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ABSTRACT

COMPACT-LIKE OPERATORS IN LATTICE-NORMED SPACES

Aydın, Abdullah

Ph.D., Department of Mathematics

Supervisor : Prof. Dr. Eduard Emel’yanov

May 2017, 64 pages

Let (X, p,E) and (Y,m, F ) be two lattice-normed spaces. A linear operator T :

X → Y is said to be p-compact if, for any p-bounded net xα in X , the net Txα
has a p-convergent subnet in Y . That is, if xα is a net in X such that there is a
e ∈ E+ satisfying p(xα) ≤ e for all α, then there exists a subnet xαβ and y ∈ Y such
that m(Txαβ − y)

o−→ 0 in F . A linear operator T : X → Y is called p-continuous
if p(xα)

o−→ 0 in E implies m(Txα)
o−→ 0 in F , where xα is a net in X . p-compact

operators generalize several known classes of operators such as compact, weakly
compact, order weakly compact, AM -compact operators, etc. Also, p-continuous
operators generalize many classes of operators such as order continuous, norm con-
tinuous, Dunford-Pettis, etc. Similar to M -weakly and L-weakly compact operators,
we define p-M -weakly and p-L-weakly compact operators and study some of their
properties. We also study up-continuous and up-compact operators between lattice-
normed vector lattices. We give some results about acting mixed-normed spaces on
lattice normed spaces.

Keywords: Compact Operator, Vector Lattice, Lattice-Normed Space, Lattice-Normed
Vector Lattice, up-Convergence, Mixed-Normed Space
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ÖZ

KAFES(LATTİCE)-NORMLU UZAYLARDA KOMPACT-GİBİ
OPERATÖRLER

Aydın, Abdullah

Doktora, Matematik Bölümü

Tez Yöneticisi : Prof. Dr. Eduard Emel’yanov

Mayıs 2017 , 64 sayfa

(X, p,E) ve (Y,m, F ) iki kafes-normlu uzay olsun.X uzayında herhangi bir p-sınırlı
xα neti için eğer Y ’deki Txα netinin p-yakınsak bir alt neti varsa, T : X → Y

doğrusal operatörüne p-kompackt operatör denir. Yani, eğer xα bir e ∈ E+ elemanı
için p(xα) ≤ e şartını şağlayan bir net ise; xα’nın öyle bir xαβ alt neti vardır ve
m(Txαβ − y)

o−→ 0 şartını sağlar. Eğer T : X → Y doğrusal operatörü p(xα)
o−→ 0 şar-

tını sağlayan her xα neti için m(Txα)
o−→ 0 şartını sağlarsa, T operatörüne p-sürekli

denir. p-kompakt operatörler iyi bilenen zayıf kompakt, sıralı zayıf kompakt, AM -
kompakt operatörler v.b, gibi kompakt operatörleri geneller. Aynı zamanda, p-sürekli
operatörler sınırlı sürekli, norm sürekli, Dunford-Pettis v.b. bir çok operatörü genelle-
diğini gösterdik. M -zayıf ve L-zayıf kompakt operatörlere benzer olarak p-M -zayıf
ve p-L-zayıf kompakt operatörleri tanımladık ve onların bazı özellikleri uzerinde ça-
lışmalar yapıtık. Bunlarla birlikte, kafes-normlu vektör kafesler üzerinde up-sürekli
ve up-kompakt çalışmalar yaptık.

Anahtar Kelimeler: Kompakt Operatör, Vektör Kafes(Lattice), Kafes-Normlu Uzay-
lar, Kafes-Normlu Vektör kafes, Karışık-Normlu Uzaylar
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CHAPTER 1

INTRODUCTION

Unbounded order convergence (or uo-convergence, for short) was first defined for se-

quences on σ-Dedekind complete Riesz spaces by H. Nakano (1948) in [27], under

the name "individual convergence. Nakano extended the individual ergodic theorem

(known as Birkhoff’s Ergodic Theorem) to particular Banach lattices "KB spaces.

The name "unbounded order convergence" was first proposed by R. De Marr (1964)

in [11]. The relation between weak and uo-convergence in Banach lattices were stud-

ied by A. W. Wickstead (1977) in [31]. The unbounded norm convergence was in-

troduced by V. G. Troitsky (2004) in [29], under the name d-convergence. The name

"unbounded norm convergence" was first proposed in [12] (2016). The unbounded

p-convergence (or up-convergence, for short) was introduced in [7] (2016). We re-

fer the reader for an exposition on uo-convergence to [16, 17], on un-convergence to

[12] (see also recent paper [18]) and on up-convergence to [7]. For applications of

uo-convergence, we refer to [14, 16, 17].

It is known that order convergence in vector lattices is not topological in general.

Nevertheless, via order convergence, continuous-like operators (namely, order con-

tinuous operators) can be defined in vector lattices without using any topological

structure. On the other hand, compact operators play an important role in functional

analysis. Our aim in this thesis is to introduce and study compact-like operators in

lattice-normed spaces and in lattice-normed vector lattices by developing topology-

free techniques.

Let X be a vector space, E be a vector lattice, and p : X → E+ be a vector norm,

then the triple (X, p,E) is called a lattice-normed space, abbreviated as LNS. IfX is a
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vector lattice, and the vector norm p is monotone (i.e. |x| ≤ |y| ⇒ p(x) ≤ p(y)) then

the triple (X, p,E) is called a lattice-normed vector lattice, abbreviated as LNVL.

The lattice norm p in an LNS (X, p,E) is said to be decomposable if for all x ∈ X
and e1, e2 ∈ E+, it follows from p(x) = e1 + e2, that there exist x1, x2 ∈ X such

that x = x1 + x2 and p(xk) = ek for k = 1, 2. A net xα in a lattice-normed vector

lattice (X, p,E) is unbounded p-convergent to x ∈ X if p(|xα − x| ∧ u)
o−→ 0 for

every u ∈ X+.

It should be noticed that the theory of lattice-normed spaces is well- developed in the

case of decomposable lattice norms (cf. [21, 20]). In [10] and [28] the authors stud-

ied some classes of operators in LNSs under the assumption that the lattice norms are

decomposable. In this thesis, we usually do not assume lattice norms to be decom-

posable.

The structure of this thesis is as follows. In chapter 2, we give basic properties of vec-

tor lattices, normed vector lattices, lattice-normed spaces, and lattice-normed vector

lattices.

In section 3.1, we recall definitions of p-continuous and p-bounded operators be-

tween lattice-normed spaces. We study the relation between p-continuous operators

and norm continuous operators acting in mixed-normed spaces; see Proposition 3 and

Theorem 5. We show that every p-continuous operator is p-bounded. We give a gen-

eralization of the fact that any positive operator from a Banach lattice into a normed

lattice is norm bounded, in Theorem 6. Also, we show that p-continuity of adjoint of

a p-bounded, sequentially p-continuous and positive operator is p-continuous in The-

orem 7 and also under the some conditions we end this section by giving sequentially

p-continuous and p-boundedness of adjoint of a positive operator in Theorem 8.

In section 3.2, we introduce the notion of p-compact and sequentially p-compact op-

erators between lattice-normed spaces. These operators generalize several known

classes of operators such as compact, weakly compact, order weakly compact, and

AM -compact operators; see Example 4. A sequence Tn of dominated and sequen-

tially p-compact operators is p-convergent to a dominated operator T , then it is also

sequentially p-compact; see Theorem 9. Also the relations between sequentially p-

compact operators and compact operators acting in mixed-normed spaces are inves-
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tigated; see Propositions 7 and 8. Under some conditions, an order bounded operator

is p-compact; see Proposition 9. We show that p-bounded finite rank operator is p-

compact; see Proposition 11. Finally, We introduce the notion of a p-semicompact

operator and study some of its properties.

In section 3.3, we define p-M -weakly and p-L-weakly compact operators which cor-

respond respectively to M -weakly and L-weakly compact operators. We show that

a p-bounded and sequentially p-continuous operator on some spacial space is p-M -

weakly compact; see Proposition 16. Similar result obtained in the case p-L-weakly

compact operators; see Proposition 17. Also we show that order bounded σ-order

continuous operators is both p-M -weakly and p-L-weakly compact; see Proposition

18. In Theorem 10, Proposition 20 and 21 we obtain approximation results related

to p-M -weakly and p-L-weakly compact operators. In Theorem 11, Under some

conditions, p-M -weakly compact implies p-L-weakly compact. We give the relation

of p-M -weakly compact with M -weakly compact and p-L-weakly compact with L-

weakly compact, respectively see Proposition 22 and proposition 24. Also, several

properties of these operators are investigated.

In section 3.4, the notion of (sequentially) up-continuous and (sequentially) up-compact

operators are introduced. We show that an up-compact and p-semicompact operator

is p-compact; see Proposition 27. Composition of a sequentially up-compact operator

with a dominated lattice homomorphism has some results; see Theorem 13, Corol-

lary 4, and Corollary 5. Finally, we give a relation between sequentially up-compact

operators and GAM -compact operators; see Proposition 30.

3
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CHAPTER 2

PRELIMINARIES

For the convenience of the reader, we present in this chapter the general background

needed in the thesis, and we give some basic structural properties. We give basic

definitions and properties of vector lattices. We refer the reader for more information

about vector lattice to [2, 4, 5, 9, 22, 23, 32].

We give basic definitions and properties of functional analysis, normed vector lattices

and Banach lattice. Moreover, we give definition and properties "atom" in vector

lattice. More information can be found in [2, 3, 5, 26, 25]

Lastly, we give the definition of lattice-normed spaces (LNS), and lattice-normed

vector lattices(LNVL). We refer the reader for more information in [7, 9, 20, 21].

2.1 Vector Lattice

Definition 1. Let "≤" be an order relation on a real vector space E. Then E is called

an ordered vector space if, for any x, y, z ∈ E, the following conditions hold:

(i) x ≤ y implies x+ z ≤ y + z.

(ii) x ≤ y implies αx ≤ αy for all α > 0.

A vector x in an ordered vector space E is called positive whenever x ≥ 0 holds.

The set of all positive vectors of E will be denoted by E+ = {x ∈ E : x ≥ 0}. If

x ∈ E+ and x 6= 0, then we write x > 0. An ordered vector space E is called a vector

lattice (or Riesz space) if, for each pair of vectors x, y ∈ E, the supremum and the
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infimum of the set {x, y} both exist in E. The following classical notation will be

used: x∨y = sup{x, y} and x∧y = inf{x, y}, and they are called lattice operations.

A subset A of E has a supremum z ∈ E, whenever a ≤ z for all a ∈ A and, if there

exists another w ∈ E such that a ≤ w, then z ≤ w. Let x ∈ E, then x+ = x ∨ 0,

x− = (−x) ∨ 0, and |x| = (−x) ∨ x are the positive part, the negative part, and the

modulus of x, respectively.

In a vector latticeE, two elements x and y are said to be disjoint whenever |x|∧|y| = 0

holds, denoted by x ⊥ y. For a nonempty set A of E, the set Ad := {x ∈ E : x ⊥
a for all a ∈ A} is called the disjoint complement of A.

Some more useful lattice identities are in the next theorem; see details in [5].

Theorem 1. Let E be a vector lattice. If x, y, z ∈ E, then we have:

(i) x+ y = x ∨ y + x ∧ y.

(ii) x = x+ − x−, |x| = x+ + x−, and x+ ∨ x− = 0.

(iii)
∣∣|x| − |y|∣∣ ≤ |x− y| ≤ |x|+ |y|.

(iv) |x ∨ z − z ∨ y| ≤ |x − y| and |x ∧ z − z ∧ y| ≤ |x − y|. Thus, it can be seen

that |x+ − y+| ≤ |x− y| and |x− − y−| ≤ |x− y|.

(v) If x, y, z ∈ E+ then x ∧ (y + z) ≤ x ∧ y + x ∧ z.

Definition 2. If x and y are two vectors in a vector lattice E with x ≤ y, then the

subset [x, y] is called an order interval in E, and it is defined by [x, y] := {z ∈ E :

x ≤ z ≤ y}.

A subset A of a vector lattice E is bounded from above (respectively, bounded from

below) if there is x ∈ E with a ≤ x (respectively, x ≤ a) for all a ∈ A. A subset

A of E is called order bounded if it is bounded above and below (or, equivalently,

if it is included in an order interval) or, equivalently, if there is u ∈ E+ such that

A ⊆ [−u, u].

A vector subspace F of a vector lattice E is said to be a sublattice of E if, for each

x1, x2 ∈ F , we have x1 ∨ x2 ∈ F .
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Definition 3. A subset A of a vector lattice is called solid whenever |x| ≤ |y| for any

y ∈ A and x ∈ E implies x ∈ A. A solid vector subspace of a vector lattice is referred

to as an ideal. Thus it can be seen, because of x1 ≤ y and x2 ≤ y, x1 ∨ x2 ≤ y for

any x1, x2, y ∈ E. Thus, every ideal is a vector sublattice.

Let A be a nonempty subset of E, then the ideal generated by A is the smallest ideal

in E that contains A. This ideal is given by the formula, see [5, p.33]:

IA := {x ∈ E : ∃a1, . . . , an ∈ A and λ ∈ R+with |x| ≤ λ

n∑
j=1

|aj|}.

For x0 ∈ E, Ix0 generated by x0 is referred as a principal ideal. This ideal has the

form

Ix0 := {x ∈ E : ∃λ ∈ R+with |x| ≤ λ|x0|}.

Also, the solid hull of A is the smallest solid set including A; that is sol(A) = {x ∈
E : ∃y ∈ A with |x| ≤ |y|}.

A sublattice F of E is called order dense in E if, for each x > 0, there is 0 < y ∈ F
with 0 < y ≤ x; and F is said to be majorizing in E if, for each x ∈ E+, there exists

y ∈ F such that x ≤ y.

Definition 4. A net xα in a vector lattice is said to be increasing (in symbols xα ↑)
whenever α ≤ β implies xα ≤ xβ . The notation xα ↑ x means that xα ↑ and

supxα = x both hold. The meaning of xα ↓ and xα ↓ x are analogous.

A vector lattice E is said to be Archimedean if 1
n
x ↓ 0 holds for each x ∈ E+ and

n ∈ N. Throughout this thesis, all vector lattices are assumed to be Archimedean.

A vector lattice is called order complete or Dedekind complete (respectively, σ-order

complete or Dedekind σ-complete) if every order bounded above subset (respectively,

countable subset) has the supremum or, equivalently, whenever every nonempty bounded

below subset (respectively, countable subset) has the infimum or, equivalently, if

0 ≤ xα ↑≤ u then there is x ∈ E such that xα ↑ x.

Let E be a vector lattice. A subset D of E is called directed upward (respectively,

directed downward), in symbols D ↑ (respectively, D ↓) whenever, for each pair

7



x, y ∈ D, there exists some z ∈ D with x ≤ z and y ≤ z (respectively, z ≤ x and

z ≤ y).

Definition 5. Let (xα)α∈A be a net in a vector lattice E.

(1) xα is order convergent (or o-convergent, for short) to x ∈ E, if there exists

another net (yβ)β∈B satisfying yβ ↓ 0 and, for any β ∈ B, there exists αβ ∈
A such that |xα − x| ≤ yβ for all α ≥ αβ . In this case, we write xα

o−→x.

It follows that an order convergent net has an order bounded tail, whereas

an order convergent sequence is order bounded. For a net (xα) in a vector

lattice E and x ∈ E, we have |xα − x| o−→ 0 iff xα
o−→x iff |xα|

o−→|x|. Thus,

without loss of generality, we can only deal with order null nets in E+. For an

order bounded net (xα) in an order complete vector lattice, we have xα
o−→x iff

infα supβ≥α|xβ − x| = 0; cf. [19].

(2) (xα)α∈A is said to be order Cauchy (or o-Cauchy) if the double net (xα −
xα′)(α,α′)∈A×A is order convergent to 0.

(3) xα is unbounded order convergent (or uo-convergent, for short) to x ∈ E if

|xα − x| ∧ u
o−→ 0 for every u ∈ E+; cf. [17]. In this case, we write xα

uo−→x.

For more information on unbounded order convergence we refer to [7, 11, 12,

15, 16, 17, 18, 19]

(4) A sequence xn in E is said to be relatively uniformly convergent to x ∈ E,

whenever there exist some u > 0 and a sequence εn ↓ 0 of real numbers such

that |xn−x| ≤ εnu holds for all n; cf. [5, p.100] . It can be seen that relatively

uniformly convergence implies order convergence.

Definition 6. Let T : E → F be a mapping between two vector spaces which is

linear, then it is called an operator. An operator T : E → F between two ordered

vector spaces is said to be positive (in symbols T ≥ 0) if T (x) ≥ 0 for all x ≥ 0.

For positive operators, we have the following useful lemma; see [5, p.12].

Lemma 1. If T : E → F is a positive operator between two vector lattices then, for

each x ∈ E, we have |Tx| ≤ T |x|.

When we study the modulus, we need the next useful property.

8



Theorem 2. (The Decomposition Property) LetE be a vector lattice, and let x, y1, y2,

. . . , yn ∈ E such that |x| ≤ |y1 + . . . + yn| holds. Then there are x1, . . . , xn ∈ E

satisfying x = x1 + x2 + . . .+ xn and |xi| ≤ |yi| for each i = 1, . . . , n. Moreover, if

x is positive then all xi also can be chosen to be positive.

The importance of the result lies in the fact that in order for a mapping T : E+ → F+

to be the restriction of a (unique) positive operator from E to F it is necessary and

sufficient to be additive on E+; see [5, Thm. 1.10]. In next theorem, you can see

details.

Theorem 3. (Kantorovich) Let E and F be two vector lattices. If a mapping T :

E+ → F+ is additive, that is T (x + y) = Tx + Ty for all x, y ∈ E+, then it has a

unique extension to a positive operator from E to F . Moreover, the extension is given

by T̂ x = Tx+ − Tx− for all x ∈ E.

Throughout this thesis, L(E,F ) denotes the space of all operators between vector

spaces E and F . We write L(E) for L(E,E). Thus, L(E,F ), under the ordering

T ≤ S whenever S − T is a positive operator (i.e., whenever Tx ≤ Sx holds for all

x ∈ E+), is an ordered vector space. For an operator T ∈ L(E,F ), we shall say that

its modulus |T | exists, whenever |T | := (−T ) ∨ T exists in the sense that |T | is the

supremum of the set {−T , T} in L(E,F ). If the modulus of an operator T exists,

then next easy but important inequality holds: |Tx| ≤ |T |(|x|) for all x ∈ E; see [5,

p.12].

The vector space of all order bounded operators between two vector lattices E and F

will be denoted L∼(E,F ). The vector space E∼ of all order bounded linear function-

als on E is called the order dual of E, i.e., E∼ = L∼(E,R). It can be seen easily that

every positive operator is order bounded, and so the set of positive operators from

E to F is a subset of L∼(E,F ). It follows that if F is order complete then each

T ∈ L∼(E,F ) satisfies

T+(x) = sup{Ty : 0 ≤ y ≤ x} and T−(x) = sup{−Ty : 0 ≤ y ≤ x}

for each x ∈ E+. Moreover, it satisfies T = T+ − T−.

Let an operator T ∈ L∼(E,F ), then the adjoint of T is the operator T ′ : F∼ → E∼

defined by 〈T ′f, x〉 = 〈f, Tx〉 for all f ∈ F∼ and x ∈ E. An operator T : X → Y

9



is said to be weakly continuous whenever T :
(
X, σ(X,X ′)

)
→
(
Y, σ(Y, Y ′)

)
is

continuous.

Definition 7. An operator T ∈ L(E,F ) is said to be:

(1) order continuous if xα
o−→ 0 in E implies Txα

o−→ 0 in F ,

(2) σ-order continuous, if xn
o−→ 0 in E implies Txn

o−→ 0 in F ,

(3) an order bounded operator, if it maps order bounded subsets of E to order

bounded subsets of F .

It is useful to note that a positive operator T ∈ L(E,F ) is order continuous iff xα ↓ 0

in E implies Txα ↓ 0 in F (and also iff 0 ≤ xα ↑ x in E implies Txα ↑ x in F .) We

have the following useful property: every order continuous operator is order bounded.

A linear operator T : E → F between vector lattices is called a lattice homomor-

phism if |Tx| = T |x| for all x ∈ E; cf. [4, Thm 1.17]. A one-to-one lattice homo-

morphism is referred as a lattice isomorphism. Two vector lattices E and F are said

to be lattice isomorphic when there is a lattice isomorphism from E onto F . It is

known that every lattice homomorphism T ∈ L∼(E,F ) is a positive operator; cf. [3,

p.307]. Also note that the range of a lattice homomorphism is a vector sublattice.

If E is a vector lattice, then there is a (unique up to lattice isomorphism) order com-

plete vector lattice Eδ that contains E as a majorizing order dense sublattice. We

refer to Eδ as the order completion of E.

Definition 8. A subset B of a vector lattice is said to be order closed whenever a net

(x)α ⊆ B and xα
o−→x imply x ∈ B.

An order closed ideal is referred to as a band; see [5, p.33]. The band generated by a

subset A is the smallest (with respect to inclusion) band that includes A. A band B in

a vector lattice E that satisfies E = B⊕Bd is referred to as a projection band, where

Bd = {x ∈ E : x ⊥ b,∀b ∈ B} is the disjoint complement of B.

For x0 ∈ E, the principal band generated by x0 is the smallest band that includes x0.

We denote this band byBx0 , and it is described asBx0 := {x ∈ E : |x|∧n|x0| ↑ |x|}.

As usual, an operator P : E → E on a vector space is called a projection if P 2 =
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P . Let B be a projection band in a vector lattice E. Thus, every x ∈ E has the

unique decomposition x = x1 + x2, where x1 ∈ B and x2 ∈ Bd. Then a projection

PB : E → E is defined by the formula PB(x) := x1. Hence, PB is called an order

projection (or a band projection).

If P is a band projection then it is a lattice homomorphism and 0 ≤ P ≤ I; i.e.,

0 ≤ Px ≤ x for all x ∈ E+. So band projections are order continuous.

A vector e > 0 is said to be a weak order unit in vector lattice E whenever the band

generated by e satisfies Be = E (or, equivalently, whenever, for each x ∈ E+, we

have x ∧ ne ↑ x). Also, note that e > 0 in a vector lattice space is a weak order unit

iff x ⊥ e implies x = 0. The element e > 0 is called a strong unit in E if, for every

x ∈ E, there exists a positive number λ, depending on x, such that |x| ≤ λe.

The following theorem shows that the space of order bounded operators is vector

lattice; see [5, Thm. 1.18].

Theorem 4. (F. Riesz–Kantorovich). If E and F are vector lattices with F is order

complete, then the ordered vector space L∼(E,F ) is an order complete vector lattice.

Now, we give some basic definitions from the functional analysis.

Definition 9. A collection B of subsets of a set X , which contains ∅ and X , is called

a Boolean algebra or an algebra, if the following hold:

(1) A,B ∈ B implies A ∪B ∈ B;

(2) A ∈ B implies Ac ∈ B.;

(3) A,B ∈ B implies A ∩B ∈ B.

An algebra B of sets is a σ-algebra if every union of countable collection of sets in B
belongs to B. A collection B of Borel sets is the smallest σ-algebra that contains all

open sets of real numbers.

Definition 10. A filter F is a non-empty family of subsets of a set X satisfying the

following properties:

(1) A1, A2, . . . , An ∈ F implies A1 ∩ A2 ∩ . . . ∩ An ∈ F .

(2) A ⊆ B and A ∈ F implies B ∈ F .
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A filter U is called an ultrafilter over a set X if, for all A ⊆ X , either A ∈ U or

Ac ∈ U .

2.2 Normed Vector Lattice

Let X be a normed vector space. If any Cauchy net in X is convergent some element

in X , then X is called a Banach space. A subset A of a normed space X is called

norm bounded if there is x ∈ X such that ‖a‖ ≤ ‖x‖ for all a ∈ A. If X and

Y are normed spaces, then we can define the notion of a bounded mapping. The

boundedness of a linear mapping is equivalent to its continuity.

Definition 11. A linear mapping T : (X, ‖·‖X) → (Y, ‖·‖Y ) between two normed

spaces is called norm bounded if there is a real number k > 0 such that ‖Tx‖Y ≤
k‖x‖X for all x ∈ X .

For normed spaces X and Y we use B(X, Y ) for the space of all norm bounded linear

operators from X into Y . We write B(X) for B(X,X). If X is a normed space

then X∗ = {f : X → R : f is continuous} denotes the topological dual of X, and

BX = {x ∈ X : ‖x‖ ≤ 1} denotes the closed unit ball of X . Also we define RX∗

to be the set of all functions from X∗ to R. A subset A of normed space X is called

norm relatively compact if its closure A is compact in X .

Definition 12. An operator T : X → Y between two normed spaces is said to be

a compact operator whenever T maps the closed unit ball BX of X onto a norm

relatively compact subset of Y .

In other words, T is a compact operator iff, for every norm bounded sequence xn in

X , the sequence Txn has a norm convergent subsequence in Y . It can be seen that

every compact operator is norm bounded (and, hence, is continuous).

Definition 13. An operator T : X → Y between Banach spaces is called weakly

compact if T carries norm bounded subsets ofX to relatively weakly compact subsets

of Y . Equivalently, if T (BX) is relatively weakly compact.

A vector lattice X equipped with a norm ‖·‖ is said to be a normed lattice if |x| ≤ |y|
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in X implies ‖x‖ ≤ ‖y‖. If a normed lattice is norm complete, then it is called

a Banach lattice. The spaces `p (1 ≤ p ≤ ∞) and c0 are order complete Banach

lattices, where ordering is defined pointwise.

A lattice norm (X, ‖·‖X) is said to be order continuous whenever xα ↓ 0 implies

‖xα‖X↓ 0 or, equivalently, xα
o−→ 0 in X implies ‖xα‖X → 0. If this condition

holds for sequences, i.e., xn ↓ 0 implies ‖xn‖X↓ 0, then ‖·‖X is said to be σ-order

continuous. A normed lattice (X, ‖·‖) is called a KB-space if, for 0 ≤ xα ↑ and

supα‖xα‖ <∞, we get that the net (xα) is norm convergent.

Now, assume X to be a normed lattice. Then a vector 0 < e ∈ X is called a quasi-

interior point if Ie = X , where Ie denotes the ideal generated by e. It can be shown

that e is a quasi-interior point iff, for every x ∈ X+, we have ‖x − x ∧ ne‖ → 0, as

n→∞.

Clearly, strong unit⇒ quasi-interior point⇒ weak unit.

Definition 14. A positive vector a 6= 0 in a vector lattice X is called atom if, for any

x ∈ [0, a], there is λ ∈ R such that x = λa; cf. [2, Def. 2.29].

Let a be an atom in a vector lattice X . The principal band Ba generated by a is a

projection band, and Ba = Ia = span{a} = {λa : λ ∈ R}, where Ia is the ideal

generated by a. A vector lattice X is called atomic if the band generated by its atoms

isX . If a vector latticeX is atomic, then it has a maximal orthogonal system of atoms

aγ , that is for γ 6= γ′, aγ ⊥ aγ′ , and if x ⊥ aγ = 0 for all γ then x = 0. Also, for any

x > 0, there is an atom a such that a ≤ x.

A lattice X is called not atomic if it has not atoms, but they do not form a maximal

orthogonal system. X is also called atomless or non-atomic if it has no atom.

For any atom a corresponding to Ba, we have a band projection pa : X → Ba

denoted by pa(x) = fa(x)a, where the biorthogonal function fa : X → R defined by

fa(x) = λ, where λ is the real number such that x = λa. Since band projections are

lattice homomorphisms and are order continuous then so fa for any atom a. Also it is

known that fa is norm continuous; cf. [2, p.31].

Last we characterize order convergence in atomic order complete vector lattices, but
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first we provide the following technical lemma.

Lemma 2. Let X and Y be vector lattices. If T : X → Y is a order continuous

lattice homomorphism and A is a subset of X such that supA exists in X , then

T (supA) = supT (A).

Proof. Note that T is an order continuous operator and {a1 ∨ · · · ∨ an : n ∈ N,

a1, . . . , an ∈ A} ↑ supA. So T
(
{a1∨· · ·∨an : n ∈ N, a1, . . . , an ∈ A}

)
↑ T (supA).

Furthermore, T
(
{a1 ∨ · · · ∨ an : n ∈ N, a1, . . . , an ∈ A}

)
= {T (a1 ∨ · · · ∨ an) :

n ∈ N, a1, . . . , an ∈ A} = {Ta1 ∨ · · · ∨ Tan : n ∈ N, a1, . . . , an ∈ A} ↑ supT (A).

Hence, T (supA) = supT (A).

The following useful lemma is used in some proofs of theorems in this thesis.

Lemma 3. If X is an atomic order complete vector lattice and (xα) is an order

bounded net such that fa(xα)→ 0 for any atom a, then xα
o−→ 0.

Proof. Suppose the contrary, then infα supβ≥α|xβ| > 0, so there is an atom a such

that a ≤ infα supβ≥α|xβ|. Hence, a ≤ supβ≥α|xβ| for any α. Let fa be the biorthogo-

nal functional corresponding to a, then 1 = fa(a) ≤ fa
(

sup
β≥α
|xβ|

)
= sup

β≥α
|fa(xβ)| for

each α. Thus, lim supα|fa(xα)| ≥ 1, which is a contradiction.

In a normed space X , a net xα is weakly convergent to x ∈ X (shortly, xα
w−→ x) if

f(xα)→ f(x) holds in R for all f ∈ X∗. Since |f(xα − x)| ≤ |f ||xα − x| holds for

all α, then we have the following implication: xα absolutely weakly convergent to x

implies xα
w−→ x.

In a normed lattice (X, ‖·‖), a net xα is unbounded norm convergent to x ∈ X; see

[12], written as xα
un−→x, if ‖|xα − x| ∧ u‖ → 0 for every u ∈ X+; see [12]. Clearly,

if the norm is order continuous then uo-convergence implies un-convergence.

Let E be an Archimedean vector lattice with a strong unit e. Then we can define in a

natural manner a norm ‖x‖e = inf{k : k ≥ 0 and |x| ≤ ke}. This is a lattice norm

on E and also, for any sequence in E, the notions of norm convergence, e-uniform

convergence and relatively uniform convergence are equivalent; see [23, Thm. 62.4].
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Definition 15. An operator T ∈ B(X, Y ) from a normed lattice X into a normed

space Y is called M-weakly compact, whenever lim ‖Txn‖ = 0 holds for every norm

bounded disjoint sequence xn in X , and T ∈ B(X, Y ) from a normed space X into a

normed lattice Y is called L-weakly compact, whenever lim ‖yn‖ = 0 holds for every

disjoint sequence yn in sol(T (BX)); see [5, Def. 5.59].

The following standard fact will be used throughout this thesis.

Lemma 4. Let (X, ‖·‖) be a normed space. Then xn
‖·‖−→ x iff, for any subsequence

xnk , there is a further subsequence xnkj such that xnkj
‖·‖−→ x.

Definition 16. A Banach lattice E is said to be:

(1) An AL-space, whenever its norm is additive on E+ in the sense that ‖x+ y‖ =

‖x‖+ ‖y‖ holds for all x, y ∈ E+.

(2) An AM -space if x ∧ y = 0 in E implies ‖x ∨ y‖ = max{‖x‖, ‖y‖}.

It is know that, in an AM -space with strong unit, every norm bounded set is order

bounded; cf. [32, Exr. 122.8].

Let X be a normed space. The norm on the topological dual X∗ is defined by the

formula

‖f‖X∗ = sup
‖x‖≤1

|f(x)|.

For each x ∈ X , there is an f ∈ X∗ with f(x) = ‖x‖ and ‖f‖ ≤ 1. In particular, for

each x ∈ X ,

‖x‖ = sup{|f(x)| : f ∈ X∗, ‖f‖ ≤ 1}

is called the norm formula.

Definition 17. Let X be a vector lattice and Y be a normed space. An operator

T : X → Y is called:

(1) order weakly compact if T [−x, x] is relatively weakly compact for all x ∈ X+;

see [26, Def. 3.4.1].

(2) AM -compact if T [−x, x] is relatively compact for every x in X+; see [32,

p.496].
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2.3 Lattice Normed Spaces

Definition 18. Let X be a vector space and let E be a vector lattice. Then p : X →
E+ is called the vector norm (see [22, 1.8.1]) if the following conditions hold

(i) p(x) = 0⇔ x = 0,

(ii) p(λx) = |λ|p(x) for all λ ∈ R and x ∈ X ,

(iii) p(x+ y) ≤ p(x) + p(y) for all x, y ∈ X .

Thus, the triple (X, p,E) is called a lattice-normed space, abbreviated as LNS; c.f

[20]. The lattice norm p in an LNS (X, p,E) is said to be decomposable if, for all

x ∈ X and e1, e2 ∈ E+, it follows from p(x) = e1 + e2, that there exist x1, x2 ∈ X
such that x = x1 + x2 and p(xk) = ek for k = 1, 2. If X is a vector lattice and the

vector norm p is monotone (i.e. |x| ≤ |y| ⇒ p(x) ≤ p(y)) then the triple (X, p,E)

is called a lattice-normed vector lattice, abbreviated as LNVL; see [7]. In this thesis,

we usually use the pair (X,E) or just X to refer to an LNS (X, p,E), if there is no

confusion.

We abbreviate the convergence p(xα − x)
o−→ 0 as xα

p−→x and say in this case that xα

p-converges to x. A net (xα)α∈A in an LNS (X, p,E) is said to be p-Cauchy if the net

(xα − xα′)(α,α′)∈A×A p-converges to 0. An LNS (X, p,E) is called (sequentially) p-

complete if every p-Cauchy (sequence) net inX is p-convergent. In an LNS (X, p,E),

a subset A of X is called p-bounded if there exists e ∈ E such that p(a) ≤ e for all

a ∈ A. An LNVL (X, p,E) is called op-continuous if xα
o−→ 0 implies p(xα)

o−→ 0. A

net xα in an LNVL (X, p,E) is said to be unbounded p-convergent to x ∈ X (shortly,

xα up-converges to x or xα
up−→x), if p(|xα − x| ∧ u)

o−→ 0 for all u ∈ X+; see [7,

Def.6].

Let (X, p,E) be an LNS and (E, ‖·‖E) be a normed lattice. The mixed norm on X is

defined by p-‖x‖E = ‖p(x)‖E for all x ∈ X (see, for example, [20, 7.1.1, p.292]). In

this case the normed space (X, p-‖·‖E) is called a mixed-normed space.

A net xα in an LNS (X, p,E) is said to relatively uniformly p-convergent to x ∈ X
(written as xα

rp−→x) if there is e ∈ E+ such that, for any ε > 0, there is αε satisfying

p(xα−x) ≤ εe for all α ≥ αε. In this case we say that xα rp-converges to x. A net xα
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in an LNS (X, p,E) is called rp-Cauchy if the net (xα− xα′)(α,α′)∈A×A rp-converges

to 0. It is easy to see that, for a sequence xn in an LNS (X, p,E), xn
rp−→x iff there

exist e ∈ E+ and a numerical sequence εk ↓ 0 such that, for all k ∈ N, there is

nk ∈ N satisfying p(xn − x) ≤ εke for all n ≥ nk. An LNS (X, p,E) is said to be

rp-complete if every rp-Cauchy sequence in X is rp-convergent. It should be noticed

that in rp-complete LNSs every rp-Cauchy net is rp-convergent. Indeed, assume

xα to be an rp-Cauchy net in an rp-complete LNS (X, p,E). Then, there exists an

element e ∈ E+ such that, for all n ∈ N, there is αn such that p(xα′ − xα) ≤ 1
n
e for

all α, α′ ≥ αn. We select a strictly increasing sequence αn. Then it is clear that xαn
is an rp-Cauchy sequence, and so there is x ∈ X such that xαn

rp−→x. Let n0 ∈ N.

Hence, there is αn0 such that, for all α ≥ αn0 , we have p(xα − xαn0 ) ≤ 1
n0
e and, for

all n ≥ n0, p(x− xαn0 ) ≤ 1
n0
e, that implies xα

rp−→x.

We recall the following result (see for example [20, 7.1.2,p.293]). If (X, p,E) is an

LNS such that (E, ‖·‖E) is a Banach space, then (X, p-‖·‖E) is norm complete iff

the LNS (X, p,E) is rp-complete. On the other hand, it is not difficult to see that if

an LNS is sequentially p-complete then it is rp-complete. Thus, the following result

follows readily.

Lemma 5. Let (X, p,E) be an LNS such that (E, ‖·‖E) is a Banach space. If

(X, p,E) is sequentially p-complete then (X, p-‖·‖E) is a Banach space.

Consider LNSs (X, p,E) and (Y,m, F ). An operator T : X → Y is said to be

dominated if there is a positive operator S : E → F satisfying m(Tx) ≤ S(p(x))

for all x ∈ X . In this case, S is called a dominant for T . The set of all dominated

operators fromX to Y is denoted byM(X, Y ). In the ordered vector space L∼(E,F )

of all order bounded operators from E into F , if the least element of all dominants of

an operator T exists, then such element is called the exact dominant of T and denoted

by |||T |||; see [20, 4.1.1,p.142].

By considering [20, 4.1.3(2), p.143] and Kaplan’s example [5, Ex.1.17], we see that

not every dominated operator possesses the exact dominant. On the other hand, if X

is decomposable and F is order complete then every dominated operator T : X → Y

has the exact dominant |||T |||; see [20, 4.1.2,p.142].
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We refer the reader for more information on LNSs to [9, 13, 21, 20] and [7]. It should

be noticed that the theory of lattice-normed spaces is well- developed in the case of

decomposable lattice norms (cf. [21, 20]). In [10] and [28], the authors studied some

classes of operators in LNSs under the assumption that the lattice norms are decom-

posable. In this thesis, we usually do not assume lattice norms to be decomposable.
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CHAPTER 3

MAIN RESULTS

In this chapter we use basic definitions and properties of [8]. We recall definitions

of p-continuous and p-bounded operators between lattice-normed spaces. We intro-

duce the notion of p-compact and sequentially p-compact operators between lattice-

normed spaces. These operators generalize several known classes of operators. Also,

we define p-M -weakly and p-L-weakly compact operators which correspond respec-

tively to M -weakly and L-weakly compact operators. In addition, the notions of (se-

quentially) up-continuous and (sequentially) up-compact operators acting between

lattice-normed vector lattices, are introduced.

3.1 p-Continuous and p-Bounded Operators

Firstly, we recall the notion of p-continuous operator between LNSs which general-

izes the notion of order continuous operator in a vector lattice.

Definition 19. Let X , Y be two LNSs and T ∈ L(X, Y ). Then T is called:

(1) p-continuous if xα
p−→ 0 in X implies Txα

p−→ 0 in Y and, if the condition holds

only for sequences, then T is called sequentially p-continuous;

(2) p-bounded if it maps p-bounded sets in X to p-bounded sets in Y .

The following lemma gives the linearity of p-continuous operators.

Lemma 6. Let (X, p,E) and (Y,m, F ) be two LNSs.

(i) If T, S : (X, p,E) → (Y,m, F ) are p-continuous operators, then λS + µT is
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p-continuous for real numbers λ and µ. In particular, if H = T − S then H is

order continuous.

(ii) If −T1 ≤ T ≤ T2, with T1 and T2 are positive and p-continuous operators,

then T is p-continuous.

Proof. (i) Let λ and µ be any two real numbers, then we have

m(λSxα + µTxα) ≤ m(λSxα) +m(µTxα)

= |λ|m(Sxα) + |µ|m(Txα)

≤ (|λ|+ |µ|)(m(Sxα) +m(Txα))
o−→ 0.

Therefore, λS + µT is p-continuous.

(ii) If −T1 ≤ T ≤ T2, with T1 and T2 are positive and p-continuous, then

0 ≤ T + T1 ≤ T2 + T1

and so T + T1 is a positive and p-continuous operator. Therefore, T = (T + T1)− T1

is p-continuous.

Following remark give relations about p-continuous and p-bounded operators with

rp-continuous, bo-continuous and dominated operators.

Remark 1.

(i) The collection of all p-continuous operators between LNSs is a vector space.

(ii) Using rp-convergence, one can introduce the following notion:

A linear operator T from an LNS (X,E) into another LNS (Y, F ) is called

rp-continuous if xα
rp−→ 0 in X implies Txα

rp−→ 0 in Y . But this notion is not

so interesting, because it coincides with p-boundedness of an operator (see [9,

Thm. 5.3.3 (a)]).

(iii) A p-continuous (respectively, sequentially p-continuous) operator between two

LNSs is also known as bo-continuous (respectively, sequentially bo-continuous);

see e.g. [20, 4.3.1, p.156].
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(iv) Let (X,E) be a decomposable LNS and let F be an order complete vector

lattice. Then T ∈Mn(X, Y ) iff its exact dominant |||T ||| is order continuous [20,

Thm.4.3.2], where Mn(X, Y ) denotes the set of all dominated bo-continuous

operators from X to Y .

(v) Every dominated operator is p-bounded. Indeed, let T ∈ M(X, Y ), then there

is a dominant operator S : E → F of T . Let A be a p-bounded set in X , then

there is e ∈ E such that p(a) ≤ e for all a ∈ A. Thus, m(Ta) ≤ S
(
p(a)

)
≤ Se

for all a ∈ A, since S is positive. Therefore T (A) is p-bounded in Y .

The converse does not need be true, for example, consider the identity operator

I : (`∞, |·|, `∞) → (`∞, ‖·‖,R). It is p-bounded. Indeed, let a subset A be

p-bounded in `∞, then there is e ∈ `∞ such that |a| ≤ e holds for all a ∈ A.

Since (`∞, ‖·‖) is a Banach lattice, then we have ‖a‖ ≤ ‖e‖ for all a ∈ A.

Hence, I is p-bounded.

However, the identity operator I : (`∞, |·|, `∞)→ (`∞, ‖·‖,R) is not dominated

(see [9, Rem., p.388]).

Next, we give some examples of p-continuity and p-boundedness of operators in a

particular case of LNSs.

Example 1.

(i) Let X and Y be vector lattices, then T ∈ L(X, Y ) is (σ-) order continuous iff

T : (X, |·|, X)→ (Y, |·|, Y ) is (sequentially) p-continuous.

(ii) Let X and Y be vector lattices, then T ∈ L∼(X, Y ) iff T : (X, |·|, X) →
(Y, |·|, Y ) is p-bounded.

(iii) Let (X, ‖·‖X) and (Y, ‖·‖Y ) be normed spaces. Then T ∈ B(X, Y ) iff T :

(X, ‖·‖X ,R)→ (Y, ‖·‖Y ,R) is p-continuous iff T : (X, ‖·‖X ,R)→ (Y, ‖·‖Y ,R)

is p-bounded.

(iv) Let X be a vector lattice and (Y, ‖·‖Y ) be a normed space. Then an opera-

tor T from X to Y is called order-to-norm continuous if xα
o−→ 0 in X implies

Txα
‖·‖Y−−→ 0 (see [24, Sect.4, p.468]). Therefore, T : X → Y is order-to-norm

continuous iff T : (X, |·|, X)→ (Y, ‖·‖Y ,R) is p-continuous.
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In the next lemma, we have a relation between order continuous operator and p-

continuous operator. Also, it gives a relation between order bounded operator and

p-bounded operator.

Lemma 7. Given an op-continuous LNVL (Y,m, F ) and a vector lattice X .

(i) If T : X → Y is (σ-) order continuous, then T : (X, |·|, X) → (Y,m, F ) is

(sequentially) p-continuous.

(ii) If T : X → Y is order bounded, then T : (X, |·|, X) → (Y,m, F ) is p-

bounded.

Proof. (i) Assume a net xα in X to be p-convergent to zero in (X, |·|, X). Then we

have xα
o−→ 0 in X . Thus, Txα

o−→ 0 in Y , as T is order continuous. Since (Y,m, F )

is op-continuous, then m(Txα)
o−→ 0 in F . Therefore, Txα

p−→ 0 in Y , and so T is p-

continuous.

The sequential case is similar.

(ii) Let A be p-bounded set in X . That is, A is order bounded in X , and so T (A)

is order bounded in Y , as T is order bounded. Thus, there exists y ∈ Y+ such that

|Ta| ≤ y for all a ∈ A. Hence, m
(
|Ta|

)
≤ m(y) for all a ∈ A. Therefore,

T : (X, |·|, X)→ (Y,m, F ) is p-bounded.

In the following proposition, we have the partial answer of the converse of Lemma 7.

Proposition 1. Let (X, p,E) be an op-continuous LNVL, let (Y,m, F ) be an LNVL,

and let T : (X, p,E)→ (Y,m, F ) be a (sequentially) p-continuous positive operator.

Then T : X → Y is (σ-) order continuous.

Proof. We show only the order continuity of T , the sequential case is analogous.

Assume xα ↓ 0 in X . Since X is op-continuous, then p(xα)
o−→ 0. Hence, we get

T (xα)
p−→ 0 in Y , as T is p-continuous. Since 0 ≤ T , then Txα ↓. Also we have

m(Txα)
o−→ 0, so it follows from [7, Prop.1] that Txα ↓ 0. Thus, T is order continu-

ous.

The next proposition give relation about norm bounded operator and sequentially p-

continuous operator.
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Proposition 2. Let (X, ‖·‖X) be a σ-order continuous Banach lattice. Then T ∈
B(X) iff T : (X, |·|, X)→ (X, ‖·‖X ,R) is sequentially p-continuous.

Proof. (⇒) Assume T ∈ B(X), and let xn
p−→ 0 in (X, |·|, X). Then xn

o−→ 0 in X .

Since (X, ‖·‖X) is a σ-order continuous Banach lattice, then xn
‖·‖X−−→ 0, and hence

Txn
‖·‖X−−→ 0, as T is norm continuous. Therefore, T : (X, |·|, X) → (X, ‖·‖X ,R) is

sequentially p-continuous.

(⇐) Assume T : (X, |·|, X) → (X, ‖·‖X ,R) to be sequentially p-continuous. Sup-

pose xn
‖·‖X−−→ 0, and let xnk be a subsequence of xn. Then, clearly, xnk

‖·‖X−−→ 0. Since

(X, ‖·‖X) is a Banach lattice, there is a subsequence xnkj such that xnkj
o−→ 0 in X

(cf. [30, Thm.VII.2.1]), and so xnkj
p−→ 0 in (X, |·|, X). Since T is sequentially p-

continuous, then Txnkj
‖·‖X−−→ 0. Thus, it follows from Lemma 4, that Txn

‖·‖X−−→ 0.

In following proposition, we get when sequentially p-continuous operator is norm

continuous.

Proposition 3. Let (X, p,E) be an LNVL with a Banach lattice (E, ‖·‖E) and (Y,m, F )

be an LNS with a σ-order continuous normed lattice (F, ‖·‖F ). If T : (X, p,E) →
(Y,m, F ) is sequentially p-continuous, then T : (X, p-‖·‖E)→ (Y,m-‖·‖F ) is norm

continuous.

Proof. Let xn be a sequence in X such that xn
p-‖·‖E−−−→ 0 (i.e. ‖p(xn)‖E → 0). Given

a subsequence xnk of xn, then ‖p(xnk)‖E → 0. Since (E, ‖·‖E) is a Banach lattice,

there is a further subsequence xnkj such that p(xnkj )
o−→ 0 inE (cf. [30, Thm.VII.2.1]).

Hence, xnkj
p−→ 0 in (X, p,E). Now, the p-continuity of T impliesm(Txnkj )

o−→ 0 inF .

But (F, ‖·‖F ) is σ-order continuous, and so ‖m(Txnkj )‖F → 0 or m-‖Txnkj ‖F → 0.

Hence, Lemma 4 implies m-‖Txn‖F → 0. So T is norm continuous.

The next theorem is a partial converse of Proposition 3.

Theorem 5. Suppose (X, p,E) to be an LNS with an order continuous (respectively,

σ-order continuous) normed lattice (E, ‖·‖E) and (Y,m, F ) to be an LNS with an

atomic Banach lattice (F, ‖·‖F ). Assume further that:
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(i) T : (X, p-‖·‖E)→ (Y,m-‖·‖F ) is norm continuous,

(ii) T : (X, p,E)→ (Y,m, F ) is p-bounded.

Then T : (X, p,E)→ (Y,m, F ) is p-continuous (respectively, sequentially p-continuous).

Proof. We assume that (E, ‖·‖E) is an order continuous normed lattice and show

the p-continuity of T , the other case is similar. Suppose xα
p−→ 0 in (X, p,E), then

p(xα)
o−→ 0 in E, and so there is α0 such that p(xα) ≤ e for all α ≥ α0. Thus,

(xα)α≥α0 is p-bounded and, since T is p-bounded, then (Txα)α≥α0 is p-bounded in

(Y,m, F ).

Since (E, ‖·‖E) is order continuous and p(xα)
o−→ 0 in E, then ‖p(xα)‖E → 0 or

p-‖xα‖E → 0. The norm continuity of T : (X, p-‖·‖E) → (Y,m-‖·‖F ) ensures that

‖m(Txα)‖F → 0 or m-‖Txα‖F → 0. In particular, ‖m(Txα)‖F → 0 for α ≥ α0.

Let a ∈ F be an atom, and fa be the biorthogonal functional corresponding to

a. Then fa
(
m(Txα)

)
→ 0. Since m(Txα) is order bounded for all α ≥ α0 and

fa
(
m(Txα)

)
→ 0 for any atom a ∈ F , the atomicity of F implies that m(Txα)

o−→ 0

in F , as α0 ≤ α→∞. Thus, T : (X, p,E)→ (Y,m, F ) is p-continuous.

The next result extends the well-known fact that every order continuous operator be-

tween vector lattices is order bounded, and its proof is similar to [1, Thm.2.1].

Proposition 4. Let T be a p-continuous operator from a LNS (X, p,E) to another

LNS (Y,m, F ), then T is p-bounded.

Proof. Assume that T : X → Y is p-continuous. Let A ⊂ X be p-bounded (i.e.

there is e ∈ E such that p(a) ≤ e for all a ∈ A). Let I = N × A be an index set

with the lexicographic order. That is: (m, a′) ≤ (n, a) iff m < n or else m = n

and p(a′) ≤ p(a). Clearly, I is directed upward. Define the following net as x(n,a) =

1
n
a. Then p(x(n,a)) = 1

n
p(a) ≤ 1

n
e. So p(x(n,a))

o−→ 0 in E or x(n,a)
p−→ 0. By p-

continuity of T , we get m(Tx(n,a))
o−→ 0. So there is a net (zβ)β∈B such that zβ ↓ 0

in F and, for any β ∈ B, there exists (n′, a′) ∈ I satisfying m(Tx(n,a)) ≤ zβ for all

(n, a) ≥ (n′, a′). Fix β0 ∈ B. Then there is (n0, a0) ∈ I satisfying m(Tx(n,a)) ≤
zβ0 for all (n, a) ≥ (n0, a0). In particular, (n0 + 1, a) ≥ (n0, a0) for all a ∈ A.
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Thus, m(Tx(n0+1,a)) = m( 1
n0+1

Ta) ≤ zβ0 or m(Ta) ≤ (n0 + 1)zβ0 for all a ∈ A.

Therefore, T is p-bounded.

The following remark give two examples: one of examples about the converse of

Proposition 4 is not true and another example about a p-continuous operator does not

need to be order bounded.

Remark 2.

(i) It is known that the converse of Proposition 4 is not true. For example, let X =

C[0, 1], then X∗ = X∼. So, for any 0 6= ϕ ∈ X∗, we have ϕ : (X, |·|, X) →
(R, |·|,R) is p-bounded. Indeed, let A be a p-bounded subset in X . Since ϕ is

order bounded, ϕ(A) is order bounded in R. Thus, ϕ is p-bounded.

On the other hand, let us define a functional ϕ : (X, |·|, X) → (R, |·|,R)

denoted by ϕ(f) := f(0). We show that ϕ is not a σ-order continuous func-

tional. Take a sequence (fn) in C[0, 1] defined by fn(t) = −nt + 1, whenever

0 ≤ t ≤ 1
n

, and by fn(t) = 0, whenever 1
n
≤ t ≤ 1. Then, clearly, fn ↓ 0. How-

ever, ϕ(fn) = f(0) = 1 6→ 0. Thus, ϕ is not σ-order continuous or ϕ /∈ X∼c
and so ϕ /∈ X∼n , as X∼n ⊆ X∼c , (here X∼c denotes the σ-order continuous dual

of X , and X∼n denotes the order continuous dual of X). Thus, ϕ is not order

continuous.

(ii) If T : (X,E) → (Y, F ) between two LNVLs is p-continuous, then an operator

between two vector lattices T : X → Y does not need to be order bounded.

Let us consider Lozanovsky’s example. If T : L1[0, 1]→ c0 is defined by

T (f) =

(∫ 1

0

f(x)sinx dx,

∫ 1

0

f(x)sin2x dx, · · ·
)
,

then it can be shown that T is norm bounded, but it is not order bounded
(
cf. [5,

Exer.10, p.289]
)
. So T : (L1[0, 1], ‖·‖L1 ,R) → (c0, ‖·‖∞,R) is p-continuous,

and T : L1[0, 1]→ c0 is not order bounded.

The following example is an example of LNVL.

Example 2. Let (X, ‖·‖X) be a normed lattice. Put E := RX∗ , and define p : X →
E+ by p(x)[f ] = |f |(|x|) for f ∈ X∗. Then (X, p,E) is an LNVL. Indeed:
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(1) If x = 0 then p(0)[f ] = |f |(|0|) = 0. Thus, p(0) = 0.

Now, suppose p(x) = 0. We show that x = 0. For each f ∈ X∗, p(x)[f ] = |f |(|x|) =

0. So, by the norm formula in [25, Prop. 6.10], we have

‖x‖ = sup{
∣∣f(|x|)

∣∣ : f ∈ BX∗} = 0,

so x = 0.

(2) For each α ∈ R and f ∈ X∗,

p(αx)[f ] = |f |(|αx|) = |α||f |(|x|) = |α|p(x)[f ].

So, p(αx) = |α|p(x).

(3) For any x, y ∈ X ,

p(x+ y)[f ] = |f |(|x+ y|) ≤ |f |(|x|+ |y|)

≤ |f |(|x|) + |f |(|y|)

= p(x)[f ] + p(y)[f ]

=
(
p(x) + p(y)

)
[f ].

Thus, p(x+ y) ≤ p(x) + p(y).

Finally, we should show that p is monotone. Take two elements x, y ∈ X such that

x ≤ y. Thus, |f |(|x|) ≤ |f |(|y|) for all f ∈ X∗. Hence, p(x)[f ] ≤ p(y)[f ] for all

f ∈ X∗, and so p is monotone.

Recall that T ∈ L(X, Y ), where X and Y are normed spaces, is called a Dunford-

Pettis operator if xn
w−→ 0 in X implies Txn

‖·‖−→ 0 in Y . Following proposition gives

relation between Dunford-Pettis operator and sequentially p-continuous operator.

Proposition 5. Let (X, ‖·‖X) be a normed lattice and (Y, ‖·‖Y ) be a normed space.

Put E := RX∗ , and define p : X → E+ by p(x)[f ] = |f |(|x|) for f ∈ X∗. It follows

from Example 2, that (X, p,E) is an LNVL.

(i) If T ∈ L(X, Y ) is a Dunford-Pettis operator, then T : (X, p,E)→ (Y, ‖·‖Y ,R)

is sequentially p-continuous.

(ii) The converse holds true if the lattice operations of X are weakly sequentially

continuous.
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Proof. (i) Assume that xn
p−→ 0 in X . Then p(xn)

o−→ 0 in E, and hence p(xn)[f ]→ 0

or |f |(|xn|) → 0 for all f ∈ X∗. From which, it follows that |xn|
w−→ 0 and so, by

inequality |f(xn)| ≤ |f |(|xn|), we have xn
w−→ 0 in X . Since T is a Dunford-Pettis

operator, then Txn
‖·‖Y−−→ 0.

(ii) Assume that xn
w−→ 0. Since the lattice operations of X are weakly sequentially

continuous, then we get |xn|
w−→ 0. So, for all f ∈ X∗, we have |f |(|xn|) → 0

or p(xn)[f ] → 0. Thus, xn
p−→ 0 and, since T is sequentially p-continuous, we get

Txn
‖·‖Y−−→ 0. Therefore, T is a Dunford-Pettis operator.

Remark 3. It should be noticed that there are many classes of Banach lattices that

satisfy the condition (ii) of Proposition 5. For example, the lattice operations of

atomic order continuous Banach lattices,AM -spaces, and Banach lattices with atomic

topological dual are all weakly sequentially continuous (see, respectively, [26, Prop.

2.5.23], [5, Thm. 4.31], and [6, Cor. 2.2])

It is known that any positive operator from a Banach lattice into a normed lattice is

norm continuous or, equivalently, is norm bounded (see e.g., [5, Thm.4.3]). Similarly,

we have the following result.

Theorem 6. Let (X, p,E) be a sequentially p-complete LNVL such that (E, ‖·‖E) is

a Banach lattice, and let (Y, ‖·‖Y ) be a normed lattice. If T : X → Y is a positive

operator, then T is p-bounded as an operator from (X, p,E) into (Y, ‖·‖Y ,R).

Proof. Assume that T : (X, p,E) → (Y, ‖·‖Y ,R) is not p-bounded. Then there is a

p-bounded subset A of X such that T (A) is not norm bounded in Y . Thus, there is

e ∈ E+ such that p(a) ≤ e for all a ∈ A, but T (A) is not norm bounded in Y . Hence,

for any n ∈ N, there is xn ∈ A such that ‖Txn‖Y ≥ n3. Since |Txn| ≤ T |xn|, we

may assume, without loss of generality, that xn ≥ 0. Consider the series
∞∑
n=1

1
n2xn in

the mixed-norm space (X, p-‖·‖E), which is a Banach lattice, due to Lemma 5. Then
∞∑
n=1

p-‖ 1

n2
xn‖E =

∞∑
n=1

1

n2
‖p(xn)‖E ≤ ‖e‖E

∞∑
n=1

1

n2
<∞.

Since the series
∞∑
n=1

1
n2xn is absolutely convergent, it converges to some element, say

x, i.e. x =
∞∑
n=1

1
n2xn ∈ X . Clearly, x ≥ 1

n2xn for every n ∈ N and, since T ≥ 0,
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then T (x) ≥ 1
n2Txn, which implies ‖Tx‖Y ≥ 1

n2‖Txn‖Y ≥ n for all n ∈ N; a

contradiction.

Recall that, for an order bounded net xα, we have xα
o−→ 0 iff xα → 0 coordinatewise

(c.f [30, Thm. III.9.2]). If the net is not order bounded then, in general, we have not

such characterization. For instance, consider the sequence en in c0. It is not order

bounded in c0 and en → 0 coordinatewise.

In next example, we can see that the condition of sequential p-completeness in Theo-

rem 6 can not be removed.

Example 3. Let T : (c00, |·|, `∞)→ (R, |·|,R) be defined by T (xn) =
∞∑
n=1

nxn. Then

T ≥ 0 and the LNVL (c00, |·|, `∞) is not sequentially p-complete. Indeed, take a

sequence xn = (1, 1, · · ·, 1, 0, 0, · · ·) =
n∑
i=1

en ∈ c00. We show that xn is p-Cauchy in

c00, or we have to show that xn is order Cauchy in `∞. Let yn = (0, 0, ···, 1, 1, 1, ···) =
∞∑
i=n

en in `∞. Then clearly yn ↓ 0 in `∞.

For n0 ∈ N, if n > m ≥ n0 then

p(xn − xm) = |xn − xm| =
∣∣∣∣ n∑
i=1

ei −
m∑
i=1

ei

∣∣∣∣ =
n∑

i=m+1

ei ≤
∞∑
i=n0

ei = yn0 .

Thus, xn is p-Cauchy in (c00, |·|, `∞).

The sequence xn is order bounded in `∞ and coordinatewise converges to (1, 1, 1, ···).

But, since (1, 1, 1, · · ·) /∈ c00, then xn is not p-convergent in (c00, |·|, `∞). Thus

(c00, |·|, `∞) is not sequentially p-complete.

Consider the p-bounded sequence en in (c00, |·|, `∞). Since Ten = n for all n ∈ N,

the sequence Ten is not norm bounded in R. Hence, T is not p-bounded.

It is well-known that the adjoint of an order bounded operator between two vector lat-

tices is always order bounded and order continuous (see, for example, [5, Thm.1.73]).

The following two results deal with a similar situation.

Theorem 7. Let (X, ‖·‖X) be a normed lattice and Y be a vector lattice. Let Y ∼c
denote the σ-order continuous dual of Y . If 0 ≤ T : (X, ‖·‖X ,R) → (Y, |·|, Y ) is

sequentially p-continuous and p-bounded, then the operator T∼ : (Y ∼c , |·|, Y ∼c ) →
(X∗, ‖·‖X∗ ,R) defined by T∼(f) := f ◦ T is p-continuous.
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Proof. First, we prove that T∼(f) ∈ X∗ for each f ∈ Y ∼c . Assume xn
‖·‖−→ 0. Since T

is sequentially p-continuous, then Txn
o−→ 0 in Y . Since f is σ-order continuous, then

f(Txn)→ 0 or (f ◦ T )(xn)→ 0. Hence, we have f ◦ T ∈ X∗.

Next, we show that T∼ is p-continuous. Assume 0 ≤ fα
o−→ 0 in Y ∼c . Show that

‖T∼fα‖X∗ → 0 or ‖fα ◦ T‖X∗ → 0.

Now, ‖fα ◦ T‖X∗ = sup
x∈BX
|(fα ◦ T )x|. Since BX is p-bounded in (X, ‖·‖X ,R) and T

is a p-bounded operator, then T (BX) is order bounded in Y . So there exists y ∈ Y+

such that −y ≤ Tx ≤ y for all x ∈ BX . Hence −fαy ≤ (fα ◦ T )x ≤ fαy for all

x ∈ BX and for all α. So ‖fα ◦ T‖X∗ ⊆ [−fαy, fαy] for all α. It follows from [30,

Thm.VIII.2.3] that lim
α
fαy = 0 as fα

o−→ 0. Thus, lim
α
‖fα ◦ T‖X∗ = 0. Therefore, T∼

is p-continuous.

Theorem 8. Let X be a vector lattice and Y be an AL-space. Assume that 0 ≤ T :

(X, |·|, X)→ (Y, ‖·‖Y ,R) is sequentially p-continuous. Define T∼ : (Y ∗, ‖·‖Y ∗ ,R)→
(X∼, |·|, X∼) by T∼(f) = f ◦ T . Then T∼ is sequentially p-continuous and p-

bounded.

Proof. Clearly, if f ∈ Y ∗ then f ◦T is order bounded as T is positive, and so T∼(f) ∈
X∼.

We prove that T∼ is p-bounded. Let A ⊆ Y ∗ be a p-bounded set in (Y ∗, ‖·‖Y ∗ ,R),

then there is 0 < c <∞ such that ‖f‖Y ∗ ≤ c for all f ∈ A. Since Y ∗ is anAM -space

with a strong unit, then A is order bounded in Y ∗; i.e., there is a g ∈ Y ∗+ such that

−g ≤ f ≤ g for all f ∈ A. That is −g(y) ≤ f(y) ≤ g(y) for any y ∈ Y+, which

implies −g(Tx) ≤ f(Tx) ≤ g(Tx) for all x ∈ X+. Thus, −g ◦ T ≤ f ◦ T ≤ g ◦ T
or −g ◦ T ≤ T∼f ≤ g ◦ T for every f ∈ A. Therefore, T∼(A) is p-bounded in

(X∼, |·|, X∼).

Next, we show that T∼ is sequentially p-continuous. Assume 0 ≤ fn
‖·‖Y ∗−−−→ 0 in

(Y ∗, ‖·‖Y ∗). Since Y ∗ is an AM -space with a strong unit, say e, then fn
‖·‖e−−→ 0. It

follows from [23, Thm. 62.4] that fn e-converges to zero in Y ∗. Thus, there is a

sequence εk ↓ 0 in R such that, for all k ∈ N, there is nk ∈ N satisfying fn ≤ εke

for all n ≥ nk. In particular, fn(Tx) ≤ εke(Tx) for all x ∈ X+ and for all n ≥ nk.
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From which it follows that fn ◦ T e-converges to zero in X∼, and so fn ◦ T
o−→ 0 in

X∼. Hence, T∼(fn)
o−→ 0 in X∼, and T∼ is sequentially p-continuous.

3.2 p-Compact Operators

Given normed spaces X and Y . Recall that an operator T from X to Y is said to be

compact if T (BX) is relatively compact in Y . Equivalently, T is compact iff, for any

norm bounded sequence xn in X , there is a subsequence xnk such that the sequence

Txnk is convergent in Y . Motivated by this, we introduce the notion of p-compact

and sequentially p-compact operators between lattice-normed spaces. notions.

Definition 20. Let X , Y be two LNSs and T ∈ L(X, Y ). Then:

(1) T is called p-compact if, for any p-bounded net xα in X , there is a subnet xαβ
such that Txαβ

p−→ y in Y for some y ∈ Y .

(2) T is called sequentially p-compact if, for any p-bounded sequence xn in X ,

there is a subsequence xnk such that Txnk
p−→ y in Y for some y ∈ Y .

Whew one use the relatively uniformly p-convergence, then the following definitions

also can be defined.

Definition 21. Let X , Y be two LNSs and T ∈ L(X, Y ). Then:

(1) T is called rp-compact if, for any p-bounded net xα in X , there is a subnet xαβ
such that Txαβ

rp−→ y in Y for some y ∈ Y.

(2) T is called sequentially rp-compact if, for any p-bounded sequence xn in X ,

there is a subsequence xnk such that Txnk
rp−→ y in Y for some y ∈ Y .

The next remark have relations between rp-compact operators and p-compact opera-

tors.

Remark 4.

(i) Every (sequentially) rp-compact is (sequentially) p-compact since every rp-

convergence implies order convergence.
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(ii) The converse of (i) in the sequential case does not need to be true. To see

this, consider the identity operator I : (`∞, |·|, `∞) → (`∞, |·|, `∞). Then,

by the standard diagonal argument, I is sequentially p-compact. Indeed, let

xn = (xn1 , x
n
2 , x

n
3 , · · ·) = (xnj )j∈N be a p-bounded sequence in `∞. So, there is a

sequence (yj)j∈N in `∞ such that, for each n ∈ N, |xnj | ≤ yj for all j ∈ N. Since

(xn1 )n∈N is bounded in R, then there is a subsequence xnk1 such that xnk1 → x1

in R, as n→∞.

Now, the sequence (xnk2 )k∈N is bounded (by y2) in R, and so there is a subse-

quence x
nkj
2 such that x

nkj
2 → x2, as j → ∞ in R. Going in this way, we can

find a common subsequence, say xnk , of xn such that xnk → (x1, x2, x3, · · ·) ∈
`∞.

On the other hand, I is not sequentially pr-compact. Indeed, consider the

sequence xn in `∞, given by xn =
∞∑
i=n

ei, where ei’s are the standard unit

vectors in `∞. It is clear that, for all n 6= m, |xn − xm| 6≤ 1
2
1, where 1 =

(1, 1, 1, · · ·) ∈ `∞. Let xnk be a subsequence of xn. If xnk is pr-Cauchy, then

there exists 0 ≤ u ∈ `∞ such that, for all ε > 0, there is kε ∈ N satisfying

|xnk − xnj | ≤ εu for all j, k ≥ kε. Since 1 is a strong unit in `∞, then there is

λ > 0 such that u ≤ λ1. Take ε0 = 1
2λ
> 0, then there is k0 ∈ N such that, for

all j > k ≥ k0, |xnk − xnj | ≤ ε0u ≤ ε0λ1 = 1
2
1, a contradiction. Therefore,

no subsequence of xn can be pr-convergent.

(iii) We do not know whether or not every rp-compact operator is sequentially rp-

compact, and whether or not the vice versa is true.

In the following example, we show that p-compact operators generalize many well-

known classes of operators.

Example 4.

(i) Let (X, ‖·‖X) and (Y, ‖·‖Y ) be normed spaces. Then T : (X, ‖·‖X ,R) →
(Y, ‖·‖Y ,R) is (sequentially) p-compact iff T : X → Y is compact.

(ii) Let X be a vector lattice and Y be a normed space. An operator T : X → Y

is AM -compact operator iff T : (X, |·|, X)→ (Y, ‖·‖Y ,R) is p-compact.
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(iii) Let X be a normed space and (Y, ‖·‖Y ) be a normed lattice. Let E := RY ∗ ,

and consider the LNVL (Y, p, E), where p(y)[f ] = |f |(|y|) for all f ∈ Y ∗.

Then T ∈ L(X, Y ) is weakly compact iff T : (X, ‖·‖X ,R) → (Y, p, E) is

sequentially p-compact.

(iv) Let X be a vector lattice and (Y, ‖·‖Y ) be a normed lattice. Let E := RY ∗ ,

and consider the LNVL (Y, p, E), where p(y)[f ] = |f |(|y|) for all f ∈ Y ∗.

Then T ∈ L(X, Y ) is order weakly compact iff T : (X, |·|, X) → (Y, p, E) is

sequentially p-compact.

Remark 5. It is known that any compact operator is norm continuous, but in general

we may have a p-compact operator which is not p-continuous. Indeed, consider the

following example taken from [24]. Denote by B the Boolean algebra of the Borel

subsets of [0, 1] equal up to measure null sets. Let U be any ultrafilter on B. It can be

shown that the linear operator ϕU : L∞[0, 1]→ R defined by

ϕU(f) := lim
A∈U

1

µ(A)

∫
A

fdµ

is AM -compact, but it is not order-to-norm continuous. Indeed, consider a sequence

An of members of U with µ(An) → 0. Then χAn ↓ 0, however f(χAn) = 1 for each

n ∈ N; see [24, Ex.4.2].

That is, the operator ϕU : (L∞[0, 1], |·|, L∞[0, 1])→ (R, |·|,R) is p-compact, but it is

not p-continuous.

In following example, we can see that a sequentially p-compact operator does not

need to be p-bounded.

Example 5. Let’s consider again Lozanovsky’s example. Take T : L1[0, 1] → c0

defined by

T (f) =

(∫ 1

0

f(x)sinx dx,

∫ 1

0

f(x)sin2x dx, · · ·
)
.

Then, it can be shown that T is not order bounded
(
cf. [5, Exer.10, p.289]

)
. Indeed,

if 1 denotes the constant function one on [0, 1], we can show that T ([−1, 1]) is not an

order bounded subset of c0. To see this, assume, by way of contradiction, that there

is some 0 ≤ α = (α1, α2, . . .) ∈ c0 such that |Tu| ≤ α holds for all u ∈ [−1, 1]. Let

δ = 1
π
− 1

4
> 0. Now, for each n, let sn denote the sign function of sin(nx). That
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is sn(x) = 1 if sin(nx) ≥ 0, and sn(x) = −1 if sin(nx) < 0. Clearly, each sn is

measurable and |sn(x)| = 1 holds for all x, and so sn ∈ [−1, 1].

Fix any n ∈ N with n ≥ 4 and let k be the unique natural number satisfying kπ <

n < (k + 1)π. In particular, note that k
n
> 1

π
− 1

n
≥ δ > 0. Hence, we have

αn ≥
∫ 1

0

sn(x) sin(nx)dx =

∫ 1

0

|sin(nx)|dx

=
1

n

∫ n

0

|sin(t)|dt

≥ 1

n

∫ kπ

0

|sin(t)|dt =
1

n
(2k) > 2δ,

and so αn 6→ 0, which is impossible. This contradiction shows that T is not order

bounded; that is can be seen in [4, Exer. 30.(b)].

So T is not p-bounded as an operator from the LNS
(
L1[0, 1], |·|, L1[0, 1]

)
into the

LNS
(
c0, |·|, c0

)
.

On the other hand, let fn be a p-bounded sequence in
(
L1[0, 1], |·|, L1[0, 1]

)
, then fn

is order bounded in L1[0, 1]. By the standard diagonal argument, there are a subse-

quence fnk and a sequence a = (ak)k∈N ∈ c0 such that Tfnk
o−→ a in c0. Therefore,

T :
(
L1[0, 1], |·|, L1[0, 1]

)
→ (c0, |·|, c0) is sequentially p-compact.

The following lemma gives the linearity of p-compact operators.

Lemma 8. Let (X, p,E) and (Y,m, F ) be two LNSs. If S, T : (X, p,E)→ (Y,m, F )

are (sequentially) p-compact operators, then S + T and λT are also (sequentially)

p-compact for every scalar λ.

Proof. Let xα be a p-bounded net in (X, p,E). Since T is p-compact, then there is

a subnet xαβ of xα such that m(Txαβ − y)
o−→ 0 in F for some y ∈ Y . As xαβ is

also p-bounded in X and S is p-compact, then there is a subnet xαβγ of xαβ such that

m(Sxαβγ − z)
o−→ 0 in F for some z ∈ Y , and so m(Txαβγ − y)

o−→ 0 in F . Thus,

m
(
(S + T )(xαβγ )− y − z)

) o−→ 0. Hence, S + T is p-compact.

Let (X,E) be a decomposable LNS and (Y, F ) be an LNS such that F is order

complete. Then, by [20, 4.1.2, p.142], each dominated operator T : X → Y has

the exact dominant |||T |||. Therefore, the triple
(
M(X, Y ), p, L∼(E,F )

)
is an LNS,
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where p : M(X, Y ) → L∼+(E,F ) is defined by p(T ) = |||T ||| (see, for example, [20,

4.2.1, p.150]). Thus, if Tα is a net in M(X, Y ), then Tα
p−→T in M(X, Y ), whenever

|||Tα − T |||
o−→ 0 in L∼(E,F ).

In the next theorem, we show that if a net of sequentially p-compact dominated oper-

ators p-convergent to a dominated operator, then it is also sequentially p-compact.

Theorem 9. Let (X, p,E) be a decomposable LNS and (Y, q, F ) be a sequentially

p-complete LNS such that F is order complete. If Tm is a sequence in M(X, Y ) and

each Tm is sequentially p-compact with Tm
p−→T in M(X, Y ), then T is sequentially

p-compact.

Proof. Let xn be a p-bounded sequence in X , then there is e ∈ E+ such that p(xn) ≤
e for all n ∈ N. By the standard diagonal argument, there exists a subsequence xnk
such that, for any m ∈ N, Tmxnk

p−→ ym for some ym ∈ Y .

We show that ym is a p-Cauchy sequence in Y .

q(ym − yj) = q(ym − Tmxnk + Tmxnk − Tjxnk + Tjxnk − yj)

≤ q(ym − Tmxnk) + q(Tmxnk − Tjxnk) + q(Tjxnk − yj).

The first and the third terms in the last inequality both order converge to zero as

m→∞ and j →∞, respectively. Since Tm ∈M(X, Y ) for all m ∈ N,

q(Tmxnk − Tjxnk) ≤ |||Tm − Tj|||(p(xnk)) ≤ |||Tm − Tj|||(e).

Since Tm
p−→T in M(X, Y ), by [30, Thm.VIII.2.3], that |||Tm − Tj|||(e)

o−→ 0 in F as

m, j → ∞. Thus, q(ym − yj)
o−→ 0 in F , as m, j → ∞. Therefore, ym is p-Cauchy.

Since Y is sequentially p-complete, there is y ∈ Y such that q(ym − y)
o−→ 0 in F , as

m→∞. Hence,

q(Txnk − y) ≤ q(Txnk − Tmxnk) + q(Tmxnk − ym) + q(ym − y)

≤ |||Tm − T |||(p(xnk)) + q(Tmxnk − ym) + q(ym − y)

≤ |||Tm − T |||(e) + q(Tmxnk − ym) + q(ym − y).

Fix m ∈ N and let k →∞, then

lim sup
k→∞

q(Txnk − y) ≤ |||Tm − T |||(e) + q(ym − y).
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But m ∈ N is arbitrary, so lim sup
k→∞

q(Txnk − y) = 0. Hence, q(Txnk − y)
o−→ 0.

Therefore, T is sequentially p-compact.

The following proposition say that the union of p-compact operator with left hand

side with p-continuous operator is also p-compact. Similarly, the union of p-compact

operator with right hand side with p-bounded operator is also p-compact.

Proposition 6. Let (X, p,E) be an LNS and R, T, S ∈ L(X).

(i) If T is (sequentially) p-compact and S is (sequentially) p-continuous, then S◦T
is (sequentially) p-compact.

(ii) If T is (sequentially) p-compact andR is p-bounded, then T◦R is (sequentially)

p-compact.

Proof. (i) Assume xα to be a p-bounded net in X . Since T is p-compact, there are a

subnet xαβ and x ∈ X such that p(Txαβ − x)
o−→ 0. It follows from the p-continuity

of S, that p
(
S(Txαβ)− Sx

) o−→ 0. Therefore, S ◦ T is p-compact.

(ii) Assume xα to be a p-bounded net in X . Since R is p-bounded, Rxα is p-bounded.

Now, the p-compactness of T implies that there are a subnet xαβ and z ∈ X such that

p
(
T (Rxαβ)− z

) o−→ 0. Therefore, T ◦R is p-compact.

The sequential case is analogous.

In following two propositions, we have relations between compact operator on acting

mixed norm and sequentially p-compact operators.

Proposition 7. Let (X, p,E) be an LNS, where (E, ‖·‖E) is a normed lattice, and

let (Y,m, F ) be an LNS, where (F, ‖·‖F ) is a Banach lattice. If T : (X, p-‖·‖E) →
(Y,m-‖·‖F ) is compact, then T : (X, p,E)→ (Y,m, F ) is sequentially p-compact.

Proof. Let xn be a p-bounded sequence in (X, p,E). Then there is e ∈ E such that

p(xn) ≤ e for all n ∈ N. So ‖p(xn)‖E ≤ ‖e‖E < ∞, since (E, ‖·‖E) is a normed

lattice. Hence, xn is norm bounded in (X, p-‖·‖E). Since T is compact, there are a

subsequence xnk and y ∈ Y such thatm-‖Txnk−y‖F → 0 or ‖m(Txnk−y)‖F → 0.

Since (F, ‖·‖F ) is a Banach lattice, then, by [30, Thm.VII.2.1], there is a further
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subsequence xnkj such thatm(Txnkj−y)
o−→ 0. Therefore, T : (X, p,E)→ (Y,m, F )

is sequentially p-compact.

Proposition 8. Let (X, p,E) be an LNS, where (E, ‖·‖E) is an AM -space with a

strong unit. Let (Y,m, F ) be an LNS, where (F, ‖·‖F ) is a σ-order continuous

normed lattice. If T : (X, p,E) → (Y,m, F ) is sequentially p-compact, then T :

(X, p-‖·‖E)→ (Y,m-‖·‖F ) is compact.

Proof. Let xn be a normed bounded sequence in (X, p-‖·‖E). That is p-‖xn‖E =

‖p(xn)‖E ≤ k < ∞ for all n ∈ N. Since (E, ‖·‖E) is an AM -space with a

strong unit, then p(xn) is order bounded in E. Thus, xn is a p-bounded sequence

in (X, p,E). Since T is sequentially p-compact, there are a subsequence xnk and

y ∈ Y such that m(Txnk − y)
o−→ 0 in F . Since (F, ‖·‖F ) is σ-order continuous, then

‖m(Txnk−y)‖F → 0 orm-‖Txnk−y‖F → 0. Thus, the operator T : (X, p-‖·‖E)→
(Y,m-‖·‖F ) is compact.

The following result could be known but, since we do not have a reference for it, we

include a proof for the sake of completeness.

Lemma 9. Let X be an atomic vector lattice, and let xα be a net in X . Then xα
uo−→ 0

iff, for any atom a ∈ X , pa(xα)
o−→ 0 "coordinatewise".

Proof. (⇒) Assume xα
uo−→ 0 and, without loss generality, we may assume xα ≥ 0

for all α. Then, xα ∧ u
o−→ 0 for all u ∈ X+.

Let a ∈ X+ be an atom, then xα ∧ a
o−→ 0. Since pa, which is the band projection onto

span{a}, is order continuous, then pa(xα∧a)
o−→ 0. But, pa is a lattice homomorphism,

and so paxα ∧ paa = pa(xα ∧ a)
o−→ 0, but paxα ∈ span{a} for all a i.e. paxα = λαa,

where λα ∈ R. Thus, paxα ∧ a
o−→ 0 and so λα ∧ a

o−→ 0 or min{λα, 1}a
o−→ 0. So,

λα → 0 in R. Hence, paxα = λαa
o−→ 0.

(⇐) Conversely, suppose that for each atom a ∈ X+, paxα
o−→ 0. We show xα∧u

o−→ 0.

Again, assume, without loss of generality, that xα ≥ 0 for all α. Let u ∈ X+. Let Ω

be the collection of all atoms in X . Let F (Ω) be the collection of all finite subset of
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X . Let ∆ = F (Ω) × N. For each δ = (F, n) ∈ ∆, put yδ = 1
n

∑
a∈F

pau +
∑

a∈Ω\F
Pau,

where Pa denotes the band projection onto span{a}.

We show yδ ↓ 0. Let δ1, δ2 ∈ ∆ such that δ1 ≤ δ2 or (F1, n1) ≤ (F2, n2), which is

equivalent to F1 ⊆ F2 and n1 ≤ n2. Then

n1 ≤ n2 ⇔
1

n1

≥ 1

n2

⇒ 1

n1

∑
a∈F1

pau ≥
1

n2

∑
a∈F2

pau. (3.1)

Note that:
1

n2

∑
a∈F2

pau =
1

n2

∑
a∈F1

pau+
1

n2

∑
a∈F2\F1

pau. (3.2)

Note: Note that: ∑
a∈Ω\F1

pau =
∑

a∈F2\F1

pau+
∑

a∈Ω\F2

pau. (3.3)

Also we have: ∑
a∈F2\F1

pau ≥
1

n2

∑
a∈F2\F1

pau. (3.4)

It follows from (3.3) and (3.4) that∑
a∈Ω\F1

pau ≥
∑

a∈F2\F1

pau+
∑

a∈Ω\F2

pau. (3.5)

By (3.1) and (3.5), we get:

1

n1

∑
a∈F1

pau+
∑

a∈Ω\F1

pau ≥
1

n2

∑
a∈F1

pau+
1

n2

∑
a∈F2\F1

pau+
∑

a∈Ω\F2

pau.

Thus, by (3.2), we have:

1

n1

∑
a∈F1

pau+
∑

a∈Ω\F1

pau ≥
1

n2

∑
a∈F2

pau+
∑

a∈Ω\F2

pau.

Hence, yδ1 ≥ yδ2 . So, yδ ↓ 0.

Next, we show that inf
δ∈∆

yδ = 0. Let 0 ≤ x ≤ yδ for all δ ∈ ∆. Let a ∈ Ω be arbitrary

atom, let F = {a}, and let n ∈ N. Then, 0 ≤ x ≤ 1
n
pau +

∑
b∈Ω\{a}

pbu. We apply pa

for both sides of the above inequality and we get

0 ≤ pax ≤
1

n
pau+ 0 ⇒ 0 ≤ pax ≤

1

n
pau+ 0 (∀n ∈ N)

⇒ 0 ≤ pax ≤ 0

⇒ pax = 0.
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But a ∈ Ω was arbitrary, so pax = 0 for all a ∈ Ω. Since X is atomic, we get that

x = 0. Therefore, yδ ↓ 0.

Finally, we show xα ∧ u
o−→ 0. Let F ∈ F (Ω) and n ∈ N.

xα ∧ u =
∑
a∈Ω

pa(xα ∧ u) =
∑
a∈F

pa(xα ∧ u) +
∑
a∈Ω\F

pa(xα ∧ u)

≤
∑
a∈F

pa(xα) +
∑
a∈Ω\F

pa(u)

≤
∑
a∈F

pa(xα) +
∑
a∈F

pa(xα) +
1

n

∑
a∈F

pa(u) +
∑
a∈Ω\F

pa(u)

=
∑
a∈F

pa(xα) + yδ
o−→ 0.

Therefore, xα ∧ u
o−→ 0 or xα

uo−→ 0.

The next remark is very useful and we use it many times.

Remark 6. If X is an atomic KB-space then every order bounded net has an order

convergent subnet. Indeed, let xα be an order bounded net in X . Then clearly xα

is norm bounded and so, by [18, Thm.7.5], there is a subnet xαβ such that xαβ
un−→x

for some x ∈ X . But, in atomic order continuous Banach lattices, un-convergence

coincides with pointwise convergence (see [18, Cor. 4.14]). Therefore, by Lemma 9,

xαβ
uo−→x. Thus, xαβ

o−→x since xα is order bounded.

The following proposition give information about when a order bounded operator is

p-compact.

Proposition 9. Let X be a vector lattice and (Y,m, F ) be an op-continuous LNVL

such that Y is atomic KB-space. If T ∈ L∼(X, Y ) then T : (X, |·|, X)→ (Y,m, F )

is p-compact.

Proof. Let xα be a p-bounded net in (X, |·|, X) then xα is order bounded in X . Since

T is order bounded, then Txα is order bounded in Y . Since Y is an atomic KB-

space, then, by Remark 6, there are a subnet xαβ and y ∈ Y such that Txαβ
o−→ y.

Since (Y,m, F ) is op-continuous, m(Txαβ − y)
o−→ 0. Thus, T is p-compact.

In the next proposition, under some conditions, we can see that p-bounded operator

is p-compact.
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Proposition 10. Let (X, p,E) and (Y, |·|, Y ) be two LNVLs such that Y is an atomic

KB-space. If T : (X, p,E)→ (Y, |·|, Y ) is p-bounded then T is p-compact.

Proof. Let xα be a p-bounded net in X. Since T is p-bounded, Txα is order bounded

in Y. Since (Y, ‖·‖Y ) is atomic KB-space, then, by Remark 6, there is a subnet xαβ
such that Txαβ

o−→ y for some y ∈ Y. Therefore, T is p-compact.

It is known that every dominated operator is p-bounded. Thus, in Proposition 10, if

we take T as a dominated operator instead of p-boundednees of T , that is also holds.

Recall that, for given sequence of measurable functionals fn we have fn → 0 a.e. iff

fn
uo−→ 0. If the given sequence fn is order bounded, then fn → 0 a.e. iff fn

o−→ 0. We

use this characterization in the following remark.

Remark 7.

(i) We can not omit the atomicity in Propositions 9 and 10; consider the identity

operator I : (L1[0, 1], |·|, L1[0, 1]) → (L1[0, 1], |·|, L1[0, 1]). The sequence of

Rademacher functions, that is the function rn : [0, 1] → R defined by rn(t) =

sgn sin(2nπt) for t ∈ [0, 1], is order bounded by 1 and has no order convergent

subsequence. Indeed, let rnk be a subsequence of rn such that rnk → f . Then

rnk(x) → f(x) a.e. for each x ∈ [0, 1]. But, for each x ∈ [0, 1], there are

infinitely many n’s such that rnk(x) = 1 and infinitely many n’s such that

rnk(x) = −1. So, I is not p-compact.

(ii) The identity operator I : (`1, |·|, `1) → (`1, |·|, `1) satisfies the conditions of

Proposition 9, where X = `1, (Y,m, F ) = (`1, |·|, `1), Y = `1, which is

atomic KB-space, because `1 has no copy of c0 (note that x = ( 1
n
) ∈ c0

but
∞∑
n=1

1
n

= ∞, so ( 1
n
) /∈ `1); and also (`1, |·|, `1) is op-continuous, so I is p-

compact. This shows that the identity operator on an infinite dimensional space

can be p-compact.

(iii) We do not know whether or not the identity operator on the LNS I : (L∞[0, 1], |·|,
L∞[0, 1]) → (L∞[0, 1], |·|, L∞[0, 1]) could be p-compact or sequentially p-

compact.
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Recall that, for vector lattices E and F , if f : E → R is order bounded and u ∈ F ,

then the symbol f ⊗ u stands for a rank one operator (i.e. f ⊗ u ∈ L∼(E,F )):

(f ⊗ u)(x) = f(x)u (x ∈ E).

Any operator T : E → F of the form T =
n∑
i=1

fi ⊗ ui, where fi ∈ E∼ and ui ∈ F
for any i = 1, 2, · · ·, n, is called a finite rank operator; see [5, p.64]. It is known that

a finite rank operator is compact. Similarly, we have the following result.

Proposition 11. Let (X, p,E) and (Y,m, F ) be LNSs. Let T : (X, p,E)→ (Y,m, F )

be a p-bounded finite rank operator. Then T is p-compact.

Proof. Without lost of generality, we may suppose that T is given by Tx = f(x)y0

for some p-bounded functional f : (X, p,E)→ (R, |·|,R) and y0 ∈ Y .

Let xα be a p-bounded net in X , then f(xα) is bounded in R. So there is a subnet

xαβ such that f(xαβ) → λ for some λ ∈ R, since every bounded net has convergent

subnet in R . Now, m(Txαβ − λy0) = m
(
(fxαβ − λ)y0

)
= |f(xαβ) − λ|m(y0)

o−→ 0

in F . Thus, T is p-compact.

In the next example, we can see that the p-boundedness of T in Proposition 11 can

not be removed.

Example 6. Let (X, p,E) be an LNS and f : (X, p,E) → (R, |·|,R) be a linear

functional which is not p-bounded. Then there is a p-bounded sequence xn such that

|f(xn)| ≥ n for all n ∈ N. Therefore, any rank one operator T : (X, p,E) →
(Y,m, F ) given by the rule Tx = f(x)y0, where 0 6= y0 ∈ Y , is not p-compact.

Recall that:

(1) A subset A of a normed lattice (X, ‖·‖) is called almost order bounded if, for

any ε > 0, there exists an order interval [x, y] in X such that A ⊆ [x, y] + εBX .

In this case, there exists, of course, a symmetric order interval [−u, u] such that

A ⊆ [−u, u] + εBX , where u ≥ 0. It can be seen that subset A is almost order

bounded if, for any ε > 0, there is uε ∈ X+ such that

‖(|x| − uε)+‖ = ‖|x| − uε ∧ |x|‖ ≤ ε (∀x ∈ A).
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For a given Banach lattice X , by ([32, Thm. 111.2]), we have the following:

order boundedness⇒ almost order boundedness⇒ norm boundedness.

(2) Given an LNVL (X, p,E). A subset A of X is said to be p-almost order

bounded if, for any w ∈ E+, there is xw ∈ X such that

p
(
(|x| − xw)+

)
= p(|x| − xw ∧ |x|) ≤ w (∀x ∈ A),

see [7, Def.7]. If (X, ‖·‖) is a normed lattice, then a subset A of X is p-almost

order bounded in (X, ‖·‖,R) iff A is almost order bounded in X . On the other

hand, if X is a vector lattice, a subset in (X, |·|, X) is p-almost order bounded

iff it is order bounded in X .

(3) An operator T ∈ L(X, Y ), where X is a normed space and Y is a normed

lattice, is called semicompact if T (BX) is almost order bounded in Y .

Definition 22. Let (X,E) be an LNS and (Y, F ) be an LNVL. A linear operator

T : X → Y is called p-semicompact if, for any p-bounded set A in X , we have that

T (A) is p-almost order bounded in Y .

The following remark has relation between p-semicompact operator, and p-bounded

and order bounded operators.

Remark 8.

(i) Any p-semicompact operator is a p-bounded operator.

(ii) Take T ∈ L(X, Y ), where X is a normed space and Y is a normed lattice.

Then T is semicompact iff T : (X, ‖·‖X ,R)→ (Y, ‖·‖Y ,R) is p-semicompact.

(iii) For vector lattices X and Y , we have T ∈ L∼(X, Y ) iff T : (X, |·|, X) →
(Y, |·|, Y ) is p-semicompact.

In the next proposition, we have a relation between p-semicompact operator and semi-

compact operator.

Proposition 12. Let (X, p,E) be an LNS with an AM -space (E, ‖·‖E) possessing

a strong unit, and (Y,m, F ) be an LNVL with a normed lattice (F, ‖·‖F ). If T :

(X, p,E) → (Y,m, F ) is p-semicompact, then T : (X, p-‖·‖E) → (Y,m-‖·‖F ) is

semicompact.
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Proof. Consider the closed unit ballBX of (X, p-‖·‖E). Then p-‖x‖E ≤ 1 or ‖p(x)‖E ≤
1 for all x ∈ BX . We show that T (BX) is almost order bounded in (Y,m-‖·‖F ).

Given ε > 0. Let a w ∈ F+ such that

‖w‖F = ε. (3.6)

Since ‖p(x)‖E ≤ 1 for all x ∈ BX and (E, ‖·‖E) is an AM -space with a strong

unit, there exists e ∈ E+ such that p(x) ≤ e for all x ∈ BX . Thus, BX is p-

bounded in (X, p,E) and, since T is p-semicompact, we get T (BX) to be p-almost

order bounded in (Y,m, F ). So, for w ∈ F+ in (3.6), there is yw ∈ Y+ such that

m
(
(|Tx| − yw)+

)
≤ w for all x ∈ BX , which implies ‖m

(
(|Tx| − yw)+

)
‖F ≤ ‖w‖F

for all x ∈ BX . Hence, m-‖(|Tx| − yw)+‖F ≤ ε for all x ∈ BX . Therefore, T is

semicompact.

In the following proposition, we see that every positive operator, which is bounded

by p-semicompact operator, is also p-semicompact.

Proposition 13. Let (X, p,E) and (Y,m, F ) be two LNVLs. Suppose a positive linear

operator T : X → Y to be p-semicompact. If 0 ≤ S ≤ T , then S is p-semicompact.

Proof. Let A be a p-bounded set in X . Put |A| := {|a| : a ∈ A}. Clearly |A| is

p-bounded. Since T is p-semicompact, then T (|A|) is p-almost order bounded. Given

w ∈ F+, there is yw ∈ Y+ such that

m
(
(T |a| − yw)+

)
≤ w (a ∈ A).

Thus, for any a ∈ A,

S|a| ≤ T |a| ⇒ (S|a| − yw)+ ≤ (T |a| − yw)+ ⇒ m
(
(S|a| − yw)+

)
≤ w.

Since (|Sa| − yw)+ ≤ (S|a| − yw)+, we have

m
(
(|Sa| − yw)+

)
≤ m

(
(S|a| − yw)+

)
≤ w (∀a ∈ A).

Therefore, S(A) is p-almost order bounded, and S is p-semicompact.

The following proposition shows that union of p-compact operator from right hand

with p-semicompact operator is p-compact.
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Proposition 14. Let (X, p,E) be an LNS, (Y,m, F ) be an LNVL, and (Z, q,G) be an

LNS. If T : (X, p,E)→ (Y,m, F ) is a p-semicompact operator and S : (Y,m, F )→
(Z, q,G) is a p-compact operator, then S ◦ T : (X, p,E)→ (Z, q,G) is a p-compact

operator.

Proof. We know that any p-semicompact operator is p-bounded, and so the result

follows directly from Proposition 6 (ii).

A linear operator T from an LNS (X,E) to a Banach space (Y, ‖·‖Y ) is called gener-

alized AM -compact orGAM -compact if, for any p-bounded set A inX , T (A) is rel-

atively compact in (Y, ‖·‖Y ); see [28, p.1281]. Clearly, T : (X, p,E)→ (Y, ‖·‖Y ,R)

is GAM -compact iff it is (sequentially) p-compact.

In following proposition, we have a relation between GAM -compact operator and

sequentially p-compact operator.

Proposition 15. Let (X, p,E) be an LNS and (Y,m, F ) be an op-continuous LNVL

with a norming Banach lattice (Y, ‖·‖Y ). If T : (X, p,E) → (Y, ‖·‖Y ) is GAM -

compact, then T : (X, p,E)→ (Y,m, F ) is sequentially p-compact.

Proof. Let xn be a p-bounded sequence in X . Since T is GAM -compact, then there

are a subsequence xnk and for y ∈ Y such that ‖Txnk − y‖Y → 0. As (Y, ‖·‖Y )

is Banach lattice, then, by [30, Thm.VII.2.1], there is a subsequence xnkj such that

Txnkj
o−→ y in Y . Then, by op-continuity of (Y,m, F ), we get Txnkj

p−→ y in Y . Hence,

T is sequentially p-compact.

In particular, if (X, p,E) is an LNS, (Y, ‖·‖Y ) is a Banach lattice and T : (X, p,E)→
(Y, ‖·‖Y ) is GAM -compact operator then we get that T : (X, p,E) → (Y, |·|, Y ) is

sequentially p-compact since (Y, |·|, Y ) is always, op-continuous LNVL.

3.3 p-M -Weakly and p-L-Weakly Compact Operators

Recall that an operator T ∈ B(X, Y ) from a normed lattice X into a normed space Y

is called M-weakly compact, whenever lim ‖Txn‖ = 0 holds for every norm bounded
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disjoint sequence xn in X , and T ∈ B(X, Y ) from a normed space X into a normed

lattice Y is called L-weakly compact, whenever lim ‖yn‖ = 0 holds for every disjoint

sequence yn in sol(T (BX)) (see, for example, [26, Def.3.6.9]). Similarly we have:

Definition 23. Let T : (X, p,E) → (Y,m, F ) be a p-bounded and sequentially p-

continuous operator between LNSs.

(1) If X is an LNVL and m(Txn)
o−→ 0 for every p-bounded disjoint sequence xn in

X , then T is said to be p-M -weakly compact.

(2) If Y is an LNVL and m(yn)
o−→ 0 for every disjoint sequence yn in sol(T (A)),

where A is a p-bounded subset of X , then T is said to be p-L-weakly compact.

In next remark, we have some spacial cases of p-M -weakly compact and p-L-weakly

compact operators.

Remark 9.

(1) Let (X, ‖·‖X) be a normed lattice and (Y, ‖·‖Y ) be a normed space. Assume

T ∈ B(X, Y ). Then T : (X, ‖·‖X ,R)→ (Y, ‖·‖Y ,R) is p-M -weakly compact

iff T : X → Y is M -weakly compact.

(2) Let (X, ‖·‖X) be a normed space and (Y, ‖·‖Y ) be a normed lattice. Assume

T ∈ B(X, Y ). Then T : (X, ‖·‖X ,R) → (Y, ‖·‖Y ,R) is p-L-weakly compact

iff T : X → Y is L-weakly compact.

In the sequel, the following fact will be used frequently.

Remark 10. If xn is a disjoint sequence in a vector lattice X , then xn
uo−→ 0 (see [16,

Cor.3.6]). If, in addition, xn is order bounded in X , then clearly xn
o−→ 0.

It is shown below two propositions and corollaries that, in some cases, the collection

of p-M and p-L-weakly compact operators can be very large.

Proposition 16. Assume X to be a vector lattice and (Y, ‖·‖Y ) to be a normed space.

If T : (X, |·|, X)→ (Y, ‖·‖Y ,R) is p-bounded and sequentially p-continuous, then T

is p-M -weakly compact.
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Proof. Let xn be a p-bounded disjoint sequence in (X, |·|, X). Then xn is order

bounded in X and, by Remark 10, we get xn
o−→ 0. That is xn

p−→ 0 in (X, |·|, X).

Since T is sequentially p-continuous, then Txn
‖·‖Y−−→ 0. Therefore, T : (X, |·|, X)→

(Y, ‖·‖Y ,R) is p-M -weakly compact.

Corollary 1. Let (X, ‖·‖X) be a normed lattice and Y be a vector lattice. Let Y ∼c
denote the σ-order continuous dual of Y . If 0 ≤ T : (X, ‖·‖X ,R) → (Y, |·|, Y ) is

sequentially p-continuous and p-bounded, then the operator T∼ : (Y ∼c , |·|, Y ∼c ) →
(X∗, ‖·‖X∗ ,R) defined by T∼(f) := f ◦ T is p-M -weakly compact.

Proof. Theorem 7 implies that T∼ is p-continuous, and so it is p-bounded, by Propo-

sition 4. Thus, we get from Proposition 16, that T∼ is p-M -weakly compact.

Proposition 17. Assume (X, ‖·‖X) to be a normed lattice and Y to be a vector lat-

tice. If T : (X, ‖·‖X ,R) → (Y, |·|, Y ) is a p-bounded and sequentially p-continuous

operator, then T is p-L-weakly compact.

Proof. Let A be a p-bounded set in (X, ‖·‖X ,R). Since T is a p-bounded opera-

tor, then T (A) is p-bounded in (Y, |·|, Y ), i.e. T (A) is order bounded and hence

sol(T (A)) is order bounded. Let yn be a disjoint sequence in sol(T (A)). Then, by

Remark 10, we have yn
o−→ 0 in Y , i.e. yn

p−→ 0 in (Y, |·|, Y ). Thus, T is p-L-weakly

compact.

Corollary 2. Let X be a vector lattice and Y be an AL-space. Assume 0 ≤ T :

(X, |·|, X)→ (Y, ‖·‖Y ,R) to be sequentially p-continuous. Define T∼ : (Y ∗, ‖·‖Y ∗ ,R)→
(X∼, |·|, X∼) by T∼(f) = f ◦ T . Then T∼ is p-L-weakly compact.

Proof. Theorem 8 implies that T∼ is sequentially p-continuous and p-bounded, and

so we get, by Proposition 17, that T∼ is p-L-weakly compact.

It is known that any order continuous operator is order bounded, but this fails for

σ-order continuous operators; see [5, Exer.10, p.289]. Therefore, we need the order

boundedness condition in the following proposition.
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Proposition 18. If T : X → Y is an order bounded σ-order continuous operator

between vector lattices, then T : (X, |·|, X) → (Y, |·|, Y ) is both p-M -weakly and

p-L-weakly compact.

Proof. Clearly, T : (X, |·|, X) → (Y, |·|, Y ) is both sequentially p-continuous and

p-bounded.

First, we show that T is p-M -weakly compact. Let xn be a p-bounded disjoint se-

quence of X . Then, by Remark 10, we get xn
o−→ 0 in X , and so Txn

o−→ 0 in Y , as T

is order continuous. Therefore, T is p-M -weakly compact.

Next, we show that T is p-L-weakly compact. LetA be a p-bounded set in (X, |·|, X),

then A is order bounded in X . Thus, T (A) is order bounded, and so sol(T (A)) is

order bounded in Y . If yn is a disjoint sequence in sol(T (A)), then again, by Remark

10, yn
o−→ 0 or yn

p−→ 0 in (Y, |·|, Y ). Therefore, T is p-L-weakly compact.

Next, we show that p-M -weakly and p-L-weakly compact operators satisfy the dom-

ination property.

Proposition 19. Let (X, p,E) and (Y,m, F ) be LNVLs, and let S, T : X → Y be

two linear operators such that 0 ≤ S ≤ T .

(i) If T is p-M -weakly compact, then S is p-M -weakly compact.

(ii) If T is p-L-weakly compact, then S is p-L-weakly compact.

Proof. (i) Since T is sequentially p-continuous and p-bounded, then it is easily seen

that S is sequentially p-continuous and p-bounded. Let xn be a p-bounded disjoint

sequence in X . Then |xn| is also p-bounded and disjoint. Since T is p-M -weakly

compact, then m(T |xn|)
o−→ 0 in F . Now, 0 ≤ S|xn| ≤ T |xn| for all n ∈ N and, since

the lattice norm is monotone, we get m(S|xn|)
o−→ 0 in F . Now, |Sxn| ≤ S|xn| for all

n ∈ N, and so m(Sxn) = m(|Sxn|) ≤ m(S|xn|)
o−→ 0 in F . Thus, S is p-M -weakly

compact.

(ii) It is easy to see that S is sequentially p-continuous and p-bounded. Let A be a

p-bounded subset of X . Put |A| = {|a| : a ∈ A}. Clearly, sol(S(A)) ⊆ sol(S(|A|))
and, since 0 ≤ S ≤ T , we have sol(S(|A|)) ⊆ sol(T (|A|)). Let yn be a disjoint
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sequence in sol(S(A)), then yn ∈ sol(T (|A|)) and, since T is p-L-weakly compact,

then m(S|xn|)
o−→ 0 in F . Therefore, S is p-L-weakly compact.

Corollary 3. Let (X, p,E) and (Y,m, F ) be two LNVLs, and let −T1 ≤ T ≤ T2,

where both operators T1, T2 : X → Y are positive.

(i) If T1 and T2 are p-M -weakly compact, then T is p-M -weakly compact.

(ii) If T1 and T2 are p-L-weakly compact, then T is p-L-weakly compact.

Let us give the following useful lemma [5, Lem. 4.35].

Lemma 10. LetE be a vector lattice, and let xn be a sequence ofE+. If some x ∈ E+

satisfies 2−nxn ≤ x for all n, then the sequence un defined by

un =
[
xn+1 − 4

n∑
i=1

xi − 2−nx
]+

is a disjoint sequence.

The following result is a variant of [5, Thm.4.36].

Theorem 10. Let (X, p,E) be a sequentially p-complete LNVL such that (E, ‖·‖E)

is a Banach lattice, and let (Y,m, F ) be an LNS. Assume T : (X, p,E)→ (Y,m, F )

to be sequentially p-continuous, and let A be a p-bounded solid subset of X .

If m(Txn)
o−→ 0 holds for each disjoint sequence xn in A then, for each atom a in F

and each ε > 0, there exists 0 ≤ u ∈ IA satisfying

fa
(
m(T (|x| − u)+)

)
< ε

for all x ∈ A, where IA denotes the ideal generated by A in X .

Proof. Suppose the claim is false. Then there are an atom a0 ∈ F and ε0 > 0 such

that, for each u ≥ 0 in IA, we have fa0
(
m(T (|x| − u)+)

)
≥ ε0 for some x ∈ A. In

particular, there exists a sequence xn in A such that

fa0
(
m(T (|xn+1| − 4n

n∑
i=1

|xi|)+)
)
≥ ε0 (∀n ∈ N). (3.7)
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Now, put y =
∞∑
n=1

2−n|xn|. Lemma 5 implies y ∈ X . Also let wn = (|xn+1| −

4n
n∑
i=1

|xi|)+ and vn = (|xn+1| − 4n
n∑
i=1

|xi| − 2−ny)+. By Lemma 10, the sequence vn

is disjoint. Also, since A is solid and 0 ≤ vn < |xn+1| holds, we see that vn is in A

and so, by the hypothesis, m(Txn)
o−→ 0.

On the other hand, 0 ≤ wn − vn ≤ 2−ny and so p(wn − vn) ≤ 2−np(y). Thus,

p(wn−vn)
o−→ 0 in F . Since T is sequentially p-continuous, then m

(
T (wn−vn)

) o−→ 0

in F . Now, m(Twn) ≤ m(T (wn − vn)) + m(Tvn) implies m(Twn)
o−→ 0 in F . In

particular, fa0
(
m(Twn)

)
→ 0 as n→∞, which contradicts (3.7).

In [5, Thm.5.60], the approximation properties were provided for M -weakly and L-

weakly compact operators. The following two propositions are similar to [5, Thm.5.60]

in the case of p-M -weakly and p-L-weakly compact operators.

Proposition 20. Let (X, p,E) be a sequentially p-complete LNVL with a Banach

lattice (E, ‖·‖E), (Y,m, F ) be an LNS, T : (X, p,E)→ (Y,m, F ) be a p-M -weakly

compact operator, and A be a p-bounded solid subset of X . Then, for each atom a in

F and each ε > 0, there exists some u ∈ X+ such that

fa
(
m(T (|x| − u)+)

)
< ε

holds for all x ∈ A.

Proof. Let A be a p-bounded solid subset of X . Since T is p-M -weakly compact,

then m(Txn)
o−→ 0 for every disjoint sequence in A. By Theorem 10, for any atom

a ∈ F and for ε > 0, there exists u ∈ X+ such that fa
(
m(T (|x| − u)+)

)
< ε for all

x ∈ A.

Proposition 21. Let (X, p,E) be an LNS and (Y,m, F ) be a sequentially p-complete

LNVL with a Banach lattice F . Assume T : (X, p,E)→ (Y,m, F ) to be p-L-weakly

compact and A to be p-bounded in X . Then, for atom a in F and ε > 0, there exists

some u ∈ Y+ in the ideal generated by T (X) satisfying

fa
(
m(|Tx| − u)+)

)
< ε

for all x ∈ A.
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Proof. LetA be a p-bounded subset ofX . Since T is p-L-weakly compact,m(yn)
o−→ 0

for any disjoint sequence yn in sol(T (A)). Consider the identity operator I : (Y,m, F )

→ (Y,m, F ). By Theorem 10, for any atom a ∈ F and ε > 0, there exists u ∈ Y+ in

the ideal generated by sol(T (A)) (and so in the ideal generated by T (X)) such that

fa
(
m(|y| − u)+)

)
< ε

for all y ∈ sol(T (A)). In particular,

fa
(
m(|Tx| − u)+)

)
< ε

for all x ∈ A.

Recall that, for any atomic vector lattice X , fa : X → R is biorthogonal functional

for all a. Then, if xα
o−→ 0 in X , we have fa(xα) → 0 for all a. The converse holds

true if the net xα is order bounded.

The next two theorems provide relations between p-M -weakly and p-L-weakly com-

pact operators, which are known forM -weakly and L-weakly compact operators; e.g.

[5, Thm.5.67 and Exer.4(a), p:337]

Theorem 11. Let (X, p,E) be a sequentially p-complete LNVL with a norming Ba-

nach lattice (E, ‖·‖E), (Y,m, F ) be an op-continuous LNVL with an atomic norming

lattice F , and T ∈ L∼(X, Y ). If T : (X, p,E)→ (Y,m, F ) is p-M -weakly compact,

then T is p-L-weakly compact.

Proof. Let A be a p-bounded subset of X , and let yn be a disjoint sequence in

sol(T (A)). Then there is a sequence xn in A such that |yn| ≤ |Txn| for all n ∈ N.

Let a ∈ F be an atom. Given ε > 0, then, by Proposition 20, there is u ∈ X+ such

that

fa
(
m(T (|x| − u)+)

)
< ε

for all x ∈ sol(A). In particular, for all n ∈ N, we have

fa
(
m(T (x+

n − u)+)
)
< ε and fa

(
m(T (x−n − u)+)

)
< ε.
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Thus, for each n ∈ N,

|yn| ≤ |Txn| ≤ |Tx+
n |+ |Tx−n |

= |T (x+
n − u)+ + T (x+

n ∧ u)|+|T (x−n − u)+ + T (x−n ∧ u)|

≤ |T (x+
n − u)+|+ |T (x+

n ∧ u)|+ |T (x−n − u)+|+ |T (x−n ∧ u)|

≤ |T (x+
n − u)+|+ |T (x−n − u)+|+ |T |(x+

n ∧ u) + |T |(x−n ∧ u)

≤ |T (x+
n − u)+|+ |T (x−n − u)+|+ 2|T |u.

By Riesz decomposition property, for all n ∈ N, there exist un, vn ≥ 0 such that

yn = un + vn and 0 ≤ un ≤ |T (x+
n − u)+| + |T (x−n − u)+|, 0 ≤ vn ≤ 2|T |u.

Since yn is disjoint sequence and vn ≤ |yn| for all n ∈ N, the sequence vn is disjoint.

Moreover, it is order bounded. Hence, by Remark 10, we get vn
o−→ 0. Since (Y,m, F )

is op-continuous, then m(vn)
o−→ 0. In particular, fa

(
m(vn)

)
→ 0, as n → ∞, since

fa is order continuous for every atom a. So, for given ε > 0, there is n0 ∈ N such

that fa(m(vn)) < ε for all n ≥ n0. Thus, for any n ≥ n0, we have

fa
(
m(yn)

)
≤ fa

(
m(un)

)
+ fa

(
m(vn)

)
≤ fa

(
m(T (x+

n − u)+)
)

+ fa
(
m(T (x−n − u)+)

)
+ ε ≤ 3ε.

Hence, fa
(
m(yn)

)
→ 0 as n→∞.

Since T is p-bounded, then m
(
Txn

)
is order bounded in F and so, by inequality

m(yn) ≤ m
(
Txn

)
, m(yn) is order bounded in F . By Lemma 3, the atomicity of F

implies m(yn)
o−→ 0 in F . Therefore, T is p-L-weakly compact.

Theorem 12. Let (X, p,E) and (Y,m, F ) be LNVLs. If T : (X, p,E) → (Y,m, F )

is a p-L-weakly compact lattice homomorphism, then T is p-M -weakly compact.

Proof. Let xn be a p-bounded disjoint sequence in X . Since T is lattice homomor-

phism, then Txn is disjoint in Y . Clearly Txn ∈ sol
(
{Txn : n ∈ N}

)
. Since T

is a p-L-weakly compact, then m
(
T (xn)

) o−→ 0 in F . Therefore, T is p-M -weakly

compact.

We end up this section by an investigation of the relation between p-M -weakly (re-

spectively, p-L-weakly) compact operators and M -weakly (respectively, L-weakly)

compact operators acting in mixed-normed spaces.

50



Proposition 22. Given an LNVL (X, p,E) with (E, ‖·‖E), which is an AM -space

with a strong unit. Let an LNS (Y,m, F ) be such that (F, ‖·‖F ) is a σ-order con-

tinuous normed lattice. If T : (X, p,E) → (Y,m, F ) is p-M -weakly compact, then

T : (X, p-‖·‖E)→ (Y,m-‖·‖F ) is M -weakly compact.

Proof. By Proposition 3, it follows that T : (X, p-‖·‖E) → (Y,m-‖·‖F ) is norm

continuous. Let xn be a norm bounded disjoint sequence in (X, p-‖·‖E). Then

p-‖xn‖E ≤ k <∞ or ‖p(xn)‖E ≤ k <∞ for all n ∈ N. Since (E, ‖·‖E) is an AM -

space with a strong unit, then there is e ∈ E+ such that p(xn) ≤ e for all n ∈ N. Thus,

xn is a p-bounded disjoint sequence in (X, p,E). Since T : (X, p,E) → (Y,m, F )

is p-M -weakly compact, then m(Txn)
o−→ 0 in F . It follows from the σ-order con-

tinuity of (F, ‖·‖F ), that ‖m(Txn)‖F → 0 or lim
n→∞

m-‖Txn‖F = 0. Therefore,

T : (X, p-‖·‖E)→ (Y,m-‖·‖F ) is M -weakly compact.

Proposition 23. Suppose (X, p,E) to be an LNVL with a σ-order continuous normed

lattice (E, ‖·‖E), and (Y,m, F ) to be an LNS with an atomic normed lattice (F, ‖·‖F ).

Assume further that:

(i) T : (X, p,E)→ (Y,m, F ) is p-bounded;

(ii) T : (X, p-‖·‖E)→ (Y,m-‖·‖F ) is M -weakly compact.

Then T : (X, p,E)→ (Y,m, F ) is p-M -weakly compact.

Proof. The assumptions, together with Theorem 5, imply that T : (X, p,E) →
(Y,m, F ) is sequentially p-continuous.

Assume xn to be a p-bounded disjoint sequence in (X, p,E). Then xn is disjoint and

norm bounded in (E, p-‖·‖E). Since T : (X, p-‖·‖E) → (Y,m-‖·‖F ) is M -weakly

compact, then lim
n→∞

m-‖Txn‖F = 0 or lim
n→∞
‖m(Txn)‖F = 0. Since xn is p-bounded

and T : (X, p,E) → (Y,m, F ) is p-bounded, then m(Txn) is order bounded in F .

Let a ∈ F be an atom, then∣∣fa(m(Txn)
)∣∣ ≤ ‖fa‖‖m(Txn)‖F →, 0 as n→∞.

Since F is atomic and m(Txn) is order bounded, then, by Lemma 3, m(Txn)
o−→ 0.

Therefore, T : (X, p,E)→ (Y,m, F ) is p-M -weakly compact.

51



Proposition 24. Assume (X, p,E) to be an LNS with an AM -space (E, ‖·‖E) pos-

sessing a strong unit, and (Y,m, F ) to be an LNVL with a σ-order continuous normed

lattice (F, ‖·‖F ). If T : (X, p,E) → (Y,m, F ) is p-L-weakly compact, then T :

(X, p-‖·‖E)→ (Y,m-‖·‖F ) is L-weakly compact.

Proof. Proposition 3 implies that T : (X, p-‖·‖E) → (Y,m-‖·‖F ) is norm continu-

ous. LetBX be the closed unit ball of (X, p-‖·‖E). Then p-‖x‖E ≤ 1 or ‖p(x)‖E ≤ 1

for all x ∈ BX . Since (E, ‖·‖E) is an AM -space with a strong unit, then there is an

element e ∈ E+ such that p(x) ≤ e for each x ∈ BX . So BX is p-bounded. Let yn be

a disjoint sequence in sol(T (BX)). Since T : (X, p,E) → (Y,m, F ) is p-L-weakly

compact, then m(yn)
o−→ 0 in F . Since (F, ‖·‖F ) is σ-order continuous normed lattice,

then ‖m(yn)‖F → 0 or lim
n→∞

m-‖yn‖F = 0. So T : (X, p-‖·‖E) → (Y,m-‖·‖F ) is

L-weakly compact.

Proposition 25. Let (X, p,E) be an LNS with a σ-order continuous normed lattice,

(Y,m, F ) be an LNVL with an atomic normed lattice (F, ‖·‖F ). Assume that:

(i) T : (X, p,E)→ (Y,m, F ) is p-bounded;

(ii) T : (X, p-‖·‖E)→ (Y,m-‖·‖F ) is L-weakly compact.

Then T : (X, p,E)→ (Y,m, F ) is p-L-weakly compact.

Proof. Theorem 5 implies that T : (X, p,E)→ (Y,m, F ) is sequentially p-continuous.

Let A be a p-bounded set. Then there is e ∈ E+ such that p(a) ≤ e for all a ∈ A.

Hence, ‖p(a)‖E ≤ ‖e‖E for all a ∈ A or p-‖a‖E ≤ ‖e‖E for each a ∈ A. Thus, A

is norm bounded in (X, p-‖·‖E). Let yn be a disjoint sequence in sol(T (A)). Since

T : (X, p-‖·‖E) → (Y,m-‖·‖F ) is L-weakly compact, then lim
n→∞

m-‖yn‖F = 0 or

lim
n→∞
‖m(yn)‖F = 0.

Since T : (X, p,E) → (Y,m, F ) is p-bounded and A is p-bounded, then T (A) is

p-bounded in Y , and so sol(T (A)) is p-bounded in Y . Hence, yn is a p-bounded

sequence in (Y,m, F ); i.e. m(yn) is order bounded in F . Let a ∈ F be an atom and

consider its biorthogonal functional fa. Then

|fa
(
m(yn)

)
| ≤ ‖fa‖‖m(yn)‖F → 0 as n→∞.
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So, for any atom a ∈ F , lim
n→∞

fa
(
m(yn)

)
= 0 and, since m(yn) is order bounded

in an atomic vector lattice F , by Lemma 3, we have m(yn)
o−→ 0 in F . Thus, T is

p-L-weakly compact.

3.4 up-Continuous and up-Compact Operators

In this section, we define the notions of (sequentially) up-continuous and (sequen-

tially) up-compact operators acting between lattice-normed vector lattices. Also, us-

ing the up-convergence in LNVLs, we introduce the following notions.

Definition 24. Let X , Y be two LNVLs and T ∈ L(X, Y ). Then:

(1) T is called up-continuous, if xα
up−→ 0 in X implies Txα

up−→ 0 in Y . If the con-

dition holds for sequences, then T is called sequentially up-continuous;

(2) T is called up-compact if, for any p-bounded net xα in X , there is a subnet xαβ
such that Txαβ

up−→ y in Y for some y ∈ Y ;

(3) T is called sequentially-up-compact if, for any p-bounded sequence xn in X ,

there is a subsequence xnk such that Txnk
up−→ y in Y for some y ∈ Y .

For any two positive operators S, T : (X, p,E) → (Y,m, F ), we have S is up-

continuous operator, whenever T is up-continuous and 0 ≤ S ≤ T. Indeed, let 0 ≤
xα

up−→ 0 in X . Thus, by up-continuity of T , m(|Txα| ∧ w) = m(Txα ∧ w)
o−→ 0 in

F for all w ∈ Y+. Then, by the inequality 0 ≤ Sxα ≤ Txα for all α, we have

0 ≤ m(Sxα ∧ w) ≤ m(Txα ∧ w). Thus, m(Sxα ∧ w)
o−→ 0 in F . If we take an

arbitrary net xα
up−→ 0, then, by the fact that xα = (x+

α − x−α )
up−→ 0 iff x+

α

up−→ 0 and

x−α
up−→ 0, we get the up-continuity of S.

In following remark, we have some special case of up-continuous and up-compact

operators.

Remark 11.

(i) The notion of up-continuous operators is motivated by two recent notions,

namely: σ-unbounded order continuous (σuo-continuous) mappings between

vector lattices (see [14, p.23]), and un-continuous functionals on Banach lat-

tices (see [18, p.269]).
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(ii) Let (X, ‖·‖X) be a normed space and (Y, ‖·‖Y ) be a normed lattice. An op-

erator T ∈ B(X, Y ) is called (sequentially) un-compact if, for every norm

bounded net xα (respectively, every norm bounded sequence xn), its image has

a un-convergent subnet (respectively, subsequence); see [18, Sec.9, p.275].

Therefore, T ∈ B(X, Y ) is (sequentially) un-compact iff T : (X, ‖·‖X ,R) →
(Y, ‖·‖Y ,R) is (sequentially) up-compact.

The next proposition gives relations between p-continuous (respectively, p-compact)

and up-continuous (respectively, up-compact). Since the proof is clear, we do not

give details.

Proposition 26. Let (X,E) and (Y, F ) be two LNVLs and T : (X,E) → (Y, F ) be

a linear operator. Then the following assertions are true.

(i) If T is (sequentially) p-continuous then T is (sequentially) up-continuous.

(ii) If T is (sequentially) p-compact then T is (sequentially) up-compact.

Proof. Since every p-convergent net is also up-convergent, the statements follow di-

rectly.

The next proposition is partial converse of Proposition 26, (ii).

Proposition 27. Let (X,E) and (Y, F ) be two LNVLs and T ∈ L(X, Y ). If T is a

up-compact and p-semicompact operator, then T is p-compact.

Proof. Let xα be a p-bounded net in X . Then Txα is a p-almost order bounded net

in Y , as T is p-semicompact operator. Moreover, since T is up-compact, then there

is a subnet xαβ such that Txαβ
up−→ y for some y ∈ Y . It follows by [7, Prop.9], that

Txαβ
p−→ y. Therefore, T is p-compact.

Similar to Proposition 6, we have the following result.

Proposition 28. Let (X,E) be an LNVL, and let S, T,G : (X,E) → (X,E) be

linear operators. Then the following assertions are true.

(i) If S is p-bounded and T is up-compact, then T ◦ S : (X,E) → (X,E) is

up-compact.
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(ii) If T is up-compact and G is up-continuous, then G ◦ T : (X,E) → (X,E) is

up-compact.

Proof. The proof of (i) is obvious by definition of up-compactness of T .

We show (ii). Let xα be a p-bounded net in X. Since T is up-compact, then there is

a subnet xαβ of xα such that Txαβ is up-convergent in (X,E). By the up-continuity

of G, we have G(Txαβ) to be up-convergent in (X,E). Therefore, G ◦ T is up-

compact.

The following proposition has a relation between p-bounded operator and up-compact

operator.

Proposition 29. Let X be a vector lattice, (Y,m, F ) be an op-continuous LNVL

such that (Y, ‖·‖Y ) is an atomic KB-space. If T : (X, |·|, X) → (Y, ‖·‖Y ,R) is

p-bounded, then T : (X, |·|, X)→ (Y,m, F ) is up-compact.

Proof. Let xα be a p-bounded net in (X, |·|, X), then Txα is norm bounded in Y .

Since Y is atomicKB-space, then, by [18, Theorem 7.5], there are a subnet xαβ of xα

and y ∈ Y such that Txαβ
un−→ y. On atomic order Banach lattices, un-convergence

and uo-convergence agree. Hence, Txαβ
uo−→ y. Since (Y,m, F ) is op-continuous,

then Txαβ
up−→ y. Thus, T is up-compact.

Now we investigate a composition of a sequentially up-compact operator with a dom-

inated lattice homomorphism.

Theorem 13. Let (X, p,E) be an LNVL, (Y,m, F ) be an LNVL with an order con-

tinuous Banach lattice (F, ‖·‖F ), and (Z, q,G) be an LNVL with a Banach lattice

(G, ‖·‖G). If T ∈ L(X, Y ) is a sequentially up-compact operator and S ∈ L(Y, Z) is

a dominated surjective lattice homomorphism, then S ◦T is sequentially up-compact.

Proof. Let xn be a p-bounded sequence in X . Since T is sequentially up-compact,

then there is a subsequence xnk such that Txnk
up−→ y in Y for some y ∈ Y . Let

u ∈ Z+. Since S is surjective lattice homomorphism, we have some v ∈ Y+ such

that Sv = u. Since Txnk
up−→ y, then m(|Txnk − y| ∧ v)

o−→ 0 in F . Clearly, F is order
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complete and so, by [1, Prop.1.5], there are fk ↓ 0 and k0 ∈ N such that

m(|Txnk − y| ∧ v) ≤ fk (k ≥ k0). (3.8)

Note also ‖fk‖F ↓ 0 in F , as (F, ‖·‖F ) is an order continuous Banach lattice. Since

S is dominated, then there is a positive operator R : F → G such that

q
(
S(|Txnk − y| ∧ v)

)
≤ R

(
m(|Txnk − y| ∧ v)

)
.

Taking into account that S is a lattice homomorphism and Sv = u, we get, by (3.8),

q(|S ◦ Txnk − Sy| ∧ u) ≤ Rfk (k ≥ k0). (3.9)

Since R is positive, then, by [5, Thm.4.3], it is norm continuous. Hence, ‖Rfk‖G ↓ 0.

Also, by [30, Thm.VII.2.1], there is a subsequence fkj of (fk)k≥k0 such thatRfkj
o−→ 0

in G, and so Rfkj ↓ 0 in G. So (3.9) becomes

q(|S ◦ Txnkj − Sy| ∧ u) ≤ Rfkj (j ∈ N).

Since u ∈ Z+ is arbitrary, S ◦ T (xnkj )
up−→Sy. Therefore, S ◦ T is sequentially up-

compact.

Remark 12. In connection with the proof of Theorem 13, it should be mentioned that,

if the operator T is up-compact and S is a surjective lattice homomorphism with an

order continuous dominant, then it can be easily seen that S ◦ T is up-compact.

Recall that up-convergence of a net xα to zero in a sublattice Y of vector lattice X

defined as |xα| ∧ u
o−→ 0 for all u ∈ Y+. For an LNVL (X, p,E), a sublattice Y of

X is called up-regular if, for any net yα in Y , the convergence yα
up−→ 0 in Y implies

yα
up−→ 0 in X; see [7, Def.10 and Sec.3.4].

Corollary 4. Let (X, p,E) be an LNVL, (Y,m, F ) an LNVL with an order continuous

Banach lattice (F, ‖·‖F ), and (Z, q,G) an LNVL with a Banach lattice (G, ‖·‖G). If

T ∈ L(X, Y ) is a sequentially up-compact operator, S ∈ L(Y, Z) is a dominated

lattice homomorphism, and S(Y ) is up-regular in Z, then S ◦ T is sequentially up-

compact.

56



Proof. Since S is a lattice homomorphism, then S(Y ) is a vector sublattice of Z.

So (S(Y ), q, G) is an LNVL. Thus, by Theorem 13, we have S ◦ T : (X, p,E) →
(S(Y ), q, G) is sequentially up-compact.

Next, we show that S ◦ T : (X, p,E) → (Z, q,G) is sequentially up-compact. Let

xn be a p-bounded sequence in X . Then there is a subsequence xnk such that S ◦
T (xnk)

up−→ z in S(Y ) for some z ∈ S(Y ). Since S(Y ) is up-regular in Z, we have

S ◦ T (xnk)
up−→ z in Z. Therefore, S ◦ T : X → Z is sequentially up-compact.

The next result is a p-version of Proposition 9.4 in [18].

Corollary 5. Let (X, p,E) be an LNVL, (Y,m, F ) an LNVL with an order continuous

Banach lattice (F, ‖·‖F ), and (Z, q,G) an LNVL with a Banach lattice (G, ‖·‖G). If

T ∈ L(X, Y ) is a sequentially up-compact operator, S ∈ L(Y, Z) is a dominated

lattice homomorphism, and IS(Y ) (the ideal generated by S(Y )) is up-regular in Z,

then S ◦ T is sequentially up-compact.

Proof. Let xn be a p-bounded sequence in X . Since T is sequentially up-compact,

there exist a subsequence xnk and y0 ∈ Y such that Txnk
up−→ y0 in Y . Let 0 ≤ u ∈

IS(Y ). Then there is y ∈ Y+ such that 0 ≤ u ≤ Sy. Therefore, we have for a dominant

R:

q
(
S(|Txnk − y0| ∧ y)

)
≤ R

(
m(|Txnk − y0| ∧ y)

)
,

and so

q
(
(|STxnk − Sy0| ∧ Sy)

)
≤ R

(
m(|Txnk − y0| ∧ y)

)
.

It follows from 0 ≤ u ≤ Sy, that

q
(
(|STxnk − Sy0| ∧ u)

)
≤ R

(
m(|Txnk − y0| ∧ u)

)
.

Now, the argument given in the proof of Theorem 13 can be repeated here as well.

Thus, we have that S ◦ T : (X, p,E) → (IS(Y ), q, G) is sequentially up-compact.

Since IS(Y ) is up-regular in Z, then it can be easily seen that S ◦ T : X → Z is

sequentially up-compact.

We conclude this section by a result which might be compared with Proposition 9.9

in [18].
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Proposition 30. Let (X, p,E) be an LNS and let (Y, ‖·‖Y ) be a σ-order continuous

normed lattice. If T : (X, p,E) → (Y, |·|, Y ) is sequentially up-compact and p-

bounded, then T : (X, p,E)→ (Y, ‖·‖Y ) is GAM -compact.

Proof. Let xn be a p-bounded sequence in X . Since T is up-compact, there exist

a subsequence xnk and for y ∈ Y such that Txnk
up−→ y in (Y, |·|, Y ). Then, by σ-

order continuity of (Y, ‖·‖Y ), we have Txnk
un−→ y in Y . Moreover, since T is p-

bounded, then Txn is p-bounded in (Y, |·|, Y ) or order bounded in Y , and so we get

Txnk
‖·‖Y−−→ y. Therefore, T is GAM -compact.
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2016-Present Muş Alparslan University-Mathematic Research Assistant

63



PUBLICATIONS

1. A. Aydın, E. Yu. Emelyanov, N. Erkurşun Özcan and M. A. A. Marabeh, Un-
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