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ABSTRACT

QUANTAL DESCRIPTION OF SPINODAL INSTABILITIES IN
ASYMMETRIC NUCLEAR MATTER

Acar Cakirca, Fatma
Ph.D., Department of Physics
Supervisor : Prof. Dr. Osman Yilmaz

Co-Supervisor : Prof. Dr. Sakir Ayik

July 2017, pages

Spinodal instability mechanism and early development of density fluctuations for
asymmetric hot nuclear matter produced in heavy-ion collisions are investigated in
non-relativistic and relativistic stochastic mean-field approaches. In relativistic ap-
proach, a stochastic extension of the relativistic mean-field approximation based on
non-linear Walecka model employed in a quantal framework. The mediator rtho me-
son is added to the Walecka model in order to investigate the isospin dependence of
the system. The growth rates of the unstable collective modes are calculated and the
boundary of the spinodal region is obtained from the phase diagram for different ini-
tial conditions at different asymmetries. In general, growth of instabilities becomes
slower with increasing charge asmmetry. The baryon density correlation function
that includes information about the initial size of the condensing fragments is also

calculated for the collective modes.

In the non-relativistic framework, a complete treatment of density correlation func-

tions is presented by including collective modes and non-collective modes as well.



The growth of density fluctuations in the spinodal region of asymmetric nuclear mat-
ter is investigated in the stochastic mean-field approach based on Skyrme-type effec-
tive interactions. It is possible to derive nearly analytical expression for the density
correlation function in the linear response limit of the stochastic mean-field approach,
which involves a counter integration over the complex frequency plane. In order to
provide a complete description of the correlation function, we evaluate collective and
also non-collective poles in numerical calculations. These investigations will allow
us to obtain more accurate information about the condensation mechanism and early

evolution of liquid-gas phase transformation of nuclear matter.

Keywords: Stochastic Mean Field Approach, Spinodal Instabilities, Nuclear multi-

fragmentation, Walecka Model.
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ASIMETRIK NUKLEER MADDENIN SPINODAL
KARARSIZLIKLARININ KUANTAL OLARAK INCELENMESI

Acar Cakirca, Fatma
Doktora, Fizik Bolimii
Tez YOneticisi : Prof. Dr. Osman Yilmaz

Ortak Tez Yoneticisi : Prof. Dr. Sakir Ayik

Temmuz 2017 ,[138]sayfa

Relativistik ve relativistik olmayan stokastik ortalama alan yaklagimlar: kullanilarak
agir iyon carpigsmalarinda ortaya ¢ikan asimetrik sicak niikleer madde i¢in spinodal
kararsizlik mekanizmalar1 ve yogunluk dalgalanmalarinin erken gelisimi ¢alisildi. Bu
calismada, lineer olmayan Walecka modeline dayali relativistik ortalama-alan modeli
stokastik bir yaklasimda kuantal bir ¢er¢evede kullanildi. Sistemin izospin bagimlili-
gin1 incelemek i¢in Walecka modeline araci parcacik olarak rho mesonu eklendi. Bas-
kin kararsiz modlarin biiyiime oranlar: farkli baslangic kosullari icin degisik asimetri
degerlerinde hesaplandi ve faz diyagramlar1 kullanilarak spinodal kararsizlik bolge-
sinin sinirlar1 belirlendi. Asimetri arttikca kararsizliklarin biiyiimesinin yavasladigi
gozlemlendi. Ayrica, yogunlasan damlaciklarin ilk boyutlar1 hakkinda bilgi iceren

baryon yogunluk fonksiyonlar1 kollektif modlar i¢in hesaplandi.

Relativistik olmayan hesaplarda kollektif katkilara ek olarak kollektif olmayan katki-

lar gbz Oniine alinarak yogunluk korelasyon fonksiyonlarinin biitiin gelisimi incelen-

vii



mistir. Spinodal bolgedeki yogunluk dalgalanmalarinin gelisimi Skyrme tipi etkiles-
meye dayanan Stokastik ortalama alan modeli kullanilarak asimetrik niikleer madde
icin incelendi. Bu modelin lineer limitinde yogunluk korelasyon fonksiyonlar1 yakla-
sik analitik olarak ifade edilebilir. Bu hesaplar kompleks frekans diizleminde kontur
integrali icermektedir ve korrelasyon fonksiyonlarinin niimerik hesaplart hem kol-
lektif hem de kollektif olmayan katkilar degerlendirilerek yapilmistir. Bu arastirma,
asimetrik niikkleer maddenin yogunlasma mekanizmasi ve sivi-gaz faz doniisiimiiniin

ilk evreleri hakkinda bilgi edinmemizi saglayacaktir.

Anahtar Kelimeler: Stokastik Ortalama Alan Yaklasimi, Spinodal Kararsizliklar, Niik-
leer Coklu Parcalanma, Walecka Modeli.
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CHAPTER 1

INTRODUCTION

The study of heavy-ion collisions provides opportunities to study the nuclear systems
under extreme conditions. Due to the collisions, different states of nuclear matter far
from equilibrium may produce. For instance, at high densities and temperatures, the
nucleons in the nucleus dissolve into a quark-gluon plasma. At lower temperatures,
which are achieved at the intermediate energy heavy-ion collisions with energies in
the order of ten MeV, no such exotic states emerge but there is a possibility to observe
the liquid-gas phase transition leading to the breakup of the nuclear system into many

fragments which is known as multifragmentation process [1].

The possibility of the liquid-gas phase transition is predicted because of the similar-
ity between the nuclear force and the intermolecular forces of classical Van der Waals
fluid which are attractive at short range and repulsive at long and intermediate ranges
[2]. The classical Van der Waals fluid enters the spinodal instability region at the crit-
ical temperatures and the liquid-gas phase transition occurs through the nature of the
intermolecular forces [3]. Likewise, at normal density and zero temperature, nuclear
matter behaves like Fermi liquid with specific quantum properties thus a change of
phase to the gas state is expected at high temperatures. In the recent years, the experi-
mental studies at intermediate energies have displayed the possibility for the decay of
highly excited and compressed nuclear matter into many fragments. Such multifrag-
mentation process can be considered as a signal that the nuclear system undergoes a

phase transition [4, Sl].

Spinodal instability mechanism provides a possible description for the cluster forma-

tion in hot nuclear matter occuring just after the heavy-ion collisions [3]. A hot and



compressed nuclear system at temperatures 10 — 15 MeV is produced during the nu-
clear collisions at low bombarding energies. This system expands with the effect of
thermal pressure, then cools down and enters into the mechanically unstable region
at low densities below the density value of nuclear matter at equilibrium which is
approximately po = 0.16 fm™>. This unstable region of hot nuclear matter is named
as the spinodal instability region which is the domain of negative incompressibility
and of mechanical instability of uniform matter. In the experimental studies based on
nuclear multifragmentation, observations of charge correlations for fragments sug-
gest that a possible origin of phase transition and the resulting multifragmentation
can be explained through the density fluctuations arising due to the mechanical insta-
bilities in the spinodal region [6, [7]. The spinodal decomposition can be defined as
the growth of small density fluctuations in a short time interval around an equilibrium
density, that leads to the break up of the nuclear system into an ensemble of various

sized fragments [8, 9l].

In this study, the spinodal instabilities of infinite asymmetric nuclear matter and the
early growth of density fluctuations are investigated. Infinite nuclear systems, where
the surface effects can be neglected, provide a theoretical framework for the investi-
gation of nucleon-nucleon interactions. At finite temperatures, this idealized system
provides a starting point to study not only many problems in nuclear physics but
also for understanding the evolution of early universe and some astrophysical sys-
tems such as neutron stars [[10]. For instance, it has been suggested that the liquid-gas
mixture exists in the crusts of the neutron stars at very low temperatures [11]. The
neutron-rich matter with asymmetry / = 0.8 at low densities and low temperatures
around 7" = 1 MeV corresponds the typical conditions in the crust of the neutron stars
therefore the study of spinodal instabilities in asymmetric nuclear systems has great

importance in some astrophysical issues as well as nuclear collisions.

The mean field transport theories have been extensively employed to describe the re-
action dynamics at low energy nuclear collisions. In order to explain the growth of
density fluctuations, one requires a mean field model which includes dissipation and
fluctuation mechanisms together. The time dependent Hartree Fock (TDHF) model
and the semi-classical simulations based on the nuclear Boltzmann equation give a

good description for the average evolution of one-body observables at the initial phase



of the collision, when the system is hot and compressed, but they become inadequate
when expansion and cooling drive to the system into the instability region in which
density fluctuations emerge [[12, 13} 14, [15]. In the framework of these models, lim-
ited information about the spinodal instabilities can be obtained such as the growth
rates of the unstable modes and the boundary of spinodal region. However, density
fluctuation dynamics and condensation mechanism cannot be explained through the
standard mean field theories. These models include one-body dissipation mechanism,
collision of nucleons with the average nuclear potential, but the related fluctuation
mechanism are not incorporated into the description [16]]. In order to describe the
dynamics of density fluctuations, the mean field approaches should be improved by

including dissipation and the resulting fluctuation mechanisms together.

Considerable effort has been made to develop the transport approach for describ-
ing the dynamical fluctuation mechanism beyond the mean field approximation [17].
There are basically two different mechanism for density fluctuations; collisional fluc-
tuations arising from two-body collisions and one-body mechanism or mean-field
fluctuations. Fluctuations and dissipation due to the collisional mechanism are im-
portant at intermediate and high energy nuclear collisions. The extended mean-field
theory, known as Boltzmann-Langevin (BL) model, provides a suitable description
for density fluctuations at these energy scales [16]. However, the mean field fluctu-
ations at the initial state are the dominant source of density fluctuations at low ener-
gies [[17]. In order to understand the nuclear spinodal instabilities, extensive studies
are carried out based on the semi-classical BL type stochastic transport models [3].
Nevertheless, a large amount of numerical effort is required for the simulations of
BL approach and this model provides a framework only for semi-classical descrip-
tion. However, quantum statictical effects are important for spinodal decomposition

[L16, 18].

Stochastic Mean Field (SMF) approach maintains a suitable basis for description of
density fluctuation dynamics at low energy nuclear systems [19]. The SMF approach
includes the one-body dissipation and the resulting fluctuation mechanism in accor-
dance with the quantal-dissipation and fluctuation relation, and furthermore the nu-
merical simulations of this model can be performed without much effort [16, [17].

Therefore, the SMF approach provides a useful microscopic tool to describe low en-



ergy nuclear processes such as heavy-ion fusion near barrier energies, deep-inelastic
collisions and spinodal decomposition of nuclear matter in which the mean-field fluc-

tuation mechanisms play a dominant role [16].

In previous studies [9, 16, 17, 20], the spinodal dynamics and the early development
of density fluctuations are investigated by employing the SMF approach in a nonrel-
ativistic framework based on Skyrme type effective interactions, as well as in a rela-
tivistic framework based on Walecka-type effective field theory in the semi-classical
and quantal descriptions. In these studies, the early growth of density fluctuations is
calculated in the linear response regime of the SMF approach. For nuclear matter,
linearizing the equation of motion around a suitable initial state in the spinodal region
and using the one-sided Fourier transformation method, it is possible to carry out
nearly analytical treatment for the density correlation function in the linear response
regime. In these studies, only unstable collective modes are taken into account in
the calculations of correlation functions. As indicated in Ref. [21], it is nesessary to
include the effect of noncollective poles as well for a complete description of density
correlation functions. In this study, our aim is to calculate the correlation functions of
density fluctuations exactly by including collective as well as non-collective poles for
charge asymmetric nuclear matter. In the first part of this thesis, we investigate the
spinodal instabilities and the early growth of density fluctuations in a semi-classical
limit of the SMF approach in non-relativistic framework by including the effect of

non-collective poles.

In the second part of the thesis, early development of spinodal instabilities and density
correlation functions are studied within the stochastic extention of the Walecka-type
relativistic mean-field including rho mesons. In the previous investigations [9} 20],
the symmetric nuclear matter is studied through the standard Walecka model with
point couplings and with the extensions of the Walecka model including non-linear
self interaction terms of the scalar meson and density dependent couplings in the
semi-classical approximation. Furthermore, in a recent study, a quantal investigation
is presented for symmetric nuclear matter to examine the quantal effects on the early
growth of spinodal instabilities [[17]. However, all these studies are performed for
symmetric nuclear matter. On the other hand, recent investigations on collisions of

radioactive nuclei and on formation and structure of neutron stars have attracted at-



tention to the charged asymmetric nuclear matter [8]]. In this work, we also study the
effect of asymmetry on spinodal instabilities of nuclear matter at subsaturation den-
sities. The early development of spinodal instabilities and baryon density correlation
functions are investigated for asymmetric nuclear matter by employing the stochastic
extension of the relativistic mean field theory in a quantal framework. The isospin
asymmetry is included into the system with the addition of rho mesons coupled to

baryon fields of Lagrangian density of nonlinear Walecka model.

In chapter 2, we present a brief description of TDHF theory and the stochastic mean-
field approach, and then the nearly analytical description of density fluctuations in-
cluding both collective and noncollective poles is presented for asymmetric nuclear
matter in non-relativistic approach. The numerical results of spinodal instabilities are
introduced at zero temperature and finite temperatures in chapter 3. We investigate the
growth rates of unstable modes and the boundary of the spinodal region for different
asymmetry values. Moreover, density correlation functions and the spectral intensity
of density correlations are also demonstrated. In chapter 4, the nonlinear Walecka
model including rho mesons is introduced and then by employing the stochastic ex-
tension of the relativistic mean field approach we develop a linear response treatment
for spinodal instabilities in the quantal framework. The results of numerical calcu-
lations are demonstrated for early growth of baryon density correlation functions for
different initial conditions in different charge-asymmetric nuclear matter in chapter

5. Finally, the conclusion is given in chapter 6.






CHAPTER 2

EARLY GROWTH OF DENSITY FLUCTUATIONS WITHIN A
NON-RELATIVISTIC APPROACH

2.1 Mean-field Approach and TDHF

The study of nuclear matter, the theoretical uniform infinite system of nucleons, is an
important area of nuclear physics since it forms a starting point for describing more
complicated and realistic phenomena in nuclear physics such as the properties of finite
nuclei and the dynamics of heavy-ion collisions. The nuclear matter is a many body
system of strongly interacting nucleons (neutrons and protons). In describing the
many-body nuclear system, the mean field approximations are widely used to describe
the many static and dynamical aspects. According to the mean field description, the
complex many body problem is replaced with the effective one-body problem by
considering an ensemble of independent particles in a self-consistent mean-field [22].
In these approximations, two body collisions are neglected and the nucleons move
in a self-consistent potential produced by all other nucleons. The mean field model
also known as the time dependent Hartree-Fock (TDHF) has been used to describe
the nuclear collision dynamics at low energies (below 10 MeV per nucleon) and also

other many body systems [13}[14].

In the mean field description of a many body system, the time-dependent wave func-

tion, which is an anti-symmetric wave function, is taken to be a Slater determinant

constructed with a number of time dependent single-particle wave functions ¢;(7, t)
1

7




The single particle wave functions are determined by the time-dependent Hartree-

Fock equations with proper initial conditions according to [[19, 23]

here h(p) denotes the Hamiltonian of self-consistent mean-field. However, in many
situations, the mean-field approximation is expressed by the single particle density
matrix p(7,7",t) instead of the single particle wave functions. The single particle

density matrix is defined as
p(F, 7 1) =Y G ) dy (1) . (2.3)
J

Here n; denotes the occupation factor for the single particle states and it is equal to
one for occupied and zero for unoccupied states at zero temperature. In the mean field
approximation, the single-particle density matrix evolves according to the transport
equation

i o(6) = (o), p(0) @4

which is known as TDHF equation.

The standard mean-field approach provides a useful description for the average be-
havior of collective motion of nuclear matter at low energy reactions by including
one-body dissipation mechanism. However, it becomes inadequate to describe the
fluctuation dynamics of one-body observables [13]. Therefore, we need an approx-
imation beyond the standard mean-field approach to include the fluctuation mecha-
nism. The stochastic mean-field approach (SMF) provides a powerful framework to
describe the nuclear collective motion by including one-body dissipation and fluctu-

ation mechanisms [19].

2.2 Stochastic Mean-Field Approach

TDHF maintains a deterministic description for evolution of the single particle den-
sity matrix starting from a well-defined initial state and leading to a well-defined final
state [14]. We can include the fluctuation mechanism into dynamics by considering
the superposition of determinantal wave functions rather than the single Slater de-

terminant description which used in the standard TDHF. In the stochastic mean-field
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description, an ensemble of single-particle density matrices as superposition of Slater
determinants is obtained by considering only the initial correlations [[16} 22]]. This
way, the zero-point quantal and thermal fluctuations at the initial state are considered

in a stochastic manner [14].

The SMF approach introduces a microscopic description for density fluctuations dy-
namics at low energy nuclear collisions. In the framework of this approach, one can
calculate not only the mean value of an observable but also the probability distribution
of the observables. In the SMF method, the source of the stochasticity stems from the
initial correlations and therefore the initial density fluctuations are simulated by using

an ensemble of density matrices instead of a single-particle density matrix [19].

In order to improve a stochastic description, it is needed to determine enough number
of occupied and unoccupied single particle states. A member of single particle density

matrix represented by the event label )\ is written in the form
AGEOED S GEPVUPAIDENGREPVE (2.5)
ij

Here the label a denotes the proton and neutron species and {(i|p}(0)|;) are the time
independent elements of density matrix defined by the initial conditions. According
to the basic assumption of this approach, each element of density matrix is assumed
to be a Gaussian random number specified by an average value m = 0;Na(1)

and a variance

(i6p2(0)15)(5'103 (0)]") = %6ab5ii’5jj/{na(i)[1 — 1 (J)] +1a(7)[1 = na(d)]}. (2.6)

In the above expression (i|dp}(0)]j) denotes the fluctuating parts of the initial density
matrix and n,(7) are the average occupation numbers which are one for occupied
and zero for unoccupied states at zero temperature, and at finite temperature they are
determined by the Fermi-Dirac distribution n,(j) = 1/[exzp(e; — pa)/T + 1] , here

I4q 18 the chemical potential and ¢; is the Fermi energy at the equilibrium density.

In this approach, different from the standard TDHF, the time dependent single particle
wave functions of nucleons are evolved by their own self-consistent mean field for

each event according to

'aa—* a (=
ih- 0 (7, 15 2) = had (7, £ A) 2.7)
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where h) = p?/2m, + U, (p), ppy) indicates the self-consistent mean-field Hamilto-
nian and it depends on the proton and neutron local densities p) (7, ¢) . Similar to
Eq. (2.4), the time evolution of the SMF approach in terms of single particle density

matrices of nucleons are given as

0 0, (t) = [hy(t), po(1)] (2.8)

90
“or?

where the label a = p T,p |,n T,n | represents the spin-isospin quantum numbers,

and h))(t) is the mean-field Hamiltonian in the event.

The one-body dissipation and fluctuation mechanism is incorporated into the collision
dynamics within a stochastic manner by including the initial correlations in the SMF
approach. In this thesis, the early growth of density fluctuations is studied within the

framework of this approach in the spinodal region.

2.3 Skyrme Interaction

For nuclear matter, the Skyrme potential, which is zero-range, density and momen-
tum dependent, is widely used effective potential in Hartree-Fock calculations. The
Hamiltonian density for a system can be expressed as an algebraic function of the nu-
clear and kinetic energy densities by considering the simple structure of the Skyrme
force [24]. In its original form Skyrme’s interaction can be written as a potential,
V=> V(i) + > V(ijk) (2.9)
i<j i<j<k
with two-body and three-body parts [23]]. The range of the nuclear force is rather short
and therefore the nuclear potential is written as a zero-range force. Such forces are
useful since they are simple and describe many nuclear properties quite well. In the
short-range limit, the Skyrme interaction consists of zero-range force with momen-
tum dependent two-body force plus the density dependent two-body force. We have
performed the numerical calculations with an effective two-body Skyrme interaction

given as [25]],

1 — - — 0%
‘/172 = t0<1 + 1’0P0>5<F1 — 7?2) + 6t3 (1 -+ l’gpg) |:p (Tl TQ)] (5(7:)1 — FQ)
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where P? is the spin exchange operator and the parameters t, = —2973 MeV - fm?,
ts = 19034 MeV - fm3(e+h), xo = 0.025, 3 = 0 and o = 1/6 give the correct values
for saturation density and binding energy of symmetric nuclear matter. The first term
is for the long-range attraction (f, < 0) while the second term provides the short

range repulsion (3 > 0) and this maintains the saturation at a certain density pg [3].

According to the Skyrme interaction given in Eq. (2.10), the potential energy density

is expressed as [, 23],

Ap> B p* Cp)p? Do D -
Hypot(pny pp) = o + o 3 i + 5 P + E(Vp)z — 7(vp’)2 2.11)

where p = p,, + p, and p' = p,, — p, are respectively the total and relative densities,
and py = 0.16fm =3 is the saturation density of nuclear matter. The coefficients
A, B and C' are connected to the Skyrme parameters as follows [25]: A = %topo,

B = %2306 and Cp) = —po [2 (2o + 1/2) + % (w5 + 1/2) p°].

Consequently, the mean-field potential for neutron and proton is given by

5Hpot (pna pp)

Us, ns =
(p pp) 5pa
a+1 / /2
1dC
—A (ﬁ) +B <ﬁ) +C (ﬂ) Tt =P DA+ DA,
Po Po Po 2 dp po
(2.12)
where 7, = +1 for neutrons and 7, = —1 for protons. The numerical parameters

A = —356.8 MeV, B = +303.9 MeV and D = +130.0 MeV fm® are fitted to
the saturation properties of nuclear matter (the binding energy ¢y = 15.7 MeV per
nucleon at saturation density and compressibility coefficient X = 201 MeV ) and the
surface energy coefficient in the Weizsacker mass formula a,,,; = 18.6 MeV. The
numerical value of parameter D’ = +34 MeV fm® is close to the value given by the
SkM* interaction [26]. The symmetry energy coefficient is equal to C'(p) = C —
Co(p/po)* with Cy = 4+124.9 MeV and Cy = +93.5 MeV . At saturation density,
the coefficient C'(py) = 31.4 gives the symmetry energy coefficient in the Weizsacker
mass formula as asy, = €r(po)/3 + C(po)/2 = 28.0 MeV where ep(py) = 36.9

MeV is the Fermi energy for the symmetric system at p = py.
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Moreover, for symmetric nuclear matter the Eq. (2.12) reduces to

a+1
—A(L i _
Up) = A (p()) +B (pO) DAp. (2.13)

2.4 Early Growth of Density Fluctuations

2.4.1 Dispersion Relation

In this part of the thesis, our aim is to investigate the early growth of density fluc-
tuations in spinodal instability region for asymmetric nuclear matter therefore it is
sufficient to linearize Eq. (2.8) around a uniform initial state, p . A perturbation
dpX(t) = pr(t) — pC of the single particle density matrix away from the initial state
are determined by the linearized TDHF equations which are given for fluctuations of

neutron and proton density matrices as

m%aﬁg(t) = [ha, 355(1)] + [0U (), 77] 214

where h, denotes the mean field Hamiltonian at the initial state and 6U" is the fluctu-
ating part of the mean-field in the event. This response treatment maintains a quantal
description for the early development of spinodal instabilities for nuclear matter [3].
We are interested in investigating the growth of spinodal instabilities in nuclear matter
around a uniform initial state. In this case, we assume that the mean field Hamiltonian
is uniform in the equilibrium state and the single-particle density matrix is diagonal
in momentum representation at the equilibrium (p|po|p’) = (7 — p')po(p) where
po(p) is a finite temperature Fermi-Dirac factor. This way, it is possible to provide
an almost analytical treatment for the density fluctuations by using the plane wave
representations. In the plane wave representation, the linearized TDHF equation can

be expressed as

0

ihg(ﬁl@i(t)lp’é) = (pi| [ha, 605 (V)] [P2) + (Bi] [0UL (1), 0] 1p%)  (2.15)

where

B1] [has 6920 155) = (D1 |hadpi(t)[p2) — (01|05 (t) ha]p2)
= [ea(p1) — ea(P2)(P1105) () |3) (2.16)
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and
G B0, 8] 15) = ISV [ Al I8l
~@IAL [ a9 60201
= [ AR O 15555 - 7

_ / A5 (1 15U (D)) f2 (71 )6(51 — 1) -

Then, the linear response equation is found as

m%@yaﬁgwm = [ea(B) — 2al)] (1105 (1) |52)

— [f8(B1) = f(2)] (B |SUN ()] B2).  (2.18)

According to the basic assumption of the SMF approach, the elements of the initial
density matrix are uncorrelated Gaussian random numbers with zero mean values
and with well-defined variances. In the plane wave representation, their variances are

given by [[16} 27, 28],

(5 + hk/216p) ,(0)|F — hE/2)(F — hk' 2|67, (0)|F + Rk’ /2)
— dundow (270 (2)*0(5 — F)S(E — ) fo (5 + 1k /2) (1 = fo (5~ nE/2))
(2.19)

In this expression, the overline represents the ensemble average and d,,0,¢ reflects the
assumption that local density fluctuations are uncorrelated in the initial state. Here

f8(p) is the Fermi-Dirac distribution function, f§(p) = for finite tem-

1
6(57Ha>/T+1 4
peratures. At zero temperature, it is zero for unoccupied states and one for occupied

states.

We can solve the linear response Eq. (2.18) by employing the method of one-sided
Fourier transformation in time [29) [30],

570 (k,w) = / dte™top) (k. 1) . (2.20)
0

After transformation, one-sided Fourier transformed form of the local density fluctu-

ations becomes

I s T T S O
/ dt e = (1]0pa (k. D)|P2) = —(9110pa(0)152) — iew(pildpa (k,w)|pa) - (2.21)
0

13



Here (p1]6p,(0)|p2) is the source term arising from the initial conditions. We intro-
duce the Fourier transform of the mean-field potential in time as
| e msn2 015 = ISV ) .22)
0
Finally, the linearized TDHF equation can be written as follows

f(()l(ﬁl) _ fg(ﬁQ) <_‘1|5U;\(u))|ﬁ2>+lh <ﬁl|5ﬁa(0)’52>

— 5"’)\ ];/: =g — — :
<p1| pa( ’w)|p2> how — 5a(ﬁl) + g(ﬁ2) hw — <’511(15)1) + 6(]72)
(2.23)

In this equation, we use the momentum vectors as p; = p+ hk /2and P = p— hk /2
and introduce the space Fourier transform of nucleon density fluctuations 5p2(lz, t)

which is related to the fluctuations of the density matrix according to
(k0 =3 / RS DT ) 24)

where the summation indicates the sum over the spin quantum numbers s =T, .
Finally, we obtain a coupled algebraic equation for the Fourier transform of the local

proton and neutron densities 6p. (k, w):

1+ g (b,0)| 090 F @) + B (Bw)ipd(bw) \  ( S2(E,w)
— — — — =1 —
1+ By (k,0)| 8p) (K, 0) + B xp (F, )03 () Sk, w)
(2.25)

The details for the derivation of Eq. are presented in Appendix A. In deriving
these coupled equations, we consider that the mean-field potential depends only on
the local nucleon densities, U = U(pj, pp). In the above equation, F* denotes
the zeroth-order Landau parameters which defined as the derivative of the mean-field
potential energy with respect to the proton and neutron densities evaluated at the
initial state, F** = (U,/8p,)o and the integral x,(k,w) is the Linhard function for
protons and neutrons

2N Pp _f5(5— hk/2) — f§(5+ hk/2)
><a(l<:,w)—--—2/(27rh)3 -y (2.26)

Here the factor 2 comes from spin summation. The source term 53(15, w) is deter-
mined by the elements of the initial density fluctuation matrix § :52,5 (0) in spin-isospin

channel as

nk /2|6 7 — hik /2
SA k’ w Z / p+ / | pas( )_)’p / > . (227)
2mh)? hw — p- hk/m
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The solution of the coupled algebraic equations in Eq. (2.25) for the Fourier transform
of the local density fluctuations are given by

7 -

oo (k,w) = - W>G2(k,w>. (2.28)

The quantity GQ(E, w) is given for neutrons and protons as

@)\ [T ExlE )] SAEw) - B xalF,w) S
G (k,w) 1+ By xall )| S)E,w) = B (B, w) SA(F,w)
(2.29)

and E(E ,w) denotes the susceptibility

c(Fow) = 14 By xa(R,w) + FIxp(Row) + [E3m P — FgPEE) (R, ) (R, ).

(2.30)
When 5(/?, w) = 0, this equation indicates a dispersion relation for the system. In
the infinite nuclear matter, collective modes are determined by the wave number. The
solution of the dispersion relation gives the characteristic frequencies for the corre-
sponding wave numbers. The frequencies are real in the stable region (p > peritical)
and imaginary for the unstable modes (p < periticar )- In the following chapter, the

growth rates of the unstable modes will be presented as a function of wave number.

2.4.2 Growth of Density Fluctuations

In this part, the time-dependency of density fluctuations is determined by taking the
inverse Fourier transform of Eq. (2.28) in time according to the method of one-sided
Fourier transformation. The inverse transformation is expressed as a contour integral
in the complex w-plane as [27, 28],

Sp(k,t) = z‘/ﬁom %Mewt, (2.31)

—ootic 2T e(k,w)

here the integration path passes above all singularities as shown in Fig.1 by line CI.
This integral can be calculated with the help of the residue theorem by closing the
contour in a suitable manner shown in Fig.1. The solutions of the dispersion relation,
5(12, w) = 0, gives the collective poles of the integral. In the spinodal region, we will
have two solutions with imaginary frequencies which is given by w = +:I';. The

collective poles make the dominant contribution to the growth of density fluctuations.
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However, Bozek pointed out that [21]], collective poles are not the only singularities
of this integral so the description of the growth of density fluctuations is not fully rep-
resented. In fact, the collective poles alone do not even satisfy the initial conditions.
Therefore, the effect of non-collective poles should be considered in addition to the
collective ones. By calculating the angular integral in the Lindhard function given
by Eq. (2.27), it is possible to see that, there is a cut singularity of the integrand in
Eq. (2.31) along real axis in the complex w-plane. Moreover, Ga(/g, w) may also have
singularities on the real axis [21]. The non-collective poles appear here as a cut sin-
gularity. Since the integrand in complex w-plane is multivalued, the entire real w-axis
is a brunch cut. To calculate the integral in Eq. (2.31), we choose the contour C', as
shown in Fig.1. We exclude the real w-axis by drawing the contour from +oc0 to the
origin just above the real w-axis, and after jumping from the first Riemann sheet to
the second at the origin, by drawing contour just below the real w-axis from origin to
+o00. Contour is completed with a large semi-circle and by jumping from the second
Riemann surface to the first one at origin, as shown in figure. As a result, we find the

integral which can be expressed as [27]
opa(k,t) = 0pa(P; k,t) + 0p)(Cs K, ), (2.32)

where the first term is the pole (P) contribution

Ga)\(E7 :i:/lrk) eil“kt

dpp(Pik,t) = — = (2.33)
; Oe(k,w)/O0wlw=sir,
and the second term is the cut (C) contribution that is given by
. +o00 d G)\ 1. ; G/\ 1. _ )
5pNCi k1) = _i/ dw | Gak,w i) Ga(k,w =) | i 349
oo 2T | e(k,w+in)  e(k,w—in)

We can obtain the information about the boundary of spinodal region and the growth
rates of the unstable modes in the spinodal region by using the dispersion relation.
However, our aim is to understand the dynamical evolution of the unstable nuclear
system in the instability region which is determined from the equal time correlation
function of density fluctuations. Actually, the density correlation function exhibits
initial times of the dynamics of liquid-gas phase transformation of nuclear matter.

In the Stochastic mean-field approach, the equal time density correlation function
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Figure 2.1: The contour chosen to calculate the integral in Eq. (2.31). Crosses +:I'y,
indicate the collective poles of the integrand, and dotted line along the entire real
w-axis is the branch cut of the integrand.

o (|7 — 7], t) is defined in terms of the density fluctuations as follows

7P 7 Ek g 7
ralli=71.0) = ST OOAT0 = [ e 0. @39)

Here |* — 77| is the distance between two space locations and «a, b represent the neu-
tron or proton. The local nucleon density fluctuations §p) (7, t) are obtained from
the Fourier transformation of o pa’\(E ,t), similarly, the equal time correlation functions
oa (|7 — 7|, t) are determined by the Fourier transform of the spectral intensity func-
tions O'ab(]g, t) . In the SMF approach, the spectral intensity of density correlations is

related to the variance of the Fourier transform of density fluctuations according to

oan(k, ) (21)26(k — K') = 6p) (K, t)6p)(—k', 1), (2.36)

In the above expression, the bar represents the average taken over the ensemble pro-
duced from the distribution of the initial fluctuations. We calculate the spectral inten-

sity function by using the result in Eq. (2.32) and evaluating the ensemble average as
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follows

Sp) (K, 1)0pd (=K, 1) =
OpA(P; K1) + 09 (C E,0)] [ 903 (s~ ) + 09 (C5 =, 1)| =

SpM(P;k,t) + Spp(P; —K 1) + 6p)(Ci k1) + dpp(C —K.t)

+ 6PN (P ki t) + 6p)(C; =K 1) + 0p)N(Cs K, t) + 0p)(P; —k' 1),
(2.37)

Here the last two terms are equal each other. As a result, the spectral intensity is

expressed as

oap(k 1) = 0u(PP; k1) 4 200 (PC; k. t) 4+ 0a(CC K, 1), (2.38)
where the first and last term are due to only pole and only cut parts of the spectral
intensity respectively and the middle term denotes the cross contribution. The spec-
tral intensity function for neutron and proton can be calculated separately (by taking
a,b = nora,b = p). Similarly, the total spectral intensity is obtained by summing

over isospin components:

o (k1) = opp(k, t) + 20 (K, 1) + O (K, 1). (2.39)
In the above expression, each isospin component of the spectral intensity includes
both pole and cut contributions given in Eq. (2.38). The expression for the total
correlation function of density fluctuations o (|7 — 7|, t) = o, (|7 — 7|, t) + Opn (|7 —
7|, t)420,,(|7—7"|, t), which is summed over neutron, proton and cross components,
is determined by using the total spectral density U(E ,t) in Eq. (2.39). As mentioned
earlier, the standard solution including only the collective poles 5p) (P; E, t) differs at
t = 0 from the initial conditions and we need to include the cut contributions. We can
determine the initial conditions by using the Eq. (2.19) and the definition of density
fluctuations at Eq. (2.24) which must be equal to the initial condition of the spectral

density o(k, ¢). This leads to a non-trivial sum rule given in the following equation
Z/ fO ﬁ)( f(()l(m) :O-PP(]; O)+2O-pn(E7 0) +O_nn(l§7 0) (240)

In the following subsections, the pole and cut contributions of the spectral intensity

function will be given.
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2.4.3 Pole Contribution to Density Correlations

The collective poles are determined from the roots of the dispersion relation, e ( k, w) =
0 . There are two collective poles namely the growing and decaying poles at w =
+:I';, shown by cross at Fig. 2.1. In order to calculate the pole contribution, we
evaluate the integral in Eq. (2.31) by using the Cauchy—Residue theorem at these two
poles. Cauchy-Residue theorem for a counter integral [, f o f(2)dz = [.4 c 9(2) dz with

h(z
the conditions g(zo) # 0, h(z0) = 0 and 22|,_., # 0 gives

9(z) , _ _ (2)
/f )dz _/ (z)dz 2miRes[f(z), z QMZzh—{Izlo W) (2.41)

Then the pole contribution of the density fluctuation is written as

. N L
6pa(P7 kat) = L(Q?TZ _,Ga(k’lrk) eFkt + ?a(kulrk) GFkt
2m 85(k w)/0w|w=ir, Oe(k,w) /0w w=ir,
k +iI’ . .
e Z 1 k) irkt — 6pa (k)erkt + (Sp;(/{;)efrkt
= ( k w)/O0w|w=sir,
(2.42)
where the growing and decaying parts for neutron and proton are given by
. 1+ B F.w)] S2(Ew) - Bl ) ) w)
dp(k) = — N
i) Oe(k,w) /0w
w==1il"y
Loz [1 + Fymxn (K, w)} SM(k,w) — FI™xp(k, w)S)(k, w)
op=(k) = — _
e D2 (k) O
w==il"g
(2.43)

By using the definition in Eq. (2.36), the pole contribution of the spectral intensity of

density correlations can be expressed as

oan(PP; k,t)(21)38(k — k') = 6pM(P; K, t)dp) (P; —K',t)

We calculate the neutron-neutron, proton-proton and neutron-proton density correla-

tions to obtain the total spectral intensity of pole contributions. For neutron-neutron
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we obtain

SpA(Ps K, )3p)(P; =k t) =
[14+FPPxp]2 S (k,iT) S (— k’,zF)+[F5‘PXn]QS>\(k i0) S (—K' il") 2Tkt
[0e(k,w)/O0w]w=ir[Oc(— g W)/ Ow]w=ir

[1+F5”’xp]28%(13ﬁfF)Sé(*k/ﬁzF)HF&"xn]ZS?(kﬂF)Sﬁ(fl%’/fif)e-grkt

[0e(k,w)/Ow]w=—ir[0e(—k' w)/Ow]w=—ir
[14+FPxp|2S) (k,i0) SR (—k' ,—iD)+[Fy P xn]? S (k,iD) S (— K/, —il)

+

+2 [0e (K w) /0wlw—ir [0e(—k' w) /0w]—_ir
(2.45)
For proton-proton
Sp(Ps K, 0)0p)(Ps —k',1) =
[14+F5 " xn] 28 (B,iD) S (=K' iD)+[FY" xp] 28 (K,iD) Sp (=K iT) o2kt
[0e(k,w)/0w]w—ir [Pe(— K w)/Ow]w—ir
n [14+F3 " xn]2 S (k,—iD) SH (— K/, —iD)+[FE™ xn]2 S (k,—iL) S (—k/,—iT) o~ 2Tkt
(02 (k,w) /0w w——ir [0e(— k' w) /0w]w——ir
49 [1+F3"xn]2S) (kD) S) (=K' ,—iD)+[FE" xn]2S2 (ki) SA (— K/ ,—ill)
[0e(k,w)/0w]w—ir [e(—k w)/Ow]w—_ir
(2.46)

For neutron-proton

NN NP _ o _
Spp(P; Kk, t)opy(P; =K t) =
_ L FP Xl " S (D) S (R D)+ P xn [ ™ xn) S (D) S (/L) oyt
[0 (k,w) /Ow]w=ir [0 (=K' w)/Ow]weiT
 [HFYP ] FY" xp S (K, —iD) S (=K ,=iD) + Fy'P xn [14 F ™ xn] S (K, —iD) S (=K' ,—il') o 2Tkt
[0e (k.w) / 0w]u——ir[e(—K' w) /Owlw——ir
2[1+F5pxp]anxpSA(k i) S) (—k' 71F)+Fglen[1+F5an}S/\(k ir)S)(— K/ ,—il)
02 (k,w) /0w w—ir [9e(—k' W)/ 0w] e —ir

(2.47)

where the relation between Linhard functions is Yo (, iT') = Ya(k, —il') = Ya(—k, i) =
Xa<_l;> —iI") and the correlation between source terms are obtained by using the vari-

ance relation given in Eq. (2.19);

SNk, iT) SN =K', iT) = SM(k, —il)SM(—k', —il')
Sa(

iT)SMN—k, —iT) = Sk, —il') S (— k', iT") (2.48)

and the cross terms correlations will be zero due to the main assumption of the SMF

approach, S];\(l;:', iT)SM(—k iT) = SME, iF)Sg(—E’,z’F) = 0. The details of the
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calculations about the source correlations and the Linhard functions are given in Ap-
pendix B. Finally, the pole-pole contribution of the spectral intensity function can be

calculated as

R E+ OF~
Gun(PP; R, 1) = b (g W F I
' [ae(E, w) /&u] ' [ae(/%’, W) /Ow]
w=il"g, w=il"g,
(2.49)
where the quantities Eajz for neutrons and protons are given by
Ef, = [+ E)] LT+ Rl I
By = [+ Bl 7 + [
Bl = —(1+FPx) FUxoli — (14 Fy™x) FyPxalf (2.50)

with the following integral

[ (TP F Rk m)?] ) )
7ot [ o e k) (1 fo( - k).
(AL + (5 B /m)

(2.51)

The analytical calculations of density fluctuations are performed in the quantal frame-
work in this chapter. In the following chapter, we produce the numerical calculations
in the quantal framework for zero temperature case which is the extreme quantum
case; however, the numerical results are obtained in the semi-classical limit for fi-
nite temperature case. The expression for the Fermi-Dirac distribution function at

the semi-classical limit can be obtained by expanding the function for the condition,

h — 0. The expansion gives

— — 2
L ofe(@) (hk F\ 10%fo(p) (hk F
folT £ RE/2) = fol) + % (7 : %) +5 aggﬁ) (7 : %) +.. (252)

Here we take the first two terms of the expansion as the leading terms. This is a
good approximation for the long wavelength limit. As a result, semi-classical limit
of quantal expressions are obtained by replacing the integrals /. and Xa<E7 w) with

following expressions in the long wavelength limit

Bp (00 F (- 1E/m)?]

(27h)3 [(hfk)Q 4 (7 h%/m)z]

ﬁ@%ﬂﬁ/ D (- ) @5Y)
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and .
Xsc(E w) _ 2/ d3p ﬁ hk/m afa(p).
‘o (27 )% hw — - hk/m  Oe

(2.54)

2.4.4 Cut Contribution to Density Correlations

The cut contribution includes the cut-cut part and the mixed cut-pole parts. To cal-

culate the cut-cut part, i.e. oq,(CC; k,t) ~ 6p(C; ki, t) + 6pp(C; —k', 1), we use the
cut contribution of the Fourier transform of density fluctuations dp) (C'; k,t) in the

explicit form as follows

oo dw —iwt

2
[1 + Fx(Fyw + m)} SME,w + in) — Fxa(k,w + in) SNk, w + in)

SN (C:Ft) = —i /

—00

X =
e(k,w +1in)
1+ Fxa(F,w = in) | S2(F,w — in) = Fgxa(F,w = in)S2(F,w + in)
N e(k,w — in)
(2.55)
and

“+o00 dw’
or
o J L+ FoxG (& o+ i) SNk, w' + in) — Foxy (' + in) SNk, w' + in)
8(—/;‘",(,0’ +1in)
L+ Fgex, (W — i) S W — i) — B (W — in)SA (=K, W' + in)
e(—k,w' —in)

SA(Ci-Rit) =i [ G

—00

(2.56)

where we use the shorthand notation for Y~ (w’ + in) = x(—k',w’ +in). In this case,

the cut-cut part of the spectral intensity contains four terms:
Gan(CCs ki t) = AL (k. t) + AL (k. t) + A (k1) + A (k. t). (2.57)

The first term Aj;b(l;, t) comes from the multiplication of the first terms in the ex-
pressions p (C; k,t) and dpp(C —K,t), and the last term Agb(lg, t) comes from the

multiplication of the second terms. After this calculations, the following expressions

22



are obtained for neutron-neutron and proton-proton

AT (k1)
A (K, t )
—i(w4w’ F F ¢nw:!:i77)+¢n(wl:|:i7])
/ ( )t Wnn Vnp ® e(wFin)e(w'Fin)
2 W+ W F 2in F F bp(WFin)+¢p(w Fin)
T e V;m WPP Pe(wq:in)s(:/q:in)
(2.58)
and for proton-neutron
e iwtw)t ¢n(‘€’$”7);r<?n (W/im)
1 ¥ F e(wFin)e(w'Fin
A k 2 / 2 w4 w T 227} < Wi Vil > @ bp(wFin)+op(w'Fin)

e(wFin)e(w'Fin)
(2.59)

In these expressions and below, the symbol ® denotes the matrix multiplication.The
double integrals in Afb(lg ,t) can be divided into the principle value and delta function
parts by using the identity 1/ (w + ' F 2in) = P(1/w + ') £ imd(w + w’). The

elements of I/ and V matrices are given by

Wi ViE Y O+ B (1+ FPXG) (Fo)"XiXy
Ve wi ) (S XXy (14 Fg™xqr) (1 + Fgmx'7)
(2.60)
and
W | _ [ e (L) ) 2.61)
Vo (L4 Fg™x.t) FoPx'

In these expressions and also below, 7 is an infinitesimal positive number and we use
the short hand notation xT = x.(k,w F in), X'T = xa(k,w' F i), and the quantity
¢o(w F in) is defined as

—+00

batowin) =2 [ B fot ) [1 - Jy(- 0 /2)

—00

1
B kfm— (wFin)
(2.62)
The terms A% (k, ) and A, (k, t) involve the product of the cross terms in Egs. (2.54)

and (2.55), i.e. the product of first and second terms; and second and first terms. These

terms also involve double integrations over w and w’ and have similar structure with
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AT (k1)
(ks )
+Ood +Ood 1 e—i(wtw)t WE VT bn (WFin)+¢n (W' £in)
- / d ve - el £(wFin)e(w' +in)
2 2 ! |/ 1 Gp(wTFin)+p(w' £in)
JoemJ e W+ w Vi Wi e
(2.63)
and
dw' e~ iwte) S (win)+¢n (' Fin)
A i T ) e(wkin)e(w’'Fin)
A kt / / 2w w—l—w (Wp” V"” © Pp(win)+ép(w' Fin)

e(wLime (W' Fin)

(2.64)

Although the denominator in the integrand in flfb(lg, t) is zero when w'=—w , the
ratio [p(w Fin) + ¢(w' £ in)] / (w + ') is finite. Therefore, the integrand is a well-
behaved function in contrast to its appearance. The elements of W and V matrices

are given by

Wi Vi | [ (BN (L B (B XX
Ve W (FY" XN (1 + Fpmxd) (L + FgmXy)
(2.63)
and
n o+
Wi\ [ B (Lt Fé’ix’;f ) | (2.66)
|53 (L4 FemxiE) FoPX'k

In a similar way, we can calculate the mixed pole-cut terms in the spectral intensity,
ie. ou(PC k1) ~ 6p)(P;k,t) + dpp(C —K.t) = 6pMCi K, t) + dpp(P; —K 1),
by using the Eq. (2.42) and Eq. (2.55). In this case, the pole-cut contribution has also

four terms:
Gan(PC; k,t) = B (k,t) + B (k,t) + B, (k,t) + B, (K, t). (2.67)

Here, the first term B;rb(/g, t) arises from the multiplication of the first terms in the
expressions dp}(P; k,t) and 0p}(C; —k',t), and the last term B, (k,t) comes from
the multiplication of the second terms. The second and third terms involve the product

of the cross terms. As a result, the following expressions are obtained for neutron-
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neutron and proton-proton

B, (k. 1)
Bj (k1)
4TIt +Oodw o iwt XF YT &n (FiL) +én (WFin)
/ p2s SR [ PR g
- 2 1k &p (Fil) +¢p (wFin
85/8w]w_¢zpioo TwFi Y X© meli
(2.68)
and for neutron-proton
—+o00 . .
. - It —iwt Sn (Fil'k)+¢n (WFin)
BT (it)= Tt [dwe ™ (xz vz )e ECEON
prie (95/(9W|w::':ip 2T w F i pn nn Sp(Fil's)+dp (wFin)
oo e(w¥in)
(2.69)

Here , we use the short hand notation ¢, (Fil') = ¢,(k,w = 7FI') and the elements
of X and Y matrices are given by

X5 Yo\ [ W ENGT) (L+ BT (F")
Yo X (PG (1 + Fgmxi™) (L + Fgmxh)
(2.70)
and
XT FU' U (14 FPxE
S I A | G) 2.71)
Yo (L + Fem™xi™) Fox
where T = Xa(E, w = Fil"). Similarly, the second and third terms can be calcu-
lated as
B (k1)
(o 1)
+00 ~ ~ . .
. —iw &n (FiD) +¢n (wkin)
FieTlt / dw e t Xh Y 2 Za(w:tin)w :
i ] % % bp(Fil')+¢p(wkin)
85/8w|w_¢,p_oo 21 w F il vE X% p E(wﬂz;?) n
(2.72)
and
—+o0 . .
. - ¥t —iwt G (Fil) +¢n (wtin)
BLfty= e [ %z v e, 5
r 0e/0w|pemgir J 2mw Fil' pn T nn ¢p(¥zF()+fp ()wim)
— 50 e(wxin
(2.73)
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The elements of X and Y matrices are given by

XLoYe | [ O ETT) (L+ FPG) ("X
Yo X (B3 X (1+ Fgmxd™) L+ Fi)
(2.74)
and
XJF P FiD 1+ PP +
L I ( Lo ) . (2.75)
Y (L + Fma™) B
In the above expressions, we use ¢, (F:I") which is defined as
+oo
a0 =2 [ ST ) [ - - 0] e
o(Fil) = P — fo(p— — (2
(2rh)3 70 0 7 k/m+iT

Likewise the pole contributions, the semi-classical limit of quantal expressions in
cut contribution calculations are obtained by using the Linhard functions given in
Eq. (2.53) and replacing the integrals ¢,(w F in) and ¢,(F:I") with the following

expressions in the long wavelength limit

+oo
L Ep o, o 1
%(wﬂFm)—?O/o BP0 s e
and
- +00 d3p 1
o) =2 | GS RO - B0 e e
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CHAPTER 3

NUMERICAL CALCULATIONS IN NON-RELATIVISTIC
APPROACH

In chapter 2, we present the description of the density correlation functions including
collective and noncollective modes in the linear response framework of the Stochastic
mean-field approach. The calculations are introduced in the non-relativistic frame-
work for charge asymmetric nuclear matter. Actually, the calculations including col-
lective as well as noncollective modes are performed for both symmetric [27]] and
asymmetric nuclear matter [28]]. However, the numerical calculations for symmetric
matter give the same results with the calculations of asymmetric matter when / = 0.0.
Therefore, the calculations for the symmetric matter are not presented separately. The
analytical expressions for symmetric matter including cut contributions are relatively
simpler than those for asymmetric matter. We also derived the analytic expressions
for symmetric matter in Appendix D by employing the Skyrme potential given in Eq.
(2.13).

The early growth of density fluctuations including only the collective poles are stud-
ied in a quantal framework for symmetric and asymmetric nuclear matter in Ref.
[16]]. The description including only the effects of collective poles provides a good
approximation for longer wavelengths however it does not satisfy the initial condi-
tions and leads to a singular behavior when the wave numbers approach their upper
limits specified by the dispersion relation. As pointed out in Ref. [21]], the effect of
non-collective poles play an important role for a complete description of density cor-
relation function. In this study, we aim to calculate the correlation function exactly by

including the non-collective poles in addition to the collective poles for asymmetric
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nuclear matter. However, the evaluation of the cut contributions with the numerical
methods is very complicated in a quantal approach for finite temperature case. There-
fore in this chapter, we calculate numerically the growth of density fluctuations in a
semi-classical approach for finite temperatures and in a quantal description for zero

temperature by using the expressions derived in Chapter 2.

3.1 Spinodal Instabilities for Finite Temperature

In this section, the initial development of spinodal instabilities for asymmetric nuclear
matter is calculated numerically in the semi-classical approach by employing the ex-
pressions derived in the previous sections. The growth rates of the unstable modes
and the spinodal region boundary are investigated with the use of the dispersion re-
lation given in Eq. (2.30). Also, the early growth of density correlation functions
and the corresponding spectral intensities are examined for temperatures 7' = 1 MeV
and 7' = 5 MeV . In the numerical calculations, we employ the effective Skyrme
potential given in Eq. (2.12) for asymmetric nuclear matter. The calculations are per-
formed for the initial charge asymmetries / = 0.0,/ = 0.4 and I = 0.8 to observe the

1sospin dependency of the system. The initial charge asymmetry is defined according

ol = (p5—0p%) /(0% +00) .

3.1.1 Growth Rates of Unstable Modes

The growth rates of the unstable modes are obtained from the roots of the susceptibil-
ity, 5(1_5 ,w) = 0. In Fig. 3.1, the growth rates for the unstable modes are presented as
a function of wave number for different values of initial asymmetry at temperatures
T = 1MeV and T' = 5 MeV, for the initial baryon density p = 0.3p,. For each
temperature and asymmetry values, the growth rate increases until a maximum at a
certain value of the wave number, then reduces to zero. As the asymmetry parameter
increases, the wave number associated with the maximum growth rate reduces from
0.8 fm™* to 0.6 fm ! for T' = 1 MeV and shifts from 0.7 fm ™" to 0.5 fm~' for T' = 5
MeV. Also, the temperature dependency of unstable behaviour of the system can be

seen from the graph due to the fact that the growth rates reduce when temperature
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increases at the same initial density and asymmetry values.
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Figure 3.1: Growth rates of unstable modes as a function of wave number with the
initial density p = 0.3p, for initial charge asymmetries / = 0.0,/ = 0.4 and / = 0.8
at temperatures 7' = 1 MeV and 7' = 5 MeV.

Moreover, the growth time that characterizes the initial growth of density fluctuations
can be determined by using the inverse of the growth rate, 7 = 1/I';. For instance, the
shortest growth time is varying (30 —50) fm/c for "= 1 MeV and (35— 100) fm/c

for 1" = 5 MeV. It is seen from the graph that when asymmetry increases, the shortest
growth time also increases and this reflects the fact that the unstable behaviour of

density fluctuations is growing slowly for greater asymmetry values.

The most unstable modes are occurring around the wave numbers k ~ (0.5—0.8) fm ™"
with the corresponding wavelengths A ~ (8 — 12) fm and this wavelength values be-
come important to determine the boundary of spinodal region. The asymmetry of the
system has a greater effect on the growth rate at the same temperature. In fact, the
neutron rich system displays less unstable behaviour than the symmetric system at

the same conditions.

29



0,06

0,05
0,04

0,03 1

M ax (€/fm)

0,02~
0014}i

0,00

0,03

M ax (€/fM)

0,01 1

0,00

plp,

Figure 3.2: Growth rates of the most unstable modes as a function of the initial density
for initial charge asymmetries / = 0.0,/ = 0.4 and I = 0.8 at temperatures 7' = 1
MeV and T = 5 MeV.

Fig. 3.2 represents the growth rates of the most unstable modes depending on p/pq
for asymmetry parameters / = 0.0,/ = 0.4 and / = 0.8 at temperatures 7" = 1
MeV and T' = 5 MeV. The most unstable behaviour occurs around p = 0.2p, and the
density values for the most unstable modes do not exhibit any significant difference
with increasing asymmetry for each temperature values. Also, it can be observed that
the unstable response of the system shifts towards at slightly higher densities with

increasing temperature.

3.1.2 Boundary of Spinodal Region

In this section, the boundary of the spinodal instability region is determined from the

phase diagrams. Fig. 3.3 represents the phase diagrams corresponding to different
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Figure 3.3: Phase diagram in density-temperature plane for different wavelengths
corresponding to the potential given by Eq. (2.12).

wavelengths, starting from the uppermost boundary A = oo, in the temperature-
density plane. The boundaries of the spinodal region are introduced for the initial
asymmetry parameters [ = 0.0, / = 0.4 and I = 0.8 to exhibit the isospin depen-
dence of the system. The upper limits of the parabola-like curves show the critical
temperatures of the corresponding wavelengths. In the region above the curve, there
is uniform nuclear matter which exists in the gas phase. However, the nuclear system
exhibits unstable behaviour and exists as a mixture of liquid and gas phases in the area

under the curve. In this spinodal region, small amplitude density fluctuations grow
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rapidly and lead to the multifragmentation of the system. The critical temperatures

increase with the rising wavelengths up to the upper limit A = oc.

The value of the critical temperatures depends on the initial charge asymmetries / =
0.0,1 = 0.4 and I = 0.8, are obtained as almost T, = 15 MeV, T, = 14 MeV and
T. = 9 MeV, respectively. The critical temperatures occur approximately at the same
initial density p = 0.3p,. It is observed that with increasing charge asymmetry, the
spinodal instability region shrinks to smaller size, consistent with earlier calculations
[3]]. The limiting phase transition boundary occurs at density value around p = 0.6p,
for asymmetries / = 0.0 and / = 0.4. The neutron rich nuclear matter with [ =
0.8 and 7' = 1 MeV have importance since it corresponds to the structure of crust
of neutron stars. The nucleon density which restricts the spinodal boundary under
these conditions occurs around p = 0.55p, and it is consistent with earlier results in

literature [31]].

We choose a reference state from the spinodal region with an initial density p = 0.3p,
at which the critical temperatures occur, in order to calculate the density correlation
functions and we make our calculations at two different temperatures 7' = 1 MeV

and T' = 5 MeV.

3.1.3 Spectral Intensity of Density Correlations

In order to investigate the unstable dynamics of the nuclear matter in the spinodal
region, the behaviour of the density correlation functions carries valuable information.
According to the expression in Eq. (2.38), the total spectral intensity &(E ,t) of density
correlation functions is illustrated in Figs. 3.4 and 3.5 as a function of wave number
k at time ¢ = 40 fm/c for two different temperatures and three different initial charge
asymmetries. At each initial charge asymmetry and temperature value, the upper limit
of the wave number range k,,,, is specified from the condition that the growth rate
of the unstable modes become zero (I'y, = 0) which can be seen from Fig. 3.1. In
the spectral intensity graphs, the largest growth occurs at the wave numbers which
encounter with those obtained in Fig. 3.1 for the most unstable modes. When the
initial charge asymmetry of the system increases, the growth rates decrease for both

temperature cases. Also, we deduce that the growth rate of the spectral intensity
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function is larger at high temperature case.

0.204 T=1MeV; p=0.3p, i
1=0.0; t=40 fm/c Locoozas .

$_ 0.10- .
E
< o004 == .
5 ] ----- pole \'\
—-— cut K
-0.10 y
polet+cut @1
T T T T T T T T T
0204 T=1MeV; p=0.3p, 0]
1=0.4; t=40fm/ic  _______ S
¢ 0.104] e
E
f— 0.00 y
Ko .
\
-0.10- (0}
T T v T T T T T !
0157 T=1Mev; p=0.3p, o]
— 0.0 1=0.8;t=40fm/c /; .
e ] ]
£ 0.05-
S ]
=1 0.00—_
-0.05 |
-0.10
0.0

k (fm™)

Figure 3.4: Spectral intensity of the correlation function as a function of wave number
at initial density p = 0.3p, at time ¢t = 40 fm/c at temperature 7" = 1 MeV for three
different charge asymmetries. Dotted, dashed-dotted and solid lines are results of
pole, cut and total contributions, respectively.

In Figs. 3.4 and 3.5, dashed, dash-dotted and solid lines represent the result of calcu-
lations in Eq. (2.38) with pole contributions o (P P; E, t) only, with cut contributions
only and the total of all terms, respectively. The cut part contains cut-cut contribution

oa(CC; k,t) and the mixed terms due to pole and cut parts 20,,(PC: k,¢). From
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Figure 3.5: Spectral intensity of the correlation function as a function of wave number
at initial density p = 0.3p, at time ¢t = 40 fm/c at temperature 7" = 5 MeV for three
different charge asymmetries. Dotted, dashed-dotted and solid lines are results of
pole, cut and total contributions, respectively.

these figures, we make two significant investigations for each value of temperature
and asymmetry parameter. The first one is that the cut terms make a significant neg-
ative contribution in the early stages of growth, as a consequence slowing down the
growth of instabilities in the spinodal region. Collective poles presented by pole con-

tributions dominate the growth of density fluctuations during later times, and the cut
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terms representing the effects of non-collective poles do not evolve in time [3, 27, 28]].
The second point is that both pole and cut contributions have divergent behavior with
opposite signs for higher wave number values. Consequently, these divergent behav-
1ors cancel out each other to produce a nice regular behavior of the spectral intensity

as a function of wave number.
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Figure 3.6: Spectral intensity of the correlation function as a function of wave number
at initial density p = 0.3py and charge asymmetry I = 0.4 for different times at
temperature 7' = 1 MeV (a) and 7' = 5 MeV (b). Dots on the solid lines at times
t = 0 represent the initial conditions.

Fig. 3.6 indicates the total spectral intensity of density correlation function as a func-
tion of wave number £ for charge asymmetry I = 0.4 at different times for initial
temperatures 7' = 1 MeV and 7" = 5 MeV. We notice that the total spectral inten-
sity including pole and cut contributions demonstrates the growth of the initial den-
sity fluctuations clearly. The curves representing the spectral intensity function show

more and more peaked-like behavior around the most unstable modes with increasing
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Figure 3.7: Spectral intensity of the correlation function as a function of wave number
due to the pole contributions only at initial density p = 0.3p¢ and charge asymmetry
I = 0.4 for different times at temperature 7' = 1 MeV (a) and 7' = 5 MeV (b).

time. Moreover, the initial value of the spectral intensity at time ¢ = 0 demonstrated
by the black solid line is calculated as the sum of the pole-pole terms, o,,(PP; E, t),
cut-cut terms o4;,(CC; l;, t) and pole-cut terms 20,,( PC} E, t) . Otherwise, the solid
circles on this line are obtained from the initial conditions given in the left hand side
of Eq. (2.40). It can be seen that both calculations are compatible and this shows the
validity of the nontrivial sum-rule presented by Eq. (2.40). As a result, the exact cal-
culation of the correlation functions with the additional cut contribution satisfies the
initial conditions. However, if only the collective poles are considered then the initial
fluctuations cannot be fully expressed. For instance, Fig. 3.7 indicates the spectral
intensity function calculated according to the pole contributions only. It appears from

the figure that the results at time ¢ = 0 does not match the initial conditions given in
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Fig. 3.6. and a slight growth is observed at that time which is not concluded from
the results of the exact calculations. In addition, the singular behaviour is observed at
higher wave numbers for both temperatures. Although the collective poles play dom-
inant role in early growth of density fluctuations, they do not give the full description
of the growth of instabilities. Therefore, we also include the cut contributions which
reflect the effect of non-collective poles in order to calculate the density correlation

functions precisely.

3.1.4 Density Correlation Functions

The expression of the total density correlation function is obtained in the previous
chapter as a sum over neutron, proton and cross components by using the total spectral
intensity function. In this section, the numerical calculations of the equal time density
correlation functions, including collective and non-collective modes are presented in

the linear response framework in the semi-classical limit.

Fig. 3.8 indicates the equal time correlation functions o (|7"— 7’|, t) of the total density
fluctuations in terms of distance between two space locations z = |7 — | atT = 1
MeV with the initial density p = 0.3p, for three different times ¢t = 20, 30, 40 fm/c.
The density correlation functions are calculated by using the full spectral intensities
which are given by solid lines in Fig. 3.4 and the graphs are plotted for three different
charge asymmetries to illustrate the asymmetry dependence of the system. The time
evolution of density fluctuations is faster for symmetric matter and decreases as the
matter becomes neutron-rich. In Fig. 3.9, the correlation functions are plotted for
the same initial conditions with Fig. 3.8 but at a higher temperature 7' = 5 MeV.
The growth of density fluctuations can be observed obviously from these figures. In
addition, we can obtain information about the typical size of condensing fragments
arising at the initial stages of spinodal decomposition. For this aim, we define the
correlation length = as the width of the correlation function at half maximum. The
correlation length characterizes the size of the initial condensation regions throughout
the growth of fluctuations. The variance of the local density fluctuations &) (7, t) is
approximately specified by o(x¢,t) in the correlation volume which is defined as

AVe = 4mxl /3 . The number of nucleons in each correlation volume fluctuates with
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Figure 3.8: Density correlation function as a function of distance between two space
points for initial density p = 0.3pg, at temperature 7" = 1 MeV at different charge
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asymmetries [ = 0.0, 0.4, 0.8 in sections (a), (b) and (c), respectively.

adispersion AAs = AV \/m . Consequently, the total nucleon number in each
correlation volume varies approximately within the interval A4y — AAs < AA <
AAg+AAq, where we use A Ay = AV pg that is the number of nucleons at the initial
uniform state. From this analysis we can deduce that the spinodal decomposition

mechanism does not give rise to equal sized fragments. On the contrary, it leads to a
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mixture of different sized clusters.

From Figs. 3.8 and 3.9, it is observed that the correlation length is not very sensitive
to the time evolution and temperature but depends on the initial charge asymmetry.
As an example, at temperature 7' = 5 MeV and the initial charge asymmetry I = 0.4,
the correlation length is approximately x~ = 3.0 fm. In this case, the magnitude of
dispersion of density fluctuations is about \/m = 0.04 fm ™ at time ¢ = 30 fm/c
and this result gives the number of nucleons in the correlation volume approximately
in the range of 1 < AA < 9. For temperature 7' = 5 MeV and asymmetry / = 0.8,
the correlation length is approximately z¢ = 3.0 fm and the magnitude of dispersion
of density fluctuations is about \/o(z¢,t) = 0.02 fm™ at time ¢t = 30 fm/c . This
gives us the number of nucleons fluctuating in the correlation volume in the range of

8 < AA <L 16.

From the above discussion, we conclude that the spinodal decomposition provides
a dynamical mechanism for the liquid-gas phase transition. The linear response ap-
proach describes only the early phase of the transition inside the spinodal region. For
describing whole phase transition, we need to study nonlinear evolution of the den-
sity fluctuations. Since the density fluctuations grow nearly exponentially in time, the
linear response treatment of fluctuations over a limiting time does not give a realis-
tic description for instabilities. To exclude this undesirable result we can constraint
the linear response approach by the condition that the dispersion on the nucleon den-
sity fluctuations keeps below the average nucleon density in the correlation volume,
i.e.\/m < p. This condition is satisfied for all the cases represented by Figs.
3.8 and 3.9 for the given times.

In the previous studies [9, [16} [17, 20], only the contributions of the collective poles
were included in the calculations of the density correlation functions. However, as
seen from Figs. 3.4 and 3.5, we encounter the problem that pole contributions have
divergent behavior as wave numbers approach its upper limit, & — k. . Therefore,
we cut the spectral intensity graph at a suitable cut-off wave number value to cure this
problem. At the initial charge asymmetry [ = 0.4, the cutoff value is taken k., =
1.05 fm™! (that is the local minimum point) for 7" = 1 MeV and k.,; = 0.9 fm ™!

for T' = 5 MeV, then we plotted the equal time correlation functions graph after this
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Figure 3.9: Density correlation function as a function of distance between two space

points for initial density p = 0.3pg, at temperature 7" = 5 MeV at different charge
asymmetries I = 0.0, 0.4, 0.8 in sections (a), (b) and (c), respectively.

cut-off approximation. In Fig. 3.10, calculations with cut-off are compared with the
complete calculations of the density correlation function at temperatures 7' = 1 MeV
and 7" = 5 MeV. Solid lines represent the total density correlation function whereas
the dashed lines show the pole contribution of correlation functions obtained from

the cut-off values. As seen from the graph, we can say that the cut-off provides a

x (fm)
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good approximation. However, the cut contributions are important for a complete
description. Moreover, we observe that the results obtained with pole approximations
are rather sensitive to the cut-off wave number at higher temperature case, since there

1s no visible local minimum of the spectral intensity.
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Figure 3.10: Density correlation function as a function of distance between two space
points at initial density p = 0.3py and charge asymmetry / = 0.4, at temperatures
T =1MeVand T = 5 MeV.

3.2 Spinodal Instabilities for Zero Temperature Case

In this section, the numerical calculations of the early growth of density fluctuations
are presented for asymmetric nuclear matter at zero temperature case by using the
expressions given in Chapter 2. For zero temperature case, the momentum integral
is restricted to the Fermi surface since 0.fy = —d(¢ — &), so the integrals /= in

the pole contribution expressions; and ¢, (") and ¢,(w =+ in) in the cut contribution
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expressions give zero in the semi-classical limit. Consequently, there is no semi-
classical contribution at zero temperature and the calculations are performed in a

quantal framework.

In the quantal framework, the Linhard functions and the integral I at zero tempera-

ture can be expressed as

; e o e
Xa(k‘,w)z—?/ dpg@(pp |p'— hk/2|) 9(?1? ]p—i—hk/Z\). 3.1
(27h) hw — 7 hk/m
and
2 S r 7 2
- #p |00 F (7 ik fm)?]
¢ (27mh)3 [ B2 e b
(RT&)? + (5~ 1k /m)?]
< O(pr — |+ 1E/2]) (1= 6(pr — 7~ BF/2))
3.2)
In addition, the integral ¢, (w =+ in) in the cut contributions is given by
Ry dp Or — 5+ 1k/2)) (1= 0(pr — |5~ 1E/2])) .
o (WFin) = - — ) .
(27 h)? p-k/m—(wFin)

In the above expressions, §(pr — p) is the step function. The polar parts of these
integrals are evaluated analytically and then the numerical methods are applied in the

evaluation of the resultant integrals.

3.2.1 Growth Rates of Unstable Modes at Zero Temperature

The growth rates of the unstable modes are obtained from the dispersion relation
at 7' = 0 MeV within the quantal approach. In Fig. 3.11, the growth rates for
the unstable modes are given as a function of wave number for different values of
initial asymmetry for the initial density p = 0.3py. For each asymmetry values,
the growth rates show the similar behavior to the finite temperature case, increasing
until a maximum at a certain value of the wave number, then reduces to zero. The
wave number corresponding to the maximum growth rate decreases from 0.65 fm™*
to 0.5 fm ™' with the increasing values of asymmetry. In addition, the most unstable

modes are found to occur approximately between the wavelengths A ~ (10 — 12) fm.
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The shortest growth time of primary density fluctuations can be obtained from the
inverse of the growth rate. As an example, the shortest growth time is about 30 fm/c
for symmetric matter and close to 65 fm/c when asymmetry / = 0.8. The results
again show the fact that the unstable behaviour of density fluctuations is growing

slowly for neutron rich systems.
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Figure 3.11: Growth rates of unstable modes as a function of wave number with the
initial density p = 0.3p, for initial charge asymmetries / = 0.0,/ = 0.4 and / = 0.8
at temperature 7' = 0 MeV.

3.2.2 Quantal Correlation Functions

Fig. 3.12 shows the total spectral intensity U(E, t) of density correlation functions as
a function of wave number k at time ¢ = 40 fm/c at T = 0 MeV for three different
initial charge asymmetries. In this figure similar to the Figs. 3.4 and 3.5, dashed,
dash-dotted and solid lines demonstrate the result of calculations in Eq. (2.38) with
pole contributions o, (P P; E, t) only, with cut contributions only and the total of all
terms, respectively. The cut part contains cut-cut contribution o,;,(C'C' k ,t) and the
mixed terms due to pole and cut parts 20,,(PC} E, t). The cut contributions slow
down the growth of instabilities in the spinodal region as expected; however the cut
terms become more significant at higher values of asymmetry at 7' = 0 MeV in the

quantal framework. In addition, the cut and pole contributions have not a divergent
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behavior in the higher wave numbers, which occurred at finite temperature case, at

these calculations.
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Figure 3.12: Spectral intensity of the correlation function as a function of wave num-
ber at initial density p = 0.3p, at time ¢ = 40 fm/c at zero temperature for three
different charge asymmetries. Dotted, dashed-dotted and solid lines are results of
pole, cut and total contributions, respectively.

Fig. 3.13 represents the total spectral intensity of the correlation function 0(12, t) for

charge asymmetry / = 0.4 as a function of wave number at different times for the
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temperature 7" = 0 MeV. The total spectral intensity includes pole and cut contribu-
tions of density fluctuations. Similar to the finite temperature case, the initial value
of the spectral intensity at time ¢ = 0 represented by the black solid line is obtained
by numerical calculations of the pole-pole terms, o4, (P P; E,t = 0) , cut-cut terms
o (CC, E,t = 0) and pole-cut terms 20,,( PC; E,t = 0) . Moreover, the solid cir-
cles on this line are calculated by the initial conditions given in the left hand side of
Eq. (2.40). Eventually, the nice agreement of both calculations shows the validity
of the nontrivial sum-rule presented by Eq. (2.40) in the quantal framework for zero

temper ature case.
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Figure 3.13: Spectral intensity of the correlation function as a function of wave num-
ber at initial density p = 0.3py and charge asymmetry / = 0.4 for different times at
zero temperature. Dots on the solid lines at time ¢ = O represent the initial conditions.

Fig. 3.14 indicates the equal time correlation functions o (|7 — 7|,t) of the total
density fluctuations in terms of distance between two space locations = = | — 7’| at
T = 0 MeV with the initial density p = 0.3p, for three different charge asymmetries
corresponding to Fig. 3.12. The density correlation functions are calculated by using
the full spectral intensities which are given by solid lines in Fig. 3.12 and the graphs
are plotted at three different times ¢ = 20, 30,40 fm/c . From this graph, we can
obtain information about the size of the condensation regions during the initial growth

of fluctuations by using the correlation length at 7' = 0 MeV . For example, the
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correlation length is about - = 2.0 fm at the initial charge asymmetry / = 0.4 and
in this case, the magnitude of dispersion of density fluctuations at t = 40 fm/c is
nearly \/m = 0.05 fm 3. As a result, the number of nucleons fluctuating in the
correlation volume occurs in the range 3 < AA < 7. For I = 0.8, the correlation
length is nearly xc = 3.0 fm and the initial size of the condensing droplets in the

correlation volume gets bigger for the same time.
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Figure 3.14: Density correlation function as a function of distance between two space
points for initial density p = 0.3py, at zero temperature and at different charge asym-
metries [ = 0.0, 0.4, 0.8 in sections (a), (b) and (c), respectively.
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CHAPTER 4

GROWTH OF DENSITY FLUCTUATIONS IN ASYMMETRIC
NUCLEAR MATTER WITHIN A RELATIVISTIC
MEAN-FIELD APPROACH

In the previous sections, the spinodal instabilities and early development of density
fluctuations are investigated in the framework of the non-relativistic approach since
the nuclear spinodal fragmentation occurs at low energies to permit the use of non-
relativistic kinematics [3l]]. However, it has been shown in the recent decades that
the nuclear many-body system is in principle a relativistic system of baryons and
mesons. Relativistic models have been employed with a great success to describe
various aspects of the nuclear structure and nuclear dynamics [32} [33]]. A number
of investigations on spinodal instabilities in nuclear matter have been carried out by

employing the relativistic mean-field models [20]].

In this part of the thesis, early development of spinodal instabilities and density fluc-
tuations are investigated for asymmetric nuclear matter by employing the stochastic

relativistic mean-field approach in the quantal framework.

4.1 Nonlinear Walecka Model including rho mesons

Quantum Hadrodynamics (QHD) is a general name for the relativistic quantum field
theories based on hadronic (baryon and meson) degrees of freedom and it gives a
theoretical framework for describing the relativistic nuclear many-body problem. It

was introduced by J. D. Walecka in early seventies. The strong interaction between
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the nucleons is analyzed in terms of meson exchanges in QHD formalism [10, [32].
The analysis based on QHD provide a suitable description for many baryon systems

at low energy scales [[10].

In the original Walecka model, also known as QHD-I, the interaction between nu-
cleons are mediated by neutral scalar ¢ meson and neutral vector w meson. In the
literature, there are several extensions of the standard Walecka model and different pa-
rameter sets obtained by fitting the properties of many nuclei. QHD-I describes well
the bulk properties of nuclear matter and provides the main feature of the nucleon-
nucleon interaction: short range repulsion coming from vector meson exchange while
the long-range attraction coming from scalar meson exchange [34]. However, this
model does not contain the isospin dependence and can only present a description for

the symmetric nuclear matter.

The presence of the isospin degree of freedom enriches the Walecka model and we
can examine the effect of asymmetry on the nuclear spinodal instabilities. There-
fore, a more realistic model can be obtained by inserting the coupling of charged
rho mesons to the Lagrangian of the original model. This extended model known as
QHD-II contains the nucleons, neutral scalar ¢ , neutral vector w and isovector vector

p mesons [10].

Up

n

with mass M, the scalar meson field ¢ with mass m, the vector meson field V, =

The effective Lagrangian density of QHD-II including the baryon field ¢ =

(Vo, V) with mass m,, the isovector field b, = (bo, b) with mass m, and the massless

photon field 4, = (4, V) is given by

L = [y"iho, — Mc2]w + 1au¢a“¢ + g5 — U(o)

1
=72+ MVV Vi = gvm e

4
GWG + 2u2b b — gpw’y“Fbuw
1 _
—ZFWF“” - 5(1 + T3) Yy A 4.1)

where , jt, = myc/h and i, = m,c/h are the mass parameters of vector and isovec-

tor meson fields. The related field tensors are represented as €2, = 0,V, — 0,V,,
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G;l, = c%bj, — (‘l,b; and F,, = 0,A, — 0,A, for the vector, isovector and pho-
ton fields, respectively. 7 indicates the Pauli isospin matrices and %(1 + 73) is the
isospin projection operator with the values 73 = 1 for proton and 73 = —1 for neutron
[10]. The neutron and proton form an isospin doublet with total isospin 1/2 and third

component +1/2.

In the Lagrangian, the mass parameters and the strong coupling constants g5, g, and
g, for the scalar, vector and isovector fields are phenomenological constants usually
determined by a fitting procedure to some properties of a set of spherical nuclei [35].
While the scalar meson potential is U(¢) = % p2$? in the standard Walecka model, it
is given by U(¢) = u2¢® + £¢* + £¢* in the nonlinear Walecka model, where x
and ) are the self-coupling constants and s = (msc/h) . In this work, the nonlinear
Walecka model is used with the NL3 parameter set which provides a better description
for the nuclear structure properties and giant monopole excitations in medium weight
and heavy nuclei [20]. The original Walecka model gives nuclear compressibility
much higher than the experimental value and leads to a smaller effective nucleon
mass [9)]. However, the nonlinear Walecka model which includes the nonlinear self-
interaction terms of the scalar meson field allows a more accurate value of nuclear
compressibility and the nucleon effective mass. In the NL3 parameter set given in
Ref. [35], the nucleon mass is taken to be 939 MeV and the other parameters are de-
termined by fitting the predicted values of different nuclear properties such as binding
energy, charge radii, and neutron radii of several spherical nuclei. The parameters in

the NL3 set are given in Table 4.1 with the corresponding nuclear properties.

The meson field equations can be found from the Lagrangian given in Eq. (4.1) by

applying the Euler-Lagrange equation as follows;

(0,0 + )0 + 56" + 56" = g @2)

(00" + i)V = 97", (4.3)
- 1 —

(0.0" + )" = 59507 T (44)

These are the usual Klein-Gordon equations with the source terms gyt , gyi)y”)

and % g,ﬂv”ﬁ/}. The field equation for the electromagnetic field is

90" A” = e {EW”%G + 73)@0} ) 4.5)
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Table4.1: The NL3 parameter set and the predictions for the nuclear matter properties

The NL3 Parameter Set
mg(MeV) 508.194
my(MeV) 782.501
my(MeV) 763.000
Js 10.217
9y 12.868
9p 4.474
k(fm™1) 10.431
A -28.885
Nuclear Matter Properties
po(fm=3) 0.148
E/A (MeV) -16.299
K (MeV) 271.76
M*/M 0.60

Similarly, the Dirac equation for the baryon fields including the meson fields and

photon field interactions can be obtained as

. r . -
Y (ihdy, — gV, — 3907 b, —e

1

F(I+7)A,) = (Mc* = g.9)| ¢ =0.  (46)
The field equations, Eqgs. (4.2-4.6), are nonlinear coupled equations and the exact
solutions are very complicated. Therefore, the mean field approach (MFT) can be
applied as an approximate nonperturbative method at high baryon densities. In the
relativistic mean-field approximation, the meson field operators are replaced by their

ground state expectation values and the meson fields are treated as classical fields

¢ = ()=

VE (V) = vogﬂo

b — (b)) = gM8,3bo

Ar s (AM) = g0 A, . 4.7)

Since nuclear system has well defined electric charge, only the neutral component of
the p meson field appears in the equation of motion, which is indicated by b3 (7", t) =
[b3.0(7, 1), bs(7,t)]. For a static uniform system at equilibrium, the quantities ¢, Vp,

by and A are constants and the expectation values of vector components of the vector,
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isovector and photon fields vanish. Similarly, the ground state expectation values are

also substituted for the baryon sources in the meson field equations;

P = () =
Py = (M) = ¢y
VYT = Py aw—g’“”oéasps
TS > @S+ m)e) = g, “8)

where the densities can be written in terms of proton and neutron densities as; p; =
Psp T Psns PB = Pop+ Pons Py = Pup + Py and p3 = pyp — po,n- The field equations
are exactly solvable in the mean-field limit, thus MFT provides a meaningful starting
point to describe the relativistic nuclear many body system [10]]. In our investigation
of spinodal instabilities, we use time-dependent Hartree Fock (TDHF) model as a

mean field approach in a quantal framework.

4.2 Stochastic Extension of Relativistic Mean Field Theory

The mean-field theory in terms of TDHF equations has been widely used to describe
the reaction dynamics in nuclear collisions at low energies. At this energy scales,
one-body dissipation mechanism plays a dominant role in nuclear dynamics and short
range two-body collisions can be neglected [13,17]. The mean field description gives
a good approximation for average evolution of the collective motion. However, it is
completely inadequate to describe the fluctuation dynamics of one-body observables.
It is demonstrated that the stochastic mean field approach provides a useful descrip-

tion for the dynamics of density fluctuations at low energies [19]].

In the SMF approach, different from the standard mean field theory, the initial quantal
zero-point and thermal fluctuations are incorporated into the calculations in a stochas-
tic manner. The initial fluctuations are simulated by considering an ensemble of initial
single-particle density matrices according to the self-consistent mean-field evolution
of each event [17,36]. Each member of the relativistic single-particle density matrix

is developed in time with respect to its own self consistent mean-field hamiltonian
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ha(p™V) 37,

ih%p&”(t) = [ha(p™), PV (1) (4.9)
where a = p, n denotes the neutron or proton and A is the event label. This equation
is same as the non-relativistic TDHF equation given in Eq. (2.8). However, it should
be noted that h,(p™)) represents the relativistic mean-field Hamiltonian in the event
A and p,(t) is a 4 x 4 matrix in the spinor space whose elements are random Gaussian
numbers. For clarity of presentation, the event label is ignored in the rest of the

chapter.

In the Walecka model, the relativistic mean field theory is based on an effective inter-
action Lagrangian given in Eq. (4.1). By using the QHD-II Lagrangian, the relativis-

tic mean-field Hamiltonians are obtained for proton and neutron,
oL N - 1
hy(p) = a-[cp— g,V — §9pb3 —eAl+ B(Mc - gib) + g Vo + 59;;53,0 +edy (4.10)
and

I - 1 - 1
hn(:O) = Q- [Cp - gvv + §gpb3] + 6(MC2 - gsqb) + gv‘/() - 59,353,0 . (411)

where @ and [ are Dirac matrices. Fluctuating meson fields are determined in terms

of the fluctuating densities from the usual Klein-Gordon equations as,

(@0 + 1)8(7.0) = gop(7, 1) — 567 — 26 @.12)
(0,0" + P2)V, (7, t) = gypu(Tit), (4.13)
(00 + 12,7 1) = S005(71) @.14)
D,0" Ay (7 1) = ept™ (7, 1) . (4.15)

The fluctuating scalar pS (7, t), baryon p? (7, t) and current p (7, t) densities for pro-

tons and neutrons are defined according to

AGHEY cd
PIGHE DI NGO I I R FGHISOR (4.16)
ps (7, 1) Y &

where summations ¢, j run over a complete set of spinors U, ;(7,¢) and p;;(a) repre-

sents the time-independent elements of the single particle density matrix.
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4.3 Linear Response Treatment of Density Fluctuations

The linear response analysis of dynamical evolution is considered in order to investi-
gate the initial growth of density fluctuations in the spinodal region. The small am-
plitude fluctuations of the single particle density matrix around an equilibrium initial
state with proton and neutron densities, (pg, p%) = po , are obtained by considering
the linear limit of Eq. (4.9). For the fluctuating density matrices, dp,(t) = pa(t) — p2,

the linearized TDHF equation becomes

i1 5pat) = [halp). dp(t)] + [5h(1), 40). @17

Here h,(po) represents the mean-field Hamiltonian for protons and neutrons in the

initial reference state given by

QL

B 1
P+ B(ME® — gudo) + gvVo + = gpbso + €Ay (4.18)

hp(ﬂo) = 9

and

a o 1
ha(po) = @ - cp+ B(Mc* — gsgo) + gy Vo — §9pb3,o . (4.19)

In the initial state, average baryon and scalar densities are assumed to be uniform.
Therefore, the meson field equations for asymmetric infinite nuclear matter in terms

of initial densities are written as

1 0 0 Ko A3

(bo - Mz gs(ps,p + ps,n) 2(250 6¢0
gv

Vo = =5(phy+ Pon)
My

Vo = 0
lyg

0o _ P/ 0 0

by = 5;/2)(Pb,p—0bn)

by = 0

A = g

Ay = 0 (4.20)

where p? . pl,. py, and pp, are scalar and baryon densities for protons and neu-
trons in the initial state, respectively. The small amplitude fluctuations of the meson

fields are determined from the linearized Klein-Gordon equations. Meson fields are
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linearized around their initial values as ¢ = ¢¢ + do(7,t), V* = V§' + SVH(T, 1),
b = by + ob*(7,t) and A" = Af + JA*(7,t). The meson field fluctuations de-
pends on (7, t) , however, their initial values ¢g, V{' and b4 are constants. Although
the vector components of the fields ‘7, 5, A are zero at the initial equilibrium state,
the corresponding fluctuations 8V, 6b and §A are non-zero. Then, we obtain the

linearized equation for the scalar meson field as

A

Similarly, the linearized field equations for the vector meson, charged rho meson and
electromagnetic fields are obtained for the space and time components separately,

which are given as

(0,0" + 12) SVo(Fot) = gy (0pop(7,t) + Spon(Tyt))
(8,0 + 1) SV(7,t) = gy (60 p(Fot) + 0Fen(71)) (4.22)
, 1 L ,
(040" + 11) bo(7,8) = 590 (50 (7,1) = O (1))
_— 1 I B .,
(8.0" 4 p2) 6b(7' ) = 59 (0py (T, 1) — 0Py (T, 1)) (4.23)
and
80" A(F 1) = Sppp(Ft)
O 0M6A(F L) = 0, (71 (4.24)

Consequently, the fluctuating parts of the mean-field Hamiltonian for protons and
neutrons in the linearized TDHF equation are given in terms of meson field fluctua-

tions,

Oh, Oh, Oh,
o= (o) e (G) e (55 ),

Oh, Oh, Oh, Oh,
Obs ; ob 0A; — ] 0A
" (353,)0 st (953,0>o o <5Ai)o " (8A0>0 "

(4.25)

where ( ), denotes the corresponding values at the initial state. The derivatives can

simply be evaluated from Eqgs. (4.10) and (4.11), then ¢h, and Jh,, can be found as
. 1 - "
Shy(t) = —a-[g, 0V (7, t)+ §gp5b3(77, t) + edA(T,t)] — Bgsdp(T, t) + g0V (T, t)

1
+§gp5b370(77, t) + 6(5140(’/?, t) (426)
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and

. I 1 - . . 1 N
Ohp(t) = —d-[g,0V (7, t) — égpébg(r, t)] = Bgsdp(7, t) + gy o Vo (7, t) — Egpébg,g(r, t).
4.27)

The linear response analysis for the instabilities in nuclear matter can be carried out
in an almost analytical framework by using the plane wave representation. In this
case, the plane wave representation of spinors for protons and neutrons (¢ = p,n )
maintains an appropriate description for the quantal investigation of the instabilities.
Positive energy (A = +1) and negative energy (A = —1) plane wave spinors with

spin quantum number s = +1/2 can be expressed as [38§],

— X(I,S iﬁf.‘
| Yar (D, 5)) = N (D) | ePTIRY (4.28)

a-cp
Mc2+Xe*(p) Xa,s

1
Here, Xo,s = , denote spin states for protons and neutrons, N, \(p) =

0 1
V[Me2 + Xe*(p)]/2Ae*(p) is the normalization factor and &*(p) = /p2c? + M**c*

indicates the effective single-particle energies in the initial state which is determined

by the effective nucleon mass M*c? = Mc? — gs¢o. These plane wave spinors are

eigenstates of mean-field Hamiltonian in the uniform initial state, h,(po) [a1 (D, $)) =
Eax(D) | Yax(p, s)) with the eigenvalues E,, 5(p) = g,Vo + AE + Ae*(p) for protons

and E,, x(p) = gVo—AE+\e*(p) for neutrons, where AE = (g,/2m,)* (05 ,— P )

denotes the single-particle energy shift due to the asymmetry energy. It is possible to

express the fluctuating density matrix dp, () in terms of plane wave spinor represen-

tation as follows,

d3p1d3p2 o 5981 (= = -
5/)(1 Z 27Th a)\’(pza82>>5pa,)\’)\(p27p17t)<qja,>\(p1781) | . (429)
AN 8281

In this study, the density fluctuations are analyzed in the no-sea approximation. In this
expansion, there are four different energy sectors (A, \') = (4, +), (—,+), (+,—)
and (—, —) corresponding to positive-energy particle-hole excitations above the Fermi
level, negative-energy particle positive-energy hole, negative-energy hole positive-
energy particle and particle-hole excitations within the Dirac sea, respectively [37] .

The occupation numbers of unoccupied states are zero at zero temperature and very
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small at low temperatures in the no-sea approximation, therefore the contributions
coming from the sector (—, —) can be ignored in the calculations. According to ref.
[37], the particle-hole excitations corresponding to (+, —) and (—, +) sectors make
sizable contributions on the excitation strength of giant collective vibrations. How-
ever, it was found that contributions of these particle-hole sectors in the development
of unstable collective modes are less than 10% for symmetric nuclear matter [17].
In our calculations, we include (4, —) and (—, +) sectors because the magnitude of
these contributions tends to increase with increasing charge asymmetry of the system.
We consider the spin-averaged matrix elements of the fluctuating single-particle den-
sity matrix, 0pq (P2, P1,t) = % > 005° v (P2, P1, 1), to simplify the description. The
linearized TDHF equation is obtai;ed in the plane wave representation by calculating

the matrix element dp,(t) between the spinors as follows,

0 H ﬁ
o (Vo (P2, 52) | 0pa(t) | War(Prs 51)) =

ot
[Eax(p2) — Eax(p1)] (Yo (P2, 52) | 0pa(t) | War(D1,51))
- [na,)\/ (p2) - na,/\(pl)] <\Ifa,)\/ (ﬁ27 82) ’ 5ha(t) ‘ ‘Ija,)\(ﬁla 31)> (430)

where we use p10, (D, 5) = ngr(p)axr(P, s). The matrix elements for the fluctuat-

ing part of the Hamiltonian for proton and neutron becomes,
(U 52) | By 6) | 0750y = [ e Eul (2

— 1 — —. 1
X {—&- [gvOV + §gp5b3 + edA] — Bgsdp + gyo Vo + §gp5bg,o + €5A0} ux(p1, $1)

(4.31)

and
(Vs 52) | halt) | Do) = [ el (5 o)
. - 1 = 1 "
X {—04 - [g6V + §9p5b3] — Bgs09 + gy0Vo + §9p5b3,0} u(p1, 51) -
(4.32)
Here u)(p, s) denotes the column vector,
o Xs
U)\(p, S) = NA(@ ) (433)

a-cp
MC2+)\E* (p) XS
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where X 1s spin wave function and u; (P, s) is transpose of the column vector. In
the above expressions, we use the momentum vectors as p, = p + hk /2 and p) =
p—hk/2. We also introduce (U, \/ (P2, $2) | 0pa(t) | War(P1, 1)) = 6pa (D2, P1, 1),

then the linearized TDHF equations for proton and neutron becomes

0 - o 1 _x * =
maépp,x,\(])mpbt) = [Ne"(p2) — A (p1)]0ppya (P2, P, 1)
- [”p,/\’ (p2) — ”p,/\(pl)] {_Ui\/(ﬁm 52)5gs5¢(E7 tux(pi, 1)

L - J - .
—ul, (P, 52)@ - [gyOV (K, 1) + §gp5b3(k, t) + e A(K, t)]u (71, 51)

. - 1 - - .
+UT/\’ (p27 52) [gv5%(]€, t) + §gp5b3,0<k> t) + 66A0<k7 t)]u/\(pla 31)}
(4.34)

and
. a > - ! % * - =
Zha(spn,)\’)\(p%plat) =[Ne*(p2) — A" (p1)10pnya (D2, D1, t)
. - - - 1 - - .
~Drnelpa) = )] {2 2) - [0, ) + 00 B, s o)

— ul, (7, 2) 8900 (K, t)ux(F1, 1)

. > 1 - .
2V, 1) + 50,000l s G, 5)
(4.35)

In these expressions, n, \(p) = 1/[exp(e* — Au) /T + 1] denotes baryon occupation
factors for positive and negative energy states. Here, the reduced chemical potential
for proton is p;, = ,ug — [gVVO + %gpb:’)’g + 6140} and itis pf = p2 — [gvVO + %g,,bgvo}
for neutron where 10 is the chemical potential for protons and neutrons at the ini-
tial state. The quantities 6V (K, t), 6Vo(k,t), A(k,t), 6Ag(k,t), 6 (k, 1), bs(k, 1),
and 0 b370(12 , 1) represent the space Fourier transforms of fluctuating vector and meson
fields, respectively, with hk = po — p1 . For a short hand notation, we define the

following quantities,

fl)D\’A(ﬁbﬁl) = ui, (p2, Sz)ux(ﬁl, 81)
£§’A<ﬁ2aﬁl) = Ui/(ﬁ2,82)ﬁ%\(41751)
(

g\’/\(ﬁ%ﬁl) = Ui/(ﬁzaSQ)&U,\ _’1,81) (4.36)



Consequently, the Eqgs. (4.34-4.35) can be expressed as

0 = * * - o
Zha5pp,,\u<p27p17t) = [Ne*(pa) — Xe*(p1)]0ppaa (P2, D1, )

. Lo 1 - - L
+[mpa(p1) — npx (p2)] {—fiu g0V (K, t) + §gp5b3(/<r, t) + edA(k, 1))

. . 1 . .
—&,9500(k, t) + 0y [9v0Vo (K, t) + §gp5b3,0(k, t) + edAo(k, t)]}

4.37)
and
. a — — ! _*x * oo
Zﬁa5pn,,\',\(pzap1,t) = [Ne*(p2) — Xe™(p1)]0pnar (D2, P15 )
. L. 1 - -
+[nn)\(p1) - nn,\'(pz)] {—f,v\o\ : [9v5v(/€; t) - §gp6b3(k7 t)]
. . 1 .
~00(Fot) + ulndoFot) — jodbaa(E] b @39

The space Fourier transformation of the meson field fluctuations and the derivation of
the quantities &%, (Pa, p1), &y (Pa, P1) and é\,/\(ﬁg,ﬁl) are given in Appendix E. We
neglect the slight difference of these quantities for proton and neutron due to their
effective masses. Moreover, it is possible to express the space Fourier transforms of
spin-isospin averaged baryon density, scalar density and vector density fluctuations

for protons and neutrons in terms of the fluctuating density matrix as

(5,02(12,& s g\/,\(ﬁ%ﬁl)
= p s (o = >
TACONIEEDYS / s | Salp) | Opusa(Pepint)  (439)
k,t

AN o 5
502( ) f?vx(pm pl)

where v = 2 is the spin factor. The derivation of the above equation is also given in

Appendix E in detail.

4.4 Dispersion Relation

The solution for the linear response equations given in Egs. (4.37-4.38) can be ob-
tained by employing the one-sided Fourier transformation method in time, 5, (/2 Jw) =

fooo dte™ts pa(lg, t). After transformation, the linearized TDHF equations for protons
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and neutrons becomes

[Alg*(p2) - )\6* (pl)](;pp)\'k(ﬁ% ﬁla w)

ih[0pp (P2, P1,0) — iwd pp a (P2, Pr,w) =
. Lo 1 - - L
+npa(p1) — i (p2)] {_£X’A g0V (k,w) + §gp5bs(k, w) + edA(k,w)]

. . 1 . .
—&,9500(k,w) + 0\ [gv0 Vo (k, w) + Egp5b370(k;, w) + eéAg(k;,w)]} (4.40)

and

P[0 pna(Das D1, 0) — iwdppya (D2, Pr,w) = [Ne™(p2) — Ae™(p1)]0pn A (Do, Pis w)
. L. 1 - -
+[na(p1) — o (p2)] {—ﬂu g0V (k,w) — 5995173(1{?,00)]

. . 1 .
—&ngs00(k,w) + En[gvdVo(k,w) — 59,;553,0(]@760)]} : (4.41)

In these expressions, dp, (P2, D1, 0) represents fluctuations of proton and neutron
density matrices in the initial state. It is possible to express the Fourier transformed
forms of the fluctuating meson fields in terms of fluctuating scalar, baryon and current
density fluctuations by applying one-sided Fourier transformation to the linearized
meson field equations. The solution of the free particle Klein-Gordon equations is
taken in the form of the plane wave function, ¢(z#) ~ !F#-wh — ¢ilku=")  Conse-

quently, the Fourier transforms of the fluctuating meson fields become

Sok) = | prvd L0

Volk,w) = — o)

oV (kw) = _w2+9];2+uv25ﬁv</2,w)

Sbo(k,w) = - +g]§2+ﬂp2%5ﬂ3,0(7;aw)

HEw) = oy k)

SA(R.w) = g ipn(R.w)

SA(R,w) = ﬁaﬁb,p(ﬁ,w). (4.42)

As a result, the Fourier transforms of the linear response equations for protons and
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neutrons in terms of density fluctuations can be obtained as

i o . npx (D2) — np A (D
0ppa(P2: 1 @) = Xpwa(k, w) [ﬁw —p/\[)\(’;)(pz) i/\)i;()pl)]

o dppxa(D2, D1, 0) (4.43)

—hw — [NVe*(p2) — Ae*(p1)]

and

0 Do . D . nn, / ﬁ - nm ﬁ
sl i) = Kool ) {hw —A[/\(’Si)(lb) —A)\(s*l()Pl)]

671’ _)7_’70
_ iR Pr A (D2, P1,0)  (444)

hw — [Ne*(p2) — Ae*(p1)]

where the quantities X, ,\(E, w) and X, »/ ,\(E, w) are given by

—

Xpaa(k,w) = G2E0pu(F,w) — GGk, w) — &y - 0pu(k, w)]
~G2[E8\0ps.0(k,w) — €y - 3p3(K, w)]
—G2(E8\pp (ks w) — Exry - S Ky w))] (4.45)

and

Xowa(k,w) = G26,0p(k,w) — G2ER0pu(k,w) — &y - 0pu(k,w)]
—G2[Eh 03 0(k,w) — Ey - 0pa(k,w)] - (4.46)

In these expressions, the effective coupling constants are defined in terms of the point

coupling constants as

G? g2/1=(w/e)* + K + 4]

G2 | | g2/ (@/0)* + K + i = 29260 — 3gs67] _ (4.47)
& g /Al=(w/e)® + K + pi?]

G? e*/[=(w/e)® + k?]

Multiplying both sides of Egs. (4.43) and (4.44) by &%, (p2, p1) and integrating over
the momentum p and using the definitions given in Eq. (4.39) for baryon density fluc-
tuations, we obtain the following equations for the Fourier transforms of the baryon

density fluctuations for protons and neutrons as follows;
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~b/7 o Np N (ﬁ? Ny, )\(pl )
5pp(k7 w) Y ;/ 27Th {hw — [Alé* ) Ae* ( {gA’)\g)\’)\G (5pp + 6 )

) —

(p
HEE - [(G2+ G2+ G2)op + (G2 — Gi)éﬁ;]
— EnEnl(GE+ G2+ G2)ope + (Gr — G2)opnl }

dS 5pp A’A(anpla O)
ng/ T = [N+ () — 3o ()] @49
and
~b (7. o YWY (ﬁZ) Ny, )\(pl 2
5pn<k7 w) Y ; / 27Th |: — [)\/5*< ) )\8 {é)\’/\g)\’)\G (6pp + 6pn)

+§)\’>\£X’)\ (G2 - Gi)fSP:; + (G + Gi)f?ﬁl]
— SnEn(GF = G2)ap, + (G + G2)oph] )

d3p dpn (P2, P1,0)
+257%;/ 5)\/)\7:&(,0 [/\/ ( ) e+ (pl)] . (449)

Similarly, we can obtain equations for the Fourier transforms of the fluctuating vector
density of protons and neutrons after multiplication of Eqs. (4.43) and (4.44) by

Ex, 5 (P2, P1) and integrating over the momentum, which can be expressed as

- N (D2 2 (P1)
6 M — P ’ / 2 6 5
Pp 7;/ omh)3 { — [Ne* ) Ae*(pr {g)\ ZENGS( Pyt n)

) -

v
—@ﬁhﬂ@+@+@ﬂ%ﬂ@—@%ﬂ
— (G + G+ G20 + (G2 — G208}

d*p & dppxa(P2,p1,0)
vt S [ e ] e (40

AN
and
=X 7 o T, N (52) — N\ (ﬁl) NS 2(5~s ~3
5pn<k7 w) Y ;/ 27Th {hw I [)\/5*(]?2) N )\5*(]71) {5)\’)\5)\’)\08 (6:0;) + 5pn)

+808n - (G2 = G2)apy + (G + G2)dp,)
—@xbw%G%@H@+@wﬂ

5Pn ,\',\(P2>P1, 0)
+zh7§/ 2 ’Sth N (e) e ] (4.51)
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Finally, the last two equations for the proton and neutron scalar density fluctuations
can be obtained by multiplying the Eqs. (4.43) and (4.44) by &}, (P2, p1) and evalu-

ating in a similar procedure presented above. Consequently, we can find

Z Ny (D2) — p A (D1) ) )
5 S — p, P, S/ S/ G2 5 S (S S
Pp 7;/ 27h)3 {hw Ve (pa) — Ae* (1) {EEGE(0p;, +0p3,)

) _

(
+EEw - [(G2+ G2+ G2)opy + (G2 — G2)opY]
— EnE(G? + G2+ G2)oph + (G2 — G2)op) }

Opp, ,\/,\(P27P1> 0)
“’W;/ 2 )F N — [N+ (p2) — A (1] (42

and

~ o Ny x (D2) — N A (P1) 2
o0, (kw) = 7;/ 21h)3 lhw—[)\’e*( o) — Ae*(p1) {608 GE(09] + 071)

HEAEW - (G2 = G205 + (G2 + G2)5pY)]
— EnE(G2 = G20 + (G2 + G2)éph]}

d*p Opn A (P2; P15 0)
13 | G b el 29

We have found six coupled algebraic equations represented above, which contain the
relations between the Fourier transforms of the small amplitude fluctuations for the
baryon density, the scalar density and the vector density of protons and neutrons.

These equations can be expressed as a matrix equation in the following form:

AP AR AR AT AD AR oy (k, w) S, w)
B B By By By By || o5k 53k )
crocy oy ocpoCyp 5@3(’%“) i :Wi’“) . (454)
DP Db DP DM Dy D 6y (K, w) n(k,w)
BB B B B || ep(Ew) o5 (k)
T O S o O B LY (ks w)
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The elements of the coefficient matrix is given by

A — (G?, + Gi + G%) Xp Ab —GEX;

BY - (@EZ+G@+G)x;, B 1- G2y,

Crl _ |- @+ )R, || -6
oy ~ (@ - oy | -G

EY —(G-Ga)x, £y ~GiX5,

FY -G -G, Fy ~GIX,

A 1+ (G2+ B+ G2y At - (G -G x;
BY (G2+ G2+ G2) X B} — (G2 -GH)x;
eyl (G2+G2+G2) X} crl | —(@-@)x
Dj (GY = G)) xn D} - (G +G))x
121 GV -G, E} (G7+GY) X,
FY (G2 -G x), Fr 1—(G2+G) X
Ag —-G3x;, Ag (G2 —G3) x;
By ~GIX;, By (G2 -G2) x;
Cy | ~GIX, Cy | G, - G2) x;
pr| | —cxe Dyl |1+ (@+@)
Ey 1-G3x;, Ly (G2 +G2)xs
Fy —GIXy, Ey (G +G2) X

In the above expressions, the quantities x’s and x’s are the relativistic quantal Lind-
hard functions associated with baryon, scalar and vector densities. In our analysis
of spinodal instabilities in the relativistic mean field approximation, we consider the
longitudinal unstable collective modes. Hence, only the component along the propa-
gation direction are taken into account for the vector density fluctuations and we use
the notation 67" (k, w) = 07y (k,w)-k and £ = £k in the following expressions. For
the longitudinal modes, the Linhard functions for charge asymmetric nuclear matter

are given by
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kw) 5 En
k, W) =7 Z / 27Th 53//\5?\/)\
— )\A/

k. w

,w) i
Ny (F+ 1k [2) — ng (7 — Tk /2)

= = (4.56)
hw — [Ne*(p+ hk/2) — Xe*(p — hk/2)]
and
XZ(];’ w) Exabina
N EEDY [ ot | i
X6 (k,w) Exaéua
Mg (D + hk/?l— Nax (P — hk:/_?) 457)
hw — [Ne*(p+ hk/2) — Xe*(p — k/2)]
The stochastic source terms in Eq. (4.54)) are given by,
Salk,w) 30 " .
T B 5pa,)\/)\(]7—|— hk/2,p— hk/2)
Silkw) [ =72 27rh S| s T e (4 R J2) — A (7 — B2
w — Ve (5 Tk 2) = Xe* (5 = TF/2)]
Sk, w) 0)
(4.58)

where 8pa (B + bk /2,5 — 1k /2) = 0para(P+ Tk /2,7 — hk/2,0) represents the
single-particle density matrix fluctuation in the initial state. We can solve the alge-
braic equation given in Eq. for the proton and neutron baryon density fluctua-
tions by applying the Cramer’s rule. The proton density fluctuation § ﬁg(E, w) is found

as

A? AD 4nSE AR Ay Ap
BY BY ihSS By By By
. 1 |cP C% Sy Cp Ccy oCn
opb(k,w) = —= b j’; b e (4.59)

e(k,w) |DY Dy inS® Dy Dy D%
EY EY inS Ep Ey Ej
FP FP inSY FM Fp FEP

where 5(12, w) denotes the susceptibility. If we expand this equation with respect to

the third column, we get

66



BY BY By By By AP AL Ar Ap Ap

i &V cr ¢y or ¢y Oy 5 s oy ¢y Oy G Oy
+5(E,£) D} Dy Dy Dy Dy —5@5) DY Dy Dy Dy Dy
EY EY B} EY EY EY EY E? Ey EY
OO YRR

AP AR A Ap o Ap ADAD AR Ap AR

. BY BY By By By g BY BY By By B
+5(E,f}) DY Dy Dy Dy Dy _5(1%’,:)) oY ¥ op cy oCn
EY EY B} Ey EY EY EY E} Ey E}
RO FY By RO

AP AL A Ap An AP AR Ar Ap Ap

s BY By B By By i+ b BY By B By By
] S M ] R el S B R B
DY Dy Dy Dy Dp DY Dy Dy Dy Dy
OO EY Ey EY Ey Ej

(4.60)

where the five by five matrices are defined as N7, NJ, N¥, N}, N?, N{ respectively.
By using these definitions, the baryon density fluctuations for proton can be expressed
as

th

oph(k,w) = o) [NPSP — NSS4+ NPSY — NPSP + NPSS — NZSY] . (4.61)

By the same way, the neutron density fluctuations o ﬁfL(/Z ,w) is obtained as

. ih . . . . . .
S (k,w) = 5(; ) [—N7'SP + NS5 — N2SY + NpSh — NI'S5 + NgSy] . (4.62)
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Here the expansion coefficients N;', for j = 1,..., 6 are given by

B’ BY B B} By A AL AR AT Ap
cr Gy Oy O C3 cr Gy Oy O C3
Ny = |p? D} DY D Di| Ny=|DY DY DY Dy Dj
EY By Ej E} Ej E{ B} Ej E} Ej
FY R OFOF FY R OFOF
AL AL AR AT AR Al AL AL AT A
BY B; Bj B By BY By By By Bj
Ny = D’ Dy D¢ Dr Dp| Np=|c' CP Ct oCroCy
EY B} Ej E} Ej EY Ej EY E} EBj
FY F} KR} OFY FY F Fy F' F}
AT AL AR AT Ap AT AL AR AT Ap
Bl By Bi B By Bl By Bj B By
NP o= |cP P octocp ocpl Np=|ct octocrocroCp
Dy Dy Dy DY Dj Dy Dy Dy DY Dj
FY F} R OFYOFY EY B} Ej E} Ej
(4.63)

Furthermore, the susceptibility is defined as the determinant of the coefficient matrix

in Bq. @39).

AP AR AR AT An o An
By B; Bf By By Bj
e(k,w) = or G GO GG (4.64)
DY D¢ DY Dr Dp D
EY Ej Ej EY Ej EY
FP F? FP FM F FET

The condition 5(/2, w) = 0 gives the dispersion relation. The boundary of the spinodal
region and the growth rates for the unstable collective modes in the spinodal region

can be calculated from the dispersion relation.
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4.5 Growth of Baryon Density Fluctuations

The time development of baryon density fluctuations is determined by taking the
inverse Fourier transform of 052 (k,w) in time as 652 (k,t) = [ 2555 (k,w)e ™.
We can evaluate this integral with the help of residue theorem. When using the residue
theorem, we need to consider the poles arising from the susceptibility and source
terms S? S and S) in Egs. |i and . As mentioned in Chapter 2, non-
collective poles are important for specifying density fluctuations at the initial state,
however the resulting density fluctuations do not grow in time [21]. Moreover, it is
known from the previous analysis that the contributions of the non-collective poles
are effective for higher wave numbers. Therefore, we neglect non-collective poles of
the susceptibility and poles of the source terms in this analysis. In the calculation of
density fluctuations, we keep only the collective poles of the susceptibility which give
the dominant contribution. There are two collective poles at w = il in the spinodal
region and by evaluating these poles according to the Cauchy-Residue theorem, we

find

5p8 (k,t) = 0pF (K)et™ + 6p; (K)e T+ (4.65)

where the growing and decaying parts of neutron and proton baryon density fluctua-

tions given as

5T — —N7Sb + NpSs — NySy+ NpSh — Ni'Ss + NgSy,
Oe(k,w) /0w a—
(4.66)

and

5@ﬂ%):-—h{

NPSE — NPSS + NESY — NPSS + NPSs — NESY
Oe(k,w) /0w — '

(4.67)

The derivative of the susceptibility %’i”) are presented in Appendix F.

By using the time development of density fluctuations, we can calculate the correla-
tion function of density fluctuations and obtain useful information about dynamical
evolution of the unstable nuclear system in the spinodal region. Here we consider

only the baryon density correlation function. The equal time baryon density correla-
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tion function can be defined as

oap([7' = 7|, t) = 0pB (7, 1)opg (7, ) = / (zﬁ)gei’g'%ab(%, t) (4.68)

where a and b represent the neutron or proton. Here x = 7" — 77 denotes distance
between two space locations and 6ab(l§, t) is the spectral intensity of the baryon den-
sity correlation functions. In the SMF approach, spectral intensities are defined as the
second moment of the Fourier transform of the baryon density fluctuations according

to,

0pB(k, 1) (GpE (R, 1))" = (2m)*6(k — K )éap (K, 1) (4.69)

where the overline denotes the average over the ensemble produced at the initial state.
In order to calculate the total spectral intensity function, we consider all the con-
tributions arising from protons, neutrons and cross terms as 6(13, t) = 5pp(E, t) +
5np(E, t)+ 5pn(lZ, t)+ &,m(lz, t). By using the growing and decaying parts of the den-
sity fluctuations, the spectral intensity of baryon density correlations can be expressed

as

GEB(R)@n) 8 (F —F) = op (R)(6p" ()€™ + o8- (B) (60 ()™
008 (B)(0pF ™ (B))" + 008~ (B) 0 ()"

(4.70)

According to the main assumption of the Stochastic mean-field approach, the variance
of the initial density fluctuations in the plane wave representation can be expressed in

the following form:

5pip,<ﬁ27 ﬁla O)(S,Ol;\,u, (ﬁ?a ﬁla O) = 6ab5)\)\/5p,u’(277h)65(ﬁ1 - 15'1)5(172 - 25(2)
1 . | S .
x5 [na(2) (1 = nu(P1)) + 1 (P1) (1 = 1A (P2))]

2
4.71)

where the factor (277)° emerges due to the normalization in the plane wave represen-
tation. Each term in Eq. (4.70) is calculated by employing this result. For instance,

we obtain the first and second terms for proton-proton spectral intensity function by
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taking a = b = p as

(o) [ (oop) ] = (2(2;1,?») B

< {KppI N " = K& (N1 Nop, + Ny Nit¥) + KgZIN5[* + Kyp | NG, |

HEEING I — KEg(NG Ny + Nap Nip™) + K g [ Na |* + Ky [ N |
+ KD (NGNS + N N7 — KGO (Ng Nib™ + Ny N )
FERNENG + NGNG) = K (N Nig? + NN} @)

The third and fourth terms can be written as,

(27)38(k — K')h?

(5p5(1€))+ {(6/)5(/55)_]* - Km)ﬁi {(&(k’w))w:w]*

Ow T ow
x { K Niy Ny — Kgl(N{ N,  + NNy 4+ KgENG Ny + KU Ny Ny *
+EKGENENG — Kd(NE NG+ NN ) + KGNS N+ K N N !
+Kg0 (NSNS + N NDY) — Kb (NS NS + N3t No ™)
+ K5 (N Ng," + NgyNp') — K (Nsh Net + Neo No ) }
(4.73)

and

N RN E 2m)38(k — K')h2
(sop0) | (05| = 2T *
Oe(k,w) Oe(k,w)
{( Ow )w:il":| [( w )w:il"]
X {KggN;prp* — Kg%(NpNook + Ny Nit) + KgENy Nt + K;@N@N?;*
+ KGNy N — KGg(Ng Nt + Ny Ni¥) + Kgg Ny, N + KU N, N
+ K50 (N, Ng " + Ngy Nio*) — Ko (N Noo* + Ny, Nob¥)
+ K (N Neb + NgpNib¥) — Kgi (N5, N + N, Nob') }
4.74)

In the above expressions, NN, factors are evaluated at w = +i['y and N, factors are
evaluated at w = —il', for 7 = 1,...,6. According to the numerical calculations,

Ni N, Ni and Ni are found as real and N, Ni are imaginary. There is a rela-

la>

tion between them, that can be written as N,, = N,/ fori =1,2,4,5and N;, = —N;}
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for ¢ = 3, 6. Consequently, if we write the spectral intensity function as

. E+ E+t— 4+ E—+
&pp(ky lf) — h2 pp 5 (€2Ft+€—2l“t) +h2 pp pp .
’ (M) e (kw) e (k,w)
O w=il' Ow w=il" Ow w=—1iT

(4.75)
where the short-hand notation £ are used for the terms in parenthesis in Eqs. (4.72-

4.74), the contributions coming from K, and K g, terms cancelled each other.

The spectral intensities G, (¥, t), &pn(l;, t) and &np(E, t) can also be determined by
following the same steps. The detailed calculations are given in Appendix G. As a
result, the spectral intensity of density correlation functions can be written in a general

form as

Gap(k, t) = 1 = £ (£) (eT2Tht 4 720wty 4
|[0e(k, w) /Ow]w=ir, |?

2h2E, (k)
[0 (k,w)/0w]

w=il"y ‘2
4.
where the quantities £ for neutrons, protons and cross terms are given by
+ _ + +12 + + AT+ =+ +12 =+ +12
Epp - KB%‘N1p| - QKBg(NleZp) + KS§|N2p’ + KV€IN3p|
£n | AT+ (2 £n( \+ N+ £n| \+ |2 £n | A7+ |2
+KB%’N4p‘ - 2KB§<N4pN5p) + KS;'L‘NSpl + KV\leNEBp’

EE, = Kgh|N{ > — 2K35(N{ NS + KB INS, [P + Kb N3 2
+KEHING P — 2K58(NS NG + KNS 1P + Ky NG|
+
EX = Ef = —Kg (NN + Kl (NS N+ NfENG) — K8 (N, NS
+ n n
— K3y (N N3 ) — K (NSNS + Kgg' (NS NS + NSNS
—K;%"(NQZ;N;;L) — K;:G(N@Ng;l) . 4.77)

The quantities K= including the source term correlations are defined as

Ky Evaéaa
Ksjs[a _ 72 Z / dgp S\’/\gf\’)\
Kz AR GO I3RS
Kg! Evaéia

(ADW? £ e () =A@ o
{(AT'%)? + [Ne*(P2) — As*(ﬁl)P}znaA’ (P2)[1 — nax(p1]-
4.78)
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In this chapter, we consider only the pole contributions arising from the collective
poles and neglect the cut contributions due to the non-collective poles in the rela-
tivistic calculations. Therefore, the initial value of the density correlation function
does not match the initial condition given in Eq. (4.71) and the initial value of the
expression obtained by pole approximation diverges as [';, goes to zero for short wave-
lengths. In order to cancel out this divergent behaviour, we carry out the integration
in Eq. up to a k... This cut-off value is taken sufficiently below the singular
behavior of 6ab(E,t =0).

Consequently, the total baryon density correlation function is expressed as the sum of

proton and neutron correlation functions and the cross-correlations according to,

o(|F=7 |,t) = 0| F— 7 |,8) + O] F— 7 |, £) + 205m(| 7 — 7 |,1).  (4.79)
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CHAPTER 5

NUMERICAL RESULTS IN RELATIVISTIC APPROACH

In chapter 4, early development of spinodal instabilities and density fluctuations are
investigated in the stochastic extension of the nonlinear Walecka model for asym-
metric nuclear matter. In this section, the numerical calculations are performed by
using the expressions evaluated in the previous chapter. We calculate essentially the
growth rates and phase diagrams of the unstable collective modes in the spinodal re-
gion, and early growth of the baryon density correlation functions. In the calculations,
we employ the NL3 parameter set given in Table 4.1 which includes the non-linear
self-interactions of the scalar meson. All of the calculations are performed for tem-
peratures 7' = 1 MeV and 7' = 5 MeV at two different initial densities pp = 0.2pg
and pp = 0.4py in order to observe the unstable behaviour of nuclear matter in the
spinodal region. Also the results are implemented for the initial charge asymmetries

= 0.0, 0.5 and 0.8.

Furthermore, we compare the quantal calculations with the semi-classical results
given in Ref. [36, 39]] for asymmetries / = 0.5 and 0.8 to examine the quantal
effects. In the semi-classical description [39], time evolution of density fluctuations

are given by the relativistic Vlasov equation instead of TDHF equation.

5.1 Growth Rates of the Unstable Collective Modes

By using the dispersion relation given in Eq. (4.62), we can obtain the growth rates of
the unstable collective modes characterized by the wave number. Fig. 5.1 represents

the growth rates of unstable modes as a function of wave number for temperature
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T = 1 MeV at the initial densities pp = 0.2py and pp = 0.4p, for different initial
asymmetries. We observe that the behavior of the dispersion relation of the unstable
collective modes is similar to those obtained in non-relativistic calculations. The
wave number around the maximum growth rate shifts approximately from 0.7 fm™*
to 0.5 fm~' when the asymmetry parameter increases. For smaller densities, pp =
0.2pp, unstable modes extend over a broader range of wave number compared to the
density pp = 0.4p,. In order to observe the temperature dependence of the dispersion
relation Fig. 5.2 is introduced at temperature 7' = 5 MeV under the similar conditions
of Fig. 5.1. It can be seen from the graphs that the growth rates reduce as temperature
increases at the same initial density and asymmetry values. For different asymmetry
values, the wave numbers associated with the maximum growth rates change between
0.45 fm~! to 0.6 fm~' with the corresponding wavelengths A = (10 — 14) fm for
density pg = 0.2pp, and 0.3 fm™" to 0.6 fm™" for density pg = 0.4p,. As a result,
the range of unstable modes reduces with increasing temperature, initial density and
asymmetry parameters. The unstable behaviour of the system have a strong isospin
dependence, therefore the neutron rich system displays less unstable activity under

the same conditions with symmetric matter.
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Figure 5.1: Growth rates of the unstable collective modes as a function of wave num-
ber at initial baryon densities pp = 0.2pg and pp = 0.4py for asymmetry parameters
I = 0.0, 0.5, 0.8 atT" = 1 MeV. The solid lines indicate the presence of the
Coulomb interaction.

In both graphs, the effects of the Coulomb interaction are also presented with the

separate curves. The solid lines indicate the calculations including the Coulomb in-
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Figure 5.2: Growth rates of the unstable collective modes as a function of wave num-
ber at initial baryon densities pp = 0.2py and pp = 0.4p, for asymmetry parameters
I =0.0, 0.5, 0.8atT = 5 MeV. The solid lines indicate the presence of the Coulomb
interaction.

teraction while the dashed lines are drawn for the systems without the electromagnetic
interaction. It can be observed that there is a small cut-off at the long wavelength edge
at each graphs due to the electromagnetic interaction. Except this cut-off value, the
contribution of the Coulomb interaction does not change the behaviour of the disper-
sion relation and growth rates of unstable collective modes especially at the lower

densities.

Fig. 5.3 denotes the comparison of the quantal and semi-classical dispersion rela-
tions for initial baryon densities pp = 0.2pg and pp = 0.4py at ' = 1 MeV and
T = 5 MeV for two different asymmetry parameters / = 0.5 and 0.8. In the figure,
the solid lines represent the quantal calculations while the dashed lines are the re-
sults of semi-classical calculations. The semi-classical results are also obtained in the
framework of the relativistic Walecka model with NL3 parameter set [39]. In semi-
classical results, the range of unstable modes are larger than the results of quantal
calculations at smaller densities, pp = 0.2p , for both temperature and asymmetry
values. On the other hand, quantal and semi-classical calculations yield almost the
same results at density pp = 0.4pg. As a result, the quantum statistical effects are
important at lower densities. The maximum of dispersion relation is reduced due to

quantal effects at the initial state therefore fluctuations take more time to develop in
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Figure 5.3: Growth rates of the unstable collective modes as a function of wave num-
ber at initial baryon densities pp = 0.2pg and pp = 0.4p, for asymmetry parameters
I =0.5and0.8at7 = 1MeV and 7' = 5 MeV. The solid and dashed lines are results
of quantal and semi-classical calculations, respectively.

the case of quantal calculations as in Ref. [16} 18]

Fig. 5.4 illustrates the growth rates of the most unstable collective modes depending
on the initial baryon density in asymmetric matter with / = 0.0, 0.5 and 0.8 at
two different temperatures 7' = 1 MeV and T = 5 MeV. The figure represents the
effect of Coulomb interaction and the isospin dependence of unstable behavior of
the system. The most unstable behavior of the system occurs around pg = 0.2p, at
temperature 7' = 1 MeV. At higher temperature of 7' = 5 MeV, the most unstable
modes shift toward slightly higher densities around pp = 0.3py. Furthermore, the
density values at which the most unstable modes occurs do not change significantly
with increasing asymmetry values. The contribution of electromagnetic interaction

becomes observable at higher densities. It can be seen from Figs. 5.1, 5.2 and 5.4 that
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the Coulomb force has little influence on the instabilities. Therefore, this influence
do not presented separately in the rest of the chapter and all the figures include the

Coulomb effect.
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Figure 5.4: Growth rates of the most unstable collective modes as a function of ini-
tial baryon density in asymmetric matter with / = 0.0, 0.5 and 0.8 at temperature
T = 1MeV and T" = 5 MeV. The solid lines indicate the presence of the Coulomb
interaction.

In Fig. 5.5, the comparison of the most unstable modes as a result of quantal and
semi-classical calculations are presented. Solid lines indicates the quantal results
when the dashed lines are drawn for the semi-classical calculations. At temperature
T = 1 MeV, the growth rates of the most unstable modes are higher in the semi-
classical calculations. However, quantal and semi-classical results display similar
behaviour at higher temperature. The density values corresponding to the most unsta-
ble modes are approximately same for each calculations. As a result, we can say that
quantal dispersion relation are very close to that found in the semi-classical calcula-
tions. Therefore, we conclude that the particle-hole excitations resulting from (—, +)
and (4, —) sectors, that do not have a counterpart in the semi-classical calculations,
do not give any significant addition to the dispersion relation and growth rates of the

unstable collective modes.
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Figure 5.5: Growth rates of the most unstable collective modes as a function of initial
baryon density in asymmetric matter with / = 0.5 and 0.8 at temperature 7' = 1 MeV
and 7' = 5 MeV. The solid and dashed lines are results of quantal and semi-classical
calculations, respectively.

5.2 Boundary of Spinodal Region

The boundary of the spinodal instability region can be determined through the phase
diagrams. In Fig. 5.6, the phase diagrams for asymmetric nuclear matter are given
as temperature versus density graphs for different wavelength values. The graphs are
introduced for initial asymmetries / = 0.0, 0.5 and 0.8 for comparison. The peaks
of each curve specify the critical temperatures for corresponding wavelengths. As
mentioned earlier, the nuclear system is in equilibrium above the critical temperature
while the system becomes unstable and exists as a mixture of liquid and gas phases
in the regions under the curves. The value of the critical temperature increases with
increasing wavelengths up to a saturation point. In this case, 7> does not change with

the wavelengths above A = 18 fm.

Furthermore, similar to the non-relativistic case, the critical temperature has a strong
dependence on the initial asymmetry value in the relativistic calculations. We con-
clude again that the spinodal instability region and also the critical temperature reduce
with increasing value of asymmetry parameter. The value of critical temperatures are
read as approximately 7. = 12 MeV, T, = 11 MeV and 7. = 9 MeV for the corre-

sponding asymmetry values [ = 0.0, 0.5 and I = 0.8. These critical temperatures
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occurs at density p = 0.3pg for I = 0.0 and 0.5, and at p = 0.2p, for I = 0.8.
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%‘ - - - - A=14fm]
s 6l - — -A=16fm]
= =18 fm
A ]
2L .
0 1 1 1 " 1 1 1
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Figure 5.6: Phase diagram in density-temperature plane for a set of wavelengths with
asymmetries / = 0.0, 0.5 and 0.8 .

From the lowest panel of Fig. 5.6, we can obtain the limiting density value for phase
transition for neutron-rich matter at temperature 7' = 1 MeV with asymmetry [ =
0.8 that are consistent with the conditions in the crusts of the neutron stars. In this
case, the phase transition takes place up to the limiting density value pg = 0.5p0.
For asymmetries / = 0.0 and 0.5, the spinodal region are bounded with the value

PB = 055p0
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5.3 Spectral Intensity of Density Correlations

For the investigation of initial growth of baryon density fluctuations the density cor-
relation functions are defined in Eq. (4.68) in terms of spectral intensity J(E, t) of
density correlations. In Fig. 5.7, the total spectral intensity of density correlation
functions is illustrated as a function of wave number at temperature 7' = 1 MeV for
varying asymmetry parameters at initial baryon densities pp = 0.2pg and pp = 0.4py.
In the spectral intensity graphs, it is observed that the maximum growth takes place
over the wave numbers corresponding to the range of dominant unstable modes ob-
tained in Fig. 5.1. The growth of the spectral intensities depend strongly on the initial
charge asymmetry; the growth rates reduce for both density cases with increasing
asymmetry value. By comparing the spectral intensities with densities pg = 0.2p
and pp = 0.4py, we deduce that the spectral intensities grow faster at lower densities

for temperature 7' = 1 MeV.

Fig. 5.8 are given for the system at 7" = 5 MeV with same conditions of Fig. 5.7. The
asymmetric nuclear matter with / = 0.8 and density pp = 0.4pg does not enter the
spinodal region at this temperature which can be observed from the phase diagram.
Therefore, this figure is drawn up to the asymmetry / = 0.5. Again, the range for
maximum growth match with the range of wave number for the most unstable collec-
tive modes. As the temperature increases, the growth of spectral intensities becomes
slower at lower densities, pp = 0.2p, while the growth becomes faster at higher den-
sities, pp = 0.4py. In addition, the range for the unstable collective modes decreases

with increasing temperature and initial density values.

In Figs. 5.7 and 5.8, the spectral intensities of density correlations are calculated
for only the collective poles. However, we know that there are also non-collective
poles arising from the susceptibility and source terms. The density fluctuations due
to non-collective poles do not grow in time and these poles are effective at higher
wave numbers. Therefore, we consider only the long wavelength regions in which
the dominant contribution comes from the collective poles. Consequently, spectral
intensity graphs are drawn up to a cut-off wave number between the values k.,; =
0.7 — 1.15 fm~*. This cut-off value is determined due to the singular behavior of

pole contributions. The calculation of correlation functions up to the cut-off value is
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Figure 5.7: Spectral intensity of baryon density correlation function as a function of
wave number at initial baryon densities pp = 0.2py and pp = 0.4p, for asymmetry

parameters / = 0.0,0.5and 0.8 at 7" = 1 MeV.

a good approximation but it is necessary to include the cut contributions come from

the non-collective poles to satisfy the initial conditions accurately.
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Figure 5.8: Spectral intensity of baryon density correlation function as a function of
wave number at initial baryon densities pg = 0.2pg and pp = 0.4p, for asymmetry
parameters / = 0.0 and 0.5 at 7' = 5 MeV.

5.4 Density Correlation Functions

The total correlation function of baryon density fluctuations is expressed as the sum
of proton and neutron correlation functions and the cross-correlations in Eq. (4.79).
The numerical calculation of baryon density correlation function gives a measure
about the typical size of primary condensed regions and time scale of condensa-
tion mechanism. Fig. 5.9 illustrates the equal time baryon density correlation func-
tions as a function of distance between two space locations z = |7 — 7| at T = 1
MeV with initial densities p = 0.2py and p = 0.4pg. The density correlation func-
tions are evaluated by using the total spectral intensities given in Fig. 5.7 and the
graphs are plotted for three different charge asymmetries. The time evolution of den-

sity fluctuations is faster for symmetric matter and decreases as the matter becomes
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neutron-rich. At lower density case, oy(z = 0, t = 50fm/c) = 0.018 fm~° for
symmetric matter while oy,(z = 0, t = 50 fm/c) = 0.003 fm ° for asymmet-
ric matter with / = 0.8. The baryon density fluctuations grow six times slower in
neutron-rich matter than in symmetric matter. From Fig. 5.9, we can also observe
the change in density correlations due to varying initial densities. At the higher den-
sity of pg = 0.4pg, op(z = 0, t = 50 fm/c) = 0.0095 fm°® for I = 0.0 and
ow(z = 0, t = 50 fm/c) = 0.001 fm~° for asymmetry parameter I = 0.8. At
lower densities, the time development of baryon density correlation function is faster

at temperature 7' = 1 MeV.

Furthermore, valuable information related to the approximate size of clusters formed
during the initial time of spinodal decomposition is obtained from these graphs. The
correlation length x., which provide a measure for radius of correlation volume, is
defined as the width of the correlation function at half maximum. The correlation
length is about x, = 2.2 fm for symmetric matter and increases to x. = 2.7 fm
for asymmetric matter with I = 0.8 at density p = 0.2pg. At the higher density
of pp = 0.4py, it increases from about 2.5 fm to 3.3 fm when the matter becomes
neutron-rich. The nuclear matter with / = (.8 at low temperature around 7" = 1
MeV reflects the typical conditions in the crust of neutron stars and the correlation
length at this condition gives the number of nucleons fluctuating in the correlation

volume in the range of 17 < AA < 27.

In Fig. 5.10, the same graphs are given but at a higher temperature 7' = 5 MeV. At this
temperature, baryon density fluctuations grow slower than 7" = 1 MeV case at both
densities. For all asymmetry parameters, the growth rates decrease and the correlation
lengths increase as the temperature increases. For instance, in asymmetric matter with
I = 0.5 the correlation length increases from about . = 2.8 fm at temperature 7" = 1
MeV to about z. = 3.3 fm at temperature 7' = 5 MeV for density pp = 0.4py. From
Figs. 5.9 and 5.10, we can conclude that the correlation length depends on the initial
charge asymmetry, temperature and the initial baryon density. Besides, we note that
the radius of the correlation volume calculated from density correlation functions is
consistent with the quarter wavelengths of the dominant unstable modes obtained
from the dispersion relations for the corresponding temperature, initial density and

charge asymmetries.
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Figure 5.9: Baryon density correlation functions as a function of distance at initial
baryon densities pp = 0.2py and pp = 0.4p, for asymmetry parameters / = 0.0,0.5
and 0.8 at temperature 7' = 1 MeV.

In Fig. 5.11, the baryon density correlation functions of quantal and semi-classical
calculations are compared for asymmetric nuclear matter with / = 0.5 at densities
pp = 0.2pg and pp = 0.4p, for temperatures 7' = 1 MeV and 7" = 5 MeV at
times t = 0 and ¢t = 50 fm/c. The solid and dashed lines denote the results of quan-
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Figure 5.10: Baryon density correlation functions as a function of distance at initial

baryon densities pp = 0.2py and pg = 0.4py for asymmetry parameters / = 0.0 and
0.5 at temperature 7' = 5 MeV.

tal and semi-classical calculations, respectively. At lower temperature 7' = 1 MeV,
the growth of density correlation functions is larger in quantal calculations compared
to the semi-classical results due to the large quantal effects. On the other hand, the
baryon density correlation functions for semi-classical limit grow faster at tempera-
ture 7' = 5 MeV since the quantal effects are not important for higher temperatures.
From Fig. 5.11, we observe that at 7' = 5 MeV, the semi-classical calculations pro-
vide a good approximation for density correlation functions particularly at higher den-
sities. The correlation lengths are found nearly same for quantal and semi-classical
calculations hence we can conclude that the correlation length is not very sensitive to

the quantal effects.
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Figure 5.11: Baryon density correlation functions as a function of distance at initial
baryon densities pg = 0.2py and pp = 0.4p, at temperatures 7' = 1 MeV and

T = 5 MeV for asymmetry / = 0.5. The solid and dashed lines are results of quantal
and semi-classical calculations, respectively.
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CHAPTER 6

CONCLUSION

In this thesis, early development of density fluctuations in the spinodal region are in-
vestigated for asymmetric nuclear matter in both the non-relativistic and relativistic
frameworks by employing the stochastic mean-field approach. The SMF approach
in either non-relativistic or relativistic frameworks goes beyond the standard mean
field theory by incorporating quantal and thermal fluctuations at the initial state in a
stochastic manner. The stochastic mean field approach includes the one-body dissi-
pation and the associated fluctuation mechanism in accordance with the fluctuation-
dissipation relation, and it introduces an effective description for the dynamics of
density fluctuations in low energy nuclear reactions. In our study, we investigate
the early growth of spinodal instabilities employing the SMF approach in the linear

response regime.

In the first part, we investigate the early growth of density fluctuations for charge
asymmetric nuclear matter in non-relativistic framework by including collective and
non-collective poles into the description. In the linear limit of SMF approach, we can
carry out an almost analytical treatment for the correlation functions of density fluc-
tuations by applying the one-sided Fourier transformation method. The density cor-
relation function provides a typical measure for the condensation regions during the
initial stages of the liquid-gas phase transition of the system. The one-sided Fourier
transformation offers a contour integration in the complex frequency plane including
collective and non-collective poles. In the standard treatment, this contour integral is
evaluated due to the two pole contributions from the zeros of the susceptibility associ-

ated with unstable collective poles, and non-collective poles were ignored. Although
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this standard approach provides a satisfactory description for the growth of density
fluctuations, it is inadequate in two points. It does not satisfy the initial conditions
and moreover leads to a divergent behaviour when the wave numbers close to their
upper limits. In this study, the density correlation functions are calculated including
the effects of collective poles as well as non-collective poles in terms of the cut contri-
bution in the complex frequency plane. The cut contribution also exhibits a divergent
behavior approaching to the upper limits of wave numbers but with the opposite sign.
As a consequence, these divergent behaviors with opposite signs cancel out each other
to generate a nice regular behavior of the spectral intensity function. A complete cal-
culation of density correlation functions are carried out by including both pole and
cut contributions in the linear response regime. Besides, the exact calculations of the
correlation functions satisfy the initial conditions, which reflects the validity of the

highly nontrivial sum rule.

The numerical results of spinodal instabilities and density fluctuations for asymmet-
ric nuclear matter is presented in a semi-classical approach for finite temperatures
and in a quantal framework for zero temperature. The calculations are carried out for
initial density p = 0.3 py, at the critical temperatures occur, for different asymmetry
parameters / = 0.0, 0.4 and 0.8. The growth rates of the unstable modes are inves-
tigated and the boundary of the spinodal region is determined. The system displays
less unstable behavior with increasing asymmetry. Moreover, the asymmetry leads
to shrinking of the spinodal region, decreasing the critical temperature and density.
Furthermore, we can obtain information about the initial size of the condensing frag-
ments from the density correlation function. The correlation length characterizes the
size of the initial condensation regions during the growth of fluctuations. From our
results, it is observed that the correlation length is not very sensitive to the time evo-
lution and temperature but depends on the initial charge asymmetry. We also observe
that the spinodal instabilities are reduced by charge asymmetry, leading to larger sized

fragments.

In the second part of the thesis, we employ the stochastic extension of the Walecka-
type relativistic mean field model in order to examine the spinodal instabilities and
early development of condensation mechanism in the quantal framework. In the cal-

culations, the nonlinear Walecka model including the coupling of baryon fields to
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rho meson is utilized with the NL3 parameter set. We consider the linear response
analysis of dynamical evolution for the investigation of the early growth of density
fluctuations, thus the meson field equations are linearized around their initial equilib-
rium state. The quantal dispersion relation is obtained by retaining only the collective
poles. The growth rates of unstable collective modes are determined for two different
initial densities, pp = 0.2p¢ and pp = 0.4py, at temperatures 7' =1 MeV and 7' = 5
MeV for asymmetric nuclear matter with / = 0.0, 0.5 and 0.8. We observe that the
range of unstable modes reduces with increasing values of temperature, initial den-
sity and asymmetry parameters. As a result, the most unstable behavior of the system
exhibits at lower temperatures around the initial density pp = 0.2p9. The quantal
results are compared with the calculations in the semi-classical framework under the
same conditions [39]. We have found that at low densities, most unstable collective
modes shift towards relatively longer wavelengths and concentrated over a narrower
range in quantal calculations whereas the range of the unstable modes are broader in
the semi-classical results. On the other hand, at higher densities, pg = 0.4p, the
unstable response of the system nearly coincide in both calculations for all values of
temperatures and asymmetry parameters. Furthermore, the boundary of the spinodal
region is obtained from the phase diagram of nuclear matter. The liquid-gas phase
transition is expected below this boundary specified with the critical temperatures

and densities.

Within the framework of the stochastic mean field approach we are able to calculate
the growth of baryon density correlation function which provides further information
about the condensation mechanism throughout the initial time of phase transition. We
observe that the growth of baryon density correlation functions are relatively faster in
quantal calculations than in the semi-classical approach, except at higher temperature
T = 5 MeV with density pg = 0.2py where the quantal growth occurs at a slower
range. We also note that the early size of primary clusters that is calculated from
the baryon density correlation functions are consistent with those extracted from the

dispersion relation.

In this work, the growth of density fluctuations is examined for asymmetric nuclear
matter in the linear response framework of SMF approach therefore we obtain only

the information about the early stages of the liquid-gas phase transition in the spin-
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odal region. For describing whole phase transition, we need to study the nonlinear
evolution of the density fluctuations by carrying out the long time simulations of the
SMF method. We also note that the relativistic calculations of this thesis are carried
out by including only the pole contributions and the cut contributions are neglected.
Although this approach gives satisfactory results, the complete treatment is always
desirable. Therefore, it is important to include the non-collective poles for a complete

description of baryon density correlation functions.
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APPENDIX A

DERIVATION OF NON-RELATIVISTIC DISPERSION
RELATION

The linearized TDHF equation after transformation is given in Eq. (2.23) as

fo (1) — f¢(p2) (P1]0pa(0)[P2)

7, [0U N (w) |7 10 .
s — 2a() + () POV @IPR) + i telm),

<ﬁl|552(w)|ﬁz> = -

In this equation, we use the momentum vectors as p; = p'+ hk /2 and Py = p— hk /2

and the equation becomes

Wk . hk
7+ 7|5P2(W)|P - 7>
(P Rk /2) — fO(F — /2 hk hk
_ [fo(p‘t /_') fo(pﬂ 1)] <ﬁ+—| U;‘(OJ)V— _>
hw — e,(p+ hk/2) + e(p — hk/2) 2 2
i (7 + Nk /2|6pa(0)|p — hk/2) (A.2)

hw — (P + Tk /2) + e(F— hk/2)
Here we use the following one-sided Fourier transformation in time,
hk hk

LRk L o RE
<p+—|5p2(w)\p——>=/ dte™ (p+ —|6pa (1) |7 — =) (A.3)
9 2 ; 2 2

By using the position and momentum space representations which are given as

1 i
(rp) = WW

P

- hE 1 _ (g Bk s
TN = G (A9
we obtain the relation
7 R Y Y RN ) L hE
iy k- = [ater [ [ @ e sn o - ).
0 —00 —00
(A.5)
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Then by evaluating | d*p integral of both sides and using the orthonormality relation

7 =

givenby [ d®p e #P0T) = (27R)35(7 — i), we obtain

bk, ... hE
[ e+ a5
_ A aeer [ iy [ @y [ ZEP_ o in e i s )
= te r r (27rh)3€ e 2 (0P, ()[)
0 —00 —00

0 —00

(A.6)

By the similar way, the Fourier transform of the mean-field potential fluctuation be-

comes
L Rk, .. hk
(7' + 7|5Ua w)|p— 7>
= [ [ e [ @i Hn@sn o e 5
0 —00 —00
) [e%9) 3 [eS) o
_ / dte™! / (2%)3 / e (P 7w (F5) 7 s ()6 (7 — )
0 —00 —00
— dt iwt —ik-7 )\t — /\k
[t [ e U - U )
0 —00

(A7)

where we use the relation (70U (t)|7) = 6UMNt)d(7 — ') . Then, by evaluating

i % integral of both sides of Eq. (A.2) and using the space Fourier transform of

nucleon density fluctuations which is given in Eq. (2.24),
T &p . .z A\ S T
5pa (ka w) = Z WQ? + hk?/2|5pa,s(w)|p - hk/2> (A.8)

we obtain the following equation

HEw) = / Cp S50 = RR/2) = S+ 1R/ o

(2mh)? hw — - ik /m
30 (54 hk/265" (0)|F — hk/2
“hZ/ dpg(p /21653 ,( llp /2 (A9)
(27h) hw — §- hk/m
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Here we use co(F + hik/2) — (7 — hk/2) = p- hk/m in the denominator. The
fluctuation of the mean-field potential depends on both neutron and proton density

fluctuations.

SUMNE,w) = (ig:)oapga%‘, w) + (%)05p;(ﬁ,w)
UM (k,w) = (%) Spp(k,w) + <5ﬂ> Spp (K, w) (A.10)
Pn /o 0pp /g
where the equilibrium densities of neutron and proton has the same value p, =
0.16 fm™>. If we define the zeroth-order Landau parameters, F* = (9U,/0p,)o.
and use the definition given in Eqgs. (2.26-2.27), we obtain the following equations

for neutron and proton density fluctuations respectively

Sph(k,w) = —xulk,w)[Egmap)(,w) + FYop) (K, w)] + S (K, w)
Spd(k,w) = —xp(k,w)[FyPop (K, w) + FPoph(k,w)] +iSh(k,w) (A.11)

and these equations can also be written in the following form

1+ g (k,0)| 090, w) + BPxn(Bw)ipd(Bw) \  ( S2(E,w)
1+ FPxp (R, )| 03 (R, ) + FE"xp (F, )6, ) S (F,w)
(A.12)
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APPENDIX B

POLE CONTRIBUTION TO DENSITY CORRELATIONS

By using the definition of quantal Linhard function given in Eq. (2.26) for w = F:I,

we get

S Bp  iTh+ 7 hik/m B e
Xa(k’,ZF) - 2/ (27Th)3 (Fh)2 + (ﬁ hE/m) [fO( hk/2> fO (p+hk/2)] (Bl)

where the term with I/ gives zero, then we obtain

Xa(lg,if) = Xa(k —il)

B d3p 7 hk/m e Ton a7
= 2 | o e 5 n e PP )~ RS+ 12

(B.2)

Then the relation between the Linhard functions becomes
Xa(K,iD) = Yo(K, —iT) = Xa(—Fk,iT) = xa(—Fk, —iT'). (B.3)
In order to find the derivative of susceptibility at w = FI" , we should calculate the

derivative of Linhard functions and the relation between them.

Oxa(k, il & 1 o Rk . hk
W) — o [ o -~ o+

O 2th)? (iTh — §- hk/m)?
dp —(Th)? +(ﬁ hk/m)? + 2iChi - hk/m
n (rhy (TR + (7 Bl fm))?
<U— ") — gy 1
(B.4)

In this equation, the following integral gives zero

/ dp  —(Th)?+ (5~ hk/m)?
(27h)2 ((Th)? + (F- hk/m)?)?

[fo (D hk/2) (+hk/2)] 0. (B.S)
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Then,

Oxa(k,il) o / d3p 2Thp - bk /m
Ow (27h)? ((Ch)2 + (- hk/m)2)?

X [fo(F — hk/2) — fo(F+ hk/2)].

This result gives us the following relations

Oxa(k,w) o Oxalk,w)
Ow N Ow
w=—i w=1I"
OXa(—F, w) _ Ovalkw) OXal—k, w)
Ow N Ow N Ow
w=1tI" w=1tI w=—1iI"

with the resultant relations for the derivative of the susceptibility

deq(k,w) L Oeq(k,w)
Ow N Ow
w=—1il" w=il
dea(—k,w)  dea(kyw)  Dea(—F,w)
Ow - Ow a Ow
w=il" w=il w=—1I"

(B.6)

B.7)

(B.8)

In order to calculate the pole contribution of the spectral intensity function, we need

the source term correlations. The definition of the source terms given in Eq. (2.27) as

SA k’ w Z / p+ hE/2|5ﬁés< )lp hk/2>
2mh)? hw — p- hk/m

If we use —k instead of lg the equation becomes

S)\ k w Z / p hk/2|6pas( )|p+hk/2>
2mh)? hw + - hk/m

Therefore, the correlations in Eqgs. (2.45-2.47) can be calculated as

d3 d3 /
SM(k,iT) SN (=K', iT) ZhQ//

—00 —00

(+ hk/2(0p),,(0)5 = hk/2) (7 — hi' /2]5p) ,(0)|§ + hk'/2)

(iTh — §- hie/m)(iTh + [ - Bk’ /m)

) scp T d3p Jor (1= f5-)
= —2h°(2m)*o (k k>/ (27h)* (Th)2 + (5 - ks /m)?
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— d3 d3 /
SNk, —il) SN (—k!, —il) Zfﬁ//

—00 —0O0

(5 + Dk/215p (0|7 — hk/2) (7 — Ak /2|65, (0)|F + Tk’ /2)
(—ilh — - bk /m)(—iTh + @ - hk' /m)

p-
o ) _ X R d3 f0+( fO—)
= —21*(27)%6(k k)/ (27h)3 (Th)2 + (7 - ik /m)>

(B.12)

3 3,/
SMk, D) SNk, —iT) = er// dp d

(5 + hk/216p) ,(0)|F — hk/2) (7 — hk' /2165 , (0 )!ﬁ+hl¥’/2>
(iTh — §- hik/m)(—iCh + p - Bk' /m)

tamisi o [ (OB
=) [ s o

(B.13)

d3 d3 !
SNk, —il)SM(—Fk',il) th//

(7 + hk /2|09 ,(0)|5 — hk/2) (7 — Bk /2]57) . (0)[ + Ik’ /2)
(—ilh — - hk/m)(iCh + 7 - hik' /m)

—orrtamisii i [ e _(Th) = (7 hk/m)”
= 21" (2m)°0(k — k )/ (27h)3 [(I‘h)Q + (p- hE/m)Z]

2 foy (1= fo-)
(B.14)

where we use the shorthand notation f§, (1—f§_) = fa(p+hik/2) <1 — f8(p— hE/Q))
In order to evaluate the above correlations, we use the variance relation for initial den-

sity matrix correlations given in Eq. (2.19) as

(5 + Wk /21603 (0)|F — hE/2)(7 — Bk /2|63, (0)[7 + hk'/2)
— dundow (270) (205 — P)S(E — F) fo (5 + 1k /2) (1 = fo(7 — 1 /2))
(B.15)

The factor d,, gives the cross terms of the source term correlations as zero, i.e.

SH(k,iT)SH(—=K',il") = Sp(k,4I')S)(—k,il") = 0 . Finally, the following relations
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between the source correlations are found;

SMk,iD)SMN—=kiT) = SMk, —iT)SN—k', —il)
SNk, D) SNk, —il) = SMk,—il)S)N—FK,il) (B.16)

For the integrals in the above expressions, we use the following definition

rpeoe [ 2 L5 (1 (71 /2)

3 4
P2 + (5 1k fm)?]
(B.17)
then the correlations of source terms can be written in terms of I
SMk,iD)SMN(=k',iT) = S (k, —iD)S)M(—k', —il) = —I} (2r)?
SM(k,iT)SMN(—k!, —iT') = SNk, —iD)SA(—k', i) = I, (27)° (B.18)

By using these relations in Eqgs. (2.45-2.47), we obtain the expressions in Egs. (2.49-
2.50). In the numerical calculations of the spectral intensity function, we firstly eval-
uate the polar parts of the integrals Xa(E, w), W and T, then the numerical

methods are used in the evaluation of the resultant integrals.
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APPENDIX C

CUT CONTRIBUTION TO DENSITY CORRELATIONS

In order to calculate the cut-cut part of spectral intensity of density correlations, we
use the relation ,,(CC; k, 1) (27)36(k — k') = 0p)(C; k, t) + 6p)(C; —k', t) and ob-

tain four terms for each isospin components;

Gan(CC k1) = AL (k1) + AL (B, 1) + A, (k) + AL (K, ). (C.1)

The first term Az{b(lg, t) is obtained from the correlations of the first terms in the
expressions 8p)(C; k,t) and 6p)(C; —k',t). In the calculations, the Eq. (2.19) is
used and the cross term correlations of source terms Sﬁ(ilg, w Fin)) will be zero due
to the factor ., . Therefore, we obtain the following expressions for neutron-neutron,

proton-proton and neutron-proton;

- [do [ dof i
Azn(k,t):_/%/%e (Wt

1+ B+ in)| [1+ BB o+ im)]| S)(E,w + i) SX—R o' + i)

e(k,w + in)e(—k', ' + in)

N (Fo®)2xn (ks w + i) xn (K, W + i) SA (K, w + in) SM(—K', o + in)
e(k,w+in)e(—k', W' +in)
(C.2)
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Ax (k) / W’ o ilwrw)t

{1 + Fpxo(Byw + m)] [1 + Ep (R W+ m] S (Fyw + in) SN (—F, o' + in)
5(/2, w+ z'n)&t(—/;:", W'+ in)

+ (F)2xp(k, w + in)xp (K, W'+ in) SA(E,w + in) SM(—K',w' + in)
e(k,w + in)e(—k ' + in)

(C.3)

and

A+ ]{Z t / / 71(w+w

[1 + Fymxm(k,w + in)} FyPxn (K, o' + i) S) (K, w + in) S) (=K, o' + in)
5(12, W+ in)s(—lg’, W' +1in)
FyPxp (R -+ in) |14+ B (R + in) | S(F,w + in) S) (=R, o' + i)
+ - .
e(k,w~+in)e(—k',w' +in)

(C.4)

In these expressions, the correlations of source terms can be obtained according to

the SMF approach,

o0

— . T i dgp/
SX(k,w + in)SH(—k', w' +in) = ZHQ/ 2h)? / (2nh)?

—0o0

(5 -+ 1k /2[5 ,(0)|F — hk/2) (7' — k' /2|65, (0)|F' + k' /2)
h(w + in) — - Bk /m (A + in) +p - Ak /m

2
) / fo 5+ nkf2) (1- fo(5 - ni/2))

= 2(27)%6(k — —
2mh)? w+m p- k/m] [w’—i—in—kﬁk/m}

(C.5)
where we use

1 1
(w%—in—ﬁ-/;/m) (w’+in+ﬁ-§/m>

-1
 wH W+ 2in

1 1
7ok/m—w—in ﬁ-lg/m—l—w’—l—z'n

(C.6)
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and the correlation of source terms becomes

d3p -1
2mh)3 w + W' + 2in

MK, w + in) SN—F, ' +in) = 2(2m)*5(K — F) / (

1 1
X = - =
[ﬁ-k/m—w—in p-k/m+w +in

fi 5+ nk/f2) (1= fi(5— nk/2))

(C.7)

Here the following definition ¢, (w F in) will be employed

400 d3

- — 1
s fiHE2) [L = fi (5~ hF/2)] — —
ck/m—(wF1
pk/ (iég

swrin=2 [ oh

By applying the transition p — —p'in this definition, the following relations will be
found, ¢, (—w — in) = —@a(w + in) and ¢,(—w + in) = —@4(w — in). In this way,

the correlation of source terms can be expressed by

1
w+w' + 2in
X [@a(w +11) + ¢a(w' +1in)] (C.9)

SMK,w + i) Sk, W' + in) = —(2m)°6(k — k')

Finally, A* (k. 1), A;p(lg, t) and A;n(lg, t) can be written as

—z(w-l—w’)t
k t)
/ 277 w4 W'+ 2277

[1 + Fé””xp(k, w+ m)] 1+ B ok, + i) | [l + im) + (e + )]
e(k,w + in)e(—k', ' + in)

(w0 + i) xR + i) [Bp( + i) + By + )]
e(k,w + in)e(—H, o' + in)

(C.10)

A k ((“‘ L“)

{1 + Famxnwc, w+in)| [1 o+ (R, -+ im)] (8w + in) + gp(e + in)]
e(k,w + in)e(—k',w' +in)

Y xp @ + im)xp (& + i) [Bu(w + i) + 60w + i)
e(k,w + in)e(—K,w' + in)

(C.11)
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and

A+ k 71(w+w )t
t)
/ 2w+ w + 2@77

1+ Rl in)| Egxon (B, + i) [y + i) + Gyl + )]
5(12, w+ in)g(—lg’, W' +1in)

FyPxp(kyw + i) [1 + FPPxp (k' + in)] [Pn(w + 1) + ¢ (W' + )]
e(k,w + in)e(—k, ' + in)

+

(C.12)

The other terms in Eq. (C.1) also obtained for each isospin components as follows

72(w+w)
/ 2 w4 W — 2277
[1 + Fé”’xp(k w— n)} [1 + FYPxp(F, ' — i) | [fn(w — in) + én(w — in)]

e(k,w — in)e(k,w — in)
(%ﬂﬁﬂ%w—MﬂAEd—mﬂ%w—wﬂ+%W“wW}

+

e(k,w —in)e(k,w’ — in)
(C.13)

—z(w-l—w’)t
/ 27r w+w — 227)

[uﬁmmww—mHH%Wm@w—mﬂmw-m+@wumn

e(k,w — in)e(k,w' — in)

. (F2™)2x (K, w — in)x, (k,w' — in) [dn(w — in) + ¢ (w — in)] }

E(E, w — in)s(E, W' —in)
(C.14)
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z(w-l—w’)t
/ 27r w—+w — 2@77

{P+E¢mww in)| B xn (., = in) [8p(w — in) + By’ — )]

e(k,w — in)e(k,w' — in)
Fyxp(kyw — in) |1+ FPPxp(R, o — in) | [6n(w = m) + 6n(es’ — i)
e(k,w — in)e(k,w — in)

+

(C.15)

/ i duw' e —i(w+w')t
2w wtw
ﬁ+ﬁ%mM+mHLHWM@w—mM%W+m+%wumn
e(k,w + in)e(k,w — in)

N (Fo®)2xn (k. w + in)xn(k, 0’ — in) [p(w + in) + ¢p(w — in)]
e(k,w + in)e(k,w — in)
(C.16)

A+ k t / / duw’ 672 wtw’)t
2 w+w

{P+E@m%w+mﬂﬁ+Eﬁm@#/im[%W+MH¢MMmﬂ

e(k, w + in)e(k,w — in)

2w+ iny (B = im) [+ im) + 60(s = i)
5(!3, w + in)s(E, W' —in)
(C.17)

A+ k ) / [ du ettt
2 wtw

[1 + Fémxn(k, w + in)] Fy"xn (K, 0’ — i) [$y(w +in) + ¢p(w —in)]
e(k,w +in)e(k,w’ — in)

+

FyPxp(Rw + in) |14+ FEPxp(R, o — im)| [l + i) + du(” — i)
e(k,w+ in)e(k,w’ — in)

(C.18)
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dw’ e—z(w-‘,—w )t
/ o0 w + w'
[1 + F(ﬁ’pxp(k, w - m)} 1+ B xp (R, + im)] [8u( = im) + 6u (e + in)]

E(E, W — in)e(E, W' +1in)

(Fo?)2x0(k, w — in)xa(k, o’ + i) [$,(w — i) + ¢p(w + in)] }

_I_

e(k,w — in)e(k, W' + in)
(C.19)

% dw' e —i(wtw’)t
/ 2 wHw
[1 + Fémxn(h w — in)] [1 + Fyxn(F, '+ in) | [Bp(w — in) + ¢p(w + in)]

5(/;, w — in)e(/Z, W' +1in)

+(F§m)2xp(57 w — i) xp(k, o' +in) [pa(w — in) + ¢u(w + in)]
e(k,w — in)e(k,w' + in)

(C.20)
/ dw’ e—z(w+w)
2 wHw
[1 R - in)| Fxn (.’ + i) [6p(w — i) + 6yl + i)
E(k‘, w— in)s(k, W' +in)
FyPxp (s — i) 1+ B xp(F, o + im) | [fn(w = in) + Gu(e’ + in)]
+ = =
e(k,w —in)e(k,w’ + in)
(C.21)

To calculate the pole-cut contributions in the spectral intensity of density correlations,
we use the relation Gq,(PC; k, 1) (27)20(k — k') = 6p)(P; k. t) + dpp(C, —K',t) and

obtain four terms for each isospin components;

Gan(PC; k. t) = B (k,t) + B (K, t) + B (k,t) + B (k. t). (C.22)

The first term B;rb(lg, t) is obtained from the correlations of the first terms in the
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expressions 6p> (P; k, ) and dp}(C; —k', t). We obtain B (k. t) for neutron-neutron

o0

Dt
B (1) = ——— [ e
de(k,w)/Ow| 2m

w=il' _ o

1+ Fxp (8, i0) | [1+ B (<R w + i) | SME, iT)S)(—F'w + i)
5(—]5”,w +1in)

(F3P )2 (R, iT) X (K w0 + i) S (R, iT) SA(— K, w + i)
6(—/5’,w +in)

+

(C.23)

Here we use the following expression for the source term correlations

SA(R,T)S) (=Ko + i) =
oy G nE) [L g nE2)]

2o -F) [ o (0 gm) (o v fm)

with the definition

3

o T ’p L. - - rafm 3T 1
dalFIT) = 2 / G FS T RE/2) 11— S5 - 1k/2) T €

—00

Then, the correlation of the source terms becomes

[(ba(lr) - gba(_w - ”7)] :
(C.26)

SHEAT)SH (R o' + i) = —(2m) 0 (K — ) ——

By using the expressions above B! is given by

o
—ie dw e~

de(k,w) /0| _. J 2mw+il

iwt

B:n(lgv t) =

1+ FPx,(k, z‘F)} [1 + FPPx, (kw4 i) | [¢n(i0) — dp(—w — in)]
e(k,w + in)

(g P 10 (0 ) [0,0T) — 6y~ — ) } |
e(k,w+1n)

+

(C.27)
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Similarly, B;; and B[‘fn are obtained as

F x
—jel? dw e

De(k,w)/ow|_. J 2mw+il

{ 1+ Byxal i) [1+ Bgmxa(B, + im)] [8,(0T) — 6y(—w — in)]

—iwt

B (k. t) =

e(k,w + in)

+

(F§" ) (R, i) (K + i) [0 (i1) = (0 — i) }
e(k,w +in)

(C.28)

and

r o0
el dw e~

ek, w)/8w|w:iri 27 w + il

{ |1+ g (R0 | By xR+ in) [6,(T) + 6y + )]

iwt

By, (k,t) =

e(k,w + in)

+F§m><p(5, il’) [1 + FPxp(kyw + i) | [6n(iT) + dp(w + in)] }

E(E, w +1in)
(C.29)

Likewise, the other terms in Eq. (C.22) also obtained for each isospin case as follows

F o
— je It dw e~

t) = = -— -
Oe(k, w)/@w!wzﬂ.ri 2nw —il

{ |1+ B xp(F, =iD)| (14 FP (R, = im) | [6n(—iT) = dn(—w + )]

iwt

e(k,w — in)

(P xa(F, ~iD) (K — i) [65(—iT) — 6p(~w + )] }
e(k,w —in) 7

(C.30)
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F o
je 't dw e~

8€(E,w)/8w| 2w — il

w=—1i" _ o

iwt

B (k,t) =

PP(

=

|1+ Fpxa(R, =) [1 4 Byxa(F, o = im)] [B(=iT) = 6y~ + )]
e(k,w —in)

Py, i)y (oo — i) (i) — (o i) }
e(k,w —in) ,
(C.31)

. oo
—ie” dw e~

e(kyw)/Ow|,__ . J 2mw—il

o0

iwt

pn

B (k,t) = p

{ |1+ Byl =) | FyPxn(R,w — i) [6p(—iT) + Gyl — i)

e(k,w — in)

+

FE" xR, =iT) [1+ F§Pxp (o = in)] [6a(=iT) + g — in)] }

e(k,w —in)
(C.32)
It % —iwt
B (E ) — _ e d_w e
nn( ’t) ag(kjw)/aw‘w:ﬂ_‘_ 2m w + I
1+ B (B, iD) | [1+ B§Pxp (w0 = in) | (60 (1) = (w0 + )]
5(E,w —1n)
L F P)2 X, iT) X (K, w = i) [$p (i) — p(—w + im)]
e(k,w — in) ’
(C.33)
- I't 7 —iwt
B (E ) — _ e d_cu e
(1) 85(k>w>/aw‘w:¢pf 9w il
(1 Emn (D) [L+ By (B, — im)] [6,61) =y~ + )]
e(k,w — in)
X D) xp (R, — i) [9a(iT) = fn(—w + )]
e(k,w — in) 7
(C.394)

111



r ® ;
—jel? dw e ™t

Toe(Fw)fow|__, ) 2w+l

{ (14 Byl i) | B (R, = i) [6,(0T) + (o — )]

e(k,w — in)
(k) 1+ B xp(F,w = in) | [6a(iT) + (e — )]
e(k,w — in) ’
(C.35)
S —je Tt Oodw e~ iwt
wn{f?) de(k,w) /0| J 2mw—il

1+ B xp (B, =) [1+ B xp(B,w + i) [6n(—iT) = o~ — im)]
5(E,w +1in)

)

B, =0 (0 + ) [6y(—iT) = (= — )] }

e(k,w + in)
(C.36)

oo

—je It dw et

ok t) = e (k, W)/ dw| 21w — il

w=—il'

14 BB, =) | |1+ B (R + in)] [8(=iT) = 6p(—w — in)
e(k,w + in)

)

Y xp, ~iT)xp (0 + i) [9n(=iT) — d(—w — i) }

E(E, w +in)
(C.37)
and
.S je Tt i dw et
By (k,t) = 21w — il
( /aw|w_ﬂ Tw—1

|1+ Fpxa(R, =) | FyPxa(R,w -+ im) [6(—iT) + 6w + in)]
e(k,w + in)

F"Xp (R, =) [14 B X, + in) | [60(=iT) + 6w + i) }

+ =
e(k,w+1n)

(C.38)
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In numerical calculations, the real and imaginary parts of the expressions ¢, (w +
in) and x,(w % in) are evaluated separately. In the semi-classical limit, the integral

¢q(w + in) is calculated as

o0

=2 [P ey g 1
utoin =2 [ RO ROl

P 1mw + 7o (z - %)
z— pk

1 1

m dz )
pICTS R ]E P/Z_Zo+z7r/d25(z—zo)

1 21
(C.39)
where we use f2(p) [1 — fo(p)] = —T28! 0 P and 75 = - Then the real and imagi-
nary parts of ¢,(w + in) becomes
, m 8f0 20— 1
Re ¢, C.40

e ¢q (w+1in) = 22%3 / Zo+1‘ (C.40)

and
Tzt (p="E) if —1<z<1
Im ¢, (w + in) = a6 \P = T ’ (C.41)

0 else

Similarly, the Linhard function given by

d*p pok/m  off

P{ 1mw> imé(z—m—w)}
z= pk

Xa(wiin)=2/00(

—0o0

o) 1
1 2, Of
_27r2h3 /p d 9 /zdz
0

-1

(C.42)
can be divided into real and imaginary parts as
, L[, afep) 20— 1
Re Y, =— 2dp—22 12 41 C.43
€ Xa (0 + ) 27r2h3/p e B (€43)
0
and
m? =) i 1<z <]
Im x, (w+in) = 3 40 ( " (C.44)

0 else
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APPENDIX D

POLE AND CUT CONTRIBUTIONS FOR SYMMETRIC
NUCLEAR MATTER

Similar to the asymmetric matter case, we can solve the linear response Eq. (2.18) for
the symmetric matter by employing the one-sided Fourier transformation method in
time given in Eq. (2.20). This yields an algebraic equation for the Fourier transform

of the local density fluctuations, which can be solved to obtain

Z‘ d

57 (k,w) = o) Gk, w) (D.1)

where £ (k,w) = 1+ Fyx(k,w) is the susceptibility with Fyy = (OU/dp), as the zeroth
order Landau parameter, and X(lg, w) denotes the Lindhard function for symmetric
matter. The semi-classical expression of the Lindhard function is given by

. dp  p-hk/m  Ofy
k,w —4/ -— D.2
x(k,) (27h)3 hw — - hk/m O (-2)

The quantity G’\(E, w) for symmetric matter is determined by the initial conditions

. & (F+ hk/26p2(0)[F — hk/2)
GMk,w) = h / 5.2 ) D.3
(.0 Z (27h)? hw — - hk/m (D3

According to the stochastic mean-field approach, the variances of the elements of

initial density matrix in semi-classical limit are given by

< P4 hk/2|6pX0)|F — Tik/2 >< F — Bk [2|6p)(0)|F + Tk )2 >
= 8u (270)%6 (5 — )0 (k — B) [£(5) (1 — £(7))] . (D4)

We can evaluate the total spectral intensity 6(15 , 1) by evaluating the ensemble average

using the Eqgs. (2.33) and (2.34) for pole 65 (P; k, t) and cut 6 (C; k, t) part of the
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Fourier transform of density fluctuations and the Eq. (D.4) for the correlation of initial
fluctuations. As a result, the total spectral intensity for symmetric matter is expressed
as,

5(k.t) = 6(PP: k. t) + 26(PC: k. 1) + &5(CC: k.t (D.5)
(7> ( Y 7) ( ) 7) ( ) 7)7

where the first and last term are due to pole-pole and cut-cut parts of the spectral

intensity and the middle term denotes the mixed pole-cut contribution. The pole-pole

part is
- E 2F
G(PP;k,t) = ha 5 (e+2F’“t - e_QF’“t) — 5
‘ |0e(F, w) /0w - ‘ |02 (k, w) /0w .
(D.6)
where the quantity £/ is given by
d3p 7 k/m)? & T2
Be =1 [ el ) (- 1) D ®.)
(7 Fi/m)? + T
The cut-cut contribution has four terms
G(CC:k,t) = Ag(k,t) + AL (k1) + A_(k,t) + A_(k, 1), (D.8)
with
/
/ / (.U F Zn) + ¢<W + 277) /1 ¢ —i(wtw’)t ’ (D 9)
2m ( w$277) (k,w Fin)w +w F 2in
and

27Tg k,w F in)e(k, w' & in) @ +

In the above expressions 7 is an infinitesimal positive number, and quantity ¢(w +i7)

is given for symmetric matter in the semi-classical limit as

¢(w+in)=4/ I !

Wﬂﬁj(l_ﬂm)ﬁ-ﬁ/m—w—in' (D.11)

The double integral in A (E ,t) can be divided into principle value and delta function
parts by using the identity 1/ (w + ' Fin) = P(l/w + ') &£ ind(w + w'). The
integrand of 121;(12, t), in contrast to its appearance, is well behaved function, because

when w’ = w, the nominator is also zero therefore the following ratio becomes finite:

(0w Fin) + o(w' £ in)) / (w + ).
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The mixed pole-cut term in the spectral intensity has also four terms;

G(PC;k,t) = B,(k,t) + By (k,t) + B_(k,t) + B_(k,t), (D.12)
with
- FTut [ dw $(FiT m 1
B¢(k’, ) — 4y _ € / _wgb(:FZ k_? + ¢(w + “7) : e—zwt
Oe(k, w)/0w|w:¢irk_ 2m e(k,w Fin) w F il
(D.13)
and
o Fid T T i) 1
Bo(it) = Fi— / dwp(Fils) +PwEin) 1
Oe(k, W)/6W|w:¢irk_ 2m e(k,w £ in) w F il
(D.14)
Here the quantity ¢(Fil'y) is given by
o) =1 [ G 0~ @) . (DY
’ (2mh)? 7-k/m=+ily '
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APPENDIX E

FOURIER TRANSFORM OF THE MESON FIELD
FLUCTUATIONS

By applying the space Fourier transformation method, the Fourier transform of the

fluctuating meson fields are written as

SV (k. t) SV (7 1)
SVo(k, t) Vo(7, 1)
5éﬁfj) :1/d%% i | 0%0(R0) (E.1)
SA(K,t) SA(F,1)
5Ao(k, 1) 5 Ao (7 1)
Sbs (K, t) Sbs (7, 1)

The quantities &%, (P2, P1), &y (P2, p1) and é/\/)\(ﬁg,ﬁi) defined in Eq.(4.39) can be

calculated as follows,

fgx(ﬁ%ﬁl) = u§/<ﬁ2752)u)\<ﬁ1751>

_ Nu(@)NAG) (1 i

cp1 - CPa )
[(Ne*(p2) + M*c?|[Ae*(p1) + M*c?]
(E.2)

f,s\/,\(ﬁ%ﬁl) = UL(ﬁm&)ﬁuA(ﬁl,&)
= Ne(E)Na) (1—

cpy - cpo )
[Ne*(p2) + M*c?][Ae*(p1) + M*c?]
(E.3)

119



and

En(o, 1) = ul(Po, s2)aur(pr, 51)

. . epy - k cpy - ke
— N/\/(pQ)N/\(pl) ([/\/5*(]72) +M*02] + [)\5*(]71) +M*CQ}>
(E4)

Xs

where the column vector is uy (7, s) = Ny (D) and the transpose

F-cp
Mc2+Xe*(p) Xs

G-cp

of the column vector is u} (7, s) = Ny(7) ( X! Xsm

By using the definition of fluctuating densities given in Eq.(4.16) and the plane wave
representation of density fluctuation matrix given in Eq.(4.29), the spin averaged den-

sity fluctuations are defined according to

Opan(T,1) a
S _ d* p2d pl o NN
IRGHEERDS <AV @) > | B | < Van()IF> .
5 pan (7, 1) w 1
(E.5)
Substituting the expression (4.28) for the plane wave spinors, we find
IPan(T,1)
S d? de b1 o~ (B2—1) /hy, T o
5pa,s(rvt) ;/ 27Th (pQ’ )
(5pa,b ('f’: t)
a
X | B | tan(Drs5)dpayar(P2, P1st) - (E.6)
1

By taking the space Fourier transforms of the fluctuating densities, we obtain the

following equation
55{1,\/(];:7 t) d3 g’)\(ﬁ%ﬁl)
Opas(k,t) | = VZ/ (27h)3 & (P2, P1) dpaa(P2, P1,t) . (BET)
k.t

5Pa,b( ) ) f?\fx(ﬁ% ]71)
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APPENDIX F

RELATIVISTIC LINHARD FUNCTIONS AND DERIVATIVE
OF THE SUSCEPTIBILITY

In order to evaluate the Linhard functions, we consider (+,+), (+,—) and (—, +)
sectors. In the calculations, we use only the particle contributions and neglect the
anti-particle contributions since the anti-particle contributions is approximately zero

for low temperatures, n, — = ~ (. Consequently, the relativistic quantal

1
[ R /T 1]

Linhard functions can be written as follows,

. 43 o (F+ hk)2) — ngs ( — Bk /2
b(k,w) _ ’7/ Y% Sl;H_ ++ n+(p+ /) n+(p /)

(2rh)3™ iy (e (5 + hkJ2) — 2% (5 — hk/2)]
" 7/ (265—5)5”&5*’ o [ai(ﬁ?%(g;)h—k /i_)@— hi/2)]
* 7/ (2?—5)3*5"_+€"_+ hw — [e* (;;Za{z% fi/ii)ﬁ— nk/2)]’
F.1D
ko) = 7/ (265572’;)3 e hwnT[(i?ﬁiffE)/;ﬁzgg . i/;/)m]
" 7/ (267157]‘;)5"’€b+£s+ hw — [ei(ﬁ?%%’?/;h—k ﬁ_)(ﬁ— hk/2)]
- 7/ (2?—5)1”5*’_+§S_+ heo — [~ éfa%g; fi/;()ﬁ— hij2)
(F.2)
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Py Nas (F+ hk/2) — nay (5 — 1k /2)
a 7/(2 )5" ~ hw — [e% (5 + hk/2) — e (7 — hik/2)]

ot Nat (P + hk/2)

p
7/( h)? hw — [ (F+ hk/2) — e* (F — hk/2)]
—Nay (ﬁ‘l’ hE/2)

7/ (2mh)? @ & hw — [e* (F+ hk/2) — e (5 — hk/2)]

d*p +t e+t Tat (7+ hk/z) — nat (P — hk/2)
a 7/ (2mh)? @ hw — [e% (5 + hk/2) — e (7 — hk/2)]

&Py Ny (F+ Tk /2)

7/ (27rh)3fv “ hw — [e% (5 + hk/2) — e (7 — ik /2)]
L Jp— —nas (P + 1k /2)

7/ (27rh>3£V > hw — [e* (F+ hk/2) — et (F— hk/2)]

— 7/ d’p AR Nas (P + hE)2) = no. (5 — hk/2)

(2mh)? hw — [e* (F+ hk/2) — &% (F — hk/2)]
p e — Na+ (p + hk/?)
7/ (27rh>3gs s hw — [e% (5 + hk/2) — e (7 — hik/2)]
i Jp— —nas (P + hk/2)
7/ (27#1)3fs g hw — [e* (F+ hk/2) — e (F— hk/2)]

/ d*p P g Ny (B + Bk )2) — no (B — hk/2)
(27Th) hw — [e4.(F + 7k/2) — &4 (5 — 7k /2))
na—i—( + hk/2>

7/ (2mh)? A €% (5 + hk/2) — e (7 — hk/2)]

&p gy (F+ Bk /2)
7/ (27rh)3§s > hw — [e* (5 + hk/2) — e (7 — hk/2)]
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where ¢* (p) = ++/p?c® + M?c* and ¢* (p) = —\/p?c? + Mi*c*. In the spinodal

region, we calculate the Linhard functions at w = :I" and we obtain

b/ - . d3 4+ ++ 7)) — n — —ihI" — [ <p2>_€*<_’1)]
CEID) = o [ o i e 52) = e ) G o o — o
o _ . —ihl — [e"(pa) + *(p1)]
* 7/ Gy & na+(p2)(hr)2+[5*(292)+5 )2

B ey iD= () —
1 G & e O G )~

— p LT = [ () — ()]
X (ki) = 7/ (2nh)? b & a0y (P2) — Ny (P1] (hD)2 + [ () — e*(p1)]2
&dp _ —ihl — [e*(p2) + 7 (p1)]

© 7/ o 7 € P G [ ) + e )P
N _ .\, —thD — [—e"(ph) — " (p1))]
+ ’Y/ (271'71) fb 5 [ ( 1)] (hF)Q—i—[—é?*(ﬁQ) —6*(_’1)]27

VIE Ty — Ep 0 () — e (i —ihl" — [e*(p2) — " (p1)]
Xo(k,il') = 7/(2777’1)351’ & " nat (P2) a+(p1](hF) ) — = ()]

b [ ol s ) iy

(@t AR
Bo o iD= [ () — ()
e Gy & e P G e ) — e

(ki) = 7/ ( p 56 T8 [y (P2) — N0y (P1] (—th —k (i?) — 6* B)

27r> ATV 1 () — = ()
e S [ ()
* 7/ Gerp® & e P G ) T e P
’p oy~ — [=e" () — e7(p1))]
+ 7/ (271' ) 5 £ [ a+( )] (FLF) [ 6*(])2) e (—»1)]27
(F.10)
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GED) = o [ (dp € e ) — o ) oy e == B

SR ) — = ()P
D= () + ()

0 [ s 6 P2 GO e () = ()
d3 + - —ihl — [—8*(])2) €*< _’1)]

+ 7 [ Gt T e ) G e

and

RE) = 4 / (dp 6 s () — na+<*](;r7"§r £ (P2) — " (P)]

SR ) — = ()P
= () + ()

w1 Gerp® & e P G () T e P
Pp _\y —ihD — [—e"(pa) — " (p1)]

+ 7 [ Gt T e B G e

Here, we use the momentum vectors as py = j + hk /2and p; = p— hk /2.

The definition of the susceptibility is given in Eq. (4.64) as the determinant of a
6 x 6 matrix. The elements of this matrix depend on the Linhard functions. Thus, we
should obtain the derivative of the Linhard functions in order to find the derivative of

the susceptibility. According to definition of the Linhard functions given in Eqs.(4.56)

and (4.57), only the term R Ve ﬁlz ) depends on w and the derivative of this

term is calculated as

0 1 —h _ —h
Ow hw — (Ne*(pa) — Ae* (P )] hw — [Ne*(pPa) — Ae*(p! )]2 - [hw — Agjy ]2
(F.13)
where we use Ack,, = [Ne*(pa) — Ae*(p1)]. Then the derivative of the Linhard
functions at w = =£:I" can be calculated as
5 Xl(ga w) i
o | ke = 12 / 2t | S | [rax (B2) = naa(f)
d A)\/
Xo (b, w) kil i
2 F 20 A}y, — (Ac}y)? (E14)

(12 + (Aeiy)??
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and

) i (k,w) PR RS OG
~s (7 p - _,
K =X [ | 608 | Bl = naa(si)

b7 AN v v

Xg(k%w) Exa&ua

w==3l"
F2 :F 2@FAE;)\/ - (Agi)\/)Q

h
T (A, )P

(F.15)

In order to obtain the derivative of the susceptibility, 85(E ,w), we use the following

method:

If the entries A, ., = [a;;(t)] are differentiable functions of ¢, then

WIUN) — det(Dy) + det(Dy) + ... + det(D,,)

where D; is identical to A,,,, except that the entries in the i*" row are replaced by

their derivatives. By this way, the derivative of the susceptibility becomes
9AT  9A  9AY  9AT DAy DAL
o w  w o dw  dw
By By By By By By
e (k,w) crocy ocrocr o cpocy

O Dy Dy Dy Dy Dy Dy
EY Ey Ey EY Ej EY
Fl F} F F' Fp Fp

p p p n n n
Al AQ A3 Al AZ A3

8311’ 835 BBg OB} 0By 0By
Ow ow Ow Ow ow Ow

cr ¢y ¢y or oy Gy
D' DY DY Dr Dy D
E' E, E! Ep} E; Ej
Y FyFYOFYOF)OFY

AP AL AL AM An AT

P p P n n n
B 1 B 2 B 3 B 1 B 2 B 3
ﬁCf 605 8C§ ocy  o0Cy  oCcy
+ Ow ow Ow ow Ow ow + ..

Dy Dy Dy Dy Dy Dy
EY EY EY E} Ey Ep
F' Fy FY Fp Fp Fp

(F.16)
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APPENDIX G

BARYON DENSITY CORRELATION FUNCTIONS

The total spectral intensity of the baryon density correlation function is given as
G(k,t) = Gpp(E, 1) + G (K, 1) + G (K, 1) + G (K, £). The spectral intensity functions
for proton-proton, neutron-neutron and mixed terms can be calculated separately by
using the growing and decaying parts of the density fluctuations given in Eqs. (4.66)

and (4.67). The spectral intensity for proton-proton is written as

GEP (R, )28k — F) = 0pB(R)(Ep (B)) e + o (R) (0pf—(F))re 2"
+6p <E><5pp (F))* + 08~ (B) 0B+ (R, (G.D)

Here, the correlation of the growing modes can be written as a function of source

terms as
A

S0+ (B) (0l (R)) =g =

B (R)SBH ()N [* = SBH(R)SSH(R)* Ny Nob + SPH(k)SY+ (k') Ny, Ngy*
_ 5+( ) p+( /) N+N+* SS+( ) ;)S‘ (k’) | |2 SS+( ) z\)/ ( /) N+N+*
+ SB(R)SB (K )* Napy Nyt — S+ (k) S5 (R )= Nofy Nof* + S+ (k) Sy + (k' )*| Ny |2
+ SBHR)SEHR ) ING — SEH(R)SSH(R ) N Nop + SB+(E, ) SY+(K )* N Nob
— S5+ (B)SBH (B ) N N + S5+ (B) S5+ (K )*| Ny |* — S5+ (R) SV + (' )* Nop, Nty
+ SBF(R)SBH(E ) N Ny — SY+(R)SSH(E')* N, Ny + SV () SY+ (K )| Ngh |

(G.2)

85(1@ w)

where we use the short-hand d = &gzw) lo=ir and d_ = |o—_ir for the grow-

ing and decaying modes respectively and we write S= () 1nstead of S (k,w).
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Similarly, the correlation of decaying modes can be written as

= ——dd=*
opB=(k)(6pE~(k))* b2
SB=(k)SB=(K')*| Ny, [*~SB~(k)S5~(k")* Ny, (*) ~(K')*Np,N3.»
PN 3 . ) 2 P 7 — AT—*
— S5 (k)SB~(k')* N5, Ny, +S,§(),§<)| | S=(k)SY = (K')* N3, N3,
+SB=(k)SB~ (K )*N;, Ni,* — SV~ (k)SS- (E) N3, +SV (k)SY=(K")*| N3, |
+SB(k)SB=(K')*| Ny, |*— S5~ (k)S5- (k' )* Ny, +SB (k)SY=(k")* Ny, Nor
— S5 (k)SB~(K')* N3, Ny* + S5-(k) S5~ (k')*| Ny |2 *(/%’> SV (K')* N5, No,”
+S8B-(k)SB=(K')*Ng, Ny — SV~ (k,)S5=(k')* Ng, Na,* + SY=(k)SY~=(K')*|Ng, | .
(G.3)
The correlations for the cross terms become
= S —drd;*
SpB+(k)(dpB—(k))* =
SB+(k)SB= (K )* Nt Ny —SB+(k) S5 (k') Ny, No,* + SB+(k)SY (k' )* Nyt No*
— S5+ (k)SB= (K )* Ny N+ 55+ (k) S5~ (k')* Not Noy* — S5+(k)SY = (k')* N3t No.*
+SB+ (k) Ng—(/;")*zvggzv;—sp(/a SS=(k")*Naf,No,* + SY+(k)SY=(K )N N3.*
+SB+ (k) SB=(K' ) Nj, N —SB+(k)SS=(K' ) N N + SB+(k)SY = (k') Nj, N,
— S5+ (k) SB (k') N NS5+ (k2) S5 (k') N Now — S5+ (k) SY (K )* N, N,
+SB+(k)SB (K )* N N —SY+ (k) S5 (k') Nop Noyw + S+ (k) SY = (K')* N, Ng,,
(G4)
and
= S d_d
5/),?—(16)(5[)5*(%))*? =
SB=(k)SB+(K')* Ny, Nt —SB=(k) S5+ (K ) Ny, Nt + SB=(k)SY+ (K )Ny, N3
—S5=(k)SB+(K')* Ny, N+ 55= (k) S5+ (k')* Noy Nob* — S5=(k)SY+(k')* N3y, N3t
+SB=(k)SB+(K')* Ny, Nit-*—SV=(k) S5+ (k' )* N3, Nob + SY=(k)SY+ (K a)* N3, N3*
+SB=(k)SB+(K' ) Ny N —SB=(k)SS+ (K )* Ny Nt + SB= (k) SY+(K')* Ny, N
—S5=(k)SB+(K )* Ng, N+ 85= (k) S5+ (k')* N, Nt* — S5=(k)SY+(k')* N3, Ngt*
+SB=(k)SB+(K ) Ngy N —SY = (k) S5+ (k')* Ng, Naor + SV = (k) SY+(E')* Ng, Ngt*
(G.5)
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In order to calculate the correlations for the source terms, we use the definitions of

the source terms given in Eq. (4.58) and the following relation

5p‘)ﬁp,(ﬁ27ﬁ17 0)5pl))\’u’ (ﬁ27ﬁ17 0) = 5ab5)\)\’5,u,u’<2ﬂ-h)65(ﬁl - ﬁa)é(ﬁZ - 172)
1 . . . .
x5 [na(P2) (1 = 1, (1)) + nu(Pr) (1 — na(p2))] -

2
(G.6)

According to this relation, proton-neutron and neutron-proton correlations are ob-

= ~

tained as zero, S, (k) S, (k')* = gn(E)Sp(E’)* = 0. The other correlations are defined

as follows

K SE+(k)SE+ (k)" S5 (k) S~ (k')
K3 S+ (k) Sz () Sa (k) Sz (k)"
Kool | SerR)Syr(Ry || S (k)Sy (k)
Ko || SRSy || SE-(R)Sy (k)
Kqe SB+(k) Sy (k') S5 (F) Sy ()"
K s+ (R)Sy+ ()* Ss= (k) Sy~ (k")

E8,E8 5

EnEina

= 722/(265—7%3 i;’/\ij’)\

AN AASN A

E%3ENa

EnEia

(hT%)? + [Ne*(p2) — Ae*(p1))°

{(ATR)2 + Ve () — A ()22 Y (92)[1 — 10x (1]

(G.7)
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and

Kaf SB+ (k) SB- (k")
K3 S+ (k) Ss (k)"
Ko || Sar(k) Sy (k)
Kz || SEHR)Sy (k)
K5l SB+(F) Sy (k)"
Kyr S+ (k) Sy~ (k)"

E8AE

Enbin

= X / <2f§>s ?fi“

AN MNASNA

€864

EnEln

(AL = V() = Ae"()
{(AD))2 + [Ver (Bo) — Ae* (B2

(52)[1 - nax(ﬁl] .

(G.8)

By using these definitions, we can obtain the correlations for growing and decaying

parts of the proton-proton spectral intensity function as

N s (2m)*S(k — k')h?
<5pp (k)) {(5% (k)> } N ‘(%)w:i:

x {KpBINy|* = KGNy, N3 + Nop Nipt) + K8 Nop |* + K | Ny [*

+EERING P — KES(NS NS + NSNS + KGNS P 4+ K NG |
+ Kb (NN + Nt NT*) — Kgh(Ng, N + N Nt )
+ KEp (NG NG+ Ny N — K33 (N N+ N N2 } (G.9)

and

] -

x { KEBIND > — KEB(NL Ny + Ny No°) + Kb Ny, > + K2 Ny |

+KEBING P — KEE(Ng Nyt + NopNp©) + K38 INg, [P + KNG, |2
+ Kgg(zvl;Ng,;* + Ny Ny, — Kgg(NQ;Ng;* + Ny N3
+ Kg{}(N;pNﬁj + Ng, Ny ) — K;",L(NEQ,N@* + ngNE;*)} . (G.10)
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The correlations for the mixed terms are obtained as

S\ T N7 2138 (k — kKNAK2
(sop)" | (g | - R
[<8e(k,w)) ] <Ba(k,w)>
Ow w=1I" Ow w=—1I"
X {Kg%Nf;pr* — Kgg(NJENG + Ny Ni¥) + KNy Nyt + KU N Ny *
+HE NNy = Kpg(NgpNg,” + Nop Ny + Kgg Ng, Ni,™ + Ky N, N,
+ K50 (N Nyt + NN — Kol (Nob No* + Ny N3 *)
+ KU (NSNS + N Ny*) — Ko (N5 Ng,* + NG*];NE;*)} , (G.11)

and

S\ - N 2m)38(k — K')h2
(020 | (05| = 2T *
Oe(k,w) Oe(k,w)
{( Ow )w:il":| [( Ow )w:il"]
X {K;gN;prp* — KG5(NyNoy' 4+ Nopy NP ¥) + K gE Ny, Ny ™ + K Ny Ny
+EppNyp Ny — Kpg(NgNs," + NopNyy') + K Ny Ni,* + Ky N Ny,
+K§{;(N1;N3;* + N?;ng*) — Kg‘é(ngNgo* + N:;pN;p*)

+ K5t (N Nt + NgpyNib¥) — Kgit (N5, Neb* + ngN;,*)} . (G.12)

In the above expressions, N, factors are evaluated at w = +i['y and N, factors are

evaluated at w = —il', for ¢ = 1,...,6. According to the numerical calculations,
Ni NI, N and Ni are found as real and N, N are imaginary. There is a rela-

tion between them, that can be written as N,, = N,/ fori =1,2,4,5and N;, = —N;}

for + = 3,6. Consequently, we find the correlations of growing and decaying parts

equal to each other, <§pf(g)>+ {(5/}5(%))1 * = (6p£’(%)>7 [(6,0]],3(12)) }* In the

calculations of the cross terms, the contributions coming from Ky, and K terms

cancelled each other. Finally, if we employ the above equations in Eq. (G.1), we get

+
Epp

Oe(k,w)
Ouw w=tI"

Bl 4+ BT

Oe(k,w) Oe(k,w)
Ow w=tI" 0w w=—1I"

(G.13)

5 <€2Ft+€721“t)+h2

*
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where the short-hand notations are used for

El =E, :K§§|Nf;|2 - Kgg(N;;ng + NjNL) + K;§|N;p|2 + K;€|N3+p|2
+KLLING P — KES(NE NS, + Nit Ny ) + KNG+ K NG |

E}- 4+ E =2 {KgpING P — 2KgE(NT NS ) + KGNy |* + Kb NG 1P
+KGEINSP = 2K58(NENS) + K8 N + K3 NG P}
(G.14)

Similarly, we can write the spectral intensity for 555 (k. t) as

nn

Gt (B 0)(@m)0 (K — K) = 0+ (R) (0p8* (K))e™™" + 5p8- (k) 3k~ (k) e "™
+0pB+(E)(5p5 (k)" + 0pB~(K)(5p5+ (k)" (G.15)

The correlations are found for the growing, decaying and the mixed terms respectively

as,

() ) - Sl
o w=1l"

x {KppINTL? — Kp§(NTI NG, + Ny NiE) + K8 Ng [* + Ky p NG, I

BN [* = K5 (N Noy' + N Ni') + K3 IN3, |2 + K NG, |*
+ Kt (NI No” + Ny Ni3) — K (N3, Ngi” + N N
+ Ky (N Noy' + NgnNa') = K5 (N, Now' + N, Na)} o, (G.16)

N NS E 2m)36(k — kK2
(502®)) [(wu@)) } _ (2m) otk — k) :
Oe(k,w) Oe(k,w)
% ) p=ir 0 ) w=mir
x {K 8Ny NGy — Kph(NT Ny + Nof Not) + KBNS Ny + K8 NS Ny
+ K5 NN — Kgg(Ni N5© + Nof Ni¥) + Kgg Nap Ni,© + Ky N, N,
+ K5y (N7 N3, + Nyt NI — Ko (N, Na,™ + N3 No,¥)

+ Kp (N Newt + Neb Not) — Kgf(Ngn Neot + NNy b (G.17)
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and

N N (2m)°0(k — K)n*
opB(k)) | (0pB(k)) | = ’
R C N [T

X {K BN N — KB (NG NS+ Nop, NiE) + K GENy, Nt + K8 Ny, N3

K NanNi" = Kps(Nan Now' + Nou i) + Ko Ny Noy' + Ky No, Ny

Ry (N N+ Nap Vi) = K (N Ngy + Ny N3y

+ K (N Ng + NguNat¥) — Kot (N5, N+ Ng, Not¥) b (G.18)
Then, the neutron-neutron spectral intensity function, &nn(E, t), can be written as

r E B + BT

Tn(k, ) = B 0z (kw) 9 (k e (k
) ( 8"‘; ) w=1iI" |: ( aéu;w) ) w:il_‘:| |: < 6(%“;“)) > w—zT:|
(G.19)

- (62Ft+6—2Ft) +h2

*

where we use
B}, = B, =KgBING P — KS5(NT, Ny, + Not N7 ) + KGEING 12+ K3 ING, [P
+EKGEING P — K5 (N N5, + NiNi) + K5 INS [ + Ky NG |2

E} + Bt =2{ K} |NT|? — 2K 5B (NT NS + KGE NG P + Kb | Ng |2
+EK R NP — 2K 5a(Ny NS + K2 |NS 12 + Ky NPT

(G.20)

Finally, the spectral intensity for the cross terms are given by

GEP R, )2~ F) = 6o+ (R)(Gpl (R) ™+ Spti= () (0pf= () e
0B (R)(0p=(B))* + b= (MGpE (R (G2

The correlations for growing and decaying parts of the neutron-proton spectral inten-

sity function as

(o028 {(ap,?(;;))*]* o <’2€$) g

x { Kgh N Ny — KEB(NT NG 4+ Noh N + KGENS Ny + K58 N N3

P P

+KEENENG — KGNS NS, + N NP) + KEENS NS+ KN N,
+ Kgg(—iN;N?; +iNg,Ny,) — Kgg(—zN;nN?; + N3, No)
+ KU (—iNg NG+ iNg NP ) — KE3H(—iNG Ng, + z’NglNE;)} (G.22)
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and

o) o) ] s

< {KEEN NG, = KGN NG, + N Niy) + K g8 NG, Ny, + K3 Ny, N,

+KpE N Nap = Kg (N Noy, + Ny, Ny ) + Kigg Ny, Ny, + Ky g N, N,

+ KE@@N;N?; — N5 Ny,) — Kg"}(iN;LN?j; — iN3 N3)
+ KA (iNG Ng, — iNg, Nib) — K& (NG N — iNg NSb) b (G.23)

The correlations for the mixed terms are obtained as

NS -\ (27T)35(E — E/)h2
opR(k)) |(0pf(R)) | =- *
(@) | (20) (o) J{C2), ]

x { Kgh Nt NiH — KB(Ny N, + N3 N7t + KgENg N3t + K5 N3 N3

+ K NSNS, — Kpo(Ni, Ny, + N3 Nib) + K5g N, Ny, + Ky Not, N,
+ Ky (iN{, N, + N, NTE) — Ko (iN3, N3, + iNg, Nov)
+ K5 (iNJ Ng, + iNgh Ny ) — K (i Ngf, + N N2) } (G.24)

P

and

-\ " -\H" om)38(k — K )h?
(s02@) [ (bop)"| = -2 :
Oe(k,w) Oe(k,w)
|:< Ow )w—iF:| [( Ow )w:iF]
X { KNy Ni — Kk(NNojy + N3, N + KgENS Nof + Ky f N NSt
+K NN — KN NS, + NN + K Ni NS+ KUp N Ne,
+ Kg{}(—ianN;; — z’N;;Nf;D) — K;{}(—iN;;LNgg, — @'NQ;LN;I,)
+ Kg{}(—z’NLNg; — z’Ng;Nj;) — Kg{}(—z’Ng;Ng; — z’NggNg;)} (G.25)

When we calculate 77 (k,t) + 657 (k,t), the terms including K5y, and Kgy; can-

celled each other. Finally, we obtain

2
, , 2h*E},

2n (B + EF
Grp (K, 1) F-Gpn (K, 1) = (e e+ (Exy v)

Oe(k,w)
Ow w=1il

Oe(k,w) Oe(k,w) "
Ow w=1tI Ouw w=—1I"

(G.26)
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where
El =E, = —Kgng;Nf; + Kgg(Nf;N;; + NN — K;ré’Nz’;N;;
— KU N$ N5, — KEENG NS + KEG(Nf Ny, + N3, Nip)
— K§g N5, N5, — Ky Ng,, N,
Ef +E.F=2 {—K;%N;LN;, + Kg&(N{, N, + Nt NE) — KGENG NS
— K U NS Ny, — KN Ny + Kgg(NJL NG, + NS NF)
—Kgi N5t Nt — Ky N Ngo b
(G.27)

In the numerical calculations, the derivative of the susceptibility is found as a complex

number, then the denominator of the second term becomes

o) ) ) el

Therefore, if we define the K~ integrals positive as in Eq. (4.78), we can obtain the

2

(G.28)

spectral intensity of density correlations for all cases as follows
B (k)
[0(k, w) /O)omir, |2

2h2E, (k)
[0 (k, w) /O]

5_ab(E’ t) — h2 (€+2Fkt + 6—2Fkt)
w:iFk|2
(G.29)
where we use the following quantities,
EEf = Kip N+|2 _ 2K:i:p N+ENT Kip N+|2 +Kip N+|2
p 55V 5s(N1pNop) + K55 Ny, v Nsp
+ K5 N = 2K555(Np Ni) + K55 INg, [* + K |ING,

EE, = Kgh|N{ > — 2K35(N{ NS + KB ING, |* + Kb g |2
+KGRING P = 2K 58NS NG + KGE NS |2 + Ky | NG, [P
+ +
EY = EX = —KgZ (NN + Kgd (NS N + N NS — Ko (N3 NS
+ n n
—KyG (N N3 — K (NN + Kgd' (NS NS + NN
—KSiS"(Ng;N;L) — K&S(N&Ng;) . (G.30)
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