‘(i;' ofand) chd on
) i +he Lhore (4 "“""”{J]').
(¢) If there is § of a pint of ice cream and you eat § of that ice cream, then how

much ice cream did you eat?
. L)
./‘&vwx. This 15 0 MUK pCOtion Vroblem. 5 . _5 s &
Ke Crem\ [ 60ues
(" £300) (1-.;4,., ;,,)

(d) I § of a gallon of ice cream weighs 1 pound, then how much does § of
gallon of ice cream weigh? &

o .
’ 10 VA
Aitrec, This iS MUt PliccHow Problem. - ~ -
Wi PIiCe 3 7 ~ !//.L 7' /m.
=

(¢) 1 § of a gallon of ice cream weighs 1 pound, then how many gallons are §
of a pound of ice cream?

z

O MUMi P licthicn Probicwm,

7 netions (9 per
\‘:)",»(u-)‘) (' ouds) ( 33 Ponds 5

2.a.
e Multiplication/Division
o PT 6 used the
division operation
sign +
3 2

4
e Groups and base units
o PT 6did not
include information
about groups and
base units
e Multiplicative situation
interpretation
o PT 6 mentioned
this situation as a
“how many in one
group division
problem”
o Thus, PT6
interpreted this
situation as PDS
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F (continued).

PT 6
JH

2

2. Which of the following word problems are problems for § + 3 =7, which are for
1+ 1 =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) If § of a pint of ice cream weighs § of a pound, then how much does 1 pint
weigh?

%:_ % This is 0 hou pchy in Ohe Groue dinsion Prosicm.

We Ch tell berouse We e ks O FTOCHen oF O Lo
(%""‘) H GIE 0544 fo Find tue Whole (L pimy),

(b) 1f § of a pint of ice cream weighs ] of a pound, then how many pints of ice
how sty iy one gk OiViSich PrOblEw

cream weigh 1 pound?
g Ths is &
e o g ¢ goce (& oPand) ¢
We ore girn o froctien o o 9roee (7 o Pand) ohd cp

il Hue. Lbote (4 fedord),
(¢) 1f there is 3 of a pint of ice cream and you eat  of that ice cream, then how
much ice cream did you eat?

” A 3 3 1
Mertner. TWS 15 O MU BICOHon Problem. % ==

b
(5m) Gt )

() 1 ] of a gallon of ice cream weighs 1 pound, then how tucy does § of a
gallon of ice cream weigh? & P ¢
W ol
Chiow Problem, < ~ -
: FE PR A
s 1. gl

(€) 11 § of a gallon of ice cream weighs 1 pound, then how many gallons are §
of a pound of ice eream?

twer, Thi 15 O MOHiplicotion Pioblcwm.

Wiy

Qo5 P

() o) (35 s )

S¢

2.b.
e Multiplication/Division
o PT 6 used the
division operation
sign +
2 3

3
e Groups and base units
o PT 6 included
information about
groups and base
units.
e Multiplicative
situation interpretation
o PT 6 mentioned this
situation as “how
many in one group
division” problem
o Thus, PT6
interpreted this
situation as PDS.
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F (continued).

PT 6
JH

2

2. Which of the following word problems are problems for § + 3 =, which are for
3+ =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(3) 1 § of a pint of ice cream weighs § of a pound, then how much does 1 pint

weigh?
5'7 % This is 6 how many i One growe division Proviem.

We Chn tell betuse We oo gikn O £10Cton oF 0 Lhe
(Bem), o) o os14cd 4o iy tue. hoie (L Pim),
(b) 1 § of a pint of ice cream weighs § of a pound, then how many pints of ice
o i nd?

Ths is & how achy iy one god diViSloh PrObiCI,
grece (7 o Pand), cnd co
Hid +ne hote (4 "“4\‘)“#),

(c) If there is 3 of a pint of ice cream and you eat § of that ice cream, then how
‘much ice cream did you eat?

We ore gin o froctien of o

2

(55 (e

(4) 1 § of a gallon of ice cream weighs 1 pound, then bow much does § of &
gallon of ice cream weigh? AL

Mertwes. ThS 15 00 MU pHCOHow Problem. % .2

Wy AN

ACitiec, This is muttipiicotion Problem. - ~ z

L piton HHE I = T A
% N o=

(e) 1 § of a gallon of ice cream weighs 1 pound, then how many gallons are §
of a pound of ice eream?

Aeitwer, TS 15 O MUK plicttan PIobicwm.

%

Multiplication/Division

o PT 6 used the
multiplication

Groups and base units

o PT 6included
information about
groups and base
units.

Multiplicative situation

interpretation

o PT 6 interpreted this
situation as MS
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F (continued).

PT 6
JH

2

2. thh of the following word problems are problems for § + 3 =?, which are for
+ 1 =2, and which are for neither of those division p{oblems" Explain how
you can (zﬂ from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.
(s) 1f § of a pint of ice cream weighs 3 of a pound, then how much does 1 pint
ream weigh?
2.2 3 ‘n“ is 6 hoU pony ih One el division Provicm.
i
We Ch tell betase e oo Siky & F10CHaw of 0 Who
(B¢imY, o) e osssch 1o Fin tue Whote (L ping),

(b) |r } of a pint o[ ice cream weighs § of a pound, then how many pints of ice
weigh 1 pound?

T is 0 how aehy iy one gk OiViSion ProbiEin,

We ore Giren o froctien of o e (F oPand) ond on
Mo Hild +ne Whole 1“‘"")

(c) If there is 3 of a pint of ice cream and you eat  of that ice cream, then how
‘much ice cream did you eat?

A 3 b 2
Mestver. TS 15 O MUiBHCOHON mblm l.2=°

E
€ Creom

n1 w) (fm,.‘, )

(@) 1 3 of & gallon o ice cream weighs 1 pound, then bow uuch does § of a
gallon of ice cream weigh?

Meitrec, This i . Provle il 2
Cinar, T . micstion P + L /M .

(¢) 1f § of a gallon of ice cream weighs 1 pound, then how many gallons are §
of a pound of ice cream?

‘:

¢
(oo ()

2.d.
e Multiplication/Division
o PT 6 used the
multiplication, but PT
6 should use division.
e Groups and base units
o PT 6did not include
information about
groups and base units.

e Multiplicative situation

interpretation

o PT 6 interpreted this
situation as MS not
QDS. That is wrong.
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F (continued).

PT6
JH

2

2. Which of the following word problems are problems for § + 3 =7, which are for
3+ 1 =, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1f § of a pint of ice cream weighs § of a pound, then how much does 1 pint
gl eyt
%{- 2 YThis is 0 hou ey in One Growe division Provicm.
We Ch tell petase e cre giky 6 FT0CHM oF O Lhio
(Bem), ) ore osed 1o find tuc Wehote (L Ping),

(b) 1f § of a pint of ice cream weighs } of a pound, then how many pints of ice

cream weigh 1 pound?
Ths 5 0 how sty iy one ot diviicn ProbEwm.
3
Wwe o girn o 4n

Toction of o groce (7 o Pand) ond on
95 te tild +ye wole (4 Pendordh),
(c) 1f there is 3 of a pint of ice cream and you eat 3 of that ice cream, then how
much ice cream did you eat?

?
o MUtipnCHion Vrovlem. 2 . 2= L

0 D,

(@)1  of a gallon of ke cream weghs 1 pound, then how ruc does § of a

gallon of ice cream weigh? XY
LONEN oY
N

" . %

Witiee, This IS MUt pliccHOw PrOblEm. - ~

S ot ot Z L =
)

(¢) 1£ § of a gallon of ice cream weighs 1 pound, then how many gallons are §
of a pound of ice cream?

Mertwer. ThS 15

O MUK P Iictkan Problewm,

felers P=r
(.?-/3 (.‘am; 5

e Multiplication/Division
o PT 6 used the
multiplication operation
sign x
3 2

_x_
4 3

e Group and Base Units

o PT 6did not include
information about groups
and base units.

e Multiplicative situation

interpretation
o PT 6 interpreted this
situation as MS
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G. PT 7’s solutions for the five sub questions

PT 7 2.a.
LH e Multiplication/Division
: o PT 7 used the
R ara R division operation

problems, say which kind of division problems they are, how-many-units-in-one-

group or how-many-groups. Slgn =
| (a) 1§ ofapint of i a 3 my int
of ice cream weigh? ) ®v: |\ o AR S\ gk ) 3 2
TS 1) & Mo sy - oyt - - AL -9 : i
3 \ ) ek

473
e Groups and base units
o PT 7 included
information about

groups and base

X units.
o a e Multiplicative situation
{(@) 11 § of a gallon of ice cream - -
B Ml b B interpretation

L aal \
) IRV M
%y aad x

o PT 7 mentioned this
situation as “ how-
many-units-in-one-
group” problem.

o Thus, PT7
interpreted this
situation as PDS
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G (continued).

PT 7
LH

2

2. Which of the following word problems are problems for § + § =?, which are for
3§+ 1 =7, and which are for neither of llhmedmwpwbkms Explain how

I(d)l“ of a gallon of ice cream w
o ol o crmes gt \

[€) 1 § of  gallon of Jce
of a pound of ice

2.b.
e Multiplication/Division
o PT 7 used the
division operation
sign +
2 3

3 4
e Groups and base units
o PT 7included
information about
groups and units
explicitly and
correctly.
e Multiplicative situation
interpretation
o PT 7 mentioned this
situation as “ how-
many-units-in-one-
group” problem.
o Thus, PT7
interpreted this
situation as PDS.
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G (continued).

PT 7
LH

1(5fll}o!nplhndi
“gallon of ice eream

2.C.
e Multiplication/Division
o PT 7 used the
multiplication

e Groups and base units
o PT 7 included
information about
groups and base
units explicitly and
correctly.
e Multiplicative situation
interpretation
o PT 7 interpreted this
situation as MS
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G (continued).

PT 7 2.d.
LH e e e o it e Multiplication/Division
e — o PT 7 used the

3+ =7, and which are for neither of those division problems?
you can tell from the structure of the problem. For the ones that

problems, say which kind of division problems they are, how-many-units-in-one-

g SRR division operation
R S o\ ()ll]a[ p(v. l:munm‘hs!ol poundlhmh;w much does 1 pint . .
~ sign +
2 3
3 4

e Groups and base units
o PT 7 included
groups and base

a pint of ice cream and you
didyoueat? Thyjg iy
o1 POV

i | g i, e units
l,wm,,mm@m 1;,;;;wdﬂ.mm_mml,,. — | e Multiplica;ive situation
R interpretation

o PT 7 mentioned
this situation as
“how many
groups” problem

o Thus, PT7
interpreted this
situation as QDS.
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G (continued).

PT 7
LH

.
) {@3 of a gallon of ice
ice cream weigh!

Yove - B Sy
R \ R e
471 a0

O

Multiplication/Division

PT 7 used the
multiplication

operation sign X
3 2
—_ X —_
4 3

Group and Base Units

o

PT 7 included
information about
groups and base
units explicitly and
correctly.

Multiplicative situation
interpretation

o

PT 7 interpreted
this situation as
MS.
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H. 8’s solutions for the five sub questions

PT 8
CH

< 2
P
2. Which of the following word problems are problems for § + § w?, which are for
9 3+13 =7, and which are for neither of those division problems? Explain how
< ¢ you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-uits-in-one-
§r0up or how-many-groups.

(a) 1 § of a pint of ice cream weighs § of a pound, then how much does 1 pint
of ice cream weigh? 3 \

(d) 1f 3 of a gallon of ice cream weighs 1 pound, the
gallon of ice cream weigh?

2.a.
e Multiplication/Division
o PT 8 used the
division operation
sign +
e Groups and base units
o PT 8 included
information about
groups and base
units.
e Multiplicative situation
interpretation
o PT 8 mentioned
this situation as
“how many units in
one group”
problem
o Thus, PT 8
interpreted this
situation as PDS.
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H (continued).

PT 8
CH

2.b.
e Multiplication/Division
o PT 8used the
division operation
sign +
e Groups and base units
o PT 8included
information about
groups and units.
e Multiplicative situation
interpretation
o PT 8interpreted
this situation as
PDS.
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H (continued).

PT 8 2.C.

CH : R e Multiplication/Division
a5 o PT 8used the

2. Which of the following word problems are problems for § -+ § w?, which are for
§+13 =7, and which are for neither of those division problems? Explain how

i l’)‘ouznnullllmm:buduma/lluymum For the ones that are division multiplication

problems, say which kind of division problems they are, how-many-units-in-one-

§roup or how-many-groups. 3 2
() 1 3 of a pint of ice cream weighs § of a pound, then how much does 1 pint =
of ice cream weigh? i \ v_-,,‘_),\m.‘ — X —

e Groups and base units
o PT 8included
information about
groups and base
units explicitly and
correctly.
e Multiplicative situation
interpretation
o PT 8interpreted
this situation as
MS.

2

o ] of  pibh 1 crcin 71 o
cream did you eat?
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H (continued).

PT 8
CH

2.d.
e Multiplication/Division
o PT 8 used the
division operation
sign +
2 3

3
e Groups and base units
o PT 8included
groups and base
units explicitly and
correctly.
e Multiplicative situation
interpretation
o PT 8 mentioned
this situation as
“how many
groups” problem
o PT 8interpreted
this situation as
QDS.
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H (continued).

PT 8
CH

5w () 1 3 of a gallon of ice cream weighs 1 pound, then bow much
2

(¢) If there is § of a it of ice cretm aid you ea
mach ke cream did you eat?

gallon of ice cream weigh

(€) 17 3 of a gallon of ice eream weighs 1 pound, then how many gallons
of a pound of ice cream? , p

Multiplication/Division

o PT 8used the
multiplication operation
sign x

3 2

Zx=
4 3

Group and Base Units

o PT 8included information
about groups and base
units explicitly and
correctly.

Multiplicative situation

interpretation

o PT 8interpreted this
situation as MS
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PT 9’s solutions for the five sub questions

PT9
CJ

2

2. Which of the following word problems are problems for § + § =?, which are for
1+ =2, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

NyM:=P

(8) 1£ 3 of a pint of ice cream weighs § of a pound, then how much does 1 pint
979 3 of 65 cream weigh? S =

Wz 3., how Mawy in | growp.

o s 1Y 473 Lused N1 +ums (n The
St wwitiplction pREULM qivng my,
P s NP simia \U_I\.) 4 fferen
N<M- P (6) 1§ of a pint of ice cream weighs § of a pound, then how many pints of e g1 va s
creal igh T pound” y 5 7(7 ( ”
£ i3.% 2. 3 | xnhow s oMy octier g
iy 37 corng Wp My mwﬂ,}p\‘\ud‘l(?;“
% protlem udingy \ike AUNS \Aﬁk‘l“ow' y
NxM-P (¢) 1f there nggr..;nlu OIEIT@T and you eat 3 of that ice cresm, then how  of| {5
much e e you 3
3 o2 ot anye Mukfiptication
3o diigion.
Het=p (d) 163 of a gallon of ice cream weighs 1 pound, then how much does 3 of a
?‘, 7 2 plonoficamavegy ) 3 2 //
ab g G \\wn\? in gows. F+g=7 )
TR e nw s (fler Seting Wp The tawktiphiaction

S Provian wsingg ket

= LS
of ice cream weighs 1 pound, then how many gallons are §
cream? E— E

s is o it phcechon priplem,
S i i5 heHher fype ofcvigion.

2.a

Multiplication/Division
o PT 9used the
division operation
sign +
3 2

4

Groups and base units

o PT 9included
information about
groups and base
units.

Multiplicative situation

interpretation

o PT 9 mentioned
“how many in 1
group”

o PT 9interpreted it as
PDS
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I (continued).

PT9
CJ

2

2. Which of the folloving word problems are problems for 4 + 3 =7, which are for

3 =7, and which are for neither of those division pmhlellu" Explain how

you can tell from the structure of the problem. For the ones that are division

problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

Ny M=z P (@) 1] ofapintof oo croam weighs § of  pound, then how much does L piot
\‘;v“%‘% 3., hw M 1 | Qrowp -

- pats b 5% {used \IKe Yoms in The

g W\M\\p\\m\on P‘W(ﬁ&mﬁ\'\c )

N+M:- P ® LJWW ““'E'“M u.m how many pints of fce def(uén
? 1.% 2 75 yhow s oy ocfaer ]
e BT sotinge WP My rawttiplication
& el PIOEm uHngy \ike ACNS: howmou\
NrM-p © :,‘“:'h"f‘“;:;xl’:;uy:; e coam and you st ] of st s, e huw o m\

22 ot ang utfiplication
Yo or divigion.

(d) 16 2 of a gallon of ice cream weighs 1 pound, then how mnch does § of a /

2 !lllonahmuumw s

“““"' Now mau\? in Qrougs. 3+ =2\ /

\*"r- onow 1his (fler Sefing wp m P plication
P‘“‘? a0 wsingg \ie s,

.,a!l-:'ngl ice cream weighs 1 m\lnd then how many gallons are § 2
Guijip o & pound ofice cresm? _ E

a2 s is o Mt phcaion: paplem,
& i is netther Type cfchvigion,

0= P

2.b.
e Multiplication/Division
o PT 9 used the
division operation
sign +

e Groups and base units
o PT9included
information about
groups and units
explicitly and
correctly.
e Multiplicative situation
interpretation
o PT 9 mentioned
“how many in 1
group division”
o Thus, PT9
interpreted this
situation as PDS.
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I (continued).

PT9
CJ

2

2. Which of the following word problems are problems for 3 + 3 =?, which are for
3+ =7, and which are for neither of thosa division problems? Explain how
You can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
‘10up or how-many-groups.

NyM:=P ® I 3 of & pint of ice cream weighs § of a pound, then how much does 1 pint
> ot ey e § 008 pound 5
it 57 3.2 how Wty in | gronp.
o s 1 97 % L used i1 105 In Fhe
S rwitipliueiion proplLm Ginng ma,
: F a1 N3P e SN AU 3 20
N«M- P ® g‘jn ;l::i:m Io:” oo ream wighs Md: then how many p.mi ofice  GYVUST
° .t 2 5 ¥now his ondy adaer 5
,:\\\g\, 5 "‘m 370 ot Ny wp My mu\,ﬂl\)hud ,'[\)glgn‘
W Fvh polem ugings \ike AU \ﬁl%!}v
NxM- P () :,’“:::rleh § of a pint of ice cream and you eat § of that ice cream, then haw | (m
32 ot any ufipliaction
V3 o divigion.
NoaM=P (d) 16 2 of a gallon of ice cream weighs 1 pound, then how much does 7 of a /
i 9 2 gallon of ice cream weigh? oo //

[ / 3 = s . 2.3 _9

ab e B o many in grougs. 5 =7\

TR onow Ahis Ofer Serting wp The twkipliaction
S proview using Wke toms.

—
allon_of jee eream weighs 1 pound, then how many gallons are 3

s pocid of ok ctowmt
s is o mwitiphicahon prvlem,
S0 IS DErher 1y pe of chivigion,

2.C

Multiplication/Division

o PT 9did not use
multiplication or
division and PT 9’s
solution is
incorrect.

Groups and base units

o PT 9did not
include information
about groups and
base units
explicitly and
correctly.

Multiplicative situation

interpretation

o PT 9did not
interpret this
situation as MS
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I (continued).

PT9
CJ

2

2. Which of the fallowing word probems are problems for 3 + 3 =7, which are for

+ 3 =7, and which are for neither of those division problems? Explain how

You can tell from the structure of the problem. For the ones that are division

problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

NyM:=P (8) 11 3 of a pint of ice cream weighs § of a pound, then how much does 1 pint
> abtap ot creum veighs o s pound
Wﬁ?,—g -2 3.5 how wany in | grownp.
o s 1 97 %  Lused V1 AU In Fhe
g W\M\\p\\m\\m\ y\w(l\%v& Y%‘w (fnr\ T
N*M'? v ujolnmmlormmmgu o(Np and, dxcnhwmlypnuofce 'aﬂ‘."'i",
i wagh Tron ol pount
2. % 2 .5 (Koo dnis ony ocfier 7
e 370 Shrng WP 0y .m\r\\phumonh
W g polien u‘am@g \iKe Ao, hmq‘“é* )
NeM-P () :..:ch:'f; j ;:"nul;l'.o[c 7renmnnd you eat 2 of that ice cream, thenhow  of] {51
2z ok ey wufipication
N3 oy AW\Kion,
NxM=p 6 o o s o s /
: 7 3 R ~““'“""°“"“",““ e /‘ ! #
ab f{;\m' how mm\\? in grous Z14:7\
Ipd P xnow this (fley mtu\q; up The muhphmhu)

_ provien using \ike o

R i AV 7
7 (e) 11 3 of a gallon o ice cream weighs 1 pound, then how many gallons are 3
 _ guig of 8 pound of ice cream?

* A 2 s is o ki phoachon priblem,

1 is efher Type ¢ cfclivigion.,

NY\\"\ \

2.d.
e Multiplication/Division
o PT 9 used the
division operation
sign +
2 3

3 4

e Groups and base units

o PT9included
groups and base
units explicitly and
correctly.

e Multiplicative situation

interpretation

o PT 9 mentioned
this situation as
“how many in
groups” problem

o PT 9interpreted
this situation as
PDS not QDS, so it
is incorrect.
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I (continued).

2

PT 9 2. Which of the following word problems are problems for § + § =7, which are for 2 . e .
L o o o A o e W st Bk 1 T : I
CJ i e e e e Multiplication/Division
Ny M= P (01 of in of o cram weighs § of a pound, then how uch docs 1 pioe 1o PT 9 used the
ot ey P 5
\;M%_,, =% 3.5 oW muwy in | grawp. T
M oSl HT5 {used TG 40mS in dhe multiplication
gt tiplion POBLLES BN, . .
N<M: P w1 of a pin of e cram weighs i J}\pm:n‘d. uUn‘”mi e B g dm‘{f,"l Operat |0n Slg n Xx
e T i 2
? Pt 2. 3 [t s ony ocfier st 3 2
3 374 seingg WP Iy mowkiplicadion " X 3

< N
POMEM yangs |ike AUNS: how e .
© umm;or.plmrf%w!mmmg357:;@5:.%”9....m..hw‘,ﬂ \;P“qurm) ° Group and Base Un|ts

‘much ice créam did you eat

2 7 h&l{ ﬁm% ‘rg:(l/khpumtlr)n o !DT 9 incl_uded
NxMm=P (d) 1f 3 of a gallon of ice cream weighs 1 pound, then how much does # of a / Informatlon abOUt

& 2 doc Stamungin qois. 325271 7/ groups and base
I it v e ey e Memphastin units explicitly and
: S eghs L poun, e b oy il s 1 co rrectly.
il Vel g sFanmor e Multiplicative situation
‘ interpretation
o PT 9interpreted

this situation as MS
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J. PT 10’s solutions for the five sub questions

PT 10
CM

2

2, Which of the following word problems are problems for 3 + 3 =7, which are for
4+ =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(8) 1 § of a pint of ice cream weighs § of a pound, then how much does 1 pint
of ice cream weigh? L’}LA— e BAd wnd Yo 24
W ¢ " Y ,aw—u\ % :j4)—
L5l . o
Ao ,{wﬂw, sl £, ,«l.g i leyss
ety S :?,-JW ’
(o) 1§ o!am[ige crean wright g' of a'pound, then how thany pints of ice

cream weigh 1 pound? : 5
o oM TS o Ty o

(c) If there is § of a pint of ice cream and;you eat 3 of that ice cream, then how
‘much ice cream did you eat? oﬂw 5.
a2 .2
Y, 3

Ssianss
e {fﬂ ik L (e, ot

5
(¢) If § of a gallon of i¢€ Eream wpighs 1 pound, tRen’how many gallons are 3
of a pound of ice cream? s R X 7 7 el
M > .
A Z | ;
f

2.a.
e Multiplication/Division
o PT 10 used the
division operation
sign +, but PT 10
misplaced the
numbers.
2 3

3 4
e Groups and base units
o PT 10 did not
include information
about groups and
base units.
e Multiplicative situation
interpretation
o PT 10 mentioned
“how many in 1
group”
o PT 10 interpreted it
as PDS
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J (continued).

PT 10
CM

roups.
(a) 163 of a pint of ice cream weighs § of a pound, t
of ice cream weigh? ,2! 2:3 »(
g s A G o ot
A ,{wﬂw,fl.k pusd Ay

z ol =2 =
o T Pupe
e :.(‘on oun

1 poun

hen how much does 1 pint

(c) 1f there is 3 of a pint of ice cream and;you eat § of that ice cream, then how
‘much ice cream did you eat? %w 3.2
dellad 20 /
e Tl ik o lb-«»‘y.
Ha 2k 22z yld
= 3 re 224 i T

2.b.
e Multiplication/Division
o PT 10 used the
division operation
sign + but PT 10
misplaced the
numbers.
3 2

4
e Groups and base units
o PT 10did not
include information
about groups and
units explicitly and
correctly.
e Multiplicative situation
interpretation
o PT 10 mentioned
“how many in 1
group division”
o Thus, PT 10
interpreted this
situation as PDS.
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J (continued).

PT 10
CM

2. Which of the following word problems are problems for 3 +
g

4+ =7, and which are for neither of those division probl
you can tell from the structure of the problem. For the ones th
problems, say which kind of division problems they are, how-man
80up o how-many-groups.

(8) 1f § of a pint of ice cream weighs § of a po

of fee cream weigh? ;
o Py

(c) f there s § of a pint of ice cream and,you eat 3 of that ice cream, then how
much ice cream did you eat? =

Mmoo 2
by SRl
wie b L3 o1 wudl
ESE W *
= 3 A LrteF e
(d) 1f 2 of & gallon of ice crea weighs 1 pound, then how m
gallon of ice cream wejgh? N j

Facds n | * .sb‘/o«ro % ;9",;‘*-
how m

(¢) 1f § of a gallon of i Eream weighs 1 pound, then ny gallons are
of a pound of ice cream? g /J
A 3 =i
ot .

2.C.
e Multiplication/Division
o PT 10 used the
multiplication

e Groups and base units

o PT 10 did not
include information
about groups and
base units explicitly
and correctly.

e Multiplicative situation

interpretation

o PT 10 did not
include any
information about
the interpretation
about the
multiplicative
situation explicitly.
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J (continued).

PT 10
CM

(c) 1f there is § of a pint of ice cream and;you eat 3 of that ice cream, then how
much ice cream did you eat? -

22 e -
IR
t‘i»ﬁ% ‘(kff& ’5:1 MLQ‘/

(@) } of a gallon of ice creamp
gallon of ce cream wejgh?

weighs 1 pound, then how mu

o1 mnmwxghs/’tnn.__n%a:?niuo e § M
V-«Lv%yﬁzl‘:l,f“‘z” M/wf”“‘}
> 1

2.d.
e Multiplication/Division
o PT 10 used the
division operation
sign + but PT 10
misplaced the
numbers.
3 2

4
e Groups and base units
o PT 10 did not
include groups and
base units
correctly.
e Multiplicative situation
interpretation
o PT 10 mentioned
this situation as
“how many
groups” problem
o PT 10 interpreted
this situation as
QDS.
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J (continued).

PT 10
CM

2

2. Which of the following word problems are problems for 2 + § =?, which are for
4+ =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones thu a i
problems, say which kind of division problems they are, how-many-u
group or how-many-groups.

() u; ol’npint ol'mec eam weighs o[npound u| en how mul does 1 pint

e e 2 e
Ao M ﬂkwﬁ;ﬁ%w#ﬁim

z ( f,_ = 1
(b) 1f Z{;‘;mrm cream wpight !or a'pound, 1;).0», many pints of ice
cream weigh 1 pound? e Az .2—_
W'Lw am,t;w, ¢
,/LVMAA? D@ML ,u.i.’, 7: Lt (

(c) 1f there is  of a pint of ice cream and,you eat 3 or that ice cream, then how

‘much ice cream did you eat? ] z

,~\

wie J LA

,/ot/ A(Ak,u_}— ;‘

(@) 16 3 of  gallon of ice creary welghs 1 pound, then bow m
3

'
Fauks 3
(¢) If § of a gallon of i oam wyighs 1 pound, tRenhow mgny gallons are 3
of & pound of ice cream? Jogs R % (‘

= ‘ Sl

2 w'l :7
v;J’L ot

2.e.

Multiplication/Division
o PT 10 used the
division operation
sign =+ but it should
be multiplication.
3 2

43

Group and Base Units

o PT 10 did not include
information about
groups and base units
correctly.

Multiplicative situation

interpretation

o PT 10did not
interpret this
situation correctly.
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K. PT 11’s solutions for the five sub questions

PT 11 2.,
SP . e Multiplication/Division

2. Which of the following word problems ate problems for 3 + § =7, which are for
(o5 in 4+ § =2 and which are for neither of those division problems? Explain how PT 1 1 Sed the
U, g Y9u can tell from the structure of the problem. For the ones that are division @) u
58 g
g @ 2 of a pinl of ice cream weighs § of a pound, then how much does 1 pint
weigh?

problems, say which kind of division problems they are, how-many-units-in-one- . . -
, division operation

group or how-many-groups.
5: X ThS i€ o B[4 =85 To\o\tm, becanst we  ar¢ Sign -
Goen e 3 0f qrovpS (]3 of o pinit) and i
gy uniss i fe gwen 4F Of o\Jrs Bl Ve in A3 3 2
Pin) O W8 Ove Wi $ing cay onis (n L,.9roup.
Ll Bl A 1§ 15 0 wWow Wt "
Lh)%gn:gflﬁ;:ﬁrgbmghs%mwmd. then ny_mgwl iy 4 O
TS quasHon™ T8 NI Lecau®t A3 PINT U6 (@ Creawy s
. ound (5 -
the grovp (2> of & grow) ond 3[4 of o 1’&! i Vj;;ﬁ

B Vni1s in als of A GIAP Wi b 8 1ok LIS i e Groups and base units

28

33
5

w3

*

EORF
2

S
O WHO! in v

e —_ =

MiSSW T4 OF boge unhS(! (
< of 1 ba% +. (ol piniS for 1 \b .
3 09 f;(”:c) umu:‘ggjfﬁufgfznmu‘dmmg\;v:l‘xm(iium‘.x:mmm ) O PT 11 |nC|uded
q x z; . ‘much ice cream did you eat? - A4 BCAVSe i fo
v Vs problem 1S r X 3 oy wa . .
o gmy i GroStomaml o W0t AN K o information about
€ awom v que 3[3 of o Pl pint s i1y)
e QYR 013 (grovp) of (e (@ Craam Y hawe (baseontis
® vﬁ (d)W?LiE&;&wwm\ﬂkﬁfﬂrmﬂmdm;ofu groups and base
oY= % v T e - sl probiem becavse if ;(mons .
im ey »\gi\w EN?)\"PS ‘?&V Units and \zi ot Grovps, R N 34 UnltS
Yo AWk oy onils (gatens) per grovp (1es) 5 an (AV'\W!"\\&W:;

0 we ol e H H H H H
o 0F 9IRS (I S S.s;l\#e%mﬂ- e Multiplicative situation

9 (o) 1Yo s galiod o[kemmm@l‘@ then hﬂ_ﬁjﬂn - -

'ﬁ“‘\ ) Tﬂ"\j\:‘:“su\a?m.zli; 3 Q,C:‘Z:;M , ?;(auge’sm splon |nterpretat|0n

 ER S g oS e giowp, 3 \b- Rvg we vope :

«_ S of « w015 qog) od ot oot o PT11 mentlpned
vo 5 =K for twe a0l Galons i Bl b of “how many in 1

o ow s gram (Bax wits S grows) group”

o PT 11 interpreted it
as PDS
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K (continued).

PT 11
SP

2

2 \Vhldl of the following word problems are problems for § + 3 =?, which are for

3+ =7, and which are for neither of those division problems? Explain how

st :‘, o ","N you can tell from the structure of the problem. For the ones that are division
{1y problems, say which kind of division problems they are, how-many-units-in-one-
15 T group or how-many-groups.
A= % - a- (2) 111 of a pin0f o cream weighs § of a pound, then how much does 1 pint
3l : 3y - X of ice cream weigh?
A ThiS S o B[4 2 8[5 provlem | hecapse we are
RN Ae 5 0f grovps (2[3 of o pmr) and e

Vot units T gwen 4F Of

Urj B Y in 33
ro

Pin) G w#_ove Wiking ey wais (n up
(b) 16 of u pink of o creamyeighs § of 3 pouny, he o mmr%—%‘ Yo

crea weigh 1 pound?

ThS  quaston iS5 pektker \ﬂa»sa a[» pinr :" ‘Q Q’fmn #‘g‘f
fhe Qroup (20> of agrow)coa 34 of o Pourd w\m i
oy Ynils al.s of a ( (lb i§ ot Ui Yt u“_hg’
Mo T A oF boge oS (! b:) Qop (1 p.m) ot q
6l for ¥ o oows fo¢ 1 "oy vait, (o pnis for 4 1b)
3.2 : X () "\huns olir:lolmncmu!dymut‘ddutmuwn then how
172 % ms prob(ebn’ W er X g e oy wank fo
8 & 42 Gind W amounl of 1 oream yov gk 5 i€ oy
¢ (R%rm?w ac 2[2 of o sl pint 0 w Cvmmh oo wovid 5)
@ (raam Y have (oaeon!
o e o e ey
B8 o b e el i q_ proviem be(ausé if gauons
- X = P
o 1 «i\m g’“soorS vase \)m-vs “mﬁ\:sl) gl a“hﬁxlﬁ'gyf/%
e i Hm UNIS(%:G;K |:g r? \NV\OZV‘(’ fue number Otn
o | 6w mx ! (\g(ga\m&\m X 9(0%pS (165 ‘M\x \Sdl,,”
S i ornemmu( poun!thcn how. ons
fi 7 Dlpv
lé Y e TS 0 g x I qoblem  ecae 3 34 gpian
3z (oM W \ag oS per giowp, 0o Rva we paye

: 5 =X for Ame 4 of Gallons i AI5 p of
;’\ 1S aﬂ,n cream (@yz UnitS n 2l grotPS}

33 of « pund , (213 qop) ond Ot foousng

@

e Multiplication/Division
o PT 11 used the
division operation
sign +
3 2

43
e Groups and base units
o PT 11 included
information about
groups and base
units.
e Multiplicative situation
interpretation
o PT 11 mentioned
“how many in 1
group”
o PT 11 interpreted it
as PDS
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K (continued).

PT 11
SP

2

2. Which of the following word problems are problems for 3 + 3 =7, which are for

nof e WEm 3+ 1 =7, and which are for neither of those division problems? Explain how

’S\Q e alg ",m, you can tell from the structure of the problem. For the ones that are division

9! problems, say which kind of division problems they are, how-many-units-in-one-
{5 P group or how-many-groups.

X w2 %— (.)It'lonﬂn?(oﬂgm weighs § of a pound, then how much does 1 pint

3 : 3 X of ice cream weigh?
2 AS - ThS i a B[4 2 8[5 provlem , pecapse we are
qoen e 3 of grovps (2[3 of o Pint) and i
Yoy units w te gven 4F of waj Gl Y in A3
i 1861 wils oup,
Pin) Qnd wR e Wi $in9 eay onis (n L.grovp X

A Al o Wy
(b) 1€ of a pint of ice creanmyweighs 7 of'a pound, then how I

creay weigh T pound? X A o T
TS queskon™8 Nl \ecou P[5 pinT ”‘f,\d‘a Ofm“"#’?
e groop (> ot a grop) ornd 3N of o £ oty L
Tl i3 of & G0 Ut § 8 3
ﬂ‘g‘“"w S u,\us(‘?es)vp-.( T oop (3 gy, our Tt quetinin
adls’ for * of agows fo¢ 1 ba% uwit (¢ of pniS for 116
3 g x (c)uxr;s%ol-;:gorknmunmdywmgo(mnmm,menhw
972 Y s P‘;(‘)’t';‘(e;,{"“r‘i” for Fx & e oy wanik fo
L v 2 cind I amount of TR Cream gov gk i€ wov
T v e qic 33 of o 3/ pint 0F i OIAM, yoo wovd
s IZ‘V/"Y.Z,';\;WNMIAL 2[3 (qrovr) of e iqﬁ'gz’w"bw ha»e(bak(?ll"?)

vod (d)zujﬁymﬂgﬂmvﬁgm‘;lp&;ﬁ? then how much does 3 of a
» LY - 2 Ce e ooyl . a)q problem because | \ons
b W3 s ;fsw%)u\rs Gl oners a9 LR o W havt 2/4
P % gy onits (gavens) per giovp (W) 5 and an vnkitown
), and W Wl fue numbe7 oF

ovp I:(\)l&ﬁ)\(ﬁlo O(f| gr(ogf\ﬁ)n(sl\hixn“x 4(0%ps (1os)» This is °|\Y g\% =
L (0 1/ of u gallo] of i cream weigh{ 1 pound) then Mﬂ%ﬁ i
7 67 & pound b ice cream? ——
ki mr‘é S & M x § poblem AR )y gpion
oM 8 ey oS yer gqiovp, 310 R we ape
33 of « aund, (213 growp) ond Ot [oowng
ve %=X for e ol Gallons i AIS 1 of i@

o v o oram (Baw uits i S grows))

"N vp'
- ko

43

2.b.
e Multiplication/Division
o PT 11 used the
multiplication
operation sign and
this is incorrect.
3 2
173
e Groups and base units
o PT 11 included
information about
groups and units
explicitly and
correctly.
e Multiplicative situation
interpretation
o PT 11 interpreted
this situation as MS
and this is
incorrect.
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K (continued).

PT 11
SP

2

2. Which of the following word problems are problems for 3 + 3 =7, which are for

5 3+ =7, and which are for neither of those division problems? Explain how

At %‘N you can tell from the structure of the problem. For the ones that are division

“ problems, say which kind of division problems they are, how-many-units-in-one-
§roup or how-many-groups.

o8
33

o
p

x
o 23

s -f‘» @ Iiofa ,1,.?2‘1’”1‘.:.“ weighs 3 of a pound, then how much doss 1 piat
G of ice cream weigh
PW3-X Twsis a B4 8 @;mwem) becavst we are
qoen the # 0f GrovpS (23 of o pint) and fin
Vg uniis e gien 4 of UUr.S (BlM Toin A3
Pin)Ond w8 oie Wiking a0 T %Mg';i"",-i e
(6) 1 of u pint of ce creampyweghs § ofa pound. then how maRy porer - IV R v
This quesmn;viﬂswﬂm% v A5 pink of i@ oﬂa.y,?"’?:
W Grovp (2I3 of a Grow) ond 3|4 of o PO ‘.J.SN of
oy Unils i als of a_aiop (W( Ibs i§ Yoot URIKS). w ar
SO T A OF SR onis(les) ik & Q0P (1 g, lovt Tt quedhn
S for ® of ogows fof L bak uait. (s of pnis for llb)
2 i x (<) 1f there &s § of a pint of ico cream and you eat § of that ice cream, then how
472 0 S problm i @ X 3 wavieyoy want fo
LYo Cind Mt amou! of 1@ oream Yov gk ;i€ wov
s fjwm ke ae 23 of o Y pint 0 W bream, you wovid
@ 3 i ;
Lo Q)0 a3 (o) of fhe i@ Gram Yo hw(b«uqmir)
L el 46 (bt gnits pr Gy
vod (d)::.u 2 of il weighs T pound, then how much does § of a
Y- o2 on of ke cream weight ;0 CCopiemy  beCQUSe \ons
‘L\, 3\(»57 2o T;\\%O\(S Gise OniTS 25 “,;%ogl” thyslf sﬁl\hwg‘ 34
Yow W D Guis pont) me gup (1), and au Unih
s Of gicups (1os); ard on

R omer3 o) im c 96095 () Qs 1S 2, e
(o) UL ot galioy omu:mueuh(@:mm s ar §

;ﬁuv.w x £ qoblem  kecae 34 plon
oA 8 g oS yer giop, 310 A we e
83 of « yond ) (213 qrop) ond Ot looutg
" =X for Ane 2ol Galons in AlB b of (@

dows Mg oeam (Bae wits T geops))
‘ th

e Multiplication/Division
o PT 11 used the
multiplication
operation sign and
this is incorrect.
3 2
273
e Groups and base units
o PT 11 included
information about
groups and units
explicitly and
correctly.
e Multiplicative situation
interpretation
o PT 11 interpreted
this situation as MS
and this is incorrect.
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K (continued).

PT 11
SP

2

2. Which of the following word problems are problens for § + § =7, which are for
3= 7 Explan b

ow
that are division

e

ThS i§ o B[4 = 8[5 proviem 5 because we  are

qien twe # of qmvps (::;5 of o er) and i

vy Uniis i e given i Of Urs (34 l\: in A3

Pint) Qg \yR e Wi \1\9 my’ s Mmgv

() w ofa < cream

T‘ms question” 'sm i m \-caw?l "15 PV‘* o* “‘ f'f(am*;g”f
the grovp (21> of agrw\y)m\a 3H vf’ o Eﬂ

m«‘ym n 313 ng'ﬁsgm) Qo tbs 18 ook VOIS

or 3 Lyovy; fol 1 oak uait. (# o pS for 116

3 9N ()u.... lpﬁuulncmudymm'oﬂmumumn then bow

S MS probwm 3 er Tx w0k oy wank fo
Voo o e amom! of @ cam g e if b

(amoiny e 2[5 of o Bpint 0F (W OAm, yoo wovd

o ol2 qrnvr) of Fm |ucnnm gw nowe (baseoniic)

{pax
et D o uch does jofs

X B W;La_%"’ problem beza se if gauons

on % anS Tswsburs Vase OniTs o \\oi ot Gy ,,,;‘{'

[l g“* L l;m Unils (govons) Per GO0 WS) 5 3", (m U“:zl«'w;"f
e o[glmj (ts), &% N W Wk fae mUm

N p
1 voux ont1S (aa08 ) in X GCOUS (108D 1\\\x s a
e e BB

,’L e \5“0\ A4 x % goblem  RCAURe 3]

Az oM A g s yer g, 3 1b- A we
33 of « powd, (213 qowp) ond ont Ioo

P % =X for Ane 4ol Gallons in Al3 1h of i@

§ows o oreom (Myz units i A% qrou’ﬂ
‘ \ia

4 gaion
W e

Multiplication/Division

o PT 11 used the
multiplication
3 2
—_ x —_—
4 3
Groups and base units

o PT 11 did not
include information
about groups and
base units
explicitly and
correctly.

Multiplicative situation

interpretation

o PT 11did not
include any
information about
the interpretation
about the
multiplicative
situation explicitly.
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K (continued).

PT 11
SP

2

2. Which of the following word problems ate problems for § + 3 =7, which are for
; 3+ =7, and which are for neither of those division problems? Explain how
ous fine oIS, g You can tell from the structur of the probicm.For the ones that are division
1 problems, say which kind of division problems they are, how-many-units-in-one-
T group or how-many-groups.
%- 3

T (a) ll?oln,h. ';lai:k‘e:mmm;n:}al.pm.nd,mmhowmud.dualpnnz
235X RS is @ BlY:B8[3 grooRm , pecapsy we are
goen e 7 0f GrOUpS (/3 of o pivir) and T
ey unils w The gwen 4 of af 5 (314 Yo in 3
n 1 group.
HOW AN 4
B

X

Pin)Gnd wR o Wiking ey uals |
(6) 16 of  ink o crmyighs § f 3 poun, hen how mary e -G
This  quastion™38 “negier \eau® A3 PINF 06 (@ Creawy g
W GroUp (215 of o Grop) ond 3lq of o PO (3 e 3O pp
e Qrorp rsa {op [wnere Ibs is Yoot UNIK). wd ar
¥ b ’ i
Lo OIS B el oS () (e (3 ), our Tt quethin
oM< cor ¥ O ogows foc L baf vait. (# of pniS for l\b)
:é ) 2 % X © "Ihet{eisth;(;la{kns'mmdymw;nldmti:cuwn,lhznhw
4 "i v s problem Ty, fr FxE WP oy want fo
L 42 Cing W amoml of T& oream You otk ;i€ o
& (‘Lk%?m?fe ae 2[5 of o Bl pint 0F (L Cram, yoo wovd
Ao [““\W\M\«L 803 (o) of fhe iuvupr‘arm’gw hawe (oatevniis)
wd (a)anﬁf%ﬁ?mmmm does J of a
I T TR robiem pecause if  gaions
8 3 TS IS A Sas Bl PO farl 3
1oy aguens i OV vase oniis o i\b&) >qav\t};s&wuf}v\wwglﬁq

7 pord (Y 5. by unils (qaens) Per gIOVp
ranos of g () S 0 K i b e

Gow 03 UnitS (qa0a8 Yin X 8PS ( \ ‘dwi O

an

",,, (o) 1fJ of a gallon o(icuu:nmvne@l(l po\m'& :hmt&hu_ q
I} 7 6 & pound T fee cream? =
E\ £ WS 5 a M x % ooblem e@Re 34 slon

Az o W g oS per giovp, 3 1o g we pape
33 of « pod, (215 qrop) ond ort fooumg
T =X for e 4 of Gallons in AIB b oF i@

8w WhB oream (Bax units n I 9r0\PS)

2.d.
e Multiplication/Division
o PT 11 used the
division operation
sign +
2 3

3
e Groups and base units
o PT 11 included
groups and base
units explicitly and
correctly.
e Multiplicative situation
interpretation
o PT 11 mentioned
this situation as
“how many groups”
problem
o PT 11 interpreted
this situation as
QDS.
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K (continued).

PT
11
SP

2

2. Which ofthe olloving word problems are problcms for § + 3 =7, which are for
§ =7, and which are for neither of those divison problems? Explain how

S e 38 o~ ;ml can tell from the structure of the problem. For the ones that are division

{ahdgh) problems, say which kind of division problems they are, how-many-units-in-one-

1 'g‘ 0w ox how-many-groups.

X xS = —;3‘— (A}l(‘oln»\n?ollmm weighs § of a pound, then how much does 1 pint
T of ice cream weigh?

B3 - ThiS i§ a B[4 285 provlem , pecapse we are

RN e 4 of Grovps (2f3 of o v.vu) and i
Yoy units in e ?\me ¥ of qour; (3[»1 Y in 33
Pin) O R ave Wi Xi09 eay, onls rovp.
®) ""’!ﬂyw»enu ramwighs § ofs pound, the AT ,, Qe
TS question %mmm% e UR a)f,b p\m’mn( @ or(a.yﬁ #
e Qroup (21> of agwqa)m 314 o
oyt ynils m al.s 'Q ( ( IbS i§ o:u vmlrhw Ma{?)—’,&
MSS A OF ge un\\S(_b: 1 qu: (1 pint) , vt q
o‘s‘ﬁ( o % of arows it (& o pnis for 4 u;)
2.9 (© mnum ormmarucmmmm),,mm,m,,.,,, p
Z ice cream did you eat?

477 TG S pokem s @ X § R poy wank fo

LYoo Gind ¥t amow! of T OreAm Yov gkt ;i€ wov

?\q ({%’m&‘e aic 2] of o lqpint 8F 1 Lam, you wovid

’ 3

L apmyamse S0 (Q’DVI’) of e i@ Cram Yo hawe (oaseoniis)

Teas & Lt qnits,per 30

hz (d)n_i_w.mmL‘!_Ememx ind, then how much does  of a
pl.\nnul‘nm:lalmw«(

. 2 s robemy pecause if apuons
Rl 2, TESTS St g 7,0 s, e Hasd 34
W%, gy onits (gatons) per giovp () , and an U'\"""“"‘
UMbt ofgrou on
\ S in X 90095 (L) Tis iS & W
< e N 0
oot ke cron
WS s @ "y x 5 qobiem AR )4 aion
(oM 8 \mg oS o giowp, 1 1b- Ava we e
33 of « yound, (213 growp) ond  Ort loowrq
for Ane 2t of Qallons in &l3 b oF i@

1[\ ms &“,[3 Cream (ba;q URilS v 2 QrO\PSB

m

m) and W Wl fue number

Multiplication/Division

o PT 9 used the
multiplication
operation sign X

3 2
173
Group and Base Units
o PT 11 included
information about
groups and base
units explicitly and
correctly.
Multiplicative situation
interpretation
o PT 11 did not
mention anything
explicitly for
multiplicative
situation.
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L. PT 12’s solutions for the five sub questions

PT 12 2.,

2 Whldl ol the following word problems are problems for § + § =?, which are for

+1 =7, and which are for neither of those division problems? Explain how - - . -
AS o e e e S e Multiplication/Division
group or how-many-groups.
() 1f § of a pint of ice cream weighs § of a pound, then how much does 1 pint —— P O PT 12 used the
ﬂ/ ~ oflee cream weigh? . o Fhy s e HYH Y H
\g”"a (% % pt j ’é\ 1y x3, (;__,_: ? \}"“‘;‘p’*{""k division operation
o 3L pat 7 : ged . .
o,'\LO\*;‘\’) IB {u\& n@lw:) o Oﬁuc. we. can fyd Mﬁ&kﬂ\‘:ﬁf Slgn -
Am wﬂ‘mrw\\m vnlua/dlqukiw.( affwwm e 3 2
(b) 1 ! ul:lpmv. of ice cream weighs ] of a pound, then how many pints of ice
cream watgl’:: pound? b foyd M _bobie, thts stbvabion _ -
xsuw LY e i 4j .
3@)K(>7ntﬂllngh Tyﬁw 4 3
W aun fod e Tese 2 ,,.m een wowny | @ Groups and base units

s wedph e aut Frd the nunec 2 ‘f‘mk‘

(c) 1f there is 3 of a pint of ice cream and you eat § of that ice cream, then how T 10 1o PT 12 d|d not

much ice cream did you eat?

& 2 v(rrau‘M(( . . .
(/N\M o ol St Li‘y‘;ﬂ;ﬁ;&‘% (4#) include information
. == | Nelthar e# Ths doo vof
L 5(%) | Nether ) ""3/ ot about groups and

(d) 1f § of a gallon of ice cream 'Augha 1 pound then how much dOZ‘ng‘, .Q{WIM) i .
0 ~M\ ﬂq/:.?b”/’;;:ﬁ?w?;? 2 \bJQ” \‘ =34 50 Ix %= 1 baSe Un.ltS. . -
QW f] T dseilib “Heia 12, | e Multiplicative situation
B et "Zé T i b interpretation
of & pound of ks cream? o 08 rg " -
\ S gl ~>"¢,:b5 s [t cells ch o PT 12 mentioned
NN 7 Qalkons =7 BY 7™ 1y i JWW this situation as
KK 3k ?7\ /yz V=7 e [‘mb{;‘/‘{"“ )\ U\\M “h . .
= Lf di m gf(fgzﬂ Avisn eqafds ow many units n
hen m q{{mban one group”
problem
o Thus, PT 12
interpreted this

situation as PDS
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L (continued).

PT 12
AS

\" ') /'"3
N‘%‘?

oblen
¢ probem. For the  ones that are division
problems they are, Test

problems, say which kind of
group or how-many-groups:

of los cream weighs § of a pound, then how much does 1 pis
igh? . -

3 ,).m > Iy 1oy 53 \,_

b(avvl“77buz .

By qudd mbvsn, fable, we. con fyd
;{“ ) withSur uwnkmam ::hua/dhwum\th—fwv

() u of ice cream weighs § of a pound, then how mar

1 pond? Towd o c ke, s i

- S
) 467 pris =5 Alb o T: 2% =7 |

W an
(c) 1 there i  of  pint of i croam and you eat §

much ice cream did you eat? / s IM -
¢ 2 A bloh of ek Teeck
rm ad & or e s b dofieh % (46%)
( ) o83l oot Ths doo st
3(H otk ffocctte
17‘
(C)] If of a gallon of ice ruu wei lhslp ind, lh hw"!‘l”él d{:khﬂ (‘?{l/“/’ He
gallon of e cream % T
A sallon 29 7 !bﬁ)”g ) SC %=
G3)y Sallon = 4\b \ H\C' i) =3
r’t) cnn \ML“ o fhank dhe |l o M th e '
) el ue étdl Tt 7 albn M@n,j
(e) und, then how rirany gallons

oo crum by o )

ffferyrakiq n(nw
-7 Weaun o

e our gpblem dc/mY

ij

m« \w;)q,mh/w

| Nelfher |
L )

o rot
u/ﬂc i\u:\
Nxm,a“a

2.b.
e Multiplication/Division
o PT 8used the
division operation
sign +
2 3

3 4
e Groups and base units
o PT 12 included
information about
groups and units.
e Multiplicative situation
interpretation
o PT 12 interpreted
this situation as
QDS, and this
interpretation is
incorrect.
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L (continued).

PT 12
AS

oy Q

f m* vy 7 %y it = 301 24
, ‘Q)wcm,ﬁmw T”

T 3ly oalbn => 4o feitler |
f/““‘ \‘ NI 2 UAHMS %W 5 U\Iﬁ

2. Which ofthe following word problems ar probles fo § + 4 =, which are for
+ =7, and which are for neither of those division problems? Eiia low
you can tell from the séructure of the probem. For the ones that are division
veoblons,soy which kind of diviion probleme they S
group or how-many-groups

wui

pint of ice cream weighs § of a pound, then how much does 1 pi
ream weigh?

Z it = T 1oy 53 \

# (74,M| =2 71&;Q &

(8 fuddy a {abe, we confrd
& gt wth N value andl i ce bty %fﬂ‘ﬂ“‘“’l
(b) i #ofa pml.ullerwun\«glu: of a pound, then how many pint

cream weigh 1 pound: foxd M e ln},{L 1h\>sv§ml¢m

T

rrnﬁ L'm

W an bl

(c) 1f there is § of a pint of ice cream and you eat §
‘much ice cream did you eat?

wd et 24

iy el oraam. ) dudea I
by 42 o fvd ¥ nonac ’*ﬂm&'ﬂ

at ice cream, then how  TC

A bl o that rceceom
We. sk m\ u.,i %h /:/1)

,,w

2 3 75 =N 3y pwit, This dow ot
o | o P Th
é | Netivor | ,mn.k-u orct
6 utm({{wﬁm U
(d) 1f § of a gallon of ice @ cream weighs 1 pound, then how murJ\ does §

‘ % A —/\w/v,_,\
a4k 7 23 oallon = S ;
/Y Gy Sallon A?L\b / \ %
17 ma «bble ¥ na
o) ik, e T gﬂnm M@»yzjf o + s
[CR'$} ’ of a gallon of ice cream’ wmxh.\ 1 pound, then how gallons. +

of a pound of ice cream?

ol
Gfte wo
\us M'h“x

Afleryraliq o folde,
7 Wean e ot

our gpblem d(/TVﬂ

veshie

gfen ,vd;) niHm

3 (%)= Yo=Y

e Multiplication/Division
o PT 12 used the
multiplication but
misplaced N and M
2 3
373
e Groups and base units
o PT 12 did not
include any
information about
groups and base
units
e Multiplicative situation
interpretation
o PT 12 interpreted
this situation as MS
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L (continued).

PT 12
AS

; 3 -
(5P = 10y x3, =
ﬁ h(y L pat =2 71" \H
on ) ° onmlvg o dable, v confid
I & 5 Wl el o e bl dogpt o

hs § of a pound, then how many pint

ford o1 e labie,
Ao

it ST
Hby :
o 0°B

cam. By ducha by
Sk’

o Il

t "
e uoh had dofod % (l4%)
p This dov vof

cosommthanh she e 5ol th
o @)l Wt T aln wcighsdh Io + 15
und, of

~ pudls. o
N 3y galn = L1o R
| ) A{M&_ ‘7f1alLvrS = %W V%’;‘J““‘ J‘r“\::\r\'r“a
Hlopy=Ye = s A

1C6) i . dysen epats

W
e m e b

2.d.
e Multiplication/Division
o PT 12 used the
division but did not
show explicitly.
e Groups and base units
o PT did not include
an information
about groups and
base units
explicitly.
e Multiplicative situation
interpretation
o PT 12 interpreted
this situation as
MS, but this
interpretation is
incorrect.
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L (continued).

PT 12
AS

& “3
ey
(Ngu\\

\\\%

Lw’" gy % e~ Sl g
‘m(i )x/‘ sy O B

h |bQ % \: 2

wt =7

Lﬁji““b v\nlvvam mlt e confnd

Mil"'f
e e 4l by +mme

weighs ] of a pound, then how

Lord o1 e labie, 01\\ “Swhm
ekl
\%:%=7]

W an fd

(CR
m

pkcfia oraam. By ducha oy
- find the v e d‘ ok

and you eat § of fat ice cream, then how

ks of that icecreom -
We. juoh-had Yook % /”’5
o l/(( «f This doo
canelofe’y sifoccf e,
e Ju:mn((,a/vm alave
UHH r Kn.. of ice s weighs 1 pound, then how much does { of &

=
J

e RL TR 1
w1/ A3 gpllon XN 3
)Yu{/{ umv—?ubd 4 =
/
"j ‘ga abble  ragsomm e |
)m,h

() 16 of

fhaah #he
7 L &b+ ﬂu
i .ﬁ. gt vl j{ g

lzw e
. salbn = 4fb D .\w, ofth huo
A{"\I 7 A\vai "% 2% D okt o flle, “WMI““'
9 {2%)- Ypzlp=7 WX n e ot =
3y (7)=

our goblem dmvﬂ
n eaj e 4

ghen a‘;’ r:H <

eofds

Multiplication/Division

o PT 12 used the
multiplication operation
sign x

3 2
273

Group and Base Units

o PT 12 did not include
any information about
groups and base units
explicitly.

Multiplicative situation

interpretation

o PT 12 interpreted this
situation as MS.
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M. PT 13’s solutions for the five sub questions

PT 13 2.4

2. Which of the following word probl blems fo: =7, which fe i i i IVISI
WY 3 - } =7, and which are l‘orpneu::r“n;':h‘;: df::mnrproblemﬁ wExplm‘:ehoi: b M u It Ip I Icat IOn/D IVIS IO n
you can tell from the struct of th ble For th that di
Probne, s i i of dvii esblems tiy v, bowar- a0 o PT 13 used the

group or how-many-groups.

division operation

(a) If § of a pint of ice cream welgl\s 3 of a pound, then huw much does 1 pint

02“?63_"%“7 ﬂ-O'FD rowd i< 3 of a rv-A of Slgn =
T—T 3:‘L T arane 5o % jc Ao defal bese s
M»Nw ot ﬁ.“ asl Ziq e g yg Thaisa 3 2
4o A .
(ol ‘\(r“"” 5’ ;‘); ‘1 l»ew Mo i oo o r " fusshos Z - §
(b) 1f 3 of upmt of ice cream weighs § of apound then how many pints of ice .
h 1 pound?
el i YO e Groups and base units

of “ifr A o PT 13included
bose pats yu“ . .

PEPT information about
groups and base

(c) If thereis § of & pmt of ice cream and you eat # of that ice cream, then how
much ice cremn did you eat?
This 150 waltiphicakion

/f? e e units explicitly and
T e s correctly.

§™¢ R ; . .
“”L'.io:'o‘:zfﬁ;:;::ﬁ,;"“”“"“““‘x““" o Jowomeh o ok e Multiplicative situation

This LTK'ZA“"D\ 1S a “hew wan

2 ' _
i; -~ = n Jrovps “Juestionbeame ve fiaw |nterpretat|0n
Eis f;&“ )?’{“‘? et £ : Sy T o PT 13 mentioned
% ’o‘fi:i:‘ni”n‘??js;?ﬁ“‘ e ponad, e ko gl o § this situation as
/i_ % _77? = TLHL: a IMKKACTL-(&F;—“ “how-many in one
B ok group” problem.
base Vi’d o1 L,,\'d‘ b Lelu 5 ,( 2
Ganes 7T g ¥ o Thus, PT 13
 Ea interpreted this

" situation as PDS
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M (continued).

PT 13
wy

2. Which of the following word problems are problems for % + § =7, which are for
3+ 3 =, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) If 3 of a pint of ice cream weighs  of a pound, then how much does 1 pint
f ice cream weigh? o & 3
olce. }_wensho 7?:0{0 oud TS = of & 'h{o(.'
T = i 10 @amn S0 j Ao Aol heose ot
k}’/" Hof Hof asil 3o tae ‘y»wr'ﬂn;\vsq
e (pood) PP RAS0 .
G f“' ity =1 - lew Mo i on fop " s
(b) If 2 of a pint of ice cream weighs } of a pound, then how many pints of ice
H H
cream weigh 1 pound? .
2 . 3 _q This is 0 “hoe 1wy i one pon
3~ 4 = d It
N i L P"’L(’“‘M
olont #ol [-m IVJ"‘
L s it
tw\

(c) If there is § of a pint of ice cream and you eat # of that ice cream, then how
much ice cream did you eat?

S 3 Thas 5o wultigicabion
3 X -9 Q-:’.«M Sitew Jip skl
&G 2

i lop = o 3
5 sob  bhipu ook Tl
bace pwids 3 °of Rred. o
L e - Sy
(d) If 3 of a”;‘:ﬂun of ice ::im weight rpxnnd, then how much does 2 of a
allon of ice igh? TL: :
¥ 2" o This querbon ic a “hew wa

< =~ - ”L SImcfs'iwus\-«qm we Liow
wn‘%W mﬁw H3p  Hu Holal bows pufy asl {m“;

puis ()ml»-\ it woke  FP
gl poe)
() If § of a gallon of ice cream weighs 1 pound, then how many gallons are 3
of a pound of ice cream?

‘vu, [T T A ( SWT

> A This is a wlbpeatio
& A % N l {"“‘(Lw sias 4 oele wy
Y, #of T s [y~
base vatte ‘vwgg o i b lelu 5 9{ _%r
tga\\m-\ 3 \‘\ i qops
b L g\“‘(
(Pqu )

2.b.
e Multiplication/Division
o PT 13 used the
division operation
sign +
2 .
3"
e Groups and base units
o PT 13 included
information about
groups and units
explicitly and
correctly.
e Multiplicative situation
interpretation
o PT 13 mentioned
this situation as
“how-many units”
problem.
o Thus, PT 13
interpreted this
situation as PDS.

B w
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M (continued).

PT 13
Wy

2. Which of the following word problems are problems for 3 + § =?, which are for
1+ 1 =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1f § of a pint of ice cream weighs § of a pound, then how much does 1 pint
i igh? e B 3
o;xcefuu;wtlshr] %OFD f’Md i< 5 of apied of
T == 1 @Rame S0 % j¢ Ahe Al bese wefs
i [ A o
/, ol Hol al 2o e Fa Tha isa
() Jop et
Wb i Gy T Thew Mg i ons fump” fusabion
(b) 1f 3 of a pint of ice cream weighs § of a pound, then how many pints of ice
cream weigh 1 pound?
2.3 _0

PCT
Aplot wof '“‘]
b gats Gimpl oy i

R0 Lat

This is 0 “hove 1oy in one pon
P)ak[y,w g a

(c) 1f there is § of a pint of ice cream and you eat § of that ice cream, then how
‘much ice cream did you eat?

> 3 This 150 wabtiioskio
=2y % S =9 rebone Sivwus i sl
o4 Y >

e gy Ho¥ H-.\"},u oo oske=f 5 of 7
% ‘,’;ﬁ‘", ® jﬂv? ugh T
(@) T ol o alhon of 8 cookan welghd 'phund, e how uch does Tofa
i igh? B
”u;" otk aﬂgﬂ e I s ﬁ\\u“"’\\ ica -’ [\!W Hldl'vn

—_ 7 =1 B\mnfs'\]aegﬁn\v«qmo we frow

JofatUbste o Fioe HED Ho Aol bow onity ol horny
aHs Qotlea) (it boke  FP*

ool (et} i) bose unk wale (( gy

(¢) 1f § of a gallon of ice cream weighs 1 pound, then how many gallons are 3
of a pound of ice cream?

3 2.

e T[us 16 a wdbpeatin.

C) A ? N l ["""'—lm star 4 ol wy
base ui{\‘u #of w“_, b Lelo /1: o( _Z_
)\?-T\\qn:;\n 0 in g

(Fw-a‘\

2.C.
e Multiplication/Division
o PT 13 used the
multiplication

e Groups and base units
o PT 13 included
information about
groups and base
units explicitly and
correctly.
e Multiplicative situation
interpretation
o PT 13 interpreted
this situation as MS
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M (continued).

PT 13
wy

R Whlch of the following word problems are problems for 3 +

l =7, which are for

3+ 3 =7, and which are for neither of those division pmhlmu" Explain how
you can tell from the structure of the problem. For the ones that are division

problems, say which kind of division
group or how-many-groups.

problems they are, how-many-units-in-one-

(a) 163 of a pint of ice cream weighs 3 of a pound, then how much docs 1 pint

of ice cream weigh?

o —f:oFo owd. < ""“f'”’* of

2o _9

[ 'S (r»'“ jw\ ot \Wr “l

x‘)

T avtan S0 jo A Al bese s
Y owoe «‘k a2
fotalbow  H< 9 ~

ia Hhe ;erﬂv\ sq

B Mo(d “ w} p&ﬂm.

(b) If2ofa pmt of ice cream weighs 3 of a pound, then how mmy pints of ice

cream welghlpound’

2.3 _a
F

it e hv«mq

b yats gmpt oy wai

fu\

I'lm s o Thew mmd i oewe }.u.r

Plau;,w

(c) If there is § of a pint of ice cream and you eat 3 of that ice cream, then how

much ice cream did you eat?
g 2

s X 7;/

h\u s *’ 2 f‘

This 50 waltiplicabion
=4 vebean Sivewr Hib Fo-um

ugbs

@13l d ;:ﬁon of i we l:ream weight 1'p3ond, then how much does § of

gallon of ice cream weigh?
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o{nl%ﬂ!? Ao f'&m Haf
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() Ifofa ;lllon of ice cream weighs 1 pound, then how many gallons are 3

of a pound of ice cream?
3 2
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2.d.
e Multiplication/Division
o PT 13 used the division
operation sign +
2 3

3 4
e Groups and base units
o PT 13 included groups
and base units
e Multiplicative situation
interpretation
o PT 13 mentioned this
situation as “how
many groups” problem
o Thus, PT 13
interpreted this
situation as QDS
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M (continued).

PT 13
WYy

2. Which of the following word problems are problems for § + =7, which are for
3+ =2, and which are for neither of those division problim? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1f 3 of a pint of ice cream weighs  of a pound, then how much does 1 pint
{ ice cream weigh? = 2 &
R o o 1o kb
7 3 i 10 @Rom . 50 % o A dtal bease &

_”j/, #or Ty aml 2 fae gop T 55 a

d) e <
ils lr“’ ) 5[ }); “’f “hew Mo«d o OAZ }.,.T"rw\(.a.

(b) 162 ofa p;;t lor los coem weighs 3 of a pound, then how many pints of ice

cmm wei poun

2 . 3 a This is 0 “howe 1wy i ene pon
- T Pl\?‘lyw g r
foiont #ol. fmmY

bose yats 71 Mu.-

(c) If thereis 3 of a pmz of ice cream and you eat § of that ice cream, then how
much ice crnm did you eat?
< This 150 wabtidicabion

) = > o4 3 TP
- x TJ* =& t Mo Sitvu lm[ﬂ
Y

bt oo osk=f 3 °F"
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(@ 13 of ;;?un of m s weight U'p3und, then how much does 3 of a
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dofa Yot o Froge H> {‘. o Aot ( bows sy oosl fimnny
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UM Gottne L e Ar'“f )“ T bose uncf 1 ( T

(&) Ifdofa gdlon of ice cream weighs 1 pound, then how many gallons are 3
of & pound of ice cream?

3 __7:_ - T[Al% i< a mdbpe i,
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2.e.

Multiplication/Division
o PT 13 used the
multiplication
operation sign X
3 2
273
Group and Base Units
o PT 13 included
information about
groups and base
units explicitly and
correctly.
Multiplicative situation
interpretation
o PT 13 interpreted
this situation as
MS.
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