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ABSTRACT

COMPACT-LIKE OPERATORS IN LATTICE-NORMED SPACES

Aydin, Abdullah
Ph.D., Department of Mathematics

Supervisor : Prof. Dr. Eduard Emel’yanov

May 2017, [64] pages

Let (X,p, E) and (Y, m, F') be two lattice-normed spaces. A linear operator T :
X — Y is said to be p-compact if, for any p-bounded net x, in X, the net Tz,
has a p-convergent subnet in Y. That is, if z, is a net in X such that there is a
e € E, satisfying p(x,) < e for all , then there exists a subnet x,, and y € Y such
that m(Tza, — y) =0 in F. A linear operator T : X — Y is called p-continuous
if p(x,) >0 in E implies m(Tx,) 0 in F, where x, is a net in X. p-compact
operators generalize several known classes of operators such as compact, weakly
compact, order weakly compact, AM-compact operators, etc. Also, p-continuous
operators generalize many classes of operators such as order continuous, norm con-
tinuous, Dunford-Pettis, etc. Similar to M -weakly and L-weakly compact operators,
we define p-M-weakly and p-L-weakly compact operators and study some of their
properties. We also study up-continuous and up-compact operators between lattice-
normed vector lattices. We give some results about acting mixed-normed spaces on
lattice normed spaces.

Keywords: Compact Operator, Vector Lattice, Lattice-Normed Space, Lattice-Normed
Vector Lattice, up-Convergence, Mixed-Normed Space
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KAFES(LATTICE)-NORMLU UZAYLARDA KOMPACT-GIBI
OPERATORLER

Aydin, Abdullah
Doktora, Matematik Boliimii

Tez Yoneticisi : Prof. Dr. Eduard Emel’yanov

Mayis 2017 , [64] sayfa

(X, p, E) ve (Y, m, F) iki kafes-normlu uzay olsun. X uzayinda herhangi bir p-sinirh
T, neti i¢in eger Y’deki Tz, netinin p-yakinsak bir alt neti varsa, 7' : X — Y
dogrusal operatoriine p-kompackt operator denir. Yani, eger =, bir e € E, elemam
i¢in p(z,) < e sartin1 saglayan bir net ise; x,’mn dyle bir z,, alt neti vardir ve
m(Tzq, —y) 2 0 sartim saglar. Eger T : X — Y dogrusal operatorii p(z,) — 0 sar-
tin1 saglayan her ,, neti icin m(7T'z,) — 0 sartin1 saglarsa, T operatdriine p-siirekli
denir. p-kompakt operatorler iyi bilenen zayif kompakt, sirali zayif kompakt, AM-
kompakt operatorler v.b, gibi kompakt operatorleri geneller. Ayn1 zamanda, p-siirekli
operatorler sinirl siirekli, norm siirekli, Dunford-Pettis v.b. bir cok operatorii genelle-
digini gosterdik. M-zayif ve L-zayif kompakt operatorlere benzer olarak p-M-zayif
ve p-L-zayif kompakt operatorleri tanimladik ve onlarin baz1 6zellikleri uzerinde ca-
lismalar yapitik. Bunlarla birlikte, kafes-normlu vektor kafesler iizerinde up-siirekli
ve up-kompakt calismalar yaptik.

Anahtar Kelimeler: Kompakt Operator, Vektor Kafes(Lattice), Kafes-Normlu Uzay-
lar, Kafes-Normlu Vektor kafes, Karisik-Normlu Uzaylar
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CHAPTER 1

INTRODUCTION

Unbounded order convergence (or uo-convergence, for short) was first defined for se-
quences on o-Dedekind complete Riesz spaces by H. Nakano (1948) in [27], under
the name "individual convergence. Nakano extended the individual ergodic theorem
(known as Birkhoff’s Ergodic Theorem) to particular Banach lattices "KB spaces.
The name "unbounded order convergence" was first proposed by R. De Marr (1964)
in [11]. The relation between weak and uo-convergence in Banach lattices were stud-
ied by A. W. Wickstead (1977) in [31]. The unbounded norm convergence was in-
troduced by V. G. Troitsky (2004) in [29], under the name d-convergence. The name
"unbounded norm convergence" was first proposed in [12]] (2016). The unbounded
p-convergence (or up-convergence, for short) was introduced in [[7] (2016). We re-
fer the reader for an exposition on uo-convergence to [16, [17], on un-convergence to
[12] (see also recent paper [18]) and on up-convergence to [[7]. For applications of

uo-convergence, we refer to [14, 16, [17]].

It is known that order convergence in vector lattices is not topological in general.
Nevertheless, via order convergence, continuous-like operators (namely, order con-
tinuous operators) can be defined in vector lattices without using any topological
structure. On the other hand, compact operators play an important role in functional
analysis. Our aim in this thesis is to introduce and study compact-like operators in
lattice-normed spaces and in lattice-normed vector lattices by developing topology-

free techniques.

Let X be a vector space, E be a vector lattice, and p : X — £, be a vector norm,

then the triple (X, p, F) is called a lattice-normed space, abbreviated as LNS. If X isa



vector lattice, and the vector norm p is monotone (i.e. |z| < |y| = p(x) < p(y)) then
the triple (X, p, E) is called a lattice-normed vector lattice, abbreviated as LNVL.
The lattice norm p in an LNS (X, p, F) is said to be decomposable if for all x € X
and e1,es € E, it follows from p(x) = e; + es, that there exist x1, 25 € X such
that z = 21 + 25 and p(zy) = e, for k = 1,2. A net x, in a lattice-normed vector
lattice (X, p, F) is unbounded p-convergent to # € X if p(|x, — | A u) = 0 for
every u € Xy.

It should be noticed that the theory of lattice-normed spaces is well- developed in the
case of decomposable lattice norms (cf. [21, 20]). In [10] and [28] the authors stud-
ied some classes of operators in LNSs under the assumption that the lattice norms are
decomposable. In this thesis, we usually do not assume lattice norms to be decom-

posable.

The structure of this thesis is as follows. In chapter 2, we give basic properties of vec-
tor lattices, normed vector lattices, lattice-normed spaces, and lattice-normed vector

lattices.

In section 3.1, we recall definitions of p-continuous and p-bounded operators be-
tween lattice-normed spaces. We study the relation between p-continuous operators
and norm continuous operators acting in mixed-normed spaces; see Proposition |3|and
Theorem[5] We show that every p-continuous operator is p-bounded. We give a gen-
eralization of the fact that any positive operator from a Banach lattice into a normed
lattice is norm bounded, in Theorem@ Also, we show that p-continuity of adjoint of
a p-bounded, sequentially p-continuous and positive operator is p-continuous in The-
orem [7|and also under the some conditions we end this section by giving sequentially

p-continuous and p-boundedness of adjoint of a positive operator in Theorem

In section 3.2, we introduce the notion of p-compact and sequentially p-compact op-
erators between lattice-normed spaces. These operators generalize several known
classes of operators such as compact, weakly compact, order weakly compact, and
AM -compact operators; see Example 4] A sequence 7;, of dominated and sequen-
tially p-compact operators is p-convergent to a dominated operator 7', then it is also
sequentially p-compact; see Theorem [0] Also the relations between sequentially p-

compact operators and compact operators acting in mixed-normed spaces are inves-



tigated; see Propositions[7]and [§] Under some conditions, an order bounded operator
is p-compact; see Proposition [9] We show that p-bounded finite rank operator is p-
compact; see Proposition [I1] Finally, We introduce the notion of a p-semicompact

operator and study some of its properties.

In section 3.3, we define p- M -weakly and p- L-weakly compact operators which cor-
respond respectively to M-weakly and L-weakly compact operators. We show that
a p-bounded and sequentially p-continuous operator on some spacial space is p-M-
weakly compact; see Proposition Similar result obtained in the case p- L-weakly
compact operators; see Proposition Also we show that order bounded o-order
continuous operators is both p-M-weakly and p-L-weakly compact; see Proposition
[I8 In Theorem [0} Proposition [20| and 21| we obtain approximation results related
to p-M-weakly and p-L-weakly compact operators. In Theorem [, Under some
conditions, p-M-weakly compact implies p- L-weakly compact. We give the relation
of p-M-weakly compact with M-weakly compact and p-L-weakly compact with L-
weakly compact, respectively see Proposition 22] and proposition [24] Also, several

properties of these operators are investigated.

In section 3.4, the notion of (sequentially) up-continuous and (sequentially) up-compact
operators are introduced. We show that an up-compact and p-semicompact operator
is p-compact; see Proposition[27] Composition of a sequentially up-compact operator
with a dominated lattice homomorphism has some results; see Theorem @ Corol-
lary 4] and Corollary 5| Finally, we give a relation between sequentially up-compact

operators and G A M -compact operators; see Proposition






CHAPTER 2

PRELIMINARIES

For the convenience of the reader, we present in this chapter the general background
needed in the thesis, and we give some basic structural properties. We give basic
definitions and properties of vector lattices. We refer the reader for more information

about vector lattice to [2, 4, 15,19} 22|, 123, [32]].

We give basic definitions and properties of functional analysis, normed vector lattices
and Banach lattice. Moreover, we give definition and properties "atom" in vector

lattice. More information can be found in [2, 3,5} 26} [25]]

Lastly, we give the definition of lattice-normed spaces (LNS), and lattice-normed

vector lattices(LNVL). We refer the reader for more information in [[7, 9, 20, 21]].

2.1 Vector Lattice

Definition 1. Let "<" be an order relation on a real vector space E. Then E is called

an ordered vector space if, for any x,vy, z € E, the following conditions hold:

(i) v < yimpliesx+ z < y + 2.

(ii) x <y implies ax < ay for all a > 0.

A vector x in an ordered vector space [ is called positive whenever x > 0 holds.
The set of all positive vectors of £ will be denoted by £, = {x € £ : z > 0}. If
x € Ey and x # 0, then we write z > 0. An ordered vector space E is called a vector

lattice (or Riesz space) if, for each pair of vectors x,y € E, the supremum and the
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infimum of the set {x,y} both exist in £. The following classical notation will be

used: zVy = sup{x,y} and x Ay = inf{z, y}, and they are called lattice operations.

A subset A of E has a supremum 2z € F, whenever a < z for all a € A and, if there
exists another w € F such that a < w, then z < w. Letx € E, then 27 = 2 V 0,
x~ = (—x) V0, and |z| = (—z) V x are the positive part, the negative part, and the

modulus of x, respectively.

In a vector lattice F, two elements x and y are said to be disjoint whenever |z|Aly| = 0
holds, denoted by & | 3. For a nonempty set A of F, the set AY := {x € E:z L
a for all a € A} is called the disjoint complement of A.

Some more useful lattice identities are in the next theorem; see details in [3]].

Theorem 1. Let E be a vector lattice. If x,y, 2z € E, then we have:

(i) x+y=axVy+axAy.

(i) t=a" —2a7, || =2T 4+ 27, and 2" V2~ = 0.

(iii) ||z = |yl| < | —y| < |z] + |y

(iv) ltVz—2Vy| <l|x—y|land |x Nz — 2 Ny| < |z — y|. Thus, it can be seen
that |+ —y*| < |z —yland |z~ —y~ | < |z —y|

(v) Ifv,y,z€ Eythenx A (y+2) <xAy+z Az

Definition 2. If x and y are two vectors in a vector lattice E with © < vy, then the
subset [,y is called an order interval in F, and it is defined by [x,y] == {z € E :
r<z<uy}

A subset A of a vector lattice E' is bounded from above (respectively, bounded from
below) if there is © € F with a < x (respectively, < a) for all @ € A. A subset
A of E is called order bounded if it is bounded above and below (or, equivalently,
if it is included in an order interval) or, equivalently, if there is u € E such that

A C [~u,ul.

A vector subspace F’ of a vector lattice F is said to be a sublattice of E if, for each

T1,x9 € F,wehave x1 Vxy € F.



Definition 3. A subset A of a vector lattice is called solid whenever |x| < |y| for any
y € Aandx € F implies x € A. A solid vector subspace of a vector lattice is referred
to as an ideal. Thus it can be seen, because of v1 < y and vo < y, v1 V x5 < y for

any x1, %2,y € . Thus, every ideal is a vector sublattice.

Let A be a nonempty subset of F, then the ideal generated by A is the smallest ideal
in E that contains A. This ideal is given by the formula, see [5 p.33]:

Iy ={r€FE:3Ja,...,a, € Aand X € R, with |z| < )\Z|aj|}.
j=1
For zy € E, I,, generated by x is referred as a principal ideal. This ideal has the

form

I, = {x € E: 3\ € Rywith |z| < A|zol}.

Also, the solid hull of A is the smallest solid set including A; that is sol(A) = {z €
E : 3y € Awith |z| < |yl|}.

A sublattice F' of F is called order dense in E if, for each x > 0, thereis 0 < y € F
with 0 < y < z; and F' is said to be majorizing in E if, for each x € E, there exists

y € Fsuchthatz <.

Definition 4. A net x,, in a vector lattice is said to be increasing (in symbols x, 7)
whenever o < 3 implies x, < wg. The notation x, 1 x means that x, 1 and

sup o = x both hold. The meaning of x,, | and x,, | x are analogous.

A vector lattice £ is said to be Archimedean if %x J 0 holds for each z € E and

n € N. Throughout this thesis, all vector lattices are assumed to be Archimedean.

A vector lattice is called order complete or Dedekind complete (respectively, o-order
complete or Dedekind o-complete) if every order bounded above subset (respectively,
countable subset) has the supremum or, equivalently, whenever every nonempty bounded
below subset (respectively, countable subset) has the infimum or, equivalently, if

0 <z, 1< u then there is x € F such that x,, T x.

Let E be a vector lattice. A subset D of E is called directed upward (respectively,

directed downward), in symbols D 1 (respectively, D |) whenever, for each pair

7



x,y € D, there exists some z € D with z < z and y < z (respectively, z < x and

z < y).

Definition 5. Let (z,,)qca be a net in a vector lattice E.
(1) x, is order convergent (or o-convergent, for short) to x € E, if there exists
another net (yg)pep satisfying ys | 0 and, for any € B, there exists ag €
A such that |z, — x| < yg for all @ > ap. In this case, we write T, 1.
It follows that an order convergent net has an order bounded tail, whereas
an order convergent sequence is order bounded. For a net (x,) in a vector
lattice E and x € E, we have |1ty — x| >0 iff 1o — 1 iff |v4| |z|. Thus,
without loss of generality, we can only deal with order null nets in /. For an
order bounded net (x,) in an order complete vector lattice, we have v, > x iff

inf, supgs,|vs — 2| = 0; f [19].

(2) (%o)aca is said to be order Cauchy (or o-Cauchy) if the double net (x, —

Tor)(a,a’)cAx A IS order convergent to 0.

(3) z, is unbounded order convergent (or uo-convergent, for short) to v € E if
|To — x| Au-30 for every u € E,; cf. [I7]. In this case, we write 1, —> .
For more information on unbounded order convergence we refer to [7, |11, 12,

15,116/ [7, 18, 19]

(4) A sequence x,, in E is said to be relatively uniformly convergent to x € E,
whenever there exist some v > 0 and a sequence ¢,, | 0 of real numbers such
that |z, — x| < e u holds for all n; cf. [15 p.100] . It can be seen that relatively

uniformly convergence implies order convergence.

Definition 6. Let T' : £ — F' be a mapping between two vector spaces which is
linear, then it is called an operator. An operator T’ : E — F' between two ordered

vector spaces is said to be positive (in symbols T' > 0) if T'(x) > 0 for all x > 0.

For positive operators, we have the following useful lemma; see [, p.12].

Lemma 1. If T : ' — F'is a positive operator between two vector lattices then, for

each x € E, we have |Tx| < T|z|.

When we study the modulus, we need the next useful property.

8



Theorem 2. (The Decomposition Property) Let E be a vector lattice, and let x, vy, Y2,
—sYn € E such that |x| < |y1 + ... + yu| holds. Then there are z1,...,x, € E
satisfying x = x1 + o + ... + x, and |z;| < |y;| for eachi = 1,... n. Moreover, if

x is positive then all x; also can be chosen to be positive.

The importance of the result lies in the fact that in order for a mapping 7" : E/, — F'.
to be the restriction of a (unique) positive operator from £ to F' it is necessary and
sufficient to be additive on F,; see [5, Thm. 1.10]. In next theorem, you can see

details.

Theorem 3. (Kantorovich) Let & and F' be two vector lattices. If a mapping T :
E, — F, is additive, that is T(x +y) = Tx + Ty for all z,y € E., then it has a
unique extension to a positive operator from I to F'. Moreover, the extension is given

byTxz =Txt —Tx~ forall x € E.

Throughout this thesis, L(F, F') denotes the space of all operators between vector
spaces F and F'. We write L(F) for L(E, E). Thus, L(E, F'), under the ordering
T < S whenever S — T is a positive operator (i.e., whenever Tz < Sz holds for all
x € E.),is an ordered vector space. For an operator 7" € L(E, F'), we shall say that
its modulus |T'| exists, whenever |T'| := (—T1") V T exists in the sense that |7’ is the
supremum of the set {—7", T} in L(E, F'). If the modulus of an operator T exists,
then next easy but important inequality holds: |Tz| < |T'|(|z|) for all z € F; see [5,
p-12].

The vector space of all order bounded operators between two vector lattices £ and F'
will be denoted L~ (E, F'). The vector space £~ of all order bounded linear function-
als on FE is called the order dual of E, i.e., E~ = L™~ (FE,R). It can be seen easily that
every positive operator is order bounded, and so the set of positive operators from
E to F is a subset of L™~ (FE, F'). It follows that if F' is order complete then each
T € L~(E, F) satisfies

THz) =sup{Ty:0<y <z} and T (z) =sup{-Ty:0 <y <z}

for each x € F. Moreover, it satisfies 7 =T — T~

Let an operator 7' € L™~ (E, F), then the adjoint of T is the operator 7" : '~ — E~
defined by (T"f,x) = (f,Tx) forall f € F~ and x € E. Anoperator T : X — Y

9



is said to be weakly continuous whenever 7' : (X, 0(X, X)) — (Y,0(Y,Y”)) is

continuous.

Definition 7. An operator T € L(E, F) is said to be:

(1) order continuous if x, — 0 in E implies Tx, ~ 0 in F,
(2) o-order continuous, if z,, — 0 in E implies Tx, — 0 in F,

(3) an order bounded operator, if it maps order bounded subsets of E to order

bounded subsets of F.

It is useful to note that a positive operator 7' € L(E, F) is order continuous iff z, | 0
in F implies Tz, | 0in F' (and also iff 0 < z, 1 = in £ implies T'x,, T x in F.) We

have the following useful property: every order continuous operator is order bounded.

A linear operator 7' : 2 — F between vector lattices is called a lattice homomor-
phism if |Tx| = T|z| for all z € E; cf. [4, Thm 1.17]. A one-to-one lattice homo-
morphism is referred as a lattice isomorphism. Two vector lattices I and F' are said
to be lattice isomorphic when there is a lattice isomorphism from E onto F'. It is
known that every lattice homomorphism 7' € L~(E, F') is a positive operator; cf. [3}

p-307]. Also note that the range of a lattice homomorphism is a vector sublattice.

If E' is a vector lattice, then there is a (unique up to lattice isomorphism) order com-
plete vector lattice E° that contains F as a majorizing order dense sublattice. We

refer to E° as the order completion of E.

Definition 8. A subset B of a vector lattice is said to be order closed whenever a net

(2)e € B and x> x imply x € B.

An order closed ideal is referred to as a band; see [5, p.33]. The band generated by a
subset A is the smallest (with respect to inclusion) band that includes A. A band B in
a vector lattice E that satisfies £ = B @ B? is referred to as a projection band, where
B ={x € E:z 1 b,Vb € B} is the disjoint complement of B.

For z( € I, the principal band generated by z is the smallest band that includes x.
We denote this band by B, , and it is described as B, := {z € E : |z|An|xo| T |z|}.

As usual, an operator P : £ — F on a vector space is called a projection if P? =

10



P. Let B be a projection band in a vector lattice £/. Thus, every x € FE has the
unique decomposition © = x; + x5, where x; € B and x5, € B%. Then a projection
Pg : E — FEis defined by the formula Pg(x) := z;. Hence, Pg is called an order
projection (or a band projection).

If P is a band projection then it is a lattice homomorphism and 0 < P < [; ie.,

0 < Pz < zforall x € E,. So band projections are order continuous.

A vector e > ( is said to be a weak order unit in vector lattice £ whenever the band
generated by e satisfies B, = FE (or, equivalently, whenever, for each x € E,, we
have x A ne 1 ). Also, note that e > 0 in a vector lattice space is a weak order unit
iff x L e implies z = 0. The element e > 0 is called a strong unit in E if, for every

x € F, there exists a positive number A, depending on x, such that |z| < Ae.

The following theorem shows that the space of order bounded operators is vector

lattice; see [5, Thm. 1.18].

Theorem 4. (F. Riesz—Kantorovich). If E and F' are vector lattices with F is order

complete, then the ordered vector space L™ (E, F') is an order complete vector lattice.

Now, we give some basic definitions from the functional analysis.

Definition 9. A collection B of subsets of a set X, which contains ) and X, is called

a Boolean algebra or an algebra, if the following hold:

(1) A, B € Bimplies AUB € B;
(2) A € Bimplies A° € B.;
(3) A, B € Bimplies AN B € B.
An algebra B of sets is a o-algebra if every union of countable collection of sets in 3

belongs to B. A collection B of Borel sets is the smallest o-algebra that contains all

open sets of real numbers.

Definition 10. A filter F is a non-empty family of subsets of a set X satisfying the

following properties:

(]) Al,AQ,..‘,AnG.Fimpli€SA1ﬂA2ﬂ...ﬂAnEf.
(2) AC Band A € F implies B € F.

11



A filter U is called an ultrafilter over a set X if, for all A C X, either A € U or
Acel.

2.2 Normed Vector Lattice

Let X be a normed vector space. If any Cauchy net in X is convergent some element
in X, then X is called a Banach space. A subset A of a normed space X is called
norm bounded if there is x € X such that ||a| < ||z| for all a € A. If X and
Y are normed spaces, then we can define the notion of a bounded mapping. The

boundedness of a linear mapping is equivalent to its continuity.

Definition 11. A linear mapping T : (X, ||-||x) — (Y, ||-|ly) between two normed
spaces is called norm bounded if there is a real number k > 0 such that | Tz|ly <

k||| x forall x € X.

For normed spaces X and Y we use B( X, Y') for the space of all norm bounded linear
operators from X into Y. We write B(X) for B(X, X). If X is a normed space
then X* = {f : X — R : f is continuous} denotes the topological dual of X, and
Bx = {z € X : ||z|| < 1} denotes the closed unit ball of X. Also we define RX"
to be the set of all functions from X* to R. A subset A of normed space X is called

norm relatively compact if its closure A is compact in X.

Definition 12. An operator T' : X — Y between two normed spaces is said to be
a compact operator whenever I' maps the closed unit ball Bx of X onto a norm

relatively compact subset of Y.

In other words, T is a compact operator iff, for every norm bounded sequence z,, in
X, the sequence T'z,, has a norm convergent subsequence in Y. It can be seen that

every compact operator is norm bounded (and, hence, is continuous).

Definition 13. An operator T' : X — Y between Banach spaces is called weakly
compact if T' carries norm bounded subsets of X to relatively weakly compact subsets
of Y. Equivalently, if T(Byx) is relatively weakly compact.

A vector lattice X equipped with a norm ||-|| is said to be a normed lattice if |x| < |y

12



in X implies ||z|| < ||y||. If a normed lattice is norm complete, then it is called
a Banach lattice. The spaces ¢, (1 < p < o0) and ¢ are order complete Banach

lattices, where ordering is defined pointwise.

A lattice norm (X, ||-||x) is said to be order continuous whenever z,, | 0 implies
|zallxd O or, equivalently, z, =0 in X implies ||z,|x — 0. If this condition
holds for sequences, i.e., z,, | 0 implies ||z,||x] 0, then ||-||x is said to be o-order
continuous. A normed lattice (X, [|-]|) is called a KB-space if, for 0 < z, 1 and

sup, ||za| < oo, we get that the net (z,,) is norm convergent.

Now, assume X to be a normed lattice. Then a vector 0 < e € X is called a quasi-
interior point if I, = X, where I, denotes the ideal generated by e. It can be shown
that e is a quasi-interior point iff, for every x € X, we have ||z — x A ne|| — 0, as
n — oo.

Clearly, strong unit = quasi-interior point = weak unit.

Definition 14. A positive vector a # 0 in a vector lattice X is called atom if, for any

x € [0, a), there is A € R such that x = \a; cf. [2] Def. 2.29].

Let a be an atom in a vector lattice X. The principal band B, generated by a is a
projection band, and B, = I, = span{a} = {\a : A € R}, where [, is the ideal
generated by a. A vector lattice X is called atomic if the band generated by its atoms
is X. If a vector lattice X is atomic, then it has a maximal orthogonal system of atoms
a., thatis for v # v, a, L a,,and if x L a, = 0 for all 7 then x = 0. Also, for any

x > 0, there is an atom a such that a < z.

A lattice X is called not atomic if it has not atoms, but they do not form a maximal

orthogonal system. X is also called atomless or non-atomic if it has no atom.

For any atom a corresponding to B,, we have a band projection p, : X — B,
denoted by p,(z) = f,(z)a, where the biorthogonal function f, : X — R defined by
fa(x) = A\, where X is the real number such that z = Aa. Since band projections are
lattice homomorphisms and are order continuous then so f, for any atom a. Also it is

known that f, is norm continuous; cf. [2, p.31].

Last we characterize order convergence in atomic order complete vector lattices, but
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first we provide the following technical lemma.

Lemma 2. Let X and Y be vector lattices. If T' : X — Y is a order continuous

lattice homomorphism and A is a subset of X such that sup A exists in X, then

T(sup A) =supT'(A).

Proof. Note that 7" is an order continuous operator and {a; V --- V a, : n € N,
a,...,a, € A} Tsup A. SoT({a1v~ --Va, :n €N,ay,...,a, € A}) 1 T (sup A).
Furthermore, T({a1 V---Va, :n € N,ay,...,a, € A}) ={T(a; V---Vay,):
ne€Nay,...,a, € Ay ={Ta;V---VTa,:n€Nay,...;a, € A} TsupT(A).
Hence, T'(sup A) = sup T'(A). O

The following useful lemma is used in some proofs of theorems in this thesis.

Lemma 3. If X is an atomic order complete vector lattice and (x,,) is an order

bounded net such that f,(x,) — 0 for any atom a, then x, > 0.

Proof. Suppose the contrary, then inf, supgs,|rs| > 0, so there is an atom a such

that a < inf, supgs,|7s|. Hence, a < supgs,|7s| for any a. Let f, be the biorthogo-

nal functional corresponding to a, then 1 = f,(a) < f,(sup|zg|) = sup|fa(zs)]| for
Bzo Bzo

each . Thus, limsup,|f,(z,)| > 1, which is a contradiction. O

In a normed space X, a net z,, is weakly convergent to x € X (shortly, z, — x) if
f(zo) = f(z)holds in R for all f € X*. Since |f(x, — x)| < |f||zo — x| holds for
all a, then we have the following implication: x,, absolutely weakly convergent to x

. . W
implies z, — x.

In a normed lattice (X, ||-||), a net x,, is unbounded norm convergent to x € X; see
[12]], written as zo, —> , if |||za — 2| A ul| — O for every u € X ; see [12]]. Clearly,

if the norm is order continuous then wo-convergence implies un-convergence.

Let &/ be an Archimedean vector lattice with a strong unit e. Then we can define in a
natural manner a norm ||z||. = inf{k : £ > 0 and |z| < ke}. This is a lattice norm
on £ and also, for any sequence in F, the notions of norm convergence, e-uniform

convergence and relatively uniform convergence are equivalent; see [23, Thm. 62.4].
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Definition 15. An operator T € B(X,Y') from a normed lattice X into a normed
space Y is called M-weakly compact, whenever lim || Tz, || = 0 holds for every norm
bounded disjoint sequence x,, in X, and T € B(X,Y') from a normed space X into a
normed lattice Y is called L-weakly compact, whenever lim ||y, || = 0 holds for every

disjoint sequence y,, in sol(T(Bx)); see [5| Def. 5.59].

The following standard fact will be used throughout this thesis.
Lemma 4. Let (X, ||-||) be a normed space. Then z,, Il o iff, for any subsequence

: -1
T, there is a further subsequence xy, such that x,, — .

Definition 16. A Banach lattice F is said to be:

(1) An AL-space, whenever its norm is additive on E in the sense that ||z + y|| =

|z|| + ||lyll holds for all z,y € E,.

(2) An AM-space if t ANy = 0 in E implies ||z V y|| = max{||z|], ||ly||}.

It is know that, in an AM-space with strong unit, every norm bounded set is order

bounded; cf. [32, Exr. 122.8].

Let X be a normed space. The norm on the topological dual X* is defined by the

formula

[fllx- = sup [f(x)]

[l=]I<1

For each x € X, there is an f € X* with f(z) = ||z| and || || < 1. In particular, for
eachxr € X,

2]l = sup{[f(z)| : f € X™,[|fll <1}
is called the norm formula.
Definition 17. Let X be a vector lattice and Y be a normed space. An operator
T:X —Yiscalled:
(1) order weakly compact if T'|—x, x| is relatively weakly compact for all x € X, ;

see [26] Def. 3.4.1].

(2) AM-compact if T|—x, x| is relatively compact for every x in X,; see [32|
p.496].
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2.3 Lattice Normed Spaces

Definition 18. Let X be a vector space and let E be a vector lattice. Then p : X —
E. is called the vector norm (see [22 1.8.1]) if the following conditions hold

(i) p(z) =0 x =0,
(ii) p(Ax) = |[A|p(z) forall \ € Rand x € X,

(iii) p(x +y) < p(z) + p(y) forall z,y € X.

Thus, the triple (X, p, E) is called a lattice-normed space, abbreviated as LNS; c.f
[20]. The lattice norm p in an LNS (X, p, E) is said to be decomposable if, for all
x € X and ey, ey € E, it follows from p(x) = e; + eq, that there exist 21,9 € X
such that x = x1 + 25 and p(xy) = e, for k = 1,2. If X is a vector lattice and the
vector norm p is monotone (i.e. |z| < |y| = p(z) < p(y)) then the triple (X, p, F)
is called a lattice-normed vector lattice, abbreviated as LNVL; see [[7]]. In this thesis,
we usually use the pair (X, E£) or just X to refer to an LNS (X, p, F), if there is no

confusion.

We abbreviate the convergence p(x, — ) 20 as z, Ly v and say in this case that =,
p-converges to x. A net (x4)aca in an LNS (X, p, F) is said to be p-Cauchy if the net
(To — Tar)(a,a)caxa p-converges to 0. An LNS (X, p, F) is called (sequentially) p-
complete if every p-Cauchy (sequence) net in X is p-convergent. In an LNS (X, p, F),
a subset A of X is called p-bounded if there exists e € E such that p(a) < e for all
a € A. An LNVL (X, p, E) is called op-continuous if ., > 0 implies p(z,) = 0. A
net z,, in an LNVL (X, p, F) is said to be unbounded p-convergent to x € X (shortly,
Lo UP-CONVErges to T Or T, —» x), if p(|ze — 2| Au) >0 forall u € X; see [7,

Def.6].

Let (X, p, E) be an LNS and (E, ||-||z) be a normed lattice. The mixed norm on X is
defined by p-||z||g = ||p(x)]|| g for all z € X (see, for example, [20, 7.1.1, p.292]). In

this case the normed space (X, p-||-|| g) is called a mixed-normed space.

A net x, in an LNS (X, p, F) is said to relatively uniformly p-convergent to v € X
(written as x, —» ) if there is e € E such that, for any ¢ > 0, there is a. satisfying

p(ze—x) < ceforall a > a.. In this case we say that z,, rp-converges to x. A net z,,
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in an LNS (X, p, ) is called rp-Cauchy if the net (2o — Za/)(a,a/)cax 4 TP-CONVErges
to 0. It is easy to see that, for a sequence x,, in an LNS (X, p, E), z,, —> x iff there
exist e € E, and a numerical sequence ¢, | 0 such that, for all £ € N, there is
ny € N satisfying p(z,, — ) < gge for all n > ng. An LNS (X, p, E) is said to be
rp-complete if every rp-Cauchy sequence in X is rp-convergent. It should be noticed
that in 7p-complete LNSs every rp-Cauchy net is rp-convergent. Indeed, assume
T4 to be an rp-Cauchy net in an rp-complete LNS (X, p, E). Then, there exists an
element e € F, such that, for all n € N, there is o, such that p(zo — z,) < ~e for
all o, > «,,. We select a strictly increasing sequence «,. Then it is clear that x,,,
is an rp-Cauchy sequence, and so there is + € X such that z,,, Lz Letng € N.
Hence, there is «,, such that, for all « > «,,,, we have p(x, — xano) < nioe and, for

all n > ng, p(x — q,,) < nioe, that implies z, — .

We recall the following result (see for example [20, 7.1.2,p.293]). If (X, p, E) is an
LNS such that (£, ||-||g) is a Banach space, then (X, p-||-||z) is norm complete iff
the LNS (X, p, F) is rp-complete. On the other hand, it is not difficult to see that if
an LNS is sequentially p-complete then it is rp-complete. Thus, the following result

follows readily.

Lemma 5. Let (X,p, E) be an LNS such that (E,||-||g) is a Banach space. If
(X, p, E) is sequentially p-complete then (X, p-||-|g) is a Banach space.

Consider LNSs (X, p, E) and (Y, m, F'). An operator 7' : X — Y is said to be
dominated if there is a positive operator S : F — F satisfying m(Tz) < S(p(zx))
for all x € X. In this case, S is called a dominant for T'. The set of all dominated
operators from X to Y is denoted by M (X,Y"). In the ordered vector space L™~ (FE, F)
of all order bounded operators from E into F/, if the least element of all dominants of

an operator 7’ exists, then such element is called the exact dominant of T" and denoted

by |T; see [20, 4.1.1,p.142].

By considering [20, 4.1.3(2), p.143] and Kaplan’s example [5, Ex.1.17], we see that
not every dominated operator possesses the exact dominant. On the other hand, if X
is decomposable and F' is order complete then every dominated operator 7' : X — Y

has the exact dominant |T|; see [20} 4.1.2,p.142].

17



We refer the reader for more information on LNSs to [9, (13} 21} [20] and [[7]. It should
be noticed that the theory of lattice-normed spaces is well- developed in the case of
decomposable lattice norms (cf. [21}20]). In [10] and [28], the authors studied some
classes of operators in LNSs under the assumption that the lattice norms are decom-

posable. In this thesis, we usually do not assume lattice norms to be decomposable.
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CHAPTER 3

MAIN RESULTS

In this chapter we use basic definitions and properties of [8]. We recall definitions
of p-continuous and p-bounded operators between lattice-normed spaces. We intro-
duce the notion of p-compact and sequentially p-compact operators between lattice-
normed spaces. These operators generalize several known classes of operators. Also,
we define p- M -weakly and p- L-weakly compact operators which correspond respec-
tively to M-weakly and L-weakly compact operators. In addition, the notions of (se-
quentially) up-continuous and (sequentially) up-compact operators acting between

lattice-normed vector lattices, are introduced.

3.1 p-Continuous and p-Bounded Operators

Firstly, we recall the notion of p-continuous operator between LNSs which general-

izes the notion of order continuous operator in a vector lattice.

Definition 19. Let X, Y be two LNSs and T' € L(X,Y"). Then T is called:

(1) p-continuous if T, — 0 in X implies Txo ~>0in'Y and, if the condition holds

only for sequences, then T' is called sequentially p-continuous;

(2) p-bounded if it maps p-bounded sets in X to p-bounded sets in'Y .

The following lemma gives the linearity of p-continuous operators.

Lemma 6. Let (X, p, E) and (Y, m, F') be two LNSs.

(i) If T,S : (X,p, E) — (Y, m, F) are p-continuous operators, then \S + pT is
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p-continuous for real numbers A and pi. In particular, if H =T — S then H is

order continuous.

(ii) If =T, < T < T5, with T\ and Ty are positive and p-continuous operators,

then T' is p-continuous.

Proof. (i) Let A and p be any two real numbers, then we have

m(ASxy + pTxy) < m(ASzy) +m(pl'z,)
= [Alm(Sza) + [ulm(Tz,)
< (A + [ (m(Sza) +m(Ta)) = 0.

Therefore, AS + p1" is p-continuous.

@) If =T, <T < T,, with T} and T are positive and p-continuous, then
0<T+TI <Th+T)

and so 7"+ T is a positive and p-continuous operator. Therefore, T' = (T +T1) — T}

is p-continuous. O

Following remark give relations about p-continuous and p-bounded operators with

rp-continuous, bo-continuous and dominated operators.

Remark 1.

(i) The collection of all p-continuous operators between LNSs is a vector space.

(ii) Using rp-convergence, one can introduce the following notion:
A linear operator T from an LNS (X, E) into another LNS (Y, F) is called
rp-continuous if o — 0 in X implies Txo — 0 in Y. But this notion is not
so interesting, because it coincides with p-boundedness of an operator (see [9,

Thm. 5.3.3 (a)]).

(iii) A p-continuous (respectively, sequentially p-continuous) operator between two
LNSs is also known as bo-continuous (respectively, sequentially bo-continuous);

see e.g. [20, 4.3.1, p.156].
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(iv) Let (X, E) be a decomposable LNS and let F' be an order complete vector
lattice. Then T € M, (X,Y) iff its exact dominant |T| is order continuous [20,
Thm.4.3.2], where M, (X,Y") denotes the set of all dominated bo-continuous

operators from X to'Y.

(v) Every dominated operator is p-bounded. Indeed, let T € M(X,Y'), then there
is a dominant operator S : EE — F of T. Let A be a p-bounded set in X, then
there is ¢ € E such that p(a) < e forall a € A. Thus, m(Ta) < S(p(a)) < Se
forall a € A, since S is positive. Therefore T(A) is p-bounded in'Y .

The converse does not need be true, for example, consider the identity operator
I (loo, ||, lee) = (Uoo, |||, R). It is p-bounded. Indeed, let a subset A be
p-bounded in {, then there is ¢ € (o, such that |a| < e holds for all a € A.
Since (U, ||||) is a Banach lattice, then we have ||a|| < |le|| for all a € A.
Hence, I is p-bounded.

However, the identity operator I : ({, ||, ls) = (Uo, |||, R) is not dominated
(see [9, Rem., p.388]).

Next, we give some examples of p-continuity and p-boundedness of operators in a

particular case of LNSs.

Example 1.

(i) Let X and 'Y be vector lattices, then T € L(X,Y) is (0-) order continuous iff
T:(X,|-],X) = (Y,|-|,Y) is (sequentially) p-continuous.

(ii) Let X and Y be vector lattices, then T € L~(X,Y) iff T : (X,|-[,X) —
(Y, |-, Y) is p-bounded.

(iii) Let (X, ||||x) and (Y, ||-||y) be normed spaces. Then T € B(X,Y) iff T :
(X, |'lx,R) = (Y, |||y, R) is p-continuous iff T : (X, ||| x,R) = (Y, |||y, R)
is p-bounded.

(iv) Let X be a vector lattice and (Y, ||-||y) be a normed space. Then an opera-
tor T from X to'Y is called order-to-norm continuous if . — 0 in X implies
Tz, M 0 (see [24, Sect.4, p.468]). Therefore, T : X — Y is order-to-norm
continuous iff T : (X, ||, X) = (Y, |‘|lv, R) is p-continuous.
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In the next lemma, we have a relation between order continuous operator and p-
continuous operator. Also, it gives a relation between order bounded operator and

p-bounded operator.

Lemma 7. Given an op-continuous LNVL (Y, m, F’) and a vector lattice X.
(i) If T : X — Y is (0-) order continuous, then T : (X, |-|,X) — (Y,m, F) is

(sequentially) p-continuous.

(ii) If T : X — Y is order bounded, then T : (X,|-|,X) — (Y,m,F) is p-
bounded.

Proof. (i) Assume a net z,, in X to be p-convergent to zero in (X, |-|, X'). Then we
have z, >0 in X. Thus, Tz, — 0 in Y, as T is order continuous. Since (Y,m, F)
is op-continuous, then m(7'z,,) 20 in F. Therefore, Tz, -0 in Y, and so T is p-
continuous.

The sequential case is similar.

(ii) Let A be p-bounded set in X. That is, A is order bounded in X, and so T'(A)
is order bounded in Y, as T is order bounded. Thus, there exists y € Y, such that
|Ta| < yforalla € A. Hence, m(|Ta]) < m(y) for all @ € A. Therefore,
T:(X,||,X) = (Y,m, F) is p-bounded. O

In the following proposition, we have the partial answer of the converse of Lemma

Proposition 1. Let (X, p, E) be an op-continuous LNVL, let (Y, m, F') be an LNVL,
andletT : (X,p, E) — (Y, m, F) be a (sequentially) p-continuous positive operator.

ThenT : X — Y is (0-) order continuous.

Proof. We show only the order continuity of 7', the sequential case is analogous.
Assume z,, | 0in X. Since X is op-continuous, then p(z,) 2 0. Hence, we get
T(zy) 2 0in Y, as T is p-continuous. Since 0 < T, then Tz, J. Also we have
m(Tz,) 0, so it follows from [7, Prop.1] that Tz, | 0. Thus, T is order continu-

ous. O]

The next proposition give relation about norm bounded operator and sequentially p-

continuous operator.
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Proposition 2. Let (X, ||-||x) be a o-order continuous Banach lattice. Then T €

BX)iff T : (X, ], X) — (X, |||x, R) is sequentially p-continuous.

Proof. (=) Assume T' € B(X), and let z,, 2 0 in (X, |-|, X). Then x,, =0 in X.
Since (X, ||-||x) is a o-order continuous Banach lattice, then x, I, 0, and hence
Tz, LLN 0, as T" is norm continuous. Therefore, 7" : (X, ||, X) — (X, ||||x,R) is

sequentially p-continuous.

(<) Assume T : (X, |-[, X) — (X, [|||x,R) to be sequentially p-continuous. Sup-
pose x,, M 0, and let x,,, be a subsequence of x,,. Then, clearly, z,, M 0. Since
(X, |]-]lx) is a Banach lattice, there is a subsequence Zp,,, such that z,, %0in X
(cf. [30, Thm.VII.2.1]), and so Tn,, 2,0 in (X, -], X). Since T is sequentially p-

continuous, then Tz, LEENGY Thus, it follows from Lemma@ that 7'z, 1o, o

In following proposition, we get when sequentially p-continuous operator is norm

continuous.

Proposition 3. Let (X, p, E) be an LNVL with a Banach lattice (E, ||| g) and (Y, m, F)
be an LNS with a c-order continuous normed lattice (F.||-|r). If T : (X,p, E) —
(Y, m, F) is sequentially p-continuous, then T : (X, p-||||g) = (Y, m-||-||r) is norm
continuous.

Proof. Let x,, be a sequence in X such that x,, La LNy (i.e. ||p(xn)||lg — 0). Given
a subsequence x,,, of x,, then ||p(x,, )|z — 0. Since (E, ||-||g) is a Banach lattice,
there is a further subsequence T, such that p(xnkj) % 0in E (cf. [30, Thm.VIL.2.1]).
Hence, =, 2, 0in (X, p, E). Now, the p-continuity of T implies m(Tmnk;j )= 0in F.
But (F, ||-||») is o-order continuous, and so Hm(Tmnkj )[F — 0or m—||Txnkj |F— 0.

Hence, Lemmaimplies m-||Tz,||r — 0. So T is norm continuous. O

The next theorem is a partial converse of Proposition [3]

Theorem 5. Suppose (X, p, E) to be an LNS with an order continuous (respectively,
o-order continuous) normed lattice (E, ||-||g) and (Y, m, F') to be an LNS with an

atomic Banach lattice (F, ||-||r). Assume further that:
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(i) T : (X, p-|I'lle) = (Y,m-||-||r) is norm continuous,

(ii) T : (X,p, E) — (Y, m, F) is p-bounded.
ThenT : (X,p, E) — (Y, m, F) is p-continuous (respectively, sequentially p-continuous).

Proof. We assume that (E,||-||g) is an order continuous normed lattice and show
the p-continuity of 7', the other case is similar. Suppose z, 20 in (X,p, E), then
p(za) 2,0 in E, and so there is o such that p(z,) < e for all « > «ap. Thus,
(Za)a>a, 18 p-bounded and, since 7" is p-bounded, then (7T'x4)a>a, i8S p-bounded in

(Y,m, F).

Since (E, ||-||z) is order continuous and p(z,) 0 in E, then ||p(z4)||z — 0 or
p-||za||p — 0. The norm continuity of 7" : (X, p-||-||g) — (Y, m-||-||r) ensures that

lm(Txy)||F — 0 or m-||Tz,||r — 0. In particular, ||m(Tz,)||r — 0 for a > ap.

Let a € F be an atom, and f, be the biorthogonal functional corresponding to
a. Then f,(m(Tz,)) — 0. Since m(T'z,) is order bounded for all & > «q and
fa(m(Tz,)) — 0 for any atom a € F, the atomicity of F' implies that m(Tz,) = 0
in F,as ag < a — oo. Thus, T : (X, p, E) — (Y, m, F) is p-continuous. ]

The next result extends the well-known fact that every order continuous operator be-

tween vector lattices is order bounded, and its proof is similar to [1, Thm.2.1].

Proposition 4. Let T' be a p-continuous operator from a LNS (X, p, E) to another
LNS (Y, m, F'), then T is p-bounded.

Proof. Assume that T : X — Y is p-continuous. Let A C X be p-bounded (i.e.
there is e € F such that p(a) < eforalla € A). Let I = N x A be an index set
with the lexicographic order. That is: (m,a’) < (n,a) iff m < norelse m = n
and p(a’) < p(a). Clearly, I is directed upward. Define the following net as (,, o) =
La. Then p(z(nq) = 2p(a) < te. So p(z(na) =0 in E or () 2,0. By p-
continuity of 7', we get m(Tz(,4)) — 0. So there is a net (z5)sep such that z5 | 0
in F" and, for any § € B, there exists (n',a’) € I satisfying m(Tx(,q)) < 23 for all
(n,a) > (n',a’). Fix By € B. Then there is (ng,ap) € I satistying m(Tx(,,q)) <
zg, for all (n,a) > (ng,ap). In particular, (no + 1,a) > (ng,ao) for all a € A.
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Thus, m(TZ(me11.0)) = m(=—5Ta) < z5, or m(Ta) < (ng+ 1)zg, forall a € A.

no+1

Therefore, T is p-bounded. [

The following remark give two examples: one of examples about the converse of

Proposition 4] is not true and another example about a p-continuous operator does not

need to be order bounded.

Remark 2.

(i)

(ii)

It is known that the converse of Propositiond|is not true. For example, let X =
C10,1], then X* = X~. So, for any 0 # ¢ € X*, we have ¢ : (X, |-|, X) —
(R, ||, R) is p-bounded. Indeed, let A be a p-bounded subset in X. Since p is
order bounded, p(A) is order bounded in R. Thus, ¢ is p-bounded.

On the other hand, let us define a functional ¢ : (X,|-[,X) — (R,||,R)
denoted by o(f) := f(0). We show that @ is not a o-order continuous func-
tional. Take a sequence (f,) in C|0, 1] defined by f,(t) = —nt + 1, whenever
0<t< %, and by f,(t) =0, Whenever% <t < 1. Then, clearly, f, | 0. How-
ever, o(fn) = f(0) = 1 4 0. Thus, ¢ is not o-order continuous or ¢ ¢ X
and so ¢ ¢ X7, as X,;” C X7, (here X denotes the o-order continuous dual
of X, and X" denotes the order continuous dual of X). Thus, o is not order

continuous.

IfT : (X,FE) — (Y, F) between two LNVLs is p-continuous, then an operator
between two vector lattices T : X — Y does not need to be order bounded.

Let us consider Lozanovsky’s example. If T : L1]0, 1] — cq is defined by

- epsina s, [ osine de, )

then it can be shown that T is norm bounded, but it is not order bounded (cf. [5)
Exer10, p.289]). So T : (L1[0,1], ||-|.,, R) = (co, ||[|oc, R) is p-continuous,

and T : L1]0,1] — ¢ is not order bounded.

The following example is an example of LNVL.

Example 2. Let (X, ||-||x) be a normed lattice. Put E := R*", and define p : X —
E. by p(x)[f] = |f|(|x]) for f € X*. Then (X, p, E) is an LNVL. Indeed:
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(1) ff x = 0 then p(0)[f] = [](|0]) = 0. Thus, p(0) = 0.
Now, suppose p(x) = 0. We show that x = 0. For each f € X*, p(x)[f] = |f|(|z]) =
0. So, by the norm formula in [25, Prop. 6.10], we have

]| = sup{[f(lz])| : f € Bx-} =0,
50z =0,
(2) For each o € Rand f € X*,
plax)[f] = f[(laz]) = lal[f[(|z]) = |alp(z)[f]-
So, plazw) = [op(z).
(3) Forany 2,y € X,

p(x+y)f1 = fl(z+yl) < [fI(x]+ |y])
< [fIz]) +1£1(yl)
= p(@)[f]+p)[/]
= (p(z) +p)[f].

Thus, p(z +y) < p(x) + p(y).

Finally, we should show that p is monotone. Take two elements x,y € X such that
fIzl) < [fI(ly]) for all f € X*. Hence, p(z)[f] < p(y)[f] for all

f € X*, and so p is monotone.

x < y. Thus,

Recall that T € L(X,Y), where X and Y are normed spaces, is called a Dunford-
Pettis operator if x,, — 0 in X implies Tz, M) 0 in Y. Following proposition gives

relation between Dunford-Pettis operator and sequentially p-continuous operator.

Proposition 5. Ler (X, ||-||x) be a normed lattice and (Y, ||-||y) be a normed space.
Put E := R*", and define p : X — E, by p(x)[f] = |f|(|z|) for f € X*. It follows
from Example 2} that (X, p, E) is an LNVL.

(i) If T € L(X,Y) is a Dunford-Pettis operator, then T : (X, p, E) — (Y, ||‘|lyv,R)

is sequentially p-continuous.

(ii) The converse holds true if the lattice operations of X are weakly sequentially

continuous.
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Proof. (i) Assume that x,, 2 0 in X. Then p(x,,) >0 in F, and hence p(z,,)[f] — 0
or | f|(|w,]) — 0 for all f € X*. From which, it follows that |z,,| = 0 and so, by
inequality |f(z,)| < |f|(Jzn|), we have x,, <0 in X. Since T is a Dunford-Pettis

operator, then 7'z, M 0.

(ii) Assume that z,, — 0. Since the lattice operations of X are weakly sequentially
continuous, then we get |z,,| 0. So, for all f € X*, we have |f|(|z,|) — 0
or p(x,)[f] — 0. Thus, z, 250 and, since T is sequentially p-continuous, we get

Tx, M 0. Therefore, 1" is a Dunford-Pettis operator. 0

Remark 3. It should be noticed that there are many classes of Banach lattices that
satisfy the condition (ii) of Proposition For example, the lattice operations of
atomic order continuous Banach lattices, AM -spaces, and Banach lattices with atomic
topological dual are all weakly sequentially continuous (see, respectively, [26, Prop.

2.5.23], [5} Thm. 4.31], and [6, Cor. 2.2])

It is known that any positive operator from a Banach lattice into a normed lattice is
norm continuous or, equivalently, is norm bounded (see e.g., [5, Thm.4.3]). Similarly,

we have the following result.

Theorem 6. Let (X, p, E) be a sequentially p-complete LNVL such that (E, ||-||g) is
a Banach lattice, and let (Y, ||-||y) be a normed lattice. If T : X — Y is a positive

operator, then T is p-bounded as an operator from (X, p, E) into (Y, |||y, R).

Proof. Assume that T : (X, p, E) — (Y, ||-|ly,R) is not p-bounded. Then there is a
p-bounded subset A of X such that T'(A) is not norm bounded in Y. Thus, there is
e € F, suchthat p(a) < eforall a € A, but T'(A) is not norm bounded in Y. Hence,

for any n € N, there is z,, € A such that || Tz, |y > n®. Since |Tx,| < T|z,|, we
o

may assume, without loss of generality, that =, > 0. Consider the series > #mn in
n=1

the mixed-norm space (X, p-||-||z), which is a Banach lattice, due to Lemma (5] Then

> 1 =1 =1
> rl—swalle =Y Slp@)lle < llelle ) — < oo
n=1 n=1 n=1

o0
Since the series > %, is absolutely convergent, it converges to some element, say
n
n=1

e.)
x,ie = > #xn € X. Clearly, z > #:pn for every n € N and, since 7" > 0,
n=1
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then T(z) > —5Tx,, which implies |Tz|y > =||Tz,|ly > nforalln € N; a

contradiction. O

Recall that, for an order bounded net z,,, we have z, — 0 iff 2, — 0 coordinatewise
(c.f [30, Thm. II1.9.2]). If the net is not order bounded then, in general, we have not
such characterization. For instance, consider the sequence e,, in c¢y. It is not order

bounded in ¢y and e,, — 0 coordinatewise.

In next example, we can see that the condition of sequential p-completeness in Theo-

rem |6 can not be removed.

Example 3. Let T : (coo, ||, (o) — (R, |-|,R) be defined by T'(z,,) = Z nx,. Then
T > 0 and the LNVL (cqo, ||, lo) is not sequentially p-complete. Indeed take a
sequence r,, = (1,1,--+,1,0,0,---) = Z en € coo. We show that x,, is p-Cauchy in
Coo, or we have to show that x,, is order éauchy inle. Lety, = (0,0,---,1,1,1,---) =
Z en in lyo. Then clearly y,, | 0 in (.

=n
Forno eN, ifn > m > ng then

m

Zez Do

i=1

n

= Z eiézeizyno-

i=m-+1 i=ng

P(Tn — Tm) = [Tn — Tp| =

Thus, x, is p-Cauchy in (coo, ||, {0 )-
The sequence x,, is order bounded in (., and coordinatewise convergesto (1,1,1,---).
But, since (1,1,1,- ) & coo, then x, is not p-convergent in (coo, ||, ). Thus

(o0, ||, €so) is not sequentially p-complete.

Consider the p-bounded sequence e, in (¢, ||, {s). Since Te, = n foralln € N,

the sequence T'e,, is not norm bounded in R. Hence, T is not p-bounded.

It is well-known that the adjoint of an order bounded operator between two vector lat-
tices is always order bounded and order continuous (see, for example, [5, Thm.1.73]).

The following two results deal with a similar situation.

Theorem 7. Let (X, ||-||x) be a normed lattice and Y be a vector lattice. Let Y.~
denote the o-order continuous dual of Y. If 0 < T : (X,||"[|x,R) — (Y,|-],Y) is
sequentially p-continuous and p-bounded, then the operator T~ : (Y., |-|,Y.) —
(X*, |Illx+, R) defined by T™(f) := f o T is p-continuous.
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Proof. First, we prove that 7~ (f) € X* foreach f € Y. Assume z,, Il . Since T
is sequentially p-continuous, then 7'z, 2 0inY. Since f is o-order continuous, then

f(Tx,) — 0or(foT)(x,) — 0. Hence, we have f o T € X*.

Next, we show that T is p-continuous. Assume 0 < f, 20 in Y. Show that
1T fallx+ = 0or || fo o T'l|x- — 0.

Now, || fo o 7|

x+ = sup |(fa o T)x|. Since By is p-bounded in (X, ||-||x,R) and T
is a p-bounded operagtﬂce)i);hen T (Bx) is order bounded in Y. So there exists y € Y,
such that —y < Tx < yforall x € Bx. Hence —f,y < (fo o T)x < f,y for all
x € By and for all . So || f, o T||x+ C [—fay, fay] for all a. It follows from [30,

Thm.VIIL.2.3] that lim f,y = 0 as f, — 0. Thus, lim|| f, o T'||x+ = 0. Therefore, T

is p-continuous. O

Theorem 8. Let X be a vector lattice and Y be an AL-space. Assume that 0 < T :
(X, -], X) = (Y, |||y, R) is sequentially p-continuous. Define T~ : (Y*, |||
(X~ [, X™) by T~(f) = foT. Then T~ is sequentially p-continuous and p-
bounded.

v+, R) —

Proof. Clearly, if f € Y* then foT is order bounded as 7" is positive, and so 7™ (f) €
X~
We prove that 7" is p-bounded. Let A C Y* be a p-bounded set in (Y™*, |-

v+, R),
then there is 0 < ¢ < oo such that || f||y+ < cforall f € A. Since Y* is an AM-space
with a strong unit, then A is order bounded in Y*; i.e., there isa g € Y such that
—g < f<gforall f € A Thatis —g(y) < f(y) < g(y) for any y € Y, which
implies —g(Tz) < f(Tx) < g(Tx) forallz € X ;. Thus, —goT < foT < goT
or —goT < T~f < goT for every f € A. Therefore, T~ (A) is p-bounded in
(X[, X7).

Next, we show that 7 is sequentially p-continuous. Assume 0 < f, M) 0 in

Y, [

y+). Since Y* is an AM-space with a strong unit, say e, then f,, — 0. It
follows from [23, Thm. 62.4] that f,, e-converges to zero in Y*. Thus, there is a

sequence € | 0 in R such that, for all £ € N, there is n;, € N satisfying f, < e
for all n > ny. In particular, f,(Tx) < exe(Tz) for all x € X, and for all n > ny.
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From which it follows that f, o T' e-converges to zero in X~, and so f, o T =0 in

X~. Hence, T™(f,) = 0in X~, and T is sequentially p-continuous. N

3.2 p-Compact Operators

Given normed spaces X and Y. Recall that an operator 7" from X to Y is said to be
compact if 7'( By) is relatively compact in Y. Equivalently, 7" is compact iff, for any
norm bounded sequence z,, in X, there is a subsequence z,, such that the sequence
T'z,, is convergent in Y. Motivated by this, we introduce the notion of p-compact

and sequentially p-compact operators between lattice-normed spaces. notions.

Definition 20. Let X, Y be two LNSs and T € L(X,Y"). Then:

(1) T is called p-compact if, for any p-bounded net x,, in X, there is a subnet x,,

such that Tz, yin Y for somey €Y.

(2) T is called sequentially p-compact if, for any p-bounded sequence z,, in X,

there is a subsequence x,, such that Tz, LsyinY forsomey €Y.

Whew one use the relatively uniformly p-convergence, then the following definitions

also can be defined.

Definition 21. Let X, Y be two LNSs and T' € L(X,Y"). Then:

(1) T is called rp-compact if, for any p-bounded net x,, in X, there is a subnet x,,

such that Tz, LsyinY forsomey €Y.

(2) T is called sequentially rp-compact if, for any p-bounded sequence x, in X,

there is a subsequence x,, such that T'x,, 2syinY for somey €Y.

The next remark have relations between rp-compact operators and p-compact opera-

tors.

Remark 4.

(i) Every (sequentially) rp-compact is (sequentially) p-compact since every rp-

convergence implies order convergence.
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(ii) The converse of (i) in the sequential case does not need to be true. To see
this, consider the identity operator I : ({oo, ||, loo) = (loos ||, €x0). Then,

by the standard diagonal argument, I is sequentially p-compact. Indeed, let

n

o = (a7, 25,25, +) = (27])jen be a p-bounded sequence in (. So, there is a

sequence (y;) jen in lo such that, for eachn € N, |x%| < y; forall j € N. Since
(2])nen is bounded in R, then there is a subsequence x}* such that x* — x;

inR, asn — oo.

Now, the sequence (45" )ren is bounded (by y3) in R, and so there is a subse-
N . N . . . . . .

quence x5 ° such that v, 7 — x4, as j — oo in R. Going in this way, we can

find a common subsequence, say x"*, of " such that z"* — (x1, 9, T3, ) €

lo.

On the other hand, I is not sequentially pr-compact. Indeed, consider the
sequence x, in l, given by r, = i e;, where e;’s are the standard unit
vectors in Uy,. It is clear that, for allz;zn #m, |t, — x| £ 51, where 1 =
(1,1,1,-- ) € lw. Let x,,, be a subsequence of x,,. If x,,, is pr-Cauchy, then
there exists 0 < u € l, such that, for all ¢ > 0, there is k. € N satisfying
|Tn,, — Tn;| < euforall j,k > k.. Since 1 is a strong unit in (., then there is

A > 0 such that uw < M. Take ¢ = % > 0, then there is ky € N such that, for
Clllj >k > k’o,

T, — xn].| < gou < ggAl = %]l, a contradiction. Therefore,

no subsequence of x,, can be pr-convergent.

(iii) We do not know whether or not every rp-compact operator is sequentially rp-

compact, and whether or not the vice versa is true.

In the following example, we show that p-compact operators generalize many well-

known classes of operators.

Example 4.
(i) Let (X,||"||x) and (Y, ||-|ly) be normed spaces. Then T : (X, |||x,R) —
(Y, Illy, R) is (sequentially) p-compact iff T : X — Y is compact.
(ii) Let X be a vector lattice and Y be a normed space. An operatorT' : X —'Y

is AM-compact operator iff T : (X, |-|, X) = (Y, |||ly, R) is p-compact.
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(iii) Let X be a normed space and (Y, ||-|ly) be a normed lattice. Let E := RY",
and consider the LNVL (Y, p, E), where p(y)[f] = |f|(ly|) for all f € Y™
Then T € L(X,Y) is weakly compact iff T : (X, ||x,R) — (Y,p, E) is

sequentially p-compact.

(iv) Let X be a vector lattice and (Y, ||-|ly) be a normed lattice. Let E := RY",
and consider the LNVL (Y, p, E), where p(y)[f] = |f|(ly|) for all f € Y™
Then T € L(X,Y) is order weakly compact iff T : (X, |-|, X) — (Y,p, E) is

sequentially p-compact.

Remark 5. It is known that any compact operator is norm continuous, but in general
we may have a p-compact operator which is not p-continuous. Indeed, consider the
following example taken from [24|]. Denote by B the Boolean algebra of the Borel
subsets of [0, 1] equal up to measure null sets. Let U be any ultrafilter on B. It can be

shown that the linear operator @y : Ly[0,1] — R defined by

ey (f) = lim —— /f 0

Aeu (A

is AM-compact, but it is not order-to-norm continuous. Indeed, consider a sequence
A,, of members of U with 1(A,) — 0. Then x4, | 0, however f(xa,) = 1 for each
n € N; see [24, Ex.4.2].

That is, the operator oy : (L0, 1], ||, Loo[0,1]) — (R, |-|, R) is p-compact, but it is

not p-continuous.

In following example, we can see that a sequentially p-compact operator does not

need to be p-bounded.

Example 5. Let’s consider again Lozanovsky’s example. Take T : L[1]0,1] — ¢

defined by . .
= (/ f(x)sinx da:,/ f(x)sin2z dzx, - - )
0 0

Then, it can be shown that 'T' is not order bounded (cf. [5) Exer.10, p.289 ]). Indeed,
if 1 denotes the constant function one on |0, 1], we can show that T'(|—1, 1]) is not an
order bounded subset of cy. To see this, assume, by way of contradiction, that there
is some 0 < a = (ay, a9, ...) € ¢o such that |Tu| < « holds for all u € [—1,1]. Let

0= % — i > 0. Now, for each n, let s, denote the sign function of sin(nz). That
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is sp(x) = 1ifsin(nz) > 0, and s,(z) = —1 if sin(nz) < 0. Clearly, each s, is
measurable and |s,(x)| = 1 holds for all x, and so s,, € [—1,1].
Fix any n € N withn > 4 and let k be the unique natural number satisfying km <

n < (k + 1)7. In particular, note that £ > L — 1 > § > 0. Hence, we have
1 1
ap > / Sp(x) sin(nx)dr = / |sin(nx)|dx
0 0

/ Isin(t)|dt
0
km

> 1 /0 sin(t)|dt = %(2/@) > 2,

1
n
1

and so «,, /4 0, which is impossible. This contradiction shows that T is not order

bounded; that is can be seen in [4} Exer. 30.(b)].

So T is not p-bounded as an operator from the LNS (L1(0,1], ||, L1[0, 1]) into the
LNS (CQ, H, C(]) .

On the other hand, let f, be a p-bounded sequence in (L1[0,1], |-|, L1[0, 1]), then f,
is order bounded in L0, 1]. By the standard diagonal argument, there are a subse-
quence f,, and a sequence a = (ay)ken € Co such that T'f,, 2 ain co. Therefore,

T : (L1]0,1], ][, L1[0,1]) = (co, ||, co) is sequentially p-compact.

The following lemma gives the linearity of p-compact operators.

Lemma8. Let (X, p, E) and (Y, m, F) be two LNSs. If S, T : (X,p, E) — (Y, m, F)
are (sequentially) p-compact operators, then S + T and NT are also (sequentially)

p-compact for every scalar \.

Proof. Let z,, be a p-bounded net in (X, p, F). Since T' is p-compact, then there is
a subnet z,, of x, such that m(Tz,, — y) 2 0in F for some y € Y. As Toy 18
also p-bounded in X and S is p-compact, then there is a subnet z,, 8y of 2, such that
m(Sxq, — z) %0 in F for some z € Y, and so m(Tza, —y) % 0in F. Thus,

m((S +T)(xa,, ) —y — 2)) = 0. Hence, S + T is p-compact. O

Let (X, E) be a decomposable LNS and (Y, F') be an LNS such that F' is order
complete. Then, by [20, 4.1.2, p.142], each dominated operator 7' : X — Y has
the exact dominant |T'|. Therefore, the triple (M (X,Y),p, L™(E, F)) is an LNS,
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where p : M(X,Y) — LY(E, F) is defined by p(T') = |7 (see, for example, [20]
4.2.1, p.150]). Thus, if T,, is anet in M (X,Y), then T, 2T in M(X,Y), whenever
|T., — T|>0in L~(E, F).

In the next theorem, we show that if a net of sequentially p-compact dominated oper-

ators p-convergent to a dominated operator, then it is also sequentially p-compact.

Theorem 9. Let (X, p, E) be a decomposable LNS and (Y, q, F') be a sequentially
p-complete LNS such that F is order complete. If T,, is a sequence in M (X,Y") and
each T,, is sequentially p-compact with T,, > T in M (X,Y), then T is sequentially

p-compact.

Proof. Let x,, be a p-bounded sequence in X, then there is e € F, such that p(z,) <
e for all n € N. By the standard diagonal argument, there exists a subsequence x,,,

such that, for any m € N, T}, x,,, RN Ym for some y,, € Y.
We show that y,, is a p-Cauchy sequence in Y.
Q<ym - yj) = q(ym - menk + menk - zjnk + zjnk - yj)
< qYm — Town,) + @(Tnon, — Tiwn,) + ¢(Tjzn, — y;)-

The first and the third terms in the last inequality both order converge to zero as

m — oo and j — oo, respectively. Since T,,, € M(X,Y) forallm € N,
Q(Tnn, = Tjn,) <|Ton = Tl (p(n,)) < T = Tl (e)-

Since T,, > T in M(X,Y), by [30, Thm.VIIL.2.3], that |T,, — Tj|(e) >0 in F as
m,j — oo. Thus, ¢(ym — y;) — 0in F, as m, j — oo. Therefore, y,, is p-Cauchy.
Since Y is sequentially p-complete, there is y € Y such that ¢(y,, — y) — 0 in F, as

m — oo. Hence,

IN

Q(Tﬂfnk - menk) + Q<menk - ym) + Q(ym - y)
< |Tw = T|(p(2n,,)) + ¢(Tonny, — Ym) + @Y — ¥)
< | = T1(€) + ¢(Tonn, — Ym) + 4(Ym — )

q(Txy, —y)

A\

Fix m € N and let kK — oo, then

limsup ¢(Tan, —y) <|Tn —T|(€) + ¢(ym — y).

k—o00
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o

But m € N is arbitrary, so limsup ¢(Tx,, —y) = 0. Hence, ¢(Tx,, —y)—0.
k—o0
Therefore, 1" is sequentially p-compact. [

The following proposition say that the union of p-compact operator with left hand
side with p-continuous operator is also p-compact. Similarly, the union of p-compact

operator with right hand side with p-bounded operator is also p-compact.

Proposition 6. Let (X, p, E) be an LNS and R, T, S € L(X).

(i) If T is (sequentially) p-compact and S is (sequentially) p-continuous, then SoT

is (sequentially) p-compact.

(ii) IfT is (sequentially) p-compact and R is p-bounded, then ToR is (sequentially)

p-compact.

Proof. (i) Assume x,, to be a p-bounded net in X. Since 7" is p-compact, there are a
subnet z,, and € X such that p(T'z,, — ) = 0. It follows from the p-continuity
of S, thatp(S(TxaB) — Sx) 25 0. Therefore, S o T is p-compact.

(ii) Assume z,, to be a p-bounded net in X . Since R is p-bounded, Rzx,, is p-bounded.
Now, the p-compactness of 7" implies that there are a subnet z,,, and 2 € X such that
p(T(Rza,) — z) = 0. Therefore, T o R is p-compact.

The sequential case is analogous. 0

In following two propositions, we have relations between compact operator on acting

mixed norm and sequentially p-compact operators.

Proposition 7. Let (X, p, E) be an LNS, where (E, ||-||g) is a normed lattice, and
let (Y, m, F') be an LNS, where (F,||-||r) is a Banach lattice. If T : (X, p-||-||g) —
(Y, m-||||r) is compact, then T : (X,p, E) — (Y, m, F) is sequentially p-compact.

Proof. Let z,, be a p-bounded sequence in (X, p, E'). Then there is ¢ € E such that
p(x,) < eforalln € N. So ||p(z,)||g < |le]|p < oo, since (£, ||-||g) is a normed
lattice. Hence, z,, is norm bounded in (X, p-||-||g). Since T is compact, there are a
subsequence x,,, and y € Y such that m-||Tz,, —y|r — 0or ||m(Tz,, —y)||r — 0.
Since (F,||-||r) is a Banach lattice, then, by [30, Thm.VIL.2.1], there is a further
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subsequence x, - such that m(Txnkj —y) > 0. Therefore, T : (X,p, E) — (Y, m, F)

is sequentially p-compact. [

Proposition 8. Let (X, p, E) be an LNS, where (E, |-||g) is an AM-space with a
strong unit. Let (Y, m,F) be an LNS, where (F,||-||r) is a o-order continuous
normed lattice. If T : (X,p,E) — (Y, m, F) is sequentially p-compact, then T :
(X, p-"llg) = (Y,m-||-||F) is compact.

Proof. Let x,, be a normed bounded sequence in (X, p-||-||g). Thatis p-||x,||z =
Ip(zn)|le < k < oo for all n € N. Since (E, ||-||g) is an AM-space with a
strong unit, then p(x,,) is order bounded in E. Thus, x, is a p-bounded sequence
in (X,p, E). Since T is sequentially p-compact, there are a subsequence z,, and
y € Y such that m(T'z,, — y) = 0in F. Since (F, |-||r) is o-order continuous, then
|m(Txn, —y)||r — 0orm-|Tz,, —y|r — 0. Thus, the operator T" : (X, p-||-||g) —

(Y, m-||-||p) is compact. O

The following result could be known but, since we do not have a reference for it, we

include a proof for the sake of completeness.

Lemma 9. Let X be an atomic vector lattice, and let ©,, be a net in X. Then x, — 0

iff, for any atom a € X, p,(x,) 0 "coordinatewise".

Proof. (=) Assume z, — 0 and, without loss generality, we may assume x, > 0

for all . Then, x, A u—0 for all u € X,

Leta € X, be an atom, then x, A a 2 0. Since Pa», Which is the band projection onto
span{a}, is order continuous, then p, (z,Aa) = 0. But, p, is a lattice homomorphism,
and S0 PaTo A Pa@ = Da(To A a) =0, but poz, € span{al for all ai.e. p,za = Ao,
where \, € R. Thus, p,2, A a0 and so Ay A a0 or min{\,,1}a 0. So,

Ao — 01in R. Hence, pozq = Aaa — 0.

(<=) Conversely, suppose that for each atom a € X, p,x, — 0. We show x4 Au = 0.
Again, assume, without loss of generality, that z, > 0 for all . Letu € X . Let ()
be the collection of all atoms in X. Let F'(€2) be the collection of all finite subset of
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X.Let A =F(Q) x N. Foreachd = (F,n) € A, putys == > p,u+ . Pu,

ack a€Q\F

where P, denotes the band projection onto span{a}.

We show ys | 0. Let d;,05 € A such that §; < §y or (Fy,n1) < (Fz,ne), which is

equivalent to F C F5 and n; < ns. Then

1 1
ni <n <:>—>—:>— u > —
1 2 o g Zpa _nzpa

aEFl acks
Note that:
LS =L LY
aEFQ a€F1 aEFQ\Fl
Note: Note that:
D, b= Y paut ) pau.
aEQ\F1 aEFQ\Fl aEQ\FQ
Also we have:
> pau>— > bau
acl\Fy aGFz\Fl

It follows from (3.3) and (3.4) that

d pu> D> paut D peu

acQ\F1 a€F>\F1 a€Q\F>

By (3.1) and (3.5), we get:

—ZpaWr Z pau>—2an+— Z Patt + Z Pall.

aEFl aGQ\F1 a€F1 CLGFQ\Fl (ZEQ\FQ
Thus, by (3.2), we have:
_Zpau+ Z pauZ_Zpau+ Z Pat
a6F1 a€Q\Fy aEFQ a€Q\ Fs

Hence, ys5, > ys,. So, ys 4 0.

3.1

(3.2)

(3.3)

(3.4)

(3.5)

Next, we show that gni ys = 0. Let 0 <z < ysforall § € A. Let a € 2 be arbitrary
S

atom, let 7' = {a}, and let n € N. Then, 0 < z < %pau + > pyu. We apply p,

beQ\{a}
for both sides of the above inequality and we get

1 1
0<pux<—pu+0 = 0<px<—pu+0 (VneN)

n n

= 0<p,x<0

= p.r =0.
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But a € (2 was arbitrary, so p,x = 0 for all a € €). Since X is atomic, we get that
x = 0. Therefore, ys | 0.

Finally, we show 2, A u > 0. Let F € F(Q)and n € N.

xa/\u:Zpa(xa/\u) = Zpa(a:a/\u)—l— Z Pa(To A )

a€ef) aclF acQ\F

< D pal@a)+ Y palu)

ackl a€Q\F
1

< D palwa) + D palwa) + - D palu) + Y palu)
acF acF acF a€Q\F

= Zpa(xa) + y5 — 0.
a€F

Therefore, x, At~ 0 or 2, — 0. ]

The next remark is very useful and we use it many times.

Remark 6. If X is an atomic K B-space then every order bounded net has an order
convergent subnet. Indeed, let x, be an order bounded net in X. Then clearly x,,
is norm bounded and so, by [18, Thm.7.5], there is a subnet ., such that Tayg N
for some x € X. But, in atomic order continuous Banach lattices, un-convergence
coincides with pointwise convergence (see [[I8, Cor. 4.14]). Therefore, by Lemma @

uo o . .
Toy —> @ Thus, T, — X since x,, is order bounded.

The following proposition give information about when a order bounded operator is

p-compact.
Proposition 9. Let X be a vector lattice and (Y, m, F') be an op-continuous LNVL
such that Y is atomic K B-space. If T' € L™~ (X,Y) then T : (X,|-], X) = (Y,m, F)

is p-compact.

Proof. Let x,, be a p-bounded net in (X, |-|, X) then x,, is order bounded in X. Since
T 1s order bounded, then Tz, is order bounded in Y. Since Y is an atomic K B-
space, then, by Remark @, there are a subnet x,, and y € Y such that Tz, 2.

Since (Y, m, F) is op-continuous, m(Tz,, — y) 20. Thus, T is p-compact. O

In the next proposition, under some conditions, we can see that p-bounded operator

1S p-compact.
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Proposition 10. Ler (X, p, E) and (Y, |-|,Y) be two LNVLs such that Y is an atomic
K B-space. If T : (X,p, E) — (Y, |:|,Y) is p-bounded then T is p-compact.

Proof. Let x,, be a p-bounded net in X. Since 7" is p-bounded, T'z,, is order bounded
in Y. Since (Y, ||-||y) is atomic K B-space, then, by Remark@ there is a subnet 7,

such that Tz, 25 4 for some y € Y. Therefore, T is p-compact. O

It is known that every dominated operator is p-bounded. Thus, in Proposition [I0] if

we take 7" as a dominated operator instead of p-boundednees of 7', that is also holds.

Recall that, for given sequence of measurable functionals f,, we have f, — 0 a.e. iff
fn =% 0. If the given sequence f, is order bounded, then f, — 0 a.e. iff f, = 0. We

use this characterization in the following remark.

Remark 7.

(i) We can not omit the atomicity in Propositions [9 and [I0} consider the identity
operator I : (L1[0,1], ||, L1[0,1]) — (L4[0,1], ||, L1[0, 1]). The sequence of
Rademacher functions, that is the function r,, : [0,1] — R defined by r,(t) =
sgnsin(2"nt) fort € [0, 1], is order bounded by 1 and has no order convergent
subsequence. Indeed, let r,, be a subsequence of r,, such that r,, — f. Then
o, (x) = f(x) a.e. for each x € [0,1]. But, for each x € [0, 1], there are
infinitely many n’s such that r,, (xr) = 1 and infinitely many n’s such that

Tn, () = —1. So, I is not p-compact.

(ii) The identity operator I : ({q,|-|,01) — ({1,]],¢1) satisfies the conditions of
Proposition [} where X = (1, (Y,m,F) = ({1,]:|,¢1), Y = {1, which is
atomic K B-space, because (1 has no copy of ¢y (note that x = (%) € ¢
but i L =00, 50 (L) & (1); and also ({1, -], ) is op-continuous, so I is p-
com;?:alct. This shows that the identity operator on an infinite dimensional space

can be p-compact.

(iii) We do not know whether or not the identity operator onthe LNS I : (L0, 1], -],
Ly[0,1]) — (Loo[0,1],]+], Lo [0, 1]) could be p-compact or sequentially p-

compact.
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Recall that, for vector lattices F and F, if f : E — R is order bounded and u € F,
then the symbol f ® u stands for a rank one operator (ie. f @ u € L™ (E, F)):

(f@u)(z) = fx)u (xeE).

Any operator 7' : £ — F of the form T' = ) f; ® u;, where f; € E~ and u; € F
i=1
forany: = 1,2, - .- n,is called a finite rank operator; see [3, p.64]. It is known that

a finite rank operator is compact. Similarly, we have the following result.

Proposition 11. Let (X, p, E) and (Y, m, F') be LNSs. Let T : (X,p, E) — (Y, m, F)

be a p-bounded finite rank operator. Then T' is p-compact.

Proof. Without lost of generality, we may suppose that 7" is given by Tx = f(x)yo
for some p-bounded functional f : (X, p, E) — (R,|:|,R) and yg € Y.

Let x, be a p-bounded net in X, then f(z,) is bounded in R. So there is a subnet
T, such that f(z,,) — A for some A € R, since every bounded net has convergent
subnet in R . Now, m(Tzq, — Ayo) = m((fa, — Nyo) = |f(a,) — Alm(yo) 20
in F'. Thus, T' is p-compact. [

In the next example, we can see that the p-boundedness of 7" in Proposition [I1] can

not be removed.

Example 6. Let (X,p, E) be an LNS and f : (X,p,E) — (R,||,R) be a linear
functional which is not p-bounded. Then there is a p-bounded sequence x,, such that
|f(z,)] > n for all n € N. Therefore, any rank one operator T : (X,p, E) —
(Y, m, F) given by the rule Tx = f(x)yo, where 0 # yo € Y, is not p-compact.

Recall that:

(1) A subset A of a normed lattice (X, ||-||) is called almost order bounded if, for
any £ > 0, there exists an order interval [z, y| in X such that A C [z, y| + Bx.
In this case, there exists, of course, a symmetric order interval [—u, u| such that
A C [—u,u| + eBx, where u > 0. It can be seen that subset A is almost order

bounded if, for any € > 0, there is u. € X such that
(2] = ue) "l = z] —ue A2l <& (Vo € A).
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For a given Banach lattice X, by ([32, Thm. 111.2]), we have the following:

order boundedness = almost order boundedness = norm boundedness.

(2) Given an LNVL (X, p, E). A subset A of X is said to be p-almost order
bounded if, for any w € E., there is z,, € X such that

p((jz] = zw)") =p(l2] — 20 AJz]) Sw (V2 € A),

see [7, Def.7]. If (X, ||-||) is a normed lattice, then a subset A of X is p-almost
order bounded in (X, ||-||,R) iff A is almost order bounded in X. On the other
hand, if X is a vector lattice, a subset in (X |-|, X) is p-almost order bounded

iff it is order bounded in X.

(3) An operator ' € L(X,Y), where X is a normed space and Y is a normed

lattice, is called semicompact if T'(Bx) is almost order bounded in Y.

Definition 22. Let (X, E) be an LNS and (Y, F') be an LNVL. A linear operator
T : X — Y is called p-semicompact if, for any p-bounded set A in X, we have that
T(A) is p-almost order bounded in'Y .

The following remark has relation between p-semicompact operator, and p-bounded

and order bounded operators.

Remark 8.

(i) Any p-semicompact operator is a p-bounded operator.

(ii) Take T € L(X,Y'), where X is a normed space and Y is a normed lattice.
Then T is semicompact iff T : (X, ||-]|x,R) = (Y, |||y, R) is p-semicompact.

(iii) For vector lattices X and Y, we have T € L~(X,Y) if T : (X, ||, X) —

(Y, |-, Y) is p-semicompact.

In the next proposition, we have a relation between p-semicompact operator and semi-

compact operator.

Proposition 12. Let (X, p, E) be an LNS with an AM-space (E, ||-||g) possessing
a strong unit, and (Y, m, F') be an LNVL with a normed lattice (F,|-||r). If T :
(X,p, E) — (Y,m, F) is p-semicompact, then T : (X,p-||-|g) — (Y,m-||-||r) is

semicompact.
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Proof. Consider the closed unit ball Bx of (X, p-||-||g). Then p-||z||p < Lor||p(x)|| g <
1 for all z € Byx. We show that 7'(Bx) is almost order bounded in (Y, m-||-||r).
Given e > (. Let aw € F; such that

|lw|F=e. (3.6)

Since ||p(x)||p < 1 for all x € Bx and (F, ||||g) is an AM-space with a strong
unit, there exists e € E, such that p(x) < e for all x € Bx. Thus, By is p-
bounded in (X, p, F) and, since T is p-semicompact, we get 7'(Bx) to be p-almost
order bounded in (Y,m, F'). So, for w € F, in (3.6), there is y,, € Y, such that
m((|Tz| — yw)*) < wforallz € By, which implies ||m((|T2| — yu) ") || r < |Jw|#
for all + € Bx. Hence, m-||(|Tx| — y,)"||r < € for all z € Bx. Therefore, T is

semicompact. [

In the following proposition, we see that every positive operator, which is bounded
by p-semicompact operator, is also p-semicompact.
Proposition 13. Let (X, p, E) and (Y, m, F') be two LNVLs. Suppose a positive linear

operatorT" : X — Y to be p-semicompact. If 0 < S < T, then S is p-semicompact.

Proof. Let A be a p-bounded set in X. Put |A| := {|a| : a € A}. Clearly |A] is
p-bounded. Since 7" is p-semicompact, then 7'(| A|) is p-almost order bounded. Given

w € F, there is y,, € Y, such that
m((Tlal —3,)") Sw (€ A),
Thus, for any a € A,
Slal < Tlal = (Slal = y)* < (Tla| = y)* = m((Sla| - y)*) < w.
Since (|Sa| — y,)" < (S|a| — yw) ™, we have
m((]Sa| — yuw)t) <m((Slal —yu)") <w  (Va € A).

Therefore, S(A) is p-almost order bounded, and S is p-semicompact. O

The following proposition shows that union of p-compact operator from right hand

with p-semicompact operator is p-compact.
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Proposition 14. Let (X, p, E) be an LNS, (Y, m, F') be an LNVL, and (Z, q, G) be an
LNS. If T : (X,p, E) — (Y, m, F) is a p-semicompact operator and S : (Y, m, F') —
(Z,q,G) is a p-compact operator, then So T : (X,p, F) — (Z,q,G) is a p-compact

operator.

Proof. We know that any p-semicompact operator is p-bounded, and so the result

follows directly from Proposition [6] (ii). O

A linear operator 7" from an LNS (X, F) to a Banach space (Y, ||-||y) is called gener-
alized AM -compact or GAM -compact if, for any p-bounded set A in X, T'(A) is rel-
atively compact in (Y, ||-||y); see [28, p.1281]. Clearly, T": (X, p, E) — (Y, ||-|lv, R)
is GAM -compact iff it is (sequentially) p-compact.

In following proposition, we have a relation between GG AM -compact operator and

sequentially p-compact operator.

Proposition 15. Let (X, p, E) be an LNS and (Y, m, F') be an op-continuous LNVL
with a norming Banach lattice (Y, ||||ly). If T : (X,p, E) — (Y, |||ly) is GAM-
compact, then T : (X,p, E) — (Y, m, F) is sequentially p-compact.

Proof. Let x,, be a p-bounded sequence in X. Since 7" is GAM -compact, then there
are a subsequence x,, and for y € Y such that ||Tx,, — ylly — 0. As (Y, ||ly)
is Banach lattice, then, by [30, Thm.VIL.2.1], there is a subsequence Loy, such that
Ty, 2 9 in Y. Then, by op-continuity of (Y, m, F), we get Ty, 2 yinY. Hence,
T 1s sequentially p-compact. [

In particular, if (X, p, £') isan LNS, (Y, ||-||y) is a Banach latticeand 7" : (X, p, F) —
(Y, |Illy) is GAM-compact operator then we get that 7' : (X, p, E) — (Y,|],Y) is

sequentially p-compact since (Y, ||, Y) is always, op-continuous LNVL.

3.3 p-M-Weakly and p-L-Weakly Compact Operators

Recall that an operator 7' € B(X,Y) from a normed lattice X into a normed space Y’

is called M-weakly compact, whenever lim || Tz, || = 0 holds for every norm bounded
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disjoint sequence x,, in X, and 7' € B(X,Y) from a normed space X into a normed
lattice Y is called L-weakly compact, whenever lim ||y, || = 0 holds for every disjoint

sequence ¥, in sol(T(Bx)) (see, for example, [26, Def.3.6.9]). Similarly we have:

Definition 23. Let T' : (X, p, E) — (Y, m, F) be a p-bounded and sequentially p-

continuous operator between LNSs.

(1) If X is an LNVL and m(T'x,,) 2 0 for every p-bounded disjoint sequence x,, in
X, then T is said to be p-M-weakly compact.

(2) IfY is an LNVL and m(y,) > 0 for every disjoint sequence 1y, in sol(T(A)),
where A is a p-bounded subset of X, then T is said to be p-L-weakly compact.

In next remark, we have some spacial cases of p- M -weakly compact and p- L-weakly

compact operators.

Remark 9.

(1) Let (X, ||-||x) be a normed lattice and (Y, ||-||y) be a normed space. Assume
T e B(X,Y) ThenT : (X, |||x,R) — (Y, |||y, R) is p-M-weakly compact
iff T': X =Y is M-weakly compact.

(2) Let (X, ||-||x) be a normed space and (Y, ||-||y) be a normed lattice. Assume
T e B(X,Y). ThenT : (X,|"[|x,R) — (Y, |||y, R) is p-L-weakly compact
iff T': X — Y is L-weakly compact.

In the sequel, the following fact will be used frequently.

Remark 10. If z,, is a disjoint sequence in a vector lattice X, then x,, ~— 0 (see [[16]

Cor3.6]). If, in addition, x,, is order bounded in X, then clearly x,, 0.
It is shown below two propositions and corollaries that, in some cases, the collection
of p-M and p- L-weakly compact operators can be very large.

Proposition 16. Assume X to be a vector lattice and (Y, ||-||y) to be a normed space.
IfT: (X, |-, X) = (Y, |||y, R) is p-bounded and sequentially p-continuous, then T

is p-M-weakly compact.
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Proof. Let x,, be a p-bounded disjoint sequence in (X, |-|,X). Then x, is order
bounded in X and, by Remark we get x, —0. That is z, = 0 in (X, |-, X).
lI-lly

Since 7' is sequentially p-continuous, then T'x,, — 0. Therefore, 7" : (X, |-|, X)) —

(Y, |Illy, R) is p-M-weakly compact. O

Corollary 1. Let (X, ||-||x) be a normed lattice and Y be a vector lattice. Let Y.~
denote the o-order continuous dual of Y. If 0 < T : (X, |‘||x,R) = (Y, [|-|,Y) is
sequentially p-continuous and p-bounded, then the operator T~ : (Y. ||, Y) —
(X*, ||| x+, R) defined by T~(f) := f o T is p-M-weakly compact.

Proof. Theorem [7|implies that 7 is p-continuous, and so it is p-bounded, by Propo-
sition 4] Thus, we get from Proposition[I6] that 7 is p-M -weakly compact. O

Proposition 17. Assume (X, ||-||x) to be a normed lattice and Y to be a vector lat-
tice. If T : (X, ||||x,R) — (Y, |:|,Y) is a p-bounded and sequentially p-continuous

operator, then T is p- L-weakly compact.

Proof. Let A be a p-bounded set in (X, ||-|[x,R). Since 7" is a p-bounded opera-
tor, then T'(A) is p-bounded in (Y, |-|,Y), i.e. T(A) is order bounded and hence
sol(T'(A)) is order bounded. Let y, be a disjoint sequence in sol(7'(A)). Then, by
Remark we have 3, > 0in Y, i.e. y, = 01in (Y,|-|,Y). Thus, T is p-L-weakly

compact. 0

Corollary 2. Let X be a vector lattice and Y be an AL-space. Assume 0 < T :
(X, ||, X) = (Y, ||-]ly, R) to be sequentially p-continuous. Define T~ : (Y* |||
(X~ |, X™)byT~(f) = foT. Then T" is p-L-weakly compact.

v+, R) —

Proof. Theorem (8| implies that 7™ is sequentially p-continuous and p-bounded, and

so we get, by Proposition[I7] that 7 is p- L-weakly compact. O

It is known that any order continuous operator is order bounded, but this fails for
o-order continuous operators; see [, Exer.10, p.289]. Therefore, we need the order

boundedness condition in the following proposition.
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Proposition 18. IfT" : X — Y is an order bounded o-order continuous operator
between vector lattices, then T : (X, |-|, X) — (Y,|-|,Y) is both p-M-weakly and

p-L-weakly compact.

Proof. Clearly, T : (X, |-|,X) — (Y,]-],Y) is both sequentially p-continuous and
p-bounded.

First, we show that 7" is p-M-weakly compact. Let x,, be a p-bounded disjoint se-
quence of X. Then, by Remark we get ,, = 0in X, and so Tz, > 0in Y, as T

is order continuous. Therefore, 7" is p-M-weakly compact.

Next, we show that 7" is p- L-weakly compact. Let A be a p-bounded setin (X, |-|, X),
then A is order bounded in X. Thus, T(A) is order bounded, and so sol(T'(A)) is
order bounded in Y. If y,, is a disjoint sequence in sol(T'(A)), then again, by Remark
, Y — 0 01 y,, = 0in (Y, |-|,Y). Therefore, T is p-L-weakly compact. O

Next, we show that p- M -weakly and p- L-weakly compact operators satisfy the dom-

ination property.

Proposition 19. Let (X, p, E) and (Y, m, F) be LNVLs, and let S,T : X — Y be

two linear operators such that 0 < S < T.

(i) If T is p-M-weakly compact, then S is p-M-weakly compact.

(ii) If T is p-L-weakly compact, then S is p-L-weakly compact.

Proof. (i) Since T' is sequentially p-continuous and p-bounded, then it is easily seen
that S' is sequentially p-continuous and p-bounded. Let x,, be a p-bounded disjoint
sequence in X. Then |z,| is also p-bounded and disjoint. Since 7" is p-M-weakly
compact, then m/(T|z,,|) = 0in F. Now, 0 < S|z,| < T|z,| for all n € N and, since
Sz,| < Sl|x,| for all
n € N, and so m(Sz,) = m(|Sz,|) < m(S|z,|) = 0in F. Thus, S is p-M-weakly

the lattice norm is monotone, we get m(S|z,|) = 0 in F. Now,

compact.

(ii) It is easy to see that S is sequentially p-continuous and p-bounded. Let A be a
p-bounded subset of X. Put |A| = {|a| : a € A}. Clearly, sol(S(A)) C sol(S(|A]))
and, since 0 < S < T, we have sol(S(|]A|)) C sol(T(]A|)). Let y, be a disjoint
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sequence in sol(S(A)), then y,, € sol(T(]A|)) and, since T is p-L-weakly compact,
then m(S|z,|) = 0 in F. Therefore, S is p-L-weakly compact. O

Corollary 3. Let (X,p, E) and (Y, m, F) be two LNVLs, and let =T} < T < Ty,

where both operators T1,'T; : X — Y are positive.

(i) If T\ and Ty are p-M-weakly compact, then T is p- M -weakly compact.

(ii) If T\ and T5 are p-L-weakly compact, then T is p- L-weakly compact.

Let us give the following useful lemma [5, Lem. 4.35].

Lemma 10. Let E be a vector lattice, and let x,, be a sequence of E,. If some x € E

satisfies 2~ "x,, < x for all n, then the sequence u,, defined by
Uy = [ill'nJrl — 42 T; — 2in$}+
i=1

is a disjoint sequence.

The following result is a variant of [S, Thm.4.36].

Theorem 10. Let (X, p, E) be a sequentially p-complete LNVL such that (E, ||| )
is a Banach lattice, and let (Y, m, F') be an LNS. Assume T : (X,p, E) — (Y, m, F)

to be sequentially p-continuous, and let A be a p-bounded solid subset of X.

If m(Tx,) > 0 holds for each disjoint sequence x.,, in A then, for each atom a in F

and each € > 0, there exists 0 < u € 14 satisfying
fa(m(T(|z] —u)T)) < e

forall x € A, where 1, denotes the ideal generated by A in X.

Proof. Suppose the claim is false. Then there are an atom ay € F' and ¢y > 0 such
that, for each u > 0 in I4, we have f, (m(T(|z] — u)T)) > & for some z € A. In

particular, there exists a sequence x,, in A such that
Fao (M(T(|2psa] = 4™ |2i))7)) > &0 (Vn €N). (3.7)
i=1
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Now, put y = Z 27"|z,|. Lemma |5|implies y € X. Also let w, = (|zp41] —

4n Z|xz|) and v, = (|z,41] — 4™ Z|x2| —27"y)*. By Lemma | the sequence v,
1S dlSJOlnt Also, since A is solid and 0 < v, < |r,4+1] holds, we see that v, is in A

and so, by the hypothesis, m/(T'z,,) = 0.

On the other hand, 0 < w,, — v, < 27"y and so p(w, — v,) < 27"p(y). Thus,

p(w, —v,) = 0in F. Since T is sequentially p-continuous, then m (7' (w, — v,)) 0
in F. Now, m(Tw,) < m(T(w, — v,)) + m(Tv,) implies m(Twn) —0in F. In
particular, f,, (m(Tw,)) — 0 as n — oo, which contradicts . H

In [5, Thm.5.60], the approximation properties were provided for M -weakly and L-
weakly compact operators. The following two propositions are similar to [5, Thm.5.60]

in the case of p-M-weakly and p- L-weakly compact operators.

Proposition 20. Let (X, p, F) be a sequentially p-complete LNVL with a Banach
lattice (E, ||-||z), (Y,m, F) bean LNS, T : (X, p, E) — (Y, m, F) be a p-M-weakly
compact operator, and A be a p-bounded solid subset of X. Then, for each atom a in

F and each ¢ > (), there exists some u € X such that

fa(m(T(|z] —u)")) <e

holds for all x € A.

Proof. Let A be a p-bounded solid subset of X. Since T is p-M-weakly compact,
then m(7T'z,) 0 for every disjoint sequence in A. By Theorem for any atom
a € F and for e > 0, there exists u € X such that f,(m(T(|z] — u)*)) < ¢ for all
x € A O

Proposition 21. Let (X, p, E') be an LNS and (Y, m, F') be a sequentially p-complete
LNVL with a Banach lattice F'. Assume T : (X,p, E) — (Y, m, F') to be p-L-weakly
compact and A to be p-bounded in X. Then, for atom a in F and £ > 0, there exists

some u € Y,y in the ideal generated by T'(X) satisfying
fa(m(|Tz] —u)")) <e
forall x € A.
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Proof. Let Abe a p-bounded subset of X. Since 7" is p-L-weakly compact, m(y,,) — 0
for any disjoint sequence y,, in sol (T (A)). Consider the identity operator [ : (Y, m, F)
— (Y,m, F). By Theorem for any atom a € " and ¢ > 0, there exists « € Y, in
the ideal generated by sol(T'(A)) (and so in the ideal generated by 7'(X)) such that

fa(m(lyl —u)™)) <e
forall y € sol(T(A)). In particular,
fa(m(|Tz] —u)")) <e

for all x € A. [

Recall that, for any atomic vector lattice X, f, : X — R is biorthogonal functional
for all a. Then, if x, = 0 in X, we have f,(x,) — 0 for all a. The converse holds

true if the net z,, is order bounded.

The next two theorems provide relations between p-M -weakly and p- L-weakly com-
pact operators, which are known for M -weakly and L-weakly compact operators; e.g.

[5, Thm.5.67 and Exer.4(a), p:337]

Theorem 11. Let (X, p, E) be a sequentially p-complete LNVL with a norming Ba-
nach lattice (E, ||-||g), (Y, m, F') be an op-continuous LNVL with an atomic norming
lattice F, and T € L™ (X,Y). If T : (X,p, E) — (Y, m, F) is p-M-weakly compact,
then T is p- L-weakly compact.

Proof. Let A be a p-bounded subset of X, and let y, be a disjoint sequence in
sol(T'(A)). Then there is a sequence z,, in A such that |y, | < |Tz,| for all n € N.
Let a € F be an atom. Given € > 0, then, by Proposition [20] there is v € X such
that

fa(m(T(|z] —u)¥)) <e
for all z € sol(A). In particular, for all n € N, we have
fa(m(T(z) —w)*)) <e and f,(m(T(z, —u)")) <e.
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Thus, foreach n € N,

gl < |Twn| < |Tay| + [T,

= |T(x} —w)" +T(x} Aw)|+HT(z, —u)" +T(x, Au)l
< Ty —w) |+ T (zy Au)| + T (z, — )" + [T (2, Au)
< Ty —w) |+ [T (2, — )|+ [T (zy Au) + |T|(2, Au)
< |T(x)f —w)t| + |T(x, —u)T| + 2|T|u.

By Riesz decomposition property, for all n € N, there exist u,,v, > 0 such that
Yo = Up + v, and 0 < w,, < |T(z) —w)"| 4+ |T(z, —uw)*|,0 < v, < 2|T|u.
Since y,, is disjoint sequence and v,, < |y, | for all n € N, the sequence v, is disjoint.
Moreover, it is order bounded. Hence, by Remark we get v, — 0. Since (Y, m, F)
is op-continuous, then m(v,) = 0. In particular, f,(m(v,)) — 0, as n — oo, since
fa 1s order continuous for every atom a. So, for given € > 0, there is ny € N such

that f,(m(v,)) < e for all n > ng. Thus, for any n > ny, we have

IN

fa(m(yn)) fa(m(un)) + fa(m(vn))

< u(mTa) ) + fu(m(T (e, —uw)*) +e < 3e.

Hence, f,(m(y,)) — 0asn — co.

Since T’ is p-bounded, then m(Txn) is order bounded in F' and so, by inequality
m(y,) < m(Tx,), m(y,) is order bounded in F. By Lemma the atomicity of F’
implies m(y,) — 0 in F. Therefore, T is p- L-weakly compact. O

Theorem 12. Let (X, p, E) and (Y, m, F') be LNVLs. If T : (X,p,E) — (Y,m, F)

is a p-L-weakly compact lattice homomorphism, then T is p- M -weakly compact.

Proof. Let z,, be a p-bounded disjoint sequence in X. Since 7' is lattice homomor-
phism, then T'z,, is disjoint in Y. Clearly Tz, € sol({T'z, : n € N}). Since T
is a p-L-weakly compact, then m (T (z,)) =0 in F. Therefore, T is p-M-weakly

compact. 0

We end up this section by an investigation of the relation between p- M -weakly (re-
spectively, p-L-weakly) compact operators and M -weakly (respectively, L-weakly)

compact operators acting in mixed-normed spaces.
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Proposition 22. Given an LNVL (X, p, E) with (E, ||-||g), which is an AM-space
with a strong unit. Let an LNS (Y, m, F) be such that (F,||-||r) is a o-order con-
tinuous normed lattice. If T : (X,p, E) — (Y, m, F) is p-M-weakly compact, then
T:(X,p-|'|lg) = (Y,m-||-||r) is M-weakly compact.

Proof. By Proposition 3] it follows that 7' : (X,p-||-|lg) — (Y, m-|||r) is norm
continuous. Let z,, be a norm bounded disjoint sequence in (X, p-||-||g). Then
p-llznlle < k < ooor|p(z,)||g < k < ocoforalln € N. Since (£, ||| g) is an AM-
space with a strong unit, then there is e € E, such that p(z,,) < e forall n € N. Thus,
x, is a p-bounded disjoint sequence in (X, p, E). Since T : (X,p, E) — (Y, m, F)
is p-M-weakly compact, then m(T'z,,) = 0 in F. It follows from the o-order con-
tinuity of (F,||-||r), that ||m(Tz,)||r — 0 or Ji_)ngom—HT:anF = 0. Therefore,

T:(X,p-|-]lg) = (Y,m-||||r) is M-weakly compact. O

Proposition 23. Suppose (X, p, E) to be an LNVL with a o-order continuous normed
lattice (E, ||-||g), and (Y, m, F') to be an LNS with an atomic normed lattice (F', ||-|| r).

Assume further that:

(i) T:(X,p, E) — (Y,m, F) is p-bounded;

(i) T : (X, p-||-||lg) = (Y,m-||||r) is M-weakly compact.
ThenT : (X,p, E) — (Y,m, F) is p-M-weakly compact.

Proof. The assumptions, together with Theorem |5, imply that 7" : (X,p, E) —

(Y, m, F) is sequentially p-continuous.

Assume z,, to be a p-bounded disjoint sequence in (X, p, ). Then z,, is disjoint and
norm bounded in (F,p-||-||g). Since T : (X, p-||-||g) — (Y,m-||-||r) is M-weakly
compact, then nh_)rglo m-||Tx,|r = 0 or n11_>r£10||m(Txn) | = 0. Since x,, is p-bounded
and T : (X,p, E) — (Y, m, F) is p-bounded, then m(7T'z,,) is order bounded in F.
Let a € F be an atom, then

| fu(m(T )| < | fulllm(T) |5 —,0 asn — oo,

Since F is atomic and m(7T'z,,) is order bounded, then, by Lemma [3, m(T'z,) = 0.
Therefore, T : (X, p, E) — (Y, m, F) is p-M-weakly compact. ]
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Proposition 24. Assume (X, p, E) to be an LNS with an AM-space (E, ||-||g) pos-
sessing a strong unit, and (Y, m, F') to be an LNVL with a o-order continuous normed
lattice (F||-||r). If T : (X,p, E) — (Y,m, F) is p-L-weakly compact, then T :
(X, p-I"llg) = (Y,m-||-||r) is L-weakly compact.

Proof. Proposition [3| implies that T" : (X, p-||-||z) — (Y, m-|:||) is norm continu-
ous. Let By be the closed unit ball of (X, p-||-||g). Then p-||z||g < 1or||p(x)||r <1
for all z € By. Since (E, ||-||g) is an AM-space with a strong unit, then there is an
element e € E such that p(z) < e for each x € Bx. So By is p-bounded. Let y,, be
a disjoint sequence in sol(T(Bx)). Since T : (X, p, E) — (Y, m, F) is p-L-weakly
compact, then m(y,,) — 0 in F. Since (F, ||-|| ) is o-order continuous normed lattice,
then [[m(yn)[|r — 0 or lim m-[ly,|[r = 0. So T : (X, p-||-[|z) = (¥, m-[|[[¢) is
L-weakly compact. 0

Proposition 25. Let (X, p, E) be an LNS with a o-order continuous normed lattice,

(Y, m, F') be an LNVL with an atomic normed lattice (F, ||| ). Assume that:

(i) T : (X,p, E) = (Y,m, F) is p-bounded;

(ii) T : (X, p-|-||lg) = (Y,m-||||r) is L-weakly compact.
ThenT : (X,p, E) — (Y,m, F) is p-L-weakly compact.

Proof. Theoremimplies that 7 : (X, p, E) — (Y, m, F) is sequentially p-continuous.
Let A be a p-bounded set. Then there is e € E such that p(a) < e forall a € A.
Hence, ||p(a)||g < |le||g forall a € A or p-|la||g < ||e||g for each a € A. Thus, A
is norm bounded in (X, p-||-||g). Let y, be a disjoint sequence in sol(T(A)). Since
T : (X,p-|'|lg) = (Y,m-||||r) is L-weakly compact, then nh_}nfolom—HynHF = 0or
Tim (gl = 0.

Since T' : (X,p,E) — (Y,m, F) is p-bounded and A is p-bounded, then T'(A) is
p-bounded in Y, and so sol(T(A)) is p-bounded in Y. Hence, y, is a p-bounded
sequence in (Y, m, F); i.e. m(y,) is order bounded in F. Let a € F be an atom and

consider its biorthogonal functional f,. Then

[fa(m(ya)) ] < [l falllm(ya)llr — 0 asn — oo
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So, for any atom a € F, lim f,(m(y,)) = 0 and, since m(y,) is order bounded
n—o0
in an atomic vector lattice I, by Lemma [3, we have m(y,) — 0 in F. Thus, T is

p-L-weakly compact. 0

3.4 wup-Continuous and up-Compact Operators

In this section, we define the notions of (sequentially) up-continuous and (sequen-
tially) up-compact operators acting between lattice-normed vector lattices. Also, us-

ing the up-convergence in LNVLs, we introduce the following notions.

Definition 24. Let X, Y be two LNVLs and T € L(X,Y). Then:
(1) T is called up-continuous, if z, 20 in X implies Txo —>0in Y. If the con-

dition holds for sequences, then T' is called sequentially up-continuous;

(2) T is called up-compact if, for any p-bounded net x, in X, there is a subnet .,

such that Tz, LsyinY forsomey €Y

(3) T is called sequentially-up-compact if, for any p-bounded sequence x,, in X,

there is a subsequence x,, such that T'x,, LsyinY forsomey €Y.

For any two positive operators S, 7 : (X,p, E) — (Y, m,F), we have S is up-
continuous operator, whenever 7" is up-continuous and 0 < S < T Indeed, let 0 <
T —0in X. Thus, by up-continuity of T, m(|Tzs| A w) = m(Txe A w) >0 in
F for all w € Y,. Then, by the inequality 0 < Sz, < Tz, for all a, we have
0 < m(Szy Aw) < m(Tze A w). Thus, m(Sza A w) >0 in F. If we take an
arbitrary net ., —» 0, then, by the fact that z, = (2} — x;) >0 iff 2t > 0 and

z, 2, 0, we get the up-continuity of S.

In following remark, we have some special case of up-continuous and up-compact

operators.

Remark 11.
(i) The notion of up-continuous operators is motivated by two recent notions,
namely: o-unbounded order continuous (cuo-continuous) mappings between

vector lattices (see [14, p.23]), and un-continuous functionals on Banach lat-

tices (see [18 p.269]).
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(ii) Let (X, ||||x) be a normed space and (Y, ||"||y) be a normed lattice. An op-
erator T € B(X,Y) is called (sequentially) un-compact if, for every norm
bounded net x, (respectively, every norm bounded sequence x.,), its image has
a un-convergent subnet (respectively, subsequence); see [II8 Sec.9, p.275].
Therefore, T € B(X,Y) is (sequentially) un-compact iff T : (X, ||| x,R) —
(Y, Il R) is (sequentially) up-compact.

The next proposition gives relations between p-continuous (respectively, p-compact)
and up-continuous (respectively, up-compact). Since the proof is clear, we do not

give details.

Proposition 26. Let (X, E) and (Y, F') be two LNVLs and T : (X, E) — (Y, F) be

a linear operator. Then the following assertions are true.

(i) If T is (sequentially) p-continuous then T is (sequentially) up-continuous.

(ii) If T is (sequentially) p-compact then T is (sequentially) up-compact.

Proof. Since every p-convergent net is also up-convergent, the statements follow di-

rectly. [

The next proposition is partial converse of Proposition[26] (i7).

Proposition 27. Let (X, E) and (Y, F) be two LNVLs and T € L(X,Y). If T is a

up-compact and p-semicompact operator, then 'I' is p-compact.

Proof. Let z, be a p-bounded net in X. Then Tz, is a p-almost order bounded net
in Y, as T' is p-semicompact operator. Moreover, since 71" is up-compact, then there
is a subnet z,, such that T'x,, RN y for some y € Y. It follows by [7, Prop.9], that

Txq, 2 y. Therefore, T is p-compact. O

Similar to Proposition [6] we have the following result.

Proposition 28. Ler (X, E) be an LNVL, and let S,T,G : (X,E) — (X,FE) be
linear operators. Then the following assertions are true.
(i) If S is p-bounded and T is up-compact, then T o S : (X, E) — (X, E) is

up-compact.
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(ii) If T is up-compact and G is up-continuous, then Go T : (X, E) — (X, E) is

up-compact.

Proof. The proof of (i) is obvious by definition of up-compactness of 7.

We show (ii). Let z,, be a p-bounded net in X. Since 7" is up-compact, then there is
a subnet ,, of z,, such that Tz, is up-convergent in (X, E). By the up-continuity
of G, we have G(T'z,,) to be up-convergent in (X, /). Therefore, G o T" is up-

compact. [

The following proposition has a relation between p-bounded operator and up-compact

operator.

Proposition 29. Let X be a vector lattice, (Y, m,F) be an op-continuous LNVL
such that (Y, ||-||y) is an atomic K B-space. If T : (X,|-|,X) — (Y,|[ly,R) is
p-bounded, then T : (X, ||, X) — (Y, m, F) is up-compact.

Proof. Let x,, be a p-bounded net in (X, |-|, X), then Tz, is norm bounded in Y.
Since Y is atomic K B-space, then, by [[18, Theorem 7.5], there are a subnet x,, 5 of x,,
and y € Y such that Tz, = 4. On atomic order Banach lattices, un-convergence
and wo-convergence agree. Hence, Tz, 5 4. Since (Y, m, F') is op-continuous,

then Tz, 22 y. Thus, T is up-compact. [

Now we investigate a composition of a sequentially up-compact operator with a dom-

inated lattice homomorphism.

Theorem 13. Let (X, p, E) be an LNVL, (Y, m, F') be an LNVL with an order con-
tinuous Banach lattice (F,|-||r), and (Z,q,G) be an LNVL with a Banach lattice
(G, |'lg)- If T € L(X,Y) is a sequentially up-compact operator and S € L(Y, Z) is

a dominated surjective lattice homomorphism, then S oT' is sequentially up-compact.

Proof. Let z,, be a p-bounded sequence in X. Since T is sequentially up-compact,
then there is a subsequence z,, such that Tz, —»v in Y for some y € Y. Let
u € Zy. Since S is surjective lattice homomorphism, we have some v € Y, such

that Sv = u. Since T'z,,, — vy, then m(|Tx,,, —y| Av) > 0in F. Clearly, F is order
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complete and so, by [}, Prop.1.5], there are f; | 0 and ky € N such that
m(|Tz,, —y|Av) < fi (k> ko). (3.8)

Note also || fx|lr 4 01in F, as (F, ||-||r) is an order continuous Banach lattice. Since

S is dominated, then there is a positive operator R : F' — G such that
A(S(T20, — y| A0)) < R(m(| T2, -yl Av)).

Taking into account that S is a lattice homomorphism and Sv = u, we get, by (3.8),
q(|S 0 Ty, — Syl Nu) < Rfi (k= ko). (3.9)

Since R is positive, then, by [5, Thm.4.3], it is norm continuous. Hence, || R fx||c | O.
Also, by [30, Thm.VII.2.1], there is a subsequence f; of (fx)r>k, such that Rf}, 20
in (G, and so Rfkj +0inG. So lb becomes

q(|S o Txnkj —Sy|Au) < Rfy,  (j€N).

Since u € Z, is arbitrary, S o T(%kj) 2, Sy. Therefore, S o T is sequentially up-

compact. [

Remark 12. In connection with the proof of Theorem|I3] it should be mentioned that,
if the operator T' is up-compact and S'is a surjective lattice homomorphism with an

order continuous dominant, then it can be easily seen that S o T' is up-compact.

Recall that up-convergence of a net x,, to zero in a sublattice Y of vector lattice X
defined as |z4| A u~ 0 for all u € Y,. For an LNVL (X, p, E), a sublattice Y of
X i1s called up-regular if, for any net y,, in Y, the convergence y,, 20y implies

Ya 0 in X; see [7, Def.10 and Sec.3.4].

Corollary 4. Let (X, p, E) be an LNVL, (Y, m, F') an LNVL with an order continuous
Banach lattice (F, ||-||r), and (Z,q,G) an LNVL with a Banach lattice (G, ||-||c). If
T € L(X,Y) is a sequentially up-compact operator, S € L(Y,Z) is a dominated
lattice homomorphism, and S(Y') is up-regular in Z, then S o T is sequentially up-

compact.
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Proof. Since S is a lattice homomorphism, then S(Y’) is a vector sublattice of Z.
So (S(Y),q,G) is an LNVL. Thus, by Theorem [13] we have So T : (X,p, E) —
(S(Y), q,G) is sequentially up-compact.

Next, we show that S o T : (X, p, E) — (Z,q,G) is sequentially up-compact. Let
z, be a p-bounded sequence in X. Then there is a subsequence x,, such that S o
T(2n,) = z in S(Y) for some z € S(Y). Since S(Y) is up-regular in Z, we have
S oT(xn,) = zin Z. Therefore, S o T : X — Z is sequentially up-compact. O

The next result is a p-version of Proposition 9.4 in [18]].

Corollary 5. Let (X, p, E) be an LNVL, (Y, m, F') an LNVL with an order continuous
Banach lattice (F, ||-||r), and (Z, q, G) an LNVL with a Banach lattice (G, ||-||¢). If
T € L(X,Y) is a sequentially up-compact operator, S € L(Y,Z) is a dominated
lattice homomorphism, and Isyy (the ideal generated by S(Y')) is up-regular in Z,

then S o T is sequentially up-compact.

Proof. Let z,, be a p-bounded sequence in X. Since 7' is sequentially up-compact,
there exist a subsequence x,,, and yy € Y such that T'z,,, LoyoinY. Let0 < u €
Is(yy. Then thereis y € Y, such that 0 < u < Sy. Therefore, we have for a dominant
R:

Q(S(’Txnk - yOl A y)) < R(m(|T&:nk o yO‘ N y))7

and so
q((|STxn, — Syol A Sy)) < R(m(|Txn, —yol Ay)).

It follows from 0 < u < Sy, that

q((]STmnk — Syo| A u)) < R(m(\Txnk — Yo| A u))

Now, the argument given in the proof of Theorem |13|can be repeated here as well.
Thus, we have that S o T : (X,p, E) — (Is(v),q,G) is sequentially up-compact.
Since Ig(y) is up-regular in Z, then it can be easily seen that So T : X — Z is

sequentially up-compact. [

We conclude this section by a result which might be compared with Proposition 9.9

in [18].
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Proposition 30. Let (X, p, E) be an LNS and let (Y, ||-||y) be a o-order continuous
normed lattice. If T : (X,p,E) — (Y,|-|,Y) is sequentially up-compact and p-
bounded, thenT : (X,p, E) — (Y, |||ly) is GAM-compact.

Proof. Let x,, be a p-bounded sequence in X. Since 7' is up-compact, there exist
a subsequence z,, and for y € Y such that Tz, —y in (Y,|-|,Y). Then, by o-
order continuity of (Y, ||-||y), we have Tx,, —»y in Y. Moreover, since T is p-
bounded, then T'z,, is p-bounded in (Y |-|,Y") or order bounded in Y, and so we get

II-lly

Tx,, — y. Therefore, T"is G AM -compact. O
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