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ABSTRACT

PRICING SPREAD AND BASKET OPTIONS UNDER MARKOV-MODULATED
MODELS

Kozpinar, Sinem
Ph.D., Department of Financial Mathematics
Supervisor : Prof. Dr. Omiir Ugur

Co-Supervisor : Assoc. Prof. Dr. Zehra Eksi-Altay

September 2018, [108] pages

This thesis first aims to study the evaluation of spread and basket options under the
classical Markov-modulated framework, for which a transition in the Markov process
leads to a switch in the model parameters. In this regard, we provide approximations
to the exact option prices based on ideas from the literature without regime switching.

We start with pricing spread options when risky assets follow Markov-modulated
geometric Brownian motions (MMGBMs). In this context, we focus on the regime-
switching version of Kirk’s formula. For that reason, a change of numeraire tech-
nique is introduced which allows to associate the spread option price with the value
of a European call option. Since the underlying asset of this European call follows a
MMGBM for relatively small strikes, we evaluate the spread option by using Markov-
modulated Black-Scholes formula. Then, we discuss the valuation of spread options
when the underlying asset prices are driven by Markov-modulated Lévy processes
(MMLPs). Under this modeling set-up, we approximate the spread option price by
means of an accurate lower bound, which is obtained via a univariate Fourier inver-
sion. For this method, we only require the joint characteristic function; and therefore,
our approximation becomes valid for many regime-switching models.

Afterwards, we concentrate on the valuation of basket options for which we provide
lower and upper bounds considering the MMLP framework. We first obtain an accu-
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rate lower bound by using a univariate Fourier inversion combined with an optimiza-
tion procedure. However, this optimization procedure increases the computational
cost. Therefore, we then derive faster analogous bounds by using the arithmetic-
geometric mean inequality and univariate Fourier inversion without an optimization.
As in the case of spread options, the approaches we followed for basket options are
applicable to several MMLPs under which the joint characteristic functions of the
underlying assets are known analytically.

Furthermore in this thesis we aim to price spread and basket options under a more
generalized framework, in which a transition in the Markov process may induce a
switch in the parameters as well as synchronous jumps in the asset prices. For this
purpose, we extend the results obtained under the classical MMLP framework, which
does not take the synchronous jumps into account, to this generalized framework.

Finally, in order to verify the accuracy of proposed approximations presented in this
thesis, we include several numerical experiments.

Keywords: Regime-switching, Spread options, Kirk’s formula, Basket options, Fourier
inversion, Synchronous jumps.
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0z

MARKOV KiPLEMELI MODELLER ALTINDA SPREAD VE BASKET
OPSIYONLARININ FIYATLANDIRILMASI

Kozpinar, Sinem

Doktora, Finansal Matematik Boliimii
Tez Yoneticisi : Prof. Dr. Omiir Ugur
Ortak Tez Yoneticisi : Doc. Dr. Zehra Eksi-Altay

September 2018, sayfa

Bu tez, oncelikle, Markov siirecindeki bir gecisin sadece model parametrelerinde de-
gismeye sebep oldugu klasik Markov kiplemeli modeller ¢ercevesinde spread ve bas-
ket opsiyonlarinin fiyatlandirilmasini incelemeyi amaclamigtir. Bu baglamda, rejim
degisimi olmayan modeller i¢in literatiirde gelistirilen fikirler baz alinarak yaklagim-
lar 6nerilmisgtir.

I1k olarak, riskli varliklarin Markov kiplemeli geometrik Brownian hareketini (MKG
BH) takip ettigi varsayilarak, spread opsiyonlarinin fiyatlanmasi incelenmistir. Bu
cercevede, Kirk’s formiiliiniin rejim degisimli versiyonuna odaklanilmig; dolayisiyla,
spread opsiyonunun bir Avrupa tipi alim opsiyonu ile fiyatlanmasina olanak taniyan
numeraire degisim teknigi onerilmistir. Oldukga kiigiik kullanim fiyatlari i¢in, s0z
konusu alim opsiyonunun dayanak varlik fiyatt MKGBH’e gore modellendiginden
dolay1, spread opsiyonu Markov kiplemeli Black-Scholes formiilii kullanarak fiyat-
landirilmigtir. Ardindan, spread opsiyonlarinin degerlemesi, dayanak varlik fiyatlarini
Markov kiplemeli Lévy siirecleri (MKLS) ile modelleyerek gerceklestirilmistir. Bu
modelleme baz alinarak, tek degiskenli bir Fourier inversiyonu kullanilmis, boylece
spread opsiyonunun gercek degerine oldukca yakin olan bir alt sinir elde edilmis-
tir. Sadece birlesik karakteristik fonksiyonlara ihtiya¢ duyuldugundan, yaklagimimiz
rejim degisimli bircok modele uygulanabilmektedir.
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Daha sonra, MKLS’i g6z 6niinde bulundurularak basket opsiyonlarinin degerleme-
sine odaklanilmig ve opsiyonun gercek degerine oldukg¢a yakin olan alt ve iist sinirlar
belirlenmistir. i1k olarak, tek degiskenli Fourier inversiyonu ve bir optimizasyon pro-
sediirii kullanarak opsiyonun gercek degeri icin bir alt sinir elde edilmistir. Bu opti-
mizasyon prosediirii hesaplama maliyetini arttirdigindan dolayi, aritmetik-geometrik
ortalama esitsizligi ve optimizasyonsuz tek degiskenli Fourier inversiyonu kullanarak,
daha hizli bir sekilde elde edilen sinir fiyatlar1 belirlenmistir. Spread opsiyonununda
oldugu gibi, basket opsiyonun fiyatlamasi i¢in izledigimiz biitiin yaklagimlar daya-
nak varliklara ait birlesik karakteristik fonksiyonunun bilinmesini gerektirmekte, bu
ise bahsi gecen yontemlerin bircok MKLS’ ne uygulanmasina imkan vermektedir.

Ayrica, bu tezde spread ve basket opsiyonlarinin Markov siirecindeki bir gecisin sa-
dece parametrelerde bir degismeye degil, ayn1 zamanda varlik fiyatlarinda senkronize
sigramalara da sebep oldugu daha genel bir ¢erceveye gore fiyatlandirilmasi da amag-
lanmigtir. Bu amag¢ dogrultusunda, senkronize sigramalari hesaba katmayan klasik
MKLS cercevesi altinda elde edilen tiim sonuglar, bu genel cerceveye gore de ele
alinmustir.

Son olarak, bu tez kapsaminda elde edilen tiim yaklagimlarin dogrulugunu kontrol
etmek icin bir¢cok niimerik 6rnek sunulmustur.

Anahtar Kelimeler: Rejim-degisimi, Spread opsiyonlari, Kirk’s formiilii, Basket op-
siyonlar1, Fourier inversiyonu, Senkronize sigramalar.
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CHAPTER 1

INTRODUCTION

1.1 Motivation and Literature Review

Many attempts have been made to discuss regime-switching models for the purpose
of, e.g., identifying the impact of business cycles in the market. The model parameters
are allowed to switch at certain times by means of a Markov process whose states rep-
resent the different regimes of the economy. To be more precise, whenever the state
of the underlying Markov process (i.e. the regime in the market) changes, the model
parameters are modulated according to the new state. In this thesis, we will first focus
upon the pricing of spread and basket options under this classical Markov-modulated
framework. Considering the fact that these options do not generally have closed-form
prices under the dynamics with regime-switching, we provide approximations to the
exact option prices based on ideas from the literature without regime-switching. One
of the main contributions of this thesis lies in the derivation of these pricing formu-
las. Based on our knowledge the valuation of spread and basket options under this

Markov-modulated framework has not been studied so far.

Regime-switching models have been extensively used in the literature, and even when
concentrating only on option pricing, it is impossible to give an exhaustive overview.
Among these papers dedicated to option pricing in the context of Markov-modulated
Brownian motions (MMBMs), we refer to Buffington and Elliot [7] who price Eu-
ropean vanilla and American options by using Black-Scholes arguments, Boyle and
Draviam [6] who evaluate Asian and lookback options by partial differential equa-

tions and Zhu et al. [42] who deal with pricing European vanilla options via a Fourier
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transform method. Furthermore, Elliott et al. [19] propose the regime-switching ver-
sion of Esscher transform with the aim of completing the market and then examine
the valuation of European vanilla options considering the ideas of Buffington and

Elliot [[7].

This paper, additionally, provides a detailed overview of the literature on regime-
switching models and their applications in finance. There exists also a wide range
of studies that consider Markov-modulated Lévy processes (MMLP) for the dynam-
ics of the risky assets. For example, Konikov and Madan [25] assume a two-state
Markov-modulated Variance Gamma process and evaluate European vanilla options
by computing the characteristic function of the log-returns of the underlying. El-
liott and Osakwe [18] extend the study of Konikov and Madan to arbitrary number
of states. Under a regime-switching version of Merton jump-diffusion model, Ram-
poni [32]] investigates the valuation of forward starting options via Fourier transform
method. Tour et al. [35]] concentrate upon the valuation of contracts such as Bermu-
dan, American and barrier options in a regime-switching model of time-changed Lévy

processes; and for this purpose, they use the Fourier cosine expansion (COS) method.

All these papers given above regard option pricing problems with a single underlying.
As far as we know, there are not so many papers focusing upon multivariate option
pricing in a regime-switching framework, especially not in a MMLP setting. In the
MMBM setting, Yoon et al. [40]] introduce analytical pricing formulas using the occu-
pation times for the valuation of quanto and exchange options. Chen et al. [[13]] price
European-type quanto options by assuming that forward interest rates are driven by a
Markov-modulated HIM model, the foreign stock prices follow the regime-switching
version of a jump-diffusion and the spot FX rate is modeled by a geometric Brow-
nian motion (GBM). More recently, Deelstra and Simon [16] study the pricing of
exchange and quanto options in a MMLP framework whereas Fan and Wang [20]
focus on valuing correlation options under a regime-switching stochastic interest rate
model. In these last two papers, the valuation of the options are carried out with a fast

Fourier transform (FFT) method.

The framework of regime-switching models, where transitions to another phase can

happen with only a change in the model parameters, can be generalized if we allow



the asset prices to jump synchronously in the case of a regime change. That is, a
transition in the Markov process does not only yield a switch in the parameters, but
can also yield a jump in the asset prices. All these approaches given above are carried
out by assuming that a transition in the Markov process induces the modulation of pa-
rameters, and none of them considers the synchronous jumps in the asset prices. To
our knowledge, Chourdakis [14] was the first to investigate Markov-modulated Lévy
processes with synchronous jumps with the goal of option pricing and to show by
numerical examples that this regime-switching model can be successful in capturing
asymmetric volatility skews. Hainaut and Colwell [22] consider a regime-switching
version of Merton’s structural model to evaluate the default risk, assuming that the
asset dynamics jump synchronously whenever a transition occurs in the underlying
Markov process. As argued in this paper, synchronous jumps can model the events
that lead to an immediate change in the price dynamics, such as economic downturn,
terrorist attacks or natural catastrophes. Hainaut and Colwell [22] also provide econo-
metric evidence that Lévy-based regime-switching models with synchronous jumps

lead a good fit to the historical time series.

In a regime-switching framework with synchronous jumps, Chourdakis [14] concen-
trates upon pricing vanilla options and exotic contingent claims like barrier, Bermu-
dan and American options. Since no research results are yet available for the valu-
ation of spread and basket options even in a Markov-modulated framework without
synchronous jumps, the incorporation of these jumps make another significant con-
tributions to the literature on evaluation of such options. There is, however, a vast lit-
erature when the underlying assets of the options are modeled without regime shifts.
Note that there is generally no closed-form pricing formula for these options, even

not in a Gaussian setting.

Spread options, whose payoff is based on the difference of two asset’s prices, are very
popular among practitioners due to its great variety of applications in different types
of markets, such as energy, commodity and equity markets. As regards to its eval-
uation under the GBM setting, Margrabe [29] obtains a Black-Scholes-like pricing
formula in the case of zero strikes (exchange options). In this noteworthy paper, the
value of the first asset in terms of the second asset is treated as a new underlying,

which can still be identified by a GBM. Therefore, the pricing problem of exchange



option is reduced to the evaluation of a European option. This study is one of the

exceptions yielding a closed-form solution for spread options.

Extending the GBM case to the non-zero strike prices, in which case we do not have
any closed-form solution, leads us to the approximation methods such as in Kirk [24]
and Venkatramanan and Alexander [36]. Being frequently applied by practitioners
due to its tractability, the former study follows the approach of Margrabe [29]]: when
the sum of the second asset and strike price is defined as the numeraire process, the
value of the first asset in terms of this numeraire becomes approximately log-normal
for small strikes. Therefore, the evaluation of spread options are carried out by using
Black-Scholes formula, which points out the tractability of Kirk’s approximation.
However, up to our knowledge, a detailed derivation of this pricing formula is not
provided by Kirk. The latter study approximates the value of the spread option by
summing two compound options and also by using Kirk’s formula, whose detailed

derivation is also provided by means of stochastic differential equations.

In this thesis, we favor Venkatramanan and Alexander [36]] for their approach intro-
duced for the derivation of Kirk’s formula. Amongst others, we also refer to Carmona
and Durrleman [[10] who give lower and upper bounds by using some trigonometric
functions, Deelstra et al. [15] who propose to use moment matching techniques, and
Bjerksund and Stensland [S] who derive a lower bound relating a power function of

the second asset with the first asset.

When the underlying prices evolve according to jump-diffusion processes, for in-
stance, Cheang and Chiarella [12]] and Benth et al. [4] focus on the valuation of ex-
change options via a Margrabe-type formula. Differently, Dempster and Hong [17/]]
and Hurd and Zhou [23] concentrate upon the numerical valuation of spread options
via a two-dimensional FFT. Recently, Caldana and Fusai [8] propose a very accurate
lower bound extending the study of [5] to non-Gaussian models. This approach can
be applied whenever the joint characteristic function of the underlying log-returns is
explicitly known; furthermore, it uses only a univariate Fourier inversion regarding

the exponential form of asset prices.

Basket options, written on the linear combination of two or more assets, are also

widely used in many financial markets and, as a consequence, there exist many pa-



pers studying the evaluation of basket options by adapting different approaches. Re-
garding a GBM setting, see e.g. Vorst [37]] for the use of arithmetic-geometric mean
inequality, Deelstra et al. [15] for the application of moment matching techniques,
Zhou and Wang [41] for approximating the basket distribution with a log-extended-
skew-Normal distribution, Alexander and Venkatramanan [1] for an analytical ap-

proximation based on the sum of several compound-exchange options.

In the line of a non-Gaussian setting, Linders and Stassen [26] consider a multivariate
Variance Gamma model for the evaluation of basket options, in which the dependence
between different assets are implied by a common time change. By conditioning
on this common time change, they introduce some lower and upper bounds to the
true option price. Under a local volatility jump-diffusion model, Xu and Zheng [38]]
provide an approximation for basket options by conditioning on a normal and Poisson

variable.

All methods mentioned above are model-dependent, which limits their applicability.
For the line of model-free approximations, see, for instance, Caldana et al. [9]]. This
interesting paper provides very useful lower and upper bounds for the prices of basket
options in a wide range of models for which the joint characteristic function of the
log-returns is known explicitly. These results can be obtained for baskets with no
constraints on the signs of the underlying assets and by using only a univariate Fourier
inversion based on the exponential form of asset prices. In particular, Caldana et
al. [9] first obtain a lower bound through a set based on the logarithm of the geometric
average of the weighted assets. Then, they propose new lower and upper bounds
and an approximate pricing formula for the fair price of the basket option, which
follow from the arithmetic-geometric mean inequality proposed by Vorst [37]. This
paper [9]] also provides a good background on the valuation of basket options when
the underlying assets are modeled without regime-switching. For a detailed overview

of the literature, we refer the interested readers to this paper.



1.2 Aim of the Thesis

This thesis first aims to study the evaluation of spread and basket options under the
regime-switching models without synchronous jumps. In this context, we start with
pricing spread options in a Markov-modulated geometric Brownian motion (MM
GBM) setting without synchronous jumps. For this purpose we provide a Markov-
modulated Kirk’s formula, by generalizing the approach of Alexander and Venkatra-
manan [36] to a framework with regime shifts. Since their original work requires the
use of Black-Scholes formula, we also regard the Markov-modulated Black-Scholes

arguments given in Buffington and Elliott [[7] and Elliott et al. [19].

Then, we price spread and basket options when risky asset prices are driven by the
exponential of Lévy-based regime-switching models without sychronous jumps. We
therefore will extend the approaches of Caldana and Fusai [8]] and Caldana et al. [9] to
the framework in which the underlying assets are assumed to follow a MMLP frame-
work without synchronous jumps. More precisely, we provide a lower bound for the
price of spread options by adopting the ideas of [8]. We further address the pricing
problem of basket options in this MMLP framework. Inspired by [9], we first provide
a lower bound by defining a set based on the geometric average of the weighted assets,
which can be obtained via a univariate Fourier inversion and an optimization proce-
dure. Afterwards, we study the analogous bounds and approximate price estimate
implied by the arithmetic-geometric mean inequality. Finally, we discuss pricing of
these options by generalizing the results obtained in the classical MMLP framework
for which synchronous jumps do not take place. Namely, we derive pricing formulas
inspired by the studies of [8]] and [9], but now considering a MMLP framework with
synchronous jumps motivated by Chourdakis [[14]] and Hainaut and Colwell [22].

In order to verify the accuracy of all approximations presented in this thesis, we in-
clude several numerical experiments. The accuracy of the Markov-modulated Kirk’s
formula has been verified by comparing with the Monte Carlo simulations. In this
context, we also report the lower bound price in order to examine its performance.
Furthermore, we test the tightness of spread and basket bounds under several MMLPs
both without and with synchronous jumps. In particular, we study regime-switching

versions of models introduced in Ballotta and Bonfiglioli [3]] in which a common sys-
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tematic component is used to construct dependency between the different assets, and
in Mai et. al. [28]], in which a multivariate Kou model with dependence between the
jump components of the different assets is constructed by means of a stochastic time

change.

Most of the contributions of this thesis is due to the derivation of Kirk’s formula
in a MMGBM setting without synchronous jumps and to the generalisation of the
results of [8]] and [9] to MMLP frameworks without and with synchronous jumps.
Furthermore, we want to mention that our MMLP model with synchronous jumps
generalizes the ones in [14] and [22] in various aspects. These papers only model the
regime shifts with synchronous jumps whereas we also take into account the possi-
bility of occuring no synchronous jumps after a transition. The unobservable driving
forces create an interesting correlation between the asset price processes. Moreover,
since we are interested in multivariate option pricing like spread and basket options,
we present a multidimensional framework for modeling different asset prices simul-
taneously which allows also the correlation among the asset prices that is not due to

the underlying Markov chain.

1.3 Plan of the Thesis

The paper is organized as follows. Chapter 2 is devoted to the preliminaries including
fundamental definitions and results used in the valuation of spread and basket options.
In Chapter 3, we derive Markov-modulated Kirk’s formula by means of stochastic dif-
ferential equations, formulated under a MMGBM setting without synchronus jumps.
Chapter 4 first starts with the model set-up for MMLPs without synchronus jumps and
then introduces a lower bound to the spread option prices, by extending the approach
of [8]] to these Lévy-based framework. Chapter 5 extends the modeling framework
given in Chapter 4 for the basket options and provide the lower and upper bounds
generalizing the ideas of [9] to the present setting. Following two chapters we ex-
amine the valuation of spread and basket options under a MMLP framework with
synchronous jumps. More precisely, Chapter 6 generalizes the spread bounds ob-
tained in Chapter 4 to the regime-switching framework with synchronous jumps; and,

Chapter 7 introduces the basket bounds analogous to those proposed in Chapter 5. In
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Chapter 8, several numerical examples are discussed in order to show the accuracy of

the proposed approximations. The last chapter concludes the thesis.



CHAPTER 2

PRELIMINARIES

In this chapter, we first give a basic terminology in connection with the continuous-
time Markov process (CTMP), based on Norris [31, Chapter 2], Grimmett and Stirza-
ker [21, Section 6.9] and Ross [33, Chapter 5]. These will provide a better under-
standing about the mathematical framework developed for pricing spread and basket
options. After getting a general idea about the Markov processes, we investigate the
approach given in Buffington and Elliott [7] for a Markov-modulated Black-Scholes
formula, Carr and Madan [[11]] for option pricing with fast Fourier transform (FFT)
method and Deelstra and Simon [16] for a useful result that is very crucial in the

development of Chapters {] and [5]

2.1 A Brief Introduction to Continuous-Time Markov Processes

This section is devoted to the fundamental definitions and results related to the CTMPs.
Mainly, we will focus on the properties of transition probability matrices P(t) and

generators ().

To start with, we give the following notions.

Definition 2.1. A process { M () };>o which takes its values in a countable state space

S is said to be a CTMP if the following condition holds:

P(M(ty) =75 | M(t1) =11, M(ts) =lo, ..., M(tp_1) = lr—1)
=P (M(ty) = j [ M(t-1) = lp—1)
forallj,ll,...,lk_l S Sandt1 <ty < - < .

9



Definition 2.2. Assume that M/ (¢) is a CTMP with the state space S. Then, the tran-
sition probability p;;(s,t) is defined as

(s, t) =P(M(t)=75|M(s)=1), (j,leSands<t).

If py;(s,t) = pi;(0,t — s) forall j,l € S and s < ¢, the Markov process M (t) is said
to be homogeneous and p;;(s,t) is therefore denoted by p;;(¢ — s). For the sake of

completeness, p; denotes the initial probability P (M (0) =) foralll € S.

All CTMPs considered hereafter are assumed to be homogeneous and have a finite

state space S with cardinality |S| = N.

Consider a N x N matrix P(¢) whose (I, j)’th entry is given by the transition proba-
bility p;;(¢). The following theorem gives some properties of this matrix P(t):

Theorem 2.1. Let M(t) be a CTMP with the countable state space S and consider
the matrix P(t) = (pi;(t)) nxn-. Then, the following three conditions hold:

o P(0) = I, where I is the N x N identity matrix.

e P(t) is a stochastic matrix, namely pi;(t) > 0 for all l, j, and 3 ;s pi;(t) = 1
forall .

o P(t+s) = P(t)P(s) for all s,t < 0, which is also known as Chapman-

Kolmogorov equation.

Next, following the arguments of Ross [33], an alternative characterization of a CTMP
as well as the construction of its generator (also known as the rate matrix or Q-matrix)

are given.

Theorem 2.2. A CTMP defined on the state space S is a stochastic process, in which

the following assertions hold whenever entering a state [:

(i) The holding time in the current state |, namely the time spent in this state before
transition to another state, is exponentially distributed with some parameter a;.

Furthermore, this random variable is independent of the next transition.
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(ii) If the process moves from state l, it goes to a different state j with some proba-

bility py;, formulated as

pu=0, Y py=1

I#j

Noting that a; is also called the rate of moving from state [, the following theorem

states the generator of a CTMP.

Theorem 2.3. If M (t) is a CTMP with the countable state space S, the leaving rates
a; and probabilites py; (1,j € S), the generator matrix Q) := (qi;) Nxn is defined as

follows:

(i) qj = aipyy, 1 #7,
(i) qu = —a.
With this construction, q;; turns to be the rate of transition from state | to state j.

Additionally, the diagonals of the generator matrix () describe the holding times:

Since q; = —ay, the holding time in state | is now exponentially distributed with —q;;.

In the following, the transition rates are related with the transition probabilites by
invoking a crucial assumption: for small y > 0, the number of transitions in the time

interval (¢,¢ + y) is more than one with a probability of o(y).

Theorem 2.4. Suppose that M (t) is a CTMP with the transition probability matrix
P(t) and generator Q). Then, as y | 0 and for all | # j:

(i) pij(y) = @y + o(y).
(ii) pu(y) = 1+ quy + o(y).

In other words, for small values of y the transition probabilities turn out be approxi-

mately linear in y.

By using the above result and stochasticity of the transition probability matrix P(t),

the properties of the generator () are summarized in the following lemma:
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Lemma 2.1. A square matrix () = (qu) NxN IS called a Q-matrix or the generator of

a CTMP if and only if the following properties hold forall l,5 =1,... N:

(i) 0 < —qu < o0,
(ii) qij > 0 forl # j,

(iii) Y2, @y = 0.

Lastly, Kolmogorov’s backward and forward equations are introduced, which are one
of most noteworthy results in the context of CTMPs. In particular, these results in-
dicate how the transition probability matrix P(¢) can be obtained from the generator

matrix ().

Theorem 2.5. Let the process M (t) be a CTMP with the finite state space S, tran-
sition probability matrix P(t) and generator Q. Also, consider that e* denotes the

matrix exponential of a finite-dimensional square matrix A.

Then, having the unique solution P(t) = e, the followings hold:

(i) (Kolmogorov’s Backward Equation)

d
S P(H) = QP(), P(0)=1.

(ii) (Kolmogorov’s Forward Equation)

d
—P() = PQ.  P(0)=1.

2.2 Markov-Modulated Black-Scholes Formula

In this section, we focus on the approach of Buffington and Elliott [7]], developed
for the valuation of vanilla options under a MMGBM setting without synchronous
jumps. In particular, they present the regime-switching version of Black-Scholes
formula by conditioning on the whole trajectory of Markov process. Noting that their
pricing methodology will be very crucial for our Markov-modulated Kirk’s formula,

we briefly review their arguments in the sequel.
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Consider a complete probability space (€2, F, Q) on a finite time horizon [0, 7], where
Q is the risk-neutral probability measure, and suppose a homogeneous continuous-
time Markov process {M (t)};cpo,r) With a finite-state space S = {1,2,...,N}. In
this context, the authors assume that the risk-neutral dynamics of the risky asset

{S(t) }iepo,1) is modelled by

ds(t) _
5 r(M(t))dt + o(M(t))dW (t), S(0) = s,

or in exponential form,

S(t) = selo (M)~ 3o )dut [ o (M @) aw ()

Y

where W (t) is a Brownian motion independent of M (t), r(M(t)) is the risk-free
interest rate and o (M (t)) is the volatility of the asset, both of which are characterized

by the underlying Markov process M (t):

N N
r(M(6) =Y rilgw—y,  o(M(1) =Y o5l inm=
5=0 5=0
with 7; and o; are positive constants for each j = 1,2,..., N.

Regarding the above dynamics, they consider the pricing problem
V(0) =E® [e "D (S(T) - K)'],

where T is the maturity, K is the strike and U (7T') is the integrated process defined by
U(T) := fOT r(M (s))ds. In order to price, they favor the law of total expectation by

conditioning on the whole trajectory of M (t):
V(0) =E®[E? [e VD (S(T) — K)" |FM(T)]],

where FM (T') represents the o-algebra generated by the Markov process M (t), 0 <
t < T. As pointed out in [7], with conditioning on F¥(T') the values of integrated
processes U(T) = fOTr(M(s))ds and fOT [0(M (s))]* ds are known in advance, and
hence the inner conditional expectation E? [e=V(") (S(T) — K)* |FM(T)] is com-

puted by using the Black-Scholes formula
E? [e" VD (S(T) — K)* |FM(T)] = sN(dy) — Ke "IN (dy),
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where

d, = ( /0 ' [o(M (u))]2 du) o {log (%) +U(T) + % /0 ' (o (M (u))]? du} ,

dy = dy — ( /0 T[U(M(u))]Qdu) "

Note that these arguments will be very useful in Chapter 3]

2.3 A Useful Result from Deelstra and Simon

In this section, we visit a noteworthy result from Deelstra and Simon [16], pro-
posed to obtain the joint characteristic function of Markov-modulated Lévy processes
(MMLPs) without synchronous jumps. This result will be frequently used for devel-
oping the theoretical framework in Chapter 4] and Chapter[5| Also, it is worth men-
tioning that an analogous result will be derived for the MMPLs with synchronous

jumps (see Appendix [A).

Lemma 2.2. Suppose that M (t) is a continuous-time Markov process defined by a
finite state space S = {1,2,..., N}, generator ) and initial probability vector p =
(D1, D2, - .., pn]| with p; = P(M(0) = j) . Assume that X(t) = (X1(t) ..., X, (1)) is
an n-dimensional MMLP without synchronous jumps, whose dynamics in state k is
identified by the n-dimensional Lévy process Y (t) = (Yix(t), ..., Yuk(t)) that has

the characteristic exponent ®;(u):

EQ [€i<uaYk(t)>} — e—fbk(u)t,
withu = (uy, ..., u,) € CV.

Under the assumption that ®; is known analytically and C(t) = fot c(M(s))dsisa

Markov-modulated drift process with

N
(M) = elna=j,
j=0

(cj, j =1,..., N, being some constants), then for all a € C" andt > 0:

E [ec(t)+<a7X(t)>} (=A+Q)tq

:pe

Y

where 1 is the column vector of ones and A is the diagonal matrix with Aj; =

fbj(—ia) — Cj.
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2.4 Option Pricing with FFT

In this section, we review Carr-Madan approach [11]] developed for the evaluation
of European call options under a framework without regime-switching. In this in-
teresting paper, the authors propose to use the FFT under the models for which the
characteristic function of log-returns is known analytically. Although the main con-
cern in this approach is the valuation of vanilla options, their idea will motivate us to
obtain pricing formulas for spread and basket options under the Markov-modulated

models. Therefore, in the following we introduce their pricing methodology.

Consider a European call option with underlying asset .S, maturity 7" and strike K.
Denoting X (7') = log(S(T")) and k = log(K), the fair price of the option at time

t = 0 is given as
V(0) = Qe T (X)) — ek)F]
—e [ - M
k

where Q is the risk-neutral probability measure, r is the risk-free interest rate and f ()
is the density function of X (7"). Carr and Madan point out that since limy_, ., V' (0) =
S(0), V(0) is not square-integrable, and therefore Fourier transform method cannot
be directly applied. For that reason, they introduce a modified price V (0) = e?*V/(0)
which turns out to be square integrable with a suitable choice of damping factor > 0.

Then, by considering the Fourier transform of V (0),

@T(V;K):/_Oo eV (0 dk:—/ ”’f/ (e — ) f(z)dwdk,

the option price is formulated as
€,5k 00 efék

V(0)=—— e (v, K)dy = — e (y; K)dy,
27 T Jo

—oc0
as a result of inverse transform. As they mentioned, the last equality is based on the
fact that since the option price V(0) is real, the imaginary part of Uy (v; K) is an
odd function and its real part is even. Lastly, by using Fubini arguments, the function
Ur(v; K) is written in terms of the characteristic function of X (7"); and hence, the

option price is obtained. For more discussion about the derivation of the pricing

formula and the choice of the damping factor, we refer to Carr and Madan [11]. It
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is important to mention that the authors also present an efficient FFT algorithm for

computing the corresponding option price numerically.
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CHAPTER 3

PRICING SPREAD OPTIONS UNDER A
MARKOV-MODULATED GEOMETRIC BROWNIAN
MOTION WITHOUT SYNCHRONOUS JUMPS

This chapter is devoted to the valuation of spread options when the evolution of
underlying assets is identified within a Markov-modulated GBM (MMGBM) with-
out synchronous jumps. In this context, whenever the state of the Markov process
change, only a switch in the model parameters will occur according to the visited
state. It is worth mentioning that when risky assets follow a framework without
regime-switching, closed-form pricing formulas are generally not available for spread

options, even in a GBM setting.

Therefore, one can discuss the pricing problem without regime-switching in the line
of analytical approximations or numerical methods. This study concentrates on the
derivation of an analytical approximation, namely the Markov-modulated Kirk’s for-
mula, whose version without regime-switching draws many attention from practition-

€rs.

3.1 The Market Model

This section is devoted to the market dynamics under a regime-switching framework
without synchronous jumps. We suppose a complete probability space (€2, F,Q) on a
finite time horizon [0, T'], where Q is defined as the risk-neutral probability measure.

We also consider a homogeneous continuous-time Markov process { M (t) }+co,r) with
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a finite-state space S = {1,2,..., N}, generator () = (¢;;) v« and initial probability
vector p = [p1 p2 ...pn| € RY. Remember from Section|2.1|that under a framework
without synchronous jumps, ¢;; denotes the constant transition rate from state [ to j
and p; = P (M (0) = 1) . Unless otherwise stated, all dynamics in this chapter will be

given under the risk-neutral probability measure Q.

When considering the continuous-time financial market, we define a money market
account {Sy(t)}icp,r) and two risky assets {S1(t) }eepo,r), {S2(t) }biejo,r) whose dy-
namics are given in the following: let the interest rate process r (M (t)) be Markov-

modulated, i.e.,
N

r(M(1) =Y il -y
j=1
with r; > 0 being constant for each 7 = 1,2,..., N. For such a specification, the

dynamics of the money market account Sy(t) is described as
dSo(t) = r(M(t))So(t)dt, So(0) =1

or equivalently,

So(t) = e"®  with U(t /
0

Moreover, define two volatility processes o;(M(t)), i = 1,2, characterized by the

underlying Markov process M (t) as follows:

N
M(t) = il ane=y,
j=1

where 0;; > 0 is constant for each j = 1,2,...,N and ¢« = 1,2. We also define

max
g

i = max o;; < oo foreachi=1,2.

1<j<N

Therefore, price processes S (t) and Sy(t) are identified by the following MMGBMs:

dS,(t) B -
Si(t) r(M(t))dt + o1 (M(t))dWi(t), S1(0) = sy,
dSs(t)

So(?) =r(M(t))dt + oo(M(t))dWs(t), S2(0) = so,

where {W:(t)}icpm and {Wa(t)}icjo.r) are two standard Brownian motions with
d(W1, Ws)(t) = p(M(t))dt. Here, p(M(t)) represents the correlation between the

two Brownian motions W (¢) and Ws(t) so that
N
M) = il
j=1
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with p; € (=1,1) for j = 1,2,..., N. Importantly, the Markov process M (t) is
assumed to be independent from the two Brownian motions W (¢) and W5(t). We

also want to remark that dW5(t) can be rewritten as

p(M(t))dW,(t) + /1 —[p N2dB(t),

where { B(t) }1cj0,7] is a Brownian motion independent of 17 (¢). More explicitly, the

dynamics of 51 (t) and Sy(t) are driven by the stochastic differential equations

dSi (1)

S r(M(t))dt + oy (M (t))dWi(t), 3.1
d5i2(§t)) =r(M(t))dt + oo(M(t)) (p(M ))dWi(t) + \/1 — N]2dB(t ))
(3.2)

If we regard the processes Z;(t) = log(S1(t)/51(0)) and Z,(t) = log(S2(t)/S2(0)),

the celebrated Itd formula leads to
Zl (t) = A1 (t) + X1 (t) and ZQ (t) = A2 (t) + X2 (t),

where

t
Xalt) = [ al01(0) (M)W ) + /T ITPAE() ).
0
Hence, the dynamics of the risky assets S;(t), ¢ = 1,2, can also be expressed in the

exponential form:

Si(t) = 5;(0)e%® = g,MOHXilt),

Lastly, we identify the information carried out by Brownian motions Wi (t), B(t)
and the Markov process M (t), which will be required when pricing spread options.
Let o-algebras {F V' (t) }epo ), {FZ () beepor), {FY(£) }iepo,r) define the filtrations
generated by W (t), B(t) and M (t), and let G(t) := FV1(t)V FB(t) v FM(t) denote
the enlarged filtration for all ¢ € [0, T].

Giving these set-up, we now introduce the Markov-modulated Kirk’s approximation

technique.
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3.2 Pricing Spread Options via Kirk’s Approximation Technique

In this section, we establish the regime-switching valuation of spread options via
Kirk’s approximation technique. But before giving the perspective for the correspond-
ing regime-switching framework, we find beneficial to briefly discuss the classical

Kirk’s formula with a non-Markovian set-up.

3.2.1 An Overwiew under GBMs without Regime Switching

Consider a spread option whose payoff is given by h(Sy(T"), S2(T)) = (Si(T') —
So(T) — K)*, where Sy and S, are the underlying asset prices governed by GBMs,
T is the maturity and K is the strike price of the option. Assume also that regime-
switching is not allowed in the market. Then, the fair price of the option under the
martingale measure Q is defined as

V(0) = e "TE? [(S1(T) — So(T) — K)*], (3.3)

with 7 being the constant risk-free interest rate. Equivalently,

(S(T) + K) (% - 1) ] .

But as commonly mentioned in the literature, there is (in general) no closed-form so-

V(0) = e "TRE

lution for this pricing problem (3.3)), even when the underlying assets are governed by
GBMs. For the exception that yields a closed-form solution in the GBM setting, one
should regard the celebrated work of Margrabe [29]. Since the Kirk’s approximation
technique is inspired by [29], we will first recall Margrabe’s approach for the sake
of completeness. To briefly state, the author shows that the pricing problem under a

A . . 0 1.2
measure Q, which is defined as 4@ = ¢~ 32T +o2Wa(T)

dQ
5]

In other words, spread options with zero strike (exchange option) can be priced by

, is reduced to

V(0) = s,E?

means of a European call whose underlying is S (¢)/S2(t) and strike is 1. Since the
process S (t)/S2(t) is still log-normal, one can then easily evaluate the corresponding

European call option by the well known Black-Scholes formula:
V(O) == SlN(dl) - SgN(dg),
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where

log(s1/s2) + lUQT)
dy = 2  dy =dy — oVT,
1 ( T 2 =dy

o= \/a% + 05 — 2po10,.

On the other hand, when K > 0, we regard the process S (t)/(S2(t) + Ke™"T1)
as the underlying, which is not driven by a GBM anymore. For this case, Kirk [24]
introduces a pricing formula for spread options, relying on Margrabe’s approach when
K < S,(t). His approximation is based on the fact that for considerably small strikes
K < Sy(t), the process S (t)/(Sa(t) + Ke™"T=%) can be considered as log-normal.
Therefore, the spread option price can be given by a Black-Scholes type formula, in

which S;(t)/(Ss(t) + Ke T~} is the underlying asset and strike is 1.

But as far as we know, the derivation of the formula is not carried out explicitly
by Kirk. For this reason, Venkatramanan and Alexander [36] provide a derivation
of Kirk’s pricing formula. In particular, they examine the dynamics of the price
process S;(t)/(Sa(t) + Ke ""=%)) and confirm that it is approximately log-normal
when K < S,(t). By defining a new equivalent probability measure Q with % =
—363T+5Wa(T)

e , spread options are then valued in terms of the expectation

V(0) & (s + Ke " TDYEQ (% — 1) ] ;

implying the following Kirk’s formula:
V(O) ~ SlN(dl) — (82 + KB_TT)G(f_T)TN(dQ),

where

log(s1/(s2+ Ke7™)) + (r —r+30%) T
oVT

o=/ (01)2 + (62)2 — 200159
S2
—r
(s9 + Ke™'T)
~ S2
09 = ———————0n.
2T (sg+ KeT) 7

dy = 7d2:d1—0\/i

F=

For more on Kirk’s pricing formula, we also refer to studies [3,[10] and references

therein.
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3.2.2 Extension to GBMs with Regime Switching

When we allow the regime shifts in the market, to the best our knowledge there is no
Markov-modulated Kirk’s formula in the existing literature. This section is devoted
to adapt the abovementioned arguments for MM GBMs, motivated by Venkatramanan
and Alexander [36]]. Briefly, we apply a change of measure under the fact that the
model dynamics of S;(t)/(Sy(t) + Ke~WT=U®)) is approximated by a MMGBM
for strikes K < S5(t). Hence, we derive a Black-Scholes type formula for the valu-
ation of spread options, inspired by the study of Buffington and Elliott [7] and Elliott
et al. [[19]].

Let h(S1(T), So(T)) = (S1(T) — So(T) — K)* be the payoff of a spread call written
on S; and S, with maturity 7" and strike K. Then, pricing problem is reduced to the

computation of the expectation

V() = E® [0 (Sy(T) = Sy(T) — K)7]
_ Q| VD) (Sy(T )+K)( Eglgi)K—l) ]
= E% [e"D(Sy(T) + K) (Y(T) = 1)7],

where Y (t) = S1(t)/(S2(t)+Ke~UIM=U®)) fort € [0, T]. From this representation,
it is clear that if one can find a measure that eliminates the process (S3(7") + K') from
the above expectation, the pricing problem is reduced to the valuation of a European

option.

3.2.2.1 A Change of Measure
Therefore, we specify a new probability measure Q ~ Q which will enable us to
express the value of a spread call in terms of a European option price.

In the following proposition, we introduce the Markov-modulated dynamics of the

process Sy(t) + Ke~WI=U®) for ¢ € [0, T].

Proposition 3.1. The process Sy(t) + Ke=UT=U®) ¢ € [0,T), evolves according
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to the following stochastic differential equation with regime-switching:

d(Sa(t) + KeWN-U)
So(t) + Ke—0MD=U®)

~
~

f(M(t))dt+&2(M(t))(p(M NAWL () + /1 — ))|2dB(t )), (3.4)
where
M) = 5 M O)
520 1= et e )

Proof. Notice that Sy(t) + Ke~(UT)=U®) has the following dynamics:

d(Sy(t) + Ke*(U(T)fU(t))) = dS,(t) + T(M<t))Kef(U(T)7U(t))dt
= S5(t) T(M(t))dt—i—ag(M(t))(p(M NAWL(t) + /1 — ))]|2dB(t ))}

+r(M(t)KeWD=U®) gt

Since Ke~WM=UW®) /(G (1) + Ke~ W (T=U®)) ~ ( within each regime, we then have

A(Ss(t) + Ko UD-U@)) Sy(1) e
S,(0) 7 Ke-TmT01 = 5y 1 Ke-wa—um |1 (M)

@) (A0 + /T TETAB() ) |

Finally if we define two processes 7(M (t)) and &o(M (t)) as follows

Sa(t)
S(1) + K@ U0

Sa(t )
500 1 Ke-0m-om 22M (1),

F(M(t)) = r(M(t)),

oo (M(1)) :=

we confirm

d(Ss(t) + Ke=WO=00))
So(t) + Ke~ UM-U®)

f(M(t))dtJr&g(M(t))(p(M NAW () + /1 — [p(M(t))]2dB(t ))

]
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Remark 3.1. Since we assume that K < S(t), Sa(t)/ (S2(t) + KeW -V ~ 1,
and hence the processes 7(M (t)) and &9(M (t)) are approximately constant within

each regime.

Remark 3.2. In the light of Proposition [3.1]

( — I (g, (4) 4 K€—<U<T)—U<t)>)>
~ —F(M(t))e™ fo M (5, (1) 4 Ko~V gy
e Jo PO (G (1) 4 Ke—(U(T)—U(t)))
X (f(M(t))dt+&2(M(t)) (p(M AW, (1) + /1 — NZdB(t )))
= e Jo T (g (1) 4 Ke—(U(T)—U(t))) Go(M (1))
x ( (M()dWi(t) + /1 [p 2dB(t)>
— ¢~ ho T (g (1) +Ke’(U(T)’U(t))) Go(M(t))dWa(t),

where

dWy(t) = p(M(t))dWy(t) + /1 — N]2dB(t).

Thus, the process e~ Jo "M (w)du (Ss(t) + KelUD=UM) is approximately a local mar-
tingale. Note that since the process [72(M (t))])” is bounded due to ™ < oo and
Sa(t)/ (Sa(t) + KelW M=V ~ 1, the Novikov condition holds; namely,

E@[ — 1 [Tlaa(M )]dt]<oo.

Then, e~ Jo (M (w)du (So(t) + KelUD=UM)) appears to be a martingale under the as-
sumption K < S3(t). This result will be used to determine the Radon-Nikodym

derivative in the sequel.
By means of Proposition [3.1, we will identify the dynamics of the process Y (¢) =
Si()/(Sa(t) + KemWIM=UM) for strikes K < Sa(t).

Proposition 3.2. The price process Y (t) = Sy (t)/(S(t) + Ke~WTM=U0) for t €
[0, T'] is expressed by the following Markov-modulated dynamics:

v (r<M<t>> M) + F(M (1)) 01<M<t>>52<M<t>)p<M<t>>)dt

Y(t)
( oM (1) p(M(1 >>)dW1< VI~ PO EdB(r).
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Proof. Define C(t) := Sy(t) + Ke WM =UM) for simplicity. Then, by a direct ap-

plication of two-dimensional It6 formula, we have

1Y (1) = SO0 + TLasi(0) + 3 220, ()
+ 222;d[51,51]( t) + 86?;1 d[C, S1](t).
Considering (3-1) and (34).
v (1) ((f ( (Ot + o (MO )
tt 1))+ 65 (M (1)) (M (6)) AW (6)+/T — (M (D) PdB(1 )))
5400 S M)t — S >gfff)al<M<t>>&2<M<t>>p<M<t>>dt.

Since Y (t) = S1(t)/(Sa(t) + Ke~WT=U®) we conclude that

Hence, Proposition [3.2] points out that the price process Y (t) given M (T') is approx-
imately log-normal, and driven by two independent Brownian motions W, () and
B(t). More precisely, log (Y (t)/Y(0)) given M (T') is a normal random variable

with mean

[ (rn0) = 700 = 5 (01002 - () Jat

and variance

/ ([m(M(t))P T Ba(M) 201<M<t>>&2<M<t>>p<M<t>>)dt.

Hereafter we introduce the following change of measure, which will be convenient in

the sequel. Based on Remark [3.2] define

A (u))du 2() £ Ke UM-0)
59+ Ke= V()

['(t):=e
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for t € [0, 7. Then, we consider the following Radon-Nikodym derivative:

dQ s So(T) + K
X (T = e Jo F(M(u))du_ =207 ) T2 )
a =" 52+ Ke U (3-3)

where Q is the new probability measure equivalent to Q. By applying Girsanov theo-

rem for Markov-modulated processes,

Wa(t) = Wi(t) - / (M (1)) p(M () ds,

t
B(t) = B(t) - /0 Ga(M(u))\/1 = [p(M (u))]?du
are two standard Brownian motions under @ [39].

In the following proposition, we give @-dynamics of the price process Y (t).

Proposition 3.3. Under the probability measure (@,

av(y) _

T~ () = 7t Jar + oarepa o)

where W (t) is a Q-Brownian motion and

a(M(1)) = Vo1 (M ()] + [G2(M ()] = 2p(M () (M ()2 (M (1))

Proof. By straightforward calculations, we have

CZ}/Y_((;) ~ (r(M(t) — F(M () dt + (o1 (M(t)) — G2(M(t))p(M (1)) dW (t)

— Ga(M(8))v/1 — [p(M(£)2dB(1),

where
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As a result of Lévy characterization theorem, W (¢) is a Q-Brownian motion if
2

o \/1—P _
(M) dt = dt.

dt +

Notice that under new measure Q, process Y (t) given M(T) is still approximately
log-normal. But now it is a MMGBM with drift (M (t)) — 7(M (t)) and volatility
o(M(t)).

Below, we will examine the pricing problem under the new probability measure Q,
inspired by the study of Buffington and Elliott [7] and Elliott et al. [19]. The results

we obtain may be considered as the main contributions of this chapter.

3.2.2.2 Pricing under New Measure Q

As our aim is to price the spread options under the new measure Q ~ Q, given in

(3.3), we note that by applying Bayes formula

V(0) =E? [e VD (Sy(T) + K) (Y(T) — 1)]

dQ _ .
— EQ [d@ U (Sy(T )+K)(Y(T)—1)}

_ g0 [(32 4 Ke UM els (@) =r(M@)du (y () _ 1)+] ,

This pricing problem adresses to the fact that when we know the whole trajectory
of Markov process M (t), we know the values of sy + Ke V() fOT(f(M(u)) -
r(M(u)))du and fOT o(M(u))?du in advance, and thus the value of spread option
given M (T) is expressed with the price of a European call whose underlying is Y ()
and strike is 1. The expected value of this conditional price then gives the required

spread price.

To be more precise, law of total expectation implies that 1/ (0) can be rewritten as

V(0) = EQ [E@ [(32 + Ke U@ efd (M) —r(M@)du (y () _ 1)* | ]—“M(T)H .
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Here, the conditional expectation with respect to F* (T') represents the price of the
corresponding European call option. Since the process Y () follows a MMGBM
under the probability measure Q, we can evaluate the European option by the well-

known Black-Scholes formula.

Therefore, as suggested in Buffington and Elliott [[7] and Elliott et al. [19], we should
take the second expectation over [ (7(M(u)) — (M (u)))du and [ (M (u))*du.
Theorem [3.1] infers the corresponding approximate price for spread options, which

may be considered as the main result of this chapter.

Theorem 3.1. Considering the dynamics given in Proposition the price of the
spread option given FM (T,

V(O, U(T)) = EQ (82 + Ke_U(T))efoT(f(M(u))_NM(u))du (Y(T) _ 1)+ | ]:'M(T)] :
is calculated as
V(0,U(T)) = s;N(dy) — (82 + Ke V@)l FM)-rM@)du g,y - (3.6)

where N denotes the standard Normal cumulative distribution function, and

dy = (/OT 02(M(u))du> 2 {1Og <32 - ;;_(U(T))) _/OT(f(M(u))—'r(M(u)))du

Furthermore,

V(0) = E2 [slN(dl) (5 + Ke UM eld G —ride gy - (3.7
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CHAPTER 4

PRICING SPREAD OPTIONS UNDER A
MARKOV-MODULATED LEVY MODEL WITHOUT
SYNCHRONOUS JUMPS

In this chapter, we study the valuation of spread options when the price dynamics of
risky assets are ruled by Markov-modulated Lévy processes (MMLPs) without syn-
chronous jumps. For this purpose, we favor the study of Caldana and Fusai [8], which
concentrates on only the models without regime switcing. Under our modeling set-up,
we propose a lower bound to the fair price of the option, by simply replacing the true
exercise region with a set very close to it. This set basically relates a power function
of the second asset with the first asset; its closeness to the exercise region will be en-
sured by the high precision of the lower bound under different regime-switching mod-
els (see Chapter[§). Importantly, this corresponding lower bound is obtained by using
only a one-dimensional fast Fourier transform (FFT), which can be applied whenever
the joint characteristic function of log returns are known analytically. Therefore, our
methodology is very flexible in the sense that it can be employed to several regime-
switching models. Note that in the GBM setting this pricing methodology can be
considered a good alternative to the Kirk’s approximation technique, since the joint

characteristic function of the two-dimensional GBM is explicitly known.

4.1 The Market Model

This section is devoted to the model dynamics under a regime-switching framework

without synchronous jumps, and we will closely follow the modeling framework of
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Deelstra and Simon [16]. Recall that with a framework without sychronous jumps, a

state change in the Markov process will lead to only a switch in the model parameters.

As in Chapter 3, we consider a complete probability space (2, F, Q) on a finite time
horizon [0, 7] with Q being the risk-neutral probability measure. We also suppose
a homogeneous continuous-time Markov process {M (t)}.co,7 With a finite-state
space S = {1,2,..., N}, generator ) = (g;j)nxn and initial probability vector
p=[pip .. .pn]ERY.

The money market account {.Sy(t) }+co,r) has the same dynamics as given in Chap-
ter[3] i.e.,
ASy(t) = r(M(£)So(t)dt,  Sp(0) = 1

where (M (t)) is the Markov-modulated interest rate process defined by

N
) =Y il {aswy=r},
k=1

with 7, > 0 being constant within each regime [. For a vectoral notation, denote

r = (ry,72,...,7n5) , where u' denotes the transpose of a vector u. Equivalently,
t
So(t) = VO with U(t) = / r(M(s))ds.
0

Furthermore, we assume that the 2-dimensional process S(t) = (Si(t), Sa2(t)) of
asset prices is governed by the exponential of a Markov-modulated drift A(¢) and
a Lévy process X(¢) (with zero drift). More precisely, A(t) = (A1(t), A2(1)) is a

2-dimensional drift process given by

A1) = / w(M(s))ds, j=1,2,

where
N

pi(M(6)) = il (o=ks.
k=1

with p; = (i1, phjo, - - -, pjn) |- Additionally, X (¢) = (X;(t), X2(t)) is a 2-dimensional
MMLP whose behaviour within k’th regime is characterized by the 2-dimensional

Lévy process Y, = (Y1, Yar ), which has the following characteristic exponent ®;(u):

]E@[ei(u,Yk(t»} — e~ Pk(u)t 4.1)
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for any u = (uy,us) € C% Here, Y(t),Y2(t),...,Yy(t) and the Markov process
M (t) are all mutually independent.

Since in the sequel, we also need the vector of characteristic exponents, we introduce

the notation

®(u) = (®,(u), Py(u),..., ox(u) ",

where u = (u1,us) € C?. Note that when M = k, we consider the characteristic

exponent . (u).

Under the dynamics given above, the asset price process S(t) = (S1(¢), S2(t)) evolves

according to

where j =1, 2.

We begin with presenting a very useful result from Deelstra and Simon [16l], which
shows the drift condition required for the martingality of discounted asset prices.
The proof of this lemma is based on another result from Deelstra and Simon [16],
proven for the exact valuation of exchange and quanto options in a MMLP framework
without synchronous jumps (see Lemma2.2]in Preliminaries). In this chapter, we will
use these two results very often so as to obtain a lower bound to the exact price of

spread options.

Lemma 4.1 (Deelstra and Simon [16]]). The discounted asset price process gj(t) =

e UM S;(t) becomes a Q-martingale if the following condition holds:
pi =r+ ®(—ie;), j=1,2, 4.2)

where ¢; is the j'th element of the canonical basis of R?.

4.2 Pricing via Lower Bound

In this section, our main objective is to approximate the spread option price by means
of a lower bound, as in Caldana and Fusai [8], but generalizing to MMLPs without

synchronous jumps.
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Recall that the fair price of a two-asset spread option V(0) at time ¢ = 0 is given as
V(0) = B¥e "D(Sy(T) — S5(T) — K)7],
where K is the strike price of the option and U (t) = fot r(M(s))ds.

For the derivation of a lower bound under a Markov-modulated framework, we extend
the idea given in Caldana and Fusai [8]] to the regime-switching models. Therefore,
we define a set H inspired from Bjerksund and Stensland [5]:

. ) Sl(T) ek
"= {“ 0 Sem T E@[s;m]}’

where the free parameters o and k are chosen to be

o FQ(OaT)
‘= F(0,7) + K’ @
k =log (F3(0,T) + K), 4.4)

with F5(0,T') = E? [Sy(T')] being the forward price of the second asset.
We consider that on the event H,

(SUT) = So(T) — K)(ay < (Si(T) — So(T) — K)*

implying that

Ve (0) := EQe VM(SY(T) — So(T) — K) ()]
< EQe VM (S (T) — S4(T) — K)T]. (4.5)

As a result, V]’?a(O) can be viewed as a lower bound to the exact option price defined

on the set H.

Before providing an explicit expression to the lower bound, we first comment on the
set H. In fact, one can optimize the spread price V]’?a(O) with respect to the parame-
ters a and k by leaving them unspecified. However, Caldana and Fusai [8]] remark that
their lower bound for which « and & are chosen as in (4.3)-(.4) and only the models
without regime-switching are considered, turns out to be very tight. Therefore, they
point out that the maximization procedure with respect to o and £ is not needed in
practice. They also confirm their arguments by examining how close the shape of the

corresponding set is to the true exercise region. Regarding our generalization to the
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regime-switching models, we will see in Chapterthat also our lower bound VI';’Q (0)
with this suitable choice of « and k addresses very tight approximations to the true

opton price.

Since the lower bound given in (#.5) should be calculated through the set H, we

rewrite [/ more explicitly by considering the following remarks:

Remark 4.1. (i) By using Lemma[2.2]with a = (0,1) and C(t) = As(t), we verify
that

Fy(0,T) = E9[S,(T)] = s, B0 = 5,pe@ 471 46)

where 1 is the column vector of ones and A is the diagonal matrix with A;; =
®,(0, —i) — po;. Using (4.6), the chosen parameters « and k can therefore be

rewritten as:

(Q-A)Tq
| : 4.7)
So(0)pe@ATT + K
k = log (sype @71 + K). (4.8)

(ii) Similarly, the expectation E2[S$(T)] can be calculated by Lemma [2.2] with
a=(0,a)and C(t) = als(t) :

E2[S5 (7)) = sg B[ 2(MHeXa] = spel@ BT,

where B is the diagonal matrix with Bj; = ®,;(0, —icr) — afig;.

In the light of these remark, the set H can be rewritten as:

H={w:In(S(7)) — aln(Sy(T)) > k—In (sgpe(Q’D)Tl)}
= {w : Xy(T) — aXo(T) > k —1In (sgpe(Q_D)Tl)} , 4.9)

where X1 (T) = In (s;) + A1 (T) + X1 (T) and X5(T) = In (s2) 4+ Ao(T) 4+ Xo(T).

We now present the explicit computation of the lower bound by the following theo-

rem.

Theorem 4.1. The approximate price of the spread option Vflz’a(()) is given as:

e—(Sk 00 ' +
V(o) = (— / U (y: 5, K)m) |

(e
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where 0 is the damping factor, o and k are given by {.7) and [{.8)), respectively, and

5 +iv) In (s@pel@—B)T1
Wr(ri6,a, 1) = AL W)ai(jipe )}

(exp {(1 +d+iy)In(s1) — a(d +ivy)In (52)}pe(Q_G1)T1

—oxp {6+ i) In () + (1= a5 + 7)) In (s2) fpe @571
— Kexp {((5 +4y)In(s1) — a(d +iy)In (52)}pe(QG3)T1> )

with a; = (1 4+ 0 + iy, —a(0 + 7)), az = (0 +iy,1 — a0 + 7)), a3 = (0 +
iy, —a(d +iv)) and

B = diag (®(0, —icr) — aps),
dzag((I) —ta)+7r—(14+5+iy)u + a(d + 27)u2>
dzag((l) —tag) + 71— (0 +iy)pr — (1 — a0 + m));@),

= diag( ®(—iaz) +r — (0 + iy)p1 + a(d + w)u2>

Proof. Our aim is to compute the following integral:

Vg™ (0) = ERe™ "D (SU(T) — So(T) — K)]l(m]

/ / / — K) 1) f (%1, T2, u)dE1dEadu

where f(Z,Z2,u) is the density function of (In(s1) + A(T) + X1(7),In (s2) +
As(T) + Xo(T), U(T)).

Following Carr and Madan [11],
676k 00 )
Ve (0) = — [ e "M Up(v;6,0, K)dy
™ Jo
where ¢ is the damping factor, the parameters « and k are defined in (4.7) and (4.8),
respectively, and

Ur(v;6,, K) =/ eOTRER[e" VM (S(T) — So(T) — K) L) dk

[e.9]

— / ek / e (e™ — ™ — K)1 gy f (%1, To, u)dF,dTodudk,
_ R3

o0

being the Fourier transform of V;*(0).
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In order to determine Wr(v;d, a, K), we first take the set H into account for the
integration bounds. Next, we apply Fubini theorem and compute the integral with

respect to k. These arguments yield to
Ur(v; 6, a, K)
/ / e WOk (81 _ B2 |0) (7, &y, u)diE dEydudk
R3 JaZs+k—In 52pe(Q B)T71)
I1—aZo+In 52pe(Q B>T1) . B }
_ / / e U EHNR (G _ 2 _ ) [ (i, Fy, u)dkdi dFadu
R3

By elaborating the product, we have

Ur(y;0,a,K)
e ut(3+i7)(#1—aZ2+In (s§pel @~ HT1)) )
- /R 5+ i (€™ —e™ = K) f(Z1, B2, u)dT1dT2du
§+i7v) In (s¢pe(@—B)T1
- ) / e RIS T £(F) | By, u)dFy dFydu
5 + /L’)/ R3 ) )

— / €7u+j1(6+i7)+(1ia(6+m))j2f(j?l, 532, U)dfldfgdu
R3

— K [ erwtnOtmmal@rin®: f(g) 7). U)d‘%ldhdu> |
R3

Notice that since the resulting triple integrals are indeed expectations, V7 (7; 9, a, K)

can be expressed as:

e(6+i’Y) In (sgpe(@—B)T1)

(EQ [G—U(T)-i-f(l (T)(1+5+i7)_a(5+i7)i2(T)]
_E@ [e_U(T)—I—Xl(T)(5+i7)+(1—a(5+i7)))22(T)] ~KE® [e_U(THXI(T)(HW)_Q(HW)&(T)} >

Here, the first expectation given above is evaluated as follows:
FQ [e—U(TH—fﬁ(T)(1+6+z‘7)—a(5+i7)5f2(T)]
— EQ [G—U(T)+(1+5+i7)(ln (s1)+A1(T)+X1(T)) —a(64i7)(In (82)+A2(T)+X2(T))}

(140+iv) In (s1)—a(d+iv) In (s2)

=e pe(Q_Gl)Tl,

where

G = diag(@(—ial) +r—(1+d+iy)p +a(d+ ify);@),
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which is easily calculated by Lemma[2.2| with
Ct) = (1404 iy)A1(t) — a(d +ivy)A(t) — U(?)
anda = (140 + iy, —a(0 +7v)).
Similarly,
FC [e—U<T>+<6+mf<1(T)+<1—a(6+z‘w>)5<2(T>

— EQ [e—U(T)+(5+iW)(1n (s1)+M1(T)+X1(T))+(1—(6+i7)) (In (52)+A2(T)+X2(T))]

64i7) In (s1)+(1—a(6+77)) In (s2) (Q—Gz)TL

= el pe

where

Gy = diag(q)(—iag) tr— (64 i) — (1—ad+ m))m),
as a result of Lemma [2.2] with

C(t) = (§+iv)A1(t) + (1 — a0 + iy)) Ao (t) — U(2)
anda = (0 +1i7v, (1 — a(d +1iv))).
Finally, by the application of Lemma [2.2] with
C(t) = (0 + )M (t) — a0 +iv)Ax(t) = U(?)
and a = (§ + iy, —a(d + iy)), the last expectation turns out to be equal to
EQ [G—U(T>+<6+m>f<1<T>—a<a+m>ff2<T>

= EQ [¢~UT+E+) (I () +A1(D)+X1(T))=a(E+in)(n (s2} AT+ Xa(T))]

0+ In (s1)—a(0+i7) In (52) [ (Q-G5)T

pe
where

G5 = diag (q)(—iag) +r— 0+ +a(0+ W);@).

Using the results given above, we obtain the desired lower bound V,>*(0).

It is worth mentioning that by means of the positive part in the formula we guarantee

non-negative prices, especially for out-of-the-money options. [
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CHAPTER 5

PRICING BASKET OPTIONS UNDER A
MARKOV-MODULATED LEVY MODEL WITHOUT
SYNCHRONOUS JUMPS

In this chapter, we introduce an approximation technique for the valuation of basket
options assuming a multivariate MMLP framework without synchronous jumps. This
pricing methodology generalizes the study of Caldana et al. [9] which only considers

the continuous-time models without regime-switching.

More precisely, we first aim to derive a lower bound on a set based on the geometric
average of underlyings. As in Chapter 4] this lower bound is expressed via a uni-
variate Fourier inversion under the assumption that the joint characteristic function
of the multivariate log-returns is known explicitly within each state. Since we only
require the joint characteristic function to be available, our approximation is very
managable in the sense that it becomes valid for many different types of financial
models with regime-switching. In spite of this advantage, the calculation of this lower
bound adresses an optimization procedure which can increase the computational cost.
Therefore, we propose the analogous bounds and approximate price estimate implied

by the arithmetic-geometric mean inequality.

5.1 The Market Model

In this chapter, we adapt the modeling framework given in Chapter [ for the case of

n underlying assets in the sequel.
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Consider a complete probability space (€2, F, Q) endowed with the risk-neutral prob-
ability measure @, a homogeneous continuous-time Markov process { M (t) }icpo,n)
and a financial market comprising of a money market account{So(t)}:cpo,r) and n
underlying assets {.5;(t) }tco,r7, J = 1,2, ...,n. Assuming that the Markov process
M (t) and the money market account Sy(t) have the same dynamics as given in Chap-

ter 4 we specify the modeling framework of risky assets.

Let S(t) = (Si(%), ..., Sn(t)) be the n-dimensional price vector where each compo-
nent S;(¢) is described by the exponential of a one-dimensional drift A;(¢) and Lévy

process X(t). That s,
S;(t) = 5;(0)eM OO 55(0) = s,

where X (t) = (X1(¢t) ..., X,(t)) is a n-dimensional MMLP such that when M = k,
X is identified by the n-dimensional Lévy process Yy = (Yix, ..., Yyx) that has the

characteristic exponent &y (u):
EQ [ei<u7Yk(t)>} = ¢~ Pk (5.1

with u = (uq, ug, ..., u,) € C". Herewith, the drift process is given as

A;(1) :/0 pi(M(s))ds, j=1,2,...,n,

where
N
i (M(1)) =Y il gaoy=y
k=1
with pe; = (g1, fj2, - -, pin) | for each j. Importantly, we assume that all source of

randomness, namely, Y1(t), Ya(t),..., Yn(t) and M (t), are mutually independent.
Considering the vector of characteristic exponents

®(u) = (®,(u), ®y(u),..., ox(u)) ",
we now establish the martingale condition:

pi =r+ ®(—ie;), j=12,...,n, (5.2)

where ¢; is the jth element of the canonical basis of R". Notice that this condition is
a straightforward generalization of the one given in Lemmaf.1] if we use Lemma[2.2]

with C'(t) = A;(t) —U(t) and a = e;.
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In the following sections, we introduce some lower and upper bounds to the fair price
of basket options, which can be applied to many different types of financial models

with regime-switching.

5.2 Basket Option Pricing by the Use of a Lower Bound

In this section, we derive a lower bound to the fair price of basket options by using
the geometric average of the underlyings, where we generalize the study of Caldana

et al. [9] to the proposed MMLP framework.

Consider the vector of weights w = (wy,ws,...,w,) € R™ and a value process

A, (T) given by
An(T) =) w;Si(T).
j=1

The fair price (at time ¢ = 0) of the basket option VB#k(()) with this underlying

basket is well-known to be equal to
vBake(0) = B2 [e U (T(A4,(T) — K)*],
where K is the strike price and 7" is the maturity.
Following the idea of Caldana et al. [9], we define the set G(x) with x € R
G(z) ={weQ: H,(T) >z},

where H,,(T") refers to the logarithm of the geometric average G,,(7) :

Ho(T) =InGo(T)  with Gu(T) = f[ S;(T)™. (5.3)

j=1

Similarly as in Caldana et al. [9]], we consider that the following inequality holds true

forallz € R
VBt (0) > B2 [V (A,(T) — K)lgw] = VE(0,), (5.4)

and therefore
VBaket () > max V2(0,2) = VI(0,2%) =: VE(0), (5.5)
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where V¢ (0) is considered as a lower bound to the exact option price and the maxi-

mum is attained at z*.

In the following theorem, we present the explicit computation of Vg (0) in the settings
of this chapter. We first note that if we define R;(7"), for j = 1,2,...,n, as the log-
return over [0, T'], namely,

S5;(T)

R;(T) = ln( . ) = A;(T) + X;(T), (5.6)

then the process H,,(T') can be rewritten as:
H,(T) =Y w;R;(T) + H,(0), (5.7)
=1

where H,,(0) = 3>°7 | w;Ins; with s; = 5;(0).

Theorem 5.1. The lower bound price VZ(0) is obtained by
VZ(0) = max V2(0,2),
Te

with
+

VE(0,2) = (e / e~ (3 6, K)dv) :
0
where ¢ is the damping factor, a; = (0+iy)w+e; forj=1,2,...,n,b = (6+iy)w
and Or(7y; 0, K) = Wi(v; 6, K) — U3 (v; 6, K) with

o (6+i7) Hn (0) ™

—dx

™

Uh(v;6,K) = , w;s;pel@ P
d+ 1y =
(6-+iv) Hrn (0)
e

U2 (7,6, K) = K—————pel@ D71

T(’Yv ) ) (5—|—Z’)/ be )

H,(0) = ij In s;,
j=1

Dj = dlClg ((I)(_Za’]) +tr - — (5 ‘1‘27)2101#1) ;o J=1.umn,

=1

L = diag (@(—ib) +7r— (04 1) Zwlﬂl> :

=1

Proof. As in Carr and Madan [11], we easily get the expression
+

/ e~ T (7; 6, K)dv) :
0

e—Jm

V.0 = (

™
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where W1 (7; 6, K) is the Fourier transform of V£ (0, ) defined as

Ui (7:8,K) = / eNTHER [emV M (AL(T) — K)lgw)] do

— 00

= / Ty " w B [V (T) g ()] do
o =

_ / 5+ KR [V g, ] da

o0

Denoting the density function of (R;(T"), H,(T'),U(T)) by f(rj, hyn,u), both inte-
grals can be easily calculated. Indeed, let us first concentrate upon the first integral
UlL(v; 4, K) considering equations (5.6), (5.7) and use the following equalities:

w05 = |

0o n

e(6+i'y)x Z 'l,UJEQ [er(T)Jrlnsjﬁ*A]’(T)+Xj(T)]1g(w)i| dx

_ / e(éﬂ'ww( w;s; / / / et f(rj,hn,u)drjdhndu> da
—00 j=1 —ooJuz —00

n hn
= ijsj/ / M=t £ (ps By w)dadr jdhy, du
j=1 R3 J—oc0

1
0+ iy

ijsj/ O hn=utry (0 b w)drdhydu
j=1 R?

1
0ty

S w5, B [V DR DG+ ()]
7j=1

The use of Lemma 2.2 with C(t) = —U(t) + A;(t) + (6 + iv) >, wiAi(¢) and
a; = (0 +iy)w + e; leads then to an explicit expression of the expectation in the last
equality:

(Q=Dj)Tq

EQ [~ VD+RDHE+MIND)] = oG+ Hn0) e

In the same way, ¥2(v; §, K) can be reformulated as

K
) + Z’Y R3
K ; _
_ K go[ermmm-vmy,
0+ iy
Using LemmaR.2lwith C(t) = —U(t) + (6 + i) >/, wiAi(t) and b = (8 + iy)w,

we find

U7 (76, K) = eCHMmn=w f (b w)drjdhydu

EQ [0+ Hn(T)-U(T)] = o6+ Ha0)pe(@-LITY

pe
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This yields the announced expression for V¢ (0, z). Maximizing V(0,z) over the

values of x, we get the desired result. 0

5.3 Basket Option Pricing by the Arithmetic-Geometric Mean Inequality

When we follow the optimization procedure given in the previous section, evaluation
of basket options with several underlyings can be rather time demanding. There-
fore, Caldana et al. [9] also proposed fast approximations considering the arithmetic-
geometric mean inequality. Therefore, we aim to extend these approximations to the
basket option price as regards to the proposed Lévy-based regime-switching frame-

work.

Consider that JP** and .J"°¢ are the sets of indices corresponding to positive and neg-

ative weights, respectively. Then,

An(T) = Y wiS(T) = Y wel Se(T) = P"ARNT) — D™ ANE(T),

ke Jpos ke Jnee
where
APS(T) = D ke wkSk(T)’ ppos — Z W,
2 kevos Wh s
and
sy = ket [OSHT) g )
> e sms ]

Moreover, let wP* be the vector whose kth component w} - is:

pos __ wk/ Zke]pos Wi lf ]{,’ - JPOS’
0 if ke Jree

€ is

Similarly, consider the vector w™¢ to be the vector whose k’th component w;
given by:
e |wi|/ Y e e Wi i k€ J™E,

g 0 it ke Jrees,

Additionally, assume that

08 neg

GRN(T) = MyeymSp(T)', GIE(T) = e s Si(T)"H,

n
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and define

H(T) = InGP(T),  H™(T) = In G™¢(T).

n

In the present framework, we now focus on a lower bound L4 (0), an upper bound
U:%(0) and an approximation C4¢(0), all inspired by the study of Caldana et al. [9].
Indeed, if we consider the arithmetic-geometric mean inequality G,,(T) < A, (7)),
the bounds L4¢(0), Us(0) and the approximation C%%(0) can be defined by the
following formulas, which are straightforward generalizations of the results given in

Caldana et al. [9]]:

L49(0) =E® [e‘U<T><bP°SGP°S< ) = EGRE(T) - 1))

| phee (EQ[ Gneg } EC [6 U(T) Aree(T )] )7
UAS(0) =E9 [~V (B GRN(T) — 12 GRE(T) — K)]

+ 5o (B2 [e~UD) 42%(T)] — B [V GrN(T)]) |
CA%(0) =E2 [ VD (PG (T) — b2 (T) — K*)*] |

N

where L49(0) < C#%(0) < Us%(0) and the strike price K* is defined by

K" = K~ B[ A7 (7)) + B2 [FGR (7))
+ EQ [bnegAgeg(T)] _EQ [bnegGZeg(T)] .

The difference with the reference study lies in the fact that we now allow a regime-
switching models for the asset prices and in the remaining of this section, we will

study the explicit expressions for L4 (0), U£%(0) and C#%(0) in this framework.

Theorem 5.2. The lower bound L4 (0) is given by the formula:

—8k  poo +
LIA}G(O) — (e / e-iv’“\pgw(y; 0, K)dv) + b"8 (fog(O)pe(Q_Dwg)Tl)
0

™
bres
(5 e on)

Zke]"eﬁ |wk‘ ke.Jnes
where ¢ is the damping factor,
B EQ [bneaneg (T)]
et E@ [bneaneg( ) +K7

| (5.8)
k=1In (E% [p"Gps(T)] + K)
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exp {(5 +i7)In ((bnegGZeg(O))ape(Q_BGeo)T1> }
\DGeo( . 5 « K) _ )
T 77 Y 9 (5 + ny

(exp {146 +99) hpos — (0 + 7Y ) hpeg } pel@71
— exp {(0 4 17)Ppos + (1 — (0 + 7)) hneg } P91
- KeXp {<5 + Z"y)hpos - a(d + i’Y)hneg} pe(Q_C3)T1> ,

with hp,s = In () + ZkeJl"” w1 (81), Pueg = In (0"8) + Zke]ﬂfﬂ w;, In (),
and with the vectors a; = (1 + 6 + iy)w’” — a(d + iy)w™s, ay = (6 + iy)w’” +
(1 — a0+ iy))w"s, az = (§ + iy)wP” — a0 + iy)w"s,
D" = diag ((I)(—iw”eg) +7r— Z wzeguk> ,
ke Jnes
Ly, = diag (®(—iex) + 1 — pg) ,

B¢ = diag (@(—ia'w”eg) -« Z wZeg/Jk> ;

ke Jneg
and

Cy = diag | ®(—iar) +7— (1+5+iy) > wfme+a(d+iy) Y wgegp,k> :

ke Jpos ke Jnes

Cy = diag | ®(—iay) +7— (5+i7) Y wf™me— (1—a(5+iv)) Y wzeguk) ,

ke Jpos ke Jneg

Cs = diag | ®(~iaz) +r — (6 +i7)) ) wfmi+al6+in) ) w;:eguk)

ke Jros ke Jnes

Proof. Noting that

G‘T‘Leg(T) = Ijc gnee (eln (Sk)‘f'Ak(T)""Xk(T))w[:g

)

the expectation E@ [e*U(T) Ghee(T )] can be calculated by using Lemma [2.2 with
a=w"tand C(t) = —U(t) + > e Wy, “Ag(t). Hence, analogously to the calcu-

lations performed in the previous sections, we obtain

EQ [e"VMGE(T)] = Tje guees), pe(Q_Dneg))Tl. (5.9)

In order to determine the expectation EQ [e~V(T) Anee(T')], we firstly point out that

S JunfspEQ [e U DHADXD]

Qr,-u(r
E [e ( )Ageg(T)] Zk o]
€ Jne ke Jneg
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The expectation E? [e
C(t) = —U(t) + Ax(t) and a = ey:

“UMFADFXT] s easily computed by Lemma [2.2] with

EQ [e~VDHALT+Xu(D)] (Q-Lw)Tq

:pe

Using this result, the expectation E© [e‘U(T) Aneg(T)} is then explicitly rewritten as

Z |wy| sppel@ LT

Q [,=U(T) pne
EQ [~V Ames(T)] = —Zk o
€Jrs k€ Jree

Finally, we observe that the calculation of the expectation
EQ [er(T) (bposG%os (T) . bnegGr;Leg (T) o K)+]

can be reduced to the problem of pricing a spread option with underlyings bP*GP**(T")
and b"¢G1¢(T'). Therefore, using the methodology given in Section we can ex-
plicitly calculate the expectation E@ [e=V(T) (pPosGPs(T') — b G™8(T') — K)*]. To

be more precise, we firstly determine a set =9 yielding a lower bound Vg (0)
ViZeo(0) := E? [e V@D (P GP(T) — b2 G(T) — K) 1 (zoeoy|
< EQ [G_U(T) (prSGELOS(T) . bnegGl;leg(T) _ K)+]

to the exact option price:

—Geo y bpostos< ) ek
= { €0 GE())e RO [(bnegG%e%T»a]}

by using « and k given by equation (5.8).

Notice that E? [(b"8G™(T'))*] can be explicitly expressed by applying Lemma
with C(t) = &> e Wy “Ag (1) and a = aw"e:

B2 [(b™¢Ge(T))] = (b egﬂkemskmg) pel@-5)7, (5.10)
In light of this result, the set Z°¢° can be expressed as:

=6 = {0 € 0 D) - aXa(1) > b - n ((eGE(0) el )71 )

where
Xy(T) = In (BPSGP(T)) = InbP + > wp™(In (sx) + Ax(T) + X4(T)),
ke Jpos
Xo(T) = In (B2GIE(T)) = b + > wi¥(In (s) + Ap(T) + X4(T)).
ke Jgnee
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Let f(Z1, T2, u) be the density function of (In (bP*GE*(T')), In (b"¢Gee(T)), U(T)) .
Then, introducing a damping factor d, as in the study of Carr and Madan [11], and

applying the Fourier transform to the lower bound V,2%°(0), it is clear that

—0k 00
VEo(0) = _eﬂ e~k wGeo(~: 5 o, K)dy, (5.11)
0
where
VER(y; 4,0, K) = / eFHIRER [V (4P GIS(T) — BEGIE(T) — K )1 2o ] b

— / eOTik / e (e — " — K) 1 zoe) f(Z1, To, u)di1dTodudk.
—00 R3

Then, by using analogous calculations as in the previous sections, the following ex-

pression is obtained:

exp { (6 + i7) In ((0G2%(0))*pel@ ™71 ) }
0+ 1y

U (0,0, K) =

x (E@ [6(—U(T)+(1+5+i7))21(T)—Of(5+i’Y)X2(T))} _EQ [e(—U<T>+(6+w>f<1(T>+<1—a(6+w>)Xz<T>)}

_ KE® [e(—U<T)+(6+m>f<1(T)—a(fsm)f@(:ﬁ))] )

Using Lemma [2.2] the expectations in the last equality may be rewritten as

EQ -e(—U(T)—i-(l-&-é—i-i'y)Xl(T)—oz(&—i-i'y)f{g(T))}

= exp {(1+ 6 + 1Y) hipos — (S + 1Y) hneg } pe'@~VT1,

EQ e(fU(T>+<6+m>X1<T>+<1fa<6+zw>>X2<T>)]

= exp {(6 + i7)hpos + (1 — (0 + 7)) hneg } pel@C2)T1,

EQ _e(—U(T)+(5+i7)X1(T)—oc(5+i7))~(2(T)):|

= exp {(0 + 97) hipos — (5 + 1Y) hineg } P @D L,
These calculations imply the desired result. [
Now, the following proposition states the explicit expressions for the upper bound

U:%(0) and the approximate price C4%(0). As mentioned before, the corresponding

calculations are analogous to the ones given for the lower bound L4%(0).
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Theorem 5.3. The upper bound U;: (0) and the approximate price C3(0) are given
by the formulas:
6_6k - ‘ + POS
0

™

prS
+ = (Z wkskpe(QL’“)T1> )

ZkEme wk keros
0 +
CA%(0) = ( / e g (v 5, a*,K*)dv) ,
0

where Ly, W (v; 0, o, K), v and k are given in Theorem o* and k* are obtained

e—6k

™

by replacing the strike price K in o and k by K*, and

D" = diag ((I)(—z"wp"s) +7r— Z wi‘”/,l,k) :

ke Jros

Proof. Analogously to the calculation of E® [e=V(") A%¢(T')] and E¢ [e~ VT Greg(T')],

one easily shows that

E@ [e_U(T)A’;’LOS(T)] Z wysppe @ T

ZkEJPO\ keros

and
pos

B [ VOGIN(T)] = Myegmsit pe(@P™)71

with DP* = diag (®(—iwP*®) + 7 — >, e Wy p) - Indeed, we only replace the
terms corresponding to negative weights with the ones of positive weigths. These

yield the desired upper bound U#%(0).
For the approximation
C9(0) = B2 [ "D (BPGE(T) — BRGIRE(T) — K}

we follow the approach of spread option pricing as in the derivation of the bounds
L44(0) and U#£¢(0), but with a different strike price K*. Indeed, the result follows by
replacing the strike price K in the expressions U5¢°(v; 4§, a, K), c and k by K*. [

Remark 5.1. It is worth mentioning that in the case of a basket option with positive

weights, the expectation
ECQ [e‘U(T)(bp"SGEL"S(T) — b"tGYE(T) — K)+]
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is converted into

E¢ [em""(GW(T) = K)'],

which denotes the price of a European call option whose underlying is the geometric
average of risky assets G, (¢). In this regard, the approximations L4(0), U (0) and
C#44(0) turn to

J
S
Q
—~~
=
I
=
=}
B
=
3
@
3
~
N
|
=
—+
=
=}
B
=
3
N
3
3

—E%[e VDG, (T)],

where the price of the corresponding European call option is stated in Theorem[A.T}1
and the expectations E? [V 4, (T)] and E¢ [e-V")G,,(T)] are easily calculated

by considering a similar argument given in Theorem[5.2]or Theorem[5.3]
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CHAPTER 6

PRICING SPREAD OPTIONS UNDER A
MARKOV-MODULATED LEVY MODEL WITH
SYNCHRONOUS JUMPS

This chapter extends the evaluation of spread options given in Chapter [ to a more
general Lévy-driven regime-switching framework, allowing asset prices to jump syn-
chronously due to a transition in the Markov process. To be more precise, in the case
of a regime change we do not only consider a switch in the model parameters, but
also take into account the possibility of synchronous jumps in the asset prices. These
synchronous jumps, therefore, address an interesting correlation between the asset

price processes, resulting from the underlying Markov process.

For the motivation to synchronous jumps that arise in the asset dynamics, we refer to
Chourdakis [[14] who shows that these Lévy-based regime-switching models can suc-
cessfully capture asymmetric volatility skews and to Hainaut and Colwell [22] who
relate the so-called synchronous jumps to the events leading an immediate change in
the model parameters, such as certain economic events, natural catastrophes or terror-
ist attacks. Hainaut and Colwell [22] also point out that these processes fit well to the
time series of asset prices. In both papers, the asset prices always jump synchronously
whenever a transition occurs in the Markov process. Although these studies inspire
to our modeling framework, our regime-switching set-up can be considered more
general than the ones they proposed in the fact that we also take into account the pos-
sibility of occuring no synchronous jump after a phase change. Our study also differs
from those studies in the sense that they do not consider the evaluation of spread

options under this newly proposed framework.
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6.1 The Market Model

In this section, we will closely follow the modeling framework of Chapter 4l The

important distinction is that we now take into account the possibility of synchronous

jumps in the underlying prices when the state of the Markov process changes.

To incorporate synchronous jumps, we introduce the following set-up:

@)

(ii)

(iii)

(iv)

We consider the Markov process M with a finite state space S = {1,2,..., N}
and initial vector p. Moreover, let X = (X7, X5) be a 2-dimensional MMLP
whose behaviour when M = £ is governed by the 2-dimensional Lévy process

Y. with the characteristic exponent @ (u):

b

EQ [ei(uva(t»] — e ()t
where u = (u1, us) € R? and Q is the risk-neutral proabbility measure.

We assume that when M = k, a transition to phase [ # k happens at rate gy,

and synchronous jumps may occur at rate .

After a jump, a new state of M is chosen to modulate X = (X, X5) such that
the distribution of jumps and the state after jumps are governed by the matrix

G = (Gg)nxn, where

le(m)

= P (jump of X; < zy,jump of Xy < xo, M = [ after jump | jump in phase k)

for x = (21, x2). Notice that this construction implies G (x) = 0 for all k.

We denote by G'(u) the Fourier transform of G-

Glu) = / ) 4G ().
R2

Finally, we denote I' = diag(y,) and define the matrix Q = (qu)nxn by
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assuming that all diagonal elements ¢, are negative, and

P (M (t + dt) = k,no synchronous jump on [¢,t + dt] | M (t) = k)
=1+ qrdt + o(dt),
P(M(t+dt) =1 (I # k),no synchronous jump on [¢,t + dt| | M (t) = k)
= qrdt + o(dt),
IP (synchronous jump on [t,t + dt] | M(t) = k) = yxdt + o(dt).

Since the sum of probabilities above over M (t) = k must be 1, we also have
(Q+I1 =0,

where 1 is a column vector with each component equal to 1 and O is a column

vector with each component equal to O.

Notice that () is now the sub-generator of the instantaneous transitions in A/ when
there is no synchronous jump. As mentioned before, we also remark that we take into
account the possibility of occurring no synchronous jumps after a phase change and
this differs from the framework of Chourdakis [[14]] and Hainaut and Colwell [22]], in

which a transition in the Markov process certainly yields a synchronous jump.

In the following we state a very useful result, whose proof for the n-dimensional
setting can be found in Lemma We note that this result is the extension of

Lemma [2.2][[16] to the synchronous jumps with n = 2.

t

Lemma 6.1. Consider a Markov-modulated drift process C(t) = [, c(M(s))ds
where
N
(M) = ekl {arey=r).
k=1
with c,, k= 1,..., N, being constants.

Then, for every a € C? and ¥Vt > 0, we have

E [ec(t)-&—(a,X(t))} (7A+Q+FGA(fia))t1

:pe

?

where A is the diagonal matrix such that Ay, = ®(—ia) — ci, under the assumption

that G(—ia) exists and ®},(—ia) is known analytically.
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We further consider the 2-dimensional price vector S(t) = (S1(t), S2(t)) given by:
Sj (t) == Sj€Aj(t)+Xj(t), j = 1, 2,

where s; = S5;(0) and A, (¢) denotes the drift process:

MO = [ ) ds, m@) = 3 patoro-n,

with constant coefficients 1.

We also denote the Markov-modulated interest rate process by (M (¢)) and assume

that

N
r(M() =Y reljao=ry,
k=1

where the coefficients ry are constant. Then, the integrated interest rate process U ()

is given by

Noting that u " denotes the transpose of a vector u, we define:
T

r = (7’1,7“2,"‘ 7TN) 5

= (1, fhj2, - - - 7,UjN)T, 7=1,2,

(I)(u) = (Cbl(U’)? @Q(U), T 7<I)N(u))T'

Herewith, e; denotes the jth standard basis vector of R,

In the sequel, we present the sufficient constraints on the vectors pt; in order to have
a correct model under the risk-neutral measure QQ. For the proof of the n-dimensional

setting, see Lemmal[A.2]
Lemma 6.2. If the vectors p; are chosen as
=1+ ®(—ie;) + T (I - é(—@'ej)> 1 6.1)

for 3 = 1,2, then the processes (e*U(t)Sj (t))t are martingales under QQ, where [

denotes the N x N identitty matrix.
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6.2 Spread Option Pricing by the Use of a Lower Bound

In this section, we consider the valuation of spread options in a Markov-modulated
Lévy framework, but now including synchronous jumps. We will follow the same

considerations given in Chapter

Recall that the fair price of a spread option can be approximated by the following

lower bound:
Vi (0) = B2 [eVD(Sy(T) — So(T) — K) L] (6.2)

where

B - 5U(T) ek
"= {“’ €0 ST~ EC [S@(T)]}’

F2<07T)
U= =,
R0,T)+ K
k=In(F(0,T) + K),

with F5(0, T) = E2 [Sy(T)).

Following the arguments given in Chapter 4] we will begin with introducing a more

explicit formulation for the set /. Below are the remarks to achieve this.

1. By applying Lemma [6.1] with a = (0,1) and C(t) = As(t), it is easy to verify

that the forward price of the second asset equals

F5(0,T) = E2[Sy(T)] = s,E2 [eAQ(THXQ(T)}

(Q—A+Fé(—ia))T17 (63)

= Sape

where A = diag(®(0, —7) — p2). As aresult of (6.3),

(Q-A+TG(0,—))Tq
o= (6.4)
SQPG(Q_A+FG(O’_Z))T1 + K

and
k—In <sgpe<Q*A+F@<°f">>T1 v K). (6.5)

2. Based on Lemma 6.1 with a = (0, ) and C(t) = aA»(t), we have

EQ [S(T)] = SSEQ [eaAQ(T)JraXQ(T)] _ Sgpe(QfB+FG(0,fm))T1’

where B = diag(®(0, —ia) — apaa).
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Considering these remarks, we obtain

H = {w €Q:In(Si(T)) —aln(S(T)) >k —In (Sgpe(Q—BJrré(o,—m))Tl)}

= {w €Q: X\ (T) — aXy(T) >k —1In (sgpe(Q’B”é(O”ia))Tl)} ,
where X, (T) = In (s1) + Ay (T) + X1 (T) and Xo(T) = In (s2) + Ao(T) 4+ Xo(T).

In the following theorem, we present an explicit expression for the lower bound
V[I?O‘(O) assuming that asset prices may jump synchronously in the case of a regime

change.

Theorem 6.1. The lower bound VII?Q(O) equals the following expression:
e 0k 0 ' +
VI]?&(O) - (_ / e_z'yk\IjTOy; 67 «, K)d7> )
0

™

where ¢ is the damping factor, o and k are given by and ({6.5), respectively, and

exp {(5 +iv)In (sg‘pe(Q*B+Fé(0’*m))T1> }
d+ iy

Ur(v;6,a,K) =
" (eXp {146+ (51) = a6+ i) In (55) fpe(@F TG0 Ty
— exXp {(5 +iy)In(s1) + (1 — a(d +4v)) In (82)} @(Q_LQ"‘FG(—iaz))Tl

p
— Kexp {(5 +4y)In(s1) — a(d + iy) In (s2) pe(QLBJrFé(i‘”))Tl) ,

with a; = (1 4+ 0 + iy, —a(0 + 7)), az = (0 +iv,1 — (0 + 7)), a3 = (0 +
iy, —a(d + iv)) and

B = diag (®(0, —iat) — aps),

(®(0,

dzag(‘I’( iar)+r—(1+5+iy)p + a0 + i’Y)H2),

dmg(fl’( iay) +7r — (0 +iy)pr — (1 —a(d+ W))H2>a
(@(-

= diag( ®(—iaz) +r — (6 +iv)p + (0 + w)uz)

Proof. Carr and Madan [11]] formula implies that

€f6k

Vet (0) = — e " Up(v; 6, a, K)d,

™ Jo
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where ¢ is the damping factor, the parameters « and k are defined in and (6.3),

respectively, and

Ur(y; 0,0, K) = / eOTRER [e VI (S (T) — So(T) — K)1(w)] dk

—0o0

:/ 6(5+W)k/ e (e — ™ — K) 1) f(Z1, T2, w)dTdTodudk.
— R3

o0

By taking the set H into account in the boundaries of integrals and by Fubini argu-

ments, we obtain

\IIT(’% 57 «, K)

oo
= / / ) e Ut OTIE (T _ o2 _ ) (3, &9, u)didTodudk
R3 aafcz—l—k—ln(s%pe(Q—B‘*FG(Ov—m))Tl)

il—aiz—i—ln(sg‘pe(Q*BJrFé(Ov*m))Tl) . ) i
— / / e Tk (T _ oF2 _ [0) f(iy, &g, u)dkdF dTodu.
R3 J —o0

Elaborating the product and recognizing that the resulting integrals are expectations,

we lead to the following expression for Ur(~; d, o, K):

\I]T(’% 57 a, K)
e—u+(5+i'\/)(§:1—o¢i2+ln (sg‘pe(Q’B+FGA(OV*m>>T1))
L.

d 4y

("t —e™ — K) f(Z1, Ta,u)dT,dTodu.

e(é-s—m) In (sgpe<Q—B+FG(o,—m))T1)

_ e w0t —al@+ime £ (7 5o 4)dEdEsdu
s (/R3 f (1, %2, u)dT1dT,

. / eﬂﬂr:ﬁ(teri“/)+(1*04(5+1'7’))5¢2f(i,l7 T, u)di’ldi’gdu
R3

K | emwa i —a0ring: £(5, g, u)dfcldiizdu>
R3

5+iry) In (8@ pe(@—B+TG(0,—ia))Ty } i
= elornyn e : (]E@ |:€*U(T)+X1(T)(1+5+i’y)fa(5+i’y)X2(T):|

0+ 1y

_ RO er(T>+f<1<T>(6+w>+(1fa<6+m>>)?z<T>] _ KEC [67U<T>+f<1(T><6+mfa<6+mf<z(T>} )

Note that the first expectation is easily computed by using Lemma with C'(t) =
(14+0+iv)A1(t) —a(d+ivy)As(t) —U(t) and a; = (140 +i7y, —a(d+i7)). Indeed,
FQ [€—U<T>+f<1(T)(1+a+m>—a(6+z'w>)22<T>]
_ EQ [e—U(T)-i-(l-HH-i'y)(ln (s1)+A1(T)+X1(T))—a(d+iv) (In (s2)+A2(T)+ X2 (T))}

14+-8447) In (81) —c(6+4v) In (s2) (Q—L1+FG(—ia1))T1_

= el pe
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Analogously, by an application of Lemma[6.1|with C'(t) = (6 +iv)A () +(1—a(d+
iv))A2(t) — U(t) and ag = (0 + i, (1 — a(d + i7))), the second expectation turns
out to equal

RC [ o~ U(D)+(6+in)Xa (T)+(1fa(6+i'y)))~(2(T):|

— EQ [er(T)+(5+i7)(1n (s1)+M1(T)+X1(T))+(1—(5+i7)) (In (82)+A2(T)+X2(T))]

S+ivy) In (s1)+(1—a(d+iv)) In (s2) (Q—L2+Fé(—ia2))T1‘

= pe

The third expectation is also followed by Lemma but now with C(t) = (0 +
i7)AL(t) — a(d +iy)Ao(t) — U(t) and ag = (§ + iy, —a(d + i)):

EQ [G—U(T)+(6+m)5<1(T)—a(5+iv)Xz(T)}

— EQ [e*U(TH(inV)(ln (s1)+A1(T)+X1(T)) —a(6+iv)(In (52)+A2(T)+X2(T))}

— e(6+i'y) In (s1)—a(d+iy) In (s2) (QngJrFCA?(fiag))Tl )

pe

When we combine these results and change the negative prices to zero, we obtain the

announced pricing formula V2 (0). O
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CHAPTER 7

PRICING BASKET OPTIONS UNDER A
MARKOV-MODULATED LEVY MODEL WITH
SYNCHRONOUS JUMPS

In Chapter 5| we have studied at length pricing of basket options written on underly-
ing assets whose price dynamics evolve according to MMLPs without synchronous
jumps. Now, we will extend our previous results obtained for basket options to the

Lévy-based regime-switching models with synchronous jumps.

7.1 The Market Model

The evaluation of basket options first requires a straightforward extension of the set-

ting given in Chapter[0]to the n-asset case.

More precisely,

(i) We assume an n-dimensional MMLP X = (Xj,...,X,,) which behaves like

the n-dimensional Lévy process Y, when M = k :

EQ [ei(uﬂyk(t»} — e_q)k(u)t,

where ®;(u) denotes the characteristic exponent with w = (u1, ..., u,) € R"

and Q is the risk-neutral proabbility measure.

(i) M is a Markov process with a finite state space S = {1,2,..., N} and ini-
tial vector p. Moreover, a transition to phase [ # k happens at rate g and

synchronous jumps may occur at rate .
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(iii) Matrix G = (G;) yxn now defines the distribution of jumps and the state after

jumps for the n-dimensional process X = (X1, X, ..., X,,). Namely, we have

le(a:)
=P (ump of X7 < xy,...,jump of X, < x,, M = [ after jump | M (t) = k),

where © = (x1,29,...,x,) and all diagonal elements equate to zero with
Grr(x) = 0.
In the following, we also use the Fourier transform of G, which is denoted as
G(u) with

Gu) = / e 4G ().
where u = (uqy, ug, ..., Uy).

(iv) Finally, we define the matrices ' = diag(7x) and @ = (g ) nxn by assuming
that g, < O for all k£ and

P (M (t + dt) = k,no synchronous jump on [¢,t + dt] | M (t) = k)
=1+ qrrdt + o(dt),
P(M(t+dt) =1 (I # k),no synchronous jump on [t, ¢ + dt] | M (t) = k)
= gudt + o(dt),
[P (synchronous jump on [t,t + dt] | M (t) = k) = yxdt + o(dt).

Therefore, we also have

(Q+T)1=0,

where 1 is a column vector with each component equal to 1 and 0 is a column

vector with each component equal to 0.

In the sequel, price vector S(t) = (S1(t),. .., Sn(t)) of risky assets is defined by
S;i(t) = sjeAf(t)+Xj(t), j=1,...,n,
where s; = S5;(0) and A (¢) denotes the drift process:

Aj(t)Z/O ui(M(s)) ds, (M) = D winLiano=ny,
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with constant coefficients ju;;. We further denote the column vector ft; = (g1, {52,

.., )" for each j.

Moreover, we give the Markov-modulated interest rate process (M (t)) :

N
r(M(1) = el {ary—y-

k=1
where the coefficients r; are constant within each regime k. We also consider the

vector 7 = (r1,79,+-- ,7y) ' and integrated interest rate process U (t) with

Defining the column vector of characteristic exponents
D(u) = (01 (u), Pa(u), -, Dy (u)',

we finally examine the drift condition of the basket underlyings. As shown in Lemma[A.2]

when the vectors p; are chosen as
p; =7+ B(—ie;) + T (1 . G(—z'ej)> 1 (7.1)

for 5 = 1,2,...,n, then the discounted asset prices (e*U(t)Sj(t)) . become martin-

gales under Q. Note that we denote by e; the jth standard basis vector of R".

In the following sections, we focus on pricing basket options based on the framework

given above.

7.2 Basket Option Pricing by the Use of a Lower Bound

In this section, basket options are priced via a lower bound based on the geometric
average of underlyings in the context of synchronous jumps. Recall that this study is
inspired from the paper of Caldana et al. [9] which explores the evaluation of basket

options under several models without regime-switching.

Consider w = (wy, wy, . .., w,) € R™ denoting the vector of weights and the process
Au(T) =) w;S(T)
j=1
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showing the value of an underlying basket.

It is well known from Chapter [5| that with G(z) representing the set constructed on

the geometric average of underlyings, the process VI% (0) given by

VZ2(0) = max VEZ(0,2) =: VZ(0,2%) (7.2)

z€R

serves as a lower bound to the fair price of the basket option. Here, H,(T) =
In G, (T) with G,,(T) = H?Zl S;(T)" and

VE(0,2) = E2 [e"VD(AL(T) - K)lg)
where G () is the set defined by G(z) = {w € Q: H,(T) > x}.

Noting that H,(T) is also expressed as
H,(T) = w;R;(T) + Hy(0),
7=1
with

B(r) = () = M) + X0,

H,(0) = i w; In S;(0),

we introduce an explicit representation of the lower bound Vg(O) regarding syn-

chronous jumps:

Theorem 7.1. The lower bound price V(0) is obtained by

VEZ(0) = max VE(0, z),

z€R

with
—ox

o0 +
VI%(QI):(G /G‘W\I'T(%&K)dv) :
0

where § is the damping factor, a; = (§+iy)w+e; forj=1,2,...,n,b = (0+iy)w
and Ur(7y; 0, K) = Wi (y; 6, K) — U3 (v; 0, K) with

™

(04 Ha(0) T

U5 (v;0, K) = S szj<O>pe(Q+Fé(—iaj)—Dj)T1,
Y P
(6+iv)Hn(0) R
e .
V2(v- 5 K) = Ko (TG (=ib)-L)T
T(’yv ) ) 5+Z’}/ pe )
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where H,(0) = > ", w;In S;(0) and

D; = diag ((b(—z'aj)+r—p,j— ((5+i’y)2wlul> ., j=1...,n,

=1

L = diag (@(—ib) + 7 — (04 17) Zwl#l> :
I=1
Proof. As shown in Chapter[5] if we apply the well-known Carr-Madan formula [[11],
the lower bound VZ(0, z) is reduced to the computation of terms Wk(; 6, K) and
UZ(v; 6, K) in the sense that

+

/ e "y (v; 6, K )dv) :
0

6—6&:

™

VZ(0,2) = (
where Ur(7; 8, K) = Ul(v; 4, K) — U2(v; 6, K),
1 < .
L - - g Q [o=U(T)+R;(T)+(5+iv) Hn(T)
Ur(7;0,K) = 5“7;%5](0% [e DD

\I/2T<’Y§ 5, K) = EQ [6(5+iv)Hn(T)—U(T)} )

0+ 1y
Note that through the computation of expectations given above, the matrices I' and
G , which adress the possibility of synchronous jumps, now enter into play. Indeed,
Lemma [A. 1] with C(t) = —U(t) + Aj(t) + (0 + iv) >, wil\y(t) and a; = (6 +
i)W + e; implies that

B [e"U@HR (T)+E+mMHn(D)] = o0+ Hn(0) Q+IG(~iaj)~D;)Tq

pel

Similarly, the use of Lemma [A.1| with C(t) = —U(t) + (6 + iv) >_;_, wil\y(t) and
b = (§ + iy)w leads to an explicit representation of the expectation in the second

term U2.(v; 0, K) :
EQ [ e(6+iﬂ{)Hn(T)fU(T)] _ €(§+ify)Hn(0)p€(Q+FG(—ib)—L)T1_

When we combine these results and maximize VZ(0,z) over the values of z, we

obtain the desired result. O]

Since the maximization procedure we considered can make the pricing problem time
consuming, we also provide faster approximations followed from the arithmetic-

geometric mean inequality.

61



7.3 Basket Option Pricing by the Arithmetic-Geometric Mean Inequality

Using the same considerations given in Section [5.3] we denote the sets of indices
corresponding to positive and negative weights by JP* and J"%¢, respectively. Then,

we define

T)= > wiSu(T) = > |wi|Sk(T) = BP"APN(T) — b2 A(T),

ke Jpos ke Jnee
where
A7) = 2k WST) > wg,
2 evos Wh oyt
and
A;lleg(T) _ Zke]"cg wklsk( b = Z ’wk’
> e sms 5]

Furthermore, we consider the vector wP* whose kth component w} " is given by

wk/ Zke]pos Wi lf k’ - Jpos7
0 if ke Jre

pos _

Similarly, let the vector w" be the vector whose kth component wy, *© is:

wneg — ‘wk‘/Zkejneg wk| lf k E Jneg’
0 if ke Jros,

Finally, we assume that

pos neg

GYNT) = Wye o Sp(T)%, GR#(T) = Hpe e Si(T) ",
and define
HP®(T) =InGP™(T), H*¥(T)=1InG)&(T).
Based on these notions, we analyze the approximations
L (0) =B [V GR(T) — P2 GI(T) — K]
4 phee (]E@ [ T)Gneg } EQ [ U Aneg )D :
U (0) =B [V (5Gr(T) — F2Go¥(T) — K) ]
+ 0P (E@ [e T APRNT)] — E@ [e "GP(T)])
CA%(0) =B [e™UD (=GR (T) — B2Gs(T) — K*)*],
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so as to price basket options in a faster way. Recall that all these approximations take
the arithmetic-geometric inequality, G, (T") < A, (T, into account with the relation

LAG(0) < 09(0) < U#S(0); and further, K* is the strike price defined by
K" = K —E® [P AR ()] +E® [p°Gh™(T)] + E® [ AYE(T)] — E® [0 Gy (T)]

In order to interpret L% (0), U9 (0) and C(0) in a more explicit way, considering
the framework with synchronus jumps, we introduce the following theorems. First,
we present the derivation of the lower bound L4%(0) under a MMLP setting with

synchronous jumps.

Theorem 7.2. The lower bound L (0) has the following explicit form:

—0k 00 +
L?}G(O) = (6—/ e’”k\llge"(’y; J, a, K)d’y)
0

™

iy (Gzﬁg(0)p6(Q+Fé(fiw""g)fD"€g)T1)

neg -
b—| ( 3 |wk|s,€(o)pe(cg+m<zek>Lk)T1> |
Wi

ZkEJ"‘)g keJneg

where ¢ is the damping factor,

B b Ghes (T)]

= RQ [ (T)] + K and k=1In (E?["G4(T)] + K), (7.3)

«

and

exp {(5 +47) In ((b”%’GZeg(O))ape(Q*BGerFC:'(fiaw""g))T1) }
Ui (36,0, K) = S X

(eXP {140 +i7)hpos — (0 + 97) Pneg } pe(Q—Cl+Fé(—ia1))T1
—exp {(0 + i7) hpos + (1 — (0 + 77)) neg } pe(Q-CatTG(=iaz))Tq
— K exp {(0 + i7)pos — (8 + 7) hneg } pe(Q_C3+Fé(—ia3))T1> ’
with hpgs = 10 () + 3 g 07 10 (S3(0)), B = I (57%) + 3y e w3 I (51(0))
and with the vectors a; = (1 + 6 + iy)w"” — a(6 + iy)w"s, ay = (§ + iy)wP” +
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(1= (6 +iy))w", ag = (6 + iy)w™ — a(d + iv)w",

D" = diag (@(—iw”eg) +7r— Z wzeguk> ,

ke Jnes

Ly, = diag (®(—ieg) +r — u),
B = diag (@(—ia’w”eg Z wzegﬂk> )
ke Jres
and

Cy =diag | ®(—ia;) +7r — (140 + 7)) Z wy” gy, + o0 + i) Z wzeguk) :

ke Jpos ke Jnes

Cy = diag | (—iaz) +7 — (5 +i7) Y wim — (1—ald+iv)) Y wgemk>

ke Jros ke Jnes

Cs = diag | ®(—iaz) +r — (6 + 7)) Z wy” pg + (0 + i) Z wzeguk> :
ke Jros ke Jres

Proof. We will first focus on the explicit representation of E© [e*U(T) Giee(T )} . Since

I

G™8(T) = e gree (eln(Sk(O))—l—Ak(T)-}—Xk(T))wZeg

the expectation E¢ [e"V(T)G™¢(T')] is given in a more explicit form if we apply
Lemma with a = w"® and C(t) = —U(t) + D pcyme Wy “Ax(t). As a result,

we have

E? [e VM G(T)] = Tje e Sy (0) % pel@ PTG Ty (g 4

Secondly, we compute the expectation E¢ [e~V(") A%¢(T')| regarding that

B2 [~V D AT(1)] = Y hunlSuO)ER [e VA,

ZkeJ“eg ‘wk ke Jneg
By using Lemmal[A.T|with C(t) = —U(t) + Ax(t) and a = ey, we obtain:

EQ [~ UMHATI+Xu(D)] (Q-LiATC(—ier))Tq

Y

and hence,

1 A
ES [eV™ A73(T)] = S S (0)pel@ e Ty

ZkEJ“e‘g |U)k| ke Jneg
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The last expectation E@ [e=U(T) (bPosGPos(T') — b G™¢(T) — K)*|, as in the case of
no synchronous jumps, shows the value of a spread option written on the underlyings
bPSGPS(T') and ™8 G1°¢(T). In the line of the approach developed for spread options,

we construct a set =9¢° :

oo _ [ q. PUGRT) et
= = qw :
(reeG(T))> ~ EQ[(breeG™(T))]

leading the lower bound V2¢°(0)
Ve (0) = EQ [e*U(T)(bP‘)SGg"S(T) — b EGYE(T) — K)]I(EGEO)] ,
where « and k are defined in ((7.3).

As a result of Lemma [A. 1| with C'(t) = @}, jues wy, “Ax(t) and a = aw™2, we find
that

G = (¥ (057 )  pel - H A )T 75
and therefore,
=Geo
= {w €Q: X (T)—aXy(T) > k—1In ((bnengg(O))O‘pe(Q—BGeo+F@(—iaw"eg))T1> } ,
where

X\(T) = In (5GP (T))

= b + ) wi(In (Sk(0) + Ax(T) + Xx(T)), (7.6)
ke Jpos
Xo(T) = In (b"¢G™¢(T))
— lnb™e + Z neg lIl Sk ) + Ak(T) + Xk(T)) (77)
kEJneg

After stating the set Z9°° more explicitly, we apply Carr and Madan formula [11] in

order to derive the spread option price. That is, we lead to

Ve = [T g 0, K, 79
with
V(60 K) = [ RS [ VO GENT) — GEHT) — Kz d
= /00 ek /3 e (e — €™ — K)1 (zow) f(Z1, T2, u)dF1 dTodudk,
—oo R
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where ¢ is the damping factor and f(Z1, o, u) denotes the joint density function of

(In (BPG(T)), In (b™2GE(T)), U(T)) -

As in the proofs given in the previous sections, a Fubini argument and elaboration of

the product reduce the term ¥$°(; §, a, K) to the computation of three expectations:

exp {(5 +i7y)In ((bnegGr;Leg(O))ape(Q—BGeo+FG(—iozw“eg))T]_> }
d + iy

X

Ul (y; 6,0, K) =

(EQ [6(—U(T)+(1+6+iv)5<1(T)—a(5+z‘v)5<z(T))] _EQ [e(—U(T)+(5+m)X1(T)+(1—a(5+z»y)))22(T))]

_ KEQ [e(—U<T)+(6+m>f<1(T)—a(6+m>f<2<T>)] )

Finally, substituting X;(7T") and X,(T) as expressed in (7.6) and (7.7) and using
Lemmal|A.T] we have

EQ '6(7U<T>+<1+6+w>5<1(T)w(éﬂw)XQ(T))}

— oxp {(1 + 6 + 7)Fipos — U8 + ) hpeg } pel @~ C1HTEiaN)TY

EC 6(—U(T>+<5+w>5<1<T>+(1—a<5+w>>XQ<T>)]

= exp {(0 4+ i7)hpos + (1 — a(d + 1Y) ) Pneg } pe<Q—CQ+FG’(—ia2))T1’

EQ -6(—U(T)+(5+i’y))~(1(T)—a((5+i’y))~(2(T))i|

= xp {(6 + i7)ipos — (8 + i) neg } pel @~ CoTTE120))T .

Combining all the results we complete the proof. [

Next theorem states the upper bound U#%(0) and the approximate price C4%(0) in
the context of synchronous jumps. As mentioned before, we follow very similar

arguments considered for the lower bound L4(0).
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Theorem 7.3. The upper bound U#%(0) and the approximate price C1%(0) are given
by the formulas:

—5k fo%e) +
Ug(0) = (e—/o e M WEC(y: 6, q, K)d’y>

(e

oS (Glzlos(0)p€(Q+F@(_iwpux)_ngs)T1)

4 L ( Z wksk(o)pe(QJrFG'(iek)Lk)T]_) 7

Zkejpos wk kejpos
—§k* +

cﬁf"(m:(e / e-"V’f*w%(v;(S,a*,K*)dw) |

™

where Ly, W (v; 0, o, K), a and k are given in Theorem o* and k* are obtained
by replacing the strike price K in o and k by K* in (7.3), and

DP* = diag ((I)(—i'w"‘”) +7r— Z wiosuk> :

ke Jpos

Proof. Similar to the computation of E [e~V(T) A™¢(T")] and E? [e-V(TDGree(T)],

which are explored in the previous theorem, we obtain that

1 N
Z UJkSk(O)pe(Q_Lk+FG(_lek))T1,

Q -u(T 08 o
SRR hab s
€.JP* ke gpos

and
EQ [G_U(T)G%OS(T)} _ ermeSk(O)wg"spe(Q—Dv°*+ré(—z‘wp°5)):r1
with DP* = diag (®(—iwP™) + 17 — >, e Wh ) -
Furthermore, the expectation
CA9(0) = B2 [e VDGR (T) — G (T) — K°)]

represents the price of a spread option written on the underlyings of the bounds
L49(0) and Uz%(0), but with a different strike price K*. So as to find a more explicit
expression of this approximation, and in order to complete the proof, we substitute

the strike K* in the expressions W3 (~; §, o, K), o and k. ]

Remark 7.1. As in the case of no synchronous jumps, the approximations L4 (0),
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L (0) =E° [ "M(GW(T) - K)T],
Up€(0) = E? [e VDG, (T)
CrE(0) = B [e"TN(G,(T) — K)*],

|
-
+
=
(]
B
=
3
I
3
=
|
=
o
B
=
3
D
3
=3

when we consider a basket option with only positive weights. Differently, the price
EQ [e"V)(G,(T) — K)*] of the European call option is now determined as in The-
orem 2 and the expectations E? [e"V(™ 4, (T)] and E? [V (") G,,(T')] are com-
puted by using the arguments given in Theorem [7.2|or Theorem
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CHAPTER 8

NUMERICAL RESULTS

In this chapter, we study the performance of the approximate pricing formulas derived
in the previous chapters by exploring different MMLP models and by using several

data sets.

All numerical experiments with synchronous jumps are governed by a two-state Markov
process M (t) with
-3 0 3

0
Q= T cp=1[1 0. 8.1)
0 -1 01

When we consider the case without synchronous jumps, we assume the generator

The matrix G of the synchronous jumps distribution is assumed to be given by

G- | O e
Go1 () 0
where the component G5 () (respectively Ga1 (x)) specifies the distribution of jumps
that may occur when there is a transition from phase 1 to 2 (respectively from phase
2 to 1). Note that the assumptions in this numerical section imply that every phase
change incurs a synchronous jump, as in Hainaut and Colwell [22] (due to q12 =
g21 = 0). We will assume that phase 1 represents a (rather) bad economic situation

with high volatility (and more jumps if applicable), whereas phase 2 is assumed to be

a (rather) good economic environment with low volatility.
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We mainly concentrate on positive and negative exponential synchronous jumps, as
in Hainaut and Colwell [22]. For the two-asset cases, when a jump occurs at the
occasion of a transition from phase 1 to 2, the two components of X jump upwards.
Here, the size of the jump of X is exponentially distributed with parameter \;, and
is independent of the size of the jump of X5, which is exponentially distributed with
parameter \,. Similarly, when there is a jump at a transition from phase 2 to 1, the
two components of X jump downwards (modeling that after these downward jumps,
the rather bad economic phase starts). In this case, the size of the jump of X is
exponentially distributed with parameter &;, and is independent of the size of the
jump of X5, which is exponentially distributed with parameter ;. The synchronous
jumps induce dependence in the sense that both components jump at the same time
and in the same direction. These specifications correspond with the following Fourier

transform matrix G (uq, us) :

2 Ak
é(u17u2) = ’ M= O
2 &k
k=1 (&x+iu) 0
Analogous assumptions and notations lead to the matrix G (u1,...,u,) in the n-asset
case
. 0 [T, 2
- =1 (Ag—iuyg)
G(u1>"'7un) - Hn & 0
k=1 (&k+iuk)

We remark that in all examples with 2 assets, we consider the same parameters for the

exponential synchronous jumps, namely \; = 4.5, Ay =4, & = 2.7 and & = 2.5.

As an alternative, we also examine the case of normally distributed jumps (although
we will only report these results in the second example). Considering two assets in
this case, we assume that the means of the jump sizes of the two components of X
are both positive when a jump from phase 1 to phase 2 occurs. For this transition, the
size of the jump of X is assumed to be normally distributed with positive mean 1,
and variance 73, and is independent of the size of the jump of X5, which is normally
distributed with positive parameters 3, and 73,. In the case of a transition from phase
2 to phase 1, the two components of X have on average a negative jump size. Here,
the size of the jump of X, is assumed to be normally distributed with negative mean
(12 and variance 7'122, and is independent of the size of the jump of X5, which is

normally distributed with negative mean (3, and variance 74,. Differently from the
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arguments given for exponentially distributed jumps, both components do not always
jump in the same direction, but the average jump sizes of both components have the
same sign. In these settings, the matrix G (u1,u9) is given by

. 0 H27 e(iﬁkluk7(1/2)7'}§1ui)
G(ul, UQ) = k=1

z:1 e(iﬁkzw—(l/z)ﬂfzui) 0

8.1 Implementation Details

This section gives a brief description about how to apply the numerical methods for

the valuation of spread and basket options.

We study the accuracy of the formulas V,>*(0) and VZ(0), derived for spread and
basket options respectively, by comparing the approximations with estimates obtained
by a control variate Monte Carlo (MC) technique for different exercise prices. For the
spread option evaluation, the lower bound VI’;’Q(O) is used as a control variate in the

sense that the true option price can be rewritten as

V(0) = V&*(0) — E2 [e7 VTS (T) — So(T) — K)]l(a)rr
+EC [eVD(S(T) — So(T) — K)T]. (82)

Similarly, the true basket option price can be evaluated by the formula

VBasket(O) — V[g(o) _ E@ [e_U(T)(An(T) — K)]lg(x*)}+

+EQ [eVD(A(T) - K)T], (8.3)

where Vg (0) is the lower bound to the exact basket option price, corresponding to
the optimal value z*. Calculation of the spread bound VII?O‘(O) is carried out by The-
orem for the case without synchronous jumps and by Theorem for the case
with synchronous jumps. For the basket bound v[%(o), we consider Theorem
when there is no synchronous jumps and Theorem when synchronous jumps are
allowed. Note that the two expected values given in equations (8.2) and (8.3), which

are for each equation highly correlated, are computed via a crude MC method.

For the implementation of the MC technique, we first determine all transition times

0 < le < Tg < .. < T;j < T and the corresponding phases at each realization
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7 =1,2,...,J. Then, between each transition time we obtain a simulated path of the
underlying process by using an Euler-Maruyama scheme. Note that since between the
transitions the parameters are assumed to be constant, we can carry out the computa-
tions as in the case of no regime shifts. We also want to remark that once we obtained
a path in the time interval [}, 7} +1)» its final value is assigned as the initial value of the
next path which is simulated in the time interval [Tg 1 T]z 1) All simulation results
are performed with 100 time steps and 10° simulations, unless mentioned otherwise.
Furthermore, all tables with pricing results include columns entitled CI-length. These

columns report the length of the 95% confidence intervals.

In the case of a GBM framework without synchronous jumps, we also consider the
Markov-modulated Kirk’s formula for which we work with stochastic differential
equations leading a MC-based numerical implementation. More precisely, as for the
MC approach given above, we evaluate the transition times 0 < le < sz < ... <
Tjj < T and the corresponding phases at each realization 7 = 1,2,...,J. Then, we
calculate the integrated processes fOT(’F(M(t)) — r(M(t))dt and fOT o?(M(t))dt by
splitting them into /7 + 1 integrals:

J

/0 (FM(1) — r(M(1))) dt = / T FOI()) — (M () dt

J
1 T

s [ ) - 0@y + o+ [ GO80) - ) de

T Tf Tg T
/ (M (£))dt = / o2(M(£))dt + / 2 (M()dt + . .. + / o2(M(£))dt.
0 0 T{ T;j
With this splitting, the integral terms over the transition times are performed as if
no regime-switching, similarly observed in the implementation of MC simulations.
Regarding these integrated processes, we derive the Black-Scholes type formula (3.6)
for the corresponding realization. At the final step, we take the average of the Black-

Scholes prices computed at each realization, for obtaining the price given in (3.7).

The calculation of the lower bounds V;>*(0) and VZ(0) are performed with the FFT
algorithm, based upon Carr and Madan [11], with the damping factor chosen to be
equal to 0 = 0.75. Noting that the FFT implementation of these two bounds V}?a(O)

and Vg(O) are similar, we summarize the corresponding implementation steps for

Ve (0) -
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o Consider a discretized grid over the values of y such that 7, = (m—1)A,, with
A, > 0 being the size of grid and m = 1,..., M. Over this grid size, we apply

the Simpson’s rule in the sense that
. e 9k M ] A *
VK@(O) ~ Z e_z’ymk\IlT(’ym; 57 «, K)?Vwm 9

v
m=1

where w,,, = 4 when m is odd, 2 when m is even and 1 when m = 0.

e Construct a grid with respect to & such that k, = —b + Ay(y — 1) where
b= MAg/2and Ay > 0is the size of the gridand y = 1, ..., M.

e Moreover, determine the grid sizes A, and Ay, considering A, = A/ngk

e As aresult, the option price for values of k, can be approximated by the fol-

lowing expression:

M +
ky,a 6_6ky in ke A
Vi (0) PR ZACHIE N o e

T 3
m=1

™

+
—0ky M . A
_ (e Z ez(—Qw(m—l)(y—l)/N+m7T)\1;T<,ym;57Q’Ky)?7wm> ]

m=1

In the implementations, we set M = 4096, A, = 600/4096 and hence A, = 27/600.

The optimization procedure arising in the computation of Vg (0) in this regime-switch
ing framework is performed via a two-step procedure, as in Caldana et al. [9]], and
is implemented via the built-in-function fminbnd of MATLAB. For the sake of
completeness, we briefly mention how to carry out this maximization procedure in
two-steps. We start with computing V¢ (0, ) over the equidistant values {1, ..., 73}
and then find the point z; € {x1,...,x;} for which VZ(0,z) is maximized. In the
second step, we regard an optimization over the all values x in the interval [z;, z; 1],
by defining this x; found in the first step as the starting value. For a more detailed

overview, see the paper of [9].

As an example for the basket option pricing when the asset price dynamics are ruled
by a Markov-modulated Merton jump-diffusion model, we will provide results for the
approximations Uz (0), VA%(0) and C#%(0). Recall that the computation of these

approximations does not require an optimization procedure.
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8.2 Examples

In the following, we will present and discuss different regime-switching models and

examples.

Example 8.1 (Bivariate GBM). This example examines the valuation of spread op-
tions when the underyling price dynamics are ruled by a Markov-modulated GBM
framework without synchronous jumps (see Chapter 3). To this end, we focus on
Markov-modulated Kirk’s formula and the lower bound VII?O‘ (0) whose performances
are established by MC simulations. Note that for the lower bound we consider a 2-
dimensional process X (t) = (X, (t), Xa(t)) with two possible phases such that when
M = j, X is characterized by the GBM process Y;(t) = (o1, Wi(t), 02;Wa(t)).

Here, the joint characteristic exponent ®(uy, us) = [(Py(uy, us), Po(uq, usz)] is given
as

D (uy,ug) = % (0Fuf + o5u5 + 2pjojo0uuy) , j = 1,2.
For the parameter set, we choose S1(0) = 110, S2(0) = 100, 7" =1, r; = ro = 0.05
and p; = p, = 0.5. Moreover, when the economy is bad, volatilites are relatively
high with o1; = 0.5 and 09; = 0.4. For the good economic environment, we choose

lower volatilities o1, = 0.1 and 043 = 0.05.

Table|8.1|illustrates the performance of the lower bound Vflé’a(O) as well as Kirk’s for-
mula by comparing with MC simulations. First notice that when lower bound V2 (0)
is used as a control variate, the performance of the crude MC method is improved by
reducing the length of CI to a large extent. Therefore, it is reasonable to consider the
control variate MC results as benchmark prices. Based on these benchmarks, we see
that the lower bound V]]?a(O) is a good candidate for the fair price of the option. Espe-
cially, when K = 0 (namely, when we evaluate exchange options), the lower bound
seems to be indifferent from the true price. Note that this result will also be observed
in the other examples. Furthermore, Kirk’s approximation seems to perform well for
small strike prices, especially for the exchange option case. However, an increase in

the strike price reduces the performance of this approximation method, as expected.
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Table 8.1: Spread option prices in the GBM model studied in Example Number
of MC simulations is 10°.

Cl-length . conrol  Cl-length
(Crude) Kirk MC (Control)
=0 17.9472  17.8968 3.2422e-01 17.9454 17.9472 3.5527e-14
17.4809 17.4304 3.2174e-01 17.5010 17.4809 9.1418e-06
17.0233  16.9728 3.1924e-01 17.0645 17.0233  3.2849e-05
4] 16.5744 16.5236 3.1672e-01 16.6360 16.5746  7.9650e-05
3.2 | 16.1344 16.0831 3.1417e-01 16.2155 16.1346  9.6609e-05
=4 15.7033 15.6514 3.1161e-01 15.8032 15.7035 9.4859e-05

V]]?a (O) MCCrude

Il
= S
B o 0o
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Example 8.2 (Bivariate Variance Gamma model, with only dependence due to regime-
switching). This example is based on Variance Gamma processes, which is first pro-
posed by Madan and Seneta [27] to explain the properties of log-returns such as lep-
tokurtosis and skewness. More precisely, a Variance Gamma process behaves as a

time-changed Brownian motion with drift subordinated by the Gamma process.

In this example, we consider a bivariate MMLP X (t) = (X;(t¢), X2(¢)) such that
when M = j (with 7 = 1,2), the process X is driven by a bivariate Lévy process
Y; = (Y3, Y5;) whose components evolve like independent Variance Gamma pro-

cesses. In particular, for j = 1,2,

Vi (t) = 01;J15(t) + o1, W, (J15(1)),
Yo;j(t) = O95J25(t) + 02Wa;(Jo;(t)),

where W ;(t) are W5,(t) are Brownian motions, J;;(¢) and J;(¢) are Gamma subor-
dinators with I'(¢, x1;t) and I'(¢, ko;t). Here, I'(.,.) denotes the Gamma distribution,

being different from the matrix of synchronous jumps I'.

Here, the characteristic exponent of Y;;(t) is given by

2
g,

1 .
wi(u) = —log | 1 — il ku + —Jf-ﬁ;lju2 , L =1,2.
Rij 2

Since the Lévy components are independent within each state, the joint characteristic

exponent ®(uy, ug) = [(Pq(u1, uz), P2(uq, uz)] can be expressed as
DQ;(ur,ug) = @1(ur) + pa;(u2), j=1,2.
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Table 8.2: Parameter values for the Variance Gamma model studied in Example

Phase 1 Phase 2
K 0 o K 0 o
X7 0.0236 -0.1421 0.4460 | 0.0011 0.0196 0.1234
X5 0.0374 -0.1135 0.2459 | 0.0015 0.0043 0.1534

We notice that since the underlying price processes are independent in each phase, the
dependence between the asset prices is only implied by the hidden Markov process

and in particular the synchronous jumps.

For the numerical experiments in this example, we choose the parameters of the Vari-
ance Gamma processes as in the study of Hainaut and Colwell [22] (see Table [8.2]),
although we use another transition matrix and synchronous jump modelling. In this
interesting paper, the authors performed a calibration with a slightly modified ver-
sion of the Hamilton’s filter which allowed them to justify the use of switching Lévy
processes with synchronous jumps. In particular, they fit the Markov-modulated Vari-
ance Gamma processes with synchronous jumps to time series of asset prices of some
French firms and conclude that the Variance Gamma model with two states and ex-
ponential jumps seems to outperform some other models. In our study, the parameter
values of the first process X; are the ones inferred for the firm Axa, which is an in-
surance company affected severely by the credit crunch and by the sovereign debts
crisis of 2008. On the other side, the parameters of X, are the ones calibrated for
STMicroelectonics, which is a non-financial firm not showing a visible impact of this
crisis. We further assume that » = (0.01,0.005), S;(0) = 100, S2(0) = 100 and
T=1.

Table |8.3| contains, for different exercise prices, spread option prices obtained via the
lower bound approximation and via MC simulation techniques, both in the case of no
synchronous jumps and in the case where the synchronous jumps are exponentially
distributed with parameters \; = 4.5, Ay = 4, & = 2.7, and & = 2.5. Table [8.4
presents the spread option prices in the case of normally distributed jumps with pa-
rameters of mean By = 0.1, B2 = —0.4 and of variance 77, = 0.05, 72, = 0.05 for
k =1, 2. In both situations, the synchronous jumps yield higher option prices. When

comparing the length of the confidence intervals of the crude MC method and of the
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Table 8.3: Spread option prices in the Variance Gamma model studied in Example
with and without exponential synchronous jumps. The parameters of the synchronous
jumps are A\; = 4.5, Ay = 4, & = 2.7, and & = 2.5. Number of MC simulations is
10°.

ko wde  Cl-length ool Cl-length

Jumps | Vie*(0) MC™ (Crude) M= (Control)
K—0 with 23.4043 23.4309 5.5114e-01 23.4043 3.5527e-14
without | 14.0983 14.0257 3.0613e-01 14.0983 2.1316e-14
K—08 with 23.0078 23.0344 5.4856e-01 23.0079 3.4959e-04
without | 13.7261 13.6553 3.0317e-01 13.7261 1.5097¢-06
K—16 with 22.6171 22.6440 5.4597e¢-01 22.6175 1.0737e-04
without | 13.3617 13.2927 3.0021e-01 13.3617 3.2332e-06
K94 with 22,2322 22.2594 5.4377e¢-01 22.2331 1.9164e-04
without | 13.0051 12.9378 3.0021e-01 13.0051 8.3254e-06
K -39 with 21.8530 21.8807 5.4077e-01 21.8545 3.0328e-04
without | 12.6562 12.5904 2.9429e-01 12.6562 2.3116e-05
K4 with 21.4796 21.5077 5.3817e-01 21.4821 4.4009e-04
without | 12.3150 12.2507 2.9132e-01 12.3150 2.3963e-05

ones based on a control variate, both based on 10° simulations, it is clear that the use
of the lower bound VII?Q(O) as a control variate provides a significant improvement.
Therefore, we will only report the control variate MC results in the following. Us-
ing the control variate MC prices as a benchmark, the lower bound clearly seems to
have a high precision. In general, the lower bounds are a little closer to the control
variate MC results when there are no synchronous jump; but even in the presence of

synchronous jumps, they still show nice approximations.

Example 8.3 (Bivariate Variance Gamma model with dependence due to a system-
atic part). In this example, we assume dependent Variance Gamma processes inspired
by the method in Ballotta and Bonfiglioli [3], namely we generate dependence be-
tween the different assets by a common systematic component. The advantages of
this model construction can be summarized as follows: a flexible correlation struc-
ture, being parsimonious in the sense that a linear increase in the overall number
of parameters is observed with the inclusion of new assets, and readily computable

characteristic functions which facilitate the calibration procedure.
More precisely, when the phase does not change, X (¢) = (X;(¢), X2(t)) is assumed
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Table 8.4: Spread option prices in the Variance Gamma model studied in Example
[8.2] with normal synchronous jumps. The parameters of the synchronous jumps are
Bri = 0.1, Bra = —0.4, 72, = 0.05, and 72, = 0.05 for k = 1,2. Number of MC
simulations is 10°.

Cl-length M Control Cl-length
(Crude) (Control)
=0 20.6679 20.6888 4.3529e-01 20.6679 5.6843e-14
20.2884 20.3104 4.3227e-01 20.2884 2.6229e-05
19.9143 19.9375 4.2925e-01 19.9144 5.7169e-05
41 19.5456  19.5701 4.2622e-01  19.5460 1.4245e-04

3.2 19.1823 19.2079 4.2318e-01 19.1830 1.8799¢-04
=4 18.8244 18.8511 4.2015e-01 18.8255 2.7407e-04

V]’;,Ot (O) MCcrudC

|
I
= o 00

AARARR R
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to be driven by a bivariate Variance Gamma model in which there are two idiosyn-
cratic parts Z; and Zs, specific for each underlying, and a common systematic com-
ponent Z, which implies the dependency between X; and X,. Indeed, the dynamics

of the processes X (t) and X5(t) are formulated as:
Xi(t) = Z1(t) + di(t) Z(t),
Xo(t) = Za(t) + da(t) Ze (1),
where the processes 21, Z> and Z are independent one-dimensional Markov-modulated

Variance Gamma processes and

N
di(t) =) dijt) L=y, =12,
j=1

For the sake of clarity, we suppose that when M = 7, the dynamics of Z;, Z5 and Z¢

are ruled by the Variance-Gamma processes Z;, Zo; and Z¢;:
Z15(t) = 05115(t) + 01, Wh;(J15(2)),
Zaj(t) = 02 Jaj(t) + 05 Way (Jo5(1)),  (1=1,2),
Zoj(t) = Oc;dei(t) + oc;We;(Jo; (1)),

where W1;(t), Wa;(t) and W (t) are Brownian motions, J;;(t), J2;(t) and J¢;(t) are
Gamma subordinators with I'(¢, k1;t), I'(¢, ko;t) and I'(¢, k¢;t) [27]. Note that I'(., )

denotes Gamma distribution.

Hence, when M (t) = j, the joint characteristic exponent ®(u;, us) easily follows:
D (ur,u2) = @1;(ur) + @a;(u2) + @cj(dijur + dajus), (8.4)

78



Table 8.5: Parameter values for the Variance Gamma model studied in Example

Phase 1 Phase 2
dy 0.2 0.05
ds 0.5 0.3
k 0 o k 0 o

Z; 0.0236  -0.1421 0.4460 | 0.0011 0.0196 0.1234
Z3 0.0374 -0.1135 0.2459 | 0.0015 0.0043 0.1534
Zc 0.05 -0.1 0.3 0.001  0.008 0.1

Table 8.6: Spread option prices in the Variance Gamma model studied in Example
with and without exponential synchronous jumps. The parameters of the synchronous
jumps are A\ = 4.5, Ay = 4, & = 2.7, and & = 2.5. Number of MC simulations is
10°.

With synchronous jumps Without synchronous jumps
VE(0) MCC™e  Cl-length | VE¥(0) MCE  Cl-length
K =0 1235082 235082 1.5632¢-13 | 14.2948 14.2948 4.2633e-14
K =0.8123.1094 23.1095 3.8169¢-05 | 13.9188 13.9188 5.0960e-06
K =1.61227165 227169 1.1546e-04 | 13.5506 13.5506 8.3719e-06
K =1241223293 223302 2.1195e-04 | 13.1900 13.1901 1.8162e-05
K=3
K=14

21 21.9478 21.9495 3.4138e-04 | 12.8372 12.8373 3.2827e-05
21.5721 21.5746  4.4520e-04 | 12.4920 12.4921 3.1884e-05

where

1 1
oi(u) = —1In (1 — uky;0;; + §u2k:lj012j) , 1=1,2, =12,

ki
1 - L, 2 -
ocj(u) = Eln 1 —iukcifc; + JU kojog; |, J=1,2.
j

Table [8.5] summarizes the parameters of this Variance Gamma based model for the
two phases. Notice that we choose the parameter set given in Example [8.2] for the
processes Z; and Z,. We also set r = (0.01, 0.005), S1(0) = 100, S2(0) = 100, and
T=1.

In Table [8.6] we report prices of spread options obtained via the lower bound ap-
proximation VI]?O‘(O) and control variate Monte Carlo simulations (based on 10° sim-
ulations) for both cases without and with synchronous jumps. The numerical results

clearly show that, as in Example 1) higher prices are observed when we allow
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exponentially distributed synchronous jumps with parameters \; = 4.5, Ay = 4,
& = 2.7, and & = 2.5, i) the lower bound VI]?“(O) has a very good performance in

the sense that the bounds are very close to the control variate MC prices.

Example 8.4 (Multivariate jump-diffusion model with dependence due to a system-
atic part). In this example, we focus on Merton jump-diffusion model, which is first
introduced by Merton [30] to incorporate the abnormal movements of asset prices
by using compund Poisson processes. This example now illustrates the method of
Ballotta and Bonfiglioli [3] for modeling n risky assets, S;(t), [ = 1,...,n, by using
the regime-switching version of Merton jump-diffusion model. Namely, the Markov-

modulated process X;(t) has the form
Xl(t) = Zl(t) +dl(t)Zc(t), = 1,...,TL, (85)

where for all [, Z; and Z are independent, one-dimensional Markov-modulated Mer-
ton jump-diffusion processes with jumps having zero mean. For [ = 1,...,n, Z;
refers to the idiosyncratic part of X;(¢), Z¢ denotes the common systematic compo-

nent which implies the dependence between the processes X;(¢) and

N
dl(t) = Zdlj(t)]lM(t):j7 = 1,...,n.
j=1

To be more precise about the implementation of this model, it is assumed that when
M = j, the dynamics of Z; nad Z, are governed by the following Merton jump-

diffusion processes Z;; and Z¢;:

Ni; (t)
Zii(t) = o Wi (8) + > T, j=12 I=1,...n,
=1
Ne;(t)
Zei(t) = ociWe(t) + > Ty, ji=1,2,

=1

where 0;; and o¢; are the volatilities, WW;;(t) and W;(t) are Brownian motions and
Z?g(t) Jj; and Zficf ® J¢; are compound Poisson processes. Herewith, Ny;(t) and
N¢,(t) are Poisson processes with intensities 6;; and 6, respectively, and {Jlij}
and {J¢;} are normally distributed jumps sizes with .Jj; " N(0, ) and J¢; Py

N(0,78;).
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Table 8.7: Parameter values for the Markov-modulated Merton jump-diffusion model
studied in Example [8.4]

Phase 1 Phase 2
dq 0.2 0.05
ds 0.5 0.3
ds 04 04
T 0 o T 0 o

Z; 0.1 1 0.2 0.05 0.2 0.05
Zy 0.1 1 0.2 0.05 0.2 0.05
Zs3 0.1 1 0.2 0.05 0.2 0.05

0 0.25 0 0 0.1

Then, analogously to equation (8.4)), the characteristic exponent ®(uy, ..., u,) is de-

termined by

B, un) = Y u(w) + oy (Z dlj“l) :
=1 =1

where
1 2 2 —1y272 -
golj(u):§ualj+91j<1—e 2 la), ji=12, [=1,...,n,
1
pcj(u) = §u20?;j + 0 <1 - e_%UQ%J'> : J=12

where ;;(u) are pc;(u) are the characteristic components of Z;; and Z¢;.

For the numerical illustrations, we consider the cases n = 2 and n = 3. Table [8.7]
presents the parameter set of the Markov-modulated processes in these cases. We
further choose as in the previous examples = (0.01,0.005), S;(0) = 100, S5(0) =
100, T' = 1, and additionally set S5(0) = 100.

Table illustrates the performance of the lower bounds V;7*(0) and VZ(0) for
spread options, both without and with synchronous jumps. We study the accuracy
of these bounds V,-*(0) and V¢ (0) by using the control variate MC prices as bench-
mark. To start with, both in the case of no synchronous jumps (in paranthesis) and
in the case where synchronus jumps are regarded, the value of basket bound V[g(()),
which needs an optimization procedure, is close to the value of spread bound V;?O‘(O).
Especially, when K = 0, the two bounds seem to give the same values. However, in
general, the spread option bound VI’?“(O) turns out to perform better than the basket

bound VZ(0). Notice that the simulation errors resulting from the control variate MC
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Table 8.8: Spread option prices in the jump-diffusion model studied in Example
The first row for each strike K shows the prices with exponential synchronous jumps
whereas the second row (in paranthesis) are those without synchronous jumps. The
parameters of the synchronous jumps are Ay = 4.5, \y =4, & = 2.7, and & = 2.5.
Number of MC simulations is 10°.

Ve (0)  MC  Cl-length Vi)  MCCMl Cl-length
Koo | 206292 206292 35527e-14 [ 206292 206292 1.421le-13
(8.4423) (8.4423) (4.6185e-14) | (8.4423) (8.4423) (2.1316e-14)
K _og | 202110 202111 4.1607e-05 | 202104 202111  1.5265¢-04
(8.0477) (8.0477) (1.5129¢-06) | (8.0476) (8.0477) (3.2495¢-05)
Ko 1| 197999 198003 1.1399e-04 | 197975 19.8004  4.4719¢-04
(7.6668) (7.6668) (3.1694e-06) | (7.6665) (7.6668) (8.9685¢-05)
Koy | 193959 193969  2.0170e-04 | 19.3906 193969  8.0990e-04
(7.2996) (7.2996) (1.0107e-05) | (7.2989) (7.2996) (1.5238e-04)
K 3o | 189992 19.0009  2.8998¢-04 | 18.9896 19.0008  1.2130e-03
(6.9459) (6.9459) (1.2834e-05) | (6.9447) (6.9460) (2.4552e-04)
Ky | 186097 186124  42021e04 | 18.5946 186125  1.7726e-03
(6.6057) (6.6057) (1.2007e-05) | (6.6038) (6.6057) (3.2290e-04)

are smaller when we use the spread option bound V;?a (0) as a control variate. Finally,
we compare the prices without synchronus jumps and those with synchronous jumps.
Mainly, we observe that in the case of no synchronous jumps option prices V[’?‘I(O)
and V[g(O) are lower and generally closer to the MC prices, showing a nicer preci-
sion. Even so, we emphasize that the bounds have a good performance regardless of

the presence of synchronous jumps.

Table [8.9] refers to the case of a 2-asset basket option with positive weights, which
are chosen as w = (0.3,0.7). We begin with discussing the results obtained without
synchronous jumps (in paranthesis). Noting that we also reported values of L#%(0),
U3%(0) and C4%(0), which were derived considering the arithmetic-geometric mean
inequality, Vg(O) provides the most accurate prices among all the bounds we ob-
tained. In particular, benchmarking with MC prices, this bound seems to be exact
for the strikes less than K = 60. Regarding the performance of L4%(0), U (0) and
C#%(0) within this range of strikes, we see that the upper bound U;%(0) gives the
best results, having the same precision with the bound Vlg(O). But, for higher strikes

it is outperformed by the approximation C;¢(0). Although the bound V¢ (0) is much
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Table 8.9: Basket option prices in the jump-diffusion model studied in Example
The first row for eack strike K shows the prices with exponential synchronous jumps
whereas the second row (in paranthesis) are those without synchronous jumps. The
weights of the basket are w = (0.3,0.7). The parameters of the synchronous jumps

are \; = 4.5, Ay = 4, & = 2.7, and & = 2.5. Number of MC simulations is 10°.

VZ(0)  MC™™  Cl-length  LA9(0)  URC(0)  CR%(0)
K — 20 80.1496  80.1613  3.3376e-03  76.7436  80.1876  80.1620
(80.1429) (80.1429) (2.8422e-13) (79.6235) (80.1429) (80.1433)
K —30 70.3319  70.3693  7.2089e-03  67.0265  70.4704  70.3614
(70.2143) (70.2143) (2.5580e-13) (69.6949) (70.2143) (70.2147)
K — 40 60.9553 61.0153 9.1903e-03 57.8026  61.2466  60.9215
(60.2857) (60.2857) (1.5632e-13) (59.7663) (60.2857) (60.2862)
K — 50 52.3102  52.3886 1.3971e-02  49.3321 527760  52.1812
(50.3572) (50.3572) (8.5265e-14) (49.8379) (50.3573) (50.3577)
K — 60 444242  44.5159 1.6029¢-02  41.6369  45.0808  44.2174
(40.4309) (40.4311) (2.9788e-04) (39.9130) (40.4324) (40.4323)
K70 373117  37.4155 1.6595e-02  34.7226  38.1666  37.0314
(30.5361) (30.5376) (7.4771e-04) (30.0285) (30.5479) (30.5431)
K — 30 30.9801 31.0877 1.6384e-02  28.5889  32.0328  30.6284
(20.8564) (20.8605) (1.1106e-03) (20.3856) (20.9050) (20.8767)
K — 90 25.4138 25.5278 1.7391e-02  23.2153 26.6592  24.9945
(12.0405) (12.0478) (1.4520e-03) (11.6494) (12.1688) (12.0646)
K — 100 20.5826  20.6933 1.7126e-02 18.5688 22.0127 20.0999
(5.4876)  (5.4945) (1.2753e-03) (5.2098) (5.7292)  (5.4655)
Average
CPU 13.2014 0.6174
(seconds)

closer to the true option price, we can conclude that L2%(0), U£S(0) and C'4¢(0)
based on the arithmetic-geometric mean inequality may also be very useful in prac-
tice. In the case of synchronous jumps, we observe a little different pattern in the
performance of the bounds. More precisely, although the lower bound V[g(O) again
leads to very good results, taking the control variate MC results as benchmark, the
approximate price C4%(0) has the highest precision for strikes K = 20 and 30 (very
deep-in-the-money option). But for other strikes given in this table, the true option
price can best be approximated by VZ(0). Also the upper bound Uz (0) is gener-
ally more accurate than the lower bound L4 (0), but not as accurate as VZ(0) or

C#%(0). All in all, taking the synchronous jumps into account, we again achieve very

83



©
S

IS @ -3 ~ @
S S oS o S

@
S

Price with synchronous jumps
Price without synchronous jumps

N
=]

101

20 30 40 50 60 70 80 90 100 110 120 130 140 150 20 30 40 50 60 70 80 90 100 110 120 130 140 150
K K
(a) (b)

Figure 8.1: Price of a two-asset basket option carried out by the lower bound L4%(0),
upper bound U#%(0) and control variate Monte Carlo MC®™™| The weights of the
basket are w = (0.3,0.7). (a) with synchronous jumps (b) without synchronous

jumps.

good approximations. We finally remark that the prices obtained with synchronous
jumps are higher than those without jumps. Notice that in the lowermost row we
additionally report the average CPU times for VZ(0) and C7%(0). Since the bounds
U:%(0) and L44(0) have a similar CPU performance, only the results of C4(0) are
reported. We observe that although the lower bound Vg (0) in general shows a better
performance than L4 (0), U£%(0), and C#%(0) for both cases, it is slower than these

approximations due to the optimization procedure we considered.

Figure [8.1| shows the lower bound L4%(0), upper bound U#%(0) and control variate
Monte Cralo prices for strikes ranging from 20 to 150. The difference U7 (0) —
L45(0) seems to be null for the case without synchronous jumps. When we take into
account synchronous jumps, the difference turns out to be wider. Additionally, we
see that the upper bound U (0) with synchronous jumps is very close to the Monte
Carlo prices for deep-in-the-money options. For increasing values of strike price, its

precision is slightly reduced.

Table [8.10]illustrates the valuation of a 3-asset basket option in which the third asset
has a negative weight. Note that in order to have sufficiently small MC confidence
intervals, we need more simulations and we therefore used here 5.10° simulations.

Moreover, it is worth noticing that the lower bound VZ(0) is still accurate but not as

84



Table 8.10: Basket option prices in the jump-diffusion model studied in Example
The first row for each strike K shows the prices with exponential synchronous jumps
whereas the second row (in paranthesis) are those without synchronous jumps. The

weights of the basket are w = (2,1, —2). The parameters of the synchronous jumps
are \y = 4.5, Ay =4, \3 = 3.8,& = 2.7, & = 2.5 and & = 2.4. Number of MC

simulations is 5.10°.

VZ(0)  MC™™  Cl-length  LA9(0)  URC(0)  C%(0)
K — 20 08.2063  100.1263  4.7553e-02  90.2579  101.2252  99.5981
(81.2050) (81.3030) (5.3651e-03) (79.7515) (81.4001) (81.3285)
K —30 90.7255  92.3049  4.1907e-02  82.1615  93.1288  91.1228
(71.7801) (71.8792) (5.0999¢-03) (70.3630) (72.0115) (71.9097)
K — 40 83.5495  84.8272  4.0837e-02  74.4730  85.4402  82.9875
(62.5704) (62.6646) (4.5146e-03) (61.1953) (62.8438) (62.7002)
K50 76.6998  77.7113  3.7038e-02  67.2488  78.2161  75.2536
(53.6555) (53.7413) (4.0123e-03) (52.3298) (53.9784) (53.7780)
K — 60 70.1935  71.0171  3.5338e-02  60.5302  71.4975  67.9788
(45.1383) (45.2102) (3.4254e-03) (43.8717) (45.5203) (45.2438)
K —70 64.0433  64.7536  3.4458e-02  54.3357  65.3029  61.2062
(37.1468) (37.2038) (2.8050e-03) (35.9520) (37.6006) (37.2245)
K — 30 582577  58.9241  3.3629e-02  48.6621  59.6294  54.9568
(29.8316) (29.8732) (2.3671e-03) (28.7238) (30.3723) (29.8702)
K — 90 52.8413  53.5405  3.4016e-02 434910  54.4582  49.2296
(23.3487) (23.3802) (2.1864e-03) (22.3449) (23.9934) (23.3400)
K — 100 477950  48.5741  3.5415e-02  38.7961  49.7634  44.0073
(17.8242) (17.8523) (2.0434e-03) (16.9407) (18.5893) (17.7680)
Average
CPU 18.1433 1.8358
(seconds)

promising as in the case with 2-asset option. Therefore, we also report the values of
the basket bounds L4 (0), U#%(0) and the approximate price C3 (0) for both frame-
work (without synchronous jumps and with synchronous jumps). Firstly, visiting the
results of no synchronus jumps, we see that the bound Vfg(O) is not sharp as the ap-
proximation C¢(0) for the strikes less than X = 90. Even so, V,(0) seems to give
tighter results than the bounds U#%(0) and L4 (0). In the case of synchronous jumps,
numerical results show that when the strike equals K = 20, the lower bound V[? (0) is
again outperformed by the approximation C4%(0), which provides the tightest result

in these settings. When K varies between 30 and 70, the performance of the lower
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Figure 8.2: Price of a three-asset basket option carried out by the lower bound
L4%(0), upper bound U£(0) and control variate Monte Carlo simulations MC®*"™!,
The weights of the basket are w = (2, 1, —2). (a) with synchronous jumps (b) without

synchronous jumps

bound VZ(0) is better than the approximation C4%(0), but not as good as the upper
bound U#%(0), which is the closest to the MC results. When we consider strikes
larger than 70, the lower bound Vfé(O) turns out to achieve the best results. Besides
the approximate prices, we examine the average CPU times of the lower bound V}% (0)
and approximation C%%(0). Recall that U7%(0) and L% (0) have a similar CPU as
for the approximation C#(0). As in the case of 2-asset basket option, we see that
on the one hand lower bound V¢ (0) is close to the fair price of the option, but on
the other hand it is slower than the approximations based on the arithmetic-geometric

mean inequality.

Figure [8.2] displays the difference U7 %(0) — L4%(0) for different strike prices. It
seems that this difference is very small for the case without synchronous jumps. For
the case with synchronous jumps, we see that the difference is wider. Furthermore, the
lower bound L4€(0) is not so tight and is outperformed by the upper bound U#¢(0).
As for the two-asset basket options, the upper bound U%(0) is more promising for

very-deep-in-the-money option.

Example 8.5 (Multivariate jump-diffusion model with dependence due to a stochastic
time change). This example focuses on a regime-switching version of a multivariate

Kou model proposed by Mai et al. [28]. This approach, which will be explained
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in more detail below, aims to model the marginal distribution of each asset by a
one-dimensional Markov-modulated Kou process, and, moreover, to construct depen-
dency among the jump-components of different assets by a stochastic time change.
This stochastic time change is defined by using the parameters of the marginal distri-
butions as well as supplementary dependency parameters ;" € (0,1) and x;, € (0, 1),
corresponding to respectively positive and negative jumps. The calibration of this
multivariate model without regime-switching is reported to be very practical since
the parameters of the univariate Kou models can be estimated first, and then the de-

pendence parameters can be treated separately.

We start by discussing the modeling framework when the Markov process M is in
phase k. Let us assume a two-dimensional MMLP X(¢) = (X(t), X2(¢)) whose
dynamics within phase k are characterized by a 2-dimensional Lévy process Y, =
(Yik, Yai), with components following a univariate Kou model. In particular, Y;;(t),
J = 1,2, is governed by a one dimensional standard Brownian motion W;(t) and two
independent compound Poisson processes E;rk (t) and =}, (t), representing the positive
and negative jumps. In this state &, the dependency between the Lévy processes Y (%)
and Ya(t) follows from: (1) correlated Brownian motions Wy (t) and Wa(t); and
(2) jump components which are dependent by using a stochastic time change. More

precisely, each Lévy process component Yj(t), j = 1,2, in phase k is formulated as:
Yie(t) = ouWik(t) E;Fk;(t) - Ej_k(t)v

N5 ®)
=D i
i=1
;65 (1)

i=1
where:
(1) E;rk(t) is a compound Poisson process with intensity ﬁ;rk and exponentially dis-
tributed jumps with parameter djk.

(i1) E]’k(t) is a compound Poisson process with intensity ¢, and exponentially dis-
tributed jumps with parameter d ;. Here, Ej_k(t) is independent of the com-

pound Poisson Ejk(t) for each j = 1, 2.
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Table 8.11: Parameter values for the jump-diffusion model in Example

Phase 1
v vy 9] v, df dy dy dy o oy KT KT
0 0 0.6 04 0 O 389 2838 03 04 01 0.7
Phase 2
VA S v, df df  df dy o1 oy KT KT

0.05 0.1 0273 0.164 7 5 6 4 0.167 0.182 0.2 0.5

(iii) O (t) and O} (t) are two compound Poisson processes with intensities 1"

and 99, and exponentially distributed jumps Exp(d®*) and Exp(d®~) where

It = max (19;.2//{;), )" = max (V1/ k)

with ;7 € (0,1) and k,, € (0, 1) for each regime k.

(iv) N;.(t) and N;,(t) are independent Poisson processes for each j = 1,2 :

19—&- d0,+
N (t) ~ Poisson <L> :

=0k,
_ 05,d%
Ny (t) ~ Poisson | —— |,
ﬁk - ﬁjk

where all Poisson processes given above are independent of ©; (¢) and O}, (¢).

(V) {J;}j ;en and {J;}g_ }ien are i.i.d. random variables for each j = 1,2 :

) 190,+d-.i-
%W&%J;Lyiwg

A 0,
. 90~ d-
@y&%%;ﬁyzw.
Uy — 9

By assumption, these random variables are independent of O} (¢), ©; (¢) and

the Poisson processes N;,;(t), N;(t) for j = 1,2.

(vi) Wig(t) and Woy(t) are Brownian motions with correlation coefficient p; within
state k. These Brownian motions are independent from all processes introduced

above.

88



Table 8.12: Spread option prices in the jump-diffusion model studied in Example
.5 both without and with exponential synchronous jumps. The parameters of the
synchronous jumps are \; = 4.5, Ao = 4, & = 2.7, and & = 2.5. Number of MC
simulations is 10°.

With synchronous jumps Without synchronous jumps
Ver(0) MCCe! Cl-ength | VE®(0) MC  Cl-length
K=0 |[31.1912 31.1912 2.1316e-14 | 28.0053 28.0053 1.421le-14
K =0.8|30.5244 30.5246 7.8651e-05 | 27.2542 27.2543 4.9114e-05
K =1.6{29.8636 29.8042 1.6927e-04 | 26.5069 26.5071 1.0451e-04
K
K
K

=24 292089 29.2104 3.1233e-04 | 25.7637 25.7640 1.4077e-04
= 3.2 | 285607 28.5635 5.3566e-04 | 25.0249 25.0254 2.2449e-04
=4 | 279192 279236 8.8259e-04 | 24.2909 24.2916 3.0281e-04

x107°

without synchronous jumps

(0)-MC'
<
4(0)-MC oo
N
=

Koy
VK

k.
VK

(a) (b)

Figure 8.3: Difference between the lower bound VII?O‘(O) and control variate Monte

Carlo: (a) with synchronous jumps (b) without synchronous jumps

This model construction implies the following characteristic exponent within state &,

see Mai et al. [28]]:

9y By, (u)
1+ 5, ()’

R 0+ o+
Op(u) = %uTEu — fk_ gggz;

+

where Y, is the covariance matrix of (o1 Wik(t), ook War(t)) in state k,

2

=3 Uit ,

Iy — iun (9T — 9

m=1

2

9 u
B, (u) = —mk 2
A e A e

m=1
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Table[8.11|presents the parameter set chosen in this example, which is inspired by Mai
et al. [28]. We further choose r = (0, 0), S;(0) = 69.468, Sy = 42.10, p = (0.5,0.5)
and 7' = 1. Table [8.12]illustrates the valuation of spread options via the lower bound
V[]?O‘(O), benchmarked with the control variate MC method by using 10° simulations.
For the simulation of the asset price processes, we use Algorithm 5.12 in Schulz [34].
As it is apparent from Table [8.12] despite the complexity of the model, the lower
bound provides very tight prices for both cases without and with synchronous jumps.
Furthermore, we observe higher prices with a slightly less precision when asset prices
are modeled with synchronous jumps. Additionally, Figure [8.3] shows the differ-
ences between the lower bound V;?a (0) and control variate Monte Carlo simulations
MCCom! for strikes ranging from O to 10. It is confirmed that although under a mod-
eling framework with synchronous jumps the price differences are larger, the lower

bound prices V}?a(()) continue to agree well with the Monte Carlo simulations.
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CHAPTER 9

CONCLUSION

Being an important research area due to their use in many different markets, this
thesis concentrates upon pricing spread and basket options under the different regime-

switching frameworks.

Mainly, we provide approximations to the exact option prices based upon ideas from
the literature without regime-switching. We begin with examining the valuation of
spread options in a MMGBM setting without synchronous jumps. To this end, we
derive a Markov-modulated Kirk’s formula by using the regime-switching version
of Black-Scholes formula. After considering the GBM setting, we proceed to price
spread and basket options when risky asset prices are ruled by MMLPs. We provide
several bounds for the corresponding options. In particular, we derive a lower bound
for spread options, which is obtained via a univariate Fourier inversion. This bound
is applicable to a wide variety of models for which the joint characteristic function of
MMLPs is known explicitly. For the basket options, we provide several approxima-
tions to the true option price. By defining a set based on the geometric average of the
weighted assets, we first introduce a lower bound that can be obtained via a univariate
Fourier inversion and an optimization procedure. Since this optimization procedure
increases the computational cost of the bound, we then study the analogous approx-
imations followed by the arithmetic-geometric mean inequality. As in the spread
option case, all bounds introduced for basket options are manageable whenever the
joint characteristic function of MMLPs are known analytically. Finally, we study
evaluation of spread and basket options under a more generalized MMLP framework,

in which a regime change yields not only a switch in the model parameters, but also
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may lead synchronous jumps in the asset prices. In this context, we generalize the

aforementioned pricing formulas to the case of synchronous jumps.

After theoretical arguments, the accuracy of all aproximations included in this thesis
has been verified by several numerical examples. The first example is introduced
for showing the precision of Markov-modulated Kirk’s formula; namely we con-
sider a MMGBM setting without synchronous jumps. Then, we consider a Markov-
modulated Variance Gamma model and we assume that the underlying price pro-
cesses are independent in each phase. In this framework, we illustrate the perfor-
mance of the spread option bound, considering both cases with and without syn-
chronous jumps. With the purpose of discussing the case of dependent asset prices
(in each phase), we then focus upon a regime-switching model, using a common sys-
tematic component to explain the dependency structure between the underlying asset
prices. In this example, we assume that both the idiosyncratic parts as well as the
common systematic part of the underlying assets are modeled by Variance Gamma
processes. Particularly, we study the prices of spread options for the cases without
and with synchronous jumps. Next, we observe the valuation of spread and basket
options under the methodology of the previous example, but now the asset compo-
nents are driven according to a Markov-modulated Merton jump-diffusion model. In
this framework, we first discuss approximate prices for spread options and afterwards
for basket options with two and three underlying assets. As in the previous examples,
we show the precison of the approximations in the case of no synchronous jump and
in the case when synchronous jumps occur. Lastly, we consider the regime-switching
generalization of a multivariate Kou model in which the dependency between the
Jjump components is constructed by means of a stochastic time change. For this ex-
ample, we concentrate upon the approximate prices of spread options both without

and with synchronous jumps.
This thesis provides contributions in different aspects:
e We derive pricing formulas under frameworks without and with sycnhronous
jumps.

e Benchmarking with control variate MC simulations, it is shown that especially

for small strikes the Markov-modulated Kirk’s formula has a nice precision.
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Here, the control variate MC simulations are conducted with the spread bound
V,2*(0), which indeed seems to be more promising than the Kirk’s formula,

especially for larger strikes.

We ensure the accuracy of the spread bound V;?a(()) by numerical illustrations
given above. This accuracy surely depends on the presence of synchronous
jumps. Considering the effect of synchronous jumps, it is clear that the per-
formance of the bound is slightly better when asset prices are modeled without
synchronous jumps. However, even including synchronus jumps we achieve
very promising results. Additionally, we observe that when K = 0 the bound
becomes exact regardless of the chosen model. As a result, our approximation
gives very good results for our two modelling frameworks, namely both without

and with sychronous jumps.

As an example, namely when asset prices are modeled by a Markov-modulated
Variance Gamma model, we also provide spread option prices with normally
distributed synchronous jumps. It is shown that the bound remains accurate

also for this kind of synchronous jumps.

For a modeling framework with Merton jump-diffusion processes, we compare
the precision of the spread V,-*(0) and the basket bound VZ(0). In general,
the spread bound turns out to be more sharp than the basket bound, for both
without and with synchronous jump. However, the basket bound VI%(O) may

also be considered as reasonably accurate.

When we regard basket options, we observe that the precision of the basket
bounds, V¢ (0), L£(0), U£S(0) and C£%(0) are also affected by the presence
of synchronous jumps. In particular, the precision of all approximations are
reduced due to inclusion of synchronous jumps. But even for these cases we

achieve to obtain prices very close to those of MC simulations.

For the 2-asset basket option with positive weights, the lower bound Vg(O)
in general shows a better performance than the other approximations. For the
3-asset basket option with negative weights, the lower bound Vfg (0) is still ac-
curate but not as promising as in the case of 2-asset basket option with positive

weights. In particular, when there is no synchronous jump, the true option
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price seems to be best approximated by C:¢(0) for strikes less than K = 90.
For other strikes, such as very deep out of the money options, the lower bound
Vfg(O) becomes sharper. In the case of synchronous jumps, the upper bound
U#%(0) is in general the most precise bound for in the money options whereas

for strikes larger than 70, the lower bound Vg (0) achieves the best results.

Although the most promising bound changes according to the baskets or strike
values we considered, we always provide very accurate approximations to the

true option price.

As an outlook, the Markov-modulated Kirk’s formula can also be derived fora MMGBM
setting with synchronous jumps. Moreover, we can carry out a calibration procedure
for a MMLP framework both without and with synchronous jumps. However, we
should take into account the fact that the calibration of the parameters may be chal-

lenging if we consider a large basket or more complex underlying models.
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APPENDIX A

PROOFS OF SOME THEOREMS AND LEMMAS

By assuming the notions given in Chapter [6] and Chapter [7, we give the proofs of

some important results below.
With the following lemma, we obtain the joint characteristic function of MMLPs with

synchronous jumps.

Lemma A.l. Consider a Markov-modulated drift process C(t) = fot c(M(s))ds

where
N
(M) = eilaw=;,
j=1
withcj, 7 =1,..., N, being some constants.

Then, under a MMLP framework with synchronous jumps, for all a € C" and t > 0:

E [BC(t)Jr(a,X(t))} (7A+Q+FGA(fia))t17

= pe
where A is the diagonal matrix with A;; = ®;(—ia) — c;, under the assumption that

G(—ia) exists and ®;(—ia) is known analytically.

Proof. We will closely follow the arguments given in Deelstra and Simon [[16] by
taking the sycnhronous jumps into account and by using XI-Proposition 2.2 from

Asmussen [2]], as motivated by this reference paper.
Let us define the conditional expectation Oy;(t) :
Oy(t) =B [0 @XMy | M(0) = 1],

and consider the fact that the number of transitions during the time interval [¢, ¢ + y]

is more than one with a probability of o(y).
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Our first aim is to compute Oy;(t + y) by means of Oy;(¢). For this purpose, we will

consider the following arguments:

Notice that the conditinal expectation O;(¢ + y) can be rewritten as:

Ot +y) =E [ec(t)+6jy+<a,X(t)>+<a,Yj(t+y)4’j(t)>ﬂM(t):j | M(0) = l} X

P (M(t + y) = j,no synchronous jump on [¢,t + y] | M (t) = j)

+ Z IE t)+eryt{a, X (¢ )>+<ava(t+y)’Y’“(t)>]1M(t):k | M(0) = l} X
k#j

P (M(t + y) = j,no synchronous jump on [¢,t + y| | M (t) = k)

+ Z E [e t)+ery+(a, X (¢ )>+<ava(t+y)’Y’“(t)>]1M(t):k | M(0) = 1] x
k#j

ZE T v (raa)=i | M(t) = k] P (synchronous jump on [t,t + y] | M (t) = k),
k#j

which is followed from conditioning on M (¢) and possibility of synchronous jumps.
Also note that synchronous jumps J, are independent of the increments Yj(t 4 y) —
Y;(t) and M (0).

Substituting the values of the above probabilities, we obtain

()U(t+_y):ZIE[ecu»+qy+«uxwwruaﬁe@+w—da@»ﬂﬂﬂwzj|A4gn =1] x

(14 g5+ o(y)) + Z E[e C)+ery+(a, X (8)+(a,Yi(t+y)— Yk(t)>]lM _e | M(0) =1] x
k#ﬂ

(qry + o(y)) + ZE t)+ery+{a, X (t )>+<Q7Yk(t+y)—yk(t)>]]_M(t):k | M(0) = l] «
k#j

E:E Tl L ntery)=i | M) = k] (v + o(y)).
k#j

By regarding the independent and stationary increments property of Lévy processes,
we notice that Y;(t + y) — Yj(¢) is independent of X () and equal in disribution
to Y;(y), forall j = 1,2,...,n. Since these increments Y; (¢t + y) — Y;(t) are also
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independent of M, the above equation turns out to be:
Oyt +y) = eVE [e“OH X5 | M(0) = 1] B [ O] (14g559+0(y))
N
+ Z kYR [ec(t)+<a7X(t)>]1M(t):k | M(0)=1]E [e<a,Yk(y)>} (g + o(y))
ey

N
+ Z SRR [ec(t)+<“’X(t)>]lM(t):k | M(0) = l} E [e<a’Yj(y)>} x
K

E [/ U psery)—i | M(t) = K] (i + 0(y)).

Remembering the definiton of O;;(¢) as well as characteristic functions of Y; and Jy,

we then have:

Oy (t+y) = olj(t>ey<6j‘q’j(‘i“”(1+qjjy+o(y>)+g: O (£)e? =719 (qry+0(y))
. golk<t>ey<cr¢k<—m>>ékj<—m> (e + o)
O+ s — By—i) + o)1+ 55 + o)
s é Ow(®)(1 + ylcx — Bul—ia)) + o(y)awsy + oly)
. gom@(l £ ylen — Bu(=ia) + o(y))Cig(—ia) ey + o(y).

where in the last equality we replace the term e¥(%~®i(=%2)) with its Taylor expansion

L+ y(e; — ©;(—ia)) + o(y).
By straightforward calculations, O,;(t + v) is finally rewritten as:

Oyt + ) = Oy (1) + 9 (Olj<t><cj oy (cia)) + Y Ot

k=1

N

+ Z Olk(t)@kj(—ia)%) s
k]

adressing the following equality:

i (Ot +9) — Oy (1) = Oy(t)(c; — B5(—ia) + 3 Oult)as

k=1

N
+ Z Olk(t)ékj(_m)%-
Py
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In what follows, we define a matrix O(t) := (Oy;(t))nxn and a diagonal matrix A

with A;; = ®;(—ia) — ¢; so that the above equality becomes
1 Ny
; Ot +y)—0(@1) =01)(Q —A+TG(—ia)).

Next, we take the limit as y approaches to zero and obtain

dO(t)

= O(t)(Q — A+TG(~ia)),

or, equivalently, O(t) = ¢(@=4+TG(=a)t with O(0) = I. Here, I denotes the N x N

identity matrix.

By recognizing that the expectation E [¢“()+(@-X()] can be expressed as

WE
NE

B [(COHeX0)] = 37 SR OOy, | 2(0) = (] PM0) = )

1 [=1

J

e(Q—A-}—FG(—ia))tpl’

WE
WE

1 i=1

J

we conclude the proof. O

The next result examines the drift condition that makes the discounted asset prices

martingale when their dynamics are driven by MMLPs with synchronous jumps.

Lemma A.2. Suppose that M (t) is a homogeneous continuous-time Markov process
defined by a finite state space S = {1,2,..., N}, generator () and initial proba-
bility vector p = [p1,p2,...,pn| with p; = P(M(0) = j). Assume that X(t) =
(X1(t) ..., X,(t)) is a n-dimensional MMLP such that when M = k, X is identified
by the n-dimensional Lévy process Yy, = (Yig, ..., Yux) that has the characteristic

exponent Py (u):
EQ [ei<quk(t)>} — e~ ()t

Then, under a MMLP framework with synchronous jumps, if the vectors p; are chosen
as

p=1r+®(—ie;) + T (I — G’(—iel)> 1

forl=1,2,... n, then the processes (e*U(t)Sl(t))t are martingales under (Q, where

I isthe N x N identity matrix.
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Proof. In order to check the Q-martingality of e~V S;(¢), we verify whether

]EQ [e—U(t)+Al(t)+Xl(t)] —= 1 Vt

The left hand side of this last equality follows easily from Lemma [A.T|with a = ¢,
and C'(t) = Ay(t) — U(1):

Bltl

RC [e—U(t)+Az(t)+Xl(t)} = pe

with B = Q — A, + I'G(—ie)) and A; = diag (r — p; + ®(—ie;)). It therefore
suffices to prove that B;1 = 0, which is equivalent to the equality:

~

QL+ p—r — ®(—ie) + I'G(—ie;))1 = 0.

Since Q1 = —I'1, the announced relation follows. L]

Considering also the notations given for basket options, the following theorem will
state the price VE6¢°(()) of a European call option written on the geometric average

G (T) of underlying assets:
VRS (0) = B2 [V (G, (T) - K)*].
where K is the strike price of the option and 7' is the maturity time.

Theorem A.1. 1. Let the market dynamics be driven by MMLP processes without
synchronous jumps, as given in Section Then, the European option price
VEwGeo () written on G, (T) is given explicitly in the following form:

0k +

vEu—Geo(O) _ <_/ e—iwk\I/gu-Ge<)(7; 5’ K)d’}/) )
0

T
where § is the damping factor, H,(0) = Z?:1 w;In s;,
(15+i7) Hy (0)

(Q-A4)T4
(0 +iy)(1 40 +1v)

\Ifljz"ﬂu-Geo<ry; 5’ K) — pe

with
A = diag <<I>(—ia) +r—(14+d+iv) ijuj) ,
j=1
a=(1+d+iy)wand p;, j = 1,2,...,n, being the martingale condition
given in Equation (5.2).
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2. In the case of a MMLP framework with synchronous jumps, the corresponding
European option price VE“5¢(0) then turns out to be:
o0k +

VEu—Geo(()) _ (_/ efi’yk\IIt%u—GeO(,y; (5, K)d’Y) )
0

™

where ¢ is the damping factor, H,(0) = 3~7_  w;Ins;, a = (1 +0 +i7)w,

\IIEM—Get)(,y, 5 K) _ exp (1 +0+ ZV)H”<0) e(Q—A+FG(—ia))T1
r Y (0 +ay) (140 +iv)

with

A = diag <<I>(—ia) +r—(1+95+1iv) ijuj> ,

j=1

and p;, 7 = 1,2,...,n, being the martingale condition given in Equation ((/.1]).

Proof. In order to compute the option price VE"6(0), we will follow Carr and
Madan arguments [[11], as done in the previous sections. Indeed, these results will
be very similar to the one obtained for the European call option written on the risky

asset .S, see e.g. Deelstra and Simon [[16] for the case without synchronous jumps.

Recalling that G,,(T") = e"»(T) option price VF*0¢(0) can be expressed in the fol-

lowing integral form:
yEGe () = B2 [e"UT) (G, (T) — K*]
= /R? e (e — M), sp) f (A, w)dh,du
_ / h /k e (en — F) f(hn, w)dhndu
where k = In(K) and f(h,, u) denotes the density function of (H,,(T),U(T)).

The well-known Carr and Madan argument [11] implies that

6—6k o]

VI]?a(O) = T e—i’%qﬂ%u-GGO(,.}/; 67 K)dﬁ)@
0
where ¢ is the damping factor, and

m?u—Geo(,.y; 57 K) — / €(5+i’Y)kEQ [e_U(T)(Gn(T) — K)l(hnzk)] dk

—00

:/ e(H”)k/ / e (e — e*) f(hp, w)dh,dudk.
—00 —oo Jk
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When we switch the order of integrals by using Fubini theorem and elaborate the

product, UH-G°(~: §, K) turns out to be

han
\Pleﬂu—GeO(,}/; s, K) _ /2/ 6—u+(5+i7)k<ehn — ek)f(hn,u)dk:dhndu
R? J —o0
hn
_ / / eut @kt £ dkd Ry du
R2 J—o0

hn
— / / etk £(p )dkdhy,du.
R2 J—oc0

As a result of straightforward calculations, we then have
1

\I/%u_Geo(’)/; 57 K) _ . Zry / e_u+(1+5+m)h"f<hn,U)dhndu
R2

1 hn .
. —u+(14+0+iv)hn h dh..d
1+(5+i”y/]Rz/_ooe f(hn; w)dhndu
1

(1+0+17)(d +iv) /R

emu 0+ £ (1) dhy,du.

Since the above integral is an expectation, we finally have
1

1+0+i7)(0+iv)
(14657 Hi (0)

(1464 iy)(0 + i)
In the last equality, we used the relation H,,(T) = 37, w;(A;(T)+X;(T)) + H,.(0).

Wgu-Geo(v; 6, K) _ Q [6—U(T)+Hn(T)(1+5+i'y)]

Q [o~UM)+(1+5+i) Sy wj(Aj<T>+Xj(T>>} .

Notice that when the market dynamics are ruled by MMLPs without synchronous

jumps, the resulting term is expressed in the form of

e(1+0+i7) Hn (0) , "
ghrGeo (. 5 ) = RQ [o=U@)+1+5+iv) zjzle(Aj(T)erj(T))]
’ T (140 +i7)(6 + i)
1+0+iv)Hn (0
_ o) De@-AT]
(L+0+4dv)(0 + i)

by using Lemma with C(t) = —U(t) + (1 + 9 +iv) 35—, wiA;(T) and a =
(1+9+iy)w.

Instead, in the case of a framework with synchronous jumps, we have the following

interpretation:
o (140+i7) Hy (0)
(14+8+1iv)(0 + i)

€(1+5+i’Y)Hn(O)

Tt orinG iy’

\Ij?u—Geo(,y; 5’ K) — EQ

o~ U (D) +(1+0+iv) S5y w; (A (T)+X; (T))]

(Q—A+FG’(—ia))T1

Y
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where we now consider Lemma [A. 1] for the drift process C'(t) = —U(t) + (1 4+ 6 +
i) > wiNj(T) and a = (1 + 6 + iy)w.

It is important to mention that although the drift process C'(¢) seems to be same under
these two different framework, A;(7")’s are ruled by different martingale conditions.
O]

106



CURRICULUM VITAE

PERSONAL INFORMATION

Surname, Name: Kozpinar, Sinem
Nationality: Turkish (TC)

Date and Place of Birth: 26.12.1986, Eskisehir
Marital Status: Single

Phone: +90(312)2102987

Fax: +90(312)2102985

EDUCATION
Degree Institution Year of Graduation
Ph.D. Middle East Technical University 2018
M.S. Middle East Technical University 2013
B.S. Hacettepe University 2011

High School Biilent Ecevit Anatolian High School 2004

PROFESSIONAL EXPERIENCE

Year Place Enrolment

2012-Present Middle East Technical University Research Assistant

PUBLICATIONS

e Deelstra, G., Kozpnar, S., Simon, M., Spread and Basket Option Pricing in a
Markov-Modulated Lévy Framework with Synchronous Jumps, Applied Stochas-

107



tic Models in Business and Industry, pp.1-21, 2018.

e Kozpinar, S., Yolcu Okur, Y., Evcin, C. and Ugur, 0., Pricing Stochastic Barrier
Equity Options under a Double-Exponential Jump-Diffusion Process, submit-

ted to Mathematics and Computers in Simulation, 2018.

e Kozpinar, S., Uzunca, M., Yolcu Okur, Y. and Karasozen, B., Pricing European
and American Options under Heston Model using Discontinuous Galerkin Fi-

nite Elements, submitted to Computational Economics, 2018.

Presentations:

e Kozpinar, S., Yolcu Okur, Y., Ugur, O. and Tekin, O., Pricing Stochastic Barrier
Options in Presence of Jumps, 55th Meeting of the EWGCFM, Ankara, Turkey,
14-16 May 2015.

e Kozpinar, S. and Tekin, O., Pricing Equity Options with Stochastic Barrier in
Presence of Jumps, Advanced Modelling in Mathematical Finance, Kiel, Al-

manya, 20-22 May 2015. (Poster Presentation, supervised by Yolcu Okur, Y.).

e Kozpmar, S., Pricing Equity Options with Stochastic Barrier in Presence of
Jumps, 2nd Ankara-Istanbul Workshop on Stochastic Processes, Istanbul, Turkey,

2015, (Poster Presentation, supervised by Yolcu Okur, Y. and Ugur, O.).

e Kozpinar, S., Uzunca, M. and Karastézen, B., Model Order Reduction for Paramet
rized Option Pricing Models, Reduced Basis Summer School 2016, Heder-
sleben, Germany, 3-7 October 2016.

e Kozpinar, S., Yolcu Okur, Y. and Eksi-Altay, Z., Markov-modulated Spread
Option Pricing, 8th General AMaMeF Conference, Amsterdam, Holland, 19-
23 June 2017.

e Kozpmnar, S., Deelstra, G., Simon, M., Pricing Basket and Spread Options un-
der a Markov-Modulated Lévy Framework with Synchronous Jumps, Brussels,

Belgium, 8-9 February 2018 (Poster Presentation).

108



	ABSTRACT
	ÖZ
	ACKNOWLEDGMENTS
	TABLE OF CONTENTS
	LIST OF TABLES
	LIST OF FIGURES
	LIST OF ABBREVIATIONS
	INTRODUCTION
	Motivation and Literature Review
	Aim of the Thesis
	Plan of the Thesis

	PRELIMINARIES
	A Brief Introduction to Continuous-Time Markov Processes
	 Markov-Modulated Black-Scholes Formula
	A Useful Result from Deelstra and Simon
	 Option Pricing with FFT

	PRICING SPREAD OPTIONS UNDER A MARKOV-MODULATED GEOMETRIC BROWNIAN MOTION WITHOUT SYNCHRONOUS JUMPS
	The Market Model
	Pricing Spread Options via Kirk's Approximation Technique
	An Overwiew under GBMs without Regime Switching
	Extension to GBMs with Regime Switching
	A Change of Measure
	Pricing under New Measure 



	PRICING SPREAD OPTIONS UNDER A MARKOV-MODULATED LÉVY MODEL WITHOUT SYNCHRONOUS JUMPS
	The Market Model
	Pricing via Lower Bound

	PRICING BASKET OPTIONS UNDER A MARKOV-MODULATED LÉVY MODEL WITHOUT SYNCHRONOUS JUMPS
	The Market Model
	Basket Option Pricing by the Use of a Lower Bound
	Basket Option Pricing by the Arithmetic-Geometric Mean Inequality

	PRICING SPREAD OPTIONS UNDER A MARKOV-MODULATED LÉVY MODEL WITH SYNCHRONOUS JUMPS
	The Market Model
	Spread Option Pricing by the Use of a Lower Bound

	PRICING BASKET OPTIONS UNDER A MARKOV-MODULATED LÉVY MODEL WITH SYNCHRONOUS JUMPS
	The Market Model
	Basket Option Pricing by the Use of a Lower Bound
	Basket Option Pricing by the Arithmetic-Geometric Mean Inequality

	NUMERICAL RESULTS
	Implementation Details
	Examples

	CONCLUSION
	REFERENCES
	APPENDICES
	PROOFS OF SOME THEOREMS AND LEMMAS
	CURRICULUM VITAE

