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ABSTRACT

SPONTANEOUS SYMMETRY BREAKING AND HIGGS MECHANISM

Kahraman, Isinsu
M.S., Department of Physics

Supervisor : Assoc. Prof. Dr. Ismail Turan

January 2017, [62] pages

The relevance of Higgs mechanism to nature has been verified recently by two ex-
periments, CMS and ATLAS at Large Hadron Collider. Therefore, a detailed under-
standing of the mechanism is important more than ever.The details of Higgs potential,
its stability and mass generation mechanism are going to be explored and the Higgs
particle which is the quantum fluctuation of the field will be discussed within the
sponteneous symmetry breaking notion. The one-loop corrections to the effective po-
tential for various toy models as well as the Standard model are discussed within two

different methods.

Keywords: Spontaneous Symmetry Breaking, Higgs Mechanism, Effective Potential
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KENDILIGINDEN SIMETRI KIRILMASI VE HIGGS MEKANIZMASI

Kahraman, Isinsu
Yiiksek Lisans, Fizik Boliimii

Tez Yoneticisi : Dog. Dr. Ismail Turan

Ocak 2017 ,[62] sayfa

Higgs mekanizmasinin dogayla olan ilgisi giintimiizde biiytik hadron carpistiricisinda
yapilan CMS ve ATLAS adl iki deney tarafindan dogrulanmigtir. Bu yiizden, bu
mekanizmay1 anlamak herzamankinden daha onemli bir hale gelmistir. Higgs po-
tansiyelinin ayrintilari, stabilizasyonu ve kiitle kazanimi1 mekanizmasi kendiliginden
kirilma mekanizmasi cercevesinde incelendi. Etkin potansiyele bir ilmek mertebe-

sinde katkilar bazi basit modeller ve Standart model icin iki ayri metod ile tartigldi.

Anahtar Kelimeler: Kendiliginden Simetri Kirilmasi, Higgs Mekanizmasi, Etkin Po-

tansiyel
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CHAPTER 1

INTRODUCTION

The symmetry principle in physics plays very elegant and profound role to unleash
the secrets of nature at the subatomic scale. Nature seems to obey certain symme-
try principles and in particle physics they turn out to be one of the most powerful
guiding criteria in especially model building business. One of such examples is the
gauge symmetry principle whose presence is right at the core of the so-called Stan-

dard Model (SM) [1-3]].

The SM is the best model we have in order to describe the interactions among the
fundamental particles in the subatomic world. Despite its remarkable achievements
to predict vast number of experimental findings, for obvious reasons, the SM has been
considered to be incomplete and must be a low energy manifestation of a fundamental
theory. Therefore, the efforts for unveiling the mystery of the so-called new physics

have been the prime subject of both experimental and theoretical programs.

Large Hadron Collider (LHC) at CERN in Geneva is the leading on-going collabo-
ration to test the SM and to search for new physics signals. The machine has been
operational for about seven years and the discovery of the first spinless fundamental

scalar, the Higgs boson, had been discovered in 2012 [4]], which is not considered part



of new physics but rather completes the SM. After that, nothing has come out as far
as new physics is concerned. While, as is, it is a troublesome for popular new physics
scenarios on the table, the current situation may be considered that the best we have

is still the SM. Thus, better understanding of the SM is really vital.

The mathematical construct of the SM relies on its gauge symmetry formulation.
It is described by the gauge group SU(3)c x SU(2)r x U(1)y. So, any term in
the Lagrangian density must be invariant under the gauge transformations of these
groups. The pitfall is adding the mass terms for fermions and bosons, which break the
gauge symmetry explicitly [5,/6]. The need for the so-called Higgs mechanism [7, 8]

comes as a remedy to overcome this problem.

The mechanism envisages Higgs doublet interacting with the SM particles in a gauge
invariant manner but once the doublet gets a non-zero vacuum expectation value
(VEV), the fermions and vector bosons acquire mass as the symmetry gets broken
spontaneously. That is, SU(2);, x U(1)y — U(1)en. For the mechanism to work
certain conditions need to be satisfied. The scalar potential, self interactions of the
Higgs doublet, should be of the form allowing spontaneous symmetry breaking in true
minimum. Various corrections to the scalar potential like one-loop contributions, im-
provements from Renormalization Group Equations (RGE), thermal corrections etc.

would be essential to discuss [9,(10].

On the other hand, there are still loopholes in the mechanism. the Higgs particle
must have a mass whose origin remains not addressed. Why its mass should be at
the electroweak scale is another issue. For the fermion masses, what determines the
hierarchy among the Yukawa couplings is still definitely a valid question even after

2012. Anyhow, the Higgs particle has been found with a mass m;, ~ 125 GeV and the



mechanism becomes part of realityﬂ Therefore, in-dept exploration of the mechanism

is another mission that seems timely to pursue.

In this study, we first discuss the idea of symmetry in general. They are going to be
classified as global and local symmetries, together with their comparison [[11]]. Their
link with the gauge symmetry is mentioned. Then, within an abelian gauge theory,
the idea behind breaking the global and local symmetries will be presented separately
with a clear instructive toy model, namely the so-called * theory. A brief discussion
of the Goldstone theorem is also included. The Higgs mechanism as a spontaneously
broken local symmetry is just motivated and the above ideas are extended to a non-

abelian framework.

In the next part, as a way to reach the Higgs sector of the Electroweak theory (also
known as the Glashow-Weinberg-Salam (GWS) Model [[1-3],We), the realization of
the mechanism has been summarized in abelian and non-abelian cases one at a time
and as an illustration the so-called Georgi-Glashow model is put at the spot, taking us
a step closer to the GWS framework. At the end, the relevant part of GWS model, the
Higgs sector, is expanded to show the mass generation as well as the scalar potential

etc.

In the last part of the study, we concentrate on the scalar potential, V' (®), of the
GWS model and follow the path to calculate one-loop corrections. There are two
main approach to carry out the computation; one is the method by Coleman and
Weinberg (let us call it Coleman-Weinberg method [12]), and the other one by Lee and
Sciaccaluga (call it Lee-Sciaccaluga method). The former involves the computation

Feynman diagrams involving all number of external legs at one loop, which is rather

1 The Higgs boson is being the second heaviest particle after the top quark in the SM.
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cumbersome. On the other hand, The latter with a mathematical trick allows to get the
result by only computing one-loop tadpole diagrams, which is a lot faster and simpler.
The only price to pay is the find out the modified masses, vertices ans propagators
under the scalar field shift and at the end an additional integration is required, both of
which are, however, straightforward procedures. Therefore, we prefer to concentrate

on the Lee-Sciaccaluga approach.

Again, in order to gain some experience first, some toy models are used. It is well
known that loop corrections in quantum field theory have ill-defined behavior, result-
ing in infinities from the loop momenta integrals. The workaround is the renormal-
ization procedure together with a method of regularization. We have discussed two
independent regularization methods, the cut-off regularization and the dimensional
regularization (see for example [13]). Again the final calculation is done in the di-
mensional regularization since it is more attractive. For the renormalization scheme,
the so-called modified Minimal Subtraction (M S) scheme [14] is used. At the end a

conclusion is included.



CHAPTER 2

SYMMETRIES

The discussion of symmetries in particle physics content is a good starting point on
the way to construct the Higgs sector of the Glashow-Weinberg-Salam model. They

can be classified as global and local symmetries.

2.1 Global and Local Symmetries

A global symmetry is defined by a constant parameter throughout space-time. At
every space-time point there is same amount of transformation. The rotational sym-
metry of a stick could be considered an example of global symmetry: the stick is
symmetric under a rotation being the same at every point and time. The fields un-
der this rotation relates are physically distinct; the orientation of a field becomes a

measurable quantity.

On the other hand, the local symmetry is the one described a parameter which is both
space and time dependent. That is at every single point and time we do a different
transformation. Another difference between the global and local symmetries is that

the global one is deterministic while the local one is indeterministic. This is to do

5



with the time dependence of the transformation parameter. Local symmetry indeed
relates the physically equivalent states which enforce the local symmetry as a gauge
symmetry. To get unique results from a theory one has to settle one of these physically
equivalent situations, known as the gauge-fixing procedure. Spontaneous symmetry

breaking does indeed break the gauge invariance.

2.2 Spontaneously Broken Symmetries

The problem of breaking the gauge symmetry explicitly by including mass terms
for the SM fermions and vector bosons motivates the idea of spontaneous symmetry
breaking as a favorable mechanism. That is, introducing gauge-invariant interactions
among a new scalar and the SM particles and then through a nonzero VEV of the
scalar field one can induce mass terms. Let us now explore the idea through simple

examples.

2.2.1 Spontaneously Broken Global U (1) Symmetry:

For the discussion of global symmetry breaking, a simple massless ¢* theory with the

U(1) symmetry can be used. For the scalar field ¢, one can write

¢ = 01+
¢ — ¢ =% (2.1)

where « is the constant of the global symmetry. Then the Lagrangian is

L = 0,00"p)" — V(o)
Vig) = (¢9")? =|0|" (2.2)

6



Then under the global symmetry Eqn. (2.1), the Lagrangian transforms as

L(6,0u8) = L(c0,0,0) = 0u(c"0) (0"¢"9)" ~[e"d(e"*¢)"]"
R CEON
= €9e7(0,0)(9"9)" — [T 00’
= L(¢,0,9)

This shows that the massless ¢ theory has a global U(1) symmetry.
A similar discussion can be carried out for the massive ¢* theory with the potential

V(¢) = —3u?|¢[* + 1A|¢]. I set the derivative of the potential to zero. The extrema

of the potential can be analyzed based on p? parameter:

Figure 2.1: The Mexican hat-shaped potential in the (¢1, ¢2) plane.

e For the case with 2 > 0, the minimum is found to be at |¢| = 0, and we have
a paraboloid-shaped potential in the (¢1, ¢2) plane. Since in the unbroken case
the ground state is thus at |¢| = 0, perturbations around this ground state are
expressed in small values of the field ¢. The situation is however different if
the symmetry is broken in the ground state. There is a unique ground state at

|¢| = 0, sharing the U(1) symmetry of the Lagrangian.

e For the case p? < 0, the configuration |¢| = 0 describes now a local maxi-

mum, rather than a minimum. The ground state (minimum) of this system is

7



degenerate which means there are multiple states with the same vacuum energy.
The different orientations in the complex plane define different states and each
ground state is asymmetric under the U(1) symmetry of the Lagrangian. That
is, applying the U(1) transformation to any of the vacuum states will rotate it
to a different orientation that describes a different physical state. For this case
we have a so-called Mexican hat-shaped potential, like in Fig. 2.1} The details

will be discussed later.

There is an important point to remind here. Once a global symmetry is broken spon-
taneously, there are massless bosons, known as Goldstone bosons, that appear in the

theory, the situation summarized within the so-called Goldstone theorem.

2.2.1.1 Goldstone Theorem

The Goldstone theorem claims the existence of massless bosons in a theory with
a spontaneously broken global symmetry. In other words, it states that for every
broken continuous global (not gauge) symmetry there must be a massless particle.
The most general proof of the Goldstone theorem is formulated in the domain of

quantum mechanics.

To see why this always happens, let us take a theory with a number of fields '
with the Lagrangian which involves some terms with derivatives of ¢’ and a potential
V(¢'). The derivative terms would be zero if the fields are taken to be constant,
that is, the kinetic part becomes irrelevant and the Lagrangian will only contain the

potential V' (?). If the minimization condition at ¢ = ¢}, is used,

{0‘/(90")} 0
0! pr=p
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Then, by expanding the potential V (%) about its minimum in Taylor series, one gets

IV (")
0t

wmsz@+[

| =i gt - |55

0pt0pi

Here since the first derivative of the potential vanishes, the leading term involves

5 0%V
Mij 0Pt Opi
@0

which defines a symmetric matrix, being the elements of the mass square matrix of

the fields. The masses of the fields are given by the eigenvalues of this symmetric
matrix. Now it is possible to show that every continous symmetry of V' (¢*) which is
not a symmetry of the ground state ¢y, will make one of eigenvalues of the mass term

of the fields go to zero.

If V(¢') has a continuous symmetry, it means that it will be invariant under the trans-

formation;
¢ — o'+ BF(p)

where 3 is an infinitesimal parameter and £ is a function of all the fields. This means

that V(") satisfies;

V(p') = V(g +BF),

V(o' + BEY) — V(") _ OV
BF i = BF i 0

I will take the derivative of this with respect to ¢’ ;

0 1%
— || =
DI { 3901} v
Fi oV 9%V

h— A F’L A - =

@I Oyt * 0PI 0y 0

and by setting ' = ), we get

{8FZ’8V} ) W){ 82V] .
07 ¢! =40 ’ Op'dpl =0

9



where the first term is zero since at ¢° = ¢} there is a minimum of V. That is;

[ oV } _0
&pi Lpz‘:@é '

Then we get;

0*V

F' () [W] . = F*(o)ms;(¢0) = 0.

At this point, there are two cases to discuss;

(1) If ¢}, obey the continuous symmetry of V(i) for all 7. That is,

0=+ B (p) ="
Then, it means " = ! . From here since 3 # 0, F'/(¢,) = 0. Therefore, under this

condition it is trivially satisfied.

(2) If otherwise is true, that is, ¢}, breaks the symmetry of V() for some 4, then
Fi(pg) # 0 to guarantee the spontaneous breaking of the symmetry. Then there
exists at least one term with a non-zero F*(y). Hence its coefficient m;(¢o) should
vanish. In the mass-square matrix, the corresponding row is totally null, giving a
vanishing eigenvalue, which is one of the masses. This is indeed the promise of the

Goldstone theorem in simple terms.

Higgs mechanism will now be presented as the spontaneous breaking of a gauge

symmetry[]

! The Goldstone bosons that appeared upon the breaking of a global symmetry in the last section will not be
found for spontaneously broken gauge symmetry: the Goldstone theorem breaks down.

10



2.3 Spontaneously Broken Local U (1) Symmetry

Again let us take the massless complex ¢* theory (with ¢ = ¢; + i¢,). Under the

local U(1) transformation
b & =

where « is now a spacetime varying function, that is, & = «(x). Then the potential

transforms as

V(g) = (¢6") — V(¢) = V(e*Wg)

V(@ia(m)gb) _ [eia(m)gb (6ia(;t)¢)*]2
—_———

e*ioccb*

— [eia(:ﬁ)e—ia(x)¢¢*]2
= (¢¢")’
= V() (2.3)

The Kinetic term transforms in the following manner
: : * v / 1\ *
Kinetic Term , KT(¢) :  (0,9) (0"¢)" ——— (0,¢') (0"¢)

—.—  N——
aueio‘(“?)gf) 8ue—ia(a:)¢*

(au(b/) <8M¢/)* _ (aueia(a:) ¢) (a,ueia(x) ¢)*
—_———
i(Opa)eie (@) pteie(®) (9, ¢)
= @i(9ua(2))e + 8u0] (°[i(0"a(x))9 + 0"9])
e=in[—i(0ma) 4"+
= (0,0 +1i90,a) (0 9" —ip* 0 a)

*
]

KT(¢') = KT(¢)+i¢(9,a)(0"¢*) — i¢p*(0,a)0" ¢ + ¢ 000" cx
# KT(¢) (2.4)

11



Even though the potential V'(¢) is invariant under local U (1) transformation, the same
does not hold for the kinetic energy part so that we have overall the Lagrangian is not

invariant, £(¢, 0"¢) # L(¢', 0" ¢').

The common practice to restore the local symmetry is to introduce a new vector field,
known as the gauge field. Let us call the gauge field A,(x) such that under the above
transformation is extended as;
, 1
Ay — A, = A+ ; o) ,

p—¢ = g, (2.5)
Here the parameter ¢ is known as the coupling constant. For later convenience, let us
define the so-called covariant derivative D,,;

D, =0, —1iqA, .

Under the U (1) local symmetry given in (2.5), the derivative of the scalar field trans-

forms

0,0 = 0u(e o)
= 0)(9,0) + i §(Dua(x))

# e') (au¢>

However, once the usual derivative is replaced with the covariant derivative we get

(Dud) = O — AL
o ia(z) ; 1 ia(z)
= Oue ¢ —iq(A, + 5(6ua(x)))6 ¢
_ eioz(:r:)au¢ + ieia(x)¢aua<x) _ iqeia(I)Auqs _ Z'eia(x)¢<8ua(l‘))

= ¢ (0u¢ —iqA,0)
%/_/
Dy
= em(z)(Du@ :

12



The above calculation shows that, unlike the 0, derivative of ¢, the covariant deriva-
tive D, of the scalar field ¢ transforms same as the scalar field itself under the gauge

transformation in (2.5)). Thus the kinetic term gives

KT(¢,A,) = (Dud)(D"¢)" — KT (¢, Ay) = (Duo) (D"0)"
= *O(D,0)[e" (Do)
= WD, 0)(D )"
= (Dug)(D"9)"

= KT(¢,A,).

After having discussed the individual parts of the Lagrangian for the scalar field ¢,
there is also the kinetic energy of the gauge field 4,,, givenas KT'(A,) = — iFWF“".
Here F,, = 0,A, — 0, A, is called the field strength tensor. The Lagrangian can be
expressed as £ = —1F,, F* + D,¢(D"¢)* — V(). The only part that has not been

tested under the gauge transformation is the kinetic term of A,,. Let us start with the

transformation of the field strength tensor £}, :

F,— F!’W = 0,4, — &,A’#
1 1
= 0,4, + -0,a(x) — 0,A, + —0,a(x)
q q
1 1
= 0,A, — 04, + gﬁu&,a(:ﬁ) — 5&,@04(1‘)
= Fu.
Together with this at hand, we now safely say that the Lagrangian of the U(1) gauged
massless scalar theory is gauge invariant. There is also a very important massage to

take at this point. It is simply the fact that none of the free theories is gauge invariant.

13



What are these interactions? Let us check the kinetic term of the scalar field

(Duo)(D*¢)" = (9, — iqA,)p[(0" — igA")o]"
= (Oud —iqA.9)(0"¢" + igA"PT)

N J/

= (@qu) (0")" +iq [((‘L(b)(é*A“ - (au¢*>¢f4“] "‘{12AMA#¢¢*

TV
3-point interaction 4-point interaction

Thus, gauge invariance dictates not only interaction but also the form of interactions
among the fields. For the example at hand, we get p—¢— A, as wellas p—p— A, — A,

types of 3-point and 4-points interactions with a unique vertex factors, respectively.

Note also that we have assumed the gauge field A, massless since the mass term,
%mrﬁ‘AﬂA“, indeed violates the gauge invariance explicitly. That is;

1, 1 1 1
EmZAMA“ = §mi {Au + gaua(x)} {A" + 5(9“@@)}

1 1 1
= émzA {ANA“ + 514“8“04(:1:) + gA“aua(a:)
1
+q—28ua(9c)8’“‘a(x)]
1, 2 1
= §mA(AuAM + &Aué?“a(a:) + ?@a(x)@“a(x))
1

£ gmAAAL

We understand that if one is willing to formulate a theory with massive gauge bosons,
a mechanism is needed not to break the gauge invariance explicitly. It is rather needed
to do this spontaneously. Hence the idea of spontaneous symmetry breaking and the

Higgs mechanism come to the rescue here.

To grasp the idea behind the spontaneous symmetry breaking, let us now take a mas-
sive scalar field ¢ being symmetric under a discrete symmetry (Z3) ¢ — —¢, rather
than a continuous symmetry. The scalar potential becomes V' (¢) = —% u2P* + §¢4

with the mass of ¢, m? = —pu?. V(¢) is clearly invariant under ¢ — —¢.

14



Now the minima of V'(¢) can be found

ov
[ (¢>] - - 2¢01° + 4 éﬁbg = —gop® + By = do (=1 + Seg) = 0
06 ] yepy 2 4 =
—p* + Boy = 0
2
% =5
|G| = i% = +v (20

where v is the vacuum expectation value (VEV) of the field ¢. If one expands ¢(x)

about its minimum;

¢(x) = v +o(x),

The Lagrangian in terms of the so-called fluctuation field o(z) becomes;

B

1 1
I — = 2, Lo Py
1 2 1 s B 4
= §(au(v+0)) Tk (v+o) —Z(UJFU)
1 1
= 5((%@ + ((‘9”0))2 + §u2(222 + 2v0 + %)
—g( 4 4vdo 4 6v%0? + 4o + o)
1 2 2 Ly 2 Ly,
— 5(@”@) + (0,0) +2(8uv)(8,p))+§,uv + i v0+§u o
—g( 400 + 6v%0? + duo® 4 o)
1 I Loy By 3 2 2 3, 4
= 5(@0) +GHv o+ Spto _Z( + 4v°o + 6v°0” 4 dvo” + o7)
1 9o, 1 9,99 9 pvt  4pvic 6Bvie?  4pve®  Bot
— 2(@0)—}—2#(1}0)—1—#1}0 1 1 1 T I
:BU3O' :3[31)2202 :,81}0-3
1 ﬁ0'4 'u,4
- 5(@0)2—7—/1202—\/5/103—1—@ 2.7)

where in the last line the relation from (2.6)) is used to eliminate the VEV of ¢ field.

The last term can be dropped since it is not dynamical.

15



As seen from that the initial symmetry ¢ — ¢ has been observed by the fluctua-
tion field (odd power of o has been induced). The new Lagrangian is the Lagrangian
of a simple scalar field o with mass v/2/: together with additional self interactions like
o and o types. By expanding the Lagrangian around the minimum, the new field o
does not have Z; symmetry and indeed there is no external effect to break, thus the
breaking becomes spontaneous. The symmetry of the system as whole remained but
it was “hidden” by the ground state. The current example has two possible vacua,

|o| = £v but in the general case there are infinitely many possibilities.

Let us finalize this chapter by generalizing our earlier discussion about the gauge

symmetry in abelian case to an nonabelian oneE]

To deal with non-abelian transformations in the gauge symmetry invariance is rather
cumbersome. To simplify the discussion an explicit group like SU(2) will be used.
Let us tackle the problem as follows. If 77 is the generator of group SU(2) and obeys
the commutation relation [T}, T}] = i€ 1;. If L; are the n x n matrices representing

SU(2) generators and «;(z)(j = 1,2...IV) are arbitrary functions of spacetime, then

p(r) — ¢'(x) = e p(x)

where U(a) = el

dup(x) — 0¥ (x) = U(a)dup(x) + [0,U(a)]e(x)
Dyo(r) — D, ¢'(z) = U(a)Dyp(x)

where D, is the covariant derivative expressed as

Dup(x) = [0y +igL - Wy (x)]p(x)

2 The discussion of the global symmetry case in the nonabelain group is rather straightforward and we skip it.

16



Here W;(a:) .1 = 1,2, 3 are the nonabelian vector gauge fields.

Dig(x) = [0u+igL - W,(2)]¢ ()
= 0up (x) +igL - W, (2)¢ (z)

= U(a)dup(2) + [0.U()]p() +igL - W, (z) ¢ (z)

D¢'(x) = Ula)Dyp(x) = U(a)[0, +igL - Wy (x)lp(z) .
Using the followings

U(a)[0y +igLW,u(2)]p(2)0, — igW i TU(a)0pp()
= U()dup(x) + U(a)igL - Wyp(x) — [0,U(a)]gp(x) +igL - W, (2)U(a)p(x)

[0,U(e)]p(2) + ig - LW, (x)U(a)p(x) = U(a)igL - W, (z)e(x)

and by multiplying each term in this equation with é we do the following steps

DU (@)ela) + gigL W (@)U ()p(x) = gwa)z'gL W(2)p(a)

;[@U(Oé)]w(x) — LW, (2)U(a)p(z) = ~U(a) L - W,(2)p(z)

g[auU(a)]w(w) +U(a)L - Wy(2)p(z) = L- W, (x)U(a)p(x)

9
0,0 ()] +U(a)L - Wy ()

LW, (2)U(a)p(x) = ~[8,U(a)lp(z) + U(a) L - Wy (z)p(x)

L W)U (a) = é

By multiplying each term in this equation with the inverse matrix U ~!(«) one gets

L W,(@) = V@)U @)@V () + L- W @)U (o)

To see the effect of transformation on the W;{ more directly, let us take an infinitesimal
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transformation U(a) = 1 —iL - a + O(a?);

LW (x) = (1—iL-a[(L-WM(:p))(Hz’L-a)

N J/
-~

=L W 4i(L-W,) L-a—i(L-a)(L-W,,)

L 0U() }(1 +il-a)
g ———

=0, (1—iL-a)=—iL-Opa

) 1
L-(W,=W,) = iL-W,L-a]+ gL.aﬂa
‘ 1
L-oW, = io;Wy[Ly, L] + ELjauaj
1
LMWS = cklmalW;”Lk + ELkauOék

. 1
SWi(z) = cjklozk(x)WfL(x)—l—;aﬂaj(x)

The kinetic energy of the nonabelian gauge fields is —3GY,G** where GJ,, =
0,Wi — 0,W) + geuW W] is the generalized field strength tensor. ¢;x = (¢j)p is
a tensor with [c;, ¢;| = ¢;ii¢; obeying the algebra [c¢;, ¢;| = ¢;p¢;. The change in the

field strength tensor is 6G7,, = ¢ G,

The non-abelian gauge fields W, are self-coupled through the term G{L,/ij“” which
appears in the Lagrangian. As in the abelian case (the photon case), however, mass
terms for the Wﬂ can not be tolerated since W, - W* is not gauge invariant. The

Lagrangian can be summarized as L — L' = L + Ly [¢7, (0, + igL - W,)¢7].
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CHAPTER 3

THE HIGGS MECHANISM

The spontaneous symmetry breaking has been discussed in the previous chapter for
various cases. In this chapter we concentrate on the mass generation through the

Higgs mechanism. We split the discussion into the abelian and non-abelian cases.

3.1 The Mechanism in Abelian Gauge Theories

To construct the gauge invariant Lagrangian first replace the ordinary four derivative
with the covariant derivative in the kinetic terms and introduce a massless gauge field

A* as we did it in the previous chapter.

1 . 1 B | —
L= 3510+ iqAu)el® + §u2!<pl2 - Z\s@|4 — 1P Fu

where 0, +1qA,, = D,, is the usual covariant derivative. Then expanding the complex

field ¢ around its local minimum, v = \/LB , we get

¢=i+0+i7r.

VB

Here o is the Charge Conjugation and Partiy (CP) even scalar boson while 7 is the CP-

odd one which appears to be a Goldstone boson. Plugging this into the Lagrangian,
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gives

1 . I N S P Bk I

L= -0, +iqA) (= +o+in)| +=p’|-—=+o+in| — = |"=+o+in
27" "B 2" |V 41VpB
+Kinetic Terms .

There is a problem with this Lagrangian. The Goldstone boson 7 which emerges as a
consequence of Goldstone theorem. In this case, it represents a unphysical particle, so
it should not appear in the final result. It means that it should disappear in a suitable
gauge. Let us examine it here. If we impose the Lagrangian to be invariant under the

gauge transformation ¢ — ¢?(*)¢ together with the following choice for ¢

6 = —tan (22
(901)

Then, the complex field ¢ becomes real. That is, ¢ — (cos @ + isin @) and further

it is rewritten

. -1 .
(cosf +isinf)p = %(@1 + ips)
1+ 3

= e+l

When the complex field ¢ becomes a real field, the imaginary part of ¢, which is
precisely the Goldstone boson 7, vanishes in this particular gauge (known as the
unitary gauge).
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Let us go back to the Lagrangian and expand all the terms including the kinetic parts;

L

2

st + 3 [

2
2
Lo+ + o)A,

2 VE

[(a;ﬂ)Q + (auﬂ)ﬂ - iF‘“’FW -

N | —

+q |(0,m)o — (Oyo)m + LS

0.

A, +

ot 47 = Sl =/ Blo® + o)
2 2
500 = 1P Eu = s+ 5 [BE] (424 T,

+%22—\/%0(Au)2 - 504 — p/Bo’
%(3#0)2 - iF’“’FW RN [M] (Au)* + %202(14“)2
+(12—22—\/%0(Au)2 - 504 — /o’

300 = 17 B = 300"+ 3 [W) a7+ Lot

+ q;(a2 - 2—\/%0)(14#)2 - %74 — /o’

2

The massive scalar o is actually the Higgs particle and A" is the massive gauge field

with 3 degrees of freedom. Addition to the 2 transverse degrees of freedom, the lon-

gitudinal polarization comes out as the third degree of freedom since the gauge field

A* absorbs the Goldstone boson, thus acquiring a mass giving a longitudinal mode

as the third degree of freedom. This is the Abelian example of the Higgs mechanism.

However, what is now commonly referred to as the Higgs mechanism is its general-

ization to non-abelian gauge case and indeed extending it to the gauge group of the

Standard Model would be possible.

3.2 The Mechanism in Non-Abelian Gauge Theories

One now can apply the Higgs mechanism to a non-abelian gauge symmetry [|12].

Given a system of scalar field ., which are invariant under the transformation; ¢; —
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(14 1i0t™);jp; It is shown that by imposing local gauge symmetry and by expanding
the field ; about the vacuum expectation values, the gauge bosons will gain mass.
If the fields (; are taken to be real, then the matrices ¢* will be pure imaginary and
written as t; = ¢1; where T are real and antisymmetric. The covariant derivative

in the real ¢ case becomes
Dy = (0, — ig At ) = (0, + gALT" )

The kinetic energy term of the fields;

1 1 1
§(Du90i>2 = 5(%%? + g AL (DT ;) + 592AZAb“(T“90)i(Tbso)i

where the last term has the structure of a gauge boson mass;

1 2 Aa Ab
EmabAHA "

If the fields ¢; are expanded about their vacuum expectation values (') = (), the
mass matrix will be m2, = ¢*(T%p);(T%¢o);. All diagonal elements of this mass

matrix will have the form:;
m2 — 92<Ta<,00)2

This means that, all gauge bosons will acquire a positive mass. 7, the generator of
the symmetry group will not influence the vacuum expectation value, thereby leaving
the initial symmetry unbroken. In this case, the generator 7'* will not contribute to

the mass term and the corresponding gauge boson will remain massless.

3.2.0.1 An Example: The Georgi-Glashow Model

Before discussing the Higgs mechanism in reality, as a illustrative simpler example,

let us discuss the so-called Georgi-Glashow model, proposing a framework which
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explore the Higgs mechanism to create both massive and massless bosons, for the
weak and electromagnetic interactions. In the theory, an SU(2) gauge field coupled
to a scalar field ¢ which transforms as a vector of SU(2). First, we will consider the
case that all three gauge bosons end up being massive and the gauge field transforms

as a spinor. The covariant derivative is;
Do = (0, —igALT")p

where 7% = % In order to find the mass term, we will first compute the kinetic

energy;

1 . aqa .
(Dug)* = 510w — igALT ¢l Oup — ig AT

= (Ia2 ? = 0upig AT o — ig AST 0,0 + i g° AL AMT T 7))

1 1 N a a 1 a a
= 5(8#90)2 + §zg8Hg0(Ab“Tb + AT ") o + §g2AuAb“T Tb?
1 1 N a a 1 a a
— 5(8“g0)2 + izg(augp)\(Ab“Tb + AST) ¢ + 592A#Ab“T Tbp?
=243T =the rr?a:ss term
Vacuum expectation value of ¢ is
1 0
(0o = 7
v
1 1’
The mass term = —g?A® AToT? (—v>
27 K V2
1
— ZngZAbMTaTb’U2
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Using [T, T"]

1

— 2

The mass term

6 and fora = b [T, T"] = 1,

1 2 pa pa 1 2
Zg AMA M§’U
1
§92U2AZACL[L
1 2 fa pAap
g(gv) AjA
1.1
23
1 2

—m; A% A

9 e

Here the mass term, m,, becomes m,, = m, = % gu.

gv)zAZA““

The three fields all acquire the same mass. This means that the vacuum expectation

value breaks the symmetry of all generators 7“. Now, I will consider the case that a

real-valued field ¢ transforms as a vector of U(2) and only 2 gauge bosons end up

being massive and the third one remains massless. The covariant derivative is;

(D@)a = OuPa + geabcAZ(;Dc

The kinetic energy term is;

(D)2 =

5 (0u90)” + (OuageancAlpe) + (gabe Ay peduia) + (9€areAype)?)

1
§<<ap30a + gGabcAZQOc) (@Ma + gGabcAZQOc))
1

2

2

.

1 1 1
§<8M90a>2 + 529€abcAZ@C(aﬂ(Pa) + _(QGabcAZ(pC)2

1 1
§(au90a)2 + geabc(augpa)AZSOc + _92(eabcAZ<pc>2

J

~~

the mass term

The vacuum expectation value of the field ¢, is;

(¢a) = (©0), = Va3



1
The mass term = §g2(eabcAZV663)2

1
= 592‘/2 (eab0142503)2
—_——

:(eab3A2)2

1
= SV (ean Al

1
= (V)AL + (407
This mass term shows that two gauge bosons will acquire the mass;
mi1 = My = gV

and the other boson remains massless. The allowed vacuum states of the Georgi-
Glashow model lie on the sphere. If the vacuum state ¢, points in the z-direction, it
will transform under rotations in x and y direction but it will remain invariant under
rotations about the z-axis. Therefore, ¢, will remain invariant under the generator 7
(unbroken) while breaking the symmetry of 7! and 7', meaning that the correspond-
ing gauge fields will remain massless. At the beginning, this model was considered as
a serious candidate for electroweak interactions since it involves two massive bosons
which are W-bosons and a massless one which is a photon. However, now it is known
that the theory, which gives the most experimentally correct description of the weak

interactions, is the Glashow-Weinberg-Salam Model.

3.3 The Scalar Sector of the GSW Model

Glashow, Weinberg and Salam introduced a model describing electroweak interac-
tions, which experiments later proved to be correct up to very high precision. Addi-
tion to the same kind of SU (2) gauge symmetry which have introduced in the Georgi-

Glashow model, U(1) gauge symmetry is also introduced in this model. If the scalar
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field has charge —i—% under this U (1) symmetry, its complete gauge transformation will

be given by;

where 7 = %a Due to gauge invariance requirements the Higgs field needs to be a

doublet under the SU(2) and the vacuum expectation value of the field is;

There will be only one linear combination of generators that does not break the sym-

metry, leading to a massless gauge boson, that is;

i8
W — ety - L[ 0 (7
V2 V2 0 e% v

1 e 0 0

V2 1 v

The covariant derivative is;

. paga |y
DMSD = (QL - ZQAMT - §Zg/Bu)90
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The kinetic energy term is;

1 2 1
5IDuwel = 5(Dug)' (D)

1 . 1 . L 0
=35 <() v) (Ou +ig AT + §zg’Bu)(0“ +ig AT 4+ 529’8“)
v
1 2 pa Aburparb 1 ! para R
= 50w [gAuA T +§ggAuTB
1 ! Abprb 1 12 12 0
+§ggA“T Bu—i—é—lg B#‘f‘
v
02
= S|P+ AL+ (AL - 209 ALBY + g7 B] + .
2
= S|P+ A+ (oAl + 9B+
2
=[BT g | 202
2 H 2 2 K
where W = \%(A}l +iA%) and Z)) = %. These are the three vector bosons

which acquire the masses my, = % and mz = §+/g* + g”. The fourth vector field

which remains massless is

— :‘"Afi + 9B,

Ay

We will identify the three massive gauge bosons as the weak force carriers W+ and
79, and the massless field A, as the photon. Now, we will relate the masses myy,
and my to the electron charge e and the weak mixing angle #,,. To do this, we will
consider the coupling of the vector fields to fermions. Let us start with the covariant
derivative of a fermion belonging to an SU(2) representation with U(1) charge Y

- para Y
D, =0, —igA;T" — zg’EBN
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We will express this in terms of W+, Z ,and A,

_ _ 9 N 23 _ Y
Dy = 0= s (WiTH + W, 1) g2+gl2ZM(gT *3)
igg Y
Y9 A1,

/g2 + g/2 2
Last term shows clearly that Aﬂ couples to the gauge generator (7° + %), which is
the one that remains unbroken, leaving the photon massless. If I identify A, as the
electromagnetic field then the coefficient of the last term should be the electron charge
c

i

99

Now, we will define the weak mixing angle 6,,;

e =

B g

cosf, = —,
g*+g*

sinf,, = g

The gauge boson masses become;

my = mycosb, ,

The electric charge is e = g sin fy. W+ and Z bosons were first observed in CERN in
1983, confirming the GWS model. The GWS model also known as the unified elec-
troweak model, combined with quantum chromodynamics constitutes the Standard

Model of particle physics.

In conclusion, the Higgs mechanism allows the massless gauge field to become mas-
sive. The GWS model, has an application of the Higgs mechanism to an SU(2) XU (1)

gauge theory which allows for the weak force carriers W= and Z to acquire masses,
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while leaving the photon massless. The Higgs particle associated with the Higgs field
was observed that two CERN experiments which independently arrived at the same

discovery of a new particle, Higgs boson, in June 2012.
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CHAPTER 4

THE EFFECTIVE POTENTIAL

The aim of this chapter is to compute the scalar potential of various theories up to
one-loop order, including massless and massive ¢* theory as well as the GWS model
[1H3]. The minimum of the potential is expected to be stable in order to be a useful

theory to consider. For that matter, the loop corrections turn out to be significant.

It is also known that loop corrections give divergent integrals, resulting infinities.
However, it has been shown that the theories we consider are renormalizable. That is,
one can observed these infinities into the paramaters of the model, which are known
to be finite experimentally. To make the infinities obvious, different regularization
methods are used. In this chapter we follow two different methods; the cut-off regu-

larization method and the dimensional regularization method [13]].

There are also two main approaches to compute one-loop corrections. The one by
Coleman and Weinberg (call it the Coleman-Weinberg method) and one by Lee and
Sciaccaluga (call it the Lee-Sciaccaluga method). After a brief mention of the Coleman-
Weinberg method, we will concentrate on the Lee-Sciaccaluga method since it is pre-

sumably a lot simpler and faster to get the result.
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4.1 The Coleman-Weinberg Method

The details are given in the original paper [12] and in [9] as well. In short, suppose
a single real scalar field ¢, the generating functional of one particle irreducible (1PI)
diagrams is written such that the so-called effective action for the classical field ¢,

can be written as

I(g.) = Z_l % / PO (i )1 d i, Se(1).. o) @.1)

where I'™ (2, ...1,,) are the sum of all 1PI Feynman diagrams with m number of
external legs. Clearly, since m runs from 1 to oo, the method has the burden of
calculating diagrams with all possible number of external legs, turning into a sum of

infinite number of terms.
It is further possible to show that

1

(60 = - [ [V(60 - 520,07 @2)

Here V' (¢.) is defined to be the effective scalar potential and Z is the normalization

constant. If we express the effective potential in terms of the effective action we get

o

1
V(ge) == — 6 I"(pi = 0) (43)

m=1

where ¢; is the momenta of the external legs and for the calculation of the effective
potential what we need is to calculate the 1PI Feynman diagrams with p; # 0 and
then set them to be zero at the end. The disadvantage of the method is that if one
needs especially loop corrections higher than one-loop, it gets so cumbersome since

it involves all possible diagrams with arbitrary number of external legs.
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4.2 The Lee-Sciaccaluga Method

The idea is to do the following trick [9,/10,15]]. Instead of expanding the action around
¢. = 0, think of doing it around a non-zero arbitrary point shifted ¢. = w. Then, if

the shifted potential is called V'(¢,.), we get
G 1 mi1m
Vi(ge) = =) —(de+w)"T"(pi =0)
m=1
- 1 my1/m
m=1
where I'"(w) is nothing but the 1PI of the Feynman diagrams for the shifted theory

with zero external momenta. Like in the previous method, the effective potential

V'(¢.) can further be expressed as

/ . 1 . 1 / m' m—k k
k=0 m=0
I} (w)

[o2 o0 1 o2
/0 dwl (w) = ZﬁF;n(O)m/o dww™

be
V() = — / 2T (w)

As compared to the previous method one needs an additional integral to get V' but one
only need 1PI tadpole diagrams, nothing else. In that calculation, the shifted vertex

factors, masses etc should be used.

To summarize the procedure;
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(1) Determine the masses, propagators and the vertex factors of the shifted theory.

(2) Evaluate the tadpole diagrams to find I} (w) of the shifted theory.

(3) Integrate I} (w) with respect to w and then set w = ¢, to get the minus of

effective potential at one-loop.

4.3 One-loop Effective Potential with Cut-off Regularization

Let us consider the Lagrangian for a single, massless real scalar field [9]

1 99"
L = 5(3u¢)2 - (4.4)
~—
zero-loop potential
The effective potential through one loop is;
1 dk =1 [(gon72/(n—2)\"
V = —got+1 — : : 4.5
n!g¢0+z/(27r)4;27" ( k2 + ie *3)
By rotating this to the Euclidean space;
1 1 d*k gon2
V= —gob+=- | —=In|14+ —"-—) . 4.6
n!g¢c - 2 / (2m)4 n( * (n—2)!k2> (46)

For the general polynomial potential in the Lagrangian, U(¢), the one loop potential

1s;

V(ge) = U(¢C)+% / (;l:; . (1 . Uk(f)>

Since the integral is divergent at large k values, impose cut-off at k% = AZ;

L d% U ()
V‘°°P_§/(27r)41“(1+ k2 )
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where d*k = k3dkdw = 2m?k3dk and k3dk = k*kdk = %/{;Qde sod'k = 27rzék2dk;2 =

w2 k2dk?
7T2 A 5o U//((Zﬁc)
Vi = (27)4/0 K2dk In (1+ - )
—d(&
1 " U"(9e)\ _ ;4 U"(¢c)
_ 327T2/d(k)1n(1+ o) =kt | (14 =
—dk* In (; ) - ‘{]’,’/E“Z dk?
L[4 U"(¢.) . U”
= — |kt 14+ 222 -
3272 [k n( ME +/dk 1+ Uk

~
=I1

(k% In (1 - U”k(f“)) }32 = A'ln (1 + %) — 0 since k* goes to zero faster than

In (1+ %),

Vieop = ! {A‘*ln(lJrngfC))jLU}

_ 2
= /dk 1+ U" k2

where k? + U” = y and dk?® = dy Then;

II = [U'y— (U")?ny]
— [U”(k‘2 + U//) _ U//2 ln(|k2 4 U//|>]

— AQU// + (U//)Q _ (U//)Q (1H(A2 + U//) _ lIl UH)

N J/

-~

=1n(3—,2,+1)
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So;

1 U’ . A2
—
A2 i
(500
" 9
= 3217T2 [A4 — (U//)2] In (1 + %) — (U”)zln (%) AU 4+ (U”)2
—_———
= (%)

Expanding In(1 + x) around = = 0;

22 2 2t x?
In(1 = —_—t ... = - — .0.
n(l+z)=+x st 31 +x 2—|—h0t
Then;
1 . ) U’ 1 /U" 2 ) ) ) "
‘/IOOP = 647'('2 [A - (U//) ] (F - 5 ﬁ +A U// + U// + (U//> In F
— 7(U”)2 A\ 7
_A4 <1 A% ) _2A2U7’,7(U”)2
L - 274 |

_ 1 2A2U// _ (U//)Q 1 2A2<U//)3 (U//)4
~ 64n? 2 2 A4 A*
~ —_——— ——~
=A2U//7%(UN)2 h.o.t h.o.t

6472

_ 1 2771 1 11\2 e L2
= et U e {(U) {3z )+

Finally, we find;

A2 U// 2
‘/ioop(qbc) = U(¢C) + WUN + (647T)2

[m(U” JA?) — %} . (4.7)

For example the massive case with ¢? theory (n = 4) from the above result can be
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deduced as

V(o) = Ulge) +—pry U {m (U> _ 1}

3272 6472 A2) 2
:;/:Jop
A2 " (U//)2 U// 1
00 - 1 -5 | — =
Vi = 355U+ g ln(M) 2]
A 2y, (1% +3787)% 1° + 322 1
= g B+ T In A2 p)

where the potential explicitly are

A
Ulpe) = %u2¢§+1¢3
Uge) = 1o+ AP}

U(ge)" = 1+ 3¢,

For the massive ¢* theory, the Lagrangian of a self-interacting scalar theory is

A

_1 2_122
L= 5(0,0)° - 516" — =

A\ 4
V(o) = g+ 20

The renormalization procedure is that one has to absorb the divergent part into the

parameters of the model, 42, \ and ¢ itself. The renormalization conditions are;

A2V
2 2
pr=—-I(p;=0) = { 1
4 de? | 4.—0

d*v
/\R = |:_:| )
L P

[81“(2) } .
8172 p2=m?

where p% is renormalized mass-squared and A, is the renormalization coupling.
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4.4 The ¢* Theory in the Lee-Sciaccaluga Method with Cut-Off

To find the effective potential, firstly we need to evaluate the tadpole diagram. The

potential is;
1 22 1 4
Vo(¢e) = ol o, + ZA%

We will take its derivative with respect to ¢,

Vo

2 3
= /’L ¢C + >\¢c
Pe
= (4 +267)oe
=0
To satisfy this; u? + A\¢? = 0 From this;
¢ =0
or
2
2 _ M
¢C - )\
The shifted potential is;
Ly 2 1 4
%(¢c - w) = 5:“ ((bc - w) + Z)\(ch - w)

1
= 5,“2(@255 + w? = 2wo,)
1
F A0+ w4 20707 + 4wl — dwg! — duld)

122 1 4 2 122 1 4

= = —-A - c 2 ]/\

WL+ = Ao, —ptweo. + —pwT + —Aw
N / N

-

=Vo(¢c) =constant

1
+Z)\6w2¢z — Awe? — Aw’e,

J/

1 1
= S+ 3¢l — (1° + Mw?) wee — Awe] + AP,
2 N 4

=0

1 1
= §(M2 + 3 w?)¢? — Mwg, + Z>\¢§
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The original mass squared term y* will be replaced by (u? + 3\w?). Here we have
3-point term (—Aw@?) and the vertex is (—3!i\w). Firstly, we will write the one-loop

tadpole diagram;

1 [ d% i 1 [ d% i
Z - (=34 = -3z
2 / (2m)* k2 — mQ( 3lidw) 2 / (2m)* k2 — p? — 3)\w2( 3lidw)

1 [id*kg l
= = —3liA
2 / (2m)* — (k% + p2 + 3)\w2)( idw)

o / d*k 3w
2 @2m)* (k24 p? + 3\w?)

Secondly, we will multiply the tadpole diagram with i;

Z, _3'/ d'k 31w B 1/ d'k 30w
2) m)rk2+p2+3 w2 ) 2 (27)4 k24 p2 + 3\w?

Next, we will integrate this with respect to w;

/ 1 / d*k 3w dw — 1 / d*k / 6Awdw
2 ) (2m)* k2 + p? + 3 w? 2/ (2n)t k2 + p? 4 3 w?

N J/

:1n(k2+ttr2+3)\w2)
Finally, we will set this to w = ¢,;
1 d*k 1 d*k
~— | —— In(k* 23)\22—/ In(k* 24 3\
2/(27r)4 n(k” + 7+ 3dw’) 2 (2n)* n(k” + p” + 3A¢;)

If one allows massless vector bosons introduced to the theory: we will first find the
kinetic term. From the kinetic term, we will find the mass-squared and the vertex

point;
L= 5Dy (D"60) — V()
D, =0, +ieA,
KE = L(Dubo)(D6)
— %(8N¢C +ieA,d.) (0" P + ie A d.)
- %Qﬁ“gbcgbc + %@qﬁciez‘l“gbc + %ieAu%a“gbc + %ieAmbcieA“qﬁc
= 000000+ L0, N0, 1 ied, PO, — 1A G0,
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1 1 1 1
KE = 50,0"0cb. + 50,ieA'dde + Sied,0"0cp. — S A A" (94 w) (¢, + w)

(.

J

(24w +2wel)

1 1, .
= §8uau¢c¢c + 5(9“@6AM¢C¢C
1~ " 1 2 w12 1 2 w2 1 2 o /
+§ZGAH8 Gcbe — 3¢ A A ST — 3¢ A A w0 — 3¢ A AR2we,

1 1 1
= §auau¢c¢c + EauieAugbcgbc + EieAuaugbcgbc

1 1
-2 w12 2,2 no_ 2 Wl
5€ A A Y € W ALA e“wA, A ¢,
R
———— ———— o v
scalar-vector interaction term m124 scalar-vector-vector vertex

After the shift ¢/, = ¢. — w, the scalar-vector interaction term %e%fA“A# acquire a
scalar-vector-vector vertex —ie*wg,,, and the photon acquires a mass-squared given
by e?w?. Now, we will write the tadpole diagram by using this mass-squared and this

vertex point which I found above;

o [ (b
dw (2m)4 I "z \9 k2

d*k e?w G kP EY
= it (=1 / E Y
\Z/( ) (2m)* k2 + e2w? Juwrd —k2

_ / d*k 3e?w
B (2m)4 (k% + e?w?)

where k* = k2 —k"? = —(kg)? d*k = id*kp and k"k” = —k37, Next, we will integrate

~—
—2-1=—3

it with respect to w;

/ (/ ((217:; <k2?f2efw2>>dw -/ %3 (/ %)

Finally, we will set it to w = ¢,;

3 d*k
vect — o 1 k2 22
v t 2 / (277')4 n( + € qbc)
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The equation;

_1 2502, L\ (N2+3)‘¢2)2 2 2 2 4
V - 2:“ ¢c + 4)‘¢c + 6471'2 ln(ﬂ +3)\¢C) +a¢c +b¢c

The solution of this equation;

1 OA2 2\ 25
— At 4+ R p4 In [ 2o ) = 22
V= AR T G fe [D(M2> 6]

By using this solution, we will find the effective potential of the vector boson.

3)\R = 62

2
(&
)\RZE

The equation becomes;

9 [e2\? @2 25 9 e 2 25
0 s 4 1 c =Y — - 4 1 c /Y
+3647T2(3> ¢C{H<M2) 6} 364m2 9 C[H<M2) 6}

This is the equation of effective potential of the vector boson.

Additionally, if we allow fermions to couple: From the Yukawa Lagrangian, we will
find the tadpole diagram contribution. We will find the tadpole diagram. The Yukawa

Lagrangian is;

Lyuk = _gyuk¢£;‘;0/90 + gyukw‘plw

Then, the tadpole diagram is;

\ | . y
o g g 0 = 1 e ) g P (1)
[ idik 4igyucw
i | i) =gy o)
'k Agiuw
N ‘/ 2m)T (k2 + g2w?)
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AViermion _ / d'k Aguuw
dw ) @2m) (B + ggw?)

We will take the integral with respect to w to find the effective potential of the fermion

loop contribution;

4 2¢2  wdw
errmion - _/ o 2/ <t 2
(271')4 (kQ + gyuka)

N J/

Vv
=In(k? +gy2ukw2)

d*k
= —2/ 2n) In(k?* 4 gy w?)

Now we will use the following equation to find the solution of this equation;

B (U//>2 </5§
V= e

2

no__ 2 2 2
U _gyukw _gyuk¢c

Then the effective potential of the fermion loop is;
(gguk¢z)2 Qﬁ 1 4 4 ng
errmion = (_4) (W In M2 = _1_69yuk¢c In M2

Additionally depending on the gauge used, there will be Goldstone contributions.

1 1
Ve = = 2 42 )\ 4
0 21“’ (bc—i_ 4 ¢C

1 * 1 *
- §M2¢c¢c + 1/\<¢c¢c)2

btr = (P —w+iG) (e — w — iQ)

- (ch - w)2 + G2 - Z(d)c - IU)G + Z(¢c - w)G

(0e2)* = [(de —w)* + G
= (¢ —w)* + G* 4+ 2G* (¢ — w)?
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2

Vol =) = uPl(6e— W)+ G+ TAGe— w)! + TAG! + 3AC0 — w)

4
_ 1 2 o 2 1 o 4
= SHHge—w)+ JAGe —w)

1 1 1
+ PG+ AG! + DAGH (0 — 2w, + w?)

J/

~~
VGotdstone

1 1 1
VGotdstone = §M2G2 + Z)\G4 + 5)\G2(¢3 — 2qu5c + w2)

1 1 1

= §(u2 + 2 G? + ZAG‘* + §>\G2¢§ — G,
me = p? + 2w?

Vertex Factor = —3i(—\w) = 3i\w

3> factor comes for counting permutations.

dVGoldstone _ Z/dellk:E
dw

d*k Aw
oldstone — d
Vootast 3/(2@4/ w(k2+u2+/\w2)

‘We know that;

_ A (U U\ 1

The result is;

) R @2\ 25
_ - (e} 22
V= Arfe + g | 4 6

We can use this to find the solution of equation.

U" = 3\w* = 3\¢
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Finally;

N AR
VGoldstone =3 647T2 In M2

To sum up;

V= VE) + VScalar + VBoson + VFermion + VGoldstone

1 1
Vo = 24262 4 S
0 2ILL¢C+4 ¢C

VScalar =

4 2
VBoson - 3L¢[cl In ( ¢C )

6472 M?

1 ¢2
VFermion = gyukgb In (MQ)

02 (&
_ </ 1 c
VGoldstone 3 6471'2 n Ve

So adding them all up, the final result is;

_12214
V= 1002+ AL+

2 1 2
3ot (25) - ot (45 4 20

Ap2)?
6472

n

¢2
M2

4.5 The ¢* Theory in the Lee-Sciaccaluga Method with Dimensional Regular-

ization

Again doing similar steps first:

)



Vi(g) = V(o+w)

= SO+ W)+ A+ )

2
2 3 1 2 2\ 12 3 1 4
= (m*w+ A w’)o +§(m + 3 \w?)o” + lwe® + 4_1)\¢
—_— é , ~—
tree level tadpole interaction V cubic term S~

mass term quartic term

where I'} .. (w,0) = —(m*w + Aw?)

o
V;ree(qbc) = _/ dwr,l,tree(w70)
0

2 4
o W w
— —_— b A—
"y T
At ¢. = w this equation becomes;
Vertex Factor = —3\w

1 1
Wree(¢c) = §m2¢2+1)‘¢4

Propagator = =

k? —m? — 3)\w?
where m? — m? + 3 \w?

| dk 1
I‘1,100p<wa O) = —32)\10/ (271-)4 k2 — m? — 3 \w?

s /ddk 1 B /ddk 1
) et = e ) otk —mi(w)?
~———

=m'2(w)
Identity;
k1 (=DM T (e —df2) (1\"?
/(27r)d(l2—5)" ~ (@mdz T(n) <5>

In our case n = 1 and § = m’?(w) Thus;

/ddk 1 i F(l—d/Q)( 1 )”/2
Cmik2 —m/(w)? — (@m¥2 T1) \m?2(w)
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where d = 4 — 2¢ so;

@;;“Fﬁigﬂ)(m;@o>PW2::E555%55r¢—1>cw%w0&J

I'n) = (n—1)T'(n-1)

Expanding I'(¢) around € = 0;

M = -—7+0()

Fle—1) = —(1+e+0()) <% —7+O(e)>
= —%—'—7—14-0(6)

1
= ——— 147400

at = 6Elna

= l+elna+O(e?)

()" -

— m/Q (m/2)—e

_ /2
_ m/26 € In(m’?)

m?(1 — eln(m?) + O(e))

te-1 () = (FEo17400) 0 - ey + )
= | )+ (1) = e = D)+
= m” [—% —1+v+1In(m?) + O(e)]
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/ (;lﬂ];d e ;’(w)z = - (4;)2 (1+ eln(47r))(_m/2)<% F1—n

—In(m”) + O(e))
im’ {1

(1m)? +1—7—1In(m”) + In(4r) + O(e)}

€

. ile 1 12
[joop = —3)\wzw - +1— v —ln( ) + O(e)

3 wm/2
(4m)?

_ 3Aw(”(”‘;+)23m2) E _ 1n< m ) +1 +O(e)}

As we did before A\ — A\ —2¢;

I =
1,loop (47_[_)2 M
1—eln(u?)
3 w(m? + 3 w?) 1 1 ( m'?
— In

(47)? € AmeY

2 2 1 2
3Aw(m® + 3 w?) . [ —ln( m_ ) 1 +O(e)]
dme~ry

€

) +1+0(e) — In(p?) + O(e)

We got;

2 2 2 2
I 3 w(m® + 3 w?) {1 e (m + 3w ) 1]

Lloop = (47)? € dre=7u?

Then one-loop potential is;

de
Vo) = = [ dul}w,0)
0
3N [% 1 m? + 3\w?
= -2 | 4 2103 ?) | = —In [ 220 ) 41
e R e I C == |
Define /2 = 4me 7 1i?;

Vo = Va+Vi+oV™

47



Define m?> — m? + dm? and A\ — \ + 6)\;

I 5o, 1 4
Vy = = =Y
| 2m (;50—1-4 0.

‘/1 — ‘/iﬁnite + ‘/ldiv
fini di
V;ot — ‘/;l+‘/1nlte+‘/:llv+ 5vms
=16m2¢2+ 15748

Vo = Va+ W™

. . 1 1
‘/ims — ‘/1ﬁn1te + ‘/1le + §5m2¢3 + 1(5)\9253

. 3\ (% w(m®+ 3 w?)
div. _ d
i
3N [ m? 3\ b widw 1 1
= — dw— ——=3\ —— = @2om® + ~ PN
(47?)2/0 e (47r)23 /0 € +2¢C " +4¢C
_Zm? =16t
1 3 A m? 1 9N 1
= —|om® -2 — | +=ot 6N — -
2 l " 2 (4m)? € }—'—4% l (47)? e}
=0 =0
=0
2
1
om? = A
" 3 (4m)2 €
1 1
A = 9\ -
(4m)2 €
‘/1ms — ‘/1ﬁn
3N [P m? + 3\w?
= +—— d 243 ) In [ ——— | —1
+(47r)2/0 w[w(m +3w)n< o ) }

By taking this integral by Mathematica;

2

2 2
ms 2 2\2 m”+ 3)\¢c . 3
Vit = 1 (m* 4 3\¢7) {ln (—M2
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4.6 One-loop Effective Potential of the GWS Model

Higgs Doublet;
Gﬂ:
gp =
75 (H +iG°)
1 1+ W2
NG .
V2 P31+ 1Py
Classical Potential;
Vo = mPolo+ Ap'p)?
1 1+ ip2
2 . ) 2
- m §+ <¢1—Z¢2 ¢3—2¢4) AA
03 + 1Py

= L2+ I
= Mo+ 7 A(6i6)

Vo = Volg; — ¢+ wj)

= %mz (i +w;) (g + wi)ﬂ‘}l)\ (¢ + wz)i £¢j + wj)i

-~

-~
07 +wi+2wid; OF +wi+2wii ¢F+w?+2w;d;

1 1 1

1 1
—I-Zk(w?qbf + wiqu? + dw;w;pip;) + Z)\(ijquqbf + 2wigbi¢]2-)

1 1
=i (miHAws) —L{(m2 X)) i

1 1
= pjwj(m® + w?) + 5[(7”2 + Aw?)di; + 2Awiw;|gid; + Awigid; + Z)\((/ﬁzﬁbz’)z
where w? = w? 4+ w3 + w3 + w}

Let us list different Contributions in the GWS model at One-loop as
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i = Vi+ VotV
At the end since (¢3) # 0 only, set w; = wy = wy = 0 and w3 # 0
Masses;
m(¢;) = m? + Mw? fori = 1,2, 4
m(¢;) = m? + 3\wj fori = 3

Vertices;

Vi = V(o= 05)+3 Vi(d = dr24)

=Vi®(¢=¢c) =V (p=¢e,A—3)

ms 1 2 212 m? + 3A¢3 3
v = i (m* + 3X¢7) [ln( 2 5

3 2 212 m? + )\Qb?: 3
+647r2 (m* 4+ A\g?) {ln < 2

2

Now the vector boson part;

Vertices come from the kinetic term (D*¢)'(D,,¢) where Do = (9, — igW,. % —

ig' ¥ Bu)g

Since the result is gauge-invariant, let us consider unitary gauge for simplicity;

' 0
o= 7 LA R e
2 . 2
V2 P3 + 1404 V2 ¥3
With 6(z) = 0, we have
1 0
Y=
2
V2 ¥3



in the unitary gauge.

1 0
i — Qi tws) = —=
=y’ 3 + w3
where Y () =0
.1 0 1 9WEiHgB, Wy — il 0
Du(p = E — 25
i Oups W;} + zW/f —ng’ +4B, Y3 + ws
1 0 i (¢3 +ws) (W, —iW}7)
V2 2v/2
V2 s V2 (¢34 w3)(—gW; +g'By)

1 ?

(Du@/)T = E (0 8u¢3> + 2\/§(¢3 + ws) (W!} + zWi —ng’ + g'BM)

Instead of using D, in this form, lets express it first in terms of mass eigenstates of

the gauge bosons.
D,=0,— igWM% — ig'%BM

Then, one can write D, as;

. g I .9 . )
D, = au_ZE(W;T++WuT )_ZcosewZ“(TS_SerwQ)_ZQQA“
1
T = —(oc'+io?) =07
. 99’
o /g% + g”
sinf, = ¢
g
cosb, = E,
g
N 01
o =
0 0
0 0
O'_ =
10
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Since ) = 0 for ¢3

;o [ . g + — . g 3 '
D = |0 =i (W4 WT) =i D107,
_ Oy — 2cé§9w Zy _Tlgwlj 1 0
i _ 2
TgWM 8 + 20036‘ Z \/_ ws + ¢3
1 _Tng(UJ3+¢3>W+

=

O3 + Qcé—ggw(w:s + ¢3)Z,

, e .
(Dygp )= E (%(w3 + ¢3)W, Ouds — ﬁ@% + ¢3)Zu)

2

(D) (D) = 5[ s+ G PWW 4 (0,

(368w + ) 2"

2 cos B,
+ g (8 ¢3)(ws + ¢3) 2" + g —7 (w3 + ¢3)° 2, 7"
2cosf, " 4co 82
= ( Du3)” + 19 2(w3? + 3 + 2ws3 )W, S W H
W—/
—K.T
92 2 2
2 7,2
400503(103 + ¢3” + 2wz03) 2,
KT+ rpwrwiw s % 2z g
= — g w w
191 4 cos 602 5w
~—— —_————
=iy =13
1, b o L q°
+29 wggbgW W= + §ﬁw3¢gZuZ

122+ 1 92 2
+4g¢ WW“+ 02¢ Z,Z"

Before we proceed let us clarify a point about the mass term of Wj For the original
(Wi, Wi W) fields,the mass term as usual is of the form (for only W}* and W4') is
— s MW, WY — S M3W,, W one can show that starting from (D) D¢, M7 =
M3 = M?* = ;g*w; Now we can check the masses of the physical fields W3". In
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terms of the original fields Then;

1 1
MT = ) 12W1MW1M_ ) 22W2uW2H

= MW W)V W) — (W — W, )W — W)

N J/

-~

=2W W —r42W,, WHr=AaW W —n
= — M2 Ww*
~~—~ H
=M2,

2 _oag2 1,22
My, = M* = ;g°w;

w
Vertex Factor of W= for ¢35 = J 5 3 G
Vertex Factor of Z for ¢3 = 1 ig*ws
- 2 2 cos 0, In
N

Identical Z bosons

Propagators of W and Z in Landau gauge;

. i L kPR
DY = 2 _ m2 (—g“ + k2>

v

A%k —ig*ws i kHky
F,(w) = / v v
v (w5, 0) = el 2 i e \ Y T
2 d ; v
g w d*k 1 y k*EY g,
N 3 / 112 _ 2 — 9" 9w+ =5
2 (2m)¢ k2 — m2 (ws) k

2’(1]3 d
_ ig—(l—d)/(dk L

2 2m)® k2 — mZ; (ws)
e GPws (1—d)T(1—d/2)

" LT )
_ 1 g m2, (ws) p>T(e—1)(1 —d)
2 ws W (4m)2 m2e (ws)
— ——
— ami) (w) =(4m)2(4m)—2¢
w3
_ 2my,(wy) [ p?(4r) F(e— 1)(1 - d)
w3(47T>2 m%)(w:a)




After MS substraction;
2 4 2
st = 228003 (g, [t

Then,

be
VS (g,) = / Qs s (13)

1 4 m%/V(‘bC)z _§
camy %) H z ) 6]

In the case of Z-boson in the loop m,,(¢.) — mz(¢p.). Also while W, — W, — ¢

NN GV]

2 2
vertex 1s W, the Z, — Z, — ¢3 vertex is %Z’)S’W.Thus, in addition to the

above substitution, there is an additional factor of % in the Z-exchange case.

VIS8 = SV (o) = ma(6)

The last part is due to fermions in the loop. Yukawa Lagrangian in the lepton sector;

Llep

yuk

—yi(LpR + Ry'L)

where R = li and y; is the yukawa coupling. One can show that Li;fk is invariant

under SU(2),XU(1)y transformation. Since

(¢3 + ws)

Sl=

lep .
L., becomes;

er = — Iy ws)((nly + [lg)

V2

=~ (pg+ws)ll

V2
— —myll — Ll
V2
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where m; = \%ylwg and the neutrinos remain massless. In the quark sector, the

down-type quarks behave like exactly the charged leptons. Hence,

Lgl/o%n — _ﬂ<¢3 + w3)(d_LdR + d_RdL)

V2

— mgdd — %@Jd

The case with the up-sector is slightly different. If the same Higgs doublet is used,
one gets the wrong combination, namely wgd; + dyug. In the representation used

so far the hypercharge of ¢ is Y () = 1. However, one can also use the charge

, B . $3 — i . 3
conjugated p, P, as © = ITyP* = with Y (¢) = —1. Here one

—(¢1 — ich2)
can show that ¢ can be transformed as ¢ under SU(2), XU (1)y. Therefore, it should

also exists in the Lagrangian and we have;

LY, = —vy.QrpUr+ h.c
o ¢3 + ws
where ¢ = 7%
0
Then;
u Yu
Ly = _ﬁ
Yu(Ps +ws) , -
= -~ 2 (UUgr + h.c.
\/5 ( LYR )
= m,UU

where m,, = %wg.Thus, we can summarize the mass and the vertex term as;

L, = —Z%(fbwwz)ff

. —imy(ws) . . . .
where ¢35 — f — f factor is —, - Fermion propagator is SINCE Yyop = 1

—1
k—ms(w3)
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and the largest, we keep top loop only;

Itop . A%k —ims(ws) —iTr(k +me(ws
) = [ e

im s (ws) dk  dmy(ws)
'{Ug / (2m)d k2 — :nfc(wg)

= 3

where 3 comes from the color sum in the top loop.

12im?(w3) dk 1
F/top _ f 4—d/
v ws) ws (2m)7 K2 — m?(ws)

\ J/

~~
=1

where d = 4 — 2¢

—1 F(E—l) 9 )
A ) i) - ¢

) = 2]y (M)

12m%(ws) |1 02
R A S T e K
= (i 2on, L 1 [m?(wg) + 1+ 0O(e)
Again;
12m4(ws) m3(ws)
/ _ f . f
s = Ty {1 1“( z )}

ey = [ (Y],

With the help of Mathematica, we get;

iy = O (750

top

loop (¢C) - loop((bc) lg:;)lds(qﬁc) loop (¢C> + oop<(b8) + ‘/ZZZZ(¢0>

Vitop(@0) = @mi(%) [m (m,z(fc))_g}
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VER (60 = gl [ (mite) 8

(&7 e )2
Vi (0 = i) [in (00))
V(@) = GViblmn(60) = ma(6.)
Vim(e) = i) [ (“he) 2]
Thus the total final result can be expressed in a compact form as
VG = s S0 2o [ (P2 ) o,

Here the parameters are

s, = 0 forh G

for fermions

N —

s, = 1 for W*, Z bosons .

For s, = 0 for h, G, L for fermions, and 1 for vector bosons. The parameter a, =

a = 3 for scalar and fermions and a, = a — + = 2 for vector bosons. Also N, = 12

for top quark(but 4 for charged leptons) and N; = 1 for all scalar and vector bosons.
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CHAPTER 5

CONCLUSION

The role of symmetries in particle physics can not be undeniable for the progress in
especially developing/improving theories. Especially after the discovery of the Higgs
particle, taken as the evidence of the presence of the Higgs mechanism, breaking the
local gauge symmetry invariance spontaneously fits very well with the mechanism.
Hence, these recent advances put all of these symmetry-related arguments into more

central position.

Motivated from this, we have discussed the global and local symmetries and their
spontaneous breaking both in abelian and non-abelian frameworks with various toy
models like ¢* theory, the Georgi-Glashow model etc. Later the Higgs sector in
these frameworks have been explored and at the end the Higgs sector of the Glashow-

Weinberg-Salam model is presented.

Calculating the one-loop corrections to the scalar potential of the Higgs sector is an
important business and it is worth spending time on it. First the discussion has been
exercised in various simplified frameworks. Two alternative methods, the Coleman-
Weinberg and the Lee-Sciaccaluga methods, are compared. The regularization and

renormalization methods have been implemented to get the effective form of one-
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loop corrected scalar potential.

Concentrating on the scalar potential of the GWS model, the one-loop corrections
have been computed within the dimensional regularization method together with the
M S renormalization scheme. The one-loop tadpole diagrams in the GWS model have
the following particles in the loop; scalars (Higgs and Goldstones), vector bosons
(W=, Z) and the fermions (all charged leptons and quarks in principle but the top
quark mainly due to its large Yukawa coupling). After getting the analytical form
of the potential, a qualitative discussion about its the stability is given. For the dis-
cussion make sense, one should also include the RGE improvements, temperature
corrections etc, which are all beyond the scope of the present study. However, it can
be considered to be the first step along these lines. Additionally, having one doublet
at hand, everybody wonders whether there are other scalar doublets and/or singlets in

nature. Such extensions will definitely take the current study as a starting point.
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