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ABSTRACT

AN EXPLORATION OF NUMERICAL APPROACHES TO BOLTZMANN
EQUATION REGARDING HYDRODYNAMICS

Sahin, Alper
Master of Science, Engineering Sciences
Supervisor: Prof. Dr. Hakan Isik Tarman

September 2019, 111 pages

The Lattice Boltzmann Method (LBM) has become an alternative tool in
computational fluid dynamics (CFD) techniques. While traditional CFD methods are
based on Navier-Stokes equations that describe the fluid in terms of macroscopic
quantities, LBM takes a mesoscopic description of the fluid thus closing the gap
between macroscale and microscale. Overall, LBM provides a simple and efficient
framework for simulation of fluid flows. In this approach, Boltzmann kinetic equation
with BGK collision operator is discretized over a square lattice and solved to compute
the evolution of a particle distribution function whose velocity moments are connected

to the macroscopic primitive variables such as velocity and density.

In this study, we explore two main approaches in the velocity discretization of the
Boltzmann equation, namely, Galerkin and Collocation approaches. The foundations
leading to these approaches are systematically laid down and some numerical
examples are presented. These examples include, plane channel (Poiseuille), flow over
circular and square cylinders and flow over an array of cylinders. Comparisons with

available analytic and other numerical techniques show a satisfactory agreement.



Keywords: Lattice Boltzmann Method, Galerkin and Collocation approach,

Computational Fluid Dynamics, Channel flow and flow over cylinder(s).
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BOLTZMANN DENKLEMINE SAYISAL YAKLASIMLARIN
HIDRODINAMIK ACIDAN BIiR INCELEMESI

Sahin, Alper
Yiiksek Lisans, Miihendislik Bilimleri
Tez Danigmani: Prof. Dr. Hakan Isik Tarman

Eyliil 2019, 111 sayfa

Lattice Boltzmann Yontemi (LBY), Hesaplamali Akigskanlar Dinamigi (HAD)
yontemlerinde alternatif bir ara¢ haline gelmistir. Geleneksel HAD metotlari,
akigkan1 makroskopik biiytikliikler olarak tanimlayan Navier-Stokes denklemlerine
dayanirken, LBY, akiskani mesoskopik tanimiyla ele alir, boylelikle bu durum makro
ve mikro dlgek arasindaki boslugu kapatmaktadir. Genel olarak LBY, akigskan akis1
simiilasyonlar1 igin basit ve verimli bir ¢erceve ¢izmektedir. Bu yaklasimda, BGK
carpigma operatdriiyle Boltzmann kinetik denklemi, kare kafes iizerinde ayristirilir ve
hiz momentleri, hiz ve yogunluk gibi makroskobik ilkel degiskenlere bagli olan bir

pargacik dagilim fonksiyonunun gelisimini hesaplamak i¢in ¢oziiliir.

Bu caligmada, Boltzmann denklemindeki hiz ayriklastirilmasi, Galerkin ve
Kollokasyon yaklasimi olmak {izere, iki ana yaklasim ile arastirilmistir. Bu
yaklasimlara yol agan temeller sistematik olarak masaya yatirilmis ve bir takim sayisal
ornekler sunulmustur. Bu 6rnekler, kanal akis1 (Poiseuille), dairesel ve kare silindirler
tizerindeki akis ile silindir dizilimleri tizerindeki akislar1 icermektedir. Mevcut analitik
ve diger sayisal yontemler ile yapilan karsilastirmalar tatmin edici bir uyusma

gostermektedir.
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Anahtar Kelimeler: Lattice Boltzmann Yontemi, Galerkin ve Kollokasyon yaklasimi,

Hesaplamali Akigkanlar Dinamigi, kanal akisi, silinidir(ler)
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CHAPTER 1

INTRODUCTION

The mathematical models of fluid dynamics are mainly based on the conservation of
mass, momentum and energy resulting in the continuity, Navier-Stokes and energy
equations. This constitutes the so-called continuum approach where the macroscopic
primitive quantities such as velocity, temperature, pressure, are assumed to vary
continuously throughout the physical domain. The scale is macroscopic and may be
characterized by a length scale L and a velocity scale U. Two different phenomena
shape the macroscopic dynamics, namely, convection that occurs in the time scale
teony = L/U and diffusion that occurs in the time scale t4;-r = L*/v where v is the
kinematic viscosity. Relative importance of these time scales give rise to the well-
known Reynolds number Re = tg;ff/tcony = UL/v that characterizes the dynamics
of the macroscopic flow, as high Re flow, such as turbulence, and low Re flow, such
as bioflows. Another characterizing macroscopic scale is the speed of sound c, that
gives rise to the time scale ty,,,q = L/cs determining how fast acoustic waves
propagate in the fluid. When compared with the convective time scale gives rise to the
Mach number Ma = tyoyna/tecony = U/cs. Steady flow with Ma < 0.3 is considered

to be incompressible.

The fact that the matter is made-up of individual molecules, on the other hand, forms
the basis for an alternative representation of a fluid in the atomic level. The
mathematical models in this finer description are based on the Newton’s equation of
motion m?'i = ﬁi where m is the mass of the fluid molecule, 7; is the position vector
of the i*"* molecule, and Fi is the total force experienced by the molecule. A molecular

dynamics (MD) simulation (Mohamad, 2011) consists of solving these equations to



determine the position and the velocity of each molecule. The macroscopic quantities
Q are then obtained from the microscopic quantities q by the ensemble averaging
procedure: Q = (q). However, tracking the evolution of the molecules even for a
small volume of fluid (~1023) in the six dimensional phase space consisting of the
spatial coordinates and the velocities is impractical and it is limited to sub-micrometer
systems only. The scale here is microscopic. The characterizing scales may be the size
of the fluid atom or molecule I and the average thermal velocity v = (kzT/m)'/?

with Boltzmann constant kz, and the temperature T. Note that vy > U.

Mesoscopic description is then a viable option that lies between the macroscopic and
the microscopic scales. The mathematical models in this description are developed
based on the kinetic theory that tracks the evolution of its constituent molecules’
distributions in the six dimensional phase space. A characterizing length scale in this
| <1

description is the mean free path [ « L, which is the distance travelled

mfp: mfp

between two successive collisions. The mean time between successive collisions is
then t,,¢p = Lsp/vr. Kinetic theory in principle is restricted to the case of a dilute
gas which the molecules spend little time colliding and collisions occur one-on-one
basis. These exclude dense gases and liquids where the molecules are closer and
constantly interact. Since the molecular radius is neglected in this description,
collisions involving more than two particles are events that occur with probability
zero, and therefore can be neglected for all practical purposes. In this context, a useful
parameter is the Knudsen number, Kn = l,r,/L that is the ratio between the
mesoscopic and macroscopic length scales. For Kn <« 1, the continuum description is
valid while for Kn~1, kinetic theory description becomes valid. The von Karman

relation states that Knudsen and Mach numbers are related by Kn «< Ma/Re.

Figure 1.1 shows a general geometry schematic of a hybrid scheme. Velocity

gradients, which are small gradients, are placed in shadowed region and continuum



equations are solved in that region. In dotted region, atomistic description is used in
large gradients. In below figure, from C to P, for molecular dynamic simulations,
boundary conditions ensured by continuum solutions. From P to C, for continuum

simulations, boundary conditions ensured by atomistic solutions (Nie et al., 2004).

2 ¥z
m‘ -L .ur z
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Figure 1.1. Schematic of the hybrid method. (Nie et al., 2004)

The use of mesoscopic methods as an alternative tool for computational fluid
dynamics (CFD) was started in 1980s with the lattice-gas methods. The basic idea is
building a simplified kinetic model based on mesoscopic and microscopic process
fundamentals. The conventional methods of macroscopic dynamics are insufficient
for understanding the microscopic physics in details. By using mesoscopic methods,
however, one can analyse dynamics of the macroscopic fluid flows behaviour as if
many microscopic particles are in the system (Kadanoff, 1986). Solving complex
Kinetic equations and tracking all of the particles in MD simulations become easier by
development of the kinetic equation simplification. The advantages of molecular
dynamics such as simple implementation of the boundary conditions and definite
physical models with fully parallel algorithms provided by kinetic equation. (S. Chen

etal., 1998). Besides providing microscopic dynamics at interfaces between fluids and



fluid to solids in feasible ways, this method can work as a solver for the Navier—Stokes

equation like conservation equations in the bulk flow (L. Chen et al., 2014).

Over the last few years, the interest in discrete mesoscopic CFD methods was
increased. One can include lattice gas automata (LGA), and the lattice Boltzmann
method (LBM) into this context. These methods have the advantages of molecular
dynamics in modelling fluids as discrete particles, thus, allowing the microscopic
physics responsible for many complex fluid phenomena to be modelled
fundamentally. Nevertheless LBM is building on a particle model with averaged
macroscopic physical behaviour. In addition, they can be easily implemented on
computational algorithms and the simulations can be performed with more efficiency
and speed (Yepez, 1993). However these methods still have lots of rooms for
improvements, because they are relatively new compared to the conventional methods
(Gergova, 2002).

1.1. Lattice Gas Automaton

The basic idea goes back to von Neumann (von Neumann, 1966) who developed the
cellular automaton (CA) as an idealization of a physical system in which space and
time are discrete. In this idealization, the physical quantities take only a finite set of
values over regular rectangular or triangular lattices that form the cells. In discretized
space, each linked lattice nodes have local state variables and significant rules of
updating. The automata are described in terms of configurations and transition
concepts. In configuration rule of a system, all nodes have a designation of their states
in cellular space. Configuration dynamics are achieved by transition rules. For
configuration rules, particles are designated to the nodes and the transition rules are
considerably easy and finite (Lim, 1990). Out of the sum of these transition rules
emerges a collective complex behaviour that are not obviously extrapolated from the

individual rules.



In early lattice-gas automaton (LGA) models, the fluid is treated as a set of particles
residing on the nodes in a two-dimensional square lattice and allowed to move along
the lattice lines to any of the four nearest neighbouring nodes. The collision between
particles are designed to follow head-on rule that the colliding two particles will turn
around 90° after the collision (He et al., 1997). Mathematically, the motion in this

model can be described by the discrete kinetic equations:

ni(x + v, t+ 1) = ni(x, t) + Ci (11)

where n;(x, t) is the Boolean number of particles,

0 particle absence at node x and time t

nl-(x, t) = {

1 particle presence at node x and time t

moving with discrete velocity v; at node x to its adjacent sites and C; is the collision
operator representing the influence of particle collisions (Koda, 2013). The
insufficient symmetry of the square lattice was discovered to restrict LGA to be a
computational model for hydrodynamic flows. This led researchers (Frisch et al.,
1986; Wolfram, 1986) to introduce their hexagonal model known as FHP model. This
model uses a triangular lattice on which each node has six nearest neighbours.
Consequently, FHP collision rule includes more cases. The implementation of FHP
involves two operations, streaming and collision. In streaming operation, all particles
move through the lattice to a neighbouring site in the velocity direction. In collision
operation, these particles interact and scatter when they reach at their lattice sites (S.
Chen et al., 1998).

The main drawback of LGA is its noisy nature in simulating hydrodynamics. This
limited its success and led to the discovery that instead of discrete particles, modelling
based on an advecting number density distribution eliminated the noisiness of the
method and allowed implementation of a more general collision operator in LBM. By
recovering the Navier-Stokes equation using Chapman-Enskog expansion (H. Chen et
al., 1992), LBM has become an alternative tool especially for complex CFD problems

such as multi-component, multi-phase flows (Higuera et al., 1989) and physiological



problems such as cardiovascular flows and flow in lungs and in breathing passages
(Xia et al., 2002). However, earlier LBM had not been known as a CFD tool in
engineering community (Qian et al., 1992) due to its restriction to regular lattices
(Amati et al., 1997) that was inherited from the original LGA (Frisch et al., 1986).
Due to its use of number density distribution in LBM, replacing the Boolean
population of LGA, this restriction has become unnecessary in LBM (Cao et al., 1997,
He et al., 1996).

1.2. Lattice Boltzmann Equation

LBM originates from the LGA model and at its heart lies the probability distribution
function f(x, v, t) that gives the probability of finding a molecule at position x with
a velocity v at a time t or the expected number of particles f(x, v, t)dxdv in a phase
space volume element dxdv (Sukop et al., 2006). The distribution function is

connected to macroscopic variables such as the mass density

plx,t) = ff(x,v, t) dv, (1.2a)

the momentum density

p(x,Hulx,t) = jvf(x, v, t)dv, (1.2b)

and the total energy density

p(x, E(x,t) = §j|v|2 flx,v,0)dv. (1.2¢)

These are actually moment integrals of f weighted with some functions of v and
integrated over the velocity space. The considerations of the internal energy due to the
random motion of the particles lead to the macroscopic internal energy density as the

moment

p(x,e(x,t) = §j|v—u|2f(x,v, t) dv. (1.2d)



In the presence of an external force F, the particles in this distribution will be
accelerated by a. If we follow the movements of particles in a phase space volume
element during a time interval dt, the number of particles is conserved, thus

f(x +vdt,v + adt, t + dt)dxdv = f(x,v,t)dxdv (1.3)

Figure 1.2. Effect of an external force F = ma on velocity where m is the molecular mass. (Boix, 2013)

The intermolecular collisions taking place within a gas, however, cause changes to the
distribution whose effect is summed up by the collision operator C(f) leading to a

more realistic equation:

f(x+vdt,v + adt, t + dt)dxdv — f(x, v, t)dxdv = C(f)dxdvdt. (1.4)

In the limit dt — 0, it reduces to the classical Boltzmann equation (Succi 2001):

%+v-vxf+a-vvf=c(f)- (1.5)

The last two terms on the left-hand side of (1.5) represent the net number of particles
entering the infinitesimal phase-space volume dxdv centered at (x, v) as the result of
inertial motion of particles between collisions and the external force F, respectively,

while the second term on the right-hand side represents the net number of particles



entering that same volume as the result of instantaneous and purely local collisions.

The collision operator must fulfil the conservation of the mass

fC(f)dv ~ 0 (1.6a)
the total momentum
j vC(f)dv=20 (1.6)
and the total energy conditions
(1.6¢)

fv-vC(f)dv=O

due to the assumption that the collisions do not create nor destroy molecules. The
general Boltzmann collision operator is rather complicated and the collision operator
used in the LBM is based on much simpler BGK collision operator (Bhatnagar et al.,
1954)

f-re (17)
CBGK(f) = -
T
where 7 is the relaxation parameter towards the equilibrium (Maxwellian) distribution
@ p( ) e (- 18
1™ =pP\Zerr) P\~ 2rr (1.8)

with the specific gas constant R and density p. The relaxation parameter 7 is closely
related to the viscosity v. BGK collision operator satisfies the conservation
requirements (1.6) and facilitates the evolution of f towards f¢? as governed by the
relaxation parameter t. However it is still an approximation to Boltzmann’s original
collision operator in that BGK collision operator predicts a Prandtl number (Pr =
k /v, the ratio of viscous v and thermal x diffusivity coefficients) of Pr = 1 while the
original operator predicts Pr =~ 2/3, a value validated experimentally for monatomic

gases.



The Boltzmann equation is a continuous equation and it is necessary to construct
corresponding discrete equations for computational modelling. The first step in the
discretization process involves the discretization of the moment equations (1.2) in the

velocity space:

ff(x, v, t) dv = Z @, f(x,v,,t), (1.9a)

J.vf(x, v, t) dv = Z W Vof (X, 04, 1), (1.9b)

1f|v|2 flx,v,t)dv = 12&7 [, |2f (x, v, t) (1.9¢)
2 » ¥ - 2 a [24 rra ) .

where {v,} is a discrete set of velocities and @, are the corresponding weights. This
Is introduced into the Boltzmann equation (1.5) with the BGK collision operator (1.7)
to get (BGK-Boltzmann)

afa _ 1 e
E t Uy foa = _;(fa _fa q)

where f, = f(x,v,, t) and the external force is omitted. This decouples the velocity

(1.10)

space and the physical space and the resulting equation is called the continuous Lattice
Boltzmann Equation (LBE). The discretization in the physical space (time and space)
can be performed by different numerical technigues, such as the finite difference (He
et al., 1996), finite volume (Xi et al., 1999), finite element methods (Li et al., 2005).

Discretization of (1.10) in space and time with finite difference formulas leads to the
(discrete) lattice Boltzmann equation:
fa(x + v ALt + At) — f,(x, 1) (1.11)
= 2zt - £(x,0).

This form is widely used as a computational tool for the simulation of fluid flow. The

evolution of the distribution function is approximated over a lattice having each lattice



site located at x and connected to the neighbouring lattice sites along the directions
v,. The implementation takes successive streaming (propagation) and collision

(relaxation) substeps.

An alternative approach is to use a Galerkin procedure based on Hermite polynomial
expansion in velocity space (Télke et al., 2000). The equilibrium distribution function

¢4 is of Gaussian exponential form, thus, it can be expressed in terms of Hermite

polynomials {H () (x)} that are orthogonal under a weighted inner product

f‘” H™)H™ (x) w(x)dx = n! 8y, (1.12)

with Gaussian exponential weight w(x) = \/%exp(—xz/z). This can also be applied to

the unknown distribution function f itself:

v 113
Fav,0= 0@y Lawonmw (1.13)
n=0 "

where the expansion coefficients can be obtained by Galerkin projection onto the

space spanned by the Hermite polynomials as

a(n)(x, t) = .I-mf(x’ v, t) g (v) dv (1.14)

It turns out that the discrete set of velocities {v,} used in LBM are, in fact, the
Gaussian-Hermite quadrature nodes. The Galerkin projection when applied to the
residual resulting from substituting the truncated representations of f and f°4 yields
a system of hyperbolic partial differential equations that can be solved with available

numerical techniques free of a lattice structure.

10



1.3. Thesis Objectives

In this thesis, our objective is to explore the collocation and Galerkin projection
approaches to numerically solve the Boltzmann equation with the BGK collision
operator. The physical configurations of Plane Poiseuille flow will be used as the test
problems. In addition, flow past circular cylinder(s) and a square cylinder
configurations are simulated by LBM. The explorations are performed to understand
the theory and the implementation of this promising alternative technique for

computational modelling of the fluid flow phenomena.

After the perspective introduction to the analytics and numerics of LBM in Chapterl,
Chapter 2 presents the Boltzmann equation from the Kinetic theory to its discretization
in Galerkin and collocation approaches. In Chapter 3, Galerkin approach is presented
in detail and implemented numerically to solve planar Poiseuille flow whose analytic
solution is known. Collocation approach leading to LBM is presented in Chapter 4.
The implementation issues, namely boundary conditions and stability, on the square
lattice are discussed and planar Poiseuille flow is used as a numerical test case. Some
further numerical examples, such as flow over circular, square and an array of
cylinders are presented in Chapter 5. It is finalized by a discussion in Chapter 6.
Hermite polynomials and Gauss-Hermite quadrature that are the main tools used in

Galerkin and collocation approaches, are presented in the Appendix.

11






CHAPTER 2
BOLTZMANN EQUATION AND ITS DISCRETIZATION

As mentioned in the introduction LBM operates in the mesoscopic scales of Lz,
tmsp Dased on the mean free path between successive collisions. Kinetic theory

commonly provides a kinetic description of dilute monatomic gases at this scale, thus
it underlies the LBM.

2.1. Kinetic Theory and the Equilibrium Distribution Function

In the mesoscopic description, the particle distribution function f(x,v,t) is the
fundamental variable representing the density of particles in the phase space with the
velocity v = (vy, vy, v,) = (v4,V,,v3) at position x = (x,y,2) = (x1,x,,x3) and
time t. It can be considered as a generalization of macroscopic density p(x, t). It is, in
fact, connected to macroscopic variables like the density and the fluid velocity u(x, t)
from its moments over the velocity space (1.2). Using the ideal gas law p = pRT and
the internal energy pe =2 pRT due to the molecular translation in three spatial

dimensions, both pressure p and temperature T can also be formulated as a moment

p :pRT =§pe =§j|U—U|2 f(x,v,t) dv (21)

When a gas has been left alone for sufficiently long, the collisions between molecules
tend to even out the distribution of particle velocities in a gas around the mean velocity
u, thus, the distribution function f (x, v, t) reaches an equilibrium distribution f€9(c)

where ¢ = v —u = (cy, ¢y, ¢;) is the relative (intrinsic) velocity and £ should be

13



only a function of the speed |c| = c of the particles, thus f¢(c). Together with the

independence of the distribution in each direction, this implies
fe1(e) = Fe9(c)f ey )f ¢ (e,) = D(cE + ¢} + ¢2)

for some function ® where only the velocity dependence is shown. An appropriate

form of the distribution function should then be f¢9(c) = Aexp(—Bc?) so that
fe(c) = A3 exp (—B(c,% +c2+ c§)) = A% exp(—Bc?).

The number of particles having speed between ¢ and c + dc can be considered
geometrically as lying between two shells of the sphere with radii ¢ and ¢ + dc having

a volume 4mc?dc. Therefore, the probability distribution is
feé(c)dc = A3 exp(—Bc?) 4mc?dc (2.2)

Substituting this expression in

PRT =§pe = %fczfeq(c)dc

and using the fact that p = [ f©9(c) dc, we get

. 1 2 c? (2.3)
fq:p<2nRT> €XP\ T 2RT

This is Maxwell’s derivation that is later re-derived by Boltzmann by using statistical
mechanics arguments. It is therefore called Maxwell-Boltzmann equilibrium

distribution. It can be verified that f€9 satisfies the moment integrals (1.2) as f.

2.2. The Boltzmann Equation and Macroscopic Conservation Equations

The classical Boltzmann equation (1.5) is actually an advection equation. While terms
on left hand side represent the distribution function f being advected with the velocity
v under the forces affecting this velocity, the source term C(f) on the right hand side

represents the local redistribution of f due to two-body collisions, thus, C(f) =

14



Q(f,f) is a bilinear quantity. It models all possible outcomes of two-particle
collisions and is of the form of a complicated quadratically nonlinear integral over the

velocity space.

The replacement of the collision operator by a simpler but high fidelity expression is
the key factor in facilitating the numerical approaches to the Boltzmann equation.
BGK collision operator (1.7) proved very useful in this respect that (a) it conserves
the collision invariants (1.6) as expected from a collision operator because the
collisions are assumed not to create nor destroy molecules and (b) it captures the
relaxation of f towards the equilibrium distribution f€4, i.e. Cgx (f€9) = 0 as stated
by Boltzmann’s H-theorem. The collisional relaxation towards f¢4 is determined by
the relaxation parameter 7. It, in fact, embodies a whole spectrum of relaxation scales
lumped as a single value (Succi 2001). It might look like an oversimplification of the
collision process, however, Cgqx (f) carries the nonlinearity of the classical operator
C(f) because f©? depends nonlinearly on the fluid speed u, the temperature T which

are linear functionals (1.2) of f.

Classically, the link between mesoscopic Boltzmann kinetics and macroscopic
conservation equations (Navier-Stokes equations) was shown by the Chapman-
Enskog analysis (S. Chen et al., 1998); (Frisch et al., 1986) based on the asymptotic
expansions with the expansion parameter e recognized as Knudsen number, thus
providing a derivation valid for low Knudsen number (or low Mach number). This

subject will further be taken up in Chapter 4.

Alternatively, macroscopic conservation equations can be constructed by taking

velocity moments of the BGK-Boltzmann equation

of . 9of
E + v; a—x[

where the zeroth, first and second velocity moments lead to the macroscopic

PP (2.4)
=~ (1= )

conservation equations for mass, momentum and energy, respectively. In fact, the

15



moment integrals lead to vanishing right-hand side of (2.4) due to (1.6). The zeroth

moment of (2.4) is

J {% T aa—,f} av = [ {iree - p)av. (25)

In the phase space, the variables (x, v, t) are independent, so the temporal and spatial
derivatives commute with the velocity integral and f vanishes sufficiently fast as

|v| = oo. Thus, it can be shown using (1.2a) that (2.4) yields the continuity equation

dp  0d(pw;) (2.6)
% + o 0.
The first moment of (2.4)
of of (2.7)

| wle +uagdw= [ wliv-nja

can be rearranged by using v;v; = (v; — u;)(v; — w;) + vu; + vju; — uw; and

d 0 0
—.f Ul'Ujfdv = 6_xif(vi - ul-)(vj — u])fdv + a—Xi-]-(l?iu]' + vjui - uiuj)fdv

axi
Pij puiu;
to get the momentum equation
ot axi B axl- '

where P;; is the pressure tensor and the stress tensor is g;; = pé;; — P;; with the
pressure p = %tr(Pij) = Bp. Similarly, the second moment of (2.4) can be reduced to
the conservation equation for the total energy pE = 2pc? + 2p|u|* (Cushman-Roisin
et al., 2018). The above equations are to be closed by defining constitutive relations
such as for g;; or by introducing an explicit distribution function f. In fact, assuming

f = f©2 results in the Euler momentum equation lacking the viscous stress tensor.
This indicates that the phenomenon of viscous dissipation is connected to non-
equilibrium, i.e. (f — f°9).

16



2.3. The Boltzmann Equation and the Hermite Polynomials

An alternative approach in approximating the Boltzmann equation is proposed by
Grad (1949b) by expanding the distribution function f in terms of orthogonal Hermite
polynomials in velocity space. This expansion is convenient in that the expansion
coefficients are exactly the velocity moments of the distribution function (1.2). This

results in 13-moment system including stress o;; and energy flux g; in addition to

p,u, 0 (Grad, 1949b).

For convenience, the BGK-Boltzmann equation (2.4) is normalized by using the
characteristic velocity ¢, = \/RT, that also provides characteristic length [, and time

to scales by [, = cst, Where T, is the characteristic temperature. The equilibrium

distribution £ then takes the simpler dimensionless form:

1 d/2 CZ
7= 0 (3e5) ex”(‘%) (2.9

in d-Dimensions and the ideal-gas equation of state becomes p = p@. The procedure
starts with the expansion of the distribution function f in terms of the Hermite

orthonormal polynomials H™ in velocity space v:

flx,v,t) = w() Z %a(”)(x,t)-H(")(v) (2.10)
n=0 "~

where the expansion coefficients a™ (x, t) are given by
a™(x,t) = f f(x,v,t) HY (v) dv 2.11)

with the weight function

1 d/2 |‘U|2
w(v)=<%> exp|———. (2.12)

The exponential form of the weight function associated with the Hermite polynomials

makes them convenient to express f°? which is itself in exponential form (2.3). Here,

17



the index (n) also stands for the rank of the tensors a®™ and H™. Some mathematical

properties of the Hermite polynomials are presented in the Appendix.

The first three expansion coefficients are directly associated with the fundamental

macroscopic variables:

a® = f fv,t) HO(w) dv = p, (2.13a)
oV = f f@,v,t) HY ) dv = pu;, (2.13b)
o = [ femo HP@av=ry+p(uay—8y). @139

Hermite series expansion of the equilibrium distribution function £ €9 in velocity space

can be constructed similarly:

£¢1(p,u,0,v) = w(v) z 3 Qe (p,0)HO) () (2.14)
n=0 -~
where
a™ei(p,u,0) = f £e4(p,u,8,v) H® (v) dv. (2.15)

Since the equilibrium distribution function ¢4 in (2.9) has the same form as the

weight function (2.12), it can be written as

Fo1 = gar® (vv_au)'

The integrals in (2.15) can then be written as

a™ed = 95/2] w( 7 ) H™ (v) dv =#f w(@y) HW(Voy +u) dy

where y = (v — u)/+/0 is substituted in the integral and computed by using the

properties of the Hermite polynomials to get the first three expansion coefficients:
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a®ed = p, (2.16a)
ae = pu, (2.16b)
a7 = p(ugu; + (0 — 1)5yy). (2.16¢)
Note that aff)’eq - al.(]?) = g;;. The explicit form of the Hermite expansion (2.14) can

now be written up to the 2" order moments
fei~fO=w@p{l+v-u+i@w w?-u?+6-1)(v? - D]} @17
For an isothermal system (6 = 1), some terms vanish (Shan et al., 2006).

Due to the orthogonality of Hermite polynomials, the individual velocity moments of

the distribution function is not effected by the truncated expansion

N
flx,v,t) = fN(x,v,t) = w(v) z —a® @) H® @) (2.18)
n=0

Now that fV /w is a finite linear combination of Hermite polynomials, it is itself a

polynomial of degree < N in v, thus
Nx, v, OH™ (v) = w(@)p(x,v,t) (2.19)

where p(x, v, t) is a polynomial of degree < 2N in v. The Gauss-Hermite quadrature
permits the exact evaluation of the integral

. q

a™ = j w@) p(x,v,t)dv = Z w, p(x, Vg, t) . (2.20)

T a=1
for the integrand p is a polynomial of degree < 2N + 1 and that ¢ = (N + 1)/2.
Here, v, and w, are the Gauss-Hermite quadrature nodes and weights, respectively,
and v, are the roots of the Hermite polynomial of order g. Some properties of Gauss-
Hermite quadrature are presented in the Appendix. This provides an alternative

method of evaluation of the expansion coefficients (2.11) in discrete form
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q

a™(x,t) = Z w‘g‘; ) Nx, v, OH™ (v,). (2.21)

a=1

The expansion coefficients up to the 2" order in (2.13) and (2.16) are sufficient to

obtain an associated with the fundamental macroscopic variables, namely, p, u, .

The high accuracy evaluation of the integrals in discrete form based on the Gauss-
Hermite quadrature in (2.20) leads the way for the discretization of the velocity
moments in (1.2) and eventually the Boltzmann equation. Gauss-Hermite quadrature

evaluation of the velocity moments in (1.2) gives

q
— Wa N
p= z 0w [ xvgt), (2.22a)
a=1
q
— Wa N
pu - 2 (L)(va) vaf (x) va; t) y (222b)
a=1
q
P+ uuzzﬂvvf’v(xv t) (2.22¢)
p ] (I)(va) a¥a »yVYar ) .
a=

where the last moment is defined in (2.13c). By absorbing the quadrature weights in

fNby fo(x,t) = we fN(x,v4,t)/w(v,), these moments can be written as follows:

q
p= Z far (2.23a)
a=1
q
ou = Z Vo fo) (2.23b)
a=1
q
P + puu = Z VoV fu- (2.23¢)
a=1
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The BGK-Boltzmann equation (2.4) is now discretized by directly evaluating at v,

and multiplying by the constant w, /w(v,) to get:

Ofa __1 0
e Ve Ve = —;(fa - ) (2.24a)

where fa(o) is obtained from (2.17) as follows:
0 _ 1 : 1 w2 —|ul2+ 0 —-1 2—-d 2.24b
a =Wap {1+ vg ut (0w —|ul®+( )(lvgl ) (2.24b)

This is the Lattice Boltzmann equation. The discretization in space over lattice and
time leads to the Lattice Boltzmann method whose implementation is presented in
Chapter 4.

The discretization leading to the Lattice Boltzmann equation (2.24) is, in fact, the
collocation discretization where the residue resulting from substituting the truncated
representation fV of f into BGK-Boltzmann equation (2.4) is forced to vanish at the
collocation (Gauss-Hermite quadrature nodes) points v,. An alternative approach of
discretization is based on Galerkin projection of the residue onto the space spanned
by the Hermite polynomials. This results in a system of partial differential equations
for the evolution of the expansion coefficients a™ (x, t) instead. The formulation and

the numerical implementation are presented in Chapter 3.
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CHAPTER 3
DISCRETIZATION BY GALERKIN PROCEDURE

This discretization method involves using trial and test functions in terms of Hermite
polynomials in velocity space as presented in Chapter 2 for the discretization of the
Boltzmann equation using the Galerkin projection procedure. In this chapter, the

formulation is presented for a 2D problem (d = 2).

3.1. Galerkin Procedure

The residual resulting from the substitution of the truncated representation f~ of the

distribution function f in (2.18) into the BGK-Boltzmann equation (2.4)

N N
R(a™,v) E%+v-aa—x+%(f’v—f(°)) (3.1)

is projected onto the space of Hermite polynomials and set to zero
J R(a™,v) H®(v)dv = 0 (3.2)

for n < N to get the Galerkin equations for the expansion coefficients a™ (x, t). In
accordance with the discussion in Chapter 2, it suffices to choose N = 2 and thus f(®
of (2.17) is taken for d = 2 as

FO = u@)p {1 +v-u+ - w? - ul? + (@ - D(lvl? - 2)]} 2.17)

For notational convenience, the macroscopic associations of the expansion

coefficients in (2.13) are rewritten in 2D as

a;, =a® = j f(x,v,t) HO (W) dv = p, (3.3a)
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a, = agl) = f f(x,v,t) Hl(l) (v) dv = pu,, (3.3b)

as = agl) = J_Oof(x, v, t) Hz(l)(v) dv = pu,, (3.3¢)

a, = ag) = j_oof(x, v, t) Hl(g)(v) dv = puju, — 045, (3.3d)
as = aﬁ) = f_oof(x, v,t) Hl(i)(v) dv = pu? — gy4, (3.3¢)
ag = agzz) = foof(x, v, t) Hz(é)(v) dv = pu3 — 0,,. (3.31)

By using the properties of the Hermite polynomials in the Appendix, Galerkin

equations for the expansion coefficients a™ (x, t) are obtained as:

da, (6a2 N 6a3> _o, G40

ot 0x; 0x,
G (e R (3.4b)
aaig " (32 * g: * Zfﬁj) =0 (3.40)
et et g) = 7w =22), o4
%*2%:‘%(“5‘%' (340
%*23_2:‘%<“6‘Z—§)- (3.4

3.2. Connection to Macroscopic Equations

Chapman-Enskog expansion is a classical procedure that is used to show the
connection between the Boltzmann equation and the macroscopic equations. It is
based on an asymptotic expansion in powers of Knudsen number (Kn) which also

measures the level of departure from equilibrium in the distribution function f. The
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procedure leads to the Navier-Stokes equations from the Boltzmann equations for
small Kn. In the case of the Galerkin equations (3.4), Tdlke, et. al. (2000) used the

following argument in order to recover the macroscopic equations:

The equations (3.4d-f) are rewritten in the form

Ay z daz/0xy + da,/0x; — %(a2a3/a1)

d 1

5% as +; as| + 20a,/dx, —%(a%/al) =0 (3.5)
& a6 l Zaag/axZ —%(a%/al) J
g(t) — C -

and considered on the time interval [0, T,] where T, is an intermediate time scale
small enough T < T, < T; so that the macroscopic values like density and momentum
can be taken as time independent, say C. Here, T; is the macroscopic time scale and
the relaxation time t is of the order of the collision time. The equation (3.5) can then

be idealized as

dg(t 1
9 +-g(t)+C=0, t €10, T,] (3.6)
at T
whose solution is
1
git) =—1C+ciexp (—;t). (3.7)

Thus, g(t) decays exponentially fast to steady state as t (or the mean free path or the
Mach number) becomes very small. Thus, (3.5) can be solved for the expansion

coefficients a,, as, a, to get

_ (203 das aaz)
4= ( a, ) T(axl * d0x,/’ (3.8a)
2
as da,
=(2) 202, .

as <a1> s (3.8b)

a? da
ag = <a—j> - ZTa—xZ’. (3.8¢)
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Substituting (3.8) into (3.4a-c) and expressing the coefficients a; in terms of

macroscopic variables (3.3) yields the macroscopic equations:

dp Odpu; Opu,
Jat  0x, ox,

dpu, 0dpu> Jdpuu 0 do do
puUq puy P12+P: 11_|_ 12

0, (3.92)

, 3.9b
at dx, dx, dx; 0x; 0x, (3.9)
dpu, dpu? Jdpuu, 0 do,, 0Jo
pu; puz puyq 2, p _ 9% 22, (3.9¢)
at dx, dxy dx, 0x; O0x,
__(9pu;  Opu;
Oij = T( axj +a—xi . (39(1)

Here the relationship (3.9d) between the stresses and the flow field gives the
expression for the kinematic viscosity as v = t. The equation of state is p = p for the

isothermal system 6 = 1.

3.3. Discretization in the Time-Space Domain
The system of equations (3.4) can be written in the form:

aU+1‘laU-|—BaU—NU 3.10
ot 9%, ox, ) (3.10)

where U is the Hermite coefficient vector

U(xy,x,t)=[a1 az az as as ag]T,
A and B are the spatial differential operation matrices, and N are the nonlinear
(collision) terms. The system (3.10) is discretized by using a second order upwind
scheme on a uniform mesh in space and a first order explicit Euler scheme in time.

The matrices A and B are split into AT, A=, B* and B~ matrices corresponding to

their eigenvalues 1, —1, v/3, —/3, 0, 0 such that

AT = PATP1 and A~ =PA P71
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where P is the matrix of the eigenvectors of 4 and A*/~ are diagonal matrices. After

similar splitting for B, they become:

'Ble 12 0 0 Bf6 o
12 B2 0 0 12 0

0 0o 12 1/2 0 0

0 0o 12 1/2 0 0
BB 1 0 0 3/3 0
0 0

0 0 0 0

A+

—Ble 12 0 0 —3/6

0
12 B2 o0 0 1/2 0
4| 0 0o -12 12 0 0o |
0 0 2 -12 0 0
~BB 1 0 0 BB o0
0 0 0 0 0 0
Bl 0 12 0 0 3/6]
0 12 0 12 0 0
g_| V2 0 B2 o 0 1/2 |
0o 12 0 12 0 0
0 0 0 0 0 0
33 0 1 0 0 +3/3]
VY 1/2 0 0 —/3/6]
0o -1/2 0 1/2 0 0
| 12 0 B2 o 0 1/2
0 1/2 0o -12 0 0
0 0 0 0 0 0
—3/3 0 1 0 0 —/3/3]

Numerical scheme reads as follows (Hirsch, 2007):
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2L (A* (3LUTY, — 4[UTE L ; + [UTR,,) +

n+1 _ n _
I~ = W1 — o

ij
(=0, + 4101, — 30T +
B*(3[UTY; — 4[UTY_, + [UTY_,) +
B (~ 10112 + 41UT1a = 31UIE))) + Ae N(IUTE) G.11)

where [U]}}; = U(iAx, jAx, nAt) with At denoting the time step size and Ax the spatial
step size. For stability, At < 2t and T « Ax (Mei et al., 1998).

3.4. Steady State Plane Poiseuille Flow

The formulation above is implemented in the numerical simulation of steady state
plane Poiseuille flow. The advantage of such a flow is its geometric simplicity and
availability of an exact solution. The subtlety is in the implementation of the pressure
gradient that drives the flow. Conventionally, the pressure gradient is implemented as
a volume force in the momentum equation. In order to conform the formulation above,
however, the pressure gradient is implemented as an initialization of the pressure
variable in the form of a linear profile. It should be noted that in the Boltzmann
equation setting, density and pressure are tied together by an ideal gas equation of

state p = p6 (p = p for isothermal system 6 = T/T, = 1).

For the numerical experiment, the fluid with viscosity v = 0.01 m?2/s is driven by a
pressure gradient of 0.0008 Pa/m in a channel segment of horizontal and vertical
dimensions of 1 m. These values dictate a steady state centreline velocity of u; |,—g5 =
0.01. The numerical convergence to the steady Poiseuille parabolic profile through
the transients is shown in Figure 3.1 for a 64 x 64 grid. Further shown in Figure 3.2
are the steady state profiles of the macroscopic physical variables that appear in (3.2).
They are in agreement with the expected Poiseuille flow profiles for the associated

physical flow variables.
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Figure 3.1. Numerical convergence of the Poiseuille velocity profile for a 64 x 64 grid.
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Figure 3.2. Profiles of flow variables as in (3.3) associated with the Poiseuille flow.
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CHAPTER 4

LATTICE BOLTZMANN METHOD

Introducing the Gauss-Hermite quadrature in computing the velocity moment
integrals in Chapter 2 resulted in the expressions for the macroscopic variables in
(2.23) and led to the Lattice Boltzmann equation (2.24). While this equation is discrete
in velocity, it is still continuous in time and space. It embodies two processes:
streaming and collision. It is clear from (2.24) that the streaming process is linear
while the nonlinearity enters through the collision process. A numerical solution thus
requires further discretization in time with step size At and in space with step size Ax.
In the presence of a set of discrete velocities v,, the numerical solution of the Lattice

Boltzmann equation involves streaming from (x,t) to (x + v,At, t + At) under the

effect of the BGK collision operator C(f,) = — (fo — a(o))/r. The neighbourhoods
x + v, At around x created by the discrete velocity set {v,} form a lattice and the

resulting numerical procedure is called the Lattice Boltzmann Method (LBM).

4.1. The Lattice

In LBM, the spatial evolution of the distribution function as governed by the velocity
discretized Boltzmann equation takes place locally in a fixed lattice. In the streaming
process, along the defined directions, each node connects to its adjacent node in each
lattice as in Figure 4.1. Connecting the lattice nodes are the links set as a result of the
particular directions and magnitudes of the set of discrete velocities. In addition, on

each lattice node resides the distribution function (Boix, 2013)

In literature, different kinds of lattice configurations are in use and labelled by their
arrangements in the form DdQg. In this naming convention, d represents the physical
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dimension while g represents the number of velocity directions. For example, in D2Q9
lattice arrangement, lattice span is in two dimensions and it has 9 possible velocity
directions. One of these velocity directions is for non-moving particle which has zero

velocity.

Figure 4.1. Lattice example on 2D geometry (Boix, 2013).

Most commonly used lattice arrangements to simulate hydrodynamics are D1Q3,
D2Q9, D3Q15, D3Q19 and D3Q27 (see Figures 4.2-4.4). The three lattice
configurations in 3D are ordered in decreasing computational efficiency such as
memory and computing power requirements. However, D3Q15, D3Q19 have been
shown to lack some degree of isotropy in comparison to D3Q27. Thus, D3Q27 is a
good choice for flows with high dynamical degrees of freedom such as for turbulent
flow modelling. In fact, symmetry and isotropy of the lattice arrangement are the two
important requirements in choosing a suitable lattice for the underlying physics. In

order to simulate advection-diffusion problems, for example, lower level of isotropy
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may be sufficient such as D2Q4 that is suitable for simulation of heat conduction
(Wolf-Gladrow, 2000). Other lattice arrangements are square lattice (D2Q4),
triangular lattice (D2Q7) (McNamara et al., 1988), D2Q13-WB (Weimar et al., 1993),
D2Q21 (Fahner, 1991), D3Q15 and Thermal LBMs D2Q13-FHP (multi-speed FHP

model).
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Figure 4.2. D2Q9, D2Q7 and D2Q5 arrangements
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Figure 4.3. 3D lattice models
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Figure 4.4. llustration of D3Q19 model with nine lattice node (Pontrelli et al., 2007)

In Chapter 2, the velocity discretization is obtained using Gauss-Hermite quadrature

rule giving a suitable set of discrete velocities v, and the corresponding weights w,,.

The resulting set are:

Table 4.1. Lattice configurations as constructed as tensor products of Gauss-Hermite quadrature rule.

Notation Velocities, v, No. | vl | wy,
(0) 1| 0 2/3
D1Q3
(+1) 2 | 1 1/6
(0,0) 1 0 4/9
D2Q9 (£1,0), (0, £1) 4 11 1/9
(£1,1£1) 4 | V2 | 1/36
(0,0,0) 1| 0 | 8/27
(£1,0,0), (0,£1,0) (0,0, £1) 6 | 1 | 2/27
D3Q27
(£1,41,0),(£1,0,+1),(0,+1,+£1) | 12 | V2 | 1/54
(+1,+1,41) 8 | V3 [1/216
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Yet another consideration in deriving the lattice configurations is physical namely, the
isotropy of the lattice (Satoh, 2011). Sufficiency of isotropy in the lattice configuration
depends on the underlying physics of the model. The isotropy considerations lead to

the following conditions:
YaWe =1,
Y Wy =0,
Y WaVq,iVq,j = 61']';
Y WoVq,iVq,jVak = 0,
Za WoVq,iVa,jVakVam = (6ij6km + 6ik5jm + 5im6jk)'
Yo WaVq,iVa,jVakVamVan = 0. 4.1)

together with the weights w, to be non-negative. Thus, it is required that all velocity
moments up to the fifth order are to be satisfied for LBM to be suitable for modelling
hydrodynamics (see Table A.1 in the Appendix). In order to simulate advection-

diffusion problems, for example, lower level of isotropy may be sufficient.

4.2. Lattice Equilibrium Distribution Function

The equilibrium distribution function (2.9) for an isothermal system (6 = 1) can also

be written in the form:
p v — ul?
eq — ¥ ==
1™ = Gy e"”( 2 )

__ P |v|? [ul> - 2v-u
= 22 exp 5| exp > :

It can be expanded in Taylor series about the stationary state, u = 0, to get
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p lv|? 1
eq — T _ . z )2 — 2y...
f z )d/zexp< 2)[1+v u+2((v u) |u|%) ]
The general form of the lattice equilibrium distribution function up to O(Ju|?) can be

written as
A=pla+bv,-u+c@w, w?+d|ul?. 4.2)

where a, b, ¢, d are lattice constants. This expansion is valid only for small velocities
u, or small Mach number u/c;. Note that this form introduces second order

nonlinearity as in the Navier-Stokes equations.

The constraints (2.23) that £, should also satisfy can be used to determine the
coefficients in (4.2). Since the values of these unknown coefficients depend on the
lattice configuration, we consider D2Q9 as an example (Satoh, 2011). It can be shown
that it yields the form

eq 9 2 3 2
= wup 1+3va-u+§(va-u) —Elul (4.3)

where w, are the Gauss-Hermite quadrature weights corresponding to D2Q9 (see
Table 4.1). The apparent discrepancy when (4.3) is compared with (2.24b) can be
resolved by a scaling of 1/~/3. This quantity often named as the sound speed c, in
LBM literature for its appearance in the relation between the pressure and the density
p = c2p, but it is simply a scaling factor or pseudo-sound-speed as it is termed in
Nourgaliev (2003). By introducing this scaling factor ¢ in (4.3), it takes the form

a'u+1(va'u)2 1|u|2
c? 2 2 c?

v
a = Wap |1+ (4.4)

Thus, lattice equilibrium distribution function (4.3) will be used for the lattice

configuration D2Q9 with the reference sound speed ¢, = 1/+/3, so that p = p/3 in

an isothermal system.
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4.3. Macroscopic Conservation Equations

Chapman-Enskog analysis provides the macroscopic connection by establishing the
non-equilibrium contributions to f in the form of a perturbation expansion about fé4
as Knudsen number Kn — 0. This expansion is motivated by attempts to solve BGK-
Boltzmann equation (2.4) written in the form

e =f+r<%+viaa—3;>

Df/Dt

and used in the following construction (N. X. Chen et al., 2017):
_ _ _L _
f=r TDt_feq TDt(feq TDt)

Dfeq DZfeq
= fed — 1 — 2 — ...
f "Dt T Dt?

(4.5)

The relaxation parameter 7 is of the order of Kn and so as Kn - 0, (4.5) is a

perturbation expansion (Latt et. al., 2008).
Chapman-Enskog analysis proceeds with an expansion of f;, in (2.24a) in the form:
fo= £ D+ D 4

and with a multiscale expansion

where it is assumed that the diffusion time scale t, is much slower than the convection

time scale t, (S. Chen et al., 1998); (Frisch et al., 1986). While £, ¢ also satisfies
(2.23), fa(k) should satisfy the following constraints

q

q
k k
Y P =0, > waf =0, (4.6)
a=1

a=1

39



Substituting these expansions in the Lattice Boltzmann equation (2.24a), one obtains

the following equations (Zhang, 2011):

afsd 1
6. et v Wf = ) (4.72)
1
af(l) YNIE) €Y 1
1: a 1—— a . O = —— (2). 4,
¢ ot, +< T) ot, T Vife Tf“ (4.75)

where V, is the gradient operator based on the spatial variable x,. By taking velocity
moments of these equations and using the relations (2.16) and (4.6), one obtains the

mass and momentum equations:

dp N d(pus) _

op 4.
ot T Tox, 0 (4.82)

o) on 210y
ot axi 2 E)xl-

= 0. (4.8b)

For the lattice configuration D2Q9 and thus using (4.3) and (4.7a), one gets:

q
0
Hl'(j) = Z va,iva,jfaeq = p5i,- + pu;u;,

a=1

q

dpu; OJpu;
1 2 : 1 j
1_[i(j) va,iva,jﬁx( ) =— + .

0x; 0x;
a=1 J L

For small enough density fluctuations, the momentum equation (4.8b) becomes

equivalent to the Navier-Stokes equations (S. Chen et al., 1998). The coefficient of

anl.(})/axi in (4.8b) gives the kinematic viscosity as v = (2t — 1) /2.
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4.4. Lattice Boltzmann Model

Velocity discretized Boltzmann equation with a general collision operator C,,

0fa
E + Vo: Vfa = Ca(x, t)

can be solved for each velocity (characteristics) direction v, at (x, t) to get
At

fu(x + v ALt + At) — f,(x,t) = J C,(x+v,ét+&)dé.
0

In order to arrive at a fully discretized model, the right-hand side must be
approximated. The classical Lattice Boltzmann method uses a one-point polynomial

interpolation of the integrand at (x, t) to get
fu(x + v ALt + At) — f,(x,t) = At C,(x, ). (4.9)

This is, in fact, first order explicit forward Euler discretization along the characteristics

direction v,. Substituting the BGK collision operator into (4.9) leads to

At
fu(x + v At t + AL) = £, (x,t) — — (fulx, ) = £57). (4.10)

In the numerical implementation of (4.10), two separate stages can be identified. One
comes from discretization along the characteristics, f,(x + v, At, t + At) — f,(x, t),

called the streaming (or propagation) step and the other comes from the local collision
operator %(fa(x, t) — £ 1), called the collision step. The implementation requires q

populations of f, to be stored at each lattice location (x, t). In the collision step, each

population f,(x, t) updated by the local collisions to become

A
fe ) = fult ) = = (fule, D) — 7). @11)

In the streaming step, the collision updated population f(x,t) streams along the
caharacteristics direction v, to populate the neighbouring lattice point (x + v,At, t +
At):
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fu(x + VALt + At) = f7 (x, 0). (4.12)

In Figure 4.5, the effect of the streaming step for a inner node is illustrated.

Iz

Figure 4.5. Streaming process of a lattice nodes (Bao et al., 2011).

The velocity sets are chosen in such a way that any spatial vector v, At points from
one lattice site to a neighbouring lattice site. This guarantees that the populations f,
always reach another lattice site during a time step At, rather than being trapped

between them.

4.5. Boundary Conditions in Lattice Boltzmann Method

Boundary conditions are very important for stability and precision in the numerical
implementation. Macroscopic pressure and velocity fields are computed by using the
particle population distribution in LBM. Therefore, the conventional boundary
conditions of the fluid are to be specified in terms of the particle distribution function.
This gives some degrees of freedom at the boundary lattice sites (Latt et al., 2008).
Because of that, defining velocity and pressure boundary conditions at a certain node

does not entirely describe the state of a boundary lattice site (Koda, 2013).
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4.5.1. Bounce-Back Scheme

These boundaries, also called no-slip condition boundaries, are the typical boundaries
for simulating the interaction of fluids with a non-moving wall without slip. They are
also used to simulate the flow around a stationary obstacle. They are used largely
because they ensure the mass, momentum and energy conservation (Mohamad, 2011)

and due to their simplicity, numerical stability and accuracy.

As the name implies, when a particle is coming towards the solid boundary it bounces

back into the flow domain (Ho et al., 2009) as seen in Fig. 4.6

Pre-stream [t] Post-stream |] Bounce-back |[t] \[/
L]

L] L] L] [-] [ ] o [ (-] L] L] L]
FLUID | \ [
H{J[.[V v ‘\ S0LID
fi L} [} L L

e L] L] o L] L]

L] o
/ l \ Post-stream [t + At]

Figure 4.6. Bounce-back boundary condition effect on the distribution function values (Mele, 2013)

FLUID

There are two basic approaches in implementing the bounce-back scheme, and they
produce different results. The first one suggests that the solid boundary should be
placed half way between the solid node and the fluid node as shown in the right-hand
side of Fig. 4.7. The other scheme suggests placing the solid boundary on a node
directly as shown in the left-hand side of Fig. 4.7. It has been shown that the first
scheme is second-order accurate while the second scheme is only first-order accurate
(Bao et al., 2011; Gallivan et al., 1997; Mele, 2013).
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First—order numerical error Second—order numerical error

Figure 4.7. The two different approaches for bounce-back boundaries (Boix, 2013).

Figure 4.8. Illustration of D2Q9 model with nine lattice node. (Bao et al., 2011).

Figure 4.9. D2Q9 bounce-back boundary in the north direction (Boix, 2013).
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The bounce-back conditions for the first scheme can be formulated as

fa(xp, t + At) = f5' (xp, 1) (4.13)

where x;, refers to the fluid node at the boundary and & the direction index such that
vz = —V,. This is demonstrated using the lattice configuration D2Q9 in Figs. 4.8-
4.9. If the node in contact with a boundary node is considered, it is shown in Fig. 4.9
that there are no streamed distribution function values from the solid node. Therefore,
there are only three unknowns in the distribution function field at the fluid node,

namely, f;, f7, and fg. These values can be obtained by the bounce-back conditions

fa = f2, f7="rs fs = fe (4.14)

Thus, the streaming does not provide any values for f,, f,, and fg, it is the bounce-
back conditions (4.14) that provide the values for these unknowns at the boundary
(Boix, 2013). The bounce-back conditions (4.13) for a wall moving with a velocity

u,, can be modified to read

Vo' U
fﬁ(-xb' t+ At) = f(;(xb; t) - ZWapw% (4-15)

N

where p,, may be taken as the local fluid density at x;, (Kriiger et al., 2016).

4.5.2. Zou-He Velocity and Pressure Boundary Conditions

In some problems, flow models come with specified pressure and velocity at the
boundary. The LBM treatment of this specific pressure and velocity boundary

conditions were firstly developed by Zou & He (Zou et al., 1997).

In the case of the given velocity u;, = (u,,u,) at the left wall in Fig. 4.10, after the

streaming process, streaming fo, f2, f3, f4, f¢ and f are known, while f4, fs, fg and

p are unknown.
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Figure 4.10. Illustration of Zou-He velocity BC (Bao et al., 2011)

Zou-He boundary conditions offer to formulate a linear system for f4, fs, fg and p
by considering the equations (2.23a) and (2.23b). After rearrangement of the

equations, one gets:

fitfst+fe=p—(otfatfstfatfetf7) (4.162)
itfstfe=pur+(fz3+fe+17) (4.16b)
fs—fe=pu,—fo+fu—fot+f7 (4.16c)

By using (4.16a) and (4.16b), the density is determined as follows:

1
P=1_ux o+ 2+ fat2(fz+fs+ )] (4.17)

A fourth equation needed to solve for f4, fs, fg IS obtained based on the hyphothesis,
suggested by Zou and He (Zou et al., 1997) that the bounce-back rule also holds for

the non-equilibrium part of the distribution function normal to the boundary, i.e.

f1_f1eq =f3_f3eq- (4.18)

Once f; is determined from (4.18) with (4.3), the equations (4.16b-c) can be used to

obtain fz, fg as follows:
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2
fi=/fzt3puUs (4.19a)

1 1 1

fs=fr-52—fo)+puct5pu, (4.19b)
1 1 1

f8:f6+i(f2_f4)+gpux_ipuy (4.19¢)

Here, (4.19a) also follows from (4.15) by the use of (4.3).

If pressure (density) is specified on the boundary, (4.17) can be used to get

ux=1—[f0+f2+f4+5(f3+f6+f7)]. (4.20)

Now that f; is known from (4.19a), f, fg can be obtained similarly using (4.20).

4.6. Stability

The explicit discretization of the BGK-Boltzmann equation in (4.10) imposes some
stability restrictions on the time step At and on the lattice constant Ax = v,At. The
following argument may be used to obtain a stability constraint (Wolf-Gladrow,
2000): For an initially uniform flow, i.e. f,(x,ty) = f.(to), the kinetic equation

becomes

At .
fa(t+40) = fo(&) —— (fa(®) - f2 (4.21)

that is the flow will remain uniform at all later times. Furthermore, mass and
momentum density are conserved and thus retain their initial value p(x, t) = p(ty) =
pPo and p(x, u(x, t) = p(ty)u(ty) = poUy. Since the equilibrium distribution, f€4

does not depend on x and ¢t explicitly, i.e. fo! = fol(po, Ug), We have

A
Falt +88) = ful) = = (Ful®) ~ F (Do, 10)) (422)
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Subtracting f&l(po, ue) from both sides, it becomes

falt+1) = (1 — %) fa(® (4.23)

where f,(t) = fo(t) — fl(po, Uy). Stability of the evolution requires the magnitude
of f(t) does not increase with time, i.e. |fo(t + At)| < |fo(£)|- This is realized
when |1 — (At/7)| <1 or t/At > 1/2.

4.7. A Numerical Example: Steady-State Plane Poiseuille Flow and Grid
Independence Study

Poiseuille flow is studied within the scope of Hagen-Poiseuille theory and developed
from NS equations. In this theory, Poiseuille flow is considered to be incompressible

and laminar.

It is one of the basic flow configurations to compare the numerical algorithms with
the analytical results (Boix, 2013). Axial velocity profile of the flow pattern can be

seen in Fig. 4.11.

Figure 4.11. Axial velocity profile of the Poiseuille flow
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The LBM-BGK model is applied for solving the plane Poiseuille flow. The flow is
driven by a pressure gradient applied through the inlet and the outlet of the channel.

Schematic of the flow geometry is given in Fig. 4.12.

y=H
. ! i
F, (High) | Flow : P, (Low)
i 1
y=0
x=0 x=1L

Figure 4.12. Schematic of Poiseuille flow (Bao et al., 2011)

In order to determine the exact solution, symmetry and incompressibility of the flow
are used. Thus velocity components u and v do not have any horizontal variation and
also we can consider v equal to zero. The Navier-Stokes equations then reduce to

0%u _dp 4.24
where

ap_Pl_Po_AP
ox L L

The initial and boundary conditions are

u(x’y’o)zv(x'y’o)zo; p(x;ylo)zpavg
u(x,0,t) =v(x,0,t) =0; ulx,H,t)=v(x,Ht)=0
p(O'y’t):POP p(L,y,t):P]_
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where P, is the inlet and P; is the outlet pressure at the channel and P,,,; = (P, +

P;)/2. As a result, the exact solution to Poiseuille flow is obtained as:

_Ap
u(x,y,t) = ZH—Ly(y —H) (4.25)

v(x,y,t) =0 (4.26)

After getting macroscopic conservation equations by integrating velocity moments of
the BGK-Boltzmann equation, viscosity of the fluid can be described as below, in the
light of Section 3.2:

u= pck (r — %) (4.27)

Thus, the relaxation paramater, t, is related to the viscosity of the fluid.

In simulation, constant velocity profile applied at the inlet and the outlet of the channel
and walls of the channel are no-slip boundaries. In the lattice, these conditions are
converted to mesoscopic boundary conditions in terms of distribution functions as
mentioned in Section 4.5. Density is determined by using Eqg. 4.17 and u,, = u is

determined by using Eq. 4.20.

The constant velocity at the inlet, after some distance, gets developed and velocity
profile takes its final shape. We have taken L=50, H=20, viscosity of the fluid as 0.2
m/s2. After 10000 iterations, the system achieved a stationarity and converging to the
Poiseuille parabolic profile.
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To analyze and compare this velocity profile with the analytical results, a grid
convergence study is performed. For this, at the center of the channel, maximum
velocity values for different spatial resolutions are used. In grid independence study,
we also used Grid Convergence Index (CGI) based on the Richardson extrapolation,
which is presented by Roache (1994). This is a method for obtaining a higher order
approximation of a quantity from a series of lower order discrete values. The CGl,
however, is a measure of how far the computed value is away from the value of the
asymptotic numerical value as h — 0. A small value of CGI indicates that the

computation is within the asymptotic range.

We calculate the CGI for fine-medium and medium-coarse mesh to compare the grid
resolutions and consider the accuracy of the solution as mentioned in Jozsa et al.
(2016).

For this study, maximum velocity at the center of the channel generated by the LBM
simulations with BGK collision model are used labelled by u,, u,, u; in the order of

decreasing resolution and the order of convergence p is calculated as follow:

(4.28)

p = (( 3~ Up)

( U; — 1)> /ln(r)

where r is the grid refinement ratio. Based on this order of convergence, the
asymptotic value u,,_,, as zero grid spacing is approached can be estimated by using
the formula

e (4.29)
rP—1

that uses the computed centerline velocity values u,, u, on two grid spacing h, and

Upo = Uq +

h, (h, is the finer spacing). Here, r is h, /h, where in our case it is equal to 3. We get

the h — 0 value as 0.20747 which is the result of Richardson extrapolation.
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To find grid convergence quality, grid convergence index is calculated between the
refinement steps. We calculated the CGI over three grids for coarse to medium (3 to

2) and medium to fine (2 to 1) as follow:

Ele| (4.30)
P —1

where F; is the safety factor chosen as 1.25 as in the literature (Roache, 1994). and e

CGI =

is the error between each grid calculated by (u, — u3)/ u, for medium to coarse grid

and (u; — u,)/ u, for fine to medium grid.

The asymptotic range of convergence, defined by,

CGly3
rPxCGly ,

(4.31)

IR

1

can then be used to check the asymptotic range of convergence, which should be
approximately 1 for the solutions to be well within the asymptotic range of

convergence.

All calculated values are given in Table 4.2 for this grid convergence study. All values
have been given for three different grid spacing. The CGI and the evident order is
given from the coarse to medium and medium to fine mesh. As can be seen on Table

4.2, u/Umq, = 1 and we choose the square grid of size 150x60.

Table 4.2. Grid convergence study

u/umax asym ptOtiC

nexn, | 17x7 | 50x20 | 150x60 | 0@ | CGls Co,rna\?eﬂzgce

0.9900 | 0.9975 0.99436 | 178192 | 1.41426 1.01951
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As shown in the Fig. 4.13, computed velocity profile matches closely with the

analytical solution.

T
: : : . : : : 1| —&— analtical
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Figure 4.13. Schematic of Poiseuille flow
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CHAPTER 5

FURTHER NUMERICAL EXAMPLES USING THE LATTICE
BOLTZMANN METHOD

In this thesis, LBM is applied to circular and square cylinders in the form of arrays to
simulate flow characteristic. Velocity contours are plotted for flow visualization. For
characterizing the flow, parameters such as lift and drag coefficients are computed and

compared with the results in the literature.

5.1. Simulation of Flow Past a Circular Cylinder

The incompressible flow past a bluff body like a stationary cylinder is a classical
problem in fluid mechanics which has been studied for years (Roshko, 1954), (Tritton,
1959). With its physics and a many applications, it attracted researchers for over
decades and various theoretical and experimental investigations have been performed
on this problem. In spite of its simple geometry, the flow past a circular cylinder

problem is studied as a reference model for more complex flows (Sen et al., 2009).

y==H

Figure 5.1. lllustration of flow past a cylinder
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When the Reynolds number is small, the flow is laminar as depicted in Fig. 5.1.
However if Reynolds number exceeds a critical value, the laminar flow loses its

stability and some vortices appear in the wake.

Before presenting numerical simulation of the flow past a circular cylinder, here are

some physical and analytical descriptions of the flow:

In laminar flow, the fluid in the boundary layer over the cylinder surface moves slower
that the fluid outside the layer. Increasing the flow speed causes flow separation and
In turn triggers swirling eddies in the wake region behind the cylinder known as the

Karman vortex street. (von Karman, 1911)

For flow past a cylinder, Reynolds number is defined as

U D (5.1)
%

Re =

where U, is the free-stream velocity and D is the cylinder diameter and v is the
kinematic viscosity. It is an important quantity characterizing the flow behavior, such

as laminar, transitory or turbulent.

Strouhal number is another dimensionless number which characterizes the vortex

shedding frequency and defined as

_LD 52
Us

where f; is the vortex shedding frequency. Around approximately Re = 49, the

St

Strouhal number shows a sharp transition (Khan, 2011).
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In some previous experimental studies (Norberg, 1987; Roshko, 1954) a relation
between Reynolds and Strouhal numbers was established. With these experimental
results, researchers were able to provide a fit for this relation at stable flow regimes.
However, for the irregular flow regimes, Strouhal number was observed to be

unpredictable due the nature of the underlying fluid motion (Khan, 2011).

After these studies, a very precise fit was obtained by Henderson (1995) for the

Reynolds and Strouhal number relationship up to Re = 1000. This relation is;

St = 0.2417 — 0.8328Re~%48%8exp(—0.001895Re) (5.3)

For flow around a circular cylinder, a relationship for the drag coefficient, Cp,

(Roshko, 1954) in a two-dimensional flow, can be expressed as

2F, (5.4)

Cr =
P puzD

where F, is the sum of pressure and viscous forces on the surface of the cylinder acting

along the flow direction.
Similarly, the lift coefficient is defined as

_ 2F, (5.5)
pUZD

where F, is the force on the surface of the cylinder acting perpendicular to the flow

C

direction.

Drag and lift coefficients give a dimensionless idea of the force which is exerted on

the obstacle along and normal to the flow’s direction (Portinari, 2015).
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For stability of the LBM with BGK collision operator, |u,,,.|(7) denotes the stability
map. Before the occurrence of instability, this map shows us maximum possible
velocity magnitude for a given relaxation time t. The sufficient condition for
numerical stability in LBM-BGK is t/At > 1/2, as long as f;,? > 0 for all a (See
Eqgn. 4.23). By using Eqgn. 4.4, we can provide the following bound:

o < |22 < 05772 5.6
Umaxl S [3747 = 927y (5-6)

for the u,,,,,. In addition, the optimal stability condition /At > 1 can be stated for
the BGK collision operator, as long as if £, > 0. From these relations, the velocity

magnitude condition can be obtained as (Kriiger et al., 2016):

2 Ax

|umax| < §A_t (57)

As a result, the maximum velocity magnitude |u,,,,| remains bounded under two
stability conditions. Namely, sufficient stability condition for 1/2 < 7 /At and optimal
stability condition for /At > 1.

For circular cylinder case, we consider a 2D channel with a steady Poiseuille flow and
applied D2Q9 lattice configuration. The circular cylinder obstacle has a diameter D
and is immersed on the vertical center in a rectangular channel (Fig. 5.1). This channel
has 15D length and 6D height. We initialise the system by taking f,(x,t = 0) =
£.%(p = 1,u = 0). The maximum velocity of the inlet profile set as u,q, = 0.1

which is the maximum velocity per unit lattice for each time step.
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Bounce-back BCs, are applied on the cylinder as well as at the upper and lower no slip
walls of the channel. At the inlet, pressure driven fully developed flow condition is
applied. The inlet region was chosen to be long enough (3D length) to avoid long
transitory time and to improve convergence performance. At the outlet, uniform

pressure profile is applied.

The bounce-back scheme at walls is applied as shown in Fig. 5.2 for the lower wall

f206,y1,t +At) = 7 (x,y1,t + At),
fs(x,y1,t +At) = f7(x,y,,t + At), (5.8)
fe(o,y,t +AL) = fg(x,y1,t + Ab).

and for the upper wall:

fa(x,y1,t +At) = f7(x,yn, t + AL),
f-(x,yq,t + At) = f(x, yn, t + AL), (5.9)
fe(x,y1,t +At) = fo(x,yn, t + At).

Poiscuille flow
Xin Xout

yN O ylnp
l( i \I \_\.‘
£, £ f o—
umax “
b s O—>f
YA \I{ /
Y1 _ O O /P/ Voot
Xo X * XN XN+

Figure 5.2. Poiseuille flow with boundary populations (Kriiger et al., 2016).
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For the inlet and outlet, we imposed open boundary conditions. This makes
computational domain compatible with the physics of the problem, namely transparent
boundaries. For the implementation of the open boundaries, a method similar to the

bounce back method is applied which is called anti-bounce back method defined by

(va ) uw)z _ (uw)2 (5-10)
2c 2c?

f&(xb, t+ At) = —f(;(xb,t) + ZWapw 1+

where the boundary is located Ax/2 outside the boundary node. u,, is estimated by
u, =u(xy) + 1/2[u(xpy) — u(xp41)], Where x;, and x,,, are the boundary node
and its neighbour along inward normal to the boundary. To find p,,, bounce back rule

Is used as in Eqn. 4.15.

By setting p,+ = 1, inlet pressure can be written as p;, = pou: + Ap. By relating
pressure and u,, 4, Which is chosen above, pressure difference can be defined as (see
Fig. 5.2) (Kriiger et al., 2016)

Ap BUUmax (5.11)

Xout — Xin (ytop - ybot)2

When applying curved boundary conditions, we used staircase approximation of the
boundary and the bounce back scheme. As can be seen in Fig. 5.3, white circles
represent the exterior fluid nodes, grey circles represent the external boundary nodes
and black circles represent the solid nodes. Populations moving through v, from x,,

to x, bounce back at x,,.
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Figure 5.3. Representation of the staircase approximation of a circular cylinder (Kriiger et al., 2016).

In using Eqn. 4.15, halfway bounce back scheme requires the identification of all
lattice links, v,. A post collision population f,; (x;, t) which would propagate through
a wall from a boundary node x,, to a solid node x; = x;, + v, At is instead reflected
half-way to the solid node at the wall location x,, = x;, + 1/2v,At and returns to x,.
u, = u(x,,t+ 1/2At) is the velocity of the wall, p is the fluid density at x,, and the
index a defines vz = —w,. In practical implementations, p is often taken as the fluid

density at x,,.

In the following simulations, 150 grid points in x-direction and 60 grid points in y-

direction are used with time step value of 0.04.

In the light of Eqgn. 4.27, Reynolds number can be written as (Kriiger et al., 2016)

DU DU
-l (5.12)
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For the values Re = 100 and ¢; = % (see Eqgns. 4.3 and 4.4), the relaxation parameter
T is calculated as 0.56 where the viscosity of the fluid is 0.02. With these values,

optimal stability condition, /At > 1, is satisfied in this case. (see Section 4.6)

For this case, corresponding computed vorticity contours at a predifined time are

shown in Fig. 5.4.

o

Figure 5.4. Vorticity contours of flow past a circular cylinder at Re=100

In order to see the flow developing, drag and lift coefficient values, which are given

in Figs. 5.5and 5.6, are calculated by using F, and E,. These force values are computed

using the simulation flow field.
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Figure 5.5. Time history of drag coefficient for circular cylinder for Re=100.

Lift coefficient
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Figure 5.6. Time history of lift coefficient for circular cylinder for Re=100.
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After the transients die down and the flow becomes developed, time series of the drag

and lift coefficient values are shown in Figs. 5.7 and 5.8.
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Figure 5.7. Drag coefficient for circular cylinder between 15000-20000 iteration for Re=100.
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Figure 5.8. Lift coefficient for circular cylinder between 15000-20000 iteration for Re=100.
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As another numerical experiment, Reynolds number is set at Re = 200 while the
corresponding relaxation parameter 7 is equal to 0.53. The corresponding vorticity

contours at a predifined time is shown in Fig. 5.9.

N *

Figure 5.9. Vorticity contours of flow past a circular cylinder for Re=200

Similarly, the developing and developed time series of the drag and lift coefficients

are shown in Figs. 5.10 to 5.13.

Drag coefficient
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Figure 5.10. Time history of drag coefficient for circular cylinder for Re=200.
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Figure 5.11. Time history of lift coefficient for circular cylinder for Re=200.
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Figure 5.12. Drag coefficient for circular cylinder between 15000-20000 iteration for Re=200.
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Lift coefficient
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Figure 5.13. Lift coefficient for circular cylinder between 15000-20000 iteration for Re=200.

Karman vortices demonstrated clearly with both cases Re = 100 and Re = 200. At
the rear of the obstacle, drag and lift coefficients data show periodic vortex shedding
alternating between the top and the bottom of the wake region. With increasing the
Reynolds number, drag and lift coefficients and Strouhal number values are increased

as expected.

In order to determine the dominant frequency in the vortex shedding phenomena, a
frequency analysis of the time series data of the lift coefficient is performed. This is
done using the FFT (fast Fourier transform) function of MATLAB. Using the

frequency information, the Strouhal number is computed.
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Frequency spectra are shown in Figs. 5.14 and 5.15 for Re=100 and Re=200,
respectively.
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Figure 5.14. Frequency spectrum of the lift coefficient for flow past a circular cylinder for Re=100
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Figure 5.15. Frequency spectrum of the lift coefficient for flow past a circular cylinder for Re=200

Our simulation results for the drag and lift coefficients and Strouhal number values
for both cases can be seen in Table 5.1. In this table, mean and fluctuating components
of these coefficients are shown in comparison to the other studies in literature for Re =
100 and Re = 200.
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Table 5.1. Flow parameters for flow field around single circular cylinder at Re=100 and 200.

Drag coefficient Lift coefficient Strouhal number
Parameters (Cp) (C)) (St)

Re=100 Re=200 | Re=100 | Re=200 | Re=100 | Re=200
Meneghini et. | 1.370+0.010 | 1.30+0.05 - - 0.165 0.196
al. (2001)
Ding et al. | 1.356+0.010 | 1.348+0.05 | +£0.287 | +0.659 | 0.166 0.196
(2007)
Braza et al. | 1.364+0.015 | 1.40+0.05 | +0.250 | +0.750 | 0.160 0.200
(1986)
Tritton (1959) | 1.320+0.010 - - - 0.160 -
Wiesenberger | 1.326+0.010 - - - 0.1608 -
(1923)
Gresho et al. | 1.816+0.010 - - - 0.18 -
(1978)
Harichandan | 1.352+0.010 | 1.32+0.05 | +£0.278 | +0.602 | 0.161 -
& Roy(2010)
Present study | 1.396+0.019 | 1.444+0.06 | +0.303 | +0.680 | 0.166 0.195

In circular cylinder case, the flow parameters match reasonably well with the other
studies in literature as can be seen in Table 5.1 considering the relative ease of the

LBM simulation.

5.2. Simulation of Flow Past a Square Cylinder

Varioue studies on the flow development in the wake of a bluff body and vortex
shedding behind the square cylinder have been performed both experimentally and
numerically (Arnal et al.,1991), (Sohankar et al.,1998).

Reynolds number controls the transition to different flow regimes. For small Reynolds
number, viscous forces keep the flow adhere to the obstacles. Flow seperation does
not occur. By increasing the Reynolds number, von Karman periodic vortices occurs

behind the obstacle around Re=60 and for Re<300. The vortex shedding is generally
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a two dimensional phenomena (Breuer et al., 2000). In this study, Reynolds numbers

are choosen within these limits.

For square cylinder case, we again use a 2D channel with a steady Poiseuille flow and
applied D2Q9 lattice configuration. In this simulation, the ratio of size D of the square
cylinder to the height of the channel is 1/6 and this gives a blockage ratio equal to
0.166. Furthermore, the channel length is 15D and the square obstacle is placed at the
center along the y direction. We initialise the system by setting f,(x,t =0) =
£.%(p = 1,u = 0). The maximum velocity of the inlet profile set as u,,4, = 0.1

which is the maximum velocity per unit lattice for each time step.

In these cases, 150 grid points in x-direction and 60 grid points in y-direction are used

with time step of 0.04.

In order to find the relaxation parameter, Eqn. 4.27 is used, where the value of ¢, is

taken equal to \/% (see Eqns. 4.3 and 4.4). Relaxation parameter 7 is calculated to be

0.56 where the viscosity of the fluid is equal to 0.02. With these values, optimal
stability condition, /At > 1, is satisifed for this case (see Section 4.6). By using Eqn
5.12, Reynolds number is set at Re = 100.

Bounce-back BCs are applied on the square cylinder as well at the upper and lower no
slip walls of the channel. At the inlet, parabolic velocity profile is imposed for
simulating a fully developed laminar velocity profile. The inlet region was chosen to
be long enough to improve convergence performance. At the outlet, constant pressure
is applied. When appyling bounce back scheme, Eqgns. 5.8 to 5.11 are used for this

case as before.
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In square cylinder case, we had to deal with corners. Despite these corners cover a few
points in the domain, they should be treated carefully for an accurate numerical
simulation. In order to do this, bounce back scheme is applied for straight walls and
for corners in the same way. The unknown corner populations are determined by the
full reflection of the incoming known populations by using Eqn. 4.13. Applying
bounce back rule at the corner has the same advantages and disadvantages as in the
case of planar surfaces. The positive aspects remain to be the simplicity of
implementation, strict conservation of mass and good stability characteristics.
However, posibility for the lower accuracy and the viscosity dependent errors remain

to be the major disadvantages of this model.

If we take the left bottom corner of the obstacle, for example, after the streaming step
f3, fa and f, are known, and density is specified, the bounce back rule for non
equilibrium part of the particle distribution function can be used to determine f;, f5,

fs, fs and fg as follows:

fi= (T =)+ =15 (5.13)
="+ =1 (5.14)

and by inserting the values of f; and f, from Equetions 4.13 and 4.16b,

fs =17 (5.15)
fo=fo=5lfo+fi+fa+ s+ fitfs+f)—pl (5.16)
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For Re = 100, the vorticity contours are given in Fig. 5.16

Figure 5.16. Vorticity contours of flow past a square cylinder for Re=100.

In order to understand the behaviour of the fluid, drag and lift coefficient values are

shown Figs. 5.17 and 5.18 as they develop from the beginning of the simulation.

Drag coefficient

Cd

| i i i
0 S000 10000 15000 20000

Iteration

Figure 5.17. Time history of drag coefficient for square cylinder for Re=100.
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Figure 5.18. Time history of lift coefficient for square cylinder for Re=100.

After the flow developes, drag and lift coefficient values are shown in Figs. 5.19 and
5.20.
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Figure 5.19. Drag coefficient for square cylinder between 15000-20000 iteration for Re=100.
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Lift coefficient
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Figure 5.20. Lift coefficient for square cylinder between 15000-20000 iteration for Re=100.

Next, Reynolds number is set at Re = 200 while the relaxation parameter t is taken

as 0.53 using Eqgn. 5.12. Corresponding flow field is shown in Fig. 5.21.

O

Figure 5.21. Vorticity contours of flow past a square cylinder for Re=200.
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Similarly, the development of the drag and lift coefficient values are shown Figs. 5.22

and 5.23 from the beginning of the simulation.
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Figure 5.22. Time history of drag coefficient for square cylinder for Re=200.

Lift coefficient

0.8 T T T T

cl

AN

1 1 I i i I
0 HO00 10000 16000 20000 28000 20000 AH000
Iteration

-0.8

Figure 5.23. Time history of lift coefficient for square cylinder for Re=200.
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The developed drag and lift coefficient values are shown in Figs. 5.24 and 5.25.
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Figure 5.24. Drag coefficient for square cylinder between 25000-35000 iteration for Re=200.

Lift woefficient

cl

0e 1 | 1 i
25000 27000 20000 31000 33000 35000
Iteration

Figure 5.25. Lift coefficient for square cylinder between 25000-35000 iteration for Re=200.
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Behind the obstacle, drag and lift coefficient data show periodic vortex shedding.
Furthermore, the drag coefficient shows some small variations about the mean value,
because of the unsteadiness of the flow. By increasing the Reynolds number, drag and
lift coefficients and Strouhal number values increase. At prescribed Reynolds
numbers, counter vortices are uniformly positioned downstream of the obstacles. The
strength from these vortices decreases along the downstream from the obstacle due to

dissipation.

Performing a frequency analysis of the time series data is necessary to identify the
dominant frequency in the periodic flow in the wake. In the frequency spectrum,
distinct dominating frequency shows the vortex shedding frequency. To get this
frequency, FFT analysis is performed by again using FFT function in MATLAB as

mentioned in Section 5.1.

The corresponding frequency spectra are shown in Figs. 5.26 and 5.27 for Re=100 and
Re=200 respectively.
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Figure 5.26. Frequency spectrum of the lift coefficient for flow past a square cylinder for Re=100
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Figure 5.27. Frequency spectrum of the lift coefficient for flow past a circular cylinder for Re=200
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Comparison of our results, that includes drag and lift coefficients and Strouhal
numbers for both cases can be seen in Table 5.2. In this table, mean and fluctuating

components of these coefficients are shown in comparison to the previous studies at

Re =100 and Re = 200.

Table 5.2. Flow parameters for flow field around single square cylinder at Re=100 and 200.

Drag Coefficients Lift coefficient Strouhal number
Parameters (Cp) (C)) (St)
Re=100 | Re=200 | Re=100 | Re=200 | Re=100 | Re=200
Arnal etal. (1991) 1.41 1.52 - - 0.152 0.156
Daviset. et. al. 1.64 1.72 - - - -
(1982)
Treidler (1991) 1.68 1.74 - - 0.15 0.154
Sohankar et al. 1.76 1.78 - - 0.142 0.156
(1998)
Harichandan & 1.72 1.86 - - 0.152 0.158
Roy(2010)
Present study 1.62 1.76 0.008 0.039 0.150 0.158

In square cylinder case, our results of the flow parameters compare reasonably well

with the other studies in literature as can be seen in Table 5.2.

5.3. Simulation of Flow Past an Array of Two Cylinders

Flow around arrays of circular cylinders has numerous applications in real life, such
as landing gears of the aircrafts in flight and underwater pipes (Fernandez, 2014). In
addition to these examples, there are other applications of the flow around cylindrical
structures, like, offshore risers, bridge piers, periscopes, chimneys, towers, antennae
and wires (Norberg, 2003). Also rod structure of the nuclear reactors, heat exchangers
for electronic components and heat exchangers which use pin fins for micro-devices
are the other examples of cylinder arrays (Fornarelli et al., 2015). These examples

make this subject very attractive for researchers to investigate.
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For this case, a staggered arrangement of two cylinders each having a diameter D is
employed in a channel as an extension of the case in Section 5.1. The domain is taken
as 6D high and 15D long as before, and the two circular cylinders are placed at 4D
and 11D distances away from the upstream and downstream boundaries relative to the
midpoint between the two cylinders, repectively (see Fig. 5.29). We initialise the
system by adjusting f, (x,t = 0) = £, (p = 1,u = 0). The maximum velocity of the
inlet profile is set as u,,4, = 0.1 which is the maximum velocity per unit lattice for

each time step. For this case time step value set at 0.04.

Starting with a steady Poiseuille flow in the channel, bounce-back BCs are applied at
upper and lower no slip walls and curved boundary conditions applied on the cylinder

surfaces as mentioned in Section 5.1.

A literature search for a reference study that carries the main features of our problem
as closely as possible yielded a study conducted by Johnson et al. (1993) that studies
the flow over two staggered cylinders as a representative unit domain of a periodic

array of cylinders as shown in Fig. 5.28.

N
e N N N e
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Figure 5.28. Uniperiodic flow past two cylinders: vorticity and stream with FVM (Johnson et al., 1993)
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For the simulation at Re = 100, velocity contours are given for the two staggered

cylinder arrangement in Fig. 5.29.

O R
o

Figure 5.29. Flow past two cylinders vorticity contours with LBM

The drag and lift coefficients are shown developing in Figs. 5.30-5.33 for cylinder 1

and 2 as indicated.
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Figure 5.30. Time history of drag coefficient for cylinder 1 for Re=100.
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Figure 5.31. Time history of drag coefficient for cylinder 2 for Re=100.
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Figure 5.32. Time history of lift coefficient for cylinder 1 for Re=100.
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Lift coefficient
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Figure 5.33. Time history of lift coefficient for cylinder 2 for Re=100.

After the flow gets developed, the evolution of the drag and lift coefficient values are

shown in Figs. 5.34 and 5.37 for both cylinders as indicated.
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Figure 5.34. Drag coefficient for cylinder 1 between 15000-20000 iteration for Re=100.
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Figure 5.35. Drag coefficient for cylinder 2 between 15000-20000 iteration for Re=100
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Figure 5.36. Lift coefficient for cylinder 1 between 15000-20000 iteration for Re=100.
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Figure 5.37. Lift coefficient for cylinder 2 between 15000-20000 iteration for Re=100.
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As shown in Figs. 5.34 and 5.35, after the start of the vortex shedding, the mean value
of the drag coefficient for cylinder 2 settles to be higher than that for cylinder 1.
Plausibly, this is due to cylinder 2 being affected by the wake of the cylinder 1.
Moreover, for the cylinder 2, which is placed downstream of cylinder 1, the lift
coefficient exhibits relatively larger amplitude of fluctuations. This may be explained
by the asymmetric pressure fluctuations in the wake of cylinder 1 affecting cylinder
2. The same trend is also observed in the numerical simulation conducted by Johnson
etal. (1993).

The drag and lift coefficient data for this problem are given in Table 5.3 in comparison
to those in Johnson et al. (1993) that the two cylinder configuration is placed in a uni-
perodic domain representing a caharacteristic unit cell of an array of cylinders (see
Fig. 5.28).

Table 5.3. Flow past two cylinders comparison: drag and lift coefficients

Parameters Drag coefficient (Cp) Lift coefficient (C,)
Cylinder 1 | Cylinder 2 | Cylinder 1 | Cylinder 2

Johnson et al. (1993) | 2.28+0.001 | 2.56+0.057 | +0.045 +0.749

Present study 2.27+0.05 | 2.40+0.055 | +0.048 +0.45

The comparison shows some agreement between our study and that of Johnson et al.
(1993). The discrepancy may be explained by the difference in the configuration of
the computational domain. Johnson et al. (1993) have used periodic boundary
conditions in the upper and lower boundaries of the computational domain where it is
taken as a unit cell when stacked vertically represents an array of cylinders. In our
study, the cylinders are placed in a channel bounded by the no-slip upper and lower
walls as an extension of our numerical simulations in Sections 5.1 and 5.2. The
slowing down effect of the wall boundaries are reflected by the data in Table 5.3

obtained by the present study.
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CHAPTER 6

DISCUSSION

For those working with CFD who knows the difficulties associated with numerically
attacking Navier-Stokes equations (Zeytounian, 2014), the simplicity of LBM both as
a theoretical and a numerical tool in simulating hydrodynamics is surprising.
Advection of a distribution function in mesoscopic scale governed by Boltzmann
equation which is basically a simple hyperbolic partial differential equation is a
relatively new paradigm in numerical modelling in the field of hydrodynamics that is
classically dominated by macroscopic scale modelling. In comparison to the
nonlinearity of the Navier-Stokes equations by the notorious advection term, the
nonlinearity in LBM only appears in the collision term that is already greatly
simplified by the introduction of the BGK collision operator replacing the classical
highly complex nonlinear Boltzmann collision integral operator. The local
implementation of LBM on a square lattice makes it simple to code and to parallelize,

if needed, which is not pursued in this study.

Even though it is not in the scope of this thesis, the promising applicability of LBM
to numerically model flows in porous media, multiphase and multicomponent flows
may be included amongst the advantages. Actually, the promise of being able to
simulate these types of flows that are very hard otherwise using Navier-Stokes
equations, constitutes our original motivation to explore the basic numerical
approaches to Boltzmann equation that is undertaken in this thesis. Other allures of
LBM for us are the promising prospects of simulation inherently mesoscopic
phenomena such as modelling rheology of ferrofluids, microfluidics, capillarity,

condensation and evaporation to name a few (Huang et al., 2015; Satoh, 2017)
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The objective of this study is the examination and the validation of the LBM method.
Developed LBM code is applied to 2D flow models and tested on some configurations
ranging from elementary to complex. First of all, for the Poiseuille flow, that is an
attractive flow configuration because of having a closed form analytic representation,
LBM simulation produced very accurate results in comparison to the analytic
solutions obtained from the NS equations. Further, LBM simulations are performed
for flow past a circular and square cylinders for different Reynolds numbers. The
validation of these simulations are sought in terms of some characteristic flow
parameters like drag and lift coefficients and Strouhal numbers. These parameters are
found to be similar to relevant studies in literature. A further simulation is performed
for a two circular cylinders configuration. In this case, the two cylinders are staggered
and have equal radii. In this problem, we computed the flow parameters for both
cylinders as before. Time evolution of the drag and lift coefficients as well as the
means and fluctuations of their oscillatory behaviour due to the vortex shedding are
computed. The comparison with a closest possible study found in literature (to the best
of our efforts) showed some agreement. The observed discrepancy is expected based

on the physics as a consequence of the differences in the configurations.

LBM is still developing in many aspects. As a user of the conventional CFD
techniques, however, the somewhat vagueness in the implementation of the boundary
conditions, the approach to incompressibility in the weak sense, having limitations on
specifying viscosity, and other intensive properties have been disconcerting. A good

perspective on LBM is given in Nourgaliev, et al. (2003).

This study has served as a helpful starting point for understanding and documenting
fundamental ideas behind the numerical approaches to the Boltzmann equation
regarding hydrodynamics. In order to focus on the fundamentals, however, the flow
configurations are selected as basic 2D geometries ranging from channel flow to the
fluid flow past different types of basic obstacles. The next step in mastering the

computational tool of LBM should involve 3D flow configurations together with
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parallelization efforts. The ultimate objective, in fact, should be to study flow
configurations that are hard in the framework of conventional CFD techniques such
as multiphase and multicomponent flows. In the light of this exploration, various new
techniques, such as multi-relaxation-time (MRT) collision operators modifying BGK
collision operator, entropic LBM with improved stability characteristics (Boghosian,

2001), will be further pursued.
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APPENDICES

A. Hermite Polynomial and Gauss-Hermite Qudrature

One-Dimensional Case:

Hermite polynomial of degree n can be generated by the Rodrigues’ formula

(_1)7’1 dn
w(x) dxm

HM(x) = w(x) (Al)

for integer n > 0 where w(x) is the weight function

w(x) = \/%_nexp(— x2/2). (A2)

Some Hermite polynomials are listed below:
HOM() =1, HOV(x) =x, HO(x) =x2 -1, H® () =x3 —3x. (A3)

They are orthogonal with respect to w(x):

[o e}

f w()HM)HM™ (x)dx =n! 62, (A4)

—00

where 82, is the usual Kronecker delta. They form a complete basis so that any
sufficiently well-behaved continuous function f(x) can be represented as a series of

Hermite polynomials

f(x)=w(x)2%a(")H(")(x), a™ = f FOOHM(x)dx.  (AS)
n=0 ) —00
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Gauss-Hermite quadrature allows accurate numerical integration of a function f(x)
multiplied by the weight function w(x) by a finite series of the function values f (x;)

at certain points x;, called abscissae (node):

o)

q
[ ot =3 wre (A6

— 00

where x; are q roots of the Hermite polynomial of order g, H@ (x;) = 0 and the

quadrature weights w; can be computed by

q!
wW; = 5
(qH@D(x))

(A7)
It is guaranteed that for f(x) a polynomial of degree N < 2q — 1, the quadrature

integral (Al) is exact. Here is a summary of some Gauss-Hermite quadrature nodes

and weights:

Table A.1. Gauss-Hermite quadrature nodes and weights

q N <2q—1 | Nodes, x; | Weights, w;
1 1 0 1
2 3 +1 1/2
0 2/3
3 5
+V3 1/6

d-Dimensional Case:

Hermite polynomials can constructed in d spatial dimensional space as follows
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-1 1
(m) = (
H"™ (x) = e w(x), w(x) = an )d/z exp(—x-x/2) (A8)
where H™ and V™ are tensors of rank n having d™ components HO(ZI’LZ «, and
o 0 0
Vst an= (A9)

0Xq, 0Xq, 0Xq,

Here, {a;, a5, ... @, } are n indices with each index ranging from 1 to d, such as, a; €

{x,y}or{x,y,z} in2D (d = 2) or 3D (d = 3), respectively. In 2D, for example

0 0 4] 0 0
2 (2) (2) 2
=—— —— =——. A10
Viex dx 0x’ Vay = Vy dx 0 YY gyady (A10)
resulting in the Hermite polynomials
HO(x) =1, (A1l)
1 0
Wy — e—(x?+y?)/2 — Al2
Hy () exp(— (x% +y2)/2) ax’ X (A12)
1 0
@® — _ e~ (¥?+y?)/2 —
H = Al3
) e Dy o AR
H® (x) = — 1 9 9 e~(FPHY2)/2 = 52 1 (Al4)

exp(— (x% +y2)/2) axox’

1 )
exp(— (< +y2)/2) 0x 3y

Hg,)(x) = H)(,i)(x) =— e~ (¥*+¥%)/2 = xy (A15)

1 3 a
exp(— (2% + y2)/2) 0y dy

HO (x) = — e"(@HN)/2=y2_ 1 (Al6)

or in a more compact form (Grad, 1949a)

H(O)(x) =1, (A17)
H (%) = Xqy) (A18)
HP, (%) = Yo, X, — 62,0 (A19)



©) — 2 2 2
Ha1a2a3 (x) - xalxazxag - xa16a2a3 - xa26a1a3 - xagsalag' (Azo)

The number of basis elements in each set {H™ (x)} in d dimensions is

(d+n—1)_(d+n—1)!

=— A21
n d—1)'n! (A21)
The orthogonality can also be generalized to d dimensions:
0 a
f w)HP (OHY (x)dx = ﬂni! RIS (A22)
— 00 i=1

where 65;;"1) is a generalized Kronecker symbol whichis 1 only if & = (a4, a5 ... @)

is a permutation of B = (B4, 82 ... B,) and 0 otherwise. In 3D, for example, (x, y, x, z)
is a permutation of (y, x, x, z), but not of (x,y, z, y). n,, n, and n, are the number of

occurences inx,yand zin a. In (x,y, x, z), for example, n, = 2 and n,, = n, = 1.

Hermite polynomial representation of a function f(x) in d dimensions is:
(00} 1 oo
) = w) Z ma(") -H™(x), a™ = J FEOHM (x)dx.  (A23)
n=0 —co

The expansion coefficients a™ are also tensors of rank n, and the dot product a™ -
H®™ s representing full contraction a™ H™ i.e. summation over all

A1a2..0n" " A1A2...an"

possible indices. The number of basis elements in a given set of N Hermite polynomial

basis set, {H™ (x)}i\:=0 in d dimensions is

(d+N)=(d+N)!_ (A24)

N d!N!

In multi-dimensions, no Gauss quadrature theory is known, however, a production
formulae can be constructed from 1D case. A polynomial p(x) of degree n in d-

dimensions can be written as:
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xit, (A25)

L

— 1=

p(x) = Z Cning..ng

ny+..+ngsn =1

The weighted integral of each individual term of p(x) can be performed separately
and for each integral one-dimensional degree n quadrature formula can be applied to

get:

o)

d d
. 1 .
fw(x)l |x?l dx = G fexp(—x-x/Z)l |xin‘dx (A26)
i=1 i=1

— 00 — 00

oo

[ee)

d
1 2 ni
= HW exp(—x;/2) x; ‘dx;
i=1

— 00

d n n n
— ni | _ ny ng
TS )= S S i w2
j=1

i=1 ki=1 kg=1

due to each n; < n where w; and x; are the Gauss-Hermite quadrature weights and
nodes, respectively. By defining the product wy. ..., = wy, Wy, -=- wy, and the vector
Xig kg = (Xpeys Xieps o5 Xi,)» d-dimensional Gauss-Hermite quadrature formula based
on the one-dimensional formula can be written as

1

Q2m)a? J exp(—x - x/2) p(x)dx =Zwk1...kdp(xk1...kd). (A27)

—00

The summation has g = n? terms that translates into the lattice notation DdQq with
the well-known cases D2Q9 and D3
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