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ABSTRACT

ANALYSIS OF A PROJECTION-BASED VARIATIONAL MULTISCALE
METHOD FOR A LINEARLY EXTRAPOLATED BDF2 TIME
DISCRETIZATION OF THE NAVIER-STOKES EQUATIONS

Vargiin, Duygu
M.S., Department of Mathematics
Supervisor : Prof. Dr. Songiil KAYA MERDAN

July 2018, [65| pages

This thesis studies a projection-based variational multiscale (VMS) method based on
a linearly extrapolated second order backward difference formula (BDF2) to simulate
the incompressible time-dependent Navier-Stokes equations (NSE). The method con-
cerns adding stabilization based on projection acting only on the small scales. To give
a basic notion of the projection-based VMS method, a three-scale VMS method is ex-
plained. Also, the principles of the projection-based VMS stabilization are provided.
By using this stabilization scheme for spatial discretization and the linearly extrapo-
lated BDF?2 for time discretization of NSE, the fully discrete approximation of them is
obtained. The existence, uniqueness, unconditional stability and convergence of the
approximate solutions are proven. Also, to verify the theoretical findings, numerical

experiments which indicate the efficiency of the proposed scheme are presented.

Keywords: Navier-Stokes equations; projection-based variational multiscale method;

BDF2; error analysis
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NAVIER-STOKES DENKLEMLERININ LINEER EKSTRAPOLASYONLU
BDF2 ZAMAN AYRIKLASTIRILMASI iCIN PROJEKSIYON ESASLI
VARYASYONEL COKLU OLCEK METODUNUN ANALIZi

Vargiin, Duygu
Yiiksek Lisans, Matematik Bolimii

Tez Yoneticisi : Prof. Dr. Songiil KAYA MERDAN

Temmuz 2018 , [65] sayfa

Bu tez sikistirilamaz zamana bagli Navier-Stokes denklemlerinin ikinci mertebeden
geriye dogru fark formiiliine (BDF2) dayali projeksiyon (izdiisiim) esash varyasyonel
coklu olgek (VMS) metodu ile ¢oziimlerini incelemektedir. Bu metot sadece kiigiik
Olceklere etki eden projeksiyona dayali bir kararlastirma ekleme islemi ile alakalidir.
Projeksiyon esaslt VMS metodunun temek fikrini verebilmek icin, ii¢ 6lgekli VMS
metot aciklanmigtir. Sonrasinda, projeksiyon esasli VMS metodunun prensipleri ve-
rilmigtir. Bu kararlastirmali algoritmay1 uzay ayriklagtirilmasi i¢in ve lineer ekstra-
polasyonlu (digkestirim) BDF2 yontemini zaman ayriklastirilmas: icin kullanarak,
Navier-Stokes denklemlerinin tamamen ayristirllmis yaklasik ¢oziimii elde edilmis-
tir. Elde edilen ¢6ziimiin varligi, tekligi, kosulsuz kararlilig1 ve yakinsakligi ispat-
lanmistir. Ayrica, teorik sonuglart dogrulamak i¢in, onerilen algoritmanin etkinligini

gosteren sayisal testler sunulmustur.

Anahtar Kelimeler: Navier-Stokes Denklemeleri; projeksiyon esasli varyasyonel ¢coklu

Olcek metodu; BDF2; hata analizi
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CHAPTER 1

INTRODUCTION

Turbulence is the concept used when describing the behavior of many flows in nature.
In daily life, people have to deal with these kinds of flows. For example, when travel-
ing with airplane, we are exposed to turbulence in air flow or when investigating the
motion of the stream, we confront the turbulent flows of water. In short, most of the

gas and water flows are turbulent.

Turbulent flows are highly dissipative, irregular, diffusive and rotational flows. Be-
cause of these characteristics features of the turbulence, coping with turbulent flows
is very compelling. Despite of the difficulty of turbulence problems, down through
the ages, many scientists have tried to find solutions for them. However, there are still
incomprehensible notions about turbulence phenomena and this is tempting many
scientists, especially engineers, physicians and mathematicians, since the turbulence
problem not only have a scientific challenge, but also practical challenges. Hence,

solving them serves several advantages for easier human life.

Turbulent flows are modelled with Navier-Stokes equations (NSE). In NSE, there is a
control parameter which is called Re, and as this nondimensional parameters’ value

is increasing, flows” motion changes from stationary to turbulent.

The NSE are so complex equations with regard to existence, uniqueness and stability
of their solutions. In practice, they are too difficult to solve analytically. When we
go back to previous studies on mathematical theory of NSE, we see that they started
with Leray’s paper [43]]. Today, we still consider his description of NSE’s solutions,
namely weak solutions. In this work, he proved the existence and uniqueness of the

weak solutions for NSE for all cases in two dimension. However, in three dimension,



the existence and uniqueness of the weak solutions of the NSE for turbulence prob-
lems can not be shown, although they have been proven for smaller Re (laminar and
stationary flows) [42]]. This dark side of the mathematical theory of NSE have allured
many scientists all over the world, since it was presented by Leray [43] in 1934. Clay
Mathematics Institute want to celebrate this efforts. Hence, it is presented existence
and uniqueness of the weak solutions of NSE in 3D as one million dolar clay prize

problem. For detailed description of the problem, we refer to [14]].

Since we can not find analytical solution of NSE with direct computation, we must
solve them with some numerical methods. In this process, richness of the scale in
turbulent flows is the major obstacle to computation. As long as range of scales
expands (with respect to [Ze), cost of computation increases. Hence, we benefit from

some turbulence models.

Large eddy simulation (LES) is one of the well-known method to solve turbulence
problem. This method considers only large scales of turbulent flows between vari-
ety of scales in it, and try to simulate them by taking average of solutions in space.
At the first glance, LES seems very promising method to simulate multiscale flows.
However, there are some drawbacks of LES. These are explained in [36] as following.
The first drawback arises when flows are given in bounded domain, and most of time
we consider these cases in applications. The main cause of this problem is regard-
ing averaging NSE in LES. When deriving equation for large scales, some additional
terms are introduced. In [13]], it is called commutation error. Although we neglect this
term in applications, according to [13]], it does not vanish asymptotically in all cases.
Also, second drawback is how the appropriate boundary conditions can be defined in
bounded domain. There is no cure for this drawback. However, this difficulty of LES
constructs a basis for variational multiscale (VMS) methods in which large scales are

defined with projection technique into suitable space.

VMS method was established in [24] and [25] as a general technique to model the
subgrid scales in the numerical solution of partial differential equations. In these pa-
pers, the VMS method was presented to deal with multiscale phenomena. In parallel,
in [19], J.-L. Guermond introduced an alternative technique for multiscale subgrid

modeling. In [26], Hughes and his coworkers constructed a bridge between general



ideas on VMS and turbulence problem. After this seminal paper, first numerical re-

sults were examined in [27, [28]].

Core concept of the VMS method is based on the variational formulation of the partial
differential equation and separation of the scales as resolved and unresolved scales.
However, we can decompose resolved scales into many other scales. For example,
three-scale VMS method relies on a decomposition of the flow field into large, small
resolved scales and unresolved scales [36]]. After the scale decomposition, another
key feature of VMS method is that the projection of large scales into appropriate

function spaces. In this thesis, we focus on a projection-based VMS method.
This thesis is organized as follows:

Chapter[2; Some definitions, theorems, lemmas and remarks frequently used through-

out the thesis are presented.

Chapter [3} The Navier-Stokes equations and their weak formulation are presented.
Also, in this chapter, the Galerkin finite element formulation of NSE to set the stage

for our numerical method, which is the main concern of this thesis, is proposed.

Chapter [d; The knowledge required for our method is provided by presenting three-
scale VMS method. By means of this method, a basis to understand how our method

work is constructed.

Chapter 5f The main method used in the thesis is presented, which is the projection-
based VMS method with the light of information from previous chapter.

Chapter|[6; This chapter considers a numerical and mathematical analysis of a projection-
based VMS method. The algorithm is presented by using linearly extrapolated two-
step backward Euler formula (BDF2). Existence and uniqueness of the numerical so-
lution is presented. Then, the unconditional stability and convergence of the method
is proven. Lastly, in this chapter, efficiency of the method is verified by testing with

three well-known flow problems in computer.






CHAPTER 2

MATHEMATICAL PRELIMINARIES

In this chapter, we will give a summary of the basic notations, terminologies, theo-
rems and techniques which will be used throughout thesis. For the sake of formality,
we use bold face letter for a vector-valued functions. In addition, C' denotes generic

constants which are independent from all flow parameters.

We use the standard notations for function spaces with their definitions which was
mentioned in [1]] by R. Adams. We also state some important definitions and theorems

from [48,[32]].

Definition 2.0.1. (Lebesgue Spaces LP(Q2)) Let Q € R? and let p be a positive real

number. The class of all measurable functions is defined by

LP(Q) :={u: /Q lu(z)[Pdr < oo},

where 1 is also a measurable function defined on ) and 1 < p < oo. The norm in

LP(QY) space is

- / u(z) Pdz)"”.

Remark 2.0.1. In this thesis, we use frequently L*-space which is defined as

L*(Q) ;= {u: /Q lu(z)]*dz < oo}

Then, we denote the L*-norm by

Juf = ( / () Pdz) ¥



and inner product in L?-space by

(u,v) :/Qu(x)v(x)dx.

Definition 2.0.2. (The Space L>°(2)) The space L>(X2) is the space of all functions
which are bounded for almost all x € <) and defined by

L> :={u:|u(z)| < oo for almost all z € 2}.
Then, the norm on L™ () space is
|lull, := esssup |u(z)].
xeQ)

Definition 2.0.3. (Sobolev Spaces W*?(Q)) Let k is a positive integer and 1 < p <
00. Sobolev space W*P(QQ) consists of all integrable functions u : Q — R such that

for each multi-index o with || < k, the derivative D*u exists in the weak sense and

it belongs to L* ().
WEP(Q) == {u € LP(Q) : Du € LP(Q) for |a| < k}.
The norm on WP(Q) is

e’ Yo .
( X IIDullgyg)) ™ ifp € [1,00),

la|<k
[ —
> esssup |u(x)] if p= o0,
‘oé|§k; z€Q
Remarks 2.0.1.

o Ifk = 0in Sobolev space W*?, then LP(Q2) = WP(Q).

e The Sobolev spaces for p = 2 are Hilbert spaces. This is the most commonly

used space in finite element analysis.

Wk2(Q) = H*(Q).



Then, the norm on Hilbert Space H*(Q)) is defined by

()T

M-

o = llle = ( 3 107al*)"* = [ [ utap +

lo| <k J

le|

1
J

Also, seminorm in H*(Q) is defined by

al = [ule = (3 |D?) ¥ = [/ z’“: (aaal;(f)ﬂ v

la|<k @ j=

—_

<.

e In the case k = 1, the Sobolev spaces are important for the study of Navier-

Stokes equations.
Wi(@) = fu: [ fu(@)p + [Va(e)Pde < 0}, pe [1.50)
Q
Also, the spaces WP (Q) are equipped with the norm

T — / (@) + [Vu(e)Pda) ", pe[L,00).

Definition 2.0.4. (Spaces of Functions with Compact Support) A function u is said

to have a compact support if supp(u) = {z :u(x) # 0} C Q. This implies that
u vanishes on the boundary of €). The spaces of functions which have a compact
support are denoted by a subscript 0.

The space C§° () is given by
Cs(Q) = {u:u e C*(Q) and u has compact support}.

The Sobolev spaces W™ (Q) are defined by the closure of C5°(Q2) in the norm of

WHP(QQ). The most important one we use in this thesis is
Wy (Q) = HY(Q) = {u:ue H(Q) and u = 0 on 9Q}.

Definition 2.0.5. (Spaces of Space-time Functions) For functions u(z,t) defined on

7



time interval (0,T'), the space of space-time function is defined as
T
LP(0,T; H*) = {u(m,t) : / la(-, t)[[; dt < oo}7 p € [1,00),
0
with the norm
T 1/p
fally = ([ IaCooiza) ", pe 1,00

Also, when p is infinity, the norm is denoted as

[ul = ess sup [[u(-, )]l
te[0,7

Theorem 2.0.1. (The Sobolev Imbedding Theorem [I, p. 85]) Let Q@ C RY be a
bounded domain with a locally Lipschitz boundary. Let j and k are non-negative

integers and let p satisfies 1 < p < oo. For kp = d,
WHP(Q) < LYQ), 1<q<o0.

Remark 2.0.2. In this thesis, we use Theorem fork =1, p=2andj =0 such
that

Hl(Q) — LQ(Q).
This means that
[ull < [[uf[g: -

Theorem 2.0.2. (Divergence Theorem) If 0S) is smooth enough to be the graph of a

Lipschitz function, 1 is its outward unit normal and u is smooth enough, then

/V-udX:/u-ﬁds.
Q

o0



Definition 2.0.6. (Dual Norm) For f € L*(Q0), the H™" norm defined as

Il = sup LY

very@) VY’

Note that, the function space H=*(Q) is the closure of L*(SY) with the norm ||-||_,.

Theorem 2.0.3. (Hélder’s Inequality) Let u € LP(S)) and v € L9(QQ) with p,q €
[1, 00] and é + % = 1. Then uv € L'(Q) and the Hélder’s inequality holds

u(z)v(z)| dx u(z)? xl/p vi(z)|? xl/q.
[ de< [ [ P as] [ [ (v ds

The case p = ¢ = 2 in Theorem [2.0.3] leads to the following Cauchy-Schwarz in-
equality.

Theorem 2.0.4. (Cauchy-Schwarz Inequality): Let u,v € L*(2). Then the Cauchy-
Schwarz Inequality holds

|(w, v)[ < [[ul[flv]-
Theorem 2.0.5. (Poincaré-Friedrichs’ Inequality) For u € H}(Q),
Jul| < Cpp [|Vull,

where Cpp = Cpp(S) is a positive constant.

Theorem 2.0.6. (Korn’s Inequality) For all u € H(Q) it holds
[Vul < D),

T . . .
where D(u) = % is the velocity deformation tensor.

Theorem 2.0.7. (Inverse Estimate) For v € H}(£2)

Vvl < Ch™t vl



Theorem 2.0.8. (Young’s Inequality) For a,b > 0, p,q < 1 and %} + é =1

ab b
ab < — + —.
b q

Also, the most commonly used case of Young’s inequality is

1 €
b< —a%+ b2, Vv .
a_26a —1—2 ) e>0

Theorem 2.0.9. (The Projection Theorem): Let G be a closed subspace of a Hilbert
space H.

(i) Given any u € H, there is a unique g € G so that
Ju— gl = inf [lu—x].
(ii) g is determined by the system of equations
(u—g,x)=0, Vyxyea.
(iii) |[ul® = llgl® + la - gl|*.

Here g is called the projection of u onto G and written g = Pgu.
Definition 2.0.7. (L*—projection) The L? projection operator P : L*(Q) — H}(Q)
is defined by

(u—Pu,gp) =0, Ve € Hy(Q).

Lemma 2.0.1. (Discrete Gronwall Inequality) Let At, B, a,, b,, c,, d, forintegers

n > 0 be nonnegative numbers such that for all N > 1. If

N N-1 N
an + ALY by SALY dyan+ ALY ¢+ B YN >0,
n=0 n=0 n=0
then for all At > 0,
N N-1 N
an +At2bn < exp (AtZdn) (Athn +B) VN > 0.
n=0 n=0 n=0



Theorem 2.0.10. (The Lax-Milgram Theorem) Let a(-,-) : X x X — R where X =
H}(Q) be a bilinear form which satisfies

continuity a(u,v) < ¢ |lullg[|v]gx, Vu,ve X (2.1)

coercivity a(u,u) > ¢ |jullx, Yu € X. (2.2)

for some positive constants ¢y, co. Let F' : X — R be a linear functional satisfying
continuity F'(v) < C'||v[|x, Vv € X. (2.3)
Then, there exists a unique u € X satisfying
a(u,v) = F(v), Vv e X.

Remark 2.0.3. (Remainder Term of the Second Order Backward Difference Formula
(BDF2) with Taylor’s Theorem) To find remainder term of BDF2, we write the Tay-

lor’s expansions of all terms in BDF2 around t"*! with integral remainders:

w(t") = w (") (24)

un+1 — un+1 (25)

2

At 4 tn — )2
u" = u”“ — ut(t”H)At + utt(t"H)T + / uttt(t)% dt (26)
tn+1

tnfl

n—1 n+1 n+1 1N A 2 (t" ' —1t)?
u — 2w (") At 4 2uy (1) At + Uy (t)————

tn+1 2

dt

=
I

2.7)

Then, by multiplying with —1, with 3/2a¢, @ with —4/2at and @) with

1/ant and summing these 4 equations, we obtain the remainder term of BDF2:

3un+1 _ 411” + unfl

2At
1 A "
= 4—At |:/ uttt(t)(tn_l — t)2 dt — 4/ uttt(t)<tn _ t)2 dt (28)
t

n+1 tn+1

_ ut (t’l’l-'rl)

Remark 2.0.4. (Remainder Term of the Linear Extrapolation of u™** with Taylor’s

11



Theorem) To find truncation error of the linear extrapolation applied to u™*, let
us do Taylor’s expansion of the terms in the linear extrapolation around t"*' with

integral remainders:

u(tn-‘rl) — un—i—l (29)
t’!‘L
u” = u"t (T (= AL) + / g (t) (1" —t) dt (2.10)
t”+1
tn—l
u" !t =u"t o (1) (—2A¢8) + / . u ()"t =) dt  (2.11)
tn 1

Then, by multiplying (2.9) and (2.11) with —1, (2.10) with 2, and then taking a sum-

mation of all these three equations, we get the truncation error:

(211” o un+1> . u(tn+1)

tnfl

=2 / : (1) (" —t) dt — / u, (8" —t) dt (2.12)

n+1 t"+1

12



CHAPTER 3

NAVIER-STOKES EQUATIONS

The Navier-Stokes equations (NSE) are partial differential equations which describe
the motion of viscous fluid substances such as water, oil, air etc. They represent the
general laws of continuum mechanics which are conservation of mass and conserva-

tion of linear momentum (i.e. Newton’s second law) [[15]].

In this thesis, we are interested in mathematical analysis and numerical simulations

of the NSE with finite element methods.

The dimensionless incompressible NSE given by

w,— Re'Au+ (u-V)u+Vp = £ in(0,7] x Q,
Vou = 0 inf0,7] %9,

u(0,x) = up in§, G-

/pdx = 0 in(0,7],
Q

where 2 C R, d € {2, 3} is bounded domain of fluid with boundary 9€2. If domain
() is proper subset of R, the NSE have to be equipped with boundary conditions on
boundary 0f2 of €. If the boundary conditions are not mentioned, to satisfy simplicity
when finding a solution of NSE, we can take boundary conditions as homogeneous

Dirichlet boundary conditions;

u=0 on [0,7] x 09.

13



The functions and symbols in the NSE (3.1) are

u(z,t) : velocity, p(z,t) : pressure,
f(z,t) : body force, Uy : initial velocity,
Re : Reynolds number, T : final time.

Our goal 1s to compute the value of velocity u and the pressure p by using given other
data listed above. In NSE, the first equation in (3.1I)) represents the conservation of

momentum. The descriptions of the terms in (3.1]) as follows:

(i) The term u; describes the rate of change in velocity.

(ii) The term (u - V)u is the convective term which governs the inertial effects.
The summation of these two terms u; + (u - V)u describes a convective trans-
port.

(iii) The term —Re~'Au describes the diffusive transport.

(iv) With the term Vp, the pressure describes the forces acting on the surface of

each fluid volume.

(v) The control parameter in (3.1) is Reynolds number, Re, given as

L
Re:U—

14

where L and U are characteristic length and velocity scales of the flow respec-

tively, and v represents kinematic viscosity of the flow.

Flow regimes change with respect to the size of Re. Typical sizes of Re are given

below.

If Re is small (approximately less than 1), the flow field is stationary (the term u; van-
ishes and indicating initial condition u, is unnecessary) and fluid flow is dominated
by viscosity term vAu. Also, in this case, the effect of convection term (u - V)u is

negligible. This kind of flow is called creeping flows.

If Re is moderate (less than the its critical value 2000 ), the flow field is laminar which
is the fluid flow in which the fluid travels smoothly or in regular paths. However, in

this case flow field is time dependent, [44].
If Re is very large ( greater than 2000), the flow field will be turbulent flow in which

14



the fluid undergoes irregular fluctuations. In this case, the convection term (u - V)u

become dominant.

The second equation in (3.1)) is incompressibility constraint representing the conser-
vation of mass. Furthermore, the last equation in (3.I) is the usual normalization

condition on pressure such as requiring the pressure to have mean value zero.

3.1 Weak Formulation of NSE

In order to derive the weak formulation of (3.1)), we introduce function spaces X and

@ for the velocity u and the pressure p, respectively.

X = (H}(Q)'={velLl*Q):VveL*Q)andv = 0ondN}
Q = L = {ee L) [ qix=0)

We also define divergence free functions’ space

V = {(veX:(V-v,q) =0Vq € Q}.

Now, multiply the momentum equation of (3.1)) by test function v € X and the in-
compressibility constraint by test function ¢ € (), and integrate them on 2. Then for
)T

velocity u = (uy, uy, uz)” and the pressure p = (py, p2, p3)’, we obtain the following

terms.

Let us start with viscous term. The viscous term will be

“Re{(Au,v) = /

—Re 'Auvdx = / —Re 'V - Vuvdx. (3.2)
Q

Q
In this thesis, we will use the symmetric part of velocity gradient which is called

velocity deformation tensor, and it is defined by

Vu + Vu”
D(u)= ——.
2

dup du dwy Oup  Ouz  Jug
1 ox oy 0z oxr oxr oz
—Z |Quz duy Oup Z |Qur Qduz dus
]D)(ll) 2 ox oy 0z + 2 oy oy oy
duz  Ouz  duy Ou;  duy  Jug
ox oy 0z 0z 0z 0z
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Ouy Ou; | dup Odw | Ouy
2 6y+8x 82+8x

ox
=_ [Qu2 | Ow duy Ouy | Ouz
oz + oy 2 dy 0z + oy
2
Ouz | dwi  duz | Juy Oug
oxr + 0z oy + 0z 2 0z

Now, if we take the divergence of velocity deformation tensor, we obtain

o o 02 o 02 02
4| @ e T 5+ Gabe T o
V . Vu + V . Vll 1 82 82 82 82 82 82 i
VD(U) = —— 1122 + 1122 + 1;2 + - up + 1122 + us
2 2| ox y 0z 2| dyoz oy Oyoz
82113 82113 82113 82u1 82u2 82u3
Ox2 + Oy? + 022 020z + Ox0y + 0z2
N s
=— — |9 (0w 4 Suy  dug
Au + 2 8y( ox + dy + 0z )
O (dw 4 duy | Oug
_Bz( Ox + Jy + oz )

<
£

<
£

I
|
>
e
_.I_
|
Flo o glo
<
£

:%Au (3.3)

If the velocity field is divergence free, the second part of summation in the last step
vanishes.

The equality (3.3) implies
Au = 2V - D(u). (3.4)
So by using (3.4) in (3.2) and divergence theorem, we obtain

— Re '(Au,v) = / —Re 'Auvdx = / —Re™ 'V -Vuvdx

Q Q
= / —2Re™ 'V -D(u) v dx = —2Rel/ vD(u) -nds + 2Re™! / D(u) Vv dx
Q o0 Q

= 2Re }(D(u), Vv).
Since the velocity deformation tensor is symmetric, one gets

2Re ' (D(u), Vv) =Re !
=Re !
=2Re 1 (D(u), D(v)). (3.5)



Secondly, the convective term is
(u-V)u,v) =0"(u,u,v). (3.6)
where b*(u, u, v) is the skew-symmetric trilinear form and defined by
. 1 1
b (u,u,v) = 5((U'V)U,V) - 5((U'V)V, ll). (3.7
The key property of skew-symmetric trilinear form is
((u ’ V>V7 V) =0, (3.8)

or more generally

(u-V)u,v) = —((u-V)v,u).

Lemma 3.1.1. (Estimation of the Convective Term for Skew-symmetric Form, [40]):

Forallu,v,w € X
b*(u,v,w) < M(Q) [Vul [[Vv[ [Vw], (3.9)
for M(RQ) is a finite constant. Also, foru € L?(Q), w € X and v,Vv € L>(Q)

b (w, v, w) < S (all IVl Wl + Rl v VW) (3.10)

N | —

Proof. If we take the absolute value of the skew-symmetric trilinear form of convec-

tive term, then by Cauchy-Schwarz inequality, one gets
. 1 1
|b <u7V7W>| :|§<(u ’ V>V7W) - 5((11 ’ V)W7V)‘

<5 (I((w- V)v,w)[ + |((w- V)w,v)|)

(‘/Vvuwdx‘—l—‘/unvde (3.11)
Q Q

| — N

When applying Holder’s inequality, if we choose ¢ = 2,p = r = 4 to satisfy condi-
tion % + é + % = 1 and Poincaré-Friedrichs’ (in general case, for p = 4) inequality

and Sobolev imbedding theorem, we obtain
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b*(u, v, w)| g%[((/ﬂ |Vv|? dx)l/q(/Q lul? dx)l/p(/Q lw|” dX)l/r)
(] owl ™ ful? d) [ i)
=5 (191 Pl Il + 19w vl

<C[ 199 V0l 9%l s + 199 [Vl V1] |

<C{Vv| [IVa| [Vw]

On the other hand, after the step (3.11)), when applying Holder’s inequality, if we
choose g = co,p=r =2andm = oo,k =1 = 2tosatisfy%+%+% = 1 and
%—l—%—l—% = 1, we obtain

" (u, v, W) S%[((/Q!Vv\qu)”%/glulp dx)””(/g w|” dx)"")
([ 1owlt ax [ ult [ fwi axg e

== [I99 Il )+ 9w [ v

l\DI»—t

In the vector form, by using divergence theorem, the pressure term become

(Vp,v):/vadx
Q

9p1 9p Op | |y,
oz dy 0z 1

= Op2  9p2  Op2
/ ox oy 0z V2 dx
Q
Ops  Ops  Ops v
dr Oy 0z 3

— 3pz 3[)3 6{)3
= ‘r2 + ‘r2 + ‘rz dX

9ps 9195 5175

Jo (52
= fQ( x(pQ V) — Do %4— %(Ib Vo) — Do %‘i‘ %(Ib V) — D2 %

_fQ ( (p1v3) —ps % + (%(pl v3) — D3 %‘;3 + %(m v3) — ps %

(p1v1) =1 G2+ 2 (pvi) = p1r G+ Z(pvi) — o G dx

dx
dx

~—r

glo gl gl

~—
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fagplvl nds — fQ (pl vy + mE 8V1 +p1 vy )dX
fag PaVe -Mds — fQ (p2 Ova | P22 8V2 + ps 8v2)dx
f8Qp3V3 nds — fQ (p36v3 _|_p 8v3 + ps <9V3)dx

I m+m+m

= _ Ova | Ova | Ova
/(‘2p2 8m+8y+8z dx

D3 Ovs 4 Ovs | Ovs

—/pV-vdx
Q

- (p,V V) (3.12)

Hence, with (3.2), (3.6 and (3.12), the variational form of NSE (3.1)): Find (u,p) €
(X, @) satisfying

(ug, v) + 2Re H(D(u),D(v)) + b*(u,u,v) — (p, V-v) = (fv),
(V ", Q> = 0,

forallve Xand q € Q).

3.2 Galerkin Finite Element Formulation of NSE

First step of Galerkin finite element formulation of NSE (3.1)) is to choose suitable
finite element spaces. We need to take X;, C X for the velocity and @), C @ for
pressure which have to satisfy the inf-sup condition [4]], [9]. This condition or with
other saying Ladyzhenskaya-Babuska-Brezzi condition or inf-sup condition is given
by

inf sup —<Qh’v ' Vh)

an€Qn vreEXy ”VVhH ||qh||

Then, Galerkin finite element discretization of NSE (3.1)) with respect to the varia-
tional formulation (3.13) as follows: Find (uy, pr) € (Xi, Qp) satisfying

(Opap, vi) + 2Re  (D(uy,), D(vy,)) + b*(up, up, vi) — (pr, V- vi) = (£, vh)(3 15)
(V-wp,qn) =

19



for all v, € X, and ¢;, € Q..

Also, if under the inf-sup condition (3.14)) we consider the discretely divergence free

functions’ space

Vi ={vy€Xp: (V-vp,q) =0, Vg, € Qn}.

Thus, variational formulation (3.15) can be rewritten in the space V; as: Find u;, €
V,, satisfying

(Opup, vi) + Re Y (D(uy,), D(vy)) + b*(up, up, vi,) = (£, vy) (3.16)
for all v;, € V,,.

Note that, the variational formulation of NSE in (X}, @) and (Vj,, );,) is equivalent

when spaces satisfy inf-sup condition (3.14)), see [17].

However, Galerkin finite element discretization remains incapable when trying to
solve turbulence problems. For a large Re, since the convective term become dom-
inant, the simulation of turbulent flow will be difficult, sometimes not possible. To
overcome this difficulty, we need some stabilization techniques. Several methods
have been presented for this purpose. In this thesis, we use the variational multi-
scale (VMS) methods to model turbulence. There are different realizations of it. For
example, in [24) 25]], residual based VMS method is introduced. In [35] John and
Kindl deal turbulence flow with three-scale bubble VMS method. Also, in [37]], the
error obtained when solving convection-dominated convection-diffusion equations by

two-level VMS method is studied.

In addition, in literature, for some multiphysics problems VMS method has been
considered. To illustrate, in [45], the method is used to simulate non-isothermal
flows. Also, in [S], the method is implemented as post-processing step for incom-
pressible, non-isothermal fluid flows. In [10], analysis of the method is done for the
Darcy—Brinkman equations in double-diffusive convection. In this thesis, we consider

the projection-based VMS method based on linearly extrapolated BDF2.

Now, before starting detailed review of projection-based VMS method, we present

brief information about three-scale VMS method which constructs basis for our method.
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CHAPTER 4

AN OVERVIEW ON THREE-SCALE VARIATIONAL MULTISCALE
METHOD

The basic idea of the VMS method is based on separation of scales presented in [[19,
24]. There are several ways to do this separation. Before introducing the projection-
based VMS method, to explain ideas underlying this method, we present three-scale

VMS method mentioned in [2].

In the first step of the method, all scales of turbulent flow are decomposed with large

and small resolved scales and unresolved scales. To denote these scales, we use (-),

(/-\) and (-)" notations respectively.

After applying this separation to spaces for velocity and pressure, respectively, we

obtain
X=XaXaX, Q=Q0eQ6¢
where @ denotes the direct sum.
Thus, the scale decompositions of the solution become
u=u+u+u, p=p+p+p
and the test functions become

/!

V=V+V+V, ¢=7+7+q.

The variational formulation of NSE is presented as (3.13)). Let us denote it by the
linear forms A(+;-,-) for left hand side of (3.13)) and f(-) for the right hand side of
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(3.13), then obtain
A(u; (u,p), (v, q)) = £(v) (4.1)

Inserting three-scales decomposition in (.1)), and choosing different test functions

from spaces of these three scales leads to three subproblems:
- Large scale problem

A(u; (,p), (v, 7)) + A(u; (U, p), (v, 7)) + A(w; (W', p'), (v,7)) =£(v) (4.2
- Small resolved scale problem

Alw; (7). (9.9) + A(w; (8,5), (7.9) + A(w; (W', p), (7.9) = £(3)  (4.3)
- Unresolved scale problem

Alw; (WD), (V. q)) + AW (8,5), (v, ¢)) + Alw; (0, p), (V'.q) = £(v) (44)

Now, we have to solve these three problems. However, It is a very hard process. So,
to simplify it, we consider some assumptions.

Assumption 1. We do not expect to find explicit solution of (4.4). Hence, we drop it.

Assumption 2. Direct influence of unresolved scales on large scales is negligible.

So, we take

A(u; (0',p), (v,9) =0
in (4.2).

Assumption 3. Influence of unresolved scales on to small resolved scales needs to be

modeled such that;

~

A(u; (v, p'), (v, @) = c(u; (1, p), (W, p), (v, 7))

in (@.3).

With these assumptions, we obtain the following variational formulation:
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A@+1; (8,p), (v,9) + AW+ T; (U,D), (v,7)) = £(¥) (4.5)
A(u+1u; (0,p), (v,9) + AU + u; (U, p), (v, 7))
+e(U+u; (4,p), (U, p), (v, 9) = (V) (4.6)

for all (v,q) x (v,7) € (X,0Q) x (X, Q).

AN
Y

We note that the form c(u; (4, p), (u,p), (v, q)) introducing the artificial viscosity

works as a stabilization.

Now, our problem become the coupled system (#.5))-(4.6) in resolved small and large
scale spaces. Let us represent all resolved scales with X;, = X @ X and Qn=0Q @

to yield more simple form of the problem.

Then, by using the restriction operators, we define the large scales:

- X, — X suchthat P,u, =1

e

Ppe:Qn— Q suchthat P,.p, =D
where u;, = U + 1 from space X;, = X @ X and pn = P+ P from space Q, = Q & @

Then, along with the restriction operators, the summation of coupled equations (#4.5)
and (4.6) gives the variational formulation of the problem: Find (uy, pn) € (Xp, Qn)
satisfying

A(ap; (ap, pr), (Vr, qn))
+c(up; P(ap, p), (I — P)(un, pr), (I — P)(vi, qn)) = £(v3) 4.7)

where [ is identity operator and we define P = (P,;, P,..) which can be projection

or interpolation operators.

Turbulent model ¢(-; -, -) acts only on small resolved scales and it influences indirectly

large scales. With the (4.7)), we present three-scale VMS method.

Now, with the light of these ideas, we present the projection-based VMS method

which is the main concern of this thesis. VMS method that we consider uses the
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spaces for all resolved scales as standard finite element spaces (X, ). In addition,
the restriction operator on the large resolved scales is determined as L? orthogonal

projection and turbulence model c(-; -, -) is chosen as a positive and bounded con-

stant.
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CHAPTER 5

PROJECTION-BASED VARIATIONAL MULTISCALE METHOD

We now present the projection-based VMS method. As it is mentioned in Chapter
E], this method is the special case of three-scale VMS method and it is based on,
like three scale VMS method, scale decomposition and variational formulation of the
NSE. In [36], the main idea of the projection-based VMS was introduced in every

aspect.

In the projection-based VMS method, the separation of scales are done by using two
scales; large and small resolved scales. The effect of unresolved scales will be ne-
glected. Then, large and small resolved scales are defined with velocity deformation
tensor. With this definition of the small resolved scales, obtained turbulence model
influences directly only small resolved scales. Furthermore, it influences indirectly

the large scales.

Now, to present the projection-based VMS method, first of all we have to define
spaces for velocity and pressure. X and (), are the standard finite element spaces
which satisfy the discrete inf-sup condition for velocity and pressure respec-
tively. They contain all resolved scales. Secondly, we need to define L; which is the
coarse or large scale space which consists of symmetric d x d tensor valued functions

on ) and stated as
LycL={L¢€¢ (LQ(Q))dXd, L= ILT}.

The variational formulation of the NSE has the form: Find uy, : [0, 7] — Xy, pp, :
(0,T] = Qpn,and Gy : [0, T] — Ly satisfying
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(Opap, vi) + ((2v + vr)D(uy,), D(vy)) + b(uy, up, vi)
—(pn, V- vp) — (vrGyg,D(vy,)

(qn, V - uy

(Gyg —D(up),Ly) = 0

) f
(5.1)
) = 0

forall vy, € X, g, € Qp and Ly € Ly.

This method (5.1)) was presented in [36] based on the ideas in [26]. In the variational
formulation (5.1),

— Gp represents the large scales,
— D(uy,) represents all resolved scales,
— D(uy) — Gy represents the small resolved scales.
Also, as it is seen in the last equation of , Gy is stated as an L2-projection of
D(uy) into Ly which is the space of symmetric tensors for large scales.
The L2-projection Py, : L — Ly is defined by
(PL,D(v) —D(v),Ly) =0, VLy€Ly. (5.2)

Hence, (5.2) implies Gy = P, D(uy,).

Then, another parameter in the turbulence model is v which is called an additional
eddy viscosity parameter. It is used for describing the direct influence of unresolved
scales onto small resolved scales. It is a nonnegative function that might depend on

the finite element velocity, pressure and the mesh width [2].

Remark 5.0.1. The additional eddy viscosity parameter vy has different choices. The

Smagorinsky type choices are given in [26] as:

vr = G0 [ D(up) |l

vp = 0862 ||]D(uh) - GH||F7
52
vp = Cs—% D)l g2k -

K]
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However, throughout the thesis, we consider v as a positive constant.

All Scales

Small resolved scales

Py, (D(w))

/

Large resolved scales

Figure 5.1: L?-projection of D(u).

If we write the formulation of model (5.1)) in the short form: Find u,, : [0,7] —
X, prt (0,T] = Qn
A(up; (wn, ), (Va, gn) + (vr(I = P )D(un), D(va)) = (f,va)

(g, Vo) = 0 (5.3)
(GH—]D)(uh),LH) =0

for all (vy, qn) € (X, @) along with the projection (5.2).

Consequently, we obtain the finite element formulation of NSE (3.1)) with an extra
term. This extra term effects only on the small resolved scales, because of the defini-

tion of L% —projection.

Note that, in [36 [38]], the connection between our method and the idea presented in
[26] is established. By utilizing the commutation of differentiation and projection
operators, and adding defined L2-projection which is given in the third equation of

(5.1), the turbulence model can be rewritten in that form:
(vr(I = Py )D(up), D(vy)) + vr(Ga — D(uy), L)
= (vr(I = Puy)D(un), D(va)) + vo (P, D(un) — Dus), P, D(va))

= (vrD(up),D(vs)) — (vrPL,D(us), D(v4))
+ (vr P, D(ws), P, D(vi)) — (vrD(ug), Ay D(va))
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= (vrD(w), (I — PLy)D(vs)) — (vr Py D(ug), (I — Py )D(vy))
= VT(<[ - PLH)ID)(uh), ([ - PLH)D(Vh))- (54)

With this way, by using (5.4) in (5.3)), an equivalent formulation of (5.3) can be given
in the following way: Find uy, : [0,7] — Xu, pr : (0,T] — Qp, satisfying

A(ap; (@ pr)s (Vas qn)) + (vr(L — Puy)D(ug)), (I — F,)D(va))) = (£,va)
(qn,V-uy) = 0
(5.5

for all (v, qn) € (Xn, @n)-

However, throughout this thesis, we use the (5.1) projection-based formulation (its
short form is (5.3))). In the next chapter, we analyze our method with this formulation

along with linearly extrapolated BDF2 time-stepping scheme in every aspect.
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CHAPTER 6

A PROJECTION-BASED VMS ON LINEARLY EXTRAPOLATED BDF2
TIME-STEPPING SCHEME FOR NAVIER-STOKES EQUATIONS

In this chapter, we present a finite element approximation of NSE which are dis-
cretized by a projection-based VMS method in space and linearly extrapolated 2-step
backward difference formula (BDF2) in time. First of all, we discuss the stability of
the fully discretized form of NSE and then existence and uniqueness of it. Finally, we

give a priori error estimation of a fully discrete problem.

Let us start with the discretization of (3.1I) in space with the projection-based VMS
method. This discretization procedure is discussed in Chapter[5] and the semi-discrete

approximation of NSE by using the projection-based VMS method is presented as

G-).

Now, to obtain fully discrete approximation, along with the spatial discretization, we
discretize with respect to time by using linearly extrapolated BDF2. By applying this
extrapolation, we solve linear problem at each time step. But, if we used Newton or
fixed-point method for linearization, we would have to implement same linearization

procedure for each time step.

Let t" = nAt,n = 0,1,2,..., N and T" = NAt. Then, the linearly extrapolated
BDF?2 discretization in time and the projection-based VMS method in space for NSE

(3.1) is: Given uy, u}™', py, pp ' and find u}™" € X,,, ppt! € Q) satisfying
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<3uZJrl —4ul +up!
2At

+rr(D(uy ™), D(va)) = (03, V- vi) = vr(Gl D(va)) = (77, va), (6.1

Vi) B (2u) — wp v+ 20D, D(v,))

(v ' u;LH_l? Qh) = 07 (62)

(G —D(uy),Ly) =0, (6.3)
for all v;, € X, qn € Qh, Ly € Ly.

Recall that, under inf-sup condition (3.14), the formulation in X}, and V}, are equiva-
lent. Then, the variational formulation (6.1))-(6.3]) can be written as

(BUZJrl —4u? +up!
2At

Vi) + 0" 2uy —up L upt vy 2u(D(up ), D(vy))
+rr(D(uy ™), D(va)) = vr (G, D(va)) = (7, va),  (6.4)

(G — D(uy),Ly) =0, (6.5)
forall v, € V;,, Ly € Ly.

For time discretization of NSE, we use linearly extrapolated 2-step backward dif-
ferentiation formula (BDF2) based on (6.4)-(6.5). The analysis of BDF2 requires
G-stability. Now, we explain G-stability for this purpose.

6.1 (G-Stability of BDF2

Definition 6.1.1. (Dahlquist 1976) [11|]: The multistep (k-step) method is defined by

k k

k
Z oo™t = At f( Z ﬁitm+i’ Z Bivarz’)
i=0

i=0 i=0
in order to solve ordinary differential equation v, = v' = f(t,v).
G-norm is defined by

IX™lE = (™ GX™)
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where

Note that, (-, -) is the inner product in R™.
The multistep method is called G-stable, if there exists a real, symmetric, and positive

definite matrix G which satisfies the inequality
™ =X | < I =Xl YAE>0 (6.6)

where {v™} and {0™} are two different numerical solutions of our ODE.

Also, for all ODE’s satisfy the Lipschitz condition
(f(tm’vm) - f(tmv @m>7vm - @m) S k ||Um - @mHQ
in case of k = 0.

The following results from [[11] states the relation between G-stability and A-stability.

Theorem 6.1.1. G-stability implies A-stability.

Additionally, in 1978, Dahlquist explains equivalence of these two types stabilities in
[12].
Now, we consider the GG-stability of BDF2 method, [21]. We let

3vm+1 — 4™ + Um—l

2

= At f(t" T o™, (6.7)

to solve the problem v; = f(¢,v). To show G-stability of the method, we have to
show that the condition (6.6)) is satisfied by the two different numerical solutions of

the problem. Let {v,,} and {0,,} be the solutions of (6.7).
Now, insert the BDF2 method into the Lipschitz condition with £ = 0

(f(tm+1,?]m+1) o f(th-&-l?@m—i-l)7 Um+1 . @m-{-l) S 0

vt — 4o™ 4Tt 3t — 4™ 4 o™
( 5 + o 5 7Uerl _ ﬁm+1> <0

By denoting the difference of two numerical solutions with Av™ = v™ — v™, we

31



obtain

AT — 4A™ 4+ Ay™ml
2

D = ( A <0 (6.8)
To show (6.0)) is satisfied, we arrange D as
D = ||Axm||é — HAXm_lné + HagAva + a1 Av™ + agAvm_1H2 (6.9)

where G is real, symmetric, positive definite matrix defined by

g11 912
gi12  Gg22

G —

Expanding the terms in (6.9) gives

- Avm—i—l Avm+1
[AX™ " = ,G

Ay™ Ay™
= gll(Avm“)2 + 2g12Av™ Av™ T 4 QQQ(AUW)Q, (6.10)
Ay™ Ay™
JaxF = e o
Avmfl Avmfl
= 911 (AV™)? + 2912 AV L AV™ £ oo (Av™ )2, (6.11)

|az 0™ + ay Av™ + aoAvm_le = a3 (Av™ ) 4+ a3 (Av™)? + ad(Av™ )2

+ 2a1as AV AV™ + 2a0a5 Av™ LAV 4 2000, Av™ AV

(6.12)
After this expansion, by the equivalence of (6.8 and (6.9), we obtain
3
5 =g11 + a3, 0 =922 — g1 + a3, 0= — g2 + ag, (6.13)
1
—2 :2912 + 2@2@17 5 :2a0a2, 0=-— 2912 + 2@1@0. (614)

By adding all six equations, we find relation between ag, a;, a,. Then, by adding first
and third equations in (6.14), we find a;. Lastly, by adding equations in (6.13)) and

using the second equation in (6.14), we find ao and a,. By using these all calculated
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values, we finally obtain

B 5 B —1 1
911—4 g12 = 5 922—4-
That is,
1[5 =2
G=-
412 1

Hence the Lipschitz condition become

2

1 1
D= | Ax™% — |Aax™ Y% + Higmm“ F 1AV + oA (6.15)

We know that the third term of D in (6.13) is always positive and D < 0 from (6.8§).

So, we get

1A (15 = | Aax™ |, <0
1A% < [lax™|.,

||Um . AmHé < va—l . @m—l”é )

Thus, the BDF2 method satisfies the condition @ Hence, the G-stability of method
is established.

In the analysis, we use the following two important inequalities which are presented

in [31].

Lemma 6.1.1. For any vector u,v € R", we have

1 1
2 2 2
Jull? = 2 I+ 5 fla = ]

v

3
4
3 1

<l =2 Ivl? (6.16)

and

u u 3 1
([P[e]]) = Fhregha-ve
A\ A"
7 2 2
< Tl + vl

(6.17)

33



Proof. We presented the GG matrix above. By using it, we obtain

5u 2v
u u u 22— £¥
4 4
v \Y% v T T 1

5., 2 2 o1
-u’— -uv—-uv+ -v
T ATy

3
i
3l = % v
4 4

2 1 2 1 2
full? = ¥+ 5 =]

(6.18)

(6.19)

(6.20)

(6.21)

Since, we can eliminate the non-negative term in (6.20). Hence, we produce the

inequality (6.16).

Secondly, if we eliminate the non-positive term in (6.20) and use the inequality

lu =il < 2(Jul|* + [|v[}*). we obtain

u u 3 1
([P[e]]) = Frregha-vie

A% \% 4

A

3 2 2 2
< 7 lal®+flal®+{lvi

By this way, we produce the inequality (6.17).

In error analysis, we use the inequalities

N2 ;1\/+1 hNJrl 3 N+11(2 1 N2
N A R PR DR R Y
and
02 _ }L aQ ilz <Z 12 0|2
ol = oGl ol ) = glenll” +llenl
h h
obtained by Lemma
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6.2 Stability Analysis of (6.4)-(6.5)

In this section, the stability analysis of (3.1)) based on the finite element formulation
(6.4)-(6.5) is considered. By using standard energy arguments, we prove the stability
of the method.

Vn+1
Define x2 := and 2 =
VTL

Then, from (6.13), one can write

”Vn+1 ) e Vn—1”2
4

3Vn+1 — 4" + Vn—l
2 )

Vi) = e = e +

(6.26)
forall vi € L?(9).

Lemma 6.2.1. The algorithm ({6.4)-(6.3) is unconditionally stable in the following
sense, for all N > 1

INt v N2 2AL
[ |* + 52 ST D + = D))
n=1

3 3
1 AN ONAt v OINAL <= | .
< ()t 2 an e+ 2R gt 4 ZNALSS e
n=1
Proof. To show stability, choose v;, = At uZH € V,in (6.4),
Bup ! — dup + n+1

At ( Jupth) 4+ ALY (2uy —up uptt gt

2At
+ AL 20(D(up ™), D(up ™)) + At vp(D(up ), D(up )
— At vp(Gl, D(upth)) = At (£ u)p ). (6.27)
Now, the trilinear term vanishes, because of (3.8). Then, by using the relation (6.26)),

we rearrange (6.27))

|up™ = 2u) + up”
4

1 2
Gl — eI, + I+ At 20 P

+ At vp DY ||* = At vp(Gl, D(upth)) + At (7 upth). (6.28)
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By applying Cauchy-Schwarz inequality, Young’s inequality and using dual norm for

the right hand side terms in (6.28)), we obtain

u !t —2ul +up!
Il — o+ L =20 +Atzuum<uz“>u2
+ At v Dy < AWT IGH|* + Atgl D) + Hf"“H |

To bound the first term in the right hand side of (6.29), we let Ly = G, in (6.9).

Then, by Cauchy-Schwarz inequaliy, we have

IGHII” =(D(u}), Gjy)
G| < ID(uz)]- (6.30)

Now, we obtain

o™t~ 2+ |

Il = s I5 + ; + At 20 D
+ At D) < S Bl + 2L |
e W (A RN CE 1Y
By dropping nonnegative term i - Zlf i H2, we can choose &, = vy and
s = 3v to yield
Il = I+ S5 a1+ 25 by
= Il (632)
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Now, take the sum fromn =1ton=N —1

3 Aty o2 . At v
™l = Ialle + == 22 I |+ == D)

n=1

At I/T

At N-1
D)+ 5, D211, (6.33)
n=1

By using inequality (6.16) in Lemma[6.1.1] we get

IAt v N " 2At v
o[+ === > I + === D)
n=1

1 _ 4 2At v 2At | n
S e e e LG +—ZHf HE . 634
Lastly, by induction on 7, we find the required stability bound. [

6.3 Existence and Uniqueness of a Solution Obtained by Projection-based VMS
Method with Linearly Extrapolated BDF2

After time discretization with linearly extrapolated BDF2, we obtain a steady prob-
lem at each time step. Thus, a fully discrete problem (6.4)-(6.5) is very similar to
steady-state NSE problem. In our scheme, along with the BDF2 for discretization in
time, we apply linear extrapolation to convective term. If we had not applied linear
extrapolation, we would have computed solution of nonlinear problem at each time

step.

The proof of existence and uniqueness of the solution obtained by projection-based
VMS method with linearly extrapolated BDF2 follows from ideas in the book by John
[32].

Theorem 6.3.1. (Existence and uniqueness of the solution) Let (V, Q) be con-
forming finite element spaces which satisfy the discrete inf-sup condition (3.14). If
up € Vy, then (6.4)-(6.5) has a unique solution.

Proof. The existence-uniqueness of the velocity solution is proved with Lax-Milgram
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theorem (2.0.10). The weak formulation (6.4) can be arranged as

n+1
(3;& Vi) + 05 2up —uph uptt vy + 20(D(up ), D(vy))
n+1 n+1 duy —up” ! n
+vp(D(uy™), D(vy)) = (£"7,vi) + (Q—At Vi) + vr(Gl, D(vy))

(6.35)
(G} — D(u}), Lyy) = 0
forall v, € V,and Ly € Ly.
The equation (6.35) can be rewritten in the form
a(utt vy,) = F(vy,)

where a(-, -) denotes the left hand side of (6.35)) and F'(-) denotes the right hand side
of (6.35 - First of all, we show a(u}*!,v;) satisfies the coercivity condition. To do

this, we choose v, = u}f’l €V,

a(uftt upth) = 2At |u +1|| +2v ||D(uptt) H + vp ||I( "H)H (6.36)
where trilinear form b*(2u} — up~ !, u} ™, up ™) = 0, because of (3.8).

Then, by Korn’s inequality to @, we obtain

2y—|—yT

NG
>C ([ + [[vui )

a( n+1 n+1

n+1
)ty I” +

e v

=C ||

where C' = min{ -, MT”T}

+1

Secondly, to prove the continuity of a(u} ™, v},), use Cauchy-Schwarz inequality, the

estimation @), Poincaré-Friedrichs’, Korn’s inequalities and Sobolev imbedding
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theorem :

a(u; ™, v) i llvall + M [V (2w —ap ™[ [[V (" D[V (V)

<3|
+ 2v ||D(up ™| ID(vi)[| + vr [ D) || D (va) |

<0 ||V (up — Y| [P (vl
<C D) ID(vi)]

<CJuy ™| o Vil

where C' is the constant determined as minimum among constants from Poincaré-
Friedrichs’ and Korn’s inequalities and finite value of H2u’[§ — uz_l H (from stability

result).

Lastly, let’s show the continuity condition for F'(v;). By using the dual norm (2.0.6),
Cauchy-Schwarz inequality, the bound (6.30), Korn’s and Poincaré-Friedrichs’ in-

equalities, we get

(4uh —u) !

F(Vh) :(fn+1,Vh) + 2At

vi) + vr (G, D(va))

<[l NVl + 5 H4uZ —w, [ [[vall + vr (D) | [D(v)]]

2At

<C DI [E], + o 40— wi™ | + v D)

2At
<C[D(va)]|
<C|[vall g

which is the continuity bound for the F'(vy,).

Hence, the fully discrete problem (6.4) satisfies all conditions of the Lax-Milgram the-
orem (2.0.10) such that the existence and uniqueness of the velocity solution follows.
Since the finite element spaces of the problem (6.4)-(6.5)) satisty the discrete inf-sup
condition (3.14)), existence and uniqueness of the pressure is guaranteed, [32]. 0
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6.4 Error Analysis

In this section, we present an error analysis of our method. We show that solution
of the fully discrete approximation obtained by projection-based VMS method with

linearly extrapolated BDF2 time discretization is convergent.

We introduce the discrete in time version of the norms used in the continuous time
case given by Definition [2.0.5] The discrete norms are given as

Nt 1/p
lv[lloo = max [[v"[|;, Holll, 5 = (ZHU"Him) :
n=0

0§n§NT

The following approximation properties are used through the analysis. These proper-
ties are presented in the book by Brenner and Scott [8]. If piecewise polynomials of
degree k for the velocity, and piecewise polynomial of degree (s — 1) for the pressure

are chosen, the finite element spaces for velocity and pressure satisfy

inf [lu— vl < CR**Huley, ue HYHQ),

vr€Xh
in)f( IV (u—vp)|| < Ch*lulyr, ue HH(Q), (6.37)
VREX}
inf |lp — gl < Ch*plssa, p € HTH(Q).
q GQ}L

Additionally, approximation on coarse space Ly is given by:

IL — P, L|| < CH"||v|l,., VL € LN H"'(Q). (6.38)

We also assume that the exact solution satisfies the following regularity assumptions:

u € H'Y(0, T3 H*(Q)) N H?(0, T; H' () N L0, T3 H'Y(Q)) N H?(0,T; L*(2)),
p € L*(0,T; H¥(2)), (6.39)
fe L2(0,T; L))
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Theorem 6.4.1. Let (u, p) be the solution pair of NSE such that the regularity

assumptions ((6.39) are hold. Then, the error € = u" — uj, satisfies

3

N-1 N-1
[+ 5 3 [l — 2em 4 e P4 At 2N e
n=1 n=1

<eap(0r )| (3) 1+ (1= ()l + e+ (1~ (3))

_ 2 - 2 2 :
(V tp2kr a3 441 +7 "2k [halll2 ValllS o + (2v + vr)h** Ialll 441
_ 2 —~ 2 - 2 :
I Bl s+ A [ + 07 AV 1
R s 0 s 000 el )| 640

Remark 6.4.1. The pair of Taylor-Hood element spaces is one of the most suit-
able choices among finite elements spaces satisfying discrete inf-sup condition ([3.14).
They consist of k™" degree piecewise continuous functions for velocity and (k — 1)t
degree piecewise continuous functions for pressure where k > 2, [23|]. In our anal-
ysis, we prefer to use Taylor-Hood elements for k = 2, i.e, (P2, Py). This serves
us good approximation solutions for both velocity and pressure with relatively low

computation cost compared with other finite element choices.

Corollary 6.4.1. Under the assumptions of , let the finite element spaces (X, Q)
be (Py, Py) Taylor-Hood element, the coarse mesh size and additional viscosity are

chosen as H < O(\/E) and vy = h? or vy = h respectively, then the error in velocity

satisfies
1= ) W + 2wy =
e[ 42 30 et — 2en et 22N e
n=1 n=1

< Cl|e]] + [|€°| + r* + At* + R*At?],
for all At > 0.

Proof. If one uses the approximation assumptions in (6.40), then the result
follows. 0

Remark 6.4.2. It is clear that if we choose u) and u), such that ||€°|| and ||| are

optimal, then we get second order accuracy.
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Proof. We now present the proof of Theorem [6.4.1]

At time level t"*!, by denoting u™ = u(t"), the true solution of the NSE (3.1 can be

written as

(311’”rl —4u" +u !
2At

Vi) 0 (2u" —u" T u" T vy) 4 20(D(u), D(vy))
+ vp(D(u"), D(vy)) — vp(DU™), D(vy)) — (", V- V)
= (£ vy,) + Intp(u™™; vy, (6.41)

where

3u"t!t —4u™ + ur !

Intp(u™*tv,) = ( — o (t"th), vy)

2At
+b*(2u™ —u™ " u"tt vy,) — b (0Tt vy). (6.42)
is the local truncation error.
We split the error:
e =u"—uy=(Uu"-10")— (u —u") =n"— ¢;. (6.43)

where u approximates uin V,, 7 =u—uand ¢, =u, —ua € Vy,

By subtracting (6.4) from (6.41), we obtain

<3e’”rl —4em et
2At

+ (20 +vr)(D(e"), D(vi)) = (0" = qn, V- vi) + vp(D(u"), D(vy))

i) +0*(2u” —u" T u"t vy = bF(2u) — up T ult vy)

— vp(GY, D(vy)) + Intp(u™*; vy). (6.44)
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We first rewrite the convective term in (6.44):
b (2u” —u"t ut vy) = b (2u) — ut uptt vy
=bp*(2u” —u" L u"t vy) — b (2u”" —u" L ut vy)
+ 0" (20" —u"h uptt vy) = b (2u) — u) vy

=b*(2u" —u" ! " vy) + b5 (2e" — e ulth vy). (6.45)

Then, by using (6.45)) and error decomposition (6.43)), we obtain

L Al
2At

+ 0" (205 — @ it vi) o+ (20 + vr)(D(¢) ), D(vi))

, Vi) 4+ 07 (2u” — u ZH, Vi)

(SnnJrl _ 4,’7n + ,r’nfl ) (
p— V —

n+1

— Gh, V. Vh)
+ 0" (20" —u" "t vy) + 0 (20" — "t vy

+ vp(GY — D" ), D(vy)) + (2v + vp)(D(n™), D(vy)) — Intp(u™;vy,).
(6.46)

Setting v;, = ¢} € V}, and using G-stability (6.26) in (6.46), we yield

1 n n— n n 3
E(HMHZ_HM l) + 4At gt =200 + @ ||" + (20 + vr) [D( )|

3,,’n+1 —4"7n +77n ! n * n n
e AR ENACTUPEPE

+ b*(2n o ’I’] 1 n+1 Z-{-l) o b*(2¢z . 2_17u2+17 Z-{—l)

+ (20 +vr) (D", D(gp ) = (", V- i)

+ vr(Gl — D(u™), D(¢pp ™)) — Intp(u™; o). (6.47)

To bound the first term in the right hand side of (6.47), we use Cauchy-Schwarz,

Poincaré-Friedrichs’, Korn’s inequalities, fundamental theorem of Calculus and Young’s

43



inequality, then we obtain

It —dAnt
2t R

3 n+1_4 n+ n—1 "
ey

= oAt
] LA R it O R e R [T
< oAt

C 1 1 tnt+1 tm
< == dt+/ dt—/ dt|| ||D(py

A7 2/tn_1 0, . Yy - n: H )H

ol e g t
<silz L s [ miare [ e pes)

C e 2 n

< cavy | [, Imdat]| + 25 Do

c [
<oxp [ IR+ S5 Dl (049

Bounding the convective terms in (6.47) requires (3.9) in Lemma [3.1.1 Korn’s and

Young’s inequalities as
b(2u" —u Lt )
<Cfveu —w | [vam | [[Ver |
< O(IVa|| + [[vu =) [V {ID(eh )|

<—IIV PP e ) + g e

(6.49)
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and
020" — " )
< Clven" =" D[ [[vu ] Ve
< OVl + [V =D [ VgD (eh )|

< S Iu P o + 9 ) + o D

(6.50)

With the bound (3.10) in Lemma[3.1.TJand Korn’s and Young’s inequalities, we bound
the next term as
D20 — ¢h " u T o)

5< 2605 — &b || Va1 | + (12005 — & [ [ IV ™)
< C(llgnll + [l (1) [[P(@r DI (V] + [l

TIQ

(IR + g 1) (9w 1+ i 12) + 75 [I2eeh ™)
6.51)

For viscous term, we apply Cauchy-Schwarz and Young’s inequalities, then obtain

(2v +vr)(D(n™), (1))

2V—|—1/T

< C(2v +vr) D™ || + ID(op Y] (6.52)

Note that since ¢, € Vp,, (qn, V.¢;,) = 0. The pressure term is bounded by applying

Cauchy-Schwarz, Korn’s and Young’s inequalities:

(P, Vit = (" — g, V- @i Van € Qn

C
S%HD PO+ = HP"+1—qh||2- (6.53)

We now bound the additional viscous term in (6.47). Recall that we define F,,, as

an L2-projection operator (to project the all solutions into large scales). Hence, the
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last equation in (6.4) implies that we can take G}, = P, D(u}}). After that, by
adding and subtracting P, D(u") and D(u™) to additional viscous term respectively,
Cauchy-Schwarz and Young’s inequalities, yields the following estimation along with

the inverse estimation in Theorem [2.0.7]and the bound (6.30):
vr(Gy — D(u™), D(¢; )]
= vp(PL,D(") + (I = P, )D(u") + (D(u") — D(u")), D(¢; ™))
= vr(P,D(0"), D(¢; ) — vr (B, D(¢), D(¢; ™))
+ur((I = Py )D(u"), (¢ 1)) + vr(D(u") — D(u"), D(¢; "))
< CTV% [P, D) + | P D(p)I1” + 11( = Py D)
D) = D] + 5 Ieer ™)

C I/T

[P + 22 ([ 7l* + (I — B )D(u™)|?

+HD<u"“—u”>||2} HD anb1[ (6.54)

Now, we bound the local truncation error Intp(u™; g7 ™).

Firstly, we estimate the first term of Intp(u™*'; ¢}™) by using Cauchy-Schwarz,
Poincaré-Friedrichs’, Korn’s, Young’s and Holder’s inequalities along with truncation
error of BDF2 (2.8) presented in Remark[2.0.3]

Intp(u™; 7t

3u"t! —4ut +u!
= — ut(

tn+1>’ n+1)

2AL h
Yl pntt i c 3umt! — 4u” 4w — (") ’
= 16| 2w 2AL ¢
2 t'fl 1 tn 1
v C 2 2
—||D(ap7 ! " — 1) dt / 2 (t) dt
- 16 ( h ) + Atzl/ (/tn+1< ) ) ( tn+1 Uttt( )

g+l 1 g+l 12
— (/ ("t — 1) dt) (/ u?, (t) dt)
tnfl tnfl
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v +1 ’ ¢ " 4 "o
< —||D(oy " —t)" dt
=16 (&n )| + N {(/er( ) )(/Q/th ugy (1) dtdx)
tn+1 tn+1
- ( / ("t — 4dt> ( / / uz,(t dtdx)]
tn—1 tn
2 n+1
C’At3 !
< ZlD(ert) / / w2, () dtdx
16 i
2 n+1
v n CAt? [
== D(op)|| + V /tn_ g || dt. (6.55)
Now, let’s continue with the remaining terms in Intp(u™; g7 ™).

We start with the rearrangement of the terms. Then, by using the bound (3.9) in
Lemma [3.1.1] Young’s, Korn’s and Holder’s inequalities with truncation error of lin-
ear extrapolation (2.12)) presented in Remark [2.0.4] we get

n+1’ ¢Z+1) . b* (unJrl’ un+1’ n+1)

b*(2u” — un’ u i

n+l . n+l gnitl

=b* (211” — " —-u .u , b} ) _ b (un-i-l’ un+l . un+1 n+1)

» ¥h

=b*"(2u" —u" —u"t u"t! ¢n+1)

<C ||V(2u” —u— un+1)H ||Vun+1|| ”Vd’ZHH

-1 2
=< ¥ H]D nH H + — H/ (t" —t)Vuy dt — / (t"‘l —t)Vuy dt ‘VU"HW
16 "
v 1/2 tn 1/2
< e+ S| ([ e —ora) ([ vt a)
16 .
t"—1 1/2 m_1 1212
- ( / ("t =) dt) ( Vuy, dt) [Vur |
tntl n+1
3 gt
S H 1 H CAt (/ v dt dx) HVU"HHQ
v Q Jin-1
¢nt1
_iHD n+1 ” +C'At HV n+1|| / |vutt||2 di. 6.56)
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We bound all the terms on the right hand side of (6.47).

V+VT

At ” ¢>HG At ||X 1“ +4At ||¢)n+1—2q§z+¢z—1u2+ HD n+1)H
C tntl 2 n+1](2 2 1112
it f, I dt+;HW 1P (v 2 + [|[vu|)
_”Vu AV + [Vt + ||¢h|| +ler )

(Va2 + lap )2 ) + Cv + vr) ||D<n““>u

C C
4 St P+ AL + 2 I + 10— Fu)D)
3 t"+1
+pet w1+ S5 [
tn—1
(JAt e
—— ||Vu HHH/ V| dt. (6.57)

Now, sum from n = 1 and n = N — 1, and multiply both sides by At

— n n I/+V n
S~ I+ 3l 26+ 017+ 52 3 (o
n=1

N-—1 nt1

1
gomz [E/ |m, |17 dt+—ann+1}| ([Va® | + [ v %)

—IIVu AP+ [[en ) + HcﬁhH + o)
n n n 1 T
(w1 + [ 2) + v+ wr) HD I+ e = anl”

—T LD + 272 [ @311 + [[(1 = Pry) D@ + D™+ = u)[[*]

tn+1 tn+1

At?
e e S

| Vuy dt} . (6.58)

tn—1
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Using the bound (6.24)) for G-norm obtained from Lemma[6.1.1]

n n o 2 + 2Up = "
k1" + 5 ZII¢ o2 A S Ve

N-—1 nt1

< Lo 3l + 03 [ [ i

T P (P Py 4 [ | )
+%<H¢zu2+H¢z—1u2><nv S )+ 24 o) D
+%||P"H al’+ - [HD( NP+ 2 pll” + (= P ) D)

nal 12 At3 e 2 n+1 .
e Ry A at+ =0 Hv I vl at).

(6.59)

With approximation properties and (6.38), we get the following estimation by

induction on V:

N-—1
loi1" + 5 Z||¢>““—2¢2+¢2—1||2+At2”§2wZuvwl”?
n=1

1 _
< (3)" 18I + 20— ) | IS + € (2 il

_ 2 2 2 — 2
+ v Rl 1Vl 0 + 20+ vp) R a0 + 27 B2 2

— 2 — 2 —
+ v A w50 + v A V][ o 1V 0150 + 27 w2k ([[allly e,

T 2H2kz H|u|”2k+1 +u 1y QAtQ e[ o )+C’Atv_l + VTh Z |nl }

(6.60)

Note that, with the typical choice v = h, the multiplier of last summation in (6.60)
is constant. We use this choice for only that term. After obtaining the error bound of

our method, as in the Corollary [6.4.1] we use this choice for all v7.
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After then by Lemma[2.0.1]

" 2V+2V = N
o[ + 5 ZHvb“—whw TP A= Y Ivetf

1 1\~
<exp<C’l/ 1T> {( > H¢h|| +2<1_( ) ) HX¢”G+C<1_(3) )
_ 2 - 2 2 :
<V L2t el ll5 0 + v ' Halllg s VulllSo + (20 + vr)h* Hafll3
1,95 2 - 2 - 2 :
R 2+ 0 A el + v AVl NIl 12

N T V%H%|||u|||2,k+1+u—1v%m2|||ut|||oo,0)] (6.61)

Note that, the triangle inequality implies that

le™ll = [ln" = @rll < lln"ll + lxll (6.62)

Thus, by using the bound (6.25) for G-norm obtained from Lemma [6.1.1} and the
triangle inequality (6.62)), we obtain the required result (6.40). O

6.5 Numerical Experiments

In this part, three examples will be considered in the numerical experiments to test
the scheme (6.1)-(6.3). The first experiment will verify the predicted order of con-
vergence rates which were proven in the previous section. The second and third
experiments are well-known driven cavity flow and flow around cylinder problems,
respectively. They will be tested to demonstrate the efficiency of the method. All nu-
merical experiments are done by using the software Freefem++ [22] by considering

Taylor-Hood finite element spaces (P», P ).

6.5.1 Convergence rate verification

To verify convergence rates for our numerical scheme (6.1)-(6.3), we consider NSE

problem in unit square domain §2 = [0, 1]> with analytical solution such that
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(14 0.01¢t)sin(2my)
(14 0.01t)cos(2mx)

u=

given in [[7]. Simulations are performed with the kinematic viscosity v = 1. By
substituting analytic solution to momentum equation of NSE (3.1)) with these data, we
obtain the external force. Also, all boundary conditions are determined by analytical
solutions. By using (P,, P;) on uniform meshes, we compute errors and rates by
changing mesh width h and time step At simultaneously, when the final time 7" =
0.01. Uniform triangular grids are used and the coarse mesh size is determined with
H = +/h and v; = h?. All computations are listed in Table All values of rates

are around 2. Hence, we can observe optimal convergence rates which are mentioned

in Corollary [6.4.1]

Table 6.1: Errors and convergence rates for the projection-based VMS method on

linearly extrapolated BDF2 scheme

p=r+y

h At [u—usl,, Rate
1/4 T 5.2366¢ — 2 -
1/8 T/2 1.3363¢ — 2 1.9704
1/16 T/4 3.3530¢ — 3 1.9947
1/32 /8 8.3846¢ — 4 1.9997
1/64 T/16 2.0968e — 4 1.9995
1/128 T/32 5.2390¢ — 5 2.0008

6.5.2 Driven Cavity Problem

Now, we will test our numerical scheme, the projection-based VMS method along
with linearly extrapolated BDF2, to solve the driven cavity problem. The driven cav-

ity problem is very useful to test how our scheme works when simulating fluid flows.

Moreover, it is highly preferable, because of the practicality when implementing.

We consider two dimensional driven cavity flow. It is modeled on a square domain.

The top of the domain moves with velocity u = (1,0) along the length, and other
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sides of the domain are stationary. Hence, two top corners of the boundary are sin-
gular points. Also, the other two corners are weakly singular. These singularities are
important, because in nature, two dimensional fluid flows in cornered structured is
very common [3]. Hence, the driven cavity problem serves a good understanding for

these kind of fluid flows.

We consider the unit square domain [0, 1] x [0, 1]. As it is seen in Figure at the
top boundary 0 < z < 1 and y = 1, the velocity of the flow is u = (1, 0), and at other

boundaries, there are no-slip boundary condition.

u=(1,0)

(0,1) (1,1)

u = (0,0) u = (0,0)

>

(0,0) u=(0,0) (1,0)

Figure 6.1: Driven Cavity Flow

First of all, we investigate the behavior of cavity flow for different Reynolds numbers
which are Re = 1,100,400, 1000,5000. The streamlines and velocity vectors are
plotted for each Re in Figures [6.2H6.3] by taking 40 x 40 grid points on the domain.
As long as the value of Re increases, the center of velocity vector circulation moves
away from the driven wall and nearly approaches to the geometric center of cavity. At
the same time, we observe reverse circulations in lower corners, when Re increases.
Similarly, streamlines’ centers come close to the geometric center of cavity by be-
coming circular. All of these results in Figures[6.2]-[6.3]are compared with the Akin’s

results presented in [3]], and good matches are observed with them.

Secondly, we examine the values of velocity along the vertical and horizontal lines
passing through the geometric center of cavity. For three different Reynolds numbers
(Re = 100,400, 1000), we draw profiles of x component of the velocity along the
line x = 0.5, and y component of the velocity along the line y = 0.5 by comparing

them with the data of Ghia et al. [[16]].
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Figure 6.2: Streamlines (left) and velocity vectors (right) for each Re = 1,100, 400
(form up to down).
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Figure 6.3: Streamlines (left) and velocity vectors (right) for each Re = 1000, 5000

(form up to down).
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Figure 6.4: Change in velocity along vertical and horizontal midlines for Re = 100.
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Figure 6.6: Change in velocity along vertical and horizontal midlines for Re = 1000.

Even if we use coarser mesh than Ghia et al.’s mesh (obtained with 129 x 129 grid

points), the good agreement is satisfied between Ghia’s data in [16] and our data

obtained by implementing the scheme (6.1)-(6.3) as it is seen in Figures [6.4][6.5] [6.6]

6.5.3 Flow Around a Cylinder

The third example is considered to test efficiency of the scheme (6.1)-(6.3) is the flow
passing through the channel with a cylinder depicted in Figure This well-known
problem is taken from the papers [34, 46]. Taylor-Hood element (P, P;) is used
with 31295 total degrees of freedom. The time dependent inflow and outflow profile
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presented as

7t

uy(0,y,t) =us(2.2,y,t) = 0. (6.63)

w(0,y,t) =uy(2.2,y,1)

At rest of all boundaries, there are no-slip condition. Additionally, we take kine-
matic viscosity v = 1073 and external force f = 0. Also, an additional viscosity is

determined by v = h? and coarse mesh size H = v/h.

inlet outlet §
015bs 0.41m

Figure 6.7: Domain {2 of the test problem

With this problem, we observe the change of velocity vectors attime ¢t = 2, 4, 5, 6, 7
and 8 for the time step At = 0.005 and final time 7" = 8 with the Figure As time
goes on, two vortices start to develop behind the cylinder seen in the velocity profile
att = 2 and 4. After t = 4, as in the profile at ¢ = 5, development of the vortex street
is observed. Also we still see these vortices at the final time 7' = 8. These results

agree with the results of 34} 46].

We deal with the drag c4(¢) and lift ¢;(¢) values at cylinder, and pressure difference
Ap(t) = p(t;0.15,0.2) — p(t;0.25,0.2) at a final time 7' = 8. Definitions of these

values presented in [46] as follow:

2 6uts
ca(t) = LU /S (pya—nny — p(t)n,)dS,

2 8ut5
alt) ==~z [ (wgna+ plt)n,)as,

max

where U,,q, 1s the maximum mean flow, L is the diameter of the cylinder, n =

(g, ny)T is the normal vector on .S and uy, is the tangential velocity.

We obtain the evolution profile of drag c4(t), lift ¢;(¢) and pressure difference Ap(t)
values in Figure[6.9] when we implement the scheme (6.1)-(6.3). These graphs clearly

coincide with the results presented in [34].
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Figure 6.8: The velocity at ¢t = 2, 4, 5, 6, 7, 8 by the scheme (6.1)-(6.3) (from up
to down).
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Figure 6.9: Evolution of maximum value of drag values, lift values and pressure
differences obtained when using the scheme (6.1)-(6.3) with At = 0.005.
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CHAPTER 7

SUMMARY AND CONCLUSION

In this thesis, the projection-based Variational Multiscale (VMS) method is consid-
ered based on linearly extrapolated BDF2 time discretization for the Navier-Stokes

equations.

First, we presented the basic theorems, lemmas and definitions. After that, we started
our review with explaining basic notion of the projection based VMS method, by giv-
ing the three-scale VMS method. Then, we explained the idea of projection-based
VMS method in every respect. Afterward, we used the linearly extrapolated second
order backward difference formula BDF2 to build the fully time discretization. After
obtaining the fully discrete problem, we studied on stability and error analysis of it.
When working on stability analysis, we utilized the G-stability of BDF2. Further-
more, by using Lax- Milgram theorem, we established the existence and uniqueness
of the fully discrete problem’s solution. Lastly, we performed Numerical tests to

verify the stability and accuracy of the method.

With the light of these studies, we yielded that following remarks: Fully discrete
algorithm obtained with projection-based VMS method with linearly extrapolated
BDF2,

(i) is unconditionally stable,

(i1) provides a unique solution,

(i) with some regularity assumptions on exact solution, the error obtained when

simulating algorithm is bounded. In other words, the method is convergent.
(iv) When the finite element spaces satisfy the inf-sup condition (3.14), the optimal
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convergence rates are obtained.

(v) The use of projection-based VMS method gives expected accuracy of the so-
lution and physically correct behavior for benchmark problems namely driven

cavity flow and flow around cylinder.
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