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ABSTRACT

DESIGN AND CONTROL OF A 2 DOF STABILIZER

Kilig, Zafer
M.S., Department of Mechanical Engineering

Supervisor: Prof. Dr. Erhan Ilhan Konukseven

June 2019, [385] pages

Majority of mission critical airborne, marine or land platforms and vehicles are equipped
with highly accurate cameras, infra-red imagers, sighting systems, communication
antennas and gun systems. While these systems function, the platforms they are at-
tached to are in constant movement. The vibration they are subject to may cause
temporary communication interruption, low image quality or other functional degra-
dations. One of the most proven methods to eliminate these problems is utilizing
gimbal stabilization. In this study, an experimental set-up to test and verify different
control methods to satisfy stabilization performance of an inertial stabilization sys-
tem, has been designed and manufactured. A very detailed mathematical modelling
for inverse and forward kinematics of the system and dynamic analysis involving
nonlinear dynamic effects such as static and dynamic mass unbalance and friction
has been obtained by using Lagrange methods. Then, based on the equation of mo-
tion derived previously, the mathematical foundation for different control strategies
has been developed. Finally, the theoretical background developed has been tested
and verified using the experimental set-up. The results of the experiments are com-

pared and performances of the different control methods such as PID control, LQR



control and their robust and adaptive versions are compared. The results of this study
will be used to design a family of stabilizers to be used with Mast systems and hence

this study is supported by Figes Milmast Inc.

Keywords: Mathematical Modeling, Gimbal, Stabilization, Control, Sensor Manage-

ment, Robotics
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2 SERBESTLIK DERECELI STABILIZATOR TASARIMI VE KONTROLU

Kilig, Zafer
Yiiksek Lisans, Makina Miihendisligi Boliimii

Tez Yoneticisi: Prof. Dr. Erhan Ilhan Konukseven

Haziran 2019 , [385|sayfa

Kritik dneme sahip operasyonlara katilan kara, hava ve deniz araclarinin biiyiik ¢o-
gunlugu yiiksek hassasiyetli kameralar, kizil6tesi sistemler, nisangah ve silah sistem-
leri ve haberlesme ekipmanlariyla donatilmistir. Bu sistemler hareketli platformlar
lizerine biitiinlenmektedir. Bu sistemler ¢alisir haldeyken maruz kaldiklar titresim
gecici haberlesme kesintilerine, diisiik kalitede goriintiilere ve bagka fonksiyonel ari-
zalara neden olmaktadir. Bunu 6nlemenin en etkin yollarindan birisi kendisini kanitla-
mis stabilizator sistemlerinin kullanilmasidir. Bu calismada, ataletli bir sistemin stabi-
lizasyon performansini test etmek ve dogrulamak i¢in bir deney diizenegi tasarlanmis
ve biitlinlenmistir. Sistemin ileri ve geri kinematik denklemleri ve dinamik analizinin
tiiretilmesi icin kiitle dengesizligi ve siirtiinme gibi lineer olmayan dinamik etkileri
de iceren detayli bir matematik modeli Lagrange denklemleri kullanilarak olusturul-
mustur. Bunun ardindan hareket denklemi temel alinarak farkli kontrol metodlarinin
matematik modelleri tiiretilmistir. Son olarak ise bu modeller deney diizeneginde test
edilmis ve PID, LQR ve bu kontrolciilerin robust ve adaptif versiyonlar1 gibi birbirin-
den farkli kontrolciilerin performanslar1 karsilastirilmistir. Bu ¢alisma, Mast sistem-

lerinde kullanilmak iizere gelistirilecek stabilizator {iriin ailesinin tasarimi i¢in bilgi
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kiimesi olusturmus olacaktir.

Anahtar Kelimeler: Matematiksel Modelleme, Gimbal, Stabilizasyon, Kontrol, Sen-

sor Uygulamalari, Robotik
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CHAPTER 1

INTRODUCTION

Inertially stabilized platforms (ISPs) perform an outstanding job in stabilization and
pointing and they are used in conjunction with a broad array of sensors, cameras,
telescopes, and weapon systems. Their history dates back to 100 years ago and since
then they have been an essential part of a variety range of application areas such as
surveillance, target tracking, missile guidance, gun-turret control, communications,

astronomical telescopes, and hand-held cameras [7].

The application platforms include almost every type of moving vehicle, from satellites
to submarines, and are even used on some handheld and ground-mounted devices.
One of the renown worldwide applications is the Hubble telescope, which actually
as a whole is a gyro-stabilized ISP designed to point at distant stars and galaxies to
within a few milliarcsec and hold the optical axis steady to a fraction of this angle to

avoid blurring the magnified image [7]].

Another common application area, although as not remarkable as the Hubble tele-
scope, is UAV mounted targeting camera. This instrument has to endure through
climate perturbations and UAV movements. In order to prevent blurry or out of frame
images which makes rendering the precise acquisition of a target nearly impossible,
utilization of stabilization is inevitable. Therefore, it is evident that an accurate dy-
namic stabilization to control and cancel motion and vibration is required for correct

operation of any types of dynamic platform mission critical instrumentation.

As J.M. Hilkert (2008) stated “ISP electromechanical configurations are as diverse as
the applications for which they are designed.” A typical architecture of an ISP con-

sists of an assembly of structure, bearings, and motors called a gimbal to which a



gyroscope, or a set of gyroscopes, is mounted [7]. The purpose of the gyros is to
send a command to gimbal motors to counteract the movement it has sensed. The
placement of the payload or the sensor depends on the application. In some applica-
tions it is more convenient to mount them directly on the gimbal assembly; whereas
in other applications such as optic applications the mirrors or other optical elements
are mounted on the gimbal and the sensor is fixed to the vehicle. Generally, at least
two orthogonal gimbals are required to stabilize and point. Majority of the applica-
tions usually provide more degrees of freedom to achieve better isolation from the

host vehicle [7]].

In our study, the experimental setup comprises of two different gimbals assembled
together. Both of these gimbals have two degrees of freedom on tilt and roll axes.
The outer gimbal is used to simulate movement of a military vehicle, based on the
data collected from a real life operation. The inner gimbal, on the other hand, is
used to stabilize the platform by using the feedback from different instruments and
devices. The experimental setup has been designed to be versatile such that the center
of mass and inertia of the platform to be stabilized can be adjusted by using portable
weights. By this way, the performance of the controllers are verified when the sys-
tem is subjected mass unbalance. Moreover, it enables different feedbacks such as
coordinates obtained by resistive touchpad, an accelerometer which will be used as a
gyro, incline meters, encoders and linear transducers to be used for control purposes.
All these feedbacks are required at different stages of the study. The procedure for
this study has an evolutionary nature that involves experiments with relatively simpler
tasks such as ball on a plate in the initial steps which later to be followed by harder
experiments and tasks with different control methods ultimately ending up with a

precisely stabilized platform that can enable laser tracking in real time.

1.1 Performance Concepts

What we expect from an ISP is to prevent the payload sensor from rotating in inertial
space. However, there are some cases that might regard this attempt insufficient. The
sensor system may need to be controlled in a specific manner in order to obtain a

clear image of a certain target. It requires the image to be held steady within the
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sensor FOV without concern for the aim-point. Moreover, in applications involving
a beam such as laser range finder which should be directed to a target; it may be
crucial to hold the target exactly at the center of the FOV, while very small amounts
of high-frequency rotation or jitter might be inconsequential. There are also some

applications which requires control of both the jitter and the aim point.

Mass stabilization is the main approach used by design engineers; which simply refers
to the Newton’s first and second laws of motion, but applied to rotational motion.
Newton’s first law asserts that a body does not accelerate with respect to an inertial
frame unless a torque is applied whereas Newton’s second law states that the angular
acceleration of a homogeneous body under a net torque is inversely is proportional

moment of inertia of the body, J.

To put it in a very simple way, all you have to do is to ensure that the applied torque
turns to be zero in order to prevent the object from rotating with respect to inertial
space. Nevertheless, in practical this is a very difficult task to accomplish considering
all the torque disturbances from various sources. Another aspect of interest is to
achieve a rotational motion in response to an input command by means of a controller.
This is where the design engineers utilize instruments such as displacement gyros
which are mounted on the object in order to measure the inertial rotation about the
axes which are intended to be controlled and stabilized. The gyro, which provides
feedback, therefore is an essential component of the closed loop servo system. By
this way, the system can be controlled by means of external command inputs and it

becomes resistant to all kinds of disturbances [2].

1.2 Structural Consideration

One of the most challenging aspects of stabilization design is related to the structural
interaction and integrity of the system. When undermined, it can easily dominate the
performance. Thus, one has to carefully give attention to this detail in the design
phase. Three critical components that play an important role in this matter are the
structural characteristics of the payload, the gimbal axes and the support mechanism.

These factors combined with the structure of the design determine the structural mode



of the system which usually refers to the shape and the particular frequency of reso-
nance. Remind that the shape and frequency of the modes is a function of structural
stiffness, damping and mass distribution and it gives us clue about how the whole
structure will behave when subjected to load in a particular direction again under that
specific frequency. To sum up, the amplitude of the response depends on the am-
plitude and frequency of the vibration input that triggers the modes to be responded

[2]].

1.3 Motivation and Problem Definition

Gimbal systems have a wide application area concerning the angular stabilization of
camera, gun or telescope in an inertial coordinate system. Land platforms are one of
the common application areas and mast systems integrated to these platforms require
stabilized platforms. Mast or tower systems are fixed to the base of the vehicle or
directly to the earth but that do not mean that these systems are completely stable.
In an extreme example, the top of the Eiffel tower can sway six to seven meters in
the wind. It is common and self-proven practice to benefit from gyro stabilization
based on the distance and size of the targets you are tracking, as well as the height

and stability of the tower for mast and tower applications.

Figes Milmast Inc. has been supplying several types and configurations of Mast sys-
tems to defence industry for several years. They have a wide range of these systems
compatible with the majority of the armoured vehicles of defence industry and there
has been a demand for inertial stabilizers to be supplied with their mast products.
After getting in touch with me for consultancy for designing a family of stabilizers,
we had an agreement to executive this project as a joint study of both academy and
industry. The know-how obtained from this thesis study will be an initiative for the

design of family of these products.

For this reason, we specified the purpose and objectives of the thesis study. In order
to satisfy our success criteria, real time experimental data is required. Therefore, a
mast product of Figes supplied to Roketsan which has a 8 meter of elongated height

and 1,8 meter of closed height has been deployed to one of the military vehicles while
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it is on a mission. During the mission the deflection angles at the top of the mast are
measured with respect to the vehicle base and are tabulated. These tabulated angle
values will act as an input for the outer gimbal in order to test the performance of our
stabilization. In Figure[I.T|below is an illustration of a mast product assembled to the

armoured vehicle.

The aim of this study is to develop a prototype with 2 gimbal axis with 15-20 mrad

stabilization error and 5 kg payload.

Figure 1.1: Illustration of the mast on an armoured vehicle, retrieved from



1.4 The Outline of the Thesis

The contents of the chapters are as follows:

Chapter 2 provides a literature survey of mathematical modelling of gimbal systems

and different control methods employed for stabilization purposes.

In Chapter 3, mechanical design details of the system are explained. Moreover, the
infrastructure for experimental set-up is explained in terms of mechanical, electronics

and software aspects.

Chapter 4 explains the mathematical modelling of the system. The mathematical
modelling includes derivation of ball and beam equations, inverse and forward kine-
matics of the disturber, derivation of Newton-Euler and Lagrange equations for stabi-

lizer.

In chapter 5, controller design methods have been discussed, simulation and exper-
iment Simulink models have been explained and experiment results have been pre-

sented.

Finally, chapter 6 in addition to the discussion of the experimental results; problems
encountered and solution methods are discussed. Future work and conclusions are

presented.



CHAPTER 2

LITERATURE SURVEY

The Gimbal stabilization systems are closed loop control systems mounted on a
ground or aerial vehicle in military or civil applications for keeping line of sight
(LOS) of a camera pointing towards a moving or fixed target and reject the distur-
bances due to maneuvers of the vehicle. Mechanical stabilization is necessary to avoid
blur and jitter in the image. Two axis gimbal systems are the most common configu-
ration in both literature and practice. In two axis gimbal systems, the camera collects
an image fixed about the roll axis and the gimbal system is electromechanically con-
trolled for giving LOS direction through consecutive rotations around pan and tilt
directions. Since the gimbal system is mounted on a vehicle, the disturbances are
generally due to sudden changes in orientation of the vehicle or unabsorbed shocks
induced through the body of the vehicle, or gimbal mass imbalance. The common
method for controlling gimbal systems is PID control. PID control systems become
a de facto standard in practice since the availability of control hardware and software
present in today’s quadcopter and aerial surveillance industries. PID systems are also
easy to implement and tune. The inner-outer loop control systems are more common
in military and professional applications. The more advanced methods generally uti-
lize a PID controller in the inner loop and adaptive or robust disturbance rejection

controller on the outer loop [12].

In Figure a basic stabilization mechanism for an axis of a gimbal is shown. All
disturbances collectively contribute and they show up in the system as torque distur-

bances; which in turn alter the inertia of the system.

The plant model is the base of a control system. The performance of the gimbal sys-

tem is heavily impaired due to a poor plant model. When we consider the two-axis
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Figure 2.1: Single axis gimbal stabilization system, retrieved from [5]

gimbal system, it is obviously a multivariable system. The simplest approach to con-
trol the system is to assume that the control of the two joints is decoupled. This is
called decentralized control. The two joints of the gimbal systems are usually consid-
ered as separate systems in controller design for lightweight or slow gimbal systems.
In this approximation the coupling effects are considered as disturbances. However,
for high inertia or high speed gimbal systems, there are a significant coupling between
these two joints. In [1], the cross-coupling between the joints are investigated. This
is referred to as centralized control. Centralized control structures take advantages
of knowledge of the dynamics to compensate for coupling effects. Often the cou-
pling effects are reduced by adding a compensating torque based on the knowledge
the dynamics to compensate for coupling effects. According to the study, the mass
imbalance induce inertial cross-coupling and it is one of the three sources of distur-
bance. The other sources are listed as the base (vehicle) rotations, and gimbal system

imperfections.

If high-response rates are desired, the nonlinear control systems can be considered. In
[6]], a robust inverse dynamics controller along with adaptive control is investigated.
The robust inverse dynamics controller is used to provide rejection of external distur-
bances. However, in the paper it is stated that this controller is sensitive to unmodeled
dynamics of the gimbal system and may cause chattering. To mitigate this effect an

adaptive controller is devised.

The system identification refers to construction of a mathematical model from noisy

data by experiments. The mathematical model (plant model) is required for building



advanced control systems. Time domain and frequency domain simulations, stability
analysis, controller design, and predicting the performance of a controller all requires
a mathematical model. In [6], system identification of a gimbal system in frequency
domain is considered. As also mentioned in the study, the experiment design was the
most important part since least possible bias and minimum variance were desired. In
the study, parametric and non-parametric modelling is described where modelling is
based on experiment’s inputs and outputs. Non-parametric modelling requires exper-
iments at various frequencies and there is no relation between frequencies. In para-
metric modelling, system is described with finite number of parameters. Noise model
is estimated using a nonparametric modelling scheme. On the other hand, experiment

data is fitted to a parametric system model.

The modelling of a robotic (or a gimbal) system requires mathematically tedious ana-
lytical closed form kinematic and dynamic relationships. There are commercial sym-
bolic manipulation engines for tackling these relationships. As an example, in [9],
tracking radar gimbal control is considered. The forward and inverse kinematics and
dynamics are obtained using MapleSim’s symbolic engine. However the availability
of the symbolic engine license in research facilities dictates the software. For de-
tailed information on how to model and control a system in MATLAB/Simulink we
refer the reader to [[10]. In [3]], mechanical modelling and control example of a 4 axis

gyroscope platform is given. Simulink/SimMechanics is used in their study.

A nonlinear system’s (all mechanical systems are inherently nonlinear) stability cri-
terion does not determine a unique controller. Each stabilizing controller is a possible
controller for the target system. Among these possibilities, optimal control seeks for
the best behaving one. However, optimality of mathematically defined control system
depends on the modelling accuracy on the real system. Since the target mechanical
system cannot be modelled exactly, there is always a discrepancy between model and
the actual system. For this reason, optimal control system may not work as intended
on the actual system. To deal with system uncertainty, robust control scheme can be
considered. The main advantage of a robust control system is its stabilizing behaviour

under uncertainty and surfacing of an unmodelled aspect of the system, etc.

In [2], techniques utilized in UAV (Unmanned Aerial Vehicle) control are listed



as Linear Quadratic Regulator (LQR), Linear Quadratic Gaussian (LQG), Hs, H,
Quantitative Feedback Theory (QFT), advanced self tuning techniques for PID, Neu-
ral Networks and Adaptive Control. These techniques are not extensively studied
for gimbal control in literature. For this reason, in their study, controller design and
implementation for the PID controller and its associated auto-tuning algorithm, H .,

control, QFT and adaptive control schemes are investigated.

In [13]], gimbal trajectory planner and gimbal motion controller subsystems are devel-
oped based on mathematical models of their gimbal system in MATLAB/Simulink.
The trajectory planner transforms the input signal to a reference signal relative a ve-
hicle fixed reference frame. Two motion controllers are developed; namely a PID

controller and a linear quadratic controller (LQR).

In [[14], robust inverse dynamics control and sliding mode control schemes are utilized
in the inner control loop. The sliding mode controller applies a set valued control
signal that causes the system to jump from one continuous regime to another based on
the current position on the state space. To stabilize the LOS in case of disturbances,
a high level (outer loop) controller is implemented. Both direct and indirect LOS
stabilization are investigated. In the direct LOS stabilization, the angular rate sensors
are mounted on LOS axis. On the other hand, in the indirect stabilization, the rate
sensors are mounted on the base of the gimbal. Since, the mechanical structure of
the current device in this thesis allows application of rate sensor in inner gimbal, the

direct LOS stabilization method, explained in [2], is useful.

In [11], fuzzy controller is implemented on 3 DOF stabilizing platform. A decen-
tralized control scheme is considered, resulting in 3 separate controllers for 3 axes.

Fuzzy logic is especially suitable for systems with high uncertainty.
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CHAPTER 3

EXPERIMENTAL SETUP

3.1 Mechanical Design of the Set-up

The experimental set-up is constructed to be formed from two main assemblies. First
one is called the disturber and is located underneath the second main assembly which
is called the stabilizer. Disturber is responsible for generating the desired motion of
the stabilizer assembly. As the name suggests, it disturbs the stabilizer so that we can
evaluate its performance. Meanwhile, stabilizer is expected to control the platform
orientation with respect to an inertial frame by means of generating necessary motor

torques.

We have come up with two different concept designs for this study. In the first one,
all of the motion actuators are selected to be servo motors. In the second concept
design, disturber actuators are replaced with hydraulic cylinders. The stabilizer mod-
ule remains unchanged and the only difference between these two versions is how we

actuate the disturber motions.

Moreover, the designs enable different feedbacks such as coordinates obtained by
resistive touchpad, angles obtained from inclinometers, encoders or gyroscopes for
both concept designs and actuator strokes from linear transducers in the second con-

cept design to be used for control purposes.

When cost and time schedule analysis is done, we have seen that the second concept
design will be cheaper and at the same time it will take less time to assemble the
set-up. Therefore, the second concept design has been selected to be best concept

design and we have decided to move on with this design. However, in this report we
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will mention about the first design version too; so that evolution of the study can be
understood. More importantly, it is also beneficial to explain this design to a some
extend; because some of the analysis, calculations and deductions we have made as a

result of this design are adapted to second concept design.

3.1.1 First Concept Design

In this design, the experimental set-up comprises of two different gimbals assembled
together. Both of these gimbals have two degrees of freedom on tilt and roll axes. The
outer gimbal is used to simulate movement of a military vehicle, based on the data
collected from a real life operation. The inner gimbal, on the other hand, is used to

stabilize the platform by using the feedback from different instruments and devices.

Both versions of the experimental set-up has been designed to be versatile such that
the center of mass and inertia of the platform to be stabilized can be adjusted by using
portable weights. By this way, the performance of the controllers are verified when

the system is subjected mass unbalance.

The isometric views of the experimental set-up are given in Figure[3.1] Moreover, the

exploded view of the assembly is presented in Figure[3.2]

Figure 3.1: Isometric views of the first version experimental set-up
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Figure 3.2: Exploded view of the first version of the experimental set-up

At this point some section views of the design will be presented and design details

will be explained. In Figure[3.3] degrees of freedoms and locations of the sections are

shown.
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Figure 3.3: Representation of the degree of freedoms and section locations
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Figure 3.4: Section A-A of first version of disturber

In Figure [3.4] on the right gearbox and the power transmitting shaft can be seen. the
gearbox is a worm gear type so that it changes the direction of the servo motor axis
perpendicularly and is able to generate high transmission ratio. The change of motion
of the motor by the gearbox is a must feature needed for compact design. Moreover,
the shaft has a key for power transmission purposes. Its axial movement is restricted

by means of a retaining ring on the left and a cap on the right.

On the left counterpart, a bearing and its shaft are located. Shaft is assembled to
the inner body by means of countersunk screws and moves together with the inner
body. Bearing has a locating bearing arrangement which means that it dictates the
axial position of the remaining parts. In order to achieve that arrangement it has been
fixed from a cap on the left of the outer ring which is immobile by the way, and on the
left from a machined resting surface of the outer axis main body. Inner ring, which
is mobile, is restrained by means of a retaining ring on the right and a bushing on the
right. Note that bushing is located between the inner axis body and the right inner
surface of the bearing. In order to use the locating bearing arrangement, the bearing
has to be able to withstand both radial and axial loads. The bearing type used in this
design is a deep groove type so it can handle both types of loads.

15



On the right, you can see that a pink shim has been inserted to the design. Although all
the parts have been designed to be convenient for 5 axis machining and continuous
features such as left and right shaft holes are instructed to be machined in a single
operation; due to the uncertainty in the gearbox dimensions; there is always a risk that
both left and right shaft holes may not be concentric. This shim is meant to be final
machined after critical dimensions of the delivered gearbox and other machined parts
are precision measured by CMM. Therefore, it will give just the required thickness

so that both these opposing shaft holes will be concentric.

This arrangement has been used in all of the servo motor actuated degrees of freedom
in both concept designs. Each module takes its reference from the outer surrounding
module and generates motion accordingly. When all these motions are combined, an

articulated complex motion patterns can be achieved.

Figure 3.5: Section B-B of first version of disturber

The section given in [3.5] shows the most outer axis. For all other degree of freedoms
the motion actuating mechanisms take reference from the nearest outer axis. Here, as
you can see the reference is taken from the ground as this is the very first degree of

freedom of the machine. This time you can see the bearing on the right and power
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transmitting machine elements on the right. All the design considerations are identical

as mentioned in the explanation of section view given in[3.4]

3.1.2 Second Concept Design

As it has been mentioned before due to time and cost parameter; this design has been
selected to be the best concept design. As it has been decided to be the final design; it
has been manufactured and assembled. In figures[3.6) & [3.7]you can see the isometric

view and exploded view, respectively.

Figure 3.6: Representation of the payload and platform angles
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Figure 3.7: Exploded view of the final design of experimental set-up
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3.1.3 Mechanical Design of the Disturber

The disturber is a spatial mechanism consisting of revolute, prismatic and ball joints.

The representation of the mechanism is given in[3.8]

e

N B )
e - 1 T
e — e — : i s o

/ .. - \\

Figure 3.8: Schematic representation of the disturber mechanism

Similar to planar mechanisms, loop closure equations which define the kinematic
relationships of the mechanism can be written for spatial mechanisms too. A number
of different mathematical forms can be used for this purpose including vectors, dual

numbers, quaternions and transformation matrices.
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However, special constraints have been added to the design so that the two payload
angles 0,31 & 6,3 have become independent of each other. Moreover, two actuators
and ball joint support in the middle of the payload base plate are included in the
design to satisfy symmetry conditions. Therefore, all in all, the spherical mechanism
can be represented by two planar mechanisms. In this configuration, each actuator
is responsible for a single DOF and the motion of neither actuators affect the other
actuator’s motion. In other words, the motions of the actuators are independent from

each other and no cross coupling occurs.

In Figure[3.9] exploded view of the disturber mechanism can be seen.

Figure 3.9: Exploded view of the disturber

As it can be seen from [3.8] & [3.9} there are three ball joints connecting the two hy-
draulic cylinders and middle support to the base plate of the payload. Both actuators
are connected to the ground by means of revolute joints and actuators themselves are
prismatic joints. Preliminary design sketch that has been used to create the concept

design and check the motions of the mechanism is given in Figure [3.10}
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Figure 3.10: Concept design sketch of the disturber mechanism

In figures[3.11] & [3.12]critical section views are presented to explain the design details.

Also, section planes are shown in Figure [3.8]
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Figure 3.11: Section A-A of second version of disturber

When we look at the bottom detail, we can see that a ball joint has been located in the
bottom mechanical interface of the system. The reason for this choice is that this bot-
tom interface, the U body and the ball joint inside it, is a COTS item readily available
and easy to assemble. However, according to kinematic synthesis of the mechanism,
what we need here is a revolute joint. The ball joint is converted to a revolute joint by
eliminating its extra rotation degree of freedoms. In order to accomplish that bronze
ring has been inserted both on the top and bottom sides of the ball joint. By this way,
lateral axial movement of the hydraulic cylinder is prevented and at the same time
extra rotation degree of freedom is restricted. Moreover, bronze rings have a low fric-
tion coefficient so the axial movement of the hydraulic cylinder in this joint has been

very smooth. One more important point about the bronze rings is that a joint without
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clearance can be achieved by giving right tolerances and ability of bronze material to

shrink.

Similarly again in the bottom detail, we can see that the rotation of the shaft which
works with the ball joint of the hydraulic cylinder has been fixed by means of a lock

plate. More explanations about the lock plate is given in the paragraph underneath

the Figure [3.12]

As it can be seen a key has been located between the housing which connects the
ground and the hydraulic cylinder and the ground plate. The key aligns the hydraulic
cylinder assembly so that the assembly process becomes much smoother and mis-
alignment issues are prevented. Moreover, it takes the moment and shear forces which

are very undesirable for the screws.

When we look at the top detail, we can see that jam nut technique has been used in
the threaded connections to prevent loosening of the nuts. An extra precaution we
have taken about these connections is to utilize the Loctite adhesives that is used to
lock threaded connections. Again bronze rings, ball joint and lock plate with the shaft
method has been used in the top joint. The bottom nut between the platform plate and
the top joint is a jam nut but at the same time it has been used for calibration purposes.
All of the ball joints have a jam nut at the bottom of the plate and by turning these the

platform can be levelled by means of water gage.
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Figure 3.12: Section B-B of second version of disturber

If we look at the detailed view of the bottom part of the middle support, it can be seen
that the middle support has been aligned to the ground plate by means of a precision
machined circular feature. This design detail enables reference of the ground plate to
be transferred to the middle support. Therefore, the assembly process is much easier
and tolerance accumulation which will prevent assembling more parts on top of each
other, is avoided by this way. Furthermore, by this way the screws are not subjected
to shear forces which they are not durable enough. This feature takes all moments
subjected to this area so that the screws are not subjected to shear forces. This design
logic has been implemented through every design detail. Again similarly, you can see

that the top support has been aligned with the long middle support by using the same
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logic.

When we look at the top detail, we can see that the axial movement of the ball joint is
prevented by two bronze rings. In order to ease the rotation of the ball joint, the shaft
inside the ball joint is fixed. In order to prevent the rotation of the shaft which the
ball joint rotates with respect to, a lock plate has been inserted. As it can be seen on
the detailed view located on the left; it is a rectangular plate and it is inserted into a
rectangular groove feature in the shaft. When these planar surfaces touch each other
the shaft cannot rotate since this lock plate is also fixed to a fixed body by the screws.
Also, again due to screws of the lock plate, the axial movement of the shaft is also

restricted.

Lastly, we will talk about the design of the hydraulic cylinder. The hydraulic cylinder
has been designed for moderate loads. The working principle is very simple. It has a
mobile part called piston. The main function of the piston is to separate the pressure
zones inside the barrel. The piston is machined with grooves to fit elastomer or metal
seals and bearing elements. The direction and the velocity of the hydraulic cylinder
is decided according to the pressure difference on the upper and lower surfaces of
the piston. According to the sign of this pressure difference it retracts or extends and
according to the magnitude of the pressure difference, it retracts or extends slower or

faster.

Other elements are cylinder barrel, cylinder base, cylinder head, piston rod, seal gland
and seals. The main function of the cylinder body is to hold cylinder pressure. The

cylinder barrel we have used has been made from honed tube.

Cylinder base, which has been welded, is used to enclose the pressure chamber at one
end. Similarly, the mechanical interface which includes a ball joint inside has been

assembled by pins to the cylinder base and then welded.

The main function of the head is to enclose the pressure chamber from the other end.
The head contains an integrated rod sealing arrangement so that it can be combined
with a seal gland. The head is connected to the body by means of threading. O-rings

are used in between head and barrel.

The piston rod we have used is a hard chrome-plated piece of cold-rolled steel (C1045)
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which is attached to the piston and extends from the cylinder through the rod-end
head. The piston rod connects the hydraulic actuator to the machine component do-
ing the work. This connection is in the form of a machine thread. Jam nut type
assembly method, which uses double nuts also called jam nut to prevent loosening,

has been used to secure the upper ball joint assembly.

Last component is called the seal gland. The cylinder head is fitted with seals to
prevent the pressurized oil from leaking past the interface between the rod and the
head. This area is called the seal gland. The advantage of a seal gland is that it can be

easy removed and seal replacement can be easily done.

In Figure these parts are shown in section view of the hydraulic cylinder.

Lyl

-

Piston Rod

Cylinder Head &
i Seal Gland
|
Piston

Piston
Seal e
eas\ﬁ_&/
i / Cylinder Barrel

Rod

Output Port

Static
Seals

Input Port Cylinder Base

Figure 3.13: Sectional view of the hydraulic cylinder
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3.1.4 Hydraulic Design of the Disturber

In Figure [3.14]P & ID drawing of hydraulics system is given.

)
)

EQUIPMENT

BRAND NAME / MODEL NO

INLINE PRESSURE FILTER

OMT 100LT

HYDRAULIC CYLINDER

32* 250 HOKB+HAKB

MANOVETER

PAKKENS 0-60 BAR GLIS,

PRESSURE TRANSMITTER

040 BAR

SERVO VALVE

MOOG

ELECTRIC MOTOR

GAMAK 2,2 KW 1450 DEV./DK.

PUMP

2400

RETURN LINE FILTER

OMTF OMT 111

TEMP, & LEVELING GAUGE

HOF FLT<623

TANK CAP

OMT TR2

[N [0 0 P P ) PN Y [0 P Y Y

SUCTION FILTER OMT SE 1323
HYDRAULIC TANK 400 LT

Figure 3.14: P & ID drawing of the hydraulic system

The system has been designed to consist of two identical subsystems for controlling
both actuators independently. The electrical motor drives the pump which transfers
the oil from the tank to the valves. In order to protect the equipment from the dirt; a
suction filter has been placed in the pipeline before it reaches to the pump. Then after
the pump, it is filtered again by an in-line type filter. Next, oil arrives at the valve.
The valve is a 4/3 servo valve; which has an ability to precisely adjust the valve
opening; therefore controlling the flowrate. It has been assembled with a plate and
pressure regulators. This configuration simplifies the system since it packs essential
equipments all together. The pressure regulator is required to release the pressure
when it reaches a critical value by discharging excessive oil back to the tank. This

limit is adjustable in the models we have used.

On the left block, pressure line is connected to the lower compartment of the hy-
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draulic cylinder which causes an increase in the cylinder stroke. Similarly, on the
right block, the pressure line is connected to the upper compartment of the hydraulic
cylinder which results in a decrease in the cylinder stroke. As we have mentioned
before, it is not an on-off type mechanism; indeed by adjusting the valve opening pre-
cisely the hydraulic cylinder velocity can be controlled. On the neutral configuration,
when the valve compartment is on the middle, the pressure line is blocked; which
results in a pressure increase in the pressure line. Although pressure relief valves are
included in the design, this is still not a good practice. Therefore, two precautions
have been taken in order to prevent this. First one is avoiding stall configuration of
the actuators and constantly moving them. This has been implemented in the motion
profiles. However, there is no guarantee that all the motion profiles will always de-
mand constant movement. Therefore, as a secondary precaution, compensators have
been installed to prevent the pressure build-up, protect the equipment and prevent ac-
cidents. Unlike pressure regulators, compensators are installed into pumps and reduce

or stop the flowrate when pressure is sensed on the pump outlet port.

The last element of the hydraulic line is the hydraulic cylinder. Explanation about
design of the hydraulic cylinder can be found in section[3.1.3] In Figure[3.15] real life
assembled hydraulic components are shown. Moreover, in Table[3.1] bill of materials

can be found.
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Figure 3.15: Photo of the hydraulic components

Table 3.1: Bill of materials of the hydraulic components

Item Number

Definition

1

Hydraulic Tank (400 litres)

Electric Motor

Pump

Suction Filter

Pressure Line Filter

Servo Valve

Plate & Pressure Regulator

Manometer

O [0 | Q||| B Wi

End cover

—
o

Level & Temperature Gauge
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3.1.5 Mechanical Design of the Stabilizer

The isometric and exploded view of the stabilizer is given in figures [3.16] & 3.17]

respetively.

Figure 3.17: Exploded view of the stabilizer
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In order to explain design details critical sectional views are given in[3.18| & [3.19

Figure 3.18: Section A-A of stabilizer

On the left, it can be seen that outer axis is actuated by means of a servo motor coupled
with a gearbox. The connection between the servo motor and the gearbox is main-
tained by a clamping hub. Moreover, the gearbox and servo motor is connected to
Body-5, which is in the shape of U. On the other hand, a key is used for power trans-
mission between the gearbox and the body. Similar to the other bearing arrangements,
which have been explained in detail in section[3.1.T} a locating bearing arrangement
has been used on the concentric opposing hole feature. This arrangement can be seen

on the right of Figure [3.18]
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Figure 3.19: Section B-B of stabilizer

Similar to the outer axis arrangement, a servo motor and gearbox is located on the left
whereas a locating bearing arrangement is used on the right. This time, servo motor

and gearbox is connected to Body-6 which is in the shape of a rectangular frame.

3.1.6 Mechanical Design of the Shock Absorber

Shock absorber consists of several spring mechanisms to absorb the energy of the
gimbals. It restricts the maximum angle freedom of the gimbals in order to prevent
damage to the system. It has been added to design later on, since it has been observed
that there can be some accidents even though all of the actuators are limited by the

software. Exploded view of the shock absorber can be seen in Figure [3.20]
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Figure 3.20: Exploded view of the shock absorber

3.2 Electronics & Software Infrastructure

For compact design criteria, all the electronic hardware has been assembled in a rack
cabinet. This cabinet includes a PC and its Simulink Real Time Target PC, Humusoft
MF 634 Data Acquisition card, two Omron R88D-GTO02H servo motor drivers, an Ar-
dunio UNO, miscellaneous electronic equipment for electric motors and servo valves
in the hydraulic system. Ardunio UNO has been used firstly for touchpad; and then
later for BMI-088 gyroscope. In addition to these, there are two electric boxes for
contact breakers and fuses. These two boxes are located next to the hydraulic tank.
These two boxes can be seen in Figure [3.21| The front and rear views and isometric

view of the rack cabinet are given figures [3.22] [3.23]| & [3.24}, respectively.
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Figure 3.21: Photo of the electrical fuse boxes next to hydraulic tank
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Figure 3.22: Front view of the rack cabi-  Figure 3.23: Rear view of the rack cabi-

net net

Figure 3.24: Photo of the rack cabinet
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Inputs and outputs of the DAQ have been arranged as follows:

ADOIncline meter 1 - theta 132] 1 rcoa+ T 1

20 DAO Servovalvel 20 IRC3A+
AD] Incline meter 1 - theta 131 2 IRCOA- 2

21 DAl Servo valve 2 21 IRC3A-
AD?2 Linear transducer 1 3 IRCOB+ Encoder 1 3

22 DA2 Servo motor 1 22 IRC3B+
AD?3 Linear transducer 2 4 IRCOB- 4

23 DA3  Servo motor 2 23 IRC3B-
AD4 Incline meter 2 —theta 5 3 IRCOI+ 5

24 DA4 24 | IRC3I+
ADS3 Incline meter 2 - theta 6 6 IRCOL- |}, 6

25 DAS 25 | IRC3I-
AD6 T IRC1A+ 7

26 26 | TRIG
AD7 8 IRC1A- 8

27 27
AGND 9 IRCIB+ Encoder 2 9

28 | +5V 28 | +5V
DA6 10 IRCIB- 10

29 | GND 29 [ GND
DAY 11 IRCI1I+ 11

30 DOUTO Valve 1 motor on/off 30 TOIN
DINO 12 IRC1I- 12

31 DOUT]I Valve 2 motor on/off 31 ToOUT
DINI 13 IRC2A+ 13

32 DOUT2 Alarm on/off 32 | TIIN
DIN2 14 IRC2A- 14

33 DOUTS3 Servo motor 1 on/off 33 TIOUT
DIN3 15 IRC2B+ 15

34 DOUT4 Servo motor 2 on/off 34 T2IN
DIN4 16 IRC2B- 16

35 | DOUTS 35 | T20UT
DINS 17 IRC2I+ 17

36 | DOUT6 36 | T3IN
DIN6 18 IRC21- 18

37 DOUT7 37 T30UT
DIN7 19 GND 19

Figure 3.25: DAQ signal allocation list

These pin connections on the DAQ can be seen in Figure [3.26]

Figure 3.26: Photo of the DAQ pin connection
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3.3 Overview of the Set-up

All in all, real life photos of the physical set-up can be found in figures. Note that,
first photo represents to earlier times of the set-up whereas the latter one represents

its current condition.

L [N

Figure 3.27: Photo of the physical set-up from earlier stages of the study

/. Electrical Panel

/

Experimental / & Fuse

Hydraulic Tank

Simulink Real & Components

Time Machine
& Rack Cabin

Figure 3.28: Photo of the current physical set-up
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CHAPTER 4

MATHEMATICAL MODELLING

4.1 Ball and Plate

4.1.1 Adaptation of the Problem to Experimental Set-up

p={x,y}
& n=1,2 for
two bodies

Zn(t)

Figure 4.1: Representation of ball and beam adaptation

The kinetic energy of the plate is:

1oy 1
i L

Similarly, the kinetic energy of the ball is:
1 . 1
Kb = §Jb0§ + §mebQ
The total kinetic energy of the system is:

Kt:Kp+Kb
1

Kt2

L1 1., 1
Jpn02 + §mpnvjl - §Jb9§ + §meb2
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where

2 2 2\ 12
Vzpn = (an + bn)gn

=t

b — 7,,2
V2 =p + (p* + 1?62

Substitution of (4.5))- into (4.4)) yields the following result:

1 : 1,J )
K, = é[Jpn + M (a2 +02)) + my(p® + h?)]02 + 5(—5 + my)p°
N—— r

i
The potential energy of the people is:
U, = Mpng(bysinb,, + ancosb,)
Similarly, the potential energy of the ball is:
Uy = mpg(psind,, + hcosb,,)

The total potential energy of the system is:

Ut:Up+Ub

Ui = mpng(bysing,, + ancosb,) + myg(psinb,, + hcosb,,)
The Lagrange of the system is:
L=K-U
1 2 | 12 2 oy, Lodp -2
L= §Upn + mpn(ay, + b,) + mu(p” + h7)]0; + 5(5 + me)p
— myg(psinb,, + hcosb,,) — mp,g(b,sinb, + a,cosb,,)
The first Lagrange equation is given by
d (0L oL 0
dt \ Op op
The terms of (4.15)) can be obtained as follows:

ia_L—ﬁ_|_ N
dat\op ) \r2 o P

oL .
— = mprTQL — mpgsind,

Op
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(4.11)
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(4.15)

(4.16)
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Substitution of (4.16) & (@.17) into (@.15)) yields the Lagrange equation:
Jb .. o) .
L, = ) +my | p — mppl;, + mypgsinb,, =0

Similarly, the second Lagrange equation is given by:

d(oLy_ oL _,
dat\og,) 90, "

The terms of (4.19)) can be obtained as follows:

d (0L d )
( ) = E[Jpn + mpn(ai + b2) + my(p* + b)),

i\ o5,
= (Jon + mpn(ay + 02) + my(p* + %)) + 2muppby,
L
37 = —myg(pcosh,, — hsinb,,) — my,g(b,cosl, — a,sinb,,)

(4.18)

(4.19)

(4.20)

4.21)

Substitution of (4.20) & (@.21)) into (4.19) yields the second Lagrange equation:

Ly, = (Jpn + mpn(ai +02) +my(p* + bQ))én + 2myppb, + myg(pcost,, — hsin,,)

+ mypng(bycosb,, — aysinb,) =1, (4.22)

4.1.1.1 Nonlinear and Linear State-Variable Representation

The equations we derived can be written in state variable representation. The state

vector can be defined as follows:

o)) [p()]
:1:(25) _ 952<t) _ p(t)

T3 (t) en(ﬂ

EXGINIAG)

(4.23)

These variables are the minimum set of variables required to determine the future

response of the system. For that purpose, we also need the input and the current state.

By using the equation of motion, the derivatives of state variables can be obtained.

From (4.18)),

—mypgsind, + mypb? , myz123 — mygsin(xs)

P i) Jb
ﬁ + my

Jp
2
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From (@.22),

T, — 2myppb,, — mpg(pcost,, — hsinb,) — my,g(pcosb,, — a,sinb,,)

0, = 4.24
Ton + My a2+ 52) + a0 + 2) 29
) T, — 2mpx 1 ToTy — mbg(xlcos(xg) — hsin(xg)) — mpng(bncos(xg) — ansin(xg))
Tqs =
' Ton & My (a2 + 82) + my(a? + 2)
(4.25)
it‘l = X2 (426)
T3 = X4 4.27)
Therefore,
_ N -
o mpr1 23 — mpgsin(ws3)
' J,
n (T_b + mb)
T 2
flat)y=1"|= 2 (4.28)
T3
i T, — 2myT1 224 — Mypg (a:lcos(xg) — hsin(ajg))
4
— Mpng (bncos(x3) — aysin(zs))
Jpn + Mpn (a7, + b7) + my (2] + 7?)
The state space equations can be defined as follows:
&(t) = Az(t) + Bu(t); y(t) = Cx(t) (4.29)
where,
1 000
C = (4.30)
0010

Before the system is actuated, the platform rests around an equilibrium point. At that

point, the state variables are defined as follows:

Do

0
1o = (4.31)
0

0

The torque required to maintain this state can be found from (4.25));

T, — 2mpx1ToTs — Mg (:plcos(xg) — hsm(xg)) — mpng(bncos(xg) — ansin(xg)) =0

(4.32)
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When we evaluate (4.32)) around operating point,

To = 2mpzrrsTs + myg (21008(x3) —hsindT3)) + mp,g (bacos(xs) —a,sintTs)) = 0
1 1

(4.33)

TO = Mmpgpo + mpngbn (434)

In order to design a controller; we need to linearize the system. Thus, we need to
obtain the Jacobian matrix which is obtained by expanding the function by Taylor
series; neglecting the higher order terms and evaluation around the operating point.

Hence,

o1 | [0ifOTT 001 /0w, 0irtOms OitOTi| |w1|  [0itOTS
T Oy /01 Oiaf0Ty Oig/0x3 Ofo/Ox4| |2 O0iofoT,
T3 0307, 0%5/0Ty 0isfO0Ts 0i3/0v4| |3 0isf0T,
T4 _8x'4/(9x1 Oty/0xy Oiy/0x3 8x'4/(9x4_ Ty _3$4/8Tn_

(. J/

Jacobia:matrim
(4.35)
Evaluating the terms in Jacobian matrix:
04 _ 01 _ 04 :8:1':2 _ 03 _ i _ 03 0 (436)
a{L‘l 6x3 81‘4 6372 8x1 6x2 8903
diy _ Oiyz y Oty myxy Oty —mpgcos(xs) 437)
Ory  Oxy Oy Jy/r2+my’ Ors  Jy/r2 +my '
Continue with the remaining longer terms:
(%2 2mbx1x4
= 4.38
8x'4 Jb/T2 —+ my ( )
Ofy  —2mpTamy — mypgcos(xs) (Jpn + mypp (a?I +02) + my (a3 + h2))
O (Ton + mpn(a2 + 82) + my(a? + h2))°
2mypx, <Tn — 2My L1 Ty — Mpg (xlcos(xg) — hsin(a:g))
—Mpng (bncos(zs) — ansz’n(xg)))
= _ (4.39)
(o + mpn (a2 + b2) + my(2? + h?))
01 -2
T4 UL . (4.40)
02y + mpn (a3 + b2) + my(a? + h2))
Oy Mg (a:lsz'n(xg) + hCOS(.Tg)) + Myng (bnsin(xg) + &ncos(xg)) @.41)
Oxs o + Mpn(a2 +b2) + my(x3 + h?) '
8:1':4 _ —mexlxg (442)

0xy  Jpn + mpn(a2 + b2) + my(a? + h?)
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Similarly,

R
or, oT, 0T, 0 (4.43)
Oty 1

oT, o + Mpn (a2 + b2) + my (a3 + h?)

(4.44)

When we evaluate (4.36)-(d.44)) around operating point, we’ll obtain the following

equation:

O\ _ (92| _ =g o\ _,
or1 )|, Oxs ) |, Jo/r>+my Ox4 )|,

C RN e —
0o 20 N 0z n o + mypn (a2 +b2) + my(p2 + h?) 0y a

Zo

(4.46)
o) _ g
01 ) |,y Jpn + Mpnlad +b3) + my(pg + 1?)
_ 2mypo(To — Mugpo) — Mpngbn (4.47)
(Jpn + mpn(ay + b2) + mp(p§ + h?))? '
014 1
— 4.48
T, Jpn + mpn(a2 + b2)% + my(p2 + h?) (4.48)
Rewriting (5.6));
-1 [ o 1 0 0] 1 1
T —myg i
. 0 0 R e — 0
Ta| _ (Jp/T2 +my) T2
L'Ug O O 0 1 I3
. mygh + mpngar,
T 0x4/0 0 0| |=
B 4_ _( I4/ xl)‘xo Jpn + mpn<a% + b?z) + mb(pg + hg) I 4_
A=df /9w (z0, To)
0
0
+ 0 T, (4.49)
1
| Jpn + My (a2 + 02) + my(p + h?)
B=0f /0Ty (x0, Tv)
where,
o g

axl x0,T0 N Jpn + mpn(a/?l + b?%,) + mb(p% + h2)
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_ 2mupo(+magpo + mpngm (4.50)
(@ £ 07) + ma(p + 12))? '

4.2 Kinematics of Disturber

4.2.1 Forward Kinematics of Second Actuator
4.2.1.1 Position Analysis

When viewed from the front plane, the mechanism can be represented as in Figure

Figure 4.2: Front view of the second actuator

When we break the chain from point Q, the loop closure equation can be written as

following:

ait +W—i— ase?132 = by 4 549070142 —I—W (4.51)

a1 + aze’®s = by + sy (4.52)
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Rearrange the terms in (@.52)),
$42€"0142 = q i — by + aze?13
The complex conjugate is:
$42€0192 = —q 17 — by + age 0132
Multiplying (4.33) & (@.54) side by side:

2 2:2 . - 16132 . 2 —i6132
Sio = —aji” — ar1pfi + ajazie’’*? + a ){i + by — azbre

— ayazie’3? — qgbi s + a§

2 2 2 2 (b —if —if —if1:
Syy = a7 + a3 + by +a1a32£e w2 et 132’/) - a3b3\(e W2 4t 132})
TV TV
Kl K2

Expanding K7,

e~ W32 _ o132 — ppofies isinbise — cosBisg — isinbize = —2isin s,

= e W32 _ o132 — 9iginf 4,
Expanding K>,

e=132 4 %132 = o535 — isinfizs + cosOiz + isindizs = 2icosbz

s 6—10132 + 626132 = 2i6039132

Combining (.56) with (4.58)) & (4.60)) results in:

54212 = Cl% + CL% + b% + alagi(—2sin9132) — 2a3b10059132

2 2 2 2 .
Sy = Q4 + Qs + bl + 2&1@38@719132) - 2(13()1008‘9132

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)
(4.58)

(4.59)
(4.60)

(4.61)
(4.62)

Similar to what we have done previously in the position analysis of the first actuator;

we can use half tangent expressions to linearize (4.62). Remind that these expressions

were;

2tan(%0132) [1 — tanQ(%é’lgg)]

) costhzp =

Sin6132 = 1 1
[1 + tan2(§0132)] [1 + tcm2(§9132)]

Substitution of (#.161)) into (4.62)) yields that,

2t(m(%0132) 1 — tCLTLQ(%QBQ)

2 2 2 2 —
s =ai + a5+ b —+ 2a1a 2a
42— ST E T Ut tan?(30132) R tan?(30132)

46

(4.63)

(4.64)



1 1 1
822[1 + tan2(§9132)] = CL% + a§ -+ b%[]_ + tcm2(§0132)] + 4&1&375@%(59132)

1
— 2@3[)1[1 — tan2(§9132)]

B

-~

C

A
~ 1 1
= (5?12 — a% — a§ — b% — 2a3b1)tan2(§9132) — 4@1@315@%(56132)

+ (83, — a2 — a3 — b} + 2azb,) = 0

(4.65)
As found before in (4.164)), this equation results in:
2,1 2,1
Atan (59132) + Btan (50132) + C=0
where
A=s;—ai—a;— b} — 2asb (4.66)
B = —4CL16L3 (467)
C=s5—a—a3— b+ 2asb (4.68)

Note that (4.164) is quadratic in terms of tan(%&lgg). Therefore, generic solution of
the quadratic equations can be obtained as:
; (0132) —B++vB?—-4AC
an =
2 2A
= |b132 = 2atcm2(—B +vB?2 - 4140), 2A) 4.70)

(4.69)

The second method for obtaining 63, from (4.62)), is as follows. Let’s rewrite (4.62))

again:
522 = a% — a§ - b% + 2a1a35in6139 — 2a3b1c050139 4.71)
2 a2 a2 — b2
o2 4 % L — alsinﬁlgg — 61C089132 (472)
2@3
Let a; = mysin(, and by = mycos(; 4.73)
(1 = atany(ay, by) ~ known, m; = 1/a? + b? ~ known 4.74)
Substituting (4.73)) into (4.72);
2 a2 a2 — b2
a2 T 41 T 43 L — mystnCisinfiso — mycos(icostss (4.75)

2&3
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2 2 2 2
S1p —aj — a3z — by

5 = my (cos(ycosbi33 — sin(ysinbyss)
as /

cos(¢1+0132)
al+ a2+ b — s

2m1a3

= COS(Cl + 9132) =

N

~
K3

= Sin(C1+9132):O‘1\/1—K32, o, = =+1
= C+9132 = atcmg(a“/ 1-— Kg, Kg)

= 8132 = CLtCLTY/Q(O'l\/ 1-— Kg, Kg)

can take oy = 1 without any loss of generality.
It is obvious that both (4.70) & (@.80) will give us the same result. Once we have
determined 6132, we can proceed with finding 6145. To do that, let’s remind (4.53))

$40€"12 = q1i — by + aze'?3?

Writing imaginary and real parts of {.53));

Re: s49c080140 = —by + ascosbss

Im: 5423in0142 =a; + agsz’n0132

ay + azsinbiss
tan9142 =
(130036132 — b1

= 9142 = atcmg(al + agsinelgg, G3C089132 — bl)

4.2.1.2 Velocity Analysis

Remind that in (#.53)), LCE has been found as:

842619142 = Clli =+ CL36Z9132 — b1

Taking the derivative:

R G G
S40€""M + 84910140 = a310130€"*

Rewriting (4.85));

10132 16142

. i0142 _ . A . A
542€ = a319132€ — S4910142€
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(4.76)

4.77)

(4.78)

(4.79)

(4.80)

Here, o, represents the open and cross configuration of the mechanism. Since F 16°

degree limit of this mechanism all fall into open configuration of this mechanism, we

(4.81)
(4.82)

(4.83)

(4.84)

(4.85)

(4.86)



The complex conjugate is :

Writing (.86) & (4.87) in matrix form:

a3i6i9132

- A g 4 i
Sg9e” "M = —agifizoe” 2 4 54900 40€” M

_agie*wl:ﬂ

0132 can be determined by using Cramer’s rule;

The determinants of (4.89) are expanded in (4.90) & (@.91) as follows:

3426i0142

542€—i9142

a3i6i0132

_a3i6*i9132

Thus,

—842'i6i9142

842’i€_i6142

—842i6i9142

842ie*i9142

9132 =

—842i6i9142 9'132 8'426i9142
8422‘671'9142 9142 E 542671'0142
y0e192 g pieitia2
Sgpe” 142 g oje e
agiewm —542Z'€i9142
—agz'e_wm 5422'e—i9142

8425421 + S425421 = 21542542

—a3S542€

1(0132—0142) a3842i26i(9142_6132)

_&354261'(9132*9142) + a38426i(9142*9132)

_a3542<€i(9142*9132) . ei(9132*9142)>

G3S42M— iSin(9132 - 9142)

CcOS = U142) — isin(8132 — ‘9142))

(4.87)

(4.88)

(4.89)

(4.90)

(4.91)

(4.92)
(4.93)
(4.94)
(4.95)

—Qia388428’in(6132 — 49142) = Q’ia388428in(0142 — 9132)

2i842$42

542

9132 =

2is42a35in(0142 - 9132)

G3Sm(9142 - 9132)
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Similarly,

agielewz é42€19142

_a3i6—19132 $49 6—19142

O — 4.98
M2 Diagssgsin(fiag — 1) (499

Since the determinant of denominator of (4.89)) has already been found in (@.96)); next

step is to expand the determinant of the numerator.

a3i629132 542619142

(0132—0142) 4 5426132'6(914279132) (499)

= 542a3iel
_agie—ielgz 5426_i9142
— 342a32'(61(9132—9142) + 6(9142—9132)) (4.100)

= $42a31 (603(9132 — Ora2) + isin(Brzr="0112)
+ c0s(0132 — O1a2) — isin(Bizr="112)) (4.101)

= 2542@32@08(9132 — 9142) = 2542@32@08(9142 — 9132)

(4.102)
Therefore, 9142 can be expressed as:
9'142 _ 22:CL33420?5(9142 - 9132) _ 5’420?5(9142 - 9132) (4.103)
21@33425271(9142 - 9132) 8425271(9142 - 9132)

4.2.1.3 Acceleration Analysis

Remind that in (@.86)), velocity loop equation, from now on will be referred as VLE,

has been found as:
542€i0142 = a3i9132€i9132 — S42i9142€i9142 (4104)
In order to obtain the acceleration terms, we need to take derivative of (4.86). Hence,

B 0 o 0 " "9 0 L 0
84261 142 4 842291426Z 12 = a32913262 182 a3913261 182 8422914261 142

— $4gié142€i9142 + 8429'%42€i9142 (4105)

Rewriting (4.103)),

10132 10142 _ x 10142 ) 10142 12 if132
azibtze — 849101426 = Sy0€ + S4910140€ + aztie
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+ $49i O140€0192 — 54907, 70142 (4.106)
The complex conjugate is:

PR PR i T Y
—agibze™ "1 4 549101497 = Sp0e” M2 — Sy9101490€” M 4 agligpe”

— $49i0 40072 — 5490707012 (4.107)

Writing @.106)) & (4.107) in matrix form:

a3i610132 —5422'610142 6132

—i613

—agie 8422.6_7'9142 9142

P i0 Y, 0 )2 0 Y, i0 12 i0
84261 142 8422914261 142 a30132€l 182 8421914262 142 84201426z 142

5426_10142 — 542Z'6142€_19142 + &39%32€_Z0132 — 342i91426_26142 — 5429%426_19142_

(4.108)
Again, as we have done in @#89); 6,3, can be determined by using Cramer’s rule;

:9.42610142 + 542?:6142619142 + CL36%32619132

Y, i0 2 i - i
—I—S4229142€ 142 — 84291426 142 —Sy91€ 142
Z 4—
§4Q€_Z9142 — 5"427;91426_Z9142 + CL3¢9%326_19132
Ry, —i6 2 i . —if
.. —842291426 12— 84291426 142 Sy91€ 142
O30 = (4.109)
aziei?32 — §y9iet0142
ZQ <

_a3i€—l9132 3422‘6—29142

As it can be seen from (4.109)), we can name the determinant of the numerator as 7,
while the determinant of the denominator is called Z,. Expanding these expressions,

we’ll obtain the following:

. . . \ -N2 (0130 —6 . A 2 A2
7y = 3495491 — S425490140 + 3549107557 013270142) _ 506,00, 49 — 525102,

Wr42=0132) 4 5006400140 — 529160245

(4.110)

+ 5425421 + S425426142 + &3542291326

= Z1 = 2542542i + a3342i9f32 (gi(9132_0142) + €i(9142_01321) — 2822ié%42 (4111)

Z3

51



Zy = ellf—b1a2) 4 oi01a2-0132) _ 54 (0132 — O142) + isin =142

+ cos (132 — O142) —M (4.112)

= Zg = 2c0s (9132 - 9142) or Zg = 2c0s (6142 - 6132) (4113)

Combining .111) & (4.113));

Zl = 2i§42842 + 2ia33429f32003 (9142 — 9132) — 2i8229%42 (4114)
Similarly, Z, can be found as;

azies2 g picthaz
7y = _ _a3842€2(9132*9142) + a3542€1(9142*9132) (4.115)

_asie—lelsz 8422'6—19142

= agsgy (€109 7032) _ (i0ri52-0112)) (4.116)
= a3S42(cos =0132) + isin (6142 — O132)

— cos =132) + isin (0142 — O132) ) 4.117)
= 2ia384951n (6142 — 0132) (4.118)

Therefore, simultaneous solution of (#.109), (.114) & (#.118) yields the following

result;

2i842 (542 + a39%32cos (9142 - 9132)) — 8429‘%42

132 = . . (4.119)
22842@38271 (9142 — 9132)
é132 _ Sa2 + a30755c08 (0142 — O132) — Sa26749 (4.120)
assin (9142 - 9132)
6142 can be determined again from Cramer’s rule;
agiewm §42€i9142 + S4Qi9142€i0142 + a39%326i0132
+549101 49610142 — «5’429%42619142
Z4 <
_agz‘e—iewz 542€_i0142 _ 3422'91426—2'9142 + a30%326_i9132
. —i0 42 —if
. —84910140€7 "2 — 54907 9€ 7142

O140 = 4.121)

22.61,384282.77, (0142 — 9132)
Since the determinant of denominator of (4.121) has already been found in (.T18);

next step is to expand the determinant of the numerator. As it can be seen from
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(@.12T)), we can name the determinant of the numerator as Z,. Expanding this expres-

sion:

Ty = 542a3ie’(9132_6142) + $42a39142€z(0132—9142) + aglp%w + é42a3(9142€z(6132—9142)
_ 842a32'9%4262(9132—9142) + .-9'42(132'62(9142_0132) _ é42a3914261(9142—9132) + a3i9332

0142—0132) 542a3i6'%426i(9142*9132) (4122)

. A i
— 549036 142€ (
= 74 = 840031 (61(913279142) + 61(914279132)) + 5426139142 (61(913279142) . 61(914279132))
2.42 : (0120—0 (01 40—0
+ 203075, + sppasbap (0132 7012) 4 (iPraz=01s2))

_ 842a3i9%42 (ei(¢9132—9142) + ei(9142—9132)) (4.123)

Expanding the complex terms by using Euler formula, we’ll obtain the following

expressions:

e Osemt) g i0=052) — o5 (035 — O149) + isin =0112)

+ cos (632 — O142) —M (4.124)

= eiemfuz) 4 i012=012) — 2005 (0135 — O142) = 2c08 (O1a2 — O132) (4.125)

- eilfs2=01a2) _ (il0aa—b132) — (54 =0112) + isin (0132 — O142)

— €08 (By57="0112) + isin (0132 — O142) (4.126)

= 61'(913279142) — €i(014279132) = 2zsm (9132 — 0142) = —228271, (6142 — 9132) (4127)

Insert (4.123) & @.127) into (@.123) to obtain:

Z4 = 2ia3§4gcos (0142 — 0132) — 2ia354291425in (9142 — 0132) + 22’@%9%2

- 22@334291423271 (9142 — 9132) — Qia33429%42005 (9142 — 9132) (4128)
Therefore, 9142 can be found as follows:

2iaz (542008 (9142 - 9132) - 34291423in (9142 - 9132) + a39.f32

— 5490142511 (0142 — O132) — 3429%42008 (0142 — 9132))

i 4.129
142 2ia35425in (0142 — 6132) ( :
542¢08 (0142 — O132) — $49014950m (0142 — O139) + a30%s,
é B —5426’1425in (9142 — 8132) - 3429%42605 (0142 - 8132) (4.130)
1z S4251N (‘9142 - 9132) .
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4.2.2 Inverse Kinematics of Second Actuator
4.2.2.1 Position Analysis
Remind that in (#.53)) & (4.54), the LCE and its conjugate have been found to be:

842629142 = ali — b1 + CL3610132

COIljZ 8426_10142 = —CL1i — b1 + a3€_19132

Multiply (4.53) & (4.54)) side by side to obtain:

2 2 12 (=i 01 —if1; 61
=aj +a; +b] + arazt (e Lz et 132) —aszby (e sz et 132)
N -~ v N -~ v

—2isinf139 2cos6132

2 2, 12 -
= aj + a3 + b7 + 2a,a351n0;1325 — 2a3b,cosbi3o

= | S42 = \/af + a3 + b? + 2a1a35in0132 — 2a3b;cosb 3o (4.131)

4.2.2.2 Velocity Analysis

The VLE and its conjugate has been found in (4.86) & as follows:

342619142 + S42i9142619142 = (137;9132616132 (4132)

COIljZ 3426719142 — 8422’(91426716142 = —a3i9132€710132 (4133)

Writin & (4.87) in matrix form:
g

ei9142 842Z’ei9142 $49 a3i€i9132
= 0132 (4.134)

6*19142 _8421'6*19142 9142 _a3i6*19132
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From Cramer’s rule, $4o can be determined as follows:

CL37:€7'91329132 842i629142
— Z5
) —CL3’L.€7191320132 —8422.6719142
842 = . .
eibaz 5422619142
— Z6

6*1'9142 _8422'6*2'9142

The determinants of (4.135) are expanded in (4.136) & (@.137) as follows:

= Zs5 = a38490130€" 192 70142) — 35050, 59€" 01427 0132)

— CL3$429132 (€Z(9132*9142) o 61(9142*9132))

= G35429132M— isin (0142 — O132)
M— isin (0142 — O132))

= —2ia3s4201325in (‘9142 - 9132)

= Z6 = —S491 — Syt = —28491

Combining (#.133)) - @.137);

—2@'542@391323@'71 (9142 - 9132)

542 - .
—22842

= | $42 = azbi325in (0142 — 0132)

4.2.2.3 Acceleration Analysis

(4.135)

(4.136)
(4.137)

(4.138)

(4.139)

In (@.106) & (@.107), the acceleration expression and its conjugate has been found

as:

o 0142 10142 __ s ) 10142 12 6142
S40€ + 54210140€ = —2i5490140€ + 5420706

0 ‘9 i0
+ a3101326Z 182 a39132d 132

Conj: g0e” " — 5491014067192 = 23490 140¢ 7192 + 5490700142

— a3i91326_10132 — a39%32€_19132
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Writing (4.106) & (4.107) in matrix form:

61'9142 842i619142

6—29142 _8422‘6—29142 9142_

s 10 12 10 i0 )2 i0
—225420142€Z 142 5429142€Z 42 4 CL320132€Z 132 &3913262 132

= (4.140)
2i$4g¢91426 0142 + 8420 2 € —i6142 __ CL3Z€1326 10132 __ CL392 —i6132
From Cramer’s rule;
—22842014QGZ 142 4 84201 2619142 + a3i9132€i9132 _ a30%326i9132 842i6i9142
Z7 — )
2284291426 10142 + 5429 Ne —i0142 __ a 291 o€ —i6132 __ a 6 6—10132 —84226_16142
.. 142 3013 30139
S42 =
efraz s401€?102
Zg —
6—9142 —842i€_i6142
4.141)
Zr can be expressed as follows:
Zp = —25 0 02 0o (O132—0142) 9 e'(0132—0142)
7 = —28425490149 — 8422 142 1+ @354 1306 + a3S401

1(0142—0132) 1(0142—0132)

. . 9 .9 .. o
+ 28428429142 — 8422(9142 — a38429132€ + CL3$42291326

(4.142)
= /= _2532ié%42 + a3342é132 (ei(9132—9142) + ei(9142—9132))

+ a3342i9f32 (ei(9132*9142) + ei(9142*9132)) (4.143)

Expanding the complex terms by using Euler formula, we’ll obtain the following

expressions:

. 61(9132*9142) . 61(9142*9132) — cos —H130) — isin (9142 _ €132)
— Cos =0132) — isin (9142 - 9132)

= eil0e=0a2) _ pil01a2=0132) — _9;5ip (049 — O13) (4.144)
ei0142—0132) 4 pi(0142—0132) — (g (0142 — O132) —M
+ cos (042 — O132) + isin =U132)

= ¢H0u2=02) 4 (il01a2=0132) — 94 (O142 — O132) (4.145)
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Combine ({.144) & (@#.143) with (#.143)) to get;

Zy7 = —23§2i9f42 — 2849030139500 (0140 — O132) + 2a334219%32003 (0142 — O132)
(4.146)
Similarly,
T = —Sugi — Sugi = — 25491 (4.147)

Simultaneous solution of (#.141)), (@.146) & @.147) yields the following result:

—28491 <5429%42 + a3él325in (9142 - 9132) - a39%32003 (9142 - 5132))

542 - .
—25422

(4.148)

= 542 = 8428.%42 —+ agélggsin (0142 — 9132) — CL39'%3QCOS (9142 — 9132) (4149)

4.2.3 Forward Kinematics of First Actuator

4.2.3.1 Position Analysis

When viewed from the front plane, the mechanism can be represented as in Figure

43

Figure 4.3: Front view of the first actuator

When we break the chain from point Q, the loop closure equation can be written as
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following:

s €11 4 OB | g = by 4y ape @30 (4.150)

sue = ayi+ by — aze’” (4.151)
The complex conjugate is;
841€_i9141 = —ali -+ b1 - a3€_i9131 (4152)

Multiply @.15T)) & (@.152) side by side;

84211 = CL% + albl'l. — alagie_wm — albli + b% — a3b1€_7'9131 + alagie_wm — agblewm

(4.153)
st = @i + a3 + b} + aragi (€7 — 7)) —agby (e 4 o013 (4.154)

Expanding K;;
Ky = P31 — 7131 — (g (0131) + isin (0131) — cos (0131) + isin (0131) (4.155)
— st _ =i _ 9igin (6131) (4.156)
Kip = €131 4 e7131 — (05 (f131) + isin (131) + cos (0131) — isin (0131) (4.157)

= eifi3 + e~ 0131 — 940 (9131) (4.158)

Substitution of (4.156) & @.158)) into (.154) yields that;

34211 = a% + ag + bf + ajagi (2isin (0131)) — agby (2cos (0131)) (4.159)

81211 = a% + CL% + b% — 2@1G3Sin (9131) — 2@3()1008 (9131) (4160)

When we inspect on (4.160), we’ll realize that this equation has one unknown 6;3;
since sy41 1s the input of the mechanism, which therefore will be specified by us.
However, this equation is not linear. Thus, some manipulations should be done in
order to obtain 63;. To do this, two different methods will be applied. In the first
method, the sine and cosine terms will be replaced by its half-tangent correspondents.
The second method will only be applied in the analysis of second actuator in Section
4.2.1.1

21?(171(%9132) [1 — tanz(%élgg)]

(4.161)

) costhzp =

sin9132 = 1
[1 + tan2(§9132)] [1 + tan2(§9132)]
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Substitution of (4.161) into (4.160) yields that:
2tcm(%9131) _ 92 1-— tanz(%é’lgl)
1 + tanQ(%ngl) 37 1 + tanQ(%ngl)

1 1
st [1 + tan® (59131)] = af + a3+ 07 + (af + a3 + 0F) tan”® (59131)

53, = a2 + a3+ b7 — 2a,a3 (4.162)

1 1
— 4&1(1325@71 (59131) — 2(1,3b1 + 2a361tan2 (59131>

1
= (a% + Clg + b% — 54211 + 2&361) tcm2 (59131)

N J/
-

Ay

~

1
—4ayastan (59131) +ad + a3+ b — 53, — 2a3b; =0

Bl Cl
(4.163)
This equation results in:
5 (1 1
Atan 59131 + Btan 59131 + C=0 (4164)
where
A =al+a3+0b — s3], + 2a3b (4.165)
B = —4ajas (4.166)
C =al+ a3+ b3 — 53, — 2asb (4.167)

Note that (4.164)) is quadratic in terms of tan (%«9131) . Therefore, 0,3, can be obtained

as;

_ 2 _
tan (9131) _ B vB —44C (4.168)
2 94
= 9131 = 2atansy <—B F Vv B2 — 4140, 2A> (4169)

Once we have obtained 631, 0147 can be obtained from LCE (4.151). Remind that
LCE has been obtained as;

S416i0141 = (lli =+ b1 — a3€i9131
Writing the imaginary & real parts of (4.151)

Re: 8410080141 = b1 — CL3€089131 (4170)

Im: 84182.719141 = a; — a38i7’L9131 (4171)
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Dividing (4.171)) by #.170);

a; — agsin9131

tan9141 =
b1 — a30030131

9141 = atan2 (a1 — agsinelgl, bl — 0/36089131)

4.2.3.2 Velocity Analysis

Taking the derivative of (@.151]), we’ll obtain the following;
: 16141 ¥ 0141 _ Q) 16131
S41€ + 541291416 = a329131€

Rewriting (4.174),
— 5416 = 30316 + 54170141

The complex conjugate is;

—i6141 —if141 —if141

—S541€ = —agibhzie — 54110141

Rewriting (4.176))

e 0w = Cl:ﬂ'elaleﬂg131 + 8410014171010

Writing (4.173)) and (#.177)in matrix form;

a3i619131 8417;619141 6131 _629141
= S41

a3i677,9131 8417:677,9141 0141 677,9141

From Cramer’s rule, 8,3, can be determined as follows:

_541619141 5412‘629141

3416*19141 8412'6*19141

0131 = : :
CL3?,€“9131 8412616141

agie*w”’l 8411'6*19141
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The determinants of (#.179) are expanded in (4.180) & (4.184) as follows:

—§q e gyjethin
= —541541% — $41541%7 = —25415417 (4.180)
spe” 0 g jemhu
agie®st sy iethn
= —a33416i(9131_0141) + a334lei(9141_9131) (4.181)
agie” 0131 gy i~ 0
= agsy (00703 — (ilfrm—ta)) (4.182)
= agsy1(cos =131) + isin (0141 — 0131)
—cos =0131) + isin (6141 — 0131)) (4.183)
= a3S41 (2ism (9141 - 9131)) = 21a384181N (9141 - 9131)
(4.184)
Therefore, combining #.179) with (.180) & (#.184);
: —2i8418 —5
o = 2isg1a381M (2114;11— ‘9131) N azsin (914j1— 9131) (185
: —3$
b = ot T - (4.186)

Similarly,

a3i6i9131 _é41€i9141

agie_i0131 341€_i014l

0 4.187
141 2ia35415in (0141 — 6131) ( :

Since the determinant of denominator of has already been found in (4.184);

next step is to expand the determinant of the numerator.

agie¥1t  — gy i1l
= agsqnie’ 370 4 gy ie' O 0s0) (4.188)
agie” 0131 gy e 01u
= azéqi ('O 4 lOu=0is)) (4.189)
= azS410(cos (0131 — ba1) + isin =0141)
+ cos (bh31 — O141) — isin (Besr="0141)) (4.190)
= 2iaz$41c0s (0131 — O141) (4.191)
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Therefore, combining (.187)) with @.197);

9141 _ 2ia3841€08 (0141 - 9131) _ $41€08 (9141 - 9131) (4.192)

21a3541 51N (9141 - 9131) 54151N (9141 - 9131)

. : 0141 — 6
Orpy = 541003( 141 131) (4.193)

S415in (6141 — G131)

4.2.3.3 Acceleration Analysis

Remind that in (4.174), VLE has been found as:
S0 + 5470010 = —agzibze
In order to obtain the acceleration terms, we need to take the derivative (4.174).

o P P - o
S0 4 841001417 + 54900141€" — 841074, 4 541001417

= —&3ié1316i9131 + Clgéiyjleioml (4194)

Rewriting (4.194))

3101313 4+ 54130141 = —541€9 — 2584130141 4 54103, 4 @302, €01
(4.195)

The complex conjugate is:

16131

B —it . —ip o —id
—agibiz1e — 841001167 = —8e” M 4 2849101497

+ 54102,,e7 09 q02, 70 (4.196)

Writing (4.193) & (#.196)) in matrix form:

a32'19131 3412'619141 9131

_agl'—%9131 _5411'6—29141 9141_

_541619141 _ 25“412.6141619141 + 8410%41619141 + aggiﬂezelgl

= (4.197)

—5416_10141 + 25417;91416_“9141 + 8419%416_10141 —+ a39%31€_19131
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élgl can be determined by using Cramer’s rule as follows:

Kis
7\

_541619141 _ 28'412'9141619141 + 8410%41619141 + agg%glelelsl 8412'619141

_5416719141 + 28'412.91416710141 + 5410%41677’9141 + a39%316729131 —5412.677’9141

O131 = 4 '
CL32€Z€131 8412619141

_a3ie*i9131 —841Z'€7i0141

N

TV
Kig

(4.198)
As it can be seen from (4.198)), we can name the determinant of the numerator as K3,
while the determinant of the denominator is called K14. Expanding these expressions,

we’ll obtain the following:

. . . ; 2 .59 A2 i(0131—60141
Kz = 8018411 — 28515010141 — 52,107, — azsifiy e’ 13— 0a)

s : . ) 2 2 52 (01410
+ 8415410 + 2841841641 — 55411074 — a3S411075,€ (0141 —0131) (4.199)

= Kz = 285 sni — 255103, — azsanifiy; (e' @51 70m) 4 lOn=0u))  (4.200)

Expanding the complex terms by using Euler formula, we’ll obtain the following

expressions:
ei0131-011) 4 pilrar—b1a1) — (55 (6131 — O101) + isin = a1
+ cos (0131 — O141) —M (4.201)
= 6“0131_0141) + ei(0141_6131) = 2005 (0141 — 6131) (4202)
Insert (4.212)) into (4.200)) to get:
K13 = 2i§41841 — 21'842116)%41 — 21'(138419%31608 (9141 — 6131) (4203)

Similarly, /(7,4 can be expressed as:

K1y = azsq 21701 — gy e =011) (4.204)

K14 = a3Sp1 (61(913179141) _ ei(914170131)) = —2iass,8in (9141 _ 9131> (4.205)

Combining (#.203) & (4.205)) with (4.198) yields that:

2@841 <841 — 8410141 — CL39131008 (0141 — 9131))

é131 =
—21a3841 81N (‘9141 - 9131)
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(541 - 5419%41 - a39%31003 (9141 - 9131))
= - (4.206)
—ag3stn (9141 - (9131)

.- —541 + 8410'%41 + Clgé%glCOS (9141 + 8131)
e agsin (0141 — O131) ( )

Similarly, 5141 can also be obtained by means of Cramer’s rule:

Kis
7\

Ve

agiewl?’l —54167'9141 — 25"417:9141626141 -+ 5418%41626141 -+ CL38%31626131

; —i6 P —i6 Yy, —1i0 )2 —i6 12 —16
—aszle w0131 —S41€ 141 +2841191416 w141 +S4191416 w141 +6L391316 131

é141 = : .
—2ia38418tn (9141 - 9131)

(4.208)
Since the determinant of denominator of (4.208) has already been found in (#.203);
next step is to expand the determinant of the numerator. As it can be seen from
(#.208), we can name the determinant of the numerator as Ki5. Expanding this ex-

pression:

_ e . i(60131—0 . o i(60131—0 )2 (0131 —0
K15 = —aziyie (0131—0141) __ 20,384191416( 131—0141) + CL35419141€( 131—0141)

+ a%i@%m - a3§41i€"‘(9141_9131) + 2a3$41914162(0141_0131)

+ agsqif e 0 4 a2if (4.209)
K15 — —013..9;417; (ei(9131—9141) + 6i(9141—9131)) + 2a33419141 (€i(9141—9131) _ ei(9131—9141))
+ a3541i9f41 (ei(9131—9141) + ei(9141—9131)> + 2&%2@%1 (4.210)

Expanding the complex terms by using Euler formula, we’ll obtain the following

expressions:
- eilsi=ia) 4 oiOra—0is1) — g (0131 — O141) + isin = 0141
+ cos (bhg1 — Ora1) — isin(Bsr="0141)  (4.211)
= /Om=0u) 4 in=0151) = 9005 (0131 — O1a1) (4.212)
@ On=0m) _ pils=0a1) — cog =0131) + isin (0141 — b131)
—M— isin (0141 — 0131) (4.213)
= lOn=0im) _ pi0s1-0141) — 9j5in (A4, — 0151 (4.214)
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Therefore, 9141 can be found as follows:

—2a3s41C (9141 - 9131) + 4a3iS41914lsin (9141 - 9131)

+2a3541iéf410 (0141 — O131) + 2m§9$31

fray = . -
—22(133413@71 (9141 — (9131)
§41€08 (6141 — O131) + 25410141510 (6141 — O131)
i —8419%41605 (0141 — O131) — aséfsl
41 = :
141 S418in (0141 — 0131)

4.2.4 Inverse Kinematics of First Actuator

4.2.4.1 Position Analysis

(4.215)

(4.216)

The purpose of the inverse dynamics is to find s4; & s4o for desired 0131 & 6135.

Remind that the LCE and its conjugate has been found in (4.151)) & (4.152)).

841616141 = ali + b1 — a3619131

Conj: sye 014 = —aqi 4 by — age 13!

Multiply @.151) & (@.132) side by side to obtain:

531 = aj + a1bit — aqjagie — ai1bt 4+ b7 — agbye

. if i 2
+ arasie™"® — azb e 4 aj

2 2 2 32 - if —i0 —if i0
= sy =a] + a3+ b + arast (e’ Bl e 131) — asby (e W18t 4 e 131)

Using Euler’s formula:

et _ o701 — (050,41 + isinfiz; — cosBiz1 + isinbiz = 2isinbia

0131 1 =131 — o5f131 + isinbig, + cosbiz — isinbiz = 2c0sbis

Combining (#.218) - (@.220), we’ll obtain the following:

2 2 2 2 o)
Sy = ap + Aas + bl + a1a322@89131 — a3b1209131

2 2 2 2
Sq1 = Oq + as -+ bl — 2&1@389131 — 2@3()100131

= [ S41 = \/CL% + a% + b% — 2&1&359131 — 2&35109131
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4.2.4.2 Velocity Analysis

The VLE and its conjugate has been found in (¢.174)) & (4.176)) as follows:

o G G
S + 841101416 = —agifyz e

COl'le 5"416_10141 — 841i0141€_10141 = —a3i€1316_Z9131

Writing (4.174) & (@.176)) in matrix form:

6i9141 S41i€i0141 é41 —a3i01316i9131
_ (4.224)
€_i0141 —541i€_i0141 941 a3i9131€_i0131
Kis
N\
I Y
_a3i9131619131 5412'629141
a3i¢91316_i9131 —841i6_i6141
S41 = (4225)
etfa1 8412'ei9141
e~ 10 _S4lz'€—i9141
N >
Vv
K7
The determinants of (£.223) are expanded in (4.226) & (#.227) as follows:
—a3i91316i9131 541i€i6141
K6 = = —a3s410131" MO 4 a5, 0,5,€" O~ 051)
agielgleiwlgl —841i67i9141
(4.226)
etf141 841i6i9141
K17 = = —S41i — S41i = —2841i (4227)

e—i9141 —841’i€_i6141

Rewriting (4.226);

Kig = a3s416131 (62(9141*9131) _ 61(9131*9141))
= a3S410131 (COS (9131 - 9141) —181n (9131 - 9141)

—COS (9131 - 9141) —is1m (9131 - Q141))
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= —2ia354191315in (9131 — 6141) (4228)

Therefore, combining (@#.223), (4.227) & ([@#.228)), 54, is found as:

—2iag54101315 (0131 — O141)

= —2@841
= 03913181n (631 — O11) (4.229)
=841 = —agélngin (9141 — 9131) (4.230)

4.2.4.3 Acceleration Analysis

Taking derivative of (#.174), in (#.193)) the acceleration expression has been found

as:

541€01 2541060141 4 549301410 — 3419%41€w141

= —a3i9131610131 + agﬁfglewlgl
The conjugate expression has been determined in (£.196) as;

3416720141 — 23412.(91416719141 + 8412'91416719141 — 8419%416719141

—i6 2 —if
= +CL3291316 1314 CL39131€ 131

Writing (@.193) & (@.193) in matrix form:

629141 8417;619141 S50

(4.231)
6—i9141 _S4lie—i9141 é141_

Y, 16 )2 16 i0 )2 i0
—2841@01416Z 141 8410141€Z 141 — CL3’L€13161 131 agﬁlgle’ 131

o L L N
254110141670 4 54107, €709 + agibze” 0 + agffy e
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From Cramer’s rule, 54; can be written as:

2541101419 + 54102, 0101
_G/Siélglei‘gl?’l + G39%31€i9131 S41i€i9141
Klg <
2541101417101 4 54102, e~ 01n
_i_agiélgle—i@md + a39%316_i0131 —841’i6_i9141
S = (4.232)

ei9141 841i6i€141
Klg —

e—i9141 —841’i€_i6141

Expanding K5 & Kig:

Kig = —254r5710141 — 53,0074, — 3541013, 031 70180) a3841i9%3162(9131_9141)

28415710141 — 53,1074, + (3541013, " 014170130 _ a3841i9%31€l(9141_9131)

(4.233)
= K5 = —23?11i9%41 + agsnbin (ei(9141_0131) — 6i(9131—0141))

. a3341i9531 (ei(9131*9141) + ei(9141*9131)) (4.234)

Expanding the complex terms by using Euler formula, we’ll obtain the following

expressions:
ela=bia) _ piBa—0a) — (g =O131) + isin (0141 — O131)
— cos =0131) + isin (0141 — O131)
= /=) _ i) — 2gin (0149 — O131) (4.235)
O 09 — o5 (0141 = 1) — isin (rer=T5ar)
+ cos ((9141 — 9131) + 1811 — 131)
= ei(9131+9141) — 61(914179131) = 2COS (6141 — 9131) (4236)
Combining (4.234) - (@.236);
Klg = _Zsiliéiﬂ + 20/3841(-9.13182'71 (0141 — 9131) — 2@&35419%31008 (9141 - 9131)
(4.237)
Klg = —841i — S41i = —2541i (4238)
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Simultaneous solution of (.232)), (.237) & (4.238) yields the following result:

—21 (8319%41 - a3s4191313in (9141 - 9131) + a3841‘9%31003 (9141 - 9131))

541 = -
—2ZS41

- - > : -
S41 = 8419141 — azfiz18in (9141 - 9131) + a39131008 (‘9141 - 9131)

4.3 Denavit - Hartenberg Convention

(4.239)
(4.240)

In Figure 4.4 a sketch that shows unit vectors of all reference frames is given.

Note that same coloured unit vectors represent the unit vectors of the same reference

frame.

Figure 4.4: Sketch showing unit vectors of the coordinate frames
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Table 4.1: D-H convention for first concept design

ag | o | Sk | O

l|la | #/2 | 0 |6

a9 s S9 02
0 —7T/2 S3 93
0 0 0 |6

AW
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O ) o —
TR, 0
\ | Us A,: intersection of . u3 &a u1
|
| A;0; : Distance between . u 0, ﬁél) along ﬁgl)
—(0)
® m‘” lU1 OuA; : Distance between u(o)& u1 along u(o)
|
|
—(0) a] = A101 = a; = 142 mm
X & 20
OO = A1 o1 — 4 [

Uy '] about ﬂ’gl) = o =7/2
s1 = OpA; (along Ugo) ) = s;=0mm

6, = £ [0 — @t about @3]
Figure 4.5: Schematic representa-
tion of parameters included in the
first row of Table @
U(Zl )
I
- ) ‘\02
,\\
3 \.\ A, : intersection of . u3 & @
e i A50, : Distance between g it u along a?
E | —@
B l& U4 0; A, : Distance between ug )& it u1 along ué )
v - ~.(1)/ as = As09 = a9 = 142.1 mm
T Ay Us

ay — £ [@) = @) about ¥ = ap =7

s9 = 01 As (along ﬁgl) ) = S, =25 mm

_ (1) ~(2) —(1)
Figure 4.6: Schematic representa- Op = & [t — ti;”" about ti;]

tion of parameters included in the

second row of Table @

As @ intersection of ﬁz(f)& ﬁf’)

A3Os : Distance between . u3 & i u along ﬁ?)

0, A3 : Distance between @ ul & u(3) along ﬂ’:(f)
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|
) Uy 5
| 52 |
gz \ A =(1)
\ j,__f - f' u 3
HHHHHHH ) —(1)
01 \ 'H AZ u 3 :
Y]
§ ' "U)
Voo AU
V-0
—mj AU
Uy
L e =
e —— —-—fe U3(0) ~(0)

Figure 4.7: Schematic representation of additional parameters included in the second
row of Table @

Uq
SN
\\
© | = O
2 ; \O
\2
U‘3" \
//// \\
\
\
\
\
)

e —=(1)
s /\ﬂ
A, VL Us

Figure 4.8: Schematic representation of parameters included in the third row of Table

il
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az = A303 = a3 =0 mm

~(3)

oz;;—)é[ —>u3 (®)

| about @} = a3 = —7n/2
s3 = Oz A3 (along ﬁ3 ) = s3=19mm

05 = £ [0 — @ about ﬂ’:(f)]

A, : intersection of @ u3 & i *(4)
iy

( )

A,0, : Distance between u( )& it u3 along

O3 A, : Distance between ug & il ul along Uy

CL4:A404 = a4 = 0 mm

(3) —(4)

ay — £ [y —>u3]ab0utul = ay =0
Figure 4.9: Schematic representa- sS4 = O34, (along @, U3 ) = s4 = 0mm
tion of parameters included in the 61 = & [@? — @i about 7]

fourth row of Table @

By using the variables tabulated in Tabled. ] we can write the transformation matrices

as follows:
C01) _ sy pinan _ a6y iam/2 (4.241)
C(12) — pusb2 ez _ U302 iam (4.242)
C(23) — puals jlnas _ sl uim/2 (4.243)
CB34) — puabs (4.244)

4.4 Orientation of the Platform w.r.t Base Frame

ot G = (O _ GODEIEED G0 (4.245)
Cf — 6’&391 61117!’/2612392611171'612393e—ﬁlﬁ/26ﬁ394 (4246)
C« — 611391 6’&171'/2611392 67]17T€ﬂ392 e—ﬁlﬂ/26ﬁ394ealﬂ/i6_7117r/2 (4247)

eﬂ‘2r94
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C = eu301 euﬂr/QeU392 €u1ﬂ€U393€7u17r eu17refu17rezm94eu17r/2
o—iiz03

C = eu301 €u17r/2er3€2 \eulweugﬁefulﬂ 6u17r€7u17r/2

AN J/

N —~

e— U204 el1m/2
O — pisbr piam/2 yiin0 ;=T m/2 /2 ,—ii303 ,—iiz0s a2
~ 4
6_2292

C« — eagolef@eg eﬂlﬂ/267ﬂ30367ﬂ1W/2 eﬂ17r/2€71~l,294e*ﬁ1ﬂ/2 eﬁ1ﬂ'/2eﬂ1ﬂ'/2

N

~~ ~~ ~~
eli03 e— U0y el ™

C = eu391 6u3(93—92)e—U394€u17r

4.5 Position of the Center of Gravity of the Platform w.r.t Base Frame

Link to link transformations can be expressed as follows:

—_—
Fk = Skué 2 + ag _‘(k Ok_lOk
The position vectors can be defined as follows:

L — "
P01 = 0001 == 816:())0) + alﬁg ) = = alﬁgl) P[)l = alﬁgl)
— % ) i .
P02 = 0102 = Sgugl) + agu?) PUQ = szué ) + asu (2)
ﬁog = 0203 = 53u§ ) + Clgug ) — = 831,_[:())2) Pog = Sgﬁg )
P04—0304—54ug)+au1 =0 ﬁ0420

7p: Position of the center of gravity of the platform w.r.t base frame

7= OB = 090, = 090, + 00, + 0304 + 050,

= a g)+82u(1)+a u§)+33*(2)

Let7 = 7% = {7}’

F = a7 4 570 4 0,0 1 5,

F = alé(O,l)ﬂl + 320(0,1)53 + agC (0,2) Ty + 310(072)u3

U301 u17r/2u +8 6u391 u17r/2u —|—CL €U391e11171'/26ﬁ302€1217r

=3l

= a1

Uy

-~ -~ -

1 2 3

+ 836u3916u1ﬂ'/2€u392 eulﬂﬂg

J/

-

4
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(4.249)

(4.250)

(4.251)

(4.252)

(4.253)

(4.254)
(4.255)
(4.256)
(4.257)

(4.258)
(4.259)
(4.260)
(4.261)
(4.262)
(4.263)

(4.264)



= eu36‘16u17r/2ﬂ1 _ 6“391ﬂ1

— lsth eﬂlﬂ/zﬂ3 = elisth (ﬂgC(W/Q) - HQS(W/Q))
—_—— ——

0 ug

= —6u301ﬂ2

= Ul im/2ptabayy) — (U801 IT/2 (7 ) 4 Ty s56,)

= B0 (T ey + 50y (Tac(m/2) +Tzs(7/2))
—_ —
us3

= "% (U, chy + Us50;)

:> eﬂgel 6111”/26&3026&1”@3 — 611301 61117r/2€ﬁ392 (ch(ﬂ_)) _ EQS(W))
N—— N——

—u3 0

— _eu391 euﬂr/ZﬂS

— —e"% (Uge(m/2) — Tps(m/2))
——

u2

= €u391ﬂ2

Compact form of 7:
T = €a391 (ﬂl (CLl + a2092) + 62(83 — 82) + ﬂ3<a2892))
Further expansion gives 7 = 7(%) as follows:

T = (Cll + as + 092)<ﬂ1091 — ﬂQSel) + (53 — 82)(ﬂ2691 — ﬂlsel)
+ Eg(CLQSHQ)
T = ﬂl(alcel + (12601062) — ﬂg(angl + ags€1092) - El((Sg — 82)891)

+ Ua((s3 — s2)cby) + U3 (azsby)
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T = (ﬂlalcel + a2091092 — (Sg — 52)861) +U_2((83 — 82)C91 — a1891 + a2891092)

Bg 2
+ U3 (azsbs)
=
(4.272)
F=may) + iy + iy 4.273)

4.6 Inverse Kinematics of Disturber and Stabilizer

In this section, the purpose is finding the corresponding joint variables, given C&T

Start with 6;:

T = eﬂ?’el (ﬂl (CLl + GQCQQ) + ﬂ2(83 — Sg) + ﬂg(agseg)) (4274)

T = 6_113917 = (El (a1 + CLQCQQ) + ﬂ2(83 - SQ) + ﬂ3(a2392)) (4275)
Multiply both sides w,

Tl e B T = 55 — 5y (4.276)

(Thehy — u'sl,)r = s3 — sy (4.277)

rochy — 118601 = s3 — $9 (4.278)

Let ro = riasiny;, 11 =ripc08y;, find ris & 7 4.279)

r19 = /72 + 12 — known = If ri5 # 0 = v, = atany(ry;r1) — known (4.280)

7”128’}/1091 — 7"12671001 = 83 — S2 (4281)

sm(% — 01) = (83 — 82)/7“12 =M — known (4282)

cos(yy — 01) = o1n/1 —n} = 1 — 01 = atany(nr;0154/1 —n?) (4.283)
= 01 =y — atany(Q0154/1 — 1n?) (4.284)
\ifl )

Interpretation of r4:
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-
Sa e
e '”//'_,, @
R ‘/j_,_, e\ Ué a”(ﬂ
S 5.35'2 \ 1
,G@\ a"(z)
R
S2
T .=
/,4\\\\< \‘ \L)\ \\\\ '
\_),3 \.\ N, ¥
O | ~
ey
9\\\\
\/)‘:L- ) U’S(U)

Figure 4.10: Interpretation of ¢

01 = +1 = ¥, : Acute Angle(costy) > 0) : Left-Shouldered configuration
01 = —1 = Wy : Obtuse Angle(cosy) < 0) : Right-Shouldered configuration

rt = ay + aychy = Ul e 0T (4.285)

(ﬂicGl + EECGQ)F =ai + &292 = 7’1691 —+ 7’2891 =ay + (12602 (4286)

ry = ayshy = Ege’ﬁ‘"’alF =  r3 = assby (4.287)
9 6,) —
L= g, = O~ (4.288)
a2 a2
= 0y = atany(r3(ricly + resbh) — ay) (4.289)
We can find 05 & 6, from C'. Remind that C'is:
C = et ialla=02) oiabaginm (4.290)
e BN G — gU2(05—02) o —iis0s (4.291)
é*
C3 = e (03— 0e) glstal (4.292)
Cy = wie™ 07 (4.293)
Cis = T, (Uzcos(Bs — 02) + Wy sin(fs — 65)) (4.294)
Cis = sin(03 — 65) (4.295)
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cos(0s — 0y) = o3\/1 — CZ, (4.296)
‘93 - 02 = atanQ(C'iks, 0314/ 1-— Ci%) (4297)

03 = 02 + atanQ(C’fg, 03 1-— Cfg) (4298)

g
«

Interpretation of o3:

A4S
1 5in gz = +1
21 -d ’
- |®
Cos g - COS
(=5 y
gy =—1 ]
Figure 4.11: Sign convention of 03 ac-  Figure 4.12: Representation of the
cording to the sign of the angles acute and obtuse angles
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|
|
I
1/ —(1) © out of page
u 3 ® into the page
|
|
I
I
I
|

—(0) —(0)
Uz —= > Us
Figure 4.13: Interpretation of oj: Figure 4.14: Interpretation of oj:
03 = +1 configuration 03 = —1 configuration

03 = Acute angle 03 = Obtuse angle

First singularity occurs when cos(f3 — 65) = 0
= 93 - 92 = 7T/2

Let’s return to

C’ — ea391 eﬂ2(93—92)6—ﬂ3946ﬁ17r

Insert (4.299)) into (4.300)) to get:

C = 6“301 €u27r/26—u304eU37T

1

——
CY _ eagel 611271'/26711394 e*ﬂgﬂ/Qeﬂgﬂ‘/Q eﬁgrr

~~
(-37“'194

(4.299)

(4.300)

(4.301)

(4.302)

C' = e -1 = Note that 5 cannot be determined since it has disappeared from

the rotation matrix.
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83282+'|sz

U3
| 8, 4u,”
\ i
’
—(1) ;; —0) Y | .
Uy g $U3 u1m I u1(3)
|
L 1
u1()
—(0

3

Figure 4.15: Interpretation of the sin-  Figure 4.16: Interpretation of the sin-
gularity : cos(f3 — 62) =0 gularity : sin(fs — 63) =0

Second singularity option is sin(f3 — 0s) = 0:
= 93—92:0 or 93—92:7{' (4303)
The first option for this singularity is as follows:

93 — 92 =0 = 03 = 02 (4304)

As it can be seen from the figure 7151) becomes parallel to 1153) so #3 becomes indistin-

guishable! Let’s return to C;

C = et gha(02-02) o= aba gl (4.305)
W—/
1
C = et gusbapinm (4.306)

03 vanished from rotation matrix and cannot be determined. The second option for
this singularity is as follows:

I —— (4.307)
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From (#.297),

sin(m) cos(m)
63 - 92 = atan2 (sm(93 — 925, 208(63 — 92)5 (4308)
0
= 03 = 0, (4.309)
Since @.307) & (#.309) contradicts; 65 = 05 + 7 is not a solution.
6, can be extracted from C as follows:
T = Tte™0a02) o —unbagy, (4.310)
Ch, = uhe ™%, = T (U cly) + Tasy) (4.311)
by =o4\/1—C32 (4.312)
0, = atany(C3y, 040/ C32) (4.313)
4.7 Forward & Inverse Kinematics of Stabilizer
Amm
4 U1(0)
/ 0
i/ —@\ 1
92 // Uy \(
W . 6,
/ e
»'”@?/U/a(o)
Ué” —(0)
- —3(1) : UB(:).) el
Figure 4.17: Side view Figure 4.18: Front view
U‘1(2)
= 01=0p= A=Ay Ay ¢ Intersection of ﬁék_l)& ﬁgk)

Oy, : Intersection of ﬁgk)& Us

& —@
4 i =

Figure 4.19: Isometric view
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ar : Distance between ﬁgkil) & 'Jgk)
along 7"
g uy

a U *(0) & ﬁ(l) along ﬁgl)

Table 4.2: D-H convention for stabilizer

as: 15 & f(f) along ug )
ag | o | Sk | O ag : £ [uék R u ) about ﬁgk)]
10| —m/2]0 |6 s, : Distance between u(ll~C V& J§’“>
210 0 0 | 0, along ugk 2
S1: ) along i)
1 g us

g &u u1
S9 1 U § &a ul along a)
In order to obtain the forward kinematics of the system; we’ll start with deriving link

to link rotation matrices.

CO0D) _ iistr pinan _ izt ,—inr/2 (4.314)

0(172) — 617,3926’111012 = 61]302 (4315)

Orientation of the platform w.r.t base frame can be expressed as follows:

C02) — £(0,1)(1,2) (4.316)

((02) _ st ,—inm/2 ii30s (4.317)

C22) _ st gm/2etalagian/2 pium/2 (4.318)
et202

((22) _ ,us01 2l j—ism/2 4.319)

Position of the center of gravity of the platform w.r.t disturber frame can be expressed

as follows:

7 = skug’“ D 4 i = Op 104 (4.320)
By = 000, = 22 + ardt? = 0 (4.321)
B = 0,05 = 5,82 + ari® = 0 (4.322)

7=0k=0 (4.323)

In order to obtain inverse kinematics of the system, we can start with transformation
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matrix.

C = eWhelatremim/2 (4.324)
Ce T2 = clisth glial (4.325)
——
C'*
We can obtain #; & 6, from the rotation matrix as follows:
Cty = Uhe™" e, (4.326)
Cry =T, (™97, = T, (Tachy — Tys6y) (4.327)
Cr, = —s0y, ¢y = o\/1 — C32 (4.328)
= |6, = atan, (—C*;g, o1\/1— C*;g) (4.329)
Similarly,
CAg:l — ﬂéeﬂ391 6ﬁ292ﬂ1 — Eg (6ﬂ292ﬂl)
= ﬂg (Elcgg — ﬂgSeg) = —86)2 (4330)
sy = —Ci, by =091 —C32 (4.331)
= |0, = atany (—égl, oo/ 1 — éfg) (4.332)

Singularity occurs when cf; =0 = 6; = /2 or 6; = 37/2.

[lustration of this singularity:

©

A

61 =T11/2 IIT]

—(1
U1(

) —(0
U

—(1)

—()
3 Uy

;
u

Figure 4.20: Illustration of the singu-

larity: ﬁgo)

when 0, = /2

(1 .
& ué ) becomes co-linear

Figure 4.21: Illustration of the singu-

larity: ﬁgo)

when 0; = 37/2

(1 .
& ué ) becomes co-linear
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Similarly, another singularity occurs when ¢y = 0 = 0y = 7/2 or 6, = 37/2.

(1) (1)

U Uy
e, =mR 1 g,=3mp
—(2)
Uy = ® T O——
—(0
— (1 —(1
u 3f ) U?E ! 8

Figure 4.22: Illustration of the singu-  Figure 4.23: Illustration of the singu-
larity: ﬁ?) & ﬁéo) becomes co-linear  larity: ﬁ?) & ﬁéo) becomes co-linear

when 0y = /2 when 0y = 37/2

IMustration of o:

u
1
A ‘ U;(O)
—(0)
g Uy (1)
T, B 2t
/
6, 7 6, <0
] (1) £
—(0 u
U, 3 /
(1) 1/ | 2m— 6,4

Us 4

ﬁ(ol

Figure 4.24: Illustration of the o;: 01 = +1 Figure 4.25: Illustration of the o4: 09 =-1

4.8 Forward & Inverse Dynamic Analysis of Stabilizer without Disturber

The free body diagrams of the bodies of the stabilizer can be found in figures §#.26]
and
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FG
Figure 4.26: Free body diagram of  Figure 4.27: Free body diagram of
Body 0 Body 1
BODY 2
- Ry

Figure 4.28: Free body diagram of Body 2

The Newton-Euler equations are composed of force and moment equations. The force

equations for the bodies can be written as follows:

ﬁG + ﬁlo + mog = moc?co

Mode, =0 = Fg— Fy+meg=0 (4.333)
ﬁm + ﬁm +mg = myd,

=  Fy1 — Fio +m1§ = mid., (4.334)

= Fio+ Fy + mag = mad,, (4.335)
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Similarly, the moment equations for the bodies can be written as follows:

Jo - Go + Wy % Jy - Wy = Mg + Mg + Foc x Fg + For x Fig
= Jo- @y + Gy x Jy - Wy = Mg — Mg+ Toe X Fog —Ton x Fon  (4.336)
Jy @y 4+ x Jy 1 = Moy + Moy + Fio X For + 7o X Fiy
= Jl'@1+ﬂ71><j1'w1=M01—M11+7710><ﬁ01—7?12Xﬁn (4.337)
= Jydy 1y X Jy -y = Myy + 7y X Fig (4.338)

Force and moment reactions can be expressed in either of the bodies they act be-
tween. Therefore, in order to avoid confusion, the scalar parts of these vectors will be

distinguished by means of prime and double prime.

Foy = Z ka“k Z ka“kl ) Moy = Z MOlkuk Z MOlkuk )(4 339)
k=1

k=1
Fip = Z ka“k Z ka“k2 ) My = Z Ml?kuk Z MIQkUk )(4 340)
k=1 k=1
Next step is to derive the kinematic equations of the stabilizer. However, these equa-
tions will be valid only if the stabilizer is not attached to the disturber or when the
disturber is inactive. More comprehensive kinematic equations which are valid also
when the disturber is active will be investigated in the upcoming sections. (Section

numarasi yazilacak buraya)

Bro = 670, Gy = G (4.341)
ﬂ’(cb/a) _ é(a,b)ﬂ’gb/b) (4.342)
ﬂ’(co/l) _ Cﬁ(l,o)ﬂéo/O) (4.343)
CO/1) _ s ,—iizm/2 (4.344)

— OW/0) _ ginw/2,—iis0 (4.345)
ago/l) _ 612177/26—’11391H3 (4.346)

N ugo/l) _ u171'/2u = Uy (7 /2) — Ups(m/2) (4.347)

=

S 7 g o gl® — ) (4348)

Inserting (4.348)) in to (¢.347]) will result in:
Wy = Wy = 0 (4.349)
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i = iy = =0y = i = ity (4.350)
Uy = tWajg = Wap + Wrjo = Ooity” — 015 (4.351)
We know that
H21/2) — e~ W02, — Tochy + Ty 565 (4.353)
ES/Q) _ ng/z)s(g2 i ﬂ§2/2)092 (4.354)
iV = @250, + @5 by (4.355)

Also we know that,

) =a (4.356)

Simultaneous solution of (#.35T)), (#.353), (@.356)) yields the following:

Wy = Ot — 61(@S? 50 + @) ) (4.357)
Wy = —015050 — 61055 + Oy (4.358)

We can proceed with the acceleration as follows:
O_ZQ = —(91392 + 9192092)7152) — (91092 -+ 9192892)6&2) + (92’(_[5]2) (4359)

Since we have obtained the angular accelerations, we can continue with finding the
linear accelerations. The position vector of the center of gravity of the Body 1 with

respect to the base frame can be expressed as follows:

L (1) (1)

= 7oy o = T 4 110 + 13l (4.360)

In order to obtain the velocity of the mass center of Body-1, we need to use Corio-
lis(transport) theorem since the velocity expression is defined as the derivative of the

position vector with respect to stationary Body-0 reference frame.

?71 = DoFl = lel + 1171/0 X 77‘1
=0- 016&1) X (7’116&1) + Tlgﬁgl) + 7’13’17:(51))
= ¥ = —bOir3@" + —0yr il (4.361)
Again by using Coriolis theorem,

ay = Doty = D17 + W0 X U
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70— g x

= —(917"13165 + (917'1 Usg ( 917’1365” + 91T11ﬁ§1))

= —(917”1365 + 917”11’17& - 927”13?7& — 92T11ﬁg1)

= 61 = —(9.17’13 + 9%7’11)69) (917”11 — 8 7”13) TS (4362)

Similarly, the position vector of the mass center of Body-2 can be expressed as:

FQ = FC2/0 = 7’211752) + T23?j§2) since T29 = 0 (4363)
By using Coriolis Theorem,
D07’2 D27”2 + w2/0 X 7’2 (4364)
172 = 0 —+ (—91892111 — 91092172 —+ 0217;())2)) (Tglug ) + 7“2317;2)) (4365)
172 = —91002r23ﬁ§2) + —910627”21@’:(52) — 910027’2327& + 927"211—[52) (4366)
’UQ = (—910927’23)ng2) + (918027"23 + 927”21)69) + (916927"21)’1_[?) (4367)

In order to obtain the acceleration of the mass center of Body-2, we can use Coriolis

Theorem again. Therefore,

DOU2 D2U2 -+ w2/0 X Ug (4368)
Ei = ( 916‘92 + 61‘91882)7"231_1:1 + ((51592 + 9192092)7“23 + éQT’Ql)ﬁQ

_|_

(91002 — élégsﬁg)rmug ) (-91892@? ) — 910&2712 + ‘92 _’(2)>

X

(= 01059302 + (61502725 + Oaray )il (4.369)
(—01ch, + 9191392)7“23652) + ((91392 + 6, 92692)T23 + éﬂmﬁz
+ (51002 — 9192392)r21u3 — 07509793 + (9«923927“21) (9%3920927"21)7152)
— (B3P 0yras)iis) — (03¢* 00 )iy — (B100a733)05 — (102500723) + 03701 )T}
(4.370)
Ay = 652)(91092T23 +Q}Qﬁ9ﬁ— 9%02927“21 —M— 95721)
ﬁgQ)(51592r23 + 0167003723 + O3721 + 07 562005721 — 0307067723)

-+ Z_L:(f) (élcezrm — 91928927‘21 — 9282627'23 — é1928627”21 — 920292T23) (4371)

dy = 652) 01000725 — 9 01y — 03 5T21) + UQ (918927“23 + Oyrgy + 67 150505191 )
+ _):(),2 (910927’21 — 20,6,50579, — 917’23) (4.372)
Therefore, from (4.362);
Qc11 = —(é1T13 + 9%7“11) (4.373)
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aci2 =0 (4.374)

Ae13 = él'rll + 9‘%7’13 (4375)
Similarly, from (4.372));
Ae21 = —9.10927’23 — 9'%62927’21 — 9‘%7"21 (4376)
29 — —é18927"23 — é2r21 + 9%8926927’21 (4377)
Q23 = —9%0027“21 — 291625927”21 — (9‘%7“23 (4378)

Since we have obtained vector forms of Newton-Euler equations through (4.333)-
(4.338), we can proceed with deriving scalar equations for each body. For Body 0,

scalar force equations can be expressed as follows:

For—Fy =0 = Fo = Fy, (4.379)
Fao—Fyy =0 = Fay = Fyy (4.380)
Fas — Flyg —mog =0 (4.381)

Similarly, we can proceed with moment equations. For body 0, since both @, & dy

are 0, the terms in (4.382)) become 0 too.
Jo - Ao + g X Jo - 0y =0 (4.382)

Before moving further, we need to determine 77y, 2 & 7. In order to do that we

need to define 7yq & 701:
Toq = 7"0G1’17§0) + Toczﬁéo) + TOGSﬁ;(;O) (4.383)

Since rog2 = 0, 7o can be rewritten as:

o = rocr@) + rogaiy) (4.384)
Similarly,
To1 = 7’01177§0) + 7”01217?) + 7’01317;(50) (4.385)
Since 7512 = 0, 7p; can be rewritten as:
Tor = r0116§0) + 7"013?7;(1,0) (4.386)

Therefore, the terms in the moment equations can be found as;
o =1 (0 (0 (0 (0 (0
Tog X Fog = (TOGlug )+ T0G3u§; )) X (FG1U§ ) 4 FGW% )+ FG3U:(J, ))
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_ —(0) —(0) —(0) —(0)
= roc1Fotsy’ — rogilasty” +rogsFeity’ — rogsF et

= _TOGSFG2U§O) + (ToasFer — FOGlFGS)ﬁgO) + 7’0G1FG217;(;0) (4.387)

Similarly,
Fon X Foy = —ro13Fo10@,) Foir — rou Fois) @y Foodly) (4388
To1 X Lot T0134'012U1 +(?"013 011 — To11 013)“2 + 7011 Fo12U3 4. )

Hence, the moment equations are given in (4.389) - (4.391).

Mgy — M(;u + rocsFae + ro13Foi2 = 0 (4.389)
Mgs — My, + rocsFar — rociFas + ro1sFon + ron Foiz = 0 (4.390)
Mes — M(,)13 + roc1Fa2 — ro11Foiz = 0 (4.391)

‘We know that,

!

My =Tt — 00191 (4.392)

Combining (#.391) & (#.392);

Mgz — Tor + co16y + roc1 Faa — o1 Forz = 0 (4.393)

Since we have obtained scalar equations for Body 0, we will continue with obtaining
scalar equations for Body 1. To do that, the very first thing we have to do is to express

the gravity term in terms of the body coordinate system.

—(0)

mig = —mygid, (4.394)
ﬂgb/a) = (labgt (4.395)
ﬂgo/n _ 0(1,0)H§0/0) (4.396)
20— gMep, _ 70, (4.398)
ﬁgo) — @\l — 651)591 (4.399)

Inserting (4.399) into (4.394),
mig = —migily) = —mygeth @ +migsoras) (4.400)

Therefore scalar force equations can be expressed in (¢.401)) - (4.403):

1!

Foin — F1,21 — mygety = miae (4.401)
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1

Foip — F1/22 — my1gshy = miac2 (4.402)

1

Fois — F1/23 = M1Gc13 (4.403)

Next step is obtaining the scalar moment equations. The inertia dyadic of Body-1

about its mass center C'; can be expressed as follows:

3 3
J(C) =3 g (4.404)

k=1 l=1

when we expand ({.404)),

J(Cy) = Jy aVa + g @V @) + s asVald
+ Jio1 ﬁé )ul( + Ji22 ug )ug + Ji23 ug) e
+ Jiz1 ué )Uz + Ji30 Uy )u2 + Ji33 ugl)u(3 ) (4.405)
Also from (4.350), we know that
@ =~y @ = —6ay”
Then,
Jr-a@y = = (i) + D@y + i) Oy (4.406)
Wy X Jy -y = —91 75 x — (J112U1 ) + J122U2 % + J132 _’(1)> 91
= 6 (T + D) (4.407)

Combining (4.406) & (4.407), the left hand of the moment equation can be expressed

as:
jl . O_Z + U71 X Jl 'LU = u1 ( J11291 + J1326 > — ﬁgl) (Jlggél —+ Jllgé%) (4408)

The moment terms due to reaction forces can be expressed as:
o X Foi = (F101U(1 )+ o QU( )+ o Hﬂ)) X (Fouﬁgl) + Fou“é '+ ﬁé;3 4(1)>
= Ti01 Foyotls) — Fro1 Foriy — oo Pyl + Fios Fiy s — Fioa oyl
= T10 X Fop = 7151) <F102F(l)/13 - 7?103F(/)/12) + ﬁé ) (77103F(;l13 - 7:’101F[;/13>
0 N N (4.409)
+ 1_[3 <F101F012 - F102F011)
Similarly,

— =1 o —»(1) — -1 — =/ _;(1) N =1/ - —/
T X Fig = Uq 7’122F123 - 7“123F122 + Uy T123F121 - 7"121F123
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+ g (Fmﬁl’ﬂ _ Fmﬁl’21> (4.410)

Therefore, we can proceed by obtaining the following scalar moment equations of

Body 1 in @.411)) - @.413)

"

—Ji120; + J1329? = My, — Mim + 7”102F(;/13 - 7"103F(;/12 — 7“122F1/23 + 7“123F1,22
“4.411)

"

b / 1 1" ! !
—J12201 = Mg — Myge + 1103F 011 — 101 Fo13 — T123F 191 + 7121 Fo3

(4.412)

"

Jisa0y + J1120; = Moy — Mysg + 1101 Fy1s — T102Fg1 — T121 Fign + 1120 Flgy
4.413)

We know that

/

M,y = Tiy — c120; (4.414)

Combining (#.4T1) & (#.414)

J1o301 — Jnﬁ? = Mg3 — Tio + C120s + r01Fy1e — T102F011 — rio1Flas + m122F o
(4.415)
Since we have obtained scalar equations of Body 1, we can continue with working on
obtaining the scalar equations of Body 2. As we have done previously through (4.394)
- (4399); at first we need to express the gravity term in terms of the components of

the Body-2 Reference Frame.

Thus,
M = m2gg(0) (4.416)
ﬂlgb/a) _ Cf(a,b)ﬂlgb/b) (4.417)
We know that
O0.2) _ pisth ioby —m/2 _ A(20) _ iam/2 i2by U3 (4.419)
From (#.418) & (#.419)),
ﬂ§0/2) _ 61h7r/2 e—ﬁ292 e—ﬁsel Uy (4420)
ﬂ§0/2) _ 61117r/2 6—11292 (ﬂ1091 _ E2891) (4421)
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ﬂ§0/2) = 611177/2 (061 (ﬂlceg + ﬂgseg) — Egsﬁl) (4422)
ﬂgO/Q) = ””/2(111061002 — 'LL2591 + U3C91$92) (4423)
T2 = yc0;00, — 6, (Tac(m)2) +ss(7/2)) + e 505 (Tse(/2) —Tps(m/2))

0 0
(4.424)
ﬂg0/2) = uychictly — Uzshy — Uychcly (4.425)
ﬂgO/Q) = ﬂ1C61C92 — ﬂQCGl 802 — ﬂ?)sel (4.426)
ﬂgo/m :ﬂgm)c@lcé UQ/ )09 0y — 2/2) s0, (4.427)
" = @by — @D Oy 50, — @ 56, (4.428)

Inserting (4.428)) into (4.416) gives us the following result:
Mmag = mggu(1 ) = —mggcelcé’gﬁ?) + mggcé’13626§2) + m2g361ﬂ’(32) (4.429)

The scalar force equations of Body-2 can be expressed in

Maten = Fly — magebycbs (4.430)
Mateas = Flyy — maget sbs 4.431)
Mateas = Flyg — magst (4.432)

Since the scalar force equations are obtained, we can proceed by obtaining the scalar
moment equations. Similar to Body-1, the inertia dyadic of Body-2 with respect to
its mass center Cy and aligned with the unit rectors of F5(Cs) can be expressed as

following:

3 3
D(Co) = 3N Jow @ (4.433)
When we expand (4.433):

jQ(CQ) = nglﬁ?)’ljl ) + J212U UQ + le :(»)2)

+ J221U2 ul + J222u2 u2 + J22 ( )

(2)

—(2)
Ug
+ J231U3 ug + J232u32)ué + J233 :(3 ) (4434)

Remind that in (4.358)) and (4.359) we have found that:

= —918«92u1 — 01092U2 + 6)2 T
—(91802 + 01‘920&2) (91002 — 6102392) ‘I‘ 92 _’(2
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Using (4.434)),(#.358) & (4.359)), the moment terms can be obtained as following :

Jo + o = — Jo11 (6150 + 610500)T@> — Jogy (61505 + 6105¢05)i
— Jog1 (01505 + 010,¢05)5” — Jora (610 + 0,0550) >
— Jana (105 + 0,05505)@5 — Joga (6105 + 0,0550,) a5
- Torgfol) + Jaoabaits + ozl (4.435)
Rearranging the terms in (4.436),
Jo - @y =) (= Joni (61505 + 610085) — Jo1o (6105 + 6102560 + Jor365)
25 (= oo (61505 + 010505) — Jaga (61605 — 0162505) + Jnas6s)
400 (= Jast (G503 + 0105005) — Jogo (6105 + 0105505) + Jnazls) (4.436)
The second moment term is wh X Js - Ws; this term is a long one so we will expand it
in two parts:
Jo -y = — Jo11 (G1502)a@1> — Jaoy (61502)i0 g — Jog1 (61502) 0
— J212(91092)u1 — Jaga(01c0,) a5 — J232(91092)713

/\

+ o1 4 Janabails) + Jasafoily (4.437)
Rearranging the terms in (4.437)), we’ll obtain the following:

J- Uy = (—J211(91892) - J212(91092) + J21392)ﬁ§2
+ (—J221(91392) — J222(91092) + J22392)?7§2)
+ (—J231 <91892) — Jggg(élcez) + J2339.2)ﬁ§2) (4438)

Wy X J 1y = (—01505) (= Jag (—0150) — Jaza(—618s) + Jazsbs) s
— (—01560) ( — Joz1 (815605) — Jaga(61602) + Jagsllo) S
— (—61¢by) (= Jo11(615605) — Jara(61602) + Jorss) @
+ (—61¢65) (= Joz1 (615605) — Jaga(61602) + Jagsy) T
+ 0y (= Jor1(6156) — Jara(6rc0s) + Jo136,) @S
— Oy (= Jan1(61505) — Jana(61085) + Jagsbs) @ (4.439)

Collecting terms in (4.439),

1172 X j . 1172 = (J2219%S292 + JQQQé%S@QCQQ — J223919282002
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— Ja116250500y — Jo1262¢2 05 + J13005005)i5

+ (= Jo31025%05 — Jp3202505005 + Joz361055¢0,

— Jo1160102505 — Jo12010500 + Jo1360265c0)i0

+ (= Jo310? 5050 + Jo3202205 — Jo330,0¢0,

+ J021010250 — Jonnb100c0s — Jons62)ii\? (4.440)

The moment term due to reaction force F3; is analogous to the term of "7 g x Fp;”.

Therefore, we can express this term directly such as:

—(2)

- = —(2) " " " "
Tor X Frg = Uy (ro11 Flos — 1213 Fiag) + Uy (1213 Flo1 — 1211 Flos)

+ 175(32)(7“211 Flyy — ra12 Fiy)) (4.441)
Remind that the Newton-Euler moment equation for Body 2 found in (4.338)) was:
j2.u72 + W % jg.?ﬁg = Ml? + FQl X ﬁlZ

Therefore using (@.436), (4.440) & (@.447)), we can write the moment equations as

follows:

= — o1 (61502 + 0102c82) — Jo12(01c0 + 0102505) + Ja13(02) + Jaz1 (67 502c65)
+ J232(9%C292 — J233é192092 + J2219192592 + J2229192092 — J2239§
= My — ra1a Fioz — ra13Fly, (4.442)

= = JQ?l(élSQQ + (9192002) - J222(51092 — 0,050, + J223(é2) - Jggl(éfsé’gceg)
- J232(9%302) + (J233 - J211<9192092) — nggélégceg — Jgglég
= My + 1oz Fiyy — 1a11Fo; (4.443)

= — J231<91592 — 91é2692) — J232(é1C92 — 9192892) —+ J233(é2> + J221 (9%8262)
+ Ja22(0250560) + Jao3(6102505) — Jo1162505c0y — Jy1202¢205 + Jo13(61646,
= M5 + Ta11 Floy — o125, (4.444)

Finally, in order to reduce the number of unknowns, we need to relate the representa-

tion of forces and moments in different frames.
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Remind that in (4.339)), we have found that:

3

3 3
Fop = E :F01kuk E :F01kuk i Mo = E MOlk E Olkuk
k=1 k=1

Expanding (4.339),
) ' 0 10 (1 (1
F011u§ )+ qué )+ F013u§ ) = F011 at + Fou“é Ly F013 i (4.445)
If we observe (@.445)) in F;,(0);

F(;H_(O/O)“r‘F (0/0)_|_F01 —(0/0) __ FOH_(l/O)+F012_(1/0)+F01 (1/0) (4.446)

From (4.342)), we know that
’(c /a) _ é(a,b)ﬂ(b/l’)
](~C _ A0y 1/1) ﬂ](;/o) _ é(o,nﬂéO/O) (4.447)

Thus, from (4.447);

Egl/o) — é(O,l)ﬂgo/O) ﬂgQ/O) — O(O’I)ﬂgo/o), ﬂg3/0) — 0(0,3)ﬂ§’0/0) (4448)

Y

Inserting (4.448)) into (4.463));
F(;nug /0) +F0 2—(0/ ) +Fo 3—(0/0) _ F C(Ol 0/1) —|—F C(Ol 0/0)
— FyppCOD70Y (4.449)
= F(/)nﬂl + F(;12E2 + F(;13ﬂ3 = eﬁseleiulw/z(Fonul + F012U2 + F013“3)
(4.450)
Expanding each multiplication, we’ll obtain the following expressions:
= €ﬁ301 ulw/2ﬂ = 6“301ﬂ1 = E1691 + ﬂ2591 (4451)
= W01~/ 27, — W0 (0 /2 — Tgsm [2) = —Tis (4.452)

= Wl o= m/2q, — clsth (Ugem 2 + Tpsm)2) = €™My = Tychy — Uys6,  (4.453)
Combining #.450)-(4.453);
Fyy 0y + FlyoTiy + Fyyolis = Fyy (Tycby + Tach,) — FyyoTis

+ Fy 5 (pcly — Ty561) (4.454)

F(;nﬂl + F(;12ﬂ2 + F(;13ﬂ3 = ﬂl(F(;,nC@l + F(;113001>
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+ Ty (Fyy, 501 + Fiyachy) — TUsFyyy (4.455)

= Fyy = Fyycfy — Fyachy (4.456)

= Fypy = Fyyy501 — Fyjset; (4.457)

= Fyy = Fyy, (4.458)
Analogously,

= My, = My, ey — Myy456, (4.459)

= My = Myy,50, + Myy5c6, (4.460)

= My; = — Mg, (4.461)

Also remind that in (#.340), we have defined that:

3
(2) v (1
Fip = ZkaU Z 12/#% ;M = Z MleUI(c) ZMl%uk
k=1 = k=1
Expanding (4.340),

ﬁlZ = Fizlﬁgl) + Fimﬁf) + F1/23ﬁ§3) = F121 i + F122 7y + F123 ( : (4.462)

w

If we observe (#.462) in F;(0);
(1 (11 " _(2/1 " _(2/1 n_(2/1
Fiyu (/)+F122 (/)+F123u§/):qug/)+F122ug/)+F123u§/) (4.463)

From (4.342)), we know that

70/ _ ez e/

N

](3/1 C a,b)— 2/2) ](f/l Cw (1,2)= 1/1) (4464)

Thus, from (4.464);
(2/1) — (L2g (1/1) E§2/1) _ C«(l,Z)EgI/l) U:(%2/1) _ é(l,Q)ﬂgl/l) (4.465)

?

Inserting (4.463)) into (4.463),

/

Fiogii "V 4 Flopud”V 4 Flogus = Flo, CO2%Y 4 1L, C00al Y (4.466)
+ Fl23C 1’2)5:(31/1)
FioyTiy + Foliy 4 Floglis = €% 2 (Flo iy + Floyylia + Floglis) — (4.467)

= "0 — Tycly + Tyshy (4.468)
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~300__ — —
= "7y = Tychy — Ty 565

W30y — —
= e Uy = U3

Combining (#.467)-@#.470),

1"

(4.469)
(4.470)

Flo Ty 4 Flyliy + Floglis = Fioy (1005 4 Tas0s) + Floy (Tiachy + Ty 503) + FosTis

(4.471)

F1/21ﬂ1 + F1/22ﬂ2 + F{23ﬂ3 = ﬂ1(Fl”21692 - F1"22592) + 62(F1N21592 + F1N22€92)

"o
+ FlogUs

= Flg) = Fig 0y — F9,80;

/ 1
= Flo3 = Flo3

Analogously,

1

= My = My cly — Mig,802
! 1" "
= My = Mjy,505 + Migects

/ 1
= My = My

(4.472)

(4.473)
(4.474)
(4.475)

(4.476)
(4.477)
(4.478)

When we compare the number of unknowns with the number of knowns; we can see

that they are equal. Therefore, the set of equations are solvable. We can make a list

which shows the unknown parameters and system inputs for both inverse and forward

dynamics as follows:
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Inverse Dynamics Forward Dynamics
Knowns: My, 5, M,s Knowns: 6, , 6,
Unknowns: (18 unknowns) Unknowns: (18 unknowns)
" " " " " "
Fer, Fas, Fas; Fopy, Foia, Foiss Far, Fao, Fas; Fons Fora, Fouss
F1“217F1N227F1H233 F1H217F1N22=F1H233
Mg, Mg2, Mgs; Mg, Mga, Mgs;
M(l)na M(l)12§ Mfma Mf22§ M(l)na M(l)12§ Mfma Mf22§
01,0, 01,0,
Main Equation Auxiliary Equations

According to the friction assumption we make, the solution method can change slightly.
Note that when friction is not ignored, Mj,, & M., are dependent on 6; & 6. There-
fore, 18 knowns and 18 equations matrix solution is not possible; hence recursive so-
lution must be applied. Otherwise if frictionless model is used, linear matrix solution

is applicable!

4.9 Lagrange Equations for Stabilizer

General formula for Lagrange equations is:

d (0K 0K oU
L) 9 L9 g, for k=1.2 4.479
it (aqk) dg g (4.479)

Where K is the total kinetic energy and U is the total potential energy of the system.

K:zn:Ki: % (imz@@ﬂLzﬂ:@i@) and U = —zn:mig.fi
B - . T (44s0)

Where 7; is the vector from origin of the inertial frame to the mass center of i** body.

@ =05 g2 =106 Q1 =75, Q2= (4.481)
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There are n = 3 bodies:

4.9.1 Body-5

The coordinate transformation matrix between Fy and F is:

N

O(0.5) — 20131 16132 ,—i2m/2 (4.482)

In order to write kinetic end potential energy of the body position of the mass center
and linear and rotational velocities are required. The angular velocity of Body-5, s,

can be expressed in different reference frames. Thus,

9132
@éo) = |13 | = Ors2tia + 131 (4.483)
0

5 _ C«(5,0)wé0)

&l
(@]
Il
&l
Ut~

— eﬂzﬂ/2€*ﬁ191326*1129131(:%0)

= 0o\ + G110y (4.484)

The unit vectors of F{ can be transformed into unit vectors of F5 by means of trans-

formation matrix C'%-0).

. ago/‘:’) — ﬂ27r/2€—ﬁ19132

e —U20131 7

€ (51
_ Uam/2  —TU16132 = : =
=e e (cos 013111 + sin Oy31u3)
= 6“27r/2 (COS 9131711 + sin (9131 (COS 9132713 + sin 9132’17/2))
= €u2w/2 (COS 91311_111 + sin 9131 sin 0132712 + sin 9131 COS 9132@3)
= sin 0131 COS 9132@1 + sin 9131 sin 9132@2 — COS 0131123 (4485)
- a§0/5) 61127r/26—71191326—7129131ﬂ2
_ eﬂzﬂ/Qe—ﬁ19132ﬂ2
’11271’/2 (

=€ COS 9132112 — sin 9132’&3)

= —sgin 9132’&1 -+ cos 91321_62 (4486)
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Substituting (4.485)) and (4.480)) into (4.484); we get,

sin 0131 cos 91329132 — sin 91329131
Wws = |sin 0131 sin 0132é132 —+ cos 01329131 (4487)

— cos 01310132

The position vector 75 is the position of center of mass of Body-5 with respect to the
base frame. We can resolve it any reference frame we like but for Lagrange equations

resolving this term in its own frame looks advantageous. Therefore,

s =70 = | 0 (4.488)

When taking derivative of position vector in order to obtain the velocity of Body-5
with respect to Body-0, Coriolis theorem should be used. The reason why we cannot
take direct derivative is due to the definition of the position vector since it has been

defined with respect to the base frame.

?75 = D() _’5 = D5 _)5 +(35 X F5 = 035 X ’F% (4489)
——
=0
@ _ *(5) _
5 = U~ = WsT's

753 510 0131 sin 01320132 + 753 c0s 01320131
= | = (7’53 sin 9131 COS 9132 + T'51 COS 9131) 9132 + T's53 sin 91329131 (4490)

—751 8in 0131 sin 01320130 — 751 cOS 01320131

Then, the kinetic and potential energies of Body-5 can be written as below:

1 )
K= <m5175TT)5 + @5TJ5(5’@5> (4.491)
— —msg®" (v + rsyul””) (4.492)

As we have done previously, the unit vector transformations can be done as follows:
ag5/0) — eﬂ291316ﬁ191326*ﬁ2ﬂ'/2a1
— €ﬂ291316ﬁ19132a3
= 6“20131 (COS 9132&3 — sin 0132@2)

= COS 0132 (COS 9131’&3 + sin 0131ﬂ1> — sin 6132@2
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= sin 9131 COS 91327?61 — sin 0132@2 -+ cos 9131 COS 6132@3 (4493)
ﬂ:(f/o) — 20131 eﬁ19132€*ﬂ27r/2a3

20131 e’al@lSZI—LI

= —e
= —elfing,
= — cos 031U + sin By31 U3 (4.494)
Substituting (4.493)) and (4.494)) into (4.492); we get,
sin 6131 cos 013 — cos 0131
Us = —m5§(O)T 51 —sin b3 + 753 0
cos 6131 cos 0132 sin 0131
51 8in 0131 cos B39 — 153 cos O131
= [0 0 —m5g} —7x51 8in 0137
51 cOS 131 cOS B35 + 153 sin B33
= msg (r51 €os 0131 cos O35 + 153 sin Hy31) (4.495)

Since neither K5 nor Us are functions of 65 and 64, the partial derivatives of these

energy expressions in the Lagrange Equations become zero.

4.9.2 Body-6

The coordinate transformation matrix between Fy and F5 and between Fy and F{, are

CI(5:6) _ st o—tam/2 (4.496)

C’(O,G) — 20131 pU10132 ,—TU2T/2 U305 ,— U1 T /2

o131 10132 ,—U27/2 305 ,fam/2 —Tam/2 —u17/2
_ 6u291sleU19132§ Ggm/ eU3956u27r/46 Uam/2 p—urm/

Y
e— U105

— €ﬂ29131e*fu(95*9132)6*11277/26*171“'/2 (4497)

In order to write kinetic end potential energy of the body position of the mass center

and linear and rotational velocities are required.

W = (I)éG) = 6(6’5) ((DS) + 95ﬂ3>
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sin 0131 cos 01320132 — sin 01320131
a17m/2  —ash . . : :
= ¢"1m/2e 05 sin 0133 sin 01320132 + cos 01320131
05 — cos 61310132
sin 9131 COS (95 - 9132) 9132 + sin (95 - 9132) 9131

= ealﬂ/Q —sin 9131 sin (‘95 - 9132) 9132 + cos (05 - 0132) él?’l

95 — COS 91319132
sin 031 cos (05 — O13) B132 + sin (05 — O132) 131
= —05 + cos 013160132 (4.498)
— sin 03 sin (95 - 9132) 9132 + cos (95 - 9132) 9131
rco1 1s the distance between the bottom of U shaped Body-5 to the intersection point
of the stabilizer gimbal axes. rg3 is the 1I§6) component of distance vector between
center of mass of Body-6 and intersection point of the stabilizer gimbal axes. This
intersection is also origin of F; & F§. Please nothe that components in the direction
of other unit vector are either too small so that they can be ignored or they are directly

zero. Therefore, position vector of Body-6 can be written as follows:

s = rao1iy) + reyiy) (4.499)

The unit vectors can be written as:

—(5/6 A — 0 ) _
ug / ) 20(6’5)1,01 — eulﬂ/Qe ug@sul

:Gulﬂ—/2 (COS 05@1 — sin 95@2)

=

=cos O5u; — sin O5us (4.500)
Then, 4.499| can be written in matrix form.
7o = Ty = rGo1 cos Oslir + (res — TGon sin ) iz (4.501)

Taking derivative of 7; we can obtain . Using Coriolis theorem;

?76 = D0F6 = D5 <T001ﬁ§5)> +(E5 X T'GOl/ljggl) +D6 (7”631_6'&6)) +(J._j6 X 7"63?Ig6) (4502)

=0 =0

When (4.502)) resolved in Fj,
Vg = 17((36 =rco1C V@5t + Tgresiis
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0

/2 ,~ 305

=rgo1€ — cos 01310132

— sin 031 sin 01320132 — cos 01320131

—05 + cos 01310132
+T63 —sin 9131 COS (65 — 9132) 9132 — sin (95 — ‘9132) élgl

0

—sin t95 COS 9131(9132
=rgo1 |sin 9131 sin 01329132 -+ cos 61329131

— COS 05 COS 01316132

—95 + cos 01319132
+r63 —sin 0131 COS (05 — (9132) (9132 — sin (95 — 0132) 9131 (4503)
0

Expanding (4.503);
( —rgsbs + (re3 — reo1 Sin 0s) cos 91310132> Uy
+ ( TGo1 €08 0132 — 163 sin (05 — 0132)) 9131
+ (rGo1sin fi3g — 163 c0s (U5 — 132)) sin 91319132) U
+ <—T(;01 cos 05 cos 91319132> Us (4.504)
The kinetic energy of Body-6 can be expressed as below:
Kg = %(m@gﬁ)tvﬁ + 70 TVTY) (4.505)

Writing (4.504) in matrix form;

913209131(7“63 - 7“6‘01895) - 95T63

. — Vg1

Eéﬁ) _ . 131 (TG0169132 — 7635(05 — 9132)) v (4.506)
+013250131 (TG01$9132 — 163¢(05 — 9132))
. — Ug3
i 0132(—rco1cfi31c05) ]
T

@((36) = [Uﬁl V62 ’U63] (4507)
@ (B6) = vd + vdy + vis (4.508)

vél = (913209131(7“63 - 7“Go1395) - 95%3) (913209131 (7“63 - 7“001895) - 95T63)

12 2 2 )N 32, .2
= 91320 9131(7“63 - 7“c10195) - 29132957”6309131(7"63 - 7“G01895) + 957“63

(4.509)
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vy = Giﬂ (ercelgg — 1635(05 — O132) — 1635(05 — 0132))2
+ 62,,5%015, (rGo1sbi32 — resc(fs — 9132))2
+ 20131013250131 (60100132 — T635(05 — 0132))
(rgo1sbiz2 — resc(bs — b132)) (4.510)

vZy = 0%, (—rGo1c0131¢05)? 4.511)

The second part of the kinetic energy is due to rotational movement.

W Jo 6 = (SO T T = 0" JOHO (4.512)
T ~
wé6) é6) = [Jonnwer + Jo1swes,  Je2oWe2,  Je13we1 + Jo33Wes)] (4.513)
T ~
wéﬁ) Jéﬁ)w((f) = J622w(2;2 + we1 (Je11wer + Je13Wes3) + Wes(Je13wer + Je33We3)

= Jonwgy + Jeaawsy + Jos3wes + 2we1wes Je13 (4.514)

. 2 N2 2 N2 2 2
. Wy = 0730131 + 073557013167 (05 — O132)

+ 2013101325(05 — O130) (B — 0135) (4.515)
913191325(\2?9579132))
w2y = 20?0131 + 02 — 2013505¢0,3, (4.516)
E w%s = 9.%3102(95 — bh32) + 9%3252 (95 - 9132)
—201310132501315(05 — O132)5(05 — O13) (4.517)

/

-~

—013161325 (2(95—9132))

L We1We3 = 9%313(95 - 9132)6(95 - 9132) + 913191325913162(95 - 9132)

— 913191328913152(95 — O132) + 9%325291315(05 — b132) (4.518)
= We1We3 = ‘9%318(2(95 - 9132)) + 291319132891310(2(95 - 9132))
- 9%3291318(2(95 - 9132)) (4.519)

Since we have obtained the terms of kinetic energy, we can now proceed with finding

the potential energy.

Us = —mgg - 7 = —meg " 73 (4.520)
Writing equation (4.501) in vector form;
7o = rao1c05Ts” + (res — rao1805)Ts) (4.521)
Insert (4.521]) into (4.520)) to obtain the following:
Us = —meg”" (TG01095ﬂ§6/0) + (763 — 7”001895)ﬂ§6/0))
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T
= —mﬁgﬂg()) (TG01095E§6/0) + (T’63 - TG01595)E§6/0)) (4522)

The unit vector transitions from Fg to F{y can be obtained by means of C06),

760 _ Goog, (4.523)

0(076) — eﬁ29131€ﬂ1913267ﬂ2ﬂ'/26ﬁ395efﬂlfr/Z

— eu20131€u19132 efuzﬂ/26u395eu27r/21efugﬂ/2efu17r/2

-~

o—ii105
— 20131 pU1(0132—05) ,—tiam/2 , —U17/2 (4.524)
o (06) — 20131 ,81(0132—05) o —t27/2  —Ta /2 (4.525)
- Hgﬁ/o) — 20131 pU1(0132—05) ,—tiam/2 e_'alﬂ'/Qﬂl — 6ﬂ29131€ﬂ1(9132—95)ﬂ3
——

_ eﬁ29131 (ﬂ30(65 — 9132) + ﬂ28(95 - 9132))

= c(05 — b132) (Tsch131 + Ui sO131) + Uas(05 — bh32)

= 0" =W s0i510(05 — O132) + Uas(05 — O12) + Uschrgic(fs — brzo)  (4.526)

L a0 = ¢y,

— e’a291316&1(9132—95)6—17,171'/2 6—’L~t17’r/2ﬂ3 — 6ﬂ29131eﬂ1(6132_95)ﬂ2

———

_ 61129131 (ﬂ26<05 — 6’132) — (ﬂ38(05 - 0132))
= Usc(05 — O132) — (05 — O132) (U331 + U1 50131)

= Ei(iﬁ/[)) = _ﬂ1391313<95 - 9132) + ﬂgc(95 — 9132) — ﬂ38(95 — 9132)69131 (4527)

Simultaneous solution of (#.522)) - (4.527) yields the following result:

Us = m697“G0109131095C(95 - 9132) + m697“G013953(95 - 9132)09131

- m697’635(95 - 9132)09131 = mggraoictizictize — m697’635(95 - 9132)09131

(4.528)

The derivative terms should be obtained for each independent variable. Since the
degree of freedom of the stabilizer is two (05 & 6g); this process will be repeated for

each of them. For ¢; = 0s;

oUs  0U,
87%6 = ?056 = —megresc(fs — O132)ctis (4.529)
0K 0K 0K, 0K,

o 00. 90, " 00

(4.530)
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oK _ 0vg, 1 Ovg, 1 Ovgs
005 005 065 065
Remind that in #@309), v3, has been determined. Taking derivatives of this term:

(4.531)

2 2 2 2 ] ) 12
Vg1 = ‘91320 Q131(7”63 - 7“6‘01895) - 29132957“6309131(7“63 - TG01895) + 957"63

Ov? : o

Wm = —2073,¢°0131 (163 — 7G01505)rco1005 + 2013905763¢0131m 0105 (4.532)
5

av(zil ) ) 2

W = —291327“6309131(7“63 - TG01395) + 205765 (4.533)
5

Similarly, from (#.510);

ng = 9%31 (TGO109132 - 7“638(95 - Q132) - 7”633(95 - 9132))2
+ 9?32529131 (TG0189132 — regc(bs — 9132)>2

+ 2013161325015, (raoictiss — re35(05 — 0132)) (rcorsthsz — resc(fs — O132))
" %Lj; = 7630%5,25(05 — 0132)c(05 — O132) — TGo17630%, CO132¢(05 — B132)
+ 2953232«9131 (TGOlselgg — rg3¢(0s5 — 9132))7"635(95 — 0132)
- 2T6391319132391310(95 — O132) (7‘00159132 — 163¢(05 — 9132))
+ 27635(05 — O132)0131013250131 (rgoicthss — rg35(05 — 132)) (4.534)
= —= = r639f313(2(65 — b132)) + 21 Go17630%49520131501325(05 — O132)
- r§39f323291318(2(95 - 0132)) + 2rG01r6391319132391313(95 — 6137)

+ 2T§391319132891310(2(95 — bi32)) — 2rgoTeslis1 COz2c(05 — O130)

(4.535)
2
e (4.536)
005
Similarly, from (#.5T1);
7)6233 = 9%32(‘¢G0109131€95)2
O _op2 (_
—— = 20735 (—Tco16131¢05)TG010131505
005
= —2ré0109%32020131595395 = —Té01é%326291318295 (4.537)
2
O _ (4.538)
005
Summing up @.536)) , (#.5333) & @#.338));

OKer  mg (81)(251 Ovd, N 811%3)

00s 2 \ 905 ' 005 005
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me 2 2 ) 2 42 2 ;
= 7( — 27’@017’6391326 9131095 + T'G010132C 91318295 -+ 27’@017“6301329569131095

- T339%313(2((95 - 9132)) + 27”G017"639%32529131891:«325(95 — O132)
- ngé%328291315(2(95 - 9132)) + 27%017’6391319132591315(95 - 29132)

+ 2T§391319132801310(2(95 — 0132)) — 7“21019'%320291318295) (4539)

Rewriting @ in terms of 9131, 9132 & 95;

8;;;57: _ % (9'%32( — 2TGOIT63020131005W

+ 2717635 013150130505 — O130) —12 01025500131 5205

— 1435 01315 (2(05 — 0132))

+ 9'%31 <r§38(2(95 — 9132)) — 2rgo1resctizac(ls — 9132)>

+ 26’1319132T6330131 (5(65 — 20132) + 163¢(2(05 — «9132))

+ 2015205 (rcorreschis fs) ) (4.540)

Summing up @.534), @.533) & @.3537);
OKer _ mg (8@21 N v, . 311%3)
005 2 \ 96 ' 06, 006
m : .
= 76( — 291327”6369131 (1”63 — TG01595) + 2957}253)

= mﬁ(—rg3913209131 + rGo17630132505¢0131 + 95T§3) (4.541)

d (0K, . o ‘
E( 89'6t> - mﬁ(_rg3813269131 + 7%39131913289131 + rco1re3t132805c0131
5

+ T001763é1329509509131 - TGO1T6391316’13289589131 + ‘55723) (4.542)

Remind that in (£.528) potential energy, Us has been found. It’s derivative with re-

spect to 65 can be found as:

Us = mﬁg’f’GO16913109132 — Megre3sS (95 - 9132) cbi31
oUs
005

Next, we can go through (@.513]) - (@.519) to find the derivatives of the terms involved

= —mggresc (05 — O132) cliz1 (4.543)

in rotational kinetic energy. Therefore,

way = 073,57 (05 — O132) + 01555035, (05 — O130)

+ 9131Q1328 (2 (05 — 0132))
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2
w . ..
8_21 = —29%3252(91316 (05 — 0132) s (05 — O132) + 2613101320 (2 (05 — b132))
5
+ 29%313 (05 — O132) ¢ (05 — O132)
= —9%328291313 (2 (95 - 9132)) + 29.1318291326 (2 (95 - 9132))

+ 07515 (2 (05 — O132)) (4.544)

Ow,

905
Nextly,

=0 (4.545)

w§2 = 9'%32020131 + 9? — 26‘)1329'509131

Owg,

—0 = 4.54

0, " (4.546)
2 . .

0wy = 205 — 20133c0131 4.547)

005

w2, will follow next:

w§3 = ‘9%3102 (05 — O132) + 9%32529%3182 (05 — O132)

- 9%319%323 (2(05 — 0132))

ow? .
0 = —207,,%c (05 — O132) s (05 — 0132)
005
+ 20'%32829‘1318 (95 — (9132) C (05 — 9132)
- 29.1319.1320 (2(05 — O132) ¢ (05 — O132)) (4.548)
2
% =0 (4.549)
005

The last terms is 2wg; wes:

2we1we3 = 9%618 (2(05 — bhs2)) + 291319132391310 (2 (05 — b132))
- 9%328201318 (2 (95 — 0132))

a(2 ) .
M — 29%31 (2 (95 — 9132)) — 401310132561315 (2 (95 - 6132))

005
- 2‘9'%325291310 (2(05 — 0132)) (4.550)

8 (211)61 w63)
905

Remind that in (#.514)), it has been found that:

=0 (4.551)

T A~
ng) Jéﬁ)wéfi) = Jon1wg, + Jeoaway + Je33wis + 2we1wes Jo13
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8(w§2) a<2w61w63>
90, 2 o, TJmgp s,
1

=3 (téfgg (—Jo115%01315 (2 (05 — O132)) + Jo335701315 (2 (05 — O132))
- 2J613$291310 (2 (95 - 9132)) + 9%31 (—J6335 (2 (95 - 9132))
+ 2J613¢ (2 (65 — 0132)) + Je115 (2 (05 — b132))

+ 26131613 (Jo11¢ (2 (05 — O132)) — Joszc (2 (05 — O132))

8K6T 1 < 8(w§1)
J611

—4J13501315 (2 (05 — 0132)))) (4.552)
Similarly,
0K, <2J62295 - 2J622913269131>
005 2
= J62295 - J622é13208131 (4.553)
d (0Kg, . . .
i ( @92 ) = Jo22 <95 — O139¢0131 + 9131913289131) (4.554)
Alternative to the brute force method we have followed up to now, we can simplify

T
derivative terms with some manipulations. Let wg = <@é6)> & vg = Eéﬁ),

Inner product sequence does not change result!
7\

8 S ,856 _T 8@6 T_ _T 6’06
—_— = — — = 2U; — 4.
a0- (vﬁ 116) 30 Vg + a0 Vg Ug 30 (4.555)
- ow . _ 4 [OwW
895 <w6 J6w6> = (?g) Jﬁwﬁ +w6 J@ (89:)
owg\" - o s (0w
= —_— We = 2W —_— 4.556
(ae5> s = 20 Js | 5g (4.556)
Remind that in (#-306), 7’ has been found as:
913209131 (7’63 - 7"G01895) - (9‘57”63
0151 (raoiclisy — 1635(05 — 6
@gj) _ | 131( G01CU132 63 ( 5 132)) (4.557)
+013250131 (TG0189132 - 7"630(95 - 9132))
i 9132(—T00109131095) ]
Expanding (4.556);
. —TG019132€9131 s
v . .
0_9§ = —7“6391310(95 - 9132) + 7“639132391310(95 - 9132) (4.558)

9132(—T001091310Q5)
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9 . .
T 2 2 2 2 2
—_— (UG ’U6) =2X <_rGOlr6391320 6131095 + TG019132C 0131595095

005
+ T001T6395913209131095 - 7"61017"639%31091320 (05 — 0132)
+ 7%39%313 (95 - €132) c (95 - 9132) - 7‘0017‘63913191328913191320 (95 - 0132)
+ 720131013050131¢ (05 — O130) + Tco176301310132501315 (05 — O132) bz
- 7(253913191325913152 (95 - 9132) + 7“G017“639'%32529131891325 (95 - 9132)
— 1301525701315 (05 — O132) ¢ (65 — O132) —Té019%32029131895095>

(4.559)

816’5@6 vg) = 9%532( — 2rqo1Te3C 0131605 + 2rGo17635°0131501325 (05 — 0132)
— 1635 01315 (2(05 — 9132))>
+ 9%317163( — 2rgo1cizac(fs — O132) + 7"633(2(95 — 9132))>
+ 2736151 61505011 (rG015(95 — 20135) + resc(2(05 — 9132)))

+ 2rco1763050132¢0131 05 (4.560)

From (4.555)), we know that:

8K6t - meg 0 T
90, 2 0s (v vs)

Substitution of (4.560) into (4.555) yields the following result:

OKer _ me
005 2
— 7“333291313(2(95 — 9132))
+ 9%1 (7%33(2(05 — 9132)) — 2rgo1reschisac(0s — 9132)>
+ 201310132763.50131 (5(95 — 20132) + re3c(2(05 — 9132))
+ 2‘913295(TG01T6309131695>) (4.561)

<9%32( - 27”0017‘63629131095 + 27’@017’63829131591328(95 - 9132)

As we expect, the results of (4.540) & (4.561) are identical! As found in {.556)),

OKg 1 - (0w
805 2 905
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We have determined wg as:

91315 (95 - 9132) + 9132891310 (95 - 9132) — We1

We = 0132¢0131 — 05 — We2

_9'131C (05 — O132) + 9132391315 (05 — 9132)_ — We3

91316 (95 - 9132) - 9132591315 (95 - 9132) — Wge1
ow
E)Tﬂj - 0 — waee (4.562)
_—91310 (95 - 9132) - 9132591310 (95 - 9132)_ — Wq63
Je11We11 + Ja61Waes3
. (0w
J6 <0T§> = Je22W 62 (4.563)
i Je13Wae1 + J633Wae3 ]

. ow
ngJﬁ <—6> = we1 (Jo11Wae1 + Je13Was3) + Wes (Je13Was1 + Jo33Was3)

+ Jo20Was2 W2 (4.564)

Rewriting (4.564)), we’ll obtain that

A

ow,
WGTJG (ﬁ) = Jo11We1Wa61+J613We1 Wap3+J613We3Wap1 +J633W63Wap3 1+ J622W62W b2
5
(4.565)

Rewriting the multiplication terms:

% 2We1Wa1 = 0%9,5 (2 (05 — B132)) — 2613101305613, 5% (05 — B132)
+ 2013101325013 (05 — O132) — 02455201315 (2 (05 — Oy32))
= W Wee1 = 9%313 (2 (05 — 0132)) — 9f325291315 (2(05 — 0132))
+ 201316132501 31¢ (2 (05 — O132)) (4.566)
% Qe Waps = —20%,5% (5 — O135) — O1310130501315 (2 (05 — B132))
— 01510132501315 (2 (05 — O130)) — 26%5,5°0131¢% (05 — O132)

= 2w61wdb3 = —29%3182 (‘95 — 6132) — 29%3282013102 (€5 — 9132)
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— 201310132501315 (2 (05 — 0132)) (4.567)
% 2WeaWapt = 20737 (05 — O132) — 0131013050131 (2 (05 — O13))
— O1310132501315 (2 (05 — O132)) + 207555013157 (05 — O130)
= Qwgstwa = 20%,¢% (05 — Ors) + 26%5,5%01515° (05 — 0132
— 2013160132501315 (2 (05 — 0132)) (4.568)
* 2We3Waps = —03315 (2 (05 — O132)) — 20131013050131¢ (05 — O132)
+ 201310132501315 (05 — O132) + 0755501315 (2 (05 — O132))
= QgsWaps = —0%4,5 (2 (05 — O132)) + 62555201315 (2 (05 — O133))
— 201310130560131¢ (2 (05 — 0132)) (4.569)
* 2WeaWape = 0 4.570)

Therefore, substitution of (#.563)) - #.570) into (@.356) yields that:

0Ke 1 - (0w
=-.2 —
o0, — 220/ (095 )

- 1(9‘331 <2J6130(2<95 —0152)) + (Jor1 — Jozs)s (2(05 — 9132>))

2
+ 9%32(<J633 — Jo11)8%01315(2(05 — b132)) — 2J6135°0131¢(2(05 — 9132)))
+ 01310132 (2(J611 — Jo33)50131¢(2(05 — b132)) — 4Jg13501315(2(05 — 9132))))
4.571)

As we have expected (@#.552)) & (#.571)) are identical.

4.9.3 Body-7

The coordinate transformation matrix between F» and Fg, between F; and Fj and

between F% and Fj are:
C6D) = lafe (4.572)
é(577) — 6"1305 e—alﬂ/2e’a306

— 6113956122966—71171'/2 (4573)

~

0(077) — eﬂ291316—111(95—9132)e—ﬂzﬂ/Qe—ﬁm/Zeﬁgeﬁ

— 120131 o= U1 (05—0132) U206 ,—TUam/2 ,— 1 7/2 (4.574)
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In order to write kinetic end potential energy of the body position of the mass center

and linear and rotational velocities are required.

~

oy =@y = CT9 (Caé“ + 9'6@3>
= ¢ s [(Sin 0131 cos (05 — B132) B130 + sin (A5 — Oy32) 9131> U
+ (—95 + cos 91319132> Us
+ (96 — Sin By3; sin (05 — Oy32) 0132 + cos (05 — O132) 9131) 113}
= (cos O (Sin 0131 cos (05 — 0132) 0135 + sin (05 — 0132) 9131)
+ sin g (—95 + cos 91319132>> Uy
+ (— sin O <sin 0131 cos (05 — 0132) 0132 + sin (05 — 6132) 9131>
+ cos g (—95 + cos 61319132)) U9
+ (96 — 8in 0131 8in (A5 — B132) B132 + cos (05 — Oy32) 9131> U3
= <— sin 005 + cos O sin (05 — 0132) 0,31
+ (cos B¢ sin 6131 cos (05 — O132) + sin Og cos O;31) 9132) Uy
+ (= cos B85 — sin g sin (05 — 6132) 0,31
+ (cos bg cos 031 — sin Og sin 0131 cos (05 — 6132)) 9132> U

+ (06 + cos (95 — 9132) 9131 — sin (9131 sin (95 — 6‘132) 6"132) ﬂg (4575)

Position vector of Body-7 can be written as follows:

7 = raori) + ro " + rsiy) (4.576)

Necessary unit vector transformations can be done as follows:

5/T) _((78) g

U = eulﬂ/2€*U29ﬁe*U395@1

—(
Uy
—e7/2671206 (cos 051, — sin Osily)
=7/ (cos 05 cos Ogtiy + cos O sin Ogtis — sin O5iz)

ﬂ?m = cos 05 cos gty — cos O5 sin Oty — sin Oxs 4.577)

Then, can be written in matrix form.
(7)

77 =77 = (rr1 + rgo1 cos b5 cos bg) Uy — rao1 cos 05 sin Ogts

114



+ (r73 — rgo1 sin Bs) us (4.578)
By using Coriolis theorem:

’177 = D07?7 = D7777 + (;.57 X F7 (4579)

7

Uy = 0 = Ty + GrPy (4.580)

. d T
T ((r71 4 rGo1 cos 05 cos 0s)

— rgo1 cos 05 sin Ogtig + (173 — rgo1 sin Os) us)
= <—7“GO1 sin 05 cos 005 — o1 cos 05 sin 966’6> Uy
+ (TGOl sin 05 sin 005 — rco1 cos 65 cos 9696> ap

—rgor cos 05051 (4.581)

Wy = [(— cos 005 — sin O sin (05 — 0132) 0,31
+ (cos g cos b131 — sin Og sin 031 cos (05 — 0132)) 9132> (r73 — rgo1 sinfs)
— (6’6 + o8 (05 — O13) b131 — sin Oy3; sin (05 — Oy3) 9132>
(—rgo1 cos O sin 6g)] @y
+ [(96 + cos (05 — B133) B131 — sin B3, sin (A5 — Oy3) 9132>
(r71 + rgo1 cos b5 cos bg) — (— sin 005 + cos O sin (05 — 6132) 013,
+ (cos O sin 6131 cos (05 — B132) + sin g cos O131) 9132) (r73 — rgo1 sin 0s)] s
+ [(— sin 005 + cos B sin (05 — 0132) 013,
+ (cos B¢ sin 0131 cos (05 — O132) + sin Og cos O;31) 9132> (—rgo1 cos 05 sin Og)
— (= cos 0g05 — sin B sin (05 — 6132) 0131
+ (cos g cos 131 — sin Og sin Oy31 cos (05 — 0132)) 9132>
(r71 + rgo1 cos 05 cos bg)| U (4.582)

Let’s define vy as,

U7 = U71U1 + UralUs + Ur3Us (4583)
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V71 = —Tcoy Sin 05 cos 0505 — Tao1 cos O sin gl
+ (— cos 005 — sin O sin (05 — 6132) 0,31
+ (cos bg cos 131 — sin Og sin 0131 cos (05 — 6132)) 9132> (r73 — rgo1 sin6s)
— (66 + cos (05 — 6132) 013, — sin 03 sin (05 — 6132) 9132> (—rgo1 cos 05 sin 6g)
= (—sin (05 — 0132) r73 + sin (05 — 0132) rgo1 sin b
+ cos (05 — 0132) rco1 cos O5) sin 06013,
+ ((cos g cos 6131 — sin Og sin Oy31 cos (05 — 0132)) (173 — rgo1 sin b5)
— 8in 6131 sin (05 — O132) (rgo1 cos b5 sin b)) 0135 — 173 cOS 005

+ (rgo1 cos b5 sin g — rgo1 cos 05 sin g) g

V71 = (TGOI COS 9132 SiIl 66 — T3 sin 96 sin (95 — 0132) )9131
+ (T‘73 COS 9131 COS 06 — T3 sin 9131 sin 96 COS (05 — 0132)

— T'qo1 COS 9131 sin 95 COS 96 + rco1 sin 9131 sin 9132 sin 96)9132 — T'73 COS 0695
(4.584)

V79 = Tao1 Sin O sin 005 — raoy cos 05 cos G0
+ (96 + 08 (05 — O132) b131 — sin B3, sin (05 — O13) 9132>
(r71 + rgo1 cos 05 cos Og) — (— sin 005 + cos O sin (05 — 0132) 013
+ (cos B¢ sin 6131 cos (05 — O132) + sin bg cos 0;31) 9132> (r73 — rgo1 sin by)
= (r71 cos (05 — O132) + rcor1 cos 05 cos O cos (05 — O132)
— 173 €08 0 sin (05 — 0132) + 7o Sin O cos Og sin (05 — B132)) Ors1
+ (=77 sin 31 sin (05 — O132) — reo1 sin b131 cos O cos Og sin (05 — 6132)
+ rGo1 Sin 6131 sin 05 cos Og cos (05 — 0132) + o1 cos O131 sin 05 sin Og
— 773 8in 0131 cos O cos (05 — O132) — 173 cos O131 sin Og) 0135
+ (rgo1 sin 05 sin 0 + r73 sin 0 — rgo1 sin O sin Og) O

+ (—7rgo1 cos 5 cos 0 + 171 + o1 cos 05 cos Og) O
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V7o = (7"71 COS (65 — 9132) + Tco1 COS 6132 COS 96 — T'73 COS (96 sin (95 — 9132)) 9131
+ (TGOI sin 9131 sin 6132 COSs 06 — T sin 9131 sin (95 — 9132)
+ rgo1 Cos ‘9131 sin 95 sin 96 — T3 sin 0131 COS ‘96 COS (95 — 9132)

— T'73 COS 9131 sin 86) é132 + 773 sin 9695 + T716‘)6 (4585)

V73 = —Tco1 cos 0505 + (— sin 0505 + cos B sin (05 — 6132) 013
+ (cos B¢ sin 6131 cos (05 — O132) + sin Og cos 0;31) 9132> (—rgo1 cos O sin bg)
- (— cos 005 — sin O sin (05 — 6132) 0,3
+ (cos g cos 0131 — sin bg sin Oy31 cos (05 — b132)) 9132>
(r71 + rgo1 cos O cos g)
= (—rgo1 cos 05 sin O cos Og sin (05 — 0132) + 171 sin O sin (05 — O132)
+ rgo1 cos 05 cos b sin Og sin (05 — 0132)) 0131
+ (—7rgo1 sin b131 cos b5 sin Og cos O cos (05 — O132)
— rco1 €os 0131 cos O5 sin Og sin 8g — 171 cos 6131 cos O
+ 771 sin 6131 sin Og cos (05 — O132) — rGo1 o8 B131 cos 05 cos Og cos b
+ 7Go1 sin 6131 cos 05 cos Og sin Og cos (05 — 0132) ) 0139
+ (rgo1 cos b5 sin g sin 0 — rgo1 cos 05 + 171 cos Og

+ 7rgo1 cos 05 cos Og cos Og) O

Urs = T71 sin 06 sin (‘95 — 6132) 9131 + ( T71 sin 9131 SiIl 66 COS (95 — 0132)

— T'qo1 COS €131 COS 05 — T'71 COS 0131 COS 96 ) 9132 + 71 COS 6695 (4586)
The potential energy can be expressed as follows:
Ur = —mpg~ Q7770 (4.587)

The transition of position vector of Body-7 from F; to F{, can be done by the trans-

formation matrix C0, 7).
0 = ¢ODFEID (4.588)
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Combine (#.587) & (4.388) to obtain:

Ur = —mg T CONF, (4.589)
Writing (4.578) in vector form:
7 = ﬁ§7) (rao1c05cls + 1) + @y (—rao1cssb) — ﬁ:(:) (rGo1s05 — 173)
Then, let’s resolve 7 in Fj:

T’GOlC¢95CQ6 + 7"71) + ﬂg/o) (—TG01065C¢96> — ﬂ:(;/o) (T001895 — 7”73)

(4.590)

—(0 —(7/0
RO _ 7(1/0)

We know that

6(0,5) — eﬁ29131€ﬁ1913267ﬂ27r/2 Cf(5,7) _ €ﬁ39567ﬁ1w/2€7ﬂ396

The transformation matrix from Body-0 to Body-7 can be expressed as follows:

GO _ 405 AG)

— 6’&29131617,191326717,271‘/26’&395 \6711171‘/26’&3966’&17(/2 eﬁ1ﬂ'/2

J/

~~
eu206

_ €u291316u19132 \e—uzw/2eu395eu37r/2l6—ug7r/26u2966—u17r/2

Vv
efﬁ195
— 20131 o1 (05—0132) U2 (06 —7/2) ,— U1 /2

_ €ﬁ29131 eﬁl (05—9132)eﬁzeee—ﬂzw/Qe—ﬁlﬂ'/Q (4591)

The unit vectors can be transformed as follows:

s ﬂ§7/0) _ C“«((),?)ﬂ1

u1

_ o2l giin (95 —01s2) giinfls oo /2 o~ /2

= 20 o= (05=0132) (a g + Ty 50)

= e~ " (W50 + g (Usc (05 — O132) + Uazs (65 — O132)))
= eBf (w1805 + Uas (05 — O132) cOg + usc (05 — O132) cbg)
= sb (U1 ¢cbh31 — U3S0131) + U2 (05 — O132) b

+ ¢ (05 — 0132) B¢ (Uzchi31 + Uisbia)

= ﬂ(17/0) = Uy (s0cth31 + sOiz1¢ (05 — O132) cls) + Uas (05 — O132) clg
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-+ ﬂg (061316 (65 - 9132) 096 — 89131596) (4592)
. EQ/O) — /Mg,

26131 e—ﬁ1(95—9132) 712966—7127T/26—ﬁ17r/2ﬂ2

=€ €

— 120131 o =01 (05—0132) U206 ,—Tam/2 (—ﬂg)

_ 61]20131 e_a1(05_9132)6a296ﬂ1 — 6&291316—111(95—0132) (ﬂlcQG — ﬂ33‘96)
_ 61129131 (ﬂlcQG — 306 (ESC (05 — 9132) — UoS (05 - 0132)))

— €ﬁ29131 (ﬂlcQG — Usys (95 — 9132) 596 — ﬂgSQGC (95 - 9132))

= clo (Wichhz1 — Uzsbiz1) — Uas (05 — O132) 565

— sbgc (05 — 6132) (Uscbisy + u150131)

aé”o) = Uy (cthzicls — sOz1506¢ (05 — O132)) — Uas (05 — O132) 506

— ﬂg (89131096 + 896601316 (05 — 9132)) (4593)
- E§7/0) — 0N,

u2

— 6u29131 eu1(95—9132)6u2966—u27r/2 6—’11.171'/2@3

— eﬁ29131 €_a1(95_6132)ﬂ2

_ eﬂ29131 (EQC (95 — 9132) — U3s ((95 - 9132))
= Uz (05 — bhz2) — s (05 — b132) (Uschisn + Ursbis)
a7 = iy 50315 (05 — Orga) + Uac (05 — Orza) — TUss (05 — Orzo) chray

(4.594)

Substitution of (#.5392)), (4.593) & (@.594)) into (4.590) yields the following results;

77 = (U (s0scb131 + sO131¢ (05 — O132) cls) + TUas (05 — O132) cbg (4.595)
+13 (ch131¢ (05 — O132) s — $6131865)) (rao1clscbs + 171)
+ (@1 (cbr31006 — sO131806¢ (05 — O132) — TUas (05 — O132) sbg
—13 (86013106 + sOsctr31¢ (05 — 0132))) (—rco1cb550s)

(—U1501315 (05 — O132) + Uac (05 — b132) — Uss (05 — bhsz) cOi31) (—rco1sbs + 173)

= F7 = ﬂl (7”00189660131095086 + 7"001891310956 (05 — 9132) 0206

+ 1718060131 + 7180131 (05 — O132) O — ro1chi31c05505c0s

119



+ 16015013152 05c05¢ (05 — O132) + 1601561315055 (05 — O139)

—r73501318 (05 — 0132))

+ s (rGors (05 — b132) cO5¢°05 + 1715 (05 — 0132) g

+ 76015 (05 — 0139) 5*05c05

—rgo180s5c (05 — O132) + 1730 (05 — O132))

+ us (rG0109131005c (05 — 0132) ¢*0 + 710131 (05 — O132) g

— 10150131 5050505 — 1715013150131505 + TG0150131506¢05C06

+ 1601505013105 (05 — 0132) + r6015058 (05 — O132) b3

—1735 (05 — 6132) cbrz1) (4.596)
= T3 = rgo1ctizicOsc (05 — O132) + rricbizic (05 — 0132) el

— 17186131805 + 16015058 (05 — 0132) cO131 — 1738 (05 — O132) 131

= 773 = rG0100131 (0050 (95 — 0132) —+ 8058 (€5 — 9132)) (4597)

N J/

c(05—05+0132)

= T3 = rgo1ciziclise + rricbisic (95 - 9132) cls — 17150131506

— 1735 (05 — O132) cl131 (4.598)

U7 == —m7§(0)T77§0) — —m7g(0)Té(077)777

7/0) (7/0)
2

= —m7§(0)T ((rn + rgo1 cos 05 cos Og) a§ — raqo1 €os 05 sin Ot

+ (r73 — rgo1 sin 05) 115,7/0)) (4.599)

Substituting (@.592)), (4.593) and (@.594) into (#.599), we get

U7 = mrqg [7“71 COS 9131 COS 06 COS (95 — 0132) — T sin 0131 sin 96
+ rgo1 cos 0131 cos 05 cos O cos Og cos (05 — 0132)
— rgo1 sin B131 cos 05 cos O sin O + rcoq sin 8131 cos 05 sin g cos g
— 173 cos 0131 8in (05 — O132) + rgo1 cos 0131 sin O sin (05 — 0;3)
+ rgo1 cos B131 cos 5 sin b sin Og cos (05 — 0132)]
= mrg [T71 COS 0131 COS 96 COS (05 — 9132) — T sin ‘9131 sin 06

“+ rco1 COS ‘9131 COS 05 COS (95 — 9132) — T'73 COS 9131 sin (95 — 0132)
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+ rgo1 cos 131 sin O sin (05 — 632)]

= myg [r71 cos 0131 cos Og cos (05 — O132) — 171 sin Hy3; sin g

+ rco1 COS 9131 COS 9132 — Tv73 COS 9131 sin (05 - 9132)] (4600)
For q1 = 05;
U,
= 87 = —mrg (T7IS (95 — 9132) 69131606 + 7“73691310 (95 — 9132) (4601)
5
For go = 0s;
oUy,
= 90, —mzg (r1s0sctizic (05 — O132) + 1715013106 (4.602)
6

The whole potential energy can be expressed as follows:
ou  0Us 0U;
e = ——  ——
d05 065 005

= —mggresctizic (05 — O132) (4.604)

= —mzg (r718 (05 — Oh32) chz1c0s + rosctizic (05 — 0132)) (4.605)

8U (9U6 8U7 8U7
oY _ _ 4.
“ 00, 00, 00, _ 00, (4.606)

= —mrg (7”71806091310 (95 — 9132) + 7”718(9131096) (4607)

(4.603)

Before we proceed with Body-7 velocities; we need to find the derivatives of velocity

terms of Body-6 w.r.t 6.

O v N o705 OKer
% (ve v6) = 20§ %, =0 = = 5~ 0 (4.608)
—~—
0
O ( 1o e [ Ows 0K,
— —9 — | = = 4,
0 (wﬁ Jﬁwﬁ) ol Js (896) 0 = G =0 (4.609)
0
(9K6 (9K6t 8K6r
=0 4.610
90 00 = 00 (4.610)
Similarly,
0Ky _ 0, O _ 0, = 0Ky _ OKer + o _ (4.611)
90, 905 0 00s 064

The kinetic energy of Body-7 can be expressed as follows;

1 A
K7 = 5 <m7v$117 + @$J7(7)E7>
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=200 — . Kpy= =201 Ko = ol 27
20, o, 0 T2 ae, T M T VT ge,
For ¢, = 05;
oV : .
96, = —1730131506C (95 - 9132) + 0132 (7”73891318 (95 - Q132) 505 — 7“00109131095096)
(4.612)
oV- .
7 _ 0131 (—7“713 (95 - 9132) — I'73€C (95 - 9132) 696)
005
+ 9132 (—rr1sbiz1¢ (05 — O132) + rco1505c0131¢05 + 173501315 (05 — O132) )
(4.613)
OVey . )
90 = O131 (7’718960 (95 - 9132)) + 0132 (7’00159509131 — 171501318 (95 - 9132) 896)
5
(4.614)
Derivative w.r.t 05 are:
8V71 8V72 6%3
— = —rq3¢bg, — = 173506, — = ry100 4.615
90 73C0g 90 73506 90 71Clg ( )
For ¢, = 0s;
ov- . .
8971 = Oh31¢0s (7’00109132 — 738 (95 - 9132)) + 05773506
6
+ 9132 (rco150131 50132006 + 1G01505505¢0131 — 17350131¢ (05 — O132) s
(4.616)
- 7"7339609131)
8‘/72 . .
90, = bha1 (—1Go1506C0132 + 1735 (05 — 0132) sO6) + O5173¢06
+ 9132 (—rco15013156132506 + 1601505013106 + 17350131506¢ (05 — O132)
—7r73¢0131¢05) 4.617)
aV73 . .
0 = 01317718 (95 - 9132) cls + 0132 (7”715(91310 (95 - (9132) cls + 7’7189609131)
6

— G171 50 (4.618)

Derivatives w.r.t 8¢ are;

Ve _ 0, Ve _ T, Vs _, (4.619)
96 96 96

Similarly, next step will be taking derivative of rotational kinetic energy terms w.r.t

independent variable. For ¢; = 0s;
Own

00 = 91316 (95 - 9132) cls — 9132891315 (95 - 9132) clg (4.620)
5
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aw72

005
Owr3
005
For ¢; = 0s;
For ¢o = 0s;
Owny
00
06
=0
06

= —91310 (95 - 9132) s0s + 9132391318 (95 - 9132) 50

= —91318 (Q5 - 9132) + 9132891313 (95 - 9132)

(4.621)

(4.622)

(4.623)

(4.624)

(4.625)

(4.626)

= —91313 (95 - 9132) 506 + 9132 (09131096 — 50131506C (95 - ‘9132)) - 95096

(4.627)

= —91315 (95 - 9132) cl — 9132 (591310 (95 - 9132) cts + 39609131) + 95396

Now, we can start evaluating the dot product terms;

0Ky

a6, T 50,

Ovyy
v _6 o

Ovn
mrz | Ur1 90-

(4.628)
(4.629)
81)72 6’073
(905 + U736—05) (4630)

= 9%31T73S296C (95 - 9132) (—7“00109132 + 7738 (95 - 9132))

+ 01310132 (1G01773501315°065 (05 — 20132) + 123501315%05¢ (2 (05 — O132))

+ rco1T73S (295 — 9132) 89669131096 — 7"33896091310 (95 — 0132) 606

2
— 1Go1506c0131¢013200506

+ 9%32 (TGON’73 (526131891325 (05 — 0132) 5%0

+ 86131896661310 (2(95 — 0132) 096 — C20131095C296)

+ 7“33891318 (05 — 0132) s (—sb0131506¢ (05 — O132) + cbrz1¢66)

+Té0100131095096 (80506131006 — 8613189132806))
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oy 2022
72 96-

8U73
Urs _8 0

+ 913195 (7'338960 (95 — 9132) 096)
+ 913295T73696 (-7’73891318 (95 — 0132) 506 + TG0166131C95C¢96) (4631)

= 9%31 (—7“0017“718 (95 - 9132) cbi32cls — 7“515 (95 - 9132) c (95 - 9132)

— rrrrsc (2 (05 — O132)) chs — rgorrrschizac (05 — O135) 20

41255 (05 — O132) ¢ (05 — O132) 0296)

+ 01310130 (—rco1rm sbhsic (260130 — 05) cbg

+ rgo1r71806ch131¢ (205 — O132) — 017735 (205 — 0139) SO6CH131¢06

+ 1go1773501315 (05 — 20139) 205 + 171773501315 (2 (05 — O132)) b

+ 125501310 (2 (05 — O132)) 26 — 171501310 (2 (05 — O13))

+ 171773501315 (2 (05 — O132)) s + 717735 (05 — O132) SOscbh31

+ 123506c0131¢ (05 — O132) 6 + 180150500131 cO13000505)

+ 9%32 (—rG01r71329131591320 (05 — 0132) g

+ r?lszelgls (05 — 0132) ¢ (05 — O132) + 17177350131 5060131 ¢ (05 — G132)
— 10171501315 (205 — 0139) 5050131 + 1717735201310 (2 (05 — 0132)) b
— rqo177350131505c0131¢ (205 — 0132) s + T80, 5013150130505¢0131 505
+ 120150552062 0131c05 — 70177352057 0131 CO5

+ Tao1773520131501305 (05 — 0132) 20

— 12,5%01315 (05 — O132) ¢ (05 — O132) g

— 153501315 (05 — O132) 506c0131¢06)

+ 013105 (=rr17738 (05 — O132) s — r23s65c (05 — 132) )

+ 013005 (=rnr7ssthzistsc (05 — O132) + raoirss’dsctizichs

+ 7"?3301313 (05 — 6132) 896006)

+ 015106 (—r?ls (05 — O132) — 1173 (05 — O132) 096)

+ 013206 (—7“31591310 (05 — b132) + rgoirr1505ct31¢05

+ roirrgshizs (05 — 6132) cg) (4.632)

= 9%31 (T%SQ@GS (05 — O132) ¢ (05 — 9132))
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+ 01316132 (—raorrmsschisic (05 — Orsy) cbs

+ 12,501315%06¢ (2 (05 — 0132)) — 12, 805c0131¢ (05 — 0132) b

+ 1601718 (05 — O130) 80550500131) + 015y (—1E01 50520131005

+ Tao1T71501315055050131¢ (05 — 0130) — rqo1mm 8052 0131¢06

+ rco1771501318 (05 — O132) s05cl131¢05

— T$18201318 (05 — 0132) $20sc (05 — 01392)

+ 12501315 (05 — O132) 805c0131006 + 013105 (12, 506¢ (05 — 0132) )

+ 613205 (rgoirmisOsctisicls — 13501318 (05 — O132) s0cs)  (4.633)

aK?t—m v %—HJ 5’U72+U dvry
00s T\ o0, T 00, T 00,

= 0%, (=rco1rr3s*06ctisac (05 — 132) + 1555 (05 — O132) ¢ (05 — O132)

— rgo17718 (05 — O132) cbi132¢05 — r?ls (05 — 0132) ¢ (05 — O132) *0g

— rr73c (2 (05 — 0132)) b

+ 01310132 (—rGorrm sbhsic (20130 — 05) B + r717735 (05 — O132) S06cH131

— 12, 505c0131¢ (05 — O139) chs — 12,50131¢ (2 (05 — O132)) 20g

+ 211773501318 (2 (05 — 6132)) cls + Tco17m73501315 (05 — 20132)

+ 12550131¢ (2 (05 — 0132))

+ 9%2 (—rG017’71329131501320 (05 — 0132) cOg + 17177350131 5060131¢ (05 — 0132)
— rgo1m711501315 (205 — O132) 8056131 + 11177352 0131C (2 (05 — O132)) g

— 1018052 0131¢05 — Tao1rT S05¢20131c06 + 7“?1301318 (05 — 6132) sOgcb131c06
+ rco177150131506 (205 — 0132) 131 — 7’?13201313 (05 — O132) ¢ (05 — O132) 20
— rqo1T73C% 0131005 — 1255701315 (05 — O132) ¢ (05 — O130) + 18015057 0131005
+1rGo17738 0131501325 (05 — 9132))

+ 013165 (7’?13060 (05 — 0132) clg — 1717735 (05 — 0132) s0s

+ O13205 (raorr3chisicls — roirrssbisishse (05 — O132) + rao1rm sOschi31clg
— 7"%391315 (05 — 6132) sOschs

+ 013106 (=725 (05 — b132) — r71r73¢ (05 — O132) s )

+ 013206 (—7’318@1310 (05 — 0132) + rgoirrisfschizichs
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+ rrir73sbizis (05 — O132) cbs) (4.634)

As an alternative but a more practical way; partial derivatives of K¢ and Ug will be

calculated.

o7 I ———— (4.635)

d 3K7> d < _T8177 —7 37) 8w7) (LT@U7 d <8’U7)>
——— ) == m—+ s S — | =m~ | U5 — +v —
dt <895 at \""" 96, T 96, "\ o6, "t \ oé,

+ T j§”? Larjnd <%> (4.636)

% = mrg (—7"71 COS 9131 COS 06 sin (95 — 0132) — T'73 COS 0131 COS (€5 — 0132))
5
(4.637)
6K7 81)7 _T 3(7) 8(37
—_— —_— 4.638
96, = " 90, T g, (4.638)
)3 ) )
dt \ 96, dt "0l T 00 T90, T dt \ 0,
s s 007 _p 7) Oiq
ol JIDZ=E 4 T S 4.639)
7T 896 7T 696 (
% = mrg (—7”71 COS 8131 sin 96 COS (‘95 — 9132) — T sin 8131 COS 66) (4640)
6
where
% = ( — 773 sin 96 COS (05 — 9132) 9131 + (7’73 sin 0131 sin 96 sin (95 — 6132)
5

— T'Ggo1 COS 9131 COS €5 COS 96) €132> Uy

126



005

00

+ (— (r718in (05 — 6132) — 173 cos Og cos (05 — b132)) 013,

+ (=771 8in 6131 cos (05 — O132) + rgo1 cos br31 cos b5 sin Og

+ 773 8in 60131 cos O sin (05 — O132)) 9132> s

+ <r71 sin Og cos (05 — 0132) 013, + ( — 771 8in 6131 sin Og sin (05 — O139)

+ rco1 COoS 9131 sin 95) 9132> Us (4641)

= <COS 06 COS (95 — 9132) 9131 — COS 66 sin 0131 sin (95 — 9132) 9132) (o
+ [ —sin 96 COS (95 — 0132) 9131 + sin 96 sin 9131 sin (95 — 9132) 9132> Usg

+ <— sin (95 — 9132) 9131 — sin 9131 COS (65 — 9132) 9132> Us (4642)

= ( (TG’OI COS 8132 COS 66 — T'73 COS 96 sin (95 — ‘9132)) élgl

+ (—7"73 COS 9131 sin 96 — 773 sin 9131 COS 96 COS (95 — 9132)

+ rGo1 €os 0131 sin 05 sin O + rgo1 sin 0131 sin 0135 cos Og) 9132

+ r738in 6695> Uy

—+ ((—7’001 COS (9132 SiIl 96 —+ 73 SiIl ‘96 SiIl (95 — 9132))9131

+ (—rgo1 sin by3; sin O35 sin g + 71 cos 0131 sin O5 cos Og

+ 773 8in 6131 sin Og cos (05 — O132) — r73 cos O131 cos 96)9132 + 773 COS 9695> Uy
+ (7’71 cos O sin (05 — 0132) 0131 + (771 8in 0131 cos Og cos (05 — 0132)

-+ 771 COS 0131 sin 96)é132 —Trn sin 8695>ﬂ3 (4643)

Oz

- = <— COS 0695 — sin 06 sin (95 — 9132) 49131
00

+ (—sin 96 sin 6131 COS (95 - 6132) —+ cos 96 COSs 9131) 9132) U
+ (sin 96é5 — COS 66 sin (05 — 6132) élgl
+

(- sin ‘96 COS 6131 — COS 06 sin Q131 COS (95 - 0132)) é132> Usg (4644)
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U7 = Uqiliy + Urolin + U733 (4.645)

U7 = (7“001 c0s 0132 sin O — 173 sin Og sin (05 — 0;32) )9131 + (7‘73 cos 131 cos b

U71

— 173 8in 6131 sin Og cos (05 — b132) — rGo1 cos B31 sin O cos g

+ rgo1 sin #1371 sin 0135 sin 96)9132 — 173 cos 005

+ ( — rGo1 8in 0132 8in 00130 + raor cos Bra cos O

— T'73 COS 06 sin (05 — 0132) 6‘)6 — T3 sin 96 COS (85 — ‘9132) (05 — é132> >é131

+ ( — T73 sin 9131 COS 969131 — T'73 COS 9131 sin 9696

— 173 €08 0131 sin fg cos (05 — 6132) 0131 — 773 sin 0131 cos g cos (05 — 0132) O
+ 773 sin 0131 sin g sin (05 — G132) (65 — 9132> + 7601 Sin O3, sin 05 cos 0613,
— rgo1 cos B131 cos 05 cos 0695 + rgo1 cos #1371 sin 05 sin 0696

+ rco1 €os 0131 sin 8135 sin 069131 + rco1 sin 0131 cos 8135 sin 069132

+ rco1 sin 0131 sin 0132 COS 9606> 0132 + 173 sin 060665

= (rgm c0s 0132 sin O — 173 sin Og sin (05 — 0;32) )9131 + (7“73 cos 0131 cos Og
— 173 8in 6131 sin Og cos (05 — 6132) — rco1 cos O31 sin O cos g

+ rco1 sin 9131 sin 6132 sin 96)é132 — T'73 COS 96é5 — TGo1l sin ‘9132 sin 969131é132
+ rco1 sin 0131 sin 85 COS 969131é132 + rco1 CoS 9131 sin 9132 sin 0691319132

+ rco1 CcoS 0132 COS 96913196 + rco1 sin 6131 COS ‘9132 sin 969.%32

— T'qo1 COS 9131 COS 95 COSs 96913295 + rqo1 CoS 9131 sin 95 sin 96913296

+ Tco1l sin 9131 sin 9132 COS 96913296 + 73 sin 96 COS (95 — 9132) 91319132

— 773 €08 0131 8in 06 cos (05 — 0132) 91319132 — 773 8in 0131 cos 9691319132

— r738in 0 cos (05 — O132) 013105 — 173 cos O sin (05 — O13) O13166

— T3 sin 9131 sin 96 sin (85 — 0132) 9%32 + 73 sin 9131 sin 96 sin (95 — 6132) é13295
— T'73 COS 9131 sin 968.13296 — T3 sin 9131 COS ‘96 COS (95 — 9132) 913296

+ 773 5in 060506 (4.646)

128



7)72 = <T71 COS (65 — 9132) + rco1 COS 0132 COS 86 — T'73 COS 66 sin (‘95 — 9132))9.131
+ (TGOI sin 9131 sin 9132 COS 66 — T sin 9131 sin (95 — 9132)
+ rGo1 €os 131 sin 05 sin g — 773 sin 6131 cos Og cos (05 — 0132)
— T'73 COS 9131 sin 06)9.132 + 73 sin 069.5 + T71é6
+ ( — 771 8in (05 — 6132) (95 - 9132) — rGo1 8in 139 €08 05013
— 7601 €08 0139 8in B0 + 773 sin O sin (05 — 6132) O
— T'73 COS 96 CcOS (95 — 8132) (95 — 9132) )élgl -+ (TGOI COS 6131 sin 9132 COS 069131
+ rgo1 sin 9131 COS 9132 COS 069132 — Tgo1l sin 6131 sin 9132 sin 9696
— 171 cos B3 sin (95 - 9132) 9131 — 771 5in 031 cos (95 - 9132) (95 - 9132)
— rco1 Sin B13; sin 65 sin 969131 + rco1 cos 6131 cos 05 sin 9695
+ 701 €08 B131 sin 0 cos O — 173 cos 031 cos O cos (05 — 6132) 0131
+ 773 8in 0131 sin fg cos (05 — 6132) O
— 773 sin 6131 COS 96 COS (05 — 9132) (05 — é132> + 773 sin (9131 sin 069131

— T'73 COS 9131 COS 0696> 0.132 + 773 COS 060.50.6

U9 = (171 €08 (05 — O132) + rco1 €OS O35 cos O — 173 cos Ug sin (05 — 9132))é131
+ (TGOI sin 6131 sin 9132 COS 96 — T sin ‘9131 sin (95 — 8132)
+ rgo1 cos 0131 sin 05 sin g — 173 sin O131 cos O cos (05 — O132)
— T'73 COS 9131 sin 06)9.132 + 73 sin 06é5 + 7"7196 — Tgo1 sin 49132 COS 9691319132
+ Tco1 COS 9131 sin 9132 COS 9691319132 — Tqo1 sin 9131 sin 95 sin 9691319132
— rco1 €0s 039 sin 96913196 + rao1 sin 631 cos 8132 cos 069%32
+ rco1 cos 0131 cos 85 sin 96913295 — rco1 Sin 0137 sin 639 sin 96913296
+ 7601 €08 0131 sin 05 cos 05013205 + 771 sin (05 — 6132) 01310139
— 171 cos 031 sin (95 - 9132) 91319132 — 771 8In (95 - 9132) 913195
— T sin 0131 COS (95 — 0132) 6’%32 — T sin 9131 COsS (05 — 6132) 913295

— 773 €Os Ug cos (95 - 9132) 01316132 — 173 cos 0131 cos O cos (95 - 9132) 01310132
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V73

V73

+ 773 8in 0131 sin O01310130 — 173 cos O cos (05 — Oy132) 013105

+ 773 8in g sin (05 — O132) 013106 — 73 sin B131 cos O cos (05 — 6132) 9332
— 773 sin ‘9131 COS 96 COS (‘95 — 9132) 9132é5

+ 773 sin 0131 sin 86 COS (95 — 0132) 913296 — T'73 COS 8131 COS 96é13296

+ 773 cos 00505 (4.647)

= 171 8in Og sin (05 — 0132) 0131 + (771 sin 031 sin O cos (05 — 0132)

— rqo1 €08 B31 cos O5 — 171 cos 631 cos 96)5132 + 771 cos B0

+ (7"71 cos B sin (05 — B132) O + 771 sin B cos (B — H132) <95 — 9132> )9131
+ (7’71 cos 0131 sin g cos (05 — G132) 0131 + 71 Sin 031 cos Og oS (05 — 0132) O,
— 771 8in 0131 sin O sin (05 — O139) <95 — 9132> + 7oy sin 031 cos 05013,

+ 7601 €08 0131 8in 0505 + 771 sin 031 cos Ogb131 + 171 oS Oyz1 sin 9696) 0,39

— T sin 966596

= 771 50 0g sin (05 — O13) B131 + (771 8in Oy sin O cos (05 — B130)

— rGo1 €0s 0131 cos 05 — 171 cos 631 cos 06)9132 ~+ r71 COS 9695

+ 7Go1 8in 0131 08 0501310132 + o1 €08 0131 8in 05013005

— 171 8in g cos (05 — O132) 01316132 + 771 cOS 0131 sin O cos (05 — 6132) 01316132
+ 771 8in O131 cos Ogb1310139 + 771 sin O cos (05 — 6132) 013105

+ 171 cos B sin (65 — 6132) 013105 + 77, sin 013, sin O sin (05 — 0132) 9%2

— 771 8in 0131 sin O sin (05 — 0139) 03505

+ 7 Sin 9131 COS 96 COS (95 — 9132) 913296 + T71 COS 0131 Sin 96913296

— T sin 969596 (4648)
007 i ) _ _
87 = —71y3 €08 gty + 773 Sin Oty + 771 cOS Oglis (4.649)
5
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d [ . . .
—_ (ﬁ) =773 sin 0606121 -+ 773 COS 869677/2 —Trn sin 66‘96@3 (4650)
dt \ 96

0v7
— =17l 4.651
o0, T ( )

4 (%)
dt \ 965

Il
ol

(4.652)

(7 = ( — sin 6605 + cos B sin (05 — 6132) 0131 + (cos Og sin Oy31 cos (05 — 0132)
+ sin fg cos 9131)5132 — cos 060506 + < — sin fg sin (05 — 6132) O
+ cos O cos (05 — 6132) (95 - 9132) )9131
+ < — 8in fg sin 0131 cos (05 — O132) O + cos Og cos 0131 cos (05 — 6132) 013
— c0s B¢ sin 6131 sin (05 — 132) (95 — 9132) + cos g cos 0310
— sin fg sin 91319131) 9132) U1
+ < — cos 005 — sin O sin (05 — 6132) 0131 + (cos Og cos 0131

— sin 96 sin 0131 COS (95 - 9132))9.132 + sin 969596

+ < — cos b sin (05 — 0132) 0 — sin g cos (05 — 0132) (95 — 9132> )9131

+ ( — 8in 0 cos 013106 — cos Og sin 0310131 — cos g sin 03, cos (05 — 0132) O
— 8in g cos 6131 cos (05 — O132) 0,31

+ sin Og sin 0131 sin (05 — 0132) (6’5 — 9132> )9132)222

+ <é6 + cos (05 — B132) B131 — sin B3, sin (B — Oy32) Orso

— sin (95 - (9132) (95 - 9132) 9131 + ( — cos 0131 sin (95 - 9132) 9131

— sin 9131 COS (05 — 6132) (05 — 9132) )é132> ag (4653)
i
T — — Sin gl — cos Ogiis (4.654)
005
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8U71

Ul —=,—

005

i <aW7> = — COS 0696121 + sin 86é6ﬂ2

dt \ 9,
owr
— = U3
00
d (%) 0
dt \ 06
Jrr Jrz o 0
50 _
7 Jrg Jra 0
0 0 Jiss
_T 61_17 8U71 61}72 81173

Uy 8_95 = 0718—95 + U726_95 + 1)738—65

= <(rc01 c0s 0139 o8 05 — 173 cos (05 — O139)) 131

+ (773 8in 6131 sin Og sin (05 — O132) — TGo1 €os b131 cos O5 cos Og

— Tgo1 Sin 0131 sin 03 sin O sin Og) 9132>
( (TGOl COS 9132 Sin 65 — T73 sin (95 — 0132)) 0131

+ (T73 COS 9131 COS 96 — 773 sin ‘9131 sin 96 COS (85 — 9132)

(4.655)

(4.656)

(4.657)

(4.658)

(4.659)

— Trgo1 COS 9131 sin 95 COS 06 + rgo1 sin 9131 sin ngg COS ‘95 sin 06) 9132

— T'73 COS (9695>

= 12,5, c0s? By sin O cos Os0%,

— 1201 €08 0131 cos 0135 sin O cos B cos 0601310132
+ 72,0, Sin 131 sin 035 cos O35 cos? O5 sin 06013160132
— 180, €08 0131 cos B35 sin 5 cos O cos 0601316132
— T2GOI sin 9131 sin 8132 COS 0132 Sil’l2 ‘95 sin 9691319132

+ 7%01 cos? 0131 sin 05 cos 05 cos? 6’69f32
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- 7%01 sin fy31 cos By31 sin By35 cos? O sin g cos 669%32

+ 12, Sin B131 €O B131 sin O35 sin’ 5 sin O cos g2,

— Té‘Ol Sil’l2 0131 Sil’l2 ‘9132 sin 95 COS 95 SiIl2 969‘%32

— Tqo17T73 COS 6’132 COS 95 sin (95 — ‘9132) ‘9'%31

— Tqo1T73 COS 9132 sin 65 COS (95 — 0132) ‘9%31

+ Tco1T73 COS 0131 COS 9132 COS 05 COS 9691319132

— Tcqo1"73 sin 9131 COS 9132 COS ‘95 sin 96 COS (95 — 9132) 91319132
+ rGo1773 €08 O131 sin O cos O cos (05 — O132) 01310139

— rGo17T73 8in 0131 sin 6139 cos 05 sin Og cos (05 — 0132) 01310139
+ rgo1773 sin Oy31 cos O35 sin O sin g sin (05 — 6132) 01310139
+ rgo1773 €08 B131 cos O5 cos O sin (05 — O132) 0310139

+ rGo1773 Sin O131 sin 63 sin 05 sin Og sin (05 — O132) 01310132
— Tqo1T73 COS 9132 COS 05 COS 96913195

— Tco1773 Sin O131 cos 0131 sin 5 sin O cos Og sin (05 — O13) éfgz
+ 7Go1773 8in” O131 sin 035 cos 05 sin? O sin (05 — 0132) 9%32

— rao1T73 €0s? B3 cos 05 cos® 96(9?32

+ rgo1773 sin Oy31 cos O131 cos O sin b cos Og cos (05 — 0132) 9?32
— Tco1"73 sin 0131 COS 0131 sin 6132 sin 95 sin 96 COS 068.%32

+ rco1’rs Sin2 8131 sin 0132 sin 05 Sirl2 96 COS (‘95 — 8132) 8‘%32

+ rao1T73 €os 0131 cos 05 cos? 06913295

+ rco1’7s sin 9131 sin 9132 sin 95 sin 96 COS 96913295

+ 72, sin (05 — O132) cos (05 — O132) 9?31

— 7“?3 COS 9131 COS 66 COS (95 — 9132) 91319132

+ 72, sin 6131 sin O cos® (05 — O132) 01310139

— T?g sin 9131 sin ‘96 SiIl2 (95 — 6132) é1319132

+ 7”%3 COS 96 COS (95 — ‘9132) ‘913195

+ 72, sin 0131 cos 0131 sin O cos O sin (05 — O132) 9.%32

2 2 L 20 92
— 175 8in” 131 sin® g sin (05 — O132) cos (05 — O132) 0139
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— 72, 8in 031 sin O cos O sin (05 — 0;37) 013505

= 12,5, 082 Oy sin O cos O50%4,

— 2Té01 COS ‘9131 COS 8132 sin 05 COS 95 COS 8691319132

+ réOl sin 9131 sin 9132 COS 0132 COS 205 sin 0691319132

+ 7%01 cos? 0131 sin 05 cos 05 cos? 969.%32

— 7"2001 sin 0131 cos 0131 sin B39 cos 205 sin O cos 969%32
- 7"2001 sin? 0,37 sin® 0y 35 sin O cos 05 sin? 969f32

— IGo17T73 €OS B39 8in (205 — 0;32) éfgl

+ rqo1773 €os #1131 cos B35 cos B5 cos 6691319132

+ rgo1773 €08 B131 cos Og sin (205 — 0132) 01310139

— Tqo1"73 sin 6131 COSs 9132 sin 96 COS (205 — 6132) 91316‘)132
— Tcgo1T73 sin Q131 sin 9132 sin ‘96 COS (295 — 0132) 91319132
— o173 €08 0139 cos 05 cos 49691316’5 — rao1rTs cos? B3 cos O5 cos? 6’60.%32
— o173 sin B131 cos 031 sin B39 sin G5 sin G cos 969%32
+ rGo1773 sin O131 cos Oy31 sin O cos g cos (205 — 6132) 9‘%32
+ TGo1773 sin? B131 sin 035 sin® O sin (205 — 613) 9%32

+ TGo1T73 €08 0131 €08 O cos> 06013205

+ rco1’73 sin 9131 sin 6132 sin 95 sin 96 COS 96913295

+ 7"33 sin (95 — 0132) COS (85 — ‘9132) ‘9'%31

— T$3 COS 0131 COS 06 COS (‘95 — 9132) 91319132

+ 7“33 sin 9131 sin 96 COS (295 — 29132) 91319132

+ 72, cos B cos (05 — 0137) 013105

+ 72, sin 0131 cos Oy31 sin O cos O sin (05 — 0132) 9%32

— 12, 5in% 31 sin? O sin (05 — B132) cos (05 — b132) 62,

— 7“33 sin 9131 sin 96 COS 96 sin (05 — 6132) é13295 (4660)

0ry 2072 _
72805_

+ (—7"71 sin 9131 COS (95 — 9132) + rco1 Cos 9131 COS 05 sin 06

<_ (r718in (05 — O132) — 173 cos O cos (05 — O132)) i
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+ 773 8in 6131 cos Og sin (05 — G132)) 9132>

( (771 cos (05 — b132) + rco1 €08 B33 cos O — 173 cos U sin (05 — G132)) 0,31
+ (TGOI sin 9131 sin 9132 COS 96 — T sin 9131 sin (05 — 9132)

+ 7601 €os 0131 sin 05 sin g — 773 sin 6131 cos Og cos (05 — 0132)
— T73 COS 9131 sin 06) 9132 + 73 sin 9695 + T7196>

= rém cos #1371 cos B35 cos 05 sin fg cos 9691319132

+ 7%01 sin 0131 cos 631 sin 0134 cos O5 sin g cos 969f32

+ rém cos? 051 sin O cos 05 sin® 6’69332

— Tqo1T71 COS 9132 COS ‘96 sin (95 — 0132) 0.%31

— TGo1771 8in B131 810 0139 cos O sin (05 — O132) 01310130

— Tqo1771 COS 9131 sin 95 sin 96 sin (95 — 9132) 91319132

— 7GO1771 5 0131 €08 f132 €08 g €08 (05 — O132) 01316132

+ rgo1771 €08 B131 cos Oy sin O cos (05 — 6132) 01310139

— 7Go1771 8in? B131 sin 0135 cos O cos (05 — 0132) 9%32

— Trcoi’71 sin 6131 COS 8131 sin 95 sin 06 COS (‘95 — 9132) 6’%32

— Trcoi1T’71 sin 9131 COS 0131 COS 05 sin 6)6 sin (‘95 — 9132) 9%32

+ Tco1T71 COS 0131 COS 05 sin 060.13296

— Tqo1773 COS 9132 COS2 96 COS (05 — 9132) 9%31

— 7GO1T73 81N f131 8i0 0135 c0s? O cos (05 — 0132) 01310130

— rGo17T73 €08 B131 sin 05 sin Og cos O cos (05 — 0132) 01310130

— rgo17T73 €08 B131 cos 5 sin O cos Og sin (05 — 0132) 01310139

+ rco1T73 sin 6131 COS 9132 0082 66 sin (‘95 — 9132) 9131‘9‘132

— Tco1T73 sin 9131 COS 6131 COS 6)5 sin 6)6 COS 86 COS (05 — 0132) 6’%32
— rao1rTs cos? 0131 cos O sin? 969%32

+ TGo1773 sin’ 0131 sin 035 cos? O sin (05 — O137) 9?32

+ rGo1773 sin O131 cos 131 sin O sin Og cos Og sin (05 — 0132) 9'%32
+ rao1rTs €os B31 cos O sin? 96913295

— T%l sin (65 — 9132) COS (65 — 9132) 9‘%31
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9 . . 9 . . 9 . 9 . .
=+ 771 81 0131 sin (95 - 9132) 01310132 — T'71 8110 0131 cos (95 - 9132) 01310132
2 ) ) 2 2 : N2
— T’z S (95 — 9132) 913166 -+ T'7q S111 6131 S1n (95 — 0132) COS (‘95 — 9132) 9132
2 ) ) s 2 )2
— Tz S111 9131 COS (65 — 9132) 913296 + 771773 COS 96 Sin (95 — 8132) 8131
- 0 cos? (A5 — 0135) 6
771773 €08 0 cos” (05 132) 0131
+ 171773 08 0131 sin O sin (05 — O132) 01310132
+ 71773 SiIl 6131 COS 06 Sin (05 — 0132) COS (05 — 9132) 91310132
+ 71773 sin 9131 COS 96 Sin (95 — 9132) COS (05 — 9132) 91319132
+ 71773 sin 9131 COS 96 sin (65 — 9132) COS (65 — 9132) 91316132
—+ 71773 sin 9131 COS 66 sin (65 — 9132) COS (95 — 9132) 91316132
— T3 SiIl 66 SiIl (95 — 0132) 013195 — T'717T73 COS ‘96 COS (05 — 9132) 913196
in? ¢ 0 cos? (05 — O15,) 67
—+ 71773 S111 131 COS Ug COS ( 5 — 132) 132
. . N2
+ T'717T73 SN 9131 COS ‘9131 S11n 06 COS (€5 — 9132) 9132
) . . )
— T71T73 S11 0131 COS 86 S1n (€5 — 9132) S111 ((95 — 0132) 9132
— T3 sin 9131 sin 96 COS (95 — 9132) 913295
+ 71773 sin 9131 COS 96 Sin ((95 — 9132) 913296
2, cos® O sin (05 — 0 05 — O137) 03
—+ T+3 COS™ Ug SIH( 5 — 132) COS( 5 — 132) 131
2, sin 6 205 cos® (05 — O132) 01310
+ 175 8in 0131 cos™ O cos™ (05 — O132) 01310132
+ 7”53 COS (9131 sin (96 COS ‘96 COS (95 — 9132) 91316132
2 . 2 . . A A
— TI'73 5111 9131 COS 06 S1n (05 — 6132) Sin (€5 — 9132) 91316132
— 7’33 sin 06 COS 06 COS (05 — 0132) 013195
2,5in? 0 29 sin (05 — 0 05 — 0132) 03
— 174 8in” 131 cos® O sin (05 — O132) cos (05 — O132) 0139
— 2, 5in 0131 cos B3 sin O cos O sin (05 — O132) 625,
+ 7'33 sin 9131 sin 96 COS 96 sin (95 — 6132) 613205
= Tév01 COS 9131 COS 9132 COS 65 sin 96 COS 9691319132
+ TéOl sin 9131 COS 9131 sin (9132 COS ‘95 sin ‘96 COS 960%32
2 2 : s 2 )2
+ T¢o1 €0s” B131 sin 5 cos 05 sin” 0074,
. )
— Tqo1T71 COS 0132 COS 06 S111 (95 — 9132) 9131

— rgo1771 Sin 6131 cos O cos (05 — 20132) 01316132
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-+ Tco1T71 COS 9131 sin 96 COS (295 — 6132) 61319132
<92 . N2
— T'co1T71 Sl 9131 Sin 6132 COS 96 COS (65 — 9132) 9132
— TrcoiT71 sin 6131 COS (9131 sin 96 sin (205 — 6132) 6%32
+ rgo1771 COS 0131 COS 6)5 sin 06013206
2 )2
— Tqo1T73 COS 6132 COS 96 COS (‘95 — 6132) 6131
. 2 . ; :
+ rGo1773 sin 031 cos” g sin (05 — 20132) 01310132
— Tqo17T73 COS 9131 sin 06 COS 96 sin (295 — 9132) 91319132
2 c .2 )2
— rGo1773 COS” U131 cOs 05 sin” 0073,
in? 03, sin 0 206 sin (A5 — 0132) 67
+ TGo1773 8in” 131 sin 0133 cos” O sin (05 — O132) 0739
— Tco1T73 sin 9131 COS 9131 sin 96 COS 96 COS (205 — 9132) 9%32
+ rgo1773 COS 6131 COS 6)5 sin2 960132‘95
2 sin (5 — 0 05 — 0135) 62
— 1718 (05 — O132) cos (05 — 0132) 013
9 . . . 9 . . .
— Tz 851 0131 COS (205 — 29132) 9131€132 — T’z 81 (95 — 9132) 9131‘96
2 sin? 013, sin (65 — 0 05 — O132) 03
+ vy SI” Uy31 sm( 5 — 132) COS( 5 — 132) 132
9 . . . "9
— T'7p 51 (9131 COS (95 — (9132) 913296 — T'71T73 COS 66 COS (295 — 29132) 9131
+ 71773 COS 6131 sin 96 sin ((95 — 0132) 01319132
-+ 27’71T73 sin 0131 COS 96 sin (265 — 29132) 91319132
— T717T73 Sil’l 96 sin (95 — 8132) (913195 — T'71T73 COS 96 COS (85 — 9132) 0131(96
in? ¢ 0 cos? (05 — O13,) 6
+ 771773 8In” 0131 cos O cos” (05 — O132) 013,
. . )
+ T71T73 SII 0131 COS 0131 S1n 96 COS (95 — 0132) 0132
.. 9 . . V)
— T'71T73 S11 9131 COS 96 Sin (95 — 9132) Sin (95 — 9132) 9132
— T3 sin 9131 sin 6‘6 COS (95 — 9132) 9132(95
+ 71773 sin 9131 COS 96 sin (95 — 9132) 913296
2, cos® O sin (A5 — 0 05 — O137) 02
-+ T3 COS 68111( 5 — 132) COS( 5 — 132) 131
2, sin 6 205 cos® (05 — O132) 01310
+ 175 8in 0131 cos” O cos” (05 — O132) 01316132
+ 7”;3 COS 9131 sin 96 COS 96 COS (85 — 9132) 91310132
2 . 2 . . H H
— T'7g 8111 9131 COS 96 S11 (95 — 0132) S1n (05 — 9132) 91319132

— 7“33 sin 06 COS 06 COS (95 — 0132) 913195
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2 o2 20 o 32
— 174 8in” 0131 cos® Og sin (05 — O132) cos (05 — O132) 0139
— 72, 8in 031 cos B3 sin O cos O sin (5 — O132) 025,

+ 7”53 sin ‘9131 sin 96 COS 86 sin (95 — 9132) 913295 (4661)

0 .
U73% = (7”71 sin 06 COS ((95 — 9132) 9131 + ( — T sin 9131 sin 96 sin (95 — 9132)
5

+ rGco1 COS 8131 sin 05) 9132) (7"71 sin 96 sin (95 — ‘9132) ‘9131
+ ( 7 sin 0131 sin 06 COS (95 — 0132) — T'qo1 COS 0131 COS 95
— 171 €08 B131 cos B ) O130 + 771 cos 9605>
= —71%0; cos” 0131 sin 05 cos 0507,
— Tco1T71 COS 8131 COS 95 sin 66 COS (95 — 0132) 01319132
+ rGgo1771 COS 9131 sin 05 sin ‘96 sin (95 — 0132) 01319132
+ rgo1’r sin 6131 COS 0131 COSs 95 sin 96 sin (€5 — 9132) 9%32
+ rgo1’r sin Q131 COSs 0131 sin 95 sin 96 COS (05 — (9132) (9%32
— Tco1T71 0082 9131 sin 05 COSs 969%32 “+ rco17T71 COS 9131 sin 95 COS 96913295
2, sin? O sin (05 — 0 05 — 0132) 07
+ 71 SIN” Ug sm( 5 — 132) COS( 5 — 132) 131
2, 8in 03, sin® g cos? (05 — O132) 01310
+ 17, sin f131 sin” O cos™ (05 — O132) O1310132
— 7’?1 COS 9131 sin 66 COS 96 COS (95 — 6132) 61319132
2, sin 03 sin® O sin® (05 — O132) 01310
— T’z SIN 031 8111 Ug S1I ( 5 132) 1317132
+ 7“’?1 sin 86 COS 96 COS (95 — 0132) 013105
— 7“?1 sin 9131 SiIl2 96 sin (05 — 0132) sin 9131 COS (95 — 0132) 0%32
+ 72, sin 0131 cos O3 sin O cos O sin (05 — O132) O3,
— 2, sin 013, sin O cos O sin (05 — O132) 013205
= —71%0; cos” 0131 sin 05 cos 0507,
— rGo1771 €08 B131 sin O cos (205 — 6132) 01316132
. . . N2
+ rGo1T71 SIn 9131 COS 0131 S1n 96 S1n (295 — 9132) 9132
— Trcoi1T’71 COS2 9131 sin 95 COS 966%32 + rco1T71 COS 9131 sin 95 COS 96813295

+ T’?l SiIl2 06 sin (05 — 6132) COS (‘95 — 9132) 9%31
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=T
U7

005

+ 72, sin 031 sin® O cos (205 — 26135) 01316135

— 12, cos 013; sin O cos O cos (05 — O132) 01310139

+ 72, sin 0 cos O cos (05 — 0132) 013,05

— T’?l sin 8131 sin2 96 sin (05 — 9132) sin 9131 COS (85 — 8132) 8332
+ 72, sin 0131 cos 0131 sin O cos O sin (05 — O132) 6’%32

- ’f‘?l sin 0131 sin 96 COSs 06 sin (95 - 0132) 913295 (4662)

2 2 . "9
= TGo1 €0S” U139 sin 05 cos 05074,

- rém cos 0131 cos 0139 sin 205 cos 9691319132

+ 7“2G01 sin 631 sin 0139 cos #135 cos 205 sin 0691319132

+ ’r’ém cos 0131 cos 8135 cos 05 sin B¢ cos 9691319132

— TéOl sin 9131 COS 0131 sin 8132 COS 285 sin 86 COS 969%32

+ Tg;01 sin 0131 COS 6131 sin 9132 COS 95 sin 96 COS 060%2

— 120, 5in? 0131 sin® 035 sin O cos O sin” 969%32

— Tqo1T71 COS 9132 COS 96 sin (95 — 9132) 9.%31

— TGo1771 8in 6131 cos O cos (‘95 - 29132) 91319132

— 7Go1771 8in? B131 sin 0135 cos O cos (05 — O132) 9%32

— rGo1T71 cos® B3 sin @5 cos 969f32 + raorrr €os 0131 sin O cos Ogb:3005
+ rco1771 COS 8131 COS 95 sin 96913296 — Tqo17T73 COS 6132 sin (2(95 — 9132) 9%31
— Tqo1T73 COS ngg COS2 86 COS (05 — ngg) 9%31

+ Tco1T73 COS 0131 COS 9132 COS 95 COS 96é1319132

+ rco1773 COS 9131 COS 96 sin (295 — 9132) 91319132

— Tqo1773 COS 9131 sin 96 COS ‘96 sin (295 — 9132) 91319132

— rGo17T73 Sin 0131 cos O132 sin Gg cos (205 — O132) 01316135

— rGo1rr3 Sin By31 Sin By sin O cos (205 — O132) O1316132

+ Trco1T73 sin 9131 COS2 66 sin (95 — 29132) 91319132

— Tqo1T73 COS 9132 COS ‘95 COS 969131é5 — Tqo1"73 0082 8131 COS 859‘%32

— rco1773 sin B131 cos 631 sin 8135 sin O5 sin Og cos 969%32
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+ 7Go1773 SIn? B131 sin 030 sin® O sin (205 — 6132) 9f32

+ rGo1r7s Sin? Oy sin B35 cos? O sin (05 — O13) 6%,

+ rGorTrs €os 0131 cos 05013005

+ TGo1T73 Sin Oy31 sin 035 sin O sin O cos 0013205

— 72, sin (05 — 0135) cos (05 — 0137) 9?31

+ 12, sin? 0 sin (05 — B13) cos (05 — Bys2) 625,

— 12, sin 613, cos (205 — 2613,) 01310135

+ 72, sin 631 sin” O cos (205 — 20132) 01310135

— 72, cos 031 sin B cos O cos (05 — O137) 01310130

+ 72, sin O cos O cos (05 — 0132) 013105 — 72, sin (05 — O132) 013106
+ 72, sin? 0y sin (B — B1sp) cos (A5 — Orsa) 624,

— 72, sin 63 sin® O sin (05 — 0132 sin 0131 cos (05 — O132) 6’%32

+ 72, sin 0131 cos 0131 sin O cos O sin (05 — O132) 9.%32

— 72, sin 63, sin 0 cos O sin (05 — O132) 013505

— 2, sin 613 cos (05 — O13,) 013005 — 771773 COS O COS (205 — 26,32) (9'%31
+ 171773 c0s B31 sin G sin (05 — 0132) 01310132

+ 271773 8in 0131 €08 O sin (205 — 26132) 01310132

— P77y sin Og sin (05 — O132) O13105 — 171773 €08 O cos (05 — O132) O13106
+ 171773 sin® 0131 cos O cos (205 — 260132) 6"%32

+ 771773 sin 0131 cos 0131 sin Og cos (05 — 0132) 9%32

— rr1773 8in 031 sin O cos (05 — 0132) 013205

+ 771773 S0 O131 €O O sin (05 — B132) B1320¢

+ r2,sin (65 — O132) cos (05 — Ors) 62,

+ 12, cos? O sin (05 — b132) cos (05 — O132) 024,

— 125 cos 131 cos 0 cos (05 — 0132) 0310139

+ 725 sin 0131 sin O cos (205 — 20;37) 01310139

+ 1"?3 sin 613 cos? O cos (205 — 26132) 01316135

+ ’I"$3 COS 0131 sin 96 COS 06 COS (65 — 9132) 9131€132
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-+ 7”?3 COS 06 COS (65 — 9132) 913195 — 7”?3 sin 96 COS 06 COS (65 — 9132) 913195

— 7”?3 SiIl2 9131 sin (65 — 9132) COS (65 — 9132) 9.%32 (4663)
~ O .
(D?JénaTO; = (J711 (COS 06 COS (95 — 9132) 9131

-T AU)%

— c0s B¢ sin 0131 sin (05 — O132) 9132>

+ Jr12 (— sin g cos (05 — B132) B131

+ sin 0g sin 0131 sin (05 — 6132) 9132) )

<— sin 005 + cos O sin (05 — 0132) 03,

+ (cos 0g sin 0131 cos (05 — G132) + sin Og cos Oy31) 9132)
+ <J712 (cos g cos (05 — O132) 0,31

— c0s B¢ sin 6131 sin (05 — O132) 9132)

+ J722 <— sin B cos (05 — 132) O131

+ sin 6g sin 0131 sin (05 — 6132) 9132> >

(— cos 05 — sin O sin (05 — 6132) O131

+ (cos Og cos 6131 — sin Og sin 0131 cos (05 — 6132)) 9132)
+ Jo3s <— sin (A5 — B132) 0131 — sin fy31 cos (5 — b132) 9132>

<é6 4+ cos (05 — 9132) 9131 — sin 9131 sin (95 — (9132) 9132> (4664)

= —J711 sin 96 COS ‘96 COS (65 — 9132) 913195

+ J711 sin 0131 sin Og cos O sin (05 — 0132) 013505
+ Jr11 cos? 0 sin (05 — B15) cos (05 — O132) 624,
— Jr11sin 63, cos? Os sin’ (95 - 9132) 91319132

+ Jr11 sin 0331 cos? g cos® (05 — 0132) Or3160130

+ J711 cos 6131 sin G cos Og cos (05 — 0132) 01310139

— J711 SiIl2 9131 COS2 96 sin (95 — 6132) COS (05 — 0132) 0.%32
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— J711 8in 6131 cos 6131 sin Og cos Og sin (05 — 0132) 9'%32

+ J712 sin G sin O cos (05 — 0132) 013105

— J712 510 0131 sin? O sin (05 — B132) 013205

— Jr2 cos’ 06 cos (95 - 9132) 913195

+ Jr128in 0131 cos? O sin (05 — 6132) 013505

— J712:8in 0g cos Og sin (05 — 0132) cos (05 — 6132) 0'%31

+ J712 8in% 0131 sin O cos O sin (05 — 0132) cos (05 — O135) 9'%32
+ Jr12 8in 0131 cos 0131 sin® O sin (05 — 0132) 9%2

— Jr125in 0 cos O sin (05 — Oy32) cos (05 — O132) 0%,

— J719 8in 6131 cos® O sin (05 — 6132) cos 91319f32

+ Jr12 8in? 0131 sin O cos g sin (05 — O135) cos (s — O132) 9'%32
+ Jr12 8in 6131 sin O cos O sin? (05 — O13,) 01310139

— Jr128in 6,31 sin O cos? O cos (05 — O135) 01316135

— Jri2 cos b3 sin” 0 cos (05 — 6132) 91319132

+ Jr198in 0331 sin 0 cos O sin? (05 — B132) B1316130

+ Jr12 €08 031 cos” O cos (A5 — 0132) 01310132

— J712 8in 6131 sin O cos O cos® (05 — O13,) 01310139

+ Jr99 sin G cos Og cos (05 — 0132) 03105

— Jr99 810 0131 sin Og cos O sin (05 — O132) 03505

+ Jrgo sin? 0g sin (05 — B13) cos (05 — Brs) 624,

— Jr2 810 013 sin® O sin® (05 — 0132) 01310132

— Jr99 €08 6131 sin O cos O cos (05 — 0132) 01316135

+ Jr29 810 0,531 gin2 g, €OS” (05 — O132) 01310132

+ Jr99 8in 6131 cos 6131 sin O cos Og sin (05 — 0;32) 9'332

— J7998in? 031 sin? O sin (05 — O135) cos (05 — O132) 0%2

— Jrzz sin (05 — O132) 013106 — Jrz3 sinO131 cos (05 — O132) 013006
— Jrzsin (05 — 0132) cos (05 — 0132) éfzﬂ

— Jz338in 031 cos® (05 — 0132) 01310132
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+ Jr33sin by sin’ (95 - 9132) 91319132

+ J733 Sil’l2 9131 sin (95 — 9132) COSs (95 — 9132) 9?32 (4665)

7 +(7) Ot
W?é)a—es’

= —J711 sin g cos O cos (05 — O132) 013105

+ J711 8in 6131 sin 6 cos Og sin (05 — 0132) 0, 3505

+ Jr11 cos? 0 sin (05 — B1s) cos (05 — B1s5) 625,

+ Jo1q sin 6437 cos? O cos (205 — 260,32) 91319132

+ J711 cos 6131 sin b cos Og cos (05 — 0132) 01310139

— J711 8in® 031 cos® O sin (05 — O135) cos (05 — 132) 9'%32
— J711 8in 0131 cos 0131 sin Og cos O sin (05 — 0132) 9?32

— J712 €08 205 cos (05 — 6132) 03105

+ J712 8in 6131 cos 206 sin (05 — 6132) 03505

— 2J712 8in 0 cos O sin (05 — O132) cos (05 — O132) 6"%31
+ 2J719 sin? 031 sin O cos O sin (05 — Oy33) cos (05 — O132) 9%32
— J712 8in 0131 cos 0131 cos 20 sin (65 — 0132) 9%2

+ J719 8in 0131 sin O cos O sin? (05 — O132) 01310139

— J712 8in 0131 sin Og cos 20g cos (05 — O132) 01310139

+ Jr1g cos 031 cos® O cos (05 — 0132) 0131013

— Jr12 8in 0131 sin Og cos O cos (205 — 26135) 01316132

+ J729 sin G cos Og cos (05 — 6132) 0,3105

— J7a9 sin 031 sin 6 cos B¢ sin (05 — 6132) 013505

+ Jrgo sin? 0 sin (05 — B135) cos (05 — B132) 624,

— J799 €08 0131 sin Og cos O cos (05 — 0132) 01316135

+ Jroo sin 131 sin? O cos (205 — 260132) 01316135

+ J799 sin 6131 cos 6131 sin b cos Og sin (05 — 0;32) (9%2

— J799 8in? 031 sin? O sin (05 — O135) cos (05 — O132) 9‘%32

— Jrzgsin (65 — 0132) 015105 — Jrss sin fy3; cos (05 — O132) 013206

— J733 sin (95 — ngg) COS (95 — 6132) é%{il
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Ur1

81171

00

— Jr33 sin 0131 cos (295 - 29132) 91319132

+ J733 SiIl2 ‘9131 sin (95 — 9132) COS (95 — 0132) 9%32 (4666)

6K7) (;TaQ_J? 7 d (8177>) 7 3(T) 0w 757 d <8@7)
— | — ) =My |V — +U; — | — +wr S — s S — | —
dt (595 "\Tads T dt\ ods T 96y 7T dt \ ods

(4.667)

00 0 0 0
G 0T gy S gy S g, ST (4.668)
06, 005 65 065

= ( — T'co1T73 COS 0132 sin 96 COS 66 + 7’33 sin 96 COS 96 sin (85 — 0132) )9131

+ ( — 125 cos 0131 cos” O + 12, sin 031 sin O cos O cos (05 — O137)

+ rGo1773 COS 0131 sin 95 COS2 86 — Trgoi1"73 sin 0131 sin 0132 sin 06 COS 96) élgg
+ 7"33 COS2 06é5 + T"co1T73 sin 0132 sin 06 COS 9691319132

— Tqol1"73 sin 9131 sin 95 COS2 0691319132

— o173 €OS 0131 sin 635 sin Og cos 0691319132

— o173 €08 B139 €082 0013106 — TGO1T73 SIN B131 €OS 0139 Sin Og cos 669%32
+ Tao1T73 €08 0131 €08 B cos> 06013205

— Tqo17T73 COS 6131 sin 95 sin ‘96 COS 86913296

— rGo1T73 $in 031 810 )39 cos® 01320

— T$3 sin 06 COS 06 COS (95 — 0132) 91319132

+ 7“33 COS 9131 sin 96 COS 96 COS (95 — 9132) 91319132

+ 72, sin 0131 cos® 0501310139 + 72, sin O cos O cos (05 — O132) 013105

+ 125 cos® O sin (05 — 0132) 0,3,06

+ 12, sin 0131 sin O cos O sin (05 — O132) 0%,

— 7’33 sin 9131 sin 96 COS 96 sin (‘95 — 0132) 0‘1326‘5

+ 7"33 cos 0131 sin fg cos 06913296 + 7’33 sin 651 cos?® O cos (05 — 6132) 913296

— 7‘33 sin B¢ cos 60566
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Ur2

61}72

00

= (r71r73 sin Og cos (05 — 0132) + rco1773 €OS B39 sin Gg cos g

— 72, 5in 0 cos O sin (05 — O132) )5131

+ (TGO1T73 sin 6137 sin 635 sin B¢ cos G

— 771773 8in B3 sin O sin (05 — O132) + rgo1773 cos O13; sin 5 sin? Og
— 125 5in 0131 sin O cos O cos (05 — 0132) — 725 sin O cos f;3; sin 96)é132
+ 7"%3 SiIl2 96é5 + 7773 sin Qﬁé(j — Trco1T73 sin 0132 sin 06 COS 9@91319132
+ rGgo17T73 COS ‘9131 sin 0132 sin 96 COS 969131‘9132

— 7Go1773 811 O131 8in 05 8in% 0501310132 — ro1773 CO8 O30 8in® 0501310
+ rco1”7s sin 0131 COS 9132 sin 96 COS 969%32

+ rao1773 €os By31 cos O sin? 96913295

— TGo1T73 Sin 37 sin 055 sin’ 96913296

+ rqo1r73 €08 #1371 sin 05 sin B cos 96913296

+ 171773 5in g sin (05 — O132) 01310132

— 771773 €08 O131 810 0 sin (05 — 0132) 013160130

— 71773 sin 06 sin (95 — 0132) 913195

— 71773 8in 031 sin 6g cos (05 — 6132) 0?32

— 773 sin 0131 sin ‘96 COS (95 — 9132) 913295

— 7'33 sin 96 COS 66 COS (95 — 9132) 91319132

— 12, cos 0131 sin O cos O cos (05 — 0132) 01310139

+ 7"33 sin 8131 SiIl2 9691319132 — 7”?3 sin 96 COS 96 COS (05 — 9132) é131é5

+ 72, sin” g sin (05 — 013,) 03106

— 72, 5in 0131 sin O cos O cos (05 — 0132) 9.%32

— 7‘?3 sin 0131 sin 96 COS 66 COS (05 — 9132) 9132&5

+ 7"?3 sin 9131 sin2 06 COS (95 — 9132) 913296 — 7“$3 COS 9131 sin 06 COS 96913296

+ 7"33 sin f¢ cos 969596
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@73—. = 7’?1 sin 66 COS 96 sin (95 — ‘9132) ‘9131

jr 9t
005

+ (r?l sin 6131 sin g cos Og cos (05 — b132) — rao1771 €08 0131 €Os 05 cos Og

— r?l cos 013, cos? 86)é132 + 7‘?1 cos? 8655

+ rcoi”mn sin 0131 COS 65 COS 069131‘9132 + rco1771 COS ‘9131 sin 05 COS Qﬁélggég,
— T’?l sin 96 COS 06 COS (05 — 9132) élglélgg

+ 7“?1 COS 9131 sin 96 COS 06 COS (95 — 9132) 91319132

+ 72, sin 013, cos? 0601310139 + 72, sin O cos O cos (A5 — O132) 013,05

+ 72, cos® O sin (05 — 0137) 013106

+ 72, sin 31 sin A cos Og sin (05 — By32) 625,

— T?l sin 9131 sin 96 COS 06 sin (05 — 6132) 913295

+ 7’?1 sin 9131 COS2 06 COS (€5 — 9132) 9132é6 + 7”%1 COS 8131 sin 86 COS 968.1326')6

— 7”?1 sin B¢ cos 00505

= ( — rqo1773 €08 B135 8in B cos g + rqo1773 €08 B139 sin B cos O

+ 72, sin 6 cos O sin (05 — 0132) )9131 + 171773 sin O cos (05 — 0132)

+ 72, sin 0 cos O sin (05 — 0132) — 125 sin O cos Og sin (05 — O13)

+ ( — rgo1T71 oS B131 cos O cos O + Tao1T73 cos Br51 sin O cos? b

— Trcoi1"73 sin 9131 sin 9132 sin 96 COS 06 + rgo1r7s sin 0131 sin 8132 sin 96 COS 06
+ 7Go1773 €08 By31 sin O sin? O + 72, sin 013, sin O cos O cos (05 — O132)

— 7‘;1 COS 0131 COS2 96) é132 — 7773 sin 9131 sin 06 sin (€5 — 9132)

— 12, cos O131 cos? O + 12, sin 0131 sin O cos O cos (05 — O13,)

— 72, 8in 0131 sin O cos O cos (05 — O135) — 7724 sin g cos O13; sin g

+ (7“33 cos? O + 125 sin? O + 2, cos” 96) 05 + 171773 sin O

+ rgo1771 sin 6131 cos 05 cos 9691319132 + rgo1771 €08 B131 sin 05 cos 06913295
+ T"co1T73 sin 9132 sin 96 COS 96é1319132

— Tco1T73 sin 6131 sin 95 (3082 9601319132

146



— o173 €O B131 SN 039 sin O cos 001310139

— rqo1773 Sin 6139 sin fg cos 9691319132

-+ rGco1T73 COS 9131 sin 6132 sin 96 COS 66é1319132

— rgo1Ts sin 013, sin 0 8in? 001310130 — 101773 €08 O132 c08* 05013105

— Tqo1T73 COS 49132 SiIl2 06913196 — Tco1773 sin 9131 COS 0132 sin 06 COS 669%32
+ rao1773 sin 0131 cos 8139 sin G cos 969f32

+ rao1T73 €os B3, cos 5 cos? 95913295 + rao1r73 €oS B31 cos O sin’ 96913295
— o173 cos B3 sin 65 sin 6 cos 96913296

— rGo1T73 Sin O3 sin 0439 cos> 96913296

— Tqo1"73 sin 9131 sin 9132 SiIl2 96913296

+ rgo1r73 cos #1371 sin 5 sin B cos 066’13296

— T?l sin 96 COS ‘96 COS (95 — 9132) 91319132

+ 7“?1 COS 0131 sin 86 COS 06 COS (95 — 0132) 91319132

+ 72, sin 0131 cos® 001310139 + 72, sin O cos O cos (05 — O132) 013105

+ 72, cos?® g sin (05 — 013,) 03,06

+ 12, sin 0331 sin O cos O sin (05 — Oy32) 0%,

— 72, sin 0}3; sin O cos O sin (05 — O13;) 03505

+ 72, sin 0131 cos® g cos (05 — O132) 013206 + 72, cos 0131 sin O cos 05013905
— T’?l sin 86 COS ‘969596 + 71773 sin 66 sin (05 — 9132) 9131é132

— 171773 08 0131 8in 0 sin (05 — O13) 01310132

— T3 sin 96 sin (05 — 9132) 913195

— 171773 sin 0131 sin O cos (05 — O132) 9%32

— 171773 sin 0131 sin O cos (05 — O132) 013905

— 7’33 sin 96 COS 66 COS (95 — 9132) 91319132

+ 725 cos 0131 sin O cos O cos (05 — 0132) 01310139

+ 7"'?3 sin 9131 COS2 96é1319132 — 7"'?3 sin 96 COS 6’6 COS (65 — 9132) 9131é132

— T$3 COS ‘9131 sin 96 COS 06 COS (05 — 9132) 91319132

9 . . 9 . . 9 . . .
+ T'7g S1I1 0131 S 0691310132 + T'7g S1I1 06 COS 06 COS (95 — 0132) 013105
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— 12, 8in 6 cos O cos (05 — 0132) 013105 + 12, sin? O sin (05 — 0132) 013106
+ 12,5 cos® O sin (05 — 0132) 013106

+ 72, sin 0131 sin O cos O sin (05 — 0132) éfgz

— 7“73 sin 8131 sin 96 COS ‘96 COS (95 — 0132) 132
— T$3 sin 6131 sin 96 COS ‘96 sin ( 5 — 9132) 9132‘95

— 7‘?3 sin 0131 sin 96 COS 06 COS ( 5 — 9132) 913205

+ 72, cos 0131 sin B cos 0013205 + 72, sin 0131 cos? O cos (05 — O13:) 013906
+ 72, sin 031 sin® O cos (05 — O132) 013505 — 725 cos 0131 sin O cos 06013205

— 12, sin O cos 050505 + 12, sin fg cos 050505 (4.669)

—_— = ( — Tqo1T73 COS 0132 sin 86 COS 96 + rgo1773 COS 0132 sin 86 COS 6)6

+ T’?l sin 96 COS ‘96 sin (95 — 0132) )élgl + T3 sin 96 COS (85 — 9132)

+ 72, sin 0 cos O sin (05 — O139) — 724 sin O cos O sin (05 — O132)

+ ( — rao1T €os O3, cos 05 cos O + rao1rrs cos Oy31 sin 05 cos? O

— rgo1773 sin 0131 sin 0139 sin Og cos O + rgo1773 Sin f131 sin ;39 sin fg cos O
+ TGo1773 €08 B131 sin O sin? O + 12, sin 031 sin O cos O cos (05 — 0132)

— 12, cos 03 cos® 96) 0135 — 771773 Sin Oy31 sin O sin (05 — 6132)

— 12, cos 0131 cos” O + 12, sin 031 sin O cos O cos (05 — O137)

— 7“’?3 sin 8131 sin 96 COS ‘96 COS (95 — 9132) — 7”33 sin 6)6 COS 8131 sin 96

+ (T$3 cos? O + 7’?3 sin? 0 + 7"?1 cos? 06) é5 + 171773 SIn Hﬁéﬁ

+ Tco1T71 sin 0131 COS 95 COS 0691319132 + Tco1T71 COS 9131 sin 05 COS 06913295
— 7Go1773 811 O131 8i0 05601310130 — rGO1773 COS O132013105

+ 7Go1773 €os 0131 cos 95913295 — rGgo1773 sin 631 sin 9132913296

— 7”?1 SiIl 06 COS 66 COS (95 — 0132) 91319132

+ 72, cos 0131 sin O cos O cos (05 — O132) 01310139

+ T?l sin 013 cos? 061316130 + r?l sin g cos Og cos (05 — b132) 03105

+ T’?l COS2 06 sin (95 — 0132) ‘913196
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+ 72, sin 031 sin O cos O sin (05 — O13) 074,

— 7’?1 sin 9131 sin 66 COS 96 sin (95 — 0132) 013295

+ T%l sin 9131 COS2 66 COS (65 — 9132) 913286 + 7"%1 COS 9131 sin 86 COS 96813206

— T’?l sin 96 COS ‘968596 + T3 sin 66 sin (65 — 9132) 91310132

— 171773 €08 B131 sin O sin (05 — O132) 01316132

— 7773 Sin 06 Sin (05 — 9132) 913105

. . 2
— 171773 sin 0131 sin O cos (05 — O132) 0139

— T3 sin (9131 sin 96 COS (95 — 6132) 613295

9 . . . 9 . . .
— 7"73 Sin 296 COS (95 — 9132) 91310132 —+ 7”73 Sin 913191319132

+ T$3 sin (95 — 6132) élgléﬁ + 7”33 sin 9131 sin 96 COS 96 sin (95 — ‘9132) ‘9‘%32

— Tg?) sin 9131 sin 96 COS 96 COS (Q5 — 9132) 9%32

— 7’%3 sin 9131 sin 06 COS 06 sin (05 — 6132) 813205

— T$3 sin 0131 sin 96 COS 96 COS (05 — 0132) 013205

+ 7"33 sin 0131 COSs (95 — 9132) 913296 (4670)

. 9 . . 9 . 9 . . .
) = Tqo1T73 COS 0132 Sin 96913196 — T'73 Sin 06 Sin (95 — 6132) 6131(96

+ 7’%3 COS 9131 sin 06 COS 96913266
— 7“33 SiIl 8131 SiIl2 96 COS (05 — 9132) 913266
— Tqo17T73 COS 9131 sin 6)5 sin ‘96 COS 96913296
+ rco1Ts sin 9131 sin 0132 sin2 969132‘96 - 7“?3 sin 96 COS 06‘95€6
. . 9 . .

+ 171773 cos g cos (05 — O132) 013106 + 701773 COS 132 cos” Ogl13106

2, cos? O sin (05 — O137) 01316
— T'73 COS™ Ug SII ( 5 132) 131%6

. . 2 ' A

+ rco1T73 S 0131 S1n 6132 COS 96013296
— 71773 sin 6131 COS '96 SiIl (05 — 9132) 913296
+ rGo1773 COS ‘9131 sin 95 sin 96 COS 96‘913296

2 sin 6 29 05 — 0135) 01320
— T73 81 U131 COS™ Ug COS ( 5 — 132) 132Y

— T$3 cos 0131 sin B cos 05013205 + 7‘?3 sin 0g cos 00506
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ard (9
" dt \ 965

.o 9 . 9 ) . .
+ 771773 COS 966696 — T’z SIN 96 Sin (95 — 9132) 913196

— 7’?1 sin 0131 sin2 96 COSs (95 — 6132) 613296

+ rGgo1771 COS 6131 COS t95 sin 86613286 + 7”;1 COS 6131 sin 96 COS 66966132

— T’?l sin 96 COS 060596

—) = rgo1771 €08 6131 cos 05 sin 0013205 + rco1773 COS 0132013106

+ TGo1T73 Sin Oy31 Sin 039013206 — 72, sin® O sin (05 — 0132) 013106
— 12, sin 03; sin? g cos (05 — O130) 013206

+ r?l cos 0131 sin O cos Og013205 — 7‘?1 sin g cos 0050,

~+ 771773 COS 86 COS (05 — 0132) 913196

— 71773 sin 0131 COS 66 sin (95 - 9132) 913296 -+ 771773 COS QGQE

— 7‘33 sin (95 — 9132) 913196 — 7”33 sin 9131 COS (95 — 0132) 913296

(4.671)

= < — sin 96é5 -+ cos ‘96 sin (95 — 9132) 9.131

+ cos g sin 6131 cos (05 — O132) 9132 + sin 6 cos 91319132 — COS 969596
— sin fg sin (05 — 6132) 013106 + cos B cos (05 — 6132) 013105

— 08 0 cos (05 — O133) O1316130 — sin Og sin 031 cos (05 — O132) 013206
+ cos 0 cos 0131 cos (05 — 013) 0131013

— 08 0g sin 0131 sin (05 — 6132) 03505

+ cos 0g sin 0137 sin (05 — 6132) 9?32 + 08 O cos 0310, 3906

— sin O sin 913191319132> (—J711 8in0g — J712 cos Og) + ( — cos 005
— sinfg sin (A5 — O1s) G131 + (cos O cos Oy

— sin O sin 0131 cos (05 — 6132))9132 + sin 00506

— cos B¢ sin (05 — 0132) 0,310 — sin 0 cos (05 — 6132) 015,05

+ sin g cos (05 — O132) 01310139 — sin O cos 01310, 3906

— COS 66 sin 013101310132 — COS 06 sin 0131 COS (95 — 0132) ‘913206
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T J =1

5

— sin 96 COS 9131 COS (95 — 9132) 91319132
+ sin 06 sin 0131 sin (95 — 6132) 959132
+ sin (96 sin 6131 sin ((95 — 9132) 9‘%32> <—J712 sin 06 — J722 COS 06)

(4.672)

= J711 Sin2 869.5 - J711 sin 06 COS 06 sin (05 — 9132) élgl

— J711 8in 0131 sin g cos O cos (05 — O139) 0,39

— J711 cos 8131 sin B¢ sin 969132

+ J711 sin 6 cos Og cos (05 — 0132) 01310139

— J711 €0s 0131 sin Og cos O cos (05 — 0132) 01310139

+ Joqy sin 0131 sin? 0013160132 — J711 sin O cos O cos (05 — 6132) 03105
+ Jr11 sin? O sin (05 — B132) 013106

— J711 8in 6131 sin O cos O sin (5 — O132) 0?32

+ J711 sin 0131 sin g cos Og sin (05 — 6132) 013505

+ Jr11 8in 60131 sin’ O cos (05 — O132) 013506

— J711 cos 0137 sin B¢ cos 96913296 + J711 sin Og cos 969596

+ Jryo sin 0 cos 005 — J715 cos? O sin (05 — 0132) 0,31

— J719 cos? O sin 031 cos (05 — O132) 0139 — Jr19 cOS O131 sin Og cos 00139
+ Jr12 €08 20 cos (05 — 0132) O1310130

— Jr12 €08 0131 €08 205 cos (05 — 0132) Or3160130

+ 2J719 sin 0137 sin B¢ cos 9691319132 — J712 €08 20 cos (65 — 0132) 913195
+ 2J712 sin 0g cos g sin (05 — 0132) 013,05

— Jr1o8in 0331 sin (05 — 6137) 624,

+ J719 8in 6131 cos 265 sin (05 — 6132) 013505

+ 2.J712 sin 631 sin O cos Og cos (05 — 0132) 013206

— J719 cos 031 cos 286(913296 + J712 COS 286(9596 + J799 cOS? 96(95

+ Jr99 sin G cos Og sin (05 — 013) 03, — J722(cos 03, cos? O

— sin 0131 sin 06 COS 96 COS (05 — 0132))9.132
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— Jr998i0 0 c0s O cos (05 — 132) 01310130 + Jrop sin 0131 cos? 00131015
+ Jr99 c0s 6131 sin O cos Og cos (05 — 0132) 01310139

+ Jr99 sin O cos Og cos (05 — 0132) 03105

+ Jrag cos? G sin (05 — 0137) 03106

— J7g9 8in 0131 sin g cos Og sin (05 — 6132) 0.%32

— J7o9 8in 0131 sin g cos Og sin (05 — 6132) 03505

+ J799 cos 0131 sin B¢ cos 96913296

+ J722 sin 9131 COS2 96 COS (65 — 9132) 913296 — J722 sin 96 COS 969596

(4.673)

T gL (9 = (— sinfef B sin (65 — Orgo)
wy Jy 7 (895) sin 005 + cos Og sin (05 132) 0131

+ (cos g sin 6131 cos (05 — O132) + sin b cos 9131)9132>
( — J711 cos 9696 + J719 sin 9696>

+ ( — cos fghs — sin O sin (05 — 6132) 013

+ (cos g cos 131 — sin O sin Oy31 cos (05 — 9132))9132)

( — J712 COS 6696 + J722 sin 0696>

@;Fj7(7)% (g—(;:) = —J711 cos? O sin (05 — O130) 013106
— Jr11 cos? O sin 0131 cos (05 — O132) 0,3906
— J711 cos 0131 sin B cos 06913296 + J711 sin 6 cos 069596
+ 2J712 sin 0 cos g sin (05 — 0132) 013,05
+ 2.J719 sin 631 sin O cos O cos (05 — 0132) 013506
— J719 cos 0137 cos 296913296 + J719 cos 2969596
— Jrag8in” O sin (05 — 0132) 013105
+ Jr99 cOS 0131 sin O cos Og0; 3206
— J799 5in 6131 sin” O cos (05 — O132) 0,390

- J722 sin 96 COSs 06é596
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o0v
_T 7
T 90,

= ( — Jr11 cos? g sin (05 — O130)

+ 2.J712 sin 6 cos Og sin (05 — 0132)

— Jrg 8in” O sin (05 — O132) )él?)léﬁ

— (J711 cos? g sin 03, cos (05 — 6132) — J711 cos By31 sin O cos g
+ 2J712 sin 0131 sin O cos Og cos (05 — O132) — J712 cos b131 cos 20
+ J799 €0s O131 sin B¢ cos O

— J7ao5in 0131 sin? g cos (05 — 613,) )913296

+ (J711 sin 0 cos O + J719 cos 205 — J799 sin b cos 96)9596
(4.674)

= ( (rco1 cos 0132 cos O — 173 cos Ug sin (05 — O132)) 0,31

+ (—T73 COS 9131 sin 66 — 773 sin 8131 COS 96 COS (65 — 0132)

“+ rqo1 cos 0131 sin 05 sin 96 + rco1 sin 0131 sin 0132 COS 06) 9132

+ 773 sin 9695> <(TG01 COS 9132 sin 96 — T3 sin 06 sin (95 — 0132) )9131

+ (7”7;; cos 0131 cos O — 173 sin 6131 sin Og cos (05 — 6132)

— rGo1 €os B131 sin 05 cos g + rgo1 sin 0131 sin O35 sin (96) 0,39

— T'73 COS 9695)

—|— <(_TGOI COS 9132 Sin 06 —|— T73 sin 06 sin (05 — ngg))élgl

+ (—rgo1 sin b131 sin Oy32 sin O + rco1 cos b131 sin O cos Og

+ 773 sin Oy31 sin O cos (05 — O132) — 173 cos By31 cos 96)9132 + 773 COS 9695>
((r71 cos (05 — 0132) + rgo1 cos O132 cos O — 173 cos Og sin (05 — 9132))9131
+ (TGOI sin 0131 sin 9132 COS 66 — T sin 9131 sin (95 — 0132)

+ 7601 €os 0131 sin 05 sin g — 773 sin 6131 cos Og cos (05 — 0132)

— 773 COS 9131 sin 96)9132 + 773 8in 9695 + T7196>

+ (rn cos g sin (05 — 0132) 0131 + (771 sin 031 cos O cos (05 — 0132)

-+ 771 COS 8131 sin 06)9132 —Trn sin 9@95) (T‘71 sin 06 sin (95 — 0132) élgl

+ ( T71 sin 6131 sin 06 COS (05 — 9132) — T'Gqo1 COS 9131 COS 95
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V71

8U71

00

— 171 €08 0131 cos bg ) 6132 + 171 cOS 6695>

= 7“2001 cos? 0135 sin O cos 969%31

— Té'Ol COS 6131 COS 8132 sin 95 0082 6691319132

+ réOl sin 9131 sin 9132 COS 0132 sin 86 COS 06é1319132

— Tqo1773 COS 9132 SiIl 66 COS 06 sin (05 — 0132) 0.%31

+ TGO1773 €08 O131 €08 Oy32 cO8” 0501310132

— Tqo1"’73 sin 0131 COS 9132 sin 96 COS ‘96 COS (95 — 9132) 91319132
— T'Go1773 €08 B33 COS” 96913195

+ réol c0s 0131 cos ;39 sin O sin’ 9691319132

— rém cos? 0,31 sin? 05 sin O cos 069%32

+ TéOl sin 9131 COS 0131 sin 6132 sin 85 sin2 669‘%32

— Tqo1T73 COS 0131 sin 65 SiIl2 06 sin (‘95 — 8132) 91319132

+ rao1Ts cos? Oy31 sin s sin g cos 066.’%32

— TGo1773 Sin O131 cos O3 sin O sin? O cos (05 — O132) 9%2

— rco1773 €0s 0131 sin 65 sin 6 cos 96913295

+ rém sin 631 sin 0139 cos #1342 sin B¢ cos 9691319132

— 12, S 0131 cOs Oy31 Sin O35 sin O cos® G672,

+ TéOl sin2 6131 SiIl2 9132 sin 86 COS 969%32

— Tco1773 sin 9131 sin ‘9132 sin 06 COS 96 sin (05 — 9132) 91319132
+ rao1T7s Sin 0131 cos By31 sin 635 cos? 969?32

— Tqo1773 Sin2 9131 sin 9132 sin 96 COS 96 COS (95 — 9132) 9%32

— Trco1T73 sin 0131 sin (9132 COS2 96913295

— I'Go17T73 €0S B132 8in g cos Og sin (05 — 0132) 9?31

+ 7Go1773 €08 O131 sin O cos® Og sin (05 — O13,) 01310139

— Tco1T73 sin 9131 sin ‘9132 sin 96 COS 96 sin (85 — 0132) 91319132
-+ T73773 sin 86 COS 86 sin2 (95 — 8132) 9531

) ) ..
— 773773 €0 0131 cos” B¢ sin (95 - 9132) 01310132
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V72

8U72

06

+ 773773 sin Oy31 sin O cos g sin (05 — O132) cos (05 — O132) 01316132

+ 773773 €08° O sin (05 — O130) 013,05

— rGo1T73 €08 0131 €O 039 8102 0561310132

+ rao1Trs cos? B141 sin 65 sin fg cos 969f32

— Tqo1773 sin ‘9131 COS 9131 sin 0132 sin2 069%32

+ T73773 COS 0131 sin2 06 Sin (05 — 9132) 91319132

— ra3773 COS2 031 sin O cos 969f32

+ 773773 5in 131 cos By31 sin® O cos (05 — 0132) 9f32

+ 173773 cOS 0131 sin Og cos 96913295

— Tco1T73 sin ‘9131 COS 9132 sin 06 COS 96 COS (95 — 0132) 91319132

+ Tqo1773 8in B131 cos 031 sin O5 cos® O cos (05 — 0132) 9%2

— Tqo1773 Sin2 9131 sin 0132 sin 06 COS 66 COS (05 — 0132) 6‘)%32

+ T73773 sin 0131 sin 06 COS 96 sin (05 — 0132) COS (05 — 9132) 91319132

— 773773 i0 0131 €0 031 cos? O cos (05 — 0132) 6’%32

+ 773773 sin” 131 sin O cos O cos? (05 — O132) 9%32

+ 773773 sin 131 cos® B cos (B — O132) 013905

+ Tao1T73 €08 O35 5in% 05013105 — TGo1T73 COS O131 sin O sin O cos O613205
+ Tco1T73 sin 9131 sin 6132 SiIl2 06913295 — 73773 SiIl2 96 sin (95 — ‘9132) é13195
~+ 773773 COS ‘9131 sin 06 COS 66é13295

— 73773 sin 0131 Sin2 06 COS (05 — 49132) 4913295 — 73773 sin 96 COS 0602

(4.676)

2 2 . "9
= —TGoq €O U132 sin O cos 0074,

— 7“2G01 Sin 031 sin 0135 cos 039 sin Og cos 00y 310132

— ’réOl c0s 0131 cos ;39 sin O sin’ 9691319132

— Tco1T71 COS 9132 sin 96 COS (95 — 9132) 9%31

+ Tco1T71 sin 9131 COS ‘9132 sin 06 sin (6)5 — 6132) 91316‘)132

— rGo1T71 €0S 0132 5in 06013106
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+ rGo1773 €OS B39 sin O cos bg sin (05 — 6132) 0?31

+ rgo1773 Sin O131 cos B39 sin O cos g cos (05 — b132) 01310139
+ rGo1773 €os 0131 cos 37 sin’ 969131é132 — rGo1773 €OS f137 sin” 96913195
— réOl sin 9131 sin 9132 COS 0132 sin 86 COS 06é1319132

— 7’2‘01 sin? 631 sin? ;35 sin O cos 069f32

— rém sin 6131 cos A3 sin f35 sin s sin? 969%32

— 7GO1T71 SiN O131 8in 030 510 O cOS (05 — O130) 01316132

+ Tqo1771 8in” 131 sin 030 sin O sin (05 — O;3,) 9f32

— rgo1T71 8in 0131 8in 0130 810 05613005

+ rgo1773 Sin O131 sin 0132 sin Gg cos Og sin (05 — 6132) 01310139
+ rgo1"73 Sin2 9131 sin 0132 sin 96 COS 86 COS (‘95 — 9132) 9%32

+ rao1T7s Sin Oy31 €os B131 sin 6,35 sin? «969%32

— 7GO1T73 51N f131 8in 0,30 5in? 05613205

+ Té01 COS 9131 COS 9132 sin 95 COS2 9691319132

+ rém sin 031 cos 0137 sin 039 sin O5 cos? 966?32

+ 12,5, c0s” 0131 sin? 05 sin O cos Ogh2,

+ rgo1771 €08 O131 sin 5 cos Og cos (05 — b132) 01310139

— Trcoi1T71 SiIl 9131 COS 9131 SiIl 95 COS 96 sin (95 — 6132) 9%32

+ rgo1771 COS 8131 sin 05 COS 06é13296

— Tqo1T73 COS Q131 sin 05 (3082 06 sin (05 — 9132) é1319132

— Tqo1773 sin 9131 COS 9131 sin 05 COS2 96 COS (95 — 0132) 0'%32

— rao1rT3 €os? B3 sin O sin g cos 969?32

+ rco1773 cos 0131 sin 05 sin Og cos 96913295

+ rGo1773 €OS B39 sin O cos Og sin (05 — 6132) éfgl

+ Trco1T73 sin 9131 sin 6132 sin 96 COS ‘96 sin (95 — 9132) 9‘1316‘132
+ rqo17T73 COS 9131 sin 95 SiIl2 66 sin (95 — 8132) 91319132

—|— T71773 Sin 06 SiIl (€5 — 0132) COS (85 — 0132) 9331

. . -2 A )
— 771773 Sin 0131 sin Og sin (95 - 9132) 01310132
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+ 11773 5in 0 sin (05 — O132) O13106
— 73773 5in Og cos O sin? (05 — 6132) 024,

— T'73773 sin 86 COS 66 sin (05 — 9132) élgl COS (95 — ‘9132) sin 91319132

— 173773 €08 O131 sin? 0 sin (05 — O132) 01310139

+ T73773 sin2 66 sin (85 — 0132) 0.1310.5

+ Tco1T73 SiIl 6131 COS 0132 sin 96 COS 06 COS (05 — 0132) 91319132

-+ Tco1T73 sin 9131 sin 9132 sin 06 COS 96 COS (6'5 — 0132) 9132 sin 9131&132
+ rGo1773 SN 131 cos By sin B sin? O cos (05 — O132) 624,

+ 171773 8in 0131013 5in 0 cos (05 — 0132) 0131

— T717T73 Sin2 9131 Sil'l (96 Sil'l (95 — 9132) COS (95 — 9132) 9332

+ T71773 sin 8131 sin ‘96 COS (05 — 9132) é13296

— 73773 SiIl 6131 SiIl 06 COS 06 SiIl (95 — 8132) COS (05 — 9132) 91319132

— 73773 SiH2 0131 sin 86 COS 06 COS2 ((95 — 0132) 9%32

— T'73773 sin 9131 COS 9131 SiIl2 96 COSs (95 — 0132) é%32

+ rrg77s sin 0131 sin® O cos (05 — O132) 013005

— 1'Go1773 €08 O131 COS Oy35 COS” 9691319132

— Tao1r7s Sin 0131 cos 0131 sin 39 cos® 066?32

— Tco1T73 COS2 9131 SiIl 85 sin 96 COS 069%32

— 771773 €08 0131 €08 O cos (05 — 0132) 9131é132

+ T71773 sin 0131 COS 0131 COS 06 sin (05 — 9132) 9%32

— T'717T73 COS 9131 COS 96913296 =+ T73773 COS 9131 COS2 96 sin (95 — 9132) 91319132
+ 73773 S0 B131 €Os By31 cos? O cos (05 — b137) 62,

+ 773773 OS2 0131 sin O cos 96(9?32 — 73773 COS 0131 sin Og cos 06913295
+ rGo1773 €08 039 c08% 0013105 + TGo1T73 SIn O131 Sin B35 cos? O013205
+ Tao1T73 €08 B131 Sin Os sin g cos 0613005

+ 71773 COS 96 COS (Q5 — 9132) 9131é5

— 71773 sin 0131 COS 96 sin (05 — 6132) é13295 + 71773 COS 960.50.6

9 . . .
— T'73773 COS 06 Sin (05 — 0132) 913195
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. 9 . .
— T737T73 S11 0131 COS 66 COS ((95 — 0132) 013295

— T'73773 COS 6131 sin 96 COSs 06613295 -+ r73T7s sin 96 COSs 96(9?

81)73
V73 _8 0

— —Tco1T71 COS 9131 COSs 85 COS 96 sin (95 — ‘9132) ‘91319132

+ rrrn sin 96 COS 06 sin2 (95 — 0132) 0%31
-+ T Sin 9131 sin (96 COS 96 sin ((95 — 9132) COS ((95 — 9132) 91319132
9 . . .
— 171771 €08 0131 cos” O sin (95 - 9132) 01310132
9 . . .
-+ 71771 COS 96 Sin (95 — 6132) 613195
— Trcoi’71 sin 9131 COS (9131 COS 95 COS 86 COS (05 — 9132) 9%32
+rarn sin 0131 sin 96 COS 06 sin (95 — 9132) COS (95 — 0132) 01310132
c 2 : 2 02
+ 171771 SIn” 0131 sin O cos Og cos” (05 — O132) 0739
— Trnrn sin 9131 COS 9131 0082 96 COS (95 — 9132) 9%32
. 9 . .
+ T717T71 SIN 9131 COS 96 COS (95 — 9132) 913295
2 : 2
— rGo1771 €OS” U131 cos 05 sin 06075,
<92 . A A
+ 71771 COS 6131 S1n 66 S11 (95 — 9132) 91316132

. s 2 )2
-+ 71771 S111 9131 COS 9131 Sin ‘96 COS (95 — 9132) 9132

(4.677)

— T’ COS2 8131 sin 96 COS ‘968%32 -+ r71771 COS 9131 sin 06 COS 86913295

—|— Tco1T71 COS Q131 COS 05 S1n 06Q13295 — T'717T71 S1 66 S1n (85 — 0132) 013105

. . 9 . .
— 71771 S1 9131 Sin 96 COS (05 — 0132) 013295

+ 171771 cos 0131 sin Og cos 00132605 — 171771 sin Og cos 969§

(4.678)

As it can be seen from the equations above; the equations are getting bigger and

bigger and we have to end derivation of these equations here in order to prevent

overloading. In Appendix D} the relevant Matlab codes are included and the results

can be obtained by running these scripts. However, explanation of equations up to

this point are especially important in order to understand the code progression and

manual interventions to the parametric scripts. Note that both full parametric and

semi parametric versions of the codes exist. Semi parametric version code simplifies

the end result al lot by further implications and using mathematical theorems that are

not included in Matlab’s simplify and combine functions.
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CHAPTER 5

CONTROLLER DESIGN AND RESULTS

In order to design various controllers, the very first thing we need is a mathematical
model. The mathematical models for ball and beam model, disturber and stabilizer

are derived in Chapter 4.

For ball and beam model, state feedback controller, output feedback controller, LQR,
sliding mode controller are designed in addition to the observer designs. The analysis
results were promising; however during real time tests, we have faced various prob-
lems mainly due to the touchpad sensor which is responsible for sending the ball’s
position to the controller. Therefore, no real life test results could be obtained to
compare with the controller design analysis results. This model has no direct relation
with the scope of the thesis; instead it was designed as an intermediate stage to gain
know how for stabilizer controller design. In that sense, it has done a good job; with
the experience gained from the failure during tests; the engagement process of stabi-
lizer controller has been much smoother. In the controller designs, its analysis

results and the problems faced in real life tests will be explained.

For the disturber module, a PID controller has been designed. Due to simple but ef-
fective geometry based mathematical model; this controller has worked pretty well
from the beginning. Nevertheless, according to the results, the optimizations in pa-
rameters have been made in order to achieve the best results. In[5.2] the controller

designs, its analysis results and the problems faced in real life tests will be explained.

Finally, for the stabilizer module, LQR and sliding mode PID controllers have been
designed. Both controllers have worked pretty well in spite of numerous sensor mal-

functions, noise problems and backlash. In the controller designs, its analysis
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results and the problems faced in real life tests will be explained.

The common thing for all these controller designs is their initial step, which is lin-
earization. All of the controller types we have used require linear models. The math-
ematical models obtained in Section [4.9.3] on the other hand are highly non-linear.
Therefore, at first Taylor series expansions of the governing equations are obtained.
The higher order terms are omitted and the remaining expression is evaluated around
the equilibrium points. For ball and beam system, this equilibrium is pretty simple
which is the geometric center of the touchpad. Similarly, for the disturber the equi-
librium point is the corresponding actuator strokes which makes the platform angles

Z€10.

It is obvious that the controllers are expected to work much better around the equi-
librium points and as you go further from the equilibrium point, the performance is
expected to decrease. This is no different in our case too; but for ball and beam and
disturber implementations the results were satisfactory even in the most disadvanta-
geous positions. However, since the requirements of the stabilizer module are more
demanding; extra efforts have been made to improve the performance of the con-
trollers. One of them is to use a library of controller parameters tuned specifically for
every possible payload angle combination of #,3; & 6135. In other words, by this way
the controllers become adaptive to every equilibrium point. According to the sensed
base angle, the stabilizer controllers choose appropriate gains from the previously
generated controller gain libraries. The reason why this method has been applied is
the due to the dependence of the linearized model on the payload angles 031 & 6132

and their derivative terms.

5.1 Ball & Beam Controller Design

This part of the study has been designed as a preliminary stage for the stabilization
process. Many different controllers and observers have been designed by means of
Matlab and Simulink. All these designs were made according to assumption that the
feedback sensor of this model, which is the touchpad, is working properly and good

feedback measurements will be taken. This was the case at first; but after some exper-
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iments, the ball on the touchpad has jumped a few times while we were optimizing
the controllers and the touchpad was broken. As a resut of this accident, the test pro-
cedure of these models could not be completed. Since it is not directly related to the
scope of the thesis; this part of the study has been left as it is and we have carried on
the study with developing the stabilizer controllers. Simulation models and simula-
tion results are shared in Appendix [B] On the other hand, the Matlab codes are given
in Appendix D]

5.2 Disturber Controller Design

5.2.1 Linearization of the Mathematical Model

Linearization of the model can be done in three ways. The first method is taking
Taylor series expansion of the model and evaluating it around an equilibrium point.
This method can be applied purely by hand calculations or by the help of Matlab.
The second method is the linearize the model option of Matlab. When the block is
right clicked a linearization option is available for that block. However, this method
only works in relatively simple models. It takes too much time to calculate for the
complex models and sometimes even then the solution cannot be found. The figure
for demonstrating this feature is given in[5] The third option is using PID tuner block
of Simulink. Once the tune button is pressed, the plant is automatically linearized

again by Simulink. The figure for demonstrating this feature is given in Figure
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Figure 5.1: Simulation model of disturber - linearize block option
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Figure 5.2: Simulation model of disturber - PID tuner linearization
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5.2.2 PID Controller Design

PID controller is a relatively simple, efficient and effective in a wide array of appli-
cations. In fact, it is the majority of the controller types and industrial applications.
When it comes to design a PID controller, first thing you’ll need is a well behaved
system. What we mean by the well behaved system is a system that is not highly non-
linear, not open loop unstable, does not have lots of delay and is not a non-minimum
phase. Our system cannot be called a well-behaved system entirely since it is highly
nonlinear and open loop unstable. On the other hand, it does not have delay problems
and not a non-minimum phase. Therefore, it is suggested to proceed with advanced
methods but nevertheless we took our chances with this controller and the results

came up to be satisfactory.

A variety of methods can be used to tune the parameters. These methods can be
classified as model based tuning which we have used in this study and designing with
a physical system. We also have a prototype so we could also have used this approach.
Firstly, designing with a physical system involves tweaking the gains manually while
the system is running. Then by observing the system in real time; the parameters are
changed until a satisfactory result is achieved. For this method to work, the designer
has to have a good command on the properties of each parameter and has to know
how each parameter affects requirements; therefore it is highly intuitive. Otherwise
it becomes just a trial and error case. A more systematic approach is to run some
predefined input sequence on the hardware and then observe the open loop response.
Often this is a step input but it can be any arbitrary command. From the response
heuristic techniques like Ziegler-Nichols or Cohen-Coon method can be used. The
advantages of these methods is that you don’t need a model which can be very tough
to obtain in some cases. Only certain aspects of the response like time constant or
oscillation period should be measured. Using these values, initial gain set can be
calculated. The heuristic methods will provide the initial guess and then again manual

tweaking should be done to get the required performance.

Secondly, in order to use model based techniques to tune the controller a mathematical
model is required. This model is derived by means of first principles. This requires a

good understanding of kinematics and dynamics of the system so that one can obtain
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the equations of motion. That model should be able closely simulate the physical

hardware as close as possible.

An alternative method to these two is to use system identification techniques. This
technique uses a measured response from the hardware, often a step response. Then
it finds an optimal set of model coefficients to match as close as possible these two
responses. For simple system ID tools, the model structure needs to be defined ahead
of time; which means that the designer needs to specify how to fit the system. For
instance, it can be specified to fit the system to a first order transfer function. More
advanced tools will find the optimal structure as well as the coefficients itself. The
utilization of this method also does not require any knowledge of the system dynamics

and yet you could benefit from the advantages of the model based techniques.

For both system identification and model based model where the mathematical model
is derived by the designer, next step is tuning the parameters. There are two methods
to accomplish this. First one is manual tuning. Knowledge of control theory is used
to choose the proper gains. Through all of the possible methods, which there are far
too many of them, pole placement, loop shaping and heuristic methods and are the
most popular ones. In the pole placement, the aim is to determine where to place the
closed loop poles so that the dominant poles produce the system stability and required
response. Solving the equation to find the proper gains sounds pretty straightforward
but in order to do that one needs to know where to put the poles and how the zeros
in the system affect the response. In sliding mode PID controller design pole place-
ment technique has been studied; however, its success has been overshadowed by
Simulink’s tuner block and therefore the studies regarding this method is not included
in this thesis content. Another option is called loop shaping. For this method, open
loop transfer function is used in conjunction with Bode and Nyquist plots to shape
the loop function so that the closed loop has the desired frequency or time domain
response. This method requires the knowledge of how open loop system compares to
closed loop behaviour. Moreover, adjusting two zeros of a PID controller affects this
behaviour. The third option is heuristic methods like Ziegler-Nichols or Cohen-Coon
methods and this one does not require intimate knowledge of control theory. These
methods can be used with a simulation of the system to predict an initial gain set.

This method is similar to the one described in physical hardware tuning methods but
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it is much safer to force the model to go unstable than to force the physical hardware

instead which is a part of the Ziegler-Nichols procedure.

Lastly, again if mathematical model is derived one can rely on software tools for au-
tomatic tuning. This method is used to design final version of the controllers of both
disturber and stabilizer sliding mode PID controller. Therefore, all PID results ob-
tained in this study are obtained by means of Simulink’s PID tuner block. In case
mathematical model is not derived, system identification technique again be com-
bined with this software tool by using input and output response to find optimal set
of controller parameters. It is known that auto tuning can even run real time on the
hardware; constantly adjusting and optimizing the gains. However, this method re-
quires compatible tools of Matlab and Simulink real time which is not included in our

experimental set-up.

Regardless of the method used to obtain the initial gains, all of these procedures end
up with manually tweaking the parameters in order to achieve the best performance
and exact desired response. This can be done on simulation model or physical hard-
ware. Both these methods are used to determine the manual adjustments required
for the sliding mode PID controller of stabilizer which is explained in section [5.3.3]
Being able to tweak the gains is a strong reason to use PID controller rather than an-
other controller form because it can be an intuitive process for well behaved systems.
The hardware can be sent with an initial gain set and the users can later on tweak
the gains for their particular situation and it can be done without much control theory

knowledge.

5.2.2.1 Determining PID Parameters

The methodology for obtaining the parameters is using Simulink PID parameter tuner
which has two adjustment slides. One of these bars change the system’s transient be-
haviour; it can be adjusted to be more aggressive or robust on the limiting cases. The
second slider is used to change the response time of the system, as it can be guessed
it determines how fast the controller response is going to be. While changing these
sliders, some additional assistant plots can also be drawn to decide on the optimal

controller. These additional plots include plant, open loop, reference tracking, con-
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troller effort, input disturbance rejection and output disturbance rejection. As these
sliders are adjusted, the plots are upgraded and you can observe the effects of your
adjustments on the system characteristics. By this way, it becomes much easier to
optimize the controller parameters. If desired the pole locations and their changes
according to the adjustments can also be tracked. All in all, these features make this
tool a very useful and comprehensive one. In the figure 5.3 you can see the GUI
of this block. More detailed explanation about GUI and additional assistant system

characteristics blocks is done in section[3.3.3.11

@ Block Parameters: PID Controller s
PID Controller &

This block implements continuous- and discrete-time PID contrel algorithms and includes advanced features such as
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Integral (I): |15.5732204800002 |
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Figure 5.3: Simulation model of disturber - PID Tuner main tab
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5.2.2.2 Description of the Simulation Model

Figure 5.4: Simulation model of disturber

The Simulink model of the disturber is comprised of mainly controller(red region) and
plant model(cyan region) and essential feedback branches(purple regions). Detailed

schematics of these regions are presented in figures[5.5] 5.7, [5.9| & [5.10]

Plstan Shcki

Vg Cpening »

Figure 5.5: Simulation model of disturber - highlighted controller module
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On the very left, motion generating Simulink blocks are included. The inverse kine-
matics blocks take in the payload angles and its first derivatives to calculate corre-
sponding valve openings. These reference valve openings are combined with the
compensation term of the PID controller to generate the valve opening command
which directly controls the flowrate. By controlling flowrate of the oil entering to
the pistons, linear actuator speed is controlled. By controlling the actuator speed,
the position of the actuators can be controlled which designates the orientation of the
payload. If we look under the mask of the inverse kinematics block, the model given

in Figure[5.6) can be seen.

nnnnnnn
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theta_131_dot \pi

Max flowrate of valve 1
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Figure 5.6: Simulation model of disturber - inverse kinematics block
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Figure 5.7: Simulation model of disturber - highlighted plant module
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On the right of the Simulink disturber model, there lies the plant model. The plant
model is the forward kinematics of the disturber mechanism. It takes in the actuator
velocities as an input and calculates the orientation angles of the payload. If we look
under the mask of the inverse kinematics block, the model given in Figure [5.8|can be

seen.

Figure 5.8: Simulation model of disturber - forward kinematics block
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Figure 5.9: Simulation model of disturber Figure 5.10: Simulation model of dis-

- highlighted s4; error module turber - highlighted s45 error module

Lastly, we will talk about the how errors are calculated. As it can be seen in Figure

5.3] PID controller block takes in the error term to generate the controller signals.
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Reference strokes of the actuators are obtained by means of the inverse kinematics
blocks and actual strokes of real life is simulated and calculated by means of the

forward kinematics blocks. The difference of them gives us the error terms.

5.2.2.3 Analysis and Experiment Results

4 different motion profiles are tracked by the disturber mechanism to test its adaptabil-
ity and robustness. These profiles are sine, trapezoidal, random and Roketsan vehicle

motion profile. The test results with the reference values are given as follows:
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Figure 5.11: Reference tracking of the first Figure 5.12: Reference tracking of the sec-

disturber actuator - sine profile ond disturber actuator - sine profile
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Figure 5.13: Reference tracking of the first Figure 5.14: Reference tracking of the sec-

disturber actuator - trapezoidal profile ond disturber actuator - trapezoidal profile
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Figure 5.17: Reference tracking of the first Figure 5.18: Reference tracking of the sec-
disturber actuator - Roketsan vehicle pro- ond disturber actuator - Roketsan vehicle

file profile

5.3 Stabilizer Controller Design

5.3.1 Linearization of the Mathematical Model

Two attempts have been made in order to obtain the governing equations, which will
relate the inputs and outputs of the system. The first attempt is through Newton-Euler
equations. For that purpose, after all of the FBD’s are drawn; 3 force and 3 moment

equations are written for each body. In order to obtain the differential equations for
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the disturber this process is repeated for 3 bodies. All these equations are represented

in matrix form and all 18 unknowns are isolated by algebraic manipulations.

Both mathematical models from N-E equations and Lagrange equations are obtained
and the end results are almost the same. At the end of N-E equations, 18 equations
are obtained. However, we only need 2 differential equations which need to relate
the angular accelerations to the motor torques. Obtaining these equations from 18
equations is a very cumbersome process since these variables appear in the majority of
the 18 equations and all of these equations are very long. Therefore, after some time
in order to save from computational time, we had to switch to Lagrange equations
which are direct unlike N-E equations. However, the efforts devoted to obtaining the
N-E equations did not go in vain. Firstly, the results of Lagrange equations have been
justified with the results of N-E equations. Secondly, the structural forces obtained
from the solution of these forces are used to size the machine elements used in the

design.

The Lagrange equations are obtained in Section[4.9.3] The results are double checked
with the results of Matlab code. However, the built in mathematical simplification
functions such as "collect" and "simplify" are sometimes inadequate to cancel out
every available expression, collect different times in a practical way and thus fully
shorten the equations. After each mathematical operation the situation only worsens;
the equations get bigger and bigger and after some time it is almost impossible to keep
track of the equations. Therefore, at each step manual interventions have been made
to the intermediate expressions if necessary; of course while making sure the end
results are same with both hand written equations and Matlab code’s own results. By
this way, at the end we were able to obtain manageable equations. The linearization
procedure have been shown in [4.1.1]in detail, therefore this time the main equations

will be given. The state space matrix for the stabilizer can be expressed as follows:

)] [ox)]

wo - |20 _ |50 -
x3(t) 05 (t)
EXGINI0]




where 0} & 0 are defined as follows:

6 = 05 — Oz (5.2)
05 = 0 + 0131 (5.3)

Note that these angles determine the platform orientation with respect to the ground
and therefore they are chosen as state variables. The reason why we are subtracting
13> while adding 6,3, to the stabilizer angles 05 & 6, respectively is due to the their
definition of positive direction. Remind that classical convention which defines each
angle in CCW direction from the ground has been applied while defining 6,3, & 632
angles whereas Denavit-Hartenberg convention has been applied in Stabilizer module
where 05 & 0 are defined. Therefore, end result of angle combinations come up to

be as shown in (5.2)) and (5.3). Moving further the state equations can be defined as

follows:
&(t) = Az(t) + Bu(t); y(t) = Cx(t) (5.4
where,
1 000
C = (5.5)
0010
Expanding (5.4);
-i’l- [ 0 1 0 0 | -1’1- -6£1/8T5 8:%:1/8T6-
l"g 0 0 0 1 T3 8I3/6T5 8£L'3/8T6 T6
_j34_ _A(4, ].) A(4, 2) A(4, 3) A<4, 4)_ _134_ _8$4/8T5 8:%:4/(9T6_

Vv
Jacobian matriz

(5.6)
The elements of the Jacobian matrix are rather long, derivation and final results of
them will not be given here. Derivation of these elements are done both by hand and

by Matlab. Relevant Matlab code is included in Appendix

5.3.2 LQR Controller Design

LQR is a type of optimal control and is based on state space representation. Like pole

placement method used in PID controllers; this controller is also a full state feedback
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controller having an identical block diagram with pole placement method. The imple-
mentation of the gain matrix A is the same but the difference here is how we choose
K. In LQR design, the optimal K is found by choosing closed loop characteristics.
The block diagram of LQR controller is given in Figure As stated before and

also seen in the figure, LQR controller is a full state feedback controller.

open-loop plant
Fo+ U + X
JE_— Y +
A
E | —

Figure 5.19: Block diagram of LQR controller [4]

In LQR design we choose the weights for every state variable and from their combi-
nation we obtain the cost function. The gain matrix K is obtained from the solution
of this cost function. The weights we choose indicate how we penalize each state and
as a result we specify the system characteristics. By this way, actually we specify
the maximum error we expect from the controller. There are two main sources we
have which are the controller effort, in this case the servo motor torques and time.
We can also say that these two sources are related and we can simply call it a single
parameter, energy. We have to match these sources with what we want from the sys-
tem. Therefore, meanwhile the controller effort is observed while forcing the system
to satisfy desired performance. If these two match, then we are good to go but if the
demand from the actuators, in this case the servo motors, are more than the supplied
torque and velocity capacity; then the performance criteria of the system has to be

readjusted. Hence, we aim to minimize the following cost function:
J = / (z"Qx + u" R u)dt (5.7)
0

Here, the matrix @ penalize bad performance where R penalize actuator effort. The

integral of QTQQ inspects on the area under state vs time graph which is a good
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indicator of performance. By this way, it tests how quickly the states reach to the
desired point. However, the states can also be negative. Therefore, QTQQ ensures
positive outcome by taking square of the states. The downside of this methodology
is that it punishes larger errors proportionally more than smaller ones; but in overall
it is good a compromise since it turns the function into a quadratic function. This
is a greatly beneficial feature since quadratic functions are convexed so they have a
definite minimum. Moreover, quadratic functions that are subject to linear dynamics
remain quadratic; therefore it is also ensured the cost function and the thus the system

also have a definite minimum value.

@ is chosen to be square matrix with non-zero diagonal elements and zero non-
diagonal elements and same number of rows with states so that it allows targeting
every individual state. We can penalize the corresponding state by increasing cor-
responding @ component. This means that we want really low error on that state;
this is the logic while we are selecting the () matrix. R is similar but it acts on input
matrix. If we want to make a deeper analysis, we can also relate state variables and
inputs by simply replacing zero terms in matrix notation of cost function by /V and
NT. Thus, now we have the ability to also punish the cross product of z & u by

altering /N. Then, the corresponding cost function becomes as follows:

J = / (z"Qz+u"Ru)  dt (5.8)
0 N ~~ g
N
Q 0
X
ESTI N .
0, R ||u
0 u
ET
J = / (z"Qz+u"Ru+22" N u)dt (5.9)
0

However, as you will see in selecting the weights paragraph; there will be no need for

this move since only careful adjustment of () will create satisfactory results.

Since we have completed the first step which is developing a mathematical model
and linearization of it; the next step is to adjust Q & R. Then, by means of LORD
function of Matlab we can solve Riccati equation to obtain the optimal gains. By
means of Simulink, we can simulate the results and if we are not satisfied we can

return back to adjusting () & R.
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5.3.2.1 Choosing LQR Weights

The general approach for choosing LQR weights is intuitive and heuristic. Actually,
that was our first attempt too. We were trying to observe how the performance of
the system changes and whether the controller effort saturates or not by adjusting
the weights. Changing all the weights all at once and trying to decide on the next
step was rather confusing so we isolated weights and started changing them one by
one. After some time, with the help of the knowledge of dynamics of the system; we
have developed an intuition and was able to come up with a satisfactory controller
design. However, at this point we were not sure whether there is better solution or
not since there were many possible combinations and we could be hanging around a

local maximum instead of a global maximum.

In [8], a procedure for choosing LQR weights has been presented. The second method
of the procedure they presented suggests to choose each ¢; for same badness. For

instance, the unit of ¢; = 6} is rad and ¢, = 9; is rad/s. Then,

1 2
0.001745 rad error OK = ¢, = (—) , qur] =1 when x; = 0.001745 rad
M_/m - 0.001745
(5.10)
1 2
Merror OK = ¢ = (2 2361) , qo75 = 1 when x, = 2.2361 rad/s

128.1 deg/s

(5.11)

Note that the design limits of the disturber is £16. Therefore, the limit of the angular
velocity error, which in this case it corresponds to the maximum allowed angular
velocity itself, is limited in order to prevent chattering effect and overshoot. In this
case, the maximum steady state error can be compensated in 16/128 = 0.12 seconds.
This angular velocity corresponds to 21.4 rpm. The maximum angular velocity of
the servo motor on the hand is 3000 rpm and the gearbox ratio is 25. Therefore
maximum angular velocity of the system is 120 rpm. Therefore, for smooth motion
characteristic the velocity potential of the system is restricted which leads to higher
response time. Nevertheless, even if we enlarge this limit; the torque required turns
out to be more than the system can provide. Therefore, the lost potential is not that

great and a good compromise has been achieved in that sense. From this result we can
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say that the gearbox ratio of the outer system can be selected to be larger. This could
also be more advantageous since there is a well known rule of thumb which says
that the system becomes more controllable when the inertia ratio of the drive part to
the drive part is between 10-20. Also it is known that the more this ratio decreases,
the more system becomes controllable. Although we have foreseen this detail in the
design phase, much longer lead time of this higher ratio gearbox forced our hand to

continue with this configuration.

5.3.2.2 Description of the Simulation Model

In order to simulate the results before real life tests on the experimental set-up; the

following Simulink model has been created:

Figure 5.20: Simulation model of stabilizer with LQR controller

This model is nothing but an expansion of the block diagram shown in[5.19} From left
to right we can see the linearized model providing A & B matrices to LQR block. The
LQR block solves the Riccati equation and provides the gain matrix /& as an outcome.
This A matrix is multiplied with the states and subtracted from the reference matrix
multiplication. Please note that since reference matrix is composed of zeros due to
stabilization criteria; torques become equal to — /& z directly. Then these torques are

used in plant model, which is again derived from Lagrange equations, to calculate
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the acceleration terms (5; & ég). Note that the plant block is obtained from forward
dynamics whereas the linearized model is obtained from the inverse dynamics. We
can observe the platform angles with respect to the ground (6% & 6f) by integrating
twice the acceleration terms (é; & 93) that are outputs of the plant model. Finally, on
the left bottom disturber profile blocks are included to simulate the disturber motion.
In Figure you can see different coloured rectangles. All these rectangles will be

explained separately for sake of clarity.

Nextly, we will explain in more detail the highlighted boxes. We will start with the
green box which is enlarged in Figure [5.21]

oooo

00 »< [theta_131] |

Goto

Au
—-’ﬂ_j’ p<  [theta_131_dot] |

theta_131_dot Gotol

Au
[theta_131_ddot]

theta_131_ddot Goto2

theta_131

pooo

00 < [theta_132] |

Goto3

Au
—»la—_t’ »p<  [theta_132_dot] |

theta_132_dot Gotod

[theta_132_ddot]

theta_132_ddot GotoS

theta_132

Figure 5.21: Simulation model of stabilizer with LQR controller - highlighted dis-

turber module

As it has been stated in [5.2.2.3] the performance of the disturber has been tested
under four motion profiles. These same profiles are used also while disturbing the
LQR model. On the left, motion generating blocks can be seen. The rest is pretty
straightforward; first and second derivatives of the base(payload) angles 6,3, & 6132

to be used in both linearized model and the plant model.
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[theta_131] S R

From

[theta_131_dof] —————btheta_131_dot

From1

[thets_131_ddof] ] tnets_131_sdot

From2

theta_132] ————ftheta_i32

From3

[thats_132_do] ———bftreta 122 ot

Fromé

g

[theta_132_ddot] —————b{theta_132_ddot

Froms

Linearized Madel

Figure 5.22: Simulation model of stabilizer with LQR controller - highlighted con-

troller module

On the left, linearized model can be seen. The derivation of the matrix elements can
be found in [5.3.1] and in Appendix [D] respectively. The linearized model generates
state matrices A & B matrices which is as an input of the LQR block. When we
look under the mask of the LQR block, we can observe the following combination of
simpler blocks. These blocks together are responsible for solving the Riccati equation

to obtain the optimal gains. The script of the Riccati Matlab functon block is given in

Appendix D]

L

A
»e 4 dxdt] 1
mRiccati o8

X0 Integrator

0 -0 0 -6

MATLAB Function General
Inverse:

d Matrix 1
(L)

Multiply
K
LU Inverse Matrix Multiply 1
u’
” *|  Matrix

» Multiply

Transpose

Matrix Multiply

Figure 5.23: Simulation model of stabilizer with LQR controller - looking under the

mask of LQR block
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At this point there is a detail worth mentioning. The experimental setup utilizes
Simulink Real Time environment. Also, before proceeding to real life test; we are
designing the controller in Matlab / Simulink environment to predict its performance
beforehand. The Matlab has a built in function capable of solving Riccati equation
for the optimization of the cost function called LORD; however the Simulink environ-
ment does not have a built in LORD block. Furthermore, it also does not support any
Matlab function block that contains this function in Simulink environment. There-
fore, in script analysis of Matlab we can use LORD but for Simulink we had to create
our own mask for simulation purposes. This has done a great job in simulation envi-
ronment but it turned out to be computationally expensive. In order to prevent that,
by using LORD command of Matlab all the gain matrices are calculated in a Matlab
script for all ¢35, & 6135 payload angle combinations. This gain library is loaded to
real time environment before experiments and the controller chooses the appropriate
gains according to the payload angles. Hence, the system becomes adaptive to not
only a single equilibrium point but to all points. The reason for this adaptation is
due to the fact that the linearized model is a function of both #3; & 632 and their
derivatives. The Matlab script for calculating the LQR gains is included in Appendix
Di

I
)

Fromi4

Iheta_5_star_dof] iresa 5 siar oot

From15

From13

thein_6_star_dot) Jresa 6 _star_dot

From12

[teta_131] reca_131

‘Saate Malrix

Figure 5.24: Simulation model of stabilizer with LQR controller - highlighted feed-

back module
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As it has been stated before when the gain matrix is multiplied with the state matrix
the torques are obtained. The static torque necessary to keep the outer assembly in
balance is added to this value for feedforward purposes. This block is underlined in
Figure[5.24] with claret red. The system works well either this imbalance of the center
of gravity is compensated by the feedforward term or not but nevertheless it has been
found useful and kept its place in the final model. Moreover, in order observe the
effects of sensor noise disturbance block has been added with random number block.

These blocks are circled in cyan.

Ttheia,_5_ster] S—
Framié
Framis
X
From13 _.@

theln_5_star_det Scopa?

et 6 star_dot

eta 131 ot

theta_131_cidod] mesa_131 ot

FromB

[ineta_132) e 122

Fromg

@

Inbegratar2

[teta 132 ddot] | thota_122 it

Fromit

MATLAS Functicn2

Figure 5.25: Simulation model of stabilizer with LQR controller - highlighted plant

module

Lastly, the plant module represents the system dynamics. It takes the generated torque
values and calculates the corresponding acceleration values. The platform angles (05

& 0g) are obtained by integration the angular acceleration terms (6; & é;;) twice.
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5.3.2.3 Analysis and Experiment Results

As it has been stated in [5.2.2.3] the performance of the disturber has been tested
under four motion profiles. These same profiles are used also while disturbing the

LQR model. This section is about demonstration and comparison of these results.

The first profile is sine profile. In order to test the limits of both disturber and stabilizer
controllers; different sine profiles have been applied to the system from each disturber
actuator. These sine profiles vary both in amplitude and frequency. Applied sine

profiles are shown in Figure [5.26]

6l 131
O132

Amplitude [°]

10 15

Figure 5.26: Stabilizer with LQR controller - disturber sine profiles

The simulation model is based on frictionless plant model, linearized mathematical
model and noiseless sensor data. In other words, simulation environment is idealized
from every aspect. However, the real world experimental set-up environment is far
from linear, has friction effect and is exposed to noise from every feedback sensor.

Therefore, in order to demonstrate the variance at first pure simulation results will be
given in figures [5.29] & [5.30}

After that, the results of the noisy simulation data will be given in figures [5.31] [5.33]
(.35 & It is no surprise that the latter case represents the actual dynamics of the
system better. However, before all these let’s start with the real time step response of

the system. The step response of the gimbal axes will be as follows:
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Figure 5.27: Step response of ¢ with LQR controller

Figure 5.28: Step response of 6§ with LQR controller
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Then, according to the simulation model under sine profiles, platform angles will be

as follows:

0.3 R
0.25[
0.2

0.15

05 [°)
o

0.05

-0.05

Figure 5.29: Simulation results of stabilizer with LQR controller - 6 vs (s)

10 15

Figure 5.30: Simulation results of stabilizer with LQR controller under sine profile -

05 vs t(s)

Similarly, when noise is added to the system; the platform angle about the outer

platform axis (6}) behave as shown in figures &
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Figure 5.31: Simulation results of stabilizer with LQR controller and sensor noise

under sine profile - 0% vs t(s)
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05 [°)
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Figure 5.32: Test results of stabilizer with LQR controller and sensor noise under sine

profile - 6 vs t(s)
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The behaviour of the other platform angle (6f), which is about the inner axis, is given

in figures [5.33| & [5.34]

~ stimulated noise

05 o

i

0§ & stimulated noise [°]
o

o
o

15

Figure 5.33: Simulation results of stabilizer with LQR controller and sensor noise

under sine profile - 6 vs t(s)

0.8 T

-0.6
10 15
t[s]

Figure 5.34: Test results of stabilizer with LQR controller and sensor noise under sine

profile - 65 vs t(s)
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The torques generated by the outer gimbal axis (75) in simulation environment and

tests are presented in figures [5.35] & [5.36] respectively.

w
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o
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T with noise disturbance [N.m]
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T

o
(&)}
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15

Figure 5.35: Simulation results of stabilizer with LQR controller and sensor noise

under sine profile - 75 vs t(s)
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100 - 4

T with noise disturbance [N.m]

-100 ‘ L

tfs]

Figure 5.36: Test results of stabilizer with LQR controller and sensor noise under sine

profile - T5 vs t(s)
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The torques generated by the inner gimbal axis (7%) in simulation environment and

tests are presented in figures[5.37] & [5.38] respectively.
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Figure 5.37: Simulation results of stabilizer with LQR controller and sensor noise

under sine profile - T vs t(s)
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Figure 5.38: Test results of stabilizer with LQR controller and sensor noise under sine

profile - Ty vs t(s)
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The second profile is trapezoidal profile. In order to test the limits of both disturber
and stabilizer controllers; again different trapezoidal profiles have been applied to the
system from each disturber actuator. These trapezoidal profiles vary both in amplitude
and frequency. Applied trapezoidal profiles are shown in Figure[5.39] Since nothing
new can be examined here from the comparison of test results with the simulation
results, in order not to overload the section; only test results will be given for the

remaining profiles. The results are given in figures [5.40|- [5.43]

— 0131
—0132

Amplitude [°]

t[s]

Figure 5.39: Stabilizer with LQR controller - disturber trapezoidal profiles

0.4

021 L e

05 [°]

0.4

-0.6 | b
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Figure 5.40: Test results of stabilizer with LQR controller under trapezoidal disturber

profile - % vs t(s)
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Figure 5.41: Test results of stabilizer with LQR controller under trapezoidal disturber

profile - 6§ vs t(s)
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Figure 5.42: Test results of stabilizer with LQR controller under trapezoidal disturber

profile - T5 vs t(s)
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Figure 5.43: Test results of stabilizer with LQR controller under trapezoidal disturber

profile - Ty vs t(s)

The third profile is random profile. In order to test the limits of both disturber and
stabilizer controllers; again different random profiles have been applied to the sys-
tem from each disturber actuator. These random profiles vary both in amplitude and

frequency. Applied random profiles are shown in Figure [5.44]
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Figure 5.44: Stabilizer with LQR controller - disturber random profiles
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Figure 5.45: Test results of stabilizer with LQR controller under random disturber

profile - 6% vs t(s)
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Figure 5.46: Test results of stabilizer with LQR controller under random disturber

profile - 65 vs t(s)
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Figure 5.47: Test results of stabilizer with LQR controller under random disturber

profile - T5 vs t(s)
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Figure 5.48: Test results of stabilizer with LQR controller under random disturber

profile - Ty vs t(s)
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The final results are derived from the Roketsan vehicle profile.

0.3
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Figure 5.49: Test results of stabilizer with LQR controller under Roketsan vehicle

disturber profile - 6% vs t(s)
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Figure 5.50: Test results of stabilizer with LQR controller under Roketsan vehicle

disturber profile - 6 vs t(s)
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Figure 5.51: Test results of stabilizer with LQR controller and under Roketsan vehicle

disturber profile - T vs t(s)
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Figure 5.52: Test results of stabilizer with LQR controller under Roketsan vehicle

disturber profile - Tg vs t(s)
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5.3.3 Sliding Mode PID Controller Design

5.3.3.1 Determination of Sliding Mode PID Controller Parameters

A general definition of the PID controllers and methods for tuning the controllers
has been explained in Section [5.2.2] Same methodology for tuning the PID param-
eters in disturber module have been applied while designing stabilizer sliding mode
controller. One key difference is that the PID controller of the disturber has been op-
timized for a single equilibrium point which is the zero angle position of the payload;
whereas for stabilizer PID controller, multiple PID controllers have been designed for
an array of 131 & 613, angles. This method has also been applied in LQR controller.
Therefore, these two controllers have become more adaptive. That’s why, unlike the
disturber PID controller; this stabilizer controller has been called as sliding mode PID
controller. In total 289 different control parameters for a each controller have been
calculated for both LQR and sliding mode PID controllers. As mentioned before,
these parameters have been placed in a library to be later used in tests. Obtaining
all these parameters is a long process; therefore for automation of this task a Matlab

script has been developed. This script can be found in Appendix D]

Random
Gotog ~ Number

m_6°g*r_63 + m_7"g'r_73

Constant

theta_5_star
reference —
(2] + T.5

\_/
theta_6_star PID_S
reference
[theta_6_star] . \_/ » PID(zJ| T6
From17.

Golo11 FID_&

Random [theta_5_star] theta_§_star

Number1 Fromid

Figure 5.53: Stabilizer PID controller tuning model

3
=)

I

[theta_5_star]

From18

]
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In[5.53] it can be seen that Simulink discrete PID blocks are between the output signal
of torques 75 & 1§ and the error signal 05 — 67 & 65— 6 . Note that the reference

signals are set to zero due to stabilization purposes. Once the PID parameter tuner of
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these blocks are opened, the block initially linearizes the plant model automatically.
This feature only works for the PID tuner block; therefore for LQR controller, this

linearization has been done manually. After linearization the following GUI’s appears

on the screen.

Block Parameters: PID_S

X
PID Controller al
This block implements continuous- and discrete-time PID contrel algorithms and includes advanced features such as
anti-windup, external reset, and signal tracking. You can tune the PID gains automatically using the Tune..." button
(requires Simulink Control Design).
Controller: |PID ~ | Form: |Parallel =

Time domain: Discrete-time settings

Integrator method: Forward Euler -
O Continuous-time teg

Filter method: Forward Euler =
Q Discrete-time

Sample time (-1 for inherited)

Main PID Advanced Data Types  State Attributes
Controller parameters

Source: internal ¥ B Compensator formula
Proportional (P):  [19.4984268709624 |
Integral (1): [18.2562906153698 |
Derivative (D): [5.11363700588852 |

Use filtered derivative

Filter coefficient (N): [ 109.079405084324 |

Tune...
Initial conditions

Source: internal

Integrator: ‘0 ‘

Filter: ‘ 0 ‘

External reset: |none
[ 1gnore reset when linearizing

Enable zero-crossing detection

‘)‘ Cancel Help Apply

Figure 5.54: Stabilizer PID controller GUI main tab

Block Parameters: PID_5

X
PID Controller A
This block implements continuous- and discrete-time PID control algorithms and includes advanced features such as
anti-windup, external reset, and signal tracking. You can tune the PID gains automatically using the Tune..." button
(requires Simulink Cantrol Design).
Controller: |PID ~ | Form: |Parallel =

Time domain: Discrete-time settings

Integrator method: Forward Euler ¥
O Continuous-time i

Filter method: Forward Euler =

@® Discrete-time
=

Mainf{ PID Advanced “J Data Types  State Attributes
Output salldramg

Limit output
Upper saturation limit:

|48 |

Sample time (-1 for inherited):

Anti-windup method:

cdamping e

Lower saturation limit:

[ |

Ignore saturation when linearizing

Tracking mode
[ Enable tracking made
Tracking coefficient (Kt):

Figure 5.55: Stabilizer PID controller GUI advanced tab
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In figures & the parameters tuned for the limiting case of #;3; = 16° &
0132 = 16° can be seen. The output of the controller is limited to the maximum
available torques of the servo motors and clamping type anti winding method has
been implemented in order to prevent a burst of controller signals as a result of error
accumulation. If actuator torques are saturated; due to "I" term of the PID controller,
the error starts to build up. Therefore, the error accumulation due to saturation of the

actuators has to be released.

The idea of the anti-winding method is keeping the integrated value below some spec-
ified point. Clamping method, which is the simplest and most popular anti-winding
method, turns the integrator off whenever integrating is not desired anymore. Clamp-
ing method has two checks to do. In the first one, it compares the the output of the PID
controller before and after the saturation check. If these values are equal, it means
that no saturation takes place and this check gives the output 0. If not equal, then it

means that saturation has been reached and this time output of this check becomes 1.

The second check is to compare the sign of the error with the sign of the output of
the PID controller. If they are both positive, it means that integrator is still adding to
the output to increase it. Similarly if they are both negative, the integrator is trying
to make it more negative. By an "AND" block we both look at those outputs in
order to understand if the controller is saturating and on top of that if the integrator
is making everything worse. In other words, by adding these checks, the integrator
branch becomes a conditional integrator. If the output is saturating and the sign of
the error is the same sign with the controller output; then clamping decision is made
and connection of this this "I" branch is removed temporarily. In the real time target
version of the Simulink model, Simulink’s built-in PID block cannot be used due to
the requirement of external parameter feeding feature. Thus, custom PID block has
been created and it can be seen that this logic has been implemented in that custom

made block too.

When the system characteristics are adjusted by means of sliders at the top; the con-
troller parameters are optimized by the help of additional graphs provided by the
same block. These graphs have been included in figures [5.56) & for illustration

purposes.
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There is another difference between the PID controllers of the disturber and stabi-
lizer. Although from the first time the PID controllers have done a decent job; some
systematic manual tweaks have been made to achieve the best results. This requires a
good command on the responsibilities of each of the P, I or D parameters. However,
as these concepts are extensively studied by the control community; relying on the cu-
mulative knowledge, better results have been achieved after this manual intervention.
Nevertheless, if not the starting point of the parameter selection has been achieved by
means of Simulink PID design block; it would have been a much more difficult task

than it has been for our case.

Actually, this method of utilizing PID controller design block was not our first at-
tempt. The first attempt was a more textbook type method, which was pole placement
by examining on the Root Locus graph. This method has also worked out but op-
timization could not be achieved since pole placement is not much of an intuitive
method. It is sometimes hard to guess which pole to move where for a desired char-
acteristic change. The work devoted to this method, therefore is not included in the

report since its success has been marginally overridden by the latter method.

5.3.3.2 Description of the Simulation Model

For simulation purposes two different Simulink models have been created. The only
difference between them is the PID blocks. In conjuction with the Matlab script
developed, the first simulation model is used to obtain the parameter library. On the
other hand, the second simulation model uses that parameter library supplied gains
for the controller. The second version is in a sense a preparation for the real time

target model.

Since real time target we have used in our system is not supported by Matlab 2016b
or later versions; PID blocks of the version we have used in our experimental set-up
do not support external referencing. Nevertheless, according to the 031 & 6132 angles
sensed, taking corresponding gains from the library and supplying them to PID blocks
is a must according to the architecture of the model. Therefore, custom PID blocks

have been designed and utilized in PID real time model. Two simulation models are

given in figures[5.58 &
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Figure 5.58: Simulation model of stabilizer with sliding mode PID controller first

version

Figure 5.59: Simulation model of stabilizer with sliding mode PID controller second

version
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As mentioned before, only difference between these models is the region highlighted
in red. The highlighted region in red of Figure [5.58 has been explained in section
[5.3.3.1] Therefore, we will continue with explaining the highlighted regions of the
second model shown in Figure[5.58] The first region we will talk about the controller

and is squared in claret red. The magnified version is given in Figure[5.60]
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Figure 5.60: Simulation model of stabilizer with sliding mode PID controller - high-

lighted controller module

This part has nothing new; like done before PID controller takes in the error and
generates the torque signals. The parameters of the controller are selected from the
library and fed externally to the controllers. For simulation purposes, the output sta-
bilization angles have been calculated by means of the plant model. Moreover, real
life sensor noise has been imitated by means of band limited white noise block of

Simulink.
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Figure 5.61: Simulation model of stabilizer with sliding mode PID controller - high-

lighted disturber module

Motion generating blocks are located on the left. Similar to the LQR model, first
and second derivatives of the base(payload) angles 63, & 632 to be used in the plant

model; whereas the angles itself are used for selecting convenient gains from the

library.
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Figure 5.62: Simulation model of stabilizer with sliding mode PID controller - high-

lighted gain library module
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Let’s look under the mask of "PID Parameters" block to get a better understanding of

how it works. The inside of this block is given in Figure [5.63]

Figure 5.63: Simulation model of stabilizer with sliding mode PID controller - under

the mask of PID parameters block

As it can be seen it is a repetition of the same logic for each PID parameter. Each
controller has P, I, D and filter coefficient N components so this repetition takes place
for 8 times. Since they are all the same, we can inspect on one of them to understand

how it works.
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Figure 5.64: Simulation model of stabilizer with sliding mode PID controller - under

the mask of PID parameters block, one sequence focused
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Once the radians are converted into degrees they are saturated to the maximum avail-
able joint angles. The elements in the angle arrays have been spaced for every two
degrees which makes 17 elements for +-16° for each angle of 6,3, & 6,3,. To find the
corresponding array integer the saturated degree is divided by 2 and 9 is added to that
value. When the outcome is converted to inf32 type and rounded to nearest, it takes

the corresponding gain from the library. Lastly, we will talk about the plant module

given in Figure [5.63]

........

uuuuuuuuu

Figure 5.65: Simulation model of stabilizer with sliding mode PID controller - high-
lighted plant module

The plant module represents the system dynamics. It takes the generated torque val-
ues and calculates the corresponding acceleration values. The global platform angles
(0 & 0f) are obtained by integration the angular acceleration terms (ég & ég) twice.
These angles are then sent back to controller as a feedback as it can be seen in Figure

5.60
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5.3.3.3 Analysis and Experiment Results

Motion profiles of the disturber have been shown in sections [5.2.2.3| & [5.3.2.3| there-

fore it is not necessary to present them again.

Let’s start with the sine profile. Analysis results of the results will be given in the

same order with the previous sections.

Figure 5.66: Step response of 67 with sliding mode PID controller

0 [°]

t[s]

Figure 5.67: Step response of §; with sliding mode PID controller
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Figure 5.68: Simulation results of stabilizer with sliding mode PID controller and

sensor noise under sine disturber profile - 65 vs ¢(s)

0.6 - [ f |
041 | I

0.2 1 i , 4

05 [°]

02 i ! ' .
0.4 (il | ‘ .

0.6 | i

t[s]

Figure 5.69: Test results of stabilizer with sliding mode PID controller and sensor

noise under sine disturber profile - 6% vs t(s)
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Figure 5.70: Simulation results of stabilizer with sliding mode PID controller and

sensor noise under sine disturber profile - 6 vs t(s)
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Figure 5.71: Test results of stabilizer with sliding mode PID controller under sine

disturber profile - 6 vs t(s)
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Figure 5.72: Simulation results of stabilizer with sliding mode PID controller and

sensor noise under sine disturber profile - T5 vs t(s)
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Figure 5.73: Simulation results of stabilizer with sliding mode PID controller and

sensor noise under sine disturber profile - (75 zoomed into 0-1 sec.) vs ¢(s)
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Figure 5.74: Test results of stabilizer with sliding mode PID controller under sine

disturber profile - 75 vs t(s)
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Figure 5.75: Simulation results of stabilizer with sliding mode PID controller and

sensor noise under sine disturber profile - (7 zoomed into 0-1 sec.) vs t(s)
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Figure 5.76: Test results of stabilizer with sliding mode PID controller under sine

disturber profile - Tg vs t(s)

The second profile is trapezoidal profile. Like we have done before, in order to prevent

overloading of results; only test results will be presented for the remaining disturber

profiles.
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Figure 5.77: Test results of stabilizer with sliding mode PID controller under trape-

zoidal disturber profile - 6% vs t(s)
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Figure 5.78: Test results of stabilizer with sliding mode PID controller under trape-

zoidal disturber profile - 6 vs t(s)
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Figure 5.79: Test results of stabilizer with sliding mode PID controller and under

trapezoidal disturber profile - T5 vs t(s)
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Figure 5.80: Test results of stabilizer with sliding mode PID controller under trape-

zoidal disturber profile - Ty vs t(s)

Next, random profile will follow.
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Figure 5.81: Test results of stabilizer with sliding mode PID controller under random

disturber profile - 6% vs t(s)
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Figure 5.82: Test results of stabilizer with sliding mode PID controller under random

disturber profile - 6 vs t(s)
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Figure 5.83: Test results of stabilizer with sliding mode PID controller and under

random disturber profile - T5 vs t(s)
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Figure 5.84: Test results of stabilizer with sliding mode PID controller under random

disturber profile - Tg vs t(s)

Finally, the results of Roketsan vehicle profile are as follows:
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Figure 5.85: Test results of stabilizer with sliding mode PID controller under Roket-

san vehicle disturber profile - 67 vs t(s)
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Figure 5.86: Test results of stabilizer with sliding mode PID controller under Roket-

san vehicle disturber profile - 6§ vs t(s)
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Figure 5.88: Test results of stabilizer with sliding mode PID controller under Roket-

san vehicle disturber profile - 7§ vs t(s)
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5.4 Description of Real Time Target Simulink Model

The performance and controller efforts should be examined before the real life tests.
In order to do that, Simulink models explained so far have been created and results
are observed. Note that there are some differences between every simulation model
and real time target model. These differences emerge from the sources of inputs and
the methodology for providing outputs. There is also a slight difference between each
type of controller in real time models but they share many common blocks. Therefore,
in order to avoid overloading; only PID real time controller will be discussed. In
Figure [5.89] the general view of the model can be seen. The claret red represents the
disturber region. The navy blue represents the controller region and green represents
the feedback branch and output signal branch. All these regions will be explained in

detail by expanding these blocks further until every detail is clear.

‘T;E‘

Figure 5.89: Simulink Real Time model of stabilizer with LQR controller and dis-

turber

First let’s start with the disturber region. In Figure [5.90] the claret red region alone,

can be seen.
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Figure 5.90: Simulink Real Time model of disturber

Please note that the inverse kinematic block has been explained in Figure[5.6] On the
left, blocks for 4 different motion profiles are included. These blocks give the inputs
required for the inverse kinematics. These inputs are the payload angles and their first
derivatives. As aresult, reference cylinder strokes and stroke velocities corresponding
to these payload angles are calculated. The stroke velocity is a direct function of the
flowrate which is our control parameter through the flowrate control valves. Actual
strokes are measured by the linear transducers and its difference from the reference
stroke is the input of the PID controller. Note that two different PID controllers are

designed; each responsible for actuating a single cylinder.
Next, we’ll proceed with the highlighted controller region which is given in Figure
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@ But before we do that, we have to point out that there are several versions of the
Simulink Real Time model. In the first several versions both payload and platform
angles were sensed by the inclinometers. This set of sensor arrangement is called the

first configuration.

Then, the second configuration has been created where we had to change the sensors
and came up with an alternative. In this configuration, both inclinometers have been
cancelled due to some problems. The reasons are explained in detail in Chapter 6.
Therefore, the payload angles are derived from the cylinder strokes by means of the
data sensed from the linear transducers mounted on the cylinders. In order to do that
forward kinematics block have been used. However, in this section you’ll see the
traces of old configuration. For instance, you’ll see that we are still getting measure-
ments from the inclinometers. The reasons will again be explained in Chapter 6; but

in short these measurements have only been used in calibration processes.

Currently gyroscopes are being installed to the current set-up which will bring us
back to the initial configuration but this time gyroscopes will be used to determine

the Euler angles instead of the inclinometers.

Please remind that in order to prevent overload on the report; only the model version
which has been used to obtain the results presented in this study and only sliding
mode PID controller version of it will be explained here. Note that since this is
an evolutionary process; this is the 7" version and previous 6 versions will not be

explained.
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Figure 5.91: Simulink Real Time model of controller

This model will be investigated in three parts. The first part is highlighted with claret
red region and is given in Figure[5.92]
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Figure 5.92: Simulink Real Time model of controller - obtaining global platform
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What we aim to control here is the global platform angles defined with respect to the
ground which are labelled as 07 & 6. Unlike we have done in the first configuration
where inclinometers are used to sense these angles directly; this time they cannot be
sensed directly but has to be derived. What we have in hand in the second config-
uration is linear transducers which give the strokes of the cylinders and incremental

encoders which sense the change of angle in their own DOF.

First of all, we will start by explaining how we have utilized the linear transducers.
Forward kinematics block is used to predict the payload angles 6,3; & 6132 by taking
the sensed stroke data s4; & s4o from the linear transducers of the hydraulic cylinders
as inputs. In order to do that we have used jam nuts below the platform base plate
to calibrate with the data measured from the inclinometers. Please note that attentive
and careful efforts have been dedicated to this procedure prevent any errors. Once we
have made sure that both inclinometers and forward kinematics give identical results;
we started using this method. When we look under the mask of forward kinematics,

we will see the following model given in Figure [5.93]

Figure 5.93: Forward kinematics module used in disturber model

222



Secondly, we will talk about how we have used the data obtained from the encoders.
The encoders we have used are incremental type and thus takes the initial orienta-
tion before the motion begins as zero reference point. However, we have another
tool we can use to make them act as absolute encoders. This tool is the inclinometer
which has been cancelled and won’t be useful in real time measurements. Neverthe-
less, before starting the experiments, the data sensed from these sensors are used to
stabilize all the global platform angles. Therefore, encoders take the right reference
for stabilization. In order to do that both N-E equations derived in section 4.8 or La-
grange equations derived in section 4.9 can be used. When using Lagrange equations,

necessary variables are set to zero in order eliminate disturber related parameters.

At this point what we have in hand are payload angles 0,3; & 632 and local gimbal
angles 05 & 6. But we know how to derive the global platform angles by using
definition given in equations (5.2) & (5.3). After we have obtained 65 & 6;; we will
give a target value for our controller; which is actually called the reference point.
Since we want to keep the platform parallel to the ground this value is set to 0. If
desired, the platform can also be kept at a defined orientation other than than zero by

changing the reference points.

Next region that will be explained is the region that includes PID controller blocks

and is given in Figure[5.94]
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Figure 5.94: Simulink Real Time model of controller - PID controllers
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This controller block does exactly what it is supposed to do which is taking in the error
in the global orientation angles and generating the necessary torques. Please note that
the controller parameters have to be externally fed into the PID blocks. However, this
feature is not included in the Matlab version we are using but it is included in the latest
version of Matlab. Therefore, we have created our own block which is given in Figure
[5.95] Note that like all the PID controllers clamping type anti-winding mechanism

has been implemented here too.
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Figure 5.95: Simulink Real Time model of controller - custom made PID controller
block

Lastly, in our discussion about the controller region highlighted in navy blue in Figure
[5.89] we will talk about selecting convenient parameters from the previously formed
parameter library. In order to do that, as seen in Figure [5.96] the library block is
created and in Figure we will look under the "PID Parameters" block.
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That brings us to the part where we will talk about the mechanisms of how we collect
feedback data and how we implement the generated output torques and valve open-

ings. This region has been highlighted in green in Figure [5.89]and magnified version
is given in Figure[5.98]

E
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Z

@
ich fichs fichoach [och o [och i

Eﬁﬁ g

Figure 5.98: Simulink Real Time model of feedback and output implementation

We will start explaining this part from the inner red region. The region is responsible

for generating feedback data. In Figure[5.99] the red region is given in detail.

226



g
i

!

theta_5

ith

thetis_5_display

180 thata_132

Gota 16

p
g

!

thetis_6_display

mata &

Angla_X{Thesa 132)

thela_131

Gota 7

i

theta_132_dispiay

!

Angla_¥{Thesa 131)

541

542

encoder_5_degron

ercoder_&_degros

Subsystem

=

theta_131_dispay

!

VY
)t

ith it [ich

Gainil it &

s_41_tisplay

encoder_§

Gotels Scopes

E

|

i

s_42_display

encoder_i

enceder_5_dizalay

Figure 5.99: Simulink Real Time model of feedback and output implementation -
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If we look under the mask of the subsystem located in the left; we can see the follow-

ing model given in Figure[5.100]
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Note that signals of Humusoft Analog Input block corresponds to the feedback signals
we are using in our controller. The signal orders are as it has been presented in Figure
3.25. First block right after the Humusoft block matches the voltage values with the
corresponding minimum and maximum strokes or angles. Then averaging blocks are

applied to suppress the sensor noise.

Now we will look at the blue region given in Figure in[5.98] The magnified version

is given in Figure [5.101]
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friction compensation and supervisory control blocks

This region has two main tasks. On the left, friction compensation block and on the

right, supervisory control block is given. Their look under the mask models are given

in figures &
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Figure 5.102: Simulink Real Time model of feedback and output implementation -

In the first experiments, we have seen that some of the torque commands which try
to stabilize the platform with small interventions are dampened by the static friction

coefficient of the system. At that point we have seen that a torque correction module



should be created to prevent this from happening again.

This is how this block works. First it tries to understand if the body is trying to
accelerate from rest or if it is already in motion. If it is starting its motion from the
rest point; then it adds the static friction compensation term which has a static friction

torque value found from the experiments.

Nevertheless, in either case this term should also be summed up with the torque loss
because of the inefficiency due to the viscous friction. Again the efficiency term of
the dynamic system has been found from the experiments. It compares the sign of the
actual motion with the generated torque command. If they have the same sign; then
necessary torque is added to the to the summation. If they have opposite sides; then
this amount of torque is subtracted from the total sum. This is due to the fact that
friction works in favour of us when we are trying to decelerate the body first and then
change its direction of motion. However, it works against us when we are trying to

accelerate the body in its already headed direction.
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Figure 5.103: Simulink Real Time model of feedback and output implementation -

supervisory control block

This block may seem a little complicated at first but it is just a repetition of same
logic mechanism. As a whole it cuts off the power from the actuators when prede-
fined safety limits are exceeded. These limits are written to the block itself as both
minimum or maximum values. For safety reasons minimum and maximum payload
and platform angles as well as minimum and maximum cylinder strokes are moni-

tored in real time before we decide to actuate the motors and valves.

Since the block is a pattern of the same blocks; it will be enough to explain just one of
them. For example let’s look at one of the platform angles. Defined limits are +30°.
It takes this commanded value as an input and directs it into the switch blocks. The
switch blocks generates 1 if the limit is exceeded. For example if 35° is sensed, the
switch block compares it with the threshold value of 30 and generate 1 as an output

since the limit is exceeded.

231



Another branch of it goes to another switch block for checking the minimum limit.
This time this value is multiplied with -1 and then sent to another switch block. For
example if the angle sensed 1s —35°, it will be multiplied with -1 and the switch block
will take 35 as an input. Its comparison criteria is greater or equal to the threshold
value. It will compare 35 with 30 and again generate 1 since the limit is exceeded

again.

Both outputs of these two branches are then sent to an "OR" block. If either of them
is 1; it means that the limits are exceeded and actuator commands must immediately
be stopped to prevent an accident. This check is being done for all critical parameters.
If one of these check signal an alarm, not only the corresponding actuator is stopped

but all of the actuators are stopped.

The limits should be set to slightly lower values than the critical since it will take
time for an inertial system to dampen all its energy and stop. This block has been

very useful during the experiments and saved a lot of efforts and time.

Finally we will talk about the region orange region given in Figure in The
magnified version is given in Figure [5.104]
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implementation of actuator signals

This part of the model sends the output signals to the corresponding actuators. In
order to do that, it has to take a "pass" check from the supervisory control block.
Once this check is passed, corresponding voltage value to the generated the output
torques or valve openings are calculated by the look up tables. If not, digital output
block of Humusoft is not activated and no matter what we have given to the analog

output block the actuators are off.

A look up table works simple; it matches minimum and maximum voltages to the
minimum and maximum actuator parameters and interpolates if an intermediate value

is desired. Since all the actuators behave almost linearly, this method works great.

Then the second block is saturation. If the generated commands are higher than the

limits we have set; then these signals are saturated and only available amount of this
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signal is given to the actuator. Note that this parameter is adjustable by the designer
and in the initial phase of the experiments; it has been observed to be a good practice

to limit these values until you are sure of the success of your model.

Sometimes, we do not need control for calibration or assembly purposes. In these
cases we can give as much as torque or flowrate as we want by simply using manual

switches and typing in the desired values.

Finally, we have arrived at the analog output block of Humusoft. As the name sug-
gests, now the generated commands can be given by means of Humusoft DAQ. Again

the outputs are ordered according to the distribution given in Figure 3.25.
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CHAPTER 6

CONCLUSION AND FUTURE WORK

The experimental set-up we have worked with has been very useful in terms of observ-

ing many critical aspects. These aspects can be investigated under different topics.

6.1 Success of the Mathematical Model

6.1.1 Disturber

The first method that has been attempted to obtain the governing equations was using
Newton-Euler equations. In order to do that FBD’s like the ones given in figures[6.1]
& 6.2 are drawn.
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Figure 6.1: Free body diagram of Figure 6.2: Free body diagram of the hydraulic
the platform plate cylinder
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After all of the FBD’s are drawn; 3 force and 3 moment equations are written for
each body. In order to obtain the differential equations for the disturber, this process
is repeated for 5 bodies. All these equations are represented in matrix form and all 30

unknowns are isolated by algebraic manipulations.

For control purposes, the inputs are piston acceleration terms and outputs are pres-

sures of the pistons. This is called inverse dynamics.

At the same time, all structural forces can be found when these equations are solved.
Nevertheless, they are only required once for design purposes in order to size the
machine elements. Therefore, it is important to isolate only desired variables for

computational purposes which is the method we have followed.

However, at that point we have faced some problems. One of them was the generated
output of the controller was pressure but what we can control through the valves was
the flowrate. It has been seen that an equation that will relate these two variables is
required. Coupled with continuity equation Bernoulli equation seemed like a good
candidate at first. However, it was very hard to reflect different characteristics of
many different hydraulic elements on the line so the success we have achieved was
limited. Moreover, it has been observed that we were considerably violating some of

the major assumptions behind the Bernoulli equation.

We were stubborn to make these long equations work so another method was tried.
That method was connecting pressure indicators on the hydraulic cylinders and try
to make a correlation through curve fitting between the flowrate and pressure param-
eters. However, after some time it has been understood that this was another fail
attempt since first a lot of noise has been observed on those pressure indicators and
second when different scenarios are applied the results were considerably different

such that no convincing correlation can be created.

Another problem we have faced is that we could that reflect the forces of the hydraulic
hoses. At first it seemed that they could be ignored but then it has been understood
that they had to be incorporated into the N-E equations. As it can be guessed it was

very hard to model the hose force.

Last problem was prediction of the friction coefficients. Unlike other problems, this
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time a satisfactory solution could be obtained. The hydraulic cylinders have been
extracted and retracted multiple times for an array of actuator speeds. These ex-
periments have been repeated for a considerable number of times and when the end
results are examined it has been seen that the variance of the results for each corre-
sponding actuator speed was low. This friction coefficient library has been embedded

into simulations for later use.

All in all, it has been understood that this method is not suitable for this type of
problem so we had to change the methodology from scratch. When we think again in
a white sheet what we need was just changing in the orientation of the payload and it
was nothing but a geometry problem. Then, kinematics has been introduced to obtain
the loop closure equations and their derivatives. This much simpler approach worked
much better since only assumption we made was the rigid body assumption. In this
case we do not need to derive complimentary equations, predict unknown forces or
obtain a friction coefficient library. Moreover, in the end what the controller predicts
can be sent to actuators without any need of change between the parameters. In this
case the output was actuator speed and flowrate controlled by the control valve is

directly proportional to it.

The conclusion from all this effort was one should always examine carefully what
instruments he/she can use for control purposes and model the system accordingly.
Another conclusion is one should always aim for the simplest approach that can work
since in the end it becomes much easier to debug and optimize it and it generally

works better.

There is another discussion about mathematical modelling of disturber. This mech-
anism has been synthesized so that both actuators work simultaneously all the time
to change the orientation of the payload. However, when obtaining N-E or Lagrange
equations of the stabilizer successive rotations methodology has been used. This is
not exactly the counterpart of actual simultaneous rotation. However, when thinking
about this detail; we have realized that both of these modelling and actual world can
be synchronized by a simple approach. When using successive rotations approach,
transformation matrices are multiplied in rotation order so one of the angles are al-

ways prioritized. This logic is applied to physical system through clearance arrange-
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ment carefully done during assembly process. In one of the base joints of hydraulic
cylinders the clearances are arranged to be zero by carefully management of toler-
ances of the parts and ability of bronze rings to shrink. The other base joint on the
other hand, the base joint of the other cylinder has a clearance about 0.1 - 0.2 mm.
This is again done on purpose. By this way, when both of the cylinders are actuated;
the first rotation occurs around the perpendicular axis of the rigid joint base. In other
words, the actuator which has more clearance initiates the movement. The time gap
between these two actuators are almost unrecognisable, in the order of milliseconds,
and after initiation simultaneous movement occurs all the time. This small detail has

provided us a fully matched actual movement and a successful modelling.

6.1.2 Stabilizer

First of all, we have seen that a decent mathematical model that can represent the
actual dynamics of the system can be obtained successfully by using first principles.
Although study done for Newton-Euler equations are not included in this thesis, since
it has been more than a hundred pages of derivation alone, we have seen that the
end results are identical. Some terms seem to be different at first but either they
can be converted from one to another or when numerical values are inserted into the
equations same result is obtained. Moreover, energy conservation of the system is
calculated in real time and in idealized model we have seen that the change in total
energy is almost negligible. A very insignificant amount of energy change is seen and
that’s certainly due to the numerical errors. In figures[6.3]-[6.6] the free motion of the
gimbals and total energy of the system at two distinct times as they are moving, can

be seen.
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Although all different approaches of first principles have given us the same result and
we have observed that the total energy is unchanging; this result has to be consistent
with the real life results. In order to do that we’ll compare the results of the the
simulation results with the test results. But before we do that we’ll point out some

critical aspects.
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Note that the mathematical model derived is an idealized model and before it can be
used for the controller it should be linearized so there is some amount of precision
loss in that step. Moreover, it does not reflect the effects of sensor noise, backlash

and friction.

All these problems will be investigated in different sections but at this point in order
to make a statement by comparing test and simulation results, we can point out some
important aspects shortly. In current configuration of sensors, stabilizer uses encoders
so backlash effects are not included in data collected; however this effect can be seen

visually.

For friction part, we have derived versions of the governing equations with frictions.
However, friction is a function of velocity and a very hard parameter to guess and
even though good approximations have been made through experiments, the non-
linear plant model takes hours to be solved which cripples optimization process of
the controllers. Therefore, we ended up optimizing the controllers with idealized
plant and friction compensation module has been included in real time target version

of the Simulink model.

Lastly, in order to measure true success of the simulation model; a sensor noise close
enough to the one measured in test have been added as random or white noise blocks.
In the light of all these aspects, the comparison of both results are given in Figure .

Please note that these graphs have been presented in figures[5.31) & [5.32]

05 & stimulated noise [°]

t[s]

Figure 6.7: Comparison of test and simulation results of LQR

240



Noise patterns in test environment is not as always the same; they are random. Their
frequencies and shapes change but after a series of tests you can have an idea of
main frequencies and amplitudes. Therefore, of course it is impossible to reflect the
same noise pattern in simulation environment. But when similar or a more noise than
expected is given to the simulation; it can be seen that the behaviours of simulation
and test results resemble and the plus minus bandwidth of the amplitudes are also in
correlation. This behaviour has been observed in the majority of the tests independent

of the disturber motion pattern.

When we look at the step responses of both gimbal axes, we can see that settling time
is around 0.15-0.2 seconds. There is a steady state error and some noisy wobbling
pattern and this detail is going to be discussed in this chapter. Moreover, disregarding
a few exception points the stabilization error is generally stuck between in 0.2-0.3
degrees no matter the motion profile is except the short time intervals of impulsive
motions. All the motion profiles the stabilizer is subjected is more challenging than
the vehicle data sent by Roketsan. Furthermore, even the motion profiles presented
in this study has been accelerated up to 5 times; it has been seen that the change
in stabilization error is small and the errors are still more or less in this bandwidth.

Therefore, it can be confidently said that mathematical modelling has been successful.

6.2 Problems Encountered and Solution Methods

6.2.1 Sensor Malfunctions

From the very beginning of the study, the stabilization logic and methodology that
first came to our heads did not change very much. We have thought that using gyro-
scopes for feedback is the best choice for feedback. However, due to some problems,
the schedule and budget of this project has been limited. When delivery times and
cost of the IMU’s with already embedded sensor fusion and Kalman filter seemed to
be unaffordable; as an alternative we have utilized inclinometers for feedback pur-
poses. As a remainder, the locations of the inclinometers have been highlighted in
Figure [6.8] The inclinometers in the payload plate or platform base plate serves the

purpose of sending the values of payload angles 6,3, & #132. On the other hand, the
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top inclinometer which is located on the platform sends the platform angles 07 & 05

as a feedback.

Figure 6.8: Positions of the inclinometers

However, after some time it has been understood that this was a mistake due to late
response times and noisy data. Even though the catalogue data values for response
time was a challenge, which was claimed to be less than 0.1 seconds, the response
time of the actual product we have received came up to be 4 times slower. The re-

sponse time of the inclinometers we have tried to use, which has also been approved

by the manufacturer as a defect, can be seen from Figure [6.9]
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Figure 6.9: Response time of the inclinometer
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As a back up plan, we have switched to this configuration. We have decided to use
encoders for measuring the platform angles and using linear transducers for obtaining
the payload angles. Please note that the angles we are receiving from the encoders are
locally inertial, not globally inertial. In other words, the parameter we are measuring
is 05 & 0 rather than the 67 & 6. The transition between them has been done by
means of summing or subtracting the payload angles 63, & 613, with them. There-

fore, this data has become a derivative term rather than a directly measured data.

Similarly, when the bottom inclinometer is cancelled, the alternative for this data has
been selected to be linear transducers of the hydraulic cylinders which feedback us
the strokes. This time, by using forward kinematics payload angles 63, & 6132 have
been computed. Note that again this has been a derivative data rather than a direct
measurement but a fine calibration between the strokes and payload angles have been
done before switching to this configuration. As a result of this calibration, we have
seen that almost no error exists between the angle measured and the angle calculated
by the corresponding actuator strokes. After that this derivative approach has been

used safely. Routine checks and recalibration have been made regularly.

Another important point is that although these inclinometers have been cancelled
out; they are used before each experiment to globally stabilize the stabilizer platform
slowly. This is done because encoders we have used are incremental and as a result
of this the stabilizer tries to protect its last position. This approach has helped us to

observe the platform to be stabilized globally.

To sum up this section; we have lost very precious time and efforts due to this wrong
choice but in the end we have found an alternative solution and concluded this study.
As you can guess all the results presented in Chapter 5 are obtained as a result of
this configuration. Right now, the configuration is being switched back to the ini-
tial configuration with gyroscopes. In order to do that BMI-088 type gyroscopes
have been purchased. Current study with them is to get meaningful data from them
through mechanisation process with quaternions and sensor fusion and lastly through

a Kalman filter.

243



6.2.2 Backlash and Structural Considerations

Backlash is a clearance issue resulting from the gaps of the mating parts in mecha-
nisms and it results in plays and motion loss. The model of the gearboxes we have
selected are called low backlash types and they were supposed to be permitting a

backlash of maximum 0.2 degrees.

However, when we make the measurements we have seen that the outer axis can move
about 0.6 degrees whereas the clearance in the inner axis is about 0.4 degrees. Please
note that the motor brakes were on when we took these measurements. These mea-
surements were also approved by the distributor company technical service and they
said that we can return the gearboxes if we want since these gearboxes are defected.
Again due to limited time, we had to carry on with these gearboxes to conclude this

study.

In the first configuration of sensor feedback arrangement, this play has caused tremen-
dous problems with data collection. In physical observation it has always caused

undesired vibrations.

Since we are currently switching to gyroscope configuration, it will certainly have a
diminishing effect on the quality of the sensor data. Therefore, before we switch to
gyroscopes for feedback, we have to replace these with non-backlash types and also
introduce a zero backlash mechanism which connects every parent and child body
with appropriate preloaded springs. These springs can either be a simple tension or
compression spring according to the design method or a torsion spring. Again these
tension or compression springs can be arranged such that they can create moments in
the mating part of the parent and child body. Alternatively, a combination of torsion
springs can do the same job. Also, as another alternative tension springs can be

directly mounted between the two parent and child bodies.

In the initial experiments when we were trying to stabilize the platform with incli-
nometers, we have observed a ladder effect on the collected data. This ladder effect
can be seen in Figure [6.11] and it points out an interesting result worth to discuss

about.

244



Ladder effect due to backlash !

Figure 6.10: Demonstration of ladder effect on sensor readings due to vibration and

backlash

When we inspect on the test result carefully, we can see that between each reading a
step like pattern exists. In this study, it has been named as ladder effect. If we divide
the jumps between each step to the time intervals; it can be predicted that the system
resonates around 80 Hz. This is a critical vibrational mode caused both by the lack of
stiffness of the mechanical design and extreme effect of unexpected backlash. This
has led to a future work for us to both eliminate backlash and design a much stiffer

value.

There is another aspect to this discussion. The center of gravity of the outer gimbal is
not balanced on purpose to add extra challenge to the controllers and see if we can deal
with this. The test results indicate that we have managed this effect decently; however
physically observed vibration issue proves us the opposite. The offset between the
geometric center of the platform and the center of gravity creates a beam effect and
coupled with backlash it creates this vibratory motion. In addition to this, as it has
been stated before, the stiffness of the structure seems to be not good enough to

prevent this effect entirely or dampen it more than the current situation.
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6.2.3 Sensor Noise

Noise is a random disturbance on a signal. When you are dealing with sensors it is un-
avoidable. The sources of the noise are environment its operating in, implementation
and manufacturing defects. For the environmental source aspect, it can be naturally
occurring noise or man made noise. It can exist at very specific frequencies or can

spread out across the spectrum.

For some control laws, as long as the noise is low amplitude, it won’t impact the sys-
tem much. But that’s not true for ideal PID controller because it has a pure derivative.
Derivatives amplify high frequency signals and take tiny wiggles and amplify them
to values that can impact the system. If we leave really high frequency noise in the
system, the derivative path will see that noise even it is really small. One method to
cope with this problem is to lower the amplitude of the high frequency noise since it
produces a steeper slope at same amplitude compared to a low frequency noise. In
order to do that, a filter that will block frequencies above a certain point from entering
our derivative and causing problems has been designed. This certain point is called
the cutoff frequency and where to place it is designer’s choice. That’s why, in our
PID controller designs we have always used the filtered version and have introduced

the N parameter.

Moreover, the since the mathematical model includes a variety of derivatives such
angular velocities and accelerations, the derivative block has been used extensively.
If a term is related to a sensor and its derivative is going to be taken, it causes very

serious problems.

The noise problem has been observed in touchpad, linear transducers and inclinome-
ters and we certainly expect noisy data from the gyroscopes we are currently switch-
ing into. This problem is non-existent with the encoders since we are counting digital
pulses to calculate the rotation speed. In order to demonstrate the noisy data, Figure

[6.1T]has been presented as follows:
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Figure 6.11: Demonstration of ladder effect on sensor readings due to vibration and

backlash

In order to cope with this problem two methodologies are followed. First one is
simple and effective but comes with a payback. It is called averaging and in our case
it averages last 20 data points to reduce the variance. It has been very helpful but it
causes some delay. However since the sampling time we have used is 5.107%; its delay
effect has been negligible. However, it has been observed that due to this significantly
small sampling time of the real time controller; these errors amplified due to nature

of derivative operations.

The next method we have tried is filtering. Ideally, what we want to achieve is filtering
all of the noise and perfectly pass the entire signal; however, this isn’t something that
can be achieved in practice. Based on the assumption that for a lot of applications
the noise across the spectrum is relatively low amplitude or low power and the signal
we are interested in keeping has comparatively large power and low frequency; a
first order low pass filter design seems reasonable. In this case low frequency noise
doesn’t really impact the derivative much if the amplitude is small and therefore we
can often remove all of the bothersome noise to our derivative simply by blocking or
attenuating just the high frequency information. By the way, low pass filter is exactly

what we applied within all of the PID controllers.

Low pass filter allow frequencies below the cut-off point to pass mostly unchanged.
After that range it applies staged and increasing blocking as the frequencies of the

signal increase. It does not remove the noise entirely, it just makes it smaller so that
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even after we amplify it through the derivative it won’t impact our system much.
The key aspect of the filter is deciding on where to put the cut-off frequency so that
maximum high frequency noise is removed without impinging on the frequencies that

are actually in the signal that gives us valuable information.

In order to do that, firstly Fourier transform of the data has been obtained and frequen-
cies and their corresponding amplitudes have been examined. It has been seen that
the noise is in the form of white noise and in order to diminish its effects; a filter block
of Simulink has been included in the model. In the early stages of experimentation,
when inclinometers were still not cancelled; it seemed reasonable to set the cut-off
frequency about 80 Hz. By this way; it is aimed to remove unwanted signals around
that region which is detected by Fourier transform and also diminish the effects of
resonant data due to backlash and vibration. However, this filter has done more harm
than good to the results. It has been seen that it has filtered some of the useful data we
need in addition to the unwanted ones. When the cut-off frequency is lowered further;
the noise seems to diminish but the payback was; we were losing more useful data
and as a result of this trade-off we could not improve the stabilization results. More
and more trial and errors have been implemented by looking at the Fourier transform
data but the result was the same and in the end this method was abandoned. The
conclusion from these efforts was it might be lack of technical skills in signal pro-
cessing and filtering rather than the method itself that prevent us benefiting from this
approach. This item has been also noted as a future work and it requires more time

and efforts for best utilization.

There is one last topic worth to be discussed. The topic is about the vibratory wob-
bling results seen in step response graphs. This is also another indicator of the noise
problem we are facing. Since only feedbacks are obtained from the encoders and
linear transducers when these results are obtained; the main candidate of the noise is
linear transducers. This is not surprising at all since we are aware of the fact that data

obtained from the transducers is considerably noisy.

Another reason for this problem might be due to a systematic noise problem and
in this case it will be much harder to solve. We have made simple checks such as

whether the main plug is grounded or not or whether appropriate connections are
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grounded together or not. These simple check do not point a problem. Moreover,
signals have been measured in the inputs and outputs of the DAQ too; and this is not
the problem either. In addition to these all the cabling is done by high quality material
and they are all shielded. The cable lengths are kept at minimum too. However, the
problem might be much more technical. For instance, the layout of all the hardware
must be carefully inspected and effects of each component on its surroundings has to
be observed carefully. To do that, a careful inspection has to be done from scratch till
the end and all rack cabinet layout might be doomed to be reshaped. This point gives

birth to another future work item.

Finally, since we are currently switching to the gyroscope configuration now; this

problem has to solved satisfactorily once and for all.

6.3 Future Work

Since the aim of this study is to design a family of stabilizers, this study is going to
carry on. The simple design solution used in this study is an on purpose act to gather
know how with as simple as possible equipment and design. The future work planned
will be explained separately both for the existing design and the new prototype that
will be designed. R & D studies will continue with the existing prototype after some

improvements and at the same time a second prototype will be designed.

6.3.1 Existing Design

For the existing design, first of all both of the gearboxes will be replaced with low or
zero backlash ones. Then, as a secondary precaution a zero-backlash mechanism will
be introduced. The modal analysis will be applied and the stiffness of the frames will

be increased with addition of modular parts to the existing bodies.

Nextly, the procedure of obtaining meaningful data from the newly purchased gyro-

scopes will be completed.

Moreover, the source of noises will be investigated carefully and necessary precau-

tions will be taken to improve the performance. The precautions may lead up to a
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new layout design for the rack cabinet and replacement of necessary equipment and

hardware.

In addition to these improvements; filter designs and signal processing will be stud-
ied extensively and successful filters will be designed and incorporated into existing

models.

Existing controller designs will be optimized and improved and many other controller
strategies will be developed. In order to have a good idea of the success of these

improvements; experiments will be repeated after each step for comparison.

6.3.2 New Prototype

Since next prototype will act as a transition prototype to the mass production; it will
be designed as close as to the actual product. This means that all of the design will
change from scratch and second prototype will have very little resemblance or no

resemblance at all with the current one.

The first change in the new design will be about actuation mechanism. Depending
on the torque requirements, direct drive torque motors or frameless motors coupled
with harmonic drives is considered to be used. Therefore, a no clearance design will
be obtained provided the fact that other mating bodies can be obtained with no clear-
ance if desired; by means of careful tolerancing, good knowledge on machining and
coating. If any undesired clearance or play is existent, the design will be supported

zero-backlash mechanisms.

Moreover, encoders will be located on the opposite side of actuating interface along
with a torque meter to form a cascaded control infrastructure. Both structural and
modal analysis studies will be carefully done in order to prevent any deflection issue

which will hinder rigid body assumption and any undesired vibratory behaviour.

Since this prototype is going to be tested according to military standards, new gener-
ation design will have necessary precautions in terms of EMI / EMF considerations

and sealing.

More importantly, extra care will be given to manage the center of mass locations and
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distribution of inertia terms in the inertia tensor. Additionally, the actuation axes will
be designed such that its axis will be collinear with the center of mass of the child
assembly. Thus, a naturally balanced, self stabilizing design can be created which
will simplify the task of controllers significantly. Furthermore, careful management

of center of mass and inertia tensors will greatly simplify the mathematical modelling.

The sensors and especially the gyroscopes will be selected to a high quality type
compatible with military standards. If it has embedded proven filters, sensor fusion

and Kalman filter, then it might have a higher probability to be used in our system.

Final revision is expected to be about the degree of freedoms. Procedure developed

in 2 DOF design will be extended to 3 DOF design for better stabilization possibility.

6.4 Conclusion

When we compare the test results of approximately 0.2 - 0.3 degrees error bandwidth
in without impulse motions and 0.2 seconds settling time with the design criteria
given in section [I.3} in short we can say that the study is successful in spite of the
very tight schedule, budget problems, unexpected problems encountered due to COTS
items and mentioned in this report and mainly one man staff dedicated to this study.
Please note that in very challenging motion profiles with impulsive motion patterns
the stabilization error may peak up to the range in between 0.5 - 1 degrees for a very
short time and comes back into the error bandwidth of 0.2 - 0.3 again in very short

time intervals.

The aim of this study was to obtain the know-how from scratch to design a family
of stabilizers. In addition to the design criteria met; the study has accomplished
the task in that sense too. At this point we have a good idea of the sources of the
problems and how to solve them. These details has been explained in section [6.3]
This means that the next prototype is certainly going to be much more successful than
the current prototype. This is a great thing considering the fact that even the results of
this current prototype can compete with some of the rival equivalent products before
the improvements planned to be done are applied. To sum up, this study has been

very beneficial as a joint study of industry and academy and the future of the project
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is very promising.
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Appendix A

BALL AND BEAM THEORETICAL BACKGROUND

A.1 Ball on a Plate System

The schematic representation of a ball on a plate system can be found as follows:

x(t) o

2
\'j o(t)

y(t)

Figure A.6: Schematic representation of ball on a plate system

The ball rolls on the beam without slipping under the action of the force of gravity.
The beam is tilted from an external torque to control the position of the ball on the
beam. First, a set of generalized coordinates need to be defined in a way that the

system could be fully described. The generalized coordinates are defined as:

p(t)
q(t) = (A.1)
0(t)
The Lagrangian of the system is defined as
L=K-U (A.2)

where K is the kinetic energy and U is the potential energy. The kinetic energy of the
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beam is:

1 .
Kl = §J92

The kinetic energy of the ball is:

1 .
Ky = §Jb«9§ + mi;

where 6, and ¥, are the angular and linear velocities of the ball, respectively.

.0
O, = 2
’
0y =i + 3
x = pcost

& = pcosh — plsind

i? = pPcos’0 — 2pphsinfcost + p>62 sin®0
y = psinf
Y = psinf + plcost

9% = psin6 + 2pphfsinfcosd + p*6*cos>d

By substituting (A.9) and (A.12)) into (A.06):

V3 = p*cos®0 — 2pplsinfcosd + p*0*sin®0 + p*sin’0
+2pplsinfcost + p>02cos6
which gives:
92 = p? + p2f?

Using (A.4) for the kinetic energy,

K — —J o - -2 202
27 5 br2+2m(p +p0)
1. J o 1 5
K, = §<r_2 +m)p° + 5P 0
The potential energy of the system is given by:
U = mgpsint

Substituting (A.3), (A.16) and (A.17) into (A.2) gives:

1 1 - |
L= (o5 +m)i* + 5 (mp® + Jy)0 — mgpsing
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(A.3)

(A4)

(A.S5)

(A.6)
(A.7)
(A.8)
(A.9)
(A.10)
(A.11)
(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)



The first Lagrange equation is given by:

d oL
i (8_p) =0 (A.19)

Now we proceed to compute this equation step by step:

OL Jp )

Y A2
% (2 on)
d OL Jp .

e (ﬁ n m> p (A21)
8_L = mp92 — mgsinf (A.22)
dp

Substituting (A.20)-(A.22) into (A.19), the first equation of motion of the ball and

beam system is derived:

J .
(T—b + m) i+ mgpsind — mpb? = 0 (A.23)
2

The second Lagrange equation is given by:

d (OL\ 0L
. (%) — =T (A.24)

where 7 is the external torque applied to the beam. We drive this equation using a

similar approach.

% — (mp* + J)0 (A25)
d OL : ;
i (mp® + J)0 + 2mppo (A.26)
g—g = —mppcost (A.27)

Substituting (A.26) and (A.27) into (A.24), we can obtain the second equation of

motion for the bell and beam:

(mp® + J)Q + 2mppb + mgpcost = T (A.28)

We will now proceed to derive the equations of motion for Bell and Beam system us-
ing Newtonian mechanics. X axis is defined to be parallel to the beam. Since the axis

rotates with time, the derivatives of the unit vectors need to be also considered while

257



calculating the velocities and accelerations. At first some theoretical background in-

formation will be given so that it would be easier to follow the derivations.

Fo(fl)

F,(0) ra/,

Fa(4)

Figure A.7: Position of a point viewed from different coordinate frames

F,(A) is just translated without any rotation, while F,,(A) is both translated and ro-
tated at the same time.
7p/0: Position vector of the point p with respect to point O

Position Relationship:

Tpj0 = Tpja + Taj0 (A.29)

Velocity Relationship:

Differentiate in either F{, or F}, say Fj:

Dyiyj0 = Dofpsa + DoT'ajo (A.30)

Definition of Velocity:

Vp/a/r,: Velocity of p with respect to point A with respect to frame Fj,.

This definition requires three items:

1. Point of interest, i.e. the point whose motion we are trying to obtain: p

2. Point of reference: A

3. Frame of differentiation: Fg
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Therefore, using (A.30):

%/O/Fo = ‘7p/A/Fo + VA/O/FO (A.31)
Do7p/0 = DaTpja + Gajo X Tp/a (A.32)
DOFP/O = Dan/A + Jja/O X Fp/A (A.33)
Inserting (A.33)) into (A31):
‘_/;)/O/Fo = ‘7p/A/Fa + Wajo X Tpra + VA/O/FO (A.34)

Alternative Notation:

—

177, /A/Fy = Vp/Fo(a) - Relative velocity of p w.r.t. the frame Fo(A)
‘773/Fo(0) = ‘7p/Fa(A) + Wajo X Tpia + VA/FO(O) (A.35)
Acceleration Relationships:
DTy = Gpjasry = pyry(a) (A.36)
Differentiate the velocity equation first in F{:

Do(Vyyosr,) = Do(Vyyasr,) + Do(@ajo X Typra) + Do(Vajorr,) (A.37)
Do(Vp/A/Fa) = Da(V}a/A/Fa) + Wajo + f/;y/A/Fa (A.38)

Do(ﬁa/o X Fp/A> = Da(u_ja/o X Fp/A) + Q_ja/O X (&a/o X Fp/A) (A.39)
Da(&a/o X Fp/A) = Da(‘«_‘ja/O) XT_"p/A + Qa/o X Da(Fp/A) (A40)
—— ——
O‘a/O/Fa Vp/A/Fa

Insert (A.40) into (A.39) to get:
Do(@ajo X Tpra) = Gajo + Toja + Gajo X Vojasr, + Gajo X (Bajo X Fpya) (A1)
And rewrite (A.10) to get:
Do(Vipasr,) = @pjasr, + Gajo % Voyasr, (A.42)
Combining (A.9), (A.T3) and (14) results:

/05y = pjajFa + Tajo X Vorasr, + Gajo X Fpja + Bajo X Voyasp,
+cva/0 X (Qa/o X Fp/A + aA/O/FO) (A.43)
lp/0/Fy = Qp/A/F, + 2 FBajo X ‘7p/A/Fa + Wajo X Tpja + Wajo X ‘7p/A/Fa

+(Da/0 X (Qa/o X (Cva/o X Fp/A)) (A44)
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We can also write:

ip/Fo(O) = @,/ Fu(A) + 2 Bajo X Vo) Fal A) + Gajo X Foja + GBajo X (Bajo X Fora)
+da/Fy(0) (A.45)

a,/Fo(O): Relative acceleration of p w.r.t. F4(O)

a,/F,(A): Relative acceleration of p w.r.t. F,(A)

Simplified rotation when there are only two reference frames is involved:

— — — —
r=Tp/o T =Tpa 0= 7ﬂf)x/o
V=V,/R(0), V =V,/E(4), V°=Vi/K(O)
@ =0,/Fo(0), @ =0/F(A), @ =da/F(0)
W = @gj0, a = dy/0
Therefore,
e
r=71r +7 (A.46)
V=V 4+43x7+V° (A.47)
G=a +20xV +a@x7 +@& x (@x)7) +a° (A.48)
Velocity-dependent relative acceleration terms:
26 x V': Coriolis Acceleration
@ x (& x 7): Centripetal Acceleration
Oriented towards
W =Wy thre center of axis
' =3 of rolation
3} a, .
V."
199 <
A P

r = T‘pM

A

Figure A.8: Representation of centripetal acceleration
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—

| = & x 7! First cross product
— — — —
g =wx (Jx7)
a; = w x V; Centripetal Acceleration

Corresponding matrix equations are as follows:

Let C' = CO)
F=70,  v=7"  g=g®
— 0 = |
0= {7:0}(0)’ V= {Vo}(O)a 0= {60}(0)
R={f,  V={V}0, @ =@}
Therefore,
F—OF 479 (A.49)
Y. » J
V=CWV+aor)+V (A.50)
a=Cld@ +20V + (a+ o)) +a (A.51)

Translation or transport terms related to the motion of A w.r.t. o can be expressed as:
— — —(0 7 — —
PO = {70t ® TV = (Vo @, @ = {@aosm @

274 Jaw in a non-inertial reference frame is illustrated in Figure 9.

-

F
A
RS
P To/a F.(A)

Non-inertial

g 1 !

p/o
]

F,(0)
Inertial

Figure A.9: A point viewed from inertial and non-inertial frames

274 Jaw of Newton is expressed as:

F =ma (A.1)



where
If 274 law is written in F,(A):

F=md= 6/+2c3><17'+&><r4+¢3><(c3><77)+60] (A.2)
a = _;P/Fa(A)a ‘71 = VP/FG(A)a 7= FP/Aa a” = 5P/Fa(o)
W= Qa/oa a= O_Za/o
If F is considered as the apparent force felt in F,(A), then
md =F (A.3)
F =F+F* (A.4)
Where,
F is the actual force acting on p. and
F* is inertial force
F*=—m 2w><‘7/+d’><77{—|—d5><<55><f!>+&’0} (A.5)

Note that:

d, = O because it is an inertial reference frame and does not translate.

At this point, special names given to the velocity-dependent terms.

— o — 3 .
Fr = -2m&d x V' : CoriolisForce

cor
ﬁc*f = —md X (& x 7: Centrifugal Force

As it can be seen in Figure 10, Coriolis Force is normal to V'
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— s
Feor = —2mw x V

3

Figure A.10: Representation of the Coriolis force

ﬁc*f is away from instantaneous axis of rotation described by &

Fef

N

w

Figure A.11: Representation of instantaneous axis of rotation

We will now proceed to derive the equations of motion for Ball and Beam system
using Newtonian mechanics. We define the x-axis to be parallel to the beam.Since
this axis rotates with time, the time derivatives of the unit vectors must be considered
when calculating velocities and accelerations.The absolute acceleration of a body is

given by (Merriam & Kraig, 2002) as:

G =0 X T+ % (@ X7)+ 28 X Vg + Grer (A.1)

Where,
«:Angular velocity of the rotating axis

7 Position vector
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—

V.- Velocity relative to the rotating axis d,..;: Acceleration of the body relative to the

rotating coordinate system Recall that:

ip)Fo(O) = @p/Fa(0) 428010 X Vi 5, (A) )0 X Fpja-t@a X (Gajo X psa)+@asm, (O)
(A.2)

Consider the set of coordinate axes rotating with an angular velocity of w as shown in

the Figure 12:

j
-
!

Figure A.12: Coordinate axes rotation

p(t)
ﬁ a(t)

Figure A.13: Ball on a plate representation

Now, the vector products needed to calculate the absolute acceleration can be per-

formed.
wXT=0kxpi=pb) (A.3)

G x7=0kxpi=pbj (A.4)



—

WX (wXT)= Ok x p0j = —pb*i (A.5)

20 X Trer = 20k x pi = 2p07 (A.6)
Inserting (A.3)-(A.6) into (A.T):

a, = plj — pb*1 + 2p8; + pi (A7)

o = (p— p0”)i + (pf + 2p0); (A.8)

Figure A.14: Free body diagram of the ball

N (A.9)

Where J, is the moment of inertia of the ball about its center. And,

0, = —2

- (A.10)
r

Where, r is the radius of the ball.
Substituting (A.T0) into (A.9) and solving for F, yields:

eb = _]_)7 91) = I_?
r T
— = F.r
r "



_

F,
fr2

(A.11)

We now proceed to sum forces acting on the ball in the i direction, using the i com-

ponent of the acceleration vector (8) yields:
E, — mgsind = m(p — pb?) (A.12)
Substituting (A.TT) into (A.T2), the first equation of motion is obtained:
(% + m)jp + mgsind — mph* =0 (A.13)

To compute the second equation of motion, we must first compute the normal force

N. as shown in the previous FBD. Summing all forces in the j direction yields:

N — mgcost = m(pf + 2p0) (A.14)

N = m(ph 4 200p + mgcoso) (A.15)

Summing torques acting on the beam yields:
T—N,=Jf (A.16)

Where 7 is the external applied torque and J is the inertia of the beam. Substituting

(A.15)) into (A.T6) provides the second equation of motion.
(mp® + J)H + 2mpph + 2mgpcosd = T (A.17)

The term pé? in li and 2mpph in li would be missing if we do not take into

consideration the effect of the rotating axis of the beam.
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Appendix B

BALL AND BEAM SIMULATION RESULTS

B.1 Simulation Results
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Figure B.1: Response of LQR to I.C.s
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Figure B.2: Response of LQR to I.C.s
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Figure B.8: Tracking a sinusoidal reference input for x position of the ball.
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Appendix C

OBTAINING INERTIA AND MASS CENTERS

C.1 Ball and Beam

d® Mass Properties £ x
@ [Top - RO15LDFRT
Options...

Override Mass Properties... Recalculate
[include hidden bodies/components
|:| Create Center of Mass feature
[] show weld bead mass

Report coordinate values relative to;

IMass properties of Top - R01
Configuration: TALASLI
Coordinate system: -- default --

Density = 0.01 grams per cubic millimeter
Mass = 111,68 grams

\Volume = 14137.17 cubic millimeters
Surface area = 2827.43 square millimeters

Center of mass: [ millimeters )
X=10.00
¥=1000
Z=000

Principal axes of inertia and principal moments of inertia: [ grams * square millimeters )
Taken at the center of mass.

Ix=(1.00, 0.00, 0.00]  Px=10051.53

ly= (000, 1.00, 0,00  Py=10051.53

iz= (000, 0.00, 1.00)  Pz=10051.53

Moments of inertia: { grams * square millimeters )
'Taken at the center of mass and aligned with the output coordinate system.

Loc = 1005153 Ly = 0.00 L = 0.00
Lyx = 0.00 Lyy = 10051.53 Lyz = 0.00
L= = 0.00 Lzy = 0.00 Lzz = 1005153

Moments of inertia: [ grams * square millimeters )
Taken at the output coordinate system.
by = 0.00

I 0.00
lzz = 10031.53

Help Print... Copy to Clipboard

Figure C.1: Inertia and mass center of the ball
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@ [Periom Butunu RooSLDASM

Options.

Override Mass Properties. Recalculate
[Jinclude hidden bodies/companents
] Create Center of Mass feature

[ show weld bead mass

Report coordinate values relative to: [ Rotation Point Reference Frame

[Mass properties of Plarform Butunu ROD.
Configuration: Default
Coordinate system: Rotation Point Reference Frame
Mass = 2435.57 grams
|Volume = 77255583 cubic millimeters

Surface area = 471043.96 square millimeters

(Center of mass: ( millimeters )
X

Principal axes of inertia and principal moments of inertia: (grams * square millimeters
ITaken at the center of mass.
bx=(003, 013, 0.89)
Iy = (1,00, -0.01, 0.03)
Iz=[001, 099, 0.14)

Moments of inertia: (grams * square millimeters )
ITaken at the center of mass and aligned with the output coordinate system.
[ 20828.89 Lz = 12431484

-40828.89
2431484

Maments of inertia: (grams * square millimeters |

6307.85
111500542

Help Print.. Copyto Clipboard

Figure C.2: Inertia and mass center of the inner axis

B Mass Properties -

(g, [Stabllizator - DH Convention - RO2 SLDASM

Options...

Override Mass Properties... Recalculate
[[Jinclude hidden bodies/components
[ Create Center of Mass feature
[ show weld bead mass

Report coordinate values relative to: | Rotation Frame

Mass properties of Stabilizator - DH Convention - R02
Configuration:
Coordinate system: Rotation Frame

Mass = 7079.57 grams
Volume = 207918669 cubic millimeters
Surface area = T66566.86 square millimeters
Center of mass: ( millimeters }

X=-161.16

¥=1442
Z=113.31

Principal axes of inertia and principal moments of inertia: ( grams * square millimeters )
Taken at the center of mass
Ix=(0.01,-0.05, 1.00)  Px=32773311.03
1,00, 0,01, 0,00 Py = 149059193.42
0.01, 1.00, 0.05) Pz = 172905047.37

Moments of inertia: { grams * square millimeters )
Taken at the center of mass and aligned with the output coardinate system,
L Ly = 22 Lz = 622

149058828.55
226273.26 Ly
Lzx = 62274550 Ly

7248867243
760113425

IMoments of inertia; ( grams * square millimeters }
Taken at the output coerdinate system,
[ Iy = -16227490.95

1966490.89 Izz = 218547838.91

Help Print. Copyto Clipboard

Figure C.3: Inertia and mass center of the outer axis
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C.2

Stabilizer

@ Mass Properties o

G

| Stabilizer Payload-Body-6-Inertia Analysis.SLDASM

Cptions...
Owerride Mass Properties... Recalculate
|:| Include hidden bodies/components
|:| Create Center of Mass feature
|:| Show weld bead mass
Report coordinate values relative to: | Center of Mass C.5 ~

Mass properties of Stabilizer Payload-Body-&-Inertia Analysis
Configuration: Default
Coordinate system: Center of Mass C.5

Mass = 4560.00 grams

Volume = 1295953.74 cubic millimeters
Surface area = 297434.81 square millimeters

Center of mass: [ millimeters )
X =000
¥ = 0.00
Z=10.00

Principal axes of inertia and principal moments of inertia: [ grams * square millimeters )
Taken at the center of mass.

Ik = (0.00, -0.03, 1.00) Py = 19712729.96

Iy = {0.00, -1.00, -0.03) Py = 945639172.92

Iz =(1.00, 0.00, 0.00) Pz = 112320323.15

Moments of inertia: [ grams * square millimeters )

Lo = 11231913940 Ly = 6005.85 bz = -330917.07

Lyx = 6005.85 Lyy = 94615995.73 Lyz = -2341197.11
Lz = -330917.07 Lzy = -2341157.11 Lzz = 197537090.89

Moments of inertia: [ grams * square millimeters }
Taken at the output coordinate system.

ot = 112319139.47 Iy = 6005.89 bz = -330917.03
lyx = 6005.89 lyy = 94615995.81 lyz = -23411597.07
Izt = -330917.03 lzy = -2341197.07 lzz = 19787090.95

Figure C.4: Inertia and mass center of body-6 of the stabilizer
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@ Mass Properties =

@ [ Stabilizer Payload-Body-7-Inertia Analysis SLDASM

Options...
Owverride Mass Properties... Recalculate
|:| Include hidden bodies/components
|:| Create Center of Mass feature
|:| Show weld bead mass
Report coordinate values relative to: | Center of Mass C.5 e

MMass properties of Stabilizer Payload-Body-7-Inertia Analysis
Configuration: Default
Coordinate system: Center of Mass C.5

Mass = 1790.14 grams

Volume = 641812.31 cubic millimeters
Surface area = 270257.85 square millimeters

Center of mass: [ millimeters ]
X =0.00
¥ = 0.00
£ =10.00

Principal axes of inertia and principal moments of inertia: [ grams * square millimeters )
Taken at the center of mass.

e = [-0.17, 0,00, 0.98)  Px = 7766633.34
ly=[0.00, 1.00, 0.00) Py = 13470962.09
Iz = [-0.99, 0,00, 0.17) Pz = 19125277.50

Moments of inertia: [ grams * square millimeters }

Doc = 18797121.45 bty = 5730.37 Lz = -1902546.14

Lyx = 5730.37 Lyy = 13470946.42 Lyz = -8452.80
Lzx = -1502546.14 Lzy = -9452.80 Lzz = 8094510.07

Moments of inertia: [ grams * square millimeters ]
Taken at the output coordinate system.

hot = 18797121.48 ey = 5730.37 Iz = -1902546.14
lyx = 5730.37 lyy = 13470946.45 lyz = -9452.80
|l = -1902546.14 lzy = -8452.80 lzz = 8094310.07

Figure C.5: Inertia and mass center of body-7 of the stabilizer
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11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38

Appendix D

MATLAB CODES

D.1 Ball and Beam Codes

Listing D.1: Ball and Beam Various Controller Design

clear; clc; close all;
Ts = 5e 4;
eff = 0.8;

deltatheta = 36; degree

deltapulse = 26831; encer pulses

numberofpulsespermotorrevolution = deltapulsel0/25;
calculated as 10000

pulse2degree = 360/250000;

statictorque = 3.75; N.m
0

zerovelocitytolerance = 0.02; deg/sec

g = 9.81; gravitational acceleration
mb = 111.68e 3; mass of the ball
mpl = 7.0796; mass of the outer plate
mp2 = 2.4356; mass of the inner plate
r = 15e 3; radius of the ball
h = 53.8e 3; offset of the ball from the joint
Jb = 10051.53e 9; moment of inertia of the ball
Jpl = 241418851.82e 9; moment of inertia of the plate about ul/x
Jp 2 = 15386601.62e 9; moment of inertia of the plate about u2/y
al = 14.42e 3;
b1l = 113.31le 3;
a2 = 38.63e 3;
b2 = 0;
x0 = 0;
y0 = 0;
x23 = mb g/(Jb/r2 + mb);

Ax41l = mb g/(Jp2+mp2 (a22+b22)+mb (x02+h2));
Ax43 = (mb ghtmp2 g a2)/(Jp2+mp2 (a22+b22)+mb (x02+h2));
Ax = [0 1 0 0

0 0 Ax23 0

0 0 0 1

Ax41 0 Ax43 0];
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39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61

62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97

(mb ghtmpl g al)/(Jpl+mpl

(a22+b22)+mb (x02+h2))];

(al2+bl2)+mb

Paper daki degerler
Paper daki degerler

Bx = [0;0;0;1/(Jp2+mp 2
Cx = [1 0 0 0;

001 01];
Dx = [0; 0];
Ay 23 mb g/(Jb/r2 + mb);
Ay4l = mb g/(Jpl+mpl
Ay 43 =
Ay =10 1 0

0 0 Ay23

0 0 0

Ay 41l 0 Ay 43
By = [0;0;0;1/(Jdpl+mp 1l
Cy = [1 0 0 0;

0 0101;
Dy = [0; 01;
x Omax = 0.08;
xddotmax = Ax 23 sind(5);
lambdax = sqgrt ( xddotmax/x O0Omax);

Fundamentals of Vibrations)
betax = 0.05;
lambdax = 2.5;
betax = 0.35;

lambday = 2.5;
betay = 0.35;

Touchpad Parameters

(y02+h2));

(al2+bl2)+mb

Equation 2.36 page 93

X = [0 89 89;

0 60 59];
V = [2.534 3.981 3.915;

2.541 1.382 3.540;

1 1 1 17
A = X/V;
x0 = [0.090 0 0.0907];
y0 = [0.070 0 0.0707;
Qx = zeros(4,4,3);
Qx(1,1,:) = [20000 20000 200007;
Qx(2,2,:) = [ 1000 1000 10007;
Qx(3,3,:) = [ 1000 1000 10007;
Qy = zeros(4,4,3);
Qy(1,1,:) = [40000 40000 400007;
Qvy(2,2,:) = [ 2000 2000 20007;
Qy(3,3,:) = [ 2000 2000 20001];
POx = [0.001; 0.001; 0.00171; Percent overshoot as ratio
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98

99
100
101
102
103
104
105
106

108
109
110
111
112
113
114
115
116
117
118
119
120
121

122

123

124

125
126
127
128
129

Tsx = [0.5 ; 0.5 ; 0.5 1; Settling time in seconds
zetax = sqrt(log(POx) .2 ./ (pi2 + log(POx).2));

thetax = acos(zetax);
sigmax = 3.9./Tsx;
px(:,1) = sigmax + 1li sigmax . tan(thetax);
px(:,2) = sigmax 11 sigmax . tan(thetax);
px(:,3) = 6 sigmax;
px(:,4) = 6.1 sigmax;
POy = [0.001; 0.001; 0.0017; Percent overshoot as ratio
Tsy = [1.0 ; 1.0 ; 1.0 1; Settling time in seconds
) .

zetay = sqrt(log(POy 2 ./ (pi2 + log(POy).2));
thetay = acos(zetay);

sigmay = 3.9./Tsy;

py(:,1) = sigmay + 1li sigmay . tan(thetay);
py(:,2) = sigmay 1li sigmay . tan(thetay);
py(:,3) = 6 sigmay;

py(:,4) = 6.1 sigmay;

for i = 1:3
[NbarxLQR (i), NbaryLQR(i), KxLQR(i,:), KyLQR(i,:), LxLQR(:,:,
i), LyLOR(:,:,1)] = getControllerParameters(x 0 (i), vy 0 (i), LOR
;o Qx(:,:,1), Qy(:,:,1), PxX(i,:), PY(i,:), Ts);
saveas (gcf, [ C: Users MusabCagri Desktop ornektemplatel0062019sg
figures AppendixC response2ICLQR , num2str(i) ], epsc)
[NbarxsFB (i), NbarysFB(i), KxsFB(i,:), KysFB(i,:), LxsFB(:,:,
i), LysFB(:,:,1)] = getControllerParameters(x0 (i), vy O0 (1), sFB
r Ox (1), Qy(:,:,1), Px(i,:), Py (i,:), Ts);
saveas (gcf, [ C: Users MusabCagri Desktop ornektemplatel0062019sg
figures AppendixC response2ICsFB , num2str(i) ], epsc)
end
close all

Lx = LxLQR(:,:,2);
Ly LyLQR(:,:,2);

Listing D.2: Touchpad output model

clc; clear;

syms X y V1 V2 positive

syms Rx Ry R1 R2 Rtouch Vcc positive

Rx = 394; Ry = 493; R1 = 103.6; R2 = 159.1; Rtouch = 681.5; Vcc = 5;

Reqg = simplify(x y Rx Ry/(x Rx+y Ry) + ((1x) Rx+R1) ( (1 y) Ry+R2)/((1lx
) Rx+R1+ (1lvy) Ry+R2));
itot = simplify(Vcc/Req);

rl = ((ly) Ry+R2)/ ((1x) Rx+R1+ (1y) Ry+R2);
r2 = ((1x) Rx+R1l)/ ((1x) Rx+R1+ (1ly) Ry+R2);

il = itot ril;
i2 itot r2;

xtest = 0.72;
ytest ;

Il
o
o))
1
~
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19 V1l = R1 double (subs(il, x,y , xtest,ytest ))
20 V2 = R2 double (subs(i2, x,y , xtest,ytest ))
21

22

23 S = solve([Vl == il R1,V2 == i2 R2], I[x,Vv]);

24

25

26 simplify (S.x)

27 simplify (S.y)

28 simplify (il R1)
(

29 simplify (12 R2)
30

31 V1 = 0.968;

32 vV2 = 1.035;

33 double (subs(S.x, V1, v2 , V1, V2 ))
34 double (subs(S.y, V1, v2 , Vv1, V2))
35

36

37A=[1 1 1 0 0 0;

38 1 0 0 1 0 1;

39 0O 0 1 1 1 0;

50 0 (1y) Ry+R2 0 0 y Ry 0;

41 (1 x) Rx+R1 0 0 x Rx 0 O;

22 0 0 0 x Rx y Ry Rtouch];

43
44 B = [0; 0; 0; Vcec; Vec; 0];
45

46 1 = A B;

47

48 11 = simplify(i(1));

49 12 = simplify(i(2));

50

51 S = solve([V1 == i1 R1,V2 == 12 R2], I[x,v]);

52
s3 11 = subs(il, Rx, Ry, R1l, R2, Rtouch, Vcc , 394, 493, 98.8, 159.1, 681.5,

5);
54 12 = subs(i2, Rx, Ry, R1l, R2, Rtouch, Vcc , 394, 493, 98.8, 159.1, 681.5,
5);

55

56 xtest = 0.72;

57 ytest = 0.65;

58

59 V1 = R1 double (subs(il, x, v , xtest, ytest ))

60 V2 = R2 double (subs(i2, x, v , xtest, ytest ))

61

62 double (subs(S.x, V1, V2, Rx, Ry, Rl, R2, Rtouch, Vcc , V1, V2, 394, 493,
98.8, 159.1, 681.5, 5))

63 double (subs(S.y, V1, V2, Rx, Ry, R1l, R2, Rtouch, Vcc , V1, V2, 394, 493,
98.8, 159.1, 681.5, 5))

Listing D.3: Touchpad calibration parameters

1 Ts = 5e 4;

2
3 X = [0 89 89 93;

4 0 60 59 57];

5

6 V.= [2.534 3.981 3.915 1.245;
7 2.541 1.382 3.540 1.699;
8 1 1 1 1 17
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9
10 A = X/V;

D.2 Disturber Codes

Listing D.4: Newton-Euler equations for the disturber

clear
clc

syms J111 J112 J113 J121 J122 J123 J131 J132 J133
J211 J212 J213 J221 J222 J223 J231 J232 J233
J311 J312 J313 J321 J322 J323 J331 J332 J333

7 J411 J412 J413 J421 J422 J423 J431 J432 J433 ...

8 J511 J512 J513 J521 J522 J523 J531 J532 J533 real

L G I S O N

10
11 syms FOllp FO01l2p FO01l3p MOllp MOl2p MO13p

12 F031lp F032p FO033p MO031lp M032p MO033p
13 FO0O51p FO052p FO0O53p MO51p MO0O52p MO053p
14 F251p F252p F253p M251p M252p M253p
15 F451p F452p F453p M451p M452p M453p

16
17
18 syms FO01lldp FO0l2dp F013dp MO0Olldp MO01l2dp MO13dp

19 F031dp FO032dp FO033dp MO031ldp M032dp MO033dp
20 F121dp F122dp F123dp M121dp M122dp M123dp
21 F341dp F342dp F343dp M341dp M342dp M343dp
22 F251dp F252dp F253dp M251dp M252dp M253dp
23 F451dp F452dp F453dp M451dp M452dp M453dp

24
25
26 syms Fpltp Fp2tp Fp3tp Mpltp Mp2tp Mp3tp

27 FO05ltp FO52tp FO53tp MO5ltp MO52tp MO53tp
28 F251tp F252tp F253tp M251tp M252tp M253tp
20 F451tp F452tp F453tp M451tp M452tp M453tp

30
31 syms thetal3l(t) thetal32(t) thetald4l(t) thetald2(t) s41l(t) s42(t)
32

33 syms ml m2 m3 m4 mb5 g

34

35 syms rl1ll rl1l2 rl1l3 r2l1l r22 r23 r31 r32 r33 r4l rd42 r43

36

37 syms r101 r102 r103 rl1l2l1l rl1l22 rl123 r2l1ll r212 r21l3 r251 r252

r253...
38 r301 r302 r303 r341 r342 r343 r431 r432 r433 r451 r452
r453...
39 r521 r522 r523 r541 r542 r543 r501 r502 r503 rpl rp2 rp3

40
41 syms dal da?2 da3l
42

43 Basic Column Matrices
44

45 ul = [1; 0; 071;
46 u2 = [0; 1; 0];
47 u3 = [0; 0; 1];

48
49 Relations with Derivatives
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50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69

70
71

72
73

74
75

76
77

78
79
80
81
82
83
84
85
86
87
88
89
90
91

92
93
94
95
96
97
98
99
100
101
102
103

thetal3ldot = diff(thetal3l);

thetal3ldoubledot = diff(thetal3ldot);
thetal32dot = diff(thetal32);
thetal32doubledot = diff(thetal32dot);
thetald4ldot = diff(thetaldl);
thetald4dldoubledot = diff(thetald4ldot);
thetald42dot = diff(thetald2);
thetald42doubledot = diff(thetal42dot);

Inertia matrices

J1l = [J111 J112 J113; J121 J122 J123;
dyadic resolved in Reference Frame 1

J2 = [J211 J212 J213; J221 J222 J223;
dyadic resolved in Reference Frame 2

J3 = [J311 J312 J313; J321 J322 J323;
dyadic resolved in Reference Frame 3

J4 = [J411 J412 J413; JT421 J422 J423;
dyadic resolved in Reference Frame 4

J5 = [J511 J512 J513; J521 J522 J523;

dyadic resolved in Reference Frame 5

Transformation Matrices

theta0l = thetaldl pi/2;
theta03 = thetald2 pi/2;
TO0112 = simplify(BasicRotationMatrix (2,thetall));
T0312 = simplify(BasicRotationMatrix(1l,theta03));
T2512 = TO0112; Cc(0,1)
T2513 = simplify(BasicRotationMatrix(2,thetal3l)

(1,thetal32)

T2523 = simplify (T 0112 T2513); C(1,0)
T4512 = T0312; Cc(0,3)
T4513 = T2513; C(0,5)
T4523 = simplify(T 0312 T2513); C(3,0)
TO513 = T2513; Cc(0,5)

Force Definitions

282

J131 J132 J1331]; Ineria
J231 J232 J2331; Ineria
J331 J332 J333]; Ineria
J431 J432 J4337]; Ineria
J531 J532 J5331]; Ineria

BasicRotationMatrix (2, sym(pi)/2));

Cc(0,5)

Cc(0,5)

c(0,1)

Cc(0,3)

BasicRotationMatrix
C(0,5)



104
105
106
107

109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139

140
141

142
143

144
145

146
147

148
149

150
151

152
153
154
1

o

5
156

FO0ldp = [F01lldp; FO01l2dp; FO013dp]l;

FO03dp = [F031ldp; FO032dp; FO033dp]l;
Fl2dp = [Fl21dp; F122dp; F123dp];
F34dp = [F341dp; F342dp; F343dp];
F25dp = [F251dp; F252dp; F253dp]l;
F45dp = [F451dp; F452dp; F453dp]l;
FO5tp = [FO051tp; FO52tp; FOS53tpl];

Fp = [Fpltp; Fp2tp; Fp3tpl;

Force Tranformations

FOlp = T0112 FOldp;

FO03p = T0312 FO03dp;
F25p = T2512 F25dp;
F25tp = T2523 F25dp;
F45p = T4512 F45dp;
F45tp = T4523 F45dp;

FO5p = T0513 FO5tp;

Force Components

Fbody = formula(FO0lp); FOllp = Fbody(l);

= Fbody (3);

Fbody = formula(F 03 p); FO031lp = Fbody(1l);

= Fbody (3);

Fbody = formula(F 25p); F251p = Fbody(1l);

= Fbody (3);

Fbody = formula(F 25tp); F251tp = Fbody(1l);

F253tp = Fbody (3);

Fbody = formula(F 45p); F451p = Fbody(1l);

= Fbody (3);

Fbody = formula(F45tp); F451tp = Fbody(1l);

F453tp = Fbody (3);

Fbody = formula(FO05p); FO051p = Fbody(1l);

= Fbody (3);

Moment Definitions

MOldp = [MO01lldp; M012dp; MO013dpl;

283

F252tp

F452tp

Fbody (2); F013p

Fbody (2); F033p

Fbody (2); F253p

= Fbody(2);

Fbody (2); F453p

= Fbody (2);

Fbody (2); FO053p



157 M03dp = [M031ldp; M032dp; M033dpl;

158

159 M12dp = [M121dp; M122dp; M123dp];

160

161 M34dp = [M341dp; M342dp; M343dp];

162

163 M25dp = [M251dp; M252dp; M253dp];

164

165 M45dp = [M451dp; M452dp; M453dp];

166

167 MOStp = [MO051tp; MO052tp; MO053tp];

168

169 Moment Transformations

170

171 MO1lp = T0112 MO1ldp;

172

173 MO3p = T0312 MO03dp;

174

17 M25p = T2512 M25dp;

176

177 M25tp = T2523 M25dp;

178

179 M45p = T4512 M45dp;

180

181 M45tp = T4523 M45dp;

182

183 MO5p = TO0O513 MO5tp;

184

185 Moment Components

186

187 Mbody = formula(MO0Olp); MO0O1llp = Mbody(l);
= Mbody (3);

188

189 Mbody = formula(MO03p); MO031lp = Mbody(l);
= Mbody (3);

190

191 Mbody = formula(M25p); M251p = Mbody(1l);
= Mbody (3);

192

193 Mbody = formula(M25tp); M251tp = Mbody (1l
M253tp = Mbody (3);

194

195 Mbody = formula(M45p); M451p = Mbody(l);
= Mbody (3);

196

197 Mbody = formula(M45tp); M451tp = Mbody (1l
M453tp = Mbody (3);

198

199 Mbody = formula(MO05p); MO051p = Mbody(1l);
= Mbody (3);

200

201

202

203 Newton Euler Equations

204

205 Body 1

206

207 W1 = simplify(ml g (T0112 u3));

Reference Frame 1

208
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M01l2p = Mbody(2); MO013p
M032p = Mbody(2); M033p
M252p = Mbody(2); M253p
); M252tp = Mbody (2);

M452p = Mbody(2); M453p
); M452tp = Mbody (2);

M052p = Mbody(2); MO053p

Weight vector resolved in



209
210
211

212
213

214
215

216
217

218
219

220
221

222
223
224
225
226
227
228
229

231
232
233
234
235
236
237
238

240
241
242
243

244
245
246
247
248
249
250
251
252
253

254
255
256
257

258

Definition of motion vectors

wl = thetald4ldot u2; Angular velocity vector
resolved in Reference Frame 1

wltilda = SkewSymmetricMatrix(wl); Skew Symmetric Matrix of the
angular velocity matrix

alfal = thetald4ldoubledot u2; Angular acceleration vector
resolved in Reference Frame 1

rl = [rll; rl1l2; rl137; Position vector of C1
resolved in Reference Frame 1

V1 = diff(rl,t) + wltilda r1l; Velocity vector of C1
resolved in Reference Frame 1

al = diff(vl) + wltilda V1; Acceleration vector of C1
resolved in Reference Frame 1

Force equations

FE1l = FO0ldp Fl2dp + W1l ml al;

FElbody = formula(FE1);

FE1ll = FElbody(l); FE12 = FElbody(2); FE13 = FElbody (3);
Definition of Moment Arms

r10 = [r101 0 r103];

rl0tilda = SkewSymmetricMatrix(rl1l0);

rlz = [rl1l21 0 r123];

rl2tilda = SkewSymmetricMatrix(rl2);
Moment equations

ME1l = rl0tilda FO01ldp rl2tilda Fl2dp + MO01ldp M12dp (
DyadicDotProduct (J1,alfal) + wltilda DyadicDotProduct(J1l,wl))

’

ME 1lbody = formula(ME 1);

ME1ll = MElbody(l); ME1l2 = MElbody(2); ME13 = ME1body (3);

Body 2

W2 = simplify(m2 g (T0112 u3)); Weight vector resolved in
Reference Frame 2

Definition of motion vectors

w2 = thetald4ldot u2; Angular velocity vector
resolved in Reference Frame 2
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259

260
261

262
263
264
265

266
267

268
269

270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291

292
293
294
295
296
297
298
299
300
301

302
303
304
305

306
307

308

w2tilda = SkewSymmetricMatrix(w2);
angular velocity matrix

alfa2 = thetaldldoubledot uz2;
resolved in Reference Frame 2

r23 = s41 r213;

r2 = [r21; 0; r237];
resolved in Reference Frame 2

V2 = diff(r2,t) + w2tilda r2;
resolved in Reference Frame 2

a2 = simplify(diff(vz2) + w2tilda V2);
resolved in Reference Frame 2

Force equations
FE2 = F1l2dp F25dp + W2 m2 az2;
FE2body = formula(FE 2);

FE21 = FE2body(l); FE22 =

Definition of Moment Arms
r21 = [r211 0 r213];
r2ltilda = SkewSymmetricMatrix(r21l);
r25 = [r251 0 r253];
r25tilda = SkewSymmetricMatrix(r25);

Moment equations

ME 2 =

FE2body (2);

Skew Symmetric Matrix of the

Angular acceleration vector

Relation of r23 with s41

Position vector of C2

Velocity vector of C2

Acceleration vector of C2

FE23 = FE2body (3);

r25tilda F25dp + r2ltilda F1l2dp + M1l2dp (

DyadicDotProduct (J2,alfa2) + w2tilda DyadicDotProduct(J2,w?2))

r

ME 2body = formula(ME 2);

ME21 = ME2body (1);

Body 3

W3 = simplify(m3 g (T0312 u3d));
Reference Frame 3

Definition of motion vectors

w3 = thetald4d2dot ul;
resolved in Reference Frame 3

w3tilda = SkewSymmetricMatrix(w3);
angular velocity matrix
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ME22 = ME 2body (2);

ME23 = ME 2body (3);

Weight vector resolved in

Angular velocity vector

Skew Symmetric Matrix of the



309

310
311

312
313

314
315

316
317
318
319
320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337

338
339
340
341
342
343
344
345
346
347

348
349
350
351

352

353

355

356

357
358

alfa3 = thetald42doubledot ulj; Angular acceleration vector
resolved in Reference Frame 3

r3 = [0; r32; r33]; Position vector of C 3
resolved in Reference Frame 3

V3 = diff(r3,t) + w3tilda r3; Velocity vector of C3
resolved in Reference Frame 3

a3 = diff(v3) + w3tilda V3; Acceleration vector of C3
resolved in Reference Frame 3

Force equations

FE3 = FO03dp F34dp + W3 m3 a3;

FE3body = formula(FE 3);

FE31 = FE3body(l); FE32 = FE3body(2); FE33 = FE3body (3);
Definition of Moment Arms

r30 = [0 r302 r303];

r30tilda = SkewSymmetricMatrix(r30);

r34 = [0 r342 r343];

r34tilda = SkewSymmetricMatrix(r34);
Moment equations

ME3 = r34tilda F34dp + r30tilda FO03dp + MO03dp M34dp (
DyadicDotProduct (J3,alfa3) + w3tilda DyadicDotProduct (J3,w3))

’

ME 3body = formula(ME 3);

ME 31 = ME3body (l); ME32 = ME3body(2); ME33 = ME3body (3);

Body 4

W4 = simplify(md4 g (T0312 u3d)); Weight vector resolved in
Reference Frame 4

Definition of motion vectors

w4 = thetald42dot ul; Angular velocity vector
resolved in Reference Frame 4

widtilda = SkewSymmetricMatrix(wid); Skew Symmetric Matrix of the
angular velocity matrix

alfad = thetald42doubledot ul; Angular acceleration vector
resolved in Reference Frame 4

rd43 = s42 rd433; Relation of r43 with s42
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359 r4 = [0; rd42; r43]; Position vector of C 4
resolved in Reference Frame 4

360

361 V4 = diff(rd4,t) + wdtilda r4; Velocity vector of C4
resolved in Reference Frame 4

362

363 a4 = simplify(diff(v4) + wdtilda V4); Acceleration vector of C4
resolved in Reference Frame 4

364

365 Force equations

366

37 FE4 = F34dp F45dp + W4 mé4 aid;

368

369 FE4body = formula(F E 4);

370

371 FE41 = FE4body(l); FE42 = FE4body(2); FE43 = FE4body (3);

372

373 Definition of Moment Arms

374

375 43 = [0 432 rd433];

376

377 r43tilda = SkewSymmetricMatrix(r43);

378

379 r45 = [0 r452 r453];

380

381 r45tilda = SkewSymmetricMatrix(r45);

382

383 Moment equations

384

38s ME4 = r43tilda F 34dp r45tilda F45dp + M34dp (
DyadicDotProduct (J4,alfad4d) + wd4dtilda DyadicDotProduct (J4,w4d))

386

337 ME4body = formula(ME 4);

388

339 ME41 = ME4body (l); ME42 = ME4body(2); ME43 = ME4body (3);

390

391

392

393 Body 5

394

395 W5 = simplify (m5 g (T2513 u3));
Weight vector resolved in Reference Frame 5

396

397 Definition of motion vectors

398

399 w5 = simplify (T 2513 (thetal32dot ul + thetal3ldot uz2));
Angular velocity vector resolved in Reference Frame 5

400

400 wStilda = SkewSymmetricMatrix(wb5); Skew
Symmetric Matrix of the angular velocity matrix

402

403 alfab = diff(w5,t);
Angular acceleration vector resolved in Reference Frame 5

404

405 rj = simplify(da2 (T2513 u3));
Definition of r j

406

407 r5 = rj rpl ul rp2 u?z2 rp3 u3j;
Position vector of C5 resolved in Reference Frame 5
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408
409

410
411

412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
4

w

7
438
439
440
441

442
443
444
445

V5 = simplify(diff(r5,t)

+ wbtilda rb5);

Velocity vector of C5 resolved in Reference Frame 5

a5 = simplify(diff(V5) +

wbtilda V5);

Acceleration vector of C5 resolved in Reference Frame 5

Force equations

FES5 = F25tp + F45tp +
FES5body = formula(F E 5)
FES51 = FES5body (l); FE

Definition of Moment Arms

r52 = [r521 r522 r523];
r52tilda =

r54 = [r541 r542 r543];
r54tilda =

r50 = [r501 r502 r503];
r50tilda =

rp = [rpl rp2 rp3];
rptilda =

Moment equations

MES5 =
rptilda Fp

FO5tp + Fp + W5

’

52 = FES5body (2);

SkewSymmetricMatrix(r52);

SkewSymmetricMatrix (r54);

SkewSymmetricMatrix (r50);

SkewSymmetricMatrix(rp);

DyadicDotProduct (J5,w5));

ME 5body = formula(ME D5)

MES51 = MEb5body (1); ME

D.3 Stabilizer Codes

’

52 = ME5body (2);

mb5 ab;

FES53 = FES5body (3);

r52tilda F25tp + r54tilda F45tp + r50tilda FOS5tp +
(DyadicDotProduct (J5,alfab)

+ wS5tilda

MES53 = MEb5body (3);

Listing D.5: Matlab function to calculate basic rotation matrices

function R =
if u ==
R = [1 0
0 cos (theta)
0 sin (theta)
elseif u == 2
R = [cos (theta)
0

sin (theta)

BasicRotationMatrix (u,theta)

0;
sin (theta);
cos (theta) ];

0 sin (theta);
1 0;
0 cos (theta)];
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12
13
14
15
16
17
18
19

20
21

22

23

24
25

elseif u ==

R = [cos (theta) sin (theta) 0;
sin (theta) cos (theta) 0;
0 0 11;
end

end

Listing D.6: Matlab function to calculate partial derivative for symbolic expressions

function fout = deriv(f, g)

deriv differentiates f with respect to g = g(t)
the variable g = g(t) is a function of time

syms t x dx

lg = diff(g,t), g;

1x = dx, x;

fl = subs(f, lg, 1x);

£2 = diff (f1,x);

fout = subs(f2, 1lx, 1lqg);

end

Listing D.7: Parameters loaded before the experiments started

clear; clc;
load ( D: Google Drive Zafer Thesis MATLAB Simulink Stabilizer Workspace
Kayitlari PIDParametersv00.mat )
Global variables

Ts = 5e 4;
g = 9.81;
g0 = [0; 0; gl;
Masses
mé6 = 1e34530.59; kg
m7 = 1e32557.47; kg

Inertia Terms

JMotorGB = 8786000e 9; kg.m 2 Inertia of rotating parts at the output
of gearbox

J611 = 19787090.89%e 9; J612 = 330917.07e 9;
J613 = 2341197.11e 9; kg.m 2
J621 = 330917.07e9; J622 = 112319139.40e 9 + JMotorGB;
J623 = 6005.85e 9; kg.m 2
J631 = 2341197.11le 9; J632 = 6005.85e 9;
J633 = 94615995.73e 9; kg.m 2
J711 = 18797121.45e 9; J712 = 5730.37e 9;
J713 = 1902546.14e 9; kg.m 2
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26

27

28
29

30
31

32
33
34
35

36
37

38
39

40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76

78

J721 = 5730.37e 9; J722 = 13470946.42e 9;
J723 = 9452.80e 9;

kg.m 2

J733 = 8094810.07¢ 9 + JMotorGB; kg.m 2

J631 J632 J63371; Ineria

J731 J732 J73371; Ineria

3

3

J731 = 1902546.14e 9; J732 = 9452.80e 9;
J6 = [J611 J612 J613; J621 J622 J623;
dyadic resolved in Reference Frame 6 kg.m 2
J7 = [(J711 J712 J713; J721 J722 J723;
dyadic resolved in Reference Frame 7 kg.m 2
Center of Mass
rol = 0.43; re62 = 3.09; ro3 = le
Defined in Frame 6
r71 = 1le 3 38.33; r72 = 0; r73 = le
Defined in Frame 7
rGOl = le 3 266.1; rGo2 = 0; rGO3 = 0;
Defined in Frame 5
Controller Parameters
Q(1,1) = 3.2828e+05;
Q(2,2) = 0.2;
Q(3,3) = 3.2828e+05;
Q(4,4) = 0.2;
p=1;
R=p[1l 0; 0 1];
Ts = 2e 4; Previous sample time
Ts = 5e 4;
al = 783.4e 3;
a3 = 193e 3;
bl = 193e 3;
s410 = 783.4e 3;
s420 = 783.4e 3;
dpiston = 40e 3;
regstroke = 300e 3;
Apiston = pi dpiston2/4;
convltmin2m3s = 1/1000/60;
Qmaxl = 33 convltmin2m3s; m3/s
QOQmax2 = 24 convltmin2m3s; m3/s
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79 Intermediate Calculations
80

g1 nmotor = 1500; 1/s

82

83 Fullstrokevolume = 376991.12e 9; m 3

84

ss tfast = 21.4; S

86

87 tslow = 22.1; s

88

89 Qpump = nmotor 9.8e 3; m3/s

90

91 QQfast = Fullstrokevolume/tfast; m3/s

92

93 Qmax1llt = QQfast 1000 60 t fast/tslow; liter/min
94

95 Qmax 2 1lt = QQfast 1000 60; liter/min

96

97 Qmax1l = Qmax11lt convltmin2m3s; m3/s
98

99 Qmax2 = Qmax21lt convltmin2m3s; m3/s
100

101 Intermediate Calculations

102

103 s4lmax = Qmax1l/Apiston;

104

105 s42max = Qmax?2/Apiston;

106

107 t lmin = 2 regstroke/s4lmax; Min coefficient must be 1.6 while

working with sine (Now coef=3)

108

109 t2min = 2 regstroke/s42max; Min coefficient must be 1.6 while
working with sine

110

111 thetal3lamplitute = pi/30;

112

113 thetal32amplitute = pi/30;

Listing D.8: Checking the Lagrange equations using energy conservation method

1 clear
clc

4 syms t

6 syms J511 J512 J513 J521 J522 J523 J531 J532 J533
7 J6ll J612 J613 J621 J622 J623 J631 J632 J633
8 J711 Jg712 J713 J721 J722 J723 J731 J732 J733 real

10 syms thetab(t) thetaé6(t) thetal3l(t) thetal32(t)

11

12 syms m5 m6 m7 g

13

14 syms r51 r52 r53 r6l r62 r63 r71 r72 r73

15

16 syms rGOl

17

18 syms thetal31132dot thetab5131dot thetab1l32dot theta6l3ldot
theta6132dot theta56dot

19
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20
21
22

23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69

70

71

72

73
74

75

syms T5 T6

syms thetabstate thetabdotstate thetab6state theta6dotstate
thetab5ddotstate thetaé6ddotstate

syms thetabstar(t) thetab6star (t)

syms thetabS5starddotn thetaéstarddotn
Definition of Angular Velocities

thetal3ldot = diff(thetal3l,t);

thetal32dot

diff (thetal32,t);
thetab5dot = diff(thetab,t);
theta6dot = diff(theta6,t);
thetal3lddot = diff(thetal3l,t,2);
thetal32ddot = diff(thetal32,t,2);
thetabddot = diff(thetab5,t,2);
theta6ddot = diff(theta6,t,2);

Definition of State Variable Angular Velocities
thetabstardot = diff(thetabSstar,t);

theta6stardot = diff(theta6star,t);

thetabstarddot

diff (thetabstar,t,2);

theta6starddot = diff(thetaé6star,t,2);
Simplified T 5

TSmanuelsimplified =

theta5starddotn)

J622 + m6 r63 2 + m7 r73 2

J711 sin(theta6(t)) 2

J712 sin (2 thetab6 (t))
(J722 + m7 r712) cos(thetaoc(t)) 2)

+ o+~

diff(thetal32(t),

t )
( J711 cos(thetal3l(

(

(

, t

t)) sin(thetao6 (t))
t)) sin (2 thetao (t)
t£)) t)

2
+ J712 cos(thetal3l ) ...
J712 sin(thetal3l cos (2 theta6(t)) cos(thetab (t) thetal32 (t))
+ (J622 + m6 ro63 2 + m7 r732) cos(thetal3l(t))
+ (J722 + m7 r712) cos(thetal3l(t)) cos(thetab6(t)) 2
(J722 J711 + m7 r712) /2sin(thetal3l(t)) sin (2 theta6(t)) cos(
thetab (t) thetal32(t))
(m6 r63 rGOl + m7 r73 rGOl) cos(thetal3l(t)) sin(thetab(t))
+ m7 r71 r73 sin(thetal3l(t)) sin(theta6(t)) sin(thetab (t)
thetal32(t))

+ m7 r71 rGOl cos(thetal31l(t)) cos(theta5(t)) cos(thetab6 (t))
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76
77
78
79
80
81
82
83
84
85
86

87
88
89
90

91

92

93
94

95
96
97
98
99
100

101

102
103

104

105

106
107

108

110
111

112

113
114
115
116
117
118
119
120

J622 + m6 r63 2 + m7 r732

J711 sin(thetab6(t)) 2

J712 sin (2 thetab6 (t))

(J722 + m7 r712) cos(thetab(t)) 2)

m7 r71 r73 sin(theta6(t)) (thetaé6starddotn)

diff (thetal31l(t), t, t) .
J712 cos (2 theta6(t)) sin(thetab (t) thetal32(t))

m7 r71 r73 sin(theta6(t)) cos(thetab (t) thetal32(t))
(J722 J711 + m7 r712) sin(2 thetao6(t)) sin(thetab (t) thetal32
(t))/2

m7 r71 r73 sin(thetab6(t)))

diff(thetal31(t), t) 2

(m6 r63 rGOl + m7 r73 rGOl) cos(thetal32(t)) cos(thetab (t)
thetal32(t))

(J733 + J633 Joel1l m7 r73 2 mé6 r632) sin(2 (thetab(t)
thetal32(t)))/2

(m7 r71 2 J711) cos(theta6(t)) 2 sin(2 (thetab (t) thetal32(t)))
/2

m7 r71 r73 cos(theta6(t)) cos (2 (thetab (t) thetal32(t)))

m7 r71 rGOl cos(thetal32(t)) cos(theta6(t)) sin(thetab (t)
thetal32(t))

J613 cos (2 (thetab (t) thetal32(t)))

J712 sin (2 theta6(t)) sin (2 (thetab (t) thetal32(t)))/2
J722 sin(theta6(t)) 2 sin (2 (thetab (t) thetal32(t)))/2)
diff(thetal32(t), t) 2

J712 sin(thetab (t) thetal32(t)) (cos(thetal31l(t)) 1) sin(

thetal3l(t)) cos (2 thetab (t))

J712 sin(thetab (t) thetal32(t)) sin(thetal31l(t)) 2 sin (2 theta6 (t)
) cos(thetab (t) thetal32(t))

J613 sin(thetal3l(t)) 2 cos (2 (thetab (t) thetal32(t)))

(J611 J633 J733 + m7 r73 2 + m6 r632) sin(thetal31l(t)) 2 sin
(2 (thetab (t) thetal32(t)))/2

(J711 m7 r712) sin(thetal3l(t)) 2 cos(theta6(t)) 2 sin(2 (thetab
(t) thetal32(t)))/2

J722 sin(thetal31l(t)) 2 sin(theta6(t)) 2 sin (2 (thetab (t) thetal32
(t)))/2

(m6 r63 rGOl + m7 r73 rGOl) cos(thetal31l(t)) 2 cos(thetab5(t))
(m6 r63 rGOl + m7 r73 rGOl) sin(thetal31l(t)) 2 sin(thetal32(t))
sin(thetab (t) thetal32(t))

m7 r71 r73 sin(thetal3l(t)) 2 cos(theta6(t)) cos (2 (thetab (t)
thetal32(t)))

m7 r71 r73 (cos(thetal3l(t)) 1) sin(thetal31(t)) sin(theta6(t))
cos (thetab (t) thetal32(t))

m7 r71 rGOl cos(thetal31l(t)) 2 sin(thetab(t)) cos(theta6 (t))

m7 r71 rGOl sin(thetal31l(t)) 2 sin(thetal32(t)) cos(theta6(t)) cos(
thetab (t) thetal32 (t))

(J711 J722 m7 r712) (cos(thetal3l(t)) 1) sin(thetal31(t))
sin (2 theta6 (t)) sin(thetab (t) thetal32(t))/2)

diff (thetab(t), t) diff(theta6(t), t)

(J722 J711 + m7 r712) sin (2 thetao6 (t))
2 3712 cos (2 theta6(t)))

diff (theta6(t), t) diff(thetal3l(t), t)

(J722 J711) cos (2 theta6(t)) sin(thetab (t) thetal32(t))
J733 sin(thetab (t) thetal32(t))
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121
122
123
124
125
126
127

128
129

130
131

132

133
134

136
137

138

139

140

141

142

143

144
145

146
147

148

149

150

151
152
153
154

155

156
157
158
159
160
161
162

+

+

(23712 cos(thetal31l(t)) cos (2 thetab6

+

2 J712 sin (2 theta6(t)) sin(thetab (t) thetal32(t))

2m7 r71 2 cos(theta6(t)) 2 sin(thetab (t) thetal32(t))
2m7 r71 r73 cos(theta6(t)) cos(thetab (t) thetal32(t)))

)

diff (theta6(t), t) diff(thetal32(t), t
(
(t)) cos(thetab (t) thetal32 (t)

)
t)
2 J712 sin(thetal31(t)) sin (2 theta6 (t)
) .

(J722 J711 + m7 r712) cos(thetal31l(t)) sin (2 theta6(t))
(J722 J711) sin(thetal31(t)) cos (2 theta6(t)) cos(thetab (t)
thetal32(t))

J733 sin(thetal31l(t)) cos(thetab (t) thetal32 (t))

2m7 r71 2 sin(thetal3l(t)) cos(theta6(t)) 2 cos(thetab (t)
thetal32(t))

2m7 r71 r73 sin(thetal31(t)) cos(theta6(t)) sin(thetab (t)
thetal32(t)))

diff (thetal3l (t),

t) diff(thetal32(t), t)
J622 sin(thetal31l(

(

(

))

)

t
J711 sin(thetal3l(t)) sin(theta6(t)) 2
t

J711 sin(thetal3l )) cos(thetao6(t)) 2 cos (2 (thetab (t) thetal32 (t
)))

(J722 J711 + m7 r712) (2 cos(thetal3l(t)) 1) sin (2 theta6 (t))
cos(thetab (t) thetal32(t))/2

2(m6 r63 rGOl + m7 r73 rGOl) sin(thetal31l(t)) cos(thetal32(t))
sin(thetab (t) thetal32(t))

2(m6 r63 2 4+ m7 r732) sin(thetal31(t)) sin(thetab (t) thetal32(
t)) 2

J712 (1 2 cos(thetal3l(t))) cos (2 theta6(t)) cos(thetab (t)

thetal32(t))

J712 sin(thetal3l(t)) sin (2 theta6(t)) (1 + cos (2 (thetab (t)
thetal32(t))))

(J733 J611 + J633) sin(thetal3l(t)) cos (2 (thetab (t) thetal32 (t
)))

J722 sin(thetal3l(t)) cos(theta6(t)) 2

J722 sin(thetal3l(t)) sin(theta6(t)) 2 cos (2 (thetab (t) thetal32 (t
)))

2 J613 sin(thetal3l(t)) sin(2 (thetab (t) thetal32(t)))

2m7 r71 2 sin(thetal3l(t)) cos(theta6(t)) 2 cos(thetab (t)
thetal32(t)) 2

m7 r71 r73 (2 cos(thetal3l(t)) 1) sin(theta6(t)) sin(thetab (t)
thetal32 (t))

2m7 r71 r73 sin(thetal31(t)) cos(theta6(t)) sin (2 (thetab (t)
thetal32(t)))

2m7 r71 rGOl sin(thetal3l(t)) cos(thetal32(t)) cos(theta6(t)) cos(
thetab (t) thetal32(t)))

m7 r71 r73 cos(theta6(t)) diff(thetao6(t), t) 2

(m6 r63 + m7 r73) g cos(thetal3l(t)) cos(thetab(t) thetal32(t))

g m7 r71 cos(thetal3l(t)) cos(theta6(t)) sin(thetab (t) thetal32 (t
)) i

Simplified T 6

disp ( Simplified T6 )

Tomanuelsimplified =

diff(thetab(t), t) 2 ...
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163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181
182

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

((m7 r71 2 J711 + J722) sin (2 theta6(t))/2

J712 cos (2 thetab6(t)))
diff (thetal32(t), t, t) ...

(m7 r71 r73 sin(thetab6 (t))

+ m7 r71 2 sin(thetal31(t)) sin(thetab (t)

5
+ m7 r71 r73 cos(thetal3l(t))

+ m7 r71 r73 sin(thetal3l(t))
thetal32(t)) ... 8

+ J733 sin(thetal3l(t)) sin(thetab (t)

9
m7 r71 rGOl cos(thetal3l(t))
6
m7 r71 rGOl sin(thetal31l (t))
10

2

sin(theta6 (t))
7

1 +3 + 4

thetal32(t))

cos(theta6(t)) cos(thetab (t)

thetal32(t))...

sin(thetab5(t)) sin(theta6 (t))

sin(thetal32(t)) cos(thetab6 (t)))

+ m7 r71 r73 sin(theta6(t)) (thetabstarddotn)

+ diff(thetal31(t), t, t) ...
((m7 r71 2 + J733)
+ (J733 4+ m7 r712) cos(theta

5(t) thetal32(t))

34

m7 r71 r73 cos(theta6(t)) sin(thetab (t)

35
+ m7 r71 rGOl cos(thetal32(t))

) cos(thetab6(t))
36

+ (thetao6starddotn) (m7 r71 2 + J733)...

+ diff(thetal32(t), t) 2 ...

( (J733 + m7 r712) sin(thetal
J712 cos(thetal31(t)) 2 cos (2

12

+ J712 sin(thetal3l(t)) 2 cos (2
) 2

+ J712 sin (2 thetal31l(t)) sin (2
) ...

+ (m7 r71 2 J711 + J722) cos(thetal3l(t))

thetab (t))
+ (J722 J711) sin(thetal3l (t)
(thetab (t) thetal32(t))

(m7 r71 2 J711 + J722) sin(thetal3l(t))
theta6(t)) cos(thetab (t) thetal32(t)) 2
+ m7 r71 2 sin(thetal31(t)) cos(thetal3l(t))

thetab (t) thetal32 (t))
m7 r71 r73 sin(thetal3l(t))
sin(thetab (t) thetal32(t))

+ m7 r71 r73 sin(thetal3l(t))
thetal32(t)) cos(thetab (t)
+ m7 r71 rGOl cos(thetal31l(t))

m7 r71 rGOl sin(thetal31l(t))

thetal32(t))

31(t)) cos(thetab (t) thetal32(t))

11 +
theta6 (t))

theta6 (t)) cos(thetab (t)

13

theta6(t)) cos(thetab (t)

29

14

2 sin(theta6 (t)) cos(

15 + 16 + 21

) cos(thetal3l (t))
20 +

cos (2 thetab (t))
23 4+ 19 + 22

2 sin(theta6(t)) cos(
17 + 18 + 25
cos (2 thetao6 (t)) cos(

28

(1 4+ cos(thetal31l(t)))

26 + 31
2 sin(theta6(t)) sin(thetab (t)

thetal32(t))...

32

2 cos(thetab5(t)) sin(thetao6 (t))

24
2 sin(thetal32(t))
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202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

thetab (t) thetal32(t)) ... 30
m7 r71 rGOl sin(thetal31(t)) (1 + cos(thetal3l(t))) cos(thetal32(t)
) cos(thetao6(t))) ... 27 + 33

diff(thetal31(t), t) 2 ...

J712 cos (2 theta6(t)) sin(thetab (t) thetal32(t)) 2

37
(J711 J722 m7 r712) /2sin(2 theta6(t)) sin(thetab (t)
thetal32(t)) 2 ... 38 + 39 + 40
m7 r71 r73 sin(theta6(t)) sin(thetab (t) thetal32(t)) cos(thetab(
t) thetal32(t)) ... 41
m7 r71 rGOl cos(thetal32(t)) sin(theta6(t)) cos(thetab (t)
thetal32(t))) ... 42

diff(thetal31l(t), t) diff(thetal32(t), t) ...

(J733 + m7 r712) (1 cos(thetal3l(t))) sin(thetab (t) thetal32 (t
)) ... 43 + 44 + 45
+ 48

(J711 J722 m7 r712) cos(thetal3l(t)) cos (2 theta6(t)) sin(
thetab (t) thetal32(t)) ... 46 + 47 +
51

(J711 J722 m7 r712) /2sin(thetal3l(t)) sin (2 theta6(t)) sin
(2 (thetab(t) thetal32(t))) ... 56 + 57 +
60

m7 r71 r73 sin(thetal3l(t)) sin(theta6(t)) (1 cos (2 (thetab (t)
thetal32(t)))) ... 50 + 58

2 J712 cos(thetal3l(t)) sin (2 theta6(t)) sin(thetab (t) thetal32 (t)
) ... 52

J712 sin(thetal3l(t)) cos (2 theta6(t)) sin (2 (thetab (t) thetal32 (t
))) ... 53

m7 r71 r73 cos(theta6(t)) cos(thetab (t) thetal32 (t))

54
m7 r71 rGOl sin(thetal32(t)) cos(thetao6(t))
49

2m7 r71 rGOl sin(thetal3l(t)) cos(thetal32(t)) sin(theta6(t)) sin(
thetab (t) thetal32(t))) ... 55 + 59

diff (thetab(t), t) diff(thetal32(t), t) ...

(J733 + m7 r712) sin(thetal31(t)) cos(thetab (t) thetal32(t))

61 + 67
(J711 J722 m7 r712) cos(thetal31l(t)) sin (2 theta6 (t))
63 + 64 + 68
(J711 J722 m7 r712) sin(thetal3l(t)) cos (2 thetab(t)) cos(
thetab (t) thetal32(t)) ... 65 + 66 + 69
2 J712 cos(thetal3l(t)) cos (2 theta6(t))

62
2 J712 sin(thetal31l(t)) sin (2 theta6(t)) cos(thetab (t) thetal32 (t)
) ... 70
2m7 r71 r73 sin(thetal31(t)) cos(theta6(t)) sin(thetab (t)
thetal32(t))) ... 71

diff (thetab(t), t) diff(thetal3l(t), t)

(J733 + m7 r712) sin(thetab(t) thetal32(t))
74
(J711 J722 m7 r712) cos(2theta6(t)) sin(thetab (t) thetal32
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236

237

238
239
240

241
242
243
244
245
246
247

248
249

250
251

252
253
254
255

257
258
259
260
261
262
263
264

265
266
267
268
269
270
271
272

273

274
275

276
277
278
279
280
281

282

(t)) ... 72 + 73 + 75
+ 2 J712 sin (2 theta6(t)) sin(thetab (t) thetal32(t))
76
+ 2m7 r71 r73 cos(theta6(t)) cos(thetab (t) thetal32(t)))
77

g m7 r71 sin(thetal3l(t)) cos(theta6(t)) ..
g m7 r71 cos(thetal3l(t)) sin(theta6(t)) cos(thetab (t) thetal32 (t
)) i

Rearrange equations of motions according to state variables
disp ( Rearrange equations of motions according to state variables )

variableoriginals = thetab(t), theta6(t), thetabdot, thetaé6dot ;

variablesubs = thetabstar + thetal32(t), thetaéstar thetal3l (t),
thetaSstardot + thetal32dot, thetaé6stardot thetal3ldot ;

TSmanuelsimplified = subs(T5manuelsimplified, variableoriginals,
variablesubs);

Tomanuelsimplified = subs(T6manuelsimplified, variableoriginals,
variablesubs);

TS5manuelsimplified = simplify(T5manuelsimplified);
Tomanuelsimplified = simplify(T6manuelsimplified);

Lagrange Equations
disp ( Lagrange Equations )

Lagrangel = T5 == Tbmanuelsimplified;

Lagrange2 = T6 == Tomanuelsimplified;

[K,L] = equationsToMatrix([Lagrangel, Lagrange2], [thetabstarddotn,
theta6starddotnl]);

=
Il

linsolve (K, L) ;

b
|

= simplify (X);

multipliedangvel = thetal3ldot thetal32dot, thetabdot
thetal3ldot, theta5dot thetal32dot,
thetao6dot thetal3ldot, theta6dot thetal32dot,
thetabdot thetao6dot ;

shortenedangvel = thetal31132dot, thetab131ldot, thetab1l32dot,
theta6131dot, theta6l32dot, thetab56dot ;

X1 = subs (X1, multipliedangvel, shortenedangvel);

X2 = subs (X2, multipliedangvel, shortenedangvel);

X1 = collect(X1, [thetal3ldot 2, thetal32dot 2, thetal3l1l32dot,
T5, T6,

thetab131dot, thetab132dot, theta6l1l31ldot,
theta6132dot, thetabo6dot,
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283

284
285

286

287

288

289

290

291

292

293

294

296

297
298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318
319

X 2

TS5,

X1l = subs (X1,

X2 = subs(X2,

thetab5dot 2, theta6dot 2, thetal3lddot,

collect (X2,

T6,

thetal32ddot, theta5ddot, thetaé6ddot]);

[thetal3ldot 2, thetal32dot 2, thetal3l1132dot,

thetab131dot, thetab1l32dot, theta6l1l31dot,

theta6132dot, thetabo6dot,

thetab5dot 2, thetao6dot 2, thetal3lddot,

variablenames =
J523,

Jg531,

variablevalues =

g

X1subs
X 2 subs

Masses

thetal32ddot, thetabddot, thetaocddot]);

shortenedangvel, multipliedangvel);

shortenedangvel, multipliedangvel);

g, m5, m6, m7, J511, J512, J513, J521, J522,
J532, J533,
Je6ll, J612, J613, J621, J622,
J623, J631, J632, J633,
Jg711, g712, Jg713, J721, J1722,
J723, 3731, Jd732, J733,
r51, r52, r53, r6l, r62, r63
, r71, r72, r73, rGOl ;

9.81 , 1le315325.23 , 1e34530.59 , 1le32557.47 ,...

595993867.8¢e 9 , 751458.22e 9 , 5144079.54e 9 ,...
Inertia Terms J511 J512 J513
751458.22e¢ 9 , 641588537.25e 9 , 145338017.74e 9 ,...
Inertia Terms J521 J522 J523
5144079.54e 9 , 145338017.74e 9 , 336549983.33e 9 ,...
Inertia Terms J531 J532 J533
18898872.13e 9 , 328799.77e¢ 9 , 1485177.89%9e 9 ,...
Inertia Terms J611 J612 J613
328799.77¢ 9 , 110603524.64e 9 , 3815.25¢ 9 , ...
Inertia Terms J621 J622 J623
1485177.89e 9 , 3815.25e¢ 9 , 93783786.61le 9 , ...
Inertia Terms J631 J632 J633
11824640.51e 9 , 1679850.64e 9 , 137920.31e 9 , ...
Inertia Terms J711 J712 J713
1679850.64e 9 , 24252622.46e 9 , 37299.2%9¢ 9 , ...
Inertia Terms J721 J722 J723
137920.31e 9 , 37299.29e 9 , 15203370.83e 9 ,...
Inertia Terms J731 J732 J733
le 3 98.45 , 0, le 3 (60.66) ,...
Center of Mass r 5
0, 0, le 3 (168.02) ,...
Center of Mass r 6
le 3 39.19 , 0, 1le 3 (16.28) ,...
Center of Mass r 7
le 3 266.1;
Center
of Mass r GO

subs (X1, variablenames, variablevalues)
subs (X2, variablenames, variablevalues)

GlobalVariablesvl

thetab
thetab

thetabstarsim.Data;
thetaé6starsim.Data;
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320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377
378

thetab5dot = thetab5stardot sim.Data;
thetaodot thetab6stardot sim.Data;

time = thetaSstarsim.Time;

thetab = deg2rad(thetab);
thetaé6 deg2rad(thetao6);

bb6x

37; b6y = 154.5; b6z = 138.5;

b7x = 38.8; b7y = 134; b7z = 115.5;

body 6 = [b6x b6y bb6z; 0
b6x b6y bb6z; 1
b6x b6y bb6z; 2
b6x bbby bbz; 3
b6x b6y bb6z; 4
béx b6y bbz; 5
b6x bbby bbz; 6
b6x b6y bbz; 7
b6x b6y bbz; 8
b6x bbby bobz; 9
b6x b6y bbz; 10
b6x b6y bb6z; 11
b6x bbby bobz; 12
b6x b6y bbz; 13
b6x b6y bb6z; 14
b6x bbby bobz; 15
b6x b6y b6z]; 16

body 6 = bodyb6 ;

body7 = [b7x Db7x Db7x bix Db7x bix Db7x Db7x bix 0
b7y b7y b7y b7y bly Dbly b7y by 0 0
b7z b7z b7z b7z Dbilz b7z b7z biz 0 0

Basic Column Matrices

ul = [1; 0; 01;

uz = [0; 1; 0];

u3d = [0; 0; 11;

rGO = [rGOl; 0; 0]; Offset distance between Point O

figure (1)

hl = gcf;

hl.Units = normalized ;

hl.Position = [0.0 0.1 0.5 0.8];

figure (2)

h2 = gcf;

h2.Units = normalized ;

h2.Position = [0.5 0.3 0.5 0.47];

for i = l:length(thetab)

i
T5612(:,:,1) = BasicRotationMatrix (3,thetab(i))
BasicRotationMatrix (1, pi/2); C(5,6)
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379
380
381

382
383
384
385
386

388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404

406
407
408
409
410
411
412
413

414
415
416
417
418
419

420
421
422
423
424
425
426
427
428
429

431
432
433
434
435

end

T6712(:,:,1) = BasicRotationMatrix (3,theta6 (i)); Cc(6,7)
T5712(:,:,1) = T5612(:,:,1) T6712 (:,:,1)

T2513 = BasicRotationMatrix (2,0)
BasicRotationMatrix (2, pi/2);

body6(:,:,i+l) = T2513 T5612(:,:,1)
T2513 T5712(:,:,1)

body7 (:,:,1i+1)

figure (1)
plot3(body7(1,:,1+1), body7(2,:,i+1l), body7 (3,
hold on
plot3(body6(1,:,i+1l), body6(2,:,i+l), body6 (3,
axis equal
x1lim ([ 180 1807)
ylim ([ 180 18017)
zlim ([ 180 180])
hold off
Fl1(i) = getframe (gcf);
wé (:,1) = [ 0;
thetabdot (i);
0l;
w7(:,1) = [ thetab5dot (i) sin(theta6(i));
theta5dot (i) cos(thetao6 (i));
theta6dot (1) ];
Definition of Translational Velocities
veée(:,1) = [ thetabSdot (i) r63;
0;
01;
v7(:,1) = [ r73 thetab5dot (i) cos(thetao6(i));

r73 thetabdot (1) sin(theta6 (1))

4

C(5,7)

BasicRotationMatrix (1,0)
C(0,5)

body 6 (:,:,1);

body 7 (:,:,1);

t,1+1))

t,141))

+ r71 theta6dot (1)

r71 thetabdot (i) cos(theta6(i))];

U6(1i) = g m6 (r63 sin(thetab(i))

T6(1) = 1/2 (mé6 vo6(:,1) v6(:,1)

U7(i) gm7 (r73 sin(thetab(i))
cos(thetab(i)));

T7(1) = 1/2 (m7 v7(:,1) v7(:,1)

Etotal(i) = U6 (1) + T6 (1) + U7 (1)

figure (2)

plot (time(l:1i),Etotal (1:1))
xlabel ( Time, [s] )

ylabel ( Total Energy, [J])

F2 (i) = getframe(gcf);
drawnow
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rGO1l);

+ wo (:,1)

Jo6 wo (:,1));

rGO1l r71 cos(theta6 (1))

+ w7 (:,1)

+ T7(1);

J7 w7 (:,1));



436 Recording the video

437 videol = VideoWriter ( StabilizerMotion.mp4 , MPEG 4 ) ;
438 videol.FrameRate = 100; setting the Frame Rate
439 open (videol)

440 writeVideo (videol, F1);

141 close (videol)

442

443 video2 = VideoWriter ( TotalEnergy.mp4 , MPEG 4 ) ;
444 video2.FrameRate = 100; setting the Frame Rate
445 open (video2)

46 writeVideo (video2, F2);

147 close (video2)

Listing D.9: Linearization of the non-linear Lagrange equations

clear
clc

syms t

L I S O N

syms J511 J512 J513 J521 J522 J523 J531 J532 J533
7 Je6ll J612 J613 J621 J622 J623 J631 J632 J633
8 J711 J712 J713 J721 J722 J723 J731 J732 J733 real

10 syms thetab(t) thetaé6(t) thetal3l(t) thetal32(t)

11

12 syms m5 m6 m7 g

13

14 syms r51 r52 r53 r6l r62 r63 r71 r72 r73

15

16 syms rGO1

17

18 syms thetal31132dot thetab5131dot thetabl32dot theta6l31ldot
theta6132dot thetab6dot

19

20 syms T5 T6

21

22 syms thetabstate thetab5dotstate thetat6state thetab6dotstate
theta5ddotstate theta6ddotstate

23

24 syms thetabSstar(t) thetabstar (t)

25

26 syms thetabstarddotn thetaé6starddotn

27

28 Definition of Angular Velocities

29

30 thetal3ldot

31

32 thetal32dot = diff(thetal32,t);

33

34 thetabdot = diff(thetab,t);

35

36 thetaé6dot

37

38 thetal3lddot

39

40 thetal32ddot = diff(thetal32,t,2);

41

42 thetabddot = diff(thetab,t,2);

43

diff (thetal3l,t);

diff (thetaé6,t);

diff(thetal3l,t,2);

302



44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69

70
71
72

73
74

75
76
77
78
79
80
81
82
83
84
85
86

87

88

89

90

91

92

93
94

95

thetaé6ddot = diff(theta6,t,2);

Definition of State Variable Angular Velocities

thetabSstardot = diff(thetabSstar,t);

theta6stardot = diff(theta6star,t);

thetabstarddot = diff(thetab5star,t,2);

theta6starddot

diff (theta6star,t,2);

Simplified T5

TS5manuelsimplified =

(
(
+
+
+

thetab5starddotn)

J622 + m6 r63 2 + m7 r73 2

J711 sin(thetab6(t)) 2

J712 sin (2 thetab (t))

(J722 + m7 r712) cos(thetab6(t)) 2)

diff(thetal32(t),

t )
J711 cos(thetal31l(

(

(

sin(theta6 (t))
sin (2 theta6 (t)
cos (2 theta6 (t)

J712 cos(thetal3l

t
))
)
J712 sin(thetal3l )

t 2
t) ) ...
t) ) cos(thetab (t) thetal32(t))

(J622 + m6 r63 2 + m7 r732) cos(thetal3l(t))

(J722 + m7 r712) cos(thetal31l(t)) cos(theta6(t)) 2

(J722 J711 + m7 r712) /2sin(thetal3l(t)) sin (2 theta6(t)) cos(
thetab (t) thetal32(t))

(m6 r63 rGOl + m7 r73 rGOl) cos(thetal3l(t)) sin(thetab(t))
m7 r71 r73 sin(thetal3l(t)) sin(theta6(t)) sin(thetab (t)
thetal32(t))

m7 r71 rGOl cos(thetal31l(t)) cos(thetab5(t)) cos(thetab (t))
J622 + m6 r63 2 + m7 r73 2

J711 sin(thetab6(t)) 2

J712 sin (2 theta6 (t))

(J722 + m7 r71 2) cos(theta6(t)) 2)

m7 r71 r73 sin(theta6(t)) (thetaoé6starddotn)

diff (thetal31(t), t, t)

J712 cos (2 theta6(t)) sin(thetab (t) thetal32(t))

m7 r71 r73 sin(theta6(t)) cos(thetab (t) thetal32 (t))

(J722 J711 + m7 r712) sin(2 theta6(t)) sin(thetab (t) thetal32
(t))/2

m7 r71 r73 sin(theta6(t)))

diff (thetal31l(t), t) 2
(m6 r63 rGOl + m7 r73 rGOl) cos(thetal32(t)) cos(thetab (t)
thetal32(t))

(J733 + J633 Jo6l1 m7 r73 2 m6 r632) sin(2 (thetab(t)
thetal32(t)))/2

(m7 71 2 J711) cos(theta6(t)) 2 sin (2 (thetab (t) thetal32(t)))
/2

m7 r71 r73 cos(theta6(t)) cos (2 (thetab (t) thetal32(t)))

m7 r71 rGOl cos(thetal32(t)) cos(theta6(t)) sin(thetab (t)
thetal32(t))
J613 cos (2 (thetab (t) thetal32(t)))
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96
97
98
99

101

102
103

104

106
107

109

110
111

112

113
114
115
116
117
118
119
120
121
122
123
124
125
126
127

128
129

130
131

132

133

134

135

137

138

139

+ + + + ~ +

J712 sin (2 thetab6(t)) sin (2 (thetab (t) thetal32(t)))/2 ...
J722 sin(theta6(t)) 2 sin (2 (thetab (t) thetal32(t)))/2)

diff (thetal32(t), t) 2 ...
J712 sin(thetab (t) thetal32(t)) (cos(thetal3l(t)) 1) sin(

thetal31l(t)) cos (2 theta6 (t))

J712 sin(thetab (t) thetal32(t)) sin(thetal31(t)) 2 sin (2 theta6 (t)
) cos(thetab(t) thetal32(t))

J613 sin(thetal31l(t)) 2 cos (2 (thetab (t) thetal32(t)))

(Joll J633 J733 + m7 r73 2 4+ m6 ro632) sin(thetal31l(t)) 2 sin
(2 (thetab (t) thetal32(t)))/2

(J711 m7 r712) sin(thetal3l(t)) 2 cos(theta6(t)) 2 sin (2 (thetab
(t) thetal32(t)))/2

J722 sin(thetal3l(t)) 2 sin(theta6(t)) 2 sin (2 (thetab (t) thetal32
(t)))/2

(m6 r63 rGOl + m7 r73 rGOl) cos(thetal3l(t)) 2 cos(thetab(t))
(m6 r63 rGOl + m7 r73 rGOl) sin(thetal31(t)) 2 sin(thetal32(t))
sin(thetab (t) thetal32(t))

m7 r71 r73 sin(thetal3l(t)) 2 cos(theta6(t)) cos (2 (thetab (t)
thetal32(t)))

m7 r71 r73 (cos(thetal3l (t)) 1) sin(thetal3l(t)) sin(theta6 (t))
cos (thetab (t) thetal32(t)) .

m7 r71 rGOl cos(thetal31l(t)) 2 sin(thetab(t)) cos(thetab6 (t))

m7 r71 rGOl sin(thetal31l(t)) 2 sin(thetal32(t)) cos(theta6 (t)) cos(
thetab (t) thetal32(t))

(J711 J722 m7 r712) (cos(thetal3l(t)) 1) sin(thetal31l(t))
sin (2 theta6(t)) sin(thetab (t) thetal32(t))/2)

diff (thetab5(t), t) diff(thetaoc(t), t)

(J722 J711 + m7 r712) sin (2 theta6 (t))
2 J712 cos (2 thetao6(t)))

diff(theta6(t), t) diff(thetal3l(t), t)

(J722 J711) cos (2 thetao6(t)) sin(thetab (t) thetal32(t))
J733 sin(thetab (t) thetal32(t))

2 J712 sin (2 theta6(t)) sin(thetab (t) thetal32(t))

2m7 r71 2 cos(theta6(t)) 2 sin(thetab (t) thetal32(t))
2m7 r71 r73 cos(thetab6(t)) cos(thetab (t) thetal32(t)))

2 J712 cos(thetal3l(t)) cos (2 thetaé6
2 J712 sin(thetal31(t)) sin (2 thetab6
) ...

(J722 J711 + m7 r71 2) cos(thetal31l(t)) sin (2 thetab(t))
(J722 J711) sin(thetal31(t)) cos (2 theta6(t)) cos(thetab (t)
thetal32(t))

J733 sin(thetal3l(t)) cos(thetab (t) thetal32(t))

2m7 r71 2 sin(thetal3l(t)) cos(thetab6(t)) 2 cos(thetab (t)
thetal32(t))

2m7 r71 r73 sin(thetal31(t)) cos(theta6(t)) sin(thetab (t)
thetal32(t)))

)
t))
t

diff (thetao6(t), t) diff(thetal32(t), t
(
(t)) cos(thetab (t) thetal32 (t)

diff(thetal31l(t), t) diff(thetal32(t), t)

J622 sin(thetal3l (t))

J711 sin(thetal3l(t)) sin(theta6(t)) 2 ..

J711 sin(thetal3l(t)) cos(theta6(t)) 2 cos (2 (thetab (t) thetal32 (t
)))

(J722 J711 + m7 r712) (2 cos(thetal3l(t)) 1) sin (2 theta6(t))
cos(thetab (t) thetal32(t))/2

2 (m6 r63 rGOl + m7 r73 rGOl) sin(thetal31(t)) cos(thetal32(t))
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140

141

142

143

144
145

146
147

148

149

150

151
152
153
154

155

156
157
158
159
160
161
162
163
164
165
166
167
168
169
170

171

172

173

174

175

176

177

178

179

180
181

sin(thetab (t) thetal32(t))

+ 2 (m6 r632 4+ m7 r732) sin(thetal31(t)) sin(thetab (t) thetal32(
t)) 2

+ J712 (1 2 cos(thetal3l(t))) cos (2 theta6(t)) cos(thetab (t)
thetal32(t))

+ J712 sin(thetal3l(t)) sin (2 theta6(t)) (1 + cos (2 (thetab (t)
thetal32(t))))
+ (J733 J611l + J633) sin(thetal31l(t)) cos (2 (thetab (t) thetal32 (t

)))
+ J722 sin(thetal3l(t)) cos(thetao6(t)) 2
J722 sin(thetal3l(t)) sin(theta6(t)) 2 cos (2 (thetab (t) thetal32 (t
)))
+ 2 J613 sin(thetal3l(t)) sin (2 (thetab (t) thetal32(t)))
+ 2m7 r71 2 sin(thetal31(t)) cos(theta6(t)) 2 cos(thetab (t)
thetal32(t)) 2
m7 r71 r73 (2 cos(thetal3l(t)) 1) sin(theta6(t)) sin(thetab (t)
thetal32(t))
2m7 r71 r73 sin(thetal31(t)) cos(theta6(t)) sin (2 (thetab (t)
thetal32(t)))
+ 2m7 r71 rGOl sin(thetal31(t)) cos(thetal32(t)) cos(theta6(t)) cos(
thetab (t) thetal32(t)))

+ m7 r71 r73 cos(thetao(t)) diff(thetaé6(t), t) 2

(m6 r63 + m7 r73) g cos(thetal3l(t)) cos(thetab (t) thetal32 (t))

gm7 r71 cos(thetal3l(t)) cos(thetab6(t)) sin(thetab (t) thetal32 (t
)) i

Simplified T 6
disp ( Simplified T 6 )

Tomanuelsimplified =
diff (thetab(t), t) 2 ...

((m7 r71 2 J711 + J722) sin (2 thetab6(t))/2 ... 1 + 3+ 4
J712 cos (2 theta6(t))) ... 2

diff(thetal32(t), t, t) ...

(m7 r71 r73 sin(theta6(t))

+ m7 r71 2 sin(thetal31(t)) sin(thetab (t) thetal32(t))
5
+ m7 r71 r73 cos(thetal3l(t)) sin(theta6 (t))
7
+ m7 r71 r73 sin(thetal3l(t)) cos(thetab6(t)) cos(thetab (t)
thetal32(t)) ... 8
+ J733 sin(thetal3l(t)) sin(thetab (t) thetal32(t))...
9
m7 r71 rGOl cos(thetal31l(t)) sin(thetab5(t)) sin(theta6 (t))
6
m7 r71 rGOl sin(thetal31(t)) sin(thetal32(t)) cos(thetab6(t)))
10

+ m7 r71 r73 sin(theta6(t)) (thetabstarddotn)

+ diff(thetal3l(t), t, t) ...

((m7 r71 2 + J733)
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182

183

184

185

186

187

188

189

190

191

192

194

195

196

197

198

199

200

201

202

203

204

205

206

207

209

210

211

212
213

214

215

(J733 + m7 r712) cos(thetab(t) thetal32(t))

34
m7 r71 r73 cos(theta6(t)) sin(thetab (t) thetal32 (t))
35
m7 r71 rGOl cos(thetal32(t))) cos(theta6(t))
36

(theta6starddotn) (m7 r71 2 + J733)...

diff (thetal32(t), t) 2 ...

(J733 + m7 r712) sin(thetal31(t)) cos(thetab (t) thetal32(t))
11 + 14
J712 cos(thetal3l(t)) 2 cos (2 theta6(t))

12

J712 sin(thetal3l(t)) 2 cos (2 theta6(t)) cos(thetab (t) thetal32 (t)
) 2 ... 13

J712 sin (2 thetal31(t)) sin (2 theta6(t)) cos(thetab (t) thetal32 (t)
) ... 29

(m7 r71 2 J711 4+ J722) cos(thetal3l(t)) 2 sin(theta6(t)) cos(
thetab6(t)) ... 15 + 16 + 21

(J722 J711) sin(thetal31(t)) cos(thetal3l(t)) cos (2 thetab(t)) cos
(thetab (t) thetal32(t)) ... 20 + 23 + 19 + 22

(m7 r71 2 J711 4+ J722) sin(thetal3l(t)) 2 sin(theta6(t)) cos(
theta6(t)) cos(thetab (t) thetal32(t)) 2 ... 17 + 18 + 25

m7 r71 2 sin(thetal31(t)) cos(thetal3l(t)) cos (2 thetab6(t)) cos(
thetab (t) thetal32(t)) ... 28

m7 r71 r73 sin(thetal3l(t)) (1 + cos(thetal3l(t))) cos(thetao6(t))
sin(thetab (t) thetal32(t)) ... 26 + 31

m7 r71 r73 sin(thetal3l(t)) 2 sin(theta6(t)) sin(thetab (t)
thetal32(t)) cos(thetab (t) thetal32(t))... 32

m7 r71 rGOl cos(thetal31l(t)) 2 cos(thetab(t)) sin(theta6 (t))

24

m7 r71 rGOl sin(thetal31l(t)) 2 sin(thetal32(t)) sin(theta6(t)) sin(
thetab (t) thetal32(t)) ... 30

m7 r71 rGOl sin(thetal31(t)) (1 + cos(thetal3l(t))) cos(thetal32(t)
) cos(thetaoc(t))) ... 27 + 33

diff(thetal31(t), t) 2 ...

J712 cos (2 theta6(t)) sin(thetab (t) thetal32(t)) 2

37

(J711 J722 m7 r712)/2sin(2 theta6(t)) sin(thetab (t)
thetal32(t)) 2 ... 38 4+ 39 + 40

m7 r71 r73 sin(theta6(t)) sin(thetab (t) thetal32(t)) cos(thetab(
t) thetal32(t)) ... 41

m7 r71 rGOl cos(thetal32(t)) sin(theta6(t)) cos(thetab (t)
thetal32(t))) ... 42

diff (thetal31(t), t) diff(thetal32(t), t) ...

(J733 + m7 r712) (1 cos(thetal3l(t))) sin(thetab (t) thetal32 (t
)) ... 43 + 44 + 45
+ 48

(J711 J722 m7 r712) cos(thetal3l(t)) cos (2 thetab6(t)) sin(
thetab (t) thetal32(t)) ... 46 + 47 +
51

(J711 J722 m7 r712) /2sin(thetal31(t)) sin (2 theta6(t)) sin
(2 (thetab (t) thetal32(t))) ... 56 + 57 +
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216

217

218

219

220

221

222
223
224
225

226

227

228

229

231
232
233
234

235

237

238
239
240

241
242
243
244
245
246
247

248

249

250
251

252

60
+ m7 r71 r73 sin(thetal3l(t)) sin(thetao6(t)) (1 cos (2 (thetab (t)
thetal32(t)))) ... 50 + 58
+ 2 J712 cos(thetal3l(t)) sin (2 theta6 (t)) sin(thetab (t) thetal32 (t)
) ... 52
+ J712 sin(thetal3l(t)) cos (2 theta6(t)) sin(2 (thetab (t) thetal32 (t
))) ... 53
+ m7 r71 r73 cos(theta6(t)) cos(thetab (t) thetal32(t))
54
m7 r71 rGOl sin(thetal32(t)) cos(theta6(t))

49
2m7 r71 rGOl sin(thetal3l(t)) cos(thetal32(t)) sin(theta6(t)) sin(
thetab (t) thetal32(t))) ... 55 + 59

diff (thetab5(t), t) diff(thetal32(t), t) ...
( (J733 + m7 r712) sin(thetal31(t)) cos(thetab (t) thetal32(t))
61 + 67
(J711 J722 m7 r712) cos(thetal3l(t)) sin (2 thetab6(t))
63 + 64 + 68
(J711 J722 m7 r712) sin(thetal3l(t)) cos (2 thetab(t)) cos(
thetab (t) thetal32(t)) ... 65 + 66 + 69
2 J712 cos(thetal3l(t)) cos (2 theta6 (t))

62
+ 2 J712 sin(thetal3l(t)) sin (2 thetao6(t)) cos(thetab (t) thetal32 (t)
) ... 70
2m7 r71 r73 sin(thetal31(t)) cos(theta6(t)) sin(thetab (t)
thetal32(t))) ... 71
diff (theta5(t), t) diff(thetal3l(t), t)
( (J733 + m7 r712) sin(thetab(t) thetal32(t))
74
(J711 J722 m7 r712) cos(2theta6(t)) sin(thetab (t) thetal32
(t)) ... 72 + 73 + 75
+ 2 J712 sin (2 theta6(t)) sin(thetab (t) thetal32(t))
76
+ 2m7 r71 r73 cos(theta6(t)) cos(thetab (t) thetal32(t)))
77
gm7 r71 sin(thetal3l(t)) cos(thetab6 (t))
g m7 r71 cos(thetal3l(t)) sin(theta6(t)) cos(thetab(t) thetal32 (t

)) i

Rearrange equations of motions according to state variables
disp ( Rearrange equations of motions according to state variables )

variableoriginals = thetab5(t), thetab5dot, theta6(t), thetaédot ;
variablesubs = thetabstar + thetal32(t), thetabS5stardot +
thetal32dot, thetaé6star thetal3l(t), theta6stardot

thetal3ldot ;

TSmanuelsimplified = subs(T5manuelsimplified, variableoriginals,
variablesubs);

Tomanuelsimplified = subs(T6manuelsimplified, variableoriginals,
variablesubs);
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253 TSmanuelsimplified = simplify(T5manuelsimplified);

254

255 Tomanuelsimplified = simplify(Témanuelsimplified);

256

257 Lagrange Equations

258 disp ( Lagrange Equations )

259

260 Lagrangel = T5 == Tbmanuelsimplified;

261

262 Lagrange2 = T 6 == Tomanuelsimplified;

263

264 [K,L] = equationsToMatrix([Lagrangel, Lagrange2], [theta5starddotn,
theta6starddotnl]);

265

266 X = linsolve (K, L);

267

b
Il

268 simplify (X);
269
270 X1 = X(1); X2 = X(2);

271

272 multipliedangvel = thetal3ldot thetal32dot, thetab5stardot
thetal3ldot, thetabstardot thetal32dot,
273 theta6stardot thetal3ldot, theta6stardot

thetal32dot, thetabstardot thetao6stardot
7
274
275 shortenedangvel = thetal31132dot, thetab5131ldot, thetabl32dot,
theta6131dot, theta6l132dot, thetabo6dot ;
276

277 X1 = subs(X1l, multipliedangvel, shortenedangvel);

278

279 X2 = subs (X2, multipliedangvel, shortenedangvel);

280

281 X1 = collect(X1, [thetal3ldot 2, thetal32dot 2, thetal3l1l32dot,
TS5, To,

282 thetab131dot, thetab132dot, theta6l1l31dot,

theta6132dot, thetabo6dot,
283 thetabstardot 2, theta6stardot 2, thetal3lddot,

thetal32ddot, thetabddot, thetaocddot]);
284

285 X2 = collect(X2, [thetal3ldot 2, thetal32dot 2, thetal3l1l32dot,
T5, To6,

286 theta5131dot, thetab5132dot, theta6l1l31ldot,
theta6132dot, thetab6dot,

287 thetabstardot 2, theta6stardot 2, thetal3lddot,
thetal32ddot, theta5ddot, thetaé6ddot]);

288

289 X1 = subs (X1, shortenedangvel, multipliedangvel);

290

201 X2 = subs (X2, shortenedangvel, multipliedangvel);

292

293 Formation of State variable Matrices

294

205 statevariables = thetab5star, thetaS5stardot, theta6star,
theta6stardot ;

296

207 £ = thetabstardot, X1, theta6stardot, X2 ;

298

299 Definition of Jacobian matrices

300 disp ( Definition of Jacobian matrices )
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301
302 A = sym(zeros (length(statevariables), length(statevariables)));
303

304 B = sym(zeros (length(statevariables),2));
305

306 for 1 = l:length(statevariables)

307

308 for j = l:length(statevariables)

309

310 A(i,7J) = deriv(f i, statevariables 7j) ;
311

312 end

313

314 B(i,1) = simplify(deriv(f i, T5));
315

316 B(i,2) = simplify(deriv(f 1, T6));
317

318 end

319

320 Equilibrium point

321 disp ( Equilibrium point )

322

323 equilibriumvariables = thetabstar, thetabstardot, thetaé6star,
thetaostardot, thetabstarddotn, theta6starddotn ;

324

325 equilibriumvalues = 0, 0, 0, 0, 0, O0;

326

327 T50 = subs(T5manuelsimplified, equilibriumvariables,
equilibriumvalues);

328

329 T6 0 = subs(Témanuelsimplified, equilibriumvariables,
equilibriumvalues);

330

331 statevariablesjacobian = thetabstar, thetabstardot, theta6star,
theta6stardot, T5, T6 ;

332

333 equilibriumpointsjacobian = 0, 0, 0, 0, T50, T60 ;

334

335 A subs (A, statevariablesjacobian, equilibriumpointsjacobian);
336

337 B = subs (B, statevariablesjacobian, equilibriumpointsjacobian);
338

339 A = simplify(A); B = simplify(B);

340

341 A = subs (A, multipliedangvel, shortenedangvel);

342

343 A = collect (A, [thetal3ldot 2, thetal32dot 2, thetal3l1l32dot,...

344 theta5131dot, thetab5132dot, theta6l31ldot,
theta6132dot, thetabo6dot,
345 thetab5dot 2, thetao6dot 2, thetal3lddot,

thetal32ddot, theta5ddot, thetao6ddot]);

346

347 A = subs (A, shortenedangvel, multipliedangvel);

348

349

350 B = subs (B, multipliedangvel, shortenedangvel);

351

352 B = collect (B, [thetal3ldot 2, thetal32dot 2, thetal31132dot,...

353 thetab131dot, thetab132dot, theta6l31ldot,
theta6132dot, thetab6dot,
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354

355
356

17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

33
34
35
36
37
38

39
40
41
42
43
44

B = subs (B,

clear
clc

syms

syms

syms

syms

syms

thetab5dot 2,
thetal32ddot,

shortenedangvel,

theta6dot 2, thetal3lddot,
theta5ddot, thetaé6ddot]);

multipliedangvel);

Listing D.10: Lagrange equations for the stabilizer

J511 J512 J513 J521 J522 J523 J531 J532 J533
J6ll J612 J613 J621 J622 J623 J631 J632 J633
J711 Jg712 J713 J721 J722 J723 J731 J732 J733 real

thetab (t)

m5 m6é6 m7 g

theta6 (t)

thetal3l (t)

thetal32 (t)

r51 r52 r53 r6l r62 r63 r71 r72 r73

rGO1l

syms thetal3l1132dot thetab5513ldot thetab1l32dot thetaé6l3ldot

theta6132dot thetab56dot

syms T5 T6

Basic Column Matrices

ul = [1; 0; 0];
u2 = [0; 1; 0];
u3 = [0; 0; 11;
Gravity Matrix
gvec = [0; 0; g]l;

Transformation Matrices

C56

simplify(BasicRotationMatrix (3,thetab) BasicRotationMatrix (1,

sym(pi)/2));

C67 =

C57 = C56

C05 =
thetal32)

C06 = CO05

C07 = CO05

C(5,6)

simplify(BasicRotationMatrix (3,theta6)); C(6,7)

Ccoe7

’

C(5,7)

simplify(BasicRotationMatrix (2,thetal3l) BasicRotationMatrix (1,

C56;

C57;

Inertia matrices

J5 =

Jo6 =

[J511

[J611

0

0

J513;

J613;
dyadic resolved in Reference Frame 6

C(0,06)

c(0,7)

0

0

BasicRotationMatrix (2, sym(pi)/2)); c(0,5)

J522 J523; J513 J523 J5331]; Ineria
dyadic resolved in Reference Frame 5

0 ; J613 0 J6331; Ineria



49

51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69

71

72

73

74

75
76

77
78

79

80
81

82

83
84

85

86

87

89

90

91

93

J7

= [J711 J712 0 ; Jd712 J722 0o 0 0 J7331; Ineria
dyadic resolved in Reference Frame 7

Definition of Angular Velocities

thetal3ldot

diff(thetal3l,t);

thetal32dot = diff(thetal32,t);

thetab5dot = diff(thetab,t);

theta6dot = diff(theta6,t);

thetal3lddot = diff(thetal3l,t,2);

thetal32ddot

diff(thetal32,t,2);

theta5ddot = diff(thetab5,t,2);

theta6ddot = diff(theta6,t,2);

w5

w 7

= [thetal32dot sin(thetal3l) cos(thetal32) thetal3ldot sin(
thetal32);
thetal32dot sin(thetal3l) sin(thetal32) + thetal3ldot cos(
thetal32);
thetal32dot cos(thetal3l)];

= [thetal3ldot sin(thetab thetal32) + thetal32dot sin(thetal3l
) cos(thetab thetal32);
thetab5dot + thetal32dot cos(thetal3l);
thetal3ldot cos(thetab thetal32) thetal32dot sin(thetal3l
) sin(thetab thetal32)];

= [thetal3ldot sin(thetab thetal32) cos(theta6) + thetal32dot
sin(thetal3l) cos(thetab thetal32) cos(thetao6)...
theta5dot sin(theta6) + thetal32dot cos(thetal3l) sin(thetab6)

’

thetal3ldot sin(thetab thetal32) sin(thetao6) thetal32dot
sin(thetal3l) cos(thetab thetal32) sin(theta6)
thetabdot cos(theta6) + thetal32dot cos(thetal3l) cos(thetab6)

Joeoe s

thetal3ldot cos(thetab thetal32) thetal32dot sin(thetal3l
) sin(thetab thetal32) + thetao6dot];

Definition of Translational Velocities

V5

VvV 6

= [(thetal32dot sin(thetal3l) sin(thetal32) + thetal3ldot cos(
thetal32)) rb53;
thetal32dot cos(thetal3l) rb51 thetal32dot sin(thetal3l)
cos(thetal32) r53 + thetal3ldot sin(thetal32) rb53;
(thetal32dot sin(thetal3l) sin(thetal32) + thetal3ldot cos(
thetal32)) r511];

= [thetal32dot cos(thetal3l) (r63 rGO1l sin(thetab))
thetab5dot r63;
thetal3ldot (rGO1l cos(thetal32) r 63 sin(thetab thetal32))
+ thetal32dot sin(thetal3l) (rGO1l sin(thetal32) r 63 cos
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(thetab5 thetal32));

94 thetal32dot cos(thetal3l) cos(thetab) rGOl];

95

96 V7 = [thetal3ldot sin(theta6) ((rGOl cos(thetal32)) r73 sin(

thetab thetal32))...

97 + thetal32dot (rGO1l sin(thetal3l) sin(thetal32) sin(thetab6)
rGOl sin(thetab) cos(thetal3l) cos(theta6)...

98 r73 sin(thetal3l) sin(theta6) cos(thetab5 thetal32)+r 73 cos(
thetal31l) cos(theta6)) r73 thetab5dot cos(thetao);

99

100

101 thetal3ldot (rGOl cos(thetal32) cos(theta6) + r71 cos(thetab

thetal32) r73 sin(thetab thetal32) cos(theta6))...

102 + thetal32dot (rGO1l sin(thetal3l) sin(thetal32) cos(thetab)
r71 sin(thetal3l) sin(thetab thetal32)...

103 + rGOl sin(thetab) sin(theta6) cos(thetal3l) r73 sin(thetal3l)
cos(thetab thetal32) cos(thetab6) r73 sin(theta6) cos(
thetal3l))

104 + r73 thetab5dot sin(theta6) + r71 thetao6dot;

105

106

107 thetal3ldot r71 sin(thetab thetal32) sin(theta6) + r71

thetab5dot cos(theta6)...

108 + thetal32dot ( rGOl cos(thetal3l) cos(thetab) + r71 sin(

thetal3l) cos(thetab thetal32) sin(theta6) r71 cos(
thetal3l) cos(theta6))];

109

110 Derivatives

111

112 Independent variable : thetab

113

114

115

116 Body 6

117

118 gl = thetab;

119

120 Derivative of translational kinetic energy of Body 6 w.r.t thetab5dot
and time

121

122 Kot = 0.5m6 (Vo . Vo6);

123

124 K6t gldot = deriv(K6t, thetabdot); Partial derivative of
translational kinetic energy of Body 6 w.r.t theta5dot

125

126 K6t gldott = deriv(K6tgldot, t); Derivative w.r.t time

127

128 Derivative of rotational kinetic energy of Body 6 w.r.t thetab5dot and
time

129

130 K6r = 0.5(w6 . Jb6 wWb);

131

132 K6rgldot = deriv(K6r, thetabdot); Partial derivative of
rotational kinetic energy of Body 6 w.r.t thetabdot

134 K6rgldott = deriv(K6rgldot, t); Derivative w.r.t time
135

136 Derivative of total kinetic energy of Body 6 w.r.t thetab5dot and time
137

1383. K6gldott = K6tgldott + K6rgldott;
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139
140

141
142
143
144
145
146

147
148

149
150
151
152
153
154
155

156

157
158

159
160
161
162
163

164
165
166
167
168
169
170
171

172
173

174
175
176
177
178
179
180
181
182
183

184
185
186
187
188

disp ( Derivative of total kinetic energy of Body 6 w.r.t thetab5dot and
time )

Derivative of translational kinetic energy of Body 6 w.r.t thetab

V6gl = deriv(Ve, thetab); Partial derivative of
translational velocity of Body 6 w.r.t thetab

K6tgl = m6 V6. Ve6qgl; Partial derivative of
translational kinetic energy of Body 6 w.r.t thetab

K6tgl = simplify(K 6t gl);
K6tgl = expand(K 6t gl , ArithmeticOnly , true);
multipliedangvel = thetal3ldot thetal32dot, thetabdot
thetal3ldot, theta5dot thetal32dot,
theta6dot thetal3ldot, theta6dot thetal32dot,

theta5dot thetao6dot ;

shortenedangvel = thetal31132dot, thetab5131ldot, theta5132dot,
theta6131ldot, theta6l132dot, theta56dot ;

K6tgl = subs(K6tgl, multipliedangvel, shortenedangvel);
K6tgl = collect(K6tgl, [thetal3ldot2, thetal32dot 2,
thetal31132dot, theta5132dot]);

K6tgl = subs(K6tgl, shortenedangvel, multipliedangvel);

Derivative of rotational kinetic energy of Body 6 w.r.t thetab

w6gl = deriv(w6, thetab); Partial derivative of
angular velocity of Body 6 w.r.t thetab

Ké6rgl = w6. J6 wo6qgl; Partial derivative of
rotational kinetic energy of Body 6 w.r.t thetab

K6rgl = simplify(K6rgl);

K6rgl = expand(K6r gl , ArithmeticOnly , true);

K6rgl = subs(K6rgl, multipliedangvel, shortenedangvel);

K6rgl = collect(K6rgl, [thetal3ldot2, thetal32dot 2,
thetal31132dot, theta5132dot]);

K6rgl = subs(K6rqgl, shortenedangvel, multipliedangvel);

Partial derivative of total kinetic energy of Body 6 w.r.t thetab
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189
190
191
192
193
194
195

196
197

198
199

201
202
203
204

206
207
208
209
210
211
212
213
214
215

216
217
218
219

220
221
222
223

224
225
226
227

228
229
230
231
232
233
234
235
236
237
238
239

240
241

K6gl = K6tgl + K6ragl;

Potential Energy of Body 6

rGO = [rGO1l; 0; 0]; Offset
distance between Point O Ground

r6 = simplify(C56 rGO + r63 u3); Position
vector of C 6 resolved in Reference Frame 6

roe60 = C06 ro6;
r 6 0body = formula(r 6 0);
U6 = m6 dot(gvec , r60body.);
U6 = simplify(expand(U6));
Derivative of potential energy of Body 6 w.r.t thetab

U6gl = deriv(U6, thetah);

Body 7

Derivative of translational kinetic energy of Body 7 w.r.t thetab5dot
and time

K7t = 0.5m7 (V7. VT7);

K7tgldot = deriv(K7t, thetabdot); Partial derivative of
translational kinetic energy of Body 7 w.r.t thetab5dot

K7tgldott = deriv(K7tgldot, t); Derivative w.r.t time

Derivative of rotational kinetic energy of Body 7 w.r.t thetabdot and
time

K7r = 0.5(w7. J7 w7T);

K7rgldot = deriv(K7r, thetabdot); Partial derivative of
rotational kinetic energy of Body 7 w.r.t thetabdot

K7rgldott = deriv(K7rgldot, t); Derivative w.r.t time
Derivative of total kinetic energy of Body 7 w.r.t theta5dot and time

K7gldott = K7tgldott + K7rqgldott;

Derivative of Translational Velocity of Body 7 w.r.t thetab

V79l = deriv(V7, thetab); Partial derivative of
translational velocity of Body 7 w.r.t thetab

V79l = simplify(expand(V 7 gl , ArithmeticOnly , true));
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242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259

260

261
262
263
264
265
266
267
268
269
270
271
272
273
274

275

276
277
278
279
280
281
282
283
284
285
286
287
288
289

290

291
292
293
294
295

V79l

V71lqgl

V7body

collect (V7gl, [thetal3ldot, thetal32dot]);

formula(Vv 7);

V79glbody = formula(V 7q9l);

V71lql

V71lqgl

v7lqgl

V71ql

V71lqgl

V7body (1) V7glbody (1);

simplify(V71qgl);

expand (V71 gl , ArithmeticOnly , true);

subs(V71gl, multipliedangvel, shortenedangvel);

collect(V71gl, [thetal3ldot 2, thetal32dot 2,

thetal31132dot, thetab5131dot,

vV71lqgl

V729l

V72qgl

vV72qgl

V729l

V72qgl

vV72qgl

thetab5132dot, theta6l1l31ldot,
thetao6cl32dot]);

subs (V71 gl, shortenedangvel, multipliedangvel);

V7body (2) V7glbody (2);

simplify(V72qgl);

expand (V72 gl , ArithmeticOnly , true);

subs(V72gl, multipliedangvel, shortenedangvel);

collect(V72q9gl, [thetal3ldot 2, thetal32dot 2,

thetal31132dot, thetabl1l31ldot,

V729l

V73ql

V739l
V73qgl
V73qgl
V73qgl

V73qgl

theta5132dot, theta61l31ldot,
theta6132dot]);

subs(V72qgl, shortenedangvel, multipliedangvel);

V7body (3) V7glbody (3);

simplify (V73 gl);

expand (V73 gl , ArithmeticOnly , true);

subs(V73gl, multipliedangvel, shortenedangvel);

collect(V73gl, [thetal3ldot 2, thetal32dot 2,

thetal31132dot, thetab131ldot,

V73agl

theta5132dot, theta6l1l31ldot,
thetao6132dot]);

subs(V73gl, shortenedangvel, multipliedangvel);
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296

297
298
299
300
301
302
303
304

305

306
307
308
309
310
311
312
313

314
315
316
317
318
319
320

321
322
323
324
325
326
327
328
329

330

331
332
333
334
335
336
337
338
339
340

341
342
343
344
345
346
347

K

r

U

7tgl = m7 V7. V71q9l; Partial derivative of
translational kinetic energy of Body 7 w.r.t thetab

7t gl simplify (K 7 t gl);

7t gl = expand(K 7t gl , ArithmeticOnly , true);

7t gl subs(K 7t gl , multipliedangvel, shortenedangvel);

7t gl = collect(K7tgl, [theta5dot 2, theta6dot 2, thetal3ldot
2, thetal32dot 2, thetal3l132dot, theta5131dot,
thetab5132dot, theta6131dot,
theta6132dot, thetabo6dot]);

7t gl = subs(K7tgl, shortenedangvel, multipliedangvel);

Derivative of Angular Velocity of Body 7 w.r.t thetab

79l = deriv(w7, thetab); Partial derivative of
angular velocity of Body 7 w.r.t thetab
79l = simplify(expand(w 7 gl , ArithmeticOnly , true));

79l = collect(w7gl, [thetal3ldot, thetal32dot]);

7rqgl = w7. J7 w7q9l; Partial derivative of
rotational kinetic energy of Body 7 w.r.t thetab

7rqgl = simplify(K7rqgl);

7rqgl = expand(K7r gl , ArithmeticOnly , true);

7rqgl = subs(K7rgl, multipliedangvel, shortenedangvel);
7r gl = collect(K7rgl, [thetabdot 2, theta6dot 2, thetal3ldot
2, thetal32dot 2, thetal3ll1l32dot, theta5131dot,
thetab5132dot, theta61l31ldot,
theta6132dot, thetab6dot]);

7rgl = subs(K7zrqgl, shortenedangvel, multipliedangvel);

Partial derivative of total kinetic energy of Body 7 w.r.t thetab

79l = K7tgl + K7rqgl;

Potential Energy of Body 7

7 = simplify(C57 rGO + r71 ul + r73 u3);
Position vector of C7 resolved in Reference Frame 7

70 = C07 r7;
70body = formula(r 7 0);

7 = m7 dot(gvec , r70body.);

316



348 U7 = simplify(expand(U7));

349

350 U7 = m7 g (rGOl cos(thetal3l) cos(thetal32)+r 71 cos(thetal3l) cos(
thetab thetal32) cos(thetab6)...

351 r71 sin(thetal3l) sin(theta6) r73 sin(theta5 thetal32)

cos (thetal3l));

352

353 Derivative of potential energy of Body 7 w.r.t thetab

354

355 U7 gl = simplify(deriv(U7, thetab));

356

357 Derivative of total potential energy w.r.t thetab

358

359 Utotalgl = U6gl + U7qgl;

360

361

362

363 Independent variable : thetab6

364

365

366

367 Body 6

368

369 g2 = thetab;

370

371 Derivative of translational kinetic energy of Body 6 w.r.t thetaédot
and time

372

373 K6t g2dot = deriv(K6t, theta6dot); Partial derivative of
translational kinetic energy of Body 6 w.r.t thetab6dot

374

37 K6t g2dott = deriv(K6tg2dot, t); Derivative w.r.t time

376

377 Derivative of Rotational Velocity of Body 6 w.r.t theta5dot and time

378

379 K6 rg2dot = deriv(K6r, theta6dot); Partial derivative of
rotational kinetic energy of Body 6 w.r.t thetab5dot

380

388 K6rg2dott = deriv(Ko6rg2dot, t); Derivative w.r.t time

382

383 Derivative of total kinetic energy of Body 6 w.r.t thetaédot and time

384

385 K6 g2dott = K6tg2dott + K6rg2dot t;

386

387

388

389 Derivative of Translational Velocity of Body 6 w.r.t thetab

390

391 V6 g2 = deriv(Veé6, thetab6); Partial derivative of
translational velocity of Body 6 w.r.t thetab

392

33 K6t g2 = m6 V6. V6g2; Partial derivative of
translational kinetic energy of Body 6 w.r.t thetab6

394

39s K6t g2 = simplify(K 6t g2);

396

397 K6t g2 = expand(K 6t g2 , ArithmeticOnly , true);

398

399 K6t g2 = subs(K6tg2, multipliedangvel, shortenedangvel);

400
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4500 K6t g2 = collect(K6tg2, [thetal3ldot2, thetal32dot 2,
thetal31132dot, theta5132dot]);

402

403 K6t g2 = subs(K6t g2, shortenedangvel, multipliedangvel);

404

405

406

407 Derivative of Angular Velocity of Body 6 w.r.t thetaé

408

409 W6 g2 = deriv(wb6, thetab6); Partial derivative of
angular velocity of Body 6 w.r.t thetaé6

410

411 K6rg2 = wb6. J6 wb6g2; Partial derivative of
rotational kinetic energy of Body 6 w.r.t thetaé

412

413 K6 rg2 = simplify(K6rg2);

414

415 K6 rg2 = expand(K 6 r g2 , ArithmeticOnly , true);

416

417 K6 rg2 = subs(K6rg2, multipliedangvel, shortenedangvel);

418

419 K6 rg2 = collect(K6rqg2, [thetal3ldot?2, thetal32dot 2,
thetal31132dot, theta5132dot]);

420

4212 K6 rg2 = subs(K6rg2, shortenedangvel, multipliedangvel);

422

423 Partial derivative of total kinetic energy of Body 6 w.r.t thetab

424

25 K6g2 = K6tg2 + Kerg2;

426

427 Derivative of potential energy of Body 6 w.r.t thetaé

428

429 U6 g2 = deriv(U6, theta6);

430

431

432

433 Body 7

434

435 Derivative of Translational Velocity of Body 7 w.r.t theta6dot and time

436

437 K7t g2dot = deriv(K7t, theta6dot); Partial derivative of
translational kinetic energy of Body 7 w.r.t thetaé6dot

438

39 K7t g2dott = deriv(K7tg2dot, t); Derivative w.r.t time

440

441 Derivative of Rotational Velocity of Body 7 w.r.t theta6dot and time

442

443 K7r = 0.5(w7 . J7 wT);

444

445 K7rg2dot = deriv(K7r, theta6dot); Partial derivative of
rotational kinetic energy of Body 7 w.r.t thetaé6dot

446

427 K7rg2dott = deriv(K7rg2dot, t); Derivative w.r.t time

448

449 Derivative of total kinetic energy of Body 7 w.r.t theta6dot and time

450

451 K7g2dott = K7tg2dott + K7rqg2dot t;

452

453

454
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455
456
457

459
460
461
462
463
464

465
466
467
468
469
470
471
472

473

474
475
476
477
478
479
480
481

482
483
484
485

487
488

489
490
491
492
493
494
495
496
497

498

499
500

502
503
504
505
506

Derivative of Translational Velocity of Body 7 w.r.t thetab

792 = deriv(V7, thetab6); Partial derivative of
translational velocity of Body 7 w.r.t thetab

792 = simplify(expand(V 792 , ArithmeticOnly , true));

792 collect (V7g2, [thetal3ldot, thetal32dot, thetabdot]);

7tg2 =m7 V7. V792; Partial derivative of
translational kinetic energy of Body 7 w.r.t thetab

~
o
Q
N
|

= simplify(K 7t g2);
7t g2 = expand(K 7t g2 , ArithmeticOnly , true);

7t g2 = subs(K7tg2, multipliedangvel, shortenedangvel);

~

t
Q

[\
Il

collect (K7t g2, [thetabdot 2, theta6dot 2, thetal3ldot

2, thetal32dot 2, thetal3ll1l32dot, theta5131dot,

theta5132dot, theta6l1l31ldot,
theta6l1l32dot, thetab6dot]);

7t g2 = subs(K7t g2, shortenedangvel, multipliedangvel);

Derivative of Angular Velocity of Body 7 w.r.t thetab6

7 g2 = deriv(w7, thetab6); Partial derivative of
angular velocity of Body 7 w.r.t thetab6

792 = simplify(expand(w 7 g2 , ArithmeticOnly , true));

7q2 collect (w792, [thetal3ldot, thetal32dot, thetabdot]);

Trg2 =w7. J7 wi192; Partial derivative of
rotational kinetic energy of Body 7 w.r.t thetaé

7rqg2 = simplify(K7rqg2);

7rqg?2 expand (K 7 r g2 , ArithmeticOnly , true);

7 r g2 subs(K7r g2, multipliedangvel, shortenedangvel);

7r g2 = collect(K7rg2, [theta5dot 2, theta6dot 2, thetal3ldot
2, thetal32dot 2, thetal3l1l32dot, theta5131ldot,
theta5132dot, theta61l31ldot,
theta6132dot, thetabo6dotl]);
7r g2 = subs(K7rqg2, shortenedangvel, multipliedangvel);
Partial derivative of kinetic energy of Body 7 w.r.t thetab

792 = K7tg2 + K7rqg2;

Derivative of potential energy of Body 7 w.r.t thetab
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507
508
509
510
511
512
513
514
515
516
517
518
519
520

521
522

523
524
525
526
527
528

529
530
531
532
533
534

535
5

w

6

537
5

w

8
539
5

S

0
541
5

S
)

543

544

545

546

547

548

549

550

551

U792 = simplify(deriv(U7,

theta6));

Derivative of total potential energy w.r.t thetab6

Utotalg?2

= U6qg2 + UT7q9g2;

Lagrange equations

For gl = thetab
Langrangel = (K6 gldott + K7gldott) (Ko6gl + K7qg1) +
Utotalqgl T5;
T5o0riginal = (K6gldott + K7gldott) (K6gl + K7q9g1) +

Utotalgl;

TS5original = simplify(expand(T5original));

T5o0riginal = subs(T5original,

T50riginal = collect(T50riginal,
thetal31132dot,

thetao6l32dotl]);

T5 = subs(TS5,

shortenedangvel,

multipliedangvel, shortenedangvel);

[thetal3ldot 2, thetal32dot 2,

theta5131dot, thetab5132dot, theta6l31ldot,

multipliedangvel);

For g2 = thetat6
Langrange2 = (K6 g2dott + K7g2dott) (K6g2 + K792) +
Utotalg?2 T6;
T6original = (K6g2dott + K7g2dott) (K6g2 + K79g2) +

Utotalg?2;

Té6original = simplify(expand(T6original));

T6original = subs(T6original,

T6original = collect(T6original,
thetal31132dot,

thetao6l32dotl]);

T6 = subs(T6,

variablenames =

J523,

J531,

shortenedangvel,

g, m5,
J532,

mo,
J533,

m7,

multipliedangvel, shortenedangvel);

[thetal3ldot 2, thetal32dot 2,

theta5131dot, thetab5132dot, theta6l1l31ldot,

multipliedangvel);
Jg511, Jg512, Jg513, J521, J522,

Jell, Jd612, J613, J621, J622,
J623, J631, J632, J633,

J711, J712, J713, J721, J722,
Jg723, Jg731, J732, J733,

r51, r52, r53, rol, re2, r63
, r71, r72, r73, rGol,

thetal3ldot, thetal32dot,
thetal31132dot, thetab5131dot,

theta5132dot, theta6l3ldot,
theta6132dot, thetabo6dot,

320



e

552 theta5(t), thetaé6(t), thetal3l(t),
thetal32(t) ;

553

554 variablevalues = 9.81 , 1e315325.23 , 1e34530.59 , 1e32557.47 ,...
g Masses
555 595993867.8¢ 9 , 751458.22e¢ 9 , 5144079.54e 9 ,...
Inertia Terms J511 J512 J513
556 751458.22e 9 , 641588537.25e 9 , 145338017.74e 9 , ...
Inertia Terms J521 J522 J523
557 5144079.54e 9 , 145338017.74e 9 , 336549983.33e 9 , ...
Inertia Terms J531 J532 J533
558 18898872.13e 9 , 328799.77e¢ 9 , 1485177.89%9e 9 ,...
Inertia Terms J611 J612 J613
559 328799.77e 9 , 110603524.64e 9 , 3815.25e¢ 9 , ...
Inertia Terms J621 J622 J623
560 1485177.89e 9 , 3815.25e 9 , 93783786.61le 9 , ...
Inertia Terms J631 J632 J633
561 11824640.51e 9 , 1679850.64e 9 , 137920.31e 9 ,...
Inertia Terms J711 J712 J713
562 1679850.64e 9 , 24252622.46e 9 , 37299.29e 9 , ...
Inertia Terms J721 J722 J723
563 137920.31e 9 , 37299.29%9e 9 , 15203370.83e 9 ,...
Inertia Terms J731 J732 J733
564 le 3 98.45 , 0, 1le 3 (60.66) ,...
Center of Mass r 5
565 0, 0, le 3 (168.02) ,...

Center of Mass r 6
566 le 3 39.19 , 0, 1le 3 (16.28) ,...
Center of Mass r 7

567 le 3 266.1,
Center of
Mass r GO
568 21, 29, 43, 25, 35, 15, 78, 18,
569 12, 22, 16, 9 ;
570
571 TS5original = subs(T5original, variablenames, variablevalues);

572

573 T6original
574
575 TSoriginal = simplify(T5original);

subs(T6original, variablenames, variablevalues);

576
577 T5doubleorj = double(T5o0riginal);
578
579 T6original = simplify(T6original);
580
ss1 T6doubleorj = double(T6original);

Listing D.11: Lagrange equations for the stabilizer simplified by hand calculations

1 clear
2 clc

¢ syms J511 J512 Jg513 J521 J522 J523 J531 J532 J533
5 J6ll J612 J613 J621 J622 J623 J631 J632 J633
6 J711 J712 J713 J721 J722 J723 J731 J732 J733 real

g syms thetab(t) theta6(t) thetal3l(t) thetal32(t)

10 syms m5 mé6 m7 g
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11
12
13
14
15
16

17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32

33
34
35
36
37
38

39
40
41
42
43
44
45
46

47
48

49
50

51
52
53
54
55
56
57
58
59
60
61
62
63
64

syms r51 r52 r53 r6l r62 r63 r71 r72 r73

syms rGOl

syms thetal31132dot thetab5131ldot thetab5132dot theta6l3ldot
theta6132dot thetab56dot

syms T5 T6

Basic Column Matrices

ul = [1; 0; 01;
u2z = [0; 1; 0];
u3 = [0; 0; 1];

Gravity Matrix
gvec = [0; 0; gl;
Transformation Matrices

C56 = simplify(BasicRotationMatrix (3,thetab) BasicRotationMatrix (1,
sym(pi) /2)); C(5,6)

ce67 simplify(BasicRotationMatrix (3,theta6)); C(o6,7)
C57 = C56 ce7 ; C(5,7)

co05

simplify (BasicRotationMatrix (2,thetal3l) BasicRotationMatrix (1,
thetal32) BasicRotationMatrix (2, sym(pi)/2)); c(0,5)

C06 = CO05 C56; C(0,6)
C07 = CO05 C57; C(0,7)
Inertia matrices

J5 = [J511 0 J513; 0 J522 J523; J513 J523 J533]; Ineria
dyadic resolved in Reference Frame 5

J6 = [J611 0 J613; 0 J622 0 ; J613 0 J6331]; Ineria
dyadic resolved in Reference Frame 6

J7 = [J711 J712 0 ; J712 J722 0o 0 0 J7331; Ineria
dyadic resolved in Reference Frame 7

Definition of Angular Velocities

thetal3ldot diff(thetal3l,t);

thetal32dot diff(thetal32,t);
thetab5dot = diff(thetab,t);
thetaocdot = diff(theta6,t);

thetal3lddot = diff(thetal3l,t,2);

thetal32ddot = diff(thetal32,t,2);
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65

66

67

68

69

70

71

72

73

74

75
76

77
78

79

80
81

82

83
84

85

86

87

89

90

91

93

94

95

97

98

99

100

101

102

103

theta5ddot = diff(thetab,t,2);

theta6é6ddot = diff(theta6,t,2);

w 5

w 6

w 7

[thetal32dot sin(thetal3l)

thetal32);

sin(thetal3l)

thetal32dot sin(thetal3l)

thetal32)

’

thetal32dot cos(thetal3l)];

[thetal3ldot

sin(thetab

cos (thetab thetal32);
thetab5dot + thetal32dot cos(thetal3l);
thetal32dot sin(thetal3l

thetal3ldot

) sin(thetab

[thetal3ldot

cos(thetab

cos(thetab

sin(thetab

thetal32)

cos(thetal32) thetal3ldot

sin(thetal32) + thetal3ldot

sin(

cos (

thetal32) + thetal32dot sin(thetal3l

thetal32)

thetal32)];

thetal32) cos(thetao)
cos(theta6)...

+ thetal32dot

thetab5dot sin(theta6) + thetal32dot cos(thetal3l) sin(thetab6)

’

thetal3ldot

sin(thetal3l)

sin(thetab

thetal32) sin(theta6)
cos(thetab thetal32)

sin(theta®6)

thetal32dot

theta5dot cos(theta6) + thetal32dot cos(thetal3l) cos(thetab6)

Joeoe .

thetal3ldot

) sin(thetab

cos(thetab

thetal32)

thetal32)

Definition of Translational Velocities

V5

V6

v 7

[(thetal32dot sin(thetal31l)

thetal32)) r53;
thetal32dot cos(thetal3l) rb51 thetal32dot sin(thetal3l)

t

cos(thetal32)
(thetal32dot sin(thetal3l)

thetal32))

r5171;

sin(thetal32)

thetal32dot sin(thetal3l

+ thetaocdot];

r53 4+ thetal3ldot sin(thetal32) r53;
sin(thetal32)

[thetal32dot cos(thetal3l) (r63 rGO1l sin(thetab))

hetabdot r63;
thetal3ldot

(rGO1l cos(thetal32)
+ thetal32dot sin(thetal3l)

(thetab thetal32));
thetal32dot cos(thetal3l) cos(thetab)

[thetal3ldot

sin(thetao)

thetab thetal32))...

+ thetal32dot

rGOl sin(thetab)
r73 sin(thetal3l)

(rGOl sin(thetal3l)
cos(thetal3l)
sin(theta6)

thetal3l) cos(theta6))

((rGO1l cos(thetal32))

r 63 sin(thetab
(rGO1l sin(thetal32)

sin(thetal3?2)
cos(thetab6)...
cos(thetab thetal32)+r 73 cos(

rGO1l];

r73 theta5dot cos(thetab6);

+ thetal3ldot cos(

+ thetal3ldot cos(

thetal32))

r 63 cos

r73 sin(

sin(theta6)

thetal3ldot (rGO1l cos(thetal32) cos(theta6) + r71 cos(thetab

thetal32)

+ thetal32dot

r71 sin(thetal3l)
+ rGOl sin(thetab)

cos(thetab

thetal32)

r73 sin(thetab
(rGOl sin(thetal31l)
sin(thetab

sin(thetao)

cos(thetab6)
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thetal32)
sin(thetal32)
thetal32)...
cos (thetal3l)

r73 sin(theta6)

cos(theta6))...
cos(thetab)

r73 sin(thetal3l)

cos (



104
105
106
107

108

109
110
111
112
113
114
115
116
117
118
119
120

121
122
123
124

125
126
127
128

129
130
131
132

133
134
135
136
137
138
139
140
141
142
143
144

145
146

147
148
149
150
151
152
153

thetal3l))
+ r73 thetab5dot sin(theta6) + r71 thetaé6dot;

thetal3ldot r71 sin(thetab thetal32) sin(theta6) + r71
thetab5dot cos(thetao6)...
+ thetal32dot ( rGO1l cos(thetal3l) cos(thetab) + r71 sin(
thetal3l) cos(thetab thetal32) sin(theta6) r71 cos(
thetal3l) cos(theta6))];

Derivatives

Independent variable : thetab

Body 6

gl = thetab;

Derivative of translational kinetic energy of Body 6 w.r.t thetabdot
and time

6t = 0.5m6 (V6. V6);

6t gldot = deriv(K6t, thetabdot); Partial derivative of
translational kinetic energy of Body 6 w.r.t thetab5dot

6t gldott = deriv(K6tqgldot, t); Derivative w.r.t time

Derivative of rotational kinetic energy of Body 6 w.r.t theta5dot and
time

6r = 0.5(wb6 . J6 wb6);

6rgldot = deriv(K6r, thetabdot); Partial derivative of
rotational kinetic energy of Body 6 w.r.t thetabdot

6rgldott = deriv(Ké6rqgldot, t); Derivative w.r.t time
Derivative of total kinetic energy of Body 6 w.r.t thetabdot and time

6gldott = K6tgldott + K6rgldott;

Derivative of translational kinetic energy of Body 6 w.r.t thetab

6 gl = deriv(Ve6, thetab); Partial derivative of
translational velocity of Body 6 w.r.t thetab

6tgl = m6 V6. V6gl; Partial derivative of
translational kinetic energy of Body 6 w.r.t thetab

6t gl = simplify(K 6t gl);

6t gl = expand(K 6t gl , ArithmeticOnly , true);

multipliedangvel = thetal3ldot thetal32dot, thetabdot
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154

155

157
158
159
160
161

162

164
165
166
167
168
169

170
171

172
173
174
175
176
177
178
179
180
181

182

184
185
186
187
188
189
190
191
192
193

194
195

196
197
198
199
200
201
202
203
204

thetal3ldot, thetab5dot thetal32dot,
theta6dot thetal3ldot, theta6dot thetal32dot,
theta5dot thetao6dot ;

shortenedangvel = thetal31132dot, thetab5131ldot, thetab5132dot,
theta6131ldot, theta6l1l32dot, theta5o6dot ;

K6tgl = subs(K6tgl, multipliedangvel, shortenedangvel);
K6tgl = collect(K6tgl, [thetal3ldot2, thetal32dot 2,
thetal31132dot, theta5132dot]);

K6tgl = subs(K6tgl, shortenedangvel, multipliedangvel);

Derivative of rotational kinetic energy of Body 6 w.r.t thetab

w6gl = deriv(w6, thetab); Partial derivative of
angular velocity of Body 6 w.r.t thetab

Kérgl = w6. J6 wo6qgl; Partial derivative of
rotational kinetic energy of Body 6 w.r.t thetab

Ké6rqgl simplify(K 6 r gl);

K6rgl = expand(K 6 rgl , ArithmeticOnly , true);

K6rgl = subs(K6rgl, multipliedangvel, shortenedangvel);

K6rgl = collect(K6rgl, [thetal3ldot2, thetal32dot 2,

thetal31132dot, theta5132dot]);

K6rgl = subs(K6rqgl, shortenedangvel, multipliedangvel);

Partial derivative of total kinetic energy of Body 6 w.r.t thetab

K6gl = K6tgl + K6rgl;

Potential Energy of Body 6

rGO = [rGO1l; 0; 071; Offset
distance between Point O Ground

r6 = simplify(C56 rGO + r63 u3); Position
vector of C6 resolved in Reference Frame 6

r60 = C06 ro6;
r60body = formula(r 6 0);

U6 = m6 dot(gvec , r60body.);

U6 = simplify(expand(U6));
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205 Derivative of potential energy of Body 6 w.r.t thetab

206

207 U6 gl = deriv(U6, thetab);

208

209

210

211 Body 7

212

213 Derivative of translational kinetic energy of Body 7 w.r.t thetabdot
and time

214

215 K7t = 0.5m7 (V7. V7);

216

217 K7t gl dot = deriv(K7t, thetabdot); Partial derivative of
translational kinetic energy of Body 7 w.r.t theta5dot

218

219 K7t gldott = deriv(K7tgldot, t); Derivative w.r.t time

220

221 K7t gldott = m7 ((r71 2 cos(theta6(t)) 2 + r732) diff(thetab(t),
t, t)

222 ...

223 diff (thetal32(t), t, t)

224 ( cos(thetal31l(t)) r71 2 cos(thetab6(t)) 2

225 sin(theta6(t)) sin(thetal31(t)) cos(thetab (t) thetal32(t)) r71 2
cos(theta6 (t))

226 + sin(thetab (t) thetal32(t)) sin(thetao6(t)) sin(thetal3l(t)) r71
r73

227 + rGO1l cos(thetab(t)) cos(thetal3l(t)) r71 cos(thetab6(t))
228 + cos(thetal31(t)) r73 2

229 rGOl cos(thetal3l(t)) sin(thetab(t)) r73)

230 ...

231 + diff(thetal32(t), t) 2

232 ( sin(thetab (t) thetal32(t)) cos(theta6(t)) sin(theta6(t)) sin(
thetal31(t)) r71 2

233 + r73 sin(theta6(t)) sin(thetal31(t)) cos(thetab (t) thetal32(t))
r71)

234 “ e

235 + diff(thetal3l(t), t, t)

236 ((r71 2 sin(thetab (t) thetal32(t)) cos(theta6(t)) sin(theta6(t))

237 + r73 sin(theta6(t)) cos(thetab(t) thetal32(t)) r71)

238 ..

diff (thetal31(t), t) diff(thetal32(t), t)

r73 2 sin(thetal31(t))

r71 2 cos(theta6(t)) 2 sin(thetal3l(t))

242 r71 r73 sin(thetab (t) thetal32(t)) sin(theta6(t)) ...

243 r71 2 cos(theta6(t)) sin(theta6(t)) cos(thetab (t) thetal32(t))

244 r73 rGOl sin(thetab5(t)) sin(thetal31l (t))

245 + r71 2 cos(theta6(t)) cos(thetal31l(t)) sin(theta6(t)) cos(thetab (t)
thetal32(t))

246 + 71 rGOl cos(thetab5(t)) cos(theta6(t)) sin(thetal3l (t))

247 r71 r73 sin(thetab (t) thetal32(t)) cos(thetal31l(t)) sin(theta6 (t)
))

239
240
241

+ o+~ +

248 P

249 diff (theta5(t), t) diff(thetal3l(t), t)

250 ( cos(thetao6(t)) sin(theta6(t)) cos(thetab (t) thetal32(t)) r71 2
251 + r73 sin(thetab (t) thetal32(t)) sin(thetaoc(t)) r71)

252 ...

253 + diff (theta6(t), t) diff(thetal3l(t), t)

254 (2 r71 2 sin(thetab (t) thetal32(t)) cos(thetab6(t)) 2

255 sin(thetab (t) thetal32(t)) r71 2
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256
257
258
259
260
261

262
263

264
265
266
267
268

269

270
271
272
273
274
275
276
277

278
279
280
281

282
283
284
285

287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303

304

305

306

r71 r73 cos(thetab(

diff (thetab6 (t
r71 2 cos(thetal3l (t
r71 2 sin(thetal3l (t
2 r71 2 cos(theta6 (t

))

r71 rGOl cos(theta5(t))
r71 r73 sin(thetab (t

))

diff (thetab (t
r73 rGOl cos(thetab(t))
r71 rGOl cos(thetao6(t))

)y

),

t)

t)

t) thetal32 (t

diff (thetal32(t),
)) sin (2 thetab6 (t))

)) cos(thetabh(
)) 2 sin(thetal31(t))

cos (thetal31 (t))
) thetal32 (t

diff (thetal32(t),

r71 2 sin(thetab (t)

(thetal3l (t
r71 r73 sin(thetab (t

))

r71 r73 cos(thetab (t

r71 r73 sin(thetab (t

))

r71 2 sin (2 thetab6 (t

thetal32 (t

)) diff(thetab (t

))

)) cos(theta6(t)))

t)

t) thetal32(

t)

cos (thetal31 (t))
cos (thetal31(t))

cos(theta6 (t)

)) diff(thetab6(t), t) 2

)) diff(thetab6(t), t, t)

t))
cos(thetab (t)

sin(theta6 (t))
)) cos(theta6 (t))

sin(thetab(t))

) sin(theta6 (t))

)) sin(thetal3l(t)) cos(thetab (t)

), t) diff(thetab6(t), t));

thetal32 (t

sin(thetal3l (t)

sin

thetal32 (t)

Derivative of rotational kinetic energy of Body 7 w.r.t theta5dot and

time

7r = 0.5 (w

7rgldot =
rotational

7rqgldott

7rgldott
J711

J711 cos(thetao6 (t
J722 cos(theta6 (t
J712 sin (2 theta6 (t

diff(thetal3

7.

deriv(K 7 r,

J7 wT);

thetabdot);

kinetic energy of Body 7 w.r.t thetab5dot

= deriv(K7rgldot,

= diff(thetab(t), t,

1(t

)y

))
))

t,

J712 sin(thetab (t)

2 J712 sin(thetab (t
J711 sin(thetab (t

)

J722 sin(thetab (t)

diff(thetal3

2 (t

)y

t,

)

)

J711 cos(thetal3l (t)
J711 cos(thetab (t
J722 cos(thetab6 (t
J712 sin(thetal3l (t)

2 J712 cos(thetab (t)

))
))

2 J712 cos(thetab (t)

)

thetal32 (t

J722 cos(thetao6 (t
£)))

thetal32(

))

J711 cos(thetao6 (t

))

))

2

2

))

t)
thetal32 (t

thetal32
thetal32 (t
thetal32 (t

t)

) .

2 cos(thetal3l(t))

2 cos(thetal3l(t)) .

) cos(thetab (t) thetal32(t))
)) cos(thetal3l(t)) sin(thetab (t
)

2 sin(thetal31l(t))

sin(theta6 (t

sin(theta6 (t

t);

t)

))
(t))

Partial derivative of

Derivative w.r.t time

cos(thetab (

)) cos(thetab6 (t ))
)) cos(thetao6 (t))

))

))
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sin(thetal31(

sin(thetal3l (t

)) 2

si
si

cos(thetab (t)

t))

))

n(theta6 (t))
n(thetao6(t)))

))

cos(thetab (t

cos(thetab (t

)

)

thetal32 (t)



307
308
309

310

311

312
313
314
315
316
317
318
319
320
321
322
323
324
325
326

327

328

329
330
331

332
333

334

335
336
337
338
339
340
341
342
343
344
345

346
347

348

349
350
351
352
353
354

+

diff (thetal32(t), t) 2

J712 sin(thetab (t) thetal32(t)) sin(thetal31l(t))

2 J712 sin(thetab (t) thetal32(t)) cos(theta6(t)) 2 sin(thetal3l (t)
) ...

J711 sin(thetab (t) thetal32(t)) cos(theta6(t)) sin(theta6(t)) sin(
thetal31l(t))

J722 sin(thetab (t) thetal32(t)) cos(theta6(t)) sin(theta6(t)) sin(
thetal3l(t)))

diff (thetab(t), t) diff(thetaé6(t), t)

4 J712 cos(theta6(t)) 2

2 J712

J711 sin (2 thetab6 (t))

J722 sin (2 theta6 (t)))

diff (thetao6(t), t) diff(thetal32(t), t)

2 J712 cos(thetal3l(t))

4 J712 cos(theta6(t)) 2 cos(thetal3l(t))

J711 cos(thetal3l(t)) sin (2 theta6(t))

J722 cos(thetal3l(t)) sin (2 theta6 (t))

J711 sin(thetal31(t)) cos(thetab (t) thetal32(t))

J722 sin(thetal31l(t)) cos(thetab (t) thetal32(t))

2 J711 cos(thetao6(t)) 2 sin(thetal3l(t)) cos(thetab (t) thetal32 (t)
) ...

2 J722 cos(theta6(t)) 2 sin(thetal3l(t)) cos(thetab (t) thetal32 (t)
) ...

2 J712 sin(thetal31(t)) sin (2 theta6(t)) cos(thetab (t) thetal32 (t)
))

diff (theta5(t), t) diff(thetal32(t), t)

2 J712 sin(thetab (t) thetal32(t)) cos(theta6(t)) 2 sin(thetal3l (t)
) ...

J712 sin(thetab (t) thetal32(t)) sin(thetal31l (t))

J711 sin(thetab (t) thetal32(t)) cos(theta6(t)) sin(theta6(t)) sin(
thetal3l (t))

J722 sin(thetab (t) thetal32(t)) cos(theta6(t)) sin(theta6(t)) sin(
thetal31l(t)))

diff (thetal31(t), t) diff(thetal32(t), t)

J711 sin(thetal3l(t))

J712 cos(thetab(t) thetal32(t))

2 J712 cos(theta6(t)) 2 cos(thetab(t)
J711 cos(thetao6(t)) 2 sin(thetal3l(t))
J722 cos(theta6(t)) 2 sin(thetal3l(t))

thetal32(t))

J712 cos(thetal31(t)) cos(thetab (t) thetal32(t))

J711 cos(thetao6(t)) sin(theta6(t)) cos(thetab (t)
J722 cos(theta6(t)) sin(theta6(t)) cos(thetab (t)
cos (thetab (t) thetal32 (t)

2 J712 cos(theta6(t)) 2 cos(thetal3l(t))
) .

thetal32(t))
thetal32 (t))

2 J712 cos(theta6(t)) sin(theta6(t)) sin(thetal3l(t))
J711 cos(theta6(t)) cos(thetal3l(t)) sin(theta6(t)) cos(thetab (t)

thetal32(t))

J722 cos(theta6(t)) cos(thetal3l(t)) sin(theta6(t)) cos(thetab (t)

thetal32(t)))
diff(thetab(t), t) diff(thetal3l(t), t)

J712 cos(thetab (t) thetal32(t))
2 J712 cos(theta6(t)) 2 cos(thetab (t)
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thetal32(t))
J711 cos(thetao6(t)) sin(theta6(t)) cos(thetab (t)
J722 cos(theta6(t)) sin(theta6(t)) cos(thetab (t)

thetal32(t))
thetal32(t)))



355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371

372
373
374
375
376
377
378
379
380
381
382
383
384
385
386
387
388
389
390
391

392

393
394
395
396
397
398
399
400
401
402
403
404
405
406

407

408
409

) diff(thetal3l(t), t)
t) thetal32(t))
t) thetal32(t))

( J711 sin(thetab

+ diff(thetaé6(t), t
(
J722 sin(thetab(

2 J711 sin(thetab (t) thetal32(t)) cos(thetao6(t)) 2
+ 2 J722 sin(thetab (t) thetal32(t)) cos(thetaoc(t)) 2
+ 2 J712 sin(thetab (t) thetal32(t)) sin (2 theta6(t)));

Derivative of total kinetic energy of Body 7 w.r.t thetab5dot and time

K7gldott = K7tgldott + K7rqgldott;

Derivative of Translational Velocity of Body 7 w.r.t thetab

V79l = deriv(V7, thetab); Partial derivative of
translational velocity of Body 7 w.r.t thetab

V79l = simplify(expand(V 7qgl , ArithmeticOnly , true));
V79l = collect(V7qgl, [thetal3ldot, thetal32dot]);
V7lqgl

V7body = formula(V7);
V7qglbody = formula(V79gl);
V71gl = V7body (l) V7glbody(1l);
V719l = simplify(Vv71gl);
V719l = expand(V71qgl , ArithmeticOnly , true);
V71gl = subs(V71gl, multipliedangvel, shortenedangvel);
V71gl = collect(V71gl, [thetal3ldot 2, thetal32dot 2,
thetal31132dot, thetab1l131dot,
theta5132dot, theta6l1l31ldot,

thetaocl32dot]);

V71gl = subs(V71gl, shortenedangvel, multipliedangvel);

vVi72qgl
V729l = Vibody(2) V7glbody(2);
V729l = simplify(V72qgl);

V729l = expand(V72qgl , ArithmeticOnly , true);

V729l subs(V72gl, multipliedangvel, shortenedangvel);

V729l = collect(V72q9gl, [thetal3ldot2, thetal32dot 2,
thetal31132dot, thetab131dot,
theta5132dot, theta6l1l31ldot,
theta6132dot]);

V729l = subs(V729gl, shortenedangvel, multipliedangvel);
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410
411
412
413
414
415
416
417
418
419
420
421

422

423
424
425
426
427
428

429
430
431
432
433
434
435
436

437

438
439
440
441
442
443
444
445
446
447

448

449

450

451

452

453

454

455

456

457

458

V739l

V73qgl = Vibody (3) V7iqlbody (3);

V73gl = simplify(Vv73qgl);

V73qgl expand (V73 gl , ArithmeticOnly , true);
V73gl = subs(V73gl, multipliedangvel, shortenedangvel);
V73gl = collect(V73gl, [thetal3ldot 2, thetal32dot 2,
thetal31132dot, thetab5131dot,
theta5132dot, theta6131dot,
thetao6l1l32dot]);

V73gl = subs(V73gl, shortenedangvel, multipliedangvel);

K7tgl = m7 V7. V7qgl; Partial derivative of
translational kinetic energy of Body 7 w.r.t thetab

K7tqgl = simplify(K 7t gl);

K7tgl expand (K 7t gl , ArithmeticOnly , true);
K7tgl = subs(K7tgl, multipliedangvel, shortenedangvel);
K7tgl = collect(K7tqgl, [thetabdot 2, theta6dot 2, thetal3ldot
2, thetal32dot 2, thetal3l132dot, thetab5131dot,
theta5132dot, theta6l1l31ldot,
theta6132dot, thetab6dot]);
K7tgl = subs(K7tgl, shortenedangvel, multipliedangvel);
Manually simplified terms
K7tgl = m7 (...
diff (theta6(t), t) diff(thetal32(t), t) ...

(r71 r73 sin(thetab (t) thetal32(t)) cos(theta6(t)) sin(thetal31(t))

r71 2 sin(thetal3l(t)) cos(thetab (t) thetal32(t))
+ r71 rGOl cos(thetab(t)) cos(thetal3l(t)) sin(thetao (t)))

+ diff(thetal32(t), t) 2

(r71 2 sin(theta5(t) thetal32(t)) (sin(thetal3l(t))) 2 cos(thetab (t)

thetal32(t)) (cos(theta6(t))) 2 ... 1+ 3
+ r71 2 sin(thetab (t) thetal32(t)) cos(thetao6(t)) cos(thetal3l(t))
sin(theta6(t)) sin(thetal31(t)) ... 2
+ r71 r73 (sin(thetal31(t))) 2 cos(theta6(t)) cos (2 (thetab (t)
thetal32(t))) ... 4 + 5
+ r71 r73 cos(thetal3l(t)) sin(theta6(t)) sin(thetal3l(t)) cos(thetab
(t) thetal32(t)) ... 6
r71 rGOl sin(thetab5(t)) cos(theta6(t)) cos(thetal3l(t)) 2
7

r71 rGOl sin(thetal32(t)) cos(theta6(t)) sin(thetal3l(t)) 2 cos(
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459

460

461

462

463

464
465
466
467

468
469

470
471
472
473

474

475
476
477
478
479
480
481
482
483

484

485

486

487

488

489

491

492

493

494

495

496

497
498

thetab (t) thetal32(t)) ... 8
r73 2 sin(thetab5(t) thetal32(t)) (sin(thetal3l(t))) 2 cos(thetab (t)

thetal32(t))... 9 + 10
r73 rGOl sin(thetal32(t)) sin(thetab(t) thetal32(t)) (sin(thetal31(
£))) 2 ... 11 + 12
r73 rGOl cos(thetab5(t)) (cos(thetal3l(t))) 2
13 + 14
rGOl 2 sin(theta5(t)) cos(thetab(t)) (cos(thetal31l(t))) 2
15 + 16

rGOl 2 cos(thetab(t)) sin(thetab(t)) cos(thetal3l(t)) 2)

17
diff(thetal31l(t), t) 2 ...

r71 2 sin(theta5(t) thetal32(t)) cos(thetab(t) thetal32(t)) (cos(

theta6(t))) 2

r71 r73 cos(theta6(t)) cos (2 (thetab(t) thetal32(t)))

rGOl cos(thetal32(t)) r71 sin(thetab (t) thetal32(t)) cos(thetab6 (t
))

r73 2 sin(thetab5(t) thetal32(t)) cos(thetab(t) thetal32(t))

rGOl r73 cos(thetal32(t)) cos(thetab (t) thetal32(t)))...
(r71 2 cos(theta6(t)) sin(theta6(t)) cos(thetab (t) thetal32(t))
r71 r73 sin(thetab (t) thetal32(t)) sin(thetao6(t))) diff(thetab (t)

, t) diff(thetal31l(t), t)

diff(theta6(t), t) diff(thetal3l(t), t) ...

(
+

+
(

r71 2 sin(thetab (t) thetal32 (t))
r71 r73 cos(theta6(t)) cos(thetab (t) thetal32(t)))

diff (theta5(t), t) diff(thetal32(t), t) ...

r71 rGOl cos(thetal3l(t)) sin(thetab(t)) cos(theta6(t))

r71 2 sin(thetab (t) thetal32(t)) sin(thetal31(t)) cos(theta6(t))
sin(theta6 (t))

r71 r73 sin(thetal31l(t)) cos(thetab (t) thetal32(t)) sin(theta6 (t)
)

r73 rGOl cos(thetal31l(t)) cos(thetab(t)))

diff(thetal31(t), t) diff(thetal32(t), t)

r71 2 sin(thetal3l(t)) (sin(thetab (t) thetal32(t))) 2 (cos(thetab(
£€9))) 2 ... 36 + 37

r71 2 cos(thetal3l(t)) cos(thetab6(t)) sin(theta6(t)) cos(thetab (t)
thetal32(t)) ... 38

r71 2 sin(thetal3l(t)) (cos(thetab (t) thetal32(t))) 2 (cos(thetab(
£))) 2 ... 39 + 40

2 r71 r73 sin(thetal31l(t)) sin(2 (thetab(t) thetal32(t))) cos(
theta6(t)) ... 41

r71 r73 sin(thetab (t) thetal32(t)) sin(thetao6(t)) cos(thetal3l (t)
) ... 42

r71 rGOl sin(thetal3l(t)) cos(theta6(t)) cos (2 thetal32(t) thetab (t
)) ... 43 + 44

r73 2 sin(thetal3l(t)) (cos (2 (thetab(t) thetal32(t))))

45 + 46 + 47 + 48
r73 rGOl sin(thetal31(t)) sin(thetab5(t) 2 thetal32(t))));
49 + 50 + 51 +52
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499
500
501

502
503
504
505
506

508

509
510
511
512
513
514
515
516
517

518

519

520

521

522

523

524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

539

540

541

542
543

Derivative of Angular Velocity of Body 7 w.r.t thetab

w79l = deriv(w7, thetab); Partial derivative of
angular velocity of Body 7 w.r.t thetab

w79l = simplify(expand(w 7 gl , ArithmeticOnly , true));

w7qgl collect(w7qgl, [thetal3ldot, thetal32dot]);

K7rgl = w7. J7 wT7q9gl; Partial derivative of
rotational kinetic energy of Body 7 w.r.t thetab

K7rgl = simplify(K7rqgl);

K7rqgql = expand(K 7 r gl , ArithmeticOnly , true);

K7rgl = subs(K7rqgl, multipliedangvel, shortenedangvel);
K7rgl = collect(K7rqgl, [thetabdot 2, theta6dot 2, thetal3ldot
2, thetal32dot 2, thetal3l1l132dot, thetab5131dot,
theta5132dot, theta6131dot,
theta6132dot, thetabo6dot]);
K7rgl = subs(K7rqgl, shortenedangvel, multipliedangvel);

K7rqgl(t) =

diff (thetal32(t), t) 2 ...

( J733 sin(thetab (t) thetal32(t)) sin(thetal31(t)) 2 cos(thetab (t)
thetal32(t)) ... 1
J711 sin(thetab (t) thetal32(t)) cos(theta6(t)) 2 sin(thetal3l(t))
2 cos(thetab (t) thetal32(t))... 2
J712 sin(thetal3l(t)) sin(thetab (t) thetal32(t)) cos(thetal31l (t))
cos (2 thetao(t)) ... 3+ 5
J722 sin(thetab (t) thetal32(t)) sin(theta6(t)) 2 sin(thetal3l(t))
2 cos(thetab (t) thetal32(t))... 4
+ 2 J712 sin(thetab (t) thetal32(t)) cos(theta6(t)) sin(theta6(t))
sin(thetal3l(t)) 2 cos(thetab (t) thetal32(t))... 6
+ (J722 J711) sin(thetal31(t)) sin(thetab (t) thetal32(t)) sin(
theta6(t)) cos(thetal3l(t)) cos(theta6(t))) ... 7 + 8

+ diff(thetal3l(t), t) 2 ...
(J711 sin(thetab (t) thetal32(t)) cos(thetab (t) thetal32(t)) cos(

theta6(t)) 2
2 J712 sin(thetab (t) thetal32(t)) cos(thetab (t) thetal32(t)) cos
(theta6(t)) sin(thetab6 (t))
+ J722 sin(thetab (t) thetal32(t)) cos(thetab (t) thetal32(t)) sin(
thetab6(t)) 2
J733 sin(thetab (t) thetal32(t)) cos(thetab (t) thetal32(t)))

+ diff(thetab(t), t) diff(thetal32(t), t) ...
( J712 sin(thetal31(t)) sin(thetab (t) thetal32(t)) cos (2 thetab (t))

9 + 10
+(J711 J722) sin(thetab (t) thetal32(t)) cos(thetao6(t)) sin(
theta6(t)) sin(thetal31(t)))... 11 + 12

+ diff(thetab(t), t) diff(thetal31(t), t) ...
( J712 cos(thetab (t) thetal32(t)) cos (2 thetao6(t))...
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544

545
546
547

548

549

550

551

552

553
554

555
556

557
558
559
560
561
562
563
564

565
566
567
568
569
570
571
572
573

574

575

576
5717
578
579
580
581
582
583
584
585
586
587
588
589
590

+

13 + 14
J722 J711) sin(thetao6(t)) cos(theta6(t)) cos(thetab (t)
thetal32(t)))... 15 + 16

+ diff(thetal3l(t), t) diff(thetal32(t), t) ...

(

J733 sin(thetal3l(t)) cos (2 (thetab (t) thetal32(t)))...

17 + 18
+ J711 sin(thetal3l(t)) cos(thetao6(t)) 2 cos (2 (thetab (t) thetal32 (t
))) ... 19 + 20
+ J722 sin(thetal3l(t)) sin(theta6(t)) 2 cos (2 (thetab (t) thetal32 (t
))) ... 21 + 22
+ J712 cos(thetal3l(t)) cos(thetab (t) thetal32(t)) cos (2 thetaob (t))
23 + 24
+ (J711 J722) sin(thetao6(t)) cos(thetal3l(t)) cos(thetao6 (t)) cos(
thetab (t) thetal32(t))... 26 + 27
J712 sin(thetal3l(t)) sin (2 thetao6(t)) cos (2 (thetab (t) thetal32(
£)))) ... 25 + 28
J733 sin(thetab (t) thetal32(t)) diff(thetao6(t), t) diff(thetal3l(t
), t) 29
J733 sin(thetal3l(t)) cos(thetab (t) thetal32(t)) diff(theta6(t), t
) diff(thetal32(t), t);
Partial derivative of total kinetic energy of Body 7 w.r.t thetab
K7gl = K7tgl + K7rqgl;
Potential Energy of Body 7
r7 = simplify(C57 rGO + r71 ul + r73 u3);
Position vector of C7 resolved in Reference Frame 7
r70 = C07 r7;
r70body = formula(r 7 0);
U7 = m7 dot(gvec , r70body.);
U7 = simplify(expand(U7));
U7 = m7 g (rGO1l cos(thetal3l) cos(thetal32)+r 71 cos(thetal3l) cos(
thetab thetal32) cos(theta6)...
r71 sin(thetal3l) sin(theta6) r73 sin(theta5 thetal32)
cos(thetal3l));
Derivative of potential energy of Body 7 w.r.t thetab
U79gl = simplify(deriv(U7, thetab));

Derivative of total potential energy w.r.t thetab

Utotalgl = U6gl + U7qgl;

Independent variable : thetab6
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591
592
593
594
595

596
597

598
599
600
601
602
603

604
605
606
607
608
609
610
611
612
613
614
615

616
617

618
619
620
621
622
623
624
625

626
627
628
629
630
631
632
633

634
635

636

638
639
640
641
642

Body 6

g2 = thetab6;

Derivative of translational kinetic energy of Body 6 w.r.t thetaé6dot
and time

6t g2dot = deriv(K6t, theta6dot); Partial derivative of
translational kinetic energy of Body 6 w.r.t thetab6dot

6t g2dott = deriv(K6tg2dot, t); Derivative w.r.t time
Derivative of Rotational Velocity of Body 6 w.r.t theta5dot and time

6rg2dot = deriv(K6r, thetaédot); Partial derivative of
rotational kinetic energy of Body 6 w.r.t thetab5dot

6rg2dott = deriv(K6rg2dot, t); Derivative w.r.t time
Derivative of total kinetic energy of Body 6 w.r.t theta6dot and time

6 g2dott = K6tg2dott + K6rg2dot t;

Derivative of Translational Velocity of Body 6 w.r.t theta6

6 g2 = deriv(Ve6, thetab6); Partial derivative of
translational velocity of Body 6 w.r.t thetab

6tg2 = m6 V6. V6Q9g2; Partial derivative of
translational kinetic energy of Body 6 w.r.t thetab6

6t g2 = simplify(K 6t g2);

6t g2 = expand(K 6t g2 , ArithmeticOnly , true);
6t g2 = subs(K6tg2, multipliedangvel, shortenedangvel);

6t g2 = collect(K6tg2, [thetal3ldot2, thetal32dot 2,
thetal31132dot, theta5132dot]);

6t g2 = subs(K 6t g2, shortenedangvel, multipliedangvel);

Derivative of Angular Velocity of Body 6 w.r.t thetaé6

6 g2 = deriv(w6, thetab6); Partial derivative of
angular velocity of Body 6 w.r.t thetaé6

6rg2 = wb6. J6 wb6g2; Partial derivative of
rotational kinetic energy of Body 6 w.r.t theta6

6rg2 = simplify(K6rg2);

6rg2 = expand(K 6 r g2 , ArithmeticOnly , true);

6rg2 = subs(K6rqg2, multipliedangvel, shortenedangvel);
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643 K6 r g2 = collect(K6rg2, [thetal3ldot2, thetal32dot 2,
thetal31132dot, theta5132dot]);

644

645 K6 r g2 = subs(K6rqg2, shortenedangvel, multipliedangvel);

646

647 Partial derivative of total kinetic energy of Body 6 w.r.t thetab

648

649 K6g2 = K6tg2 + K6rqg2;

650

651 Derivative of potential energy of Body 6 w.r.t thetab6

652

653 U6 g2 = deriv(U6, thetab);

654

655

656

657 Body 7

658

659 Derivative of Translational Velocity of Body 7 w.r.t thetaé6dot and time

660

661 K7t g2 dot = deriv(K7t, thetao6dot); Partial derivative of
translational kinetic energy of Body 7 w.r.t thetab6dot

662

663 K7t g2dott = deriv(K7tqg2dot, t); Derivative w.r.t time

664

665 K7t g2dott = diff(thetal32(t), t) 2

666 (( m7 r71 2 sin(thetal3l(t)) cos(thetab (t) thetal32(t))

667 m7 r71 r73 sin(thetab (t) thetal32(t)) cos(theta6 (t)) sin(
thetal3l (t))

668 + m7 r71 rGOl cos(theta6(t)) cos(thetal32(t)) sin(thetal3l(t)))

669 ...

670 diff (thetal32(t), t, t)

671 (( m7 r71 r73 cos(thetal31l(t)) sin(theta6(t))

672 m7 r71 rGOl cos(thetal31l(t)) sin(theta5(t)) sin(theta6 (t))

673+ m7 r71 r73 cos(thetao6(t)) sin(thetal3l(t)) cos(thetab (t)
thetal32(t))

674 + m7 r71 2 sin(thetab (t) thetal32(t)) sin(thetal3l(t))

675 m7 r71 rGOl cos(theta6(t)) sin(thetal3l(t)) sin(thetal32(t)))

676 oo

677 + diff (thetal31(t), t, t)

678 ( m7 r71 2 cos(thetab (t) thetal32(t))

679 m7 r71 r73 sin(thetab (t) thetal32(t)) cos(thetao (t))

680 + m7 r71 rGOl cos(theta6(t)) cos(thetal32(t)))

681 ...

682 + diff (thetal31(t), t) diff(thetal32(t), t)

683 (( m7 r71 2 sin(thetab (t) thetal32 (t))

684 m7 r71 2 sin(thetab (t) thetal32(t)) cos(thetal3l(t))

685 m7 r71 rGOl cos(theta6(t)) sin(thetal32(t))

686 + m7 r71 r73 sin(theta6(t)) sin(thetal3l(t))

687 + m7 r71 r73 cos(thetao6(t)) cos(thetab (t) thetal32(t))

688 m7 r71 r73 cos(theta6(t)) cos(thetal31l(t)) cos(thetab (t)
thetal32(t))

689 + m7 r71 rGOl cos(theta6(t)) cos(thetal31l(t)) sin(thetal32(t))

690 m7 r71 rGOl sin(thetab(t)) sin(theta6(t)) sin(thetal31(t)))

691 ...

692 + diff(thetab(t), t) diff(thetal32(t), t)

t
)
)
)

693 (( m7 r71 r73 sin(thetab (t) thetal32(t)) cos(thetao6(t)) sin(
thetal3l (t))
694 m7 r71 2 sin(thetal31(t)) cos(thetab (t) thetal32(t))

695 + m7 r71 rGOl cos(theta5(t)) cos(thetal31l(t)) sin(theta6(t)))
696
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697
698

699

701
702
703
704

706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721

722
723
724
725
726
727
728
729
730
731
732

733
734

735
736

737
738

739
740
741
742
743
744
745
746
747
748

749

\

diff (theta6(t), t) diff(thetal32(t), t)

m7 r71 r73 sin(theta6(t)) sin(thetal31(t)) cos(thetab (t)
thetal32(t))

m7 r71 r73 cos(theta6(t)) cos(thetal3l (t))

m7 r71 rGOl cos(theta6(t)) cos(thetal3l(t)) sin(thetab (t))
m7 r71 rGOl sin(theta6(t)) sin(thetal3l(t)) sin(thetal32(t)))

diff(thetao6(t), t) diff(thetal3l(t), t)
m7 r71 r73 sin(thetab (t) thetal32(t)) sin(theta6 (t))
m7 r71 rGOl cos(thetal32(t)) sin(thetab6(t)))

diff (thetab(t), t) diff(thetal3l(t), t)

m7 sin(thetab (t) thetal32(t)) r71 2
m7 r73 cos(thetao6(t)) cos(thetab (t) thetal32(t)) r71)

m7 r71 2 diff(theta6(t), t, t)

;n.7 r71 r73 sin(theta6(t)) diff(theta5(t), t, t)

;11‘7 r71 r73 cos(theta6(t)) diff(theta5(t), t) diff(theta6(t), t);
Derivative of Rotational Velocity of Body 7 w.r.t theta6dot and time
7r = 0.5(w7. J7 w7);

7rqg2dot = deriv(K7r, thetaé6dot); Partial derivative of
rotational kinetic energy of Body 7 w.r.t theta6dot

7rqg2dott = deriv(K7rg2dot, t); Derivative w.r.t time

7rg2dott = J733 diff(theta6(t), t, t)
J733 cos(thetab (t) thetal32(t)) diff(thetal3l(t), t, t)

diff(thetal31l(t), t) diff(thetal32(t), t)

J733 sin(thetab (t) thetal32(t))

J733 sin(thetab (t) thetal32(t)) cos(thetal3l(t)))

J733 sin(thetal3l(t)) cos(thetab (t) thetal32(t)) diff(thetal32(t),
t) 2

J733 sin(thetab (t) thetal32(t)) diff(theta5(t), t) diff(thetal3l(t
), B)

J733 sin(thetab (t) thetal32(t)) sin(thetal31l(t)) diff(thetal32(t),
t, t)

J733 sin(thetal3l(t)) cos(thetab (t) thetal32(t)) diff(thetab(t), t

) diff(thetal32(t), t);
Derivative of total kinetic energy of Body 7 w.r.t theta6dot and time

7g2dott = K7tg2dott + K7rg2dot t;

Derivative of Translational Velocity of Body 7 w.r.t theta6

792 = deriv(V7, thetab); Partial derivative of
translational velocity of Body 7 w.r.t thetab
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751
752
753
754
755

756
757

759
760
761
762
763

764

765

766

767

768

769

770

771

772

773

774

775

776

777

778

779

780

781

782

783

784

785

786

787

788

789

790

791

V792 = simplify(expand(V 7 g2 , ArithmeticOnly , true));

V792 = collect(V7g2, [thetal3ldot, thetal32dot, thetabdot]);

K7tg2 = m7 V7. V792; Partial derivative of
translational kinetic energy of Body 7 w.r.t theta6

K7tqg2 = simplify(K 7t g2);

K7tqgz expand (K 7t g2 , ArithmeticOnly , true);

K7tqgz2 subs(K 7t g2, multipliedangvel, shortenedangvel);

K7tg2 = collect(K7tqg2, [thetabdot 2, theta6dot 2, thetal3ldot
2, thetal32dot 2, thetal3l1l132dot, thetab5131dot,
thetab5132dot, theta6l1l31ldot,
theta6132dot, thetabo6dot]);
K7tg2 = subs(K7t g2, shortenedangvel, multipliedangvel);
K7tg2 = m7 (...

diff (thetal31l(t), t) 2

(r71 2 cos(theta6(t)) sin(thetao6(t)) sin(thetab (t) thetal32(t)) 2

+ r73 r71 sin(theta6(t)) cos(thetab (t) thetal32(t)) sin(thetab (t)
thetal32(t))
rGOl r71 cos(thetal32(t)) sin(theta6(t)) cos(thetab (t) thetal32 (t

)))
+ diff(thetal32(t), t) 2 ...

(r71 rGOl cos(theta5(t)) cos(thetal31l(t)) 2 sin(thetao6(t))

1
+ r71 2 cos(theta6(t)) sin(theta6(t)) sin(thetal31l(t)) 2 cos(thetab (t)
thetal32(t)) 2 ... 2
r71 2 cos(theta6(t)) cos(thetal31l(t)) 2 sin(theta6(t))
3
r71 2 sin(thetal3l(t)) cos(thetal31l(t)) cos(thetab (t) thetal32(t))
cos (2 theta6(t)) ... 4 + 5
+ r71 rGOl sin(thetab (t) thetal32(t)) sin(theta6(t)) sin(thetal3l (t
)) 2 sin(thetal32(t)) ... 6
+ r71 r73 sin(thetab (t) thetal32(t)) cos(thetao6(t)) cos(thetal3l (t)
) sin(thetal31(t)) ... 7
r71 r73 sin(thetab (t) thetal32(t)) sin(thetao6(t)) sin(thetal3l (t)
) 2 cos(thetab (t) thetal32(t)) ... 8
r71 rGOl sin(thetal3l(t)) cos(thetal31l(t)) cos(thetal32(t)) cos(
thetao(t))) ... 9 + 10
+ diff(thetab5(t), t) diff(thetal32(t), t)
(r71 2 sin(thetal3l(t)) cos(thetab (t) thetal32(t)) cos (2 thetab (t))
11 + 13
+ 2 r71 2 cos(thetal31(t)) cos(theta6(t)) sin(thetaoc(t))...
12
r71 r73 sin(thetab (t) thetal32(t)) sin(thetal31(t)) cos(theta6 (t)
) .. 14

+ r71 rGOl cos(thetab(t)) cos(thetal3l(t)) sin(thetao6(t)))...
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15
793 ...
794 + diff (theta6(t), t) diff(thetal32(t), t) ...
795 ...
79¢ ( r71 r73 sin(theta6(t)) sin(thetal31(t)) cos(thetab (t) thetal32 (t)
) .
797 r71 r73 cos(theta6(t)) cos(thetal3l(t))
(t)) sin(thetab(t))...
(t)) sin(thetal32(t)))

79¢ + r71 rGOl cos(theta6(t)) cos(thetal3l
799 r71 rGOl sin(theta6(t)) sin(thetal3l
800 ...

gso1 + diff(thetal31(t), t) diff(thetal32(t), t)

802 ...

303 ( r71 2 sin(thetab (t) thetal32(t)) cos(thetal31l(t)) cos (2 thetao6(t))

16 + 17

804 r71 r73 cos(thetao6(t)) cos(thetal3l(t)) cos(thetab (t) thetal32 (t)
) ... 18

so0s + r71 r73 sin(theta6(t)) sin(thetal31(t)) cos (2 (thetab (t) thetal32
(£))) ... 19 + 20

306 + r71 rGOl sin(thetal32(t)) cos(thetal3l(t)) cos(thetab6 (t))

21 + 22

807 + 2 r71 2 sin(thetab (t) thetal32(t)) cos(theta6(t)) sin(thetab6(t))
sin(thetal3l(t)) cos(thetab (t) thetal32(t))... 23

s0s + r71 rGOl sin(thetal31(t)) sin(thetao6(t)) sin(thetab (t) 2 thetal32
(£))) ... 24 + 25

809 ...

gl0 + diff(thetaé6(t), t) diff(thetal3l (t), t) ...

811 .« e

s12 ( r71 r73 sin(thetab (t) thetal32(t)) sin(theta6 (t))

813 r71 rGOl cos(thetal32(t)) sin(thetaoc (t)))

814 .« e

g15 + diff(thetab(t), t) diff(thetal3l (t), t) ...

816 .« e

817 ( r71 2 sin(thetab (t) thetal32(t)) cos (2 theta6(t))... 26
+ 27

s1s + r71 r 73 cos(thetab (t) thetal32(t)) cos(thetaoc(t)))...

819 ...

820 r71 2 cos(theta6(t)) sin(theta6(t)) diff(thetab(t), t) 2

821 .« e

s22 + 71 r73 cos(theta6(t)) diff(thetab(t), t) diff(theta6(t), t));

823

824

825

826 Derivative of Angular Velocity of Body 7 w.r.t thetaé

827

g28 w7 g2 = deriv(w7, theta6); Partial derivative of
angular velocity of Body 7 w.r.t thetab

829

830 w7 g2
831

832 w7 g2 = collect(w7q9g2, [thetal3ldot, thetal32dot, thetabdotl]);
833

simplify (expand(w 7 g2 , ArithmeticOnly , true));

834

83s K7rg2 = w7. J7 w792; Partial derivative of
rotational kinetic energy of Body 7 w.r.t thetab

836

837 K7 r g2

838

839 K7 rqgz2

simplify(K 7 r g2);

expand (K 7 r g2 , ArithmeticOnly , true);
840
841
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842
843
844

845

846
847
848
849
850
851
852
853
854
855
856

857

858

859

860

861

862

863

864

865

866

867

868

869

870

871

872

873

874

875

876

877

878

879

880

881

882
8

©

3

K7rqg2 = subs(K7rqg2, multipliedangvel, shortenedangvel);

K7rg2 = collect(K7rqg2, [thetabdot 2, theta6dot 2, thetal3ldot
2, thetal32dot 2, thetal3l1l132dot, thetab5131dot,
theta5132dot, theta6131ldot,
theta6132dot, thetabo6dot]);

K7rqgz2 subs(K 7 r g2, shortenedangvel, multipliedangvel);
K7rg2 = diff(thetab(t), t) 2 ...

( J712 cos (2 thetao6(t))
+ (J711 J722) sin(theta6 (t)) cos(theta6(t)))

+ diff(thetal32(t), t) 2 ...

( J712 cos(thetal31l(t)) 2 cos (2 thetao6(t))

4 +
5
J712 sin(thetal3l(t)) 2 cos(thetab (t) thetal32(t)) 2 cos (2 thetab
t))... 6 + 7
+ (J711 J722) sin(theta6 (t)) cos(theta6(t)) cos(thetal3l(t)) 2
8 + 9
+ (J722 J711) sin(theta6(t)) sin(thetal3l(t)) 2 cos(theta6 (t)) cos(
thetab (t) thetal32(t)) 2 ... 10 + 11
+ (J711 J722) sin(thetal31(t)) cos(thetal3l(t)) cos(thetaoc(t)) 2 cos
(thetab (t) thetal32(t)) ... 12 + 13
+ (J722 J711) sin(thetal31(t)) sin(theta6(t)) 2 cos(thetal31l(t)) cos
(thetab (t) thetal32(t))... 14 + 15
4 J712 cos(theta6(t)) cos(thetal3l(t)) sin(theta6(t)) sin(thetal3l (t
)) cos(thetab (t) thetal32(t))) ... 16
+ diff(thetal3l(t), t) 2 ...
( J712 sin(thetab (t) thetal32(t)) 2 cos (2 thetab (t))
17 + 18
+ (J722 J711) sin(thetab (t) thetal32(t)) 2 sin(theta6(t)) cos/(
thetao(t))) ... 19 + 20
+ diff(thetab5(t), t) diff(thetal31(t), t) ...
((J722 J711) sin(thetab (t) thetal32(t)) cos (2 thetab6(t))...
21 + 22 + 23 +24
+ 4 J712 sin(thetab (t) thetal32(t)) cos(theta6(t)) sin(theta6(t)))
25
+ diff(thetab5(t), t) diff(thetal32(t), t) ...
(23712 cos(thetal3l(t)) cos (2 thetaoc(t))...
26
+ 2 (J722 J711) cos(thetab6(t)) cos(thetal3l(t)) sin(theta6(t))...
27 + 28
+ (J722 J711) sin(thetal31(t)) cos(thetab (t) thetal32(t)) cos (2
thetab6(t)) ... 29 + 30 + 31 + 32
+ 4 J712 cos(theta6(t)) sin(theta6(t)) sin(thetal3l(t)) cos(thetab (t)
thetal32(t)))... 33
+ diff(thetal31(t), t) diff(thetal32(t), t) ...
((J711 J722) sin(thetab (t) thetal32(t)) cos(thetal3l (t)) cos (2
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thetab6(t))... 34 + 35 + 36 + 37

884 4 J712 sin(thetab (t) thetal32(t)) cos(theta6(t)) cos(thetal3l(t))
sin(theta6(t))... 38

885 2 J712 sin(thetal31l(t)) sin(thetab (t) thetal32(t)) cos(thetab (t)
thetal32(t)) cos (2 thetao6(t))... 39 + 40

gge + 2 (J722 J711) sin(thetal3l(t)) sin(thetab (t) thetal32(t)) sin(
theta6(t)) cos(thetab (t) thetal32(t)) cos(thetao6(t))); 41442

887

888 Partial derivative of kinetic energy of Body 7 w.r.t thetab6

889

goo K7g2 = K7tg2 + K7rqg2;

891

892 Derivative of potential energy of Body 7 w.r.t thetaé

893

894 U7 g2 = simplify(deriv(U7, theta6));

895

896 Derivative of total potential energy w.r.t thetab6

897

gos Utotalg2 = U6qg2 + UT79g2;

899

900

901

902 Lagrange equations

903

904 For gl = thetab

905

906 Langrangel = (K6gldott + K7gldott) (K6gl + K7gl) +
Utotalgl T5;

907

908 TS5manuel = (K6gldott + K7gldott) (K6gl + K7gl1) +
Utotalgl;

909

910 T5manuel = simplify (T 5manuel);

911

912 TS5manuel = subs(T5manuel, multipliedangvel, shortenedangvel);

913

914 T5manuel = collect(T5manuel, [thetal3ldot 2, thetal32dot 2,
thetal3l1l32dot,...

915 thetab131dot, thetab132dot, theta6l1l31dot,
theta6132dot, thetabo6dot,
916 thetab5dot 2, thetao6dot 2, thetal3lddot,

thetal32ddot, theta5ddot, theta6ddot]);

917

918 T5manuel = subs(T5manuel, shortenedangvel, multipliedangvel);

919

920 For g2 = thetat6

921

922 Langrange2 = (K6g2dott + K7g2dott) (K6g2 + K79g2) +
Utotalg?2 T6;

923

924 Toemanuel = (K6g2dott + K7g2dott) (K6g2 + K7g2) +
Utotalqg?2;

925

926 Tomanuel = simplify (T 6manuel);

927

928 Tomanuel = subs(T6manuel, multipliedangvel, shortenedangvel);

929

930 Tomanuel = collect(T6émanuel, [thetal3ldot 2, thetal32dot 2,
thetal31132dot,...

931 theta5131dot, thetab5132dot, theta6l3ldot,
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theta6132dot, thetab6dot,
932 thetab5dot 2, theta6dot 2, thetal3lddot,
thetal32ddot, thetabddot, thetao6ddot]);
933

93¢ Tomanuel = subs(T6manuel, shortenedangvel, multipliedangvel);

935

93¢ variablenames = g, m5, m6, m7, Jg511, J512, Jg513, J521, J522,

J523, J531, J532, J533,

937 Joell, J612, J613, J621, J622,
J623, J631, J632, J633,

938 Jg711, Jg712, J713, J721, J1722,
J723, J731, Jd732, J733,

939 r51, r52, r53, reol, re2, ro63
, r71, r72, r73, rGOol,

940 thetal3ldot, thetal32dot,

thetal31132dot, thetab5131dot,

941 theta5132dot, theta6l1l31ldot,
theta6132dot, thetabo6dot,
e

942 thetab5(t), theta6(t), thetal3l(t),
thetal32(t) ;

943

944 variablevalues = 9.81 , 1e315325.23 , 1e34530.59 , 1e32557.47 ,...
g Masses
945 595993867.8¢ 9 , 751458.22e 9 , 5144079.54e 9 ,...
Inertia Terms J511 J512 J513
946 751458.22e¢ 9 , 641588537.25e 9 , 145338017.74e 9 ,...
Inertia Terms J521 J522 J523
947 5144079.54e 9 , 145338017.74e 9 , 336549983.33e 9 , ...
Inertia Terms J531 J532 J533
948 18898872.13e 9 , 328799.77¢ 9 , 1485177.89%9e 9 ,...
Inertia Terms J611 J612 J613
949 328799.77¢ 9 , 110603524.64e 9 , 3815.25¢ 9 , ...
Inertia Terms J621 J622 J623
950 1485177.89e 9 , 3815.25e¢ 9 , 93783786.61le 9 , ...
Inertia Terms J631 J632 J633
951 11824640.51e 9 , 1679850.64e 9 , 137920.31e 9 , ...
Inertia Terms J711 J712 J713
952 1679850.64e 9 , 24252622.46e 9 , 37299.2%9¢ 9 , ...
Inertia Terms J721 J722 J723
953 137920.31e 9 , 37299.29e 9 , 15203370.83e 9 ,...
Inertia Terms J731 J732 J733
954 le 3 98.45 , 0, le 3 (60.66) ,...
Center of Mass r 5
955 0O, 0, le 3 (168.02) ,...

Center of Mass r 6
956 le 3 39.19 , 0, 1le 3 (16.28) ,...
Center of Mass r 7

957 le 3 266.1,
Center of
Mass r GO

958 21, 29, 43, 25, 35, 15, 78, 18,

959 12, 22, 16, 9 ;

960

961 T5manueldouble = double(subs(T5manuelsimplified, variablenames,
variablevalues))

962 Tomanuel double = double(subs(T6émanuelsimplified, variablenames,
variablevalues))
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Listing D.12: Matlab script to visualize the simulated motion of the stabilizer

clear; clc;
GlobalVariables

thetab = importfile ( SolidworksSimulationData theta5solidworksv01l.txt )
7

theta6 = importfile ( SolidworksSimulationData theta6solidworksvO0l.txt )
7

thetab = deg2rad(thetab);

theta6 = deg2rad(theta6);

b6x = 37; b6y = 154.5; b6z = 138.5;

b7x = 38.8; b7y = 134; b7z = 115.5;

body 6

body 6

body 7

figure

for 1 =

= [b6x Dbb6y bb6z; 0
b6x b6y bb6z; 1
b6x b6y bbz; 2
b6x b6y bbz; 3
b6x b6y bb6z; 4
b6x b6y bbz; 5
b6x b6y bbz; 6
b6x b6y bb6z; 7
b6x b6y bbz; 8
b6x b6y bbz; 9
b6x b6y bbz; 10
b6x b6y bo6z; 11
b6x b6y bbz; 12
b6x b6y bb6z; 13
b6x bbby bo6z; 14

b6x b6y bbz; 15
b6x b6y b6z]; 16

= body6 ;

= [b7x Db7x Db7x Db7x Db7x Db7x Db7x Db7x Db7x 0 0 0;
b7y b7y b7y b7y bly Dbly b7y bly 0 0 0 0;
b7z b7z b7z b7z b7z b7z bz b7z 0 0 b6z bb6z];

l:length(thetab)

T5612(:,:,1) = BasicRotationMatrix (3,thetab(i))

BasicRotationMatrix (1, pi/2); C(5,6)

T6712(:,:,1) = BasicRotationMatrix (3,theta6 (i)); c(6,7)

T5712(:,:,1)

T5612(:,:,1) T6712(:,:,1) ; C(5,7)

T2513 = BasicRotationMatrix (2,0) BasicRotationMatrix (1,0)

BasicRotationMatrix (2, pi/2); c(0,5)

body6(:,:,i+l) = T2513 T5612(:,:,1) body6(:,:,1);

body 7 (:,:,i+1l) = T2513 T5712 (:,:,1) body 7 (:,:,1);
plot3 ( body7(3,:,1i+1l), body7(2,:,i+l), body7(1l,:,i+1))
hold on

plot3 ( body6(3,:,i+l), body6(2,:,i+1l), body6(l,:,1i+1))
axis equal
plot3(body7(1,:,i+1), body7(2,:,i+l), body7(3,:,i+l))
hold on
plot3(body6(1l,:,i+1l), body6(2,:,i+l), body6(3,:,i+1))
axis equal
x1im ([ 180 180])
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end

Listing D.13: Newton-Euler equations for the stabilizer equation elimination

clea
clc

syms

syms

syms

syms

syms

syms

syms

syms

Co

X =

Co

A =

Ro

A(1,

Ro

A(2,

Ro

A(3,

Ro

A(4,

ylim ([ 180 180])
zlim ([ 180 180])
hold off

pause (0.05)

r

J511 J512 J513 J521 J522 J523
Je6ll J612 J613 J621 J622 J623
J711 J712 J713 J721 J722 J723

F561dp F562dp F563dp M561dp
F671dp F672dp F673dp M671dp

Fgl Fg2 Fg3 Mgl Mg2 Mg3

theta5 theta6 thetal3l thetal32

J531 J532 J533
J631 J632 J633
J731 J732 J733

M562dp M563dp
M672dp M673dp

theta5dot theta6dot thetabddot thetaéddot...
thetal3ldot thetal32dot thetal3lddot thetal32ddot

m5 m6é m7 g

r51 r52 r53 r6l r62 r63 r71 r72 r73

r561 r562 r563 r651 r652 r653
rGOl rGO2 rGO3 r761 r762 r763

nstruction of X matrix

r671 r672 re673

real

[theta5ddot; thetaé6ddot; F561ldp; F562dp; F563dp;

M563dp; F671dp;...

F672dp; F673dp; M671dp; M672dp; Fgl; Fg2;

Mg2; Mg3];
nstruction of A matrix

sym(zeros (18,18));
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3) = cos(thetab); A(1,5) = sin(thetab); A(1,13) = 1;
w 2

3) = sin(thetab); A(2,5) = cos(thetab); A(2,14) =
w 3

4) = 1; A(3,15) = 1;

w 4

3) = r563 sin(thetab); A(4,5) = r563 cos(thetab);
thetab);

Fg3;

(4,6)
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61
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67
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A(4,7) = sin(thetab); A(4,14) = r53; A(4,16) = 1;

Row 5
A(5,3) = r563 cos(thetab); A(5,4) = 1r561l; A(5,5) = r563 sin(thetab);
A(5,6) = sin(thetab);
A(5,7) = cos(thetab); A(5,13) = rb53; A(5,15) = r51; A(5,17) = 1;
Row 6
A(6,3) = r561 sin(thetab); A(6,5) = r561 cos(thetab);
A(6,14) = «rb51; A(6,18) = 1;
Row 7
A(7,1) = m6 r63; A(7,3) = 1; A(7,8) = cos(theta6); A(7,9) = sin(thetab6
)i
Row 8
A(8,4) = 1; A(8,8) = sin(theta6); A(8,9) = cos(thetao);
Row 9
A(9,5) = 1; A(9,10) = 1;
Row 10
A(10,4) = r653; A(10,5) = r652; A(10,6) = 1; A(10,8) = r673 sin(thetab
)i
A(10,9) = r673 cos(thetao); A(10,11) = cos(theta6); A(10,12) = sin(
theta6);
Row 11
A(l11,1) = J0622; A(11,3) = r653; A(l1l,8) = r673 cos(theta6);
A(1l1,9) = r673 sin(thetao6); A(l1l,11) = sin(thetao); A(1l1l,12) = cos(
theta6);
Row 12
A(12,3) = r652; A(1l2,7) = 1;
Row 13
A(13,1) = m7 r73 cos(theta6); A(13,8) = 1;
Row 14
A(l14,1) = m7 r73 sin(theta6); A(14,2) = m7 r71; A(1l4,9) = 1;
Row 15
A(15,1) = m7 r71 cos(theta6); A(15,10) = 1;
Row 16
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107
108

110
111
112
113
114
115
116
117
118
119
120
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123
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127

128
129
130
131
132
133
134
135
136
137
138
139
140
141
142

143
144
145
146
147
148
149

150
151
152
153
154
155

157

158

159
160

A(l6,1) J711 sin(theta6) + J712 cos(thetab);

A(l16,9) = r763; A(le,11) = 1;
Row 17
A(l17,1) = J722 cos(thetao6) + J712 sin(thetab);
A(17,8) = r763; A(17,10) = «r76l1l; A(17,12) = 1;
Row 18
A(18,2) = J733; A(18,9) = r761;

Construction of B matrix
B = sym(zeros(18,1));

B(l) = (cos(thetal3l) 2 thetal32dot 2
+ cos(thetal32) 2 thetal3ldot 2
+ sin(thetal31l) 2 sin(thetal32) 2 thetal32dot 2
+ 2 cos(thetal32) sin(thetal3l) sin(thetal32) thetal32dot
thetal3ldot) m5 rb51
+ (sin(thetal32) thetal3ldot thetal32dot
cos(thetal32) sin(thetal31l) thetal32dot 2
cos(thetal32) thetal3lddot ..
sin(thetal31l) sin(thetal32) thetal32ddot
+ cos(thetal3l) cos(thetal32) sin(thetal31l) thetal32dot 2
2 cos(thetal3l) sin(thetal32) thetal32dot thetal3ldot) m5 r53

+ (g cos(thetal3l) cos(thetal32)) mb5;

B(2) = ((sin (2 thetal32) thetal3ldot 2) /2
(sin (2 thetal32) thetal32dot 2) /2
+ cos(thetal3l) thetal32ddot
+ cos(thetal3l) 2 cos(thetal32) sin(thetal32) thetal32dot 2
2 cos(thetal32) 2 sin(thetal3l) thetal3ldot thetal32dot) m5 r51

+ (cos(thetal32) sin(thetal3l) thetal32ddot
cos(thetal32) thetal32dot thetal3ldot
sin(thetal31l) sin(thetal32) thetal32dot 2
sin(thetal32) thetal3lddot
+ 2 cos(thetal3l) cos(thetal32) thetal3ldot thetal32dot
+ cos(thetal3l) sin(thetal31l) sin(thetal32) thetal32dot 2) m5 rb53

+ (g cos(thetal3l) sin(thetal32)) mb5;

B(3) = (cos(thetal32) thetal3lddot
+ cos(thetal32) sin(thetal31l) thetal32dot 2
sin(thetal32) thetal3ldot thetal32dot
+ sin(thetal31l) sin(thetal32) thetal32ddot
+ cos(thetal3l) cos(thetal32) sin(thetal31l) thetal32dot 2) m5 rb51

+ (thetal3ldot 2 + thetal32dot 2
cos(thetal3l) 2 thetal32dot 2) mb5 r53 ;
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164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181

182
183
184
185
186
187
188
189
190
191
192

193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218

B(4) = (sin(thetal32) thetal3lddot

+ cos(thetal32) thetal3ldot thetal32dot
+ sin(thetal3l) sin(thetal32) thetal32dot 2
cos(thetal32) sin(thetal31l) thetal32ddot
cos(thetal3l) cos(thetal32) thetal32dot thetal3ldot) J511

+ (cos(thetal3l) thetal32ddot
cos(thetal32) sin(thetal3l) 2 sin(thetal32) thetal32dot 2

)
+ cos(thetal32) sin(thetal32) thetal3ldot 2
sin(thetal3l) thetal3ldot thetal32dot
cos(thetal32) 2 sin(thetal3l) thetal32dot thetal3ldot
+ sin(thetal3l) sin(thetal32) 2 thetal32dot thetal3ldot) J513
+ ( cos(thetal3l) sin(thetal3l) sin(thetal32) thetal32dot 2

cos(thetal3l) cos(thetal32) thetal32dot thetal3ldot) J522

+ (cos(thetal3l) 2 thetal32dot 2
cos(thetal32) 2 thetal3ldot 2
sin(thetal3l) 2 sin(thetal32) 2 thetal32dot 2
2 cos(thetal32) sin(thetal3l) sin(thetal32) thetal32dot
thetal3ldot) J523

+ (cos(thetal3l) sin(thetal3l) sin(thetal32) thetal32dot 2
+ cos(thetal3l) cos(thetal32) thetal32dot thetal3ldot) J533 ;

B(5) = (cos(thetal3l) cos(thetal32) sin(thetal3l) thetal32dot 2
cos(thetal3l) sin(thetal32) thetal32dot thetal3ldot) J511

+ (cos(thetal32) 2 sin(thetal3l) 2 thetal32dot 2
cos(thetal3l) 2 thetal32dot 2
+ sin(thetal32) 2 thetal3ldot 2
2 cos(thetal32) sin(thetal3l) sin(thetal32) thetal32dot
thetal3ldot) J513

+ (sin(thetal32) thetal32dot thetal3ldot
cos(thetal32) sin(thetal31l) thetal32dot 2
cos(thetal32) thetal3lddot
sin(thetal3l) sin(thetal32) thetal32ddot
cos(thetal3l) sin(thetal32) thetal32dot thetal3ldot) J522

+ (cos(thetal3l) thetal32ddot

+ cos(thetal32) sin(thetal3l) 2 sin(thetal32) thetal32dot 2

cos(thetal32) sin(thetal32) thetal3ldot 2

sin(thetal3l) thetal3ldot thetal32dot

+ cos(thetal32) 2 sin(thetal3l) thetal32dot thetal3ldot

sin(thetal3l) sin(thetal32) 2 thetal32dot thetal3ldot) J523

+ (cos(thetal3l) sin(thetal32) thetal32dot thetal3ldot
cos(thetal3l) cos(thetal32) sin(thetal31l) thetal32dot 2) J533

B(6) = (cos(thetal32) 2 sin(thetal3l) thetal3ldot thetal32dot
+ cos(thetal32) sin(thetal3l) 2 sin(thetal32) thetal32dot 2
cos(thetal32) sin(thetal32) thetal3ldot 2

sin(thetal3l) sin(thetal32) 2 thetal3ldot thetal32dot) J511

+ (sin(thetal32) thetal3lddot
cos(thetal32) thetal32dot thetal3ldot
+ sin(thetal3l) sin(thetal32) thetal32dot 2

+
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220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245

246

247

248

249

251

252

253

254

256

257

258

259

260

261

262
263

264

265

cos(thetal32) sin(thetal31l) thetal32ddot
2 cos(thetal3l) cos(thetal32) thetal3ldot thetal32dot
cos(thetal3l) sin(thetal31l) sin(thetal32) thetal32dot 2) J513

(cos(thetal32) sin(thetal32) thetal3ldot 2

cos(thetal32) sin(thetal31l) 2 sin(thetal32) thetal32dot 2
cos(thetal32) 2 sin(thetal3l) thetal3ldot thetal32dot
+ sin(thetal3l) sin(thetal32) 2 thetal3ldot thetal32dot) J522
+ (sin(thetal32) thetal3ldot thetal32dot
cos(thetal32) sin(thetal31l) thetal32dot 2
cos(thetal32) thetal3lddot
sin(thetal3l) sin(thetal32) thetal32ddot
+ cos(thetal3l) cos(thetal32) sin(thetal3l) thetal32dot 2
2 cos(thetal3l) sin(thetal32) thetal32dot thetal3ldot) J523
+ (cos(thetal3l) thetal32ddot
sin(thetal31l) thetal32dot thetal3ldot) J533;
B(7) = ( cos(thetal3l) thetal32ddot
+ sin(thetal31l) thetal32dot thetal3ldot
cos(thetab) cos(thetal32) 2 sin(thetab) thetal3ldot 2
+ cos(thetab) 2 cos(thetal32) sin(thetal32) thetal3ldot 2
+ cos(thetab) sin(thetab) sin(thetal32) 2 thetal3ldot 2
cos(thetal32) sin(thetab) 2 sin(thetal32) thetal3ldot 2
+ cos(thetab) cos(thetal32) 2 sin(thetab) sin(thetal3l) 2 thetal32dot
2
cos(thetab) 2 cos(thetal32) sin(thetal3l) 2 sin(thetal32)
thetal32dot 2
cos(thetab) 2 cos(thetal32) 2 sin(thetal31l) thetal3ldot
thetal32dot
cos(thetab) sin(thetab) sin(thetal31l) 2 sin(thetal32) 2 thetal32dot
2
+ cos(thetal32) sin(thetab) 2 sin(thetal31l) 2 sin(thetal32)
thetal32dot 2
+ cos(thetab) 2 sin(thetal31l) sin(thetal32) 2 thetal32dot
thetal3ldot
+ cos(thetal32) 2 sin(thetab) 2 sin(thetal31l) thetal32dot
thetal3ldot
sin(thetab) 2 sin(thetal3l) sin(thetal32) 2 thetal32dot
thetal3ldot
4 cos(thetab) cos(thetal32) sin(thetab) sin(thetal3l) sin(thetal32)
thetal32dot thetal3ldot) m6 r63
+ (sin(thetab) cos(thetal3l) thetal32ddot
+ cos(thetab) cos(thetal3l) 2 thetal32dot 2
+ cos(thetab) cos(thetal32) 2 thetal3ldot 2
sin(thetab) cos(thetal32) sin(thetal3l) 2 sin(thetal32) thetal32dot
2
+ sin(thetab) cos(thetal32) sin(thetal32) thetal3ldot 2
+ cos(thetab) sin(thetal31l) 2 sin(thetal32) 2 thetal32dot 2
+ sin(thetab) sin(thetal3l) sin(thetal32) 2 thetal3ldot thetal32dot
sin(thetab) sin(thetal31l) thetal3ldot thetal32dot
sin(thetab) cos(thetal32) 2 sin(thetal3l) thetal32dot thetal3ldot
+ 2 cos(thetab) cos(thetal32) sin(thetal3l) sin(thetal32) thetal32dot

thetal3ldot) m6 rGOl
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+ (g cos(thetal3l) cos(thetab
thetal32)) mo6 ;

B(8) = (cos(thetal32) sin(thetab) thetal3lddot
cos(thetab) sin(thetal32) thetal3lddot

+ 2 cos(thetab) cos(thetal32) thetal3ldot thetabdot
cos(thetab) cos(thetal32) thetal32dot thetal3ldot
cos(thetab) sin(thetal31l) sin(thetal32) thetal32dot 2

+ cos(thetal32) sin(thetab) sin(thetal31l) thetal32dot 2

cos(thetab) cos(thetal32) sin(thetal3l) thetal32ddot

+ 2 sin(thetab) sin(thetal32) thetab5dot thetal3ldot
sin(thetab) sin(thetal32) thetal32dot thetal3ldot

+ sin(thetab) sin(thetal31l) sin(thetal32) thetal32ddot
cos(thetab) cos(thetal3l) sin(thetal3l) sin(thetal32) thetal32dot 2

+

+ cos(thetal3l) cos(thetal32) sin(thetab) sin(thetal3l) thetal32dot 2

+ 2 cos(thetab) sin(thetal3l) sin(thetal32) theta5dot thetal32dot

2 cos(thetal32) sin(thetab) sin(thetal3l) thetal32dot theta5dot)
mé6 ro63

+ (sin(thetal32) thetal3ldot thetal32dot
cos(thetal32) sin(thetal3l) thetal32dot 2
cos (thetal32) thetal3lddot

sin(thetal3l) sin(thetal32) thetal32ddot

( )

cos(thetal3l) cos(thetal32) sin(thetal31l) thetal32dot 2) m6 rGoOl

+ (g sin(thetal3l)) m6 ;

B(9) = (cos(thetab) 2 cos(thetal32) 2 sin(thetal3l) 2 thetal32dot 2
+ cos(thetab) 2 sin(thetal32) 2 thetal3ldot 2
+ 2 cos(thetab) cos(thetal32) sin(thetab) sin(thetal3l) 2 sin(thetal32
) thetal32dot 2
2 cos(thetab) cos(thetal32) sin(thetab) sin(thetal32) thetal3ldot 2

cos(thetal3l) 2 thetal32dot 2
cos(thetal32) 2 sin(thetab) 2 thetal3ldot 2
sin(thetab) 2 sin(thetal31l) 2 sin(thetal32) 2 thetal32dot 2
thetabdot 2
2 cos(thetab) 2 cos(thetal32) sin(thetal3l) sin(thetal32)
thetal32dot thetal3ldot .
+ 2 cos(thetab) cos(thetal32) 2 sin(thetab) sin(thetal31l) thetal32dot
thetal3ldot
2 cos(thetab) sin(thetab) sin(thetal3l) sin(thetal32) 2 thetal32dot
thetal3ldot
2 cos(thetal3l) thetal32dot theta5bdot
+ 2 cos(thetal32) sin(thetab) 2 sin(thetal3l) sin(thetal32)
thetal32dot thetal3ldot) m6 r63

+ o+ o+ o+

+ (cos(thetab) cos(thetal3l) thetal32ddot
sin(thetab) cos(thetal3l) 2 thetal32dot 2
sin(thetab) cos(thetal32) 2 thetal3ldot 2
cos(thetab) cos(thetal32) sin(thetal31l) 2 sin(thetal32) thetal32dot
2
+ cos(thetab) cos(thetal32) sin(thetal32) thetal3ldot 2
sin(thetab) sin(thetal3l) 2 sin(thetal32) 2 thetal32dot 2
+ cos(thetab) sin(thetal31l) sin(thetal32) 2 thetal3ldot thetal32dot
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313
314

315

316
317
318
319
320
321
322
323
324
325
326
327
328
329

330
331
332

333
334
335
336
337
338
339
340
341
342
343
344

345

346

347

348
349

350
351
352

353

354
355
356

357
358
359

cos(thetab) sin(thetal31l) thetal3ldot thetal32dot

cos(thetab) cos(thetal32) 2 sin(thetal31l) thetal32dot thetal3ldot

2 sin(thetab) cos(thetal32) sin(thetal3l) sin(thetal32) thetal32dot

thetal3ldot) m6 rGOl

+ (g sin(thetab thetal32) cos(thetal3l)) m6 ;

B(10) = (cos(thetab) sin(thetal32) thetal3lddot

thetal32) sin(thetab
thetab) cos(thetal32

thetal3lddot

thetal3ldot thetabdot
thetab) cos(thetal32) thetal3ldot thetal32dot
thetab) sin(thetal3l) sin(thetal32) thetal32dot 2

cos )
)
)
)
thetal32) sin(thetab) sin(thetal3l) thetal32dot 2
)
)
)
)
)

COs
CcOos
COos
CcOs

(
(
(
(
(
(
(
(
(
(

cos(thetab) cos(thetal32) sin(thetal3l) thetal32ddot

sin(thetab) sin(thetal32 thetab5dot thetal3ldot

sin(thetab) sin(thetal32 thetal32dot thetal3ldot

sin(thetab) sin(thetal3l) sin(thetal32) thetal32ddot

cos(thetab) cos(thetal3l) cos(thetal32) thetal32dot thetal3ldot

cos(thetab) sin(thetal31l) sin(thetal32) thetal32dot thetabdot

cos(thetal32) sin(thetab) sin(thetal31l) thetal32dot thetabdot

cos(thetal3l) sin(thetab) sin(thetal32) thetal32dot thetal3ldot)
J611

(2 cos(thetal32) sin(thetab) thetal3ldot thetabdot

sin(thetab) sin(thetal32) thetal3lddot

cos(thetab) cos(thetal32) sin(thetal31l) thetal32dot 2

2 cos(thetab) sin(thetal32) thetal3ldot thetabdot

cos(thetab) cos(thetal32) thetal3lddot

cos(thetab) sin(thetal32) thetal3ldot thetal32dot

cos(thetal32) sin(thetab thetal3ldot thetal32dot

thetab) sin(thetal3l) sin(thetal32) thetal32dot 2

thetab) sin(thetal3l) sin(thetal32) thetal32ddot

thetal32) sin(thetab) sin(thetal3l) thetal32ddot

thetab) cos(thetal3l) cos(thetal32) sin(thetal3l) thetal32dot

sin
cos
CcOos
cos

)
)
)
)
)
)

2 cos(thetab5) cos(thetal32) sin(thetal3l) thetal32dot thetabdot

cos(thetal3l) sin(thetab) sin(thetal3l) sin(thetal32) thetal32dot
2 sin(thetab) sin(thetal3l) sin(thetal32) thetal32dot thetab5dot)
J613

(cos(thetab) cos(thetal3l) cos(thetal32) thetal3ldot thetal32dot

sin(thetab) sin(thetal32) thetal3ldot thetabdot
cos(thetab) cos(thetal32) thetal3ldot thetabdot
cos(thetab) cos(thetal3l) sin(thetal3l) sin(thetal32) thetal32dot

cos(thetal3l) cos(thetal32) sin(thetab) sin(thetal3l) thetal32dot

cos(thetab) sin(thetal31l) sin(thetal32) thetal32dot thetabdot

cos(thetal32) sin(thetab) sin(thetal3l) theta5dot thetal32dot

cos(thetal3l) sin(thetab) sin(thetal32) thetal32dot thetal3ldot)
J622

(cos(thetab) cos(thetal32) thetal3ldot thetab5dot

sin(thetab) sin(thetal32) thetal3ldot thetabdot
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360

361

362

363

364

365

366
367

368

369

370

371
372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

cos(thetab) cos(thetal3l) cos(thetal32)

cos(thetab) cos(thetal3l) sin(thetal3l)
cos(thetal3l) cos(thetal32) sin(thetab)
cos(thetab) sin(thetal3l) sin(thetal32)
cos(thetal32) sin(thetab) sin(thetal3l)

cos(thetal3l) sin(thetab) sin(thetal32)
J633 ;

thetal32) thetal32dot 2) /4

thetal3ldot thetal32dot
sin(thetal32) thetal32dot 2
sin(thetal3l) thetal32dot 2
thetal32dot thetabdot

thetabdot thetal32dot ..
thetal32dot thetal3ldot)

B(ll) = ((cos(thetal3l thetab + thetal32) sin(thetab5 + thetal3l

(cos(theta5 + thetal3l thetal32) sin(thetal3l theta5 + thetal32

) thetal32dot 2) /4

(cos(theta5 + thetal3l thetal32) sin(thetab5 + thetal3l thetal32

) thetal32dot 2) /4

(cos(thetal3l thetab5 + thetal32) sin(thetal3l thetab + thetal32

) thetal32dot 2) /4

sin(thetab thetal32) cos(thetab thetal32) thetal3ldot 2
(sin(thetab thetal32) cos(theta5 + thetal3l thetal32)

thetal3ldot thetal32dot)/2

(sin(thetab thetal32) cos(thetal3l theta5 + thetal32)

thetal3ldot thetal32dot)/2

(sin(thetab5 + thetal3l thetal32) cos(thetab thetal32)

thetal3ldot thetal32dot)/2

(sin(thetal3l thetab + thetal32) cos(thetab thetal32)

thetal3ldot thetal32dot)/2) J611

(sin(thetab 4+ thetal3l thetal32) 2 thetal32dot 2) /4

cos(thetab + thetal3l thetal32) 2 thetal32dot 2) /4
sin(thetal3l thetab5 + thetal32) 2 thetal32dot 2) /4

cos(thetab thetal32) thetal3ldot 2
sin(thetab thetal32) 2 thetal3ldot 2

N

(
(cos(thetal3l thetab5 + thetal32) 2 thetal32dot 2) /4
(
(

(cos(thetab + thetal3l thetal32) cos(thetal3l thetab + thetal32

) thetal32dot 2) /2

(sin(thetab5 + thetal3l thetal32) sin(thetal3l theta5 + thetal32

) thetal32dot 2) /2

cos(thetab + thetal3l thetal32) cos(thetab thetal32)

thetal3ldot thetal32dot

cos(thetal3l thetab + thetal32) cos(thetab thetal32)

thetal3ldot thetal32dot

sin(thetab thetal32) sin(thetab + thetal3l thetal32)

thetal3ldot thetal32dot

sin(thetab thetal32) sin(thetal3l theta5 + thetal32)

thetal3ldot thetal32dot) J613

( cos(thetal3l) thetal32ddot

sin(thetal3l) thetal32dot thetal3ldot)

thetal32) thetal32dot 2) /4

Jo622

((cos(thetab + thetal3l thetal32) sin(thetab + thetal3l

(cos(thetab5 + thetal3l thetal32) sin(thetal3l theta5 + thetal32

) thetal32dot 2) /4

(cos(thetal3l thetab + thetal32) sin(thetab + thetal3l thetal32

) thetal32dot 2) /4

(cos(thetal3l theta5 + thetal32) sin(thetal3l theta5 + thetal32

) thetal32dot 2) /4

sin(thetab thetal32) cos(thetab thetal32) thetal3ldot 2
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398 + (sin(thetab thetal32) cos(thetab5 + thetal3l thetal32)
thetal3ldot thetal32dot)/2

399 (sin(thetab thetal32) cos(thetal3l thetab + thetal32)
thetal3ldot thetal32dot)/2

400 + (sin(thetab5 + thetal3l thetal32) cos(thetab thetal32)
thetal3ldot thetal32dot)/2

401 + (sin(thetal3l thetab5 + thetal32) cos(thetab thetal32)
thetal3ldot thetal32dot)/2) J633

402 ...

403 + M562dp ;

404

105 B(12) = (cos(thetab) sin(thetal32) thetal3ldot thetabdot

106 cos(thetal32) sin(thetab) theta5dot thetal3ldot

407 + cos(thetab) cos(thetal3l) cos(thetal32) sin(thetal3l) thetal32dot 2

108 cos(thetab) cos(thetal32) sin(thetal3l) theta5dot thetal32dot

409 cos(thetab) cos(thetal3l) sin(thetal32) thetal32dot thetal3ldot

1410 + cos(thetal3l) cos(thetal32) sin(thetab) thetal3ldot thetal32dot

111 + cos(thetal3l) sin(thetab) sin(thetal31l) sin(thetal32) thetal32dot 2

412 sin(thetab) sin(thetal3l) sin(thetal32) thetal32dot thetab5dot)
Jo61l1l

413 PN

414 + (cos(thetab) sin(thetal32) thetal3lddot

415 cos(thetal32) sin(thetab) thetal3lddot

416 2 cos(thetab) cos(thetal32) thetal3ldot thetabdot

417 + cos(thetab) cos(thetal32) thetal32dot thetal3ldot

118 + cos(thetab) sin(thetal31l) sin(thetal32) thetal32dot 2

419 cos(thetal32) sin(thetab) sin(thetal3l) thetal32dot 2

420 cos(thetab) cos(thetal32) sin(thetal31l) thetal32ddot

421 2 sin(thetab) sin(thetal32) thetabdot thetal3ldot

422 + sin(thetab) sin(thetal32) thetal32dot thetal3ldot

423 sin(thetab) sin(thetal3l) sin(thetal32) thetal32ddot ...

124 + cos(thetab) cos(thetal3l) sin(thetal3l) sin(thetal32) thetal32dot 2

425 cos(thetal3l) cos(thetal32) sin(thetab) sin(thetal3l) thetal32dot 2
426 2 cos(thetab) sin(thetal3l) sin(thetal32) thetabdot thetal32dot

127 + 2 cos(thetal32) sin(thetab) sin(thetal31l) thetal32dot thetabdot)
J613

428 oo

129 + (cos(thetal32) sin(thetab5) thetabdot thetal3ldot

430 cos(thetab) sin(thetal32) thetal3ldot thetabdot

431 cos(thetab) cos(thetal3l) cos(thetal32) sin(thetal3l) thetal32dot 2

432 + cos(thetab) cos(thetal32) sin(thetal3l) theta5dot thetal32dot

433 + cos(thetab) cos(thetal3l) sin(thetal32) thetal32dot thetal3ldot

434 cos(thetal3l) cos(thetal32) sin(thetab) thetal3ldot thetal32dot

435 cos(thetal3l) sin(thetab) sin(thetal3l) sin(thetal32) thetal32dot 2

436 + sin(thetab) sin(thetal3l) sin(thetal32) thetal32dot thetab5dot)
J622

437 .« e

438 + (cos(thetal32) sin(thetab) thetab5dot thetal3ldot

439 sin(thetab) sin(thetal32) thetal3lddot
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440
441
442
443
444
445
446
447
448
449

450

451

452
453
454

456
457
458

460
461
462
463
464
465
466
467
468
469
470
471
472
473

474

475

476

477

478

479

480

481

482

483

484

cos(thetal32) sin(thetab) thetal3ldot thetal32dot
sin(thetab) sin(thetal31l) sin(thetal32) thetal32dot 2
cos(thetab) sin(thetal31l) sin(thetal32) thetal32ddot
+ cos(thetal32) sin(thetab) sin(thetal3l) thetal32ddot
+ cos(thetab) cos(thetal32 sin(thetal3l) thetal32dot theta5dot
cos(thetab) cos(thetal3l) sin(thetal32) thetal3ldot thetal32dot
+ cos(thetal3l) cos(thetal32) sin(thetab) thetal32dot thetal3ldot
+ sin(thetab) sin(thetal31l) sin(thetal32) thetal32dot thetabdot)
J633
M673dp ;
B(13) = (theta6dot 2
+ thetal3ldot 2
+ thetal32dot 2
+ cos(theta6) 2 thetabdot 2
cos(theta6) 2 thetal32dot 2
cos(thetal3l) 2 thetal32dot 2
cos(thetab) 2 cos(theta6) 2 thetal3ldot 2
+ cos(thetab) 2 cos(theta6) 2 thetal32dot 2
+ 2 cos(theta6) 2 cos(thetal3l) 2 thetal32dot 2
cos(theta6) 2 cos(thetal32) 2 thetal3ldot 2
+ cos(theta6) 2 cos(thetal32) 2 thetal32dot 2
+ 2 cos(thetab) cos(thetal32) thetal3ldot thetao6dot
cos(thetab) 2 cos(theta6) 2 cos(thetal3l) 2 thetal32dot 2
+ 2 cos(thetab) 2 cos(theta6) 2 cos(thetal32) 2 thetal3ldot 2
2 cos(thetab) 2 cos(theta6) 2 cos(thetal32) 2 thetal32dot 2
cos(theta6) 2 cos(thetal3l) 2 cos(thetal32) 2 thetal32dot 2
+ 2 sin(thetab) sin(thetal32) thetal3ldot thetab6dot
2 cos(theta6) 2 cos(thetal3l) thetal32dot thetab5dot
+ 2 cos(thetab) 2 cos(theta6) 2 cos(thetal3l) 2 cos(thetal32) 2
thetal32dot 2
+ 2 cos(thetab) sin(thetal3l) sin(thetal32) theta6dot thetal32dot
2 cos(thetal32) sin(thetab) sin(thetal3l) thetao6dot thetal32dot
2 cos(thetab) cos(theta6) sin(theta6) sin(thetal32) thetabdot
thetal3ldot
+ 2 cos(theta6) cos(thetal32) sin(thetab) sin(theta6) thetabdot
thetal3ldot
+ 2 cos(thetab) cos(theta6) 2 cos(thetal32) sin(thetab) sin(thetal32)
thetal3ldot 2
2 cos(thetab) cos(theta6) 2 cos(thetal32) sin(thetab) sin(thetal32)
thetal32dot 2
+ 2 cos(thetab) cos(theta6) 2 sin(thetab) sin(thetal3l) thetal3ldot
thetal32dot
2 cos(theta6) 2 cos(thetal32) sin(thetal3l) sin(thetal32)
thetal32dot thetal3ldot
+ 2 cos(thetab) cos(theta6) 2 cos(thetal3l) 2 cos(thetal32) sin(thetab
) sin(thetal32) thetal32dot 2
4 cos(thetab) cos(theta6) 2 cos(thetal32) 2 sin(thetab) sin(thetal3l
) thetal32dot thetal3ldot
+ 4 cos(thetab) 2 cos(theta6) 2 cos(thetal32) sin(thetal31l) sin(

cos(thetab) cos(thetal32) sin(thetal31l) thetal32dot 2
cos(thetab) sin(thetal32) thetal3ldot thetabdot
cos(thetab) cos(thetal32 thetal31lddot

cos(thetab) sin(thetal32) thetal32dot thetal3ldot

( )
( )
( )
( )
( )
( )
( )
( )
( )
( )

thetal32) thetal32dot thetal3ldot
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485

486

487

488

489

490

491

492

493

494

495

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

511

512

513

514

515

516

517

518

519

520

2 cos(thetab) cos(theta6) cos(thetal3l) cos(thetal32) sin(thetab6)
sin(thetal3l) thetal32dot 2

2 cos(thetab) cos(theta6) cos(thetal32) sin(theta6) sin(thetal3l)
thetab5dot thetal32dot

2 cos(thetab) cos(theta6) cos(thetal3l) sin(theta6) sin(thetal32)
thetal3ldot thetal32dot

2 cos(theta6) cos(thetal3l) cos(thetal32) sin(thetab) sin(thetab6)
thetal3ldot thetal32dot

2 cos(theta6) cos(thetal3l) sin(thetab) sin(theta6) sin(thetal3l)
sin(thetal32) thetal32dot 2

2 cos(theta6) sin(thetab) sin(theta6) sin(thetal3l) sin(thetal32)
thetal32dot theta5dot) m7 r71

( cos(theta6) cos(thetal3l) thetal32ddot

cos(thetab) cos(theta6) sin(thetab) thetal3ldot 2
cos(thetab) cos(theta6) sin(thetab) thetal32dot 2
cos(theta6) cos(thetal32) sin(thetal32) thetal3ldot 2
cos(theta6) cos(thetal32) sin(thetal32) thetal32dot 2
cos(thetab) sin(theta6) sin(thetal32) thetal3lddot
cos(thetal32) sin(thetab) sin(theta6) thetal3lddot

sin(thetab) sin(theta6) sin(thetal3l) sin(thetal32) thetal32ddot

cos(thetab) cos(theta6) cos(thetal3l) 2 sin(thetab) thetal32dot 2
2 cos(thetab) cos(theta6) cos(thetal32) 2 sin(thetab) thetal3ldot 2
2 cos(thetab) cos(theta6) cos(thetal32) 2 sin(thetab) thetal32dot 2

2 c'o.s‘(thetaS) 2 cos(theta6) cos(thetal32) sin(thetal32) thetal3ldot
2 ...

2 cos(thetab) 2 cos(theta6) cos(thetal32) sin(thetal32) thetal32dot
2 ...

cos(theta6) cos(thetal3l) 2 cos(thetal32) sin(thetal32) thetal32dot
2 ...

2 cos(thetab) 2 cos(theta6) sin(thetal3l) thetal3ldot thetal32dot

2 cos(theta6) cos(thetal32) 2 sin(thetal3l) thetal3ldot
thetal32dot

2 cos(thetab) cos(thetal32) sin(theta6) thetal3ldot thetabdot

cos(thetab) cos(thetal32) sin(theta6) thetal32dot thetal3ldot

cos(thetab) sin(theta6) sin(thetal3l) sin(thetal32) thetal32dot 2

cos(thetal32) sin(thetab) sin(theta6) sin(thetal3l) thetal32dot 2

cos(thetab) cos(thetal32) sin(theta6) sin(thetal3l) thetal32ddot

2 sin(thetab) sin(theta6) sin(thetal32) thetab5dot thetal3ldot

sin(thetab) sin(theta6) sin(thetal32) thetal3ldot thetal32dot

cos(thetab) cos(thetal3l) sin(theta6) sin(thetal3l) sin(thetal32)
thetal32dot 2

cos(thetal3l) cos(thetal32) sin(thetab) sin(theta6) sin(thetal3l)
thetal32dot 2

2 cos(thetab) sin(theta6) sin(thetal3l) sin(thetal32) thetal32dot
thetabdot

2 cos(thetal32) sin(thetab) sin(theta6) sin(thetal3l) thetabdot
thetal32dot

2 cos(thetab) cos(theta6) cos(thetal3l) 2 cos(thetal32) 2 sin(thetab
) thetal32dot 2

2 cos(thetab) 2 cos(theta6) cos(thetal3l) 2 cos(thetal32) sin(
thetal32) thetal32dot 2
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521

522

523
524

525
526

528
529
530
531

532

533

534

535

536

537

538
539
540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558

559

560

561

562

563

564

4 cos(thetab) 2 cos(theta6) cos(thetal32) 2 sin(thetal3l)
thetal32dot thetal3ldot

4 cos(thetab) cos(theta6) cos(thetal32) sin(thetab) sin(thetal3l)
sin(thetal32) thetal32dot thetal3ldot) m7 r73

+ (cos(thetab) cos(theta6) thetal32dot 2 cos(thetal32) sin(theta6)
thetal3lddot
cos(thetal32) sin(theta6) sin(thetal3l) thetal32dot 2
theta6) cos(thetal3l) sin(thetab5) thetal32ddot
)

+ cos (
+ sin(theta6) sin(thetal32) thetal32dot thetal3ldot
sin(theta6) sin(thetal31l) sin(thetal32) thetal32ddot
+ cos(thetab) cos(theta6) cos(thetal32) 2 thetal3ldot 2
cos(thetab) cos(theta6) cos(thetal32) 2 thetal32dot 2
+ cos(thetab) cos(theta6) cos(thetal3l) 2 cos(thetal32) 2 thetal32dot
2

+ cos(theta6) cos(thetal32) sin(thetab) sin(thetal32) thetal3ldot 2
cos(theta6) cos(thetal32) sin(thetab) sin(thetal32) thetal32dot 2

cos(thetal3l) cos(thetal32) sin(theta6) sin(thetal31l) thetal32dot 2

+ cos(theta6) cos(thetal3l) 2 cos(thetal32) sin(thetab) sin(thetal32)
thetal32dot 2
2 cos(theta6) cos(thetal32) 2 sin(thetab) sin(thetal3l) thetal32dot
thetal3ldot
+ 2 cos(thetab) cos(theta6) cos(thetal32) sin(thetal3l) sin(thetal32)
thetal3ldot thetal32dot) m7 rGOl

+ (g sin(theta6) sin(thetal3l)
g cos(theta6) cos(thetal3l) sin(thetab) sin(thetal32)
g cos(thetab) cos(theta6) cos(thetal3l) cos(thetal32)) m7 ;

B(14) = ((sin (2 theta6) thetal32dot 2) /2
(sin (2 theta6) theta5dot 2) /2
cos(thetab) cos(thetal32) thetal3lddot

sin(thetab) sin(thetal32) thetal3lddot

( )

cos(thetab) cos(thetal32) sin(thetal31l) thetal32dot 2
+ cos(thetab) sin(thetal32) thetal3ldot thetal32dot

cos(thetal32) sin(thetab) thetal32dot thetal3ldot

sin(thetab) sin(thetal31l) sin(thetal32) thetal32dot 2

cos(thetab) sin(thetal31l) sin(thetal32) thetal32ddot
+ cos(thetal32) sin(thetab) sin(thetal31l) thetal32ddot
+ cos(thetab) 2 cos(theta6) sin(theta6) thetal3ldot 2

(

cos(thetab) 2 cos(theta6) sin(theta6) thetal32dot 2
2 cos(theta6) cos(thetal3l) 2 sin(theta6) thetal32dot 2
+ cos(theta6) cos(thetal32) 2 sin(theta6) thetal3ldot 2
cos(theta6) cos(thetal32) 2 sin(theta6) thetal32dot 2
2 cos(thetab) cos(theta6) 2 sin(thetal32) thetabdot thetal3ldot

+ 2 cos(theta6) 2 cos(thetal32) sin(thetab) thetal3ldot thetabdot

+ cos(thetab) 2 cos(theta6) cos(thetal3l) 2 sin(theta6) thetal32dot 2

2 cos(thetab) 2 cos(theta6) cos(thetal32) 2 sin(theta6) thetal3ldot

2 ...

+ 2 cos(thetab) 2 cos(theta6) cos(thetal32) 2 sin(theta6) thetal32dot
2 ...

+ cos(theta6) cos(thetal3l) 2 cos(thetal32) 2 sin(theta6) thetal32dot
2

+ cos(thetab) cos(thetal3l) cos(thetal32) sin(thetal3l) thetal32dot 2
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565
566

567

568

569

570

571

572

573

574

575

576

577

578

579

580

581

582

583

584

585

586

587

588

589

590

591

592

593

594

595

596

597

598

2 cos(theta6) cos(thetal3l) sin(theta6) thetabdot thetal32dot
2 cos(thetab) cos(thetal3l) sin(thetal32) thetal3ldot thetal32dot

2 cos(thetal3l) cos(thetal32) sin(thetab5) thetal3ldot thetal32dot

cos(thetal3l) sin(thetab) sin(thetal3l) sin(thetal32) thetal32dot 2

2 cos(thetab) 2 cos(theta6) cos(thetal3l) 2 cos(thetal32) 2 sin(
theta6) thetal32dot 2

2 cos(thetab) cos(theta6) 2 cos(thetal3l) cos(thetal32) sin(thetal3l
) thetal32dot 2

2 cos(thetab) cos(theta6) 2 cos(thetal32) sin(thetal3l) thetal32dot
theta5dot

2 cos(thetab) cos(theta6) 2 cos(thetal3l) sin(thetal32) thetal3ldot
thetal32dot

2 cos(theta6) 2 cos(thetal3l) cos(thetal32) sin(thetab) thetal3ldot
thetal32dot

2 cos(theta6) 2 cos(thetal3l) sin(thetab) sin(thetal3l) sin(thetal32
) thetal32dot 2

2 cos(theta6) 2 sin(thetab) sin(thetal3l) sin(thetal32) thetabdot
thetal32dot

2 cos(thetab) cos(theta6) cos(thetal32) sin(thetab) sin(theta6) sin(
thetal32) thetal3ldot 2

2 cos(thetab) cos(theta6) cos(thetal32) sin(thetab) sin(theta6) sin(
thetal32) thetal32dot 2

2 cos(thetab) cos(theta6) sin(thetab) sin(theta6) sin(thetal31l)
thetal3ldot thetal32dot

2 cos(theta6) cos(thetal32) sin(theta6) sin(thetal3l) sin(thetal32)
thetal3ldot thetal32dot

2 cos(thetab) cos(theta6) cos(thetal3l) 2 cos(thetal32) sin(thetab)
sin(theta6) sin(thetal32) thetal32dot 2

4 cos(thetab) cos(theta6) cos(thetal32) 2 sin(thetab) sin(thetab6)
sin(thetal31l) thetal3ldot thetal32dot

4 cos(thetab) 2 cos(theta6) cos(thetal32) sin(theta6) sin(thetal3l)
sin(thetal32) thetal3ldot thetal32dot) m7 r71

(cos(thetal3l) sin(theta6) thetal32ddot

cos(thetab) sin(thetab) sin(theta6) thetal3ldot 2
cos(thetab) sin(thetab) sin(theta6) thetal32dot 2

cos(thetal32) sin(theta6) sin(thetal32) thetal3ldot 2
cos(thetal32) sin(theta6) sin(thetal32) thetal32dot 2
cos(thetab) cos(theta6) sin(thetal32) thetal3lddot

cos(theta6) cos(thetal32) sin(thetab) thetal3lddot

cos(thetab) cos(thetal3l) 2 sin(thetab) sin(theta6) thetal32dot 2

2 cos(thetab) cos(thetal32) 2 sin(thetab) sin(theta6) thetal3ldot 2
2 cos(thetab) cos(thetal32) 2 sin(thetab) sin(theta6) thetal32dot 2

2 c.o.s.(thetaS) 2 cos(thetal32) sin(theta6) sin(thetal32) thetal3ldot
2 ...

2 cos(thetab) 2 cos(thetal32) sin(theta6) sin(thetal32) thetal32dot
2 ...

cos(thetal3l) 2 cos(thetal32) sin(theta6) sin(thetal32) thetal32dot
2 ...

2 cos(thetab) 2 sin(theta6) sin(thetal3l) thetal32dot thetal3ldot

2 cos(thetal32) 2 sin(theta6) sin(thetal3l) thetal3ldot
thetal32dot

355



599
600
601

602

603

604

605

606

607

608

609

610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

633

634

635

636

637

638
639

2 cos(thetab) cos(theta6) cos(thetal32) thetal3ldot thetabdot
cos(thetab) cos(theta6) cos(thetal32) thetal3ldot thetal32dot
cos(thetab) cos(theta6) sin(thetal31l) sin(thetal32) thetal32dot 2

cos(theta6) cos(thetal32) sin(thetab) sin(thetal3l) thetal32dot 2

+
+ cos(thetab) cos(theta6) cos(thetal32) sin(thetal3l) thetal32ddot
+ 2 cos(theta6) sin(thetab) sin(thetal32) thetal3ldot thetabdot
cos(theta6) sin(thetab) sin(thetal32) thetal32dot thetal3ldot
+ cos(theta6) sin(thetab) sin(thetal3l) sin(thetal32) thetal32ddot
cos(thetab) cos(theta6) cos(thetal3l) sin(thetal3l) sin(thetal32)
thetal32dot 2
+ cos(theta6) cos(thetal3l) cos(thetal32) sin(thetab) sin(thetal3l)
thetal32dot 2
+ 2 cos(thetab) cos(theta6) sin(thetal3l) sin(thetal32) thetal32dot
thetab5dot
2 cos(theta6) cos(thetal32) sin(thetab) sin(thetal3l) thetabdot
thetal32dot
+ 2 cos(thetab) cos(thetal3l) 2 cos(thetal32) 2 sin(thetab) sin(thetab6
) thetal32dot 2
2 cos(thetab) 2 cos(thetal3l) 2 cos(thetal32) sin(theta6) sin(
thetal32) thetal32dot 2
+ 4 cos(thetab) 2 cos(thetal32) 2 sin(theta6) sin(thetal31l)
thetal32dot thetal3ldot
+ 4 cos(thetab) cos(thetal32) sin(thetab) sin(theta6) sin(thetal3l)
sin(thetal32) thetal32dot thetal3ldot) m7 r73
+ (cos(theta6) sin(thetal32) thetal3ldot thetal32dot
cos(theta6) cos(thetal32) thetal3lddot
cos(theta6) cos(thetal32) sin(thetal31l) thetal32dot 2
cos(thetab) sin(theta6) thetal32dot 2
cos(thetal3l) sin(thetab) sin(theta6) thetal32ddot
cos(theta6) sin(thetal31l) sin(thetal32) thetal32ddot
cos(thetab) cos(thetal32) 2 sin(theta6) thetal3ldot 2
+ cos(thetab) cos(thetal32) 2 sin(theta6) thetal32dot 2
cos(thetab) cos(thetal3l) 2 cos(thetal32) 2 sin(theta6) thetal32dot
2 ...
cos(theta6) cos(thetal3l) cos(thetal32) sin(thetal3l) thetal32dot 2
cos(thetal32) sin(thetab) sin(theta6) sin(thetal32) thetal3ldot 2
+ cos(thetal32) sin(thetab) sin(theta6) sin(thetal32) thetal32dot 2
cos(thetal3l) 2 cos(thetal32) sin(thetab) sin(theta6) sin(thetal32)
thetal32dot 2
+ 2 cos(thetal32) 2 sin(thetab) sin(theta6) sin(thetal31l) thetal32dot
thetal3ldot
2 cos(thetab) cos(thetal32) sin(theta6) sin(thetal3l) sin(thetal32)
thetal3ldot thetal32dot) m7 rGOl
+ (g cos(theta6) sin(thetal3l)
+ g cos(thetab) cos(thetal3l) cos(thetal32) sin(thetab)
+ g cos(thetal3l) sin(thetab) sin(theta6) sin(thetal32)) m7 ;
B(1l5) = (cos(theta6) cos(thetal3l) thetal32ddot
+ 2 sin(theta6) thetab5dot thetao6dot
+ cos(thetab) cos(theta6) sin(thetab) thetal3ldot 2

cos(thetab) cos(theta6) sin(thetab) thetal32dot 2

356



640

641

642

643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

658

659

660

661
662

663

664

665

666

667

668

669

670

671

672

673

674

675

676
677

+

cos(theta6) cos(thetal32) sin(thetal32) thetal3ldot 2
cos(theta6) cos(thetal32) sin(thetal32) thetal32dot 2

2 cos(thetal3l) sin(theta6) thetat6dot thetal32dot

2 cos(theta6) sin(thetal3l) thetal32dot thetal3ldot
cos(thetab) sin(theta6) sin(thetal32) thetal3lddot
cos(thetal32) sin(thetab) sin(theta6) thetal3lddot .
sin(thetab) sin(theta6) sin(thetal3l) sin(thetal32) thetal32ddot

cos(thetab) cos(theta6) cos(thetal3l) 2 sin(thetab) thetal32dot 2
2 cos(thetab) cos(theta6) cos(thetal32) 2 sin(thetab) thetal3ldot 2
2 cos(thetab) cos(theta6) cos(thetal32) 2 sin(thetab) thetal32dot 2

2 c.o.s'(theta5) 2 cos(theta6) cos(thetal32) sin(thetal32) thetal3ldot
2 ...

2 cos(thetab) 2 cos(theta6) cos(thetal32) sin(thetal32) thetal32dot
2 ...

cos(theta6) cos(thetal3l) 2 cos(thetal32) sin(thetal32) thetal32dot
2 ...

2 cos(thetab) 2 cos(theta6) sin(thetal3l) thetal3ldot thetal32dot

2 cos(theta6) cos(thetal32) 2 sin(thetal3l) thetal32dot
thetal3ldot

2 cos(thetab) cos(theta6) sin(thetal32) thetaocdot thetal3ldot

2 cos(theta6) cos(thetal32) sin(thetab5) thetal3ldot thetaé6dot

cos(thetab) cos(thetal32) sin(theta6) thetal32dot thetal3ldot

cos(thetab) sin(theta6) sin(thetal3l) sin(thetal32) thetal32dot 2

cos(thetal32) sin(thetab) sin(theta6) sin(thetal3l) thetal32dot 2

cos(thetab) cos(thetal32) sin(theta6) sin(thetal3l) thetal32ddot

sin(thetab) sin(theta6) sin(thetal32) thetal32dot thetal3ldot

2 cos(thetab) cos(theta6) cos(thetal32) sin(thetal3l) thetal32dot
thetaé6dot

2 cos(thetab) cos(thetal3l) cos(thetal32) sin(theta6) thetal32dot
thetal3ldot

cos(thetab) cos(thetal3l) sin(theta6) sin(thetal3l) sin(thetal32)
thetal32dot 2

cos(thetal3l) cos(thetal32) sin(thetab) sin(thetao6) sin(thetal3l)
thetal32dot 2

2 cos(theta6) sin(thetab) sin(thetal3l) sin(thetal32) thetao6dot
thetal32dot

2 cos(thetal3l) sin(thetab) sin(theta6) sin(thetal32) thetal3ldot
thetal32dot

2 cos(thetab) cos(theta6) cos(thetal3l) 2 cos(thetal32) 2 sin(thetab
) thetal32dot 2

2 cos(thetab) 2 cos(theta6) cos(thetal3l) 2 cos(thetal32) sin(
thetal32) thetal32dot 2

4 cos(thetab) 2 cos(theta6) cos(thetal32) 2 sin(thetal3l)
thetal3ldot thetal32dot

4 cos(thetab) cos(theta6) cos(thetal32) sin(thetab) sin(thetal3l)
sin(thetal32) thetal32dot thetal3ldot) m7 r71

(thetab5dot 2

thetal32dot 2

cos(thetab) 2 thetal3ldot 2
cos(thetab) 2 thetal32dot 2
cos(thetal32) 2 thetal3ldot 2

357



678 cos(thetal32) 2 thetal32dot 2

679 2 cos(thetal3l) thetab5dot thetal32dot

680 + cos(thetab) 2 cos(thetal3l) 2 thetal32dot 2
681 2 cos(thetab5) 2 cos(thetal32) 2 thetal3ldot 2
682 + 2 cos(thetab) 2 cos(thetal32) 2 thetal32dot 2

683 + cos(thetal3l) 2 cos(thetal32) 2 thetal32dot 2

684 2 cos(thetab) 2 cos(thetal3l) 2 cos(thetal32) 2 thetal32dot 2

685 2 cos(thetab) cos(thetal32) sin(thetab) sin(thetal32) thetal3ldot 2

686 + 2 cos(thetab) cos(thetal32) sin(thetab) sin(thetal32) thetal32dot 2

687 2 cos(thetab) sin(thetab) sin(thetal3l) thetal3ldot thetal32dot

688 + 2 cos(thetal32) sin(thetal3l) sin(thetal32) thetal3ldot
thetal32dot

689 2 cos(thetab) cos(thetal3l) 2 cos(thetal32) sin(thetab) sin(thetal32
) thetal32dot 2

690 + 4 cos(thetab) cos(thetal32) 2 sin(thetab) sin(thetal3l) thetal3ldot
thetal32dot

691 4 cos(thetab) 2 cos(thetal32) sin(thetal3l) sin(thetal32)
thetal32dot thetal3ldot) m7 r73

692 ...

693 + (cos(thetab) cos(thetal3l) thetal32ddot

694 sin(thetab) thetal32dot 2

thetal32) 2 sin(thetab) thetal3ldot 2

thetal32) 2 sin(thetab) thetal32dot 2

thetal3l) 2 cos(thetal32) 2 sin(thetab) thetal32dot 2

thetab) cos(thetal32) sin(thetal32) thetal3ldot 2

thetab) cos(thetal32?2) sin(thetal32) thetal32dot 2

thetab5) cos(thetal3l) 2 cos(thetal32) sin(thetal32) thetal32dot

695 cos
696 + COS
697 cos
698 + COS
699 cos

700 + cos
2 ...

701 2 cos(thetab) cos(thetal32) 2 sin(thetal3l) thetal3ldot
thetal32dot

702 2 cos(thetal32) sin(thetab) sin(thetal3l) sin(thetal32) thetal3ldot
thetal32dot) m7 rGO1l

703 ...

704 + (g cos(thetal3l) cos(thetal32) sin(thetal)

705 g cos(thetab) cos(thetal3l) sin(thetal32)) m7 ;

706

707 B(16) = (cos(theta6) thetaocdot thetabdot

708 cos(thetal3l) sin(theta6) thetal32ddot

theta6) cos(thetal3l) thetao6dot thetal32dot

710 + cos(thetab) cos(theta6) sin(thetal32) thetal3lddot

(
709 cos (
(

711 cos(theta6) cos(thetal32) sin(thetab) thetal3lddot
(
(
(
(

)
)
712 + sin(theta6) sin(thetal3l) thetal3ldot thetal32dot
713 cos(thetab) cos(theta6) cos(thetal32) thetal3ldot thetabdot
714 + cos(thetab) cos(theta6) cos(thetal32) thetal3ldot thetal32dot ...
715 + cos(thetab) cos(theta6) sin(thetal31l) sin(thetal32) thetal32dot 2

716 cos(theta6) cos(thetal32) sin(thetab) sin(thetal3l) thetal32dot 2

717 cos(thetab) cos(theta6) cos(thetal32) sin(thetal3l) thetal32ddot

718 cos(theta6) sin(thetab) sin(thetal32) theta5dot thetal3ldot

719 cos(thetab) sin(theta6) sin(thetal32) thetal3ldot thetaocdot

720 + cos(thetal32) sin(thetab) sin(theta6) thetaocdot thetal3ldot
(theta6) sin(thetab) sin(thetal32) thetal3ldot thetal32dot
(theta6) sin(thetab) sin(thetal3l) sin(thetal32) thetal32ddot

721 + CoOsS
722 Ccos

723 cos(thetab) cos(theta6) cos(thetal3l) cos(thetal32) thetal32dot
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724

725

726

727

729

730

731

732

733

734

735

737

738

739

740

741

742

743

744

745

746

747
748

749

750

751

752

753

754

755

757

758

thetal3ldot

cos(thetab) cos(theta6) sin(thetal3l) sin(thetal32) thetal32dot
thetabdot

cos(theta6) cos(thetal32) sin(thetab) sin(thetal3l) thetal32dot
thetabdot

cos(thetab) cos(thetal32) sin(theta6) sin(thetal3l) thetal32dot
thetaé6dot

cos(theta6) cos(thetal3l) sin(thetab) sin(thetal32) thetal32dot
thetal3ldot

sin(thetab) sin(theta6) sin(thetal3l) sin(thetal32) thetal32dot
thetao6dot) J711

( cos(theta6) cos(thetal3l) thetal32ddot

2 sin(theta6) thetabdot thetaé6dot

2 cos(thetal3l) sin(theta6) thetat6dot thetal32dot
cos(theta6) sin(thetal31l) thetal3ldot thetal32dot
cos(thetab) sin(theta6) sin(thetal32) thetal3lddot

cos(thetal32) sin(thetab) sin(theta6) thetal3lddot ...

sin(thetab) sin(theta6) sin(thetal3l) sin(thetal32) thetal32ddot
cos(thetab) cos(theta6) cos(thetal32) 2 sin(thetab) thetal3ldot 2
cos(thetab) 2 cos(theta6) cos(thetal32) sin(thetal32) thetal3ldot 2
cos(thetab) cos(theta6) sin(thetab) sin(thetal32) 2 thetal3ldot 2

cos(theta6) cos(thetal32) sin(thetab) 2 sin(thetal32) thetal3ldot 2

2 cos(thetab) cos(theta6) sin(thetal32) thetal3ldot thetaé6dot

2 cos(theta6) cos(thetal32) sin(thetab5) thetao6dot thetal3ldot

cos(thetab) cos(thetal32) sin(theta6) thetal3ldot thetal32dot

cos(thetab) sin(theta6) sin(thetal3l) sin(thetal32) thetal32dot 2

cos(thetal32) sin(thetab) sin(theta6) sin(thetal3l) thetal32dot 2

cos(thetab) cos(thetal32) sin(theta6) sin(thetal3l) thetal32ddot

sin(thetab) sin(theta6) sin(thetal32) thetal3ldot thetal32dot

2 cos(thetab) cos(theta6) cos(thetal32) sin(thetal3l) theta6dot
thetal32dot

2 cos(thetab) cos(thetal3l) cos(thetal32) sin(theta6) thetal32dot
thetal3ldot

cos(thetab) cos(thetal3l) sin(theta6) sin(thetal3l) sin(thetal32)
thetal32dot 2

cos(thetal3l) cos(thetal32) sin(thetab) sin(theta6) sin(thetal3l)
thetal32dot 2

2 cos(theta6) sin(thetab) sin(thetal3l) sin(thetal32) thetaocdot
thetal32dot

2 cos(thetal3l) sin(thetab) sin(theta6) sin(thetal32) thetal3ldot
thetal32dot

cos(thetab) cos(theta6) cos(thetal32) 2 sin(thetab) sin(thetal3l) 2
thetal32dot 2

cos(thetab) 2 cos(theta6) cos(thetal32) sin(thetal3l) 2 sin(thetal32
) thetal32dot 2

cos(thetab) 2 cos(theta6) cos(thetal32) 2 sin(thetal3l) thetal3ldot

thetal32dot

cos(thetab) cos(theta6) sin(thetab) sin(thetal3l) 2 sin(thetal32) 2
thetal32dot 2

cos(theta6) cos(thetal32) sin(thetab) 2 sin(thetal3l) 2 sin(thetal32
) thetal32dot 2
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760

761

762

763

764

765

766

767

768

769

770

771

772

773

774

775

776

777

778

779

780

781

782

783

784

786

787

788

789

790

791

792
793

cos(theta6) cos(thetal32) 2 sin(thetab) 2 sin(thetal3l) thetal3ldot
thetal32dot

cos(thetab) 2 cos(theta6) sin(thetal31l) sin(thetal32) 2 thetal3ldot
thetal32dot

cos(theta6) sin(thetab) 2 sin(thetal3l) sin(thetal32) 2 thetal3ldot
thetal32dot

4 cos(thetab) cos(theta6) cos(thetal32) sin(thetab) sin(thetal3l)
sin(thetal32) thetal32dot thetal3ldot) J712

(cos(theta6) cos(thetal3l) thetal32dot theta6dot

cos(theta6) thetao6dot thetabdot

cos(thetab) cos(thetal32) 2 sin(thetab) sin(theta6) thetal3ldot 2
cos(thetab) 2 cos(thetal32) sin(theta6) sin(thetal32) thetal3ldot 2
cos(thetab) sin(thetab) sin(theta6) sin(thetal32) 2 thetal3ldot 2

cos(thetal32) sin(thetab) 2 sin(theta6) sin(thetal32) thetal3ldot 2

cos(thetab) cos(theta6) cos(thetal32) thetab5dot thetal3ldot

cos(theta6) sin(thetab) sin(thetal32) thetal3ldot thetabdot

cos(thetab) sin(theta6) sin(thetal32) thetal3ldot thetaocdot

cos(thetal32) sin(thetab) sin(theta6) thetal3ldot thetaocdot ...

sin(thetab) 2 sin(theta6) sin(thetal31l) sin(thetal32) 2 thetal32dot
thetal3ldot

cos(thetab) cos(theta6) cos(thetal3l) cos(thetal32) thetal3ldot
thetal32dot

cos(thetab) cos(theta6) cos(thetal3l) sin(thetal3l) sin(thetal32)
thetal32dot 2

cos(theta6) cos(thetal3l) cos(thetal32) sin(thetab) sin(thetal3l)
thetal32dot 2

cos(thetab) cos(theta6) sin(thetal3l) sin(thetal32) theta5dot
thetal32dot

cos(theta6) cos(thetal32) sin(thetab) sin(thetal3l) thetal32dot
thetabdot

cos(thetab) cos(thetal32) sin(theta6) sin(thetal3l) thetal32dot
thetaé6dot

cos(theta6) cos(thetal3l) sin(thetab) sin(thetal32) thetal32dot
thetal3ldot

sin(thetab) sin(theta6) sin(thetal3l) sin(thetal32) thetal32dot
thetaé6dot

cos(thetab) cos(thetal32) 2 sin(thetab) sin(theta6) sin(thetal3l) 2
thetal32dot 2

cos(thetab) 2 cos(thetal32) sin(theta6) sin(thetal3l) 2 sin(thetal32
) thetal32dot 2

cos(thetab) 2 cos(thetal32) 2 sin(theta6) sin(thetal3l) thetal32dot
thetal3ldot

cos(thetab) sin(thetab) sin(theta6) sin(thetal3l) 2 sin(thetal32) 2
thetal32dot 2

cos(thetal32) sin(thetab) 2 sin(theta6) sin(thetal3l) 2 sin(thetal32
) thetal32dot 2

cos(thetab) 2 sin(theta6) sin(thetal31l) sin(thetal32) 2 thetal32dot
thetal3ldot

cos(thetal32) 2 sin(thetab) 2 sin(theta6) sin(thetal3l) thetal32dot
thetal3ldot

4 cos(thetab) cos(thetal32) sin(thetab) sin(thetaé) sin(thetal3l)
sin(thetal32) thetal32dot thetal3ldot) J722

(cos(theta6) theta6dot thetabdot

cos(theta6) cos(thetal3l) thetal32dot thetao6dot
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795

797

798

799

800

801

802

803

804

805

806

807

808

809

810

811

812

813

814

815

816

817

818

819

820

821

822

823

824

825

826

827
828

cos(thetab) cos(thetal32) 2 sin(thetab) sin(theta6) thetal3ldot 2
cos(thetab) 2 cos(thetal32) sin(theta6) sin(thetal32) thetal3ldot 2
cos(thetab) sin(thetab) sin(theta6) sin(thetal32) 2 thetal3ldot 2

cos(thetal32) sin(thetab) 2 sin(theta6) sin(thetal32) thetal3ldot 2

cos(thetab) cos(theta6) cos(thetal32) theta5dot thetal3ldot

cos(theta6) sin(thetab) sin(thetal32) thetal3ldot thetabdot

cos(thetab) sin(theta6) sin(thetal32) thetal3ldot thetaocdot
(thetal32) sin(thetab) sin(theta6) thetal3ldot theta6dot ...

sin(thetab) 2 sin(theta6) sin(thetal3l) sin(thetal32) 2 thetal32dot
thetal3ldot

cos(thetab) cos(theta6) cos(thetal3l) cos(thetal32) thetal3ldot
thetal32dot

cos(thetab) cos(theta6) cos(thetal3l) sin(thetal3l) sin(thetal32)
thetal32dot 2

cos(theta6) cos(thetal3l) cos(thetal32) sin(thetab) sin(thetal3l)
thetal32dot 2

cos(thetab) cos(theta6) sin(thetal3l) sin(thetal32) thetabdot
thetal32dot

cos(theta6) cos(thetal32) sin(thetab) sin(thetal3l) thetal32dot
thetabdot

cos(thetab) cos(thetal32) sin(theta6) sin(thetal3l) thetal32dot
thetaé6dot

cos(theta6) cos(thetal3l) sin(thetab) sin(thetal32) thetal32dot
thetal3ldot

sin(thetab) sin(theta6) sin(thetal3l) sin(thetal32) thetal32dot
thetaé6dot

cos(thetab) cos(thetal32) 2 sin(thetab) sin(theta6) sin(thetal3l) 2
thetal32dot 2

cos(thetab) 2 cos(thetal32) sin(theta6) sin(thetal3l) 2 sin(thetal32
) thetal32dot 2

cos(thetab) 2 cos(thetal32) 2 sin(theta6) sin(thetal3l) thetal32dot
thetal3ldot

cos(thetab) sin(thetab) sin(theta6) sin(thetal3l) 2 sin(thetal32) 2
thetal32dot 2

cos(thetal32) sin(thetab) 2 sin(theta6) sin(thetal3l) 2 sin(thetal32
) thetal32dot 2

cos(thetab) 2 sin(theta6) sin(thetal3l) sin(thetal32) 2 thetal32dot
thetal3ldot

cos(thetal32) 2 sin(thetab) 2 sin(theta6) sin(thetal3l) thetal32dot
thetal3ldot

Ccos

+ 4 cos(thetab) cos(thetal32) sin(thetab) sin(theta6) sin(thetal3l)

sin(thetal32) thetal32dot thetal3ldot) J733;

B(17) = (sin(theta6) thetao6dot thetabdot

cos(thetal3l) sin(theta6) thetal32dot thetaocdot

cos(thetab) cos(theta6) cos(thetal32) 2 sin(thetab) thetal3ldot 2
cos(thetab) 2 cos(theta6) cos(thetal32) sin(thetal32) thetal3ldot 2
cos(thetab) cos(theta6) sin(thetab) sin(thetal32) 2 thetal3ldot 2

cos(theta6) cos(thetal32) sin(thetab) 2 sin(thetal32) thetal3ldot 2
cos(thetab) cos(thetal32) sin(theta6) theta5dot thetal3ldot

cos(thetab) cos(theta6) sin(thetal32) thetal3ldot thetaocdot
cos(theta6) cos(thetal32) sin(thetab) thetal3ldot thetao6dot
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829
830

831

832

833

834

835

836

837

838

839

840

841

842

843

844

845

846

847

848

849

850

851

852

853

854

855

856

857

858
859

860

861

862

863
864

sin(thetab) sin(theta6) sin(thetal32) thetal3ldot thetabdot

cos(thetab) cos(theta6) cos(thetal32) sin(thetal3l) thetao6dot
thetal32dot

cos(thetab) cos(thetal3l) cos(thetal32) sin(theta6) thetal3ldot
thetal32dot

cos(thetab) cos(thetal3l) sin(theta6) sin(thetal3l) sin(thetal32)
thetal32dot 2

cos(thetal3l) cos(thetal32) sin(thetab) sin(theta6) sin(thetal3l)
thetal32dot 2

cos(thetab) sin(theta6) sin(thetal3l) sin(thetal32) theta5dot
thetal32dot

cos(thetal32) sin(thetab) sin(theta6) sin(thetal3l) thetal32dot
thetabdot

cos(theta6) sin(thetab) sin(thetal3l) sin(thetal32) thetal32dot
theta6dot

cos(thetal3l) sin(thetab) sin(theta6) sin(thetal32) thetal32dot
thetal3ldot

cos(thetab) cos(theta6) cos(thetal32) 2 sin(thetab) sin(thetal3l) 2
thetal32dot 2

cos(thetab) 2 cos(theta6) cos(thetal32) sin(thetal3l) 2 sin(thetal32
) thetal32dot 2

cos(thetab) 2 cos(theta6) cos(thetal32) 2 sin(thetal3l) thetal32dot
thetal3ldot

cos(thetab) cos(theta6) sin(thetab) sin(thetal3l) 2 sin(thetal32) 2
thetal32dot 2

cos(theta6) cos(thetal32) sin(thetab) 2 sin(thetal31l) 2 sin(thetal32
) thetal32dot 2

cos(theta6) cos(thetal32) 2 sin(thetab) 2 sin(thetal3l) thetal32dot
thetal3ldot

cos(thetab) 2 cos(theta6) sin(thetal31l) sin(thetal32) 2 thetal32dot
thetal3ldot

cos(theta6) sin(thetab) 2 sin(thetal3l) sin(thetal32) 2 thetal32dot
thetal3ldot

4 cos(thetab) cos(theta6) cos(thetal32) sin(thetab) sin(thetal3l)
sin(thetal32) thetal32dot thetal3ldot) J711

(+ 2 cos(theta6) thetaodot thetabdot

cos(thetal3l) sin(theta6) thetal32ddot

2 cos(theta6) cos(thetal3l) theta6dot thetal32dot

cos(thetab) cos(theta6) sin(thetal32) thetal3lddot

cos(theta6) cos(thetal32) sin(thetab) thetal3lddot

sin(theta6) sin(thetal31l) thetal32dot thetal3ldot ...

cos(thetab) cos(thetal32) 2 sin(thetab) sin(theta6) thetal3ldot 2
cos(thetab) 2 cos(thetal32) sin(theta6) sin(thetal32) thetal3ldot 2

cos(thetab) sin(thetab) sin(theta6) sin(thetal32) 2 thetal3ldot 2

cos(thetal32) sin(thetab) 2 sin(theta6) sin(thetal32) thetal3ldot 2
cos(thetab) cos(theta6) cos(thetal32) thetal3ldot thetal32dot
cos(thetab) cos(theta6) sin(thetal3l) sin(thetal32) thetal32dot 2
cos(theta6) cos(thetal32) sin(thetab) sin(thetal3l) thetal32dot 2

cos(thetab) cos(theta6) cos(thetal32) sin(thetal3l) thetal32ddot
2 cos(thetab) sin(theta6) sin(thetal32) thetaocdot thetal3ldot

2 cos(thetal32) sin(thetab) sin(theta6) thetaodot thetal3ldot
cos(theta6) sin(thetab) sin(thetal32) thetal32dot thetal3ldot
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865

866

867

868

869

870

871

872

873

874

875

876

877

878

879

880

881

882

883

884

885

886

887

888

889

890

891

892

893

894

895

896

897

898

899

900

901

cos(theta6) sin(thetab) sin(thetal3l) sin(thetal32) thetal32ddot

sin(thetab) 2 sin(theta6) sin(thetal3l) sin(thetal32) 2 thetal32dot
thetal3ldot

2 cos(thetab) cos(theta6) cos(thetal3l) cos(thetal32) thetal32dot
thetal3ldot

cos(thetab) cos(theta6) cos(thetal3l) sin(thetal3l) sin(thetal32)
thetal32dot 2

cos(theta6) cos(thetal3l) cos(thetal32) sin(thetab) sin(thetal3l)
thetal32dot 2

2 cos(thetab) cos(thetal32) sin(theta6) sin(thetal3l) thetaocdot
thetal32dot

2 cos(theta6) cos(thetal3l) sin(thetab) sin(thetal32) thetal3ldot
thetal32dot

2 sin(thetab) sin(theta6) sin(thetal3l) sin(thetal32) thetal32dot
thetaé6dot

cos(thetab) cos(thetal32) 2 sin(thetab) sin(thetao6) sin(thetal3l) 2
thetal32dot 2

cos(thetab) 2 cos(thetal32) sin(theta6) sin(thetal3l) 2 sin(thetal32
) thetal32dot 2

cos(thetab) 2 cos(thetal32) 2 sin(theta6) sin(thetal3l) thetal3ldot
thetal32dot

cos(thetab) sin(thetab) sin(theta6) sin(thetal3l) 2 sin(thetal32) 2
thetal32dot 2

cos(thetal32) sin(thetab) 2 sin(theta6) sin(thetal3l) 2 sin(thetal32
) thetal32dot 2

cos(thetab) 2 sin(theta6) sin(thetal31l) sin(thetal32) 2 thetal3ldot
thetal32dot

cos(thetal32) 2 sin(thetab) 2 sin(theta6) sin(thetal31l) thetal3ldot
thetal32dot

4 cos(thetab) cos(thetal32) sin(thetab) sin(theta6) sin(thetal3l)
sin(thetal32) thetal32dot thetal3ldot) J712

( cos(theta6) cos(thetal3l) thetal32ddot

theta6) thetabdot thetaédot

thetal3l) sin(theta6) theta6dot thetal32dot

theta6) sin(thetal3l) thetal3ldot thetal32dot

thetab) sin(theta6) sin(thetal32) thetal3lddot

thetal32) sin(thetab) sin(theta6) thetal3lddot ...

thetab) sin(theta6) sin(thetal3l) sin(thetal32) thetal32ddot

sin
CcOos
cos
cos
CcOos

sin

cos(thetab) cos(thetal32) sin(theta6) thetal3ldot thetabdot
cos(thetab) cos(theta6) sin(thetal32) thetal3ldot thetaocdot
cos(theta6) cos(thetal32) sin(thetab) thetal3ldot thetaocdot
cos(thetab) cos(thetal32) sin(theta6) thetal3ldot thetal32dot
cos(thetab) sin(theta6) sin(thetal3l) sin(thetal32) thetal32dot 2
cos(thetal32) sin(thetab) sin(theta6) sin(thetal3l) thetal32dot 2
cos(thetab) cos(thetal32) sin(theta6) sin(thetal3l) thetal32ddot
sin(thetab) sin(theta6) sin(thetal32) theta5dot thetal3ldot
sin(thetab) sin(theta6) sin(thetal32) thetal3ldot thetal32dot
cos(thetab) cos(thetab6) cos(thetal32) sin(thetal3l) theta6dot
thetal32dot
cos(thetab) cos(thetal3l) cos(thetal32) sin(theta6) thetal3ldot
thetal32dot
cos(thetab) sin(theta6) sin(thetal3l) sin(thetal32) thetal32dot
thetabdot
cos(thetal32) sin(thetab) sin(theta6) sin(thetal3l) thetabdot

363



902

903

904

905

906

907

908

909

910

911

912

913

914

915

916

917

918

919

920

921

922

923

924

925

926

927

928

929

930

931

932
933

9

w

4

935

thetal32dot

cos(theta6) sin(thetab) sin(thetal3l) sin(thetal32) thetal32dot
theta6dot

cos(thetal3l) sin(thetab) sin(theta6) sin(thetal32) thetal32dot
thetal3ldot) J722

(cos(thetal3l) sin(theta6) thetal32dot thetaé6dot

sin(theta6) theta6dot thetabdot
cos(thetab) cos(theta6) cos(thetal32) 2 sin(thetab) thetal3ldot 2

cos(thetab) 2 cos(theta6) cos(thetal32) sin(thetal32) thetal3ldot 2

cos(thetab) cos(theta6) sin(thetab) sin(thetal32) 2 thetal3ldot 2
cos(theta6) cos(thetal32) sin(thetab) 2 sin(thetal32) thetal3ldot 2

thetab

cos ( ) cos(thetal32) sin(theta6) thetab5dot thetal3ldot
cos(thetab) cos(theta6) sin(thetal32) thetal3ldot thetao6dot
cos(theta6) cos(thetal32) sin(thetab) thetal3ldot thetaocdot
sin(thetab) sin(theta6) sin(thetal32) thetal3ldot thetabdot

cos(thetab) cos(theta6) cos(thetal32) sin(thetal3l) theta6dot
thetal32dot

cos(thetab) cos(thetal3l) cos(thetal32) sin(theta6) thetal3ldot
thetal32dot

cos(thetab) cos(thetal3l) sin(theta6) sin(thetal3l) sin(thetal32)
thetal32dot 2

cos(thetal3l) cos(thetal32) sin(thetab) sin(theta6) sin(thetal3l)
thetal32dot 2

cos(thetab) sin(theta6) sin(thetal31l) sin(thetal32) theta5dot
thetal32dot

cos(thetal32) sin(thetab) sin(theta6) sin(thetal3l) thetal32dot
thetabdot

cos(theta6) sin(thetab) sin(thetal3l) sin(thetal32) thetal32dot
thetaé6dot

cos(thetal3l) sin(thetab) sin(theta6) sin(thetal32) thetal32dot
thetal3ldot

cos(thetab) cos(theta6) cos(thetal32) 2 sin(thetab) sin(thetal3l) 2
thetal32dot 2

cos(thetab) 2 cos(theta6) cos(thetal32) sin(thetal3l) 2 sin(thetal32
) thetal32dot 2

cos(thetab) 2 cos(theta6) cos(thetal32) 2 sin(thetal3l) thetal32dot
thetal3ldot

cos(thetab) cos(theta6) sin(thetab) sin(thetal3l) 2 sin(thetal32) 2
thetal32dot 2

cos(theta6) cos(thetal32) sin(thetab) 2 sin(thetal3l) 2 sin(thetal32
) thetal32dot 2

cos(theta6) cos(thetal32) 2 sin(thetab) 2 sin(thetal31l) thetal32dot
thetal3ldot

cos(thetab) 2 cos(theta6) sin(thetal3l) sin(thetal32) 2 thetal32dot
thetal3ldot

cos(theta6) sin(thetab) 2 sin(thetal31l) sin(thetal32) 2 thetal32dot
thetal3ldot

+ 4 cos(thetab) cos(theta6) cos(thetal32) sin(thetab) sin(thetal3l)

sin(thetal32) thetal32dot thetal3ldot) J733 ;

B(18) = (cos(thetab) cos(theta6) 2 cos(thetal3l) cos(thetal32) sin(

thetal3l) thetal32dot 2
cos(thetab) 2 cos(theta6) sin(theta6) sin(thetal32) 2 thetal3ldot 2

cos(thetab) 2 cos(theta6) cos(thetal32) 2 sin(theta6) sin(thetal3l)
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936

937
938

939

940

941

942

943
944

945

946

947

948

949

950

951

952

953
954

955

956

957

958

959
960

961
962

963

964
965

966

967
968

969

2 thetal32dot 2

cos(thetab) cos(theta6) 2 cos(thetal3l) sin(thetal32) thetal3ldot
thetal32dot

cos(thetab) cos(theta6) 2 sin(thetal32) theta5dot thetal3ldot

2 cos(thetab) cos(theta6) cos(thetal32) sin(thetab) sin(theta6) sin(
thetal3l) 2 sin(thetal32) thetal32dot 2 ...

2 cos(thetab) cos(theta6) cos(thetal32) sin(thetab) sin(theta6) sin(
thetal32) thetal3ldot 2

cos(thetab) cos(thetal3l) cos(thetal32) sin(theta6) 2 sin(thetal3l)
thetal32dot 2

cos(thetab) cos(thetal3l) sin(theta6) 2 sin(thetal32) thetal3ldot
thetal32dot

cos(thetab) cos(thetal32) sin(theta6) 2 sin(thetal3l) thetab5dot
thetal32dot

cos(thetab) sin(theta6) 2 sin(thetal32) theta5dot thetal3ldot

cos(theta6) 2 cos(thetal3l) cos(thetal32) sin(thetab) thetal3ldot
thetal32dot

cos(theta6) 2 cos(thetal3l) sin(thetab) sin(thetal3l) sin(thetal32)
thetal32dot 2

cos(theta6) 2 cos(thetal32) sin(thetab) thetab5dot thetal3ldot

cos(theta6) cos(thetal3l) 2 sin(theta6) thetal32dot 2

cos(theta6) cos(thetal32) 2 sin(thetab) 2 sin(theta6) thetal3ldot 2

2 cos(theta6) cos(thetal32) sin(thetab) 2 sin(theta6) sin(thetal3l)
sin(thetal32) thetal3ldot thetal32dot

cos(theta6) sin(thetab) 2 sin(theta6) sin(thetal3l) 2 sin(thetal32)
2 thetal32dot 2

cos(theta6) sin(theta6) thetabdot 2 cos(thetal3l) cos(thetal32)
sin(thetab) sin(theta6) 2 thetal3ldot thetal32dot

cos(thetal3l) sin(thetab) sin(theta6) 2 sin(thetal3l) sin(thetal32)
thetal32dot 2

cos(thetal32) sin(thetab) sin(theta6) 2 thetab5dot thetal3ldot

2 cos(thetab) 2 cos(theta6) cos(thetal32) sin(theta6) sin(thetal3l)
sin(thetal32) thetal32dot thetal3ldot

cos(thetab) cos(theta6) 2 cos(thetal32) sin(thetal3l) thetal32dot
thetabdot

2 cos(thetab) cos(theta6) cos(thetal32) 2 sin(thetab) sin(thetao6)
sin(thetal3l) thetal32dot thetal3ldot

2 cos(thetab) cos(theta6) sin(thetab) sin(theta6) sin(thetal31l) sin(
thetal32) 2 thetal32dot thetal3ldot

cos(theta6) 2 sin(thetab) sin(thetal3l) sin(thetal32) thetal32dot
thetabdot

2 cos(theta6) cos(thetal3l) sin(theta6) thetal32dot thetabdot

sin(thetab) sin(theta6) 2 sin(thetal3l) sin(thetal32) thetal32dot
thetab5dot) J711

(2 cos(thetab) 2 cos(theta6) 2 cos(thetal32) sin(thetal31l) sin(

thetal32) thetal3ldot thetal32dot

cos(thetab) 2 cos(theta6) 2 cos(thetal32) 2 sin(thetal31l) 2
thetal32dot 2

cos(thetab) 2 cos(theta6) 2 sin(thetal32) 2 thetal3ldot 2

cos(thetab) 2 cos(thetal32) 2 sin(theta6) 2 sin(thetal31l) 2
thetal32dot 2

2 cos(thetab) 2 cos(thetal32) sin(theta6) 2 sin(thetal3l) sin(
thetal32) thetal3ldot thetal32dot

cos(thetab) 2 sin(theta6) 2 sin(thetal32) 2 thetal3ldot 2

2 cos(thetab) cos(theta6) 2 cos(thetal32) sin(thetab) sin(thetal3l)
2 sin(thetal32) thetal32dot 2

2 cos(thetab) cos(theta6) 2 cos(thetal32) sin(thetab) sin(thetal32)
thetal3ldot 2
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970

971

972

973

974

975

976

977

978

979

980

981
982

983

984

985

986
987

988
989

990

991

992

993

994

995
996

997

998

999

1000
1001

1002

1003

2 cos(thetab) cos(theta6) 2 sin(thetab) sin(thetal3l) sin(thetal32)
2 thetal3ldot thetal32dot

4 cos(thetab) cos(theta6) cos(thetal3l) cos(thetal32) sin(theta6)
sin(thetal3l) thetal32dot 2

4 cos(thetab) cos(theta6) cos(thetal3l) sin(theta6) sin(thetal32)
thetal3ldot thetal32dot

4 cos(thetab) cos(theta6) cos(thetal32) sin(theta6) sin(thetal3l)
theta5dot thetal32dot

2 cos(thetab) cos(thetal32) 2 sin(thetab) sin(theta6) 2 sin(thetal3l
) thetal3ldot thetal32dot

2 cos(thetab) cos(thetal32) sin(thetab) sin(theta6) 2 sin(thetal3l)
2 sin(thetal32) thetal32dot 2

2 cos(thetab) cos(thetal32) sin(thetab) sin(theta6) 2 sin(thetal32)
thetal3ldot 2 ...

cos(thetao6) 2 cos(thetal3l) 2 thetal32dot 2

2 cos(theta6) 2 cos(thetal3l) thetabdot thetal32dot

cos(theta6) 2 cos(thetal32) 2 sin(thetab) 2 thetal3ldot 2

cos(theta6) 2 sin(thetab) 2 sin(thetal31l) 2 sin(thetal32) 2
thetal32dot 2 ...

cos(theta6) 2 thetabdot 2

4 cos(theta6) cos(thetal3l) cos(thetal32) sin(thetab) sin(thetab6)
thetal3ldot thetal32dot

4 cos(thetao6) cos(thetal3l) sin(thetab) sin(theta6) sin(thetal3l)
sin(thetal32) thetal32dot 2

4 cos(thetab) sin(thetab) sin(theta6) sin(thetal3l) sin(thetal32)
theta5dot thetal32dot

cos(thetal3l) 2 sin(theta6) 2 thetal32dot 2 + 2 cos(thetal3l) sin(
theta6) 2 thetabdot thetal32dot

cos(thetal32) 2 sin(thetab) 2 sin(theta6) 2 thetal3ldot 2

sin(thetab) 2 sin(theta6) 2 sin(thetal31l) 2 sin(thetal32) 2
thetal32dot 2

sin(theta6) 2 thetabdot 2

2 cos(thetab) cos(theta6) 2 cos(thetal32) 2 sin(thetab) sin(thetal3l
) thetal32dot thetal3ldot

4 cos(thetab) cos(thetao6) sin(theta6) sin(thetal32) thetal3ldot
thetabdot

2 cos(thetab) sin(thetab) sin(theta6) 2 sin(thetal3l) sin(thetal32)
2 thetal32dot thetal3ldot

2 cos(theta6) 2 cos(thetal32) sin(thetab) 2 sin(thetal3l) sin(
thetal32) thetal32dot thetal3ldot

4 cos(thetao6b) cos(thetal32) sin(thetab) sin(theta6) thetal3ldot
thetabdot

2 cos(thetal32) sin(thetab) 2 sin(theta6) 2 sin(thetal3l) sin(
thetal32) thetal32dot thetal3ldot) J712

(cos(thetab) 2 cos(theta6) cos(thetal32) 2 sin(theta6) sin(thetal3l)

2 thetal32dot 2

cos(thetab) 2 cos(theta6) sin(theta6) sin(thetal32) 2 thetal3ldot 2

cos(thetab) cos(theta6) 2 cos(thetal3l) cos(thetal32) sin(thetal3l)
thetal32dot 2

cos(thetab) cos(theta6) 2 cos(thetal3l) sin(thetal32) thetal3ldot
thetal32dot

cos(thetab) cos(theta6) 2 sin(thetal32) theta5dot thetal3ldot

2 cos(thetab) cos(theta6) cos(thetal32) sin(thetab) sin(theta6) sin(
thetal3l) 2 sin(thetal32) thetal32dot 2

2 cos(thetab5) cos(theta6) cos(thetal32) sin(thetab) sin(theta6) sin(
thetal32) thetal3ldot 2

cos(thetab) cos(thetal3l) cos(thetal32) sin(theta6) 2 sin(thetal3l)
thetal32dot 2
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1004

1005

1006
1007

1008

1009
1010
1011

1012

1013

1014
1015

1016

1017
1018

1019

1020

1021

1022

1023
1024

1025
1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037

1038

1039

1040
1041
1042
1043
1044
1045

cos(thetab) cos(thetal3l) sin(theta6) 2 sin(thetal32) thetal3ldot
thetal32dot

cos(thetab) cos(thetal32) sin(theta6) 2 sin(thetal3l) thetabdot
thetal32dot

cos(thetab) sin(theta6) 2 sin(thetal32) theta5dot thetal3ldot

cos(theta6) 2 cos(thetal3l) cos(thetal32) sin(thetab) thetal3ldot
thetal32dot

cos(theta6) 2 cos(thetal3l) sin(thetab) sin(thetal3l) sin(thetal32)
thetal32dot 2

cos(theta6) 2 cos(thetal32) sin(thetab) theta5dot thetal3ldot

cos(theta6) cos(thetal3l) 2 sin(theta6) thetal32dot 2

cos(theta6) cos(thetal32) 2 sin(thetab) 2 sin(theta6) thetal3ldot 2

2 cos(theta6) cos(thetal32) sin(thetab) 2 sin(theta6) sin(thetal3l)
sin(thetal32) thetal3ldot thetal32dot

cos(theta6) sin(thetab) 2 sin(theta6) sin(thetal3l) 2 sin(thetal32)
2 thetal32dot 2

cos(theta6) sin(theta6) thetabdot 2

cos(thetal3l) cos(thetal32) sin(thetab) sin(theta6) 2 thetal3ldot
thetal32dot

cos(thetal3l) sin(thetab) sin(theta6) 2 sin(thetal3l) sin(thetal32)
thetal32dot 2

cos(thetal32) sin(thetab) sin(theta6) 2 thetab5dot thetal3ldot

2 cos(thetab) 2 cos(theta6) cos(thetal32) sin(theta6) sin(thetal3l)
sin(thetal32) thetal32dot thetal3ldot

cos(thetab) cos(theta6b) 2 cos(thetal32) sin(thetal3l) thetal32dot
thetabdot

2 cos(thetab) cos(theta6) cos(thetal32) 2 sin(thetab) sin(thetao6)
sin(thetal3l) thetal32dot thetal3ldot

2 cos(thetab5) cos(theta6) sin(thetab) sin(theta6) sin(thetal31l) sin(
thetal32) 2 thetal32dot thetal3ldot

cos(theta6) 2 sin(thetab) sin(thetal3l) sin(thetal32) thetal32dot
thetabdot

2 cos(theta6) cos(thetal3l) sin(theta6) thetal32dot thetab5dot

sin(thetab) sin(theta6) 2 sin(thetal3l) sin(thetal32) thetal32dot
thetab5dot) J722

(cos(thetal32) sin(thetab) thetal3ldot thetab5dot

sin(thetab) sin(thetal32
cos(thetab) cos(thetal32
cos(thetab) sin(thetal32
cos(thetab) cos(thetal32 thetal3lddot

cos(thetab) sin(thetal32) thetal32dot thetal3ldot

) thetal3lddot
( )
( )
( )
( )
cos(thetal32) sin(thetab) thetal3ldot thetal32dot
( )
( )
( )
( )
( )

sin(thetal3l) thetal32dot 2
thetal3ldot thetabdot

sin(thetab) sin(thetal3l) sin(thetal32) thetal32dot 2
thetab) sin(thetal3l) sin(thetal32) thetal32ddot
thetal32) sin(thetab
thetab) cos(thetal32
thetab) cos(thetal3l

COos
COos
CcOs
COos

(

sin(thetal3l) thetal32ddot

sin(thetal3l) thetal32dot thetabdot

sin(thetal32) thetal32dot thetal3ldot

cos(thetal3l) cos(thetal32) sin(thetab) thetal32dot thetal3ldot

sin(thetab) sin(thetal3l) sin(thetal32) thetal32dot thetab5dot)
J733

+ M673dp ;
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1046
1047
1048
1049

1050
1051
1052

1053

1054
1055

1056

1057

1058

1059
1060
1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073

1074

1075
1076

1077

1078

1079
1080
1081
1082
1083

C = simplifyFraction(C);

D = collect(simplify(C(l1:2,:)),[m6, m7, J611, J613, J622, J633, J711
, J712, J722, J733]);

Dsubs = subs (D, ...

[m6, m7, J611, J613, J622, J633, J711, J712, J3722, J733, r51,
r52, r53, r6l, r62, ro63,...

r71, r72, r73, r561, r562, r563, r651, r652, r653, ro671, ro672
, r673, rGol, rGo2, rGo3, r76l1l, r762, r763],...

[1e34530.59, 1e32557.47, 18898872.13e9, 1485177.89%9e9, 110603524.64
e9, 93783786.61le9, ...

11824640.51e 9, 1679850.64e 9, 24252622.46e 9, 15203370.83e9, le 3
98.45, 0, 1le 3 (60.66), 0, 0, 1le 3 (168.02),...

le 3 39.19, 0, 1le 3 (16.28), le 3 167.65, 0, le 3 235.56, 0, le 3
(173.83), le 3 168.02,...

0, 0, 1le 3 303.02, 1le 3 266.1, 0, 0, 1le 3 (39.19), 0, le 3 151.28])

’

D = simplify(eval(D));

=
Il

simplify (D B);
E = simplifyFraction(E);
GlobalVariables

E = simplify(eval(E));

Esubs = subs(E,...

[m6, m7, J611, J613, J622, J633, J711, Jg712, J722, J733, r51,
r52, r53, r6l, r62, ro63,...

r71, 72, r73, r561, r562, r563, r651, r652, r653, r671, r672,
r673, rGol, rGo2, rGO3, r76l1l, r762, r763],...

[le34530.59, 1le32557.47, 18898872.13e9, 1485177.89%9e9, 110603524.64e
9, 93783786.61le9, ...

11824640.51e9, 1679850.64e 9, 24252622.46e 9, 15203370.83e9, 1le 3
98.45, 0, le 3 (60.66), 0, 0, 1le 3 (168.02),...

le 3 39.19, 0, 1le 3 (16.28), le 3 167.65, 0, le 3 235.56, 0, le 3
(173.83), le 3 168.02,...

0, 0, 1le 3 303.02, 1le 3 266.1, 0, 0, 1le 3 (39.19), 0, le 3 151.28]);

Esubs = simplify(Esubs);

Esubs = collect(Esubs, [M562dp, M673dp, thetab, theta6, thetal3l,
thetal32]);

Listing D.14: Newton-Euler equations for the stabilizer

clear
clc

syms J511 J512 J513 J521 J522 J523 J531 J532 J533

J6ll J612 J613 J621 J622 J623 J631 J632 J633
J711 Jg712 J713 J721 J722 J723 J731 J732 J733 real
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10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48

49
50

51
52

53
54
55
56

57
58
59
60
61
62

syms F561dp F562dp F563dp M561dp M562dp M563dp
F671dp F672dp F673dp M671dp M672dp M673dp

syms Fgl Fg2 Fg3 Mgl Mg2 Mg3

syms thetab5(t) theta6(t) thetal3l (t) thetal32 (t)

syms m5 m6 m7 g

syms r51 r52 r53 r6l r62 r63 r71 r72 r73

syms r561 r562 r563 r651 r652 r653 r671 r672 r673

rGOl rGO2 rGO3 r761 r762 r763

Basic Column Matrices

ul = [1; 0; 0]1;
u2 = [0; 1; 0];
u3d = [0; 0; 11;

Relations with Derivatives

thetal3ldot = diff(thetal3l);

thetal3ldoubledot = diff(thetal3ldot);

thetal32dot = diff(thetal32);

thetal32doubledot = diff(thetal32dot);

thetabdot = diff(thetab);

theta5doubledot = diff(thetab5dot);

theta6dot = diff(theta6);

thetaodoubledot = diff(thetaé6dot);

Inertia matrices

J5 = [J511 J512 J513; J521 J522 J523; J531 J532
dyadic resolved in Reference Frame 5

J6 = [J611 J6l1l2 J613; J621 J622 J623; J631 J632
dyadic resolved in Reference Frame 6

J7 = [Jd711 J712 J713; J721 J722 J723; J731 J732
dyadic resolved in Reference Frame 7

Transformation Matrices

J5331; Ineria

J6331; Ineria

J7331; Ineria

T5612 = simplify(BasicRotationMatrix (3,thetab) BasicRotationMatrix

(1, sym(pi)/2)); C(5,6)
T6712 = simplify(BasicRotationMatrix(3,theta6));

T5712 = T5612 T6712 ; C(5,7)

T2513 = simplify(BasicRotationMatrix(2,thetal3l) BasicRotationMatrix
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63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82

83
84

85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102

103
104

105
106
107
108
109
1

[

0
111
112

113
114
115
116

(1,thetal32)); Cc(0,5)

Force Definitions

F56dp = [F561dp; F562dp; F563dp]l;
F67dp = [F671dp; F672dp; F673dp]l;
Fg =[Fgl; Fg2; Fg3l;

Force Tranformations
F56p = simplify(T5612 F56dp);
F67p = simplify(T 6712 F67dp);
Force Components

Fsbody = formula(F56p); F561lp
F563p = Fsbody (3);

Fsbody = formula(F67p); F671lp
F673p = Fsbody (3);

Moment Definitions

Fsbody (1);

= Fsbody(l);

M56dp = [M561dp; M562dp; M563dpl;
M67dp = [M671dp; M672dp; M673dpl;
Mg = [Mgl; Mg2; Mg3];

Moment Tranformations
M56p = simplify(T5612 M56dp);
M67p = simplify(T 6712 M67dp);
Moment Components

Msbody = formula(M56p); M561p
M563p = Msbody (3);

Msbody = formula(M67p); M671p
M673p = Msbody (3);

Newton Euler Equations

Body 5

Msbody (1);

= Msbody (1);

WS = simplify(m5 g (T2513 u3d));
Weight vector resolved in Reference Frame 5

Definition of motion vectors

F562p

F672p

M562p

M672p

Fsbody (2);

Fsbody (2);

Msbody (2);

Msbody (2);

w5 = simplify(T2513 (thetal32dot ul + thetal3ldot u2));
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117
118

119
120

121
122

123
124

125
126

127
128
129
130
131
132
133
134
135

137
138
139
140
141
142
143
144
145
146
147
148

149
150
151
152
153
154
155
156

157
158
159
160

161
162

Angular velocity vector resolved in Reference Frame 5

wbtilda = SkewSymmetricMatrix(wb5); Skew
Symmetric Matrix of the angular velocity matrix

alfab5 = simplify(diff(w5,t));
Angular acceleration
vector resolved in Reference Frame 5

Definition of r j

r5 =1r51 ul + r52 u2 + r53 u3;
Position vector of C5 resolved in Reference Frame 5

V5 = simplify(diff(r5,t) + wS5tilda rb5);
Velocity vector of C5 resolved in Reference Frame 5

ab = simplify(diff(v5) + wbtilda V5);
Acceleration vector of C5 resolved in Reference Frame 5

Force equations

FEDS = Fg F56p + W5 m5 ab;

FE5body = formula(F E 5);

FES1 = FES5body(l); FES52 = FES5body(2); FES53 = FES5body (3);
Definition of Moment Arms

r5G = rb5;

r5Gtilda = SkewSymmetricMatrix(r5G);

r56 = [r561 r562 r563];

r56tilda = SkewSymmetricMatrix(r56);
Moment equations

MES5 = Mg M56p + r5Gtilda Fg r56tilda F56p (
DyadicDotProduct (J5,alfab) + wStilda DyadicDotProduct (J5,w5))

’
ME 5body = formula(ME 5);
MES51 = MES5body(l); MES52 = ME5body(2); MES53 = MEO5body (3);
Body 6

W6 = simplify(m6 g (T5612 (T2513 u3)));
Weight vector resolved in Reference Frame 6

Definition of motion vectors
w6 = simplify(T5612 (w5 + u3 thetabdot));
Angular velocity vector resolved in

Reference Frame 6

wbo6tilda = SkewSymmetricMatrix(wé6); Skew
Symmetric Matrix of the angular velocity matrix
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163
164 alfa6 = simplify(diff(wé6,t));
Angular acceleration
vector resolved in Reference Frame 6
165
166 GO = [rGOl; rGO2; rGO3];
Offset distance between Point O Ground
167
168 r6 = simplify(T5612 rGO + r6l ul + r62 u2 + r63 u3);
Position vector of C 6 resolved in Reference Frame 6
169
170 V6 = simplify(diff(r6,t) + wotilda r6);
Velocity vector of C6 resolved in Reference Frame 6
171
172 a6 = simplify(diff(ve) + woetilda V6);
Acceleration vector of C6 resolved in Reference Frame 6
173
174 Force equations
175
176 FE6 = F56dp F6T7p + W6 mé6 ao6;
177
178 FE6body = formula(F E 6);
179
180 FE61 = FE6body(l); FE62 = FE6body(2); FE63 = FE6body(3);
181
182 Definition of Moment Arms
183
184 r65 = [r651; r652; re653];
185
186 r65tilda = SkewSymmetricMatrix(r65);
187
188 67 = [r671l; r672; r673];
189
190 r67tilda = SkewSymmetricMatrix(r67);
191
192 Moment equations
193
194 ME 6 = M56dp M67p + r65tilda F56dp r67tilda F67p (
DyadicDotProduct (J6,alfa6) + wotilda DyadicDotProduct (J6,w6))
7
195
196 ME 6 body = formula(ME 6);
197
19¢ ME61 = ME6body(l); MEG62 = ME6body(2); ME63 = ME6body (3);
199
200 Body 7
201
202 W7 = simplify(m7 g (T5712 (T2513 u3)));
Weight vector resolved in Reference Frame 7
203
204 Definition of motion vectors
205
206 w7 = simplify(T6712 (w6 + u3 theta6dot));
Angular velocity vector resolved in
Reference Frame 7
207
208 w/7tilda = SkewSymmetricMatrix(w7); Skew
Symmetric Matrix of the angular velocity matrix
209
210 alfa7 = simplify(diff(w7,t));
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Angular acceleration
vector resolved in Reference Frame 7
211
212 r7 = simplify(T5712 rGO + r71 ul + r72 u2 + r73 u3l);
Position vector of C7 resolved in Reference Frame 7
213
214 V7 = simplify(diff(r7,t) + w7tilda r7);
Velocity vector of C7 resolved in Reference Frame 7
215
216 a7 = simplify(diff(v7) + w7tilda V7);
Acceleration vector of C7 resolved in Reference Frame 7
217
218 Force equations
219
2200 FE7 = F67dp + W7 m7 a’7;
221
222 FE7body = formula(FE 7);
223
224 FET71 = FE7body (l); FE72 = FE7body(2); FE73 = FE7body (3);
225
226 Definition of Moment Arms
227
228 ¥r76 = [r761l; r762; r7631];
229
230 r76tilda = SkewSymmetricMatrix(r76);
231
232 Moment equations

23¢ ME7 = M67dp + r76tilda F 67dp (DyadicDotProduct (J7,alfa7) +
w7tilda DyadicDotProduct(J7,w7));

235

23¢ ME 7body = formula(ME 7);

237

233 ME71 = ME 7body (l); ME72 = ME 7body (2); ME73 = ME 7body (3);

Listing D.15: Newton-Euler equations for the stabilizer

1 clear
clc

w N

¢ syms Js011l Js012 Js013 Js021 Js022 Js 023 Js 031 Js032
Js 033
5 Js111l Js112 Js113 Js121 Jsl1l22 Jsl1l23 Js131 Jsl32
Js 133
6 Js 211 Js212 Js213 Js221 Js222 Js223 JTJs231 JTJs232
Js 233 real

g syms Fs0lldp Fs01l2dp Fs013dp Ms0lldp Ms0l2dp Ms013dp

9 Fsl2ldp Fsl22dp Fsl1l23dp Msl1l2ldp Msl1l22dp Ms123dp

10

11 syms Fgl Fg2 Fg3 Mgl Mg2 Mg3

12

13 syms thetal(t) theta2(t) thetal3l(t) thetal32(t)

14

15 syms ms 0 ms1l ms 2

16

17 syms rl1ll rl1l2 rl13 r2l1l r22 r23 r31 r32 r33 r4l rd42 r43

18

19 syms r101 r102 rl103 rl1l2l1l rl22 rl123 r2l1ll r2l12 r21l3 r251 r252
r253...
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20

21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51

52
53

54
55

56
57
58
59

60
61
62
63
64
65

66
67
68
69
70
71
72
73

r301 r302 r303 r341 r342 r343 r431 r432 r433 rd451 r452
r453...
r521 r522 r523 r541 r542 r543 r501 r502 r503 rpl rp2 rp3

syms dal da2 da3

Basic Column Matrices

ul = [1; 0; 01;
u2 = [0; 1; 01;
u3 = [0; 0; 11;

Relations with Derivatives

thetaldot = diff(thetal);

thetaldoubledot = diff(thetaldot);

theta2dot = diff(theta2);

theta2doubledot = diff(theta2dot);

thetal3ldot = diff(thetal3l);

thetal3ldoubledot = diff(thetal3ldot);

thetal32dot = diff(thetal32);

thetal32doubledot = diff(thetal32dot);

T

Inertia matrices

s3 = [Js011 Js012 Js013; Js021 Js022 Js023; Js031 Js 032
Js033]; Ineria dyadic resolved in Reference Frame 0

sl = [Js111 Jsl112 Js113; Jsl1l21 Js122 Js123; Js131 Js132

Js1331]; Ineria dyadic resolved in Reference Frame 1
s2 = [Js211 Js212 Js213; JIJs221 Js222 Js223; JTJs231 Js 232
Js 2331]; Ineria dyadic resolved in Reference Frame 2

Transformation Matrices

s 01 = simplify(BasicRotationMatrix (3,thetal) BasicRotationMatrix
(1, sym(pi)/2)); Cs(0,1)

s 12 simplify (BasicRotationMatrix (3,thetaz2)); Cs(1,2)

s 02

TsO01 Tsl1l2 ; Cs (0,2)

T2513 = simplify(BasicRotationMatrix(2,thetal3l) BasicRotationMatrix

(1,thetal32)); Cc(0,5)

Force Definitions

FsOldp = [Fs0l1lldp; Fs0l2dp; Fs013dpl;
Fsl2dp = [Fsl1l2ldp; Fsl22dp; Fsl1l23dpl;
Fg=1[Fgl; Fg2; Fg3];
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74
75
76
77
78
79
80
81
82
83
84
85

86
87

88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105

106
107

108
109
110
111
112
113
114
115

116
117
118
119

120
121

122
123

124
125

Force Tranformations

FsO0Olp = simplify(Ts01l FsO0ldp);

Fsl2p

Force Components

Fsbody

formula (F
(2); Fs01l3p =

Fsbody = formula(F

(2); Fs033p =

Moment Definitions

M s

M s

Mg

Moment

01dp

12 dp

= [Mgl; Mg2z2;

s01lp); FsO1
Fsbody (3);

sl2p); FsO03
Fsbody (3);

[Ms01lldp; Ms01l2dp;

[Ms121ldp; Ms122dp;

Mg3l;

Tranformations

simplify(Ts 12 Fsl2dp);

lp

lp

Fsbody (1);

Fsbody (1);

Ms013dpl]l;

Ms123dpl;

Ms0lp = simplify(Ts 01l Ms01ldp);

Msl1l2p = simplify(Tsl1l2 Msl1l2dp);

Moment Components

Msbody

formula (M
(2); Ms01l3p =

Msbody = formula (M

Newton

(2); Ms033p =

Body SO0

WSO = simplify ( mO

Frame 0

s01lp); MsO01llp

Msbody (3);

sl2p); Ms031lp

Msbody (3);

Euler Equations

g u3l);

Definition of motion vectors

w 5

= simplify(T 251

Msbody (1);

Msbody (1);

Fs0l2p

Fs032p

Ms01l2p

Ms032p

Fsbody

Fsbody

Msbody

Msbody

Weight vector resolved in Reference

3 (thetal32dot ul + thetal3ldot u2z));
Angular velocity vector resolved in Reference Frame 5

wbtilda = SkewSymmetricMatrix(wb5);
Symmetric Matrix of the angular velocity matrix

alfab = diff(wb,t);
Angular acceleration vector resolved in Reference Frame 5

rj

= simplify(da 2

(T2513 u3z));
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Definition of r j
126
127 r5 = rj rpl ul rp2 u?z? rp3 u3;
Position vector of C5 resolved in Reference Frame 5
128
129 V5 = simplify(diff(r5,t) + wbtilda rb5);
Velocity vector of C5 resolved in Reference Frame 5
130
131 ab = simplify(diff(v5) + wStilda V5);
Acceleration vector of C5 resolved in Reference Frame 5

Listing D.16: Matlab fuction to calculate skew-symmetric matrix

1 function X = SkewSymmetricMatrix (x)

2

3 Xbody = formula (x);

4

5 X = [0 Xbody (3) Xbody (2); Xbody(3) 0 Xbody(l); Xbody(2) Xbody (1)
01;

6

7 end

Listing D.17: Calculation of LQR parameters for the stabilizer

1 clear; clc;

2
3 Ts = 5e 4;
4

Q(1,1) = 3.2828e+05;
6 Q(2,2) = 0.2;
7 0(3,3) = 3.2828e+05;
s Q(4,4) = 0.2;
9
10 p =1;

12 R=p[1 0; 0 171;

14 thetal3l pi/180(16:0.1:16);
15 thetal32 = pi/180(16:0.1:16);
16 K = zeros(2,4,length(thetal3l),length(thetal32));

18 for i = l:length(thetal3l)

20 for j = l:length(thetal32)

21

22 [A,B] = LinearizedSystemModel (thetal31(i),0, 0, thetal32(j),0,
0);

23

24 [K(:y:p1,3), ] = 1lgrd(A,B,Q,R,Ts);

25

26 end

27

28 end

Listing D.18: Calculation of PID parameters for the stabilizer

1 clear;
2 clc;
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8

10
11

13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48

49
50
51
52
53
54
55
56
57
58
59

GlobalVariablesvl;

Parameters for thetal3l

PT5S
5.2173870978178;

Parameters for thetal3l

PTG®G
0.415377321109234

systemName

19.8940285880982;

4.51825275804428;
; NTG6

16 thetal32

ITS
109.079405084324;

NTSH5

16 thetal32

IT®G
2285.65595208321;

opensystem (systemName) ;

Thetabstar = [ systemName, /Integratorl ];
Theta6star = [ systemName, /Integrator3];
PID5 = [ systemName, /PIDS5 ];
PID6 = [ systemName, /PIDG6 ];
Thetal31l = [ systemName, /thetal3ldeg ];
Thetal32 = [ systemName, /thetal32deg ];
t131 = 16:2:16;
t132 = 16:2:16;
for i = l:length(t131)

for j = l:length(tl132)

0;

0;

LagrangeStabilizerModelPIDv02 ;

18.6266907488659;

7.10337841040921;

setparam(Thetal3l, Value , num2str (tl131(i)))
setparam(Thetal32, Value , num2str (tl1l32(j)))

io5 (1)
io05 (2)
linsysb5

io6 (1)
106 (2)
linsys®6

= linio(PID5,1, input ) ;
linio(Theta5star, 1, openoutput ) ;

linearize (systemName, i0o5);

= linio(PID6,1, input ) ;
linio(Theta6star, 1, openoutput ) ;

linearize (systemName, 106);

pidTuner(linsysb5)

disp ( tune ) ;

setparam (systemName,

SimulationCommand

4

DTS5

DT®

Start ) ;

while strcmp(getparam(systemName, SimulationStatus

pause (0.01)

end

if strcmp(getparam(systemName, SimulationStatus )

P 5(i,3)
I5(i,3)
D5 (i,3)
N5 (i,3)
P 6 (i,3)
I6(1i,3)
D6 (i,3)

str2double
str2double
str2double
str2double
str2double
str2double

getparam
getparam
getparam
getparam
getparam
getparam

(
(
(
(
(
(

377

str2double (getparam (PIDS5,
PIDS,
PIDS,
PIDS,
PIDG,
PIDG,
PIDG6,

P

I
D
N
P
I
D

)

)
)
)
)
)
)

)i
)i
)i
)i
)i
)
)i

’

)

running

stopped )



60
61
62
63

N6 (i,J) = str2double(getparam(PID6, N ) );

end
end
end
Listing D.19: Solution of Ricatti equation

function dXdt = mRiccati(X, A, B,R,Q)

rl=randi([1 100071);

r2=randi ([1 100071);

r3=randi ([1 1000]);

r4d=randi ([1 100071);

r5=randi ([1 10001]);

ro=randi ([1 100071);

Q = diag([rl r2 r3 r4 r5 re6] );
R 1l diag([1 1 1 17);
X = reshape (X, size(A)); Convert from "n2" by 1l to "n" by "n"
dXdt = A. X + X A (X B) inv(R) (B. X) + Q; Determine derivative
dXdtS= dXdt (:); Convert from "n" by "n" to "n 2" byl, algebraic Riccati
equation (ARE)

D.4 Additional Real Time Target Codes

Listing D.20: Filter design for noisy signals

t = thetaé6star.time; Time vector
figure

plot(t, thetab6starvalues);

ylabel ( Ampltude ) ;

xlabel ( Time (secs) ) ;

axis tight;

title ( Noisy Input Signal ) ;

Fs = 1/Ts; Sampling frequency
L = length(thetaé6starvalues); Length of signal
y = thetaé6starvalues;

figure

plot (Fs t(1:50),vy(1:50))
xlabel ( time (milliseconds) )

NFFT = 2 nextpow2 (L) ; Next power of 2 from length of y
Y = fft (y,NFFT) /L;
f = Fs/2 linspace(0,1,NFFT/2+1);

Plot single sided amplitude spectrum.
figure
plot (f, 2 abs (Y (1:NFFT/2+1)))
title ( Single Sided Amplitude Spectrum of y(t) )
xlabel ( Frequency (Hz) )
ylabel ( Y(f) )

Listing D.21: Parameters with Roketsan profiles loaded before the experiments

started

clear; clc; close all;
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3

17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

34
35

36

37

38
39

40

41

42
43

44
45

46
47
48

load ( C: MATLAB Work Zafer03 01 2019 Disturber Roketsan Data
roketsanprofill.mat )
load ( C: Users AsYA Desktop26052019 usb yedek Zafer03 01 2019 Disturber
Roketsan Data roketsanprofill.mat )
thetal3lroketsan = timeseries (5 thetal311,t);
thetal32roketsan = timeseries (5 thetal321,t);

load ( WorkspaceKayitlari PIDParametersvOl.mat )

Global variables

Ts = 5e 4; Ts is imported from MAT file. Use this to overwrite it.
eff = 0.8;
pulse2degree = 360/250000; Number of encoder pulses for a one revolution

of GB shaft.

statictorque = 3.75; N.m
0

zerovelocitytolerance = 0.02; deg/sec

g = 9.81;
g0 = [0; 0; gl;
Masses
mo6 = 1e34530.59; kg
m7 = 1e32557.47; kg

Inertia Terms

JMotorGB = 8786000e 9; kg.m 2 Inertia of rotating parts at the output
of gearbox

J611 = 19787090.89%e 9; J612 = 330917.07e 9;
J613 = 2341197.11e 9; kg.m 2
J621 = 330917.07e 9; J622 = 112319139.40e 9 + JMotorGB;
J623 = 6005.85e 9; kg.m 2
J631 = 2341197.11e 9; J632 = 6005.85e 9;
J633 = 94615995.73e 9; kg.m 2
J711 = 18797121.45e 9; J712 = 5730.37e 9;
J713 = 1902546.14e 9; kg.m 2
J721 = 5730.37e 9; J722 = 13470946.42e 9;
J723 = 9452.80e 9; kg.m 2
J731 = 1902546.14e 9; J732 = 9452.80e 9;
J733 = 8094810.07¢ 9 + JMotorGB; kg.m 2
J6 = [J61l1 J612 J613; J621 J622 J623; J631 J632 J633]; Ineria
dyadic resolved in Reference Frame 6 kg.m 2
J7 = [J711 Jg712 J713; J721 J722 J723; J731 J732 J733]; Ineria
dyadic resolved in Reference Frame 7 kg.m 2

Center of Mass

rol = 0.43; ro2 = 3.09; re63 = le 3 (166.93);
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53
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56
57
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64
65
66
67
68
69
70
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72
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80
81
82
83
84
85
86
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93
94
95
96
97
98
99
100
101
102
103
104
105
106

Defined in Frame 6

r71 = le 3 38.33; r72 = 0;
Defined in Frame 7
rGOl = le 3 266.1; rGo2 = 0;
Defined in Frame 5
PID Controller Parameters
InitialConditionForFilter = 0;
InitialConditionForIntegrator = 0;
FilterOutMax = 48;
FilterOutMin = 48;
IntegratorOutMax = 48;
IntegratorOutMin = 48;
LowersaturationLimit = 48; N.m
UppersaturationLimit = 48; N.m

Disturber Parameters

al

783.4e 3;

a3 = 193e 3;

bl = 193e 3;

s410

783.4e 3;

s 420 = 783.4e 3;

dpiston = 40e 3;

regstroke = 300e 3;

Apiston = pi dpiston2/4;
convltmin2m3s = 1/1000/60;

OQmaxl = 33 convltmin2m3s;

Qmax 2 24 convlitmin2m3s;
Intermediate Calculations

nmotor = 1500; 1/s

Fullstrokevolume = 376991.12e 9;

tfast = 21.4; S

tslow = 22.1; s

r73 = 1le 3 (19.

rGOo3 = 0;

m3/s

m3/s

m 3
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107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125

126
127

128

129

130
131

12

13
14

15

16
17

18

19

20

21
22

Qpump = nmotor 9.8e 3; m3/s

QQfast = Fullstrokevolume/t fast; m3/s

Omaxllt = QQfast 1000 60 t fast/tslow; liter/min
QOQmax21lt = QQfast 1000 60; liter/min

Omax1l = Qmax1l1lt convltmin2m3s; m3/s

OQmax2 = Qmax2 1t convltmin2m3s; m3/s

Intermediate Calculations

sd4dlmax = Qmax1l/Apiston;

sd42max Qmax2/Apiston;

tlmin = 2 regstroke/s4lmax; Min coefficient must be 1.6 while
working with sine (Now coef=3)

t2min = 2 regstroke/s42max; Min coefficient must be 1.6 while
working with sine

thetal3lamplitute = pi/30;

thetal32amplitute = pi/30;

Listing D.22: Plotting and logging experiment results

close all;

date = 20190526 ;

counter = 21 ;
success = stepresponselLQR5deqg ;
success = stepresponsealteredPIDbdeqg ;
success = successroketsanLQR ;
success = sensorreading ;
success = vibrationslidingpiston ;
Valvelvalues = reshape(Valvel.signals.values,max(size(Valvel.signals.
values)),1);
Valve2values = reshape(ValveZ2.signals.values,max(size(Valve2.signals.

values)),1);

ed4lvalues = reshape(ed4l.signals.values,max(size(e 41l .signals.values)), 1)

ed2values = reshape(e4?2.signals.values,max(size(e 42 .signals.values)),l)
7

s4lvalues = reshape(s4l.signals.values,max(size(s41l.signals.values)),1)
7

sd42values = reshape(s42.signals.values,max(size(s 42 .signals.values)),1l)
7

sd4lrefvalues = reshape(s4lref.signals.values,max(size(s4lref.signals
.values)),1);

s42refvalues = reshape(s42ref.signals.values,max(size(s42ref.signals

.values)),1);

thetabSstarinclinevalues = reshape(thetabSstarincline.signals.values,
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24
25

26

27

28

29
30

31

32
33

34

35
36

37

38

39

40
41

42
43

44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

62
63
64
65
66

max (size(thetabstarincline.signals.values)),1l);
thetab6starinclinevalues = reshape(thetaé6starincline.signals.values,
max (size(theta6starincline.signals.values)),1l);

thetabstarvalues = reshape(thetabstarcalculated.signals.values,max(
size(thetabSstarcalculated.signals.values)),1l);
thetab6starvalues = reshape(theta6starcalculated.signals.values, max (
size(thetab6starcalculated.signals.values)),1l);
thetabSstarfilteredvalues = reshape(thetab5starlowpass.signals.
values,max (size(thetabSstarlowpass.signals.values)),1);
thetab6starfilteredvalues = reshape(thetaé6starlowpass.signals.

values,max (size(theta6starlowpass.signals.values)),1l);

thetabstardotvalues = reshape(theta5Sstardot.signals.values,max(
size(thetabstardot.signals.values)),1l);
thetabstardotvalues = reshape(theta6stardot.signals.values,max(

size(theta6bstardot.signals.values)),1l);

encoder5values = reshape(encoder5degree.signals.values,max(size (
encoder5degree.signals.values)),1l);
encoder6values = reshape(encoderb6degree.signals.values,max(size (

encoder 6degree.signals.values)),1l);

T5correctedvalues = reshape(T5corrected.signals.values,max (size (
T5corrected.signals.values)),l);

T6correctedvalues = reshape(T6corrected.signals.values,max(size (
Té6corrected.signals.values)),1l);

T5voltagevalues = reshape(T5voltage.signals.values,max(size(
T5voltage.signals.values)),l);

Tovoltagevalues = reshape(T6voltage.signals.values,max(size(

Tovoltage.signals.values)),1l);

mkdir ([ C: Users Host Fuze Yuku Desktop Grafikler stabilizer , date], [

counter, , success])
foldername = [ C: Users Host Fuze Yuku Desktop Grafikler stabilizer , date
, , counter, , success];

save ([foldername , DATA.mat ])

figure

plot(s4l.time, sd4lvalues)

hold on

plot(s4d4lref.time, sd4lrefvalues)

xlabel ( Time [s] , interpreter , latex)

ylabel ( s 41 [mm] , interpreter , latex )

legend ( Actual , Reference , interpreter , latex)
savefig(gcf, [foldername, s41l.fig])

saveas (gcf, [foldername, s41 ] , epsc)

figure

plot(s42.time, s42values)

hold on

plot(s42ref.time, sd42refvalues)

xlabel ( Time [s] , interpreter , latex)

ylabel ( s 42 [mm] , interpreter , latex )

legend ( Actual , Reference , interpreter , latex )
savefig(gcf, [foldername, s42.fig])

saveas (gcf, [foldername, s42 ], epsc)
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figure

plot(ed4l.time, edlvalues)

xlabel ( Time [s] , interpreter , latex)
ylabel ( e 41 [mm] , interpreter , latex )
savefig(gcf, [foldername, e41l.fig])

saveas (gcf, [foldername, e4l ], epsc)

figure

plot(ed2.time, ed2values)

xlabel ( Time [s] , interpreter , latex)
ylabel ( e 42 [mm] , interpreter , latex )
savefig(gcf, [foldername, e42.fig])

saveas (gcf, [foldername, e42 ], epsc)

figure

plot(Valvel.time, Valvelvalues)
xlabel ( Time [s] , interpreter , latex)
ylabel ( x 1 [mm] , interpreter , latex )
savefig(gcf, [foldername, x1.fig])
saveas (gcf, [foldername, x1 ], epsc)

figure

plot(Valve2.time, Valve2values)
xlabel ( Time [s] , interpreter , latex)
ylabel ( x 2 [mm] , interpreter , latex )
savefig(gcf, [foldername, x2.fig])
saveas (gcf, [foldername, x2 ], epsc)

figure
plot (thetabstarcalculated.time, thetab5starvalues)
hold on
plot (thetabSstarlowpass.time, thetabstarfilteredvalues)
xlabel ( Time [s] , interpreter , latex)
ylabel ( thetab [ circ ] , interpreter , latex)
legend ( Calculated , Filtered , interpreter , latex)
savefig(gcf, [foldername, thetabSstar.fig])
saveas (gcf, [foldername, thetabstar ] , epsc)

figure
plot (theta6starcalculated.time, theta6starvalues)
hold on
plot(theta6starlowpass.time, thetab6starfilteredvalues)
xlabel ( Time [s] , interpreter , latex)
ylabel ( thetao [ circ ] , interpreter , latex)
legend ( Calculated , Filtered , interpreter , latex )
savefig(gcf, [foldername, thetaé6star.fig])
saveas (gcf, [foldername, theta6star ], epsc)

figure

plot(thetabstarincline.time, thetabstarinclinevalues
thetabstarinclinevalues (1))

hold on

plot (encoder5degree.time, encoderbvalues)

xlabel ( Time [s] , interpreter , latex)

ylabel ( thetab [ circ ] , interpreter , latex)

legend ( Inclinemeter , Encoder , interpreter , latex )

savefig(gcf, [foldername, thetab5inclineencoder.figl])

saveas (gcf, [foldername, thetabinclineencoder ], epsc)

figure
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142
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175
176

177
178
179

180
181

plot(theta6starincline.time, theta6starinclinevalues
theta6starinclinevalues (1))

hold on

plot (encoder6degree.time, encoderb6values)

xlabel ( Time [s] , interpreter , latex)

ylabel ( theta6 [ circ ] , interpreter , latex )

legend ( Inclinemeter , Encoder , interpreter , latex)

savefig(gcf, [foldername, theta6inclineencoder.figl])

saveas (gcf, [foldername, theta6inclineencoder ] , epsc)

figure

plot(thetabstardot.time, thetabstardotvalues)

xlabel ( Time [s] , interpreter , latex)

ylabel ( dot thetab [ circ /s] , interpreter , latex )
savefig(gcft, [foldername, thetabstardot.figl])

saveas (gcf, [foldername, thetabstardot ], epsc)

figure

plot (thetab6stardot.time, thetab6stardotvalues)

xlabel ( Time [s] , interpreter , latex)

ylabel ( dot thetaé6 [ circ /s] , interpreter , latex )
savefig(gcft, [foldername, theta6stardot.fig])

saveas (gcf, [foldername, theta6stardot ], epsc)

figure

plot (T5corrected.time, TS5correctedvalues)

hold on

plot (T5voltage.time, T5voltagevalues48/9)

xlabel ( Time [s] , interpreter , latex)

ylabel ( T 5 [N.m] , interpreter , latex )

legend ( Calculated , saturated , interpreter , latex)
savefig(gcf, [foldername, Torqueb5.fig])

saveas (gcf, [foldername, Torqueb5 ], epsc )

figure

plot(T6corrected.time, T6correctedvalues)

hold on

plot(T6voltage.time, T6voltagevalues48/9)

xlabel ( Time [s] , interpreter , latex)

ylabel ( T 6 [N.m] , interpreter , latex )

legend ( Calculated , saturated , interpreter , latex)
savefig(gcf, [foldername, Torqueb6.fig])

saveas (gcf, [foldername, Torqueb6 ] , epsc )

Logging experiment parameters into a TXT file
fileID = fopen([foldername, parameters.txt ] , w+);

fprintf (fileID, Ts = gnn r ,Ts);
fprintf (fileID, Thetaxstars are calculated using linear encoders and
motor encoders . n n r ) ;
fprintf (fileID, Not filtered. n n r ) ;
fprintf (fileID, Low pass filter w/ Passband Freq: 60Hz, stopbandFreqg: 90
Hz nn r);
fprintf (fileID, Moving average is not applied. n n r ) ;
fprintf (fileID, Moving average is applied on 30 samples.n n r) ;
fprintf (fileID, Coefficient ¢ in the transfer function approximation s/ (c s
+ 1) used for linearization: inf n n r ) ;
fprintf (fileID, Counter Torque reduced 1 N.m.n n r ) ;
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182 fclose (filelID);
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