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ABSTRACT

SMOOTH MANIFOLDS WITH INFINITE FUNDAMENTAL GROUP
ADMITTING NO REAL PROJECTIVE STRUCTURE

ÇOBAN, Hatice

Ph.D., Department of Mathematics

Supervisor : Prof. Dr. Yıldıray Ozan

August 2017, 71 pages

In this thesis, we construct smooth manifolds with the infinite fundamental group
Z2 ∗ Z2, for any dimension n ≥ 4, admitting no real projective structure. They are
first examples of manifolds in higher dimensions with infinite fundamental group
admitting no real projective structures. The motivation of our study is the related
work of Cooper and Goldman. They proved that RP3#RP3 does not admit any real
projective structure and this is the first known example in dimension 3.

Keywords: Real projective structures, developing map, holonomy, foliation
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ÖZ

REEL PROJEKTİF YAPI KABUL ETMEYEN SONSUZ TEMEL GRUPLU
MANİFOLDLAR

ÇOBAN, Hatice

Doktora, Matematik Bölümü

Tez Yöneticisi : Prof. Dr. Yıldıray Ozan

Ağustos 2017 , 71 sayfa

Bu tezde, her n ≥ 4 için temel grubu Z2 ∗ Z2 olan ve üzerinde projektif yapı ol-
mayan manifoldlar inşa ettik. Bunlar yüksek boyutlardaki sonsuz temel gruplu ilk
manifold örnekleridir. Bu çalışma Cooper ve Goldman’ın 2015 tarihli makalesini te-
mel almıştır. Bu makalede Cooper ve Goldman RP3#RP3 3-boyutlu manifoldunun
reel projektif yapı taşımadığını göstermişlerdir. Bu 3 boyutta bilinen ilk örnektir.

Anahtar Kelimeler: Reel projektif yapılar, dolanım, yapraklama
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ship Programme for PhD (2211).

Last but not least, I owe my deepest gratitude to my father Hasan, my mother Kerime
and my sisters Hanife and Esra for giving me endless support during my education. I
would like to thank to them because of everything they have done for me throughout
my whole life.

viii



TABLE OF CONTENTS

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

ÖZ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

TABLE OF CONTENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xii

CHAPTERS

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 PRELIMINARIES . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3 THE MAIN THEOREM AND ITS PROOF . . . . . . . . . . . . . . 11

3.1 Construction of the Manifold . . . . . . . . . . . . . . . . . 11

3.2 Statement of the Main Theorem . . . . . . . . . . . . . . . . 13

3.3 Proof of the Main Theorem . . . . . . . . . . . . . . . . . . 14

3.3.1 The case of even dimension . . . . . . . . . . . . 31

3.3.2 The case of odd dimension . . . . . . . . . . . . . 36

4 AN ALTERNATIVE PROOF IN DIMENSION 4 . . . . . . . . . . . 45

ix



5 AN OBSTRUCTION TO THE EXISTENCE OF REAL PROJEC-
TIVE STRUCTURES . . . . . . . . . . . . . . . . . . . . . . . . . . 61

6 PROJECTIVE STRUCTURES AND CONTACT FORMS . . . . . . 65

6.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . 65

6.2 Main Result . . . . . . . . . . . . . . . . . . . . . . . . . . 66

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

CURRICULUM VITAE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

x



LIST OF TABLES

TABLES

Table 3.1 The subspaces of the leaf space L1 for even dimensional case. . . . . 32

Table 3.2 The subspaces of the leaf space L2 for even dimensional case. . . . . 33

Table 3.3 The leaf space L3 = S5 ∪ S3 ∪ S1. Note that all the spheres in the
diagram except the ones in the last row have a double equator. . . . . . . . 34

Table 3.4 The subspaces of the leaf space L3 for dimension 6. . . . . . . . . . 34

Table 3.5 The subspaces of the leaf space L2 for dimension 6. . . . . . . . . . 35

Table 3.6 The leaf space L2 = S5 ∪ S3. . . . . . . . . . . . . . . . . . . . . . 35

Table 3.7 The subspaces of the leaf space L1 for odd dimensional case. . . . . 36

Table 3.8 The subspaces of the leaf space L2 for odd dimensional case. . . . . 36

xi



LIST OF FIGURES

FIGURES

Figure 2.1 An analytic continuation of φ1 along α. . . . . . . . . . . . . . . . 6

Figure 2.2 Projective Coordinate Charts . . . . . . . . . . . . . . . . . . . . . 7

Figure 3.1 The manifold M = W̃ × S1
/
< σ >. . . . . . . . . . . . . . . . . 12

Figure 3.2 Open subsets U and V of M . . . . . . . . . . . . . . . . . . . . . 12

Figure 3.3 The Van Kampen diagram for M = U ∪ V . . . . . . . . . . . . . . 13

Figure 3.4 Flowlines for C1 in even dimension. . . . . . . . . . . . . . . . . . 31

Figure 3.5 The decomposition of Sn−1 in L. . . . . . . . . . . . . . . . . . . 37

Figure 3.6 Open balls U and V in L. . . . . . . . . . . . . . . . . . . . . . . 38

Figure 3.7 The Van Kampen diagram for L = (L \ V̄ ) ∪ U . . . . . . . . . . . 39

Figure 3.8 The induced immersion h̃. . . . . . . . . . . . . . . . . . . . . . . 42

Figure 3.9 q∗(L) is an Sk−1 bundle over Sk−1. . . . . . . . . . . . . . . . . . 43

Figure 4.1 Decomposition of the 4-dimensional sphere. . . . . . . . . . . . . 46

Figure 4.2 Decomposition of the leaf space L. . . . . . . . . . . . . . . . . . 57

xii



CHAPTER 1

INTRODUCTION

Projective geometry is the study of geometric properties which are invariant under

projective transformations. It arises in many research subjects such as the study of

projective varities in algebraic geometry, and the study of differential invariants of the

projective transformations in differential geometry ([14], [22]).

Projective geometry is simpler than affine or Euclidean geometries since in projective

geometry, there are no parallel lines or right angles, and all nondegenerate conics are

equivalent. The group of symmetries of the projective space PGL(n + 1,R) is

large and thus projective invariants are fewer than others ([17]).

Projective geometry was first systematically studied by Desargues in the 17th century

based upon principles of perspective art. However, his work was not well received

because he invented and used a lot of new technical terms and also the mathematicians

of his age were not ready to comprehend this new form of geometry. After then

projective geometry was established by the work of Monge, Poncelet, Chasles and

other mathematicians ([6]).

In Felix Klein’s Erlanger program of 1872, the geometry is defined to be the study of

the properties of a space which are invariant under a group of transformations. Thus,

the geometry is a pair (X,G), where X is a manifold and G is a Lie group

which acts transitively on the manifold X . This yields a hierarchy of geometries,

defined as groups of transformations, where the Euclidean geometry is part of the

affine geometry which is itself included in the projective geometry. Although this kind

of geometric structures on manifolds were introduced by F. Klein, the study of such
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geometric structures on manifolds was started by Charles Ehresmann under the name

of locally homogeneous structures in [9] (for the details about locally homogeneous

spaces, see [3], [27]). In 3-dimension, these locally homogeneous spaces are related

with Thurston’s Geometrization Conjecture which is proved by Perelman ([19]).

Thurston’s Geometrization Conjecture: Every oriented prime closed 3-manifold

can be cut along tori, so that the interior of each of the resulting manifolds has a

geometric structure with finite volume.

There are eight possible geometries in dimension 3, which are classified by Thurston

in the late 1970’s ([26], see also [5], [16] and [23]). A three manifold admitting one

of Thurston’s geometries except the two of them, which are S2 × R and H × R

has a real projective structure determined uniquely by this structure. In the remaining

two cases, the three manifold also has a real projective structure if the group acting on

the manifold preserves the orientation on the R direction ([8], [16]). On the other

hand, by Benoist’s work in [2], there are some examples of 3-manifolds with a real

projective structure, which are not induced by one of the eight geometries. However,

not every closed 3-manifold admits a real projective structure. Cooper and Goldman

proved that the connected sum of two copies of real projective 3-space admits no real

projective structure ([8]) and it is the first known example in dimension 3.

It is possible to pass from structures modelled on one geometry (X,G) to struc-

tures modelled on another geometry (X ′, G′) containing it. For example, every

affine structure determines a projective structure by the following embedding of affine

geometry in projective geometry

(Rn, Aff(Rn)) ↪→ (RPn, PGL(n+ 1,R)).

Similarly, every hyperbolic structure determines a projective structure

(Hn, PO(n+ 1)) ↪→ (RPn, PGL(n+ 1,R))

and using the inclusion of projective orthogonal group into projective general linear

group

PO(n+ 1) ⊂ PGL(n+ 1,R)

it can be easily seen that every elliptic geometry structure determines a real projective

structure ([12]). As a result, if a manifold does not admit a real projective structure,
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it does not carry any affine structure or hyperbolic structure. Moreover, every hy-

perbolic structure has Riemannian metric of constant curvature −1 and every elliptic

structure has Riemannian metric of constant curvature 1. Every surface admits a met-

ric of constant curvature and thus every surface admits a real projective structure and

the classification of these structures on compact surfaces is known, see [7].

A real projective structure on an n-dimensional smooth manifold M is an RPn

structure which is an Ehresmann structure modelled on RPn with transition func-

tions taking values in the group PGL(n + 1,R) of projective transformations of

RPn.

It is well known that any simply connected compact manifold with a real projec-

tive structure is a sphere since the developing map (see page 6) must be a covering

map. There are several examples of simply connected compact manifolds other than

spheres in dimension bigger than 3 (e.g. CPn) and therefore there are many higher

dimensional manifolds that do not admit a real projective structure.

In this thesis, we construct an n−manifold, for any n ≥ 4, with the infinite funda-

mental group Z2 ∗ Z2 not admitting any real projective structures by generalizing

Cooper and Goldman’s work in [8].

Let W be an m-dimensional (m ≥ 3) closed smooth manifold with π1(W ) ∼= Z2

and W̃ be its universal cover with W̃/ < τ >∼= W , where τ is the Deck

transformation of the universal cover W̃ −→ W . Then we let

Mn = W̃ × S1/ < σ >, where n = m+ 1 and σ is given by

σ : W̃ × S1 −→ W̃ × S1,

(p, z) 7−→ (τ(p), z̄),

where z̄ denotes the complex conjugate of z on S1 ⊆ C.

Now, our main theorem is below.

Theorem 1.0.1. Let W be an m-dimensional (m ≥ 3) closed smooth manifold

with π1(W ) ∼= Z2 and M = W̃ × S1
/
< σ > as above. We assume that:

1- Either W̃ is odd dimensional, or

2- W̃ is even dimensional and it is not the total space of a sphere bundle over a

3



sphere, where both the base and the fiber are the sphere Sm/2.

Then the manifold M does not admit a real projective structure.

Using a simple observation we give an obstruction to obtain examples of manifolds

with the infinite fundamental group Z admitting no real projective structure.

Theorem 1.0.2. Let Mn be a simply connected manifold which does not admit any

immersion into Rn+1. Then M × S1 does not have any real projective structure.

In addition, we proved that if a manifold M (with any fundamental group) admits

a special contact form consisting of some functions on M then it admits a real

projective structure.

Theorem 1.0.3. Let an odd dimensional manifold M2k−1 admit a contact form

given as below

α =
k∑

i=1

(f2i−1 df2i − f2i df2i−1)

for some functions f1, ..., f2k ∈ C∞(M). Then M admits a real projective struc-

ture.

This thesis is organized as follows:

In Chapter 2, we introduce some preliminary materials such as developing map,

holonomy and Ehresmann-Weil-Thurston Principle.

In Chapter 3, we explain the construction of our manifold with the infinite fundamen-

tal group Z2 ∗ Z2, for any dimension n ≥ 4, and then present the main result,

Theorem 3.2.1, and prove it.

In Chapter 4, we give some more details and alternative arguments about the proof of

the main theorem for the case M = RP4#RP4.

In Chapter 5, we give an obstruction to obtain manifolds with the infinite fundamental

group Z admitting no real projective structures, Theorem 5.0.15, and provide some

examples.

In Chapter 6, we first give the definition of contact forms and state the result of

Ovsienko [18]. Then we state Theorem 6.2.1 and prove it.
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CHAPTER 2

PRELIMINARIES

In this chapter, first we define an (X,G) structure on a manifold in the sense of

Ehresmann. Let M be a real analytic modelled manifold on X (i.e. M is lo-

cally isomorphic to X) and G be a Lie group acting transitively on X . Then we

say that M has an (X,G) structure or M is an (X,G) manifold. Therefore,

an (X,G) manifold has an underlying real analytic structure (see [13], [14], [15]

and [20] for more information about (X,G) structures).

Suppose that M is any (X,G) manifold. Let {(Ui, φi : Ui → X)} be an atlas

of M with transition functions

γij : φi(Ui ∩ Uj) −→ φj(Ui ∩ Uj)

such that

γij ◦ φi = φj.

Consider an analytic continuation (a technique to extend the domain of a given ana-

lytic function) of φ1 along a curve α in M beginning in U1.

On a component of α ∩ U1, the analytic continuation of φ1 along α is of the

form γ12 ◦ φ1, where γ12 ∈ G. The first step is below.

φ1 : U1 −→ V1 and φ2 : U2 −→ V2

where Vi ⊂ X .

γ12 : φ1(U1 ∩ U2) −→ φ2(U1 ∩ U2)

γ12 ◦ φ1|(U1∩U2)
= φ2|(U1∩U2)

5



φ1|(U1∩U2)
= γ−112 ◦ φ2|(U1∩U2)

.

Therefore, inductively, φ1 can be analytically continued along every path to
⋃
i

Ui

in M .

U1
U2

U3
U4

M

V1

V2

V3

V4

X

γ12
γ23

γ34

. . .

. . .

. . .

Figure 2.1: An analytic continuation of φ1 along α.

It follows that there is a global analytic continuation of φ1 on the universal cover

of M , by using the definition of the universal cover as a quotient space of the paths

in M . Now, we define the developing map:

Fix some p0 ∈ M . Let M̃ be the homotopy classes of paths starting at p0,

where homotopies fix the end points,

M̃ =
{
α : [0, 1] −→M | α(0) = p0

}/
α1 ∼ α2

,

where two paths α1 and α2 are related, α1 ∼ α2, if and only if α1(1) = α2(1)

and α1 and α2 are homotopic relative to the boundary.

Clearly, M̃ is the universal cover of M . Now, using the above analytic continua-

tion we can define the following map

dev : M̃ −→ X,
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which is called a developing map on the uviversal cover of M . It is clearly an

immersion. The map dev is unique up to composition with elements of G. It

follows from the uniqueness property of dev that, for any covering transformation

Γα of M̃ over M , there is an element gα of G such that

dev ◦ Γα = gα ◦ dev.

Since

dev ◦ Γα ◦ Γβ = gα ◦ dev ◦ Γβ = gα ◦ gβ ◦ dev,

we see that the map

hol : π1(M) −→ G,

α 7−→ gα

is a homomorphism and it is called the holonomy of M . For more details, see [26].

The pair (dev, hol) is called a developing pair for the (X,G) structure. A real

projective structure on Mn is then an (RPn, PGL(n+ 1,R)) structure.

More precisely, M is endowed with a real projective structure if there is an atlas

on M with projective coordinate changes. A covering {(Ui)} with a family of

local diffeomorphisms φi : Ui −→ Vi ⊂ RPn is called a projective atlas if the local

transformations φj ◦ φi−1 : φi(Ui ∩ Uj) −→ φj(Ui ∩ Uj) are projective (i.e. they

are determined by the action of the group PGL
(
(n+ 1),R

)
).

Ui
Uj

φj

φj ◦ φ−1
i

φi

M

Vi
Vj

Figure 2.2: Projective Coordinate Charts
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Remark 2.0.4. Let dev1 and dev2 be two developing maps for the same structure.

Then they satisfy that dev2 = g ◦ dev1, for some g ∈ G and the holonomies are

related with each other as follows hol2(γ) = ghol1(γ)g−1, for any homotopy class

[γ] ∈ π1(M).

Remark 2.0.5 ([9]). Let M be a simply connected manifold, possibly noncompact.

If M admits a real projective structure, then it is unique (up to natural equivalence).

The following theorem is fundamental to deform Ehresmann structures and it is first

studied by Thurston ([24]).

Theorem 2.0.6 (Ehresmann-Weil-Thurston Principle). Let M be an (X,G) man-

ifold with holonomy representation % : π1(M) −→ G. For %
′

sufficiently close

to % in the space of representations Hom(π1(M), G), there exists an (X,G)

structure on M with holonomy representation %
′
.

Corollary 2.0.7. Let M be a closed manifold. The set of holonomy representations

of (X,G) structures of M is open in Hom(π1(M), G).

The following well known observation is needed in the proof of the main theorem

and thus we include it with its proof.

Lemma 2.0.8. Let X and Y be Hausdorff spaces and f : X −→ Y be a local

homeomorphism. If X is compact and Y is connected then f is a finite sheeted

covering map.

Proof. First, let us show that f is surjective. Local homeomorphisms are open

maps, so A = f(X) is an open subset of Y . Since X is compact, f(X)

is also compact and Y is Hausdorff, we have f(X) is closed. Thus, B =

Y \f(X) is open. If f were not surjective, then B 6= ∅ and A and B would

be a separating pair for Y , contradicting the connectedness of Y . Thus f is

surjective.

For each y ∈ Y , since X is compact, there exist finitely many disjoint points, let

us say {x1, x2, ..., xn} = f−1(y). We can choose disjoint neighborhoods {U1, U2,

..., Un} of {x1, x2, ..., xn} respectively, using the Hausdorff property of X .

8



By shrinking the Ui’s further, we may assume that each one is homeomorphically

mapped onto some open neighborhood Vi of y,

f|Ui
: Ui −→ f(Ui) = Vi.

Now, let C = X \ (U1 ∪ U2 ∪ ... ∪ Un) and set V = (U1 ∩ U2 ∩ ... ∩ Un) \ f(C).

Using the assumptions that X is compact, Hausdorff and Y is Hausdorff, we

conclude that f is a closed map. C is a closed subset of X and thus f(C) is

a closed subset of Y . Hence, V is open and f−1(y) ∩ C = ∅ so that y ∈ V
and it is evenly covered neighborhood of y. Thus, f is a finite sheeted covering

space.

The following two theorems will be needed to study the foliation on the manifold W̃

and the leaf space L ⊂ RPn induced by a real projective structure (page 41).

Theorem 2.0.9 (Reeb Stability Theorem). ([21]) Let F be a codimension one fo-

liation of a compact manifold Mn. Suppose L is a compact leaf of F such that

π1(L) is finite. Then all leaves of F are diffeomorphic to L (up to two fold cov-

ers if there are leaves with one sided tubular neighborhoods). We assume here that if

Mn has boundary, then the boundary of M is a union of leaves of F .

A generalization of the Reeb stability theorem is given by Thurston ([25]) as follows.

Theorem 2.0.10. Let F be a codimension one, C1, transversely oriented folia-

tion of a compact manifold Mn with a compact leaf L such that H1(L,R) = 0.

Then all leaves of F are diffeomorphic to L, and the leaves of F are the fibers

of a fibration of Mn over S1 or I , which is an interval. We assume here that if

Mn has boundary, then the boundary of M is a union of leaves of F .

For more details, see [14], [15].

9
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CHAPTER 3

THE MAIN THEOREM AND ITS PROOF

In this section, we establish and prove our main theorem. We construct smooth n-

manifolds with the infinite fundamental group Z2 ∗ Z2, for any n ≥ 4, with no

real projective structure.

3.1 Construction of the Manifold

Let W be an m-dimensional (m ≥ 3) smooth closed manifold with π1(W ) ∼= Z2

and say M = W̃ × S1
/
< σ >, where the action is given by

σ : W̃ × S1 −→ W̃ × S1,

(p, z) 7−→ (τ(p), z̄)

such that S1 is the unit circle in the complex plane C, z̄ is the complex conjugate

of z and τ is the Deck transformation of the universal cover W̃ −→ W with

W̃
/
< τ >= W. The universal cover of M is as follows:

M̃ = W̃ × R −→ W̃ × S1 −→ W̃ × S1
/
Z2 = M.

The induced homomorphism by σ on the fundamental group is given below.

σ] : π1(W̃ × S1) −→ π1(W̃ × S1)

Z −→ Z

1 7−→ −1.

Now, we compute π1(M). Consider Figure 3.1 and Figure 3.2.

11



W̃

W̃ × S1

S1

W̃/<τ> W̃/<τ>

W̃ × I/(p,0)∼(τ(p),0), (p,1)∼(τ(p),1)

W̃ × {1/3} W̃ × {2/3}

Figure 3.1: The manifold M = W̃ × S1
/
< σ >.

We choose open subsets U and V of M such that M = U ∪V as Figure 3.2.

W̃/<τ> W̃/<τ>

U V

W̃ × {2/3} W̃ × {1, 3}

Figure 3.2: Open subsets U and V of M .

Note that both U and V deformation retract to W̃/ < τ >= W and U ∩V =

W̃ × (1/3, 2/3). By Van Kampen’s theorem we have the following diagram (Figure

3.3).

By Figure 3.3, π1(U ∪ V ) = π1(U) ∗ π1(V ) and we have

π1(M) = Z2 ∗ Z2 =< a, b | a2 = 1, b2 = 1 > .

By using the presentation of the fundamental group of M , we have a short exact

sequence

1 −→ π1(W̃ × S1) ∼= Z −→ π1(M) −→ Z2 −→ 1.

12



0 = π1(U ∩ V )

π1(V )

π1(U ∪ V )

π1(U)

Figure 3.3: The Van Kampen diagram for M = U ∪ V .

The action of Z2 on the normal subgroup Z of π1(M) is multiplicaiton by −1.

Therefore, the fundamental group of M has the following presentation:

π1(M) ∼= Z n Z2 =< c = ab, a | a2 = 1, aca = c−1 > .

3.2 Statement of the Main Theorem

Below, we give our main result.

Theorem 3.2.1. Let W be an m-dimensional (m ≥ 3) smooth closed manifold

with π1(W ) ∼= Z2 and M = W̃ × S1
/
< σ > as above. We assume that:

1- Either W̃ is odd dimensional, or

2- W̃ is even dimensional and it is not the total space of a sphere bundle over a

sphere, where both the base and the fiber are the sphere Sm/2.

Then the manifold M does not admit a real projective structure.

Remark 3.2.2. Note that if m = 2 and W is a closed surface with π1(W ) ∼= Z2

then W = RP2. Thus, W̃ = S2 and

M = S2 × S1
/
< σ > ∼= RP3#RP3.

That is to say our construction does not yield any example other than RP3#RP3 in

dimension 3.

Similarly, if m = 3 and W is a closed 3-manifold with π1(W ) ∼= Z2, then by

the Elliptization Theorem (cf. Theorem 1.12 in [1]), W = RP3. Therefore, W̃ = S3

and thus

M = S3 × S1
/
< σ > ∼= RP4#RP4 (see Chapter 4).

For simplicity, we take n = m+ 1.
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We prove Theorem 3.2.1 by contradiction. Therefore, we start with the assumption

that M admits a real projective structure. Hence, there exists a developing pair

(dev, hol) for M . Before the proof of Theorem 3.2.1, we will prove the following

lemma.

Lemma 3.2.3. The holonomy map hol : π1(M) −→ PGL(n+ 1,R) is injective.

Proof. Suppose not. Then the image of the holonomy is a proper quotient of the

infinite dihedral group. This implies that it is finite ([28]). Let H be the kernel of

the homomorphism

hol : π1(M) −→ PGL(n+ 1,R),

and M̃
′ −→M be the covering space corresponding to the subgroup H ≤ π1(M).

Hence, the covering map M̃
′ −→ M is finite, whose total space is immersed into

RPn by the map ϕ : M̃
′ −→ RPn. Here, the developing map descends to ϕ and

the map ϕ is a covering map since M̃
′ is compact.

M̃
dev //

��

RPn

M̃
′

ϕ

==

��
M

Thus, M̃
′ is a covering space of RPn. On the other hand, π1(M̃

′
) is infi-

nite; therefore, this gives a contradiction since it is also isomorphic to a subgroup

of π1(RPn) = Z2.

3.3 Proof of the Main Theorem

The rest of this chapter is devoted to the proof of Theorem 3.2.1.

Proof. We assume that M admits a real projective structure and thus there exists a

developing pair (dev, hol)

dev : M̃ −→ RPn,

14



where M̃ is the universal cover of M and

hol : π1(M) −→ PGL(n+ 1,R),

such that for all m̃ ∈ M̃ and g ∈ π1(M), we have

dev(g · m̃) = hol(g) · dev(m̃).

Let [A] and [B] be the images of the generators of the fundamental group

π1(M) ∼= Z2 ∗ Z2 =< a > ∗ < b > under the holonomy map, meaning that

hol : π1(M) −→ PGL(n+ 1,R)

a 7−→ hol(a) = [A],

b 7−→ hol(b) = [B],

where A,B ∈ GL(n+ 1,R).

The infinite cyclic normal subgroup π1(W̃ × S1) ∼= Z of π1(M) is generated

by the product c = ab. For the subgroup < a, cn > of π1(M), there is an

n-sheeted covering space M (n) −→ M such that the manifold M (n) is diffeo-

morphic to M . To see this consider the following n-fold cover.

W̃ × S1 −→ W̃ × S1/ < ρ >∼= W̃ × S1,

(x, z) 7−→ (x, zn),

and taking the quotient of both sides with σ, we get

M ∼= W̃ × S1/ < σ >−→M (n) ∼= W̃ × S1/ < ρ, σ >,

hence we have a diffeomorphism between M and M (n).

Remark 3.3.1. If a manifold M admits a real projective structure, then any cov-

ering space of M admits a real projective structure. In other words, if a covering

space of M does not admit a real projective structure then M can not admit a

real projective structure.

In the fundamental group π1(M), c = ab and c−1 are conjugate i.e.

c−1 = (ab)−1 = b−1a−1 = ba = b(ab)b−1 = bcb−1.
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Let C = AB. Then the matrices C and C−1 are conjugate and for each eigen-

value λ of C, λ−1 is also an eigenvalue of C and the multiplicities of λ and

λ−1 are equal. By passing to the double cover M (2) of M , we obtain a real pro-

jective structure on M (2) for which the matrices A and B are conjugate (this

is explained in the proof of Lemma 3.3.2).

Lemma 3.3.2. It is possible to arrange that C is diagonalizable over real numbers

and has positive eigenvalues.

Proof. First, note that A and B are conjugate on the double cover M (2) of M :

c2 = abab = a′b′,

where a′ = a and b′ = bab. Therefore, the images of a′ and b′ are A and

BAB, which are conjugate elements. Since a2 = 1 in π1(M) and hol is

a homomorphism, [A]2 ∈ PGL(n + 1,R) is identity. Moreover, after rescaling

A we have A2 = ±Id and thus A is diagonalizable over complex numbers. If

A2 = Id then the eigenvalues are ±1. Since we are only interested in [A], we

can multiply A with −1 and arrange that the eigenvalue −1 has multiplicity at

most
n+ 1

2
(if n is odd) and

n

2
(if n is even).

Depending on the dimension n of M , we have the following cases.

1. If the dimension n is odd, there exist
n+ 1

2
+ 1 possible cases for A. If

A2 = −Id then the corresponding (n+ 1)× (n+ 1) matrix is given below:

A =




0 1 0 0 . . . 0 0

−1 0 0 0 . . . 0 0

0 0 0 1 . . . 0 0

0 0 −1 0 . . . 0 0
...

...
...

... . . . ...
...

0 0 0 0 . . . 0 1

0 0 0 0 . . . −1 0




.

In the remaining cases, A2 = Id and there are
n+ 1

2
possibilities. In the

diagonal there exist only ±1 and all off-diagonal elements are 0. Each
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Ai has eigenvalues ±1 and i represents the number of −1 eigenvalues,

where i ∈ {1, 2, ..., (n+ 1)/2}. For example, A3 is as follows:

A3 =




−1 0 0 0 . . . 0 0

0 −1 0 0 . . . 0 0

0 0 −1 0 . . . 0 0

0 0 0 1 . . . 0 0
...

...
...

... . . . ...
...

0 0 0 0 . . . 1 0

0 0 0 0 . . . 0 1




.

2. If the dimension n is even, there exist
n

2
possible cases for A. Here, the

case A2 = −Id is not possible since in this case all the eigenvalues of A are

±i and n + 1 is odd. For A2 = Id, the possible Ai matrices are as in

the odd dimensional case.

Since the matrices A and B are conjugate, there is an element P ∈ GL(n+1,R)

such that B = PAP−1. Then C = AB = APAP−1. As described in Lemma

2.0.6, we can deform the holonomy by changing P .

Now, define the maps

f : GL(n+ 1,R) −→ SL(n+ 1,R)

given by f(P ) = APAP−1 and

g : SL(n+ 1,R) −→ Rk, given by

g(Q) = (trace(Q), trace(Q2), ..., trace(Qk)),

where k is the number of −1 eigenvalues of A.

Note that these two maps are regular. In other words, they are given by rational

functions in the entries of P and Q. Choosing an appropriate P to deform the

holonomy map, depending on the number of −1 eigenvalues of A, can be done in

cases as follows:

Case 1: If A has only one −1 eigenvalue then the +1 eigenspaces of A and

B will have an intersection of dimension at least n − 1 (if the dimension of the
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manifold is n) for every choice of P . Since C = AB, there is an (n − 1)-

dimensional subspace, on which C is identity. Hence, C has eigenvalue 1 with

multiplicity at least (n − 1). Moreover, by choosing the matrix P as described

below one can see that trace(f(P )) is a nonconstant function. Since trace(f(P )) 6=
n + 1, there exist two more eigenvalues λ and λ−1 of C. Here we can assume

λ 6= ±1 by replacing C with C2 if needed, and clearly λ−1 6= ±1 (replacing C

with C2 can be done replacing M with its diffeomorphic copy M (2)). It follows that

C has 3 different eigenvalues λ, λ−1 and 1.

We can take P = (aij)t×t, where t = n+ 1 as follows:

• If t is even, let

ak1 = a1k =





1, if k is odd,

0, if k is even,

akt =





0, if k is odd,

1, if k is even,

atk =





0, if k is odd,

1, if k is even and k 6= 2,

x, if k = 2,

and the core (t− 2)× (t− 2) matrix of P



a22 a23 a24 . . . a2(t−1)

a32 a33 a34 . . . a3(t−1)

a42 a43 a44 . . . a4(t−1)
...

...
... . . . ...

a(t−1)2 a(t−1)3 a(t−1)4 . . . a(t−1)(t−1)




is the anti-diagonal matrix, which is as follows:



0 0 0 . . . 0 1

0 0 0 . . . 1 0

0 0 0 . . . 0 0
...

...
... . . . ...

...

0 1 0 . . . 0 0

1 0 0 . . . 0 0




.
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For instance, if A has only one eigenvalue and t = 10, we choose the matrix

Pt×t as below.



1 0 1 0 1 0 1 0 1 0

0 0 0 0 0 0 0 0 1 1

1 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0 0 1

1 0 0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0 0 1

1 0 0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 1

1 1 0 0 0 0 0 0 0 0

0 x 0 1 0 1 0 1 0 1




.

In this case, for any n ≥ 4,

trace(f(P )) =

t2 − 6t+ 8

2
x+

t3 − 10t2 + 28t− 32

4
t− 2

2
x+

t2 − 6t+ 4

4

.

• If t is odd, let

a1k =





0, if k ≥ 3 is odd or k = 2,

1, if k is even and k 6= 2 or k = 1,

a(k+1)1 = akt =





0, if k is odd,

1, if k is even,

atk =





0, if k is odd and k 6= 1,

1, if k is even and k 6= 2,

x, if k = 2,

and the core (t− 2)× (t− 2) matrix is the identity matrix. In this case,

trace(f(P )) = t− 1 +
x+ 2t− 6

x
.
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For example, for t = 9 we choose the matrix Pt×t as below.



1 0 0 1 0 1 0 1 0

0 1 0 0 0 0 0 0 1

1 0 1 0 0 0 0 0 0

0 0 0 1 0 0 0 0 1

1 0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 1

1 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1 1

1 x 0 1 0 1 0 1 0




.

Case 2: If A has two −1 eigenvalues, we take P as follows:

• If t is even,

when k = t/2⇒ ak1 = y, else (i.e. k 6= t/2)

ak1 =





1, if k is odd,

0, if k is even.

Let a12 = y + x, a1(t−1) = y and a1k = 0, for 3 ≤ k ≤ t− 2,

at2 = x, at(t−1) = y − x and atk = 0, for 3 ≤ k ≤ t− 2.

When k = (t/2) + 1⇒ akt = x, else (i.e. k 6= (t/2) + 1)

akt =





0, if k is odd,

1, if k is even,

and the core matrix (t− 2)× (t− 2) is the identity matrix. In this case,

trace(Q) = t− 4− 2(−1 + x)

1− x− y + yx− y2 + x2
− (−y − x)(−y + x)

1− x− y + yx− y2 + x2

− (−1 + x)y

1− x− y + yx− y2 + x2
− 2(y − 1)

1− x− y + yx− y2 + x2

− −x+ xy − y2 + x2

1− x− y + yx− y2 + x2
− −y2 − y + yx+ x2

1− x− y + yx− y2 + x2

− x(y − 1)

1− x− y + yx− y2 + x2
− (y − x)(y + x)

1− x− y + yx− y2 + x2
,

where Q = APAP−1.
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Consider the composition below:

R2 −→ GL(n+ 1,R) −→ SL(n+ 1,R) −→ R2,

given by

(x, y) 7−→ P 7−→ f(P ) = APAP−1 = Q 7−→ g(Q) = (trace(Q), trace(Q2))

and the Jacobian matrix is given by

J =




∂ trace(Q)

∂x

∂ trace(Q)

∂y
∂ trace(Q2)

∂x

∂ trace(Q2)

∂y


 .

The determinant of the Jacobian at some point is nonzero. For example at the point

(2, 3), the determinant is −128.

If A has two −1 eigenvalues and for t = 10, we choose Pt×t as below.



1 y + x 0 0 0 0 0 0 y 0

0 1 0 0 0 0 0 0 0 1

1 0 1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 1

y 0 0 0 1 0 0 0 0 0

0 0 0 0 0 1 0 0 0 x

1 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 1 0 1

1 0 0 0 0 0 0 0 1 0

0 x 0 0 0 0 0 0 y − x 1




.

• If t is odd,

set k = (t− 1)/2 and ak1 = y. If k 6= (t− 1)/2, let

ak1 =





1, if k is odd,

0, if k is even,

at2 = x, at(t−1) = y − x, atk = 0, for 3 ≤ k ≤ t− 2,

a12 = y + x, a1(t−1) = y. If t 6= 5, take a1((t+3)/2) = a1((t−1)/2) = 1; oth-

erwise, a1k = 0, for 3 ≤ k ≤ t − 2 and if t = 5 then a13 = 1. When
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k = ((t+ 1)/2) + 1 let akt = x. Otherwise, (i.e. k 6= ((t+ 1)/2) + 1)

akt =





0, if k is odd,

1, if k is even,

and the core matrix (t− 2)× (t− 2) is the identity matrix.

If A has two −1 eigenvalues and t = 9 then we choose Pt×t as below.




1 y + x 0 1 0 1 0 y 0

0 1 0 0 0 0 0 0 1

1 0 1 0 0 0 0 0 0

y 0 0 1 0 0 0 0 1

1 0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 x

1 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1 1

1 x 0 0 0 0 0 y − x 0




.

If (t− 1)/2 is even then

trace(Q) = t− 6− 2y

1 + y + 2x+ y2
− −y − x

1 + y + 2x+ y2
− 1 + y2

1 + y + 2x+ y2

− −1− 2x− y2 + yx

1 + y + 2x+ y2
− y(1 + x)

1 + y + 2x+ y2
− −y2

1 + y + 2x+ y2

+
y + 2x

1 + y + 2x+ y2
+

1

1 + y + 2x+ y2
+

1 + y + x+ y2

1 + y + 2x+ y2

+
1 + y + x+ yx

1 + y + 2x+ y2
− −x− y2 + yx

1 + y + 2x+ y2
− 1 + 2y + 2x

1 + y + 2x+ y2

− x(−1 + y)

1 + y + 2x+ y2
+

(y − x)(−1 + y)

1 + y + 2x+ y2
.

Considering the same map with the case t is even, we get the determinant of the

Jacobian matrix at (2, 3) is −1792

4913
.

If (t− 1)/2 is odd then
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trace(Q) = t− 6− 3y

y2 + 2y + 2x
− −y − x
y2 + 2y + 2x

− −2y2

y2 + 2y + 2x

− y + x

y2 + 2y + 2x
− −y

2 + yx− y − x
y2 + 2y + 2x

− xy + y + x

y2 + 2y + 2x

+
y2 + y + x

y2 + 2y + 2x
+

x

y2 + 2y + 2x
+
yx+ 2x+ y

y2 + 2y + 2x

− y(x− y − 1)

y2 + 2y + 2x
− xy

y2 + 2y + 2x
+

y(y − x)

y2 + 2y + 2x
.

The determinant of the Jacobian at (2, 3) is − 768

6859
.

In each case the determinant of the Jacobian is nonzero and thus the image of the map

f ◦ g contains an open set.

Case 3: If A has more than two −1 eigenvalues, we take P as below.

First, consider the following composition.

Rk −→ GL(n+ 1,R) −→ SL(n+ 1,R) −→ Rk,

given by

(x1, x2, ..., xk) 7−→ P 7−→ f(P ) = APAP−1 = Q 7−→ g(Q),

where g(Q) = (trace(Q), trace(Q2), ..., trace(Qk)) and k is the number of −1

eigenvalues of A. The Jacobian matrix is given by

J =




∂ trace(Q)

∂x1

∂ trace(Q)

∂x2
...

∂ trace(Q)

∂xk
∂ trace(Q2)

∂x1

∂ trace(Q2)

∂x2
...

∂ trace(Q2)

∂xk...
...

...
...

∂ trace(Qk)

∂x1

∂ trace(Qk)

∂x2
...

∂ trace(Qk)

∂xk




.

• If t is even,

let a12 = x2, a1(t/2) = a1(t+2)/2 = x3, a1(t−1) = x1, a2(t−2) = x3,

a(t/2)1 = x2, a((t+2)/2)1 = x3, a(t/2)t = x3, a((t+2)/2)t = x1,

a(t−1)1 = 1, at2 = x3, at(t−1) = x2, and all the diagonal elements are 1.
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According to the number of −1 eigenvalues of A, we determine the number of

different variables xi ∈ R, where 3 ≤ i ≤ k and k = t/2. In the core matrix,

on the antidiagonal there are only xi’s (except x3) as a pair, which are symmetric

with respect to the diagonal. Moreover, the number of some xi’s are more than two

conforming to the dimension. In addititon, other entries of P are all 0.

For example, if A has six −1 eigenvalues and t = 14 then P is as below.

P =




1 x2 0 0 0 0 x3 x3 0 0 0 0 x1 0

0 1 0 0 0 0 0 0 0 0 0 x3 x2 0

0 0 1 0 0 0 0 0 0 0 0 x2 0 0

0 0 0 1 0 0 0 0 0 0 x5 0 0 0

0 0 0 0 1 0 0 0 0 x6 0 0 0 0

0 0 0 0 0 1 0 0 x4 0 0 0 0 0

x2 0 0 0 0 0 1 x1 0 0 0 0 0 x3

x3 0 0 0 0 0 x1 1 0 0 0 0 0 x1

0 0 0 0 0 x4 0 0 1 0 0 0 0 0

0 0 0 0 x6 0 0 0 0 1 0 0 0 0

0 0 0 x5 0 0 0 0 0 0 1 0 0 0

0 0 x2 0 0 0 0 0 0 0 0 1 0 0

1 x2 0 0 0 0 0 0 0 0 0 0 1 0

0 x3 0 0 0 0 0 0 0 0 0 0 x2 1




.

At the point (2, 3, 4, 5, 6, 7) the determinant of the Jacobian is

3203652023

129225403018523774123952000
.

• If t is odd,

let a12 = x2, a1(t+1)/2 = x3, a1(t−1) = x1, a2(t−2) = x3,

a((t−1)/2)1 = x2, a((t+1)/2)1 = 1, a((t+3)/2)1 = x3, a(t−1)1 = 1,

a((t−1)/2)t = x3, a((t+3)/2)t = x1, at2 = x3, at(t−1) = x2 and the diagonal

elements are all 1.

In the core matrix, on the antidiagonal there are only xi’s (except x3) as a pair,

which are symmetric with respect to the diagonal. Moreover, the number of some
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xi’s are more than two conforming to the dimension. In addititon, other entries of

P are all 0.

For example, if A has five −1 eigenvalues and t = 13 then P is as follows:

P =




1 x2 0 0 0 0 x3 0 0 0 0 x1 0

0 1 0 0 0 0 0 0 0 0 x3 x2 0

0 0 1 0 0 0 0 0 0 0 x2 0 0

0 0 0 1 0 0 0 0 0 x5 0 0 0

0 0 0 0 1 0 0 0 x4 0 0 0 0

x2 0 0 0 0 1 0 x1 0 0 0 0 x3

1 0 0 0 0 0 1 0 0 0 0 0 0

x3 0 0 0 0 x1 0 1 0 0 0 0 x1

0 0 0 0 x4 0 0 0 1 0 0 0 0

0 0 0 x5 0 0 0 0 0 1 0 0 0

0 0 x2 0 0 0 0 0 0 0 1 0 0

1 x2 0 0 0 0 0 0 0 0 0 1 0

0 x3 0 0 0 0 0 0 0 0 0 x2 1




.

At the point (2, 3, 4, 5, 6) the determinant of the Jacobian is
74929536

42961619719375
.

Case 4: If A has eigenvalues ±i then both +i eigenspace and −i eigenspace

of A are
n+ 1

2
dimensional. Now, we choose P as in Case 3 with k =

n+ 1

2
variables.

Note that the calculations above are done with the program Maple.

For each case except Case 1, for a generic P , the dimension of +1 eigenspace of

C is n−2k. We call a matrix P admissible if the number of distinct eigenvalues

of C is 2k+ 1, which are 1 and some pairs λ±11 , λ±12 , ..., λ±1k , λi 6= λ±1j and

λi 6= 1. Let E denote the set of non-admissible matrices P in GL(n + 1,R).

Below we will show that E is a proper algebraic set in GL(n + 1,R) and thus

the set of admissible matrices constitutes an open dense subset in GL(n+ 1,R).

Let T be the set of eigenvalues of C. Since C is conjugate to C−1, there is

an involution on T . If we take P ∈ E then either some λi = 1 or λi = λ±1j ,
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for some i 6= j. First, assume that some λi = 1. Without loss of generality, let

λk = 1. Then

trace(C) = m+
k−1∑

i=1

(λi + λ−1i ).

In this case, trace(C), trace(C2), ... , trace(Ck) satisfy an algebraic relation. On

the other hand, if some λi = λ±1j , for some i 6= j, then again without loss of

generality, we may assume that λk−1 = λk. Then

trace(C) = m+
k−1∑

i=1

ai(λi + λ−1i ),

where ai = 1, for 1 ≤ i ≤ k − 2 and ak−1 = 2. Hence, again trace(C),

trace(C2), ... , trace(Ck) satisfy an algebraic relation, where 1 ≤ k ≤ (n+ 1)/2 or

1 ≤ k ≤ n/2 and dim [g ◦ f(E)] = k− 1. For example, if all eigenvalues are λ1

and λ−11 then

trace(C) =
n+ 1

2
(λ1 + λ−11 ) and trace(C2) =

n+ 1

2
(λ21 + λ−21 ).

Now, trace(C) and trace(C2) satisfy the following algebraic relation

(trace(C))2 = ((n+ 1)/2)(trace(C2)) + (n+ 1)2/2.

Since the determinant of the Jacobian of g◦f is nonzero at some points, for example

(2, 3, ..., k + 1), (as shown on pages 19, 20, 21, 22, 24, 25), the image of the map

g ◦ f contains an open set and thus E is a closed proper subset of GL(n+ 1,R).

It follows that GL(n + 1,R) \ E is open and dense in the Euclidean topology.

Therefore, it is possible to perturb P slightly and thus the map hol so that the

matrix C is diagonalizable over complex numbers.

With a proper choice of P , it can be arranged that the arguments of complex eigen-

values λi of C are rational multiples of π. Moreover, passing to a finite cover-

ing space M (n) of M (see page 15), we can suppose all eigenvalues of C are

real and by passing to a further double cover these eigenvalues can be assumed to be

positive.

Hence, we have proved the following lemma for the case A2 = Id.
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Lemma 3.3.3. We can arrange that Ci corresponding to Ai so that its eigenval-

ues are {λ±i } such that λi > λi−1 > ... > λ1 > 1, where i ∈ {1, ..., [(n+1)/2]}
and the remaining eigenvalues of Ci are all 1.

When A2 = Id, the Ci matrices are as follows, depending on the number of −1

eigenvalues of Ai. Namely, the number of −1 eigenvalues of A determine

the number of different eigenvalues of C. For example, if the number of −1

eigenvalues of A is 2 then the corresponding C is given by



λ1 0 0 0 0 . . . 0 0

0 λ2 0 0 0 . . . 0 0

0 0 λ−11 0 0 . . . 0 0

0 0 0 λ−12 0 . . . 0 0

0 0 0 0 1 . . . 0 0
...

...
...

...
... . . . ...

...

0 0 0 0 0 . . . 1 0

0 0 0 0 0 . . . 0 1




.

When A2 = −Id, the corresponding matrix C has two eigenvalues λ1 and

λ−11 whose multiplicities are both equal to
n+ 1

2
.

Note that in each Ci, the multiplicities of the eigenvalues λ and λ−1 are equal

since C is conjugate to C−1.

Let N −→ M be the corresponding double cover to the infinite cyclic normal

subgroup of π1(M) generated by c = ab. Therefore, N ∼= W̃ × S1 has

a real projective structure via pull-back from M with the same developing map

devM = devN . For this projective structure on N , the image of holonomy is

generated by [C].

Next, observe that there exists a diagonal subgroup G of PGL(n+ 1,R),

ρ : R −→ G such that ρ(1) = [C], where the group G is given as the unique one

parameter subgroup containing the cyclic group H which is generated by C and

such that every element of G has real eigenvalues (it is the geodesic starting at Id

and passing through the matrix C). Since the group H is normal in hol(π1(M)),

G is normalized by hol(π1(M)).
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Let z ∈ gl(n+1,R) be an infinitesimal generator of G such that G = exp(R·z).

There is a flow given by

Φ : RPn × R −→ RPn

on RPn generated by G such that

Φ(x, t) = exp(tz) · x,

where t ∈ R and x ∈ RPn.

Let V be the velocity vector field of the flow Φ on RPn. The zeroes of this

vector field are the fixed points of the flow. Since the vector field V is preserved

by this flow, V is also preserved by hol(π1(N)). Hence, V pulls back via the

map dev to a vector field dev−1(V ) = ṽ on Ñ and it is invariant under the

Deck transformations and hence covers a vector filed π(dev−1(V )) = v of N by

following the diagram below.

Ñ

π

��

dev // RPn

N

The following two lemmas are proved for 3 dimension in [8]. Moreover, the results

are still valid in our case and we give the proofs below, for any dimension n ≥ 4

and for any Ci such that 1 ≤ i ≤ n+ 1

2
(n is odd) or 1 ≤ i ≤ n

2
(n is even).

Lemma 3.3.4. Let N be the double cover of the manifold M . Then dev(Ñ) con-

tains no source or sink.

Proof. Let us consider a flowline starting at source and ending at sink. If we reverse

the flowline, a source can be changed into a sink. Hence, we can assume that p

is a sink in dev(Ñ). Let Q be the (n − 1)-dimensional projective space which

contains the other sink and source points corresponding to the other eigenspaces of

C. Then Q is invariant under hol(π1(N)).

There exists a decomposition into disjoint subspaces RPn = p ∪ Ω ∪ Q where

Ω = Sn−1 × R is the basin of attraction for p. Moreover, each of these subspaces

is preserved by hol(π1(N)). Hence, there is a corresponding decomposition of N
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such that

N = π(dev−1(p)) ∪ π(dev−1(Q)) ∪ π(dev−1(Ω)).

Ω has a foliation with concentric spheres centered on p which is preserved by

the flow induced by the vector field V and thus by hol(π1(N)). This gives a

foliation on RPn \ p by leaves, one of them is Q = RPn−1 and all others are

(n − 1)−spheres. Thus, this induces a foliation on N \ π(dev−1(p)). Since the

image π(dev−1(p)) is not empty, every leaf around it is a small sphere.

Therefore, N has a singular foliation where the singular points are isolated and have

a neighborhood foliated by concentric spheres. By Reeb Stability Theorem 2.0.9, if

a compact connected n-manifold admits a foliation such that each component of the

boundary is a leaf and some leaves are spheres, then the manifold is either Sn−1× I
or a punctured RPn, which have all finite fundamental groups.

Hence, after removing finitely many open balls from N = W̃ × S1, we obtain a

manifold with infinite fundamental group. However, it is a contradiction.

Lemma 3.3.5. The flow given by the vector field v on N is periodic and N is

fibered as a product N = W̃ × S1 by the flowlines.

Proof. Let γ be a flowline, including the end points, of V in RPn starting

at the source p++...+ and ending at the sink p−−...− . Since such flowlines are

dense, we can choose γ to intersect with dev(Ñ) at a point. Since the develop-

ing map dev : Ñ −→ RPn is an immersion and both Ñ and RPn are same

dimensional, it is also a submersion, i.e. a local homeomorphism. Then the preimage

of a 1-dimensional manifold of RPn is a 1-dimensional manifold in Ñ . There-

fore, dev−1(γ) is a nonempty closed manifold of Ñ since source and sink are

not in dev(Ñ) by Lemma 3.3.4. Moreover, π(dev−1(γ)) is a compact nonempty

1-dimensional submanifold in N . Let Γ be a component of this submanifold.

If Γ were contractible in N (a circle which bounds a disc) then it would lift to a

circle in Ñ and would be mapped to RPn by the map dev. However, this says

that immersed image of a circle is a line which is not possible. Hence,
[
Γ
]
6= 0 in

π1(N).

Let T > 0 be the period of the closed flowline Γ. Let U ⊂ N be the union of
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closed flowlines of period T . U is nonempty and N is connected. Now, we will

show that U is both open and closed, so that U is equal to N .

Choose a small disc D ⊂ N which is transverse to the flow and meeting Γ once.

Let D̃ ⊂ Ñ be a lift meeting Γ̃ ⊂ π−1(Γ). The union of the flowlines Ỹ in

Ñ which meets D̃ maps homeomorphically into a foliated neighborhood of the

interior of γ by the map dev.

Let τ be the Deck transformation of Ñ given by [Γ] ∈ π1(N). Then τ pre-

serves dev(Ỹ ) and Γ̃ so preserves Ỹ .

Y
.
= Ỹ

/
τ ∼= dev(Ỹ )

/
hol(Γ) ∼= S1 ×Dn−1

is foliated as a product.

Thus Y is a neighborhood of Γ in N foliated as a product by flowlines. This

shows that U ⊂ N is open.

The limit of the flowlines with period T is a closed flowline of period T
/
m for

some integer m > 0. But m = 1 since the set of flowlines of period T
/
m is

open. Thus U ⊂ N is closed.

Let X = RPn \ Z, where Z is the zero set of the vector field V . Then X is

foliated by flowlines. Let L be the leaf space of this foliation on X . G is nor-

malized by hol(π1(M)) and thus it acts on L. Since the action of hol(π1(N))

on L is trivial, the action hol(π1(M)) on L is induced by the involution σ

(see Section 3.1). Therefore, the holonomy gives an involution on the leaf space L.

Since dev(Ñ) ⊂ X , where Ñ is the universal cover of N , there is a map from

the leaf space of the induced foliation on Ñ into L. The leaf space of Ñ is W̃

by Lemma 3.3.5. The induced map from the developing map

h : W̃ −→ L

is a local homeomorphism. Since dev(Ñ) ⊂ RPn is invariant under hol(π1(M))

it follows that h(W̃ ) ⊂ L is invariant under the involution τ .

Considering the possible generators [Ci] of the image of the holonomy map, we
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determine the orbit space Li, corresponding to Ci, of X = RPn \ Z in cases

below.

3.3.1 The case of even dimension

If the dimension of M is even n = 2k then there are
n

2
= k possible cases.

Namely, the zero set Z for the matrix Ci consists of the disjoint union of 2i

points and a linear subspace RP2k−2i, where 1 ≤ i ≤ k.

For C1, the zero set consists of one source, one sink and a copy of RP2k−2. Call

these elements as p1: source, p2 : RP2k−2 and p3: sink. By taking the boundary

of a regular neighborhood of each component of Z in RP2k, we determine the

flowlines and the corresponding subspaces of orbits.

p1 p3

p2

S2k−1
2

S2k−1
1

Figure 3.4: Flowlines for C1 in even dimension.

The corresponding flow for C1 is given by

[
x0λ1

t : x1λ1
−t : x2 : x3 : ... : xn

]
.

When x1 6= 0, the flow can be written as

[x0
x1
λ1

2t : 1 :
x2
x1
λ1

t :
x3
x1
λ1

t : ... :
xn
x1
λ1

t
]
.

Note that as t→ −∞ it flows to its source, which is
[
0 : 1 : 0 : 0 : ... : 0

]
.
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If x0 6= 0 then the flow can be written as
[
1 :

x1
x0
λ1
−2t :

x2
x0
λ1
−t :

x3
x0
λ1
−t : ... :

xn
x0
λ1
−t
]
.

Similarly, as t→ +∞ it flows to its sink, which is
[
1 : 0 : 0 : 0 : ... : 0

]
.

The Euclidean coordinates around the source are as
(x0
x1
,
x2
x1
,
x3
x1
, ...,

xn
x1

)
∈ Rn

and around the sink are as
(x1
x0
,
x2
x0
,
x3
x0
, ...,

xn
x0

)
∈ Rn.

For the flowlines starting at p1 and leaving S1 from the northern hemisphere we

assume
x0
x1

> 0, where x1 6= 0 and thus
x1
x0

> 0, where x0 6= 0. Therefore,

the flowlines go to p3 from the northern hemisphere of S2, see Figure 3.4. Simi-

larly, when
x0
x1

< 0, for x0 6= 0 and x1 6= 0 there is an identification between

the southern hemispheres of S1 and S2. Hence, the leaf space L1 is a copy of

S2k−1 with disjoint two equators. For the spheres with a double equator, we simply

use the notation S; therefore, L1 = S2k−1.

Note that the table below lists that the subspaces of flowlines starting at some pi
and ending at some other pj , where i, j = 1, 2, 3 of the flowlines. The symbol ∅
indicates that there is no flowline between the pair of pi’s. In each table, we label
source points in the first row and sink points in the first column, respectively.

source/sink p1 p2 p3
p1 ∅ ∅ ∅
p2 S2k−2 ∅ ∅
p3 S2k−1 S2k−2 ∅

Table 3.1: The subspaces of the leaf space L1 for even dimensional case.

For the matrix C2, the flow is given by

[
x0λ

t
1 : x1λ

−t
1 : x2λ

t
2 : x3λ

−t
2 : x4 : x5 : ... : xn

]
.

For C2, the zero set consists of p1, p2, p3 = RP2k−4, p4, p5, where p1, p2, p4

and p5 are points and the leaf space is L2 = S2k−1 ∪ S2k−3.
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Similarly, the table below gives the list of subspaces of the space of flowlines for C2

starting at pi and ending at pj , where i, j = 1, ..., 5.

source/sink p1 p2 p3 p4 p5
p1 ∅ ∅ ∅ ∅ ∅
p2 S0 ∅ ∅ ∅ ∅
p3 S2k−3 − S0 S2k−4 ∅ ∅ ∅
p4 S2k−2 − S2k−3 S2k−3 − S2k−4 S2k−4 ∅ ∅
p5 S2k−1 − S2k−2 S2k−2 − S2k−3 S2k−3 − S0 S0 ∅

Table 3.2: The subspaces of the leaf space L2 for even dimensional case.

Note that in all cases the subspaces above the diagonal in each table are empty and

the spheres on the antidiagonal have a double equator.

To understand the topology of the leaf space L better, we study the following ex-

ample in detail: Let the manifold M be 6-dimensional and consider the matrix

C3 with distinct eigenvalues as below.




λ1 0 0 0 0 0 0

0 λ−11 0 0 0 0 0

0 0 λ2 0 0 0 0

0 0 0 λ−12 0 0 0

0 0 0 0 λ3 0 0

0 0 0 0 0 λ−13 0

0 0 0 0 0 0 1




The corresponding leaf space is L3 = S5 ∪ S3 ∪ S1, where S5 = S5
1 , S3 = S3

2 ,
S1 = S1

3 in Table 3.3. Moreover, the involution τ interchanges the spheres sym-
metric with respect to the vertical line through S5

1 in Table 3.3. Indeed, τ(S0
j ) =

S0
7−j and τ(S ij) = S i7−i−j .
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S5
1

↙↘
S4
1 S4

2

↙↘ ↙↘
S3
1 S3

2 S3
3

↙↘ ↙↘ ↙↘
S2
1 S2

2 S2
3 S2

4

↙↘ ↙↘ ↙↘ ↙↘
S1
1 S1

2 S1
3 S1

4 S1
5

↙↘ ↙↘ ↙↘ ↙↘ ↙↘
S0
1 S0

2 S0
3 S0

4 S0
5 S0

6

Table 3.3: The leaf space L3 = S5∪S3∪S1. Note that all the spheres in the diagram
except the ones in the last row have a double equator.

source/sink p1 p2 p3 p4 p5 p6 p7
p1 ∅ ∅ ∅ ∅ ∅ ∅ ∅
p2 S0 ∅ ∅ ∅ ∅ ∅ ∅
p3 S1 − S0 S0 ∅ ∅ ∅ ∅ ∅
p4 S2 − S1 S1 − S0 S0 ∅ ∅ ∅ ∅
p5 S3 − S2 S2 − S1 S1 − S0 S0 ∅ ∅ ∅
p6 S4 − S3 S3 − S2 S2 − S1 S1 − S0 S0 ∅ ∅
p7 S5 − S4 S4 − S3 S3 − S2 S2 − S1 S1 − S0 S0 ∅

Table 3.4: The subspaces of the leaf space L3 for dimension 6.

Now, consider the matrix C2 in dimension 6.



λ1 0 0 0 0 0 0

0 λ−11 0 0 0 0 0

0 0 λ2 0 0 0 0

0 0 0 λ−12 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1




such that the zero set consists of p1, p2, p3 = RP2, p4, p5, where p1, p2, p4
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and p5 are points and the corresponding leaf space is L2 = S5 ∪ S3.

Note the change in the subspaces of the leaf space for the flowlines starting or ending

at the RP2 component of the zero set. For example, in Table 3.5, p3 = RP2

and the subspaces of flowlines starting from p3 or the flowlines ending at p3 are

different from the subspaces corresponding to the flowlines to other pi’s. Compare

this with Table 3.4.

source/sink p1 p2 p3 p4 p5
p1 ∅ ∅ ∅ ∅ ∅
p2 S0 ∅ ∅ ∅ ∅
p3 S3 − S0 S2 ∅ ∅ ∅
p4 S4 − S3 S3 − S2 S2 ∅ ∅
p5 S5 − S4 S4 − S3 S3 − S0 S0 ∅

Table 3.5: The subspaces of the leaf space L2 for dimension 6.

Then the leaf space L2 is as follows:

S5

↙↘
S4
1 S4

2

↙↘ ↙↘
S3
1 S3

2 S3
3

↙↘ ↙↘ ↙↘
↙ S2

1 S2
2 ↘

S0
1 S0

2

Table 3.6: The leaf space L2 = S5 ∪ S3.

We have a similar table for each Ci matrix. In general, the leaf space becomes

Li = S2k−1 ∪ S2k−3 ∪ ... ∪ S2k−1−2(i−1).
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3.3.2 The case of odd dimension

If the dimension of M is odd, let us say n = 2k − 1 then there are
n+ 1

2
+

1 = k + 1 possible cases. We get similar leaf spaces to the subsection 3.3.1, for

1 ≤ i ≤ k. For example, the leaf space corresponding to C1 is L1 = S2k−2, see

Table 3.7.

source/sink p1 p2 p3
p1 ∅ ∅ ∅
p2 S2k−3 ∅ ∅
p3 S2k−2 S2k−3 ∅

Table 3.7: The subspaces of the leaf space L1 for odd dimensional case.

For C2, the zero set consists of four points and a copy of RP2k−5, let us call them

as p1, p2, p3 = RP2k−5, p4 and p5.

The corresponding flow is given by

[
x0λ

t
1 : x1λ

−t
1 : x2λ

t
2 : x3λ

−t
2 : x4 : x5 : . . . : x2k−1

]
.

source/sink p1 p2 p3 p4 p5
p1 ∅ ∅ ∅ ∅ ∅
p2 S0 ∅ ∅ ∅ ∅
p3 S2k−4 − S0 S2k−5 ∅ ∅ ∅
p4 S2k−3 − S2k−4 S2k−4 − S2k−5 S2k−5 ∅ ∅
p5 S2k−2 − S2k−3 S2k−3 − S2k−4 S2k−4 − S0 S0 ∅

Table 3.8: The subspaces of the leaf space L2 for odd dimensional case.

The leaf space corresponding to C2 is L2 = S2k−2 ∪ S2k−4.

In general, for Ci the zero set consists of p1, p2, . . . , pi+1 = RP2k−1−2i, . . . , p2i+1

and the leaf space becomes Li = S2k−2 ∪ S2k−4 ∪ · · · ∪ S2k−2i, for 1 ≤ i < k

and if i = k, Li = S2k−2 ∪ S2k−4 ∪ · · · ∪ S2 ∪ S0.
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We have an immersion induced by the developing map (see page 30)

h : W̃ n−1 −→ Ln−1.

In general, the leaf space is Li = Sn−1 ∪ Sn−3 ∪ ... ∪ Sn−1−2(i−1).

The decomposition of L contains two (n − 1)-dimensional open discs, which are

Dn−1
+ and Dn−1

− , see Figure 3.5.

Sn−2

Dn−1
−

Dn−1
+

Figure 3.5: The decomposition of Sn−1 in L.

Lemma 3.3.6. Assume that Dn−1
± and the map h are as above. Let K ⊆ Dn−1

+

or K ⊆ Dn−1
− be a closed disc and assume that h−1(K) = H is not empty. Then

the restriction of h to the subspace H , h′ : H −→ K is onto and it is a finite

sheeted covering.

Proof. Since h′ : H −→ K is a submersion, H is a submanifold in W̃ with

boundary. Then the induced map h′ : H −→ K is a local homeomorphism. Since

local homeomorphisms are open maps, h′ is open. The map h′ is also closed.

To see this, take a closed subset Y of H . Since H is compact, the subset Y

is also compact. The image of Y is compact because h′ is continuous. Finally,

since K is Hausdorff, h′(Y ) is closed. Therefore, the map h′ is both open

and closed. Then h′(H) = K since K is connected. Since H is compact and

h′ : H −→ K is a local homeomorphism, where both H and K are Hausdorff,

by Lemma 2.0.8, h′ is a covering projection. Moreover, it is finite sheeted since H

is compact.

Lemma 3.3.7. The image h(W̃ ) contains the top dimensional open discs Dn−1
+

and Dn−1
− in L. Moreover, when we restrict h to the preimages of these discs,

the map h−1(Dn−1
± ) −→ Dn−1

± is a finite sheeted covering space.
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Proof. Since the map h is a local homeomorphism, h(W̃ ) contains at least one

point in one of the (n−1)-dimensional open discs in L. By Lemma 3.3.6, if h(W̃ )

contains one point of an open disc, it is onto that open disc. Without loss of generality,

let us say h(W̃ ) contains Dn−1
+ . Assume that h(W̃ ) does not contain any point

in Dn−1
− . Then h(W̃ ) can not contain a point from the equators Sn−2 of Sn−1.

Because if the image h(W̃ ) contained a point from one of the equators Sn−2 then

the neighborhood of that point would have some points from Dn−1
− . Then in this

case, h : W̃ −→ Dn−1
+ would be a covering map. Hence, W̃ would be a disjoint

union of open discs, which is a contradiction. In addition, h| : h
−1(Dn−1

± ) −→ Dn−1
±

is a finite sheeted covering space by the above lemma.

In fact the above proof implies the following corollary.

Corollary 3.3.8. W̃ \ h−1(Dn−1
± ) is a nonempty (n− 2)-dimensional manifold.

We will use the following well-known fact repeatedly. Nevertheless, we will provide

a proof for the sake of completeness.

Lemma 3.3.9. Let L be an n-dimensional connected and simply connected mani-

fold and U ⊂ L be an open ball, where n ≥ 3. Then L \ U is connected and

simply connected.

Proof. Let Ln be a connected manifold and U ⊆ L be an open ball. Take an

open ball V such that V ⊂ V̄ ⊂ U , where V̄ is the closure of V , see Figure

3.6.

L
U

V̄

V

Figure 3.6: Open balls U and V in L.

Ln \ U deformation retracts to Ln \ V̄ . We can consider the manifold L as

L = (L \ V̄ ) ∪ U . First, we use Mayer-Vietoris sequence to show that L \ U is

connected. Consider the following sequence.
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...→ H1(U \ V̄ )→ H1(L \ V̄ )⊕H1(U)→ H1(L)→ H0(U \ V̄ )→ H0(L \ V̄ )⊕
H0(U)→ H0(L)→ 0.

Since U \ V̄ is homotopy equivalet to Sn−1, H0(L) = Z, H0(U) = Z,

H0(L \ V̄ ) = Zr and H1(L) = 0, we have the following exact sequence.

0 −→ Z −→ Zr+1 −→ Z −→ 0.

Hence r = 1 and H0(L \ V̄ ) = Z.

Now, we show that L \ U is simply connected by using Van-Kampen’s theorem.

0 = π1(U \ V̄ )

π1(L \ V̄ )

π1(L) = 0

π1(U) = 0

Figure 3.7: The Van Kampen diagram for L = (L \ V̄ ) ∪ U .

0 = π1(L) ∼= π1(L \ V̄ ), by Figure 3.7.

Recall that we have assumed that the manifold M admits a real projective structure

and we will show that this assumption yields a contradiction.

To proceed further, we consider the three cases of the leaf space L.

Case 1: Consider the immersion h : W̃ −→ Li = Sn−1 ∪ Sn−3 ∪ ... ∪ Sn−1−2(i−1),
for n+ 1− 2i ≥ 2.

Now, we remove the top dimensional open discs namely, Dn−1
+ and Dn−1

− from

the leaf space L and their preimages from W̃ . Then the remaining (n − 2)-

dimensional manifold Gn−2 = W̃ \ h−1(Dn−1
± ) is a closed connected manifold by

Lemma 3.3.9 and Corollary 3.3.8 and the map

Gn−2 −→ Sn−2 ∪ Sn−2 ∪ Sn−3 ∪ ... ∪ Sn−1−2(i−1)

is still an immersion. Next, the (n−2)-dimensional open discs Dn−2’s are removed

from L and their preimages from Gn−2 and we get an immersion as follows

Gn−3 −→ Sn−3 ∪ Sn−3 ∪ Sn−3 ∪ ... ∪ Sn−1−2(i−1).
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Here, Gn−3 is an (n − 3)-dimensional manifold since the image of Gn−2 should

contain points from the equators of Sn−2’s.

We continue removing the top dimensional open discs from the leaf space L and

their preimages from the remaining part of W̃ until we get

Gn+1−2i −→ Ln+1−2i = Sn+1−2i ∪ Sn+1−2i ∪ ... ∪ Sn+1−2i ∪ Sn+1−2i.

By Lemma 3.3.9, Gn+1−2i is still connected and simply connected as long as

n+ 1− 2i ≥ 2.

Case 2: If the dimension of the manifold is 2k, for some k ∈ Z and i = k then

removing cells as above we finally obtain the following immersion

G2 −→ L2 = S2 ∪ S2 ∪ ... ∪ S2 ∪ S1.

Next, we remove small open discs containing the north and south poles of the 2-

dimensional spheres and one of the equators of S1 then foliate the complement

with circles.

Case 3: If the dimension of the manifold is 2k − 1, for some k ∈ Z and i = k

then the immersion analogously will be

G2 −→ L2 = S2 ∪ S2 ∪ ... ∪ S2 ∪ S2 ∪ S0.

Then we remove small open discs containing the north and south poles of the 2-

dimensional spheres and S0 then foliate the complement with circles.

Note that in all cases above there are foliations on Ln+1−2i with the spheres Sr’s

(r = n − 2i in Case 1 and r = 1 in Case 2 and 3) after removing the small open

discs containing the north and south poles of each (n + 1 − 2i)-sphere in Ln+1−2i.

The number of the preimages of these open discs in Gn+1−2i is finite and we remove

these open discs from Gn+1−2i. Hence, there is also a foliation on Gn+1−2i with

r-dimensional manifolds J r. These r-manifolds must be sphere since the sphere

Sr is closed in the leaf space, its preimage is also closed. Furthermore, the preimage

of Sr is compact because Gn+1−2i is compact. Hence, the map is a covering by

Lemma 2.0.8, J r −→ Sr.

For r = 1, after removing the preimages of small open discs containing the north

and south poles of each sphere in L, the remaining part of W̃ is foliated by 1-
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dimensional manifolds. These 1-dimensional manifolds are circles since Gn+1−2i is

compact and J 1 −→ S1 is a covering map. Hence, the remaining part of W̃ is

foliated by circles and hence it is an annulus.

By Theorem 2.0.10, for r > 1, the foliation on G is Sr×I , where I = [−1, 1].

Hence, the leaf space of this foliation on Gn+1−2i is I = [−1, 1].

On the other hand, the quotient space of the leaf space Ln+1−2i is a non-Hausdorff

space which is a union of intervals with one extra origin I∗ = I1∪I2∪...∪I2i−1∪{0′}.
The involution interchanges these intervals with each other except the one, which

represents the sphere Sn+1−2i and on that sphere it changes the double origins with

each other. There is still an immersion h̃ : I −→ I∗ induced from the immersion

h such that h̃(±1) are the end points of some of the intervals in I∗. Such an

immersion is an embedding, whose image contains one interval with only one copy

of the origin. Therefore, this gives a contradiction since in this case the immersed

image of W̃ in L can not be invariant under involution.

For a better understanding, let us consider the following example: Let the manifold

M be 9-dimensional and the leaf space L = S9 ∪ S7.

The induced immersion from the developing map is

W̃ 9 −→ L = S9 ∪ S7.

After removing the 9-dimensional open discs from L and their preimages from

W̃ 9, we get the following immersion

G8 −→ S8 ∪ S8 ∪ S7.

Here, if the preimage of one of the 8-dimensional sphere L is empty and the other

is not then it contradicts that the image of W̃ 9 is invariant under involution and the

proof finishes.

Next, we remove the 8-dimensional open discs from L and the preimages of these

open discs from W̃ 8 then the immersion will be as follows

G7 −→ S7 ∪ S7 ∪ S7.

Note that all the spheres in L7 are the same dimensional. The leaf space L7 can

be decomposed into disjoint subsets which are the north and south poles of each 7-
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dimensional sphere and 6-dimensional spheres foliating the complement with I∗ =

I1 ∪ I2 ∪ I3 ∪ {0′}. In addition, G7 is foliated by the spheres S6’s excluding

finitely many open discs which are the preimages of the discs about north and south

poles in L and the leaf space of this foliation is I = [−1, 1] by Theorem 2.0.10.

There is an induced immersion h̃ : I −→ I∗ from the map h : W̃ −→ L.

I1 I2 I3I

h̃ 01 02

Figure 3.8: The induced immersion h̃.

In Figure 3.8, the interval I2, standing for S7, has two origins 01 and 02.

Moreover, 01 is also an origin for I1 and 02 is an origin for I3. Therefore,

each interval in the quotient space of the foliation of the leaf space has a double

origin. In addition, the involution interchanges the intervals I1 and I3 with ecah

other and the origins 01 with 02. However, such an immersion is an embedding

which contains only one interval with one origin. This yields a contradiction. This

finishes the proof in the case A2 = Id.

To finish the proof of Theorem 3.2.1, we need to consider also the case where the

matrix C0 corresponds to A, with A2 = −Id. The zero set consists of two

disjoint copies of RPk−1’s in RP2k−1, namely Z = RPk−1 ∪ RPk−1. Since

Li’s are invariant under hol(π1(N)), where Li = RPk−1, dev−1(Li) is invari-

ant under the covering transformation of the smooth covering map π : Ñ −→ N ,

for i = 1, 2. Therefore, αi = π(dev−1(Li)) is a submanifold of N . Consider

the following diagram.

Ñ = W̃ × R dev //

π
��

RP2k−1

N = W̃ × S1

Moreover, the zero set of v, the vector field on N , is α1 ∪ α2. Now, we have

two cases:

• α1 ∪ α2 = ∅. It means that dev(Ñ) does not contain the zero set
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Z = L1 ∪ L2. Hence we can use Lemma 3.3.5.

The corresponding flow is given by

[
x0λ

t
1 : ... : xn−1

2
λt1 : xn+1

2
λ−t1 : ... : xnλ

−t
1

]
.

We can choose L1 as the source and L2 as the sink and thus all the flow-

lines start from L1 and end at L2. By taking the boundary of a tubular

neighborhood of each Li in RP2k−1, which is ∂ν(Li), we determine the

leaf space L since from each point of ∂ν(Li) exactly one flowline passes.

Therefore, the leaf space is the total space of an Sk−1 bundle over RPk−1,

which is L = Sk−1×̃RPk−1. Now consider the diagram below.

q

covering

covering

Sk−1

Sk−1
Sk−1

RP k−1

L q∗(L)

Figure 3.9: q∗(L) is an Sk−1 bundle over Sk−1.

By Figure 3.9, q∗(L) = Sk−1×̃Sk−1. Since k ≥ 3, π1(q
∗(L)) is trivial.

Moreover, since the induced local homeomorphism W̃ −→ L is a covering

map by Lemma 2.0.8 and π1(W̃ ) is trivial, W̃ ∼= q∗(L).

By the assumption of Theorem 3.2.1, W̃ is not the total space of a sphere

bundle over sphere; therefore, this is a contradiction.

• α1 ∪ α2 6= ∅. In this case we can not use Lemma 3.3.5 and we give an

alternative proof below. Suppose α1 is nonempty. Let φ be a flowline,

including the end points, of the vector field v and one of the endpoints on

α1. φ is a compact one dimensional submanifold of N since its preimage

in Ñ maps into a closed interval in RP2k−1 with one end point in each

Li. Hence, the other end point of φ is on α2, which makes α2 is also

nonempty.

Next, we will show that α1 and α2 are both connected. Let ζ be a

component of α1. Let U be the tubular neighborhood of ζ in N .

dev(π−1(ζ)) ⊂ L1 and they are actually equal. Thus, dev(π−1(U)) includes

a neighborhood of L1. Hence, U contains the total space Υ of an Sk−1
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bundle over RPk−1 transverse to the flow and bounds a small neighborhood

of ζ . Since U is invariant under the flow, it follows that U = Υ×R. The

boundary of U in N is contained in α1 ∪ α2 and thus α1 and α2 are

connected and N = α1 ∪U ∪ α2 (this is the analogous argument in [8], p.8).

Note that since the image of dev contains both L1 and L2, the map

αi −→ Li is a covering map, for i = 1, 2 (see Lemma 2.0.8). There are

only two possibilities for αi, which are Sk−1 and RPk−1.

If αi = Sk−1 then the boundary of the neighborhood ν(αi) of αi in

N is the total space of an Sk−1 bundle over Sk−1, ∂ν(αi) = Sk−1×̃Sk−1.
Since k ≥ 3, the homotopy exact sequence implies that π1(ν(αi)) is trivial.

Now, N can be written as N = ν(α1) ∪ ν(α2), where the neighborhoods

ν(α1) and ν(α2) are glued along their boundaries via a diffeomorphism. By

Van Kampen’s theorem,

π1(N) ∼= π1(ν(α1)) ∗ π1(ν(α2))/K,

where K is the normal subgroup corresponding to the kernel of the homo-

morphism

Φ : π1(ν(α1)) ∗ π1(ν(α2)) −→ π1(N).

However, since π1(N) = π1(W̃ × S1) = Z, this gives a contradiction.

If αi = RPk−1 then ∂ν(αi) = Sk−1×̃RPk−1. Similarly,

π1(N) ∼= π1(ν(α1)) ∗ π1(ν(α2))/K

and π1(ν(αi)) ∼= Z2. Therefore, we get Z ∼= Z2 ∗ Z2/K.

Now, assume Z2 ∗ Z2 = < a > ∗ < b > has a normal subgroup K and

π1(N) = Z =< c >, where c = ab. Let g = abab...aba be an element

of K. Since aga = bab...ab is also an element of K, their product

gaga is in K, i.e. (ab)k ∈ K, for some k ∈ Z. Now, consider the

element g′ = baba...ab in K. Then bg′b ∈ K and their product bg′bg′

is again some power of ab. Hence K contains a power of c = ab. Then

K ∩ Z 6= ∅ and this gives a contradiction. Therefore, there is no normal

subgroup K of Z2 ∗ Z2 whose quotient is Z.

This final contradiction concludes the proof of Theorem 3.2.1.
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CHAPTER 4

AN ALTERNATIVE PROOF IN DIMENSION 4

In this chapter, our aim is to give some more details and alternative arguments about

the proof of the main theorem, Theorem 3.2.1, for the case M = RP4#RP4 and

the flowlines of RP4 \ Z such that Z is the zero set in which the vector field

V = 0 on RP4. Note that if we take n = 4 in our construction (section 3.1), the

manifold will be

M = W̃ × S1/ < σ > = RP4#RP4,

by Remark 3.2.2, where W̃ = S3. Assuming that M admits a real projective

structure, we obtain a developing pair (dev, hol) such that

dev : M̃ −→ RP4,

and

hol : π1(M) −→ PGL(5,R).

By Van Kampen’s theorem, the fundamental group of M is

π1(M) = Z2 ∗ Z2
∼= < a, b | a2 = b2 = 1 >

and it is isomorphic to the infinite dihedral group

Z2 ∗ Z2 = Z n Z2.

Now, we will show that the universal cover of M is M̃ = S3 × R.

Let σ act on S3 × R as the antipodal map on both components given by

σ : S3 × R −→ S3 × R,

(p, x) 7−→ (−p,−x),

45



and τ act on S3 × R by fixing the first component and as a translation on the

second one

τ : S3 × R −→ S3 × R

(p, x) 7−→ (p, x+ 1).

If we take the quotient of S3 × R by < τ >, we get S3 × S1, which is the

double cover of M .

Let U = S1 \ {(−1, 0)} and V = S1 \ {(1, 0)} be open sets which cover the

circle S1 then we can write M as follows:

(S3 × U)
/
Z2 ∪ (S3 × V )

/
Z2 = (S3 × S1)

/
Z2,

(RP4 −D4) ∪ (RP4 −D4) = RP4#RP4.

Below, we explain that (S3 × U)
/
Z2 = RP4 −D4.

If we paste two 4-dimensional discs D4 along the two boundaries of S3×U then

we get S4 as shown in the figure below.

U

S3

D4

D4

S3

Figure 4.1: Decomposition of the 4-dimensional sphere.

Since

((S3 × U) ∪ 2D4)
/
Z2 = S4

/
Z2 = RP4,
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we have

(S3 × U)
/
Z2 = (S4 − 2D4)

/
Z2 = RP4 −D4.

Now, as in the proof of Theorem 3.2.1 we determine the possible generators Ci (see

Lemma 3.3.3) for the holonomy hol : π1(N)→ PGL(5,R), where N = S3×S1

is the double cover of M .

Similar to the proof of Lemma 3.3.2, we say that hol(a) = [A] and hol(b) = [B],

where A and B ∈ GL(5,R) and also say C = AB. Since a2 = 1 and hol

is a homomorphism, [A]2 ∈ PGL(5,R) is identity. It follows that after rescaling

A we have A2 = ±Id. A2 = −Id is not possible since the dimension of M is

even. If A2 = Id then the eigenvalues are ±1. The possible Ai matrices are as

below:

A1 =




−1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1




, A2 =




−1 0 0 0 0

0 −1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1




.

In the lemma below, which is Lemma 3.3.3 for n = 4, we give the possible Ci

matrices corresponding to Ai, for i = 1, 2.

Lemma 4.0.10. It is possible to assume that C is one of the following matrices

with λ2 > λ1 > 1.

C1 =




λ1 0 0 0 0

0 λ1
−1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1




, C2 =




λ1 0 0 0 0

0 λ1
−1 0 0 0

0 0 λ2 0 0

0 0 0 λ2
−1 0

0 0 0 0 1




.

Next, observe that there is a 1-parameter diagonal subgroup G ⊂ PGL(5,R),
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g : R −→ G such that g(1) = [C]. For example C = C2, this subgroup is

g1(t) =




exp(l1t) 0 0 0 0

0 exp(−l1t) 0 0 0

0 0 exp(l2t) 0 0

0 0 0 exp(−l2t) 0

0 0 0 0 1




,

where li = log(λi).

This induces a flow on RP4 (see page 28 )

Φ : RP4 × R→ RP4.

Let V be the vector field on RP4, velocity of this flow. The possibilities for the

zero set Z ⊂ RP4 of V are as follows:

1. For C1, one projective plane and two points (see page 49 and 50).

2. For C2, five points (see page 52)).

Let X = RP4 \ Z, then X is foliated by flowlines and let L be the leaf space

of the foliation on X .

Let Ñ be the universal cover of N . Since dev(Ñ) ⊂ X there is a map from

the leaf space of the induced foliation on Ñ into L. The leaf space of Ñ is S3

by Lemma 3.3.5. The induced map

h : S3 −→ L

is a local homeomorphism. Since dev(Ñ) ⊂ RP4 is invariant under hol(π1(M))

it follows that h(S3) ⊂ L is invariant under the involution, which is induced by σ.

Our purpose is to determine all possible immersions of S3 into L and prove that

the image of S3 can not be invariant under the involution and thus it contradicts

that M admits a developing map. Therefore, we will conclude that M has no

real projective structure.

The following two lemmas are included in Subsection 3.3.1. Neverthless, we give

details of the flowlines and an alternative proof for Lemma 4.0.12 below.
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Lemma 4.0.11. C1 is not possible.

Proof. The zero set Z of V is a copy of RP2 and two points, which are p+

and p−. Let us call p+ as source and p− as sink. S1, S2 are small unit

3-spheres, which are the boundaries of the neighborhoods of p+ and p−, respec-

tively in RP4, so that the spheres transverse to the flow.

We try to determine the leaf space L. Decompose these 3−spheres as an equator

and the northern and the southern hemispheres.

S3 = D+ ∪ E ∪D−

such that

E = S3 ∩ {x4 = 0},

D+ = S3 ∩ {x4 > 0},

D− = S3 ∩ {x4 < 0}.

Moreover, there exists a unique flowline passing through each point of the hemi-

spheres of S1 and S2. This is clear from the description of the flowlines given

below. Thus, we can identify D+ ⊂ S1 with D+ ⊂ S2 and D− ⊂ S1 with

D− ⊂ S2. The flow starting from p+ intersecting with the equator of S1 goes

to RP2. The flow starting from RP2 goes to p− intersecting with the equator

of S2. Through each point of the equators of S1 and S2, there passes a unique

flowline and therefore there exist two copies of S2 in L.

The corresponding flow to C1 is given by

[
x0λ1

t : x1λ1
−t : x2 : x3 : x4

]
.

Now, our purpose is to determine source and sink points.

Case 1: If x1 6= 0 then the flow is as follows:

[x0
x1
λ1

2t : 1 :
x2
x1
λ1

t :
x3
x1
λ1

t :
x4
x1
λ1

t
]
.

When t→ −∞, the flow starts at
[
0 : 1 : 0 : 0 : 0

]
, which is source.

49



1. x0 6= 0, [
1 :

x1
x0
λ1
−2t :

x2
x0
λ1
−t :

x3
x0
λ1
−t :

x4
x0
λ1
−t
]
.

When t→ +∞, the flow ends at
[
1 : 0 : 0 : 0 : 0

]
, which is sink.

The Euclidean coordinates around the source are as
(x0
x1
,
x2
x1
,
x3
x1
,
x4
x1

)
∈ R4

and around the sink as
(x1
x0
,
x2
x0
,
x3
x0
,
x4
x0

)
∈ R4.

For the flowlines starting at p+ and leaving S1 from the northern hemi-

sphere we assume
x0
x1

> 0, for x1 6= 0. Then
x1
x0

> 0, for x0 6= 0 and

the flowlines go to p− from the northern hemisphere of S2. The flowlines

starting from p+ and leaving S1 from northern hemisphere go to p− from

northern hemisphere of S2. Similarly, the flowlines starting from p+ and

passing through the southern hemisphere of S1 (
x0
x1

< 0) go to the southern

hemisphere of S2 ending at p−.

2. Now, consider x0 = 0, i.e. the flowlines do not end at sink, thus the flow is

as follows:
[
0 : x1λ1

−t : x2 : x3 : x4
]
.

If x2 6= 0, the flow is given by
[
0 :

x1
x2
λ1
−t : 1 :

x3
x2

:
x4
x2

]
.

When t→ +∞, the flow ends at
[
0 : 0 : 1 :

x3
x2

:
x4
x2

]
,

so the flowlines go to RP2.

If we consider the cases x3 6= 0 or x4 6= 0 instead of x2 6= 0, the

flowlines again end at RP2.

The flowlines emitting from the source which ends at RP2 form a subspace

homeomorphic to S2 in L.
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Case 2: If x1 = 0, then the flow is as follows:

[
x0λ1

t : 0 : x2 : x3 : x4
]
.

The cases where x2 6= 0, x3 6= 0 or x4 6= 0, the flows are similar. Hence, we

may consider only one of them.

Let us take x2 6= 0, then the flow is as follows:

[x0
x2
λ1

t : 0 : 1 :
x3
x2

:
x4
x2

]
.

When t→ −∞, the flow starts at

[
0 : 0 : 1 :

x3
x2

:
x4
x2

]
.

If x0 6= 0, the flow is given by

[
1 : 0 :

x2
x0
λ1
−t :

x3
x0
λ1
−t :

x4
x0
λ1
−t
]
.

When t→ +∞, the flow ends at
[
1 : 0 : 0 : 0 : 0

]
.

Thus, the flowlines start from RP2 and end at sink. Furthermore, the flowlines form

a subspace homeomorphic to S2 in L as in Case 1.

Therefore, L is a 3-sphere with a double equator and we simply denote it as L =

S3. Now, we remove the small open discs containing the north and south poles of

S3 in L then the complement is foliated by 2-spheres with an extra copy at the

origin and the corresponding leaf space of this foliation is I∗ = I ∪ {0′}. Here the

involution interchanges the origins with each other. In addition, S3 is foliated by

2-spheres removing the preimages of the discs around the north and south poles in L
and the leaf space of this foliation is I = [−1, 1], by Theorem 2.0.10.

There is an induced immersion h̃ : I −→ I∗ from the map h : S3 −→ L.

However, such an immersion is an embedding containing only one origin. Hence, the

image can not be invariant under the involution.

Lemma 4.0.12. C2 is not possible.
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Proof. The zero set of V consists of five points. We call them p++++, p+++−,

p++−−, p+−−− and p−−−−. We get the points and labelling by considering the

following flow

g(t) =




exp(l1t) 0 0 0 0

0 exp(−l1t) 0 0 0

0 0 exp(l2t) 0 0

0 0 0 exp(−l2t) 0

0 0 0 0 1




such that li = log(λi) and λ2 > λ1 > 1.

The labelling denotes the number of attracting and rebelling directions. The number

of (−) signs is the number of attracting directions. Hence, the sink is p−−−− and

the source is p++++. There is no flowline ending at p++++ and similarly, there

is no flowline starting at p−−−−. Every flowline starts at a point with a (+) label

and ends at a point with a (−) label.

We take the boundary of the tubular neighborhood of each point of Z in RP4,

which is S3. We need to determine the subspaces corresponding to the flowlines of

L which start at some point (when t → −∞) and end at some other point (when

t→ +∞).

For C2, the corresponding flow is given by

[
x0λ1

t : x1λ1
−t : x2λ2

t : x3λ2
−t : x4

]
.

Case 1: If x3 6= 0 then we consider the flow as follows:
[
x0
x3

(λ1 · λ2)t :
x1
x3

(λ2
λ1

)t
:
x2
x3
λ2

2t : 1 :
x4
x3
λ2

t

]
.

Since (λ1 · λ2), (
λ2
λ1

) and λ2 are greater than 1, the starting point is p++++,

i.e. when t→ −∞, the flow starts at
[
0 : 0 : 0 : 1 : 0

]
. In Euclidean coordinates,

[
x0 : x1 : x2 : x3 : x4

]
−→

(
x0
x3
,
x1
x3
,
x2
x3
,
x4
x3

)
∈ R4

and
[
0 : 0 : 0 : 1 : 0

]
−→ (0, 0, 0, 0).
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1. If x2 6= 0 then the flow can be written as
[
x0
x2

(λ1
λ2

)t
:
x1
x2

(λ1 · λ2)−t : 1 :
x3
x2
λ2
−2t :

x4
x2
λ2
−t
]
.

When t → +∞, the flow ends at
[
0 : 0 : 1 : 0 : 0

]
, which is p−−−−.

Through every point in S3− S2, which is around p−−−−, there is a unique

flowline starting at the source.

2. If x2 = 0 then the flow is given by

[
x0λ1

t : x1λ1
−t : 0 : x3λ2

−t : x4
]
.

If x0 6= 0 then the flow can be written as
[
1 :

x1
x0
λ1
−2t : 0 :

x3
x0

(λ1 · λ2)−t :
x4
x0
λ1
−t
]
.

When t→ +∞, the flow ends at
[
1 : 0 : 0 : 0 : 0

]
, which is p+−−−.

The flow below
[
1 :

x1
x0
λ1
−2t : 0 :

x3
x0

(λ1 · λ2)−t :
x4
x0
λ1
−t
]

consists of 3 parameters in Euclidean coordinates such that x3 6= 0. Then

the corresponding subspace to the flowlines starting at p++++ and ending at

p+−−− is S2−S1. Hence we can identify both hemispheres of S2 around

p++++ with both hemispheres of S2 around p+−−−. However, there is no

flowline between the two equators of 2-spheres, thus they are not identified.

3. Let x2 = 0 and x0 = 0 then the flow is written as follows:

[
0 : x1λ1

−t : 0 : x3λ2
−t : x4

]
.

If x4 6= 0 then the flow is given by
[
0 :

x1
x4
λ1
−t : 0 :

x3
x4
λ2
−t : 1

]
.

When t→ +∞, the flow ends at
[
0 : 0 : 0 : 0 : 1

]
, which is p++−−.

The flowlines from p++++ to p++−− are through the points of S1 except

its equator since x4 6= 0. It follows that the corresponding subspace is

S1 − S0.
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4. If x2 = 0, x0 = 0 and x4 = 0, then the flow is given by
[
0 : x1λ1

−t : 0 : x3λ2
−t : 0

]
.

If x1 6= 0, then the flow can be written as
[
0 : 1 : 0 :

x3
x1

(λ1
λ2

)t
: 0
]
.

When t→ +∞, the flow ends at
[
0 : 1 : 0 : 0 : 0

]
, which is p+++−.

The flowlines from p++++ to p+++− are only through two points of S1,

namely S0.

The diagram below lists the flowlines starting from p++++ and also the subspaces

corresponding to these flowlines.

p++++

�� (( ,, --
p+++−(S0) p++−−(S1 − S0) p+−−−(S2 − S1) p−−−−(S3 − S2)

If x3 = 0, i.e. flowlines do not start at the source point p++++ then the flow is
[
x0λ1

t : x1λ1
−t : x2λ2

t : 0 : x4
]
.

Case 2: Let x3 = 0 and x1 6= 0, then the flow is given by
[
x0
x1
λ1

2t : 1 :
x2
x1

(λ1 · λ2)t : 0 :
x4
x1
λ1

t

]
.

When t→ −∞ the flow starts at
[
0 : 1 : 0 : 0 : 0

]
.

The subspace consisting of the flowlines starting from p+++− is S2. Below, we

investigate at which points this flowlines end.

1. If x2 6= 0, then the flow can be written as
[x0
x2

(λ1
λ2

)t
:
x1
x2

(λ1 · λ2)−t : 1 : 0 :
x4
x2
λ2
−t
]
.

When t→ +∞, the flow ends at
[
0 : 0 : 1 : 0 : 0

]
.

Thus, the subspace S2 − S1 consists of the flowlines starting from p+++−

and ending at p−−−−.
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2. If x2 = 0, then the flow is
[
x0λ1

t : x1λ1
−t : 0 : 0 : x4

]
.

Let x0 6= 0, then the flow can be written as
[
1 :

x1
x0
λ1
−2t : 0 : 0 :

x4
x0
λ1
−t
]
.

As t→ +∞ the flow ends at
[
1 : 0 : 0 : 0 : 0

]
.

The subspace S1 − S0 consists of the flowlines from p+++− to p+−−−.

3. If x2 = 0 and x0 = 0, then the flow is written as follows:

[
0 : x1λ1

−t : 0 : 0 : x4
]
.

Let x4 6= 0, then the flow can be written as
[
0 :

x1
x4
λ1
−t : 0 : 0 : 1

]
.

As t→ +∞ the flow ends at
[
0 : 0 : 0 : 0 : 1

]
.

The subspace S0 consists of the flowlines from p+++− to p++−−.

So we have the following diagram.

p+++−

�� (( ,,
p++−−(S0) p+−−−(S1 − S0) p−−−−(S2 − S1)

Case 3 : Consider x3 = 0, x1 = 0 and x4 6= 0, then the flow is given by
[x0
x4
λ1

t : 0 :
x2
x4
λ2

t : 0 : 1
]
.

As t→ −∞ the flow starts at
[
0 : 0 : 0 : 0 : 1

]
.

Thus, the subspace S1 consists of the flowlines from p++−−.

1. If x2 6= 0 then the flow can be written as
[x0
x2

(λ1
λ2

)t
: 0 : 1 : 0 :

x4
x2
λ2
−t
]
.

As t→ +∞ the flow ends at
[
0 : 0 : 1 : 0 : 0

]
.

The subspace S1 − S0 consists of the flowlines starting from p++−− and

ending at p−−−−.
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2. If x2 = 0 and x0 6= 0, the flow is given by

[
1 : 0 : 0 : 0 :

x4
x0
λ1
−t
]
.

As t→ +∞ the flow ends at
[
1 : 0 : 0 : 0 : 0

]
.

Hence, the subspace S0 consists of the flowlines from p++−− to p+−−−.

p++−−

�� ((
p+−−−(S0) p−−−−(S1 − S0)

Case 4: If x1 = 0, x3 = 0, x4 = 0 and x0 6= 0, then the flow is given by

[
1 : 0 :

x2
x0

(λ2
λ1

)t
: 0 : 0

]
.

As t→ −∞ the flow starts at
[
1 : 0 : 0 : 0 : 0

]
, which is p+−−−.

1. If x2 6= 0, the flow is given by

[x0
x2

(λ1
λ2

)t
: 0 : 1 : 0 : 0

]
.

As t→ +∞ the flow ends at
[
0 : 0 : 1 : 0 : 0

]
.

The subspace S0 consists of the flowlines from p+−−− to p−−−−.

p+−−−

��
p−−−−(S0)

Remark 4.0.13. The flowline starting and ending at the same point is just a point

and we call it a constant flowline. We are not interested in constant flowlines in our

considerations.

Hence, the leaf space L of this foliation of X = RP4 \ Z can be written as

L = S3 ∪ S1.
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Now, there is a decomposition of L into disjoint subsets; four points, such that two

of which are (0, 0, 0,±1) ⊂ D± and the other two points are the extra copy S0 of

S1, one S1 and the other subspaces are two spheres which foliate the complement

after removing S1 and the points (0, 0, 0,±1).

(0, 0, 0,−1)

(0, 0, 0,+1)

∪

S1
S3

S3 ∪ S1L =
Figure 4.2: Decomposition of the leaf space L.

There is an immersion h : S3 −→ L induced from developing map and since

S3 and L have same dimension, it is also a submersion. Then the preimages of

decomposition of L give a decomposition of S3.

If we restrict h : S3 −→ L to the discs of S3, we get finite sheeted covering

projections, which are given as

h| : h
−1(D3

±) −→ D3
±

according to Lemma 2.0.8.

If S2 is any leaf of the foliation of L then

h| : h
−1(S2) −→ S2

is also a covering projection. Thus, h−1(S2) is a disjoint union of S2’s.

We see that L has a foliation with S2 leaves after removing the north pole, the

south pole and S1 from L. Using the decomposition of L described above

(also see Figure 4.2), we get a decomposition of S3 by taking the preimages of this

decomposition of L. Then we use an Euler characteristic argument and arrive at a

contradiction in all cases.
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Let N be the north pole and S be the south pole.

Since L and S3 are locally compact spaces, we can use Euler characteristic with

compact supports ([4] page 1).

The compactly supported Euler characteristic of the punctured open disc is

χc
(
D3 \ (S2 ∪N)

)
= χc(D

3)− χc(S2)− χc(N) = 1− 2− 1 = −2,

and

χc(S3) = 2 · χc
(
D3 \ (S2 ∪N

)
+ 2 · χc(N ∪ S) + 2 · χc(S2).

Case 1: h−1(S1) = ∅.
n1: the number of the preimages of D+.

n2: the number of the preimages of D−.

k: the number of the preimages of S2.

From

χ(S3) = χc(S
3) = (−2n1) + (−2n2) + n1 + n2 + 2k,

we get

2k = n1 + n2 ≥ 2.

This equality says that the number of the open discs is equal to twice the number of

spheres.

The possible cases are listed below:

1. k = 1 then n1 + n2 = 2.

It means that there is one S2 dividing S3 into two pieces D+ and D−.

Then h(S3) touches one of the equators of S3, so the image is not invariant

under involution. Thus, this case is not possible.

2. k = 2 then n1 + n2 = 4.

If we remove one sphere from S3, we have two components which are D+

and D−. Then the other sphere is in one of these discs. Without loss of

generality, we assume that the sphere is in D+. Then these two spheres divide

S3 into three connected disc components. However, it is a contradiction since

it should be 4.
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3. k ≥ 3 then n1 + n2 ≥ 6.

In this case, we have a contradiction similar to the case k = 2, so this case is

also not possible.

Case 2: h−1(S1) 6= ∅.
χ
(
S3 \ h−1(S1)

)
< 0.

−l = χ
(
S3 \ h−1(S1)

)
= (−2n1) + (−2n2) + n1 + n2 + 2k,

where l is the number of the preimages of S1. The Euler characteristic of S1 is

0, so S1 makes no change on the Euler characteristic. One of the double equators

S0 of S1 decreases the Euler characteristic since we remove it. Finally, we get

n1 + n2 = 2k + l and l ≥ 1.

Now, we consider the below possible cases:

1. k = 1 and l = 1 then n1 + n2 = 3.

Then there are 3 disc connected components, but we have only one S2 divid-

ing S3 into two pieces and one point, which is the preimage of S0. Thus,

it is a contradiction.

2. k ≥ 2 and l ≥ 1 then n1 + n2 ≥ 5.

There is again a contradiction with the number of connected disc components

and the number of S2’s. This finishes the proof.

59



60



CHAPTER 5

AN OBSTRUCTION TO THE EXISTENCE OF REAL

PROJECTIVE STRUCTURES

In this chapter, we will give an obstruction to obtain examples of manifolds with the

infinite fundamental group Z admitting no real projective structure.

General properties of Pontryagin classes give the following theorem.

Theorem 5.0.14. If there is an immersion Mn−1 −→ Rn, where M is an ori-

entable manifold then the Pontryagin classes pi(M
n−1) are all two torsion, for

i ≥ 1.

Theorem 5.0.15. Let Mn be a simply connected manifold which does not admit any

immersion into Rn+1. Then M × S1 does not have any real projective structure.

Proof. Assume that M × S1 admits a real projective structure. Then there exists a

developing map such that

M × R

��

dev // RPn+1

M × S1

Consider the following diagram.

Sn+1

��
Mn

;;

dev // RPn+1

Since the map M −→ RPn+1 is an immersion and the double cover

Sn+1 −→ RPn+1 is a local diffeomorphism, M −→ Sn+1 is also an immersion.
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Moreover,

M −→ Sn+1 \ {p} = Rn+1

is also an immersion where p is a point in Sn+1, which is not in the image of M .

However, this yields a contradiction.

Example: Let M = CP2. The first Pontryagin class of CP2 is p1 = c21 − 2c2,

where ci’s are Chern classes, for i = 1, 2. Then

p1 = c21 − 2c2 = 9− 2.3 = 3.

Hence p1 is not a torsion class. By Theorem 5.0.14, there is no immersion CP2 −→
R5 and it contradicts to the existence of the developing map. Therefore, CP2 × S1

does not have a real projective structure.

Example: Let M4 be an almost complex manifold such that π1(M) = Z2. Then

the universal cover M̃ −→ M has also an almost complex structure via pull back.

Then the first Pontryagin class of M̃ is

p1(M̃) = c21 − 2c2 = c21 − 2χ(M̃).

If p1(M̃) is zero, by Theorem 5.0.14 there is no real projective structure on M̃ . If

it is nonzero, we blow up the universal cover at some pair of points pi and pj such

that pj = τ(pi), where τ is the Deck trasformation of the cover M̃ −→M and

after 2k-times blowing up we get the manifold M̃#2kCP2. Then χ(M̃#2kCP2) =

χ(M̃) + 2k and c21(M̃#2kCP2) = c21(M̃)− 2k.

p1(M̃#2kCP2) = c21(M̃#2kCP2)− 2χ(M̃#2kCP2)

= c21(M̃)− 2k − 2χ(M̃)− 4k

= p1(M̃)− 6k

Therefore, p1(M̃#2kCP2) is nonzero (for k > 1) if p1(M̃) is zero and thus

(M̃#2kCP2)× S1 admits no real projective structure.

Using the ideas of this chapter we obtain a short cut in the proof of the main theorem

(Theorem 3.2.1) in case W̃ n−1 does not admit an immersion into Rn.

Theorem 5.0.16. Assume that W n−1 and M as in Theorem 3.2.1. Assume fur-

ther that the universal cover W̃ of W does not admit an immersion into Rn.

Then M has no real projective structure.
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Proof. Assume on the contrary that M has a real projective structure. Then the

universal cover W̃ × R of M has a real projective structure and thus the devel-

oping map dev : W̃ ×R −→ RPn provides an immersion of W̃ into Rn. This

finishes the proof.

Remark 5.0.17. Note that since Sn−1 has an immersion into Rn, the above the-

orem does not imply that RPn#RPn can not have a real projective structure.
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CHAPTER 6

PROJECTIVE STRUCTURES AND CONTACT FORMS

6.1 Background

Definition 6.1.1. Let M be a (2n+ 1)-dimensional manifold. A contact structure

is a maximally non-integrable hyperplane field ξ ⊂ TM such that any local 1-form

α with ξ = kerα is required to satisfy

α ∧ (dα)n 6= 0.

Such a 1-form α is called a contact form and the pair (M, ξ) is called a contact

manifold.

For more information about contact structures see [10], [11].

In [18], Ovsienko dealt with the relation between real projective structures and special

contact forms on simply connected odd dimensional manifolds. He showed that a

locally simply connected projective manifold of odd dimension is contact.

Theorem 6.1.2 (Ovsienko). Let M be a (2k − 1)-dimensional simply connected

manifold, where k > 1. Then M admits a real projective structure if and only if

there are functions f1, ..., f2k ∈ C∞(M) such that the one form

α =
k∑

i=1

(f2i−1 df2i − f2i df2i−1)

is contact.

65



6.2 Main Result

We proved that if a manifold M (with any fundamental group) admits a special

contact form consisting of some functions on M then it admits a real projective

structure.

Theorem 6.2.1. Let an odd dimensional manifold M2k−1 admit a contact form as

given below

α =
k∑

i=1

(f2i−1 df2i − f2i df2i−1)

for some functions f1, ..., f2k ∈ C∞(M). Then M admits a real projective struc-

ture.

Proof. Suppose that there is a contact form α on M as above. Let π : M̃ −→M

be the universal cover of M . Consider the functions f̂1, ..., f̂2k ∈ C∞(M̃) such

that f̂i = fi ◦ π, where f1, ..., f2k ∈ C∞(M).

Therefore, α̂ is a contact form on M̃ such that

α̂ =
k∑

i=1

(f̂2i−1 df̂2i − f̂2i df̂2i−1).

Let F be the 2k-dimensional linear space spanned by the functions f̂i,

F = < f̂1, ..., f̂2k > ∼= R2k.

To any point m ∈ M̃ we assign the subspace Vm ⊂ F formed by the functions

vanishing at the point m such that

Vm = {f̂ ∈ F | f̂(m) = 0}.

The dimension of Vm is (2k − 1) since the form α̂ is nondegenerate.

Then the map Φ : M̃ −→ RP2k−1, given by Φ(m) = Vm is well defined.

Now, we will show that Φ is a local diffeomorphism.

For any point m, there is a function in F that is nonzero at m. We may assume

f̂2k 6= 0. Let us say ti = f̂i/f̂2k, i = 1, ..., 2k − 1 in the neighborhood of m.
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Then the form α̂∧ (dα̂)k−1 is proportional to the form dt1∧dt2∧ ...∧dt2k−1 6= 0.

Hence, the functions (t1, ..., t2k−1) constitute a system of local coordinates on M̃ .

Therefore, Φ is a developing map for some real projective structure on M̃ . Now,

we need to say this pojective structure can be pulled down to M .

The real projective structure on M̃ is given by the functions f̂i ∈ F . Since the

functions have the form f̂i = fi ◦ π, the real projective structure on M̃ descends

to a structure on M . We conclude that M admits a real projective structure.
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