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ABSTRACT

INVESTIGATION INTO PROSPECTIVE MIDDLE SCHOOL
MATHEMATICS TEACHERS’ NOTICING OF STUDENTS’ ALGEBRAIC
THINKING WITHIN THE CONTEXT OF PATTERN GENERALIZATION

Ozel, Zeynep
Master of Science, Mathematics and Science Education
Supervisor: Prof. Dr. Mine Isiksal Bostan
Co-Supervisor: Assist. Prof. Dr. Reyhan Tekin Sitrava

June 2019, 209 pages

The purpose of this study was to investigate prospective middle school mathematics
teachers’ noticing skills of students’ algebraic thinking within the context of pattern
generalization. In order to obtain in- depth exploration and understanding of issue, the
qualitative research method, in particular, the case study design was used. Thirty-two
prospective teachers who were studying at one of the public universities located in
Ankara were selected via purposive sampling as participants. Data was collected in
the fall semester of the 2018-2019 academic year through questionnaire and semi-
structure interviews. In the data collection process, the questionnaire was applied to
all the participants, and then semi-structured interviews were conducted with eight of
them. The data was analyzed using the constant comparative method based on an
existing theoretical framework for professional noticing of children’s mathematical
thinking identified by Jacobs, Lamb and Philipp (2010).

The findings of this study demonstrated that a vast majority of the prospective teachers
could attend to students’ solutions regarding pattern generalization with robust
evidence and emerging evidence. However, it was revealed that prospective teachers
had difficulty in interpreting students’ algebraic thinking based on their solutions.

Also, they had more difficulty in interpreting algebraic thinking of students with



incorrect solutions than correct solutions. The findings about prospective teachers’
deciding how to respond on the basis of students’ algebraic thinking demonstrated that
they could support the algebraic thinking of students with incorrect solutions asking
follow-up questions. However, they could not extend the existing algebraic thinking
of students who solved the problem correctly. They only provided responses by asking

a drill or providing a general response.

Keywords: Mathematics Education, Teacher Noticing, Pattern Generalization,

Prospective Middle School Mathematics Teachers
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_ ORTAOKUL 'MATEMATiK OGRETMEN ADAYLARININ
OGRENCILERIN CEBIRSEL DUSUNCELERINI FARK ETME
BECERILERININ ORUNTU GENELLEME BAGLAMINDA iNCELENMESI

Ozel, Zeynep
Yiiksek Lisans, Matematik ve Fen Bilimleri Egitimi
Tez Damismani: Prof. Dr. Mine Isiksal Bostan
Ortak Tez Danismani: Dr. Ogr. Uyesi Reyhan Tekin Sitrava

Haziran 2019, 209 sayfa

Bu ¢aligmanin amaci, ortaokul matematik 6gretmen adaylarinin, 6grencilerin cebirsel
diistincelerini fark etme becerilerinin Oriintii genelleme baglaminda arastirilmasidir.
Konunun derinlemesine arastirilmasi ve anlasilmasi i¢in temel olarak nitel arastirma
yontemine, daha 6zelde ise durum ¢alismasi yontemine bagvurulmustur. Arastirmaya
katilmalar1 i¢in amagli 6rneklem yontemiyle Ankara’daki bir devlet {iniversitesinde
okuyan 32 6gretmen aday1 se¢ilmistir. Veriler, 2018-2019 egitim-6gretim yilinin giiz
doneminde anket ve yari-yapilandirilmis goriismeler araciligiyla toplanmistir. Veri
toplama siirecinde, tiim 6gretmen adaylarina anket uygulanmis, sonrasinda bunlardan
8’1 ile yari-yapilandirilmis goriisme yapilmistir. Calismanin amact dogrultusunda,
veriler Jacobs, Lamb ve Philipp (2010)’in kuramsal gergevesi dikkate alinarak siirekli

karsilastirmali analiz yontemiyle analiz edilmistir.

Bu c¢aligmanin bulgulari, 6gretmen adaylarimin biiyiik ¢ogunlugunun, 6grencilerin
oriintli genelleme ile ilgili problem ¢oziimlerini giiclii kanitlarla agiklayabildiklerini
gostermistir. Fakat 6te yandan 6gretmen adaylarinin 6grencilerin ¢éziimlerinden yola
cikarak, onlarin cebirsel diisiincelerini analiz edip yorumlamada zorluk cektikleri

sonucuna ulasilmistir. Dahasi, 6gretmen adaylarmin 6grencilerin yanlis ¢éztimlerini

Vil



yorumlarken, dogru c¢oziimlere kiyasla daha c¢ok zorlandiklari tespit edilmistir.
Katilimcilarin  6grencilere cevap verirken aldiklar1 kararlarla ilgili bulgulara
bakildiginda ise yanlis ¢6ziime sahip O6grencilerin cebirsel diisiincelerini sorularla
destekleyebildikleri goriilmiistiir. Ancak, katilimcilarin  soruyu dogru ¢ozen
Ogrencilerin mevcut cebirsel diisiincelerini gelistirememekle birlikte, onlara sadece
alistirma niteliginde bazi1 sorular sormak ya da bir takim genel cevaplar vermekle

yetindikleri gézlenmistir.

Anahtar Kelimeler: Matematik Egitimi, Ogretmenlerin Fark Etme Becerileri, Oriintii

Genelleme, Ortaokul Matematik Ogretmen Adaylari
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CHAPTER 1

INTRODUCTION

Noticing emerged from Latin words which refer to being known and known and it is
defined as something which is done all the time within different contexts (Mason,
2011). The primary characteristic of noticing is that it is an intentional act, not a
coincidence (Mason, 2011). For many years, although researchers conducted studies
to explore how people recognize or notice their environment, for the last quarter of
the century, they have focused on noticing in specific professions (Goodwin, 1994;
Mason, 2002; Stewen & Hall, 1998). Teachers’ professional vision, as a specific
profession, is prerequisite for effective teaching practice (Grossman et al., 2009) and
it corresponds to situation-specific skill that combines knowledge and application
(Goodwin, 1994; Blomeke, Gustafsson, & Shavelson, 2015). Therefore, when
professional vision is adapted to teaching, noticing means seeing and understanding
how teachers give meaning to complex classroom environment where everything
occurs simultaneously and respnding to everything is not possible (Star & Strickland,
2008; Sherin & Star, 2011; van Es & Sherin, 2002; Sherin, Russ, & Colestock, 2011;
Jacobs, Lamb, & Philipp, 2010; Jacobs, Lamb, Philipp, & Schappelle, 2011). Noticing
in professional perspective involves the identification and interpretation of noteworthy
situations of classroom (Stirmer & Seidel, 2015; van Es & Sherin, 2002). Thus,

noticing is a significant part of mathematics education.

Teacher noticing skills is an essential part of mathematics teaching since mathematics
classroom is a highly complex environment to be aware of, and teachers must learn to
distinguish remarkable actions to pay attention to and handle the complex events that
occur in classroom (Star & Strickland, 2008; Sherin & Star, 2011; van Es & Sherin,



2002; Sherin, Russ, & Colestock, 2011; Jacobs, Lamb, & Philipp, 2010). For this
reason, teacher noticing has been considered to be an important skill of mathematics
teachers and an essential tool for enriching mathematical teaching (Goodwin, 1994 &
Mason, 2002). Furthermore, teacher noticing is defined as an active process rather
than a static category of knowledge (Sherin, Jacobs, & Philipp, 2011; Mason, 2011).

van Es and Sherin listed the dimensions of noticing as;

(@) identifying what is important and noteworthy about a
classroom situation; (b) making connections between the specifics
of classroom interactions and the broader principles of teaching and
learning they represent; and (c) using what one knows about the
context to reason about classroom interactions (van Es & Sherin,
2002; p.573).

Ball, Lubienski and Mewborn (2001) proposed “sizing up students’ ideas and
responding” (p. 453) and stated that being able to use particular knowledge about
children’s understanding is an effective tool to handle complex classroom situations
(Jacobs et al., 2010). In relation to this idea, Jacobs, Lamb and Philipp (2010) focused
on how and the extent to which teachers notice students’ mathematical thinking rather
than what teachers notice. For this reason, the identification of what students practice,
making sense of students’ ideas, and making in-the-moment decisions about how to
respond on the basis of students’ mathematical understanding refer to a specialized
type of noticing, which is called professional teacher noticing of children’s’
mathematical understanding (Jacobs et al., 2010; van Es, 2011; van Es & Sherin,
2008; Star & Strickland, 2008).

Professional noticing includes three components which are: “(1) attending to
children’s strategies (2) interpreting children’s understanding and (3) deciding how to
respond on the basis of children’s understandings” (p.169). The first component of
professional noticing is about the extent to which teachers attend to the essential
details of children’s mathematical ideas and approaches (Jacobs et al., 2010). The

more details teachers capture about the mathematical essence in students’ solutions,



the more they make sense of their understanding (Carpenter, Fennama, Franke, Levi,
& Empson, 1999).

The second component (interpreting children’s understanding) is related to the extent
to which teachers make sense of students’ mathematical understanding based on the
strategies they use (Jacobs et al., 2010). This component also focuses on whether
teachers’ reasoning is consistent with the mathematical essence of children’s specific

strategies (Jacobs et al., 2010).

Finally, in the third component of professional noticing (deciding how to respond on
the basis of children’s understanding) is about teachers’ decision when s/he responds
on the basis of children’s understanding and their reasoning while deciding how to
respond (Jacobs et al., 2010). Also, this component emphasizes that there is no best

response.

In brief, professional teacher noticing of children’s mathematical understanding have
two important foci. Firstly, professional teacher noticing focuses on each child’s
mathematical thinking individually, rather than classroom environment, teacher’s
pedagogy, and the mathematical understanding of all the students in the classroom.
Secondly, professional noticing of children’s mathematical understanding is interested
in teacher’s in-the-moment decisions to respond on the basis of children’s
understanding in mathematical concepts (Jacobs et al., 2010; LaRochelle, 2018). As
this study aims to investigate prospective teachers’ noticing skills on the basis of
children’s understanding, the framework, Professional Teacher Noticing of
Children’s’ Mathematical Understanding, was chosen as the theoretical framework of
the study. To be more specific, it was aimed to investigate prospective teachers’

noticing skills of students’ algebraic thinking with the subset of pattern generalization.

One of the mathematical concepts that teachers need to attend to and interpret for
effective mathematical teaching is algebra, which is considered as a gatekeeper in

mathematics teaching and learning since it serves as a foundation for many advanced



mathematical concepts (Knuth, Alibali, McNeil, Weingberg, & Stephens, 2005).
According to Kaput (1999), algebra means recognizing the relationship between
variables, making a generalization of this relationship, and writing a formula with
algebraic expressions based on this generalization. In algebraic activities, algebra is
used as a tool through practices of algebraic thinking (Kieran, 1996). Algebraic
thinking is defined as the capability of thinking about unknown quantities as known
quantities (Swafford & Langrall, 2000), the ability of using different representations
to interpret quantitative situations in a relational way (Kieran, 1996), and thinking
about functions, how they work and the impact of system’s structures on calculations
(Driscoll, 1999). According to NCTM (2000) Principles and Standards, middle school
students should be able to recognize patterns, relationships, and functions; represent
structures with algebraic symbols; use mathematical models to express quantitative
relations; and analyze the changes in various contexts. For these reasons, in order to
develop algebraic thinking, recognizing relationships, generalizing beyond specific
examples, and investigating patterns are critical in the middle school curriculum
(Magiera, Van den Kieboom, & Moyer 2013; Van de Walle, Karp, & Bay-Williams,
2013).

In order to teach mathematics effectively, teachers should identify the noteworthy
details of students’ answers and focus on students’ understanding rather than whether
their answers are correct or not (van Es & Sherin, 2008; Jacobs et al., 2010).
Furthermore, teachers should act based on students’ mathematical understanding
about a specific topic. In other words, teachers should notice students” mathematical
understanding and decide how to respond on the basis of their understanding (Jacobs
et al., 2010) as professional teacher noticing is an essential skill for effective teaching.
However, many research studies conducted in various contexts about prospective
teachers’ or teachers’ noticing of students’ mathematical thinking showed that
prospective teachers’ and teachers’ noticing skills are low (Amador, Carter, & Hudson
2016; Gliner & Akyliz, 2017; Kilig, 2018; Tung-Pekkan & Kilig; 2015). It means that
although prospective teachers and teachers have pedagogical content knowledge



thanks to teacher education programs, they could not notice students’ mathematical
thinking; they have difficulty in understanding how students solve a problem, which
misconceptions students have, and how students make sense of the subject. Since
prospective teachers and teachers cannot interpret students’ mathematical
understanding, they have difficulty in deciding how to respond. In other words,
prospective teachers or teachers cannot overcome students’ misconceptions about a
topic and they cannot carry students’ correct understanding forward through
responses. Moreover, although there are numerous studies regarding teachers’ and
prospective teachers’ noticing skills of students’ mathematical understanding through
the lens of various contexts (Jacobs et al., 2010 Osmanoglu, Isiksal & Kog, 2012; Star
& Strickland, 2008; van Es & Sherin, 2002), there are few studies in the literature on
teachers’ and prospective teachers’ professional noticing skills of students’ algebraic
thinking (Callejo & Zapatera, 2017; Walkoe, 2013). In other words, there are limited
studies on how prospective teachers attend to students’ strategies, interpret students’
algebraic thinking, and decide how to respond on the basis of students’ algebraic
thinking. For these reasons, in addition to investigating prospective teachers’ and
teachers’ skills of noticing students’ mathematical understanding within various
contexts, investigation of whether prospective teachers’ skills of noticing students’
algebraic thinking is necessary. Thus, the aim of this study is to investigate prospective
middle school mathematics teachers’ noticing skills of students’ algebraic thinking
within the context of pattern generalization. To be more specific, it is aimed to
determine the extent to which prospective middle school mathematics teachers attend
to students’ solutions and interpret students’ algebraic thinking, and determine the
nature of prospective middle school mathematics teachers’ decisions to respond on the

basis of students’ algebraic thinking within the context of pattern generalization.
1.1. The Purpose of the Study and Research Questions

The purpose of this study was to examine the extent to which prospective teachers

attend to students’ solutions, interpret students’ algebraic thinking and the nature of



the decisions that prospective teachers make to respond on the basis of students’
algebraic thinking. In parallel with this aim, the following research questions were

addressed:

1. How do prospective middle school mathematics teachers notice students’

algebraic thinking within the context of pattern generalization?

1.1.To what extent do prospective middle school mathematics teachers
attend to students’ solutions within the context of pattern

generalization?

1.2.To what extent do prospective middle school mathematics teachers
interpret students’ algebraic thinking within the context of pattern

generalization based on students’ solutions?

1.3.What is the nature of the decisions that prospective middle school
mathematics teachers make to respond on the basis of students’

algebraic thinking within the context of pattern generalization?
1.2. Significance of the Study

“Teaching is one of the most common and also one of the most complicated human
activities” (Ball & Forzani, 2010, p.40). In order to teach effectively, teachers have to
be expert in recognizing remarkable situations in classroom environment and
overcome the complex situations that occur immediately (Mason, 2011; van Es, 2011;
Jacobs, Lamb, & Philipp, 2010). Furthermore, it is important for teachers to focus on
individual student’s mathematical understanding in classroom (Jacobs et al., 2010).
More specifically, teachers have to identify the noteworthy aspects of students’
strategies, make sense of students’ understanding based on their strategies, and make
a connection between students’ understanding and possible teaching and learning
methods/ strategies in the teaching environment (Star & Strickland, 2008; Sherin &
Star, 2011; van Es & Sherin, 2002; Sherin, Russ, & Colestock, 2011; Jacobs, Lamb,



& Philipp, 2010). Also, teachers are expected to make students encounter real life
problems, and guide students to do group work, express their solution strategies and
thinking, and share them (MoNE, 2018). In order to do this, teachers should identify
the noteworthy events that occur in mathematics classroom, evaluate students’
understanding during the lesson and make in-the-moment decisions to develop
instruction based on their inferences (MoNE, 2018). In other words, teachers need to
have adequate noticing skills to attend to students’ solutions, interpret students’
understanding and support/extend their understanding. Therefore, teachers’ noticing
skill is a critical competency for teachers and prospective teachers. From this point of
view, the findings of this study could yield an overall view of the degree of prospective
teachers’ attending to students’ solutions, the degree of their interpreting students’
algebraic thinking and the nature of their decisions to respond on the basis of students’
algebraic thinking. In the light of the findings of the current study, crucial information
and implications might be given to teacher educators and program developers in terms

of prospective teachers’ noticing skills.

In addition, since prospective teachers are future teachers, examining prospective
teachers’ noticing skills of students’ algebraic thinking is important. This study gives
opportunity to prospective teachers to be familiar with the real students’ written work.
Hence, they analyze and reason students’ written work regarding pattern
generalization and they foster their decision making skills in the process of this study.
Therefore, teachers’ noticing of students’ algebraic thinking with the subset of pattern
generalization might be raised through this study. In addition, they could have the
experience of attending to students’ solutions, interpreting their algebraic thinking,
and deciding how to respond. These experiences will be significant when they become
teachers in the future. Thus, the present study provides a learning environment for
prospective teachers and it is also essential to help future teachers get ready for the
teaching environment. The present study is also significant for middle school
mathematic teachers since according to the results of this study, they could criticize

themselves about what they should attend to in students’ solutions, how they should



interpret students’ algebraic thinking, and how to respond on the basis of students’
algebraic thinking. Hence, in the next process, they could predict students’ possible
misconceptions or strategies regarding pattern generalization and based on these
predictions, they could make lesson plans, implement them, and evaluate students’

level of achievement more effectively.

Several researchers agreed that algebra is critical for developing the understanding of
high school mathematics, and thus, students’ learning fundamental concepts of algebra
is a significant issue (Rakes, Valentine, McGatha, & Ronau, 2010). Introduction of
algebra topics to students starts in middle school (grade 6-grade 8) and continues
throughout high school (grade 9-grade 12) according to the curriculum developed by
the Ministry of National Education in Turkey (MoNE, 2018). Although algebra
concept has an extensive coverage in Turkish mathematics curriculum and Turkish
middle school students’ success in this topic is low (Dede & Argiin, 2003, Yildiz,
Ciftci, Sengil-Akar, & Sezer; 2015), there are limited studies about teachers’ noticing
skills of algebraic thinking in both international and national contexts in the literature
(Callejo & Zapatera, 2017; Walkoe, 2013). Thus, it is believed that this study will
contribute to the literature through the investigation of teachers’ noticing skills and by
filling the gap related to professional teachers’ noticing skills of students’ algebraic

thinking.

Furthermore, in order to investigate prospective teachers’ skills of noticing students’
thinking, alternative student solutions are needed. Questionnaire that is prepared to
examine their noticing skills should include both correct and incorrect solutions
because the correct and incorrect solutions have different properties. For example,
students who solved the problem correctly might use different solution ways and
strategies. For this reason, teachers should pay attention to students’ solution to
understand their strategies and interpret their understanding. Moreover, incorrect
solutions might involve different students’ conceptual and procedural mistakes or

misconceptions. For this reason, teachers should understand how students solved the



problem and what their difficulties and misconceptions to be able to attend to their
strategies and interpret their understanding. Moreover, Jacobs et al. (2010) stated that
both the understanding of students’ correct solutions has to be extended and the
understanding of students’ incorrect solutions has to be supported with follow-up
questions. Therefore, prospective teachers’ or teachers’ noticing may vary depending
on whether they notice students’ correct solutions or incorrect solutions. Hence, in this
study, in order to explore prospective teachers’ skills of noticing as a whole, questions
which is related to both correct and incorrect student solutions were asked to
prospective teachers. In this way, prospective teachers’ skills of attending,
interpreting, and deciding how to respond on the basis of both students’ correct and

incorrect solutions could be explored, which makes this study significant.

Furthermore, when the literature is reviewed, it can be realized that most of the
researchers have collected data through video based learning environment
(Osmanoglu, Isiksal & Kog, 2012; Ulusoy & Cakiroglu, 2018; van Es & Sherin, 2008)
and lesson study (Amador, Carter & Hudson 2016; Giiner & Akyiiz, 2017) in order to
investigate teachers’ noticing skills. However, video does not provide prospective
teachers to use deeper reasoning skill and they spend too much time discussing
students’ solutions (LaRochelle, 2018). On the other hand, although written work is
an authentic activity for interpreting and responding to students on the basis of their
understanding in teaching mathematics (Grosmanet al., 2009; Jacobs & Philipp,
2004), there are limited studies whose data were collected through students’ written
work (Schack, Fister, Thomas, Eisenhardt, Tassel, &Yoder, 2013; Star & Strickland,
2008). In fact, in this way, how different student solutions affect what prospective
teachers notice can be explored. Furthermore, which student solutions are attended
and interpreted better and to which student solutions prospective teachers respond
more easily or in a more difficult way might be understood. Thus, it would be
significant to conduct studies which collect data via students’ written works consisting
of students’ solutions of pattern generalization. Taking all these perspectives into

consideration, it was aimed to reveal how prospective middle school mathematics



teachers notice students’ algebraic thinking as far as the subset of pattern

generalization is concerned.
1.3. Definitions of Important Terms
The important terms which are used in this study are given with their meanings below:

Prospective middle school mathematics teachers: Prospective middle school
mathematics teachers are students in teacher education programs in their last years.
These teachers are educated to teach mathematics to middle school students from 5™
grades to 8™ grades. They completed most of their courses that included mathematics,

pedagogy and education courses.

Noticing: Noticing is the skill through which teachers identify classroom interactions
(van Es & Sherin, 2002), and it includes three main components: “(a) identifying what
is important in a teaching situation; (b) using what one knows about the context to
reason about a situation; and (c) making connections between specific events and

broader principles of teaching and learning” (van Es & Sherin, 2002, p.573).

Teacher noticing: Teacher noticing is the expertise in identifying what is important in
instructional environment and making sense of one’s knowledge of teaching and

learning by giving reason to environment (Goodwin, 1994; van Es & Sherin, 2008).

Professional teacher noticing: Professional teacher noticing is teachers’ expertise in
attending to children’s strategies and interpreting children’s understanding by making
an inference based on the strategies students use and deciding how to respond on the
basis of children’s understanding (van Es, 2011; Jacobs, Lamb, & Philipp, 2010).

Attending to children’s strategy: Attending to children’s strategy, which is the first
component of professional teacher noticing, refers to highlighting the mathematically

noteworthy elements of children’s strategies (Jacobs et al., 2010).
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Interpreting children’s mathematical understanding: Interpreting children’s
mathematical understanding, which is the second component of professional teacher
noticing, refers to making inferences about children’s understanding based on their

strategies (Jacobs et al., 2010).

Deciding how to respond on the basis of the children’s mathematical understanding:
Deciding how to respond, which is the third component of professional teacher
noticing, refers to the reasoning that teachers use when deciding how to respond
(Jacobs et al., 2010).
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CHAPTER 2

LITERATURE REVIEW

The purpose of this study was to investigate prospective middle school mathematics
teachers’ skills of noticing students’ algebraic thinking within the context of pattern
generalization. In this chapter, the definitions of noticing, the frameworks for teachers’
noticing and related studies on teachers’ skills of noticing students’ mathematical
understanding, algebraic thinking and related studies on teachers’ noticing skills of
students’ algebraic thinking are reviewed. At the end of the chapter, a summary of the

literature review is provided.
2.1. Noticing

The word notice comes from the Latin words notitia (being known) and notus (known)
(Mason, 2011). Noticing is something which is done all the time and in various
contexts (Jacobs, Lamb, & Philipp, 2011; Mason, 2011; van Es, 2011), for example,
notices were affixed on a noticeboard to attract people’ attention. In this way, they
will notice them. However, sometimes people do not pay attention to some aspects of
situations, so some things might go wrong. Thus, Mason (2011) considered noticing
as an intentional act rather than haphazard act. The meaning of noticing from a
professional perspective can be thought as a seeing and understanding events
(Goodwin, 1994). From this point of view, noticing is a significant part of
mathematics education and there are different meanings of teachers’ noticing. Mason
(2002) defined noticing as “the ability to notice is often perceived to develop over
time as it requires extended opportunities to focus on aspects of practice and make

connections between teaching and learning” (p.91). Krupa, Huey, Lesseig, Casey and
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Monson (2017) focused on notion of awareness that is defined as the ability to direct
teachers’ attention toward relevant teaching activity by referring to Mason’s (2011)
construction. Thus, it can be said that since teachers understand the learning
environment through noticing, they teach students better. For this reason, the concept
of teacher noticing is explained in detail below.

2.1.1. Teacher Noticing

The mathematics classroom is a highly complex environment to be aware of and to
respond to everything that is occurring simultaneously. In order to handle complex
events that occur in the classroom, teachers must learn to separate remarkable actions
to notice. For this reason, teachers need to have noticing skills which are an essential
part of mathematics teaching (Star & Strickland, 2008; Sherin & Star, 2011; van Es &
Sherin, 2002; Sherin, Russ, & Colestock, 2011; Jacobs, Lamb, & Philipp, 2010).
Teacher noticing is related to being able to know what teacher attend and do not attend
in class and what the noteworthy aspects of classroom environments are (Star &
Strickland, 2008). In other words, the construct of teacher noticing includes teacher’s
recognition of the mathematical elements of the problems solved by students during
instruction (Sanchez—Matamoros, Fernandez, & Llinares, 2014). Because of its
importance of mathematics teaching, the conceptualization of teacher noticing has
been an important phenomenon for researchers, so they define teacher noticing in
multitude ways (Sherin, Russ, & Colestock, 2011). Some researchers are interested
only in initial filtering of classroom situation and events. For example, Star and
Strickland (2008) consider teacher noticing as a process in which teachers primarily
see or perceive different aspects of classroom events. Other researchers point out both
initial filtering of classroom situation and events, and making sense of what is focused
on with the help of existing knowledge (Sherin, 2007; Sherin & van Es, 2009). In other
words, teacher noticing is being aware of in what way the students’ answers are or are
not meaningful for the mathematical learning in addition to focusing on correctness of

their answers. Thus, two significant aspects of teacher noticing are emphasized:
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attending students’ mathematical thinking and analyzing and interpreting students’
mathematical reasoning by making reconstruction and inference (Hines & McMahon,
2005; van Es, 2011; Jacobs, Lamb & Philipp, 2010; Holt, Mojica & Confrey, 2013).
Detailed information about the conceptual frameworks for teacher noticing are

explained in detail below.
2.2. Conceptual Frameworks for Teacher Noticing

“Teaching is one of the most common and also one of the most complicated human
activities” (Ball & Forzani, 2010, p.43). Teacher noticing can be considered as a
significant component of teaching and it includes many themes, but the widespread
theme is how teachers observe and manage complex classroom events (van Es &
Sherin, 2008; Jacobs, Lamb& Philipp, 2010). More specifically, the teacher noticing
is defined as determining whether students’ answers are meaningful rather than
determining whether their answers are correct or not (Hines & Mc Mahon, 2005; Holt,
Mojica & Confrey, 2013). If teachers have an insight into students’ thinking and
understanding, they can choose useful and effective teaching strategies. Therefore, in
the last two decades, the trend towards researching the construct of teacher noticing
has been increasing, so different frameworks have been used in order to conduct these
research studies. In the following sections of this chapter, van Es’s (2011) and Jacobs
et al.’s (2010) frameworks are given and then a conclusion about these frameworks is

drawn.
2.2.1. Learning to Notice

In the framework, learning to notice, van Es (2011) investigated teacher noticing based
on two general areas; (a) what teachers notice, and (b) how teachers notice. In the first
dimension of the framework, what teachers notice, whether teachers professionally
observe class as a whole, group of students and particular student or not is focused on.
Moreover, this dimension is related to classroom climate, students’ behaviors and

mathematical thinking and teachers’ pedagogical strategies. The second dimension is
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how teachers analyze what they notice and this dimension includes information about
whether teachers can evaluate and interpret what they observe. In other words,
teachers’ abilities of evaluating noteworthy events in classroom and deciding what is
good or bad by making inferences are measured. Furthermore, giving reasons why
students have such an idea, understanding the meaning of their particular statements,
expressions and gestures, expanding on their analysis, and making connections
between students’ understanding and teachers’ pedagogical knowledge are related to

second dimension of this framework.

van Es categorized four levels in teacher noticing skills based on two dimensions of
the framework that are what teachers notice and how teachers notice. “These levels

are level 1 (baseline), level 2 (mixed), level 3 (focused) and level 4 (extended)” as

shown in Figure 2.1 below (van Es, 2011, p. 139).
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Level 1 Level 2 Level 3 Level 4
{Baseline) {(Mixed) (Focused) {(Extended)
What teachers | Attend to whole | Primarily Attend to Attend to the
notice class attend to particular relationship
environment, teacher student’s between
behavior, and pedagogy mathematical particular
learning and to thinking students’
teacher mathematical
pedagogy Begin to attend thinking and
to particular between teaching
student’s strategies and
mathematical student
thinking and mathematical
behaviors thinking
How teachers | Form general Form general Highlights Highlights
notice impression of | impression and | noteworthy noteworthy
what occurred | highlight events events
noteworthy
events
Provide Provide Provide Provide
descriptive and | primarily interpretive interpretive
evaluative evaluative with | comments comments
comments some
interpretive
comments
Provide little or | Begin torefer | Referto Refer to specific
no evidence to | to specific specific events | events and
support events and and interactions | interactions as
analysis interactions as | as evidence evidence
evidence
Elaborate on Elaborate on
events and events and
interactions interactions

Make connections
between events
and principles of
teaching and
learning

On the basis of
interpretations,
propose
alternative
pedagogical
solutions

Figure 2.1. Teachers’ Noticing Categorization of van Es (2011, p. 139)
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As can be seen in the Figure 2.1., at level 1, baseline noticing, teachers’ main foci for
the first dimension, what teachers notice, are whole classroom environment,
classroom management, class’s behavior and learning, and teachers’ pedagogy. At this
stage, teachers generally refer to words of “they”, “group of students” and make
comments like “The class try to complete a task.” However, in the second dimension,
how teachers notice, the general impression is emphasized (e.g., “That was a boring
lecture” or “That lesson went well”’), description of what happened in classroom (e.g.,
“They were silent in today’s lecture”) and evaluation of what they had seen (e.g., “The
class was not interested in the new topic”) and inform little or no evidence to support

analysis. As a consequence, teachers’ remarks at this stage contain overwhelming

descriptions of what occurred in class with evaluative and judgmental comments on

pedagogy.

At level 2, mixed noticing, for the first dimension, what teachers notice, teachers point
out teacher pedagogy and they make a comment about that (e.g., “They all found the
result of multiplication operation by adding numbers repeatedly. Do you teach making
a multiplication in this way?) In addition, they refer to issues related to what whole
class appeared to understand. To illustrate, teachers at this stage can make a comment
like “They seemed to know to distinguish the conceptions of rate and ratio.” Also,
they began to attend students’ mathematical thinking and understanding, but their
comments lack evidence and interpretation. In other words, teachers at this level can
describe what occurred broadly, but, give no references to particular student comments
or do not interpret student’s action described. In the second dimension, how teachers
notice, teachers focus on the general impression in classroom as it is at level 1. They
consider whole class’s mathematical thinking and understanding (e.g., “Students
could not interpret multiplication as a repeated addition.”) In conclusion, teachers with
this level of noticing skill can pay attention to noteworthy events in classroom and
they begin to evaluate and interpret specific events in the moments they observe.
However, they cannot supply detail to support their evaluation and interpretations

while they are making analysis.
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At level 3, focused noticing, regarding what was noticed, teachers are interested in
specific students and their mathematical thinking and understanding. Teachers explain
particular student’ thinking and reason their strategies at this level clearly while they
do not do this at level 2. Thus, teachers’ comments on students’ solutions
predominantly include analytic chunks. To illustrate, teachers may say that “Student
did not make estimation, but preferred to use concrete material rather than standard
algorithm to solve the problem.” In terms of how they noticed, teachers make a
deduction through what they had observed and they focus on the noteworthy events
and explain why they are important. Another distinct feature is that teachers elaborate
on events and interaction. For example, they focus on what the inefficient aspect of
lesson is and what should have been done to make a progress. Briefly, at level 3,
teachers attend particular students’ mathematical understanding, focus on specific
events and interaction and draw inferences about these events and interactions rather

than focusing only on whole class environment and their thinking.

At level 4, extended noticing, teachers are in the final level in noticing skill. Different
from level 3, regarding first dimension, teachers at this stage expand on their analysis
in order to investigate the relationship between particular students’ mathematical
thinking and the teaching strategies. For the dimension of how teachers notice,
teachers also can identify a noteworthy student comment and observe their specific
actions. Moreover, they give specific reasons why they consider some events or
interactions as noteworthy and make connections between events and principles of
teaching and learning. Thus, they can explain in detail students’ mathematical thinking
and understanding using a variety of evaluations and interpretations similar to level 3.
Furthermore, at this level, teachers generate alternative teaching approaches or
pedagogical suggestions to help students to overcome their difficulties and reach their
learning goal by connecting examination about particular student thinking to a specific
strategy detected. Even, they comment on some specific topics such as assessment and
equity in learning (e.g., “I need to use different assessment techniques to evaluate them

better”). In other words, teachers at this level respond to the question of what the
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factors affecting student learning are and how to improve students’ mathematical

understanding.

According to van Es’ s framework, it can be said that common characteristic of level
1 (baseline noticing) and level 2 (mixed noticing) is that teachers at these two levels
make general class observations and they do not focus on students individually.
However, at level 3 (focused noticing) and level 4 (extended noticing), teachers point
out particular student’s strategies and their mathematical understanding. Apart from
van Es (2011), Jacobs and his colleagues (2010) constructed a framework to focus on
a specialized type of teacher noticing, that is professional noticing of children’s

mathematical understanding.

2.2.2. Professional Teachers’ Noticing of Children’s Mathematical

Understanding

Jacobs, Lamb and Philipp (2010) focused on the fourth level of Learning to Notice
framework -extended level- and chose a particular slice of teaching- teachers’ in-the-
moment decisions to respond to students. Hence, Jacobs et al. (2010) studied teachers’
expertise with specialized type of noticing and they called it teachers’ professional
noticing of children’s mathematical thinking. To investigate teachers’ professional
noticing skills, they constructed a framework consisting of three interrelated skills:
attending children’s strategies, interpreting children’s understanding, and deciding
how to respond on the basis of children’s understanding by focusing on how and to

what extent the teachers notice children’s mathematical thinking.

The first and primary component of the Jacobs, Lamb and Philipp’s (2010) framework
is related to the degree of teachers’ attention to essential details relevant to students’
mathematical ideas. Jacobs et al. (2010) are interested in “the extent to which teachers
attend to a particular aspect of instructional situations: the mathematical details in
children’s strategies” (p.172) in the first component. This component is significant

because the more teachers identify students’ strategies, the more they gain an insight
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into their mathematical understanding. According to their framework, they
categorized prospective teachers or teachers’ attending skills as an evidence of
attending to children’s strategies and lack of evidence of attending to children’s
strategies. Responses that provided evidence of attention to children’s strategies
include the mathematical essence and substantial details of students’ strategies. The
description of how children counted by using counters, represented fraction with
fraction bars, made multiplication by decomposing numbers are examples of the
evidence of attention to children’s strategies. However, if teachers mention general
features of children’s approach without giving detailed descriptions about how they
solved, their comments are labeled as a lack of evidence to children’s strategies. To
illustrate, teacher’s comments like “Student’s solution was not correct” or “She used
fraction bars to solve the problem” can be coded as responses that provided lack of
evidence of attention to children’s strategies Moreover, irrelevant comments and
information that was inconsistent with students’ work are categorized as a lack of
evidence. For example, “Student’s writing is not readable” or “she solved the problem
correctly, but she should have preferred a more practical way” can be given as an

example of teachers’ lack of evidence of attention to children’s strategies.

The second component is interpreting children’s understanding. In this component,
researchers are interested in how teachers interpret children’s mathematical
understanding embedded in their strategies. Specifically, in this skill, “the extent to
which the teachers’ reasoning is consistent with both the details of the specific child’s
strategies and the research on children’s mathematical development” (p.172) as well
as providing details of students’ solution strategies are important. Participants’
answers are classified in three categories which are robust evidence, limited evidence
and lack of evidence. Responses demonstrating robust evidence of interpretation of
children’s understandings include different types of inferences about student’s
understanding. Firstly, teachers express all the details of children’s strategies and also
recognize how these details reflect children’s understanding. To illustrate, teachers

might say “Student’s strategy demonstrated that she interpreted multiplication as a
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repeated addition.” Secondly, they identify the strategies that are not used and the
points that are not understood by students. Briefly, if teachers’ responses include
interpretation about making sense of strategy details and this interpretation is relevant
to mathematical essence of topic and students’ mathematical development, it can be
said that teachers demonstrate robust evidence of interpretation of children’s
understanding. Similar to responses with robust evidence, in responses with limited
evidence, teachers describe and interpret students’ understanding, but this
interpretation is more superficial than in responses with robust evidence. In addition,
they are interested in which strategies were used and how they use them. However,
the specific connection between children’s strategies used and their understanding is
limited. For example, teachers can make a comment like “Students could not order
decimal numbers from larger to small.” As a consequence, when teachers draw an
overall conclusion related to students’ understanding, their responses can be labeled
as responses demonstrating limited evidence of interpretation of student’
understanding. In some responses, although teachers make a comment regarding
students and their understanding, it lacks the evidence to interpret students’
mathematical understanding. Furthermore, responses that include positive evaluation
of the teaching (e.g. | was happy that no students made calculation error), suggestion
for developing teaching (e.g. Teacher needs to use multiple representation),
commentary that is irrelevant to mathematical essence and students’ understanding
(e.g. All of them made effort to solve the problem in class) are evaluated as a response

with lack of evidence of interpretation of students’ understanding.

The third component of this framework is deciding how to respond on the basis of
students’ understanding and this component is the most distinct difference between
van Es’s (2011) categorization and Jacobs et al.’s (2010) categorization regarding
professional noticing skills. According to Jacobs et al. (2010), to be professional in
noticing, teachers have to be experts in deciding how to respond and give reasoning
of their responses as well as being able to attend students’ strategies and interpret their

understanding. In-the-moment responses in this component are different from
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planning or long term responses. Thus, teachers need to analyze what students know
about the topic and decide on how to respond immediately. Therefore, attending to
children’ mathematical strategies and interpreting their mathematical thinking are
significant criteria for efficient response. Jacobs et al. (2010) do not think that there is
a single best response, but they focus on “the extent to which teachers use what they
have learned about the children’s understanding from the specific situation and
whether their reasoning is consistent with the research on children’s mathematical
development” (p.173). In responses that include robust evidence on deciding how to
respond on the basis of students’ understanding, teachers notice what students did,
which strategy they used and how they used this strategy in detail. And also, according
to this capturing, they customized their suggestions for each student. Moreover,
responses include particular teaching methods/ possible strategies for the next stage,
the rationale behind these methods/strategies proposal and information about how to
use them in order to better teach and learn in class. An example of responses showing
robust evidence on deciding how to respond on the basis of students’ understanding

might be as follows.
Case 1: Example of robust evidence

Teacher’s Response.: For Gozde, I think I should ask the number of the balls
in the 52 step of the pattern instead of the 5 step of then pattern.

Rationale: Student calculated step by step in order to find the numbers of balls
in 5 figure instead of trying to generalize the pattern. When her teacher asks
the number of balls for the far term in the same pattern, she will force herself

to generalize a pattern.

In case 1, the teacher helps the student to make a generalization and extend his/her
knowledge. The teacher also, explains rationale behind his own reasoning. Similar to
responses showing robust evidence on deciding how to respond on the basis of

students’ understanding, responses that include limited evidence include teachers’
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explanations about students’ strategies and alternative ways. However, they do not
focus on specific aspects of strategies observed and these responses lack
customization. In other words, alternative strategies are proposed for all students
instead of for each student specifically. An example of a response which includes

limited evidence on deciding how to respond is as follows.
Case 2: Example of limited evidence
Teacher’s Response: | think | can use geoboard to explore the area of triangle.

Rationale: All of these students know how to find the area of parallelogram. |
think they can make inference about the area of triangle by using the area of

parallelogram.

In case 2, although the teacher responds with the rationale that considered the students’
past performance, he assumed that all of the class’s mathematical understanding is
similar and does not customize her response for a particular student. In some
responses, there is no evidence of deciding how to respond on the basis of students’
understanding. Moreover, if the teachers state the operation used or students’ general
understanding in solving the given problem, but they do not focus on their strategies
and propose unpractical responses, then they can be under the category of lack of
evidence. Furthermore, in some responses in this category, teachers write a similar
problem to previously asked problems. A case exemplifying lack of evidence can be

found below.
Case 3: Example of lack of evidence

Teacher’s Response: | will continue with the same type of question, but I will

prefer easier numbers.

In case 3, despite the fact that the teacher has to use students’ understanding to respond
and expand their understandings, she states she will ask the same question with easier

numbers.
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Briefly, Jacobs and his colleagues’ framework concentrates on attending to children’s
strategies and interpreting their understandings and using these understandings for in-
the -moment decision making. Also, these three components unitedly contribute to

teachers’ responding.
2.2.3. Conclusion Drawn from Categorization of Teachers’ Noticing

When teacher noticing frameworks mentioned above are examined from a general
perspective, it can be seen that van Es investigated teacher noticing expertise more in
detail considering two aspects: what teacher notices and how teacher notices. van Es
examined teacher noticing in four levels. However, this categorization had a limited
focus on student’s thinking and understanding. First three levels (level 1, level 2 and
level 3) are related to only classroom environment and group of people while teachers’
noticing skills of particular student’s thinking is only investigated at level 4. However,
Jacobs and his colleagues aimed to examine teachers’ skills of deciding how to
respond as well as their skills of attending to students’ strategies and interpreting their
understanding. Therefore, in the Jacobs et al.’s framework, whether teachers can make
a connection between students’ understanding and possible teaching and learning
methods/ strategies or not is investigated. Furthermore, Jacobs et al.’s framework is
constructed to examine teachers’ professional noticing on specific aspects of student
thinking and gives chance to discuss their noticing with common language. Thus,
Jacobs et al.’s framework is more detailed to learn teachers’ professional noticing
skills Since the aim of this study was to explain prospective teachers’ noticing skills
of students’ algebraic thinking in-depth, Jacobs, Lamb and Philipp’s categorization
was used. Although, these frameworks were used to guide teachers’ noticing skills of
students’ mathematical understanding within various contexts such as geometry and
fraction, in this study Jacobs et al.’s framework is preferred in order to investigate
prospective middle school mathematics teachers’ skills of noticing students’ algebraic

thinking within the context of pattern generalization.
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2.3. Studies about Teachers’ Noticing of Students’ Mathematical Understanding

Since teacher’s noticing skill enables them to teach resiliently and to adapt instruction
to accommodate students’ ideas, it is a very critical component of teacher’s
competency (National Council of Teachers of Mathematics [NCTM], 2000; Ball,
Lubienski, & Mewborn, 2001). Thus, teachers must be able to pay selective attention
to students’ strategies observed, make evaluative and interpretive comments regarding
their mathematical thinking, make connections between students’ thinking and the
principles of teaching and learning and decide how to respond to them on the basis of
their understanding (van Es & Sherin, 2008; Jacobs, Lamb, & Philipp, 2010).
Therefore, in recent years several studies have been conducted to investigate teachers’
skills of noticing students’ mathematical understanding in an international context
(Amador, Carter, & Hudson 2016; Jacobs et al., 2010; Schack, Fister, Thomas,
Eisenhardt, Tassel & Yoder, 2013; Star and Strickland, 2008; van Es & Sherin, 2008)
and in a national context (Gliner & Akyiiz, 2017; Kilig, 2018; Osmanoglu, 2010;
Osmanoglu, Isiksal & Kog, 2012; Ozdemir-Baki & Isik, 2018; Tung-Pekkan & Kilig,
2015; Ulusoy & Cakiroglu, 2018).

2.3.1. Studies about Teachers’ Noticing in an International Context

Some studies in the international context investigated to what extent teachers and
prospective teachers notice students’ understanding within a specific context
(Amador, Carter, & Hudson, 2016; Taylan, 2017). There are also research studies that
aimed to investigate whether improving teachers’ noticing skill is possible or not and
in what way it can be done (Jacobs et al., 2010; Schack et al., 2013; Star and
Strickland, 2008; van Es & Sherin, 2008).

To illustrate, Amador, Carter and Hudson (2016) focused on what prospective
teachers’ notice in mathematics classroom during the lesson study via observation.
Also, they aimed to state the type of prospective teachers’ focused and extended

noticing according to van Es’s (2011) framework. The data was collected from 24
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prospective teachers that were enrolled in method course and field experience through
video recordings. According to the results of this study, Amador, Carter and Hudson
(2016) stated that examples of focused and extended noticing skills were rare, and
they concluded that prospective mathematics teachers had limited noticing skills of
students’ mathematical understanding. According the output of this research, they
modified van Es’s (2011) framework and suggested that “Noticing can be considered
from the perspective of detailing student strategies, analysis of evidence, quality
suggestion and the connection of suggestion to evidence” (p.381). Also, they believed
that this framework gives teacher educators a chance to provide more guidance in
order to understand students’ mathematical understanding while they are watching and
observing lecture. In addition to this study, Taylan (2017) examined the noticing skill
of a highly successful third grade mathematics teacher within the context of
multiplication and division. In that study, the sample included only one teacher who
had experience in teaching third grade students for six years and worked one-on-one
with a nationally prominent teacher educator and educational researcher in a
professional development program for three years. Video records of classes, students’
written works and their notes, videotaped interviews and video clips were used in
order to gather data from the participant. Taylan (2017) stated that the teacher
identified students’ answers and strategies. In addition, she focused more on particular
student’s understanding than whole class instruction. And then, she highlighted the
specific events in classroom in relation to students’ thinking and made variety of
interpretations about students’ understanding. As well as attending to students’
strategies and interpreting them, she connected her interpretations of students’
understanding with general principles of teaching and learning. Contrary to the studies
of Amador, Carter and Hudson (2016), the findings of Taylan’s (2017) research
showed that the teacher had a high level of noticing skill of students’ mathematical
understanding and this study proposed details about how a teacher constructs her

instruction based on her observation and noticing.
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There are also many research studies in the international context that aimed to examine
whether improving teachers’ noticing skill is possible or not and in what way it can be
done (Jacobs et al., 2010; van Es & Sherin, 2008; Star and Strickland, 2008; Schack
et al., 2013). Jacobs and his colleagues (2010) conducted a cross sectional study to
construct a picture of changing of teachers’ perspectives engaged in a sustained
professional development program focusing on students’ mathematical thinking.
Thirty-six prospective mathematics teachers and 95 experienced K-3 teachers
participated in this study. In order to gather data, the participants were asked to watch
a video clip or analyze the students’ written work and then to answer prompts about
attending, interpreting and deciding how to respond in writing. The analysis of data
showed that teaching experience had a critical role in being expert in attending to
students’ strategies and interpreting their mathematical understanding, whereas there
was no similar evidence for expertise in deciding how to respond on the basis of
students’ understanding. However, they declared that the professional development
program helped to enhance expertise in all components of noticing skill. Finally,
Jacobs et al. (2010) stated that the participants who took professional development
training for 2 or more than 2 years and made leadership activities can more easily

interpret students’ thinking and use these interpretations in order to respond.

Similarly, van Es and Sherin (2008) explored the changes in teachers’ noticing skills
in the video club context. The data were collected through video club meetings and
interviews from seven fourth and fifth grade elementary teachers with experience
ranging from one to over twenty years. As a result of the study, they found that
teachers began to attune different features of the classroom by making discussions
with their peers in the video club meeting and their depth of interpretation of events
in classroom increased. In addition, teachers were aware of different aspects of
classroom environment to analyze classroom environment and students’ thinking
through video club meetings. As a consequence, van Es and Sherin (2008) declared
that teachers’ noticing can be developed as they interact with colleagues after

watching videos.
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Parallel to the results of previous studies (Jacobs et al., 2010; van Es & Sherin, 2008),
Star and Strickland (2008) conducted a study to investigate whether prospective
teachers’ classroom observation and noticing skills (attending to) can be developed
using video or not. The data obtained from 28 prospective teachers who were enrolled
in a semester-long secondary mathematics methods course at Midwestern University
in the United States. In order to explore participants’ noticing skills, written
instruments which are pre-assessment and post-assessment tasks were used. The
ability of observation of classroom environment, classroom management and the
ability of being attentive to tasks, mathematical content and communication were
researched with these instruments. Star and Strickland (2008) stated that in the
beginning of the teaching methods course, prospective teachers were weak in the
observation of static features of the classroom environment and attending to the issues
of mathematical content. However, they realized that after taking teaching methods
course in mathematics education, the participants developed their observation and

noticing skills.

Finally, Schack, Fister, Thomas, Eisenhardt, Tassel and Yoder (2013) investigated to
what extent teacher educators can enhance the progress of prospective elementary
school teachers’ noticing skills of students’ understanding in early numeracy. The data
were obtained by using pre and post assessment tasks from 94 prospective elementary
students who participated in researcher-developed five session module that
respectively nests the three interconnected components of professional noticing-
attending, interpreting and deciding how to respond. After watching the video
recordings of diagnostic interviews with students carried out by teacher educators,
prospective teachers were asked to respond to three prompts which were related to
three components of noticing: attending, interpreting and deciding how to respond by
making a connection with students’ understanding. The results of the study showed
that prospective teachers’ ability to attend, interpret and decide how to responds in the
context of early numeracy improved after participating in researcher-developed five

session module. Finally, Schack et al. (2013) claimed that professional noticing is
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fundamental competency for teaching and can be developed. Jacobs et al. (2010), van
Es and Sherin (2008), Star and Strickland (2008) and Schack et al. (2013) had a
common idea that noticing skill can be learnt and could be improved with teacher

training programs.

In addition to the studies regarding teachers’ noticing skills of students mathematical
understanding in the international context, there are also many studies that have been

conducted in the national context.
2.3.2. Studies about Teachers’ Noticing in National Context

In addition to studies conducted in international context, some studies were conducted
in order to explore teachers’ and prospective teachers’ noticing skills of students’
understanding within a specific context (Gliner & Akyliz, 2017; Kilig, 2018; Tung-
Pekkan & Kilig, 2015), while some studies were conducted to investigate whether
improving teachers’ noticing skill is possible or not and in what way it can be done in
national context (Osmanoglu, 2010; Osmanoglu, Isiksal & Kog, 2012; Ozdemir-Baki
& Isik, 2018; Ulusoy & Cakiroglu, 2018; Gliner & Akytiz, 2017).

For example, Giiner and Akyiiz (2017) conducted a study in order to explore
prospective teachers’ noticing skills within the context of addition and subtraction on
fraction through the lesson study consisting of planning, teaching and discussion parts.
The data were obtained from four participants with lesson plan, video records of
lecture observation and interview as a part of lesson study. The results of Giiner and
Akyliz’s (2017) study indicated that prospective teachers’ noticing skills of students’
understanding of addition and subtraction on fraction is low. In fact, it was seen that
participants focused on applying lesson plan and using materials rather than students

and their understandings.

Parallel to this research, Kili¢ (2018) conducted a study to investigate pre-service
teachers’ noticing skill and scaffolding practices. In this study, six prospective

teachers took part in the research and they were matched with a pair of sixth grade
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students to observe and scaffold these students’ mathematical understanding while
they were working. The data was obtained from video records of pre-discussion and
in-class implementation, and prospective teachers’ written reflection regarding
noticing during the 14-week course program. According to the participants’ answers,
they identified mathematical opportunities and they made coding for attending and
deciding how to respond. According to the results of this study, although prospective
teachers can mostly recognize students’ errors and strategies and explain reasoning of
their comments, they usually did not use high level scaffolding practice. Namely,
participants could not extend or support students’ understanding in order to elicit

students’ misconceptions and improve their understanding.

Additionally, Tung¢-Pekkan and Kilig (2015) carried out a study to examine
prospective teachers’ noticing skills of students’ understanding of fractions similar to
Kilig’s (2018) study. The purpose of Tung-Pekkan and Kilig’s (2015) study was to
investigate to what extent the prospective teachers notice mathematical opportunities
in relation to fractions and scaffold students’ mathematical thinking during
interactions. The data were collected from three prospective teachers having
experience in teaching middle and high school mathematics and three pairs of 6" grade
students through video records of observation and participants’ discussion. This study
revealed that prospective teachers’ lack of content and pedagogical content knowledge
negatively affected catching and stating them effectively. Moreover, the researchers
claimed that prospective teachers need to further develop appropriate scaffolding
activities. Namely, studies demonstrated that Turkish prospective teachers’ noticing
skills are low and these skills need to be developed (Giiner & Akyiiz, 2017; Kilig,
2018; Tung-Pekkan & Kilig, 2015).

There are also some studies conducted in Turkey to investigate whether improving
teachers’ noticing skill is possible or not and in what way it can be done (Gliner &
Akyliz, 2017; Osmanoglu, 2010; Osmanoglu, Isiksal & Kog, 2012; Ozdemir-Baki &
Isik, 2018; Ulusoy & Cakiroglu, 2018). To illustrate, Osmanoglu (2010) conducted a
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study to explore the changes in prospective teachers’ noticing skills regarding teacher
and student roles as they watched video cases from real classroom and discussed these
videos online within the context of geometry. Online discussion forum was used and
data was obtained from fifteen prospective teachers through the participants’
reflection papers on video cases from real classroom, online discussion and interview
(at the beginning, middle and the end). The results of this study showed that with
online video based discussion, prospective teachers’ noticing skills regarding teacher

and student roles developed.

Moreover, prospective teachers’ noticing skills of student roles underlined in the
Elementary Mathematics programs were investigated with video-based methodology
by Osmanoglu, Isiksal and Kog (2012). The data were obtained through reflection
papers from and interview with fifteen prospective teachers who studied at one of the
public universities. This research study indicated that the use of video cases in teacher
education gave opportunity to know the expectations of the elementary mathematics
program for prospective teachers. Besides, it was revealed that prospective teachers
could attend and interpret several issues regarding students’ roles by analyzing real

mathematics classrooms.

Ulusoy and Cakiroglu (2018) conducted a study to investigate prospective teachers’
noticing skills of students’ mathematical thinking in a video-based learning
environment and to analyze students’ thinking in schools in which prospective
teachers made school experience. Also, they aimed to understand their perception
regarding the role of analyzing micro case videos on the noticing of students’
mathematical thinking. The data was obtained from written reflection for each micro
case video, group discussion, and reflection after group discussion, classroom
meetings and project report during 14-week elective course program. According to the
results of Ulusoy and Cakiroglu’s (2018) research, although prospective teachers
simplistically analyzed students’ mathematical thinking in the beginning of video-

cases analyses, they proposed more profound analyzing by making an interpretation
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of data and recommend pedagogical strategies. Moreover, micro case videos
functioned as a scaffolding to enhance prospective teachers’ knowledge about
students’ thinking. Therefore, Ulusoy and Cakiroglu (2018) concluded that
prospective teachers’ noticing skills can be developed by using micro case videos that

enable to establish strong knowledge on students’ thinking.

Similarly, in a research study, Giiner and Akyiiz (2017) investigated prospective
elementary teachers’ noticing skills of 5 grade students’ mathematical thinking in the
concepts of perimeter, area and surface area. One female and three male prospective
elementary teachers participated in this study. The data was obtained from lesson
study for eight weeks in which the concepts of perimeter, area and surface area were
taught to 5" grade students. Similar to Ulusoy and Cakiroglu (2018), Giiner and Akyiiz
(2017) stated that although prospective teachers’ noticing skill differs in the different
stage of lesson study and it is low, it can be developed with lesson study by sharing
their thoughts with each other. According to Giiner and Akyiiz, one of the reasons for
this inadequacy might be their lack of teaching experiences. As a result, Giiner and
Akytiz (2017) stated that lesson study is one of the effective ways to improve teachers’

noticing skills.

Parallel to the study of Giiner and Akyiiz (2017), Ozdemir-Baki and Isik (2018)
conducted a study to analyze teachers’ noticing skills after conducting lesson study
that is a popular professional development program. Six teachers who worked at the
secondary schools participated in this research study and four of them took part in
lesson study, while two of them did not participate. The data was gathered through
video recordings of their lectures, participants’ evaluation reports and unstructured
interviews. The findings of the study revealed that the participants who performed the
lesson study paid attention to students’ prior knowledge, students’ different solutions
ways, and their misconceptions. Moreover, the teachers who participated in the lesson
study focused on how they corrected students’ mistakes and suggested alternative

teaching methods. However, teachers who did not attend to the lesson study generally
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focused on classroom environment and made evaluations regarding teacher pedagogy
rather than students’ mathematical thinking. Therefore, Ozdemir-Baki and Isik (2018)
concluded that lesson study is an effective professional development model to
improve teachers’ noticing skills. Thus, it can be concluded that teacher noticing skills
could be improved through teacher education programs or professional development
programs (Osmanoglu, 2010; Ulusoy & Cakiroglu, 2018; Gliner & Akyliz, 2017).

The research studies mentioned above showed that the number of studies in Turkey
that examine teachers’ professional noticing skills of students’ mathematical thinking
has increased in recent years and these studies generally concentrated on two areas:
investigation of teachers’ noticing skills and exploration of whether teachers’ noticing
skills can be developed or not. According to the results of these studies, researchers
agreed that prospective teachers” and teachers’ noticing skills of students’
mathematical understanding were inadequate (Kilig, 2018; Tung¢-Pekkan & Kilig,
2015); however, this skill can be enhanced via teacher education programs or
professional development programs (Giiner & Akyliz, 2017; Osmanoglu, 2010;
Ulusoy & Cakiroglu, 2018).

Algebra is the primary concept of mathematics in order to build conceptual and deeper
understanding of mathematics (Blanton & Kaput, 2005). Thus, the investigation of
prospective teachers’ noticing skills of students’ algebraic thinking is significant.
Therefore, in the current study, it was aimed to examine prospective middle school
mathematics teachers’ noticing skills regarding students’ algebraic thinking within the
context of pattern generalization. The next section focuses on algebra as a topic of
study, algebraic thinking, algebra in curriculum and functional thinking and pattern

generalization.
2.4. Algebra as a Topic of Study

Algebra has been one of the important branches of mathematics (Blanton, Stephens,

Knuth, Gardiner, Isler, & Kim, 2015) and is considered to be a gatekeeper in
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mathematics teaching and learning (Knuth, Alibali, McNeil, Weingberg, & Stephens,
2005). According to Radford & Peirce (2006), algebra cannot be thought only as

making estimations or using signs, and Howe (2005) addresses algebra as follows:

Working with variables, and in particular, arithmetic with variables, so
the formation of polynomial and rational expressions. This also
includes representing, or “modeling” concrete Situations with
expressions, and setting up equations. It is also often extended to
include extracting roots. (If these processes are iterated, they can
produce highly complicated expressions. But school algebra does not
go very far down this road.) It also includes manipulating expressions
and equations, to simplify, solve and interpret (p, 1).

Kaput (1999) gave a detailed definition of algebra and described the following five
aspects of algebra in present day mathematics:

1. “Algebra as generalizing and formalizing patterns and constraints,
especially, but not exclusively, algebra as generalized arithmetic

reasoning and algebra as generalized quantitative reasoning” (p.4).

2. “Algebra as syntactically guided manipulation of (opaque)

formalisms” (p.7).

3. “Algebra as the study of structures abstracted from computations

and relations” (p.7).

4. “Algebra as the study of functions, relations and joint variation”

(p.8).

5. “Algebra as a cluster of modeling languages and phenomena-

controlling languages” (p.8).

Thus, algebra means recognizing the relationship between variables, making a
generalization of this relationship, and writing a formula with algebraic expression

based on this generalization.
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According to Rakes, Valentine, McGatha, and Ronau (2010), algebra is core for
developing the understanding of high school mathematics, and so, it is important for
students to learn the fundamental concepts of algebra. From this point of view, the
standards of the National Council of Teachers of Mathematics (NCTM, 2000) stated
that students have to achieve four goals for algebra from kindergarten through grade
12. These goals are as follows: “goal 1-understand patterns, relations, and functions;
goal 2-represent and analyze mathematical situations and structures using algebraic
symbols; goal 3-use mathematical models to represent and understand quantitative

relationships, and goal 4-analyze change in various contexts” (p.296).
2.4.1. Algebraic Thinking

Algebraic thinking which is related to algebra has various meanings. To illustrate,
Cuoco, Goldenberg and Mark (1996) defines algebraic thinking as a habit of mind and
practical ways of thinking about mathematical content. Driscoll (1999, 2001) defines
algebraic thinking as a thinking on quantitative situations, which supports forming
relationships between variables. He explained that algebraic thinking includes being
able to think about functions, how they work and the impact of system’s structures on
calculations (Driscoll, 1999). Swafford and Langrall (2000) view algebraic thinking
as the capability of thinking about unknown quantities as known. Furthermore, Kieran
and Chalouh (1993) interpret algebraic thinking as making sense of symbols and
operations of algebra in terms of arithmetic. In addition, Kieran (1996) stated that the
ability of using different representations to interpret quantitative situations in a
relational way is another meaning of algebraic thinking. Radford specified that
algebraic thinking entails encouraging young students to become naturally aware of
generalizations in numerical and non-numerical contexts and expressing these
generalizations using a variety of semiotic signs (2008). However, Radford (2010)
reported that algebraic thinking neither comes into existence coincidentally, nor does
it arise as the required consequence of cognitive maturation. Therefore, recognizing

relationships, generalizing beyond specific examples, and investigating and analyzing
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patterns have a critical role in the middle school curriculum in order to develop

algebraic thinking (Magiera, Van den Kieboom, & Moyer, 2013).
2.4.2. Algebra in Curriculum

Algebra topics are introduced to students firstly when they are 6™ graders and taught
throughout middle and high school in Turkey (MoNE, 2018). The basic concepts such
as coefficient, variable, algebraic expression and constant term are introduced to
students at 6 grade in Turkey. Then, operation with algebraic expressions and
generalization of pattern are focused on at 7" grade (MoNE, 2018). And then,
algebraic expression and identities, linear equations and inequalities are taught to 8™
grade students.

As a consequence, engaging in making a generalization from patterns and using
variables or algebraic symbols are significant steps to increase students’ algebraic
thinking (Van de Walle, Karp, & Bay-Williams, 2013). For this reason, in this study,
the aim was to investigate prospective teachers’ noticing skills of algebraic thinking

with the subset of pattern generalization.
2.4.3. Pattern Generalization

Radford stated that algebraic thinking is based on students’ possibilities to catch
patterns and build functional relationships to find remote and unspecified terms
(2011). Radford also suggested that “the linkage of spatial and numerical structures
constitutes an important aspect of the development of algebraic thinking” (2011,
p.266) because a relationship is created between the figure and the value
corresponding to that figure. From this point of view, Mason, Burton and Stacey assert
that “Generalizations are the life-blood of mathematics. Whereas specific results may
in themselves be useful, the characteristically mathematical result is the general one”

(2010, p.8).
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According to Radford (2008), generalization process includes three main points which
are (1) recognizing a repeated process, (2) generalizing this repeated process to all
terms of sequences, and (3) establishing a rule that enables them to directly determine
any term of sequence. Rivera and Becker (2009) added justification to these main
points and they said that “some kind of explanation that their algebraic generalization
is valid by a visual demonstration that provides insights into why they think their
generalization is true” (p. 213-214) According to Rivera (2010), the generalization
process consists of the coherence of two interdependent actions: “abductive-inductive
action on objects, which involves employing different ways of counting and
structuring discrete objects or parts in a pattern in an algebraically useful manner, and
symbolic actions, which involve translating in the form of algebraic generalization”
(p. 300). Consequently, the generalization process enables students to develop their
algebraic thinking because this process includes recognition, justification and
reasoning (Radford, 2008; Rivera & Becker, 2009; Rivera, 2010).

Although students have difficulty in expressing generalization in algebraic terms and
creating inverse functions with symbols (Jurdak & Mouhayar, 2014), their ability of
pattern generalization and algebraic thinking can be developed (English & Warren,
1998). If teachers can understand how students made their algebraic activities, they
can encourage their algebraic understanding. Thus, pedagogical conditions need to be
created in order to enhance students’ algebraic thinking (Radford, 2010), and,
teachers’ noticing skill of students’ algebraic thinking is an essential competency for
teachers. From this point of view, in recent years, studies that aimed to investigate
prospective teachers’ noticing skills of students’ understanding with the specific

context of algebra have been conducted.
2.5. Studies about Teachers’ Noticing of Students’ Algebraic Thinking

Researchers conducted a study to explore prospective primary school teachers’
noticing skills of students’ algebraic thinking in international context (Callejo &

Zapatera, 2017; Walkoe, 2013). In a research study, Walkoe (2013) explored
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prospective mathematics teachers’ noticing skills of students’ algebraic thinking and
investigated whether incorporating an eight-week video club intervention could help
enhance teachers’ noticing skills of students’ algebraic thinking or not. The data was
collected from 13 prospective secondary mathematics teachers via video club
meetings. Similar to Amador et al.’s (2016) study, this study revealed that in the early
video club meetings, the participants were weak in making descriptive and evaluative
comments, highlighting noteworthy events, and explaining students’ algebraic
thinking in-depth. However, Walkoe (2013) explained that as video clubs progressed,
participants began to discuss classroom environment better and made more
interpretive comments regarding students’ thinking. In addition to this study, Callejo
and Zapatera (2017) conducted a study to explore teachers’ competence in noticing
students’ mathematical thinking in the specific area of the pattern generalization. The
data was gathered via a questionnaire from 38 prospective primary school teachers in
the second semester of the program. According to the results of Callejo and Zapatera’s
(2017) study, although the participants identified the mathematical elements of the
problems solved by the students, they were not good at interpreting students’
understanding of pattern generalization. They stated that while 16 prospective primary
school teachers’ answers were labeled as high level of identification, only two of them
made high level of interpretation. Also, they added that there was no evidence of
interpretation for 15 prospective primary school teachers. Thus, the researchers
concluded that the teachers could not identify the mathematical essence of the problem
in order to understand students’ algebraic thinking within the context of pattern
generalization. In conclusion, the results of these studies revealed that prospective
primary school teachers’ noticing skills of students’ algebraic thinking and
understanding are limited; however, this skill can be developed with the help of
teacher training programs.
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2.6. Summary of Literature Review

“Teaching is one of the most common -and also one of the most complicated- human
activities” (Ball & Forzani, 2010, p.40). In order to teach effectively, teachers must
learn to distinguish the remarkable actions to pay attention to and to handle complex
events that occur in the classroom; thus, teachers’ noticing skill is an essential
competency (Star & Strickland, 2008; Sherin & Star, 2011; van Es & Sherin, 2002;
Sherin, Russ, & Colestock, 2011; Jacobs, Lamb, & Philipp, 2010). In the light of the
studies reviewed in this section, different models were developed to explain teachers’
noticing skills (van Es, 2011; Jacobs, Lamb, & Philipp, 2010). Although some
frameworks focus on teachers’ noticing of both classroom environment and student
thinking, others provide an approach related to only teachers’ noticing of students’

understanding.

Our review of the literature indicated that researchers conducted a study in order to
examine teachers and prospective teachers’ noticing skills of students’ understanding
in international and national context. The results of some studies showed that teachers
and prospective teachers have limited noticing skills (Amador, Carter, & Hudson
2016; Giliner & Akyiiz, 2017; Kilig, 2018; Tung-Pekkan & Kilig; 2015); however,
others showed that teachers can learn to notice students’ understanding and this ability
can be enhanced through teacher training programs or professional development
programs (Giiner & Akyiiz, 2017; Jacobs, Lamb & Philipp, 2010; Osmanoglu, 2010;
Ulusoy & Cakiroglu, 2018; Schack, Fister, Thomas, Eisenhardt, Tassel, & Yoder,
2013; Star & Strickland, 2008; van Es & Sherin, 2008).

Algebra is one of the important areas of mathematics, and algebraic thinking is a
highly essential skill for learners of mathematics (Kieran & Chalouh, 1993; Kieran,
1996; Cuoco, Goldenberg, & Mark, 1996). Interpreting symbols, semiotic signs or
unknowns as arithmetic and known is related to algebraic thinking (Swafford &
Langrall, 2000; Kieran and Chalouh, 1993; Kiearn, 1996; Radford; 2008), and the

investigation of non-symbolic form of algebraic thinking is highly critical to
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encourage students to think algebraically. For this reason, enhancing students’ pattern
generalization skills is an important step (Radford, 2010; Rivera, 2010). Therefore,
investigating prospective middle school mathematics teachers’ noticing skills within
the context of pattern generalization is important. Moreover, the number of
investigations on this topic in international context is quite limited (Callejo &
Zapatera, 2017; Walkoe, 2013) and there are no studies on prospective teachers’ or
teachers’ noticing in accessible literature in national context. Examining prospective
teachers’ noticing skills within the context of pattern generalization is believed to
contribute theoretically to the literature by filling the gap regarding prospective
teachers’ noticing skills within the context of pattern generalization. The current study
is also assumed to contribute practically to the literature in terms of presenting
different real students’ solutions strategies. Thus, the aim of this study is to investigate
prospective teachers’ noticing skills of students’ algebraic thinking within the context

of pattern generalization.
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CHAPTER 3

METHOD

In this study, prospective middle school mathematics teachers’ noticing skills of
students’ algebraic thinking within the context of pattern generalization were
examined. In this chapter, the research questions, design of the study, sampling and
participants of the study, the context of the study, data collection procedure, the pilot
study, data analysis procedure, trustworthiness, researcher role and bias, ethical

consideration and limitations of the study are given respectively.
3.1. Research Questions
The research questions that were addressed in this study are as follows:

1.How do prospective middle school mathematics teachers notice students’

algebraic thinking within the context of pattern generalization?

1.1. To what extent do prospective middle school mathematics teachers
attend to students’ solutions within the context of pattern

generalization?

1.2. To what extent do prospective middle school mathematics teachers
interpret students’ algebraic thinking within the context of pattern

generalization based on students’ solutions?

1.3. What is the nature of the decisions that prospective middle school
mathematics teachers make to respond on the basis of students’

algebraic thinking within the context of pattern generalization?
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In order to answer these research questions, the research was designed as described

below.
3.2. Research Design

In this study, qualitative research method was used in order to investigate prospective
middle school mathematics teachers’ noticing abilities of students’ algebraic thinking
within the context of pattern generalization. Qualitative research has been defined
differently by many researchers. To illustrate, Denzin and Lincoln (2005) defined

qualitative research as follows:

Qualitative research is a situated activity that locates the observer in the world.
It consists of a set of interpretive, material practices that make the world
visible. These practices transform the world. They turn the world into series of
representations, including field notes, interviews, conversations, photographs,
recordings and memos to the self. At this level, qualitative research involves
an interpretive, naturalistic approach to the world. This means that qualitative
research study things in their natural settings, attempting to make sense of, or
interpret phenomena in terms of the meanings people bring to them (p.3).
Patton (2002) defined qualitative research as trying to understand the particular
aspects of situations in their context. According to Frankel and Wallen (2006), when
researchers want to obtain a more complete picture of teaching, insight into concerns
and learning and know more than just “to what extent” or “how well” something is
done, qualitative research is preferred. In this type of research, the quality of
relationships, activities, situations or materials are investigated (Frankel & Wallen,
2006). Furthermore, Creswell (2007) stated that qualitative research is conducted in
order to explore problems or issues and to gain an in-depth understanding of the issue
and interpretation of participants. Since the aim of current study was to investigate
prospective middle school mathematics teachers’ noticing ability regarding students’

algebraic thinking within the context of pattern generalization, it was preferred to use

qualitative research design in the current study.
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Although there are many different qualitative methodology types, some common
features that characterize most qualitative research studies are as follows: (1) The
researcher is the key instrument and the main source of data to explore the process;
(2) During the process of the study, the concepts are interpreted in their own natural
settings; (3) Descriptive explanation of what is investigated is produced via words and
pictures; (4) Data that is collected through inductive process which is used to improve
concepts and theories, or researchers are primarily interested in how people make
sense out of their lives to make sense of the concepts within the theory (Bogdan &
Biklen, 1998; Merriam, 2009).

Qualitative methodology studies have distinct characteristics as well as common
features. For this reason, researchers proposed different types of qualitative research
based on their distinctness. Merriam (1998) mentioned five different types of
qualitative research: basic or generic, ethnography, phenomenology, grounded theory,
and case study. In the current study, | was a part of the study as the researcher,
interested in prospective teachers’ noticing skills of students’ algebraic thinking
within the context of pattern generalization and aimed to have a deep understanding
of their thinking about the topic. Therefore, qualitative case study is the most
appropriate to use. The characteristics of the case study are explained in the following

section.
3.2.1. Case Study

Creswell (2007) defined case study as investigating an issue with the help of one or
more cases that are in the specific context. Merriam (1998) reported that an in-depth
understanding of the issue is obtained through case study design and stated that
process, context, and discovery are more important than the outcomes, specific
variables, and discovery in case studies. Furthermore, Creswell (2007) and Merriam

(1998) specified that a person, a program, or a group should be defined as a case.

Yin (1994) gave the definition of case study as follows:
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A case study is an empirical inquiry that investigates a contemporary
phenomenon within its real-life context, especially when the
boundaries between phenomenon and context are not clearly
evident...Case study inquiry copes with the technically distinctive
situation in which there will be many more variables of interest than
data points, and as one result relies on multiple sources of evidence,
with data needing to converge in a triangulating fashion, and as another
result benefits from the prior development of theoretical propositions
to guide data collection and analysis (p. 13).

In addition, Yin (2003, 2009) categorized case studies into single-case holistic,
multiple-case holistic designs and single-case embedded, multiple-case embedded
designs. Whether a study is a single-case or multiple case is related to the number of
cases, and whether a study is holistic or embedded is related to the number of unit of
analysis. Among these designs, single-case embedded design is a common design in
case studies where there is more than one unit of analysis to explain the case. The

model of the single-case embedded design is given in Figure 3.1 below.

CONTEXT

Embedded Unit

3
i of Analysis 1

Embedded Unit

T

of Analysis 2

Figure 3.1. Single-case embedded (multiple units of analysis) design (Yin, 2009, p. 46)

The research design of this study was single-case embedded design. The case was

thirty-two prospective middle school mathematics teachers, and the prospective
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teachers’ noticing skills of attending to students’ solutions, interpreting students’
mathematical understanding, and deciding how to respond were the embedded “units
of analysis”. The participants of the current study are prospective middle school
mathematics teachers enrolled in the teacher education program at one of the public
universities. In Figure 3.2., the model of the current study with respect to single-case

embedded design is given.

TEACHER EDUCATION PROGRAM

Prospective teachers’ noticing

prospective

teachers’ attending prospective

to students’ teachers’ prospective

solutions interpreting teachers’ deciding
students’ algebraic how to respond on
thinking the basis of

students’ algebraic
thinking

Figure 3.2. Single-case embedded (three units of analysis) design

In sum, in the present study, in an effort to obtain in-depth exploration of prospective
middle school mathematics teachers’ noticing skills, I wanted to study case-based
pedagogy and thus conducted qualitative case study. The sampling and selection

process of the participants are explained in the next section.
3.3. Sampling and Selection of the Participants

In qualitative studies, researchers want to elicit crucial information from those who

supply them the most and they make connection with participants mostly (Merriam,
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1998). Thus, selecting participants has very critical role to achieve the aim of the
study. In order to select participants, there are two basic types of sampling methods
which are probability sampling and non-probability sampling (Merriam, 2009). The
probability sampling method is preferred in order to generalize the results of the study
from the sample to the population. Since qualitative research does not aim to make
generalizations, the non-probability sampling method was preferred rather than the
probability sampling method for sampling (Merriam, 2009). One of the most common
forms of non-probability sampling, which is the purposive sampling method, was used
in this study. Purposive sampling is based on the assumption that the researcher wants
to discover, understand, and gain an insight into the phenomenon and therefore must
select a sample from which the most can be learned (Merriam, 2009, p.77). In the
light of the definition of purposive sampling given by Merriam (2009), 32 prospective
teachers were selected based on three criteria to apply the questionnaire regarding

professional noticing skills of students’ algebraic thinking.

The first criterion is related to accessibility so that | could easily access the
participants. Participants should be close enough to me to make an interview. The
second criterion of the sampling procedure was that participants completed the
Methods of Teaching Mathematics I-11 courses since studying these courses makes
prospective teachers more knowledgeable about teaching mathematics. The final
criterion is that participants were taking the School Experience course because in this
course they have an opportunity to observe classroom environment and gain
experiences about noticing classroom environment and students’ thinking. For these
reasons, in this study, prospective teachers who were easy to reach, who completed
Methods of Teaching Mathematics I-11 courses, and who were taking the School

Experience course were preferred.

To sum up, in the present study, 32 senior prospective middle school mathematics
teachers were selected to participate in this study. After applying questionnaire to

thirty-two prospective teachers, all of them were asked whether they were voluntary
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to participate in semi-structured interview. Thus, eight senior prospective teachers
agreed to take part in semi-structured interview. The sample of the main study is

summarized in Figure 3.1 below.

32 participants

(for questionnaire)

8 participants

(for semi-structured interview)

Figure 3.3. Sample of the Study

3.4. Context of the Study

The context of the study was the middle school mathematics teacher education
program, which is a four-year undergraduate program at one of the public universities
located in Ankara. The program "aims to develop teachers with a sound understanding
of how children learn mathematics; with confidence in using technology; with
competence in problem-solving; with sensitivity to human rights, democracy, and
ethics. The program emphasizes critical thinking, personal reflection, and professional
development of prospective mathematics teachers” (“Department of Elementary
Mathematics Education”, 2018). Students who take this education program become
mathematics teachers for 5" to 8™ grades. The courses offered in the program are given
in Appendix A.
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3.5. Data Collection

In qualitative research, data is obtained using multiple technigues such as interview,
observation and the examination of documents in order to describe the phenomenon
deeply (Frankel & Wallen, 2006; Lodico, Spaulding, & Voegtle, 2006). Interview is
the most commonly preferred data collection tool in qualitative studies in order to
clearly elicit information from the participants (Merriam, 1998). Observation gives
researchers an opportunity to observe participants’ behavior as are (Frankel & Wallen,
2006). Another important form of data in qualitative research is "documents produced
by key participants in the events being observed” (Slavin, 2007, p. 133) and a
document in qualitative research consists of three major sources of data which are
personal papers, public records and artifacts (Merriam, 1998). Thus, in this study,

documents and interview were used to obtain data.

Prospective teachers’ noticing skills of students’ algebraic thinking within the context
of pattern generalization were investigated through students’ solutions; therefore,
firstly student solutions regarding pattern generalization were selected through the
questionnaire that was applied to students. According to the results of this
questionnaire, alternative students’ solutions were selected and the questionnaire for
prospective teachers was prepared to explore their noticing skills. Interview was also

used as a data collection tool in this study.

Table 3.1 presents the time schedule for the data collection process. Then, the data
collection tools and data collection procedures are explained in detail in the following

sections.
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Table 3.1. Time Schedule for Data Collection

Date

Events

October 2017 - November 2017

November 2017 — January 2018

January 2018- July 2018

December 2018- December 2018

December 2018- January 2019

January 2019 — March 2019

Development of the instrument
(questionnaire for students)

Applying the questionnaire to students
Selecting alternative students’ solutions

Development of the instrument
(questionnaire for prospective teachers)

Pilot study and revision of the data
collection tool

Selection of participants for questionnaire in
the main study

Development of the instrument (interview)

Data collection through the questionnaire for
the main study

Pilot study and revision of the data
collection tool for interview

Selection of the participants for interview in
the main study

Data collection through interviews for the
main study

Data analysis
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3.6. Data Collection Tools

The purpose of this study is to investigate the noticing skills of prospective middle
school mathematics teachers regarding students’ algebraic thinking within the specific
context of pattern generalization. In order to achieve the aim of the study, data was
collected via (1) a questionnaire to reveal middle school students’ solutions, (2) a
questionnaire for prospective middle school mathematic teachers’ professional
noticing skills, and (3) interviews with prospective teachers following the noticing
questionnaire. Detailed information about the data collection tools is given in the

following sections.
3.6.1. Questionnaire for Middle School Students

In order for prospective teachers to attend to students’ solutions, interpret students’
algebraic thinking, and decide how to respond, different student solutions regarding
pattern generalization were needed. For this reason, in order to gather alternative
student solutions, a questionnaire for middle school students was prepared. Although
the curriculum was revised in 2018, the previous curriculum (2013) was implemented
when data were collected. Thus, three questions with sub-dimensions were adapted
from the literature in accordance with the objective “Students should be able to express
the rule of arithmetic sequences by using letters and find the desired term of sequences
expressed in letters.” (6.2.1.1.) given in the Turkish middle school mathematics
curriculum (MoNE, 2013, p.18). Detail information about the questions related to this

objective is given below.

Pattern generalization tasks are placed in different categories (Stacey 1989):
“questions which can be solved by "step-by-step drawing and counting” (near
generalization) and “questions which go beyond reasonable limits of such a step-by-
step approach” (p.150), for example, arriving at the number of elements of figure 80
in a series (far generalization). Identifying a model which is the growth pattern of the

series is necessary to make a near generalization, while building coordination of two
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models is important to make a far generalization and write a general rule via functional
thinking: the number of elements of the term and the position of each term of series
that refers to more complicated relationships (Radford, 2011). Moreover, Warren
(2005) revealed that it was important to reverse the process; that is, finding the term
with a given number of elements as well as generalizing a pattern from a small position
number to large position number. Thus, identifying a term in an inverse functional
relationship (finding number of elements of a figure with the number in the figure) is

a significant component for pattern generalization.

In the light of these definitions, question 1 examined students’ knowledge related to
far generalization, while the second question was designed to assess students’
knowledge concerning near generalization, far generalization, general rule, and the
inverse process. Moreover, Question 3 examined students’ knowledge about near

generalization, far generalization, and general rule. The questions are as follows:

Question1:

The first four steps are given in the picture below. According to these steps, find the number
of squares in the 25th step. While finding the result, please draw a table and write the
algebraic expression.

|

figure 1 figure 2 figure 3 figure 4

Figure 3.4. Question 1 (Radford, 2000)

In Question 1, whether students can make far generalization or not is explored. To
reach a far generalization, students need to form a relationship between the number of

squares and the position of the each term of the pattern.
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Question 2:

| Gardens are framed with a single row of tiles as illustrated below.

(A garden of length 3 requires 12 border tiles.)

W

length 1 length 2 length 3

a) How many border tiles are required for a garden of length 12?

b) How many border tiles are required for a garden of length n?

¢) Show how to find the length of the garden if 152 tiles are used for the garden.

(Find the solutions to questions A, B and C by drawing, creating a table or using numeric

or algebraic expressions.)

Figure 3.5. Question 2 (Kriegler, 2008)

In Question 2, sub-question a asks students to make a far generalization for the 12%"

term in the pattern. Then, whether students can write a general rule and inverse the

processes or not are investigated in sub-questions b and c, respectively.

Question 3

Avyse is having a party. The first time the doorbell rings, one guest enters. If on each
successive ring a group enters that has two more persons than the group that entered on

the previous ring,

a. How many guests will have arrived after the 5t ring?|
b. How many guests will have arrived after the 100t ring?

¢. How many guests will have arrived after the n ring?

Figure 3.6. Question 3 (Meyer & Sallee, 1983)

In Question 3, students are expected to make a near generalization in sub-question a

and a far generalization in sub-question b. Moreover, the students are asked to write a
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general rule/formula of the pattern by exploring far generalization for the n™ term in

sub-question c. The Turkish version of these questions are given in Appendix B

The questionnaire which was prepared to obtain alternative student solutions was
applied to middle school students. As the objective “Students should be able to express
the rule of arithmetic sequences by using letters and find the desired term of sequences
expressed in letters.” (6.2.1.1.) (MoNE, 2013) is in the 6" grade mathematics
curriculum, it was decided to apply the questionnaire to 6™ grade students. The
accessible 6™ grade students were asked whether or not they would like to participate
in a study. In addition to being voluntary, it was crucial to be personally convenient to
participate in this study in terms of mathematics performance, positive attitude
towards mathematics and so on. Based on these criteria, a questionnaire for middle
school students were applied to twenty 6 grade students who were enrolled in one of
the public middle schools in Ankara to obtain alternative student solutions to put into

questionnaire for prospective teachers.

After applying the questionnaire for middle school students, 6" grade students’
solutions were analyzed to prepare questionnaire for prospective students. It was
realized that the students gave both correct and incorrect answers to the questions.
This was an important issue since it is significant to use various solutions reflecting a
range of students’ understanding to investigate teachers’ noticing (Jacobs et al., 2010).
Students’ correct and incorrect solution have crucial role to examine teachers’
responses to extent students’ understanding through new problems after the questions
were answered correctly and to support the understandings of the students’ who
answered the problem incorrectly (Jacobs et al., 2010). For these reasons, two correct
and three incorrect student solutions which included different important details about
pattern generalization were selected to investigate prospective teachers’ noticing skills
of students’ algebraic thinking. The solutions in the questionnaire for prospective
teachers were coded as Student A’s, B’s, C’s, D’s, and E’s solutions. While Student

A’s, C’s and E’s solutions were incorrect, Student B’s and D’s solutions were correct.
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More specifically, student A could make near generalization, but s/he was mistaken
in far generalization. Student B could make far generalization without using algebra.
Student C made a near generalization, but s/he could not write the rule of pattern and
make inverse process. Student D could make near and far generalization and write the
rule of pattern perfectly. Finally, student E misunderstood the problem, so s/he was
mistaken in near generalization, far generalization and writing rule of pattern. All of
the students’ solutions chosen for questionnaire for prospective students is stated as

follows:

Student A’s solution:

The first four steps are given in the picture below. According to them,
find the number of squares in the 25th step.

(While finding result, please draw a table and write the algebraic
expression.)

Figure 3.7. Student A’s solution
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Student B’s solution

The first four steps are given in the picture below. According to
them, find the number of squares in the 25th step.
(While finding the result, please draw a table and write the algebraic
expression.)
] %
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Figure 3.8. Student B’s solution
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Student C’s solution

Gardens are framed with a single row of tiles as illustrated below.
(A garden of length 3 requires 12 border tiles.)

a) How many border tiles are required for a garden of length 127
b) How many border tiles are required for a garden of length n?
c¢) Show how to find the length of the garden if 152 tiles are used for the
garden.

(Find the solution to questions A, B and C by drawing a table or using a
numeric or algebraic expression.)
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Figure 3.9. Student C’s solution
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Student D’s solution

Ayse is having a party. The first time the doorbell rings, one guest enters.
If on each successive ring a group enters that has two more persons than
the group that entered on the previous ring,

a) How many guests will have arrived after the 5t ring?
b) How many guests will have arrived after the 100% ring?
¢) How many guests will have arrived after the nt ring?

oS A0 N A
Q) A I Rt e e
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5 et = 26 ]
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Figure 3.10. Student D’s solution
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Student E’s solution

Ayse is having a party. The first time the doorbell rings, one guest enters.
If on each successive ring, a group enters that has two more persons than

the group that entered on the previous ring,

a) How many guests will have arrived after the 5% ring?
b) How many guests will have arrived after the 100t ring?
¢) How many guests will have arrived after the nt ring?

4= 4=4 2. =3  34=5 u=9 5=3
3};;4] v.a.ﬂ‘dnr
b — L.20= = 1
2--.3-{:-_5
2-4-1 = F
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Figure 3.11. Student E’s solution

3.6.2. Questionnaire for Prospective Middle School Mathematics Teachers

In order to explore prospective middle school mathematic teachers’ noticing skills, the
noticing questionnaire was developed based on Jacobs, Lamb and Philipp’s (2010)
framework using five students’ correct and incorrect solutions that were chosen by
researcher. In the questionnaire, there were three open-ended questions with the sub-
dimensions related to five different students’ solutions, which helped evaluate the
noticing skills of prospective middle school mathematics teachers. The participants
were expected to give answers to the open-ended questions in writing. These questions
are as follows and also the Turkish version of questions is available in Appendix C.
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(1) “Please explain in detail what you think each child did in response to this
problem” (Jacobs, Lamb & Philipp, 2010, p.178).

(2) Please explain what you learned about these children’s understanding”
(Jacobs, Lamb & Philipp, 2010, p.179).

(3) “Pretend that you are the teacher of these children. What problem or problems
might you pose next?”” (Jacobs, Lamb & Philipp, 2010, p.179).

These questions were prepared to identify prospective teachers’ noticing skills of
students’ algebraic thinking. More specifically, the first question tries to explore to
what extent prospective teachers identify students’ solutions and what they understand
from their solutions; in the second question how prospective teachers make inferences
and interpret students’ thinking is examined; and the third question investigates how
prospective  teachers respond, namely, how they overcome students’

mistakes/misconceptions or extend their knowledge.
3.6.3. Semi-structured Interview

Interview is one of the most important sources of information in case study research
(Yin, 2003), and it is an essential data collection tool to obtain particular information
which is not observable (Merriam, 1998). Since researchers cannot observe
participant’s feelings, thoughts and intentions, they elicit information regarding

participant and enter into the interviewee’s mind by asking questions (Patton, 2002).

According to Merriam (1998), interviews are categorized into three: highly-structured,
semi-structured, and unstructured. In highly-structured interviews, the questions and
their order are determined before the interview. In semi-structured interviews, before
the interview, the questions and issues to be explored are determined; however, the
order of these questions can be changed or they can be expanded according to
interviewee’s answers. In this type of interview, mostly open-ended questions are

preferred to obtain in-depth information about issues (Merriam, 1998). In order to
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ascertain information about an issue and formulate questions for subsequent
interviews, unstructured interviews are preferred. This type of interviews is rarely used
to gather data in qualitative research. Thus, in order to clear up and confirm
prospective middle school teachers’ responses in the questionnaire and draw a holistic
picture of prospective teachers’ noticing skills, semi-structured interviews were

conducted as another data source for this study.

In the interview, researcher interacts with the participants’ ideas directly with further
questions. The example questions that were asked during the interview were as

follows:

PST 3 said about one students’ solution that “S/he could form a relationship and make
a generalization.” At this point, I asked her “How did you come to the conclusion that
the student can generalize?” As another example, PST 5 answered the question
regarding deciding how to respond on the basis of students’ understanding as “I want
the student to draw the 5" step of pattern and make comparison between the number
of squares in the 5™ step and the number of squares in the 25" step”. Based on PST
5’s answer, I asked the questions “What is your purpose in asking this question?” and

“Will you add a new question?”” Sample interview questions are given in Appendix D.
3.7. Data Collection Process

The purpose of this study was to explore the prospective teachers’ noticing skills of
students’ algebraic thinking. In order for prospective teachers to attend to students’
solutions, interpret, and respond regarding pattern generalization, different students’
solutions were needed. In order to select alternative student solutions, data were
collected through the questionnaire from twenty 6" grade students who were
accessible by researcher. According to the results of the questionnaire for students,
researcher selected five student solutions that involve both correct and incorrect

solutions to put into the questionnaire for prospective mathematics teachers.
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The questionnaire for prospective teachers involved three open-ended questions
related to selected students’ solutions, and then it was applied to 32 prospective
teachers to investigate their noticing skills. Before starting to collect data, information
was given to the participants about the study and they were asked whether they were
voluntary or not to take part in the study. In order for the participants to complete the
questionnaire, sufficient time was given and the researcher promised that the students’
responses would be kept confidential and they would be shared only with the advisor

and the co-advisor.

In this study, it was necessary to clarify the participants’ unclear sentences and
confirm their response and draw a holistic picture with the help of another data
collection tool. Therefore, semi-structured interviews were conducted with eight
prospective teachers. Before conducting an interview, the purpose of the study and the
interview were explained to the participants. Participants were videotaped by
permission and the researcher promised that nobody else would see responses or listen
to their video recording of interviews except for the researcher, advisor and co-
advisor. The interviews with one participant lasted approximately 75 minutes.
Classrooms were preferred to conduct the interviews so that the participants could feel
comfortable.

3.8. Pilot Study

According to Marshall and Rossman (2006), pilot study gives a chance to filter the
instruments and rearrange them to increase participants’ self-confidence and self-
efficacy in conducting the research, and to notice and solve any problems regarding
the research before conducting the main study. Thus, a pilot study is needed so that

the main study can be conducted effectively.
3.8.1. Pilot Study in Questionnaire for Prospective Teachers
Twelve prospective teachers (4th grade students in the elementary mathematics

education program) enrolled at one of the public universities located in Ankara in the
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2017-2018 academic year participated in the pilot study. The criteria to choose the
participants for the pilot study were similar to the criteria for selecting participants for
the main study. The first criterion was accessibility so that | could easily access the
participants. | chose the participants who were close enough to me to make the
interview. The second criterion of the sampling procedure was that the participants
completed the Methods of Teaching Mathematics I-1l courses since studying these
courses makes prospective teachers more knowledgeable about teaching mathematics.
The final criterion was that the participants were taking the School Experience course
so that they had an opportunity to observe the classroom environment and had
experiences about noticing the classroom environment and students’ thinking. For
these reasons, in this study, prospective teachers who were easy to reach, who
completed the Methods of Teaching Mathematics I-11 courses, and who were taking
the School Experience course were selected. In the first phase of the pilot study, the
questionnaire which is related to teachers’ noticing skills was applied to 12
participants in the 2017-2018 academic year. The participants responded to all the

questions and wrote their answers in detail in sufficient time.

The instrument was checked through the pilot study and any problems regarding the
study were revealed. As a result of the pilot study, it was concluded that the

questionnaire can be applied to prospective teachers effectively for the main study.
3.8.2. Pilot Study for the Interview Phase

In the second phase, an interview was conducted with one voluntary participant as the
pilot study. This participant was selected among the prospective teachers that
completed questionnaire. The pilot interview lasted for nearly 100 minutes. Whether
questions can be asked to participants correctly, whether the questions were clear for
participants, and whether the researcher can reach her goal with these questions were
discussed after conducting the interview. No changes were made in the interview

schedule after the pilot study.
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3.9. Data Analysis

Data analysis is the process in which order, structure, and meaning to the mass of
gained data were obtained (Marshall & Rossman, 2006). According to Bogdan and
Biklen (1998), "Analysis involves working with data, organizing them, breaking them
into manageable units, synthesizing them, searching for patterns, discovering what is
important and what is to be learned, and deciding what you will tell others.™ (p.157).
Merriam (1998) stated when a researcher begins to collect data in qualitative research,

the process of analysis of the data starts at the same time.

In order to analyze the data easily, Merriam (1998) has suggested various techniques,
which are ethnographic analysis, narrative analysis, phenomenological analysis, the
constant comparative method, content analysis, and analytic induction. According to
Glaser and Strauss (1967), a researcher can identify a phenomenon, event or set of
interest, and generate a theory through the constant comparative method. Since the
purpose of this study is to investigate prospective teachers’ noticing skills of students’
algebraic thinking, the constant comparative method was used in order to analyze the
data.

According to Lodico, Spaulding and Voegtle (2006), coding is the process of
identifying different segments of the data that describe the related phenomena and
labeling these parts using broad category names. Data are identified as major and
minor themes while coding the data. According to Lodico et al., "Themes are typically
big ideas that combine several codes in a way that allows the researcher to examine
the foreshadowed questions guiding the research” (p. 307).

In the current study, the data gathered from the questionnaires and semi-structured
interviews were analyzed in order to clarify the in-depth description of prospective
middle school mathematics teachers’ noticing skills of student’ algebraic thinking.
Initially, I transcribed the video recordings of the semi-structured interviews with

eight prospective teachers and | read the text gained from the questionnaires and all
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the transcripts of the interviews. The participants’ responses were categorized using
the codes presented in the framework of Jacobs et al. (2010). After that, according to
the similarities and differences of the participants’ responses, some changes in the
codes were made; new codes were added; some categories were divided into
subcategories after discussing with advisor and co-advisor. In order to ensure the inter-
rater reliability, a doctoral student at Mathematics Education, who has knowledge and
experience in the construct of teacher noticing, coded the data as a co-coder
Afterwards, the researcher’s coding and the co-coder’s coding were compared in order
to see commonalities and differences. The interrater reliability was calculated about
93% by using formula suggested by Miles and Huberman (1994). The inconsistencies
were discussed one more time, the necessary changes were made and finally consensus
was reached. As a consequence, this study included three dimensions for analysis
which are attending to students’ solutions, interpreting students’ algebraic thinking,
and deciding how to respond on the basis of students’ algebraic thinking by modifying
Jacobs et al.’s (2010) professional noticing of children’s mathematical thinking
framework. Based on this modifications, Jacobs et al.’s framework was extended
through this study. The categories and the codes that were added to the framework are
explained in detail below.

The first component of professional teacher noticing, which is attending to students’
solutions, includes two categories: evidence of attending and lack of evidence of
attending (Jacobs et al., 2010). However, in the present study, some responses could
not be categorized under evidence of attending or lack of evidence. Thus, in order to
represent all prospective teachers’ responses, two more categories which are emerging
evidence and limited evidence of attending to students’ solutions were added
considering the common characteristics of responses. As a result, prospective
mathematics teachers’ noticing skills of attending to students’ solutions were coded
into four categories: robust evidence, emerging evidence, limited evidence, and lack
of evidence of attending to students’ solutions. While the prospective teachers who

provide robust evidence correctly identify all the mathematical concepts of the
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students’ solutions and focus on all mathematical details, the participants with
responses demonstrating emerging evidence of attention to students’ solutions
correctly identify their solutions, but they do not capture all the mathematical details.
The participants who provide limited evidence of attention to students’ solutions make
comments reflecting the general features of the solutions and these responses do not
provide details about how the problem was solved. Finally, in responses
demonstrating lack evidence of attention to students’ solutions, the participants
incorrectly identify students’ solutions. According to the coding of the dimension of
attending to students’ solutions and the mathematical details for each student solution,
the characteristic features of each category of the dimension are given in Table 3.2.

below.
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Table 3.2. The Features of the Categories in Attending to Students’ Solutions Dimension

Details  Features of Features of Features of Features of
of robust evidence  emerging evidence limited lack of
solution of attending to of attending to evidence of evidence of

students’ students’ attending to attending to

solutions solutions* students’ students’

solutions* solutions

Student  The prospective  The prospective The prospective  The prospective
A’s teacher states teacher states how  teacher realizes  teacher
solution  how the student the student finds how the student  describes

finds the number  the number of solves the student’s

of squares inthe  squares in the first ~ problem solution as

first four steps four steps, but does incorrectly and  correct.

and makes not describe describes

mistakes in student’s mistake in  student’s

creating the table.  creating the table. solution shortly.
Student The prospective  The prospective The prospective  The prospective
B’s teacher states teacher states how  teacher realizes  teacher
solution  how the student the student finds how the student  describes

finds the number  the number of solves the student’s

of squares inthe  squares in the first ~ problem solution as

first four steps four steps, but does  correctly and wrong.

and find the 25"  not describe how describes the

figure. student concludes student’s

the solution. solution shortly.

Student The prospective  The prospective The prospective  The prospective
C’s teacher states teacher states how  teacher realizes  teacher
solution  how the student the student finds that the student  describes

finds the number  the number of solves sub- student’s

of bricks for the  bricks for the question a solution in sub-

garden whose garden whose correctly, but guestion a as

length is 12 units, length is 12 units. solves sub- incorrect or

however; s/he
does not find the
number of bricks
for the garden
whose length is n
units and the
length of the
garden in which
152 bricks were
used.

However, s/he does
not describe how
the student finds
the number of
bricks for the
garden hose length
is n units and the
length of the
garden in which
152 bricks were
used.

guestion b and ¢
incorrectly and
describes
student’s
solution shortly.

student’s
solution in sub-
guestions b and
C as correct.

68



Table 3.2. The Features of the Categories in Attending to Students’ Solutions Dimension (continued)

Details Features of Features of Features of Features of lack
of robust evidence  emerging limited evidence of evidence of
solution  of attending to evidence of of attendingto  attending to
students’ attending to students’ students’
solutions students’ solutions* solutions
solutions*
Student  The prospective The prospective  The prospective  The prospective
D’s teacher describes  teacher describes teacher realizes  teacher describes
solution  how the student how the student  that the student the student’s
finds the number  finds the number  solves the solution as
of people who are  of people who problem wrong.
at home inthe 5™, were at home in  correctly and
100" and n'"rings 5" ring, but does  describes the
step by step. not describe how  student’s
the student finds  solution shortly.
the number of
people in the
100" and n
ring.
Student  The prospective The prospective  The prospective  The prospective
E’s teacher describes  teacher describes teacher realizes  teacher describes
solution  how the student how the student  that the student the student’s
incorrectly finds incorrectly finds  solves the solution as
the number of the number of problem correct.

people who were

at home in the 51
100" and n" rings
step by step.

people who were
at home in the 5%
ring, but does not
describe how the
student finds
incorrectly the
number of
people in the
100" and nt
rings.

incorrectly and
describes the
student’s
solution shortly.

*Jacobs et al.’s (2010) framework was extended by adding categories to attending to students’ solutions

dimension.
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The second component of professional teacher noticing- interpreting students’
algebraic thinking- is coded under three categories which are robust evidence, limited
evidence, and lack of evidence (Jacobs et al., 2010). However, in this study, some
participants’ responses did not correspond to the characteristics of robust evidence or
limited evidence and thus, there was a need to add one category, which is named as
emerging evidence, between robust and limited evidence. As a consequence,
prospective mathematics teachers’ skills of interpreting students’ algebraic thinking
were coded into four categories: robust evidence, emerging evidence, limited
evidence, and lack of evidence. The participants’ responses provided robust evidence
of interpretation of students’ algebraic thinking if the participants made sense of the
details of students’ solutions. In responses with emerging evidence, prospective
teachers made interpretation about students’ algebraic thinking but with less detail
than the responses including robust evidence. Responses that included comments
about only whether students comprehended the topic or not were considered to have
limited evidence of interpretation of students’ algebraic thinking. Finally, responses
that provide wrong evidence of interpretation of students’ thinking or irrelevant
comments on students’ thinking are placed into the lack evidence category. Moreover,
some participants focused on attending to students’ strategies instead of interpreting
students’ algebraic thinking. These responses were coded as no interpretation, just
attention. According to the coding of interpreting students’ algebraic thinking and
mathematical essences in each student’s algebraic thinking, the characteristic features

of each category is given in Table 3.3. below.
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Table 3.3. The Features of the Categories in Interpreting Students’ Algebraic Thinking Dimension

Details of Features of Features of Features of Features of
solution robust evidence emerging limited lack of
of interpreting  evidence of evidence of evidence of
students’ interpreting interpreting interpreting
algebraic students’ students’ students’
thinking algebraic algebraic algebraic
thinking* thinking thinking
Student A’>s The prospective  The prospective ~ The prospective  The prospective
solution teacher interprets teacher either teacher teacher makes
that the student interprets that the interprets only  wrong or
explores the student explores  that the student irrelevant
relationship the relationship cannot interpretation
between the between the comprehend the about the
number of number of pattern student’s
squares and the squares and the generalization  algebraic
number of rows number of rows well, but does thinking.
and columns and and columns, or  not refer to the
cannot fill the interprets that the  specific points
table according student makes regarding the
to this mistake while student’s
relationship. filling the table.  algebraic
thinking.
Student B’s The prospective ~ The prospective  The prospective  The prospective
solution teacher interprets teacher either teacher teacher makes

that the student
explores the
relationship
between the
number of
squares and the
number of rows
and columns and
makes the
generalization of
pattern.

interprets that the
student explores
the relationship
between the
number of
squares and the
number of rows
and columns or
interprets that the
student makes
the
generalization of
pattern.

interprets only
that the student
comprehends
the pattern
generalization
perfectly, but
does not refer
to the specific
points
regarding the
student’s
algebraic
thinking.

wrong or
irrelevant
interpretation
about student’s
algebraic
thinking.
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Table 3.3. The Features of the Categories in Interpreting of Students’ Algebraic Thinking Dimension

(continued)

Details of Features of

Features of

Features of

Features of

solution robust evidence emerging limited evidence  lack of
of interpreting  evidence of of interpreting evidence of
students’ interpreting students’ interpreting
algebraic students’ algebraic students’
thinking algebraic thinking algebraic
thinking* thinking
Student ~ The prospective  The prospective  The prospective The prospective
C’s teacher interprets  teacher either teacher interprets  teacher makes
solution  that student interprets that the  only that the wrong or
explores the student explores  student cannot irrelevant
relationship the relationship comprehend the interpretation
between the long  between the long  pattern about student’s
length of garden  length of the generalization, algebraic
and the number  garden and the but does not refer  thinking.
of bricks, but number of bricks, to the specific
s/he cannot make or interprets that  points regarding
the s/he cannot make the student’s
generalization of  generalization of  algebraic
pattern. pattern. thinking.
Student  The prospective  The prospective  The prospective The prospective
D’s teacher interprets  teacher either teacher only teacher makes
solution  that the student interprets that the  considers that the  wrong or
explores the student explores  student irrelevant
relationship the relationship comprehends the  interpretation
between the between the pattern about the
number of rings  number of rings  generalization student’s
and the number  and the number perfectly, but algebraic
of people who of people who does not referto  thinking.

were at home
and makes the
generalization of
pattern.

were at home or
interprets that the
student makes
generalization of
pattern.

specific points
regarding the
student’s
algebraic
thinking.
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Table 3.3. The Features of the Categories in Interpreting of Students’ Algebraic Thinking Dimension

(continued)

Details of Features of

Features of

Features of

Features of

solution robust evidence emerging limited evidence  lack of
of interpreting  evidence of of interpreting evidence of
students’ interpreting students’ interpreting
algebraic students’ algebraic students’
thinking algebraic thinking algebraic
thinking* thinking
Student  The prospective  The prospective  The prospective The prospective
E’s teacher interprets teacher either teacher interprets  teacher makes
solution  that the student interprets that the  that the student wrong or
wrongly explores  student wrongly ~ comprehends the irrelevant
the relationship ~ explores the pattern interpretation
between the relationship generalization, about the
number of rings  between the but s/he cannot student’s
and the number ~ number of rings  understand the algebraic
of people who and the number problem. thinking.

were at home

of the people

However, s/he

and so makes who were at does not refer to
wrong home or the specific points
generalization of interprets that the regarding the
pattern. student makes student’s
generalization of  algebraic
pattern wrongly.  thinking.

* Jacobs et al.’s (2010) framework was extended by adding the category to interpreting students’

algebraic thinking dimension.

Furthermore, the third component of professional teacher noticing -deciding how to
respond- includes three categories which are robust evidence, limited evidence, and
lack of evidence (Jacobs et al., 2010). However, in the current study, prospective
teachers responded to students in three different ways. They provided responses by
extending/supporting students’ algebraic thinking, asking a drill, and providing a
general response. Therefore, prospective teachers’ skills of deciding how to respond
were categorized differently compared to Jacobs et al.’s framework. Hence, the data
related to the participants’ skill of deciding how to respond on the basis of their

algebraic thinking were coded under three categories: extending/supporting students’
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algebraic thinking, asking a drill as a response, and providing a general response.
When the prospective teachers gave a response in order to extend or support students’
existing algebraic thinking, these responses were considered to be in the category of
extending/supporting students’ algebraic thinking. Responses in which participants
asked students to do a drill without extending/supporting their algebraic thinking were
coded as asking to do a drill as a response. When the teachers did not consider
students’ thinking and suggested direct instruction, these responses were coded as

providing a general response to students’ algebraic thinking.

After ensuring the inter-rater reliability and modifying Jacobs et al.’s (2010)
professional noticing of children’s mathematical thinking framework with respect to
the data of the current study, the characteristic features of each category of three
dimensions were clarified. Afterwards, each participant’s responses were coded for
each dimension based on these features. In order to see the whole picture of
prospective teachers’ noticing skills of attending, interpreting and responding, the
frequency analysis was conducted by calculating the percentage of prospective
teachers’ responses for each category of three dimensions. The frequency table for
each category was given separately in the related part of the findings section. Another
important issue for the validity and reliability of the study is trustworthiness which is

discussed in the following section.
3.10. Trustworthiness

According to Merriam (2009), whether data is valid and reliable affects the
trustworthiness of the research study. For this reason, researchers should consider
validity and reliability issues while they are planning the study, analyzing the data,
and reasoning the quality of the study regardless of the type of research (Patton, 2002).
In quantitative research designs, validity is defined as “referring to the
appropriateness, correctness, meaningfulness, and usefulness of the specific
inferences researchers make based on the data they collect” (Fraenkel & Wallen, 2006,

p. 151) and reliability refers to “the consistency of the scores obtained-how consistent
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they are for each individual from one administration of an instrument to another and
from one set of items to another” (Fraecnkel & Wallen, 2006, p. 157). However, these
issues are discussed with different terminologies in qualitative research which are
credibility, dependability, transferability, and confirmability instead of using the terms
internal validity, reliability, external validity, and objectivity (Lincoln & Guba, 1985).
Lincoln and Guba (1985) stated that the terms of credibility, dependability,
transferability, and confirmability form the trustworthiness of the research design and

refer to the quality of the qualitative research.
3.10.1. Credibility

Credibility in qualitative research refers to internal validity in quantitative research
which is important criteria to ensure the trustworthiness of the research design
(Merriam, 2009; Lincoln & Guba, 1985). According to Merriam (2009), credibility
involves the questions of “How congruent are the findings with reality? Do the
findings capture what is really there? Are investigators observing or measuring what
they think they are measuring?” (p. 213). Although approaching the term of “truth”
and “reality” objectively is very difficult for qualitative researchers, there are six
strategies suggested to ensure credibility, which are triangulation, member checks,
long-term observation, peer-examination or peer debriefing, participatory or
collaborative modes of research and the researcher’s bias (Merriam, 1998, 2009). In
the present study, triangulation, member checks and peer-examination were employed

and the researcher’s bias was taken into consideration to assure credibility.

One of the strategies used in order to establish credibility is triangulation, which is the
“the most well-known strategy to shore up the internal validity of a study (Merriam,
2009). Triangulation is defined by Creswell and Miller (2000) as “a validity procedure
where researchers look for convergence among multiple and different sources of
information to form themes or categories in a study” (p. 126). According to the
literature, there are four types of triangulation which are data triangulation,

investigator triangulation, theory triangulation, and methodological triangulation
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(Creswell, 2007; Patton, 2002). In the present study, data triangulation,
methodological triangulation and investigator triangulation were used to ensure
credibility. To make data triangulation, I studied with eight prospective middle school
teachers, more than one participant. Furthermore, the data was collected through
multiple sources including the questionnaire and semi-structured interviews; thus,
methodological triangulation was achieved. In order to increase the credibility of the
research study, the investigator triangulation method was applied by analyzing and
interpreting the data with more than one researcher. The data was coded by the
researcher and a co-coder, and also the coding was reviewed by the advisor and the

co-advisor in order to achieve investigator triangulation.

Moreover, member check was used to increase the credibility of the study. According
to Merriam (1998), member check enables participants to check the consistency
between their responses and researcher’s interpretations. In order to ensure member
check, I discussed the participants’ answers during semi-structured interviews in order
to confirm their responses. In this way, | checked whether | interpreted the prospective
mathematics teachers’ responses correctly or not. Additionally, peer examination was
performed to increase the credibility of the study. Peer examination is defined as an
examination or review which can be “conducted by a colleague either familiar with
the research or one new to the topic" (Merriam, 2009, p.220). In the present study, |
studied with one doctoral student in the mathematics education department, who is
currently conducting studies related to teachers’ noticing. She took part in the coding
and categorization process as a co-coder. | and the co-coder made analysis separately
during the process of data analysis and we compared our interpretations, discussed if
any inconsistencies occurred, and achieved full-consensus. Additionally, | studied
with my advisor and co-advisor regularly. They scanned the data and we discussed the
findings of study.
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3.10.2. Dependability

Another concern which makes a contribution to the trustworthiness of the research
design is dependability which corresponds to reliability in quantitative study. Merriam
(1998) defined reliability as “the extent to which research findings can be replicated”
(p. 220). However, in the qualitative research, reaching the same result repeatedly is
not possible due to the nature of the qualitative research design. For this reason,
dependability in qualitative study means finding results that are dependable and
consistent with the data (Merriam, 1998). According to the related literature, some
strategies such as triangulation and investigator’s position are suggested by
researchers to assure dependability (Merriam, 1998; Patton, 2002). Triangulation, one
of the strategies that was used to increase credibility, establishes dependability of the
study at the same time (Merriam, 1998). Data triangulation, investigator triangulation,
and methodological triangulation were performed in the present study as discussed
above. Another issue to increase the dependability of the research is researcher’s
position and in order to ensure this, the theory behind the study, participants’ selection
and the context of the study is need to be explained (Merriam, 1998). Additionally, in
order to ensure the dependability of the study, how researcher designs research and
how s/he collects, analyzes and interprets the data are need to be discussed clearly
(Merriam, 1998). To ensure the dependability of this study, all of these issues were
discussed in the methodology part. In addition, triangulation and researcher’s position

were ensured.
3.10.3. Transferability

Transferability, which is another significant criterion to ensure trustworthiness in
qualitative studies, refers to external validity in quantitative research design. The issue
of transferability is completely related to whether the findings of the research study
can be generalized or not. As making inferences from a small sample and generalizing
those to a larger population are not the aims of the qualitative research, transferability

is established by giving thick description of the study and conducting the research with
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sufficient data (Merriam, 1998). In the current study, an in-depth description regarding
the study was given by discussing the context of the study, sample selection, data
collection tools, data analysis procedures and time schedule in the methodology part.
Moreover, in order to reach sufficient data, 32 participants were applied
questionnaires, and semi-structured interviews were conducted with eight participants.
By collecting the data through different tools, the transferability of the study was
increased. Shenton (2004) stated that “it is the responsibility of the investigator to
ensure that sufficient contextual information about the fieldwork sites is provided to
enable the reader to make such a transfer” (p. 69). Sufficient data and thick description
of the study allows researchers to express the findings of the study to other researchers

and mathematics educators easily.
3.10.4. Confirmability

The last criterion to ensure the trustworthiness of the qualitative research is
confirmability, which corresponds to objectivity in quantitative research. According
to Shenton (2004), the findings of a study should be based on participants’ views and
experiences and should not be affected by researchers’ characteristics. Shenton (2004)
and Lincoln and Guba (1985) proposed strategies to decrease the researcher’s bias so
that confirmability can be ensured. One of these strategies to reduce the effects of
investigator’s bias is triangulation. Another strategy to reduce the effects of
investigator’s bias is elaborative description of the methodology of the research study,
and the final strategy is explaining researchers’ roles. Thus, in this study,
conformability was ensured through triangulation, the detailed description of the

methodology of the study, and the explanation of the researcher role.
3.11. Researcher Role and Bias

In qualitative studies, researcher is an important role for collecting data and analyzing
them (Merriam, 1998). Researcher can analyze the data and find the results according

to his/her wishes, perspectives and views (Johnson, 1997). Thus, researcher bias is a
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potential threat to validity since ...qualitative research is open-ended and less
structured than quantitative research” (Johnson, 1997, p. 284). In this sense, Merriam
said that "Rather than trying to eliminate these biases or subjectivities, it is important
to identify them and monitor them as to how they may be shaping the collection and
interpretation of data™ (2009, p.15). In the rest of this part, the attempts to identify and
reduce my biases and my role as a researcher which might have some effects on

collection and interpretation of the data were clarified.

Firstly, in order to investigate prospective teachers’ noticing of students’ algebraic
thinking, I selected five students’ solutions based on different properties of solutions.
The first criterion was selecting both correct and incorrect solutions to investigate
prospective students’ noticing skills more comprehensively. I believed that, as also
emphasized in the study of Chick, Baker, Pham and Cheng (2006), investigating
teachers’ noticing through students’ correct solutions will only provide attending the
steps of students’ solutions and interpreting students’ understanding based on the
important issues of the related subject. However, as stated in the previous studies
(Crespo, 2002; Ma, 1999), incorrect students’ solutions require identifying in which
step students made an error and what the reasons for making these errors are. In order
to notice students’ incorrect solutions, teachers have to attend students’
errors/difficulties/misconceptions, to interpret students’ understanding which were the
reasons for their errors and to decide how they can support students’ understanding.
For these reasons, as a researcher, | preferred to select incorrect solutions as well as
correct solutions which might present more comprehensive findings related to
prospective teachers’ noticing skills. The second criterion for selecting these solutions
was the diversity of the solutions in terms of the critical issues related to pattern
generalizations. The important issues of the pattern generalization are near
generalization, far generalization, writing a rule of pattern and inverse process. In
detail, student A’s solution included mistake in far generalization and student C’s
solution included a mistake in writing the rule of pattern and making an inverse

process. Moreover, in student E’s solution, student had misunderstanding and
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mistakes in near generalization, far generalization and writing a rule of pattern.
Whereas, student B’s and student D’s solutions were chosen as correct solutions that
were solved differently. Student B could make a generalization correctly, but s/he
ignored writing rule of pattern. Student D could make near generalization, far
generalization and write the rule of pattern perfectly. Since each student solution
involves different mathematical details, student A’s, student B’s, student C’s, student
D’s and student E’s solutions were selected. Hence, my preferences of students’

solutions affected questions which were asked to prospective teachers.

Moreover, before the study, I explained the aim of my study and the process of data
collection to the prospective teachers. Furthermore, while they were answering the
questionnaire, | was flexible about the duration of completion of the questionnaire and
I ensured that they completed a task without feeling pressure. Moreover, interview
times were arranged according to participants’ suitability. At the beginning of the
interviews, | had a talk with the participants in order to make them feel comfortable. |
emphasized that their deep explanations about their thinking are important for me as
the researcher. Also, | explained that there is no correct answer for questions in these

interviews.

Briefly, I aimed to reduce researcher bias by giving information about the aim of the
research and the data collection process transparently to the prospective teachers,
collecting data from voluntary participants, being flexible towards participants during
the data gathering process, and checking my understanding of their responses with the
help of triangulation.

3.12. Ethical Considerations

In order to carry out the research, permission was received from the Ethics Committee
at METU to apply the questionnaire and conduct the semi-structured interviews. The
approval of the committee is presented in Appendix E. They declared that this study

does not damage prospective middle school mathematics teachers. Additionally, 1
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talked with the prospective teachers and asked whether they were voluntary or not to
take part in this study. Then, | noted the names of the prospective teachers who were

willing to participate in the present study.

Frankel and Wallen (2006) mentioned three essential concerns regarding ethics in
research: avoiding the deception of subjects, protecting participants from harm, and
ensuring the confidentiality of the research data. “It is a fundamental responsibility of
every researcher to do all in his or her power to ensure that participants in a research
study are protected from physical or psychological harm, discomfort, or danger that
may arise due to research procedures” (Fraenkel & Wallen, 2006, p.56). For this
reason, in this study, | ensured all the participants that there would no damage in the
process of research and their rights would be protected. Moreover, once data is
collected in a study, researchers should ensure that no one else has access to the data
except for the researchers in the study (Fraenkel & Wallen, 2006). From this point of
view, | informed them that their personal information, their responses to the
questionnaire and their video recordings of semi-structured interviews were
confidential and would not be shared with anybody except my advisor and my co-
advisor. Additionally, I informed the participants that in order to ensure confidentially,
I would give all the participants pseudonyms such as PST1, PST2, PST3 and so on.
Finally, I notified them that they could withdraw from the research if they did not want

to continue.
3.13. Limitations of the Study

In this study, in order to gather data, participants were selected via purposive sampling
and senior prospective teachers who took the Methods of Teaching Mathematics I/11
courses and were taking School Experience course in the teacher education program
of one public university took part in this study. For this reason, the findings of this
study were limited with the responses of participants matching these criteria.
Moreover, prospective teachers’ professional noticing skills of students’

understanding were investigated within the scope of pattern generalization. Thus, the
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objective “Students should be able to express the rule of arithmetic sequences by using
letters and find the desired term of sequences expressed in letters.” (6.2.1.1.) (MoNE,
2013, p.18) was the only focus of the study, and the context of the study was also
limited. The readers should take these aspects into consideration while assessing the
findings of the study.

The second limitation is about the data collection tools of the study. Merriam (1998)
stated that “observational data represents a firsthand encounter with the phenomenon
of interest rather than a secondhand account of the world obtained in the interview”
(p.94). Although in the present study in-depth exploration of the case was ensured
through the questionnaire and semi-structured interview, no observations were
conducted. If I could have a chance to observe the participants’ behaviors in real
classroom environment, then I could have reached a full description of the prospective

teachers’ noticing skills of students’ algebraic thinking.

Finally, in this study, prospective teachers’ noticing of students’ algebraic thinking
was investigated based on students’ written responses. However, if prospective
teachers had an opportunity to watch the video of lecture or observe students’ problem
solving process, they might notice students’ algebraic thinking process differently and
more efficiently within the context of pattern generalization. For instance, prospective
teachers might notice whether or not the students connect their previous knowledge
with the knowledge of pattern generalization, whether or not they had difficulty in
solving such a problem or how students begin to solve the problem and reach the
solution. However, since I preferred to investigate prospective teachers’ noticing skills
through students’ written work, the findings of the study are limited in terms of the

data collection tool.
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CHAPTER 4

FINDINGS

The aim of this study was to examine the prospective middle school mathematics
teachers’ noticing skills of students’ algebraic thinking within the context of pattern
generalization. This chapter presents the findings of the research study under three
main dimensions which are the dimensions of professional noticing of children’s
mathematical thinking framework of Jacobs, Lamb and Philipp (2010): attending,
interpreting and deciding how to respond. Firstly, the findings related to the first
dimension, which is prospective teachers’ attending to students’ solutions in pattern
generalization, is presented. Secondly, the findings related to the second dimension,
that is, prospective teachers’ interpreting students’ algebraic thinking within the
context of pattern generalization is summarized. Finally, the findings regarding the
third dimension, which is prospective teachers’ deciding how to respond on the basis
of students’ algebraic thinking, is presented. In this chapter, for each of these three
dimensions, the coding, properties of students’ solutions, the frequency tables and
detailed information is presented through the quotations taken from the questionnaires
and the interviews, respectively. The Turkish version of the participants’ responses of

each category in three dimensions are given in Appendix F.
4.1. Prospective Teachers’ Attending to Students’ Solutions

The first dimension of professional teacher noticing -teachers’ attending to students’
solutions- refers to being aware of their solution ways and the mathematical details in
students’ solutions. Teachers can window into students’ thinking by paying attention

to students’ solutions. In this study, based on the analysis of the data, the evidence of
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prospective teachers’ attention to students’ solutions was classified under four
categories: robust evidence of attention to students’ solutions, emerging evidence of
attention to students’ solutions, limited evidence of attention to students’ solutions,
and lack of evidence of attention students’ solutions. Prospective teachers whose
responses show robust evidence of attention to students’ solutions correctly identify
all the mathematical details in students’ solutions. In responses demonstrating
emerging evidence of attention to students’ solutions, prospective teachers correctly
identify students’ solutions; however, they cannot capture all mathematical details.
Responses providing limited evidence of attention to students’ solutions include
comments which reflect the general features of the solutions, and these responses do
not provide details about how the problem was solved. Finally, prospective teachers
with responses showing lack evidence of attention to students’ solutions incorrectly
identify how the problem was solved. The categorization of prospective teachers’

attending to students’ solutions is summarized in Table 4.1 below.
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Table 4.1. The Coding of Attending to Students’ Solutions

Attending to Students’
Solutions

Coding

Robust Evidence of
Attention to Students’

Solutions

Emerging Evidence of
Attention to Students’

Solutions

Limited Evidence of
Attention to Students’
Solutions

Lack of Evidence of
Attention to Students’
Solutions

Correctly identify students’ entire solutions with

all the mathematical details.

Correctly identify students’ solutions, but not

capture all mathematical details.

Make comments reflecting the general features

of the solutions.

Provide no details about how the problem was

solved.

Incorrectly identify how the problem was

solved.

To determine whether prospective teachers attended to the details of students’

strategies or not, firstly the mathematical details of each student’s solution were

decided. Student A’s solution and mathematical details for this solution are:
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Student A’s solution

The first four steps are given in the picture below. According to them,
find the number of squares in the 25th step.

(While finding result, please draw a table and write the algebraic
expression.)

Student A’s solution is wrong. As it can be seen, the student firstly finds the number
of squares in the first four figures by using the relation between the number of squares
and the number of columns and rows. More specifically, s/he finds the number of
squares in Figure 1 by multiplying 1 by 3, by multiplying 2 by 4 in Figure 2, by
multiplying 3 by 5 in Figure 3, and by multiplying 4 by 6 in Figure 4. Then, s/he fills
the table for further steps wrongly and adds 2 to 25, and then reaches an incorrect

answer, which is 27 squares.

Student B’s solution and mathematical details for this solution are as follows:
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Student B’s Solution

The first four steps are given in the picture below. According to
them, find the number of squares in the 25th step.

(While finding the result, please draw a table and write the algebraic
expression.)

L] Ll ¢ !
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Student B solves the problem correctly. At the begining, the student finds the number
of squares in the first four figures by using the relation between the number of squares
and the number of columns and rows. More specifically, s/he finds the number of
squares in Figure 1 by multiplying 1 by 3, in Figure 2 by multiplying 2 by 4, in Figure
3 by multiplying 3 by 5, and in Figure 4 by multiplying 4 by 6. After that, s/he finds
the number of total squares for Figure 5 to 11 by writing as in the first four figures and

multiplies 25 with 27 and reaches the correct answer, which is 675 squares.

Student C’s solution and mathematical details for this solution are as follows:
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Student C’s solution

Gardens are framed with a single row of tiles as illustrated below.
(A garden of length 3 requires 12 border tiles.)

a) How many border tiles are required for a garden of length 12?
b) How many border tiles are required for a garden of length n?
¢) Show how to find the length of the garden if 152 tiles are used for the
garden.

(Find the solution to questions A, B and C by drawing a table or using a
numeric or algebraic expression.)

% A

Sekill Sekil2 Sekil3 S 412 e F

Although Student C solves the sub-question a correctly, s/he cannot solve the sub-
question b and sub-question c correctly. As it can be seen, the student draws a picture
for the 12" step by looking at the figures in the first three steps, and according to the
picture, the student puts 12 bricks for each long length of garden and 3 bricks for each
short length. Then, s/he makes operations and obtains the correct answer as 30 bricks.
However, the student writes only 4n to find the number of bricks for the garden in
which the long length is n units, which leads to the incorrect answer. After that, for
sub-question c, s/he subtracts 6 from 152, however, does not divide 152 by 2, and thus

gets the incorrect answer.

Student D’s solution and mathematical details for this solution are as follows:
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Student D’s solution

Ayse is having a party. The first time the doorbell rings, one guest enters.
If on each successive ring a group enters that has two more persons than
the group that entered on the previous ring,

a) How many guests will have arrived after the 5% ring?
b) How many guests will have arrived after the 100% ring?
¢) How many guests will have arrived after the n ring?
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Student D’s solution is correct. In this solution, the student finds the number of people
who are at home in the second, third, fourth, and fifth rings by adding 3to 1, 5to 4, 7
to 9, and 9 to 16 respectively, and then obtains the correct answer as 25. After that,
s/he makes a list for the first 10 rings and gets the square of 10, and then finds the
correct answer for 100 people. Finally, the student multiplies n by n in order to find

the number of people who are at home in the n'" ring.

Student E’s solution and mathematical details for this solution are as follows:
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Student E’s solution

Ayse is having a party. The first time the doorbell rings, one guest enters.
If on each successive ring, a group enters that has two more persons than
the group that entered on the previous ring,

a) How many guests will have arrived after the 5t ring?
b) How many guests will have arrived after the 100% ring?
¢) How many guests will have arrived after the nt ring?
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Student E’s solution is wrong. As it can be seen, the student writes the number of
people who are at home in the second ring as 3, the number of people who are at home
in the third ring as 5, the number of people who are at home in the fourth ring as 7,
and the number of people who are at home in the fifth ring as 9, and finally reaches a
wrong answer. Then, the student makes a list the number of people who are at home
for the first 6 rings. S/he multiplies 2 by 100, and then subtracts 1, and then concludes
199 as the number of people who are at home in the 100" ring, but the result is

incorrect. Finally, s/he multiplies 2 by n, and then subtracts 1 to find the number of

people who are at home in the n'" ring and reaches an incorrect answer.

Table 4.2. below demonstrates the percentage of prospective teachers’ responses for

each category of attending to students’ solutions.
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Table 4.2. The Percentage of Prospective Teachers’ Responses for Each Category of Attending to

Students’ Solutions

Student Robust Emerging Limited Lack of
Solution* evidence of evidence of evidence of evidence of
attending attending attending attending

Student A’s 53.16% 34.38% 9.37% 3.13%
Solution

Student B’s 50% 18.75% 21.88% 9.36%
Solution

Student C’s 37.5% 21.88% 12.50% 28.13%
Solution

Student D’s 37.5% 31.25% 31.25% 0%
Solution

Student E’s 25% 21.88% 50% 3.13%
Solution
N=32

*The solutions of B and D are correct; A, C and E are incorrect.

As seen in the Table 4.2., about half of the prospective teachers described student A’s
and student B’s solutions by demonstrating robust evidence. Both solutions belong to
the same question which included the far generalization concept, but student A’s
solution is correct whereas student B’s solution is incorrect. In other words, these
prospective teachers provided robust evidence of attending in the concept of far
generalization regardless of the correctness of solutions. On the other hand, almost
one third of them provided robust evidence of attending to student C’s solution which
requires knowing near generalization, writing the rule of pattern and inverse process.
Furthermore, in relation to the question including near generalization, far
generalization and writing the rule of pattern concepts, one third of prospective
teachers demonstrated robust evidence of attending to the correct solution and one
fourth of them provided robust evidence of attending to the incorrect solution. On the
other hand, less than half of the prospective teachers provided emerging evidence of

attending to all solutions. Regarding limited evidence, less than a third of prospective
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teachers demonstrated limited evidence of attending to each solution except student
E’s solution. Finally, the percentage of prospective teachers who provided lack of
evidence of attending to all solutions is below 30% regardless of the concepts included
in each question and regardless of correctness. The detailed information and examples

for each category of attending to students’ solutions are given below.
4.1.1. Robust Evidence of Attention to Students’ Solutions

Responses in which students’ entire solutions were identified correctly by giving all
mathematical details were labeled as responses presenting robust evidence of attention
to students’ solutions. The number and percentage of prospective teachers who gave
a description that provided robust evidence of attention to student A’s B’s, C’s, D’s

and E’s solutions are given in Table 4.3. below.

Table 4.3. Number and Percentage of Teachers Providing Robust Evidence of Attending to the Each

Solution
Student Solution* The number of prospective Percentage
teachers
Student A’s Solution 17 53.16%
Student B’s Solution 16 50%
Student C’s Solution 12 37.5%
Student D’s Solution 12 37.5%
Student E’s Solution 8 25%

N=32

*The solutions of B and D are correct; A, C and E are incorrect.

Table 4.3 reveals that nearly half of the prospective teachers in the current study
described student A’s and student B’s solutions with robust evidence. Similarly,

37.5% of prospective teachers paid attention to student C’s and student D’s solutions
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with robust evidence. Finally, 25% of them provided robust evidence to describe
student E’ solution. The percentage of prospective teachers who attended to students’

solutions by providing robust evidence was high.

The following excerpt is an example of robust evidence of attending to the details of

student E’s solution that was taken from PST 6’s interview transcript.

Student E’s solution

Ayse is having a party. The first time the doorbell rings, one guest enters.
If on each successive ring, a group enters that has two more persons than
the group that entered on the previous ring,

a) How many guests will have arrived after the 5t ring?
b) How many guests will have arrived after the 100% ring?
¢) How many guests will have arrived after the nt ring?

a- 4=14 2%3  4=5 u-9% 3Z=3
9 kisi vatchr

2 1w09-1 =199
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Researcher: Now, how did the student find the solution such as sub

question a?

PST 6: The student did not use the equal sign to signify equality. We
can think of it as a dash. S/he said when the door was knocked the
first time, one person; when the door was knocked the second time,
three people; when the door was knocked the third time, five people;
when the door was knocked the fourth time, seven people; when the
door was knocked the fifth time, nine people came in the house. The
student accepted nine as the answer because s/he accepted people
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who come from door each time as the total number of people who

came home.
Researcher: Okay. What did the student do in sub-question b?

PST 6: What did the student do in sub- question b? S/he is a smart
child. By using pattern, s/he said that s/he will write data one under
the other and try to explore a pattern until the 100th ring. Then, s/he
tried to find a pattern that was related to the number of steps. | assume
that this is 3, not 1 and | believe s/he could not find the solution due
to calculation error. Then, I look...now, hmm 5,7,9...5/he ignored the

first step. Do you know how she found the rule?

Now, s/he tried to form a relationship between the number of steps
and the number of people who come home. Then, she said “how do I

find three for the second step?”
Researcher: Okay.

PST 6: She said “how do 1 find five for the third step, how do I find
seven for the fourth step?” Then, s/he could find three by multiplying
two by two and subtracting 1, and s/he made a calculation error. If
we interpret others, s/he applied this- two multiplied by the number
of steps minus 1- to all of them. S/he wrote the result of some steps
such as fifth, seventh and ninth steps. Then, s/he checked for three
steps, so s/he accepted this as a rule. When the doorbell rang a 100
times, s/he accepted that the number of steps was 100 and found the

result.

Researcher: Okay. What did the student do in c?
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PST 6: S/he accepted that two times n, minus 1 and could write the
answer like 2n-1 by saying that n was the number of rings. Smart child

expressed that algebraically.
(PST 6, an excerpt from the interview transcript)

In this description, PST 6 explained in detail how students found wrongly the number
of people at home at the 5%, 100" and n™ rings. More specifically, PST 6 explained
that the student wrote the number of people who were at home at the second, third,
fourth and fifth rings as 3,5,7 and 9, respectively, and the student made a list the
number of people for the first 6 rings, and then concluded 199 by multiplying 2 by
100 and subtracting 1. Moreover, s/he explained how the student found the number of
people who are at home at the n'" ring. Therefore, this response was coded as robust

evidence of attention to student’s solutions as presented in the Table 3.2.

Another example of response demonstrating robust evidence of attention is PST 2’

description of student A’s solution is below.

Student A’s solution

The first four steps are given in the picture below. According to them,
find the number of squares in the 25th step.

(While finding result, please draw a table and write the algebraic
expression.)
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Wrong. In each figure, student multiplied the number of rows and the
number of squares in each row in that figure. When s/he was solving
the 5" step, s/he wrote the number of rows in that step instead of
writing the total squares in that step. In other words, s/he started the
solution with correct reasoning, but when s/he transferred the
information to the table, s/he continued it wrongly. S/he continued
with the 25" step and s/he said that there are 27 squares in the 25"
step since the difference between the number of steps and the number

of rows in that step was 2.
(PST 2, an excerpt from the questionnaire)

This response reveals that PST 2 captured the mathematically important aspects of
student A’s solution. Specifically, PST 2 stated that student A found the number of
squares in each figure by multiplying the number of columns and the number of rows;
however, the student unconsciously made mistakes in transforming knowledge to the
table, and thus s/he reached an incorrect answer. As indicated in the Table 3.2., due to
these reasons, this response was categorized as the response providing robust evidence

of attention to student’s solutions.

In addition, PST 5’s description of student D’s solution was coded as a response that

provided robust evidence of attention to students’ solutions.
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Student D’s solution

Ayse is having a party. The first time the doorbell rings, one guest enters.
If on each successive ring a group enters that has two more persons than
the group that entered on the previous ring,

a) How many guests will have arrived after the 5% ring?
b) How many guests will have arrived after the 100® ring?
¢) How many guests will have arrived after the n ring?
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The student has done every sub-question correctly. In sub-question a,
s/he tried to show the number of doorbell rings and how many people
came at each ring with the listing method. S/he found the number of
people who came in at that step by adding two to the number of people
who came in during the previous step. Then s/he added the numbers
that s/he found after the 5th step and reached the correct result. In
sub-question b, s/he wrote the results found in each step one under
the other, and step by step found how many people came in at each
step. And s/he recognized that there was a relation between the
number of ringing the doorbell and the people who came in, so s/he
saw that in the 100th step, there must be square of 100 people. Thus,

s/he reached the correct result. In sub-question c, the student found
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the squares of n people who came in when the doorbell rang n times

by making a generalization.
(PST 5, an excerpt from the questionnaire)

In this response, PST 5 identified the mathematical essence of student D’s solution.
PST 5 stated that the student found the number of people who were at home at the 5%
ring by adding the number of people who came home at that ring and the number of
people who came home at previous rings. Moreover, PST 5 explained how the student
found the number of people who were at home at the 100" ring by using the
information about the number of people in the first steps. Finally, PST 5 realized that
the student multiplied n by n to find the number of people who were at home at the n™"
ring. Thus, as mentioned in the Table 3.2., this response was coded as robust evidence

of attention to student’s solutions.

As a consequence, responses demonstrating robust evidence of attention to students’
solutions were described in various ways, but the common aspect of these ways is that
they captured all the important details about the mathematical essence of the students’

solutions.

Apart from robust evidence, the examples of responses demonstrating emerging

evidence of attention to students’ solutions are presented in the next part.
4.1.2. Emerging Evidence of Attention to Students’ Solutions

Responses in which students’ solutions were identified correctly, but all the
mathematical details were not grasped were labeled as responses presenting emerging
evidence of attention to students’ solutions. The number and percentage of prospective
teachers’ responses that provided emerging evidence of attention to student A’s B’s,

C’s, D’s and E’s solutions are presented in Table 4.4. below.
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Table 4.4. Number and Percentage of Teachers Providing Emerging Evidence of Attending to the

Each Solution

Student Solution* The number of prospective Percentage
teachers

Student A’s Solution 11 34.38%
Student B’s Solution 6 18.75%
Student C’s Solution 7 21.88%
Student D’s Solution 10 31.25%
Student E’s Solution 7 21.88%
N=32

*The solutions of B and D are correct; A, C and E are incorrect.

As seen in the Table 4.4., the percentage of prospective teachers’ responses that
provided emerging evidence of attention to all student solutions in the present study
is under 50% and average percentage of prospective teachers who attended to
students’ solutions demonstrating emerging evidence is 25%. The percentage of
prospective teachers’ attending to student C’s and student E’s solutions with emerging
evidence is the same. Similarly, responses demonstrating emerging evidence of
attention to student A’s solution and student D’s solution had nearly the same
percentage. Thus, significant percentage of prospective teachers demonstrated

emerging evidence of attending to students’ solutions.

PST 9’s following description of how student A solved the problem can be given as

an example of a response providing emerging evidence to students’ solutions.
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Student A’s solution

The first four steps are given in the picture below. According to them,
find the number of squares in the 25th step.

(While finding result, please draw a table and write the algebraic
expression.)

The student realized that the number of rows in each step was two
more than the number of steps and s/he concluded his/her solution by
stating that there were 27 squares in the 25" step. Student A's solution
is wrong because 27 is not the number of squares in the 25" step;

actually it is the number of rows.
(PST 9, an excerpt from the questionnaire)

In this response, although PST 9 paid attention to some mathematical essence of
student’s solution such as constructing the relation between steps and the number of
columns and adding 2 to 25 and reaching 27, s/he did not pay attention to the student’s
mistake in constructing the table which led to the incorrect answer. In other words,
PST 9 correctly identified student’s solution, but did not refer the entire solution with
all important mathematical details. Thus, as indicated in the Table 3.2., this response
was categorized as a response providing emerging evidence of attention to student’s

solution.

Another example of a response including emerging evidence of attention to student

E’s solution is as follows:
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Student E’s solution

Ayse is having a party. The first time the doorbell rings, one guest enters.
If on each successive ring, a group enters that has two more persons than
the group that entered on the previous ring,

a) How many guests will have arrived after the 5t ring?
b) How many guests will have arrived after the 100% ring?
¢) How many guests will have arrived after the nt ring?

4= A=A 2.=3 3=5 u=% 5=3
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In sub question a, the student increased the number of people by two
in each step. S/he stated the people who came home in the 5™ step
only, instead of adding people who came home in all steps and

responded wrongly by saying 9.

In sub questions b and c, the student made a generalization by

continuing this mistake and concluded wrong results.
(PST 9, an excerpt from the questionnaire)

In this response, PST 9 captured the mathematical essence of student’s solution, but
s/he did not attend to all of them. PST 9 described how student wrongly concluded the
number of people who were at home at the 5™ ring. However, s/he stated his/her
solutions to sub question b and ¢ in general terms. S/he did not give detailed
information about how the student found 199 or 2n-1. So, this response was coded as
a response with emerging evidence of attention to student’s solutions as presented in
the Table 3.2.
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Briefly, in this study, responses in which prospective teachers attend to student’s
solutions without all the mathematical details were considered as responses showing
emerging evidence of attention to students’ solutions. The findings related to limited

evidence of attention to students’ solutions are presented below.
4.1.3. Limited Evidence of Attention to Students’ Solutions

Responses that included comments reflecting the general features of the solutions and
not providing details about how the problem was solved were coded as responses that
provide limited evidence of attention to students’ solutions. The number and
percentage of prospective teachers who gave a description that provided limited
evidence of attention to student A’s B’s, C’s, D’s and E’s solutions are given in Table
4.5 below.

Table 4.5. Number and Percentage of Teachers Providing Limited Evidence of Attending to the Each

Solution
Student Solution* The number of prospective Percentage
teachers
Student A’s Solution 3 9.37%
Student B’s Solution 7 21.88%
Student C’s Solution 4 12.50%
Student D’s Solution 10 31.25%
Student E’s Solution 16 50%

N=32

*The solutions of B and D are correct; A, C and E are incorrect.

According to the Table 4.5., the percentage of prospective teachers’ description for
student E’s solution that provided limited evidence is more than percentage of

prospective teachers’ descriptions for other students’ solutions. The percentage of
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prospective teachers’ description of student A’s, B’s, C’s and D’s solutions with

limited evidence is less than fifty.

The following prospective teacher’s description of student D’s solution is an example

of a response providing limited evidence.

Student D’s solution

Ayse is having a party. The first time the doorbell rings, one guest enters.
If on each successive ring a group enters that has two more persons than
the group that entered on the previous ring,

a) How many guests will have arrived after the 5% ring?
b) How many guests will have arrived after the 100® ring?
¢) How many guests will have arrived after the n ring?
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The solution is correct. The student finds a few steps in the beginning

and then finds the rules. I think it is a simple and successful approach.
(PST 16, an excerpt from the questionnaire)

In this response, PST 16 focused on the correctness of the solution and described
student’s solution in general terms. While the responses that provided robust evidence
or emerging evidence included details of what students did in each step, PST 16’s
comment regarding this response tended towards general features of that solution and

summarized what the student did very shortly. So, as indicated in the Table 3.2., this
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response was coded as a response with limited evidence of attention to student’s

solutions.

Another example of a response that was coded as limited evidence of attention to

student E’s solution is as follows:

Student E’s solution

Ayse is having a party. The first time the doorbell rings, one guest enters.
If on each successive ring, a group enters that has two more persons than
the group that entered on the previous ring,

a) How many guests will have arrived after the 5t ring?
b) How many guests will have arrived after the 100% ring?
¢) How many guests will have arrived after the nt ring?
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The student developed a strategy. S/he calculated the number of
people who came home in the desired step, but did not calculate the

number of all the people at home. The solution is incorrect.
(PST 13, an excerpt from the questionnaire)

In this response, PST 13 stated that the student solved the problem wrongly and only
asserted that the student developed a strategy. Moreover, PST 13 gave the general
reason why the student’s solution was wrong, but did not provide any details about
that solution. Thus, it was decided that this response provided limited evidence of

attention to student’s solution due to explanation in the Table 3.2.
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Consequently, when responses focused on whether the solution was correct or not and
provided general comments regarding the students’ solution by omitting the details of
the solutions, they were coded as responses demonstrating limited evidence of

attention to students’ solutions.

In the next part, responses providing lack evidence of attention to students’ solutions

are exemplified.
4.1.4. Lack of Evidence of Attention to Students’ Solutions

The responses in which students’ solutions were identified incorrectly were coded as
a response providing lack of evidence of attention to students’ solutions. The number
and percentage of prospective teachers who provided a description with lack of
evidence of attention to student A’s B’s, C’s, D’s and E’s solutions are given in Table

4.6 below.

Table 4.6. Number and Percentage of Teachers Providing Lack of Evidence of Attending to the Each

Solution
Student Solution* The number of prospective Percentage
teachers
Student A’s Solution 1 3.13%
Student B’s Solution 3 9.36%
Student C’s Solution 9 28.13%
Student D’s Solution 0 0%
Student E’s Solution 1 3.13%

N=32
*The solutions of B and D are correct; A, C and E are incorrect.
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As can be observed in the Table 4.6., the percentage of prospective teachers’
description with lack of evidence to five students’ solutions is very low. To illustrate,
only one prospective teacher described student A’s and student E’ solution with lack
of evidence. Moreover, there were three responses that provided lack of evidence of
attention to student B’s solution. Also, there were nine responses that provided lack
of evidence of attention to student C’s solution. However, there was no prospective

teacher who described student D’ solution with lack of evidence.

For example, PST 29’s description of student C’s solution is an example of a response

with lack of evidence.

Student C’s solution

Gardens are framed with a single row of tiles as illustrated below.
(A garden of length 3 requires 12 border tiles.)

a) How many border tiles are required for a garden of length 12?
b) How many border tiles are required for a garden of length n?
¢) Show how to find the length of the garden if 152 tiles are used for the
garden.

(Find the solution to questions A, B and C by drawing a table or using a
numeric or algebraic expression.)

e

Sekill Sekil2 Sekil3 Shn 12 pe F

In the shapes in sub question a, s/he did not see that the short edge
and the long edge intersects at the corners and there are common

squares. So, the total is supposed to be 39 units, and answer is wrong.
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In sub question c, subtracting 6 from 152 is correct; however, it was

necessary to divide 146 by 2. The answer is wrong.
(PST 29, an excerpt from the questionnaire)

Although student C solves sub-question a correctly and calculated the number of
bricks as 30, PST 29 stated that student solved the problem wrongly; thus, this
prospective teacher incorrectly identified student C’s solution. Therefore, as
explained in the Table 3.2., it was decided that this response provided lack of evidence

of attention to student’s solution

PST 19’s description of student B’s solution is another example of a response that

provided lack of evidence of attention.

Student B’s solution

The first four steps are given in the picture below. According to
them, find the number of squares in the 25th step.

(While finding the result, please draw a table and write the algebraic
expression.)

Sekil 1 Sekil 2 Sekil 3 Sekil 4

4

{ o =
L 4
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Student’s solution is correct. S/he comprehended the logic behind the
pattern and expressed it algebraically. S/he applied the pattern of
n.(n+2) to the 25" step.

(PST 19, an excerpt from the questionnaire)

In this response, although the student did not express the pattern with an algebraic
expression, PST 19 attended to student’s solution like that, meaning that PST 19
provided an incorrect description. For this reason, according to the Table 3.2., PST

19’s description was coded as a response providing lack of evidence of attention.

In conclusion, prospective teachers’ responses in which they were mistaken or which
incorrectly identified students’ solutions were coded as responses that provided lack
evidence of attention to students’ solutions. In other words, responses that provided

lack of evidence did not give any idea about the mathematical essence of the solutions.

The second dimension of professional teacher noticing is interpreting students’
algebraic thinking and it is related to whether teachers’ reasoning about student’s
algebraic thinking is consistent with the details of students’ solutions. The findings
related to interpreting students’ algebraic thinking within the context of pattern

generalization are given below.
4.2. Prospective Teachers’ Interpreting Students’ Algebraic Thinking

In the current study, prospective teachers’ responses were categorized into four to
identify the extent of their interpretation of students’ algebraic thinking: robust
evidence of interpretation of students’ algebraic thinking, emerging evidence of
interpretation of students’ algebraic thinking, limited evidence of interpretation of
students’ algebraic thinking, and lack of evidence of interpretation of students’
algebraic thinking. Responses providing robust evidence of interpretation of students’
algebraic thinking included making sense of the details of the students’ solutions. In

responses that demonstrated emerging evidence of interpretation, prospective teachers
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made interpretations about students’ algebraic thinking but with less detail than
responses including robust evidence. Responses demonstrating limited evidence of
interpretation of students’ algebraic thinking included comments only about whether
students comprehended the topic or not. Responses that provide wrong evidence of
interpretation of students’ thinking or irrelevant comments to students’ thinking were
coded as responses with lack of evidence. In addition to these responses, some
prospective teachers only paid attention to student’s solutions rather than providing
interpretation about their algebraic thinking, and some of them did not answer the

question in this study.

The summary of categorization of prospective teachers’ expertise in interpretation to

students’ algebraic thinking is presented Table 4.7 below.
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Table 4.7. The Coding of Interpreting Students’ Algebraic Thinking

Interpreting Students’

Algebraic Thinking

Coding

Robust Evidence of
Interpretation of
Students’ Algebraic
Thinking

Emerging Evidence of
Interpretation of
Students’ Algebraic
Thinking

Limited Evidence of
Interpretation of
Students’ Algebraic
Thinking

Lack Evidence of
Interpretation of
Students’ Algebraic
Thinking

No interpretation just
attention

No responses

Making a sense of details of solutions by

providing reasoning.

Make interpretation about students’ algebraic
thinking but with less detail than responses

included robust evidence.

Make comments about only whether students
comprehended the concept or not.

Provide wrong evidence of interpretation of
students’ algebraic thinking.
Make an irrelevant comment to students’

algebraic thinking.
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To determine whether the prospective teachers interpreted students’ algebraic thinking

firstly, the mathematically important essences of each student’ algebraic thinking were

determined.

Student A’s solution and mathematically important essence for student A’s algebraic

thinking are as follows:

Student A’s solution

The first four steps are given in the picture below. According to them,
find the number of squares in the 25th step.

(While finding result, please draw a table and write the algebraic
expression.)

Student A explores the relation in pattern as the number of squares = (the number of
columns) x (the number of rows) or the number of squares = (the short length) x (the
long length). However, s/he cannot fill the table according to the relationship that s/he

explores in the first four steps in the pattern.

Student B’s solution and mathematically important essence for student B’s algebraic

thinking are as follows.
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Student B’s Solution

The first four steps are given in the picture below. According to
them, find the number of squares in the 25th step.

(While finding the result, please draw a table and write the algebraic
expression.)

Sekil 1 Sekil 2 Sekil 3

{

I( p
o =8 9.4

Student B explores the relation in pattern as the number of squares = (the number of
columns) x (the number of rows) or the number of squares = (the short length) x (the

long length). Then, the student makes a generalization for the 25" term in the pattern.

Student C’s solution and mathematically important essence for student C’s algebraic

thinking are as follows:
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Student C’s solution

Gardens are framed with a single row of tiles as illustrated below.
(A garden of length 3 requires 12 border tiles.)

a) How many border tiles are required for a garden of length 12?
b) How many border tiles are required for a garden of length n?
¢) Show how to find the length of the garden if 152 tiles are used for the
garden.

(Find the solution to questions A, B and C by drawing a table or using a
numeric or algebraic expression.)

e P ﬁﬁiﬁ

Sekill Sekil2 Sekil3 1260 4 b+

Student C makes a near generalization for the garden in which the long length is 12
units. However, s/he does not write a general rule for the pattern and does not perform

an inverse process.

Student D’s solution and mathematically important essence for student D’s algebraic

thinking are as follows:
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Student D’s solution

Ayse is having a party. The first time the doorbell rings, one guest enters.
If on each successive ring a group enters that has two more persons than
the group that entered on the previous ring,

a) How many guests will have arrived after the 5% ring?
b) How many guests will have arrived after the 100% ring?
¢) How many guests will have arrived after the n ring?
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Student D makes a near generalization for the 5! term in the pattern, and then makes
a far generalization for the 100" term in the pattern. Moreover, s/he writes a general

rule for the pattern.

Student E’s solution and mathematically important essence for student E’s algebraic

thinking are as follows:
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Student E’s solution

Ayse is having a party. The first time the doorbell rings, one guest enters.
If on each successive ring, a group enters that has two more persons than

the group that entered on the previous ring,
a) How many guests will have arrived after the 5% ring?

b) How many guests will have arrived after the 100t ring?
¢) How many guests will have arrived after the n® ring?
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Student E makes a near generalization for the 5™ term and makes a far generalization
for the 100" term in the pattern, but for a different pattern than the asked pattern. Then,

the student writes the general rule, but for a different pattern than the asked pattern.

Table 4.8. shows the percentage of prospective teachers’ responses for each category

of interpreting students’ algebraic thinking.
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Table 4.8. The Percentage of Prospective Teachers’ Responses for Each Category of Interpreting

Student Robust Emerging Limited Lack of
Solution* evidence of evidence of evidence of evidence of
interpreting interpreting interpreting interpreting

Student A’s 18.75% 18.75% 34.38% 25%
Solution

Student B’s 31.25% 34.38% 18.75% 9.38%
Solution

Student C’s 12.50% 31.25% 31.25% 18.75%
Solution

Student D’s 34.38% 37.5% 28.13% 0%
Solution

Student E’s 12.50% 40.63% 34.38% 12.5%
Solution
N=32

*The solutions of B and D are correct; A, C and E are incorrect.

As can be observed in the Table 4.8., about one fifth of prospective teachers and about
one thirds of them interpreted student A’s and student B’s algebraic thinking by
demonstrating robust evidence, respectively. Both solutions belong to the same
question which included the far generalization concept, but student A’s solution is
correct whereas student B’s solution is incorrect. In other words, these prospective
teachers provided more robust evidence of interpreting correct solution than incorrect
solution in the concept of far generalization. On the other hand, one eight of them
provided robust evidence of interpreting student C’s algebraic thinking which requires
knowing near generalization, writing the rule of pattern and inverse process.
Furthermore, in relation to the question including near generalization, far
generalization and writing the rule of pattern concepts, about one third of prospective

teachers demonstrated robust evidence of interpreting student’s algebraic thinking
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with correct solution and one eight of them provided robust evidence of interpreting
student’s algebraic thinking with incorrect solution. On the other hand, about 30% of
the prospective teachers provided emerging evidence of interpreting to all students’
thinking. Regarding limited evidence, about one third of prospective teachers
demonstrated limited evidence of interpreting algebraic thinking of student with
incorrect solutions while less than a third of them provided limited evidence of
interpreting algebraic thinking of student with correct solutions. Finally, the
percentage of prospective teachers who provided lack of evidence of interpreting all
students’ algebraic thinking is below 20% except student A’s algebraic thinking

regardless of the concepts including each question.
4.2.1. Robust Evidence of Interpretation of Students’ Algebraic Thinking

Prospective teachers’ responses including making sense of the details of students’
solutions were coded as response demonstrating robust evidence of interpretation of
students’ algebraic thinking. The number and percentage of prospective teachers who
made interpretations of student A’s B’s, C’s, D’s and E’s algebraic thinking that

included robust evidence are presented in Table 4.9. below.

Table 4.9. Number and Percentage of Teachers Providing Robust Evidence of Interpreting of

Students’ Algebraic Thinking

Student Solution* The number of prospective Percentage
teachers
Student A’s Solution 6 18.75%
Student B’s Solution 10 31.25%
Student C’s Solution 4 12.50%
Student D’s Solution 11 34.38%
Student E’s Solution 4 12.50%
N=32

*The solutions of B and D are correct; A, C and E are incorrect.
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The Table 4.9. reveals that the percentage of prospective teachers who took part in the
current study and who made interpretations of all students’ algebraic thinking by
providing robust evidence is under 50%. Moreover, the number of prospective
teachers who interpreted student B’s and D’s algebraic thinking with robust evidence
is more than the number of prospective teachers who interpreted other students’

algebraic thinking with robust evidence.

An example of robust evidence of interpretation of students’ algebraic thinking is as

follows.

Student D’s solution

Ayse is having a party. The first time the doorbell rings, one guest enters.
If on each successive ring a group enters that has two more persons than
the group that entered on the previous ring,

a) How many guests will have arrived after the 5% ring?
b) How many guests will have arrived after the 100® ring?
¢) How many guests will have arrived after the n® ring?
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Researcher: What can you say about student’s understanding based

on student’s solution in sub-question a?

PST 24: | think it is very logical. The student is aware of what s/he

did. S/he saw only the relationship between them.
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Researcher: What is the relationship?

PST 24: S/he is aware that it is increasing two by two. Actually, it
was given in the question. For example, in the first question, “how
many people gathered at home after the doorbell rang 5 times?”
Unlike other solutions, s/he was aware of the people who came home
at previous rings. She comprehended the concept. In other words, s/he

understood the pattern.

Researcher: I see. What do you think about student’s understanding

in sub-question b?

PST 24: | think student comprehended all the questions. She
progressed step by step and found the solution in the fifth step. S/he
started from the second time and proceeded to the seventh time. When
s/he continued to the tenth step, s/he recognized that the result
changed as square. So, when s/he came to the 100" step, s/he could
find 10000. S/he made a generalization well and solved the question
perfectly since s/he multiplied 100 with 100. S/he found the fifth step

and then made a generalization by thinking two, three, four...

(PST 24, an excerpt from the interview transcript)

In this response, PST 24 explained that student discovered how to change the number
of people who came home at each ring. Moreover, PST 24 stated that student could
explore the pattern and make a generalization for the 5" and the 100" term in the
pattern. Therefore, it can be said that the prospective teacher made sense of student
D’s solution with reasoning; thus, this teacher’s responses were coded as a robust

evidence of interpretation of students’ solution due to explanation in the Table 3.3.

PST 7’s interpretation of student B’s algebraic thinking below is given as an example

of the responses that included robust evidence of interpretation to students’ solutions.
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Student B’s solution

The first four steps are given in the picture below. According to
them, find the number of squares in the 25th step.

(While finding the result, please draw a table and write the algebraic
expression.)

Sekil 1 Sekil 2 Sekil 3 Sekil 4
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Researcher: What can you say about student’s understanding?

PST 7: Pattern.. one minute.. | looked at the pattern between

multiplications. Pattern is actually..

S/he recognized that the pattern of the number of rows and the number
of columns increased one by one in each step. S/he recognized that
the difference between the number of rows and columns is two in each

step.

Researcher: Okay. You said that the student explored the pattern in

the questionnaire. How did you make such an inference?

PST 7: The first reason was that the student solved the problem
correctly. The second reason was that the student did not write step
by step until the 25th step. In other words, after the 11" step, s/he
explored the pattern and found it without writing step by step. The
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primary reason for exploring the pattern is to find the result of the far

step. Actually, s/he succeeded it here.
(PST 7, an excerpt from the interview transcript)

In this response, PST 7 made a correct reasoning about the student’s algebraic
thinking. PST 7 realized that the student captured the relationship between the
number of rows and columns and the number of squares, and then, the student
explored the pattern correctly. Therefore, PST 7’s interpretation included robust

evidence about student’s algebraic thinking as indicated in the Table 3.3.

As a consequence, when prospective teachers analyzed students’ solutions and made
sense of their thinking by providing a reasoning, it means that they interpreted

students’ algebraic thinking with robust evidence.

Detail information about the responses including emerging evidence of interpretation

of students’ algebraic thinking is presented below.
4.2.2. Emerging Evidence of Interpretation of Students’ Algebraic Thinking

When the responses provided emerging evidence of interpretation of students’
algebraic thinking, prospective teachers still interpreted their algebraic thinking, but
this interpretation was not in-depth. The number and the percentage of prospective
teachers who made interpretations of student A’s B’s, C’s, D’s and E’s algebraic

thinking that included emerging evidence are presented in Table 4.10. below.
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Table 4.10. Number and Percentage of Teachers Providing Emerging Evidence of Interpreting of

Students’ Algebraic Thinking

Student Solution* The number of prospective Percentage
teachers

Student A’s Solution 6 18.75%
Student B’s Solution 11 34.38%
Student C’s Solution 10 31.25%
Student D’s Solution 12 37.5%
Student E’s Solution 13 40.63%
N=32

*The solutions of B and D are correct; A, C and E are incorrect.

The Table 4.10. shows that while the prospective teachers’ interpretation of student
E’s algebraic thinking has the maximum percentage, their interpretation of student A’s
algebraic thinking has the minimum percentage. Furthermore, the percentages of their
interpretation of student B’s, C’s and D’s algebraic thinking by providing emerging
evidence are nearly the same. For example, the interpretation given below provides

emerging evidence.
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Student A’s solution

The first four steps are given in the picture below. According to them,
find the number of squares in the 25th step.

(While finding result, please draw a table and write the algebraic
expression.)

He knows that he must multiply the rows and columns to find the
number of squares. Also, he correctly forms a relationship between
the number of rows in steps. But, he couldn't reach the result. I think

there is a lack of attention.
(PST 32 from questionnaire)

PST 32 noticed that student could recognize the relationship between the number of
squares and the number of rows and columns. However, PST 32 did not interpret
student’s mistake in filling the table. Briefly, this prospective teacher interpreted
student’s thinking, but with less detail; thus, as presented in the Table 3.3., PST 32’s

interpretation included emerging evidence.
4.2.3. Limited Evidence of Interpretation of Students’ Algebraic Thinking

Responses that provided comments only about whether students’ comprehension was
correct or not were considered as limited evidence of interpretation of students’

algebraic thinking. The number and percentage of prospective teachers who made
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interpretations about student A’s B’s, C’s, D’s and E’s algebraic thinking

demonstrating limited evidence are presented in Table 4.11. below.

Table 4.11. Number and Percentage of Teachers Providing Limited Evidence of Interpreting of

Students’ Algebraic Thinking

Student Solution* The number of prospective Percentage
teachers
Student A’s Solution 11 34.38%
Student B’s Solution 6 18.75%
Student C’s Solution 10 31.25%
Student D’s Solution 9 28.13%
Student E’s Solution 11 34.38%
N=32

*The solutions of B and D are correct; A, C and E are incorrect.

As seen in the Table 4.11., the percentages of prospective teachers’ interpretation of
student A’ and student E’s algebraic thinking with limited evidence are the same. Also,
the percentages of their interpretation of student A’s, C’s D’s and E’s algebraic
thinking with limited evidence are close. Furthermore, the prospective teachers’
interpretation of student B’s algebraic thinking by supplying limited evidence has the
minimum percentage among the interpretations of five students’ algebraic thinking

with limited evidence.

An example of responses demonstrating limited evidence is as follows:
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Student C’s solution

Gardens are framed with a single row of tiles as illustrated below.
(A garden of length 3 requires 12 border tiles.)

a) How many border tiles are required for a garden of length 12?
b) How many border tiles are required for a garden of length n?
¢) Show how to find the length of the garden if 152 tiles are used for the
garden.

(Find the solution to questions A, B and C by drawing a table or using a
numeric or algebraic expression.)

G
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| don't think the student could grasp much, except for sub question a.
The reasoning in sub question a is good. However, instead of thinking
deeply for sub questions b and c, the student adopted a memorization

approach.
(PST 16, an excerpt from the questionnaire)

In this example, PST 16 described the student’s thinking with broad terms. In other
words, the teacher taught that the student comprehended sub-question a, but did not
comprehend sub-questions b and ¢. However, PST 16 did not refer to specific points
regarding student’s thinking such as exploring the relationship, not making a
generalization, or not writing a rule of pattern. Thus, as mentioned in the Table 3.3.,
PST 16’s interpretation demonstrated limited evidence of interpretation of student’s

algebraic thinking.
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Briefly, unlike responses demonstrating robust evidence and emerging evidence,
when prospective teachers made overgeneralization, their responses were categorized

as responses with limited evidence.
4.2.4. Lack of Evidence of Interpretation of Students’ Algebraic Thinking

When prospective teachers made a wrong interpretation or made irrelevant comments
about students’ thinking, these responses were coded as a response providing lack of
evidence of interpretation of students’ algebraic thinking. The number and percentage
of prospective teachers who interpreted student A’s B’s, C’s, D’s and E’s algebraic

thinking with lack of evidence are presented in Table 4.12. below.

Table 4.12. Number and Percentage of Teachers Providing Lack of Evidence of Interpreting of

Students’ Algebraic Thinking

Student Solution* The number of prospective Percentage
teachers

Student A’s Solution 8 25%

Student B’s Solution 3 9.38%

Student C’s Solution 6 18.75%

Student D’s Solution 0 0%

Student E’s Solution 4 12.5%

N=32
*The solutions of B and D are correct; A, C and E are incorrect.

As can be observed in the Table 4.12., although the prospective teachers’
interpretation of student A’s algebraic thinking providing lack of evidence has the
maximum percentage (25%), the percentage of prospective teachers’ interpretation of
student B’s, C’s and E’s algebraic thinking with lack of evidence is low. Even, there

is no interpretation of student D’s algebraic thinking with lack of evidence.
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The following sample interpretations were considered as lack of evidence of
interpretation.

Student C’s solution

Gardens are framed with a single row of tiles as illustrated below.
(A garden of length 3 requires 12 border tiles.)

a) How many border tiles are required for a garden of length 12?
b) How many border tiles are required for a garden of length n?

¢) Show how to find the length of the garden if 152 tiles are used for the
garden.

(Find the solution to questions A, B and C by drawing a table or using a
numeric or algebraic expression.)

e
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The student made a correct drawing in sub-questions a and c, but did
not find the correct solution. He does not realize that the result s/he
finds in sub question b must be valid for sub question a. Therefore,
s/he failed to establish a relationship between them and s/he does not

recognize that s/he needs to divide 146 by 2 in sub question c.
(PST 9, an excerpt from the questionnaire)

In this example, although student C solved sub question a correctly, PST 9 stated that

the student solved it wrongly, and thus interpreted student C’s thinking wrongly.
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Therefore, this response has lack of evidence about the interpretation of student’s
algebraic thinking.

Another example of a response including lack of evidence of interpretation of student

thinking is as follows:

Student A’s solution

The first four steps are given in the picture below. According to them,
find the number of squares in the 25th step.

(While finding result, please draw a table and write the algebraic
expression.)

S/he is unable to make sense of the drawing table. S/he made an error
when writing the information that was related to the question on the
table. S/he used the table as s/he saw from a friend or from previous

lessons.
(PST 19, an excerpt from the questionnaire)

This response did not include any specific comments about student’s thinking such as
realizing the relationship, exploring the pattern, or making a generalization. In
addition, PST 19 made irrelevant comments about student’s thinking like “S/he is
unable to make sense of the drawing table” and “S/he used the table as s/he saw from
a friend or from previous lessons.” This response is example of interpretation with

lack of evidence due to the Table 3.3.
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Consequently, prospective teachers’ responses that involved wrong interpretations or
making irrelevant comments about students’ thinking were coded as providing lack of

evidence of interpretation of students’ algebraic thinking.

The third dimension of professional teacher noticing is deciding how to respond on
the basis of students’ understanding. Customizing responding for each student based
on their thinking is an important component of teachers’ noticing skills. The findings

related to this dimension are presented below.

4.3. Prospective Teachers’ Deciding How to Respond on the Basis of Students’
Algebraic Thinking

In the present study, the prospective teachers’ decisions on how to respond on the
basis of students’ algebraic thinking were grouped under three categories:
extending/supporting students’ algebraic thinking, asking a drill as a response, and
providing a general response. In the first category, which is extending/supporting
students’ algebraic thinking, prospective teachers gave a response in order to extend
or support students’ existing algebraic thinking. When the prospective teachers asked
students a practice without extending/supporting their algebraic thinking, their
responses were coded as asking a drill as a response. Responses in which teachers did
not take students’ thinking into consideration and suggested direct instruction were
coded as providing a general response to students’ algebraic thinking. Finally, some
prospective teachers did not give response to students’ algebraic thinking. The
summary of the categorization of prospective teachers’ expertise in deciding how to

respond on the basis of students’ algebraic thinking is given below.
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Table 4.13. The Coding for Deciding How to Respond on the Basis of Students’ Algebraic Thinking

Deciding How to
Respond on the Basis
of Students’ Algebraic
Thinking

Coding

Extending/supporting
Students’ Algebraic
Thinking

Asking a Drill as a
Response

Providing a General

Response

No responses

If the student solves the problem correctly, student’s
existing thinking is extended with a different
question.

If the student solves the problem wrongly, student’s
existing thinking is supported by asking a question tc

make the student recognize his/her mistake.

If the student solves the problem correctly, a similar
question is asked in order to reinforce student’s
knowledge without extending student’s algebraic
thinking.

If the student solves the problem wrongly, a similar
question is asked without supporting student’s

algebraic thinking.

Not consider student’s thinking.
Ask the question that is independent from student’s
thinking.

Suggest direct instruction.
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The percentage of prospective teachers’ responses for each category of deciding how

to respond is given in Table 4.14 below.

Table 4.14. The Percentage of Prospective Teachers’ Responses for Each Category of Deciding How

to Respond
Student Extending/supporting  Asking a drill as a Providing a
Solution student’s algebraic response General response
thinking
Student A’s 68.75% 3.13% 25%
Solution
Student B’s 21.88% 21.88% 53.13%
Solution
Student C’s 62.5% 18.75% 12.50%
Solution
Student D’s 3.13% 34.38% 56.25%
Solution
Student E’s 62.5% 12.50% 21.88%
Solution
N=32

*The solutions of B and D are correct; A, C and E are incorrect.

A seen in the Table 4.14., nearly two thirds of the prospective teachers responded to
student A and about one fifth of them responded to student B by extending/supporting
student’s algebraic thinking. Both solutions belong to the same question which
included far generalization concept, but student A’s solution is correct whereas student
B’s solution incorrect. In other words, these prospective teachers responded by
extending/supporting thinking of student with incorrect solution more than student

with correct solution in the concept of far generalization. On the other hand, more than
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half of them responded to student C by supporting his/her algebraic thinking which
requires knowing near generalization, writing the rule of pattern and inverse process.
Furthermore, in relation to the question including far generalization, near
generalization and writing the rule of pattern concepts, less than 5% of prospective
teachers responded to student with correct solution and more than half of them
responded to student with incorrect solution by extending/supporting their thinking.
On the other hand, less than half of the prospective teachers asked a drill as a response
to all students on the basis of their algebraic thinking. As far as providing a general
response is concerned, more than half of the prospective teachers provided general
responses to students with correct solutions whereas less than 30% of them provided

general responses to students with incorrect solutions.

Example of responses for each category of deciding how to respond on the basis of

students’ algebraic thinking are given below.
4.3.1. Extending/Supporting Students’ Algebraic Thinking

Responses in which prospective teachers guide students who solved the problem
correctly by extending their algebraic thinking and responses in which prospective
teachers guide students who solved the problem wrongly by supporting their algebraic
thinking were coded in this category. The number and percentage of prospective
teachers who decided to respond to student A B, C, D and E by extending/supporting

students’ algebraic thinking are presented in Table 4.15. below.
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Table 4.15. Number and Percentage of Teachers Providing Extending/Supporting Students’
Algebraic Thinking Response

Student Solution The number of prospective Percentage
teachers
Student A’s Solution 22 68.75%
Student B’s Solution 7 21.88%
Student C’s Solution 20 62.5%
Student D’s Solution 1 3.13%
Student E’s Solution 20 62.5%
N=32

*The solutions of B and D are correct; A, C and E are incorrect.

According to the Table 4.15., in this study, nearly 69% of prospective teachers decided
to respond to student A and 62.50% of prospective teachers decided to respond to
student C and student E by extending or supporting the students’ algebraic thinking.
However, only nearly 3% of prospective teachers decided to respond to student D by

extending or supporting the student’s algebraic thinking.

In the following example, the prospective teacher’s aim of asking the question was to

extend students’ algebraic thinking.
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Student D’s solution

Ayse is having a party. The first time the doorbell rings, one guest enters.
If on each successive ring a group enters that has two more persons than
the group that entered on the previous ring,

a) How many guests will have arrived after the 5% ring?
b) How many guests will have arrived after the 100% ring?
¢) How many guests will have arrived after the n ring?
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In order to respond to student D, PST 3 suggested that “If there is a total of 144 people
at home, how many times the bell has been ringed?”” and explained reasons for asking
that question like that “This student has understood the concept well. Also I asked this
question since | wondered what the student will do if the question is asked reversely.
Even, the student can connect the question to the concept of square root.” (PST 3, an

excerpt from the questionnaire)

PST 3 noticed that student D can form a relationship between the number of rings and
the number of people who came home, explored the pattern, and made a
generalization. For this reason, s/he gave the student an opportunity to extend his/her
thinking by asking a question that was related to inverse process. Thus, as presented
in the Table 4.13., this response was put into the category of extending/supporting

students’ algebraic thinking.

Another example of responses supporting students’ algebraic thinking is as follows:
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Student A’s solution

The first four steps are given in the picture below. According to them,
find the number of squares in the 25th step.

(While finding result, please draw a table and write the algebraic
expression.)

In order to respond to student A, PST 7 suggested that “(1) You said there were 24
squares in the 4" step, and there were 27 squares in the 25" step. How many shapes
were there between figure 4 and figure 257 Do you think it makes sense that the
difference between them is 3? (2) Can you draw figure 5? Then can you compare the
number you found in figure 5 and figure 24? (3) (I asked the student to make an
estimation.) What has changed in the rows and columns after each step? If the number
of rows and columns increases by 1, at least how many more squares will there be in
figure 5 than figure 4? Can you make an estimation about the number of squares in
figure 5? If the number of rows and columns increases by 1, what is the difference in
number between the number of squares in figure 5 and the number of steps in figure
4? Can you estimate the number of squares in figure 5?” Then PST 7 explained
reasons for asking these questions like that “If the student turns back and realizes that
the number of steps in the 5™ step will have at least 6 squares more than the number
of steps in the 4™ step, s/he will understand her/his error. My aim in this question is to
show adding one row and one column to the figure at each step. After the student
understands that, s/he will also understand that the required number of squares for
the 24" step is 27 is ridiculous. Moreover, | made the student draw the shape of the 5"
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figure since s/he understands the increase in rows and columns by drawing easily.
Furthermore, making an estimation is very important because student can recognize
his/her mistake if s/he makes an estimation.” (PST 7, an excerpt from the

questionnaire)

Although student A could discover the relationship between the number of squares and
the number of rows and columns, s/he could not generalize the pattern due to the
mistakes in creating the table. Thus, PST 7 tried to make student A recognize his/her
mistake through different questions. PST 7 asked the first question so that student can
recognize that having 27 squares in the 25" term is not logical while there are 24 squares
in the 4" step. In the second question, it was aimed that student A saw that there were
35 squares in the 5" step which is more than 27. After student A realized his/her
mistake, PST 7 guided the student to make a generalization through the third question.
Therefore, PST 7 supported his/her algebraic thinking, and according to the Table
4.13., his/her response was coded in the category of extending/supporting students’

algebraic thinking.

In brief, when prospective teachers extend the algebraic thinking of students who solved
the problem correctly or support algebraic thinking of students with misconceptions,
their responses were coded in the category of extending/supporting students’ algebraic

thinking.

Different from the responses that extended/supported students’ algebraic thinking,
some prospective teachers’ responses were put into the category of asking a drill as a
response to students’ algebraic thinking. The details and examples of this category are

given below.
4.3.2. Asking a Drill as a Response

In this study, some prospective teachers responded to students by asking a drill as a
response. The number and percentage of prospective teachers who decided to respond
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to student A, B, C, D and E by asking a drill as a response are presented in Table 4.16

below.
Table 4.16. Number and Percentage of Teachers Asking a Drill as a Response
Student Solution* The number of prospective Percentage
teachers
Student A’s Solution 1 3.13%
Student B’s Solution 7 21.88%
Student C’s Solution 6 18.75%
Student D’s Solution 11 34.38%
Student E’s Solution 4 25%
N=32

*The solutions of B and D are correct; A, C and E are incorrect.

The Table 4.16. shows that in the current study, although only 3.13% of prospective
teachers responded to student A by asking a drill, the percentage of prospective
teachers who responded to other four students by asking a drill was approximately
25%.

The example of a response involving asking a drill is given below.
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Student D’s solution

Ayse is having a party. The first time the doorbell rings, one guest enters.
If on each successive ring a group enters that has two more persons than
the group that entered on the previous ring,

a) How many guests will have arrived after the 5% ring?
b) How many guests will have arrived after the 100% ring?
¢) How many guests will have arrived after the n ring?
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In order to respond to student D, PST 5 suggested that “I asked the question like at
each ring, twice the number of people are coming home than the previous ring.” Then,
PST 5 explained reasons for asking that question like that “I think that the student can
understand the concept well. For this reason, | wanted to ask a more complex question
since | wanted to check whether the student learned to find a rule and can make a
generalization or not. This question will be a more complex question for the student.”

(PST 5, an excerpt from the questionnaire)

Although student D explored the pattern, made a generalization, and solved the
problem correctly, PST 5 asked a similar problem with the same context and with
different operations. For this reason, as indicated in the Table 4.13., this question
became a drill for student D and did not give opportunity to extend his/her algebraic

thinking.
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PST 4’s response is another example of asking a drill as a response to students’

algebraic thinking.

Student B’s solution

The first four steps are given in the picture below. According to
them, find the number of squares in the 25th step.

(While finding the result, please draw a table and write the algebraic
expression.)

Sekil 1 Sekil 2 Sekil 3

by

In order to respond to student B, PST 4 suggested that “Find the number of triangles
in the 25" step. ” Then PST 4 explained reasons for asking that questions like that “The
student found the number of squares correctly. In order to both reinforce student’s
knowledge and evaluate student’ approach to a different type of pattern, this type of

question can be asked.” (PST 4, an excerpt from the questionnaire)

Student B solved the problem correctly by exploring a pattern and making a

generalization. However, the prospective teacher asked a similar problem with just a
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different context and this question enabled the student to do a practice instead of
extending his/her algebraic thinking. Thus, according to the Table 4.13., PST 4’s

response to student B was coded as asking a drill as a response.

In conclusion, the category of responses that give the opportunity to have a practice,
but that do not extend or support students’ algebraic thinking were called as asking a

drill as a response.
4.3.3. Providing a General Response

Instead of extending/supporting students’ algebraic thinking and asking a drill as a
response, some prospective teachers’ provided general responses to students. In these
responses, they did not take students’ algebraic thinking into consideration and they
gave direct instruction. The number and percentage of prospective teachers who
decided to respond to student A, B, C, D and E with a general response are presented
in Table 4.17. below.

Table 4.17. Number and Percentage of Teachers Providing a General Response

Student Solution The number of prospective Percentage
teachers
Student A’s Solution 8 25%
Student B’s Solution 17 53.13%
Student C’s Solution 4 12.50%
Student D’s Solution 18 56.25%
Student E’s Solution 7 21.88%
N=32

*The solutions of B and D are correct; A, C and E are incorrect.
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According to the Table 4.17., in the present study, nearly half of the prospective
teachers provided a general response to student B and student D. However, 25% and
nearly 22% of prospective teachers provided general response to student A and student

E, respectively. Finally, only 12.5% of prospective teachers gave a general response
to student C.

One example of this response is given below.

Student C’s solution

Gardens are framed with a single row of tiles as illustrated below.
(A garden of length 3 requires 12 border tiles.)

a) How many border tiles are required for a garden of length 12?
b) How many border tiles are required for a garden of length n?
)
ga

¢) Show how to find the length of the garden if 152 tiles are used for the
garden.

(Find the solution to questions A, B and C by drawing a table or using a
numeric or algebraic expression.)

e ——

Sekill Sekil2 Sekil3

In order to respond to student C, PST 13 suggested that “I would think that garden is
square or a different rectangle” and explained reason for asking that question like that
“In order to investigate whether the student developed a strategy for this pattern only,
1 asked the question like that.” (PST 13, an excerpt from the questionnaire)

141



PST 13 asked the question without considering the student’s algebraic thinking.
Moreover, this question was independent from student’s thinking; thus, as presented

in the Table 4.13., the response was placed in the category of providing a general

response.

Another example of providing a general response to student B is PST 18’s response

that is given below.

Student B’s solution

The first four steps are given in the picture below. According to
them, find the number of squares in the 25th step.

(While finding the result, please draw a table and write the algebraic
expression.)

L Ll ] ;
Sekil 1 Sekil 2 Sekil 3 Sekil 4

4

{ o =
L 4

In order to respond to student B, PST 18 suggested that “Even, student B solved the
question correctly. I asked a similar problem involving different patterns.” Then, PST
18 explained reason for asking that question like that “7 enabled the student to do some
pratice by asking a similar problem involving different patterns.” (PST 18, an excerpt

from the questionnaire)

In this response, partipants did not consider student’s algebraic thinking. Actually,
problem was independent from student’s thinking since PST 18 only stated which

type of question s/he wanted to ask, but did not ask anything. Becuase of these reasons,
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this response was coded as a category of providing a general response as presented in
the Table 4.13.

In the present study, when prospective teachers responded with an irrelavant
response,when they could not ask a real question, or only focused on the characteristic
of the question that they wanted to ask such as a more complex question, these

responses were categorized as providing a general response.

In conclusion, in this study prospective teachers’ noticing skills were investigated
under three dimensions which are attending to students’ solutions, interpreting
students’ algebraic thinking, and deciding how to repond on the basis of the students’
algebraic thinking. While the findings related to attending to students’ solutions and
interpreting students’ algebraic thinking were classified under four categories, the
findings related to deciding how to respond on the basis of student’s algebraic thinking

included three categories.
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CHAPTER 5

DISCUSSION, IMPLICATIONS AND RECOMMENDATIONS

The aim of this study was to examine prospective middle school mathematics
teachers’ noticing skills of students’ algebraic thinking within the context of pattern
generalization. In the light of this aim, the findings of this study are discussed with
references to previous studies in the literature. In addition, educational implications
and recommendations for future research studies are presented in this chapter.

5.1. Discussion

The findings of this study are discussed under three main sections based on the
research questions. To be more specific, in the first part, prospective middle school
teachers’ attending to students’ solutions regarding pattern generalization is discussed.
In the second part, prospective middle school teachers’ interpretation of students’
algebraic thinking within the context of pattern generalization is discussed. In the third
part, the nature of prospective middle school teachers’ decisions to respond to students
within the context of pattern generalization is discussed. The findings are also

compared and contrasted with previous research studies in the literature.
5.1.1. Prospective Teachers’ Attending to Students’ Solutions

The analysis of the data revealed that the majority of the prospective teachers provided
robust evidence of attending to students’ solutions. To be more specific, most of the
prospective teachers who participated in this study could identify students’ solutions
with all the mathematical details. They explained in detail how students solved the

problem, which strategies they used, whether their solutions were correct or not, and
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what their mistakes were. These findings might be considered as consistent with
previous researches which reported that prospective teachers and teachers are good at
attending to students’ solutions (Barnhart & van Es, 2015; Callejo & Zapatera, 2017;
Dick, 2013; LaRochelle, 2018; Sanchez-Matamoros, Fernandez & Llinares; 2019;
Talanquer, Bolger, & Tomanek, 2015). In addition, similar to these previous research
studies, Jacobs et al. (2010) revealed that prospective teachers could attend to
students’ solutions irrespective of whether they are correct or incorrect. The success
of prospective teachers in attending to students’ solutions might be due to the fact that
prospective teachers could focus on important details of students’ answers, and they
wrote many details of the mathematical elements regarding pattern generalization in
students’ solutions (Talanquer, Bolger, & Tomanek; 2015). Another reason for
prospective teachers’ success in attending might be the fact that attending is the easiest
component-skill for prospective teachers (LaRochelle, 2018; Sanchez-Matamoros,
Fernandez & Llinares; 2019). Since understanding how students solved the problem
and identifying students’ entire solutions step by step were sufficient as far as
attending to students’ solutions is concerned, many prospective teachers in this study
might provide robust evidence of this skill. In addition, since prospective teachers took
the Methods of Teaching Mathematics I/11 courses, it is not surprising that most of
them provided robust evidence of attending to students’ solutions in the current study.
Prospective teachers mathematically learn each detail and various solution strategies
about each topic in learning domains thanks to the Methods of Teaching Mathematics
I/11 courses. Therefore, taking these courses might have contributed to their skill of

attending to students’ solutions.

Although the vast majority of the prospective teachers (65%) attended to students’
solutions with robust evidence and emerging evidence of attention to students’
solutions, the rest could not identify all the mathematical elements of students’
solutions. Schoenfeld (2011) stated that knowledge can impact what teachers attend
to, and the reason behind this inadequacy might result from lack of prospective

teachers’ knowledge.
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5.1.2. Prospective Teachers’ Interpreting Students’ Algebraic Thinking

Although a vast majority of the prospective teachers could attend to students’ solutions
regarding pattern generalization with robust evidence and emerging evidence, the
prospective teachers in this study had difficulty in analyzing and interpreting students’
algebraic thinking with robust evidence. The findings also revealed that the percentage
of prospective teachers who interpreted students’ algebraic thinking with limited
evidence is significant. This means that many prospective teachers in this study
interpreted only whether student could comprehend pattern generalization or not, but
did not refer to specific points regarding student’s algebraic thinking. These findings
are consistent with the findings of previous research studies (Barnhart & van Es, 2015;
Sanchez-Matamoros, Ferndndez & Llinares, 2019; Monson, Krupa, Lesseig, & Casey;
2018; Talanquer, Bolger, & Tomanek, 2015). For example, the findings of Sdnchez-
Matamoros et al. (2019) reported that although some prospective teachers attended to
the mathematical considerations in students’ answers, they had difficulties in
analyzing students’ understanding based on their answers. These findings are also
consistent with the study of Sanchez-Matamoros et al. (2019) in which prospective
teachers interpreted students’ understanding only by saying that correct or incorrect

solutions were reported (Sanchez-Matamoros et al., 2019).

The reason for prospective teachers’ difficulty in interpreting students’ algebraic
thinking might be that identifying mathematical essences of students’ solution is
necessary, but not enough to making sense of students’ mathematical understanding
(Monson et al., 2018). In other words, in order to make sense of students’
mathematical understanding, prospective teachers or teachers should recognize and
understand students’ strategies and solutions. However, the ability of identifying all
the solutions of students with mathematical details does not guarantee that prospective
teachers can interpret their understanding. In order to be able to interpret students’
understanding, they should make inferences from solution methods, mistakes or

misconceptions as well as attending to their solutions.
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The another reason for prospective teachers’ difficulty in interpreting might be the
possibility that the participants were prospective teachers as opposed to in-service
teachers. The related studies stated that in-service teachers have the opportunity to see
real classroom environment and real students’ solutions and they are expected to focus
on student ideas and have the skill to interpret their ideas (Barnhart & van Es, 2015).
On the other hand, prospective teachers learn most of the knowledge about teaching
mathematics theoretically, and they do not have experience to catch students’ ideas
and analyze them (Barnhart & van Es, 2015). Thus, the participant profile of this study
might have affected the findings.

Another reason behind the difficulties prospective teachers experience might be lack
of knowledge of content and students (KCS) and knowledge of content of teaching
(KCT). KCS is defined as a combination of mathematics knowledge of the teacher
and the knowledge of cognitive development of the student. Teachers’ foresight of
student's possible errors and misconceptions that are expected to be encountered is
related to KCS knowledge (Hill, Ball, & Schilling, 2008). Unlike KCS, KCT is a
combination of mathematical knowledge and knowledge and skills of the teacher.
Being able to prepare a lesson plan for effective and easy teaching of the subject and
provide appropriate examples and demonstrations are under KCT (Hill, Ball, &
Schilling, 2008). Therefore, the more prospective teachers’ knowledge about the
content, students, and teaching, the better they could interpret students’ mathematical
understanding. Hence, prospective teachers’ lack of knowledge of content and
students (KCS) and knowledge of content of teaching (KCT) might be the reason for
prospective teachers’ difficulties 1in interpreting students’ mathematical

understanding.

In this research study, prospective teachers were asked to notice students’ incorrect
solutions as well as students’ correct solutions. Hence, the final finding was related to
prospective teachers’ ability of interpreting students’ correct and incorrect solutions.

The majority of the prospective teachers could provide robust and emerging evidence
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of interpreting students’ correct solutions, whereas many prospective teachers
provided emerging and limited evidence of interpreting students’ incorrect solutions.
The reason for this finding might be that the prospective teachers could easily follow
students’ correct solutions and make sense of their correct solutions, while they had
difficulty in understanding students’ incorrect solutions and interpreting what having
such mistakes and misconceptions mean for their mathematical understanding. It can
be said although most of the prospective teachers could identify students’ solutions
demonstrating robust evidence or emerging evidence irrespective of their correctness,
they analyzed correct solutions better than incorrect solutions. Hence, the fact that
attending to students’ solutions is easier than interpreting students’ algebraic thinking
has been confirmed as stated in others studies (Jacobs et al. 2010; Schack et al. 2013;
Sa’'nchez-Matamoros et al. 2014) based on the skills described by Jacobs et al. (2010).

5.1.3. Prospective Teachers’ Deciding How to Respond on the Basis of Students’
Algebraic Thinking

The analysis of the data revealed that most of the prospective middle school
mathematics teachers responded to students with incorrect answers by supporting their
thinking, whereas few prospective teachers provided response by asking a drill or
making general comments. Hence, it can be said that most of the prospective teachers
could respond to students who had incorrect answers effectively. Similarly, in
previous studies it was revealed that prospective teachers could recognize students’
mistakes and advance their thinking (Jacobs & Ambrose, 2008; Milewski &
Strickland, 2016). The reason for this finding might be that asking students to reflect
on how their strategy relates to key mathematical ideas or relationships within the task
could help them recognize their mistakes and support student thinking (Jacobs &
Ambrose, 2008; Milewski & Strickland, 2016). However, the findings of some
research are inconsistent with this finding (Ball, 1993; Crespo, 2002; Lampert, 2001;
Milewski & Strickland, 2016; Son & Crespo, 2009). According to these research
studies, teachers had difficulty in responding to students (Ball, 1993; Lampert, 2001).
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Specifically, it was revealed that they struggled to respond to students who made
errors by providing space in order to further students’ thinking (Crespo, 2002; Son &
Crespo, 2009) and they responded to students with incorrect answers by showing
procedures or stating the correct answers (Crespo, 2002; Milewski & Strickland,
2016).

However, the analysis of the data demonstrated that most of the prospective teachers
responded to students who had correct answers by asking a drill or providing a general
response, while few prospective teachers could extend students with correct solutions.
Hence, it was revealed that prospective teachers had difficulty in responding to
students who had correct solutions as stated in Taylan’s (2018) study. Besides, in some
previous research studies, similar findings were reported about responding to students
with correct solutions with general responses (Crespo, 2002; Krupa et al., 2017;
Milewski & Strickland, 2016). For example, in Krupa et al.’s (2017) study, most of
the prospective teachers provided procedural actions or provided general comments
as aresponse. This finding might have resulted from the fact that when students solved
the problem correctly, prospective teachers believed that mission was completed.
Thus, they did not need to guide students to extend their existing knowledge; on the
contrary, they asked a drill or provided general responses. Moreover, teachers might
consider that praise is a sufficient response to correct solutions (Crespo, 2002;
Milewski & Strickland, 2016) without extending students’ mathematical
understanding. Briefly, it can be said that prospective teachers respond to students
with incorrect solutions more effectively than students with correct solutions because
although they easily overcome students’ misconceptions, they have difficult time

advancing students’ algebraic thinking with correct solutions.

As a consequence, it might be stated that in the present study, prospective teachers’
skills of deciding how to respond on the basis of students’ algebraic thinking is
independent from their skills of attending to students’ solutions. Moreover, there was

no clear relationship between the prospective teachers’ interpreting and deciding how
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to respond on the basis of students’ algebraic thinking. However, according to the
findings of the study, prospective teachers’ ability of responding changed depending

on whether students’ solutions were correct or incorrect.

Although the findings of the study are largely consistent with the related studies
(Barnhart & van Es, 2015; Callejo & Zapatera; 2017; Jacobs & Ambrose, 2018;
Milewski & Strickland; 2016; Sanchez-Matamoros, Fernandez & Llinares, Taylan,
2018) in terms of the extent to which teachers attend to students’ solutions, interpret
students’ algebraic thinking and decide how to respond, some differences are caused
by the nature of the issue focused. The nature of algebra includes “generalizing and
formalizing patterns and constraints” (Kaput, 1999, p.4), being able to thinking about
unknown quantities as known (Swafford & Langrall, 2000) and making a sense of
symbols and operations in terms of arithmetic (Kiearan & Chalouh, 1993),
generalizing pattern helps students to transform arithmetic to algebra (Kiearan &
Chalouh, 1993). The pattern generalization process consists of four process (Radford,
2008; Rivera & Becker; 2009; Warren, 2005): (1) finding near stage of sequence by
drawing and counting (near generalization), (2) noticing the pattern and finding far
stage of sequence by making reasoning (far generalization), (3) exploring the general
rule of pattern by identifying functional relationship between the stage number and
pattern (writing a rule of pattern) and (4) identifying a stage number in inverse
functional relationship (inverse process). In detail, in order to generalize the pattern,
firstly, students have to find the near stage which is close enough to draw or count
(e.g. 5) and they have to find the far stage by using near generalization (e.g. 100).
Afterwards, near generalization and far generalization enables them to discover
general rule of pattern (Lannin, Barker, Townsend, 2006). Therefore, due to the nature
of pattern generalization, students need to make a reasoning in each process of pattern
generalization and solve problems related to pattern generalization step by step
(Jurdak & El Mouhayar, 2014; Lannin et al., 2006; Radford, 2008). Since pattern
generalization has such a nature, selected five student solutions in this study included

step by step solutions. Step by step solution might make attending to students’
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solutions and interpreting students’ algebraic thinking easier for prospective teachers
in comparison with the other mathematical topics. Moreover, in order to respond to
students on the basis of their algebraic thinking within the context of pattern
generalization efficiently, prospective teachers might have needed to take
consideration into students’ algebraic thinking in each process of problem solving
such as near generalization, far generalization and writing a rule of pattern. Therefore,
deciding how to respond to students who solved problems related to pattern

generalization might be hard process due to the nature of pattern generalization.

Finally, when the data was analyzed, it was seen that the categories of attending,
interpreting and deciding how to respond based on Jacobs et al.’s framework did not
cover all the data in this study. For this reason, Jacobs et al.’s framework was extended

through the analysis of the present study.

Consequently, the present study examined prospective middle school mathematics
teachers’ skills of attending to students’ solutions, interpreting their algebraic
thinking, and deciding how to respond on the basis of their algebraic thinking. Thus,
this study took a deeper look at prospective teachers’ skills of noticing students’
algebraic thinking within the context of pattern generalization. Therefore, it would be
very important to present some implications for educational practices and
recommendations for further studies according to the findings of the current study and
those of previous studies. In the following sections, the practical and research-based
issues are given in line with the findings of this study together with the findings of

previous studies.
5.2. Implications for Educational Practices

In this study, middle school prospective mathematics teachers’ skills of noticing
students’ algebraic thinking within the context of pattern generalization were

examined. In the light of the findings, this study has several implications for
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prospective teachers, in-service teachers, curriculum developers, and teacher

educators.

In order to conduct effective mathematics teaching, teachers have to identify the
noteworthy aspects of students’ solutions, make sense of students’ understanding from
their solutions and build a connection between students’ understanding and possible
teaching and learning methods/strategies in teaching environment. Therefore,
teachers’ noticing is a significant competency (van Es & Sherin, 2002; Sherin, Russ,
& Colestock, 2011; Jacobs, Lamb, & Philipp, 2010). However, according to the
findings of this study, although the majority of the prospective teachers could attend
to students’ solutions, they had difficulty in interpreting students’ algebraic thinking
based on their solutions. In the previous section, it was discussed that the reason for
this finding might be lack of experience (Barnhart & van Es, 2015). It was also stated
that having experience of noticing students’ mathematical understanding can be useful
in order to enrich prospective teachers’ skills of noticing students’ mathematical
understanding (Jacobs et al., 2010; Barnhart & van Es, 2015). The findings of the
present study also revealed that although prospective teachers could support students
who solved the problems incorrectly with appropriate questions, they could not extend
thinking of the students who provided correct solutions. Therefore, emphasizing how
to respond on the basis of different students’ thinking is a significant and necessary
skill (Jacobs et al., 2010). For this reason, teacher educators might integrate practices
with respect to the improvement of noticing skills in the content of courses for the
professional development of preservice teachers such as the Methods of Teaching
Mathematics I/11 courses. To illustrate, teacher educators could involve wrong student
solutions that consist of conceptual and procedural errors and correct these solutions
in different ways within course. Furthermore, teacher educators can select tasks which
provide accurate representation of teachers’ or prospective teachers’ noticing and can
facilitate conversations which involve weighing the affordances and constraints of
students’ possible responses in the courses of Methods of Teaching Mathematics I/11.

Similarly, these kinds of practices and tasks could be integrated into school experience
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and teaching practice in order to provide prospective teachers with the opportunity to
notice real students’ works and improve their skills of noticing. In this way,
prospective teachers may have the opportunity to practice the skills of attending to
students’ solutions, interpreting their thinking, and deciding how to respond to
students. Moreover, prospective teachers could share their noticing and get feedback
from teacher educators and colleagues through interaction in the classroom

environment.

In addition, the findings in previous studies also revealed that prospective teachers and
teachers can learn to notice students’ solutions and this skill can be enhanced through
intervention such as teacher training programs or professional development programs
(Jacobs, Lamb & Philipp, 2010; Osmanoglu, 2010; Ulusoy & Cakiroglu, 2018; Star
& Strickland, 2008; van Es & Sherin, 2008). For this reason, teacher educators could
provide interventions such as teacher training programs or professional development
programs which could be effective in enriching prospective teachers’ skills of noticing

students’ ideas.

Implications for educational practices were touched upon in this section in line with
the findings of previous studies and those of the current study. Since some issues
emerged from the findings of the present study, a number of recommendations are

available in the following section.
5.3. Recommendations for Further Research Studies

Prospective teachers studying in their fourth year at one of the public universities
participated in the present study and their skills of noticing students’ algebraic
thinking were examined. Prospective teachers completed the Methods of Teaching
Mathematics I/11 courses at the end of the third year and took the Teaching Practice
and School experience courses in the fourth year of the Teacher Education Program.
The same study might be conducted with prospective teachers who are in their third

year in the same context. Hence, the noticing skills of prospective teachers in the third
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year and fourth year who studied at the same university might be compared. Therefore,
the influence of Methods of Teaching Mathematics I/11, Teaching Practice and School
experience courses on prospective teachers’ skills of attending to students’ solutions,
interpreting their algebraic thinking, and deciding how to respond on the basis of their
algebraic thinking can be explored.

According to the findings of this study, most of the prospective teachers could attend
to students’ solutions about pattern generalization; however, they had difficulty in
interpreting students’ algebraic thinking. Moreover, the present study revealed that
prospective teachers could not effectively respond to students who had correct
solutions. In the previous section, lack of experience was considered as the reason for
these inadequacies in prospective teachers’ skills of noticing, but how teaching
experience affects teachers’ noticing was not explored in this study. Therefore, in
order to explore the effect of teaching experience on teachers’ skills of noticing, this
study can be extended through longitudinal research. In order to examine how
experience affects prospective teachers’ skills of noticing after they become teachers
and they gain experience, it is strongly recommended to examine prospective teachers’

skills of noticing with the same participants for several years.

In order to conduct this research, thirty-two prospective teachers who were enrolled
in their fourth year at one of the public universities, so this study is limited to
prospective teachers. Different from prospective teachers, in-service teachers have
had the opportunity to see real classroom environment and real students’ solutions.
Also, they can observe how students learn a subject or what misconceptions or
difficulties they have. For these reasons, as a further research, the same study can be
conducted with in-service teachers to explore their noticing of students’ algebraic
thinking. Moreover, in this way, the effect of teaching experience on the teachers’

skills of noticing students’ algebraic thinking can be explored.

In the present study, the qualitative research method was used in order to explore

prospective teachers’ skills of noticing students’ algebraic thinking within the context
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of pattern generalization. As a further study, it is strongly recommended that
quantitative research methods be used to investigate the noticing skills of prospective
mathematics teachers. Hence, a study can be conducted with a sample randomly
selected from nationwide universities in such a way that the sample would be
representative of all prospective teachers in Turkey. Therefore, findings that are
related to the holistic picture of noticing skills of prospective teachers in Turkey can

be presented.

Algebraic thinking, which is one of the primary components of algebra, improves
through the generalization of pattern (Warren & Cooper, 2006). Hence, students can
think about unknown quantities as known and make a transition from arithmetic to
algebra. Thus, pattern generalization is a significant topic in order to enhance students’
algebraic thinking and mathematical understanding. For this reason, in the present
study, prospective teachers’ skills of noticing algebraic thinking were assessed within
the context of pattern generalization. However, this study was limited in that it
investigated prospective teachers’ skills of noticing students’ mathematical
understanding within the context of only one topic. Therefore, prospective teachers’
skills of noticing can also be investigated within different contexts, and in this way, a

holistic picture of prospective teachers’ skills of noticing can be obtained.

In the previous sections, it was discussed that limited skills of attending students’
solutions and interpreting their algebraic thinking might result from prospective
teachers’ lack of knowledge. In addition, although the relationship between
professional teacher noticing and mathematical knowledge has been addressed in
some research studies (Schoenfeld, 2011; Monson, Krupa, Lesseig, & Casey, 2018),
it is not clear how this knowledge affects teachers’ attending, interpreting and deciding
how to respond on the basis of their solutions. Moreover, this study did not explore
the relationship between teachers’ knowledge and their skills of noticing. Therefore,
this study could be extended with the investigation of the relationship between

mathematical knowledge and teachers’ noticing students’ algebraic thinking and how
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prospective teachers with this knowledge and without this knowledge attend, interpret,

and decide to respond.
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APPENDICES

A. COURSES IN THE ELEMENTARY MATHEMATICS EDUCATION
PROGRAM

I'YEAR MATH111 Fundamentals of MATH112 Discrete Mathematics
Mathematics
MATH115 Analytic Geometry MATH116 Basic Algebraic
Structures
MATH119 Calculus With Analytic MATH120 Calculus for
Geometry Functions of Several
Variables
EDS200 Introduction to CEIT100  Computer
Education Applications in
Education
ENG101 English For Academic ENG102 English for Academic
Purposes | Purposes Il
1S100 Introduction to
Information
Technologies and
Applications
2""YEAR PHYS181 Basic Physics | PHYS182 Basic Physics Il
MATH219 Introduction to MATH201 Elementary Geometry
Differential Equations
STAT201 Introduction to STAT202 Introduction to
Probability &Stat. | Probability & Stat.ll
ELE221 Instructional Principles ELE225 Measurement and
and Methods Assessment

EDS220 Educational Psychology = ENG211 Academic Oral
Presentation Skills

HIST2201 Principles of Kemal HIST2202 Principles of Kemal
Atatiirk I Atatiirk 1T

HIST2205 History of The Turkish HIST2206 History of The
Revolution | Turkish Revolution |1

MATH260 Basic Linear Algebra ELE310 Community Service
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3"YEAR

4"YEAR

ELE341

TURK201

TURK305

ELE301

ELE435

ELE465

Methods of Teaching
Mathematics |

Elementary Turkish
Oral Communication

Elective
Elective

Research Methods

School Experience

Nature of Mathematical

Knowledge for Teaching

Restricted Elective
Elective
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Instructional
Technology And
Material Development
Methods of Teaching
Mathematics
Classroom
Management
Intermediate Turkish
Written Expression

Practice Teaching In
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Turkish Educational
System And School
Management
Guidance
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B. TURKISH VERSION OF QUESTIONS IN QUESTIONNAIRE FOR
MIDDLE SCHOOL STUDENTS

Sorul:

Asagidaki resimde bir ériintiiniin ilk dért adimi verilmistir. Buna gére, 25.adimdaki

kare sayisim  bulunuz. Coziimi yaparken, tablo c¢iziminden, cebirsel ifade
kullanimindan yararlanimz.

Sekil 1 Sekil 2 Sekil 3 Sekil 4

Soru 2:

Asagidaki resimde siyah kutucuklar bahgeyi, etrafindaki beyaz kutucuklar ise tuglalari
gostermektedir. Her bir bahcenin etrafi bir sira tugla ile orilmustir. (Ornegin,
3.sekildeki uzun kenar: 3 br olan bahee i¢in 12 tane tugla kullanilmistir.)Buna gére;

A) Uzun kenari 12 br olan bir bahce icin kac tane tugla kullanilir?
B) Uzun kenar1 n br olan bir bahge i¢in kag tane tugla kullanilir?

C) Toplam 152 tane tugla kullamilan bahg¢enin uzunlugunu nasil buldugunuzu
gosteriniz.

(A, B, C sorularmin ¢éziimlerini ¢izerek, tablo yaparak, sayisal ifade, cebirsel ifade

e

Sekill Sekil2 Sekil3
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Soru 3:

Ayse bir parti diizenlemistir. Kap1 ziliniz ilk ¢alisinda partiye bir kisi gelmistir. Ardigik
olarak ¢alinan her zilde, bir énceki zilin ¢alinmasiyla gelen kigi sayisimn 2 fazlasi gelmisgtir.

Buna gore,

a. 5.kez kap zili calindiktan sonra Ayse’ nin evine toplamda kag kisi gelmis olur?

b. 100.kez kapi zili calindiktan sonra Ayse’ nin evine toplamda kag kisi gelmis olur?
Sonucu nasil buldugunuzu aciklayimiz.

c. nkez kapi zili calindiginda, Ayse’ nin evine toplamda kag kisi gelmis oldugunu

hesaplamak i¢in nasil bir formiil olustururdunuz? Agiklayiniz.
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C. TURKISH VERSION OF QUESTIONS IN QUESTIONNAIRE FOR
PROSPECTIVE TEACHERS

1. “Soruyu ¢ozmek icin Ogrencinin kullandig1 ¢6ziim yontemini detayli olarak

aciklayimiz. Sizce 6grencinin ¢oziimii dogru mu? Neden?”

2. Ogrencinin ¢dziimiinden onun konuya iliskin anlamlandirmasi (kavrayist) hakkinda

ne diisiiniiyorsunuz? Detayl1 olarak aciklaymniz.

3. Bu 0Ogrencinin 6gretmeni oldugunuzu varsayalim. Bu problemin devaminda
Ogrenciye hangi problem ya da problemleri sorardiniz? Bu problem ya da problemleri

se¢medeki gerekgeniz nedir?”” (Jacobs, Lamb & Philipp, 2010, s.178-179).
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D.

INTERVIEW QUESTIONS

Goriisme Sorulari

Ogrenci A’ nin soruyu ¢dzerken kullandig1 yollar1 daha detayli anlatabilir

misiniz?

Ogrencinin kavrayisi hakkinda .......... sOylemissiniz. Neden boyle bir yorumda

bulundunuz? Agiklar misiniz?

Eklemek istediginiz bir sey var mi1?

Ogrenciye ........... problemi sormussunuz. Neden bdyle bir soru sordunuz?
Sordugunuz ............ problemin 6grenciye katkist ne olacaktir?

Ogrenci bu soruyu cevapladiktan sonra, derse nasil devam etmeyi

diisiiniiyorsun?

Farkli sormak istediginiz ya da degistirmek istediginiz bir sey var m1?
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F. TURKISH VERSION OF PARTICIPANTS’ RESPONSES PRESENTED
AS AN EXAMPLE OF EACH CATEGORY

Sayfa 93’te verilen ornegin Tiirkcesi:
Arastirmaci: Simdi burada nasil bulmus bu sorular1 a sikkini mesela. ..

Katilimer: Simdi burada bu esittir i bir kere esittir i¢in kullanmamis yani. Tire gibi
diisiinelim onu. Birinci kap1 ¢alisinda bir kisi, ikinci kapt ¢alisinda ii¢ kisi demis,
tigtincii kap1 ¢alisinda bes kisi dordiincii kap1 galisinda yedi kisi besinci kapi ¢alisinda
da dokuz kisi gelir demis. Dokuzu da cevap olarak kabul etmis ¢iinkii evine gelen

toplamkisi derken kap1 6nilinden giren kisi sayisi olarak almig bunu.
Arastirmaci: Tamam b de ne yapmis?

Katilimci: b de ne yapmus, iste akilli cocuk bak burada 6riintii kullanmanin ihtiyacini
hissederek yliziincii kap1 ¢alisina kadar bulmak i¢in demis ki alt alta yaziyim ben
bunlar arasinda bir oriintii kurmaya ¢alisayim. Sonra suradan adim sayisiyla alakali
bir oriintii kurmaya ¢alismis. Bir kere su bir degil {i¢ oldugunu varsayryorum, islem
hatasindan kaynakli olarak bulamadigimi diislinliyorum. Sonra bakiyorum...Simdi
yine arada himm bes yedi dokuz tane. Aynen birinci adimi atlamis zaten, Tamamen
onu bir es gecmis islem hatasi yaptig1 icin mi gegmis. Kurali nasil buluyor biliyor

musun?

Simdi su adim sayilariyla gelen kisi sayis1 arasinda bir baglanti kurmaya c¢alismus.

Sonra mesela ikincisi i¢in demis ki ikinci adim i¢in ben buna ne yapsam ti¢ii bulurum.
Arastirmaci: Tamam

Katilimer: Ugiincii adim i¢in ben buna ne yapsam besi bulurum, dortte ben buna ne
yapsam yediyi bulurum demis. Sonra su iki ¢arp1 iki eksi birden normalde ti¢ii buluyor,

islem hatas1 yapmis. Digerlerini yorumlarsak iste bu buldugu iki ¢arp1 adim sayis1 eksi
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biri hepsine uygulamis yani. Bulduklarina birkag¢ tane yazmis herhalde bakiyim, besi
yazmis yediyi yazmis dokuzu yazmis. Sonra bakmis ii¢ii i¢inde tutuyor, o zaman bu
bir kuraldir onun i¢in dyle kabul etmis. Sonrasinda da yiiziincii kez kap1 ¢alisinda bu
sefer adim sayisini yiiz olarak kabul edip ¢linkii yiiziincii kez ¢aliyor bulmus cevabi

kendince..
Arastirmaci: Tamam c’yi ne yapmis?

Katilimci: ¢’de de..Bu dedigini n’ e iste kapinin ¢alis say1 diyerek bu buldugu iki ¢arp1
adim sayis1 eksi biri iste iki ¢arp1 n yerine adim sayisin1 kabul edersek; iki n eksi bir

seklinde yazabilmis yani. Cebirsel olarak ifade etmis tatli cocuk

Sayfa 96’da verilen ornegin Tiirkgesi:

1a) 1. soruyu gozmek igin Ogrenci A’nin kullandig ¢6ziim yontemini detayh olarak
agiklayimz. Sizce Orenci A’nin ¢6ziimii dofru mu? Neden?
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Sayfa 97°de verilen 6rnegin Tiirkgesi:

4a) 3. soruyu ¢6zmek igin Ogrenci D’nin kullandi1 ¢6ziim yontemini detayl olarak
agiklayimz. Sizce Ogrenci D’nin ¢oziimii dogru mu? Neden?
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Sayfa 100’de verilen érnegin Tiirkgesi:

1a) 1. soruyu ¢ozmek igin Ogrenci A’nin kullandi1 goziim yontemini detayl olarak
agiklayiniz. Sizee Ogrenci A’nin goziimii dogru mu? Neden?
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Sayfa 101°de verilen 6rnegin Tiirkcesi:

Sa) 3. soruyu gozmek igin Ogrenci E’nin kullandifi ¢6ziim ySntemini detaylt olarak
agiklayimz. Sizce Ogrenci E’nin ¢oziimii dogru mu? Neden?
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Sayfa 103’te verilen 6rnegin Tiirkgesi:

4a) 3. soruyu gdzmek igin Orenci D’nin kullandif ¢oziim ydntemini detayh olarak
agiklaymz. Sizce Orenci D'nin ¢dziimil dogru mu? Neden?
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Sayfa 104°te verilen 6rnegin Tiirkcesi:

5a) 3. soruyu gdzmek igin Ogrenci E’nin kullandif1 ¢6ziim yontemini detayl1 olarak

agiklayimiz. Sizce Orenci E’nin ¢5ziimil dogru mu? Neden? :
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Sayfa 106°de verilen 6rnegin Tiirkgesi:

3a) 2. soruyu ¢dzmek igin Ogrenci C’nin kullandif ¢6ziim yontemini detayl olarak
agiklaymmz. Sizce Ogrenci C’nin ¢6ziimii doggru mu? Neden?
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Sayfa 108°de verilen 6rnegin Tiirkgesi:

2a) 1. soruyu ¢6zmek igin Ogrenci B’nin kullandig1 ¢ziim yontemini detayli olarak
agiklayimz. Sizee Orenci B’ nin ¢oziimii dogru mu? Neden?
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Sayfa 118°de verilen 6rnegin Tiirkgesi:

Arastirmaci: Simdi a sikindaki ¢6ziimiine dair Ogrencinin kavrayisi i¢in ne

diyebilirsin?

Katilimer: Ya bence gayet anlamli. Ne yaptigininda farkinda hani. Sadece bu aradaki
iliskiyi gérmiis. ..
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Arastirmaci: Ardaki iligski derken?

Katilimer: Artr iki artr iki arttiginin farkinda hani, daha dogrusu o soruda verilmis
zaten de.. Mesela ilk soruda besinci kap1 zili ¢calindiktan sonra Ayse’nin evinde
toplandi soru. Mesela bir soruda seydi yaa sadece o basamagi aliyordu mesela bundan
once gelende de ne yaptiginin farkinda aslinda konuyu anlamig, yani kavramis

Oriintiiyii.
Arastirmaci: Anladim. Peki b i¢in ne diisiinliyorsun kavrayisi i¢in?

Katilmer: Bence yaa aslinda biitiin sorularda bence kavramis. Adim adim ilerlemis
yani besinci soruda bulmus. Mesela yirmibesi bu mesela ikinci kezden baslatmis
getirmis yedinci keze kadar. Onu on kereye kadar yaptiginda hep fark etmis ki karesi
karesi seklinde ilerliyor. O yiizden de yiiziincii keze geldiginde 10000°1 bulabilmis.
Yiiziin karesini aldig1 i¢in yiizle yiizli carptig1 icin bunda da ¢ok giizel bir sekilde
genellemis bence,¢cok giizel ¢ozmiis yani. Besinciyi bulmus, oradan iki ii¢li dordi

hepsini diisiinerek genellemeye de ulagmis.

Sayfa 120°de verilen o6rnegin Tiirkgesi:
Arastirmaci: Ogrencinin kavrayis1 hakkinda ne sdyleyebilirsin?

Katihmei: Buradaki oriintii... Evet bir saniye.. Ben seylere baktim, carpimlar
arasindaki Oriintiiyli baktim. Ya Oriintii sey arasindaki iste satirin ve siitunun tek tek
her seferinde birer birer arttig1 orlintlistinii fark etmis. Birinci olarak, ikinci olarak da

her seferinde satir ve siitunlar arasindaki farkin iki oldugunu fark etmis.

Arastirmaci: Tamam. Testte Ogrencinin Orlintiiyii buldugunu sodylemissin. Bu

¢ikarima nasil vartyorsun?
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Katihmer: Bu ¢ikarima yani birincisi dogru ¢dzdiigii icin zaten. Ikincisi de belli bir
hani en azindan yirmi besinci adima kadar tek tek yazmamis olmasindan. Yani on
birinci adimdan sonra bir seyler dank etmis kafasima ve hani hi¢ ugrasmamis o
Ortintiiyii fark etmis, tek tek yazmadan bulabilmis. Zaten bizim Oriintlilerde formiil
bulmamizin en biiyiik sebebi bize ¢ok biiyiik bir adim verildiginde kolayca bulabilmek

ya. Aslinda onu basarmis bir sekilde o burada.

Sayfa 123’te verilen 6rnegin Tiirkcesi:

b} Orenci A’nan ¢bziinotinden onun konuya iliskin anlamlandimmas (kavrays) bakkinds ne
digiiniiyorsunuz? Detayli olarak agiidayiniz.
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Sayfa 125’te verilen 6rnegin Tiirkcesi:

3b) Ogrenci C’nin goziimiinden onun konuya iliskin anlamlandirmast (kavrayzs1) hakkinda ne
diisiiniiyorsunuz? Detayl: olarak agiklayiniz.
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Sayfa 127°de verilen 6rnegin Tiirkcesi:

diigiiniiyorsunuz? Detayli olarak agiklayiniz.
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3b) Ogrenci Cnin ¢oziimiinden onun konuya iligkin anlamlandirmast (kavrayist) hakkinda ne
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Sayfa 128°de verilen 6rnegin Tiirkgesi:

ib) Ggrenci A’mn ¢oziimiinden onun konuya iliskin
diisiiniiyorsunuz? Detayli olarak agiklayimiz.
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Sayfa 134°te verilen ornegin Tiirkgesi:

de) Opirenci D'nin dgretmeni oldugunuzu varsayalim. Bu problemin devaminda Oprenci
D'ye, hangi problem veya problemleri sorardimz? Bu problem veya problemleri segmedeki
perekgeniz nedir?
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Sayfa 135°te verilen 6rnegin Tiirkcesi:

1c) Ogrenci A’in 6gretmeni oldugunuzu varsayalim. Bu problemin devaminda Ogrenci
A’ya, hangi problem veya problemleri sorardimiz? Bu problem veya problemleri segmedeki

gerekgeniz nedir?
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Sayfa 138°de verilen 6rnegin Tiirkgcesi:

4¢) Ogrenci D’nin 6gretmeni oldugunuzu varsayahim. Bu problemin devaminda (Ogrenci
D’ye, hangi problem veya problemleri sorardiniz? Bu problem veya problemleri segmedeki
gerckgeniz nedir?

Sorular:

\ 3 '

b Oncl,‘ll ul (.o‘\‘;mr\u \fd’/\ l“'z"“’m ayyisrama 2 ol leis
"j(;bzyll)l/‘(llwll 0\0,0\( Sor0r 1M,

Sebepleri:

(o

3"1&&'0‘!1‘\ &S,Q,\J;gmi des) edmede  rledim, Bu sorv
‘L*('l

‘(.ormou\(. lzt‘( Sorv o‘oCo

Os,/v’nc(':jz 2 .(\Q'L\o;. Y be ‘Sbmo\d 11\ Co\l'/lnég »
23

OQI(’MN‘IY\ \IOAJJJ 'ldi l‘oq/oc‘.’ennn J-,,un;‘yowm,&,y‘&% \9,\(07_ _\OLQ
bir sry ok isdedin, Goale Lol l’"l"“b" e 5’”“—"—2/'9( Sitmeys

%@“rﬂl\(!ﬂ [ [#%} Lf‘rql

Tor

Sayfa 139°da verilen ornegin Tiirkcesi:

2¢) Ogrenci B’nin dgretmeni oldugunuzu varsayalim. Bu problemin devamimda Ogrenci B’ye,
hangi problem veya problemleri sorardiniz? Bu problem veya problemleri segmedeki
gerekgeniz nedir? />
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Sayfa 141°de verilen 6rnegin Tiirkgesi:

3c) Oggrenci C’nin 6gretmeni oldugunuzu varsayalim. Bu problemin devaminda Ogrenci C’ye,
hangi problem veya problemleri sorardiniz? Bu problem veya problemleri segmedeki
gerekgeniz nedir?
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Sayfa 142’de verilen 6rnegin Tiirkgesi:

2¢) Oprenci B’nin égretmeni oldufunuzu varsayahim. Bu problemin devaminda Ofrenci Bye,
hangi problem veya problemleri sorardimz? Bu problem veya problemleri segmedeki
gerekgeniz nedir?
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G. TURKISH SUMMARY/TURKCE OZET

Ortaokul Matematik Ogretmen Adaylariin Ogrencilerin Cebirsel Diisiincelerini

Fark Etme Becerilerinin Oriintii Genelleme Baglaminda Incelenmesi

GIRIS

Fark etme tesadiifi olmaktan ziyade kasith bir eylemdir (Mason, 2011).
Arastirmacilar, son birkag yiizyildir, insanlarin ¢evrelerini nasil tanidiklarini veya fark
ettiklerini anlamak i¢in arastirmalar yapmakla beraber, dikkatlerini 20. ylizyilin son
ceyreginde, Ozellikle bireylerin belirli bir alandaki fark etme becerileri ilizerine
yogunlastirmiglardir (Goodwin, 1994; Mason, 2002; Stewen ve Hall, 1998). Fark etme
becerisine getirilen profesyonel bakis acist 6gretime uyarlandiginda, fark etme,
ogretmenlerin smif ortaminda eszamanli olarak meydana gelen her seyin farkinda
olmalar1 ve bu olaylar1 anlaylp yorumlayabilmeleri anlamima gelmektedir (Jacobs,
Lamb ve Philipp, 2010). Ayrica, 6gretme ortaminda 6gretmenin sahip oldugu fark
etme becerisi sabit bilgi yeterliliginden ziyade aktif bir siire¢ olarak tanimlanmaktadir
(Sherin, Jacobs ve Philipp, 2011; Mason, 2011). Ogretmenlerin fark etme becerileri
tizerine ¢esitli caligmalar yapan van Es (2011) ise 68retmenlerin fark etme becerisini
incelerken onlarin ne fark ettikleri ve nasil fark ettikleri iizerinde durmustur.
Ogretmenlerin fark etme becerileriyle ilgili olarak, Jacobs, Lamb ve Philipp (2010)
ise, 0gretmenlerin neyi fark ettiklerinden ziyade, onlarin, 6grencilerin matematiksel
diisiincelerini nasil ve ne Olgiide fark ettiklerine ve &grencilerin bu diisiincelerini
dikkate alarak onlara nasil cevap verdiklerine odaklanmiglardir. Bu dogrultuda, Jacobs
ve arkadaslar1 (2010) fark etmeyi, (a) 6grencilerin stratejilerine dikkate etme, (b)
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Ogrencilerin matematiksel anlamalarin1 yorumlama ve (c) 6grencilerin matematiksel
anlamalarin1 géz onilinde bulundurarak onlara nasil cevap vereceklerine karar verme
olarak ii¢ boyutta incelemislerdir. Birinci boyut 6gretmenlerin 6grencilerin soruyu
nasil ¢ozdiiklerini anlamalar1 ve onlarin stratejilerindeki matematiksel detaylara ne
kadar dikkat ettikleri ile ilgilidir. Ikinci boyutta &gretmenlerin &grencilerin
stratejilerinden yola ¢ikarak, onlarin konuyu kavrayis1 hakkinda ¢ikarimda
bulunabilmeleri ele alinmaktadir. Ugiincii boyutta ise dgretmenlerin dgrencilere ne tiir
cevaplar verdiklerine ve cevap verirken Ogrencilerin konuya dair anlamalarini ne
derece dikkate aldiklarina odaklanilir. Ayrica bu kisimda en dogru cevap diye
tanimlanan bir cevap olmamakla birlikte O0gretmenin Ogrenciye verdigi cevabin
gerekcesini sunabiliyor olmasi dnemlidir (Jacobs vd., 2010; van Es, 2011; van Es ve

Sherin, 2008; Star ve Strickland, 2007).

Ozetle, Jacobs ve arkadaslarinin (2010) tamimladig1 fark etme becerisinin iki onemli
odaknoktas1 vardir: Ilki sinif ortamindan, &gretmenin pedagojik bilgisinden ve
smiftaki tiim 6grencilerin matematiksel anlayisindan ziyade her 6grencinin bireysel
olarak matematiksel diisiincesine ve konuyu anlamasina odaklanilmasidir. Ikincisi ise
Ogretmenlerin, dgrencilerin matematiksel diisiincelerini yorumlayabilmelerinin yani
sira onlara cevap verme anindaki kararlarinin da incelenmesidir. Bu arastirmada
Ogretmen adaylarinin 6grencilerin diisiinmelerini fark etme becerilerinin arastirilmasi

amagclandigi i¢in, Jacobs ve arkadaglarinin (2010) fark etme tanimi temel alinmistir.

Ilgili alanyazimi incelendiginde ise igerisinde toplama-gikarma, oran-oranti, kesirler
ve geometrinin de oldugu bir¢ok konu baglaminda dgretmen ve 6gretmen adaylarinin
fark etme becerileriyle ilgili ulusal (Giiner ve Akyiiz, 2017; Kilig, 2006; Osmanoglu,
2010; Osmanoglu, Isiksal ve Kog, 2012; Ozdemir-Baki ve Isik, 2018; Tung-Pekkan
ve Kilig, 2016; Ulusoy ve Cakiroglu, 2018) ve uluslararasi (Amador, Carter ve Hudson
2016; Jacobs vd., 2010; Schack, Fister, Thomas, Eisenhardt, Tassel ve Yoder, 2013;
Star ve Strickland, 2007; van Es ve Sherin, 2008) bir¢ok calismanin yapildigi

gozlenmistir. Bu ¢aligmalarin sonucglara gore, 6gretmen ve dgretmen adaylarinin
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fark etme becerilerinin diisiikk oldugu sonucuna varilmistir (Amador, Carter ve Hudson
2016; Giiner ve Akyliz, 2017; Kilig, 2006; Tung-Pekkan ve Kilig; 2016). Diger yandan
ise, Ogretmenlere ve Ogretmen adaylarina saglanan c¢esitli destek ve egitim
programlariyla onlarin fark etme becerilerinin gelistirilebilecegi belirtilmistir (Giiner
ve Akyliz, 2017; Jacobs, Lamb ve Philipp, 2010; Osmanoglu, 2010; Ulusoy ve
Cakiroglu, 2018; Schack, Fister, Thomas, Eisenhardt, Tassel ve Yoder, 2013; Star ve
Strickland, 2007; van Es ve Sherin, 2008).

Ogretmenin fark etme becerisinin dgrenci 6grenmesi iizerindeki etkileri géz dniinde
bulunduruldugunda, Ogretmenlerin fark etme becerilerinin matematigin temel
konularindan biri olan cebirde de 6nemli oldugu agik¢a goriillmektedir (Knuth, Alibali,
McNeil, Weingberg ve Stephens, 2005). Kaput (1999) cebiri, veriler arasindaki
iliskiyi bulma, bu iliskiyi genelleme ve bu iligkiyi cebirsel ifadeler araciligiyla formiil
olarak yazma seklinde tanimlamistir. Bu cebirsel islemler ise bilinmeyeni, bilinen bir
deger olarak diisiinebilme kabiliyeti olarak tanimlanan cebirsel diislince vasitasiyla
yapilmaktadir (Swafford ve Langrall, 2000). Cebirsel diisiinceyi gelistirmenin en
etkili yollarindan birinin 6riintii genellemesi oldugu vurgulanmaktadir (Van de Walle,
Karp ve Bay-Williams, 2013). Tiim bu bilgiler 1s1ginda, oriintiilerdeki iliskiyi fark
etmenin bu iligkiyi genelleyip formiil haline getirebilmenin, 6grencinin cebirsel
diistincesini gelistirdigi sonucuna varilabilir (Magiera, Van den Kieboom ve Moyer
2013). Fakat ulasilabilir alanyazin1 incelendiginde, 6gretmen ve 6gretmen adaylarinin
fark etme becerilerinin diisiik olmasina (Amador, Carter ve Hudson 2016; Giliner ve
Akyliz, 2017; Kilig, 2006; Tung-Pekkan ve Kilig; 2016) ve cebir konusunun
Ogrencilerin matematik basarisi i¢in temel teskil etmesine ragmen (Rakes, Valentine,
McGatha ve Ronau, 2010), Ogretmen ve Ogretmen adaylarinin Ogrenci
diisiincelerini/anlamalarim1 fark etme becerilerine dair cebir baglaminda yeterli
calismanin olmadig1 gozlenmistir (Magiera, Van den Kieboom ve Moyer 2013). Bu
baglamda, Ogretmen adaylarinin O6grencilerin cebirsel diislincelerini fark etme

becerilerinin oriintli genelleme baglaminda incelenmesine ihtiya¢ duyulmustur.
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Calismanin Amaci ve Arastirma Sorulari

Calismanin amaci, 6gretmen adaylarinin 6grencilerin ¢oziim stratejilerine ne olciide
dikkat ettiklerini, onlarin cebirsel diisiincelerini ne O6lgiide yorumladiklarini ve
ogrencilere cevap verirken aldiklar1 kararlarin niteligini oriintii genelleme baglaminda

incelemektir. Bu amag dogrultusunda asagidaki arastirma sorularina cevap aranmustir.

1. Ortaokul matematik Ogretmen adaylari, oriintii genelleme baglaminda

Ogrencilerin cebirsel diisiincelerini nasil fark ederler?

1.1. Ortaokul matematik Ogretmen adaylari, &grencilerin Oriintii

genelleme ile ilgili problem ¢oziimlerine ne derece dikkat ederler?

1.2. Ortaokul matematik Ogretmen adaylari, 6grencilerin cebirsel

diistincelerini 6riintii genelleme baglaminda ne derece yorumlarlar?

1.3. Ortaokul matematik O0gretmen adaylarinin, 6grencilerin Oriintii
genellemesi baglamindaki cebirsel diisiincelerine cevap vermek icin aldiklari

kararlarin nitelikleri nelerdir?
Calismanin Onemi

Ogretmenin etkili bir 6gretim gerceklestirebilmesi icin, simif ortamindaki dikkat ¢ekici
durumlar1 kolayca tanimlayabilmesi ve aniden meydana gelen karmasik durumlarla
basa cikabilme si gerekmektedir (Mason, 2011; van Es ve Sherin; 2011; Jacobs, Lamb
ve Philipp, 2010). Ayrica 6gretmenlerin siniftaki her 6grencinin bireysel matematiksel
anlayisina odaklanmasi onemlidir (Jacobs ve ark. 2010). Bu nedenle, fark etme
becerisi, 0gretmenler ve 6gretmen adaylari i¢in 6nemli bir yeterliliktir. Bu itibarla, bu
calismanin bulgulari, 6gretmen adaylarinin 6grencilerin stratejilerine dikkat etme
becerileri dereceleri, dgrencilerin cebirsel diislincelerini yorumlama dereceleri ve
ogrencilerin cebirsel diigiincelerine cevap verirken aldiklart kararlarinin niteligi
hakkinda genel bir takim fikirler verebileceginden dolayr 6nem tasimaktadir. S6z

konusu bulgularin 1s181nda, 6gretmen adaylarinin fark etme becerileri baglaminda,
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Ogretmen egitimcilerinin ve program gelistiren kisilerin yeni ve Onemli bilgiler

edinebilmeleri ve yeni bakis acilar1 kazanabilmeleri miimkiin olacaktir.

Ote yandan, gelecegin 6gretmenleri olacak dgretmen adaylarinin dgrencilerin cebirsel
diisiincelerini anlama becerilerinin incelenmesi onemli goriilmektedir (Callejo ve
Zapatera, 2017; Walkoe, 2013). Ayrica, bu ¢calisma, 6gretmen adaylarina, 6grencilerin
gercek yazili caligmalarina asina olmalar1 i¢in firsat vermektedir. Buna ilaveten
O0gretmen adaylari, 6grencilerin ¢oziimlerine dikkat etme, cebirsel diislincelerini
yorumlama ve cebirsel diisiincelerini dikkate alarak onlara nasil cevap vereceklerine
karar verme konularinda tecriibe kazanacaklardir. Bu nedenle, bu ¢alisma 6gretmen
adaylarina 6grenme ortami sagladigi icin de ayrica énem arz etmektedir. Ayrica,
cebirsel diisiinceleri nasil yorumlayip, onlara nasil cevap vermeleri gerektigi
konularinda kendilerini gézden gegirme firsati bulacaklardir. Bdylece, bir sonraki
stirecte Ogretmenler, 6grencilerin muhtemel kavram yanilgilarini daha kolay tahmin
edebilecek, ders planlarini daha verimli hazirlayip uygulayabilecek ve dgrencilerin

basari1 seviyelerini daha etkin bir sekilde degerlendirebileceklerdir.

Cebir, lise matematigi anlayisini gelistirmek icin temel teskil ettigi i¢in, matematigin
temel konularindan biridir (Rakes, Valentine, McGatha ve Ronau, 2010). Bu sebeple,
Tiirkiye'de Milli Egitim Bakanligi (MEB, 2018) tarafindan gelistirilen miifredatta,
Ogrencilere cebir konularinin tanitilmasi ortaokulda (6. ve 8. sinif) baslamakta ve lise
boyunca (9. sinif - 12. siif) devam etmektedir. Cebir konusunun matematigin 6nemli
konularindan biri olmasindan dolayr Tiirk 68rencilerinin bu konudaki basarilarini
arastiran birgok ¢alisma mevcuttur (Dede ve Argiin, 2003, Yildiz, Ciftgi, Sengil-Akar
ve Sezer; 2015). Bu ¢alismalar neticesinde, Tiirk 6grencilerinin cebir konusundaki
basarilarinin diisiik oldugu sonucuna varilmis ve bunun nedenleri de pek cok
aragtirtlmistir (Dede ve Argiin, 2003, Yildiz, Cift¢i, Sengil-Akar ve Sezer; 2015).

-----

etme becerilerinin arastirilmasi énemlidir (Jacobs vd., 2010, van Es ve Sherin, 2008).
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Fakat hem uluslararasi hem de ulusal alanyazininda 6gretmen ya da Ogretmen
adaylarinin 6grencilerin cebirsel diisiincelerini fark etmelerine dair sinirli sayida
calisma vardir (Callejo ve Zapatera, 2017; Walkoe, 2013). Bu nedenle, bu ¢alismanin,
Ogretmenlerin 6grencilerin cebirsel diisiinme becerilerini fark etme becerilerine iliskin

mevcut boslugu doldurarak, alanyazinina katki saglayacagina inanilmaktadir.

Bu ¢aligsma kapsaminda, 6gretmen adaylarinin 6grencilerin cebirsel diisiincelerini fark
etme becerileri alternatif 6grenci ¢oziimleri vasitasiyla incelenmistir. Ogretmen
adaylarinin fark etme becerilerini daha kapsamli incelemek i¢in hem dogru hem de
yanlig ¢oztimler kullanilmistir. Dogru ve yanlis 6grenci ¢oziimlerinde dikkat edilmesi
gereken detaylar, 6grencilerin anlamasinin nasil yorumlanacagi ve bu ¢oziimlere sahip
Ogrencilere nasil cevap verilecegi farklilik arz etmektedir (Jacobs vd., 2010). Bu
sebeple calisma kapsaminda arastirmaci tarafindan hem dogru hem yanlis soru
¢Oziimleri belirlenmis ve 6gretmen adaylarinin hem dogru hem de yanlis ¢6ziime sahip
ogrenci diistincelerini fark etme becerileri incelenmistir. Diger bir deyisle, 6gretmen
adaylarinin Ogrencilerin cebirsel diislincelerini fark etme becerilerinin 6grencinin
soruyu dogru ya da yanlis c¢ozmesine bagli olarak degisip degismedigine de

odaklanilmistir. Bu inceleme de ¢alismanin 6nemini artirmistir.

Ayrica, alanyazini gézden gecirildiginde arastirmacilarin ¢ogunun 6gretmenlerin fark
etme becerilerini aragtirmak i¢in video tabanli 6grenme ortami (Osmanoglu, Isiksal ve
Kog, 2012; Ulusoy ve Cakiroglu, 2018; van Es ve Sherin, 2008) ve ders imecesi
mesleki gelisim siireci (Amador, Carter ve Hudson 2016; Giiner ve Akyiiz, 2017)
araciligiyla veri topladig1 anlagilmaktadir. Diger yandan, yazili ¢calisma 6grencilerin
matematik 6gretimindeki anlayislarini yorumlamak ve cevaplamak i¢in gergek bir
etkinlik olmasina ragmen (Grosman vd., 2009; Jacobs ve Philipp, 2004), verilerin
Ogrencilerin yazili ¢alismalari yoluyla toplandigi sinirl sayida ¢alisma bulunmaktadir.
(Schack, Fister, Thomas, Eisenhardt, Piiskiil, ve Yoder, 2013; Star ve Strickland,
2007). Buradan hareketle, ogrencilerin oriintii genelleme ile ilgili problemlerin

¢oziimlerinden olusan yazili ¢alismalar yoluyla veri toplayan bir ¢alisma yapilmasi

200



onemli olacaktir. Tim bu noktalar goz oOnilinde bulunduruldugunda, ortaokul
matematik 6gretmen adaylarinin oriintii genelleme baglaminda 6grencilerin cebirsel
diisiincelerini nasil fark ettiklerini ortaya koymayir amaglayan bu c¢alismanin ilgili

alanyazinina 6nemli katkilar saglayacagi diigiiniilmektedir.
YONTEM
Arastirma Yontemi

Frankel ve Wallen (2006) arastirmacilarin konuyla ilgili detayli bilgi edinmek ve
konuya daha biitiinciil bir resim ortaya koymak istediklerinde nitel arastirma
yontemini tercih ettiklerini belirtmistir. Buna ek olarak, Creswell (2007) problem
durumunun daha iyi arastirilip, katilimcilarin cevaplarinin daha derinlemesine
yorumlanabilmesi i¢in nitel arastirma yonteminin kullanildigini sdylemistir. Bu
calismada da 6gretmen adaylarinin fark etme becerileri derinlemesine ortaya koymak
ve yorumlamak amaclandigi i¢in nitel aragtirma yontemi tercih edilmistir. Nitel
arastirma yonteminin bir ¢esidi olan durum calismasi ise bir ya da birden fazla
durumun oldugu durumlarda belirli bir konu hakkinda detayli arastirma yapmak i¢in
kullanilir (Creswell, 2007). Bu calismada; konuyu derinlemesine inceleyip arastirma
sorularini detayli cevaplayabilmek icin nitel arastirma yontemi, daha 6zelde ise durum

calismasi (case study) yontemi kullanilmustir.
Katihhmceilar

Bu calismadaki katilimcilar amagli 6rneklem yoluyla bazi kistaslar goz oniinde
bulundurularak secilmistir. Veri toplama siirecinde arastirmaci katilimcilarla ¢ok
vakit gegirecegi i¢in ilk olarak katilimcilarin arastirmaciya yakin mesafede olmasi ve
kolay ulasilabilir olmasi istenmistir. Ikinci olarak, matematik &gretimi konusunda
temel bir ders olan Ozel Ogretim Yontemleri I/1I derslerini almis olmalarina dikkat
edilmistir. Son olarak ise, katilimcilarin Okul Deneyimi dersini aliyor ve bu sayede
siif ortamini gozlemleme firsat1 yakaliyor olmalar1 6nemsenmistir. Sonug olarak bu

kistaslar1 saglayan ve ¢alismaya katilmaya goniillii olan 2018-2019 egitim-0gretim
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yilinda Ankara’daki devlet iiniversitelerinin birinde Ilkdgretim Matematik
Ogretmenligi programmin son yilinda 8grenim goren 32 6gretmen adayi katilmistir.
Bu 6gretmen adaylarina dncelikle anket uygulanmistir. Otuz iki 6gretmen adayina yar1
yapilandirilmis goriisme yapmaya goniillii olup olmadiklart sorulmus, katilmay1 kabul
eden 8 Ogretmen adayr ile veri toplama siirecinin ikinci asamasi olarak yari-

yapilandirilmig goriismeler yapilmistir.
Veri Toplama Araglar

Bu calismada veriler, 6grencilerin cevapladigi acik uglu sorulardan olusan anket,
Ogretmen adaylarina uygulanan anket ve Ogretmen adaylariyla yapilmis yar

yapilandirilmis goriismeler araciligiyla toplanmistir.
Ogrencilere Uygulanan Anket

Ogretmen adaylarmin 6grencilerin matematiksel anlamalarimi fark etme becerilerini
Olciilebilmesi igin farklt 6grenci ¢oziimlerine ihtiya¢ duyulmus ve farklt 6grenci
coziimleri elde edebilmek amaciyla ulasilabilinen ve calismaya katilmaya gonillii
olan 20 tane 6. smif 6grencisine 3 tane Oriintii genellemesiyle alakali problemden
olusan anket uygulanmistir. Ortaokul matematik 6gretim programi 2018'de revize
edilmis olmasina ragmen, verilerin toplandig: sirada 6nceki 6gretim programi (2013)
yiirtirliikte oldugu i¢in, sorular, ortaokul matematik Ogretim programinda verilen
(MEB, 2013) “Say1 oriintiilerinin kuralini harfle ifade eder, kurali harfle ifade edilen
oOrlintliniin istenilen terimini bulur.” (6.2.1.1) kazanimina uygun olarak hazirlanmistir.
Bu anketten elde edilen verilere gore, 3 tanesi yanlis, 2 tanesi dogru olan bes tane
farkl1 G6grenci ¢Oziimii, Ogretmen adaylarmma uygulanacak olan Olgme aracini

hazirlamak i¢in se¢ilmistir
Ogretmen Adaylarina Uygulanan Anket

Ankette, ortaokul matematik Ogretmen adaylarinin, Ogrencilerin cebirsel

diisiiniislerini fark etme becerilerini degerlendirmek amaciyla her bir 6grenci
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¢Oziimiiyle ilgili ii¢ acik uclu soru igeren anket hazirlanmis ve bu ankete yazili cevap

vermeleri istenmistir. Anketteki sorular sunlardir:

(1) “Soruyu ¢6zmek i¢in 6grencinin kullandig1 ¢6ziim yontemini detayli olarak

aciklaymiz. Sizce 6grencinin ¢oziimii dogru mu? Neden?

(2) Ogrencinin ¢dziimiinden onun konuya iliskin anlamlandirmasi (kavrayist)

hakkinda ne diisiinliyorsunuz? Detayl1 olarak agiklayiniz.

(3) Bu 0Ogrencinin  6gretmeni oldugunuzu varsayalim. Bu problemin
devaminda 6grenciye hangi problem ya da problemleri sorardiniz? Bu problem
ya da problemleri se¢gmedeki gerek¢eniz nedir?” (Jacobs, Lamb ve Philipp,
2010, s.178-179).

Yan Yapilandirilmis Goriismeler

Yar1 yapilandirilmis goriismeler, bir konu hakkinda derinlemesine bilgi almak i¢in
tercih edilen nitel veri toplama araglarindan biridir (Merriam, 1998). Calismaya
katilan 6gretmen adaylarinin 8’1 ile onlarin ankette verdikleri cevaplart netlestirmek,
teyit etmek ve daha detayli cevaplar almak i¢in yar1 yapilandirilmis goriismeler
yapilmistir. Goriisme Oncesinde hazirlanan agik uglu sorular, goriisme sirasinda
katilimcilara sorulmustur. Ayrica, katilimcilardan alinan cevaplara gore bagka sorular
da eklenmistir. Bu goriismeler kamera ile kayit altina alinmistir. Yar1 yapilandirilmis

goriismelerde sorulan 6rnek sorular Appendix D’ de verigmistir.
Veri Toplama Siireci

Calismanin verileri 2018-2019 egitim-6gretim yilinin giiz doneminde toplanmistir.
Oncelikle ¢alismaya katilan 32 8gretmen adayina anket uygulanmistir. Veri toplama
stirecinin ikinci kismui olarak, 32 dgretmenden katilmaya goniillii olan 8 6gretmen

aday1 ile yari-yapilandirilmig goriisme yapilmistir.
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Veri Analizi

Bu ¢alismada, anketlerden ve yar1 yapilandirilmis goriismelerden elde edilen veriler,
O0gretmen adaylarinin 6grencilerin cebirsel diisiinmelerini fark etme becerilerini
derinlemesine agiklamak amaciyla analiz edilmistir. Baglangicta, 8 6gretmen adayi ile
yapilan goriismenin video kayitlart yazili metin haline getirilmistir. Sonrasinda bu
metinler ve ankette sorulara verilen cevaplar dikkatli bir sekilde okunmustur.
Katilimcilarin cevaplar1 Jacobs ve arkadaslarinin  (2010) 6gretmen adaylarinin
Ogrencilerin matematiksel diisiincelerini fark etme becerisiyle ilgili olan kuramsal
cergevesi dikkate alinarak kodlanmistir. Fakat bu kuramsal ¢ergeve, bu ¢aligmadaki
tim verileri temsil etmemistir. Bu nedenle, katilimcilarin cevaplarindaki benzerlik ve
farkliliklara gore kodlarda bazi degisiklikler yapilmis olup; 6gretmen adaylarinin tim
cevaplarinin kodlanabilmesi i¢in s6z konusu c¢erceveye yeni kategoriler eklenmistir.
Bdylece, mevcut calismanin analiziyle, Jacobs ve arkadaslarinin kuramsal ¢ergevesi
genisletilmistir. Gegerlilik ve giivenirlik ¢alismasi kapsaminda matematik egitimi
alaninda doktora yapan bir 6grenciden verileri kodlamasi istenmistir. Arastirmacinin
ve diger kodlayicinin kodlamalari karsilastirilip, Miles ve Huberman’ 1n (1994) ortaya

koydugu formiil kullanilarak kodlayicilar arasi giivenirlik %93 olarak hesaplanmistir.
Arastirmamin Simirhiliklar:

Bu ¢aligma Ilkdgretim Matematik Ogretmenligi programmin 4. sinifinda 6grenim
goren, Ozel Ogretim Yontemleri I/II derslerini almis ve Okul Deneyimi dersini
almakta olan 6gretmen adaylari ile gerceklestirilmistir. Bu yiizden ¢alisma, belirtilen
kistaslar1 saglayan oOgretmen adaylarinin yanitlariyla sinirlidir. Ayrica, 6gretmen
adaylariin 6grencilerin cebirsel diisiincelerini fark etme becerileri oriintii genellemesi
baglaminda incelendigi i¢in ¢alismada sadece ““Sayi oriintiilerinin kuralini harfle ifade
eder, kurali harfle ifade edilen Oriintiiniin istenilen terimini bulur.” (6.2.1.1.)
kazanimina odaklanilmistir (MEB, 2013, p.18). Ayrica, bu ¢alismada anket ve yar1

yapilandirilmis goriismeler yapilarak birden fazla veri toplama yontemi ile durum
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derinlemesine aragtirtlmis olmasina ragmen, sinif gozlemi yapilmamistir. Bu da

caligmanin bir diger sinirliligidir.
BULGULAR VE TARTISMA

Bu ¢aligmanin amaci, ortaokul matematik 6gretmen adaylarinin 6grencilerin cebirsel
diistinme becerilerini  fark etmelerini Oriintii genelleme konusu baglaminda
incelemektir. Bu sebeple, 6gretmen adaylarini 6grenci ¢ozlimlerine dikkat etmelerine,
Ogrencilerin cebirsel diisiincelerini yorumlamalarina ve 6grenci diisiincelerine bagl
olarak 6grencilere cevap verirken aldiklar1 kararlarin niteliklerine dair bulgular elde

edilmistir.

Verilerin analizi, 6gretmen adaylarinin ¢ogunun Ogrencilerin ¢oziimlerine dikkat
ederken giiclii kanitlar sundugunu ortaya koymustur. Bir baska ifadeyle, bu ¢alismaya
katilan 6gretmen adaylarinin ¢ogu, dgrencilerin, hem dogru hem yanlis ¢oziimlerini
matematiksel detaylarin ¢oguna vurgu yaparak aciklamistir. Arastirmaya katilan
O0gretmen adaylarinin, Ogrenci ¢Oziimlerine iyi derecede dikkat edebilmelerinin
sebebi, onlarin konuya dair matematiksel ayrintilari iyi biliyor olmalari ve bunlara iyi
odaklanabilmeleri olabilir (Talanquer, Bolger ve Tomanek; 2015). Ayrica, bu bulgu,
Ogrenci ¢Ozlimiine dikkat etmenin, 6gretmen adaylari i¢in fark etme becerisinin en
kolay alt becerisi olmasindan kaynaklanmis da olabilir (LaRochelle, 2018; Sanchez-
Matamoros, Fernandez ve Llinares; 2019). Dahasi, 6gretmen adaylar1 Matematik
Ogretme Yontemleri 1 / II dersini aldigindan dolayi, 6grencilerin ¢oziimlerini
aciklamaya yonelik gii¢lii kanitlar sunmus olabilir. Her ne kadar katilimcilarin biiyiik
cogunlugu (%65) ogrencilerin ¢dziimlerine dikkat ederken giiglii kanitlar sunmus
olsalar da geri kalanlari, 6grencilerin ¢dziimlerinin matematiksel unsurlarimi eksik
tanimlamislardir. Bu yetersizligin nedeni ise 6gretmen adaylarmin bilgi eksikligi

olabilir (Schoenfeld, 2011).

Arastirmanin analizinden elde edilen bulgulara gore, 6gretmen adaylar1 6grencilerin

cebirsel diigiincelerini analiz etmekte ve yorumlamakta zorlanmislardir. Ayrica kayda
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deger sayida Ogretmen adayi, Ogrencilerin anlamasimi “kavramistir” ya da
“kavramamistir” seklinde yetersiz bir sekilde yorumlamistir. Bu bulgularin nedeni,
O0gretmen adaylariin heniiz 6gretmenlik deneyimine sahip olmamasi olabilir. Buna
ek olarak, 6gretmen adaylarmmin 6grencilerin cebirsel diisiincelerini yorumlarken
zorlanmalarmin bir diger nedeni, alan ve 6grenci bilgi (knowledge of content and
students) eksikligi ile alan ve 6gretim bilgi (knowledge of content and teaching)

eksikligi olabilir.

Calismaya katilan 6gretmen adaylarmmin Ogrencilerin  cebirsel diisiincelerini
yorumlamalarina dair diger bir bulgu ise onlarin dogru 6grenci ¢éziimlerini, yanlis
ogrenci c¢oziimlerinden daha iyi analiz edip yorumlayabilmeleridir. Bu bulgunun
nedeni, 6gretmen adaylarinin 6grencilerin dogru ¢oézlimlerini daha kolay takip edip
anlayabilirken; 6grencilerin yanlis ¢ézlimlerini anlamada ve dgrencilerin hatalarini ve

kavram yanilgilarini analiz etmekte daha fazla zorluk yasamalar olabilir.

Ogretmen adaylarmin 6grencilere nasil cevap vereceklerine dair verilerin analizinin
neticesinde ortaokul matematik 6gretmen adaylarinin ¢ogunun (%60), 6grencilere
onlarin yanlis cevaplarindaki hatalarmi fark ettirip, dogru cevaba ulagmalarini
saglayacak sekilde sorular sorduklari sonucuna ulasilmistir. Geri kalan 6gretmen
adaylarinin ise yanlis ¢6ziime sahip ogrencilere alistirma niteliginde sorularla ya da
genel sorularla cevap verdikleri tespit edilmistir. Bu nedenle, 6gretmen adaylarinin
cogunun Ogrencilerin yanlis cevaplarina etkili bir sekilde cevap verdikleri yorumunda
bulunulabilinir. Bu bulgunun nedeni, 6gretmen adaylarinin, 6grencilerden onlarin
coziimlerindeki unsurlarla ilgili diistinmelerini isteyerek, dgrencilerin yanlislarini
tanimalarina ve dogru diisiinceye sahip olmalar1 konusunda yardime1 olmalar1 olabilir

(Jacobs ve Ambrose, 2008; Milewski ve Strickland, 2016).

Ote yandan ¢alismaya katilan dgretmen adaylarinin dogru ¢dziime sahip 6grencilerin
cebirsel diisiincelerine katki saglayip, onlarin bilgilerini artirma hususunda eksik
olduklar1 sonucuna varilmistir. Cogu 6gretmen aday1, soruyu dogru ¢dzen dgrencilere
alistirma niteliginde sorular sormakla ya da genel cevaplar vermekle yetinmistir. Bu
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nedenle 6gretmen adaylarinin, Taylan’in (2018) ¢aligmasinda da belirtildigi gibi,

Ogrencilerin dogru ¢oziimlerine cevap vermekte zorlandiklari sonucu ortaya ¢ikmustir.

Kisaca, mevcut aragtirmada, 6gretmen adaylarinin 6grencilerin yanlhs ¢dzlimlerine,
dogru coziimlerinden daha etkili bir sekilde yanit verdikleri ve bdylece dgretmen
adaylariin 6grencilerin kavram yanilgilarini kolayca giderebildikleri fakat sorulari
dogru ¢ozen Ogrencilerin cebirsel disiincelerini  gelistirmekte zorlandiklari

gozlemlenmistir.

Sonug olarak, bu ¢calismada 6gretmen adaylarinin 6grencilerin cebirsel diisiincelerine
nasil cevap verecegine karar verme becerilerinin, ¢oziimlerine dikkat etme
becerilerinden bagimsiz oldugu sonucuna varilmistir. Ayrica, 6gretmen adaylarinin
Ogrencilerin cebirsel diisiinlislerini yorumlamalari ile onlara nasil cevap vereceklerine
karar vermeleri arasinda net bir iliski tespit edilememistir. Ancak, bu ¢alismanin
bulgularia gore, 6grencilerin cevaplarinin dogru ya da yanlis olmasina bagl olarak

Ogretmen adaylarinin cevap verme kabiliyetlerinin degiskenlik arz ettigi goriilmiistiir.

Calismanin bulgulari, onceki yapilan ¢aligmalarla Ogretmenlerin  6grencilerin
coziimlerine dikkat etmeleri, 68rencilerin cebirsel diisiincelerini yorumlayabilmeleri
ve Ogrencilere cevap verirken aldiklar1 kararlarin nitelgi konusunda benzerlik
gostermektedir (Barnhart ve van Es, 2015; Callejo ve Zapatera; 2017; Jacobs ve
Ambrose, 2018; Milewski ve Strickland; 2016; Sanchez-Matamoros, Fernandez ve
Llinares, Taylan, 2018). Fakat bu c¢alismada Ogretmen adaylarinin fark etme
becerilerinin Oriintii genelleme baglaminda incelenmesinden kaynakli bazi farkli
sonuglar da elde edilmistir. Cebir, oriintiideki iliskinin genellenmesi ve formiille ifade
edilmesi olarak tanimlanmistir (Kaput, 1999). Bu yiizden cebirin dogas1 geregi oriintii
genelleme sayisal ifadelerden sembollere gecisi saglamaktadir (Kiearan ve Chalouh,
1993). Oriintii genelleme siireci dort énemli asamay: igermektedir (Radford, 2008;
Rivera ve Becker; 2009; Warren, 2005): (1) gizerek ya da sayarak yakindaki terimi
bulabilme, (2) oriintiiyii kesfetme ve terimler arasindaki iliskiyi diisiinerek uzaktaki
bir terimi bulabilme, (3) yaptig1 genelleme yardimiyla Oriintiiniin genel kuralimi
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yazabilme ve (4) herhangi bir terimin sonucu verildiginde o sonucun hangi terime ait
oldugunu bulabilme. Bu siire¢ birbirine baglhh dort adimi igerdigi igin, Oriinti
genelleme ile ilgili problemler adim adim ¢6ziimler icermektedir. Bu dogrultuda, bu
calismada segilen Oriintli genellemesi ile ilgili ¢dziimler de 6grenciler tarafindan adim
adim c¢ozilmistir. Bu sebeple, orlintii genellemenin dogas1 ¢aligmaya katilan
O0gretmen adaylarinin 6g8renci ¢dziimlerine dikkat etmelerini ve onlarin cebirsel
diisiincelerini  yorumlamalarin1i  kolaylagtirmis  olabilir. Fakat problemlerin
¢Ozlimlerinin adim adim yapilmis olmas1 6gretmen adaylarinin 6grenci ¢éziimiine dair
her adimi1 degerlendirip 6grencilere cevap verirken karar verme siirecini zorlastirmig

olma ihtimali mevcuttur.

Bu bulgular neticesinde, bu galisma, 6gretmen adaylarinin G6grencilerin cebirsel
diisiincelerini  Orlintli  genellemesi baglaminda fark etme becerilerinin daha
derinlemesine incelenmesine imkan saglamaktadir. Bu itibarla, mevcut ¢alismanin
alanyazindaki diger caligmalara ek olarak, egitim uygulamalara ve konuyla ilgili
benzer ¢alismalara hareket noktasi teskil edebilecegi ve yeni Oneriler getirecegi

agiktir.
Dogurgalar

Ogretmen egitimcileri, Ozel Ogretim Yontemleri I / II gibi 6gretmen adaylarinin
mesleki gelisimine yonelik derslerin igerigine, Ogretmen adaylarinin fark etme
becerilerinin gelistirilmesi ile ilgili uygulamalar entegre edebilirler. Derste farkli
kavramsal ve islemsel hatalar i¢ceren ornekler ve farkli stratejilerle ¢oziilmiis 6grenci
¢Oziim Orneklerini 6gretmen adaylarinin analiz edip yorumlamalari istenebilir. Ayrica
Ogretmen adaylari, smif ortamindaki arkadaslariyla da etkilesime girerek onlarla

diisiincelerini paylasip arkadaslarindan da geri bildirim alabilirler.

Benzer sekilde, 6gretmen adaylarinin fark etme becerilerini gelistirmeye yonelik
olarak Okul Deneyimi ve Ogretmenlik Uygulamasi derslerine de benzer drnekler ve

alistirmalar entegre edilebilir. Boylece 6gretmen adaylar1 gergek 6grenci ¢ozlimleri ve
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gercek siif ortamiyla karsi karsiya kalarak pedagojik alan bilgilerini gliglendirme ve

pratik yapma firsat1 bulacaklardir.

Bunlara ek olarak 6gretmen egitimcileri mesleki gelisim programlar1 kapsaminda,
O0gretmen ve Ogretmen adaylarmin 6grencilerin anlamalarini fark etme becerilerini

gelistirmek i¢in etkinlikler uygulayabilirler.
Oneriler

Ayni igerige sahip benzer bir ¢aligma, ayni iiniversitenin 3. ve 4. sinifinda 6grenim
goren dgretmen adaylariyla da yapilabilir. Boylelikle, {igiincii ve dordiincii sinifta
okuyan dgretmen adaylarmin fark etme becerileri karsilastirilabilir ve bu yolla Ozel
Ogretim Yoéntemleri I / I ve Okul Deneyimi derslerinin dgretmen adaylarmin fark
etme becerisine olan etkisi incelenebilir. Benzer sekilde, ayni ¢alisma 6gretmenlerle
de yapilabilir. Boylelikle, 6gretmenlik deneyiminin Ogretmenlerin G6grencilerin

cebirsel diigiincelerini fark etme becerileri lizerindeki etkisi arastirilabilir.

Bu calismada Ogretmen adaylarinin Oriintii genelleme baglaminda Ogrencilerin
cebirsel diisiinceleri fark etme becerileri arastirilmistir. Ogretmen adaylarmin soz
konusu fark etme becerileri, farkli konu baglamlarinda da arastirilarak 6gretmen

adaylarinin fark etme becerilerine yonelik biitiinsel bir tablo elde edilebilir.

Ogretmenlerin fark etme becerileri ve matematik bilgisi arasindaki iliski bazi
arastirmalarda belirtilmis olsa da (Schoenfeld, 2011; Monson, Krupa, Lesseig, ve
Casey, 2018), bu bilgilerin 6gretmenlerin 6grenci ¢oziimlerine dikkat etmelerine,
yorumlamalarina ve 6grencilere nasil cevap vereceklerine dair kararlarina etkisi agik
degildir. Dolayisiyla benzer bir calismayla Ogretmenlerin matematik bilgisi ile
Ogretmenlerin Ogrencilerin cebirsel diisiincelerini fark etme becerileri arasindaki

iliskinin ne oldugu da arastirilabilir.
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