GENERALIZED CHILLINGWORTH CLASSES ON SUBSURFACE TORELLI
GROUPS

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES
OF
MIDDLE EAST TECHNICAL UNIVERSITY

BY

HATICE UNLU EROGLU

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR
THE DEGREE OF DOCTOR OF PHILOSOPHY
IN
MATHEMATICS

AUGUST 2018






Approval of the thesis:

GENERALIZED CHILLINGWORTH CLASSES ON SUBSURFACE
TORELLI GROUPS

submitted by HATICE UNLU EROGLU in partial fulfillment of the requirements
for the degree of Doctor of Philosophy in Mathematics Department, Middle East
Technical University by,

Prof. Dr. Halil Kalipcilar
Dean, Graduate School of Natural and Applied Sciences

Prof. Dr. Yildiray Ozan
Head of Department, Mathematics

Prof. Dr. Mustafa Korkmaz
Supervisor, Mathematics Department, METU

Examining Committee Members:

Prof. Dr. Turgut Onder
Mathematics Department, METU

Prof. Dr. Mustafa Korkmaz
Mathematics Department, METU

Assoc. Prof. Dr. Mehmet Firat Arikan
Mathematics Department, METU

Assoc. Prof. Dr. Ferihe Atalan Ozan
Mathematics Department, Atilim University

Assoc. Prof. Dr. Ozgiin Unlii
Mathematics Department, Bilkent University

Date:




I hereby declare that all information in this document has been obtained and
presented in accordance with academic rules and ethical conduct. I also declare
that, as required by these rules and conduct, I have fully cited and referenced all
material and results that are not original to this work.

Name, Last Name: HATICE UNLU EROGLU

Signature

v



ABSTRACT

GENERALIZED CHILLINGWORTH CLASSES ON SUBSURFACE
TORELLI GROUPS

Unlii Eroglu, Hatice
Ph.D., Department of Mathematics

Supervisor : Prof. Dr. Mustafa Korkmaz

August 2018, [61] pages

The Torelli group is the subgroup of the mapping class group that acts trivially on ho-
mology. Putman’s subsurface Torelli groups are an important construction for work-
ing with the Torelli group, as they restore the functoriality essential for the inductive
arguments on which mapping class group arguments are invariably based. The other
important structure on the Torelli group is the Johnson homomorphism. The con-
traction of the image of the Johnson homomorphism is the Chillingworth class. In
this thesis, a combinatorial description of the Chillingworth class is derived for the
subsurface Torelli groups. This thesis also brings in the naturality and uniqueness
properties on the map whose image is the dual of the Chillingworth classes of the
subsurface Torelli groups. Moreover, a relation between the Chillingworth classes
of the subsurface Torelli groups and the partitioned Johnson homomorphism is pre-

sented.

Keywords: the Torelli group, the Johnson homomorphism, the Chillingworth class



0z

ALTYUZEY TORELLI GRUPLARI UZERINDE GENELLESTIRILMIS
CHILLINGWORTH SINIFLARI

Unlii Eroglu, Hatice
Doktora, Matematik Boliimii

Tez Yoneticisi : Prof. Dr. Mustafa Korkmaz

Agustos 2018 , [61]sayfa

Torelli grubu, gonderim siniflar1 grubunun homoloji {izerinde asikar sekilde etki eden
alt grubudur. Gonderim smiflar1 arglimanlarinin zaman zaman dayandirildig: tiime-
varim argiimanlari i¢in funktorliik 6zelliini yeniden kurdugundan dolayr Putman’in
altylizey Torelli gruplar1 Torelli gruplariyla ¢alismada 6nemli bir insadir. Torelli grup-
lar1 tizerinde diger 6nemli bir yap1 Johnson homomorfizmasidir. Johnson homomor-
fizmasimin goriintiistiniin biiziilmesi Chillingworth siifim1 verir. Bu tezde, altyiizey
Torelli gruplari i¢cin Chillingworth sinifinin kombinatoryal bir tanimu tiiretilmektedir.
Bu tez, goriintiisii altyiizey Torelli gruplarinin Chillingworth siniflarinin duali olan
doniistime dogallik ve teklik 6zelliklerini de kazandirir. Ayrica, altyiizey Torelli grup-
lariin Chillingworth siniflar1 ve boliintiilii Johnson homomorfizmasi arasindaki bag-

lant1 sunulmaktadir.

Anahtar Kelimeler: Torelli grubu, Johnson homomorfizmasi, Chillingworth sinifi

vi



To my family

vii



ACKNOWLEDGMENTS

I would like to express my sincere gratitude to my advisor, Prof. Dr. Mustafa Kork-
maz, for his support, patience and vast knowledge. I am thankful for his comments
and advice that he offered so generously during this thesis. His thoughts and com-

ments have always forced me to think things through more carefully.

Many special thanks go to Dr. Ingrid Irmer for sharing her ideas, her enthusiasm for
this thesis. I feel indebted to her for her sincere and continuous support, encourage-
ment, friendly attitude and kind guidance. I doubt that I will ever be able to convey

my appreciation fully, but I owe her my eternal gratitude.

I would like to thank the examining committee members, Prof. Dr. Turgut Onder,
Assoc. Prof. Dr. Ferihe Atalan Ozan, Assoc. Prof. Dr. M. Firat Arikan, Assoc. Prof.

Dr. Ozgiin Unlii for their comments.

I would like to thank to my colleagues and my dear friends El¢in Caliskan, Dr. Hanife
Varly, Dr. Adalet Cengel, Dr. Tiilin Altunéz, Dr. Hatice Coban, Dr. Sabahattin Ilbira,
Merve Secgin. I appreciate them for inspiring study environment and their lovely
friendship. I also would like to thank Sadenur Dogan Aslantatar for her friendship

and moral support especially in my early years in PhD.

I want to thank all members of the Mathematics Department, especially Adem Bulat

and Saadettin Selvitop.

This work is financially supported by TUBITAK-BIDEB National Graduate Scholar-
ship Programme for PhD (2211).

I owe my deepest gratitude to my mother Nazli, my father Tekin, my sisters Safiye and

Bahar, my grandmother Hatice for their endless love, support and encouragement.

Last but definitely not the least, I wish to deeply thank to my husband Alperen for his

support, understanding and love.

viii



TABLE OF CONTENTS

ABSTRACTI. . . . . . . e v
OZ . . . vi
ACKNOWLEDGMENTSI. . . . . . ... o viil
TABLE OF CONTENTSI . . . . . . . . . e X
LISTOFFIGURESI . . . . . o . oo X1
CHAPTERS

1 INTRODUCTION 1

2 BACKGROUND 5

[2.1 The Torelli Group| . . . . . ... ... ... ... .. .... 5

[2.2 ‘The Johnson Homomorphism and The Chillingworth Class| . 7

[2.2.1 The Johnson Homomorphism| . . . . ... .. .. 8

[2.2.2 The Chillingworth Class| . . . . . ... ... ... 10

3 SUBSURFACE TORELLI GROUPS 23
[3.1 Subsurface Torelli Groups| . . . . . . . ... ... ... ... 23

[3.2 The Partitioned Johnson Homomorphism| . . . . . . ... .. 27

4 GENERALIZED CHILLINGWORTH CILLASSES! 35
4.1 Winding Number In The Projective Tangent Bundle| . . . . . 35

4.2 Symplectic Basis for H] (3;7Z) . . . . . . ... ... 42

X



A3

Naturality and Uniquenessofex| . . . ... ... ... ...

‘4.4

Naturality of the Chillingworth Homomorphism| . . . . . . .

REFERENCES!



LIST OF FIGURES

FIGURES

Figure[2.1 A punctured torus and a parallel vector fieldonit| . ... ... .. 12
Figure[2.2 Orientable genus-2 surface with one boundary,| . . . . . . ... .. 14
Figure|3.1 Two different embeddings of >y s into Xy and X . . . .. .. .. 25

Figure 3.2 A partitioned surface (216, {{0;,0;,05},{0:},{07,05}}) and a |

[ totally separated surface containing 1t.|. . . . . . ... .. ... ... ... 28

Figure[3.3 Anembedding (Xo5, { P, }) into (X6, { P, Py}), where P, = {07, 05, 05]0;, 0%},
| P ={0,0,,0Yand P, = {02,0,2,02}] . . ... ... ... ..... 29

Figure[3.4 A partitioned surface (X, 5, {{0}, {0{,05},{07,05},{07,05,05}}) |

| and a totally separated surface containing 1t . . . . ... ... ... ... 29

Figure 4.1 Extension of a subsurface with two boundary components to a sur- |

| face with one boundary component by attaching a sphere with 3 holes.| . . 37

Figure 4.2 Different extensions of S with respect to the same partition.| . . . . 41

Figure 4.3 An example illustrating homology basis elements of H,| (324;Z), |
| where P = {{0;,05,05,0;},{07,05 | . .. ... ... ... 43

Figure 4.4 An example illustrating basis elements of 1 (>, *). . . . . . . . .. 54

Figure 4.5 A basis for the fundamental group of 2; » and bounding pair (7, 0) |
| embeddedin 250 . . . ... oL 55

xi



xii



CHAPTER 1

INTRODUCTION

Let >, ,, be a compact connected oriented smooth surface of genus g with n boundary
components. For closed surfaces, we prefer to use the notation >,. For ¢ > 0 and
0 < n <1, the Torelli group of X, ,,, denoted Z (Zg,n), is the normal subgroup of the
mapping class group M (3, ,,) of X, that acts trivially on H; (X, ,,; Z). We have the

following exact sequence:
1 = ZI(X,,) = M(X,,) — Sp(29,Z) — 1.

In this exact sequence Sp(2g, Z) is well understood, being a matrix group. We there-
fore see that understanding the mapping class group boils down to understanding
Z(3,). Moreover, the Torelli group arises in research areas such as algebraic geom-
etry and 3-manifold theory. For instance, integral homology 3-spheres are obtained

by using the Torelli group.

Inductive arguments on subsurfaces are implicit in most proofs involving mapping
class groups [18, 119, [12]]. In such arguments a certain functoriality property of the
mapping class group is absolutely essential [26]. Proofs in the mapping class group
theory are typically structured as follows: the theorem is proven on a subsurface such
as a pant or a 4-holed sphere. Functoriality is then used to extend the result to a larger

surface.

In [26]], Putman defined the subsurface Torelli groups in order to use inductive argu-
ments in the Torelli group. An embedding of a subsurface 3, ,, into a larger surface
2y gives a partition P of the boundary components of ., ,, recording which of the
boundary components of >, ,, become homologous in X, [5]. Putman [26] defined

the subsurface Torelli group Z(%, ,,, P) by restricting Z(¥,/) to ¥, . Different em-
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beddings of ¥, give different Torelli groups. See Figure [3.1)in Chapter 3. This
is because different embeddings induce different maps from the homology of >,
into the homology of X.. In order to capture this information, Putman defined the
notion of a partitioned surface (X, P), where P is the partition of the boundary

components of X, ,,.

The resulting subsurface Torelli groups, Z(%,,,,P), defined in [26] restore functo-
riality and are therefore of central importance to the study of the Torelli group. For
instance, they were used to give the first complete, verifiable proof that the Torelli
group of surfaces with genus at least 2 is generated by bounding pair maps and Dehn
twists around separating simple closed curvesﬂ The subsurface Torelli groups were
also used to obtain an efficient generating set for the Torelli group in [27]], Theorem

A and Theorem B.

The Johnson homomorphism 7 : Z(3,,) — A” H,(%,1;7Z) is a surjective homo-
morphism. The Johnson homomorphism determines the abelianization of Z(%, ;)

mod torsion in the following sense:

Theorem 1.0.1 ([16], Theorem 3). Forg > 3, Hy(Z(2,.): Z) = WaA® Hy(S,1; Z),
where W consists of 2-torsion and \* Hy(X,1;Z) is the image of the Johnson homo-

morphism.

As no finite presentation for the Torelli group is known, the finiteness information
inherent in the abelianization of the Torelli group is an important tool. For exam-
ple, Putman showed in [27], Theorem A, that Z(X, ;) has a generating set growing
cubically with respect to genus. Theorem [1.0.1] shows that H;(Z(3,,); Z) has rank
cubic in the genus. Since H(Z(X,1); Z) is the quotient of Z (3, ;) by its commutator
subgroup [Z(X,1),Z(3,1)], the number of elements in a generating set of Z(3, ;) is
greater than or equal to the number of elements in a generating set of Hy(Z(X,1); Z).
Therefore, the number of elements in a generating set for Z(¥, ;) must grow at least

cubically in g.

Analogues of the Johnson homomorphism can be found in different parts of math-

ematics, such as 3- manifold topology (e.g. [9], Section 2.3), the geometry of the

! This fact is usually attributed to Birman and Powell [1}25]]. However, the Birman- Powell proof was based
on unpublished material, and generally considered too unwieldy to be checked.
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moduli space of curves (e.g. [11], Section 3 and 4), and number theory (e.g. [20]).

The Chillingworth class is the tensor contraction of the image of the Johnson homo-
morphism. More details can be found in Subsection[2.2.2] The Chillingworth homo-
morphism ¢ : Z(X,,) — H;(X,1;Z) is a homomorphism sending each f € Z(X, )
to the Chillingworth class of f.

In [22], the Johnson homomorphism was extended by Morita to give a crossed ho-
momorphism on the entire mapping class group. Thus, the Chillingworth homomor-
phism can be extended to M(X, ) by composing the extended Johnson homomor-

phism with the tensor contraction.

Morita [21] also proved the following isomorphisms:
H1<M(Eg,1)5 H1(295 L)) = H1<M(zg,*)§ H1(295 Z)) = Z.

Here X, , is obtained by attaching a disc to 0¥, ; with a fixed point *, where each ele-
ment of the mapping class group M (%, ,) is assumed to fix *. Since the cohomology
group H'(M(X,1); H1(X,1;Z)) is infinite cyclic, any two crossed homomorphisms
from M(X,,) to Hi(X,1;Z) differ by a multiplicative constant and addition of a
coboundary. Therefore, any crossed homomorphism M (3, ;) — H;(X,1;Z) re-
stricts to a constant multiple of the Chillingworth homomorphism on Z(%, ;). Earle
[7] first constructed a crossed homomorphism from M(%, ) to H(X,; (1/(2g — 2))Z).
By multiplying this crossed homomorphism by (2g — 2) we get a crossed homomor-
phism M (3, .) = H1(X,;Z). Hence we attribute the definition of the Chillingworth

class to Earle.

In this thesis, we construct a combinatorial description of the Chillingworth class of
the subsurface Torelli groups via winding numbers in the projective tangent bundle.
Given the definition of Putman’s subsurface Torelli groups, the difficulty in finding
a combinatorial description via winding numbers is to make sense of the winding
number of an arc with end points on the boundary of the subsurface. By defining a
difference cocycle on the projective tangent bundle of the surface we are able to make

sense of the winding number of the difference of two arcs.

The rest of this thesis is structured as follows:



In Chapter 2, basic definitions and theorems related to the Torelli group, the Johnson
homomorphism and the Chillingworth class are given. We have provided a survey
of different constructions given by Trapp in [29] and Furuta (see [23]) for obtaining
crossed homomorphisms on the mapping class group using winding numbers. Both

of these constructions have been shown to be equivalent by using difference cocycles.

Chapter 3 presents subsurface Torelli groups defined by Putman in [26]. The parti-

tioned Johnson homomorphism constructed by Church [3] is discussed.

In Chapter 4, we construct a well-defined map ex : Z(3,,,, P) — HT (X4, Z) us-
ing the projective tangent bundle of >, ,,. Here, X is a nonvanishing vector field on
Yynand HT (3, ., Z) denotes the homology group defined by Putman [26]. We show
that €x is a homomorphism. We define a symplectic basis for the homology group
HT(3,..,7Z) and call the dual of €x(f) the Chillingworth class of f. One reason for
calling this dual the Chillingworth class, is that it is shown to factor through the parti-
tioned Johnson homomorphism. Therefore, we obtain a combinatorial description of
the Chillingworth class of the subsurface Torelli groups using the projective tangent

bundle of X ,,.

We use the Torelli category 7 Surf defined by Church [35]], which is the refinement of
the category T'Sur defined by Putman [26]]. The Torelli group is a functor from 7 Surf
to the category of groups and homomorphisms [26]]. For a morphism i : (X, ,,, P) —
(Xg7n7, P") of TSurf and a nonvanishing vector field X on X, ,,, we prove the fol-

lowing:

Theorem 1.0.2. There exists a homomorphism i, such that the following diagram

commutes:

Z(Xyn, P) Z(Xyn, P (1.1

N B

Hom(HT (X,n;Z), Z) —~Hom(HT (X4 v Z), Z)

Here Y is the restriction of X to X .

We also prove that ey is unique in the sense that it is the only nontrivial homomor-
phism such that diagram (1.1)) commutes. We also get a commutative diagram for the
Chillingworth homomorphism ¢(s, , py : Z(Xg.,, P) — H{ (Sg.n; Z).

4



CHAPTER 2

BACKGROUND

In the first section of this chapter, we review the Torelli group. In the second section,
we give definitions of the Johnson homomorphism, which is an important tool in the
study of the Torelli group. Moreover, the Chillingworth class, the contraction of the

Johnson homomorphism, and some of its properties are examined.

2.1 The Torelli Group

We start this section by giving basic definitions.

Let >, ,, be a compact connected oriented smooth surface of genus g with n boundary
components. If n = 0, we denote the surface as >J;. When the genus and the number
of boundary components are not important, we will use > to denote the surface. Let
Diff" (2, ,, 9%,,) be the group of orientation-preserving diffeomorphisms of %, ,
onto itself which fix the boundary components of >, ,, pointwise. The mapping class
group of 3, ., is the group of all isotopy classes of elements of Diff" (%, ., 9%, )
where isotopies fix the boundary pointwise. Let M (X, ,,) denote the mapping class

group of X, .

Throughout this thesis, we will be working with representatives of mapping classes
that fix a neighborhood of the boundary pointwise. We will use the notation f o h or

fh to denote the composition of maps, where h is assumed to be applied first.

Definition 2.1.1. A simple closed curve on %, ,, is an embedding S* — ¥, ,,. An arc
on X, , is an embedding o : [0,1] — 3, ,, such that a=*(0%,,,) = {0, 1}.

When we say a closed curve or an arc, we will generally refer to their images.
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We will denote a curve and its isotopy class by the same notation. A diffeomorphism

and its isotopy class will also be denoted by the same symbol.

When we cut a surface along a simple closed curve v on the surface, if we obtain
more than one connected components, then we call v a separating curve. Otherwise,

~ is called a nonseparating curve.

Let v be a simple closed curve on > ,. A tubular neighborhood of v is homeo-
morphic to an annulus S* x [0,1]. Let ¥ denote a diffeomorphism from the tubular
neighborhood of 7y to S* x [0, 1]. Represent elements of S* by complex numbers of
norm 1. Define a diffeomorphism ® : S! x [0,1] — S* x [0, 1] mapping (z,t) to
(e72mitz t). Notice that  is the identity on the boundary components. The composi-
tion U=! o ® o U gives a self diffeomorphism on the chosen tubular neighborhood of
7. Extending ¥ ~! 0 ® o ¥ to the entire surface by the identity map in the complement
we get a self diffeomorphism of X, ,,. This extended diffeomorphism 7/, is called a

Dehn twist around .
We will now define the symplectic representation and the Torelli group.

There is an action of the mapping class group on the first homology group of the

surface defined as follows:

Let ¢ be a diffeomorphism of the surface >, ; whose restriction to the boundary is
the identity. It is well known that ¢ induces an automorphism ¢, : H{(3,1;Z) —
Hi(X,1;Z). If ¢ is isotopic to 1, then we get ¢, = 1),. Therefore, we have a well-

defined homomorphism

p M(E%l) — Aut(Hl(Egyl; Z))

Since Hy(X,1;Z) = Hi(X,;Z) = Z?9, an isomorphism between Aut(H,(X,1;Z))
and GL(2g,Z) is obtained by choosing a basis for homology. Choose a symplectic
basis {ay,as, ..., a4, b1,be,...,b,} of Hi(X,1;Z), i.e. a basis with the property that

ai-aj:bzwbj:O,
ai-bj:@-j,

forall 1 <14, j < g, where ¢;; is the Kronecker delta and a; - b; denotes the algebraic

intersection number of the homology classes a; with b;. The mapping class group

6



M(X,1) preserves the orientation of ¥, and the intersection pairing. Hence we

have a representation

p: M(Zg1) — Sp(29,Z).

The homomorphism p : M(3,1) — Sp(2g,Z) is a surjective homomorphism (see
[8], Section 6.3.2). It is called the symplectic representation of M (%, ;). Applying

the same argument we also get the surjective homomorphism
p: M(X) = Sp(29, Z).

The subgroup of M(X,) acting trivially on H; (3,; Z) is a normal subgroup of M (3,)
and is called the Torelli group. In other words, the Torelli group is the kernel of the
symplectic representation p : M(3,) — Sp(2g, Z). It will be denoted by the symbol
Z(3,). The notation Z(X, ;) will be used for the kernel of the symplectic representa-
tion p : M(X,1) — Sp(2g, Z). The following exact sequence is obtained:

1= Z(X,1) = M(X,1) = Sp(2¢9,Z) — 1.

Birman and Powell [1}, 25] proved that Z(3, ;) is generated by Dehn twists about
separating simple closed curves and bounding pair maps. A bounding pair (a, 3) is a
pair of disjoint, homologous, nonseparating, simple closed curves. A bounding pair
map is given by 7,75 ! for a bounding pair (a, 3). The genus of a bounding pair
is the genus of the subsurface of >, ; not containing the boundary of >, ;. In [17],
Theorem 2, Johnson showed that for ¢ > 3, Z(X, ) is generated by bounding pair

maps of genus 1.

2.2 The Johnson Homomorphism and The Chillingworth Class

In this section, we give equivalent definitions of the Johnson homomorphism. We
also give the combinatorial description of the Chillingworth class for surfaces with

one boundary component and for closed surfaces.

7



2.2.1 The Johnson Homomorphism

There are various definitions of the Johnson homomorphism. In this subsection, we

will review some of them. For further information, see [[14, 15, 8]].

The Johnson homomorphism was first defined by using the action of Z(3, ;) on the
universal two step nilpotent quotient of the free group 7 := m;(X, 1, *) where * €

0%, [14].
Define elements of the lower central series of 7 as follows:

T =, Ty := [, 7], i o= [m,miq).
Consider the following central short exact sequence

1 — my/m3 — /w3 — 7w/me — 1.

Take two elements a and b of 7/, noting that /7, can be identified with H; (2, 1; Z).
If 4, b € 7/ are lifts of ¢ and b, we obtain an isomorphism between A\* H, (2, 1; Z)

and 7, /75 by sending a A b to [a, b].

The Johnson homomorphism 7 : Z(X,;) — Hom(H,(X,;Z),m/n3) is the ho-

momorphism defined as 7(f)(a) = f(a)a~'. By the previous paragraph we can

identify Hom(H, (3,1; Z), wy/7s) with Hom(H,(%,1;Z), N> Hi(X4.1; Z)). There is
a canonical isomorphism of Hom(H, (2, 1;Z), \* H\(2,.1;Z)) with Hf (3,.1;7) @
N’ Hy(2,1; 7). Ttis also known that H?(3,1; Z) is isomorphic to Hy (3, 1; Z) by the
algebraic intersection pairing. Consequently, the Johnson homomorphism is of the
form 7 : Z(8,1) — H1(X41;2Z) ® \* Hi(X,1;Z). Moreover, Johnson showed that
the image of the Johnson homomorphism is exactly A\® Hy(X,1;7Z). In this way, a

homomorphism
3
T I(Se1) = N\ Hi(S0;Z)

is obtained [[14].
Johnson also defined the Johnson homomorphism on closed surfaces [[14]].

Let D denote a closed disc in 3, and X, ; denote ¥, \ D°, where D° is the interior

of D. Any diffeomorphism of >, ; can be extended by the identity diffeomorphism

8



on D. Therefore, a surjective homomorphism pp : M(X, 1) = M(X,) is obtained.

Consider the following exact sequence
1 —Kerpp = Z(2,1) = Z(2,) — 1.

Since any two liftings f’ and f” of f € Z(X,) differ by a multiple £ € Ker pp,
7(f") = 7(f") + 7(k). Therefore, the Johnson homomorphism on a closed surface is

a surjective homomorphism

71 L(8g) = \ Hi(Sy; Z) /7(Ker pp).

Moreover, \* H,(2,; Z)/7(Ker pp) and 7, (f) are independent of the choice of D. Tt

follows that 7; is a well- defined homomorphism.

Let {a1,b1,as,ba,...,a4,b,} be a symplectic basis for H;(X,;Z). Consider the map
u: Hy\(X,;2) — \® H\(2,; Z) taking = to (3°7_, a; Ab;) Az which is injective when
g > 2. Note that Y 7_, a; A b; does not depend on the chosen symplectic basis [14].

Lemma 2.2.1 ([14], Lemma 7A). 7(Ker pp) = Im u, where Im u denotes the image

of u.

Notice that u is an isomorphism onto its image. Identifying Im u with H,(X,; Z), we

have the Johnson homomorphism in the form
3
71 L(5g) = \ Hi(S4: Z)/ Hi(Sy; Z).
Another definition of the Johnson homomorphism was given by using mapping tori

[15]]. Let f € Z(X, ). Build the mapping torus

X1 X [0, 1]
M=)~

Since f is an element of the Torelli group, for an oriented simple closed curve 7y in

Y41, f([7]) is homologous to [y]. Therefore, there exists an immersed surface S in
¥,1 % {0} whose boundary is v — f(vy). The union v x [0, 1] U S is a closed surface
5, in M;.

Letzx Ny ANz € /\3 H,(X,1;Z) and let us represent each homology class z, y, 2

by an oriented multicurve in X, ;. Let X, %, Y. be the closed oriented surfaces

9



obtained as in the previous paragraph. Then a homomorphism 7 : Z(X,;) —
Hom(A® H,(%,1;7),7) that agrees with 7 is defined to be 7(f)(z Ay A 2) =

g 2y - 2, where X, - Xy, - X, denotes the algebraic intersection number.

In [[15]], Johnson gave a third definition of the Johnson homomorphism via the Jacobi
variety of ¥, .. Recall that 3, , is obtained by attaching a disc to 93, with a fixed
point * and each element of the mapping class group M(%, ) fixes *. For further

information, see [11, 6]].

In [24], a combinatorial description of the Johnson homomorphism on X, . is given

by using the action of the mapping class group on the decorated Teichmiiller space.

2.2.2 The Chillingworth Class

In this subsection, we will give basic definitions and constructions. This section also
provides a survey of the different ways in which it is possible to use difference cocycle

to obtain crossed homomorphisms on the mapping class group.

Let us choose a Riemannian metric on X, ,, with which we define a norm on 7,3 ,,,
the tangent space to X, , at v € X, ,, for each x € Y, ,. The unit tangent bundle
UT(%,,) is a fiber bundle that consists of vectors of unit length in the tangent bundle
TYgn.

Winding Number: Now we will give the definition of the winding number given by
Chillingworth from [3]]. Informally, given a nonvanishing vector field X, the winding
number of a smooth closed oriented curve v on a surface is defined as the number
of rotations its tangent vector makes with respect to X as -y is traversed once in the

positive direction.

Recall that, to start off with, we are assuming the surface has nonempty boundary
so that a nonvanishing vector field X on X, exists. By choosing an appropriate
parametrisation for a smooth closed curve, it can be assumed without loss of general-

ity that the curve has a nonvanishing tangent vector at each point of the curve.

Lets : ST — ¥, be a smooth closed oriented curve with s(S*) = ~ and pr :

UT(X,,) = X, be the natural projection map sending each unit vector v € 7, ,,

10



to z. We can define a pullback of the unit tangent bundle by s. The total space of the
pullback bundle is defined as follows:

{(z,v) € S" x UT(%,.,) : s(2) = pr(v)}

If pr® : T2 — S! denotes the projection map onto the first factor, there is a map F

which is an isomorphism on each fiber such that the following diagram commutes:

T —LUT(3,,) 2.1)
prsk lp”‘
Sl 5 29171

Here T? denotes a torus, S* x S?.

Given a vector field X, we can construct a section X : S s T2 such that F o X°® =
X o5 where X(z) = X (z)/|| X (z)|| for z € Y4 This section is defined so that
X*(2) = (2,X(s(2))) for every z € S'. As one can notice that X* represents an
element of 7;(T?). Since the fundamental group of the torus is abelian, we do not

write the base point in the expression of the fundamental group of T=.

By using the tangent map ds : T'S* — T, ,,, we get a map dos : ST — UT(3,,)
defined by

dos(z) = ds((2,1))/[|ds((z, 1)) ls(z)-

The latter map pulls back to a unique section Y* : ST — T? such that F o Y* = ds.
The projection map pre induces the homomorphism pre : 7 (T?) — m(SY). If Ey
denotes the fiber, S!, and i* : E; — T? is the inclusion map, we have the following
exact sequence

0— 7T1(E0) — 7T1(']T2) — 7T1(Sl).

Since pri(X®) = pri(Y”), we get

Z's (ws) — Ys(Xs)—l

*

for some unique w® € m(Ep). A choice of orientation of 7%, ,, for x € ¥, ,, induces
an orientation of £y. Therefore, we can identify w® with an integer. The winding

number wx () of vy with respect to X is the integer w?®.

11



Lemma 2.2.2 ([3], Lemma 2.6). Let X be a nonvanishing vector field on X, ,,. If vy
is a nullhomotopic, smooth simple closed curve, then wx () = +1 depending on the

orientation of .

Theorem 2.2.3 ([3l], Theorem 5.3). Let X be a nonvanishing vector field on X ,,. Let
Y1 and 7, be smooth homotopic closed curves which are not null homotopic. Assume

that both of them are in minimal position. Then they satisfy

wx (1) = wx(72)-

Let = be a point on ¥, ,,. We can define a function wy : m(2,,, ) — Z such that
for any nontrivial element § € (2, ,, ), Wx () is defined to be wx () where ~ is
a smooth closed oriented curve in minimal position which is homotopic to 5. See [3],

Definition 2.8.

By Lemma it is easily seen that wx : w1 (X, z) — Z is not a homomorphism,
as illustrated by the following example from [3]. Let >; ; be a punctured torus and X
be a parallel vector field on >J; ; with respect to a Euclidean metric, as shown in Figure
n Let  be a point on X; ;. Choose generators of 7;(X; 1, ) such that the tangent
to a is everywhere parallel to X, and the tangent to b is everywhere perpendicular to
X. Then wx(a) = wx(b) = 0. The commutator of ¢ and b is freely homotopic to the
boundary of ¥ ;. However, in Figure [2.1/ one can see that wx (aba™'b1) = +1 #
wx(a) +wx(b) —wx(a) — wx(b).

P by
LA AR 2222 R Y
VYVTYYYYYYYYYY

) MHHQHHN )
VYVYYYYYYYYYYY
VYVYYYYYYYYYYY
RRRR222NRRILT’

Figure 2.1: A punctured torus and a parallel vector field on it.

Lemma 2.2.4 ([3], Lemma 5.7). Let 0, 0s, . .., 0,, be boundary components of £,

with the orientations induced from ¥, ,,. If X is a nonvanishing vector field on %,
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then

n

wa(ai) =+(n+29 - 2).

i=1

The sign depends on the orientation of ¥, ,,.

Difference Cocycle: We will define the difference cocyle introduced by Chilling-
worth in [3]]. In fact, this definition is based on the obstruction theory exposed in

[28]]. In Part III of [28]], the difference cochain is explained in detail.

For two nonvanishing vector fields X; and X, and for a Riemannian metric on %,
one can define sections X; and X, of UT(%,,) by X, (z) :== Xy(z)/||X1(z)| and
Xo(z) := Xo(z)/|| Xo(2)|| for z € Y0 Lety = s(S') be a closed oriented curve.
Consider the diagram (2.1). The compositions X5 and X5 pull back to unique
sections X? and X3 from S! to T2, respectively. We have i (u®) = X$(X3)~! for

some u® € m (Ey) = Z. We can identify u° with an integer.

The following definition is given by Chillingworth in [3]], Section 4.

Definition 2.2.5. Let vy, v, ..., V2g1n—1 be smooth simple closed curves on ¥,
based at x, whose homotopy classes generate w1 (X, x). Then {{v1], [va], . .., [Vag4n—1]}

is a basis of Hi(X,,,; Z). A difference cocycle is a homomorphism
d( X1, Xs) : H1(Xy0,Z2) = Z
sending each basis element [v;] to the corresponding number u*', where v; = s;(S').
Let v = s(S') be any closed oriented curve. Since 7 is freely homotopic to a product
of v; or their inverses, from the definition of u° we have
ut = d(Xy, Xa)[y]-

From the definitions of difference cocyle and winding number of a smooth closed

oriented curve 7, we get the following lemma:

Lemma 2.2.6 ([3]], Lemma 4.1). d(X1, X5)[y] = wx,(7) — wx, (7).

It may not be clear that d(X;, X5) is well-defined. That is, one may not see that the

image of [y] does not change for different choice of representatives. First, consider the
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Figure 2.2: Orientable genus-2 surface with one boundary.

following example. Then we will explain well-definedness of the difference cocycle

in the general case.

Example 2.2.7. Consider a cellular decomposition of Yo ,. Take a O-cell x on the
boundary of Y1. Choose 1-cells ay, by, as, by, c as shown in Figure There is a
single 2-cell ¥ 1\ {a1, b1, as, ba, ¢} which will be denoted by . Let (T) and (x) be the
free abelian groups with bases {7} and {x}, respectively. Let (a1, b1, as, bo, c) be the

free abelian group with basis {ay, by, as, by, c}. We have the cellular chain complex

0—(7) s (a1, by, a3, by, ) = (z) — 0.

The image of 0y is O2(T) = a1 + by —a; — by + ag + by — ag — by + ¢ = ¢. Here 0y

denotes the boundary map.

For two nonvanishing vector fields X, and Xy on Yo,, we have a map d(X;, Xs)
assigning an integer to each generating 1-cycle. This map is defined on the free
abelian group generated by {ay, by, as, by, c} and has image in 7. We want to show
that it induces a map from Hy (33 1;7Z) to Z. Since the boundary of the two cell is c,
we need to show that d(X1, X5)(c) = 0.

By Lemma[2.2.4} we have wx, (¢) = wx,(¢) = —3. By Lemma[2.2.6] d(X1, X5)(c) =
wx, (c) —wx, (¢) = 0 is obtained. Moreover, again by Lemma and Lemma2.2.6|
it can easily be seen that for any separating curve v we have d(Xi, X3)(y) = 0.

Hence we have a homomorphism
d(Xl, XQ) : Hl(ng; Z) — 7.
The map is defined analogously for >, ,, when g # 2 and n > 1. We need to show

that d( X1, Xs)(c1 + ca + ... 4+ ¢,) = 0, where {c;} are 1-cells around the boundary
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components. By Lemma[2.2.4] we have

Z Wx, (Cl> = Z WX, (Cl)

By Lemma [2.2.6] we conclude that
Z d(X1, X2)(c;) = Zsz(Ci) - wal(ci) =0.
i=1 i=1 i=1
Since d(X;, X5) is defined on the free abelian group generated by 1-cycles and has

image in Z, it is a homomorphism. Therefore,

D d(Xy, Xo) () = d(Xy, Xo)(e1 + ... + ) =0,
i=1
as desired. Thus, a cell complex structure on >, ,, gives an analogous homomorphism

d(Xl,XQ) : Hl(Egﬂ“Z) — 7.

The Chillingworth Class: Difference cocyles will enable us to define the Chilling-
worth class introduced first by Earle in [7]. See also [4]. We will give the Johnson’s
definition from [14]. In [14], Johnson defined the following homomorphism

e: 2(2971) — Hl(Zg,l; Z)

such that e(f)([7]) = wx(fv) — wx (7). To show that e(f) is really a cohomology
class, the difference cocycle will be used. Observe that wyx (fvy) = wx(7y). There-
fore, we have the equality wx (fvy) = ws-1x (7). We obtain that

e(f)h] = wx(f7) —wx(v) = w-x(y) —wx(y) = d(X, X))
We conclude that e( f) is a difference cocycle.

Lemma 2.2.8 ([14], Lemma 5A). The cohomology class e( f) does not depend on the

chosen vector field X.
Lemma 2.2.9 ([14]], Lemma 5B). The map e is a homomorphism.
For f € Z(X,1), in Section 5 of [14]], Johnson dualized the class e( f) to a homology

class t( f) defined as follows: [y]-¢(f) = e(f)[y] . The homology class ¢( f) is called
the Chillingworth class of f.
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Another combinatorial description of the Chillingworth class can be given by using
curve complexes. In [13]], Irmer proved that the Chillingworth class can be defined to

be a signed stable length function. However, we will not explain this definition here.

Let C: N> Hi(2,1;7) — H,(2,1;Z) be the tensor contraction map given by
ClaANynz) =2z y)z+(y-2)z+ (2 )y,
where - denotes the intersection pairing of homology classes.

For example, C'(a; A by A by) = 2by where {ay, b1, as,bs, ..., a4, b,} is a symplectic

basis of H1(X,1;7Z).

Theorem 2.2.10 ([14], Theorem 2). For f € Z(X,1),t(f) = C(7(f)), where T is the

Johnson homomorphism. Equivalently, the following diagram is commutative:

I(Zg,l) - /\3 Hl(zg,l;Z)

I

Hi(Xg1;2)

Corollary 2.2.11 ([14]], Corollary 1). Let f = TgT{l with (3, 9) a pair of disjoint,
oriented, simple closed curves bounding a subsurface of ¥, 1 of genus k. Thent(f) =

2k[5].

Now we want to define the first cohomology group H'(M(X,1); H(3,1;Z)) of
M(%, 1) with coefficients in H'(3, 1; Z) [2,21].

There is an action of M(X, ;) on Hy(X,1;Z) via the symplectic representation p as
in Section If we identify H'(3,1;Z) with Hom(H,(%,1;7Z),Z), the action of
M(S1) on H'(S,137) is defined to be gyu(x) = u((6);'(2)) = u(p(67)(2)).
where ¢y € M(2,1),u € H(X,1;Z) and x € H,(3,1; 7).

Let ZYM(X,1); H (X,1;Z)) denote the set of all crossed homomorphisms d :
M(3,1) = HY (S, 1;Z). A crossed homomorphism d is a function d : M(3,1) —
HY(X,1;Z) such that d(¢1¢2) = d(¢1) + ¢1d(¢2) for any ¢1, g2 € M(Z,1).

Let m be a fixed element of H'(3,1;Z). Define a function d,, : M(X,;) —

HY(X,1;Z) by d,,(¢1) = ¢1m — m. Such a function d,,, is called a principal crossed
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homomorphism. Let B'(M(X,1); H'(X,1;Z)) denote the set of all such principal

crossed homomorphisms.

The first cohomology group of M(X, ) with coefficients in H'(3,1;Z) is defined
as Z'(M(Zg,1); H' (8,13 2)) / BY (M (Zg.); H' (8,13 Z)).

Similarly, we can define H'(M (X, 1); H1(X,1;Z)). Let ZH(M(2,1); Hi(X41;Z))
be the set of all crossed homomorphisms from M (X, ) to Hy(X,;Z). For a fixed
m' € Hy(X,1;Z), a principal crossed homomorphism d,,,, is defined as d,,/(¢1) =
(¢1)em’ —m/. Let BH(M(X,1); H1(X,1;Z)) be the set of all such principal crossed

homomorphisms. Then
H (M(Sg0); Hi (Sg1:2)) 1= ZHM(Sg0); Hr(S0. ) BN M (S.); H (813 Z)).

We can obtain crossed homomorphisms via difference cocycles. Two crossed homo-
morphisms defined by Trapp and Furuta will be defined and then it will be shown
that these definitions are equivalent by realizing that they are difference cocycles. Of

course, this is not a new result. Morita and Trapp were aware of this.

In [29], Trapp defined a crossed homomorphism
ex t M(Z,1) = H' (Z,1;7Z)

as follows:
ex(f)] = wx(f7) —wx(7)
forany f € M(X,1), [y] € H1(341;Z). Here X is a nonvanishing vector field on

>4.1. Trapp showed that ex is a crossed homomorphism such that

ex(fh) = ex(f)p(h) +ex(h)

forany f,h € M(X, 1), where p : M(3,1) — Sp(2¢; Z) is the symplectic represen-

tation.
We now outline the construction of a crossed homomorphism from [23]], Section 4.

Recall that there is a Riemannian metric on ¥,;. Let f € M(X,;) and X be a
nonvanishing vector field on ¥, ;. Consider the vector field fX. Note that fX is

nonvanishing since X is nonvanishing. Let S' denote the set of angles mod 2.
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Furuta defined a mapping

@f : 2911 — Sl

as follows: Let the map ©(p) := Z(X,, (fX),) measure the angle mod 27 from X,
to (fX), with respect to the fixed orientation on 3, ;. Consider the cohomology class
0] :== ©3([S"]) € H'(Xy.1;Z), where [S'] is the generator of H'(S";Z). Taking
the Poincaré dual of [O], we get kx(f) € Hi(X,1;7Z). Namely, Furuta defined a
mapping ky : M(X,1) = Hi(X,1;Z) which is well-defined depending only on the

choice of the nonvanishing vector field X.

Proposition 2.2.12 ([23]], Proposition 4.1). The map kx : M(¥X,1) = H1(241;7)
is a crossed homomorphism. Its cohomology class [kx| does not depend on the non-

vanishing vector field X and is a generator of H*(M(X,1); H1(X,1;7Z)).

Now our aim is to relate these two crossed homomorphisms introduced by Furuta and

Trapp.

Proposition 2.2.13. The crossed homomorphism defined by Trapp is related to Fu-
ruta’s definition by [©;-1][y] = ex(f)[] for any [ € M(E,1) and any [y] €
H1 (Eg,l; Z)

Proof. Let X be a nonvanishing vector field on X,;. By the construction of the

difference cocycle, if X and f~1X rotate m and n-times, respectively, around the
fiber on the unit tangent bundle UT'(X, ;) restricted to , X* and ]7—\1;5 are homo-
topic to maps sending 0 to (6, m#) and 6 to (6, nf), respectively. Here S* denotes
the set of angles mod 27. By composing with the projection map on the second

component pro : T2 — S, we get pro o X* : S! — S sending 6 to mé and

S
proo f~1X : S' — S'sending 6 to nf. We can consider the image of the difference

cocyle d(X, f~1X)[] as the degree of the map S* — S* sending 6 to (m — n)0.

Now consider the map © ;-1 : 3,57 — S* such that ©,-1(p) = Z(X),, (f ' X),).
Observe that d(X, f~'X)[y] = deg(©;-1],). Indeed, the induced map (O;-1), :
H(X,1;Z) — H;(S*;Z) will give us a cohomology class, which is d(X, f~1X),
after identifying H,(S';Z) with Z.
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Consequently, we have

O] = (©-1):([7]) = deg(©-1],) = d(X, f X)[7] = ex ()]

for any smooth representative . [

Dualize ex(f) to a homology class tx(f), i.e. tx(f) is defined by [y] - tx(f) =
ex(f)[v]. Then tx : M(X,1) — Hi(X,1;Z) depends on the choice of the non-
vanishing vector field X. By using the same method used in the proof of Proposi-

tion [2.2.12] we can show that tx is a crossed homomorphism and the cohomology

class [tx] € HY(M(2,1); Hi(3,1;Z)) is independent of the vector field X.

The Chillingworth Class for Closed Surfaces: When a surface of genus at least 2
is closed, any vector field on the surface has singularities. This makes it necessary to

modify the definition of the Chillingworth class for closed surfaces.

First, assume that X is a vector field on R? and it has an isolated singularity at the
origin. Consider a circle around 0 so that there is no other singularity inside this

circle. Define the index of X at 0, denoted by indy(X), to be the degree of the map

. ql 1 _ X(»)
u:S =98 u(z) = X
Namely, the index of a singularity of a vector field is the number of revolutions
counted with sign made by the vector field when S! is traversed once in a coun-
terclockwise direction. If the vector field makes one counterclockwise turn along S*,
then the index of the singularity is +1. If the vector field makes a clockwise revolu-

tion, the singularity of the vector field has index —1.

Now, let X be a vector field on the closed oriented surface >, and let X have an
isolated singularity at v. For every point y € %, there is a neighbourhood U of y in
33, diffeomorphic to an open disc D C R?. Let ¢ : D — X, be alocal parametrization
sending the origin of R? to v. Notice that for each z € D, there is an isomorphism
d¢, from R? to the tangent space of ¥, at ¢(z). If we pull back X on 3, by ¢, we
get a vector field on D. Note that d¢, is an isomorphism of R? with T},)3, for each
x € D. The pullback of X is given by

¢ X (x) = do; X (6()).
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Notice that if X has a singularity at v, then ¢*X has a singularity at 0. Define the
index of X at v as ind, (X) = indy(¢*X). This definition is independent of the choice

local parametrization. For more information, see [[10].

Theorem 2.2.14 (Poincaré). Let X be a smooth vector field on a smooth closed ori-
ented surface X. with only finitely many singularities p1,ps, . .., pn. Then the sum of

the indices of X equals the Euler characteristic of the surface:

n

Z ind,, (X) = x(2).

i=1

Poincaré proved this theorem in 1885. Then Hopf generalized this theorem for higher
dimensional manifolds in 1927. In the general case, it is called the Poincaré- Hopf

Theorem.

By using this theorem we can conclude that if the genus of a closed surface X, is

greater than 1, it will not admit any continuous nonvanishing vector field.

Chillingworth defined the winding number of homotopy classes of curves on surfaces.
To make this work, it is necessary to assume that all the singularities are concentrated

at one point v with index 2 — 2g.

Theorem 2.2.15 ([3], Theorem 6.1). Let X be a vector field with only one singularity
v. Let v, and 5 be two smooth, homotopic closed curves not passing through v which
are not null homotopic. Assume that both of them are in minimal position. Then they

satisfy

wx(71) = wx(y2) mod (2g — 2).

We are now ready to give the definition of the Chillingworth class on closed surfaces
>, (cf. [14], Section 6). By following the same method in the definition of the Chill-
ingworth class of f* € Z(X,,), we obtain a well-defined class ¢(f) in 2H;(X,;Z)
mod (2g — 2) for f € Z(X,).

The following theorem shows that ¢(f) = C(7(f)) for any f € Z(3,).

Theorem 2.2.16 ([14], Theorem 3). For g > 2, we have a commutative diagram
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N

0— K — N\’ Hi(%,;Z)/H, (%, Z) —>H1 (Z4;Z)mod (g —1) — 0

2

where C : \* H\(24;Z) — Hy(X,;Z) is the tensor contraction map and K =

Ker C. The row is exact and the Johnson homomorphism T is surjective.
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CHAPTER 3

SUBSURFACE TORELLI GROUPS

In this chapter, we introduce the subsurface Torelli groups and the partitioned Johnson

homomorphism. This chapter is required background for the next chapter.

3.1 Subsurface Torelli Groups

We start this section by giving basic definitions from the category theory. We then
define the subsurface Torelli groups and give properties of them. This section is based

on the work of Putman in [26].

Definition 3.1.1. A category C consists of the following data:

e A collection Obj(C) of objects A, B,C, . ..

e For every pair of objects A, B € Obj(C), a collection Morp.(A, B) of mor-
phisms f, h k, ...

Each morphism specifies domain and codomain objects. The notation f : A —

B denotes a morphism with domain A and codomain B.

e Each A € Obj(C) has an element ids of Morpy(A, A), called the identity

morphism on A.

e Given morphisms f : A — Band h : B — C, there is a composition h o f :
A—C.

These data must satisfy the following properties:
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o If f € Morps(A,B), h € Morp.(B,C) and k € Morp.(C,D), then k o (h o
f)=(kohyo .

o If f € Morp,(A,B), thenidgo f = f = f oida.

Definition 3.1.2. Let C and D be two categories. A functor F' from C to D, denoted
F : C — D, is a morphism sending each object A € C to an object F(A) of D and
each morphism f € Morpq(A, B) to a morphism in F(f) € Morppy(F(A), F(B))

such that

o ['(ho f)=F(h)o F(f)forall f € Morp.(A,B) and h € Morp.(B, C),
o F(ids) = idpa) for all A € Obj(C).

Definition 3.1.3. Letr F' and G be two functors from C to D. A natural transformation
is an assignment to each A € C a morphism ns : F(A) — G(A) in D such that for

every morphism f : A — B in C, the following is commutative in D.

F(A) —% F(B) 3.1)

Suppose that a compact connected oriented surface > with boundary is embedded in a
compact connected oriented surface >'. Leti : 3 < X’ be an embedding and identify
Y with ¢(X). The inclusion map i induces a map i, : M(X) — M(X') between
mapping class groups, defined by extending diffeomorphism > — ¥ to ¥/ — ¥
by the identity on ¥’ \ ¥. In other words, let C be the category such that objects
are surfaces and morphisms are embeddings. Let D be a category whose objects are
groups and whose morphisms are homomorphisms. The mapping class group, M, is

a functor from C to D.

Putman defined in [26] the subsurface Torelli groups such that the Torelli group is
a functor. In order to get functoriality he introduced the notion of partitioned sur-
faces. The following example shows the necessity of the partitioning of boundary

components of the subsurface.
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Example 3.1.4. Assume that we have two embeddings of X, 5 into closed oriented

surfaces of genus 4, ¥, and ¥, as in Figure Let v : Y15 < Y4 be the em-

bedding on the left-hand side and j : ¥15 — X be the embedding on the right-

hand side. Assume that we have a subgroup T(%; 5) satisfying i.(Z(X15)) C Z(X4),
CHZ(E) =Z(315) and 5. (Z(X15)) C Z(XZ)), 7. HZ(2))) = Z(2q5).

24 .2’4

Figure 3.1: Two different embeddings of 3, 5 into ¥4 and X.

On the right-hand side in Figure T, is an element of Z(X)). From the equality
JoHZ(2Y) = Z(215), we get that T, is an element of Z(315). By i.(Z(315)) C
Z(X4), we obtain that T, is an element of Z(X,). But, since vy is not a separating
curve on ¥4, T, is not an element of Z(34). We get a contradiction. Thus, there is not

such a group. We conclude that i;*(Z(%,)) and j71(Z (X)) are different groups.

Therefore, it is necessary to define the notion of a partitioned surface. A partitioned
surface is the pair (3, P) consisting of a surface ¥ and a partition P of the boundary

components of >.. Each element P, of P is called a block.

For a given embedding 7 : ¥ — X, let the connected components of >, \ X° be
{So,S1,...,5n} and let Py denote the set of boundary components of .Sy for each

k € {0,...,m}. Here, ¥° denotes the interior of 3. Consider the partition
P:{P(),Pl,...,Pm}.
Theni : ¥ < X, is called a capping of (X, P) (c.f. [26]).

Definition 3.1.5 ([26]]). For a partitioned surface (%, P), the subsurface Torelli group
(%, P) is defined as the subgroup i, * (Z(3,)) of M(X) for any capping i : ¥ — %,,.

In [26]], Section 3, a special homology group H7 (3;Z) is defined on a partitioned
surface (32, P) such that Z(3, P) is the kernel of M(X) — Aut(HY (X; Z)).
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Consider a partition

P={{0f,....,00 },.... {0, ..., 0" }}.

Suppose the boundary components &/ are oriented so that > i (0] = 0in H\(Z;Z).
Define the homology group

H) (S5Z) = Hy(S: Z)OHT (S Z),
where
OHT (S Z) = (([01] + ...+ [04,]), - - . ([07] + ...+ [0 ])) C Hi(Z: Z).

Definition 3.1.6 ([26], Section 3.1). Let (X, P) be a partitioned surface, and let Q
denote a set containing one point from each boundary component of Y.. The homology
group HT (3;7Z) is defined to be the image of the following subgroup of H,(%, Q; Z)
in H\(%, Q;Z)/0HT (% Z):

({[h] € H1(X, Q;Z)| either h is a simple closed curve or h is an arc a connecting

two boundary curves in the same block of P and with Oa € Q})

One can easily see that M(X) acts on H] (3;Z).

Theorem 3.1.7 ([26], Theorem 3.3). The subsurface Torelli group Z(3,P) is the
subgroup of M(X) that acts trivially on HT (3; Z).

A P-separating curve on a partitioned surface (3, P) is a simple closed curve « with
[v] = 0in HT(X;Z). A P-separating curve is a separating curve on X, for any
capping X — X,. A twist about P-bounding pair is defined to be T, 7" !, where v,

and 7, are disjoint, nonisotopic simple closed curves and [y,] = [v2] in H] (3;7Z).

Similarly, a P-bounding pair is also a bounding pair on >}, for any capping X < X,.

Theorem 3.1.8 ([26], Theorem 1.3). For g > 1, I(X,,, P) is generated by twists

about P-separating curves and twists about P-bounding pairs.

A category T'Sur was defined in [26]. The objects of TSur are partitioned sur-
faces (X, P) and the morphisms from (3, ,,,,P1) to (£, n,, P2) are exactly those
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embeddings i : X, ., <> g, ,, Which induce morphisms i, : Z(Z,, ,,, P1) —
Z(X4,.ny, P2). The embeddings satisfy the following condition: for any P;-separating
curve v, the curve i(y) must be a P,-separating curve. In this thesis, we will use the
refinement of this category defined by Church in [5]]. See Definition [3.2.2]in the next

section.

Theorem 3.1.9 ([26], Theorem 3.6). Let (X, 1., P1) and (3, »,, P2) denote parti-

tioned surfaces. If there is an embedding i : X4, ,,, — X, n,, then
b (I(EQLNI ) Pl)) - I(ngma PQ)

if and only if i is a morphism in the category TSur.

The next theorem shows that partitioning the boundary components is a minimum

requirement for obtaining functoriality.

Theorem 3.1.10 ([26], Theorem 3.8). Let i : Xy, ,,, < X, n, be an embedding. If
P, is a partition of the boundary components of ¥, ,, then there is some partition

P of the boundary components of Xy, n, so that Z(X, 5., P1) = iy (T (Xgynss Po))-

*

3.2 The Partitioned Johnson Homomorphism

In this section, we define the partitioned Johnson homomorphism given by Church in

[S].

A totally separated surface is a surface with a partition of the boundary components

such that each element of the partition contains only one boundary component.

Remark 3.2.1. Given a partitioned surface, a minimal totally separated surface con-
taining Y. can be constructed as follows: Let . be given with a partition P. For each
P € P with |P| = n, we attach a sphere with n + 1 boundary components to the n
boundary components in P of 3. to obtain S with a partition P. Each element of the
partition P contains only one boundary component. If it is needed to fix basepoints
* on O and * on 32 the assumption is also made so that basepoints * and * are on
the boundary of the same n + 1 holed sphere attached to 3.. The resulting surface is
an example of what will be called a totally separated surface. See Figure[3.2] as an

example.
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o1

o
Figure 3.2: A partitioned surface (3¢, {{0}, 05,04}, {07}, {0?,03}}) and a totally

separated surface containing it.

Notation: Given a partitioned surface (3, P), the partitioned surface (3, P) will

denote a minimal totally separated surface containing ..

Note that H f (i], 7Z) is isomorphic to HY (3;7) and it can be considered as the first
homology group of the closed surface X obtained by attaching a disc to each boundary

component of 5.

Definition 3.2.2 ([3]], Section 2.3). The Torelli category T Surf is the category defined
as in the previous section with some additional conditions. Objects of this category
are partitioned surfaces (X, P, x). A morphism from (31, Py, x1) to (X2, Pa, *2) is an

embedding i : Y1 — Yo satisfying the following conditions:
e | takes Pi-separating and P,-nonseparating curves to Py-separating and Po-
nonseparating curves, respectively.
e x; and *o can be connected by an arc in Y5 \ 3.
e | extends to an embedding?: il — ig.
The embedding illustrated in Figure is not a morphism in 7 Surf. Because there
is no embedding from 2275 to 2676.

Note that if we have a morphism 7 : (31, Py, %1) — (X2, P2, *2), then there is an

embedding il 5 Y.

If we are not dealing with the fundamental group of the partitioned surface (X, P, %),

we will not mention * and denote the partitioned surface simply by (X, P).

By means of the third condition for a morphism i : (3;,P;) — (X2,Ps), one
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Figure 3.3: An embedding (X35,{P1}) into (X¢¢,{P], P5}), where P, =
{8117 857 8217 ai? 85}}’ Pll = {8117 aél) aél} and PQ/ = {8/127 8527 8;;2}

can define the induced map H;(S1:Z) — H;(So;Z) canonically. We get a map
H 173 "S5 Z) — H 173 2($,: Z) by using the first condition in the definition.

In order to define the Johnson homomorphism on a partitioned surface, Church con-
structed the lower central series of the fundamental group on a partitioned surface
(33, P, *). Take m := m (X, *) and define T'(3, P) to be the kernel of the composition
m (%, %) = Hy (S Z) — HE (5 2).

Lemma 3.2.3 ([5]], Lemma 3.1). Let (3, P, %) be a partitioned surface and let P =
{Py, Py, ..., P.}. Consider a P- separating curve ~; which separates all boundary
components in the block P; from all boundary components in the block P; for i # j
when the surface is cut along it. Let (; € T be a representative of ~y;. Then T'(X,P)
is generated by [, | together with (i, . .., (c.f. Figure[3.4).

23

Figure 3.4: A partitioned surface (X, g, {{9V}, {0],04},{0%,05},{03%,03,03}}) and

a totally separated surface containing it.
Consider the central series defined by

ff=m  d=TEP), af={al, L) 7)) forj >3
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Let 7 denote 7, (3, %). Since T(32, P) is the kernel of the composition 7 — H, (3 Z) —
Hlﬁ(i; 7) and the composition is surjective, we obtain that 7/7(3, P) = Hf(i; 7).

To define the partitioned Johnson homomorphism, start with the short exact sequence
1= T, P)/[TE,P),7] = 7/[T(E,P),7] = 7/T(E,P) — 1,
or renaming the terms in this short exact sequence, we get
1 N(Z,P) = E(S,P) = H(5:Z) — 1.

Considering this exact sequence, the partitioned Johnson homomorphism is defined
similarly to the original definition of the Johnson homomorphism after guaranteeing

that the Torelli group Z(3, P) acts trivially on N (3, P) and H 173 (5;7).
The Torelli group Z(%, P) acts trivially on N (X, P) and Hf(i; Z) (c.f. [3]).

Definition 3.2.4 ([3], Chapter 5). The action of Z(X, P) on E(S, P) = 7/[T(S, P), 7]

gives a homomorphism
Twp) : I(S, P) — Hom(HT (5 Z), N(S, P))

which will be called the partitioned Johnson homomorphism. The partitioned John-

son homomorphism is defined as follows:

Tz,p)(9)(7) = p(2)77,

where T € T is a lift of v € Hf(f);Z).

Note that well-definedness of 7(x ) comes from the definition of the Johnson ho-
momorphism. More explicitly, if Z’ is another lifting of x, we have &' = 3/ for
some y' € N(X,P). Let ¢ € Z(X,P). Then ¢(z) = x and p(Z) = y& for some
y € N(X,P). Since Z(X,P) acts trivially on N (X, P), we obtain that ¢(7') =
p(Ty') = o(@)p(y") = 0(2)y'. Therefore, we get p(3)7" ™" = p(2)y'(Ty") " =
©(z)2~! = y. As one can notice, we use the same notation ¢ for the induced maps
on 7, E(3,P) and Hf@, Z). By using the fact that N (X, P) is central, it can be
shown that 7(s, py() is a homomorphism. By using the fact that Z(X, P) acts triv-
ially on N (3, P) and Hf(i Z), we get that 7(5; py is a homomorphism.
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Given a surface (X, P, *) with P = { Py, Py, ..., P}, let z; be the boundary compo-
nent of 3. corresponding to P; € P for each 1 < 7 < k. The image of the generator ZZ
of T(S, P) in N(X, P) is the generator z.

Let A; be an arc from the basepoint * to z;, (see Figure as an example). For
each P;, we obtain a map N(X,P) — Z by intersecting elements with arcs A;. In
particular, if Z € 7 represents the class z € N(X,P), let x - A; denote the algebraic

intersection number of & with A;. This number is independent of the choice of A; [5]].

Definition 3.2.5 ([5], Definition 5.5). The homomorphism
5; : Hom(HP (5, Z), N(Z,P)) — HP (S 7)

is defined to be
flx) - Ai =z - 0:i(f).

The image of 7(5x p): Unlike the classical Johnson homomorphism N (X, P) is not
isomorphic to A\? H? (; Z). We have the isomorphism N (X, P) = A\? HP (5, Z) &
ZF. Here, N\’ Hf (3;Z) is the image of [7,7] and the Z* factor is spanned by
21, ..., zs. Note that the intersection y — y - A; vanishes on A* Hf (3:7Z) and satis-
fies z; - A; = ;5.

The projection N (X, P) — \° H f (i Z) induces a projection

2
Hom(HY (£:Z), N(%, P)) —Hom(H{ (S; Z), )\ HT (5: Z))
2
=~ \ 0T (S:2) ® HY (5 Z). (3.2)

Let D(X,P) < H 173 (i, 7) be the subspace spanned by the homology classes of the
boundary components of ¥ and let D; < D(3,P) be the subspace spanned by the
homology classes of the boundary components in P; € P. Note that F; is the block

that contains the boundary component 9}, such that the basepoint * € ;) . Finally, let

D(X, P)* denote the subspace of Hf(i; Z) spanned by H,(X;7Z).

Definition 3.2.6 ([5], Definition 5.8). The subspace W(s, py < Hom(Hf(i; 7),N(%,P))
consists of homomorphisms f : H 173 (f], 7) — N(X,P) satisfying the following con-

ditions:
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(I) the image in \*> HT ( ;Z)@Hlﬁ(i; Z) of f under the projection (3.2)) is contained
in the subspace |\ Hlﬁ(i; Z) < N\ Hlﬁ(i, Z)® Hlﬁ(i; 7).

(1) fori > 1, 6;(f) € D(X,P)* and for any a € D;, f(a) = 5(f) A a.

(Ill) for any a € Dy, f(a) = 0.

Theorem 3.2.7 ([5]], Theorem 5.9). Ws p) = Im 75 p).

Recall that as Church stated in []], Definition 5.12, W(s, p) can be considered as a
subspace of A\* Hf(i; 7)o (ZF @ Hlﬁ(f}; 7)) where k = |73] — 1. Basis elements of

Ws.p) will be shown to be a A b A c for the A’ Hlﬁ(i; Z) component and as z; A
for (Z* @ HP (7).

Definition 3.2.8 ([5], Definition 5.13). Let (X, P) and (X', P’) be partitioned sur-
faces and let z; be the boundary component of 5 corresponding to P; € P for each
1 <i < k. If ¥ is obtained from ¥ by attaching a disk to z;, p; is defined as follows:

pi : Wep — Weop
aNbANc — aANbAc
ziNx = 0
e NT — zpNx fork #j

Now consider a morphism i : (X, P) — (X',P') satisfying the condition that for
each connected component U of ¥\ ¥°, the set of boundary components of U is
not contained in the set of boundary components of ¥. Decompose Sy \ S° into
subsurfaces {U;}, where U; NS = z;. The group Hfj(ﬁj;Z) is identified with
a subspace of Hf/(f’; Z). Let wy, € A’ Hfj(ﬁj; Z) be the intersection form on
H](U;; Z), and let zf, ..., 2 be the boundary components of U; such that zfﬁi =
for 1 < k < [. We define p; as follows.

pi: Wispy — Wwp)
aNbANc — aAbAcC

ZiNx (ij+z]1-—|—...+z§-)/\:c

Note that in N (U;, P;) we have z; = wy, + 2} + ... + 2k,
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Theorem 3.2.9 ([5], Theorem 5.14). For any morphism i : (X,P) — (X',P’) of
TSuwrt and morphism i, : I(X,P) — Z(X',P'), p; : Wisp) = Wi pr) satisfies
T pryis(©) = piTs.p) () for all o € I(Z,P).

Proposition 3.2.10 ([5], Proposition 6.1). If (X, P) is a partitioned surface and -y is

a P-separating curve, then we have 7(s, py(T,) = 0.

Proposition 3.2.11 ([3], Proposition 6.3). Let (X, P) be a partitioned surface. Let
T.Ty Y be a twist about P-bounding pair and ( be a P-separating curve that forms
the boundary of a pair of pants with o U 3. Assign an orientation to each curve so
that the pair of pants lies on the left side of ¢ and the right side of o and 3 (or vice
versa). If the homology class of « is [«] and z denotes the class of C in N (X, P), then
we get T(x, p) (TaTﬁ_l) =z N\ o] in Wiz p).
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CHAPTER 4

GENERALIZED CHILLINGWORTH CLASSES

In this chapter, we establish and prove our main results. We construct a well-defined
map ey by means of the projective tangent bundle. We prove that ex and the homo-
morphism obtained by taking the dual of ex(f) for any f € Z(X,P), which is the
Chillingworth homomorphism from the subsurface Torelli groups to H] (3;7Z), sat-
isfy the naturality property. Moreover, we show that e is the unique homomorphism
satisfying naturality. Finally, we give the relation between the Chillingworth classes

of the subsurface Torelli groups and the partitioned Johnson homomorphism.

In this chapter, if (3;,7P;) and (X9, P,) are partitioned surfaces, then by an em-
bedding i : (31,P;1) < (X9, Ps) of partitioned surfaces, we mean a morphism
i1 (X1,P) — (2o, P) of TSurf given in Definition[3.2.2]

4.1 Winding Number In The Projective Tangent Bundle

This section starts with the definition of the projective tangent bundle and aims to find

a well-defined map ex : Z(X, P) — Hom(H] (X; Z), Z) with the naturality property.

Let > be a smooth compact connected oriented surface with nonempty boundary.
Let us choose a Riemannian metric on 3. Let UT(X) be the unit tangent bundle
of . Since ¥ has nonempty boundary, there are nonvanishing vector fields on .
Choice of two nonvanishing vector fields which are orthogonal to each other gives a

parallelization of ¥. The unit tangent bundle UT(X) is therefore homeomorphic to

¥ x St
By using this unit tangent bundle, the projective tangent bundle PT'(X) is constructed
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as follows: By identifying antipodal points in each fiber S*, we obtain a fiber bundle
whose fiber is RP', which is homeomorphic to S*. The projective tangent bundle

PT(X) is also homeomorphic to the product 3 x S! since 3 has nonempty boundary.

Let {[a;] }ier U{[x;], [yj]}jes be abasis for HT (3;Z). Here, I and J are finite index
sets and each «; is an arc, and each x;, y; is a simple closed curve. We assume that all
representatives are smooth and are in minimal position. If (3, P) is a totally separated
surface, then [ is the empty set. If X is a sphere with boundary components, ./ is the

empty set.

In this thesis, we always take representatives of mapping classes fixing points in a
regular neighborhood of each boundary component. Therefore, f(«;) and «; have
the same tangent vectors on a small neighborhood of the boundary components. We
denote by f(a;) * a; ' the closed curve obtained by first traversing the arc f(c;) then
a; with the reversed orientation. The resulting closed curve has two nondifferentiable
points on the boundary of the subsurface. Since f(«;) and «; have the same tangent
vectors at the end points, in the projective tangent bundle we can calculate the winding
number of closed oriented curves having two such nondifferentiable points on the
boundary. When we concatenate arcs to obtain a closed curve, we will assume that

the tangent spaces of the arcs at the end points coincide.

Winding Number: The winding number in the projective tangent bundle is defined
in analogy to the winding number in the tangent bundle. Changing the unit tangent
bundle in the diagram with the projective tangent bundle PT'(3) and applying
the same argument in the construction of the winding number, we obtain the con-
struction of the winding number in the projective tangent bundle. Winding number
in the projective tangent bundle will be defined for smooth closed oriented curves or
for closed oriented curves constructed by concatenating a pair of smooth arcs as just

described.

Denote the winding number in the projective tangent bundle of a closed oriented curve
~ with respect to a nonvanishing vector field X by wx (). Since S* is a double cover
_ ox()

of RPP!, for a smooth closed oriented curve v we have wx (y) = =5

Construction of ex: Let X be a nonvanishing vector field on a partitioned surface
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(33,P) and f be an element of the subsurface Torelli group. Choose a set of simple
closed curves representing a basis of H;(X;7Z). Assigning an integer to each basis
element determines a homomorphism from H;(X;Z) to Z. This integer is chosen to
be the total number of times that X rotates relative to f~' X as we traverse the basis
element. This homomorphism, denoted by d(X, f~X), is defined in Definition
By Lemma[2.2.6) we have

d(X, X)) = wx(fv) — wx(7),

for any smooth closed oriented curve ~. In the projective tangent bundle we get

d(X, f_lX)M _ @X(f’Y)Q— @’DX(’Y)'

Since f fixes every boundary component of 3, d(X, f~'X)[9] = 0 for any bound-
ary component J. Therefore, d(X, f~'X) induces a homomorphism d(X, f~'X) :
H, (3;Z) — Z defined by

E(X, f‘lX)[v] _ @X(f’Y); @X(’Y)‘

Now our aim is to get a well-defined map
(X, f'X): HP (S,2) > 7

mapping an element [a] of H] (3;Z) to the half of the number of times that X rotates

relative to f~!X in the projective tangent bundle as we traverse cv.

Figure 4.1: Extension of a subsurface with two boundary components to a surface

with one boundary component by attaching a sphere with 3 holes.

For a closed oriented curve v, we define

d(X, 1 X)] = d(X, X)),

Now, let h be a smooth oriented arc whose endpoints are on the boundary components

of ¥ contained in the same element of P and let f € Z(X, P). Since f fixes all points
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of a regular neighborhood of the boundary components, & and f(h) have the same
tangent spaces at the end points and f(h) * h™! is a closed oriented curve with two
cusps. We define

EZV(X, f—lX)[h] - ﬂjX(f(hz) * h*l)'

For each P € P with |P| = n, let us attach a sphere with n+ 1 boundary components
to the n boundary components in P of X to obtain S with a partition P as in Re-
mark Thus, (i, 73) is totally separated. Extend X to the obtained larger surface
S so that it is again a nonvanishing vector field on 5. For simplicity, the extension
will also be denoted by X. Let h; be a smooth oriented arc in the complement of
whose end points are Oh (c.f. Figure d.1). Let v := h % h; denote the smooth closed
oriented curve obtained by concatenating / and h,. Notice that we choose a consis-
tent orientation for h, to get a closed oriented curve . We parametrize - such that its
initial and terminal points are on one of the boundary components of the subsurface

Y.. Then f+ is isotopic to f(h) * h.

Remark 4.1.1. The winding number in the tangent bundle of the concatenation of
smooth closed oriented curves is not equal to the sum of the winding numbers of each
smooth closed oriented curve if tangent vectors of the curves at the concatenation
point are not parallel. That is, if a and 3 are smooth closed oriented curves with a
common basepoint, in general we have wx(a x ) # wx(a) + wx(B). However,
the winding number in the projective tangent bundle of the concatenation of smooth
closed oriented curves is equal to the sum of the winding numbers of each smooth
closed oriented curve if the tangent spaces of the curves at the end points are the

same. Therefore, we obtain the following equalities:

wx (fv) —wx(7y) _ wx (fy*y")
2 2
Wx (f(h) *hy* (h*hy)™")
2
Wx(f(h)*h™")
5 )

One can easily observe that the obtained equality

Tx(f) = Dx(y) _ wx(f(h) xh™)
2 2

does not depend on the choice of the arc representative h; on 5 \ 2.
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Lemma 4.1.2. Let h be a smooth oriented arc representing a homology class [h] in

HT(X;7Z). Then the number %)*’fl) is independent of the choice of the repre-

sentative of [h).

Proof. Let[h] = [W']bein H] (X;Z). Then we have [hxh/~'] = 0in H] (3;Z). Since
the embedding (3, P) — (i, 7/5) of partitioned surfaces takes P-separating curves to
ﬁ—separating curves by the first condition of Definition , we get [hx 1/~ = 0in
H 173 (7). We have [y] = [y'] by using the following equalities:

[hos b= =[x hy s byt s B = [hox hy] = [W % hy] = 0,

where ['] = [W/ * hq].

Since we have

wx(fy) —wx(v) _ wx(fY) —wx(y)
2 2 ’

for any smooth homologous simple closed curves v and 4" in H 173 (i, 7), we get

wx (f(h) xh71) _ wx(f(W) * W)

2 2

Lemma 4.1.3. The map d(X, f~'X) : H] (X, Z) — 7Z is a homomorphism.

Proof. For smooth closed oriented curves ; and v, by the definition of d(X, f~1X),

we have

d(X, [ X) [ ve] = d(X, fTX) ] + d(X, f7X) )

Let h; and hs be smooth oriented arcs whose endpoints are on the boundary compo-
nents of > contained in the same element of P and let us assume that initial point of

hy is the same as the terminal point of h;. Let [h] denote the sum of two homology
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classes [h;] and [hy]. We obtain the following equalities:

wx (f(h1) * ht) N Wx (f(hg) *hy")
2 2
Wx (hit * f(h)) L Dx(f(he) * hy!)
2 2
@X(hfl * f(ha) * f(hg) * hgl)
2
Wx (f(h1) * f(ho) * hy' % h1?)
2
Wx (f(hy % ho) * (hy * hy)™1)
2
= d(X, [ X))y * ho)

A(X, f1X) )+ d(X, 7 X)[h] =

= d(X, S X)[R).
Now let -y be a smooth oriented arc whose homology class [7] is the sum of a homol-
ogy class [h'] whose representatives are arcs and a homology class [«] with closed
curve representatives. As in the previous paragraph of Remark [4.1.1} we can obtain
a smooth closed oriented curve o’ by concatenating A’ with a smooth oriented arc in

the complement of Y. Hence, we have
S N iy e _ux(f() xR dx(fa) = dx(a)
A, FX)W) + d(X Xl = =+ >

wx(fa') —wx (o) | wx(fo) —wx(a)
B 2 2
= d(X, f ' X)[a * a]

= d(X, [ X)W xa] (by Remark {.1.1))

= d(X, [T X)P)
]

Definition 4.1.4. The map ¢x : Z(%,P) — Hom(HT (X;Z),7Z) is defined to be

e(f) :=d(X, f~1X). More explicitly, it is defined as follows:

If [y] has a smooth closed curve representative -,

e (F] = fﬁx(fv)Z— ﬁ;X(’Y).

If h is a smooth oriented arc representing a homology class [h] in H] (3;Z),

Tx(f(h) £ 1)

ex(f)[h] == 5
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Lemma 4.1.5. The map ¢x : (X, P) — Hom(H] (2;7Z),Z) is a homomorphism.

Proof. Tt is easy to see that ex(fg)[y] = ex(f)[y] + ex(g)[y] for a smooth closed
oriented curve v by Lemma [2.2.9]

For a smooth oriented arc «;,

wx(fg(a;) *a;")
2
Wx (f(go) * gloy ') * glog) « o ')
2

_ Wx(f(gaw) *g(o ) | Wx(g(as) * ;')
- 2 - 2

= ex(f)lg(a)] + ex(g)]al.

ex(fg)l] =

Since g € Z(%, P), g(a;) and «; represent the same element of H] (3; Z). Hence we
get
ex(fg) = ex(f) +ex(9).

]

The homomorphism ey depends on the choice of the nonvanishing vector field X.

For instance, consider surfaces S; and S, containing .S shown as in Figure

S

S2

Figure 4.2: Different extensions of S with respect to the same partition.

Choose nonvanishing vector fields X; and X5 on surfaces S; and S, respectively.
Consider the restrictions of the vector fields X; and X5 to S. Winding numbers of
z with respect to X;|S and X5|S are different by Lemma Indeed, we have
wx,s(z) = —1 and wx,s(z) = —3. By using again Lemma [2.2.4] we can see that
exys(ThT; M)[a] and ex,s(T,T; *)[a] are different numbers. These numbers are 2

and 4, respectively.
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4.2 Symplectic Basis for H (3;Z)

In this section, we introduce a symplectic basis for H] (3; Z).

Let (3, P) be a partitioned surface of genus g with the partition

P={{0],....00 ... {07, ..., 0" }}.

Let Q be a subset of the boundary 0% containing exactly one point from each bound-

ary component.

Let us choose a set of simple closed curves {x1,y1, Z2, Yo, . . . , T4, Yy } On X satisfying

oaciﬂxj:(l), :Uiﬂyj:@, ylﬂy]:@forz#j,
e 1, intersects y; transversely at one point, and

e under the filling map
H\(SZ) — Hi(3Z)

{[zs],[yi] | i = 1,...,9} maps to a symplectic basis of H;(X;Z). Here, &
denotes the closed surface obtained by gluing a disc along each boundary com-

ponent.

Foreach ! =1,2,...,m, choose oriented arcs hé- connecting (9} N Qto 8} 41 N Q for

j=1,2,...,k — 1 such that
e hl are disjoint from z;, y;,

° hg» are pairwise disjoint except perhaps at endpoints,

e cach hé- is oriented so that the algebraic intersection number of the homology
classes [h}] and [9] + --- + 9!] is 1, where the orientations of the boundary

components are induced from the orientation of the surface.

The union of the sets

o {[ml, Il gl [yl}
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hd {[hﬂv[h%]v'"7[h11c1—1]7[h%]7'"7[hi2—1]7"'7[h71n]7"‘7[h;cnm—1]}7
hd {[aﬂv[611+821]7""[811+"'+8Ii1—1]7[8%]""7[812+"'+8l§2—1]7"'7[a{n]a"'a
[a{'l+"'+al?:n—1]}
is a basis Z of H (3;7Z).

In this basis, {x;,y;} are closed curves, the {h }s are arcs, and {9/, }s are boundary

curves as shown in Figure [4.3]

This basis # has the following properties:

~ ~ -~

hd Z([l’z], [I]D = Z([yz]’ [yj]) =0, Z([JZZ], [yj]) = 5ij7 foralll1 <i,5 <g,
o i([hl], [0} + - +0)) =0y, foralll <i,j<k—11<1<m,
o i([hl], [x:]) =i([R}), [gs]) = 0. forall 1< i< g 1<j<k-11<I<m,

o W01+ + 0 [wi]) = ([0 + -+ 0], [w]) = 0, forall 1 < i < g 1< j <
k?l — 1, 1 S ) S m.
Here, d;; denotes the Kronecker delta and /z\(, -) denotes the algebraic intersection
number. Note that although the endpoints of the representatives of homology basis
l

elements [h}] coincide with [h) ] on OX, we define the algebraic intersection of arcs

i([h], [hhy]) tobe Oforall 1 < j <k — 1,1 <1 < m.

Figure 4.3: An example illustrating homology basis elements of H] (X5 ¢;Z), where

P = {{0%,04,04,05},{0%,02}}.
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We now define the dual of a homology class of H{ (3;Z) by using this intersection

form. Note that the intersection form 7 is nondegenerate. Therefore the map
D: HF(%;Z) — Hom(HT (2, 7Z), Z)

sending [z] € HP(X;Z) toi(-, [z]) is an isomorphism.

4.3 Naturality and Uniqueness of ¢

In this section, we show that ey is natural and that it is the unique homomorphism

from Z(%, P) to Hom(H7 (3; Z), Z) satisfying the naturality.

Remark 4.3.1. Suppose that (X, P) is a totally separated surface with boundary
components zy, za, . . ., zp, S0 that P = {{z1},..., {2, }} and that ¥’ is a partitioned
surface with a partition P’ such that there is an embedding (X,P) — (X', P’) of
partitioned surfaces. For 1 < j < n, let V; be a connected component of ¥' \ ¥°
containing zj as a boundary component and let 'P; be the partition of the boundary
of V; consisting of {z;} and a subset of P'. Hence, if P € Pj and P # {z;} then
P e P.Ifi# j then V;N'V; = 0 and hence H*(V;;Z) N H,* (V;: Z) = {0}
Since V; N X = z;, we have Hfj(Vj; Z) N HT (3, Z) = {[z]} = {0}. By identifying
H] (Vi; Z) and HT (X; Z) with their images in H] (Y'; Z), we can write

HY'(X372) = HY (%2) & HY (Vi Z2) & -+ & H" (Vs Z).
If ¥ is totally separated with the partition P and if ¢ : (X,P) — (¥',P’) is an
embedding of partitioned surfaces, then there is a natural projection
r. HY (X Z) — HT (3:Z)
which gives a natural homomorphism
r* : Hom(HT (%;Z),7) — Hom(HT (¥'; Z), 7).
Note also that if ¥ is not totally separated, Hf 7(V;;Z) N HY (3;Z) has a nontriv-

ial element for some j. Therefore, in this case H} (¥';Z) is not isomorphic to

HY(S;Z) & H*(Vi;Z) @ -+ @ H ™ (Vo Z).
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Proposition 4.3.2. Let > be a totally separated surface with the partition P and
leti: (X,P) — (X,P') be an embedding of partitioned surfaces. Let X be a
nonvanishing vector field on ' and let Y denote the restriction of X to X.. Then the

homomorphism ey is natural in the sense that the diagram

Tx

Z(%,P) (X P 4.1)

-] M

Hom(HT (%;,Z),Z) —~ Hom(HT'(Y';Z),7)

commautes.

Proof. Let f € Z(X,P), and let i, (f) = f Thus (the class of) the diffeomorphism
fis equal to f on ¥ and is the identity on the complement > \ 3. We show that

@y (f)) = ex(f).

Let v be a smooth oriented simple closed curve in Y representing a basis element of

HT(3;7Z). Then, we have

@ (DD = 8 (D) = (N = 2 o)

and

Ay Ox(f) —ax(h) @ (fr) — dx(y

£y () - el o) _ elgn) i)
Since Y is the restriction of X to %, we have r*(¢y (f))[7] = ex(f)[]-
Now let 4" be a smooth closed oriented curve or smooth oriented arc in some V;
representing a homology basis element in Hf 7(V;;Z). In this case, r*(ey (f))[Y] =

ey (f)(r«([7'])) = 0 because r.([7]) = 0. Since f(7') = ', we have

gx(.]}v) h/] _ wx (f/y/)Z_ {EX(/VI) _ wx (7/) ; wx (7/) —0.

Since H?'(X';Z) is the direct sum of HT(X;Z) and H,’(V;;Z), it follows that

r*(ey(f)) = ex(f) for every f in Z(X, P), and hence r*ey = €xi.. O

Suppose now that ¥ is any surface with a partition P = { Py, P, ..., P}, |P| = ny,
and that ¥ is the totally separated surface, with the partition 73, obtained by gluing a

sphere S; with n; + 1 holes along the boundary components in P}, i.e. the minimal
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totally separated surface containing ¥ (c.f. Remark 3.2.1). Foranl = 1,2,...,n
suppose that P, = {8},05,...,9, }. Foreach j = 1,2,...,n; — 1, choose smooth
arcs ké on the complement i\EO connecting Qﬂ(‘?; to Qﬁ@é +1- Here, ké are pairwise
disjoint except perhaps at endpoints. Let us orient each kj so that concatenation hé- *k’é
is a smooth closed oriented curve in 3, where [hz] is an element of the basis # defined
in Section[4.2} Let P, = {P}, {~/}} be the partition of the boundary of S, where z is
the boundary component of 3. Then K; = {[K!]} is a set of basis elements with arc

representatives of Hfl (Si;Z). Let # denote the union K3 U Ko U -+ - U K.

Let us fix the symplectic basis 2 of H] (3;Z) defined as in Section

We then have an isomorphism
by HF(S:Z) — HP (5:7)

mapping the basis elements with closed curve representatives to itself and [hg] to

By using ¢, we get the isomorphism

W, Hom(H? (£ Z),Z) — Hom(HT (2;Z), Z)

~ o~

defined to be ¢%,(x) = x 0 ¢ for any x € Hom(HT (3;7Z),7Z).

Proposition 4.3.3. Let (3, P) be a partitioned surface and let (S, P) be the minimal
totally separated surface containing 3. Let i : (X, P) — (i, ﬁ) be the inclusion
so that it is an embedding of partitioned surfaces. Let X be a nonvanishing vector
field on S\ and let Y denote the restriction of X to .. Then the homomorphism ey is

natural in the sense that the diagram

I(,P) (4.2)
Hom(H?(S;Z), Z) <%~ Hom(H f (52),2)

commutes.

Proof. Let f € Z(X,P), and let i, (f) = f Thus f is equal to f on X and is the
identity on the complement 3 \ ¥. We show that &y (f) = viex(f )
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For any homology basis element [y] € H] (3; Z) with a smooth closed oriented curve

representative vy, we have

wy (fv) — wy (7)

ev(Nhl =

and

viex(N) = ex(NExh)

Wx(fy) — wx(y)
2

wx (fv) —wx ()
5 .

Since X =Y on X, we get the desired equality.

For any homology basis element [hg] € HT(%;Z) with a smooth oriented arc repre-

sentative hg, we have

o () = >
and
Uhex (DM = Ex(f) (@ hl)
= e (ALK
Wx (f(hf * kL)) — wx (hf * k)

Since we are working in the projective tangent bundle and we assume that represen-

tatives of mapping classes fix a regular neighborhood of the boundary components,

we get
W (F(RL * kL) * (L + BL)~1)
NI L
_ wx(f(h) = K (k) (B) 7Y
2
B+ ()
2
() ()
2
Therefore, we obtain the equality ey = 1%, ex1.. This finishes the proof. [
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Note that commutativity of diagram (#.2)) does not depend on the choice of basis
{Ik1} € HY' (S5 2).

Proposition .3.2]and Proposition [4.3.3]imply the following theorem.
Theorem 4.3.4. Let (X, P) and (X', P') be partitioned surfaces and i : (3,P) —
(3, P") be an embedding of partitioned surfaces. Let X be a nonvanishing vector

field on ¥ and let Y denote the restriction of X to .. Then there exists a homo-

morphism v, such that the homomorphism ey is natural in the sense that the diagram

(%, P) (s, P) (4.3)

o] M

commutes.

Proof. Let X be a surface with a partition P = {P,, P», ..., P,}, |P| = n;. For an
[ =1,2,...,n, suppose that P, = {8{,8@,...,8,1”}. Foreach j =1,2,...,n;, — 1,
choose smooth oriented simple arcs ké on the complement >’ \ ¥° connecting Q N 8;
to QN 8jl- 41- Here, ké are pairwise disjoint except perhaps at endpoints. We consider
a closed tubular neighbourhood of the union &{ U9 U - -- U, UKL U-- -kl _,. This
tubular neighbourhood is homeomorphic to a sphere S; with n; + 1 holes. Let us
consider now the minimal totally separated surface (i 73) containing ¥ and all S; as

a subsurface.
Let us fix bases Z and %" as in Proposition[4.3.3]

Consider the composition of the embedding j : (X,P) — (2,73) of partitioned
surfaces with the embedding j/ : (3,P) — (X',P') of partitioned surfaces. Let
Y denote the restriction of X to 3. After showing that both diagrams in li are

commutative, our proof will be complete.

(%, P) I Z(E,P) Jx Iz, P (4.4)

H o
(

Hom(HY (£ 2), Z) = Hom(H (% Z), Z) —= Hom(H[" (%; Z), Z)
w r
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Proposition [4.3.2] implies the commutativity of the right-hand side in diagram (#4.4).
Proposition 4.3.3| gives the commutativity of the left-hand side in diagram (4.4

]

Remark 4.3.5. Theorem remains true for any capping i : (3, P) — X, under
the condition that the chosen vector field X on X, has only one singularity in the

complement of S,

Proposition 4.3.6. The homomorphism ey is unique in the sense that it is the only
nontrivial homomorphism from Z(%, P) to Hom(HT (3; Z), Z) such that diagram

commutes.

Proof. Let Sbea totally separated surface obtained from X as in Remark Since
an embedding i : (3, P) — (X', P’) of partitioned surfaces can be considered to be
the composition of the two embeddings (2, P) < (3, P) < (X', P') of partitioned

surfaces, we will consider the diagram (4.4).

First, we show the uniqueness of e; such that the right side of diagram (4.4) is com-
mutative. The second step will be to show the uniqueness of ¢y such that the left side

of diagram (4.4]) is commutative. This will finish our proof.

Now let us consider the embedding (3, P) — (X', P’) of partitioned surfaces. We
have 7* o ey = €ex o j;. Let us assume that there is another homomorphism G :
(3, P) — Hom(Hf(f]; Z),Z) satistying the naturality condition, r* o G = €x o j..
Our aim is to show that ep = G, hence proving the proposition for this case. Since
both G and ey satisfy the naturality condition, we get 7* o ep = 7* o . Since 1, is

onto, r* is injective, which implies that 'e}/ =G,

Now consider the embedding (X, P) — (i, ﬁ) of partitioned surfaces for the second
part of the proof. We need to show that ¢y : Z(X,P) — Hom(HT (X%;Z),7Z) is
the unique homomorphism satisfying the naturality property. Let F' : Z(3,P) —
Hom(HT (3;7Z),Z) be another homomorphism such that é5 o Je= (W) Lo F.
Recall that (¢%,)~! : Hom(H] (3;Z),Z) — Hom(Hf(i; Z),Z) is defined such that
(%) (x) = x o,/ forany y € Hom(HT (X;Z),Z). Observe that (1%, )! is

an isomorphism because ¢ 5 is an isomorphism. Hence by composing both sides of
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(Y3, )t oey = (¢%,) 7! o F with 1%, we get the equality &y = F.

This finishes the proof. 0

Corollary 4.3.7. For an embedding i : (X, P) — X, of partitioned surfaces, €y
depends only on the embedding. That is, ey is independent of the vector field Y

obtained by restricting the vector field X on X, to ..

Proof. Choose a nonvanishing vector field X different from X on X, ;. Let Y; be
the restricted vector field of X to X..

We aim to show that for any f € Z(X,P), ey (f) = ey, (f). By Theorem 4.3.4, we

have ¢y (i,(f)) = ©.(éy(f)) and €x, (i, (f)) = i'(¢y,(f)). By Lemmal[2.2.8 ex(f)
defined by ex(f)[7] = wx (fy) — wx(7) is independent of the choice of X. Since
by the definition of ¢y we have ex(f) = ex(f) forany f € Z(X51), ex(f) is also

independent of the choice of X. Therefore, we obtain ¢y (f) = éx, (f).

Now we have two homomorphisms €y and ¢y, from Z(%,P) to Hom(H] (2;7Z), Z)
such that diagram (4.3) commutes. By Proposition we conclude that ey (f) =
gY1 (f ) u

4.4 Naturality of the Chillingworth Homomorphism

In this section, we show that the Chillingworth homomorphism is natural. We find
a relation between the Chillingworth classes of the subsurface Torelli groups and the

partitioned Johnson homomorphism. Finally, we give an example to see this relation.

For an element f € Z(X,P), let us define the dual of ey (f) which we call the Chill-
ingworth class of f. The algebraic intersection form for H] (3;Z) gives t(s.p(f)
defined by:

W[, tme () = e ().

Therefore, we get the Chillingworth homomorphism:

tep  I(S,P) = HY (3 7).
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Let (X,P) — (¥',P’) be an embedding of partitioned surfaces. Fix a symplectic
basis 2 of HJ (3;7Z) defined in Section[4.2] Recall that H]' (3'; Z) is isomorphic to
HP(S:2) @ HP'(Vi;Z2) @ HP*(Va: Z) @ - - - ® H"(V,,; Z) as in Remark 4.3.1

As in the previous section, take a nonvanishing vector field X on ¥'. Restrict X to

the subsurface > and call the restriction Y.

Lemma 4.4.1. Let s, : Hf(f]; 7) — HT'(Y';7) be the inclusion map and D be the

isomorphism defined in Section Then the following diagram commutes:

(8, P) (2, P (4.5)

4

Hom(HT (%; Z), Z) — Hom(H{' (¥'; Z), Z,)

|0 |0

HY (:2) —2% 1P (3, 2)

Proof. We showed in Theorem [4.3.4] that the upper square in diagram (4.5) com-
mutes. Hence our aim is to show that the lower square also commutes. Here, the
image of i, : Hom(HT (2;Z),Z) — Hom(H} (Y';7Z),Z) is defined as the com-
position of (¢%,)~! and r* defined as before. Let x € Hom(H7 (X;Z),Z). Then
. ()] = x(¥ r.)[y] for any [y] € H'(X'; Z). Recall that 7, is the projection of
HT'(X';7Z) on H f (3: 7). Commutativity of the lower square is proven by showing
commutativity of diagram (4.6).

* —1 ~ « ,
Hom(HP(%:Z), Z) 2 Hom(HP (5 Z), Z) =~ Hom(HF' (X Z),Z)  (4.6)
HY (S 2) —* " H]($;2) —*—— H]' (Y 2)

We will analyze 2 cases for the square on the left of diagram (4.6).

~ o~

Clearly, v : HT (3;Z) — HT(X;Z) preserves the algebraic intersection form, i.e.
for any a,b € Hf(i; Z) we have i(a, b) zy(wg{}(a), v, (b))

Case 1: For any homology class [x] of H] (3;Z) with a closed curve representative,

we have

~

(W5) " (D([2]) ] = D([2]) (5 () = i(ws (7], []) 4.7)
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and

D(thur ([])) ] = D([)([]) = (1), [a])- (4.8)

For simplicity, [x] denotes both an element in H] (¥;Z) and its image under the
isomorphism . In (4.7), [z] is an element of H] (3;Z), whereas in (4.8)), [z] is
an element of Hf (3 7). Hence, we can consider [z] in (4.7) to be ¥/} ([x]). The

following gives the commutativity for [z]:

W5) (D)) = iy b, [=])

for all [7] in HP(S; 7).

Case 2: For the basis elements [h] of H](X;Z), we will show that left-hand side of
diagram (#.6) commutes. We have

-~

(W5) ™ (D ()] = DA ) (w5 () = i ], [B5)) (4.9)

and

~

D (s ([151)) 1] = D([h5 = K5 ([7]) = i([y], [ = &5)).- (4.10)

As in Case 1, the last term in (@) denotes the algebraic intersection number in

HT(¥;Z) and the last term in (4.10) denotes the algebraic intersection number in
HP (S 2).

By the same reasoning as in the previous case,

~ ~

A5 D, (1)) = s ), i (G = K5))) = i), [ = )

for all [y] in HP (5; Z).

Finally, for the left-hand side of diagram 1@} we have (@b;g)*l oD =1, oD. This
shows commutativity for the left-hand side of diagram (4.6)).

Now our aim is to show that the square in the right-hand side of diagram (4.6) com-

mutes. Recall that s, : Hf(i; 7) — HT'(X';Z) is the inclusion map.

52



Let [z] be an element of H 173 (3 Z). For any homology basis clement [1] € HT' (X'; Z)

the lemma follows:

If a representative of [y] is contained in the complement of 3, r,([7]) = 0. Hence
r*(D([z]))[y] = 0. Since a representative of [z] is contained in 5, D(s.([z]))[y] =0

1s obtained.

If a representative of [4] is contained in &, r.([y]) = [7] and so r*(D([z]))[y] =
D(s.([z]))[y] as desired.

Consequently, we have proven that diagram commutes. Since dual maps D are

isomorphisms, we obtain that diagram (.5)) is also commutative. We conclude that

S« 0y o t(sp) = t(zr p) © iy by diagram (4.5)). O

Corollary 4.4.2. The following diagram is commutative and hence we get the follow-
ing equality: t(x p) = w; or,oC op;o1(s,p), where C is the contraction map. Here,
T(s,p) IS the partitioned Johnson homomorphism defined in Definition p; is the
map defined in Definition[3.2.8|

Wis,p) 4.11)

T(sP) \

) I(E,'P) = 1(2971)'%) /\3 Hl(zg,l; )

~ -~ et
ey jex jc’

tep) Hom(Hf(E; Z),Z) L’ H1<Eg,1§ Z) S HI(EgJ; Z)

D—l

=
HT (%;7Z)

¢;{1 Oory

Proof. We need to confirm that each triangle and square is commutative. The par-
titioned Johnson homomorphism is natural (c.f. Theorem [3.2.9). Hence, the upper
triangle is commutative. We showed in Theorem {.3.4] that the left square in the
middle part is commutative. The commutativity of the right square in the middle fol-
lows from Theorem [2.2.10] and the definition of the Chillingworth class. Finally, the
commutativity of the lower triangle follows from Lemma [
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We now provide an example to verify the equality ¢(s p) = %}1 or,oC op;oTsp)
in Corollary We assume that there is an embedding > — >, ;.

Example 4.4.3. Let (3, P) be a partitioned surface of genus g. Choose a basis for
the fundamental group of the partitioned surface 3. as in Figure Notice that

[041751] s [amﬁg]Cn cee CO =1
Note that if [o;] and [B;] denote the homology classes of «; and B; in HT (3;7Z),

respectively, the image of the partitioned Johnson homomorphism can be written as

Tep)(f) = ZT(E,P)(f)([Oéi]) ® [8i] — T2 (f)([Bi]) @ [cui],

forany f € Z(X,P) (cf. [S14]).

Figure 4.4: An example illustrating basis elements of 7 (X, %).

Now, for simplicity let (¥, P) denote (X12,{{z0},{2}}) and i : (£,P) — X, be
an embedding of partitioned surfaces. Assume that in the complement ¥, \ X°,
2 bounds a genus k subsurface which does not contain the boundary of ¥, as a
boundary component. Let X be a nonvanishing vector field on Y, and Y be the

restriction of X to ..

We first compute the right-hand side of the equation t s p) = w;gl or,oC op;oTsp
in the case that ﬂ,T&_1 is a twist about P-bounding pair as in Figure

Notice that T, T; '(a) = a(, so T,T; '(a)a™! = [a, (]¢.
We have T, Ty ' (8) = (7' B¢, so T, T 1 (B)8~ = [¢7", B,

Let [a], [B] be the homology classes of o and 3 in H] (3;7Z), and let z denote the
class of C in N(X,P). Therefore, we have

o) (T T ) =2 [A].
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Since z bounds a genus k subsurface in %, we have z = S°r_ ([ou] A [B]) in
/\2 H,y (Ek,l; Z) where {[al]a [51]7 SR [ak]v [Bk]} isa symplectic basis Ole(Zk,l; Z)
Therefore, we have

piomsp) (LT = (Y (la] A[5]) @ [B]:

=1

After composing with the tensor contraction map C, we have
Copiomep) (T, Ty ') = 2k[5].

Finally,

¢;; or,oCop;o T(Z,P)(TvTa_l) = 2k[].

20

Figure 4.5: A basis for the fundamental group of ¥, » and bounding pair (v, J) em-
bedded in X 5.

We now calculate the left-hand side of the equation t (s py = w;} or,oCopoTsxp).
We need to show that D~ (ey (T, T; ")) = 2k[B]. As seen in Figure T, T is the
identity on every homology basis element except [o]. Recall that Y is the restriction of
the nonvanishing vector field X on Y41 to 31 o. We may assume thatY is orthogonal
to o by using Corollary Therefore, wy () = 0. Since we have

_ wy (T, Ty ' () — Wy ()

ey (I, Ty ' )l 5 )

we need to find wy (T, T; () to compute ey (T, T; *)[a]. We will use the argument
in Lemma If one wants to calculate wy (T, T; ' () without knowledge of genus
in the connected component of ¥y, \ i 5 not containing the boundary component,
Wy (z) needs to be known. If we did not fix any embedding and a vector field on ¥, 1,

Wy (z) could take on any even integer value.
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As a corollary of Lemma Chillingworth states that wx(z) = +(2k — 1) where
the sign of wx(z) depends on the orientation of z. In our example, it can be shown
that wx(z) = 2k — 1 and so wy(z) = 2(2k — 1). Let us cut ¥, 5 along o and
T,YTgl(oz). Then consider the pair of pants with one of the boundary components
2. Glue discs Dy, Dy and D3 along o, T,T 5_1(a) and z, respectively. Extend the
nonvanishing vector field Y to the resulting sphere such that in each D;, 1 = 1,2, 3,
there will be at most one singularity. By the Poincaré-Hopf Theorem, the sum of the
indices of the extended vector field is 2. Since Y is orthogonal to «, in D the extended
vector field has a singularity of index 1. By a diffeomorphism, we can consider the
gluing discs as unit discs in R?. There is therefore a notion of constant vector field on
the discs. Since wx(z) = 2k — 1, the index of the singularity on Dj is calculated as

follows:

Let X' denote a constant vector field on the discs. Recall the definition of d(Y, X')

form Subsection[2.2.2]
By Lemma[2.2.6] we have
wy (2) — d(Y, X')[e] = wy (2).

Since the boundary of Ds is clockwise oriented, —d(Y, X')[z] corresponds to the
index of the singularity in D3. We find that the singularity vs in D3 has index 2k.
Therefore, index of the singularity vy in Dy needs to be ind,,(Y) = 1 — 2k. Then by

using the formula
wy (T,T5 (@) = d(Y, X )T, T ()] = wy (T, T; (a)),

we get wy (T, T; '(a)) = 2k. Here since the boundary of Dy has the orientation
in the counterclockwise direction, d(Y, X")[T,T; '(a)] = ind,,(Y) = 1 — 2k. As a

conclusion, we get ey (T, T; ')[a] = 2k and so,

D' @y (TT5) = tep) (T, T3 = 2k(8).
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