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ABSTRACT

TOPOLOGICALLY MASSIVE GRAVITY: ANYON SCATTERING,
WEYL-GAUGING AND CAUSALITY

Kiligarslan, Ercan
Ph.D., Department of Physics
Supervisor : Prof. Dr. Bayram Tekin

August 2017, [104] pages

In this thesis, we studied the Topologically Massive Gravity (TMG) in two perspec-
tives. Firstly, by using real scalar and abelian gauge fields, we built the Weyl-invariant
extension of TMG which unifies cosmological TMG and Topologically Massive Elec-
trodynamics (TME) with a Proca mass term. Here, we have demonstrated that the
presence of (Anti)-de Sitter spaces as the background solution, spontaneously breaks
the local Weyl symmetry, whereas the radiative corrections at two-loop level breaks
the symmetry in flat vacuum. The breaking of Weyl symmetry fixes all the dimen-
sionful parameters and provides masses to spin-2 and spin-1 particles as in the Higgs
mechanism. Secondly, we calculated the tree-level scattering amplitude in the cosmo-
logical TMG plus the Fierz-Pauli mass term in (Anti)-de Sitter spaces and accordingly
found the relevant weak field potential energies between two covariantly conserved
localized point-like spinning sources. We have shown that in addition to spin-spin
and mass-mass interactions, there also occurs a mass-spin interaction which is gener-
ated by the gravitational Chern-Simons term that changes the initial spin of particles
converting them to gravitational anyons. In addition to these works concerning TMG,
we have also discussed the issue of local causality in 2 4+ 1 dimensional gravity the-
ories and shown that Einstein’s gravity, TMG and the new massive gravity are causal
as long as the sign of the Newton’s constant is set to negative. We study the causality
discussion with the Shapiro time delay method.



Keywords: Weyl-invariance, Topologically Massive Gravity, Spontaneously Symme-
try Breaking, (Anti)-de Sitter spaces, gravitational anyons
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0z

TOPOLOJIK KUTLELI KUTLE CEKIM: ANYON SACILMASI,
WEYL-DEGISMEZLIiGi VE NEDENSELLIK

Kiligcarslan, Ercan
Doktora, Fizik Bolimi

Tez Yoneticisi : Prof. Dr. Bayram Tekin

Agustos 2017 ,[104] sayfa

Bu tezde, iki agidan Topolojik Kiitleli Kiitle cekim teorisi iizerinde duruldu. ilk ola-
rak, reel skalar ve abelyan ayar alanlar1 kullanilarak kozmololojik TMG teorisi ile To-
polojik kiitleli elektrodinamigi Proca kiitle terimi ile birlestiren Weyl-degismez TMG
teorisi inga edildi. Burada lokal Weyl simetrisinin diiz uzay zaman vakumunda ikinci
halka seviyesinde, (Anti)-de Sitter uzaylarinda ise kendiliginden kirildig: gosterildi.
Weyl simetrisinin kirilmasi boyutlu parametreleri fiksleyeceginden, spin-2 ve spin-1
parcagiklarinin higgs mekanizmasinda oldugu gibi kiitle kazandiklar1 goriildii. ikinci
olarak, Fierz-Pauli kiitle terimi iceren kozmolojik TMG teorisi i¢in (Anti)-de sitter
uzaylarinda sagilma genligi ve bundan yararlanarak iki tane noktasal kovaryant ola-
rak korunumlu lokalize kaynak arasindaki Newtonyen potansiyel enerjiler aga¢ mer-
tebesinde hesaplandi. Bu analiz sonucunda, spin-spin ve kiitle-kiitle etkilesmelerine
ek olarak parcaciklarin spinini degistirerek onlar1 gravitasyonel anyonlara doniistiiren
kiitle cekimsel Chern-Simons teriminden dolay1 kiitle-spin etkilesmeleri oldugu gos-
terildi. Bu TMG iizerine olan ¢alismalarin paralelinde, 241 boyutta kiitleli graviton
iceren kiitleli kiitle ¢cekim teorileri icin lokal olarak nedensellik meselesi tartisildi ve
Einstein’1n kiitle ¢gekim, TMG ve yeni kiitleli kiitle ¢ekim teorileri i¢in nedensellik
ve Uniterligin Newton parametresinin isaretinin negatif secilmesiyle birlikte saglan-
dig1 gosterildi. Nedensellik iizerine olan tartigmalar icin Shapiro zaman gecikmesi
methodu kullanildi.
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CHAPTER 1

INTRODUCTION

General Relativity (GR) developed by Albert Einstein in 1916 is one of the most
novel developments of the last century physics. As is well-known, GR is the sim-
plest and a somewhat unique geometrical interpretation of gravitational interaction
which describes a massless spin-2 particle (i.e., graviton) in the quantum field theory
perspective. The predictions of GR have been approved by a large number of exper-
iments, such as the perihelion precession of Mercury, deflection of light by massive
objects, gravitational redshift of light and gravitational lensing etc. Recently, it has
been observed by LIGO that the gravitational wave coming from two colliding black

holes is in a complete and remarkable agreement with the one that is predicted by GR

[L].

Although Einstein’s theory overwhelmingly provides very successful solutions whose
strong and wide predictability have been approved by countless amount of observa-
tions, its bare form fails to be a complete foreseeing theory in the extreme regimes,
namely in the UV and IR scales. Firstly, it is well-known that as one treats pure GR as
a perturbative quantum field theory, due to the existence of the dimensionful param-
eter (that is, Newton’s constant with mass dimension —2), the catastrophic infinities
at the second loop-level resulting from the self-interaction of the gravitons cannot be
handled and thereby the theory unavoidably turns out to be a perturbatively unaccept-
able model. Thus, the pure GR is valid only within a certain energy regime which
means it is a low energy effective theory. As for the IR regimes, it has been exper-
imentally shown that GR in its bare form (without a dark sector) cannot explain the
accelerated expansion of universe and the rotational curves of outer objects in galax-
ies that can be explained with by GR only if one anticipates a tremendous amount of

dark matter comparing with ordinary matter. Moreover, GR has not been unified with



the Standard model of particle physics. Thus, due to the noted problems in the both

extreme scales, a proper modification of GR seems to be inescapable.

To this end, several alternative approaches have been introduced up to now in order
to modify GR in such a way that the extended theory would particularly provide a
well-defined gravity theory. Within these approaches, here we will specifically con-
sider the massive gravity modifications of GR which suggest to give a small mass to
the graviton: recall that providing a tiny mass to graviton will mediate Yukawa-like

eT; " (where Yukawa length scale ) is given in terms of gravi-

gravitational force as ~
ton mass m as A = %). With this, gravitational interaction becomes less attractive
in large distances which leads to screening effects on cosmological scales. Thus, this
specific modification particularly has the potential to provide some understanding of

the IR problems of GR.

In this respect, the first linearly consistent massive gravity theory was introduced in
1939 by Fierz and Pauli [2]] which is called the Fierz-Pauli (FP) theory. In this theory,
the FP mass term is added to Einstein theory with which graviton acquires a mass.
With this modification, the FP theory describes 5 degrees of freedom (DOF) in four
dimensions at the linear level while Einstein’s gravity has 2 DOF. Thus, it is natural
to expect the massive gravity theory to reduce to Einstein’s gravity in the massless
limit. However, as one tries to take the m — 0 limit of FP theory, one will realize that
this limit of FP theory does not reduce to Einstein’s theory. This problem is called the
van-Dam-Veltmann-Zakharov (vDVZ) discontinuity [3, 4]. To resolve this problem,
although Vainshtein [5]] claimed that this discontinuity would appear only in the linear
theory and thus disappear in the non-linear level, it has been shown that the massive
gravity theory actually has an additional 6!* DOF which causes a ghost-like instability
at the non-linear level. This extra DOF is called the Boulware-Deser ghost [6]. Thus,
the massive modification of GR comes with the problems of vDVZ discontinuity and

instability in 3 + 1-dimensions.

To have some insights particularly in the idea of quantum gravity, due to its unique
properties, it seems to be useful to study on 2 4 1-dimensional toy models. The
reasons of preferring 2 4+ 1-dimensions as a platform is as follows: GR in 2 + 1 di-

mensions does not possess any local DOF. This means that any vacuum solution of



2 4 1-dimensional GR is locally equivalent to flat or maximally symmetric constant
curvature backgrounds ((A)dS). That is, it is locally trivial. On the other hand, with
a cosmological constant, global properties of the GR is non-trivial. Particularly, it
then describes asymptotically AdS3 black hole solutions [7] which naturally lead to
the additional microscopic DOF giving rise to the celebrated Bekenstein-Hawking
entropy. Additionally, Brown and Henneaux have shown that 2 4+ 1-dimensional bulk
AdS gravity theory with asymptotically AdS3; boundary conditions gives rise to a
2-dimensional conformal field theory (CFT) on the boundary [8]. In this sense, cos-
mological Einstein’s theory describes a healthy holographic description with globally
non-trivial structure even if it does not have any local propagating DOF. Therefore,
quantum version of the cosmological GR has the potential to provide a well-behaved
2 + 1-dimensional quantum gravity theory in the AdS/CFT context. Here, the natural
question is what kind of the modification in the cosmological GR will supply such a

complete quantum gravity model which will also have local propagating DOF.

Topologically Massive Gravity (TMGQG) [9] seems to be the only viable lower dimen-
sional massive extension of the three dimensional Einstein’s theory with a dynamical
DOFﬂ TMG is a unitary and renormalizable theory at the tree-level and it is a par-
ity non-invariant theory which has a single massive spin-2 excitation about its flat or
AdS vacua. However, due to the emerging contradiction between the positivity of
bulk excitations and the Brown-Henneaux’s gravitational central charges for generic
parameter 1, TMG has the inevitable bulk-boundary unitarity clash in the AdS/CFT
framework. Fortunately, a particular resolution of this conflict was suggested in [11]
where it has been shown that the cosmological TMG is stable in the chiral limit. At
the chiral limit, the theory has only right moving mode with positive central charge on
the boundary. Thus, due to this fact, chiral limit of cosmological TM(ﬂ has a notable
potential to provide consistent quantum gravity theory in the AdS/CFT framework.
Due to these appealing properties, many works have been devoted to understand the

physical properties of TMG.

! There is also an other well-known massive gravity theory which is known as New Massive Gravity (NMG)
[10] that has quadratic curvature terms. The theory describes a massive spin-2 particle with two degrees of
freedom. NMG is a unitary theory for suitable choices of parameters but it is not renormalizable. This theory also
suffers from the bulk-boundary unitary conflict, hence it is not suitable for holographic description.

% In [12], it has been claimed that Chiral gravity has problematic log mode solutions which lead the non-
unitary. But, It was proposed in [[13| [14] that there is a linearization instability and recently it was shown [15]
that these problematic modes are an artifact of first order perturbation theory and so they are not integrable to full
solution.



This thesis is based on the following papers:

1. S. Dengiz, E. Kilicarslan and B. Tekin, “Weyl-gauging of Topologically Massive
Gravity,” Phys. Rev. D 86, 104014 (2012) [16].

2. S. Dengiz, E. Kilicarslan and B. Tekin, “Scattering in Topologically Massive
Gravity, Chiral Gravity and the corresponding Anyon-Anyon Potential Energy,”
Phys. Rev. D 89, 024033 (2014) [17].

3. J. D. Edelstein, G. Giribet, C. Gomez, E. Kilicarslan, M. Leoni and B. Tekin,
“Causality in 3D Massive Gravity Theories,” Phys. Rev. D 95, 104016 (2017)
[18].

In the first paper, the Weyl-invariant extension of TMG which unifies cosmological
TMG and Topologically Massive Electrodynamics with a Proca mass term is con-
structed. Here, the tree-level perturbative unitarity of the Weyl-invariant TMG and
its particle spectrum are studied in detail. It is shown that the theory does not have
any dimensionful parameters; hence spin-2 and spin-1 particles acquire masses via
the breaking of the Weyl’s symmetry either spontaneously in Ad.S vacuum as in the
Higgs mechanism or radiatively in flat vacuum as a result of the Coleman-Weinberg

mechanism.

In the second paper, from the wave-type equation for cosmological TMG augmented
with the FP mass term, the particle spectrum of the theory in various special limits
in (A)dS backgrounds are studied. In doing so, we calculate the tree-level scattering
amplitude and compute the associated non-relativistic potential energies between two
locally spinning conserved point-like sources. It is shown that in addition to spin-
spin and mass-mass interactions, there is also mass-spin interaction which is induced
by the gravitational Chern-simons term which changes the initial spin of particles
turning these into gravitational anyons. Here, we also briefly discuss the flat space

chiral gravity limit of the scattering amplitude.

In the last paper, the local causality problem in the 2 + 1 dimensional massive gravity
theories is studied in detail. Here, it has been shown that the causality and unitarity
are not in contradiction in bare GR, TMG and NMG as long as the sign of Newton’s

constant is set to be negative. Furthermore, we also discuss the 2 + 1-dimensional
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Born-Infeld gravity and show that the related causality and unitarity are compatible
with each other. This is in sharp contrast to the Einstein-Gauss Bonnet and cubic
theories in higher dimensions (n > 4) where causality and unitarity are in conflict.

The causality issue has been studied in asymptotically Minkowski and AdS spaces.

1.1 The Fierz-Pauli Theory

The first modification of Einstein’s gravity with a mass term was given by Fierz and

Pauli and is described in the generic D-dimensional spacetime as follows [2]

1 2
I= —/de«/_—g <(R—2A) - %(hiy—hQ)), (1.1)
K
where x is the D dimensional Newton’s constant. It describes a free massive spin—2
particle. The second term in the action is the FP mass term and unavoidably breaks
the gauge invariance of pure GRﬂ Because of the violation of gauge invariance, the

W DOF at linearized level in

theory has D + 1 constraints and thus it defines
D dimensions. It is also important to note that FP mass term is a unique combination
for ghost and tachyon-freedom. This is called the FP-tuning. More precisely, one
should notice that if one chooses a different coefficient between hfw and h? instead
of the FP tuning (that is, —1), then a scalar ghost appears as an extra DOF. To see
this, let us consider the FP action with an arbitrary coefficient a between hfw and h?
instead of the FP tuning. For this purpose, we shall be interested in the weak field

limit in which the linearized field equation about a AdS background ¢,, = G + Iy

reads
2

g,f,, + m?(h;w + aﬁuuh) = 07 (1.2)

where the related linearized tensors are given as follows [[19]

1 2A
L L - L
G = iy = S0 " — 5
1 . L _ o
R, = 5(vav#hw + V'Vl — Ohy — YV, V, h), (1.3)

L ee 2A
R' = (g"R,,)" = —0Oh + V*V"h,, — 5o

3 That is, with the FP term, the modified GR is not invariant under the diffeomorphism defined as dh,, =
2V ., any more.



Here, h = g"”h,,,. Since we have Wgﬁu = 0, then the divergence of Eq. yields
(for m # 0)
V*h,, = —aV,h. (1.4)

Using this, the linearized Einstein tensor G lfy can be recast as

1
%=2< Ohy + (@ +1)g,,0h — (2a+ 1)V, V,h

4A
U (TR ) )

(1.5)

Subsequently, by inserting Eq.(1.5) into Eq.(1.2) and later taking the trace of it, one
obtains
<(D—2)(a+1)D+2A+m2(1+aD))h:O. (1.6)

Thus theory has a scalar ghost for a # —1, this can be seen explicitly by decomposing
h,. as a transverse traceless helicity-2 tensor (hTT) a helicity-1 vector (V*) and
scalar field component (¢). After plugging this decomposition into the FP action, one
can see that scalar field comes with the wrong kinetic energy sign and verifies the

Eq . Thus, one needs to select a = —1 (that is, FP tuning) and m? 7é QA for

2A

D-1) is partially massless pomt

the ghost freedom. Here, the specific choice of m? = = o-D

at which A is not fixed any more and a new symmetry arises.

As was mentioned above, one naturally expects that the massless limit of FP theory
must yield the GR after working out some physical quantities. However, this has been
shown to cause the problem of vDVZ discontinuity [3}4]]. As the corresponding weak
field limits are analyzed, one will see that the massive gravity causes a deviation of
25 percent in the ordinary result for the light bending angle or a similar discretely
different result for the static Newton’s potential. The source of the discontinuity can
be explicitly shown by using the Stuckelberg trick in which new gauge fields are
introduced in such a way that the DOFs are intact without changing the dynamics of
the theory [20, 21]]. In order to see the origin of this, let us now consider the source

coupled linearized FP action in a flat background [21 ]E]

D hHv L _m_2 2 12 v
Io( dx\/_< g, (W2, — B2 + BT, ), (1)

2K

4 We will do this analysis in flat space since it was shown that vDVZ discontinuity can be cured if one adds
the cosmological constant to the theory, see for details [22].

6



where T}, is the energy-momentum tensor. To preserve gauge symmetry, let us now

introduce the following transformations
hyw = by + 0, A, + 0, A, A, — Ay + 0,9, (1.8)

where A, and ¢ are auxiliary Stukelberg vector and scalar fields, respectively. After
scaling the fields as ¢ — -5, A, — ~ to bring the kinetic energies of fields to the

canonical form and later taklng massless limit (m — 0), Eq.(1.7) takes the form

To( /d%mf_( thL()%ﬁ@FW—%mW&@wﬁhy@+mwnJ
(1.9)

Here, F, = 0, A, — 0,A,. Then, with the redefinition of graviton field as h,, —

h;w + 277w,¢ the scalar and spin-2 fields will decouple from each others and one

will finally arrive at

1 2D —
D, /- ,uu L _ = [
I(’) /d Zz ( g;u/( ) 2F F D —

2
+5t3w).

WW¢+M”

(1.10)
Observe that the gauge symmetries of the action are cﬁzw =2V &) and A4, = O,
It is also important to note that the source of vDVZ discontinuity is the coupling be-
tween scalar field ¢ and trace of energy momentum tensor 7". On the other hand, one
can realize that the theory still has M DOF within which M corresponds
to massless spin-2 field, D — 2 corresponds to massless vector field and 1 corresponds
to scalar field. Thus, the Stuckelberg mechanism does not alter the fundamental DOF.
Furthermore, this analysis shows that the massless limit is not smooth since the extra

scalar DOF which does not exist in GR survives in this limit.

Vainshtein [S] claimed that the vDVZ discontinuity was an artifact of linear theory, at
the non linear level, and thus it could be recovered by non-linear effects. However, it
was shown that the massive gravity in four dimensions have 6 DOF at the non-linear
level, while it has 5 DOF at the linear level. This extra sixth dynamical mode leads to

a ghost-like instability and is known as Boulware-Deser ghost [6].

7



1.2 Topologically Massive Gravity

Topologically Massive gravity (TMG) was developed by Deser, Jackiw and Temple-
ton in 1982 [9]]. The theory is described by the following action
St = —— [ dry=g |:O'(R —20) (rg’(,aurg + grg’grf;r; )} ,
16mG 2u r3 prove
(1.11)
where G is the usual 2 + 1-dimensional Newton’s constant, o is a =1 and p is the
topological mass parameter. Here, n*“* is a rank-3 tensor described in terms of the
Levi-Civita symbol as e/** /,/—g. We will work with the mostly plus signature. TMG
is a parity non-invariant theory due to Chern-Simons term and it possesses more DOF
than 3D Einstein’s gravity since Chern-Simons term contains three derivatives of the
metric and hence it propagates a massive spin-2. To see this, let us notice that the

source-free field equations of TMG [] are

1 1
o(Ru — §gWR +Agu) + ;C’W =0, (1.12)

where C,, is the Cotton tensor that can be defined as
1
O = i, (R = 70" aR). (1.13)
It can be shown to have the following properties (divergence-free and traceless)

VEC,, =0, CF=0. (1.14)

I

In three dimensions, it takes the role of the Weyl tensor which vanishes identically.
If for a metric g,,,, C*, = 0, then the metric is conformally flat. With this property
of C,,,,, all solutions of Einstein’s theory in 3D also solve TMG. In particular AdS is
a solution to TMG. The linearization of Eq.(I.12) about its AdS background g,, =
Guw + Dy, reads

%gﬁ,, + %Cﬁu =0, (1.15)
where the related linearized tensors are given in Eq.(L.3)). The trace of Eq.(I.13) gives
9" Gl = —3R" and this result requires R" to be zero. This allows one to choose the

following transverse-traceless gauge

VP, =0, h=0. (1.16)

5 See for details to Appendix



Under this gauge fixing, the linearized field equations in Eq.(I.15) take the form
1 wse ) [
(aaﬁ o 5%) (D — 2A> hls =0. (1.17)
Acting on the left with the operator 00 — im ¥V, to Eq. GD one obtains

(E —2A — (pPo® + A))g;fy = 0. (1.18)

Thus, by bearing in mind that the null-cone propagation for a massless spin-2 field in
(A)dS space is defined as (O — 2A)h,,, = 0, then one finds at that the theory actually

describes a massive spin-2 graviton with a mass
m? = pi°o® + A. (1.19)

Observe that in the flat space limit (A — 0), TMG still describes a single massive ex-
citation with mass m, = |po| and o must be chosen to be negative for ghost freedom
as opposed to bare GR. Note also that in the o — 0 limit, the theory reduces to the
pure Chern-Simons theory which does not have any propagating DOF and cannot be

deformed by a cosmological constant.

As is well-known, gauge/gravity duality (or more specifically AdS/CFT) is one of
the promising approaches in constructing quantum gravity models. AdS/CFT states
that each d dimensional bulk AdS gravity theory is holographically dual to the cor-
responding d — 1 dimensional CFT on the boundary [23]]. In fact, such a duality
was first introduced by Brown and Henneaux in 1986. Here, they have shown that
three dimensional bulk Ad.S gravity theory with asymptotically AdS5; boundary con-
ditions is equivalent to two dimensional CFT on the boundary [8]]. Since TMG has
asymptotical AdS3 solutions, many studies have been devoted to apply AdS/CFT
correspondence to TMG. The left and right central charges in TMG are found to be

3¢ 1
= — — 1.20
CL,R QG(O-:!:[,LE), ( )
where the AdS; radius is defined as A = _e%' Although TMG seems to be an in-
teresting candidate for a 2 4+ 1-dimensional quantum gravity, it has been shown that
the theory has an unstable mode causing negative energy in AdS/CFT context. More
precisely, it has been demonstrated that the positivity of bulk excitations in TMG con-

tradicts with the corresponding gravitational central charges for generic parameter p.
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Later, it has been shown that with the particular setting of parameters as oul = 1,
this trouble is being resolved and thus TMG then turns out to be stable at this chiral
limit [[11]. TMG at this critical point (i.e., Chiral gravity) has only the right moving

mode with cg = % for o = 1.

1.2.1 Chiral Gravity

Since it is an important candidate that has the potential to provide a complete quantum
gravity toy model in AdS/CFT framework, let us now dwell on some fundamentals
of the Chiral gravity by following [[11]. To this end, let us note that Eq.(I.17)) can be
rewritten as follows [11]

(DLDRD% h) —0, (1.21)

uv

where the three mutually commuting first order operators are

_ 1 _
(DL/R)M =0, 20, Vo, (D™),"=0,+—n,"Va.

m

Hence, one can split the third-order field equations in Eq.(I1.21)) into three isolated

first derivative equations as follows
(D"r"),, =0, (DRRf),, =0, (D™h™s),, =0. (1.22)

Notice that the most general solution of Eq.(1.17)) can be given as decomposing the

fluctuation into left, right and massive moving modes
Py = hy, + hit + B (1.23)

Observe that the left and right modes are also solution of linearized Einstein’s gravity
and massive mode is a solution of TMG. These solutions can indeed be found from
the representations of the AdS; symmetries which is SL(2, R);, x SL(2, R)g. For

this purpose, one can choose the following AdS; metric which is a solution of TMG
ds® = (?(— cosh? pdt* + sinh® pd¢? + dp?). (1.24)

The most general solutions can be defined as follows
hyy = et e=idh=hI () (1.25)
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where

1 h—h 2i
B 2 s?nh(%p)
Fulp)=flo) | 5 1 oo |, (1.26)
2i i(h=h) 4
sinh(2p)  sinh(2p) sinh?(2p)
and
f(p) = (cosh p)~ "M sinh? p. (1.27)

Here, (h, h) are the primary weights that can be found via the algebra. Without going
into details, let us note that the primary weights for the left and the right modes which
are the Einstein’s gravity modes are (2, 0) and (0, 2), respectively. On the other side,

the primary weights for the massive modes are

- <3+,u€0 —1+,u€a>'

(hh) = (5= — (1.28)

Note that at the chiral point, the massive mode operator (D) is equal to the one of

the left mode (D¥) that leads to a degeneration at which the massive mode weights

Eq.(1.28) reduce to (h, h) = (2,0).

We are now ready to find the energies of excitations by constructing the Ostragradsky

Hamiltonian. For this purpose, one needs to find the O(h?) action yielding Eq.(1.15)):

— o 3, [ AL DLDRDmgh
64mGA /d o gh ( );,LV’
_ 1 3 % L l L
=~3a d’zy/—gh" (oG ., + MCW),

. (1.29)
o 3 = =\ Ve v
== m/d T/ —g{—O'V ht V)\h/#y + K_Qh“ h,uz/

1= _ 2
v af 2
- ;Vah‘ um (V + f_z)hﬂy}

The conjugate momentum is

(1)/“/: vV ™ 0 v 1 o By _l . z sy
I e <v (20h o 5Val™) //75 (VR SR ) . (130)

With the help of the equations of motion, one obtains

1

QI

— _ 1
H(l),uz/ _ . Oh,ul/ (2 = OuhﬁV
e — V=9 oL yGopu 1.31
L 647TG< ? ,LLE)V hL (1.31)
H(l),uu _ V g 9 0 ,ul/
R 647TG< a+,u€>Vh
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For the Ostrogradsky method, one needs to introduce another dynamical variable

K, = Vo h,., whose conjugate momentum reads

= 00
) CL—— AV vV 1.32
64r G n8 "V (1.32)
Then, one gets
00
@u _ —V 99 o
IT = Ry
M T 6dnG
00
@Qu _ V799w
II = h .
R 64nGul -’ (1.33)
H(Q);U/ __V _ggOO e
Lo eanGue 1
with which the Hamiltonian turns into
H= / d*x (o, IV + K, TP — ), (1.34)
Finally, the energies for the left and right excitations will become
CL/R v
Evr =~ /d% V=g VR ok, (1.35)
while the energy for the massive mode is
mg 2 0
E, A"z /=g na " hy,, Ophys. 1.36
i 647mG / TV (1.36)

By using the solutions, one can easily show that all the energy integrals in Eq.(T.35)-
Eq.(1.36) above are actually negative. Let us now calculate the results of the integrals

for the primary states. First of all, the energies for the left and right modes can be

found as
CL/R
Epr= ) 1.37
L/R = 3¢5 (1.37)
Also, the energy for the massive mode will read
m2(
E,» =2 . 1.38
= s @) (1.38)
Here, the dimensionless parameter x is defined as
l
x= % (1.39)

and the function f(z) reads

245 (2g 4 1) ((3 +21)

flz) = oF1[2(x + 1), 4z + 5; 22 + 3; —1)(1.40)

3+ 2z 2(x+1)

— o[22 + 3,42 + 5; 2(x + 2); —1]),
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where the 5 F7 is the hypergeometric function [24]]. The important point here is that
for the physical regions x € [0, c0), the function f(x) decreases and thus yields the
values as f(r) € [—1,—2) which gives a negative energy for the massive mode.
Therefore, to have positive energies for bulk excitations and positive or vanishing
central charges, one must go to the chiral limit where the graviton mass (m,) and
left central charge (cz) vanish. It is important to note that o must be chosen positive
to have positive energy for BTZ black holes such that their energies are given as
Epry; ~ Mo. Notice that this tells us that the bulk and boundary unitarity clash is

recovered only in chiral limit with the choice of positive o.

On the other hand chiral gravity has problematic log mode solutions [[12] that are
non-unitary modes. These modes do not satisfy the Brown-Henneaux (BH) boundary
conditions [8] and they have linearly-growing time profile. It was also discussed in
[LS] that there is a linearization instability, namely; these problematic modes are an
artifact of perturbation theory and so they are not integrable to full solution. To say
it in another way, there is no exact solution to chiral TMG, whose linearization about

AdS5 yields the problematic log mode.

1.3 Weyl Invariance

Gauge theory is one of the most amazing developments in physics to describe the fun-
damental interactions in Nature. The concept of gauge theory goes back to Hermann
Weyl’s work in 191 8|ﬂ In his work, Weyl tried to unify gravity with electromagnetism
in a geometrical framework by starting with a quadratic curvature action ﬂ Weyl’s

idea is based on the rescaling of the metric:ﬂ

g, — g, =Wt (1.41)

where ) is a real constant and W, is the vector field. Upon this idea, Einstein showed
that there was a discrepancy between Weyl’s idea and experimental evidence such
that the spectral lines of atomic clocks would then depend on the causal history of

the atoms. Thus, if one assumes that two hydrogen atoms have different location,

® In fact, the word gauge (Eich) was first used by him

" He started with a quadratic curvature action which is Weyl gauge invariant since Einstein theory is not
gauge invariant.

8 See [23] for details.
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then they could have different masses and frequencies. Therefore, Weyl’s approach
would ostensibly conflict with the physical principles. However, with the developing
of wave mechanics by Erwin Schrédinger and Paul Dirac, London [26] proposed that
the Weyl’s non-integrable scale factor should be replaced with a purely imaginary
one in the case of coupling electromagnetism to charged fields with which it would
correspond to the phase factor associated with the Schrodinger wave function. In the
presence of the electromagnetic field, London elaborated Weyl’s proposal to wave

mechanics as follows
U(z) = U (z) = end At (g). (1.42)

Note that in the absence of the electromagnetic field, the scale factor will be integrable
and A, can be fixed by gauge choosing. Following London’s work, Weyl proposed
that gauge invariance incorporates matter into electromagnetism rather than gravity.
Years later, Weyl’s idea played the fundamental role in describing the microscopic
interactions such as weak and strong interactions based on Yang-Mills gauge fields, a

generalization of Weyl’s ideas.

After giving a historical development of Weyl’s method, let us give some basics of

the Weyl transformations:

1.3.1 Weyl Transformation

To construct a Weyl invariant theory, let us consider the free scalar field action

1
Se = —3 /d"x\/—_g 0,90,0g"", (1.43)
which is explicitly invariant under rigid Weyl transformations
- I (1.44)

where )\ is a constant. If one applies rigid Weyl invariance to a generic curved back-
grounds, it could become unfruitful except conformally flat curved backgrounds. At
this stage, one needs to replace rigid Weyl invariance by a local one. For this purpose,
let us consider the local Weyl transformations with the following transformations of

the metric and scalar field in n dimensions
g, g, =PWg o =T, (1.45)
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where A(z) is an arbitrary function of coordinates. Obviously, free scalar field action
Eq.(1.43) is not invariant under local Weyl transformations because 0, ® transforms
as

(n —

2)
> )6_(722)”\(3“)43((9“)\(:16). (1.46)

0,8 — (9,0) = e~ T, —

To make the action Weyl-invariant, one needs to eliminate the extra terms induced by
the transformations due to the partial derivatives. This can be achieved by replacing
the ordinary partial derivatives d,, in Eq.(1.43) with the so-called gauge covariant

derivative D,, which transforms according to
D,® — (D,®) = ™D, d, (1.47)

where ¢ is the weight of the transformation. To ultimately reach a Weyl-invariant
action, one needs to define D,, in such a way that its transformation cancels out the
undesired extra term in Eq.(.46). To this end, let us consider the following gauge

covariant derivative of the scalar field
D,® = (@L — qAM)@D, (1.48)

which transforms under the scale transformations Eq.(1.45)
(n —2)

D,® — (D,®) = e~ ") (@A) — PN (z) — qu). (1.49)

If we compare this with Eq.(1.46) and Eq. ll g must be chosen as ¢ = —("2;2) and

the new gauge field, the so called Weyl’s gauge field A, must transform as
A= A, = A, — 9\ x). (1.50)

The local Weyl invariance requires introducing the Weyl’s gauge field. Note also that
Weyl’s gauge field does not transform in the same way as the scalar field. Finally,

transformed form of the gauge-covariant derivative of the scalar field will read

(n

(D) = e "2 2@, . (1.51)

Consequently, Weyl invariant form of the free scalar field action is obtained by replac-
ing partial derivatives with gauge covariant derivative and introducing Weyl’s gauge
field. It follows from this that Eq.(1.43)) is invariant under local Weyl invariance.

Moreover, one can add a Weyl invariant potential to the scalar field action as

Sp = —%/dnx\/_—g (D,@D“Cb—i— ucb%), (1.52)
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where v is a dimensionless positive coupling constant which provides a renormaliz-

able theory in n = 3 and n = 4 dimensional flat backgrounds.

In the light of the above derivations, let us consider the free electromagnetic field
action in an n—dimensional curved background. One can easily verify that field
strength tensor associated with the gauge field F),, = 9,4, — 0, A, is invariant un-
der local Weyl symmetry. Although the field strength tensor ), is gauge invariant,
v/—gF,,, F'* term in the action is not invariant under Weyl1 transformations Eq..
In order to have a Weyl-invariant Maxwell-type action, one needs a compensating
scalar field with appropriate weight. In fact, it is straight forward to show that Weyl-

gauged version of Maxwell-type action reads

1
SAM = —§/dn33\/ —£ d

2(n—

p— E,, F"™. (1.53)

Note that the action does not require a compensating scalar field in four dimensions,

as expected since in four dimensions, the Maxwell theory is already Weyl invariant.

In the above discussions, we gave a general view to construct Weyl invariant actions
such as a scalar field and electromagnetic field. Now, we want to apply the same
framework to Einstein’s gravity. To do so, one needs to introduce a Weyl invariant
connection by using the Christoffel connection and then find the Weyl invariant form
of Riemann and Ricci tensors and the curvature scalar. Before elaborating this, let us

take a look at how gauge covariant derivative acts on the metric. It is simply given by
Dugop = Ou8ap + 24180 (1.54)

which transforms according to
(Dugas) = € Dugos. (1.55)

To insert Weyl-invariance into gravity, one needs to find the Weyl invariant version of
Christoffel symbol in such a way that it remains invariant under local Weyl transfor-
mations and contains gauge covariant derivatives. Referring to [27] for details, let us

notice that the following connection will fulfil the job

L1
£, = 5¢" <Dug(w +Dg,, - Dagw). (1.56)
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Then, the Weyl-invariant version of Riemann tensor can be obtained as

R'ypelg, Al = 0,0, — 0,4 + T4 Ty, —Th.T),

= Ruypo + 6'ul/Fpo' + 26#[UVP}AV + 2gy[pVU]A“ (157)
+2A00, " Ay, + 2gV[UAp}A“ + 2gy[p(50] kA%

where 24(,B,) = A,B, — A, B,; V, A" = 0, A" + T, A?; A% = A, A, After taking
a contraction of Eq.(1.57), the Weyl-invariant Ricci tensor can be computed as

RVO’ [g; A] = R'ulzua [ga A]

(1.58)
=R+ F,p— (n - 2) [VUA,, - AA, + A2gua] —g,V" A,

where V - A = VA", Finally taking the trace of the Ricci tensor, one gets the

Weyl-extended the curvature scalar as
Rlg,AJ=R—-2(n—1)V-A— (n—1)(n—2)A% (1.59)

which is not invariant under local Weyl transformations, but rather transforms like the

inverse metric:

Rlg, Al — (R[g, A]) = e ") R[g, A]. (1.60)

Thus, unlike the Riemann and Ricci tensor, the curvature scalar is not invariant under
Weyl symmetry. To construct the Weyl-invariant version of Einstein’s gravity, one
must resolve this problem by using a compensating scalar field [27)]. Finally, the

Weyl-gauged version of Einstein-Hilbert action can be written as
S = /d”x\/—g d’R[g, A

(1.61)
- /d”x\/—_g(IJQ [R=2(n =1V A= (n—1)(n—2)4,

Observe that the variation of Eq.(1.61)) with respect to Weyl’s gauge field A, yields a
constraint equation

2
AM = m&u IH(I), (162)

which requires Weyl’s gauge field A, to be pure gauge which is not dynamical.
Hence, if one inserts Eq.(1.62)) into Eq.(1.61)), one can eliminate the gauge field and
then obtains the "Conformally Coupled Scalar Tensor theory" described by the action

(n—1)
n—2

S = / a'zy=g (PR +4 0,00"®). (1.63)
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1.4 Potential Energy From Tree-level Scattering Amplitude in Generic Gravity

Theories

In this part, since we will consider the tree-level scattering amplitude which will
provide the potential energy between two sources via the exchange of one graviton as
in the Figure let us briefly recapitulate some basics of the formulation. For this
purpose, we will calculate the vacuum to vacuum transition amplitude between two
covariantly conserved sources by using the path integral formalism which is defined
as

(0] exp™™]0) = exp™t = W[T] = / Dh,, exp 1), (1.64)

where ¢ is a large time and S|[h, T is a linearized action about a generic background
(g,). For a source coupled generic gravity theory, S[h,T] can be written in the

following form in n dimensions

S[h,T] = — / d"z/—§ h“”(%EW(h) - TW), (1.65)

whose linearized field equations are

K
B (h) = 5T (1.66)

Since we consider the covariantly conserved sources (?“Tw = 0), it leads to ?“Ew =
0. To simplify the path integral further, one can apply the background field technique
which is described by

h/w

!
T}w Cz—’/l,ll

Figure 1.1: Tree-level scattering amplitude between two conserved sources via the
exchange of one graviton.
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By — Ry + P, (1.67)

where we suppose that h,, is a solution of field equations Eq.(1.66). Note that path
integral remains intact with respect to field redefinition Eq.(I.67). It follows from the

field redefinition, linearized action S|h, T'] takes the form

S[h,T] = / d"z\/—g < W E, (h)—%i_#“’TW>. (1.68)

Observe that field redefinition decouples h,, and 7},,. By plugging Eq.(1.68) into
Eq.(1.64) and using the fact that the second term can be taken out of the path integral
such that it does not have a h,,, coupling and the first term leads to a normalization

constant, then one arrives at
W(T] = W[0] expz / 4"#V 90" T (1.69)

On the other hand, the solution of ~*" can be found by Green’s function technique. It

is simply given by
e =5 [ GG 0T ), (1.70)
where G ., (2, ') stands for the Green’s function which obeys the following relation
o 1 P - = n
Opoo G o = 5 (Guafivs + Guala)0™ (@ — 2), (1.71)
with which the linearized field equation can be rewritten in the following form
Oppeh?” = =T 1.72
Hvpo - 5 7 ( . )
Thereupon, substituting Eq.(1.70) back into the Eq.(1.69), one gets

WIT] = W[0]exp T J "2 d" e/ =9() /=g @OTH @) Gupa () TO7G) (1 73)

Thus, one can obtain the potential energy in the following desired form [28]]

U=-2[ dzda’ T (2) G o (2, 7) T (7). (1.74)
G

1.5 Shapiro Time Delay

Shapiro’s time delay is the fourth test of GR, which was proposed as an experiment in

1964 by Irwin I.Shapiro [29], in the solar system. In his paper, he showed that when
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light rays pass near a massive object, they take longer time in the round trip due to
gravitational potential of the massive object, compared to the time it takes when the
massive object is absent. Shapiro suggested also an experimental set-up to measure
the time delay; a radar signal is transmitted from the Earth to Venus or Mercury and
back, in the presence of Sun. After a few years, the proposed experiment was carried

out by him and observations verified the GR predictions.

To calculate the time delay, Shapiro used the Schwarzschild geometry to describe
gravitational field near the Sun. But we shall here give a derivation for the time delay
by using a shock wave geometry since the shock wave solutions are more appropriate
to study on higher order gravity theories ﬂ For this purpose, let us consider an n-
dimensional shock wave metric generated by a high-energy massless particle moving

in the +x direction with momentum p* = |p|(d5 + 0~):
n—2
ds® = —dudv + H(u,x)du® + Y " (dy')*. (1.75)
i=1

where u = t—x and v = ¢+ null coordinates. The corresponding energy momentum

tensor can be given as
n—2
T = Iplo(u) [T 0(y"). (1.76)
i=1
For the shock wave ansatz Eq.(1.75), the Einstein’s field equations reduce to
n—2 n—2
> 07 H(u,x) = —167G|p|o(u) [T 6(4") - (1.77)
i=1 i=1

To solve this equation, assume that the solution is in the form H(u,x) = §(u)g(x).

If one puts this into Eq.(I.77), one obtains
n—2
Vig(x) = —16G|p| [ ] 6(v"), (1.78)
i=1

where V2 = Z?:_lz 85 One can also realize that g(r) is a Green’s function of the
n — 2 dimensional Laplace operator. The easiest way to solve this equation is by

going to spherical coordinates:

n—2
/ V2 g(r)dV = —167Glp / T s)av.
v Vie1

d
Qpor™™ 9(r) = —167G|p|,
dr

(1.79)

® Shock waves are exact solution of any theory of gravity whose action consist of Riemann tensor and its
contractions [30].
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where we have used the Gauss’ theorem and €),,_5 is the n— 2 dimensional solid angle

271'?

which is given as 2, 5 = (=)

Then from the Eq.(1.79)), the solution reads

167G p|

9(r) = (n—4)Q, _orn=*’

(1.80)

here we dropped the integral constant to have zero profile function (H (u,x)) in the

asymptotic limit. Finally, the most general solution can be found as

G
(H ) Tn‘p l 5(u). (1.81)

mw 2

H(u,x) =

Let us now consider massless test particle with momentum ¢ crossing the shock wave
geometry which is generated by another massless particle, with an impact parameter
r = b as shown in the Figure In this case, shock wave metric takes the following

form

w2

ds? = —du( dv — (2)G|p| +n22d
= (dy’) (1.82)
=1

TTL

Observe that there is a discontinuity in the u coordinate and it can be cancelled out at

r = b by re-defining the other null coordinate as

V= Ve + (ni )gjﬂ 0(u). (1.83)

T 2

This tells us that when a particle crosses the shock wave, it experiences a time delay

given by

Figure 1.2: A shock wave generated by a massless particle at © = 0 (red line). When
another test particle with momentum ¢ (blue line) crosses the shock-wave, there will
be a shifting in the null cone coordinate, Awv.
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AT("57) G|

Trn;4 bn_4 ?

Av =

(1.84)

which is positive definite as expected. If Awv is positive, the particle suffers from a
time delay; otherwise, it leads to causality violation. Note that Eq.(I.84) ostensibly
diverges in four dimensions due to gamma function, but one can easily show that g(r)

is given in the logarithmic form like log(r) in four dimensions, which yields
Av = —8G|p|log(b) + f, (1.85)

where f is regular function which satisfies V2 f = 0.
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CHAPTER 2

WEYL GAUGING OF TOPOLOGICALLY MASSIVE GRAVITY/]

Pure GR cannot provide viable explanations for some gedanken or real phenomena
at both small (UV) and large (IR) scales. To be more precise, recall that as one ap-
proaches GR from the perturbative quantum field theory context, one sees that due
to the existing dimensionful coupling constant (that is, Newton’s constant with mass
dimension —2), the infinities coming from the self-interaction of gravitons cannot
be regulated to a finite value and thus the theory unavoidably turns out to be a non-
renormalizable one. As for the IR regime, it is known that pure GR breaks down to
give explanations to the accelerating expansion of universe and rotational curves of
spiral galaxies. Thus, GR is valid only in a certain energy regime and thus a viable
modification of GR seems to be essential in order to have a full theory. Particularly in
the UV scale, one has to somehow do it for the sake of the long-lived idea of quantum
gravity theory. Even though there are several perturbative or non-perturbative alter-
native approaches for a complete GR in the UV scale in the literature, one can in fact
address the higher curvature modifications to heel the undesired propagator structure
and the scattering potentials etc. In this regard, by bearing in mind the superficial
degrees of GR in the perturbative aspect, one can attempt to amend the pure GR by

adding scalar higher order curvature as follows

I= /d4x\/—_g(aR + aR® + BR2). .1)

However, this comes with an unexpected problem albeit several intriguing reme-
dies, particularly the renormalization. More precisely, with the above modification,
Eq.(2.1) acquires additional extra DOF of massive spin-2 and also a massless spin-2
excitations in addition to the regular massless spin-2 belonging to the pure GR [31].

Unfortunately, although the above approach remarkably gets over the renormalization

! The results of this chapter are published in [16] .
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obstacle, the unitarity of massive and massless spin-2 excitations are contradiction
and thus the theory unavoidably turns out be a non-unitary one. As to the large scale
modification, as a distinct method to the common approaches, one may attempt to
supply an adequately small amount of mass to graviton which, with the emerging ex-
tra DOF, will apparently be valuable candidates to dark matter and energy. In this per-
spective, although there are several alternative proposals, the following two models
undoubtedly are the only ones which stand out and deserve to be considered deeply:
the first one is the so-called Fierz-Pauli (FP) massive gravity theory which has been
constructed in 1939 [2]]. This model recasts the bare GR via an appropriate mass term
in such a way that the graviton gains an acceptable mass at the end. However, this
modification possesses the problems of vDVZ discontinuity [3) 4] at the linearized
level and at the non-linear level the Boulware-Deser ghost mode [6] as well as the
breaking of gauge-invariance. As to the second one and as compared with the other
foremost models, the 2 4+ 1-dimensional Topologically Massive Gravity (TMG) [9]]
and its particular limits seem to be the only viable lower dimensional massive theory
that deserves to be elaborated even if they also contain some unavoidable loop-holes.
Needless to say that the priority of addressing the 2 + 1-dimensions is nothing but
merely to get some insights in the idea of quantum gravity. TMG is a renormalizable
[32]] and unitary theory and describes a single massive spin-2 particle. Particularly,
due to having asymptotically AdS5 solutions and several other forthcoming reasons,
the Cosmological TMG has the potential to provide a well-behaved quantum gravity
in AdS/CFT framework [11]].

Contemplating on the discussions so far and the promising properties of TMG as well
as the [27, 133,134, 135] in which it is shown that the corresponding masses of the par-
ticles in the Weyl-invariant New Massive Gravity can be obtained via the breaking of
the Weyl’s symmetry as in the Higgs mechanism, here we would like to answer the
question of whether the mass of spin-2 particle in TMG can also be produced in the
same way or not. To do so, let us now jump to the construction of the Weyl-invariant

TMG:
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2.1 Weyl-gauging of TMG

Recall that neither pure GR nor its conformally invariant version (that is, conformally

coupled scalar-tensor theory)

v ) 2.2)

S = / day/=g (2R + 80,00"0 — ——
do not possess any local physical DOF in 2 + 1 dimensions. Notice that this can
be seen either by expanding the action up to second order in fluctuations around its
vacuum or by going to the Einstein frame in which the related DOF will be manifest
[33]. On the other hand, once one augments Einstein’s theory with a gravitational
Chern-Simons term one ends up with the TMG as follows

k 2
Srue = / N {amR + S (rggaurgp + grggr;;r;p)] .3

The theory defines a dynamical parity-violating massive spin-2 graviton with mass
M graviton = |%| about the flat vacua. Here, o, k are dimensionless parameters and
n* is a rank-3 tensor described in terms of the Levi-Civita symbol as e***/,/—g.
Notice that, one must pick 0 < 0 and m > 0 in order to avoid having a ghost in the
theory. Moreover, by adding a cosmological constant to TMG, one gets the cosmo-

logical TMG with mass as M?

graviton —

% + A [36,137]]. Here, if the cosmological

constant is particularly set to the following certain value

o’m?2r? 1
e b AsTE

(2.4)

the theory is then called the chiral limit of TMG (namely, Chiral gravity [11]) which
interestingly satisfies the bulk-boundary unitarity conditions to some degree. (See
also [38]] in which it is proposed that the flat-space Chiral gravity may provide a
holographic correspondence between an asymptotically flat limit of TMG and a 1+ 1

dimensional CFT.)

The Chern-Simons term is diffeomorphism and conformally invariant up to a bound-
ary termE] However, due to Einstein sector, TMG as a whole does not remain intact

under conformal transformations. Furthermore, by using Eq.(2.2), the conformally

% If one takes o = 0 which corresponds to pure gravitational Chern-Simons theory, it was shown that theory
is equivalent to gauge theory [39] or in [40] in the AdS/CFT context.
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invariant version of TMG, up to a boundary, will read as follows [41]

(1)6
Scrma = /d?’x\/ |:O'(I)2R + 80, D0 P — VT

(2.5)
_l’_

o |

P (15,0, + ST
Observe that as one sets the scalar field to a non-zero vacuum expectation (VEV)
value as (®) = m'/2, Eq.(2.5) reduces to ordinary TMG in Eq.(2.3) with an effec-
tive Newton’s constant generated from the VEV of scalar field. This cursory analysis
actually brings up an interesting point of if this particular limit comes about as the
vacuum solution of the conformal TMG or not. Put it other words, whether the con-
formal symmetry is broken by the vacua or not. Indeed, as is shown in [27, 33} 34],
the situation is so: firstly, the local Weyl’s symmetry is radiatively broken at two
and one loop-levels in 2 + 1 and 3 + 1 dimensions in flat vacuum in an analogy
with the Coleman-Weinberg mechanism [42, 43]. Secondly, the conformal symmetry
is spontaneously broken by the existence of (A)dS vacua as in the Standard model
Higgs mechanism. Thus, the masses of the particles are generated by the virtue of
legitimate symmetry breaking mechanisms. In this section, we will construct the
Weyl-invariant extension of TMG and accordingly show that the similar symmetry-
breaking mechanisms create masses of the particles here. In doing so, we will see
that the Weyl-gauged TMG reconciles regular TMG with the Topologically Massive
Electrodynamics (TME) with a Proca mass term. Recall that TME

StumE = /d Ty — [— ZF’%” ZU“V’\FWA,\ , (2.6)

admits a single spin-1 particle with the mass M 4,4 = ||, whereas TME plus Proca
theory has two massive spin-1 particles with different masses in flat space. (See below
for the masses of the gauge field in TME-Proca theory in (A)dS backgrounds). As was
studied in [25, 27,133, 34, 135} 44]], the rigid global scale symmetryE] can be promoted
to a local Weyl’s symmetry in order to attain Poincaré invariant models in arbitrarily

curved backgrounds. This procedure is performed by Weyl-gauging which holds the

3 Setting * — Az* and @ — A4® where d is the scaling dimension of the field and X is a constant.
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following relations in 2 4 1 dimensions

X@g,, b d —e T D,

gW — g;w = e
1

D,® =09, — 5,4“@, Dydos = 0uap + 24,908, 2.7)

A, — A; = A, —0,((),

where D,, is gauge covariant derivative. To find the Weyl-invariant version of Eq.(2.3),

one needs to find Weyl-gauged Christoffel connection:

= 1
F}/)I/ = §g)\a (Dugau + Dug;w - DaQ;w), (28)

or equivalently
T, =T, + 00 A, + 00 A, — gu A, (2.9)

By using of Eq.(2.9), the Weyl-invariant Riemann tensor can be obtained as follows

R'yolg, Al =R",p5 + 0", Fpo + 26105 5 Ay + 295, Vg A" + 241,04 A,

, (2.10)
+ QQV[UAp]A’u + le,[pég]A ,
and followingly the Weyl-invariant Ricci tensor becomes
Ruolg. A] = B'sy5lg, A]
(2.11)

= RVO' + FVO' - (TL - 2) VO'AZ/ - AZ/AU + Aggua] - guov : Aa

here V- A = V,A". Taking one more contraction from Eq.(2.11)), one finally gets

Weyl-extended scalar curvature tensor
Rlg,A]=R—2(n—1)V-A— (n—1)(n—2)A2, (2.12)

which is not invariant under Weyl transformations but rather transforms according to
(R[g, A]) = e"2®) R[g, A]. To get a Weyl-invariant Einstein theory, one can resolve

this obstacle by using a compensating scalar field.

Consequently, by using all these set-ups and taking care of the contributions coming
from the volume parts, one will finally get the Weyl-invariant extension of TMG as

follows

Swrma = / d*r/—g c®*[R — 4V.A — 247
(2.13)

k v(T o 2~ o 7T

+3 / dPz\/—g ™ (I‘gaauryp + grf;arwrw).
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Here, denoting the Weyl-gauged gravitational Chern-Simons term as C'S (f), one can

easily show that

- k v k vV _ oo k 174
CS(D) = CS(D) + 7™ AnFry = 9, [§6A“ 97 (Orgua) Aa = 5 TE, A,
(2.14)
with which the explicit form of the Weyl-invariant version of TMG, up to a boundary

term, will turn into
3 2 2 k 3 Apv
SWTMG: d’x —g od [R—4VA—2A ]+Z d TN —gnmn A)\FM,/

+ g / d*z/—g n™ (Pﬁaa,trgp + gfigFZszp).
(2.15)
Here, it is worth pointing out a generic blunder: that is, the Weyl-invariance and the
conformal-invariance are generally confused to each others in literature even if the
conformal invariance is a subgroup of Weyl invariance. To see this, let us notice that

as the Weyl gauge is assumed to be a pure-gauge in Eq.(2.15)
A, =20,In9, (2.16)

then, up to the scalar potential, the Weyl-invariant TMG turns out to be the renowned
conformally-invariant TMG in Eq.(2.5). Note also that the Weyl-invariant version
of gravitational Chern-Simons term incorporates the abelian Chern-Simons term and
thus unlike the conformal invariant TMG, it is only Weyl-gauging method that yields

the abelian Chern-Simons term.

To have a full dynamical theory, one naturally needs to also consider the Weyl-

invariant version of scalar and Maxwell-type theories which respectively are

/d?’x\/—g (D, ®D"® + v®®), Sy = —g /d?’x\/—g O2F,, FM.
(2.17)

(67

Se = 5

where «, v and (3 are dimensionless parameters that are necessary in the Weyl invari-
ance. Observe that the Weyl-invariant scalar potential is also taken into account in
order to get the cosmological TMG in the vacua. Note also that the Maxwell-type
action is achieved to be Weyl-invariant with the help of a specifically tunned compen-
sating Weyl scalar field. Here, the dimensions of the fundamental fields can be given

in terms of mass-dimensions as follows
[gm/] =M"=1 ; (@] = M2 ; [Au] =M. (2.18)
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Thus, collecting all the stuff, the full Lagrangian density of the Weyl extension of
TMG will read

k 2
Lwric =P[R —4V.A = 247 4 C e (F‘;aaurip + §F§UFZTFZP>
(2.19)
k
+ ZEAMVA)\FNV — %(D#@Dﬂé + I/(I)G) o §@2FMVFNV.

To study the existing symmetry mechanism and other fundamental features of the
model, one naturally needs the arising field equations. Therefore, by skipping the
detailed calculations, let us first notice that the variation of Eq.(2.19) with respect to

9, Will become

0®%G + (0 — 29,00 — (0 — %)v#quﬁ ~ (4o + %)@W,ﬁu

8
+ (20 + %)gW@?v.A (20 + %)@214#,4” + (o + %)gﬂy@%‘ﬁ + %gﬂy(va@?
+ %gwcbﬁ - %(v“cb)(wp) n ggw@—2F§5 + §<I>‘2FWFO‘V 4 kC,y = 0.

(2.20)

Subsequently, the variation with respect to A,, will yield
- 2 AN 52 ko V(H—2
(40 + Z)VN(I) — (40 + Z)(I) A,u + 5”# V,\A,, — BV ((I) FIW) =0. (221)

Finally, the variation with respect to scalar field ¢ will read

1 1
2P [R—4V.A—2A2] +a[D<I>—§<I>V.A—Z<I>A2—3wI>5 +§<I>3F3V — 0. (2.22)
Let us now consider the symmetric and non-symmetric (broken phase) vacua be-
haviours of the theory. First of all, in the symmetric vacuum, (®) = 0, Eq.(2.19)
reduces to a pure gravitational Chern-Simons term without a propagating DOF. The
theory is diffeomorphism and conformally invariant and the Weyl gauge field must be

vanish because of the Maxwell term. As for the the broken phase with (®) = m!/2,
Eq.(2.19) boils down to

av k 2)
o = = S + (TS, + T
g k m o (2.23)
— —F,, F" + - A\F,, — _<4 _>A2
4m” " T Mo = 40+ 7 A7

which clearly shows that TMG with a cosmological constant is generically coupled
to TME-Proca theory. The theory describes a single massive spin-2 graviton and two

massive spin-1 helicity modes around its flat and (A)dS vacua. From the earlier works
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[36, 37]], the mass of spin-2 excitation in the (A)dS background will be evaluated as

follows

m202 OCVTTL2

M? =——4+A where A=

graviton k’2 do

(2.24)

On the other hand, the spin-1 helicity modes propagated in the TME-Proca theory

have the same mass [42, 45]]

1 k*m?  4m a mlk|
Mz, (A=0)== 1o+ )= 2.25
gauge( ) 2 { \/ ﬁz + ﬁ o+ 4 6 3 ( )
about flat backgrounds. Note that in the case of vanishing of the Proca mass term,
(that is, 160 + o = 0), there is a single massive helicity-1 mode with M7, = = %

such that one of the propagating DOF inevitably becomes a pure gauge. As for the
(A)dS vacua, since it is a bit subtle, we will find the particle spectrum of the TME-
Proca theory in the next section. But, for the sake of completeness, here let us just

quote result

15A
2 2
Mgaugei (A 7é O) =—+M,

4 gaugex

(A =0). (2.26)

Now that we have given the masses, we need to check the physical consistency of
the particle spectrum with the constraints which is coming from tree-level unitarity of
the theory that is absence of tachyons and ghosts around a constant curvature back-
grounds. First of all, for flat spaces (A = 0), the theory is unitary as long as

k2
c<0, A>0 and a4 Tm > _160. 2.27)

On the other side, for AdS spaces (A < 0), there are more possibilities. As for
spin-2 graviton, mass square of the particles has to obey Breitenlohner-Freedmann

(BF) bound [46] 47], M?

graviton =\, Which it does in our case. For the gauge field,

M2, .(A) > 0 condition must be satisfied for non-tachyonic excitations, this brings

gauge

an constraint on cosmological constant A as follows

A>— L (A =0). (2.28)

— 15 gauge

Finally, for dS spaces (A > 0), Eq.(2.24) must satisfy Higuchi bound [48] M, ,,i10n >
A > 0. However, this condition does not impose any extra constraint except the
existence of a dS vacuum forces to sign of Einstein term to be negative as o > 0

(assuming o > 0, > 0).
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2.2 Unitarity of Weyl-invariant Topologically Massive Gravity

In the previous section, we have found the particle spectrum of the Weyl-invariant
TMG by freezing the scalar field to the vacuum value. One could ask that this method
may not be a conclusive way for studying the unitarity and the stability of the the-
ory. To search this issue at least at tree-level, we will study perturbative unitarity
of the model by expanding the action up to the second order in fluctuations which
will ultimately provide the basic oscillators around the vacua [33], 34, 149]]. To do so,
let us now assume that the fundamental fields fluctuate about their vacuum values as

follows

d = /m + 7dF, G = Guv + Thyw, A =TA],
2
v — v v 14 — T T
g =g =T L TR =g = V=g [l Sh (B =20,
VA, =7V, AL — TQ(FZQ)LAg — T%%(Fﬁa)LAﬁ,
(2.29)

where a small dimensionless parameter 7 is introduced to follow the expansion. Using

the specified fluctuations of the field in Eq.(2.29) as well as the vacuum field equation

2
__ avm
A T 4o

, one will finally get the quadratic order expansion of Weyl-invariant TMG

as follows

no| 9

IPrue = /d3xx/—g{ — (0,01 — 6avm®®} — /i (80 + %)@Lv L AP
B

E o
- R(F;ﬁf + ZWA” AXFy, — m<20 + g)A%
oM | KL LpL
- Thu QW + §hﬂ CMV + 20'\/%@ R R
(2.30)
where we have discarded the irrelevant boundary terms. Here, the 2 4+ 1 dimensional
linearized curvature tensors are [50]]
o = (R~ oan
— —_g o a< ov ov
L \/_—g B L
1/- = _ _ _ _ _
R, = (VuVohls 4+ VWbt = Doy = VoVyh ), RE = V.V, = Clh = 2Ah.
(2.31)

1
gﬁuRL>7 Qﬁy = wa - EgWRL — 2Ahy,

| =

Note that Eq.(2.30) still involves coupled terms which have to be decoupled from

each others in order to get the particle spectrum. For this purpose, let us first consider
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the following redefinition of the fluctuations

~ 4
hwj = huy - ﬁguyq)L

and then plug them into Eq.@). In doing so, one will get

and Al = A, + —-8,0,, (2.32)

k . an ~

Iﬁ)TMG = /d?’x\/ { (FL) 47]”’04’;}7/5,/ - m(20 + g)A%

(2.33)
oMo kAL

2 h [g m mq“’]}’

where the relevant redefined tensors are

2 _ ~ 8
(Ruw)r =(Ru)r + —(V,.0,®1 + §,u0®1), Ry = Ry + — (00, + 3A9;),

vm vm
2 /o _
= (vuaych — GO0, — 2AgWCI>L>, W el = ek
= 4 1 4
WvGE =htrGl + ——R @y + 6<I>LD<I>L + 8A<1>2

vm

G- =Gk, +

(2.34)
As it was studied in the previous part, the first line of the Eq.(2.33) is TME-Proca
theory which propagates unitary massive spin-1 DOF with the mass in Eq.(2.26).
Notice that the second line is the action for the parity-noninvariant TMG theory which
has single unitary massive spin-2 graviton with the mass in Eq.(2.24). To read the
mass of the spin-1 particle, one needs a further study. Therefore, let us proceed

accordingly.

2.3 Topologically Massive Electrodynamics-Proca theory in (A)dS

This section is devoted to derive the masses of the gauge field given by Eq.(2.26)). For
this purpose, let us consider the field equation of the TME with a Proca mass term

about arbitrary background

a ; VFZ/N bnAquAy CA“ — O, (2.35)
where a, b and c are
— = — = — . 2.
a=—, b—2, c X m(4o + a/4) (2.36)

To analyze particle spectrum of the theory, one needs to transform Eq.(2.35) into a

source-free wave type equation. For that reason, let us first take the divergence of
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Eq.(2.35). In doing so, one will get
eV, A = 0. (2.37)

Thus, for ¢ # 0, the Lorenz gauge is dictated by the model and thus one of the DOF
drops out. To go further, let us now define

~ 1 ~
P = o™ By, B! ="V \F,, (2.38)

with B* = V,F**. Accordingly, exerting the operator n***V,, to Eq.(2.35)) yields

an®*V,B,, + 2bn°‘”“vyﬁ“ +en**V,A, = 0. (2.39)
By using of
1o, B, = OF® — R*4F7, (2.40)
one can obtain
1 ~ ~ ~
B = [a(DFQ — RO, FP) + cFa] 2.41)

Performing the operation 7%,V to Eq.(2.39) as well as using V,B% = 0, which

follows from the Bianchi identity, one gets
a0B° — aR° B + 2"V, B, + ¢B7 = 0. (2.42)

Thus, substituting Eq.(2.41) into Eq.(2.42) ends up with a fourth-order equation for
TME-Proca theory in a arbitrary background

CL2 - CL2 o ac .. o

(2.43)

CL2 a2 ac 02 ~
—_(OR° _ Ua feY <——2b> o __60' F,B: 7
+ 5 (OR7) = S R7aR%s + (= R4 Qbﬂ} 0

which with R*z = 2A0“ 3, turns out to be

2

C o
— —4bA—2—b>]F — 0, (2.44)

a? 2Aa®  ac 2a%2A%2  2acA
— —— 4200 —
{ 5+ (55— g )0+ (

in (A)dS spacetimes. Thereupon, by fixing A = 0, the flat space limit will become

2 2
- — 2b — — — — | FP = 2.4
{ 50 + (2 b)a Zb] 0, (2.45)
whose the masses are
1 k?m?  4m a mlk|
+ 0 = e il
Mgauge(A—O)—Q{\/ =t g <4a+4>i ; } (2.46)



where we have made use of a = %;b =% c=—x=-m(o+a/4).

For (A)dS, the Eq.(2.44) can alternatively be recast as follows

2

—@-HO-&)F =0, (2.47)
in which one has
£ =20+ J\@%Wi (A =0). (2.48)

Observe that this parity-non-invariant gauge theory has two propagating DOF with
distinct masses. To find the masses of the fluctuations, one should take care of the
tilted null-cone propagation for massless spin-1 field in 2 4 1-dimensional Ad.S space
[S1]

(o+ ZA) At =0, (2.49)

where we have used the Lorenz gauge V,A* = 0. Hence from Eq.(2.47), masses for
helicity +1 components of the gauge field can be easily obtained to be in Eq.(2.26).
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CHAPTER 3

SCATTERING IN TOPOLOGICALLY MASSIVE GRAVITY, CHIRAL
GRAVITY, AND THE CORRESPONDING ANYON-ANYON POTENTIAL
ENERGY]

As is well-known, Einstein’s gravity in 2 4 1 dimensions does not possess only any
local degrees of freedom (DOF) but also any black holes and gravitational waves
solution around its flat backgrounds. As for the (A)dS spaces, the theory however
describes black hole solutions [7] which naturally lead to the additional microscopic
DOF leading to the celebrated Bekenstein-Hawking entropy. Recall that the statisti-
cal mechanics roots the macroscopic quantities such as entropy, temperature etc. to
the microscopic states. Therefore, the emergent of these extra DOF has led experts to
contemplate on a well-behaved 2 + 1-dimensional quantum gravity theory. Here, the
main question is that what sort of the modification in the pure theory will provide such
a complete quantum model. In this respect, there is no doubt the renowned Topolog-
ically Massive Gravity (TMG) [9] is the only viable candidate to fulfil this pivotal
job even if there have been proposed many alternative models hitherto. However,
it is known that the model comprises shortcomings in AdS/CFT perspective. That
is, it has the bulk/boundary unitary clash. Fortunately, this controversial issue has
been resolved in the chiral limit of TMG [11]. Thus, due to this fact, Chiral gravity
has a notable potential to supply a complete quantum gravity theory in the AdS/CFT

paradigm.

In the light of the above discussion, one can ask the following crucial question: how
can one find the tree level scattering amplitude and the associated Newtonian gravi-
tational potential energy between two covariantly conserved sources in cosmological

TMG integrated with a Fierz-Pauli mass term and its chiral limit? Here, it is worth

! The results of this chapter are published in [17] .
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mentioning that the Fierz-Pauli is assumed in order to obviate the arising the zero-
modes during calculation of retarded Green functions. For this purpose, we will cal-
culate the corresponding scattering amplitude of the theory. On the other hand, one
can realize that, in the existence of Chern-Simons term, topological mass p induces
an additional spin with %, where k 1s 3D Newton’s constant and m is the mass of the
particle. Due to gravitational Chern-Simons term, particles behave like gravitational
anyons [52]] which are exotic particles with having different statistics. These gravita-
tional anyons show the same behaviour with their electromagnetic counterpart where
Abelian Chern-Simons term changes the statistics of charged particles and turns them
into an anyon [33]. In this chapter, we will try to extend the gravitational anyons

discussion and construct an analogy between them and their Abelian counterparts.

3.1 Cosmological TMG with a Fierz-Pauli Term in (A)dS Backgrounds

The action of TMG with a Fierz-Pauli mass term is given by

. /dga:\/—_g {%(R —9A) - T—;(hiu _ B

3.1
+ L e A (&I%ﬂ + 2FUV}\F)\O¢3> + Ematter}a
21 3

where « is the usual 3D Newton’s constant and y is dimensionless coupling constant
and the tensor n*¥“ is a rank-3 tensor described in terms of the Levi-Civita symbol
as e""*/\/—g. Generically, theory has three modes about its flat and (A)dS vacua.
Observe that when Fierz-Pauli mass term vanishes, which is the TMG theory, there
is a single massive spin-2 graviton and taking the ;1 — oo limit, which yields the
Fierz-Pauli massive gravity theory, there are two massive spin-2 excitations. In the
full theory, in flat space, the unitarity analysis and particle spectrum of the theory

were given in [54]. In this part, we extend this result to the maximally symmetric

curved backgrounds.

To be able to obtain the fluctuations propagated around the (A)dS vacua (see for de-
tails Appendix [B)), let us first recall that the variation of Eq.(3.1) yields the following

field equation
2

1 1 1 m
—(R,, — =guwR+Ag,)+—-C,, +—(h,, — g.,h) = T.. 3.2
K( n 29u + gu)+u Tt 2/<;( " Guh) =7, (3.2)
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Here, C,,,, is the well-known Cotton-York tensor that is described as follows
v a3 v 1 v
or = el (R 5= 70 5R>. (3.3)

Remember that the Cotton-York tensor is symmetric, divergence free and traceless
and is also known as the 2 4+ 1 dimensional cousin of Weyl tensor. For our main aim,
let us now recall that Eq.(3.3)) can alternatively be recast in the following explicitly

symmetric version

1 1
O = S OVaG s + " VG, (3.4)

with which the linearization of Eq.(3.2) about a generic background ¢,, = g, + by
reads

m2

2/4/ (h’/J«l/ - g,uuh> = Ty,z/- (3.5)

1 L ]_ e L 1 —
- a5 pa Va p a5 lva Va Ls
l{g;w + ZMW B gu + 2’“7] B gu +

Notice that the background covariantly conserved energy momentum tensor 7, is
perturbatively defined as T}, = 7,,, + O(h?, h?, ...). Moreover, the relevant linearized

curvature tensors are given in Eq.(1.3)).

Before going into further details, let us now emphasise an ambiguity associated to the
sign of Einstein term and unitarity: recall that, in the usual TMG, although the theory
is tachyon-free, the ghost-freedom about the flat vacuum requires the sign of Einstein
term to be opposite [9]. However, with Fierz-pauli mass term, the unitarity of theory
compels the sign to be same as the usual one. Otherwise, both of the excitations

inevitably turns into imaginary [19] which is undesired issue.

Subsequently, let us notice that one needs to somehow convert Eq.(3.5) into a Poison-

type wave equation of the form
(O —2A —m?) (0 —2A —m2) (0 — 28 —m)h, = T, (3.6)

in order to find the excitations. Note that as the right hand side of Eq.(3.6) vanishes,
the terms m; become the masses of the particles. To get the accurate masses, one
needs to keep in mind that unlike the flat case (that is, Ehw = 0), the null-cone
propagation for a massless spin-2 field in 2 + 1 dimensional (A)dS backgrounds is

described by (O — 2A)h,, = 0.
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To rewrite all the curvature tensors in terms of the source terms, one needs to firstly

find the divergence of Eq.(3.5). In doing so, one will get
m?*(V*h,, — V,)h =0, (3.7)

that gives RY = —2Ah. Followingly, by using of Eq.(3.7) as well as the trace of
Eq.(3.5)), one eventually obtains

Ar
A —m?

K L — —pvpL
h:mT’ G =g"g, =

T. (3.8)

Now that we have rewritten the curvature tensors in terms of sources, we can pro-
ceed further in order to convert the genuine equation into the desired form. For this
purpose, by performing the operation n*°?V, to Eq.(3.5)), one arrives at

2

1 _ 1_ 3A m =
STl L0 + G T,y )

) A 1 ) ) (3.9)
= nNO'PVO_TIW + _5pVgL + _vuvng - _5pV|:|gL7
Ju 21 21
which is traceless. Here, the following identity is used
s = [ — 0, (07007 = 070", ) + 0% (87,075 — 750", )
(3.10)

8 (5%5% - 5%50”)} ,

during the derivation of Eq.(3.9). Moreover, with the help of Eq.(3.4) and Eq.(3.2),

one can also recast the first term as follows

pm?

wid wid M =
NpouV gVLu = Loy — MooV RY — EgpLy T ok (h/w - gpl/h)> (3.11)
with which Eq.(3.9) turns into
2 2,2 2
= /,L /’L m — /‘Lm 2 - -~

(D - 3A - E)ngy - W(hpu - gpz/h) - Ve 7]# pvo(h,uy g,uuh)
e 1 s e, T NG — 19,9 05 4 Lg,, 00"
—5% uov+§77v phop =~ Lpv Gpv T VvV + 59w

Observe that the term 17, V? RY drops out due to existing symmetry property. To
convert Eq.(3.12) into a wave-type equation, one needs to also rewrite the Fierz-Pauli

term in terms of G ﬁy and its contractions. For this purpose, let us define
NuapVGEP = B, (3.13)
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which satisfies g**B,, = B = 0 and V*B,, = 0. Then, by substituting Eq.(3.13)
into Eq.(3.12) and applying 7),,5V?, one ultimately gets

1 _ 1 R 1 N
= ees VB eV N 0B + 5 eV NV o By
m2 R - =
+ ﬂnpaﬁnuo-pvava(h‘uy - gl“’h> = npalﬁnuapvaVUTy,ll'
Accordingly, by using the above-developed tools, one will recast the Fierz-Pauli term

(3.14)

as follows
m2 m2 _ A
—(hgy — G, h) = —— (O = 2A)'GE + =(O — 2A) ' g,,G"
2H(6 gsuh) H( ) QﬁmLﬁ( )" 95,9
m? - -1~ [_v ¢ = —1-
- -(O-24) (980 = V59, )h = AO = 28) g5 T.

(3.15)

Here, the inverse stands for the related Green’s function. Accordingly, plugging

Eq.(3.15) into Eq.(3.12) as well as using Eq.(3.8)), one finally arrives at

204%m?

2

12m?

(O —2A)"" —(O- 2A)2> G" o

K2 K K

((D—3A—“2)+

= %np”"mTw + g n vV, Ty — ";pr + £ 2:12 (O —2A)7'T, 516
- ﬁ{(m —28) M (1-mA@ - 20)7) - M’Z:; }
% (920 = 28) =V, 9, )T.
Here, one has
Gl = —%(D — 2M)h,, + %?,ﬁyh. (3.17)
Note that by exploting i = =-5T', one can rewrite Eq. in the following desired
form
Ohyy = Ty (3.18)

Once Eq.(3.18) is obtained, we can now proceed to read the masses of the excitations
around flat and (A)dS backgrounds: observe that the most economical way to count
the DOF and thereby examine the particle spectrum is working in the source-free
regions (i.e., T, = 0). In this regard, the linearized Einstein tensor becomes g/ﬁ, =
—%(E —2A)h,, and the right-hand side of Eq. vanishes in the vacuum and thus
one eventually attains

2,2m2 _ 2,4
P oy - 0

K2

2
_ /’1/ _
(D ~3A— E)(D — 2+ h, =0,  (3.19)

39



which boils down to
212m? 2 12m?*

K2 K2

(9%)% — Z—z((??)? + =0, (3.20)
in flat background. Observe that it has three massive modes. Furthermore, as m? = 0,
TMG possesses a single massive spin-2 excitations with M, qiton = —ft/k. Thus, to
have a unitarity in flat vacuum, x must be negative. As to the generic case, the model
can admit imaginary roots of Eq.(3.20)) which is a catastrophic possibility. But, as is
given in [34], for the particular choice p?/m? > 27/4, all the roots turns into real.

Notice that for the lowest limit p? /m? = 27/4, one reads the masses as follows

3 2
m% = m% = 3m?, mg = %, (3.21)

which are actually the same as the ones given in [54]].

As for the spectrum about (A)dS spaces, by bearing in mind that the null-cone prop-
agation for spin-2 field satisfies (CJ — 2A)h,.,, = 0, hence Eq.(3.19) turns into

(O—2A —m}) (O —2A —m3)(0 — 2A — m3)h,, =0, (3.22)

where the relevant roots obey

2
2 2 2 H
my+my +my = A+ =,
K
2,4
wem
mimam; = (3.23)
177921143 52 ’
20%m?
2,2 2,2 2,2 _
mims + mims + momsz = O

Giving the explicit form of the masses obtained from Eq.(3.23)) is rather cumbersome.
However, here, we need to emphasize that it might provide special limits. For exam-
ple, taking the ;+ — oo limit, which gives the Fierz-Pauli theory with two excitations
with mass m. On the other hand, at the chiral point (u?/k? = —A), there occur three
roots such that two of them become tachyon. That is to say, contrary to Einstein grav-
ity, the theory strictly rejects any Fierz-Pauli mass deformation about its chiral point

and so there is no such chiral gravity extension of Fierz-Pauli theory.

Scattering Amplitudes

Hereafter, we will consider the tree-level scattering amplitude between two locally

spinning conserved point-like sources. To do so, one needs to first single out the
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non-propagating DOF from the model. For this purpose, let us assume the following

decomposition of graviton field
huw = bt + V. Vo) + Vi Voo + G, (3.24)

where thT is the transverse-traceless, V), is the divergence-free vector and ¢ and v
are scalar components of h,,. To get rid of ¢ and thus rewrite the graviton field in
terms of the source terms, one needs to find the trace of Eq.(3.24) and the divergence

of Eq.(3.7). In doing so, one arrives at

h— %(D +3A) (3.25)

Thereupon, by using Eq.(3.8), one gets
K

1—m

A

P = (O+3A)7'T. (3.26)

On the other side, to link hZVT to the source, one has to utilize the Lichnerowicz

operator A(LZ) that acts on the graviton field according to [22]

AP, = —Ohyy — 2Rypeh® + 2R (b, (3.27)
Here, one has
APV WYy = VbV, APV, = (-0+ M)V,
veaPn, = AV, vealy, = APgry, (3.28)
AP g6 = gu )0, AD¢ = -0,

gTTL

which supplies to recast v 1n terms of Lichnerowicz operator as follows

L7 e
G'TE,, = S (AP —an)ngt. (3.29)

Hence, plugging Eq.(3.29) into Eq.(3.16)) yields

W =pO0 O =20V, L + p OO = 20) v, T

2 2 _ 2 2,2 _ (330)
o @—anp2r?" + o @ — 20T
K K

Here, the corresponding Green’s function is

-1
2,14

o7t = { @27 (-0~ )+ 25 @2 - ] (o - 1)

K2 K2 K2

(3.31)
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Similarly, the decomposition of 77, will read [53]

1 /- = -
Tg;T = Tpl/ - égul/T + 5 (Vuvy + Aguu> X (D + 3A)_1T (332)

Recall that the tree-level scattering amplitude between two localized conserved spin-

ning point-like sources a la one graviton exchange is described by
1 __ .
A= 1 /d?’x\/—ngy(x)h/’ (x)

1 (3.33)
[ Eev=a @ 1),

!
Thus, by inserting Eq.(3.26)), Eq.(3.29) and Eq.(3.32)) into Eq.(3.33), one will finally
get the related scattering amplitude in (A)dS background as follows

/ - _ 2u% _ _
A = 2T, 071 (O = 202V, T, — 227 013 — 2A) (0 — 20 — m*)T*

K

2 —1
H ! =1/ = widwi4 —pv =
- 7,070 - 20) (@ - 20 = ) (VIV + Ag”) x (D + 3A) T
2
TP ro @ -0 @ - 28 - mAT + 1 " T(O+ 30T
K _ m-
A

(3.34)
Here, the integral signs are suppressed for the sake of simplicity. As is manifest,
scattering amplitude Eq.(3.34) for generic constant curvature spaces intricate. The
pole structures of a theory generally indicates the existence of particles. Thus, here
one can do the unitarity analysis by using the pole structure. In doing so, it is obvious
that Eq. has four poles. One of them is [J; = —3A and the others are nothing but
the roots of cubic Eq.(3.23). Here, determining the physical poles is a bit unwieldy
so, for simplicity, let us set Fierz-Pauli term to zero and examine its chiral limit.
Therefore, by setting m? = 0, h = 0 and p?/x* = —A, one will get the scattering

amplitude in the chiral limit

4A = 2\/—_AT;V{ (O-28) x (o -4a) }17]’3‘”V“T0”

I (3.35)
+ %AT;V{ (O-28) x (AP —4a) } T,
Observe that there are two poles
O, = 24, [y = —4A. (3.36)

But since the residue of the second pole is zero, it is not a physical pole. Thus, we
finally have one physical poles at [J; = 2A. Observe that we have massless graviton

which satisfy Breitenlohner-Freedmann bound (M2 > A).
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3.2 Flat Space Considerations

In this part, we will calculate the three-level scattering amplitude for various theories
in flat spaces which will provide the desired non-relativistic gravitational potential
energies U between two covariantly point-like spinning sources. To do so, let us

consider the following energy-momentum tensors
Too = ma0P(x —xo),  T'o = —1/2J,690;09 (x — x,). (3.37)

Here, m, are mass and .J, are the spin of sources where a = 1, 2.

3.2.1 Scattering of anyons in TMG with Fierz-Pauli Term

This part is devoted to the anyon-anyon scattering and also the corresponding Newto-
nian potential energies in the TMG augmented by a Fierz-Pauli mass term. Therefore,

let us notice that by applying the flat-space limit (i.e., A — 0) in Eq.(3.34), one gets

82
— puUo v
4A = —2T,, o )1 B g OuTo
2%, 5 — m?
+ . 1, 2 2T 2 Tl (3.38)
R R
2 92 — m2
- HJ_T - 2 24 T
ko 949% — %) 4 2unm 92 — ulg

In general, the explicit form of propagators can be rather cumbersome. In such cases,
one can alternatively decompose them in terms of the known ones. In this respect,

one can recast the relevant main propagator as follows

3

82 _ m2 M2 / /
OHO? — ) + Ao 2 wimt = Z H Gr(x,x,t,t).  (3.39)

K

Here, G (x,x ,t, 1) = (0~ M?)~! where M;, = M (r?, u?, m?), k = 1,2, 3, are the
roots of the cubic equation. Thus, by plugging Eq.(3.39) into Eq.(3.38)) and ensuingly
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evaluating the time integrals, one will eventually obtain

3.8 2772 2
wM¢ rkm KM m
au =Tz - m2)- { K’f( Mle M1J2+J1J2<1—W))

X /d2x/d2x, (X — x9)0,0'G(x,x ) 0P (x — x1)

2
H=mame

+ (M} —m?) /d2x/d2m/ (X — %) Gr(x,x )6 (x — x1)
K
(3.40)
Here, the potential energy is &/ = A/t [28] and the time-integrated scalar Green’s
function G,(x,x') is

A ’ / ! / 1

Gr(x,x ) = /dt Gr(x,x,t,t) = 2—K0 (Myr), (3.41)
s

where r = |x; —x3| and K(Mjr) is the modified Bessel function of the second kind.

Hence, by virtue of the identity between the Bessel functions,

2

§ M
V2 Ko(Myr) = = (KO(Mkr) + KQ(M,J)) , (3.42)

the Newtonian potential energy will read

3.8 27 14 2 2
M Mk( tot ptot W MM M J1J2>
U= J{I — — Ky (M
Z}U { 16k \71 72 12 iz ) He)
i
w2 M} [Qmﬂ?ng (1- mz) (JtotJtot  EPmimg
167k L M M; 12

AR g, (Mkr>}.

(3.43)

Before going further, let us now quote one of the final and very important result:
unlike the ordinary Einstein theory, topological mass p in TMG induces an additional
spins with J" = km,/p ;a = 1,2 which change the initial spin of the particles and

turns them into an anyon [52] by
Jit = Jo + I (3.44)

Observe that, in addition to total spin-spin and mass-mass interactions (which is con-
sistent with the result when m? = 0), there also occurs the Fierz-Pauli mass and

initial spin interactions. Notice that as is seen in Eq.(3.43)), the Fierz-Pauli mass term
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couples only to the initial spins of particles. Note also that depending on the choice

of (J;,m;, m?), U can be either negative or positive.

Let us now turn our attention to the extreme distance limits of potential energy. Firstly,

it is straightforward to show that the potential turns into

sl

{”zMz (Jtotjtot K*mima m2J1J2> o 1

=t 8T L2 12 B M? r?
_ > My [lemg (1— m? Ty <JtotJtot Kmamy
16k L M? M? 12
2.
_ lilg 2)] X (m(M;J) +7E>},
(3.45)

at the short range. Here, -5 is the Euler-Mascheroni constant. It is necessary to stress

that for the induced angular momenta for the positive « at the critical value

J
Jy = T 72 oo, (3.46)

([LJ2 + Kmg) — WJKZJQ Ml?

Eq.(3.45) acts like Newton’s potential energy. As for the large regimes, by keeping in

mind that the modified Bessel functions behave like

K (Myr) ~ ﬁ e Mir (3.47)

at these scales, one will get the corresponding potential energy as follows

3 3 2 2
WMy M mM1Mo m K mi1me
U ~ —1 [ 1— (JtotJtot

o - vy 08 (e
k=1 r=1

k#r

. m2J1J2>] % ™ e_Mk7"7
M,? QMkT‘
(3.48)

which asymptotically approaches zero.

3.2.2 Scattering of anyons in TMG

In this section, we focus on the scattering amplitude of anyons and hence the corre-

sponding non-relativistic gravitational potential energy for the usual TMG (see Ap-
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pendix |C|for details). Accordingly, applying the m? — 0 limit in Eq.(3.34) yields

/ 1 y 2u2 / 1 y
4A = =2uT V—an‘wﬁuTg + T, 5 T°
P (82 _ u_2)52 K P (82 _ u_2)32
) : . § (3.49)
_Ey T4 KT =T.
A2 ) o

Note that here one admits a massive and a massless modes. Observe that, in the
p — oo limit, Eq.(3.49) reduces to the Einstein’s theory which implies that van
Dam-Veltman-Zakharov (vDVZ) discontinuity disappears [22]. Additionaly, by using

Eq.(3.49) and the non-vanishing components of stress-energy tensor, one will get

Km? mam e
_ tot 7tot 1 2 tot Ttot 1 2
U= 16;{(& Tt — o )Kz(mgr)—l—(Jl Tt 4 e )Ko(mgr)}, (3.50)

where m = 1 /k?. Thus, in addition to spin-spin and mass-mass interactions, here
there also occur spin-mass interactions such that topological mass induces extra spins
Jind — m,/p as in the general case. Observe that depending on the choice of the
non-vanishing parameters (.J,,m,), Eq.(3.50) can be either negative or positive but

can not be zero.

Let us now consider its small and large distance behaviours of potential energy: First

of all, in the neighbourhood of the sources, one obtains

K tot Jtot __ mima
s (A - )

U ~
r2 167

(et + 2 (m(mgr) + 75 ). GSD

2
g

Finally, for large distances, Eq.(3.50) asymptotically behaves

/{m2jt0tjt0t
U ~ 981 gy —— (3.52)
T 2mgyr

and it becomes attractive if Ji%. Ji% < (.

3.2.3 Flat-Space Chiral Gravity

AdS/CFT correspondence is one of the forthcoming approach to construct well-defined
quantum gravity theory: remember that for each d-dimensional bulk AdS gravity,
there is a corresponding dual d — 1-dimensional CFT on the boundary. Therefore,

naturally one can ask whether there is such a gauge/gravity duality in flat space or
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not? Recently, it was proposed that a pure gravitational Chern-Simons term

k: rvo loa 2 lo}
S = In o/ =g T’ <8VF af + gF V,\F’\a5>, (3.53)

gives rise to a duality between an asymptotically flat limit of TMG, called flat-space
chiral gravity, and a specific 1+1-dimensional Galilean Conformal field (GCF) the-
ory with a central charge of 24 [56]. Therefore, it is also very crucial to find the
corresponding potential energy of the bulk flat-space chiral gravity and then anal-
yse whether its short and large distance behaviours are consistent with the Newton’s
theory. For that purpose, we will evaluate the Newtonian potential energy from one
graviton exchange between two locally conserved spinning sources as we have done

so far. To do so, let us observe that by performing the following limits

2
K= 00, - % (3.54)

in Eq.(3.34)), one gets the corresponding scattering amplitude as follows

4 , 1

4IA = ——

k pugnpugauTUya (355)

where we set 7 = 0 and m? = 0. Note that due to Chern-simons term which can
only couple to a covariantly conserved traceless energy momentum tensor, one needs

to set a null source. For this purpose, let us consider flat space in null coordinates
ds* = —dudv + d=?, (3.56)

where © = ¢t — x and v = ¢t + z. Then, the vector can be written in the form as

¢, = 0,u with the ¢, is a vector field that satisfies
= =6l 0,0" = 0. (3.57)

In meantime, one can write the corresponding covariantly conserved null source as

T = E§(u)d(y)e¢” with which Eq.(3.55)) gives a trivial amplitude.
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CHAPTER 4

CAUSALITY IN 3D MASSIVE GRAVITY THEORIES ]

Shapiro’s time-delay [29] is the fourth test of general relativity (GR) in the solar
system. Essentially Shapiro showed that light wave takes longer time in the round
trip due to presence of a massive body. Time delay in GR had been shown in many
ways [57]. But some modified gravity theories that have quadratic or cubic curvature
terms give a Shapiro time advance instead of time delay since the adding higher order
curvature terms lead to causality violation [58]]. Interestingly, causality violation in
these theories can be recovered by adding of an infinite tower of massive higher-spin

particles [S8]].

Here we consider the causality issue in 2 + 1 dimensional gravity. At this point, one
might think that the Shapiro time-delay does not make any sense in 2 + 1 dimensions
such that it has a locally trivial structure. However, in 2 + 1 dimensions, there are
many locally nontrivial massive gravity theories that have been devoted a lot of work
in the literature, and we want to study on them from the point of causality. Especially,
we want to understand whether the unitarity and causality conditions are compatible
or not in these theories. By unitarity, we mean ghosts and tachyons freedom of the
theory, and by causality we mean that time delay is positive definite —as opposed to

a time-advance—, from the point of Shapiro’s argument.

We will only be interested in the local causality issue and avoid getting involved in
the global cases which are rather complicated. Recall that since the bare Einstein’s
gravity does not admit any DOF in 2+1 dimensions, the local causality turns out to
be trivial and thus one can only deal with the global causality issues [39]. In other

words, any vacuum solutions of Einstein’s gravity in 3 spacetime dimensions are lo-

! The results of this chapter are published in [18] .
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cally equivalent to flat or constant curvature backgrounds. The Riemann curvature
can be written in terms of curvature tensor; the theory has not any local propagating
degrees of freedom, and there is no local causality issue. Whereas 3-dimensional
Einstein’s gravity, there are several dynamical massive gravity theories that have the
local massive propagating degree of freedom. Especially, we will consider the topo-
logically massive gravity (TMG) [9] and new massive gravity (NMG) [10] that have
taken more attention in the literature. These theories satisfies unitary conditions with
the correct sign choices of Einstein-Hilbert term. Unlike the Einstein-Gauss-Bonnet
or cubic theories in higher dimensions, we will show that causality and unitarity are
compatible in TMG, NMG and their modifications once the sign of Newton’s con-
stant is chosen negative as opposed the 3 + 1 dimensional case. As compared the
2 + 1-dimensional gravity with the higher dimensional ones, the main reason of why

this is exclusive to lower dimension still remains unclear.

To study local causality issue in three dimensional gravity theories, we will consider
spaces that asymptote to Minkowski, de sitter and Anti-de sitter space. First of all,
we consider the issue in asymptotically Minkowski space; this will be the first part of
the study. Secondly, we will consider the asymptotically Anti-de Sitter (AdS) solu-
tions: this will be done in the second part of the study. Shapiro’s time-delay can be
computed at least in two ways: The most known method is the one that evaluating
the time-delay of light moving in a closed curve around the black hole and later com-
paring it with the ordinary undisturbed one. Another possible way is to compute the
time-delay of a massless particle that moves in the shock wave background [60, |61]
generated by a ultra-relativistic massless particle. The second method is well suitable
for our purpose since TMG, NMG and other massive gravity (except purely quadratic
gravity theories) theories have not asymptotically flat black hole solutions. In the sec-
ond part of study, we will consider the case of negative cosmological constant. Unlike
the flat space analysis, as we will see, AdS3 introduces a new scale, time delay will

depend the two scales effective mass m, and cosmological constant /|A|.

50



4.1 General Relativity Warm-up in 2+1 Dimensions

It is a well known fact that 2+1 dimensional Einstein’s gravity has a locally trivial
structure that is, it has not any gravitational degree of freedom. Therefore, there is
no local causality issue. Nonetheless, we will study the causality issue in Einstein’s

gravity as a warm up exercise to set structures for massive gravity theories.
Consider a shock wave metric generated by massless particle
ds* = —dudv + H (u, y)du® + dy?, 4.1)

where u =t — z and v = t + x null coordinates. We assume that, there is a massless
point particle moving in the +x direction with p* = |p|(65 + %), hence the only

non-vanishing component of the energy-momentum tensor is

Tuu = [pl6(y)d(u), (4.2)

here p is the momentum of a particle. For the shock wave ansatz, Einstein’s field

equations reduces to (we set |87G| = 1)
2 _
G2H (u,y) = —20pl3(y)5(u) | (4.3)
whose the most general solution is

H(u,y) = =20[plo(w)0(y)y + c1(u)y + ca(u) , (4.4)

where ¢;(u) and co(u) are functions of u coordinates. These functions can be de-
termined by coordinate transformations. Observe that when we set ¢;(u) = 0 and
c2(u) = 0 one obtains a non-vanishing profile for y > 0 but a vanishing one for
y < 0. On the other hand if one sets ¢; (u) = 2|p|d(u) and c2(u) = 0 one obtains the
following profile

H(u,y) = 20pld(w)0(—y)y , (4.5)

which has a non-trivial profile for y < 0. Notice that, although space is flat outside
the source, metric can not be written in Cartesian coordinates for both sides of profile

with a single chart due to source.

We will calculate Shapiro time delay in three dimensional massive gravity theories

when a particle crossing the shock wave geometry at an impact parameter y = b > 0.
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Here, the delay is determined by an asymptotic observer. Namely, one needs to bring
the shock wave metric to the asymptotically flat and Cartesian form with appropriate
coordinate transformations. For that reason, in Einstein’s gravity case Eq.(d.5), we
set c¢; and cy in such a way that spacetime to be asymptotically flat. This implies
that the shock wave profile is trivial for y > 0. Consequently, a massless particle
in this geometry does not experience any time delay. This is expected result in GR
since there is not any propagating degree of freedom. Note that this does not imply
that moving particles do not interact with each other. In fact there is a instantaneous
interaction between particles and causality problem but we will not consider this issue

here since this is related to global causality issues.

On the other hand, we can compute time delay with using the Eikonal scattering
amplitudes and compare the results with geodesic analysis as was obtained above
[62]. For this purpose, let us consider the tree-level scattering amplitude between
gravitating massless particles in the deflectionless limit defined as g — 0. In the

Einstein’s gravity case, it is given by

2
Aprec(s,1) = —a% , (4.6)

where s is square of the center-of-mass energy and /—t is the momentum transfer.
Here, the infrared scattering amplitude is governed by the variables within the impact
parameter in which the eikonal phase shift corresponds to the Shapiro time-delay and

is obtained via the Fourier transform of the amplitude as follows [63, 164]

1 ) iqb
d(b,s) = — / @equ.ﬁltree(s, —¢%) 7 /dq €q2 : 4.7)

= —3
2s 27 47

Notice that although the time delay is expected to be vanished in Einstein’s gravity,
Eq.(.7) comes up with an unacceptable physical result. That is, note that Eq.(4.7)
diverges as one goes to the zero momentum limit of the amplitude. This is presumably
an artifact effect emerging during the eikonal approximation in which the zero angular
momenta generically brings up infinities. As in the ordinary perturbative quantum
field theory, one needs to truncate these divergences such that the integral will yield
zero in the eikonal limit. We will also use this procedure for other theories to gauge

the shock wave profiles by GR results.
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4.2 Causality in TMG

Let us consider the issue of “causality” in TMG. For this purpose, we need to calculate

shapiro time-delay. The source-coupled field equations of the TMG are given [9]
1
oG+ —Ch =T, (4.8)
L

where o is dimensionless constant, 7}, is energy momentum tensor and C,,, is Cotton
tensor. This parity non-invariant theory has the single massive spin-2 excitation with
a mass

mg = —olul, 4.9

hence we set o < 0 for unitarity. Notice that 4 — —p changes the parity of the
spin-2 particle and mass remains intact under the parity change. So we fix it by
assuming ;¢ > 0. For our shock-wave ansatz in three dimensions, the only non-

vanishing components of the Ricci and Cotton tensors can be computed as

1 02 1 0°
Then (@.8) reduces to
) 1.3
—5 0, H(u,y) + ﬂay H(u,y) = [p|é(y)d(u), (4.11)

whose the most general solution can be given as

e MY

2
H(u,y) = —M(S(u)@(y) <em9y + myy — 1> +c + oy +c3,  (4.12)

2
mgyo m

g

where c;, co and c3 are null coordinate dependent functions. We will choose the
constants in such a way that the space-time is asymptotically flat. On the other hand,
one can transform the metric to Cartesian form in the asymptotic limit with coordinate
transformations, but this is not possible with a single chart. Then assuming ;¢ > 0
and by a gauge fixing, shock wave of TMG recast as
20 m 20
H(u,y) = ——[plo(w)0(y)e”™ + —pld(u)0(—=y)(mgy — 1) . (4.13)
My My
Consider a massless particle crossing shock wave geometry, with an impact parameter
y = b > 0, the shock wave of TMG reads
2

H(uay):_m o
g

Iplo(u)0(y)e ™. (4.14)
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When Eq.(4.14) is inserted in Eq.(4.1), the discontinuity in the « coordinate can be

cancelled out by re-defining the other null coordinate as

2

= Upew — 0 —mgb, )
v=0 oo Ip|0(u)e (4.15)
which gives the time delay
2
Av = —ﬂe—mgb. (4.16)
mgo

Since the shifting in the v coordinate is positive for any b, the time delay is positive
if 0 < 0. Therefore unitarity and causality are compatible in TMG for these null

geodesics.

4.2.1 Eikonal Scattering in TMG

In this part, we will calculate the time delay from the point of view of eikonal ap-
proximation. By using the same assumptions just like in the section {1 we compute
2 — 2 tree level scattering amplitude of two massless gravitating scalar particles in

TMG. The scalar field coupling can be given as

— 1 2 1
_ 3 Apv o [ ple" v
STMG - /d I( _90R+ ﬂe g Fl/{a(aurpv + grua up) - %k’ k.,
1 (4.17)

L),

where k£ = 0,,(1/—gg¢""). Let the incoming momenta for the particles are
2 2
g q q
= Wu 15/ =D —5)> 4.18

or, in terms of Mandelstam variables, s = —2p; - py >~ pp, and t ~ —¢°, t/s < 1.
If one use the graviton propagator in the Feynman gauge (o = 1) Eq.(E.7), tree-level

amplitude can be obtained as

52 1

Atree = —0— : .
t <1_ %\/—_t> 4.19)

And if one computes the phase-shift with the same procedure as used in section §.1]

one gets the same time delay to the one obtained by the geodesic analysis.
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4.2.2 Scalar Particle in a Shock Wave

The Klein-Gordon equation for massless scalar field is given
Up=0. (4.20)
In the shock wave background, Eq.(#.20) takes the form
0u0pd + H (u,y)02¢p — }Laj =0, 4.21)

which is not solvable exactly but this is not required for our case. If we try to solve
this differential equation near the wave, we can ignore the last term since it is small

compared to the middle term ending up at
00y + H(u,y)05¢ = 0. (4.22)

By taking an integration in the v-coordinate and dropping the integral constant to have

zero field in the v — Foo limits, then one gets
Ou® + H(u,y)0,¢ = 0. (4.23)

We can solve this equation by the separation of variables technique. For this pur-

pose, suppose that the solution of the differential equation is in the form ¢(u, v, y) =
U(u)V(v)Y (y). If we plug this into Eq.(4.23)), we obtain

1 Ulu) V(v

() , V')

=0. (4.24)
H(u,y) Uu) — V(v)
Let p, = —i0, be the momentum of a particle in the v direction, so we have
/ 1 /
Vi) _ _ Ulw) _ (4.25)
V(v)  H(u,y) U(u)
Finally, the solution can be written as
B, v,) = Y (n)U (uo)V (0)? =S ). (4.26)

Here we suppose that momentum of the test particle is known, and when scalar parti-

cle crosses the shock wave with an impact parameter b, it picks up a phase as
— ,
d(0F, v, b) = e~Pe Jom HEL B0~ 4 b) = e PAUG07 4 b) | (4.27)

here the shift in the v coordinate Awv is the same obtained in Eq.(4.16). Hence, the
scalar particle when crossing the shock wave picks up a phase-shift analogy with the
Aharanov-Bohm phase. Note that the same result is reproduced as Eq.(#.16) which

was obtained by the geodesic analysis.
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4.2.3 Photon in a TMG Shock Wave

Maxwell theory coupled to the shock wave produces the same result as the null-
geodesic and the scalar field case as was discussed above. Let us now consider a 2+1
dimensional Maxwell theory coupled to gravity, it is called non-minimally coupling,

is given by the action

1

S=-7 / P/ —g (FWF”” + yRM pUFWF’”> , (4.28)

where I, is the field-strength tensor and v is a coupling constant with mass dimen-

sion —2. For the shock wave ansatz Eq.(4.1), the field equations take the form
ag ouv 1
\% Fpa - ’VRp K VUF,U,V =0 s Ruyuy = —§3§H(u,y) . (429)
Explicitly, one can show that
1
OuFyy, + (H(u, y) +~0;H (u, y))@vFvy + §ayFw =0. (4.30)

Now, assume that €, is the linear transverse polarization vector of the wave. The
corresponding vector potential can be given as A, = g(u, v)e, and consequently the
field-strength tensor is £, = 0,9(u, v)e,. By using of these relations, the Eq.
reduces the same form as Eq.(#.22))

00,9000 + (Hu.p) 4202 () ) gl ) 0. @31

Hence, Av can be calculated by the same way and then one obtains

Av = —QO—’M(l +ym2)e b (4.32)
L

The first term in Eq.(#.32) is the same as obtained for the null geodesics and scalar
particle, but we have extra second term. whereas the null geodesic or the scalar
particle analysis, choosing ¢ is negative, does not guarantee time delay due to fymg
term. With the choice of sz term, theory may become acausal instead of causal.
In fact this is an expected result since we have considered a theory non-minimally
coupling of photon to gravity. Furthermore, It was shown that non-minimal coupling
violates the strong equivalence principle and gives rise to superluminal propagation

and causality violations [65,166]]. On the other hand, if coupling constant - is positive,

theory gives a time-delay and for v < 0, fymg > —1 condition leads to a time-delay.
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4.2.4 Graviton in a TMG Shock Wave

In this section, we consider the gravitons in the background of the shock-wave. For
this purpose, we need to linearize the source-free field equations of TMG Eq.(.8)
then one obtains

00G,, + iéCW =0, (4.33)
Consider the linearized field equations of TMG about the shock-wave background in
the axial-like gauge ( which seems to be probably the best choice that we found after

some trial and error) defined as

Py = 0. (4.34)
Then, the perturbation metric reads as

g 0 f
hyw (w,v,9) = 0 0 0 |,
f 0 h
there are six independent equations and to figure out these equations (see for details

to Appendix D), let us define the following functions

v v’
e_mgy/ dv'/ s(u,v") dv”,

e‘mgy/ dv’/ r(u,v") dv”,
(4.35)
g(u,v,y) Eemgy/ dv'/ p(u,v") dv”,

f(u7 U? y)

h(u,v,y)

where s(u,v), r(u,v) and p(u, v) are arbitrary functions. By substituting these into

TMG field equations, one gets

e <vf% IE H(u’,y)du/>
s(u,v) =e :

r(u,v) = —miﬁvs(u,v), (4.36)
9
oo H (. .

pla0) = (LG ) s),

Observe that g(u, v, y) and h(u, v, y) can be defined in terms of f(u,v,y). With the

help of these equations, the solution can be written as
+ =Sipy foj— H(u' y)du — —ipy Av -
f(OT,v,0) =e 2 Jo W07, 0,0) = e P*2UF(07, 0, b). (4.37)
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Then, time delay reads

Av = —Me*mgb, (4.38)

mgo
which is positive definite for negative o. We see that this analysis does not bring any

extra condition.

4.3 Causality in NMG

The action of NMG is [10]

1 1 3
I = E/dgx\/—_g(apb + W(Riy - gR?)), (4.39)
whose field equations are
1 1 1 1 -
o(Ruw — z9wR) + —(20R,, — =V, V,R — —g9,,0R + 4R, .- R’
2 2m? 2 2 (4.40)

3 3
= GurRpe RY7 — SRRy + égu,,R2> =0.

This theory has a massive spin-2 excitation with two degrees of freedom in both flat
and (A)dS backgrounds. For the shock wave metric, Eq.(.40) transforms into the

following form
1
— 00, H(u,y) — W(?fH(u, y) = 2|p|d(y)d(u). (4.41)

whose the general solution is

H(u,y) = — 200 ((amy £ my)(y) + (€7 — my)(—y) + ey + ).

mo

(4.42)
Observe that both the left and the right parts of the source are curved since NMG is a
parity invariant theory, hence general solution has two step functions unlike the case
of TMG. After gauge-fixing procedure as was conducted in TMG part, time delay can

be obtained as

A= — Pl maiei (4.43)

mo

which is positive for o < 0. Hence, causality and unitarity in NMG are not in conflict.
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4.3.1 Eikonal Scattering in NMG

We can also calculate the time delay in NMG by using the Eikonal approximation.

For this purpose, let us consider the following action

1 3 1 1
_ 3 2 2 v v
Snme = /d z (v —goR + +W(R‘“’ - gR ) — %k ky, + 59“ au¢3u¢) )
(4.44)
By using corresponding graviton propagator Eq.(E.9), scattering amplitude can be

given as
52 1
1 (1_0q_22>' (4.45)

Atree = —0

This procedure gives the same result obtained by the geodesic analysis.

4.3.2 Photon in an NMG Shock Wave

Now, let us consider the non-minimally coupled photon, described by the action
Eq.(#.28), coupled to the NMG shock-wave, the same calculations as in the TMG
case give a shift Av as
Av = —M(l + ’ymﬁ)e*mg‘b‘ . (4.46)
My
which may give time advance instead of time delay. If 'ymg > —1land o < 0, the

theory gives a time-delay for any b # 0 impact parameter.

4.3.3 Graviton in an NMG Shock Wave

For this calculation, we shall to a further simplification within the light-cone gauge
and suppose that the perturbation is also traceless, in other words h = 0, otherwise
the linearized equations are too complicated. Then the perturbation is simply given
by
g 0 f
huw(u,v,9) = 0 0 0
f 00
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To solve resulting equations depicted in the Appendix we define

flu,v,y) = e "™0,s(v,u),

( ) (v.) (4.47)
g(u,v,y) = —me "s(u,v),

where s(u, v) is the arbitrary function. After plugging these into the NMG field equa-

tions, the solution follows as
ipp | v—=2 [Y H(u ,y)du'
s(u,v):ep ( A e ) (4.48)
We see that g(u, v, y) can be written in terms of f(u, v, y). Then one gets
ot :
F0F,0,b) = e 2o Jom HW W £ 4y p) = =B 10, b). (4.49)
Then finally, one obtains

2
Av = —Me_mb
mo

: (4.50)

which gives time delay for negative 0. Then causality and unitarity in NMG are not

in conflict.

4.3.4 Born-Infeld Gravity

The action of Born-Infeld Gravity [67] ( aclled BINMG) that has a massive spin-2

particle is

Ipr-Nye = —4m? / d*z/=gF (R, K, S) + Lmatter (4.51)
where
F(R KS)—\/1—L(R+1K— Loy
’ ’ - 2m2 m2 12m4 2 ’ (452)
2
_ 2 _ a3 o 2 3
K= Ry— . S=8RVR,R ;— ORI, + R

The field equations are long and hence we do not depict them here but note that for
the shock wave metric, curvature scalars are constant :
R:;=0, Rz°Rz, =0, R=0, (4.53)
reducing the field equations to an easy form of NMG
2

1
5T = R + %DRW. (4.54)

Therefore, just like in the NMG, if o < 0, three dimensional Born-Infeld gravity is

both unitary and causal.
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4.4 Anti-de Sitter Space

After studying the issue of causality in flat background, in this section, we will study
this issue in AdS space with the similar method as in the case of flat space analysis.
For this purpose, let us consider the AdS3; metric in terms of Poincaré coordinates

2

dsias, = %(—Mudv + dy?), (4.55)

in which y € R>y, v € R, v € R. To adapt this metric to our case, let us consider the
Kerr-Schild ansatz
2

ds® = %( — 2dudv — F(u,y)du® + dy2>, (4.56)

which describes a massless high energetic particle moving in the +x direction. For
this metric, corresponding energy momentum tensor for a massless particle can be

given as

l

4.4.1 Topologically Massive Gravity

The source-free field equations of TMG are

1 1
— Guy + f_leW + ;CMV = O, (458)

where AdSj3 radius is defined as ¢ = 1/4/|A| > 0. Notice that we have chosen the
sign of Einstein term to be opposite, that is we take 0 = —1. This choice is needed

for ghost freedom about the AdS; vacuum.

The source-coupled field equations Eq.(d.58), for the ansatz Eq.(4.56), reduce to a
single third order equation

3 2 92
o, F Y O, F —yo, F
201 212

I
—y = |p|—0(u)d(y — yo) (4.59)
Yo

The homogeneous part solution (complementary solution) of this equation can be

given as [68]]

Faly) = &1 (%)Mu + e (%)2 + e, (4.60)
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where ¢;’s are functions of null coordinate u. On the other hand, the ¢y and c¢3 func-
tions can be eliminated by a coordinate transformation [69)]. One can find a viable
solution to Eq.(.59) as follows: let us first assume that the generic structure of the

solution is

Fy(y) = 0(y — y0)9(y), (4.61)

such that g(y) is a solution of Eq.. Then, with the consistency condition at ¥,
one can determine ¢;. Subsequently, by inserting F},(y) in Eq. and accordingly
performing the integral for the sector yy — ¢ and yy + ¢ and later dropping the delta
function sections via the limit ¢ — 0 as well as using the continuity conditions for

F(y) and F'(y) at y = 1o, one will get

f 2
o' (y0) = 21 (y—) 5w, (4.62)

where we chose ¢'(yo) = g(yo) = 0 for ensuring the continuity of F'(y) and F’(y).
Consequently, the most general solution F'(y) = Fj,(y) + F,(y) can be given as

Fy) = £ 202 [2 ()" 0 (L) v o -w

I (EM) % Yo

L 2Ly (Y 1_m+(1—£ Jeo [ 2 2+(1+€,u)c (4.63)
1= () |7 \wo e\ o i

where undetermined coefficients ¢;’s can be fixed by introducing the appropriate

boundary conditions.

4.4.1.1 The Flat Spacetime Limit

In this section, we will check the consistency of Eq.(4.63). To do so, one needs to
take the flat space limit (A — 0) and the result for the shock-wave profile must be
the same as in the case of flat space analysis. The flat space limit will also help us to

impose boundary conditions. Before taking this limit, let us define a new coordinate
y = b, (4.64)

which reduces the AdSs metric to
ds? = —2¢ /" dudv + d2>, (4.65)
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and then / — oo limit can be used to obtain flat space. Furthermore, shock wave
profile function defined in Section (4.2)) can be written in terms of the new profile

function F'(y) as
€2
- EF(?J) = H(y). (4.66)

Hence, in the / — oo limit, shock wave profile can be obtained as

f(z) = NP o) o o )]0z~ 2)  a67)

1

[2c16715720) 4 (g + ¢3) — Lp(cr — ¢3) — 2pca(z — 20)]

which is compatible with the result obtained in the flat space. we can use this result to
set the undetermined coefficients in Eq.(4.63). Therefore, one needs to impose ¢; = 0

and c; = c3 = 1 to reproduce the same result as obtained in our flat space analysis.

4.4.1.2 Asymptotically AdS; Boundary Conditions

In the previous section, we found the integral constants in Eq.(4.63) by imposing flat
space gauge fixing conditions. Let us now do the same analysis for asymptotically
AdS3 boundary conditions. For this purpose, one can consider the Brown-Henneaux
(BH) boundary conditions [8] which is defined by the following linearized metric

perturbations h,, = g,, — gﬁSS

P 22 gy 2 gy = By 2 O(1), By = hyy >~ O(y). (4.68)

Here, O(y™) stands for that any component decays as y™ or faster as one goes toward
the y = 0 (that is, the boundary of AdSs3). With the help of these boundary conditions,
one needs to impose F(y) ~ O(y?). If we suppose that 1 > 1//, we need to choose
c1 = 0 to satisfy the BH boundary conditions. On the other side, to have regular AdS3
space, we need to set c; = c3 = 1. Notice that, the same values for integral constants
are found by imposing BH boundary conditions. Then, the gauge-fixed solution can

be written as

ﬂmzﬁkﬁ@ﬂ{miVWk@—m>

T (7 "o o
+ﬁnf¥%%gk1—mo(i)+u+fm O~y — )
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Observe that F'(y) has y? dependence for y < y, since AdS3 is defined in terms of

different coordinates.

4.4.1.3 Shapiro Time-delay in AdS

In the light of above computations, we can calculate Shapiro time delay for massless
particle moving in the shock wave geometry. The main idea is to show when particle
crosses the shock wave the shifting in the coordinate Av positive or not. If Awv is
positive, the particle experiences time delay; otherwise, it leads to causality violation.
To compute shapiro time delay, we follow the same procedure as in the case of the
geodesic analysis in Section ({.2). The Klein-Gordon equation for a massless scalar

field in the shock-wave background takes the form
0u0up + F(u,y)02¢ = 0. (4.70)

By using of this equation, the time shift Av can be expressed by the following integral

o+

Av = / du F(u,y). 4.71)
For a massless particle traversing the shock-wave at z > zj, one gets
2
Av = if'e*%“*zo), 4.72)
mg

where 7, is the mass of spin-2 excitation is defined as m] = p* — 1/¢*. In fact,
shapiro time delay Eq.(#.72)) is dependent on sign of the Einstein-Hilbert term in the
action. Here, the ghost-freedom about AdS vacuum required the sign of Einstein term
to be opposite. Consequently, as we have shown in flat space analysis, Awv is positive
definite and causality and unitarity are not in conflict. On the other hand, if one takes

¢ — oo limit, this reproduces the flat space result Eq.(4.16)).

4.4.1.4 Chiral Gravity

In TMG, there is a conflict between the unitarity of the gravitons and the positive
energy of the black holes. Namely, the positivity of the energy of bulk excitations and
Brown-Henneaux boundary conditions cannot be simultaneously satisfied. A partic-

ular way out of this controversial issue was given in [11] where has shown that TMG
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is only consistent at the special limit, so called chiral point ¢ = 1 where graviton
mass vanishes (m, = 0). At the chiral gravity limit, theory has only right-moving
central charge of the boundary theory. On the other hand, chiral gravity has poten-
tially problematic log mode solutions which do not satisfy BH boundary conditions
[12} [70]. Namely, in addition to BH boundary conditions, the theory has also other
type of asymptotically AdS; boundary conditions. Therefore, in this section, we will

impose both of the boundary conditions at the chiral point.

To find the shock wave profile function at the chiral point, firstly we need to take
pl — 1limit of Eq.(4.59). For this purpose, let us consider the natural basis { (y* =% —
1)/(1 — u),y* 1} for Fj(y). At the chiral limit, the modes of Fj,(y) transform as

{log(y), y?, 1}. In this limit, Eq.(4.59) can be recast as

F(y) = MT)'M llog (i) - % ((i)Q - 1>] 0(y — vo)
G ORI ORT

As discussed above, at the chiral point, the theory admits two different boundary

4.73)

conditions. Let us first consider the BH boundary conditions: we can eliminate the
~ log(y) modes by imposing the BH boundary conditions, that is ¢; = 0. The
other coefficients can be fixed by the choice of coordinates. Let gauge-fix them by
removing the quadratic and constant terms for y > y,. The gauge-fixed profile of
chiral gravity is

F(y) =0(y — yo)w log (i) + 0(yo — y)é(g—i‘m [(i) - 1] . 474

Now we impose the other boundary conditions given in [[12]], which in our coordinates

would permit for F'(y) ~ O(log(y)). If one imposes in Eq.(4.73), one obtains
o(u o(u
Fy) =0(y — yo)% log (3) 1 20l |:Cl log (3)}

Yo 2u Yo

+0(yo — y)a(gjjp‘ [(i)Q — 1] :

where ¢; could not be gauge-fixed. This phenomenon is the non-linear analog of the

(4.75)

logarithmic modes of [[12].
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4.4.2 The New Massive Gravity

Now, let us study the causality issue in NMG for asymptotically AdS spaces. Parity
even theory NMG has two massive spin-2 polarizations. The field equations of the

NMG Eq.(4.40), which contains four derivative with respect to metric, are given.

1
- ij + |A|g/ﬂ/ + wij = 0, (476)

where K-tensor is defined as K,, = 20R,, — (1/2)V,V,R — (1/2)g,0R +
4R0ns R — (3/2)RR,,, — g,,, K. It is also important to note that, whereas the TMG
case, in NMG the AdS; radius ¢ depends not only A but also the mass parameter m
[LO].

For the shock wave metric Eq.(#.56)), the field equations of NMG Eq.(#.76) reduces

to

404 393 (1+26m?) 4 1 o
Yy O, F +2y°0,F — T(y 0, F — yo,F) Wy \p\aa(u)é(y—yo%
4.77)
whose complementary solution is
148 1-8 2
Fuly) = ¢+ (%) +e (%) + o (%) +os, 4.78)

where ¢ are functions depending the null coordinates v and [ is defined as § =
\/m. As was done above, the generic solution can similarly be found as
follows: considering the generic structure F,, = 0(y — yo)g(y) with g(y) is a solution
of Eq.(4.77) and then following above-given track, one will arrive at g(yo) = ¢'(yo) =
g"(yo) = 0 with which one will finally obtain

g 3
¢ (o) = 2m|p| (y—) 5(u). 4.79)

The most general solution to Eq.(4.77) reads

-1
(v l(z>“ﬁ_l<£)”
* [1 (?JO> +5 Yo B\ Yo
63 y 2 Cs y 1+ Ca y 1-8
m?|p|o(u) (ﬁ) [cl — e (%) ] <%> -3 (%) (4.80)
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where ¢, is a constant coefficient. As in the case of TMG, these functions can be fixed
by imposing appropriate boundary conditions. To determine boundary conditions, we
can apply again the flat space limit of shock wave profile. With the help of this, one

can obtain
H(E) = 00 = o) 2 = ) = o (@760 = o)
m

1
+|plo(u) |—l(cy — c2) + 2¢a(z — 29) — - (czem(zm20) — c4e_m(z_z"))] (4.81)

Now, we can fix undetermined constants by demanding the spacetime to be asymptot-
ically flat in the limit £ — oo. Due to the fact that, one needs to set c3 = —1, ¢4 = 0,
and ¢; = ¢y. In addition to that, one needs to choose ¢; = ¢o = —1 to have Cartesian

coordinates at z > z,. Finally, Eq.(4.81) can be recast as

H(z) = Me”’”z*zfﬂ —0(—(z — ZO))2|p|5(U)

m m

(z — 20), (4.82)

which is the same as obtained in the flat space analysis. Furthermore, as in the case
of TMG, ¢; functions can be determined by demanding BH boundary conditions for
a finite ¢ instead of the spacetime to be asymptotically flat in the limit / — oco. Now
let us show that both ways give the same fixing conditions for ¢; functions: For the
sake of simplicity, suppose that m? > 1/(2¢?), leads to 3 > 1, so we set ¢, = 0.
On the other hand, we need to set c; = —1 to have regular AdS; deep into the bulk
(i.e. y — o0). Finally, one needs to set ¢c; = ¢ = —1 to describe AdS3 in the usual

coordinates at y — oo. Therefore, the shock wave profile for finite ¢ can be written

o= (52) - (2) o (3)
(@)=l

Shapiro time delay can be calculated with the same procedure follows as before and

as

(4.83)

time shift when particle crosses the shock wave at z > 2z is

2m/(? —m m2(2) ) (z—=z
Ap — ( 2”12 ) Pl o (Vemma 11/ 2m2 ) ) ) (4.84)
2m2C —1) /T 1/ (@m20)

which can also be written:

2m/(? p|
Av = e Malzm20) 4.85
(2m2€2 - 1) V1+1/(2m20?) (459
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where the effective mass m,, is defined as m, = m+/1 +1/(2m2¢2) — 1/¢. Time
delay in NMG is positive, and taking the / — oo limit which yields the flat space

result (where m, = m).

4.4.2.1 Critical Points of NMG

As was discussed in the TMG, at the special points, that is graviton mass m, vanishes,
we can consider the critical points of NMG. This can be thought as the analogy of
chiral point of TMG. Unlike the TMG case, NMG has two critical points m?(* = 1/2
(8 = 1) and m*¢* = —1/2 (8 = 0). Furthermore, the boundary theory has left
and right central charges at these special points. Let us consider both critical points,

respectively.

First of all, for the first critical point (5 = 1), the natural basis of F},(y) can be taken
as {y*log(y),log(y),y* 1}. In NMG, in addition, there exist another critical point,
which corresponds to m?*¢*> = —1/2 (that is, 5 = 0). Taking the 5 — 1 limit of

Eq.(@.77) yields
2 2
<log (2> [<3> v+ - (ﬂ) ])(4.86)
Yo Yo Yo
¢ Yy v\’ v\’
+[p|o(u)~ | log (—) 1 (—) +eo| st ey (—> )
4 Yo Yo Yo

Just like in TMG, at the critical point, the theory admits many possible boundary

F(y) = 0(y — yo)|p|o(u) +

>

conditions that can be imposed. Imposing the BH boundary conditions yields

(4.87)
Yo Yo

ﬂmaw§<qu(i)(i)j+¢mm—wmwm§<(i)3—g,

where the function c¢; could not be determined by gauge fixing procedure. On the

F@w:my—mmm&mﬁmg(ﬂ)[(ﬂ)2+1

other hand, if one imposes the weakened boundary conditions which is given by [12],
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one obtains

P =00~ mlplotw)tog (£ [(i) 41

Yo Yo
( y v\’
+pld(u)-=log | = el =) +c
|p| ( )4 g(yo) [1 (yo) ?

+ 00— )lplo) S ((yﬂ) - 1) ,

which contains additional logarithmic modes with coefficient cs.

On the other side, for other critical point (5 = 0), for the homogeneous solution
Fy.(y) one can set the natural basis as {ylog(y),y,y* 1}. Notice that, this critical
point forces the m? to be negative which corresponds to partially massless point for

de Sitter solutions. Therefore, in the 5 — 0 limit, Eq.(4.77) reduces to
2
- ()
Yo
g 2
+pl6(u) <2c1 (ﬁ) log (i) + e (3) T <ﬂ> ) . (4.89)
2 Yo Yo Yo Yo

which also contains ~ y type logarithmic term which is characteristic of conformal

F(y) =0(y - y0)|P|5(U)§ (2% log (i) +

gravity [[71].
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CHAPTER 5

CONCLUSIONS

In this thesis, we have firstly constructed Weyl-invariant version of TMG and shown
that weyl invariant version of gravitational Chern-Simons term produces Abelian
Chern-Simons term. This result, integrated with Weyl-gauged version of Maxwell
and Einstein theories, leads to Weyl-invariant TMG coupled to TME-Proca theory.
We have studied the perturbative spectrum of the Weyl-invariant TMG and its parti-
cle spectrum in detail. Both spin-2 and spin-1 particles acquire masses via symmetry
breaking of the Weyl’s symmetry either spontaneously in AdS vacua as in the Higgs
mechanism or radiatively in flat vacuum in an analogy with the Coleman-Weinberg
mechanism. One can ask that whether chiral gravity appears in broken phase or not.
We have considered this issue and see that chiral gravity does not appears in AdS
backgrounds as a critical point of Weyl-invariant TMG such that it violates the posi-

tivity of the central charges.

Secondly, we have studied cosmological TMG integrated with Fierz-Pauli mass term
in maximally symmetric backgrounds. We have found the particle spectrum of the
theory and shown that there is no unitarily Fierz-Pauli extension of chiral gravity. We
also calculated tree-level scattering amplitude and associated non-relativistic potential
energy between two covariantly conserved point-like spinning sources for various
theories in flat spacetimes. We attained the gravitational anyon behaviours of particles
due to presence of gravitational Chern-Simons term. We also studied the flat space

chiral limit of the scattering amplitude, yields trivial amplitude.

Finally, we have discussed the issue of local causality in 2 + 1 dimensional gravity
theories both in asymptotically Minkowski and asymptotically AdS5 spacetimes. We

have calculated the Shapiro’s time delay for massive gravity theories and unitarity and
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causality requirements bring the constraint on Newton’s constant. We have shown
that Einstein’s gravity, topologically massive gravity and the new massive gravity are
causal as long as the sign of the Newton’s constant is negative. We have also studied
the same problem in the Born-infeld gravity, which is extension of NMG, showing
that the situation is similar as in the case of NMG and TMG. It is refreshing to see that
causality and unitarity are not in conflict for the massive gravity theories. This is in
sharp contrast to the Einstein-Gauss Bonnet and cubic theories in higher dimensions

(n > 4) where causality and unitarity are in conflict.
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APPENDIX A

FIELD EQUATIONS OF TOPOLOGICALLY MASSIVE GRAVITY

The Lagrangian density of Topologically massive gravity is given by

1 2
Lryme = —9{ R+ % T’ (@Pgaﬁ + gFUV)\FAa['}) } (A.1)

In order to obtain the field equations, by varying the Lagrangian density with respect

to metric, one will get

(S,CTMG = 5»CEH + (5/;05, (A.2)
where
»CEH = 4/ —gR,
1 9 (A.3)
Log = — eor? U(ayrf’a Zre,, T, )
cs o € " s+ 30 L as

Let us study these terms separately.

Variation of Einstein Hilbert term:

The variation of the Einstein-Hilbert term with respect to g** becomes
0Lpy = Ro/—g+V—9gdR
= Rov/=g+V=gRu 09" + /=99" 0 Ry
First of all, the variation of the first part is (6/=g) = —3+/—9g ¢,,,0g"". On the other

(A4)

side, the second term on the right hand side is already in the desired form, but the

third term is not. To vary the third term, one needs to use the Palatini identity
R, = Vaél“fjl, - VoI (A.5)

av?

with which the third term can be evaluated as
V—=99"" 0R,, = 0, (\/—gg“”éfgy — \/—gg“o‘éfgy). (A.6)
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Here we have used /—gV ,V# = 0,(,/—gV*) where V# is a vector. Thus, by using

Eq.(A.6), one can obtain the variation of Einstein-Hilbert term as follows
1
0Lpg =\/—gog" (Rm/ - §gWR> + 0udEm (A7)

where Ji; = /=g g"ol,, — /—g g"“ol;,, is the corresponding boundary term.

Variation of Chern-Simons term:

The variation of the Chern-Simons term with respect to g"” reads

2
§Lcg =M oTPy, (auropu + §Fauﬂrﬂup)

) , (A.8)
+ e, (auarffpy + 2007507, + grguﬁérﬁw).

Here, the multiplicative term i is suppressed. Note that the second and fourth terms

in Eq.(A.8)) can respectively be recast as follows

2 2
ge)‘WFp,\g(SFUuﬁrﬁw) = gGA#yFU%@FP}\Udrﬂup?

(A.9)

2 v g 2 " g
§e’\“ STR T0,T0 = ge’\‘ I8, 105610,
with which Eq.(A.8) takes the form
§Log = e (51“’;00”1“;” +15,0,007, + QF’;UFUW(SFBW,) . (A.10)

To simplify further, notice that the second term in Eq.(A.10) can also be written as
TR 0,019, = 0,( T 0T7,) + T4 0,T7,. (A.11)
Thus, by substituting this back into Eq.(A.10), one gets
§Lcs = 0,(eMT5 019, ) + 2615 (a,trgy + Fouﬁrﬂy,}) : (A.12)
Recall that Riemann tensor is defined as follows
Rl gy = 010, + T0\T0, + 1> v, (A.13)
Thereupon, by virtue of this definition, Eq.(A.12) reduces to
§Lcs = 0u(eMT5,0T9,) + € OT5 R7 . (A.14)
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On the other hand, in 2 + 1 dimensions, Riemann tensor can be expressed in terms of

Ricci tensor as
Ry = 07 Ry + 9o R0 — 65 Ry — g 27 4, (A.15)

where RW = R, — %gWR. With this unique property, the second term in the

Eq.(A.T4) can be rewritten as
TR Ry = 26 R,V 301 (A.16)
Accordingly, with the help of this, Eq.(A.T4) reduces to
0Lcs = 0,(eMT5,019,) + 26 R,V \6gue. (A.17)

By using the expansion of V)d¢,, and reorganizing the dummy indices, Eq.(A.17)

can be rewritten as
SLos = 0, (ewrf;gargy — 28“"}%59”) — 20g,0eM VAR, (A.18)

By keeping in mind the cotton tensor

o — g e
= A )
V=g g (A.19)
= T]AHVV)\RUH.
Finally, one will eventually get
1 .
5LCS = —;\/ —g5gng”‘7 + aujgs, (A20)

where ji, is a boundary term for Chern-Simons term and given as j/.¢ = i(e’\“”f‘f{a
0 e, — 2eMY RO\ § Jvo ). Note that we re-added the term ﬁ Together with the Einstein-

Hilbert term, the variation takes the following form
/a0 Sl 1w 1 o o

Consequently, up to a boundary term, the vacuum field equations of TMG can be
obtained

1 1
RMV — §g/WR + /—JJCMV =0. (A22)
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APPENDIX B

TOPOLOGICALLY MASSIVE GRAVITY WITH FIERZ-PAULI MASS
TERM IN (A)DS BACKGROUND

The action of Topologically massive gravity with a Fierz-Pauli mass term is given by

[= /d?’x\/—_g{%(R —2A) - T—:(hiy — 1)

] 5 (B.1)
+ ﬂ n#l/OxFBHU (al’raaﬁ + groy)\r)\aﬁ) + Lmattev‘ },
whose field equations read
1 1 1 m?
E(Rw - §QWR + Aguv) + ;CHV + %(hw/ - g#,,h) = Tuv- (B.2)

The Cotton tensor C},, can be rewritten in the following explicitly symmetric version
uv 1 naf v 1 vaf
cH = " Vo.G"5 + 3" V.G"s, (B.3)

with which the linearization of the TMG field equation in Eq.(B.1) about a generic
background g, = g, + ., reads
m2

1 1 — 1 —
Egﬁy + _nuaﬂvagfﬁ + _nuaﬂvagﬁﬁ + 9

hyw — Guwh) =T, B.4
2% 2% (P — Guult) " (B.4)

To write all the curvature tensors in terms of the source terms, one needs to take the

divergence of Eq.(B.4) with which one gets
V#h,, —V,h =0, (B.5)

that gives RY' = —2Ah. With the help of these as well as trace of the linearized field

equations, one can easily obtain

h=-——T, Gt=—""_T1T. (B.6)



Let us now multiply Eq.(B.4) by °*V,, gives

1 _ 1 I 1 _
Zphoryy, L —pkory NV LB | — pop ez Vo Ve Lp
o G+ 2y s g,” + o e 9,

2 . ) (B.7)
+ %n“"pvg(hw — guh) =PV 1,
The second term in Eq.(B.7) can be recast as
,’,Iuo'pn le' ?U?agfﬂ = _lngpy + ?Uﬁpgfa
el (B.8)

= _lngpV + Ro_pykgfo‘ + Rkaf/\'
In the maximally symmetric 2 4+ 1 dimensional curved backgrounds, Riemann and

Ricci tensors are defined as

Rmxaﬁ = A(guaguﬁ - guﬁgz/a>7 Rw/ = 2Agw/7 (B9)
with which Eq.(B.8) turns into
NP0V VOGEP = G, 4+ 3AGEP — A6*,G". (B.10)

On the other hand, one can also recast the third term in Eq.(B.7) as follows
1""yasVo VoG = —0GL + V, VPG — Vv,V G" +6°,G"
= —0G + R,* v G{7 + R*\G.* — V,V*G" + 6*,00G*
— —0GL + 30GE? — A6P,GF — V,VPG" + 570G,
(B.11)
where we have availed the identity Eq.(3.10) in the first line and also the covariantly
conserved condition of V,G“* = (. Finally, by substituting Eq. and Eq.
into Eq.(B.7)), one will finally get
A

1 1_ 3A
—U“Jpvag,f,, — —0Gkr 4+ —gGkr — —sr ,G*
" . S (B.12)

1 = = 1 - m - _
- v PGt 6p1/|:| L Hop o h v—9g l/h/ =t chz/
QMVVQ +2M g+2,{” Volbu — Guwh) = 0"V, T,,,

which is manifestly traceless. Now let us try to rewrite the first term in Eq.(B.12) in
compact form. For this purpose, with the help of Eq.(B.3) and Eq.(B.4)), one gets

2
wid wid K Hm -
NoouV gVLu = Loy — Npor V RY — Eg,rfu - %(hpl/ — gpwh). (B.13)

Thus, by plugging this back into the Eq.(B.12), one arrives at

2 2

_ pm
(how = goh) — o

°m
2K2
2
/’[’ A w /’L A ILL
= 5 T]pu VuTm, + 5 T]l,'u VHTUP — ?
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Observe that the symmetry allows us to drop npg,,vURL term. To convert this equa-
tion into a wave-type equation, one needs to rewrite the Fierz-Pauli term in terms of

glf,, and its contractions. To do this, let us define
B = 0uas VeGP, (B.15)

which verifies §*“B,,, = B = 0 and V*B,,, = 0. Then, Eq.(B.14) boils down to

1 1 — 1 - 2 _ _
B EBPV + _nMUpVUBW * ﬂn/wpvalg”ﬂ + %nugpva(huv - g;wh) = nuUpVUT/W'

24
(B.16)
Applying 7,45V to this equation, one obtains
1 wie 1 TPTO 1 TPTO
K 21 20
) (B.17)
m TP T — TPTO
+ ﬂnpaﬂnu PNV o (hpw — Guh) = Npapn’ VN T, .
Accordingly, by using the above developed tools, Eq.(B.17) can be recast as
1 — 1 /- _ _ 1 /-
— pag VB = o (R4 By + B3, B — OB, ) = o= (5,8
- Npas 2% Bu Bav + 17, By Jé] 2% Bv Pxu

2
+ Rf g, By — Egvﬁ) - ;n_ﬁ (RuﬂuAhxu + R'g, by — Ohg, + Wih>

= Rl M, — R 5, T + 0T,

(B.18)
or equivalently
1 1
- —npagv B, + 2—([] — 3A) (Bgy + Bl,5>
" a (B.19)
m — - _
-5 (3Ahﬁy — Agsuh — Ohg, + ggymh> — —3ATs, + Age,T + OTp,.

On the other hand, the linearized Einstein tensor can be written as gél, = Ahg, +

iV 5V, h — $0hg, which yields
— Ohg, = 2G5, — 2Ahg, — VgV, h. (B.20)

With the help of Eq.(B.19) and Eq.(B.20), the Fierz-Pauli term takes the following

form

m? 1 _ 1 =
_ —q = —— *RBP _— — —q
(o = gh) = = Mpas VB + SPLERELY (Bow + Bus) = 9T
2
I OV A Y a i
— (2% vgvymgﬁymh) £(O—30)Ty.

(B.21)
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The first and second term in the right hand side of the Eq.(B.21)) can be recast as,

respectively
1 — 1 = 1
_ aBr — (0 —3MNGE + Zg,,G" B.22
/iAnpan B v IQA< 3 )g,,g + K/gﬁug 5 ( )
and
(0= 30) (B, + Buy) =1 (0~ 30)Ts, — (0 30)G%
20\ pr BB ) A T RA By
e (B.23)
— _2/£A<D — 3A)(h5u — gg,,h).

By using of these equations and after some lengthy computations, the Fierz-Pauli
mass term Eq.(B.21)) can be rewritten as

m? m?

) A
%(hﬁu — goh) =— —(@O-20M)7"G}, + E(D —2A) "G, G"

[\

K
- 5-O—20)7 (gﬁyi - vﬂvy)h — A - 20) g5, T
K
(B.24)
Moreover, we need to write the third term in the Eq. ti in terms of G ﬁy and its con-

tractions. For that reason, applying the operator °°?V,, to Eq.(B.24)), one ultimately

gets
m? Bope _ m? - 1 Bope L
ﬂn Vo(hg, — gavh) = — 7(D —2A)"n Vagﬁy
m? _ _ _ -
- 5-(@— 20y, (gﬂymh - vﬁvyh)
A

O —2A)"',°°V,GF — A(O — 2A)"'9,°°V,T.

+
= |

~

(B.25)
By virtue of Eq.(B.13)) and Eq.(B.24), the first term in the right hand side of Eq.(B.23)

reduces to

—%2(@ —20) 'V, G, = “TmZ(D —20)7'T7, — %2(5 —2A) "', V7 R"
- “:;2 (O —20) Gl + @(i — 20)"250T
+ 2 ;’;‘4 (O —24)7G — ‘”Z#(E — 2A) 254G
- ’;’;’f (O—28)2(80 - V*9, ),

(B.26)
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with follows from that, one obtains

2 - 1 ) 5
%nﬂapvg(hgy — gah) = E(D —2A)7! (,quTp,, —m®n”,, V°RE — %gfﬂ

2
+ An,7PV,G" — %nﬁapvg (gﬁyih - vﬁvyh>
2

_ _ 2 A
- AHUVUPVUT) +E-O-2n) (195’ - ~ag"
K K

K

4 Z‘_; (560 - 979, )h+ Aé{jT).

(B.27)
Accordingly, by inserting Eq.(B.24) and Eq.(B.27) into Eq.(B.14)), one finally arrives
at

22m2 _ 2, 4
S (o R T

K2 K2 K2

<(D —3A — “2) + (= 2A)‘2> G

- gn VT + gmﬂo%ﬂm — %QTW + “2;"2 (O —2A)7'T, B8
- ﬁ{(m —20)7 (1-mA @ - 20)7) - :222}
% (90 = 28) = V,V,)T.
Here, one has
G, = —%(D —2M)h,, + %?N,,h. (B.29)
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APPENDIX C

TOPOLOGICALLY MASSIVE GRAVITY: ANYON-ANYON SCATTERING

In this part, we will work on the scattering amplitude of anyons and associated Newto-
nian potential energy for the TMG case in detail. For this purpose, taking the m? — 0
limit in Eq.(3.34) as well as flat space limit (A — 0), one gets the scattering amplitude

as
/ 1 22 1
4A = =2uT V—Qn”“"auTol’ + LT 1"
P(az_u_Q)aQ K 9(32_%)82
" ® (C.D
2, 1 1
S TykT T,
N o

where we have used the fact that Ag) reduces to —9? in the flat-space limit. After

using the fractional decomposition, Eq.(C.I]) boils down to

20 1 1 o 2012 1 1 y
A=- 2TPV<(92 m2 82) O+ mT’”’<82—m2 a2>Tp

9 g g

2

W2 L1 1 1

B m2T (82—m2_62>T+/€T62T
g
(C.2)

In order to find the Newtonian Potential Energy between two localized spinning point-

like sources, let us consider the following energy-momentum tensors
Too = madP(x —xo),  Tlo= —1/2J,670;09 (x — x,). (C.3)

Here a = 1,2 and m,, and J, are the mass and spin of the sources, respectively. With

these definitions, the scattering amplitude in Eq.(C.2) reduces to

2 ) , 2 , ’ ..
4A = —_I;TooG(l)(X,x )0, T + 2T Gey(x,x, 8,1 )1" 0;Too
m

2 70
g myg
/’L / / 4M / , , ;
+ RmQT Gay(x,x,t,t )T — WTOZ.G(D(X,X )T (C.4)

g

+ K TOOG(2) (X, X,7 t, t,)TO(),
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where é(l) (x,x) and G’(z) (x,x ) denotes the corresponding green functions:

1 1

G(l) (X, X/, t7 t/> = m - 57 G(Q) (X, X/, t, tl) = E (CS)
g
Thereupon, by virtue of Eq.(3.33) and taking the time integral, one can obtain
AU = “m2J1 / &z / 2252 (x — x5)C 1) (x,x)0,0'6@ (x — x,)
,um1J2 /d2 /d2x 9,0 (x — X2)é(1)<x, x )06 (x — x1)
mym

M/mi? 2 /d2 /d2x5 x — %) Gy (x,% )6 (x — x;) (C.6)

- Mnﬁ;] 2 / d*x / 4?7 9;0®) (x — x9)G 1y (x,x)0'0P (x — x,)

g

+ Hm1m2/d2$/d2$/5(2) (x —x2)G9)(x,x )0 (x — x1),
where the time integrated Green’s functions are
oy / ’ / ! 1 / /
Gy (x,x) = /dt Goy(x,x 11 = %<K0(mg|x —x|) = In(my|x — x |)),

2 / ’ / / 1 /
Go(x,x) = /dt G (x,x,t,t) = %ln(mg\x— X |).

(C.7)
Thus, by evaluating the integrals, one will eventually get
Km? J. J
U= (2 g g ) Ka(mglx — xa)
167 W L
km2 ( 2mym kmyJy  KmalJ ©5)
+ 2 12 2 22 L 22 Ty Ko(my|x1 — xal),
167 m; 7

here we have used the identity in Eq.(3.42). Observe that, in addition to spin-spin and
mass-mass interactions, there also occur spin-mass interactions due to topological
mass u that induces a additional spin defined by

KMy

Jind — ¢ (C.9)
o]

which changes the initial spin of the particle as

Jiet = J, + Jind, a=12. (C.10)

Finally, the associated Newtonian potential energy reads

“m ot ptot  MM1TM2 ot ptot , M2
U= 1" {(ﬁt@ = )KQ(mg) <J;tjgt = )Ko(mg )}, (C.11)
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where = |x; — X2|. Let us consider the small and large distance behaviours of
potential energy. As for the small distance, by keeping in mind that the modified

Bessel functions behave like

2 1

Ko(mg|lr ~ —In(mg|r|) —vg, Ka(mg|r|) ~ — T (C.12)
mg |r|
then we have
K JtotJtot _ m1m2> 2
8“( L2 mg KMy (" tot qtor |, T2 C.13
U~ . = Tox <J1 S5+ —mg )(hl(mgr) +7E>_ ( )
Finally, for large distances, the Newtonian potential can be obtained as
KmQJtot(]tot
U~ 9L 2 T mmer (C.14)
8m 2mgr

where we have used the Eq.(3.47).
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APPENDIX D

SHOCK WAVE GEOMETRY

In this part, we will review the shock wave geometry which is relevant for chapter
4 discussed in the thesis. Suppose (¢, z,y) be the coordinates in the flat space. The
shock wave metric generated by a high-energy massless particle moving in the +x

direction with 3 momentum as p* = |p|(d§ + 6¥):
ds* = —dudv + H(u, y)du® + dy?, (D.1)

where u =t — x and v = ¢ 4 x are null-cone coordinates. The corresponding energy
momentum tensor produced by this particle can be given as T, = |p|0(y)d(u). For
the sake of simplicity, let us rewrite the shock-wave metric in the Kerr-Schild form as
[72]

G = N + H (w0, y) N, (D.2)
where 7),,,, is the Minkowski metric and the A, is a vector which verifies the following
properties

NN, =0, V,A\=0, MNJ,H(u,y) =0. (D.3)
For the null cone coordinates in three dimensions, the only non-vanishing components
of Minkowski metric 7, are 7,, = —% and 7,, = 1 and hence we have detg =
detn = —i. Firstly, one needs to find the Christoffel symbols in the Kerr-Schild

form. It can be given as
2, = N N0,H + XA, H — N 05 H, (D.4)
with which non-vanishing components are
r%:—é@ﬂwy% = —0,H(uy), T =-0,H(uy). DS

Note that A contractions of the Christoffel symbol are A\,I', = 0, A“I'7, = 0 and the

Riemann tensor can be given in terms of the metric function H as

2R 05 = MNuAsOaOy H + AaM0,05H — \A\0aOsH — AaX30,0,H,  (D.6)
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and followingly Ricci tensor and the "Box" of the Ricci tensor (which are needed in

the case of NMG as discussed in the chapter 4) become
1 1
R, = —5)\“)\1,85]-](% y), OR,, = —5)\”/\I,8§H(u, y). (D.7)

On the other hand, as for the TMG case, one needs to find the Cotton tensor in terms
of profile function H. For that reason, one can easily show that Levi-Civita symbol
can be written in the shock wave geometry as|'|n"“"Y = 2. Finally, Cotton tensor can

be recast in the following form
1
C = 5/\u)\l,8§’H(u, y). (D.8)

Consequently, by using all this set-ups, one can obtain the shock wave solutions in
various gravity theories, which we have done in the chapter 4 above. Now, we shall be

interested the spin-2 perturbations about shock wave background as g,,, = G, +07,.-

D.0.3 Perturbations about the Shock Wave

In this part, we shall consider the perturbation as h,,, = dg,, and choosing the light-
cone gauge which seems to be probably the most convenient choice for computations.

So we start with

hyu =0, (D.9)
or equivalently A*h,,,, = 0 and one can easily satisfies the following relations in light-
cone gauge

e =0, I hoa = —5)\“)\l,hya8yH, o o = 5)\ AW GO0y H.
(D.10)

The linearized Christoffel connection can be obtained as

g 1 oo o
o7, = 51 (aﬂhm + Oyl — Oaliyy + AHAyhayayH> — HX\8,h,, (D.11)

whose components are
o, = Dyl
o, = —0uhyu — Ol + Ouhyy — Ny Ay lyu Oy H + 2H0yh ), (D.12)

1
oTY, = (a“hyy + Ohy — Oyl + Ay, H),

! This corresponds to the sign choice €/*¥ = —1.

94



By using of Eq.(D.12), the linearized Ricci tensor can be computed as
1
O = 5 (vgvuho VYV — DOy — vﬂv,,h>, (D.13)
which reduces to the following form in this gauge

20 R, = 200,051 ) + NN Oy HOLR ) + hA O H — g*P0,05h,,

(D.14)
+ 40, HO,\(yhyyy — 0,0,k + Fzy&,h,
and then the linearized curvature scalar can be found as
OR = 0,0,h°" — Oh. (D.15)

To compute linearized Cotton tensor, one needs to find linearized Cotton tensor in a

arbitrary background. It can be given as [73]]

h
260 = — 5 O 177V ,8G o + 17 ST, G + 145 v
3h 1 1
= — 7 O'Lw — §nupa Dvphl/g + in#pff V”V,\Vphf

3 o v 1 o v 1 o QU
+ 5?7“’) V(8 hyy) + 677“’0 RV ,hY 5 — 577“’) 5.V, h

1
_ 5,,7#00 h)\UV)\SVp + nupa S}\pvuh)\a + nupa SJAv)\hup + RS
(D.16)

where traceless Ricci tensor Sy, is defined as S, = R, — % 9w R. For the shock

wave ansatz Eq.(D.1) as well as imposing the light-cone gauge, Eq.(D.16)) boils down
to

3h 1 1
200" == = NNOH — o OV 1y + 5117 VAV ho

1 1
= G GO b — S WA SN AT H i OFHN Yy v
(D.17)

In the light-cone gauge, components of the linearized Ricci tensor can be given as
1 1 1
SRy = (0,0, + 0,HO,) f + (2HO? — 5aj)g + 5(85}[ + 50,H0y = 0,HO, OH)h,
1 1
(SRUU = §8U8yf — 859 — §8u&,h,

1
SRy = (2HO? + 0,0,)f — 0,0,9 + 5Oy HOuh,

1 2
OR,, = —éavh,
§R,, = —0°f,

ORyy = —20,0,f + 2(HO; + 0,0,)h,
(D.18)
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where g, f and h are functions of all coordinates and defined as g = hyy, f = huyy,

h = h,,. So the linearized Ricci scalar can be obtained in terms of these functions
OR =4 (=0,0,f + 959+ HO h + 0,0,h) . (D.19)

Components of the linearized Cotton tensor can be computed as

1
§Cy = 1 <(—1oayHavay + 40,H0; + 16H?0;, — AH9,0. + 16H.0, + 40,0,

— 40,07 — 60, HO,) f + (—40,H0; — 8HO.0, + 20,9 — 409,0,0,9)g
+ (0,H(12HO} — 92 + 80,0,) + 20,H0,0, + 40,0,H0, + 4H0,0,0,
+ 20,0, — 30, HO, — 3a§’H)h),
1
§Cyy = 56‘3( — (4HO, +20,)f + 0yg9 + (=0, H + Hay)h),
6Cuy = (—2HB20, — 20,0,0, — 30,HO;) f + (—2HJ, + 0,05 — 950.)9
1
+ (0, HO? + 0,07 — 50y H0,0, — O2HO, + H(2HO, + 3 0,0,))h,
1
6Cyy = O2(0uf — 50h),

§Cyy = 02 (0pg — (HO, + 0,)h),

5C,y, = 02 (—4(HO, + 0,) f + 20,9 — 2hd, H) .
(D.20)
In the light of above derivations, TMG field equations can be written in terms of

shock wave coordinates . But because field equations are simply too cumbersome,

for the sake of simplicity, let us make a simplification by working away from the

source which leads to d,H = —m,H. With this simplification, each components of
TMG field equations read
02 (2&,]“ + (my — 8y)h> =0 vv — component (D.21)

9, ((—4Ha;j’ +myd, — 20,0,)f + 0u0yg — (mgHO, — HO,0, + mgau)h> ~0

vu — component
(D.22)

83( —mgf — 0pg + (HO, + 0,)h) =0 vy — component (D.23)
o <2(H(9v +0y)f — (my+0y)g — mth> =0 yy — component  (D.24)
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(myHO? — 2H20, — myd,0, — 20,0,0,) f + (~2H? + myd,0, + 0,07

H H
— 320.)g + (2H*0} + 2H0,0} + 5myd,0, — 5m30, + ,0)h =0  (D.25)

uy — component

(—=2m2HO, + 2myH0,0, + 16H0, — 4H0,0; + 12H20, — 4my0,0, — 40,0;

+40,00) f + (—2m2HO, — 4m H?02 + myHO, + miH + 2myH 0,0, + 2m,0.

+ 2H0,0,0, + 20,0,)h 4+ (—8H 00, + 2m0; + 20, — 40,0,0, + 4m,H03)g

=0 uy, — component

(D.26)

After obtaining linearized field equations of TMG, let us compute the linearized equa-
tions of NMG around the shock-wave background. For this calculations, we will im-
pose the light-cone gauge and suppose that the perturbation is also traceless, in other
words h = 0, otherwise the linearized field equations are complicated. Thereupon,

the perturbation is simply given by

g 0 f
P (u,v,9) =1 0 0 0
f 00

By using of this, NMG field equations can be calculated. But because the field equa-
tions are somewhat lengthy, let us consider on them again by working away from

y = 0 which yields 0, H = —m,H. Then the components of NMG equations are
g — 90,f =0 vV — component (D.27)

(—4mgHO; + m30,0, + 2050,0,) f + (—050% + 20,0, + 4HJ,)g = 0 2%
VU — component .

(—4HO) — 4920, — m*02) f + 929,9 = 0 vy — component (D.29)
(—4mgHO, 4+ 2HO30, + 2020,0,) f + (=020, + 2050, + 2HO, +m202)g = 0
(D.30)
(M20,0, — 20,0,0; + 40502 — AHD, 03 + 5myHO,0, — 2m2HO; — 2HO0;
+12HO30, + 8H?0,) f + (—m20,0, + 0,05 — 3020,0, + 3m HO}

—4H30,)g =0 uy — component
(D.31)

97



(—8mH8,0; — 20,0, + 60,020, + 2m*H0, — 70,H0,0; + 24H0,HO;
— 2H8,0; + 10H9;0,0, + 8H?0,0, + 2m*0,0, — 5m*Hd,0,) f
+ (—40,0,0; — 10, H820, + 20702 — 6H;0; + 6HI,0,

(D.32)

+ 8H?0! — m23§ + 83 - 385]—[85)9 =0 uw — component
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APPENDIX E

SCATTERING AMPLITUDES IN MASSIVE GRAVITY

To be able to obtain eikonal scattering amplitudes in massive gravity theories which
we have done in the chapter 4, the most easiest way to introduce a complete set of

orthogonal six projection operators in the space of symmetric tensor fields as

1 5 1
1y !E?/?pa - §<€“ oOvo + Ouotup = b0 ) 1y A(Lg:p)cr - 59#1/6/)0 .

1
P;Ei?po‘ = §(eupwl/0 + e,uawup + el/pwua + eljawup) 9 (El)
P;E?/:Zg = Wl PO = —=uwpo Pows) — —=wWubpo

nv,po \/§ UV, po \/5

which are obtained from the transverse and longitudinal projectors [74, [75]]

0,0,
0 = Ny — “T , W = 0,0, .

Firstly, let us expand Lagrangian density of Einstein-Hilbert term, one obtains

Ly = ov/=gR = S [P, — P51 W (E.2)

pv,pa v, pa

To calculate the propagator one needs to add a term in the Lagrangian fixing the de

Donder gauge,
1 12

Ly = —%au(\/ —99")NV=99) , (E.3)
whose second order expansion takes the form by virtue of the above projector opera-
tors

1 1 1 1 1
@ _ =g | ZpM) 4 2 p0s) 4 = pOw) pOsw) | pOws) O
e 20 SRR 3 21/2 ( i )

pv,po

(E4)
On the other hand, to write TMG propagator in terms of projection operators, one

needs find the second order expansion of the Chern-Simons term which is given in
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1 2 1
L8 = —mrs (r" o A ) = o [} + S
7 H

prp T g T vp pv,po pv,po

|07, (ES5)
where we have used the following spin projection operators

1
S e = Zm(aupAaywj + €uondw) + Eupr 0wy + Evar0uw)) . (E.6)

1
S;(ﬁ/),pg = _ZD(eupx\nua + EvpATua + EpoAMvp + EI/O’/\nMp)a)\ .

Accordingly, by using Eq.(E.5)), one can obtain the gauge-fixed propagator for TMG

as follows (we set o = 1):

DIMG () —ouP® _ 1(e Osu + €700 + €ard
uvaf (—p2)3 _ (op)? (—p2)2 o3 4 paV gy uBAYav vaAYBu
© 1

. 4 .
+eva0o) (i7")] + [P 05— P

0(—p2) B pve3
(0,5w) (0,5w)
—v2 (Bl + PG| (E7)
Finally, for the NMG, the second order expansion of the Lagrangian density takes the
form
2 1 v o
LY = yel At gl (E.8)

which yields the propagator

_ P(Ovs)

. 2 .
NMG im ) 21 (1)
D [PMV7aﬁ “V7aﬂ

vaf — Pl/a +
el (=) (=p? A om?) e a(—p?)

/'“ij‘B aﬁ,w/

v (PO + P
(E.9)
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