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ABSTRACT

INVESTIGATING MIDDLE SCHOOL STUDENTS’ ACHIEVEMENT AND
STRATEGIES IN PROPORTIONAL REASONING PROBLEMS

Ozen Yilmaz, Gamze
M.S., Department of Elementary Science and Mathematics Education

Supervisor: Assoc. Prof. Dr. Didem Akyiiz

August 2019, 167 pages

The aims of the study are to specify the academic achievement of the fifth, sixth,
seventh and eighth grade students in proportional reasoning problems, to determine
how the academic achievement of these students change according to problem
types, to examine their solution strategies in these problems, and to reveal how these
strategies diversify from fifth to eighth grade. To collect data in order to achieve
these aims, a proportional reasoning test were prepared. The study was designed as
a mixed study. It was carried out with a total of 858 students- 255 fifth, 209 sixth,
256 seventh and 138 eighth grade students- studying at a public school in Mamak
district of Ankara in the fall semester of the 2018-2019 academic year. The data
were obtained from all students in the quantitative part of the study. In the
qualitative part of the study, the data were collected from 80 students in total. These
students were 20 students with the highest score in proportional reasoning test at
each grade level. The findings of the study revealed that the achievement of the
students in proportional reasoning test increased depending on the grade levels and

changed according to the types of problems. It was further observed that the
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students frequently used certain solution strategies, and these strategies differed
according to their grade levels. Additionally, it was concluded that students had the

proportional reasoning skills although they were not taught these skills formally.

Keywords: Proportional reasoning, solution strategies, middle school students
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ORTAOKUL OGRENCILERININ ORANTISAL AKIL YURUTME
PROBLEMLERINDEKI BASARILARINI VE KULLANDIKLARI
STRATEJILERI INCELEME

Ozen Yilmaz, Gamze
Yiiksek Lisans, Ilkogretim Fen ve Matematik Alanlar1 Egitimi Béliimii

Tez Yoneticisi: Dog. Dr. Didem Akyliz

Agustos 2019, 167 sayfa

Bu calismanin amaci besinci, altinci, yedinci ve sekizinci simif 6grencilerinin
orantisal akil yiiriitme problemlerindeki akademik basarilarini ve bu 6grencilerin
akademik basarilarinin problem tiirlerine gore nasil degistigini belirlemek, bu
problemlerde kullandiklar1 ¢oziim stratejilerini incelemek ve bu stratejilerin 5.
smiftan 8. smifa nasil degistigini ortaya koymaktir. Bu amaglarla veri toplamak
i¢in, iki orantisal akil ytiriitme testi hazirlanmistir. Aragtirma nicel ve nitel arastirma
tekniklerini kullanan bir ¢alisma olarak tasarlanmistir. Calisma 2018-2019 egitim-
Ogretim yilinin giiz doneminde, Ankara’nin Mamak il¢esinde bir devlet okulunda
Ogrenim gormekte olan 255 besinci sinif, 209 altinci sinif, 256 yedinci sinif ve 138
sekizinci smif Ogrencisi olmak iizere toplam 858 0&grenci ile yiirlitiilmiistiir.
Arastirmanin nicel teknikleri kullanan kisminda 6grencilerin tamamindan veri elde
edilmistir. Nitel teknikleri kullanan kisminda ise her sinif seviyesinden orantisal
akil yiiriitme testlerinden en yliksek puani almig 20 6grenci olmak iizere toplamda

80 6grenciden veri elde edilmistir. Calismanin sonucunda 6grencilerin orantisal akil
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yiiriitme testlerindeki basarilarinin simif seviyesine bagli olarak arttig1 ve problem
cesitlerine gore degistigi tespit edilmistir. Ogrencilerin belirli ¢dziim stratejilerini
siklikla kullandiklar1 ve yine smif seviyelerine gore bu stratejilerinin
farklilasabildigi goriilmiistiir. Ayrica, formal bir sekilde 6gretilmese de 6grencilerin

orantisal akil yliriitme becerisine sahip oldugu sonucuna ulagilmistir.

Anahtar Kelimeler: Orantisal akil yiiriitme, ¢6ziim stratejileri, ortaokul 6grencileri
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CHAPTER 1

INTRODUCTION

The aim of teachers in mathematics education is to keep up with today's technology,
to provide the ability of thinking to survive in the world where life is constantly
complicated, to create relationships among the events, to use reasoning, to estimate
and to provide students with problem solving skills rather than skills of teaching
and calculating numbers and operations (Umay, 2003). The aim of mathematics
education is to educate individuals who can transfer the knowledge they have, solve
problems, and produce solutions to the situations they face (MoNE, 2013).
Reasoning is one of the significant skills for mathematics learning. It is indeed
essential to the knowing and doing of mathematics (NCTM, 1989). It can be defined
as the process of obtaining new information by using the specific tools of
mathematics (symbols, definitions, relations, etc.) and thinking techniques
(induction, deduction, comparison, generalization, etc.) (MoNE, 2013). Baykul
(2014) defines reasoning which is a process and has evolved over time as the ability
to make a decision by thinking about a subject. Reasoning is also described as a
cognitive process in which people receive knowledge and make an inference
beyond the original data (Kurtz, Gentner, & Gunn, 1999). At the same time, in
mathematics, facts can only be reached by reasoning, and in mathematics there is
reasoning on the basis of all rules and processes (Umay & Kaf, 2005). An individual
who can reason mathematically can see the relationships between mathematical
concepts, can distinguish geometric shapes, use proportional reasoning, use the
spatial ability for three-dimensional shapes, show and represent different
representations of data, and interpret the data (TIMSS, 2003). Problems can be
solved more successfully with the help of reasoning. The higher the people

reasoning ability, the more successful they may actually be. These people can
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evaluate events in different ways and express them in different ways, and then they
can transfer these skills to new situations. Therefore, reasoning skills in
mathematics teaching are at the top of the skills that should be gained by the
students (Incebacak & Ersoy, 2016).

Mathematical reasoning forms the basis of mathematics, one of the areas in which
reasoning is used intensively (Umay, 2003). Mathematical reasoning provides
students with permanent and progressive mathematics. Mathematics requires
exploring patterns, developing and evaluating arguments, to make logical
assumptions, selecting and applying new solutions to a problem, and reaching and
defending a conclusion as a course of its nature (Kramarski & Mevarech, 2003).
People who mathematically reason are keen to note these patterns and structures in
both the real world and mathematics, and question how they are formed (NCTM,
2000). For this reason, one the aims of the Turkish Education System is to equip
students with the ability to express their thoughts and reasonings in the process of
problem solving and to see the gaps in the mathematical reasoning of others

(MoNE, 2018).

Reasoning is proportional when it is based upon multiplicative relationship,
regardless of the method of representing a situation or solving a problem.
Proportional reasoning consists of the ability of solving proportional reasoning
problems, distinguishing proportional situation from nonproportional situations,
and understanding the mathematical relationships of the multiplicative problem
situations. (Cramer, Post, & Currier, 1993). Therefore, it is a quite difficult and
complicated skill (Christou & Papageorgiou, 2002). Lesh, Post and Behr (p. 93)
who consider proportional reasoning as a critical concept state “it is the capstone of
children’s elementary school arithmetic; on the other hand, it is the cornerstone of
all that is to follow”. In learning psychology, proportional reasoning is considered
as an important step in the conceptual transition from the level of concrete
transactions to the formal level of formalization (Skemp, 1987). Proportional
reasoning serves as an important bridge between the arithmetic field of

mathematics, which is concrete and numerical, and abstractions in algebra and
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advanced mathematics (Fuson ve Abrahamson, 2005; Lamon, 2007). Proportional
reasoning is fundamental to algebraic thinking, and therefore, it is important and
necessary to fully understand the nature and characteristics of proportional
reasoning (Kiip¢ii & Ozdemir, 2012). Although most people define proportional
reasoning through the use of the cross-multiplication strategy, studies show that
correct proportional reasoning does not involve merely understanding fractions and
rational numbers, but also the competence in other areas such as ratio sense, relative
thinking, and partitioning, unitizing and changing quantities (Lamon, 1999). Most
students have trouble with proportions because traditional instruction does not
develop a comprehension of multiplicative relationships (Vanhille & Baroody,
2002). As an alternative, teachers have students memorize cross multiplication
algorithm in order to solve proportional reasoning problems. Most students try to
solve the problems which consist of multiplicative reasoning by reasoning
additively because they never learn or they forget this nonmeaningful algorithm.
Vanhille and Baroody (2002) also emphasize that even though students apply this
algorithm successfully, multiplicative reasoning of students does not improve.
Students should be able to achieve proportional reasoning skills intuitively. The
way to do this is to enable students to deal with many problems on their own before
any algorithm or solution is given. They need to make sense of the problems with

their informal problem-solving strategies (Ben-Chaim et al., 1998).

In Turkish Education System, ratio, which is one of the basic concepts of
proportional reasoning, is first taught in the 6 grade. The 6™ graders are able to
determine the ratio of the two multiplicities in the same or different units. They are
able to determine the ratio of two parts to each other or each part to the whole in
cases where a whole is divided into two parts, and they are able to find the other
one when one of two ratios is given in a problem. Moreover, proportion, which is
the other basic concept of proportional reasoning, is introduced in 7" grade. 7%
graders are able to decide whether the two quantities are proportional or inversely
proportional by examining real-life situations and thus, to solve the problems
related to the proportion or inverse proportion (MoNE, 2013). The concepts of

proportion and proportion are a part of many subjects such as mixing problems,
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rational numbers, percentage, fractions, data processing, similarity, the area of the
circle and polygons. In fact, they constitute the basis of these subjects. When the
interdisciplinary approaches are taken into consideration, it can be said that subjects
such as map and scale in social studies lesson, movement and physical force in the
science course, and perspective in the visual arts course need proportional reasoning

(Kaplan and Oztiirk, 2012).

Although the concepts of ratio and proportion are mentioned for the first time in the
6" and 7% grades, studies show that students can solve proportional reasoning
problems without being taught ratio and proportion. The study by Ojose (2015)
showed that all grade level students could have a conceptual understanding of the
subject of proportion without the need to be taught the concept. The findings
demonstrated that children already have proportional reasoning in their schemes
before formal teaching. Moreover, most studies have shown that as the class level
of the students increase, the competence of proportional thinking increase as well
(Mersin, 2018; Hilton et al., 2016; Toluk Ugar &Bozkus, 2016; Larson, 2013; Van
Dooren et al., 2009). The development of the proportional thinking process requires
time and experience and, in this respect, it is emphasized that studies should be
spread over time and students should gain the ability of proportional reasoning by

giving various examples (Baykul, 2009).

There are two types of proportional reasoning: quantitative and qualitative.
Qualitative proportional reasoning includes verbal values, while quantitative
proportional reasoning includes numerical values. According to Kadijevic (2002),
although qualitative proportional reasoning has a significant effect on problem
solving skills, it is rarely used in scientific research. In addition, qualitative
proportional reasoning is thought to improve quantitative proportional reasoning.
This may lead to the underestimation of qualitative reasoning and the perception
that proportional reasoning merely involves numerical values. For this reason,
qualitative proportional reasoning should precede quantitative proportional
reasoning and it should be seen as a necessary element for proportional reasoning,

not just complementary (Kadijevic, 2002). In addition to qualitative and
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quantitative proportional reasoning problems, another type of the proportional
reasoning problems is missing value problems (Haller, Ahlgren, Post, Behr & Lesh
1989). In the missing value problems, three of the four values with a proportional
situation are given and what is asked is to find the fourth value. However, it does
not mean that the students who correctly solve missing value problems can reason

proportionally (Tjoea & Torre, 2014).

Different solution strategies are identified in order to specify the proportional
reasoning skills of students. Cramer and Post (1993) mention the unit rate strategy,
the factor of change strategy, the equivalent fractions strategy, and the cross-
product algorithm. In addition, Cramer and Post, Bart, Post, Behr and Lesh (1994)
add the equivalence class strategy and Ben-Chaim, Fey, Fitzgerald, M., Benedetto
and Miller (1998) and Parker (1999) add the build-up strategy. The majority of the
studies show that the students who learn the cross-product strategy use this strategy
widely in order to solve the proportional reasoning problems. For example,
according to the study of Bal-Incebacak and Ersoy (2016), the 7" grade students
mostly used the cross-product strategy in different kinds of the proportional
reasoning problems. It was seen that students preferred the method of comparison

between the quantities by making cross-product.

Kahraman, Kul and Aydogdu-iskenderoglu (2018) conducted a study in order to
learn the strategies used by 7™ and 8™ graders in quantitative proportional reasoning
problems. As a result of the study, it was seen that the 7™ graders mostly used the
unit rate strategy and the 8" graders mostly used the cross-product strategy. It was
stated that the 7™ graders mostly used the unit rate strategy because they did not yet
learn the cross-product strategy. On the other hand, Artut and Pelen (2015)
conducted a study in order to investigate the strategies used by 6™ graders to solve
proportional reasoning problems and whether or not these strategies vary with
problem type and number structure. According to the results, 6 graders mostly
used the factor of change strategy in both the missing value problems and numerical
comparison problems. Moreover, they mostly used the factor of change strategy

regardless of the number structures of the problems.
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When previous studies are examined, it is seen that the studies do not cover all
middle school grade levels; they are about the proportional reasoning of the students
at specific grade levels such as only the 6! grade, only the 7® grade, or only the 7%
and 8" grade. The number of longitudinal studies to determine students’
achievement in proportional reasoning test and the strategies used by them in order
to solve proportional reasoning problems from 5 to 8 grades is limited in Turkey.
Unlike other studies, this study was conducted with 5%, 6, 7% and 8 grade students
in order to specify their academic achievement in proportional reasoning problems

and to examine their solving strategies in these problems.

1.1.Aim of the Study

The aims of the study are to specify academic achievement of the students from 5™
to 8" grade in proportional reasoning problems, to determine how academic
achievement of these students change according to problem types and to examine

their solving strategies in these problems.

1.2.Research Questions

1. Does the academic achievement of the students change from 5% to 8™ grade
in the test of proportional reasoning problems?
e Does the academic achievement of these students change according to

problem types?

2. What kind of strategies are mostly used by the students from 5" to 8" grade

in proportional reasoning problems?

1.3.Significance of the Study

The first experience of students with mathematics in school life is with natural
numbers. The first years of primary school include addition and subtraction based
on the relationship between countable objects. Rational numbers and integers are
introduced to students in addition to natural numbers in middle school years
(MoNE, 2013). In these years, students have to make a number of important

transitions in their mathematical thoughts. A fundamental change in thoughts is
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necessary in transition from natural numbers to rational numbers and from additive

concepts to multiplicative concepts (Mclntosh, 2013).

Mastery of many of the number concepts and number relationships in the middle
grades appears to require a reconceptualization of number, a significant change
from the primary grades in the way number is conceived. Multiplication is not
simply repeated addition, and rational numbers are not simply ordered pairs of
whole numbers. The new concepts are not the sums of previous ones. Competency
with middle school number concepts requires a break with simpler concepts of the

past and a reconceptualization of number itself. (Hiebert & Behr, 1988).

Proportional reasoning is a kind of reasoning also used in daily cases such as maps,
scale models, medicine doses related to the weight of the patient, comparison-
shopping, and economics (Valverde & Castro, 2012). It is crucial for students to be
successful in many mathematical areas, including ratio and proportion,
measurement and unit conversions, geometry and probability (Hilton & Hilton,
2018). In mathematics education, the concepts of ratio and proportion are
considered necessary and important for teaching other concepts. To illustrate,
proportional reasoning is a basis in order to learn algebra well because proportional
relationships provide students with powerful meanings to improve algebraic
thinking and function perception (Cai & Sun, 2002). In addition, the concept of
proportional reasoning is an interdisciplinary concept as students encounter
proportional reasoning problems in science, social science, statistics, etc. (Akatugba
& Wallace, 2009; Nunes & Bryant, 2011). It consists of reasoning about
percentages, temperatures, densities, concentrations, velocities, chemical

compositions, and economic values (Sophian & Wood, 1997).

Mathematics education is significant in all grade levels, but it is most vital in middle
grade levels because in these years, many students reinforce ideas about their
competences, attitudes, interests and motivations as mathematics learners. These
concepts affect how they approach mathematics in the following years (NCTM,

2010). In other words, proportional reasoning is quiet prognostic of later
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mathematical success (Siegler, Fazio, Bailey, & Zhou, 2013). In the same way,
Smith (2003) reports the significance and complexity of the proportionality as:

No area of elementary school mathematics is as mathematically rich,
cognitively complicated, and difficult to teach as fractions, ratios, and
proportionality. These ideas...are the first place in which students encounter
numerals like “3/4” that represent relationships between two discrete or
continuous quantities, rather than a single discrete (“three apples”) or
continuous quantity (“4 inches of rope™) (p.3).

Although the secondary school mathematics curriculum includes many important
concepts, one of the most common one is proportionality. To understand
mathematics at high school and college level, it is essential to grasp the concept of

proportion in middle school years (Johnson, 2010).

In spite of its significance, elementary school students and even adults have
difficulties in reasoning proportionally (Bock, Dooren, Janssens & Verschaffe,
2002; Smith, Solomon & Carey, 2005). Therefore, it is significant to improve and
evaluate ways to reinforce this sort of reasoning (Boyer & Levine, 2015).
Comparing and analyzing students’ solutions in qualitative and quantitative
proportional reasoning problems are primarily important in order to understand
students’ proportional reasoning skills. The solution strategies used by the students
to solve these problems give an idea about students’ proportional reasoning levels.
As proportional reasoning is the capstone of elementary school arithmetic (Lesh et
al., 1988), it is important to examine whether there is a relationship between

students’ proportional reasoning levels and their academic success.

On the basis of proportional reasoning, there is the ability of comparing the
quantities. Therefore, taking into account the relative changes of the quantities that
determine the structure of the comparison, the ability to comment on the nature of
the comparison and the development of decision-making skills are important in
gaining the ability of proportional reasoning and in preventing the misconceptions

of the ratio-proportion concepts (Akar, 2009).



In Turkey, in most of the studies related to the skills of the students in proportional
reasoning problems, it was seen that students at the 7™ or higher grades were
selected as the sample, or these studies focused only on students from one or two
grade levels (Incebacak & Ersoy, 2016; Kahraman, Kul & Aydogdu-iskenderoglu,
2018; Artut & Pelen, 2015; Kiipcii & Ozdemir, 2011; Pogan, Yasaroglu & Ilhan,
2017). The number of longitudinal studies to determine the skills of proportional
reasoning from 5 to 8 grades is limited in Turkey. Unlike other studies, this study
was conducted with 5%, 6%, 7% and 8™ graders in order to reveal their academic
achievement in proportional reasoning problems, to investigate how their academic
achievement change according to the problem types and to examine their solving

strategies in these problems.

In the studies conducted with 8% graders, it was seen, as might be expected, that
students use the cross-product strategy in their solutions mostly because they know
or memorize this strategy (Kahraman, Kul & Aydogdu-Iskenderoglu, 2018;
Incebacak & Ersoy, 2016). Therefore, it is believed that the application of this study
to the 5, 6 and 7™ graders who do not know the cross-product strategy will enable
to make comparisons between the students who have been taught and not taught the

concept of proportion.

For these reasons, the results of this study are believed to provide distinctive and
valuable information about students' instinctive abilities and difficulties related to

proportional reasoning.

1.4.Definitions of Important Terms

Ratio: Ratio is to compare with each other the quantities which have the same or

different unities (MoNE, 2018).

Proportion: Proportion is the equality of two ratios (MoNE, 2018).



Proportional reasoning: Proportional reasoning is the skill to recognize a
mathematical statement including a ratio, to express this statement symbolically,

and to solve proportional problems (Cramer & Post, 1993).
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CHAPTER 2

LITERATURE REVIEW

2.1.The Terms of Ratio, Proportion and Proportional Reasoning

Ratio and proportion are the components of proportional reasoning, and hence, their
definition is quite important to be able to understand proportional reasoning. Ratio
is to compare with each other the quantities which have the same or different unities
(Babai, Cohen & Stavy, 2018; MoNE, 2018; Cai &Sun, 2002) or it is to join the
quantities in a composed unit (Lobato & Ellis, 2010). However, in the literature,
there is no consensus for definitions of proportion and proportional reasoning.
According to Vernaud (1983), a proportion is the multiplicative relationship
between the measured quantities of two physically measurable attributes that he
called ‘measure spaces’, while it is the equality of two ratios as stated by the MoNE
(2018), Lobato and Ellis (2010), and Lim (2009). Lamon (1995) describes students'
understanding of a proportional relationship as the realization of both a scalar
relationship within quantity types and a functional relationship between quantity
types. The big idea underlying proportions is that “when two quantities are related
proportionally, the ratio of one quantity to the other is invariant as the numerical
values of both quantities change by the same factor” (Lobato & Ellis, 2010, p. 11).
According to Levin (1999), proportion is an argument of equal ratios or fractions
and written as a/b=b/c. On the basis of these, ratio is to compare the quantities with
each other, and, proportion is the equality of the ratios. Moreover, Dole and Wright
(n.d) express that ratio describes a situation in comparative terms, and proportion is
when this comparison is used to describe a related situation in the same comparative
terms. For instance, the meaning of the sentence ‘the ratio of boys to girls in a

classroom is 2 to 3’ is the comparison of the number of boys to the number of girls.
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In this classroom, if there are 30 students, the numbers of boys and girls are 12 and

18, respectively.

The ratio mentioned so far is referred to as direct proportion in the literature. In a
direct proportion, one of the quantities increases, while the other increases or one
of the quantities decreases and the other decreases in a multiplicative way. Another
type of the proportion is inverse proportion. Inverse proportion occurs when the
quantities change in a different direction. That is, one of the quantities increases,
while the other decreases in a multiplicative way, or vice versa. To illustrate, the
expression “if 6 people complete a job in 4 days, 12 people complete the same job
in 2 days” includes inverse proportion between its quantities (Dole, Wright and

Clarke, n.d).

Like proportion, a common definition of proportional reasoning is not found in the
literature. According to the NCTM Curriculum and Evaluation Standards (1989),
proportional reasoning is the ability to reason proportionally in students throughout
the grades 5 and 8. According to Lesh, Post and Lehrer (1988), proportional
reasoning is the ability to make a decision and an interpretation about comparing
the quantities. Flowers (1998) defines proportional reasoning as the ability to
understand and use the ratio. On the other hand, in many studies, proportional
reasoning is described as the skill to recognize a mathematical statement including
a ratio, to express this statement symbolically, and to solve proportional problems
(Cramer & Post, 1993; Clark & Lesh, 2003; Cramer, Post & Currier, 1993). Lamon
(2007) characterizes proportional reasoning as supplying:

reasons in support of claims made about the structural relationships among
four quantities (say a, b, ¢, d) in a context simultaneously involving
covariance of quantities and invariance of ratios or products (pp. 637-638).

Rather than different descriptions of proportional reasoning, its relationship with
other mathematical concepts and its importance for them are highlighted in most of
the studies. As Lamon (2007) states:

Of all the topics in the school curriculum, fractions, ratios, and proportions
arguably hold the distinction of being the most protracted in terms of
development, the most difficult to teach, the most mathematically complex,
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the most cognitively challenging, the most essential to success in higher
mathematics and science, and one of the most compelling research sites
(p.629).

Lesh, Post and Behr (1988) point out that proportional reasoning is the capstone of

the elementary curriculum and the cornerstone of algebra. Similarly, according to
Walle (2009), proportional reasoning is the important component of the concepts
of fractions, algebra, similarity, data graphs and probability in mathematics. It can
be symbolized by a fraction and then fractions’ laws can be applied to ratios (Livy
& Vale, 2011). Babai, Cohen and Stavy (2018) state that proportional reasoning is
the skill of comparison of the amounts multiplicatively by using ratios and
quantitative conceptions like fractions. Moreover, in addition to these mathematical
concepts, proportional reasoning is crucial for other courses. In their study,
Wollman and Lawson (1978) state that the concept of ratio and proportion is a
necessary and fundamental mathematical tool to understand the concepts of
velocity, momentum, pressure, density etc. in physics, chemistry, and genetics in
biology. As Heinz and Sterba-Boatwright (2008) state:

Proportional reasoning is at the core of so many important concepts in
mathematics and science, including similarity, relative growth and size,
dilations, scaling, pi, constant rate of change, slope, rates, percent, trig ratios,
probability, relative frequency, density, and direct and inverse variations (p.
528).

Babai, Cohen and Stavy (2018) also express that proportional reasoning is required
in calculations in science disciplines such as concentration, probability, density,
velocity and current. In addition, Mitchell and Lawson (1988) theorize that the lack
of proportional reasoning of the students in the department of the biology affects
their achievement in genetics. Furthermore, Dole and Wright (n.d.) state that in
addition to most science and mathematics topics, proportional reasoning is needed
in real-world and everyday life situations. As an illustration, drawing a building’s
plan, mapping of the road between school and home, dividing four pizzas into 3
people, and deciding better purchase when the price of 1 kg is 3.5 TL and the price
of 1.5 kg is 4.20 TL need reasoning proportionally. They also express that
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proportional reasoning is basic for rational number concepts such as fractions,

ratios, percentages, decimals and proportions.

In spite of its importance, proportional relations are hard for students to understand.
Modestou and Gagatsis (2010) claim that most of the students who graduated from
high school do not have the ability of proportional reasoning. Middle school is
accepted as the most critical period for learning ratio and proportional relations
(Lobato, Ellis, Charles, & Zbiek, 2010). In addition, NCTM (1989) states that “the
ability to reason proportionally develops in students throughout grades 5-8” (p. 82).
It is important to investigate the development of proportional reasoning in these
years in order to determine how they make sense of proportional and non-
proportional situations. NCTM (1989) expresses that students need to see many
kinds of problem situations that can be modeled and then resolved through
proportional reasoning. Based on the solutions of these problem situations, the
proportional reasoning ability of the students can be determined. In ratio and
proportion problems, most of the middle school students use cross-multiplication
to solve the proportion and then to find the missing value (Cramer & Post, 1993).
Nevertheless, this method has been identified as a memorization method, and thus,
it cannot be said that these students solve the proportion problem through
proportional reasoning. The teaching of cross-multiplication algorithm is not
approved by many mathematic educators (Dole & Wright, n.d.). The students who
can reason proportionally solve the proportional problem situations, distinguish the
proportional and non-proportional situations, and especially comprehend the
mathematical relationships in the multiplicative proportional problems (Cramer,
Post & Currier, 1993). In brief, it cannot be claimed that all the students who can

solve the proportional problems can reason proportionally.

2.2.Proportional Reasoning from Early Grades to Middle School

When used correctly, informal knowledge may help learning, but under certain
circumstances it may enforce restrictions and barriers that restrict understanding
and cause systematic errors (Fischbein et al., 1985). Resnick and Singer (1993) state

that when formal concepts are well integrated into the intuitive system, basic
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mathematical concepts such as proportion can be improved in the best way. For this
reason, in order to achieve the highest level of proportional reasoning skills in
elementary school students, students should understand the concept of proportional
reasoning at a basic level (Lesh et al., 1988). Proportional reasoning skills starts
formally with the teaching of fractions in primary education from an early age and
then continues in secondary and university years. However, it is very difficult to
achieve this skill in full (Singh, 2000). It is estimated that more than fifty percent
of adults even do not have proportional reasoning (Lamon, 1999). In recent years,
the shift in the interest of researchers in this area is thought to be due to the fact that
the ability of proportional reasoning is important but the process of obtaining it is
difficult. In general, proportional reasoning is necessary at school and out of school
in every moment of life, so it is necessary to achieve this skill from the elementary
school years and it should be continued during the following education years.
Experiences from daily life and school life play an important role in the
commitment to proportion. In the early years of childhood, children face
proportional relationships in simple forms (Van den Brink & Streefland, 1979), e.g.
if a car has four wheels, two cars have 8 wheels. However, proportional reasoning
is not only important for the applicability and usefulness of everyday life situations,
but also for the solution of most problems in mathematics and science (Van Dooren

et al., 2005).

In spite of the significance and prevalence of proportional reasoning, there is a
conflict over the developmental process. According to Piaget, at the beginning,
proportional reasoning focuses on identifying, estimating and evaluating the
relationship between the two relations, rather than examining the relationship
between two concrete objects. Therefore, proportional reasoning examines the

secondary level relationships, not the primary ones.

In proportional situations, students use multiplicative reasoning, which requires the
understanding of the relative change (Baxter & Junker, 2001). Therefore, at the end
of their study, Inhelder and Piaget (1958) argued that children are not capable of

proportionate reasoning till about 11 years of age. Other studies also support this
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view. To illustrate, Noelting (1980) offered children between the ages of 6 and 12
with two proportions, each symbolizing a series of glasses of orange juice
concentrate and a series of glasses of water, and asked children which ratio would
make a more intensive orange juice. The results were consistent with what Inhelder
and Piaget put forward because children under 12 years of age could not choose the
correct answer. In contrast, there are studies which argue early development of
proportional reasoning. For example, Christou and Philippou (2002) investigated
the informal understanding of 120 fourth and fifth grade students in proportional
problems and how students' intuitions affect their strategies of solving proportional
problems. They conducted a test consisting of eight proportional reasoning
problems. The students' solutions were not mathematically sophisticated for each
problem, but they were strong enough to make the predictions about the nature of
proportionate reasoning easier. All the students intuitively tended to use the unit
rate method; thus, they could not produce multiplicative methods when their known
methods could not provide sufficient solutions. When the numbers in the problems
did not allow students to calculate the unit rate, they turned to other solution
strategies such as the building-up method, which is one of the simplest methods to
solve the problem. In addition, the fifth graders calculated the unit value more
comfortably than the fourth graders, and therefore they needed other solutions less.
This meant that school practices probably played a more decisive role in the

improvement of rate logic than early mathematical improvement.

Van Dooren et al. (2005) argue that the importance of proportional reasoning starts
at the second year of primary school when children learn about multiplication and
division and when to use these operations simply and in one step in the problems
such as “I kg of apples costs 2 euro. How much do 3 kg of apples cost?” At the
beginning of the 3™ or 4™ grade, proportional reasoning is introduced to the students
and they are faced with proportional reasoning problems with missing value. The
main teaching of proportionality usually begins in primary (or lower secondary)
classes, where students are given the missing value problems and are confronted
with various contexts (prices, mixtures, ...) which consist of proportional reasoning

(Kaput & West, 1994). For instance, “Grandma adds 2 spoonfuls of sugar to juice
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of 10 lemons to make lemonade. How many lemons are needed if 6 spoonfuls of
sugar are used?” (Van Dooren, De Bock & Verschaffel 2010). In order to solve this
problem, students usually use internal ratio 6 spoonfuls sugar to 2 spoonfuls sugar
or external ratio of 10 lemons to 2 spoonfuls sugar (Vergnaud, 1988). In addition,
these solving methods, there is an approach named as unit factor which finds firstly
the unit value of the quantities, (that is, if 10 lemons need 2 spoonfuls sugar, 5
lemons will need spoonful of sugar.) (Vergnaud, 1988). Lastly, there is a more
elementary method named as building up: if 2+2+2 spoonful of sugar is needed,
10+10+10 Iemons will be need. Even if this method, which is the basis of the
repeated addition, includes the properties of additive reasoning, it is accepted a
multiplicative approach because it properly manages the multiplicative proper of
the problem situation. (Van Dooren, De Bock & Verschaffel 2010). However, there
is a mistaken method called as additive method which is used by subtracting the
given values from each other in order to find the missing value. To illustrate, in the
above lemonade problem, because two spoonfuls of sugar increase 4 spoonfuls of
sugar, 4 lemons are needed more, that is 10+4=14 lemons. In order to examine the
improvement of misusage of proportional reasoning by age and students’
educational practices, De Bock et al. (2005) conducted a test with various sorts of
proportional and nonproportional missing value problems to 1062 students from 2™
grade level to 8™ grade level. According to the results, students tended to use
proportional methods when proportional reasoning was not clearly applicable.
Although there were some practical errors in the second grade, the number of
students increased substantially up to 5™ grade level in parallel to the increasing
proportional reasoning capacities of the students. From the sixth grade on, students
began to differentiate between situations where proportional reasoning was applied
or not, but even in grade 8, students still made significantly proportional errors. In
addition, the probability of error diversified according to the type of non-

proportional reasoning problems.

Van Dooren, De Bock and Verschaffel (2010) conducted a study in order to
investigate the usage of additive method in multiplicative problems and

multiplicative method in additive problems. They examined the development of
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both forms of mistaken solution strategies as age progresses. They prepared a test
consisting of 6 additive design and 6 multiplicative design of missing value
problems for 325 3%, 4% 5% and 6 grade level students. The results of the study
showed that while the inclination to use additive strategies in missing-value
problems decreases with age, the inclination to use multiplicative strategies
increases significantly. All third-grade level students solved the multiplicative
problems additively, whereas nearly third of sixth graders used proportional
strategies for all the problems. In addition to these results, all grade level students
used a solution strategy depending on the numbers given in the problems. While
students applied more multiplicative strategies when numbers in the problems
generated integer ratios, they used additive strategies when the numbers did not

generate integer ratios.

1996 National Assessment of Educational Progress (NAEP) gave two questions to
fourth grade students in order to obtain information about how students in the
elementary grades solve the multiplicative and proportional reasoning problems.
The first question was solved correctly by 3 percent of students and the second
question was solved correctly by 6 percent of students. Most students had errors
and misconceptions about proportional reasoning because they thought proportion
in additive way or could not identify a proportional situation. In addition, while
both problems could be solved without multiplication or proportionality, the
students tried to solve them using multiplication even though they had errors.
Students should be presented with problems where multiplication is necessary or
they can use multiplication correctly to solve proportions (Kenney, Lindquist &
Heffernan, 2002). Time is needed for students to progress their proportional
reasoning which is particularly dependent upon multiplication and division (Dole,
Wright & Clarke, n.d) This progress is promoted by enabling students to explore,
discuss and experience proportional situations and through ratio and proportion’s

rich conceptual understanding.

Langrall and Swafford (2000) highlighted the drawbacks of giving certain rules to

children in relation to proportional relations at an early age and stated that teaching
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about proportional reasoning should start with situations in which children can do
modeling and visualization. In order to help students understand the situation of
change between the two quantities related to each other, informal reasoning should
be used by providing qualitative comparisons to the students before quantitative
comparisons. Students can develop numerical reasoning strategies after solving
proportion problems using informal reasoning skills. Thus, before students learn
the rules for proportional reasoning, they can construct their own informal
knowledge and develop concepts for proportional reasoning (Ugar & Bozkus,

2016).

Dole, Wright, Clarke, and Hilton (2007) administered a 10-item test that measured
proportional reasoning skills to approximately 700 students from grade 5 to grade
9. This test consisted of missing value problems, rate problems, and relative
thinking problems, and the solutions were coded using a three-level code that
indicated whether the answer was correct or incorrect, the quality of the answer,
and the students' thinking. The most successful group was the 9" grade students
with an average of 6.2. Then, 7" and 8" grade students followed up with an average
of 4.8. The 5™ grade students showed the lowest success. This study showed that
students' proportional reasoning skills increased depending on their age and grade

level.

Hilton et Al (2016) conducted a study to investigate the development of
proportional reasoning of middle school students aged between 9 and 14. They
applied a test consisting of 12 two-tier items to the students. The first tier of each
item was true-false argument and the second tier had four alternatives in order to
understand the students’ proportional reasoning types and their common errors in
the proportional and non-proportional conditions. One of the results of the research
was that there is a decrease in the number of students who misuse the additive
reasoning across the year level. A closer examination of the data for non-
proportional items showed that the percentage of students using improper
multiplicative reasoning in these items diminished. In addition, they emphasized

that the development of the proportional reasoning skill takes quite remarkable time
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and many students need more instruction and exposure to these significant skills

and concepts.

Ojose (2015) investigated the gaps and comprehension of 114 sixth, seventh and
eighth grade students in proportional reasoning concepts and other related concepts
such as decimal, percentage and ratio. The study consisted of two phases of
qualitative and quantitative data collection and analysis. The students' solutions
showed that the increase in the grade level did not mean that students would perform
better in proportional reasoning problems. Based on the fact that the sixth and
seventh grade students in this study were not taught the proportional reasoning
concept, the analysis and interviews showed that all grade level students could have
a conceptual understanding of the subject of proportion without the need to be
taught the concept. These findings emphasized that children already had a
mathematical feel of proportional reasoning in their schemes before formal

teaching.

Mersin (2018) conducted a study with 146 sixth, seventh and eighth grade level
students in order to identify the types of reasoning that students used in proportional
and non-proportional situations in different types of the problems. As a result of the
study, 7" grade students were found to be more successful than 5™ and 6™ grade
students. Even though it is thought that the reason for this is that the 7" grade
students formally learnt the subject of proportionality, it was seen that proportional

reasoning levels of students increased as grade level increased.

Kiip¢ii and Ozdemir (2011) conducted a study to determine the relationship
between individual characteristics (gender, cognitive style and proportional
reasoning levels) and proportional reasoning success of the 134 seventh and eighth
grade students in solving proportional problems. In order to determine the students’
individual characteristics related with proportional reasoning, three different
success tests were conducted. In order to determine the problem-solving success in
the research, the achievement tests for solving the proportional problems, percent

problems, and similarity problems in the triangles, proportional reasoning level test

20



and cognitive styles test to determine individual differences were used. After the
proportional reasoning level test, the levels of students were specified according to
the levels of Langrall and Swafford (2000). As a result of the study, it was seen that
most of the 7" grade students were distributed equally in level one and level two,
but 8" grade students were more in level two. This situation suggested that the
increase in the grade level and more study with the concepts of proportion increased
the proportional thinking skills of elementary school students. This result indicates
that the increase in cognitive levels, age and mathematics experiences in proportion

also improve the proportional thinking skills.

Dogan and Cetin (2009) conducted a study to determine the misconceptions of 1085
7% and 9 grade students about ratio and proportion and to determine whether there
was a decrease in these misconceptions as the grade level increased. In the
application, a test with 20 multiple choice questions which were suitable for both
grade levels was used. These questions were asked to determine whether the
concepts of ratio and proportion are known correctly, to determine errors in the
concepts of inverse proportion and direct proportion, to see the errors in the
proportionality processes, and to determine whether the proportionality properties
are used correctly in the processes. It was seen that 9" grade students had less
misconceptions than 7" grade students, but the misconceptions continued mostly in
9™ grade. In addition, they had wrong information that one of the quantities
increases while the other decreases, or vice versa in an inverse proportion.
Therefore, the students thought that the increase or decrease between the quantities
should be in an additive way, not in a multiplicative way. For this reason, 66,3%
of the 7" grade and 59,3% of the 9™ grade students could not solve the inverse
proportion problem in the test correctly. Although these percentages were quite
high, it was seen that misconceptions of the students decreased when the grade level
increased. Moreover, it was seen that the students applied the strategy of cross-
product in a way by heart, and therefore they used this strategy in their solutions

without questioning the problem.
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2.3.Additive and Multiplicative Reasoning

The students in early years of school are firstly taught additive reasoning which is
one of the types of the mathematical reasoning. It includes of the abilities associated
with counting, adding, joining, subtracting, separating, and removing (Bright,
Joyner, & Wallis, 2003; Lamon, 2007). Multiplicative reasoning refers to reasoning
about multiplication, division, linear functions, ratios, rates, rational numbers,
shrinking, enlarging, scaling, duplicating, exponentiating, and fair sharing (Lamon,
2007). In addition, Bright et al. (2003) provided the following contrasts:

Proportional or multiplicative reasoning is in contrast to additive reasoning.
Additive reasoning involves using counts — for example, sums or differences
of numbers — as the critical factor in comparing quantities. Multiplicative or
proportional reasoning involves using ratios as the critical factor in comparing
quantities (p. 166).

Identifying whether the ratio or product of two quantities which are proportional or
inversely proportional to each other in a given situation is constant is remarkably
difficult for most students. Considering that sum or difference of these quantities is
constant is a misconception that is made typically and frequently (Glaser & Riegler
2015). Glaser and Riegler (2015) referred to this situation as additive reasoning, in
contrast to proportional or multiplicative reasoning. One of the most important
stages in the development process of the proportional reasoning skill is the ability
of the student to be able to switch from additive reasoning to multiplicative
reasoning (Fernandez & Llinares, 2009). In the first years of primary school,
additive reasoning strategies are used to solve proportional reasoning problems, but
proportional or multiplicative reasoning strategies are used in the later years. (Van
Dooren, De Bock & Verschaffel 2010). Additive reasoning consists of using counts
such as sums or differences of the numbers, while ratios are used in multiplicative
or proportional reasoning as the critical factor in comparing quantities. (Bright,
Jeane & Charles, 2003). Whereas multiplicative situations are expressed as f(x)=ax,
additive situations are expressed as f(x)=x+b (Fernandez & Llinares, 2009). For
example, “When Ayse is 5 years old, Ali is 10 years old. How old is Ali when Ayse
is 15?” is an additive situation (Ucar & Bozkus, 2016). In order to find the age of

Ali, the difference between the two quantities must be found and this difference
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must be added to the small number. However, ‘If a car goes 240 km in 4 hours, how
many kilometers does it go in 2 hours?’ is a multiplicative situation. This problem
has two different variables (time and path) and it is necessary to apply
multiplication or division to solve the problem. Students must re-conceptualize the
concept of unit in order to move from cumulative reasoning to multiplicative
reasoning (Hiebert & Behr, 1988) because multiplication requires working with
composite units instead of dealing with singleton units (Sowder et. al., 1998). For
instance, the student should be able to think of 4 as a single unit in 3x4 process and
find 3 out of 4. Therefore, the multiplicative reasoning is a more complex process
than additive reasoning, as it requires a different flexible unitizing (Ucar & Bozkus,

2016).

Proportional reasoning skills do not improve instinctively and most of the students
are inclined to additive methods, have difficulty in making distinctions of situations
of proportion from non-proportion and overuse the multiplicative methods in
improper situations. (Van Dooren, De Bock, Hessels, Janssens, & Verschaffel,
2005). In addition to this, students use additive methods in proportional situations
(Van Dooren et al.,, 2010). This over-generalization may be associated with
students' initial habits of adding and counting (Boyer, Levine, Susan, &

Huttenlocher, 2008).

Multiplicative thinking skills begin to develop from the second year, but it is very
slow (Clark & Kamii, 1996). Depending on this situation, it is stated that students
solve problems with additive thinking even though the problem situations which
necessitate multiplicative thinking are shown in early ages. Another reason for this
situation may be that these students tend to use additive methods due to their
insufficiency in multiplication and division (Lo & Watanabe, 1997). In addition,
when students encounter proportional reasoning problems involving numbers that
are not easily divisible to each other, they use additive methods that are easier and
more familiar to compute for them (Clark & Kamii, 1996). With the increase in the
grade level, there is a slight decrease in the tendency of students to use additive

strategies, while there is an increase in the tendency to use multiplicative strategies
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(Fernandez, Llinares, Van Dooren, De Bock & Verschaffel, 2012., Ucar & Bozkus,
2016).

One of the studies in this context was conducted with the 37, 4™ 5% and 6 graders
by Van Dooren, De Bock, Gillard ve Verchaffel (2009). In this study which
examined the strategies used by students in solving additive and multiplicative
problems, it was determined that students could not use appropriate strategies in
problem solving. In both types of problems, students used additive or multiplicative
strategies without making discrimination. It was observed that the use of
multiplicative strategies increased, and the use of additive strategy decreased as
students' level of education increased. It was concluded that the tendency of
students to use additive strategy at an early age changed with the tendency to use
multiplicative strategy at later times. Meron and Utilizin (1999) examined the
methods used by the 3™ and 4™ graders as the smaller age group for the problems
involving multiplicative situations. It was seen that many of the students used
additive strategy in the case of problems where the multiplicative strategy was
appropriate or answered the questions with the counting process. Peled and others
(1999) stated that the students could do the multiplication process mentally but
could not establish a relationship between multiplicative situations. They explained
that the reason for these results is that multiplicative structures are difficult and
complex, so this complexity leads to the difficulty of defining these structures and

the application of multiplicative strategy.

Bright, Joyner and Wallis (2003) emphasized the importance of presenting students
the situations in which multiplicative and additive reasoning could be applied
correctly or incorrectly. They devised an instrument tool in order to evaluate the
answers of 8" and 9™ grade students to four multiple-choice questions involving
proportional reasoning. Three of the four multiple-choice questions they used
included proportional reasoning and one had additive reasoning. The first question
asked which of the shape formed by a rectangle and the extension of this rectangle
by 200% looked more like a square. 59.1% of the students answered this question

correctly. The second question was a problem asking which of the four rectangular
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fields is more like a square. 67.4% of the students answered this question correctly.
The third question included additive reasoning, and 59.1% of the students solved it
correctly. The fourth problem included multiplicative reasoning, and 45.4% of the
students answered it correctly. Ucar and Bozkus (2016) conducted a study in order
to determine the strategies used by 320 4%, 51 6" and 7% grade level students to
solve proportional and non-proportional problems and to reveal how students'
ability to distinguish proportional situations from non-proportional situations
develop. The findings revealed that only 8 students solved all the problems
correctly, and the students had difficulty in distinguishing the proportional
problems from non-proportional problems and accordingly, they used inappropriate
strategies to solve the problems. In particular, the majority of 4th, 5th and 6th grade
students use the additive solution strategy in proportional and non-proportional
problems, whereas 7th grade students generally use the multiplicative solution
strategy in all problems. This result shows that even if the problem situations which
require multiplicative thinking are shown to the students, students solve problems
by additive thinking (Clark & Kamii 1996). Another result obtained from the study
is that the type of strategies used by the students varies from additive to
multiplicative as the grade level increases. In addition, the seventh-grade students
were not able to distinguish between additive and multiplicative problem situations,

even though they were educated about proportion concept.

On the other hand, there are also studies showing that additive strategies are not
used unnecessarily in multiplicative situations. One of them belong to Atabas and
Oner (2016). They conducted a study with 5™ and 6 grade students in order to
determine their proportional reasoning skills in the proportional and non-
proportional problems and to specify whether the proportional reasoning of these
students was affected by whether the ratio in the problem was an integer or not.
They conducted a 4-item test including a missing value problem, a proportional
comparison problem, a constant problem and an additive problem. One of the
results of the study was that 6™ grade students were more successful in solving
proportional problems than 5" grade students. Contrary to most studies in the

literature, it was not seen that students used additive methods unnecessarily in
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proportional problems (missing value and comparison) in the study of Atabas and
Oner (2016). This result was thought to be due to the fact that the participants of

the study were from only two grade levels.

2.4.Problem Solving

It is widely accepted that the main element of mathematics is problem solving and
its process. This thinking process, which leads people to the problems they face, is
used both in daily life and in all branches of science. The main aim of primary
education is to prepare individuals for life and higher education. Mental skills
needed to achieve both goals are effective reasoning, critical thinking and problem
solving. In the development of these skills, all the courses in the primary education
program are effective, but the mathematics lesson takes up more than all of the

above skills (Ozsoy, 2005).

Thinking starts with a problem, and the solution of the problem turns into a goal for
the individual and this aim directs the individual's thinking. The thinking that arises
with the problem constitutes a process. The human brain needs a lot of things to
achieve its producer ability, but the brain first of all needs the method that can be
applied to different areas. Without the scientific method, even if the human brain is
equipped with all the information, it cannot produce; it only stores. Attitudes and
skills towards scientific thinking are gained through the process of scientific
method. Scientific method is used synonymously with problem solving process

(Kalayct, 2001).

In addition to the necessity of everyday life, problem-solving skills are necessary
to be successful in the mathematics course. Problem solving can contribute to the
development of cognitive strategy while learning mathematics (Yildizlar, 1999).
Students who are successful in problem solving are also expected to be successful
in mathematics (Ozsoy, 2005). In recent years, problem solving has been used as a
tool to determine students' ways of thinking and comprehending in mathematics
learning (Arikan & Unal, 2015). Problem solving is a skill that must be constantly

developed to strengthen our survival, so it is a daily requirement (Skemp, 1987).

26


http://tureng.com/tr/ingilizce-esanlam/strengthen

Problem solving is a learning continuum which is carried out both in everyday life
and at school (Jonassen, 1997). When solving problems, students who use
memorized solutions in the traditional approach do not have the chance to produce
their own solutions (Hines, 2008). Even if the students do not know the solution
clearly, they should try to solve the problem by using their experience and

knowledge.

As students gain success in the process of problem solving and feel that their
solutions are valued, their confidence in their ability to do mathematics increases.
Thus, students are more patient and creative when solving problems (MoNE, 2013).
Verbal problems help students to develop new mathematical models and help them
gain experience in this area. In addition, it provides a suitable environment for
students to develop language, reasoning, mathematical development and interaction
(Reusser ve Stebler, 1997). Inoue (2005) emphasizes that in the problem-solving
studies in mathematics courses, students should take into consideration the
experiences they have acquired in real life outside the school. The ability to
accurately reflect the real-life situations of the results obtained in the problem-
solving studies in mathematics courses can be achieved by taking the problems that
address real-life situations as much as possible in school mathematics and by
encountering mathematical problems that allow students to take into account
different perspectives (Cooper & Harries, 2002). In addition, it is important to use
proportional situations and introduce different examples and solution strategies of
problems in order to enable students to think proportionally, to develop different
strategies and to think in depth (Capraro et al., 2009). In this context, Sen and Giiler
(2017) conducted a study to show the effect of the instruction on problem solving
strategies on the proportional reasoning abilities of the sixth-grade students in order
to solve the proportional reasoning problems. During 8 lesson hours, 16 students in
the experimental group were taught problem solving strategies in order to be able
to solve proportional reasoning problems, but 16 control group students did not
receive any training other than usual training. According to the results of pre-test,
before the instruction of problem-solving strategies, the proportional reasoning

levels of the students in both groups were low. However, it was seen that the
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proportional reasoning levels of the students in the experimental group where the
teaching of problem-solving strategies were applied were higher than the control
group students after the instruction of problem-solving strategies. These results
revealed that the instruction of problem-solving strategies had a positive impact on

the abilities of proportional reasoning of students.

Artut and Aladag (2012) conducted a study with middle school students to
determine their skills to solve problems that require proportional reasoning
problems and problems as well as proportional reasoning problems, but which
require realistic responses. The research results revealed that students were more
successful in solving proportional reasoning problems. As the grade levels of the
students increased, the students' success in solving these problems increased. On
the other hand, one of the reasons why students are more successful in solving
proportional problems is that time and experience are necessary for the
development of proportional thinking process. On the other hand, one of the reasons
for the increase in the grade level of the students to increase the success of solving
proportional problems is that time and experience are necessary for the
development of the proportional thinking process. As the grade levels of the
students increase, students' experiences with proportional reasoning also increase.
Smith and Regan (1999) made a detailed classification by focusing on individual
differences in order to reveal the causes of different levels of learning in the same
learning environment. In this classification, students were classified according to
their cognitive, affective, social and physiological characteristics, and it was
emphasized that this distinction was effective in designing teaching and learning
process and organizing activities. When the literature is examined, it is seen that the
studies related to the determination of the factors affecting the problem-solving
success of the individuals (especially mathematical problems) include distinctions
corresponding to the classification given above. For example, Charles and Lester
(1984) identified the factors that affect the problem-solving skills of the individual
in three groups as cognitive, affective and experience factors. Cognitive factors
include knowledge of mathematical concepts, logical thinking and reasoning,

spatial reasoning in some problems, memory, computational ability, and estimation.
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Factors such as willingness to solve problems, self-confidence, stress and anxiety,
uncertainty, patience and perseverance, interest in problem solving or problem
situations, motivation, desire to show success, desire to satisfy teacher constitute
the group of affective factors. Experience factors include encountering problems in
certain subjects, pre-use of certain problem-solving strategies. Proportional
reasoning problems are one of the most common types of problems in which
structural similarity forms are observed among the factors affecting the problem-
solving success mentioned above (Kiip¢ii & Ozdemir, 2012). Most of the fields of
mathematics or science are related to basic but deep concepts. In order to solve
mathematics, science and daily life problems, it is often necessary to reveal similar
patterns in two different situations or to recognize structural similarities. Some
different problem types have been developed in order to evaluate the proportionality
and different proportional reasoning situations related to the important concepts that
can be encountered in the second-grade mathematics curriculum. These are

explored in the following section.

2.5.The Types of the Proportional Reasoning Problems

In the literature, many problem types are identified in order to discover the
proportional reasoning skills of students. Lamon (1993) describe four semantic
problem types by investigating the problem situations typically structured. These
problem types and their examples posed by Langrall and Swafford (2000) are
below. The type of Well-Chunked Measures includes comparison of two extensive
resulting in an intensive measure or rate such as speed, unit price. The following is
an example of this type of problem: “Dr. Day drove 156 miles and used 6 gallons
of gasoline. At this rate, can he drive 561 miles on a full tank of 21 gallons of
gasoline?”. The second type is Part-Part-Whole. In this problem type, a subset of a
whole is compared with its complement (e.g. boys with girls in a class) or with the
whole itself (e.g. boys with all students in a class). For example, “Mrs. Jones put
her students into groups of 5. Each group had 3 girls. If she has 25 students, how
many girls and how many boys does she have in her class?”. The third type is
Associated Sets. In this problem type, occasionally the relationship between two

quantities is unknown unless their relationship is identified in the problem. That is,
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the connection of two sets cannot be known (e.g., people and pizzas, children and
chocolate bars) until some expressions in the problem show that rate pairs should
be formed. The following is an example of this problem type: “Ellen, Jim and Steve
bought 3 helium-filled balloons and paid $2 for all 3 balloons. They decided to go
to the store and buy enough balloons for everyone in the class. How much did pay
for 24 balloons?”. The last type of the proportional reasoning problems according
to Lamon (2007) is Stretchers and Shrinkers. These problems highlight the
relationship between continuous quantities, such as circumference, length or height.
They involve enlarging or stretching and reducing or shrinking. For example, “A
6"x8" photograph was enlarged so that the width changed from 8"x12". What is the
height of the new photograph?”

On the other hand, Haller, Ahlgren, Post, Behr and Lesh (1989) describe four
different types of proportional reasoning problems. In the Missing-value problems,
one of the quantities proportionally related to each other is not given and students
are required to find this quantity. The following problem is a typical example of
missing value problem: “Steve and Mark were running equally fast around a track.
It took Steve 20 minutes to run 4 laps. How long did it take Mark to run 12 laps?”.
In the Numerical comparison problems, all four quantities are given, and students
are required to compare the given ratios. For example, “Tom and Bob ran around a
track after school. Tom ran 8 laps in 32 minutes. Bob ran 2 laps in 10 minutes. Who
was the fastest runner? (a) Tom (b) Bob (c) They ran equally fast. (d) Not enough
information to tell.” The other type is Qualitative Ratio Change problems which
include any numerical comparison. To illustrate, “If Cathy ran less laps in more
time than she did yesterday, her running speed would be (a) faster (b) slower (c)
exactly the same (d) there is not enough information to tell”. The last type of the
proportional reasoning problems according to Haller, Ahlgren, Post, Behr and Lesh
(1989) is Qualitative Comparison problems. Like qualitative ratio change
problems, this problem type includes any numerical comparison. The students are
expected to comment on the proportional relationship in the problem situation. For

example, “Bill ran the same number of laps as Greg. Bill ran for more time than

30



Greg. Who was the faster runner? (a) Bill. (b) Greg (¢) They ran at exactly the same

speed. (d) There is not enough information to tell.”

In addition, proportional problems are generally differentiated into their contexts
(Lesh, Post & Behr, 1988). De La Cruz (2013) expresses that the solution strategies
and achievement level of students are affected by the context of the problems.
According to De La Cruz (2013), there are four common context of proportional
reasoning problems: rates, similarity, mixture and part-part-whole. ‘A printing
press takes exactly 12 minutes to print 14 dictionaries. How many dictionaries can
it print in 30 minutes?’ is an example of the problems including rates. To illustrate
similarity problems, ‘You gave your grandmother a 4 in by 6 in picture but she
would like to enlarge it to match the other photos hanging on her wall. If she
enlarges the length from 6 in to 8 in, what would the width of the enlarged photo
be?’ can be given. ‘If Suzie uses a lemonade recipe that calls for 1 cup of lemon
juice for every 2 cups of water, how many cups of lemon juice would she need to
make lemonade if she was using 8 cups of water?’ is an example of the mixture
problems. ‘Ms Levi’s class has 12 girls and 18 boys. If there is the same ratio of
girls to boys in the school as there is in Ms. Levi’s class and there are 360 children
in the school, how many boys are there?’ is an example of the problems consisting

of part-part-whole.

In addition to the contextual structure, proportion problems are often distinguished
by the sorts of the multiplicative relationships within and between ratios in the
problems (Bezuk, 1988, Steinthorsdottir & Sriraman, 2009). Steinthorsdottir and
Sriraman (2009) state that a ‘within’ relationship is the multiplicative relationship
between elements in the same ratio, whereas a ‘between’ relationship is the

multiplicative relationship between the corresponding parts of different ratios’(p.7)

(Figurel).
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Figure 1 The within and between ratios

These multiplicative relationships can be integer and non-integer as described in

Table 1.

Table 1 The examples of subcategories of missing value problems according to
numerical structure.

Subcategories Examples Numerical structure

The factor of change| If 10 pieces of gum costs 34

between ratios is an integer. | cents, how much will 5 d4c 7

. 10 pieces 5 pieces
pieces of gum cost? p,ﬂ 3 El

The factor of change within| If 10 pieces of gum costs 50

ratios is an integer. cents, how much will 15 I—_) 50 _ ?
. 220 picces 15 pieces
pieces of gum cost?
Both factors of change| If 10 pieces of gum costs 50
within and between ratios| cents, how much will 5 |: 50c 2
are integers. ieces of gum cost? “2-10 pieces 5 pleces
2 p g *_x2
Neither factor of change is| If 10 pieces of gum costs 34
an integer. cents, how much will 15 34c ?

. - 5 .
pieces of gum cost? 10 pleces 15 pleces

When the literature was reviewed, it was seen that different types of problems
created different forms, and students had some difficulties with these different types
of problems. These difficulties included not knowing the situations in which
proportional reasoning will be used, not being able to distinguish the difficulties in
determining multiplicative or relative relations, using unnecessary multiplicative

approaches (Walle et. al. 2012), ignoring some data, associating multiplicities with
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qualitative strategies rather than applying quantitative strategies, and using

unnecessary cross-product algorithms (Lesh et. al., 1988).

The study of Fernandez et al. (2011) was about the effects numerical structure of
the proportional reasoning problems. They found that the magnitude of the
numbers in the problems and the numerical relationship between the quantities
greatly affected how the students solved the problems. Number structure
characteristics are highly effective in solving students' proportional reasoning
problems, and the effect of integer and non-integer factor of change has been shown
in some studies. Riehl and Steinthorsdottir (2017) found that students were more
successful in solving problems where the factor of change was an integer than non-
integer. In addition, they showed that when problems included only one integer
ratio, students were more successful when factor of change within ratios was an

integer.

Many researchers found that when the missing value problems consist of integer
ratios, students showed better performances and they unnecessarily used the
proportional solution methods in the non-proportional problem types. On the
contrary, when the problems have non-integer ratios, the students were extremely
inclined to use additive solution methods in both additive and proportional
problems. For example, Dooren, Bock and Verschaffel (2010) conducted a study
with 325 fourth, fifth and sixth grade students in order to investigate the usage of
additive methods in proportional problems and the usage of multiplicative methods
in additive problems. While students applied more multiplicative strategies when
numbers in the problems generated integer ratios, they used additive strategies
when the numbers did not generate integer ratios. As a result, the students were
more likely to look at the numerical characteristics of the problem than the additive
or proportional situation of the problem in order to decide whether the solution
method of the problem should be additive or proportional. Moreover, Jiang et. al.
(2016) investigated the performance of both Spanish and Chinese students in
additive proportional problems from a cross-sectional perspective. One of the

considerations of the study was the effect of number structure in the problem
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sentences. 925 fifth to eight grade students did a test which included addition and
proportional problems in missing value format. The study concluded that both
Chinese and Spanish students tended to use proportional methods when the problem

had integer ratio, regardless of the problem type.

Ozgiin-Koca and Kayhan-Altay (2009) conducted a study to 6" and 7" grade
students in order to investigate the proportional reasoning skills in terms of these
students’ gender, their grade levels and problem types- missing value and numerical
comparison. According to the results, students were more successful in solving the
missing value problems than numerical comparison problems. Additionally, 7%

graders were more successful than 6 graders.

Tjioe and Torre (2014) conducted a study in order to investigate the abilities of
students from two different middle schools to realize proportionality. The first
group referred to as low-proficiency group consisted of 242 8" grade students in a
state secondary school with a 46% success rate according to the state evaluation
conducted in 2010. The second group referred to as high-proficiency group
consisted of 151 8" grade students in a state secondary school with 89% success
rate according to the state evaluation conducted in 2010. The test instrument had
two typical missing value problems and two recognizing proportionality problems
with four alternatives. In these recognizing proportionality problems, the students
were asked to decide whether they could use to a proportion in order to solve these
given problems (one with a proportional relationship and the other with an additive
relationship). With respect to student performance in the missing value problems,
it was clear that there was a significant difference between the two groups: the
students in the high-proficiency group performed much better than the students in
the low-proficiency group. The students in the high-proficiency group had 94.0%
and 93.4% success rate in the first and second missing value problems, while the
students in the low-proficiency group had 86.0% and 73.1% success rate in the same
problems. In both the low- and high-proficiency group, the majority of the students
who answered the missing value problems incorrectly chose the alternatives that

were the result of unproper usage of additive reasoning. This meant that students
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whose proportional thinking ability was not sufficiently developed tended to use
additive strategies. On the other hand, in the recognizing proportionality problems,
there was no meaningful difference between high and low-proficiency group. The
success rate of the groups in these problems ranged from 30% to 45%. The study
showed that to be able solve missing value problems did not mean being able to
reason proportionally. It was concluded that teaching missing value problems to

solve is not the same as teaching to reason proportionality.

Artut and Pelen (2015) explored the strategies used by 165 sixth grade students in
the proportional and non-proportional problems and whether these strategies vary
by types and number structure of the problems. The test instrument had 12 open-
ended questions consisting of missing value, comparison and non-proportional
problems. The findings showed that the mostly used strategy was factor of change
strategy in missing value and comparison problems and multiplicative strategy in
non-proportional problems. It was revealed that the students used additive strategy
in the proportional problems and additive strategies in the non-proportional
problems. This showed that the students had difficulty in distinguishing between
proportional and non-proportional problem situations. Additionally, while students
mostly used the factor of change strategies in the within, between and both within
and between integer relation problems, they mostly used the unit rate strategy in the
within non-integer relation problems. However, the students were inclined to use
multiplicative strategies in the problems where the ratio was an integer and to use
additive strategies in cases where the ratio was not an integer regardless of whether
the problem was proportional or non-proportional. The study concluded that
number structure of the problems affected the strategies used by the students in the

problems.

Heller at al. (1989) investigated the effect of the types of the ratio and structure of
the problems on the achievement of the seventh-grade students by using qualitative
and quantitative proportional reasoning test. The study concluded that the types of
the ratio had an important effect on the difficulty of proportional and qualitative

reasoning.
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2.6.The Strategies Used in Proportional Reasoning Problems

In the literature, different solution strategies are identified in order to specify the
proportional reasoning skills of the students. Cramer and Post (1993) found that the
students use four different strategies to solve proportional reasoning problems.
These are unit rate strategy, factor of change strategy, equivalent fractions strategy
and cross-product algorithm. In addition to Cramer and Post, Bart, Post, Behr, and
Lesh (1994) proposed a micro-theory to analyze the problems including reasoning
proportionally and to reveal students’ cognitive processes and their errors. In the
studies conducted as a part of the Rational Number Project, Bart et al. revealed the
equivalence class strategy. Ben-Chaim, Fey, Fitzgerald, M., Benedetto and Miller
(1998) and Parker (1999) added the build-up strategy to other strategies as a result
of their research. Each strategy will be described by using it to solve the following
problem:

In a bookstore, if 4 books of the same kind cost 40 dollars, then find the total

price of 12 books.
The unit rate strategy includes computing one unit of a quantity and then
multiplying the result with another quantity to generate the wanted answer. In this
problem, each book costs 40:4=10 dollars and 8 books cost 8x10=80 dollars.
The factor of change strategy includes comparing the quantities, deciding the
factor of change between two quantities and multiplying the factor with the value
of given quantity. In this problem, 12 books are 3 times as many as 4 books.
Therefore, the answer is 3x40 dollars = 120 dollars.
The equivalent fractions strategy perceives the ratios in the problem as equivalent

fractions. The students try to find an equivalence fraction to the given ratio. In this

4 12 4x3 12
problem, — = —
40 7 40x3 120

Therefore, 12 books cost 120 dollars.
The cross-product algorithm consists of establishing a proportion, making a cross

product and solving the resulting equation by division.

4 books 40 dollars

2

12 books A dollars
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12x40
4xA=12x40 A= ’ =120

The equivalence class strategy includes generating equivalence fractions until

finding the wanted fraction.

The build-up strategy consists of establishing a relationship within a ratio and then
extending it to the second ratio by addition. It is also mentioned as the addition and
scaling (Hart, 1988) strategy because of involving both a multiplicative and

additive strategy.

4 books 40 dollars
& books 80 dollars
12 books 120 dollars

When the literature was examined, it was seen that some studies have been done in
order to find the strategies used by middle school students in the problems of
proportional reasoning. Kahraman, Kul and Iskenderoglu (2018) analyzed the
strategies used by 28 seventh grade students who had not learned the subject of
proportion yet and 28 eighth grade students who had learned this subject in the
previous academic year in the ten open-ended qualitative proportional reasoning
problems. When the solutions are examined, it is seen that eighth-grade students
used more solution strategies than the seventh-grade students. The strategy mostly
used by seventh grade students was the unit rate strategy, and the strategy mostly
used by the eighth-grade students was cross-multiplication. The most common
erroneous solutions were solutions using additive relationship. Students who could
not realize the multiplicative relation between quantities or could not realize it
turned to additive relationship by changing the solution strategy. Moreover, the
number of erroneous solution strategies decreases as the grade level increases. The
researchers stated that as the grade level increased, the students’ experience with
proportional reasoning could be influential in the development of students' skills
related to proportional reasoning. It can be said that students' proportional reasoning

skills improved over time, and erroneous solution strategies decreased. In this case,
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the fact that the 8" graders had learned the subject of proportion might have an
effect. Similarly, Kiip¢ii (2008) concluded that the eighth-grade students were more
advanced in their proportional reasoning skills than 7" grade students because of
their age to encounter proportional situations. Kiip¢ii (2008) conducted a study
with 134 seventh and eighth grade students in order to find the effect of the activity-
based teaching on the success of the solving of the proportional reasoning problems.
One of the results of the study was that these students used cross-product algorithm
for missing value problems and unit ratio strategy for quantitative comparison
problems. However, Kayhan (2005) reached to a different result in his study
conducted with 143 sixth and seventh grade students in order to investigate their
solution strategies in proportional reasoning problems. According to the analysis,
the students used fifteen different strategies mostly preferring the unit ratio strategy
in the problems. The reasons for this were indicated as prior knowledge and
personal preferences of the students and structure of the problems. In addition, the

strategies preferred by the students changed based on the problem types.

Duatepe, Akkus-Cikla and Kayhan (2005) applied a proportional reasoning test to
295 middle school students in order to determine the strategies used by the students
and how these strategies vary by problem types. The study concluded that the
students used mostly the cross-product algorithm in the missing value problems,
the unit ratio strategy in the numerical comparisons problems and giving clues
about reasoning proportionally without any strategy in the qualitative comparison

problems.

Avcu and Dogan (2014) and Avcu and Avcu (2010) investigated the solution
strategies of 278 seventh grade students in the proportional reasoning problems.
They revealed that the students mostly used cross product algorithm and factor of
change strategy. Aladag (2009), who conducted a study similar to the one above,
applied a test to 590 6™, 71 and 8™ grade level students. He found that the sixth-
grade students did not use a specific strategy, while seventh grade students mostly
used the cross-product algorithm and eighth grade students mostly used the unit rate

algorithm in solving the proportional reasoning problems. The reason why the
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sixth-grade students did not use a specific strategy may be that the subject of the
strategies used in proportional reasoning belongs to the seventh-grade curriculum.
Therefore, the seventh-grade students might have used mostly the cross-product
algorithm. This finding is compatible with the above-mentioned studies’ results.
The eighth-grade students might have used unit ratio in order to solve the problem

practically and find the result quickly.

Incebacak and Ersoy (2016) conducted a study in order to reveal the reasoning skills
of the students. For this purpose, a total of 94 students in a middle school were
asked to solve two real life problems prepared to reveal their high-level thoughts.
It was seen that more than half of the students used proportional reasoning for both
problems while solving problems. When the solution strategies used in general were
examined, it was observed that students used different solution strategies for
different types of problems, but it was seen that the use of cross-product algorithm
was common. When students encounter problems with fractional expressions, they
prefer to make a comparison between the numbers and use directly the cross-
product algorithm. Slovin (2000) argues that the reason why this solution strategy
is the first reference strategy is the context used in the proportional reasoning
problems. While the students were expected to solve the question with the logic of
this algorithm except proportional reasoning, the rate of reaching the correct
solution was low due to the problems they were not familiar with. In order to
improve students' proportional reasoning skills, the context in the problems should
be different from the traditional approach and suitable for the use of different

strategies (Duatepe et al, 2005).

The conceptual dimension of ratio and proportion bridges advanced mathematical
thinking (Lesh, Post and Behr 1988). Since teachers who have flexible thinking
paths about proportional reasoning and who have developed a wide variety of
demonstrations will help students to develop their proportional reasoning skills
(Parker,1999), it is important to determine the proportional reasoning levels of
teacher candidates and determine the level of their thoughts on the subject. Based

on this, Akkus-Cikla and Duatepe (2002) examined 12 first grade preservice
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teachers’ reasoning on ratio and proportion problems. The aim of the study was to
investigate their proportional reasoning skills and strategies used by them in the
problems. As a consequence of the study, it was observed that the students who
solved ratio-proportion problems using the cross-product method did not respond
to the questions of conceptual knowledge adequately and correctly, and did not use
a definite and correct language in this concept. Despite the fact that the ability to
use the cross-product algorithm at the proportional reasoning levels defined by
Langrall and Swanford (2000) is considered to be the highest achievable level (level
3) for proportional reasoning, it was considered that using the method of cross-
product algorithm was acceptable in level 2 behavior at the end of this study.
Therefore, existing markers for level 3 are added into level 2. In addition to
demonstrating the behaviors of level 2, the behavior of definite and correct language
usage which demonstrates that conceptual information is intact should be expected
at level 3. While teacher candidates were able to consider quantitatively the
proportional situations which were necessary to reach level 3, none of them used a
definite and correct language. As a result, it was observed that pre-service teachers
showed the operational skills required by the questions but did not have the
conceptual knowledge required for the same question. Without the conceptual
knowledge, the correct way the students do the operations is an indication that they
are processing by heart. The reasons for this are the way of lecturing about the ratio
and proportion in the current mathematics textbooks, the problem types and the
problem solutions which require only the cross-product algorithm based on

memorization.

On the other hand, the study by Arican (2016) ended in the opposite way. Arican
(2016) investigated the strategies used by preservice middle and high school
mathematics teachers in order to solve single and multiple proportion problems
formed by three quantities and difficulties and conveniences of the preservice
teachers in solving these proportional problems. Nine real world missing value
word problems were used in the study. During the analysis, ratio table, unit ratio
and double number line strategies were classified within proportional reasoning

category because the preservice teachers used their proportional reasoning without
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using any proportion formula in these strategies. The strategies that the preservice
teachers used were called the proportion formula strategy. Based on the responses
of the preservice teachers, the ratio table strategy was the most frequently used and
the most appropriate strategy for solving single and multiple ratio problems. It was
showed that using the ratio table strategy helped preservice teachers realize the
constant ratio and product relationships between quantities. The second strategy
mostly used by the preservice teachers was the proportion formula strategy. In this
strategy, preservice teachers created a direct or inverse ratio indicating the equality
of the two ratios, and then calculated the missing value by cross-multiplication or
multiplication (or division) within or between ratios. The preservice teachers' most
common mistake in using this strategy was to establish a direct proportion to solve
problems with inverse proportions. Especially, in multiple proportion problems, it
was not easy to form a proportion formula or to use cross-multiplication in order to
solve these problems, because multiple proportion problems had three quantities.
Therefore, the results of this study exemplified how preservice teachers could
reason about proportional relationships when they could not use calculation

methods such as cross-multiplication.

These results show that the concept of ratio and proportion in Turkish schools
heavily depends on the use of the cross-multiplication method. In addition, as
evident in these studies, sixth, seventh and eighth level students and preservice
teachers also have some hardships on proportional reasoning. As the concepts of
ratio and proportion develop in middle grades, improving instruction in middle

grades is essential (Sowder et al., 1998).

Dooley (2006) did a research with 107 high school students. The aim was to
investigate their proportional reasoning abilities, explore students’ conceptual
understanding of cross-multiplication and divide algorithm and evaluate the effect
of the manipulatives on students thinking. Twenty-one students were interviewed.
After the interviews, it was seen that only two of the 21 interviewees exhibited

advanced proportional reasoning skills and nineteen of the interviewees could not
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use the cross-multiplication and division algorithm to solve proportional reasoning

problems.

Cramer and Post (1993) investigated the strategies used by 913 seventh and eighth
grade students in proportional reasoning problems within the Rational Number
Project. The research concluded that the seventh-grade students used unit ratio
strategy and the eighth-grade students used cross-multiplication algorithm mostly.
Lewin-Beinberg (2002) specified the mistakes of the students rather than the
solution strategies in the missing value problems consisting of proportional
reasoning in a part of the fractions and division study. Christou and Philippou
(2002) aimed to find informal understanding of the fourth and fifth grade students
in solving proportional reasoning problems and to investigate how students’
intuitions affect their strategies to solve proportional reasoning problems.
According to the results, students intuitively used the unit rate strategy. Norton
(2005) examined the effect of LEGO construction activities on the proportional
reasoning skills of the 46 sixth grade students. The students had a 90 minutes lesson
for the usage of LEGOs during ten weeks, and the pre and post-tests. An important
difference was found between the pre and post-tests of the students. The reason for
this difference was the usage of LEGO on the proportional reasoning, because the

usage of LEGO enables to understand the relationship between part and whole.

Another example is that Pakmak (2014) investigated what kind of strategies the 106
sixth grade students used in the qualitative and quantitative proportional reasoning
problems and how they used these strategies. After conducting the proportional
reasoning test on the students, the lowest score that the students could get from the
test was 0 and the highest score was defined as 56. The four level of proportional
reasoning skills remaining in this score range is as follows: The range from 0 to 13
points is very low, the range from 14 to 27 points is low, the range from 28 to 41
points is medium and the range from 42 to 56 points is high. Accordingly, all the
students were ranked from the highest score to the lowest score. The top 20 students
who received the highest score in the ranking were designated as the study group.

One of these 20 students was at high level, 13 students were at medium level and
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the others were at low level of proportional reasoning. There were no students at
too low level. According to the findings, in spite of choosing the students with
highest scores, the students’ proportional reasoning levels were not at sufficient
level. The other result of this study is that the most frequently used strategy in
qualitative proportional reasoning problems was inverse ratio algorithm and the
most commonly used strategy for quantitative proportional reasoning problems is
the unit rate strategy. In the qualitative proportional reasoning questions of the
study, the unit rate strategy, which is used in the form of conducting the related
transactions on the numbers given in the quantitative proportional execution
questions, was applied in the form of digitizing, symbolizing or drawing. The
implementation of the unit rate strategy in the form of the methods developed by
the student shows that this strategy is used with the correct interpretation of the

relationship between variables, not by memorization.
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CHAPTER 3

METHODOLOGY

This chapter will present information about the research design, the population and
sample, the data collection instruments, validity and reliability, the data collection
procedures, analysis of the data, assumptions and limitations, and the internal and

external validity of the study.

3.1.Research Design

The aims of this study were to specify students’ academic achievement in
proportional reasoning problems, to determine the proportional reasoning levels of
students and the relationship between academic achievements and levels of the
students and to examine their solution strategies in these problems. Therefore,

answers to the following research questions were investigated in this study:

1. Does the academic achievement of the students change from 5 to 8" grade in
the test of proportional reasoning problems?
e Does the academic achievement of these students change according to
problem types?
2. What kind of strategies are mostly used by the students between 5" and 8" grade

in proportional reasoning problems?

In this study, quantitative methodology was used to address the first research
question, which investigates the academic achievement of the students from 5" to
8" grade in the test of proportional reasoning problems. Students' achievement
scores were formed by scoring their solutions for each problem between 0 and 3.

The mean scores of students' overall achievement scores were compared on the
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basis of grade levels. For each problem, the distribution of students across scores
was calculated. Moreover, this distribution was expressed in percentages based on
grade levels and points between 0 and 3 in a table using the SPSS program. In
addition, the success of the students in problem types according to their scores from
each problem in the tests was compared on the basis of grade levels. Moreover,
qualitative methodology was used to answer the second research question of the
study about the strategies mostly used in proportional reasoning problems. The
solution strategies used by the students in each problem were examined in detail.
Additionally, how the solution strategies used by students in each problem change
according to the grade level was analyzed. Therefore, a mixed method research with
both quantitative and qualitative methodology was carried out to address the two
research questions. Mixed method research is defined as the researcher's
combination of qualitative and quantitative methods, approaches and concepts in a
study or consecutive studies (Creswell, 2003). Moreover, Creswell (2006) states
that using quantitative and qualitative approaches together in a mixed approach
leads to a better understanding of research problems than using both approaches

separately.

3.2.Population and Sample

The target population of this study is fifth, sixth, seventh and eighth grade students
in the public schools of Ankara. Since access to the entire target population is not
possible, the accessible population i1s composed of fifth, sixth, seventh and eighth

grade students at a public school in Mamak District of Ankara.

Table 2 The number of participants

Male Female
Frequency | Percent |Frequency| Percent Total Frequency
Grade 5 118 27,4 137 32,0 255
Grade 6 116 27,0 93 21,7 209
Grade 7 125 29,1 131 30,6 256
Grade 8 71 16,5 67 15,7 138
Total 430 100,0 428 100,0 858
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As can be seen from the Table 2, the number of participants of the study was 858.
The number of male participants was 430 (50.1%), and the number of the female
participants was 428 (49.9%). In addition, 255 participants were at grade 5 (29.7%),
209 participants were at grade 6 (24.4%), 256 participants were at grade 7(29.8%),
and 138 participants were at grade 8 (16.1%).

The convenience sampling means working with a group of individuals who are
conveniently ready to work (Frankel, Wallen & Hyun, 2006). In view of this fact,
convenience sampling method was used for the subjects of the quantitative part of
the study because the researcher is a mathematics teacher at this school. Therefore,
there was no problem in obtaining permission from the school administration, and
the teachers and the students willingly participated in the study. For the qualitative
part of the study, purposive sampling was used. In qualitative research, the number
of participants in a sample usually ranges from 1 to 20 (Frankel, Wallen & Hyun,
2006). For this reason, it was decided to choose 20 students. The students were
ranked from the highest to the lowest in the Excel program according to their
achievement scores and the first 20 students from each grade level with the highest
score were selected, because it was thought that the students who got the best scores
from the achievement test may provide richer data in terms of the range of solution

strategies.

3.3.Data Collection Instruments

3.3.1.Achievement test

A test was prepared to determine proportional reasoning achievement and solution
strategies of the participants. This test was called the Proportional Reasoning Test
(PRT), which included 20 problems related to proportional reasoning. The
problems in the test were totally different and were independently built from each
other. The 1% and the 11" problems, the 2" and the 12" problems, the 3™ and the
13" problems, etc. had the same content because the test was created in split half
form in order to ensure reliability. Most of the problems were adapted from the

available literature and some of them were constructed by the researcher. The
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gth ot 10t 15™ 17", 18™ and 20™ problems were multiple choice, and others were
open-ended. In order to help students easily understand the questions, images were
added to the questions as much as possible. The Turkish adaptation of the test were
added to Appendix A. The original versions of the problems in the test and the
changes made in order to adapt and translate into Turkish language are below. The
o, 7 8™ ot 15t 17% and 18" problems were adapted from the study of Hilton
et al. (2016). The 1%, 2™, 3 5t and 14™ problems were adapted from the study of
Misailidou and Williams (2003).

The first problem in Figure 2 was a type of missing-value problem. In this problem,
the factor of change across ratios is an integer. Because this problem was suitable
to solve for all grade level students, no changes were made while translating it into

Turkish except for the currency.

At a fruit stand, 3 apples cost 90 pence. You want to buy 7 apples. How much
will they cost?

Figure 2 The original version of the first problem

The second problem in Figure 3 was a missing-value problem. The factor of change
within the given ratio is an integer. While translating it into Turkish, only the proper

names were adapted into Turkish and the currency was changed.

A printing press takes exactly 12 min to print 14 dictionaries. How many
dictionaries can it print in 30 min?

Figure 3 The original version of the second problem

There is a sale at a bookstore. Every book in this sale costs exactly the same.
Mary bought 6 books from the sale and paid 4 pounds. Rosy bought 24 books
from the sale. How much did Rosy pay?

Figure 4 The original version of third problem
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The third problem in Figure 4 was a missing-value problem. Neither factor of

change is an integer. This problem was translated into Turkish without any changes.

The fifth problem in Figure 5 was a missing-value problem. When this problem was
translated into Turkish, it meant that these two rectangles have exactly the same
shape with all the features. During the pilot study, it was seen that the expression
of the two rectangles being both the same and one larger than the other caused
confusion. For this reason, this statement was translated into Turkish in a way that

the two rectangles are similar to each other, but one is larger than the other.

Base =10 cm

These two rectangles have exactly the same shape, but one is larger than the
other. What is the length of the base of the larger rectangle?

Figure 5 The original version of fifth problem

Sandra decided to save to buy an iPod costing $84. To help her buy the iPod,
Sandra’s mother agreed to give her $5 for every $2 that Sandra saved. Sandra
has saved $24, so she has enough for the iPod.

True or False

Because (choose the best reason)

A. Now Sandra and her mother have more than they need for the iPod.

B. Now Sandra and her mother still don’t have enough for the iPod.

C. Sandra’s mother will give Sandra $60.

D. As long as Sandra’s mother pays more, it’s OK.

Figure 6 The original version of the sixth problem
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The sixth problem in Figure 6 was an example of the type of part-part-whole. While
translating it into Turkish, only the proper names were adapted into Turkish and the
currency was changed. The alternatives of the problem were removed, and then it

was asked as an open-ended question.

The seventh problem in Figure 7 was a numerical comparison problem. In this
problem, the proper names were adapted into Turkish and the currency was
changed. Decimal numbers that might be a problem in reaching the correct result
were replaced with natural numbers so that students did not have to struggle with
decimal numbers: 20 instead of 2 and 16 instead of 1,6 were written. In addition,
the prices of two chocolate packs in different brands, which are more familiar to

students were asked to compare instead of Gatorade and Cran-raspberry juice.

Max and Eliza bought supplies for snacks and reported the following expenses:
Gatorade cost $2.00 for 16 ounces. Cran-raspberry juice cost $1.60 for 12
ounces. They bought Cran-raspberry juice. Did they make the most economical
choice?

Figure 7 The original version of the seventh problem

The eighth problem in Figure 8 was related to the inverse proportion. There was no
change in the problem statement except for the proper name, George. The D option
was modified to prevent students from choosing option D even though the best
option was to be selected. Therefore, the new option was that running faster does

not affect the elapsed time.

George runs 100m in 20 seconds. If he runs the same distance at twice the speed,
he will take twice as long.

True or False

Because (choose the best reason)

A. Doubling the speed doubles the time.

B. Doubling the speed halves the time.

C. The distance doesn’t change.

D. Running faster will take less time

Figure 8 The original version of the eighth problem
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Three cups have different amounts of water and sugar. Cup A is full of water
with 3 lumps of sugar. Cup B is half full of water with 2 lumps of sugar. Cup C
is one third full of water with 1 lump of sugar. When the lumps of sugar have
been stirred in, Cup B will be the sweetest.

True or False

Because (choose the best reason)

A. Cup A is the sweetest because it has the most sugar.

B. Cup C is the sweetest because it has the least water.

C. A full glass of B would need 4 lumps of sugar.

D. They are all the same sweetness.

Figure 9 The original version of the ninth problem

The ninth problem in Figure 9 was a numerical comparison problem. The problem

was translated into Turkish without any changes.

The tenth problem in Figure 10 was adapted from the study of Bright et al. (2003).
It was related to qualitative comparison. Firstly, the proper names were adapted into
Turkish and centimeter was used as the unit of length measure. After the pilot study,
it was seen that the students were unfamiliar with the phrase 'more square'. The
answer of the most students was that the rectangle could not be a square because
square was a square and rectangle was a rectangle. Therefore, the phrase ‘more

similar to the square’ was used instead of the phrase ‘more square’.

Mrs. Allens took a 3 inch by 5-inch photo of the Cape Hateras Lighthouse and
made an enlargement on a photocopier using the 200% option. Which is more
square, the original photo or the enlargement?

The original photo is more square.

The enlargement is more square.

The photo and the enlargement are equally square.

There is not enough information to determine which is more square.

ocawp

Figure 10 The original version of the tenth problem
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The eleventh problem in Figure 11 was adapted from the study of Dole and Wright

(n.d). The problem was translated into Turkish without any changes.

If 5 chocolates cost $.75, how much do 13 cost?

Figure 11 The original version of the eleventh problem

The twelfth problem in Figure 12 was adapted from the study of Christou and
Philippou (2002). This problem was a missing value problem. The factor of change
within the given ratio is an integer. For this reason, for the students who want to
find the unit rate, the numbers of 60 to 600, 20 to 200 and 9 to 12 were used in order

not to make students struggle with decimal numbers.

George worked 9 weeks and earned £60. If he earns the same amount of money
each week, how long does it take him to earn £20?

Figure 12 The original version of the twelfth

The fourteenth problem in Figure 13 was related to part-part-whole. No changes

were made when translating it into Turkish.

Mrs. Green put her students into groups of 5, with 3 girls in each group. If Mrs.
Green has 25 children in her class, how many boys and how many girls does she
have?

Figure 13 The original version of the fourteenth problem
The fifteenth problem in Figure 14 was a stretchers and shrinkers problem. It was

related to numerical comparison. During translation, no specific changes were made

except adapting the proper name to Turkish.
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Bill has drawn two diagrams. The area of insect B is twice that of insect A.
True or False

Because (choose the best reason)

A. The area of Insect B is 4 times greater.

B. Insect A is half the width of Insect B.

C. Insect B is twice as long as insect A.

D. Bill has only doubled one dimension

Figure 14 The original version of the fifteenth problem

The seventeenth problem in Figure 15 was related to numerical comparison. The
problem was translated into Turkish as it was, because there was no situation in

which the students would be forced or there would be confusion.

Washing powder A is the best value.

True or False

Because (choose the best reason)

A. Washing powder A costs the least.

B. Washing powder B costs a little bit more but you get 10 more loads of
washing.

C. The cost per load of washing is less.

D. Both washing powders are the same value.

Figure 15 The original version of the seventeenth problem
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The eighteenth problem in Figure 16 was related to inverse proportion. In this
problem, all the numbers were changed so that the students could easily realize and
find the ratios between the quantities. Accordingly, the numbers in the options of
the problem were also changed. The D option was especially changed to prevent

students from choosing the D option even though the best option was to be selected.

Six people can paint my fence in 3 days. If all people paint at the same rate, it
would take 12 people to paint the fence in 2 days.

True or False

Because (choose the best reason)

A. The number of people multiplied by the number of days must stay the same,
so you need 9 people.

B. If you decrease the time by 1 day, you must increase the people by 1, so you
need 7 people.

C. If you decrease the time by 1 day, you must decrease the people by 2, so you
need 4 people.

D. There is less time so more people are needed

Figure 16 The original version of the eighteenth problem

The twentieth problem in Figure 17 was adapted from the study of Bright et al.
(2003). This problem was a stretchers and shrinkers problem. After the pilot study,
it was seen that some students chose the A option because four was four times of
one. To prevent students from choosing option A, the option was changed as ‘37

feet by 40 feet’.

The Science Club has four separate rectangular plots for experiments. With
plants:

Which rectangle is most square?

A. 1 foot by 4 feet

B. 17 feet by 20 feet

C. 7 feet by 10 feet

D. 27 feet by 30 feet

Figure 17 The original version of the twentieth problem

In addition, the types of problems according to contextual and numerical in PRT

are shown in Table 3.
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Table 3 The types of problems in the PRT

According t )
glo According to
Problems contextual .
numerical structure
structure
1 Missing value | Rate Thf: faptor Qf change between
ratios 1S an integer.
2 Missing value | Rate Th.e fap tor (?f change within
ratios 1S an integer.
3 Missing value | Rate Nelther factor of change is an
Integer.
. The f: fch ithi
4 Missing value | Part-part whole ¢ lac torq change within
ratios 1s an integer.
. e Both f: fch
5 Missing value | Similarity o : actors of change are
non-integers.
. The f: fch ithi
6 Missing value | Part-part whole ¢ lac torq change within
ratios 1S an integer.
7 Numerical
comparison
Numerical
8 comparison
(Inverse ratio)
9 Numerlgal Mixture
comparison
10 Numerlf:al Similarity
comparison
11 Missing value | Rate Thg fap tor Qf change between
ratios 1S an integer.
Both factors of change within
12 Missing value | Rate and between ratios are
integers.
13 Missing value | Rate Nelther factor of change is an
integer.
. The factor of ch ithi
14 Missing value | Part-part whole © factor of change within
ratios is an integer.
15 Numen'(:al Similarity
comparison
. The factor of ch ithi
16 Missing value | Part-part whole © factor of change within
ratios is an integer.
17 Numerical
comparison
Numerical
18 comparison
(Inverse ratio)
19 Numerical Mixture
comparison
20 Numerlpal
comparison
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3.4.Validity and Reliability

In recent years, validity is defined as ‘referring to the appropriateness, correctness,
meaningfulness, and usefulness of the specific inferences researchers make based
on the data they collect’ (Fraenkel, Wallen & Hyun, 2006, p. 148). In other words,
it is the degree to which a measurement tool can directly measure the property
intended to measure without involving any other proper (Ercan & Kan, 2004).
Validity depends on the amount and type of available evidence to strengthen the
researchers' comments after collecting the data (Fraenkel, Wallen & Hyun, 2006).
The content-related evidence which is one of these evidences refers to the content
and format of the instrument (Fraenkel, Wallen & Hyun, 2006, p. 148). To obtain
the content-related validity of this study, the test was given to two elementary
mathematics teachers, one of whom has a doctorate degree and two research
assistants who study for a doctorate degree. According to these experts, in general,
the problems of the test were explicit, suitable for all middle school grade levels of
the study and consistent with the national objectives. After expert opinions, the test
was made ready for the pilot study with required changes. The pilot study was
conducted in a smaller school in Mamak District of Ankara with similar conditions
to the school where the original study was conducted. The test was conducted in
one class of each grade which was selected according to convenient sampling. 18
students from fifth grade, 19 students from sixth grade, 16 students from seventh
grade and 26 students from eight grade took part in the pilot study. The test was
conduct in two consecutive days. The purpose of the pilot study was to examine the
explicitness and understandability of the items of test, suitably of the test for all
grade levels and to determine the application time. The test duration of 40 minutes
was adequate for all students at all grades. While analyzing the solutions of the
students in the pilot study, it was seen that some students selected more than one
option in some of the multiple-choice test items, because an option other than the
best option was more meaningful for students. Therefore, some options were
revised so that students could choose only one. In addition, because the problems
which consisted of long sentences were left unanswered, these problems were
visualized by showing the numbers of problem sentences in the figures in order to

prevent the problem being left unanswered due to the long sentence. Finally,
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because some students were correctly not able to solve the problems with decimal
numbers in the solution due to the struggle with decimal numbers, the quantities in

these problems were changed appropriately.

Reliability is referred to as “the consistency of the scores obtained” (Fraenkel,
Wallen & Hyun, 2006, p. 154). In other words, reliability that is one of the
characteristics that the scale should carry is an indicator of the stability of the values
obtained from repeated measurements of an instrument under the same conditions

(Oncii, 1994).

The relationship between the scores obtained by the same people at two different

times from the same instrument or from the two different parts of the same
instrument is expressed by the reliability coefficient (Fraenkel, Wallen & Hyun,
2006). There are ways more than one to obtain the reliability coefficient. In this
study, the split-half method was used in order to ensure reliability. This method
involves scoring two halves of a test separately for each person and then calculating
a correlation coefficient for the two sets of scores. The coefficient indicates the
degree to which the two halves of the test provide the same results and hence
describes the internal consistency of the test (Fraenkel, Wallen & Hyun, 2006,
p.156).

Two halves of the PRT were the first 10 problem and the last ten problems. The
reliability coefficient is calculated using what is known as the Spearman-Brown
prophecy formula (Fraenkel, Wallen & Hyun, 2006, p.156). According to the
results in Table 4 and Table 5, the reliability coefficient was .87 in the pilot study
and .77 in the actual study. Fraenkel and Wallen (2006) stated that if the reliability
value was above .70, the relationship could be considered as relatively high in
educational sciences. Therefore, both analyses in the pilot and actual studies

indicated that scores were reliable.
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Table 4 The reliability coefficients in the pilot study

[Cronbach's Alpha Part 1 Value
N of Items
Part 2 Value
N of Items
Total N of Items

|Correlation Between Forms
Spearman-Brown Coefficient Equal Length

Unequal Length

IGuttman Split-Half Coefficient

,848
10°
,820
10°
20
,870
,930
,930
,930

a. The items are: Problem1, Problem2, Problem3, Problem4, Problem5, Problem6,

Problem7, Problem8&, Problem9, Problem10.

b. The items are: Probleml1, Problem12, Problem13, Problem14, Probleml5,

Problem16, Problem17, Problem18, Problem19, Problem20.

Table 5 The reliability coefficients in the actual study

[Cronbach's Alpha Part 1 Value
N of Items
Part 2 Value
N of Items
Total N of Items

|Correlation Between Forms
Spearman-Brown Coefficient Equal Length
Unequal Length

IGuttman Split-Half Coefficient

,797
10°
,791
10°
20
,766
,867
,867
,867

a. The items are: Problem1, Problem2, Problem3, Problem4, Problem5, Problem6,

Problem?7, Problem8, Problem9, Problem10.

b. The items are: Probleml1, Problem12, Problem13, Problem14, Probleml5,

Problem16, Problem17, Problem18, Problem19, Problem20.

57




In addition to the reliability coefficient, Cronbach alpha coefficients were
calculated in order to check the internal consistency of the test. The Cronbach alpha
coefficient method developed by Cronbach (1951) is an internal consistency
prediction method that is suitable to be used when the items cannot be scored as
true-false and can be scored as 1-3, 1-4, 1-5. Because the items in the test of this
study were scored as 0, 1, 2 and 3, the application of Cronbach alpha coefficient
method was deemed appropriate. In the pilot study, the Cronbach alpha coefficient
was .92. In the actual study, the Cronbach alpha coefficient was .88. Because these

coefficients also were higher than .70, it could be said that the scores were reliable.

In order to be sure about the reliability of the content analysis, a mathematics
teacher working in a different school was informed about the purpose and procedure
of the study. He was asked whether he could analyze student papers according to
the rubric and codes. The researcher and the co-coder scored 10% of the student
papers independently according to the rubric and encoded the students' solution
strategies according to the codes determined by the researcher earlier. This process
continued until 95% agreement between the coding of the researcher and the co-

coder was achieved.

3.5.Data Collection Procedures

The instruments of the study were prepared by receiving the expert opinions and
making the necessary revisions at the end of the fall of 2019. The essential
permissions to gather the data were taken from Middle East Technical University,
Human Subjects Ethics Committee and then the Ministry of National Education for
the actual study. The pilot study was conducted in order to obtain validity and
reliability of the instruments at the end of the fall semester of 2018-2019. The actual
study was conducted in the spring semester of 2018-2019. Before the actual study,
the students were informed about the implementation of the test. The students were
asked to write their solutions clearly and explain why they chose a specific option
in multiple choice questions. In addition, they were asked not to write any solution
for the questions they did not know about, and not to make random markings. The

other teachers in the classrooms during the application of the test did not answer
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students' questions about the test. In addition, the PRT was performed at the same
time for all students for 80 minutes during the first two course on the application
day. The students were given the first 10 problems of proportional reasoning test in
the first lesson and the last 10 problems in the second lesson in separate papers. The

students were allowed to rest during thel0-minute break between two courses.

3.6.Role of Researcher

The researcher was a mathematics teacher at the school where the study was
conducted. She only lectured to 6™ grade students, but this did not have any effect
on the results of the study. Since the study was applied to all the classes at the same
time, the researcher could be present in only one class. For this reason, the
researcher gave all the students the necessary information about the purpose of the
test and how the students should solve the problems in the test one day before the
application. In addition, because neither the researcher nor the other teachers in the
classrooms answered students' questions about the test during the application of the
test, it could be considered that test environment was equal and objective for all the

students.

3.7.Analysis of Data

The aims of this study were to specify how the academic achievement of the
students from 5% to 8" grade is in the proportional reasoning problems, to determine
how the academic achievements of these students change according to problem
types and to examine their solution strategies in these problems. To achieve these

aims, the test of the study were analyzed.

Quantitative methodology was used in order to specify the academic achievement
level of the students from 5% to 8™ grade in proportional reasoning problems and to
determine how the academic achievements of these students change according to
problem types. The solutions of the students in the problems of the test were graded
between 0 and 3 using a rubric adapted from the study of Akkus and Duatepe (2006)
in Appendix B. For each student, these points were entered into computer by using

the SPSS Statistics 22 program. The mean scores of students' overall achievement
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scores were compared according to the grade levels for the first aim of the study.
For the second aim, the distribution of student numbers to scores was calculated for
each problem. Moreover, this distribution was also expressed in percentages based
on grade levels and points between 0 and 3 in a table. In addition, the success of the
students in problem types according to their scores from each problem in the test

were compared according to the grade levels.

In order to examine the strategies mostly used by the students in these problems in
the test and to reveal how these strategies diversify from 5 to 8" grade, students’
solutions were examined with content analysis, which is one of the qualitative
research techniques. Content analysis is a technique that allows researchers to
investigate participants' behaviors indirectly by analyzing their communication
Frankel, Wallen & Hyun, 2006). Based on this, the solution strategies used by the
students in each problem were analyzed. These strategies were classified by the
strategies mentioned in the related literature. The strategies were coded from 1 to 6
as unit rate, factor of changes, equivalent fractions, equivalent class, build up and
cross product respectively. Moreover, the additive method was coded as 7 and the
misusage of the additive method was coded as 8. On the other hand, other inaccurate
solutions of the students were not considered. The suitable code corresponding to
each student's solution to each problem was entered into the computer via the SPSS
Statistics 22 program. In this way, frequency and percentage of usage of strategies
were calculated according to the problems and grade levels. The mostly used
strategies in each grade level was determined. Moreover, in order to illustrate the
different strategies that students from different grade levels used in each problem,

pictures were added from the students' papers.

3.8.Assumptions and Limitations

In this section, some assumptions and limitations of the study are mentioned. First
of all, it was assumed that achievement and strategies of students in proportional
reasoning could be determined by the Proportional Reasoning Test, the test
instrument of the current study. It was also assumed that the students solved the

problems in the test honestly and correctly. In addition to these assumptions, the
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findings of this study were limited because the sample of the study was not
randomly selected. Convenience sampling was used. In addition, the researcher of
the study was the teacher of some students of the sample. The teacher prejudices
might have affected the results of the study. Finally, the achievement and strategies

of the students in proportional reasoning were limited to the problems in the PRT.

3.9.Internal and External Validity of the Study

Fraenkel and Wallen (2011) mentioned that “internal validity enables to observe
differences on the dependent variable are directly related to the independent
variable and not due to some other unintended variable” (p. 166). Relying on this
definition, there were some possible threats to internal validity which were tried to
be controlled for the current study. These were subject characteristics, mortality,
location, instrumentation and data collector bias. The subject characteristic threat
was eliminated for this study because the classes were randomly created by the
school administration at the beginning of the semester, and also all the students in
the school participated in the study. Additionally, the subjects of the current study
were from nearly the same socioeconomic level. Mortality is the loss of some of the
subjects of the study as the study progresses (Fraenkel & Wallen, 2011). Loss of
the subjects was not a problem in the current study, because the test instrument was
applied to the same students who were present at the school on the application date.
Moreover, the location was not seen as a threat because the test instruments of the
current study were applied to the students in their own classes during the semester.
In addition, evidence may be lacking for the validity of scores from the instruments
used in a study. The absence of such validity does not necessarily threaten internal
validity (Fraenkel & Wallen, 2011). Instrumentation was not seen as a threat in the
current study. Besides, the day before the application of the test instrument, all the
necessary explanations about how to solve the problems in the PRT and how to
state their solutions of the problems were made by the researcher to all the students.
Additionally, the teachers who would be in the classroom during the application
were told that they should not answer any questions from the students about the

test. Therefore, data collector bias was prevented from becoming a threat.
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The results of this study were limited to the sample of this study. The participants
of the study were the fifth, sixth, seventh and eighth grade students at a public
school in Ankara. Since convenience sample was used in this study, the participants

did not represent a larger sample of populations related to external validity.
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CHAPTER 4

RESULTS

The aims of this study were to specify the academic achievement of the students
from 5™ to 8™ grade in the proportional reasoning problems, to determine how the
academic achievements of these students change according to problem types and to
examine their solution strategies in these problems. Based on these aims, the results

of the study were clearly and briefly represented in this section under different titles.

4.1. The Academic Achievement of the Students in the Proportional Reasoning
Problems

To specify the academic achievement of the students in the test, the solutions of the
students in the problems of the test were graded between 0 and 3 using a rubric
adapted from the study of Akkus and Duatepe (2006) and then, the total scores of
the students were created by adding up the points they received from each question.
These total points were named as achievement scores. The maximum point which
a student would get from the test was 60. The means of student achievement scores

for each grade level are given in Table 6.

Table 6 The descriptive statistics of the means of students’ achievement scores

Grade 5 Grade 6 Grade 7 Grade 8 Total
Number 255 209 256 138 858
Mean 13,63 16,79 21,29 29,20 19,19
Median 12 15 21,50 30 18
Mode 8 1 23 39 8
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Table 6 (continued).

Deviation
Minimum 0 0 0 0 0
Maximum 40 47 36 55 56
Skewness 550 426 150 -,252 443
Kurtosis _573 -792 -,494 -,699 -,526
Std. error of 153 168 152 -,252 ;083
skewness
Std. error of
kurtOSiS ’304 ’335 ’303 ,410 9167

As can be seen in Table 6, the mean score of the fifth-grade students was 13,63, the
mean score of the sixth-grade students was 16,79, the mean score of the seventh-
grade students was 21,29 and the mean score of the eighth-grade students was 29,20
in PRT. The general average was 19,19 in PR Test. In general, it is seen that the
mean scores of the students increased according to the grade level. On the other
hand, the mean scores of the fifth and sixth grade students in the test were below
the general average, while the mean scores of the seventh and eighth grade students

in the test were above the overall average.

In addition, Independent Sample t Test was used in order to determine whether there
was a statistically significant difference between the means of achievement scores
of the students according to their grade levels. Initially, assumptions of this test
were checked. For normality assumption, the values of skewness and kurtosis in the
Table 6 were checked. Because the values of skewness, kurtosis and standard error
of skewness and kurtosis were within the appropriate range for all grade levels, it
was accepted that the distribution was normal. In addition, independence of
observations assumption was checked by all the teachers in the classrooms during
the application of the test instrument. It was ensured that the students solved the

tests themselves without looking at each other's papers.
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Table 7 Independent Sample t Test on the means of achievement of the students

Levene's Test for

Equality of Variances t-test for Equality of Means

Sig. (2-
Grade F Sig. t df tailed)
Equal
variances 14,829 ,000 -3,290 462 ,001
5-6 assumed
Equal
variances not -3,224 398,688 ,001
assumed
Equal
variances 10,464 ,001 -8,358 509 ,000
5-7 assumed
Equal
variances not -8,361 490,736 ,000
assumed
Equal
variances 28,764 ,000 -13,390 391 ,000
5-8 assumed
Equal
variances not -11,992 207,110 ,000
assumed
Equal
variances ,333 ,564 -4,246 463 ,000
6-7 assumed
Equal
variances not -4,242 443,276 ,000
assumed
Equal
variances 4,195 ,041 -9,170 345 ,000
6-8 assumed
Equal
variances not -8,842 256,603 ,000
assumed
Equal
variances 6,473 ,011 -6,154 392 ,000
7-8 assumed
Equal
variances not -5,822 239,827 ,000
assumed

According to the results of the Independent Samples t test in Table 7, the p-value
was less than 0.05, whether or not the variances of the samples are equal. Therefore,
the difference between the means of the students according to grade levels was

statistically significant.
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As aresult of these analyses, it could be said that there was a statistically significant
increase in the proportional reasoning achievement of the students when their grade

level increased.

4.1.1.The academic achievement of the students in the missing value problems

In the Table 8, it was given the percentages of the students according to the points

they got from each missing value problem.

Table 8 The percentages of the students according to the points which they got from
missing value problems in PRT

Missing value

problems

Percent

O point |28,6|51,4(79,2|44,7(98,0|68,6|43,1|54,9(63,9]38,8(59,2

1 point |21,2(21,2| 7,8 |41,6| 1,2 | 3,5 {20,4|12,5] 7,1 | 5,5 [36,9

Grade5 | 2point | 3,1 [ 3,198 |47 ,0 |11,0{47 |16 |188| ,0 |24

3 point |47,124,3]3,1 9,0 ,8 [16,9(31,8(31,0(10,2(55,7| 1,6

Total | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100

0 point |23,9|41,1|70,3(37,3(95,2(57,4(38,3(45,9(57,4(30,6 58,9

1 point |25,8(19,6| 5,3 |37,8| 2,4 | 2,9 [16,3|129] 8,1 | 7,7 [29,2

Grade 6 | 2point | 3,3 |57 |17,7] 1,4 | 1,4 |86 |53 |53]139]3,8 |19

3 point [46,9|33,5| 6,7 |23,4| 1,0 |31,140,2|35,9(20,6|57,9(10,0

Total 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100

0 point |15,2|37,5|56,6(29,7(86,3(47,7(21,9(27,0(34,4(17,2|66,4

1 point |12,1|18,4(14,8(453| 7,8 | 43 [14,5(10,2| 9,8 | 8,2 |16,8

Grade7 | 2point | 5,1 | 1,6 | 14,123 | ,8 [17,6] 82 | 3,1 [145] 1,6 | 3.9

3 point |67,6|42,6|14,5(22,7| 5,1 [30,5(55,5(59,8(41,4(73,0(12,9

Total | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100
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Table 8 (continued).

Opoint | 8,0 |19,6(31,2|23,2|58,7|25,4(18,1|15,9(22,5|19,6|61,6

1 point | 8,0 | 7,2 [13,0(38,4| 3,6 | 58 | 94| 9,4 | 8,0 [10,1]| 9,4

Grade 8 | 2point |22 296514 | ,7 |203]43 2251|1429

3 point [81,9]70,3(49,3({37,0({37,0(48,6|68,1|72,5|64,5|68,8]26,1

Total | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100

0 point |20,2]39,6(62,6|35,0|87,5|52,7(31,6|38,1(46,9|27,3|61,7

1 point [17,5]|17,7(10,141,3| 3,8 | 4,0 [159]|11,4| 8,3 | 7,6 |24,6

2point | 3,6 | 3,3 |12,5] 2,7 | ,7 [139| 58 | 3,0 [14,1| 1,6 | 2,8
All grades

3 point |58,7(39,4(14,8(21,1( 7,9 [29,5|46,7|47,4(30,8|63,5|11,0

Total | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100

In the 1% problem, 3 apples were given 90 cents, and the students were asked to
calculate how many cents would be 7 apples. It was a missing value problem with
the context of rate, and the factor of change between ratios was an integer. The
majority of the 5™ (47.1%), 6™ (46.9%), 7™ (67.6%) and 8" (81.9%) grade level
students got 3 points from the 1% problem. It is seen that the percentages of the 5%,
6, 7% and 8" grade level students in the 1% problem were the highest. The reason
for this might be that the solution to the 1% problem involved the unit rate strategy
that the students were used to using in an internal way, and that most students could
easily use this strategy. Moreover, the students could use the factor of change
strategy in this problem, because the factor of change between ratios is an integer.
On the other hand, it was seen that the percentage of the 5™ (21.2%) and 6™ (25.8%)
grade students who got 1 point could not be underestimated. When the solutions of
these students in the 1% problem were examined in general, it was seen that the
solutions had clues about these students having proportional reasoning. For
example, the students who considered the price of an apple as 90 Kr found the price
of 7 apples multiplying 7 to 90 Kr or the students found the unit price of apple, but

then they made irrelevant operations.
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In the 2" problem, the price of 24 books in a bookstore where 6 books were 4 TL
was asked. The 2" problem was a missing value problem with the context of rate,
and the factor of change within ratios is an integer. 24.3% of the 5" grade, 33.5%
of the 6 grade, 42.6% of the 7" grade and 70.3% of the 8" grade level students got
3 points from this problem. It was seen that the percentages of the students who got
full point from the 2™ problem decreased compared to the 1 problem. It might be
concluded that the unit price of a book was non-integer, and therefore, some
students had difficulty in calculating the unit price. In order to find the unit price,
these students tried to divide 6 into 4 instead of dividing 4 TL to 6 books. At this
point, the students might have accepted that 4 books had a price of 6 TL by
considering that a small number could not be divided into a large number. As in the
1t problem, the percentages of the 5™ (21.2%), 6 (19.6%) and also 7™ (18.4%)
grade students who got 1 point were not low. The students who got 1 point had
clues about reasoning in their solutions. The students who considered the price of a
book as 4 TL found the price of 24 books by multiplying 24 to 4 TL. In addition,
some students correctly or incorrectly calculated the factor of change within 6 books

and 24 books, but then they solved the problem inconsequentially.

In the 3 problem, how many dictionaries a printer which could print 14 dictionaries
in 12 minutes could print in 30 minutes was asked. This problem was a missing
value problem with the context of rate, and neither factor of change was an integer.
It was observed that the students had difficulty in solving this problem compared to
the first two problems. The percentages of the 5™ (3.1%), 6™ (6.7%) and 7™ (14.5%)
grade students who got 3 points from the 3™ problem were too low and almost half
of the 8" (49.3%) grade students got 3 points. In this case, more than half of the 5"
(79.2%), 6™ (70.3%) and 7" (56.6%) grade students could not solve this problem
correctly. The main reason for this was that the students could not use unit rate or
factor of change strategy, because the factor of change between and within ratios
was not an integer. Therefore, the students were unable to calculate how many

dictionaries could be written in a minute or in how many minutes a dictionary could
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be written. It was seen that most of the students who could solve the problem

correctly used the build-up strategy.

In the 4™ problem, it was given that 30 students could be divided into groups of 6
students as there would be 4 boys in each group. The students were asked how many
of 30 students were girls. This was a missing value problem consisting of the
context of part-part-whole, and the factor of change within ratios was an integer.
Only 9% of the 5™ grade students, about 20% of the 6™, 7™ grade students, and 37%
of the 8™ grade students could solve this problem correctly. These percentages were
lower than those in the first two problems although this problem was a missing
value problem and the factor of change was an integer as in the first two problems.
However, the context of the 4™ problem was different because it consisted of part-
part-whole. The reason for low percentages of the students got full point might be
that most of the students did not realize that the number of people in a group would
be 6 and they thought that 6 was the number of groups. Therefore, they calculated
the number of boys as 24 by multiplying 4 and 6 and found the number of the girls
as 6 by subtracting from 30 students to 24 boys. If it was the way they thought, they
would have reached the right solution. For this reason, 41.6% of 5, 38.8% of 6,
45.3% of 7" and 38.4% of 8™ grade students got 1 point from the 4™ problem.

In the 5™ problem, a rectangle whose short side was 4 cm in length and tall side was
10 cm in length was given and the students were asked how many centimeters the
tall side of another rectangle which was similar to the first rectangle and whose
short side was 6 cm in length was. This was also a missing value problem and the
factors of change within and between ratios were not an integer. Additionally, the
5™ problem had the context of similarity which was accepted as one of the most
difficult contexts for students. Both because of the fact that factor of change was
not an integer and the context was hard, the majority of the 5™ (98%), 6 (95.2%)
and 7™ (86.3%) grade students could not solve the problem and they got 0 point.
The number of 5%, 6™ and 7" grade students who could solve the problem correctly
was almost none. On the other hand, more than half of the 8" grade students

(58.7%) could not solve the problem, but 37% of them got the full score from the
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problem. When the students' solutions were examined in general, it was seen that
the students could not notice the multiplicative relationship between the sides of
two similar rectangles. For this reason, most of the students thought that the
difference between the tall sides of the rectangles should be 2 cm because of the
fact that difference between the short sides was 2 cm. Then, they found the tall side
of the second rectangle as 12 cm. This showed that the students had a fully additive

reasoning in this problem.

In the 6™ problem, it was asked whether Emre, who wanted to buy a music player
worth 84 TL saved 2 TL, and whose mom gave 5 TL, could buy that music player
with the money given to him by his mother in addition to 24 TL which he saved. It
was a missing value problem that allowed students to comment. Moreover, its
context was part-part-whole like the 4™ problem. Unlike the 4™ problem, the factor
of change within ratios in the 6™ problem was an integer. For this reason, it was
seen that the percentage of the students who got full point from this problem
increased compared to the 4™ problem. 16.9% of the 5", 31.1% of the 6, 30.5% of
the 7™ and 48.6% of the 8™ grade students got 3 points from the 6™ problem.
Unfortunately, the percentages of the students except 8" grade students who could
not solve the problem were still very high: 68.6% of the 5, 57.4% of the 6, 47.7%
of the 7" and 25.4% of the 8" grade students got 0 point from this problem. Most
of the students could not establish a relationship between the parts and wholes and
they did meaningless additive operations. The reason why the percentage of the
students who got the full score from the 6 problem was low compared to the first
two problems could be that the context of this problem was part-part-whole. On the
other hand, most of the students who could solve the problem correctly used the
factor of change strategy. They could calculate the total money given to Emre by
his mother by multiplying 12 and 5 TL because they realized the multiplicative
relationship between 24 TL saved by Emre in total and 2 TL. They concluded that

Emre would have enough money to be able to buy the music player worth 84 TL.

In the 11™ problem, it was given that 5 chocolate bars were priced at 0.75 TL and

the students were asked what the price of 13 bars of chocolate was. This was a
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missing value problem with the context of rate. It was accepted that the factor of
change between ratios was an integer when 0.75 TL was converted to 75 Kr. The
difference of this problem from the 1% problem was that this problem had decimal
number. For this reason, the percentage of students who solved the problem

1™ problem was lower than the 1%

correctly and got the full score from the 1
problem. The first and eleventh problems in the test confirmed that the number
structures in the problems had an impact on students' ability to solve problems
correctly. 31.8 % of 5, 40.2 % of 6™, 55.5% of 7™ and 68.1 of 8" grade students
could solve the eleventh problem correctly. Most of these students calculated the
unit price of a chocolate bar as 0.15 TL, and then they found the price of 13 bars of
chocolate by multiplying 13 by 0.15TL. On the other hand, 43.1% of the 5, 38.3%
of the 6™, 21.9% of the 7 and 18.1 % of the 8" grade students got 0 point from this
problem. In all grade levels, the percentage of students who got 0 points and the
percentage of students who got 1 point were close to each other. When the solutions
of the students whose score was 1 point were examined, it was seen that many of

them took 0.75 TL as the price of one chocolate bar. This showed that they had

proportional reasoning but did not read the problem carefully.

In the 12 problem, it was asked how many weeks Gamze who earned 600 TL in
12 weeks should work for to earn 200 TL. This problem was a missing value
problem with the context of rate. Unlike the 2™ problem, both factors of change
within and between ratios were integers. This allowed students to use both the unit
rate and the factor of change strategy in the problem. However, this did not cause a
significant increase in the percentage of students who got a full score compared to
the 2" problem. There was a slight increase. On the contrary, these percentages
showed a decrease compared to the eleventh problem. The reason why the students
were more unsuccessful in this problem compared to the 11" problem might be that
the 12™ problem contained large numbers. 31% of the 5™, 35.9% of the 6™, 59.8%
of the 7™ and 72.5% of the 8™ grade students got 3 points from this problem. While
the factor of change within 600 TL and 200 TL may be easier to use, the students
mostly preferred to calculate the unit rate. On the other hand, almost half of the 5™

(54.9%) and 6™ (45.9%) grade students could not solve the problem and got 0 point.
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Additionally, 27% of the 7" and 15.9% of the 8™ grade students could not solve this
problem. In general terms, it was seen that the 7" and 8" grade students were more

successful in this problem.

In the 13" problem, it was given that a printer could print 18 books in 4 minutes.
The students were asked how many books that printer could print in 10 minutes.
This was a missing value problem with the context of rate. Both factors of change
between and within ratios were not integers. Actually, this problem was very similar
to the 3™ problem due to the context and due to the fact that the factor of change
was non-integer, but the percentage of the students who got full point from this
problem was more than the 3™ problem. The reason for this might be that even if
the change factor was not an integer, calculating how many times 10 minutes were
4 minutes might be easier than calculating how many times 30 minutes were 12
minutes. Especially the 5", 6™ and 7" grade students solved the problem by using
the build-up strategy mostly. They indicated that 10 minutes equaled to the sum of
4, 4 and 2 minutes and the number of the books which could be printed by that
printer in 10 minutes equaled to the sum of 18, 18 and 9 books. In short, they
concluded that the printer could print 45 books in 10 minutes. On the other hand, it
was seen that the 8" grade students mostly used the cross-product strategy. As could
be seen in the table, 10.2% of the 5, 20.6% of the 6, 41.4% of the 7™ and 64.5%
of the 8" grade students got full point from this problem. Like in the other problems,
the big increase in the percentages of the students who got the full score from the
51 to the 8" grade was noteworthy. Unfortunately, more than half of the 5" and 6
grade students, 34.4% of the 7™ and 22.5% of the 8™ grade students could not solve
this problem. These percentages were more than the 11" and 12 problems because
of the factors in the percentages of the 3™ problem being higher than the 1% and 2"

problems.

In the 14" problem, it was given that 25 students could be divided into groups of 5
students as 3 girls in each group. The students were asked how many of 25 students
were girls and boys. This was a missing value problem consisting of the context of

part-part-whole, and the factor of change within ratios was an integer. This problem
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was very similar to the 4" problem due to the context and due to the fact that the
factor of change was an integer, but the percentage of the students who got a full
point from this problem significantly increased compared to the 4™ problem. In the
4™ problem, most of the students were mistaken because they thought the number
of people in a group was as the total number of groups. Fortunately, in this problem,
most of the students understood the givens of the problem correctly. They mostly
used the factor of change strategy. 55.7% of the 5, 57.9% of the 6', 73% of the 7™
and 68.8% of the 8" grade students got a full point from this problem. In the 4™
problem, as the number of groups and the number of people in the group were
different, these students could not reach the correct result. On the other hand, in the
14™ problem, the number of groups and the number of people in the group were the
same. For this reason, even if the students accepted the number of people in the
group as the number of groups, they could reach the right result. This situation
escaped the researcher’s notice while creating the test. As a result of this, unlike the
4™ problem, the percentages of the students with full score were the highest in the
14™ problem. 55.7% of the 5™, 57.9% of the 6, 73% of the 7™ and 68.8% of the 8™
grade students got full point from this problem. On the other hand, 38.8% of the 5,
30.6% of the 6™, 17.2% of the 7™ and 19.6% of the 8" grade students could not

solve the problem.

In the 16™ problem, Sila wanted to buy a music player 210 TL in worth. If she saved
2 TL, her mom would give 5 TL to Sila. It was asked how much money her mother
would give to Sila in total. This problem was similar to the 6™ problem, because
they were missing value problems, the factors of change were integers and their
contexts were part-part-whole. Despite all these similarities, the percentage of the
students who got a full point from this problem was lower than in the 6 problem.
Only 1.6% of the 5™ 10% of the 6™, 12.9% of the 7™ and 26.1% of the 8" grade
students could correctly solve this problem. The reason for this decline in
percentages might be that the students had to find the money saved by Sila. In the
6™ problem, the students easily calculated the factor of change between 24 TL and
2 TL, and then they expressed that the mom should have given 5 TL in 12 times. In
this problem, when her mother gave her 5 TL for each 2 TL, Sila would have 7 TL.
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The students were expected that they found how many times her mom should have
given 5 TL to Sila by dividing 210 TL into 7 TL. Unfortunately, more than half of
the all grade level students could not think of this way of solving the problem.
36.9% of the 5™, 29.2% of the 6', 16.8% of the 7" and 9.4% of the 8™ grade students
got 1 point because they tried to find the factor of change by dividing 210 TL into
2 TL. This could be considered as a clue to the existence of proportional reasoning

in these students.

4.1.2.The academic achievement of the students in the numerical comparison
problems

In the Table 9, it was given the percentages of the students according to the points

which they got from each numerical comparison problems.

Table 9 The percentages of the students according to the points which they got from
each numerical comparison problem in PRT

Numerical comparison 7 3 9 10 15 17 18 19 20
problems
Percent
Opoint |[94,5 (745 (71,8 984|786 |96,5|573|682]96,9
1 point 35 (1,2 |212] 4 [206] 24 | 4 |294] 1,6
Grade 5 -
2 point 6 { ,0 |24] ,0 4 4 ,0 ,8 1,6
3 point A4 (243147 [ 12 ] 4 8 424 1,6 | ,0
Total 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100
0 point | 957|684 |73,2]98,6]69,7|91,9 53,1 64,6952
1 point 1,91 .0 |182] ,0 23224 | 0 |268] 1,4
Grade 6
2 point 1,4 1,4 1,4 ,0 ,0 2.4 ,0 9 1,4
3 point 1,0 (30,1 ) 72 (1,4 ] 72 |33 ]469]| 81 | 1,9
Total 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100
0 point | 81,6 | 59,4 | 62,9 | 90,2 | 64,1 | 93,0 | 41,8 | 62,5 | 93,4
1 point 94 | 4 262 3,1 |246] 3,1 | 1,6 | 26,6 4,3
Grade 7
2 point 3,1 4 3,1 4 8 4 ,0 8 1,2
3 point 59 1398 7,8 | 63 [105] 3,5 56,6102 1,2
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Table 9 (continued).

Total 100 | 100 | 100 | 100 [ 100 | 100 | 100 | 100 | 100

O point | 76,8 | 35,5 56,5 76,1 |59,4|74,6|26,8 | 60,9 | 94,2

1 point 6,5 ;7120311091 94 123 ,7 | 18,1 ] 2,9

Grade 8 2 point 5,8 7 1801 ,0 1221 3.6 0 | 6,5 7

3point | 10,9 | 63,0 | 152 | 13,0 29,0 | 9,4 | 72,5 | 14,5 | 2,2

Total 100 | 100 100 | 100 [ 100 | 100 | 100 | 100 | 100

Opoint | 88,1 | 62,2 (67,0 |92,4 444908 |46,7]645]950

Ipoint | 54 | .6 [21.8] 28 45242 | 7 [261] 2.6

b

All grades 2 point 2,7 ,6 33 ,1 7 1,4 0 1,6 | 1,3

b

3 point 3,8 136,679 | 47197 | 3,6 |526] 78| 12

Total 100 | 100 [ 100 | 100 [ 100 | 100 | 100 | 100 | 100

In the 7" problem, it was given that the package consisting of 16 A brand chocolates
was priced at 20 TL and the package consisting of 12 B brand chocolates was priced
at 16 TL. The students were asked whether their choice was economical in the case
that Merve and Elif preferred to buy the package of 12 B brand chocolates. It was
a numerical comparison problem encouraging the students to make comments.
However, the majority of the students could not get the right results. 94.5% of the
5t 95.7% of the 6™, 81.6% of the 7" and 76.8% of the 8" grade students got 0 point
from this problem. This might be due to the fact that the students were not
accustomed to solving such problems in their textbooks. In general, these students
tried to solve the problem using the additive strategy regardless of the multiplicative
relationship between number of chocolates in a package and the price of that
package. For example, according to these students, 20 TL, the price of the package
of A brand was 4 more than 16, the number of chocolates in the package and
similarly 16 TL, the price of the package of B brand was 4 more than 12, the number
of chocolates in the package. In short, these students concluded that both of the
chocolate packages had the same economic value because the price is 4 more than
the number of chocolates in both packages. Another reason for students to reach

this conclusion was that the price of the package of A branded chocolates was 4 TL
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more than the price of the package of B branded chocolates, and the number of A
branded chocolates was 4 more than the number of the B branded chocolates. These
students thought that the 4 chocolate differences between the packages were equal
to 4 TL without taking into account the unit prices of the A and B chocolates. All
of these showed that the majority of students were not able to recognize the
multiplicative relations in the comparison problem and then they used additive
reasoning. On the other hand, there were very few students who solved the problem
in the right way and make the correct comments. It was observed that most of these
students decided that the package of A-branded chocolates was more economical
by calculating the unit price of chocolates, by equalizing the number of chocolates

in the packages, or by equalizing the price of the packages.

The 8" problem with two phases included inverse ratio. In the first phase, it was
given that if Neslihan, who could run 100 meter in 20 second, runs the same
distance twice as fast, the time would double and it was asked whether this
statement was true or false. In the second phase, the students were asked to mark
an option that was appropriate to their answers from 4 options. The options that the
students marked could show whether they could recognize the inverse ratio without
the need for student solutions. 24.3% of 5™, 30.1% of the 6™, 39.8% of 7" and 63%
of the 8" grade students got full point from this problem. As could be seen, the
percentage of the 8" grade students who could recognize the inverse ratio was quite
higher than the other grade level students. These students with full point marked
option B where the time was halved if the speed was doubled. On the other hand,
74.5% of the 5, 68.4% of 6™, 59.4% of the 7™ and 35.5% of the 8™ grade students
got 0 point from this problem. The majority of these students marked option A
where the time was also doubled if the speed was doubled. This showed that these
students could not recognize the inverse relationship between the time and speed

when the distance remained constant.

The 9™ problem had two phases like the 8™ problem. In this problem, there were
three containers consisting of water and sugar cubes. Container A was completely

filled with water and sugar cubes thrown into it, container B was filled with water
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up to half and 2 sugar cubes were thrown into it, and 1/3 of container C was filled
with water and 1 sugar cube was thrown into it. The students were asked whether
the water in container B was the sweetest after the water in the containers were
mixed. This was a numerical comparison problem with the context of mixture. This
context was another context that was said to be difficult for students in literature.
This situation was confirmed by the fact that most of the students could not make a
comparison in this problem correctly. 71.8% of the 5%, 73.2% of the 6', 62.9% of
the 7 and 56.5% of the 8" grade students got 0 point from the 9™ problem. Most
of these students considered that the water in container A was the sweetest, because
the number of sugar cubes thrown into container A was the highest. Then, they
marked option A which included this statement, but they did not take into account
the amount of water in the containers. In addition, some students considered that
the water in container C was the sweetest, because the amount of water was the
least in C. Then, they marked option B, but they did not consider the number of the
sugar cubes in the containers. Furthermore, approximately 20 percent of students at
each grade level received 1 point from the problem because they marked only the
correct option without any explanation. On the other hand, there was also a small
number of students from each grade level who checked the correct option by
making some valid comments. These students used the strategy of equivalent
fractions. They assumed that the whole container was able to receive 6 units of
water. In this case, the ratio of number of the sugar cubes to water was 3/6 in
container A, 2/3 in container B, and 1/2 in container C. The students compared the
amount of sugar in the containers by equalizing the denominator of these ratios. In
the new situation, the ratio of number of the sugar cubes to water was 3/6 in
container A, 4/6 in container B, and 3/6 in container C. They concluded that the
sweetest water-sugar mixture was in container B, because 4 cubes of sugar should

be discarded in 6 units of water.

In the 10" problem, there were a rectangular photograph with a length of 3 cm and
5 cm and a new photograph which was created with a 200% extension of this
photograph. The students were asked which photograph looked more like a square.

This problem was a numerical comparison problem. Besides, its context was
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similarity like the 5 problem. Nevertheless, almost none of 5" (98.4%)), 6" (98.6%)
and 7™ (90.2%) grade students could answer this problem correctly. Some of them
left it unanswered without marking any options or marked the D option which
indicated that the given information to decide which photo looked more like a
square was not enough. On the other hand, only 13% of the 8™ grade students got
full point from the problem. As these students stated that all sides of the rectangular
photo were enlarged at an equal ratio, they marked the C option indicating that both
photos equally looked like a square. In addition, the percentage (10.9%) of the 8
grade students who got 1 point was very close to the percentage of the 8" grade
students who got 3 points. They received 1 point because they just marked the right

option without any explanation.

In the 15" problem, there were two rectangular pictures of butterflies. The picture
of butterfly A had sides of 2 cm and 3 cm in length and the picture of butterfly B
had sides of 4 cm and 6 cm in length. It was given that the area of the picture of
butterfly B was 2 times of the picture of butterfly A. Because this problem had two
phases, the students were asked whether that expression was true or false in the first
phase. In the second phase, the students were asked to choose an option which was
suitable for their decision in the first phase. In this problem, the students were
expected to realize that the ratio between the side lengths of these rectangles should
have been 4, but the ratio between their areas should have been 4. Few students
received full point by explaining that they realized this situation. The context of this
problem was similarity like the 5™ problem, but this was a numerical comparison
problem unlike the 5% problem which was a missing value problem. When the
tables were examined, there was no significant difference between the percentages
of the students who got a full score. In both of the 5" and 15" problems, the
percentages of 5", 6" and 7™ grade students who got a full score was approximately
below 10 percent. On the other hand, the percentage of the 8 grade students who
got a full score from the 15" problem was 29%. This percentage was lower than
that in the 5™ problem. Almost 20% of the 5, 6 and 7™ grade students got 1 point
from this problem, because they just marked the right option without any

explanations. In addition, the percentages of the students who could not solve the
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problem were more than 50% for all grade levels like in the 5 problem. It might

be concluded that the context of the problem was similarity.

In the 17" problem, there were two different brands of washing powder. 1 kg of A
branded washing powder was priced at 5 TL and it could wash laundry for 20 times.
On the other hand, 1.5 kg of B branded washing powder was priced at 6.5 TL and
it could wash laundry for 30 times. This problem had two phases. The first phase
asked the students whether the expression of that ‘A branded washing powder was
more economical’ was true or false. In the second phase, the students were asked
to mark an option that was appropriate to their answers to the 1% phase from 4
options. This problem was a numerical comparison problem like the 7 problem.
In this problem, the students were expected to calculate the unit cost of these
washing powder or the prices of 1 kilogram of them for comparison. Unfortunately,
some of the students thought that A branded washing powder was more economical,
because its cost was less than the other. On the other hand, some of the students
thought that B branded washing powder was more economical because its weight
and number of washes were more than the other. In addition to these students, some
students thought that although the price of B branded washing powder was higher,
its number of washes and weight were more, so both washing powders were of
equal economic value. As can be seen, none of these students could make a valid
comparison because they could not conceive of calculating the unit price of
detergents. For this reason, 96.5% of the 5", 91.9% of the 6, 93.0% of the 7" and
74.6% of the 8" grade students got 0 point from this problem. These percentages
were similar to the percentages in the 7™ problem. In general terms, 3.6% of all
students could make a correct comparison between the washing powders. They used
factor of change, unit rate, equivalent fractions and build up strategies to solve the

problem.

The 18™ problem with two phases included inverse ratio. In the 1% phase of the
problem, 6 painters with the same speed could paint the fence of a garden in 4 days.
The expression that 10 painters with the same speed were needed in order to be able

to paint these fences in 2 days was given. The students were asked whether this

79



expression was true or false. In the second phase, the students were asked to mark
an option that was appropriate to their answers from 4 options. These options that
the students had marked could show whether they could recognize the inverse ratio
without the need for students' solution. This problem was similar to the 8" problem.
42.4% of the 5™ 46.9% of the 6™, 56.6% of the 7" and 72.5% of the 8™ grade
students could realize that the number of painters should have been doubled in order
to paint the same fences in 2 days. Then, they got a full point from this problem. It
was seen that these percentages were a little higher than the 8™ problem. On the
other hand, some students realized that the number of painters should have
increased in order to paint the same fences in less time. However, they erroneously
had an additive reasoning because they thought that when the number of days was
decreased by 2, the number of painters should have been increased by 2.
Approximately half of the 5™ and 6™ grade students, 41.8% of the 7™ and 26.8% of
the 8™ grade students could not realize the inverse ratio and they got 0 point from

this problem.

In the 19™ problem, there were two carafes filled with lemonade. The red carafe
had two cups of lemon squash and 4 cups of water. The green carafe had 4 four
cups of lemon squash and 6 cups of water. The students were asked which lemonade
in the carafes tasted more lemon. This problem was a numerical comparison
problem and its context was mixture like the 9™ problem. The students were
expected that they compared the numbers of cups of the lemon squash in the carafes
by equalizing the number of cups of water or compared the number of cups of water
in the carafes by equalizing the numbers of cups of the lemon squash. The green
carafe had more 2 cups of lemon squash and 2 cups of water than the red carafe.
Because of the equality of these increments in lemon squash and water, some
students concluded that lemonades in the carafes tasted lemon equally. A group of
students thought that the red carafe had more lemon taste, because it had less cups
of water than the green carafe. Another group of students expressed that the green
carafe had more lemon taste, because it had more cups of lemon squash. These
inferences indicated that these students improperly had an additive reasoning. The

percentages of these students were almost about 60% in all grade levels. On the
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other hand, only 7.8% of all students could solve the problem correctly. Most of
these students could compare the taste of lemon in the carafes by using the factor
of change strategy. In addition, the reason why the percentage of the students who
got 1 point from this problem in all grade levels was about 30% was that they just

wrote the correct answer without any operation or explanation.

In the 20 problem, there were 4 rectangular flowerpots in different lengths. The
students were asked which of these rectangles looked more similar to the square
shape. The lengths of the rectangular flowerpots were given in the options. They
were 27 cm - 30 cm, 17 cm - 20 cm, 7 cm - 10 cm and 37 cm - 40 cm. This was a
numerical comparison problem. Since all sides of a square were equal, the ratio
between the sides was 1. For this reason, the students were expected to find in which
rectangle the ratio between the lengths of different sides was closest to 1. More than
90% of the students in all grade levels got 0 point from this problem. Most of them
did not mark an option because they thought that all the flowerpots looked like
having a square shape equally due to the equality of the difference in the lengths of
the sides of all rectangles. Some of the students did not mark any options by writing
that they could not understand the problem. It was seen that the context of this
problem was difficult to understand for the students like in the 10™ problem, but the

percentage of the 8" grade students was more in the 10% problem than this problem.

In general, more than half of all the students could not solve the 274, 5t 6 7t gt
9% and 10" problems. Considering all the students, the problem which 58.7% of the
students got full point was just the 1% problem. Following the 1% problem, the
problems that students solved best were the 2", 6" and 8" problems. In general
terms, the percentage of students getting full points from the problems generally

increased from grade 5 to grade 8.

When looking at the Table 4 and Table 5, in general, it was seen that all grade level
students solved the missing value problems better than the comparison problems.
Among the missing value problems, the ones with the integer factor of change were

better solved than the ones with the non-integer factor of change.
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4.2. The Strategies Mostly Used by the Middle School Students in the
Proportional Reasoning Problems

In this section, the strategies mostly used by the middle school students in the
proportional reasoning problems were mentioned according to the grade levels and
problems. To specify the mostly used strategies, solutions of 20 students with the
best score at each grade level on the test were examined in detail. The frequencies
and percentages of the usage of strategies were calculated in SPSS. Only the right
solutions of the students were taken into consideration when determining the
strategies used in problem solving. Additionally, the solutions with incorrect use of
additive reasoning instead of multiplicative reasoning were examined in the

category named non-additive.
Firstly, the strategies mentioned in the literature were illustrated with the solutions
of the students in Table 10. However, the equivalent class strategy did not have an

illustration because this strategy was not used by any students.

Table 10 The strategies illustrated with sample student solutions

Strategies Sample student solutions

Unit rate

Factor of

change

Equivalent

fractions
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Table 10 (continued).

Equivalent

class

This strategy was not used by any students.

Build-up

Cross-

product

Additive
method

Non-

additive

After the students’ solutions were analyzed according to the strategies mentioned

above, the frequencies and percentages of usage of the strategies were shown in the

Table 11 and Table 18.
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4.2.1.The strategies mostly used by the students in the missing value problems

In the Table 11, it was given that the frequencies and percentages of usage of the

strategies in the missing value problems.

Table 11 The frequencies and percentages of usage of the strategies in the missing
value problems

Grade 5 Grade 6 Grade 7 Grade 8
o) -~ o) ~ o +~ o +~
| 2| 8| 8| 8| 8| § | & | §
Strategies = S = S =3 S =3 S
& g £ g & g £ 2
Unitrate |54 | 35% |44 25,1% | 49 263 % | 33 15,9 %
f}?;tl(;e of | 64 | 41.5% |74 423 % | 100 53.8% | 69 33,2 %
Equivalent | 0% |0 0% |0 0% |0 0%
fractions
Equivalent |, 0% |0 0% |0 0% |0 0%
class
Buildup |22 | 143% |36 20,6 % | 22 118% | 6 2,9 %
Cross- 0 0% |0 0% 0 0% 84 40,4 %
product
Additive | 3 2% | 14 8 % 9 49% |11 53 %
Non- 1| 72% |7 4% |6 32% |5 23 %
additive
Total 154 | 100% | 175 100 % | 186 100 % | 208 100 %

As can be seen in the Table 11, the mostly used strategy by the 5" grade students
in the missing value problems was factor of change (41.5 %) and then unit rate
(35%). 22% of the solutions had build-up strategy. The strategies of equivalent
fractions, equivalent class and cross-product were not used. In addition, 3 solutions
had the additive method. On the other hand, 7.2 % of the solutions consisted of

additive reasoning instead of multiplicative reasoning.

At 6™ grade level, the mostly used strategy was factor of change (42.3 %) and then
unit rate (25.1 %). The usage percentage of the unit rate strategy decreased

compared to the 5™ grade level. On the other hand, the percentage of the build-up
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strategy (20.6%) increased compared to the 5 grade level. As in grade 5, the
strategies of equivalent fractions, equivalent class and cross-product were not used
by any students. Additionally, 8 % of the solutions included the additive method.
Because 4% of the solutions consisted of additive reasoning instead of
multiplicative reasoning, it was expressed that the misusage of the additive

reasoning at 6™ grade level decreased compared to the 5™ grade level.

At 7™ grade level, like at 5 and 6' grade level, the mostly used strategy was factor
of change with a percentage of 53.8. Then, the second mostly used strategy was unit
rate with 26.3 %. While none of the solutions had the strategies of equivalent
fractions, equivalent class and cross-product, the percentages of build-up (11.8%)
strategies were too low. In addition, 4.9% of the solutions had the additive method
and this percentage was lower than at 6™ grade level. Moreover, the percentage
(3.2%) of the solutions which consisted of misusage of the additive reasoning

dropped compared to the 6 grade level.

At 8™ grade level, the mostly used strategy was cross-product with a 40.4%. This
was followed by the factor of change strategy which was included in the 33.2% of
the solutions. However, the percentage (15.9%) of the usage of unit rate and build
up (2.9%) strategy was lower than that at 5%, 6! and 7" grade level. Like other
grade levels, the strategies of equivalent fractions and equivalent class were not
used by any students. In addition, the percentage of the solutions which included
the additive method was 5.3. Furthermore, the percentage (2.3%) of the solutions
including misusage of additive method decreased compared to the other grade

levels.

In general, the mostly used strategies in the missing value problems were
respectively the strategies of factor of change, unit rate and build-up in the 5%, 6"
and 7" grade level and the strategies of cross-product, factor of change and unit rate
in the 8" grade level. On the other hand, equivalent fractions and equivalent class
strategies were not used by any students in the missing value problems. In addition,

the misusage of additive method decreased as the grade level increased.
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4.2.1.1.The mostly used strategies in each missing value problem

In this section, the frequencies and percentages of usage of the strategies and the

examples of the students’ solutions in each missing value problem were given.

Table 12 The strategies used in the 1% and 11" problems

The 1%t problem The 11* problem
Grade Frequency | Percent | Frequency Percent

No Correct Solution 0 0 2 10

5 Unit Rate 19 95 15 75
Build-up 1 5 3 15
Total 20 100 20 100

No Correct Solution 0 0 3 15
Unit Rate 19 95 12 60

6 Build up 0 0 5 25

Additive Method 1 5 0 0
Total 20 100 20 100

No Correct Solution 1 5 2 10
Unit Rate 18 90 15 75

7 Build up 0 0 3 15

Factor of Change 1 5 0 0
Total 20 100 20 100

No Correct Solution 1 5 0 0

8 Unit Rate 13 65 10 50
Cross-product 6 30 10 50
Total 20 100 20 100

The 1% and 11" problem of the test were missing value problems with the context
of rate, and the factor of change between ratios was integer in the problems. In the
first problem, 13 apples were given 90 cents and the students were asked to
calculate how many cents would be 7 cents. As can be seen in Table 12, 19 (95%)
fifth grade students, 19 (95%) sixth grade students, 18 (90%) seventh grade students
and 13 (65%) eighth grade students used the unit rate strategy in order to reach to
the correct answer. In the 11" problem, it was given that 5 chocolate bars were
priced at 0,75 TL and the students were asked what the price of 13 bars of chocolate
was. Here, as some students preferred the build-up strategy, the percentage of
students using the unit rate strategy decreased slightly. As can be seen Table 12, 15
fifth grade students, 12 (60%) sixth grade students, 15 (75%) seventh grade students
and 10 (50%) eighth grade students used the unit rate strategy in order to reach the
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correct answer in the eleventh problem. Following the unit rate strategy, the highest
frequency and percentage belonged to the cross-product strategy because 6 (30%)
8 grade students in the 1% problem and 10 (50%) 8 grade students in the 11%
problem solved the problem correctly with the cross-product strategy. As a result,
the majority of the students correctly solved this missing value problem by using
the unit rate strategy. The other used strategies in this problem were cross-product,
factor of change and build up. Moreover, it was seen that all grade level students

used two types of the strategies mostly.

1. Bir meyve reyonunda, 3 elma 90 kurustur. 7 elma almak isteyen bir kisinin ne kadar ticret ddemesi gerekir?

g)é 20 2,10
- ‘ - |
55 !_3_ 2510 CUOW .ﬁ dnce  Lclomo nthx‘or‘ onv bu)fo? so0ro
140 (5€ 3&[)‘:\6 car ot Z z}mgn(r\ me (aAnr Q!Ju;;u"" biln
R P G N 0ix)o ) T SN 2 Wb alimnsa AT RAad Al Litan alon Rituatam lar TT. ledn

Figure 18 Unit rate strategy for the first problem

The example in Figure 18 belongs to the unit rate strategy used in the 1% problem.
This student (Grade 5) calculated the price of one apple and then found the price of
7 apples by multiplying 30 Kr by 7.

1. Bir meyve reyonunda, 3 elma 90 kurustur. 7 elma almak isteyen bir kisinin ne kadar ticret 5demesi gerekir?
22 9oz R 129
0 ~

78 '
o5y Y575

Figure 19 Build-up strategy for the first problem

The example in Figure 19 belongs to the build-up strategy used in the 1% problem.
Because the build-up strategy included both of multiplicative and additive thinking,
it was seen that this student (Grade 5) calculated the total price of 7 apples both by
finding the price of an apple and by adding.

The example in Figure 20 belongs to the build-up strategy used in the 11" problem.
Firstly, this student (Grade 5) calculated the price of one apple. Then, he just found
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the price of 3 apples by multiplying 15 Kr by 3. Because he already knew the price
of 5 apples, he added 45 Kr to two 75 K.

. Bir ikolat inde oldugiuna gore13-adetgikalata kac TL'dir?
lwi@?;mmﬁmq%md o | QLJ LL//%
e KLV 15 FI9D

B = Soemes gore ks
%i/ SSRENER SO 'lA__J-_-_l.nnthn%l'ﬂ’

Figure 20 Build-up strategy for the eleventh problem

Table 13 The strategies used in the 2™ and 12 problem

The 2™ problem The 12" problem
Grade Frequency | Percent | Frequency | Percent
No Correct Solution 1 5 1 5
Unit Rate 2 10 18 95
5 Factor of Change 13 65 0 0
Build-up 4 20 0 0
Additive 0 0 1 5
Total 20 100 20 100
No Correct Solution 2 10 1 5
Unit Rate 1 5 12 60
6 Factor of Change 12 60 6 30
Build-up 4 20 1 5
Additive Method 1 5 0 0
Total 20 100 20 100
No correct solution 0 0 1 5
Unit rate 0 0 15 75
7  Factor of Change 18 90 4 20
Build-up 2 10 0 0
Total 20 100 20 100
Unit rate 0 0 10 50
Factor of Change 7 35 3 15
8 Buildup 0 0 1 5
Cross-product 13 65 6 30
Total 20 100 20 100

The 2" and 12™ problems were missing value problems with the context of rate.
The factor of change within ratios in the 2" problem and both of within and between
ratios in the 12" problem was an integer. In 2" problem, it was asked what the price
of 24 books was in a bookstore where 6 books were 4 TL. As can be seen in Table
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13, 13 (65%) of the 5 grade students, 12 (60%) of the 6 grade students, 18 (90%)
of the 7™ grade students and 7 (35%) of the eight grade students used the factor of
change strategy. Although most of the 5%, 6™ and 7" grade students used factor of
change, the majority of the 8" grade students used cross-product. In the 12
problem, it was asked how many weeks Gamze who earned 600 TL in 12 weeks
should work for 200 TL. 18 (90%) 5%, 12 (60%) 6™, 15 (75%) 7™ and 10 (50%) 8"
grade students used the unit rate strategy. Most of the students used the unit rate
strategy. This could have resulted from the fact that the factor of change between
in addition to within ratio was an integer. In short, the majority of the students
solved the 2" problem by using the factor of change strategy and the 12" problem
by the unit rate strategy.

Tim kitaplarin fiyatinin ayni oldugu bir kitapgidan Merve 6 kitap alir ve 4 TL dder. 24 kitap alan Rilya'nin kag TL vEvr)
Odeme grkie? 31, b & Gl BBt 9 Mitookn L 1| e v bodo
ERPE 24 Hat dane  alli et om gostenin 4 lle gorghm
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Figure 21 Factor of change strategy for the second problem

The example in Figure 21 is the factor of change strategy, which was the strategy
used mostly by the 5™ grade students in the 2" problem. This student (Grade 5)
firstly found the factor of change within 6 books and 24 books. Because while the
number of books increased by 4 times, the total price of books also must be 4 times,

they multiplied 4 TL by 4.

2. Tum kitaplarn fiyatinin ayn oldugu bir kitapgidan Merve 6 kitap-alir ve 4 TL &der. 24 Kitap alan Rilya’nin kag TL

odemesi gerekir? 2 &= |,
i 228
6ER=4LTL PIN \é: 12

o 2u= 1eTL &dor
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Figure 22 Build-up strategy for the second problem

The example in Figure 22 is related to the build-up strategy in the 2" problem. The
students who used the build-up strategy established a relationship within a ratio and

then extended it to the second ratio by addition. When 6 books were added to 6
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books, the total was 12 books and when 4 TL was added to 4 TL, the total was 8
TL. When 6 books were added to 12 books, the total was 18 books and when 4 TL
was added to 8 TL, the total was 12 TL. In this way, this student (Grade 6) found
that 24 books were priced at 16 TL.

2. ir igte 12 hafta Qallt 00 TL kazanmaktadir. Her hafta ayn1 miktarda para kazandigina gore,
Gamﬁm 200 TL kazanm 1 igin kag hafta ¢aligmas gerekir?
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Figure 23 Unit rate strategy for the twelfth problem

The example in Figure 23 belongs to the unit rate strategy used in the 12 problem.
Firstly, this student (Grade 8) calculated the money that Gamze earned in a week.
Then, the student divided 200 TL into 50 TL in order to find out in how many weeks
Gamze would earn 200 TL.

2. Gamze bir iste 12 hafta cahstiginda 600 TL kazanmaktadir. Her hafta ayrii miktarda para kazandigina gore,
Gamze’nin 200 TL kazanmasi i¢in kag hafta ¢aligmas gerekir? /

200
“e

Figure 24 Factor of change strategy for the twelfth problem
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In the example in Figure 24, the factor of change strategy was used. Firstly, the
factor of change within 600 TL and 200 TL was calculated. Because the factor of
change was 3, the student (Grade 6) also divided 12 weeks into 3.

anmaktadir-Her hafta-aynt-miktarda para kazandigina gore,

e’ni afta galigmas) gerekir? ‘

\% sg ‘ooo \2.088_ 20 4 helle colsmoy qaeld
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Figure 25 Cross-product strategy for the twelfth problem
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In the example in Figure 25, this student (Grade 8) used the cross-product strategy.
The student multiplied 12 weeks by 200 TL, and then he divided the product into
600 TL.

Table 14 The strategies used in the 3™ and 13™ problems

The 3" problem The 13" problem
Grade Frequency Percent Frequency Percent
No Correct Solution 14 70 12 60
5 Factor of Change 1 5 2 10
Build-up 5 25 6 30
Total 20 100 20 100
No Correct Solution 6 30 3 15
Factor of Change 2 10 3 15
6  Build-up 12 60 13 65
Non-additive 0 0 1 5
Total 20 100 20 100
No Correct Solution 5 25 3 15
Unit Rate 1 5 0 0
7 Factor of Change 6 30 8 40
Build-up 6 30 9 45
Additive Method 2 10 0 0
Total 20 100 20 100
Factor of Change 1 5 1 5
Build-up 2 10 3 15
8 Cross-product 16 80 16 80
Additive Method 1 5 0 0
Total 20 100 20 100

The 3 and 13™ problems of the test were missing value problems with the context
of rate, but unlike the 1, 2" 11" and 12" problems, the factor of change in the 3™
and 13™ problems were non-integer. In the 3™ problem, it was asked how many
dictionaries a printer which could print 14 dictionaries in 12 minutes could print in
30 minutes. As can be seen in Table 14, most of the 5™ grade students (25%) used
the factor of change strategy, most of the 6 grade students (60%) used the build-
up strategy, most of the 7 grade students (30%) equally used the factor of change
and build up strategy, and the majority of the 8" grade students (80%) used the
cross-product strategy. These percentages were very close to those in the 13
problem.
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In the 13" problem, it was given that a printer could print 18 books in 4 minutes.
The students were asked how many books that printer could print in 10 minutes.
Most of the 5™ and 6™ grade students used the build-up strategy. Most of the 7%
grade students (45%) used the build-up strategy, but the percentage (40%) of the
students who used the factor of change was very close to the percentage of the
students who used the build-up strategy. The 8" grade students mostly used the

cross-product strategy.

3. Bir baski makinesinin 14 sﬁzlﬂgﬂ yamlasn 12 dakika sﬁrmektedtr Bu makine 30 daklkada kag sozlilk yazabilir?

G+ 14+ Q- 23 s8adk danqlo}\\r L4
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Figure 26 Build-up strategy for the third problem

In the solution in Figure 26, the student (Grade 5) used the build-up strategy. He
firstly found in how many minutes 7 dictionaries could be printed. Then, he added

6 minutes to two 12 minutes.

3. Bi inesi 4 dakikada 18 kitap yazmaktadir. Bu makine 10 dakikada kag kitap yazabilir?
Lide , 1@\siee - U2 . LS = (S brlep vesdw
\OALY < }} % pA —
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Figure 27 Cross-product strategy for the thirteenth problem

In the solution in Figure 27, the student (Grade 8) used the cross-product strategy.
The student multiplied 10 minutes by 18 books, and then he divided the product

into 4 minutes.
In the solution in Figure 28, the student (Grade 7) calculated the factor of change

between 4 minutes and 18 books. Because 18 was 4.5 times of 4, he multiplied 10

minutes by 4.5.
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3. Bir bask: makinesi4 dakikada 18 kitap yazmaktadir. Bu makine 10 dakikada kag kitap yazabilir?
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Figure 28 Factor of change strategy for the thirteenth problem

Table 15 The strategies used in the 4™ and 14" problem

The 4" problem The 14" problem
Grade Frequency Percent | Frequency | Percent
No Correct Solution 9 45 0 0
Factor of Change 8 40 18 90
5  Build-up 3 15 0 0
Additive Method 0 0 2 10
Total 20 100 20 100
No Correct Solution 5 25 0 0
Factor of Change 10 50 16 80
6  Build-up 1 5 0 0
Additive Method 4 20 4 20
Total 20 100 20 100
No Correct Solution 8 40 0 0
Factor of Change 8 40 19 95
7 Build-up 5 0 0
Additive Method 3 15 1 5
Total 20 100 20 100
No Correct Solution 4 20 0 0
3 Factor of Change 13 65 15 75
Additive Method 3 15 5 25
Total 20 100 20 100

The 4" and 14™ problems were missing value problems including part-part-whole

context, and the factor of change within ratios was an integer. In the 4™ problem, it

was given that 30 students could be divided into groups of 6 students as 4 boys in

each group. The students were asked how many of 30 students were girls. To begin

with, as can be seen in Table 15, 9 students in the 5" grade (45%), 5 students in the
6 grade (25%), 8 students in the 7" grade (35%) and 4 students in the 8" grade

(20%) could not solve this problem. Most of the students from all grade level used

the factor of change strategy in order to solve this problem correctly. Whereas the

93



5t 6" and 7" grade students used the build-up strategy in addition to the factor of
change strategy, the 8" grade students did not use any different strategy than the

factor of change.

Additionally, there were some 6, 7 and 8" grade students who reached the correct
answer by using the additive method. For example, the solution of the 4" problem
in Figure 29 belongs to a 6 grade student. He firstly found the number of groups,
and then he subtracted the number of male students from the total number of
students in each group one-by-one in order to find the number of girls in a group.
He found out that there were 2 female students in each group. Finally, he added 2

five times.

4. Matematik 6gretmeni Gamze, her gru’pﬁ- erkek 6grenci olacak sekilde dgrencileri 6 kigilik gruplara
ayirabilmektedir. Simifta toplam 30 6grenci bulundugzmca gore topla{a kiz ti%rengi6 sayisini bulunuz. Z,‘L /
. 2 4o &

26
3016 R S Y A
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Figure 29 Additive method for the fourth problem

The 14" problem was a missing value problem including part-part-whole context,
and the factor of change within ratios was an integer. It was given that 25 students
could be divided into groups of 5 students as 3 girls in each group. The students
were asked how many of 25 students were girls and boys. In the 4™ problem, as the
number of groups and the number of people in a group were different, these students
could not reach the correct result. On the other hand, in the 14" problem, the number
of groups and the number of people in a group were the same. For this reason, even
if the students accepted the number of people in the group as the number of groups,
they could reach the right result. This situation escaped the researcher’s notice while
creating the test. As a result of this, there were no students who could not solve the
14" problem. The majority of all grade level students could correctly solve this
problem by using the factor of change strategy. 90% of the 5, 80% of the 6, 95%
of the 7™ and 75% of the 8™ grade level students used the factor of change strategy.

The solution in Figure 30 is an example of the factor of change strategy. This
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student (Grade 6) firstly found the number of groups in the class, because the
number of groups was the factor of change in this problem. Because there would be
2 male students in each group, she calculated the total number of male students by
multiplying the number of 2 male students by 5 and the total number of female

students by multiplying the number of 3 female students by 5.

/ T vye Mmsowe U wov— /o
4. Bir smifta 8grenciler her grupmﬁnz dgrenci olma?c {izere 5 kisilik gruplar halin e"lz‘“:ak%‘" Lsi‘;'r'mt?pla,"fzf Ll /
3 ci oldugunu gore kiz ve erkek dgrencilerin sayisini bulunuz. S W I e )
bgrens 5 = £ ek D He 9(.,c< o
25 : Glaguiiee
=3 = 5 grof 0'3VGY
2 7-5 Sﬁm 3"‘6 \)“ e s T 5_’?’\3 Lz :_e;:: ( v_'_ﬁ).."/(,
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Figure 30 Factor of change strategy for the fourteenth problem

There were some students using the additive method in the 14™ problem. The
solution in Figure 31 from a 5" grade student is an example of the additive method.
He drew a table for the solution. The first column belongs to the number of female
students, the second column belongs to the number of male students, and each row
belongs to the number of the students in a group. He placed five students in rows
until the total number of students was 25. When the total number of students was

25, he realized that there were 15 female students and 10 male students in the class.

4. Bir siifta 6grenciler her grupta 3 kiz 6grenci olmak iizere 5 kisilik gruplar halinde oturmaktir. Sinifta toplam 25
dgrenci oldugunu gore kiz ve erkek dgrencilerin sayisini bulunuz.

M
' ~ : Klindek

5. Akelebegi (5 elebegi Bilge farkl buyikluklerde dikdortgen seklind
Eoalt (O 2l katlara iki kelebek resmi gizdi. B kelebeginiy

Figure 31 Additive method for the fourteenth problem
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Table 16 The strategies used in the 5" problem

The 5" problem
Grade Frequency Percent
No Correct Solution 9 45
5 Factor of Change 0 0
Non-additive Method 11 55
Total 20 100
No Correct Solution 11 55
Factor of change 0 0
6 Additive Method 4 20
Non-additive Method 5 25
Total 20 100
No Correct Solution 4 20
Factor of Change 6 30
! Build-up 1 5
Additive Method 3 15
Non-additive Method 6 30
Total 20 100
No Correct Solution 1 5
Factor of Change 1 5
8 Cross-product 14 70
Additive Method 1 5
Non-additive Method 3 15
Total 20 100

The 5™ problem was a missing value problem involving similarity, and both factors
of change were non-integers. In the 5™ problem, a rectangle whose short side was
4 cm in length and tall side was 10 cm in length was given, and the students were
asked how many centimeters the tall side of another rectangle which was similar to
the first rectangle and whose short side was 6 cm in length were. This problem
could not be solved correctly by any 5™ grade students. As can be seen Table 16,
55% of the 5™ grade students improperly used the additive method instead of
multiplicative methods because they could not realize the multiplicative
relationship between the quantities. For example, the solution in Figure 32 belongs
to a 5™ grade student. He wrongly used additive reasoning instead of multiplicative
reasoning. Because the short side of the rectangle increased 2 cm, this student
increased the long side of the rectangle by 2 cm by ignoring the multiplicative

relationship between the sides of similar shapes.
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Figure 32 Incorrect use of additive reasoning for the fifth problem

Only 4 students from the 6™ grade reached the correct answer of the problem, but
without using any multiplicative strategies. These students solved the problem by
reasoning additively. The percentage (25%) of the students who improperly used
the additive method was less than that at the 5™ grade level. For example, the correc
solution in Figure 33 belongs to a 6™ grade student. This student realized the
multiplicative relationship between similar rectangles, but he calculated the long
side of the larger rectangle by adding half of the length of long side of smaller

rectangle to the length of long side of smaller rectangle.

Yandaki iki dikdortgen birbirine benzer sekildedir, faljcaytrbl]n\ >
digerinden daha bilyiiktiir. Bilyiik olan dikdértgenin uzun
kenarinin uzunlugu kag cm’dir? Cevabimizi islemlerle
gosteriniz.
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Figure 33 Additive method for the fifth problem

Although the percentage of the 7% grade students using the additive method
wrongly instead of multiplicative relationship was 30%, it was seen that there wer
some students who reached the right solution using a strategy. 6 students (30%
used the factor of change strategy and 1 student used the build-up strategy
Therefore, the mostly used strategy by the 7" grade students to solve the fifth
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problem was factor of change. For example, the solution in Figure 34 illustrating
the use of the factor of change strategy belongs to a 7™ grade student. This student
calculated the ratio between the length of the short and long side of the smaller
rectangle. This ratio was the factor of change in this problem. He thought that this
ratio might be the same in the larger rectangle, because these rectangles were similar
to each other. For this reason, he increased the length of the short side of the larger

rectangle by 2.5 times.

Figure 34 Factor of change strategy for the fifth problem

At the 8™ grade level, the majority of the students (70%) reached the correct answer
by using cross-product strategy. Only 1 student (5%) used the build-up strategy.
Although there were three students using the additive method improperly, their
percentage was the least compared to the other grade level students. The solution
in Figure 35 belongs to an 8" grade student who used the cross-product strategy.
After writing the proportion between the length of the short and long side of the
rectangles, the student multiplied 4 by x and 6 by 10. Because the products should
be equal to each other, he found the length of the long side of the larger rectangle
(x) by dividing 60 into 4.

To conclude, the 5™ and 6 grade students did not use any strategy, while the 7%
grade students mostly used the factor of change strategy and the 8™ grade students

used the cross-product strategy in the 5™ problem.
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Table 17 The strategies used in the 6™ and 16" problem

Figure 35 Cross product strategy for the fifth problem

The 6" problem The 16" problem
Grade Frequency Percent Frequency Percent
No Correct Solution 0 0 18 90
5 Factor of Change 20 100 2 10
Total 20 100 20 100
No Correct Solution 0 0 13 65
Factor of Change 19 95 6 30
° Additive Method 1 5 1 5
Total 20 100 20 100
No Correct Solution 0 0 10 50
7 Factor of Change 20 100 10 50
Total 20 100 20 100
No Correct Solution 0 0 6 30
Factor of Change 15 75 13 65
8 Cross-product 3 15 0 0
Additive Method 2 10 1 5
Total 20 100 20 100

The 6 problem was a missing value problem consisting of part-part whole context
and the factor of change within ratios was an integer. It was given that if Emre who
wanted to buy a music player worth 84 TL saved 2 TL, his mom would give 5 TL
to Emre. It was asked whether he could buy that music player with the money given

to him by his mother in addition to 24 TL which he saved. As can be seen in Table
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17, the majority of the 5% (100%), 6™ (95%), 7™ (100%) and 8™ (75%) grade
students used the factor of change strategy in this problem. In addition, three

students (15%) from the 8" grade level used the cross-product strategy.

The solution from the 7% grade in Figure 37 is an example of the factor of change
strategy which was the mostly used strategy. This student firstly divided 24 TL into
2 TL in order to find how many times Emre’s mother would give 5 TL to him. This
quotient was the factor of change in this problem. Then, he multiplied 5 TL by 12
in order to find the total money which Emre’s mother would give to him. The
student concluded that Emre could buy that music player when 60 TL was added to
24 TL.

6. Emre, 84 TL degerinde bir miizik calar almak igin para biriktirmeye karar verir. Emre’ye destek olmak igin annesi,
Emre’nin biriktirdigi her 2 TL i¢in ona 5 TL verecegini sdyler. Sizce Emre 24 TL biriktirdigi zaman annesinin
verecegi parayla birlikte miizik galan satin alabilmek igin yeterli paraya sahip olacak midir? Cevabinizi islemlerle
gosteriniz.
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Figure 36 Factor of change strategy for the sixth problem

The solution from the 8" grade in Figure 37 is an example of the cross-product
strategy. After writing the proportion between the amounts of the money saved by
Emre and given by his mother, he multiplied 2 TL by x TL and 24 TL by 5 TL.
Because these products were equal to each other, he found the money (x) which

Emre’s mother would give to him by dividing 120 into 2.

The solution from the 6™ grade in Figure 38 is an example of the additive method.
This student calculated the total money in order to buy that music player by writing
the money saved by Emre and given by his mother one by one and separately. The
student’s way of thinking indicates that he could not notice the multiplicative

relationship between these amounts of money.
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Figure 37 Cross product strategy for the sixth problem

Figure 38 Additive method for the sixth problem

The 16™ problem was a missing value problem consisting of the context of part-
part-whole, and the factor of change within ratios was an integer like the 6%
problem. In this problem, Sila wanted to buy a music player 210 TL in worth. If she
saved 2 TL, her mom would give 5 TL to Sila. It was asked how much money her
mother would give to Sila in total. The mostly used strategy in this problem also
was the factor of change strategy, but the percentages of the students who used this
strategy at each grade were significantly lower than the 6 problem of . The reason
for this decrease in percentages might be that students had to find the money saved
by Sila. Only 2 students from the 5 grade, 6 students from the 6 grade, 10 students
from the 7™ grade, and 13 students from the 8" grade could solve this problem using
the factor of change strategy.

The solution from the 6™ grade level in Figure 39 illustrated to the factor of change

strategy. This student firstly found out the money which Sila would have at once
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by adding 7 TL to 2 TL. Then, she calculated how many times Sila’s mother would
give 5 TL to her by dividing 210 TL into 7 TL. This quotient was the factor of

change in this problem. Finally, she found out the money which Sila’s mother

would give to her by multiplying 5 TL by 30.

'n‘,, igin‘;th’ya 5TL L?'
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Figure 39 Factor of change strategy for the sixteenth problem

The solution from the 8" grade in Figure 40 illustrates the additive method. This
student calculated the total money in order to buy that music player by writing the

money saved by Sila and given by her mother one by one and separately.

Figure 40 Additive method for the sixteenth problem

4.2.2.The strategies mostly used by the students in the numerical comparison
problems

In Table 18, the frequencies and percentages of usage of the strategies in numerical

comparison problems were given.

As can be seen in Table 18, the mostly used strategy by the 5™ grade students in the
numerical comparison problems was factor of change (37,5%). 1,8% of the

solutions was solved by the unit rate strategy. The other strategies were not used.
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In the 60,7 % of the solutions, the additive method was incorrectly used as far as

multiplicative reasoning was concerned.

Table 18 The frequencies and percentages of usage of the strategies in numerical
comparison problems

Grade 5 Grade 6 Grade 7 Grade 8
Q (0] (D] ()
> o) > a0 > o) ) 0]
o < O Q o
g £ g g g £ 5 g
. =3 S g S 2. S = S
Strategies & g & g & 9 & g
Unit rate | 1.8 % 5 7.6 % 15 |242% | 5 7.7 %
fﬁ;;"gre of o1 1 375% | 23 |348% | 23 |37.01% | 29 |446%
Ej‘:;ﬁgm 0 0% 11| 167% | 14 |226% | 16 |24.6%
Eﬁ‘;;valem 0 0% 0 0% 0 0 0 0%
Build-up 0 0% 1 1.5 % 0 0 0 0%
grré’gfl;t 0 0% 0 0% 0 0 11 0%
Additive 0 0% 1 1.5 % 0 0 0 |169%
ioi;ive 34 160,7% | 25 |379% | 10 |161% | 4 6,2 %
Total 56 | 100% | 66 | 100% | 62 | 100% | 65 | 100%

In the 6™ grade level, the mostly used strategy was factor of change strategy
(34,8%), and then equivalent fractions strategy (16,7%). Like in the 5™ grade, the
strategies of equivalent class and cross-product were not used. While one solution
had the additive method, 37,9 % of the solutions had wrong usage of the additive

method in the situations of multiplicative reasoning.

In the 7™ grade level, the mostly used strategy was the factor of change strategy
(37,1%), and the percentage of the usage of the unit rate (24,2%) and equivalent
fractions (22,6%) strategy were close to each other. The other strategies were not

used. The percentage (16,1 %) of the students who wrongly used the additive
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method in the situations of multiplicative reasoning decreased compared to the 5

and 6" grade levels.

In the 8™ grade level, the mostly used strategy in the numerical comparison
problems was the factor of change strategy with the percentage of 44,6 % while it
was the cross-product strategy in the missing value problems. This strategy was
followed by the strategy of equivalent fractions with the percentage of 24,6%.
However, the equivalent class, build-up and cross product strategies was never
used. While the percentage (16,9) of the usage of the additive method was the
highest, the percentage (6,2%) of the solutions which had the additive method in

the situations of multiplicative reasoning was the lowest in this grade level.

In general, it was seen that in the numerical comparison problems the mostly used
strategy by the all graders was the factor of change strategy. At the second order,
there was the equivalent fractions strategy at the 6™ and 8 grade levels and the unit
rate strategy at the 7™ grade level. The other strategies were almost never used by
the students. The percentage of the wrong usage of the additive method in
multiplicative situations decreased as the grade level increased. In addition, these
percentages were significantly higher than those for the missing value problems.
This showed that the students were more successful in solving missing value

problems and had more difficulty in solving numerical comparison problems.

4.2.2.1.The mostly used strategies in each numerical comparison problem

In this part, the frequencies and percentages of usage of the strategies and the
examples of the students’ solutions in each numerical comparison problem were

given.

The 15" problem was a numerical comparison problem with context of the
similarity. In this problem, there were two rectangular pictures of butterflies. The
picture of butterfly A had sides of 2 cm and 3 c¢m in length and the picture of
butterfly B had sides of 4 cm and 6 cm in length. The expression that the area of the
picture of butterfly B was 2 times of the picture of butterfly A was given to the
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students. Because this problem had two phases, the students were asked whether
that expression was true or false in the first phase. In the second phase, the students
were asked to choose an option which was suitable for their decision in the first
phase. The aim of this problem was to understand whether the students could realize
the ratio between the areas of similar rectangles. In fact, this problem was not a
problem in which students would use a wide variety of strategies. As a result of this,
as in the Table 19, 17 students (85%) from the 5, 6™ and 7" grades and 19 students
(95%) from the 8" grade used the factor of change strategy in order to express the
change of the areas of the similar rectangles in the problem. The solution in Figure
41 that belongs to an 8™ grade level student illustrates this strategy. This student
showed the ratio between the lengths of the short sides of these rectangles and the
ratio of the lengths of the long sides of the rectangles as 2. He calculated the areas
of the rectangles, and then he concluded that the area covered by butterfly B was 4

times larger than the area covered by butterfly B.

Table 19 The strategies used in the 15" problem

The 15" problem
Grade Frequency Percent
No Correct Solution 3 15
S Factor of Change 17 85
Non-additive Method 0 0
Total 20 100
No Correct Solution 3 15
Factor of change 17 85
6 Additive Method 0 0
Non-additive Method 0 0
Total 20 100
No Correct Solution 3 15
Factor of Change 17 85
7 Build-up 0 0
Additive Method 0 0
Non-additive Method 0 0
Total 20 100
No Correct Solution 1 5
Factor of Change 19 95
8 Cross-product 0 0
Additive Method 0 0
Non-additive Method 0 0
Total 20 100
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Figure 41 Factor of change strategy for the fifteenth problem

Table 20 The strategies used in the 7" and 17" problem

The 7™ problem The 17" problem
Grade Frequency Percent Frequency Percent
No Correct Solution 9 45 8 40
Unit rate 0 0 1 5
5  Factor of change 0 0 2 10
Non-additive Method 11 55 9 45
Total 20 100 20 100
No Correct Solution 7 35 10 50
Unit Rate 3 15 2 10
Equivalent Fractions 0 0 1 5
6 Build Up 0 0 1
Additive Method 1 5 0
Non-additive Method 9 45 6 30
Total 20 100 20 100
No Correct Solution 3 15 15 75
Unit Rate 12 60 3 15
7 Equivalent Fractions 0 0 1 5
Non-additive Method 5 25 1 5
Total 20 100 20 100
No Correct Solution 9 45 10 50
Unit Rate 4 20 1 5
Factor of Change 0 0 4 20
8  Equivalent Fractions 3 15 0 0
Cross-product 3 15 4 20
Non-additive Method 1 5 1 5
Total 20 100 20 100

106




In the 7" problem, it was given that the package consisting of 16 A brand
chocolates was priced at 20 TL and the package consisting of 12 B brand chocolates
was priced at 16 TL. The students were asked whether their choice was economical
in the case that Merve and Elif preferred to buy the package of 12 B brand
chocolates. None of the 5™ grade students could solve this problem. As can be seen
in Table 20, 55% of them did not realize the multiplicative relationship, and they
made an erroneous comparison between the prices of the chocolate packages in an
additive way. For example, in the solution from the 5™ grade in Figure 42, the
student tried to establish a relationship between ratios in an additive way, and she
ignored the unit prices of chocolates in both packages. Because this student thought
that the difference between 16 TL and 12 chocolates and the difference between 20
TL and 16 chocolates equal to 4 TL, she concluded that both of the chocolate

packages were equally economical.
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Figure 42 Incorrect use of additive method for the seventh problem

The solution in Figure 43 was another example of erroneous additive method in the
5" grade. In this solution, the student compared only the prices, and thought that
the low-cost chocolate package would be more economical by neglecting the

number of chocolates in the packages.

The percentage of the students who made an erroneous comparison between the
prices of the chocolate packages in an additive way dropped to 45% at the 6 grade.
Only 15% of the 6'" grade students reached the correct solution by using a strategy
(unit rate). The solution from the 6 grade in Figure 44 is an example of the usage

of the unit rate strategy. This student found the unit prices of chocolate bars in two
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packages by dividing the total price of a package into the number of chocolate bars
in that package. He concluded that the B branded chocolate package was not more
economical, because the unit price of the A branded chocolate bars was lower than

the unit price of the B branded chocolate bars.
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Figure 44 Unit rate strategy for the seventh problem

In addition, the majority of the 7" grade students (60%) reached the correct answer
using the unit rate strategy. However, the 7" grade students did not use another

strategy.

The 8™ grade students reached the correct result using different kinds of strategies
in this problem. They used the strategies of unit rate (20%), equivalent fractions
(15%) and cross-product (15%). The example in Figure 45 is related to the unit rate
strategy. This student naturally made similar mathematical operations to the

solution in the example in Figure 45.

108



Figure 45 Unit rate strategy for the seventh problem

The solution in Figure 46 is an example of the cross-product strategy in the 8™
grade. This student used the cross-product strategy in order to calculate the price of
100 chocolate bars for each chocolate brand. He found that the price of 100 A
branded chocolate bars was 125 TL, and the price of 100 B branded chocolate bars
was about 133 TL. Thus, he concluded that the B branded chocolate package was

not more economical.

Figure 46 Cross-product strategy for the seventh problem

The solution in Figure 47 belongs to the strategy of equivalent fractions. This
strategy was used by only the 8" grade students. This student found the ratios of the
price of each package to the number of chocolate bars in both packages. These

fractional ratios were the unit prices of the chocolate bars. To compare the unit
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prices, the student equated the denominators of the fractions. He concluded that the

B branded chocolate package was not more economical.
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Figure 47 Equivalent fractions strategy for the seventh problem

In the 17™ problem, there were two different brands of washing powder. 1 kg of A
branded washing powder was priced at 5 TL and it could wash laundry for 20 times.
On the other hand, 1.5 kg of B branded washing powder was priced at 6.5 TL and
it could wash laundry for 30 times. This problem had two phases. The first phase
asked the students whether the expression ‘The A branded washing powder is more
economical’ was true or false. In the second phase, the students were asked to mark
an option that was appropriate to their answers in the 1% phase from 4 options.
Whereas none of the 5" grade students could solve the 7™ problem, three students
could solve the 17" problem. They used the factor of change and unit rate strategies.
The solution from the 5™ grade in Figure 48 is an example of the factor of change
strategy. Here, the student firstly found that the price of half kilogram of A branded
washing powder was 2.5 TL. He showed that if both washing powders had equal
economical value, the price of 1.5 kg of the B branded washing powder should be
7.5 TL. He reached this solution by multiplying 2.5 TL by 3, because the weight of
the B branded washing powder had three halves kilogram.

At the 6™ grade, 4 students could solve the problem. Two of them used the unit rate

strategy and others used the equivalent fractions and build-up strategies.

The solution from the 6 grade in Figure 49 is an example of the build-up strategy.

This student firstly found the weight and price of the A branded washing powder
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that could be used in 10 washes. Then, he added these weight and price to the same
weight and price in order to find the weight and price of the A branded washing
powder that could be used in 20 washes. Finally, he added the weight and price of
the A branded washing powder that could be used in 20 washes to the weight and
price of the A branded washing powder that could be used in 10 washes in order to
find the weight and price of the A branded washing powder that could be used in
30 washes. He showed that if both washing powders had equal economical value,
the price of the B branded washing powder that could be used in 30 washes should
be 7.5 TL. Therefore, he concluded that the B branded washing powder was more

economical, because its price for 30 washes was 6.5 TL.

Figure 48 Factor of change strategy for the seventeenth problem

Figure 49 Build-up strategy for the seventeenth problem
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The 7™ grade students used the strategy of unit rate (15%) and equivalent fractions
(5%). The 8" grade students used the strategy of unit rate (5%), factor of change
(20%) and cross-product (20%). The rest of these students could not solve the
problem or erroneously used the additive method. The solution from the 7™ grade
in Figure 50 is an example of the erroneous additive method. Because the price and
weight of the B branded washing powder was higher than the other, this student
thought that two detergents were of equal economic value. He ignored that the unit

price of these washing powders could be different.

A toz deterjam daha ekonomiktir.

- Yukarida verilen ifade igin uygun olani isaretleyiniz:
( ) Dogru (/\) Yanhs

- Neden dogru ya da yanhs: segtiginizi bog birakilan
yerlere islemlerle aciklayimz.

- Nedeninize uygun bir gikki agagidakilerden seginiz.

A. A toz deterjaninin fiyat1 daha azdur.
B. B toz deterjanimn fiyat azicik fazladir ama
10 kez daha fazla yikama yapilabilir.
C. B deterjaninda yikama bagina disen ticret daha azdir.

= BQ/)W? CMbW) D. iki toz deterjan da aym degerdedir. o
,’ f
= 5;7 i ‘6—‘»9;\” VY ”{BPJQ ayn) 935!,],,_ Gonks A :J:! B ki
4 @»“"-’W=g‘5' % 8 g}b/- olsoy d) {bcw’ '{N‘\Z il;v 5
(Za) @'hli ?o/ o!uro(uI- Gok Rlyorsol B a ‘5-),—30,?% M N@»}:T}
o mr" . et 4 —iindahavavahilmektedir. Citlerin 2 giinde boyanabilmesi igin ayni '

Figure 50 Incorrect use of additive reasoning for the seventeenth problem

The 8" problem with two phases included inverse ratio. In the first phase, the
expression “If Neslihan, who could run 100 meter in 20 seconds, ran the same
distance twice as fast, the time would double” was given and it was asked whether
this statement was true or false. In the second phase, the students were asked to
mark an option that was appropriate to their answers from 4 options. These options
that the students had marked could show whether they could recognize the inverse
ratio without the need for solutions. Therefore, the students were not expected to
use any strategy. Similarly, the 18" problem with two phases included inverse ratio.
In the 1% phase of the problem, 6 painters with the same speed could paint the fence
of a garden in 4 days. The expression “10 painters with the same speed are needed
in order to be able to paint these fences in 2 days” was given. The students were
asked whether this expression was true or false. In the second phase, the students
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were asked to mark an option that was appropriate to their answers from 4 options.
These options that the students had marked could show whether they could
recognize the inverse ratio without the need for any solution. Therefore, the students

were not expected to use any strategy.

Table 21 The strategies used in the 9" and 19" problems

The 9" problem The 19" problem
Grade Frequency Percent Frequency Percent

No Correct Solution 17 85 7 35
Factor of Change 0 0 2 10

5 Equivalent Fractions 1 5 0 0
Non-additive Method 2 10 11 55
Total 20 100 20 100
No Correct Solution 10 50 4 20
Factor of Change 0 0 6 30

6 Equivalent Fractions 9 45 1 5
Non-additive Method 1 5 9 45
Total 20 100 20 100
No Correct Solution 10 50 7 35
Factor of Change 2 10 4 20

7 Equivalent Fractions 8 40 5 25
Non-additive Method 0 0 4 20
Total 20 100 20 100
No Correct Solution 7 35 8 40
Factor of Change 0 0 6 30

g Equivalent Fractions 11 55 2 10
Cross-product 2 10 2 10
Non-additive 0 0 2 10
Total 20 100 20 100

The 9 problem was a numerical comparison problem involving the context of
mixture. In this problem, there were three containers consisting of water and sugar
cubes. Container A was completely filled with water, and sugar cubes were thrown
into it; Container B was filled with water up to half and 2 sugar cubes were thrown
into it, and 1/3 of Container C was filled with water and 1 sugar cube was thrown
into it. The students were asked whether the water in Container B was the sweetest

after the water in the containers were mixed. This problem could be solved by only
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1 student from the 5™ grade, and by only 9 students from the 6™ grade. These

students used the strategy of equivalent fractions.

The solution from the 6™ grade in Figure 51 is an example of the strategy of
equivalent fractions in this problem. This student showed that 3/3 of Container A,
1.5/3 of Container B and 1/3 of Container C was filled with water. She said that if
all of Containers B and C were filled with water, 4 cubes of sugar should be put
into Container B and 3 cubes of sugar into Container C. In this case, Container B

had the sweetest sugar-water mixture.
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Figure 51 Equivalent fractions strategy for the ninth problem

The 7" grade students used two different strategies to solve this problem: the
strategies of factor of change (10%) and equivalent fractions (40%). Like the 7™
grade students, the 8" grade students also used two different strategies in order to
find the correct solution: the strategies of equivalent fractions (55%) and cross

product (10%).

The solution from the 7 grade in Figure 52 is an example of the factor of change
strategy. This student thought that Containers B and C were also completely filled
with water. In this case, if the amount of water in Container B doubled, the number
of cubes should be doubled. If the amount of water in Container C tripled, the
number of cubes in the container should be tripled. For these reasons, the student

found that the total number of cubes in Container B would be 4, and the total
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number of cubes in Container C would be 3. Then, she concluded that Container B

had the sweetest sugar-water mixture.
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Figure 52 Factor of change strategy for the ninth problem

The 19" problem was a numerical comparison problem involving the context of
mixture. In this problem, there were two carafes filled with lemonade. The red
carafe had two cups of lemon squash and 4 cups of water. The green carafe had 4
four cups of lemon squash and 6 cups of water. The students were asked which
lemonade in the carafes tasted more lemon. Only 2 students from the 5 grade could
solve this problem correctly, and these students used the factor of change strategy.
Most of the 6™ grade students (30%) used the factor of change strategy, and only 1
student reached the correct answer using the strategy of equivalent fractions. Most
of the 7' grade students (25%) used the strategy of equivalent fractions, and 20%
of the 7™ grade students used the factor of change strategy. On the other hand, it
was observed that the number of the types of strategies used by the 8" grade
students increased to three. 6 students used the factor of change strategy, 2 students
used the strategy of equivalent fractions, and 2 students used the cross-product

strategy.

The solution from the 6™ grade in Figure 53 is an example of the factor of change
strategy. This student stated that the number of cups of water was 2 times of the
number of cups of lemon squash in the red carafe, but the number of cups of water
was less than 2 times of the number of cups of lemon squash in the green carafe.

For this reason, the lemonade in the green carafe tasted more lemon.
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Figure 53 Factor of change strategy for the nineteenth problem

The solution from the 7" grade in Figure 54 is an example of the strategy of
equivalent fractions. This student firstly wrote the ratios of the number of cups of
lemon squash to the number of cups of water for both carafes. To compare these
fractional ratios, he equalized the numerators of the ratios by multiplying the
numerator and denominator of the ratio in the red carafe by 2. Therefore, the ratio
in the red carafe was 4/8, and the ratio in the green carafe was 4/6. To conclude, the
student wrote that when the numbers of cups of the lemon squash were equal each

other, the taste of lemon in the lemonade with less water was felt more.

Figure 54 Equivalent fractions strategy for the nineteenth problem

The solution from the 8" grade in Figure 55 is an example of the cross-product
strategy. This student firstly calculated the number of cups of lemon squash to be
put in a cup of water for both carafes using the cross-product strategy. The number
of cups of lemon squash to be put in a cup of water was 0.5 of a cup in the red carafe
and about 2/3 of a cup in the red carafe. For this reason, the student concluded that
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the taste of lemon was more felt in the green carafe, because the number of cups of

lemon squash to be put in a cup of water was more than in the red carafe.

Figure 55 Cross-product strategy for the nineteenth problem

The solution from the 5" grade level in Figure 56 is an example of erroneous
additive method. This student stated that the number of cups of water was two more
than the number of cups of lemon squash in both carafes. For this reason, he
concluded that lemon taste was equally felt in both carafes. This student could not
think of the multiplicative relationship between the numbers of the cups of lemon

squash and water.

Figure 56 Incorrect use of additive reasoning for the nineteenth problem

In the 10" problem, there were a rectangular photograph with a length of 3 cm and
5 cm and a new photograph which was created with a 200% extension of this
photograph. The students were asked which photograph looked more like a square.

This problem was a numerical comparison problem. In the solution, the students
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were expected to write that since all sides of the photograph were enlarged at the
same ratio, the enlarged photograph and the original photograph looked like a
square equally. Therefore, the students were not expected to use any strategy.

Similarly, in the 20" problem, there were 4 rectangular flowerpots at different
lengths. The students were asked which of these rectangles looked more similar to
the square shape. The lengths of the rectangular flowerpots were given in the
options. They were 27 cm-30 cm, 17 cm-20 cm, 7 cm-10 ¢cm and 37 cm-40 cm in
length. This was a numerical comparison problem. Since all sides of a square were
equal, the ratio between the sides was 1. For this reason, the students were expected
to find in which rectangle the ratio between the lengths of different sides was closest
to 1. Since the difference between the lengths of the given sides was 3 in all options,
the students were expected to select the rectangle with the largest edge length.

Therefore, the students were not expected to use any strategy.

As a summary, it was seen that the students used different strategies according to
types and contexts of the proportional reasoning problems and even according to
whether the factors of change within and between ratios in the missing value
problems were an integer. In general, the 5™, 6™ and 7" grade students mostly used
the factor of change, unit rate and build-up strategies in the missing value problems,
but the 8" grade students used the cross-product strategy in these problems.
Moreover, all the students mostly used the strategies of factor of change, equivalent
fractions and unit rate in the numerical comparison problems. On the other hand,

equivalent class strategy was not used in any problem.
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CHAPTER 5

DISCUSSION, IMPLICATIONS AND RECOMMENDATIONS

The aims of this study were to specify the academic achievement of the students
from the 5" to 8" grade in proportional reasoning problems, to determine whether
academic achievement of these students changes according to problem types and to
examine their solution strategies in these problems. Based on these aims, in Chapter
1, the importance of proportional reasoning and the necessity of analyzing solution
strategies of the students were mentioned. In Chapter 2, the terms related to
proportional reasoning, improvement of proportional reasoning skills depending on
grade level, additive and multiplicative reasoning, types of proportional reasoning
problems and solution strategies, and the results of various studies related to
proportional reasoning were mentioned. Next, Chapter 3 focused on the
development of the achievement test, methodology and research design. In Chapter
4, both qualitative and quantitative findings were represented. This final chapter
focuses on the research questions in line with the qualitative and quantitative
findings represented in Chapter IV. In addition, some implications of the study and

recommendations for further research are given.

5.1 Discussion of the Findings

5.1.1. Discussion of academic achievements of the students between the 5t and
8t grade in the proportional reasoning test

In the quantitative part of the current study, the first research question, which
searches for the academic achievement of 858 students from the 5% to 8" grade in
the test of proportional reasoning problems was addressed. After the achievement
scores of the students were given, the means of achievement scores were calculated

according to the grade levels. The averages of students' achievement scores in PRT
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increased as the grade level increased. In this case, the mean scores of the 5™ grade
students were the lowest and the average scores of the 8" grade students were the
highest. This finding may be considered to be consistent with the previous studies
which concluded that the success of the students increased as the grade level
increased (Mersin, 2018; Hilton et al., 2016; Toluk-Ugar & Bozkus, 2016; Larson,
2013; Van Dooren et al., 2009; Dole et al., 2007). The development of the
proportional thinking process requires time and experience and, in this respect, it is
emphasized that the studies should be spread over time and students should gain the
ability of proportional reasoning through various examples (Baykul, 2009). On the
other hand, this finding of the current study did not correspond to the results of the
study by Ojose (2015). In the study of Ojose (2015), because the lower grade
students were more successful than higher grade students in some types of
problems, the students' solutions showed that the increase in the grade level did not
mean that students would perform better in proportional reasoning problems.
Another result of the study of the Ojose (2015) was that the sixth and seventh grade
students in the study were not taught the proportional reasoning concept. The
analysis and the interviews showed that all grade level students could have a
conceptual understanding of the subject of proportion without the need to be taught
the concept. This result was consistent with another finding of the current study. In
the Turkish Education System, ratio, which is one of the components of
proportional reasoning, is first taught in the 6™ grade, while the proportion topic is
introduced in the 7 grade. However, at the time of conducting the test of this study,
the concept of proportion was not taught to the 7" grade students yet. For this
reason, in the current study, the 5, 6" and 7™ graders were not formally taught the
concept of proportional reasoning, but they already had a mathematical feel of
proportional reasoning in their schemes before formal teaching. These students
were able to reach the correct solutions to the problems, proving the existence of
their proportional reasoning. On the other hand, even though the fifth, sixth and
seventh grade students had proportional reasoning skills, the percentage of the
students at these grade levels who correctly solved the problems in the test was
quite low compared to the percentage at the eighth grade. At this point, it can be

said that both formal learning of proportionality in the lesson and gaining
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experience in proportional reasoning problems improve students' proportional

reasoning skills.

The test instrument of the study (PRT) consisted of missing value, numerical
comparison and inverse ratio problems. The percentage of students who could not
solve especially numerical comparison problems and scored zero points was quite
high. For all the grades, the percentage of the students who got 3 points from the
missing value problems was higher than from the numerical comparison problems.
For this reason, it could be said that the types of the problems that the students were
most successful in solving were missing value problems. Similar findings related
to students' better solving of missing value problems than numerical comparison
problems were reported in the study by Ben-Chaim et al. (1998) and Ozgiin-Koca
and Kayhan-Altay (2009). Ben-Chaim et al. concluded that the percentage of the
students who could correctly solve the missing value problems was higher than the
percentage of the students who could correctly solve the numerical comparison
problems. It might be related to the fact that students did not encounter comparison
problems very much in the classroom environment. Additionally, it might be related
to the fact that missing value problems were simpler than numerical comparison
problems. In missing value problems, three values are given, and the students are
asked to find the fourth one. However, in numerical comparison problems, all four
values are given, and students are asked to compare ratios. This was difficult for
students. Most students might not know what kind of operations they needed to do
for comparison, because all four values are given in the problem. As far as inverse
ratio problems were concerned, the 8" and 18" problems were of this kind of
proportional reasoning problems. These problems were aimed at understanding
whether students knew the concept of inverse proportion, and they did not require
any mathematical solution. 24.3% of the 5%, 30.1% of the 6", 39.8% of the 7" and
63% of the 8" grade students got full point from the 8" problem, and in the 18"
problem, 42.4% of the 5%, 46.9% of the 6™, 56.6% of the 7" and 72.5% of the 8"
grade students could realize the inverse relationship between the quantities. These
percentages may not be considered very low compared to other problems. Taking

into account the fact that the fifth, sixth and seventh grade students have not been
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taught these subjects yet, it might be said that the concept of inverse proportion has
started to develop in these students. This finding might be considered as compatible
with the results of the study by Mersin (2017). In that study, the fifth and sixth grade
students often found it difficult to answer problems with an inverse proportion. The
difficulty of these students in these problems showed that the concept of proportion
was still developing. In such problems, the seventh-grade students were more
successful because they had already encountered the concept of proportion, as 8™
grade students were more successful in the current study. In addition, it was seen
that the percentages in the 18" problem was a little higher than the 8" problem. This
might be due to the context of the problems. The 8™ problem was related to speed
and time, and the 18" problem was related to how the number of painters changed
the dyeing time. This might be due to the fact that the students were more able to
relate the 18" problem to daily life.

In addition to problem types, numerical structures of the problems affected the
achievement of the students in the current study. The students in all grade levels
showed better performances when the factor of change within and between ratio in
the missing value problems was an integer. The percentages of the students who got
3 points from the missing value problems were 58.7% in the 1 problem where
factor of change between ratios was an integer, 39.4% in the 2" problem where
factor of change within ratios was an integer, 21.1% in the 4™ problem where factor
of change within ratios was an integer and 29.5% in the 6" problem where factor
of change within ratios was an integer. On the other hand, the percentage of the
students who got 3 points from the 3™ problem where neither factor of change was
an integer was 14.8. They had difficulty solving the missing value problems when
the factor of change between and within ratio was a non-integer. In this case,
students could find a multiplicative relationship neither between nor within ratios
from their mind, and it might be difficult for students to make operations with
decimal numbers. This often leads students to use additive methods incorrectly or
not to try to solve the problem. This finding corresponded to the findings of
previous studies in which number structure of missing value problems was reported

(Riehl & Steinthorsdottir, 2017; Artut & Pelen, 2015; Dooren, Bock and
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Verschaffel, 2010; Tjioe & Torre, 2014; Heller et al., 1989). Moreover, the students
were able to solve problems where the factor of change between ratios was an
integer better than the problems where the factor of change within ratios was an
integer. This might be due to the fact that problems where the factor of change
between ratios was an integer lead to students to find the unit rate. For example, in
the 1% problem, three apples were given 90 cents and students were asked to
calculate how many cents would be given for 7 apples. Here, the ratio of three
apples to 90 cents was expressed as the factor of change, and additionally, it was
easy to find the price of one apple for most students. The percentage of these
students was 58.7%. On the other hand, in the 2" problem, the price of 24 books in
a bookstore where 6 books were 4 TL was asked. Here, the price of a book was a
decimal number, because the factor of change between ratios was a non-integer.
Hence, most students had difficulty finding the unit rate. The students who realized
that the factor of change within ratios was an integer were able to solve the problem
correctly. The percentage of these students was 39.4%; this was quite low compared
to the 1% problem. Therefore, the students were able to solve problems where the
factor of change between ratios was an integer better than the problems where the
factor of change within ratios was an integer. A similar result to the current study
was not found in the literature, but a study with the opposite result was found. This
finding did not correspond to the result of the study by Riehl and Steinthorsdottir
(2017). They showed that when problems included only one integer ratio, students
were more successful when factor of change within ratios was an integer. They
concluded that easiest problems had an integer factor of change within ratios. On
the other hand, students had the most difficulty in solving the problems where both
factor of change between and within ratios were not integers. The 3™ and 13™
problems were the examples to this type of problem. The percentage of the students
who got 3 points was 14.8% in the 3™ problem and 30.8% in the 13" problem. These
percentages were higher in the 13™ problem. The reason for this might be that even
if the change factor was not an integer, calculating how many times 10 minutes
were 4 minutes might be easier than calculating how many times the 30 minutes

were 12 minutes.
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5.1.2. Discussion of strategies mostly used by the students between the 5" and
8t grade in the proportional reasoning test

In qualitative part of the current study, the second research question of the study
about the strategies mostly used by these strategies in the proportional reasoning
problems was addressed. The solution strategies used by the students in each

problem were examined in detail.

In the current study, the mostly used strategy was factor of change at the 5, 6™ and
7" grades. This finding might be considered different from the results of most
studies in the literature. The unit rate strategy was mostly preferred by the students
to solve the proportional reasoning problems according to the result of these studies
(Kahraman, Kul & Iskenderoglu, 2018; Kiipgii, 2008; Kayhan, 2005; Ozgiin-Koca
& Kayhan-Altay, 2009; Cramer & Post,1993; Christou & Philippou, 2002; Pakmak,
2014). There were a few studies in the literature which had similar results with the
current study. According to the study of Avcu and Dogan (2014) and Avcu and
Avcu (2010), the students mostly used the factor of change strategy to solve the
proportional reasoning problems. Since the subject of proportion was not included
in the curriculum, it might be thought that the fifth, sixth and seventh grade students
intuitively solved the proportional reasoning problems by using the factor of change
strategy. Moreover, the most commonly used strategy after the factor of change
strategy was the unit rate strategy as in most studies in the literature. On the other
hand, the 8" grade students mostly used the cross-product strategy to solve the
proportional reasoning problems in the current study. This finding might be
considered as consistent with most of the previous studies which reported the
mostly used strategies by 8" grade students (Kahraman, Kul & Iskenderoglu, 2018;
Kiipcii, 2008; Duatepe, Akkus-Cikla & Kayhan, 2005; Incebacak & Ersoy, 2016;
Cramer & Post, 1993). This might be due to the fact that the 8 grade students had
already been taught the subject of proportion and especially the cross-product
strategy to solve proportional reasoning problems. For this reason, it was a
predictable result. Although most people define proportional reasoning with the
usage of cross-product strategy, researches show that the correct proportional

reasoning does not involve merely understanding fractions and rational numbers,
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but also competence in other areas such as ratio sense, relative thinking,
partitioning, unitizing and changing quantities (Lamon, 1999). Therefore, teaching
of cross-product algorithm is not approved by many mathematic educators (Dole,
Wright & Clarke, n.d). When the students who reached the correct results of the
problems with the cross-product strategy were examined, it was seen that most of
them had difficulty in solving the problems except the missing value problems.
Numerical comparison problems in PRT of the current study could be solved by
very few students. Students can develop numerical comparison strategies after
solving proportion problems with informal reasoning skills. Thus, before students
learn the rules for proportional reasoning, they can construct their own informal
knowledge and develop concepts for proportional reasoning (Ugar & Bozkus,

2016).

The 1% and 11" problems of was missing value problems in which the factor of
change was an integer and which was suitable for finding the unit rate to be solved.
Therefore, most of the students used the unit rate strategy in order to solve the
problem. According to the study of Christou and Philippou (2002), when the
numbers in the problems did not allow students to calculate the unit rate, they turned
to other solution strategies such as the build-up strategy, which is one of the
simplest methods to solve the problem. However, in the current study, when the
numbers in the problems did not allow students to calculate the unit rate, most of
the students firstly preferred the factor of change strategy. The 2" problem
illustrates this situation very well. Most of the students used the factor of change
strategy to solve this problem. On the other hand, the students could not even use
the factor of change strategy to solve the 3™ and 13™ problems, because these
problems were missing value problems in which the factor of change was a non-
integer. Therefore, they mostly used the build-up strategy. Most of the students,
including even the 8™ grade students, used the factor of change strategy to solve the
4™ and 14" problems. The fact that the context of the problem was part-part-whole
might have been effective for the 8" grade students to use the factor of change
strategy instead of the cross-product strategy. The 5™ and 15" problems had the

context of similarity which was accepted as one of the most difficult contexts for
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students. In the 5™ problem, none of the 5" and 6™ grade students could use a
strategy, while most of the 7 grade students used the factor of change strategy even
though the factor of change was non-integer, and most of the 8™ grade students used
the cross-product strategy. These finding corresponded to the study related to the
fact that the solution strategies and achievement level of students were affected by
the context of the problem (De La Cruz, 2013). Although the 7, 9™, 17" and 19
problems were numerical comparison problems, the mostly used strategies for
solving these problems were different. The mostly used strategy was equivalent
fractions in the 7 and 9" problems, while the mostly used strategy was factor of
change strategy in the 17" and 19™ problems. The reason for using different
strategies in the same type of problems might be the numerical structure of the
problems. To be more specific, in the 7" problem, it was given that the package
consisting of 16 A brand chocolates was priced at 20 TL and the package consisting
of 12 B brand chocolates was priced at 16 TL. In short, the students were expected
to determine which chocolate package was more economical. Similarly, in the 17
problem, there were two different brands of washing powder. 1 kg of A branded
washing powder was priced at 5 TL and it could wash laundry for 20 times. On the
other hand, 1.5 kg of B branded washing powder was priced at 6.5 TL and it could
wash laundry for 30 times. In short, the problem asked which detergent brand was
more economical. Although the factor of change between and within ratios in both
problems was not an integer, it was easy to find the factor of change in the 17
problem. Because 1.5 kg was 1.5 times 1 kg, multiplying 5 TL by 1.5 was easy for
most students in the 17" problem. Therefore, the factor of change strategy was
mostly used in the 17, On the other hand, it was not easy to figure out how many
times 20 was 16 or how many times 16 was 12 in the 7™ problem. For this reason,
most students could not calculate the factor of change in any way. Therefore, the
students found which package was more economical by calculating the unit price
of chocolates, by equalizing the number of chocolates in the packages, or by
equalizing the price of the packages. The mostly used strategy was equivalent
fractions in the 7 problem. Shortly, the reason for using different strategies in the
same type of problems might be the numerical structure of the problems. This

finding corresponds to the study of Fernandez et al. (2011) which was related the
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effects of the numerical structure of the proportional reasoning problems. They
found that the magnitude of the numbers in the problems and the numerical
relationship between the quantities greatly affected how the students solved the
problems. Additionally, the problems in which the additive method was mostly used
and the additive method was used incorrectly were the 7% 9% 17" and 19"
problems. This might be explained by the fact that students did not know how to
develop a solution because they did not encounter numerical comparison problems
very often. In addition, incorrect use of the additive method to solve the
multiplicative reasoning problems decreased from the 5% to the 8™ grade level. This
might mean that school practices and age probably played a decisive role in the
improvement of logic of ratio and proportion. This finding might be considered as
consistent with most of previous studies in the literature (Van Dooren, De Bock &
Verschaffel, 2010; Dole, Wright & Clarke, n.d; Dole et Al., 2007; Hilton et Al.,
2016; Mersin, 2018; Kiipgii & Ozdemir, 2011; Dogan & Cetin, 2009). In order to
overcome these difficulties such as using the additive method incorrectly to solve
the multiplicative reasoning problems, it is stated that teachers should support the
development of students. From this point of view, it is emphasized that it is a useful
first step for teachers to identify the difficulties that students experience in
proportional reasoning in order to support students to develop appropriate additive
and multiplicative reasoning strategies (Van Dooren et al., 2005; Bright et al.,

2003).

5.2. Implications for Mathematics Education

The findings of the current study showed that the academic achievements of the
students in proportional reasoning increased as the grade level increased. This
increase indicates that school practices and age probably played a decisive role in
the improvement of logic of ratio and proportion. Although the achievement level
increased with the grade level, the average achievement scores of the students were
low in general. In addition to this, it was observed that students used a limited
number of strategies, left some types of problems unanswered, and used strategies
incorrectly in some types of problems. This might be an indication that students

generally have low proportional reasoning skills. Even though the low averages of

127



the fifth, sixth and seventh grade students could be considered normal because they
had not yet encountered the content of proportionality, the average of 8" grade
students below 30 out of 60 was an indicator of low success. Although the
secondary school mathematics curriculum includes many important concepts, one
of the most common one is proportionality. To understand mathematics at high
school and college level, it is essential to grasp proportion in middle school years
(Johnson, 2010). At this point, students need to be experienced more often with
situations aimed at improving their proportional reasoning skills in these middle
school years. In addition, proportional reasoning is necessary not only for
mathematics courses but also for many other disciplinary areas, which is a topic
that needs to be emphasized (Lesh, Post, & Behr, 1989). Therefore, it may be useful
for teachers to prepare lesson plans by identifying students' wrong strategies and
conceptual and operational deficiencies. Instead of solving certain types of
proportional reasoning problems, it may be more beneficial to have students solve
all kinds of problems mentioned in the current study. To be more specific, students
are used to solving missing value problems, but they have difficulty solving
numerical comparison problems. Students are successful in solving the problems
where the factors of change within or between ratios are integers, but they have
difficulty when the factors of change are non-integers. Additionally, they have
difficulties in solving problems whose contexts are similarity or mixture. Therefore,
these types of problems should be included frequently in textbooks, and teachers
should ensure that their students solve these kinds of problems. Enabling students
to solve these types of problems frequently will be effective in terms of using

different strategies in their solutions.

Experiences from daily life and school life play an important role in proportional
reasoning skills. In the early years of childhood, children face proportional
relationships in simple forms (Van den Brink & Streefland, 1979). Before students
learn the rules for proportional reasoning, they can construct their own informal
knowledge and develop concepts for proportional reasoning (Ucar & Bozkus,
2016). To verify these facts, in the current study, although the 5%, 6 and 7™ grade

students were not taught about the subject of proportionality, they were able to
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reason proportionally in the proportional reasoning problems. However, their
solutions of the problems showed that their proportional reasoning skills were very
limited. The test of the current study consisted of missing value, numerical
comparison and inverse ratio problems. All the students, including the 8™ grade
students, were able to partially solve the missing value problems better, while most
of the students had difficulty solving the numerical comparison problems. Because
missing value problems were classified according to their context and numerical
structure, it was observed that most of the students could not solve some types of
the missing value problems. The reason why students had difficulty in solving these
kinds of problems might be that they were not experienced in solving a wide range
of proportional reasoning problems in the classroom environment. In order to
enable students to solve different types of proportional reasoning problems,
teachers should direct students to reflect on them by presenting different problems

in addition to the problems in the textbook.

Another finding of the current study was that the students mostly used the unit rate,
factor of change and cross-product strategies to solve the proportional reasoning
problems. While equivalent fractions and build-up strategies were rarely used, the
equivalent class strategy was never used. In order to prevent the students from using
certain strategies, the problems posed by the teachers to the students in the
classroom should force students to use different strategies. In the usage of different
strategies by the students, teachers need to take an active role in teaching proportion
ratio concepts. Teachers need to solve a lot of kind of problems in the classroom
that will encourage students to use different strategies. In this way, students will be
looking for a different solution since they cannot use strategies like the unit rate and
factor of change that they are used to. Another reason for this situation might stem
from the fact that teachers might not be aware of these strategies. Thus, it would be
beneficial if teachers thoroughly learn these different strategies and share them with
their students. It is important for teachers to understand proportional reasoning with
different viewpoints, to apply specific teaching strategies in order to improve
students' proportional reasoning and to develop basic concepts related to

proportional reasoning (Hilton et al., 2016). At this point, it may be more effective
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to attach importance to identifying and developing the proportional reasoning skills
of prospective teachers. For this reason, different solution strategies should be

discussed more in the lessons.

Additionally, the 8" grade students used mostly the cross-product strategy, because
they had been already taught the subject of ratio and proportionality and cross-
product strategy. However, the students who used this strategy also had difficulties
in finding the right answer as they could not remember the strategy. In the ratio and
proportion problems, most of the middle school students use the cross-
multiplication to solve the proportion and then, find the missing value (Cramer &
Post, 1993). Nevertheless, this method is identified as memorization such that it
cannot be said that these students solve the proportion through proportional
reasoning. Thus, the teaching of cross-multiplication algorithm is not approved by
many mathematic educators (Dole & Wright, n.d). The students who can reason
proportionally solve the proportional problem situations, distinguish the
proportional and non-proportional situations and especially comprehend the
mathematical relationships in the multiplicative proportional problems (Cramer,
Post & Currier, 1993). In brief, it cannot be claimed that all the students who can
solve the proportional problems can reason proportionally. Thus, it is important to
support conceptual understanding before moving on to procedural strategies. In this
way, students might have a chance to solve problems correctly when they have

difficulty in remembering the formulas.

5.3. Recommendations for Further Research Studies

The participants of the current study were selected based on convenience sampling
from the accessible population which included public schools in Mamak District of
Ankara. The first recommendation can be made regarding the sample of the study.
The same study can be conducted with a larger sample randomly selected from
nationwide schools in a way to represent the fifth, sixth, seventh and eighth grade
students in Turkey. Thus, the results of the study can contribute to a larger number
of students. Another recommendation may be to include primary and high school

students in the sample of the study in a longitudinal study. Thus, the development
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of students' proportional reasoning skills can be observed more comprehensively
from primary to high school years. On the other hand, by applying the study to a
smaller number of students instead of applying to more students, the proportional
reasoning skills of the students can be examined in depth through interviews. Thus,
the strategies students use, the origin of the misuse of the strategies, or the reason
why students have difficulty in some types of problems may be better understood.
In this study, students' academic success in solving proportional reasoning
problems and the strategies they used to solve the problems were mostly focused
on. In the qualitative part of the current study, even though some attention was paid
to the misuse of the additive solution methods in multiplicative cases, there was not
much focus on why students had these misuses. Therefore, further research studies

can focus on why students might have had these misuses to prevent them.

The test instruments of the current study consisted of missing value, numerical
comparison and inverse ratio problems. Qualitative proportional reasoning should
precede quantitative proportional reasoning and it should be seen as a necessary
element for proportional reasoning, not just complementary (Kadijevic, 2002). For
this reason, future studies can conduct a test including qualitative comparison
problems in addition to the missing value, numerical comparison and inverse ratio

problems.

Additionally, whether the fact that the students use certain strategies to solve the
problems is related to how textbooks or teachers teach the subject of ratio and
proportion can be investigated. For this purpose, a study can be conducted to
examine how the subject of proportion is taught in the textbooks used by middle
school students. Moreover, with a sample of mathematics teachers working in
different middle schools, a qualitative study can be conducted to understand the
level of proportional reasoning skills of these teachers and how they teach their

students the subject of proportion.
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APPENDICES

APPENDIX A. PROPORTIONAL REASONING TEST

1. Bir meyve reyonunda, 3 elma 90 kurustur. 7 elma almak isteyen bir kiginin ne kadar iicret demesi
gerekir?

2. Tiim kitaplarin fiyatinin ayni oldugu bir kitapgidan Merve 6 kitap alir ve 4 TL dder. 24 kitap alan
Riiya’nin kag TL 6demesi gerekir?

3. Bir baski makinesinin 14 sozIiigii yazmasi 12 dakika siirmektedir. Bu makine 30 dakikada kag
sozlik yazabilir?

4. Matematik 6gretmeni Gamze, her grupta 4 erkek 6grenci olacak sekilde dgrencileri 6 kisilik
gruplara ayirabilmektedir. Sinifta toplam 30 &grenci bulunduguna goére toplam kiz &grenci
sayisint bulunuz.

5.
4cm Yandaki iki dikdortgen birbirine benzer
sekildedir, fakat biri digerinden daha
10 cm biiyiiktiir. Biiyilk olan dikdortgenin uzun
kenarinin uzunlugu ka¢ cm’dir? Cevabinizi
islemlerle gosteriniz.
6cm

6. Emre, 84 TL degerinde bir miizik ¢alar almak i¢in para biriktirmeye karar verir. Emre’ye destek
olmak i¢in annesi, Emre’nin biriktirdigi her 2 TL i¢in ona 5 TL verecegini sdyler. Sizce Emre 24
TL biriktirdigi zaman annesinin verecegi parayla birlikte miizik ¢alar1 satin alabilmek icin yeterli
paraya sahip olacak midir? Cevabinmizi islemlerle gdsteriniz.
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7. == ==

A marka B marka

16 adet 12 adet

20 TL 16 TL
R

Merve ve Elif atistirmalik bir seyler almak i¢in markete girerler. Markette 16’11 A marka ¢ikolata
paketinin 20 TL, 12’li B marka ¢ikolata paketinin 16 TL oldugunu goriirler ve B marka g¢ikolata

paketini almay1 tercih ederler. Sizce yaptiklari secim ekonomik midir? Nedeninizi iglemlerle
aciklayiniz.

8. Neslihan 20 saniyede 100 metre kosmaktadir. Eger aym mesafeyi iki kat hizla kosarsa, siire iki

katina cikacaktir.
- Yukarida verilen ifade i¢in uygun olani isaretleyiniz: () Dogru ( ) Yanhs

- Neden dogru ya da yanlisi sectiginizi bos birakilan yerlere islemlerle agiklayiniz.
- Nedeninize uygun bir sikki asagidakilerden se¢iniz.

A. Hiz iki katina ¢ikarsa zaman da iki katina ¢ikar.
B. Hiz iki katina ¢ikarsa zaman yariya diiger.
C. Mesafe degismez.

D. Daha hizli kosmak gecen zamani etkilemez.

9. Aym biiyiikliikteki {i¢ kabm igerisinde farkli miktarlarda su ve kiip seker bulunmaktadir. A kab1
tamamen su ile doludur ve igerisine 3 kiip seker atilmigtir. B kabi yarisina kadar su ile doludur

1
ve igerisine 2 kiip seker atilmigtir. C kabinin ise — 4 su ile doldurularak

igerisine 1 kiip seker atilmistir.

&
"Nl « > B
N B L

Sekerler karistirildiginda B kabindaki su en tathdir.

- Yukarida koyu renkle verilen ifade i¢in uygun olani igaretleyiniz:

( ) Dogru () Yanhs

- Neden dogru ya da yanlisi segtiginizi bos birakilan yerlere islemlerle aciklayiniz.
- Nedeninize uygun bir sikki asagidakilerden se¢iniz.

A.A kabindaki su en tatlidir, ¢iinkii en ¢ok seker a kabina atilmusgtir.

B.C kabindaki su en tatlidir, ¢ilinkii en az su C kabindadir.

C.B kabi1 tamamen su ile doldurulursa toplam 4 kiip seker atilmasi gerekir.
D.Tiim kaplardaki sular ayni tatliliktadir.

10. Ilayda, kenar uzunluklar1 3 cm ve 5 cm olan dikddrtgen seklindeki vesikalik fotografini bir
fotokopi makinesinde %200 biiyiitme secenegini kullanarak genisletiyor. Sizce genisletilmis
fotograf m1 yoksa orijinal fotograf m1 kareye daha ¢ok benzemektedir? Cevabinizi bos birakilan
yerlere agiklayiniz.
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A.Orijinal fotograf kareye daha ¢ok benzemektedir.

B.Genisletilmis fotograf kareye daha ¢cok benzemektedir.

C.iki fotograf esit sekilde kareye benzemektedir.

D.Hangisinin kareye daha ¢ok benzedigine karar vermek igin verilen bilgiler yeterli degildir.

11.Bir markette 5 adet ¢ikolata 0,75 TL degerinde olduguna gore 13 adet ¢ikolata kag TL’dir?

12.Gamze bir iste 12 hafta calisiginda 600 TL kazanmaktadir. Her hafta ayni miktarda para
kazandigina gore, Gamze’nin 200 TL kazanmasi i¢in kag hafta ¢caligmasi gerekir?

13.Bir baski makinesi 4 dakikada 18 kitap yazmaktadir. Bu makine 10 dakikada kag kitap yazabilir?

14 Bir smifta 6grenciler her grupta 3 kiz 6grenci olmak tizere 5 kisilik gruplar halinde oturmaktr.
Sinifta toplam 25 6grenci oldugunu gore kiz ve erkek 6grencilerin sayisint bulunuz.

15. A kelebegi B kelebegi
'r.'. ' ." 2cm F \/ 3
¥ ° ; ° 4cm
3cm Y
6 cm

Bilge farkl: biiytikliiklerde dikdortgen seklindeki kagitlara iki kelebek resmi ¢izdi. B kelebeginin
kapladig1 alan A kelebeginin kapladigi alanin 2 katidir.

- Yukarida verilen ifade igin uygun olani isaretleyiniz:

( )Dogru ( ) Yanhs

- Neden dogru ya da yanlisi segtiginizi bos birakilan yerlere islemlerle aciklayiniz.
- Nedeninize uygun bir sikki asagidakilerden seginiz..

A. B kelebeginin kapladig alan 4 kat daha biiyiiktiir.

B. A kelebeginin eni B kelebeginin eninin yarisidir.

C. B kelebegi A kelebeginin iki kat1 kadar uzunluktadir.

D. Bilge A kelebeginin sadece bir boyutunun 6l¢iisiinii iki katina ¢ikarmustir.

16.S1la, 210 liralik bir MP3 calar satin almak ister. Annesi, Sila’nin biriktirdigi her 2 TL i¢in Sila’ya
5 TL verecegini sOyler. Buna gore Sila’nin annesi MP3 calar icin Sila’ya kag lira verecektir?
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17.

A toz deterjani: B toz deterjani:

e 5TL
e l1kg

e 20 vikama

e 6,5TL
e 1,5kg
e 30 ytkama

A toz deterjan1 daha ekonomiktir.

- Yukarida verilen ifade i¢in uygun olani isaretleyiniz:

( )Dogru ( ) Yanhs

- Neden dogru ya da yanlisi sectiginizi bos birakilan yerlere islemlerle aciklayiniz.
- Nedeninize uygun bir sikki asagidakilerden seciniz.

A. A toz deterjaninin fiyat1 daha azdir.
B. B toz deterjaninin fiyati azicik fazladir ama
10 kez daha fazla yikama yapilabilir.
C. B deterjaninda yikama basina diisen iicret daha azdir.
D. iki toz deterjan da aym degerdedir.

18. Ayni huizda 6 boyaci bir bahgenin gitlerini 4 giinde boyayabilmektedir. Citlerin 2 giinde

boyanabilmesi i¢in ayn1 hizda toplam 10 boyaciya ihtiyag vardir.
- Yukarida verilen ifade i¢in uygun olani isaretleyiniz: ( ) Dogru ( ) Yanhs

- Neden dogru ya da yanlis1 sectiginizi bos birakilan yerlere islemlerle agiklayiniz.
- Nedeninize uygun bir sikki asagidakilerden seginiz.

A.Eger siire 2 giin azalirsa, boyaci sayist da 2 azaltilmalidir. Bu yiizden 4 boyaciya ihtiyag¢ vardir.

B. Eger siire 2 giin azalirsa, boyaci sayisi 2 arttirtlmalidir. Bu yiizden 8 boyaciya ihtiyag¢ vardir.

C. Giin say1s1 yariya disiiriildiigiinde daha ¢ok boyaciya ihtiyag vardir ve iki katina ¢ikarilmalidir, bu
ylizden 12 boyaciya ihtiyag vardir.

D. Citlerin 2 giinde boyanabilmesi i¢in boyaci sayisinin degismesine gerek yoktur.

KIRMIZI YESIL

2 su bardag limon suyu 4 su bardag limon suyu

4 su bardag1 su 6 su bardagi su

Kendi limonatasini yapan Nurgiil Hanim kirmizi siirahinin igine 2 su bardagi limon suyu ve 4 su bardagi
su koyar. Yesil siirahinin igine ise 4 su bardagi limon suyu ve 6 su bardag: su koyar. Buna gore hangi
siirahideki limonatada daha ¢ok limon tad1 vardir? Islemlerle agiklayimiz.

20.Fen bilimleri 6gretmeni Aygiil, bitkilerle deney yapabilmek igin 4 farkli dikdértgensel saksiya

OO WP

sahiptir. Bu saksilarin kenar uzunluklar1 asagidaki siklarda verilmistir. Buna gore bu saksilardan
hangisinin sekli kareye daha ¢ok benzemektedir? Islemlerle aciklaymiz.

. 27 cm—30 cm
17 cm —20 cm

7cm— 10 cm
. 37cm—-40 cm
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APPENDIX B. RUBRIC FOR THE PROPORTIONAL
REASONING TEST

1. Testteki verilmeyen degeri bulma problemlerine iliskin kullanilan dereceli puanlama
anahtari (Ilk 6 problem icin)

OPUAN

- Bos
- Orantisal akil yiiriitmenin var olduguna iligkin ipucu yok
- Verilerin toplamsal karsilastirilmasi var

- Verilerin sayilarin ve iglemlerin rastgele kullanimi var

1 PUAN
- Sadece sonug belirtilmis

- Orantisal akil yiiriitmenin var olduguna iliskin ipuglart var (Yanlis degiskenler arasinda oranti
kurma, gorsel verileri kullanarak oranti kurma gibi)

- Orant1 ¢esidi fark edilmemis

2 PUAN

- Beklenen degiskenler arasinda orantisal akil yiirlitme var, ancak sonuca ulasilamamig
- Beklenen degiskenler arasinda orantisal akil yiirlitme var, ancak islem hatalar1 yapilmisg

3 PUAN

- Soruyu tam ve dogru ¢ozebilmek i¢in gereken orantisal akil yiirlitme var ve sonuca ulasilmig

2. Testteki niceliksel karsillastirma ile ilgili maddelere iliskin kullanmilan dereceli
puanlama anahtar1 (Son 4 problem)

0 PUAN

- Bos

- Sadece sonug belirtilmis

- Yanlis degiskenler arasinda orant1 kurulmus

- Orantisal akil yliriitmenin var olduguna iliskin ipucu yok
- Verilerin toplamsal karsilastirilmasi var

- Verilerin sayilarin ve iglemlerin rastgele kullanimi var

1 PUAN

- Beklenen degiskenler arasinda orantisal akil yiiriitme becerisini kullanarak ya da kullanmayarak,
dogru sonuca ulasilmis, ancak yanlis yorumlanmis

- Dogru yanit verilmis ancak agiklama yetersiz
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2 PUAN

- Beklenen degiskenler arasinda orantisal akil yiiriitme becerisine sahip olundugu gosterilmis, dogru
sonuca ulasilmig, ancak yapilan agiklama yetersiz ya da islem hatasi nedeniyle dogru sonuca
ulasilamamisg

- Dogru sonuca ulasmamis olsa da bulunan sonuca gore yapilan dogru yorumlanmis

3 PUAN

- Dogru sonuca ulagmak icin gerekli orantisal akil yiiriitme becerisi iyi diizeyde gosterilmis ve dogru
aciklama yapilmis
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APPENDIX C. PARENTS’ CONSENT FORMS &
INFORMATION FORMS

VELI ONAY FORMU

Sevgili veli,

Bu arastirma, ODTU Ilkdgretim Fen ve Matematik Egitimi Boliimii Yiiksek
Lisans dgrencisi Gamze OZEN YILMAZ tarafindan, Yrd. Dog. Dr. Didem
AKYUZ damigmanhgindaki yiiksek lisans tezi kapsaminda yiiriitiilmektedir. Bu
form sizi arastirma kosullar1 hakkinda bilgilendirmek i¢in hazirlanmistir.

Bu ¢calismanin amaci nedir?

Bu ¢aligmanin amaci1 ¢ocugunuzun da egitim-6gretim gordiigii okuldaki
ogrencilerin (5, 6, 7 ve 8.s1n1f) matematik yapmanin temelini olusturan ve akil
yiiriitme ¢esitlerinden biri olan orantisal akil yiiriitme becerileri hakkinda bilgi
edinmektir.

Cocugunuzun katihmei olarak ne yapmasim istiyoruz?

Bu amag dogrultusunda, ¢ocugunuzdan 20 sorudan olusan testi 2 ders saati (80
dakika) stiresinde cevaplamasini isteyecegiz ve cevaplarini yazili bigiminde
toplayacagiz. Sizden ¢cocugunuzun katilimci olmasiyla ilgili izin istedigimiz gibi,
caligmaya baglamadan ¢ocugunuzdan da sozlii olarak katilimiyla ilgili rizasi
mutlaka alinacak.

Cocugunuzdan alinan bilgiler ne amacla ve nasil kullanilacak?
Cocugunuzdan alacagimiz cevaplar sadece aragtirmacilar tarafindan
degerlendirilecektir ve kendi ders 6gretmeni tarafindan puanlandirilmayacaktir.
Elde edilecek bilgiler sadece bilimsel amagla kullanilacak, cocugunuzun ya da
sizin ismi ve kimlik bilgileriniz, hi¢bir sekilde kimseyle paylasilmayacaktir.
Cocugunuz ya da siz calismay yarida kesmek isterseniz ne yapmahisiniz?
Katilim sirasinda sorulan sorulardan ya da herhangi bir uygulama ile ilgili bagka
bir nedenden &tiirii cocugunuz kendisini rahatsiz hissettigini belirtirse, ya da kendi
belirtmese de arastirmaci cocugun rahatsiz oldugunu 6ngoriirse, ¢alismaya sorular

tamamlanmadan ve derhal son verilecektir.
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Bu ¢alismayla ilgili daha fazla bilgi almak isterseniz:

Calismaya katiliminizin sonrasinda, bu ¢alismayla ilgili sorulariniz olursa yazil
bi¢cimde cevaplandirilacaktir. Calisma hakkinda daha fazla bilgi almak igin
[Ikdgretim Fen ve Matematik Egitimi Boliimii 6gretim elemanlarindan Dog. Dr.
Didem AKYUZ ile (e-posta: dakyuz@metu.edu.tr) ya da yiiksek lisans dgrencisi
Gamze OZEN YILMAZ (e-posta: e173307@metu.edu.tr) ile iletisim

kurabilirsiniz. Bu ¢alismaya katiliminiz i¢in simdiden tesekkiir ederiz.

Yukaridaki bilgileri okudum ve cocugumun bu calismada yer almasini

onaylyyorum (Liitfen alttaki iki se¢enekten birini isaretleyiniz.

Evet onayliyorum__ Hayrr, onaylamiyorum___

Velinin adi-soyadi: Bugiiniin tarihi:

Cocugun adi1 soyadi ve dogum tarihi:

(Formu doldurup imzaladiktan sonra arastirmaciya ulastiriniz).
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Arastirma Sonrasi Bilgilendirme Formu

Bu arastirma daha dnce de belirtildigi gibi ODTU ilkdgretim Fen ve Matematik
Egitimi Boliimii Yiiksek Lisans 6grencisi Gamze OZEN YILMAZ tarafindan Yrd.
Dog. Dr. Didem AKYUZ danismanhgindaki yiiksek lisans tezi kapsaminda
yiriitilmektedir. Calismanin amaci egitim-6gretim gordiigiiniiz okuldaki
ogrencilerin (5, 6, 7 ve 8.smif) matematik yapmanin temelini olusturan ve akil
yiiriitme ¢esitlerinden biri olan orantisal akil yiiritme becerileri hakkinda bilgi
edinmektir.

Orantisal akil yiiriitme, ortaokul miifredatinin ve cebirin temeli olarak goriilen
matematiksel akil yliriitme ¢esitlerinden biridir. Harita 6lgeklerinden yola ¢ikarak
gercek uzunlugu bulma, kiloyla orantili olacak sekilde ilag dozlarini ayarlama,
mutfak aligverisi yaparken birim fiyat hesaplama gibi glinliik hayatin islerinde;
fizik, kimya, istatistik ve ekonomi gibi diger disiplinlerde de ihtiya¢ duyulan bir
akil yiiriitmedir. Boylesine 6nemli bir beceriyi ne yazik ki ortaokul 6grencilerinin,
liseden yeni mezun olan ¢ogu 6grencinin ve hatta yetiskinlerin ¢ogunun yeterince
kazanamadig1 goriilmektedir. Ortaokul yillar1 orantisal akil yiiritmenin en kritik
donemi olarak kabul edilmektedir. Orantisal akil yliriitme becerisinin ortaokul
doneminde giiclendirilmesi i¢in izlenecek yollarin degerlendirilmesi ve
gelistirilmesi 6nemlidir. Bu nedenden dolayi, 6grencilerin orantisal akil yiiriitme
becerilerinin hangi siif kademesinde ne seviyede oldugunu ve bu seviyeler ile
akademik basarilar1 arasinda bir iligki olup olmadigini tespit etmek i¢in bu
caligma yapilmaktadir. Calismanin sonuglar1 6gretmenlerin 6grencilerinin
orantisal akil yliriitme becerilerinin gelismesi i¢in nasil destek olabilecekleri
hakkinda fikir verebilecektir.

Bu calismadan alinacak ilk verilerin 2018 aralik ayinin sonunda elde edilmesi

amaclanmaktadir. Elde edilen bilgiler sadece bilimsel arastirma ve yazilarda

kullanilacaktir. Bu arastirmaya katildiginiz i¢in tekrar ¢ok tesekkiir ederiz.
Arastirmanin sonuglarini 6grenmek ya da ¢alisma hakkinda daha fazla bilgi almak
i¢in Tlkdgretim Fen ve Matematik Egitimi Boliimii 6gretim elemanlarmdan Dog.
Dr. Didem AKYUZ ile (e-posta: dakyuz@metu.edu.tr) ya da yiiksek lisans
ogrencisi Gamze OZEN YILMAZ (e-posta: e173307@metu.edu.tr) ile iletisim

kurabilirsiniz.
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b) 10/01/2019 Tarihli ve E.75 sayih yaziniz.

Universiteniz [lkdgretim Anabilim Dali Yiiksek Lisans ogrencisi Gamze OZEN
YILMAZ'in "Ortaokul Ogrencilerinin Orantisal Akil Yiiriitme Seviyeleri ve Bu
Seviyelerle Akademik Basarilari Arasindaki iliski" konulu tez calismasi kapsaminda
uygulama talebi Miidiirligiimiizce uygun goriilmiis ve uygulamanin yapilacag ilge Milli
Egitim Miidiirliigiine bilgi verilmistir.

Gorigme formunun (6 sayfa) aragtirmaci tarafindan uygulama yapilacak sayida
¢ogaltilmasi ve galismanin bitiminde bir drneginin (cd ortaminda) Miidiirliigiimiiz Strateji
Gelistirme Subesine génderilmesini rica ederim.
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APPENDIX F. TURKISH SUMMARY / TURKCE OZET

ORTAOKUL OGRENCILERININ ORANTISAL AKIL YURUTME
PROBLEMLERINDEKI BASARILARINI VE KULLANDIKLARI
STRATEJILERI INCELEME

Ogretmenlerin matematik egitimindeki amaci, giiniimiiziin teknolojisine ayak
uydurmak, yasamin silirekli karmasik oldugu diinyada hayatta kalmay:
diisiinebilmeyi saglamak, olaylar arasinda iligskiler kurmak, akil yliriitmeyi
kullanmak, tahmin etmek ve sayilar1 ve islemleri 6gretme ve hesaplama becerileri
yerine problem ¢dzme becerileri 6grencilere kazandirmaktir (Umay, 2003).
Matematik egitiminin amaci, sahip oldugu bilgileri aktarabilen, problem ¢6zebilen
ve karsilastiklar1 durumlara ¢6ziim {iretebilen bireyler egitmektir (MEB, 2013).
Akl yiirtitme, matematik 6grenmek i¢in 6nemli becerilerden biridir. Matematigi
bilmek ve yapmak olduk¢a cok dnemlidir (NCTM, 1989). Akil yiiriitme, 6zel
matematik aracglari (semboller, tanimlar, iligkiler vb.) ve diisiinme tekniklerini
(timevarim, tiimdengelim, karsilastirma, genelleme vb.) kullanarak yeni bilgi
edinme siireci olarak tanimlanabilir (MEB, 2013). Matematiksel olarak akil
yiiriitebilen bir birey matematiksel kavramlar arasindaki iliskileri gorebilir,
geometrik sekilleri ayirt edebilir, orantili akil yiiriitmeyi kullanabilir, li¢ boyutlu
sekiller i¢cin uzamsal yetenegi kullanabilir, verilerin farkli gosterimlerini sunabilir
ve verileri yorumlayabilir (TIMSS, 2003). Bu yiizden, matematik 6gretiminde akil
yliriitme becerileri, 6grencilerin kazanmasi gereken becerilerin basinda gelir
(Incebacak ve Ersoy, 2016). Akil yiiriitme, bir durumu temsil etme veya bir sorunu
¢ozme yoOntemine bakilmaksizin, carpimsal iligkiye dayandiginda orantilidir.
Orantisal akil yiiritme, orantisal akil yiirlitme problemlerini ¢6zme, orantili
durumlar1 orantili olmayanlardan ayirma ve carpimsal problem durumlarinin

matematiksel iliskilerini anlama yeteneginden olusur. (Cramer, Post ve Currier,
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1993). Bu nedenle, olduk¢a zor ve karmasik bir beceridir (Christou ve
Papageorgiou, 2002). Her ne kadar ¢ogu insan igler-dislar carpimi stratejisinin
kullanimiyla orantisal akil yiirlitmeyi tanimlasa da aragtirmalar dogru orantisal akil
yiiriitmenin sadece kesirleri ve rasyonel sayilar1 anlamay1 degil, ayn1 zamanda oran
algisi, goreceli diisiinme ve c¢okluklar1 boliimlere ayirma, birimlere ayirma ve
degistirme gibi diger alanlardaki yeterliligi de icerdigini gostermektedir. (Lamon,
1999). Cogu 6grenci orantilarla sorun yasar, ¢iinkii geleneksel 6gretim carpimsal
iliskilerin kavranmasini gelistirmektedir. Ogretmenler, dgrencilerin orantili akil
yiirlitme problemlerini ¢dzmeleri icin icler-dislar ¢arpimi algoritmasin
ezberletmektedir. Cogu 6grenci ise bu anlamsiz algoritmay1 hi¢ 6grenemediginden
ya da unuttugundan c¢arpimsal akil yiiriitme iceren problemleri toplamsal olarak
diisiinerek ¢ozmeye calismaktadir (Vanhille ve Baroody, 2002). Vanhille ve
Baroody (2002), 6grenciler bu algoritmay1 basarili bir sekilde uygulamasa bile,
ogrencilerin carpimsal akil yiirlitmelerinin gelismedigini; 6grencilerin orantisal akil
yiiriitme becerisine sezgisel olarak ulagmasi gerektigini vurgulamaktadir. Diger
taraftan, her ne kadar oran ve orant1 kavramlari1 6grencilere ilk kez 6. ve 7. siniflarda
tanitiliyor olsa da arastirmalar, oran ve orantt kavramlari &gretilmeden de
ogrencilerin orantisal akil yiirlitme problemlerini ¢6zebildiklerini géstermektedir.
Ornegin, Ojose (2015) tarafindan yapilan calisma, tiim sif seviyelerindeki
ogrencilerin, konunun O&gretilmesine ihtiya¢ duyulmadan orantt konusunu
kavramsal olarak anlayabilecegini gostermistir. Bulgular cocuklarin 6rgiin 6gretim
oncesinde zaten orantili bir akil yiirlitmeye sahip oldugunu gostermistir. Ayrica,
cogu calisma, 6grencilerin sinif diizeyi arttik¢a, orantisal akil yiiriitme yeteneginin
de arttigin gostermistir (Mersin, 2018; Hilton et al., 2016; Toluk Ug¢ar &Bozkus,
2016; Larson, 2013; Van Dooren et al., 2009). Ilgili literatlire bakildiginda,
Ogrencilerin oransal akil yliriitme becerilerini belirlemek icin farkli ¢6zliim
stratejileri belirlendigi goriilmektedir. Bunlar, birim oran, degisim ¢arpani, denk
kesirler ve icler-diglar ¢arpimi stratejileri (Cramer & Post, 1993), denklik sinifi
stratejisi (Bart, Post, Behr & Lesh, 1994) and arttirma stratejisidir (Ben-Chaim, Fey,
Fitzgerald, M., Benedetto & Miller, 1998; Parker, 1999). Asagida verilen probleme

dogru bir ¢6ziim olacak sekilde, bu stratejilerin her biri kisaca agiklanmustir:
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Bir kitapgida birbirinin aynis1 4 kitabin degeri 40 TL ise 12 kitabin degerinin
ka¢ TL oldugunu bulunuz.

Birim oran stratejisi ile 6ncelikle 1 kitabin kag TL oldugu bulunur. 1 kitabin fiyati
40 TL : 4 = 10 TL islemi ile bulunur. Daha sonra 12 x 10 TL = 120 TL islemi ile
12 kitabin fiyat1 bulunur.

Degisim faktorii stratejisi ile 12 kitap, 4 kitabin 3 kat1 oldugu i¢in 12 kitabin
fiyatinin, 4 kitabin fiyatinin 3 kati olmasi gerektigi distiniiliir. Bu durumda
40 TL x 3 =120 TL islemi ile 12 kitabin fiyat1 bulunur.

Denk kesirler stratejisi ile oranlar denk kesirler olarak algilanir. Burada amag

verilen kesre denk olan bir kesir bulmaktir.

4 12 4x3 12 N ,
— = = —— islemleri ile 12 kitabin fiyat1 bulunur.
40 ? 40x3 120

Denklik sinifi stratejisi ile problemde verilen oran ile istenilen oran bulunana

kadar oran ¢iftleri olusturulur.

Artirma stratejisi, bir oran icerisinde iliski kurarak ikinci orani toplama islemi ile
elde ederek istenilen orana ulagsma yontemidir.

4 kitap 40 TL

8 kitap 80 TL

12 kitap 120 TL

Icler-dislar ¢carpinu stratejisi ile orant1 kurulur ve esitlik ¢oziiliir.

4 kitap 40 TL

P

12 kitap ATL

12x40

4xA=12x40 A=

120

Literatiirdeki c¢aligmalarin  ¢ogu, igler-diglar ¢arpimi stratejisini  Ogrenen
ogrencilerin bu stratejiyi orantisal akil yiiriitme problemlerini ¢6zmek i¢in yaygin
olarak kullandigim gdstermektedir. Ornegin, Bal-incebacak ve Ersoy’un (2016)

caligmasina gore, 7. simf Ogrencileri farkli orantisal akil yiirlitme problemlerini
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¢ozmek icin ¢ogunlukla igler-diglar carpimi stratejisini kullandilar. Calismanin
sonucunda, 6grencilerin ¢okluklari karsilastirmak i¢in i¢ler-dislar carpimi yapmayi
tercih ettikleri goriilmiistiir. Kahraman, Kul ve Aydogdu-iskenderoglu (2018) ise
7. ve 8. smf Ogrencilerinin nicel orantisal akil yiiriitme problemlerinde
kullandiklar1 stratejileri 6grenmek icin bir ¢alisma ylriitmistiir. Arastirmanin
sonucunda 7. smif Ogrencilerinin en ¢ok birim oran stratejisini, 8. siif
ogrencilerinin ise igler-dislar carpimi stratejisini kullandigr goriilmistiir. 7. siif
ogrencilerinin heniiz i¢ler-diglar carpimi stratejisini 6grenmedikleri i¢in cogunlukla
birim oran stratejisini kullandiklar1 belirtilmistir. Bunlara ek olarak, Artut ve Pelen
(2015), 6. smif 6grencilerinin orantisal akil yiiriitme problemlerini ¢ézmek i¢in
kullandiklar: stratejileri ve bu stratejilerin problem tiirli ve problemdeki sayilarin
yapisina gore degisip degismedigini arastirmak amaciyla bir ¢alisma yiirtitmustiir.
Elde edilen sonuglara gore, 6. siif dgrencilerinin ¢ogunlukla hem eksik deger
problemlerinde hem de sayisal karsilastirma problemlerinde problemlerdeki
sayllarin yapilarina bakmaksizin degisim stratejisi faktoriinii  kullandiklar

gorilmiistiir.

Yukarida bahsedilen caligmanin dogrultusunda bu calismanin amaglar1 ortaokul
ogrencilerinin orantisal akil yliriitme problemlerindeki basarilarin1 gostermek, bu
basarilarin problem c¢esidine gore nasil degistigini incelemek ve 6grencilerin bu

problemleri ¢c6zmek i¢in kullandiklari stratejileri incelemektir.

Calismanin arastirma sorulari ise asagidaki gibi belirtilmistir:
1. Ogrencilerin orantisal akil yiiriitme problemleri testindeki akademik
basarisi 5. sinif seviyesinden 8. sinif seviyesine dogru degisir mi?
e Bu 6grencilerin akademik basarisi problemlerin ¢esidine gore degisir

mi?

2. 5. smf seviyesinden 8. sinif seviyesine dgrencilerin orantisal akil ytiriitme

problemlerinde en sik kullandiklar1 ¢6ziim stratejileri nelerdir?
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Diger calismalardan farkli olarak bu ¢alisma 5., 6., 7., ve 8. Smif 6grencilerin
tamamiyla yiiriitiilerek boylamsal bir ¢alisma 6zelligi tagimaktadir. Bu yiizden
Ogrencilerin orantisal akil yiiriitme testindeki basarisi, bu basarmin problem
cesidine gore nasil degistigi ve bu problemlerde 6grenciler tarafindan kullanilan
stratejilerin neler oldugu 5. smf seviyesinden 8. smif seviyesine dogru
derinlemesine incelenebilmistir. Calismanin Orneklemini Ankara’nin Mamak
ilgesinde 6grenim gérmekte olan 858 ortaokul 6grencisi olusturmaktadir. Verilerin
toplanabilmesi i¢in c¢ogunlugu literatiirden alinmis ve bazilar1 arastirmact
tarafindan hazirlanmig 20 problemlik bir orantisal akil yiiriitme testi (PRT)
olusturulmustur. Testin 6grencilere uygulanabilmesi i¢in 2018-2019 egitim 6gretim
yilinin gliz ddneminde hem 6grencilerden hem velilerden hem de okul idaresinden
gerekli etik izinler alinmigtir. Calismanin ilk aragtirma sorusuna cevap bulmak i¢in
nicel, ikinci arastirma sorusuna cevap bulmak i¢in nitel metot kullanildigindan
calisgmada karma arastirma metodu kullanilmistir. Nicel metot i¢in uygulama
sonrasinda dgrencilerin testteki her bir probleme yazdiklar1 ¢éziimler literatiirden
alimmis bir dereceli 6l¢gme anahtarina gore 0-3 arasinda puanlanarak 6grencilerin
testteki akademik basarilar1 belirlenmistir. Her bir sinif seviyesinde dgrencilerin
testten aldiklar1 bagar1 puanlarinin ortalamalari alinarak 5. sinif seviyesinden 8. sinif
seviyesine dogru 6grencilerin basarilarinin nasil degistigine bakilmistir. Bu amag
dogrultusunda, 5. smif Ogrencilerinin ortalamasi1 13,63 (SD=9,27), 6. simf
Ogrencilerinin ortalamas1 16,79 (SD=11,40), 7. sinif &grencilerinin ortalamasi
21.29 (SD=11,32) ve 8. smif dgrencilerinin ortalamas1 29,20 (SD=13,64), olarak
bulunmustur. 5. sinif seviyesinden 8. smif seviyesine dogru dgrencilerin basari
puanlar1 ortalamasindaki bu artisin istatistiksel olarak anlamli olup olmadigim
tespit edebilmek icin ise bagimsiz orneklem t-testi yapilmistir. Testin sonuglarina
gore tiim sinif seviyelerinin bagar1 puanlar1 ortalamalar1 arasindaki fark istatistiksel
olarak anlamli bulunmustur. Sonug¢ olarak, sinif seviyesi arttikga O6grencilerin
orantisal akil yiirtitme basarilar1 da artmaktadir. Calismanin bu sonucu literatiirdeki
cogu calisma ile Ortiismektedir (Mersin, 2018; Hilton et al., 2016; Toluk-Ugar &
Bozkus, 2016; Larson, 2013; Van Dooren et al., 2009; Dole et al., 2007). Ayrica,
nicel metot kisminda 6grencilerin bagarilarinin problem cesitlerine gore degisip

degismedigi de incelenmistir. Bunun i¢in 6grencilerin her bir problemden aldiklar1
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puanlara gore frekans ve yiizdeleri, eksik deger ve sayisal karsilastirma problemleri
icin ayr1 ayr1 iki tabloda gosterilmistir. Tablolar incelendiginde 6grencilerin eksik
deger problemlerini ¢ozmekte, sayisal karsilastirma problemlerine gore daha
basarili oldugu goriilmiistiir. Calismanin bu sonucu literatiirdeki arastirmalarin
sonucuyla da benzerlik gostermistir (Ben-Chaim et al., 1998; Ozgiin-Koca &
Kayhan-Altay, 2009). Problem c¢esidine ek olarak, problemlerdeki degisim
faktoriiniin tam sayr olup olmamasinin da &grencilerin basarisint etkiledigi
goriilmiistiir. Ogrencilerin tamami, degisim faktdriiniin tam sayr oldugu
problemlerde daha basarilt olmustur. Degisim faktoriiniin tam sayr olmadigi
problemlerde ise 6grencilerin, toplamsal yontemleri hatali bir sekilde kullandig1 ya
da o problemleri ¢ézmeye ugragsmadigi goriilmistir. Bu sonug literatiirdeki
caligmalarin sonuglartyla benzerlik gdostermistir (Riehl & Steinthorsdottir, 2017;
Artut & Pelen, 2015; Dooren, Bock and Verschaffel, 2010; Tjioe & Torre, 2014;
Heller et al., 1989).

Calismanin nitel kismi i¢in ise her sinif seviyesinden en yliksek puani almis 20
ogrencinin problemlere verdikleri cevaplar tekrar incelenerek her bir problemde
kullandiklar1 ¢oziim stratejileri belirlenmistir. Bunun icin nitel arastirma
yontemlerimden biri olan igerik analizi kullanilmistir. Igerik analizi ile grencilerin
problemleri ¢ozmek ic¢in kullanmis olduklar1 ¢6ziim stratejileri literatiirde
bahsedilen orantisal akil yliriitme stratejilerine gére kodlanmistir. Bu dogrultuda,
birim oran stratejisi i¢in 1, degisim faktorii stratejisi i¢in 2, denk kesirler stratejisi
icin 3, denklik sinifi stratejisi igin 4, arttirma stratejisi i¢in 5 ve i¢ler-diglar carpimi
stratejisi i¢in 6 sayilart kullanilmistir. Ayrica, bu carpimsal stratejileri kullanmayip
problemleri toplama yontemiyle ¢dzen G6grencilerin ¢oziimleri toplamsal metot
olarak adlandirilarak kodlama sirasinda 7 sayisi ile ifade edilmistir. Bunlara ek
olarak, toplamsal yontemleri hatal1 bir sekilde kullanan 6grencilerin ¢oziimleri ise
toplamsal olmayan metot olarak adlandirilarak kodlama sirasinda 8 sayisi ile ifade
edilmistir. Her sinif seviyesinden yirmiser 68rencinin ¢dziimleri bu kodlamalar ile
analiz edildikten sonra SPSS programina girilerek stratejilerin kullanim sikliklar
ve yiizdeleri hesaplanmistir. Elde edilen sonuglara gore 5., 6. ve 7. sif

Ogrencilerinin orantisal akil yiiriitme problemlerini ¢ozebilmek i¢in en sik
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kullandig stratejinin degisim c¢arpani stratejisi oldugu goriilmiistiir. Calismanin bu
sonucu literatiirdeki birka¢ ¢alismanin sonucuyla benzerlik gostermistir (Avcu &
Avcu, 2010; Avcu & Dogan, 2014). Diger taraftan, bu sonug literatiirdeki ¢ogu
calisgmanin sonucundan farkliydi, ¢iinkii o calismalarda 5., 6. ve 7. sif
ogrencilerinin siklikla kullandiklari strateji birim oran stratejisiydi (Kahraman, Kul
& Iskenderoglu, 2018; Kiipgii, 2008; Kayhan, 2005; Ozgiin-Koca & Kayhan-Altay,
2009; Cramer & Post,1993; Christou & Philippou, 2002; Pakmak, 2014).
Calismada 8. Smif Ogrencilerinin ise en ¢ok igler-diglar ¢arpimi stratejisini
kullanarak problemleri ¢ozdigli tespit edildi. Bu sonug¢ literatiirdeki cogu
calismanin sonucu ile drtiistii (Kahraman, Kul & iskenderoglu, 2018; Kiipgii, 2008;
Duatepe, Akkus-Cikla & Kayhan, 2005; Incebacak & Ersoy, 2016; Cramer & Post,
1993). Aslinda i¢ler-dislar carpimai stratejisinin sadece 8. sinif 6grencileri tarafindan
kullanilmas1 tahmin edilebilir bir sonugtu, c¢ilinkii calismanin 6grencilere
uygulandigi sirada oran ve oranti konusunun 6gretildigi 6grenciler sadece 8. sinif
ogrencileriydi. Igler-dislar carpimmi kullanan 8. Sinif 6grencilerinin kagitlarina
bakildiginda eksik deger problemlerini ¢6zebildikleri fakat sayisal karsilagtirma
problemlerini ¢ozmekte zorlandiklar1 ve bu problemleri dogru bir sekilde ¢ozebilen
ogrenci sayisinin olduk¢a az oldugu goriildii. Bu durumda, 6grencilerin igler-dislar
carpimi stratejisini eksik deger problemlerinde ezbere kullandiklari, sayisal
karsilastirma problemlerinde ise orantisal akil yiirlitme becerisine sahip
olamadiklarindan herhangi bir strateji kullanamadiklar diisiiniilebilir. Ogrenciler,
orantisal akil yiiriitme problemlerini informal akil yiiriitme becerilerini kullanarak
cozdiikten sonra sayisal karsilastirma stratejileri gelistirebilir. Bu ylizden,
ogrenciler orantisal akil yiiriitebilmek icin kurallar1 6grenmeden 6nce, kendi
informal bilgilerini olusturabilmeli ve gerekli kavramlar gelistirebilmelidir (Ugar

& Bozkus, 2016).

Ogrencilerin kullandiklar1 stratejileri soru bazinda incelemek gerekirse, degisim
faktorlinlin tam sayr oldugu 1. ve 11. problemlerde Ogrencilerin birim oran
stratejisini daha ¢ok kullandigi goriildi. Diger taraftan, Christou ve Philippou
(2002), problemlerdeki sayilar 6grencilerin birim orani hesaplayabilmeleri i¢in

kolay olmadiginda, o6grencilerin en basit yOntemlerinden biri olan arttirma
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stratejisine yoneldiklerini belirtti. Fakat bu calismada, 2. problemdeki gibi birim
orant hesaplamanin kolay olmadigi problemlerde 6grencilerin degisim faktorii
stratejisini siklikla kullandigi goriildii. Ogrenciler ancak degisim faktoriiniin tam
say1 olmadig1 3. ve 13. problemlerde arttirma stratejisini kullanmaya yoneldiler. 4.
ve 14. problemlerde ise 8. siif 6grencileri de dahil olmak tizere 6grenciler degisim
carpani stratejisini siklikla kullandilar. 8. smif Ogrencilerinin bile igler-diglar
carpimi yerine degisim ¢arpani stratejisini siklikla kullanmalarinda problemin
baglaminin parga-parca-biitiin olmasinin etkili olabilecegi diisliniildii. Literatiirde
en zor baglamlardan biri olarak kabul edilen benzerlik baglamina sahip 5. ve 15.
problemler, 5. ve 6.smif Ogrencileri higbiri tarafindan c¢oziilemezken, 7.sinif
ogrencileri tarafindan en ¢ok degisim carpani, 8.sinif dgrencileri tarafindan ise
icler-diglar ¢arpimi kullanilarak ¢oziildii. Bu bulgular, ¢6zliim stratejilerinin ve
ogrencilerin basar1 seviyelerinin, problem baglamindan etkilendigi sonucuna ulagan
ilgili literatiirdeki caligsma ile benzerlik gostermistir (De La Cruz, 2013). Orantisal
akil yiiriitme testindeki (PRT) 7., 9., 17. ve 19. problemlerin sayisal karsilagtirma
problemleri olmasina ragmen problemlerde kullanilan ¢oziim stratejileri farklilik
gosterdi. 7. ve 9. problemlerde denk kesirler stratejisi siklikla kullanilirken, 17. ve
19. problemlerde degisim carpani stratejisi siklikla kullanildi. Bu farkliligin
problemlerdeki cokluklarin sayisal yapisiyla alakali olabilecegi diisiiniildii. Bu
durumu 6rneklemek gerekirse, 7. problemde 20 adet A marka ¢ikolatadan olusan
paketin fiyat1 16 TL, 16 adet B marka ¢ikolatadan olusan paketin fiyat1 ise 12 TL
olarak verildi ve Ogrencilere hangi cikolata paketinin daha ekonomik oldugu
soruldu. Benzer sekilde, 17. problemde ise iki farklt markaya ait ¢amasir
deterjaninin miktari, ka¢ yikama yapabildigi ve fiyat:1 verilerek 6grencilerden hangi
deterjanin daha ekonomik oldugunu bulmalar1 istendi. Problemde 20 yikama
yapabilen 1 kg A marka deterjanin fiyatt 5 TL ve 30 yikama yapabilen 1.5 kg B
marka deterjanin fiyati 6.5 TL olarak verilmistir. Her iki problemde de oranlar
arasindaki degisim ¢arpaninin tam say1 olmamasina ragmen 17. problemde degisim
carpanini hesaplayabilmek i¢in daha kolaydi. 17. problemde 1.5 kg, 1 kilogramin
1.5 katt oldugu i¢in 5 TL’ nin 1.5 katin1 hesaplamak 6grenciler i¢in kolaydi. Fakat
7. problemde 20’nin 16’nin kag¢ kati oldugunu ya da 16’nin 12’nin kag¢ kati
oldugunu hesaplamak 6grenciler i¢in 17.problemdeki gibi kolay degildi. Bu yiizden
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Ogrenciler 17. problemde en ¢ok degisim carpani stratejisini kullanirken, 7.
problemde denk kesirler stratejisini siklikla kullanmay1 tercih ettiler. Kisacasi,
benzer sayisal karsilastirma problemlerinde farkli stratejilerin kullanilmasinin
sebebi problemdeki ¢okluklarin sayisal yapisiyla iligkili olabilir. Bu bulgu
Fernandez et al. (2011) tarafindan yapilan bir ¢alismanin sonucuyla tutarlilik
gostermistir. Ayrica toplamsal metot kullanimin ve toplamsal metodun hatali
kullanimin en sik goriildiigli problemlerin sayisal karsilastirma problemleri oldugu
goriildii. Bu, 6grencilerin siif ortaminda sayisal karsilagtirma problemleriyle ¢ok
stk karsilagsmadiklarindan bu problemlerde nasil bir ¢oziim gelistireceklerini
bilmemeleri gercegiyle acgiklanabilir. Tiim bunlarin yaninda, toplamsal metodun
hatali kullanimin 5. sinif seviyesinde 8. smif seviyesine dogru dnemli bir sekilde
azaldig1 goriildii. Bu, 6grencilerin okul uygulamalariyla deneyim kazanmasinin ve
yasin artmasinin oran ve oran mantiginin gelistirilmesinde belirleyici bir rol
oynadigi anlamina gelebilir. Calismanin bu bulgusu literatiirdeki cogu calisma ile
uyusmaktadir (Van Dooren, De Bock & Verschaffel, 2010; Dole, Wright & Clarke,
n.d; Dole et Al., 2007; Hilton et Al., 2016; Mersin, 2018; Kiip¢ii & Ozdemir, 2011;
Dogan & Cetin, 2009). Bu baglamda, 6gretmenlerin, 6grencilerin uygun toplamsal
ve carpimsal akil yiiriitme stratejileri gelistirmelerini desteklemek amaciyla
orantisal akil yiirlitmedeki zorluklarini tanimlamalar1 yararli bir ilk adimdir (Van

Dooren et al., 2005; Bright et al., 2003).

Bu calismanin bulgulari, smif seviyesi arttikca Ogrencilerin orantisal akil
ylriitmedeki akademik basarilarinin arttigin1  gdstermistir. Bu artis, okul
uygulamalarinin ve yasin muhtemelen oran ve orantt mantiginin gelistirilmesinde
belirleyici bir rol oynadigmi gostermektedir. Ogrencilerin akademik basarismnin
siif diizeyi ile artmasina ragmen, Ogrencilerin ortalama basar1 puanlar1 genel
olarak diistiktii. Buna ek olarak, d6grencilerin sinirli sayida strateji kullandigi, bazi
problemleri cevapsiz biraktigi ve bazi problemlerde hatali stratejiler kullandigi
goriilmiistiir. Bu, 6grencilerin genellikle diisiik orantisal akil yiirlitme becerisine
sahip oldugunun bir gostergesi olabilir. Ortaokul matematik miifredati birgok
onemli kavrami igermesine ragmen, en yaygin olanlardan biri orantidir. Lise ve

kolej seviyesindeki matematigi anlamak i¢in ortaokul yillarindaki orantiy1 anlamak
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esastir (Johnson, 2010). Bu noktada, 6grencilerin bu ortaokul yillarinda oransal
akil yiirlitme becerilerini gelistirmeyi amaglayan durumlarla daha sik tecriibe
edilmesi gerekmektedir. Ayrica, orantisal akil yiiriitme yalnizca matematik dersleri
icin degil, lizerinde durulmasi gereken bir konu olan diger bir¢ok disiplin alani i¢in
de gereklidir (Lesh, Post ve Behr, 1989). Bu nedenle, 6gretmenlerin 6grencilerin
yanlis stratejilerini ve kavramsal ve islemsel eksikliklerini tespit ederek ders
planlar1 hazirlamalar1 yararli olabilir. Belli baghh orantisal akil ylirlitme
problemlerini ¢6zmek yerine, bu ¢alismada bahsedilen tiim problem c¢esitlerinden
ogrencilerin ¢dzmesini saglamak daha faydali olabilir. Daha agik olmak gerekirse,
ogrencilerin en c¢ok zorlandigi problem c¢esitleri olan sayisal karsilastirma
problemleri, degisim faktoriiniin tam say1 olmadig1 problemler ve benzerlik ve
karisim baglaminda olan problemler 6grencilere sik sik yoneltilmelidir. Buna ek
olarak, oOgrencilerin sadece belirli stratejileri kullanmalarim1 6nlemek icin,
Ogretmenlerin sinifta 6grencilere yonelttigi problemler d6grencileri farkl stratejiler
kullanmaya zorlamalidir. Ogrenciler tarafindan gesitli stratejilerin kullaniminda,
ogretmenlerin oran ve orantt kavramlarini O6gretmede aktif rol almalar
gerekmektedir. Ogrencilerin belirli stratejileri kullanmalarinin bir diger sebebi de
ogretmenlerin farkli stratejilerin farkinda olmamalari olabilir. Bu nedenle,
ogretmenlerin bu farkli stratejileri iyice 0grenmesi ve bunlar1 6grencileriyle
paylagsmas1 yararli olacaktir. Bu noktada, 6gretmen adaylarinin oransal akil
yiirlitme becerilerini belirlemeye ve gelistirmeye 6nem vermek cok daha etkili
olabilir. Bu nedenle derslerde daha farkli ¢oziim stratejileri tartisilmalidir. Bunlara
ek olarak, 8. sinif 6grencileri zaten oran, orant1 ve i¢ler-disalar ¢arpimi stratejisini
ogrendikleri i¢in ¢ogunlukla i¢ler-dislar ¢arpimi stratejisini kullandi. Ancak, bu
stratejiyi kullanan Ogrenciler, stratejiyi hatirlayamadiklarinda dogru cevabi
bulmakta zorluk ¢ektiler. Ne yazik ki, bu yontem literatiirde ezber bir yontem
olarak tanimlanmaktadir ve bu yontemle problemleri ¢6zen 6grencilerin orantisal
akil yiuriittiikleri sdylenemez. Bu nedenle, igler-diglar c¢arpimi stratejisinin
ogretilmesi bircok matematik dgretmeni tarafindan onaylanmamaktadir (Dole ve
Wright, n.d). Bu nedenle, islemsel ve ezbere stratejilere gegmeden 6nce kavramsal

anlayis1 desteklemek onemlidir. Bu sekilde, dgrenciler formiilleri hatirlamakta
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giicliik ¢ektiklerinde problemleri yine de dogru bir sekilde ¢cozme sansina sahip

olabilirler.

Daha fazla sayida 6grenciye katkida bulunabilmek i¢im, bu ¢alisma Tiirkiye'deki
besinci, altinci, yedinci ve sekizinci sinif 6grencilerini temsil edecek sekilde tilke
capinda okullardan rastgele secilen daha biiyiik bir 6rneklem ile yapilabilir. Ayrica,
uzunlamasina bir calisma ile c¢aligmanin Orneklemine ilkdgretim ve lise
ogrencilerini dahil edilerek, 6grencilerin oransal akil yiiriitme becerilerinin
gelisimi, ilkokuldan lise yillarina kadar daha kapsamli bir sekilde gézlemlenebilir.
Ote yandan, arastirmayr daha ¢ok &grenciye uygulamak yerine daha az sayida
Ogrenciye uygulayarak, 6grencilerin orantili akil yiiriitme becerileri goriismelerle
derinlemesine incelenebilir. Bdylece, ogrencilerin kullandiklar1 stratejiler,
stratejilerin kotiiye kullanimlarinin kokenleri veya Ogrencilerin bazi problemler
tirlerinde zorluk yasamalarinin nedeni daha iyi anlasilabilir. Bu calismada
ogrencilerin oransal akil yliriitme problemlerini ¢6zmedeki akademik basarilar1 ve
problemleri ¢6zmek i¢in kullandiklari stratejiler iizerinde duruldu. Sonraki
arastirmalarda, ogrencilerin orantisal akil yiirlitmedeki kavram yanilgilarim
onleyebilmek i¢in bu kavram yanilgilarina sahip olma nedenlerine odaklanilabilir.
Ayrica, gelecekteki calismalar bu ¢alismadaki eksik deger, sayisal karsilastirma ve
ters orant1 problemlerini ek olarak nitel karsilastirma problemleri igeren bir 6lgme
aractyla 6grencilerin orantisal akil yiirlitme becerilerini inceleyebilir. Ek olarak,
ogrencilerin problemleri ¢c6zmek icin belirli stratejileri siklikla kullanmalari, ders
kitaplarinin veya 6gretmenlerin oran ve orant1 konusunu nasil 6grettikleri ile ilgili
olabilir. Bu amagla, ortaokul 6grencileri tarafindan kullanilan ders kitaplarinda
orant1 konusunun nasil 6gretildigini incelemek i¢in bir ¢aligma yapilabilir. Ayrica,
farklh ortaokullarda ¢alisan matematik 6gretmenlerinden olusan bir 6rneklemle, bu
ogretmenlerin orantisal akil yiirlitme becerilerinin seviyesini ve 6grencilere oranti

konusunu nasil 6grettiklerini anlamak i¢in nitel bir ¢alisma yapilabilir.
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