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ABSTRACT

MIXTURE OF VINES FOR DEPENDENCE MODELING: FINITE MIXTURE
AND CD-VINE APPROACHES WITH APPLICATIONS

Evkaya, Omer Ozan
Ph.D., Department of Statistics
Supervisor : Assoc. Prof. Dr. Ceylan T. Yozgathigil
Co-Supervisor : Prof. Dr. A. Sevtap Selcuk-Kestel

July 2018, pages

Recently, there has been an increasing interest on the combination of copulas with a
finite mixture model. By a finite mixture, a suitable weighted sum of a parametric
densities are tied together in a probabilistic manner. The combination of vine copulas
incorporated into a finite mixture model is also beneficial to capture hidden structures
in a data set. On the other hand, there are limited number of studies about the mixture
of vine copulas. In this dissertation, different mixture of vines are proposed for
expressing the complex and hidden dependencies in a multivariate data. Firstly, the
mixture of vine copulas with different dependence structures are offered to capture the
complex association in higher dimension. For this reason, finite mixture of C-vine is
studied with different copula pairs. Thereafter, finite mixture of C- and D-vines have
been tested with the same copula family. Lastly, as a novel approach, finite number
of C-vines are incorporated into a D-vine copula model to derive the association
between several variables. The values of cumulative distribution functions for each
component having C-vine structure are combined with D-vine by considering the
temporal ordering of the components. The performance of the proposed models are
tested using simulated and real data sets, then the corresponding results are interpreted
in depth.

Keywords: Vine mixture, Finite mixture model, CD-vine mixture, Optimization
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BAGIMLILIK ANALIZI ICIN VINE COPULA KARISIML: UYGULAMALARLA
SONLU KARISIM VE CD-VINE YAKLASIMI

Evkaya, Omer Ozan
Doktora, Istatistik Boliimii
Tez Yoneticisi : Dog. Dr. Ceylan T. Yozgathigil
Ortak Tez Yoneticisi : Prof. Dr. A. Sevtap Selcuk-Kestel

Temmuz 2018 ,[165]sayfa

Son yillarda, sonlu karistm modelleri ile copulalarin bir araya getirilmesi konusundaki
caligmalara artan bir ilgi vardir. Sonlu karigim modeli yardimiyla, parametrik yogunluk
fonksiyonlar1 uygun agirliklar verilerek olasiliksal olarak bir araya getirilmektedir.
Verilen veri setinde gizli bagimliliklarin anlagilmasinda, sonlu karistm modelleri ile
birlestirilmis farkli vine copula kombinasyonlari da yardimci olmaktadir. Ote yandan,
literatiirde sonlu karigim yaklasimu ile ilgili sinirh sayida calisma bulunmaktadir. Bu
doktora tezinde, ¢cok boyutlu verilerde sakli olan bagimlilik yapisi i¢in vine copula
karisimlar1 onerilmistir. i1k olarak, yiiksek boyutlu verilerde yer alan sakli kompleks
iliskinin yakalanmasi i¢in, farkli bagimlilik yapilarina sahip vine copula karisimlar
sunulmustur. Buna gore, farkli bagimlilik yapilarini ifade eden copulalar yardimiyla,
sonlu sayida C-vine karisim modelleri Onerilmistir. Ayrica, sonlu sayida C- ve D-vine
model karigimi ayni copula ailesi kullanilarak test edilmigtir. Son olarak, bir ¢ok
degisken arasindaki bagimlilik yapisinin incelenmesini saglayan 6zgiin CD-vine mode-
li calisilmigtir. Buna modelde, sonlu sayida C-vine copula modellerinin birikimli
dagilim fonksiyon degerleri, D-vine copula modeli igerisine eklenmistir. Onerilen
modellerin bagarisi, benzetim tabanli ve gergek veriler kullanilarak test edilmis, sonug-
lar detayli olarak yorumlanmustir.

Anahtar Kelimeler: Vine karigimi, Sonlu karisim modeli, CD-vine karisimi, Optimizasyon
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CHAPTER 1

INTRODUCTION

In this chapter, first the motivation of the study and related dependence measures are
explored by giving short theoretical background. Besides, fundamentals of copula
functions are summarized to understand the basic framework. Finally, the main

objective of the thesis study is briefly mentioned at the end.

1.1 Background and Motivation

Copulas have became a popular tool in multivariate modeling, and they have been
used for many real life problems where the multivariate dependence is of great interest
and the usual multivariate normality assumption is violated. They successfully cover
both negative and positive dependence, including the case of independence and incor-
porating the asymmetric dependence structure as well. Interest in copulas has been
growing rapidly as a statistical tool to capture the complex dependence structure
between several random variables. As copulas have different attractive and distinct
properties, the number of copula-based models extensively increased in many research
areas including actuarial science, finance, neuroscience and environmental based stu-
dies. On the other hand, in contrast to wide range of its applications in bivariate
case, the extension of copulas to the higher dimensions has many drawbacks in
practice. The reason comes from the fact that standard multivariate copulas like
Gaussian (Normal), student-t and other archimedean types lack flexibility to model
the dependence in higher dimensions with other limitations such as restriction on

parameter space. For this reason, vine copulas have been proposed and considered in



various research fields recently.

Vine copula framework offers a powerful and flexible modeling tool to detect the
complex dependence structures by using bivariate copulas. Different vine copulas are
available to identify dependence pattern in higher dimensions in terms of different
pair copula families. Briefly, vine copulas are graphical type of statistical models
designed to overcome the limitations of standard copulas in higher dimensions. They
allow to express a multivariate copula by using the suitable bi-variate copulas in a
hierarchical manner. For this reason, construction of a vine copula and its inference
for multivariate data primarily relies on the pair copula decomposition. Meanwhile, as
a result of large number of possible decompositions for conditional density functions
inside of the whole multivariate density, there are many ways to generate vines.
Among those constructions, two popular types of vine copulas widely used by resear-

chers are called the Canonical(C) and Drawable(D) vines in the literature.

Latterly, there has been an increasing interest on the combination of copulas with
a finite mixture model to get more flexible density functions. Within the context
of the finite mixture model, a suitable weighted sum of parametric densities are
tied together in a probabilistic manner. Such a framework is useful to reveal the
complex dependence patterns observed for random variables and more flexible in
terms of statistical modeling. The combination of vine copulas incorporated into a
finite mixture model is also beneficial for capturing hidden structures in a multivariate
data. On the other hand, apart from various studies about mixture of bivariate copula
functions, there exist limited number of studies about the mixture of vine copulas in

the literature.

In that respect, the study of Kim et al. [22] and the corresponding results is the
main motivation and inspiration of this dissertation. As a first step, the possible
improvements of the study belonging to [22] are considered. In order to derive
various forms of mixture of vines, 2/3 component, 3 dimensional C-vine mixture
models and 2 component, 4 dimensional C-vine mixture with various copula families
are considered. Additionally, the same procedure is extended to combine both C-vine
and D-vine tree structures under 2 component 4 dimensional case. Finally, as a novel

method, instead of using classical finite mixture setup, CD-vine mixture model has



been proposed. Under this framework, finite number of C-vine copula models are
incorporated into a D-vine copula model to derive the dependence pattern between
several random variables. The multivariate cumulative distribution function (c.d.f)
values are obtained for each component of the mixture and then are combined with
the help of D-vine copula in terms of temporal dependence among the components. In
this new mixture model, the parameter estimation and inference for full multivariate
density is required to maximize log-likelihood function in two consecutive steps with
required initials. After testing proposed mixture models using simulated data, real

life examples were exploited by using two different financial data sets.

1.2 Basics of Dependence Measure

The dependence between random variables is one of the crucial research topic in
many fields of mathematics, primarily one of the most widely studied one in statistics.
A vast number of studies have been introduced for different dependence concepts in
the literature by offering useful applications. From the probabilistic point of view,
knowing the distribution function for several random variables is one of the efficient
way of understanding the association among multivariate outcomes. For this purpose,
copulas or copula functions are very promising to focus on the joint behavior of
random variables without putting strict restrictions on their marginal distributions.
This method is a very practical tool for identifying multivariate distributions. Even if
it has a relatively short history in statistics literature, copulas have been considered in
the probability literature for the last 50 years. The interrelation between the dependence
properties and measures of association is one of the corner stone for understanding
how copulas can be used in this field of study [28]. For that purpose, widely used

dependence measures are briefly explained below.

One of the widely accepted measures of dependence is the product moment correlation,
simply called as Pearson’s linear correlation, denoted by p. This linear dependence

measure can be easily computed, defined briefly as follows,

Definition 1.2.1. For two random variables, X and Y with E[X]| < oo, E[Y] < oo,
Var[X] < oo and VarlY] < oo, the Pearson’s correlation for population is defined

as.



(X, y) = CovXY) (1.2.1)

Ox0y

where Cov(X,Y) = E(XY)—E(X)E(Y) calculates the covariance of given random
variables, ox and oy are standard deviations of random variables X andY, respectively.
In this formulation, given fraction in Equation [I.2.1| can be expanded to express the

following expression with sample size n,

> (Xi - X)(Yi-Y)

PX,Y) = — —. (1.2.2)
NOAE S ) S I o

where X and Y are sample mean values of X and Y . These measures are calculated
based on the given sample with n observations. Three main properties of p(X,Y)

can be summarized as follows:

o —1 < p(X,Y) <1, here the lower and upper bounds exhibit perfect negative

and positive linear correlation for two random variables, respectively.

o If X and Y are independent, then p(X,Y) = 0. But, the converse of this

expression is not true.

o p(aX + B,7Y + ) = sgn(ay)p(X,Y) forall « and v € R\ 0 and 3, § €
R, which shows additionally that linear correlation is invariant under strictly

increasing linear transformations.

Although, Pearson correlation is easy to calculate and has many useful properties,
it measures only linear correlation between continuous random variables. For this
reason, it is not useful to capture non-linear dependence structure. Moreover, there
exist some statistical problems with p(X,Y’), such as not being a robust measure.
Thus, other dependence measures are required to avoid these deficiencies, which
brings us definition of rank correlation and related dependence measures defined over

the concepts of concordance and discordance.

Informally, two random variables are called concordant if large values of one tend

to be associated with large values of the other and likewise small values of one with

4



small values of the other [28]. More precise definitions for the concordance and

discordance are glued together as follows:

Definition 1.2.2. Let (X,Y) be vector of continuous random variables with two

observations (x;,y;) and (x;,y;) for arbitrary values of i and j. Then,

(i, yi)
and
(5, v;)
are concordant if
(i — @) (yi —y;) >0
and discordant if

(zi — 25)(yi —y;) <0

Based on these definitions, two widely known correlation measures are defined using
different constructions. First one is called Spearman’s rho (ps) and is developed to
measure the correlation between the ranked data. The second rank based measure is
the sample version of the measure of association, namely Kendall’s tau (p, ), defined

in terms of concordance.

Definition 1.2.3 (Spearman’s rho pg). Let X and Y be two random variables having
marginal distribution functions as F'x, Iy and joint distribution function F'x y. Then,

the estimator of pg is defined as

12 - n+1 n+1

03(X,Y) = )(rank(Y:) —

). (123)

where n is the sample size, rank(X;) and rank(Y;) denotes the rank of an observation.
Besides, X; and Y; gives the position of X; and Y; in the ordered random sample. For
instance, rank(X;) is defined as follows, i.e.

rank(X;) =1+ Y j+% Yoo

X;i<X; j;ﬁi,XjZXi



and rank(Y;) has very similar expression. The population version of pg is given by,

ps(X,Y) = p(Fx(X), Fy(Y)). (1.2.4)

where p is the usual linear correlation.

Definition 1.2.4 (Kendall’s p;). Let (X1,Y1), (X2, Y2), - (X, Y,) denote a random
sample of n observations from a vector (X,Y') of continuous random variables. Let
c and d are the number of concordant and discordant pairs within each pair of
observations of totally (%)) distinct pairs, denoted by (X;,Y;) and (X;,Y;) in the

sample. Then, an estimate of Kendall’s rank correlation is defined as,

. c—d n\

=" = (2) D sen(X; — X;)(Y; - Y)). (1.2.5)
(2) i<j

The population version of p- (X, Y') for independent and identically distributed random

vectors with (X1, Y1) and (X3, Ys) is given by,

pr(X,Y) = P[(Xy = X5)(Y1 = Y2) > 0] = P[(X; — Xp)(Y1 — Y2) < 0. (1.2.6)

In addition to their important advantages, there is a well-defined relationship between
the parameter of the copula functions and above-mentioned rank-based correlation
measures. Equivalently, these measures are copula-based and can be expressed in
terms of copulas. Although both rank based correlations measure the probability of
concordance between random variables with respect to given copula family, values of
ps and p, are still quite different. Detailed explanation and related proofs about both
dependence measures can be found in [28]] with clear examples. Here, to make a more
precise explanation, the relationship between copula functions and both correlation

measures is described in the following theorem.

Theorem 1.2.5. Let X and Y be continuous random variables whose copula function
is C. Then the population version of Spearman’s rho for X and Y (can be either

denoted by p(X,Y) or pc) is defined by,



p(X,Y) = pc =12 // C(u,v)dudv — 3. (1.2.7)
N

]2

In a similar manner, the population version of Kendall’s tau for X and Y (can be

either denoted by T7(X,Y') or 7¢) is defined by,

T(X,)Y)=1c=4 C(u,v)dC(u,v) — 1 =4E[C(U, V)] — 1. (1.2.8)
4

12

where I* = I x I is the unit square for I = [0, 1].

Above theorem briefly summarizes the role of concordance in copula functions. There
are other rank-based correlation measures and all derivations of important results,
mainly stated above, are important to understand basis of copula theory. Interested
reader can read Chapter 5 of [28] in detail, but, the rest of the findings about correlation
measures are not scope of this thesis. For this reason, it is time to go further on the
problem of constructing multivariate distributions which are consistent with given
marginal distributions and correlations more deeply. For a departure point, the next

section introduces the theoretical framework of copula functions.

1.3 Theoretical framework for Copulas

In this part, the generalization of the "non-decreasing" notion for univariate functions,
main concept applicable to multivariate functions, is presented. This construction is
the key for understanding the basis of copula functions. In this respect, some notations
and definitions will be recalled to build the preliminary part of the copula theory step
by step. The first focus is the definition of a "2-increasing" function, described as a

two dimensional analogy of a one variable non-decreasing function,

Definition 1.3.1. Let S, and S, be nonempty subsets of R where R is the extended
real line, i.e. [—00,00]. H be a two-place real function such that Dom(H) = Sy X S

and whose domain is a subset of R = [—00, 00| X [—00, 0], called as extended real

7



plane and range is a subset of R. Let B = [11, 5] X [y1,ya] be a rectangle all of

whose vertices are in Dom(H ). Then, the H-volume of B is defined as,

Vi(B) = H(x2,y2) — H(x2,11) — H(21,y2) + H(x1,11) (1.3.1)

Here, a 2-place real function H is called 2-increasing (referred as quasi-monotone)

if Vig(B) > 0 holds for all rectangles B whose vertices are elements of Dom/(H ).

As a result of Definition 1.3.1, following lemmas can be presented for the continuity

of quasi-copulas, indeed copulas.

Lemma 1.3.2. Let S, and Sy be nonempty subsets of R, and H be a 2-increasing
function with Dom(H) = Sy X Sa. Let xy, x5 € Sy with x1 < x9 and similarly y,, ys
€ Sy with y; < ys. Then,

H<tay2> - H<tay1>
and

H(IQ,t) — H(Il,t>

are non-decreasing functions over S1 and S, respectively. As a direct result of this
lemma, a 2,increasing function H is non-decreasing in each argument results in the

following lemma,

Lemma 1.3.3. Let S, and Sy be nonempty subsets of R, and H be a 2-increasing
function with Dom(H) = S} X Sy. Assume that ay and ay be least elements of the
subsets Sy and Ss, respectively. The function H from S; x Sy to R is grounded if
H(z,a3) = H(ay,y) = 0V (x,y) in its Dom(H). In this case, the function H is

called grounded 2-increasing and it is non-decreasing in each argument.

After defining the "grounded 2-increasing" function, the last crucial lemma for the

construction of copula functions appears as follows,

Lemma 1.3.4. Let S, and Sy be nonempty subsets of R, and H be a grounded
2-increasing function with margins, and Dom(H) = Sy X Sy. Let (x1, y1) and

(29, y2) be any points in its domain. Then,
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|H (22, y2) — H (w1, y1)| < |F(w2) = Fa1)] + G (y2) — Glun)]

where F' and G are cumulative distribution functions for random variables X and Y,
respectively. Above-mentioned definitions and lemmas are required to define copula
functions in two steps. Firstly, sub-copulas are defined, which are a certain class
of grounded 2-increasing functions with their margins. Then, copula functions as

sub-copulas with domain I? = I x I are described.

Definition 1.3.5. A two-dimensional sub-copula, or simply 2-sub-copula is a function

C' which satisfies the given properties below:

e Dom(C") = Sy x Sy in which Sy and Sy are subsets of I = [0, 1].
o (' is grounded 2-increasing function

o VuinS, and ¥ v in So, the equalities C'(u,1) = u and C'(1,v) = v are
satisfied. Here, the range of C', (i.e. Ran(C")) is also a subset of I since
0 < C'(u,v) < 1 holds ¥(u,v) in Dom(C").

Definition 1.3.6. A two-dimensional copula, shortly copula is a 2-sub-copula with

domain 1% which satisfies certain properties listed below:

e Foreveryuandvin I,
C(u,0) = C(0,v) =0 and
C(u,1) =wand C(1,v) = v;

e For every uy, us, v1 and vy in I with uy < ug and vy < vy,

C(ug,v2) — C(ug,v1) — C(ug,vy) + C(ug,vy) >0

There exists small differences between sub-copulas and copulas, but this small distinc-
tion is still important for Sklar’s Theorem, the corner stone of the copula theory.
Besides, most of the properties of copulas are indeed the properties of sub-copulas.
To illustrate another important inequality, satisfied by both sub-copulas and copulas,

given below,

Theorem 1.3.7. Let C' be a subcopula. Then for every (u,v) in Dom(C"),

max(u+v —1,0) < C" < min(u, v) is satisfied. Since every copula is a sub-copula,

9



given inequality holds for copulas for every (u,v) in I?,
W(u,v) < C(u,v) < M(u,v) where commonly denoted functions W (u,v) =
max(u + v — 1,0) and M(u,v) = min(u,v) are lower and upper bounds for the

copula function C(u,v).

This inequality primarily identifies the boundaries of copulas functions, generally
referred as "Frechet-Hoeffding bounds". Later on, Sklar’s Theorem and other related
subjects will be discussed in Chapter 2 by keeping mind this general background.
Interested reader can find all details about theoretical framework for the construction
of copula functions in Chapter 2 of [28]. For this reason, this section is concluded by

the main goal of thesis study, for summarizing the potential of the study.

1.4 Objective of the study

This dissertation aims to make practical and meaningful contribution to the field
of mixture of vines. In this study, the mixture of vine copulas are proposed for
expressing the different dependencies hidden in a multivariate data set. As a first
approach, the finite mixture of C-vine copulas with different dependence structures
are proposed to capture the complex hidden association in higher dimension. In that
respect, various copula families are considered and in some cases distinct pairs are
used to construct each component separately. Furthermore, finite mixture of C- and
D-vine models is proposed to define more powerful mixture density function in terms
of different tree structures. Afterwords, as a novel approach, finite number of C-vine
copula models are incorporated into a D-vine copula model to derive the dependence
structure between several random variables. For this mixture model, c.d.f. values
obtained from the different components of C-vine copulas are combined with the

help of D-vine method by considering the temporal ordering of the components.

The original motivation of CD-vine modeling approach directly relies on one of
the agricultural problem, about the dependence among the growing periods of any
crop yield. As a summary, for a specific crop, there is a unique requirement for
climatic or soil based needs during its growth stages. For an accurate agricultural risk

management decisions, the identification and understanding the dependence among
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the growth stages for a specific crop yield is very crucial. In that respect, above
declared CD-vine model can be a useful tool to detect any hidden dependence both
within and between growth periods in terms of pre-selected explanatory variables for
a crop yield. With this approach, dependence structure between variables at each time
point is explained by C-vine model and dependence among the time points is captured

by D-vine model.

In general, the whole research is dedicated to the mixture of vine copulas field and
the performance of the proposed models are tested using both simulated and real data
sets. Having all experiences on simulated data sets, two different real life examples
are studied in the field of finance by giving advantages and drawbacks of the proposed
mixture models. For this reason, two different data sets have been investigated inclu-
ding various major stock indices in the world. Finite mixture of C-vine model and the

proposed CD-vine framework is implemented with these data sets separately.

The rest of this thesis is organized as follows: Chapter 2 summarizes main properties
of copulas and vine copulas with respect to their foundations. Besides, important
and widely known copula families are briefly described with their advantages and
limitations in bivariate case. Afterwords, the main reason for the rise of vine copulas
is explained in detail. The recall for the mixture of vines proposed by [22] with
the short literature review is presented in Chapter 3. Furthermore, various finite
mixture models are presented and then the novel CD-vine mixture model is proposed.
Thereafter, Chapter 4, summarizes the numerical findings of the above mentioned
mixture models based on simulated data and real life examples. Finally, in Chapter 5,
the main conclusions of this study are highlighted with its advantages and drawbacks

by giving possible further research directions and related open problems.
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CHAPTER 2

METHODOLOGICAL FRAMEWORK

Under this chapter, the building blocks of copula functions are recalled briefly. There
after, widely known and considered bivariate copula families are described with their
certain properties. The advantages of those bivariate distributions are discussed with
its main drawbacks, which open the next door; the rise of vine copulas. The construc-
tion of vine copulas, a kind of graphical multivariate distribution representation, is

simply explained with two special cases in the end.

2.1 Copulas and Their Properties

2.1.1 Preliminaries

The history of copula models started with the problem of deriving bivariate distribution
function for given marginal distributions, F; and F5 for two random variables X; and
X, respectively [16]. Later on, the notion of copula was first introduced by [35].
The main motivation behind the copula framework is the attempt of answering the
questions of how to construct multivariate distributions with different margins and
how to separate the dependence structure from their margins [16]]. In this sense, the

basic definition for copula functions is given as follows:

Definition 2.1.1. A copula is a multivariate distribution whose marginals are all

uniform over [0, 1. For a p-dimensional vector U on the unit hyper cube, a copula C

is defined as,
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Clu, ug, ..., up) = Pr(Uy < uy, Uy <wug, ..U, <u,). (2.1.1)

This definition is the main result of the Sklar’s theorem [35|], namely building block

of the theory of copulas, given below.

Theorem 2.1.2. (Sklar’s Theorem) Let F be a p-dimensional distribution function
with univariate margins F\, F,, ..., F,. Let A; denote the range of F; and A; =
[—o0,00] where j = 1,2,...,p. Then, there exists a copula function C' s.t. for all

(21,29, ..., xp) € [—00, 00| satisfies the following:

F(Il, T2, ..., $p> = C(F1<I1>, FQ(Q?Q), ey Fp(l'p)) (212)
where the random variables X, ..., X,, are assumed to be continuous.

Such a copula C, defined in Equation is unique whenever all F, Fs, ..., F,
are continuous marginal distributions. Conversely, if C' is a copula and F7, ..., F,
are distribution functions, then function F' is a multivariate distribution function with
margins Fi, ..., F},. In particular, C' can be interpreted as the cumulative distribution
function of a p dimensional random variable on [0, 1] with uniform margins.

Corresponding density of copula function is denoted by c, calculated as ¢(z; - - - z,) =

OPC(x1-xp)
0x1-+-0xp

2.1.2 Copula Related Dependence Measures

To understand the relationship among multivariate outcomes, copulas seem to be very
promising. More simply, above mentioned joint distribution F' given in Equation
[2.1.2] contains the dependence structure of the random variables. Such a necessity
for copulas comes from numerous fallacies concerning correlation, when especially
outside of the elliptical world. In case of linear correlation, there exist certain deficien-
cies for multivariate models different from normal case. These shortcomings have
been solved with an elegant movement into the alternative correlation measures,

briefly summarized in Chapter
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Thanks to the concepts of concordance and discordance, two widely known rank
correlations are defined as Spearman p and Kendall’s 7. For both rank based correlation
measures, the common term in their formulations is naturally the rank of the observation,

illustrated below;

1
rank(X;) =1+ x;g] +5 #i;:& . (2.1.3)
where Equation[2.1.3]identifies the position of the i’th observation for a given random
variable, X, within in the ordered random sample. These two alternative correlation
measures can be recalled one more time in terms of the copula function, as it is
mentioned in Chapter Above described nonparametric correlation measures pg(X,Y)

and p, (X, Y’) could be expressed as,

ps(X,Y) =12 //V(C(u,v) — uv) du dv. (2.1.4)
or(X,Y) = 4//\/ C(u,v)dC(u,v) — 1. (2.1.5)

where V' = I? is the unit square in 2-dimensional space and dC'(u,v) = 8286; (gv’”) dudv.

Here, both equations [2.1.4] and [2.1.3] allow us to make a conversion from the rank

based correlation measure to the parameter of copula functions and vice versa. In
this study, as it is suggested in the literature, the main focus is Kendall 7 values
for measuring dependence among continuous variables in the numerical applications
[17]. Furthermore, apart from above measures, another important dependence measures

within the context of copulas is briefly explained below.

2.1.2.1 Tail Dependence

It is a well known fact that, linear correlation has vital fallacies for heavy-tailed
distributions. Tail dependence phenomenon directly relates to existence of association
in extreme values, mainly defined based on tails. Suppose X and Y are two random

variables having distributions F, and £, respectively. One can derive two important
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asymptotic measures for tail dependence, called the coefficient of upper and lower

tail dependence.

The upper version of this coefficient, denoted by \,, for X and Y is given as,

lim P(Y > F, ' (t)|X > F, (1) = A, (2.1.6)

t—1—

where \, € [0,1] and F~!(¢) = inf(x|F(z > t)) with ¢ € (0, 1). For nonzero values
of A, the pair (X, Y') are called asymptotically dependent in the upper tail. Otherwise,
ie. A = 0 they are asymptotically independent. Similarly, the coefficient of lower tail

dependence, i.e. \; is defined below,

lim P(Y < FH )X < FyN (1) = A, 2.1.7)

t—0t

where \; € [0, 1] exists. The interpretation of the number )\, is similar to \,. Since

the equations [2.1.6] and [2.1.7] include conditional probabilities, there exist a certain

connection between those measures and copulas. In brief, A measure is indeed a
function of bivariate copula for X and Y. In case of the continuity of /', and F,, and

existence of given limits, both equations [2.1.6/and [2.1.7| can be rewritten in terms of

copula functions, as follows,

&:}%HY>%NMX>QWW
. PY > FUE),X > FU()
= Am P(X > F, (1)) 18
. C(tt)
= lim

t—1- 11—t

where C'(t,t) = 1 — 2t + C(t,t) and C is the unique copula function for the pair

(X,Y). In a similar manner,
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A= lim P(Y < E7NE)|IX < F(1)
. PYSFN(1),X <F7Nt)
= fim PIX < F1(0)) (2.1.9)
= lim Clt.t)
t—0+ t

Based on equations [2.1.8|and [2.1.9] one can observe that the calculation of \ is easy

to handle if the corresponding copula function C' has a closed form, to understand
the tail dependence as an asymptotic property. This tail dependence measure gives a
reasonable information about the joint behavior in extremes asymptotically. On the
other hand, for higher dimensions, A measure for tail dependence is not so straightfor-
ward like in bivariate case. When it comes to the mixture of vines, the derivation of

these tail dependence measures is not an ordinary calculation certainly.

2.1.3 Parametric Copula Families

This subsection primarily introduces the concept of copulas with their representations
mathematically and graphically. The most frequently used copula families can be
classified generally as elliptical and archimedean ones. There are more than 100
types of copula families in the literature and many of them are widely used in different
research areas. Within this subsection, main copula families are described with their

fundamental properties.

For the construction of copula density function, firstly, the marginal distributions
should be decided and then these values are transformed into uniform numbers using
probability integral transformation. In other respects, the departure point is modeling
residuals when the random variables are univariate time series. In this modeling
setup, even if these residuals do not ensure the normality conditions, the derivation of

multivariate density function is still possible via copulas.
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2.1.3.1 Elliptical Copulas

An elliptical copula is the copula function generated from an elliptical distribution
by Sklar’s theorem. General discussion about elliptical distributions can be found in
[15]).

Definition 2.1.3. Let F be the multivariate c.d.f. of an elliptical distribution. Let
F; be CDF of the i’th margin and F; ' be its inverse function (quantile function) for

1 =1,...,p. The elliptical copula determined by F is

C(uy, .oy up) = FIFT (uy) + o+ F7Hwy)]. (2.1.10)

For instance ; normal copulas (derived from bivariate normal with zero means, unit
variances and correlation p) and student t-copulas (derived from bivariate t-distribu-
tion with zero mean, degree of freedom v and association p) are two types of elliptical
family. Both of them play a predominant role within the elliptical class and their

usage appears in diverse fields of applications.

Definition 2.1.4 (Gaussian (Normal) Copula). The p-variate Gaussian or Normal

copula function could be defined as

Clur, =y ¥) = BB ) -+ B (1) @111

where 3 denotes the correlation matrix (includes dependence structure), O, standardi-
zed p-variate normal and ®~' represents the quantile function of a univariate standard
normal distribution [20]. In the bivariate case, normal copula family has no tail

dependence.

Definition 2.1.5 (Student-t copula). Assume that Z ~ N(0,%) and vs = % with S

is distributed as X*(v), where v is the degrees of freedom (d.f.) for given chi-squared
variable S. Here, Y = vsZ has a t-distribution with df v [20]. When the Sklar’s

Theorem applied with the definition of p;; = % for1 < 4,5 < p, Student-t
i1 24jj
copula function is derived as,
Clug, - upiv, p) =18 (8, (ur) - - 1, (up)). (2.1.12)
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In equation|2.1.12} t ! is the inverse of the classical univariate t-distribution function.
Differently from Gaussian copula, bivariate Student t-copula function exhibits both

upper and lower tail dependence, which can be calculated by using equations [2.1.5]

and respectively.

2.1.3.2 Archimedean Copulas

Under this subsection, another important class, archimedean copulas are summarized
and discussed briefly. With this approach, the study of a multivariate copula could be
reduced to a single univariate function [25]. The building block for the construction

of such a family, directly based on generator functions 1} is defined below,

Definition 2.1.6. An archimedean copula is constructed through a generator 9 as

Cluy, ..., up) = 07O (ur) 4 ... +9(u,)). (2.1.13)
where 9I=Y is the pseudo-inverse of the generator 9, defined by
97HE) 0 <t <9(0),

() = (2.1.14)
0  9(0) <t<oo.

IN

In bivariate case,

Cug, uz) = 970 (ur) + 9(uy)). (2.1.15)

defines the so-called archimedean bivariate copula function. Here, in Equation[2.1.15)
¥ is called the generator of copula. For instance, Gumbel copula family is generated
from 9 = (—In(t))%, where 0 > 1 and it controls the degree of dependence. Similar
construction exists for different archimedean type copulas having various tail depen-

dence structures.

Among all archimedean type families, Clayton, Gumbel and Frank are well known
copula functions. Different copula families stand for deriving distinct dependence
structures. For example, elliptical copulas and Frank copula are preferable to examine
the symmetric dependence structures. On the other hand, Clayton and Gumbel are

useful to identify the tail dependencies at lower and upper quantiles, respectively.
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Table [2.1] summarizes bivariate copulas having certain distributional assumptions.
Bivariate standard normal with parameter, p, bivariate Student-t distribution with
parameter p and degrees of freedom, d. Besides, Frank, Clayton, Gumbel and Joe
families defined over [0, 1] in Table are bivariate copulas with parameter 6. Finally,
independence copula family shows no dependence pattern among the variables so that

the parameter is directly equals to zero.

Table 2.1: The most widely used copula families and their parameter spaces

Copula Family Co(u,v)
Parameter (0)
Normal Gp(0H(u), o7 (v)) = fiol(u) fi:(v) gﬂ\/ll,pz exp(—SQQ_(f’f;;’)tQ) dsdt
pE <_1a 1)
Student-t |t (t"(u), 17" (v) = [ [0 — N L £y 52 oy
€ (—1,1);d € (0,00)
Frank (—%)In[1 + (exp_t;;),(;f’l’)_ev_l)]
0 € (—00,00) \ {0}
Clayton (w000 —1)0
0 € (0,00)
Gumbel exp[—(u? +v0)"7]
0 € [1,00)
Joe A= (A=’ + (1= 0P — (1=l (1= 0))?)
0 € [1,00)
Independence uv
=0

For the dependence structure within the above-mentioned copula families, a set of
useful noteworthy pictures are presented. Each copula family has own tail dependence
properties and this dependence is controlled by the parameter, generally denoted as
6. To visualize, the following contour plots are beneficial way of understanding each

copula function, presented in Figure 2.1]

In Figure [2.1] all the margins are assumed to be normal. On the other hand, generally
speaking, margins are converted into uniform numbers before the construction of
copula functions. For visualizing various tail dependencies with uniform margins,
both surface and contour plots are displayed in Figure 2.2 with the same parameter
value. In both Figures [2.T]and [2.2] different tail dependence patterns for each family
can be visualized clearly. For instance, Clayton family represents a lower (left) tail

dependence but Gumbel and Joe copulas exhibit an upper (right) tail dependence
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Normal, theta = 0.5 Student t, theta = 0.5, df=4 Clayton, theta = 1.5

Gumbel, theta = 1.5 Frank, theta = 1.5 Joe, theta = 1.5

Figure 2.1: Bivariate Copula Families with Normal Margins

structure. Generally, all of those mentioned copula families are asymmetric type of

copulas except Normal, Student-t and Frank copulas, presented in Figure

As it is mentioned above, the parameter of the related copula family controls the
degree of dependence over its natural parameter space. For instance, certain fixed
changes on the dependence parameter can be visualized in Figure [2.3] for Clayton
copula with its contour plots. Here, whenever the parameter ¢ increases, the contour

lines get more dense in the lower tail to identify the increased dependence.

Along with one parameter copula families, other copula families are constructed
based on the rotations or extensions of the existed ones, called as associated copulas.
Among those special families, survival (rotated) copulas deserves more attention
since they are more convenient to measure the negative dependencies within different
tail structures. For example, Clayton, Gumbel, Joe rotated with 90, 180 and 270
degrees are some examples of those new families. To illustrate, various tail dependence
structures for rotated versions are graphed in Figure [2.4] for Gumbel family. Similar
impacts can be visualized for the rotated versions of other copula functions. All of
those copula families appeared in various research fields, and this notion became
increasingly popular at the end of nineties. For the interested reader, the monographs

of [28]] and [20]] are referred to give more details about copulas.
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Frank copula density Clayton copula density Gumbel copula density
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Figure 2.2: Surface and Contour Plots of Frank, Clayton and Gumbel families
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Figure 2.3: Contour Plots of Clayton families with different parameters
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Gumbel, theta = 1.5 Rotated Gumbel (90 Degr), theta = -1.5

Figure 2.4: Contour Plots of Rotated versions of Gumbel family

2.2 Motivation for Vines

Even if they are very practical to model the dependence structure between variables,
the use of copulas is still challenging in higher dimensions, where standard multivariate
copulas suffer from rather inflexible structures. Certainly, it is not so realistic to
extend elliptical and archimedean copula families directly to higher dimensions. Actua-
lly, in some cases it is not possible to do so without losing from their beneficial
properties. For this reason, considerable efforts have been undertaken to increase the
flexibility of multivariate copula models beyond the scope of elliptical and archimedean

copulas.

2.2.1 Preliminaries

Many multivariate data structures exhibit; different marginal distributions having
non-symmetric dependencies like heavy tail dependence pattern between some pairs.
For such data sets, standard parametric distributions such as the Gaussian or multiva-
riate t distribution are not efficient to identify the correct relationship. Moreover,

standard elliptical and archimedean copulas do not allow to use different models
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between pairs of variables, even if some of archimedean families can be extended to
higher dimensions. For this reason, the analysis of high dimensional data requires
more flexible multivariate stochastic models in copula framework. Considerable
efforts have been undertaken to increase the flexibility of multivariate copula models

and vine copulas (vines) are among the best-received of such efforts.

Vine copulas use unconditional and conditional bivariate copulas to describe a multiva-
riate distribution [6]. A set of linked trees, called as vines, describe a vine copula’s
factorization of the multivariate copula density function into the density functions
of its pair copulas (see [6], [14] ). Vine copula models have proven themselves
as a very flexible class of multivariate copula models with regard to symmetry and
tail dependence for pairs of variables. The full specification requires the choice of
vine tree structure, copula families for each pair copula term and their corresponding
parameters. Historically, Joe [19] gave a probabilistic construction of multivariate
distribution functions based on simple building blocks called pair-copulas. Bedford
and Cooke [3], [6]] organized these constructions in a graphical way called regular
vines and gave expression for the joint density function. Estimation for the Gaussian
case was considered in the book by Kurowicka and Cooke [14]. Besides, Aas et al.
[[1]] used the Pair Copula Construction (PCC) to establish flexible multivariate model
based on pair-copulas such as bivariate Gaussian, Student-t, Gumbel and Clayton
copulas and provided their likelihood expressions. A recent survey by [13] about

vine models is proposed and it is available for interested readers.

2.2.2 Representation of Vines

A vine copula structure is simply defined as a nested set of trees describing the
pairwise copula functions unconditionally at the first tree and conditionally for the
rest of connected trees. This construction is presented by Bedford and Cooke [3] as

follows

Definition 2.2.1. Let V =T}, ...,T,_; denote the regular vine for p variables, where
T; is a connected tree with nodes N; = 1,...,p and edges E; fori = 2,....p — 1. In
this tree structure, T; is a connected tree with nodes N; = E;_;.

A regular vine with p variables is a vine where two edges in tree i are connected by
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an edge in tree © + 1, only if these edges share a common node. In general, there are

totally p(p — 1) /2 possible edges in a regular vine for p variables [[I4)].

Formally, vine copulas are multivariate copula constructions building on bivariate
copulas and this framework is called PCC generally [[1]. To clarify, the procedure of

PCC for multivariate p.d.f. in p-dimension is defined as follows [5]:

Definition 2.2.2. Given

floy, - xp) = (Z x|z, - Jt—l)) fi(z). (2.2.1)

t=2

and for distinct values of i, j, i1, -+ ,ix witht < j and i1 < --- < iy, define,

Cigliv, i = Cijliv, ix (F(xi|xi17 T 7xik)7 F(xj‘xila T 7'r2k)) (2.2.2)

where f and c denote probability density function (p.d.f.) of original marginals and
copula density function, respectively. Then, one can rewrite the conditional p.d.f,

f(z¢|xy, -+ x41), in terms of conditional copulas as,

f(%\ll?l, T 71'1571) = 01,t|2,-~.,t—1f(517t\$27 T 737t71)

t—2
= (Z Cs,ts+1,---,t1> Ct—1,tft($t)-
s=1

(2.2.3)

Afterwords, by using equation the joint p.d.f., given in equation becomes

P
Ci,i+ji+1,~~~,i+j—1> (Z fk(a?k)> : (2.2.4)
k=1

for s =i, t =i+ j given in Equation[2.2.4)

-1 p—j

bS]
bS]

1 =1

f(xla"'vxp):<

J

The decomposition presented in Equation[2.2.3]suggests that there is no unique way of
deriving the multivariate copula, as different orderings of the variables might lead to
a different estimations. For this reason, the full specification of a vine copula requires
the choice of vine tree structure, determining copula families for each pair copula

and estimating their corresponding parameters. Therefore, regular vine construction
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can be made as a sequence of bivariate unconditional and conditional copulas, given

below more formally,

Definition 2.2.3. As T;, N; and FE; defined, an p dimensional vine tree structure
V =1T,...,T,_ consists of consecutive p — 1 linked trees satisfying the following

conditions [6]:

Tree T’ is a tree having nodes 1 to p,

Tree T has p + 1 — j nodes and p — j edges, where j = 2,--- ,p — 1

Edges in tree T; become nodes in tree T} 4,

Two nodes in tree T)j | can be joined by an edge only if the corresponding edges

in tree 'T; share a node, called as Proximity Condition (PC).

For this tree construction, it has been shown that the edges could be defined by two

nodes, called conditioning and conditioned nodes [5\], [14].

2.2.3 Regular Vine Tree Structure

In general, vine is kind of a useful graphical tool to label constraints in multivariate
distributions. Among those, regular vine, a flexible tool for modeling high-dimensional
dependence, is a special case in which all constraints are unconditional or conditional
2-dimensional [20]. By following Definition 2.2.3, tree structure of a Regular vine

(R-vine) on 5 variables can be visualized below, in Figure

Based on the R-vine tree structure presented visually, the density of a regular vine
distribution is defined by the product of pair copula densities over the p(p — 1)/2
edges identified by the regular vine tree structure and the product of the marginal
densities. To illustrate, the multivariate density function for 5 variables can be written

simply as below,
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Casi3a

Figure 2.5: Tree Structure of R-Vine for 5 variables
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[, @2, 23, 34, 35) = fi(21) fo(@2) f3(23) fa(wa) f5(25)
c1a(Fi(z1), Fi(za))ers(Fi(@), F5(5))coa(Fa(22), Fi(4))
e (F3(23), Fa(wa))crza(F1(21), Fo(2)| Fi(24))
iz (F1(z1), F3(xs) | Fu(xa))casp (Fia(za), F5(2s) | Fi(21))
cospa(Fo(w2), F3(x3)| Fi(21), Fa(z4))
csspa(F3(x3), F5(x5) | Fi(21), Fu(z4))
Casji3a(Fo(2), Fs(xs)| Fi (1), F3(23), Falz4)).
(2.2.5)

As a technical brief, 7} has 5 nodes and 4 edges and, nodes (1,5) and (1,4) in tree
T, are joined by an edge sharing the node 1 coming from 73 in Figure[2.5] This tree
structure is just an example for R-vine, but the main focus of this study includes two

special vine trees.

2.2.4 Special Types of Vines

There are infinitely many ways of constructing such a vine tree structure in a multivariate
case. Among the others, two of them deserve more attention having special tree

structure, introduce (C)anonical and (D)rawable vine copulas.

Definition 2.2.4 (C-vine). It is a type of regular vine distribution for which each tree
has a unique node that is connected to all other nodes of the tree. It uses only star
like trees and it is useful for ordering by importance. For example, for 5 dimensional
multivariate density, assuming that the first variable is selected as the root node of
the first tree ('I') and the corresponding C-vine tree structure is represented in Figure

[2.6] Besides, the corresponding probability density function can be written as,
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flar, e, w5, 04, 5) = f1(21) fo(@2) f3(3) fa(a) f5(25)
cr2(Fi(21), Fa(wa))eas(Fi(a1), Fs(ws))era(Fi(zy), Fiza))
c15(Fi (1), Fs(xs))caspn (Faxa), F3(xs) | Fi(21))
Coapt (Fo(2), Falza) |[Fi (1)) cosp (Fo(2), F5(xs) [ Fi(21))
caapa2(F3(x3), Fa(za)|[F1(21), Fo(z2))
csspa(F3(xs), Fs(xs) | Fi(z1), Fa(z2))
)

C45\123(F4(1’4), F5(I5)|F1(1’1), Fz(iﬂQ ) F3( ))
(2.2.6)

Definition 2.2.5 (D-vine). D-vine is another special case for regular vine tree structure
having no node in any tree is connected to more than two edges. It uses only path
like trees and beneficial for temporal ordering of variables. For example, for 5
dimensional multivariate density, D-vine model is represented by Figure [2.7] and its

density function can be written as,

f(@r, @2, w3, 24, w5) = f1(21) fo(@2) f3(23) fa(a) f5(25)
cia(Fi(a1), Fo(2))cos(Fo(w2), Fs(w3))csa(Fs(ws), Fa(xa))
cas(Fa(24), F5(ws5))cazp (P (w1), F3(z3) | Fa(w2))
o3 (Fo(x2), Fu(xa) | F5(ws))cssia(F3(xs), F5(25) | Fa(ws))
24)| Fa(2), F3(x3))
Cosfsa(Fa(w2), F5(5)| F3(23), Fu(4))
Cisj23a(F1 (1), Fs(25)| Fo(x2), F3(23), Fi(24)).

014\23( 1(z1), Fa(
5(
(2.2.7)

For the sake of simplicity, the related dependence parameter is dropped for each

unconditional and conditional density functions for equations in [2.2.6] and [2.2.7]

The generalizations of both special vines are possible, the corresponding probability

density function for C-vine and D-vine for p variables are formulated below, respectively.

Flan, - ay) = [H.fk(xk)] . [HHQML...M] . (2.2.8)
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Figure 2.6: Tree Structure of C-Vine for 5 variables
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Figure 2.7: Tree Structure of D-Vine for 5 variables
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p—1p—j

flxy, -+ xp) = [ka(fk)] : [HHCi,i+]’i+1,--~,i+jl : (2.2.9)
k—1

=1 i=1

It is noteworthy to mention that, the likelihood calculation for D-vine is more complica-
ted than that for the C-vine. For the detailed model selection procedure will be
established within the context of mixture of vines in Chapter 3 later on, but still
the work flow for fitting any suitable vine model is vital to emphasize after defining
vine copulas. For this reason, modified sequential selection, discussed in [20], was
summarized as a closing part of this section. For any regular vine construction, the

following steps could be followed for the model selection:

1. Determine which copula family is suitable in 7 by checking any tail dependence

or asymmetries with the plot of original data.

2. Estimate the related parameters for the selected copula families using the given

data.

3. Transform the necessary observations for 75, by using copula parameters in 73

and the conditional (h-) functions.

4. Determine now the best suitable family in 75, like the followed procedure in

Ti.

5. Continue this process until describing the properties of last tree, for instance 75

is the last tree for R-vine in Figure [2.5] and other two specific cases given in

Figures[2.6|and

Here, the main drawback of this mechanism is not insuring a globally optimal fit. As
another approach, information-based model inference or optimal truncation methods
are also available in the literature, but those topics are out of scope of this dissertation.
Interested reader could follow Chapters 3, 11 and 12 of [20]. In this study, mixture
of C-vines has been focused with archimedean type pair copula families. Besides,
in 3-dimensional case, C- and D-vine models are identical [[1] so that the proposed
mixture models cover both special types. In 4-dimensional case, however, C-vine

mixture model differs certainly from D-vine structure.
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CHAPTER 3

MIXTURE OF VINES

In this chapter, main motivation behind finite mixture models is presented with recent
studies in the literature. Afterwords, two different proposed mixture models are
discussed within the following three subsequent sections. First of all, finite mixture of
C-vines are studied with various scenarios and different parameter estimation methods.
Thereafter, same finite mixture model framework is applied to both C- and D-vine
to construct another type of multivariate data. Finally, as a novel model, CD-vine
approach was proposed under a distinct multivariate setting with complex dependence
patterns. Primarily, the parameter estimation part is the focus of this thesis study and
numerous optimization methods are considered to find the estimated parameters of

mixture models.

3.1 Brief Literature

In the literature, there are limited studies about such type of mixture models in terms
of vines. Besides, until this time, only D-vines are considered under finite mixture
model to construct a more sophisticated multivariate density functions [22]], [33].
Apart from these studies, most of the studies related to mixture model primarily
based on the implementation of a limited set of copula families, but applied in various

disciplines.

Previously, Vrac et al. [37] studied on partitioning the atmospheric profiles of tempera-
ture and humidity to characterize air masses. A model-based clustering approach

has been applied to a set of data for capturing air masses and Frank copula family
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is considered to identify the dependence between the variables. They developed a
model which allows to work on distribution of data, instead of only numerical values
to cluster the profiles in terms of mixture density, with the satellite observations. The
results of proposed model resulted in relevant clusters for climatology [37)]. Within
the same year, Cuvelier and Noirhomme-Fraiture [[11]] proposed a mixture of Clayton
copulas for clustering purposes again. They extended the model proposed by [37]
from bivariate case to higher dimensions, with n-dimensional Clayton copula. It
has been proven that the mixture model with the Clayton copula was successful to
identify dependence structure. Besides, clustering based on Clayton family gave
better results like other classical methods [11]. Afterwords, Hu [18] employed a
mixture of Gaussian, Gumbel and Gumbel Survival to model the dependence of
monthly returns between a pair of stock indexes by capturing left or right tail dependen-
ce. This method relied on two parameter set; dependence and weight parameters,
which control the degree and shape of dependence, respectively. Four stock market
indices from different regions were considered in monthly base and empirical findings

have powerful insights about risk management and asset pricing [18].

Several years later, Arakelian and Karlis [3]] investigated the finite mixture of copulas
for clustering purposes with respect to dependence properties of data. Finite mixture
of copulas were exploited with its certain properties and illustrated with the help of
widely used bivariate copula families, namely Gaussian, Gumbel, Frank, Joe and
Clayton copulas. In their study, both static and dynamic weight parameters for the
finite mixture model were studied and the potential of their method was illustrated
using daily log-returns from major stock markets. From a different perspective, these
approaches are extended to higher dimensions with vine copula methodology, the
departure point of this thesis [22]. A mixture of D-vine copulas was proposed in
order to reveal and fully understand the complex and hidden dependence patterns in a
multivariate setting [22]. Both simulated and real life data examples were employed
in detail to understand the convenience of the proposed D-vine mixture and daily
precipitation data was considered to detect the association among four meteorological
stations located in four different municipalities. A similar research has been conducted
by [33] for clustering purposes using various set of available data. In that respect,

they have been compared the classical clustering methods with D-vine based mixture
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model with a limited set of copula families. Thereafter, Kosmidis and Karlis [24]
implemented copula framework for clustering purposes using both continuous and
discrete multivariate data. Besides, they highlighted outstanding findings about the
parameter identification depending on the choice of copulas for the components,

including rotated versions for the known families.

In the light of above summarized studies, the primary goal of this thesis is manifold.
As a first contribution, the study of [22] is extended by covering C-vines in finite
mixture model, instead of looking at only D-vine. Besides, for the construction of
mixture models, various copula families are considered for each component. For
this study, well known and widely applicable archimedean copulas are focused under
proposed models and some of their rotated versions are also covered, like it was
discussed by [24]. Secondly, the same finite mixture model is implemented to combine
both C- and D-vines. Finally, as a novel contribution of the study, CD-vine model has
been proposed, unlike finite mixture model. In this framework, finite C-vine models
are incorporated with the help of D-vine copulas. All of above proposed models, main
interest of this study is the parameter estimation of the mixture models via different
optimization routines. Moreover, model identification problem and improvement of

model selection procedure has been discussed, instead of focusing on clustering.

3.2 Proposed Mixture Models

In this dissertation, numerous improvements of the study of [22] are considered.
In order to derive distinct finite mixture of vine copulas, two main scenarios are
considered. As a first one, 2 component 3 dimensional C-vine mixture models with
different copula families are studied. In this modeling setup, mixture of C-vines
are equivalent to D-vine mixture because of the dimensionality. In this 3 dimensional
case, 3 component C-vine mixtures are also considered with same and different copula
families. Secondly, the dimension has been increased and 2 component, 4 dimensional
C-vine mixture models are investigated with various copula families. Afterwords,
similar approach is studied for the combination of C- and D-vines. In this framework,
2 component 4 dimensional C- and D-vine finite mixture is investigated via predefined

multivariate data set. In all cases, the main focus is the Frank pair copula during the
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construction.

After studying above finite mixtures, as a novel improvement, CD-vine mixture model
have been proposed. Under this setup, finite number of C-vine copula models are
incorporated into a D-vine copula model to derive the dependence between several
random variables. The multivariate distribution functions are derived empirically for
each component of mixture model then tied together by the help of D-vine copula by
considering the temporal ordering of the components. In this modeling framework,
the parameter estimation and inference for full multivariate density is required to
maximize log-likelihood function in two separate steps, the maximization of the
log-likelihood function from C-vine first and then from D-vine part. This two step
process is similar to the idea of Inference for Margins (IFM) technique, widely consi-

dered method for parameter estimations [19].

Within the following subsections, inference for finite mixture of C-vines and the
recently established CD-vine mixture model is presented. For this reason, the detailed
derivations for each mixture model is elaborated in terms of various copula families.
Thereafter, the considered optimization tools are briefly covered at the end, the model

selection procedure with modified GOF tests is exhibited finally.

3.2.1 Inference for Mixture of C- and D- Vines

Under finite mixture model, generally, p-dimensional C-vine copula density can be

written as below,

P p—1p—i
f(x; pcv) = H fi(wk) H H Ciitj[1:(i-1)
k=1 i=1 j=1 (3.2.1)
(F($i|$1, e ’xi—l)a F(xi+j|x17 HRR) ,xi—1)§ 5i,(z‘+j)|1:(i—1))~

where fi(z)) denotes the marginal densities, Cii+j|1:(j—1) are the bivariate copula
density functions with parameter(s) B;, (;+j|1:(i—1)> £ (x| - - - ) denotes the conditional
distribution functions and ¢ ¢y is the set of all parameters in p-dimensional C-vine

density [6].
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There exist one root node in the tree construction of C-vine model which results in

following density formulation in 4-dimension given as [1]],

f(x17952,$3, T4 ¢CV) = Clz(F(ﬂUl), F($2); 512)013(F(1’1)7 F($3); 513)
014(F(9€1),F(5U4)3514)

023|1(F(9€2\$1), F($3|371)§ 523|1)CQ4|1(F(562|$1), F(SC4|131); ﬁ24\1)

4
csapz(F(z3]21, 22), F(24|T1, 22); Bsaji2) H fe(or).  (32.2)

Here, the parameter vector for the above written density function in Equation [3.2.2]
is pcv = (B2, B3, Bia, Basj1, Baaps Bsaji2). Under such multivariate framework, full
inference on C-vine copula can be derived using the log-likelihood function presented

as [1,

—

p—1 p—i

=1 1 n=1

<.
Il

log Cz’,iﬂu:(iq)(F($i7n|351,n, ey ﬂfi—l,n), F($i+j,n|11?1,m e flfi—l,n)§ /Bi,(i+j)|1:(i71))-

(3.2.3)

and it requires three consecutive steps [22]]:

1. Decide which variable should be used as a root node in the first tree 77 of a
C-vine copula (i.e. joining the variables in which the root node variable is

selected based on its significant relations with other variables)

2. Then, specify the family type and parametric shape of each pair-copula function

in an assumed C-vine copula model.

3. Estimate all parameters of C-vine by maximizing the log-pseudo likelihood

function given in Equation[3.2.3]

The finite mixture model is introduced for combining m component C-vine densities

to detect complex and hidden dependence structure in a multivariate data. Under this
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establishment, EM algorithm is used to estimate the parameters in mixture model. To
illustrate, suppose a p-dimensional random vector X=(X;, ---, X}) is generated
from a mixture of M- component C-vine densities, where its density function is

defined as,

M
= Tl (@, dm). (3.24)
m=1

where 7, 1s the mixing proportion of the m-th component such that 0 < m,,, < 1 and
2%21 mm = 1. Besides, ¢,, is the m-th component-specific parameter vector for the
C-vine density described in Equation [3.2.4| [22]]. In this notation, 6 is the set of all
parameters with dimension p and parameter space is denoted by ©, which includes
the full product space (i.e. the simplex of 7, and the cross product space of ¢,,).
Besides, p is the total number of free parameters to be estimated in the mixture model
andp = (M —1) + ZM dim(¢,y,). For the estimation of Equationm both the

number of components M and the parameters 6 are required to estimate based on

EM-algorithm, proposed by [12].

Assume that observations with sample size /N randomly drawn from a M component
C-vine density given in Equation [3.2.4] denoted as xx=(xk,1, - - -, T,n) Where k =

1, -+, p. Then, log-likelihood of 6, g(x, 8) is described as,

L(0) =log(] [ g(wn, 0)) = log H Z TS (X, ) (3.2.5)

n=1 n=1m=1

To show that whether z,, drawn from the m-th component (z,,,,, = 1) or not (z,,,,, = 0),
Z2n=(Zn1," " s Znm, " '+ , Zna) latent variables are generated. Here, z,, is independently
and identically distributed (i.i.d.) random variable from a multinomial distribution.
More formally, z,, is Mult(M,7 = (m,- -+ , 7)) where the log-likelihood for the

complete data set y,,=(x,,2,), namely L(0).,, is given as,
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N M
= OgH H T f (T, )|
N njwm: .
= Z Z Znm, log(ﬁm) + Z Z Znm 10g<f(wm ¢m))

n=1 m=1

(3.2.6)

For the inference on L(6)., the repeated E-th and M-th steps of the EM algorithm
are executed to compute the successive estimates, #°, based on initial values 0.
This repetitive procedure is the key point for parameter estimations and described

as follows:

[E’th-step]

It calculates the conditional expectation of L(#). given the observed data and current
parameter estimates for 6. This computation is equivalent to finding posterior probability
of x,, belongs to the m-th component, given the current values of the parameters

which is formulated as [22],

() ()
o = Elzgl, 0] = Plagm = 1z, 69 = —" Jz()”"” i )(S) 327
21:1 ™ f (@, @)
[M’th-step]
This second step estimates the parameters for each component independently, (ﬂs“),

m(ﬁﬂ),- e 7T1(\j,+1)) and (¢§8+”, e ,qb?(qiﬂ), ceey g\jﬂ)) by maximizing the expected

SN

complete-data log-likelihood obtained from E’th-step.

(s+1) _ Sy Zam™®

For the weights, there exists a closed form solution, denoted by 7y, N

Afterwords, the estimation of gbm ) in the m-th component C-vine density function

(s)

is equivalent to obtain the parameter estimates weighted by z,,,,"” for the parameters

in a C-vine density in Equation [3.2.4] In this case, the second term in Equation
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must be maximized to obtain the estimation for ¢,,. For each component, this

maximization can be considered independently.

Under this framework, both steps are continued until the predefined termination criteria
is satisfied (i.e. L(6°1)—L(6°) < 107%or 1072 ). As aresult of a nice property of EM
algorithm, the log-likelihood is not decreased during the iteration. For this reason, the
given algorithm is run with suitable starting values drawn from the parameter space
and parameter estimates are calculated as a mean value of multiple iterations. For the
model comparison part, three well known model selection criteria values are used, as

they have been considered in the study of [22].

e Akaike’s Information Criterian

~

AIC = —2log(L(0)) + 2p. (3.2.8)

e Bayesian Information Criterian

-~

BIC = —21log(L(8)) + plog(n). (3.2.9)

e Consistent AIC (CAIC)

~

CAIC = —2log(L(#)) + p(log(n) + 1). (3.2.10)

where 8 is the estimate of p-dimensional ¢ defined in Equation and p is the total
number of parameters to be estimated in the mixture model. For the model selection
part, as a supporting tool, suitable Goodness-of-fit (GOF)tests are considered. For this
reason, both Clarke and Vuong GOF tests, proposed by [[10] and [38]], are modified to
compare two different mixture of vines. Additionally, details for this modification is
summarized at the end of this chapter. To sum up, the receipt for the full inference on

the mixture of C-vines can be summarized as follows:

1. Derive the normalized ranks of p-dimensional observed data

2. Decide the root node of each C-vine density by calculating all pairwise correla-

tions.

3. Consider different copulas for all pairs to specify the family and parametric

shape of each pair-copula in an assumed C-vine
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4. Given a copula family, investigate a vine mixture with M components and

estimate its parameters in each model by employing the EM- algorithm

5. Select the best model by comparing all available models in terms of model

selection tools (AIC, BIC, CAIC values and GOF tests).

Above summarized procedure is valid also for D-vine with small differences. In the
simulation part, finite mixture of C- and D-vines is proposed and has been tested with
simulated data set. For this reason, D-vine modeling steps are summarized below
similar to the C-vine model. In general, p-dimensional D-vine copula density can be

written as,

p—1 p—1t

p
f(z; ¢pv) = H xk)HHCJ»(j+i)|(j+1)i(j+i*1)

i=1 j=1

(F(@j|jan, o @), F(@ia|Tion, o Tjio1); Byl G+1):G+i-1)-

(3.2.11)

where fi(z)) denotes the marginal densities, Cj,(j+4)|(j+1):(j+i—1) are the bivariate
copula density functions with parameter(s) 3; (j+4)|(j+1):(j+i-1). and ¢py is the set
of all parameters in D-vine density. For instance, in 4 dimensional case (i.e. p = 4),
Equation [3.2.T1| becomes;

J(x1, 29, 23, 245 ppv) = c12(F (1), F(22); Br2)cas(F(w2), F(x3); Ba3)
034( ( ) ($4>7 534)613\2(17(561’132)7 F(xsffb’z); 513\2)
C24|3( ($2\l’3), F(«’E4|I3)§ 524|3)
4
C14|23(F(351‘$27 r3), F (14|79, 23); 514\23 H
(3.2.12)

where ¢py=(12, 523, O34, Braj2s Baa)3, [14)23) includes totally 6 copula parameters used
in unconditional and conditional pairs. The full inference on D-vine copula is directly

based on the identification of the pair copulas and estimation of their parameters,

similar to C-vine framework.
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Assuming that N observed samples are available like X, = (Xg1, ..., Xk n), Where
k = 1,2,...,p and each random variable X follows standard uniform distribution
s.t. fx(zr = 1)). Commonly, when the distributions of margins are not known,
the normalized ranks of the data are used for the inference purposes as they keep
the largest amount of information about the joint dependence between variables [29].
In general, log-likelihood function for D-vine density over the parameters and its

exemplified version in case of p = 4 is given in equations below, respectively.

p—1 p—i

N
L(¢pv) = Zlog Ch,(5+1)| (G +1):(j+i—1)
i=1 j=1 n=1

(F(@jnlTjs1ns - Tjtimin)s F(@j1nlTivin, - Tivio1n); By G+l G+1):G+i-1))-
(3.2.13)

where again, ¢py is the set of all parameters in D-vine density. For p = 4, Equation

[3.2.13|becomes as follows, with its corresponding parameters,

N
L(¢pv) = Z[log c12(ZT1,ms Tan; Br2) +10g Co3 (a0, Tan; Paz) + 108 c34(T 3., Tan; Paa)

n=1

+ log C13|2(F($1,n|952,n)7 F(l’:s,n’%z,n); 513|2)
+10g Coujs(F(zan|T3,), F(@an]T30); Poaj3)

+ log Cl4|23(F($1,n|x2,na T30), F(Tan|T2mn, T3n); 514\23)}-

(3.2.14)

Under this modeling setup, full inference is accomplished by the following consecutive

steps [22]:

1. Decide which variables are used at the first tree 7} of a D-vine copula and order
of variables using (tail) dependencies (i.e. joining the variables which have the

strongest (tail) dependencies)

2. Specify the family and parametric shape of each pair-copula in an assumed

D-vine copula
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3. Given a copula family, fit a mixture of vines with A/ components and estimate

its parameters in each model by employing the EM-algorithm

4. Select the best model by comparing all available models in terms of model

selection tools (AIC, BIC, CAIC values and GOF tests).

For the components of finite mixture of C-vines, various copula families are implemen-
ted like Clayton, Gumbel, Frank families and the possible rotated versions to extend
the pool of copula families. Here, this construction is exemplified with Clayton
and Survival Clayton families by assuming the case of 2 component, 3 dimensional
mixture model. Besides, Gumbel family is illustrated for the mixture model, construc-
ted in 4 dimension. With the same family, CD-vine mixture representation is presented

at the end of model construction part.

3.2.1.1 2 Component 3 dimensional C-vine Mixtures

To construct a 2 Component 3 dimensional mixture of C-vines, all pair copulas in
the 1’st and 2’nd component are assumed to be Clayton and Survival Clayton family,
respectively. For the sake of simplicity, derivation for the 1’st component of mixture
model is presented in detail below. Thereafter, the obtained density functions for the

2’nd component are directly summarized.

For the first component, all pairs are modeled by Clayton copula and its copula

function for pairs (x1, x5) with parameter (5 is defined as,

Clar, 233 Bra) = (2777 + 2377 — 1)72 exp(—[(~ log 1)** + (~ log 2s) 2] M2 ).
(3.2.15)
and its probability density function obtained using the second order derivative of

C(z1, x9; B12) as follows (after cancellations and possible rearrangements);
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820(371, T2; 512)

C($17$2§512) =

61‘181‘2
B R e T
N 81131
_ a[(xl—ﬂu +$2—/312 _ 1)%—1‘%2—512—1]
03:1
—B12 —B12—1 —ﬁ12 1
—l—:U 512
(1 e = )R B
iz

= (ﬁlz + 1)(‘T1(L’2)7512*1(x1*512 + x;ﬁu _ 1)@

Similarly, ¢(x1, x3; f13) can be written as,

aZC(Il, Z3; 513)

C($1,$33513) =

8:618:63
a[ﬁl (077 + 237 )513 H(—Bus)rs Y
8%1
a[(xl—ﬁm + x;BIS _ 1)%71:&?&3_1]
n (91:1
—PB13 —B13—1 *513 1
—+ 513
( 1 _ﬁ13)( I ) ( Bl )
B3

= (Bis + D)@1ms) 0 (@50 4+ 5 — 1) 2,

—1 _9

(3.2.16)

For the calculation of conditional density of cy3)1, it is necessary to use h-functions

and derive F'(z2|xq) and F'(x3]z1). Their computations are briefly presented below

in detail.

é)0(9131, T2 512)
81'1

_ xlfﬁm*l(l.l*ﬂm + x;ﬁlQ . 1)%—1.

To1 = F(ZL‘2|[E1) =

ac(xl, x3; 513)
(9x1

_ x1—513—1<x1—ﬁ13 + xgﬁl:s _ 1)%—1

T3l — F(I3|[E1) =
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Then, obtained values of x5, and x3; are used as inputs of the conditional density
function cy3; with Clayton formula given above. Thereafter, conditional density ca3)

is derived as,

Co3l1 = 023|1(I21, T31; 523|1)

=1 _9
= (Bazp + 1)(x21x31)7523“71((mzl)’ﬁwl 4 (xgl)’ﬁmll —1)Psn 7 (3.2.19)

when 7, and x3, are replaced in Equation [3.2.19to write cy3); as a function of z,, 7y

and x3 with required parameters, namely (312, 813 and (231, obtained as follows,

Co3l1 = 023|1($21> T31; 523\1)

-1
= (Bagn + D777 @7 4277 — )R
xlfﬁmfl(xl*ﬁls + mgﬁls _ 1)%_1)*/52&1*1

((xl*ﬁM*l(xl*ﬁm + x;ﬁlz . 1)%—1),523“

1

_ =1 _
_|_(x1—,313—1(x1—ﬂ13 + .73??’813 o 1)@‘1)*52&1 _ 1)523|1 2

= (Baspy + 1) (wy 7127772 =
—1

(@7 a3 = )7 o™ g = 1)

=1 _9
((Cra(@1, m2; B12)) 7721 + (Crg(wy, w3 Prg)) P2 — 1) Pen 7 (3.2.20)
where both
Oy = (xfﬁlzfl(l{ﬁm + x;ﬁlQ _ 1)%*1)' (3.2.21)
Ciy = (a7 a7 + a3 — )7 ). (32.22)

are functions of pairs (z1, z5) and (1, x3) with the corresponding parameters /315 and
B3, respectively. Then, 3-dimensional C-vine density function, which describes the

dependence pattern in 1’st component with Clayton pairs, given below,
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log fi = [log c12 + log ¢13 + log 023\1]

~og(B 1)+ (~ i~ Dlogeyez) + (5~ 2)log(a 5% — 1
+log(fi3 + 1) + (=13 — 1) log(x1x3) + (ﬁ_li — 2)log(z; —Brs 4 27 1)
+1og(Basn + 1) + (=23 — 1)(=Pr2 — Bz — 2) log(x1)+
(—523|1 — 1)((—1 — 1) log(z; “P2 xy 7 — 1) + (_1 — 1) log(] ~Bis | 257 1))

B2 513
(5_1 - 2) 10g((l‘21> Paapn 4 (1331)_523“ — 1)

231

(3.2.23)

In a similar manner, all unconditional and conditional densities of 2’nd component
based on Survival Clayton family can be described. Two main identities for the
construction of survival copulas in bivariate case (rotated with 180°) are presented
below for both copula distribution and density functions, abbreviated as C*®%(x, 5)

180(

and ¢'*°(zy, x2), respectively. The meaning of such a rotation can be visualized in

Figure [2.4]in Chapter 2|

0180<£L'1,$C2) =2+ X9 — 1+C(1—ZC1,1 —.1’2). (3224)

(1, 20) = (1 — 1,1 — x9). (3.2.25)

where C'(1 — x1,1 — 3) and ¢(1 — z1,1 — x5) are transformed versions of original
functions in bivariate case. In this study, one of the rotated copula families is Survival

Clayton (SClay). Here, the log-likelihood function construction for the 2’nd component,

having all pair copulas are SClay are described below. For 3 dimensional case, cSClay

SClay

and s 'Y are defined by using above identities given in Equations 3.2.24]and 3.2.25]

cfflay(xbm; Br2) = cfQClay (14 Br2) (1 — 1)(ae — 1)>7ﬁ1271

(L—z) P24 (1—a) P2 - )2 (3.2.26)
cis (w1, w33 P1s) = ¢y ¥ = (1+ Bus) (w1 — 1) (w5 — 1)) 7P
(L—z)™P 4 (1 —a)™® — ) 2. (3.227)
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For the conditional density function of SClay, again 5" * = F(x5|z1) and 257" =

. . SCl . .
F(x3]z1) values are derived for the calculation of cyy,*, their computations are

presented below in detail,

80180 (%1, I‘Q)

B3 = Plagfey) = =55
=1 — (1= 20) PN (1 = 1) P2 + (1 — 2p) P2 — 1)Fas L, (3.2.28)

80180 (.Th Z’g)
8131

=1 (1—2) P (1 —a1) P9 4 (1 — 2a)™P9 — )7L (3.2.29)

w3y " = F(wl2) =

Thereafter, conditional density function, cgz,fﬁay, has been derived by following the

similar construction using x5 '* = x5, and 25 Y = x4, are input values.
sci sci
023‘1%(%21, T31, 523|1) = 023|1ay = (1 + 523|1)
(w21 = 1) (1))~ on™!
=1 9
(1 — m91) P51 4 (1 — 23y) P31t — 1) P2 ", (3.2.30)

After deriving all those density functions, log-likelihood function from C-vine having

SClay pair copulas can be defined as,

log fi = [log ¢y

—log(ra + 1) + (—fho — 1) log((m — 1) (2 — 1))

+ (5~ Dlog((1—a1) P 4 (1= 0) 7 — 1)

+log(Biz + 1) + (=13 — 1) log((z1 — 1)(x3 — 1))

+ (g—l —2)log((1 — 21) 773 + (1 — z3) "2 — 1)

+ log(Bas;1 + 1) + (=12 — 1) (log((1 — 21) P2 (1 = )02
+ <1 - x2>7ﬂ12)%_1) + lOg((l - 1’1)751371«1 - 131)7&3 + (1 — xg)*ﬁls)%—l))

C

! s sci
“ 4+ log cis “]

lay + log 623|1

L 2) log(((1 — 1) 27 ((1 — 21) ™12 + (1 — @p) P12 — )7 1) Paan
Bas|1

(L= ) (1 =) 4 (L= )P0 )P 1),

+(

(3.2.31)

Under the finite mixture model, the density function for 2’nd component is derived by

using Equation[3.2.3T]and maximized by EM algorithm similar to the 1’st component.
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These log-likelihood constructions for each components can be derived by using all

other copula families in a similar manner easily.

3.2.1.2 2 Component 4 dimensional C-vine Mixtures

When the dimension is increased from 3 to 4, totally 3 unconditional copulas, 2
conditional copulas with only one conditioning variable and 1 conditional copula with
two conditioning variables are required to write the multivariate density function. For
the sake of simplicity, 4 dimensional C-vine density is discussed for only Gumbel

family for the 1’st component of the mixture model.

In addition to the calculation of conditional copulas with only one conditioning variable,
additional 1 conditional copula with two conditioning variable is required in 4 dimen-

sional case. To illustrate, by recalling the 3 dimensional case,

1 pl a1l pl 1 1
Pov, = (5127 Biss Bias /623|1a 624|17 334\12)

includes totally 6 pair copula parameters in 4 dimensional C-vine construction. The
written superscript value denotes that parameters belong to the 1’st component. Assu-
ming that, all pairs are Gumbel, the joint density calculation has required to obtain
6 pair copula parameters. Let fi(x1.4; ¢cv, ) be the joint density modeled by C-vine

with Gumbel pairs, one can write the following 4 dimensional density function as,

log f1 = log ¢z + log i3 + 1og c14 + log cogp + log coapn +10g c3apa. (3.2.32)

with the corresponding parameter space ¢cy,. Similarly, all those bivariate copula
density function in terms of Gumbel family can be calculated as second order partial
derivative of C'(x;,x;;6) in general. Here, calculations of all ¢35, ¢13 and ¢4 are

presented below,

C(x1, x2; Pr2)

c1g = —————]log x1 log xg]*%_l

T1T2
Bl — 1

(—log xl)ﬁb + (—log :1:2)5%2]'

Gha(w1, 93 Bla) [Gra(21, 223 Bly) + (3.2.33)
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C(x1,23; frs)

13 = — 3 00 1) log ) s
X123
Grs(xy, 235 B13)[Grs (21, w35 Bls) + 51%3 = —l. (3234
(—log x1)P1s + (— log x3)"1s
C .
Cl4 e M[log 5171 log x4]6%4_1
T1T4
G14(9517 T4 5114)[(;14(3317954; 5114) + /61)114 1 - (3.2.35)
(—logz1)Pia + (—log xy)P1a
where
1 1 I -
Gra(m1, 29; Bly) = [(—logm1)”i2 + (—log xy)"i2] 2 (3.2.36)
Gia(wr, ws; Bly) = [(—log 1) + (— logas)®ha] . (3.2.37)
1 1 [ -
Gr(z, 245 B1y) = [(—logzy)’ie + (—log xy) 1e] ol (3.2.38)

To obtain the unconditional density functions, described expressions in Equations

3.2.36][3.2.37|and [3.2.38]are used in Equations[3.2.33] [3.2.34]and [3.2.33] respectively

and then their logarithms are evaluated to find the first three terms in Equation[3.2.32]

Afterwords, for the next tree, logcys and log cpy)1 are required. log cyy can be
obtained similar to the log cy3); by changing the role of x3 by x4 in the conditional
density calculation. In this construction, cy3; copula density incorporates x9; and x3;
with parameters 3}y, 513 and B54,. Similarly, caq; copula function incorporates the

input values defined as 251 and z4; and includes the parameters f},, B, and By,

For the computation of cy3); and cy4)1, conditional CDF’s are required to compute with
the help of A functions [1]]. For this purpose, F'(z3|z1), F(z3]z1) and F(x4|xq) are

calculated as inputs of the conditional bivariate densities of cy31 and ca4)1 below,
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8O(l'b T2, ﬁlz)
8.(13'1

Gm(ﬁﬁl, T2; 5112)

To1 = F(2]71) = ho1(x2]71) =

(—logz;)Pi21
x1

(—log )%
xq

= O($1,$2§5112)

1
= exp(—[(—log 951)612 + (—log xz)ﬁm]%) Gha(z1, 22 5%2)-

(3.2.39)

0C (1, z3; f13)
81}1

T31 = F(fﬁsfﬂil) = h31($3|fl?1) =

—log 1)P1s1
= CO(xq, x3; 5%3)< gxll)

1 L (=1 Bis—1
= 6l‘p(—[(— logxl)ﬁw + (_ log‘rg)ﬁlg],@%3>( 08;:171) 3

G13(901, T3, 5113)

G13($17 £3; 5113)-

X1

(3.2.40)

3C(I1, T4, 514)
8.’171

Gra(z1, 74; Biy)

xy = F(x4|z1) = hay(z4|21) =

—log 1)Pla?
= C($1,-’B4; 5%4)< gxll)

(=] Bi—1
= exp(—[(—log 21)" + (— log z4)%4] i )( 0871)

G14($17 Tyq; 5114)-
(3.241)

xy

Above described input values given in Equations[3.2.39] [3.2.40|and [3.2.4 ] are replaced

for finding both log co3); and log cy4)1 function, formulated below,

log Ca3|1 = (—((— log(xgl))’%\l + (— log(mgl))ﬁéml)ﬁ%gu)

2 ) log(((~ log(z21))1 + (~ log(za)) ™))

— IOg(ZE21$31) + (—2 + 1
523|1

+(Ba3n — 1) log(log(w1) log(ws1))

—1

+1log(1+ (Bl — D(((—log(zan)) s + (— log(xz)) 1)) 1)
(3.2.42)
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log ca4)1 = (—((— log(q;m))ﬁ%m + (= ]Og(x41))554|1)554|1)

— log(l‘21l‘41) + (-2 + %4'1) IOg(((_ IOg(xm))/B;Am + (_ 1og<x41))554|1))

+(Baap — 1) log(log(1) log(x41))

1

+1og(1+ (B — D(((~ log(aa))*H + (— log(ay)) %)) )
(3.2.43)

where x91, 231 and x4, are defined in Equations [3.2.39] [3.2.40| and [3.2.4T| previously.

In the above setup, the values of functions G2, G13 and (14 are required either to

calculate both log co3); and log co4. Finally, the most challenging part of the density
Equation of @ is the last term. Here, log c34)12 requires two conditioning variable
and h-functions must be used in a different manner. As an input of cs4);2 function,
F(z3]x1, x5) and F(x4|z1, z9) must be derived using h-functions recursively. Based

on the general formula given below,

_0C i ap, e ja(F (gl -+ s wya), F(xja|my, - 25-9))

Fl(r: e ) =
(96]\561,:132, ’x] 1) aF(.’]Z‘j,1|Jj‘1,... 7$j,2>
(3.2.44)
For j = 3, one can derive the following conditional CDF F'(z3|zy,xs) with two
conditioning variables x, xs.
0Cy 311 (F F oC:
Flaslar, a) = 22lF @i, Flslz)) _ 90 (3.2.45)

8F<$2|l'1> - 8513'21 '

where x9; = F(x3|z1) from the definition of h-functions. So, one need to compute

the following partial derivative for F'(z3|zy,x2) with Gumbel family, represented

below,

O(exp(—[(—log z91)?>31 + (—logx Baon | it
Ploo ) = 2108l o 50
= (exp(—[(—logxa)?!" + (—log zs ) 1] i)

—1 e | —1
)[(—log wa1)?It + (= log wsy)si1] "5 (Bagyr)(— log war) 171 (—).

53|1 T21

(3.2.46)
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Similarly, F'(x4|z1, x2) can be obtained using the similar conditional density function.

The only difference is the replacement of x3; and z4; and its derivation given as,

Oexp(—[(—10g 221)%11 + (— log way) )i )
Or

1
= (exp(—[(—log w1 4 (—logayy )] 2t )
—1 1 -1
= )[(=log@s)) ™ + (—log @y )?41] 240 (Byur) (— log way) 11~ (—).
624|1 o1

(3.2.47)

F(z4lzy,20) =

(

Finally, csapi2 density function is derived by using both F(z3|z1,22) = 312 and
F(x4|x1,22) = @412 as input values. Based on this computation, Equation [3.2.32
is completely derived and ready to use for generating 4-dimensional C-vine with all

pairs are Gumbel family.

1
cgaj12 = exp(—[(—log x3|12)5§4|12 + (—log x4|12)5§4|12] ﬂémz)

— Oga’/'3 12 §4 12 — ng4 12 31)4 12
log Z312) 312" (= log z4)19) 512~

T3|12 T 4|12

1
G34|12($3\12, T4|12; 534\12)

Pz = 1 | (3.2.48)
(_ log x3|12)f334\12 + (_ 1Og x4|12)534\12

[G34\12($3|12; T4)12; 5§4|12) +

where

1 1 %_1
G34\12(353|12,$4|12;5§4|12> = [(—10g553|12)ﬂ34“2+(—10g334|12)634“2]ﬁ34“2 . (3.2.49)

Now, take the logarithm of the function 3412 presented in Equation[3.2.48]to complete
the all terms of the log-likelihood function of C-vine density having Gumbel families
for each pair in 4-dimension. For the rest, logarithm of all unconditional c;2, ¢13,

c14 and conditional cp3)1, €241 and cs4)12 density functions are replaced in Equation

In this section, only the detailed construction for Clayton- SurClay in 3-dimensional
case and Gumbel family in 4-dimensional case is presented. Certainly, similar calculati-

ons are available for other considered archimedean families. However, it has been
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thought that above derivations are enough to give a general idea for a mixture model

construction.

3.2.2 CD-Vine Approach

As anew mixture model, finite C-vine copulas are combined with a D-vine framework.
The main motivation behind such a mixture model construction is based on the fact
that the dependence pattern of multivariate data can change over time. Equivalently,
C-vine mixture model can include different copulas over various time intervals and
each C-vine copula model can be attached to each other by using D-vine methodology.
Even if the finite mixture model based mixture of C-vine copula density is established
with its all parameters in multivariate data (case p = 4), the main purpose of the
study is to combine these densities using D-vine copula method instead of using
finite mixture framework. The main difference for the construction of CD-vine that it
requires the parameter knowledge belonging to C-vine part before modeling D-vine
for the dependence among the components. To illustrate, the following mixture
model is established with required properties. Assume that 3 component C-vine
copula densities are generated using same or different pair copulas where p = 4
(to differ from D-vine structure, p > 4 must be satisfied). To illustrate, Figure 1S
presented based on 3 component C-vine density with different pair copula families for
Components 1, 2 and 3, respectively. Under this setup, f1(z1.4; 0cv; ), fo(T1.4; Povs)
and f3(x1.4; ¢cv,) denote the multivariate C-vine density for each component with
their corresponding parameter space. For instance; ¢cy, includes totally 6 pair copula
parameters given in the form of ¢cv, = (815, Bis, Bia, 5213“, 5%4|1, 6§4|12). In total, for
3 component C-vine density modeling with different pair copulas in each component

has required to obtain 18 pair copula parameters.

In this modeling framework, C'V;, C'V, and C'V3 are multivariate random variables to
denote the observed values obtained from each component with their corresponding
density functions fi(x1.4; 0cvy), fo(21.4; 00v,) and f3(x1.4; ¢ovs) respectively. To
visualize, the following Figure[3.2] presents the mixture of CD-vine based on observed

values coming from C-vines with the help of D-vine copula approach.

Based on Figure @], DVi5 and DVa3 at Ty are unconditional pair copulas to combine
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Component 1

The parameter 1 is the root node in C-vine model, with suitable copula families

Component 2 -

The parameter 1 is the root node in C-vine model, with suitable copula families

Component 3

The parameter 1 is the root node in C-vine model, with suitable copula families

Figure 3.1: 3-Component C-vine density with different pair copulas
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Combination of CV,,CV, and CV, using D-Vine Copula Framework

©oley,

CV,

DV, DV,,

CV,

DV,4,

- [ov,ev, 2 OV, CV,

CV,,CV,|CV,

Figure 3.2: CD-Vine Mixture Model Tree Structure
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the pairs (C'Vy, C'V3) and (C'V,, C'Vs) with copula parameters 6y, and 0 py,, respecti-
vely. For the next tree, T3, conditional bivariate copula, denoted by DV 32, comes into
play to derive the density of the pairs (C'V;, C'V3) given C'V, based on D-vine copula

tree structure. In this mixture, totally there are
Mx (pp—1)/2) + M(M —1)/2 =18 +3 =21

parameters required to estimate for expressing the full inference on CD-vine mixture
model. One can write the mixture model density for this example p = 4 and M = 3

as follows,

g(x;T) = DVia(F(cvy), F(cvs); Opyy, ) DVas(F(cvs), F(cv3); Opvsy,)
DViga(F(cvi|cva), F(cus|cvs); 9DV13|2)
J1(x1, 2, T3, 245 Qovy ) fa (1, T2, T3, 245 oy )
fa(w1, T2, T3, 245 POV )
where cvy, cv, and cvs are observations specifically extracted from the multivariate
C-vine densities defined via empirical multivariate cumulative distribution functions.

I' denotes the all necessary copula parameters to be estimated for maximizing the

log-likelihood of function g(x; T') based on given sample, where

F = (¢CV1 ) ¢CV27 ¢CV3; 0DV12 ) 9DV237 QDVB‘Q)'
This CD-vine mixture setup is explained below with Gumbel family in detail.

Consider a simple case including 3 component C-vine copula densities generated
by Gumbel copula pairs where p = 4. Under this assumption, let f;(z1.4; dcv;),
fo(z1.4; 00v,) and f3(21.4; dovs) denote the multivariate C-vine densities for each
component with their corresponding parameter space ¢cv,, ¢cv, and ¢cy,, which

can be expressed with the following general notation.

Pcv, = <5i2v Bi?n 5i4a 6§3|17 5;4\1> 5:7;4\12)‘ (3.2.50)

for v = 1,2, 3 where 7 is the component number. Gumbel family is useful to identify
the upper tail dependencies, with a positive association. Generally, the bivariate

copula function C'(x1, z9; 0) is given below with the corresponding parameter space,
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0 € [1,00). For the full inference of CD-vine mixture under the proposed setup,

Gumbel copula and its probability density function recalled one more time as follows,

C(z1,x9;0) = exp(—[(—log ZBl)e + (—log 932)0]%). (3.2.51)
) . 3C(x1,x2,9)
c(xy,9;0) = oy T (3.2.52)

After the construction of the pair copulas via Gumbel family for each component,
the dependence between the components is modeled by using temporal ordering of
the variables. Thus, CD-vine mixture model based on Gumbel copula pairs for each
tree are generated. For the full inference on CD-vine mixture model, the following
log-likelihood function can be written based on /V observations randomly drawn from

CD-vine mixture model,

N

L(T) = log(] [ 9(=; T))

n=1
N
= Z[(log D‘/iQ(F(Cvl), F(CUQ); QDVH) + log 1)‘/723(F1(02}2)7 F(Cvg); 9DV23)
n=1

+log DVigja(F'(cvrlevs), F(cvslcve); Opvyy,,))

+(log f1(z1.4; pcvy) + log fa(x1.4; Povy) + log f3(x1.4; Pevy))]-
(3.2.53)

where the sum of log f;(x1.4; ¢cv,) for i = 1,2,3 as last three red terms represent
the contribution to the log-likelihood function from each C-vine component, and
the first three blue terms denote the contribution to the function L(I') from mixture
model by considering the interactions of each component with D-vine copula. Since
the copula parameters of blue colored terms directly dependent on the parameters
required in red colored terms, two step maximization is beneficial to estimate all
parameters stated in the related parameter space at the beginning. For this reason, it
is important to first maximize the red colored terms of the log-likelihood function
to derive ¢cvy, Povy, Pov,.  Afterwords, one can estimate QDV1279DV2370DV13‘2 by

maximizing the blue colored terms of L(T') in Equation [3.2.53

57



To illustrate, the first term of red colored terms of the log-likelihood function is
summarized below for the first component, as a product of conditional and uncondi-

tional Gumbel densities,

log f1($1:4; ¢CV1) = 10g[012(a:1, T2; 5112>C13@1, r3; 5113)014($1,$4§ 5114)
Cospt (F(22]21), F(3]21); Basn ) caap (F(22|1), F(2alx1); By
caga(F (3|21, 22), F(a]xy, 20); Bag)].  (3.2.54)

Given log f1(x1.4; ¢cv, ) function in Equation [3.2.54|is simplified and corresponding
dependence parameters are suppressed for the rest of CD-vine mixture model, presented

below,

log f1 = [log c12 + log c13 4 log c14 + log cag)1 + 1og cagpy +1og csqpra).  (3.2.55)

In Equation [3.2.53] all log-transformed versions of Gumbel copulas are denoted by

log c12, log ¢13 log c14, 10g ¢a3)1, log 241 and c34)12 With their corresponding parameters.

These functions are derived previously in Equations [3.2.33] [3.2.34] [3.2.35] 3.2.42]
3.2.43|and [3.2.48] For this reason, the detailed construction of is reviewed only for

log c¢12 below,

Clg = 820(931,352;512)
81‘181’2
= (O, 22) (o (~ Tog ) ) [~ Tog ) + (~logaz) ) ]
T1 )
8G12($1,$2;5%2)]
8x1

1. 0C
m_(_ log x5) 1271 8m12 Gha(z1,2; B1y) + Chz
2 1

1

C(xy, 9 -

%[log X1 log 932]’8%2 1G12($1, Z2; 6112)[G12($1, Ta; 5112)
Bis — 1 ]

[(—log z1)P> + (— log z)P12]P1

C ; !
_ ot Be) o o) og gl e Gral, aa: B

T1T2
Bz — 1

Gha (w1, @3 B1y) + |
[ 12(931 T2 512) (_ logZEl)BllQ + (— 1ng2)5112]

(3.2.56)
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1
where G1a(21, 23; BLy) = [(— log x1)P12+(— log 25 )P12] iz ', After taking the natural
logarithm of c¢;5 density function and arranging all the terms, the following formula

has been derived for log ¢y,

log 1 = log(C/(1, z2; fr2)) — log(z122) + (B, — 1) log(log(1) log(2))

5112 -1 )

[(—log 1)tz 4 (— log m)P12] "
(3.2.57)

+1log(G12) + log(G1a +

In a similar manner, one can write the formula for log ¢;3 and log ¢4 using G3 and

(14, given in Equations[3.2.37)and [3.2.38] as follows,

log c13 = log(C'(x1, x3; f13)) — log(z123) + (5113 — 1) log(log(z1) log(w3))

Bis — 1 )

[(—log 21)%s + (—log w3)is] "
(3.2.58)

+log(G13) + log(G13 +

log c14 = log(C(z1, 24; f14)) — log(z124) + (81, — 1) log(log(z1) log(x4))
Bla—1
[(—log xy)Pia + (—log xy)Pia]
(3.2.59)

+log(Gha) + log(G1a +

For the computations of log cys1 and log coy)1, Equations (3.2.42) and (3.2.43) are

already available. Besides, the construction of log cs4j12 is obvious after deriving
Equation (3.2.48). To sum up, log f1(z1.4; ¢cv;) can written as a sum of all above
mentioned unconditional and conditional Gumbel copula densities for the first compo-
nent. Here, new analogue functions, 612, C~¥13, CNJM, 623|1, ég4|1, CN¥34‘12, o1, L31, Ta1,
T3)12, T4)12 are generated as they given below, for writing log f1(21.4; ¢cv, ) function

in a more rigorous way.

Gy = 612(%7132; Biy) = [(—log xl)ﬁ%2 + (—log xg)ﬂllQ]. (3.2.60)
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Gis = 613(551,963;5113) = [(_10g3;1)5%3 + (= 10g1’3)ﬁ%3]' (3.2.61)

614 = 614($1, Ly; 5114) = [(— 10g 1'1)6%4 + (— log 11)4)’3%4]. (3262)

~ Lo (=1 B12—1
521 = exp (_GIQ)ﬁIQ (G12)ﬁ12 1( Og(xl)) .

- (3.2.63)
1
~ 1 1 _ B13—1
a1 = exp (—Chg) 7 (Ghrg) s 1L log(jl)) . (3.2.64)
1
U 1 _ B1a—1
Fa1 = oxp (—Gua) P (Gugyms 1 (E108@)IT (3.2.65)

T

where 612, 513 and 6’14 are defined above as in Equations d3.2.60|), d3.2.61|) and

(3.2.62), respectively.

623\1 = é23|1(521>531; B213\1) = [(—1log le)ﬁég’“ + (—log 531)’353'1]- (3.2.66)

~ ~ ~ 8! ~ \pL
Goapn = G24|1($21>$41; 6214\1) = [(—log 9321)/824‘1 + (= log x4l)ﬁ24'1]- (3.2.67)

where T5;, T3; and T4, are defined above as in Equation [3.2.63] [3.2.64] and [3.2.63]

respectively.

1

~ T ~ 1 q1(=] - Bazj1—1
53|12 = exp (—G23|1) B3 (Ggg|1)323\1 1 ( Og(‘g?l)) . (3268)
21
~ = - 11 (=loo(x Bagj1—1
Tajio = exp (—Goap) 211 (Goapr) 211 1 Og(?)) . (3.2.69)
21

where éggu and C~¥24|1 are presented in Equations |3.2.66| and |3.2.67|, respectively.

Finally,
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~ ~ N - ~ 1 ~ !
G2 = Gaapa(Tape, Tapi2; 5§4|12) = [(—log $3|12)65’*’4‘12 + (—log $4|12)B34‘12]-

(3.2.70)

in which, both 53|12 is described in Equation (3.2.68) and similarly, E4|12 is defined
in Equation (3.2.69). After combining above displayed necessary functions given in

Equations [3.2.60H3.2.70} log f1(x1.4; ¢cv4 ) function can be written as,

log fi(21a: devs) = (—Guz) e — log(aaa) + (—2 + —) log(Gra)

512
(8L, — 1) log(log(z1) log(r2)) + log(1 + (Bl — 1)(Gira) )

51 2 ~
(— G13) i3 — log(zy23) + (—2 + ﬁ_l) log(G13)
i3

+(Bl5 — 1) log(log(z1) log(w3)) + log(1 + (B3 — 1)(G13)*s)

(— G14)$ log(xizy) + (=2 + i) log(éM)

Bla
(B, — 1) log(log(a1) log(z4)) + log(1 + (B4 — 1)(Gra) 1)
<—é23\1)553“ — log(To1¥31) + (=2 + ﬁli) log(é%u)
23/1
+(B3ay1 — 1) log(log(Far) log(Fa1)) + log(1 + (B3yyy — 1)(Gagn) "1t
(—524\1)[3%4‘1 —log(Zo17a1) + (=2 + %) 10g(6¥24|1)
24)1

—1

"‘(5214\1 -1) log(log(xél) log(Z41)) + log(1 + (5541 — 1)(@24‘1)6%4\1)

1

(—Gaapiz) 3412 — log(FapaTapa) + (2 + By 2>10g(é3412)
1
+(Bhapz — 1) log(log(Fana) log(Fa2)) + 1og(1 + (Bhpz — 1)(Gaaprz) 412,
(3.2.71)

As a second part of the mixture model, it is possible to transform the obtained values
cvy L,CUy, cusz to pseudo-observations one more time to construct the D-vine part of
the CD-vine mixture model. At this step, estimated parameters ¢cvy, for ¢ = 1,2,3
are considered for the computation of 0py,,, Opvs,, 9DV13‘2 of again Gumbel pairs.

Under such a mixed modeling, pseudo-observations defined over cv; and cv, tied with
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Gumbel family. However, cv, is combined with cv3 as unconditional Gumbel copulas
at tree 7} (so it is required to write co3). As a final step, (cvy, cvg) and (cvq, cvs) are
combined together and obtain the conditional Gumbel pair copula c;3); for tree T5.
To maximize the second part of the CD-vine mixture model, following functions are

defined to conclude the full inference on parameter estimation,

log DVis = log C(x1, 22; Opvy,) + [(—log 1) + (— log z2)]
+ (Opvi, — 1)(log(—log ) 4 log(—log 7))

+ (g — = Dlog((~logz) "' + (~log a)"")
12
+10g[Gha, (T1, T2; Opva, ) + bovi, — 1 ]
Og 12py xl;an DVia [(_ log;pl)eDVm + (_ ]ng2)9DV12] .
(3.2.72)
log DVa3 = log C'(a, 3;0pvsy, ) + [(—log xo) + (— log 23)]
+ (Opvy; — 1)(log(— log z3) + log(—log 73))
+ (g — = Dlog((~logiza) s + (~log a3)""%)
23
+10g[Gas,, (2, 3; Opvas) + ODve, — | ]
8l%23py (12, L3, UDVas [(— logl‘Q)eDVTS -+ (— logxg)eDst] )
(3.2.73)

where
Chapy (21, 22; 0pyi,) = [(—log 21)"P12 4 (= log 2)"PVi2] "PVaz - (3.2.74)

Gaspy (T2, 235 0pvy,) = [(— log 1'2)9DV23 + (—log [L’3)6DV23]9DV23 71. (3.2.75)

For the derivation of DV 32, one can rearrange the related terms as it is given for co3);.

By using the same idea, DV)3), is constructed by using x5 and 3, given below,

(= log ) Pe"!

T2

T2 = C(»’Ul,xz; 9DV12) G12DV(1'1,3?2; 0DV12)- (3.2.76)

(— log x5)?Pvi2 1

)

w30 = C(22, 23, 0pvyg) Gaspy (T2, 235 0pysg ). (3.2.77)

where x1, x5 and x3 are equivalently used for second step pseudo-observations defined
over cvy, cvg and cvs; Gha,, (71, T2; Op1s, ) is the analogue of function Gya (1, T2; 515)

defined previously and Gas,,,, (72, 3;0pysy,) is @ new function defined in Equation
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@ Using these functions, the closed form of DV} can be written as,

DVigp = exp(—|[(— log $12)0DV13‘2 + (—log xgz)eDwa]m)
(—log 3512)%‘/13'2_1 (—log x32)9DV13|2_1
T12 T30
DV (119, x3; Opvis,) [DV532(g15, 2395 ODvy,)
(Opviy, — 1)
[(— log 212) P32 + (= log ws5) " Y1512]

(3.2.78)

+

R S
where DV'%2(215, 235; 0pys,) = [(—log T12) P52 4 (= log way) PVis) Pise

More clearly, log DV3, can be written as follows,

1
log DVigo = (—[ERY (1, 125 0p1s, )] PV + [ERY (w3, 235 0, )] PV1012) P Vsl
+ELY (21, 79 0pvi,) + B (22, 733 0pysy,)

+(0pviy, — Dllog[ERY (21, 225 0pvi, )] + log[ B (22, 235 0pvs, )]

(g = Dlogl[ERY (a1, 21 0w, )| 7757 + (B! (2,231 O, )| 7197

DVi3)2

%_1
+10g[[[BLY (21, 22; 0pviy)) V52 + [ERY (w9, x3; Oy, )] P V1012] PV1si

9DV13\2 —1
% ] .
[ERY (21, 295 0pvi,)] 7113012 + [ERY (29, 235 Opyy, )| - 11512

(3.2.79)

where

1
ERY (w1, 2;0pyy,) = —log Cha — 10g(x—) — (0pvy, — 1) log(—log x)
2

—log G12DV (ZEl,JZQ;HDVm). (3280)

1
Egs‘/(ﬂ?% T3, 9DV23) = —log Coz — log(

_> - (GDVQS - 1) lOg(— lOg x2)
T2

—log G23DV([E2,JZ3;9DV23). (3281)

For the maximization of the blue colored terms of the Equation (3.2.53)), the sum of
Equations (3.2.72)), (3.2.73) and (3.2.79) are required. This last optimization problem

over the parameters of D-vine part almost complete the inference of parameters for the

proposed CD-vine mixture model. This whole sum described above can be summarized
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as,

(log DVio(F (cvy), F(cvs); Opvy,) + log DVas(F(cvg), F(cvs); Opyys,)
+log DVigo(F (cvr|cvs), F(cvs|cvs); 0DV13|2))

= (Opvy, — 1) log(—log 1) + (—log x1) + (Opvy, — 1)log(—logxs) + (—log x3)

Opvi, — 1
lool(Z ;0 12
+ Og[ 12DV($1ax2 DV12) + [(_ 10gl'1)9DV12 + (_ logx2)9DV12]]
9DV23 —1

+ log[G23DV (132, T3; 9DV23) + [(_ IOg xQ)GDVQ;g —+ (— lOg QZ3)9DV23]]

1
0 6
(_[ElDQV(xb L2; 0DV12)] PVisp2 + [EZ%V (‘%27 L3; 6DV23)] PV1s)2 ) 0DV13|2

+(9DV13|2 - 1) [log[ElDZV (Ilv L2; 6DV12)] + log[EZ%‘/ (‘%27 T3, 6DV23)H

e = 1) log{[ERY (o1, 003 Bvia )55 + [EBY (3, 255 Oy ) 5]

DVi3)2

I
+1og[[[ERY (21, 22; 0pvi, ) "*"152 + [ERY (2, w3 Oy, )| V1912] PVisi

9DV13|2 -1
0 7 .
[EBY (21, x9; 0pvs, )] 7V1312 + [ELY (19, 235 Opyy, )] 2V 1812

(3.2.82)

Finally, above mentioned two-stage maximization procedure for CD-vine model can

be summarized with the following steps to estimate all parameters,

1. Construct three C-vine models in 4-dimensional case having sample size N

using Gumbel family for each pair, but for instance different parameter values.

2. For the parameter estimation, first put some initials for the related parameters

of each C-vine component to maximize the red part of the likelihood function

given in[3.2.53]

3. After deriving the estimates for each component, generate C-vine copula data
in 3 dimension with estimated parameters and evaluate (EMCDF) of it to derive

N x 3 matrix based on approximated parameters

4. Define pseudo-observations over the each column of N x 3 matrix and use them
to maximize the blue part of the likelihood function with some predetermined

initials for parameters of D-vine copula in 3 dimension.
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5. Compare the original and estimated parameters based on different iterations,
investigate the best model from driven data and any model identification problem

in CD-vine mixture model.

For all above mentioned procedures for both finite mixture of C-vines and CD-vine
mixture model is summarized at the end of the study. For both proposed methods,

their pseudo codes are presented in Appendix [C] separately.

3.3 About Parameter Estimation

For all above described mixture models, the most fragile part is the estimation of
parameters. The performance and success of the proposed models is highly related
to the implementation of suitable optimization algorithm for the maximization of the
log-likelihood. With this objective, various derivative free optimization routines are
implemented for finding the parameter estimates. For this reason, those different tools
are briefly stated in terms of their main features before going further on simulated

examples.

3.3.1 Derivative Free Optimization Tools

In this subsection, the considered derivative free algorithms are briefly explained.
The reason for such methods is directly depends on the complex nonlinear functions
resulted from mixture of vines. Furthermore, it is not so practical to derive analytical

derivatives for all mixture densities based on various dependence parameters.

3.3.1.1 Hooke-Jeeves Algorithm

Hooke-Jeeves (hjk) is a kind of direct search method that use only function values.
This algorithm creates a set of search directions to identify the search span completely
[23]]. An iterative process has been used to combine exploratory moves and heuristic
pattern moves. More clearly, the detailed steps for this approach is presented below

in Algorithm 1. In this following algorithm, x; is the base point, f, = f(z;) value of
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the base function, x¢ is called stencil center and sy is the status flag for displaying
the failure of exploratory move, namely ExploratoryMove(xy, zc, f, h, sf). Then,
in the second part (PatternMove(z, f,h)), x is the initial iterate for the best point
and f is the objective function and this part completes the exploratory move. In this
algorithm, given PatternMove(x, f,h) is the repeated process until the satisfaction

of stopping criteria.

Above described hjk algorithm shares the property of its suitable extension to bound
constraint problems naturally. In this calculation, both consecutive steps, Exploratory
and Pattern moves restrict parameter space to a feasible set. Simply, hjk method with
a box constraint is abbreviated as hjkb for the rest of the study. For further properties

of hjk algorithm, the well known book by [21] is available for the interested reader.

3.3.1.2 Differential Evolution Algorithm

Differential Evolution (DEoptim) algorithm is a kind of heuristic method to solve
optimization problems globally in an effective way [27]. Equivalently, DEoptim
implements the idea of differential evolution to optimize a real valued function by
using a suitable parameter vector. This is a technique that each generation transforms
a set of parameters into another one to find the best set of members more likely to
minimize the given objective function [27]]. From a given parameter vector, the next
one is generated by the scaled difference of two randomly selected parameter vectors

within this algorithm.

There are certain crucial parameters for this algorithm, denoted simply by NP, CR
and F' to express the number of parameter vectors in the population, crossover probabi-
lity and a positive scale factor, respectively. Here, at the initial generation DEoptim
guesses the optimal value from NP and each generation creates a new population
from the current members via differential mutation method. The algorithm stops
after some set number of generations, or after the objective function value has been

reduced below some threshold.
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Algorithm 1 hjk algorithm

Require: ExploratoryMove(xy, xc, f, h, sy)
fo < f(xp), d = 0 where x¢ < xp + d with x4, = x4,
sp =0, feo < f(zeb), 20 = 2C
for ) = 1to N do
p < x4+ hvjy; his the pattern size and v, is the j’th column of a direction matrix.
if f(p) > f, then
p < xp — hv;
else
Xy = Tep < P
fo=fza)
end if
end for
if v, # x;, then
sp=1
Ty < Tep
end if
Require: PatternMove(z, f,h) x, = x,xc = x,5f = 1, x is the initial for best
point
Call ExploratoryMove(xy, xc, f, h, sf)
while s; = 1 do
Nd+—x—xpx, =220 =x+d
ii) Call ExploratoryMove(zy, xc, f, h, S¢)
if sy =0, zc = x then
Call ExploratoryMove(xy, z¢, f, h, Sf)
end if
end while
Require: hjk(x, f, hy)
fork=1to--- do
PatternMove(z, f, h)

end for
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To sum up, DEoptim algorithm directly depends on repeated calculations to bring the
population to a global minimum of an objective function. Briefly, DEoptim algorithm
is explained below in Algorithm 2. The described consecutive steps for DEoptim
algorithm, initialization, mutation, recombination and selection continue until the
stopping criterion is reached. For further reading about DEoptim, [31] is suggested

for the interested readers.

Algorithm 2 DEoptim algorithm
x; 4 : current population members, where ¢ and g denote the vectors that make

up the population and indexes generation where ¢ = 1,2,--- , N.
Define upper and lower bounds for each parameter and consider randomly
selected initials uniformly over [z}, z¥].
ah <wjiq <al
Then, a trial mutant parameter vector, from three randomly selected members of
the population
Vigi1 < Tp1g + F(Tray — Tr3)
In general F' < 1, itis called mutation factor and v; 4 1s called the donor vector.
Consider a uniform number rand;;, Iqna 1S a random integer from
[1,2,---, NP] where NP is the number of parameters. v; ,+1 7# ;4 is satisfied
by Irand-
ifrand;; < CRor j = I,4,q then
Uji,g+1 < Vjigtl
else if rand;; > CR and j # I,4,q then
Ujig+1 = Ljig
end if
where: =1,2,--- /N;j=1,2,--- | NP.
Then, target vector x; , is compared with trial vector v; 441, one with the lowest
objective function value is attained to the next generation
if f(uig+1) < f(wig) then
Tig+1 < Ujg+1
elseif f(u;441) > f(z;,) then
Tig+1 < Tig

end if
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3.3.1.3 Spectral Projected Gradient Algorithm

For an unconstrained optimization problem, spectral projected gradient (spg) algorithm
is a version of Quasi-Newton secant methods, originally comes from the recursive

relationship, defined as,

" = 2% — BV f(2F). (3.3.1)

where By 15, = yg and s = ¥ — 2"y = Vf(a*) — V f(2*!) are crucial
variables for the initial step length in Barzilai-Borwein (BB) iteration algorithm [4].
Namely, in this BB case the unconstrained minimization is defined as z*** = z* +
apdy where dp = —\Vf(2%) [9]. In this framework, spg method is a spectral
method to solve convex constrained optimization problems having the form z*t! =

¥ + ay.ds, where dj, is the search direction defined as follows,

d* = Po(2" — MV f(2)) — 2. (3.3.2)

In this Equation|3.3.2] F, is the Euclidean projection onto set {2 and )\ is the related

spectral step length choice described as,

T
A = Shaohol (3.33)
Sp—1Yk—1

After giving brief aspects of the above-mentioned optimization problem with respect
to spectral step length, spg algorithm is summarized as follows in Algorithm 3. For
further details about the convergence properties and some extensions of spg, [8]] is

suggested for the interested readers.
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Algorithm 3 spg algorithm
Assume 7 € (0,1) is the decrease parameter, M/ > 1 with safeguarding

parameters 0 < o0; < 09 < 1 for quadratic interpolation and 0 < Ay, <
Amax < 0o for the spectral step length. 2° and A\g € (Anin, Amax) are given,
if 2° ¢ Q then
Redefine g = Py(xo) and set k < 0
end if
if || Po(2F — NV f(2%)) — 2%||.c < € then
T 1S an approximate stationary point
end if
d* <+ Po(z* — MV f(2*)) — 2* and calculate o, with parameters v, M, oy and 5.
okt — 2k ayd
sp + 2t — 2F and gy + V(2 — Vf(2b)

if s{yk < 0 then

)\k—l-l < /\max
else
. stk
Akt < max(Apin, mm(%, Amax))
end if

Set k <— k + 1 and turn back.
o, 18 called the non-monotone line search and it is calculated based on
fmaz < max( fzkij‘ogjgmin(]% M—l)) where M is the integer parameter to impose a
functional decrease every M iterations, set o <— 1.
if fory, < finaw + 7V f(2F)Td) then
Qg — «

end if
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3.3.1.4 Memetic Algorithms with Local Search Chains (Rmalschains) Algorithm

Another global optimization tool used in this study is simply called MA-LS Chains,
abbreviated as Rmalschains within Chapter 4| whenever it is used. Briefly, it is a
hybridization between Evolutionary Algorithm (EA) and Local Search (LS) by taking
advantages of both techniques at the same time [7]. In continuous optimization

problems, MA-LS-Chains has proven in terms of their efficiency in literature.

Rmalschains uses steady-state genetic algorithm (SSGA) as EA and allows to improve
the same solution many times while creating an LS chain. After finding the initial
population, the repeated mechanism is maintained in the population. Whenever SSGA
captures a new best solution, then this solution is improved by LS chain. Certainly,
the details of Rmalschains algorithm requires various methods like Covariance Matrix
Adaptation Evolution Strategy (CMA-ES), which works best. For the sake of simplicity,
only general scheme of Rmalschains is described below in Algorithm 4 and for further

details [26]] is referred.

Algorithm 4 Rmalschains algorithm
Generate Initial,opuiation

while —termination — condition do
Perform SSGA with ny,... evulations where SSGA is steady-state genetic
algorithm and ny,.. is certain amount of evaluations. Build set S;g, refined
by LS chains where Sy is the set with the individuals of the population that
have never been improved.
Take best individual ¢,
ifc;s € LS then
Initialize L.S operator with LS state stored with cpg.
else
Initialize LS operator with default LS.
end if
Apply LS algorithm to ¢z ¢ with I, and give ¢ g.
crs < Crg
Store final LS state with ¢} ¢

end while
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3.4 About Model Selection

Apart from naive information criteria values, some practical Goodness of Fit (GOF)
tests are proposed for the comparison of vine mixtures. For that reason, Clarke and
Vuong tests, available for vine copula models, are extended for mixture models. First
of all, with the aim of comparing two mixture models to identify whether they are
equivalent or significantly different from each other, Clarke test for mixture model
is implemented. Thereafter, a new version of Vuong test is studied to conclude that
which mixture model is preferable. With the upcoming two subsections, both mixture

versions of Clarke and Vuong tests are briefly described.

3.4.1 Clarke test for Mixture of Vines (ClarkeMixV)

As an extension of the test proposed by [[10], the new test allows to compare two
vine mixture model. Besides, this test enables us to derive information about the
mixture model generated via simulated data and constructed based on the estimated

parameters of the best model.

Definition 3.4.1. Let gi(x;T'1) and go(x;T'2) be two competing vine mixtures with
their corresponding estimated parameters 'y and I's, respectively. To test the statistical

indistinguishability of the two models,

OHOP(TTLZ>0):05

o Hy:P(m; >0)£05fri=1,-- N

g1( mFl

g2(;
models, the followmg statlstlcs is calculated

where m; = log(Z-=2 ) for sample size N. Under statistical equivalence of the two

Cltats = Z 1(0,00) (1) (34.1)

where 1 denotes the indicator function, and C' 4 is distributed Binomial with parame-

ters N and p = 0.5 in Equation[3.4.1} Based on the obtained critical values, mixture
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model g, is statistically equivalent to model gs if Ca1s is not significantly different
from E(Csqis) = N -p = %

The result of new Clarke test enables to make inference on indiscernibility of both

base and the fitted models via simulated data.

3.4.2 Vuong test for Mixture of Vines (VuongMixV)

Classical Vuong test can be performed to select the superior model between two vine
copula densities [38]. Under this modeling setup, it is redefined for comparing two

mixture models in terms of the likelihood-ratio.

Definition 3.4.2. Let g;(x;T'1) and go(x;T'2) be two competing vine mixtures with

their corresponding estimated parameters 1'y and 1's, respectively. Besides, m; =

lo g(g1 - El)) is given for N observations. The standardized sum v is calculated as

2(a;02)
follows,

(3.4.2)

stats =
¢ S (m, — )

and it is proven that v is asymptotically standard normal. Based on the hypothesis

test given below,

o Hy: E(m;)=0foralli=1,--- /N

e Hy: E(m;)#0atleastoneofi=1,--- ,N

one of the mixture models is preferred at a certain level, o, based on the following

Comparisons.

o ifv>¢ (11— S ), the mixture model g, is preferable to model g,
o ifv<—¢ 11— 5 ), the mixture model g, is preferable to model g

o iflv| < ¢~ (1 — %) is satisfied, there is no decision about the selection among

both models.
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where ¢~ is the inverse of the standard normal distribution function in the comparison

part above.

For the model comparison part, Vuong test enables to decide which mixture model is
the best one among the mentioned mixture models by using simulated data set. Both
GOF tests are core tests for the model selection part by supporting or disproving the

result of classical information criteria values.
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CHAPTER 4

NUMERICAL RESULTS

In this section, the above mentioned multivariate frameworks are studied with a wide
range of simulated data sets. For that purpose, numerical results are presented in
detail first. Besides, after observing the properties of different mixture models, two
different real life applications have been investigated and the recent findings of the

study was highlighted by discussing both benefits and limitations of the study.

4.1 Simulation Study

As a simulated data, various mixture models have been considered and the number
of observations has been changed from N = 50 (small sample) to N = 1000 (large
sample) to observe the effect of sample size on the parameter estimation part. The
estimated parameters for each pair of both components are obtained using mean
values of 1000 different replications. Under this data generating process, distinct
mixture models have been compared based on the classical information criteria values.
Besides, the modified GOF tests, explained previously in the last section of Chapter

3, were implemented as a supplementary tool for model comparison.

For the parameter estimation, it is required to incorporate a suitable optimization
routine with meaningful initial values. In that respect, different optimization tools
were considered to estimate the parameters of mixture models. Especially, for such
mixture of vines, derivative free optimization algorithms have certain advantages with
respect to avoided mass calculations on the derivatives of log-likelihood function.

Generally, most of the log-likelihood maximization process for various scenarios
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were considered with fixed initial parameter guesses from the corresponding parameter

space.

With a purpose of understanding the nature of mixture models, various scenarios have
been investigated with different tail properties. In the first subsection, 2 component 3
dimensional C-vine mixtures have been considered with the same and different pair
copula construction scheme. Thereafter, within the same framework, 3 component
3 dimensional C-vine mixtures are studied. In addition to these simulated data sets,
2 component 4 dimensional C-vine mixtures were considered. Furthermore, finite
mixture of C- and D-vine is elaborated with a same copula family for each component.
Finally, as a novel contribution, CD-vine mixture approach has been considered. For
each scenario mentioned briefly above, model comparison results with the estimated

parameter values and certain statistics have been summarized.

4.1.1 Finite Mixture of C-vines

In this part, both 3 and 4 dimensional C-vine mixtures were studied. Here, 2 and
3 component mixtures have been investigated for 3 dimensional case, meanwhile, 2
component mixture case was considered for 4 dimensional multivariate data. The

results of the considered mixture scenarios were summarized in detail.

4.1.2 2 Component 3 dimensional C-vine Mixtures

Under this subsection, two different C-vine mixture models have been studied with
various dependence properties. Firstly, Frank-Frank case was considered with strong
dependence assumption. Thereafter, Clayton and Joe families were selected for the
pair copula construction of the 1°¢ and 2"¢ components, respectively. Within the

second scenario, different tail properties are discussed based on the compared models.

4.1.2.1 Frank-Frank case

Suppose the density for each of the components of 3 dimensional C-vine mixture

model are relied on Frank and Frank copula families, respectively. Besides, both
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C-vine model is constructed with the higher # values for each pair copula density,
which expresses Strong/Strong (SS) dependence case. In this mixture model, only
Frank pairs are considered for the densities belonging to 1% and 2"¢ component, with

parameter values (5l = 8, 813 = 7, By, = 6) and (53, = 9, 8% = 6, 33, = 5).

For the comparison, the focus of the simulation is a mixture of C-vines with assumed
properties to check whether the proposed model is able to capture different patterns
of dependence structures or not. To illustrate, different mixtures were investigated
to compare with the base model and to see the parameter estimation performance
over various sample size. Here, all parameter estimations are obtained via derivative
free optimization routine, called as hjkb method, with some predefined constraints
(Lower and Upper bounds are set to 1 and 9 for the parameters, respectively). For the
model selection, Table was generated based on the model selection criteria values
for various mixtures, where SClay represents for Survival Clayton family for the rest
of the study.

Table 4.1: 2 Component 3 dimensional C-vine mixtures with different pairs, strong
dependence (Base is Frank-Frank)

Mixt. Size Model Selection
C1-C2 N AIC BIC CAIC
50 | -67.38451 | -54.00035 | -47.00035
Frank-Frank 100 | -148.1205 | -129.8843 | -122.8843
250 | -383.487 | -358.8367 | -351.8367
500 | -791.2834 | -761.7811 | -754.7811
1000 | -1591.905 | -1557.55 | -1550.55
50 | -58.77387 | -45.38971 | -38.38971
Clayton-Clayton | 100 | -117.8449 | -99.60869 | -92.60869
250 | -302.5222 | -277.872 | -270.872
500 | -613.8753 | -584.3731 | -577.3731
1000 | -1235.783 | -1201.429 | -1194.429
50 | -60.33558 | -46.95141 | -39.95141
Clayton-SClay | 100 | -126.2253 | -107.9891 | -100.9891
250 | -321.5344 | -296.8841 | -289.8841
500 | -642.4542 | -612.952 | -605.952
1000 | -1274.26 | -1239.905 | -1232.905
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Based on the comparison given in Table 4.1 Frank-Frank case for the pairs of the
first and second component seems to be the best model as it is expected since the
simulated data is coming from the 2 component C-vine mixture with Frank-Frank
pairs. Besides, there exists an consistency among different information criteria values
when the base model and the fitted one has the same pair copula family. Additionally,
corresponding parameter estimates and their useful statistics are given for each mixture

model.

In Table4.2|and the most plausible parameters are obtained in the mixture model
with Frank-Frank pair copulas. For the whole parameter space, the best approximations
belong to the Frank-Frank case. Furthermore, except the parameters (37, and 6§3|1, all
estimations have very small bias values. Both weight and density parameters have
been approximated reasonably for all sample size values. This result briefly exhibits
that, the mixture model has captured the dependence structure hidden in the simulated

data correctly, based on the 2 component 3-dimensional C-vine mixture.
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Table 4.2: Parameter Estimations for 1’st component (Base is Frank-Frank)

Parameters of the Mixture Model

Bia-Bi5-Byg (8-7-6) (m1 = 0.5)

Mixt. Size Est. St.dv.
Cl N (Bias)
50 | 7.67-6.11-6.15 1.94-2.51-2.76
Frank-Frank 0.51 (-0.33)-(-0.89)-(0.15)
100 | 7.76-6.13-5.93 1.96-2.36-2.69
0.5 (-0.24)-(-0.87)-(-0.07)
250 8-6.42-5.8 1.71-2.06-2.53
0.48 (0)-(-0.58)-(-0.2)
500 | 7.96-6.68-6.02 1.77-1.81-2.33
0.49 (-0.04)-(-0.32)-(0.02)
1000 | 8.17-6.39-6.13 1.33-1.79-2.19
0.49 (0.17)-(-0.61)-(0.13)
50 | 2.49-2.28-2.24 2.37-2.32-2.54
Clayton-Clayton 0.78 (-5.51)-(-4.72)-(-3.76)
100 | 8.34-7.89-8.05 1.04-1.22-1.78
0.08 (0.34)-(0.89)-(2.05)
250 | 8.68-8.18-7.7 0.62-0.9-1.85
0.08 (0.68)-(1.18)-(1.7)
500 | 8.82-8.39-7.57 0.39-0.66-1.66
0.07 (0.82)-(1.39)-(1.57)
1000 | 8.94-8.47-7.83 0.19-0.54-1.39
0.07 (0.94)-(1.47)-(1.83)
50 | 3.74-3.45-5.63 2-1.91-3.14
Clayton-SClay 0.32 (-4.26)-(-3.55)-(-0.37)
100 | 3.12-2.84-4.31 1.22-1.15-2.83
0.36 (-4.88)-(-4.16)-(-1.69)
250 2.89-2.6-3.4 0.7-0.6-2.09
0.38 (-5.11)-(-4.4)-(-2.6)
500 | 2.82-2.53-2.81 0.45-0.41-1.4
0.4 (-5.18)-(-4.47)-(-3.19)
1000 | 2.77-2.5-2.46 0.31-0.29-0.79
0.4 (-5.23)-(-4.5)-(-3.54)
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Table 4.3: Parameter Estimations for 2’nd component (Base is Frank-Frank)

Parameters of the Mixture Model

Bia-Bi5-B33 (9-6-5) (75 = 0.5)

Mixt. Size Est. St.dv.
C2 N (Bias)
50 | 7.72-6.26-5.66 2.03-2.42-2.79
Frank-Frank 0.49 (-1.28)-(0.26)-(0.66)
100 | 7.78-6.19-5.79 1.98-2.25-2.62
0.5 (-1.22)-(0.19)-(0.79)
250 | 7.98-6.13-5.8 1.67-1.94-2.45
0.52 (-1.02)-(0.13)-(0.8)
500 | 7.99-5.89-5.92 1.58-1.85-2.36
0.51 (-1.01)-(-0.11)-(0.92)
1000 | 7.94-6.18-6 1.67-1.61-2.28
0.51 (-1.06)-(0.18)-(1)
50 | 7.06-6.88-7.31 2.62-2.75-2.94
Clayton-Clayton 0.22 (-1.94)-(0.88)-(2.31)
100 | 1.61-1.11-1.05 0.34-0.18-0.13
0.92 (-7.39)-(-4.89)-(-3.95)
250 | 1.52-1.03-1.01 0.2-0.07-0.04
0.92 (-7.48)-(-4.97)-(-3.99)
500 1.48-1.01-1 0.13-0.03-0.01
0.93 (-7.52)-(-4.99)-(-4)
1000 1.47-1-1 0.09-0.01-0
0.93 (-7.53)-(-5)-(-4)
50 | 2.86-1.75-1.37 1.37-0.95-0.76
Clayton-SClay 0.68 (-6.14)-(-4.25)-(-3.63)
100 | 2.76-1.65-1.24 0.9-0.59-0.38
0.64 (-6.24)-(-4.35)-(-3.76)
250 | 2.69-1.59-1.14 0.58-0.37-0.21
0.62 (-6.31)-(-4.41)-(-3.86)
500 2.68-1.6-1.1 0.4-0.26-0.13
0.6 (-6.32)-(-4.4)-(-3.9)
1000 | 2.67-1.57-1.06 0.3-0.18-0.09
0.6 (-6.33)-(-4.43)-(-3.94)

80




4.1.2.2 Clayton-Joe case

Within the second scenario, tail dependence structure for each component has been
changed. To illustrate, suppose the densities of 1’st and the 2'nd component of 3
dimensional C-vine mixture are modeled by Clayton and Joe pair copula families,
respectively. Assume that both C-vine component is constructed with the higher
0 values (B, = 6,013 = 7, 5213|1 = 8) and (67, = 5,07; = 6, 533\1 = 9) for
each pair copula density at the beginning, which expresses again Strong/Strong (SS)
dependence. In this mixture model, Clayton pairs exhibit strong left tail dependence
and relatively weak right tail dependence. On the other hand, Joe family stands to
express strong right tail dependence and relatively weak left tail dependence.

Table 4.4: 2 Component 3 dimensional C-vine mixtures with different pairs, strong
dependence (Base is Clayton-Joe)

Mixt. Size Model Selection
C1-C2 N AIC BIC CAIC
50 | -180.0698 | -166.6857 | -159.6857
Clayton-Joe 100 | -420.7195 | -402.4834 | -395.4834
250 | -1240.829 | -1216.179 | -1209.179
500 | -2694.689 | -2665.187 | -2658.187
1000 | -5704.382 | -5670.028 | -5663.028
50 | -88.33761 | -67.30536 | -56.30536
Clayton-Clayton | 100 | -205.0571 | -186.8209 | -179.8209
250 | -495.2029 | -470.5527 | -463.5527
500 | -998.8634 | -969.3611 | -962.3611
1000 | -1993.513 | -1959.159 | -1952.159
50 | -201.7108 | -188.3266 | -181.3266
Clayton-Gumbel | 100 | -469.9157 | -451.6796 | -444.6796
250 | -1304.756 | -1280.105 | -1273.105
500 | -2726.712 | -2697.21 | -2690.21
1000 | -5492.561 | -5458.206 | -5451.206
50 | -175.4084 | -162.0242 | -155.0242
Clayton-SClay 100 | -422.963 | -404.7268 | -397.7268
250 | -1251.251 | -1226.601 | -1219.601
500 | -2726.414 | -2696.912 | -2689.912
1000 | -5653.508 | -5619.154 | -5612.154
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Based on all values AIC, BIC and CAIC, there exists a model identification problem
for the mixture models Clayton-Joe, Clayton-Gumbel and Clayton-SClay. The weight
parameters seem to be unbalanced for each component, even if the starting values are
equal (m; = w5 = 0.5). When the sample size was increased, the fitted mixture model
Clayton-Joe is the best one as it is expected at the beginning (for N = 1000). Besides,
even if the model identification problem occurs based on model information criteria
values, the parameters of the mixture Clayton-Joe are the most plausible ones, has
been investigated with corresponding statistics in Tables 4.5 and 4.6] To sum up, the
main reason for this model identification problem was similar dependence structure
for Joe, Gumbel and SClay copula families that has been used for the construction of
the 2’nd component. More rigorously, all pair copulas represent right tail dependence

so that such mixtures have similar dependence patterns.

Parameter estimations for each mixture model was presented in Tables§.5|and[4.6] In
those mixture models, the best parameter estimations belong to the 2°’nd component
of the mixture model of Clayton-Joe, but the weight parameters are unbalanced for
all of them. As a result of the instability for the mixing proportions, the parameter
estimations for copulas of the 2’nd component (Joe copula pairs) are more plausible
than the 1’st component. Certainly, the increase on the sample size has a positive
effect on the reduction for difference between the true parameter and estimated values

for the best model.

To visualize the impact of various weights in the mixture model, detailed graphs
are generated to express the dependence structure of the mixture model based on
Clayton-Joe copula pairs for the 1’st and 2’nd component. In Figures numerous
fixed weights are considered over the range [0, 1] with step size h = 0.25 for each
component. For the visualization of different mixtures of Clayton-Joe case, varying
weight parameters was investigated with respect to strong dependence scenario for

each pair copula.
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Table 4.5: Parameter Estimations for 1’st component (Base is Clayton-Joe)

Parameters of the Mixture Model

Biy-Bls-Bhs (6-7-8) (m1 = 0.5)

Mixt. Size Est. St.dv.
Cl N (Bias)
50 | 5.77-5.92-8.74 2.54-2.61-1
Clayton-Joe 0.19 (-0.23)-(-1.08)-(0.74)
100 | 6.33-6.48-8.89 2.45-2.51-0.67
0.13 (0.33)-(-0.52)-(0.89)
250 | 7.55-7.63-8.98 2.01-2.02-0.28
0.08 (1.55)-(0.63)-(0.98)
500 | 8.29-8.36-8.99 1.26-1.28-0.1
0.05 2.29-1.36-0.99
1000 | 8.73-8.65-9 0.53-0.56-0.02
0.03 (2.73)-(1.65)-(1)
50 8.6-8.88-8.98 0.75-0.46-0.19
Clayton-Clayton 0.31 (2.6)-(1.88)-(0.98)
100 | 8.38-8.74-8.81 1.19-1.04-0.92
0.34 (2.38)-(1.74)-(0.81)
250 8.65-9-9 0.42-0.03-0
0.32 (2.65)-(2)-(1)
500 8.67-9-9 0.35-0-0
0.32 (2.67)-(2)-(1)
1000 8.73-9-9 0.27-0.01-0.01
0.32 (2.73-2-1)
50 | 6.16-6.21-8.93 2.83-2.85-0.51
Clayton-Gumbel 0.1 (0.16)-(-0.79)-(0.93)
100 | 6.51-6.58-8.96 2.79-2.82-0.44
0.05 (0.51)-(-0.42)-(0.96)
250 | 7.33-7.4-8.99 2.56-2.57-0.16
0.02 (1.33)-(0.4)-(0.99)
500 8.45-8.46-9 1.27-1.27-0
0.01 (2.45)-(1.46)-(1)
1000 | 8.45-8.46-9 1.27-1.27-0
0.01 (2.45)-(1.46)-(1)
50 | 5.57-5.73-8.77 2.51-2.59-0.92
Clayton-SClay 0.21 (-0.43)-(-1.27)-(0.77)
100 | 6.23-6.33-8.88 2.53-2.57-0.58
0.13 (0.23)-(-0.67)-(0.88)
250 | 7.69-7.74-8.98 1.9-1.92-0.25
0.07 (1.69)-(0.74)-(0.98)
500 8.52-8.5-9 1.07-1.08-0.09
0.04 (2.52)-(1.5)-(1)
1000 | 8.69-8.77-9 0.53-0.51-0
0.04 (2.69)-(1.77)-(1)
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Table 4.6: Parameter Estimations for 2°’nd component (Base is Clayton-Joe)

Parameters of the Mixture Model

Bia~Brs B33 (5-6-9) (m = 0.5)

Mixt. Size Est. St.dv.
C2 N (Bias)
50 | 4.89-5.66-6.45 1.11-1.28-1.48
Clayton-Joe 0.81 (-0.11)-(-0.34)-(-2.55)
100 | 4.73-5.55-6.93 0.72-0.84-1.09
0.87 (-0.27)-(-0.45)-(-2.07)
250 | 4.75-5.66-7.7 0.42-0.48-0.66
0.92 (-0.25)-(-0.34)-(-1.3)
500 | 4.83-5.76-8.09 0.33-0.39-0.5
0.95 (-0.17)-(-0.24)-(-0.91)
1000 | 4.91-5.89-8.28 0.24-0.29-0.53
0.97 (-0.09)-(-0.11)-(-0.72)
50 | 1.45-1.74-3.15 0.54-0.67-1.74
Clayton-Clayton 0.69 (-3.55)-(-4.26)-(-5.85)
100 | 1.6-1.86-3.34 1.61-1.59-1.78
0.66 (-3.4)-(-4.14)-(-5.66)
250 | 1.12-1.36-3.09 0.18-0.25-0.88
0.68 (-3.88)-(-4.64)-(-5.91)
500 | 1.05-1.28-3.17 0.1-0.15-0.65
0.68 (-3.95)-(-4.72)-(-5.83)
1000 | 1.02-1.25-3.12 0.07-0.1-0.45
0.68 (-3.98)-(-4.75)-(-5.88)
50 | 3.42-3.89-4.02 0.57-0.67-0.82
Clayton-Gumbel 0.9 (-1.58)-(-2.11)-(-4.98)
100 | 3.43-3.91-4.17 0.36-0.43-0.54
0.95 (-1.57)-(-2.09)-(-4.83)
250 | 3.5-3.99-4.37 0.23-0.27-0.34
0.98 (-1.5)-(-2.01)-(-4.63)
500 | 3.52-4.03-4.48 0.16-0.18-0.26
0.99 (-1.48)-(-1.97)-(-4.52)
1000 | 3.52-4.03-4.48 0.16-0.18-0.26
0.99 (-1.48)-(-1.97)-(-4.52)
50 | 4.17-4.95-5.72 1.28-1.41-1.66
Clayton-SClay 0.79 (-0.83)-(-1.05)-(-3.28)
100 | 3.94-4.8-6.19 0.71-0.85-1.05
0.87 (-1.06)-(-1.2)-(-2.81)
250 | 4.01-4.93-6.93 0.42-0.51-0.68
0.93 (-0.99)-(-1.07)-(-2.07)
500 | 4.08-5.03-7.31 0.26-0.32-0.53
0.96 (-0.92)-(-0.97)-(-1.69)
1000 | 4.13-5.11-7.73 0.22-0.26-0.35
0.96 (-0.87)-(-0.89)-(-1.27)
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For the model comparison, instead of only looking at information criteria values,
modified version of Clarke and Vuong GOF tests are applied. The details of ClarkeMixV
and VuongMixV are briefly explained at the end of Chapter[3] In Table[d.7, Clayton-Joe-
(M1), Clayton-Clayton(M 2), Clayton-Gumbel(M 3) and Clayton-SClay(M4) are com-
pared in terms of ClarkeMixV and VuongMixV GOF tests. In this comparison, M1,

as a base model, is compared with the other mixtures only.

Table 4.7: GOF Matrix for Model Selection of Clayton-Joe(M 1) with o = 0.05

Model Comparison Values GOF Matrix
N =50 E[Cstats] = 25

0 112.3945 46.7813 65.0243
0.0278 0
-0.0067 e 0 e
0.0111 e e 0

¢ 1(1—2)=1.96

N =250 E[Cstats] = 125

0 456.588 199.6862 202.9848
0.0151 0 e
-0.0088 e 0 e

¢ (1 —2) =196

N = 1000 E[Cstats] = 500

0  2357.97 1054.076 1023.538
0.0022 0 :

0.0019 - 0 -
0.0024 - - 0

¢ (1—2) =196

In the presented GOF matrices in Table the first row from left to right includes
the Clarke test statistic (C'statSciarkenrizv) for the comparison of M1/M2, M1/M3
and M1/M4. Based on different sample size, when the obtained test statistic is
different from E[C'stats], the compared models are significantly different from each
other. Meanwhile, the first column of GOF matrix from top to bottom exhibits the
Vuong test statistic (Vv yongnrizy) Value for the same comparisons, namely M 1/M2,
M1/M3 and M1/M4. Here, these statistics are compared with ¢~*(1 — §) value to
decide which model is more preferable. However, based on the Vuong test statistics,
Uari/m2s Vai/mz and var s compared with q§_1(1 — %) = 1.96, there is no
decision about the selection among the models M1 and others at %95 significance
level. Equivalently, there is no significant result for supporting or disproving the

empirical findings presented in Table {.4]
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4.1.3 3 Component 3 dimensional C-vine Mixtures

Under this subsection, two different C-vine mixture models have been studied with
various dependence structure. Firstly, SClay-SClay-SClay case was considered with
strong dependence (SS) assumption. Thereafter, Clayton, Frank and SClay families
were selected for the pair copula construction of the 1%, 2"¢ and 3"¢ components,
respectively. Within these scenarios, the main differences of both cases have been

highlighted after the model comparison part.

4.1.3.1 SClay-SClay-SClay case

For 3 component C-vine mixture, the first multivariate data is generated based on
Survival-Clayton (SClay) copula pairs with equal weights. Within this synthetic data,
all copula pairs are modeled with strong dependence assumption. Here, totally 9
copula density parameters are selected as (3], = 4, 8{; = 5, Bysp = 6), (8%, =
5,081 = 6, B3, = 8) and (87, = 4, B3 = 6, B34, = 9) for each component. Model
comparison results for the mixture models with equal weight parameters are presented

below in Table [4.8]

Table 4.8 expresses the best model with respect to model information criteria values.
Apparently, Clay-Clay-Clay is the poorest one, but there is a model confusion between
the base model SClay-SClay-SClay and Clay-SClay-SClay mixture model. In this
comparison, model information criteria values have tendency to select less complex
mixture model in terms of weight parameters. Similar to 2 component mixture case,
the problem comes from the unbalanced weight parameters, tabulated in Table {.9in
detail. Besides, since Kendall’s 7 values of a copula family and its survival version
is same, there exists a model identification problem based on information criterion
values. In Table 4.9] the worst parameter estimations belong to the Clay-Clay-Clay
mixture and especially estimated parameters for copula pairs are not plausible enough
for the conditional part. However, the increase on the number of components worsens
the parameter estimations for each component, apart from the 1’st one. Besides, the
results for the parameter estimations highlight, SClay-SClay-SClay results in the best

estimations as it is expected.
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Table 4.8: 3 Component 3 dimensional C-vine mixtures with different pairs, strong

dependence (Base is SClay-SClay-SClay)

Mixt. Size Model Selection
C1-C2-C3 N AIC BIC CAIC
50 | -87.75049 | -66.71824 | -55.71824
SClay-SClay-SClay | 100 | -202.8378 | -174.181 | -163.181
250 | -543.4935 | -504.7574 | -493.7574
500 | -1103.723 | -1057.362 | -1046.362
1000 | -2163.763 | -2109.778 | -2098.778
50 | -74.49535 | -53.4631 | -42.4631
Clay-Clay-Clay 100 | -128.6865 | -100.0297 | -89.02966
250 | -332.4111 | -293.675 | -282.675
500 | -761.267 | -714.9063 | -703.9063
1000 | -1662.728 | -1608.743 | -1597.743
50 | -95.98086 | -74.94861 | -63.94861
Clay-SClay-SClay 100 | -219.144 | -190.4871 | -179.4871
250 | -643.1008 | -604.3647 | -593.3647
500 | -1374.556 | -1328.195 | -1317.195
1000 | -3613.678 | -3559.693 | -3548.693

Table 4.9: Parameter Estimations based on different C-vine mixtures for (Base is

SClay-SClay-SClay)

Parameters of the Mixture Model
;’1112—‘31137:3;3‘ (4-5-6) (m = 1/3) ﬁfzfﬁ%;—jji‘ (5-6-8) (my = 1/3) 53273;537,‘353‘ (4-6-9) (5 = 1/3)
Mixt. Size Est. St.dv. Est. St.dv. Est. St.dv.
C1-C2-C3 N (Bias) (Bias) (Bias)
50 | 4.06-5.27-6.36 2.3-2.54-3.08 4.32-5.38-6.75 2.39-2.61-2.91 4.38-5.38-6.54 2.53-2.58-3.02
SClay-SClay-SClay 0.34 (0.06)-(0.27)-(0.36) 0.33 (-0.68)-(-0.62)-(-1.25) 0.32 (0.38)-(-0.62)-(-2.46)
100 | 3.95-4.97-6.43 2.16-2.35-2.89 3.9-4.72-6.39 2.16-2.27-2.9 3.87-4.91-6.12 2.12-2.38-3.01
0.34 (-0.05)-(-0.03)-(0.43) 0.33 (-1.1)-(-1.28)-(-1.61) 0.33 (-0.13)-(-1.09)-(-2.88)
250 | 3.42-4.44-6.08 1.69-2.04-2.74 3.72-4.66-6.47 1.86-2.16-2.75 3.83-5-6.24 1.95-2.26-2.73
0.34 (-0.58)-(-0.56)-(0.08) 0.33 (-1.28)-(-1.34)-(-1.53) 0.33 (-0.17)-(-1)~(-2.76)
500 | 3.33-4.39-5.77 1.62-2.05-2.63 3.45-4.44-6.46 1.54-2.04-2.58 3.67-4.93-6.38 1.7-2.12-2.64
0.32 (-0.67)-(-0.61)-(-0.23) 0.34 (-1.55)-(-1.56)-(-1.54) 0.34 (-0.33)-(-1.07)-(-2.62)
1000 | 3.17-4.13-5.68 1.46-1.85-2.44 3.45-4.63-6.43 1.56-2.09-2.36 3.82-4.88-6.42 1.84-2.23-2.46
0.34 (-0.83)-(-0.87)-(-0.32) 0.34 (-1.55)-(-1.37)~(-1.57) 0.32 (-0.18)~(-1.12)-(-2.58)
50 6.57-7-7.34 3.19-3.21-2.88 8.42-8.8-8.98 1.03-0.8-0.18 3.12-3.57-4.46 3.21-3.11-3.01
Clay-Clay-Clay 0.31 (2.57)-(2)-(1.34) 0.16 (3.42)-(2.8)-(0.98) 0.53 (-0.88)-(-2.43)-(-4.54)
100 | 1.17-1.4-2.19 0.26-0.34-0.93 8.58-8.92-8.99 0.59-0.28-0.14 8.59-8.92-8.99 0.59-0.3-0.19
0.71 (-2.83)-(-3.6)-(-3.81) 0.18 (3.58)-(2.92)-(0.99) 0.1 (4.59)-(2.92)-(-0.01)
250 | 1.06-1.29-2.13 0.11-0.18-0.63 8.64-8.99-9 0.45-0.08-0 8.64-8.99-9 0.45-0.08-0
0.7 (-2.94)-(-3.71)~(-3.87) 0.18 (3.64)-(2.99)-(1) 0.11 (4.64)-(2.99)-(0)
500 | 1.02-1.26-2.17 0.05-0.12-0.44 8.66-9-9 0.4-0.04-0 8.65-9-9 0.4-0-0
0.71 (-2.98)-(-3.74)~(-3.83) 0.11 (3.66)-(3)-(1) 0.18 (4.65)-(3)-(0)
1000 | 1-1.25-2.16 0.02-0.08-0.29 8.66-8.99-9 0.34-0.07-0 8.55-8.97-9 0.46-0.23-0
0.72 (-3)-(-3.75)-(-3.84) 0 (3.66)-(2.99)-(1) 0.28 (4.55)-(2.97)-(0)
50 | 5.37-5.48-8.67 2.42-2.46-1.18 4.13-5.41-6.44 2.01-2.33-2.69 4.28-5.6-6.27 2.19-2.39-2.7
Clay-SClay-SClay 0.19 (1.37)-(0.48)-(2.67) 0.41 (-0.87)-(-0.59)-(-1.56) 04 (0.28)-(-0.4)-(-2.73)
100 | 5.17-5.22-8.69 2.35-2.36-1.16 3.85-5.2-6.32 1.62-2.09-2.43 3.88-5.34-6.39 1.68-2.14-2.45
0.16 (1.17)-(0.22)-(2.69) 0.42 (-1.15)-(-0.8)-(-1.68) 0.41 (-0.12)-(-0.66)-(-2.61)
250 | 5.37-5.46-8.84 2.14-2.19-0.74 3.68-4.95-6.58 1.43-1.89-2.06 3.7-5.18-6.66 1.35-1.84-1.89
0.13 (1.37)-(0.46)-(2.84) 0.39 (-1.32)-(-1.05)-(-1.42) 0.47 (-0.3)-(-0.82)-(-2.34)
500 | 5.89-5.97-8.94 2.08-2.11-0.41 3.77-5.12-6.6 1.2-1.73-1.76 3.52-4.86-6.58 1.27-1.74-1.87
0.11 (1.89)-(0.97)-(2.94) 0.45 (-1.23)-(-0.88)-(-1.4) 0.44 (-0.48)-(-1.14)-(-2.42)
1000 | 6.87-7.02-8.99 1.94-2.02-0.11 3.74-4.81-6.96 1.28-1.54-1.15 3.77-5.21-6.23 1.25-1.88-1.79
0.08 (2.87)-(2.02)-(2.99) 0.6 (-1.26)-(-1.19)-(-1.04) 0.32 (-0.23)-(-0.79)-(-2.77)
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4.1.3.2 Clayton-Frank-SClay case

As a second finite mixture based on 3-dimensional Cvines, the multivariate data is
constructed based on distinct tail dependencies. The 1’st, 2’nd and 3’rd component
are modeled via Clayton, Frank and SClay copula pairs, respectively. For this mixture,
various tail dependencies has been considered with the help of Clayton, Frank and
SClay for each component of the mixture model. Within this scheme, two different
cases were considered for the multivariate dependence structure. In the first one,
strong dependence was assumed (SS case) for each parameter of the whole mixture
model. As a second simulation study, the conditional density takes a smaller value
for the corresponding parameter, ie. each component has both strong and weak
dependence structure (SW case). For both mixtures, the model comparison results

and the parameter estimations are presented below.

For SS case, the selected parameters are (B{, = 6,8{; = 7,85, = 8), (B, =
5, 0% = 6,83, = 9) and (87, = 4,83 = 5,83, = T7) for Clayton, Frank
and SClay copula pairs in the mixture construction. The obtained mixture model
has the following properties, presented in Figure in detail. For SW case, the
selected parameters are (81, = 6, Bi; = 7, 85y, = 2.8), (B, = 5,873 = 6, B35, =
2.9) and (87, = 4,073 = 5,83, = 2.7) for Clayton, Frank and SClay copula
pairs, respectively. In this model, the conditional copula density exhibits weaker
dependence for each component compared to unconditional densities. The simulated
data has been investigated under the equal weight scheme and parameters are estimated

using hjkb optimization algorithm.

In Table the mixture model captured the dependence pattern correctly for N =
50. On the other hand, the increase in the sample size resulted in a tendency of
selecting less complex models by information criteria values. Besides, the mixing
proportion for 2’nd component is larger than the weights of other components so that
the included tail dependencies can not be identified, presented in Table For this
reason, the best parameter estimates belong to the Frank pairs used in the construction
of 2’nd component of the mixture model. Furthermore, this result addresses a possible

sample size issue for such mixture models.
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Figure 4.1: Dependence Structure for Clay-Frank-SClay mixture model with equal
weights
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Table 4.10: 3 Component 3 dimensional C-vine mixtures with different pairs,
strong-strong (SS) dependence (Base is Clay-Frank-SClay)

Mixt. Size Model Selection
C1-C2-C3 N AIC BIC CAIC

50 | -62.51385 | -41.48159 | -30.48159

Clay-Frank-SClay | 100 | -129.3742 | -100.7173 | -89.71729
250 | -365.1885 | -326.4525 | -315.4525

500 | -809.7136 | -763.3529 | -752.3529

1000 | -1600.604 | -1546.618 | -1535.618

50 | -61.40312 | -40.37086 | -29.37086

SClay-Frank-SClay | 100 | -156.3246 | -127.6677 | -116.6677
250 | -479.842 | -441.1059 | -430.1059

500 | -1033.387 | -987.0263 | -976.0263

1000 | -2202.955 | -2148.97 | -2137.97

50 | -58.50578 | -37.47353 | -26.47353

SClay-SClay-SClay | 100 | -135.4923 | -106.8354 | -95.8354
250 | -344.9862 | -306.2502 | -295.2502

500 | -684.5649 | -638.2042 | -627.2042

1000 | -1276.612 | -1222.626 | -1211.626

Table 4.11:

Parameter Estimations based on different C-vine mixtures
Clay-Frank-SClay (SS))

(Base is

Parameters of the Mixture Model

3L _gl 31
512’513"}23\

©7-8) (m = 1/3)

22 32 32
512’d13’d23\

(5-6-9) (mo = 1/3)

33 3.5
Bia-Bis-Pyy

(4-5-7) (73 = 1/3)

Mixt. Size Est. St.dv. Est. St.dv. Est. St.dv.
C1-C2-C3 N (Bias) (Bias) (Bias)
50 | 4.47-4.48-8.91 2.68-2.7-0.62 5.56-6.85-7.8 1.87-1.9-1.46 3.87-4.25-6.9 2.59-2.68-2.8
Clay-Frank-SClay 0.15 (-1.53)-(-2.52)-(0.91) 0.61 (0.56)-(0.85)-(-1.2) 0.23 (-0.13)-(-0.75)-(-0.1)
100 | 3.55-3.56-8.93 2.27-2.28-0.51 5.18-6.5-8.07 1.2-1.29-1.02 3.17-3.84-7 2.47-2.74-2.83
0.14 (-2.45)-(-3.44)-(0.93) 0.74 (0.18)-(0.5)-(-0.93) 0.12 (-0.83)-(-1.16)-(0)
250 | 2.97-2.97-8.99 1.81-1.79-0.14 5.07-6.34-8.31 0.75-0.84-0.68 2.99-3.59-6.2 2.31-2.69-2.99
0.13 (-3.03)-(-4.03)-(0.99) 0.78 (0.07)-(0.34)-(-0.69) 0.09 (-1.01)-(-1.41)-(-0.8)
500 2.89-2.9-9 1.6-1.64-0.09 4.94-6.18-8.47 0.46-0.49-0.51 5.15-3.01-5.54 3.28-2.36-3.11
0.12 (-3.1D)-(-4.1)-(1) 0.83 (-0.06)-(0.18)-(-0.53) 0.05 (1.15)-(-1.99)-(-1.46)
1000 | 2.36-2.36-9 0.61-0.6-0 4.9-6.12-8.49 0.31-0.37-0.39 4.11-3.27-5.68 2.88-2.52-2.72
0.13 (-3.64)-(-4.64)-(1) 0.82 (-0.1)-(0.12)-(-0.51) 0.04 (0.11)-(-1.73)-(-1.32)
50 | 3.29-4.43-8.11 2.61-2.89-2.08 5.6-6.6-8.01 1.62-1.64-1.29 3.65-3.96-7.77 2.81-2.8-2.46
SClay-Frank-SClay 0.11 (-2.71)-(-2.57)-(0.11) 0.76 (0.6)-(0.6-(-0.99) 0.12 (-0.35)-(-1.04)-(0.77)
100 | 3.36-3.57-7.54 2.68-2.56-2.6 5.19-6.27-8.38 1.05-1.09-0.83 3.41-3.75-7.78 2.78-2.7-2.44
0.08 (-2.64)-(-3.43)-(-0.46) 0.85 (0.19)-(0.27)-(-0.62) 0.07 (-0.59)-(-1.25)-(0.78)
250 | 3.06-4.4-7.47 2.43-2.91-2.62 5.08-6.13-8.68 0.54-0.58-0.46 3.9-3.68-7.3 3-2.59-2.76
0.03 (-2.94)-(-2.6)-(-0.53) 0.92 (0.08)-(0.13)-(-0.32) 0.04 (-0.1)-(-1.32)-(0.3)
500 | 4.01-4.88-5.72 3.05-2.89-3.06 5.08-6.07-8.79 0.33-0.38-0.32 4.84-3.88-6.37 3.07-2.73-3.01
0.02 (-1.99)-(-2.12)-(-2.28) 0.95 (0.08)-(0.07)-(-0.21) 0.02 (0.84)-(-1.12)-(-0.63)
1000 | 3.71-3.5-8.3 1.35-1.51-1.97 5.07-6.42-8.85 0.12-0.2-0.09 5.12-8.53-8.61 1.05-1.3-1.16
0.01 (-2.29)-(-3.5)-(0.3) 0.97 (0.07)-(0.42)-(-0.15) 0.01 (1.12)-(3.53)-(1.61)
50 3.5-3.8-5.81 2.62-2.66-3.31 3.37-3.95-5.48 2.6-2.82-3.4 3.09-4.12-5.5 2.31-2.78-3.29
SClay-SClay-SClay 0.32 (-2.5)-(-3.2)-(-2.19) 0.36 (-1.63)-(-2.05)-(-3.52) 0.33 (-0.91)-(-0.88)-(-1.5)
100 | 3.19-3.63-5.65 2.34-2.5-3.21 2.82-3.56-4.87 2.26-2.66-3.26 2.81-3.57-5.17 2.06-2.59-3.21
0.33 (-2.81)-(-3.37)-(-2.35) 0.34 (-2.18)-(-2.44)-(-4.13) 0.34 (-1.19)-(-1.43)-(-1.83)
250 2.7-3.6-4.6 2.02-2.57-3.06 2.37-2.93-4.57 1.86-2.28-3.11 2.77-3.75-4.91 1.87-2.59-2.97
0.31 (-3.3)-(-3.4)-(-3.4) 0.34 (-2.63)-(-3.07)-(-4.43) 0.35 (-1.23)-(-1.25)-(-2.09)
500 | 2.85-3.61-4.97 2.04-2.46-2.93 2.25-2.73-3.42 2.03-2.38-2.68 3.02-3.8-5.11 2.12-2.64-2.87
0.33 (-3.15)-(-3.39)-(-3.03) 0.32 (-2.75)-(-3.27)-(-5.58) 0.35 (-0.98)-(-1.2)-(-1.89)
1000 | 2.85-3.98-4.95 1.77-2.6-2.76 3.33-4.14-5.81 2.18-2.66-2.46 1.41-1.77-2.11 1.12-1.59-1.86
0.33 (-3.15)-(-3.02)-(-3.05) 0.36 (-1.67)-(-1.86)-(-3.19) 0.31 (-2.59)-(-3.23)-(-4.89)
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Table 4.12: 2 Component 3 dimensional C-vine mixtures with different pairs,
strong-weak (SW) dependence (Base is Clay-Frank-SurClay)

Mixt. Size Model Selection
C1-C2-C3 N AIC BIC CAIC
50 | -38.00444 | -16.97218 | -5.972182
Clay-Frank-SClay | 100 | -90.06918 | -61.41231 | -50.41231
250 | -259.976 -221.24 -210.24
500 | -549.7543 | -503.3936 | -492.3936
1000 | -1182.312 | -1128.326 | -1117.326
50 | -48.51457 | -27.48232 | -16.48232
Clay-Clay-Clay 100 | -117.967 | -89.31018 | -78.31018
250 | -337.8324 | -299.0963 | -288.0963
500 | -708.4535 | -662.0928 | -651.0928
1000 | -1469.647 | -1415.661 | -1404.661
50 | -34.45827 | -13.42602 | -2.426019
SClay-SClay-SClay | 100 | -83.83367 | -55.17679 | -44.17679
250 | -170.2798 | -131.5438 | -120.5438
500 | -335.8053 | -289.4446 | -278.4446
1000 | -660.6078 | -606.6225 | -595.6225

Table 4.13: Parameter Estimations based on different C-vine mixtures
Clay-Frank-SClay (SW))

(Base is

Parameters of the Mixture Model
;’11127‘3113—;3;5“ (6-7-2.8) (m = 1/3) ﬁfzfﬁ%;—jjm (5-6-2.9) (w3 = 1/3) 5%27,3‘{37,‘353“ (4-5-2.7) (w5 = 1/3)
Mixt. Size Est. St.dv. Est. St.dv. Est. St.dv.
C1-C2-C3 N (Bias) (Bias) (Bias)
50 | 5.27-5.17-8.79 2.76-2.7-0.94 5.5-6.41-2.95 1.75-1.67-1.95 3.38-4.4-6.45 2.62-2.74-3.33
Clay-Frank-SClay 0.07 (-0.73)-(-1.83)-(5.99) 0.76 (0.5)-(0.41)-(0.05) 0.17 (-0.62)-(-0.6)-(3.75)
100 | 4.29-4.32-8.83 2.53-2.56-0.85 5.21-6.2-2.58 1.21-1.21-1.04 3.5-3.97-6.57 2.76-2.82-3.25
0.06 (-1.71)-(-2.68)-(6.03) 0.84 (0.21)-(0.2)-(-0.32) 0.1 (-0.5)-(-1.03)-(3.87)
250 | 3.69-3.71-8.91 2.39-2.45-0.59 5.04-6.15-2.58 0.63-0.76-0.47 3.84-3.4-5.99 2.96-2.75-3.42
0.06 (-2.31)-(-3.29)-(6.11) 0.89 (0.04)-(0.15)-(-0.32) 0.06 (-0.16)-(-1.6)-(3.29)
500 | 4.07-3.67-8.98 2.62-2.02-0.27 4.87-5.96-2.62 0.36-0.55-0.31 5.28-4.28-4.67 3.31-3.06-3.64
0.05 (-1.93)-(-3.33)-(6.18) 0.92 (-0.13)-(-0.04)-(-0.28) 0.03 (1.28)-(-0.72)-(1.97)
1000 | 2.83-2.88-9 0.99-1.05-0 4.88-5.97-2.69 0.23-0.3-0.18 4.88-5.48-6.15 3.4-2.75-3.1
0.05 (-3.17)-(-4.12)-(6.2) 0.94 (-0.12)-(-0.03)-(-0.21) 0.01 (0.88)-(0.48)-(3.45)
50 8.32-8.6-8.26 1.04-0.82-1.64 8.32-8.6-8.28 1.03-0.81-1.6 1.35-1.62-1.26 0.41-0.55-0.46
Clay-Clay-Clay 0.09 (2.32)-(1.6)-(5.46) 0.13 (3.32)-(2.6)-(5.38) 0.77 (-2.65)-(-3.38)-(-1.44)
100 | 8.48-8.84-8.54 0.75-0.42-1.21 8.47-8.85-8.43 0.75-0.42-1.42 1.3-1.56-1.18 0.31-0.4-0.3
0.19 (2.48)-(1.84)-(5.74) 0.06 (3.47)-(2.85)-(5.53) 0.75 (-2.7)-(-3.44)-(-1.52)
250 | 8.63-8.93-8.88 0.51-0.21-0.57 8.62-8.92-8.89 0.52-0.24-0.52 1.24-1.51-1.12 0.21-0.26-0.2
0.25 (2.63)-(1.93)-(6.08) 0.02 (3.62)-(2.92)-(5.99) 0.73 (-2.76)-(-3.49)-(-1.58)
500 | 8.69-8.97-8.95 0.41-0.12-0.29 8.71-8.96-8.96 0.4-0.16-0.23 1.23-1.51-1.07 0.15-0.19-0.12
0.26 (2.69)-(1.97)-(6.15) 0.01 (3.71)-(2.96)-(6.06) 0.73 (-2.77)-(-3.49)-(-1.63)
1000 | 8.8-8.99-8.99 0.28-0.08-0.17 8.8-8.99-8.98 0.3-0.07-0.19 1.22-1.51-1.06 0.11-0.13-0.11
0.27 (2.8)-(1.99)-(6.19) 0 (3.8)-(2.99)-(6.08) 0.73 (-2.78)-(-3.49)-(-1.64)
50 3.4-4.45-4.69 2.762.99 3.65 3.02-3.37-3.55 2.77-2.92-3.48 4.12-4.62-5.13 2.85-2.93-3.65
SClay-SClay-SClay 0.28 (-2.6)-(-2.55)-(1.89) 0.47 (-1.98)-(-2.63)-(0.65) 0.25 (0.12)-(-0.38)-(2.43)
100 | 3.49-4.4-4.11 2.74-2.9-35 2.71-3.14-2.87 2.5-2.75-3.06 4.14-4.23-4.12 2.92-2.86-3.47
0.26 (-2.51)-(-2.6)-(1.31) 0.49 (-2.29)-(-2.86)-(-0.03) 0.25 (0.14)-(-0.77)-(1.42)
250 | 2.68-5.66-2.6 2.53-2.8-2.81 1.53-1.78-1.4 1.52-1.99-1.56 5.68-4.56-4.3 2.77-2.61-3.33
0.19 (-3.32)-(-1.34)-(-0.2) 0.65 (-3.47)-(-4.22)-(-1.5) 0.15 (1.68)-(-0.44)-(1.6)
500 | 1.14-6.24-1.29 0.55-2.54-1.23 1.46-1.66-1.26 1.4-1.88-1.22 6.27-5.18-2.91 2-2.28-2.65
0.19 (-4.86)-(-0.76)-(-1.51) 0.66 (-3.54)-(-4.34)-(-1.64) 0.15 (2.27)-(0.18)-(0.21)
1000 | 6.56-6.03-2.03 1.84-1.78-1.29 1.17-1.28-1.06 0.84-1.11-0.47 1.05-7.04-1 0.2-2.25-0.03
0.13 (0.56)-(-0.97)-(-0.77) 0.72 (-3.83)-(-4.72)-(-1.84) 0.16 (-2.95)-(2.04)-(-1.7)
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Similar model identification problem has been identified in the comparison given in
Table 4.12] Model information criteria values have tendency to select less complex
models with same copula pairs. In Table[4.13] the unbalanced weight problem emerges
for the mixture model so that the best parameter estimates belong to the 2°’nd component
in the base model. Here, Clay-Frank-SClay mixture with SW dependence pattern
has larger weights for 2’nd component in any sample size, which results in the fact
that plausible parameter estimates exist only for Frank pairs. Certainly, there is a
positive relation between the accuracy of the parameters and the sample size. On the
other hand, other two mixture models, given in Table 4.13| have very poor parameter

estimates.
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4.1.4 2 Component 4 dimensional C-vine Mixtures

Under this framework, the dimension for each vine model has been increased so
that C-vine and D-vine models are differed. For that purpose, 2 Component, 4
dimensional C-Vine mixtures are constructed with same and distinct copula families.
Furthermore, Rmalschains, DEoptim and spg functions were implemented for the
parameter estimations in this part. Similar to A7 kb function, all considered optimization
algorithms do not require the gradient information for the obtained log-likelihood
function for each component and allow to search global optimum value. For different
mixture models, above mentioned optimization tools are considered separately. In
general, the computational time cost is higher for all algorithms when the dimension is
increased, because of their nature for searching the best candidate for the parameters.
This common limitation reduces both the sample size and the total number of iterations
for the simulation under this section. As a first mixture model, Joe-Joe case has been
considered for each component under 2 Component 4 dimensional case. Here, the
considered parameters are (3], = 8,413 = 7,81, = 6,5%3|1 = 9,5§4|1 = 8,6§4|12 =
7) and (8%, = 9,8% = 6,8 = 5, 5223“ =9, 6224‘1 = 8, 654‘12 = T) for the 1’st
and 2’nd component, respectively. For the conditional part, the same parameters are
considered within the construction of mixture models. In the first comparison, the
mixture models are investigated only for small sample size data, i.e. N = 50, 100, 250

with lesser iterations maxz1 = 100.

Table 4.14: 2 Component 4 dimensional C-vine mixtures, (SS) dependence (Base is
Joe-Joe)

Mixt. Size Model Selection
Cl1-C2 N AIC BIC CAIC
50 | -282.0111 | -257.1548 | -244.1548
Joe-Joe 100 | -649.3973 | -615.5301 | -602.5301
250 | -1905.531 | -1859.752 | -1846.752
50 | 112.3849 | 137.2412 | 150.2412
Clayton-Clayton | 100 | -149.0358 | -115.1686 | -102.1686
250 | -390.0704 | -344.2914 | -331.2914
50 | -479.515 | -454.6587 | -441.6587
Gumbel-Gumbel | 100 | -1011.443 | -977.5762 | -964.5762
250 | -2478.381 | -2432.602 | -2419.602
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In Table [4.14] there exists Joe and Gumbel family confusion in the mixture model
because of same dependence structure. At the same time, Clayton-Clayton mixture
is the poorest model when it is compared to others. However, not surprisingly, the
parameter estimates given for Joe-Joe case is more plausible within a limited sample
size. Even if AIC, BIC and CAIC have tendency to select Gumbel-Gumbel mixture

case, the number of components is identified incorrectly.

Table 4.15: 1’st component parameter estimations for C-vine mixtures (Base is
Joe-Joe)
Parameters of the Mixture Model
Bra-Prs-Bra-Basn=Baap-Baaps (8-7-6-9-8-7) (w1 = 0.5)
Comp. Size Est. St.dv.
Cl N (Bias)
50 | 6.61-5.26-5.19-5.4-5.24-5.26 1.55-2.38-2.35-1.71-1.94-2.16
Joe-Joe 0.49 (-1.39)-(-1.74)-(-0.81)-(-3.6)-(-2.76)-(-1.74)
100 | 6.89-5.04-4.93-5.45-5.18-4.64 1.38-1.97-1.87-1.75-1.64-1.96
0.52 (-1.11)-(-1.96)-(-1.07)-(-3.55)-(-2.82)-(-2.36)
250 | 6.78-4.66-4.44-5.84-5.48-3.9 1.42-2.11-1.9-1.48-1.61-1.68
0.53 (-1.22)-(-2.34)~(-1.56)-(-3.16)-(-2.52)~(-3.1)
50 | 3.99-3.73-3.51-3.73-3.68-4.07 1.59-0.91-0.75-0.9-1.01-1.38
Clayton-Clayton 0.63 (-4.01)-(-3.27)-(-2.49)-(-5.27)-(-4.32)-(-2.93)
100 | 4.03-3.37-3.1-3.46-3.24-3.44 1.29-0.21-0.12-0.73-0.14-0.33
0.76 (-3.97)-(-3.63)-(-2.9)-(-5.54)-(-4.76)-(-3.56)
250 | 3.33-3.68-3.21-3.55-3.25-3.48 0.3-0.45-0.26-0.7-0.35-0.81
0.48 (-4.67)-(-3.32)-(-2.79)-(-5.45)-(-4.75)-(-3.52)
50 | 4.88-4.37-3.91-3.5-3.25-3.05 0.99-0.79-0.74-0.92-0.81-0.82
Gumbel-Gumbel 1 (-3.12)-(-2.63)-(-2.09)-(-5.5)-(-4.75)-(-3.95)
100 | 4.66-4.09-3.61-4.35-3.82-3.02 0.99-0.85-0.74-0.74-0.62-0.35
0.97 (-3.34)-(-2.91)-(-2.39)-(-4.65)-(-4.18)-(-3.98)
250 | 4.85-4.37-3.92-4.01-3.71-3.05 0.86-0.76-0.67-1.11-0.91-0.62
0.93 (-3.15)-(-2.63)~(-2.08)-(-4.99)-(-4.29)-(-3.95)

In both Tables [A.I5H4.T6] the estimated parameters of various models have been
presented for small sample size. Here, the best estimates belong to Joe-Joe case,
but the accuracy is not plausible enough because of the considered optimization
tool. Most probably, low accuracy is related to the nature of Rmalschains algorithm
since it requires large number of objective function evaluations. Furthermore, model
information criteria values have tendency to select 1 component classical vine model

with Gumbel family.

In the second mixture model, Frank copula pairs are considered for each component
with the same parameters. Here, the main difference is the symmetric dependence

behavior in Frank copula, instead of only looking at upper tail dependence pattern
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Table 4.16: 2’nd component parameter estimations for C-vine mixtures (Base is
Joe-Joe)
Parameters of the Mixture Model
Bha-Bts=B11-Bas-Basy-Baspa (9-6-5-9-8-7) (ma = 0.5)
Comp. Size Est. St.dv.
C2 N (Bias)
50 | 6.62-4.83-4.66-5.56-4.93-4.73 1.47-2.13-2.09-1.78-1.62-2.14
Joe-Joe 0.51 (-2.38)-(-1.17)~(-0.34)~(-3.44)-(-3.07)-(-2.27)
100 | 6.73-4.37-4.18-5.73-5.03-4.3 1.39-1.98-1.93-1.9-1.62-2.09
0.48 (-2.27)-(-1.63)-(-0.82)-(-3.27)-(-2.97)-(-2.7)
250 | 6.74-4.63-4.44-5.63-5.4-4.18 1.56-2-1.97-1.47-1.59-1.92
0.47 (-2.26)-(-1.37)-(-0.56)-(-3.37)-(-2.6)-(-2.82)
50 | 6.54-4.42-3.8-4.67-4.04-4.35 1.74-1.36-1.06-1.45-1.43-1.6
Clayton-Clayton 0.37 (-2.46)-(-1.58)-(-1.2)-(-4.33)-(-3.96)-(-2.65)
100 | 6.62-4.6-3.55-4.82-3.89-4.08 1.66-1.21-0.77-1.57-0.97-1.15
0.24 (-2.38)-(-1.4)-(-1.45)-(-4.18)-(-4.11)-(-2.92)
250 | 6.44-3.2-3.26-3.15-3.29-3.25 0.94-0.14-0.19-0.23-0.28-0.82
0.52 (-2.56)-(-2.8)-(-1.74)-(-5.85)-(-4.71)-(-3.75)
50 | 4.38-6.52-6.27-5.59-5.99-6.26 2.69-1.91-2.08-2.32-2.22-2.47
Gumbel-Gumbel 0 (-4.62)-(0.52)-(1.27)-(-3.41)-(-2.01)-(-0.74)
100 | 3.74-7.29-7.16-4.32-4.11-5.15 2.54-1.46-1.64-1.82-2.23-2.37
0.03 (-5.26)-(1.29)-(2.16)-(-4.68)-(-3.89)-(-1.85)
250 | 4.9-6.79-6.61-4.37-4.32-4.2 3.08-1.59-1.94-2.24-2.18-2.25
0.07 (-4.1)-(0.79)-(1.61)-(-4.63)-(-3.68)-(-2.8)

comes from Joe family. Furthermore, for the comparison of various 2 component 4
dimensional mixtures, the results of spg function is summarized below. Similar to
the above case, the model comparison is studied only for the parameter estimation
belonging to small sample size data, i.e. N = 50, 100 with lesser iterations max1 =

100.

Table 4.17: 2 Component 4 dimensional C-vine mixtures, (SS) dependence (Base is

Frank-Frank)

Mixt. Size Model Selection
C1-C2 N AIC BIC CAIC
50 | -145.2674 | -120.4111 | -107.4111
Frank-Frank | 100 | -329.6863 | -295.819 | -282.819
50 | -139.1808 | -114.3245 | -101.3245
Joe-Joe 100 | -327.9397 | -294.0725 | -281.0725
50 | -27.39868 | -2.542382 | 10.45762
Clayton-Clayton | 100 | -52.82008 | -18.95287 | -5.952865
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In model comparison part, given in Table model information criteria values
attains minimum for Frank-Frank mixture model. Besides, the parameter estimates
for the model of Frank-Frank mixture is more promising when it is compared to
Joe-Joe mixture case. For a small sample size data, the base model can be identified
by using classical information criteria values when the considered copula families are

same for each component.

Table 4.18: 1’st component parameter estimations for C-vine mixtures (Base is
Frank-Frank)

Parameters of the Mixture Model
/3112'5113'5114'553\1‘/’)%4|1'/3§4|12 (8-7-6-9-8-7) (m = 0.5)
Comp. Size Est. St.dv.
Cl N (Bias)
50 | 7.62-6.58-5.89-7.69-6.91-7.94 2.05-2.13-2.36-2.02-2.39-2.06
Frank-Frank 0.45 (-0.38)-(-0.42)-(-0.11)-(-1.31)-(-1.09)-(0.94)
100 | 7.9-6.28-5.57-7.65-7.3-7.26 1.62-2.11-2.22-2.07-1.91-2.02
0.46 (-0.1)-(-0.72)-(-0.43)-(-1.35)-(-0.7)-(0.26)
50 | 5.16-4.22-4.18-4.03-3.78-4.88 2.88-2.93-2.98-2.58-2.55-2.84
Joe-Joe 0.39 (-2.84)-(-2.78)-(-1.82)-(-4.97)-(-4.22)-(-2.12)
100 | 3.1-2.97-2.95-3.09-2.85-4.39 0.99-2.24-2.19-2.04-1.88-2.06
0.77 (-4.9)-(-4.03)-(-3.05)-(-5.91)-(-5.15)-(-2.61)
50 | 7.02-8.12-7.06-8.99-6.53-2.46 0.46-0.71-0.62-0.05-0.58-1.55
Clayton-Clayton 0 (-0.98)-(1.12)-(1.06)-(-0.01)-(-1.47)-(-4.54)
100 2.09-2.02-2-2.01-2-2 0.24-0.08-0-0.04-0-0
1 (-5.91)-(-4.98)-(-4)-(-6.99)-(-6)-(-5)

For the 1’st component, the parameter estimates for Frank-Frank case is very close to
the true values in Table Furthermore, weight estimate and each bias value for
the estimated parameters is plausible enough for Frank-Frank case. Interpretation of

the results of Table d.19]is very similar to the discussed results above.

For the implemented optimization tools, there is no certain consensus about the selection
of best algorithm. For this reason, different functions are considered in different
mixture cases. Having the model identification experience in 3 dimensional mixture
models in the previous subsection, each component is modeled with the same copula
pair. Although, other combinations might be generated for numerous C-vine mixtures.
For studying the estimation accuracy, different comparisons are investigated in terms
of Frank-Frank case with different sample size and iterations. For instance, the result
of spg algorithm for the parameter estimations of Frank-Frank C-vine mixture model

is presented below for different N and max1 values (Tables 4.20|and 4.21).
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Table 4.19: 2’nd component parameter estimations for C-vine mixtures (Base is
Frank-Frank)

Parameters of the Mixture Model
Bta-B5-Br1-Basp-Basp-Baas (9-6-5-9-8-7) (ma = 0.5)
Comp. Size Est. St.dv.
Cc2 N (Bias)
50 | 8.12-6.15-5.21-7.84-7.3-7.01 1.43-1.82-2.03-1.84-2.07-2.33
Frank-Frank 0.55 (-0.88)-(0.15)-(0.21)-(-1.16)-(-0.7)-(0.01)
100 | 8.18-5.94-5.15-8.13-7.51-7.24 1.34-1.87-1.84-1.68-1.87-2.22
0.54 (-0.82)-(-0.06)-(0.15)-(-0.87)-(-0.49)-(0.24)
50 | 3.32-3.32-3.46-3.29-3.01-4.72 1.55-2.38-2.59-2.04-2-2.52
Joe-Joe 0.61 (-5.68)-(-2.68)-(-1.54)-(-5.71)-(-4.99)-(-2.28)
100 | 2.59-7.11-7.09-4.3-4.56-7.97 0.99-2.65-2.65-2.93-2.99-2.16
0.23 (-6.41)-(1.11)-(2.09)-(-4.7)-(-3.44)-(0.97)
50 2.42-2.07-2-2.07-2-2 0.6-0.18-0.01-0.25-0-0
Clayton-Clayton 1 (-6.58)-(-3.93)-(-3)-(-6.93)-(-6)-(-5)
100 | 9-7.54-4.56-4.77-3.11-5.83 0-0-0-0-0-0
0 (0)-(1.54)-(-0.44)-(-4.23)-(-4.89)-(-1.17)

In both Tables [#.20H4.21] there is certain positive impact of both sample size and total
number of iterations on the accuracy of parameter estimates. In terms of spg function,
the parameter estimates of Frank-Frank C-vine mixture model are reasonable, but,
some improvements must be required in any way. Another similar comparison is
presented for the results of DEoptim function with a fixed number of iterations,

namely max1 = 100, below in Table #.22]

Naturally, there is no best derivative free optimization tool for all problems so that
other methods are also applicable for the estimation. Within the subsequent sections,
for finite mixture of C- and D-vines and CD-vine mixture methodology, DEoptim
function has been used. The main reason for this selection is primarily based on the
parameter estimation accuracy presented in Table[4.22)and its algorithm characteristic

in terms of finding global optimum values.
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Table 4.20:
Frank-Frank case

1’st component parameter estimations for C-vine mixtures with

Parameters of the Mixture Model
Blo-Bls-Bla-Bisp-Baap-Piaps (8-7-6-9-8-7) (m = 0.5)
Comp. Size Est. St.dv.
Cl1 N (Bias)
50 | 8.12-6.39-5.41-8.06-7.58-7.29 2.24-2.61-2.78-2.47-2.64-3.23
Frankasg 0.45 (0.12)-(-0.61)-(-0.59)-(-0.94)-(-0.42)-(0.29)
100 | 8.01-6.08-5.09-8.21-7.68-7.42 2.11-2.56-2.54-2.09-2.45-2.77
0.45 (0.01)-(-0.92)-(-0.91)-(-0.79)-(-0.32)-(0.42)
250 | 8.16-6.69-5.93-8.19-7.52-7.5 1.7-2.21-2.06-2.24-2.05-2.3
0.51 (0.16)-(-0.31)-(-0.07)-(-0.81)-(-0.48)-(0.5)
500 | 8.63-6.65-5.56-8.32-7.39-7.13 1.63-1.9-1.99-1.85-1.99-2.47
0.49 (0.63)-(-0.35)-(-0.44)-(-0.68)-(-0.61)-(0.13)
1000 | 8.23-6.4-5.56-8.31-7.48-7.66 1.61-1.73-1.7-1.75-1.87-2.14
0.50 (0.23)-(-0.6)-(-0.44)-(-0.69)-(-0.52)-(0.66)
50 | 8.27-6.55-5.69-8.07-7.38-7.66 1.96-2.43-2.54-2.31-2.63-2.85
Franksy 0.52 (0.27)-(-0.45)-(-0.31)-(-0.93)-(-0.62)-(0.66)
100 8.1-6.51-5.66-8.17-7.7-7.6 1.94-2.24-2.26-2.26-2.2-2.54
0.52 (0.1)-(-0.49)-(-0.34)-(-0.83)-(-0.3)-(0.6)
250 | 8.44-6.68-5.7-8.33-7.64-7.16 1.59-1.98-2.05-1.97-2.16-2.46
0.49 (0.44)-(-0.32)-(-0.3)-(-0.67)-(-0.36)-(0.16)
500 | 8.3-6.59-5.42-8.35-7.39-7.48 1.57-1.83-1.94-1.88-2.02-2.25
0.5 (0.3)-(-0.41)-(-0.58)-(-0.65)-(-0.61)-(0.48)
1000 | 8.36-6.29-5.31-8.21-7.5-7.55 1.44-1.74-1.63-1.93-1.86-2.17
0.48 (0.36)-(-0.71)-(-0.69)-(-0.79)-(-0.5)-(0.55)
50 7.99-6.3-5.5-8.2-7.46-7.98 2.18-2.53-2.54-2.35-2.54-2.73
Frankig 0.50 (-0.01)-(-0.7)-(-0.5)-(-0.8)-(-0.54)-(0.98)
100 | 8.29-6.51-5.67-8.2-7.58-7.64 1.89-2.35-2.34-2.14-2.32-2.66
0.48 (0.29)-(-0.49)-(-0.33)-(-0.8)-(-0.42)-(0.64)
250 | 8.41-6.61-5.65-8.3-7.51-7.22 1.62-2.08-2.03-1.9-2.13-2.45
0.50 (0.41)-(-0.39)-(-0.35)-(-0.7)-(-0.49)-(0.22)
500 | 8.37-6.48-5.47-8.32-7.55-7.45 1.56-1.91-1.85-1.92-1.97-2.27
0.48 (0.37)-(-0.52)-(-0.53)-(-0.68)-(-0.45)-(0.45)
1000 | 8.41-6.44-5.43-8.23-7.46-7.42 1.4-1.69-1.6-1.76-1.79-2.13
0.51 (0.41)-(-0.56)-(-0.57)-(-0.77)-(-0.54)-(0.42)
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Table 4.21:
Frank-Frank case

2’nd component parameter estimations for C-vine mixtures with

Parameters of the Mixture Model
Bia-Brs-B1-Bas-Bas-Baapz (9-6-5-9-8-7) (ma = 0.5)
Comp. Size Est. St.dv.
C2 N (Bias)
50 | 8.21-6.34-5.53-8.43-7.75-7.72 1.93-2.21-2.45-2.02-2.34-2.85
Frankgsg 0.55 (-0.79)-(0.34)-(0.53)-(-0.57)-(-0.25)-(0.72)
100 | 8.36-6.35-5.47-8.09-7.28-7.87 1.92-2.13-2.13-2.12-2.33-2.34
0.55 (-0.64)-(0.35)-(0.47)-(-0.91)-(-0.72)-(0.87)
250 | 8.34-6.29-5.26-8.22-7.48-7.52 1.94-2.11-1.99-2-2.19-2.33
0.49 (-0.66)-(0.29)-(0.26)-(-0.78)-(-0.52)-(0.52)
500 | 8.03-6.14-5.41-8.41-7.61-7.68 1.76-1.84-1.74-1.75-1.89-2.18
0.51 (-0.97)-(0.14)-(0.41)-(-0.59)-(-0.39)-(0.68)
1000 | 8.72-6.81-5.68-8.18-7.36-6.85 1.43-1.72-1.67-1.95-2.05-2.06
0.50 (-0.28)-(0.81)-(0.68)-(-0.82)-(-0.64)-(-0.15)
50 8.04-6.41-5.3-8.15-7.77-7.77 2.19-2.51-2.56-2.43-2.34-2.92
Franksy 0.48 (-0.96)-(0.41)-(0.3)-(-0.85)-(-0.23)-(0.77)
100 8.29-6.2-5.45-8.08-7.38-7.6 1.97-2.29-2.3-2.28-2.42-2.59
0.48 (-0.71)-(0.2)-(0.45)-(-0.92)-(-0.62)-(0.6)
250 | 8.25-6.4-5.24-8.34-7.47-7.81 1.87-2-1.95-1.85-2.14-2.14
0.51 (-0.75)-(0.4)-(0.24)-(-0.66)-(-0.53)-(0.81)
500 | 8.41-6.52-5.53-8.32-7.66-7.41 1.67-1.87-1.87-1.92-1.89-2.21
0.5 (-0.59)-(0.52)-(0.53)-(-0.68)-(-0.34)-(0.41)
1000 | 8.54-6.73-5.65-8.25-7.38-7.09 1.54-1.65-1.52-1.91-1.85-2.17
0.52 (-0.46)-(0.73)-(0.65)-(-0.75)-(-0.62)-(0.09)
50 | 8.21-6.56-5.53-8.15-7.82-7.53 2.24-2.45-2.5-2.36-2.37-2.87
Frankig 0.50 (-0.79)-(0.56)-(0.53)-(-0.85)-(-0.18)-(0.53)
100 | 8.31-6.4-5.39-8.33-7.47-7.42 1.88-2.19-2.22-2.1-2.24-2.71
0.52 (-0.69)-(0.4)-(0.39)-(-0.67)-(-0.53)-(0.42)
250 | 8.27-6.33-5.31-8.32-7.5-7.73 1.87-2.03-2.01-1.94-2.14-2.32
0.50 (-0.73)-(0.33)-(0.31)-(-0.68)-(-0.5)-(0.73)
500 | 8.33-6.53-5.56-8.28-7.45-7.42 1.75-1.84-1.81-1.85-1.91-2.17
0.52 (-0.67)-(0.53)-(0.56)-(-0.72)-(-0.55)-(0.42)
1000 | 8.5-6.68-5.66-8.25-7.46-7.17 1.57-1.77-1.65-1.86-1.78-2.24
0.49 (-0.5)-(0.68)-(0.66)-(-0.75)-(-0.54)-(0.17)
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Table 4.22: Parameter estimations of the 2 component 4 dimensional Frank-Frank
mixture for mazl = 100

Parameters of the Mixture Model
5%2'5%3'5%4'5%&1'ﬁ214|1'5§4|12 (8-7-6-9-8-7) (m = 0.5)
Comp. | Size Est. St.dv.
Cl N (Bias)
50 8.28-6-5.38-7.63-6.99-7.84 2.12-2.29-2.68-2.62-2.78-2.82
Frank 0.5 (0.28)-(-1)-(-0.62)-(-1.37)-(-1.01)-(0.84)
100 | 8.38-6.9-6.17-7.69-7.25-7.69 1.64-2.27-2.19-2.43-2.5-2.59
0.5 (0.38)-(-0.1)-(0.17)-(-1.31)-(-0.75)-(0.69)
250 | 8.11-6.42-5.31-8.42-7.69-7.34 1.71-2.19-2.02-1.71-1.85-2.14
0.55 (0.11)-(-0.58)-(-0.69)-(-0.58)-(-0.31)-(0.34)
5%2'5%3'5%4'5§3|1'ﬁ§4|1'ﬁ§4|12 (9-6-5-9-8-7) (m, = 0.5)
Comp. | Size Est. St.dv.
C2 N (Bias)
50 | 8.19-6.81-6.15-8.24-7.31-7.66 2.17-2.35-2.61-2.23-2.59-2.92
Frank 0.5 (-0.81)-(0.81)-(1.15)-(-0.76)-(-0.69)-(0.66)
100 | 8.15-6.18-5.32-8.43-7.7-7.31 2.13-2.26-2.3-2.03-2.42-2.85
0.5 (-0.85)-(0.18)-(0.32)-(-0.57)-(-0.3)-(0.31)
250 | 8.14-6.22-5.27-8.41-7.73-7.77 1.89-2.38-2.16-1.89-1.94-2.38
0.45 (-0.86)-(0.22)-(0.27)-(-0.59)-(-0.27)-(0.77)

4.1.5 Finite Mixture of C- and D-vines

Above described finite mixture models can be easily adjusted to cover both C- and
D-vine structure within different components. Instead of taking weighted sum of two
different C-vine density functions, both C- and D- vine densities can be combined
under the finite mixture framework for the 1’st and 2’nd component, respectively. The
main motivation for such a mixture model is having no certain prior information about
the tree structure for a vine model. Furthermore, D-vine is more flexible than C-vine
because of its ability to select pairs freely and this property adds more power for such
a mixture model to consider complex probability density functions. To illustrate, only
one simulated data was investigated under this subsection, similar to above discussed

simulation results.

For a finite mixture of C- and D-vine models, 2 Component, 4 dimensional case was
considered with different pair copula functions. More rigorously, Clayton and Frank
copula families were implemented for the construction of finite mixture of C- and
D-vine models having the same parameter values. Under this mixture model, when

the weight parameter, i.e. m; ranges from 0 to 1, the mixture model has been changed
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from 1 component C-vine to 1 component D-vine model with the corresponding
copulas and their parameters. Whenever m; € [0,1] for i = 1,2, the multivariate
hidden dependence structure varies from C-vine to D- vine. To illustrate, following
figures (Figure[d.2}{4.4) were generated to understand the dependence structure among

the variables of two distinct components.

In this mixture model, the generated complex multivariate data includes both positive
and negative dependence structures with respect to Clayton and Frank copula pairs for
1I’st and 2°nd components, respectively. The selected parameters are (31, = 8, 313 =
7.8l = 6, 5213\1 = 17 ﬁ214\1 = 2.5, 5314|12 = 14) and (8, = 9,8%; = 6,57, =
5,03, = —18,83,, = —16,83,,, = —2.3) with various weight parameters.
Figures 4.2}{4.4] summarize the change on the dependence among the variables under

numerous C- and D- vine finite mixture models based on different weight parameters.

X1

0.64 0.38 010

£a55 0.27

X3

0:48

X4

(77N
¥

Figure 4.2: Dependence Structure of 2-Component C- and D-vine mixture with m; =

0.25 and 7o = 0.75 for the 1’st and 2’nd components

In Figure .2] the dominant component was the 2°nd one with both strong and weak

dependence parameters. Within the mixture model, the most and least significant
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Figure 4.3: Dependence Structure of 2-Component C- and D-vine mixture with m; =

0.5 and o = 0.5 for the 1’st and 2’nd components
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Figure 4.4: Dependence Structure of 2-Component C- and D-vine mixture with m; =

0.75 and 7 = 0.25 for the 1’st and 2’nd components
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dependence structure exist between the pairs (X, X5) and (X;, X,), respectively.
Even if the conditional densities were constructed using negative parameters in 2’nd
component, the mixture model do not exhibit any negative dependence pattern. The
similar dependence structure exist for the case visualized in Figure {.3] and 4.4] as
the weight of the 1’st component increases, the dependence among the variables

belonging finite mixture of to C- and D-vine has been increased either.

In contrast to above visualized Clayton-Frank SW case, for the comparison of various
mixture models, same copula families (Frank pairs) are considered with parameters
(Bllz = 8,6%3 = 17,0l = 675213\1 = 97ﬁ214\1 = 87@4\12 = 7) and (5%2 = 97553 =
6,52, = 5,6123‘2 = 97ﬁ224‘3 = 8,ﬁf4‘23 = 7). The model comparison part and the

estimated parameters have been presented below in detail.

For model comparison, differently from the model comparison in finite mixture of
C-vines, the performance of the proposed model has been considered under misspeci-
fied data. For instance, in the above mentioned scenario with Frank pairs, the simulated
data has been generated using three different cases, like the 1’st component is generated
based on C-vine structure and 2’nd component is constructed also using C-vine model.
Here, there exists three multivariate data for the base model, for FrankCV-FrankDV
case, where notations CV and DV exhibits C- and D-vine finite mixture model with
Frank pairs. The other two data sets generated from FrankCV-FrankCV and FrankDV-
FrankDV mixture models with equal weights. In this case, data set comes from
CV-DV, CV-CV and DV-DV combination for 2 component mixture model with Frank

pairs.

For the parameter estimation part, DEoptim function has been implemented for this
mixture model. Besides, the number of iterations and the observations has been
reduced as a result of the computational cost of DEoptim function, but the obtained
parameter estimations for such a mixture are very promising indeed. The parameter
estimations are presented separately for different number of iterations for mazrl =

100 and max1 = 250.

In above Tables and[4.26] parameter estimations of the same model fitted to three
different data set. In the base model, FrankCV-FrankDV case is tested in terms of data

set comes from CV-DV, CV-CV and DV-DV mixtures. Here, model identification

104



Table 4.23: 2 component 4-dimensional C- and D-vine mixtures with max1 = 100
(Base is FrankCV-FrankDV)

Mult. Data Size Model Selection

C1-C2 N AIC BIC CAIC
50 | -181.4804 | -156.6241 | -143.6241
FrankCV-FrankDV | 100 | -443.2836 | -409.4164 | -396.4164
250 | -1248.77 | -1202.991 | -1189.991
50 | -196.2398 | -171.3835 | -158.3835
FrankCV-FrankCV | 100 | -457.866 | -423.9988 | -410.9988
250 | -1258.743 | -1212.964 | -1199.964
50 | -192.4237 | -167.5674 | -154.5674
FrankDV-FrankDV | 100 | -449.6968 | -415.8295 | -402.8295
250 | -1237.198 | -1191.419 | -1178.419

Table 4.24: 2 component 4-dimensional C- and D-vine mixtures with max1 = 250
(Base is FrankCV-FrankDV)

Mult. Data Size Model Selection

Cl1-C2 N AIC BIC CAIC
50 | -182.1744 | -157.3181 | -144.3181

FrankCV-FrankDV | 100 | -439.8372 | -405.97 -392.97
250 | -1251.043 | -1205.264 | -1192.264
50 | -202.0385 | -177.1822 | -164.1822
FrankCV-FrankCV | 100 | -461.5943 | -427.7271 | -414.7271
250 | -1266.251 | -1220.472 | -1207.472
50 | -198.3203 | -173.464 | -160.464
FrankDV-FrankDV | 100 | -448.103 | -414.2358 | -401.2358
250 | -1230.419 | -1184.64 | -1171.64
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Table 4.25: Parameter Estimations for C- and D-vine mixtures with maz1l = 100
(Base is FrankCV-FrankDV)

Parameters of the Mixture Model
Blo-Bls-Bla-Blg-Baun-Biaps (8-7-6-9-8-7) (m1 = 0.5)
Mult. Data | Size Est. St.dv.
Cl N (Bias)
50 | 6.05-8.44-8.05-6.92-7.72-8.02 3.28-2.24-2.6-3.74-3.32-3.38
FrankCV-DV 0.1 (-1.95)-(1.44)-(2.05)-(-2.08)-(-0.28)-(1.02)
100 | 5.91-7.48-8.23-7.11-7.39-7.4 3.32-3.28-2.58-3.8-3.58-3.9
0.05 (-2.09)-(0.48)-(2.23)-(-1.89)-(-0.61)-(0.4)
250 | 8.1-7.02-6.04-8.95-7.97-6.94 0.57-0.52-0.5-0.74-0.53-0.82
0.97 (0.1)-(0.02)-(0.04)-(-0.05)-(-0.03)-(-0.06)
50 8.32-6.98-6.1-8.44-7.6-7.71 1.34-1.32-1.18-1.31-1.28-1.6
FrankCV-CV 0.89 (0.32)-(-0.02)-(0.1)-(-0.56)-(-0.4)-(0.71)
100 | 8.35-7.05-6.05-8.83-7.7-7.3 1.07-0.94-0.96-0.97-1-1.09
0.94 (0.35)-(0.05)-(0.05)-(-0.17)-(-0.3)-(0.3)
250 | 8.1-6.99-5.98-9.05-7.97-7.15 0.71-0.63-0.61-0.65-0.7-0.63
0.97 (0.1)-(-0.01)-(-0.02)-(0.05)-(-0.03)-(0.15)
50 | 5.87-7.95-7.42-6.87-7.41-6.73 3.28-2.88-3.23-3.94-3.6-4.17
FrankDV-DV 0.07 (-2.13)-(0.95)-(1.42)-(-2.13)-(-0.59)-(-0.27)
100 | 5.47-8.1-7.79-5.19-8.59-7.47 3.39-2.82-3.1-3.87-2.9-3.84
0.03 (-2.53)-(1.1)-(1.79)-(-3.81)-(0.59)-(0.47)
250 4.17-7.24-8.27-7.65-8-8.42 3.28-3.1-2.84-3.51-3.2-3.31
0.01 (-3.83)-(0.24)-(2.27)-(-1.35)-(0)-(1.42)
ﬂ122'ﬁ%3'ﬂ124'5223‘1'534‘1'554‘12 (9'6'5'9'8'7) (7T2 - 05)
Mult. Data | Size Est. St.dv.
C2 N (Bias)
50 | 8.71-5.99-5.13-7.94-7.9-5.44 1.3-1.33-1.43-1.65-1.8-1.82
FrankCV-DV 0.9 (-0.29)-(-0.01)-(0.13)-(-1.06)-(-0.1)-(-1.56)
100 | 8.98-6.04-4.99-8.46-8.14-5.97 0.89-0.83-0.84-1.27-0.98-1.38
0.95 (-0.02)-(0.04)-(-0.01)-(-0.54)-(0.14)-(-1.03)
250 | 5.6-7.53-8.61-7.17-6.67-8.86 3.72-2.83-2.46-3.68-3.8-2.9
0.03 (-3.4)-(1.53)-(3.61)-(-1.83)-(-1.33)-(1.86)
50 5.68-8.58-8.3-7.16-6-8.46 3.49-2.21-2.62-3.65-3.92-3.16
FrankCV-CV 0.11 (-3.32)-(2.58)-(3.3)-(-1.84)-(-2)-(1.46)
100 | 6.01-7.84-8.25-6.69-7.79-8.99 3.53-2.9-2.65-3.63-3.22-2.71
0.06 (-2.99)-(1.84)-(3.25)-(-2.31)-(-0.21)-(1.99)
250 | 4.98-7.4-8.58-6.12-6.78-8.73 3.5-2.77-2.27-4.04-3.64-3
0.03 (-4.02)-(1.4)-(3.58)-(-2.88)-(-1.22)-(1.73)
50 | 9.03-5.89-4.87-8.29-8.1-5.83 1-1.02-1.23-1.47-1.36-1.69
FrankDV-DV 0.93 (0.03)-(-0.11)-(-0.13)-(-0.71)-(0.1)-(-1.17)
100 | 8.9-5.95-4.91-8.63-7.98-6.11 0.8-0.59-0.82-0.95-0.9-1.05
0.97 (-0.1)-(-0.05)-(-0.09)-(-0.37)-(-0.02)-(-0.89)
250 9-6.01-5.02-8.94-8.05-6.56 0.55-0.45-0.45-0.53-0.56-0.63
0.99 (0)-(0.01)-(0.02)-(-0.06)-(0.05)-(-0.44)
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Table 4.26: Parameter Estimations for C- and D-vine mixtures with maxl = 250
(Base is FrankCV-FrankDV)

Parameters of the Mixture Model
ﬂllz_ﬁll?fﬁllzfﬂ%fﬂ1_[3%4\1_/3;4\12 (8-7-6-9-8-7) (m = 0.5)
Mult. Data | Size Est. St.dv.
Cl N (Bias)
50 | 6.74-8.25-7.73-6.74-7.57-7.55 3.16-2.63-2.58-3.88-3.27-3.66
FrankCV-DV 0.16 (-1.26)-(1.25)-(1.73)-(-2.26)-(-0.43)-(0.55)
100 | 5.07-7.63-8.03-6.97-7.67-8.27 3.35-3.09-2.76-3.8-3.43-3.41
0.04 (-2.93)-(0.63)-(2.03)-(-2.03)-(-0.33)-(1.27)
250 | 8.08-7.03-5.98-8.87-7.93-6.99 0.65-0.56-0.51-0.77-0.69-0.76
0.97 (0.08)-(0.03)-(-0.02)-(-0.13)-(-0.07)-(-0.01)
50 | 8.17-6.94-5.96-8.73-7.83-7.47 1.41-1.34-1.3-1.36-1.45-1.59
FrankCV-CV 0.91 (0.17)-(-0.06)-(-0.04)-(-0.27)-(-0.17)-(0.47)
100 | 8.03-6.91-5.91-8.92-7.89-7.14 1.02-0.94-0.89-0.96-0.96-1.1
0.95 (0.03)-(-0.09)-(-0.09)-(-0.08)-(-0.11)-(0.14)
250 8.12-7.01-6.02-9.05-8-7.06 0.66-0.58-0.57-0.67-0.66-0.62
0.97 (0.12)-(0.01)-(0.02)-(0.05)-(0)-(0.06)
50 | 5.54-8.04-7.68-6.56-7.54-7.68 3.22-2.87-3-3.93-3.6-3.8
FrankDV-DV 0.06 (-2.46)-(1.04)-(1.68)-(-2.44)-(-0.46)-(0.68)
100 | 4.97-7.63-7.93-6.8-7.65-8.39 3.35-3.17-2.78-3.8-3.56-3.32
0.03 (-3.03)-(0.63)-(1.93)-(-2.2)-(-0.35)-(1.39)
250 | 5.13-7.19-7.89-8.26-7.33-8.14 3.22-3.1-2.9-2.89-3.69-3.38
0.01 (-2.87)-(0.19)-(1.89)-(-0.74)-(-0.67)-(1.14)
Bfrﬁ%g‘ﬁﬂ‘ﬂ%ﬂ1‘/354\1‘@?4\12 (9-6-5-9-8-7) (my = 0.5)
Mult. Data | Size Est. St.dv.
C2 N (Bias)
50 | 8.51-6.1-5.16-8.06-7.87-5.78 1.57-1.5-1.68-1.91-1.76-2.11
FrankCV-DV 0.84 (-0.49)-(0.1)-(0.16)-(-0.94)-(-0.13)-(-1.22)
100 | 8.94-5.91-4.91-8.59-7.95-6.04 0.85-0.73-0.81-1.05-1.07-1.07
0.96 (-0.06)-(-0.09)-(-0.09)-(-0.41)-(-0.05)-(-0.96)
250 | 5.7-7.22-8.16-6.35-7.43-9.27 3.44-3.08-2.6-3.81-3.55-2.3
0.03 (-3.3)-(1.22)-(3.16)-(-2.65)-(-0.57)-(2.27)
50 | 5.84-7.74-8.59-6.79-6.8-8.48 3.36-2.94-2.36-3.93-3.75-3.18
FrankCV-CV 0.09 (-3.16)-(1.74)-(3.59)-(-2.21)-(-1.2)-(1.48)
100 | 6.02-7.18-8.35-6.93-7.01-9.01 3.4-3.06-2.59-3.7-3.69-2.65
0.05 (-2.98)-(1.18)-(3.35)-(-2.07)-(-0.99)-(2.01)
250 | 4.97-7.39-8.58-6.6-7.07-8.74 3.45-2.79-2.29-3.92-3.61-2.95
0.03 (-4.03)-(1.39)-(3.58)-(-2.4)-(-0.93)-(1.74)
50 | 8.77-5.82-5.01-8.64-8.06-5.78 1.18-1.03-1.07-1.21-1.37-1.39
FrankDV-DV 0.94 (-0.23)-(-0.18)-(0.01)-(-0.36)-(0.06)-(-1.22)
100 | 8.94-5.89-4.91-8.81-8.12-6.12 0.84-0.68-0.79-0.97-1.05-1.06
0.97 (-0.06)-(-0.11)-(-0.09)-(-0.19)-(0.12)-(-0.88)
250 | 8.9-5.95-4.97-8.83-7.99-6.56 0.56-0.41-0.48-0.64-0.57-0.59
0.99 (-0.1)-(-0.05)-(-0.03)-(-0.17)-(-0.01)-(-0.44)
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problem emerges one more time for the finite mixture of C- and D-vine copula with
Frank pairs. In terms of small data set, the best estimates of the parameters belonging
to the DV-part, although this result became reverse when N = 250. Overall, FrankCV-
FrankDV model fails to identify the simulated data from CV-DV mixture and parameter
estimates are only significant for one of the components based on the weight parameter.
Additionally, when the sample size increased, there is a weight change from D-vine

to C-vine in terms of components.
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4.1.6 CD-vine Mixture Model

As anovel contribution of this study, the mixture of C-vines with D-vine methodology
has been discussed. Here, for the pre-analysis part, various C-vine densities have been
investigated in 4-dimension with distinct pair copula families like Clayton, Frank or
Gumbel for all components when M = 3. For instance, in 3 component 4 dimensional
CD-vine mixture model, as it is explained in Chapter [3] each component is modeled
via C-vine and then the dependence among the components has been captured with
the help of D-vine. In this methodology, the dependence between the values of
Empirical Multivariate Cumulative Distribution function (EMCDF) belonging to each
component, i.e. F(cvy), F(cvy) and F(cv3) was the crucial and facilitator inter-step

for CD-vine mixture modeling.

As an optimization routine, previously considered DEoptim function was implemented
under two step maximization process for CD-vine mixture model. In this proposed
model, similar to the widely evaluated Inference For Margins (IFM) method, first the
parameters of density for each component was estimated independently. Afterwords,
these obtained parameters are used for the construction of F'(cvy), F'(cvy) and F'(cvs)
values, the EMCDF data having dependence information about each component.
Finally, new 3-dimensional EMCDF data was tied together with the help of D-vine
methodology.

4.1.6.1 Dependence only within components

Suppose each component has Clayton pairs but there is no temporal association between
the variables under each component and dependence among the calculated values of
F(cvy), F(cvg) and F(cv3) for D-vine specification. In this framework, the most
suitable copula family for D-vine modeling part has been detected as the independence
copula. To illustrate, Figures 4.5] and [4.6] can be considered, to show the existing
dependence occurs only within the components under strong dependence scenario.
Before observing independence among the values of F'(cvy), F(cvg) and F(cvs)
given in Figure 4.6 the dependence within the the components originated from the

selected C-vine densities based on Clayton pairs is visualized in Figure @.5]
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generated by Clayton pairs and there is no association among components
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In Figure 4.6 such a CD-vine construction requires independence copula family for
D-vine part in the second step. For this reason, CD-vine mixture model, which
includes Clayton pairs in C-vine and independence copula pairs in D-vine construction
has been studied. In this modeling setup, the parameters of each component are
selected as (B, = 8,813 = 7,51, = 675213\1 = 9a5214|1 = 875§4|12 = 1), (B =
9,85 = 6,51 = 5a6223|1 = 975§4|1 = 8753?4\12 =T7)and (8}, = 4,03 = 5,8, =
7, 6§3|1 =9, 65’4'1 = 8, B§4‘12 = 7). Naturally, the parameter set for the D-vine part
in this model is denoted by (BRY, B4V, B@E). Simulation results for the case of
Clayton-Independence pairs belonging to C- and D-vine part are summarized. For

different number of iterations (i.e. mazl = 100 and maxzl = 250), similar results

(Tables and [4.28) are presented below.

Table 4.27: Parameter Estimations for CD-vine mixture with Clayton-Independence
copula pairs for max1 = 100

Parameters of the Mixture Model

21 Bl a1l ol 31 1
312: *j137 314: *7)2:;\17 321\17 [334\12

C-vine part | Size (8-7-6-9-8-7) St.dv.
CV1 N Est. (Bias)
50 8.17-7.13-6.12-8.91-7.95-7.64 0.79-0.67-0.59-0.94-0.91-1.32
Clayton (0.17)-(0.13)-(0.12)-(-0.09)-(-0.05)-(0.64)
100 8.05-7.04-6.03-9.12-8.1-7.03 0.58-0.52-0.46-0.68-0.61-0.78
(0.05)-(0.04)-(0.03)-(0.12)-(0.1)-(0.03)
250 8.06-7.05-6.04-8.96-7.98-7.13 0.34-0.3-0.26-0.54-0.5-0.62

(0.06)-(0.05)-(0.04)-(-0.04)-(-0.02)-(0.13)
By, B Bias 533\17 ‘634“, ‘3§4\12

(9-6-5-9-8-7) St.dv.
CV2 N Est. (Bias)
50 9.1-6.06-5.06-9.03-8.02-7.4 0.7-0.51-0.45-0.92-0.78-1.26
Clayton (0.1)-(0.06)-(0.06)-(0.03)-(0.02)-(0.4)
100 9.07-6.04-5.04-8.94-7.97-7.2 0.59-0.41-0.36-0.72-0.66-0.84
(0.07)-(0.04)-(0.04)-(-0.06)-(-0.03)-(0.2)
250 9.07-6.05-5.05-8.92-7.92-7.04 0.37-0.26-0.22-0.52-0.46-0.51

(0.07)-(0.05)-(0.05)-(-0.08)-(-0.08)-(0.04)
3;2 6?33 5?47 ﬁz‘g‘p 5:2;4‘13 6;,4‘12

(4-5-7-9-8-7) St.dv.
Cv3 N Est. (Bias)
50 4.05-5.05-7.06-9.05-8.03-7.35 0.39-0.44-0.58-1.03-0.99-1.18
Clayton (0.05)-(0.05)-(0.06)-(0.05)-(0.03)-(0.35)
100 4.01-5-7-9.13-8.14-7.15 0.25-0.29-0.39-0.66-0.65-0.83
(0.01)-(0)-(0)-(0.13)-(0.14)-(0.15)
250 4.03-5.04-7.05-9.11-8.07-7.04 0.17-0.2-0.26-0.49-0.45-0.57

(0.03)-(0.04)-(0.05)-(0.11)-(0.07)-(0.04)
AR AN

23 5 P13)2
D-vine part | Size ©/0/0) St.dv.
DV N Est. (Bias)
50 | -1.396413e-07 / -2.385398e-07 / -1.157744e-07 1.133487e-07 / 1.85544e-07 / 1.934761e-07
Indep (-1.396413e-07)-(-2.385398¢-07)-(-1.157744e-07)

100 | -0.0006554143 / -0.0007067731 / -0.0006302542 0.000579263 / 0.0006077416 / 0.0005635711
(-0.0006554143)-(-0.0007067731)-(-0.0006302542)
250 | -0.0007759255 /-0.0006201724 / -0.000564488 0.0007099019 / 0.0005251071 / 0.0005843439
(-0.0007759255)-(-0.0006201724)-(-0.000564488)
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In Table obtained parameter estimates are very promising for CD-vine mixture
with Clayton-Independence case. Besides, there is positive impact of the increase
on the sample size over the accuracy, when the standard deviation and bias values
are investigated. In this type CD-vine mixture case, it is known that the D-vine part
requires independence copulas in advance, that makes the above derived values are
reasonable based on the simulated data. Similar parameter estimations are presented
for maz1 = 250 below, in Table

Table 4.28: Parameter Estimations for CD-vine mixture with Clayton-Independence
copula pairs for max1 = 250

Parameters of the Mixture Model
Bia: Bis: Biss ;3;3‘1, /3;/1“-, 5:14\12

C-vine part | Size (8-7-6-9-8-7) St.dv.
CVl1 N Est. (Bias)
50 8.19-7.19-6.16-8.99-7.98-7.25 0.73-0.64-0.5-0.95-0.86-1.14
Clayton (0.19)-(0.19)-(0.16)-(-0.01)-(-0.02)-(0.25)
100 8.09-7.07-6.06-8.94-7.93-7.26 0.61-0.53-0.47-0.81-0.74-0.89
(0.09)-(0.07)-(0.06)-(-0.06)-(-0.07)-(0.26)
250 8.06-7.05-6.04-9.01-8.01-7.01 0.38-0.33-0.29-0.56-0.5-0.55

(0.06)-(0.05)-(0.04)-(0.01)-(0.01)-(0.01)
Bla: Bl Bias ﬁ%:ﬁ\lr e3§4|1' /3:?4\12

(9-6-5-9-8-7) St.dv.
Ccv2 N Est. (Bias)
50 9.1-6.08-5.07-9.03-8.03-7.26 0.7-0.48-0.42-0.93-0.86-1.21
Clayton (0.1)-(0.08)-(0.07)-(0.03)-(0.03)-(0.26)
100 9.06-6.04-5.03-9.03-8.02-7.23 0.59-0.41-0.36-0.72-0.67-0.9
(0.06)-(0.04)-(0.03)-(0.03)-(0.02)-(0.23)
250 9.04-6.03-5.03-9.03-8.02-7.07 0.39-0.27-0.23-0.52-0.47-0.6

(0.04)-(0.03)-(0.03)-(0.03)-(0.02)-(0.07)

23 533 733 33 733 A3
B, Biss Bias 523\1 ) e324|1 ) 9)34\12

(4-5-7-9-8-7) St.dv.
CV3 N Est. (Bias)
50 4.04-5.05-7.08-9.02-8.02-7.53 0.37-0.43-0.57-0.91-0.87-1.23
Clayton (0.04)-(0.05)-(0.08)-(0.02)-(0.02)-(0.53)
100 4.03-5.04-7.05-9.03-8.03-7.26 0.26-0.29-0.39-0.74-0.65-0.89
(0.03)-(0.04)-(0.05)-(0.03)-(0.03)-(0.26)
250 4.02-5.02-7.03-9.02-8.03-7.08 0.16-0.18-0.24-0.52-0.47-0.51

(0.02)-(0.02)-(0.03)-(0.02)-(0.03)-(0.08)

DV 3DV 3DV
Bia’ s Bas  Prapa

D-vine part | Size (0/0/0) St.dv.
DV N Est. (Bias)
50 | -0.0006874875 / -0.0006659864 / -0.0006871078 0.000694688 / 0.0007766992 / 0.0006787283
Indep (-0.0006874875)-(-0.0006659864)-(-0.0006871078)

100 | -0.0006154219 / -0.0006480791 / -0.0006335947 0.0005524461 / 0.0006746858 / 0.0006316712
(-0.0006154219)-(-0.0006480791)-(-0.0006335947)
250 | -0.0007068852 / -0.0006224004 / -0.0007062854 0.000673962 / 0.0006086603 / 0.0006704548
(-0.0007068852)-(-0.0006224004)-(-0.0007062854)

In this two-step maximization with the case of Clayton-Independence CD-vine mixture
model, the parameter estimations for both components are promising enough. When
there is no dependence among the components via F'(cvy ), F'(cvg) and F'(cvs) values,

D-vine part requires only Independence copula pairs and it is straightforward to
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capture high accuracy for the parameter estimations of such a CD-vine mixture model.
On the other hand, upcoming scenario, presented below, is not so easy to accomplish

the model identification under the proposed CD-vine mixture.

4.1.6.2 Dependence among the components

Within the context of CD-vine mixture, another dependence pattern occurs whenever
EMCDEF values of each component were calculated at the same values, which means
realization of P(u; < a,us < b,ug < c,uy < d) where a,b, ¢, d are arbitrary real
values belonging to the domain of multivariate density function. For this scenario,
Frank pairs with strong dependence case were constructed for each component. After-
words, F(cvy), F(cvy) and F'(cvs) values are calculated for the same random matrix
including a,b,c,d € [0,1]. In this scenario, there exist a dependence among the
components via EMCDF values, namely among F'(cv;), F'(cvy) and F'(cvs) so that

independence copula is not an appropriate choice anymore.

For the second simulated data, same 4 dimensional 3 component C-vine models
are generated based on the selected parameters, used previously. For the sake of
simplicity, some archimedean copula pairs are considered for the second step of
CD-vine mixture model. On the other hand, this dependence pattern within the
components via F'(cvy), F'(cve) and F'(cvs) is not predictable at the beginning. For
this reason, the best D-vine model should be selected after finishing the first step.
However, for the simulation part, pre-selected pairs are forced to fit for the obtained
data set to investigate the performance of the CD-vine model when copula families are
not specified correctly. Parameter estimation results are available for Clayton-Frank
CD-vine mixture model for small sample size whenever the true structure includes

other copula pairs rather than Frank pairs in D-vine part.

In C-vine part, the parameter estimation accuracy is very high for Clayton pairs
for each component. Thereafter, the dependence among the components can be
modeled via D-vine framework. Even if the forced parameters of D-vine part are

DV =568V =1, ﬁ@)g =9, certainly second part fails in terms of accuracy of the
parameter estimates since the original dependence structure is different. Parameter

estimates for the Frank pairs in D-vine part hits the initially determined upper constraints
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Table 4.29: Parameter Estimations for CD-vine mixture with Clayton-Frank copula

pairs for max1 = 100

Parameters of the Mixture Model

/3112-, %81137 51147 6213\17 @4\17 /3§4|12
C-vine part | Size (8-7-6-9-8-7) St.dv.
CV1 N Est. (Bias)
50 | 8.08-7.08-6.08-9.06-8.05-7.3 0.73-0.66-0.59-0.9-0.82-1.12
Clayton (0.08)-(0.08)-(0.08)-(0.06)-(0.05)-(0.3)
100 | 8.07-7.07-6.07-9.19-8.11-7.1 0.55-0.47-0.41-0.76-0.65-0.87
(0.07)-(0.07)-(0.07)-(0.19)-(0.11)-(0.1)
250 | 8.05-7.04-6.03-9.11-8.11-6.99 0.34-0.31-0.28-0.56-0.51-0.58
(0.05)-(0.04)-(0.03)-(0.11)-(0.11)-(-0.01)
6%27 5%37 /[3%47 ﬁ%s\lv 554‘17 ﬁ§4|12
(9-6-5-9-8-7) St.dv.
CV2 N Est. (Bias)
50 | 9.15-6.11-5.1-9.03-7.97-7.44 0.68-0.46-0.41-0.88-0.8-1.2
Clayton (0.15)-(0.11)-(0.1)-(0.03)-(-0.03)-(0.44)
100 | 9.02-6.04-5.03-9.06-8.06-6.89 0.57-0.4-0.34-0.71-0.61-0.79
(0.02)-(0.04)-(0.03)-(0.06)-(0.06)-(-0.11)
250 9.03-6.02-5.02-9.01-8-7.08 0.37-0.25-0.22-0.54-0.48-0.59
(0.03)-(0.02)-(0.02)-(0.01)-(0)-(0.08)
5'1327 6:1337 5?47 /333\17 /334\17 ﬁg4|12
(4-5-7-9-8-7) St.dv.
CV3 N Est. (Bias)
50 | 4.07-5.1-7.13-9.12-8.07-7.25 0.34-0.42-0.58-0.87-0.84-1.37
Clayton (0.07)-(0.1)-(0.13)-(0.12)-(0.07)-(0.25)
100 | 3.98-4.99-6.99-9.01-8.04-7.21 0.22-0.25-0.33-0.68-0.61-0.82
(-0.02)-(-0.01)-(-0.01)-(0.01)-(0.04)-(0.21)
250 4-5.01-7.01-9.01-8.03-7.09 0.15-0.18-0.24-0.49-0.42-0.52
(0)-(0.01)-(0.01)-(0.01)-(0.03)-(0.09)
DV 3DV 3DV
12 5723 5 1713]2
D-vine part | Size (571719 St.dv.
DV N Est. (Bias)
50 9/9/9 8.440675e-07 / 8.169323¢-07 / 9.463762¢-07
Frank (-6.705599¢-08)-(6.348697¢-07)-(-9.163034e-07)
100 9/9/9 8.930808e-07 / 9.90206e-07 / 9.533107e-07
(-8.499318e-07)-(9.165051e-07)-(-1.317546e-07)
250 9/9/9 8.689216e-07 / 8.037634¢-07 / 8.283851e-07
(-6.877701e-07)-(1.241574¢-06)-(-8.252853e-07)
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in all cases. For this reason, Frank pairs are not suitable for modeling the dependence
between the components. Generally, this problem occurs in any kind of family restriction,
since it is not suitable to identify the pair copula function for D-vine part at the
beginning. Nevertheless, for a real life application, this two step maximization process
can be cultivated by capturing the dependence among the components before evaluating

D-vine model.
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4.2 Real Life Application

In this subsection, the above proposed mixture models were tested using two different
financial data sets. In the first application, finite mixture of C-vines has been tested
with 2 components for log-return time series data. Secondly, the proposed CD-vine
mixture model was executed for a similar log-return data set. The details of the
selected financial data sets and the corresponding numerical results are summarized

within the following subsections.

4.2.1 Finite Mixture of Log-returns

As afirst application, Istanbul stock exchange data set is considered with other notable
indices like S&P 500, and DAX. Data set is available from June 5, 2009 to February
22,2011, including 536 rows in daily base and retrieved from the UC Irvine Machine
Learning Repository [2]]. Under the proposed model, the stock exchange data will
be modeled by finite mixture of C-vines and for the model comparison purposes, the

suitable selections are pooled together for M = 1 and M = 2.

Firstly, the considered data set with its brief explanations is presented below in Table
|.30] For the first application, the pre-analysis part has been started with all given
indices. Before time series modeling, the summary statistics for each time series are

given below in Table with their plots in Figure

Table 4.30: Log-return series definition

Stock Index Definition
ISE7; Istanbul stock exchange, TL based BIST100
ISEysp Istanbul stock exchange, USD based BIST100
SP Standard & Poor 500 Index
DAX Germany Stock market return index
FTSE UK Stock market return index
NIKKFEI Japan Stock market return index
BOVESPA Brazil Stock market return index
EU MSCI European index
EM MSCI emerging markets index

In Table well known international major log-return indices are considered with
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IS FE stock index. For a brief and more clear definition, FU is designed to represents
the performance of large and mid-cap equities across 15 developed countries in Europe
based on Global Investable Market Index (GIMI) methodology. Meanwhile, £ M
relies on the same methodology but it exhibits a similar performance of securities in
24 Emerging Markets including Turkey, this is the reason for the selection of index
EM for the rest of the study. Further information about these stock indices can be

found in [36]].

Table 4.31: Summary statistics for Log-return series

Stock Index Min. Max. Mean Variance Skewness | Kurtosis
ISE7y, -0.062208 | 0.068952 | 0.001629 | 0.0002645265 | -0.09471169 | 4.391144
1SEysp -0.084716 | 0.100621 | 0.001552 | 0.0004461357 | -0.07994364 | 4.795950
SP -0.0542620 | 0.0683664 | 0.0006433 | 0.0001986115 | -0.09029299 | 6.068512
DAX -0.0523312 | 0.0589505 | 0.0007208 | 0.0002119113 | -0.10698160 | 5.104065
FTSE -0.0548160 | 0.0503227 | 0.0005103 | 0.0001601665 | -0.16194822 | 5.254229
NIKKFEI |-0.0504476 | 0.0612293 | 0.0003077 | 0.0002205262 | 0.03233025 | 4.297928
BOVESPA | -0.0538495 | 0.0637915 | 0.0009353 | 0.0002480795 | 0.02934667 | 4.853999
EU -0.0488168 | 0.0670425 | 0.0004706 | 0.0001687406 | -0.03082931 | 5.607954
EM -0.0385645 | 0.0478045 | 0.0009359 | 0.0001102742 | 0.08273992 | 5.510568

In Table d.31] the important statistical properties for each time series are summarized.
Based on the obtained values, the measures of dispersion for the log-returns are
very similar, with different means. Furthermore, skewness values exhibit different
symmetric properties. For instance, right tail structure occurs for only the series
NIKKFEI, BOVESPA and E M, the remaining log-returns display negative skew-
ness values, i.e. left tail property. Based on the kurtosis values, the highest and
smallest peakedness exist for the series SP and NI K K EI, respectively. For each
univariate series, large values of kurtosis display a significant departure from normality

and express fatter tails for the series.

As a first insight for the data set, the dependence among each univariate time series
are presented in Figure [4.8] with the corresponding Kendall’s 7 values within the
upper diagonal windows and bivariate scatter plots in the lower diagonal graphs.
Furthermore, the most correlated log-return set includes 1.5 Eyysp with DAX, FTSE
and M. These series are considered for further analysis to fit a suitable mixture
model. Besides, the presented Kendall’s 7 values exhibit a plausible strong positive

dependence for 1.5 Fysp and it could be considered as a root node for C-vine model
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Figure 4.7: Univariate log-returns between 05-Jan-09 and 22-Febr-11

within a multivariate data set, i.e. (ISEysp, DAX, FTSE, EM). Here, the original
univariate log-return series with their ACF and PACF plots are presented for /.S Eysp,

DAX, FTSE and EM in the following Figures[d.9] [4.10} 4. 1T|and[4.12] respectively.

To determine the best and plausible time series model for each series, the help of some
available Cran packages like forecast and so on are exploited for the pre-analysis part.
As a well known fact that, to fit a copula model, residuals of each time series must
be derived for further elaborations. The following Table 4.32] summarize the best

plausible models for each time series.

Table 4.32: ARIMA Model summary for each Logreturns

Log-returns Model Fit log-likelihood | LB [M-Li]
ISEysp ARIMA4,0,3) 1451.894 0.6822 [0*]
DAX ARIMA(7,0,7) 1539.295 0.9333 [0*]
FTSE ARIMA(3,0,3) 1514.276 0.658 [0*
EM ARIMA(2,0,2) 1465.914 0.4913 [0*]

In above Table naive ARIM A(p, d, q) models are determined for each series
with Ljung-Box (LB) and McLeod-Li (M-Li) test results to derive the model residuals.
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On the other hand, classical ARI M A(p, d, q) models capture only best linear forecast
without considering nonlinearity. For that reason, any possible model volatility must
be detected and included in the model, with the help of GARCH models. This
stepwise methodology results in checking residuals in detail and finding a suitable
GARCH model, tabulated in Table 4.33] The subscripts in the Model fits identify the

considered conditional distribution in GARCH modeling setup.

At this step, various GARCH(1,1) models with desired conditional distributions, such
as normal, student-t and their skewed versions, are investigated. Furthermore, the
Exponential and GJR type GARCH models (¢GARCH and gjrGARCH) are also
considered for the comparison with the classical version to determine the best model.
Especially, the suitability of girGARCH models was previously mentioned in the
study of [3] because of its power to capture positive and negative shocks on the
conditional variance. The model having the largest likelihood and smaller information
criteria values was decided for each univariate time series. Certainly, other diagnostic
tests are considered to identify any evidence about the serial correlation, stability of

the parameters and so on.

Table 4.33: ARCH/GARCH Model summary for each Log-returns

Log-returns Model Fit log-likelihood | LB WN
ISEysp gjrGARCH (1,1) 454 1482.08 0.6822 | 0.1983
DAX GARCH(1,1) g4 1631.04 0.9333 | 0.6727
FTSE GARCH (1,1)ssta 1571.069 0.658 | 0.8366
EM GARCH (1,1)4 1512.232 0.4913 | 0.3680

After the comparison, it has been observed that for each case, considered models work
well enough to continue with the final model residuals. Furthermore, WN abbreviates
the result of white noise test for the obtained residuals and the p-values of WN for
each series are large enough. For a visual diagnostic for GARC H(1, 1) models of

each series are given in Figures . 13[{4.16| below.

After completing time series modeling part, the obtained residuals are stored as inputs
for the corresponding vine models. In this study, classical vine copulas (M = 1 case
for the mixture model) and the mixture of vines (M = 2 case only) are fitted to

the residual data. In this exploration, the existed dependence among the residuals
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Figure 4.13: GARCH Model summary for the series /.5 Eysp
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Figure 4.15: GARCH Model summary for the series F'T'SE
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of the time series models can be visualized in Figure @] below. Besides, when
the residuals are converted into pseudo-observations (copula data), this association

further illustrated with Figure @.18]including Kendall’s 7 values.
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Figure 4.17: Dependence between the obtained residuals for each log-return series

For the obtained residuals, different vine models are investigated from M = 1 to
M = 2 with only Frank-Frank scenario for the finite mixture model because of
the symmetric dependence structure, visualized in Figure 4.18] For the general vine
models, Normal and Frank copula families are considered in the model comparison
part. Other one-tailed type copula families like Clayton or Gumbel is not suitable to
model this dependence pattern since they are mainly based on positive correlation.
In this framework, main interest is to identify the dependence structure between four

log-return values with a root node variable, I.SEygp.

In this Table [4.34] Frank-Frank mixture model is compared with the one-component
classical C-vine models. For the mixture ones, the initial guesses for the parameters

are retrieved from the estimated parameter for CVFrank model. More clearly, initial

parameters are (Bi, = 3, B8i; = 4,81y = 3, By = 4,831 = 5, Baupo = 2) and
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Figure 4.18: Dependence between the corresponding pseudo-observations belonging

to the residuals

Table 4.34: Comparison of C-vine models including Frank-Frank mixture scenario

Vine Model Loglikelihood
CVNormal 446.0360
CVFrank 409.4262
Frank — Frank 416.2312
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(BT, = 275123 = 3,064 = 2, 5§3|1 = 3, 5§4|1 = 4, ﬁ§4\12 = 1) for 1I’st and 2'nd
component, respectively. Based on the log-likelihood values, the obtained mixture is
superior than CVFrank but it is as not plausible as CVNormal model. In this modeling
setup, as a best model, CVNormal shows that there exists a weaker dependence in the
center and stonger dependence at tails when it is compared to both CVFrank and

Frank-Frank mixture case.

4.2.2 CD-vine mixture of Log-returns

For the second application, Daily Closing Prices of major indices given in Table 4.3
between years 1991-1998 are considered. The data set is retrieved from the repository
of CRAN data sets package and does not include weekends and holidays, similar
to previous data set [30]. For the implementation of 3 component 4-dimensional
CD-vine mixture model, last three years, i.e. 1995-1997 were focused from the
complete data set. The brief definitions for the indices are tabulated in Table [4.35]
with their time series plots between 1995-1997 in Figure §.19]

Table 4.35: Log-return series definition

Stock Index Definition
DAX Germany Stock market return index
FTSE UK Stock market return index
SMI Swiss Market Index
CAC France CAC 40 Stock Market Index

As a first insight, the summary statistics of the whole three years and individually
each separate year was given below in Table Furthermore,for each year, the
dependence between the selected log-return values is visualized in Figures 4.20] 4.21]

and [4.22] that motivates the background of CD-vine mixture model implementation.

In this CD-vine modeling setup, the dependence structure for each year, equivalently
each component requires different C-vines. The overall procedure for the time series
analysis and CD-vine mixture fitting part was summarized in Appendix part with
Figures [B.1] and [B.2] respectively. Thereafter, each univariate time series have been
modeled similar to the first application above. After checking stationarity using

available tests, ARIM A(p, d, q) models have been tested with suitable parameters.
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Figure 4.19: Univariate log-returns between 1995-01-02 and 1997-12-31

Table 4.36: Summary statistics for Log-return series, for years 1995-1997 and each
three year separately (CV1 for 1995, CV2 for 1996 and CV3 for 1997)

Stock Index Min. Max. Mean Variance Skewness Kurtosis
DAX -0.060068 | 0.043207 | 0.001328 | 1.204847e-04 | -0.2800984 2.44286
SMI -0.046951 | 0.049680 | 0.001335 | 9.530134e-05 | -0.2045915 2.6556
CAC -0.0436528 | 0.0609773 | 0.0010594 | 1.229722e-04 | -0.04038411 | 2.013503

FTSE -0.0310272 | 0.0312507 | 0.0007407 | 6.00198e-05 | -0.1434858 | 1.355695
DAXcy1 | -0.0318230 | 0.0243396 | 0.0007990 | 5.347527¢-05 | -0.2151643 | 1.684495
SMIcv -0.025545 | 0.049680 | 0.001062 | 5.302119e-05 | 0.8042204 | 7.620212
CACcvy -0.0346849 | 0.0319273 | 0.0005016 | 8.394722e-05 | 0.03933226 | 1.221863

FTSEqy, | -0.0144040 | 0.0217781 | 0.0004479 | 3.301096e-05 | 0.07156261 | 0.3041095
DAXcva -0.037787 | 0.032663 | 0.001528 | 8.204311e-05 | -0.317721 1.670497
SMIcys -0.034389 | 0.031049 | 0.001596 | 7.136043e-05 | -0.5082251 | 2.291705
CACcys | -0.0399492 | 0.0295422 | 0.0012602 | 1.065269e-04 | -0.4598755 | 1.401845
FTSEcyvs | -0.0220118 | 0.0265099 | 0.0009132 | 4.26914e-05 | -0.2069626 | 1.015416
DAXcvs -0.060068 | 0.043207 | 0.001657 | 2.264325e-04 | -0.2886622 | 0.792924
SMIcys -0.0469512 | 0.0370533 | 0.0013475 | 1.621124e-04 | -0.2886056 | 0.7564879
CACcys | -0.0436528 | 0.0609773 | 0.0014163 | 1.789076e-04 | 0.08112503 | 1.648378
FTSEcys | -0.0310272 | 0.0312507 | 0.0008611 | 1.046882e-04 | -0.1752442 | 0.3311307
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Afterwords, if there exist any necessity, various GARC H (1, 1) models are considered
with different distributions. For the sake of simplicity, only standard GARCH(1, 1)
model has been tested over the residuals of the ARIM A(p,d, q) models, if it is
required. The model summary for each series belonging to each component is summa-

rized in Table 437

Table 4.37: ARIMA Model summary for each Logreturns for each component

Log-returns Model Fit log-likelihood LB [M-Li]
DAX v ARIMA(1,0,1) - GARCH (1, 1) 44 922.4105 0.485 [0.6581]
SMIcvq ARIMA(1,0,1) - GARCH (1,1) 54 937.9006 0.6262 [0.9997]
CACevy ARIMA(1,0,0) - GARCH (1,1)s5ta 861.8276 0.8368 [0.8005]
FTSEqyv, ARIMA(2,0,2) - GARCH (1, 1)4 980.7856 0.3024 [0.4483]
DAXcvys ARIMA4,0,0) - GARCH (1, 1) ssta 875.944 0.6678 [0*]
SMIcvysy ARIMA(2,1,2) - GARCH (1,1) 54 890.4312 0.4692 [0.3076]
CACcve ARIMA(2,0,0) - GARCH (1,1)s5ta 835.8359 0.2972 [0.0107*]

FTSEcyv, | ARIMA(0,0,00 - GARCH (1,1)s1a 948.8898 0.5206 [0.9545]

DAXecvs | ARIMA(9,0,1) = GARCH (1, 1) snorm 738.8651 0.2092 [0.029%]
SMIcys | ARIMA(2,0,0) - GARCH (1, 1) snorm 779.1635 0.135 [0*]
CACcys ARIMA(5,0,0) - GARCH (1,1)s5ta 766.9586 0.5108 [0*]

FTSEcys ARIMA(0,0,1) - GARCH (1,1) g4 832.1742 0.3364 [0.7369]

In a similar manner, for each univariate series, the classical Box-Jenkins models
have been considered with (LB:Ljung-Box, M-Li:McLeod-Li) test results. In some
cases, there exist an arch effect, indicated by the value of McLeod-Li test result, so
then various GARCH(1,1) models have been compared to determine any further
accuracy in the model. In Table these procedure was given together for a related
log-returns. Generally, the result of GARC H (1, 1) model was quite well for various
series except DAXcyo, CACeovse, DAXcys, SMIcys and C ACoy3. On the other
hand, modeling residuals with a GARC H(1,1) model is still reasonable when the
p-values of McLeod-Li test for the original ARIM A(p,d,q) and GARCH(1,1)
models are compared. Finally, residuals, obtained from above two step modeling
part, are captured for the CD-vine mixture model. Now, the dependence among
log-returns in terms of their transformed residuals within each year is identified in

terms of Kendall 7 values, graphically visualized in Figures .23| 4.24] and 4.25]

For each year, the dependence structure seems to be two-tailed and there is no certain
accumulated points at the lower and upper tails. For this reason, only Frank copula

pairs are considered in the first step of the CD-vine model. For the C-vine construction,
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Figure 4.24: Dependence structure among the transformed residuals in 1996
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Figure 4.25: Dependence structure among the transformed residuals in 1997

based on the above Figures 4.25] D AX log-return seems to be the best choice for
being a root node in terms of Kendall 7 values. For the next step of CD-vine mixture

model, the following flowchart visualizes the upcoming calculations in Figure 4.26

For the sake of simplicity, same copula function has been considered for all components.
Thereafter, the calculated values of F'(cvy), F'(cvy) and F'(cv3) based on the obtained
Frank models with parameters are incorporated into D-vine model. For D-vine model,
other available copulas are considered to model each pair with a different family.
The details of the fitted model with their loglikelihood (Log-1h) values, dependence
parameters and corresponding Kendall 7 values are tabulated below. Furthermore,

tree structure of F'(cvy), F(cvy) and F(cvs) based on the selected copula family can

be visualized in Figure

Based on the results in Table [@, for each year, the considered stock values have
symmetric dependence pattern based on Frank copula family. Especially, for unconditi-
onal densities, the dependence parameter values are very high. For instance, ordered

numbers 7.28 — 8.20 — 6.22 for Model C'V'3 express that DA Xy 3 log-return is

135



CAC_{CV2}
SMI_{CV2} FTSE_{CV2}

~ T e

SMI_{CV1} SMI_{CV3}
Obtain CAC_{CV3}

F(cv3) with
EMCDF

CAC_{CV1} nm
FTSE_{CV1}
FTSE_{CV3}

Figure 4.26: CD-vine mixture model Diagram for the residual data

Table 4.38: Comparison of C-vine models for each component

Model for CV'1 Log-lh Parameters [Kendall 7]

Frank 176.1582 | 3.76 [0.37]-5.12 [0.46]-3.99 [0.39]-1.02 [0.11]-1.66 [0.18]-1.23 [0.13]
Model for CV2

Frank 268.9389 | 5.65 [0.50]-7.07 [0.57]-4.78 [0.44]-1.11 [0.12]-1.50 [0.16]-1.83 [0.20]
Model for CV'3

Frank 386.019 | 7.28 [0.57]-8.20 [0.61]-6.22 [0.53]-2.65 [0.28]-2.56 [0.27]-1.72 [0.19]
Model for DV

Gumbel-Gumbel-Survival Gumbel | 1201.872 13.54 [0.93]-16.88 [0.94]-1.20 [0.17]
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Figure 4.27: D-vine model for F'(cvy), F'(cvy) and F(cvs)

positively dependent with other stock indices, namely SM Iy 3, CACoy3 and F TS Ecys,
in 1997. This dependence pattern is almost similar for the previous years and conditional
density functions have smaller parameter values compared to the parameters of uncondi-

tional ones.

In D-vine part, the dependence among the years is described with one-tailed copula
families. In Figure G and SG stands for Gumbel and Survival Gumbel family
with their empirical Kendall 7 values. For instance, the dependence among years
1995 and 1996 with the values of F'(cv,), F'(cvy) and F'(cvs) is modeled by Gumbel
family, which displays the upper tail dependence for these years. On the other hand,
the dependence among years 1995 and 1997, conditioned on 1996 exhibits lower tail

dependence (7 = 0.17) based on Survival Gumbel family.
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CHAPTER 5

CONCLUSION AND OUTLOOK

In this last chapter, the whole study is briefly summarized and discussed in detail
from diverse perspectives. Firstly, the main results are summarized and the limitations
of the study have been highlighted. Thereafter, the rise of open problems from the
proposed mixture models over vine copulas is described. Finally, the schedule for

future studies is explained with possible solutions to the open problems of the study.

5.1 Main Results

In this dissertation, the various mixture of vines are proposed and their performances
are tested by using both simulated and real life data. Within the finite mixture context,
firstly the results of [22]] are improved for C-vine model with numerous tail dependence
structures. For that purpose, as a departure point, 2 and 3 component, 3 dimensional
C-vine mixtures are discussed including same and distinct copula pairs. Previously,
it has been proven that whenever the same copula family is selected to model the
pairs belonging to the components, parameter estimate accuracy is plausible enough
based on EM algorithm and the classical optimization tools. However, different pair
copulas require much more attention in terms of model comparison and parameter
estimates. Additionally, the same mixture approach is extended to the 4-dimensional
space under C-vine framework and the parameter estimation part is completed by
using elegant derivative free optimization algorithms. Afterwords, C- and D-vine
models are considered two components and they are combined again using finite

mixture model. In these mixture models, only Frank family is considered with various
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dependence patterns. Finally, CD-vine mixture, another fruitful contribution of the
study is discussed with specific scenarios both using simulated and real life data
set. In this modeling setup, CD-vine mixture model requires two step maximization
process for the parameter estimation part. Eventually, in the application part, the main
focus is the dependence among the several major stock indices within the mixture of
vines. For that purpose, for considering two different applications, two financial data

sets have been investigated.

5.2 Discussions for findings

Apparently, this is the first study in the literature for making contribution on the
selection of different copula pairs for the construction of C-vine models. Furthermore,
within the same methodology, both C- and D-vine models are combined in terms of
finite mixture framework and this idea can be generalized for an arbitrary R-vine
model directly. As a novel contribution, the dependence among the components,
which are modeled by C-vine copula, has been considered in terms of D-vine copula
for the first time two specific scenarios. In this subsection, all the experienced results

are summarized and the recent findings of this thesis are examined step by step.

In the case of 3-dimensional mixture data over 2 or 3 components, numerous conclusi-
ons can be drawn having both advantages and drawbacks. Firstly, whenever the
choice of copula family is different for each component, mixture model setup has
failed in terms of parameter estimation under considered optimization tools. Further-
more, classical information criteria values selected to use in this study, are not sufficient
enough to decide which model is the best one. Furthermore, as a second conclusion
DEoptim function results are very promising for Frank-Frank mixture case in 4-dimen-
sion rather than other considered functions. In another proposed finite mixture, when
the structure of two components are different, C- and D-vine for instance, the model
identification problem has emerged in terms of the multivariate data. In this C- and
D- vine mixture, the fitted model capture the dependence structure of only one of the

components.

140



CD-vine approach has been studied under different dependence assumptions belonging
to variables and components. The result of independence case is very satisfactory in
terms of accuracy of the parameter estimates. For this case, Clayton-Independence
CD-vine mixture was tested and the parameter estimations are close enough to the
true parameters decided in the simulation part. On the other hand, whenever the
dependence exists among the components via multivariate distribution functions, it is

not possible to detect which copula pairs are suitable in D-vine part.

Additionally, the proposed ClarkeMixV and VuongMixV GOF tests have been tested
only for model comparison of 2 component 3 dimensional mixture with Clayton-Joe
pairs. In these test results, ClarkeMixV has proved that the compared models are
statistically different from each other successfully. On the other hand, VuongMixV
test statistics can not distinguish two models in terms of which one is more preferable

than the others.

For the first application, finite C-vine mixture model was considered with other copula
pairs in 4-dimensional case. The model comparison part exhibited that the mixture
model is better than the classical 1 component C-vine case with Frank copula pairs.
However, the classical C-vine with Normal pairs seems to be better than Frank based
models because of its tail dependence pattern. This selected model exhibits weaker
dependence in the center and stronger dependence at tails when compared with mixture
of Frank copulas. This modeling setup is very useful to understand the co-movements

of the considered stocks in the market.

In the second application, CD-vine mixture model has been implemented to another
set of log-returns to identify their dependence structure by considering temporal depen-
dence among different years. Firstly, data set is partitioned into 3 subsets with equal
size for years 1995, 1996 and 1997. For each year, Frank copula pairs are considered
for the construction of C-vine part with DAX log-return as a root node as a result
of pre-analysis. Thereafter, obtained Fcv,, Foy, and Fy, are modeled with D-vine
including various copula families to identify their correct dependence structure. In
this application, for each year there exists a significant dependence among the selected
log-returns. Furthermore, one tailed copulas in D-vine part have certain clues about

the stock values.
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5.3 Future Research Directions

Certainly, the obtained results for all simulated data set and the application part has
not been completed. There are lots of new research questions, that come from the
above discussed vine mixture models. Especially, such mixtures can be generalized
for various copula families instead of restricting our interest for only some archimedean
copulas. Besides, the parameter estimation part deserves more attention in terms of
the selection of initial guesses during the maximization process, the choice of the
optimization tools including their suitable parameters and the implementation of the
gradient information for the objective function to enhance the derived parameters.
Apart from above mentioned improvements, the likelihood construction for the mixture
models might be required other tools like the variants of EM algorithm at the beginning.
The corresponding open problems about these subtitles are highlighted with the future

research schedules below.

5.3.1 For mixture models

In this study, there are various copula families implemented for the mixture models
with especially strong dependence assumption. Clearly, the number of combinations
and the selection of copula families can be improved to work on numerous mixture
models. Besides, instead of only considering some archimedean families, it is possible
to extend the same mixture model procedure for elliptical families and so on. Further-
more, the parameters of selected copula families might take negative values to exhibit

negative dependence under Frank or rotated versions of other archimedean copulas.

Another further study can be developed in terms of the pair copula families within the
considered vine tree structure. In this study, each component has been modeled by
using same copula families, but, this mixture methodology can be applicable in case
of selecting distinct copula pairs to model the dependence among the variables. For
instance, the dependence for the pairs (uy, us), (u1,u3) can be modeled via Clayton
and Gumbel family while the conditional density for the pair (us,us|u;) can be
constructed with a Frank copula for a C-vine density of the component. Certainly,

this kind of selection increase the flexibility of the proposed mixture models, but the
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parameter estimation part requires more elegant tools to get rid of unexpected failures.

C- and D-vine finite mixture model comparison has been tested only in terms of Frank
copula pairs that there should be further improvements of such mixtures. Besides, this
mixture model can be developed for arbitrary R-vine copula as well, of course with
a high demand for caution on the parameter estimation. In the proposed CD-vine
mixture model, other copula families and the selection of different families for each
bivariate copulas within the vine density is also possible, one of the planned further

research for the authors.

Apart from above mentioned structural improvements, another modeling setup can be
considered in terms of mixing proportions. In all studied scenarios, weight parameters
are considered as a fixed value, not changing with time. On the other hand, these
mixing proportions can be examined on some covariate information and this is another
way of considering time varying copula under finite mixture model. This model
extension idea was presented in empirical findings of the study of [3] in bivariate case,
but not for mixture of vines. This issued problem is another further plan of the authors
to investigate time varying copula methodology for mixture of vines, especially for

C-vines.

5.3.2 About Parameter Estimations

For the maximization process of log-likelihood function, various derivative free optimi-
zation tools have been investigated. However, there are still many alternatives to
increase the accuracy of the estimated parameters for the proposed mixtures with the
help of more distinguished optimization algorithm. This concern emerges in all of
the scenarios especially when the dimension has been increased and the number of
components and the complexity is boosted. Another recently issued open problem for

this study is finding more accurate parameter estimation under vine mixture models.

For the parameter accuracy, the gradient information for the objective functions can be
implemented. Especially, in 3-dimensional mixture models, these analytical derivatives
might have beneficial to increase the accuracy with some extra computational effort.

However, meanwhile, those gradient functions have certain computational drawbacks
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under such available optimization routines. For that reason, both analytical and
numerical gradient information should be elaborated carefully before considering
any optimization tool. For higher dimensions, suitably implemented derivative free

algorithms can still have various advantages.

Within all the applied algorithms, the initial guesses for the parameter estimation part
has been considered as a fixed number. Generally, the sensitivity of the estimation
part is directly related to the choice of initials and number of initial guesses. For that
purpose, above studied optimization algorithms can be developed with random initials
and multiple starting points to enhance the final parameter estimation. Besides, there
are several methods to optimize an objective function in a global sense with the set of
initial values, such as Particle Swarm Optimization (PSO) and Artificial Bee Colony
(ABC). Such approaches will be studied in the near future to increase to accuracy
of the parameter estimates especially when there is no available analytic gradient

function.

Another contribution will be the hybridization of two or more available optimization
methods for the log-likelihood function of mixture models. Similar to the idea of
hybrid forecasting tools, parameter estimates of various implemented methods can
be combined with certain weights. For instance, the combination of the parameter
estimates belonging to two optimization methods, which have various features, can

enhance the estimation accuracy.

Overall, the asymptotic behavior of the parameters is another open problem for this
study. Furthermore, from the statistical point of view, consistency and robustness of
the estimations deserve more attention for further analysis. In that respect, the model

diagnostic part will be considered urgently with all other improvements.

5.3.3 Log-Likelihood Construction

The EM algorithm approach for the likelihood of mixture function is borrowed from
the existing literature. Besides, this framework is one of the best approaches in such
problems whenever the data set is not directly observed. On the other hand, there are

various variants of the EM algorithm, which can be implemented within the problem
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of this thesis study. Another open problem for the mixture model methodology
emerges from the selection of the method for the construction of log-likelihood function

of such mixture densities.

More clearly, other deterministic and stochastic variants of classical EM algorithm
could be considered to speed up the algorithm and gain increase on the rate of conver-
gence. In the literature, there are various kinds of versions for EM algorithm, such as
Classification EM (CEM), Accelerated EM (AEM), Expectation Conditional Maximi-
zation (ECM) and so on to cope with the convergence speed problem of the original
one. Furthermore, stochastic variants are more related to other limitations of EM
approach, like getting trapped in local maximum value [32]. Those stochastic methods
like Stochastic EM (SEM), Data Augmentation algorithm (DA) and Monte Carlo EM
(MCEM) allow us to overcome the problems of untruly finding only local maximum

for the log-likelihood function in this mixture model framework.

5.3.4 Model Selection

In model comparison and selection context, classical information criteria values and
new GOF tests are implemented in this study. However, the success of classical
model information criteria values and the modified GOF tests is not so promising.
Especially, when the copula pairs are differed while modeling the components of
mixture model, based on the values of AIC, BIC and CAIC, there exists a model
identification problem. Furthermore, the modified Vuong test, VuongMix, can not
decide which model is more preferable. Indeed, model information criteria values
have tendency to select less complex model whenever the multivariate data exhibits
complex dependence pattern. The only plausible model selection result is reached
for the mixture of C-vines with Frank-Frank pairs in both 3 and 4-dimensional cases.
Besides, some copula pairs are confused whenever they have similar or same dependen-

ce patterns.

In this sense, the model identification based on a suitable selection tool is required
for mixture of vines. The above-mentioned problem has been stated by [22] in a
similar manner. One of the main drawback of this study is that the lack of suitable

of GOF tests for comparing such mixture of vines. Additionally, even if the classical
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AIC, BIC and CAIC values are enough to identify finite mixture model involved on
same copula families, this study highlighted that they are not enough for mixtures
with different copula pairs. Most probably, the main reason for this identification
problem is the selection of copula families and considered dependence parameters.
As [3] stated in their empirical findings, in some cases EM algorithm can not identify
the correct mixture model as a result of dependence structure of the selected copula

functions.

To sum up, the performance of such measures are not very promising and also no
measure is examined in terms of the distance between the estimated and the correct
models. For this reason, another beneficial measure for the comparison might be
Kullback-Leibler (KL) divergence, previously proposed by [39] and considered again
within the context of mixture of D-vines by [33]. Furthermore, the most plausible
method to compare such mixture models based on the corresponding pair copulas
will be the construction of a suitable GOF test. In this respect, the idea studied by
[34] can be borrowed as a departure point for building a model selection tool for

mixtures. These issued problems are at the top of the list of further plans.

5.3.5 Further Benefits

Mixture of copulas, indeed mixture of vines as a contribution of this study, has
various potentials to capture more realistic data generating processes. Especially,
these mixture models can serve as a new tool for understanding distinct dependence
patterns in terms of both degree and the structure of it. In that respect, such mixture
models have great advantages to examine extreme co-movements in international
markets. Furthermore, as it is suggested by [18]], mixture of vines will be very
beneficial for empirical modelings in finance and economics, including problems

about risk management and asset pricing models.

Even if the main focus of the thesis study is the data generating processes and parameter
estimations under various optimization tools, this work has another potential in terms
of model-based clustering. Finite mixture models based on copulas, eventually vines
for higher dimension, have very fruitful opportunities to investigate the number of

clusters depends on distinct dependence structure. For further improvements of the
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study, another fertile research field is clustering and its reflections on financial problems,

as it is clearly pointed out in the empirical findings of the study of [3].

Additionally, apart from financial problems, mixture of vines can be useful to examine
the dependence patterns emerged in environmental science. More clearly, dependence
among the weather stations and its impacts on crop modeling have certain benefits to
derive carefully designed risk management strategies in agriculture. In the application
part of [22]], the dependence between weather stations in terms of precipitation has
been discussed with clustering only. This methodology can be extended directly
with the empirical findings of this study to understand and classify droughts, the
connection between dry periods and crop yield in any location. Such a real life
problem should be investigated by using mixture models, as it is strongly suggested

by the authors of this study.
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APPENDIX A

DEPENDENCE PATTERN FOR C-VINE MIXTURE WITH
VARIOUS WEIGHTS

In the presented figures below, Figures [A.THA.5| exhibits directly the 1 component
Clayton-Joe mixture model, whenever m, = 1 or m; = 1, respectively. Besides, for all
mixture models, because of selected parameters the strong dependence structure has
been considered with weight parameters 7; and 7, for the 1’st and 2’nd component.

Besides, given pictures include Kendall 7 values in all figures.
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Figure A.1: Dependence Structure of 2-Component Clayton-Joe mixture with 7; = 0

and my = 1.
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Figure A.2: Dependence Structure of 2-Component Clayton-Joe mixture with m; =

0.25 and m = 0.75.

Figure A.3: Dependence Structure of 2-Component Clayton-Joe mixture with m; =

0.5 and ™ = 0.5.
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Figure A.4: Dependence Structure of 2-Component Clayton-Joe mixture with m; =

0.75 and m = 0.25.

Figure A.5: Dependence Structure of 2-Component Clayton-Joe mixture with 7, = 1

and my = 0.
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APPENDIX B

CD-VINE MIXTURE MODEL FLOW CHART
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Figure B.1: Flow Chart of pre-analysis for CD-vine mixture
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Figure B.2: Flow Chart of CD-vine mixture model procedure
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APPENDIX C

ALGORITHMS FOR MIXTURE MODELS

Algorithm 5 2 component 4-dimensional Mixture of C-vines

Require: Sample two C-vine models C'V'1 and C'V2
for £ = 1tomaxl do
Imiz < TLf (x5 dovi) + o f (x; Pova),
for t = 1 to LargeNumber do
for:=1to N do
FOV i, 1] < c12,[i, 1] x 13, [i, 1] x 14, [i, 1] x ¢23_1,[i, 1] x ¢24_1,[i, 1] X
c34_12,]1, 1], where fC'V,, is the density function.
Calculate z,,,,
end for
for p = 1, 2. Calculate Log-likelihood log LOcy [t]
if |logLOcv [t] — logLOcv [t — 1]| < € then
Break
end if
where € = 1076
Update weights using z,,, the parameters of each component via optimization
PhiCV 1ewlk,c] = op.par(c] and PhiCV2,.,[k,c] = op.par|c] for ¢ =
1,---dd, where dd is number of parameters.
end for
Store the updated weights for the next iteration Pij, [k, | = Pipew
Calculate AIC[k,], BIC[k,] and CAIC|[k,] for iteration k
end for
Require:
Get the final estimates by mean(PhiC'V'1,,c.,, PhiC'V2,..,).
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Algorithm 6 CD-vine Mixture Model (1’st Step)

Require: Sample C'V'1, C'V2 and CV3
for k = 1to max1 do
for t = 1 to LargeNumber do
fori=1to N do
FOV,[i,1] <= c12,[i, 1] x c13,[i, 1] x c14, i, 1] x ¢23_1,[i, 1] x c24_1, [i, 1] x
34_12,[i, 1]
end for
forp=1,2,3
Calculate logLOcy [t]
if |logLOcv [t] — logLOcv [t — 1]| < € then
Break
end ifwhere ¢ = 1073
PhiCV 1,euk, c] = op.par|c|
PhiCV 2,0k, ¢] = op.par|c|
PhiCV3,e0lk, c] = op.par|c]
end for
for c =1, - - - dd where dd is number of parameters for the component
Calculate AIC[k,], BIC[k,] and CAIC|[k,] for iteration k
end for
Require:

mean(PhiCV'1,,..,, PhiCV 2,00, PhiCV 3,c4)
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Algorithm 7 CD-vine Mixture Model (2°’nd Step)

for kk = 1 to max1 do
Calculate F'(cvl), F(cv2) and F'(cv3) based on estimated parameters
for ¢t = 1 to Large Number do
for j =1to N do
Calculate density for D-vine
Fovli 1] = e12pv[4, 1] x 23pv [, 1] x e13_2pv[j, 1]
end for
Calculate Loglikelihood log L0 py [tt]
if |logLOpy [tt] — logLOpy [tt — 1]| < € then
Break
end ifwhere ¢ = 1073
Second Step Maximization via optimization and update
PhiDV,,e[kk, ] = op.par|c] forc =1,---3
end for
Calculate AIC[kk,], BIC[kk,] and CAIC[kk,] for iteration kk
end for
Require:

mean(PhiDV,,..,)
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