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ABSTRACT

ON SOME CLASSES OF SEMI-DISCRETE DARBOUX INTEGRABLE
EQUATIONS

Bilen, Ergiin
Ph.D., Department of Mathematics
Supervisor : Assoc. Prof. Dr. Kostyantyn Zheltukhin

December 2017, [71| pages

In this thesis we consider Darboux integrable semi-discrete hyperbolic equations of
the form

of

o 20

tlil? = f<t7 t17t$)7

We use the notion of characteristic Lie ring for a classification problem based on
dimensions of characteristic z- and n-rings.

Let A = (aij) nxn be a N x N matrix. We also consider semi-discrete hyperbolic
equations of exponential type

N.

i ; + 7 —ud .o
Uzl,a: - u; = eZa”uﬁ»Za”u 1, = 17 27 SR

We find the conditions on a;;’s so that the above equation is Darboux integrable when
N =2.

Keywords: Darboux integrability, Characteristic Lie ring, Hyperbolic equations
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YARI AYRIK DARBOUX INTEGRALLENEBILIR DENKLEMLERIN BAZI
ALTSINIFLARI UZERINE

Bilen, Ergiin
Doktora, Matematik Boliimii

Tez Yoneticisi : Dog. Dr. Kostyantyn Zheltukhin

Aralik 2017 ,[71] sayfa

Bu tezde,

0
tla: :f(tatlatcv)a % 7é07

formuna sahip Darboux integrallenebilir yar1 ayrik hiperbolik denklemleri ele aldik.
Karakteristik Lie halkas1 kavramini kullanarak karakteristik z- ve n- halkalarinin bo-
yutuna bagl siniflandirma problemi iizerine ¢alistik. Bunun yaninda A = (a;;)nvxn
N x N boyutuna sahip bir A matrisi i¢in,

. . +,,J “ud
) 3 aui+) a;ul P
dh, — = eSS 19 N

formuna sahip yar1 ayrik tissel hiperbolik denklemleri de ele aliyoruz. N = 2 durumu
icin yukaridaki diferansiyel denklemi Darboux integrallenebilir yapacak a;; degerle-
rini elde ediyoruz.

Anahtar Kelimeler: Darboux integrallenebilir, Karakteristik Lie Halkasi, Hiperbolik
Denklemler

vi



To my family

vii



ACKNOWLEDGMENTS

My supervisor Assoc. Prof. Dr. Kostyantyn Zheltukhin helped me to a great extent,
encouraged me to the very end and made this thesis possible. I take great pleasure in
expressing my sincere gratitude to Kostyantyn Zheltukhin.

My deepest gratitude further goes to my family for being with me in any situation,
their encouragement, endless love and trust.

I have been receiving a scholarship about for five years from "Yurt I¢i Doktora Burs
Program1" of TUBITAK. I would like to thank to TUBITAK.

I would like to thank all my close friends whose names only a special chapter could
encompass.

Finally, with deepest feelings I would like to thank my wife Duygu, without whom
this thesis could not exist.

viii



TABLE OF CONTENTS

ACKNOWLEDGMENTS|. . . . .. .. . oo o viii

TABLE OF CONTENTS| . . . . .. ..o o oo X

CHAPTERS

1 INTRODUCTION] 1

2 DARBOUXINTEGRABILITY AND CHARACTERISTIC LIE RINGSI 5

2.1 Darboux Integrability and Characteristic Lie Rings for Con- |
[ tinuous Casel . . . ... ... 5

2.2 Darboux Integrability and Characteristic Lie Rings for Semi- |
[ Discrete Case| . . . ... ... .. ... .. .. .. 9

| SYSTEMS OF EXPONENTIAL TYPE

[3.1 Semi-Discrete Hyperbolic Systems of Exponential Type] . . . 15
[3.2 Characteristic z-ring| . . . . . . . . .. ... ... 17
3.3 Proof of Main Theorem| . . . . . .. ... ... ... .... 25
[3.3.1 The Case X; =0 . ... ... ... ........ 25
[3.3.2 The Case Xo=0] . ... ... ... ... ..... 26

iX



[3.3.3 TheCase X5=0 . . ... ... ... ... ....

[3.3.4 Important Formulas For General Case| . . . . . . .

[3.3.5 The Case X, =0 . . ... ... ... .......

[3.3.6 TheCase X5 =0 . . ... ... ... ... ....

[3.3.7 The Case X =0 . . . ... ... ... ......

| SION OF CHARACTERISTIC RINGS

@.1 Characteristic z-ring| . . . . . . . . ... ... ... ... 45
4.2 Characteristic n-ring| . . . . . . . . . . . .. ... ... ... 48
4.3 Classification of Semi-Discrete Hyperbolic Type Equations [
| Admitting Characteristic z-rings and n-rings of Small Di- [
I MENSIONS| . -« v v v e e e e e e 49
4.3.1 f 1s Linear With Respecttot, (f,... =0) . ... 50
4.3.2 f 1s Nonlinear With Respecttot, (f;.+, #0) . . 53
4.3.2.1 Case l : M =¢3|. . ... ....... 56
1

4.3.2.2 Case2: M = ——......... 56

t, + P
4323  Case3: M= /B+Pt,+Q .... 59
5 CONCLUSIONS AND FUTURE WORKS 65
R RENCES| . . . . . 67
CURRICULUM VITAE . . . ... o 71



CHAPTER 1

INTRODUCTION

Throughout the history mathematicians have been interested in methods to solve par-
tial differential equations. Only a few class of nonlinear equations have known meth-
ods of solutions. This reveals the following questions, is there any criteria to deter-
mine if an equation is solvable and how do we solve this equations? To answer this
question we can study properties of equations solved by a given method and try to
find all equations satisfying particular properties. Thus we call an equation integrable
if it satisfies some specially chosen properties. Since it is convenient to use different
properties to describe different classes of equations there is no universal definition of
integrability in the literature. For more about the integrable equations, see [[1], [8], [9]

and [[13]].

The problem of finding all equations of certain type, is known as a "classification
problem", such classification problems are very important in the area of integrable
systems because we want to know all equations solved by a particular method. Many
mathematicians become interested in classification problem since discovery of the
method of inverse scattering transform by Gardner, Green, Kruskal and Miura in
1967 (see [22]). They used inverse scattering transform to solve Koteveg-de Vries
equation. Later it was shown that it was possible to use this method for other non-
linear equations including nonlinear Shrodinger equation (see [40]) and sine-Gordon

equations (see [27]).

Many approaches were introduced attempting to classify equations solved by inverse



scattering transform. In 1977 Ablowitz and Segur established a relation between
integrable partial differential equations which are solved by using inverse scattering
transform and the equations that satisfy Painleve test (see [2] and also [6], [39], [29],
[21]] and [30]). In 1979 Mikhailov, Sokolov and Shabat introduced the notion of

generalized symmetry which is very useful to classify evolution equations

u = [, Uy Uy ooy Upg ). (1.1)

It was observed that equations solved by inverse scattering transform have infinite
hierarchy of generalized symmetries. For many classes of the evolution equations
complete classifications were obtained by using symmetry approach (see [11], [12],

[241], [331], [341], [37], [38] , [49] and [S0]).

Unfortunately symmetry approach does not work well for hyperbolic equations

Ugy = f(x,y,u,ux,uy). (12)

In 1915, Darboux suggested definition of integrable hyperbolic equation (1.2)) based
on the notion of z- and y-integrals (see [[7]).

The functions G = G(x, y, u, Uy, Uyy, - . . , Upy) and F' = F(z,y, 4, Uy, Ugg, - - -, Uz
are called z-integral and y-integrals of equation (1.2) if D,G = 0 and D,F = 0
for all solutions of equation (I.2), respectively. We call equation (I.2) is Darboux
integrable if it admits a nontrivial x— and y-integrals. Indeed, if such integrals exist
for an equation (1.2)), then the equation can be transformed to a couple of ordinary

differential equations
F(z,y, u, Uy Uy -+, Upnz) = (),
G(I’, 1/7 U, uy7 uyya c e 7uny) = ﬁ(Z/)

The above ordinary differential equations in principle can be solved for u thus pro-

viding solution of equation (1.2) (see [4],[5] and [10]).

In 1981, Shabat and Yamilov suggested a method for determining Darboux integra-
bility of hyperbolic equations (I.2). They introduced the notion of characteristic Lie
ring for hyperbolic equations (see [23] and [32]). Using this approach, they classify
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equations of the form

Ul =eXW =12 ... N, (1.3)

Yy

(see [32]). It was proved that the system (1.3) is Darboux integrable if and only if the
matrix A = (a;j)nxn is a Cartan matrix of a semi-simple Lie algebra. This method

was also successfully apllied to classify other classes of hyperbolic equations (see

[20], [25], [35], [36], [S1] and [S2]).

In 1999, Adler and Startsev defined Darboux integrability for discrete hyperbolic
equations (see [3]]) and in 2005, Habibullin extended definition of characteristic Lie
ring to discrete hyperbolic equations (see [15]). Later in 2007, Habibullin and Pekcan

introduced the the similar definitions for semi-discrete hyperbolic equations

0
tla: - f(tat17ta:)7 % 7£ Oa (14)

where unknown ¢ = t(n,z) is a function of two independent variables; a discrete
variable n and a continuous variable x (see [[17]]).

To define Darboux integrability for equation (1.4]), which is the main subject of our
study, we introduce the shift operator D, setting D’t(n,z) = t(n + j,z) = t;(n,z)
and derivative operator D,, setting D’t(n, x) = %t(n, x) = ty(n, ).

The functions F' = F(z,n,t, t1,t_1,t9,t_o,...) and [ = I(z,n,t,t,, sy, ...) are
x-integral and n-integrals of the chain (I.4) if D, F' = 0 and DI = I for all solutions
of (I.4). For more details on the Darboux integrability of equations (I.4), see [14]],
[16], [18] and [45]].

As we mentioned above there are many classification results for continuous hyper-
bolic equations. But there is no comparable result for discrete and semi-discrete equa-
tions. A restricted classification was done for equations of the form ¢, , = ¢, +d(t, ;)
(see [46]). Some results were obtained toward classification of semi-discrete hyper-
bolic equation with x— and n-ring of small dimension (see [[L7], [28]], [43] and [44]).
For instance it was proven that the only chain with 3 dimensional z-ring and 2 dimen-

sional n-ring is t1, = t, + t; — t (see [28]]).
In 2011, Habibullin, Zheltukhin and Yangubaeva considered discretized form of the

3



equations (I.3) which are called as semi-discrete hyperbolic equations of exponential
type (see [41]). They proposed following discretization that supposedly preserves
integrability

uz‘lx_u;:€Za;u{+Zai—juj 1,7=1,2,..., N, (1.5)

)

where the matrix A = (aij) ~nxn 18 decomposed into a sum of two triangular matrices
A=A, + A_with A = {a;} being upper triangular and A_ = {a;;} being lower
triangular matrices such that all diagonal entries of A are equal unity. It was proven
for N = 2 that if A is a Cartan matrix, then the system is Darboux integrable.
Also it is hypothesized that the system (I.5]) is Darboux integrable if and only if A is

the Cartan matrix of a semi-simple Lie algebra.

We note that discretization hyperbolic equations have many applications in physics
including Toda field equations on discrete space-time, Laplace sequence in discrete
geometry, Q-system, Stokes phenomena in 1D Schrodinger problem and so on. For

more on this subject, see a rewiev paper [20].

This thesis is organized as follows. In Chapter 2, we give the necessary definitions for
Darboux integrability and characteristic Lie rings. In Chapter 3, we prove that when
N = 2 and if the system (1.5) is Darboux integrable then A must be a Cartan matrix
(see also [42]). Finally in Chapter 4, we make a classification of equations which
has four dimensional characteristic x-ring and two dimensional characteristic n-ring

(see also[48]]).



CHAPTER 2

DARBOUX INTEGRABILITY AND CHARACTERISTIC LIE
RINGS

2.1 Darboux Integrability and Characteristic Lie Rings for Continuous Case

The partial differential equations of the form

Ugy = f(a:»yvu?umuy)- (21)

belong to the class of hyperbolic type differential equations. We introduce notations
81 7

Uiz = 5 and u;,, = e We define Darboux integrability of equation (2.I)) in terms
ml y’L

of z- and y-integrals.

Definition 1 /7] Let n,m < oc.

o A function G = G(z, Y, U, Uy, Uyy, . . ., Uny) depending for x,y, u and derivatives of
u with respect to y is z-integral of 2.1) if D,G = 0 on all solutions of [2.1]).

o A function ' = F(x,y,u, Uz, Ugg, - - . , Uz ) depending for x,y,u and derivatives
of u with respect to x is y-integral of if D, F' = 0 on all solutions of (2.1).

e We call (2.1) Darboux integrable if it admits a nontrivial x-integral and a nontrivial

y-integral.

Here D, and D, are operators of differentiation with respect to x and y. In above

equalities the variables u, u,,u,, ... are assumed to be independent. An z-integral
cannot depend on u,, U, . ... Indeed, suppose G depends on z-derivatives and ug,
is the highest derivative thatis G = G(x, y, u, Uy, Uyy, - . . , Uy, Uy, - - - , Uk ). Then,

DwG = Gm —+ Gy -+ Guux + -+ GUTUQM + -+ Gukzu(k—&—l)x = 0.

5



The variables u, u, . . . , ux11), are independent. Note that above expression does not
contain the variable 1), except the last term. Hence G, should be zero, that is
G does not depend on uy,.

From the above definitons it follows that if (2.1)) is Darboux integrable, then it can be

transformed to a couple of ordinary differential equations

F('Ia Y, Uy Uy, Uggy -« - - 7umx> = Oé(l'),
G(x, Y, u, Uy, Uyy, . . ., Upy) = B(Y).

Note that D, G depends on .

Example 2 [19] Liouville equation u,, = e* is Darboux integrable and the corre-

sponding x-integral and y-integral are given as,

1 1
G = uy, — §u§, F=u, — 5%

Example 3 [[19] The equation u,, = e\ /u; — 4 is Darboux integrable and the cor-

responding x-integral and y-integral are given as,

2
uyy—uy+4 1, 1,
- I F = Tr T N - 5 u'
W2 —4 Yew = e = 56

Y

G = :

It is convenient to define Darboux integrability in terms of characteristic ring. Using

chain rule and the equation (2.1)) we can write,

9, 0 0 0
DIG—(%—FUI%—Ffa—uy—i-Dy(f)@—F...)G—o

We define a vector field,

0 0 0 0
X =— — —+ D — ...
I f@uy * y(f)auyy teen
so that X;G = 0. We also have
0
i (G)=0.

9
Oug *

conditions X;G = 0 and X5G = 0. Note that G will be in the kernel of commutators

since G cannot depend on z-derivatives of u. We define X, = Then we have two

of the vector fields X; and X5. Therefore, any vector field in the Lie ring generated

by X; and X, annulates G.



Definition 4 [32/] A Lie ring generated by the vector fields X, and X is called char-
acteristic Lie ring L, of the equation (2.1)) in the direction of x. Characteristic Lie

ring of the equation (2.1)) in the direction of y denoted by L, is defined similarly.

Theorem S [23] The equation (2.1) admits x- and y-integrals if and only if charac-

teristic x- and y-rings are finite dimensional, respectively.

Example 6 [/3|] Liouville equation, u,, = " has 3 dimensional characteristic Lie

ring L, with the operators Xy, X, and X, with a multiplication table,

L, || X1 Xo X3

X;[0 — X3 | up X3 — X,
Xo || X3 0 0

Xsl| X1 —u, X5 |0 0

0 9,
where X1 = D, Xy = 9 and X3 = (X3, X1] = o

The notion of Darboux integrability is easily extended to the systems of hyperbolic

type,
u;y = fi(z,y,u,up,uy), i=1,2,... 0. (2.2)
. . - ' - dut » .
We introduce notations u; = ——and %, = —. Similar to Definition |1 defini-
T Oxd W Oyl

tion of Darboux integrability for such systems is given as follows.

Definition 7 Let r,s < oo

o Afunction G = G(x,y,u', ... u" uy, ... upy, ... u, ... up,) depending on deriva-
tives of u' with respect to vy is x-integral of 2.2) if D, G = 0 for all solutions of ([2.2).

o Afunction F = F(x,y,u, ... ,u™ul, ... u? ... ul,, ... u") depending on deriva-
tives of u' with respect to x is y-integral of 2.2) if D, F' = 0 for all solutions of (2.2).

o We call the system (2.2)) is Darboux integrable if it admits n functionally indepen-

dent nontrivial x-integrals and n functionally independent nontrivial y-integrals.

7



From above definitions it follows that if the system (2.2)) is integrable then it can be

transformed to a system of ordinary differential equations,

Fi(x,y,ut, .. u™ul, oo o ul, o ut) =al (), i=1,2,...,n (2.3)
Gj(x,y,ul,...,u”,u;,...,u;‘,...,uiy,...,ufy):Bj(y), j=1,2,...,n (2.4)

where «;, §3; are arbitrary functions.

Example 8 [4]]] The following system,

is Darboux integrable with x-integrals

_ 2 2
G1 = Uy + vy — Uy, + UyUsy — U,

2

_ 2
Go = Vyyy + Uy (Vyy — 2uy,) + Uy Uy — Uy,

and y-integrals

2 2
Fy = gy + Uy — Uy + ugVy — v

2

2
Fy = Vppe + Up (Vg — 2Ugy) + uiv, — U075

The characteristic rings for a system are defined in the same way as for equations. By

using chain rule we can write

0 0 0 0
D.G = |(— R R T L4 .
<ax+“xau1 oottt
0 0
P 4 DT o e )G =
ouy ouy,
We define a vector field,
0 0 0
Xi= = R R T Ty — 4 .
! 8x+ux8u1+ +ux8u”+f 8u;+
0 0
o+ Dy(f) 5+
ouy Oy,
An x-integral for the system (2.2) does not depend on x derivatives of u’, 7 = 1, ..., n.

Hence we define vector fields Xy = o Xpa1 = %. Then we have (n + 1)

oL
conditions, that is X;G = 0,7 = 1,...,(n + 1). Note that G will be in the kernel
of the commutators of the vector fields X; where : = 1,...,(n + 1). Therefore, any

vector field in the Lie ring composed by X;’s fori = 1,...,(n + 1) annulates G.

8



Definition 9 The Lie ring defined above is called characteristic Lie ring L, of the
equation (2.2)) in the direction of x. The characteristic Lie ring L, of the equation
(2.2) in the direction of y can be defined similarly.

Theorem 10 (see [32]) A system of equations [2.2) admits a non-trivial x-integral
and a non-trivial y-integral if and only if its characteristic x-ring L, and character-

istic y-ring L., are of finite dimension, respectively.

It can be concluded that the system (2.2)) is Darboux integrable if and only if charac-

teristic rings L, and L, are finite dimensional.
2.2 Darboux Integrability and Characteristic Lie Rings for Semi-Discrete Case

We consider semi-discrete chains of the given form,

0
tla} = f(tatla t$)7 % 7é 0 (25)

where unknown ¢t = ¢(n,x) is a function of two independent variables; a discrete
variable n and a continuous variable z [3]]. Recall that we defined ¢, = D*t and Lk =

D¥t. The variables (¢;)7 . and ()72, are considered as independent variables.

—00

Darboux integrability for semi-discrete hyperbolic type equations defined as follows.

Definition 11 /3]

e A function F' = F(x,n,t,t1,t_1,t3,t_o,...) depending on shifts of t is x-integral
of the chain (2.3) if D, F = 0 for all solutions of (2.5).

o A function I = I(x,n,t,t,, tys,...) depending on x-derivatives of t is n-integral

of the chain 2.3)) if DI = I for all solutions of (2.3) where,
DI =1(x,n+ 1 ty, f, for fows- ) = L(x,n,t te o,y .. ). (2.6)

In other words, the function [ is in the kernel of the operator (D — 1)1 = 0.
e We call the chain (2.5) Darboux integrable if it admits a nontrivial x-integral

F(z,n,t ty,t_1,ta,t_o,...) and a nontrivial n-integral 1(x,n,t,t;, trs, ... ).

Remark 12

1. In the same way as in continuous case we can show that an x-integral cannot

9



depend on x-derivatives of t and an n-integral cannot depend on shifts of t.

2. Note that DI depend on t, and DI depends on shifts of t.

It follows that if the chain (2.5) admits a nontrivial z-integral and a nontrivial n-

integral then by above definitions the following identities,

F(I,n,t,tl,t_l,tg,t_g, .. ) = a(n)
I(x,n,t ty, tys,...) = B(x)

must be satisfied for arbitrary «(n) and 5(z). This means that the chain (2.5)) can be

reduced to a pair of equations; one differential equation and one difference equation.

Example 13 /3] As an example, we consider coupled Riccati equation t,, = t, +
t2 — t2. It is Darboux integrable and the corresponding n-integral and x-integral are
given as,

(t —ta)(t1 — t3)
(t —t3)(t1 — t2)

I=t, —1t° F=

t t
Example 14 [5)] The chain t,, = 1;— is Darboux integrable and the correspond-

x
ing n-integral and x-integral are given as,

po =D (=t 1)
Z (ta +t1)

By shifting (2.5) backward it is possible to write as

t—lm = g(tat—17tw) (27)

for some appropriate function g. This can be done owing the condition STJ; # 0 we
supposed for (2.3).

The characteristic x-ring for the systems is defined in the same way as in continuous
case. We consider vector fields Dy = D, and D; = %. Then we have two conditions
DyF = 0 and D F = 0. Note that F' will be in the kernel of commutators of the
vector fields Dy and D;. Therefore, any vector field in the Lie ring composed by Dy

and D; annulates F'.

Definition 15 Lie ring generated by the vector fields Dy and D, is called character-
istic Lie ring L, of the equation (2.5)) in the direction of .

10



Theorem 16 (See [32]) Semi discrete chain (2.3) admits a non-trivial x-integral if

and only if its characteristic x-ring L, is of finite dimension.

Example 17 [47)] For the chain,

tie =ty + \/62151 4 ettt 62t’

characteristic Lie ring L, is 3 dimensional with the operators Dy, D1 and Dy with a

multiplication table,

L, || Do Dy | Dy
Dyl 0 —Dy | t,Dy — Dy
Dy || D, 0 0
Dy || Dy —t,Dy | O 0

0
here Dy = D,, D1 = — and D (D1, Do)
wnere L 1 atw(l”l 9 = 1 0 Z atk

The notion of Darboux integrability is easily extended to systems of semi-discrete

type,

. . a Z
e = [T, ), f

1%z

¢01:L“¢n (2.8)

where unknowns t* = t'(n, z') are functions of two 1ndependent variables; a discrete
variable n and a continuous variable . We define D’t*(n, x) = t}(n, x) = t'(n+j, z)
and Dit(n,z) = t{;(n,z) = 2 ti(n, x). The variables (t}) . and (t n)ie, are

considered as independent variables.

Definition 18

o A function F = F(x,n,t', ... t™ th .. t7 ¢t ... t", 1) ...) depending on
shifts of t'’s is x-integral of the chain (2.8) if D, F = 0 for all solutions of (2.8)

e A function I = I(x,n,t*, ... "t} ... t™ tl ...) depending on x-derivatives

of ti(n, x) is n-integral of the chain 2.8)) if DI = I for all solutions of (2.8)), where

DI =1I(x,n+ 1ty . 80 ™ e fL ).

Tx

In other words, the function I is in the kernel of the difference operator (D —1)I = 0.
e We call the chain (2.8) is Darboux integrable if it admits m functionally independent

nontrivial x-integrals and m functionally independent nontrivial n-integrals.

11



Note that if the chain (2.8)) is Darboux integrable, then the following identities,
Fi(z,n,th, ™ 4, 00ttt ) =al(n) i=1,..,m
Fa,n,th, . ™t el ) = B(x) j=1,...m

should be satisfied for arbitrary functions a’(n) and 3?(z).

Example 19 [4]] For the system

Uy — Uy =TT

Vip — Up = €—u+v+v1
x-integrals are
_ _—v+ur —u+ui+vy—v2 Ul —u2
Fi=e +e +e ,
—_ ,utu ul—u2—v1+va V2 —U3
Fh=e +e +e ,

and n-integrals are given as

2 2
[1 = Ugg + Vgg — U, + UpVy — Uy,

2 2
Iy = ugy + Uy (Vgw — 2Ugy) + ULV, — ULVS.

In the same way as in the continuous case, we define vector fields,

Dy =D,
9,
Dizﬁ_tfv’ z:l,,m

Then any vector field in the Lie ring generated by D;’s annulates F'.

Definition 20 Lie ring generated by the vector fields D;’s i = 0,1,...,m is called

characteristic Lie ring L, of the equation (2.8)) in the direction of x.

Example 21 [4]|] For the equation,
u+u1—v1

Ul — Uy = €

Vigp — Up = 67u+v+v1

characteristic Lie-ring L, consist of the operators a%’ Yi.Y5, A B, P, PBrandT, =
[Py, Py] where,

0 0 0 0
Y, = Y, = A= E — B = E —
! ou,’ 2 ov,’ , Ou, ’ , ov; ’

J=—00 J=—00

12



o0 a
Uj—1+U;— Uz —iFU— 41—V 41
e e" )
au ou_y’

k=1 i=1 k=1 =1

f)2 — E (§ e_uifl'i‘vifl"l‘vi) _ E (E 6—u,i+v,i+v,i+1) )
el e 8’Uk — = 8U—k
=1 =1 k=1 =1

One can also define the characteristic n-ring such that a nontrivial n-integral exists
if and only if the characteristic n-ring is finite dimensional. Since we are not using
characteristic n-ring in our work we will not give its definition here. The definition is

rather technical and can be found in [17].

13



14



CHAPTER 3

ON DARBOUX INTEGRABLE SEMI-DISCRETE
HYPERBOLIC SYSTEMS OF EXPONENTIAL TYPE

3.1 Semi-Discrete Hyperbolic Systems of Exponential Type

Let A = (a;;)nxn be an N x N matrix and consider hyperbolic systems of exponen-

tial type,

pio= e i=12 .. N. (3.1)

Y

The Darboux integrability of such systems is described by the following theorem.

Theorem 22 (see [32)]) The system (3.1) is Darboux integrable if and only if A =

(aij)NxN is the Cartan matrix of a semi-simple Lie algebra.

Note that a square matrix A = (a;;) yxn is a Cartan matrix if it satifies the follow-
ings,(See [31]])

D) a; € {-3,-2,-1,0,2},

2) a; = 2,

3)a;; < 0wheni # j,

4)a;; =0= a;; =0,

5) There exists a diagonal matrix D such that DAD ™! gives a symmetric and positive
definite quadratic form.

Note that Cartan matrices in two dimension has the form,

2 -1
A= , where c¢=1,2,3. (3.2)
—c 2

15



We want to consider discretization of (3.1)) which preserves integrability. Following
[41], we decompose A into a sum of two triangular matrices A = A, + A_ with
Ay = {a;;} being upper triangular and A_ = {a;;} being lower triangular matrices
such that all diagonal entries of A, are equal unity. For example when N = 2, this

decomposition is given by,

a1 Aa12 A aj; — 1 0 A I ap
- = 3 + =
21 Q929 921 929 — 1 0 1.

A:

Now we consider discretized form of (3.1). Let r*(n,z), i = 1,2,..., N depend on
a continuous variable x and discrete variable n. We consider semi-discrete chains of

the form (See [41]])

Tll' - 7’; — 62(1;;7{4‘2@;7’7‘ Z,j — 17 27 - N (33)

)

For example if we put 7' = u, r? = v, then for Cartan matrix (3.1)), the system (3.3)

becomes

Uty — Uy = eu—l—ul—vl

c=1,2,3. (3.4)

Vigp — Uy = e—cu+v+v1

For Darboux integrability of system (3.3]) we have the following conjecture.

Conjecture 23 (see [41]) System (3.3) is Darboux integrable if and only if A is a

Cartan matrix .

In [41] it was proven that for 2 x 2 Cartan matrix we have Darboux integrable sys-
tem. Also for the corresponding system (3.4), characteristic x-ring, z-integrals and
n-integrals are fully described.

In this chapter, we classify all A = (a;;)2x2 matrixes such that the system is
Darboux integrable. In the end, we will show (3.3) is Darboux integrable only if A is
the Cartan matrix. That will complete the proof of Conjecture 23| for the case N = 2.
Our proof is based on characteristic z-ring. Considering characteristic z-ring we also

reproduce results of [41].

Theorem 24 The system of hyperbolic equations of exponential type,

Uy — Uy = 6((111—1)u+u1-&-tl121)1
X x —

(3.5)

Vg — Uy = eaglu—i-(agz—l)v—l—vl

16



is Darboux integrable if and only if the matrix A = (a;j)2x2 is the Cartan matrix.

The proof of the main theorem will be given later. In the next section we consider the

characteristic z-ring to prove this theorem.
3.2 Characteristic z-ring

Consider an arbitrary matrix A = (a;;)2.2

aix a2

A= , 12, az # 0

a21 A2

Setting r! = u, r? = v, the system (3.3)) takes form,

Uly — Uy = 6(011—1)u+u1+a121)1
x x

(3.6)

Vig — Uy = ea21u+(a22*1)v+v1'

Conditions a9, a9, # 0 are needed because if a;o = 0 or ay; = 0, then (3.6) is
reduced to a set of ordinary differential equations. We assume (3.6) is Darboux inte-
grable and prove that this is possible only if A is the Cartan matrix. The proof will be
based on by constructing x-ring of the system. Let us construct z-ring of the system.

Following Definition [15|the characteristic x-ring is generated by vector fields

Z 9 ted v e 0 . 9 |
= — 4 Uy— +V— F U= + V= F U= + Vg=— F ...
ox ou ov ! Oouy ! ovy =1 ou_q =D ov_;
0 it 0 0
- 20 5 (o)
ox k—z—oo k Oouy, F oy,
and
0 0
Y7 ouy’ 7 v,
For convenience we define,
M, = e(all_l)ui71+ui+012vi M_; = e(au—1)u7i+u7i+1+a12v7i+1

N, = 6(0«22—1)712‘71"1‘7}2"'1‘(121”1'71’ N_; = 6(022_1)U—i+v—i+1+0«21ufi.
Note that, M;, M_;, N; and N_; are never zero and we have
k k
i=1 i=1

17



k k
Ve =Va+ Y Niy Umge =00 — ) Noy. (3.8)
=1 i=1

We prove the identities (3.7) and (3.8)) by using induction. Firstly note that if we shift
(3.6) backward we get,

_ a11—1lu_1+utaiov __
U(—1)z = Uz — el ) =u; — M_q,

(3.9)

_ az1u—1+(az2—1)v_1+v __
V(—1)g = Uy — € ( ) =wv, — N_;

We will prove the identities in (3.7)). The other identities be can proved similarly. For
k = 1, the identities in (3.7) follows from (3.6) and (3.9). Now we suppose (3.7) are

true for £k = n. That is

i=1 =1
Then we find
(n+1) (n+1) (n+1)
U(nt+1)z = Uiz + Z M; = u, + My + Z M; = u, + Z M;
i=2 i=2 i=1
and
(n+1) (n+1) (n+1)

U(n+1)l«—'u,(1 ZM,—UI‘FM,l—FZM, ZM,

Hence the identities (3.7) are true for £ = n + 1, this completes the proof. [

Consider the commutators of Z, Y7 and Y5. They have the following form,

Next we define A* = [A, Z] and B* = [B, Z|. Then

oS () S ()

k=1 i=1 i=1

—|—a21i (iN) ——aﬂZ (ZN> Do

=1

and
00 k a o) k
B :G12;<;Mi> a—w—aw;(z 1M z> Ju_ k
= 0
+a22k§:;( ‘)8—1%—&222::(;]\[—1) 90 k-

18



For convenience instead of A* and B* we define the vector fields,

1 1
P = (ag2A* — ag B*), Py = (—apA* + a1 BY).
Q22011 — A210A12 A92011 — A210A12
They have the form,
P = M; )| — — M_, ,
=3 (M) g - ()
k=1 Ni=1 k=1 “Ni=1
P, = N; | — — N_;
2 k=1 zzl )av’“ ;(121 )3” k

Hence the vector fields,

0
oz’
belong to the characteristic z-ring of the system (3.6). Here note that the vector field

Yia Y27 A7 Ba Pl and PQ

Z can be written as linear combination of the above vector fields. Moreover, we have

the following commutator table for this vector fields.

Vi Ya|A|B|P |PR

9

B 0 0
0 0

Y, 0 0

an Py | an Py

e
(@) (@] (@] o] @] glm

o o o | o o
(eoll N en BN el B el N e
o | oo | o | O
o o o | o O

a2 Py | anhP;

We can conclude from the above table that except the commutators of P, and P, the
other terms do not produce any new vector field. Thus the characteristic x-ring is
finite dimensional if and only if the ring generated by P, P is finite dimensional.
Let A be the ring generated by Py, P,. To describe the structure of A we define a
sequence of linear spaces X, as follows,

XO = LG{Pl, PQ},

Xl = Lm{[Pl,Pg]},

XQ - Lin{[-PtQDa[-Pth7-PtQQH}J t207t217t22 € {172}7

Xy = Lin{[Po, s [Py [ [P P 113, s s oo b € {1,23,
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Lemma 25 The intersection of the linear space X; and X; is empty that is X; (| X; =
0 when i # j.

Proof: Consider the vector fields X; € X, for7 = 1,2,.... Then the vector fields
Xy, Xo, ..., X are

0 o o0 o 0 o X 8

k=—0o0 \ t,j=—00 k=—o0 \ 7,j=—00
T T 8
X, = k_zoo (;; AZUM QNJR2> un + k_zoo (;—; BQ%JM 2N]R2> avk

. > (3 )2 Z

k=—o00 \ i,j=—00 k=—o0

Tk NSk 8
(ZZB’“JM N )avk

1,]=—00

where Ay;;’s and By;;’s are constants and 1 < 7y, s, < k, 7, + s, = k + 1 for
k=1,2,3,....

Suppose contrary, X,, (X, # 0 for some m # n, then there exist a vector field
C € X, X,, such that C' = ¢, X,,, = ¢, X, and ¢,,, ¢, # 0 for some X,,, € X,,, and
X,, € X,,. Then the coefficients of i and i must be same for ¢, X,, and ¢, X,,.

8uk avk
We must have,

oo oo SIS

2 § T s 2 § T s
CmAmijMimij = annl]M'LnN]n7

ivjzfoo i’j:—oo

4,j=—00 1,j=—00
where
T s _ rm(uita12vi+(a11—1)ui—1)+sm(vjt+az2i1uj—1+(az2—1)vi_1)
M' mNm — e m\ti 7 i m\Uj J J ,
M NS =  ern(witanzvit(an—1ui—1)+sn(vj+aziv;—1+(az2—1)v-1)

Y

are polynomials of exponential powers. Since both of r,,, = r,, and s,, = s,, cannot
hold at the same time, the polynomials of exponential powers are not same. Hence
we must have ¢,, = ¢, = 0. This means that the vector field C' = 0 and this is a
contradiction with our assumption. Hence the intersection of the linear space X; and

X is empty. 0

20



Lemma [25| shows that A is a direct sum of X,,’s.

A=XoX Xy +....

Lemma 26 IfdimA < oo then the linear space X,, = 0 for some n < oc.

Proof: Suppose contrary, let dimA4 = p < oo for some p € N but 4 = ZX"'

n=1

By Lemma for arbitrary m € Z7*, we can find vector fields X; € X; for i =
1,2,...,m. Hence we can find m linearly independent vector fields in .A. Then m
must be less than dim.A. But since m is arbitrary this is not possible and that is
a contradiction with our assumption. Therefore, we must have X,, = 0 for some

n < oo. O

To prove our claim we will need the condition X,, = 0 for some n. In this case,
all vector fields in X,, must be zero. To ensure this we must have a condition to
prove a vector field is zero. Thus, the following lemma is very useful to show that

characteristic x-ring is of finite dimension.

Lemma 27 (See [28)]) Suppose that the vector field

t ;<O"“8% i O“’“aj_k>+;(ﬂka% ! 6‘k0va—k>

satisfies the equality DX D™' = hX, where h is a function depending on shifts and

derivatives of variables v and v then X = (.

The next lemma shows how the transformation D(,)D~! acts on the vector fields A,
B, P1 and P2.

Lemma 28 We have the following identities,

DAD™' = A, DBD'=RB

Y

DplD_lzpl—MlA, DPQD_1:P2—NlB.

(3.11)
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Proof: It is easy to check that DAD~! = Aand DBD~! = B. Let

DPD™ = i(akiJra s )

1 8uk 8u,k
then
k—1
ax = DP,D " (uy) = DPy(ug_,) = ( Mz> ZMZH. k=1,2,...
k=1

Hence we have

In the same way, we can find the equality for a_,, £ = 1,2.... Thus, we have

DP,D~!' = P, — M, A. The formula for DP, D~! follows similarly. O

Let us we introduce the sequences of the commutators;

Xli le[Pl,Pg],
XQI TQZ[Pl,Tl], RQZ[PQ,Tl],
Xs: T3=[P, Ty, K3=[P,T], H3=[P,R), R3=[P Ry

In general we define

Xn : Tn - [PlaTn—1]7 Kn = [P2a Kn—1]7
Hn:[Plan—l]a Rn:[P27Rn—1] n=4,5... |,

We also define

Xn : Wn = [PQ,Wn_l], n Z 4,5 .. and Wg = Tg,
Vn:[PQ,Vn_l], 7125,6 and ‘/;L:Téh

and
QU:[Z—VMJ—VJ] iaj:172a37"' )

We have two lemmas which are very useful for our calculations.
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Lemma 29 For the vector fields in x-ring we have the following identities,

a) A(M;) = a; My, A(N7) = ag Ny.

b) B(M,) = axM;, B(N;) = agN;.

¢) Pi(M,) =M}, P (N,) =

d) Py(M,) = a;aM Ny, Py(Ny) = N}

e) T\(M,) = —a;sMi Ny, Ti(My) =0 i>2, T,(Ny) =0, i>1.
 Ro(My) = —app(arg + 1)MPN?  i>2  Ri(N,) =0, i>1.

Proof: We prove (e) and (f), the others follow similarly. We start with (e),

T1<M1> = [Pla P2]<M1> = P1P2M1 - P2P1M1
= Pl(CngMlNl) — P2(M12) = —CL12M12N1.

Ti(N1) = [P, B](N1) = PPNy — PPN,
= Py(N?) = Py(0) = 0.

To(My) = [P, Th|(My) = P'TiMy — Ty P M,
= Pl(—alngNl) —T1<M12) = 0.
when ¢ > 2, using induction we suppose T (M;) = 0 and T}(N;) = 0. Then,

T (M) = [Py, Te)(My) = PyT(My) — Ty Py(My) = T(M?) = 0.

Tk+1(N1) = [Pl,Tk](Nl) - PlTk<N1> - Tkpl(Nl) - 0

Hence they are true for n = k + 1. That completes the proof of part (e). Now we

prove (f), We have

Ry(My) = [P, Th|(My) = RTA My — Ty P2 M,y
= PQ(—alngle) — Tl(alngNl) = —a12(a12 + 1)M12N12

Ry(N1) = [P, Th](N) = BRTIN: — Th PN,
= —Tl(N12) =0.
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when i > 2, using induction we suppose Ry (N7) = 0. Then,
Ris1(N1) = [P, Ri](N1) = PoaRi(Ny) — Ri.Py(Ny) = —Ri(N7) = 0.

That means R;(N;) = 0. Hence it is true for i > 2. O

Lemma 30 We have the following identities;

a) [A,T,] = (nay; + asn)Ty, e) [B,K,| = (a2 + nax)K,,
b) [B, Tn] = (na12 + agg)Tn, f) [B, Wn] = (3@12 + (n — Q)GQQ)WTL,
¢) [B, R,)

= (CL12 + TLCLQQ)Rn, g) [B, Vn] = (4@12 + (TL — S)GQQ)Vn.
= ( )

d) [A R,

a11 + nag ) Ry,

Proof: We prove (a) and (b), the others follow similarly. We use induction. For

n = 1 we have
[A> Tl] = [Av [P1>P2H = _[Ph [P2>AH - [P27 [Av PlH
= —[P,—anP)] — [P, a11 P = (a11 + ax)Th.
Hence (a) is true for n = 1. Now we suppose (a) is true for n = k. That is, we
suppose [A, Tx] = (kaj1 + ag1)T. Then
[A7Tk+1] - [Aa [Pl)TkH - _[Ph [Tka AH - [Tkv [Aa Pl]]
= —[P, —(kay + ax)Tk]] — [Tk, a11 P]
= ((k+1)ai; + ag1)Tht.

That means (a) is true for all n.

Now we prove(b). We use induction again. For n = 1 we have
[B7T1]:[B7[P17P2H - _[Pla[P27BH_[P27[B7P1H
= —[Ph —a22P2]] - [P2, Cl12P1] = (a12 + a22)T1-

Hence (b) is true for n = 1. Now we suppose it is true for n = k. That is, we suppose

[B, Tk] = (k?am + aQQ)Tk. Then,
(B, Tiea] = [B, [P, Til] = =[P, [Tk, B]] — [Tk, [B, PA]
= —[P, —(kaia + an)Tk]] — [Tk, a12Pi]

= ((k+1)az + an)Tii.

24



That means (b) is true for all n. ]

3.3 Proof of Main Theorem

We suppose system (3.5)) is Darboux integrable. Then from definition of Darboux
integrability, system (3.5) must admit two functionally independent nontrivial -
integrals and two functionally independent nontrivial n-integrals. Firstly, we con-
sider z-integrals. Since system (3.5)) has a nontrivial z-integral, Theorem [I6|implies
characteristic z-ring of the system is finite dimensional, that is dim.A < oo. Then
Lemma [26| implies the linear space X,, = 0 for some n < co. Hence we will study
all the cases such that the linear space X,, = 0O and X;, £ O for k = 1,2,..,n — 1.
Therefore we will find all cases of the system (3.5)) that are Darboux integrable. We
will also find the dimension and bases of characteristic z-ring for each Darboux in-
tegrable system. Firstly we will consider the cases X;, X, and X3 are equal to zero,
then we will prove some general formulas to generalize our result to X,, for alln € N.

We start with the case X; = 0.
3.3.1 TheCaseX; =0

The only vector field in X is
Tl - [Pl, PQ]

We will show X is never zero because the vector field 7] is never zero.

Lemma 31 We have the following identity for the vector field T}

l)jjll)i1 = T1 -+ a12N1P1 - a21M1P2 —+ aglMlNlB. (312)

Proof: Using (3.11)) we can write,

DTlDil - D[Pl, PQ]Dil - [DPlDil, DPQDil] - [Pl - MlA, P2 - NlB]
= [Pl,PQ] - [Pl,NlB] - [MlA,P2]+[M1A,N1B]
= T1+CL12N1P1 —a21M1P2+a21M1NlB.
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Proposition 32 For the system (3.5)), the linear space X; = 0 is not possible.

Proof: By Lemma Ty = 0if and only if DT} D~ = T; and using Lemma this
is possible if and only if @15 = a9; = 0, which is a contradiction with our assumption.

Hence linear space X; = 0 is not possible. U

3.3.2 The Case X, =0
All possible vector fields in Xy are given as follows,

T2: [P17T1]> RQZ [P27T1]-

Lemma 33 We have the following identities for the vector fields T, and R in Xo,

DIL,D™' =Ty + o MiTh + o M Py + o, MiN1 Py + o, Mi N1 B (3.13)

where
of, = —(2ax + an), ap, = —ara(an + 2as),
Oé?ag =as(an +an — 1), af =an(l—an —an),
and
DRyD™' = Ry + v, NiT1 + v, N; P, (3.14)
where
V3, = —(2a12 + am), Vi, = a12(1 — az — arz).
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Proof: We can write

DT,D™' = D[P, T)|D' = [DP,D™ ', DT\ D]
= [P — M A, Ty + a1sN1 PL — ag My Py + ag My N, B
= [P, Th] + ara[P1, N1 Pi| — ag[Pr, My Py + agi [P, My N, B]
—[M A, Th] — ap[M1 A, N1 Py + a9 [M1 A, My Py| — ag [My A, My N, B.

Using the identities in Lemma 29 and Lemma |30 we get the desired result for 75. We

also have

DR,D™' = D[P, T\|D"' = [DP,D', DT\D ']
= [Py— NiB, T\ + a;sNy P — a1 My Py + as My N, B]
= [Py, T1] + a1s[Py, Ny Pi] — asy[Py, My Py] + asy [Py, My N, B]
—[N\B,T1] — ais[N1B, Ny Py| + a1 [N\ B, My Py) — a1 [N\ B, My N, B].

In the same way, using the identities in Lemma 29 and Lemma [30| we get the desired
result for Rs. O

Proposition 34 For the system (3.5)) the linear space Xy = 0 if and only if a;;’s
satisfy,

ap = 2, ajp = —1

ag = —1, axp =2

in which case A-ring of the system (3.5)) is 3 dimensional with bases P;, P, and T}.

Proof: Since 15, Ry € X, they must be zero. Firstly, DT,D~' = T, must be
satisfied. From the coefficient of 77 and P in (3.13) the followings must be satisfied

Oé%rl = —(2ag; + a11) =0,

a2P2 = (Igl(all + ag1 — 1) = 0.
They imply
a1 = 2, 91 — —1. (315)
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Under conditions (3:15), DT, D! = Ty is satisfied and Lemma 27 implies 75 = 0.
In addition to that we must also have DR, D~! = R,, from the coefficient of 7} and

P, on the right hand side of (3.14)) we have
77, = —(2a12 + az) =0,
71232 = a9 (1 — ag —ajp) = 1.
which imply
a1g = —1, a9 =2 (3.16)

Under the conditions (3.16), DRsD~! = R, is satisfied and Lemmaimplies Ry =
0. This means that all vector fields in X, are zero. Hence X, = 0.

Under conditions (3.13)) and (3.16) the nonzero vectors fields in X, and X, are P, P,
and 7). Hence, the ring A of (3.5)) is 3-dimensional with bases P;, P, and 77 and we

have the following 8 dimensional characteristic z-ring.

L) &Y YslA |B | P | B | T
2 lojojo|o 0 0 |0 |0
Yi |[0[0]0]O0 0 0 0 0
Yo J0[0]00 0 0 0 0
A 0[0]00 0 2P, | =P T}
B 0[0]00 0 —P | 2P, | T}
P {010 ]0]=2P| P 0 T, |0
P, {010 ]0| P 2P| =T1| 0 0
v |0]00 =Ty | =Ty |0 0 0
O
Note that we obtained
a= 2 ). (3.17)
-1 2
which is a Cartan matrix. In this case the system reduces to
Uiy — Uy = T
(3.18)

Vg — Uy = e T

28



For this system our results reproduce the results of [41]. Also corresponding -

integrals are [41]],

_ vt —u+tu1+v1—v2 Ul —uU2
Fi=e +e +e ,

F, = e Utu + U1 u2—v1Fv2 4 V273

)

and n-integrals are given as follows

2 2
[1 = Ugg + Vgg — U, + UpVy — Uy,

2 2
I = ugy + g (Vgy — 2Ugy) + ULV, — ULV

3.3.3 The Case X53=0

All possible vector fields in X3 are given as follows

[P17T2] :T3a [P27T2] :K37
[P1, Ry] = Hs, [P, Ry] = Rs.

Note that the relation H3 = K5 is satisfied by the Jacobi identity.

-

(3.19)
(3.20)

Lemma 35 We have the following identities for the vector fields T3 and R3 in X3

DTgDil = T3 + CK%QMlTQ + a%leTl + CKSI)JIM12N1P1

+a}, MY Py + o, My N, B,

where
o, = —3(an + axn),
04% = CL11(2£L11 + 6ag; — 1) + a9 (3@21 - 3),
o = asaia(6air + 3as — 3) + anaix(2a1; — 1),
o, = —as1 (1 — a1 — a21)(2 — 2a11 — as),
0‘?1)3 = a9 (1 — a1 — a2 )(2 — 2a11 — an),
and

DR3D™" = Ry +~}, N1 Ro + v N{T1 + 7}, N} P + v}, N{ B,

29
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where

7??,2 = —(3a12 + 3az),
Vi, = (a12 + 2a2s — 1)(2a12 + as),
’Y?DQ = @12(2 - 3a22)(1 — Q12 — a22),

Vg = a1a(1 — ary — ag).

Proof: We can write
DT3:D™' = D[P, Ty)D' = [DP.D™ ', DT, D]
= [P — MiA, T5 + o Mi Ty + af, M7 Py + of, MyN1 P + a3, M{ N, B]
= [P, T3] + of, [P, MiTh] + o}, [P, M Ps) + o, [P, My Ny Py
+ap[Pr, Mi N1 B] — [My A, T5] — o, [My A, M T1]
_0‘?32 [MyA, M?Py) — oﬁb [My A, My N, P| — a3[My A, M N, B.
Using the identities in Lemma [29|and Lemma 30| we get the desired result for 75. We
also have
DR3D™' = D[Py, Ry)D™' = [DP,D™', DRyD™ ]
= [Py — NiB, Ry — (2a12 + a22) N1 T} + a12(1 — aga — a12) N7 P
= [P2, Ry] — (2412 + az2)[P2, NiTh] + a12(1 — age — a12)[Pa, Ni P3]
—[N1B, Ro] + (2a12 + ag2)[Pa, NiT1] — a12(1 — asy — a12)[N1 B, N; P3].

In the same way, using the identities in Lemma 29 and Lemma [30| we get the desired

result for R;. 0

Lemma 36 [fthe vector field R3 satisfies R3 = 0, then Ry = 0

Proof: We suppose Ry # 0 and DR3D~! = Rz must be satisfied. Then from the
coefficients of Ry, T} and B on the right hand side of (3.22) the followings must be
satisfied,

Ve, = —(3ai2+3az) =0, (3.23)
V3 = (a12 + 2a2 — 1)(2a12 + ax) = 0, (3.24)
vy = aa(l — a2 — ax) = 0. (3.25)
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Equalities (3.23), (3.24) and (3.25) are satisfied if and only if a1 = 0 and asy = 0
which is not possible. Hence we find R3 = 0 if and only if Ry = 0. U

Proposition 37 For the system (3.3)), the linear space X3 = 0 if and only if a;;’s

satisfy,

ajp = 2, 12 = —1,

91 = —2, 99 — 2.

in which case A-ring of the system (3.5)) is 4 dimensional with bases P,, P,, Ty and
Ts.

Proof: Assume that X3 = 0. Since 73, R3 € X3 they must be zero. Since T5 =
[Py, Ty] assuming Ty # 0, DT3D~! = Ty must be satisfied. From the coefficient of
T5 and T on the right hand side of (3.21]) we have

04%12 = —3(6L11 + agl) = O, (326)
o, = a11(2a11 + 6ay — 1) + az1(3az; — 3) = 0. (3.27)

Solving (3.26) and (3.27)) we find

a1 = 2, 91 — —2. (328)

Under the conditions (3.28), DT;D~' = T is satisfied and Lemma implies
15 = 0.

Also, using Lemma R3 = 0 implies Ry = 0, Then from the proof of Proposi-
tion [34} we find

19 = —1, 99 — 2. (329)

Under the conditions (3.28) and (3.29), since Ry = 0 and H3z = K3 the vector fields
in (3.19) and (3.20) are zero. Then we get X3 = 0 and the nonzero vector fields in
X;, fori = 0,1,2 are Py, P, Ty and T5. Therefore, A ring of the system (3.5) is

4-dimensional with bases Py, P, T} and T5 and we have the following 9 dimensional

characteristic z-ring.
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L] 2 Y| Yy A B P P Ty |T
2 Jojojo]o 0 0 0 0 0
Yi |0[0]0]O 0 0 0 0 0
Yo, |0[0]0]O0 0 0 0 0 0
A 0/0(0/0 0 2P, | —2P| 0 2T,
B 0/0(0/0 0 -P | 2P |T} 0
P ]0]0]|0]| 2P| P 0 T T, 0
P, 0]0]0]|2P | =2P -1, |0 0 0
Ty [[0]0]0]0 -1y | =15 |0 0 0
T, ||0]0 0| =275 0 0 0 0 0
O
Note that we obtained
a7 : (3.30)
-2 2
which is a Cartan matrix. In this case the system (3.5]) reduces to
Ui — Uy = T
(3.31)

Vig — Uy = e 2Tt

For this system our results reproduce the results of [41]. Also corresponding x-

integrals are [41],

_ ,utug —u1+uz+tv2—v3 ul—u2—v1+v2 v2—U3
Fi=e +e +e +e ,

vt —2u~+2u1+v1 —vo —u+2u1—ug 2u1 —2u2 —v1+vg Vo —v3
F=ec +e + 2e +e +e ,

and n-integrals are given as

2

T

I, = 2ug, + Uy — 2u32£ + 22U,V — v
Iy = up + uy (v — 2upg)) + Uge (dtgv, — 2u2 — v?)

4 2 92 2
F Uz (Vgz — Uge) + Vpptly (Uy — 205) + uy + U0 — 2Us0,.

Before considering the next case, we will prove some general formulas for the vector

fields 7;, and R,, in X,,.
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3.3.4 Important Formulas For General Case

Let us find how the transformation D(,)D~! acts on the introduced sequences of

vector fields.

Lemma 38 We have the following identities for the vector fields T,, and R,,.

DT,D™" = T,+ao} MT,1+af MT,o+... , (332
DR, D" = R,+7% NMRy1+7% ,NiRyo+... . (333)

Proof: We use induction. Equations (3.13) and (3.22)) imply the above formulas for

n = 2, 3. Now we suppose they are true for n = k and we check the case n = k + 1,

DTy D' = [DPD', DT.D™
= [P — MA Ty + o, MTpq + o, MiTio+...]
= Ty + Cvl%:lMlTk + (Jé;:_llMIQTk_l + -+ a?lef_i+1ﬂ + ...,

where
oAbt = af, | — (kan +an), (3.34)
oA = o+ (1= kay —axn)ok, (3.35)
oA = o+ (2 kan —an)dk, . (3.36)
and
DR, D' = [DP,D™', DR,D™ ]
= [P, — NB, R+, NiRp-1 + 75, NiRio+...]
= Ry + ’Y]]%:lNle + ’YHLNERICA o
where
Vit = ke, — (ka4 an), (3.37)
vl = Ak, + (1= kaxn —an)vp, (3.38)
Y, = Ve, (2= kasn — aw)vk, - (3.39)
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Hence (3.32)) and (3.33) are true for n = k + 1. That means (3.32) is true for n > 2
and (3.33) is true for n > 3. O

Lemma 39 We have the following formulas for the coefficients of the terms of DT, D1
and DR, D~ in (3.32) and (3.33)),

n(n —1
or, == ( 5 >a11—na21, n>2
1
ap = ﬂn< — 8ayy + 12nay; — 4n’ar;, — 242, + 9na?, — 10n%a?,

+ 3n3a%1 + 12a9, — 12nas; + 12a11a91 — 24naqia9;

+ 12n2ayia9; — 1203, + 12na§1), n>3

1
ap = ( — @n(n2 —3n +2)(n(n? — 4n + 3)a®, + 2a%,(n*(3az — 2)
— 771(6621 — 1) + 2@21 — 3) + 4&11(3%@%1 — 5716621 +n— 3@%1 + 7&21 — 3)

+ 8agy (a3, — 3az + 2))), n>4

1
f}/}%ni? = ﬂ(_2 + n) (3%30/%2 — 4n2a22(1 + a99 — 3@12) + 12&12(—1 + ags + CL12)

+ TL(4CL22 + CL%2 + 12(—1 + alg)a12)>, n Z 5

1
VR = —E(—i’) +n)(—2+n) (n4a§2 —2n%a3,(2 + ax — 3a12)

+ 8@12(4 — 5@22 + Cl§2 — 6@12 + 3(122(112 + 20,?2)

+ n2a99(4 + 6agy + a2y — 20a1y — 2a92a15 + 12a3,) n>6

+ 2n <a%2(—1 + 6&12) + 4@12(2 — 3@12 + CZ%2) + Cl22<—2 — 6&12 + 6(1%2>)) .
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Proof: Solving the recursive equations (3.34), (3.35), (3.36), (3.37), (3.38) and
(3:39) we get the desired formulas. O

The following two lemmas are very important for our calculations.

Lemma 40 If characteristic x-ring A is finite dimensional then the vector field

Ry = 0 and this is equivalent to a5 = —1 and ags = 2.

Proof: Lemma [20]implies that the linear space X,, = 0 for some n < co. We show
that X,, = 0 will imply the desired results. We use induction, because of Proposi-
tion X, cannot be zero. So we start from X, = 0. Since Ry € Xo, it should be
zero. Then from the proof of Proposition [34| we get

19 = —1, 99 = 2. (340)

The conditions (3.:40) imply DR, D' = R, and Lemmaimplies Ry =0.
Suppose now X3 = 0. Since R3 € X3 it must be zero. Then Lemma |36 implies
Ry = 0 and this implies a15 = —1, asy = 2.

Now suppose it is true for n = k. That is, X = 0 implies R, = 0 and a5 = —1,
a9 = 2. Letn = k 4 1 and suppose X;,1 = 0. Then since Ryy1 € Xy11, Rx1 must
be zero, which is equivalent to DR, ;D! = R;,,. Using we need v = 0,
71]3721 = 0 and 721}2 = 0 and solving them together we find a2 = ag = 0, which is

a contradiction. Since Ry, = [P», Rx] we must have R, = 0. Hence by induction

we get the desired result. 0

Lemma 41 The vector field T,, = O with the conditionT,,_, # 0 implies the following

conditions on a;;’s,

a1 =2, app=1—n, for n>2. (3.41)

Proof: When n = 2, the proof of Proposition [34] implies (3.41). When n > 3,
DT,D~!' = T,, must be satisfied. Hence we set the coefficient of 7},_; and 71},_»
equal to zero in (3.32), thatis o, . = 0 and o, , = 0. Solving them we get the

desired conditions for a;; and as;. ]
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3.3.5 TheCaseX; =0

All possible vector fields in X, are given as follows,

[P17T3] Z:172 ) [PZ7R3] Z:1a2 ) [PMK?)] Z:172 :

Lemma 42 We have the following identity for the vector field ()15 in X4

DQ12D™' = Qua+ 07 NiTs + 02 My K3 + 07, My N, T

+01 MRy + 0 MIN\TY + ..., (3.42)
where
eﬁ = ai2, 9}?3 = —Q21,
017 = as1(212 + as), 05, = ax(as + 1),

9% = agi(ayr + ag1)(ai2 + as).

Proof: We can write

DQy,D™' = D[T},T5)D™' = [DT1D*, DT,D ]
= [T1 + a1oN1 Py — ao My Po + aa My N, B,
Ty + of, Mi Ty + af, M Py + o, MyN1 Py + o, M{ N, B|.

Using the identities in Lemma[29|and Lemma [30] we get the desired result for (15. [

Lemma 43 When X, = 0, the vector field ()15 = 0 implies T3 = 0.

Proof: Firstly, Lemma[40]implies R, = 0 and by the case X3 = 0 we have K3 = 0.
Since Q12 = [T1, 1], we suppose 75 # 0. From the coefficients of 73 on the right
hand side of (3.42) we require

12
0T3 = a12 = O,

but this is not possible and we find 73 = 0. U
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Proposition 44 For the system (3.3) the linear space X4 = 0 but X;, # 0
for k = 1,2, 3 is not possible.

Proof: Suppose contrary, X; = 0 and X # 0 for k = 1,2,3. We know R4, Q12 €
X4. Then Lemma 40|implies Ry = 0 and Lemma 43|implies 75 = 0. But by Proposi-
tion this two together imply X3 = 0 and this is a contradiction with our assump-
tion. Hence X, = 0 but X, # 0 for k£ = 1, 2, 3 is not possible. U

3.3.6 The Case X5 =0

All possible vector fields in Xj are given as follows,
[Pza[P]anSH Za] = 1727
[Pza[P]aR?)H Z?] - 1a27
[P, [Py, K] 4,5 =1,2.

Lemma 45 We have the following identity for the vector fields ()13 and Vs in X5,

DQusD™" = Qi3+ 05 NTy + 03 MyWy + 05, MiQuz + 07 My N\ T + 02 MK

+O0r MP NV Ty + 05, MRy + 053 MPNV Ty + 05 MYNT Py, (3.43)

where

95’ = 12, 9‘1,[?}4 = —ao,

9612312 = —3(an + aa), 070 = as1ass — 3aiiai,

05, = 3ag1 (a1 + az1), 07 = —3asi (a1 + as1)(as + 2a2),

911%32 = —ag1(1 + a21)(—2 + 3ay; + 2a91),

07> = asi (1 + az ) (=2 + 3ai1 + 2a21)(ass + 2a12),

0% = asi (1 + as ) (=2 + 3ai; + 2a91)ara(—1 + ag + ar).
and

DVsD™' = Vi + @py, MiWy + 03, Ny Ty + @, My N1 Ts + @i, MY Ky
+g03v2M12N1T2+90%2M13R2+90311M13N1T1 + ... y (344)
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where

SOEV)V4 = 04%37 905Tg = —(2a12 + a22)044T27

30%4 = —(4aia + a), 80?32 = 04%17

905T3 = —(3an + GQQ)Oé%’S, 90% = —(a2 + GQQ)OC%H — ozjlgl,
P, = O,

Proof: We can write
DQu3sD™' = D[TY,T35]D~' = [DTyD~', DT3 DY)
- [Tl + a1\ Py — ay My Py + ay My Ny B, Ty + o, My Ty
+af, M{Ty + o}, M{ N1 P + o, My P, + o My N, B .

Using the identities in Lemma [29 and Lemma [30] we get the desired result for ()3.

For DVs;D~! we can write
DVsD™' = D[P, T,]D' = [DP,D", DI,D Y]
- [Pg — N\B, Ti+ ok M, T
+ad M2Ty + b, M3T, + oy MEN, P, + . ] .

In the same way, using the identities in Lemma [29(and Lemma |[30| we get the desired
result for V. O

Lemma 46 When X5 = 0, the vector field V5 = 0 implies,
a) T4 = 0,
b) Q13 =0.

Proof: a) Firstly, Lemma |40|implies Ry = 0, K3 = 0 and a;2 = —1, asy = 2. Then,
DV; D! takes the form,

DVsD™' = Vs+ agp MiWy — (dais + asn)NiTy
—(3a12 + a)ap, MiN\ T3 + ... . (3.45)

Since Vs = [Py, Ty, we suppose T, # 0 and we must have DVzD~! = V5. Then,
since K3 = 0 the coefficients of T3 on the right hand side of (3.45) must be zero,
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since 3a1 + asz # 0 we get aig, = 0. Then, DV5 D! takes the form,
D‘/5D_1 == ‘/5 — (4&12 + a22)N1T4 + ... . (346)

Then since the coefficient of 7} is not equal to zero, we get T, = 0.

b) Using Lemma [40]and (3:43), DQ,3 D" reduces to
DQ3D™" = Qi3 — (2a91 + 3a11)M1Q12 + (2a91 + 3a1;) My N, Ts.

By part (a), 7, = 0 and Lemmaimplies a1 = 2,a91 = —3. Then DQ 3D~ =

(13 1s satisfied and we get the desired result. U

Lemma 47 When X5 = 0, we have the following identities ,

G) W, = —Q12,
b) Wi = 0,
C) [P17W4] = 0.

Proof: Since X; = 0, Lemma[40]implies R, = 0 and K3 = 0.
a) The vector field [P, K3] is in X4 and we have

0=[P, K] =[P, [2, )] = [P [T, P — [Ty, [P, P]
= [P, T3]+ 11, Ta) = Wy + Q2. (3.47)

Hence we find W, = —Q1».
b) The vector field W5 = [P,, W,] is in X5 and by part (a)

Wi = [Po, Wy] = [P2, —Q12] = —[P2, [T, T3]] = [Th, [Ty, Po)] + [T3, [P, Th]]
- —[Tl,Kg] —|— [Tg, RQ] - O

¢) Using Lemma [46|and part (a) we can write

0=—Qu=—[NT5] = -[T1, [P, D]] = [, [N+ [13,[Th, P
= —[P1,Qu] — [, T] = =[P, Qr2]
= [P, Wy].
Hence we are done. 0
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Proposition 48 For the system (3.5)), the linear space X5 = 0 if and only if a;;’s

satisfy,

ajp = 2, a12 = —1,
(3.48)
ag = —3, ax =2,
in which case A-ring of the system (3.5)) is 6 dimensional with bases Py, P», T, T5,

T3 and W4.

Proof: Since R;5,V; € X5, they must be zero. Lemma 40| and Lemma [46| imply
(3.48). It follows that the vector fields [P, [P}, Rs]], 4,7 = 1,2 and [P}, [P}, K3,
i,j = 1,2 are all zero. Now we check [P;, [P;, T3], for i,j = 1,2. Since T = 0 we
need to check only the vector fields [Py, W] and W5 = [P, Wy]. By Lemma[47] they
are also zero. That means all the vector fields in X5 are zero. That is X5 = 0. The
only vector field in X, which is nonzero is IW,. Hence W} is also a bases vector field
for the characteristic z-ring of system in that case.

The nonzero vector fields in X;, for: = 0,1,2,3 are P, P», 11, T and T5. Hence
they form a bases for the characteristic z-ring of the system (3.6)). Hence, the ring .4
of the system is 6-dimensional with bases { Py, P, T1, Ts, T3, W, } and we have

the following 11 dimensional characteristic x-ring.

]| 2l Y Yy A B P, P | T T, |Ty | W,
Z lojojo|o 0 0 0 0 0 |0 |0
Yi [0]0]0]0 0 0 0 0 0 |0 |0
Y, [0]0]0]0 0 0 0 0 0 |0 |0
A |ojojo]o 0 2P, | =3P —Ty | Ty | 313 | 3W,
B |ojojo]o 0 P (2P, | Ty |0 | T3 | =W,
P|ojojo|=2P|P |0 " |, |Ty |0 |0
Py [[0]0]0]|=2P| 2P| =T |0 0 0 | Wy |0
T, |0j0|0|Ty |-Ty |-T» |0 0 Wy [0 |0
T, |0/0/0]|-Ty |0 ~Ty | 0 —Wy|0 |0 |0
Ty |0]0|0|=3T5Ts |0 ~Wy |0 0 |0 |0
Wi |[0]0|0|—=3Wy W, |0 ~Wy| 0 0 |0 |0
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Note that we obtained

2 -1
A= , (3.49)
-3 2

which is a Cartan matrix. In this case the system (3.3)) reduces to,

Uy — Ug = eu—H“_Ul

(3.50)

Vip — v, = e Sututun

For this system our results reproduce the results of [41]. Also corresponding -

integrals are [41]

F = e~ utw + €—2u1+2u2+v2—v3 + 2€—u1+2u2—U3 + e U2tus+vz—vs
+62u2*2u3*112+v3 + €u1*u2*v1+v2 + U3 U4
9
F2 — 67v+v1 + 3672u+3u1+01702 + 367u1+3UQ72u3 + 367u+u1+UQ7u3 + 673u+3u1+v17v2
+367u+3u172u27v1+v2 +3€u17u37v1+v2 +€3u173u272v1+2v2 +673u1+3u2+2v27203

—u+u2+v2—v3 —2u1+3ug—uz+v2—v3 —v1+2v2—v3 3u2—3usz—v2+v3 V3 —V4
+3e + e + 2e +e +e ,

and n-integrals are given as

1 1
1 = TT % 2 zUz — 5 2
1 Uz + 31) Uy + UgV va,
]2 = u[@ — 2u[5]ux + 0[5}711 -+ 32u[4]u§ — 30u[4}usz + 11u[4}1)926 — 4Ou[4]um

13
+11u[4]vm + 141}[4]ui — 15U[4}umvx + 31}[4}7@ — 107}[4]112% — gvmvm

13
+19u[23] + Evé] + 16uzvpE) — 36U Uty + 18U UL Uy + 80U 31Uz U,
+ — ADU U Uy — D2V Ugr Uy + 33V (3| Uz Uy — V3|V lUy — 64u[3}ui

+102u[3}uivw — 2u[3]uxv§ + 13u[3]vi + 32”[3}7«03’0 — 58@[3]1@% + 381)[3]%1}5

—2—;v[3]vi + 66> + 23—60533 — 35U2 Vpy — DUVt + 30u u? — 18u? u,v,
—%uixvi — 34umvmui 4 32Uy Vi Up Uy — 2umvmv§ — 2V, Uz Uy + GUIui
—24umuivx + 25umuivi — 9umulﬂvg + umvf; — vmui + SUmuivx — 8vmuiv§
200U V2 — 2ul + 6ulv, — ?uivi + 3ulvd — %uivi.
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3.3.7 The Case X5=0

All possible vector fields in X5 are given as follows,
[Rv[ﬂv[PkaTug]]] i>j = 1727
[Plv[Pjﬂ[PkﬂRiim 1] = 1,2,
[P’U[P]a[PkaK?)]]] Z)] = ]-’2

Lemma 49 We have the following identity for the vector field Vi € X,

DVsD™' = Vg — (8aiz + 3ase) N1Vs + ag, M1 Ws
—(4ars + an)a, NiTy + ... (3.51)

Proof: We have
DVsD™' = D[Py, Vs]D~' = [DBD, DV; DY
= [P = NiB, Vs + 6y, MWy + G5, NiTy + ..
= [Py, V5] + @y, [Po, Wi + 7, [ P2, Th]
—[NB, V5] — @y, [Ny B, Wy — @5, [N B, Ty + ...,

Using the identities in Lemma [29) and Lemma [30] we get the desired result for V5. O

Lemma 50 When X4 = 0, the vector field T, = .

Proof: Firstly, note that using Lemma[40|and the proof of Lemma[d7|we get W5 = 0.
Since Vi € Xg, it must be zero. Using W5 = 0 and Lemma DVgD~! takes the

form,
DVsD™' = Vg — (8aiz + 3as)N1Vs — (dars + axn)ah, Ny Ty + ... (3.52)

Then by Lemma DVgD~' = Vi must be satisfied. But since a;5 = —1 and
ase = 2, the coefficient of V5 is not zero so V5 must be zero. Then using Lemma [40]

we find Ty = 0. O
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Proposition 51 For the system (3.3), the linear space Xg = 0 but Xy, # 0 for k =

1,...,5 is not possible.

Proof: Since Rg, Vi € Xg, they must be zero. Using Lemma 40| and Lemma [50| we
get Ry = 0 and 7, = 0. But as in proof of Proposition 43| this two together imply
X5 = 0 and this is a contradiction with our assumption. Hence X4 = 0 but X # 0

for k =1,...,5is not possible. O

338 TheCaseX,=0 n>7

Lemma 52 The vector field V,, in X,, has the form

DV,D™' = Vo4l NV +ef, MW, ., (3.53)
where

@@4::%K42—8nﬁug+(ﬁl—n2—2%aw] (3.54)
Proof: We use induction. Using (3.5T)) (3.53)) is true for n = 6. Now we suppose it
is true for n = k and we check the case n = k£ + 1,

DViy D' = [DP,D™ ', DV,.D™]
= [P = NiB,Vic+ ¢ NiVio + gl MW+ |
= Vk+1 +§0€:1N1Vk+§0%1M1Wk+... s

where
oyt = oy, — (dan + (k= 3)az),
P = P
90’?/:,11 = 901\3,@_2 — (4aiy + (k — 3)az — 1)90]\%_17
90];1;;1,1 = @Iévk,g — (a2 + (k — 3>a22)90’13[/,€,17
Phprs = Pl
Hence (3.53) is true for n = k + 1. That means it is true for all n > 7. U
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Lemma 53 Whenn > 7if X,, = 0, then we have
a) W; =0,1>5,
b) T, = 0.

Proof: Using Lemma[i0 we get R, = 0 and K5 = 0.
a) Lemmad7|implies W5 = 0. Hence W; = 0, when ¢ > 5.
b) Since V,, € Xg, it must be zero. Using (3.53) with part (a) and (b), DV,,D~! takes

the form
DV, D' =V, + ¢}, NiVoi+¢ NiVuo+... . (3.55)

Then we use Lemma so DV,,D~! = V,, must be satisfied. We suppose V,,_; # 0,
but for a; = —1 and agy = 2 the coefficient of V},_; on the right hand side of (3.55)

1
oy = 5(n2 — 23n + 106) (3.56)
is nonzero for n € N. Hence we must have V,,_; = (0. Continuing in that way we get
Vs = 0 and using Lemma 46| we get Ty = 0. UJ

Proposition 54 , For the system (3.3), when n > 7 the linear space X,, = 0 but
Xk #0, k=1,2,...,(n — 1) is not possible.

Proof: If X, = 0, Lemma [40]imply R, = 0 and from Lemma [53] we get 7y = 0.
But in that case from the proof of Proposition 48] it follows that X5 = 0 and this is a
contradiction with our assumption.

Hence for the system (3.6) whenn > 7, X, =0but X; # 0,k =1,2,....,(n — 1) is
not possible. O

As a result, Proposition [32} Proposition [34] Proposition [37] Proposition [44] Proposi-
tion [48], Proposition 51| and Proposition [54] imply that, if characteristic x-ring is finite
dimensional, then A should be a Cartan matrix in the form (3.2)). In [41], when A is a
Cartan matrix in the form two functionally independent nontrivial n-integrals of
the corresponding system were constructed. Hence we can conclude that if the sys-

tem (3.5) is Darboux integrable, then A must be a Cartan matrix and that completes

the proof of Theorem
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CHAPTER 4

DARBOUX INTEGRABLE EQUATIONS WITH SMALL
DIMENSION OF CHARACTERISTIC RINGS

In this chapter, we consider some classification problems for the chains of the form

tlx = f(x,t,tl,tz). (41)

In particular we consider chains with z- and n-ring of small dimension.

4.1 Characteristic z-ring

For semi-discrete chains of type (4.1)), z-ring is generated as described in Chapter 2

by the vector fields,
0 0 0 0 0
Dy = — 4t — - D(f)— + D Hg)— + ...
0 = gp Ty g TIg TP, TP g
0
D, = —.
! ot

where g = t_; ;. To be able to construct characteristic z-ring, we consider the com-

mutators of Dy and D;. Let us define sequences of vector fields

Cl = [DQ, Dl] and Cn = [X, Cnfl] n = 2, 3, cee

and
Zl = [Do, Cl] and Zn = [Do, Zn—l] n = 2, 3, e
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This vector fields have form [28]], [43]]

0 0 0 0 0
G = Eri ftma—t1 + gt, . + (fl)txa—tQ +(9-1)t, ET
0 0
Cy = fitem a; + Grate gy + (fl)tmtma—t2 + (9—1)twtwat—_2 e

0
Zy = (froo Ftafroe + [ Lo — fr — Jrofr1) B +

0
+ (gtm + teGtut + 991ty — 9t — gtzgn) Ot +...

In general we have

Go= 3 (00" e + (D) (g-av) - ).

=1
where f; := f and gy := g. In what follows we use some commutator relations

between vector fields.

Lemma 55 (See [28)]) The vector field Dy satisfies a commutation relation
1
DDy = f—DoD 4.2)
te

Assumption that characteristic x-ring has a small dimension puts restrictions on the

function f. Such restrictions were found in [28] and [43]].

Lemma 56 (See [28]) For the chain (4.1)), dimension of the characteristic x-ring is
three if and only if the function f satisfies

ftztz - O (43)

and

eSSl n £+& _0 4.4)

12 A P

In this case, characteristic x-ring is generated by the vector fields Dy, D, and C1,

which form the following commutator table
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When dimension of the characteristic z-ring is 4, we have to consider two different

cases, fi:, # 0and f; ;, = 0.

Lemma 57 (See [43]) Suppose fi ., # 0 then the chain @.1) has characteristic x-

ring of dimension four if and only if the following conditions hold

Jtotat ftotots fto — 320
Y - ate 45
( for, ) fond? *>
D (fxtx titofot + [ fats — fo — fm:fm) _
Jtat,
4.6)

Jote T tefoat + [ oo — ft — fro f00
Jtota

The characteristic x-ring is generated by the vector fields Dy, D1, C, Cy and we have

Jto = (fo Ftafe + fr - f).

the following commutator table:

L, || Dy D, 4 Cy

Dy |l 0 Cy Cy nCs
Dy|| -C; |0 ACy | pCy
Cy || —Cy | =ACy| O nCy
Cs || —puCs —pCy| nCy | 0

where p = A+ Do(X) and n = Do(p) — D1 ().

Lemma 58 (See [43]) Supose f;,1, = O then the chain (.1)) has the characteristic

x-ring of dimension four if and only if the following condition hold

K K
D(ﬂ—m—l—ﬁ):ﬂ—i—m—ﬁl, 4.7)
m ft. m
where K is the following vector field
0 0 0
K=—+t,— —+...
oc ot o T

~(fat, + tefioe + ffr0) + fi + fr,

and m = Ju . In this case, characteristic x-ring
ty
is generated by the vector fields Dy, D1, Cy, Z, and we have the following commuta-

tor table
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Dyl 0 (& 0 0
D || -Cy | 0 A aZ,
Cl O —Z1 O Do(a)21

Zl 0 OéZl —Do(Oé>Zl 0

where Zy = aZ;.

When characteristic z-ring has dimension 4, one can obtain further restrictions on

f<x7tat17tz)‘

Lemma 59 (See [43|]) Let the chain (4.1)) have four dimensional characteristic x-

ring. Then [ has the following form
f = M(x7 t’ t$>A(x7 t’ tl) + t$B(‘r7 t? tl) + O(ZE, t? t1)7 (48)

where M, A, B and C are some functions.

Lemma 60 (See [43|]) Let the chain (4.1)) have four dimensional characteristic x-
ring and f;+, # 0. Then

Df =—H(z,t, ty,to)t, + Ho(x, t, 11, t2) f + Hs(x, t, 81, 12), (4.9)

where H,, Hy and H3 are some functions.

4.2 Characteristic n-ring

For semi-discrete chains of type (4.1]) the characteristic n-ring is generated, as de-

scribed in Chapter 2, by the vector fields,

0 0
Yo:a—tl, Y_O:E)t_l’
Y»:D‘jiDj j=1,2,...

I ot T ’
Y_-:DjaD‘j j=1,2

! ot_, ' T ’
Xj—ata], 1 =1,2,



When dimension of characteristic n-ring is 2 the restriction on the function f are

obtained in [28]. We have the following condition.

Lemma 61 (See [28]) The dimension of the characteristic n-ring is 2 if and only if f

satisfied the following condition

i
D=~ ) =—f,. 4.10
(5)= 10

In this case, the characteristic n-ring is generated by the vector fields X, and Y, and

this vector fields commute.

4.3 Classification of Semi-Discrete Hyperbolic Type Equations Admitting Char-

acteristic z-rings and n-rings of Small Dimensions

The case of three dimensional characteristic z-ring and two dimensional characteristic

n-ring is considered in [28] and it is found that the chain (4.1)) must have the form,
tlx :tz—l-tl —t.

In this section we want to classify all chains (.1]) such that characteristic z-ring is four
dimensional and characteristic n-ring is two dimensional. To make this classification,

we use Lemma Lemma [58|and Lemma Firstly we remark that using equality
(@.10) in Lemmal[61] we get
0
(i) —0 @.11)

ot \ fi,
since f;, does not depend on t,. In the same way, using the identities (4.6) and (4.7)
we find
0 0
=0 =Y 4.12
oty oty (4.12)
where m = Sate tto frot+f ftoty —ft—fio fty .

ftots

Note that if the chain (4.1)) has four dimensional characteristic z-ring then by Lemma[59|

the function f has form
f=A(x,t,t;)M(x,t,t,) + Bz, t, t1)t, + C(x, t,t1).

For simplicity we assume that the function M depends only on ¢, and f does not

depend on x explicitly. That is we study equations of the form
tie = A(t, t1)M(t,) + B(t, t)t, + C(t, t1). (4.13)
We have to consider two cases: f; ., = 0and f; ;, # 0.
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4.3.1 fis Linear With Respecttot, (f;: =0)

Since f is linear in ¢, we have
and equation (4.T)) becomes

te = A(t, 1)ty + B(t, 1y). (4.15)

Lemma 62 For the chain (&.15)) the dimension of the characteristic n-ring is two if
and only if function f has the form

av(t) o ay)e()
V() V() V()

where v and o are some functions of the given variables and cy, cy are some constants.

[t t,te) = ty + +o(ty), (4.16)

Proof: If characteristic n-ring is two dimensional, then f must satisfy the condition

(@.10) in Lemma[6]]
D(ﬁ) = —f,. (4.17)
ftil)
Then using (@.11)) we get that
ft At Bt
ELR o i 4.1
£ Al T2 (4.18)

A B
which does not depend on ¢;. Thus jtf’f and j does not depend on ¢;. Hence
Ay

i a(t) for some function «(t) and we find,

A(t, t) = v(t)p(t)

for some functions 7 and ¢. Then,

B(t.t))  Bi(t.t)
A(t,t)  y(t)e(t)

= a(t)

and we find
B(t,t1) = U(t)p(t1) + o(tr).
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Then @.15) and @.18)) reduce to

ftt,te) = ()t + U{t)p(ty) + o(t)

and
fo _ 2@, | U
fo 200 @
Using @.19) and @.17) we obtain
P)/(tl) l,<t1) _ / / /
) (Y@)p(t1)tz + L(E)p(t1) + o (t1)) + ) V(B (ta)te + 1(E)@"(t1) + 0 (t1).
(4.20)
By comparing the coefficients of ¢, in (4.20) we get
V() elt) / V() | Pt)
T A T A= He
Then we find,
o(t]) = % where ¢; is a constant. (4.21)
Using (@.21)) in (¢.20) we obtain
/ l/
Tdo(n) + 08 = —o') = (0ol + ()0 (0) + 1) =0
(4.22)
Solving {#.22)), we find
[(t) = —v(t)o(t) + é2, where ¢, is a constant. (4.23)

Substituting ¢ and [ into (4.19) we get equation (.16) and condition (#.10) is satisfied
for this f.

() 7(¢) 1
b, =c—=t, — 1 o(t) + co—— 4+ o(t1), c1,co : constants (4.24)
v(t1) v(t1) v(t1)
where v and o are some functions of one variable. U
Let us introduce a new variable 7
T = L(t),

such that L'(t) = ~(¢). Then (@.24) becomes
T, =T+ ¢ —aQ(r) + Q(n) (4.25)
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where () is function of one variable. For the above equation, it can be shown that
(@.10) is satisfied. Hence for the chain (4.25]) dimension of characteristic n-ring is
still remains two.

For the chain (4.25)) characteristic z-ring must be four dimensional. Therefore, we

check the condition (4.7) and we have the following lemma.

Lemma 63 The equation (4.25)) has four dimensional characteristic x-ring if and
only if
Q(T) = Aim* + Ay or Q(T) = A1e®™ + Age™ " (4.26)

for some constants A, Ay and «.

Proof: In this case we take the function f = ¢;7, + co — c1Q(7) + Q(71) and we
check for f. We get

C1Ty + C2 — CIQ<T) + Q(Tl) " _ O (r
Q'(m) — Q'(n) (aQ"(r2) — Q"(m))+

Q'(nr)(c2 — Q) + Q) ) —
Q'(T2) _ Q/(Tl) Q ( 2) + Q ( 1)

a@(n) - Q") Q"(n)(c2 — a1Q(r) + Q(n))
Q(n)—Q'(r) * Q'(n) — Q'(7)
By comparing coefficients of 7, in the above equality we get

D (le"(n) - Q”(T)) Q' (n) - Q")

+

+Q'(n) — Q7).

Q' (1) — Q'(7) Q'(m) —Q'(7)
_aQ'(t) - Q")
Let F(t,t,) = o) — 00 then (.27)) reduces to,

Since right hand side of does not depend on ¢5, left hand side of also does
not depend on ¢,. That means F' does not depend on ¢;. Hence we get, ¢c; D(F(t)) =
F(t). Since F' does not depend on t;, D(F(t)) does not depend on ¢;. Then, F' does
not depend on ¢. Hence ¢; = 1 or ' = 0. When F' = 0, Q" (1) — Q" (1) = 0.
Again this implies ¢; = 1. Therefore, the system (4.25)) reduces to,

Tie = To + d(7,71). (4.28)

in which case complete list of Darboux integrable chains is given at [46] (also, their

x and n characteristic rings). By checking the list of Darboux integrable equations of
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this form at [46] we conclude that () should be in the form of (4.26). O

Returning the variable ¢ and using each form of () given by (4.26)), we have the fol-

lowing theorem.

Theorem 64 Let f be a linear function with respect to t,. The equation (&.13) has
four dimensional characteristic x-ring and two dimensional characteristic n-ring if

and only if

f= jé’?) t — j(ff)a(w Tolt),

where functions v and o satisfy one of the following relations

(v(t)o (1)) = 7(t)v/Bi + By(t)o (t) (4.29)

or

(y(t)o(t)) = v(t)v/Br + Ba(v(t)o(t))? (4.30)

with By, By being arbitrary constants.

Proof: Definition of 7 implies Q(7) = o(t)7(t) and Lemma [63] implies ) has the
following forms

Q(1) = AT+ Ao or Q(T) = A1e® + Age 7.
In the first case, Q)'(7) = 2A;7 + A, which implies,

(Q'(7))* = 4A1 (A1 72 + AgT) + AS = 4A,Q(7) + A2

Since (Q'(1))* = ((v(t)o(t))")? we get @#.29). Equality (4.30) follows similarly. []

4.3.2 fis Nonlinear With Respectto ¢, (f:,:, 7# 0)

We suppose that f is nonlinear in ¢, and
ft,t1,ty) = A(t, t1) M(t,) + B(t, t1)t, + C(t,t1) (4.31)
so equation (4.T)) becomes
tie = A(t, t1) M (t,) + B(t, t1)t, + C(t, ta). (4.32)
Using that characteristic n-ring is two dimensional, we have the following lemma.
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Lemma 65 Let equation (.32) has characteristic n-ring of dimension two and (M, #+

constant) be a non-linear function, then M satisfies
OCQM + ayt, + ag
OélM -+ Oégtm + as; .

M = (4.33)

where coy M + ast, + a5 # 0.

Proof: If characteristic n-ring is two dimensional, then f must satisfy the condition

(@.11)). Using (4.31) for f we obtain

(AtMthth + Ct) B
AM'+ B .
(A, M +t. By, + Cu, ) (AM' + B) — (A, M' + By, ) (A:M + t,. By + Cy) _0
(AM' + B)? '
Rearranging terms in above expression we obtain
M'(cy M + azt, + as) = —(aM + ayt, + ag), (4.34)

where the constants o, 2 = 1,2, ..., 5 are given by,
oy = A A — Ay Ay,
o = Ay, B — By Ay,
ag = By, A — BiAy,,
oy = By, B — By, By,
ay = Cy, A — Ay, Ch.

If oy M + ast, + a; = 0, then M is linear in t,, which implies we are in the case

ft.t. = 0. Hence we assume oy M + ast, + as # 0 and we obtain the result,
OCQM + ayt, + ag
CYlM -+ Oégtx + ag .

M = (4.35)

U

Using (4.35) we can write M’ in terms of M. The next lemma enables us to write

DM in terms of M.

Lemma 66 If characteristic x-ring is four dimensional and f; ;, # 0, then M satis-
fies
DM = Q:(t, t1,ta) M + Qa(t, 1, t2)t. + Q3(t, 1, t2), (4.36)

for some functions ()1, Q2 and ()s.
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Proof: Since we assume that the dimension of characteristic z-ring is four and

ftot, # 0, by Lemma [60| we have
Df = —Hy(t, ty, to)ty + Ho(t, t1, t2) f + Hs(t, t1,12),

where H,, H, and H; are some functions. Thus,

D(AM + Bt, + C) = —Hyt, + Hy(AM + Bt, + C). (4.37)
We can write (4.37)) in the form,

DM = Q:(t, t1,ta) M + Qa(t, t1,t2)t, + Qs(t, 11, t2). (4.38)
where ()1, (2 and ()3 are some functions. O

The expressions (4.33]) and (4.38)) enable us to prove the following lemma.

Lemma 67 Let equation (4.32)) have characteristic n-ring of dimension two then ei-

1
ther M = TP or M = \/t2+ Pt, +Qor M = t2.
) ) 1 0
Proof: Note that by (@.2) we have the identity DD, = f—DOD, where Dy = ET
te x
Therefore
1
DDM = —XDyM,
Jt.
1 0
DM = ———M
AM' + Bot,
oM + oy + o 1
-D = — M t, . 4.39
(@1M+a3y+a5) AJW'-I—B(Q1 T Qata + () (439)
We use (@.33)) and (4.38)) and obtain

(M + Qoty + Q3) + dy(AM + Bt, + C) + ds _
a1 (1M + Qaty + Q3) + d3(AM + Bt, + C) + ds

Q2 — @1

CKQM + oyt + ag

OélM + ast; + as
OégM + Oé4t$ + Qg

o M + asty + as

B-A

where Doy, = a;,.. Then

(Q1 + ayA)M + (02Q2 + Ay B)t, + (A2Qs + asC + ds)
(@1Q1 + asA)M + (a1Q2 + a3 B)t, + (a1Q3 + asC + ds)

(Qray — Q)M + (Qray — Qaaz)t, + (Qras — Qaars)
(Aag — Bay )M + (Aay — Bas)t, + (Aag — Bas)
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The above equality can be reduced to
RiM? — (Rat, + R3)M + (Rat? + Rst, + Rg) =0, (4.40)

where R;, i = 1,2,...,6 are some functions. In the case R, = 0, from (4.40) we find

that
Ryt2 + Rst, + Rg
M=—= 4.41
Rot, + Rs (441)
In the case R; # 0 we find
Rot, + R3) & \/(Rot, + R3)? — 4Ry (R4t2 + Rst, + Ry
M:( ot + R3) £ v/ (Rat, + Rs) 1(Rat? + Rst, + 6)' 4.42)

2R,

Substituting M given by @.41)) into f = AM + Bt, + C we can redefine M, B, C

so that

1
M = t? = :
= O t.+ P
For M given by (4.42)) we can also redefine M, B, C so that M = /t2 + Pt, + Q.

OJ

Now we consider each case of M obtained in the above lemma separately.
4321 Casel: M =1¢2

Lemma 68 The equation (.32)) cannot have four dimensional characteristic x-ring
if M = t2.
Proof: In this case f takes the form

f= Attt + Bt )t + C(t 1),

It can be checked that the condition (4.5) is not satisfied. Hence equation (4.32) can-

not have 4 dimensional characteristic z-ring if M = t2. U

4322 Case2: M =
ty + P

In this case we have the following lemma.
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Lemma 69 Let M =

and equation (4.32)) has four dimensional characteris-

t. + P
tic z-ring and two dimensional characteristic n-ring. Then chain (&.32) is either
C*n(t)n(tl) el (t+t1)
t, = SRR =29 " _p 4.43
: t Ay & (3:43)

where c* and c** are some constants.

Proof: In this case f takes the form

Alt,t
with
F B(t,+P)*— A
e (t. + P2
24
Jtat, (6 + PP’
6A
ftztmtm — _m.
By checking condition (@.3) for f we obtain
3(t. + P) _ 3(ty+ P)(B(t,+ P)* + A)
B(t,+P)2+(C+P—BP)(t,+P)+ A (B(t, + P)2 — A)?

This equality reduces to
B(C + P — BP)(t, + P)’ +4AB(t, + P)* + A(C + P — BP)(t, + P) = 0.

For this equality by checking the coefficients of (t, + P)*, k =1,2,3 we find

(t.+P)* : B(C+P—BP)=0, (4.45)
(t,+P)* : 4AB =0, (4.46)
(t.+P) : A(C+P—BP)=0. (4.47)

Firstly, note that A(¢,¢;) # 0. Otherwise f,;, = 0. By solving (#.43)), (4.46) and
together we find that

Thus (4.44)) takes the form

- P. (4.48)



Using the condition (4.10) we obtain
Atl (t17 tQ)A(ty tl) o Atl (t7 tl)

At t)(ta + P)  to+ P

or
LR
Then using (.49) % does not depend on t3, so we have
8%26% In A(t1,t2) = 0. Also since % does not depend on ¢ we have
%% In A(¢,t;) = 0. Hence we get

A(t 1) = @(t)n(ta)-
Substituting A into (4.49) we obtain
/ /
P(t) _ ') d (m p(t)

olh) (k) dh

Then we have

n(t)n(t
flt ty,t,) = % — P, where P is a constant.
Using condition (4.12))
Pr/'(t)  Pr/(t te + P)*n/(t
o (- DO POy e PP
29(t)  2n(t) 2n(t)
and it should not depend on ¢;. This is possible in two cases
Case 1l : P =0,
Case2 :  1/(t1) = c™n(t)) = n(t)) = e 1.

For each of these cases condition (4.12) is satisfied and we have

n(t)n(t
Case 1 : f(t ty1,t,) = ALY, 77(277( 1),
C* ec** (t+t1)
Case2 : f(t,t1,t,) = Y P, c*, ¢ constants.

It can be checked that the chains with such functions f have 2 dimensional character-

istic n-ring and 4 dimensional characteristic x-ring. U
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43.23 Case3: M = /t2+ Pt,+Q

For this case we have the following lemma.

Lemma 70 Let M = ./t2 + Pt, + Q and equation [&.32)) has four dimensional

characteristic x-ring and two dimensional characteristic n-ring. Then equation (4.32))

takes form

P
tlx:\/B2—1\/t§+Ptx+Q+th+E(B—l). (4.50)

where B, ), P are constants and B? # 1.

Proof: In this case f takes the form

f=A(t, t)\/12 4+ Pty + Q + B(t, t1)t, + C(t, t1). (4.51)
Applying condition (4.3)) to f we find,
6BP + 12t, + 12A\/2 +,P+Q
(AP +2AL, + QBJW—PJrQ)Q R
—3P — 6C — 6Bt, — 6A\/t2 + Pt, + Q
2Q+2(C+th+A\/t§+P—tx+Q> <C+P+th+A\/t§+P—tx+Q>’
or
4<Q+ <C+Bt$+A\/t?c+P—tm+Q> <C+P+th+A\/t§+P—tx+Q>> X
X <BP ot + 2A\/tg%+tx—P+Q) =
(AP 4 2AL, + 2B\/tg%+tz—P+Q>2 (P Y20 + 2Bt, + 2A\/75§+P—tx+Q>

i J
Then by comparing coefficients of (\/ti + Pt, + Q) (t:E) ,fori,j = 0,1,2, we
find

AB(2C + P — BP) =0, (4.52)
A(—4C* —4CP + A*(P? —4Q) + 4(B* - 1)Q) = 0, (4.53)
(A2 + B*)(-2C + BP — P) =0, (4.54)

—2A%P(2C + P) +4B3Q —

—B(4C? + 4CP + 4Q + A*(—=3P% + 4Q)) = 0, (4.55)
A%(2C + P)(P? - 8Q) +

+4B%*(2C + P)Q — 4BP(C* + CP + Q — A’Q) = 0. (4.56)
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Equalities (4.52)) and (@.54) are satisfied if

2C=PB - P. (4.57)
Equality (.53) is satisfied if
4C? + 40P = A*(P? — 4Q) — 4Q + 4B%Q, (4.58)
equalities (4.537) and (4.58)) are satisfied in two cases

Casel : 20 =PB—P and A*>+ 1= B?
Case2 : 2C =PB— P and P?=4Q.

In the first case, M reducesto M =1t, + g which is linear with respect to ¢,.. There-

fore, we study only the Case 2. Thus we have

f=B(tt)? - 1\/t§ + Pt, + Q+ B(t,t1)t, + g(B(t,tl) - 1), (4.59)

where B # +1. In the same way we check that condition (4.11)) in the form

(Dfi) ~(fu)?=0. (4.60)

We find

Je = By (1, 1) ( 2 2\ 2 _
D(ftx) VB L) 1 (P? +4Q + 8Pt, + 8t2) B*(t, 1)

1
2

—(P+2t,)* + 4(P 4 2t2)\/Q + t,(P + t.) B(t, t1)/ B(t, tl)) :

2\/Q+t$(P+tz)B(t,t1)>B (1)
B2t 1)) — 1 A

1

Using the identities above, we check the coefficients of the terms,

(\/Q T (Pt tx)>i<tx)j for 4,7 =0,1,2
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in (@.60). Thus we obtain
2B(t,t)B} (t,t1)
B(t,t,) — 1
2B(t,t1)\/B2(t,t1) — 1By, (t1, t2)
=0 4.61
- 1 — B2(ty,t5) » (46D

(1,7) = (1,0) = £<QB(;§(126?)(E31)

2
2B(t,t1)\/B2(t,t,) — 1By, (t1,12)
+ s )=0 @62
B?(t,t1) B} (t,t1)

1— B2(t,t,)
B} (t1,t5) 2B2(t,t1) B (t1,t2)

1— B2(t),ty) 1 — B%(ty, 1)
B2(t,t1)BE (t,11)

1 — B%(t,t)
B} (ty,t2) B 2B%(t,t1) B (t1,t2)

1 — B2%(tq,ts) 1 — B%(ty,ts)
B} (ty,t2)

(,5) = (L,1) =

(i,5) = (0,2) = — B} (t,t1) +

= 0; (4.63)

(i) = (0.1) = P( — BA(t,t) +

) —0; (4.64)

,7) = (0,0) = (P? = P?B?(t, t;) — 4QB*(t,t
(1:3) = 0.0) = g7 gr 7 (t.1) — 4QB*t.11)) +
QB*(t,t;)  P?
] Ccia CL R DY
By, (t.1) 1— Bt t;) 4 0 (4.65)
Then @.61)) and (@.62)) are satisfied if
B2 (t,t B2 (ty,t
tl(v 1) _ tl( 1 2) . (466)
B%(t,t;) — 1 B2(ty,t3) — 1
Equality (4.63) is equivalent to
_( Btzl(t7t1> _ Bt21(t17t2> )
B2t.t) — 1 Bt,4)) — 1
B2 (t, 1) B? (ty,t5)
2B2(t,t RS — b =0. (4.67
2B 1)<32(t7t1)—1 Bz(tl,tz)_1> @on

So equality (4.63) is satisfied. Note that (4.64) is a multiple of (4.63), so (4.64) is also
satisfied. Equality (@.63) is equivalent to

1 ( Bt21(t7t1) Btzl(tl,tg)

I\B2(t,t) — 1 B2(t,t;) — 1

) (P2 ~ P2B2(t,t,) — 4QB(t, tl)) — 0 (4.68)

and it is satisfied by (4.66). Hence all equations above are satisfied provided we have

equality (4.66). Equality (4.66) is equivalent to
Btl (t7t1) _ Bt1 (t17t2)
At ty) Aty ty)
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Btl (tJtl) Bt(tutl)

Then does not depend on ¢ and does not depend on ¢;. Hence we

At t)) A(t, t1)
find
Btl (t’ tl) - A(ta tl)gp(tl% (469)
Byt t1) = £A(L, t1)p(t). (4.70)

Now we check the condition (#.12). We will show that B is a constant function. We
find

= paty (2 + Pty + Q) + pa(t2 + Pty + Q)2 + ps(t2 + Pty + Q),

where
B 2PB(Bt1 + By)
TP -
_ 2PV/B? - 1(By, + By)
BT TP @)
(4Q — P*+ P*B)B;, + 4QBB,
TP a(BE )

which does not depend on ;. Hence, ji1, 112 and p3 do not also depend on ¢;. Using
#.69) 1 reduces to

_ 2P(p(t1) £ ¢(t))
M2 = P?— 40 .
Since o does not depend on t; we have either P = 0 or ¢ is a constant function.

Note that
_ 2PB(p(t) £ p(1))
(PT—4Q)A

and in both cases we find p4; = 0 and py = 0.

Firstly, assume ¢ = C' to be constant. Using (@.69)), i3 reduces to
C4Q — P+ C(P*+4Q)B
(P2 —-4Q)VB? -1
Derivative of p3 with respect to ¢; should be zero. Hence we get
CBy, ((P?* +4Q) + (4Q — P*)B)
(P? —4Q)(B* — 1)2
which gives By, = 0 or ((P? £4Q) + (4Q — P?)B) = 0. Both cases imply that B is

0=

)

a constant.
Secondly, assume that P = 0 then using (4.69) again, 3 reduces to

A4Q(By, + BBy)  ¢(t1) £ By(l)
—4Q(B2—1) B2—1

H3 =
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Derivative of u3 with respect to ¢; must be zero. Hence differentiating the above

equality we have
(B2~ 1)}
which is possible if either B;, = 0 or B = :l:%. In the first case, if B, = 0

then B, = 0 by (4.69), so B is a constant. In the second case, if B = i% then

w3 = £/ 9%(t) — ©?(t1). Since u3 does not depend on t;, ¢ must be a constant and

hence B is a constant. As a result, in both cases we get B is a constant function and

)

using (4.59) we get the statement of the lemma. O

Using these lemmas we have the following theorem.

Theorem 71 Let f be a nonlinear function with respect to t,. The equation (4.32))
has four dimensional characteristic x-ring and two dimensional characteristic n-ring

if and only if
= cin(t)n(ty) or [ ¢ ec2(tHty)

— —P
te t, + P ’
where cy, co, P are arbitrary constants and 7 is an arbitrary function of one variable,

or

P
f:\/32—1\/t§+Ptx+Q+Bt$+E(B—1),

where B, P and () are arbitrary constants.

Proof: The proof of this lemma easily follows from Lemma[67] Lemma[68, LemmalG9|
and Lemma O

Examples

The functions f given in the Theorem [64]lead to the following examples.

Example 72 The equation

), )
’Y(tl)tz v(t1) (t) +olta),

where functions v and o satisfy the following relations

by =

(v()o(t)) = 7(t)V/Bi + Bo(y(t)o(t)),  Bi, B €R,
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is Darboux integrable with z-integral F = ((LL(ZS)):LL(iil))))((LL(SZZ)):LL(SfR))), where L(t) =

fg ~(7)dr and n-integral I = ~(t)t, — o(t).

Example 73 The equation

o= 2t = 200 0) 4 o),

where functions v and o satisfy the following relations

(v(D)a(1)) =7(t)V/Bi + Ba(y()o (1)) Bi, By €R,

(el(®) —eL(t2))(eL(t1) _L(t3)) o
(L) —eLt3)) (L) —¢L (i) where L(l) =

is Darboux integrable with x-integral F' =

fot ~(7)dr and n-integral I = ~(t)t, — o(t).
The functions f given in the Theorem [71]lead to the following examples

Example 74 The equation

PR an(t)n(t:)
e = —,
2%
is Darboux integrable with z-integral F = [*n~'(r)dr — [*n~'(7)dr and n-
Uy t
integral I = + ! )
Cln(t) tx
Example 75 The equation
ca(t+t1)
P
t, + P
is Darboux integrable with x-integral F = e~tste2Pr _ g—ctitePr qnd n_integral

t, + P ec2t

I = + )
cpec2t ty + P

Example 76 The equation

ti, = VB2 —1y/t2 + Pt, +Q + Bt, + 0.5P(B — 1)
is Darboux integrable with -integral
F = (-8B%—4B*+4B — 1)t + (8B* —2B + 1)t; + (—4B* + 2B — 1)ty + t3

and n-integral

I=(B—-VB2—1)"(/t2+Pt, +Q +1t,+05P).

For each of these examples it can be checked that F' is an x-integral and I is an

n-integral by direct calculations.
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CHAPTER 5

CONCLUSIONS AND FUTURE WORKS

In this thesis we studied Darboux integrable semi-discrete equations of the form

0
tlz :f<t7t17tx)7 an #O (51)

In Chapter 3, we considered semi-discrete hyperbolic chains of exponential type
uil,z _tzc = ezaZ;U{Jrza;juj Z?] - 1727"'aN (52)

where A = (a;j)nxn is @ N x N matrix. For the equation (5.2) it was conjectured
that the chain (5.2) is Darboux integrable if and only if A is the Cartan matrix (see
[41]]). We proved this conjecture for the case N = 2 but the other cases of V still

remains as conjecture and needs to be proved.

In Chapter 4, we classify Darboux integrable equations (5.1)) with four dimensional
x-ring and two dimensional n-ring and some restrictions on the form of function f.
For future studies we may consider classification of Darboux integrable equation (5. 1]

with no restrictions on dimension of characteristic rings and/or form of the function f.
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