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ABSTRACT

NEGATIVE BENDING OF STRAIN HARDENING CURVED BEAM IN THE
ELASTOPLASTIC STATES OF STRESS

Cakir, Gamze
M.S., Department of Engineering Sciences

Supervisor : Prof. Dr. Ahmet N. Eraslan

September 2018, [[12]pages

A narrow rectangular cross-section curved beam subjected to negative bending is con-
sidered. Plane stress and plane strain analytical solutions are derived for partially
plastic deformation of the beam under pure bending. Linearly hardening material be-
havior is assumed. Elastic and two stages of elastic-plastic deformations are studied
using Tresca’s yield criteria and its associated flow rule. Elastic, partially-plastic and
residual stresses are calculated. While the results of the studies in which elastoplastic
bending of curved beam under positive bending has been published in the literature,
the residual stresses have not been estimated and reported. This study is carried out
considering the case of negative bending and provides the missing information in
the literature. In addition, the results for positive bending given in the literature are
regenerated by the use of a different nonlinear system solution technique and the cor-

responding residual stresses are evaluated.

Beam deforms elastically as long as the load falls below the elastic limit. If the
elastic limit is exceeded, plastic deformation commences at the inner surface (r = a).

Further increase in the applied load leads to formation of an other plastic region at



outer surface (r = b). As the bending moment is further increased, the two plastic
regions spread into the elastic region. It is observed that the stresses and deformation
in cases of positive and negative bending exhibit similar behavior. It is also observed

that the deformation in the cross-section of the beam is negligibly small.

Keywords: Curved beam, pure bending, elastic-plastic deformations, Tresca’s yield

criteria, residual stresses.
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0z

DOGRUSAL SERTLESEN MALZEME DAVRANISI GOSTEREN EGRi
KIiRIiSIN ELASTOPLASTIK GERILME ALTINDA NEGATIiF YONDE
EGILMESI

Cakir, Gamze
Yiiksek Lisans, Mithendislik Bilimleri Boliimii
Tez Yoneticisi : Prof. Dr. Ahmet N. Eraslan

Eyliil 2018 , [[12]sayfa

Dar dikdortgen kesitli bir egri kiris goz 6niinde bulundurulmustur. Kirigin basit egilme
altinda kismen plastik deformasyonu icin diizlemsel gerilme ve diizlemsel gerinim
analitik ¢oziimleri yapilmistir. Lineer sertlesen malzeme davranigi varsayilmustir. Elas-
tik ve elastik-plastik deformasyonlarin iki asamasi, Tresca akma kriteri ve ilgili akma
kurali kullanilarak incelenmistir. Elastik, kismen plastik ve artik gerilmeler hesaplan-
mustir. Pozitif egilme altindaki egri kirisin elastoplastik egilmesini i¢eren ¢aligmalarin
sonuglart literatiirde yayinlanirken, artik gerilmeler hesaplanmamig ve yayinlanma-
mistir. Bu ¢aligma, negatif egilme durumu goz oniine alinarak yapilmis ve literatiirde
konu ile ilgili eksikler tamamlanmistir. Ek olarak, literatiirde verilen pozitif egilme
sonuglari, farkli lineer olmayan sistem ¢oziim teknikleri kullanilarak yeniden {iretil-

mis ve ilgili artik gerilmeler hesaplanmustir.

Elastik limit agilmadig: siirece, kiris elastik olarak deforme olur. Elastik limit asildi-
ginda, plastik deformasyon i¢ yiizeyde baslar (» = a). Uygulanan yiikiin daha fazla ar-

tirtlmasi, dis yiizeyde baska bir plastik bolgenin olugsmasina yol acar (r = b). Egilme

vii



momenti daha fazla arttirilirsa, iki plastik bolge aradaki elastik bolgeye dogru iler-
ler. Pozitif ve negatif egilme durumlarindaki gerilmelerin ve deformasyonun benzer
davranig sergiledigi gozlemlenmistir. Ayrica, kirig kesitindeki deformasyonun ihmal

edilebilir derecede kiiciik oldugu goriilmiistiir.

Anahtar Kelimeler: Egri kirig, basit egilme, elastik-plastik deformasyonlar, Tresca

akma kriteri, artik gerilmeler.
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CHAPTER 1

INTRODUCTION

1.1 General Aspects

The research on the prediction of elastic, partially plastic, thermal and residual stresses
in basic mechanical structures such as prismatic bars, thin plates, shafts, disks, tubes,
pressure vessels, spheres, and cylinders under different loading conditions has been
the subject of a large number of investigations due to their significance in various
branches of engineering and in daily life. Plane stress and plane strain solutions of
the problems corresponding to these structures are available in the literature. The me-
chanical response under certain loading is related to boundary condition, loading pat-
tern and initial geometry of the structure. Researchers have also spent prevalent effort
for the analysis of basic structures made of advanced materials such as functionally
graded and composite. Solutions involving elastic stress state, elastic-plastic stress
states, fully plastic stress state, thickness variability and material non-homogeneity
appear in recent research articles. Tresca’s and Von Mises’ yield criteria are gener-
ally used to treat plastic part of elastoplastic deformation. Analytical solutions for
relatively simple geometries are achieved by using Tresca’s yield conditions which
provide a nonlinear problem consists of a combination of linear differential equa-
tions. The criteria of yielding is mentioned in Chapter 2] Furthermore, the material
behavior can be presumed as perfectly plastic, linear hardening or nonlinear harden-
ing beyond elastic limit. Perfectly plastic and linear hardening models can be treated
analytically by Tresca’s yield criteria whereas nonlinear hardening material behavior
must be solved numerically. Nevertheless, actual behavior of a structure can roughly
be described by linear models. This is because almost all structures behave in some

nonlinear aspect prior to reaching their ultimate limit. Nonlinear response of such



structures are captured for better system characterization in modern developments of

computational mechanics.

Analytical solutions of most of the basic structures in different states of stress are
available in advanced textbooks. Comprehensive treatments of a large number of
basic structures in the elastic state of stress by Timoshenko [1], Timoshenko and
Goodier [2], Rees [3]], Boresi et al. [4]], Ugural and Fenster [3], Boley and Weiner
[6], and Timoshenko and Gere [7]], and in the plastic state of stress by Johnson and

Mellor [8]], Mendelson [9]], Hill [[10], and Nadai [[11] are available in literature.

The analyses in elastic-plastic stress states are as important as those in the elastic
states, because an elastoplastic study helps to calculate residual stresses and to assess
the advantages of leaving residual stresses on the system. A structure is subjected to
an internal pressure so that it becomes partially plastic, then the pressure is released
and the residual stresses occur to increase the pressure capacity. This process is called
as autofrettage which has been widely used for several years in various industries
for automotive, aerospace and defence systems and in construction of fuel injection
systems, pressure vessels, tank gun barrels, etc. to increase operating pressures. For
a pressure vessel subjected to immense pressure, the largest tensile stress exists at
the internal parts. To withstand this tensile stress, compressive residual stresses are
produced at the inside of the vessel by autofrettage. In this way, autofrettage improves
strength of the pressure vessel. Moreover, it delays the formation of crack and extends
the lifetime of the material. It is used for design of pressure vessels to resist high
internal pressures. The residual stress analysis is carried out conveniently by using

Tresca’ yield criterion for several types of structures and loading conditions.

1.2 Literature Review

Investigations in related literature are classified into four categories in this thesis ac-
cording to the type of structures. The first category includes the studies concerned
with analysis of the elastic and elastic-plastic behavior of curved beams subjected to
mechanical and thermal loading. The researches regarding behavior of curved panel

structures under thermal loading form the second one. Then, the works that represent
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the solution for rotating disks and shafts generate the third category and the studies
related to cylindrical elements, tubes and vessels under thermal load effects comprise

the fourth category.

1.2.1 Curved Beams

Deformation behavior of curved bars and methods to increase the material limits un-
der varying loads have received attention by researchers. Elastic and partially plastic
solutions are achieved under states of both plain stress and plane strain for different
material behavior such as ideally plastic, linear strain hardening, non-work hardening
and linear kinematic hardening. The models used in the articles that are mentioned
in this thesis are generally based on the Tresca’s yield criterion. Elastic analysis of
a curved bar under pure bending conditions was treated by Timoshenko and Goodier
[2]. In this study, a state of plane strain was assumed. The articles authored by Shaffer
and House Jr. [12]], [13]], and [[14] are the pioneering ones in defining, formulating and
deriving a partially plastic solution to the curved beam problem. Shaffer and House
Jr. presumed a narrow rectangular cross-section curved beam subjected to couples at
its end sections. They assumed a state of plane strain and considered ideally plastic
material behavior. The beam deforms and as a result stresses develop in the beam. As
the elastic limit is exceeded, plastic deformation begins at the inner surface. While
this plastic region spreads into the beam with increasing bending moment, another
plastic region appear at the outer surface. Thereafter, the beam is composed of an

inner plastic, an elastic and an outer plastic region.

In a later work, Dadras [[15]] obtained an analytical solution of elastoplastic pure bend-
ing of a linear strain hardening curved beam under plane strain supposition. Dadras
considered a narrow rectangular cross-section curved beam subjected to positive cou-
ples at its end sections. Because the nonlinear equations for a general hardening case
could not be solved analytically, only a linear hardening case was analyzed. As in
the result of analysis for ideally plastic curved beam under plane strain assumption
by Shaffer and House Jr. [12], the linear strain hardening solution assuming a state
of plane strain by Dadras [[15] showed that the plastic deformation commences at the

inner surface and spreads into the beam with increasing moment. At a critical load,



another plastic region begins to form at the outer surface. Thereafter, the slender
beam becomes composed of an inner plastic region, an elastic region, and an outer
plastic region. Then, the two plastic regions expand over the elastic zone as the cou-
ple moment increases further. Eraslan and Arslan [[17] studied an analytical treatment
of elastic-plastic bending of a curved beam. Plane stress and plane strain analyti-
cal solutions for curved beam subjected to positive couples at its end sections were
presented and linear strain hardening material behavior was presumed. It was demon-
strated that plane stress and plane strain solutions coincide with the elastic and in the
elastic-plastic deformation stages. It was also observed that the changes in the di-
mensions of the beam as it deforms are negligibly small. Eraslan and Arslan [51] also
solved the non-linear strain hardening curved beam problem numerically. A compu-
tational model was developed for solution of a slender curved beam in purely elastic
and partially plastic stress states. The model was based on the von Mises’ yield crite-
rion and a state of plane stress was presumed. A second order nonlinear differential
equation was obtained to describe the deformation behavior of the beam. A shoot-
ing technique using Newton iterations were used for the numerical integration of the
governing equation. Recently, the authors have derived the closed form solution to
the bending of a non-linearly hardening curved bar [53]. An analytical solution to
the partially plastic deformation was derived and a state of plane strain was assumed.
The results were verified in comparison to the linear hardening solution available in
the literature [17] and the plane strain linearly hardening solutions were extended to
nonlinear hardening. Dryden [16] also derived a solution by letting the modulus of

elasticity vary in the radial direction. Plane stress analytical solution was derived.

Beyond solutions for a homogeneous curved bar under pure bending, the literature
also comprises researches regarding solutions of composite and non-homogeneous
beams. As an example for solution of composite bars, yielding of two-layer curved
bars under pure bending was investigated by Arslan and Siilii [22]]. It was assumed
that both layers were in a state of plane stress. Analytical expressions were derived for
the bending moments concerning to the elastic limit leading to plastic flow. The re-
sults showed that plastic deformation depends on material properties and dimensions
of the layers and yielding may occur at the inner or outer surface of the bar or at the

interface between two layers. Moreover, yielding may initiate at the outer and inter-



face surfaces simultaneously. It was known that yielding always emerges at the inner
surface of a homogeneous bar but this study demonstrated that yielding may emerge
at different locations in a composite bar. Composition of a functionally graded ma-
terial (FGM) is also non-homogeneous. Properties of these types of materials like
modulus of elasticity, Poisson’s ratio, and thermal expansion coefficient may vary
throughout the material. This non-homogeneity in the material enables lower stresses
and as a result higher strength of the structure. Elastic and elastoplastic behavior of
a functionally graded curved bar subjected to pure bending have been studied by sev-
eral researchers. Wang and Liu [20] extended Dryden’s [[16] study by considering an
elastic curved bar with functionally graded layers. Bending of graded curved bars at
elastic limits was also studied by Arslan and Eraslan [21]. Analytical and compu-
tational models were developed to predict the stress response under pure bending in
elastic and partially plastic stress states. The modulus of elasticity in the analytical
model and both the modulus of elasticity and the hardening parameter in the compu-
tational model of the bar material were pressumed to vary in the radial direction. The
analytical model was based on Tresca’s yield criterion, its associated flow rule and
ideal plastic material behavior, and the computational one was based on von Mises’
yield criterion, total deformation theory and a Swift type nonlinear hardening law.
The results indicated that the variation of material properties affects the deformation
behavior. Whereas yielding begins at the inner surface in homogeneous bars, yielding
may commence at the inner, at the outer or at both surfaces in graded ones. This work
also extended Dryden’s [[16] to provide analytical and numerical analyses of partially

plastic stress states under pure bending.

The analysis of deformation behavior of curved beams have also appeared in very re-
cent research articles. A new computational approach was presented to determine the
elastic field of deep curved beams with mixed boundary conditions by Ahmed and
Ghosh [23]]. The study was based on a displacement-function equilibrium method
and the displacement function was expressed in terms of the radial and circumferen-
tial displacement components. These components governed by a single partial differ-
ential equation of equilibrium. It was shown that this method is effective to predict
the elastic field of structural members of curved geometries with mixed boundary

conditions accurately. An analytical study on the elastic-plastic pure bending of a



linear kinematic hardening curved beam was performed by Fazlali, Arghavani and
Eskandari [25]. Although exact plane plasticity solution requires solution of a sys-
tem of equations, this study was based on the hyperbolic strain distribution on the
cross section which derives a simple approximate solution. Hull, Perez and Cox [26]
studied an analytical model of a curved beam with a T shaped cross section. They
derived an analytical dynamic model of a closed circular beam. The new model in-
cludes in-plane and out-of-plane vibrations derived by continuous media expressions.
Sarria, Gimena, Gonzaga, Goiii and Gimena [27]] examined formulation and solution
of curved beams with elastic supports. The authors presented the general system of
differential equations which can be solved by either numerical or analytical methods,
and a new numerical process called the Finite Transfer Method in order to solve a
linear system of ordinary differential equations. It was shown that the numerical so-
lution agrees in the exact analytical solution. Dehrouyeh studied [24]] on the thermally
induced non-linear response of functionally graded beams with rectangular cross sec-
tion. The response of shear-deformable slightly curved beams in monotonic loading

and unloading were examined analytically.

1.2.2 Curved Panels

Researchers also investigated deformation behavior of curved panels under various
loads. Elastic and elastoplastic states of a radially heated thick-walled cylindrically
curved panel were studied by Arslan, Mack and Gamer [28]] and Arslan and Mack
[29], respectively. In these studies, the basic equations of a curved panel with homo-
geneous thickness were derived in a plane strain state and under pure bending con-
ditions. The stresses occurring for a heated inner or outer surface were analyzed in
detail, and the yield criteria of Von Mises’ and Tresca for the elastic and elastic-plastic
states were used. Furthermore, the residual stresses after cooling were obtained [29].
The same problem was discussed in a state of generalized plane strain by Haskul,
Arslan and Mack [30]. The stresses and elastic limits of a cylindrical curved panel
subjected to a radial temperature gradient was discussed by analytical means. The
stresses occurring for both a positive and a negative temperature gradient were ana-
lyzed, and it was found that the yield limit according to Von Mises’ may be reached

either at the inner surface, the outer surface or at both surfaces simultaneously with
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increasing temperature gradient. Moreover, it was shown that the loads at the sup-
ports and the weight of panel are decreased using a graded panel as compared to a

homogeneous panel.

1.2.3 Rotating Disks and Shafts

Solid disks are another engineering structures providing high transferable loads. These
structures were studied analytically in elastic, elastoplastic and fully plastic states by
researchers. The first meaningful solution for solid disk problem was derived by
Gamer. Gamer [31], [33], [34] demonstrated that the stress distribution in a rotating
disk given in several articles and textbooks on plasticity was not accurate because the
corresponding deformation was not consistent with the continuity requirements at the
elastoplastic interface. Gamer [32] [33]], [34] produced a compatible solution for a
strain hardening material considering the fact that the plastic core of the disk includes
two parts with different yield conditions. The rotating solid disk in the fully plastic
and elastic-plastic states were studied by Gamer [33]] and [32], respectively. Linear
strain-hardening material was assumed in the fully plastic state. The plastic zone was
consists of two parts and it was shown that the boundary between these regions ap-
proaches a limit for unbounded growth of the angular velocity. Residual stress after
the standstill was also discussed. The usual statically determinate stress distribution
was recovered by specializing the results to perfectly plastic material [32]. Elastic
unloading of a disk after plastic deformation by a circular heat source was studied
by Gamer and Mack [35]. It comprised that the source during heating is removed,
a plastic region spreads around the source absorbed by an unloaded region. Resid-
ual stresses and secondary plastic flow limits in nonlinearly strain hardening rotating
shafts was studied by Eraslan and Mack [36]. A computational procedure to estimate
the residual stress distributions and the limit angular speeds to avoid secondary plastic
deformation were given based on von Mises’ yield condition. Newton iterations were
used to solve the boundary value problem for the governing nonlinear differential

equation.

There also appear solutions of non-homogeneous solid shaft and disk structures in the

literature in addition to homogeneous ones. Elastic and elastoplastic deformations of
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functionally graded structures have been studied by several researchers. Akis and
Eraslan [377]] obtained exact solution of rotating FGM shaft problem in the elastoplas-
tic state of stress. Plane strain analytical solutions to estimate purely elastic, partially
plastic and fully plastic deformation behavior were studied. The modulus of elasticity
was assumed to vary non-linearly in the radial direction. By considering different ma-
terial compositions, it was demonstrated that both elastic and elastoplastic responses
are affected significantly by the material non-homogeneity. Furthermore, the graded
yield limit changes the stress and deformation expressions in the plastic regions. Elas-
tic—plastic stresses of rotating functionally graded discs were analyzed by Callioglu,
Sayer and Demir [38]. The discs were assumed to be subjected to constant angular
velocity and non-work hardening material yielding behavior was considered. Elastic-
ity modulus, density and yield strength of the disc were considered to vary radially.
Different angular velocities were considered to get the distribution of the plastic re-
gion. It was seen that the analytical and numerical results are in good agreement. It
was also seen that yielding region expands throughout the outer surface with increas-
ing angular velocity, and the tangential and radial stresses increase as the centrifugal

force increases.

1.2.4 Cylindrical Elements, Tubes, and Vessels

Analytical solutions to elastic, elastic-plastic, thermal and residual stresses for defor-
mation behavior of tubes are also available in literature. A thick-walled tube under
pressure was performed in purely elastic stress state by Timoshenko [1/], Timoshenko
and Goodier [2], Ugural and Fenster [5]], and Boresi et al. [4], in the fully plastic stress
state by Boresi et al. [4], Mendelson [9], and Nadai [11], and in the elastic-plastic
stress state by Parker [40] and Perry and Aboudi [41]. Analytical solution to thermal
loading and unloading of a cylinder subjected to periodic surface heating was studied
by Eraslan and Apatay [44]]. Transient temperature distribution in the cylinder was
obtained by Duhamel’s theorem. The generalized plane strain in the axial direction
and linearly hardening material behavior were presupposed. An elastic and two plas-
tic regions were expressed for the cylinder with free ends. The model was compared
to a purely numerical solution and equilibrium, interface, and boundary conditions

were satisfied in every stage of deformation. Elastic-plastic deformation of a centrally
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heated cylinder was examined by Gamer and Orcan [39]. A perfectly plastic cylinder
with uniform temperature was considered. The core temperature was increased up to
the value that the elastic region vanished and it was seen that plastic collapse does not
occur for these temperatures. Analyses of composite tubes are included in articles.
For instance, stress distributions in energy generating two-layer tubes subjected to
free and radially constrained boundary conditions were considered by Eraslan, Sener
and Argeso [42]. Linearly hardening material behavior was assumed in the analysis.
Elastic solutions of different materials showed that eight different plastic regions ap-
pear during elastoplastic deformation stages. The stress response for perfectly plastic
material are deduced from the linearly hardening material expressions. The literature
also includes studies for solutions of non-homogeneous pressure vessels. Analyti-
cal solutions to elastic functionally graded cylindrical and spherical pressure vessels
were examined by Eraslan and Akis [43]]. In this study, analytical solutions to earlier
models [45] regarding elastic analysis of graded cylindrical and spherical pressure

vessels and an annular disk were obtained.
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CHAPTER 2

THEORY

2.1 Stress-Strain Relation

Tensile strength is the ability to support axial load without rupture and it is determined
by the tensile test which is the most important experiment to determine stress-strain
relation of a material [10]. An increasing tensile load P is applied to the material
specimen. Mainly there are two types of stress-strain curves which are engineering
and true stress strain. The engineering stress-strain curve is generally used in design
application if there is no expectation of deformation due to strain and hence original
cross section and original length are used. Then, the nominal stress o, = P/A,,
where Ay is the original cross sectional area, and the engineering strain ¢ = (L —
Lo)/ Lo, where L the original length, are evaluated to draw the stress-strain diagram.
In the computation of true stress the actual area is used. As the length increases, the
cross sectional area decreases. The true stress is 0, = P/A;, where A; is the actual

area of the cross-section.

Engineering stress-strain diagram of low-carbon steel which is a ductile material is
shown in Fig. (2.I). The strain at first increase proportionally to the stress and the
specimen returns to its original length on removal of the stress. Then, stress is less
than or equal to yield stress, i.e., o < o, and the slope of the curve is equal to modulus
of elasticity, &2 and Hooke’s law, o = E'e is valid here. Upon loading beyond the yield
limit, the material begins to yield, and the resultant strain increases more quickly than
the corresponding stress in yielding region. The elongation after yielding is started is
200 times as large as deformation before yield. Stress remains constant over a large

range of strain after onset of yielding for structural steel (Fig. (2.1))). Stress continues
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to increase with strain until the ultimate strength, o, is reached. The increase in
stress is due to material strain hardening, hence this region is called strain hardening.
Beyond ultimate limit, necking region takes place and the stress decreases until the
specimen ruptures with the stress o;,. If load is removed, elastic strain €® is recovered
and permanent plastic strain, €’ remains. Therefore, the total strain is considered as

total of elastic and plastic strain components, i.e, € = € + €’ [J].

AN
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: i : E g
00012 002 02 025

Figure 2.1: Engineering stress-strain diagram for low-carbon steel

A typical engineering stress-strain curve for brittle materials is shown in Fig. (2.2).
Brittle materials have very low percentage of elongation and break suddenly under
stress at a point just beyond the elastic limit. Therefore, the ultimate strength and

breaking strength are the same.

rupture
L T O
b

Q
I

Figure 2.2: Engineering stress-strain diagram for brittle materials
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There are two types of assumptions to perform analytical solutions based on Tresca’s
yield criterion. These are idealized models of material behavior which are elastic and
perfectly plastic, and elastic and strain hardening. As it can be seen in Fig. (2.3)
(a) for elastic and perfectly plastic materials, when the yield point is reached, plastic
deformation begins. Elastic and strain hardening materials obey Hooke’s law in the
elastic region and begins to flow at the yield point. This material behavior is shown
in Fig. (b). Most of the ductile material behave in this manner. The analytical
solutions may not be performed in the state of linear hardening material behavior
based on Tresca’s yield criterion. In such situations, perfectly plastic behavior is

considered.

e

@ - ® (b)
Figure 2.3: Idealized material behavior for states of (a) elastic and perfectly plastic,

(b) elastic and strain hardening.

2.2 General Criteria of Yielding

Criteria of yielding describe the limit of elasticity under any stress combination [[10].
The material behavior is defined by using any yielding criterion for the stresses larger
than yield stress. Plastic yielding is based on the magnitude of the three principal
applied stresses. It does not depend on the directions of these principal stresses as the
isotropic material is considered. There are several criteria to define the yielding of
solids, i.e. Tresca’s criterion, von Mises’ criterion, maximum stress theory, maximum
strain theory, etc. Tresca’s and von Mises’ yield criteria are useful for the initial yield

of isotropic materials.
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2.2.1 Tresca’s Yield Criterion

This criterion was firstly proposed by Tresca [46]. It is also called as maximum shear
theory. Tresca obtained that if the maximum shear stress reaches the maximum shear
stress at yielding, yielding will take place in a simple tension test. For the principal

stresses, 01 > 09 > 03, Tresca’s yield condition is

1
j:§(01 — 03) = Tmax- 2.1
The maximum shear stress at yielding point is 7,,x = 0,/2 in the simple ten-

sion. Hence, yielding begins as any of the below conditions is satisfied according

to Tresca’s criterion[9]:

o1 — 03 = Loy, (2.2)
o1 — 09 = Loy, 2.3)
09 — 03 = *L0,. 2.4)

This yield criterion is generally used for ductile materials [3]. Then, it provides a

closed form solution for the theoretical treatment of the yielding problem.

2.2.2 Von Mises’ Yield Criterion

This criterion is attributed to Von Mises [S0]. It is also called as distortion energy
theory. In this theory, yielding will occur at any coordinate of the material when the
distortional strain energy per unit volume in a state of combined stress becomes equal
to that associated with yielding in a simple tension test [S]. For the principal stress,

01 > 09 > 03, the Von Mises’ yield criterion is
(01 — 02)° + (02 — 03) + (07 — 03)° = 205. (2.5)

Yielding condition is not affected by any additional amount to stresses as only the
differences of the principal stresses are concerned in Eq. (2.5)) [5]]. This yield criterion

is commonly used for ductile materials [S]].
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2.2.3 Maximum Normal Stress Theory

This theory is proposed by Rankiene [S1]. Failure takes place when the major princi-

pal stress reaches that which caused fracture in a simple tension test.

2.2.4 Maximum Normal Strain Theory

It is suggested by Saint-venant. It assumes that failure occurs when the maximum

strain reaches to the strain at yield point in the tensile test [[10].

2.2.5 Tsai-Hill Theory

Hill [10] extended the yield criterion of von-Mises [S0] for isotropic materials to
anisotropic materials and Tsai [48]], [49] extended it for anisotropic materials to a
unidirectional lamina. Total strain energy in a body is composed of two parts as

distortion energy and dilation energy.
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CHAPTER 3

STATEMENT OF THE PROBLEM

Beam is a basic mechanical structure which resists load, transverse to the longitudinal
axis, primarily by providing resistance against bending. Analytical solution of a beam
provides determination of stresses and displacements developed in the beam under
the specified condition of loading. In this study, a narrow rectangular cross-section
curved beam is considered to be subjected to couples at its end sections. Plane stress
and plane strain analytical solutions are derived for partially plastic deformation of
the beam under pure bending in both negative and positive bending cases. The geom-

etry and the loading for negative bending case is shown at the considered coordinate

system in Fig. (3.1).

Figure 3.1: The geometry and the coordinate system of the curved beam under nega-

tive bending

17



Moreover, linearly hardening material behavior is assumed. Elastic and two stages of
elastic-plastic deformations are studied using Tresca’s yield criteria and its associated

flow rule.

Beam deforms elastically below the elastic limit load. When the elastic limit is ex-
ceeded, plastic deformation commences at the inner surface (r = a). In the first
stage of elastic-plastic deformation, the beam consists of an inner plastic region and
an outer elastic region. Further increase in the applied load leads to formation of an
other plastic region at outer surface (r = b). Then, the beam consists of an inner
plastic region, an elastic region and an outer plastic region in the second stage. As the
bending moment is further increased, the two plastic regions spread into the elastic
region. A single differential equation that governs the elastoplastic behavior of the
bar has been derived by using the equations of the generalized Hooke’s law, the equa-
tion of equilibrium and the compatibility relation.The radial stresses, circumferential
stresses, axial stresses and the radial displacement are calculated analytically. The cal-
culations are performed for the plastic range because the results allow to investigate
the level of the residual stresses which is the difference between the stress distribution
for elastoplastic and elastic behavior. For this purpose, the residual stresses remaining
in the beam after removing the load at plastic limit for stages I and II are also evalu-
ated. The numerical solutions of the elastic and plastic deformations are obtained by
solving the nonlinear systems of equations associated with the boundary and inter-
face conditions by using Newton’s Method with two versions for each stages. In the
first version, the evaluations are performed by solving all of the boundary and inter-
face conditions simultaneously, and in the second version, by reducing the number of
equations from the linear systems of equations and solving the remaining nonlinear
system. The convergence analysis comparing Versions I and II is performed for the

state of positive bending.
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CHAPTER 4

ANALYTICAL SOLUTIONS

4.1 Basic Equations

The total strain equations with the usage of the generalized Hooke’s law of elastic

strain are
1
Er:€£+E[0_7’_V(O-0+O-z)]7 4.1)
» 1
€ =€, + o log — v (0, + 0], 4.2)
1
€, =€ + 5 o, — v (o, + 09)]. 4.3)

where E is the modulus of elasticity, o; the normal stress component, v the Poisson’s
ratio, ¢; the normal strain component, and e! the normal plastic strain component. The
stresses and strains are functions of the radial direction, r and 7,9 = 0, then the strain

- displacement relations read

du
y=— 4.4
¢ dr @4
u  1dv

= — 4+ ——. 4.5
<0 T + r df *3)

10u v Ov

=-—— ——+ —=0. 4.

e rdd r * or 0 (4.6)

in which v and v are the radial and tangential components of the displacement vector,

7.0 the shearing stress and +,.¢ the shearing strain The equilibrium equation is

d
op = %(rar). 4.7)
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Compatibility relation is

1d o deg de,
i (5 -G = @9
Integration of the compatibility relation can be found in Appendix (A). It is:
L v ¢ 4.9)
—(reg) — €. = . .
dr "’

The derivation of radial and tangential components of the displacement are shown in

Appendix. (B)). These components are as follows:

u(r,0) = reg — Ayr — As cos b, (4.10)

v=Airf + Aysinb, 4.11)

where A; and A, are arbitrary constants. Rewriting Eq. (.10),
reg = u -+ Ayr + Ascosf. (4.12)

Substituting Eqs. (4.4) and (4.12) in Eq. (4.9), A; = ¢ is determined, hence the

displacement equations turn into

u(r, ) = reg — ¢r — Agcos b, (4.13)

v=¢rf + Assinf. (4.14)

The equations for the strain and displacement are valid for both elastic and plastic

regions and the plastic strain vanishes in the elastic region.

4.2 Governing Differential Equation

Combining the strain equations, Eqs. (4.I) and 4.2), and Eq. (4.7), Eq. (4.9), the

differential equation is obtained as

9 d’o, do, do,
—ur

" dr? " dr dr

P
—-F (ef — €y — T%) = E¢. (4.15)

This equation governs the partially plastic response of the curved beam under pure

bending and valid for both plane stress and plane strain states.
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4.3 Plane Stress

4.3.1 Elastic

The plastic strains vanish in purely elastic deformations, i.e., €/ = 0 and in the plane
stress solution o, = 0. Writing differential equation, Eq. (4.15)) with €2 = 0, €] = 0
and o, = 0; ,
d°o do
2 r r
—+3
e o dr

Solution of the differential equation, Eq. (4.16), gives the radial stress component,

= E¢. (4.16)

o,. Itis:

1
o, = %1 +Cy+ -FE¢lnr, “4.17)
r 2

where '} and (), are integration constants. From the equilibrium equation, Eq.

the circumferential stress component, oy is determined as;
C 1
o = —T—21+CQ+§E¢(1+IH7“). (4.18)

Finally, by using the equation of strain, Eq. (4.2) and Eq. (4.13), the radial displace-

ment becomes

u= = —%(1+V)Cl+(1—y)02’l" —[1—(1—1/)1117"]%—1420050. (4.19)

4.3.2 Plastic Region I

The stress state in this region is

0.(=0) > o, > oy, (4.20)
and Tresca’s yield criterion reads

Oy =0, — 0g = —0y. “4.21)
Because there is no predeformation, the associated flow rule gives

e? = —ep and €2 = 0. (4.22)
From the equivalence of plastic work increment,

el = €pq, (4.23)
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where €p( is the equivalent plastic strain. The yield stress for a linearly hardening

material is

O'y = 0y (1 + 7]€EQ) y (424)

in which o is the uniaxial yield limit and 7 the hardening parameter. Then combining

Eqgs. (#.21) and @#.24), e becomes

1 1
ol n 0o n

& = —¢) = |:———(7“O'r) - 1] —. (4.26)

Substitution of the plastic strains, Eq. (#.26), €2 = 0, and 0, = 0 in the governing
equation, Eq. (#.15) leads to

,d%o, do, oy EHo 09
,

3" = 4.27
a T YT H T 1rH 1T H (20
where the normalized hardening parameter H = noy/E. Solving the differential
equation, Eq. #.27)

o, =Cyr "W 4+ Cor "W L EH¢ — 0y, (4.28)

inwhich W = /H/(1 + H). From the equilibrium equation, Eq. Ib the tangential

stress 1s obtained as;
og=—-WCsr "W 4+ WOV + EH¢ — o,. (4.29)

The plastic strain components are achieved by Egs. (4.26) and (.28) as

(4.30)

P _ P —
€, = —€ =

W[cg 04}_¢.

PHW =W
Combining Eqs. (4.2) and (#.30) and substituting in Eq. (4.13), the radial displace-

ment becomes

w = o (W HOV 4 0)] Cor™ 4 W 4 HOW — )] G (431)

—H(1 —v)oer} + Hp(1 — v)r — Az cosb.
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4.3.3 Plastic Region II

The stress state in this region is

g > 0,(=0) > o, (4.32)

and Tresca’s yield criterion reads
Oy = 0 — Op. (433)

The plastic strains and the equivalent plastic strain with the help of the associated

flow rule:
€ = —€ = epg and € = 0. (4.34)
The yield stress is
o, =00 (1 +nepq), (4.35)
then
€no = <‘7";0"’“ - 1) % (4.36)
By using Eq. with Egs. (4.34) and (4.36), €” and €}, become
€y = —€el = {aio {%(TJT) - O'T:| - 1} % (4.37)

Substituting Eq. and o, = 0 in the differential equation, Eq. (#.15)

d*o do EHo 200
2 T T
3 - 4.38
Tdr2+rdr 1~|—H+1+H’ (4.38)

and solving the differential equation, Eq. (4.38);

Cs EFEHolnr oglnr
= — + C : 4.39
I A YT s Ry (4.39)
From the equilibrium equation, Eq. (4.7), the tangential stress becomes
G EHp(1+1Inr) oo(l+1nr)
e AT 1+ H (4.40)

The plastic strain components are obtained by substituting Eq. (4.39) in Eq. as

¢
r2 +1+th HETFES )

(4.41)

P _ _p_
€g = —€, =

B 1 205 O'(]H
EH
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Combining Eqs. (4.2) and @#.41)) and substituting in Eq. (4.13), the radial displace-

ment becomes

oo(1—v)rinr
1+ H

+ (1 —v)Cer +

1 {_[2+H(1+y)]C’5

YT E Hr
—¢[1+H_H(1_V)lnr]r—Agcos&
2(1+H)

Analytical solutions for positive bending are also given in Appendix (C)).

4.3.4 Summary of the equations of plane stress analytical solution
4.3.4.1 Elastic Region

Governing differential equation:

Ao do
2 T 3 T
" dr? T dr

= E9,

solution of Eq. (#.43):

1 1
or=—+Co+ s E¢Inr,
T 2
solution for the circumferential stress component:

C 1
g = _7’_21 + Cs + §E¢(1 +1Inr),

and solution for the radial displacement:
“TEr

4.3.4.2 Plastic Region I

Governing differential equation:

,d%o, L3 do, n oy EHo 00
r r = —
dr? dr  1+H 1+H 1+H’

solution of Eq. (#.47):

Oy = CgT_l_W + 047"_1+W + EH¢ — 0y,

solution for the circumferential stress component:
o9 =—WCsr™ "W + WCy™W + EH¢ — 0y,

24

1(1—|—V)C’1 +(1—-v)Cor| —[1-(1 —V)IHT]% — Ay cosé.

} (4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)



solution for the radial displacement:

W+ HW + )] Csr™" + W+ HW —v)]Cyr™ (4.50)

v = pg Ul
—H(1 —v)oor} + Hp(l — v)r — Ay cosb,

then, solutions for the plastic strains in axial and circumferential direction:

W Cs Cy
EH | ri+w  p-w | P.

(4.51)

P P
€, = —€ =

4.3.4.3 Plastic Region I1

Governing differential equation:
2d20T ?)TdO-T _ EHo n 200 |
dr? dr 1+H 1+ H

r (4.52)

solution of Eq. (4.52):
Cs EFEH¢olnr oglnr
— + C
2Tt Tirm
solution for the circumferential stress component:
Cs EHop(1+1Inr) oo(l+1nr)
72 2(1+ H) 1+H

(4.53)

oy =

+Cs+ (4.54)

Op —

solution for the radial displacement:
u - l{_[2+H(1+u)]C5

oo(l—v)rinr
1+ H

E Hr +(1—V)CG7’+

¢[1+H—-H(l—v)lnr|r
— —A 0
20+ H) 9cos b,
and finally, solutions for the plastic strains in circumferential and radial direction:
112G . oo n o) .
EH | r? 1+H 2(1+H)

} (4.55)

(4.56)

P _ _.p_
€g = —€, =

4.4 Plane Strain

4.4.1 Elastic

The plastic strains vanish in the elastic region, i.e., €/ = 0. In the plane strain solution

e. = 0. Solving Eq. (4.3) for o,

o, =v(o,+0q), 4.57)
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and with the equilibrium equation, Eq. (4.7), the axial stress component, o, becomes

d
o, =U [ar + %(rar)} ) (4.58)
Substituting €? = 0, ) = 0 and Eq. (4.58) in the differential equation, Eq. (4.15));
2 d?o, do, E¢

3r—L = 7 4.59
dr? o dr 1— 2 (4.59)
Solving the differential equation, Eq. (4.59) for o, :
A E¢(In2 +1In(1 — v?) E¢lnr
.= —+ |B , 4.60
7 r2+[ + 1—0v2 +2(1—V2) (4.60)
or simply
Ch E¢lnr
= — 4 Oy ————. 4.61
IR TG ) (-6l
From the equilibrium equation, Eq. (4.7) the tangential stress is obtained as;
Ch E¢(l+Inr)
= — 4Oy —— 4.62
70 r2 e 2(1 —v?) (4.62)

The axial stress component is determined by substituting Eqs. (4.61) in Eq. as

Evg Evolnr
2(1 —v?) 1—v2

By substituting the strains, Eq. (4.2)) and Eq. (#.58)) in Eq. (4.13)), the radial displace-

ment becomes

o, = w05 + (4.63)

u = % —%(1+V)C’1+(1+1/)(1—21/)027" (4.64)
I _2((11__2;;) Inrjér _ Ay cosb.
4.4.2 Plastic Region I
The stress state in this region is
o, > 0, > 0y, (4.65)
and Tresca’s yield criterion reads
o, = o, — ga, (4.66)
From the equivalence of plastic work increment,
€pg = € = —¢j and €2 = 0, (4.67)
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The yield stress is

o, =00 (1 +nepg), (4.68)
then combining Eqs. (4.66) and (4.68)
- 1
€nQ = (“ % _ 1) - (4.69)
00 n
Solving Eq. (@.3) for o, by using Eq. (4.7)
d
0, =V |:O'T + %(rar)} . (4.70)
By using Eq. (4.7) with Eq. (4.67), €, and €2 become
1 d 1
& =—e) = {U_o lm - %(TJT):| — 1} o 4.71)
Substituting Eqs. (4.71)) and (@.58)) in the governing equation, Eq. (#.15)
d*o do. EHo 200
2 r r
Ir— = — . 4.72
" dr2+ "ar 1+H(1—-v?) 1+ H(1-1v?) (4.72)
Solving the differential equation, Eq. (4.72);
Cs EHplnr oolnr
r = — + C. — . 4.73
T R T TS HO =) 1+ H( =) “473)

With the equilibrium equation, Eq. (4.7), the tangential stress becomes;

Gy EH¢(1+1nr) oo(1+1nr)
i 21+ H(1—1?)] 1+H(1—1?)

The axial stress component is determined by substituting Eqs. (4.73)) in Eq. (#.70) as

voo(l+2Inr)  FEHvré(l+2Inr)
1+ H1—-v?)  2[14+HQ1-v?)]
The plastic strain components are determined by substituting Eq. (4.73)) in Eq. @.71)

(4.74)

o, =2vCy —

4.75)

as

o {203 (= 7)o }— ¢ (4.76)

b — __ = — —
CTTYTE | HR 1+ HA )] 2+ H(I— )]
Combining Eqs. (4.2) and (#.76) and substituting in Eq. (#.I3)), the displacement

becomes

u = %{—[HH(;:”)]C?’+(1+u)(1—2u)c47~ 4.77)
_oo(l+v)(1 - 2V)7‘1HT}
1+ H(1 —v?)
1+H(1—-v*)—H1+v)(1—2v)Inr] ¢r
_[ 1+ H(1—12) }7
— Ay cosb.
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4.4.2.1 Plastic Region I1

The stress state in this region is

o9 > 0, > 0.
and Tresca’s yield criterion reads

Oy = 0g — Op,
The plastic strains and the equivalent plastic strain are

€y = —€ = epg and €} = 0.
Solving Eq. (#.3) for o, by using Eq.
d
0, =V |:O'r + %(rar)} .

The yield stress is
oy =00 (1+nepq),

o Op — Op 1
€EEQ = o0 —

By using Eqgs. (4.7) and (4.83)) ¢ and €} become

then

| =

1 1d
p = — p pr— — — —_— —_—
€ eP {Uo {dr (ro,) Or:| 1}

Substituting Eqs. (4.84) and (@.58)) in the differential equation, Eq. {#.13)

,d%c, 5 do, EHo

T T T EA—2) IR HO =)

Solving the differential equation, Eq. (4.85);

Cs EH¢lnr

UTZT—Q—I—CG—{—

From the equilibrium equation, Eq. (4.7) we get oy as;
Cs EH¢(1+1Inr)

S+ HI =] 1+ H(I—17)

oo(1+1nr)

09:_ﬁ+06+

20+ H(1—v?)] 14+ H(Q1—v?)

(4.78)

(4.79)

(4.80)

(4.81)

(4.82)

(4.83)

(4.84)

(4.85)

(4.86)

(4.87)

The axial stress component is determined by substituting Eqs. (4.86) in Eq. (#.70) as

voo(l+2Inr) EHvp(l+2Inr)

o, =2vCs +
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With Eq. (4.84), the plastic strain components become

1 [2C5 (1—v?)oy o)
P _ P — — . 4.89
&= % E[Hr2+1+H(1—y2) 2+ H(1 =) (4.89)
From the Eq. (4.13) the displacement takes the form of
1 2+ H(1+v)|C
u = 5 {—[ (Hr 1Gs + (1 +v)(1 —2v)Cer (4.90)
oo(l+v)(1 —2v)rinr
1+ H(1—v?)
1+ H(1—v*)—HQ1+4v)(1—2v)Inr] ¢r
1+ H(1—v?) 2
— Ay cosb.
Analytical solutions for positive bending are also given in Appendix (C).
4.4.3 Summary of the equations of plane strain analytical solution
4.4.3.1 Elastic Region
Governing differential equation:
d’o do E¢
2—— L= 491
dr? 3rdr 1—v2 4.91)
solution of Eq. (4.91)):
4 E¢lnr
r=—+Co+ ——, 4.92
7 7’2+ 2+2(1—V2) (4.92)
solution for the circumferential stress component:
Ch E¢(1+1Inr)
=——+ 0+ ————+—- 4.93

solution for the axial stress component:

Ev¢ Evoplnr
222 s 4.94
0= WOt g (4.94)

and solution for the radial displacement:

v = % —%(1+V)C'1+(1+V)(1—21/)C27’ (4.95)
l—v—>1-2v)Inr]|¢r

- 20 =) — As cos .
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4.4.3.2 Plastic Region I

Governing differential equation:

d*c do EHo 200
2 r r
3 = — 4.96
T T I HI—) 1+ H( =) (4.96)
solution of Eq. (4.96):
Cs EH¢lnr oplnr
L= —4C — , 4.97
T R T ST T HA ) 1+ HO =) 497)
solution for the circumferential stress component:
Cs EH¢p(1+1nr) oo(1+In7)
=4 C — 4.98
= T T ST A ] T+ H( =) (4.98)
solution for the axial stress component:
voo(l+2Inr)  EHve(l+2Inr)
. =2vCy — , 4.99
72T T I THA ) 21+ H(L— 1) (4.99)
solution for the radial displacement:
1 2+ H1+v)|C
u o= = {—[ (m NG (14 v)(1 —20)Cyr (4.100)
oo(l+v)(1 —2v)rinr
1+ H(1—v?)
1+H1-v*)—H1+v)(1—2v)Inr] ¢r
1+ H(1 —v?) 2
— Ay cosb,
then, solutions for the plastic strains in circumferential and radial direction:
1 [2Cs (1—1v%)oy o
I B _ — ) 4.101
KA [HrQ 1+ H1-2)| 20+ H1-02)] (“4-101)
4.4.3.3 Plastic Region II
Governing differential equation:
d*o do EHo 200
2 r 3 T 4.102
T T 1+H(1—y2)+1+H(1—V2)’ ( )
solution of Eq. (4.102):
Cs EHolnr oolnr
r = — + C , 4.103
TR YT 7 (G o) IR e e (4.103)
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solution for the circumferential stress component:

Cs EH¢$(1+1nr) oo(l+1Inr)
=—— +C, 4.104
= T T T HG =) T HO =) (4.104)
solution for the axial stress component:
voo(l4+2Inr)  FEHvé(l+2Inr)
. = 2vC ; 4.105
=t T =) Ay HO = )] (4.105)
solution for the radial displacement:
1 2+ H(1+v)|Cs
U= 5 {— i +(1+v)(1—2v)Cyr (4.106)
oo(l+v)(1—2v)rinr
1+ H(1—v?)
C[1+HOA =) -HQA+v)(1—2v)Inr| ér
1+ H(1—v?) 2
—Aycos b,

and finally, solutions for the plastic strains in radial and circumferential direction:

1 [2Cs (1—v*)og ¢
p_ _ P — ) 4.1
CT T E {Hﬂ T HO=2)] 20+ HI=7) (4107
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CHAPTER 5

RESULTS AND DISCUSSION

The following data are used in the numerical solutions: £ = 200 GPa, oy = 250
MPa, v = 0.3 and the dimensionless variables for radial coordinate 7 = r/a, bending
moment M = M /(og x b*x t), normal stress 7; = 7/, normal strain ¢; = ¢; £ /0y,
and displacement © = uF /boy where a and b are inner and outer diameters, ¢ is the

thickness of the beam. In the calculations, b = 1.0 and ¢ = 1.0.

5.1 Plane Stress

5.1.1 Elastic

Initially, the entire beam is stress free. The beam deforms elastically under bending
moment M < Mg and becomes partially plastic when M > Mpg. Therefore, My is

called the elastic limit load.

The distribution of the stresses and displacement are described by Eqs. (¢.17)-(#.19).
In the stress equations, there are three unknowns which are C';, C5 and ¢. For eval-
uation of these unknowns, three linearly independent conditions are available. These

are:

b
/ ogrdr = M, 5.1

o-(a) =0,(b) =0, (5.2)

where M is the couple moment per unit width.
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The solution of the integral, Eq. (5.1)):

CiIn(b/a) + %Cg(bz —a?®) + éEgb [—a*(1+ 2na) (5.3)

+b0°(1+2Inb)| = M.

With the help of the above equations, it is possible to get the analytical expressions

for the unknowns. Combining Eqgs. (5.2) and (5.3), C'}, C and ¢ are obtained as

AM

C, = Wa2b2 In(b/a), (5.4)
4M
Cy = _T(b2 Inb—a*lna), (5.5)
_8M o,
¢ = EN(a b%), (5.6)
in which
N = (a* — bv*)* — 4a®b*[In(b/a))>. (5.7)

The displacement equation, Eq. (4.19)), contains the fourth unknown A, that has to be
determined. The displacement will be equal to zero assuming that the beam is rigidly

fixedatr = a,0 =0, i.e.

u(a,0) = é {—é(l +v)Cy + (1 — I/)Cga:| —[1—=(1-v)Ind] %_AQ =0. (5.8)

Solving Eq. (5.8)) for A,

Ay = % {—é(l +v)C + (1 - V)OQCL:| —[1-=(1—-v)lna %. (5.9)

The elastic limit load for a beam of b/a = 1.3 is calculated as M = 8.0999 x 1073,
The corresponding integration constants C;, Cy, ¢, and A, are calculated as C'; =
1.3332, Cy = —1.3332, ¢ = 8.7656 x 1073, and Ay = —7.7043 x 103 with the
dimensionless form of C; = C;/a. The elastic limit load for a beam of b/a = 1.5
is M p = 1.6027 x 10~2. Then, the unknowns C;, C, ¢, and A, take the numerical
values O, = 7.0566 x 107!, Oy = —7.0566 x 107!, ¢ = 5.4386 x 1073, Ay =
—4.4590 x 1073.
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Figure 5.1: The stress response under the elastic limit load of a beam of b/a=1.3 for

(a) positive bending case, (b) negative bending case.
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Figure 5.2: The stress response under the elastic limit load of a beam of b/a=1.5 for

(a) positive bending case, (b) negative bending case.
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The stress response of the beam at the plane of symmetry, i.e. § = 0 under elastic
limit load M = M is plotted for b/a = 1.3 in Fig. (a) and (b) for positive and
negative bending cases, respectively, and for b/a = 1.5 in Fig. (a) and (b). The
solution of oy(rny4) = 0 is achieved by Newton-Raphson method and the neutral axis
are calculated for the beam of b/a = 1.3 and b/a = 1.5 as Ty 4 = 1.1435 and 1.2333,

respectively.

5.1.2 First Stage of Elastic-Plastic Solution

The curved beam consists of a plastic region in
a<r<r,
and an elastic region in
™ S r S b7

where r is the plastic-elastic border radius.

The distribution of the stresses, displacement and plastic strains are described by Eqs.
(#.28)-(@.31)). In the first stage of elastic-plastic solution, it is required to solve elastic
region and plastic region I together. C, Cy, C3, Cy, Ay, ¢ and ry are the unknowns
that should be evaluated to solve this problem. Corresponding seven boundary and

interface conditions are available to determine these unknowns. These are:

uP(a,0) = 0,

of(a) = 0,
op = —0op(r),

oy (b) = 0,
of(r1) = o7(r),
uP(r1,0) = u(ry,0),

b r1 b
/ oerdr = / oyrdr + / ogrdr = M.
a a 1

W+ H(W +v)]|Cs n W+ H(W —v)]aV O,y
EHaV EH
opa(l —v)
E Y

In explicit forms:

uP(a,0) =0:—Ay — (5.10)
+H(1 —v)agp =
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+W+EH¢:JO’ (511)

C E(l1+1
o0 = —of(r) : Sy oy 2L (5.12)

T 2

C Elnb
af(b):o:b—21+02+ 50 =0, (5.13)

C C! C 1
0'5(7”1) = 0'5(7’1) . ——21 — 02 + T?;/V + Tzi/V + E |:H — —1117”1:| §Z§ = 0y, (514)
H(1l

uP(r,0) = u(ry,0): M — H(1 —v)rCsy (5.15)

r

_W HW +v)]Cs W+ HW — )]V Cy

¥

[ 2H( ) — (1 — p)Inpy] EHNO

= Hr(1—v)oy,
b 1 1-W _ 1-W
/ ogrdr = M : In(r,/b)Cy + 5(62 —1r3)Ca + Wia T I;/l )Cs (5.16)
W(T%JFW _ CL1+W)C4 ) )
—4a"H 1+21
- W + [~4a®H + b*(1 + 21nb)
E
_r%(l —4H + 21117“1)} ?(b =M + (T% _ a2)%'

The beam becomes partially plastic under the load M > Mp. The first stage of elasto-
plastic deformation is in the range Mp < M < M; with M; = 9.5488 x 1073 for
a beam of b/a = 1.3. The curved beam consists of a plastic region in a < r < 1
and an elastic region in r; < r < b, the plastic region is governed by Tresca’s yield
criterion o, = —0y in negative bending case. The hardening parameter, H is taken
as 0.2 for b/a = 1.3 and b/a = 1.5 in the plane stress calculations. The integration
constants are calculated for M = M. As seen in Fig. (b), the plastic deforma-
tion begins at r/a = 1 and r/a = 1.3 is also critical location as Gy — &, = 1. In the
comprehensive study by Eraslan and Arslan [17]], the optimization method was used
to solve the systems of nonlinear equations with MINPACK library [52]]-[54]. In this

thesis, all of the above equations obtained for the boundary and interface conditions
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are solved simultaneously by using subroutine NLNF which solves non-linear sys-
tem of equations using Newton method included in NONLIN library. Subroutines are
supplied for the nonlinear equations to estimate the unknowns C', Cs, C3, Cy, As, ¢
and r;. The definition of NONLIN solver and the subroutine NLNF can be found in
Appendix (D) and the subroutines used in calculations are available in Appendix (E).
The solution using all of the nonlinear equations will be called Version I in this thesis.
Thereafter, the unknowns are found as C; = 1.5986, Cy = —1.5986, Cy = 1.2153,
Cy = —2.0868, Ay = —9.2294 x 1073, ¢ = 1.0493 x 1072, and 7, = 1.0218. The
unknowns are calculated for a beam of b/a = 1.5 under the load M; =2.0561x10"2
as C1 = 9.4093 x 1071, Cy = —9.4093 x 107!, C3 = 7.9433 x 107!, C'y = —1.2266,
Ay = —5.9250 x 1073, ¢ = 7.2076 x 1073, and 7, = 1.0510. However, by giving
a careful consideration for these seven equations, it can be seen that the constants
(4, Cy, Cy, and Cy can be solved by a linear system of the Eqs.(5.10), (5.11)), (53.12),
and (5.13). After solving the four linear equations and obtaining the definitions for

C1, 05, C5, and CY4, the number of equations is reduced from seven to three. The
remaining three constants As, ¢ and r are calculated by solving the three nonlinear
equations which are Eqs.(5.14)), (5.13)), and (5.16). Then, the results for the unknowns
Ag, ¢ and ry are substituted in the equations for C', Cs, C3, Cy and hence all of the

unknowns are obtained. The solution achieved in this way will be called Version

IT in this thesis. Solving the linear equations, Eqs.(5.10), (5.11)), (5.12)), and (5.13),
C1, sy, C5, and Cy become

_ Vriocy  E¢b*r? [1 + In(r/b)]
R 2(b2+1r?) ’

Cy (5.17)

r?og B E¢(r? +bv*Inb+rilnry) (5.18)

C2Z_b2+r% 2 (b2 +r?)

B aVAEH oMWW — H(1—W)] o
= sarmw T 21+ H)W (5.19)
QMY EHGW = H( = W)

2(1+ H)W ’

 aVAEH oW W+ H(Q+ W) o
= sarmw T 2(1+ H)W (5.20)
al"™ WEH¢ W + H(1+W)]

21+ H)W
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The remaining constants A, ¢ and r; are calculated solving the nonlinear systems of
equations, Eqgs.(5.14), (5.13), and (5.16). The results for the beam of b/a = 1.3 are
Ay = —9.2294 x 1073, ¢ = 1.0493 x 1072, and 7, = 1.0218, and for the beam of
b/a =15 Ay = —5.9250 x 1073, ¢ = 7.2076 x 1073, and 7; = 1.0510. Substituting
the solution of the unknowns A,, ¢ and r; in Eqs.(5.17), (5.18), (5.19) and
C4,C4,C5, and Cy for b/a = 1.3 become C; = 1.5986, C;, = —1.5986, C3 =
1.2153, Cy, = —2.0868,and for b/a = 1.5 C; = 9.4093 x 107!, Cy = —9.4093 x
1071, Oy = 7.9433 x 1071, C, = —1.2266.

The stress response of the beam at the plane of symmetry, i.e. § = 0 under M = M
is plotted for a beam of b/a = 1.3 in Fig. (a) and (b) and for b/a = 1.5 in
Fig. (a) and (b). The solution of oy(ry4) = 0 is achieved by Newton-Raphson
method and the neutral axis are calculated for the beam of b/a = 1.3 and b/a = 1.5

as 7ya = 1.1443 and 1.2364, respectively.

The residual stress remaining in the structure after the unloading is simply obtained
by the difference of the stress distribution for elastic-plastic behavior and the one
for elastic behavior both evaluated at the load under consideration. By applying this
evaluation on Stage I, i.e. taking difference of the stresses for elastic-plastic and
elastic behavior under M; = 9.5488 x 1073 for a beam of b/a = 1.3 and M; =
2.0561 x 1072 for a beam of b/a = 1.5, the unknowns for the residual stresses are
obtained for the beam b/a = 1.3 as C; = 1.5717,Cy = —1.5717, ¢ = 1.0334x 1072,
Ay = —9.0825 x 1073, and for the beam b/a = 1.5 as C'; = 9.0527 x 107}, C, =
—9.0527 x 1071, ¢ = 6.9771 x 1073, Ay = —5.7205 x 1072 and the corresponding
graphs can be seen in Fig. (5.4) (a) and (b), and Fig. (5.6) (a) and (b), respectively.
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5.1.3 Second Stage of Elastic-Plastic Solution

The curved beam consists of an inner plastic region (region I) in
a<r<T,

an elastic region in

ry <r <rg,

and an outer plastic region (region II) in
) S r S b7

where r; and 7y are the elastic-plastic border radii. The distribution of the stresses,
displacement and plastic strains are described by Eqs. (#.39)-@.43). In the second
stage of elastic-plastic solution, it is required to solve elastic region, plastic region
I and plastic region II together. C, Cs, Cs, Cy, Cs, Cg, A, ¢, 11, and 15 are the un-
knowns that should be evaluated to solve this problem. Ten boundary and interface

conditions are available to determine these unknowns. These are:

uP(a,0) = 0,

of(a) = 0,
of(r) = o7(r),
uP(r,0) = u(ry,0),
o9 = —og(r),

o4(r2) —o7(r2) = oo,
op(r2) = op(ra),
ué(ry,0) = uP(ry,0),

op(b) = 0,

b 1 2 b
/ oerdr = / aprdr + / ogrdr + / ogrdr = M.
a a 1 T2

In explicit forms:

W+ HW +v)]|Cs
EHaV

(1—v)ap =

uP(a,0) =0: —Ay — [

W+H(W—V)]GWC4+H
EH

(5.21)

opa(l —v)

[
- =
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af(a):o:—c3 L G

v+ o + EHY =0, (5.22)

C C! C 1
o¥(r1) =o5(r): ——5 — Cat oy + oy + B [H -3 lnn} ¢ =00, (5.23)
1 T T
H(l + V)Cl

uP(ry,0) = u®(ry,0) :

—[W+H<W+V)]Cg+[W+H(W—1/)]7’¥VC’4

— H(1 —v)rCy (5.24)

1

7
EH
+[1+2H1—-v)—(1—v)lnr] 27’1¢
= Hri(1 —v)oy,
C E(l+Inr
o9 = —0og(r1) : ——21 + Cy MCb = —o0y, (5.25)
T 2
2C, E
05(rs) — of(ra) = 0 1 ——5 + Eo _ o0, (5.26)
5 2
Cy Cs Elnrg Inry
€ — AP [— - — — = 27
O-T(TQ) O-'r(r2) 7’% + Cy ’T‘% 06 + 9 (1 T H) 1+ HUO, (5.27)
1+v)C 1 —v)rC
u(rqg, 0) = uP(r,0) : _{ Erg) L ( ; 22 (5.28)
[2+H(1+V)]C5 B (1—1/)7“206
EHr, E
(1—v)rylnr (1 —v)rylnr
¢ = 00,
2(1+H) E(1+H)

of(b)=0:2(1+ H)Cs+20* (1 + H)Cs + B’ EHpInb = —2b%05Inb, (5.29)

T

b 1 W(a'=™W —ri=")C
/Jgrdr:M:ln(rl/rg)Cl—i-é(Tg—rf)Cg—i— (a 1_1:;/1 )Cs (5.30)
W W — W\ 1
+ (ry T ) 4+ln(r2/b)C5+§(b2—r§)C6
+ [-4a®H(1+ H) + V"H(1 +2Inb) —r}(1+ H)(1 — 4H + 2Inry)
Lo
2 —
+r3 (1 + 21In7s)] SO+ )
o [9.42 2 0.2 2 90
=M —[2a° (1+ H)+b*(1+2Inb) —2r7 (1 + H) r2(1+21nr2)}4(1+H).
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The second stage of elastoplastic deformation begins when M > M; with M =
1.4 x 1072 for a beam of b/a = 1.3. The curved beam consists of an inner plastic
region (region I) in a < r < rq, an elastic region in r; < r < ry, and an outer plastic
region (region II) in 7o < r < b. The outer plastic region is governed by Tresca’s yield
criterion o, = 09 — 0,.. Fig. (b) shows the consequent distributions at the second
stage under the load M > M;. By solving above ten equations for boundary and
interface conditions simultaneously using Version I solution method, the unknowns
are calculated as C; = 3.6684, Cy = —3.6282, C3 = 2.5110, Cy = —5.5283, C5 =
6.1140 x 107!, Cs = —6.1140 x 1071, Ay = —2.1050 x 1072, ¢ = 2.3896 x 102,
71 = 1.0885, and 7, = 1.2036. The unknowns are calculated for a beam of b/a = 1.5
under the load M = 3.6 x 1072 as C; = 3.8477, Cy = —3.6475, C3 = 2.6858,
Cy = —6.5939, C5 = 6.4128 x 107!, Cg = —6.4128 x 107!, Ay = —2.3790 x 1072,
¢ = 2.8925 x 1072, 7, = 1.1835, and 7, = 1.2799. By applying Version II solution

for stage II, as the constants C, Cy, C'5, and C4 can be solved by a linear system of

the Egs. (5.21)), (5.22)), (5.23), and (5.24), C}, Cs, Cs5, and C, become
B¢} dVrlTW(H + W + HW)(AEH + aHoo — aWay)

c — o 0 (5.31)
AV W(H + W+ HW)(=Woo — EH¢ + EWé + EHW ¢)
N A1+ H)W
+a*WT}+W(—H +W + HW)(—=AyEH — aHog — aW o)
A(1+H)HW
+a1—Wr%+W(—H + W+ HW)(~Woo+ EHé + EW ¢+ EHW ¢)
A0+ H)W ’
C, = —og+ E%) (1+4H —2Inry) (5.32)
+a_Wr1’1’WA2E [ (~H +W +HW) +r?(H+W + HW)]
41+ H)W
a' W Woo [—a®™ (—H + W + HW)? + i}V (H + W + HW)?]
T A1+ H)HW
AW Y EG [0 (—H + W+ HW)? — 13V (H + W + HW)?]
* 11+ H)W ’
oo oW A, EH . a"tWoo(—H +W + HW) (5.33)
2(1+ H)W 21+ H)W
A *WEHG(—H + W + HW)
a 2(1+H)W ’
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a WA EH o Woo(H+W + HW)
Cy = 5.34
YT SUrmwW T 20+ MW (534)
o WEHO(H+W + HW)

20+ H)W

Thus the number of equations is reduced from ten to six and the unknowns Cj, Cg, As,
¢, 11, and 5 are obtained from Egs. (5.23)), (5.26)), (5.27), (5.28), (5.29) and by
using Newton’s Method. The results of the unknowns for the beam of b/a = 1.3 are
Cs=6.1140 x 107", Cs = —6.1140 x 107!, Ay = —2.1050 x 1072, ¢ = 2.3896 x
1072, 7, = 1.0885, and 7, = 1.2036.and for the beam of b/a = 1.5 C5 = 6.4128 x
1074, Cg = —6.4128 1071, Ay = —2.3790x 1072, ¢ = 2.8925x 1072, 7, = 1.1835,
and 7 = 1.2799. Substituting the solution of the unknowns Cf, Cg, As, ¢, 71, and 7
in Eqs.(5.31)), (5.32), (5.33) and (5.34) C1,C5, Cs, and C} for b/a = 1.3 become
O, = 3.6684, Cy = —3.6282, C3 = 2.5110, Cy, = —5.5283, and for b/a = 1.5
C = 3.8477, Cy = —3.6475, C3 = 2.6858, Cy = —6.5939.

The constants C'5 and Cy can also be solved by a linear system of Eqs. (5.27) and
(5.29). However, the solutions for these two unknowns are so complex and difficult
to solve, and in order not to cause an error in calculations and in order to take accurate

results, these equations have been included in the system.

The stress response of the beam at the plane of symmetry, i.e. # = 0 under M is
plotted for b/a = 1.3 in Fig. (5.7) (a) and (b) and for b/a = 1.5 in Fig. (5.9) (a)
and (b). The neutral axis in the elastic region are calculated with oy(ry4) = 0 for the

beam of b/a = 1.3 and b/a = 1.5 as Ty 4 = 1.1457 and 1.2351, respectively.

To obtain the residual stresses, taking difference of the stresses for elastic-plastic and
elastic behavior under M = 1.4 x 102 for abeam of b/a = 1.3 and M = 3.6 x 1072
for a beam of b/a = 1.5, the unknowns for the residual stresses are obtained for
the beam b/a = 1.3 as O = 2.3044, Cy = —2.3044, ¢ = 1.5151 x 1072, Ay =
—1.3316 x 1072, and for the beam b/a = 1.5 as C; = 1.5850, Cy = —1.5850,
¢ =1.2216x 1072, Ay = —1.0016 x 1072, and the corresponding graphs can be seen

in Fig. (5.8)) (a) and (b), and Fig. (5.10) (a) and (b), respectively.
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5.2 Plane Strain

5.2.1 Elastic

The distribution of the stresses and displacement are described by Eqs. (4.61)-(4.64).
In the stress equations, there are three unknowns which are C, C5 and ¢. For eval-
uation of these unknowns three linearly independent conditions are available. These

are: ,
/ ogrdr = M, (5.35)

o-(a) =o0.(b) =0. (5.36)

The solution of the integral in Eq. (5.35) becomes

_ BE¢la®(1+2Ina) —b*(1+2Ind)]
8(1 —v?)

Combining Egs. (5.36) and (5.37), the analytical expressions for the unknowns C1,

C, In(a/b) + %@(b? —a?) =M. (537

(5 and ¢ are obtained as
4M

C) = Wa?b2 In(b/a), (5.38)
Cy = —ﬂ(b2 Inb—a’*lna), (5.39)
N
_ _% 2 g2 .2
o= EN(a b*)(1 — v7), (5.40)
in which
N = (a* — bv*)* — 4a*b*[In(b/a))?. (5.41)

The displacement, Eq. (4.64), will be equal to zero assuming that the beam is rigidly

fixedatr = a,0 =0, i.e.

w(a,0) = % [—éu )+ (14 0)(1— 2y)aC’2] (5.42)
1—v—(1-2v)lnal¢a B
- 2(1 — v) ~ A =0
Solving Eq. for A,
Ay = % {—%(1 )0+ (1+v)(1 — 2u)a02} (5.43)

1—v—(1-2v)Ind] ¢a
2(1—v) ‘
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The beam deforms elastically under M < Mpg. The elastic limit load for a beam
of b/a = 1.3 is M = 8.0999 x 10~3. The corresponding integration constants
C1,Cy, ¢, and A, are calculated as C; = 1.3332, Cy = —1.3332, ¢ = 7.9767 x 1073,
and A, = —7.0110 x 1073. The elastic limit load for a beam of b/a=1.51is Mg =
1.6028 x 10~2. The unknowns C;, Cy, ¢, and A, take the numerical values C; =
7.0566x 107, Cy = —7.0566 x 107", ¢ = 4.9491 x 1073, and Ay = —4.0577 x 1072,
The stress response of the beam at the plane of symmetry, i.e. # = 0 under elastic limit
load M = M is plotted for b/a = 1.3 in Fig. (a) and (b), and for b/a = 1.5 in
Fig. (a) and (b). The solution of gy(rny4) = 0 is achieved by Newton-Raphson
method and the neutral axis are calculated for the beam of b/a = 1.3 and b/a = 1.5

asTny4 = 1.1435 and 1.2333, respectively.

5.2.2 First Stage of Elastic-Plastic Solution
The curved beam consists of a plastic region in
a<r<r,

and an elastic region in

r1§r§b7

where 7; is the plastic-elastic border radius.The distribution of the stresses, displace-
ment and plastic strains are described by Eqs. (@.73)-(@.78). In the first stage of
elastic-plastic solution, it is required to solve elastic region and plastic region I to-
gether. C4,Cy, C5,CYy, As, ¢ and rq are the unknowns that should be evaluated to
solve this problem. Seven boundary and interface conditions are available to deter-

mine these unknowns. These are:
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oy(r1) —o4(r1) = oo,
oi(b) = 0,
b 1 b
/ oerdr = / oyrdr —I—/ ogrdr = M.
In explicit forms:
24+ H(1+v)|C; 1
uP(a,0) = 0:—Ay— [ E(’Ha ) + E(l +v)(1 —2v)aCy

1+H1-v*)—H(1+v)(1-2v)lna ag
1+ H(1—v?) 2

B {(1+V)(1—2u)alna}
T | EQ+HA=-2)] |7

C FHI1
orla) = 0: _3+C4+[2 1+H(fiu2)]1¢

B Ina
T 1+ HO -

C C
oP(r) = o%(r): — +Cy— — —Cy
7”1 7’1

! [2(1 Ty um} i

1I17“1
= — (o)
1+H(1—2)| "

—(1+v)C 1
WPlry,0) = uf(ry,0): (TIV)I+E(1+V)(1—2V)T102
[2+H(1+y)]03_1 B
Er E(1+V)(1 2v)r1Cy

(1 —2v)rInr
+{2(1 “ L+ H( _yz)]}¢
o { (14+v)(1—2v)r;Inr } ”
B E[l+ H(1—12)] 0

20, E¢

og(r1) —op(r) = —og : — = + 50— 07) = —0y,
1
Cy Elnbg
b - To —_— =
0, (0) =0 3 +C2+2(1_V2) 0,
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(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)



b
/ ogrdr = M : In(r1/b)Cy + %(b2 — 110y + In(a/r)Cs (5.50)
’ E
81—v)1+H(1—-v
+b0° [14+ H(1 —v*)] (1+2Inb) —ri(1 +2Inr)} ¢

v a’(1+2Ina) —r?(1+2Inry) >
=M { I+ B2 }0

1 2 2 2 2
5} = a?)Cy + ) {-a’H(1-v*)(1+21na)

The beam becomes partially plastic under the load M > Mpg. The first stage of
elastoplastic deformation is in the range Mp < M < M; with M; =9.5574 x 1073
for a beam of b/a = 1.3. The curved beam consists of a plastic region ina < r < r;
and an elastic region in 7; < r < b,the plastic region is governed by Tresca’s yield
criterion o, = —oy. The hardening parameter H is taken as 0.2 for b/a = 1.3 and
b/a = 1.5. By solving above seven equations simultaneously by using Version I
solution, the unknowns are obtained as C'; = 1.5975, Cy = —1.5975, C'3 = 2.4598 x
1071, Cy = —4.6821 x 107!, Ay = —8.3954 x 1073, ¢ = 9.5438 x 1073, and
71 = 1.0195.

The unknowns are calculated for a beam of b/a = 1.5 under M; = 2.0561 x 1072
as C7 = 9.3527 x 107!, Oy = —9.3527 x 107!, C3 = 1.4401 x 107, Cy =
—4.8796 x 107!, Ay = —5.3669 x 1073, ¢ = 6.5260 x 1073, and 7; = 1.0430.

As the constants (', Cy, Cs, and Cy can be solved by a linear system of the Egs.

(5.44), (5.45), (5.48), and (5.49), Version II solution is applied to determine the equa-
tions for C, Cy, C3, and Cy. These are:

B r%ao Egbr%
G = 2 41— 12) (5.51)
20 —v*oo+E¢]  E¢lnb
Cy = — 402(1 — 12) - 201 — VQ)? (5.52)
— AQEHG EH¢a2
Cs = T2+ H(1—1?)] 41+ H(I—12)] (5.53)
EH(2A; + ¢a) (200 — EH¢)Ina 550

YT lal+HA—?)] T2+ HA -]

Thus the number of equations is reduced from seven to three and the remaining un-

knowns A,, ¢ and r; can be calculated from Eqgs. (5.46), (5.47), and (5.50). The
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results of the unknowns for the beam of b/a = 1.3 are Ay = —8.3954 x 1073, ¢ =
9.5438x 1073, and T, = 1.0195, and for the beam of b/a = 1.5 Ay = —5.3669x 1073,
¢ = 6.5260 x 1073, and 7; = 1.0430. Substituting the solution of the unknowns As, ¢
and r; in Egs. (5.51), (5.52), (5.53), and (5.54); T, Cs, C, and C, for b/a = 1.3 be-
come C = 1.5975, Cy = —1.5975, C'3 = 2.4598 x 107!, C'y = —4.6821 x 10~ 'and
for b/a = 1.5 C; = 9.3527 x 107}, Cy = —9.3527 x 107}, C'3 = 1.4401 x 107,
Cy = —4.8796 x 1071

The stress response of the beam at the plane of symmetry, i.e. § = 0 under M = M
is plotted for b/a = 1.3 in Fig. (5.13)) (a) and (b), and for b/a = 1.5 in Fig. (5.15) (a)
and (b). The neutral axis are calculated with oy(ry4) = 0 for the beam of b/a = 1.3

and b/a = 1.5 as Ty 4 = 1.1442 and 1.2359, respectively.

To obtain the residual stresses, taking difference of the stresses for elastic-plastic and
elastic behavior under M; = 9.5574 x 10~ for a beam of b/a = 1.3 and M; =
2.0561 x 1072 for a beam of b/a = 1.5, the unknowns for the residual stresses are
obtained for the beam b/a = 1.3 as C,=1.5731,Cy = —1.5731, ¢ = 9.4121 x 1073,
Ay = —8.2725 x 1073, and for the beam b/a = 1.5 as C; = 9.0527 x 107}, C; =
—9.0527 x 1071, ¢ = 6.3492 x 1073, A; = —5.2056 x 1073, and the corresponding
graphs can be seen in Fig. (5.14) (a) and (b), and Fig. (5.16)) (a) and (b), respectively.
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5.2.3 Second Stage of Elastic-Plastic Solution

The curved beam consists of an inner plastic region (region I) in
a<r<r,

an elastic region in
ST STy,

and an outer plastic region (region II) in

ry <1 <b.

where | and r are the elastic-plastic border radii.The distribution of the stresses, dis-
placement and plastic strains are described by Eqs. (4.86)-(4.91). In the second stage
of elastic-plastic solution, it is required to solve elastic region, plastic region I and
plastic region II together. C, Cs, C5, Cy, Cs, Cq, As, ¢, 71, and ry are the unknowns
that should be evaluated to solve this problem. Ten boundary and interface conditions

are available to determine these unknowns. These are:

uP(a,0) = 0,
op(a) = 0,
op(r) = op(r),
uP(r,0) = u(ry,0)
op(r1) —og(r) = —oo,
o4(r2) — o7(r2) = oo,
oy (rs) = o](ra),
u(re,0) = uP(rq,0),
op(b) = 0,

b r1 ro b
/ ogrdr = / oyrdr + / ogrdr + / oprdr = M.
a a 1 T2

In explicit forms:

2HHA+VNC Lo 0= 2l (555)

uP(a,0) = 0:—Ay—

EHa E
1+H(1—-1v*)—H(1+v)(1-2v)lna] a¢
_[ 1+ H(1—12) } 2

B {(1+V)(1—21/)alna
- | EprHA-»)] |
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Cs EHlna
P - 02
ar(a) 0: a2 +C4+|:2[1+H(1—V2)]:|¢
B Ina
1+ H(1—v2)| "
C C
orr) = ofn): S +C= 3 =G
1 1
Elnr
i [2(1 A+ H( = ﬂ)]] ¢
B Inry
B 1+ H(1—2)| "
—(14+v)C 1
uP(r,0) = u(ry,0): (le)l + E(l +v)(1 —2v)riCy
2+ H(1+v)]C; 1
+ EHr - E(l +v)(1 —=2v)rCy

(1 —-2v)riInm
+{2(1 Tt HQ —;ﬂ)]}“b
L { (14+v)(1—2v)r;Inr } .
B E[l+ H(1—12)] 0

204 E¢

O'9<7’1> — O'T(Tl) = —0p . — ’I“% + 2(1 — V2) = —0yp,
£(r2) - 5(r2) = —ov: ot — L0
0,.\T2 Og\T2) = —0¢p : T% 2(1 — y2) = —0p,

C C
o(ry) = 0P(ry): —5 +Cy — — — Cg

7"2 7"2
FElnr,

+{%1—wn1+ﬂu—um}¢

. ln’l“g
B N Tr

1+v)C, 1
W(rs,0) = uP(rs,0): _( E?I"jg) + E(l +v)(1 = 2v)ryCy
1+ H(1+v)]C 1
+ E'Hr2 — E(l )(1 — 2V)7’QC6

+
n (1 =2v)rylnry
21 —v)[1+ H(1 — v?)]
(I+v)(1 =2v)rolnry | o
1+ H(1—v?) E’
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(5.57)
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(5.59)

(5.60)

(5.61)

(5.62)



Cs EHInb
p — .25
orb) = 0: 5 +CG+{2[1+H(1—V2)]}¢ (5.63)
L Inb
T T lirHA-A|™
’ 1
/ ogrdr = M : In(r/re)Cy + 5(7"3 — 110y + In(a/r1)Cs (5.64)

E
8(1—12)[1+ H(1—v?)]
{—aQH(l — (1 +2Ina) +*H(1 —v*)(1421Inb) — ri(1 +2In7r)
+r2(1 4+ 21nr2)} )

_ M a*(1+2Ina) +0*(1+2Ind) —r}(1+2Inry) — r3(1 +21nry)
B AL+ H(L— 02 o0

1 1
+§(7’f —a®)Cy +In(ry/b)Cs + 5(62 —73)Cs +

The second stage of elastoplastic deformation begins when M > M; with M =
1.4387 x 1072 for a beam of b/a = 1.3. The curved beam consists of an inner plastic
region (region I) in a < r < rq, an elastic region in r; < 7 < 7y, and an outer plastic
region (region II) in o < r < b. The outer plastic region is governed by Tresca’s
yield criterion o, = 0y — o,. Fig. (b) shows the consequent distributions
at the second stage under the load M > M;. By solving above ten equations for
boundary and interface conditions simultaneously using Version I solution method,
the unknowns are calculated as C; = 3.9106, C> = —3.8608, C'3 = 6.0214 x 107!,
Cy=—-82685x10"1, C5 =6.0214x 107, Cg = —6.0214 x 107!, Ay = —2.0506 x
1072, ¢ = 2.3244 x 1072, 7, = 1.0855, and 7 = 1.1975.

The unknowns are calculated for a beam of b/a = 1.5 under the load M = 3.4 x 1072
as C; = 3.1745, Cy = —3.0172, C3 = 4.8879 x 107", Oy = —8.4082 x 107!, C;5 =
4.8879 x 1071, Cg = —4.8879 x 107}, Ay = —1.8145 x 1072, ¢ = 2.1936 x 1072,
71 = 1.1586, and 7o = 1.2857.

By applying Version II solution for stage II, as the constants C', Cy, C3, and Cy can
be solved by a linear system of the Eqs. (5.55)),[5.56)), (5.57), and (5.58), C1, Cs, Cs,

and C4 become

AsEa B E¢a®
2(1 —v?) 41 —v?)’

O = — (5.65)
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_ aE(2A; + ¢a) EH(2A; + ¢a)
Cy = 4r2(1 —v2) 1+ H(1 — 12)] + Jal+ HA—2) (5.66)
(200 — EH¢)Ina _ 2(1 = v*)oo + E¢]Inr

204+ H(1—v?)] 201 —2)[1+ H(1 —v?)]

— AQEHCL (IQEHgb
Cs__2[1_|_H(1_y2)] _4[1+H(1—V2)]’ (5.67)
_ Ay EH EH¢
Cy = 201+ H(1 — 12)] +4[1—|—H(1—I/2)] (5.68)
oplna EH¢lna

1+ H(1—v?) 2[1+H(1—-v?)]

Thus the number of equations is reduced from ten to six and the unknowns C’s, C, As,
¢, r1, and ry are obtained from Egs. (5.59)), (5.60), (5.61)), (5.62), (5.63) and (5.64).
The results of the unknowns for the beam of b/a = 1.3 are C5 = 6.0214 x 107!,
Co = —6.0214 x 107, Ay = —2.0506 x 102, ¢ = 2.3244 x 10~2, 7, = 1.0855, and
7o = 1.1975.and for the beam of b/a = 1.5 C5 = 4.8879 x 107}, Cs = —4.8879 x
1071, Ay = —1.8145 x 1072, ¢ = 2.1936 x 1072, 7, = 1.1586, and 7, = 1.2857.
Substituting the solution of the unknowns C5, Cy, As, ¢, r1, and ro in Egs. (5.65)),
(5.66), (5.67) and (5.68); C,,C5,Cs, and C for b/a = 1.3 become C; = 3.9106,
Oy = —3.8608, C3 = 6.0214 x 107, Cy = —8.2685 x 10~*,and for b/a = 1.5
C, =3.1745, Cy = —3.0172, C5 = 4.8879 x 107, Cy = —8.4082 x 10~

The stress response of the beam at the plane of symmetry, i.e. 6 = 0 under the
load M is plotted for b/a = 1.3 in Fig. (a) and (b) and Fig. (a) and
(b) for b/a = 1.5 in Fig. 4(c). The neutral axis are calculated with the solution of
o9(rna) = 0 by Newton-Raphson method for the beam of b/a = 1.3 and b/a = 1.5
as "y4 = 1.1440 and 1.2306, respectively.

To obtain the residual stresses, taking difference of the stresses for elastic-plastic and
elastic behavior under M = 1.4387 x 1072 for a beam of b/a = 1.3 and M = 3.4 x
102 for a beam of b/a = 1.5, the unknowns are calculated for the beam b/a = 1.3
as C7 = 2.3681, C', = —2.3681, ¢ = 1.4168 x 1072, A, = —1.2453 x 1072, and
for the beam b/a = 1.5 as C; = 1.4970, Cy = —1.4970, ¢ = 1.0499 x 1072,
Ay = —8.6081 x 1073, and the corresponding graphs can be seen in Fig. (a)
and (b), and Fig. @ (a) and (b), respectively.
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Figure 5.17: The stress response under M of a beam of b/a=1.3 for (a) positive bend-

ing case, (b) negative bending case.
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Figure 5.18: The residual stresses of a beam of b/a=1.3 in stage II for (a) positive

bending case, (b) negative bending case.
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Figure 5.19: The stress response under M of a beam of b/a=1.5 for (a) positive bend-

ing case, (b) negative bending case.
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Figure 5.20: The residual stresses of a beam of b/a=1.5 in stage II for (a) positive

bending case, (b) negative bending case.
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5.3 Comparisons

The results of the analytical solutions to elastoplastic deformation of a strain hard-
ening curved beam based on Tresca’s yield criterion in the states of plane stress and
plane strain and in the cases of negative and positive bending are performed and the
calculations and the corresponding graphs show that the solutions of negative bending
case are similar to those of positive bending case under the same values of bending
moment for different values of b/a ratio and in the plane stress and plane strain states.
The results show similarity excepted that the stresses and displacement have opposite
signs. The residual stresses in negative and positive bending cases are also similar. In
plane stress solution, the first stage ends under M; = 9.5488 x 103 while the same
limit is M; = 9.5574 x 1072 in plane strain solution for a beam of b/a = 1.3. The
elastic-plastic border radii, as shown in Figs. (5.3) and (5.13)), are 7; = 1.0218 and
1.0195 for plane stress and plane strain solutions, respectively and neutral axis, 7y 4
are almost the same. This means that the plastic core by plane stress solution moves
further at the end of the first stage. Moreover, o,., 0y and residual stress values are also
similar in both solutions whereas smaller displacement values are obtained by plane
stress solution. In the second stage of elastoplastic deformation, two of the solutions
result in similar distributions again and larger displacement values are obtained by
plane strain solution. Plane stress solution offers €2 = 0 because of the flow rule in
the inner plastic region, and the plastic strain levels are compatible in both plastic
regions. These results are also valid for the solutions of positive bending case, and
the negative and positive bending solutions give the same absolute values of distribu-
tions for stresses and displacements in both states of plane stress and plane strain. In
summary, plane stress solution is confirmed with plane strain solution in the elastic

and elastic-plastic deformation stages in negative and positive bending conditions.

5.4 Convergence Analysis

As stated in previous sections of this chapter, the integration constants in the solu-
tions of the plane stress and plane strain states are calculated by Version I solution

which solves the nonlinear systems of all the equations using Newton’s Method and

62



by Version II solution in which the number of equations is reduced by solving some
of the linear equations simultaneously and which solves the remaining nonlinear sys-
tem. The convergence analysis is achieved for the positive bending case by comparing

Version I and Version II solutions for a beam of b/a = 1.3.

By setting initial guesses for the unknowns closer to the desired root, and setting the
number of the maximum iteration as 100, in the solutions of plastic region I for plane
stress and plane strain states, the iteration for Version I converges until the conver-
gence tolerance of 1.00 with the number of correct digits 9 while Version II converges
with the tolerance 1.0 x 10~7 and 6 correct digits as seen in Table . However,
the iteration in Version II converges quicker than Version I for tolerance 1.0 x 1077,
In the solutions of plastic region II, the iterations for both versions converge until
convergence tolerance takes the value 1.00. In Version I and II, iterations converge
with the correct digits 10 and 8, respectively. Until tolerance becomes 1.0 x 107°,
Version II converges much quicker but after exceeding this value, Version I converges

quicker.

To sum up, convergence analysis indicates the reduction of the number of equations
in solving nonlinear systems is unpractical because the iterations require small toler-
ances to converge with the required digits, but it reduces the number of iterations and

makes the iteration converge quickly within definite tolerances.

NUMBER OF MAXTMUM ITERATION

TOLERANCE| 1.00E-10| 1.00E-09| 1.00E-08| 1.00E-07| 1.00E-06| 1.00E-05| 1.00E-04

vz

@ (g |VERSIONI| 100 100 100 100 31 19 12
5 E|2 -
@ o|8B  |vERsioNT| 40 37 35 32 - - -
B
-« 27z
e %|8 _ |VERSIONI| 100 100 100 100 100 o8 19

o M

IH

£ |VERSIONTI| 100 100 100 100 92 27 20
z|Z _ ]
© |VERSIONI | 100 100 100 100 23 12 12

528
= Z|8  |vErsionm| 32 30 28 26 - - -
[

25]
- Bz
H %|8  [VERSIONI| 100 100 100 100 100 45 18
2 J|oH

|2 |versonm| 100 100 100 100 100 17 17

Table 5.1: Number of Maximum Iterations for Convergence Analysis

63



64



CHAPTER 6

CONCLUSION

A narrow rectangular cross-section curved beam subjected to negative couples at its
end sections is considered and analytical solutions for partially plastic deformation
of the beam under pure bending are performed for plane stress and plane strain as-
sumptions. Elastic and two stages of elastic-plastic deformations are studied for lin-
early hardening material behavior using Tresca’s yield criterion and its associated
flow rule which permit the analytical treatment and result in linear differential equa-
tions. Tresca’s flow rule also provides conservative results in the elastoplastic solu-
tions. Thereafter, a single differential equation, Eq. governing the elastoplastic
behavior of a curved beam under pure bending has been obtained using the general-
ized Hooke’s law, the equation of equilibrium and the compatibility relation. Elastic,
partially-plastic and residual stresses are calculated for all stages of deformations.
The negative bending case is studied and the results for positive bending available in
the literature [17] are regenerated by the use of different nonlinear system solution
technique. Beam deforms elastically below the elastic limit load. If the load exceeds
the elastic limit, plastic deformation commences at the inner surface. As the bending
moment is further increased, this plastic region spreads into the beam in the radial
direction. When it reaches at a critical load, second plastic region occurs at the outer
surface. The two plastic regions expand over the elastic region with the increasing
load. In the first stage of elastic-plastic deformation, the beam consists of an inner
plastic region and an outer elastic region, and it consists of an inner plastic region,
an elastic region and an outer plastic region in the second stage. The radial stresses,
circumferential stresses, axial stresses, radial displacement, and the corresponding
strains are calculated analytically. The calculations are performed for the plastic range

to investigate the residual stresses. For this purpose, the residual stresses remaining in
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the beam after removing the load at plastic limit for stages I and II are also evaluated.
The residual stresses are evaluated for both positive and negative bending cases. The
numerical solutions of the elastic and plastic deformations are obtained by solving the
nonlinear systems of equations associated with the boundary and interface conditions
by using Newton’s Method with two versions for each stages. In the first version, the
evaluations are performed by solving all of the boundary and interface conditions si-
multaneously, and in the second version, by reducing the number of equations solving
the linear systems of equations and solving the remaining nonlinear system. The con-
vergence analysis comparing versions I and II is performed for the state of positive
bending. The results for the case of negative bending moment are compared with the
ones for the case of positive bending. It is observed that the stresses and deformation
in cases of positive and negative bending exhibit similar behavior. It is also observed
that the deformation in the cross-section is negligibly small. Then, it is determined
that the plane stress and plane strain solutions give identical stress and displacement
distributions. The results also indicate that the tangential stress components for elas-
tic and elastoplastic solutions give higher absolute magnitudes than the radial and
axial stress components. The radial stress components are compressive, and highest
at the center, and the tangential stress components are compressive at inner radius and
tensile at the outer radius, and highest where the plastic deformation begins. Then,
the magnitude of the tangential residual stresses is higher than that of the radial and

axial residual stresses.
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APPENDIX A

INTEGRATION OF EQ. (4.9)

Compatibility relation is

1d [ ,de de,
—_—— —_— —_— = A-l
rdr (T dr) dr 0 @&
multiplying by r
d 5 deg de,
— — | = =0. A2
dr (r dr) "ar (&.2)
Note that
d de
- (reg) = rd—: + €. (A.3)
Multiplying Eq. (A.3) by r
d de
r(reg) = 7‘2d—: +rep. (A4)
or
de d
270 _ .2 _
o= (reg) — rep. (A.5)
Substituting Eq. (A.3) in Eq. (A.T))
1d d de,
e (7’% (reg) — 7’(—:9) — = 0, (A.6)
1[d d? d de,
- {a (reg) + TW(T’EG)) ~ (7“60)] — = 0, (A.7)
d? de,
- — = A.
0 (req) = 0, (A.8)
Integrating Eq. (A.8))
d
o (reg) — €. = . (A.9)
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APPENDIX B

DERIVATION OF EQS. (4.10) AND (4.11)

The strain-displacement relations:

Ju
= -— B.l
&= 0 (B.1)
u 10v
= - B.2
=5 * r 00’ B2
10u v Ov
’Yre—;%—;—i-a—o. (B.3)
Eq. (B.2)) can be written multiplying by r as
€gr — U = % (B.4)
Differentiating Eq. (B.4) w.r.t. 0
ou  O*u
—— = — = F((0). B.5
o5 = o = F1(0) (B.5)
Substituting Eq. (B.5) in Eq.
v
TE—U:FH(Q), (B6)
then
Taking derivatives of both sides w.r.t. f twice
3211 (92F2(6’) BQFl(Q)
= - : B.8
06>~ o0 06? (B:5)
Substituting Eq. (B.5) in Eq.
02 Fy(0)
——— =0 B.9
892 Y ( )
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92 F,(0)

TR —Fy(0). (B.10)
Integrating the Eqs. (B.9) and (B.10)
Fy(0) = A0, (B.11)
Fi(0) = —Aysinf — Az cos 0. (B.12)
Substituting Egs. (B.T1)) and (B.12)) in Eq. (B.7)
v=Arf + Aysinf + A;cosb. (B.13)
Because of symmetry conditions, i.e. v,y = —v_g, we get A3 = 0. The tangential
displacement component becomes
v=Arf + Assinf. (B.14)

Substituting Eq. in Eq. (B.2), the radial displacement component gets

u=re — A;r — Ascosb. (B.15)
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APPENDIX C

SOLUTION FOR POSITIVE BENDING

C.1 Plane stress

C.1.1 Elastic Region

The normal plastic strains vanish in the elastic region, i.e., € = 0 and in the plane

stress solution o, = 0. Writing differential equation in Eq. (4.15) with €? = 0, ¢} = 0

and o, = 0;
d*o do
2 r T
3 = LEo. C.1
" o dr ¢ D
Solving the differential equation, Eq. (C.1);
C 1
0, = — +Cy+ -Edlnr. (C.2)
r? 2

With the help of the equilibrium equation, Eq. (#.7)), oy becomes;

C 1
o = —T—21+02+§E¢(1+1nr). (C.3)

By using Hooke’s law in Eq. (4.2) with Eq. (4.13)), the displacement becomes

1 1
U=+ ——(1+v)Ci+(1 - 1/)027“] —1=(1-=v)lnr] % — Aycosf. (C4)

r
In the stress equations, there are three unknowns which are C';, C5 and ¢. For eval-
uation of these unknowns, three linearly independent conditions are available. These

are:

b
/ oerdr = —M, (C.5)

o.(a) = o,.(b) = 0. (C.6)



Eq. (C.5) becomes
CiIn(b/a) + %C’g(lﬂ —a?) + %Eqﬁ [—a*(1+2Ina) (C.7
+0*(1+2Inb)| = —M.

Combining Egs. and (C.7)), the unknown integration constants C';, Cy and ¢ are

obtained as

AM
C, = ———a*h*In(b/a), (C.3)
N
Cy = ﬂ(b2 Inb—a’lna), (C.9)
N
_8M
6=z (a® = 1), (C.10)
in which
N = (a* — bv*)* — 4a®b*[In(b/a))?. (C.11)

The displacement will be equal to zero assuming that the beam is rigidly fixed at
r=a,0=0,Ii.e.
1 1
u(a,0) = o {——(1 +v)Cy + (1 - V)C’za] (C.12)
a
—[1—(1—1/)lna]%—142:0.
Solving Eq. (C.12) for A,
1

Ay = 5 [—%(1 +v)Cy + (1 — V)CQCZ:| —[1-=(1-v)lnd] %. (C.13)

C.1.2 Plastic Region I

The stress state in this region is

og > 0, > 0,(=0), (C.14)
and Tresca’s yield criterion reads

Oy = 09 — 0, = 0y. (C.15)
The associated flow rule gives

ep = —€and €2 = 0. (C.16)



From the equivalence of plastic work increment, the plastic tangential normal strain
becomes

where €p( is the equivalent plastic strain. The yield stress for a linearly hardening

material
o, =00 (1 +nepqg) - (C.18)
Then combining Egs. (C.13)) and (C.18)
1
€ng = (@ - 1) - (C.19)
o n
By using Eq. (4.7) with Egs. (C.16) and (C.17), ¢, and €2 become
1 d 1
b= P = | ——(ro,) — 1] —. C.20
€y € |:O'0 dr (TU ) :| n ( )

Substituting Eq. (C.20), 0. = 0 and €? = 0 in the differential equation, Eq. (4.15))

deUT 43 do, n o, EHo n 09
r r =
dr? drr  1+H 1+H 1+ H’

(C.21)

where the hardening parameter H = 7o,/ E. Solving the differential equation, Eq.

(C21) for o,
o, =Csr YW 4+ Cor "W L EH¢ + 0y, (C.22)

in which W = /H/(1 + H). From the equilibrium equation, Eq. (4.7), o4 becomes;
o9 = —WCr "W+ WCyw™ W + EH + 0y, (C.23)

The plastic strain components are obtained by Egs. (C.20) and (C.22) as

W[ ¢
o {— St Tl_W} + 0. (C.24)

P _ _.p_
€g = —€, =

Combining Eqs. (4.2) and (C.24) and substituting in Eq. (@.13)), the displacement

becomes

w - ﬁ LW HOW + 1)) Cyr™ + W+ H(W — )] O™ (C.25)

+H(1 —=v)oer} + Hp(1 — v)r — As cosb.
The curved beam consists of a plastic region in
a<r<T,
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and an elastic region in

T1§T§b7

where 7 is the plastic-elastic border radius. The similar boundary and interface con-
ditions to the negative bending solution are used to determine the unknowns in the

stage I calculations.

C.1.3 Plastic Region II

The stress state in this region:
o> 0,(=0) > oy, (C.26)
and Tresca’s yield criterion reads
Oy = 0, — 0¢. (C.27)

The plastic normal strains and the equivalent plastic strain are

e = —€) = epg and €2 = 0. (C.28)
The yield stress is
oy =00 (1 +nerg) (C.29)
then
€pg = (“’”;0"9 -~ 1) % (C.30)

By using Eq. (4.7) with Egs. (C.28) and (C.30), € and €} become

1 d 1
& =—e) = {0—0 [or — E(TO‘,«):| — 1} o (C.31)

Substituting Eq. (C.31)) and o, = 0 in the differential equation, Eq. (4.15)

r2d2ar 43 do,  EH¢ 200

== — . C.32
a? " T1+H 1+ H (€52)
Solving the differential equation, Eq. (C.32);
Cs EH¢plnr  oglnr
=S . . C.33
I Y Gy 7o B (€.33)
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From the equilibrium equation, Eq. (4.7) oy becomes

G EH¢(1+1Inr)  oo(l+1nr)
e T ) B

(C.34)

The plastic strain components are obtained by substituting Eq. (C.33) in Eq. (C.31)

as

) 1[205_1%0]_ ¢ ©35)

€ = —€ = :
EH | 1+H| 2(1+H)
Combining Eqs. (4.2) and (C.35) and substituting in Eq. (.13, the displacement

becomes

1 2+ H(1+v)|Cs oo(l—v)rinr
u = E{_ i + (1 —v)Cer — G }(C.36)
¢[l+H—-H(1l—v)nr]r
— 20+ ) — Ay cos.

The curved beam consists of an inner plastic region (region I) in
as<r<rT

an elastic region in

ry <1 <71y,

and an outer plastic region (region II) in
T2 S r S bv

where 7, and 75 are the elastic-plastic border radius. The similar boundary and inter-
face conditions to the negative bending solution are used to determine the unknowns

in the stage II calculations.

C.2 Plane strain

C.2.1 Elastic Region

The normal plastic strains vanish in the elastic region, i.e., ¢/ = 0. In the plane strain

solution €, = 0. Solving Eq. (4.3) for o,

o, =v(o,+0g), (C.37)
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and with the equilibrium equation, Eq. (#.7)
+ Loy (€38)
o.=vl|o,+—(ro,)|. :
dr

Solving the differential equation, Eq. (4.15) with €2 = 0, € = 0 and Eq. (C.38);
2d20r 43 do, E¢

= —. C.39
" "r 1— 2 ( )
Solving differential equation, Eq. (C.39) for o, :
A E¢(In2 +In(1 — v?) E¢lnr
2B , C.40
ol 1— 12 2(1— 12) (40)
or simply
Ch E¢lnr
R S o AR iy c.41
o2 e 2(1 —v?) ( )
From the equilibrium equation, Eq. (4.7)), oy becomes;
Ch E¢(1+1Inr)
T o S ) C.42
7= T T Ty (C42)

By substituting the equations of Hooke’s law, Eq. (#.2) and Eq. (C.38)), in Eq. .13),

the displacement becomes

w = % —%(1+V)Cl+(1+1/)(1—2u)02r (C43)
l—v—(1-2v)Inr]¢r

— — A .
20 =) 5cos 6

In the stress equations, there are three unknowns which are C', C5 and ¢. For eval-
uation of these unknowns, three linearly independent conditions are available. These
are:

b
/ ogrdr = —M, (C.44)

or(a) = o,.(b) = 0. (C.45)
Eq. (C.44) becomes

Culnfa/b) + 5C0% — ) - E¢la*(1+2Ina) — b*(1 +2Inb)

=7 = M. (C46)

Combining Eqgs. (C.45) and (C.46), the unknown integration constants C;, Cy and ¢

are obtained as

4M
C, = —Tazb2 In(b/a), (C.47)
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Cy T(b2 Inb—a’lna), (C.48)
_8M 5 a2
¢ = EN(a b*)(1 —v7), (C.49)
in which
N = (a* — b*)* — 4a®b*[In(b/a)]?. (C.50)

The displacement will be equal to zero assuming that the beam is rigidly fixed at

r=aandf =0, i.e.

1 1
u(a,0) = 5 {——(1 +v)C1 4+ (14 v)(1 — 21/)@02} (C.51)
a
[1-v—-(Q1-2v)Ind|¢a A -0
2(1 —v)
Solving Eq. (C.51)) for A,
1 1
Ay = o {——(1 +v)Cr + (1+v)(1 — 2u)aC’2] (C.52)
a
1—v—(1-2v)Ina]da
2(1—v) ’
C.2.2 Plastic Region I
The stress state in this region is
o9 > 0, > 0y, (C.53)
and Tresca’s yield criterion reads
Oy = 0g — Op, (C.59)

From the equivalence of plastic work increment,
€pg = €5 = —€f and € = 0, (C.55)

where €gq is the equivalent plastic strain. The yield stress is

oy = 0o (1 +nemg) , (C.56)
then, combining Egs. (C.54) and (C.56)
— 0, 1
€EEQ = (0_0000— —1) 5 (C57)
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By using Eq. (4.7) with Eq. (C.55), €} and € become

1 {d 1
Substituting Eqgs. (C.58)) and (C.38) in differential equation, Eq. (4.13)
d*o do EHo 200
2 T r
Ir— = . C.59
" dr2+rdr 1+H(1—V2)+1+H(1—V2) (€59

Solving the differential equation, Eq. (C.59) for o, ;

Cs EHolnr oplnr
r=—+C : C.60
O T T I T A =] T T H( =) (C.60)
From the equilibrium equation, Eq. (4.7)), oy becomes;
Cs EH¢(1+1Inr) oo(1+1nr)
=——+4C . C.61
0 TR T T HG =) T 1+ HO =) (6l

The plastic strain components are obtained by substituting Eq. (C.60) in Eq. (C.58)

1 [2Cs (1 =v*)ay 4
_GT__E[HTQ L+ H(1—v)] 20+ H(Q-v?)]

(C.62)

P __
69_

Combining Eqs. (.2) and (C.62) and substituting in Eq. (@.13), the displacement

becomes

= 7 + (1+v)(1 —2v)Cyr (C.63)

oo(1+v)(1 — QV)'/’IHT}
1+ H(1—1?)
B {1 +H(1—vY) - H(1+v)(1-2v) m} or

1+ H(1—v?) 2

i 1{_[2+H(1+u)]03

—Aycosb.

The curved beam consists of a plastic region in

a<r<ry,

and an elastic region in

T1§T§b7

where 7; is the plastic-elastic border radius. The similar boundary and interface con-
ditions to the negative bending solution are used to determine the unknowns in the

stage I calculations.
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C.2.3 Plastic Region 11

The stress state in this region:
g, > 0, > 0p.
and Tresca’s yield criterion reads
Oy = 0p — 0y,
The plastic normal strains and the equivalent plastic strain are
e = —€) = e€pg and € = 0.

The yield stress is

oy = 0o (1 +nepq) ,

o, — Og 1
GEQ = o0 — 1 5

By using Eqgs. (4.7) and (C.68)) €” and ¢}, become

1 d 1
&= —e) = {U_o |:O'T - %(rar)} — 1} o

Substituting Egs. (C.69) and (C.38) in differential equation, Eq. (4.13)

2d20r do, EHo 200
+3r—" = - -
dr? dr 1+ H(1—-v?) 1+H(1-1?

then

r

Solving the differential equation, Eq. (C.70) for o,;

EH¢lnr oplnr
20+ H(1—-v?)] 1+H(1—v?)

Cs
r2

+ Cs +

Or =

From the equilibrium equation, Eq. (4.7) we get oy as;

EFEHp(1+1 1+1
09:_%+06+ é(1+1nr) oo(1+1Inr)

The plastic strain components are obtained by Eq. (C.69) as

1 [2C; (1 —v*oyg o)
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20+ H(1—1?)] 14 H(1—12)

E|H? "1+HQ-v?)] 20+ H1-12)]

(C.64)

(C.65)

(C.66)

(C.67)

(C.68)

(C.69)

(C.70)

(C.71)

(C.72)

(C.73)



From the Eq. (4.13) the displacement becomes

u = %{—[2+H%:V)]C5+(1+u)(1—2u)06r (C.74)
ool +v)(1— 2y)rlnr}
1+ H(1—v?)
1+H(1—v?)—H(1+v)(1—2v)Inr] ¢r
_[ 1+ H(1 —v?) }7
—Aycosb.

The curved beam consists of an inner plastic region (region I) in
a<r<r,

an elastic region in

ry <1 <7y,

and an outer plastic region (region II) in
ry <1 <b.

where r; and ry are the elastic-plastic border radius. The similar boundary and inter-
face conditions to the negative bending solution are used to determine the unknowns

in the stage II calculations.

The analytical solutions and results of elastic-plastic bending of the curved beam
under positive bending can be found in the comprehensive research by Eraslan and

Aslan [17].

86



APPENDIX D

NONLIN PACKAGE

NONLIN is a FORTRAN Subroutine library to solve nonlinear systems of algebraic
equations by Newton’s Method. The program was coded by Ahmet N. Eraslan in
1993. The entire library consists of 8 FORTAN Subroutines. These are NLNF]J,
NLNF, NLNBJ, NLNB, NLNTJ, NLNT, JAC and SOLVE. NONLIN is linked to
LINPACK to solve linear systems of algebraic equations having full or banded Jaco-
bian matrices. Linear systems having Tri-Diagonal Jacobian matrices are solved by
Subroutine SOLVE contained in the package. Brief explanations for the Subroutines

in the package are as the following.

NLNEFJ: This subroutine solves n-nonlinear simultaneous equations (having a full
Jacobian matrix) using Newton’s method. The analytical Jacobian matrix should be

provided thru Subroutine FI by the user.

NLNF: This Subroutine solves n-nonlinear simultaneous equations (having a full Ja-
cobian matrix) using Newton’s method. The Jacobian matrix is generated internally

by making n-extra calls to the user supplied routine FI.

NLNBJ: This Subroutine solves n-nonlinear simultaneous equations (having a banded
Jacobian matrix) using Newton’s method. The analytical Jacobian matrix should be

provided thru subroutine FI by the user.

NLNB: This Subroutine solves n-nonlinear simultaneous equations (having a banded
Jacobian matrix) using Newton’s method. The Jacobian matrix is generated internally

by making n-extra calls to the user supplied routine FI.

NLNTJ: This Subroutine solves n-nonlinear simultaneous equations (having a tri-
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diagonal Jacobian matrix) using Newton’s method. The analytical Jacobian matrix

should be provided thru subroutine FI by the user.

NLNT: This Subroutine solves n-nonlinear simultaneous equations (having a tri-
diagonal Jacobian matrix) using Newton’s method. The Jacobian matrix is generated

internally by making n-extra calls to the user supplied routine FI.
JAC: This Subroutine approximates the Jacobian matrix using forward differences.

SOLVE: This subroutine solves a system of n linear simultaneous equations having

a Tri-Diagonal coefficient matrix.

In this study Subroutine NLNF is used throughout. The parameters and their mean-

ings are given below.

C ===

SUBROUTINE NLNF (FI, X, N, ITMAX, TOL, IPVT, W, LW)

C ==

IMPLICIT DOUBLE PRECISION (A-H , 0-2)

DIMENSION X (N), IPVT(N), W(LW)

EXTERNAL FI
O
C SUBROUTINE NLNF SOLVES N-NONLINEAR SIMULTANEOUS EQUATIONS
C (HAVING A FULL JACOBIAN MATRIX) USING NEWTON METHOD.

C THE JACOBIAN MATRIX IS GENERATED INTERNALLY BY MAKING N-EXTRA
C CALLS TO THE USER SUPPLIED ROUTINE FI.

C

C PARAMETER LIST:

C e

C FI : THE NAME OF THE USER SUPPLIED SUBROUTINE WHICH
C PROVIDES THE FUNCTION VALUES (F(I), I=1,N).

C THIS SUBROUTINE SHOULD HAVE THE FORM:

C

C SUBROUTINE FI(F, X, N)

C DOUBLE PRECISION F, X

C INTEGER N

C DIMENSION F (N), X(N)

C F(l) = .....

C F(2) = .....

C
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ITMAX

TOL

IPVT

LW

F(N) = .....
RETURN

END

SOLUTION VECTOR OF LENGTH N. WHEN NLNF IS CALLED

X SHOULD CARRY THE INITIAL ESTIMATES.

NUMBER OF SIMULTANEOUS EQUATIONS.

MAXIMUM NUMBER OF ITERATIONS ALLOWED. ON RETURN ITMAX
CARRIES THE NUMBER OF ITERATIONS PERFORMED TO HIT

THE GIVEN ERROR BOUND.

ERROR TOLERANCE FOR TERMINATING NEWTON ITERATIONS.
MAX (X (I, [K]) - X(I,[K-1])) < TOL IS IMPOSED. WHERE K
IS THE ITERATION COUNTER.

AN INTEGER WORK ARRAY OF LENGTH N.

A DOUBLE PRECISION WORK ARRAY OF LENGTH LW. ON RETURN
THE FIRST N LOCATIONS OF W CONTAIN MOST RECENT F
VALUES.

DIMENSION OF W EQUAL TO 1+4Nx (N + 3).

AHMET N. ERASLAN

6
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APPENDIX E

SUBROUTINES USED IN THIS THESIS

SUBROUTINE ELAST (R, Cl, C2, PHI, A2, SIGR, SIGT, U)

SUBROUTINE ELAST CALCULATES DIMENSIONLESS STRESS COMPONENTS SIGR,
SIGT, AND DIMENSIONLESS RADIAL DISPLACEMENT U IN THE ELASTIC

REGION OF THE PLANE STRESS SOLUTION.

ARGUMENT LIST:

R : RADIAL COORDINATE,

Ccl, C2 : INTEGRATION CONSTANTS,

PHI, A2 : ADDITIONAL CONSTANTS IN THE STRESS EXPRESSIONS,
SIGR : RADIAL STRESS COMPONENT,

SIGT : CIRCUMFERENTIAL STRESS COMPONENT,

U : RADIAL DISPLACEMENT.

COMMON BLOCK PROP:

E : MODULUS OF ELASTICITY,

NU : POISSON’S RATIO,

SIGO : YIELD STRENGTH,

THETA : CIRCUMFERENTIAL ANGLE,

A : INNER RADIUS OF THE ARC,

B : OUTER RADIUS OF THE ARC,

H : HARDENING PARAMETER,

WH : FUNCTION OF HARDENING PARAMETER,
M : BENDING MOMENT.

GAMZE CAKIR AND AHMET N. ERASLAN, MAY 2018,

DEPARTMENT OF ENGINEERING SCIENCES,
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MIDDLE EAST TECHNICAL UNIVERSITY, ANKARA.

IMPLICIT NONE

DOUBLE PRECISION SIGR, SIGT, U, Cl, C2, R, SIGO, E, PHI,
NU, A2, THETA, A, B, R1, M, H, WH

COMMON /PROP/ E, NU, SIGO, THETA, A, B, H, WH, M

SIGR = C1/R%%2 + C2 + E*PHI*DLOG(R) /2.0

SIGT = —-C1/R%%2 + C2 + E+PHI*(1.0D0 + DLOG(R))/2.0

U = 1.0/E*(-1.0/R*(1.0D0 + NU)=*Cl + (1.0D0 - NU) *C2«R)

- (1.0D0 - (1.0D0 - NU)*DLOG(R))*PHI*R/2.0 — A2xDCOS (THETA)

SIGR = SIGR/SIGO

SIGT = SIGT/SIGO

U = UxE/ (SIGO*B)

RETURN

END

SUBROUTINE PLAST (R, C3, C4, PHI, A2, SIGR, SIGT, U, ET, EZ)

SUBROUTINE PLAST CALCULATES DIMENSIONLESS STRESS COMPONENTS SIGR,
SIGT, DIMENSIONLESS RADIAL DISPLACEMENT U AND NORMALIZED PLASTIC

STRAINS ET AND EZ IN THE PLASTIC REGION I OF THE PLANE STRESS SOLUTION.

ARGUMENT LIST:

R : RADIAL COORDINATE,

C3, C4 : INTEGRATION CONSTANTS,

PHI, A2 : ADDITIONAL CONSTANTS IN THE STRESS EXPRESSIONS,
SIGR : RADIAL STRESS COMPONENT,

SIGT : CIRCUMFERENTIAL STRESS COMPONENT,

U : RADIAL DISPLACEMENT,

ET : PLASTIC STRAIN IN CIRCUMFERENTIAL DIRECTION,

EZ : PLASTIC STRAIN IN AXIAL DIRECTION.

GAMZE CAKIR AND AHMET N. ERASLAN, MAY 2018,
DEPARTMENT OF ENGINEERING SCIENCES,

MIDDLE EAST TECHNICAL UNIVERSITY, ANKARA.

IMPLICIT NONE

DOUBLE PRECISION SIGR, SIGT, U, ET, EZ, C3, C4, R, SIGO, E, PHI,
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NU, A2, THETA, A, B, R1l, H, WH, M, T1l, T2
COMMON /PROP/ E, NU, SIGO, THETA, A, B, H, WH, M
Tl = -1.0D0 - WH
T2 = -1.0D0 + WH

SIGR = C3x*R**T1 + C4xR**T2 — SIGO + ExHxPHI

SIGT = — C3*WHxRx*T1l + C4xWHxR**T2 - SIGO + ExHxPHI

U = 1.0/ (ExH) x (= (WH + Hx (WH + NU))*C3%Rx* (-WH) + (WH + Hx (WH
— NU) ) *C4*Rx+«WH — Hx (1.0D0 - NU)*SIGOx*R) + HxPHI=x (1.0DO
— NU) *R — A2xDCOS (THETA)

EZ = WH/ (ExH) x (C3xR**T1 — C4xR*xT2) — PHI

ET = - EZ

SIGR = SIGR/SIGO

SIGT = SIGT/SIGO

U = UxE/ (SIGOxB)
EZ = EZxE/SIGO
ET = ET+E/SIGO
RETURN

END

SUBROUTINE PLAST2 (R, C5, C6, PHI, A2, SIGR, SIGT, U, ET, ER)

SUBROUTINE PLAST2 CALCULATES DIMENSIONLESS STRESS COMPONENTS SIGR,
SIGT, DIMENSIONLESS RADIAL DISPLACEMENT U AND NORMALIZED PLASTIC

STRAINS ET AND ER IN THE PLASTIC REGION II OF THE PLANE STRESS SOLUTION.

ARGUMENT LIST:

R : RADIAL COORDINATE,

C5, Cé : INTEGRATION CONSTANTS,

PHI, A2 : ADDITIONAL CONSTANTS IN THE STRESS EXPRESSIONS,
SIGR : RADIAL STRESS COMPONENT,

SIGT : CIRCUMFERENTIAL STRESS COMPONENT,

U : RADIAL DISPLACEMENT,

ET : PLASTIC STRAIN IN CIRCUMFERENTIAL DIRECTION,

ER : PLASTIC STRAIN IN RADIAL DIRECTION.

GAMZE CAKIR AND AHMET N. ERASLAN, MAY 2018,

DEPARTMENT OF ENGINEERING SCIENCES,
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1

MIDDLE EAST TECHNICAL UNIVERSITY, ANKARA.

IMPLICIT NONE
DOUBLE PRECISION SIGR, SIGT, U, ET, ER, C5, C6, R, SIGO, E, PHI,
NU, A2, THETA, A, B, R1, H, WH, M, T1, T2
COMMON /PROP/ E, NU, SIGO, THETA, A, B, H, WH, M

T1 = 1.0D0 - NU

T2 1.0D0 + H

SIGR = C6 + C5/R#x2 + SIGOxDLOG(R)/T2 + ExH+PHI+«DLOG(R)/(2.0xT2)

SIGT = C6 — C5/R*x2 + SIGOx(1.0D0 + DLOG(R))/T2 + ExHxPHI=* (1.0DO
+ DLOG(R))/ (2.0%T2)
U = 1.0/E*(-(2.0D0 + Hx(1.0D0 + NU))=*C5/(H*R) + T1xC6xR
+ R*SIGO*T1+DLOG (R) /T2) - PHI#Rx(1.0D0 + H - H+T1xDLOG(R))
/(2.0%xT2) — A2%DCOS (THETA)
ET = - 1.0/ (ExH)*(2.0%xC5/Rx%2 + HxSIGO/T2) + PHI/(2.0%T2)
ER = - ET

SIGR = SIGR/SIGO

SIGT = SIGT/SIGO

U = UxE/ (SIGOxB)
ET = ET*E/SIGO
ER = ER+*E/SIGO
RETURN

END

SUBROUTINE FI(F, X, N)

STAGE 1

VERSION 1

SUBROUTINE FI SUPPLIES THE NONLINEAR EQUATIONS F (1) = 0, F(2) =0,...
F(N) = 0 TO THE SOLVER ’'NLNF’ IN ORDER TO ESTIMATE THE UNKNOWNS C1,

c2, C3, C4, A2, PHI, AND R1l. ROUTINE NLNF USES INTERNALLY GENERATED
JACOBIAN MATRIX. SUBROUTINE FI IS USED IN THE FIRST STAGE ELASTIC-
PLASTIC DEFORMATION OF THE BAR. FI MUST BE DECLARED EXTERNAL IN THE

CALLING PROGRAM.

ARGUMENT LIST:

F : A VECTOR OF LENGTH N DEFINING THE NONLINEAR EQUATIONS

F(l) =0, F(2) =0,...,F(N) = 0 TO THE SOLVER ’'NLNF’,
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X : A VECTOR OF LENGTH N WHICH CARRIES THE CURRENT VALUES
OF THE UNKNOWNS Cl1, C2, C3, C4, A2, PHI, AND R1,

N : NUMBER OF NONLINEAR SIMULTANEOUS EQUATIONS.

GAMZE CAKIR AND AHMET N. ERASLAN, MAY 2018,
DEPARTMENT OF ENGINEERING SCIENCES,

MIDDLE EAST TECHNICAL UNIVERSITY, ANKARA.

IMPLICIT NONE

INTEGER N

DOUBLE PRECISION F, X, B, A, NU, E, SIGO, M, H, WH, ET, EZ,

1 THETA, T1, T2, SIGR1, SIGR2, SIGT1, SIGT2, Ul,
2 U2, SIGR, SIGT, U, Cl, C2, C3, C4, A2, PHI, Rl
DIMENSION F (N), X (N)

COMMON /PROP/ E, NU, SIGO, THETA, A, B, H, WH, M

Cl = X (1)
Cc2 = X(2)
C3 = X(3)
c4 = X (4)
A2 = X (5)
PHI = X (6)
R1 = X (7)
T1 = (1.0D0 - WH)
T2 = (1.0D0 + WH)

CALL PLAST (A, C3, C4, PHI, A2, SIGR, SIGT, U, ET, EZ)
F(l) = U

F(2) = SIGR

CALL PLAST (R1, C3, C4, PHI, A2, SIGR1, SIGT1, Ul, ET, EZ)

CALL ELAST(R1l, Cl, C2, PHI, A2, SIGR2, SIGT2, U2)

F(3) = SIGRl - SIGR2
F(4) = Ul - U2
F(5) = SIGT2 + 1.0DO

CALL ELAST(B, Cl, C2, PHI, A2, SIGR, SIGT, U)

F(6) = SIGR

F(7) = C1+xDLOG(R1/B) + 0.5%C2% (B**x2 — R1*%2) + C3x (A*x*T1l — R1xxT1)
1 *WH/T1 + C4x (R1**T2 — AxxT2)*«WH/T2 + 0.125%ExPHIx (—4.0%A%%2
2 *H 4+ Bx*x2x(1.0D0 + 2.0xDLOG(B)) — R1lx%2%(1.0D0 - 4.0xH
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+ 2.04«DLOG(R1))) — M — 0.5« (R1**2 — A*x2)*SIGO

F(7) = F(7)/ (Bx*2%SIGO)

RETURN

END

SUBROUTINE FI(F, X, N)

STAGE 1

VERSION 2

ALTERNATIVE VERSION OF ROUTINE FI ABOVE. FOUR OF THE UNNKOWNS: C1,
C2, C3 AND C4 AMONG THE SEVEN NONLINEAR EQUATIONS ARE ELIMINATED
AND THE REMAINING THREE: A2, PHI, Rl ARE SOLVED BY NLNF. WHEN
CONVERGENCE IS OBTAINED Cl, C2, C3 AND C4 ARE CALCULATED IN TERMS
OF A2, PHI, R1. FI MUST BE DECLARED EXTERNAL IN THE CALLING

PROGRAM.

ARGUMENT LIST:

F : A VECTOR OF LENGTH N DEFINING THE NONLINEAR EQUATIONS
F(l) = 0, F(2) =0, F(3) = 0 TO THE SOLVER ’'NLNF’,
X : A VECTOR OF LENGTH N WHICH CARRIES THE CURRENT VALUES

OF THE UNKNOWNS A2, PHI, AND R1,

N : NUMBER OF NONLINEAR SIMULTANEOUS EQUATIONS.

GAMZE CAKIR AND AHMET N. ERASLAN, MAY 2018,
DEPARTMENT OF ENGINEERING SCIENCES,

MIDDLE EAST TECHNICAL UNIVERSITY, ANKARA.

IMPLICIT NONE

INTEGER N

DOUBLE PRECISION F, X, B, A, NU, E, SIGO, M, H, WH, ET, EZ,
THETA, T1, T2, SIGR1l, SIGR2, SIGT1, SIGT2, U1,
U2, SIGR, SIGT, U, Cl1, C2, C3, C4, A2, PHI, Rl

DIMENSION F (N), X(N)

COMMON /PROP/ E, NU, SIGO, THETA, A, B, H, WH, M

A2 = X (1)

PHI X (2)
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R1 = X (3)

c1l = B*%2.0%R1x%2.0+SIGO/ (Bx*2.0 + R1%x%2.0) + B*x2.0«E
*R1%%x2.0+PHI* (1.0D0 + DLOG(R1/B))/(2.0xB*xx2.0 + 2.0
*R1x%2.0)

c2 = —R1%%x2.0%xSIGO/ (Bx*2.0 + R1xx2.0) — E*PHI* (R1%xx2.0
+ B*%2.0xDLOG (B) + R1**2.0*DLOG(R1))/(2.0*B*%*2.0 + 2.0
*R1%x2.0)

C3 = — A*x*WH*A2xExH/ (2.0*WH + 2.0%xH*WH) + Axx(1.0D0 + WH)=*SIGO
* (WH — H*(1.0D0 — WH))/(2.0«WH + 2.0*«H*«WH) — A% (1.0DO
+ WH) *ExH*PHI* (WH — Hx(1.0D0 — WH))/(2.0«xWH + 2.0
*H+xWH)

c4 = Axx (-WH) *A2+ExH/ (2.0+«WH + 2.0*H+WH) + A%« (1.0D0 - WH)
*STGO* (WH + H*(1.0D0 + WH))/(2.0+«WH + 2.0+HxWH)
— A*x(1.0D0 — WH)*ExH*PHI* (WH + Hx(1.0D0 + WH))/ (2.0

* WH + 2.0%xH+WH)

T1 = (1.0D0 - WH)

T2 = (1.0D0 + WH)

CALL PLAST(R1, C3, C4, PHI, A2, SIGR1l, SIGT1l, Ul, ET, EZ)

CALL ELAST(R1l, Cl, C2, PHI, A2, SIGR2, SIGT2, U2)

53]
-
Il

SIGR1 - SIGR2
F(2) = Ul - U2
F(3) = C1+xDLOG(R1/B) + 0.5%C2% (B**x2 — R1*%2) + C3x (A*x*T1 — R1xxT1)

*WH/T1 + C4% (R1**T2 — Ax*T2)*WH/T2 + 0.125+ExPHIx% (- 4.0xAx%x2

*H + Bx*2x(1.0D0 + 2.0+xDLOG(B)) — R1**2%(1.0D0 - 4.0*H
+ 2.0«DLOG(R1))) = M = 0.5%x(R1x*2 — Ax%x2)*SIGO
F(3) = F(3)/ (B**2%SIG0)

RETURN

END

SUBROUTINE FI(F, X, N)

STAGE 2

VERSION 1

SUBROUTINE FI SUPPLIES THE NONLINEAR EQUATIONS F (1) = 0, F(2) =0,...,
F(N) = 0 TO THE SOLVER ’'NLNF’ IN ORDER TO ESTIMATE THE UNKNOWNS C1,

c2, Cc3, Cc4, C5, C6, A2, PHI, R1, AND R2. ROUTINE NLNF USES INTERNALLY

97



Q o o o o o o o o o o o o o o o O

GENERATED JACOBIAN MATRIX. SUBROUTINE FI IS USED IN THE SECOND STAGE

ELASTIC-PLASTIC DEFORMATION OF THE BAR. FI MUST BE DECLARED EXTERNAL

IN THE CALLING PROGRAM.

ARGUMENT LIST:

F : A VECTOR OF LENGTH N DEFINING THE NONLINEAR EQUATIONS
F(l) = 0, F(2) = 0,...,F(N) = 0 TO THE SOLVER ’NLNF’,
X : A VECTOR OF LENGTH N WHICH CARRIES THE CURRENT VALUES
OF THE UNKNOWNS C1, C2, C3, C4, C5, C6, A2, PHI, R1, AND
R2,
N : NUMBER OF NONLINEAR SIMULTANEOUS EQUATIONS.
GAMZE CAKIR AND AHMET N. ERASLAN, MAY 2018,
DEPARTMENT OF ENGINEERING SCIENCES,
MIDDLE EAST TECHNICAL UNIVERSITY, ANKARA.
IMPLICIT NONE
INTEGER N
DOUBLE PRECISION F, X, B, A, NU, E, SIGO, M, H, WH, ET, EZ, ER,
THETA, T1, T2, SIGR1, SIGR2, SIGT1, SIGT2, U1,
U2, SIGR, SIGT, U, Cl, C2, C3, C4, C5, C6, A2,

PHI, R1, R2
DIMENSION F (N), X(N)

COMMON /PROP/ E, NU, SIGO, THETA, A, B, H, WH, M

Cl = X(1)

c2 = X(2)

C3 = X (3)

C4 = X(4)

c5 = X(5)

C6 = X(6)

A2 = X(7)

PHI = X(8)

Rl = X(9)

R2 = X(10)

Tl = (1.0D0 - WH)
T2 = (1.0D0 + WH)
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CALL PLAST (A, C3, C4, PHI, A2, SIGRl, SIGT1l, Ul, ET, EZ)

F(l) = Ul

F(2) = SIGR1

CALL PLAST(R1, C3, C4, PHI, A2, SIGR1l, SIGT1l, Ul, ET, EZ)

CALL ELAST(R1, Cl1, C2, PHI, A2, SIGR2, SIGT2, U2)

F(3) = SIGR1 - SIGR2

F(4) = Ul - U2

F(5) = SIGT2 + 1.0DO

CALL ELAST(R2, Cl1l, C2, PHI, A2, SIGR, SIGT, U)

F(6) = SIGT - SIGR - 1.0DO

CALL PLAST2(R2, C5, C6, PHI, A2, SIGR1l, SIGT1l, Ul, ET, ER)

CALL ELAST(R2, C1, C2, PHI, A2, SIGR2, SIGT2, U2)

F(7) = SIGRL — SIGR2

F(8) = Ul - U2

CALL PLAST2 (B, C5, C6, PHI, A2, SIGR, SIGT, U, ET, ER)

F(9) = SIGR

F(10)= DLOG(R1/R2)*Cl + C2% (R2%%2 — R1%%2)/2.0
+ C3*xWHx* (A**T1 — R1%x*T1)/T1l + C4*xWH* (R1xxT2 — A%x*T2)/T2
+ C5%xDLOG (R2/B) + C6x% (B**2 — R2%x%2)/2.0 + (—-4.0%A*x*2+H
*(1.0D0 + H) + Bx*2xHx(1.0D0 + 2xDLOG(B)) — Rlx%2%(1.0DO
+ H)x(1.0D0 — 4.0+«H + 2.0+DLOG(R1)) + R2*x2%(1.0D0 + 2.0
*DLOG(R2))) *E*PHI/ (8.0% (1.0D0 + H)) — M + SIGO* (2.0%A%x*2
*(1.0D0 + H) + Bx*x2%(1.0D0 + 2+DLOG(B)) — 2.0*R1**x2%(1.0DO
+ H) - R2%%2%(1.0D0 + 2+DLOG(R2)))/(4.0%(1.0D0 + H))

F(10)= F(10)/ (Bx*x2xSIGO)

RETURN

END

SUBROUTINE FI(F, X, N)

STAGE 2

VERSION 2

ALTERNATIVE VERSION OF ROUTINE FI ABOVE. FOUR OF THE UNKNOWNS: C1,

C2, C3 AND C4 AMONG THE TEN NONLINEAR EQUATIONS ARE ELIMINATED

AND THE REMAINING SIX: C5, C6, A2, PHI, R1, R2 ARE SOLVED BY NLNF.

WHEN CONVERGENCE IS OBTAINED Cl, C2, C3 AND C4 ARE CALCULATED IN TERMS
OF C5, C6, A2, PHI, R1, R2. FI MUST BE DECLARED EXTERNAL IN THE CALLING

PROGRAM.
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ARGUMENT LIST:

F : A VECTOR OF LENGTH N DEFINING THE NONLINEAR EQUATIONS
F(l1) =0, F(2) = 0,...,F(N) = 0 TO THE SOLVER ’NLNF’,
X : A VECTOR OF LENGTH N WHICH CARRIES THE CURRENT VALUES

OF THE UNKNOWNS C5, C6, A2, PHI, R1, AND R2,

N : NUMBER OF NONLINEAR SIMULTANEOUS EQUATIONS.

GAMZE CAKIR AND AHMET N. ERASLAN, MAY 2018,
DEPARTMENT OF ENGINEERING SCIENCES,

MIDDLE EAST TECHNICAL UNIVERSITY, ANKARA.

IMPLICIT NONE

INTEGER N

DOUBLE PRECISION F, X, B, A, NU, E, SIGO, M, H, WH, ET, EZ, ER,
THETA, T1, T2, SIGR1, SIGR2, SIGT1, SIGT2, U1,
U2, SIGR, SIGT, U, Cl, C2, C3, C4, C5, C6, A2,
PHI, R1, R2

DIMENSION F (N), X (N)

COMMON /PROP/ E, NU, SIGO, THETA, A, B, H, WH, M

C5 = X (1)
19 = X(2)
A2 = X(3)
PHI = X (4)
R1 = X (5)
R2 = X(6)
Cl = —(E+xPHI*R1%%2)/4.0 — (Ax*(1.0D0 + WH)*R1%%(1.0D0 — WH)~*(H + WH

+ HxWH) » (- (ExH+*PHI) + ExPHI*WH+E+H«PHI*«WH — SIGO*WH))/ (4.0
*(1.0D0 + H)*WH) + (Ax%(1.0D0 -WH)*R1l%*(1.0D0 +WH)* (-H + WH
+ HxWH) » (ExH«PHI + ExPHI+«WH + ExHxPHI*WH - SIGO+WH))/ (4.0
*x(1.0D0 + H)+WH) + (R1#%(1.0D0 + WH)* (- H + WH + H+WH) x (- (A2+E
*H) — AxHxSIGO — A«SIGOxWH))/ (4.0xAx*WHxHx (1.0D0 + H)*WH) -
(A**xWH*R1*x% (1.0D0 — WH)*(H + WH + H+xWH) » (A2+ExH + A*H*SIGO
— AxSIGO*WH))/ (4.0%H*(1.0D0 + H)*«WH)

C2 = —-SIGO + (A2+E*R1l**(—=1.0D0 — WH) * (Ax% (2.0*«WH) » (= H + WH + H*WH)
+ Rlx* (2.0+xWH)x (H + WH + HxWH)))/ (4.0xAxxWH=* (1.0D0 + H) *WH)
+ (Ax%(1.0D0 — WH) *R1** (=1.0D0 — WH) *SIGO* (= (A** (2+«WH) (- H

+ WH + HxWH)*%2) 4+ Rl1xx (2.0%WH)«* (H + WH + H*WH)*%x2))/(4.0%xH
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*(1.0D0 + H)*WH) + (A%xx(1.0D0 — WH)*ExPHI*Rlxx(-1.0D0 - WH)
* (A*x* (2.0xWH) « (-H + WH + H*WH) **x2 — Rl*% (2.0xWH)=*x (H + WH
+ H+WH) *x%2))/(4.0%x(1.0D0 + H)*WH) + (E+«PHI%(1.0D0 + 4.0+H
- 2.0«DLOG(R1))) /4.0
C3 = —Ax*WH *A2+E+H/(2.0%(1.0D0 + H)*WH) + A*%(1.0D0 + WH) =*SIGOx(-H
+ WH + WH+H)/(2.0%(1.0D0 + H)*WH) — Axx(1.0D0 + WH) xExH
*PHI* (-H + WH + WH«%H)/(2.0%(1.0D0 + H)*WH)
c4 = Axx (-WH) =A2+E+H/(2.0%(1.0D0 + H)+WH) + Ax*(1.0D0 - WH) =*SIGO
*(H + WH + WH*H)/(2.0%(1.0D0 + H)+WH) - Ax*(1.0D0 - WH) *ExH

*PHIx (H + WH + WH«+H)/(2.0%(1.0D0 + H)«WH)

Tl = (1.0D0 - WH)

T2 = (1.0D0 + WH)

CALL ELAST(R1l, Cl, C2, PHI, A2, SIGR, SIGT, U)

F(l) = SIGT + 1.0DO

CALL ELAST(R2, Cl, C2, PHI, A2, SIGR, SIGT, U)

F(2) = SIGT - SIGR - 1.0DO

CALL PLAST2(R2, C5, C6, PHI, A2, SIGR1l, SIGT1l, Ul, ET, ER)

CALL ELAST(R2, C1, C2, PHI, A2, SIGR2, SIGT2, U2)

F(3) = SIGRl - SIGR2

F(4) = Ul - U2

CALL PLAST2 (B, C5, C6, PHI, A2, SIGR, SIGT, U, ET, ER)

F(5) = SIGR

F(6) = DLOG(RL/R2)*Cl + C2% (R2%%2 — R1#%2)/2.0
+ C3xWH* (Ax*T1 — R1x%T1)/T1l 4+ C4*WH* (R1**xT2 — AxxT2) /T2
+ C5+DLOG (R2/B) + C6x% (B*x2 — R2%x%2) /2.0 + (-4.0xAxx2*H
% (1.0D0 + H) + B**2xHx(1.0D0 + 2%DLOG(B)) — RI1x%2*(1.0DO
+ H)x(1.0D0 — 4.0+«H + 2.0+DLOG(R1)) + R2*x2%(1.0D0 + 2.0
*DLOG (R2)) ) *E«PHI/ (8.0% (1.0D0 + H)) - M + SIGOx(2.0xAx%2
*(1.0D0 + H) + Bx*x2%(1.0D0 + 2+DLOG(B)) — 2.0*R1**x2%(1.0DO
+ H) - R2%%2%(1.0D0 + 2+DLOG(R2)))/(4.0%(1.0D0 + H))

F(6) = F(6)/(Bx*2%*SIGO)

RETURN

END

SUBROUTINE ELAST (R, Cl, C2, PHI, A2, SIGR, SIGT, SIGZ, U)
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SUBROUTINE ELAST CALCULATES DIMENSIONLESS STRESS COMPONENTS SIGR,

SIGT, SIGZ AND DIMENSIONLESS RADIAL DISPLACEMENT U IN THE ELASTIC

REGION OF THE PLANE STRAIN SOLUTION.

ARGUMENT LIST:

R : RADIAL COORDINATE,

Cl, C2 : INTEGRATION CONSTANTS,

PHI, A2 : ADDITIONAL CONSTANTS IN THE STRESS EXPRESSIONS,
SIGR : RADIAL STRESS COMPONENT,

SIGT : CIRCUMFERENTIAL STRESS COMPONENT,

SIGZ : AXIAL STRESS COMPONENT,

U : RADIAL DISPLACEMENT.

COMMON BLOCK PROP:

E : MODULUS OF ELASTICITY,
NU : POISSON’S RATIO,

SIGO : YIELD STRENGTH,

THETA : CIRCUMFERENTIAL ANGLE,

A : INNER RADIUS OF THE ARC,
B OUTER RADIUS OF THE ARC,
H HARDENING PARAMETER,

M BENDING MOMENT.

GAMZE CAKIR AND AHMET N. ERASLAN, MAY 2018,
DEPARTMENT OF ENGINEERING SCIENCES,

MIDDLE EAST TECHNICAL UNIVERSITY, ANKARA.

IMPLICIT NONE
DOUBLE PRECISION SIGR, SIGT, SIGZ, U, Cl, C2, R,
\gquad NU, A2, THETA, A, B, R1, M,

COMMON /PROP/ E, NU, SIGO, THETA, A, B, H, M

SIGO, E, PHI,

H, T1, T2, T3

SIGR = C1l/R*%2 + C2 + ExPHI*DLOG(R)/ (2.0% (1.0D0-NU*%2))

SIGT = -C1/Rxx2 + C2 + ExPHI%(1.0D0 + DLOG(R))/(2.0%(1.0DO-NU*%*2))

SIGZ = 2.0%NUxC2 + E*xNUxPHI/ (2.0 (1.0D0-NUx%x2))

/(1.0D0-NUx%2)

+ E*NU+xPHI*DLOG (R)

U = 1.0/Ex(—=(1.0D0 + NU)«*C1/R + (1.0DO + NU)=* (1.0 — 2.0%NU)
*C2%R) - (1.0D0 - NU - (1.0DO - 2.0%NU)*DLOG (R) ) *PHI*R
/(2.0%(1.0D0 - NU)) - A2+DCOS (THETA)
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SIGR

SIGR/SIGO
SIGT

SIGT/SIGO
SIGZ = SIGZ/SIGO

U = UxE/ (SIG0*B)

RETURN

END

SUBROUTINE PLAST (R, C3, C4, PHI, A2, SIGR, SIGT, SIGZ, U, ET, ER)

SUBROUTINE PLAST CALCULATES DIMENSIONLESS STRESS COMPONENTS SIGR,
SIGT, SIGZ, DIMENSIONLESS RADIAL DISPLACEMENT U AND NORMALIZED PLASTIC

STRAINS ET AND ER IN THE PLASTIC REGION I OF THE PLANE STRAIN SOLUTION.

ARGUMENT LIST:

R : RADIAL COORDINATE,

C3, C4 : INTEGRATION CONSTANTS,

PHI, A2 : ADDITIONAL CONSTANTS IN THE STRESS EXPRESSIONS,
SIGR : RADIAL STRESS COMPONENT,

SIGT : CIRCUMFERENTIAL STRESS COMPONENT,

SIGZ : AXIAL STRESS COMPONENT,

U : RADIAL DISPLACEMENT,

ET : PLASTIC STRAIN IN CIRCUMFERENTIAL DIRECTION,

ER : PLASTIC STRAIN IN RADIAL DIRECTION.

GAMZE CAKIR AND AHMET N. ERASLAN, MAY 2018,
DEPARTMENT OF ENGINEERING SCIENCES,

MIDDLE EAST TECHNICAL UNIVERSITY, ANKARA.

IMPLICIT NONE
DOUBLE PRECISION SIGR, SIGT, SIGZ, U, ET, ER, C3, C4, R, SIGO, E,
1 PHI, NU, A2, THETA, A, B, Rl1, H, M, Tl, T2, T3

COMMON /PROP/ E, NU, SIGO, THETA, A, B, H, M

Tl = 1.0D0 — NU=%=*2

T2 = 1.0D0 - 2xNU

T3 = 1.0D0 + NU

SIGR = C4 + C3/Rxx2 — SIGO*DLOG(R)/(1.0D0 + H=T1)
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+ E+xH*PHI*DLOG(R)/ (2.0x(1.0D0 + HxT1l))
SIGT = C4 - C3/R*%2 - SIGOx(1.0D0 + DLOG(R))/(1.0D0O + H«%T1)
+ E+xH*PHI* (1.0D0 + DLOG(R))/(2.0%(1.0D0 + H%T1))

SIGZ

2.0xC4xNU — NUxSIGO=* (1.0D0 + 2.0+xDLOG(R))/(1.0D0 + H=*T1)
+ ExH*PHI*NUx (1.0D0 + 2.0*DLOG(R))/ (2.0%(1.0D0 + H=*T1))
U = 1.0/E* (C4xR+xT2+*T3 — C3*(2.0D0 + H*T3)/ (H*R)
— RxT2xT3%*SIGO*DLOG(R)/ (1.0D0 + H%T1l)) - A2xDCOS(THETA)
— R*xPHI/2.0%(1.0D0 + H*T1l — H*T2*T3*DLOG(R))/(1.0D0 + H=*T1)
ER = (2.0%C3/ (HxR**2) — T1xSIGO/(1.0D0 + HxT1l))/E
— PHI/(2.0%(1.0D0 + H«T1))

ET = —-ER

SIGR = SIGR/SIGO
SIGT = SIGT/SIGO

SIGZ = SIGZ/SIGO

U = UxE/ (SIGO«*B)
ET = ET*E/SIGO
ER = ER+E/SIGO
RETURN

END

SUBROUTINE PLAST2 (R, C5, C6, PHI, A2, SIGR, SIGT, SIGZ, U, ET, ER)
SUBROUTINE PLAST2 CALCULATES DIMENSIONLESS STRESS COMPONENTS SIGR,
SIGT, SIGZ, DIMENSIONLESS RADIAL DISPLACEMENT U AND NORMALIZED
PLASTIC STRAINS ET AND ER IN THE PLASTIC REGION II OF THE PLANE

STRAIN SOLUTION.

ARGUMENT LIST:

R : RADIAL COORDINATE,

C5, Cé6 : INTEGRATION CONSTANTS,

PHI, A2 : ADDITIONAL CONSTANTS IN THE STRESS EXPRESSIONS,
SIGR : RADIAL STRESS COMPONENT,

SIGT : CIRCUMFERENTIAL STRESS COMPONENT,

SIGZ : AXIAL STRESS COMPONENT,

U : RADIAL DISPLACEMENT,

ET : PLASTIC STRAIN IN CIRCUMFERENTIAL DIRECTION,
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PLASTIC STRAIN IN RADIAL DIRECTION.

GAMZE CAKIR AND AHMET N. ERASLAN, MAY 2018,

DEPARTMENT OF ENGINEERING SCIENCES,

MIDDLE

EAST TECHNICAL UNIVERSITY, ANKARA.

IMPLICIT NONE

DOUBLE
1

COMMON
Tl =
T2 =
T3 =

SIGR =

SIGT =

SIGZ =

ET =

SIGR =

SIGT =

SIGZ =

ET =

RETURN

END

PRECISION SIGR, SIGT, SIGZ, U, ET, ER, C5, C6, R, SIGO, E,
PHI, NU, A2, THETA, A, B, Rl, H, M, T1l, T2, T3

/PROP/ E, NU, SIGO, THETA, A, B, H, M

1.0D0 - NU=x=%2

1.0D0 - 2.0x%NU

1.0D0 + NU

C6 + C5/R%x2 + SIGO*DLOG(R)/(1.0D0 + H=T1)

+ E+H*PHI+DLOG(R)/ (2.0%(1.0D0 + H*T1))

C6 — C5/R*x2 + SIGO*(1.0D0 + DLOG(R))/(1.0D0O + H=*T1)

+ E+H*PHIx (1.0D0 + DLOG(R))/(2.0%(1.0D0 + H*T1))

2.0%C6*NU + NU=x (SIGO/ (1.0D0 + H*T1l) + (E*H=PHI)

/(2.0%x(1.0D0 + H*T1l)) + (2.0%«SIGO*DLOG(R))/(1.0D0 + H=*T1)

+ (Ex*H+PHI+«DLOG(R))/ (1.0D0 + H=*T1))

C6+RxT2+xT3/E — C5%(2.0D0 + H+T3)/ (E«H*R) — A2+DCOS (THETA)

+ RxT2xT3%*SIGO+*DLOG(R)/ (Ex (1.0D0 + HxT1))

— 0.5%R%PHI% (1.0D0 + HxT1l - H+T2xT3%«DLOG(R))/(1.0D0 + HxT1)

2.0xC5/ (H*R*%2)/E + T1%SIGO/(1.0D0 + H*T1l)/E

- PHI/(2.0%x(1.0D0 + H«T1))

-ER

SIGR/SIGO
SIGT/SIGO
SIGZ/SIGO
U+E/ (SIG0+*B)
ET*E/SIGO

ER*E/SIGO

SUBROUTINE FI(F, X, N)

STAGE 1
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VERSION 1

SUBROUTINE FI SUPPLIES THE NONLINEAR EQUATIONS F (1) = 0, F(2) = 0,...

F(N) = 0 TO THE SOLVER ’'NLNF’ IN ORDER TO ESTIMATE THE UNKNOWNS C1,
c2, C3, C4, A2, PHI, AND R1. ROUTINE NLNF USES INTERNALLY GENERATED
JACOBIAN MATRIX. SUBROUTINE FI IS USED IN THE FIRST STAGE ELASTIC-
PLASTIC DEFORMATION OF THE BAR. FI MUST BE DECLARED EXTERNAL IN THE

CALLING PROGRAM.

ARGUMENT LIST:

F : A VECTOR OF LENGTH N DEFINING THE NONLINEAR EQUATIONS
F(1) = 0, F(2) =0,...,F(N) = 0 TO THE SOLVER ’'NLNF’,
X : A VECTOR OF LENGTH N WHICH CARRIES THE CURRENT VALUES

OF THE UNKNOWNS C1, C2, C3, C4, A2, PHI, AND RI1,

N : NUMBER OF NONLINEAR SIMULTANEOUS EQUATIONS.

GAMZE CAKIR AND AHMET N. ERASLAN, MAY 2018,
DEPARTMENT OF ENGINEERING SCIENCES,

MIDDLE EAST TECHNICAL UNIVERSITY, ANKARA.

IMPLICIT NONE

INTEGER N

DOUBLE PRECISION F, X, B, A, NU, E, SIGO, M, H, ET, ER, THETA, T1,
T2, SIGR1, SIGR2, SIGT1, SIGT2, SIGZ, Ul, U2,
SIGR, SIGT, U, Cl1, C2, C3, C4, A2, PHI, Rl

DIMENSION F (N), X (N)

COMMON /PROP/ E, NU, SIGO, THETA, A, B, H, M

Cl = X (1)
c2 = X(2)
C3 = X(3)
c4 = X(4)
A2 = X (5)
PHI = X (6)
R1 = X (7)
T1 = 1.0D0 - NUx=%2
T2 = 1.0D0 + HxT1

CALL PLAST (A, C3, C4, PHI, A2, SIGRl, SIGTl, SIGZ, Ul, ET, ER)
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F(l) = Ul
F(2) = SIGRI1
CALL PLAST(R1, C3, C4, PHI, A2, SIGR1l, SIGT1l, SIGZ, Ul, ET, ER)

CALL ELAST(R1, C1l, C2, PHI, A2, SIGR2, SIGT2, SIGZz, U2)

F(3) = SIGR1 - SIGR2
F(4) = Ul - U2
F(5) = - SIGT2 + SIGR2 - 1.0DO

CALL ELAST(B, Cl, C2, PHI, A2, SIGR, SIGT, SIGZ, U)

F(6) = SIGR

o
=
I

C1l*DLOG(R1/B) + C2% (B*%x2 — R1x%2)/2.0 + C3%«DLOG(A/R1)

+ C4x (—A%**2 + R1x%2)/2.0D0 + E*xPHI/ (8.0xT1*T2)* (-Axx2.0%
*(1.0D0 + 2.0+«DLOG (A)) + Bx*2xT2%(1.0D0 + 2.0xDLOG(B))

— R1%x%2.0%(1.0D0 + 2.0+DLOG(R1))) — M + SIGO*A*x%x2x(1.0DO
+ 2+xDLOG(A))/(4.0%T2)— SIGO*R1*%2%(1.0D0 + 2*DLOG(R1))
/(4.0xT2)

F(7) = F(7)/(Bx*2%*SIGO)

RETURN

END

SUBROUTINE FI(F, X, N)

STAGE 1

VERSION 2

ALTERNATIVE VERSION OF ROUTINE FI ABOVE. FOUR OF THE UNNKOWNS:
C2, C3 AND C4 AMONG THE SEVEN NONLINEAR EQUATIONS ARE ELIMINATE

AND THE REMAINING THREE: A2, PHI, R1 ARE SOLVED BY NLNF. WHEN

H+T1

Cc1,

D

CONVERGENCE IS OBTAINED Cl, C2, C3 AND C4 ARE CALCULATED IN TERMS

OF A2, PHI, R1l. FI MUST BE DECLARED EXTERNAL IN THE CALLING PRO

ARGUMENT LIST:

F : A VECTOR OF LENGTH N (=3) DEFINING THE NONLINEAR
EQUATIONS F (1) = 0, F(2) =0, F(3) = 0 TO THE SOLVER
"NLNE' ,

X : A VECTOR OF LENGTH N WHICH CARRIES THE CURRENT

VALUES OF THE UNKNOWNS A2, PHI, AND RI1,

N : NUMBER OF NONLINEAR SIMULTANEOUS EQUATIONS.

107

GRAM.



Q o a O

GAMZE CAKIR AND AHMET N. ERASLAN, MAY 2018,
DEPARTMENT OF ENGINEERING SCIENCES,

MIDDLE EAST TECHNICAL UNIVERSITY, ANKARA.

IMPLICIT NONE

INTEGER N

DOUBLE PRECISION F, X, B, A, NU, E, SIGO, M, H, ET, ER, THETA, T1,
T2, SIGR1, SIGR2, SIGT1, SIGT2, SIGZ, Ul, U2,
SIGR, SIGT, U, Cl, C2, C3, C4, A2, PHI, Rl

DIMENSION F (N), X (N)

COMMON /PROP/ E, NU, SIGO, THETA, A, B, H, M

A2 = X (1)

PHT = X(2)

Rl = X(3)

Cl = R1xx2xSIG0/2.0 + E*xPHIxR1*%2/(4.0x(1.0D0 — NU=*=%2))
C2 = —R1#%2%(2.0%(1.0D0 — NU%%2)+SIGO + E+PHI)

/(4.0xBxx2% (1.0D0 — NUx%2))
— ExPHI*DLOG (B)/ (2.0%(1.0D0 — NUx=*2))
C3 = — A2+E+H*A/(2.0%x(1.0D0 + Hx(1.0D0 — NU=%x%2)))
— ExH*PHI*A%%2.0/(4.0x(1.0D0 + Hx(1.0D0 — NU=%%2)))
C4 = ExHx(2.0%A2 + AxPHI)/(4.0%A%(1.0D0 + H*(1.0D0 — NUxx2)))

+ (2.0%xSIGO - E+H%PHI)+*DLOG(A)/(2.0%(1.0D0 + Hx(1.0DO

= NU%%2)))
Tl = 1.0D0 - NUxx%2
T2 = 1.0D0 + HxT1

CALL PLAST(R1l, C3, C4, PHI, A2, SIGR1l, SIGT1l, SIGZ, Ul, ET, ER)

CALL ELAST(Rl, Cl, C2, PHI, A2, SIGR2, SIGT2, SIGZ, U2)

F(1l) = SIGRL - SIGR2
F(2) = Ul - U2
F(3) = CL+«DLOG(R1/B) + C2x (Bx%2 — R1x%2)/2.0 + C3%DLOG(A/R1)

+ Cdx (—Ax%x2 + R1%x%2)/2.0D0 + ExPHI/ (8.0%T1%xT2)* (-A%*2.0+xH*T1
*(1.0D0 + 2.0+«DLOG(A)) + B**2xT2x(1.0D0 + 2.0xDLOG(B))
— R1x%x2.0%(1.0D0 + 2.0%DLOG(R1))) — M + SIGO*A%x%2%(1.0DO
+ 2+«DLOG(A))/ (4.0xT2)—- SIGO*R1*%2%(1.0D0 + 2+DLOG (R1))
/(4.0xT2)

F(3) = F(3)/(Bx*x2%SIGO)
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RETURN

END

SUBROUTINE FI(F, X, N)

STAGE 2

VERSION 1

SUBROUTINE FI SUPPLIES THE NONLINEAR EQUATIONS F (1) = 0, F(2) =0,...
F(N) = 0 TO THE SOLVER ’'NLNF’ IN ORDER TO ESTIMATE THE UNKNOWNS C1,

c2, c3, c4, C5, C6, A2, PHI, Rl, AND R2. ROUTINE NLNF USES INTERNALLY
GENERATED JACOBIAN MATRIX. SUBROUTINE FI IS USED IN THE SECOND STAGE
ELASTIC-PLASTIC DEFORMATION OF THE BAR. FI MUST BE DECLARED

EXTERNAL IN THE CALLING PROGRAM.

ARGUMENT LIST:

F : A VECTOR OF LENGTH N DEFINING THE NONLINEAR EQUATIONS
F(l1) =0, F(2) = 0,...,F(N) = 0 TO THE SOLVER ’'NLNF’,
X : A VECTOR OF LENGTH N WHICH CARRIES THE CURRENT VALUES

OF THE UNKNOWNS Cl1, C2, C3, c4, C5, C6, A2, PHI, Rl, AND
R2,

N : NUMBER OF NONLINEAR SIMULTANEOUS EQUATIONS.

GAMZE CAKIR AND AHMET N. ERASLAN, MAY 2018,
DEPARTMENT OF ENGINEERING SCIENCES,

MIDDLE EAST TECHNICAL UNIVERSITY, ANKARA.

IMPLICIT NONE

INTEGER N

DOUBLE PRECISION F, X, B, A, NU, E, SIGO, M, H, ET, ER, THETA, T1,
T2, SIGR1, SIGR2, SIGT1, SIGT2, SIGZ, Ul, U2,
SIGR, SIGT, U, Cl1, C2, C3, C4, C5, Cé6, A2, PHI,
R1, R2

DIMENSION F (N), X(N)

COMMON /PROP/ E, NU, SIGO, THETA, A, B, H, M

Cl = X (1)
Cc2 = X(2)
C3 = X(3)
c4 = X (4)
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C5
cé
A2
PHI
R1

R2

Tl

T2

CALL

CALL

X (10)

1.0D0 -

1.0D0 +

PLAST (A, C3,

U

SIGR
PLAST (R1,

ELAST (R1,

SIGR1 -
Ul - U2

SIGR2 -

ELAST (R2,

PLAST2 (R2,

ELAST (R2,

SIGR1

Uul - U2
PLAST2 (B,

SIGR

+ Cdx (-Ax*2 + R1xx2) /2.0 + C5+«DLOG(R2/B)

/2.0

+ SIGO*B*%2%(1.0D0 + 2%DLOG(B))/ (4.0%T2)

NU* %2

H+T1

SIGT - SIGR - 1.0DO

c4, PHI, A2, SIGR, SIGT, SIGZ, U, ET, ER)
Cc3, C4, PHI, A2, SIGR1, SIGT1, SIGZ, Ul, ET, ER)
cl, c2, PHI, A2, SIGR2, SIGT2, SIGZ, U2)
SIGR2
SIGT2 - 1.0DO
cl, c2, PHI, A2, SIGR, SIGT, SIGZ, U)
c5, C6, PHI, A2, SIGR1, SIGT1, SIGZ, Ul, ET, ER)
cl, c2, PHI, A2, SIGR2, SIGT2, SIGZ, U2)
SIGR2
c5, C6, PHI, A2, SIGR, SIGT, SIGZ, U, ET, ER)

C1+DLOG (R1/R2)

+ 2+DLOG(R1))/ (4.0%T2)

/(4.0%T2)
/(8.0xT1*T2)

/(8.0xT1*T2)

+ C2+ (-R1%%2 + R2x%2)/2.0 + C3+DLOG (A/R1)

+ Co*x (Bx*2 — R2#*%x2)

- M + SIGO*A%%2%(1.0D0 + 2+DLOG(A))/ (4.0%T2)

— SIGO*R1*%x2+%(1.0DO

— SIGO*R2#*2% (1.0D0 + 2+DLOG (R2))

— ExPHI*A*x2+«H+T1 *(1.0D0 + 2+xDLOG (A))

+ ExPHI*B**2+xH+T1l* (1.0D0 + 2%xDLOG(B))

— ExPHI*R1*%2%(1.0D0 4+ 2%DLOG(R1))/(8.0%T1%T2)

+ ExPHI*R2%%2% (1.0D0 + 2+DLOG(R2))/(8.0+xT1xT2)

F(10)= F(10)/ (Bx*x2xSIGO)

RETURN

END
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SUBROUTINE FI(F, X, N)

STAGE 2

VERSION 2

ALTERNATIVE VERSION OF ROUTINE FI ABOVE. FOUR OF THE UNKNOWNS: C1,
C2, C3 AND C4 AMONG THE TEN NONLINEAR EQUATIONS ARE ELIMINATED

AND THE REMAINING SIX: C5, C6, A2, PHI, R1, R2 ARE SOLVED BY NLNF.

WHEN CONVERGENCE IS OBTAINED Cl, C2, C3 AND C4 ARE CALCULATED IN TERMS

OF C5, C6, A2, PHI, R1, R2. FI MUST BE DECLARED EXTERNAL IN THE
CALLING PROGRAM.

ARGUMENT LIST:

F : A VECTOR OF LENGTH N DEFINING THE NONLINEAR EQUATIONS
F(1) = 0, F(2) = 0,...,F(N) = 0 TO THE SOLVER ’NLNF’,
X : A VECTOR OF LENGTH N WHICH CARRIES THE CURRENT VALUES

OF THE UNKNOWNS C5, C6, A2, PHI, R1, AND R2,

N : NUMBER OF NONLINEAR SIMULTANEOUS EQUATIONS.

GAMZE CAKIR AND AHMET N. ERASLAN, MAY 2018,
DEPARTMENT OF ENGINEERING SCIENCES,

MIDDLE EAST TECHNICAL UNIVERSITY, ANKARA.

IMPLICIT NONE

INTEGER N

DOUBLE PRECISION F, X, B, A, NU, E, SIGO, M, H, ET, ER, THETA, T1,
T2, SIGR1, SIGR2, SIGT1, SIGT2, SIGZ, Ul, U2,
SIGR, SIGT, U, Cl1l, C2, C3, C4, C5, C6, A2, PHI,
R1, R2

DIMENSION F (N), X(N)

COMMON /PROP/ E, NU, SIGO, THETA, A, B, H, M

C5 = X (1)
Ccé = X (2)
A2 = X (3)
PHI = X (4)
R1 = X(5)
R2 = X (6)
cl = — A2%AxE/ (2.0%(1.0D0 — NUx%x2)) — ExAxx2.0*PHI/ (4.0*(1.0DO
— NUx%*2))
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c2 = ExH* (2.0xA2 + AxPHI)/ (4.0%A%x(1.0D0 + Hx(1.0D0 — NU=*=%2)))

w N

1 + A*E* (2.0*A2 + AxPHI)/ (4.0%xR1%%2%(1.0D0 — NUxx2)=* (1.0DO
+ Hx (1.0D0 — NUx%2))) + (2.0xSIGO0 - ExHxPHI) *DLOG (A)
/(2.0%(1.0D0 + Hx(1.0DO — NUx%2))) — (2.0%(1.0D0 — NU=%%2)

4 *SIGO0 + ExPHI)*DLOG(R1)/(2.0%(1.0D0 - NU%=x2)x*(1.0DO

5 + Hx (1.0D0 — NU=*%2)))

c3 = —(AxA2+E+H/ (2.0D0 + 2.0%Hx (1.0D0 — NU%%2)))

1 — Ax*x2*xExH*PHI/ (4.0D0 + 4.0xHx (1.0D0 — NUx%2))

c4 = A2+E+H/ (2.0%A% (1.0D0 + H*(1.0D0 - NUx%x2)))
+ ExH*PHI/ (4.0x(1.0D0 4+ Hx(1.0D0 — NU=xx2)))

+ SIGO*DLOG(A)/ (1.0D0 + Hx(1.0D0 - NU=x=%x2))
3 — ExH*PHI*DLOG (A)/ (2.0%(1.0D0 + H*(1.0D0 — NU=x%2)))
T1 = 1.0D0 — NU=x=%2
T2 = 1.0D0 + H«T1

CALL ELAST (R1, Cl, C2, PHI, A2, SIGR, SIGT, SIGZ, U)

F(1) = SIGR - SIGT - 1.0DO0

CALL ELAST (R2, Cl, C2, PHI, A2, SIGR, SIGT, SIGZ, U)

F(2) = SIGT - SIGR - 1.0DO0

CALL PLAST2(R2, C5, C6, PHI, A2, SIGR1, SIGT1, SIGZ, Ul, ET, ER)

CALL ELAST(R2, C1l, C2, PHI, A2, SIGR2, SIGT2, SIGz, U2)

g
w
Il

SIGR1 — SIGR2

F(4) = Ul - U2

CALL PLAST2(B, C5, C6, PHI, A2, SIGR, SIGT, SIGZ, U, ET, ER)

F(5) = SIGR

F(6) = C1+«DLOG(R1/R2) + C2x (-R1x%2 + R2%%2)/2.0 + C3+«DLOG(A/R1)
+ Cd* (-Ax*x2 + R1*x2) /2.0 + C5xDLOG(R2/B) + C6% (Bx*2 — R2x%x2)
/2.0 — M + SIGO*Ax%2%(1.0D0 + 2+DLOG(A))/ (4.0%T2) + SIGO
*Bx*2% (1.0D0 + 2+DLOG(B))/ (4.0%T2) — SIGO*R1*#2% (1.0DO
+ 2.0«DLOG(R1))/(4.0%«T2) — SIGO#R2%*2%(1.0D0 + 2.0xDLOG (R2)
)/ (4.0%xT2) — ExPHI*A**2+H*T1 (1.0D0 + 2+DLOG(A))/ (8.0%T1
*T2) + E*PHI*B#%2xHxT1%(1.0D0 + 2xDLOG(B))/(8.0%T1xT2) - E
*PHI*R1%x%2x (1.0D0 + 2.0xDLOG(R1))/(8.0%T1%xT2) + ExPHI*R2%%2
*(1.0D0 + 2.0+«DLOG(R2))/ (8.0+«T1xT2)

F(6) = F(6)/ (Bx*2*SIGO)

RETURN

END
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