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ABSTRACT

KNOTTED SOLUTIONS OF MAXWELL EQUATIONS

Altun, Salman Eren

M.S., Department of Physics
Supervisor: Prof. Dr. Bahtiyar Ozgiir Sarioglu

July 2019, [54] pages

We review Rafiada’s knotted solutions of Maxwell equations in this thesis. We ex-
plain the method behind these constructions and its relation to topology. The method
starts with the null field assumption. We obtain the initial conditions of the electro-
magnetic field using the Hopf map. Then we find the time-dependent fields using
Fourier transformation techniques. Finally, we analyze the properties of general torus

knotted solutions and show that these also include the non-null fields.

Keywords: electromagnetism, knotted solutions, Hopf map
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MAXWELL DENKLEMLERININ DUGUMLU COZUMLERI

Altun, Salman Eren
Yiiksek Lisans, Fizik Boliimii

Tez Yoneticisi: Prof. Dr. Bahtiyar Ozgiir Sarioglu

Temmuz 2019 , [54] sayfa

Bu tezde Rafiada’nin buldugu, Maxwell denklemlerinin diigiimlii ¢6ztimleri incelen-
mistir. Bu ¢6ziimlere ulagsmak icin kullanilan yontem ve bunun topoloji ile iligkisi
aciklanmistir. Coziimlere bos alan (Ing: null field) varsayimi ile baglanmistir. Hopf
gonderimi (Ing: Hopf map) kullanilarak elektromanyetik alanin baslangic kosullari
elde edilmistir. Daha sonra Fourier doniisiim teknikleri kullanilarak zamana bagh
alanlar elde edilmistir. Son olarak genel simit diigiimlii (Ing: torus knotted) ¢oziim-
lerin 6zellikleri irdelenmis, bunlarin bos olmayan (ing: non-null) alanlar1 da icerdigi

gosterilmistir.

Anahtar Kelimeler: elektromanyetizma, diigiimlii ¢coziimler, Hopf gonderimi
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NOTATION

In this work I will use the following notations, units and assumptions:

Vectors will be shown with boldface (e.g. B for magnetic field).

Minkowski metric is taken as 7, = diag(1, —1,—1,—1).

Speed of light ¢ = 1.

Reduced Planck constant & = h/27 = 1.

Vacuum permittivity €9 = 1.

Vacuum permeability ;o = 1.

Greek indices such as pu,v take values 0,1,2,3, whereas the Latin indices such as i,j,k
take values 1,2,3.

0ijk

Levi-Civita symbol €;;;, = €"9* and e"*f is a totally antisymmetric tensor with

’1% = 1. Minkowski metric 7,,, is used to raise and lower the indices.
Einstein summation convention is used: Whenever an expression contains an index
as a superscript and a subscript, a summation is implied over all the allowed values

of that index.
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CHAPTER 1

INTRODUCTION

There has been a long standing relationship between Physics and Geometry. One
of the best examples of this relationship can be seen in the Theory of General Rel-
ativity, in which the gravitational force is interpreted as the curvature of space-time.
Topological concepts play an important role in Quantum Physics too. As Atiyah [2]]
says, this is not surprising, since "both quantum theory and topology lead from con-
tinuous to the discrete”". The reflections of this relationship can also be seen in the
theory of electromagnetism. Many scientists studied the magnetic and electric fields
in the nineteenth century. The common point of all these studies was the usage of
lines of force for describing these fields. Faraday thought the field lines as real phys-
ical objects and during the nineteenth century there were many attempts to explain
the field lines in terms of the streamlines and vorticity of ether. It is thought that
the electromagnetic phenomena is a result of the motion of ether particles. In his
paper "On vortex atoms" [3]], Kelvin suggested that the atoms are knots of the vor-
tex lines of ether. But these ideas have not been supported for a long period. With
the advances in the other theories such as relativity and quantum mechanics, which
explained the electromagnetic phenomena satisfactorily, the idea of lines of force re-
mained in the background. Although the topological studies has not been in the main
stage at every field of physics, there were many studies using topological concepts.
One of them was the study of Gauss [4]. Considering two linked circuits, Gauss es-
tablished the relation between the magnetic field induced by the currents along the
circuits and the linking number, which is a topological invariant. As we will see in
this work, Dirac [3]] also used topological arguments for his studies and proposed
a magnetic monopole field (analog of an electric charge field) which results in the

quantization of electric charge. In 1959 Aharonov and Bohm [6] showed the relation-



ship between electromagnetism and topology in their work, which has been known
as the Aharonov-Bohm effect. In 1977 Trautman [7] showed that the magnetic field
corresponding to a magnetic monopole can be constructed using Hopf fibration. In
1989 Raiiada [8] used Hopf map to construct linked electromagnetic configurations.
The possibility of generating these linked field solutions experimentally is a topic of
great interest. Since the topology is very important in plasma physics, it is one of
the promising research areas to generate these solutions . As reviewed by Arrayds,
Bouwmeester and Trueba in "Knots in electromagnetism" [1], there are plasma con-
figurations in which the magnetic field lines approximates plasma torus knots, leading

to the prediction of topological solitons in plasma and it is an active research topic.

This study can be considered as a review of works done by Rafiada, Arrayds and
Trueba [8]], [9]], [10], [1]. The main point of this work is to explain the idea and the

topological background for the construction of Rafiada fields.

In Chapter 2, we begin with the Maxwell equations, and explain the gauge trans-
formations under which these equations remain invariant. Then we will show how
the topological arguments affect the physics for a monopole field as Dirac proposed.
Using the results of the monopole field we will explain the effects of these results
classically and quantum mechanically. At the end of Chapter 2, we will give a brief
information about the fiber bundles, the Hopf map and we will mention how Trautman

used topology for constructing the magnetic monopole field.

In Chapter 3, we will start by writing Maxwell equations in the language of differen-
tial forms. Then we will explain the required conditions in order to write the electro-
magnetic fields in a more compact form. We will interpret this compact form in terms
of level curves. After that we will show how to construct electromagnetic fields us-
ing complex maps. We will analyze the topological properties of these maps and the
relationship between these maps and the helicity of the fields. Then we will show the
duality of helicity, which explains the relation between the helicity of the electromag-
netic wave and the particle interpretation of helicity. As a last step, we will show how
to construct the knotted solutions of Maxwell equations. To construct these solutions,
we will start with defining the initial conditions of the electromagnetic fields. Then

using Fourier transform techniques we will obtain the time dependent field equations.



Lastly, we will analyze some properties of these knotted solutions.






CHAPTER 2

MAXWELL THEORY AND THE TOPOLOGICAL PROPERTIES OF A
MONOPOLE FIELD

In this chapter we will start by giving a brief information about Maxwell equations
and the gauge transformations under which the electromagnetic fields are left invari-
ant. Then we will study a magnetic monopole field which is proposed by Dirac.
The importance of this field is due to its relation to the quantization of the electric
charge. Then we will write Maxwell equations in the language of differential forms
which gives a better understanding of the electromagnetic fields in terms of the vector

potentials.

2.1 Maxwell Equations

The basic laws of the electromagnetism in microscopic form are given by Maxwell

equations as follows

V:-B=0 o
VxE+%—]?—O '
V. .E=4mp
VXB—%—?:ZLWj 2

where p and j represent the charge and current densities, respectively. The first line in
(2.1) tells us that there is no such thing as a magnetic charge, whereas the second one
shows that a changing magnetic field produces an electric field. The first line of (2.2))

tells us that the total charge inside a closed volume may be obtained by integrating
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the electric field E over the surface of the volume. The second equation of (2.2) tells
that the current density and the changing electric field produces a magnetic field. We
see that the first and the second pair of equations are not symmetric due to the charge
and current densities. When there are no sources; that is, p = 0 and j = 0, Maxwell

equations reduce to

V-B=0,
OB 2.3)
E _—
V X E+ 5 0,
V-E=0,
2.4)
VxB—a—E:O.
ot

These are almost symmetric equations and they are called source-free Maxwell equa-

tions. Using the first equation of (2.3), we can write
B=V XA,

where A is called the vector potential. We will see in section [2.2| that it is not always
possible to define a global vector potential but we can define it locally. Inserting the

vector potential into the second line of (2.3), we obtain

0A
E=— _
\A% 5

where V' represents the scalar potential. It is easy to see that the vector and scalar
potentials that define the magnetic and electric fields are not unique. Since V X

(VX) =0, we can define
A =A+VXx

which keeps the magnetic field invariant. In order to recover the change in the elec-

tromagnetic field due to the new vector potential, we define

/ 0xX
V=V-—.
ot
It is easy to show that the fields B and E are invariant under these transformations
which are called gauge transformations. We will analyze effects of the gauge trans-

formations classically and quantum mechanically in the next section.
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2.2 Dirac Monopole

As we have seen in the previous section, Maxwell equations state that there is no
magnetic charge. Although a magnetic monopole has not been observed yet, Dirac
[S] assumed the existence of such a magnetic monopole and found a rather interesting
result which is called Dirac quantization condition. Now assume that there exists a
magnetic monopole of charge g (analog of an electric charge) at the origin of a frame
in which the monopole is at rest. If we use the standard spherical coordinates, then

the magnetic and electric fields of the magnetic monopole is written as

B = ﬁér’ (2.5
E=

0. (2.6)
Then, on R? — (0, 0,0), (2.3) and (2-4) reduce to
V.-B=0, VXxB=0 2.7)

for the magnetic field. Let us analyze the second equation of (2.7). From vector
analysis we know that V X (VV') = 0 for a twice differentiable, single valued scalar
V' defined in a simply connected region. Thus we can write the B field as the gradient

of a scalar potential if the region is simply connected.

Simply connectedness is a property related to the topology of a space. Topological
spaces can be classified using homotopy groups. Homotopy group can roughly be
defined as a tool, which keeps the information about the basic shape (e.g. number of
holes, etc) of a topological space. If the base-point preserving maps (which takes a
base point in S™ into a base point in the given space) are collected into equivalence
classes, then these classes, which are called homotopy classes, form a group called
the n'* homotopy group. Two mappings which can be continuously deformed to each
other are called homotopic maps. The first homotopy group is called the fundamental
group which keeps the information about the closed curves in a topological space.
Using this information about the homotopy groups, the simply connectedness can be
described as follows: A region is called simply connected if every closed curve in
this region can be smoothly contracted (shrunk) to a point without leaving the region.

One can shrink any closed curve in R3 — (0, 0, 0) without leaving it so it is a simply

7



connected region. In topology this is defined literally as 7, (R — (0, 0,0)) = 0, which
says that the fundamental homotopy group of R? — (0,0, 0) is trivial. Since we know
that R® — (0,0, 0) is simply connected, we can define B as the gradient of a scalar
potential. We have a different situation for the first equation of (2.7). We know that
V- (V x A) = 0. If we imagine a sphere centered at the origin (0, 0, 0) (with radius
a) and calculate the magnetic flux on this sphere (whose surface we label as ), then
we get

/Bwﬁz/(%a>éAS:% dS = L(ara®) = 4rg. (29

g g \a a? Jg a

Now assume that we have a global smooth vector potential on R* — (0,0, 0) so that
we can write B = V X A. If we divide this sphere into two equal hemispheres as
Sy and S_ (where S, and S_ represent the northern and southern hemispheres) from

the equator, then using the Stokes’ theorem we get

!/WXA%%:/(VXA%®+/(VxAy%
s Sy S
(2.9)
= A-dr—fA-dr:O7
C C

where C'is the equator curve lying in the region where S and S_ overlap. Note that

the minus sign in front of the second integral is due to the path orientation.

By comparing and (2.9), we notice that we have different results for the same
integral which show us that the assumption we made is not true. Having a simply
connected region is not sufficient to write the magnetic field as the curl of a vector
potential. Thus we can not have a globally defined smooth vector potential for the
given region R? — (0, 0, 0). The required condition for defining a global vector poten-
tial is more restrictive. For that, the second homotopy group of the region in interest
should be trivial, i.e. we should have (R — (0,0, 0)) = 0 in order to have a global
vector potential [11]]. For this condition to be fulfilled, all the spheres in R? — (0, 0, 0)
must be smoothly contracted (shrunk) to a point without leaving the region. However
it is easy to see that any sphere surrounding the origin violates this condition. So
m2(R3 — (0,0, 0)) # 0. Thus topology prevents us from defining a global vector field.
This issue can be solved partially by defining a curve (Dirac string) which starts at the
origin and goes to infinity in an arbitrary direction. Let us consider the complement

of such a string. We have the sufficiency condition to have a smooth vector potential

8



on the complement of this string, since all the spheres in this region can be contracted
smoothly to a point without leaving the region. Here we said partially because, if we
define only one Dirac string then we get a smooth vector potential in the complement
of this region, but we need at least two Dirac strings to cover the whole R — (0,0, 0).
As a result we will have two vector potentials. Consider two strings, both of which

start from the origin and proceed in reverse directions (42 and —z):

(2.10)

Let us also define the complements of these strings as B, (R*—z_)and R_(R*—z,),
respectively. Now we need two vector potentials which should satisfy VX A = B =
g/r?&. on R, and separately on R_. If we compute the radial component of V X A

in spherical polar coordinates, then we get

1 J . 0
BT = rsind (%(sm 0A¢) — a—¢<A9)>, (211)

which should be equal to g/r? from (2.3)). Thus, we can define a vector potential A+

on R, , with components

A=A} =0,

(2.12)
Ar =9 (“cost).
¢ rsinﬁ( cosf)

However this function is not analytic at # = 0. To make it analytic, we can define

Al = J (1 —cosf). (2.13)

rsind

Similarly one can define a vector potential on [?_ as

A— — _g

¢ rsind

(14 cosf). (2.14)

We can’t have a global vector potential due to the topological properties of R3 —
(0,0,0), as seen before. Thus, we have different vector potentials at the intersection

of the two domains. The difference of these potentials are

At A =29 &~ v(2g0). (2.15)

~ rsinf
This result is consistent since V X (VV') = 0 (for V' = 2¢g¢ here) and the curl of

these potentials do give the same vector field B.

9



2.3 Gauge Transformation and Classical / Quantum Mechanical Effects

In the previous section, we observed that there are two different vector potentials,
which differ by a gradient of a scalar, for the magnetic monopole field. Let us see the
effect of this difference classically and quantum mechanically. Classically, the force

on a particle with charge ¢ in an electromagnetic field is given by the Lorentz formula

F=¢E+v xB). (2.16)

Since V X (V2g¢) = 0, the magnetic field B is invariant under the transformation
expressed in (2.15)). Thus both of the vector potentials in (2.13) and (2.14) give the
same magnetic field. Since the Lorentz formula depends on B only, vector potential
A does not have an observable effect classically. However, quantum mechanically,
we can no longer think of a classical particle as a point particle. Instead, we consider
the particle as an object described by a wave function ). The wave function can be
found by solving the Schrodinger equation. If there is no electromagnetic field, then
the wave function for a particle with charge ¢, momentum p and energy E can be
found as

P = |yp|eliPr=EDl (2.17)

where r and ¢ denote the position and time, respectively. If there is an electromagnetic

field, p — p — ¢qA. Then the wave function is modified as

P — el TH9AT) (2.18)

Thus using these two vector potentials, we will only find a phase difference in the

wave function.
A =,
AT =A™ +V(290) — e299%).

(2.19)

This was not thought to be a problem for a long time because the probability of finding
the particle in some region at a given time depends only on |¢]2. So the phase is not
an observable quantity. But Aharonov-Bohm [6] showed that this is not the case if
we consider more than one particle. In a double-slit experiment, electrons produce an

interference pattern if the slit they pass through is not detected. The experiment that

10



Aharonov-Bohm proposed was a modification of this experiment in which a small,
infinitely long and impenetrable solenoid is introduced behind the walls, between the
two slits. The solenoid is so small that the particles do not pass through it, and also the
magnetic field is negligible in the region through which the particle passes. Thus the
particle is not affected by the magnetic field B inside the solenoid. Aharonov-Bohm
showed that the interference pattern changes in proportion to the flux of the magnetic
field inside the solenoid although the electrons move in a region, in the absence of the

magnetic field.

The physical interpretation of the wave functions defined by the vector potentials in
(2.19), results in an important condition. Since the wave function assigns one value
to each point in space, it should be periodic in ¢. That is, it should be invariant under

the transformation ¢ — ¢ + 2m. Thus for the vector potential A~

V(p) = (¢ + 27). (2.20)

The same argument applies to A™

2994 (9) = 9y 4 21),

— 12090 _ i2q9(¢+2m)

)
s €z4qg7r -1 ’

—> 4mqg = 2mn,n € Z

n
— ag=1. (2.21)

The last line shows that if there is a magnetic monopole with charge g, then the
electric charge ¢ must be quantized or vice versa. This important result is called the

Dirac quantization condition.
Returning to the gauge transformation in (2.13), it can be written as
_ i _
A, =A] —V,(290) = A) — 5SV¢S Y (2.22)

where S = ¢'249% which shows that in the region of overlap the vector potentials are
not the same but related by a gauge transformation S. The gauge transformation can

be written in covariant form as [[12]

A=A - ésausl . (2.23)

i
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This construction is due to Wu and Yang [13]], which is a fiber bundle formulation
of magnetic monopole. The region R — (0,0, 0) which is isomorphic to 5% x R is
divided into two overlapping regions where the vector potential is parameterized dif-
ferently. This is similar to the Mobius strip which can not be parameterized uniquely
but can be parameterized by dividing the region into two parts [[12]. We need to define
the magnetic field in terms of differential forms in order to understand the concept of
fiber bundle formulation clearly. The magnetic field of a monopole can be written in
Cartesian coordinates as
g

g
B = ST = ﬁ(x,y, z). (2.24)

We can define a 1-form corresponding to this B field but, since we want to write it
as the curl of a vector potential, we will define a 2-form instead. This is because we
want to make use of the fact that the exterior derivative of a 1-form is a 2-form with
components equal to the components of the curl of the vector corresponding to the

1-form. If we define

F =do = —%(zdx/\dy+ydz/\dx+xdy/\dz), (2.25)
r
then .o/ can be defined as
gt =—9 _(zdy—yde) = g(1 — cosh)d 2.26
(r Z)(xy ydx) = g(1 — cosf)d¢ (2.26)

on R, . Similarly one can define </ on R_ as

A = —ﬁ(% dy —ydz) = —g(1 + cosf)do . (2.27)

Thus we find in terms of spherical coordinates
F =dat =da/™ = gsinfdop Adf . (2.28)

We see that the 1-forms corresponding to the vector potentials do not depend on the
coordinate . So we can regard these 1-forms as ¢ and 6 dependent only. Since these
I-forms can be thought of as defined on the f¢-plane, one can identify this plane
with a sphere S?. We have seen that the vector potential keeps the phase information
(0 — 27 which can be thought as a circle S'), thus we can regard them as bundle of
circles above S? which can be written locally as S? X S'. This is the reason that we
called the construction as a fiber bundle formulation of the monopole field. But there

is not a unique way to construct fiber bundles on a sphere. Although we can define

12



fiber bundles which are locally the same as S? X S! they will not be the same globally.
This can be understood if we think of a stack over a circle. A simple stack produces
a cylinder but a stack with a 180° twist produces a Mobius Strip which are the same
locally but different globally [[11]. Since there is not a unique way to construct the
fiber bundles, how can we determine the one we should use? The clue that shows
which one to choose is related to the Dirac quantization condition [11]]. We saw that
the magnetic monopole strengths are quantized. Thus, if magnetic monopoles exist,
then there is a monopole for each integer. It can be proved that the principal U(1)
bundles over S? are classified by the elements of the fundamental group of 7 (U(1)),
which are the group of integers (Z). This coincidence suggests that the monopole
strength can be used to select the bundle to be used to model it [[11]. To get a better
understanding of what a principal S(1) or U(1) bundle over S? is, we can take the
Hopf map as an example. Before analyzing the Hopf map and its properties, we need

some information about the stereographic projection and the n-sphere.

2.4 Stereographic Projection and the n-Sphere

2.4.1 Stereographic Projection

The stereographic projection is a mapping which projects a sphere onto a plane. The
projection is defined on the entire sphere, except for the projection point. If we define
the north pole (0,0,1) as the projection point and define a map Fy : S? — (0,0,1) —
R?, then the point p = (py, p2, p3) on the sphere is projected onto the zy-plane where
z = 0. To find the projected point on the plane one draws a line which passes through
the projection point and the point to be projected. Then the intersection of this line
with the projection plane (z = 0) gives the projection on the xy-plane (figure .

If we use the north pole as the projection point, then we find

Fyn(p1p2,ps) = (2,y) = (1 flpg, : prg)' (2.29)

One can easily find the inverse map Fy'(z,v) as

2z 2y p?—1
p2+1’p2+1’p2+1 )

Fy'(z,y) = ( (2.30)

where p? = 22 + 32

13



If we identify the xy-plane with the complex plane by the substitution z = z + 1y,

then we find

z+zZ z2—12 zz—l). 231)

Fyt =

v (@) (zz—l—l’zz+1’zz+1
While doing this identification, we can obtain the extended complex plane C* =
C U {oo} by adding a point at infinity. Thus the extended complex plane is identified
to a point independent of the direction you choose and the north pole in S? can be

projected to this point {oo} under the stereographic map. This procedure is called

1-point compactification [[11]].

If, instead, we choose the south pole as the projection point, then we get

Fs(p1,p2,p3) = <1 ilpg, 1 _;Tp?)) . (2.32)

The inverse map Fg ' (,y) can be written as

_ 2 2y 1—p2>
F:l(x,y) = : : : 233
s (@) <p2+1 pPP+1 p2+1 (2.33)
z+z z—%2 1—2z2z
F:t = . 2.34
s (.y) (zz+1’zz+1’zz+1) (2.34)

Making a similar mapping for S® using (0,0,0,1) as the projection point, we can
find that the point u(uy,us, us, uy) is projected onto R? by the map Gy : S® —
(0,0,0,1) — R3 as

GN(ul,u2,u3,u4>—( LI R ) (2.35)

1—U471—U471—U4

Figure 2.1: Stereographic projection from the north pole.
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which has the inverse map Gy (7, y, 2) as

p 2 2 2_1
< i = 7 ) (2.36)

G =
v (2.9,2) <7’2—|—1’r2—|—1’7’2+1’r2—|—1

where 72 = 2% 4 3% + 22

2.4.2 The n-Sphere

The unit n-sphere is an n-dimensional manifold that can be embedded in R"*!, and
defined by
S"={peR"":|p| =1}, (2.37)

where the norm ||p||* = p? + p3 + ...p2 for S™. Using the definition (2.37), we can

easily see that

n=0= S°={p=(p1) € R': ||p| = 1} is a pair of points ,

(
n=1= S'={p=(p1,p2) €R*: |p|| = 1} is acircle ,
n=2 = S5%={p=(p1,p2.p3s) € R*:||p|| = 1} is a 2-sphere ,
(

n=3 = S%={p=(p1,p2,p3,p1) € R*: |p|| = 1} is a 3-sphere .

For the case where n = 3, since S° is embedded in R?, it is not easy to visualize.
Thus, let us first define S in a different way. Instead of identifying S3 with R*, we
can identify it with C?

53 = {(21,22) S (C2 : H21H2 + HZQH2 = 1},

where (21, 22) = (uy + iug, uz + fuyg) and ||21||* = u? + ui. If we write 21 and 2 as

21 = ||21]|€, 20 = || 20|,

since ||21]|? + || z2]|* = 1 using the identity cos® a +sin® @ = 1, then we can find some
¢ € [0, %] such that

|21l = cos ¢, || 22| = sin .

We have chosen the interval [0, 7] to make ||z;]| and | 21| non-negative since they

represent the modulus of the respective complex numbers. Thus we can write S® as
S5 = {(cosgbewl,sinqﬁewz) 0< g < g,é’l,Qg € ]R} .
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Taking the subset T' of S? restricted by ||21]| = ||22]| and using the relation ||z ]|* +

NG
2

T = iewl,iew2 101,0, e R ».
2 2

This subset can easily be visualized, since it is just a Cartesian product of two circles,

| z2]|? = 1, we can find ||z1|| = ||22|| = %* which implies ¢ = Z. Thus

it is a torus. Doing similar analysis where ||21]| < ||z2||, or vice versa, one can find

that S? consists of the union of two solid tori [11]].

2.5 Hopf Map and Trautman’s Proposal

In section [3.2] we will show that one can use the complex valued maps such as
é(x,y,z) : R* — C to construct new solutions for Maxwell equations. We will
impose two conditions on these maps and the reason will be clear in section [3.2] The
first condition that we will impose is lim, o, ¢(z,y, 2) = constant, independent of
the direction with which we approach to infinity. This can be achieved by identifying
all points at infinity to a single point. Thus the space R? is compactified to S® which
makes the map ¢(z,y,2) : S> — C. The second condition that will be imposed on
this map is lim,_,« ¢~*(2) does not depend on the direction we approach to infinity
in the complex plane. Similarly this condition identifies all the complex numbers at
infinity to a single point independent of its argument which results in the compactifi-
cation C — S2. As stated earlier, this is called 1-point compactification. As a result
of these two conditions, the map becomes as ¢ : S — S2. Let us now understand
the action of the Lie group U(1) on S? and the structure constructed by the Hopf map
between the spheres 5% and S?. Note that the group U(1) = {¢" : § € R}. Thus

U(1) consists of complex numbers having modulus one.

The right action of a Lie group U(1) on S? is defined as

p-g= (31,22) g = (2197229);

where p € S3, g € U(1). The orbit of p is defined as the subset {p - g : Vg € U(1)}.
It can be proved that the orbit of p under the action of U (1) is a circle inside S®. Thus,
if we have a mapping under which the image of any orbit (image of all the points in

the orbit of p) is constant in S?, then we will have a circle bundle over S? as desired.
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Keeping the above discussion in mind, let us define the Hopf map as H : S — S?
by
—_1{ %1
H(Zl, 22) = FN (-) . (238)

%)
If we consider the orbit of any point p € S® under the action of U(1), then it is
obvious that the image of the orbit of p is constant under the map /. That is

H(z19, 229) = FJQI (@) = FJQI (ﬁ> = H(z,2), VYgeU(1).

229 Z2

Let z € S?, then the fiber H~!(z) constructed by the map H above z is defined as
the orbit of any (21, z9) satisfying P(z, z2) = x.

Definition :

Let X be a manifold and G a Lie group. A smooth principal bundle over X with
structure group G (or a smooth G-bundle over X') consists of a manifold P, a smooth
map ¢ of P onto X and a smooth right action (p, g) — p- g of G on P, if the following
conditions are satisfied

1. The action of GG on P preserve the fibers of ¢,

o(p-g)=9¢(p) VpeP, Vged.

2. (Local Triviality) For each xy € X there exist an open set V' containing xy and
a diffeormorphism ¥ : ¢~1(V) — V X G of the form ¥(p) = (¢(p), ¥ (p)), where
U ¢ (V) — G satisfies

v(p-g9)=vp)g Vpeo '(V), Vgeaq.

Using the above definition, it can be shown that the Hopf map provides S* with
a principal U(1) bundle over S? [11]. Now we have reached to the point that we
desired. For every distinct point z € 52, we have a fiber in S3. It can be proved that
the standard projection S? X U(1) — S? also satisfies these conditions and it is called
the trivial U(1) bundle over S*. Any principal U(1) bundle over S? can be shown
to be locally the same as the trivial bundle. The diffeormorphisms ¥ : ¢~ 1(V) —
V' x U(1) are called local trivializations of the bundle and Vs are called trivializing
neighborhoods. The way how these trivializations spliced together on the overlap

regions identifies the topological properties of the region [[11].
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In section[2.2] we have defined two distinct vector potentials for the magnetic monopole
field. Although the details of this will not be given in this work, Ehresmann [14]
showed that the Lie algebra valued 1-forms constructed from the two vector poten-
tials defines a unique 1-form in S3. This is called the connection of the map. The
exterior derivative of this 1-form is called the curvature of this connection and de-
fines the electromagnetic tensor in S®. Trautman used Hopf fibration to construct a
topological model for the magnetic monopole [[7]. We have seen that the Hopf map
creates fiber bundles (which are circles) over S2. The result of this action creates the

quotient space S?. The curvature of the connection defined by the Hopf map is
1
F = 5 sinfde¢ Ado (2.39)

where ¢ and 6 represent the Euler angles in spherical coordinates. Since this 2-form
is closed (d.# = 0) and also satisfies (d*.# = 0), where * denotes the Hodge star
operator that will be explained in section 2.1} it is a solution of Maxwell equations
in free space. If we compare with (2.28)), then we see that the curvature of the

connection corresponds to the monopole field with strength g = %

18



CHAPTER 3

TORUS KNOTS

In Chapter 2 we have seen some of the effects of topology on the electromagnetic
field in free-space. At the end of the chapter we have seen a solution, proposed by
Trautman, for the electromagnetic field by means of a Hopf map. In this chapter we
will see another construction, which is called Rafada construction, to generate more

general knotted solutions of Maxwell equations.

3.1 Maxwell Equations as Geometric Identities

In this section we will write Maxwell equations in tensorial form and we will give the

two Lorentz invariants of the electromagnetic field.

When we write Maxwell equations in free space,we have seen that we can define the

magnetic and electric fields, respectively, as

B=VxA, 3.1)
OA
E=-VV-—". (3.2)

Let us define the 4-vector electromagnetic potential with components
AF = (V,A) . (3.3)

We can see from (3.1)) and (3.2) that the magnetic and electric field components are

the components of a four dimensional curl which can be defined as
F,=90,A,—0,A,, (3.4)
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where E; = F* and B; = —5¢;;,F7%, with €5, the totally antisymmetric Levi-Civita
symbol. Defining a 1-form &/ = A, dz"”, and taking the exterior derivative of <7, we

get

deo/ = d(A, dz")
=dA, Ndx”
(3.5)
= (0,A,) da" A da”
1
= 5(aMAZ, —0,A,) dz! ANda” .

As can be seen from (3.5)) the components of this 2-form is similar to F},,. This

suggests us to define a 2-form
1
F = EF’“’ dxz" Adx”. (3.6)
Then we have .% = d.Z. For any form w, the Bianchi identity states that
d(dw) = d*w = 0. (3.7)

Applying (3.7) to .#
47 = d(de) = 0. (3.8)

Inserting (3.6) in (3.8)
1 1
dF = d(—FW dat A dx”) = —(0pF,,)da” Ada* Ada” =0
2 2 (3.9)
— PE,, =0.

If we write the equations above for each «, then we get Maxwell equations in (2.3)).

Thus (2.3) follows from geometry. If we had started with

E=V xC, (3.10)
oC
. !
B=VV + o 3.11)

instead, and defined an alternative electromagnetic 4-vector potential as
Cct=(V'C) (3.12)
by a similar reasoning, then we would have found a dual electromagnetic 2-form

—

1~
F = EF’“’ da" Adx” (3.13)
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where B; = F and E; = %eijkf k. Comparing F with .F we see that ﬁ,ﬂ, =
%EWQBF o8 and .7 is the Hodge dual of .%#. Thus we can write F = *F , Where
* denotes the Hodge star or or duality transformation operator. In a flat space the

Hodge star operator is defined by [12]

1

*(dQTZl /\dZL'ZQ/\ : '/\d[Eip) = meili?miﬂp+l“‘in dl’ip+1 /\dﬂfim'z/\' : /\dl?ln (314)

It can be seen easily that the Hodge star operator converts a p-form into a (n-p)-form.
Thus it converts the electromagnetic 2-form .# into the dual electromagnetic 2-form

Z in the Minkowski spacetime. If we apply (3.7)) to ;@v then we find
d.7 = d(d¢) = 0. (3.15)

As a result we get the second pair of Maxwell equations (2.4), which also follows

from geometry as (2.3).

Now we have two electromagnetic 2-forms dual to each other. It can be shown that
there are two invariants, that are left invariant under Lorentz transformations, that can
be constructed using these 2-forms. We can define these Lorentz invariant quantities

as

F™F,, =2(E* — B?), (3.16)

T F,, = AE - B). (3.17)

If both of the Lorentz invariants are zero for an electromagnetic field, then the field is

called a null field.

3.2 Darboux Theorem and Clebsch Representation

In the previous section we have defined .# = %F w da” A dx”. Since this 2-form
is defined in the four-dimensional Minkowski spacetime (i, v = 0, 1, 2, 3), we need
at least four 1-forms to define an electromagnetic field in free space. But we know
from (3.8) that .# is a closed 2-form that is . = 0. These two properties of the

electromagnetic 2-form .% is sufficient to define it as a symplectic 2-form.
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Darboux Theorem: Let X*" be a real smooth manifold. If w is symplectic, then for
every p € X there exists a coordinate patch (U, z!, ..., 2", 4!, ...,y™) centered at p

such that on U .
w = Z dat A dy,

i=1
Due to Darboux theorem, .% can be written locally as .# = dg¢’ A dp?, where i = 0, 1.
Thus we can write

F =dq® Adp°® + dgt Adpt . (3.18)

The representation in (3.18) is called Clebsch representation. The 2-form defined in

(3.6) can be expressed in Clebsch representation as follows [1]]
1
F :§F;w dat A dx”
1 0 i i 0 j k
ZE(FOida: Adz' + Fypda' ANdx” + Fjda? Ade )

=F;dz° Ad2t — €ijkBi da? A dz?

E E (3.19)
=(Eydz° + By da? — By da®) A (da:l + 2?2 dx3>
E, E,
E-B
— ( B dz? /\dx?’)
=dg® Adp® +dgt Adpt,
where (assuming F; # 0)
d¢® =E; dz° + B3 da® — By da?, (3.20)
Es Es
dp® =da' + = da? + =2 da? 3.21
D T 4+ 7, T+ 7, x”, ( )
E-B
dg' = — da? 3.22
q B4 (3.22)
dp' =da® . (3.23)

The determinant of F),, can easily be calculated as (E - B)?. If the determinant of the

tensor F),, is zero, then the corresponding 2-form can be written as
F =dgANdp. (3.24)

If a 2-form .% can be written as (3.24), then the corresponding field is called a decom-
posable field. We have seen in (3.18)) that we can write any electromagnetic field as

a sum of two 2-forms. Thus, the 2-form .% of a non-decomposable electromagnetic
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field can be written as the sum of two 2-forms corresponding to two decomposable
fields. Now assume that we have a decomposable field so that we can represent the

corresponding 2-form as in (3.24)) globally. Then we have the following identity
F =dgNdp — B =Vpx Vg, (3.25)

which shows that we can use the same functions to represent the corresponding mag-

netic and electric fields.

Proof:
q = q(z") p = p(z"), (3.26)
dg = % dzt dp = aa fy dz” . (3.27)
— dgAdp = % dxt A % dz”, (3.28)
= 29 g e (3.29)

_1(8(] Op Op 0Oq

- _ p v
5\ Bk D Dy 8xl’) dzt A dx” . (3.30)

Defining an antisymmetric tensor

Fw/ = uqaup - a,upaZ/Q7 (3.3
7 can be expressed as
1
F = §F;w dat A da . (3.32)
We can define a vector field B with components B; = —%eiijjk . Multiplying F7*

by €, and using (3.31)
e 7" = €51 (0790 p — I pdtq)
—2B; = (eii(=Vq);(=Vp)r — € (=Vp);(=Vp))
= (Vg x Vp—-Vpx Vg, (3.33)
= (2Vq X Vp);
— B =Vpx Vq.

Defining the E field components as E; = F and using (3.31), we find the electric

field as
dq op
E=“2Vp—- —Vg. 3.34
ot ot 1 (3.34)
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It is easy to see that E - B = 0. This is an expected result since we have started with

the decomposable field assumption.
Instead of (3.24)), one can start with the dual 2-form
F =dr Ads . (3.35)

Due to the electromagnetic duality, dr Ads = *(dg A dp) must be satisfied. If the dual

electromagnetic 2-form .% is used, then using the same method in (3.33), it is easy to

show that
B= @VS - @Vr,
ot ot (3.36)
E=Vrx Vs.
Comparing (3.36) with (3.33)) and (3.34)
B:VpXVq:@VS—%VT,
gf] g; (3.37)
E=V Vs=—Vp—-—=—Vq.
PXNVET VP T g vV

Before going further, we should note an important point. We know that B =V X A
and using vector identities, it is easy to show that V X (pVq) = Vp X V¢ = B.
Similarly V X (¢Vp) = —Vp X V¢ = B. Thus we can define a smooth vector
potential A as a linear combination of (pV¢q) and (pV¢q) if the functions p an ¢ are
single valued. Comparing this linear combination with (3.34), we see that A // E
and A - B = 0. We will see in section [3.4] that the magnetic helicity is defined as
hm = [d®r(A - B). The magnetic helicity is clearly zero for this case since the
dot product vanishes. Thus, the magnetic helicity of a decomposable field, written
globally as in and (3.34), is non-zero if p or ¢ is not well-defined at some
points in R3 [[]].

If we return to ((3.33)), then we see that we can write the magnetic field as the cross
product of the gradients of two potentials. These potentials are called the Euler po-
tentials of the magnetic field and they provide the Clebsch representation of the field.
Since the gradient of a real function is perpendicular to its level curves, the points
where these potentials take a constant value determine the magnetic surfaces. Thus
the magnetic lines are given by the equations g = k; and p = ko. Now we have two real

equations. Instead of two real equations, we can also combine them to give a single
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complex equation. Let us define a complex valued potential ¢ using the real valued
potentials ¢ and p. Of course there are infinitely many ways to construct a complex
potential using the real potentials but let us use a simple one. We will see the reason

for this choice in section Let us define

q = q(60) = q(|8|*) p :=p(%) =p(vh),
where
6= [gle” p="0
Then we have
1 - ¢ \Op
Vp=((Vo)= — (Va)— | L
p=((vors - var S ) 3.
Vo= ((VO)d + (Vi)o)—L
(1o -
. _ dg O '
— B=Vpx Vg=(4(Vé x Vo) — (VX V¢))a(|§|2)£
- dq Op
— (20(Vo x V) —L_P
BV X YD 5om 00

Now we need the explicit dependencies of ¢ and p in order to calculate the cross
product in terms of ¢ and ¢ only. It is not apparent at this point how to choose these
functions but it will be clear in section Since we have the 1) term as a coefficient,
we can get rid of it by defining
1 B
=—1InyY=—.
b 4mi v 2m

Let us also define
1

=73,
1+ g

Inserting ¢ and p into (3.38)), we get

: _VaVex Ve
2mi (14 ¢¢)°

where a is inserted as a normalizing constant [9]. It is a pure number in natural units

(3.39)

but in SI units it can be written as ahc in order to have the right dimensions. Since

the magnetic field components are defined as B; = —%qijj k we can define

_ Vad90;¢ — 0,00
2mi (1+ ¢§5)2 ‘

ij
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Using the covariance of the electromagnetic field, the electromagnetic tensor can be
defined as - -
_ ﬁauqbauqb - augbauqb

2mi (14 ¢q5)2

Hv
Defining E; = F°, one finds

_ VaddVé — 0oV
2mi (14 ¢(5)2 '

Now we have a way to create electromagnetic solutions by using complex potentials.

E(r,t) (3.40)

Note also that the two real equations g = k; and p = ky can be combined to give a

complex one as follows

15} 1
) q:k1:—27
2 1+ 9|

1— k.
= Po = Ppok, = ,/k—llem’f'z . (3.42)

Thus each ky,k, pair, which defines the level curves of the potential ¢ (¢, x, y, 2) = ¢y,

p =k (3.41)

corresponds to the magnetic field lines.

Using the same method for the dual electromagnetic 2-form Z = drAdsand defining

the map ¢ instead of ¢, one can find

B(r, 1) = Y2 VIX V0 (3.43)
2mi (1 + 00)
Be.p) _ YAMIVY— 00VF 4

S 2mi (1460)
Similarly each ),k pair, which defines the level curves of the potential §(t, x,y, z) =

6y, corresponds to the electric field lines.

Since the electromagnetic field also satisfies the electromagnetic duality condition

mentioned in section [3.1] pairs of the solutions (3.39) - (3.44) and (3.40) - (3.43)

must agree. Thus

Vo X Vo 0,0V —9,0V0
(1+¢8)°  (1+60)°
VO x VO  0ydpV o — 09V
(1+66)°  (1+¢0)°

(3.45)

(3.46)
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This construction is due to Rafnada [9]. Although one can use arbitrary complex
potentials for the construction, we can impose two conditions for the electromagnetic
fields [10]. The first condition is related to the finiteness of the energy of the field.
If the total energy is finite, then we should have lim, .., B = 0 and lim, .., E =
0. Although there are also other ways, we can use a simple way to achieve this
in our construction. Since we have V operator in the definition of magnetic and
electric fields, these fields approach zero in the regions where the potential takes
constant value in all directions. Thus one can assume that ¢ and 6 take a constant
value at infinity independent of the direction that we choose. This condition can be
achieved by 1-point compactification of R? to S3. The second condition is to take the
inverse images of ¢ and 6 at infinity (¢~!(cc), 07! (00)) independent of the direction
approaching to infinity in C, which compactifies C to S?. As a result one can use
the maps between S® and S? to construct Rafiada fields. Due to the rich topological
structure, it is appealing to use this kind of mapping in the construction of Rafiada
fields. Before using these maps, let us understand the topological structure that these

maps possess.

3.3 Hopf Index and Magnetic Helicity

In section [2.4 for the Hopf map, we have seen that the inverse image of a point in 52
is a circle in S3. If we consider a smooth map f : S® — S2, according to the Hopf
theorem [15], the inverse images of two distinct points (21, 29 : 21 # 22) in S? are
two disjoint closed curves (f~!(z1), f~'(22)) in S*. The linking number [ of these
curves is equal to the number of times that one of these curves cuts a surface bounded
by the other one. Note that we can continuously move from one pair to another pair
(21,22 — 2, 2y), and if the linking number should change, then the curves must tie
or untie each other. If this is the case, then the curves should intersect at a specific
point which means our map takes the intersection point in S® to two different points
in S2, which is not possible. Thus the linking number I, which is independent of the
points, is a property of the map. It can be shown that the set of maps can be classified
in homotopy classes labeled by the Hopf index, which is isomorphic to Z. If the level

curves of a map ¢ = ¢g has m disjoint connected components, then the multiplicity
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of the map is said to be m. Thus two sets, corresponding to two distinct level curves
of a map, has m? intersections, each one having [ linkings. Then the Hopf index of a

map can be written in terms of the linking number as H(¢) = Im? [10].

Let us start with the Hopf map as an example. Hopf defined a map with Hopf index
H(¢) =1as
2(x +1y) Cy
= = — 3.47
o(z,y, 2) i 1) Gy (3.47)
where 72 = 2% 4 y? + 22

This map can be used to generate new maps having different Hopf indices. Let

(C1>(n) B (pleia>(n) o, eina

¢(n,m) — _ : S
(02)(m) (p2615)(m) P2 elmﬂ ’

(3.48)

where n, m are positive integers. The notation Cf") means that the modulus of C is

not affected but its phase is multiplied by the power n. It can be shown that the Hopf

index of this map is H(¢) = nm. Itis easy to see that the change in the modulus does

not affect the linking number and the Hopf index. As a result, two maps differing
n ind

by modulus only, such as ¢; = pe™ and ¢, = p"e™?, are homotopic maps with the

same Hopf index. Thus it is customary to keep the modulus constant and multiply the
phase only as in (3.48).

There is a relation between the Hopf index and the magnetic helicity. Let us under-
stand how the Hopf index is related to the mapping. Helicity of a magnetic field B is
defined as

h(B,D) := /Ddgr (A-B), (3.49)

where A is defined as in (3.1)) and D denotes the region where the helicity is calcu-
lated. Since the curl of a vector measures the vector’s rotation around a point, the

helicity measures how much the vector rotates around itself times its magnitude.

Rafiada explained a very important property of the helicity in his paper called "On the
magnetic helicity" [[16]. It is shown that the magnetic helicity is equal to the linking

number of any pair of magnetic lines times the square of the total strength of the field

h(B, D) = ny?, (3.50)
where 7 is the total strength of the field. We can see from (3.50)) that the helicity is
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zero iff the linking number is zero which shows that the magnetic helicity is a result

of a non-trivial topological configuration.

Consider the volume form ¥ in S%. Since it is a top-dimensional form we know that

the exterior derivative of the volume form vanishes
d¥ =0. 3.51)

Let f* denote the pullback by the map f. It can be proved that the pullback commutes
with the differential [17]], that is

d(f'w) = f*(dw), (3.52)

where w denotes an arbitrary form in S2. If we pullback the volume form by the map

f and use the equations (3.51)) and (3.32)), then we get

d(f* V) = f(d¥) =0. (3.53)

So by pulling back the volume form S? — 53, we get a closed 2-form in S3. The
cohomological properties of S® guarantees that f*7 is also exact so that we can find

a 1-from g satisfying

dg = f*7.
Whitehead proved that [18] the Hopf index can be calculated as an integral in S® as
follows
H(f) =/ gNTTT (3.54)
S3
If we define a 1-form as ¢ = —a;dz* (the minus sign is introduced for later conve-
nience)

v =dg = —(byda® A da® 4 byda® A da' + bgdz! A da?) 355
— gAY = (arby + ashs + azbs)dz! A da? A da? '

where

by = <aa3 - %>dx2 Ada?,

0r? 923
~ (0Oay  Oas 3 1
b2 - <% %> dz° A dx s
8@2 8@1 1 2

29



Defining two vectors a and b with components (—a;) and (—b;) respectively, we get

gA f*V = (a-b)dz' Ada? Ada?, (3.56)
where b =V X a.

Writing the integral (3.54) in R3, the Hopf index will be

H(f) = /d37~ (a-b), (3.57)

where the vector b is called the Whitehead vector of the map f. If we compare (3.57))
with (3.49) we can see the similarity. The Hopf index H(f) of the map f is equal
to the helicity of the Whitehead vector. As is shown in (3.66)), the Whitehead vector
b = B/,/a so the vector potential A/ /a = a. Thus, if one uses a map ¢ : S* — S?
to construct a magnetic field, then the helicity of the resulting magnetic field can be
found as h,,, = aH (¢). Similarly if amap 0 : S — 52 is used to construct an electric

field, then the helicity of resulting electric field is h. = aH (0).

Let us find the Whitehead vector which corresponds to the resulting magnetic field
in terms of f explicitly. Let us write the normalized volume form 7" in Cartesian

coordinates

1 dp, Ad
y = — NP2 (3.58)
4 D3

Using the mapping in (2.31)), we can write ¥ in terms of the complex plane coordi-

nates
1 dzAdz
A — . 3.59
2wt 1+ 22 ( )
Thus
1 df A df
= . 3.60
/ o2mi 1+ ff (5.60)

This is the pullback of the volume form in S®. Writing the map f as a function of

coordinates "

df = aafld:c :>df/\df—afd /\aj;dj (3.61)
af af i
= i i da' A dx (3.62)
0F 01 05 O 4\ o
(6@1 5 Dy 83#) dz* A da’ . (3.63)
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Note that we have used the antisymmetry of the wedge product (dz? Adz? = — dz? A

dx"). Now we can write (3.60) in terms of Cartesian coordinates
fy L DSOS 0,70
dmi (1+ ff)?
Defining an antisymmetric tensor

1 8ifoif —0ifouf
SR T (R

dzt Ada? . (3.64)

f*7 can be expressed as
1 . .
v = éfij dx' Ada? . (3.65)

Comparing (3:63)) with (3:33)) we find that we can define b; = —3¢;;, f7*. Thus
1 VfxVf
2w (L4 ff)?

This expression is similar to the one that is found in (3.39) and (3.43)) without the nor-

(3.66)

malizing constant a. This is the reason that Rafiada constructed the electromagnetic

field solutions using complex potentials.

3.4 Particle Interpretation of Electromagnetic Helicity

As shown in the previous section, the helicity and the Hopf index of the map which
is used to construct the field are strongly related and given by the equations

ho(B, D) :/

d&*rA -B = aH(¢), he(E,D) :/ &*rC-E =aH(9), (3.67)
D

D
where B (and E) is assumed to be parallel to the surface bounding the region D which

is shown as Op [16]. This relation combined with the particle helicity operator defined
in quantum electrodynamics has a remarkable interpretation of the electromagnetic
helicity. Let us first understand the time evolution of the magnetic or electric helicity.

First note that using Maxwell equations we have

/d3r(a—A-B) _/ d*r(-E-B - (VV)-B) (3.68)
D ot D
_ / Er(-E-B-V-(VB)+V(V-B))  (3.60)
D
:/ dr(—E B)—/ (VB) - ndS (3.70)
D Op
= [ &*r(~E-B), (3.71)
D
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where we have used the assumption that B is parallel to the surface Jp, so that B-n =
0. Now, taking the time derivative of the magnetic helicity

d [ 5 [0A OA

0A 0A
p— 3 —_— . —_— . — * —
_/Ddr( E-B-V (Axat)Jr(VxA) 81&)

:—2/d3rE-B—/ (Ax%)-nds
D oD ot

— 9 / &*rE-B, (3.72)
D

where the system is assumed to be closed so that at the last step we have used
%} op = 0. This result shows that the conservation of the magnetic helicity de-
pends on (E - B). Thus the magnetic helicity is conserved for null fields. A similar

calculation using the closed system assumption for the electric helicity results in

d [, (dC aC
Ehe(E’D)_/Dd T(E'E‘FC(VXE))
0C 0C
— 3 . — . _ ¢ ——
—/Ddr(BE v (Cxat)Jr(VxA) 815)

:2/d3TE-B—/ (Cxa—c>-nd8
D oD ot

=2 / rE-B. (3.73)
D

Using the magnetic and electric helicities (h,,, h.) one can define the electromagnetic
helicity hep, = (hy, + he)/2. Thus

dhew d,
T = grhm + he = 0. (3.74)

Obviously the electromagnetic helicity is constant and is independent of E - B. If
the circularly polarized waves are used for the decomposition of the electromagnetic

field, then the electromagnetic helicity h.,, can be written as [19]
hem = /dgl{(aR(k)&R(k) — ELL(k)aLG{)) s (375)

where ar(k) and ar (k) denote the right and left circularly polarized components,
respectively. These components are defined as the annihilation operators for photons

(whereas the barred ones are defined as creation operators) in QED. Defining

NR = /dgk}C_LR(k)CLRa{), NL = /dgde(k)aL(k), (376)
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as the number operators for the right and left handed photons, gives the dif-
ference between the number of right-handed and left-handed photons. Thus we can
write (3.75)) as

hem = Ngp — Np, (3.77)
In physical units (7 # 1 and ¢ # 1) would be h.,, = he(Ng — Np), which
shows that the helicity is the classical limit of the difference between right-handed
and left-handed photons. Since the left-hand side of is related to the electro-
magnetic wave whereas the right-hand side is related to the particle helicity, (3.77)

shows the relation between the particle and wave aspects of the electromagnetic he-

licity. Using (3.67), (3.77) can be written as
P + he H H(#
h, — 2* _ @’)‘2”‘ ©) _ ny— N, (3.78)

But we know that the Hopf index is related to the linking number and the linking

number is zero if the topology is trivial. Thus, if we have a trivial topology, this
shows that the classical value corresponding to the number of right-handed photons

is equal to the number of left-handed photons [10].

There is another important observation about the magnetic and electric helicities. It

can be proved that [10] h,,, = h. for null fields, yielding
hem = hyy = he = Ngp — Ny, (3.79)

Thus, one should be careful while constructing a null field since the helicities of the
magnetic and electric fields should be the same. If we consider the relation of the
helicity and the Hopf index, the previous discussion imposes that the maps we used
to construct the fields should have the same Hopf index for the magnetic and electric

fields.

3.5 Rainada Construction using the Hopf Map

In section[3.3]we showed that the complex potentials can be used to find new solutions
of electromagnetic fields. In this section we will first find the initial magnetic and
electric fields using the complex potentials. Then we will use Fourier transformation
techniques in order to get the time-dependent solutions. Lastly we will analyze some

properties of the knotted solutions.
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3.5.1 Initial conditions for the knotted fields

In this subsection we will find the initial values for the magnetic and electric fields.
Since the components of these fields require separate calculations and the calculations
involved are similar to each other, we will do it for a single component only. The other

components can be evaluated using similar arguments.

Let at ¢ = 0, the magnetic and electric lines are given by the level curves of complex

functions ¢, and 6,,, respectively. Using (3.39) and (3.43), we define

Br,#)| = B(r,0) = Y2V X Vo (3.80)
t=0 2 (1 + ¢t0¢t0)

E(r,{)| =E@r0) = @,M (3.81)
t=0 2mi (1 + etogto)

define the initial values of the electromagnetic field where ¢;, = ¢(r,0) and 6;, =
O(r,0). As explained before due to the rich topological structure, we will use the Hopf
map for the construction. In section[2.4]the Hopf map is defined as where z; =
uy + tug and zo = ugz + tuy. It is also shown that the inverse stereographic projection
can be used to compactify R? to S® by the map (2.36). As mentioned in [10], it is
convenient to work with dimensionless coordinates which makes it possible to use
this construction for different length scales. Thus, the dimensionless coordinates are

defined as

t T Y z
T=— X =— Y =— 4 =— 3.82
LO7 L07 L07 L07 ( )

where L is a constant defining the characteristic size with dimensions of length. Thus

2 2 2
\/X2+Y2+Z2=,/5’;+Ly—2”:LL;ZR. (3.83)
0 0

Using dimensionless coordinates

2wt g tigm o 2AX+iY)

(3.84)

Clearly this is a mapping from S® to C. Using an inverse stereographic projection
(2.31)), one can also write the coordinates in S? as defined in the Hopf map in (2Z.38).

This is not important for our discussion now. But we need to find a second map as in
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(3-84), since we need two maps (¢, 0;,) to construct the magnetic and electric fields
separately. But these maps could not be independent since we should satisfy the null

field condition (E - B = 0). This condition can be written as
(W6, X Véto) - (Véy, X Vq—ﬁto) =0.

Since for each point in S%(or in C using the stereographic projection) there is a fibre
in S3, the null field condition is satisfied if the fibrations of these maps are orthogonal
in S®. As shown in [10] two other maps which satisfy the orthogonality condition
could be generated by changing the maps as (X,Y, 7)) — (Y, Z, X) and (X,Y, Z) —
(Z,X,Y). Thus, we define

2(X 4 1Y)

Y0 =S iR 1) (3.:85)
Y +iZ)

b0 =3x +i(R2—1)" (3.86)
2(Z +iX)

Yo = oy iR 1) (3.87)

It can be shown that all three maps are orthogonal to each other and that they have
the same Hopf index H(¢) = H(0) = H(v) = 1. Thus one can use any two of these
maps to construct the electromagnetic field. Since the Poynting vector is defined as
(E x B), the fibers of the third one is tangent to the Poynting vector everywhere and

describes the energy flux.

For our construction we will use the map ¢ for building the magnetic field and € for
building the electric field. To get a wider solution set having different Hopf indices

and helicities, we will use the powers of these maps. Let

b X+ ()™ €™ P snams) _ Py
to [QZ i Z(R2 _ 1)](m) (p2ei,8>(m) p2€im5 02 P @

T P1 -1
="—()\ ,
¢t0 p2( ¢)
(3.88)
where
P12 :4(X2+Y2)7 P22 :4ZQ+(R2_ 1)27
R2 — X2 + Y2 + ZQ, )\¢ — ei(na—mﬁ)‘
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Similarly, for the electric field we define

6, — 2(Y +iz)]V

(e )®

] P/1 -1
Gt = 7 (>\9> )
’ P2
where

(1) = 4(Y? + 2%,
R2:X2+Y2+Z2,

(p2)? = 4X* + (R* —1)%,
>\9 — ei(la/—sﬁ/) )

Note that, (n < 2m) and (I < 2s) must be satisfied for the value of these maps at

infinity not to depend on the direction, as imposed before.

Inserting (3.88) into (3.80) and (3.89) into (3.81)), the magnetic and electric fields at

= ( can be found. Let us find the first component of the magnetic field,

:ﬁ az(gtoay¢t0 __ ayétoafoo
2mi (14 ¢io01,)?

Bl (I‘, O)

o [(o(2)

:27rz'(7“2+1)4 0z \ po

0 /h) -1
(A

<8y(p2
_ Valp)' [0 (p\ i;m
2mi(r2 + 1)* | 0z \ p2 P2

_ 9 <&) wﬂ(
dy \ p2 P2

\/5(02)4

)G n @)
)G G2 G)
7)o (625 (5)
35 () (5)

0

:—%)\—1 3 Pr 2/\_2 PL é)\
2mi(r? 4+ 1)* po 0z \ p2 ) Oy Oy \ p2 ) 0z

R 3 (2) - () -]

T2mi(r2 + )4 py



Now we need the following partial derivatives,

In_, Opy_ AV

Oz ’ dy p1Lo’

dp2 2Z(R*+1) Opa 2Y (R? — 1)

0z p2Lo ’ dy a p2Lo

do _ AX oo,

dy  p*Lo’ 0z ’

o3 AYZ aB 47% +2(R? — 1)
dy  pPL’ 9z pPLe

Inserting these partial derivatives into (3.90) and simplifying, one gets

8va
Bi(r,0) = —————=(mY —nXZ7). 391
1(1‘, ) 7TL(2)(1—|—R2)3(m n ) ( )
Doing similar calculations for the other magnetic field components and the electric
field components, one gets
X2 +y?—22 -1
2 )
(3.92)

B(r,0) = Bya

XY 7241
E(r,0) Bya (z i

= IXY —sZ,IXZ+sY ). (.
PR 5 , sZ, +s) (3.93)

3.5.2 Time dependent knotted fields

We have the initial values for the magnetic and electric fields and we can obtain the
time dependent expressions using Fourier transform techniques [20]. We need to
evaluate some integrals for this purpose. Since the integrals involved are similar to
each other, we will show the calculations for a single component only. The other

components can be evaluated using similar arguments.

Let us use plane wave solutions for field decomposition

1 —i(ker—w —i(kr+w

B(r,t) = (2w)3/2/d3k(B+(k)e (er=el) 4 B_ (k)e'terten) | (3.94)
1 —i(ker—w —i(k-r+w

E(r,t) = ok /d3k:(E+(k)e (er=el) 4 E_(k)e(erren) (3.95)
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where w? = k2. Then the initial fields at ¢ = 0 can be decomposed as

1 .
B(r.0) = (557 / k(B (k) + B_(k))e *
1 ' (3.96)
B(r.0) = o / BB, (k) + E_(k))e *T
Defining
B'(k) = B, (k) + B_(k) ,
,( ) =B (k) (k) 3.97)
E'(k) = B, (k) + E_(K),
(3.96)) can be written as
1 p ,
B(I‘,O) _ 3 /dSk?B (k) —zk.r’
(27?3 : | (3.98)
E(r,0) = (am)i2 /d3k;E (k)e T
So the inverse transforms are
/ 1 .
B (k) = 7 /d?’rB(r,O)e’k'r,
(2”33 2 | (3.99)
E (k) = @ / d*rE(r, 0)eT .

Inserting (3.94) and (3.93)) into the second line of (2.3)), we obtain

t=0

(V X (B (k)e " teret 4 E_(k)e—i(k'rwt)))

. E (B+(k)€7i(k~r7wt) +B_ (k)efi(k-rﬁut))
t=0

— ike ") x (E4 (k) + E_(k)) = —iwe "7 (B, (k) + B_(k))  (3.100)
k x E (k) = k(B (k) — B_(k)). (3.101)

Similarly inserting (3.93) into (24), we get
k x B'(k) = k(E, (k) — E_(k)). (3.102)

We need B, (k), B_(k),E, (k) and E_(k) to find the time dependent fields. Using
(3:97). (3.101) and (3.102), we obtain

B, (k) = %(B'(k) +% x E'(k)),
B_(k) = %(B'(k) - % x E'(k)),
2 ko (3.103)
E. (k) = (E'(k) — - x B'(k).
E_(k) = %(E'(k) +% x B'(k))



Inserting the expressions in (3.103)) into (3.94) and (3.93)), we get

1 , k / '
B(r,t) = /d3k(B (k) coswt 4+ i— x E'(k)sinwt)e ™",
e ' (3.104)
1 31 e k , . e .
E(r,t) = on)i 4’k (E (k) coswt — i X B (k) sinwt)e ,

Now we need to evaluate the integrals in (3.99) and insert the results into (3.104). In-
serting the initial conditions (3.8T)) and (3.80)) into (3.99) and using the dimensionless

coordinates defined as

K K K
ky = — k, = =%, k,=— 3.105
K2+ K2+ K2 K
K2+ k24 k2 = y — 2 _k=w, (3.106)
Y LO LO

we get

, 8vaLy [ 3, kR
B (k) = 2n)2 /d Re

{; <mY —nXZ,—mX —nYZn

X2—|—Y2—ZQ—1>}

(1+ R2)3 2
/ _ 8v/aLy 3p KR
E (k) = CEE /d Re
1 X?2-Y?-27%2+1
IXY —sZ,1XZ YI)|.
(T sz
(3.107)
Before evaluating these integrals, it will be useful to observe that
KR oK R
O ———— =i X;———— . 3.108
KT RPN R (5.108)
So let us first evaluate the integral
, KR
d°’R————. 3.109
J G 3109

We can rotate the R-space so that the Z-axis is aligned along K and evaluate the
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integral in spherical coordinates

R2 zKRcos@Slne R2eiKRcosesin9
=2
///de@dgb E W//de@ SEWIE

RQ d eiKRcosG
pr— 2 — — —
”/dR {(1+R2)3/d9 de( —iKR )}

AR R?*sin(KR)
KR(1+1r2)3
_An Rsin(KR)
K (1+ R?)3
_ %W%K(K +1).

(3.110)

Note that the last step is evaluated using calculus of residues. Now we can calculate
the integral in by using the result of (3.108)) and (3.110). Let us evaluate the
third component of the magnetic field defined in (3.107)

!

8v/aLo [ . 1 n(X24+Y2—22—1) on
3( ):(27_(_)5/2/d R e

(1+ R2)? 2
8\/5[/0 5 X2eiK-R / 5 Y2eiK-R

v PR BrR—" 3.111
<2w>5/2”</ Mormet | Yy ey G-

B / ng Z2€iK~R B / ng eiK-R
(1+ R2%)3 (1+ R2)3
We have already evaluated the last integral in (3.110). Let us evaluate the other inte-
grals using the result of (3.110)

/d3RX2€iK-R - _ 82 /dBReiK-R

DI
_ PG T(K+ 1) (3.112)
DK
_ 17T2€_K(K - K3)
1 K '
Similarly

. “K(K _ K?
/ PRY2KR _ %H%, (3.113)

“K(1 12
/ PRZ2 KR — 1#%. (3.114)
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Thus

c 8VaLo (1, k[ (K-K2) (K-K2) (K-K2
3()_W(Zﬁe ( % + K - K _(K—l—l))
(3.115)
_ M\/‘;_K [%(_Kg _ KZ)] , (3.116)

We can find all three components using the same procedure. Then we get the Fourier

transforms of the initial magnetic and electric fields as

, Lov/ae K
B (k) = Lovac™® [%(KxKZ, K, K., —K? — K2) +im(K,, - K., 0)} ,

V2
: Lo/ae % T'1
E (k) = L % {?(KE, + Kf, _KxKya _K:L“KZ) + i5(07 -k, Ky)} )

(3.117)

We also need to compute ¥ x (By(k)), ¥ x (E¢(k)) and insert them into Eq.(3.104)
to find the desired fields. These can be found easily as

k , Loy/ae™® m
- X B (k) = TV [n(—Ky,Kx,O) i (K, KK, — K Kj)] ,

V2T
k vy Loyae 5 s 9 ) ,
j X B = = [?(—Ky ~ K2 KKy, K,Kz2) +il(0, K., —Ky)} .

(3.118)

Inserting (3.117) and (3.118)) into (3.104)), we can find the magnetic and electric fields
as

B(r,t) = va / P Ke ™R

4722
e ®n 2 2\ |
cos(KT) (E(KJCKZ, K K., —K? — K2) + im(K,, - Kz, 0))
.. S .
tisin(KT) <E(—K§ ~ K%K, Ky, K,Kz) +il(0, K., —Ky)>] ,

Va K-
E(r,t):WLg PP Ke KR

-K /]
con(RT) (o (63 K2~ Ky ) + (0.~ )

(3.119)
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Now we have a similar case as in (3.108))

oK
i
(3.120)

-K
dx, < / PP Ke KR cos(KT)e?) = —iK, / dPKe ®Rcos(KT)

So we can evaluate the integrals listed below and later obtain the required expressions

using the observation (3.120)

Va 37 —iKR e ™
PRy /d Ke cos(KT)Y,

va /dgKe_iK'R cos(KT)e™ ™|

A2 L2
-K

Va 37 —iK-R ¢
Ke™ KT)——
2L d°Ke sin(KT) ik

47\2/502 /d?’Ke_iK'R sin(KT)e ™.

(3.121)

Let us calculate the second one since it is a bit harder than the others. Similar to the
integral (3.109), we can rotate the K-space so that K, is aligned along R and evaluate

the integral in spherical coordinates

ﬂz / / / dK df dge 30 cos(KT)e ™ K% sin 6

47T2L0
= ﬂ2 dK cos(KT)e X K? / dp e~ KR cosO g g
27TLO
= \/52 /dK cos(KT)e’KKw
7TL(] R
_ \/52 /dK sin[(R+ T)K] +sin[(R — T)K] K
wLo“r 2
W 2(R-T) n 2R+1T)
LR\ [(R—-T)2+12 " [(R+T)2+1]2)"
(3.122)
After some algebra, we get
A% —T? + 2AT?
va 5 i (3.123)
2w Lo (A2 4 172)2
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2_ 2 . . . .
where A = £=I—F1_Similar calculations give

va (/}PKe%K“cOQAﬂneK va ( A ),

A2 L2 K 2rLo? \ A% 1 T2
g | e = g (SGT ).
ey < M (ST

(3.124)

Using the results in (3.124) and (3.120)), the magnetic and electric fields can be written

as

(e, 1) = V2 QHi + PHy
wLo (A2 + T2)3
H, — PH

E(r, 1) — Y O 3

Lot (A2 T2

where the vectors H, (u = 1, 2, 3, 4) are defined as

H, = (—nXZ—l—mY—l—sT,—nYZ—mX—lTZ,

X24+Y - 22 4T -1
n 2'+ +mﬂ,
X2_Yro 2Ty
HQ—(S : Tl WTY sXY — 17+ mTX,
sXZ+JY+nT),

H; = (—mXZ+nY+lT,—mYZ—nX—STZ,

X24+Y2-724T%2-1
m i 5 + —l—sTY),
X2 -Y?-272-T?+1
H, = (l 5 i —nTY,IXY —sZ+nTX,
lXZ+sY+mT),
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and A, P, () are defined as

CRP-T7+1
=—
P =T(T? - 3A?),
Q= A(A* - 3T7).

The first topologically nontrivial solution constructed by Rafiada [9] was based on
Hopf fibration with n = m = [ = s = 1 and it is called electromagnetic Hopfion. For

the Hopfion

n=m=I[l=s=1 —=— H; =Hj3,H, =Hy4,
Vva QH; + PH,
= B(r,t) =

(v t) = L (T 1o

Ja QH, — PH,
2 (A2 T2)3

— E(r,t) = (3.127)

3.5.3 Interpretation of the knotted solutions and their properties

It can be shown [21] that the magnetic and electric fields of the Hopfion, found in
(3.127)), can be obtained by using the time dependent maps

(AX -TZ) +i(AY +T(A—1))
C(AZATX)+i(A(A=1)—-TY)’
(AY + T(A—-1))+i(AZ +TX)
(AX —TZ)+i(A(A-1)-TY)

(3.128)

9:

(3.129)

Note that we have started with the initial conditions defined by the maps ¢, and ;.
Then applying Fourier transform techniques we obtained the time dependent fields
and we see that these fields can be obtained directly, using the time dependent maps

defined in (3.128)). If we define the coordinates u,, as

up = ‘éﬁ%;z), (3.130)
s = —?Azz:% , (3.132)
Uy = A(‘?A; BTTQ)TY : (3.133)
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then we can rewrite the maps in (3.128) as

ke (3.134)
Uz + Uy
g L2t (3.135)
Uy + Uy
Note that the coordinates u,, satisfy uf 4+ u3 + uj + uj = 1. Thus these can be

considered as the coordinates in S®. Att = 0, these coordinates correspond to the
coordinates obtained by the stereographic projection but they deform in time. Thus,

they can be regarded as the coordinates of a time-dependent stereographic projection

[L].

As shown in section one can find the Euler potentials corresponding to the com-
plex potentials or vice versa. Since the level curves of the Euler potentials define the
magnetic surfaces, the intersection of these surfaces gives the magnetic field lines.

The Euler potentials of the Hopfion can be written as [[1]]
(1) (AZ +TX)?> + (A(A—1)—TY)?
ay(r,t) =

as(r,t) = o arctan

(A2 = T?)(YZ — (A= 1)X) 4+ 2AT(XY + (A—1)Z)
((A2 “T)(XZ+(A- DY)+ AT(A— 12+ X2 —Y2— Z2)) ’
(AX —TZ)? + (A(A — 1) — TY)?

(AZ + T2)2 )

/31 (I‘, t) =

Po(r,t) = o arctan

(A2—T2)(XZ - (A—1)Y)+ AT(X2+ Y2 — 7% — (A— 1)?)
( (A2 T2)(XY + (A— 1)Z) + 2AT(A— )X — Y 2) )

In terms of these potentials, the magnetic and electric fields are defined as

B(r,t) = vVaVa; X Vas, (3.136)
E(r,t) = VaV B, X V. (3.137)
Thus, ay = k; and oy = ko define the magnetic field lines for each ky, ko pair.

Similarly #; = k| and 3, = k, define the electric field lines. For the magnetic field

at t = 0, the Euler potentials of the Hopfion are
B 47% + (R* —1)?
- (32 n 1)2 ’
2YZ — X(R*—1)
2X7Z +Y(R? — 1)) '

(03] (I’, 0)

1
as(r,0) = o arctan (
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Figure 3.1: Magnetic surfaces of Hopfion at 7' = 0 for a;(r,t) = k; where k; =
0.001,0.3,0.75,0.999. As k; approaches to 1, the radius of the torus goes to infinity.

As ky approaches to 0, the torus shrinks to a circle.

As can be seen in figure 3.1} at ¢ = 0, the magnetic surfaces corresponding to the
Hopfion for oy = constant are tori. The surfaces given by ay = constant are not
tori and more complicated then the oy = constant surfaces as shown in figure 3.2]

The intersection of ar; = constant surfaces with as = constant surfaces gives the

Figure 3.2: Magnetic surfaces of Hopfion at 7" = 0 for ay(r, t) = ko where ks = 0.
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magnetic lines. If we imagine the intersection of these surfaces as depicted in figure
[.3] then we see that they will be closed curves on the surface of a torus, which are
topologically equivalent to circles. Since the Hopf index for the Hopfion is equal to
1, the magnetic field lines are circles, linked to each other only once. The set of all

these circles is called Hopf fibration [15]].

If we consider the general case, we see that the field lines are knotted curves lying on
a torus. These knots are defined by two coprime integers (n, m), such that the curve
winds around a circle in the torus n times and the curve winds the line through the

hole of the torus m times [[1[]. Some of these torus knots can be seen in figure 3.4

Since we have (n,m) and ([, s) torus knot solutions for the electromagnetic field,
we can analyze the properties of this class. Our initial construction was based on

decomposable fields that is E - B = 0. Let us see if this is valid for all knotted

Figure 3.3: Magnetic surfaces of Hopfion at 7" = 0 for a4 (r,¢) = 0.3 and ay(r,t) =0
(left). The intersection of these surfaces, which are topologically equivalent to circles,

gives the magnetic field lines (right).
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(3,2) (5,3)

S O

(5,2) (5,4)

QL O

Figure 3.4: (n,m) torus knots lying on the surface of a torus. Each (n, m) knot is

shown on a torus (left) and alone (right).

solutions. Ignoring the coefficients, Lorentz invariants can be computed as

1
(ml —ns)(A* +T*)(1 - A)Y
+2(Is — mn)AT(T? — A2)) , (3.138)
Jopl ; C— ! ((n2 —m?)(A* + T?)(X? +Y?)

m2L4 (A2 4 T2)4
+ (s =) (A2 +T*)(Y? + Z7)
+ 4(m? — %) A’T? — (n* — 1?)(A® — T2)2) :
(3.139)

It is easy to see that if all the positive numbers n, m, [, s are equal as in the Hopfion
case, then we get E-B = 0 and £? — B? = 0, thus the resulting field is a null-field. If

this condition is not satisfied, then we have a non-null field. This is consistent with the
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observation (3.79). As a result, changing the (n, m), (I, s) values, we get a wider class

of knotted solutions for Maxwell equations which also covers the non-null fields.

If we compute the helicities of these knotted solutions

_eT2 A

B (1) = /dgrA -B= %((nm +1s) + (nm — ls)%) . (3.140)
T2 4

he(t) = /d3rC -E = %((nm +1s) — (nm — ls)%) . (3.141)

At the end of the section [3.4] we have seen that the Hopf indices of the two maps,
used to construct the magnetic and electric fields, should be the same for null fields.
Thus it is easy to understand that one should have mn = [s, which results in h,, =
he = a(mn) for a null field as expected in (3.79)). If we return to the general case, the

electromagnetic helicity can be written as

hem = hm il he
2

= a(nm +1s). (3.142)

We see that h.,, is constant and does not change in time as we found in (3.74). If we
evaluate the magnetic and electric helicities as time goes to infinity, then we find

lim /i, (1) = lim he(t) = g(nm +1s). (3.143)
—00

t—o0

We see that if the helicities of the magnetic and electric fields are not equal initially,
then they approach to the same value, the half of the electromagnetic helicity, in time.
Since we know from (3.142) that the sum of the helicities is constant, this means that
there is a helicity exchange between the magnetic and electric fields as in figure

This is called exchange of helicities mechanism and was first studied in [22].
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T
Figure 3.5: Evolution of the magnetic and electric helicities for n = m = 2 and
= s = 1, where the helicities are represented in units of a. The dashed line with dots
represents the magnetic helicity and the dashed line represents the electric helicity. At
t =0, h, =4and h. = 1. As time passes, we can see the helicity exchange between
the magnetic and electric fields. However, the total electromagnetic helicity, which is

represented by the solid line, is equal to 5 and it does not change in time.
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CHAPTER 4

CONCLUSIONS

In this work we have reviewed the set of torus knotted electromagnetic fields which
is proposed first by Rafiada [9] and developed further by Arrayds, Bouwmeester and
Trueba [1]. Rafiada construction is based on two complex scalars potentials ¢ and 6.
By imposing two conditions on these potentials, they are converted into maps from
S3 to S2. At some initial time ¢ = 0, the magnetic and electric lines are given by
the level curves of complex maps ¢, and 6,,, respectively. Due to the topological
properties, Rafiada used Hopf map for these complex maps. The first topologically
nontrivial solution constructed by Rafiada [9]] was based on Hopf fibration with n =
m = [ = s = 1 and it is called electromagnetic Hopfion. For this particular case the
time dependent complex maps and the corresponding Euler potentials can be found.
Using the Euler potentials [[1] of the Hopfion, we have analyzed the configuration
of magnetic field lines at t = 0. For the general case, magnetic (electric) lines are
(n,m) torus knots (({, s) for electric field) and are linked to other magnetic (electric)
lines. It is shown that if n = m = | = s is satisfied, then the field is a null field
and the magnetic helicity is equal to the electric helicity initially, and does not change
in time. If n = m = [ = s is not satisfied then the field is a non-null field and the
initial helicities are not equal to each other generally. If the initial helicities are not
the same, then it is shown that there is a helicity exchange between the magnetic and
electric fields. Due to the helicity exchange mechanism we see that the topological
structure of these field lines is not preserved. Since the helicity is related to the
difference of classical values corresponding to the number of right-handed and left
handed photons, a change in the helicity can be seen as an indication of creation or
annihilation of photons. Thus the process of helicity exchange and the change of the

topological structure should be understood in detail and it is an open problem.
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