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ABSTRACT

COMPUTATIONALLY EFFICIENT APPROACHES TO
INTEGRATED CARDIAC ELECTROPHYSIOLOGY

Pasaoglu, Ozgiir
M.S., Department of Civil Engineering
Supervisor : Assoc. Prof. Dr. Serdar Goktepe

August 2017, 103 pages

This work is concerned with the development of numerically efficient approaches
for cardiac electrophysiology within the bidomain setting. In this approach, non-
linear cardiac tissue is embedded into a linear conductor, called the torso. While
the excitation of cardiac tissue involves two field variables, the transmembrane
potential and the extracellular potential, the electrical activity of the torso in-
volve the extracellular potential field only. The electrophysiological behavior of
cardiac tissue is governed by a set of two partial differential equations. One of
these equations contains a highly non-linear ionic current term that is modeled
by the celebrated ten Tusscher model. The linear and time-independent nature
of the differential equations describing the electrical behavior of torso enables
us to propose computationally efficient approaches. These include the conden-
sation of the stiffness matrix for an entirely Finite Element-based approach and
the hybrid Finite Element Method - Boundary Element Method (FEM-BEM)
approach. In the former, owing to the linear behavior of the torso, the conduc-

tivity matrix of the surrounding tissue is constant and can be assembled once



and for all. Consequently, we can rearrange the overall coefficient matrix to
decrease the total number of degrees of freedom. In the latter approach, we
exploit the linear differential equation of the torso and solve it by using the
BEM. The coupling between the nonlinear equations of cardiac tissue and the
equations of the torso is achieved on the surface of the heart by the FEM-BEM
approach. The efficiency of the proposed approaches is demonstrated through

the representative numerical examples.

Keywords: FEM-BEM Coupling, Torso Modeling, Bidomain Models, ECG
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0z

BUTUNLESIK KALP ELEKTROFIZYOLOJiSI PROBLEMINE
SAYISAL OLARAK ETKIN YAKLASIMLAR

Pasaoglu, Ozgiir
Yiiksek Lisans, Ingaat Miihendisligi Boliimii
Tez Yoneticisi : Dog. Dr. Serdar Goktepe

Agustos 2017 , 103 sayfa

Bu tez caligmasinda, kalp elektrofizyolojisinde ¢ift alan probleminin ¢oziimii igin
sayisal olarak etkin yaklagimlar onerilmektedir. Bu problemde, dogrusal olma-
yan kalp dokusu dogrusal bir iletken olarak kabul edilen gévde tarafinda sar-
malanmaktadir. Kalp dokusunun elektriksel uyarilmasi hiicre zar1 ve hiicre dist
potansiyeline bagl iken, gévdenin elektriksel uyarilmasi sadece hiicre dis1 potan-
siyeline baghdir. Kalp dokususun elektriksel davranist iki ayr1 kismi diferansiyel
denklem ile ifade edilmektedir. Bu denklemlerin ilki yiiksek derecede dogrusal
olmayan iyonik akim terimini icermektedir. Bu akimlari matematiksel olarak mo-
dellemek i¢in, yaygin olarak kullanilmakta olan ten Tusscher modeli segilmigtir.
Govdeyi ifade eden diferansiyel denklemin dogrusal ve zamandan bagimsiz ya-
pis1 bu problemin ¢oziimii i¢in sayisal olarak etkin yaklagimlarin geligtirilmesine
olanak saglamaktadir. Bu yaklagimlarin ilki, problemin tiimiiyle Sonlu Eleman
Yontemi ile ¢oziimiinde, ¢oziim matrisinin kiimelenmis hale getirilmesi, ikinci

yaklagim ise Sonlu Elemenlar Yoéntemi ve Smir Elemanlar Yonteminin (FEM-

vil



BEM) hibrit bir sekilde kullanilmasidir. Ik yéntemde, ¢evre dokunun iletkenlik
matrisi gévdenin dogrusal iletken yapisi nedeni ile sabittir. Bu nedenle, bu yapiya
ait matrislerin ¢0ziim matrisinde bir defa derlenmesi yeterlidir. Ayrica, olugan
¢Oziim matrisinin yeniden diizenlenmesiyle serbestlik derecelerinin azaltilmasi ve
¢Oziim matrisinin kiiciiltiilmesi miimkiin olmaktadir. Diger yontemde, dogrusal
diferansiyel denklemden istifade edilerek BEM kullanilmistir. Kalp dokusunun
dogrusal olmayan denklemleri ile dogrusal gévde denklemlerinin baglagimi kalp
yiizeyinde hibrit FEM-BEM yaklagimi ile saglanmistir. Onerilen yéntemlerin et-

kinligi sayisal érnekler ile gosterilmigtir.

Anahtar Kelimeler: FEM-BEM Baglagimi, Gévde Modelleme, Cift Alan Model-
leri, EKG
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CHAPTER 1

INTRODUCTION

In this study, numerically efficient approaches for the solution of the bimaterial
model, consisting of the heart and the torso, are proposed. In order to test the
performance of these approaches, the mathematical model of cardiac electro-
physiology is solved together with the mathematical model of the torso. Then,
the representative results comparing the proposed approaches are demonstrated.
The purpose of Chapter [is to introduce the anatomical and mathematical con-
cepts of the corresponding problem in a systematic way. Therefore, first the
motivation for this study is given. After brief motivation, the background in-
formation about the anatomy and electrical conduction system of the heart is
provided. Then, the mathematical models explaining the electrical structure of
the heart and the torso are outlined along with the well-known diagnostic tool,
the electrocardiagram. Finally, to highlight the novelty of this work, related

studies will be summarized briefly.

1.1 Motivation

The understanding of the underlying mechanisms of physical, chemical, or bio-
logical systems and their modeling using mathematical tools have been the major
concern of human-being for centuries. Lately, the advances in computer science
and technology allow us to develop realistic mathematical models of natural pro-
cesses and to deal with highly complex systems. Owing to physical, chemical,
and biological balance equations, applied mathematics and the powerful compu-
tational tools, researchers and scientists can now use simulations. Consequently,

different branches of science come together to develop more sophisticated and



realistic simulation tools of these complex systems.

One of the interdisciplinary fields using simulations is the mathematical mod-
eling of cardiac electrophysiology and cardiac electromechanics. Due to the
difficulty of experimental studies in practical medicine, there is a great need for
the mathematical models that explain the nature of the heart. These models
help researchers understand the nature of healthy cardiovascular system of the
living bodies. Modeling various dysfunctional cases, on the other hand, pro-
vides a mean to classify and understand the problems occuring in the heart.
With the use of these mathematical simulations, new diagnostic and therapeu-
tic approaches can be developed by cardiologists and researchers from different

disciplines.

Due to several reasons, the cardiovascular system is more popular than other
physiological systems in terms of mathematical modeling. For example, cardiac
diseases are the major cause of death in the world. Cardiavascular diseases
cause 3.9 million deaths in Europe annually, constituting 45% of all deaths per
year [7]. Similarly, in the US, heart diseases caused 787,000 deaths in 2011
only, constituting 25% of all mortality [§]. Furthermore, heart diseases lead to
high financial cost. In EU, overall cost of the cardiovascular diseases is around
$250 billion per year. 53% of this cost is health care costs, while 26% of it is

productivity losses, and 21% of it is informal care [9).

The key risk factors for heart disease are high blood pressure, high cholesterol,
and smoking. Other than these factors, diabetes, physical inactivity, excessive
alcohol consumption are also reasons of heart disease [I0]. There are several
treatments for various cardiovascular diseases. For example, for problems re-
lated to the heart valves, medications, and heart valve surgery are proposed.
For arrhythmia, pacemakers may be implemented. Moreover, for the heart at-
tack, coronary angioplasty or coronary artery bypass graft surgery are suggested
[I1]. Despite the fact that there are several treatments, driving reasons of the
cardiovascular diseases cannot be avoided in the modern life. That is why, the
number of people with high blood pressure is doubled since 1975 and reached to

1.13 billion. Moreover, the expected annual mortality caused by heart disease is



expected to be 23.3 million in 2030 [12]. Because of these facts and estimations,
advanced treatment and diagnosis techniques will be highly significant to save

lives and increase the life quality of people in the upcoming years.

In the last decade, with the power of computational tools and the advances in
mathematical modeling of the cardivascular system, new therapeutic methods
are proposed. Also, diagnostic tools are improved according to the results ob-
tained from the simulations. Furthermore, with the recent techniques of image
processing and data management, patient specific heart models are spreading
around the world [I3]. Individualization of the mathematical models helps the
medical doctors treat the disease of each specific patient accurately. Also, with
the individualization, cardiac diseases can be detected more quickly and these
diseases can be treated timely. However, detection of all sorts of diseases for
a wide range of heart geometries is still a challenging task [I4]. Therefore, the
effects of diseases on diagnostic tools like the pressure-volume curves and the
electrocardiograms (ECG) should be investigated in detail for all kinds of cases
with the simulation tools. For this reason, accurate physical definitions, gen-
eralization of the heart geometries, and efficient mathematical and numerical
tools are required to improve the individualization techniques. The motivation
of this study is to propose numerically efficient methods to decrease the solution
time of the forward problem of electrophysiology for the integrated heart models

including the torso.

1.2 Anatomy of the Human Heart

The heart is a muscular organ that forces the blood to move in the arteries
and capillaries of the human body. This system that involves the heart and the
network of veins, and arteries is the circulatory system. There are two parts
of the circulatory system. First one is the systemic circulation where the main
duty of the heart is to continuously provide oxygen and nutrients to the rest
of the body. Second part is the pulmonary circulation where the oxygen-poor
blood is pushed to the lungs in which it is refreshed with the oxygen. The heart

is the center of these circulation systems and it works as an electromechanical



pump. The well-coordinated contraction of the chambers of the heart provides
the circulation of the blood. By the systemic circulation, the cells, tissue, and
organs are supplied with life-sustaining sources. On the other hand, the cel-
lular wastes including the carbondioxide are removed from the body with the

pulmonary circulation.

The heart is located on the slightly left side of the middle of the chest between
the two lungs and behind the strenum. The size of the heart is about that of
an average clenched adult fist. The longitudinal cross section and anatomy of a
healthy heart is depicted in Figure [[L11

“ngulmonary artery

aorta

right atrium

left atrium

pulmonary

valve mitral valve

tricuspid

valve .
aortic valve

right ventricle left ventricle

Figure 1.1: The cross section of a healthy heart [I.

The upper part of the heart is called the base and the lower tip is called the
apex. There are four chambers working in harmony. The upper chambers are
called the atria and the lower chambers are called the ventricles. The atria and
ventricles are separated from each other by a strong wall named atrioventricular
septum. Right and left parts of the heart, on the other hand, are separated
by the septum. The chambers have a vital role in the cardiac cycle. The de-
oxygenated blood is collected in the right two chambers of the heart, whereas the

oxygenated blood is collected in the left two chambers. The upper two chambers
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of the heart, the right atrium and the left atrium, receive the incoming blood
and push it to the ventricles. The left ventricle, being the strongest muscle of all
four, pumps the oxygenated and nutrient-rich blood to the rest of the body via
the aorta. The right ventricle pushes the de-oxygenated and nutrient-poor blood
to the lungs via the pulmonary artery. Other than chambers, there are valves
that provides harmony between these chambers. The four valves, the aortic
valve, the tricuspid valve, the pulmonary valve, and the mitral valve provide
a perfect timing for the blood flow between the chambers, veins, and arteries.
These valves are uni-directional and ensure the blood flow to be in one direction
only. During the contraction of a chamber, if the blood pressure exceeds the
threshold pressure of a valve, this valve opens and the blood starts to flow out
of that chamber. The tricuspid valve separates the right atrium and the right
ventricle. The mitral valve separates the left atrium and the left ventricle. The
pulmonary and aortic valves, on the other hand, hold the blood in the ventricles
until it develops a sufficient pressure to reach to the lungs and all other parts of

the body, respectively, see [15], [16], 17].

1.3 Electrical Conduction System of the Heart

The heart functions as a mechanical pump in the circulatory system. This me-
chanical power is actually a result of an excitation-contraction coupling. The
heart is a biologically electro-active material that can convert an electrical stim-
ulus into a mechanical power and can undergo large deformations. Therefore,

the electrical conduction system has an important role in the cardiac cycle [18].

Contraction of a muscle is the result of ionic changes in the cellular level. In-
side a muscle cell, calcium ions (|Ca]>") are the regulators that determine the
mechanical behavior of the corresponding cell. The excitation, also referred as
depolarization, alters the ionic balance inside the cell and triggers chemical reac-
tions. In the content of the heart physiology, this electrical activity is defined as
the action potential, also known as the transmembrane potential. In the upper
graph of Figure [[2] the schematic transient of the transmembrane potential of

a single cell is presented. As can be seen from the Figure [[2 there are four
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Figure 1.2: The idealized action potential - time diagram of a cardiac cell and
corresponding phase numberings (above) and the corresponding ionic movements
between intracellular medium and the extracellular medium of each phase (be-
low).

phases that define the overall action potential waveform. Phase 4 is known as
the resting state. The resting potential of a cardiac cell is about -80 mV. In
the cardiac cycle, after excitation, the action potential eventually returns to its
resting state. This is one of the characteristic features of this electrical activity.
Phase 0 is the excitation part of the cardiac cell. If the cell is disturbed with
a threshold potential, around -40 mV, the action potential increases up to 420
mV, instantaneously [19]. The reason of this sudden increase is that after the
excitation, the sodium ([Na|™) channels which are placed on the cell membrane,
open. Opening of these channels causes a sudden inflow of [Na|t current from
the extracellular medium [20]. This phase is called the depolarization phase.
The ionic changes during Phase 0 and other phases are illustrated in the lower
panel of Figure [.2l Phase 1 is another characteristic feature of the waveform,
since, there is a sudden drop, namely the overshoot, of the action potential.
Once the [Na]* current increases suddenly, the cell reacts to the sudden change

and the potassium ([K|*) channels open to regulate the intracellular potential.
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This opening causes an outflow of [K|* ions to the extracellular medium. As a
result, the action potential decreases to 0 mV and the cell gets into a temporar-
ily balanced state. This state is denoted by Phase 2 and is called the plateau
phase. During this part, [Cal?*" ions start to inflow but they are in equilibrium
with [K]* ions outflowing. Therefore, the action potential remains stationary
for a certain amount of time. It is worth noting that, in this part, [Ca|*" ions
flow into the intracellular medium of the cardiac cell and initiate the mechanical
contraction process. Finally, in Phase 3, all of the channels except the outflow-
ing [K]" channels, are closed. This phase is called the repolarization phase, and
due to very slow outflow of the current, the action potential decreases gradu-
ally. During this phase, the ionic balance is satisfied more slowly. At the end
of the repolarization phase, the cell returns back to its resting state and gets
prepared for a new cycle of excitation. One excitation cycle takes around 300
ms, although it depends on the physiological state of a person and the location

of the excited cell in the heart [21].

superior vena cava

left atrium

right atrium

bundle
branches

sinoatrial node
(pacemaker)

atrioventricular
node

atrioventricular
bundle

Purkinje fibers

Figure 1.3: The electrical conduction system of the heart [2].

The action potential evolution is a cell-based evolution. The diffusion of the

action potential throughout the heart cells is controlled by different specialized
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muscle cells. These cells are shown in Figure The sinoatrial node (SA)
cells are the pacemaker cells; that is, they are self-excitatory cells. They can
generate action potentials at a rate about 60 per minute. These cells are located
at the upper wall of the right atrium. Once the action potential is generated
by the SA node, it propagates through the atrial cells with a velocity of 1
m/s. During this propagation, the atria start to contract and eventually push
the blood to the ventricles. The action potential, however, cannot propagate
through the ventricles, because, the atrioventricular septum between the the
atria and the ventricles acts as an isolator. The atrioventricular node (AV), on
the other hand, is the electrical connection between the atria and the ventricles.
The propagation speed of the action potential slows down to a velocity of 0.05
m/s in these cells. With this delay, the contraction of the atria is waited to be
completed. Then, following the atrioventricular bundle, the potential starts to
propagate through the ventricles. First, it follows two major branches placed
on both sides of the septum. These branches are called the bundle branches.
Via the bundle branches, the action potential propagates through the septum.
These branches split into fibers that diverges through the endocardial parts of
the ventricle walls. These fibers are called the Purkinje fibers and the conduction
velocity of these cells are almost 3.5 m/s. Once the action potential reaches to
these fibers, it instantaneously diffuses through the inner parts of the ventricular

walls, exciting all the ventricle cells quickly.

It is also important to state that different regions of the heart has different con-
duction velocities and also different action potential evolution characteristics.
In Figure [L4l different peak values of the action potential, different plateau
durations and the overall timings are provided for several zones of the heart.
Moreover, the delay between the initiation times of the cells can be observed.
The action potential variations are the result of different initial ionic concentra-
tions of the corresponding zones. The initiation starts with the SA node and the
potential propagates downwards until the action potential reaches to the apex

of the heart. For further information on the electrical system of the heart, the

reader is referred to [22], 23], 24].
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Figure 1.4: Different action potential waveforms on the different zones of the
heart [3].

1.4 Tonic Models for Cardiac Electrophysiology

To conduct simulations of the electrophysiology of the heart, a mathematical
model describing the experimental action potential waveform is required. About
a half a century ego, Alan Hodgkin and Anrew Huxley proposed the first model
that successfully mimics the time-dependent behavior of eletro-active cells, i.e.
nerves [25]. They used a squid giant axon to explain the ionic relations between
the extracellular and intracellular media. Despite the fact that this mathemat-
ical model was constructed for the nerve cells, it is proven to be very effective
when used to model the myocardium cells as well. The evolution equation they

suggested is

Tapp = Con® + Lion (1.1)

where Cp,, Zion, and Z,p,, are the membrane capacity, summation of all ionic
currents through the membrane and the external current applied to the cell.
Moreover, ® denotes the action potential of the medium. The ohmic model for

this ordinary differential equation is provided in Figure[LH (left). On right hand
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side of the same figure, the cellular representation of the governing currents is
illustrated. In this representation D; and D, stand for the intracellular domain
and the extracellular domain, respectively. In this model, the major currents
Ing, Ik, I, are the currents depending on [Na|™ concentration, [K|* concentra-
tion, and other minor ionic concentrations, respectively. Moreover, I; denotes

the leakage current.

Overall membrane current, Z;,,, is then defined as

Lion = Ing + I + 1. (12>
Rl
NVN— f
mis )
( extracellular
R Ix domain
AMAN—— k-
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Figure 1.5: The circuit representation of the Hodgkin-Huxley model (left) and
the cellular representation of the local ionic currents between the intracellular
medium and the extracellular medium(right).

The model can be summarized that in the absence of an external potential, the
action potential evolution depends on the local currents through the membrane,
while the capacitor reflects the time dependent behavior of the potential. For
further information about the equations of the local currents of this system
and the derivation of these equations, the reader is referred to [25]. The ionic
currents in this model are governed by two major ionic concentrations, [Na|™
and [K]™. Also, the effects of minor currents are taken into account with the

leakage current.
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Figure 1.6: The action potential waveform obtained through the use of Hodgkin-
Huxley model.

The action potential evolution obtained through Hodgkin-Huxley model is pro-
vided in Figure It can be observed that this model predicts the overall
behavior of the action potential cycle very well. The depolarization, the re-
polarization, and the resting state of the model is well constructed. After the
publication of this Nobel-winning model, similar studies have been conducted
to be able to mimic the action potential of the myocardium with a higher level
of detail and accuracy. The FitzHugh-Nagumo equations for pacemakers [20],
Yanagihara equations [27], Luo and Rudy model |28, 29] , Noble model for Purk-
inje fibers [30] and, the distinguished Aliev-Panfilov model [3I] are the major

mathematical models constructed so far.

A relatively new model was introduced by ten Tusscher [, 32, 33, B4]. This
model is here referred as the ionic model for the cardiac electrophysiology. The
model incorporates the effects of the ionic concentrations with high accuracy.
Figure [ 7 depicts the action potential waveform obtained through the ten Tuss-
cher ionic model. It can be observed from Figure [[7 that the model mimics all
4 phases, the depolarization, the overshoot, the plateau, and the repolarization,
of the action potential effectively. Also, the possibility to change the ionic pa-
rameters of the model makes it favorable, since it allows to alter the peak action
potentials, timings and resting potentials for different cases. Its applicability to

pharmacological studies is another superiority of the model. Moreover, the ac-
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Figure 1.7: The action potential waveform obtained through the use of ten
Tusscher ionic model [4].

curate prediction of the transient [Ca|™ in the cell makes this model applicable

for electromechanical studies [18].

Different from the Hodgkin-Huxley model, the ionic model is governed by 4
ion concentrations, Cn,, Ck, Cca, C2L, that are the sodium concentration, the
potassium concentration, the calcium concentration, and the calcium concen-
tration in the sarcoplastic reticulum, respectively. There are also 13 gating
variables and 15 ionic currents that define the local evolutions of this model.
It should be noted that the Hodgkin-Huxley model includes the effects of three
concentrations and corresponding three ionic currents. The same procedure is
extended in the ionic model for 17 variables and 15 ionic currents in total. For
the analogy between the Hodgkin-Huxley model and the ionic model, Figure
may be examined. Figure shows the schematic model on the left and the
cellular analogy of the model on the right. This model simply states that the
global problem is the same for the action potential calculation, while the local

problem is now extended to 15 ionic currents.

INa; IbNa, INQK, ]NaCa are the sodium-related currents, IKI, IKr; IK37 INaK7 IpK;
Iy are the potassium-related currents, Icar, Ivca, Ipca, INaCa, Licaks Lup, Irel are

the calcium-related currents, and finally, [jeq, I, and, I, are the calcium
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Figure 1.8: Circuit representation of the ionic model (left) and the cellular
representation of the local ionic currents between the intracellular medium and
the extracellular medium(right).

related currents of the sarcoplastic reticulum.

Eventually, Z;,, contribution of this local problem is defined as

Lion = Ina+ Iena + INaca + Tkt + Trr + Ts + INax + Ipr+

(1.3)
[tO + [CaL + [bCa + [pCa + [leak + [up + Irel'

In Chapter 3, a detailed explanation of the ionic model and its variables are
provided. Also, for further information about the bioelectricity problem, the

reader is referred to [35].

1.5 Monodomain and Bidomain Settings

The global degree of freedom of the cardiac electrophysiology is the action po-
tential, ®. However, the behavior of a single cardiac cell and several tens of
cardiac cells differ [36, B7]. The monodomain and bidomain settings are two
different approaches for the solution of the global electrophysiology problem of

the heart. To be able to understand the difference between the monodomain and
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bidomain models, the term domain should be explained. A domain refers to ho-
mogeneous macroscopic description, for example, of several tens of cells. With
the bidomain model, macroscopic homogeneous medium is decomposed into two
domains, namely the extracellular domain and the intracellular domain. This

separation of domains is represented in Figure [[9] with a circuit model.

R’III
— —
®; P,
O— —0O
Cn
< ) »

Figure 1.9: Circuit representation of the bidomain model.

In this setting, the transmembrane potential of the cardiac tissue is defined as

the difference between the intracellular and extracellular potentials.

® =, — D, (1.4)

Here, ®; denotes the intracellular potential and ®. denotes the extracellular
potential. It can be stated from the circuit model that the local problem of
the model does not change [38]. The local problem of the bidomain setting is

provided with the ionic model, mentioned in the previous section.

Moreover, the potential and current density in each of these two domains should
satisfy the electrical current equilibrium. This equilibrium can be formulated

with the two equations provided below:

divg, = —ir and divg, =ir, (1.5)
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where 77 is the transmembrane current, g, and g, are the intracellular and

extracellular spatial potential fluxes, respectively.

With the bidomain approach, the homogenization of the two media is achieved.
However, it is important to state that the conductivities and the propagation
characteristics of the electrical potential in these two domains are completely
different. In this setting, it is clear that even though the spaces are physically
separated, the macroscopic intracellular and extracellular domains overlap at
every point of the cardiac tissue [39]. As a result, at any point of the cardiac

tissue, both of the global degrees of freedom exist simultaneously.

The monodomain model is the simplified version of the bidomain model. In
the monodomain setting, the global degree of freedom is the transmembrane
potential only. This causes the extracellular potential and its effects on the
transmembrane potential to be neglected. Apart from the monodomain model,
with the bidomain approach, the electrical activity of the extracellular domain
can be taken into account. Furthermore, the effects of the external currents can
be modeled with this approach. Therefore, it can be stated that the bidomain
model is a superior setting in terms of reflecting the overall behavior of the

cardiac potential.

1.6 Electrocardiogram

Electrocardiogram, commonly known as ECG, is used to assess the electrical
activity of the heart. Since its invention by Willem Einthoven in the beginning
of 1900s, it has been the most commonly used dignostic tool in clinical practice
[40]. Compared to other clinical tools, ECG is relatively simple to measure and
is a cheap, noninvasive tool. This makes it a distinguished medical tool that is
required for almost all the patients who consult a doctor with a wide range of

health problems.

Basically, ECG is the measurement of the electrical waves spreading through
the atria and ventricles involving both the depolarization and the repolarization

phases. Depending on the direction of the wave propagation and the different
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Figure 1.10: The schematic ECG Waveform [5].

cardiac zone characteristics, the recording of the electrical activity reveals spe-
cific intervals and waves, which are the main components of an ECG. Referring
to Figure [LI0, ECG starts with the P wave, representing the depolarization of
the atria, and followed by the isoelectric PQ interval representing the delay of
the electrical waves at the atrioventricular (AV) node. This delay is significant
for the proper functioning of the heart, providing the atria with the enough time
to completely eject the blood into the ventricles. Propagation of the electrical
waves through the ventricles causes the depolarization which is represented by
a large triangular wave, named the QRS complex. Compared to P wave, QRS
is considerably wider because of the differences in the muscle mass of atria and
ventricles. The ST interval, which is the second isoelectric period on the ECG
corresponds to the depolarized state of the both ventricles, or the plateau phase
of the electrical activation on the cellular level. After the ventricles are fully
depolarized, the repolarization phase starts and it is represented by the T wave

on the ECG.

The ECG is obtained by measuring the electrical signals by using an array of
electrodes placed at specific locations on the body surface covering the arms,
legs, and the chest [4I]. The potential differences between these leads are mea-
sured by a device and written in the standard 12-Lead ECG format. In this

representation, the leads are classified into 3 types depending on their orien-
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Figure 1.11: Limb leads, Lead-I, Lead-II, Lead-III, placed on the body surface
that form Einthoven’s triangle (above) and the augmented limb leads, aVF,
aVL, aVR (below)

tation. These are the standard limb leads, augmented limb leads, and chest
leads. For the standard limb leads, the placement of the positive and negative
electrodes are shown in Figure [[T1] (top). For the augmented ones, Figure [ T1]
(bottom), the positive electrodes are placed on left leg, left arm, and right arm
for aVF, aVR, and aVR, respectively. Having the potential differences at hand,
ECG is the obtained by printing them on a special paper. For a practical ap-
proach, the paper is divided into small grids, and the vertical interval of one
square is 0.1 mV while the horizontal interval is 40ms. It is possible to explain
the generation of ECG in terms of the projection of the heart vector, defined as
the integration of the electrical impulses through the heart [42], onto the sagital
and frontal planes represented in Figure[[.12] Depending on the projected plane,
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Figure 1.12: ECG leads placed on the chest.

components of the 12 lead ECG representation is obtained. The ECG example
of a healthy heart is provided in Figure where the characteristic P,Q,R,S

and T waves can be observed.

Certain changes in the duration, morphology, or amplitude of these phases and
intervals are accepted as strong indicators of cardiac dysfunctions. For example,
the dysfunctions related with the atria, namely left or right lateral enhance-
ments, bilateral enhancement etc., are generally revealed on P wave, while any
distortion on PR interval is related with the problems of wave propagation be-
tween atria and ventricles, such as AV conduction block. The proper functioning
of the ventricles, responsible for the pumping the blood through the pulmonary
and systemic circulation, is of vital importance for the life and any disturbances
in the electrical conduction system of the ventricles are directly observed as
distortion of QRS wave. These dysfuntions cover a wide range of pathological
cases; myocardial infarction, ventricular hypertrophy, and bundle brach blocks,
to name a few. While ST segment position is the most widely accepted indication
for the diagnosis of ventricular ischemia, indications on T waves are generally

related with repolarization properties and supports the diagnosis of the diseases
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Figure 1.13: The 12-lead ECG diagram of a healthy heart [6].

such as bundle branch blocks, hypertropy, and conduction abnormalities. For
a more detailed discussion on the diagnostic indications on ECG, the reader is

referred to [43] [44], [45].

1.7 The Torso and Its Numerical Manipulation

The torso consists of tissue and organs including the heart that in this structure,
is an electrically active material. It generates electric potential and transfers this
electricity into surrounding tissue. The torso by its nature is assumed to be a
linear conductor [46],[47|. The organs like liver, lungs, stomach possesses different
electrical properties and conductivites. However, in this study, for simplicity
we assumed the torso to be a linear, isotropic, and homogeneous conductor of
electricity. The mathematical definition of the torso allows us to manipulate the
numerical solution scheme of the problem. The two numerical approaches are

explained in the following sections.
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1.7.1 Condensation of the Stiffness Matrix

Owing to the linear and time-independent nature of the torso, its stiffness con-
tributions are to the solution matrix are constant in FEM. Therefore, these
contributions can be computed and stored at the beginning of the analysis. Con-
sequently, we propose to rearrange the global solution matrix of the problem to
decrease the total degrees of freedom. Eventually, we expect a faster solution
because of the fact that the computational cost of the inversion of the condensed
matrix is less. Moreover, there is no calculation of the stiffness terms of the lin-
ear part during the analysis. After the solution is obtained for the heart domain,
the unknowns of the torso domain are recovered by using back-substitution. The

details of the condensation are explained in Section 4.2.

1.7.2 Boundary Element Method Coupling

The boundary element method is a powerful mathematical tool that depends
on the idea to solve the governing linear differential equation on the surface of
the domain and using this information to compute the inner domain [48]. Using
this method, the computational cost can be decreased drastically, because of the
fact that when compared to the overall torso domain, the surface domain of the
torso is much smaller, and as a result, the solution time of the problem decreases
[49]. Using the BEM formulation, we exploited the BEM matrix to associate
the heart surface fluxes in with the surface potentials of the torso. Using the
staggered solution scheme, the coupling of the finite element method applied
to the nonlinear myocardium and the boundary element method applied to the

linear torso takes place on the interface nodes.

1.8 Related Studies

In this section, related studies to the present work are introduced. As mentioned
earlier, ECG is a cheap, non-invasive and very efficient tool for the diagnosis of

the heart problems. Therefore, there are several attempts to simulate the ECG
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more accurately.

First, the heart reaction-diffusion models excluding the torso is one approxima-
tion for the ECG simulations [50), 511 [42] 52]. With this approach, the torso is
ignored and only the nonlinear problem of the heart domain is solved with the
FEM. The ECG is obtained by projecting the computed heart vector onto the
sagital and frontal planes. In this approach, the effects of the torso on the heart
is neglected. Owing to the finite element method and the bidomain setting of

the cardiac domain, the anisotropy of the heart can be taken into account.

Second, the torso and the heart domains are discretized together and the overall
domain is solved with the FEM [53], 54} 55 [56]. With this approach, the effects
of the torso domain on the heart surface are taken into account. Furthermore,
the FEM allows us to solve anisotropic and heterogeneous structure of the torso
straightforwardly. This model associates the physical properties of the electro-
physiology problem with the mathematical model efficiently [57]. However, due
to the fact that the torso domain is much larger than the heart domain, the size

of the problem and thus, the computational cost increase.

Third, the boundary element method can be employed for the solution of the
linear differential equation of the torso. For the ECG simulations, the surface
method BEM is quite applicable [58, 59, [60, [61]. The linear part is solved only
on the outer surface of the torso domain. As a result, the size of the solution
matrix and the solution time decrease [62]. The disadvantages of the BEM is
that the memory requirement of the model during the analysis is high. Another
disadvantage is the difficulty to model the heterogeneous and anisotropic cases

of the torso domain. Recent studies focuses on the modeling of the anisotropic

cases [63], 49| [64].

The BEM is a tool to model a linear domain. However, for the solution of this
domain, a source model is required. This source model represents the electrical
activity of the heart surface. The coupling of the source term with the BEM is
another research area. Some models use static approaches [64. [65], whereas some
use dynamic approaches [66]. Static approaches refer to the simulating the heart

surface without coupling with the BEM. Then using the simulated results as
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source term, computing the surface body potentials. Dynamic approaches refer
to computing the heart surface potentials and the body surface potentials in a
coupled form. Other source models are oblique dipole layer [67], and equivalent

double layer approaches [6§].

In this contribution, the torso is treated as a linear and isotropic conductor. The
source model for the solution of the BEM is computed using the FEM for the
nonlinear domain. Then, FEM and BEM are coupled dynamically on the heart
surface, the interface. The contribution of the torso is converted into external
flux terms on the heart surface. The boundary element matrix is implemented
into the solution array of the nonlinear problem as an equivalent finite element
contribution. Then, the staggered solution scheme is applied for the solution of

the problem.

1.9 Aim of the Thesis

The aim of this thesis is to develop efficient numerical approaches for the solu-
tion of the integrated electrophysiology problem of the heart in the bidomain
setting. In this contribution, the effect of the torso on the heart and the effect
of the heart on the torso are examined. The problems of nonlinear electricity
problem of cardiac tissue and linear electricity problem of the torso are solved
together. One of the most important diagnostic tools of the cardiac practice is
the electrocardiograms. The ECG leads are placed on the various parts of the
body and they measure the electrical activity. Moreover, the direction of the
currents provides us with a diagram defining the electrical activity of the heart.
The mathematical models, on the other hand, only involve the electrical activity
of the heart and ignore the effects of the torso. In this thesis, the effect of the
torso on the ECG in the 2-D setting is also provided.

Moreover, the torso is the large portion of the body. As a result, for the numer-
ical solution of the overall system, it increases the size of the solution matrix
enormously. Therefore, exploiting the linear and time-independent nature of

this conductor, we proposed efficient numerical methods to decrease the com-
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putation time of the integrated electrophysiology problem in bidomain setting.
The representative numerical examples are analyzed to illustrate the efficiency

of the proposed approaches.

1.10 Scope and Outline

The thesis is structured as follows:

In Chapter 2, the governing differential equations in the monodomain and bido-
main setting for the electrical problem are introduced. Furthermore, the linear
governing differential equation of the torso is provided. Also, the boundary

conditions of the integrated problem are defined.

In Chapter 3, the constitutive equations of the electrochemistry problem and

their discretizations on the integration points are given.

In Chapter 4, the finite element formulation for the integrated cardiac electr-
physiology problem is introduced. Moreover, two efficient numerical approaches
for the solution of the corresponding problem are explained. Firstly, the con-
densation of the solution matrix is provided. Secondly, the boundary element

method and finite element method coupling on the heart surface is represented.

In Chapter 5, the representative numerical examples are demonstrated. The
performance of the proposed methods are shown with a comparison study using
FEM, condensed FEM approach, C-FEM, and FEM-BEM. The ECG results of
the proposed approaches and that of FEM are compared. The efficiency of the
methods is demonstrated in terms of the solution time of the problem. Further-
more, the FEM-BEM coupling results for a diseased heart’s ECG simulation,

along with the fibrillation and defibrillation simulations are presented.

Lastly, in Chapter 6, the critical points of the present work are summarized.
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CHAPTER 2

GOVERNING DIFFERENTIAL EQUATIONS OF THE
ELECTROPHYSIOLOGY

The aim of this chapter is to introduce the fundamental equations of the elec-
trophysiology of the heart and the linear electrical conductor. In Section 2.1,
monodomain equations of the heart electrophysiology is provided. In Section
2.2, the extention of the monodomain formulation to the bidomain formulation
is given. The governing equations of the linear conductor problem are presented
in Section 2.3. Finally, in Section 2.4, boundary conditions and initial conditions
of the bimaterial problem are given along with the overall parameter set of the

global problem of the integrated cardiac electrophysisology.

2.1 Monodomain Formulation

In the monodomain model, the action potential is the unique field variable and
is the only global degree of freedom of the heart domain, BY. The local state

at material point X and at time ¢ can then be defined as follows:

State(X,t) := {®(X,1)}. (2.1)

As mentioned earlier, the first quantitative model representing the electrophys-
iology of the excitable neural cell was proposed by Hodgkin and Huxley [25]. In

their pioneering model, the local evolution of the transmembrane potential ® is
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represented by the equation

ip = X (Cn® + Tion), (2.2)

where i7 represents the summation of ionic and capacitive currents, X repre-
sents the aspect ratio of the membrane surface to volume of the tissue and C,,
represents the membrane capacitance per unit area. Moreover, Z;,, denotes the
current density and is governed by the ionic movements through the membrane.
Due to the nonlinearity of the ionic currents, this first order ordinary differential
equation is nonlinear by its nature. The transmembrane current is balanced by

the flux term

T = div q, (23)

where, q is the spatial potential flux. The phenomenological form of the spatial

potential flux q is specified as follows:

q=D-V® (2.4)

where D is the conductivity tensor and is defined, in general case of anisotropic

diffusion, as follows:

D=difef+d(I-faf) (2.5)
Here, dj and d | denote conductances along the fibre direction and the orthogonal

plane to it, respectively and the unit vector f stands for the fibre orientation

vector in the 2-D space.

cos b

J =4 sind (2.6)
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In this representation, 6 stands for the orientation angle of the cardiac fibers.

Then, inserting (23)) into (Z2), we obtain

X(Cp® + T,op) = divg. (2.7)

Using the definition ([24) in (Z7)) and rearranging the equation to recast into a

more compact form, we obtain:

® = div(D - V®) + f*. (2.8)

The normalized conductivity tensor D in this equation is defined by

D :=(x¢,) ' D. (2.9)

The term f® is the electrical source term and is a function of ionic currents. It

is defined by

f(b = _C;Ll-’z'-ion- (210)

2.2 Bidomain Formulation

In the previous section, the fundamental equation (2.8)) of the monodomain
model was explained. In the bidomain model, contrary to the monodomain
model, the intracellular and extracellular potentials are the two independent
global degrees of freedom. This separation allows us to solve extracellular po-
tential, and by this way, investigate the effect of cardiac potential on the body
and that of the body potential on the heart.

The state variables of the bidomain model at a material point X and at time ¢

27



are

State(X, 1) := {®;(X, 1), Do (X, 1)}. (2.11)

The bidomain equations are reaction-diffusion equations of extracellular and
intracellular media. The conservation law suggests that if there is no external

current applied to the system, the total flux should be conserved.

/ g -ndA=0 and q,=gq,;+q., (2.12)
oBH

where g, is the intracellular spatial potential flux, g, is the extracellular spatial

potential flux, and m is the unit normal vector of the surface, respectively. Then,

the local form of ([212) is

divg, = 0. (2.13)

If D; is defined to be the intracellular conductivity tensor and D, to be the
extracellular conductivity tensor, the intracellular and extracellular potential

fluxes can be represented as

g, =—D;- V&, and q.,=-D.-Vo.. (2.14)

The intracellular D;, extracellular D., and the total D conductance tensors are

defined as

Di=difef+d (I-faf),
D.=difof+d.(I-fof), (2.15)
D=D,;+D..

As mentioned in the monodomain model, f denotes the unit fibre direction vec-

tor represented in (2.0), d’”, di, dﬁ, and d9 denote the intracellular conductances
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along the fibre direction and the plane perpendicular to it, and the extracellu-
lar conductances along the fibre direction and the plane perpendicular to it,

respectively.

Furthermore, we define the transmembrane potential as the potential difference

between the intracellular domain and the extracellular domain, i.e.

d =, — P, (2.16)

Employing the pioneering equation of the Hodgkin and Huxley Model:

ir = X(Cn® + Tion), (2.17)

where, the transmembrane current i is a function of the intracellular and ex-
tracellular currents, in the bidomain setting. These currents are in equilibrium.

Therefore, each subspace obeys the following equations:

divg, = —ir and divgq, = ir. (2.18)

Equations (2ZI3]) and (ZI8) introduce the strong form of the bidomain model of
the cardiac electrophysiology. This equation system can be written in a more

coherent form as:

b = div(D; - V®) + div(D; - V,) + f®,

- - (2.19)
0=—div(D; - V®) —div(D - V®,),
where D and D; are the normalized conductivity tensors, defined by
D= (xc,) ' D,
(2.20)

The definition of the electrical source term f? is provided in (210).
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2.2.1 Reduction of the Bidomain Formulation

The coupled equations of the bidomain setting can be reduced to the mon-
odomain setting with some simplifications. By inserting (ZI4) into (ZI3]), and

exploiting this equation, the following equation is obtained:

Ve, =D (D VP —gq,). (2.21)

Implementing (Z21]) into the first equation of (ZI8]), we end up with the ionic

currents in terms of the transmembrane potential.

ir = div(D;D'D.V®) — div(D;D'q,). (2.22)

Owing to the conservation of total current flux, divq, = 0, if the intracellular
conductivity tensor and extracellular conductivity tensor are taken to be pro-
portional, i.e. D; = ¢D,, where c is a constant, the right hand side of (222I)
drops. The resulting reduced equation can be inserted into (ZI7) and recast

into the following monodomain setting,

X (Con® + Zipn) = div(D - V®), (2.23)

where effective monodomain conductivity tensor is defined as

D= D,D;+ D, 'D.. (2.24)

This procedure provides a way to simplify the problem. However, the assump-
tion of proportional intracellular and extracellular conductivity tensors is not

accurate due to physical, and biological reasons.
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2.3 Linear Conductor Equation

The bidomain setting of the heart electrophysiology consists of the field vari-
ables, the intracellular potential and the extracellular potential. The heart cells
are specialized excitable cells that when they are perturbed with a threshold
potential, they react in such a way that the cell depolarizes and repolarizes in a
waveform illustrated in Figure [[2l The same feature can be observed with the
neural cells. The regular body cells, on the other hand, can react to external
stimulus but cannot propagate a nonlinear transmembrane currents. There-
fore, the only field variable of the torso domain B is the extracellular potential
and the transmembrane potential & = 0. The torso is assumed to be a lin-
ear, isotropic, and homogeneous conductor. Therefore, the governing equation

representing this model is the Laplace Equation. It can be formulated as

—div(Dy - V®,) = 0. (2.25)

Here, Dt represents the isotropic conductivity tensor of the torso.

Dy =d. T (2.26)

1807 )

where the df denotes the isotropic coefficient of conductivity. Eventually, the

spatial potential flux of the torso can be obtained as

qr = —Dr-Vo.. (2.27)

2.4 Two Dimensional Setting of the Problem

In this section, the boundary conditions, the initial conditions and the parameter
set of the problem are provided. For a better representation, the two subdomains
of the problem in two dimensional setting is illustrated in Figure 21 where BY

denotes the heart domain, B” denotes the torso domain, and I" denotes the
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interface between the heart and the torso. The longitudinal cross-section of
the heart is surrounded with the torso section. The heart domain contains the
section of the ventricles only. Therefore, a line surface representing the atria
surface is introduced to separate the torso domain from the inner parts of the
heart. It is important to note that this separated region contains the blood, yet
the effects of the blood is neglected. As a result, there is no domain in that
enclosed zone. Therefore, on the surface surrounding that enclosed area, there
are boundaries of both the heart B¥ and the torso Bf. The equations of the
two problems are solved in the corresponding domains. On the interface, the
equations of the heart and the torso are coupled. There are three boundaries

and one interface in the provided setting.

oBT

9Bl

BH

Figure 2.1: Ilustration of the heart domain embedded in the torso domain.

There is no transmembrane potential in the torso domain. Therefore, the in-
terface should satisfy two conditions. First condition is the continuity of the

extracellular potential flux.

g. - ng+qpr-npr=0 on T, (2.28)
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where g, represents the extracellular flux of the heart and g, represents the
flux of the torso. Moreover, ny and ny denote the unit normal surface vector
of the heart and the unit normal surface vector of the torso, respectively. On
the interface I', at a same point, these two vectors are aligned in the opposite
directions. The second condition is the insulation of the intracellular flux. In
the torso domain, the spatial potential flux of the intracellular domain is zero.

Therefore, the interface should be impermeable to intracellular flux.

qg-ng=0 on T, (2.29)

where g, represents the intracellular flux.

On the boundary of the heart, the coupled bidomain equations lead to the

following boundary conditions:

- H
4 My =q;, on 0B,

) (2.30)
q)i,e = q)i,e on aBg

On the boundaries of the torso, on the other hand, the Laplace equation leads

to the boundary conditions of

' T
qr Mt =lay on 0B,

i (2.31)
b, =P, on aBg.

In this equation system, i,,, denotes the external current applied the the bound-
ary of the torso. Moreover, the initial conditions of the electrophysiology prob-

lem can be defined as following:

(2.32)

Finally, to complete the definition of the global problem of the integrated cardiac
electrophysiology, the parameter set is provided in Table Il There are four
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conductivity parameters of the heart domain, one conductivity parameter of the
torso domain, and one orientation angle of the heart fibers that define the global

equation of the bimaterial problem.

Table 2.1: Parameters of the integrated electrophysiology equations

Parameter Unit Description Equations

_ﬁ = dﬁ /XCp [mm?/s|] Normalized intracellular conductance of the heart (215 220)
in the longitudinal direction
d| :=d'\ /XC, [mm?/s|] Normalized intracellular conductance of the heart (215} 220)
in the orthogonal direction
7ﬁ = djj/XCp, [mm?/s] Normalized extracellular conduction of the heart (15 E20)
in the longitudinal direction
¢ :=dj/XCn [mm?/s] Normalized extracellular conductance of the heart (ZI5]E220)
in the orthogonal direction
dL, [mm?/s| Isotropic conductance of the torso 2246)
0 [Rad] Fiber orientation angle of the heart tissue 23)

The global problem of the bimaterial problem of the cardiac electrophysiology
is provided in Chapter 2. However, the local source term f® still needs to be
specified for the full description of the problem. In Chapter 3, the constitutive
equations of the ionic model for the human cardiomyocytes are provided along

with the discretization of these equations at the integration points.

34



CHAPTER 3

ELECTROCHEMISTRY OF CARDIOMYOCYTES

The aim of this chapter is to introduce the governing equations of the chemical
problem for ventricular cardiomyocytes [4]. Moreover, the temporal discretiza-

tion of these equations on the integration points are presented, according to the

work by Wong, Goktepe, and Kuhl [34].

The global equations of the bidomain model are introduced in Chapter 2l The
calculation of the source term f® in (ZIJ) is presented in this section. The
chemical part of the electrochemical coupling in cardiac tissue is characterized
through a system of ordinary differential equations. The local solution field
of this system involves 7y, gating variables and 7., ion concentrations. In
Section 3.1, the cellular gating variables, the ion concentrations, and the ionic
currents are defined and the continuous formulation of the model is represented.
In Section 3.2, the time discretization and the associated iterative update scheme

of the local solution field at the integration points are provided.

3.1 Continuous Model Problem

The continuous formulation of the chemical problem is defined in terms of two
sets of first order ordinary differential equations. These sets correspond to
Ngate—13 gating variables and c;,,—4 ion concentrations. This system of equa-
tions is solved iteratively and the updated variables are stored at the integration

points at each time step.

The first set of equations is for the gating variables. Gating variables are the

quantitative indicators of the ionic state of a cell. Depending on the instanta-
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neous state of a cell, the ion channels have different permeability characteristics,
that is, they have a time-dependent nature. For example, if sodium concentra-
tion in the cell increases suddenly, channels that are permeable to sodium start
to close gradually, while the channels, which regulate the sodium-dependent ions,
such as potassium, start to open. Channels may be open for a specific state of
the cell or they start to close for a certain ion concentration in the cell and so
on. Gating variables, as a whole, quantitatively represent the overall states of all
channels. In the ten Tusscher model [4], there are 13 gating variables and 10 of
these variables depend only on the transmembrane potential, whereas the other
3 variables depend on both the transmembrane potential and the corresponding
ion concentration. Therefore, it makes sense to separate these two groups of
variables into two subsets, géate = |9m> G, Gj» Gur1s Gar2, Guss Grr Gss Ja, gy) and
gééte = |9sK100s Gfcas gg]- These two subsets define the gating variables, which

is the first set of the problem.

The second set of equations is for the ion concentrations. In human ventricles,
generally, sodium, potassium, and calcium are the major ion concentrations. In
addition to these concentrations, the calcium concentration of the sarcoplastic
reticulum is included in this model. These 4 ion concentrations, ¢, = [¢Na, CK,
Coa, €], define the second set, whose elements cyq, ¢k, coq and ¢, denote the
sodium concentration, the potassium concentration, the calcium concentration
and the calcium concentration of the sarcoplastic reticulum, respectively. The
details of these 17 variables defining the local problem are explained in the

following sections.

The two subsets of the evolution of the gating variables are defined through the

following equations.

1
. I o)
géate = 5ate((1)’ géate) = 7 o [ggaz{e<q)) - g;ateL
Tgate( ) (3 1)
1 .
AT gll P 17 ) — ooll P c; I
ggate gate( ) ggate; Czon) TgIc{te(CI)) [ggate ( 9 Czon) ggate]7

where [=1,..,10 gating variables of the first set, and I/=11,12,13 gating vari-
ables of the second set. These equations are derived through the Hogkin-Huxley
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model. Therefore, there are two constants that characterize them. The first one
is ggare Which quantifies the steady state conductance of the gate. The second
one, Ty, is a temporal parameter that represents the characteristic time for a
gate to reach its steady state. The second set of ordinary differential equations

is defined by the following equations

cion == fgon(¢7 ggate7 c’iOﬂ)' (32>

It can be deduced from (3.2 that the evolution equations of the ion concentra-
tions depend on the transmembrane potential, the gating variables, and the ion
concentrations themselves. Because of the fact that some of the gating variables
depend on the ion concentrations and ion concentrations depend on some of the
gating variables, this equation system is a tightly coupled system. Therefore,
iterative solution procedure is chosen. The details of the solution procedure are

given in Section 3.2.

The chemical problem of the cardiac tissue involves n.,;=15 ionic currents de-
pending on the gating variables and the ion concentrations. These ionic currents
can be expressed in terms of the transmembrane potential, the gating variables,

and the ion concentrations.

Icrt = Icrt(cD; ggate7 Cion)- (33)

The set of ionic currents for cardiac tissue is Iy = [Ina, Tona, INaks INaCas
Iy, Iy Iks, Lk, Lo, Icar, Ivcas Ipcas Dicaks Lups Ire] Where In, denotes the
fast sodium current, Iy, is the background sodium current, Iy, designates
the sodium potassium pump current, Iy,c, symbolizes the sodium calcium ex-
changer current, [ stands for the inward rectifier current, I, shows the rapid
delayed rectifier current, /i, denotes the slow delayed rectifier current, I,k is
the plateau potassium current, I,y symbolizes the transient outward current,
lcqr designates the L-type calcium current, o, shows the background calcium
current, I,c, stands for the plateau calcium current, I, is the leakage cur-

rent, I, denotes the uptake current of the sarcoplastic reticulum, and finally
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I,.¢; stands for the release current of the sarcoplastic reticulum. The amount of
these currents through the cell membrane depends on the corresponding gat-
ing variables, the ion concentrations, and the transmembrane potential. The
solution of the complex system of the ionic currents, the gating variables, and
the ion concentrations enables us to specify the instantaneous state of the cell.
The sodium related currents, Ing, Iyne, INax and In.ca, for example, alters
the sodium concentration of the cell. The dependencies of the sodium-related

currents is given in the following form

INa - fNa(q)vgmaghagja CNa)7
Iyng = bea(q), CNa)7 (3 4>
Inox = fNaK((I)acNa)v

INaCa - INaCa(q)a CNa, CC’a)-

The current Iy, is gated by the sodium activation gate g¢,,, the fast sodium
inactivation gate g5, and the slow sodium inactivation gate g;. The potassium-

related currents can be listed as follows.

>

I = I (P, 9%, cxc),

Iy, = AKr<q)>gxrlag:rzr27cK>a

Irs = AK5<(I)aga:sycNa>CK)> (3.5)
Ik = ApK((b?CK)?

Iy = ft0<q)agT7957cK)'

The current Ik, is gated by inward recrification factor ¢%,, Ik, is gated by the
inward rectifiers channels g¢,.» and g¢,.1, Ixs is gated by the delayed rectifier
channel g,;. Moreover, the slowly delayed rectifier channels g, and g5 are gating

I;o. These currents alter the potassium concentration of the cell. Lastly, the
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calcium-dependent currents can be given in the form,

Icar = jCaL((I)agdagﬁng’a; CCa)s

(3.6)

ST
[rel = rel(gd> g, cCa)'

Here, the transient outward channels g4, g¢, gsca are gating Ic,r. Furthermore,
ga and g, are gating the sarcoplastic reticulum current 7,.;. These calcium related
currents alter the calcium concentration in the cell and the calcium concentration

in the sarcoplastic reticulum.

The concentration-dependent potentials of sodium, potassium, and calcium are

computed using the Nernst equation,

q)ion -

RT ( Cion0
In

Zion " > with (I)ion - [(pNC” (I)K7 (I)Ca]' (37)

Cion

39



0y

Table 3.1: Chemo-electrical material parameters of human ventricular cardiomyocyte.

sodium related

potassium related

calcium related

calcium®' related

concentrations CNa0 = 140 mM | ckq = 5.4mM | ccao = 2mM -
maximum currents IR = 1000 pA /pF IJEE, = 1000 pA /pF
IR = 1.362 pA/pF | 1% = 1.362 pA/pF | [}nax = 0.08s~1 | Ijnax = 0.08s7!
L = 0.425mM /s | [ = 0.425mM /s
max = 8.232mM /s | T = 8.232mM /s
maximum conductances || & = 14.838nS/pl" | O™ = 5.405nS/pF | CEE* = 0.175mm?/ |1 Fs]
CpRx = 0.00029nS/pF | CR* 0.0096 nS/pF | CPE= 0.000592 nS /pF
%:’;pi = 0.245nS/pF ;n(?;‘ = 0.825nS/pF
Cf?:’;ndo = 0.245nS/pF
KoM = 0.062nS/pF
O™ = 0.0146 nS/pF
10 epi 0.294nS/pF
0. ondo = 0.073nS/pF
COM = 0.294 nS/pF
half saturation constants || ccana = 1.38 mM CCaNa 1.38 mM
CNaCa = 87.50 mM CNaCa = 87.50 mM
CKNa = 1.00 mM | ckNa = 1.00mM | cpca = 0.0005 mM
CNaK 40.00 mM | exagc 40.00 mM | ey 0.00025 mM | cyp . 0.00025 mM
Crol 0.25mM | ¢pe) 0.25 mM
Chuf = 0.001mM | ¢} = 0.3mM
other parameters kli?atLCa = 0.10 | pKNa = 0.03 | Yrel = 2| Yrel = 2
YNaCa = 2.50 Ctot = 0.15mM | ¢t = 10 mM
ol = 0.35
gas constant R = 8.3143JK 'mol™! | temperature T = 310K | cytoplasmic volume 1% = 16404pm?3
Faraday constant F = 96.4867 C/mmol membrane capacitance C = 185pF | sarcoplastic reticulum volume VS =  1094pm?




With this equation, the balance potential that would be generated by a par-
ticular ion is computed. In this case, the cell is assumed to be permeable to
the corresponding ion only. The constants used in the Nernst Equation are R
= 8.3143 JK 'mol™! for gas constant, 7' = 310K for absolute temperature, £
= 96.4867 C/mmol for Faraday constant. z;,, is 1 for single-charged ions, like
sodium and potassium and is 2 for double charged calcium ions. All other con-
stants of the problem provided in Table B.Jl The units used in this model are
milliseconds for time and millivolts for the action potential. Furthermore, the
conductances are given in nanosiemens per picofarad, the ion concentrations in
millimoles per liter, the ionic currents through the membrane in picoamperes
per picofarad and the ionic currents of the sarcoplastic reticulum in millimolar

per millisecond.

Eventually, the source term f® in ([ZI9) is then defined as follows:

f® = —[Ina + Iona + INak + INaca + Ikt + Ixo+ (3.8)

IKs + IpK + ]tO + ]CaL + IbC’a + IpCa]~

In the next sections, the relations between the ion concentrations, the gating
variables and the ionic currents are quantified for sodium-, potassium-, calcium-

dependent quantities.

3.1.1 Sodium Concentration and Related Variables

Sodium ions are responsible for the depolarization of the action potential. If
the threshold value is exceeded with a threshold potential, then the sodium
channels open and the potential of the intracellular domain starts to increase
rapidly. Then, once the cell reaches to peak value of around +20 mV, the
sodium channels close and the flow of the sodium is balanced by the flow of the

potassium.

Four currents alter the concentration of the sodium inside the cell. Two of these
currents are responsible for the sudden increase of the action potential. These

currents are Iy,, the fast sodium and Iy,, the background sodium currents.
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Other two currents, on the other hand, are the Iy.x, sodium potassium and
Inaca, sodium calcium pumps. These currents regulate the intracellular poten-
tial of the cell, if the cell is positively charged. The evolution of the sodium

concentration is then,

C
CNa = _ﬁ[lNa + Iyna + 3INak + 3 Nacal, (3.9)

where C is the membrane capacitance per unit surface area and V denotes the
cytoplasmic volume. The constants are provided in Table B.Il Sodium related

currents are defined as follows

Ine = CREm9ngi[® — Pal,

live = CTI® — Py,

7 IRaxklcxocnalllena + enar][Cro + ¢kl (3.10)
Nk [1+0.1245¢-012F/RT 4 ().0353¢—2F/RT]]’

7 _ IRaz e coa0 — 0TV hcoaYNacal
Mot Hc:]gVaCa + C?VaO] [CC@NG + CCGO] [1 + k]s\(fltﬁCae(Vil)(bF/RTH ‘

The gating variables in these equations are computed using the Hodgkin-Huxley

Equations ggate = [g;’zte - ggate] /T gate-

The sodium activation gate evolves according to,

1
0 _ 3.11
Im = [1 + 6(756.867<I>)/9.03]2 ’ ( )
0.1 1
Tm =

[1 + 3(7607@/5][[1 + e(<1>+35)/5] + [1 + e(<I>750)/200H :
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The evolution of the fast sodium inactivation gate is given by,

g = [g,‘f’ — gh]/Th with
. 1
I = [1 + e(®+71.55)/743)2°
0.1688[1 + e—(<1>+10.66)/11.1]7 if & > —40
Th = 1 ‘
[0.0576701)4’80)/6'8 + 2.760079(1) _|_ 31 . 10560'3485(13]7 lf (b < —40
(3.12)
The slow sodium inactivation gate varies according to
=l g/ with g 1 @ =t
=19 —g;|/7; Wi 2 = and T; = :
9; =195 — 951/ 75 9; [1 + e(®+71.55)/7.43]2 I T, + 5]
(3.13)
where
0 if & > —40,
Q; = [_2.5428 . 10460.2444<I> — 6.948 - 10—66—0.04391<I>] - 0
| [ + 37.78][1 1 03L(B+79.23)] &<~
( 0.057®
0.6e '
[1 + e 0-1(®+32)] if & > —40,
b = 0.02424¢001052%
| [1 + e 01378(2+40.10)] if & < —40.

3.1.2 Potassium Concentration and Related Variables

The sodium, after the stimulation of the cell, tends to inflow through the cell. On
the contrary, the potassium ions try to leave the cell due to diffusive chemical
force. The potassium plays a role in 4 phases of the action potential curve.
The outflow of the potassium ions after the depolarization causes the overshoot

which is governed by the current [y, the transient outward current. The slow
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and rapid rectifier currents balances the inflowing calcium ions and creates the

plateau phase. The transient potassium concentration is provided below:

k=~

VF

[[Kl +IKT‘+[KS _QINaK+IpK+[tO+Istim]- (314>

The evolution of the potassium is governed by 4 ionic currents the inward recti-

fier current, the rapid rectifier current, transient outward current and the slow

rectifier current. Other than these currents, the plateau current of potassium,

the sodium potassium pump and the stimulus current play a role in the behavior

of the potassium ions. These currents are defined specifically in the following

form:

CRe g3 [cxo/5.4 2@ — B,
O g1 Gura[Cr0 /542 [® — D],

?gmg?es[q) - (I)Ks]u
(3.15)
IV [eocnal [[ena + CNak][CRO + CR NG
[1 + 0.1245¢=0-1%F/RT 1 () 0353¢—%F/RT]]’

;r[tg:c[l + 6[25—@}/5.98]—1[@ _ CI)K]7

109095 [P — ]

Ik is a function of the potential which represents the reversal potential @5, =

%- log([cko+Pr NaCNaol[cK +PENaCNa] ).

Ik is characterized through explicit form of the time-independent inward rec-
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tification factor g%,

9% = axilogy + Bra] ! with

0.1
UKL= 1 006(@—x—200)] (3.16)

[30:0002(2—x+100) 4 (0-1(B—Pxc—10)]

Ok = [+ e 0321

The rapid delayed rectifier current is gated by the activation gate g1,

gxrl = [gcz)?l - gxrl]/Ta:rl with
(3.17)

i = [l e,

Terl = 2700[1+e(—45—¢’)/10]—1[1+6(<D+30)/11.5]—1

and by the inactivation gate g2,

gxr2 - [9;“;2 - ger]/TxTQ with

1
o _ 3.18
are = 1+ €(<I>+88)/24] ) ( )

B 3.36
Tarz = [1 + e(—00—)/20][] t (@60)/20]"
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The slow delayed rectifier current g, is gated by g, which is defined through

gms - [g;x; - gacs}/Tms with
1
o 3.19
gzs - [1 + 6(_5_(1))/14] ) ( )
1100
Tes —

[1+ e(-10-2)/6]1/2[] 4 (2-60)/20]"
I,y is responsible for the transition between the plateau and depolarization
phases. It causes an early limited repolarization. The evolution, time constant

and steady state value of the gate, g,, of this current are given as

g = [g°—gl/7  with

R (3.20)
9r = [+ e@0—2)/6]’

e 9'567(<I>+40)2/1800+0_8

and the inactivation gate of this current, g, is defined as
9s = 195 — 951/ 7 (3.21)
where the gating parameters ¢>° and 7, are defined for the epicardium as
g = [1 + 6(c1>+20)/5] and T, = 856’(‘“45)2/320 + 5[1 + 6(<1>720)/5] + 3,
and for the endocardium as

g = [1+e®5] and 7, = 1000~ (PH6V/1000 g

3.1.3 Calcium Concentration and Related Variables

The calcium enters into the cell during the plateau phase. The ecolution of
the calcium is critical, because it initiates the mechanical behavior of the cell.

The influx of the calcium ions are slow compared to the influx of sodium ions.
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Therefore, the calcium ions causing the current I, are balanced out by the
potassium related currents. Therefore, the potential of the cell remains constant
during the entrance of the calcium ions. The time-dependent behavior of the

calcium ions are explained with the following differential equation:

C'C’a =YCa | — []C'aL + ]bC'a + ]pC'a - 2]NaCa] + Ileak - Iup + Irel . (322)

C
2VF
There are two sets of currents changing the calcium concentration. The first set
depends on the concentration of the cytoplasm, while the second set depends on
the sarcoplastic reticulum. The currents Icqr, loca, Ipca and Ingc, are related
to the calcium concentration of the cytoplasm. Other currents Ij.., I, and
I,.; depend on the calcium changes of the sarcoplastic reticulum. The calcium

dependent currents are provided as follows:

Cl G191 grcalAPF?|[coa T/ IR — 0.341ccq0)

loar, = [e22F/[RT] — 1][RT] )
Lo = er (D — ey,
m(IICCa
Lica = rCa ’
P [CpCa + CCa]
roo o IREEETT coa = €07V pCoaNaCa) (3.23)
N [ Rraca + Caollcoana + ccal[1 + k3o, e0-DPF/RT])
Liear, = l@glg [Cga - CCa]>
1
IUP - mazx 2 2 1
lup []' + Cup/cCa]
sr2
YrelCoq
L = reit9agr 1+ 5o,
: d (2 + 2]

The parameter set for the constants of these equations are provided in Table
BI The free calcium concentration and the buffered calcium concentration

should be summed in order to obtain the calcium concentration of the intra-

tot

_ buf
o = Ccq + C¢,, where buffered

cellular domain. The addition is defined with ¢
calcium concentration is clga = |ecact pupllcca — coa ]! And, the calcium

concentration is weighed with vo, = [1+|ciorChur][coatcour] 2] 7E
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The dominant calcium channel, long-lasting L-type calcium channel is controlled
by the gate g4. The transient, steady-state value and the time constant of this

gate are defined as

ga = [gjo —gd]/rd with
i = ! (3.24)
9a- = [1+ e(-5-2)/75]’
L4 45)/5 50—®)/20
Ta = [[1 e 0.25][1.A[1 + e(@+)/5]] 4 [1 + £(50-2)/20],

First inactivation gate is gs. Its evolution, steady state value and time constant

are defined through,

gr =197 —gfl/my  with
1
o _ 3.25
I T L+ e@ o) (3.25)

165
1+ e(25—<1>)/10]

Tp = 1125e~(#+20)°/240 4 + 80.

Second inactivation gate is grc,. It depends on the calcium concentration. The
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evolution, steady state value and the time constant are defined through

o 0.685 N 0.1
9Ca = [[1 4+ (cea/0.000325)8]  [1 4 elcca—0.0005)/0.0001]

0.2 (3.26)

+ []_ + e(CCa_0'00075)/040008] + 023’

0o,  if g%, > grca, ® > —60,
TfCa =

2ms, otherwise.

Last, the calcium-induced calcium release current I, is characterized through
the activation gate g4 defined above. Also, it depends on the calcium-dependent
inactivation gate g,. The evolution, steady state value and time constant of this

gate is defined by

99 = l9° — g94l/7y  with

1 .
[1 + §,/0.000356)" if ceq < 0.00035,
. ; - (3.27)
[1 + 623/0.0003516] , otherwise.
Tg =

2ms, otherwise.
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3.1.4 Calcium Concentration of the Sarcoplastic Reticulum and Re-

lated Variables

The calcium concentration of the sarcoplastic reticulum is only the calcium
concentration of the intracellular medium but scaled with the volume ratios
of the intracellular space and the sarcoplastic reticulum space. The volume of
the intracellular domain is denoted by V, while the volume of the sarcoplastic
reticulum is denoted by V*". With this information, the concentration of the

calcium in the sarcoplastic reticulum is expressed with the following ODE:

.V
CCa = fYCaW[_Ileak + [up - Irel]- (328)

The leakage curren, uptake current and release current are defined as follows,

[leak - ;Zgif [CCa CCa]a
; B lz‘;aa:
sr2
e & a
L = lﬂ?xgdgg[l + [7#]

+ Csr2]

rel

The free calcium concentration and the buffered calcium concentration should

be summed in order to obtain the calcium concentration of the intracellular do-

main. The addition is defined with ¢ = ¢+ ¢ "/ where buffered calcium
concentration is ¢ = [egr cin et — ¢ nr|~". And, the calcium concentration

is weighed with Vg1, = [1+[ei.cir llcg, +cin 72~

3.2 Local Discretization of the Model Problem

The chemical problem involves 13 gating variables, 10 of which depend only on
the current transmembrane potential, whereas 3 of them depend on both the
current transmembrane potential and the ion concentrations, as stated earlier.
Furthermore, there are 4 ion concentrations to be solved. These total of 17

internal variables are stored at the integration points. The initial values of these
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variables at =0 are the resting state values. For the temporal discretization, the
finite difference scheme is used. The update equations are given in the following

form,

g;ate = [géate ggate]/At
gééte = [géite géiZe]/At? (330)

éion = [CiOn - zon]/At

where the implicit Euler scheme is used to update the values of the gating

variables ggate and ggate, at current time step t.

n 1 o
géate = géate + m[%é&@ - g;ate]At7

gate

; (3.31)
géite = géal?e + H—@[g;?u{e] (P, Cion) — g;éte]At'

gate

The equations of the first subset depend only on the current transmembrane
potential. Hence, the solutions of these variables remain constant during the
local iteration. The second subset, on the other hand, is updated iteratively.

The set of the residuals on the local point is defined through,

Kk =CK — Cg+ VCF k1 + Tier + T — 2INak

+ Ly + Lo + Lim] At = 0,
Na = CNa — Crg T VCF [Ina + Iona + 3INak + 3INaca| At = 0,
Ca = CCa — Clrg T [ZSF Ucar + Ivca + Lca — 2INaca)

— Djeare + Lup — Ireli| YeaAt = 0,

v .
_[[leak - Iup + [rel]’yCaAt = 0.

src __ _sr srn
Ca = CCa — CCa T Vst

Also, the linearization of the residual vectors with respect to the ion concentra-
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tions are defined through

(0., RS, 0o B 0 0
0 0B, 0w, RS, 0
Kicon ion — 8CionRz¢0n = e N o (333)
O aCNa R%’a 806'0, R%G aCSCTG, R%a
| 0 0 Oeca REG Ocgr, R |

Then, the set of ion concentrations is updated through ¢;,,, < Cion - [K e

—1 pc
on ion] R;

won

and the second subset of gating variables through ¢!/, < gl7, + ggit[e(q), GgatesCion) At.

Once converged for a specified tolerance and the residual norm, the updated set

of the ionic currents are summed to obtain the electrical source term, f® in

@3).

fq) = —[Ing + Iona + INak + INaca + Tx1+
(3.34)

[Kr + [Ks + [pK + [tO + [CaL + [bCa + [pCa]-

Furthermore, the linearized terms of the source term are summed for the lin-
earization of the global residual vectors. The linearized terms are given in the

form,

Oaf® = —[00Ina + Oslona + OnInax + OsInaca + Onlk1 + Oalrc,+ (3.35)

Ovlgs + Oslpk + Ovlio + Ovlcar + Ovloca + Ovlpcal.

For the derivation of the linearized terms, please see [34] In the current chapter,
the electrical source term f® and its linearization dg f® are provided to complete
the mathematical description of the problem. In Chapter [, the spatio-temporal

discretization of the global problem is introduced.
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CHAPTER 4

DISCRETIZATIONS AND NUMERICAL IMPLEMENTATIONS

In Chapter 4, two numerical modifications that decrease the solution time of
the bimaterial problem at hand are introduced. These modifications are imple-
mented into the initial boundary value problem that is described in Chapter 2
and Chapter 3. The first improvement is the condensation of the solution matrix
and the solution of the reduced matrix. The second improvement is the coupling
of the boundary element and finite element methods on the heart surface. In
Section 4.1, the finite element discretization of the integrated cardiac electro-
physiology problem is presented. In Section 4.2, the details of the condensation
procedure are provided. Lastly, the boundary element method and its coupling

with the finite element method are explained in Section 4.3.

4.1 Finite Element Discretization of the Bidomain Model

In this part, the spatio-temporal discretization of the coupled bidomain problem
of the heart domain B¥ and the linear torso problem of the torso domain B are
introduced. For the spatial discretization of the two field variables, namely the
transmembrane potential ® and the extracellular potential ®., the finite element
scheme is applied. The residuals are linearized consistently and solved with the
incrementally iterative Newton scheme for the nodal unknowns. The electrical
source term f® and its derivative dg f® are treated as the local problem. The
variables of this problem are stored and updated at the integration point level.

The update scheme of these variables is explained in Chapter 3.

For the finite element discretization of the global problem, C” - continuous
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isoparametric shape functions are selected. The weak form of the governing
equations of the bidomain model and the linear conductor are obtained through

the following residual expressions:

R? = & —div(D;-V®) —div(D; - V®,) — f* = 0 in BY,
R® = —div(D;-V®) — div(D - V®,) = 0 in B, (4.1)
R® = —div(Dp-V®,) = 0 in BT

The first two expressions are integrated over the heart domain B, and the third
statement is integrated over the torso domain B?. These domains are illustrated
in Figure 211 Further, they are tested by square-integrable scalar-valued test
functions 6® and 0P, respectively. Employing the integration by parts and
the Gauss’s theorem, we obtain the following weak forms where the Galerkin

functionals are separated into the internal and external parts

G*(60,d,®,) = G

int

G (6., d, D) = G

int

G (0®,, ®,) = G

int

(60,0, d,) — GT

ext(5q)7 (D) — O n BH
(00, ®, D) — G2 (60.) =0 1inBY,  (42)
(6q)ea q)e) - G(I)C

os(0D,) =0 in BT

The specific forms of the internal and external parts of the Galerkin functionals

for the transmembrane potential of the heart domain are defined as

GE (00, 0,0.) = [ (60D +V(6®)-D;- (VP + Vd,))dV,
BH
(4.3)
G2 (0D) = [0f2dV+ [ 6Pg dA,
BH oBH

For this equation set, the Neumann boundary condition is described with the

term ¢ = D;- (V@ +V®,) -ng on (‘)Bf. Similar separation procedure is applied
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to the second Galerkin functional of the heart domain leading to the equations,

G (60, @, ®.) = [ V(6®,) - (D -V, + D; - VP)dV,
BH
(4.4)
G2 (60,) = [ §D.q; dA,
oBH

for the extracellular potential. The term ¢ = (De Vo, + D - Vo) ng is
the total current flux applied on the boundary 8Bf . The specific forms of the

Galerkin functionals for the torso domain are given as

Gﬁi(é@e, ®.) = f V(6®e) - (Dt - V@) dV,
BT
(4.5)
G2 (6®.) = [ 6Peiapy dA + [ 5Pgr dA
OB r

for the extracellular potential. The external flux applied to the torso surface 865
is denoted by ¢,,,. Furthermore, for temporal discretization, the time increment
t is defined as At = ¢-t,>0. Here, t denotes the current time and ¢, denotes the
previous time. The time field is discretized into ng,, subintervals. For each of
these subintervals, the classical implicit Euler time integration scheme is applied.
The evolution term of the transmembrane potential can be approximated using

the following finite difference scheme:

P~ where @, := O(X, t,). (4.6)

The physical domain of the heart B is discretized into nely elements, BZ.
These finite elements satisfy the condition BY =~ Ugfili BH. Furthermore, the
torso domain is discretized into nelp elements that satisfy the condition BT
~ Ulellefl BL. Referring to the isoparametric approach, the test functions and

the shape functions are the same interpolation functions on the element level.
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Eventually, the field variables within an element domain are approximated by

Nen Nen

0B =Y N 0P, = NP,
a:nin njn:l (47>

=) NO  Pb.=) N},
a=1 a=1

where ng, and N*(X) refer to the number of nodes of each element and shape
functions, respectively. Further, ®! and ®! denote the nodal values of the

variables. Moreover, the spatial potential gradients are derived to be

V(6®) =) 60! @ VN,
. (4.8)
V(6D.) = Y 0Pk @ VN®.

a=1
Global nodes of the bimaterial problem are separated into three groups for a
better representation of the discrete residuals. The heart domain contains ny
nodes and the torso domain contains nt nodes excluding the interface. Fur-

thermore, there are nr nodes on the interface between the two domains. The

discrete form of the residuals of the heart nodes are obtained using (£3), (7)),

and (Lg)).

RY = A {f [N*232" 4 UNY(D; - V& + D - V&,)] dV

el=1 Bgl
~ NPV — [ NG dA}, (4.9)
B oBH
nel _ _
R;I)HC = Ail { f [VN*(D -V, + D; - V)| dV — f N*g; dA}_
Y oBH

Here, Iy are the global numbers of the H=1,..,ng heart nodes, nely is the number
of the heart elements and a=1,..,n., are the local element nodes. In this repre-
sentation, the residual contribution of each heart element to the corresponding

global nodes is provided. The discrete form of the residuals of the torso nodes
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are provided using the equations (43]), (£1) and (E.g]).

nelp
RE: = A { [ VN'(Dy VR dv— [ Ngraal. (4.10)
el=1 *pT oBY

Here, It are the global numbers of the T=1,...nt torso nodes and nely is the
number of the torso elements. The residual contribution of each torso element
to the corresponding global nodes is provided. Furthermore, the transmembrane

potential residuals of the interface nodes are given in the following form:

nelyg

RE = A { [ N2 + VNY(D; - VO + D; - Vo,)] dV
el=1 BH
i (4.11)
— [NtV - N"‘gidA},
B OB,

In this representation, I are the global numbers of the I'=1,..,np interface nodes.
The residual contributions of each heart element to the corresponding global
nodes are provided. It is important to state that there is no contribution from the
torso elements to the transmembrane potential residual on the interface I', since
there is no transmembrane potential developing in the torso. The extracellular
potential residual of the interface nodes gets contribution from both the heart
elements and the torso elements. Therefore, the residual term involves two parts.

These two parts are obtained to be

nelp
RE = A { [ VN*(Dr VR AV~ [ N'graal
o 2% (4.12)
+ A {f[VNa(D-V<I>e+Di-V<I>)] AV — [ NG dA}.
o=l B OBl

In order to apply the incrementally iterative Newton Raphson method, the con-

sistent linearization of the residuals is required. The residual vectors and incre-
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ments are given as

( Rﬁ 3\ (A¢H A
R} APT
R={ R by AD={ A" 5. (4.13)
RY A®L
[N T
\ RT y, \ A(I)e Y,
LR =R+ “Bad (4.14)
b

R aR nelp+nelyg

K = - A K* (4.15)
Then, the linearized terms are obtained to be
Ky =Kiph =Kiy =K = A [ VN*D,VNPAV + A [ N* (L — def®) N°dV,
BH BH
K3 = Kipe = Ko = Kppe = ABJi VN*D;VNPdV, |
Ky = Kief = Kipe = Kire = A f VN*D;VNPAV,
&
Koore = Koo = Koy = ABf VN*DVNdV,
B
K7ePe = KgpPe = K™ =A fl VN*D1VNdV,
B}
KRt =A fT VN*DVNPAV + A {I VN*DVNPAV.
. . (4.16)

Then, the elemental stiffness terms are assembled into the following compact
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form of the global solution matrix:

(KE K gie gt o ] et [RY]
Ky Kupe Ko Kipe 0 AP Ry
— | K KRN OKEOKR 0 ADT| — |R? (4.17)
Kry' Krpe Krp' Kppe Kpee | A®;|  Rpe
[ 00 0 Ky Kyt | A% |RY

It is worth noting that the electrical source term f® and its consistent lineariza-
tion dg f® are treated locally. The solution and update procedure of the local

problem are already explained in Chapter 3.

The iterative update of the global unknown vector is conducted through the

following equations:

~

K

+ AP,
(4.18)

<_
AdD=—-K ' R

which is applied until the solution converges for a specified residual norm and
the tolerance. For a better representation of the solution of the cardiac electro-

physiology problem, the algorithmic box is provided in Figure .11

4.2 Condensation of the Solution Matrix

Owing to the linear and time-independent nature of the torso, the corresponding
stiffness terms computed with the finite element method are constant. Therefore,
the total nodal degrees of freedom of the model can be reduced by manipulating
the system of linear equations. The fourth and fifth set of equations of the

solution system in ({L.I7) can be written as

RY = K{PA®" + KPP ARl + K2 ADT + KPP Ad) +
KriA®,, (4.19)
RY = K»AdDL + KI5 Ad,.
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initialize nodal degrees of freedom of the torso and the heart
initialize internal variables of the ionic model

global Newton iteration

loop over all elements

loop over all integration points
update first set of gating variables

initialize second set of gating variables
initialize ionic currents
local Newton iteration

update ion concentrations

update ionic currents

calculate source term and its derivative
calculate element residuals and element matrices

assemble the residuals and matrices

update the global unknowns

Figure 4.1: Algorithmic box of the FEM solution.

Using (.19),, the incremental unknowns of the torso nodes can be carried out

as follows:

AT = K2 ' [RY — K% A®L]. (4.20)

Then, inserting (L.20) into (@I,

RP = KPPA®RY + KPP AD! + KPP AP + KR ADL+

P Pe @eq)e—l o, Do Do T (421)
K5 Kt [RT — K1t A‘I’e]7

and decoupling the residual and the unknowns as

Ry — KXK' RY = KNPA®T + Ki Aol + KA+
-1
[ Ko - Kyt Kppe Kot Ad,
(4.22)
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and if we define a new matrix and an array as

- e e Db Pebe 7 PePe 1 7P D,
Krr = Ky — Kpp Koy K, (4 23)
Pe . D Pe 1 PePe 1 Pe )
Ry = Ry - K Koy Ry,
we end up with the following condensed solution matrix of the problem.

Ky Ko kg ki | ped [m
Bd B Do DD B, Do H o,

Ky Kyy o Kypp Kyp AD, _ By (4.24)

%o P P P r D
Ky Krp Koy Kipe AP Ry
D P D P Dd - PePe r e

Ky Krip© Krp Kpp© | AP Ry

After the unknowns of the heart computed using the condensed matrix, the

unknowns of the torso can be recovered by

A®T = K27 ' [RY — K% AQT] (4.25)

This reduced form is iteratively updated as in the regular FEM, using (AIS]).
Because of the fact that the size of the heart is very small compared to the size
of the human body, the bimaterial problem at hand includes relatively many
torso unknowns. Hence, rearranging the global solution matrix and storing
the inverse of the linear and time-independent part of it, which is denoted as
K ?L}@efl, the size of the global solution matrix reduced, drastically. Owing to the
condensation, the solution matrix can be much more easily inverted due to the
highly reduced form. Once the solution is obtained through the modified solution
matrix and vector, the computed values of the heart and interface unknowns are

used to recover the unknowns of the torso nodes by using (25 at each iteration.

4.3 The Boundary Element Method and the FEM-BEM Coupling

The boundary element method is based on the idea of approximating the so-
lution of a partial differential equation on the boundary, and then, using the

solution obtained on the boundary to solve the inner domain. The advantage
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of this approach is that in order to solve a linear problem numerically, only the
boundaries are discretized. It is an efficient method, especially if the FEM ap-
proximation requires too many elements and nodes for an accurate solution. The
disadvantages of the method is that it may be difficult to implement the solu-
tion procedure for a nonlinear or inhomogeneous problem. Further, the method

requires a fundamental solution, which can be unavailable in some cases.

The torso is a linear and isotropic conductor of electricity. The solution of
the Laplace equation using the boundary element method is straightforward.
Therefore, the differential equation defining the torso can be solved using the
boundary element method. First, the fundamental solution of the governing
differential equation should be determined. In the torso model, the only field

variable is the extracellular potential ®.. Therefore, the Laplace equation is

—div(Dy - V®,) = 0. (4.26)

The analytical solution of a PDE in an infinite domain with a point source is the
fundamental solution of the corresponding PDE. In the two dimensional setting,

the fundamental solution of the Laplace equation is given as

w=—Inr (4.27)

where 1 is the distance between two points. For the derivation of the fundamental
solution of the Laplace equation and for further information about the BEM,

the reader is referred to [69].

In order to solve a PDE with the BEM, a weight function should be selected. The
weight function of the BEM, apart from FEM, is the fundamental solution of the
differential equation. Multiplying the Laplace equation with the weight func-

tion and employing the integration by parts twice and then employing Gauss’s
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theorem, the boundary integral equation is found to be

c(p)Pe(p) + /‘I> Z—st_ /Waa(ie : (4.28)

oBe oBe

In ([@28), s refers to the overall surface of the domain B, p refers to any point in
the space and c(p) refers to a constant depending on the spatial position of the
point p. If p is a point inside the domain, ¢(p) is 1 and if it is on a continuous

surface of the domain, ¢(p) is 0.5. If the point is out of the domain, ¢(p) is 0.

1 if peB,
¢(p) =405 if pedB, B smooth, (4.29)
0 if p¢oB.

In order to apply the BEM to the problem at hand, the surface domain is
discretized into nj,. elements. The domains and boundaries of the problem
are given in Figure The equations are solved at the midpoint of each line
element. Therefore, the constant ¢(p) is selected to be 0.5, due to the continuity
of the point. Furthermore, the variables and their gradients are assumed to be
constant on each element, whereas they are not continuous at the nodes. Owing

to these assumptions, ([£2]) is recast into the following discrete form:

Nline

—<I>1 +Z / qu % /qus (4.30)

where q = Vw-n . Because of the fact that the global variable @, and its gradient

q are constant on each element, ([{30) can be written as follows:

Dline Nline

—c1>1 +Z<I>J [/st] - qu[/wds] (4.31)

0s;j =1 0s;j
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oBT

- oBT

Figure 4.2: Boundaries of the FEM-BEM coupling.

In (£3T)), the two integral terms can be rewritten in the form,

0s; 0s;j

In the calculation of the matrix H, if linear elements are used and i=j, the
point i is singular. The reason for that is if i=j, then the distance is zero. In
order to solve this problem, analytic solution can be employed [69] or Gaussian
quadrature with several points can be applied. In addition to these solutions,

at every node i, the following correction should be implemented:

HY = (4.33)



Then, the overall equation system can be written in the following form:

Nline Nline
Y PIHT =) (/G (4.34)
j 1

= =

This equation is a matrix equation H®,=G¢q where H and G are the nj,, X
njine BEM matrices, ®, and q are the vectors of length nj,. representing the
extracellular potentials and normal flux terms of the boundary elements. For the
solution of this system, the knowns and the unknowns are separated according
to boundary conditions. For a Neumann boundary condition, the potentials
are unknowns, whereas for a Dirichlet boundary condition, surface fluxes are
the unknowns. It is worth noting that for the bimaterial problem at hand, the
purpose is to discretize the surface of the torso only, and neglect the interior
part of the torso domain. Therefore, there are two surfaces for this case. The
first surface is the outer torso surface and the second surface is the heart surface.
The nonlinear equations of the heart model are solved with the FEM and the
results obtained this solution is the boundary condition for the BEM, for that
specific time step. Therefore, on the surface of the heart, the BEM and FEM
equations are coupled. The coupling equations are derived through the following

matrix representation of the BEM:

Hyrr Hrpy <I>£ N Grr Grr qr (435)
Hy Hyppl| |[®F Grr Gror 0

e
It is important to note that the BEM solution will be for the extracellular poten-
tial of the torso domain. The matrices are partitioned according to the knowns
and unknowns of the solution procedure. In this equation system, ®7 refers to
the unknown potentials of the BEM, which are the outer surface potentials of
the torso. The potentials of the heart surface, on the other hand, is denoted by
@E, and these potentials are computed with the FEM. Consequently, g is the
known flux values, which are 0 on the torso surface, due to the homogeneous

Neumann boundary conditions and gy are the unknown surface fluxes of the
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heart surface. The two equation systems can be written in the following form:

HFF(I)E + HPT‘I);TF = Grrqr + Grr - 0, (4.36)
Hr® + Hpr®' = Grrgr + Grr - 0.

As mentioned earlier, the flux values on the outer torso surface, g, are zero.
Using (4.30]),, the extracellular potential can be rewritten in terms of fluxes and

potentials on the surface of the heart.

&' = H L Grrqr — Hor®) | (4.37)

e

Implementing (£37) into (£30]);, the equation takes the form

HFF(I)E + HFTHE%‘[GTFqF - HTF(I)E] = G’pqu. (438)

And, by decoupling the variables we obtain

[HI‘I‘ — HFTHE'}‘HTF](I)(E = [GI‘I‘ — HFTH}%GTp]qF. (439)

Introducing new matrices H and G, and defining them as

H=[Hy — HroHp Hyp) ;. G=[Grr — HoHp Grr),  (4.40)

the flux terms of the heart surface can be expresses in terms of the potentials of

the heart surface explicitly,

gr =G 'H®.. (4.41)

It is important to note that the BEM matrices H and G are time-indepenedent.
Therefore, they are computed and stored once and for all at the beginning of

the analysis.

66



These computed fluxes are treated as external fluxes on the heart surface, and
implemented to the residual contribution of the surface nodes, then, the BEM
and FEM are coupled on the heart surface, leading to a much shorter solution

time. The residual contribution of these external fluxes is provided with,

Nline
Ry = Ri+ A { / Ngr, dA . (4.42)
J:

where, It denotes the interface nodes between the torso and the heart, N* is the

shape function for the surface elements, with a=1,..ng,.

The finite element discretization, condensation of the stiffness matrix and the
boundary element finite element coupling are introduced in Chapterdl In Chap-
ter Bl the results of the representative numeric examples are provided. The per-
formance of the three methods are compared in terms of computational speed.
Furthermore, the simulation results of selected two disease cases that are mod-

eled using a realistic heart and torso geometry are illustrated.
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CHAPTER 5

NUMERICAL EXAMPLES

This chapter is devoted to the numerical examples representing the integrated
cardiac electrophysiology problem. The efficiency of the proposed C-FEM and
FEM-BEM approaches are demonstrated through the ECG simulations. In or-
der to simulate an ECG, first the mesh size of the finite element solution is
determined. The mesh sizes of the torso and the heart are settled upon after a
series of analyses. After these convergence analyses, the calibration of the time
step is provided. Then, using the calibrated time step and mesh size, the ECG
simulations are conducted. The solution times of the methods are provided with
the CPU time comparison of the ECG simulations. The validity of the simulated
ECG in terms of practical medicine is discussed. Moreover, the performance of
our model is illustrated with a disease scenario. The ECG results of the inferior

infarction simulation are demonstrated with the illustrative figures.

5.1 Determination of the Mesh Size

In order to obtain accurate results with the FEM and C-FEM, the mesh size of
the heart and the torso are determined with sensitivity analyses. If the mesh is
coarse, the solution of the highly stiff ionic model may lead to significant errors

and fluctuations.

The nonlinear problem of the heart domain is solved together with the linear
problem of the torso. The parameter set of the governing differential equations

are provided in Table .1}
These parameters are selected because of the fact that the ECG leads obtained

69



Table 5.1: Parameters of the integrated electrophysiology equations

Parameter Unit Description Values

Jﬁ = dﬁ /XC, [mm?/s] Normalized intracellular conductance of the heart  10.0
in the longitudinal direction
d| = d\/XC, [mm?/s|] Normalized intracellular conductance of the heart 1.0
in the orthogonal direction
Jﬁ = dj/XCrn [mm?/s] Normalized extracellular conduction of the heart 10.0
in the longitudinal direction
di = d5 /XC, [mm?/s| Normalized extracellular conductance of the heart 3.0
in the orthogonal direction
df, [mm?/s] Isotropic conductance of the torso 1.0

6 |Rad] Fiber orientation angle of the heart tissue 0.0

with these parameters are accurate [42], [70]. The conductivity constants of the
heart tissue and the torso are not exact. Therefore, there are several approaches
for the determination of the cardiac conductivity. In the recent years, one of
the most effective approaches is to construct a proportionality relation between
the orthogonal and longitudinal conductivites. Roth proposed a mathemati-
cal model and related the auxillary parameters to bidomain conductivities [70].
Therefore, if the conductivity of the intracellular domain is determined accu-

rately, other three conductivity parameters can be computed easily.

The heart domain is at the resting state initially. Therefore, the initial value of
the heart domain is -86.2 mV, and the initial value of the torso domain is 0 mV,
since there is no electrical activity in the torso. Then, the midpoint of the plate
is stimulated with a potential of +20 mV, and the action potential starts to
propagate. The boundary condition of the outer torso surface is homogeneous
Neumann boundary condition, while on the interface there is an equilibrium
between the extracellular spatial potential fluxes of the torso and the heart.
The initial set of gating variables for the resting state of the heart domain are
given to be ¢, = 0, gr, = 0, g; = 0.75, g4 = 0, gy = 1.0, gsca = 1.0, g, = 0, g5 —
1, gus = 0, gur1 = 0, g2 = 0, gzki0o — 0.05, and g, — 1. Other than the gating
variables, there are also four ion concentrations of the resting state, cy,=11.6

mM, cx=138.3 mM, cc, = 0.08-107¢ M and ¢, = 0.56 mM. The time step for
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the ECG simulations is calibrated after the mesh size is determined. Therefore,
for the mesh size selection an average time step of the ionic model is used. The
time step of the ionic model can be increased up to 0.16 ms. Therefore, we
used an average time step of 0.08 ms for the mesh size determination. With this
setting, the mesh sizes of the heart domain and the body domain are selected
after two sets of analyses, one for the determination of the size of the heart
mesh, and the other is for the size of the torso mesh. The mathematical model
is solved using the FEM software FEAP [71]. Moreover, all the meshes included
in this study are generated with ABAQUS [72].

5.1.1 Appropriate Mesh Size for the Heart Domain

The size of the heart elements is specified with the solutions of the finite element
analyses. For the finite element problem, a square domain containing both the
torso and the heart is meshed with quadrilateral elements. In Figure B.], the
boundaries and the geometry of the mesh with 64x64 element are illustrated.

The interface is highlighted so that the reader can observe the boundary layer.

The heart is embedded inside the torso domain. The edge of the square heart
domain is 72 mm and the edge of the square torso domain is 96 mm. The mesh
sizes of the overall domain, containing the torso and the heart are altered in
order to compare the results of the different mesh settings. This geometry is
meshed with four different element sizes. The mesh sizes and the number of
elements of the four cases are provided in the Table 5.2 where hf denotes the

mesh size of the heart domain.

Table 5.2: Selected mesh sizes for the sensitivity analysis of the heart domain.

Mesh No. h"|mm| Number of Elements

Mesh 1 6 256
Mesh 2 2 2304
Mesh 3 0.67 20736
Mesh 4 0.5 36864
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Figure 5.1: The structured 64 x 64 mesh including the torso and the heart
elements.

The extracellular and the transmembrane potentials of the simulations are recorded
at the point P shown if Figure 5.1l Point P is on the interface of the torso and
the heart domains. Therefore, the effects of the both domain can be included
for the sensitivity analysis. In Figure (left), the transmembrane potential
obtained with the ionic model is illustrated. The action potential waveform con-
verges to a solution as the mesh size decreases (right). The closed box provides
means to see the effect of the mesh size on the transmembrane potential. In
order to illustrate the convergence rate, the required amount of time for point P
to reach a potential of -40 mV is used to compute the conduction velocities of the
corresponding meshes. If the distance between the point P and the stimulation
point of the mesh is divided with travel times, the corresponding velocities are
found. Taking the conduction velocity of the finest mesh with h” = 0.5 mm as
the reference conduction velocity, the relative errors are computed as €, = (v-
Uref) /Uret Where v is the conduction velocity and v, is the reference conduction

velocity. The log-log plot of the results are provided in Figure 5.3l Since the
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average slope of the lines in Figure is about 2, it can be concluded that the

convergence is quadratic.
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Figure 5.2: Transmembrane potentials at point P for four different mesh sizes
(left) and the potentials in the close-up (right).

In Figure 5.4 on the other hand, the extracellular potential of the point P is
shown. After the depolarization of the cell, the extracellular potential increases
suddenly. The extracellular potential converges to a solution as the mesh size

decreases.

Using the results provided in Figures and (.4l the mesh size of the heart
domain is chosen to be h = 0.5. Then, the mesh size of the torso domain
should be determined with the analyses using the unstructured grids where the

mesh size of the heart is fixed, but the mesh size of the torso is varied.

5.1.2 Appropriate Mesh Size for the Torso Domain

In order to be able to vary the mesh size of the torso domain, unstructured grids
are used. For a better representation of the human body, the dimensions of the
torso and the heart are selected to have realistic dimensions. Also, the heart
domain is placed at a realistic location, shown in Figure[5.0l The illustrated mesh

is composed of 25600 quadrilateral elements representing the heart domain, and
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Figure 5.3: Errors in conduction velocity as the normalized difference for mesh
sizes h"= 6 mm, h"= 2 mm and h"= 0.67 mm . The result of the finest mesh

where h"= 0.5 mm is taken as to be the reference result.

10437 quadrilaterals representing the torso domain. The edge of the square heart
domain is taken to be 72 mm, while the shorter edge and the longer edge of the
torso domain are 44 cm and 50 cm, respectively. The number of heart elements
in these cases is fixed and it is 25600.

Table 5.3: Selected mesh sizes for the sensitivity analysis of the torso domain.

Mesh No. hZ% . [mm| Number of Torso Elements

Mesh 1 48 10437
Mesh 2 24 19710
Mesh 3 12 30836
Mesh 4 6 49218

Using the same material parameters, initial conditions and time step, the model
is simulated for these unstructured meshes. The extracellular potentials of the
two points, P1 and P2, are plotted in Figure 5.6l The solution of the torso
domain depends on the extracellular potential of the heart surface. As can be
seen from the two waveforms, the extracellular potentials of the points are not
significantly affected from the mesh size. The linear problem of the torso allows

us to use coarser meshes. Therefore, the maximum mesh size of the torso domain
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Figure 5.4: The extracellular potential at the point P (left) and the potentials
in the close-up (right) for different mesh sizes.

hZ . is selected to be 48 mm. The mesh size of the heart domain and the mesh
size of the torso domain are determined according to the results obtained with
the FEM. Finally, in order to complete the FEM calibration, the optimal time

step of the analyses should be specified for the selected mesh sizes.

5.2 Appropriate Time Step for the Analysis

The optimal mesh sizes of the heart domain and the torso domain are determined
so far. The last step is to calibrate the time step using the geometry shown in
Figure and using the mesh sizes of h = 0.5 mm for the heart domain and
hl = 48 mm for the torso domain. With this setting, the FEM is used to

solve the integrated problem with time steps of At = 0.04, 0.08, 0.12 and 0.16
ms. The results of these analyses are provided in Figures 5.7, and

In Figure 5.7, the action potential of the corner node of the heart domain corre-
sponding to point P in Figure B.1lis shown. Similar to the spatial domain, if the
time domain is discretized into finer intervals, the results converge to a solution.

The convergence of the solution is provided in Figure [5.7]

The results of the extracellular potential at the same point is illustrated in Figure

E.8 It can be observed that even though the point is on the same location of the
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P,

Figure 5.5: A mesh geometry for the integrated electrophysiology problem. The
mesh is composed of 36037 quadrilateral elements.

heart domain, the extracellular potentials observed in Figures [5.4] and are
different. The reason for that is the effect of the torso domain. In the first case,
very few torso elements are modeled, whereas in the second geometry, a very
large torso domain covers the heart surface. Therefore, it can be stated that
the torso influence on the extracellular potential of the interface is significant.
Moreover, in Figure 0.9, the extracellular potential of the point P1 shown in
Figure is illustrated.

By investigating the effects of the time steps on the problem, and considering
the computational efficiency, the time step is taken to be At = 0.08 ms for the

ECG simulations.
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Figure 5.6: The extracellular potentials at the point P1 (left) and at point P2
(right) for different mesh sizes of the torso.

5.3 ECG Simulations

The integrated cardiac electrophysiology simulations allow us to compute the
potentials out of the heart. The interaction between the heart and the torso ends
up with the realistic potentials on the torso surface. By using these potentials
of the torso, we can compute the discrete potential differences at each time
step. These discrete potential differences eventualy provide a way to draw the
standard 6-lead ECG. The leads of this diagram are computed using the following

equations:

Is = LAs — RAg
[l = LFs — RAg
[l = LFg — LAg

AVFy =LFs — @

(5.1)

AVLy = LAg — @

AVRs = RAg —

KA

where LF, LA and RA stand for the left foot, left arm and right arm, respectively.
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Figure 5.7: The action potential at point P (left) and the potentials in the
close-up (right) for different time steps.

Moreover, ® is the average of the LF, LA, and RA potentials. In order to obtain
a realistic ECG, the position and the geometry of the heart should be selected
wisely. Moreover, the Purkinje line elements and regional characteristics of
the action potential should be taken into account. The details of the mesh is

provided in Figure .10

The height and the width of the body section and the heart section are taken
to be average. The height of the body without the foot and the head is 150 cm
and the width is 45 cm. The heart, on the other hand, is assumed to be 7.5
cm in height without the atria. The cross section of the heart is obtained from
the Ashley heart [73]. Furthermore, for the ECG simulation, the three points
representing LA, RA, and LF points are labeled as points P1, P2, and P3. The
mesh involves 7716 quad elements in the heart domain, 21403 quad elements in
the torso domain with overall 30247 nodes. For the FEM-BEM approach, the
torso domain is eliminated and outer surface elements are generated. There are
723 surface line elements on the outer surface and 1108 surface line elements on

the interface.

In order to obtain an ECG accurately, the Purkinje line elements are employed.

78



20 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 4

.04 e T
0.08 0.08

15 012 ————- 012 ————-
0'16 — i — 0 16 — e —

10 + | 37 finer

‘ ‘ ‘ ‘ ‘ ‘ ‘ 1 ‘ ‘ ‘ ‘
0 50 100 150 200 250 300 350 400 50 52 54 56 58 60
t [ms] t [ms]

Figure 5.8: The extracellular potential changes at Point P (left) and the extra-
cellular potentials in the close-up (right) for different time steps.

These line elements elongate through the two sides of the septum, the bundle
branches and the diverge into the endocardial zones of the heart section. The
Purkinje fibers are very effective electrical conductors and their material models
are the same model with the cardiac domain, see Figure [[.11l Therefore, these
elements are modeled with the ionic ten Tusscher model. The parameter set for
the conductivities of the Purkinje fibers is listed in the Table 5.4l The Purkinje
fibers have approximately twenty times higher conductance velocity than that of
the regular heart tissue [42]. The conductivities in the orthogonal direction are
taken to be proportional to the myocardium conductivities. The extracellular

conductivity constants are the same with the myocardium.

Lastly, in order to obtain appropriate T waves with the simulation, separating
the heart into zones for different action potential evolution characteristics are
of great importance. Therefore, the heart domain of the mesh is divided into
nine parts that have different initial ionic settings. The partition is visualized
in Figure The action potential differences are taken into account by hori-
zontal and vertical segments. The critical point is that despite the fact that the
depolarization wave reaches to the apex of the heart lastly, it repolarizes first.

The reason for this is that the action potential duration is shorter at the apex of
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Figure 5.9: The extracellular potential at the point P1 (left) and close-up for
different time steps.

Table 5.4: Parameters for the Purkinje elements

Parameter Unit Description Values
_‘i‘ = dﬁ /XCm [mm?/s] Normalized intracellular conductance of the heart  200.0
in the longitudinal direction
1) :=d| /XC, [mm?/s] Normalized intracellular conductance of the heart  30.0
in the orthogonal direction
Jﬁ = dj/XCrn [mm?/s] Normalized extracellular conduction of the heart 10.0
in the longitudinal direction
19 = d% /XC, [mm?/s] Normalized extracellular conductance of the heart 1.0

in the orthogonal direction

the heart. Furthermore, the septum repolarizes a little earlier than the left side
and right side of the heart. As a result, the action potential of the right and left
parts are arranged to be longer. So as to change the action potential duration
of the ionic model, the constants of the ionic model are changed. The major ion

concentration that is responsible for the duration of the action potential wave

max

duration is the potassium. Therefore, potassium related constants CF¢7, ,, and

oo ., are decreased for a longer action potential duration. These parameters

are provided in Table Bl These constants are 2.5% smaller than the constants
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Figure 5.10: Geometric settings of the mesh.

of the lateral myocardium. Likewise, from the apex to the base, the constants
are decreased by 5%. The resulting action potential durations of the nine zones

are provided in Figure B.12

Then, using these geometrical properties, implementing Purkinje fibers and ar-
ranging the action potential durations of the myocardium, the ECG simulations
are conducted. The results of the healthy and infarcted cases obtained with the

FEM, C-FEM and FEM-BEM are provided in the next section.

5.3.1 Healthy ECG

The constructed model is tested for an ECG simulation of the healthy heart.
The computed and normalized ECG is plotted in Figure (.13l In Figure [£.14]
the Lead-I, is plotted with a close-up. Furthermore, there are letters starting
from (a) and ends up with (f) in Figure[5.141 These are the critical points of the
ECG waveform. The obtained numerical results will be demonstrated at those

specific instants.

The ECG in Figure (.13] is solved by using the three approaches namely, the
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Figure 5.11: The Purkinje fibers placed on the mesh.

FEM, C-FEM and FEM-BEM on the heart surface. The CPU times of these
methods are provided with Table[5.5l The solution time of the BEM is very low.
The C-FEM, on the other hand, is not very effective in terms of computational

speed.

The close-up in Figure [.14] shows the solution difference between the three
methods. It can be observed that the boundary element method gives very
accurate results. C-FEM solution, on the other hand, gives exactly the same
results with the FEM approach as expected. However, the speed of the C-FEM
does not seem to be very efficient. The nonlinear domain contributes to the
interface. Therefore, the residual of the linear domain should be computed at

each iteration just like the FEM.

The standard 6-lead ECG structure is well characterized with the QRS complex
and the T wave. The clinical results of a healthy heart shows that the model pre-
dicts the directions of the leads at the depolarization and repolarization phases,

qualitatively. The timings of the QRS is acceptable, however, the ST interval
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Figure 5.12: Zones of the human heart and the corresponding action potential
waveforms.

is too long. The start of the T wave should be at around 300 ms. The reason
for this difference is caused by the 2-D model, since the overall behavior of the
ECG depends on the 3-D space. One critical issue about the modeling the ECG
is the direction of the aVR lead. This lead has negative peak value and negative

T wave. The ECG leads of a healthy heart are given in Figure

In order to initiate the action potential, the top portion of the septum is stimu-
lated by applying external flux terms on the selected nodes. The action poten-
tial propogation is provided in Figure The action potential firstly propa-
gates through the septum. Then, it reaches to apex and is separated into two
parts, leading to left and right ventricles respectively. After a long phase named

plateau, the heart starts to depolarize from the apex.

In addition to these results, the element number of the outer surface is varied for
FEM-BEM approach. In Figure (.17 the ECG simulation results are provided
for 568, 723 and 948 outer line elements. It can be deduced from the figure that
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Figure 5.13: The normalized ECG of a healthy heart computed with FEM,
C-FEM and FEM-BEM. Units are mV in y direction and ms in x direction.

Table 5.5: Solution times of FEM, C-FEM and FEM-BEM methods.

Method - CPU Time

FEM - 107.5 min
C-FEM - 98.2 min
FEM-BEM - 48.8 min

as the number of BEM elements decreases, the accuracy of the solution reduces
as well. The CPU Time results are also provided in Table 5.6l With the BEM,
the solution time is reduced drastically, since the torso is eliminated. However,
reducing the number of outer line elements does not provide further efficiency

to the model.

84



G \ \ ‘ -0.041
b FEM ----- FEM --- - -
4 C-FEM - - - - | - C-FEM = - - = | -0.042
3l FEM-BEM —— - i FEM-BEM —— | _0.043
27’ 1 -0.044
1) f ] 1 -0.045
a/ d
of 1 1 -0.046
e
-1 1 -0.047
ol 4 -0.048
3LC : A : : ‘ ‘ ‘ -0.049
0 100 200 300 400 500 600 58 59 60 61 62

Figure 5.14: LEAD-I ECG (left) and close-up. Units are in mV in y direction
and ms in x direction.

Table 5.6: FEM-BEM solution times with different numbers of outer line ele-
ments.

# of outer line el. - CPU Time

568 - 43.6 min
723 - 48.8 min
948 - 50.9 min

5.3.2 Modeling the Inferial Infarction

In order to test the performance of the model besides the heathy heart case, an
infarction case is modeled. The model is solved with the FEM-BEM coupling,
and the torso mesh is not generated. First, infarction zone is created by selecting
the elements at the right hand side of the apex. These elements are shown in
Figure[B.I8 The infarcted region should be inexcitable for the model to properly
simulate the disease. The activation phase of the cardiac cell, the depolarization,
strongly depends on the sodium channels. Therefore, the sodium constant Chy,g
is taken to be 30.0 mM and I3, is taken to be 500.0 pA/pF. By this way, these
elements become inexcitable, while the convergence of the model is maintained.
All other model parameters are the same for the simulation. The results of the

model is provided in Figures 5.19H5.21]
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Figure 5.15: The transmembrane potential propagation through the healthy
heart.

In Figure B.19 the propogation of the transmembrane potential through the
heart section can be observed. In the sequence, the action potential moves
through the septum. When it reaches to the septum, the infarcted zone is
not excited. The transmembrane potential continues to advance through the
ventricles, but the infarcted zone remains inexcitable. Therefore, the corrupted
transmembrane potential and intracellular potential changes behavior of the

extracellular potential in that specific area.

In Figure 520, the propagation of the extracellular potential through the septum
is provided. Please note that in order to represent the effects of the infarcted
zone efficiently, the scale bar is not fixed, but it changes with respect to each
step. As a reaction to the transmembrane potential, the extracellular potential
starts to advance through the septum, and when it reaches to the apex, the

infarcted zone does not react to extracellular stimulation as well. Therefore,

86



the boundary conditions of the coupled FEM-BEM problem changes. The scar
tissue prevents the potential to reach to the left foot. Therefore, second, third

leads and the aVF lead of the ECG should have different peaks.

The ECGs obtained through the solutions of the healthy heart and the infarcted
heart are provided in Figure (.21l The effect of the infarcted zone can be seen
in leads II, III and aVF easily. The S wave of the lead-II can not go below zero,
resulting in elevated T wave. It is the common indicator of diseases related to the
septum. Lead-III, on the other hand, cannot even increase in the depolarization
phase, simply because the infarcted zone blocks the potential in the downward
direction. Another critical point verifying the validity of the obtained ECG is
that the lead-I and aVR does not change significantly due to the infarction. This
is acceptable because of the infarcted zone is at the bottom of the heart. The

effects of the potential of the lower part has less effects on the upper leads.

In this section, the applications of the integrated cardiac electrophysiology prob-
lem is shown. The efficiency of the proposed algorithms are tested in ECG
simulations in terms of solution time. Moreover, the accuracy of the coupled

FEM-BEM approach is tested with the healthy and infarcted case scenarios.
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Figure 5.16: The extracellular potential contours on the body for the healthy
case.
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Figure 5.17: Normalized LEAD-I ECG obtained using FEM-BEM coupling with
different numbers of outer line elements. Units are mV in y direction and ms in
x direction.
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Figure 5.18: The heart section with inferial infarction.
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Figure 5.19: The propagation of the transmembrane potential through the in-
farcted heart.
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Figure 5.20: The propagation of the extracellular potential through the infarcted
heart.
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Figure 5.21: The normalized ECG of the healthy heart (blue) and the ECG of
the infarcted heart (red). Units are mV in y direction and ms in x direction.
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CHAPTER 6

CONCLUSION

In this thesis, we have developed numerical approaches to solve the integrated
cardiac electrophysiology problem in the bidomain setting. The material model
used for the electrical source term is the ionic model of electrophysiology of ten
Tusscher [4]. Three numerical approaches have been proposed in this thesis, and

the efficiency of the models are tested for the two dimensional ECG simulations.

In cardiac modeling, the mechanical and the electrical problems cause high com-
putational costs. Therefore, it is important to propose new models that may
accelerate the solutions. The first numeric approach we tested is the condensa-
tion of the solution matrix to eliminate the large portion of the unknowns and
recover them once the reduced heart domain is solved. The second approach is
solving the torso domain on the surface only. By this way, we may decrease the

number of unknowns of the problem drastically.

In the first approach, the condensation of the solution matrix, has lead us to a
smaller matrix to be inverted during the analysis. However, the problem involves
coupling of the torso domain and the heart domain at the interface. Therefore,
during the assembly of the solution matrix, the interface nodes get contribution
from the torso nodes. Therefore, in order to get the exact same solution with the
FEM approach, the residuals of the torso domain should be taken into account
at each step. As a result, in addition to the massive storage of the stiffness
terms of the torso, the computation of the residuals is required. Eventually,
the solution time of the method was a little shorter than the standard finite
element method. To improve the computational efficiency of this approach,

one can employ the staggered solution scheme for the solution of the domains
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separately. In this approach, the effect of the torso on the heart surface will be
underestimated, yet, the solution time would reduce drastically because, there is
no tangent contribution from the torso. Therefore, there is no need to store the
shape functions or the calculated degrees of freedom. Also, using computers with
a high RAM capacity will decrease the solution time of the problem, because,

the storage problem will be eliminated.

The second approach, the FEM-BEM coupling, is proven to be effective. The
reason is that the FEM-BEM solution matrix is assembled once and for all at the
beginnig of the analysis. After that the inversion of the large torso problem is
avoided. The method is very effective for the linear problems but its extention to
anisotropic cases or the monolithic solution scheme are two challenging problems.
The monolithic solution may let us use higher time steps and eventually reduce

the solution time further.

With all three approaches, the ECG leads are captured qualitatively. The dy-
namic coupling of the BEM and FEM on the heart surface is shown to work
effectively in terms of capturing the ECG results qualitatively and decreasing

the computational cost.

In terms of cardiac modeling, this thesis does not provide any suggestions about
the models defining the heart domain. However, it is clear that extension of
the FEM-BEM approach to the electrophysiology and electromechanic prob-
lems would lead to new approaches. Furthermore, the ionic model and the
bidomain model are flexible models and their efficiency can be exploited to de-
velop robust and novel approaches. Futhermore, the model can be extended to
three-dimensional setting. This leads to construct more realistic simulations and

understand the function of the heart deeply.
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