PRE-SERVICE MIDDLE SCHOOL MATHEMATICS TEACHERS’
PROPORTIONAL REASONING BEFORE AND AFTER A PRACTICE-BASED
INSTRUCTIONAL MODULE

MUTLU PiSKIN TUNC

JULY 2016






PRE-SERVICE MIDDLE SCHOOL MATHEMATICS TEACHERS’
PROPORTIONAL REASONING BEFORE AND AFTER A PRACTICE-BASED
INSTRUCTIONAL MODULE

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF SOCIAL SCIENCES
OF
MIDDLE EAST TECHNICAL UNIVERSITY

BY

MUTLU PiSKIN TUNC

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR
THE DEGREE OF DOCTOR OF PHILOSOPHY
IN
THE DEPARTMENT OF ELEMENTARY EDUCATION

JULY 2016



Approval of the Graduate School of Social Sciences

Prof. Dr. Meliha Altunigik
Director

| certify that this thesis satisfies all the requirements as a thesis for the degree of
Doctor of Philosophy.

Prof. Dr. Ceren Oztekin
Head of Department

This is to certify that we have read this thesis and that in our opinion it is fully
adequate, in scope and quality, as a thesis for the degree of Doctor of Philosophy.

Prof. Dr. Erding Cakiroglu
Supervisor

Examining Committee Members

Assoc. Prof. Dr. Mehmet Bulut (Gazi Uni., ELE)
Prof. Dr. Erding Cakiroglu (METU, ELE)
Assoc. Prof. Dr. Cigdem Haser (METU, ELE)

Assoc. Prof. Dr. Biilent Cetinkaya (METU, SSME)

Assist. Prof. Dr. Mesture Kayhan Altay (Hacettepe Uni., ELE)




I hereby declare that all information in this document has been obtained and

presented in accordance with academic rules and ethical conduct. | also declare
that, as required by these rules and conduct, I have fully cited and referenced

all material and results that are not original to this work.

Name, Last name : PISKIN TUNC Mutlu

Signature



ABSTRACT

PRE-SERVICE MIDDLE SCHOOL MATHEMATICS TEACHERS’
PROPORTIONAL REASONING BEFORE AND AFTER A PRACTICE-
BASED INSTRUCTIONAL MODULE

PISKIN TUNC, Mutlu
PH. D., Department of Elementary Education
Supervisor: Prof. Dr. Erding CAKIROGLU

July 2016, 319 pages

The purpose of this study was to investigate pre-service middle school mathematics
teachers’ proportional reasoning before and after receiving a practice-based
instructional module based on proportional reasoning. Data were collected from three
pre-service teachers in the spring semester of 2012-2013. Pre-service teachers were
junior students enrolled in elementary mathematics teaching program at a public
university. A practice-based instructional module based on proportional reasoning
was carried out during a five-week period. In this study, the researcher was also the
teacher of the instruction at the same time. The Proportional Reasoning Test, semi-
structured interviews and observations of student teachings were used to collect data

about the participants’ proportional reasoning.

The current study indicated that pre-service teachers improved their proportional
reasoning by completing a practice-based instructional module. Before the
instructional module, the pre-service teachers generally applied algebraic procedures

without associating meaning and used limited number of strategies to solve



problems. Furthermore, the result demonstrated that they had difficulties in
distinguishing proportional from nonproportional situations and understanding
mathematical relationships embedded in proportional situations. However, by the end
of the instructional module, while they mostly preferred to use informal strategies,
they relied less on formal strategies. Additionally, they utilized a broader range of
strategies to solve problems and made sense of these strategies. Further, they could
determine whether the quantities in a situation were related additively,
multiplicatively, or in some other way. Moreover, they enhanced their understanding
of the mathematical relationships embedded in proportional situations as a result of

their participation in the instructional module.

Keywords: Proportional Reasoning, Pre-service Mathematics Teachers, Ratio and

Proportion.
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ORTAOKUL MATEMATIK OGRETMEN ADAYLARININ UYGULAMAYA
DAYALI BiR OGRETIM MODULUNUN ONCESINDE VE SONRASINDA
ORANTISAL AKIL YURUTMELERI

PISKIN TUNC, Mutlu
Doktora, ilkdgretim Boliimii
Tez Yoneticisi: Prof. Dr. Erding CAKIROGLU

Temmuz 2016, 319 sayfa

Bu calismanin temel amaci, ortaokul matematik 6gretmen adaylarmnin, orantisal akil
yiiriitmeye yonelik uygulamaya dayali bir 6gretim modiiliine katilimlarindan 6nce ve
sonra orantisal akil yiirlitmelerini incelemektir. Calismanin verileri, 2012—-2013 bahar
doneminde, ii¢ 6gretmen adaymndan toplanmistir. Ogretmen adaylari, bir devlet
iiniversitesinde, matematik 6gretmeni yetisme programima devam eden {i¢iincli smif
Ogrencileridir. Bes haftalik bir zaman dilimi icerisinde, orantisal akil yiirlitmeye
yonelik uygulamaya dayali bir 6gretim modiilii yiiriitiilmiistiir. Yapilan uygulamada,
aragtirmact ayni zamanda egitim gorevlisi olarak gorev almistir. Orantisal Akil
Yiriitme Testi, yari-yapilandirilmis miilakatlar ve Ogretim deneyimlerinin
gozlemleri, 6gretmen adaylarmin §gretim modiiliine katilimlarindan dnce ve sonraki

orantisal akil yiiriitmelerine yonelik veri toplamak i¢in kullanilmustir.

Veri analizi sonucunda, 6gretmen adaylarinin, uygulamaya dayali 6gretim modiiliine

katilarak, orantisal akil yiiriitmelerini gelistirdikleri goriilmiistiir. Ogretim

Vi



modiiliiniin Oncesinde, Ogretmen adaylari, orant1 problemlerini ¢dzmek igin
genellikle i¢ler-diglar carpimi gibi anlamdan yoksun cebirsel kurallar1 uygulamiglar
ve sinirl sayida strateji kullanmiglardir. Bunun yaninda, orantisal durumlar1 orantisal
olmayan durumlardan ayirt etmekte ve orantisal durumlarin igerdigi matematiksel
iligkileri anlamada zorluk ¢ektikleri goriilmiistiir. Buna karsin, gretim modiiliiniin
sonrasinda, 6gretmen adaylar1 orant1 problemlerini ¢ozerken ¢ogunlukla, ¢arpimsal
iliskilerin kullanildig1 informal stratejileri (degisim carpani gibi) kullanmay1 tercih
ederken, i¢ler-dislar ¢arpimi ve diger formal stratejileri kullanmayi pek tercih
etmemislerdir. Ayrica, orant1 problemlerini ¢6zmek icin farkl stratejiler kullanmiglar
ve bu stratejileri anlamlandirabilmislerdir. Buna ek olarak, verilen g¢okluklarin
aralarinda toplamsal, c¢arpimsal veya baska iliskilerin olup olmadigini
belirleyebilmislerdir. Bunun yaninda, 68retmen adaylarinin orantisal durumlardaki

matematiksel iliskileri anlayabildikleri goriilmiistiir.

Anahtar Kelimeler: Orantisal Akil Yiiriitme, Matematik Ogretmen Adaylar1, Oran

ve Orant1
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CHAPTER |

INTRODUCTION

1.1 Introduction

“One cannot teach what one does not know.”

(Fennema & Franke, 1992, p. 147).

Teachers need a broad and deep knowledge of concepts, principles and strategies
they teach (Ball & Cohen, 1999; Ma, 1999; National Board for Professional
Teaching Standards [NBPTS], 2010). Effective teachers can use this knowledge to
apply curricular goals and shape their instruction and assessment. Furthermore, they
can understand the mathematical relationships between concepts and the applications
of these concepts to problem solving in mathematics, in other disciplines, and in the
world outside of school (NBPTS, 2010). In USA, the Standards of National Council
of Teachers of Mathematics (2000) pays importance to build a broad and deep
conceptual knowledge. Similarly, the mathematics curriculum in Turkey emphasizes
conceptual learning that is required learning the meanings of the concepts instead of
learning procedures, algorithms and rules in a rote manner (Ministry of National
Education, 2013). Research has shown that the knowledge elementary and middle
school mathematics teachers get their classrooms is procedurally based and largely
misunderstood (Ball, 1990; Ma, 1999; Tirosh, 2000). This is also true with
mathematics teachers’ understanding of proportional situations and rational numbers
(Ball, 1990; Chick, 2003; Cramer & Lesh, 1988; Harel & Behr, 1995; Lacampagne,
Post, Harel, & Behr, 1988). However, teachers’ knowledge and understandings have
an important role in shaping the quality of their teaching (Ball, Bass, Sleep, &



Thames, 2005). In this context, both in-service and pre-service teachers’ knowledge

and understandings are important areas of research focus.

There have been many attempts to bridge the gap between practice and knowledge in
the field of mathematics education. Most widely accepted model in mathematics
education was raised by Ball, Thames, and Phelps (2008). The model conceptualizes
knowledge for teaching mathematics differently and therefore link practice and
knowledge differently, as well. Ball and her colleagues’ aim is to further develop
Shulman’s (1986, 1987) notion of pedagogical content knowledge. To describe
professional knowledge within mathematics Ball and her colleagues use the term
“mathematical knowledge for teaching” (MKT). They define MKT as “the
mathematical knowledge needed to carry out the work of teaching mathematics”,
where teaching is defined as “everything that teachers must do to support the
learning of their students” (Ball et al., 2008, p.395). Similarly, this study investigated
pre-service mathematics teachers’ content knowledge which traces its roots to

Shulman’s work (1986, 1987).

In order to have an impact on pre-service teachers’ knowledge and instructional
practices, professional learning experiences should be closely tied to real classroom
practices (Ball & Cohen, 1999; Smith 2001). However, traditional professional
development programs do not serve to transform teachers’ knowledge, beliefs and
habits of practice (Smith, 2001). In order to develop mathematical knowledge for
teaching, Ball and Cohen (1999) propose a professional development model that
focuses to use practice as a site for professional learning. The teacher education
model, which is commonly referred as practice-based professional development,
aims to deepen and sharpen teachers’ knowledge through a practice-based
curriculum and to improve teachers’ capacity for innovative practice (Ball & Cohen,
1999; Smith, 2001; Silver, 2009). Correspondingly in the current study, a practice-
based instructional module was used to improve pre-service teachers’ content

knowledge and understanding in proportionality concepts.



Proportional reasoning has an important role in children’s mathematical
improvement because it is the mathematical base of a great number of concepts in
the middle school mathematics curriculum. Actually, the NCTM (1989) asserts that
proportional reasoning “is of such great importance that it merits whatever time and
effort must be expended to assure its careful development. Students need to see many
problem situations that can be modeled and then solved through proportional
reasoning” (p. 82). Proportional reasoning is a measure of understanding of
mathematical ideas in middle school mathematics curriculum. Moreover, it provides
the mathematical foundation for more complex concepts in high school (Lamon,
2012). Proportional reasoning is labeled as “the capstone of elementary arithmetic
and the cornerstone of all that is to follow.” (Lesh, Post, & Behr, 1988, p.94). In
other words, it is an important reasoning which is necessary to understand the

elementary and high school mathematics concepts and beyond.

Proportional reasoning is defined as “detecting, expressing, analyzing, explaining,
and providing evidence in support of assertions about proportional relationships”
(Lamon, 2007, p.647). Ratio and proportion are concepts that fall under the general
umbrella of proportional reasoning. Thus, a conceptual understanding in the ratio and
proportion concepts requires being a proportional reasoner. Lamon (2012) claims
that a proportional reasoner exhibits greater efficiency in problem solving and
utilizes a range of strategies, sometimes unique strategies, for dealing with problems.
According to Cramer and Post (1993) being a proportional reasoner is more than
applying rote procedures such as the cross-product algorithm to solve the proportion
problems. Giving a correct answer to a proportion problem does not indicate that
proportional reasoning is taking place; moreover, assessing what students are
thinking and how they solve the problem is more essential than a numeric answer
(Cramer, Post, & Currier, 1993; Lamon, 2007). Therefore, the current research study
aimed to gain in-depth understanding of pre-service teachers’ proportional reasoning

by using multiple sources of data.



1.2 Main and Sub-problems of the Study

1. What is the nature of pre-service mathematics teachers’ proportional reasoning

before receiving a practice-based instructional module based on proportional

reasoning?

1.1. What are pre-service mathematics teachers’ approaches to different

1.2.

1.3.

problem types before receiving a practice-based instructional module
based on proportional reasoning?

How do pre-service mathematics teachers distinguish proportional from
nonproportional  situations before receiving a practice-based
instructional module based on proportional reasoning?

How do pre-service mathematics teachers understand mathematical
relationships embedded in proportional situations before receiving a

practice-based instructional module based on proportional reasoning?

2. What is the nature of pre-service mathematics teachers’ proportional reasoning

after receiving a practice-based instructional module based on proportional

reasoning?

2.1. What are pre-service mathematics teachers’ approaches to different

2.2.

2.3.

problem types after receiving a practice-based instructional module
based on proportional reasoning?

How do pre-service mathematics teachers distinguish proportional from
nonproportional situations after receiving a practice-based instructional
module based on proportional reasoning?

How do pre-service mathematics teachers understand mathematical
relationships embedded in proportional situations after receiving a

practice-based instructional module based on proportional reasoning?



3. What differences exist between pre-service mathematics teachers’ proportional
reasoning before and after receiving a practice-based instructional module based

on proportional reasoning?

3.1. What differences exist between pre-service mathematics teachers’
approaches to different problem types before and after receiving a
practice-based instructional module based on proportional reasoning?

3.2. What differences exist between pre-service mathematics teachers’
distinguishing proportional from nonproportional situations before and
after receiving a practice-based instructional module based on
proportional reasoning?

3.3. What differences exist between pre-service mathematics teachers’
understanding mathematical relationships embedded in proportional
situations before and after receiving a practice-based instructional

module based on proportional reasoning?

1.3 Significance of the Study

Teachers themselves had to have a conceptually based understanding of ratio and
proportion content so as to teach their students the content in a conceptually based
way (Cramer et al., 1993; Lamon, 2007). As Fennema and Franke (1992) said, “what
a teacher knows is one of the most important influences on what is done in
classrooms and ultimately on what students learn... One cannot teach what one does
not know.” (p. 147). That is to say, teachers need a broad and deep knowledge of
concepts, principles and strategies they teach (Ball & Cohen, 1999; Ma, 1999).
Therefore, while teachers are encouraged to teach toward deeper understandings of
contents in the middle grades, it is needed to determine whether they have the
necessary understanding and knowledge of the contents they teach (Cramer et al.,
1993). With this in mind, this study intended to shed light on pre-service teachers’

knowledge, conceptions, misconceptions and understandings in proportional



reasoning. The study made investigation in proportional reasoning within a more
comprehensive perspective than previous studies. Most of the previous research
studies investigated teachers’ and pre-service teachers’ solution strategies in solving
proportion problems (e.g., Akkus-Cikla, & Duatepe, 2002; Person et al., 2004), and
some studies examined their capability to distinguish proportional from
nonproportional relationships (e.g., Cramer et al., 1993; Olmez, 2016), but there
were limited number of studies that explored different components of proportional
reasoning at the same time (Hillen, 2005). Thus, the current study examined the pre-
service teachers’ understandings in different components of proportional reasoning
such as approaches to different problem types, distinguishing proportional from
nonproportional relationships and understanding the mathematical relationships
embedded in proportional situations before and after participation in a practice-based

instructional module.

Proportional reasoning contains a network of understandings and relationships, and it
plays a crucial role in solving ratio and proportion problems (Lamon, 2007). Further,
this reasoning is the mathematical base of a great number of concepts in the middle
school mathematics curriculum. Thus, the development of the ability to reason
proportionally is one of the most important aims of the 5-8 grades curriculum (Van
de Walle, Karp, & Bay-Williams, 2010). However, ratio and proportion are concepts
that are generally difficult to understand for many school children (Behr, Lesh, Post,
& Silver, 1983; Cramer, Post, & Behr, 1989; Hart, 1988; Lamon, 2007). Thus,
mathematics teachers’ knowledge in the instruction of ratio and proportion is critical.
According to NCTM (1989), proportional reasoning ability develops in students
throughout grades 5-8. Thus, pre-service middle school mathematics teachers, who
will teach grades 5-8 in Turkey, are critical stakeholders whose conceptions of ratio
and proportion need to be studied. Therefore, in this study, pre-service middle school
mathematics teachers’ knowledge and understandings were investigated within the

concept of ratio and proportion.



Research showed that students and even teachers frequently use formal strategies,
which are algebraic strategies in which rules and properties of algebra are used, to set
up and solve proportion problems (Ben-Chaim, Keret, & llany, 2012; Cramer &
Post, 1993). Undoubtedly, the most common formal strategy is cross-multiplication
strategy (Cramer & Post, 1993; Lamon, 2012). However, the cross-multiplication
procedure has no physical referent, and so, it has less meaning for students and
teachers (Cramer & Post, 1993). Moreover, although it is an efficient strategy, it
might cause confusion and lead to error due to the fact that it does not highlight
multiplicative relationships between variables (Cramer & Post, 1993; Cramer et al.,
1993). Furthermore, those who blindly apply an algorithm might have difficulties in
determining whether a situation is proportional or not (Lamon, 2012). Similarly,
research studies indicate that there is a strong tendency to over generalize
proportionality; that is, many students and teachers incorrectly apply proportional
reasoning in situations that have nonproportional relationships (Atabas, 2014;
Cramer et al., 1993; Van Dooren, De Bock, Hessels, Janssens, & Verschaffel, 2005;
Van Dooren, De Bock, Depaepe, Janssens, & Verschaffel, 2003). Although the
transition from additive to multiplicative thinking is an essential aspect of
proportional reasoning, it has traditionally received little importance in the
preparation of middle school mathematics teachers (Sowder et al., 1998). However,
inaccurate additive strategies do not seem to disappear with maturation (Hart, 1988).
Correspondingly, “proportional reasoning does not always develop naturally”
(Hilton, Hilton, Dole, & Goos, 2013, p. 193). Additionally, some research studies
argue that its development can be promoted with instruction (Berk, Taber, Gorowara,
& Poetzl, 2009; Hillen, 2005; Sowder, Philipp, Armstrong, & Schappelle, 1998;
Whitenack, & Ellington, 2013). Studies indicate the need for a targeted professional
development program to develop pre-service teachers’ proportional reasoning. The
current study responds to the need through a practice-based instructional module
which intended to improve pre-service teachers’ flexibility in solving different
problem types by using a broad range of strategies, increase their capability to

distinguish proportional from nonproportional situations and enable them to better



understand mathematical relationships in proportional situations. Thus, one of the
purposes of this study was to examine the differences existed between pre-service
mathematics teachers’ proportional reasoning before and after participation in a

practice-based instructional module

1.4 Definitions of Important Terms

In this section, some of the terms that were used in this study are defined to prevent

any misunderstandings.

Pre-service Middle School Mathematics Teachers

Students in elementary school mathematics teacher education department in
education faculties are called as pre-service middle school mathematics teachers.
They are teacher candidates who are going to teach mathematics from fifth grade to
eighth grade in middle schools after their graduations. In the present study, pre-
service middle school mathematics teachers are junior students majoring in

mathematics education department in a public university.

Proportional Reasoning

Proportional reasoning is defined as detecting, expressing, analyzing, explaining and
providing evidence in support of assertions about proportional relationships (Lamon,
2007). In this study, the proportional reasoning refers to pre-service teachers’
approaches to different problem types (i.e., missing value, numerical comparison,
and qualitative reasoning), distinguishing proportional from nonproportional
situations, and understanding the mathematical relationships embedded in

proportional situations.



Proportional Relationship

Proportional relationship is defined as the relationship between two quantities when
they have the same or a constant ratio or relation.

Missing Value Problem

A missing value problem is one in which three of the four quantities in the proportion
a/b = c/d are provided and the aim is to determine the fourth quantity, which is the
missing value in the proportion (Lamon, 2007).

Numerical Comparison Problem

In a numerical comparison problem, all of the four values that form two ratios (a, b,
¢, and d) are provided and the aim is to find out whether a/b is greater than, less than,
or equal to c¢/d (Lamon, 2007; 2012).

Qualitative Reasoning Problem

A qualitative reasoning problem includes no numerical value; however, it requires

the counterbalancing of variables in measure spaces (Cramer et al., 1993).

Practice-Based Instructional Module based on Proportional Reasoning

The practice-based instructional module based on proportional reasoning, which was
a component of Methods of Teaching Mathematics 11 course, was given to the junior
pre-service teachers during a five-week period. The aim of the module was to
improve pre-service teachers’ flexibility in solving different problem types by using
a broad range of strategies, increase their capability to distinguish proportional from

nonproportional situations and enable them to better understand mathematical



relationships in proportional situations. The tasks in the module were closely tied to
real classroom practices. It consisted of a variety of activities such as solving
mathematical tasks, examining student work, discussions on video clips from the
participants’ student teachings, and analyzing a narrative case of teaching in a middle

school classroom.
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CHAPTER I

REVIEW OF RELATED LITERATURE

The primary purpose of this study was to investigate pre-service middle school
mathematics teachers’ proportional reasoning before and after receiving a practice-
based instructional module based on proportional reasoning. This chapter describes
the underlying theory that comprises the conceptual framework for this study, as well
as previous studies that form the empirical framework of this study. The chapter
includes two parts: a review of proportional reasoning and mathematical knowledge

for teaching literature.

2.1 Proportional Reasoning

2.1.1 Being a Proportional Reasoner

The development of the ability to reason proportionally is one of the most important
aims of the 5-8 grades curriculums (Van de Walle et al., 2010). Correspondingly, the
NCTM (1989) notes that proportional reasoning “is of such great importance that it
merits whatever time and effort must be expended to assure its careful development.
Students need to see many problem situations that can be modeled and then solved
through proportional reasoning” (p. 82). In fact, proportional reasoning is a measure
of one’s understanding of mathematical ideas in middle school mathematics
curriculum; moreover, it provides the mathematical foundation for more complex
concepts (Lamon, 2012). Proportional reasoning is defined as “detecting, expressing,
analyzing, explaining, and providing evidence in support of assertions about
proportional relationships” (Lamon, 2007, p.647). In addition, it is an ability of

scaling up and down in situations that contain constant relationships between two
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quantities (Lamon, 2012). It is argued that this type of reasoning is both a qualitative
and quantitative process (Lesh, et al., 1988). However, it goes beyond setting up a
proportion and blindly applying rules and mechanical operations (Hoffer, 1988;
Lamon, 2007). Furthermore, proportional reasoning is a mental process that involves
argumentation and conscious analysis of the relationships between variables (Lamon,
2007, 2012). Similarly, Lesh, et al. (1988) defines proportional reasoning as “a form
of mathematical reasoning that involves a sense of co-variation and of multiple
comparisons, and the ability to mentally store and process several pieces of
information.” (p. 93). Accordingly, giving correct answers does not make sure that
proportional reasoning is taking place because proportions may be solved by using
mechanical knowledge about equivalent fractions or about numerical relationships,
or by applying algorithmic procedures (e.g., cross-multiplication) without the
understanding of proportional relationships (Lamon, 2007). In addition, Lamon

(2007) asserts that an understanding of proportionality requires:

e expressing the meanings of quantities and variables and the
constant of proportionality in the context in which they are
used;

e the ability to use proportionality as a mathematical model to
organize in appropriate real-world contexts;

e the ability to distinguish situations in which proportionality is
not an appropriate mathematical model from situations in
which it is useful;

e development and use of the language of proportionality;

e use of functions to express the covariation of 2 quantities;

¢ the ability to explain the difference between functions of the
form y=mx and functions of the form y=mx+b. In the latter
function, y is not proportional to x;

e knowing that the graph of a direct proportion situation is a
straight line through the origin;

e knowing that the graph of y=mx+b is a straight line
intersecting the y axis b units above the origin;

e the ability to distinguish different types of proportionality
and to associate each of them with appropriate real-world
situations in which they are applicable; and

e knowing that k is the constant ratio between two quantities in
a direct proportional situation;
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e knowing that the graph of an inversely proportional situation
is a hyperbola (p. 639-640).

Similar to Lamon (2007), Cramer et al., (1993) claim that a proportional reasoner has
to be able to solve different problem types (i.e., missing value problems, numerical
comparison problems and qualitative reasoning problems), distinguish proportional
from nonproportional situations, and understand the mathematical relationships
embedded in proportional situations. In the current study, these three characteristics
of a proportional reasoner were used as a framework to examine pre-service
teachers’ proportional reasoning. The characteristics are presented in a more detailed

way in the following sections.

2.1.1.1 Solving Different Problem Types

In the literature, three different problem types are identified to assess proportionality
(Cramer et al., 1993; Heller, Post, Behr, & Lesh, 1990; Post, Behr, and Lesh 1988).
The problem types are missing value problems, numerical comparison problems and
qualitative reasoning problems (i.e., qualitative prediction and qualitative comparison

problems).

A missing value problem is a problem that “provides three of the four values in the
proportion a/b = c¢/d and the goal is to find the missing value (Lamon, 2007, p.637).
The following is a typical missing value problem: “A car is driven 175 km in 3
hours. How far will it travel in 12 hours at the same speed?” (Karplus, Pulos, &
Stage, 1983, p. 220). In the problem, three pieces of information are given; these are
distance (175 km) and travel time (3 hours), and travel time (12 hours) for an

unknown distance. In this problem, the work is to find the unknown distance.
In a numerical comparison problem, all of the four values that form two ratios (a, b,

¢, and d) are provided and the aim is “to determine the order relation between the

ratios a/b and c¢/d” (Lamon, 2007, p. 637). In other words, these types of problems
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require the comparison of two ratios in order to determine whether the two ratios are
equal or which ratio is greater or smaller than the other one (Ben-Chaim et al., 2012).
For instance, the problem, “Car A is driven 180 km in 3 hours. Car B is driven 400
km in 7 hours. Which car was driven faster?” (Karplus et al., 1983, p. 220) is a
typical numerical comparison problem. In this problem, the work is to compare the
ratios of kilometers to hours of each car to find out which car is faster.

Qualitative reasoning problems have two different types that are qualitative
prediction problems and qualitative comparison problems. The problems do not
include numerical values; however, they “require the counterbalancing of variables
in measure spaces” (Cramer et al., 1993, p. 166). To illustrate, the problem, “Mary
ran more laps than Greg. Mary ran for less time than Greg. Who was the faster
runner?” (Cramer et al., 1993, p. 166) is a typical qualitative comparison problem. In
addition, the problem, “If Devan ran fewer laps in more time than she did yesterday,
would her running speed be (a) faster, (b) slower, (c) exactly the same, (d) not
enough information to tell.” (Cramer et al., 1993, p. 166) is an example of qualitative
prediction problem. The problems require qualitative comparisons that do not depend

on numerical values (Ben-Chaimet al., 2012).

Researchers agree that being a proportional reasoner is more than applying rote
procedures such as the cross-product algorithm to solve the proportion problems
(Cramer, & Post, 1993; Lamon, 2007). Giving a correct answer to a proportion
problem does not indicate that proportional reasoning is taking place; moreover,
assessing what students are thinking and how they solve the problem is more
essential than a numeric answer (Cramer et al., 1993; Lamon, 2007). Furthermore,
according to Lamon (2007), proportional reasoning requires expressing the meanings
of quantities, variables and the constant of proportionality in the context in which
they are used. It is also important to note that solving multiple types of problems
including missing value, numerical comparison, qualitative reasoning (i.e., prediction

and comparison) problems with considerable flexibility, which meant to choose a
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strategy that is best suited to the problem, is an expected ability from a proportional
reasoner (Cramer & Post, 1993; Cramer et al., 1993; Singh, 2000). Similarly, Lamon
(2012) claims that a proportional reasoner exhibits greater efficiency in problem
solving and utilizes a range of strategies, sometimes unique strategies, for dealing
with problems.

2.1.1.2 Distinguishing Proportional from Nonproportional Situations

Understanding multiplicative relationships and distinguishing them from additive
relationships is the heart of proportional reasoning (Sowder, Armstrong, et al., 1998).
Lamon (2007) argues that a proportional reasoner can discriminate situations in
which proportionality is an appropriate mathematical model from situations in which
proportionality is not appropriate. In other words, a proportional reasoner can
determine whether the quantities in a problem situation are related additively,
multiplicatively, or in some other way. However, research studies indicate that there
is a strong tendency to over generalize proportionality; that is, many students and
teachers incorrectly apply proportional reasoning in situations that have
nonproportional relationships (Atabas, 2014; Cramer et al., 1993; Van Dooren et al.,
2005; Van Dooren et al., 2003). For this reason, some researchers include the ability
to distinguish proportional relationships from non-proportional relationships as a
property of a proportional reasoner (Cramer et al., 1993; Lamon, 2007; 2012).
Lamon (2012) states:

Proportional thinkers can identify everyday contexts in which
proportions are or are not useful. Proportions are not just
mathematical objects or situations to which they know how to apply
an algorithm. They can distinguish  proportional from
nonproportional situations and will not blindly apply an algorithm if
the situation does not involve proportional relationships (p. 260).
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Lamon (2012) claims that proportional reasoners can determine whether a situation is
proportional or not, and so, they will not blindly apply an algorithm if the quantities
in the situation are not proportional. To illustrate, Cramer et al. (1993) asked 33
prospective elementary teachers to solve the problem, “Sue and Julie were running
equally fast around a track. Sue started first. When she had run 9 laps, Julie had run 3
laps. When Julie completed 15 laps, how many laps had Sue run?” Interestingly, 32
out of 33 prospective teachers solved this problem by setting up and solving a
proportion: 9/3 = x/15; 3x = 135; x=45. That is, the prospective teachers did not
realize the quantities in the problem were related additively instead of
multiplicatively, and so, they used a proportional strategy that did not work. In a
similar way, Van Dooren et al. (2005) asked students to solve the problem, “In the
hallway of our school, 2 tables stand in a line. 10 chairs fit around them. Now, the
teacher puts 6 tables in a line. How many chairs fit around these tables?” (p. 65).
Students who could not distinguish proportional relationships from nonproportional
relationships solved this problem by using a proportional strategy, namely; they
multiplyed six by five. However, the correct solution is multiplying six by four and
adding two; that is, the relationship between quantities in the situation is represented
as a function in the form f(x)=ax+b, (with b+0), which implicates a linear, but
nonproportional relationship. Van Dooren et al. (2003) refer to the overreliance on
proportionality as “illusion of linearity” (p.113). In fact, a proportional reasoner can
explain the difference between functions of the form y=mx and functions of the form
y=mx+b; undoubtedly, in the latter function, y is not proportional to x (Lamon,
2007).

Lamon (2007) asserts that without knowledge of intensive quantities, which are the
ones that cannot be measured directly, a student cannot be a proportional reasoner.
An intensive quantity relates two extensive quantities (Simon & Blume, 1994a). For
example, speed is an intensive quantity relating two extensive quantities, “distance”
and “time”. Students need opportunities to analyze intensive quantities such as color

intensity, oranginess of a drink, steepness of a hill and squareness of a rectangle, and
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to engage in argumentation and justification about how to measure these quantities
(Lamon, 2007). Multiplicative comparisons are utilized to indicate the intensive
quantities (Sowder, Sowder, & Nickerson, 2012). Correspondingly, the ability to
recognize a ratio, which is a multiplicative comparison, as a proper measure of a
given attribute is an indicator of the ability to reason multiplicatively (Simon &
Blume, 1994b; Sowder et al., 2012). In a study conducted by Simon and Blume
(1994b) to investigate pre-service teachers’ ability to identify ratio as a measure, pre-
service teachers had difficulty in recognizing ratio as a proper measure of steepness
of ski ramps. Furthermore, some of them measured steepness of the ramps by using

incorrect additive comparisons instead of utilizing multiplicative comparisons.

2.1.1.3 Understanding the Mathematical Relationships Embedded In
Proportional Situations

A proportional reasoner is able to understand mathematical relationships embedded
in proportional situations (Cramer et al., 1993). As mentioned earlier, Lamon (2007)
asserts that a proportional reasoner is able to explain the difference between
functions of the form y=mx and functions of the form y=mx+b; undoubtedly, in the
latter function, y is not proportional to x. That is to say, while in the first function the
relationship between the variables are multiplicative, in the second function they are
not. Besides explaining and recognizing the difference between the two situations, a
proportional reasoner is able to realize that proportional relationships are
multiplicative in nature and can be expressed algebraically in the form y=mx (Cramer
et al., 1993). In addition, a proportional reasoner knows that the graph of a directly
proportional situation (y=mx) is a straight line through the origin and the graph of
inversely proportional situation is a hyperbola; however, the graph of algebraic
equation of the form y=mx+n, which is a nonproportional situation, is a straight line
intersecting the y axis b units above the origin (Lamon, 2007). Moreover, a
proportional reasoner knows that the “m” in the equation of direct proportion (y=mx)

represents the slope of the line, and it is also the unit rate, or the constant factor that
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multiplicatively relates the quantities (Cramer et al., 1993, Lamon, 2007). For
example, the mathematical relationships embedded in the problem, “3 U. S. dollars
can be exchanged for 2 British pounds” is proportional because the relationship can
be expressed algebraically as y = 2/3x (y = British pounds and x = U. S. dollars). The
constant factor 2/3 also describes the number of pounds per one dollar: 2/3 pound per
1 dollar that is called the unit rate. In contrast, the mathematical relationships
embedded in the problem “A taxicab charges $1.00 plus 50 cents per kilometer”, is
not proportional because the relationship is expressed algebraically as y = .50x + 1
where y = cost, X = kilometers; in other words, it is defined by both multiplication
and addition (Cramer et al., 1993).

In the studies by Smith, Silver, Leinhardt, and Hillen (2003) and Hillen (2005), the
properties of a proportional reasoner mentioned above are grouped into four
categories and referred as “key understandings”. The term is also used in the current

study. The four key understandings are described in Table 2.1.

Table 2.1 The four key understandings

Key understanding 1 Proportional relationships are
multiplicative in nature

Key understanding 2 Proportional relationships are
presented graphically by a line that
contains the origin

Key understanding 3 The rate pairs (i.e., X, y pairs) in
proportional relationships are
equivalent
Key understanding 4 Proportional relationships can be

represented symbolically by the
equation y = mx, where the m is the
slope, unit rate, and constant of
proportionality
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2.1.2 Different Solution Strategies

Research studies show that there are a wide range of strategies to solve proportion
problems (Baroody & Coslick, 1998; Ben-Chaim et al., 2012; Cramer & Post, 1993,;
Cramer et al., 1993; Kaput & West, 1994; Lamon, 2007, 2012). Some researchers
(Baroody & Coslick, 1998; Kaput & West, 1994) identified the strategies as informal
and formal strategies. While some researchers called the “informal strategies” as
“pre-formal strategies” (Ben-Chaim et al., 2012), some of them called them as
“intuitive strategies” (Cramer & Post, 1993; Lamon, 2007), and some of them did not
make any categorization of the strategies (Cramer et al., 1993; Lamon, 2012). In this
research study categorization of the strategies was applied as informal and formal

strategies.

In this section, first of all, some key aspects of proportional reasoning when
examining ratios and solving proportion problems are mentioned. Secondly, the most
commonly used informal strategies, which are building-up, unit rate, factor of
change and equivalent fractions strategies, are presented. Thirdly, the formal
strategies that are algebraic strategies in which rules and properties of algebra are
used (e.g., cross-multiplication) are highlighted. Finally, additive strategy that yields

incorrect answers to proportion problems is indicated.

Different units of measure, different sets of objects or different types of quantities are
called as measure spaces (Lamon, 2007). In a proportional, there are two
multiplicative relationships: the one is the relationship between quantities coming
from the same measure space (i.e., between-ratio); the other one is the relationship
between quantities coming from two different measure spaces (i.e., within-ratio)
(Noelting, 1980; Vergnaud, 1983). On the other hand, Freudenthal (1973, 1978 as
cited in Lamon, 2007) defines a within-ratio as a ratio, constituent magnitudes of
which share the same measure space and a between-ratio as a ratio, constituent

magnitudes of which are from different measure spaces. As can be seen, there are
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some inconsistencies between definitions of the terms. In this research study, the
terms within and between-ratios were used parallel to Noelting’s and Vergnaud’s
definitions. To illustrate, consider the following missing value problem, “A recipe
calls for 2 scoops of sugar and 6 lemons. If we use 10 scoops of sugar, how many
lemons do we need?” (Carpenter et al., 1999, p. 5). The ratio of the amount of sugar
to lemon is a within-ratio, that is, it is the ratio “within” the first mixture. One who
solves the problem with the aid of within-ratio would state that the number of lemons
was 3 times the number of scoops of sugars, and so, multiplying the 10 scoops of
sugar by 3 would give us the answer as 30 lemons. The ratio of the amount of sugar
in the first mixture to second mixture and the ratio of the amount of lemons in the
first mixture to second mixture are between-ratios, that is, they are the ratios
“between” the first and second mixtures. One who solves the problem with the aid of
between-ratio would state that the number of scoops of sugar in the second mixture
is 5 times the number of scoops in the first mixture, and so, multiplying the 6 lemons
by 5 would give us the answer as 30 lemons (Carpenter et al., 1999). Cramer (1993)
claims that a proportional reasoner should realize both within and between-ratios in a
proportional situation because “knowing that both within and between relationships
exist offers students alternative strategies.” (p. 163). Selecting within or between-
ratios to solve problems might change with respect to numerical relationships
between quantities. Based on research, students tend to look for the simplest
numerical relationships between quantities, which include integer factors (Cramer et
al., 1993). Moreover, it seems that a strategy involving the simplest numerical
relations is a more efficient strategy. For instance, if there is an integer factor within
a ratio and a non-integer factor between ratios (i.e., 4/20=x/35), a within-ratio
strategy would facilitate the computations, whereas for a ratio such as 2/7=6/x a
between-ratio strategy would be easier to calculate. (Carpenter, et al., 1999). It is
also important to note that the factor relating any two magnitudes within the same
measure space; that is to say, the between-ratios for each pair of rates, is not a
constant number; however, the factor relating magnitudes between the measure

spaces; namely, the within-ratio, is a constant number (Cramer et al., 1993).
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According to Lamon (1993a, 1993b, 1996), unitizing and norming are two important
processes in the development of proportional reasoning. Unitizing is defined as “the
process of constructing mental chunks in terms of which to think about a given
quantity” (Lamon, 2012, p.104). Norming is described as “reinterpreting a situation
in terms of some chosen unit” (Lamon, 2007, p.644). Lamon (1994) asserts that the
ability to unitize “appears to be critical to the development of increasingly
sophisticated mathematical ideas” (p. 133). Moreover, she points out the importance
of flexibility in unitizing that means conceptualizing a quantity with regard to many
pieces with different sizes (Lamon, 2012). For example, in the problem, “Suppose
you go to the store and you see a sign that says kiwis are 3 for $0.67. You want to
buy 9 kiwi fruits.” (Lamon, 2012, p.105), in order to find out how much money is
needed to buy 9 Kkiwi fruits, one can consider the price of single kiwi and calculate
one kiwi’s price as 22.33 cents, and then, multiply 22,33 by 9 to get the price of 9
kiwis. However, a person who is a flexible thinker can consider a group of 3 fruits
and think the 9 kiwis as 3 (i.e., 3-packs), and then, he can easily find out the price of
9 kiwis by multiplying 0.67 by 3 (Lamon, 2012). In a similar way, Lamon (19933,
1993b) argues that one of the most important difference between those who think
proportionally and those who do not is, using composite units when the context

suggests that using them is more effective than using singleton units.

One of the most commonly used informal strategy is building-up strategy in which
one establishes a ratio and extends it to another ratio by using addition (Lamon,
2007, 2012). Consider the problem, “If two pencils cost 15 TL, how much will six
pencils cost?” (Adapted from Lamon, 2007, p. 643). The problem can be solved by

using building-up strategy as follows:
15 TL for 2 pencils

15 TL for 2 more gives 30 TL for 4 pencils
15 TL for 2 more gives 45 TL for 6 pencils.
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In the building-up strategy, the main aim is to reason up to some desired quantity by
using additive patterns (Lamon, 2007). Although it is a useful and an intuitive
strategy children use spontaneously in solving many proportion problems, it cannot
be regarded as a process in which proportional reasoning takes place without
additional information (Lamon, 2007, 2012). The reason is that one who uses the
strategy does not consider the multiplicative relationships between quantities. In
other words, the constant ratio between the measure spaces is not taken into
consideration in the process of solving a problem by using the building-up strategy
(Lamon, 2007, 2012).

Unit rate strategy is another commonly used informal strategy that “tells how many
units of one type of quantity correspond to one unit of another type of quantity
(Lamon, 2012, p.52). That is to say, it is a strategy that asks the question, “How
many for one?” (Cramer & Post, 1993). At this point, it is important to note that a
rate is different from a ratio in such a way that while a ratio would not extent to other
situations, a rate is extendible; in other words, it is not only used in a specific
situation, but also used in many situations in which two quantities are connected in
the same way (Lamon, 2012). The main aim of the strategy is finding the
multiplicative relationship between measure spaces through division (Cramer et al.,
1993). That is to say, it is a within-ratio strategy. For example, consider the problem,
“Steve and Mark were driving equally fast along a country road. It took Steve 20
minutes to drive 4 miles. How long did it take Mark to drive 12 miles?” (Cramer &
Post, 1993, p.406). There are always two unit rates corresponding to a given pair of
quantities, each being the reciprocal of the other (Cramer & Post, 1993; Lesh et al.,

1988). In the problem, the ratios can be shown in two ways:

20 minutes 4 miles

or
4 miles 20 minutes
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The unit rate for the first one is 5 minutes per 1 mile because the result of the
division of 20 minutes by 4 miles is 5. Similarly, the unit rate for the second one is
1/5 mile per 1 minute resulting from the division of 4 miles by 20 minutes. The first
unit rate that describes the amount of time for one mile can be used to solve the
problem as follows:

5 minutes ] ]
—— X 12 miles = 60 minutes
1 mile

If the problem asked the amount of miles Mark drove in 60 minutes, the second unit
rate (1/5 mile per 1 minute) would be used (Cramer & Post, 1993). In order to solve a
proportion problem, one should determine which unit rate must be used as a factor
(Cramer & Post, 1993; Cramer et al., 1993; Lesh et al., 1988). However, students
often have difficulty in determining the unit rate that is useful to solve the problem
(Cramer et al., 1993).

Still another most commonly used informal strategy is factor of change strategy that
asks the question “How many times greater?” (Cramer et al., 1993). In order to
exemplify how the strategy can be utilized, consider the problem, “If three erasers
cost 6 TL, how much will six eraser cost?”” The factor of change strategy involves (a)
comparing the number of erasers bought in each situation (b) determining the factor
of change that indicates how many times as many erasers bought in the first situation
as compared to the number of erasers bought in the second situation and (c)
multiplying the factor times the price paid in the first situation (Bart, Post, Behr &
Lesh, 1994). That is to say, a student utilizing factor of change strategy to solve the
problem might reason that if the number of erasers is doubled, then the price must
also be doubled (Cramer et al., 1993). The main aim of the strategy is finding the
multiplicative relationship within a measure space (Cramer et al., 1993). In other

words, it is a between-ratio strategy.

23



Factor of change strategy is also used when quantities are multiplied in a ratio table.
While some students utilize two-column approach to solve proportion problems,
some of others might use a ratio table or a proportion table (Lamon, 2012). A ratio
table is a horizontal arrangement that shows how two variables are related. It is a
suitable device to organize information (Lamon, 2012). Two solutions that use ratio
tables to solve the problem, “A party planning guide says that 3 pizzas will serve
about 7 people. How much pizza is needed for 350 people?” (Lamon, 2012, p.114)
are presented below:

X5 x 10

Number of people 7 35 350

8]
—
AN
[a—
h
<

Number of pizzas

Figure 2.1 A solution using a ratio table based on multiplication.

Number of people 7 700 350

42
—
U
Ju—
N
o

Number of pizzas

Figure 2.2 A solution using a ratio table based on multiplication and division.

The format of the tables can be changed; for instance, a student might only draw
arrows and not use the table format as shown in the above figures. Moreover, there
are likely to be several different correct ways of building ratio tables to solve
proportion problems (Lamon, 2012). One can use multiplication (see Figure 2.1),

division or the combinations of them (see Figure 2.2) in order to get the intended
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quantity. In addition to these operations, addition and subtraction might also be
utilized in the ratio tables (Lamon, 2012). That is to say, ratio tables can also be used
to present building-up strategy. As mentioned earlier, in the building-up strategy one
establishes a ratio and extends it to another ratio by using addition (Lamon, 2007,
2012). For example, if the problem asks the number of pizzas for 35 people, the
solution that uses building-up strategy in a ratio table might be shown as in Figure
2.3.

7 +7 7 +7
7 1 1 3

2 35
12 15

3 6 9
N N N N
+3 3 +3 3

1 2

Number of people

Number of pizzas

Figure 2.3 A solution using a ratio table based on addition.

Equivalent fraction strategy, which is also called as fraction strategy, is another
informal strategy. In this strategy, the labels are ignored and ideas of equivalence are
used (Cramer & Post, 1993). That is, the rates are treated as fractions and the

multiplication rule for obtaining equivalent fractions is applied as follows:

If= =2 then = x2=2 (Cramer, et al., 1993, p. 167).
60 ? 60 2 120

The main aim of the strategy is to find out a fraction with a term equal to the missing
value, which is also equivalent to the given fraction. In order to do that, the given

fraction (3/60) is multiplied by a particular fraction of the form n/n (2/2), which is
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equal to one, and then, the missing value (120) is found (Bart, Post, Behr & Lesh,
1994).

Cramer and Post (1993) argues that students should be encouraged to use the
informal strategies to solve proportion problems; moreover, the formal strategies
should not be taught until students internalize and use the informal strategies
properly (Ben-Chaim et al., 2012; Cramer et al., 1993; Kaput & West, 1994; Post,
Behr & Lesh, 1988). However, students and even teachers frequently use formal
strategies, which are algebraic strategies in which rules and properties of algebra are
used, to set up and solve proportion problems (Ben-Chaim et al., 2012; Cramer &
Post, 1993). That is, a formal strategy is an equation-based approach that involves
“the syntactic manipulation of formal algebraic equations (e.g., cross-multiplication
or formal division to help isolate a variable)” (Kaput & West, 1994, p. 244).
Undoubtedly, the most common formal strategy is cross-multiplication strategy
(Cramer & Post, 1993; Lamon, 2012). The cross-multiplication strategy is a standard
algorithm that involves setting up an equation of two ratios, one of which has an
unknown quantity; cross-multiplying, and solving the equation for the unknown
quantity (Van de Walle et al., 2010). In other words, it is the combination of several
quantitative operations (Kaput & West, 1994). Although it is an efficient strategy, it
might cause confusion and lead to error (Cramer & Post, 1993; Cramer et al., 1993).
Furthermore, the ability to implement the cross-multiplication procedure does not
include proportional reasoning because correct answers might be achieved without
recognizing the structural similarities on both side of the proportion (Lamon, 1989;
1995; 2012). Moreover, the cross-multiplication procedure has no physical referent,
and therefore, it has less meaning for students and for teachers (Cramer & Post,

1993). Correspondingly, Principles and Standards for School Mathematics argued:

Facility with proportionality involves much more than setting two
ratios equal and solving for a missing term. It involves recognizing
quantities that are related proportionally and using numbers, tables,
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graphs and equations to think about the quantities and their
relationship (NCTM 2000, p. 217).

As stated in the above quote, proportional reasoning is more than setting up two
ratios and finding the answer. Similarly, according to Lamon (2012), one of the
characteristics of a proportional thinker is “understand the relationships in simple
proportional and inversely proportional situations so well that they have discovered
for themselves the cross-multiply-and-divide algorithm” (p. 260).

Some strategies might yield an incorrect answer to a proportion problem. The most
common used incorrect strategy is additive strategy (Ben-Chaim et al., 2012; Karplus
et al., 1983). Incorrect additive strategy can be defined as “calculating the difference
or sum of two parts of the ratio, and an attempt to divide the whole by the difference
or the sum” (Ben-Chaim et al., 2012, p. 53). It is important to note that students often
use incorrect additive strategies when the proportion problem has noninteger ratios
(Karplus et al., 1983, Cramer et al., 1993; Post, Cramer, Behr, Lesh, & Harel, 1993;
Singh, 2000; Sowder, Philipp, et al., 1998).

2.1.3 Teaching and Learning Ratio and Proportion

Ratio and proportion are concepts that fall under the general umbrella of proportional
reasoning. Therefore, the following section is about ratio and proportion concepts.
First, the definitions of ratio and proportion are given, and then, the research on

learning and teaching of ratio and proportion are presented.

Ratio is defined as “a comparative index that conveys the abstract notion of relative
magnitude” (Lamon, 1995, p. 169). A ratio can be represented in different ways (i.e.,
ato b, a:b and a/b). There are two types of ratio that compare quantities in the same
measure space: part-to-whole ratios and part-to-part ratios. While part-to-whole
ratios are comparisons of a part to a whole (e.g., the ratio of the number of boys in a

school bus to the number of students in the school bus), part-to-part ratios are
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comparisons of one part of a whole to another part of the same whole (e.g., the ratio
of the number of boys to the number of girls in the school bus) (Ben-Chaim et al.,
2012). A fraction is also a part-to-whole ratio; therefore, it can be concluded that
every fraction is also a ratio (Lamon, 2012). Yet, every ratio is not a fraction. To
illustrate, if a ratio compares one part of a whole to another part of the same whole
(part-to-part ratio) or compares quantities from different measure spaces (rate), the
ratio (or rate) will not be a fraction (Lamon, 2012). Both part-to-part and part-to-
whole ratios are comparisons of quantities in the same measure space. A ratio can
also compare two quantities with different measuring units, which is called a rate. As
noted before, a rate is different from a ratio in such a way that while a ratio would
not extent to other situations, a rate is extendible; in other words, it is not only used
in a specific situation, but also used in many situations in which two quantities are

connected in the same way (Lamon, 2012).

It is also important to note that every ratio is not a rational number. For example, Pi
(z), which is the ratio of the circumference of a circle to its diameter, is not a rational
number because it is impossible to express it as a quotient of two whole numbers
(Ben-Chaim et al., 2012; Lamon, 2012). In addition, a ratio may have a zero as its
second component (Lamon, 2012). For instance, let’s assume five apples are divided
between two children. If the first child gets nothing, and the second child gets all of
the apples, we can write the ratio as 0:5 to describe the proportional situation.
However, if the first child gets all of the apples, and the second child gets nothing,
the ratio becomes 5:0, which is mathematically meaningless, but it describes a real

life proportional situation (Ben-Chaim et al., 2012).

Freundenthal (1978) argues that a proportion consists of two equivalent ratios,
further it is a linear, ratio-conserving mapping of one magnitude upon another (as
cited in Lamon, 1989). Similarly, Lamon (1995) defines a proportion as “the
statement of equality between one ratio and another in the sense that both convey the

same relationship” (p. 171). In addition to these definitions, Ben-Chaim et al. (2012)
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mentions another aspect of the proportion and states that corresponding elements of
two sets are in a proportional relationship if there is a constant ratio (either direct or
indirect) between them. In other words, the multiplicative relationship between two
quantities has to be constant, either in the same, or opposite direction. For instance,
according to gas laws, since pressure (P) is directly proportional to temperature (T),
the quotient derived from pressure and temperature (P/T) is a constant. However,
since pressure (P) is inversely proportional to volume (V), the products of volume
and pressure (P x T) is a constant (Ben-Chaim et al., 2012). Correspondingly, Lamon
(2007, 2012) identified two major types of invariance in proportional relationships:
one is invariance of the ratio of two quantities, which means preserving the ratio of
the two quantities when quantities are directly related and the other one is invariance
of the product of two quantities, which means preserving the product of the
quantities when the quantities are inversely related. Proportional reasoning requires
recognizing these major types of invariance (Lamon, 2012). Furthermore, Lamon
(2007) emphasizes that “the two quantities might be increased or decreased as long
as the relationship between the quantities is preserved, that is, as long as their
original ratio is maintained.” (p.648). Additionally, in proportional situations, “two
quantities are linked to each other in such a way that when one changes, the other
one also changes in a precise way with the first quantity” (Lamon, 2012, p. 6), which
is referred as covariance (Lamon, 2007, 2012). In a direct proportion, the direction of
change in the related quantities is the same; that is, both quantities increase or
decrease. Nonetheless, the critical point is that both quantities increase or decrease
by the same factor (Lamon, 2012). However, in an inverse proportion, although two
quantities change together in a synchronized way, the direction of change is not the
same for both (Lamon, 2007). That is, when one quantity increases by a certain

factor, the other quantity decreases by the inverse of that factor (Lamon, 2012).
The development of proportional reasoning has been studied over the fifty-five years.

Inhelder and Piaget (1958) were the first researchers who constructed a theory about

the development of proportional reasoning (as cited in Lamon, 2007). Many research
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about proportional reasoning have been conducted in several different disciplines
(e.g., science education, psychology, mathematics education) (Lamon, 2007).
However, one of the most comprehensive and longitudinal research attempts belongs
to the Rational Number Project (RNP) from a mathematics education perspective. In
1979, the RNP began to investigate ratio and proportion concepts (Behr et al., 1983).
Several research belonging to the project and some other studies argue that ratio and
proportion are concepts which are generally difficult to understand for many school
children (Behr et al., 1983; Cramer et al., 1989; Hart, 1988; Lamon, 2007). In such a
context, mathematics teachers’ roles in the instruction of ratio and proportion
become critical. However, research shows that teachers’ knowledge and
understanding of these concepts are problematic as well (Chick, 2003; Cramer, &
Lesh, 1988; Harel, & Behr, 1995; Lacampagne et al., 1988; Sowder et al., 1998).
Some research on children’s, pre-service teachers’ and in-service teachers’

knowledge and understanding of ratio and proportion concepts are presented below.

Within the scope of the RNP, Cramer and Post (1993) asked 913 seventh and eighth
grade students to solve missing value, numerical comparison, qualitative prediction
and comparison problems in different context: speed, scaling, mixture, and density.
The main aim of the study was investigating students’ facility with proportional
reasoning. Cramer and Post (1993) found that success rates of missing value and
numerical comparison problems were low. When students correctly solved these
types of problem, they utilized four distinct solution strategies: unit rate, factor of
change, fraction, and cross-product. The analysis of the results suggested that while
the seventh graders mostly used the unit rate strategy, the eighth graders mostly used
the cross-product algorithm. The researchers asserted that the unit rate strategy was
an intuitive strategy, which built on students’ real life experiences. Moreover, they
claimed that the more intuitive unit rate and factor of change approaches related
more meaningfully to the situation. Another important result of the study was that in
a nonproportional problem, the seventh grade students, who had not been taught the

cross-product algorithm, were more successful than the eighth graders, who had
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been taught the algorithm. This implies that overreliance on the cross-multiplication
strategy might cause confusion. While the eighth graders incorrectly applied the
cross-product algorithm to solve the problem, seventh graders solved it by using
other problem solving strategies. In the light of these results, the researchers
suggested that being a proportional reasoner was more than applying the cross-
product algorithm. Furthermore, a proportional reasoner had to be able to solve
multiple types of problems including missing value, numerical comparison,
qualitative prediction and comparison problems. The researchers also found that
scaling context was significantly more difficult than the other contexts. In other
words, they argued that the context of the problem influenced difficulty of the
problem. Similar findings were found in another study of the RNP by Heller,
Ahlegren, Post, Behr, &Lesh (1989). The researchers examined the effects context
on the performance of seventh grade students on proportional reasoning tasks. They
determined that when students encountered with a less familiar problem context, the

difficulty of the problem increased.

Cramer et al., (1993) conducted another study in the RNP. The study was a teaching
experiment that aimed to investigate the seventh grade students’ learning of ratio and
proportion concepts. The researchers collected data from detailed lesson plans,
activities, written tests, and student interviews. The RNP lessons aimed to reflect the
belief that proportional reasoning was more than setting up two ratios and finding the
answer. For that purpose, multiple strategies (i.e., building tables, unit rate, factor of
change, fraction strategy) to solve proportion problems were taught to students.
Additionally, in the lessons, cross-multiplication strategy was not taught until
students developed and internalized more meaningful, although less efficient
strategies. The results suggested that students were able to learn to use different
strategies. Moreover, unlike the findings in Cramer and Post’s (1993) study, there
was not any one strategy seemed to be preferred by all students. However, it was also
found that students had difficulty in problems that had noninteger relationships.

Further, incorrect additive strategies were often utilized to solve the problems with
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noninteger relationships. In a similar way, Sowder, Philipp et al. (1998) asserted that
additive reasoning had an important role in the early grades, and so, students returned
to additive reasoning in multiplicative situations when they encountered a difficulty.
For example, they reported that in a situation, “if one candy bar weighs 4 ounces and
another weighs 8% (Sowder, Philipp, et al., 1998, p.23), students would sometimes
determine that the second bar weighs 2% times as much as the first bar. In that case,
the students combined multiplicative and additive reasoning in an incorrect way.
Similarly, in another study of the RNP, Lesh, Post, and Behr (1987) found that
varying the number size or the numerical relationships of quantities dramatically

affected students’ performance on proportion problems.

Singh (2000) interviewed with two sixth grade students to construct an understanding
of their proportional reasoning schemes. The results suggested that while Karen had
constructed multiplication schemes in solving proportion problems, Alice had not,
although she correctly solved some problems. The researcher argued that Alice’s
strategy was procedural rather than conceptual because she solely relied on the unit
rate strategy in a memorized manner. In such a way that she used one unit on all
occasions. That is, she was unable to unitize the composite units to find a ratio unit.
Therefore, once her strategy did not work, she used a wrong additive strategy.
Similar to findings of Cramer and Post (1993), overreliance on a strategy (i.e., unit
rate strategy) appeared to lead confusion. In addition, when the relationship between
quantities was not integer, she again used an additive strategy. On the other hand,
Karen was able to think in terms of composite units and iterating a composite unit to
its referent point by preserving the invariance of the ratio. In the light of these
findings, the researcher suggested that the unit rate strategy should not be taught
students until unitizing and composite units were internalized. Further, he stressed
the importance of solving a range of problems with considerable flexibility, which

meant to choose a strategy that was best suited to the problem.
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In Turkey, research studies indicate that students and teachers lack a deep
understanding of ratio and proportion concepts and frequently rely on rote
procedures such as the cross-product algorithm. According to the study by Celik
(2010), which was designed to investigate 204 seventh grade and 188 eight grade
students’ proportional reasoning skills, more than half of the students (60 %) lacked
ability to think proportionality. In another study by Avcu and Avcu (2010), which
was conducted to determine sixth grade students’ strategies in solving ratio and
proportion problems, students used six different strategies: cross-product algorithm,
factor of change, equivalent fractions, equivalent class, unit rate, and building-up
strategies. However, the results revealed that the most frequently used strategy was
cross-product algorithm. In the same way, Duatepe, Akkus-Cikla and Kayhan (2005)
examined 295 elementary school students’ solution strategies on different types of
proportional and nonproportional problems. The findings of the study suggested that
the most commonly used strategy for missing value problems was cross-
multiplication algorithm; for quantitative comparison problems (i.e., numerical
comparison problems) was unit rate; for nonproportional problems was additive
strategy, and for inverse proportion problems was inverse proportion algorithm.
Moreover, it was concluded that students’ solution strategies were affected by
problem types. Similar results were found in the study by Kayhan (2005). The
researcher investigated solution strategies of 143 sixth and seventh grade students on
items required proportional reasoning skills in terms of their grade level, gender and
problem types. The results showed that the students used different strategies for
different problem types. Further, the results indicated that the most commonly used
strategy for missing value problems were cross-multiplication algorithm and unit
rate, and for quantitative comparison problems were equivalence class and additive

strategies.
In a research study, Atabas (2014) investigated 120 fifth grade and 101 sixth grade

students’ understanding of proportional and nonproportional situations. The

researcher also examined the reasons of incorrect solutions depending on the
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numerical structures of the problems. Data were collected by an instrument that
included twelve proportional and nonproportional problems: additive, constant,
numerical comparison, and missing value, each with an integer and noninteger ratio.
The results showed that missing value problems were solved with the highest success
rate, whereas nonproportional constant problems were solved with the lowest success
rate in both grade levels. Moreover, the researcher found that numerical structures of
problems affected students’ success and choice of strategies. To illustrate, in
nonproportional additive problems, students’ success rates in problems with
noninteger ratios were increased significantly than problems with integer ratios. The
researcher argued that noninteger numbers might warn students to read the problem
more careful since the numbers did not evoke to use cross product algorithm. In
contrast with the findings of Cramer et al., (1993), students in the study did not show
a tendency to use incorrect additive strategies in proportional problems with

noninteger ratios.

A study with first grade pre-service elementary mathematics teachers was conducted
by Akkus-Cikla and Duatepe (2002). In order to investigate pre-service teachers’
proportional reasoning abilities and solution strategies in ratio and proportion
problems, the researchers conducted interviews with 12 pre-service teachers. In the
interviews, eight open-ended questions, which included numerical comparison and
missing value problems, asked to pre-service teachers. In addition to these problems,
the definitions of ratio and proportion, the difference between them and daily life
examples of the concepts were asked. The results showed that pre-service teachers
had difficulty in defining ratio and proportion concepts and explaining the difference
between them. Additionally, although pre-service teachers solved the ratio and
proportion problems procedurally, they did not have conceptual knowledge required
to solve and understand the problems. In other words, they preferred to utilize
algebraic strategies in which algorithmic procedures (e.g., cross-multiplication) were
applied without the understanding of proportional relationships. Similar findings

were found in Person, Berenson, and Greenspan’s (2004) study. The researchers
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examined a pre-service high school teacher’s lesson plans on the two proportional
reasoning concepts: rate of change and right triangle trigonometry and interviewed
with him in order to investigate his beliefs and understanding concerning
proportional reasoning. The findings of the study suggested that although the pre-
service teacher felt extremely comfortable with numerical manipulations, he had
difficulty in making connections between concepts. Moreover, when the interviewer
asked him how to introduce the concept of ratio to middle grade students, he
mentioned techniques and number operations without giving a sense of proportions.
It was asserted that the pre-service teacher would probably present to his students an
abstract and technical world in which connections were harder to make, but the

correct answer was found.

Recently, Olmez (2016) performed a research to investigate how pre-service
teachers’ formation of additive and multiplicative relationships supported and
constrained their understandings of ratios and proportional relationships. Semi-
structured interviews were conducted with six pre-service teachers. The results
indicated that pre-service teachers’ formation of multiplicative and additive
relationships in proportional situations played an important role in their ability to
solve proportional tasks. Moreover, pre-service teachers who formed multiplicative
relationship between quantities were found to have a robust understanding of
proportional relationships. On the other hand, pre-service teachers who mostly relied
on additive relationships such as repeated addition and subtraction, focusing the
differences rather than the multiplicative comparisons, and the use of the phrase “for
every” were found to struggle in their reasoning about proportional relationships.
Based on the findings of the study, the researcher proposed that multiplicative
relationships had a critical role in ensuring a powerful understanding of ratios and
proportional relationships. Similarly, Cramer et al. (1993) proposed that a
proportional thinker can realize that proportional relationships have a multiplicative

nature.
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Understanding the concept of ratio is crucial in making the transition from additive to
multiplicative thinking, and it should be given more attention than it has traditionally
received in the preparation of middle school mathematics teachers (Sowder et al.,
1998). The fact that both students and teachers frequently use additive strategies
where multiplicative comparisons are required (Hart, 1988; Lesh et al., 1988).
Further, incorrect additive strategies do not seem to disappear with maturation (Hart,
1988). However, Sowder et al., (1998) asserted understanding multiplicative
relationships and distinguishing them from additive relationships is the heart of
proportional reasoning

In the same manner, another important point highlighted in research studies is that
there is a strong tendency to over generalize proportionality; that is, many students
and teachers incorrectly apply proportional reasoning in situations that have
nonproportional relationships (Atabas, 2014; Cramer et al., 1993; Van Dooren et al.,
2005; Van Dooren et al., 2003). VVan Dooren et al. (2003) refer to the overreliance on
proportionality as “illusion of linearity” (p.113). For instance, one of the findings of
Atabag’s (2014) study, which was mentioned earlier, was that when the incorrect
strategies of fifth and sixth grade students were considered, there was a tendency to
overuse proportional strategies in nonproportional situations. It implies that students
had difficulty in distinguish proportional from nonproportional situations. Another
study by Van Dooren et al. (2005) examined the development of misapplication of
proportional reasoning with the age and the educational experience. A test consisting
of proportional and nonproportional problems was administered to 1.062 students
from Grades 2 to 8. The test had eight items with four categories. The first category
was proportional problems (i.e., proportional missing value problems). The other
three categories had different types of nonproportional problems: additive, linear,
and constant problems. One of the linear problems was “In the hallway of our school,
2 tables stand in a line. 10 chairs fit around them. Now, the teacher puts 6 tables in a
line. How many chairs fit around these tables?” (p. 65). An incorrect solution that

used a proportional strategy was multiplying six by five and obtaining 30 (i.e., 30 =6
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x 5); on the other hand, the correct solution was multiplying six by four and adding
two, and obtaining 26 (i.e., 26 =4 x 6 + 2). In the problem situation, the relationship
between quantities can be represented as a function in the form f(x)=ax+b, (with
b=+0), which implicates a linear, but nonproportional relationship, rather than a
function in the form f(x)=cx, which implicates a linear and proportional relationship.
The findings suggested that students had difficulty in recognizing the mathematical
relationships embedded in the two relationships and distinguishing one relationship
from the other. Therefore, they tended to apply proportional strategies in
nonproportional situations. The number of errors of overreliance on proportionality
increasing considerably second grade to fifth grade in parallel with the growing
proportional reasoning capacity of the students. From sixth grade to eighth grade,
students began to distinguish more often between proportional and nonproportional
situations. Yet, even eighth grade, a considerable number of errors of overreliance on
proportionality were made. Similarly, Cramer et al. (1993) asked 33 prospective
elementary education teachers to solve the problem: “Sue and Julie were running
equally fast around a track. Sue started first. When she had run 9 laps, Julie had run 3
laps. When Julie completed 15 laps, how many laps had Sue run?” to investigate
their ability to distinguish proportional from nonproportional situations.
Interestingly, 32 out of 33 prospective elementary education teachers solved this
problem by setting up and solving a proportion. That is, they did not realize the
quantities in the problem were related additively instead of multiplicatively, and thus

they used a proportional strategy that was not work.

Some studies revealed that in-service and pre-service teachers might benefit from
professional development opportunities that focus on developing their proportional
reasoning. A study with five in-service middle grade teachers was conducted by
Sowder, Philipp et al. (1998) as a project of the Teaching and Learning Rational
Numbers and Quantities Working Group. One of the aims of the research was
investigating the development of the middle school teachers’ content knowledge

through a two-year teacher professional development program focused on rational
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number, quantity, and proportional reasoning concepts. In addition, the researchers
examined the influence of the development in the teachers’ content knowledge on
their teaching and student’s learning. The teacher professional development program
included solving mathematical tasks, examining student work and presentations of
different mathematics educators about the concepts and their teaching. The findings
of the study suggested that teachers’ content knowledge and instructional practices
improved through the process. Specifically, they constructed a deeper understanding
on proportional and nonproportional situations and their difference. Moreover, they
claimed that while teachers’ understanding of proportional reasoning was
developing, the students’ learning of the concepts related proportional reasoning
enhanced. Similarly, Berk et al. (2009) carried out a study with 148 pre-service
elementary teachers, which aimed to investigate pre-service teachers’ flexibility in
the domain of proportional reasoning before and after an intervention that engaged
the participants in comparing different solutions to proportion problems. The
findings showed that the intervention led to significant gains in participants'
flexibility in the use of multiple solution methods across a set of problems, solve the
same problem using multiple methods, and choose strategically from among methods
so as to reduce computational demands. Correspondingly, another study was
conducted by Hillen (2005) to investigate pre-service secondary mathematics
teachers’ understandings about proportional reasoning before and after completion of
a practice-based methods course that focused on proportional reasoning. A total of 16
pre-service teachers participated in the researcher’s quasi-experimental design. The
findings of the study revealed that teachers learned important aspects of proportional
reasoning with the help of the course. For example, pre-service teachers who
enrolled in the course used a broader range of strategies, significantly improved their
capacity to distinguish proportional from nonproportional situations, and
significantly improved their understanding of the nature of proportional relationships
after the course, whereas those who did not enroll in the course did not. In a similar
manner, in the study by Whitenack and Ellington (2013), they presented one whole-

class discussion that took place in a middle school mathematics Rational Number
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and Proportional Reasoning course. Statistical measures indicated that teachers made
gains in their understanding of proportionality concepts and substantial gains in their
views of teaching with the help of class discussions on some proportional reasoning
tasks.

As a result, students and teachers frequently use formal strategies, which are
algebraic strategies in which rules and properties of algebra are used, to set up and
solve proportion problems (Akkus-Cikla & Duatepe, 2002; Avcu & Avcu, 2010;
Cramer & Post, 1993; Duatepe et al., 2005; Person et al., 2004). Moreover, research
shown that there is a tendency to use only one strategy (e.g., cross-multiplication,
unit rate) to solve all types of problems, which might lead confusion (Cramer &
Post, 1993; Singh, 2000). In addition, the context and numerical structures of the
problem influence difficulty of the problem (Atabas, 2014; Cramer & Post, 1993;
Cramer et al., 1993; Heller et al., 1989; Lesh et al., 1987; Singh, 2000; Sowder,
Philipp et al., 1998). Furthermore, research revealed that many students and teachers
incorrectly apply proportional reasoning in situations that have nonproportional
relationships, which is referred as over generalization of proportionality (Atabas,
2014; Cramer et al., 1993; Van Dooren et al., 2005; Van Dooren et al., 2003).
Additionally, it was found that pre-service teachers frequently solved ratio and
proportion problems procedurally and they did not have conceptual knowledge
required to solve and understand the problems (Akkus-Cikla & Duatepe, 2002;
Person et al., 2004).

2.2 Mathematical Knowledge for Teaching

In this research study, pre-service middle school mathematics teachers’ content
knowledge about proportionality concepts before and after receiving a practice-based
instructional module based on proportional reasoning was investigated. Content
knowledge is an important part of mathematical knowledge for teaching as described

by Ball et al. (2008); therefore, in this section, firstly, theoretical framework of

39



mathematical knowledge for teaching is presented. Then, a practice-based
professional development model, which suggested by Ball and Cohen (1999) in order

to develop mathematical knowledge for teaching, is described.

2.2.1 Theoretical Framework of Mathematical Knowledge for Teaching

As Munby et al. (2001) said, “many bridges remain to be built in both directions
between practice and knowledge as we seek to understand the nature of teachers’
knowledge and its development” (p.885). There have been many attempts to bridge
the gap between practice and knowledge in the field of mathematics education. Most
widely accepted model in mathematics education was raised by Ball et al. (2008)
(See Figure 2.4). The model conceptualizes knowledge for teaching mathematics
differently, and so, link practice and knowledge differently, as well. Ball and her
colleagues aim is to further develop Shulman’s (1986, 1987) notion of pedagogical

content knowledge.

In the mid-1980s, when content and pedagogy were viewed separately and the
emphasis was on pedagogy, Shulman asked that “How are content knowledge and
general pedagogical knowledge related?” (Shulman, 1986, p.9). Eventually, Shulman
and his colleagues introduced the field of teacher education to a new construct,
“pedagogical content knowledge” (Shulman, 1986, 1987). One of the aims of
Shulman’s (1986, 1987) work was to focus the need to conceptualize content
knowledge unique to teaching specific professional knowledge. To this end, Shulman
(1986) offered three categories for the content knowledge, which are subject matter
knowledge, pedagogical content knowledge, and curricular knowledge. This subject
matter knowledge goes beyond recalling and demonstrating facts and procedures of
the domain: “The teacher need not only understand that something is so; the teacher
must further understand why it is so, on what grounds its warrant can be asserted,
and under what circumstances our belief in its justification can be weakened and

even denied.” (p. 9), which implies that teachers’ content knowledge should
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represent a deep understanding of the material to be mastered by the students
(Krauss, Brunner, Kunter, et al., 2008). Pedagogical content knowledge, on the other
hand, includes knowledge on how best to represent and formulate the subject to
make it comprehensible to others, as well as knowledge on students’ subject-specific
conceptions and preconceptions that students of different ages and backgrounds
bring with them, and if those preconceptions are misconceptions, which they so often
are and what are the strategies to cope with them. In addition, curricular knowledge
is knowledge of the full range of programs designed for teaching of particular
subjects and topics at a given level, as well as the knowledge of alternative
curriculum materials for a given specific subject within a grade (Shulman, 1986).

Shulman’s (1986, 1987) work focused on types of knowledge necessary for teaching
and the need to conceptualize domain-specific knowledge for teaching. He suggested
a way of examining knowledge that only teachers know and only teachers can do
(Berry, Loughran, & Van Driel, 2008). His work called attention of researchers,
policymakers, and teacher educators to the need for subject-specific development of
teacher knowledge. Furthermore, various researchers have taken up Shulman’s
project in their own content areas, including mathematics, social studies, science,
physical education, communication, religion, chemistry, engineering, music, special
education, English and others (Ball et al., 2008; Munby, Russell, & Martin, 2001).

To describe professional knowledge within mathematics Ball and her colleagues use
the term “mathematical knowledge for teaching” (MKT). They define MKT as “the
mathematical knowledge needed to carry out the work of teaching mathematics”,
where teaching is defined as “everything that teachers must do to support the

learning of their students” (Ball et al., 2008, p.395).
As shown in the Figure 2.4, the first domain within MKT is common content

knowledge (CCK), which is a sub-domain of Shulman’s subject-matter knowledge

category. This is defined as “the mathematical knowledge and skill used in settings

41



other than teaching” (Ball et al., 2008, p.399) and involves the ability to perform
calculations, solve mathematical problems, give mathematical definitions, and use
terms and notation correctly. By calling this knowledge “common” Ball et al. mean

that it is the knowledge that common with other professions.

Subject Matter Knowledge Pedagogical Content Knowledge

Knowledge
Common of content

and students
Egﬁiiil;dﬁe Specialized (KCS) Knowledge

CCK) content of content

( ) knowledge and
Horizon (SCK) Knowledge of | curriculum
content content and
knowledge Ei’z‘é}?;g

Figure 2.4 Mathematical knowledge for teaching model adapted from (Ball et al.,
2008)

The second domain of MKT, which is also a sub-domain of Shulman’s (1986)
subject-matter knowledge category, is specialized content knowledge (SCK). It is
mathematical knowledge which is “not typically needed for purposes other than
teaching” (Ball et al., 2008, p. 400). In other words, it includes the ability to work
with mathematical content in a way that is unique to teaching. Ball et al. (2008)

identify some tasks that comprise this knowledge type:

Presenting mathematical ideas

Responding to students “why” questions

Finding an example to make a specific mathematical point
Recognizing what is involved in using a particular representation
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Linking representations to underlying ideas and to other representations
Connecting a topic being taught to topics from prior or future years
Explaining mathematical goals and purposes to parents

Appraising and adapting the mathematical content of textbooks
Modifying tasks to be either easier or harder

Evaluating the plausibility of students’ claims (often quickly)
Giving or evaluating mathematical explanations

Choosing and developing useable definitions

Using mathematical notation and language and critiquing its use
Asking productive mathematical questions

Selecting representations for particular purposes

Inspecting equivalencies (p. 400).

Consequently, the SCK domain constitutes knowledge beyond that teachers taught to
their students. In brief, it is the knowledge of representing mathematical ideas,
providing mathematical explanations for common rules and procedures and
examining and understanding unusual solution methods or problems (Hill, Ball, &
Schilling 2008). In addition, CCK and SCK are both mathematical knowledge, which

do not comprise knowledge of students and teaching (Hill et al., 2008).

The third domain of MKT, which is also a sub-domain of Shulman’s (1986) subject-
matter knowledge category, is horizon content knowledge. Ball et al. (2008) define
the knowledge as “an awareness of how mathematical topics are related over the

span of mathematics included in the curriculum” (p. 403).

The fourth domain of MKT, which is also a sub-domain of Shulman’s (1986)
pedagogical content knowledge category, is knowledge of content and students
(KCS). It is “knowledge that combines knowing about students and knowing about
mathematics” (Ball et al., 2008, p. 401). Shulman (1986) emphasized the importance
of KCS as a primary element of pedagogical content knowledge. Shulman (1986)
specified that the knowledge covers “an understanding of what makes the learning of
specific topics easy or difficult: the conceptions and preconceptions that students of
different ages and backgrounds bring with them to the learning of those most

frequently taught topics and lessons” (p. 9). In addition, Hill et al. (2008) defining
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KCS as “knowledge of how students think about, know, or learn a topic and
teachers’ understanding of how students learn a particular content” (p. 6). Moreover,
Ball et al. (2008) asserted that KCS requires teachers to anticipate what students are
likely to think and what they will find interesting or challenging. Most importantly,
KCS entails an interaction between specific mathematical understanding and
familiarity with students and their mathematical thinking (Ball et al., 2008).

The last two domains of MKT, which are also a sub-domain of Shulman’s (1986)
pedagogical content knowledge category, is knowledge of content and teaching
(KCT) and knowledge of content and curriculum. It comprises knowledge about
instructional sequencing of particular content, about selecting useful examples for
taking students deeper into the content, about evaluating the instructional advantages
and disadvantages of representations used to teach a concept, and determining what
different approaches and methods could be used to teach the concept (Ball, Bass,
Sleep, & Thames, 2005; Ball et al., 2008).

Teachers’ mathematics knowledge for teaching has an important role in shaping the
quality of their teaching (Ball et al., 2005). In this respect, both in-service and pre-
service teachers’ mathematical knowledge for teaching is important areas of research
focus. Moreover, besides their general mathematical knowledge for teaching, their
knowledge in a specific content has also been investigated in various research
studies. This study was parallel to such research in that its main aim was to
investigate pre-service middle school mathematics teachers’ content knowledge in
proportionality concepts before and after receiving a practice-based instructional
module based on proportional reasoning. This knowledge is certainly a prerequisite

for teaching ratio and proportion concepts.
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2.2.2 Practice-Based Approach

In order to have an impact on pre-service teachers’ knowledge and instructional
practices, professional learning experiences should be closely tied to real classroom
practices (Ball & Cohen, 1999; Smith 2001). According to Ball and Cohen (1999),
teachers need opportunities to review their current practices and to examine others’
practices; moreover, they need to learn more about mathematics contents and
students they teach. However, traditional professional development programs do not
serve to transform teachers’ knowledge, beliefs and habits of practice (Smith, 2001).
Ball and Cohen (1999) propose a professional development model that focuses to use
practice as a site for professional learning. The teacher education model, which is
commonly referred as practice-based professional development (PBPD), aims to
deepen and sharpen teachers’ knowledge through a practice-based curriculum and to
improve teachers’ capacity for innovative practice (Ball & Cohen, 1999; Smith,
2001; Silver, 2009). According to Ball, Sleep, Boerst, and Bass, (2009) practice-
based approach “entails analyzing and naming aspects of the work of teaching and
identifying the key demands of that work, including the content knowledge needed.”
(p. 460). The practice-based curriculum is closely connected to practice in such a

way that it includes the following components:

- Documents of practice such as videotapes of classroom lessons, samples
of student work, and written cases of teaching.

- Field-based assignments such as teaching a mathematics content,
conducting a student interview (Ball, et al., 2009; Sleep, Boerst, & Ball,
2007).

The documents of practice can be drawn from teachers’ own teaching or can be
specifically collected from other’s practice. Then, the documents would be utilized to
develop teachers’ knowledge of content, students’ learning and teaching (Ball &

Cohen, 1999). Tasks used in a practice-based professional development program are
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commonly called professional learning tasks (PLTs) and described as “activities that
are situated in and organized around components and artifacts of instructional
practice that replicate or resemble the work of teaching.” (Silver, 2009, p. 245).
Similar to Ball et al. (2009) and Sleep et al. (2007), Silver (2009) states that
professional learning tasks involves artifacts of practice such as curriculum materials,
video or narrative records of classroom teaching cases, and examples of student
work. However, Silver (2009) does not regard field-based assignments as
professional learning tasks. Particularly, narrative cases of classroom mathematics
lessons have been commonly used in practice-based professional development
programs (Silver, 2009). In a book by Smith, Silver and Stein (2005) some narrative
cases are presented to improve instruction in rational numbers and proportionality.
Each case describes a middle school mathematics classroom in which a teacher and
students engaging with a cognitively complex mathematics task. Smith et al. (2005)
argues that by analyzing the narrative cases, “readers can wrestle with key issues of
practice, such as what students appear to be learning and how the teaching supports
or inhibits students’ learning opportunities.” (p. xii-xiii). With a similar purpose, one
of the narrative cases (i.e., The Case of Marry Hanson) of the book by Smith et al.

(2005) was used in the current study.

Ball and Cohen (1999) highlight three features of practice-based curriculum for
professional education. The first one is that professional learning tasks such as real
artifacts, records, moments and events permits a kind of study and analysis and using
these tasks centers professional inquiry in practice. In a similar way, Silver (2009)
highlights that using professional learning tasks in teacher education makes the work
of teaching available for ongoing investigation and thoughtful inquiry. The second
feature is that practice-based curriculum allows comparative perspectives on
practice. Ball and Cohen (1999) claims, “In the traditionally individualistic structure
of teaching, teachers rarely see teaching other than their own. Looking closely at
student work produced in a different classroom offers teachers a chance to learn from

others’ practice.” (p. 24). In a similar way, in the current study, short video records
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of pre-service teachers’ students teaching were watched in order to give them
opportunities to learn from others” and their own practice. And the last feature is that

practice-based curriculum contributes to collective professional inquiry.

Smith (2009) refers to the materials taken from real mathematics classrooms as
“samples of authentic practice”. Moreover, she asserts that these materials provide
opportunities for critique, inquiry, and investigation. Smith (2009) argues that a
mathematical task along with carefully selected sorts of students’ work could be an

example of such material. In addition, she states,

Teachers could be asked to complete the task, share various
approaches that could be used to solve the task, and identify the
mathematical ideas that are central to the task... Such a discussion is
likely to enhance teachers’ knowledge of mathematics content and of
students as learners of mathematics (p.8).

The mathematical tasks provide pre-service teachers opportunities to construct or
reconstruct their own knowledge of mathematics content. Similarly, in the current
study, some mathematical tasks about proportional reasoning were used to enhance
pre-service teachers’ content knowledge. Besides, students’ work, video clips of

teaching and narrative cases were utilized as practice-based materials.

Studies revealed that using the practice-based materials in a teacher education
program would help pre-service teachers to improve their content knowledge in
mathematics concepts (Hillen, 2005; Silver, Clark, Ghousseini, Charalambous, &
Sealy, 2007; Steele, 2006). To illustrate, a study with middle grade teachers was
conducted by Silver et al. (2007) in the “Beyond Implementation: Focusing on
Challenge and Learning (BIFOCAL)” project. The purpose of the research was
investigating how the professional learning tasks used in a practice-based
professional development program made opportunities for teachers to work on and
learn about mathematical ideas. The findings of the study suggested that practice-

based professional learning tasks provided many opportunities for teachers to learn
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mathematics such as building connections among related mathematical ideas and to
rethink and reorganize the mathematics that they would encounter in their practice.
Similarly, Steele (2006) investigated changes in pre-service and practicing teachers’
knowledge needed for teaching geometry and measurement concepts through
engagement in a practice-based professional development course. The findings of the
study revealed that teachers improved their content knowledge and pedagogy
through the practice-based teacher education. In particular, teachers’ ability to use
multiple solution methods, utilize multiple representations, produce mathematically
sophisticated solutions, and identify key aspects of definitions enhanced.
Correspondingly, another study was conducted by Hillen (2005) to investigate pre-
service secondary mathematics teachers’ understandings about proportional
reasoning before and after completion of a practice-based methods course that
focused on proportional reasoning and their ability to apply what was learned in a
new setting. A total of 16 pre-service teachers participated in the researcher’s quasi-
experimental design. The findings of the study suggested that teachers learned some
aspects of common and specialized content knowledge through practice-based
methods course. Specifically, they constructed a deeper understanding of
proportional and nonproportional situations and what it means for a relationship to be
proportional. In addition, teachers learned a broader range of strategies, made sense
of these strategies, and made connections among different representations of
proportional situations during the practice-based teacher education. Moreover,
teachers could draw upon their enhanced understandings of proportional

relationships in the new setting which was a subsequent course on algebra.
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CHAPTER Il

METHODOLOGY

Within this chapter, first, the research design is presented. Then, data collection
procedure, data collection tools and the practice-based instructional module focused
on proportional reasoning embedded mathematics teaching method course are
described. Finally, data analysis procedures, trustworthiness of the study and role of
the researcher are stated.

3.1 The Research Design

The primary purpose of this study was to investigate pre-service middle school
mathematics teachers’ proportional reasoning before and after a practice-based
instructional module based on proportional reasoning. In order to explore the nature
of pre-service teachers’ knowledge and understandings in proportionality concepts,
the case study research methodology was used. Creswell (2007) defines the case
study as “a qualitative approach in which the investigator explores a bounded system
(a case) or multiple bounded systems (cases) over time, through detailed, in-depth
data collection involving multiple sources of information” (p. 73). According to Yin
(2009), the case study strategy consists “multiple sources of evidence, with data
needing to converge in a triangulating fashion” (p. 18). Considering the statements, a
case study design was employed for the study because the attempt in the current
study was to gain in-depth understanding about pre-service teachers’ proportional
reasoning by using multiple sources of information. In addition, Sanders (1981)
stated that “case studies help us to understand processes of events, projects, and
programs and to discover context characteristics that will shed light on an issue or

object” (p. 44). Similarly, Merriam (1998) argued that the interest in a case study
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design is “in process rather than outcomes, in context rather than a specific variable,
in discovery rather than confirmation” (p. 19). Correspondingly, the main interest in
this study was pre-service teachers’ processes in solving different problem types,
distinguishing proportional from nonproportional situations and understanding
mathematical relationships embedded in proportional situations. By this was, the
researcher tried to shed light on pre-service teachers’ difficulties and misconceptions
about proportionality concepts and differences in their conceptions between before
and after the instructional module.

In order to gain a better understanding of the phenomenon, more than one case was
included into the study. When more than one case is selected to illustrate the same
issue or concern, researchers used the term multiple case study (Creswell, 2007; Yin,
2009). Thus, the current study utilized multiple case study design. The Elementary
Mathematics Education program was chosen as the context of the study and the three
pre-service mathematics teachers receiving the practice-based instructional module
as a component of method course constituted the case of the study. Detailed
information about the context and the participants of the study are presented in the

following sections.

3.1.1 Context of the Study

This study was conducted in Elementary Mathematics Education program at a public
university in the Western Black Sea Region, Turkey. The graduates of the teacher
education program are qualified to work as middle school mathematics teachers at
middle grades (Grades 5-8) in middle schools. This program is a four-year
undergraduate degree program. Detailed information about all of the courses offered
by the Elementary Mathematics Education program is given in the Appendix G. As a
requirement of the program, in the first two years, pre-service teachers take
mathematics content courses such as General Mathematics, Calculus, Discrete

Mathematics, Geometry, Linear Algebra and take general educational science
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courses such as Introduction to Education, Educational Psychology, Instructional
Principles and Methods. In addition, the program also includes the courses such as
Turkish, Computer, Foreign Language, History and Physics. In the following two
years, besides mathematics content and general educational science courses, the
teacher education program offers method courses and practicum courses, in which

pre-service teachers are engaged in mathematics teaching and learning process.

During the data collection process of the study, which covered the spring semester of
2012-2013 academic year, the participants of the study were in their third year of the
program. They had taken Methods of Teaching Mathematics | course in the fall
semester of the same academic year and they enrolled in Methods of Teaching
Mathematics 1l course during the data collection process. In the Elementary
Mathematics Education program, the methods course, which lasts 14 weeks (4 hours
in each week) in each semester, is offered in the third year of the program. The
purposes of the course are to provide pre-service teachers opportunities to develop a
perspective for teaching mathematics with regard to the three components of
mathematics education, which are mathematics, learning and teaching, and to
develop their pedagogical knowledge and skills to teach middle school mathematics.
The course content includes the basic concepts related to the field and the
relationships of these concepts with teaching, and the purpose, principles and

applications of Turkish middle school mathematics curriculum.

In the Elementary Mathematics Education Program, Community Service is one of
the courses offered in the spring semester of the third year of the program. The aims
of the course are understanding the importance of community service, identifying
current problems of society, preparing a project in order to find solutions,
participating scientific activities such as panel, conference, congress, and symposium
as an audience, a viewer, and an organizer, getting involved as a volunteer in various
projects within the framework of social responsibility, participating in community

service activities for the implementation of the basic skills and knowledge in schools.
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Pre-service teachers carried out different projects within the framework of social
responsibility as a requirement of the course. The participants of the current study
conducted a project which aimed to help poor students in a middle school in learning
some mathematics topics for six-week period. One of the mathematics topics that the
pre-service teachers taught students was the ratio and proportion. This was their first
time in teaching mathematics in a real classroom environment because they did not
yet take any practicum courses (i.e. School Experience and Teaching Practice
courses), which are offered in the fourth year of the program.

3.1.2 Participants

Participants of the study were selected in two phases. In the first phase, convenience
sampling was used. Forty junior pre-service middle school mathematics teachers, 28
women and 12 men, who enrolled in both Methods of Teaching Mathematics Il and
Community Service courses, at which the researcher was an instructor, were
selected. The pre-service teachers studied at an elementary mathematics education
program in the spring semester of 2012-2013 at a public university in Western Black
Sea Region, Turkey. They had almost the same elementary mathematics major
background as they had taken the same courses in the department. All of the pre-

service teachers in the first phase took the Proportional Reasoning Test (PRET).

For the second phase of the sampling, maximum variation sampling, which is a type
of purposeful sampling, was used as the method of choice since it aims at capturing
and describing the central themes that cut across a great deal of participant variation
(Patton, 2002). Furthermore, Patton (2002) stated that power of purposive sampling
lies in selecting information-rich cases in order to get in depth information. Three
pre-service teachers were selected with respect to their scores in the PRET, which
aimed to examine pre-service teachers’ proportional reasoning. Firstly, pre-service
teachers were ordered according to their scores from high to low in the PRET.

Secondly, they were divided into three groups in such a way that thirteen participants
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with highest scores were the first group, following fourteen participants were the
second group, and the last thirteen participants were the third group. Finally, one of
the participants in the first group (Ela), one of them in the second group (Mine), and
one of them in the third group (Gaye) were invited to participate to the study. The
researcher emphasized that participation in the study was voluntary and the findings
were not used for grading purposes. Furthermore, the pre-service teachers were
informed about the social responsibility project which aimed to help poor students in
a middle school in learning some mathematics subjects and they were asked to
whether they wanted to carry out the project as a requirement of Community Service
Course. All of the participants agreed to conduct the project and participate in the
study. In the study, the real names of the participants were not indicated; instead

pseudonyms were utilized to ensure anonymity.

As a result, the subjects of the study were three pre-service middle school
mathematics teachers who studied at an elementary mathematics education
undergraduate program. The participants of the study were selected among junior
pre-service teachers who enrolled in both Methods of Teaching Mathematics 11 and
Community Service courses. The participants of the study had to enroll in Methods
of Teaching Mathematics Course because the practice-based instructional module
based on proportional reasoning was given to the junior pre-service teachers as a
component of the course. Moreover, they had to take Community Service Course
because their teachings of proportionality concepts to students in a middle school, as

a part of social responsibility project in the course, were used to collect data.

Some information about the participants is given in the Table 3.1. All of the
participants of the study were female pre-service teachers. While Ela and Gaye were
21 years old, Mine was 20 years old. Gaye and Mine graduated from Anatolian High
School, and Ela graduated from high school. All of the participants had teaching
experience as tutoring. However, they did not teach any subject in a real classroom

environment. In fact, Gaye and Ela were tutoring only their cousins or

53



acquaintances’ children, whereas Mine had been tutoring middle school and high

school students for two years by the time of the study.

Table 3.1 Information about the participants of the study

Gaye Mine Ela
Age 21 20 21
Gender Female Female Female
Graduated High School Anatolian High Anatolian High ~ High School
School School
Grade of Methods of 3.00 4.00 3.50
Teaching Mathematics |
CGPA 2.48 2.72 2.30
Teaching Experience Tutoring Tutoring Tutoring

3.2 Data Collection Procedure

Data collection for the study was conducted from March 2013 to May 2013 (see
Table 3.2). First of all, Proportional Reasoning Test (PRET) was administered to the
all of the pre-service teachers enrolled in Methods of Teaching Mathematics Il
course. Pre-service teachers completed the test in about 60 minutes. As mentioned
earlier, three pre-service teachers were selected with respect to their scores in the
first administration of the PRET. Then, the participants started to carry out the social
responsibility project, which aimed to help poor students in a middle school in
learning some mathematics subjects, as a requirement of Community Service course.
The middle school students were selected by their mathematics teachers according to
their willingness and families’ social statues. Actually, the students who did not have
opportunity to go any private teaching institution or receive tutoring were selected to
the project. The students and their parents were informed about the project and asked

if they would like to participate in. The students were agreed to participate in the
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lessons and permissions were obtained from their parents. An informed consent form
(see Appendix E) was presented to students to ask their parents to read and sign. The
lessons lasted approximately 80 minutes (40+40) and were conducted once a week.
The pre-service teachers taught mathematics contexts in an empty class of the school
after the students’ lessons ended through six-week period. Gaye and Ela conducted
the lessons with four 8" grade students and Mine carried out the lessons with eight
7" grade students; totally 16 students participated in the lessons. One of the
mathematics subjects that the pre-service teachers taught students was the ratio and
proportion. Each pre-service teacher taught the same subject (i.e., ratio and
proportion) to different student groups twice, before and after the proportional
reasoning instructional module. Gaye and Ela conducted the second teachings of the
ratio and proportion concepts with each other’s student groups. However, Mine
divided her students into two groups of four persons and she conducted the first
teaching with one group and the second teaching with the other group of students.
The participants were observed during they were teaching the ratio and proportion
subjects for the first and second time. After the observations of student teachings,

interviews were conducted with the participants.

Table 3.2 Timeline of data collection

Date Events

12 March 2013 First administration of the PRET

28 March-03 April 2013 First student teachings

02-03 April 2013 Pre-interviews

04 April-09 May 2013 Practice-based instructional module focused
on proportional reasoning

10 May 2013 Second administration of the PRET

14-16 May 2013 Second student teachings

16-17 May 2013 Post-interviews

As seen in the Table 3.2, practice-based instructional module focused on proportional

reasoning started after data collected about participants’ proportional reasoning prior
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to the instructional module. The instructional module lasted five weeks. Since the
instructional module was carried out as a component of the method course, all of the
pre-service teachers enrolled in the method course attended the module. It was
explained in a detailed way in the following section. Immediately after the
instructional module, the PRET was administered to the participants of the study,
who were three pre-service teachers. Then, the second student teachings and post-
interviews were conducted. Before each student teaching, the participants prepared
lesson plans and before the second student teaching, the researcher wanted them to
write a revision report of the second lesson plan if they made any revision.

3.3 Data Collection Tools

In order to get deep information from the pre-service teachers, different data
collection procedures were used. Creswell (2007) referred this type of data collection
as “multiple source of information”. The data sources of the study were the PRET,
interviews and observations of student teachings. Additional information was
gathered from the pre-service teachers’ lesson plans and revision reports of the
second lesson plans in the student teachings. The following sections represent detailed

information about the data sources of the study.

3.3.1 Proportional Reasoning Test (PRET)

The PRET (shown in Appendix A), which had 24 mathematical tasks selected and/or
adapted from literature by Hillen (2005), was used in the study as pretest and posttest
S0 as to examine pre-service teachers’ proportional reasoning. First of all, the
original instrument was translated into Turkish by the researcher. Secondly, two
mathematics education professors, who are fluent in English, asked to determine
whether the Turkish version of the instrument was identical in meaning with the
original version in English. Thirdly, a Turkish education professor checked and

edited the Turkish version of the instrument to prevent grammatical errors. Then, the
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PRET was administered to four pre-service teachers who were not involved in the
study. Finally, necessary modifications for some items were carried out and the last

version of the PRET was obtained.

The aim of the PRET was to examine pre-service teachers’ approaches to different
problem types (i.e., missing value, numerical comparison, and qualitative reasoning),
distinguishing proportional from nonproportional situations, and understanding the
mathematical relationships embedded in proportional situations. The questions in the
PRET included different problem types, contexts, and numeric features in order to
assess pre-service teachers’ proportional reasoning. Furthermore, the questions
prompted pre-service teachers to explain their thinking or justify rationales of their
answers. Table 3.3 shows the match between the PRET questions and what the

questions intended to measure.

Table 3.3 The match between the PRET questions and what intended to measure

Approaches To Different Problem

Types
Distinguishing Understanding
proportional mathematical
Question Missing Numerical Qualitative  from relationships
Number value comparison Reasoning  nonproportional embedded in
situations proportional
situations
1-4 X
5 X
6 X
7-8 X
9 X
10 X
11-22 X X
23 X
24 X X
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Each question in the PRET is worth 4 points. However, the question 6 is an
exception because it is worth 8 points. It asks participants to solve a problem in more
than one way and they received 4 points for each solution. Thus, possible scores on
the PRET range from 0 to 100.

In the PRET, there were some questions that measured pre-service teachers’
approaches to different problem types. PRET questions from 1 to 4 were missing
value problems that did not have any context. Pre-service teachers were asked to
solve these four problems in more than one way if they could. Moreover, it was
expected from pre-service teachers to use efficient strategies, which involved the
simplest numerical relations between quantities, to solve the problems. To illustrate,
in question 1 (i.e., 4/20=x/35), since there was an integer within-ratio (i.e., 4 x 5=20),
a within-ratio strategy would facilitate the computations; whereas, in question 2 (i.e.,
2/7=6/x), since there was an integer between-ratio (i.e., 2 x 3=6), a between-ratio
strategy would be easier to calculate. In addition, question 23 of PRET was also a
missing value problem that had a context involving similar figures. PRET questions
6 and 24 were numerical comparison problems which asked to determine the mixture
with the stronger orange taste and the most square rectangular cloth, respectively.
Furthermore, PRET questions 7 and 8 were qualitative problems which did not
contain numerical values but required qualitative comparisons. PRET questions from
11 to 22 presented pre-service teachers with 12 relationships (3 presented in written
language, 3 presented in graphs, 3 presented in equations, and 3 presented in tables)
and asked to identify whether the given situations were proportional or
nonproportional and explain their rationales for each situation. The questions
measured pre-service teachers’ distinguishing proportional from nonproportional
situations. Further, pre-service teachers’ explanations in the questions also provided
evidence about their understandings of the mathematical relationships embedded in

proportional situations.
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Moreover, question 5 asked pre-service teachers to provide a word problem which
could be solved by the given equation. In order to create the problem, pre-service
teachers needed to write a word problem in which the quantities were related
multiplicatively; in other words, the quantities should have proportional
relationships. Furthermore, since the answer of the problem was a decimal number (x
=17.5), pre-service teachers needed to make sure that a noninteger answer made sense
in the context (e.g., an answer of 7.5 cm would make sense, but an answer of 7.5 cars

would not).

In PRET questions 6, 9, 10 and 24, pre-service teachers required to realize that ratio
was a proper measure for the given attributes. For example, question 6 asked to
compare two mixtures of orange juice made from different amounts of orange juice
concentrates and water, and decide which had a “stronger orange taste”. Moreover,
pre-service teachers were asked to solve the problem in more than one way if they
could. Additionally, question 9 was, “Murat mixed blue and white paints until he had
a shade of blue paint that he liked. He needed another quart of paint, so he wanted to
increase the amount of paint without changing the color. In order to do that, he added
one glass of blue and one glass of white paint (2 glasses = 1quart).” The pre-service
teachers were wanted to comment on the effectiveness of Murat’s strategy about
“shade of paint”. Furthermore, question 10 asked to determine “relative steepness of
ski ramps” if the height, the length of the base, and the width of the base of the ramps
were given and question 24 asked to determine the cloth that was “the most square”

if three rectangular clothes with dimensions were presented.

3.3.2 Interviews

Interviews were another important data collection tool for the study because it
enabled the researcher to investigate the pre-service mathematics teachers’

proportional reasoning in a more detailed way. After each student teaching, semi-

structured interviews were conducted with the participants of the study. The
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interview questions’ main aim was to get information on pre-service teachers’
approaches to different problem types, distinguishing proportional from
nonproportional situations and understanding mathematical relationships embedded
in proportional situations. Moreover, some questions in the interviews were designed
to give participants an opportunity to rethink their answers in the PRET. These
questions asked participants to explain their answers of some questions in the PRET
in a more detailed way. Therefore, the pretest and posttest of the participants were
provided to them during the pre-interview and post-interview, respectively.

More specifically, in the pre-interview, first of all, some demographic information
such as age, type of graduated high school, grades of mathematics teaching method
courses they had taken, cumulative grade point average (CGPA), and teaching
experiences were asked to the participants to have a general view of the participants.
Then, 14 open-ended questions about the participants’ knowledge and understanding
in proportionality concepts were asked. In addition to these questions, probes and
follow-up questions were prepared to deepen the responses of the questions, to
increase the richness of the data and to give clues to the participants about the level
of the response desired. The post-interview questions were parallel to pre-interview
questions. However, in the post-interview, while some questions were removed,
some additional questions were added about the contributions of the instructional
module. The examples of questions are presented in Table 3.4 and complete

interview protocols for both interviews are given in Appendix B.

To ensure the validity of the interview questions, three professors in mathematics
education were asked to judge whether they were matched with the research
questions and aim of the study. Then, the questions were revised until there was an
agreement. All the interviews were tape-recorded and transcribed verbatim. They
lasted approximately 90 minutes and were conducted in the meeting room of the

university.

60



Table 3.4 Examples of interview questions

Can you explain the meaning of ratio and proportion?

Avre ratio and proportion the same concepts? Why?
- What are the differences between them?

How do you know whether two quantities are proportional or not?
- How did you decide whether the quantities in the PRET questions 11 to 22 are proportional?
Can you explain each of them? Why do you think so?

Can you give examples of proportional and nonproportional situations in real life? Why are the
quantities in the situations proportional or not?

While teacher Turgay was teaching his students distinguishing proportional from nonproportional
situations, one of the students Atacan said “All linear relationships are proportional. In other words,
if two variables have a linear relationship, they are also proportional.” Do you think Atacan is
right? Why? Can you explain?

What is the constant of proportionality? Can you explain by giving an example?

- In the PRET, was there any question required to be used the constant of proportionality?
Why did you use it? Which questions were they? What is the constant of proportionality in
the questions?

Which strategies do you prefer to solve missing value problems?
- Which strategy will you teach to your students as the most efficient strategy?
- What will you do if your students cannot understand this strategy?

3.3.3 Observations of Student Teachings

In qualitative inquiry, observation is a fundamental and highly important method to
collect invaluable data (Marshall, & Rossman, 2006). According to Creswell (2002),
observation is “gathering of first-hand information by observing people and places at
a research site” (p. 199). In the current study, in addition to the data collected
through PRET and interviews, the participants were observed while they were
teaching ratio and proportion concepts in the student teachings. The main purpose of
the observations was to enhance the findings of the study about pre-service teachers’
approaches to different problem types, distinguishing proportional from
nonproportional situations and understanding mathematical relationships embedded
in proportional situations. Another reason to observe participants’ student teachings
was to check data collected from PRET and interviews about participants’
knowledge and understanding in proportionality concepts because as Fennema and

Franke (1992) said, “One cannot teach what one does not know” (p. 147). That is to
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say, it was expected that observations of student teachings would give additional
information whether participants had a deep understanding on ratio and proportion

concepts or not.

A structured observation form was not utilized while observations were conducted.
However, the student teachings were video-recorded for the whole period of each
lesson. There were two cameras: one camera recorded the pre-service teacher and the
other camera recorded the students in each class. Moreover, the researcher took field
notes while she was observing the teachings of participants. The field notes
contained nonjudgmental, concrete descriptions of what had been observed (Marshall
& Rossman, 2006). During the observations, a researcher’s role can vary from a
complete observer to complete involvement (Gold, 1958, as cited in Marshall &
Rossman, 2006). In this study, the researcher was a complete observer which means
“the researcher does not participate in activities at the setting.” (Marshall &
Rossman, 2006, p. 81). Through data analysis process, the observations of student
teachings shed light on the participants’ underlying difficulties and misconceptions
about proportional reasoning and clarified the conclusions drawn from other data

collection instruments.

3.3.4 Lesson Plans and Revision Reports

The participants of the study prepared lesson plans for each of the student teachings.
As mentioned earlier, while Gaye and Ela prepared lesson plans for teaching
proportionality concepts to 8" grade students, Mine prepared for teaching
proportionality concepts to 7" grade students in the student teachings. Before the
first student teachings, the researcher came together with the pre-service teachers to
decide on which objectives in the “Ministry of National Education Middle School
Mathematics Curriculum” document for grades 5 to 8 were taught by each
participant. The objectives in the mathematics curriculum that each participant taught

in the student teachings are provided in the Appendix D. The participants were
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expected to prepare lesson plans in line with the new middle school mathematics
curriculum and applied them in their student teachings.

The participants prepared two lesson plans, in which the same objectives of the
mathematics curriculum were intended to teach. After the first lesson plan was
applied in the first student teaching, participants were told that they could revise their
lesson plans which would be applied in the second student teaching if they wanted.
Moreover, it was expected from the pre-service teachers that they wrote a revision
report in which they explained the reasons why they made revisions in the first
lesson plan if they did.

3.4 Practice-based Instructional Module Focused on Proportional Reasoning

A practice-based instructional module based on proportional reasoning, which was a
component of Methods of Teaching Mathematics 11 course, was given to the junior
pre-service teachers during a five-week period in the spring semester of 2012-2013
academic year. The instructional module was taught by the researcher, who was also
the instructor of the method course. All of the pre-service teachers enrolled in the
method course participated in the instructional module. However, only three pre-
service teachers participated in this study since the purpose of the study was to gain
in-depth understanding about pre-service teachers’ proportional reasoning. The
researcher and the pre-service teachers met once per week for three or four sections
during five weeks. In total, 16 sessions, each of which was 50 minutes, were
conducted with the pre-service teachers. The instructional module consisted of a
variety of activities such as solving mathematical tasks, examining student work,
discussions on video clips from the participants’ student teachings, and analyzing a
narrative case of teaching in a middle school classroom. The activities were
developed through a process of reviewing resources from literature focusing on
teaching ratio and proportion concepts and improving proportional reasoning. The

narrative case was drawn from the book by Smith et al. (2005) and was translated
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into Turkish by the researcher. The activities were conducted in each week are
shown in Table 3.5. Sample activities in the practice-based instructional module are

presented in Appendix H.
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Table 3.5 Activities in each week of the practice-based instructional module

Activities

Week |

(50+50+50
minutes)

Flower Problem and Basketball Problem (Getting valid answers by using both
additive and multiplicative comparisons)

Let’s discuss!
What is the difference between additive and multiplicative comparisons?

Copy Machine, Science Club and Field Problems (Multiplicative situations,
identifying ratio as a measure of squareness)

Jogging Truck Problem (Additive situation)

Let’s discuss! In which problems do you use multiplicative reasoning?
In which problems do you use additive reasoning?
Is there any problem that can be solved by utilizing both of the reasoning?

Discussion on possible misconceptions of students in the Copy Machine, Science
Club, Field and Jogging Truck Problems (Inaccurate additive or visual
comparisons, and over generalize proportionality)

Examine a student work in the Field Problem and discussion on the meanings of
the quantities calculated

What is proportional reasoning? Why is it important? What is ratio?

Let’s discuss! Are all ratios rational numbers? Are all rational numbers ratios?
Are all ratios part-whole comparisons? Are all part-whole comparisons ratio?

Homework |

Snake Problem (Multiplicative comparisons)

Week |1

(50+50+50
minutes)

Diet Problem (Additive and multiplicative comparisons)

Examine three students’ work in the Diet Problem and discussion on the meanings
of the quantities calculated

Examine a student’s work in the Photo Enlargement Problem and discussion on
the student’s misconception (Inaccurate additive strategy)

Examine a student’s work in Age Problem and discussion on the student’s
misconception (Over generalize proportionality)

What is ratio and rate? What are the differences between ratio and rate?

Provide examples of real life situations for ratio and rate

Find ratio and rates in Ball Problem

Let’s discuss! In which contexts are ratios used? (Similarity, measurement, etc.)
In which contexts are rates used? (Density, speed, etc.)

Homework 11

Assigned reading: Dogan & Cetin (2009). “Seventh and ninth grade students’
misconceptions about ratio and proportion.”

Week 111

What is invariance in proportional relationships? Provide examples of real life
situations for invariance.

Rectangle and Ball Problems (Solving by using building-up strategy)

Examine a student’s work in the Rectangle Problem and discussion on the
student’s misconception (Ignoring invariance and using additive reasoning)

Labor Problem (using strategies highlighting multiplicative relationships)

Examine a student’s work in Labor Problem (Limitation of building-up strategy)

Fraction and Ratio: Similarities and differences

What is proportion?
Direct and inverse proportion: Graphs and algebraic expressions
Provide examples of real life situations for direct and inverse proportion

A video clip from Gaye’s student teaching: Discussion on her inaccurate
definition of direct proportion

Discussion on a teacher’s strategy to solve the Tractor Problem (Memorized
algorithm)
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Table 3.5 (continued)

Nonproportional Situations: Additive and Constant Relationships

A video clip from Mine’s student teaching: Discussion on a student’s
misconception (Over generalize proportionality)

Determining proportional relationship between the quantities in eight different
situations presented in language

Tea, Jogging Track and Tree Planting Problems (Qualitative problems)

Homework 111 Assigned reading: Duatepe, Akkus-Cikla and Kayhan (2005). “An investigation
of students’ solution strategies for different proportional reasoning items.”
Week IV Within and Between-Ratios
Similar Rectangles Problem (Realizing within and between-ratios and the
relationships between within-ratio, slope and the constant of proportionality)
(50+50+50 A video clip from Ela’s student teaching: Discussion on her misconception that
minutes) the multiplication of slope and constant of proportionality is equal to one.

Tree Problem (Solving by building a ratio table and determining the rule for
relating the number pairs in the table)

Let’s discuss! Are all linear relationships proportional?

A video clip from Gaye’s student teaching: Discussion on her linearity
misconception

A video clip from Gaye’s student teaching: Discussion on a student’s linearity
misconception

Determining proportional relationship between the quantities in four different
situations presented in ratio tables, driving the graphs and writing the algebraic
expressions

A video clip from Mine’s student teaching: Discussion on a student’s
misconception about determining proportionality in a ratio table

Computer, Cake, and Apartment Problems (Solving by building ratio tables)

Different Solution Strategies (Explanations and examples)

Homework 1V

Running, Cheese and Birthday Problems (Solving by building ratio tables and
determining the rules for relating the number pairs in the tables, and drawing the
graphs of the relationships by using a computer applet)

Candy Problem (Solving by using six different strategies)

Week V Pizza Problem (Finding single and composite units)
What is unit? Activities related unitizing and reunitizing
Cornflakes Problem (Using a composite unit)
(50+50+50 Drink and Bird Problems (Solving numerical comparison problems by using
minutes) different strategies)
Inaccurate Strategies
Examine a student’s work in Ship Problem (overreliance on cross-
multiplication)
Examine a student’s work in Paperclip Problem (Inaccurate additive strategy)
Examine students’ work in Apple Juice, Drink Problems (Inaccurate strategies)
Let’s discuss! What is the difference between numerical comparison and
missing value problems?
Find the numerical comparison problems from among problems solved today
The Case of Meral Teacher
Solve the Candy Jar Problem in the case
Discussion on the students’ solution strategies, and the teacher’s instructional
strategies
Homework V Write a reflection paper about what Meral Teacher do to improve students’

proportional reasoning.
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The main purpose of the instructional module was to deepen and sharpen teachers’
knowledge and understanding in proportionality concepts and proportional
relationships through practice-based professional learning tasks. In particular, the
instructional module intended to improve pre-service teachers’ flexibility in solving
different problem types, missing value, numerical comparison and qualitative
reasoning problems, by using a broad range of strategies. Additionally, the
instructional module aimed to increase pre-service teachers’ capability to distinguish
proportional from nonproportional situations. Further, the module intended to enable
pre-service teachers to better understand mathematical relationships in proportional

relationships.

In line with these purposes, in the practice-based instructional module, pre-service
teachers solved problems that contained both proportional and nonproportional
situations. Moreover, they were encouraged to use a broad range of strategies to
solve different problem types. Particularly, some mathematical tasks wanted pre-
service teachers to use strategies highlighting multiplicative relationships.
Additionally, the discussions were conducted about alternative solution strategies,
the meanings of quantities calculated and possible misconceptions that students

might have in solving the problems.

In addition to the problems, pre-service teachers examined the cases which contained
students’ work. In some cases, students solved proportional problems by using
inaccurate strategies such as additive strategy. Moreover, students’ misconceptions
and difficulties were revealed in their solutions or speech. There were also some
other cases that included accurate solutions of students. In these activities, the
researcher wanted pre-service teachers to express the rationale of the solutions and

the meaning of quantities students calculated.

Furthermore, video clips from the participants’ student teachings were watched and
analyzed in the instructional module. While some video clips revealed the

participants’ misconceptions and difficulties in proportionality concepts such as
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linearity misconception and inaccurate definitions, some other video clips indicated

the students’ misconceptions and difficulties in the student teachings.

In the practice-based instructional module, there were also discussions on some
statements about proportional relationships that might lead confusion. Some example
statements were, “All ratios are rational numbers”, “All ratios are part-whole
comparisons” and “All linear relationships are proportional”. After the discussions,
the researcher specified accurate and inaccurate statements and explained why.
Moreover, in the instructional module, the researcher highlighted some important
concepts and definitions about proportional reasoning such ratio, rate, proportion,

within and between-ratios, invariance, and unit.

In the last week, a written narrative case, in which a teacher taught ratio and
proportion concepts in a middle school classroom, was analyzed. The narrative case
was drawn from the book by Smith et al. (2005) and was translated into Turkish by
the researcher. The case described a middle school mathematics classroom in which
a teacher, Meral Teacher, and her students engaging with a cognitively complex
mathematics task of proportional reasoning. In the instructional module, first of all,
pre-service teachers tried to solve the task, and then, they discussed and analyzed the
students’ solution strategies, and the teacher’s instructional strategies in the case.
Further, as homework, they wrote a reflection paper about what Meral Teacher do to
improve students’ proportional reasoning. Similarly, in each week, there was some
homework for the pre-service teachers such as reading assigned articles and solving

mathematical tasks.
3.5 Data Analysis Procedures
Data analysis is described by Bogdan and Biklen (1998) as “the process of

systematically searching and arranging the interview transcripts, filed notes and other

materials that you accumulate to increase your own understanding of them and to
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enable you to present what you have discovered to others.” (p. 157). Further, the
researchers emphasized that the data analysis includes organizing data, breaking
them into manageable units, synthesizing them, searching for patterns, discovering
important concepts to answers research questions and deciding what to tell others.

In this study, data analysis was performed in order to investigate pre-service
mathematics teachers’ proportional reasoning before and after a practice-based
instructional module based on proportional reasoning. In order to answer the research
questions, data gathered from the first and second administrations of the PRET, pre
and post-interviews, observations of student teachings, lesson plans and revision
reports of the second lesson plan were analyzed. In the current study, content
analysis was used to break the data into manageable units on the basis of the codes
created (Patton, 2002; Yildmrm & Simsek, 2013). According to Patton (2002), the
main aim of the content analysis is to organize and simplify the complexity of data

into meaningful and manageable themes or categories.

As an initial attempt, the literature was reviewed in order to determine the
understanding and knowledge that is required to be a proportional reasoner. Then,
the themes were derived from the related literature as appearing in the research
questions. These themes were “approaches to different problem types”,
“distinguishing proportional from nonproportional situations” and “understanding
mathematical relationships embedded in proportional situations”. Afterwards,
categories and subcategories for each theme were formed. Sometimes, the categories
and subcategories were constituted by using the recurring patterns in the data set, but
in other occasions they were drawn from the literature based on proportional
reasoning. In other words, before the data analysis, a tentative list of codes (e.g.,
utilizing a broad range of strategies, flexibility in unitizing and reunitizing quantities,
over generalize proportionality, utilizing key understandings) based on proportional
reasoning literature were developed. During the data analysis process, if a concept

appeared in the data did not quite fit the predefined codes, new codes (e.g., making
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qualitative comparisons not depending on numerical values, recognizing within and
between-ratios, making connections among different representations) were added.
Additionally, possible relationships among the subcategories were detected and
similar subcategories were grouped into same categories. Furthermore, irrelevant
categories derived from the literature were eliminated. After all of the modifications
of the coding categories finished, the researcher went back the data set and recoded
the materials. The ultimate list of the coding categories is presented in the Appendix
C.

In order to manage the data obtained from the first and second administrations of the
PRET, the grouping of the PRET questions under the three themes were utilized (see
Table 3.4). For example, the participants’ responses to the questions under the first
theme, which was “approaches to different problem types”, were coded based on
their solution strategies and processes in solving the different problem types.
Moreover, the responses of the questions under the second theme, which was
“distinguishing proportional from nonproportional situations”, were coded so as to
demonstrate whether the participants classified relationships as proportional or
nonproportional, identified ratio as measure and provided an example and
nonexample of proportional relationships. Furthermore, the participants’ responses to
the questions under the third theme, which was “understanding the mathematical
relationships embedded in proportional situations”, were coded to indicate the four
key understandings, which were identified in the literature chapter, if any, the
participants used to justify rationales of their classifications about proportional
relationships. Afterwards, the codes were placed under the related categories and

subcategories derived from the literature and the data set.

For the analysis of data obtained from the interviews and observations of student
teachings, all audio recordings of interviews and video recordings of student
teachings were transcribed verbatim by the researcher. Besides the transcribed data

of observations, the researcher’s field notes, the participants’ lesson plans and
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revision reports of the second lesson plan were also inserted into the transcripts of
the video recordings to get a detailed and precise description of the participants’

proportional reasoning in the student teachings.

First of all, the researcher read the transcribed data several times to gain general
sense. Then, from each transcript, significant phrases or expressions directly related
to the themes were identified. For instance, if the pre-service teachers were solving a
problem in the student teaching or interview, their solution strategies and
explanations were coded under the first theme, which was “approaches to different
problem types”. Additionally, their expressions about classifying relationships as
proportional or nonproportional, identifying ratio as measure and providing examples
of proportional and nonproportional situations were coded under the second theme,
which was “distinguishing proportional from nonproportional situations”. Further,
when the participants defined proportional concepts and determine proportional
relationships, their explanations and justifications were coded under the third theme,
which was “understanding the mathematical relationships embedded in proportional
situations”. Then, these expressions were placed under the categories and
subcategories derived from the literature and the data set. This was an interactive
process between the data and the codes because the researcher went back and forth
among the data and the codes so as to locate the codes under the related categories

and subcategories.

3.6 Trustworthiness

Patton (2002) stated that validity and reliability are two important concepts that any
researcher should consider while designing a study, analyzing results, and judging
the quality of the study. However, reliability and validity issues are perceived
differently by some qualitative researchers who think that the qualitative
investigation fails to adhere to canons of reliability and validity (LeCompte, &

Goetz, 1982). Thus, many qualitative researchers prefer to use different terminology
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instead of using the terms validity and reliability (Erlandson, Harris, Skipper, &
Allen, 1993). Establishing trustworthiness in qualitative research is important in
judging the quality of the study. Erlandson et al. (1993) described credibility,
transferability, dependability, and confirmability as indicators of trustworthiness in
qualitative studies. For this reason, instead of using the term validity and reliability,
in this study, the term trustworthiness is used. Certain criteria for judging the quality

of the research study is described below.

In this study, person and data triangulation was used for increasing the credibility of
the study. The participants were three junior pre-service middle school mathematics
teachers; that is to say, more than one individual was used as a source of data. In
addition, different data collection tools such as pre/posttest, pre/post-interview,
videos, and written artifacts were collected to give answers for the research
questions. Moreover, for increasing the credibility, member checking that refers to
taking the narrative report back to the participants for checking the accuracy of the
findings and interpretations (Creswell, 2007) was also used. Furthermore, peer
debriefing that refers to external check of the research process by peers and
discussing its accuracy with them (Creswell, 2007) was used. In this sense, at every
stage the researcher asked her colleagues who were qualified in qualitative research
to comment on the research process. Their interpretations made the researcher revise
her methods, and develop greater explanation of the research design and strength her

arguments in light of comments made.

Thick descriptions that allow the researcher to elaborate on the research setting in
detail for establishing transferability were used (Erlandson et al., 1993). In this sense,
enough description and details about the content, data collection procedures, physical
setting and participants were provided. Moreover, the raw data was transferred to the
readers in a reorganized way by considering concepts and themes appeared without

any interpretation, this was utilized by giving quotations and paraphrasing. In
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addition to thick description, purposive sampling was used to maximize the range of
specific information that can be obtained from data.

In order to establish dependability and reduce bias, coding of the data was
independently conducted by the researcher and a second coder who was informed
about the proportional reasoning and data analysis framework of the study. Both
coders analyzed the ten percent of the data set with pseudonym names for the
participants. Once coding was completed individually, there were eighty-seven
percent agreements. Then, the researcher and the second coder discussed the
discrepancies until a consensus was reached. Additionally, dependability audit that is
one of the strategies that establish dependability was also used in the study
(Erlandson et al., 1993). One mathematics professors in an educational faculty
reviewed and checked the activities and procedures during the research process.

3.7 Role of the Researcher

In a qualitative study, the researchers play an important role on collecting and
analyzing data (Merriam, 1998). The researchers should give information about their
role in the study in order to avoid discrediting the study (Patton, 2002). Thus, the
researcher tries to explain her role in this study. The researcher of the present study
was also the instructor of the “Methods of Mathematics Teaching II” and
“Community Service” courses. Since the researcher was an instructor in the same
department, she had a strong relationship with the pre-service teachers. Moreover,
the researcher was the instructor of the pre-service teachers’ another course during
third year in the education program. Being the instructor of the course and the
researcher at once provided some advantages and disadvantages. For instance, the
researcher became aware of the participants’ knowledge and understanding in
proportionality concepts and recognized them. As an advantage, this enabled the
researcher to understand the participants’ ideas better and to make more sensitive

analysis of the data. Moreover, since the participants had known the researcher
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earlier; they might be willing to participate in the interview and explain their views
without hesitation and thus, the interviews were conducted in a sincere atmosphere.
Yet, the responses of the interviewees might not always reflect the reality because of
the sincere relationship with the researcher. It is also worth noting that as the
researcher knew the participants before the interviews, she might tend to be
subjective while asking the interview questions (Coghlan & Brannick, 2001). To
prevent bias in interview questions, interview schedules were prepared for both pre
and post-interviews. Furthermore, in order to reduce the effect of being the instructor
of the course, during whole data collection process, the researcher tried to make them
feel comfortable by stressing that the aim of the study was to understand their

conceptions, rather than judging or grading them.
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CHAPTER IV

RESULTS

Within this chapter, the findings of the research study are presented. This study was
designed to investigate pre-service middle school mathematics teachers’ proportional
reasoning before and after receiving a practice-based instructional module based on
proportional reasoning. Pre-service teachers’ proportional reasoning was classified
under three major categories emerging from the literature. The major categories were
approaches to different problem types, distinguishing proportional from
nonproportional situations and understanding mathematical relationships embedded
in proportional situations. Then, subcategories for each theme were formed by
analyzing the research data. The chapter includes four main sections. The first
section presents the results about pre-service teachers’ proportional reasoning before
receiving a practice-based instructional module based on proportional reasoning. The
second presents the results about pre-service teachers’ proportional reasoning after
receiving the instructional module. The third deals with the results about the
differences between pre-service mathematics teachers’ proportional reasoning before
and after the instructional module based on proportional reasoning. The fourth

section presents the summary of the research findings.

4.1 Pre-service Teachers’ Proportional Reasoning before the Proportional

Reasoning Instructional Module
In this section, the findings about pre-service teachers’ approaches to different

problem types, distinguishing proportional from nonproportional situations, and

understanding of mathematical relationships embedded in proportional situations
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before receiving a practice-based instructional module based on proportional
reasoning are presented for each pre-service teacher.

4.1.1 Approaches to Different Problem Types

In order to investigate pre-service teachers’ approaches to different problem types,
which were missing value, numerical comparison and qualitative reasoning
problems, before participation in a practice-based instructional module, the solution
strategies and processes of pre-service teachers in solving the different problem types
were analyzed. Since solution strategies and processes might change with respect to
problem types, results of different problem types are presented under different

subcategories.

4.1.1.1 Gaye’s Approaches to Different Problem Types

Missing Value Problems: Solution Strategies and Processes

Gaye could find correct answers of missing value problems in all relevant
instruments. However, her solution strategies were limited. Indeed, she used only
four different strategies (cross-multiplication, isolating the unknown, factor of
change, unit rate). Moreover, she mostly used formal strategies, in which rules and
properties of algebra were used, to solve missing value problems. To illustrate, in the
PRET, there were some missing value problems (questions 1-4) which did not have
any context. In the pretest, Gaye used cross-multiplication as a leading strategy to
solve the problems. As a second strategy, she used another formal strategy, isolating
the unknown, which meant multiplying or dividing both sides of the equation by a
value to leave alone the missing value, and no other strategy was used by her to solve
these problems. An example of the isolating the unknown strategy was her second
solution for the first question. In her solution, she wrote the ratio, 4/20, in its simplest
form, 1/5, and then, she multiplied both sides of the equation (1/5=x/35) by 35 to
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leave alone the missing value. Similarly, in the pre-interview, Gaye mostly used
cross-multiplication strategy in solving missing value problems. For instance, when
the researcher asked her to find the density of a mixture, she set up a proportion
(3/5=x/100), cross multiplied (100x3=5x(x)) and solved it for x. Correspondingly, for
another missing value problem in the interview, which was “If 8 balloons are 12 TL,
how much 6 balloons will cost?” she set up the algebraic expression as 8/12=6/x and
found x=9 by cross-multiplication. In the same way, she solved a proportion
problem, which was exemplified by her, by using cross-multiplication in the pre-

interview as follows:

Gaye: For example, in an exam, if you get 40 points for 20 true
questions, you should get more points for 40 true questions. This is a
proportional situation.

Researcher: How many points will you get?

Gaye: When I cross multiply hmm... Multiply 40 by 40, divide the
result by 20, and the answer is 80.

Researcher: How?

Gaye: It is proportional to the twice of points. If we get 40 points for
20 questions, we should get 80 points for 40 questions because 40
questions are equal to 2 times 20 questions and so we should find 2
times 40 points.

Although identifying the scale factor, 2, and multiplying the number of true
questions by it was very easy for the above problem, Gaye firstly, solved it by using
cross-multiplication. Afterwards, she explained it by utilizing the scale factors. It can
be concluded that Gaye had difficulty in recognizing efficient strategies, which
facilitated the computations required to find missing values and used formal
strategies even though there was an integer between or within-ratio. Another
evidence for the claim is that in some PRET questions, though there were integer
within and between-ratios between quantities, she did not use them and solved the

problems by using formal strategies.

Data indicated that Gaye saw cross-multiplication as an indispensable and the most

important strategy. To illustrate, in the first student teaching, she noted that “In a
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direct proportion, we have to use cross-multiplication, don’t forget this!” after she
solved a problem by using cross-multiplication. Similarly, in the pre-interview, when
the researcher asked her which strategies she used to find a missing value in a
proportion, she said cross-multiplication as a leading strategy as shown in the
following quotation:

| generally use cross-multiplication. Another strategy could be
multiplying or dividing both side of the equation by a value to leave

(Y3

alone the “x”. But it takes too much time, so I mostly use cross-
multiplication. Hmm... I did not use any other strategy.

As seen in the above quote, Gaye saw cross-multiplication as an indispensable
strategy. In addition, she assumed a formal strategy, isolating the unknown (i.e.,
multiplying or dividing both sides by a value to leave alone the missing value), as an
alternative strategy. However, although cross-multiplication was indispensable for
Gaye in her solutions, she was aware of its difficulty of understanding by students.
Accordingly, when the researcher asked her which strategy she would teach to her
students, she told a formal strategy, isolating the unknown. In addition, unless her
students understood the formal strategies (i.e., cross-multiplication or isolating the
unknown), she preferred to find a unit rate (i.e., 3 coins for 1 ball) with the help of

drawing:

If they did not understand, | would teach by drawing. For example,
for this question (showing PRET question 2), I will draw 2 balls and
6 coins. Then, I will ask, “If I pay 6 coins for 2 balls, find the
number of coins that [ will pay for 7 balls.” In the similar way, I will
also draw 7 balls and I will say if | pay 6 coins for 2 balls, I should
divide by two both of them to find the number of coins for one ball
(drawing on a sheet). By this way, | can find that I should pay 3
coins for 1 ball. Finally, I can find the number of coins for 7 balls by
drawing 3 coins for each ball.

She preferred to use an informal strategy, unit rate strategy, if her students did not

understand formal strategies. In a similar manner, Gaye sometimes used informal
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strategies that highlighted multiplicative relationships, instead of formal strategies
(e.g., cross-multiplication) to solve missing value problems. For example, she solved
a missing value problem in the PRET (question 23) by utilizing factor of change
strategy although neither the within nor the between-ratios were integer in the
problem. In her solution, she could accurately identify 7/2, between-ratio, which was
also the scale factor, and multiplied 7/2 with 3 and found 21/2. Similarly, in her first
student teaching, Gaye solved some problems by using factor of change strategy in
such a way that she simplified one of the ratios in order to find an integer scale factor
(i.e., between-ratio) and then found the missing value by multiplying the scale factor
with the corresponding quantity. For instance, one of the problems was “If an F-16
plane can travel 4800 meters in 12 seconds, how many meters does the plane travel
in 2 seconds?” In order to solve the problem, first of all, she wrote the proportion
(4800m/12s="/2s), and then, simplified the first ratio (400m/1s) to express it in the
simplest form. Later, she found the between-ratio as 2 and multiplied 400 by 2 to
find out the meters traveled in two seconds. Although she highlighted multiplicative
relationships, she tended to use the between-ratio and not mentioned the within-ratio.
For example, in the above problem, there were both integer between and integer
within-ratio. However, she did not mention the within-ratio, which was 400. It can
be concluded that while she recognized between-ratio in a proportion, she had
difficulty in recognizing within-ratio. Another evidence for the claim is that she did
not use within-ratio in the first question of PRET though there was an integer within-

ratio between quantities.

Gaye had difficulty in providing meaningful explanations for her solutions that
highlighted proportional relationships between variables and using proportional
reasoning language in her explanations. For example, a problem in the student
teaching was “In a shiny day, a boy’s father’s height is 180 cm and his shadow’s
height is 240 cm. What is the boy’s shadow’s height if his height is 150 cm?” In
order to solve the problem, Gaye set the algebraic expression (180x?=150x240) by

using cross-multiplication without giving any meaningful explanation and found the
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missing value. In other words, she did not provide an explanation for her solution
that went beyond a description of the steps she had taken to determine the solution.
Similarly, another problem in the student teaching, which was plane problem
presented above, she could not explain the meanings of the quantities in her solution.
To illustrate, for the problem, she could make an explanation that the meters the
plane travel were 400 times the seconds it took, but she did not provide such an

explanation. Likewise, in PRET question 23, she could not explain her solution.

Numerical Comparison Problems: Solution Strategies and Processes

Gaye used two accurate strategies, which were converting decimal expressions and
building-up, to solve numerical comparison problems. To illustrate, PRET had a
numerical comparison problem (question 6) that asked to compare two mixtures of
orange juice concentrates and water. In her first solution, Gaye wrote ratios of orange
juice concentrates to water in fractional form, converted them into decimal
expressions and compared them. She accurately concluded that mixture B had
stronger orange taste than mixture A. But she did not make any other explanation
about why she chose the larger number. In her second solution, she found the amount
of water in each mixture for the same amount of orange juice concentrates. To do
this, she used building-up strategy. Firstly, for mixture A, she increased the amount
of orange juice concentrate by twos and water by threes until 6 cups of orange juice
concentrate and 9 cups of water were reached. Secondly, for mixture B, she
increased the amount of orange juice concentrate by threes and water by fours until 6
cups of orange juice concentrate and 8 cups of water were reached. Finally, she
compared the amount of water and concluded that since mixture B had less water, it
had stronger orange taste than mixture A. She could accurately determine the mixture
with a stronger orange taste and tried to explain her answer. Yet, she could not

explain the quantities that were calculated clearly.
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Gaye used an inaccurate additive strategy to solve a numerical comparison problem.
The problem (PRET question 24) presented three rectangular clothes with
dimensions and asked pre-service teachers to decide the cloth that was “the most
square”. In her solution, firstly, Gaye calculated the differences between dimensions
of each rectangle as 35-23=12, 155-139=16, and 75-56=19. Then, she concluded that
since twelve was the smallest difference, the first cloth was “the most square”. Her
explanation for the answer was, “For being a square, all dimensions of a rectangle
should be the same length, so the cloth which has less difference among its
dimensions is the most square.” She used an inaccurate additive strategy; thus, she

could not find the correct answer of the problem.

Gaye had difficulties in making sense of quantities in a numerical comparison
problem. For example, an item in the pre-interview detected Gaye’s some difficulties
on making sense of quantities in a proportional situation. The problem was “Selin
mixed 3 ounces of chocolate syrup with 5 ounces of milk to make chocolate milk.
Emre mixed 5 ounces of the same chocolate syrup with 8 ounces of milk. Who did
prepare the drink with a stronger chocolate flavor? Explain how you know.” Pre-
service teachers were asked to evaluate five students’ solutions to the problem. Gaye
explained clearly the quantities which were used to make comparisons in the first
three solutions of students. However, she was unsure about the fourth student’s
solution strategy and struggled to make sense of the numbers 8 and 13 (the total

amount of each mixture) in the solution. She said:

The student compared the ratio of chocolate to chocolate and the ratio
of milk to milk, separately. But, where did the 13 come from ... I did
not exactly understand what he compared here. | think it is not a valid
solution.

Gaye was unable to make sense of the quantities in the fourth student’s solution in
which the student utilized part-to-whole ratio by finding the ratio of chocolate syrup

to total chocolate milk. It can be concluded that Gaye had difficulty in realizing part-
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to-whole ratios. The solutions of Gaye to question 6 in PRET (orange juice problem)
would be additional evidences for the same claim because, as mentioned earlier; she
solved the problem in two different ways, both of which were based on part-to-part
ratios (i.e., the ratios of orange juice concentrates to water). In addition, for the fifth
student’s solution, Gaye was initially unable to make sense of the quantities in the
solution. In particular, she had difficulty in determining where the 24 and 25 came
from. However, after a while, she accurately explained the solution.

In the student teaching, Gaye did not ask any numerical comparison problem to her
students. Moreover, in the pre-interview, she did not mention any situation that could
be a numerical comparison problem while she was giving examples of proportional

situations in real life.

Qualitative Reasoning Problems: Solution Strategies and Processes

Gaye used an inaccurate additive strategy to solve a qualitative reasoning problem.
To illustrate, in a qualitative reasoning problem of PRET (question 8), although she
accurately found the answer of the question, she made an additive comparison for

explaining her answer. Her explanation was as follows:

Not enough information to tell. Because if the amount of apple and
orange used for the fruit juice decreased in the same amount, the fruit
juice would taste the same. But it is said only less, so we cannot say
anything accurately.

As seen in the quote above, she did not mention the ratios of the apples and oranges
in the fruit juice. In addition, she made an additive comparison by saying, “decreased

in the same amount”.
Moreover, she had difficulty in making qualitative comparisons that did not depend

on numerical values. For instance, she solved a qualitative reasoning problem of

PRET (question 7) by giving numerical examples. The problem was, “Esra ran more
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laps than Gonca. Esra ran for less time than Gonca. Who was the faster runner?”. She
explained her answer as follows: “Let’s assume Gonca ran 2 laps and Esra ran 3 laps
since Esra ran in a shorter amount of time she was the faster runner.” Although she
made a multiplicative comparison to solve the qualitative problem, she could not
make qualitative comparisons that did not depend on numerical values because she
quantitatively compared the number of laps.

In the student teaching, she did not ask any qualitative reasoning problem to her
students. Moreover, in the pre-interview, she did not mention any situation that could
be a qualitative reasoning problem while she was giving examples of proportional

situations in real life.

4.1.1.2 Mine’s Approaches to Different Problem Types

Missing Value Problems: Solution Strategies and Processes

Mine could find correct answers of missing value problems in all relevant
instruments. However, Mine’s solution strategies were very limited. In fact, she used
only three different strategies (cross-multiplication, isolating the unknown, factor of
change). Moreover, she mostly used formal strategies, in which rules and properties
of algebra were used, instead of informal strategies highlighting multiplicative
relationships. For instance, in the PRET, there were some missing value problems
(questions 1-4) which did not have any context. In the pretest, Mine used cross-
multiplication as a leading strategy to solve these problems. As a second strategy, she
used another formal strategy, isolating the unknown. She used the strategy in the
third question by equating the denominators and in the fourth question by equating
the numerators to leave alone the missing value. No other strategy was used by her to
solve these problems. In a similar way, she solved another missing value problem of
PRET (question 23) by using cross-multiplication. Likewise, she used cross-

multiplication to solve some problems in the pre-interview. For example, one of the
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problems was, “If 8 balloons are 12 TL, how much 6 balloons will cost?”. In order to
solve the problem, she set up the algebraic expression (8x(x)=6x12) by using cross-
multiplication and found the answer as 9. Similarly, she solved another missing value
problem, which asked to find the density of a mixture by utilizing cross-
multiplication. First of all, she set up a proportion (3/5=x/100); secondly, she cross
multiplied (100x3=5x(x)) and then, she solved it for x. In addition to the evidence, in
the pre-interview, she stated that she preferred to use formal strategies (e.g., cross-

multiplication, isolating the unknown) to solve missing value problems as follows:

Researcher: Which strategies do you use to find a missing value in a
proportion?

Mine: First of all, I use cross multiplication. Then, maybe | equate
denominators or numerators. That is to say, | use the two strategies.
Researcher: Which strategy will you teach your students as the most
effective strategy?

Mine: The most effective ...er... Firstly, I will tell my students to
find the simplest form of the fractions in order to ease the operations.
Then, 1 will say that the most effective strategy is cross-
multiplication. I also use it generally.

Researcher: What will you do if your students cannot understand this
strategy?

Mine: If they do not understand cross-multiplication, I will equate
the denominators. Can | give an example?

Researcher: Okay.

Mine: For example, let’s assume the question is 2/7=6/x, | will
multiply the first ratio by x and the second one by 7 (writing on the
sheet: 2x/7x=42/7x). “7x” goes from each side and 2x(x)=42 remains.
Similarly, in the cross-multiplication, I multiply x by 2 and 6 by 7
(writing on the sheet: 2x(x)=6x7). That is, I get the same thing. In
other words, these are not so different from each other. I will teach
like that.

Researcher: If they are the same, why do you prefer this strategy?
Mine: | prefer the strategy because | think that they will easily
understand why we cross multiply with the help of this strategy.

Mine saw cross-multiplication as an indispensable and the most important strategy.
She stated that her foremost strategy was cross-multiplication to solve missing value

problems. Her second strategy was isolating the unknown (i.e., equating
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denominators or numerators to leave alone missing value). Furthermore, when the
researcher asked her which strategy she would teach her students if they did not
understand cross-multiplication, she told the same formal strategy, isolating the
unknown. Moreover, she stated that she would teach the strategy to ease operations in
cross-multiplication. Correspondingly, in the student teaching, she taught cross-
multiplication as a rule that should be memorized to solve direct proportion
problems. To illustrate, she dictated that “... In a direct proportion problem when we
cross multiplied, the products should be equal” after she solved a problem by using

cross-multiplication.

Correspondingly, in the student teaching, she solved two out of four missing value
problems by utilizing cross-multiplication. For instance, one of the problems was “If
an F-16 plane can travel 4800 meters in 12 seconds, how many meters does the plane
travel in 4 seconds?” In order to solve the problem, she set the algebraic expression
(12x?=4x4800) by using cross-multiplication and found the missing value. However,
she provided an explanation for her solution by using between-ratios. For instance,

she stated:

In a direct proportion, when I multiplied the quantities (showing 4
seconds and 4800 meters) and the quantities (showing 12 seconds and
“??), the answers should be equal (writing on the board:
12x?=4x4800, ?=1600). Because | decrease 12 seconds by 1/3; in
other words, | divide 12 by 3 and get 4. At the same time, | should
divide 4800 by 3 in order to find x because they are directly
proportional... Don’t forget that in a direct proportion problem when
we cross multiplied, they should be equal.

Although Mine preferred to solve the problem above by utilizing cross-
multiplication, she explained how she found the missing value by using the
multiplicative relationships between quantities. It can be concluded that she could
provide a meaningful explanation for her solution by using multiplicative
relationships and with a proportional reasoning language. Another evidence for the

claim is her explanation for one of the PRET questions (question 23) which had a
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context involving similar figures. She stated, “To make sure that they do not distort
any of the images, they should increase the length and width of the image by the
same ratio, so [ used direct proportion and cross multiplied.” She pointed out that the
length and width of the image should be increased in the same ratio though she
solved it by using cross-multiplication.

Mine sometimes used an informal strategy, factor of change, which highlighted
multiplicative relationships to solve missing value problems. To illustrate, in the first
student teaching, she solved two out of four problems by using factor of change
strategy. In both problems, she highlighted multiplicative relationships. One of the
problems was “If a student solved 60 questions in 40 minutes, how many questions
would he solve in 10 minutes?” When she asked the problem, students tried to solve
it by using cross-multiplication. However, she encouraged them to use multiplicative

relationships and she said:

I am solving the problem differently from you; namely, 1 do not use
direct proportion. He solved 60 questions in 40 minutes; if | divided
the number of minutes by 2, I should divide the number of questions
by 2, too (writing on the board: 60 questions in 40 minutes; 30
questions in 20 minutes). The problem requires finding the number of
questions in 10 minutes. | can get it by dividing 20 by 2 so | should
also divide 30 by 2 and the answer is 15 questions. In that case, which
quantities are proportional? Time and solved questions are
proportional because as | decreased time by 1/4, the questions
decreased by 1/4, too.

At the beginning of the above quote, she stated that she did not use “direct
proportion”. In fact, she wanted to say ‘“cross-multiplication” instead of “direct
proportion” because she did not use cross-multiplication. However, she surely
utilized direct proportion in order to solve the problem. In brief, although she did not
use proportional reasoning language in her explanation; she realized the
multiplicative relationship between two quantities in the problem. On the other hand,

in both problems, since she used factor of change strategy, she utilized only between-
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ratio and did not mention within-ratio. For example, another problem asked the
ticket price for 4 persons if one ticket was 6 TL, there were both integer between and
integer within-ratio. However, she did not mention the within-ratio, which was 6. It
can be concluded that while she recognized between-ratio in a proportion, she had
difficulty in recognizing within-ratio. Another evidence for the claim is that she did
not use within-ratio in the first question of PRET although there was an integer

within-ratio between quantities.

In addition, Mine used factor of change strategy to solve some problems in the pre-
interview. For instance, she solved a problem that was exemplified by her by
utilizing the strategy. The problem was “If a mixture has 200 gr water and 50 gr salt,
how much salt will be in the mixture that had 400 gr water?” In order to solve the
problem, she used the integer scale factor, 2, and multiplied 50 by 2 and found the
answer as 100 gr salt. In a similar way, she solved another missing value problem,

which was about buying fruit and its price, by using factor of change as follows:

If 1 kg fruit was 2 TL, we should pay 4 TL for 2 kgs fruit, and
similarly if we bought 3 kgs fruit, we should pay 6 TL. In other words,
we should multiply kilograms of fruits and their price with the same
number...

The problem was exemplified by her when the researcher asked her to create a real
life proportional situation. Although, she could recognize the efficient strategy for
the above problems, she sometimes had difficulty in recognizing efficient strategies,
which facilitated the computations required to find missing values. To illustrate, in
some PRET questions, though there were integer within and between-ratios between

quantities, she did not use them.
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Numerical Comparison Problems: Solution Strategies and Processes

In order to solve numerical comparison problems, Mine could use only one accurate
strategy, fraction strategy, in which the rates were treated as fractions and a common
denominator or numerator was found to make comparisons. To illustrate, she used
the strategy in PRET question 6, which asked to compare two mixtures of orange
juice concentrate and water. In her solution, she scaled up the amount of mixtures to
a common amount by using the strategy. For this purpose, she wrote the ratios of
orange juice concentrates to total mixtures as fractions and found a common
denominator. Later, she multiplied 2/5 (the ratio for the mixture A) by 7/7 to produce
14/35, and then, she multiplied 3/7 (the ratio for the mixture B) by 5/5 to produce
15/35 which had the same denominator with the first ratio (14/35). Finally, she
compared the amount of orange juice concentrates for the same amount of mixtures
and concluded that mixture B had a stronger orange taste than mixture A. In
conclusion, she used part-to-whole ratios by comparing orange juice concentrate to
the total mixture. Moreover, Mine successfully chose mixture B as having a stronger
orange taste than mixture A. Yet, she utilized only one strategy to solve the problem
and could not exactly justify her rationale. Additionally, she did not explain the

meaning of the quantities in the context in which they were used.

Mine used an inaccurate additive strategy to solve a numerical comparison problem.
The problem (PRET question 24) presented three rectangular clothes with
dimensions and asked pre-service teachers to decide the cloth that was “the most
square”. Mine calculated the differences between the dimensions of each rectangle
and concluded that the cloth which had the less difference between its dimensions
was “the most square”. She used an inaccurate additive strategy; thus, she could not

find the correct answer of the problem.

Mine sometimes could make sense of quantities in a numerical comparison problem.

For example, an item in the pre-interview asked pre-service teachers to evaluate five
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students’ solutions to the comparison problem. Mine explained clearly the quantities
that were used to make comparisons in each of the five student’s solutions to the
problem. Moreover, she realized both part-to-part and part-to-whole ratios in the

solutions.

In the student teaching, Mine did not ask any numerical comparison problem to her
students. Moreover, in the pre-interview, she did not mention any situation that could
be a numerical comparison problem while she was giving examples of proportional

situations in real life.

Qualitative Reasoning Problems: Solution Strategies and Processes

Mine sometimes could make qualitative comparisons that did not depend on
numerical values. To illustrate, in a qualitative reasoning problem of PRET (question
7), she found the correct answer and explained as, “The running speed is equal to the
division of the distance by time (writing on the sheet: V=X/t). Therefore, if Esra ran
more laps in a shorter amount of time than Gonca, she must run at a faster speed.”
She provided a valid explanation by making multiplicative comparisons between

variables.

However, she sometimes used inaccurate additive strategies when she needed to use
multiplicative strategies to solve proportional problems. To illustrate, in a qualitative
reasoning problem of PRET (question 8), she made an additive comparison for

explaining her answer as follows:

The taste of today’s fruit juice is the same with the yesterday’s taste. If
we used less orange and apple for the fruit juice that we prepared
today, it is only about that we would drink less fruit juice today than
yesterday.
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As seen in the above explanation, Mine only took in the account the amount of the
fruit juices and she did not consider the ratios of the apples and oranges in them.
Therefore, she got an incorrect answer. In other words, she made an additive
comparison between yesterday’s fruit juice and today’s fruit juice instead of a
multiplicative comparison. Thus, it can be concluded that she had difficulty in

recognizing multiplicative relationships in a qualitative reasoning problem.

In the student teaching, she did not ask any qualitative reasoning problem to her
students. Moreover, in the pre-interview, she did not mention any situation that could
be a qualitative reasoning problem while she was giving examples of proportional

situations in real life.

4.1.1.3 Ela’s Approaches to Different Problem Types

Missing Value Problems: Solution Strategies and Processes

Ela could find correct answers of missing value problems in all relevant instruments.
She used five different strategies (cross-multiplication, isolating the unknown, factor
of change, constant of proportionality, inverse proportion algorithm). However, she
mostly used formal strategies, in which rules and properties of algebra were used,
instead of informal strategies highlighting multiplicative relationships. For instance,
in the PRET, there were some missing value problems (questions 1-4) which did not
have any context. In the pretest, Ela solved each problem in more than one way by
using cross-multiplication and isolating the unknown strategies, both of which were
formal strategies, and no other strategy was used by her to solve these problems. In
order to solve the problems, she utilized the isolating the unknown strategy in two
different ways: the one was multiplying or dividing both sides of the equation by a
value to leave alone the missing value, and the other one was equating denominators,
and then, multiplying and dividing both sides of the equation by the same values to

leave alone the missing value. For example, in her second solution of the first
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question, she wrote the ratio, 4/20, in its simplest form, 1/5, and then, multiplied both
sides of the equation (1/5=x/35) by 35 to leave alone the missing value. In addition,
in her second solutions for the second, third and fourth questions, firstly, she equated
the denominators, and then, multiplied and divided both sides of the equation by the
same Vvalues to leave alone the missing values. Another evidence for the claim that
she mostly used formal strategies is her solution to another missing value problem of
PRET (question 23) in which she used cross-multiplication. Likewise, in the student
teaching, she mostly used formal strategies. To illustrate, she solved all directly
proportional problems by using cross-multiplication strategy and two out of four
inversely proportional problems by using inverse proportion algorithm. Similarly, in
the pre-interview, Ela only used cross-multiplication strategy in order to solve
missing value problems. For instance, a problem in the interview was “If 8 balloons
are 12 TL, how much 6 balloons will cost?” she utilized cross-multiplication. Firstly,
she set up a proportion (8/12=6/x); secondly, she cross multiplied (12x6=8x(x)), and
then, she divided the result of 12x6 by 8. In a similar way, she used cross-
multiplication to solve another missing value problem which was exemplified by her.
The problem was “If 10 books are 50 TL, how much 2 books will cost?”” She set up
the algebraic expression (10x(x)=2x50) by using cross-multiplication and found the
answer as 10. Although identifying the within-ratio, 5, and multiplying the number
of books (2) by it was very easy for the above problem, Ela solved it by using cross-
multiplication. It seems that she had difficulty in using efficient strategies, which
facilitated the computations, and used formal strategies even though there was an
integer between or within-ratio. Another evidence for the claim is that in some PRET
questions, though there were integer within and between-ratios between quantities,
she did not use them and solved the problems by using formal strategies. In addition
to these evidence, in the pre-interview, she stated that she preferred to use formal
strategies (e.g., cross-multiplication, isolating the unknown) to solve missing value

problems as follows:
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Researcher: Which strategies do you use to find a missing value in a
proportion?

Ela: 1 think the easiest way to solve such problems is cross-
multiplication. Thus, | always use it.

Researcher: Any other strategy?

Ela: I solve by equating denominators. For example, in the equation
(writing on the sheet: 15—0 = % ), the first one can be multiplied by 2
to make it equal to the other one, then, they can be simplified and the
answer will be 10.

Researcher: Which strategy will you teach your students as the most
effective strategy?

Ela: Cross-multiplication is the easiest one, and so, it is effective.
Researcher: Why is it an effective strategy?

Ela: Because if I try to teach by using “the constant of k™, it might
confuse students’ minds and complicate the operations. However, by
using cross-multiplication, it becomes very easy to solve.

Researcher: What will you do if your students cannot understand this
strategy?

Ela: If they do not understand with cross-multiplication, I will teach
by equating denominators because it helps to leave alone the

unknown and get the answer.

It might be concluded that Ela saw cross multiplication as the most effective and an
indispensable strategy. Accordingly, she stated that her foremost strategy was cross-
multiplication to solve missing value problems since it was easy. Her second strategy
was isolating the unknown by finding a common denominator. In addition, when the
researcher asked her which strategy she would teach her students if they did not
understand cross-multiplication, she told the same formal strategy (i.e., isolating the
unknown by equating denominators). Furthermore, she argued that the constant of
proportionality was difficult to understand by students. In the same manner, in the
student teaching, she stated that “In an inverse proportion, we have to use the
strategy (inverse proportion algorithm), don’t forget this!” after she solved an
inversely proportional problem by using inverse proportion algorithm. Moreover,
she taught the strategy as a leading and the most important strategy in solving

inversely proportional problems and encouraged students to use it.

92



Ela sometimes used informal strategies that highlighted multiplicative relationships,
instead of formal strategies (e.g., cross-multiplication). To illustrate, in the first
student teaching, she solved some inversely proportional problems by utilizing factor
of change and the constant of proportionality. In both problems, she highlighted
multiplicative relationships. One of the problems was “A tractor plows a field in 12
days. How long will it take 3 tractors to plow the field?” She solved the problem as

follows:

As you can see, the number of tractors and field plowed are inversely
proportional, so if you treble the number of tractors, the field plowed
decreases to a third. I mean, we have to divide 12 by 3 to find the field
plowed, and the answer is 4.

As seen in the above quote, Ela highlighted multiplicative relationships between the
inversely proportional variables. Moreover, she taught the constant of proportionality
as an alternative strategy and she said, “In an inverse proportion, the product of two
quantities is a constant number. Thus, we can also solve the problem by using the
constant number (writing on the board: 12x1=12, 3x(?)=12 and ?=4)” It seems that
she utilized the functional relationships between inversely proportional variables

(i.e., x.y=K).

Ela had difficulty in providing meaningful explanations for her solutions that
highlighted proportional relationships between variables and using proportional
reasoning language in her explanations. For example, in the student teaching, in
order to solve directly proportional problems, Ela set the algebraic expressions by
using cross-multiplication without giving any meaningful explanation and found the
missing values. Similarly, in the student teaching, she solved some inversely
proportional problems by using inverse proportion algorithm without giving any
meaningful explanation. One of the problems was “Two taps fill a pool in 45
minutes. How much time will it take to fill the pool if 3 taps are open?” She solved

the problem as follows:

93



First of all, we have to determine whether the situation is inversely
proportional or not. As the number of taps goes up, time goes down,
so they are inversely proportional. Secondly, we must write the same
quantities one under the other; then, multiply the number of taps by
the minutes, and then, divide the answer by the number taps.

As can be seen, she did not highlight multiplicative relationships between variables.
Further, she did not provide an explanation for her solution that went beyond a
description of the steps she had taken to determine the solution. Likewise, in PRET

question 23, she could not explain her solution.

Numerical Comparison Problems: Solution Strategies and Processes

Ela used three accurate strategies, which were cross-multiplication and converting
decimal expressions, to solve numerical comparison problems. To illustrate, PRET
had a numerical comparison problem (question 6) that asked to compare two
mixtures of orange juice concentrate and water. In her first solution, she used cross-
multiplication strategy. First of all, she wrote, “I will find the amount of orange juice
concentrates in 7 cups of mixture, provided that 5 cups of mixture contains 2 cups of
orange juice concentrate”. Secondly, she set up a proportion (5/2=7/X), Cross
multiplied (7x2=5x(x)) and found the answer as 2,8 cups of orange juice

concentrates. Then, she explained her decision as:

If mixture B has 2,8 cups of orange juice concentrates, the tastes of
the mixtures will be the same. Yet, in mixture B, there are 3 cups of
orange juice concentrates, so it has a stronger orange taste than
mixture A.

Ela could accurately determine the mixture with a stronger orange taste and tried to
explain her answer. Yet, as seen in the above quote, she could not clearly explain the
quantities in the context in which they were used. In her second solution of the same
problem, she used decimal expressions of the ratios and compared them. At first, she

wrote the ratios of orange juice concentrates to total mixtures in fractional form,

94



converted them into decimal expressions and compared them. Later, she concluded
that mixture B had stronger orange taste than mixture A since the ratio of orange
juice concentrate to total mixture was bigger. As a result, she had successfully made
connection between the decimal expressions and how the mixtures would taste.
Moreover, she could explain the meaning of the quantities she used to determine the
relative strength of the mixtures explicitly. In conclusion, Ela was able to solved the
problem in two different ways, both of which were based on part-to-whole ratios that

compared orange juice concentrates to the total mixtures.

Ela used an inaccurate additive strategy to solve a numerical comparison problem.
The problem (PRET question 24) presented three rectangular clothes with
dimensions and asked pre-service teachers to determine the cloth that was “the most
square”. In her solution, firstly, Ela calculated the differences between the
dimensions of each rectangle as 35-23=12, 155-139=16, and 75-56=19. Then, she
concluded that since twelve was the smallest difference, the first cloth was “the most
square”. Her explanation for the answer was, “The one with the closest dimensions
regarding length and width is the most square. Thus, the cloth that has the less
difference between its dimensions, which is the first cloth, is the most square.” She
used an inaccurate additive strategy; thus, she could not find the correct answer of

the problem.

Ela sometimes could make sense of quantities in a numerical comparison problem.
For example, an item in the pre-interview asked pre-service teachers to evaluate five
students’ solutions to the comparison problem. She explained clearly the quantities
that were used to make comparisons in each of the five student’s solutions to the
problem. Moreover, she realized both part-to-part and part-to-whole ratios in the
solutions. In a similar way, as mentioned earlier, she could explain the meaning of
the quantities she used to determine the relative strength of the mixtures in one of her

solutions of PRET question 6.
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In the student teaching, Ela did not ask any numerical comparison problem to her
students. Moreover, in the pre-interview, she did not mention any situation that could
be a numerical comparison problem while she was giving examples of proportional

situations in real life.

Qualitative Reasoning Problems: Solution Strategies and Processes

Ela utilized two different strategies to solve qualitative reasoning problem. One of
the strategies was giving numerical examples and the other one was making
qualitative comparisons. For example, she solved a qualitative problem in the PRET
(question 7) by giving numerical examples; in other words, she converted the
qualitative problem to a numerical comparison problem. She explained her answer as

follows:

Esra is faster than Gonca because let’s assume Esra runs 6 laps in 5
seconds and Gonca runs 3 laps in 10 seconds. If both of them run 6
laps, Esra will run in 5 seconds, but Gonca will run in 20 seconds.

Although she made multiplicative comparisons to solve the qualitative problem and
found the correct answer, she could not make qualitative comparisons that did not
depend on numerical values because she quantitatively compared the amount of time
they run in the same number of laps. In other words, she did not interpret the
qualitative relationship that existed between two quantities without giving numerical
examples. In addition, as seen in the above explanation, she did not use proportional

reasoning language.

On the other hand, she solved a qualitative problem in the PRET (question 8) by
making qualitative comparisons that did not depend on numerical values. She wrote
an explanation that accurately interpreted the variables in the problem. Moreover, she

used proportional reasoning langue in her explanation. She explained her answer as:

96



If the amounts of apple and orange used for the fruit juice decrease
by the same ratio, the fruit juice will be the same taste. But if they
decrease by different ratios, the taste will change, so there is not
sufficient information to tell.

It is important to note that she considered the ratios of the apples and oranges in the
fruit juices. Additionally, she provided a valid explanation by making multiplicative

comparisons between variables without giving numerical examples.

In the student teaching, she did not ask any qualitative reasoning problem to her
students. Moreover, in the pre-interview, she did not mention any situation that could
be a qualitative reasoning problem while she was giving examples of proportional

situations in real life.

4.1.2 Distinguishing Proportional from Nonproportional Situations

Pre-service teachers’ work on classifying relationships as proportional or
nonproportional, identifying ratio as measure and providing examples for
proportional and nonproportional relationships were analyzed so as to reveal pre-
service teachers’ distinguishing proportional from nonproportional situations before
receiving a practice-based instructional module based on proportional reasoning. In

the following section, the results of the analyses are presented.

4121 Gaye’s Findings about Distinguishing Proportional from

Nonproportional Situations
Classifying Relationships as Proportional or Nonproportional
Gaye had difficulty in classifying relationships as proportional or nonproportional.

To illustrate, PRET had some questions (questions 11 to 22) which presented pre-

service teachers 12 relationships (three presented in written language, three presented
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in graphs, three presented in equations, and three presented in tables) and asked to
identify whether the given situations were proportional or nonproportional. In the
pretest, Gaye could not accurately classify five out of 12 relationships as proportional
or nonproportional. In particular, she inaccurately classified two of the relationships
presented in language and table, and one of the relationship presented in graph.
However, she accurately classified all the relationships presented in equation. It is
interesting to note that Gaye’s inaccurate classifications were not limited to a

particular representation.

Gaye appears to have believed that all linear relationships were proportional. Thus,
she sometimes over generalized proportionality; in other words, she inaccurately
applied proportional reasoning in situations that had nonproportional relationships.
To demonstrate, in the pretest, she classified linear relationships as proportional in
three of the four representations (language, graph and table). Among these
relationships, she inaccurately classified four linear and nonproportional
relationships (questions 11, 13, 15 and 21) as proportional. Additionally, some
explanations she produced for the questions support the claim about the linearity
misconception. To illustrate, in question 15 of the pretest (a line does not pass
through the origin), she determined that the relationship was proportional and
explained as, “It does not matter that the graph goes through the origin or not, all
linear relationships are proportional, therefore x and y have a proportional
relationship.” She concluded that the linear and nonproportional relationship between
quantities in question 15 was proportional although the graph of the quantities did
not pass through the origin. It is interesting to note that Gaye accurately classified the
other linear and nonproportional relationship presented in equation (questions 17) as

nonproportional. However, she could not provide evidence to support her claim.

Evidence supporting the claim that Gaye believed all linear relationships were
proportional was her answer to an interview question in the pre-interview as shown

in the following excerpt:

98



Researcher: While teacher Turgay was teaching his students
distinguishing proportional from nonproportional situations, one of the
students Atacan said “All linear relationships are proportional. In
other words, if two variables have a linear relationship, they are also
proportional.” Do you think Atacan is right? Why?

Gaye: | think he is right. If there is a linear relationship between
variables, they have to increase or decrease at the same time.
Researcher: Can you explain?

Gaye: It is very easy to understand because linearity means
proportionality. Thus, Atacan is right.

As seen in the excerpt above, she held the misconception that all linear relationships

were proportional. Moreover, she asserted that linearity ensured proportionality.

In addition, two examples given by Gaye for direct proportion in the first student
teaching supported the same claim. The first example was, “A young tree’s length
increases 20 cm every year. If its first length is 50 cm, draw the length-time graph of
the tree for three years.” She solved the problem as presented in the following

excerpt:

Gaye: We will start to draw the graph with 50 cm because the length
of the tree is 50 cm at the beginning. One year later, it will be 70; two
years later, it will be 90 and three years later it will be 110 cm, it goes
like that. (she found the points in the coordinate plane, then
connecting the dots and drew the line through the points)

Student: Is it a direct proportion?

Gaye: Yes. Can you explain why it is a direct proportion?

Student: As we said earlier when one thing increases the other thing
has to increase, too.

Gaye: What increases in comparison to what?

Student: While time increases, the length increases, too.

Gaye: Yes, correct. Since while time increases the length also
increases, there is a direct proportion.

As seen in the excerpt above, she concluded that the linear and nonproportional
relationship was directly proportional. Moreover, it seems that she believed that

increasing or decreasing at the same time was enough for the variables to be
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proportional. The second example she created in her first student teaching asked the
length-time graph of a baby who born 40 cm and lengthen 10 cm ever month. In a
similar way, first of all, she drew the graph of a line through the points 40, 50, 60 and
70. Then, she concluded that since both variables increased at the same time, the
graph was a graph of directly proportional variables. Similar to previous example,
she regarded the linear and nonproportional relationship between variables as
directly proportional. Further, in the pre-interview, when the researcher asked her to
provide an example of a real life proportional situation, she exemplified a situation in
which quantities had a linear and nonproportional relationship instead of a

proportional relationship.

On the other hand, Gaye could not be sure about how to decide a proportional
relationship in some situations. For example, in pretest question 13, which asked “the
relationship between Sevil and Nehir’s positions on a marathon course if they ran at
the same pace but Sevil had run 2 kilometers before Nehir started”, she indicated that
there was a proportional relationship between quantities although there was not. She
explained as, “They are proportional because they run at the same pace and the
distance between them is always 2 km, it does not differ; therefore, Nehir never catch
Sevil.” In the pre-interview, when the researcher wanted her to expand her answer,
she could not decide whether the relationship between quantities was proportional or

not. She said:

For a proportional relationship, the ratios of the distances they taken at
different times have to be the same. For example, if Sevil run 40 km,
Nehir will run 38 km, the ratio will be 40/38. Similarly, if Nehir run
16 km, Sevil will run 18 km, the ratio will be 16/18. But they are not
equal, so they cannot be proportional. But, how does this happen! The
distance between them remains unchanged so they must be
proportional ...er... I am confused that which one is true? | am not
sure.
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She could not be sure how to decide proportionality. First of all, she thought
additively and considered the constant distance between them, and then, she

calculated the positions of the girls at different times and compared the ratios.

Another doubt of Gaye was about quadratic relationships. For example, in the
pretest, while she accurately classified the quadratic relationships presented in graph
(question 16) and equation (question 18) as nonproportional, she inaccurately
classified the other quadratic relationship presented in table (question 22) as
proportional. The reason might be that question 22 was presented as a table, which
allowed her to realize a pattern between x variable and y variable for each row. In
fact, she wrote in the pretest, “8 is 2 times 4; 18 is 3 times 6; 32 is 4 times 32. There
is a ratio between multipliers (2, 3 and 4) because they increase one by one.” As can
be understood from her explanation, she assumed that the additive pattern between
multipliers could be evidence of a proportional relationship. However, in the pre-
interview when the researcher wanted her to expand her answer to question 22, she
could not decide whether the relationship between quantities was proportional or not,
and said, “When we look at the multipliers, there is a proportion; but when we look
at the results (showing x and y), there is not any proportion. | do not exactly know
which one is important.” Her doubts about quadratic relationships revealed she did
not know that all proportional relationships were linear, which could be evidence of
nonproportionality of quadratic relationships. Moreover, in the quadratic
relationships that she accurately classified as nonproportional, she could not provide

any valid evidence to support her claims.

Identifying Ratio as Measure

Gaye could recognize ratio as a proper method to measure concentration of a mixture
and steepness of ski ramps. To demonstrate, one of the PRET problems (question 6)

asked pre-service teachers to compare two mixtures of orange juice concentrate and

water. In this problem, Gaye used the ratios to measure the orange concentrations of
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the mixtures. However, she did not use proportional reasoning language in her
explanation. Particularly, she did not use the word “ratio” though she used ratios.
Another evidence for the claim is her statements about an item in the pre-interview,
which asked pre-service teachers to evaluate five students’ solutions. The students
compared two mixtures of chocolate milk made from different amounts of chocolate
syrup and milk, and determined which had a stronger chocolate flavor. While she
was making sense of students’ solutions in the pre-interview, she recognized that the
students had used ratio as a measure of chocolate concentration of the mixtures. To
illustrate, she said:

The student compared the ratio of chocolate to milk for each mixture.
He found the ratio of chocolate as 3/5 for Emre’s mixture, and as 5/8
for Selin’s mixture. Since she found a bigger ratio for Selin’s mixture,
she correctly concluded that Selin’s mixture had a stronger chocolate
flavor.

Although the word “ratio” was not mentioned in neither the problem nor the
solutions of the students, Gaye preferred to use the word “ratio” to explain the
relationship between the amount of chocolate syrup and milk in the mixture. It can be
concluded that she noticed that ratio was as a proper method to measure chocolate
concentration of a mixture. In addition, in a problem of PRET (question 10), which
asked to determine relative steepness of ski ramps if the height, the length of the
base, and the width of the base of the ramps were given, Gaye stated that one could
rate the ramps from steepest to least steep by using the ratios of heights to lengths of
the bases. In other words, she used ratio as a measure of steepness of ski ramps.
Additionally, she noticed that the width of the base did not have an effect on the

steepness of the ramps.

On the other hand, data revealed that Gaye did not see ratio as a proper method to
measure some attributes (i.e., shade of paint, “squareness” of a rectangle). In fact, she
used additive comparisons to measure these attributes instead of using ratio which

was a multiplicative comparison. For example, in a PRET problem (question 9), a

102



boy mixed blue and white paints until he had a shade of blue paint that he liked. He
needed another quart of paint, so he wanted to increase the amount of paint without
changing the color. In order to do that, he added one glass of blue and one glass of
white paint (2 glasses = 1quart). The pre-service teachers were asked to comment on
the effectiveness of the strategy. Gaye made an inaccurate decision and stated:

Since the amounts of paints he added are the same, it does not differ
that 1 gr white and 1 gr blue paint added or 10 gr white and 10 gr blue
paint added, these are the same things. If you added equal amounts of
paints, the strategy is always useful, so Murat’s strategy is effective.

The above explanation indicated that Gaye’s focus was on the equal amounts of the
paints added, which was an additive approach. She asserted that if the same amount
of the paints repeatedly added, larger amounts of the mixture that maintained the
same color could be made. In fact, she did not mention the ratios of white and blue
paints that made up the original and new mixtures. It can be concluded that she did
not see ratio as a proper measure of the shade of the paint for the problem. In a
similar way, in PRET question 24, which presented three rectangular clothes with
dimensions and asked pre-service teachers to decide the cloth which was “the most
square”, she did not identify ratio as a proper method to measure “squareness” of a
rectangle. Moreover, as explained earlier, she calculated the differences between the
width and length of each rectangle and compared them. In other words, she made an

additive comparison to determine the attribute.

Providing Examples for Proportional and Nonproportional Relationships

Gaye was not able to provide a valid example of a proportional relationship. To
demonstrate, in the pre-interview, when the researcher asked her to give an example

of a real life proportional situation, she stated:

The amount of money and time are proportional when one invests
money in a bank. For example, if one has 100 TL and the bank gives 3
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TL for each mount. The money will increase by 3%. By this was,
there is a ratio between them.

As can be seen in the above quote, she exemplified a situation in which quantities
had a linear and nonproportional relationship instead of a proportional relationship.
Moreover, in the PRET, there was a question (question 5) that asked pre-service
teachers to provide a word problem which could be solved by the given equation.
Gaye could not provide a word problem in which the quantities related
proportionally. Actually, she did not write a problem that could be solved.
Furthermore, there was not any statement of her that implied multiplicative
relationship between variables in the problem.

Gaye could provide a valid example of a nonproportional relationship. For instance,
in the pre-interview, when the researcher asked her to give an example of a real life

nonproportional situation, she said:

Let’s assume, we rent a car and pay 200 TL. The number of persons
who get in the car does not change the given money. 5 persons pay
200 TL; similarly, 4 persons pay 200 TL, too. It does not differ.

As seen in the above, Gaye was able to provide a valid example of a nonproportional
in which the variables had a constant relationship, but she could not exactly explain

why her example was nonproportional.

4.1.2.2 Mine’s Findings about Distinguishing Proportional from

Nonproportional Situations
Classifying Relationships as Proportional or Nonproportional
Mine generally did not have difficulty in classifying relationships as proportional or

nonproportional. To illustrate, PRET had some questions (questions 11 to 22) which

asked pre-service teachers to identify whether the given situations were proportional
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or nonproportional. Mine accurately classified most of the relationships as
proportional or not. In fact, she inaccurately classified only a relationship (question

11) as proportional, which was presented in language.

Mine seems to have assumed that increasing or decreasing at the same time was
enough to classify a situation as proportional. Therefore, she sometimes over
generalized proportionality; in other words, she inaccurately applied proportional
reasoning in situations that had nonproportional relationships. For example, in PRET
question 11, pre-service teachers were asked to classify “the relationship between
number of kilometers for a customer’s taxi ride and cost of the trip if the customer
pays a 2,2 TL fee, plus 1,9 TL per kilometer for the taxi”, as proportional or
nonproportional. Mine stated that the relationship was proportional because while the
number of kilometers increased, the cost of the trip increased also. In other words,
she concluded that the linear and nonproportional relationship between quantities in
the question was proportional although the quantities did not increase in the same
ratio. Similarly, though she accurately classified the relationship in question 12,
which asked “the relationship between the number of movie tickets purchased and
the total cost”, she gave the explanation, “They are proportional because as the
number of tickets increases, the total cost also increases. The opposite is also true; as
the number of tickets decreases, the total cost also decreases.” She only considered
that the direction of change of the related quantities was the same. Moreover, she did
not mention the fact that the change between the quantities were in the same ratio.
However, in the pre-interview, she realized her mistake when the researcher asked

her to elaborate her answer to question 11 as follows:

Mine: | said they were proportional because when the number of
kilometers increased, the amount of money was increased, too.
Actually, it is a direct proportion because when one variable increases
the other also increases.

Researcher: Can you explain what you mean? Imagine you are
teaching it to your students?

105



Mine: One will pay 1,9 TL + 2,2 TL for one km and pay 3,8 TL +2,2
TL (writing on a sheet) for 2 kms. Wait a minute! It is wrong. They
are not proportional.

Researcher: Why?

Mine: 2,2 TL destroys the proportionality. If one did not pay 2,2 TL in
the beginning, the paid money and kilometers would be proportional.
Researcher: Why?

Mine: Because 2,2 TL did not change with respect to kilometers.
Researcher: But you said if both of them increase, they are
proportional. And both of them increase in here, don’t they?

Mine: Yes, both of them increase but there is not a constant factor. |
mean, for the variables to be proportional when one variable increases
by n, the other has to increase by n, too.

During the pre-interview, Mine appears to have eliminated her misconception that a
relationship was proportional because as x increased, y also increased, and all linear
relationships were proportional. Moreover, she considered the constant ratio that
defined the relationship between quantities. Her answer to an interview question in
the pre-interview is the other evidence supporting the claim that Mine knew that all
linear relationships were not proportional. The question asked pre-service teachers to
determine whether a statement of a student about linear relationships was true or not,
and explain why. The student stated, “All linear relationships are proportional. In
other words, if two variables have a linear relationship, they are also proportional.”

Mine argued that the student was not right and said:

| think the statement is not true. For example, y=mx+n is an equation

of a linear relationship. Yet, y and x are not proportional. There is not

a constant factor of y when x increases by m because we add n.
It can be concluded that she could explain the difference between functions of the
form y=mx and functions of the form y=mx+n. Without doubt, in the latter function y
was not proportional to x. In addition, she stated that for the quantities to be

proportional, linearity was not enough.

In a similar way, in the student teaching, she emphasized that all linear relationships

were not proportional. Furthermore, she asked problems that had linear and non-
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proportional relationships besides problems had linear and proportional relationships.
Additionally, while she was teaching her students how they could distinguish
proportional from non-proportional relationships, she said:

For the quantities to be proportional, both of them have to increase or
decrease by the same ratio. For instance, if one of the quantities
increases by 2, the other one has to increase by 2, too. If you add a
number to any side of the equation, you will not get proportional
relationship similar to this one (writing on the board: y=3x+5). Since x
increases by 3, but y does not increase by 3.

The explanation of Mine is another evidence supporting the claim that Mine

eliminated her misconceptions about linearity after the pre-interview.

Mine had difficulties in classifying quadratic relationships as nonproportional. For
example, in the pre-interview, she made inaccurate classifications for questions 16
and 18, which had quadratic relationships (e.g., y=mx?), although she accurately

classified them as non-proportional in the pretest. She stated:

... Oops! I made one more mistake, I said 16 and 18 were not
proportional, but they are not true... Question 16 was a graph of an
equation like, y=ax?, similarly the equation in question 18 was y=3x".
Both of them are proportional because there is not any value that is
added to x or y (writing on the sheet: y=mx+n).

As understood from the above quote, Mine inaccurately classified the quadratic
relationships as proportional since there was not any constant number that was added
to one of the variables. In other words, she concluded that the quadratic relationships,
which were nonlinear, were proportional. It seems that she did not know that if
variables had proportional relationships, they also should have linear relationships.
Similarly, she probably did not see that the variables in the questions did not increase

or decrease by the same ratio, which was required to be proportional.
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Identifying Ratio as Measure

Mine could recognize ratio as a proper method to measure concentration of a mixture
and steepness of ski ramps. For instance, one of the PRET problems (question 6)
asked pre-service teachers to compare two mixtures of orange juice concentrate and
water. In this problem, Mine used the ratios to measure the orange concentrations of
the mixtures. But, she did not use the word “ratio”, while she was explaining her
solution. In brief, although she utilized ratio to solve the problem, she did not use
proportional reasoning language in her explanation. Another evidence for the claim
is her statements about an item in the pre-interview, which asked pre-service teachers
to evaluate five students’ solutions in which they compared two mixtures of
chocolate milk made from different amounts of chocolate syrup and milk. As Mine
made sense of students’ solutions in the pre-interview, she noticed that the students
had used ratio as a measure of chocolate concentration of the mixtures. For instance,

she stated:

Researcher: Is the student 1 right?

Mine: Yes, he is right.

Researcher: What do 3/5 and 5/8 mean? Namely, what do 0,6 and
0,625 represent in the problem?

Mine: The student found the ratio of chocolate syrup to milk, and
concluded that Selin’s chocolate milk had a stronger chocolate flavor
than the other one.

Researcher: Why? Can you explain?

Mine: Because when the student compared the ratios of chocolate
syrup to milk, she found a bigger ratio for Selin’s chocolate milk, and
so, he concluded that it had more chocolate flavor.

Mine preferred to use the word “ratio” to clarify the relationship between the amount
of chocolate syrup and milk in the mixtures although the word was not mentioned in
neither the problem nor the solutions of the students. In conclusion, she appears to
have recognized that ratio was as a proper method to measure chocolate
concentration of a mixture. In addition, in a problem of PRET (question 10), which

asked to determine relative steepness of ski ramps if the height, the length of the
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base, and the width of the base of the ramps were given, she made a multiplicative
comparison to measure the attribute. That is to say, she used ratio as a measure of
steepness of ski ramps. Moreover, she noticed that the width of the base did not have
an effect on the steepness of the ramps.

However, data showed that Mine did not see ratio as a proper method to measure
some attributes (i.e., shade of paint, “squareness” of a rectangle). In fact, she used
additive comparisons to measure these attributes instead of using ratio which was a
multiplicative comparison. For instance, in a PRET problem (question 9), which
asked pre-service teachers to comment on the effectiveness of a boy’s strategy about
changing the amount of paint by saving its shade, Mine concluded that the boy’s

strategy was not effective, and said:

We do not know the amounts of the blue and white paints in the
beginning mixture. If we knew the amounts, the strategy could be
effective, but since we do not know, the strategy is not effective. In
other words, the new mixture’s color will be bluer or whiter than the
color of the beginning mixture, but not the same.

Although Mine accurately determined ineffectiveness of the strategy, she only
mentioned the amounts of the paints in the original mixture, which was an additive
approach. Actually, she did not consider the ratios of white and blue paints that made
up the original and new mixtures. It seems that she did not realize ratio as a proper
measure of the shade of the paint for this problem. Similarly, in PRET question 24,
she did not identify ratio as a proper method to measure “squareness” of a rectangle.

Furthermore, she used an additive comparison to determine the attribute.
Providing Examples for Proportional and Nonproportional Relationships
Mine sometimes could not provide a valid example of a proportional relationship.

For instance, in the PRET, there was a question (question 5) that asked pre-service

teachers to provide a word problem which could be solved by the given equation. In
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the pretest, Mine could not create a valid missing value word problem in which the
quantities related multiplicatively. She wrote: “If we get 3/8, when we divide a
number by 20, what is the number?” In fact, she wrote a problem that did not went

beyond a description of the steps one had taken to solve the equation.

However, Mine sometimes could exemplify situations in which variables had
proportional relationships. To illustrate, in the pre-interview, when the researcher
asked her to provide an example of a real life proportional situation, Mine could
create a valid example for a proportional real life situation. Furthermore, she
explained why the situation was proportional by utilizing the statement that variables

in a proportional situation had to increase or decrease in the same ratio.

Mine could provide a valid example of a nonproportional relationship. For example,
in the pre-interview, when the researcher asked her to give an example of a real life

nonproportional situation, the example of her as follows:

Mine: If a person pays 5 TL for an hour parking fee and additional
charge of 3TL, the relationship between paid money and hours will
not be proportional.

Researcher: Why? Can you explain?

Mine: For example, if the person stayed an hour, he would pay 8 TL,
and if he stayed two hours, he would pay 13 TL. As the hour
increases, the paid money increases; yet, they do not increase by the
same factor.

Mine accurately created a linear and nonproportional example in which the quantities

had additive relationship. In addition to that, she could explain why her example was

nonproportional by emphasizing that the change between the quantities in a

proportional situation had to be in the same ratio.
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4.1.2.3 Ela’s Findings about Distinguishing Proportional from Nonproportional
Situations

Classifying Relationships as Proportional or Nonproportional

Ela did not have difficulty in classifying relationships as proportional or
nonproportional. To demonstrate, PRET had some questions (questions 11 to 22)
which asked pre-service teachers to identify whether the given situations were
proportional or nonproportional. In the pretest, Ela accurately classified all of the
relationships as proportional or not.

Data indicated that Ela knew all linear relationships were not proportional and all
proportional relationships were linear. For example, in the pretest, Ela accurately
classified all of the linear and proportional relationships (questions 12, 14, 19 and 20)
as proportional, all of the linear and nonproportional relationships (questions 11, 13,
15, 17 and 21) as nonproportional and all of the quadratic relationships as
nonproportional (questions 16, 18 and 22). Moreover, in the student teaching, while
Ela was solving nonproportional problems with additive relationships, she noted that
all linear relationships were not proportional and also emphasized that all

proportional relationships were linear.

Her answer to an interview question in the pre-interview is another evidence
supporting the claim that Ela knew all linear relationships were not proportional. The
researcher asked Ela to determine whether a statement of a student about linear

relationships was true or not and to explain why, as shown below:

Researcher: While teacher Turgay was teaching his students
distinguishing proportional from nonproportional situations, one of the
students Atacan said “All linear relationships are proportional. In
other words, if two variables have a linear relationship, they are also
proportional.” Do you think Atacan is right?

Ela: No, he is not right.

Researcher: Why? Can you explain?
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Ela: If there is a linear relationship between variables, the equation
showing the relationship could be y = mx+n or y=mx because both of
them have linear graphs. Atacan is not right because while y=mx is
proportional, y=mx+n is not proportional, so all linears are not
proportional.

It can be concluded that she could explain the difference between functions of the
form y=mx and functions of the form y=mx+n. Without doubt, in the latter functiony
was not proportional to x. In addition, she stated that all linear relationships were not

proportional. In a similar manner,

Ela had difficulties in providing evidence to support her claims about proportionality.
To illustrate, in the pretest, while she was explaining her classifications for the
situations that had proportional relationships (questions 12, 14, 19 and 20), she said
that the direction of change of the related quantities was the same, but she did not
mention the fact that the change between the quantities was in the same ratio. For
example, for question 12 that asked “the relationship between the number of movie
tickets purchased and the total cost”, she stated, “The relationship between the
number of tickets and the money is proportional because as the number of tickets
increases, the money increases, too.” However, while she was justifying her
classification for the situations that did not have proportional relationships (questions
11, 13, 15, 16, 17, 18, 21 and 22), she ignored that the direction of change of the
related quantities was the same. That is to say, although the related quantities in the
questions increased or decreased at the same time, she did not determine that the
quantities were proportional. The reason might be that she could distinguish
proportional from nonproportional relationships, but she could not provide evidence
to support her claims about proportionality. Another evidence for the claim is that in
the student teaching, while she was teaching her students how they could distinguish
proportional from non-proportional relationships, she said, “If one quantity increases,
the other one also increases, and if one quantity decreases, the other one also
decreases, these quantities are directly proportional.” She did not emphasize that the

change between the quantities had to be in the same ratio.
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Identifying Ratio as Measure

Ela could identify ratio as a proper measure in the context of determining
concentration of a mixture and steepness of ski ramps. For instance, one of the PRET
problems (question 6) asked to compare two mixtures of orange juice concentrate
and water. In this problem, Ela utilized the ratios of the quantities to measure the
concentrations of the mixtures. Furthermore, although she did not exactly utilize
proportional reasoning language in her explanations, she used the word “ratio” in her
solution. Another evidence for the claim is her statements about an item in the pre-
interview, which asked pre-service teachers to evaluate five students’ solutions in
which they compared two mixtures of chocolate milk made from different amounts
of chocolate syrup and milk. She recognized that the students had used ratio as a
measure of chocolate concentration of the mixtures. Further, although the word
“ratio” was not mentioned in neither the problem nor the solutions of the students,
Ela preferred to use the word to explain the relationships between quantities in the
solutions. Moreover, in a problem of PRET (question 10), which asked to determine
relative steepness of ski ramps if the height, the length of the base, and the width of
the base of the ramps were given, she made a multiplicative comparison to measure
the attribute. In other words, she used ratio as a measure of steepness of ski ramps. In
addition, she noticed that the width of the base did not have an effect on the

steepness of the ramps.

On the other hand, data indicated that Ela did not see ratio as a proper method to
measure some attributes (i.e., shade of paint, “squareness” of a rectangle). In fact, she
used additive comparisons to measure these attributes instead of using ratio which
was a multiplicative comparison. To illustrate, in a PRET problem (question 9),
which asked pre-service teachers to comment on the effectiveness of a boy’s strategy
about changing the amount of paint by saving its shade, Ela had an incorrect answer
and said, “The strategy is always useful because he added equal amounts of blue and

white paints.” Ela paid attention to the equal amounts of the paints added, which was
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an additive approach. Indeed, she did not consider the ratios of white and blue paints
that made up the original and new mixtures. It can be concluded that she did not see
ratio as a proper measure of shade of paint for the problem. In a similar manner, in
PRET question 24, she did not identify ratio as a proper method to measure
“squareness” of a rectangle. Furthermore, she used an additive comparison to

determine the attribute.

Providing Examples for Proportional and Nonproportional Relationships

Ela could exemplify situations in which variables had proportional relationships. To
demonstrate, in the pre-interview, when the researcher asked her to give an example
of a real life proportional situation, she could create a valid example for a
proportional real life situation. Furthermore, she explained why the situation was
proportional by utilizing the statement that if a variable in a proportional situation
increased by a factor, the other variable had to increase by the same factor, too.
Additionally, in the PRET, there was a question (question 5) that asked to provide a
word problem which could be solved by the given equation. In the pretest, the

problem written by Ela was as follows:

A farmer divided a field into 8 equal parts and used 3 parts to grow
tomato. The next year, the farmer will divide the same field into 20
equal parts. He wants to use the same amount of field to grow tomato
as he used last year. Find the number of parts?

As can be seen, she could create a valid missing value problem in which the
quantities had proportional relationships. In addition, the noninteger answer (7.5
parts of the field) made sense in the context.

Ela could provide a valid example of a nonproportional relationship. For example, in
the pre-interview, when the researcher asked her to give an example of a real life
nonproportional situation, the example of her was, “Let’s think for a taxi ride of 2

kms, a customer pays 6 TL; however, another customer pays 8 TL for 5 kms. The
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number of kilometers and the cost of the trip are not proportional.” Ela accurately
created a linear and nonproportional example. Moreover, she could justify why her
example was not proportional by using the statement that variables in a proportional
situation had to increase or decrease by the same factor.

4.1.3 Understanding the Mathematical Relationships Embedded in Proportional

Situations

In order to investigate pre-service teachers’ understanding of mathematical
relationships embedded in proportional situations, the four key understandings, if
any, they used to define proportionality concepts and to determine proportional
relationships were analyzed. Moreover, their difficulties in defining proportionality
concepts and understanding the key understandings were presented. As
aforementioned, the four key understandings were: (1) proportional relationships are
multiplicative in nature; (2) proportional relationships are presented graphically by a
line through the origin; (3) the rate pairs are equivalent in proportional relationships;
(4) proportional relationships can be represented symbolically by the equation y =
mX, Where the m is the slope, unit rate, and constant of proportionality (Cramer et al.,
1993 & Post et al., 1988). In the following section the results of the analyses before
the proportional reasoning instructional module are presented under two
subcategories: defining proportionality concepts and determining proportional

relationships.

4.1.3.1 Gaye’s Findings about Understanding the Mathematical Relationships

Embedded in Proportional Situations

Defining Proportionality Concepts

Gaye had difficulties in defining the ratio and proportion concepts. For instance, in

the first student teaching, Gaye defined the term ratio as, “the division of a by b is
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called the ratio of a to b”. As can be seen, she asserted that ratio was the same thing
with “division”. However, in the pre-interview, Gaye almost accurately defined ratio
as, “Ratio is relative conditions of two things when they are compared”, but she did
not use proportional reasoning language in her definition. Moreover, a misconception
of Gaye was revealed when she taught ratio in the first student teaching. To illustrate,
she said, “We represent ratio, “a/b”, and read as, “ratio of a to b”. The numerator can
be zero, but the denominator never can be zero because if it is, the result will be
undefined.” As can be seen, Gaye assumed that a ratio could not have a zero as its
second component. However, a proportional situation might contain the ratio of zero
to zero (0/0). It can be concluded that she had some difficulties in key understanding
2 which meant that proportional relationships were presented graphically by lines
that passed through the origin.

Gaye did not exactly know the definition of proportion. For example, she defined

proportion in the interview as follows:

For example, if we travel 100 kilometers in 2 hours, how many hours
does it take to travel 50 kilometers? There is a direct proportion, we
should write it as, 100 x (X) = 2 x 50. This formalized equation is
proportion.

She defined the term proportion as an equation, which was derived from cross-
multiplication, without giving any meaningful explanation. In the student teaching,
she was taken note to her students a true definition of proportion; however, similar to
interview results, she used cross-multiplication while she was explaining the
definition. To illustrate, she stated, “Proportion is a/b=c/d. How can we express this?
Of course, by using cross-multiplication. It means a x d = b x c. This is the first rule
for proportion, don’t forget!” Similar to the pre-interview results, she did not utilize
any key understanding to explain proportion in the student teaching. Furthermore,
she taught some memorized rules about proportion to students without giving any

meaningful explanation. The situation might demonstrate that she did not have
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enough understanding of why the multiplication of a by d was equal to b by c (i.e., a
x d = b x c) in a proportion and under what conditions this procedure could be

applied.

Gaye had difficulty to define direct proportion. In fact, she did not consider the
constant ratio that defined the relationship between the variables in a direct
proportion. Additionally, she did not utilize any key understanding to explain the
concept. For example, she defined direct proportion in the first student teaching as,
“If one variable increases, the other one also increases, and if one variable decreases,
the other one also decreases, these variables are directly proportional.” As seen in the
definition, she did not mention multiplicative relationships between variables.
Therefore, it can be concluded that she had some difficulties in key understanding 1

which meant that proportional relationships were multiplicative in nature.

Moreover, Gaye had difficulty in distinguishing ratio from proportion. She used the
terms ratio and proportion interchangeably. For example, in the first student
teaching, she said “setting up a ratio” and “constant of ratio” instead of ““setting up a

proportion” and “constant of proportionality”.

Gaye struggled to define the constant of proportionality. For instance, in the pre-
interview, when the researcher asked her to define the constant of proportionality,

she said:

It is a ratio of relative change between two things when we compare
them. The constant of proportionality never change though the
quantities change. For example, the ratio of my mother’s age and my
age. Er... Sorry, the ratio changes. I confused. The constant of
proportionality is the amount of change; namely, my mother’s age will
increase one by one and my age will increase one by one, so the ratio
of one to one, 1/1, does not change.
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As seen in the above quote, she assumed that the constant of proportionality was a
constant additive relationship instead of a constant multiplicative relationship
between quantities. Similarly, when the researcher asked her in which pretest
questions she used the constant of proportionality, she said that she used it in
questions 20 and 21, but she supposed that the constant of proportionality was a
constant additive relationship between variables. On the other hand, she accurately
determined the constants of proportionality in questions 6 and 23; however, she
could not express the meanings of the constant of proportionality in the contexts in

which it was used.

Determining Proportional Relationships

Gaye could not exactly explain the presence of proportional relationships by using
the key understandings. To demonstrate, while she was teaching how to decide a
proportional relationship in the first student teaching, she partially used key

understanding 3 and key understanding 4 in a rote manner. She said:

Gaye: The second rule is a:b:c=x:y:z. We can also represent as
a/x=bly=c/z. For the variables to be proportional, the fractions always
have to be equal to the same thing. This thing is “k”, that is constant of
proportionality... a/x=Kk, b/y=k, c/z=k and from cross-multiplication it
can be said a=kx, b=ky, c=kz... I want to ask a question: 10/15, 18/27
is that a proportion? Find the proportion?

Student: How do we know?

Gaye: For the variables to be proportional, you have to find a constant
number like “k”.

Student: They are equal to 2/3, so it is a proportion.

Gaye: Yes. It is a proportion because the ratios are equal.

As she noted in the above excerpt, she taught proportionality with the aid of some
memorized rules without giving any meaningful explanation. In addition, she
inadequately utilized the key understandings. To illustrate, she did not mention

multiplicative relationships between quantities (key understanding 1). She mentioned

the equality of the rate pairs in a proportion (key understanding 3), but she could not
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explain why it was true and not use proportional reasoning language in her speech
(e.g., she said, “find the proportion” instead of “find the constant of
proportionality”). Furthermore, she used the constant of proportionality to identify a
proportion. However, she only stressed that proportional relationships were
represented by y=kx, where k was the constant of proportionality. She did not explain
that k was also slope and unit rate (key understanding 4) and not make connections
between them. Moreover, she did not emphasize that both k and 1/k were the
constant of proportionality; in other words, she probably did not realize that a
constant multiplicative relationship existed between two quantities and it could be

expressed in two ways.

In a similar manner, she could not adequately use the key understandings to justify
her classifications about proportional relationships. In fact, she sometimes did not
use any key understanding to determine proportional relationships. Further, she
sometimes used inaccurate statements based on additive approach to decide
proportionality. The justifications of Gaye about her classifications in PRET
questions 11-22 in the pretest and pre-interview were evidence for the claims. In
order to get in-depth information, in the pre-interview, the researcher asked Gaye to
explain how she decided the relationships between the quantities in PRET questions
11-22. Table 4.1 shows the classifications and the explanations of Gaye for each
question in the pretest and pre-interview. Although most of the results were similar,

there were some different answers and detailed explanations in the pre-interview.
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Table 4.1 Classifications and explanations about proportional relationships in PRET

questions 11-22

Pretest

Pre-interview

Question

Classification

Explanation

Classification

Explanation

11 (Language)

Proportional

Not Clear

Not proportional

Cross-multiplication

12 (Language)

Proportional

Not Clear

Proportional

Key Understanding
1

13 (Language) Proportional Additive Approach Not Sure Key Understanding
(Constant distance)? 3
14 (Graph) Proportional Constant Slope Proportional Key Understanding
4, Constant Slope
15 (Graph) Proportional Constant Slope Proportional Constant Slope
16 (Graph) Not Absence of constant Not proportional Absence of constant
Proportional slope slope
17 (Equation) Not Key Understanding 1 Not Proportional Key Understanding
Proportional 1, Key
Understanding 3
18 (Equation) Not Not Clear Not Proportional Absence of constant
Proportional slope
19 (Equation) Proportional Key Understanding 1 Proportional Key Understanding
1
20 (Table) Proportional Not Clear Proportional Key Understanding
3, Additive
Approach (Finding
pattern)®
21 (Table) Proportional Additive Approach Not Sure Key Understanding
(Finding a pattern)® 3, Additive
Approach (Finding
a pattern)*
22 (Table) Proportional Additive Approach Not Sure Key Understanding

(Finding a pattern)®

3, Additive
Approach (Finding
a pattern)*

Note: Italics indicates incorrect answers

2 She considered the constant distance (2 km) between the positions of Nehir and Sevil.
®She found an additive pattern within x values (increasing by twos) and within y (increasing by threes) values.
¢ She found an additive pattern within x values (increasing by twos) and within y (increasing by fours) values.
4 She found an additive pattern between the multipliers (increasing one by one) of x values that were multiplied to
obtain y values for each row.
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Gaye justified rationales of her classifications more explicitly in the pre-interview
while some of her explanations (question 11, 12, 18 and 20) were not clear in the
pretest. Moreover, while she explained her classifications by using only one of the
key understandings (key understanding 1) in the pretest, she used three different
types of key understandings (key understandings 1, 3 and 4) in the pre-interview. For
example, for question 12, which asked “the relationship between the number of
movie tickets purchased and the total cost of the tickets if each ticket costs 12 TL”,
she expressed the presence of proportional relationship in the pre-interview as

follows:

It is proportional because one ticket is 12 TL and 5 tickets are 12 x
5=60 TL. How many tickets you bought does not make any
difference, in all cases, the same thing is done. That is, in order to find
the amount of the money you will pay, you should multiply the
number of tickets by 12TL.

Although she accurately classified the relationship as proportional, she could not
write her rationale in the pretest. However, as seen in the above quote, she justified

her rationale by using key understanding 1 in the pre-interview.

Data indicated that there were some inconsistencies between the pretest and pre-
interview results. To illustrate, she inaccurately classified the relationship between
variables in question 11 as proportional in the pretest. However, in the pre-interview,

she accurately classified the same relationship as nonproportional and explained as:

Let’s calculate. If the trip is 5 km, the cost will be 11,7 TL. If the trip
is 2 km, the cost will be 6 TL. The same answer must be obtained
from cross-multiplication, but when I cross multiply ... er ... When 2
is multiplied by 11,7 and the product is divided by 2, the answer will
be 4,68 TL not 6 TL, so | want to change my answer because they are
not proportional.

As seen in the above quote, she explained the absence of proportional relationship by

using cross-multiplication instead of using any key understandings.
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Gaye sometimes used inaccurate statements based on additive approach to decide
proportionality instead of key understandings. For instance, in the pretest, for
question 13, which asked “the relationship between Sevil and Nehir’s positions on a
marathon course if they run at the same pace, but Sevil ran 2 kilometers before Nehir
started”, she wrote, “proportional” for the relationship between variables by using an
additive approach in which she considered the constant distance (2 km) between
Sevil and Nehir. However, in the pre-interview, she realized her mistake when the
researcher asked her to elaborate her answer to the question and she said:

For a proportional relationship, the ratios of the distances they taken
at different times have to be the same. For example, if Sevil run 40
km, Nehir will run 38 km, the ratio will be 40/38. Similarly, if Nehir
run 16 km, Sevil will run 18 km, the ratio will be 16/18. But they are
not equal, so they cannot be proportional. But, how does this happen!
The distance between them remains unchanged, so they must be
proportional ...er... I am confused which one is true? | am not sure.

Gaye explained that question 13 (presented in language) was proportional since the
rate pairs were equivalent as seen in the above quote. While she did not utilize key
understanding 3 to justify any classification in the pretest, she used the key
understanding to justify why the relationships presented in language (question 13),
equation (question 17) and table (questions 20, 21 and 22) were proportional in the
pre-interview. However, especially for the table representation, she did not exactly
trust the key understanding 3 to determine proportionality and tried to find some
additive patterns between variables in the tables. When she found a pattern and was
clear about key understanding 3 (the rate pairs were equivalent) at the same time, she
concluded that the relationship was proportional. On the other hand, when she found
a pattern, but the rate pairs were not equivalent, she was not sure whether the
relationship was proportional or not. For example, for question 22, she stated in the

pre-interview:

| compare 4/8 and 6/18; their simplest forms are 1/2 and 1/3. They are
not equal, so they are not proportional. But there is a ratio like that: 8
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IS 2 times 4; 18 is 3 times 6; 32 is 4 times 32. When we look at the
multipliers, there is a proportion as 2 times, 3 times and 4 times; that
is to say, they increase one to one, but when we look at the results
(showing x and y), there is not any proportion. | do not exactly know
which one is important.

She supposed that the relationship between x and y was proportional because of the
additive pattern she found between the multipliers of x values to obtain y values in
each row. As can be understood from her explanation, she assumed that the additive
patterns between variables in a table representation could be evidence of a
proportional relationship.

In addition, Gaye sometimes utilized the constant slope to explain why the
relationship between variables was proportional. In other words, she supposed that a
constant slope guaranteed proportionality. For example, in both pretest and pre-
interview, she used the constant slope to justify why the relationships given in graph
(questions 14 and 15) were proportional. In the pre-interview, her misconception

about this argument was revealed more explicitly. For instance, she stated:

The variables in questions 14 and 15 are surely proportional because
they are linear graphs, and so, the graphs have constant slopes. We
can say that if there is a constant slope, there is a proportional
relationship, too. Question 14 is the graph of y=kx and its slope is k. It
(k) never change... In question 15, the graph does not pass through
the origin, but it does not matter since it has a slope and its equation is
y=kx + ¢ where the slope is k. Since the slope is k, the constant of
proportionality is also k.

From Gaye’s assertion in the quote above, it might be concluded that she did not
know that proportional relationships were shown graphically by a line through the
origin. Furthermore, although she understood the relationship between the slope and
constant of proportionality in the equation y=kx, she supposed that a constant slope
guaranteed proportionality. Additionally, she assumed that in the equation, y=kx + c,

“k” was both slope and constant of proportionality though “k” was only the slope. In
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addition, it seems that she did not know the key understanding 4. To illustrate, she
determined that the relationship between variables in question 15, which had an
equation as y=kx + c, was proportional. Furthermore, she put forward that if the
variables had a linear graph, they were proportional. That is other evidence
supporting the claim about Gaye’s linearity misconception. Correspondingly, for
question 16, which asked the relationship between variables in a parabola graph, she
accurately said that the relationship between variables was nonproportional, yet she
explained her answer with lack of a constant slope.

4.1.3.2 Mine’s Findings about Understanding the Mathematical Relationships

Embedded in Proportional Situations

Defining Proportionality Concepts

Mine had difficulties in defining the ratio and proportion concepts. To illustrate, in
both student teaching and pre-interview, Mine could not accurately defined the term
ratio. In the first student teaching, she defined ratio as, “Ratio is the numbers which
we can write as a/b; in other words, it is the division of a by b.” As can be seen, she
thought that ratio was the same thing with “division”. Similarly, in the pre-interview,
she defined ratio as, “If we get two numbers and write them as a/b, the fraction will
be a ratio.” She called the ratio “fraction” although they were different terms.

Data indicated that she did not exactly know the definition of proportion. For
example, in the pre-interview, she struggled to define the proportion concept. Firstly,
she stated that a/b=c/d was a proportion, then she changed her opinion, and she
argued that the algebraic expression of “a=2k” was a proportion since as “k”
increased, “@” increased, too. She was not only unsuccessful in providing a valid
definition of proportion, but she also provided an inaccurate statement in which
increasing or decreasing in the same ratio was neglected. On the other hand, she

defined the term proportion in the first student teaching as follows:
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A proportion is an equation stating that two or more ratios are equal. |
mean, they are multiples of each other. In other words, when we
compare two quantities, each of the quantities can be expressed by a
multiplier of the other quantity.

Unlike the pre-interview, Mine accurately defined the term proportion in the first
student teaching. Moreover, she clarified her definition by using proportional

relationships’ multiplicative nature (key understanding 1).

Mine had difficulty in explaining the differences between the terms ratio and
proportion although she knew that they were different terms. To illustrate, in the pre-

interview, she stated:

Researcher: Are the ratio and proportion the same terms?

Mine: No, they are not.

Researcher: What is the difference?

Mine: In the ratio, I only indicate a specific thing. However, there is
not any comparison, but in the proportion, I compare two things.

Mine seems to have believed that a ratio did not compare any quantities though a

ratio was a multiplicative comparison of two quantities.

Mine sometimes had difficulty in defining direct and inverse proportions because she
did not consider the constant ratio that defined the relationship between the variables
in direct and inverse proportions. To demonstrate, she defined the terms in the pre-

interview as follows:

If one variable increases, the other one also increases and if one
variable decreases, the other one also decreases; these variables are
directly proportional. However, if one variable increases, the other one
decreases and if one variable decreases, the other one increases, these
are inversely proportional.

Mine only pointed out that the direction of change of the related quantities had to be

the same, but she did not emphasize that the change had to be in the same ratio.
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Moreover, she did not utilize any key understanding to explain the direct and inverse
proportions. Yet, in the first student teaching, she defined the terms by utilizing
proportional relationships’ multiplicative nature (key understanding 1) and

emphasized that proportional relationships increased or decreased in the same ratio.

Mine struggled to define the constant of proportionality. For instance, in the pre-
interview, when the researcher asked her to define the constant of proportionality,
she did not clear which ratios (within or between-ratio) should be equal to the
constant of proportionality. In other words, she probably did not know that the
constant of proportionality was equal to within-ratio since it was a constant
multiplicative relationship existed between two quantities in a proportional situation.
Moreover, in the student teaching, while she was teaching the constant of
proportionality, she did not emphasize that it could be expressed in two ways (e.g.,
1/k and k). Furthermore, she did not use key understanding 4 to define the constant
of proportionality in both pre-interview and the first student teaching. In addition, in
the pre-interview, when the researcher asked her in which pretest questions she used
the constant of proportionality, she argued that she used it only question 20 and
accurately identified the constant of proportionality for the question. However, she
could not determine the constants of proportionality in the other guestions although

she used.

Determining Proportional Relationships

Mine could not adequately explain the presence of proportional relationships by
using the key understandings. For example, in the pre-interview, she explained how
she discriminated proportional quantities from non-proportional quantities as, “If one
quantity increases, the other one also increases, and if one quantity decreases, the
other one also decreases; these quantities will be proportional. That is to say, if they
change correspondingly, we can call them proportional.” It seems that she did not

utilize any key understanding to determine proportional relationships. Further, she
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did not consider the key understanding 1. Conversely, in the first student teaching,
she emphasized that for the quantities to be proportional; the change in the quantities

had to be in the same ratio. For instance, she stated:

Mine: In the table on the board, there is information about the number
of pages that a printer printed in different minutes (she drew the
following table on the board).

Minutes 1 2 3 4

Pages 4 8 12 16

Mine: In here, can you recognize proportional things? Or is there
anything proportional to another thing?

Student: Time and the number of pages are proportional.

Mine: Yes, it is correct. As the minutes multiplied by two, the number
of pages multiplied by two, (showing the first and second column).
Similarly, as the minutes multiplied by three, the number of pages
multiplied by three (showing the first and third column). Therefore,
they are proportional.

As seen in the above excerpt, Mine explained the presence of proportionality by
using the multiplicative nature of proportional relationships (key understanding 1).

However, she did not utilize any other key understanding.

Similarly, she could not adequately use the key understandings to justify her
classifications about proportional relationships. In fact, she sometimes did not use
any key understanding to determine proportional relationships. Further, she
sometimes used inaccurate statements to decide proportionality. The justifications of
Mine about her classifications in PRET questions 11-22 in the pretest and pre-
interview were evidence for the claims. In order to get in-depth information, in the
pre-interview, the researcher asked Mine to explain how she decided the
relationships between the quantities in PRET questions 11-22. Table 4.2 shows the
classifications and the explanations of Mine for each question in the pretest and pre-
interview. Although most of the results were similar, there were some different

answers and detailed explanations in the pre-interview.
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Table 4.2 Classifications and explanations about proportional relationships in PRET

questions 11-22

Pretest

Pre-interview

Question

Classification

Explanation

Classification

Explanation

11 (Language)

Proportional

As one variable
increases, the other
one also increases

Not
Proportional

Key Understanding 1

12 (Language)

Proportional

As one variable
increases, the other one
also increases

Proportional

Key Understanding 3

13 (Language) Not Cross-multiplication Not Key Understanding 1
Proportional Proportional
14 (Graph) Proportional Key Understanding 3 Proportional Key Understanding 4
Key Understanding 1
15 (Graph) Not Not Clear Not Key Understanding 2
Proportional Proportional Key Understanding 1
16 (Graph) Not Not Clear Proportional Key Understanding 1
Proportional
17 (Equation) Not Key Understanding 3 Not Key Understanding 1
Proportional Proportional
18 (Equation) Not Key Understanding 3 Proportional Key Understanding 1
Proportional
19 (Equation) Proportional Key Understanding 3 Proportional Key Understanding 3
20 (Table) Proportional Key Understanding 3 Proportional Key Understanding 3
Key Understanding 1
21 (Table) Not Key Understanding 1 Not Key Understanding 1
Proportional Key Understanding 3 Proportional Key Understanding 3
22 (Table) Not 0/0 is undefined Not Key Understanding 3

Proportional

Key Understanding 3

Proportional

Note. Italics indicates incorrect answers

128



Mine justified rationales of her classifications more explicitly in the pre-interview
while some of her explanations were not clear and meaningful in the pretest.
Furthermore, while she explained her classifications by using only two of the key
understandings (key understanding 1 and 3) in the pretest, she explained her
classifications by using all types of the key understandings in the pre-interview. To
demonstrate, she explained the absence of proportional relationship in question 13
with the aid of cross-multiplication without giving any meaningful explanation in the
pretest. On the other hand, she explained her rationale by using key understanding 1
in the pre-interview. Another evidence for the claim was her explanation for question

15 (presented in graph) in the pre-interview, she stated:

Question 15 is a graph of the equation, y=mx+n because the graph
does not pass through the origin, and so, they are not proportional.
Additionally, in here, when | increase the values of x, the values of y
will not increase by the same ratio because of n. Therefore, | cannot
say that x and y increase by the same multiplier, and so, they are not
proportional.

Mine used key understanding 2 and key understanding 1 to justify her rationale in the
pre-interview although she could not make a clear explanation in the pretest. Besides
these arguments, she appears to have known that in the functions of the form
y=mx+n, x was not proportional to y. For example, in question 14 (a graph of a

proportional relationship), she explained her rationale by saying:

Mine: It is a graph of the equation, y=mx. That is to say, as x increases, y
increases, too. Thus, it is proportional.

Researcher: Why?

Mine: Because if you increase the x values by a multiplier, the y values will
increase by the same multiplier. In the equation, “m” is already a constant.
Researcher: What is “m”?

Mine: The slope of the graph.
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As seen in the above excerpt, Mine made use of proportional relationships’
multiplicative nature (key understanding 1). Moreover, she mentioned that a
proportional relationship could be represented symbolically as y = mx, where m was
the slope, but she did not mention that m also the unit rate and the constant of
proportionality. Therefore, it can be concluded that she inadequately utilized key

understanding 4.

Data indicated that there were some inconsistencies between the pretest and pre-
interview results. For example, she accurately classified the relationships between
variables in question 16 and 18, both of which were quadratic relationships, as
nonproportional in the pretest. However, in the pre-interview, she inaccurately
classified the same relationships as proportional and explained her rationale for

question 16 in the pre-interview as follows:

The equation of the graph is y=ax’. In the pretest, | said that x and y
were not proportional, but | want to change my decision because as X
increases, y increases and as X decreases, y decreases, too. That is to
say, there is a multiplier, ‘a’. Moreover, there is not any number that is
added to any side of the equation, so they are proportional.

Mine tried to use key understanding 1 to explain her statement that the quadratic
relationship was proportional. However, she could not recognize that the variables in
the quadratic relationships did not increase or decrease in the same ratio. In fact, in
the situation, as x increased by a number, y increased by the square of the number, so
they were not proportional. Moreover, it seems that she did not know that
proportional relationships were shown by a line through the origin because although
the graph in the question was a parabola, she classified it as proportional. In a similar
way, she changed her classification for the variables in question 18, which was an
equation (y=3x%), and determined that they were proportional. It can be concluded

that she did not exactly understand key understanding 4.
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Mine sometimes used inaccurate statements to decide proportionality instead of key
understandings. For example, in the pretest for questions 11 and 12, she only
mentioned that the direction of change of the related quantities had to be the same,
but she did not emphasize that the change between the quantities had to be in the
same ratio. Moreover, she did not utilize any key understanding to explain the
relationships in these questions. Yet, in the pre-interview, she used key
understanding 1 and 3 to justify her rationales in the questions. Furthermore,
although she inaccurately classified the relationship between variables in question 11
as proportional in the pretest, she realized her inaccurate classification in the pre-
interview. She supported her decision by saying, “Yes, both of them increase, but
there is not a constant factor. | mean, for the variables to be proportional when one
variable increases by n, the other has to increase by n, too.” It seems that she made
use of key understanding 1 to explain why the relationships presented in the situation

were nonproportional.

Another evidence for the claim that Mine sometimes did not use true statements to
decide proportionality was her first explanation for question 22 (a table of a
nonproportional relationship) in the pretest. She wrote “not proportional” for the
relationship between variables and explained as, “Since 0/0 is undefined, the
variables cannot be proportional.” As can be seen, Mine assumed that a ratio could
not have a zero as its second component. However, a proportional situation contains
the ratio of zero to zero (0/0). It can be concluded that she had some difficulties in

key understanding 2.
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4.1.3.3 Ela’s Findings about Understanding the Mathematical Relationships
Embedded in Proportional Situations

Defining Proportionality Concepts

Ela had difficulties in defining the ratio and proportion concepts. For instance, in the
first student teaching, Ela could not define ratio and proportion terms. However, in
the pre-interview, she defined the term ratio as, “Ratio is division of quantities. For
example, let’s assume, my weight is 60 kgs, my friend’s weight is 70 kgs; and the
ratio of the weights is division of 60 by 70.” She argued that ratio was the same thing
with “division”, and so, she could not provide a valid definition of ratio. On the other
hand, she defined proportion as the equality of the ratios. She could create a valid
definition of proportion although she did not use proportional reasoning language in
her definition. It can be said that she utilized key understanding 3 to define
proportion. Moreover, she knew that ratio and proportion were different terms and

could explain the differences between them.

Ela struggled to define direct and inverse proportions. Indeed, she sometimes did not
consider the constant ratio that defined the relationship between the variables in a
proportion. Additionally, she mostly did not utilize any key understanding to explain
the concepts. To illustrate, in both student teaching and pre-interview, Ela defined
direct proportion as, “In a direct proportion, as one variable increases, the other one
also increases, and as one variable decreases, the other one also decreases.” She only
pointed out that the direction of change of the related quantities had to be the same,
but she did not mention that the change between the quantities had to be in the same
ratio. In fact, she did not emphasize multiplicative relationships (key understanding
1). In a similar way, in the pre-interview, she defined inverse proportion as, “As one
variable increases, the other one decreases, and vice verse.” She only considered that
the changes were in opposite directions. On the contrary, Ela could create a valid

definition of inverse proportion in the first student teaching. The definition was, “If
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one variable increases in the same ratio as the other variable decreases, these
variables are inversely proportional.” She not only stated that the changes were in
opposite directions, but also considered that the changes had to be in the same ratio.
That is to say, she utilized key understanding 1 to define inverse proportion in the

student teaching.

Ela could define the constant of proportionality by using some key understandings.
To demonstrate, in both student teaching and pre-interview, she accurately defined

the constant of proportionality. To illustrate, in the first student teaching, she said,

“The constant of proportionality is §= % = k. That is to say, all of the ratios are

equal to a constant number, k, which we call the constant of proportionality.” She
made a true definition of the constant of proportionality by using the key
understanding 3. However, she struggled to make connection between it and slope.
To illustrate, in the first student teaching, she drew a graph of a relationship between
time and distance of a bicycle travelling from one place to another. She found the

constant of proportionality in the situation as seen in the following excerpt:

Ela: In order to find the constant of proportionality, we should find the
ratio of time to distance because in a direct proportion the division of
the quantities is equal. Let’s find. The bicycle travels 15 kms in an
hour (writing on the board: 1/15) and 30 kms in two hours, 45 kms in
three hours, 60 kms in four hours, 75 kms in five hours (writing on the
board: 2/30=1/5, 3/45=1/5, 4/60=1/5, 5/75=1/5).

Student: All of them is equal to 1/5.

Ela: Yes. It is true. When we simplify them, they are all equal to 1/5.
This is the constant of proportionality. Do you remember the slope?
Student: Yes. It is x/y.

Ela: No. The slope is the division of the change in the y axis to the
change in the x axis. It is the same in each point. Let’s find the slopes.
(writing on the board: 15/1=15, 30/2=15) Find the slopes in the other
points.

Students: All of them are 15.

Ela: Yes, the slope is 15. What is the relationship between the constant
of proportionality and the slope?

Students: ... (No response from the students)
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Ela: 15 x 1/15 = 1, so we can say that the multiplication of the slope
and the constant of proportionality is equal to one.

At the beginning of the excerpt, Ela accurately found the constant of proportionality
by utilizing the equality of the rate pairs in the proportional situation (key
understanding 3). Yet, it seems that Ela did not understand the relationship between
the slope and the constant of proportionality and could not recognize that the
constant of proportionality could be expressed in two ways (e.g., 1/15 and 15 for the
situation). Moreover, she stated an inaccurate statement that the multiplication of the
slope and the constant of proportionality were equal to one. In addition, she did not
make any connection between table, graph and algebraic expression of the
proportional situation. It can be concluded that she did not know the key
understanding 4.

Determining Proportional Relationships

Ela sometimes could not adequately explain the presence of proportional
relationships by using the key understandings. For example, in the pre-interview,
when the researcher asked her how to determine presence of a proportional

relationship between two variables, she said:

The division of the variables has to be equal to each other. To
illustrate, let’s assume, there are some weights such as 40 kgs/60 kgs
and 50/80... In order to determine proportionality, | must compare
them. The first one is 4/6 and the second one is 5/8. They are not
equal to each other, so they are not proportional.

She mentioned that the ratio pairs in a proportional situation had to be equal (key
understanding 3) although she called the relationship “division” instead of “ratio”.
On the other hand, she did not mention multiplicative relationships between the

quantities (key understanding 1).
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In the same way, she could not adequately use the key understandings to justify her
classifications about proportional relationships. Indeed, she sometimes did not use
any key understanding to determine proportional relationships. Further, she
sometimes used inaccurate statements to decide proportionality. The justifications of
Ela about her classifications in PRET questions 11-22 in the pretest and pre-
interview were evidence for the claims. In order to get in-depth information, in the
pre-interview, the researcher asked Ela to explain how she decided the relationships
between the quantities in PRET questions 11-22. Table 4.3 shows the classifications
and the explanations of Ela for each question in the pretest and pre-interview.
Although all of the classifications were the same in both pretest and pre-interview,

there were some different and detailed explanations in the pre-interview.
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Table 4.3 Classifications and explanations about proportional relationships in PRET

questions 11-22

Pretest

Pre-interview

Question

Classification

Explanation

Classification

Explanation

11 (Language)

Not
Proportional

Key Understanding 3

Not
Proportional

Key Understanding 3

12 (Language)

Proportional

As one variable
increases, the other one
also increases

Key Understanding 3

Proportional

Key Understanding 3

13 (Language) Not Not Clear Not Not Clear
Proportional Proportional
14 (Graph) Proportional Key Understanding 3 Proportional As one variable
As one variable increases, the other one
increases, the other one also increases
also increases
15 (Graph) Not Not Clear Not Key Understanding 3
Proportional Proportional
16 (Graph) Not Key Understanding 3 Not Key Understanding 3
Proportional Proportional
17 (Equation) Not Key Understanding 3 Not Key Understanding 3
Proportional Proportional
18 (Equation) Not Key Understanding 3 Not Key Understanding 3
Proportional Proportional
19 (Equation) Proportional As one variable Proportional Key Understanding 3
increases, the other one Key Understanding 4
also increases
Key Understanding 3
20 (Table) Proportional As one variable Proportional Key Understanding 3
increases, the other one Additive Approach
also increases (Finding a pattern)
Key Understanding 3
21 (Table) Not Key Understanding 3 Not Key Understanding 3
Proportional Proportional Additive Approach
(Finding a pattern)
22 (Table) Not Key Understanding 3 Not Key Understanding 3

Proportional

Proportional

Additive Approach
(Finding a pattern)
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Her foremost justification to explain whether a relationship was proportional or not
was equality of the rate pairs in a proportional situation (key understanding 3).
Actually, in the pretest, she did not use any other key understanding. Similarly, in the
pre-interview, she mostly used key understanding 3, but she utilized key
understanding 4, besides key understanding 3, to justify her classification in question
19 as seen in the following excerpt:

Researcher: Why the variables in question 19 were proportional?

Ela: Because the divisions of x values to y values are equal.
Researcher: Can you explain your rationale by using any other
statement?

Ela: They are proportional because it is an equation (y=2,5x) that is
similar to y=mx, which is the equation of a proportional relationship.
Researcher: What does the meaning of “m ” in the equation?

Ela: “m” is the constant of proportionality.

Researcher: Is there any other meaning?

Ela: No.

At the beginning of the excerpt, Ela made use the key understanding 3. Later, she
mentioned that a proportional relationship could be represented symbolically as y =
mx, where m was the constant of proportionality, but she did not mention that m also
the unit rate and slope. Thus, it can be concluded that she inadequately utilized key

understanding 4.

Ela sometimes used inaccurate statements based on additive approach to decide
proportionality. For example, in questions 12, 14, 19 and 20, she stated that the
relationships of the variables in the questions were proportional because the variables
increased or decreased at the same time, but she did not mention that the variables in
a proportional situation had to increase or decrease in the same ratio. In a similar
way, in the pre-interview, she did not mention that the change between the variables
in a proportional situation had to be in the same ratio. Correspondingly, in both
pretest and pre-interview, she never told about proportional relationships’

multiplicative nature (key understanding 1). For example, in order to determine the
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relationship in question 14, she could generate the equation of the relationship
presented in graph (y=x). Moreover, she explained the presence of proportionality by
only saying, “x and y are proportional because as y increases or decreases, x also
increases or decreases” in the pre-interview. Additionally, in the pre-interview,
while Ela was justifying rationale of her classifications the relationships presented in
table (questions 20, 21 and 22), she tried to find some additive patterns between

quantities in the tables as follows:

Researcher: Can you explain your rationale for question 20 by using
any other statement from equality of ratios?

Ela: We can look at the amount of increase of the quantities. For
example, this column (showing x values: 4, 6, 8, 10, 12) increases in
twos and that column (showing y values: 6, 9, 12, 15, 18) increases in
threes.

Researcher: Can you explain your rationale for question 21 by using
the same statement?

Ela: Let’s look at the amount of increase of the x values and y values.
x values increase in twos (showing 4, 6, 8, 10, 12) and y values (10,
14, 18, 22, 26) increase in fours. But, wait a minute, the divisions of x
values by y values are not equal (writing on the sheet: 4/10+#6/14),
so they cannot be proportional.

Researcher: So what?

Ela: It means that the amount of increase of the x values and y values
does not always help us to decide proportionality.

In question 20, Ela supposed that the relationship between x and y was proportional
because of the additive pattern she found within the x values and y values. In other
words, she assumed that additive patterns between variables in a table representation
could be evidence of a proportional relationship. Yet, in question 21, she recognized
that the variables were not proportional although there were additive patterns within
the x values and y values. However, she concluded that additive patterns could not
always use to decide proportionality. In other words, she still saw additive patterns as
one of the indicators of proportionality, but she thought that it could not be used in

every situation.
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4.2 Pre-service Teachers’ Proportional Reasoning after the Practice-based

Instructional Module

In this section, pre-service teachers’ approaches to different problem types,
distinguishing proportional from nonproportional situations, and understanding of
mathematical relationships embedded in proportional situations after receiving a
practice-based instructional module based on proportional reasoning are presented
for each pre-service teacher.

4.2.1 Approaches to Different Problem Types

In order to investigate pre-service teachers’ approaches to different problem types,
which were missing value, numerical comparison and qualitative reasoning problems
after participation in a practice-based instructional module, the solution strategies
and processes of pre-service teachers in solving the different problem types were
analyzed. Since solution strategies and processes might change with respect to
problem types, results of different problem types presents under different

subcategories.

4.2.1.1 Gaye’s Approaches to Different Problem Types

Missing Value Problems: Solution Strategies and Processes

Gaye could find correct answers of missing value problems in all relevant
instruments. Moreover, she used a broader range of strategies which were factor of
change, factor of change strategy in a ratio table, building-up, cross-multiplication,
unit rate, building-up in a ratio table, and constant of proportionality to solve
missing value problems. Furthermore, she mostly used informal strategies that

highlighted multiplicative relationships rather than formal strategies.
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Gaye used factor of change as a leading strategy to solve missing value problems. To
illustrate, in the PRET, there were some missing value problems (questions 1-4)
which did not have any context. In the posttest, Gaye mostly used factor of change
strategy to solve these problems. Similarly, in the student teaching, she utilized the
strategy. For example, one of the problems was, “In a shiny day, a boy’s father’s
height is 180 cm and his shadow’s height is 240 cm. What is the boy’s shadow’s
height if his height is 150 cm?” For the problem, Gaye used an adaptation of factor
of change strategy, in which she simplified the ratio to identify the integer scale
factor easier. Firstly, she simplified the ratio of 180 to 240 by dividing both sides by
6 and found the ratio of 30 to 40. Secondly, she equated 30/40 to 150/?
(30/40=150/?), and then, identified the scale factor (i.e., between-ratio) as 5. It is
important to note that she used an efficient strategy, which facilitated the
computations required to find the missing value, for the problem. Further, she
explained her solution by using multiplicative relationships and with a proportional

reasoning language as follows:

Gaye: First of all, I will find the ratio of the father’s height to his
shadow’s height. It is 180/240. The ratio is saved as invariable.
Student: We can cross multiply.

Gaye: Yes, we can do but I will use a different strategy. Firstly, I
divide 180 and 240 by 6. | should divide both denominator and
numerator by the same number because | should increase or decrease
them by the same ratio. The ratio (30/40) is never changed. If 30 goes
to 150, how many times does it increase?

Students: 5 times

Gaye: If 30 increase 5 times, 40 should increase 5 times, too. So the
answer is 200 cm.

As shown in the above quote, Gaye explained the problem by utilizing covariance of
proportional relationships. That is to say, she highlighted that in a proportion
(a/b=c/d), if a quantity (e.g., a) underwent a multiplicative change, the other quantity
(e.g., b) should undergo the same change, so that the value of the ratio was left

unchanged. In other words, she made multiplicative comparisons between quantities.
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In a similar manner, in the post-interview, Gaye used factor of change strategy to
solve missing value problems. One of the problems was “If 8 balloons are 12 TL,
how much 6 balloons will cost?” In order to solve the problem, firstly, she found the
scale factor, 3/2, and then, solved the problem by multiplying 12 TL by 3/2 and
accurately found the answer as 9 TL. Likewise, she solved the other missing value
problem, which was exemplified by her, by using the same strategy as seen in the

following excerpt:

Gaye: The relationship between bought petrol and given money can be
an example for a proportional situation. For instance, if a liter of petrol
costs 5 TL, we can found the amount of petrol that can be bought by
100TL.

Researcher: How would you find?

Gaye: 100 is 20 times 5, so a liter also has to be multiplied by 20 and
the answer is 1x20=20 TL.

She easily recognized the integer scale factor (i.e., between-ratio) and solved the
problem by using it. Moreover, it can be said that she tended to choose efficient

strategies that facilitated the computations to solve proportional problems.

In addition, Gaye sometimes used factor of change strategy in a ratio table which
was a strategy utilized multiplicative relationships between guantities. For instance,
she solved a missing value problem in the PRET (question 23) by using the strategy.
That is to say, she multiplied quantities by scale factors to build a ratio table, and
then, added the values in each row to find out the missing value. As seen in the figure
4.1; first of all, she multiplied both 4 and 3 by 2; secondly, multiplied both 4 and 3
by 1/2 and finally, added the values to find 14 and determined the missing value as
21/2.
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X2

Length | 4 8 2 4+8+2=14
Width | 3 6 3/2 3+6+3/2=21/2
x1/72

Figure 4.1 Solution of Gaye to PRET question 23

Gaye found the missing value by using factor of change strategy in a ratio table. This
solution revealed that she viewed the ratio as reducible and increasable units, and by
this way, she could solve the missing value problem with noninteger between-ratio
by utilizing multiplicative relationships. Moreover, she explained the meanings of
the quantities and used proportional reasoning language in her explanation. For
instance, she said “...we can enlarge the photograph provided that the ratio of the

length to width of the original photograph stays the same.”

Building-up strategy was another strategy she used in some of her solutions. For
instance, the second most used strategy by her was this strategy in PRET questions 1-
4. Furthermore, she used the strategy in a ratio table in the student teaching. The
problem was, “There is a box with 5 blue and 13 red balls, find the number of red
balls if there are 15 blue balls in the box.” In order to solve the problem, she utilized
building-up strategy in a ratio table; that is to say, she increased the number of blue
balls by fives and red balls by thirteens until 15 blue balls and 39 red balls were

reached.
Gaye used unit rate strategy, which required determining how many or how much for

one through fairly sharing and grouping, in solving some missing value problems. To

illustrate, in the student teaching, she used this strategy to solve the problems that
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were “Find the number of sugars for one glass if there are 16 sugars for 4 glasses.”
and “If there are 10 balls for 2 boys, how many balls will each boy get?” She used
concrete materials to solve both of the problems. For the first problem, she brought
cube sugars and plastics glasses to the classroom and matched the sugars and glasses
to find out the number of sugars for each glass. In other words, she fairly shared the
16 sugars to 4 glasses by putting four cube sugars in each plastics glass. Similarly,
for the second problem, she brought the pictures of two boys and ten balls to the
classroom and matched the boys and balls to find out the number of balls for each
boy. For both of the problems, she emphasized the meanings of the quantities and
ratios while she was using concrete materials by asking questions as, “What did you

find by dividing 16 by 4?”, “What does the ratio 10:2 mean?”

Another strategy used by Gaye was constant of proportionality. To illustrate, in the
student teaching, in order to solve a missing value problem, which had a context
involving similar rectangles, she drew three similar rectangles on the board. The first
rectangle had a length of 6 centimeters and a width of 2 centimeters, the second one
had a length of 9 centimeters and a width of 3 centimeters, and the last one had a
width of 6 centimeters and the length of the rectangle was asked. She found the
constant of proportionality in the proportional situation and used it to find the
missing value. By this way, she utilized the functional relationships between
proportional variables (i.e., x/y=k). Moreover, while she was teaching, she stressed
the meanings of the quantities by asking to students these questions, “What does the
ratio of the first rectangle’s width to length mean?”, “Why are the ratios of the first
and second rectangle’s width to length equal?” and “What should be the ratio of the

third rectangle’s width to length if all the rectangles are similar?”.

Date revealed that Gaye did not see cross-multiplication as an indispensable strategy
anymore. Moreover, she generally did not prefer to use the strategy. For instance, she
used the strategy in solving only one missing value problem in the relevant

instruments (PRET question 3). Moreover, her answers to interview questions
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indicated that she thought cross-multiplication was a memorized rule lacking

meaning as follows:

Researcher: Which strategy will you teach to your students as the
most efficient strategy?

Gaye: Indeed, it is difficult to tell that a strategy is the most efficient
because it differs according to problem. However, building-up and
factor of change strategies are good and effective...

Researcher: What will you do if your students cannot understand
these strategies?

Gaye: | will teach by using equivalent fractions or unit rate
strategies. But, in general, | do not prefer to use the unit rate strategy
because the result might be a decimal number and it might confuse
students’ minds and complicate the operations. If | use all these
strategies and students still do not understand, I will use cross-
multiplication. Actually, I will teach cross-multiplication after these
strategies because it enables to solve quickly in exams.

Researcher: Does cross-multiplication provide understanding?

Gaye: Never. It is only a memorized rule. There is not any operation
that shows the ratios between quantities or their changing ...well...
increasing or decreasing at a constant rate. The operations in cross-
multiply have not any meaning for students.

As seen in the above excerpt, although she said that she would teach cross-
multiplication because of its quickness, she was aware that it consisted of memorized
procedures lacking meaning. Additionally, she was aware that the most efficient
strategy would be changed with regard to problem. Nevertheless, according to her,
building-up and factor of change were effective strategies. Moreover, she thought
that unit rate strategy would be difficult if there was a noninteger result for the unit.
It might be concluded that she did not have flexibility in unitizing and reunitizing
quantities. In other words, she had difficulties in using composite units when the

guantities suggest that it was more convenient than using singleton units.
Gaye paid attention to the use of different strategies highlighting multiplicative

relationships. For instance, in the second lesson plan, Gaye added some problems

which allowed her to use different strategies rather than cross-multiplication without
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any guiding of the researcher. In her revision report of the lesson plan, she explained

the reasons why she added the problems as follows:

| added sugar problem and ball problem because they could be solved
by a different strategy: grouping. In other words, in the first time, |
gave rules and solved the problems with these rules, but in the second
time, | solved the two problems by grouping without any rule.

It can be concluded that Gaye was aware that she solved the problems in the first
student teaching by applying memorized rules and arithmetic procedures without
giving any meaningful explanation. Moreover, she added one more missing value
problem which could be solved by different strategies. The problem was “There is a
box with 5 blue and 13 red balls, find the number of red balls if there are 15 blue
balls in the box.” In her revision report of the lesson plan, she explained the reasons

why she added the problem:

| deliberately asked the problem in my second student teaching.
Firstly, I solved it by using unit rate strategy because | wanted to show
that it was difficult to solve the problem by using unit rate because of
noninteger numbers. And then, | solved the problem by using a ratio
table as a more effective strategy.

She solved the problem in more than one way by using unit rate and building-up
strategies. Her first strategy was unit rate. First of all, she found the number of red
balls for one blue ball as 2,6 by fairly sharing. After that, she concluded that the ratio
of blue balls to red balls was 1:2,6 and so, the number of red balls was 39
(2,6x15=39) if there are 15 blue balls in the box. Then, she mentioned the difficulty
of noninteger numbers to calculate. However, she did not highlight that composite
units could be used when the quantities suggest that it was more convenient than
using singleton units. It can be another evidence for the claim that she did not have

flexibility in unitizing and reunitizing quantities.
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Data indicated that while Gaye recognized between-ratio in a proportion, she had
difficulty in recognizing within-ratio. For instance, in the first question of PRET, the
within-ratio was integer, and so, it was a more efficient strategy than between-ratio
for the problem. But, Gaye could not recognize integer within-ratio, and used factor
of change, which was a between-ratio strategy, to solve the problem. However, in the
second question, she recognized the efficient strategy that was between-ratio and
utilized integer between-ratio in order to solve the problem. Additionally, in the
student teaching, she asked a missing value problem which did not have any context
(i.e., 6/7=1/3) and solved it by using between-ratio. That is to say, she identified 6 as
the scale factor and multiplied 3 by 6 and found 18. Although she highlighted
multiplicative relationships, she used only the between-ratio and not mentioned the
within-ratio which was also an integer number, 3. It can be additional evidence for
the claim that while she recognized between-ratios in a proportion, she had difficulty

in recognizing within-ratios.

Numerical Comparison Problems: Solution Strategies and Processes

Gaye used three different strategies, which were building-up, fraction strategy, and
converting decimal expressions to solve numerical comparison problems. Her
foremost strategies were building-up and fraction strategies. To illustrate, in her first
solution of PRET question 6, which asked to compare two different mixtures of
orange juice concentrates and water, she found the amount of water of each mixture
for the same amount of orange juice concentrates by using building-up strategy. First
of all, for mixture A, she increased the amount of orange juice concentrate by twos
and water by threes until 6 cups of orange juice concentrate and 9 cups of water were
reached. Then, for mixture B, she increased the amount of orange juice concentrate
by threes and water by fours until 6 cups of orange juice concentrate and 8 cups of
water were reached. And finally, she compared the amount of water and concluded

that since mixture B had less water, it had stronger orange taste than mixture A. In
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brief, she could accurately determine the mixture with a stronger orange taste and
clearly explained the quantities that were calculated.

Another strategy utilized by her was fraction strategy, in which the rates were treated
as fractions and a common denominator or numerator was found to make
comparisons. In her second solution of PRET question 6, she used the strategy by
finding the amount of water in each mixture for the same amount of orange juice
concentrates. She wrote the ratios of orange juice concentrates to water for each
mixture as fractions and found a common numerator. To do this, at first, she
multiplied 2/3 by 3/3 to produce 6/9 and then she multiplied 3/4 by 2/2 to produce
6/8 which had the same numerator with the first ratio (6/9). Finally, she compared
the amount of water for the same amount of orange juice concentrates and concluded
that since mixture B had less water, it had a stronger orange taste than mixture A.
She could accurately determine the mixture with a stronger orange taste and
explained the quantities that were calculated clearly. Similar to the pretest results, in
her both solutions, Gaye preferred to use part-to-part ratios (the ratios of orange
juice concentrates to water) instead of part-to-whole ratios. It might be asserted that

Gaye still had difficulties in realizing part-to-whole ratios.

Correspondingly, interview data revealed that Gaye thought building-up and fraction
strategies were the most efficient strategies in order to solve numerical comparison
problems. She explained her idea as, “For example, in a mixture problem, finding a
common amount for one of the variables in the mixture facilitates to compare them.
The common amount may be found easily by building-up or finding common
denominators (she meant fraction strategy).” According to Gaye, the strategies were
effective since they facilitated comparing the ratios by holding one of the variables

constant in the proportional situation.

Another strategy used by Gaye to solve numerical problems was converting decimal

expressions. She used the strategy to solve a numerical comparison problem in the
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PRET (question 24), which presented three rectangular clothes with dimensions. The
problem asked pre-service teachers to determine the cloth that was “the most
square”. In her solution, firstly, Gaye determined the ratios of width to length of the
three rectangular clothes. Secondly, she converted them into decimal expressions
(23/35=0.657, 139/155=0.864, 56/75=0.746) and compared them. Finally, she
accurately determined that the rectangular cloth with dimensions 139 and 155 was
“the most square” since the ratio of its width to length was closest to 1.

In the student teaching, Gaye did not ask any numerical comparison problem to her
students. Moreover, in the post-interview, she did not mention any situation that
could be a numerical comparison problem while she was giving examples of

proportional situations in real life.

Qualitative Reasoning Problems: Solution Strategies and Processes

Gaye solved qualitative reasoning problems by giving numerical examples. It seems
that she made multiplicative comparisons between quantities, but she could not
interpret the qualitative relationship that existed between two quantities without
giving numerical examples. For instance, she solved both qualitative reasoning
problems in the PRET by giving numerical examples; in other words, she converted
the qualitative reasoning problems to numerical comparison problems. For instance,

for question 7, she explained her answer as follows:

For example, let’s assume Esra runs 2 laps in 5 minutes and Gonca
runs 1 lap in 10 minutes. If we find the number of laps they run in the
same amount of time; it will be easy to solve the problem. For
instance, in 10 minutes, Esra runs 4 laps and Gonca runs 1 lap. As a
result, Esra runs more laps than Gonca in the same amount of time, so
she runs at a higher speed than Gonca.

Although she made a multiplicative comparison to solve the qualitative problem, she
could not make qualitative comparisons that did not depend on numerical values

because she quantitatively compared the number of laps in the same amount of time.
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In the student teaching, she did not ask any qualitative reasoning problem to her
students. Moreover, in the post-interview, she did not mention any situation that
could be a qualitative reasoning problem while she was giving examples of

proportional situations in real life.

4.2.1.2 Mine’s Approaches to Different Problem Types

Missing Value Problems: Solution Strategies and Processes

Mine could find correct answers of missing value problems in all relevant
instruments. Moreover, she used a broader range of strategies which were within-
ratio, factor of change, equivalent fractions, factor of change strategy in a ratio table,
building-up, unit rate, and constant of proportionality to solve missing value
problems. Furthermore, she used informal strategies that highlighted multiplicative

relationships and avoided applying memorized rules such as cross-multiplication.

Mine used factor of change as a leading strategy to solve missing value problems. To
illustrate, in the PRET, there were some missing value problems (questions 1-4)
which did not have any context. In the posttest, Mine mostly used factor of change
strategy to solve these problems. Similarly, she solved another missing value
problem of PRET (question 23) by using the same strategy. In order to solve the
problem, she could accurately identify 7/2 as the scale factor and multiplied 7/2 by 3
and found 21/2. She not only accurately found the answer, but she also explained
why she multiplied 3 by 7/2 by using a proportional reasoning language.
Additionally, in the student teaching, she utilized the strategy predominantly. For
instance, she solved one of the problems with factor of change though the students
persisted in solving the problem with cross-multiplication as seen in the following

excerpt:
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Mine: Try to solve with a different strategy from cross-multiplication.
For example, you can use factor of change.

Student: But there is no factor.

Mine: Be careful! There is a factor that is 3/2. 180 is equal to 3/2
multiplied by 120, and so, we should multiply 2 by 3/2, too. So, the
answer is 3.

Student: Why do we solve like that? Cross-multiplication is easier.
Mine: When we solve by using cross-multiplication, there are lots of
operations, and so, the possibility of making mistakes increases.
Moreover, we cannot see which quantities are proportional or how
many the quantities increase or decrease in the cross-multiplication.

Although students insisted on using cross-multiplication, especially when multiplies
were noninteger, Mine discouraged them from applying rules and operations blindly
and encouraged them to use strategies highlighting proportional relationships. In
addition, she used proportional reasoning language in her speech.

In a similar manner, Mine solved most of the missing value problems in the post-
interview by using factor of change strategy. For instance, one of the problems was
“If 8 balloons are 12 TL, how much 6 balloons will cost?” She used the strategy to
solve the problem. That is to say, first of all, she found the scale factor, 3/2,
secondly, she multiplied 12 TL by 3/2, and then, she accurately found the answer as
9TL.

Mine sometimes used factor of change strategy in a ratio table which was a strategy
utilized multiplicative relationships between quantities. The strategy required
viewing ratio as reducible and increasable units and by this way, one could solve the
missing value problems that had noninteger between-ratios. For instance, she solved
a missing value problem in the PRET (question 3) by using the strategy. The problem
asked the missing value in the proportion, 3/8=x/20. She multiplied quantities by
scale factors to build a ratio table, and then, added the values to find out the missing

value as seen in the Figure 4.2.

150



X2

6+3/2=15/2
16+4=20

5]
=
(%)
—
[§]

oo
[a—
=]
E=N

x 1/2

Figure 4.2 Solution of Mine to PRET question 3

Another problem that she solved by using factor of change strategy in a ratio table,
was in the student teaching. The problem was “If a printing house prints 60 books in
2 hours, how many books can it print in 80 minutes?”” Mine built a ratio table to

solve the problem as shown in the following excerpt:

Student: | solved a bit differently, but I do not know whether it is true
or not. 60 books in 120 minutes, it falls to half, and so, it should be 40
books in 80 minutes.
Mine: (looking at the solution silently for a while) It is a good idea. In
fact, | would not think of such a method.
Student: Is my solution correct?
Mine: Wait a minute. First of all, let me solve it (she drew the
following table on the board and filled it).

Minutes 120 40 80

Books 60 20 40

Mine: 60 books are printed in 120 minutes. Firstly, | try to find 80
minutes in the first row of the table. When | divide 120 by 3, the
answer is 40; and then, | should divide 60 by 3, too; the answer is 20. |
am seeking 80 minutes, so | should multiply 40 by 2, and so, | should
multiply 20 by 2, too. Finally, the answer is 40. You can solve like
that. As you see, we did not use cross-multiplication again.

Student: Is my solution also correct?

Mine: What did you do? ...er... You said the half of 120 is 60, and so,
the half of 80 is 40. Yes, your solution is also correct. In fact, it is an
easier way.
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Mine successfully found the missing value in the question by using factor of change
strategy in a ratio table, which was a between-ratio strategy, highlighting
multiplicative relationships. In the beginning, she did not utilize within-ratio strategy
though it was a more effective strategy for the problem. But then, she realized the
integer within-ratio in the proportional situation. Similarly, in the posttest, she
realized and used both within and between-ratios. For example, she used within-ratio
in the first question of PRET since there was an integer within-ratio and used
between-ratios in the second and forth questions since there were integer between-
ratios. Moreover, it can be said that she utilized efficient strategies that facilitated the

computations to solve proportional problems.

In order to solve some missing value problems, Mine used the constant of
proportionality. For instance, in the post-interview, she used it to solve two missing
value problems which had inversely proportional relationships. One of the problems
was “If a builder paints a wall in 3 days, how many days it takes to paint the same
wall with two builders?” While she was solving the problem, she stayed, “we could
find the days by solving the equation (writing on the sheet: dx2=3) since the
multiplication of them should be equal to the constant of proportionality.” She
utilized the functional relationships between proportional variables (e.g., X.y=k). In
addition, she used the strategy in the student teaching to solve a missing value

problem with directly proportional relationship.

Equivalent fractions strategy was another strategy utilized by her to solve missing
value problems. Within this strategy, the rates are treated as fractions and the
multiplication rule for obtaining equivalent fractions is applied. To illustrate, she
used the strategy to solve PRET question 2, which asked the missing value in the
proportion, 2/7=6/x. She multiplied the given fraction, 2/7, by 3/3, which is equal to

one, and then, found the missing value (21).
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Another strategy Mine used was unit rate. She utilized it to solve a problem in the
student teaching. The problem was “If an F-16 plane can travel 4800 meters in 12
seconds, how many meters will the plane travel in 4 and 8 seconds?” First of all, she
stated that she would solve the problem by using unit rate strategy, and then, she
found the number of meters that the plane travel in one second as 400, and then,
multiplied it by 4 and 8. As can be seen, she used a singleton unit (one second)
though a composite unit (4 seconds) would be more efficient in the context.
Conversely, in the post-interview, she said that she might use composite units when

it was more convenient than using singleton units as seen in the following excerpt:

Researcher: How does unit rate strategy? Can you explain it?

Mine: For example, let’s assume the problem is, if 4 cookies are 20
TL, how much will I pay for 7 cookies? | can solve the problem first,
by finding the paid money for 1 cookie, and then, multiplying it by
7.

Researcher: What is unit?

Mine: One cookie.

Researcher: Does the unit have to be one all the time?

Mine: No. it does not. The unit might be any number, for instance, 4.
Researcher: How do you decide which number should be the unit?
Mine: | can choose any number that suits my purpose. | mean, | can
choose a number that eases my calculations.

Although she said that unit might be either one or a composite number, she did not
use any composite number as a unit in student teaching. It might be concluded that

she did not have flexibility in unitizing and reunitizing quantities.

Date revealed that Mine did not see cross-multiplication as an indispensable strategy
anymore. Moreover, she generally did not prefer to use the strategy. For instance, she
did not use the strategy in solving any problem in the relevant instruments.
Correspondingly, in the post-interview, when the researcher asked her why she did

not prefer to use cross-multiplication strategy, she stated:
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Because cross-multiplication is only about performing calculations
such as multiplying and dividing. It seems like a memorized rule.
There is no rationale behind it. I mean, there is nothing showing the
ratios between variables. In the past, it was the only strategy that |
used. But now, | know the other strategies, so there is not a valid
reason to use it.

She thought that the strategy included applying memorized procedures without logic.
Further, she stated that she would no longer use the strategy because she knew the
other strategies. Additionally, according to Mine, factor of change, building a ratio
table and unit rate were the leading strategies which she would prefer to solve
missing value problems. Moreover, she expressed that the factor of change and
building a ratio table were effective strategies since they facilitated realization of

multiplicative relationships between variables.

Mine paid attention to the use of different strategies highlighting multiplicative
relationships. For instance, in the second lesson plan, Mine added some problems
which allowed her to use different strategies without any guiding of the researcher.
In her revision report of the lesson plan, she explained the reasons why she added the
problems as, “I added some problems to the second lesson plan because I wanted to
solve more problems that could be solved with different solution strategies and,
therefore, tried to improve students’ point of view.” Mine seems to have recognized
the importance of using different strategies to solve the proportional problems. To
illustrate, while she used factor of change strategy to solve a problem in the first
student teaching, she used building-up strategy to solve the same problem in the
second student teaching. In the revision report, she stated that she had used building-

up strategy because she had wanted to teach a different strategy.

Numerical Comparison Problems: Solution Strategies and Processes

Mine used three different strategies, which were fraction strategy, building-up, and

converting decimal expressions to solve numerical comparison problems. Her
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foremost strategy was fraction strategy, in which the rates were treated as fractions
and a common denominator or numerator was found to make comparisons. To
illustrate, in her first solution of PRET question 6, which asked to compare two
mixtures of orange juice concentrate and water, in order to scale up the amount of the
mixtures to a common amount, she utilized the strategy. First of all, she wrote the
ratios of orange juice concentrates to total mixtures as fractions and found a common
denominator. Afterwards, she compared the ratios of orange juice concentrates to
total mixtures and concluded:

Mixture B had a stronger orange taste than mixture A because mixture
B’s ratio of orange juice concentrate to total mixture is 15/35 while
the other one’s ratio is 14/35. The bigger the ratio is the more the
orange taste gets.

As seen in the above quote, she could accurately determine the mixture with a
stronger orange taste. Moreover, she clearly explained the quantities that were
calculated and justified rationale of her solution. Additionally, she used proportional
reasoning language in her explanation. Correspondingly, interview data revealed that
Mine asserted fraction strategy was the most effective strategy to solve numerical
comparison problems since it facilitated comparing the ratios by holding one of the

variables constant.

Building-up strategy was another strategy utilized by her. In her second solution of
PRET question 6, she used the strategy by finding the amount of water of each
mixture for the same amount of orange juice concentrates. Firstly, for mixture A, she
increased the amount of orange juice concentrate by twos and water by threes until 8
cups of orange juice concentrate and 12 cups of water were reached. Secondly, for
mixture B, she increased the amount of orange juice concentrate by threes and water
by fours until 9 cups of orange juice concentrate and 12 cups of water were reached.

Finally, she compared the amounts of orange juice concentrates and concluded that
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since mixture B had more orange juice concentrate, it had a stronger orange taste

than mixture A. In addition, she explained as:

In the mixture A, there are 2 cups of orange juice concentrate
corresponding to each 3 cups of water. In that case, if | added 2 cups
of orange juice concentrate and 3 cups of water, its taste would not
change since its ratio would not change...

She established a ratio and extended it to another ratio by using additive patterns. It
is also important to note that while she used part-to-whole ratios (comparing orange
juice concentrates to the total mixtures) in her first solution, she used part-to-part
ratios (comparing orange juice concentrates to water) in her second solution. It might

be asserted that Mine realized both part-to-whole ratios and part-to-part ratios.

Another strategy used by Mine to solve numerical problems was converting decimal
expressions. She used the strategy to solve a numerical comparison problem in the
PRET (question 24), which presented three rectangular clothes with dimensions. The
problem asked pre-service teachers to determine the cloth that was “the most
square”. First of all, Mine calculated the ratios of length to width of the three
rectangular clothes. Secondly, she converted them into decimal expressions
(35/23=1.52, 155/139=1.11, 75/56=1.33) and compared them. Finally, she accurately
determined that the rectangular cloth with dimensions 155 and 139 was “the most

square” since the ratio of its length to width was closest to 1.

In the student teaching, Mine did not ask any numerical comparison problem to her
students. Moreover, in the post-interview, she did not mention any situation that
could be a numerical comparison problem while she was giving examples of

proportional situations in real life.
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Qualitative Reasoning Problems: Solution Strategies and Processes

Mine sometimes could make qualitative comparisons that did not depend on
numerical values. To illustrate, in a qualitative reasoning problem of PRET (question
7), which was “Esra ran more laps than Gonca. Esra ran for less time than Gonca.
Who was the faster runner?”” she found the correct answer of the problem as Esra was
the faster runner. Moreover, she provided a valid explanation by making

multiplicative comparisons between quantities.

However, Mine sometimes used an inaccurate additive strategy when she needed to
use a multiplicative strategy to solve qualitative reasoning problems. To illustrate, in
a qualitative problem of PRET (question 8), she could not find correct answer of the
problem because she made an additive comparison between yesterday’s fruit juice
and today’s fruit juice instead of a multiplicative comparison as she did in the pretest.
Therefore, it can be concluded that she still had difficulty in recognizing

multiplicative relationships in a qualitative reasoning problem.

In the second student teaching, she did not ask any qualitative reasoning problem to
her students. Moreover, in the post-interview, she did not mention any situation that
could be a qualitative reasoning problem while she was giving examples of
proportional situations in real life.

4.2.1.3 Ela’s Approaches to Different Problem Types

Missing Value Problems: Solution Strategies and Processes

Ela could find correct answers of missing value problems in all relevant instruments.

Moreover, she used a broader range of strategies which were factor of change, cross-

multiplication, factor of change strategy in a ratio table, constant of proportionality,
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unit rate and building-up to solve missing value problems. Furthermore, she mostly
used informal strategies that highlighted multiplicative relationships.

Ela used factor of change as a leading strategy to solve missing value problems. To
illustrate, in the PRET, there was a missing value problem (questions 23) which had
a context involving similar figures. Ela solved the problem by using factor of change
strategy. She identified 14/4 as the scale factor and multiplied 14/4 by 3 and found
52/4. In addition, she explained why she multiplied 3 by 14/4 as follows:

There is a multiplicative relationship. The length of the photograph
increases by 14/4, so the width of the photograph has to increase by
the same ratio. Thus, we should multiply 3 by 14/4 because the
length and width of the photograph increase by the same ratio.

Ela explained the solution by highlighting multiplicative relationships and using a
proportional reasoning language. Similarly, she utilized the same strategy in solving
the other missing value problems of PRET (question 1-4). Additionally, in the post-
interview, she utilized the factor of change predominantly. For example, one of the
problems was “If 8 balloons are 12 TL, how much 6 balloons will cost?”” She utilized
an adaptation of factor of change strategy, in which she simplified the ratio to
identify the integer scale factor (i.e., between-ratio) easier. Firstly, she simplified the
ratio of 8 balloons to 12 TL by dividing both sides by 4 and found the ratio of 2 to 3.
Secondly, she equated 2/3 to 6/? (2/3=6/7), and then, identified the scale factor as 3.
It is important to note that she used an efficient strategy, which facilitated the

computations required to find the missing value, for the problem.

Ela sometimes used factor of change strategy in a ratio table which was a strategy
utilized multiplicative relationships between quantities. The strategy required
viewing ratio as reducible and increasable units and by this way, one could solve the
missing value problems that had noninteger between-ratios. For instance, she solved

some missing value problems in the student teaching by using the strategy. In such a

158



way that she multiplied quantities by scale factors to build ratio tables, and then, find

out the missing values.

Building-up strategy was another strategy she used in some of her solutions. For
instance, she used the strategy to solve a problem, which was exemplified by her, in

the post-interview as follows:

... For example, let’s assume, we buy 2 balls and pay 7 TL. If we
buy 6 balls, we can find the money paid by using building-up. We
can increase the number of balls by twos and the amount of money
by sevens until 6 balls are reached.

In order to solve the problem, she utilized building-up strategy; that is to say, she
increased the number of balls and the amount of money by using additive patterns

until desired quantity was reached.

Ela utilized cross-multiplication strategy in some of her solutions. To illustrate, she
solved some of the missing value problems of PRET (question 1-4) by using the
strategy. However, she did not see cross-multiplication as an indispensable strategy
although she thought that it was one of the effective strategies. For instance, in the

post-interview, she stated:

Researcher: Which strategy will you teach your students as the most
effective strategy to solve missing value problems?

Ela: Cross-multiplication.

Researcher: Why is it an effective strategy?

Ela: Actually, cross-multiplication is a memorized procedure. That is
to say, there is no rationale behind it. But, if a student learns the
concepts correctly, he can use it because it enables to solve quickly.
Researcher: What if a student does not learn ratio and proportion
concepts exactly?

Ela: I will use building-up strategy or factor of change.

Researcher: What is the difference between the strategies and cross-
multiplication?

Ela: As | mentioned earlier, cross-multiplication is a memorized
procedure. However, building-up is easy to understand. Moreover, in
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the cross-multiplication, there is nothing that shows the ratios
between quantities. However, in factor of change strategy, students
can see which quantities are proportional and the ratios of them.

Although she said that cross-multiplication was one of the effective strategies
because of its quickness, she was aware that it consisted of some memorized
procedures lacking meaning. In addition, she stated that she would teach building-up
strategy to her students since it was an understandable strategy rather than a
memorized procedure. In addition, she said that factor of change was also an
understandable strategy since it highlighted multiplicative relationships between

quantities.

Ela paid attention to use of different strategies highlighting multiplicative
relationships. For instance, in the second lesson plan, Ela added some problems
which allowed her to use different strategies without any guiding of the researcher.
In her revision report of the lesson plan, she explained the reasons why she added the

problems as follows:

I changed most of the things in the first lesson plan. In the first plan, |
gave memorized rules and solved the problems by using these rules,
but in the second plan, I tried to solve the problems by using different
strategies that made sense for students.

It can be concluded that Ela was aware that she solved the problems in the first
student teaching by applying memorized rules and arithmetic procedures (e.g.,
inverse proportion algorithm) without giving any meaningful explanation. Moreover,
she emphasized the importance of using different strategies. Furthermore, in order to
teach inversely proportional relationships between variables, she added a problem
that could be solved by concrete materials. She brought sugar candies to the

classroom and told:
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| have 12 sugar candies. There are four students in the classroom. If a
student takes all of the candies, he will get 12 candies. If two students
fairly share them, each of them will get 6 candies. If three students
fairly share them, each of them will get 4 candies. Let’s make a table
(drawing a table on the board and filling it with the number of
students and the number of candies) ... As you can see, when the
number of students increases, the number of candies decreases in the
same ratio.

As seen in the above quote, Ela tried to teach the meaning of being inversely
proportional. In addition, she put emphasis on the relationships between quantities in
an inversely proportional situation. Following, she asked, “If there were six students,
how much sugar candy will each student get?” She solved the problem by using
factor of change strategy in a ratio table and said, “A student gets 12 candies, and so,
6 students will get 2 candies because one is multiplied by 6; thus, we have to divide
12 by 6.” She highlighted multiplicative relationships between the inversely
proportional variables. In addition, she aimed at helping students recognize that the
product of two quantities was a constant number in an inverse proportion, which was
one types of invariance in proportional relationships. Moreover, she encouraged
students to use the constant of proportionality as an alternative strategy to solve the
problem. She utilized the functional relationships between inversely proportional
variables (i.e., x.y=k). In addition, she did not use the inverse proportion algorithm to
solve any inverse proportion problem. It is another evidence for the claim that she
preferred to use strategies that highlighted multiplicative relationships (i.e., factor of

change, constant of proportionality, and unit rate) instead of memorized procedures.

Data indicated that Ela did not have flexibility in unitizing and reunitizing quantities.
In other words, she had difficulties in using composite units when the quantities
suggest that it was more convenient than using singleton units. To illustrate, one of
the problems that she solved by using unit rate strategy was, “If 4 workers paint a
house in 10 days, how long will it take 8 workers to paint the same house?” First of
all, she solved the problem by using the constant of proportionality (writing on the
board: 4x10=40, 8x(?)=40 and (?)=5). Then, she utilized unit rate strategy by finding
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the number of days for a worker as 40 days. Later, she divided 40 by 8 in order to
find the number of days if 8 workers painted the house. As can be seen, she used a
singleton unit (one worker) though a composite unit (4 workers) would be more
efficient for the problem.

It can be concluded that while Ela recognized between-ratio in a proportion, she had
difficulty in recognizing within-ratio. For instance, in the first question of PRET, the
within-ratio was integer, and so, it was a more efficient strategy than between-ratio
for the problem. But, Ela could not recognize integer within-ratio, and used factor of
change, which was a between-ratio strategy, to solve the problem. However, in the
second question, she recognized the efficient strategy that was between-ratio and
utilized integer between-ratio in order to solve the problem. Moreover, she did not
utilize the within-ratio to solve any missing value problem in the relevant

instruments even in cases where it was integer.

Numerical Comparison Problems: Solution Strategies and Processes

Elaused two different strategies, which were fraction strategy and converting
decimal expressions to solve numerical comparison problems. One of the strategies
was fraction strategy, in which the rates were treated as fractions and a common
denominator or numerator was found to make comparisons. To illustrate, in her first
solution of PRET question 6, which asked to compare two mixtures of orange juice
concentrate and water, Ela found the amount of orange juice concentrates in each
mixture for the same amount of water by using the strategy. She found the ratios that
were equivalent to the ratios of the orange juice concentrates to water for each
mixture. Firstly, she wrote the ratios of orange juice concentrates to total mixtures as
fractions and found a common denominator. Secondly, she multiplied 2/3 (the ratio
for the mixture A) by 4/4 to produce 8/12, and then, she multiplied 3/4 (the ratio for
the mixture B) by 3/3 to produce 9/12 which had the same denominator with the first

ratio (8/12). Finally, she compared the amount of orange juice concentrates for the
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same amount of water and concluded that since mixture B had more orange juice
concentrate for the same amounts of water, it had a stronger orange taste than
mixture A. Furthermore, in the post-interview, Ela stated that fraction strategy was
the most effective strategy to solve numerical comparison problems since it
facilitated comparing the ratios by holding one of the variables constant in a
proportional situation.

Another strategy utilized by her was converting decimal expressions. For example, in
her second solution of PRET question 6, she used the strategy. She wrote ratios of
orange juice concentrates to water in fractional form, converted them into decimal
expressions and compared them. She accurately concluded that mixture B had
stronger orange taste than mixture A since the ratio of orange juice concentrates to
water of mixture B was bigger. As a result, she had successfully made connection
between the decimal expressions and the relative strength of the mixtures. In
conclusion, in her both solutions, Ela could explicitly explain her rationale and the
meaning of the quantities she used to determine the relative strength of the mixtures.
Additionally, she used proportional reasoning language in her explanations.
Moreover, she utilized part-to-part ratios by using the ratios of orange juice
concentrates to water in her both solutions. In a similar way, she solved another
numerical comparison of PRET (question 24), which presented three rectangular
clothes with dimensions, by the same strategy. The problem asked pre-service
teachers to determine the cloth that was “the most square”. At first, Ela found the
ratios of width to length and length to width of the three rectangular clothes.
Secondly, she converted all of them into decimal expressions (widths to lengths;
23/35=0.657, 139/155=0.864, 56/75=0.746 and lengths to widths; 35/23=1.52,
155/139=1.11, 75/56=1.33) and compared them. Finally, she accurately determined
that the rectangular cloth with dimensions 155 and 139 was “the most square” and
explained as, “The second cloth was the most square because both the ratio of its

width to length and length to width were closest to 1.” Ela used a multiplicative
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strategy to solve the problem and explained it by using proportional reasoning

language.

In the student teaching, Ela did not ask any numerical comparison problem to her
students. Moreover, in the post-interview, she did not mention any situation that
could be a numerical comparison problem while she was giving examples of

proportional situations in real life.

Qualitative Reasoning Problems: Solution Strategies and Processes

In order to solve qualitative reasoning problems, Ela could make qualitative
comparisons that did not depend on numerical values. Moreover, she could realize
multiplicative relationships in a qualitative reasoning problem. To illustrate, in the
PRET, there were two qualitative problems (questions 7 and 8) which contained no
numerical value, but required the balancing of quantities. Ela solved both problems
accurately by interpreting the qualitative relationship that existed between two
quantities. Moreover, she provided valid explanations by making multiplicative
comparisons between quantities and she used proportional reasoning langue in her

explanations.

In the second student teaching, she did not ask any qualitative reasoning problem to
her students. Moreover, in the post-interview, she did not mention any situation that
could be a qualitative reasoning problem while she was giving examples of

proportional situations in real life.

4.2.2 Findings about Distinguishing Proportional from Nonproportional

Situations after the Proportional Reasoning Instructional Module

Pre-service teachers’ work on classifying relationships as proportional or

nonproportional, identifying ratio as measure and providing examples for
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proportional and nonproportional relationships were analyzed so as to reveal pre-
service teachers’ ability to distinguish proportional from nonproportional situations
after participation in a practice-based instructional module based on proportional
reasoning. In the following section, the results of the analyses are presented.

4.22.1 Gaye’s Findings about Distinguishing Proportional from

Nonproportional Situations

Classifying Relationships as Proportional or Nonproportional

Gaye did not have difficulty in classifying relationships as proportional or
nonproportional. To demonstrate, PRET had some questions (questions 11 to 22)
which asked pre-service teachers to identify whether the given situations were
proportional or nonproportional. In the posttest, Gaye accurately classified all of the

relationships as proportional or not.

Gaye appears to have eliminated the misconception that all linear relationships were
proportional after the instructional module. For instance, in the posttest, she
accurately classified all of the linear and proportional relationships (questions 12, 14,
19 and 20) as proportional and all of the linear and nonproportional relationships
(questions 11,13,15,17 and 21) as nonproportional. Further, in the post-interview,
when the researcher asked her to provide an example of a real life nonproportional
situation, she could exemplify a situation in which quantities had a linear, but
nonproportional relationship. Moreover, the explanations Gaye produced in the
posttest and post-interview supported the same claim. For example, in the posttest,
she supported her statement that question 21 (the table of a linear, nonproportional
relationship) was nonproportional by writing, “It is linear, but there is not any
variable that increases or decreases by the same ratio, so x and y are not
proportional.” It is also important to note that she considered multiplicative

relationships to decide proportionality. In addition, in the post-interview, when the
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researcher asked her to explain how she decided the relationship between the
quantities in question 16 of posttest (the graph of y=x?), she stated:

In a proportional situation, the relationship between variables has to
be both linear and proportional. This graph goes through the origin,
but it is not linear, and so y is not proportional to x. Since y increases
or decreases in the same ratio of X%, y is proportional to x* not x...

As seen in the above quote, Gaye knew that a proportional relationship required both
linearity and proportionality; in other words, she knew that linearity at alone was not
an indicator of proportional relationship, but it was a requirement for the variables to
be proportional. Additionally, it is interesting to note that she not only determined the
nonproportionality of the quadratic relationship, but she also realized the square
proportionality (y=kx?; y is proportional to the square of x) in the situation.

Another evidence for the claim that she did not believe all linear relationships were
proportional is in her second student teaching. In the teaching, Gaye asked the same
tree problem as the first student teaching. Similar to first time, firstly, she found the
points in the coordinate plane; secondly, connecting the dots, and then, drew the line
through the points. However, at this time, she accurately classified the variables in
the problem as nonproportional instead of directly proportional. Moreover, in the
revision report of the lesson plan she explained why she did not remove the problem

as follows:

In the first teaching, | gave incomplete information to students. In the
second time, | made clear that the graph of proportional variables must
go through the origin besides increasing or decreasing in the same
ratio. For this purpose, | deliberately asked the tree problem to
demonstrate that all linear graphs do not indicate direct proportion
between variables.

The explanation seen in the above quote supports the claim that she did not believe

all linear relationships were proportional anymore.
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Gaye’s answer to an interview question in the post-interview also revealed that she
did not hold the misconception about linearity. The question asked pre-service
teachers whether a student was right or not if he said that all linear relationships were
proportional. Unlike she did in the pre-interview, Gaye did not agree with the student

as follows:

Gaye: He is not right... For example, posttest question 15 is a graph of
linear relationship, but it is not proportional...

Researcher: Another student Semih said “All proportional
relationships are linear.” Is Semih right?

Gaye: He is right because the quantities having proportional
relationships have to be linear.

As seen in the above excerpt, she appears to eliminate the misconception that all
linear relationships were proportional. Moreover, she knew that if variables had

proportional relationships, they also had linear relationships.

Identifying Ratio as Measure

Data revealed that Gaye could recognize ratio as a proper method to measure
concentration of a mixture, steepness of ski ramps, shade of paint, and “squareness”
of a rectangle. Further, she mostly utilized proportional reasoning language in her
explanations. To illustrate, in PRET question 6, she used the ratios to measure the
orange concentrations of the mixtures. Moreover, in another PRET problem
(question 9), which asked to comment on the effectiveness of a boy’s strategy about
changing the amount of paint by saving its shade, Gaye accurately determined that

the boy’s strategy was not effective, and explained as follows:

It does not work all the time because we do not know the ratios of
white and blue paints in the beginning mixture. In order to increase
the amount without changing the color, he will have to add the same
ratio of white to blue paints as he used in the beginning. In other
words, if he added one box white and one box blue in the beginning,
then his strategy would be effective. For example, if he added 2 box
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blue and one box white in the beginning, then he would have to add
4/3 glass of blue and 2/3 glass of white paints in order to increase one
quart.

Gaye used the word “ratio” to refer to the relationship between the amount of blue
and white paints in the mixture. She asserted that the ratio of white to blue paints
would not change if the same ratio of paints were added. The statement indicated that
her criterion for whether the shade of paint would stay the same was based on
whether the added mixture would maintain the ratio of white to blue paint. That is to
say, Gaye seems to realize that ratio was a proper method to measure shade of paint.

In addition, in PRET question 10, which asked to determine relative steepness of ski
ramps, she explained that one could rate the ramps from steepest to least steep by
using ratios of the heights to lengths of the bases. That is to say, she used ratio as a
measure of steepness of ski ramps and recognized that the width of the base did not
have an effect on the steepness of the ramps. Furthermore, in PRET question 24,
Gaye found the ratios of the widths to lengths of the three rectangular clothes and
compared them to decide the rectangular cloth which was “the most square”. She
used an accurate multiplicative strategy and saw ratio as a proper measure in the

context of determining “squareness” of a rectangle.

Providing Examples for Proportional and Nonproportional Relationships

Gaye sometimes could not provide a valid example of a proportional relationship. To
illustrate, in the PRET, there was a question (question 5) that asked to provide a word
problem which could be solved by the given equation. In the posttest, Gaye could not
create a missing value word problem in which the quantities related multiplicatively.
She wrote, “A man has 8 cookies and gives his son three of them. If he has 20
cookies, how many cookies will he give to his son?” As seen in the problem, there
was not any statement that implied a proportional relationship. It was unclear

whether the ratio of given cookies to all cookies was kept the same between the two
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cases. Thus, it can be concluded that she could not write a problem that could be
solved.

However, she sometimes could provide a valid example of a proportional
relationship. To demonstrate, in the post-interview, when the researcher asked her to
give an example of a real life proportional situation, she stated:

The relationship between the amount of petrol bought and the amount
of money given can be an example for a proportional situation. For
instance, if a liter of petrol is 5 TL, we can found the amount of petrol
that can be bought with 100 TL by using direct proportion...

She could justify why her example in the above quote was proportional by using the
statement that variables in a directly proportional situation increased by the same

ratio.

In addition, she was able to create valid examples of nonproportional relationships.
For instance, in the post-interview, when the researcher asked her to give examples
of real life nonproportional situations, she could provide two valid examples of
nonproportional situations. First of all, she provided an example in which the
variables had a constant relationship. Then, when the researcher asked her to create

one more example, she stated:

Ali and Ayse went to a part. Each of them paid 100 TL for the
entrance ticket, and they paid 5 TL for each drink. Ali drank 5 drinks
and Ayse drank 10 drinks... There is not any ratio between the
number of drinks and the amount of money paid.

As seen in the above quote, she gave an example in which the variables had an
additive relationship. Moreover, she could justify why her example was

nonproportional.
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4222 Mine’s Findings about Distinguishing Proportional from
Nonproportional Situations

Classifying Relationships as Proportional or Nonproportional

Mine did not have difficulty in classifying relationships as proportional or
nonproportional. To demonstrate, PRET had some questions (questions 11 to 22)
which asked pre-service teachers to identify whether the given situations were
proportional or nonproportional. In the posttest, Mine accurately classified all of the

relationships as proportional or not.

Data revealed that Mine knew all linear relationships were not proportional and all
proportional relationships were linear. For example, in the posttest, she accurately
classified the linear and proportional relationships (questions 12, 14, 19 and 20) as
proportional and the linear and nonproportional relationships (questions 11, 13, 15,
17 and 21) as nonproportional and the quadratic relationships as nonproportional
(questions 16, 18 and 22). Moreover, in the post-interview, when the researcher
asked whether a student was right or not if he said that all linear relationships were
proportional. Mine did not agree with the student and she stated that for the variables
to be proportional, linearity was not enough. When the researcher asked that whether
another student was right or not if he said that all proportional relationships were
linear. She gave right to the student and said, “For the variables to be proportional,
they have to be linear.” Additionally, in the student teaching, she exemplified the
nonproportional situations that had additive relationships and emphasized that all

linear relationships were not proportional.

The explanations Mine made in the posttest and post-interview support the claim that
she knew that if variables had proportional relationships, they also had to have linear
relationships. To illustrate, in the posttest, she supported her statement that question

16 (the graph of quadratic relationship) was nonproportional by writing, “The graph
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goes through the origin, but it is not linear. Therefore, the relationship between x and
y cannot be proportional.” Furthermore, in the post-interview, when the researcher
asked her to tell how she decided the relationships between the quantities in posttest
question 16 (the graph of y=x?) and 18 (the equation of y=3x%), she explained her
answers as presented in the following quote:

Questions 16 and 18 have similar relationships. The equation of them
is y=mx?. If | give one for x, y will be m; give two for x, y will be 4m.
Namely, as | increase x by 2, y increases by 4. So, x and y are not
proportional because they do not increase in the same ratio. Moreover,
the graph (showing question 16) goes through the origin, but it is not a
straight line.

Mine accurately classified the quadratic relationships as proportional. Furthermore,
she stressed that the variables in the questions did not increase in the same ratio,
which was required to be proportional. In addition, when the researcher asked her
whether any variables were proportional in these questions, she noticed that the
relationship between y and x* were proportional while x and y were not proportional

for these questions.

Mine could distinguish situations in which proportionality was not an appropriate
mathematical model from situations in which it was useful and explain why. For
example, in the posttest, she mostly explained her claims about proportionality by
using the statement that variables in a proportional situation had to increase or
decrease in the same ratio. In fact, she not only considered that the direction of
change of the related quantities had to be the same, but she also considered that the
change between the quantities had to be in the same ratio. Furthermore, for some
questions in the posttest, she explained her rationale by using multiplicative and
additive relationships and their connections with proportionality. For instance, she

justified her rationale for questions 11 and 15 in the post-interview:
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| stated that questions 11 and 15 were not proportional because both of
them have additive relationships. Both of them have an expression of
addition like “plus n”. In question 11, adding 2.2 (writing on the sheet:
y=1.9x+2.2) causes additive relationship and prevents multiplicative
one which makes proportionality. Similarly, in question 15, the
equation is y=mx+n in which adding “n” destroys the proportionality.

It seems that Mine distinguished multiplicative relationships from additive
relationships. In addition, she stated that while proportional relationships had a
multiplicative structure, additive structure did not establish a proportional
relationship between quantities. Moreover, she used proportional reasoning language

in her explanation.

Correspondingly, in the student teaching, she introduced multiplicative, additive and
constant relationships and explained whether they were proportional or not. For
example, while she was clarifying why a multiplicative relationship was

proportional, she said:

The problem asked if a student solves 60 questions in 40 minutes, how
many questions will he solved in 10 minutes... If I divide the number
of minutes (40) by 2, I will find 20 minutes. Be careful! | did not
subtract 20 minutes, | divided by 2 because if | subtracted, the ratios
will not be equal and the proportion will not be established...

It is important to note that Mine realized the multiplicative relationship between two
variables. Moreover, she pointed out that additive relationships were not proportional

since there were not equal ratios.

In addition, in the student teaching, she asked problems that had constant relationship
between quantities. For instance, she asked, “If a T-shirt dries in 10 minutes, how
many minutes will five T-shirts take to dry?”” Her students answered as 50 minutes.
She explained that the drying time of a T-shirt, 10 T-shirts or 100 T-shirts would not

change; therefore, the drying time and the number of T-shirts were not proportional.
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Furthermore, in the revision report of the lesson plan she explained why she added
the problems that had constant relationships:

In the first student teaching, | only gave examples of additive
situations for nonproportional quantities. In the second time, | added
two problems that had constant relationships between quantities
because I think such problems will develop students’ logical point of
view and indicate that additive relationships are not the only situation
that have nonproportional relationships.

As seen in the above quote, Mine knew that additive and constant relationships were

nonproportional situations.

Identifying Ratio as Measure

Data indicated that Mine could recognize ratio as a proper method to measure
concentration of a mixture, steepness of ski ramps, and “squareness” of a rectangle.
Additionally, she mostly utilized proportional reasoning language in her
explanations. For example, in PRET question 6, she used the ratios to measure the
orange concentrations of the mixtures. Furthermore, in PRET question 10, which
asked to determine relative steepness of ski ramps; she made a multiplicative
comparison to measure the attribute. In other words, she used ratio as a measure of
steepness of ski ramps and noticed that the width of the base did not have an effect
on the steepness of the ramps. Moreover, in PRET question 24, Mine calculated the
ratios of length to width of the three rectangular clothes and compared them to find
the rectangular cloth which was “the most square”. That is to say, she used an
accurate multiplicative strategy and saw ratio as a proper measure in the context of

determining “squareness” of a rectangle.
On the other hand, data showed that Mine did not see ratio as a proper method to

measure shade of paint. In fact, she used an additive comparison to measure the

attribute instead of a multiplicative comparison. For instance, in a PRET problem
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(question 9), which asked pre-service teachers to comment on the effectiveness of a
boy’s strategy about changing the amount of paint by saving its shade, Mine
concluded that the boy’s strategy was ineffective. However, she only mentioned the
amounts of the paints in the original and new mixture. In addition, she argued that
the color of new mixture would not change if the original mixture had the same
amount of white and blue paints. Actually, she did not mention the ratios of white
and blue paints that made up the original and new mixtures. It can be concluded that
Mine still did not see ratio as a proper measure in the context of determining shade of

paint.

Providing Examples for Proportional and Nonproportional Relationships

Mine was able to provide valid examples of proportional relationships. For instance,
in the PRET, there was a question (question 5) that asked to provide a word problem
which could be solved by the given equation. Mine created a missing value word
problem, which had a context involving enlarging a rectangular shape, and asked to
find how many centimeters the enlarging figure’s length would be. Since the
noninteger answer was 7.5 centimeters, it made sense in the context. Moreover, she
created a problem in which the quantities had proportional relationships. Similarly, in
the post-interview, when the researcher asked her to give an example of a real life
proportional situation, she was able to create a valid example of a proportional

situation.

Additionally, Mine could create valid examples of nonproportional relationships. For
example, in the post-interview, when the researcher asked her to give examples of
real life nonproportional situations, she was able to create two valid examples. First
of all, she provided an example in which the variables had a linear and
nonproportional relationship. Then, when the researcher asked her to create one more
example, she gave an example in which the variables had constant relationship as

follows:
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If one shirt dries in 10 minutes, 2 shirts will dry in 10 minutes, too.
The time and the number of shirts are not proportional because the
time for drying one shirt, 2 shirts or 20 shirts does not change when
the number of shirts increases.

In conclusion, Mine could provide nonproportional real life examples in which the
variables had additive and constant relationships. Furthermore, she could explain

why the variables in the situation did not have proportional relationship.

4.2.2.3 Ela’s Findings about Distinguishing Proportional from Nonproportional

Situations

Classifying Relationships as Proportional or Nonproportional

Ela did not have difficulty in classifying relationships as proportional or
nonproportional. For example, PRET had some questions (questions 11 to 22) which
asked pre-service teachers to identify whether the given situations were proportional
or nonproportional. In the posttest, Ela accurately classified all of the relationships as

proportional or not.

Data indicated that Ela knew all linear relationships were not proportional and all
proportional relationships were linear. For instance, in the posttest, she accurately
classified the linear and proportional relationships (questions 12,14,19 and 20) as
proportional and the linear and nonproportional relationships (questions 11,13,15,17
and 21) as nonproportional and the quadratic relationships as nonproportional
(questions 16, 18 and 22). Some statements of Ela in the post-interview are evidence
supporting the same claims. The researcher asked her to determine whether a student
was right or not if he said that all linear relationships were proportional. Ela did not

agree with the student. The related excerpt is as follows:
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Ela: He is not right. All linear relationships could not be proportional.
For example, in the equation y=mx+n, y and x are not proportional,
though the relationship between them is linear.

Researcher:  Another student Semih said “All proportional
relationships are linear.” Is Semih right?

Ela: Yes, it is true. If they are proportional, they are also linear.
Researcher: Are you sure? Why?

Ela: Yes. Proportional variables must be linear because the equation is
y=mX.

Ela could explain the difference between functions of the form y=mx and functions
of the form y=mx+n. Without doubt, in the latter function y was not proportional to

X.

The explanations Ela made in the posttest and post-interview support the claim that
she knew that all proportional relationships were linear. In the situations that had
quadratic relationships (questions 16, 18 and 22), she stated that for the variables to
be proportional, they had to be linear, not parabolic. It can be concluded that Ela
knew that linearity at alone was not an indicator of proportional relationship, but it

was a requirement for the variables to be proportional.

Ela could distinguish situations in which proportionality was not an appropriate
mathematical model from situations in which it was useful and explain why.
Moreover, she not only considered that the direction of change of the related
quantities had to be the same, but she also considered that the change between the
quantities had to be in the same ratio. To illustrate, she supported her decision that
question 11 (a linear, nonproportional relationship presented in language) was
nonproportional by writing, “The quantities do not increase by the same ratio
because as the number of kilometers increase by two, the money given to taxi driver
increase by 1.46” In addition, in the post-interview, when the researcher asked her to
explain how she decided on the relationship between the quantities in the posttest
question 22 (the table of a linear, nonproportional relationship), she clarified as

follows:
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Researcher: Why did you conclude that the relationship in question 22 was
not proportional?

Ela: Because they do not increase by the same ratio.

Researcher: Can you explain?

Ela: Look! x is multiplied by 6/4 (showing 4 and 6 in the table), but in
here, x is multiplied by 18/8 (showing 18 and 8 in the table).
Similarly, as x is multiplied by 2 in here (showing 4 and 8 in the
table), x is multiplied by 4 (showing 8 and 32 in the table). So, x and y
are not proportional, but we can say that x* and y are proportional.
Researcher: Why?

Ela: Because as x°, 4x4=16, is multiplied by 4 to obtain 8x8=64, v is
also multiplied by 4 (showing 8 and 32 in the table).

She could provide evidence to support her claims about proportionality. Furthermore,
it is interesting to note that she realized the square proportionality (y=kx%; y is
proportional to the square of x) in the situation.

In a similar manner, in the second student teaching, she emphasized that proportional
relationships increased or decreased in the same ratio. In other words, she taught her
students that increasing or decreasing at the same time did not enough for the
variables to be proportional. Furthermore, she presented situations that had
multiplicative, additive and constant relationships and explained whether they were
proportional or not. For example, while she was clarifying why a situation that had a

constant relationship between variables was not proportional, she stated:

The problem asked if a T-shirt dries in ten minutes, how many
minutes will five T-shirts take to dry. Time and the number of T-shirts
are not proportional because the number of T-shirts does not make any
difference in time that is required for the T-shirts to dry. Drying time
of a T-shirt or 100 T-shirts does not matter. Remember! For the
variables to be proportional they must have multiplicative
relationships; in other words, they must increase by the same ratio.
But, for the problem, as the number of T-shirts increases, drying time
is constant.
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She stated that while proportional relationships had a multiplicative structure,
constant relationship did not establish a proportional relationship between quantities.

Additionally, she utilized proportional reasoning language in her explanation.

In addition, in the posttest and post interview, for the linear and nonproportional
relationships (questions 11,13,15,17 and 21), she explained her rationale by using
multiplicative and additive relationships and their connections with proportionality.
In fact, she argued that while proportional relationships had a multiplicative
structure, additive structure did not establish a proportional relationship between

quantities.

Identifying Ratio as Measure

Data revealed that Ela could recognize ratio as a proper method to measure
concentration of a mixture, steepness of ski ramps, shade of paint, and “squareness”
of a rectangle. Furthermore, she mostly utilized proportional reasoning language in
her explanations. To illustrate, in PRET question 6, she used the ratios to measure the
orange concentrations of the mixtures. Moreover, in another PRET problem
(question 9), which asked to comment on the effectiveness of a boy’s strategy about
increasing the amount of paint without changing the color, Ela accurately determined

that the boy’s strategy was ineffective, and provided the following explanation:

The strategy works provided that the ratio of white to blue paints in
the beginning mixture is equal to the ratio of white to blue paints in
the second mixture. Therefore, it is important to know the ratio of
white to blue paints in the beginning mixture. If it is 1/1, the strategy
works. Yet, we do not know the ratio. Therefore, it does not work all
the time.

As seen in the above explanation, Ela utilized proportional reasoning language.
Moreover, she used the word “ratio” to refer to the relationship between the amount

of blue and white paints in the mixture. She asserted that the color of the new
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mixture would not change if the same ratio of paints was added. This assertion
indicated that her criterion for whether the shade of paint would stay the same was
based on whether the added mixture would maintain the ratio of white to blue paint.
It can be concluded that Ela recognized that ratio was a proper method to measure

shade of paint.

Additionally, in PRET question 10, which asked to determine relative steepness of
ski ramps, she explained that one could rate the ramps from steepest to least steep by
using ratios of the heights to lengths of the bases. Namely, she used ratio as a
measure of steepness of ski ramps and recognized that the width of the base did not
have an effect on the steepness of the ramps. Further, in PRET question 24, Ela
found the ratios of the widths to lengths of the three rectangular clothes and
compared them to determine the rectangular cloth which was “the most square”. She
used an accurate multiplicative strategy and saw ratio as a proper measure in the

context of determining “squareness” of a rectangle.

Providing Examples for Proportional and Nonproportional Relationships

Ela was able to create valid examples of proportional relationships. For instance, in
the PRET, there was a question (question 5) that asked to provide a word problem
which could be solved by the given equation. Ela could write a missing value word
problem, which was, “A farmer divides a field into 8 equal parts and irrigates 3 parts.
If the farmer divides the same field into 20 equal parts, find the number of parts that
can be irrigated by the same amount of water?” The noninteger answer (7.5 parts of
the field) made sense in the context. Briefly, she created a valid problem in which the
quantities had proportional relationships. Correspondingly, in the post-interview,
when the researcher asked her to give an example of a real life proportional situation,

she was able to create a valid example of a proportional situation.
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Furthermore, Ela could create valid examples of nonproportional relationships. For
example, in the post-interview, when the researcher asked her to give examples of
real life nonproportional situations, she was able to create two valid examples. The
first example of her was a situation that had linear and nonproportional relationships
between variables. The second example was a situation that had constant relationship
between variables. In brief, Ela could provide nonproportional real life examples in
which the variables had additive and constant relationships. Moreover, she could
justify why her examples were nonproportional by using the statement that variables
in a proportional situation had to increase or decrease by the same ratio.

4.2.3 Understanding the Mathematical Relationships Embedded in Proportional

Situations

In order to investigate pre-service teachers’ understanding of mathematical
relationships embedded in proportional situations, the four key understandings, if
any, they used to define proportionality concepts and to determine proportional
relationships were analyzed. Moreover, their difficulties in defining proportionality
concepts and understanding the key understandings were presented. In the following
section the results of the analyses after the proportional reasoning instructional
module are presented under two subcategories: defining proportionality concepts and

determining proportional relationships.

4.2.3.1 Gaye’s Findings about Understanding the Mathematical Relationships

Embedded in Proportional Situations

Defining Proportionality Concepts

Gaye knew true definitions of ratio and proportion. Additionally, she could explain

the differences between the terms. Moreover, she used proportional reasoning
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language in her definitions. For instance, she defined the terms ratio and proportion

in the post-interview as follows:

Ratios are used to compare quantities. The ratio of 12 marbles to 8
marbles is an example of a ratio because these are two quantities and
they are compared relatively. On the other hand, a proportion is a
name we give to a statement that two or more ratios are equal.

She utilized one of the key understandings that was equality of rate pairs (key
understanding 3) to define proportion. Furthermore, she appears to eliminate the
misconception that a ratio could not have a zero as its second component. To

illustrate, she stated in the second student teaching:

Gaye: Ratio is relative conditions namely relative comparisons of two
quantities. It can be represented “a/b”; a and b are real numbers. May
these quantities a and b be zero?

Students: No. “b” cannot be zero.

Gaye: Are you sure? For instance, there are 5 cars in a garage and no
cars in another garage, we can compare them.

Student: Yes, it can be, but both of them cannot be zero.

Gaye: Think about it. I will turn back here while teaching graphs.

Gaye: | want to ask you a question, can we compare non-existent
quantities, I mean comparing zero to zero?

Student: ... (No answer)

Gaye: We can compare. If we consider the same garage example, we
can compare the number of cars in two empty garages. By the same
way, look at the graph of the proportional relationship, it passes from
x=0 and y=0; that is, it passes from the origin.

Gaye not only eliminated her misconception that a ratio could not have a zero as its
second component, but she also tried to prevent her students to believe the same
misconception. Furthermore, she explained the possibility of comparing non-existent
(e.g., zero car to zero car) quantities by using real life situations. Moreover, she
utilized that proportional relationships were presented graphically by lines that

passed through the origin (key understanding 2).
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Gaye could define direct proportion by considering the constant ratio that defined the
relationship between the variables in a direct proportion. For instance, in the second
student teaching, she mentioned that there were two different types of proportional
situation and she defined direct proportion by using proportional relationships’
multiplicative nature (key understanding 1) and noted that directly proportional
relationships increased or decreased by the same ratio.

Data indicated that Gaye could define the constant of proportionality for both direct
and inverse proportions. In addition, she stressed invariance of the ratio of two
quantities in a direct proportion and invariance of the product of two quantities in an
inverse proportion by indicating the equations of directly and inversely proportional
situations. Moreover, she emphasized that both k and 1/k were the constant of
proportionality; in other words, she appears to realize that a constant multiplicative
relationship existed between two quantities and it could be expressed in two ways.
Furthermore, in the post-interview, when the researcher asked her in which posttest
questions she used the constant of proportionality, she accurately determined the

constants of proportionality in the proportional situations.

Determining Proportional Relationships

Gaye could explain the presence of proportional relationships by using the key
understandings. For example, in the second student teaching, she explained how she
discriminated proportional quantities from non-proportional quantities as,
“...variables are proportional when one variable increases, the other increases in the
same ratio, and when one variable decreases the other also decreases in the same
ratio, simultaneously.” As can be seen, she not only pointed out that the direction of
change of the related quantities was the same, but she also emphasized that the
change between the quantities had to be in the same ratio. In brief, she utilized the
key understanding 1. Furthermore, in the second student teaching, while she was

teaching proportional relationships, she set the algebraic expression of a proportional
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situation by using multiplicative nature of proportional relationships (key

understanding 1) as follows:

As mentioned earlier, the proportion is always equal to a number, we

call it m; %=§=%=m. Let’s take the first ratio, %= m, and

multiply each side of the equation with “b”. It will be a=mb. It means
“a” increases by “m” factor of “b”. In order to draw the graph of a

proportion, we can write §=m. By the same way, y=mx. For
example, in the equation, m would be 2; then, if x=1, y =2; if x=2,

Ce 9

y=4. As you can see “y” increases by two factor of “x”. That is to say,
it always increases by the same ratio. [ will show this in a graph... As
you see, it is a line passes through the origin.

As seen in the above quote, Gaye made use of key understanding 1 to identify
proportional relationships. Moreover, she accurately drew the graph of the
proportional relationship represented as an algebraic expression, which indicated that
she knew the key understanding 2. In other words, she could make connections
between the algebraic expression and the graph of a proportional situation. On the
other hand, in another problem in the student teaching, she had difficulty in making
connection among table and algebraic expression of a proportional situation. She
asked students to draw the graph of a proportional situation presented in a table and
found the algebraic expression of the relationship. In the table, there were the
numbers of questions that a student solved at different days (e.g., 7 questions in 2
days, 14 questions in 4 days). She accurately drew the graph and pointed out the key
understanding 2. However, she could not accurately write the algebraic expression of

the situation, and could not explain how she found it. She stated:

Gaye: | will write the equation of the proportional situation. For
example, for the equation y=2x how many did “y” increase?
Remember, it increased by twos. Now, look at the table and graph, we
should find the value that the number of days increased by.

Days 2 4 8
Questions 7 14 28
Students: It increases by twos.
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Gaye: Yes, true. So the equation is “2 x number of days = 7 x number
of solved questions” because the number of day increases by twos and
the number of solved question increases by sevens.

Students: We do not understand the equation.

Gaye: In order to ensure equality, the number of days should increase
by twos and the number of solved questions should increase by
sevens.

Student: | do not understand.

Gaye: | cannot explain anymore. You have got a problem in the
equation part.

As can be understood from the excerpt, she had difficulty in finding the equation of
the proportional relationship represented as a table. She wrote “2 x number of days =
7 x number of solved questions” instead of “7 x number of days = 2 x number of
solved questions”. She did not realize her mistake; moreover, she said that her
students had a problem. Furthermore, it can be concluded that she did not exactly
understand the statement that a proportional relationship could be represented
symbolically as y = kx, where k was the slope, the unit rate, and the constant of
proportionality (key understanding 4) because if she understood it, she would try to
find the slope of the line from the graph or the constant of proportionality by using
ratios of the variables, and put one of them, which were the same, in the equation,

y=Kkx.

Gaye could adequately use the key understandings to justify her classifications about
proportional relationships. The justifications of Gaye about her classifications in
PRET questions 11-22 in the posttest and post-interview were evidence for the claim.
In order to get in-depth information, in the post-interview, the researcher asked Gaye
to explain how she decided the relationships between the quantities in PRET

questions 11-22.
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Table 4.4 Classifications and explanations about proportional relationships in PRET
questions 11-22

Posttest Post-interview

Question

Classification

Explanation

Classification

Explanation

11 (Language)

Not
Proportional

Key Understanding 1

Not
proportional

Key Understanding
1

12 (Language)

Proportional

Not Clear

Proportional

Key Understanding
1

13 (Language)

Not
Proportional

Key Understanding 1

Not
Proportional

Key Understanding
1

14 (Graph) Proportional Key Understanding 1 Proportional Key Understanding
Key Understanding 2 1, Key
Understanding 2
15 (Graph) Not Key Understanding 1 Not Key Understanding
Proportional Key Understanding 2  Proportional 1, Key
Understanding 2
16 (Graph) Not Key Understanding 1 Not Key Understanding

Proportional

proportional

1, Key
Understanding 2

17 (Equation)

Not
Proportional

Key Understanding 1

Not
Proportional

Key Understanding
1

18 (Equation)

Not
Proportional

Key Understanding 1

Not
Proportional

Key Understanding
1

19 (Equation)

Proportional

Key Understanding 1

Proportional

Key Understanding
1

20 (Table) Proportional Key Understanding 1 Proportional Key Understanding
1, Key
Understanding 4
21 (Table) Not Key Understanding 1 Not Key Understanding
Proportional Proportional 1
22 (Table) Not Not Clear Not Key Understanding

Proportional

Proportional

1, Key
Understanding 3,
Key Understanding
4
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Table 4.4 shows the classifications and the explanations of Gaye for each question in
the posttest and post-interview. Although all of the classifications were the same in
both instruments, there were some additional key understandings and detailed
explanations in the post-interview. In fact, some of Gaye’s explanations were not
clear in the posttest. However, when the researcher asked her to explain her rationale
for her classifications she made use of the key understandings in the post-interview.
For example, in question 22 (presented in table), she could write the equation of the
variables in the table as y=1/2x, but she could not explain why the equation was not
proportional in the posttest. On the other hand, in the post-interview, she stated:

Gaye: The equation of the relationship is y=1/2x% y is proportional to
x> not X.... For the variables to be proportional, x and y have to
increase in the same ratio. In here, 4 increases by 2, but 8 increases by
4,

Researcher: In order to determine whether the relationship is
proportional or not what should we consider? Is there anything else?
Gaye: We should consider the ratio of x to y, the result has to be a
constant number which is called the constant of proportionality. It is
also slope of the graph constructed by x and y. For this question, xi/y1
(4/8) is not equal to xaly, (6/18) and xi/x, (4/6) is not equal to yily,
(8/18).

Researcher: You said that for the variables to be proportional, xi/x;
has to be equal to yi/y,. Is it true?

Gaye: Yes.

Researcher: Does the result also have to be equal to x3/X4?

Gaye: No it does not. It may increase by 2, 3 or any other number.

As seen in the above excerpt, Gaye utilized three different key understandings to
confirm her claim that x and y were not proportional. Specifically, she made use of
proportional relationships’ multiplicative nature (key understanding 1) and noted that
there was a proportional relationship between x* and y instead of x and Y.
Furthermore, she checked several rate pairs (key understanding 3) and concluded that
there was not a constant of proportionality which was also the slope of the graph of x
and y (key understanding 4). She seems to have understood the relationship between

the slope and the constant of proportionality, but she did not mention the unit rate
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that was equal to both of them. In addition, she knew that the constant of
proportionality was equal to within-ratio instead of between-ratio that was the ratio

between x values (e.g., X1/Xz, Xa/Xa).

As shown in the Table 4.4, Gaye used the four key understandings to justify her
classifications. Her foremost justification to explain whether a relationship was
proportional or not was that proportional relationships were multiplicative in nature
(key understanding 1). Actually, in both posttest and post-interview, she made use of
key understandingl for explaining all the relationships. However, while she used key
understanding 1 for some questions at alone, for some questions, she used the other
key understandings, as well. To illustrate, in the post-interview, she used only key
understanding 1 to explain why the relationships presented in language (question 11,
12 and 13) and equation (question 17, 18 and 19) were proportional or not. However,
she utilized key understanding 2, besides key understanding 1, to justify her
classifications in questions 14, 15 and 16. Perhaps this is because the questions were
presented as graph, which allowed her to utilize key understanding 2. For instance,
in the post-interview, in order to justify her classification for question 16, which

presented the graph of y=x?, she said:

It is not proportional because it is a graph of y=x°. For x and y to be
proportional, the equation should be, y=mx, in other words, y should
be increased by a multiplier of x. But in here, it is increased by a
multiplier of x* so x and y are not proportional despite the graph pass
from (0,0). In a proportional situation, the relationship between
variables has to be both linear and proportional. This graph goes
through the origin but it does not linear, and so, y is not proportional
to x.

As seen in the above quote, she used key understandings 1 and 2 to justify her
rationale. Besides these arguments, she appears to have known that proportional
relationships could be expressed algebraically in the form y=mx. In addition, she did

not provide any explanation based on a misconception. To show, as seen in the above
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quote, she appears to have understood that linearity at alone could not be a
justification of proportional relationship.

Furthermore, she used key understandings 1, 3 and 4 to determine whether the
relationships presented in table (question 20, 21 and 22) were proportional or not. To
demonstrate, in order to determine the relationship in question 20, she generated the
equation (y=3/2x) of the relationship presented in table and explained the presence of
proportionality by saying, “y increases or decreases by 3/2 factor of x” in both
posttest and post-interview (key understanding 1). Moreover, in the post-interview,
she made connection between constant of proportionality and slope as she explained

in the following excerpt:

Gaye: By using the relationship between x and y in the table, I can
generate a linear equation that is x=2/3y. This is an equation of
proportional relationship.

Interviewer: Can you show us algebraic expression and graph of two
variables that are related proportionally.

Gaye: The equation should be as y=mx or x=my because the ratio of
y/x or x/y always should be equal to a real number like m. We call
“m” constant of proportionality.

Interviewer: Is “m” called anything else?

Gaye: It is also slope.

Interviewer: Why?

Gaye: Look (drawing a line graph on a sheet). In order to find slope,
one should look at the changes in the x and y axis. | am assumed the
change for x is “a”, the change for y is “b” and then the slope of the
line would be “a/b”. In that case, the equation of the line would be
“y=a/b.x”, a/b is equal to m as I said earlier. Additionally, the slope
for a line should be the same for every point in the line. Similarly, the
ratio in a graph of a proportional relationship should be the same at all
the time and every points. In this way, we can make connection
between them.

Gaye not only made connection between constant of proportionality and slope, but
she also made connection among table, graph and algebraic expression of a
proportional situation. Furthermore, she stated that “m” in the equation, “y=mx”,

represented the slope and the constant of proportionality (key understanding 4). As
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aforementioned, she appears to understand the relationship between the slope and the
constant of proportionality, but she did not mention the unit rate that was equal to
both of them.

4.2.3.2 Mine’s Findings about Understanding the Mathematical Relationships

Embedded in Proportional Situations

Defining Proportionality Concepts

Mine knew true definitions of the terms ratio and proportion. Additionally, she could
explain the differences between the terms. Moreover, she used proportional
reasoning language in her definitions. For example, in the second student teaching,
she defined ratio as, “Ratio is a multiplicative comparison of two quantities. It tells
us how much of one thing there is compared to another” and defined proportion as,
“Proportion is equality of at least two ratios”. It can be concluded that she utilized

key understanding 1 and key understanding 3 to define ratio and proportion terms.

Mine could define the direct and inverse proportions by using proportional
relationships’ multiplicative nature (key understanding 1). For instance, she defined

the terms in the post-interview as follows:

If one variable increases, the other one also increases by the same
ratio, and if one variable decreases, the other one also decreases by the
same ratio; the variables have a directly proportional relationship.
However, if one variable increases, the other one decreases by the
same ratio and if one variable decreases, the other one increases by the
same ratio; they have an inversely proportional relationship.

She emphasized that the change between the quantities had to be in the same ratio in
a proportional situation. In other words, she considered the constant ratio that defined

the relationships between the variables in direct and inverse proportions.
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Mine could define the constant of proportionality for both direct and inverse
proportions. To illustrate, in both post-interview and student teaching, she stressed
that directly proportional relationships were represented by y/x=k and inversely
proportional relationships were represented by x.y=k, in which k was the constant of
proportionality. Additionally, she explained that k was also the slope of the graph of
the proportional variables and made connections between the constant of
proportionality and the slope. Yet, she did not mention that k was also the unit rate.
Therefore, it can be concluded that she inadequately utilized key understanding 4.

In addition, in the post-interview, as she defined the constant of proportionality, she
exemplified the relationship between the amount of apples bought and the amount of
money given and she argued that the constant ratio between the elements of the same
measure space (i.e., the amount of apples/ the amount of money), within-ratio, was
the constant of proportionality. In contrast, in the second student teaching, she said
that the constant of proportionality was equal to both within and between-ratio while
she was teaching her students how to solve a proportional problem. The problem was
“If a car needs 20 liters of fuel to travel 140 kilometers, calculate the amount of fuel

the car will need to travel 35 kilometers?” She explained it as:

Mine: In order to solve the problem, let’s find the constant of
proportionality.

Student: It is 7/1

Mine: Yes, 7/1 or 1/7 is the constant of proportionality. But, can we find
other constants of proportionality for the problem?

Students: No.

Mine: We can find because the ratios of kilometers to liters, liters to liters or
kilometers to kilometers are all the constants of proportionality. For example,
20litres / 5litres = 140kilometers / 35kilometers = 4; since the ratios are equal
to 4, it is also the constant of proportionality.

As seen in the excerpt above, she held the misunderstanding that the constant of
proportionality was equal to both within and between-ratios. Unfortunately, it was

the same mistake she did prior to instructional module. Unlike the post-interview
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results, she appears to keep the misunderstanding. It seems that she went back her
inaccurate statement about constant of proportionality while she was teaching since
she did not internalize the concept. However, she emphasized that the constant of
proportionality could be expressed in two ways. Moreover, in the post-interview,
when the researcher asked her in which posttest questions she used the constant of
proportionality, she accurately determined the constants of proportionality in the

proportional situations.

Determining Proportional Relationships

Mine could explain the presence of proportional relationships by using the key
understandings. To demonstrate, in the post-interview, she explained how to decide
whether two variables were proportional to each other as follows:

If two variables, x and y, were proportional, there has to be a constant
multiple between the measures of them. In other words, a constant
number has to exist when the measure of the first variable, x, is
divided by the measure of the second variable, y.

Mine made wuse of proportional relationships’ multiplicative nature (key
understanding 1) and the equality of the rate pairs in a proportional situation (key

understanding 3) to determine the presence of proportionality.

Mine could adequately use the key understandings to justify her classifications about
proportional relationships. The justifications of Mine about her classifications in
PRET questions 11-22 in the posttest and post-interview were evidence for the claim.
In order to get in-depth information, in the post-interview, the researcher asked Mine
to explain how she decided the relationships between the quantities in PRET
questions 11-22. Table 4.5 shows the classifications and the explanations of Mine for
each question in the posttest and post-interview. Although all of the classifications
were the same in both instruments, there were some additional key understandings

and detailed explanations in the post-interview.
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Table 4.5 Classifications and explanations about proportional relationships in PRET

questions 11-22

Posttest

Post-interview

Question

Classification

Explanation

Classification

Explanation

11 (Language)

Not
Proportional

Key Understanding 1

Not
proportional

Key Understanding 1

12 (Language)

Proportional

Key Understanding 1

Proportional

Key Understanding 1

13 (Language) Not Key Understanding 1 Not Key Understanding 1
Proportional Proportional

14 (Graph) Proportional Key Understanding 1 Proportional Key Understanding 2

Key Understanding 2 Key Understanding 4

Key Understanding 1

15 (Graph) Not Key Understanding 1 Not Key Understanding 1

Proportional Key Understanding 2 Proportional Key Understanding 2

16 (Graph) Not Key Understanding 2 Not Key Understanding 2

Proportional Key Understanding 1 proportional Key Understanding 1

17 (Equation) Not Key Understanding 1 Not Key Understanding 1
Proportional Proportional

18 (Equation) Not Key Understanding 1 Not Key Understanding 1
Proportional Proportional

19 (Equation) Proportional Key Understanding 1 Proportional Key Understanding 1

Key Understanding 4

20 (Table) Proportional Key Understanding 1 Proportional Key Understanding 1

Key Understanding 3 Key Understanding 4

Key Understanding 3

21 (Table) Not Key Understanding 1 Not Key Understanding 1

Proportional Proportional Key Understanding 4

22 (Table) Not Key Understanding 1 Not Key Understanding 2

Proportional

Proportional

Key Understanding 1
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As shown in the Table 4.5, Mine used the four key understandings to justify her
classifications about proportional relationships. In addition, her foremost justification
to explain whether a relationship was proportional or not was that proportional
relationships were multiplicative in nature (key understanding 1). Actually, in both
posttest and post-interview, she made use of key understandingl for explaining all
the relationships. However, while she used key understanding 1 in some questions at
alone, in some questions, she used the other key understandings, as well. For
example, in the posttest, she utilized only key understanding 1 to explain why the
relationships presented in language (question 11, 12 and 13), equation (question 17,
18 and 19) and table (question 21 and 22) were proportional or not. However, she
used key understanding 2, besides key understanding 1, to justify her classifications
in questions 14, 15 and 16 which were presented in graphs. Nature of the
representation seems to affect her selection of the key understanding in these
questions because the questions were presented as graph which allowed her to utilize
key understanding 2. In a similar way, in the post-interview, she used key

understanding 2 to justify her classifications for question 14, 15 and 16.

Mine did not provide any explanation based on a misconception. Additionally, she
appears to eliminate her misconception about a ratio could not have a zero as its
second component. To illustrate, in the post-interview, she explained why the
relationship between variables in question 14, which was presented in a graph, was

proportional as follows:

Mine: They are proportional because the graph of proportional
quantities passes through the origin.

Researcher: Why? Can you explain?

Mine: The equation of graph that passes through the origin is y=mx,
and so, if x is two, y will be 2m. | mean that x and y increases by the
same ratio. Therefore, they are proportional.

Researcher: You said the graph passed through the origin. Can you
explain that?

Mine: The graph of proportional quantities can pass through the point
of (0,0) because | can compare zero pencil to zero pencil or anything
else. Moreover, their equation is y=mx, so if x is zero, y will be zero.
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Mine appears to know that a ratio might have a zero as its second component.
Moreover, she explained the meaning of the ratio of zero to zero by giving an
example. It can be concluded that she did not have any difficulty in key
understanding 2 which meant that proportional relationships were presented
graphically by lines that passed through the origin. In addition, it seems that she
knew that proportional relationships could be expressed algebraically in the form
y=mx. Furthermore, she made connections between the algebraic expression and the
graph of the proportional situation. In the meantime, she made use of key
understanding 1 and key understanding 2 to explain proportionality.

Data revealed that Mine understood the relationship between the slope and the
constant of proportionality. For instance, in the post-interview, she explained why
the relationship between variables in question 20, which was presented in a table,

was proportional as follows:

They are proportional because the division of x by y is always equal to
2/3. Let’s divide, 4/6, 6/9, etc. All of the ratios are equal to 2/3, so the
equation of the variables is y=3/2x. It is similar to question 14, but in
here, the slope of the graph is 3/2. It is also the division of y values by
x values. That is to say, it is also the constant of proportionality.

Mine could write the equation (y=3/2x) of the relationship presented in table and
explained the presence of proportionality by checking several rate pairs of x and y
values in the table. She concluded that since all the rate pairs were equivalent, the
variables were proportional (key understanding 3). Moreover, she argued that 3/2
was both constant of proportionality and slope of the graph of x and y values (key
understanding 4). She understood the relationship between the slope and the constant
of proportionality, but she did not mention the unit rate that was also equal to both of
them. In addition, she appears to know that the constant of proportionality was equal

to within-ratio instead of between-ratio.
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Mine could explain why the quadratic relationships (e.g., y=mx?) were not
proportional by using the key understandings. To illustrate, in question 22, she could

write the equation (y=1/2x?) of the relationship presented in table and stated:

Let’s look at the table, once x is 4, y is 8 and once x is 8, y is 32. As
you can see, as X increases by 2, y increases by 4. For the variables to
be proportional, they have to increase or decrease by the same ratio, so
they are not proportional. Yet, y and x* can be proportional because
when x? is 16, y is 8 and when x? is 64, y is 32. Both of them increase
by 4... the relationship in the question is similar to question 16; in
other words, the graph goes through the origin, but it is not a straight
line, so they are not proportional.

As seen in the above quote, Mine made use of the key understanding 1 and noted that
there was a proportional relationship between x? and y instead of x and y since they
increased by the same ratio. Additionally, she knew that proportional relationships

were shown graphically by a line through the origin (key understanding 2).

4.2.3.3 Ela’s Findings about Understanding the Mathematical Relationships

Embedded in Proportional Situations
Defining Proportionality Concepts

Ela could provide valid definitions of ratio and proportion. Moreover, she used
proportional reasoning language in her definitions. To illustrate, in the post-
interview, she defined ratio as “Ratio is a comparison of two quantities”. She appears
to eliminate the misconception that ratio was the same thing with “division”. On the
other hand, she defined proportion as “equality of at least two ratios” by using key
understanding 3. Furthermore, she knew that ratio and proportion were different

terms and could explain the differences between them.

Ela could define direct and inverse proportion by utilizing proportional relationships’

multiplicative nature (key understanding 1). Additionally, she not only pointed out
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that the direction of change of the related quantities had to be the same, but she also
mentioned that the change between the quantities had to be in the same ratio. It
seems that she considered the constant ratio that defined the relationship between the
quantities.

Ela could provide a true definition of the constant of proportionality. In addition, she
emphasized that both k and 1/k were the constant of proportionality; in other words,
she probably realized that a constant multiplicative relationship existed between two
quantities and it could be expressed in two ways. Furthermore, she could accurately
find it in proportional situations. For example, in the second student teaching, she
drew a graph of a relationship between time and distance of a bicycle travelling from
one place to another. She found the constant of proportionality in the situation as

follows:

Ela: The problem gives us the graph of a relationship between time
and distance of a bicycle travelling from one place to another. Since
the relationship between the variables is directly proportional, the
graph is a line that goes through the origin.

Student: How did we understand the direct proportion?

Ela: As | mentioned earlier, in a direct proportion the variables have to
increase in the same ratio. Look at the graph, when the time increases
by two (showing 1 and 2), the distance also increases by two (showing
15 and 30). Let’s create a table for the same variables (she drew a
table on the board and filled it). Look at the multipliers. Time and
distance increase by the same multipliers. Does everybody agree that
they are proportional?

Students: Yes, we understood.

Ela: Let’s find the constant of proportionality and the slope in the
situation. By using the graph, we can easily find it; the slope is
(writing on the board: 15/1=30/2=45/3=60/4=15) 15. Since they are
proportional, the constant of proportionality has to be 15, too. Find it.
Students: It is 15.

Ela: Yes, it is true. The constant of proportionality is 15 because all of
the ratios are equal to a constant number that is 15 (writing on the
board: 15/1=30/2=45/3=60/4=15).

Student: They are equal.

Ela: They are equal because the variables are directly proportion.
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As seen in the above excerpt, Ela knew that proportional relationships were
presented graphically by lines that passed through the origin (key understanding 2).
Furthermore, she utilized proportional relationships’ multiplicative nature (key
understanding 1) to determine the presence of proportionality. In addition, she could
make a connection between the graph and table of the proportional situation.
Moreover, she accurately found the constant of proportionality by utilizing the
equality of the rate pairs in the proportional situation (key understanding 3).
Furthermore, she highlighted that in a proportional situation the slope and the
constant of proportionality were the same. It can be concluded that she understood
the relationship between the slope and the constant of proportionality. Yet, she did
not note that a proportional relationship could be represented symbolically as y = kx,
where k was the slope, the unit rate, and the constant of proportionality (key
understanding 4). Thus, it can be concluded that she inadequately utilized key

understanding 4.

Determining Proportional Relationships

Ela could explain the presence of proportional relationships by using the key
understandings. To demonstrate, in the post-interview, when the researcher asked her
how to determine presence of a proportional relationship between two variables, she
said, “I look the multipliers, they must increase or decrease by the same multiplier.”
Similarly, in the second student teaching, Ela explained how she distinguished

proportional quantities from non-proportional quantities as follows:

In order to determine direct proportion, we should take multipliers
into consideration. I mean, when one quantity increases by two, the
other quantity has to increase by two, too. It cannot increase by three
or any other multiplier. In other words, we should seek a
multiplicative relationship between quantities.

As can be seen, in both post-interview and second student teaching, she made use of

the key understanding 1 to determine the presence of proportionality. Moreover, she
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used proportional reasoning language in her explanations. Additionally, in the second
student teaching, she stated that in a proportional situation, the rate pairs had to be

equal to each other (key understanding 3).

Ela could adequately use the key understandings to justify her classifications about
proportional relationships. The justifications of Ela about her classifications in PRET
questions 11-22 in the posttest and post-interview were evidence for the claim. In
order to get in-depth information, in the post-interview, the researcher asked Ela to
explain how she decided the relationships between the quantities in PRET questions
11-22. Table 4.6 indicates the classifications and the explanations of Ela for each
question in the posttest and post-interview. Although all of the classifications were
the same in both instruments, there were some additional key understandings and

detailed explanations in the post-interview.

As shown in the Table 4.6, Ela explained how she classified each situation as
proportional or nonproportional by using the four key understandings. In particular,
Ela justified rationales of her classifications by using three of the key understandings
in the posttest (key understanding 1, 2 and 4) and all types of the key understandings
in the post-interview. She mostly utilized the key understanding 1 to decide
proportionality. In fact, in both posttest and post-interview, her foremost justification
was key understanding 1. Moreover, she not only considered that the direction of
change of the related quantities had to be the same, but she also considered that the

change between the quantities had to be in the same ratio.
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Table 4.6 Classifications and explanations about proportional relationships in PRET

questions 11-22

Posttest Post-interview
Question Classification  Explanation Classification Explanation
11 (Language) Not Key Understanding 1 Not Key Understanding 1

Proportional

proportional

12 (Language)

Proportional

Key Understanding 1

Proportional

Key Understanding 1

13 (Language) Not Key Understanding 1 Not Key Understanding 1
Proportional Proportional Key Understanding 3

14 (Graph) Proportional Key Understanding 2 Proportional Key Understanding 2
Key Understanding 4 Key Understanding 1

15 (Graph) Not Key Understanding 2 Not Key Understanding 2
Proportional Key Understanding 1 Proportional Key Understanding 1

Key Understanding 4

16 (Graph) Not Key Understanding 1 Not Key Understanding 3
Proportional Key Understanding 2 proportional Key Understanding 2

Key Understanding 1

17 (Equation) Not Key Understanding 2 Not Key Understanding 1
Proportional Key Understanding 1 Proportional Key Understanding 2

18 (Equation) Not Key Understanding 1 Not Key Understanding 1

Proportional

Proportional

Key Understanding 2

19 ( Equation)

Proportional

Key Understanding 2
Key Understanding 1

Proportional

Key Understanding 1
Key Understanding 2

20 (Table) Proportional Key Understanding 1 Proportional Key Understanding 1
Key Understanding 3

21 (Table) Not Key Understanding 1 Not Key Understanding 1
Proportional Key Understanding 4 Proportional Key Understanding 4

22 (Table) Not Key Understanding 1 Not Key Understanding 1

Proportional

Key Understanding 4

Proportional

Key Understanding 4
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It seems that the nature of the representations effected Ela’s selection of the key
understandings. For instance, in the questions (questions 14, 15 and 16) presented in
graphs, she used key understanding 2. Perhaps this is because the questions were

presented as graph which allowed her to utilize the key understanding.

Ela appears to have understood the relationship between the slope and the constant of
proportionality. To illustrate, in the post-interview, she explained why the
relationship between variables in question 15, which was presented in a graph, was
proportional as follows:

Ela: They are not proportional because the graph does not pass
through the origin.

Researcher: Why? Can you explain in a more detailed way?

Ela: Because the equation of the graph is y=mx+n. “+n” destroys the
proportion. It shows that there is an additive relationship between
variables. Let’s give numeric examples. If x is one, y will be m+n; if x
is 2, y will be 2m+n. There is not a constant factor between x and y
values. | mean, they do not increase by the same ratio. Thus, they are
not proportional.

Researcher: Can you explain your rationale by using any other
strategy?

Ela: We can also look the slope.

Researcher: How?

Ela: In the equation, y=mx, which is proportional, m is both slope and
constant of proportionality. But, in the equation, y=mx+n, m is the
slope, but it is not the constant of proportionality.

At the beginning of the excerpt, Ela justified her rationale by using key
understanding 2. Then, she mentioned that for two variables to be proportional there
had to be a multiplicative relationship between them (key understanding 1). Finally,
she could write the equation of a proportional relationship as y=mx and said that the
slope and the constant of proportionality were equal to “m” (key understanding 4). It
seems that she understood the relationship between the slope and the constant of
proportionality, but she did not mention the unit rate that was also equal to both of

them. In addition to that, she appears to know that in the functions of the form
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y=mx, X was proportional to y and in the functions of the form y=mx+n, x was not

proportional to y.

Ela made connections among table, graph and algebraic expression of the given
proportional situations. To illustrate, in the questions presented in graphs, firstly, she
wrote the algebraic expressions of the situations, and then, she made decisions about
proportionality. Additionally, in the questions presented in algebraic expressions, she
drew the graphs of the situations to decide proportionality by using key

understanding 2.

4.3 The Difference between Pre-service Teachers’ Proportional Reasoning

before and after the Practice-based Instructional Module

4.3.1 Differences in Approaches to Different Problem Types

In order to investigate pre-service teachers’ approaches to different problem types
before and after participation in a practice-based instructional module, the solution
strategies and processes of pre-service teachers in solving the different problem types

were analyzed.

4.3.1.1 Differences in Gaye’s Approaches to Different Problem Types

Missing Value Problems: Solution Strategies and Processes

Gaye could find correct answers of missing value problems in all relevant
instruments before and after the instructional module. While her solution strategies
were limited before the instructional module (i.e., cross-multiplication, isolating the
unknown, factor of change, unit rate), she utilized a broad range of strategies after
the instructional module (i.e., factor of change, factor of change strategy in a ratio

table, building-up, cross-multiplication, unit rate, building-up in a ratio table, and
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constant of proportionality). Moreover, unlike the results prior to instructional
module, she mostly utilized informal strategies that highlighted multiplicative
relationships between variables rather than formal strategies in which rules and
properties of algebra were used in a rote manner. To illustrate, in the PRET, there
were four missing value problems (questions 1-4) which did not have any context. In
the pretest, while she used only two strategies, both of which were formal strategies
(i.e., cross-multiplication, isolating the unknown), in the posttest, she used four
different strategies (i.e., between-ratio, building-up, factor of change, cross-
multiplication) to solve these questions. Similarly, in the first student teaching, Gaye
used two different strategies, factor of change and cross-multiplication; however, in
the second time, she used four different strategies, all of which were informal
strategies, unit rate, building-up, constant of proportionality and factor of change
(see Table 4.7). Another evidence for the claim that she mostly utilized informal
strategies after the instructional module is that while she solved a problem about cost
of balloons by using cross-multiplication in the pre-interview, in the post-interview
she found the scale factor and solved the same problem by using factor of change
strategy. Moreover, in the pre-interview, when the researcher asked her which
strategy she would teach to her students as the most efficient strategy, she told a
formal strategy, isolating the unknown strategy, whereas she stated the informal

strategies, building-up and factor of change in the post-interview.

202



Table 4.7 Gaye’s solution strategies to missing value problems

Pre

Post

PRET question 1

Cross-multiplication &
Isolating the unknown

Factor of change &
Factor of change (Ratio table)

a

PRET question 2

Cross-multiplication &
Cross-multiplication

Factor of change &
Building-up

PRET question 3

Cross-multiplication &
Isolating the unknown

Factor of change &
Cross-multiplication

PRET question 4

Isolating the unknown & Cross-
multiplication

Factor of change &
Building-up

PRET question 23

Factor of change

a

Factor of change (Ratio table)

Student Teaching

Factor of change
Factor of change

Unit Rate
Unit Rate

Unit Rate &

Building-up (Ratio table)”
Constant of proportionality
Factor of change

Factor of change

Factor of change

Factor of change

Factor of change
Cross-multiplication
Cross-multiplication

Interview Cross-multiplication
Cross-multiplication
Cross-multiplication & Factor of
change

Isolating the unknown & Unit rate
®Factor of change strategy is used in a ratio table.

® Building-up strategy is used in a ratio table.

Gaye had difficulty in recognizing efficient strategies, which facilitated the
computations required to find missing values, before the instructional module,
whereas she mostly recognize and use efficient strategies after the instructional
module. For example, she mostly used efficient strategies to solve missing value
problems in the posttest. In contrast, she could not use efficient strategies to solve
any of the problems in the pretest. Likewise, in the pre-interview, she solved a
missing value problem by using cross-multiplication although there was an integer
scale factor. However, in the post-interview, in order to solve a similar problem, she
easily recognized the integer scale factor and solved the problem by using factor of

change strategy, which was an efficient strategy for the problem.

Unlike the results prior to instructional module, Gaye did not see cross-

multiplication as an indispensable and the most important strategy anymore.
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Moreover, she generally did not prefer to use the strategy. For instance, she used the
strategy to solve only one missing value problem in the relevant instruments. In
addition, she tried to teach her students different strategies from cross-multiplication
in the second student teaching, while she taught cross-multiplication as a leading and

the most important strategy in the first teaching.

In contrast to results before the instructional module, Gaye could provide valid
explanations for her solutions by using proportional reasoning language and
expressed the meanings of the quantities in the proportional situations.

It is sad to say that she did not have flexibility in unitizing and reunitizing quantities
even after the proportional reasoning instructional module. That is, she could not use
composite units when the quantities suggest that it was more convenient than using

singleton units.

Furthermore, after the instructional module, while she recognized between-ratios in a
proportion, she had difficulty in recognizing within-ratios as she did earlier. For
instance, in both of the tests, she could not recognize and use within-ratio though
there was an integer within-ratio in the first question of PRET. Further, in the student
teachings and interviews, she mostly utilized the between-ratio in a proportion to
solve missing value problems and did not mention the within-ratio even in situations

where it was integer.

Numerical Comparison Problems: Solution Strategies and Processes

In order to solve numerical comparison problems, Gaye used two accurate strategies,
which were converting decimal expressions and building-up, before the instructional
module. However, after the instructional module, she utilized three different
strategies, building-up, fraction strategy, and converting decimal expressions, all of

which were accurate strategies.
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Unlike the results prior to instructional module, Gaye did not use an inaccurate
additive strategy to solve numerical comparison problems. To illustrate, in the PRET,
there was a numerical comparison problem (question 24) which presented three
rectangular clothes with dimensions and asked the cloth that was “the most square”.
In the pretest, Gaye used an inaccurate additive strategy; thus, she inaccurately
solved the problem. On the other hand, in the posttest, she accurately solved the
problem by utilizing a multiplicative strategy, converting decimal expressions, and
explained her solution by using proportional reasoning language. Moreover, while
Gaye had difficulties in making sense of quantities in a numerical comparison
problem prior to the instructional module, she clearly explained the quantities that

were calculated to solve problems after the instructional module.

Gaye appears to have difficulties in realizing part-to-whole ratioseven after the
instructional module. For example, in order to solve one of the numerical comparison
problems of PRET (question 6), she did not use part-to-whole rations in any solution
of her in both administrations of the PRET. Moreover, in the pre-interview, she
struggled to make sense of the quantities in a student’s solution in which part-to-

whole ratio was utilized.

In both student teachings, Gaye did not ask any numerical comparison problem to
her students. Moreover, in both interviews, she did not mention any situation that
could be a numerical comparison problem while she was giving examples of

proportional situations in real life.

Quialitative Reasoning Problems: Solution Strategies and Processes

Contrary to the results prior to instructional module, it is good to say that she could
make multiplicative comparisons to solve qualitative problems, but she could not

interpret the qualitative relationship that existed between two variables without

giving numerical examples. For instance, in the PRET, there were two qualitative
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problems (questions 7 and 8) which contained no numerical value but required the
balancing of quantities. In both pretest and posttest, Gaye accurately solved the
problems. However, in the pretest, she made an additive comparison instead of
multiplicative one in the question 8. In the posttest, although she made multiplicative
comparisons to solve the both problems, she could not make qualitative comparisons
that did not depend on numerical values because she solved the problems by giving

numerical examples.

In both student teachings, Gaye did not ask any qualitative reasoning problem to her
students. Moreover, in both interviews, she did not mention any situation that could
be a qualitative reasoning problem while she was giving examples of proportional

situations in real life.

4.3.1.2 Differences in Mine’s Approaches to Different Problem Types

Missing Value Problems: Solution Strategies and Processes

Mine could find correct answers of missing value problems in all relevant
instruments before and after the instructional module. While her solution strategies
were limited before the instructional module (i.e.., cross-multiplication, isolating the
unknown, factor of change), she utilized a broader range of strategies after the
instructional module (i.e., within-ratio, factor of change, equivalent fractions, factor
of change in a ratio table, building-up, unit rate, and constant of proportionality).
Moreover, unlike the results prior to instructional module, she utilized informal
strategies that highlighted multiplicative relationships between variables rather than
formal strategies in which rules and properties of algebra were used in a rote manner.
To illustrate, in the PRET, there were four missing value problems (questions 1-4)
which did not have any context. In the pretest, while she used only two strategies,
both of which were formal strategies (i.e., cross-multiplication, isolating the

unknown), in the posttest, she used four different strategies (i.e., within-ratio, factor
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of change, equivalent fractions, factor of change in a ratio table), all of which were
informal strategies, to solve these problems (see Table 4.8). Correspondingly, PRET
had one more missing value problem (question 23) which had a context involving
similar figures. While she solved the problem by applying algorithmic procedures
(i.e., cross-multiplication) in the pretest, she solved it by using factor of change
strategy, which highlighted multiplicative relationships, in the posttest. In a similar
way, in the first student teaching, Mine used only two different strategies, factor of
change and cross-multiplication. However, in the second time, she used six different
strategies, building-up, factor of change, unit rate, constant of proportionality,
equivalent fractions and factor of change in a ratio table, all of which were informal

strategies.

Another evidence for the claim that she utilized informal strategies after the
instructional module is her solution strategies in the post-interview, all of which were
informal strategies. For instance, while she solved a problem about cost of balloons
by using cross-multiplication in the pre-interview, she found the noninteger scale
factor and solved the same problem by using an informal strategy, factor of change,
in the post-interview. Additionally, in the pre-interview, when the researcher asked
her which strategy she would teach to her students as the most efficient strategy, she
told a formal strategy, cross-multiplication strategy. However, in the post-interview,
she told the informal strategies, factor of change and building ratio tables, and she
stated that these strategies were effective since they facilitated realization of

multiplicative relationships between variables.

Before the instructional module, Mine sometimes had difficulty in recognizing
efficient strategies, which facilitated the computations required to find missing
values, whereas she recognized and used efficient strategies after the instructional
module. For example, in the posttest, she could use efficient strategies while she was

solving missing value problems. In specific, she recognized and used both within and
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between-ratios in the posttest, whereas she did not use within-ratio even though there

was an integer within-ratio in the pretest.

Table 4.8 Mine’s solution strategies to missing value problems

Pre Post

PRET question 1 Cross-multiplication & Within-ratio &
Cross-multiplication Factor of change

PRET question 2 Cross-multiplication & Equivalent fractions &
Cross-multiplication Factor of change

PRET question 3 Cross-multiplication & Isolating  Factor of change (Ratio table)® & Factor of
the unknown change

PRET question 4  Isolating the unknown & Factor of change &
Cross-multiplication Within-ratio

PRET question 23  Cross-multiplication Factor of change

Student Teaching  Factor of change Building-up
Factor of change Factor of change
Cross-multiplication Unit Rate
Cross-multiplication Equivalent fractions & Constant of

Proportionality

Factor of change

Factor of change

Factor of change

Factor of change (Ratio table)?

Interview Factor of change Factor of change
Factor of change Factor of change & Constant of
Cross-multiplication Proportionality
Cross-multiplication Constant of Proportionality

®Factor of change strategy is used in a ratio table.

Data after the instructional module revealed that Mine did not see cross-
multiplication as an indispensable and the most important strategy, anymore.
Moreover, she did not prefer to use the strategy. For instance, in the post-interview,
she stated that cross-multiplication included applying memorized procedures without
logic. Moreover, in contrast to pre-interview, her foremost strategy was not cross-
multiplication in the post-interview. In fact, factor of change and building a ratio
table were the leading strategies which she would prefer to solve missing value
problems. Additionally, in the second student teaching, she tried to teach her students

informal strategies highlighting multiplicative relationships, while in the first
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teaching, she taught cross-multiplication as a rule that should be memorized to solve
direct proportion problems.

Before the instructional module, Mine could realize the multiplicative relationship
between quantities. However, she did not use proportional reasoning language in her
explanations and could not explain the meanings of the quantities in the proportional
situations. In contrast, after the instructional module, she explained both
multiplicative relationships and the meanings of the quantities with a proportional

reasoning language.

It is sad to say that she did not have flexibility in unitizing and reunitizing quantities
even after the proportional reasoning instructional module. That is, she had
difficulties in using composite units when the quantities suggest that it was more

convenient than using singleton units.

Numerical Comparison Problems: Solution Strategies and Processes

In order to solve numerical comparison problems, Mine used an accurate strategy,
fraction strategy, before the instructional module. However, after the instructional
module, she utilized three different strategies, fraction strategy, building-up, and

converting decimal expressions, all of which were accurate strategies.

Unlike the results prior to instructional module, Mine did not use an inaccurate
additive strategy to solve any numerical comparison problem. To illustrate, in the
PRET, there was a numerical comparison problem (question 24) which presented
three rectangular clothes with dimensions and asked the cloth that was “the most
square”. In the pretest, Mine used an inaccurate additive strategy; thus, she
inaccurately solved the problem. On the other hand, in the posttest, she accurately
solved the problem by utilizing a multiplicative strategy, converting decimal

expressions, and explained her solution by using proportional reasoning language.
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Moreover, while Mine sometimes had difficulties in making sense of quantities in a
numerical comparison problem prior to the instructional module, she clearly
explained the quantities that were calculated to solve problems after the instructional

module.

Results both before and after the instructional module indicated that Mine could
realize part-to-whole and part-to-part ratios in a numerical comparison problem. For
example, in order to solve one of the numerical comparison problems of PRET
(question 6), she used both of the ratios in the posttest. Moreover, in the pre-
interview, she could make sense of the quantities in student’s solutions in which

part-to-whole and part-to-part ratios were utilized.

In both student teachings, Mine did not ask any numerical comparison problem to
her students. Moreover, in both interviews, she did not mention any situation that
could be a numerical comparison problem while she was giving examples of

proportional situations in real life.

Qualitative Reasoning Problems: Solution Strategies and Processes

Results both before and after the instructional module revealed that Mine sometimes
could make multiplicative comparisons to solve qualitative problems. Moreover, she
could interpret the qualitative relationship that existed between two variables without
giving numerical examples. For instance, in the PRET, there was a qualitative
problem (questions 7) which contained no numerical value but required the balancing
of quantities. In both pretest and posttest, Mine accurately solved the problem by

making multiplicative comparisons.
Mine had difficulty in recognizing multiplicative relationships in a qualitative

reasoning problem even after the instructional module. Therefore, she sometimes

used an inaccurate additive strategy when she needed to use a multiplicative strategy
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to solve qualitative reasoning problems. To illustrate, in both pretest and posttest, in
a qualitative problem (PRET question 8), she could not find correct answer of the
problem because she made an additive comparison instead of a multiplicative

comparison.

In both student teachings, Mine did not ask any qualitative reasoning problem to her
students. Moreover, in both interviews, she did not mention any situation that could
be a qualitative reasoning problem while she was giving examples of proportional

situations in real life.

4.3.1.3 Differences in Ela’s Approaches to Different Problem Types

Missing Value Problems: Solution Strategies and Processes

Ela could find correct answers of missing value problems in all relevant instruments
before and after the instructional module. Before the instructional module, although
she used a considerable number of strategies (i.e.., cross-multiplication, isolating the
unknown, factor of change, constant of proportionality, inverse proportion
algorithm) to solve missing value problems, she mostly utilized formal strategies in
which rules and properties of algebra were used in a rote manner. However, after the
instructional module, she mostly used informal strategies that highlighted
multiplicative relationships between variables and utilized a broader range of
strategies (i.e., cross-multiplication, factor of change, factor of change in a ratio
table, constant of proportionality, building-up, unit rate). In the PRET, there were
four missing value problems (questions 1-4) which did not have any context. In both
pretest and posttest, Ela used only two strategies: cross-multiplication and isolating
the unknown in the pretest, and cross-multiplication and factor of change in the
posttest (see Table 4.9). Yet, while in the pretest, she used only formal strategies, in
the posttest, she used both a formal and an informal strategy. Similarly, PRET had

one more missing value problem (question 23) which had a context involving similar
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figures. While Ela solved the problem by applying algorithmic procedures (i.e.,
cross-multiplication) in the pretest, she solved it by using factor of change strategy
in the posttest. Additionally, in the posttest, she explained her answer by using
multiplicative relationships and proportional reasoning language, whereas in the
pretest, she did not provide an explanation for her solution that went beyond a

description of the steps she had taken to determine the solution.

Table 4.9 Ela’s solution strategies to missing value problems

Pre

Post

PRET question 1

Cross-multiplication &
Isolating the unknown

Cross-multiplication &
Between-ratio

PRET question 2

Cross-multiplication &
Isolating the unknown

Cross-multiplication &
Between-ratio

PRET question 3

Cross-multiplication &
Isolating the unknown

Cross-multiplication &
Between-ratio

PRET question 4

Cross-multiplication &
Isolating the unknown

Cross-multiplication &
Between-ratio

PRET question 23

Cross-multiplication

Factor of change

Student Teaching

Cross-multiplication
Cross-multiplication

Factor of change

Factor of change & Constant of
Proportionality

Inverse proportion algorithm
Inverse proportion algorithm

Factor of change (Ratio table)* &
Constant of proportionality
Factor of change

Factor of change (Ratio table)* &
Constant of proportionality
Factor of change (Ratio table)* &
Constant of proportionality

Constant of proportionality & Unit rate
Constant of proportionality & Unit rate

Factor of change
Factor of change
Unit rate

Interview

Cross-multiplication
Cross-multiplication

Factor of change
Factor of change

Cross-multiplication Building-up & Constant of proportionality

®Factor of change strategy is used in a ratio table.

Another evidence for the claim that she utilized informal strategies after the
instructional module is her solution strategies in the second student teaching. For
instance, although the number of strategies she used to solve missing value problems

in the student teachings did not change, in the second student teaching, she used
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informal strategies highlighting multiplicative relationships and tried to teach the
meanings of concepts (e.g. inverse proportion) and quantities. However, in the first
time, she taught cross-multiplication and inverse proportion algorithm as memorized
rules without highlighting multiplicative relationships, and encouraged students to
use these strategies. Moreover, she was aware that she solved the problems in the
first student teaching by applying memorized rules and arithmetic procedures. For
example, while she utilized cross-multiplication strategy to solve a directly
proportional problem in the first teaching, she solved the same problem by using
factor of change strategy, which highlighted multiplicative relationships, in the
second time. Similarly, in the first teaching, she solved two inverse proportion
problems by inverse proportion algorithm whereas in the second teaching, she
solved the same problems by using the constant of proportionality and unit rate
strategies. It is good to say that she did not use the inverse proportion algorithm or
any other memorized procedure to solve any problem in the second student teaching.
Unlike her first teaching, in the second teaching, Ela tried to teach the meaning of
being inversely proportional and put emphasis on the relationships between
quantities in an inversely proportional situation. Furthermore, in both student
teachings, Ela utilized the functional relationships between inversely proportional
variables (i.e., x.y=k). However, in the second teaching, she placed more importance
on it and aimed at helping students recognize that the product of two quantities was a
constant number in an inverse proportion, which was one types of invariance in

proportional relationships.

In a similar manner, in the pre-interview, Ela used only a formal strategy, cross-
multiplication, in order to solve missing value problems. In contrast, in the post-
interview, she used informal strategies (e.g., factor of change) and avoided applying
memorized rules. For instance, while she solved a problem about cost of balloons by
using cross-multiplication in the pre-interview, she utilized an adaptation of factor of
change strategy, in which she simplified the ratio to identify the integer scale factor,

in the post-interview.
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Data after the instructional module revealed that Ela did not see cross-multiplication
as an indispensable and the most important strategy, anymore. To illustrate, in the
post-interview, although Ela said that cross-multiplication was one of the effective
strategies because of its quickness, she was aware that it consisted of some
memorized procedures lacking meaning. Further, while in the pre-interview, she told
that she would teach only formal strategies (i.e., cross-multiplication, isolating the
unknown) to her students, in the post-interview, she stated that she would teach
informal strategies (i.e., building-up, factor of change) to her students besides formal
strategies.

Ela had difficulty in recognizing efficient strategies, which facilitated the
computations required to find missing values, before the instructional module,
whereas she mostly recognize and use efficient strategies after the instructional
module. For example, in the posttest, she mostly used efficient strategies while she
was solving missing value problems. In contrast, in the pretest, she could not use
efficient strategies to solve any of the problems. Correspondingly, in the pre-
interview, she solved missing value problems by using cross-multiplication although
there was integer between or within-ratios. However, in the post-interview, in order
to solve similar problems, she easily recognized the integer scale factors and solved
the problem by using factor of change strategy, which was an efficient strategy for

the problems.

It is sad to say that she did not have flexibility in unitizing and reunitizing quantities
even after the proportional reasoning instructional module. That is, she had
difficulties in using composite units when the quantities suggest that it was more

convenient than using singleton units.
Additionally, after the instructional module, while she recognized between-ratio in a

proportion, she had difficulty in recognizing within-ratio as she did earlier. For

instance, in both of the tests, she could not recognize and use within-ratio though
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there was an integer within-ratio in the first question of PRET. Further, in the student
teachings and interviews, she mostly utilized the between-ratio in a proportion to
solve missing value problems and did not mention the within-ratio even in situations

where it was integer.

Numerical Comparison Problems: Solution Strategies and Processes

In order to solve numerical comparison problems, Ela used two accurate strategies,
cross-multiplication, converting decimal expressions, and an inaccurate strategy,
additive strategy, before the instructional module. However, after the instructional
module, she utilized two different strategies, fraction strategy and converting

decimal expressions, both of which were accurate strategies.

Unlike the results prior to instructional module, Ela did not use an inaccurate
additive strategy to solve any numerical comparison problem after the instructional
module. To illustrate, in the PRET, there was a numerical comparison problem
(question 24) which presented three rectangular clothes with dimensions and asked
the cloth that was “the most square”. In the pretest, Ela used an inaccurate additive
strategy; thus, she inaccurately solved the problem. However, in the posttest, she
accurately solved the problem by utilizing a multiplicative strategy, converting
decimal expressions, and explained her solution by using proportional reasoning
language. Furthermore, while Ela sometimes had difficulties in making sense of
quantities in a numerical comparison problem prior to the instructional module, she
clearly explained the quantities that were calculated to solve problems after the

instructional module.

Results both before and after the instructional module indicated that Ela could realize
part-to-whole and part-to-part ratios in a numerical comparison problem. To
illustrate, in order to solve one of the numerical comparison problems of PRET

(question 6), while in the pretest, she used part-to-whole ratios, in the posttest, she
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used part-to-part ratios. Moreover, in the pre-interview, she could make sense of the
quantities in student’s solutions in which part-to-whole and part-to-part ratios were

utilized.

In both student teachings, Ela did not ask any numerical comparison problem to her
students. Moreover, in both interviews, she did not mention any situation that could
be a numerical comparison problem while she was giving examples of proportional

situations in real life.

Qualitative Reasoning Problems: Solution Strategies and Processes

Results both before and after the instructional module revealed that Ela could realize
multiplicative relationships in a qualitative reasoning problem. To illustrate, in the
PRET, there were two qualitative problems (questions 7 and 8) which contained no
numerical value, but required the balancing of quantities. In both pretest and posttest,
Ela solved both problems accurately by making multiplicative comparisons.
However, in the pretest, she sometimes utilized numerical examples to solve the
numerical comparison problems. On the other hand, by the end of the instructional
module, she could interpret the qualitative relationship that existed between two
quantities without giving numerical examples. Moreover, in both tests, she provided

a valid explanation by making multiplicative comparisons between quantities.

In both student teachings, Ela did not ask any qualitative reasoning problem to her
students. Moreover, in both interviews, she did not mention any situation that could
be a qualitative reasoning problem while she was giving examples of proportional

situations in real life.
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4.3.2 Differences in Distinguishing Proportional from Nonproportional

Situations

Pre-service teachers’ work on classifying relationships as proportional or
nonproportional, identifying ratio as measure and providing examples for
proportional and nonproportional relationships were summarized so as to compare
pre-service teachers’ distinguishing proportional from nonproportional situations
before and after receiving a practice-based instructional module based on
proportional reasoning. In the following section, the results of the analyses are
presented.

4.3.2.1 Differences in Gaye’s Findings on Distinguishing Proportional from

Nonproportional Situations

Classifying Relationships as Proportional or Nonproportional

Unlike the results prior to instructional module, Gaye did not have difficulty in
classifying relationships as proportional or nonproportional after the instructional
module. For example, for PRET questions 11-22, while she inaccurately classified
five of the relationships as proportional or not in the pretest, she accurately classified

all of them in the posttest.

The misconception that all linear relationships were proportional appears to have
been eliminated after the instructional module. To illustrate, in the posttest, she
accurately classified all of the linear, proportional relationships (questions 12, 14, 19
and 20) as proportional and all of the linear, nonproportional relationships (questions
11, 13, 15, 17 and 21) as nonproportional whereas in the pretest, she inaccurately
classified four linear and nonproportional relationship (questions 11, 13, 15 and 21)
as proportional. Additionally, in both student teachings, Gaye asked a problem,

which was, “A young tree’s length increases 20 cm every year. If its first length is 50
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cm, draw the length-time graph of the tree for three years.” In the first student
teaching, she argued that the linear and nonproportional relationship between the
length and time was directly proportional. In contrast, in the second time, she
accurately classified the relationship between the variables as nonproportional.

Unlike the results before to instructional module, by the end of the module, Gaye
knew that a proportional relationship required both linearity and proportionality. For
instance, the researcher asked Gaye whether a student was right or not if he said that
all linear relationships were proportional in the interviews. Unlike the pre-interview,
in the post-interview, Gaye did not agree with the student; in other words, she knew
that linearity at alone was not an indicator of proportional relationship, but it was a
requirement for the variables to be proportional.

Before the instructional module, Gaye sometimes could not be sure how to decide
whether a relationship was proportional or not especially if the relationship was
nonproportional. Moreover, she had difficulty to provide evidence to support her
claims about proportional relationships. She assumed additive patterns or constant
differences as evidence of proportionality. On the other hand, after the instructional
module, it was seen that her doubts were removed, and she utilized multiplicative

relationships to decide and explain proportional relationships.

Identifying Ratio as Measure

Before the instructional module, Gaye sometimes could identify ratio as a proper
method to measure the attributes in relevant instruments. However, after the
instructional module, she always could recognize ratio as a proper method to
measure the attributes. For instance, in the pretest, she could recognize ratio as an
appropriate measure in the context of determining concentration of a mixture and
steepness of ski ramps. In the posttest, she could identify ratio as a proper method to
measure concentration of a mixture, steepness of ski ramps, shade of paint, and

“squareness” of a rectangle. Moreover, unlike the pretest, in the posttest, she used
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proportional reasoning language in her explanations; specifically, she used the word

“ratio” while she was explaining her solutions in which she utilized ratio.

Result prior to instructional module revealed that Gaye used additive comparisons to
measure some attributes (i.e., shade of paint, “squareness” of a rectangle) instead of
using ratio. But, after the instructional module she could use ratio, which was a
multiplicative comparison, to measure the attributes. For instance, in a PRET
problem (question 9), which asked to comment on the effectiveness of a boy’s
strategy about changing the amount of paint by saving its shade, she did not use and
realize ratio as a proper measure of shade of the paint in the pretest. However, in the
posttest, her criterion for whether the shade of paint would stay the same was based
on whether the added mixture would maintain the ratio of white to blue paint. In
addition, in another PRET problem (question 24), she did not see ratio as a proper
method to measure “squareness” of a rectangle and made an additive comparison to
determine the attribute in the pretest. On the other hand, in the posttest, she used a
multiplicative strategy and identified ratio as a proper measure in the context of

determining “squareness” of a rectangle.

Providing Examples for Proportional and Nonproportional Relationships

Results both before and after the instructional module revealed that Gaye sometimes
could not provide valid examples of proportional relationships. To illustrate, in
PRET question 5, which asked to provide a word problem which could be solved by
the given equation, Gaye could not create a problem in which the quantities related
multiplicatively in both pretest and posttest. Moreover, in the pre-interview, when
the researcher asked her to give an example of a real life proportional situation, Gaye
was not able to create a valid example for a proportional real life situation. She

created a linear and nonproportional example instead of a proportional example.
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According to results after the instructional module, Gaye sometimes could create
valid proportional examples. For example, in the post-interview, when the researcher
asked her to give an example of a real life proportional situation, she was able to
provide a valid example. Furthermore, she could justify why her example was
proportional by using the statement that variables in a directly proportional situation
increased by the same ratio.

Gaye could provide valid examples of a nonproportional relationship before and after
the instructional module. For instance, in both interviews, when the researcher asked
her to give examples of real life nonproportional situations, she was able to give
valid examples. However, unlike the pre-interview, she could explain why her
examples were nonproportional in the post-interview. In both interviews, one of the
relationships exemplified by her was constant relationship. Moreover, in the posttest,
she provided an additional nonproportional example in which the relationship

between variables was linear.

4.3.2.2 Differences in Mine’s Findings on Distinguishing Proportional from

Nonproportional Situations

Classifying Relationships as Proportional or Nonproportional

Results both before and after the instructional module indicated that Mine generally
did not have difficulty in classifying relationships as proportional or nonproportional.
For example, for PRET questions 11-22, in the pretest, she inaccurately classified
only a relationship (question 11) as proportional, and in the posttest, she accurately

classified all of them.
Mine sometimes assumed that increasing or decreasing at the same time was enough

to classify a situation as proportional before the instructional module. Therefore, she

sometimes over generalized proportionality; in other words, she inaccurately applied
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proportional reasoning in situations that had nonproportional relationships like she
did in the pretest. However, in the pre-interview, she realized her mistakes in the
pretest and appears to have eliminated her misconceptions that a relationship was
proportional because as x increased, y also increased and all linear relationships were
proportional. Similarly, in the posttest and post-interview, she mostly explained her
classification by using the statement that variables in a proportional situation had to
increase or decrease in the same ratio. In addition, she used multiplicative and
additive relationships and their connections with proportionality to support her

claims.

Moreover, in both student teachings, Mine emphasized that all linear relationships
were not proportional. Furthermore, she asked problems that had non-proportional
relationships besides problems with proportional relationships. Yet, in the first
student teaching, she asked only nonproportional problems with additive
relationships and could not exactly explain why the problems were not proportional.
On the other hand, in the second time, she introduced both additive and constant
relationships and could explicitly explain why they were not proportional.

Unlike the results prior to instructional module, by the end of the module, Mine
accurately classified the quadratic relationships in the PRET and provided evidence
to support her claims. Her explanations in the post-interview indicated that she
learned that if variables had proportional relationships, they also had to have linear
relationships. Furthermore, she knew that proportional relationship increase or
decrease with the same ratio. In both interviews, Mine stated that all linear
relationships were not proportional. For instance, when the researcher asked her
whether a student was right or not if he said that all linear relationships were

proportional, she said that she did not agree with the student in both interviews.
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Identifying Ratio as Measure

Results both before and after the instructional module revealed that Mine sometimes
could identify ratio as a proper method to measure the attributes in relevant
instruments. For example, in the pretest, she could recognize ratio as an appropriate
measure in the context of determining concentration of a mixture and steepness of ski
ramps. Furthermore, in the posttest, she could identify ratio as a proper method to
measure concentration of a mixture, steepness of ski ramps, and “squareness” of a
rectangle. However, unlike the pretest, in the posttest, she used proportional
reasoning language in her explanations; specifically, she used the word “ratio” while

she was explaining her solutions in which she utilized ratio.

According to results both before and after the instructional module, Mine used
additive comparisons to measure some attributes instead of using ratio. To illustrate,
in a PRET problem (question 9), in both tests, she used additive comparisons to
measure the attribute instead of multiplicative comparisons; in other words, she did

not see ratio as an appropriate measure of the shade of paint.

Additionally, while she could identify ratio as an appropriate measure in the context
of determining “squareness” of a rectangle in the posttest, she could not do in the
pretest. For instance, in PRET question 24, she made an additive comparison to
determine the attribute in the pretest. On the other hand, in the posttest, she used a

multiplicative comparison and used ratio to determine “squareness” of a rectangle.
Providing Examples for Proportional and Nonproportional Relationships
Before the instructional module, Mine sometimes was not able to provide a valid
example of a proportional relationship. For example, in PRET question 5, which

asked to provide a word problem which could be solved by the given equation, she

could not create a problem in which the quantities related multiplicatively in the
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pretest. In contrast, in the posttest, she was able to provide a valid missing value
problem in which the quantities related multiplicatively.

Moreover, in both interviews, when the researcher asked her to give an example of a
real life proportional situation, she could create valid examples of proportional real
life situations and explained why the situation was proportional by utilizing the
statement that variables in a proportional situation had to increase or decrease in the

same ratio.

Results both before and after the instructional module indicated that Mine could
exemplify situations in which variables had nonproportional relationships. To
demonstrate, in both interviews, when the researcher asked her to give an example of
a real life nonproportional situation, she could give valid examples and provide
evidence in support of assertions about the nonproportional relationship. Further, in
both interviews, one of the relationships exemplified by her was additive relationship
in which the variables had a linear and nonproportional relationship. Moreover, in
the posttest, she provided an additional nonproportional example in which the

variables had constant relationship.

4.3.2.3 Differences in Ela’s Findings on Distinguishing Proportional from

Nonproportional Situations

Classifying Relationships as Proportional or Nonproportional

Results both before and after the instructional module indicated that Ela did not have
difficulty in classifying relationships as proportional or nonproportional. For

example, for PRET questions 11-22, in both tests, Ela accurately classified all of the

relationships as proportional or nonproportional.
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Prior to the instructional module, she sometimes could not provide evidence to
support her claims about proportionality, whereas she always could do after the
instructional module. Moreover, before the module, when she provided evidence to
support her classifications, she considered that the direction of change of the related
quantities was the same, but she did not mention the fact that the change between the
quantities was in the same ratio. In contrast, by the end of the instructional module,
she not only could distinguish proportional from nonproportional relationships, but
she also stated that proportional relationships increased or decreased with the same
ratio. In addition, she explained her rationale by using multiplicative and additive
relationships and their connections with proportionality. To illustrate, in the posttest
and post-interview, she argued that while proportional relationships had a
multiplicative structure, additive structure did not establish a proportional
relationship between quantities. Additionally, in the posttest questions that had
quadratic relationships (questions 16, 18 and 22), she clarified that the relationships
were not proportional because for the variables to be proportional, they had to be
linear not parabolic. However, in the pretest, although she accurately determined that
the the relationships were not proportional, she could not exactly explain her

rationale.

According to results both before and after the instructional module, Ela could explain
the difference between functions of the form y=mx and functions of the form
y=mx+n. Furthermore, she knew that all linear relationships were not proportional
and all proportional relationships were linear. For instance, in both student teachings,
she emphasized both of the statements about proportional relationships. Furthermore,
she asked problems that had non-proportional relationships besides problems with
proportional relationships. Yet, in the first student teaching, she asked only
nonproportional problems with additive relationships and could not exactly explain
why the problems were not proportional. On the other hand, in the second time, she
introduced both additive and constant relationships and could explicitly explaine why

they were not proportional.
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Identifying Ratio as Measure

Before the instructional module, Ela sometimes could identify ratio as a proper
method to measure the attributes in relevant instruments. However, after the
instructional module, she always could recognize ratio as a proper method to
measure the attributes. To illustrate, in the pretest, she could recognize ratio as a
proper measure in the context of determining concentration of a mixture and
steepness of ski ramps. In the posttest, she could identify ratio as a proper method to
measure concentration of a mixture, steepness of ski ramps, shade of paint, and
“squareness” of a rectangle. Furthermore, unlike the pretest, in the posttest, she used
proportional reasoning language in her explanations; specifically, she used the word

“ratio” while she was explaining her solutions in which she utilized ratio.

Result prior to instructional module revealed that Ela used additive comparisons to
measure some attributes instead of using ratio. But, after the instructional module she
could use ratio, which was a multiplicative comparison, to measure the attributes. For
instance, in a PRET problem (question 9), she used an additive comparison to
measure the attribute instead of multiplicative comparisons; in other words, she did
not see ratio as a proper measure of shade of paint. However, in the posttest, she
made multiplicative comparisons and used ratios of paints to determine the shade of
the paint. Additionally, in another PRET problem (question 24), she did not realize
ratio as a proper method to measure “squareness” of a rectangle and made an
additive comparison to determine the attribute in the pretest. In contrast, in the
posttest, she used a multiplicative strategy and identified ratio as a proper measure in

the context of determining “squareness” of a rectangle.

Providing Examples for Proportional and Nonproportional Relationships

According to results both before and after the instructional module, Ela was able to

provide valid examples of proportional relationships. For instance, in PRET question
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5, which asked to provide a word problem which could be solved by the given
equation, she could not create a missing value problem in which the quantities

related multiplicatively in both tests.

Additionally, in both interviews, when the researcher asked her to give an example of
a real life proportional situation, she could create valid examples of proportional real
life situations and explained why the situation was proportional by utilizing the
statement that variables in a proportional situation had to increase or decrease in the

same ratio.

Results both before and after the instructional module indicated that Ela was able to
exemplify situations in which variables had nonproportional relationships. To
illustrate, in both interviews, when the researcher asked her to give an example of a
real life nonproportional situation, she could give valid examples and provide
evidence in support of assertions about the nonproportional relationship. In both
interviews, one of the relationships exemplified by her was additive relationship in
which the variables had a linear and nonproportional relationship. Moreover, in the
posttest, she provided an additional nonproportional example in which the variables

had constant relationship.

4.3.3 Differences in Understanding the Mathematical Relationships Embedded

in Proportional Situations

In this section, pre-service teachers” work before and after the proportional reasoning
instructional module were compared, so as to specify the four key understandings, if
any, they used to define proportionality concepts and to determine proportional
relationships were analyzed. Moreover, their difficulties in defining proportionality
concepts and understanding the key understandings before and after the instructional

module were presented.
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4.3.3.1 Differences in Gaye’s Findings on Understanding the Mathematical

Relationships Embedded in Proportional Situations

Defining Proportionality Concepts

Before the proportional reasoning instructional module, Gaye had difficulties to
define ratio and proportion concepts. She asserted that ratio was the same thing with
“division”. In addition, she defined the term proportion as an equation, which was
derived from cross-multiplication, without giving any meaningful explanation.
Moreover, she did not make use of any key understanding to define ratio and
proportion. Furthermore, she could not distinguish ratio from proportion and used the
terms interchangeably. Additionally, she did not use proportional reasoning language
in her definitions. In contrast, after the instructional module, Gaye could make true
definitions of ratio and proportion, and used proportional reasoning language in her
definitions. Moreover, she utilized key understanding 3 and key understanding 1 to
define the terms. In addition, she could distinguish ratio from proportion. The results
prior to instructional module showed that she did not know proportional relationships
were shown graphically by a line through the origin (key understanding 2). For
example, in the first student teaching, while she was defining the ratio concept, she
assumed that a ratio could not have a zero as its second component. Conversely, after
the instructional module, she appears to eliminate the misconception and understand

the key understanding 2.

In the pre-interview, she struggled to define the constant of proportionality.
Furthermore, she assumed that the constant of proportionality was a constant additive
relationship instead of a constant multiplicative relationship between quantities. In
contrast, she accurately defined the constant of proportionality for both direct and
inverse proportion in the post-interview. Moreover, by the end of the instructional

module, she emphasized that both k and 1/k were the constant of proportionality; in
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other words, she appears to learn that a constant multiplicative relationship existed

between two quantities and it could be expressed in two ways.

Determining Proportional Relationships

Prior to the instructional module, Gaye could not exactly explain the presence of
proportionality by using the key understandings. To illustrate, in the first student
teaching, while she was explaining how to determine proportional relationships, she
mentioned the equality of the rate pairs in a proportion (key understanding 3), but she
could not explain why it was true and not use proportional reasoning language in her
speech. On the other hand, in the second student teaching, she utilized multiplicative
nature of proportional relationships (key understanding 1) to decide proportionality.
Moreover, in the second student teaching, she set the algebraic expression of a
proportional situation by using multiplicative nature of proportional relationships
(key understanding 1) instead of using memorized rules as she did in the first student

teaching.

By the end of the instructional module, Gaye generally could make connection
among table, graph and algebraic expression of a proportional situation. Yet, in the
second student teaching, she had difficulty in finding the algebraic equation of a
proportional relationship presented as a table although she accurately drew the graph

of the relationship.

Prior to the instructional module, Gaye could not adequately use the key
understandings to justify her classifications about proportional relationships. In fact,
she sometimes did not use any key understanding to determine the proportional
relationships. Further, she sometimes used inaccurate statements based on additive
approach to decide proportionality. In contrast, after the instructional module, she
could adequately use the key understandings to justify her classifications about

proportional relationships. For example, before the instructional module, especially
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for the table representation, she did not exactly trust the key understanding 3 and she
tried to find some additive patterns between variables in the tables. She assumed that
additive patterns between variables in a table representation could be evidence of a
proportional relationship. Furthermore, although she understood the relationship
between the slope and constant of proportionality in the equation y=mx, she
supposed that a constant slope guaranteed proportionality; namely, she concluded
that in the equation y=mx + n, y is proportional to x. It can be concluded that she had
a misconception that all linear relationships were proportional and she did not
exactly understand the key understanding 4. In contrast, after the instructional
module, she learned that proportional relationships could be expressed algebraically
in the form y=mx and did not provide any explanation based on a misconception.
However, she still did not exactly understand the key understanding 4. For instance,
in the post-interview, she made connection between the slope and the constant of

proportionality, but she did not mention the unit rate that was equal to both of them.

4.3.3.2 Differences in Mine’s Findings on Understanding the Mathematical

Relationships Embedded in Proportional Situations

Defining Proportionality Concepts

Before the proportional reasoning instructional module, Mine had difficulties to
define ratio and proportion concepts. She asserted that ratio was the same thing with
“division” and “fraction”. Moreover, she could not explain the differences between
the terms ratio and proportion although she knew that they were different terms.
However, in the first student teaching, she used key understanding 1 to define direct
and inverse proportions. On the other hand, in the post-interview and second student
teaching, Mine stated true definitions of ratio and proportion and used proportional
reasoning language in her definitions. Furthermore, she utilized key understanding 1
and key understanding 3 to define ratio and proportion concepts. Additionally, unlike

the results prior to the instructional module, she could explain the differences
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between the terms ratio and proportion and used proportional reasoning language in
her definitions.

In the pre-interview, Mine did not clear which ratios (within or between-ratio) should
be equal to the constant of proportionality. In other words, she probably did not
know that a constant multiplicative relationship existed between two quantities in a
proportional situation, which meant within-ratio. In a similar way, in the second
student teaching, she held the misunderstanding that the constant of proportionality
was equal to both within and between-ratios although she clearly indicated that it was
equal to within-ratio in the post-interview. However, unlike the results prior to the
instructional module, after the instructional module, she emphasized that the constant

of proportionality could be expressed in two ways (k and 1/k).

Before the instructional module, she did not use the key understanding 4 in her
definitions. However, by the end of the module, she used the key understanding but,
she did not mention the unit rate although she could make connection between the

slope and the constant of proportionality.

Determining Proportional Relationships

Before the instructional module, Mine explained the presence of proportionality by
using the multiplicative nature of proportionality (key understanding 1) and the
equality of the rate pairs in the proportion (key understanding 3), yet she could not
clearly explain which rate pairs would be equal to be proportional. Similarly, after
the instructional module, she made use of key understanding 1 and key
understanding 3 to determine the presence of proportionality, but this time, she could

clearly explain which rate pairs would be equal to be proportional.

According to results both before and after the instructional module, Mine utilized all

of the key understandings to justify her classifications about proportional
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relationships. Yet, prior to instructional module, she could not explain her rationales
in all of the situations by adequately utilizing the key understandings. In fact, she
sometimes used inaccurate statements based on additive approach to decide
proportionality instead of key understandings. To illustrate, in the pretest, for
questions 11 and 12, she only mentioned that the direction of change of the related
quantities had to be the same, but she did not emphasize that the change between the
quantities had to be in the same ratio. On the other hand, in the posttest and post-
interview, she did not use any inaccurate statement and utilized the key
understandings to decide proportionality of the situations.

The results prior to instructional module showed that Mine had some difficulties in
key understanding 2. For instance, in the pretest, she assumed that a ratio could not
have a zero as its second component though a proportional situation might contain
the ratio of zero to zero (0/0). Conversely, after the instructional module, she appears
to eliminate the misconception that a ratio could not have a zero as its second
component and understand the key understanding 2. Additional evidence was her
classification of question 16 in the pre-interview. It seems that she did not know that
proportional relationships were shown graphically by a line through the origin (key
understanding 2) because although the graph in the question was a parabola, she
classified it as proportional. In contrast, after the instructional module, Mine
accurately classified the quadratic relationship as nonproportional and adequately
utilized the key understanding 2. It can be concluded that she did not have any

difficulty in key understanding 2 after the instructional module.

According to results both before and after the instructional module, Mine did not
have any difficulty in key understanding 1 and 3. Moreover, she preferred to use the
two statements in most of her justifications of proportionality. Additionally, both of
the results indicated that she knew that in the functions of the form y=mx+n, x was
not proportional to y. However, the results of the pre-interview showed that she did

not know that in the functions of the form y=mx?, x was not proportional to y. It can
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be concluded that she had difficulties in key understanding 4. By the end of the
instructional module, she understood the relationships in the functions of the form
y=mx°. But, she still did not exactly understand the key understandings 4. To
illustrate, in the post-interview, she made connection between the slope and the
constant of proportionality, but she did not mention the unit rate that was equal to
both of them.

4.3.3.3 Differences in Ela’s Findings on Understanding the Mathematical

Relationships Embedded in Proportional Situations

Defining Proportionality Concepts

Prior to the instructional module, Ela could not provide a valid definition of ratio
because she argued that ratio was the same thing with “division”. On the other hand,
she could define proportion by utilizing key understanding 3 although she did not use
proportional reasoning language in her definition. After the instructional module, she
appears to eliminate the misconception that ratio was the same thing with “division”
and provided valid definitions of ratio and proportion by using proportional
reasoning language. Similar to results prior to module, she defined proportion by
using key understanding 3 after the instructional module. The results both before and
after the instructional module showed that she knew ratio and proportion were
different terms and could explain the differences between them. Additionally, she
could utilize proportional relationships’ multiplicative nature (key understanding 1)

to define and explain inverse proportion.

According to results both before and after the instructional module, Ela provided a
true definition of the constant of proportionality and accurately found it in a
proportional situation by utilizing key understanding 3. However, results from the
first student teaching revealed that she did not understand the relationship between

the slope and the constant of proportionality and could not recognize that the
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constant of proportionality could be expressed in two ways. Moreover, she stated an
inaccurate statement that the multiplication of the slope and the constant of
proportionality was equal to one. In conclusion, she had difficulties in key
understanding 4. On the other hand, in the second student teaching, she highlighted
that in a proportional situation the slope and the constant of proportionality were the
same. In addition, she emphasized that both k and 1/k were the constant of
proportionality. It can be concluded that by the end of the instructional module, she
understood the relationship between the slope and the constant of proportionality and
learned that a constant multiplicative relationship existed between two quantities and
it could be expressed in two ways. Yet, she still did not exactly understand the key
understandings 4. To illustrate, in the second student teaching, although she made
connection between the slope and the constant of proportionality, she did not
mention the unit rate that was equal to both of them. However, she could make
connections among different representations of a proportional situation later the

instructional module.

Determining Proportional Relationships

Before the instructional module, Ela could not exactly explain the presence of
proportionality by using the key understandings. She only mentioned that the ratio
pairs in a proportional situation had to be equal (key understanding 3) and she called
the relationship “division” instead of “ratio”. That is to say, she did not utilize
proportional reasoning language in her explanation. However, after the instructional
module, she explained the presence of proportionality by using both key

understanding 1 and key understanding 3.

Prior to instructional module, Ela mostly justified rationales of her classifications
about proportional relationships by using key understanding 3. In addition, she
inadequately utilized key understanding 4 to justify a classification. That is to say,

she mentioned that a proportional relationship could be represented symbolically as
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y = mx, where m was the constant of proportionality, but she did not mention that m
also the unit rate and slope. However, after the instructional module, Ela understood
the relationship between the slope and the constant of proportionality although she
did not mention the unit rate that was equal to both of them. Additionally, she
utilized all of the key understandings to justify her classifications later the
instructional module. Furthermore, her foremost justification was the key
understanding 1 whereas she did not use it in any situation before the instructional
module. Moreover, unlike the results prior to instructional module, she did not use
any inaccurate statements based on additive approach to decide proportionality. To
illustrate, prior to the instructional module, Ela sometimes tried to find some additive
patterns between quantities in the tables. She supposed that additive patterns between
variables in a table representation could be evidence of a proportional relationship
although she did not sure. On the other hand, by the end of the instructional module,
it was seen that her doubts were removed, and she utilized key understandings to
decide and explain proportional relationships. For example, unlike the pretest and
pre-interview results, Ela could utilize key understanding 1 and key understanding 2
to justify her classifications. In addition, Ela could make connections among table,
graph and algebraic expression of the given proportional situations after the

instructional module.

4.4 Summary of the Results

In order to summarize participants’ proportional reasoning, the findings about their
approaches to different problem types, distinguishing proportional from
nonproportional situations, and understanding mathematical relationships embedded
in proportional situations before and after the instructional module based on
proportional reasoning, are presented in the Table 4.10. The results obtained from the
first and second administration of PRET, the first and second student teaching, and
pre and post-interview. Additional information was gathered from the lesson plans

and revision reports of the lesson plans in the student teachings.
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Table 4.10 Pre-service teachers’ proportional reasoning before and after the

proportional reasoning instructional module

Before After
Gaye Mine Ela Gaye Mine Ela

Solving problems accurately + + + + + +

Using inaccurate additive strategy in proportional + + + - + -
situations (making additive comparisons)

Eg_ Making qualitative comparisons not depending on - + + - + +
2> numerical values
GE) Utilizing a broad range of strategies - - + + + +
o Using strategies highlighting multiplicative + + + + + +
g relationships
= Using efficient strategies - + -
et Providing a meaningful explanation for solution - + - + + +
% Using proportional reasoning language in - + - + + +
'g explanations
= Recognizing both within and between ratios - - - + + +
2 Recognizing both part-to-part and part-to-whole - + + - + +
3 ratios
g_ Flexibility in unitizing and reunitizing of - - - - - -
o quantities
< Building ratio tables and determining the rule for - - - + + +
relating the number pairs in the table
Classifying relationships as proportional or + + + + + +
g nonproportional accurately
= Providing evidence to support claims about - + + + + +
=< £ proportional relationships
S .2 Misconception that all linear relationships are + + - - - -
£ S proportional
§- > Knowing that all proportional relationships are - - + + + +
= c_crs linear
> .9 Identifying ratio as measure + + + + + +
"= 5 Using proportional reasoning language in + + + + + +
-2 & explanations
=y S Providing example of proportional relationship - + + + + +
£ & and explain why
a S Providing example of nonproportional + + + + + +
relationship and explain why
Defining proportionality concepts + + + + + +
§ Utilizing key understandings in definitions - + + + + +
b= Using proportional reasoning language in - - - + + +
£ definitions
S ,  Utilizing key understandings to determine + + + + + +
£ .= proportional relationship
o & Using inaccurate additive approach + + + - - -
% 2 Making connections among table, graph and - - - + + +
S % algebraic expression of a proportional situation
%~ Understanding proportional relationships are + + - + + +
3 multiplicative in nature
5
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Table 4.10 (continued)

Understanding proportional relationships are - - - + + +
presented graphically by a line through the origin

Understanding the rate pairs are equivalent in + + + + + +
proportional relationships

Understanding proportional relationships can be + + - + + +
represented symbolically by the equation y = mx,

where the m is the slope, unit rate, and constant of

proportionality

Note: “-” indicates that the statement was not found,
“+” indicates that the statement was found,
“+” indicates that the statement was found only in some situations.

4.4.1 Summary of Findings about Approaches to Different Problem Types

Gaye, Mine and Ela generally accurately solved the proportion problems in the
PRET, student teachings and interviews. Yet, before the proportional reasoning
instructional module, all of them inaccurately solved a numerical comparison
problem in the PRET (question 24) since they used an inaccurate additive strategy
instead of a multiplicative one. Similarly, in the pretest, Gaye and Mine made an
additive comparison to solve a qualitative problem (question 8) instead of a
multiplicative comparison. However, Ela solved the same problem by making
multiplicative comparisons. After the instructional module, Gaye and Ela could solve
all of the proportion problems by utilizing multiplicative strategies rather than
inaccurate additive strategies. On the other hand, Mine could not accurately solve a
qualitative problem (question 8) and still made an additive comparison. In both
pretest and posttest, while Gaye could not make qualitative comparisons that did not
depend on numerical values, Mine could do. In the pretest, although Ela made
multiplicative comparisons to solve qualitative problems, she could not make
qualitative comparisons that did not depend on numerical values, whereas in the

posttest, she could do.
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After the proportional reasoning instructional module, all of the pre-service teachers
utilized a broader range of strategies to solve proportion problems although they used
limited number of strategies before the instructional module. In addition, after the
instructional module, they mostly preferred to use strategies highlighting
multiplicative relationships, whereas before the instructional module, they generally
applied algebraic procedures without associating meaning. Moreover, all of them
mostly used efficient strategies which facilitated the computations required to find

missing values after the instructional module.

Prior to the instructional module, while Gaye and Mine could not express the
meanings of quantities they calculated, Ela explained them in some problems at a
limited level. Additionally, early on instructional module, their explanations and
rationales for their solutions were generally inadequate that did not go beyond a
description of the steps they had taken to determine the solution though Mine could
provide meaningful explanations for some of her solutions. However, later the
instructional module, they explicitly explained the meaning of the quantities,
provided meaningful explanations for their solutions and used proportional reasoning

language in their explanations.

In missing value problems, while Gaye, Mine and Ela recognized and used between-
ratios before the instructional module, they had difficulty in recognizing within-
ratios. In fact, they did not use within-ratio even in situations where it was integer.
On the other hand, after the instructional module, Mine could recognize and used
both within and between-ratios in the missing value problems, but Gaye and Ela only
recognized between-ratios. However, since they sometimes utilized unit rate
strategy, which was a within-ratio strategy, it can be said that they could realize

within-ratio in only some situations.

Mine and Ela recognized and utilized both part-to-part and part-to-whole ratios

before and after the instructional module. However, Gaye did not use part-to-whole
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rations in any solution of her, and in the pre-interview, she struggled to make sense
of the quantities in a student’s solution in which part-to-whole ratio was utilized. It
can be concluded that she had difficulties in realizing part-to-whole ratios even after

the instructional module.

None of the pre-service teacher had flexibility in unitizing and reunitizing quantities
before and after the instructional module. In other words, they had difficulties in
using composite units when the quantities suggest that it was more convenient than
using singleton units even after the instructional module. However, by the end of the
instructional module, Gaye, Mine and Ela built ratio tables and determined the rule
for relating number pairs in the table by utilizing factor of change or building-up
strategies. Furthermore, in some situations, they could view the ratio as reducible and
increasable units and by this way; they could solve the missing value problems that
had noninteger between-ratios. In addition, all of the pre-service teachers realized the
constant ratio between elements of the same measure space and used the constant of

proportionality to solve missing value problems after the instructional module.

442 Summary of Findings about Distinguishing Proportional from

Nonproportional Situations

After the proportional reasoning instructional module, Gaye, Mine and Ela
accurately classified all of the relationships in the PRET (questions 11-22) as
proportional or nonproportional. However, prior to instructional module, Gaye and
Mine made some inaccurate classifications; moreover, all of the pre-service teachers
had some difficulties to provide evidence to support their claims. On the other hand,
by the end of the instructional module, they could clearly explain why the

relationships were proportional or not.

Before the instructional module, Gaye and Mine had a misconception that all linear

relationships were proportional and did not know that all proportional relationships
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were linear, whereas Ela knew that linearity alone was not an indicator of
proportional relationship, but it was a requirement for the variables to be
proportional. After the instructional module, the misconception that all linear
relationships were proportional appears to have been eliminated by the pre-service
teachers. Prior to the instructional module, while Mine and Ela had some difficulties
in understanding that proportional relationship increased or decreased with the same
ratio, Gaye definitely did not know the statement. To illustrate, in the first student
teaching, Gaye taught a linear and nonproportional relationship as if it was a
proportional relationship. In contrast, in the second student teaching, she accurately
classified the relationship between the same variables as nonproportional. Similarly,
results after the instructional module revealed that all of the pre-service teachers
learned that all proportional relationships were linear and proportional relationship

increased or decreased with the same ratio.

Pre-service teachers had some difficulties in identifying ratio as a measure in the
pretest. On the other hand, in the posttest, Gaye and Ela could realize that ratio was a
proper method to measure concentration of a mixture, shade of paint, steepness of a
ski ramp and “squareness” of a rectangle. However, Mine could not identify ratio as
a measure of shade of paint even after the instructional module. Pretest results
showed that the pre-service teachers sometimes did not use proportional reasoning
language in their explanations; specifically, they sometimes did not use the word
“ratio” while they were utilizing ratio as a measure. But, in the posttest, they used

proportional reasoning language, especially the word “ratio”, in their explanations.

Before the instructional module, Gaye and Mine sometimes could not provide valid
examples of proportional relationships, while Ela could do. For example, in the
pretest (question 5), Gaye and Mine was not able to create a missing value word
problem in which the quantities related multiplicatively, whereas Ela could create a
proportional problem. Additionally, in the pre-interview, only Gaye could not

provide a valid example for a proportional real life situation.
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After the instructional module, Mine and Ela could create valid examples of
proportional relationships, but Gaye still had some difficulties. To illustrate, in the
posttest (question 5), while Mine and Ela could create a proportional problem, Gaye
could not do. In conclusion, Gaye could not write a word problem in which the
quantities had proportional relationship even after the instructional module. On the
other hand, in the post-interview, all of them were able to give examples of a
proportional real life situation; moreover, they could justify why the examples were
proportional.

According to results both before and after the instructional module, the pre-service
teachers could provide valid examples of a nonproportional relationship and explain
why their examples were nonproportional. Gaye’s nonproportional example in the
pre-interview was an exception because she could not clearly explain why her
example was not proportional. The results after the instructional module indicated
that pre-service teachers identified that additive and constant relationships were

presented at nonproportional situations.

443 Summary of Findings about Understanding the Mathematical

Relationships Embedded in Proportional Situations

After the proportional reasoning instructional module, Gaye, Mine and Ela could
provide valid definitions of ratio and proportion concepts. However, prior to
instructional module, they had difficulties to define the concepts. To illustrate, all of
them asserted that ratio was the same thing with “division”; additionally, Mine
argued that ratio and fraction were the same concepts. While Gaye could not make
use of any key understanding to define ratio and proportion, Mine used key
understanding 1 and Ela used key understanding 3 in some definitions before the
instructional module. However, by the end of the module, all of them could utilize
key understanding 1 and key understanding 3 to define ratio and proportion concepts.

Although after the instructional module, all pre-service teachers could explain the
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difference between ratio and proportion, Gaye and Mine had difficulties before the
instructional module. Unlike the results prior to instructional module, all of them
could use proportional reasoning language in their definitions. Moreover, they could
adequately utilize key understandings to determine proportional relationship contrary
to the results prior to instructional module.

The results before the instructional module revealed that pre-service teachers
probably did not know that a constant multiplicative relationship existed between
two quantities and it could be expressed in two ways. Similarly, Gaye and Mine
struggled to define the constant of proportionality in the pre-interview. On the other
hand, after the instructional module, they appear to have learned the meaning of
constant of proportionality and expressing it in two ways. However, Mine had
difficulties to determine the constant of proportionality even after the instructional
module. To illustrate, in the second student teaching, she stated that it was equal to

both within and between-ratios.

Prior to instructional module, pre-service teachers sometimes used inaccurate
statements based on additive approach to decide proportionality instead of key
understandings. For example, Gaye and Ela tried to find some additive patterns
between quantities to decide proportionality. Furthermore, Mine and Ela only
mentioned that the direction of change of the related quantities had to be the same,
but did not emphasize that the change between the quantities had to be in the same
ratio in some situations. In contrast, by the end of the instructional module, they did
not use any inaccurate statement and utilized the key understandings to decide

proportionality of the situations.

Pre-service teachers had some difficulties in making connections among table, graph
and algebraic expression of the given proportional situations before the instructional
module. On the other hand, they mostly eliminated their difficulties after the module.

However, in the second student teaching, Gaye had difficulty in finding the algebraic

241



equation of a proportional relationship presented as a table although she accurately

drew the graph of the relationship.

By the end of the instructional module, results indicated that pre-service teachers
utilized the key understandings and mostly understood them whereas they had some
difficulties earlier on the instructional module. To illustrate, before the instructional
module, Gaye and Ela did not exactly understand the key understanding 1 and all of
them had some difficulties in the key understanding 2 and key understanding 4.
However, after the instructional module, they exactly understood the key
understandings. The key understanding 4 was an exception because the pre-service
teachers knew that a proportional relationship could be represented symbolically as
y=kx, where the k was the slope and the constant of proportionality, but they did not

mention the unit rate that was equal to both of them.
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CHAPTER V

CONCLUSION AND DISCUSSION

5.1 Pre-service Teachers’ Proportional Reasoning

This study was designed to investigate pre-service middle school mathematics
teachers’ proportional reasoning before and after receiving a practice-based
instructional module based on proportional reasoning. For this purpose, pre-service
teachers’ approaches to different problem types, distinguishing proportional from
nonproportional situations, and understanding mathematical relationships embedded
in proportional situations were examined. In this chapter, first, conclusions of the
study are summarized respectively, and these conclusions are discussed under the
related headings. Then, educational implications, limitations and recommendations

for future research are presented.

5.1.1 Approaches to Different Problem Types

As it was expected pre-service teachers generally accurately solved the proportion
problems which consisted of missing value, numerical comparison and qualitative
reasoning problems before and after participation in the practice-based instructional
module. However, giving correct answers does not ensure that proportional
reasoning is taking place because proportions may be solved by using mechanical
knowledge about equivalent fractions or about numerical relationships, or by
applying algorithmic procedures (e.g., cross-multiplication) without the
understanding of proportional relationships (Cramer et al., 1993; Lamon, 2007). That
is to say, proportional reasoning goes beyond setting up a proportion and blindly

applying rules and mechanical operations (Hoffer, 1988; Lamon, 2007).
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Furthermore, Lamon (2007, 2011) argues that proportional reasoning is a mental
process that involves argumentation and conscious analysis of the multiplicative
relationships between variables. Besides, proportional reasoning requires expressing
the meanings of quantities and variables in the context in which they are used, and
using the language of proportionality (Lamon, 2007). Yet, the results prior to
instructional module revealed that the pre-service teachers mostly solved proportion
problems procedurally, and they did not have conceptual knowledge required to
understand and explain proportional relationships in the problem situations. For
instance, prior to the instructional module, although the pre-service teachers were
extremely comfortable with numerical operations, they had difficulty in expressing
the meanings of quantities they calculated. Moreover, the participants generally
applied algebraic procedures such as cross-multiplication without associating
meaning to solve proportion problems before the instructional module. Additionally,
early on instructional module, their explanations and rationales for their solutions
were mostly inadequate that did not go beyond a description of the steps they had
taken to determine the solution, and lack of proportional reasoning language. On the
other hand, by the end of the instructional module, the participants explicitly
explained the meaning of the quantities, provided meaningful explanations for their
solutions and used proportional reasoning language in their explanations.
Furthermore, the results after the instructional module revealed that the pre-service
teachers mostly preferred to use informal strategies (e.g., factor of change)
highlighting multiplicative relationships, and relied less on the cross-multiplication
and other formal strategies. In parallel with the results prior to the instructional
module, research findings showed that students and teachers frequently use formal
strategies, which are algebraic strategies in which rules and properties of algebra are
used, to set up and solve proportion problems (Akkus-Cikla & Duatepe, 2002; Avcu
& Avcu, 2010; Cramer & Post, 1993; Duatepe et al., 2005; Person et al., 2004).
Additionally, similar to the results before the instructional module, in the studies by
Akkus-Cikla and Duatepe (2002), and Person et al. (2004), the researchers found that

pre-service teachers did not have conceptual knowledge required to solve and
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understand proportion problems. To illustrate, in the study by Person et al. (2004),
when the interviewer asked a pre-service teacher how to introduce the concept of
ratio to middle grade students, the participant mentioned techniques and number

operations without giving a sense of proportions.

In the practice-based instructional module, pre-service teachers examined cases of
students’ works, which includes errors due to overreliance on cross-multiplication
and other algebraic strategies, and they read an assigned article (Dogan & Cetin,
2009) about students’ misconceptions of direct and inverse proportion, which
mentioned that students had difficulties in solving proportion problems since they
used formal strategies in a rote manner. These tasks may help them to notice that
memorized algorithmic procedures might lead confusion due to the fact that they did
not highlight multiplicative relationships between variables. Moreover, the
mathematical tasks they solved by using informal strategies in the instructional
module might help them to see how these strategies were meaningful and useful. The
important point here is that as a result of the instructional module, the pre-service
teachers questioned their own solution strategies and chose to change them with
strategies highlighting multiplicative relationships. The claim was confirmed by the
pre-service teachers during the posttest and post-interview because it was seen that
they used factor of change strategy instead of cross-multiplication even in the scratch
papers although it was not required. Moreover, as the participants shared and
discussed their solutions with their peers in the instructional module, they might
come to understand the meanings of quantities calculated and the relationships
between variables, and this might be a reason that they provided meaningful and
conceptual explanations for their solutions. Furthermore, the narrative case, in which
a teacher used language of proportionality in her explanations, may have a role in the

improvement of the participants’ use of proportional reasoning language.

The results of the study revealed that pre-service teachers utilized a broader range of

strategies to solve proportion problems and made sense of these strategies as a result
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of their participation in the proportional reasoning instructional module.
Furthermore, they preferred to use efficient strategies which facilitated the
computations required to find missing values after the instructional module. The
result indicated that the participants made progress in becoming a proportional
reasoner. Correspondingly, solving multiple types of problems, missing value,
numerical comparison, qualitative prediction and comparison problems with
considerable flexibility, which meant to choose a strategy that is best suited to the
problem, is an expected ability from a proportional reasoner (Cramer & Post, 1993;
Cramer et al., 1993; Singh, 2000). Additionally, Lamon (2012) claims that a
proportional reasoner exhibits greater efficiency in problem solving and utilizes a
range of strategies, sometimes unique strategies, for dealing with problems. The
reason for the development in the participants’ repertoire of strategies may be due to
the instruction and an assigned article (Duatepe, et al., 2005), which was about
students’ solution strategies, enabled them to have knowledge about different
solution strategies. Moreover, mathematical tasks they solved in the instruction
encouraged them to solve different types of proportion problems by using a range of
strategies. In addition, discussions on different solution strategies used in the cases of
students’ works and a teacher’s instruction, and problems solved in the instructional
module might help them to develop a flexible set of strategies and to realize the
connections between them. Similarly, Steele (2006) and Hillen (2005) found that the
participants in their studies improved their ability to use multiple solution methods
by the end of a practice-based professional development course in which they
engaged in mathematical tasks, discussed mathematical ideas and examined cases of

learning and teaching.

Some strategies might yield an incorrect answer to a proportion problem. In
literature, the most commonly used incorrect approach was additive strategy (Ben-
Chaim et al., 2012; Karplus et al., 1983). In fact, many studies indicate that both
students and teachers frequently use additive strategies where multiplicative

comparisons are required (Hart, 1988; Lesh et al., 1988; Simon & Blume, 1994b;
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Singh, 2000; Sowder, Philipp et al., 1998). Further, inaccurate additive strategies do
not seem to disappear with maturation (Hart, 1988). In a similar way, the results of
the current study showed that pre-service teachers made use of inaccurate additive
strategies to solve some proportion problems before the instructional module. For
example, pre-service teachers used an inaccurate additive strategy instead of a
multiplicative one to solve a numerical comparison problem in the PRET. According
to several research studies, students often used inaccurate additive strategies when
the proportion problem had noninteger ratios (Karplus et al., 1983, Cramer et al.,
1993; Post, Cramer, Behr, Lesh, & Harel, 1993; Singh, 2000; Sowder, Philipp et al.,
1998). Similarly, the numerical comparison problem in the PRET had noninteger
ratios. Yet, we cannot conclude that the pre-service teachers used inaccurate additive
strategies due to noninteger ratios because they could accurately utilize
multiplicative strategies in the other problems which included noninteger ratios. The
reason of their inaccurate additive strategy might be that the numerical comparison
problem with a context of “squareness” was an unfamiliar problem type for pre-
service teachers since middle school textbooks usually presented the traditional
missing value problems (Sowder, Armstrong, et al., 1998). Another evidence for the
claim was that their other inaccurate additive strategies were in the qualitative
problems which were also less familiar problems. In a similar manner, Heller et al.
(1989) found that when students encountered with a less familiar problem context,
the difficulty of the problem increased. Correspondingly, Sowder, Philipp et al.
(1998) argued that since additive reasoning had an important role in the early grades,
students returned to additive reasoning in multiplicative situations when they
encountered a difficulty. Conversely, after the instructional module, pre-service
teachers did not utilize any inaccurate additive strategy to solve numerical
comparison problems. In the practice-based instructional module, pre-service
teachers examined students’ works in which students used inaccurate additive
strategies, and solved and discussed mathematical tasks which included numerical
comparison problems. These tasks may help them to notice their own inaccurate

additive strategies and to solve the problems with considerable flexibility.
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The results also revealed that pre-service teachers had some difficulties in solving
qualitative reasoning problems even after the instructional module. For instance, a
pre-service teacher still made use of an additive strategy to solve a qualitative
reasoning problem and another pre-service teacher could not make qualitative
comparisons that did not depend on numerical values after the instructional module.
However, qualitative problems require qualitative comparisons that do not depend on
numerical values (Ben-Chaim et al., 2012). Additionally, proportional reasoning is a
way of reasoning about multiplicative relationships, which includes both quantitative
and qualitative process (Lesh et al., 1988). The reason for the difficulties in
qualitative reasoning of pre-service teachers may be that the proportional reasoning
instructional module did not have enough tasks about qualitative problems.
Therefore, it can be recommended that in the future revisions of the instructional

module, qualitative reasoning problems should be given more attention.

The results indicated that pre-service teachers did not have flexibility in unitizing and
reunitizing quantities before and after the instructional module. In other words, they
had difficulties in using composite units when the quantities suggest that it was more
convenient than using singleton units although they could use single unit rate
strategy (i.e., finding for one). Similarly, in Singh’s (2000) study, a Sixth grade
student was unable to unitize the composite units to find a ratio unit although she
accurately solved problems by using single unit rate strategy. Correspondingly,
Lamon (1989) reported that most of the children in her study knew and preferred the
single unit rate strategy before receiving any instruction. According to Lamon
(1993a, 1993b, 1996), unitizing and norming are two important processes in the
development of proportional reasoning. Moreover, she points out the importance of
flexibility in unitizing that means conceptualizing a quantity with regard to many
pieces with different sizes (Lamon, 2012). In a similar way, Lamon (1993a, 1993b)
argues that one of the most important differences between those who reason
proportionally and those who do not, is using composite units when the context

suggests that using them is more effective than using singleton units. However, pre-
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service teachers in the current study could not adequately achieve the process. The
reason may be that it is a long term process, which began in elementary school
(Lamon, 1993a). Therefore, it is difficult to improve it through five-week instruction
although the instruction had mathematical tasks that aimed to improve pre-service
teachers’ flexibility in unitizing. Moreover, it is an ability that requires a more
advanced level of proportional reasoning, and is critical to the development of

increasingly sophisticated mathematical ideas (Lamon, 1993a, 1994).

By the end of the instructional module, the participants could build ratio tables and
determine the rule for relating number pairs in the table and could view the ratio as
reducible and increasable units, which they could not do before the instructional
module. According to Lamon (1999), this conceptualization allows to solve a broad
range of problems including ones that have noninteger between-ratios. In the
instructional module, there were considerable number of mathematical tasks which
required building ratio tables and determining the rule in the tables. The tasks might
enable pre-service teachers to see the ratio as reducible and increasable units, and

practice on using ratio tables to solve proportion problems.

5.1.2 Distinguishing Proportional from Nonproportional Situations

Lamon (2007) argues that a proportional reasoner is able to distinguish situations in
which proportionality is an appropriate mathematical model from situations in which
proportionality is not appropriate. In other words, a proportional reasoner can
determine whether the quantities in a problem situation are related additively,
multiplicatively, or in some other way. However, the results indicated that pre-
service teachers sometimes could not determine whether a situation was proportional
or not and had difficulties in providing evidence to support their claims about
proportionality before receiving the instructional module. Similar findings were
reported in the studies by Atabas (2014), Cramer et al. (1993) and Van Dooren et al.

(2005). In the current study, the reason for pre-service teachers’ difficulties in
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classifying relationships as proportional or not, may be due to their misconception
that all linear relationships were proportional. Because, Gaye and Mine who had the
misconception, sometimes could not determine whether a situation was proportional.
Yet, Ela who did not have the misconception always could do. It can be concluded
that before the instructional module, the pre-service teachers over generalized
proportionality; in other words, they inaccurately applied proportional reasoning in
situations that had nonproportional relationships. Van Dooren et al. (2003) refer to
the overreliance on proportionality as “illusion of linearity” (p.113). As it was
reviewed in the literature, there was a strong tendency to over generalize
proportionality between many students and teachers (Atabas, 2014; Cramer et al.,
1993; Van Dooren et al., 2005; Van Dooren et al., 2003). For example, in a study by
Cramer et al. (1993) 32 out of 33 pre-service elementary education teachers solved a
nonproportional problem by setting up and solving a proportion. That is, the pre-
service teachers did not recognize that the quantities in the problem were related
additively instead of multiplicatively, and thus, they used a proportional strategy that
was not work. On the other hand, by the end of the instructional module, the
misconception that all linear relationships were proportional was eliminated by the
pre-service teachers. Moreover, they could determine whether the quantities in a
problem situation were related additively, multiplicatively, or in some other way. In
the instructional module, pre-service teachers examined students’ works in which
students over generalized proportionality; moreover, they solved and discussed
mathematical tasks that included not only proportional situations but also
nonproportional situations in which variables had additive and constant relationships.
According to Ball and Cohen (1999), in a practice-based professional development
program, the documents of practice could be drawn from teachers’ own teaching.
Furthermore, they argued that teachers need opportunities to review their current
practices and to examine others’ practices. In a similar way, a video clip from Gaye’s
teaching, in which her linearity misconception was revealed, was watched and
analyzed by pre-service teachers in the instructional module. These tasks mentioned

above may enable pre-service teachers to eliminate their misconceptions, to improve
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their capacity to discriminate proportional situations and to provide evidence to
support their claims about proportionality. Similarly, Hillen (2005) and Sowder et al.
(1998) reported that pre-service teachers constructed a deeper understanding on
proportional and nonproportional situations, and their difference with the aid of
professional development opportunities.

Lamon (2007) asserts that without knowledge of intensive quantities, which are the
quantities that cannot be measured directly, a student cannot be a proportional
reasoner. An intensive quantity relates two extensive quantities (Simon, & Blume,
1994a). Multiplicative comparisons are utilized to indicate the intensive quantities
(Sowder, Sowder, & Nickerson, 2012). Correspondingly, recognizing a ratio, which
is a multiplicative comparison, as the proper measure of a given attribute is an
indicator of the ability to reason multiplicatively (Simon & Blume, 1994b; Sowder et
al., 2012). Yet, the results of the study showed that the pre-service teachers had some
difficulties in recognizing ratio as a proper measure of a given attribute (e.g.,
concentration of a mixture) before receiving instruction. Similarly, in a study
conducted by Simon and Blume (1994b) to investigate pre-service teachers’ ability to
identify ratio as a measure, pre-service teachers had difficulty in recognizing ratio as
a proper measure for steepness of ski ramps. However, the results of the current
study indicated that pre-service teachers mostly eliminated their difficulties in
identifying ratio as measure after their participation in the instructional module. The
reason may be that in the instructional module, pre-service teachers solved
mathematical tasks which included intensive quantities such as squareness of a
rectangle, and discussed how to measure the given attribute. Likewise, Lamon (2007)
claims that students need opportunities to analyze intensive quantities and to engage

in argumentation and justification about how to measure these quantities.
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5.1.3 Understanding the Mathematical Relationships Embedded in Proportional
Situations

The results prior to instructional module revealed that pre-service teachers had
difficulties in defining ratio and proportion concepts and explaining the difference
between them. In addition, they thought that ratio was the same thing with “division”
or “fraction. Similarly, in the study by Akkus-Cikla and Duatepe (2002), the pre-
service teachers had difficulty in defining ratio and proportion concepts and
explaining the difference between them. However, by the end of the instructional
module, pre-service teachers in the current study could define and distinguish ratio
and proportion concepts. In the instructional module, pre-service teachers discussed
the ratio and proportion concepts, and their connections and differences with other
concepts such as fractions and rational numbers. These tasks may help them to

understand these concepts conceptually.

The results of the study made salient that proportional reasoning instructional module
in which pre-service teachers participated enhanced their understandings of ratio and
proportion concepts, and proportional relationships as evidenced by their use of more
key understandings than before the instructional module in defining proportionality
concepts and determining proportional relationships. According to Sowder et al.
(1998) understanding the concept of ratio is crucial in making the transition from
additive to multiplicative thinking. In fact, prior to instructional module, pre-service
teachers sometimes used inaccurate statements based on additive approach to decide
proportionality instead of key understandings. However, a proportional reasoner
should be able to understand mathematical relationships embedded in proportional
situations such as proportional relationships’ multiplicative nature (key
understanding 1) (Cramer et al, 1993). Similarly, Olmez (2016) proposed that
multiplicative relationships had a critical role in ensuring a powerful understanding
of ratios and proportional relationships. For this reason, in the instructional module,

some mathematical tasks aimed to highlight multiplicative nature of proportional
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relationships were solved and discussed. As a result, pre-service teachers understood
the key understanding 1 and utilized it in definitions and justifications. In addition,
results indicated that pre-service teachers adequately utilized the other key
understandings as well. Therefore, it can be concluded that they had a deeper
understanding of proportional relationships and the mathematical ideas embedded in
the relationships after the practice-based instructional module. Similarly, in the study
by Silver et al. (2007), the results indicated that practice-based professional learning
tasks provided many opportunities for teachers to learn mathematics such as building
connections among related mathematical ideas and to rethink and reorganize the
mathematics that they would encounter in their practice.

Ben-Chaim (2012) argues that corresponding elements of two sets are in a
proportional relationship if there is a constant ratio (either direct or indirect) between
them. In other words, the multiplicative relationship between two quantities has to be
constant, either in the same, or opposite direction. However, results prior to the
instructional module revealed that pre-service teachers probably did not know that a
constant multiplicative relationship existed between two quantities and it could be
expressed in two ways. On the other hand, they appear to learn the meaning of
constant of proportionality after their participation in the instructional module. Yet,
Mine had some difficulties to determine the constant of proportionality in the second
student teaching although she accurately determined the concept in the post-
interview. Underlying reason for her difficulty in the student teaching might be that
she went back her old inaccurate statement about constant of proportionality while
she was teaching since she did not have a deep understanding of the concept. It can
be concluded that pre-service teachers might make mistakes in teaching if they did
not have a deep understanding of the concept. Similarly, researchers claim that
teachers need a broad and deep knowledge of concepts, principles and strategies they
teach (Ball & Cohen, 1999; Ma, 1999; NBPTS, 2010). Another evidence for the
claim was that while Gaye could make connections between the constant of

proportionality, the slope and the algebraic expression of a proportional situation in
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the post-interview, she could not do in the second student teaching. Unfortunately,
she had similar difficulties in making connections between these concepts prior to
the instructional module. Further, she could not accurately write the algebraic
expression of a proportional situation although she could do in the posttest. In the
post-interview, when the researcher asked her to tell what happened in the student
teaching, she said that she was nervous while she was teaching finding the equation
of variables in a proportional situation, and she added, “It was very difficult and
disappointing. I knew it, but I could not teach it.” It seems that she went back her old
mistake while she was teaching. Correspondingly, Sowder, Philipp et al. (1998)
claimed that students might return to their old mistakes when they encounter a
difficulty.

5.2 Implications

The aim of the current study was to investigate pre-service middle school
mathematics teachers’ proportional reasoning before and after receiving a practice-
based instructional module based on proportional reasoning. This study provides an
instructional module of how proportional reasoning can be improved in a practice-
based professional development program. The instructional module also can be an
example of the practice-based professional development program that Ball and
Cohen (1999) proposed to use practice as a site for professional learning.
Additionally, the study provides insights into pre-service teachers’ misconceptions
and misunderstandings in proportionality concepts that can be useful for teacher
educators. According to the conclusions and literature review, some practical

implications and suggestions can be presented as follows.

The results of the study suggest that pre-service teachers can improve their
proportional reasoning by completing a practice-based instructional module in which
they engage in mathematical tasks, discuss mathematical ideas, examine students’

work and analyze narrative and video cases of teaching. Therefore, mathematics
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teacher educators should be informed about the practice-based professional
development program that aims to deepen and sharpen teachers’ knowledge through
a practice-based curriculum and to improve teachers’ capacity for innovative practice
(Ball & Cohen, 1999; Smith, 2001; Silver, 2009). Similarly, Silver et al. (2007) states
that practice-based professional learning tasks provide many opportunities for
teachers to learn mathematics such as building connections among related
mathematical ideas and to rethink and reorganize the mathematics that they would
encounter in their practice. The results of the study also point to the importance of
field-based opportunities, in which pre-service teachers taught ratio and proportion
concepts to students in a real classroom in order to improve their own knowledge and
understanding. The study also suggests that pre-service teachers need opportunities
to review and discuss their own teaching and other’s teaching. Thus, the documents
of practice drawn from teachers’ own teaching and others’ teaching should be
included in professional development courses. In a similar manner, Ball and Cohen
(1999) argue that teachers need opportunities to review their current practices and to
examine others’ practices; moreover, they need to learn more about mathematics
contents and students they teach. Furthermore, researchers suggest that in order to
have an impact on pre-service teachers’ knowledge and instructional practices,
professional learning experiences should be closely tied to real classroom practices
(Ball & Cohen, 1999; Smith 2001).

One of the important findings of the study was that pre-service teachers generally
applied algebraic procedures such as cross-multiplication without associating
meaning and used limited number of strategies to solve proportion problems before
receiving any instruction. Similar findings were found in the studies with students
(Avcu & Avcu, 2010; Cramer & Post, 1993; Duatepe, et al., 2005). However,
proportional reasoning is a mental process that involves argumentation and conscious
analysis of the multiplicative relationships between variables (Lamon, 2007, 2011).
Therefore, both teachers and students should be encouraged to use different solution

strategies highlighting multiplicative relationships to solve proportion problems.
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Further, results indicated that familiarity with problem type is important in solving
proportion problems. However, textbooks and teachers generally present traditional
missing value problems and do not prefer to ask numerical and qualitative reasoning
problems. It can be suggested to writers of mathematics textbooks, teachers and
curriculum developers that they should include all types of proportional problems
(i.e., missing value, numerical comparison, qualitative reasoning problems) into the
mathematics lessons, books and curriculum. Additionally, teacher educators should
also put emphasis on solving different problem types by using a broad range of
strategies when designing their courses.

The results of the study made salient that there is a strong tendency to over
generalize proportionality; that s, pre-service teachers inaccurately apply
proportional reasoning in some situations that have nonproportional relationships
before receiving instruction. The fact that both students and teachers frequently use
additive strategies where multiplicative comparisons are required (Hart, 1988; Lesh
et al., 1988). However, making the transition from additive to multiplicative thinking
is crucial in understanding proportional relationships. Thus, teachers and teacher
educators should be given more attention to the transition from additive to
multiplicative thinking than it has traditionally received. That is, mathematical tasks
that included not only proportional situations but also nonproportional situations in
which variables had additive and constant relationships should be solved in
mathematics classrooms and professional development programs. Similarly, Hillen
(2005) and Sowder et al. (1998) suggest that pre-service teachers can construct a
deeper understanding on proportional and nonproportional situations and their

difference with the aid of professional development opportunities.

Lamon (1993a, 1993b) argues that one of the most important differences between
those who think proportionally and those who do not is, using composite units when
the context suggests that using them is more effective than using singleton units.

However, pre-service teachers in the current study could not adequately achieve the
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process. In fact, it is a long term process, which began in elementary school (Lamon,
1993a). Therefore, mathematics teachers in elementary levels should give importance
to develop their students’ flexibility in unitizing and reunitizing quantities. In other
words, mathematical tasks that aim to improve students’ flexibility in unitizing and
reunitizing quantities must begin in early elementary grades. Lamon (1993a)
recommends teachers to present problems that could be solved using either one-units
or composite units, which allowed flexibility in the choice of units. In addition,
Lamon (1993a) suggests, “Situations allowing flexibility in the choice of units
should encourage monitoring and regulation of the problem solving process and the
adaptation of more complex units when they serve to increase the accuracy or

efficiency of the solution.” (p. 153).

The results of the study revealed that pre-service teachers might make mistakes in
teaching proportionality concepts if they did not have a deep understanding of the
concepts although they did not make the same mistakes in the posttest or post-
interview. In order for teachers to present a conceptually based ratio and proportion
curriculum to their students, they themselves must have a conceptually based
understanding of the topic (Cramer et al., 1993; Lamon, 2007). Thus, teacher
educators must put more emphasis on pre-service teachers’ content knowledge when
designing their courses so as to deepen and sharpen their knowledge of proportional
reasoning. Moreover, teachers need a broad and deep knowledge of concepts,
principles and strategies they teach (Ball & Cohen, 1999; Ma, 1999; NBPTS, 2010).
Thus, pre-service teachers should be given opportunities to explore proportionality

concepts in a deep way.
5.3 Limitations and Recommendations for Future Research
The present study was an effort to investigate pre-service middle school mathematics

teachers’ proportional reasoning before and after a practice-based instructional

module based on proportional reasoning. Findings of this qualitative multiple case
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study relied on the data gathered form three pre-service mathematics teachers.
Quantitative research studies, which provide a bigger picture of pre-service teachers’
proportional reasoning, can be performed with pre-service teachers in large numbers.
Additionally, in order to achieve the intended developments in pre-service teachers’
proportional reasoning, their knowledge and understanding in the proportionality
concepts should continue to be analyzed in different settings. Additionally, further
research should be conducted not only with pre-service mathematics teachers, but
also with in-service mathematics teachers. Moreover, further studies need to be done
to explore how in-service mathematics teachers’ proportional reasoning affect

students’ learning in ratio and proportion concepts.

This study only focused on one aspect of the pre-service mathematics teachers’
mathematical knowledge for teaching proportional reasoning, which is common and
specialized content knowledge. The studies that will investigate the other aspects of
mathematical knowledge for teaching that are knowledge of students and content,
and knowledge of content and teaching will also be beneficial for understanding the
nature of pre-service mathematics teachers’ mathematical knowledge for teaching

proportional reasoning.

Finally, it is important to note that the practice-based professional development is an
effective program that aims to deepen and sharpen teachers’ knowledge through a
practice-based curriculum and to improve teachers’ capacity for innovative practice
(Ball & Cohen, 1999; Smith, 2001; Silver, 2009). Therefore, further studies should
be conducted to investigate the effect of the practice-based professional development
program in improving pre-service teachers’ knowledge and conceptions of other

mathematics topics.
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APPENDICES

APPENDIX A

Turkish Version of the Proportional Reasoning Test

ORANTISAL AKIL YURUTME TESTI

Genel Aciklama: Asagidaki problemleri yaptigmniz biitiin islemler ag¢ik olacak
sekilde ¢oziiniiz. Yanlis yaptiginizi veya ¢oziime dahil etmeyeceginizi diistindiigliniiz
islemleri  silmeyiniz, sadece {iizerini ¢iziniz. Gerekirse hesap makinesi
kullanabilirsiniz.

Problem 1-4°de x’i iki farkli yolla bulunuz.

4
1. — = —
20 35
2 6
2. —= —
7 X
x
3. —= —
20
9 12
4, —= —
15 X
5. Py = >0 esitliginin olusturulmasini ve ¢oziilmesini gerektirecek bir sozel

problem yaziniz.
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6. Asagidaki problemi iki farkli yoldan ¢oziiniiz.

VD ee |V 0es
) ."'Booo

Yukaridaki sekilde goriilen A ve B siirahilerinde portakal suyu yapilmaktadir.
Koyu renkli bardaklarda portakal suyu konsantresi, acik renkli bardaklarda ise su
vardir. Sekilde goriildiigli gibi A siirahisine 2 bardak portakal suyu konsantresi ve
3 bardak su, B siirahisine ise 3 bardak portakal suyu konsantresi ve 4 bardak su
konulmustur. Buna gore hangi siirahideki portakal tadi daha fazladir? Aciklayiniz.

Adapted from Noelting, G. (1980). The development of proportional reasoning
and the ratio concept: Part 1-Differentiation of stages. Educational Studies in
Mathematics, 11, 217-253.

Problem 7 ve 8’de dogru sikki isaretleyiniz ve se¢iminizi neye gore yaptiginizi
aciklaymiz.

7. Bir kosu parkurunda Esra, Gonca’dan daha kisa zamanda daha cok tur
kosmustur. Hangisi daha hizli kosucudur?

a) Esra

b) Gonca

c) Esittirler.

d) Verilen bilgiler yetersizdir.
Acgiklamaniz:

Taken from Cramer, K., Post, T., & Currier, S. (1993). Learning and teaching
ratio and proportion: Research implications. In D. T. Owens (Ed.), Research ideas
for the classroom. New York: Macmillan. p. 166.

8. Duygu’nun annesi her sabah, Duygu ve kardesi i¢in taze portakal ve elmalar1
kullanarak meyve suyu karigimi hazirlamaktadir. Eger Duygu’nun annesi
bugiin, diin kullandigindan daha az portakal ve elma kullandiysa hazirladigi
meyve suyunun tadi nasildir? Neden?

a) Diinkiinden daha ¢ok portakallidir.

b) Diinkiinden daha ¢ok elmalidir.

c) Diinkiiyle aynidur.

d) Verilen bilgiler yetersizdir.
Agiklamaniz:
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9.

10.

Murat odasin1 boyamak istiyor. Istedigi renge ulasincaya kadar mavi ve beyaz
renk boyalar1 karistirtyor. Odasmi boyamaya basliyor ama elindeki boyanin
duvarlara yetmesi i¢in ¢eyrek kutu boyaya daha ihtiyaci oldugunu fark
ediyor. Murat, elindeki boyanin rengini degistirmeden miktarini artirmak
istiyor; bu amagla bir bardak mavi, bir bardak beyaz olmak iizere esit
miktarlarda boyalari elindeki boya kabima ekliyor (2 bardak = 1 ¢eyrek kutu).

Sizce, Murat’in elindeki boyanin rengini degistirmeden miktarmi artrmak
icin kullandig1 yontem her zaman ise yarar mi1? Neden?

Taken from Heinz, K. R. (2000). Conceptions of ratio in a class of preservice
and practicing teachers. Unpublished doctoral dissertation, The Pennsylvania
State University, p. 150.

Termal kaplicalar1 ile ilinlii Afyon’da kayak yapmaya elverisli dag sayisi
azdir. Termal su ve kayagin ayni yerde oldugu bir merkezin ¢ok ilgi
cekecegini diisiinen bir grup girisimei, Afyon’da kayak yapilabilecek
yamaglar insa etmeyi ve kolay kayilabilsin diye plastik fiber ile bu yamaglari
kaplamay1 planlamislardir. Farkli egimlerde toplam 3 yamacg insa etmek
isteyen girisimciler bu yamaglar1 egimlerine gore siralamak istemektedir. Her
yamacin tabaninin boyu, eni ve yamacm ylksekligi sekilde gorildiigii gibi
Olciilebilmektedir. Bu bilgileri kullanarak yamaclarin birbirlerine gore egim
srralamasini hangi bilgileri kullanarak nasil yaparsiniz?

yikseklik

tabanin eni
tabanin boyu

Taken from Simon, M. A., & Blume, G. W. (1994b). Mathematical modeling
as a component of understanding ratio-as-measure: A study of prospective
elementary teachers. Journal of Mathematical Behavior, 13, p. 187.
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Problem 11-22’de degiskenler arasindaki iliskilerin birbirleriyle orantili olup
olmadigin1 verilen bosluklara yazimiz ve kararinizi nasil verdiginizi agiklaymiz.

11. Ankara’da bir taksinin ag¢ilis fiyat1 2.2 TL ve kilometre basina artis fiyati1 1.9
TL ise bir yolcunun taksiyle gittigi kilometre ile verdigi licret arasindaki iliski
. Ciinkii,

12. Giris biletinin 12 TL oldugu bir sinemada, alinan bilet sayisi ile biletlere
0denen toplam para arasidaki iligki . Clinkii,

13. Bir maratonda kosan Sevil ve Nehir ayn1 hizda kosmaktadirlar. Eger Sevil,
Nehir kogsmaya baslamadan once baslayip 2 km kostuysa, maratonda Sevil ve
Nehir’in konumlar1 arasindaki iligki . Clinkii,

14, xiley . Ciinkd,

y
/ X iley . Clinkdi,
15. P
/ x
y
16. xiley . Clinkii,
X
17. y=3x+45 Xiley . Ctnkd,
18. y=3x? xiley . Giinkii,
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19. y =2,5x xiley . Clinki,

20. xiley . Clinkii,

0| KX

=
NO
[EEN
ol

21. Xiley . Ciinkdi,

10
14
18
22
26

(O~ X

P
N O

22. xiley . Clinkdi,

0|~ O[X

[HEN
o
a1
o

Adapted from Smith, M. S., Silver, E. A., Leinhardt, G., & Hillen, A. F.

(2003).Tracing the development of teachers’ understanding of proportionality
in a practice-based course. Paper presented at the annual meeting of the
American Educational Research Association, Chicago, IL, p. 54.
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23. Volkan ve Emre, mezuniyet yillig1 icin arkadaslarinin fotograflarini
bozmadan biiyiitmek istiyorlar. Biiylitmek istedikleri fotograflardan birinin
eni 3 cm, boyu ise 4 cm’dir. Bu fotograf biiyiitiildiikten sonra boyu 14 cm
oluyorsa eni kag cm olmustur? Cevabinizi nasil buldugunuzu agiklayiniz.

?com

3 cm

4cm 14 cm

24. Bir terzi farkli boyutlarda ortiiler dikmek i¢in dikdortgen seklinde ii¢ farkl
kumas kesiyor. Bu kumaslarin boyutlar1 23 cm’e 35 cm, 139 cm’e 155 cm ve
56 cm’e 75 cm’dir. Terzinin kestigi kumaglardan hangisi daha ¢ok kareye
benzer? Hangisi daha az kareye benzer? Cevabimizi nasil buldugunuzu
aciklayiniz.

Taken from Heinz, K. R. (2000). Conceptions of ratio in a class of preservice
and practicing teachers. Unpublished doctoral dissertation, The Pennsylvania
State University, p. 150.
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APPENDIX B

Turkish Version of the Interview Schedules

BIiRINCi GORUSME PLANI

Giris

Merhaba. Sizinle, oran ve orant1 konusuna yonelik bilgileriniz, goriisleriniz
ve deneyimleriniz hakkinda konusmak istiyorum. Bu aragtirmanin amaci, matematik
o0gretmen adaylarinin orantisal akil yiiriitme becerilerini incelemektir.

Gorilisme yaklasik bir saat siirecek. Bu zaman diliminde soracagim sorulara
cevap vermek i¢in uygun musunuz?

Bana soylediginiz her sey kesinlikle gizli tutulacaktir. Kisilerin isimleri ve
iiniversitelerine ait bilgiler hi¢bir yerde kullanilmayacaktir.

Sormak istediginiz bagka soru var mi?

Gorlismemizin ses kaydini yapmak istiyorum sizin i¢in bir sakincasi var mi?

Kisisel Bilgiler
1. Kag yasindasiniz?
2. Hangi liseden mezun oldunuz?
3. Lisans egitimiz boyunca matematik ¢gretimiyle ilgili hangi dersleri aldiniz?
Bu derslerdeki notlariniz nelerdi?
4. Genel not ortalamaniz nedir?
5. Matematik 6gretimiyle ilgili deneyimleriniz nelerdir?

Icerik ve Siirecle Tlgili Sorular
1. Kendi climlelerinizle oranin ne demek oldugunu agiklar misiniz?

2. Kendi ciimlelerinizle orantinin ne demek oldugunu aciklar misiniz?
3. Oran ve orant1 ayn1 kavramlar midir? Neden?

Alt S: Oran ve orant1 kavramlarmin arasindaki farklar nelerdir?
4. Oran ve orantinin giinliik hayatta kullanimina drnekler verir misiniz?

5. 1Iki coklugun birbiriyle orantili olup olmadigini nasil anlarsin?

- Olgekteki 11,12 ve 13. sorulardaki degiskenlerin orantili olup olmadigina
nasil karar verdiniz? Teker teker aciklar mismiz? Neden boyle
diisiiniiyorsunuz?
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10.

- Olgekteki 14,15 ve 16. sorulardaki degiskenlerin orantili olup olmadigina
nasil karar verdiniz? Teker teker aciklar mismniz? Neden boyle
distiniiyorsunuz?

ALT S: Orantili olan iki degiskenin grafigi nasil olmalidir? Neden?
- Olgekteki 17,18 ve 19. sorulardaki degiskenlerin orantili olup olmadigina

nasil karar verdiniz? Teker teker aciklar mismniz? Neden boyle
diisiiniiyorsunuz?

ALT S: Orantili olan iki degiskenin denklemi nasil olmalidir? Neden?
ALT S: y= mx denkleminde m neyi ifade eder?

- Olgekteki 20,21 ve 22. sorulardaki degiskenlerin orantili olup olmadigina
nasil karar verdiniz? Teker teker agiklar misiniz? Neden bdyle
diigiiniiyorsunuz?

ALT S: (Eger iki oranm esitligine bakmak gerekir derse) Hangi iki oranin
esitligine bakmak gerekir? Neden?

Cokluklarin aralarmda orantili iliski oldugu bir giinliik hayat duruma 6rnek
verir misin? Neden bu durumdaki ¢okluklar orantilidir?

ALT S: (Eger 6rnek veremezse) Olgekteki 11,12 ve 13. sorularda degiskenler
arasinda orantil iligki vardir dediginiz duruma benzer bir 6rnek verebilirsiniz.

Cokluklarm aralarinda orantisiz iliski oldugu bir gilinliikk hayat duruma 6rnek
verir misin? Neden bu durumdaki ¢okluklar orantisizdir?

ALT S: (Eger drnek veremezse) Olgekteki 11,12 ve 13. sorularda degiskenler
arasinda orantisiz iligki vardr dediginiz duruma benzer bir Ornek
verebilirsiniz.

Turgay Ogretmen iki coklugun orantili olup olmadigini 6grencilerine
anlatirken, oOgrencilerinden Atacan: “O zaman O&gretmenim, dogrusal
iligkilerin hepsi orantilidir. Yani iki degisken arasinda dogrusal bir iliski varsa
bu iki degisken ayni zamanda birbiriyle orantilidir.” demistir. Sizce Atacan
hakli midir? Neden, ac¢iklar misiniz?

Orant1 sabiti nedir? Ornek vererek agiklar mismniz?

ALT S: Olgekte orant: sabitini kullanmanizi gerektiren sorular var miydi?
Neden kullandmniz? Hangi sorulardi? Bu sorular ig¢in oranti sabitini nedir
sOyler misiniz?

Birimli oran ile birimsiz oran nedir? Aralarindaki fark nedir? Ornek vererek
aciklar misimiz?

ALT S: “U¢ olgek seker ile iki dlgek saf su karistirildiginda, ¢dzeltinin
yogunlugunu ya da ne kadar tath oldugunu matematiksel olarak ifade eden
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11.

12.

13.

deger nedir? ( 2 = 1,5 seker/su). Bu oran birimli midir, birimsiz midir?

Neden?

ALT S: “8 tane balonun fiyat1 12 TL ise 6 tane balonun fiyat1 nedir?” sorusu
icin nasil bir orant1 olusturursunuz? Bu orantidaki oranlar birimli midir veya
birimsiz midir? Neden?

Orant1 gesitleri nelerdir? Bu ¢esitlere giinliik hayattan 6rnekler verir misiniz?

ALT S: Dogru orant1 nedir? Giinlilk hayattan dogru orantili iki degiskene
ornek verir misiniz? Bu iki degiskenin neden dogru orantili oldugunu
diistiniiyorsunuz? Dogru orantinin denklemi ve grafigi nasildir?

ALT S: Ters orant1 nedir? Giinliikk hayattan ters orantili iki degiskene 6rnek
verir misiniz? Bu iki degiskenin neden ters orantili oldugunu
diistinliyorsunuz? Ters orantinin denklemi ve grafigi nasildir?

Olgekteki 1, 2, 3 ve 4. sorular1 hangi iki farki yolla ¢dzmiistiiniiz? Aciklar
mismiz? (Kagidina bakip hatirlamasi saglanabilir)
- Bu iki yolun birbirinden farki nedir? Neden?

ALT S: Bir orantida verilmeyen terimi bulurken hangi stratejileri
kullanirsiniz? Ornek vererek acgiklar misiniz?
- Ogrencilerinize, bir orantida verilmeyen terimi bulurken en etkili

stratejinin ne oldugunu sdylersiniz? Neden?
- Eger Ogrencileriniz bu stratejiyle anlamazsa baska nasil (hangi
stratejilerle) anlatirsiniz?

Asagida bir problem ve bu probleme 5 Ogrencinin verdigi cevaplari
gormektesiniz. Sizden O6grencilerin verdigi cevaplar1 degerlendirmenizi
isteyecegim. Oncelikle size problemi anlamamz icin birka¢ dakika
veriyorum.

- Asagida gordiiniiz gibi 5 6grencinin hepsi Selin’in ¢ikolatal: siitiiniin daha
yogun c¢ikolata tadina sahip oldugu sonucuna varmiglardir. Buna gore, her
bir cevab1 tek tek goz Oniinde bulundurarak Ogrencilerin Selin’in
cikolatali siitiiniin daha yogun c¢ikolata tadina sahip oldugunu nasil
buldugunu agiklar misiniz?
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ALT S: Ogrencilerin buldugu her bir degerin anlami nedir? (Ogrencilerin
buldugu degerler problemde neyi ifade etmektedir?)

Problem: Emre ve Selin ¢ikolata sosu ve siit kullanarak c¢ikolatali siit
hazirlamak istemektedirler. Emre 3 fincan ¢ikolata sosunu 5 fincan siit ile
karigtirirken, Selin 5 fincan ¢ikolata sosunu 8 fincan siit ile karigtirarak
cikolatali siit hazirlamiglardir. Hangisinin hazirladigi cikolatali siit daha
yogun ¢ikolata tadina sahiptir? Nasil buldugunuzu agiklayiniz.

Ogrenci 1

3
Emre: P =0,6

Selin: g = 0,625

Bu yiizden, Selin’in ¢ikolatal: siitii daha yogun ¢ikolata tadina sahiptir.

Ogrenci 2
3 24
Emre: - =—
5 40
. 5 25
Selin; == —
8 40

Bu ylizden, Selin’in ¢ikolatal siitii daha yogun ¢ikolata tadina sahiptir.

Ogrenci 3
5
Emre: == 1,67
3
. 8
Selin:== 1,6
5

Bu yiizden, Selin’in ¢ikolatal: siitli daha yogun ¢ikolata tadmna sahiptir.

Ogrenci 4

Emre: g = 0,375

Selin: = = 0,385
13

Bu yiizden, Selin’in ¢ikolatal: siitii daha yogun ¢ikolata tadina sahiptir.
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Ogrenci 5

24 25
3 5
-

Bu yiizden, Selin’in ¢ikolatal: siitii daha yogun ¢ikolata tadina sahiptir.

14. Son olarak oran ve orant1 6gretimi ve 0grenimi ile ilgili olarak soylemek
istediginiz bir sey var mi?
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Giris
Merhaba. Sizinle, oran ve orant1 konusuna yonelik bilgileriniz, goriisleriniz

IKINCi GORUSME PLANI

ve deneyimleriniz hakkinda konusmak istiyorum. Bu arastirmanin amaci, matematik
Ogretmen adaylarmin orantisal akil yiiriitme becerilerini incelemektir.

Gorlisme yaklasik bir saat siirecek. Bu zaman diliminde soracagim sorulara

cevap vermek i¢in uygun musunuz?

Bana soylediginiz her sey kesinlikle gizli tutulacaktir. Kisilerin isimleri ve

iniversitelerine ait bilgiler higbir yerde kullanilmayacaktur.
Sormak istediginiz bagka soru var mi?

Gorlismemizin ses kaydini1 yapmak istiyorum sizin i¢in bir sakincasi var mi?

Kisisel Bilgiler
1. Admiz soyadmiz?

Icerik ve Siirecle Tlgili Sorular
Kendi climlelerinizle oranin ne demek oldugunu agiklar misiniz?

Kendi ciimlelerinizle orantinin ne demek oldugunu agiklar misiniz?
Oran ve orant1 ayn1 kavramlar midir? Neden?

Alt S: Oran ve orant1 kavramlarinin arasindaki farklar nelerdir?
Oran ve orantinin glinliik hayatta kullanimina 6rnekler verir misiniz?

Iki ¢oklugun birbiriyle orantili olup olmadigini nasil anlarsmn?

1.
2.
3.

Olgekteki 11,12 ve 13. sorulardaki degiskenlerin orantili olup olmadigma
nasil karar verdiniz? Teker teker agiklar misiniz? Neden boyle
diisiiniiyorsunuz?

Olgekteki 14,15 ve 16. sorulardaki degiskenlerin orantili olup olmadigma
nasil karar verdiniz? Teker teker agiklar misiniz? Neden boyle
diisiiniiyorsunuz?

ALT S: Orantili olan iki degiskenin grafigi nasil olmalidir? Neden?
Olgekteki 17,18 ve 19. sorulardaki degiskenlerin orantili olup olmadigina

nasil karar verdiniz? Teker teker agiklar mismiz? Neden boyle
diisiiniiyorsunuz?

ALT S: Orantili olan iki degiskenin denklemi nasil olmalidir? Neden?
ALT S: y= mx denkleminde m neyi ifade eder?
Olgekteki 20,21 ve 22. sorulardaki degiskenlerin orantili olup olmadigma

nasil karar verdiniz? Teker teker agiklar mismiz? Neden boyle
diisiiniiyorsunuz?

ALT S: (Eger iki oranin esitligine bakmak gerekir derse) Hangi iki oranin
esitligine bakmak gerekir? Neden?
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6. Cokluklarin aralarinda orantili iliski oldugu bir giinliik hayat duruma 6rnek
verir misin? Neden bu durumdaki ¢okluklar orantilidir?

ALT S: (Eger 6rnek veremezse) Olcekteki 11,12 ve 13. sorularda degiskenler
arasinda orantili iliski vardir dediginiz duruma benzer bir 6rnek verebilirsiniz.

7. Cokluklarmn aralarinda orantisiz iliski oldugu bir giinliik hayat duruma 6rnek
verir misin? Neden bu durumdaki ¢okluklar orantisizdir?

ALT S: (Eger 6rnek veremezse) Olgekteki 11,12 ve 13. sorularda degiskenler
arasinda orantisiz iligki vardir dediginiz duruma benzer bir 6rnek
verebilirsiniz.

8. Turgay oOgretmen iki ¢oklugun orantili olup olmadigini &grencilerine
anlatirken, Ogrencilerinden Atacan: “O zaman O&gretmenim, dogrusal
iliskilerin hepsi orantilidir. Yani iki degisken arasinda dogrusal bir iliski varsa
bu iki degisken ayn1 zamanda birbiriyle orantilidir.” demistir. Sizce Atacan
hakli midir? Neden, agiklar mismiz? Baska bir dgrenci Semih “Iki degisken
birbiriyle orantili ise bu iki degisken arasinda dogrusal bir iligki vardir.”
demistir. Sizce Semih hakli midir? Neden, agiklar misiniz?

9. Orant1 sabiti nedir? Ornek vererek aciklar mismiz?

ALT S: Olgekte orant1 sabitini kullanmaniz1 gerektiren sorular var mrydi?
Neden kullandiniz? Hangi sorulardi? Bu sorular i¢in oranti sabitini sOyler
misiniz?

10. Birimli oran ile birimsiz oran nedir? Aralarmdaki fark nedir? Ornek vererek
acgiklar misiniz?
ALT S: “Ug 6lcek seker ile iki dlcek saf su karstirildiginda, ¢dzeltinin
yogunlugunu ya da ne kadar tath oldugunu matematiksel olarak ifade eden
deger nedir? ( S = 1,5 seker/su). Bu oran birimli midir, birimsiz midir?
Neden?
ALT S: “8 tane balonun fiyat1 12 TL ise 6 tane balonun fiyat1 nedir?” sorusu

icin nasil bir orant1 olusturursunuz? Bu orantidaki oranlar birimli midir veya
birimsiz midir? Neden?

11. Oranti ¢esitleri nelerdir? Bu ¢esitlere giinliik hayattan 6rnekler verir misiniz?

ALT S: Dogru orant1 nedir? Giinliik hayattan dogru orantili iki degiskene
ornek verir misiniz? Bu iki degiskenin neden dogru orantili oldugunu
diistiniiyorsunuz? Dogru orantinin denklemi ve grafigi nasildir?

ALT S: Ters orant1 nedir? Gilinliik hayattan ters orantili iki degiskene 6rnek
verir misiniz? Bu iki degiskenin neden ters orantili oldugunu
diistiniiyorsunuz? Ters orantinin denklemi ve grafigi nasildir?
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12.

13.

14.

15.

Olgekteki 1, 2, 3 ve 4. sorular1 hangi iki farki yolla ¢6zmiistiiniiz? Agiklar
misiniz? (Kagidina bakip hatirlamasi saglanabilir)

- Bu iki yolun birbirinden farki nedir? Neden?

ALT S: Bir orantida verilmeyen terimi bulurken hangi stratejileri

kullanirsmiz? Ornek vererek aciklar mismiz?
- Ogrencilerinize, bir orantida verilmeyen terimi bulurken en etkili

stratejinin ne oldugunu soylersiniz? Neden?
- Ogrencilerinize, sayisal karsilastirma problemlerinde en etkili stratejinin
ne oldugunu sdylersiniz? Neden?
- Eger Ogrencileriniz bu stratejiyle anlamazsa baska nasil (hangi
stratejilerle) anlatirsiniz?
Ortaokul 6grencilerine anlattiginiz ilk derste eksikleriniz nelerdi? Ikinci
derste bu eksikleri ne oOlglide kapattigmiza inaniyorsunuz? Eksiklerinizi
kapatmakta aldiginiz egitimin ne kadar katkis1 oldu? Nasil?

Orantisal akil yiirlitme odakli aldiginiz egitimin size neler kattigini
diisiiniyorsunuz? Bu egitime baslamadan 6nce bilmediginiz ve anlamadiginiz

neleri su anda bildiginizi ve anladigimizi diisiiniiyorsunuz?

Son olarak, oran ve orant1 6gretimi ve 0grenimi ile ilgili olarak sdylemek
istediginiz bir sey var mi?
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APPENDIX C

List of Coding Categories

I Proprtional reasoning

Solve a variety of
problem types

Discrminate proportional from
nonproportional situations

Solving J_ Solving

Understand mathematical
relationships embedded in
proportional situations

|numerical valueS|

Misconception that all
linear relationships are
— proportional (over
generalize
proportionality)
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. Realize — m—
accurately inaccurately multiplilczative Defining proportionality
and additive concepts
Tsing strategies Wrong relationships
S =i | — :
! - strategies X H pyrr reasoning language in
relationships 3 Knowing that all Using Providing definitions
1 proportional proportional evidence to
relationships are Ireasomng suppotr;t claims
Utilizing a braod Being linear anguage In about Utilizing key
range ofgstrategies B affected by explanations proportional k4  ynderstandings in
the context of relationships definitions
the problem
Using efficient |d§2ttii;)/;29 =y Defining ratio and proportion
strategies Measure
Explaining the difference
Using Squareness off I fSteepness of — between ratio and
proportional a rectangle ski ramp proportion
reasoning [
language in
explanations Shade of a Concentration ] Defining constant of]
paint of a mixture, proportion
Providing a
meaningful || Provide Determining
: — -
expls%rllﬁttligrr: for examples proportional relationship
Provide example of |__] Utilizing key
Recognizing a nonproportional understandings
both part-to-part |_| relationship and explain
and part-to- why — -
whole ratios ] Using inaccurate additive
approach
Rocoomzim Provide example of -
both Wigthin agnd i proportional relationship Making connections among
between ratios and explain why table, graph and algebraic
expression of a proportional
situation
Flexibility in Misconceptions in
uniti_i_in_g andf i — determrler;gt]igor?srr?i’gmonal Proportional relationships are
reunitizing o multiplicative
quantities =
. . . Proportional relationships arg
— - Misconception that variables h hicall li
Building ratio ] are directly proportional when —1° Ow?h%ﬁzhlﬁﬁe%r?gma ne
tables and one variable increase the other
determining the || increase with the same ratio
rule for relating Rate pairs in proportional
Ihe,”liLnbfarb?a"S relationships are equivalent
in the table
Misconception that variables
; are inversely proportional Proportional
Making =g \When one variable increase relationships can be
qualitative i the other increasg with the represented
C%?E:r:ﬁﬁ]%s 0’310 same ratio ymbolically by y=m

where the m is the
slope, unit rate and
constant of
proportionality

—J

unit rate

Understanding the relationship btw slope,

and constant of proportionality




APPENDIX D

The Objectives That Each Participant Taught In the Student Teachings

Participants | Obijectives In the Turkish Mathematics Curriculum

Gaye e Dogru orantili iki ¢okluk arasindaki iligkiyi tablo veya denklem olarak
ifade eder.

v' Dogru orantili ¢okluklar arasinda garpmaya dayali bir iliski oldugu
dikkate alinir.

e Dogrusal iliski iceren gergek yasam durumlarina ait tablo, grafik ve
denklemi olusturur ve yorumlar.

v Dogrunun eksenleri hangi noktalarda kestigi, eksenlere paralelligi,
orijinden ge¢ip gegmedigi ve benzeri durumlarin gergek yasamla
iligkisi kurulur.

v Dogrunun grafigi yorumlamrken dogru {izerindeki noktalarm x ve y
koordinatlar1 arasindaki iligki, eksenleri hangi noktalarda kestigi,
orijinden ge¢ip gegmedigi, eksenlere paralelligi ve benzeri durumlar
ele alinir.

Mine e  Gergek yasam durumlarini, tablolar1 veya dogru grafiklerini inceleyerek
iki coklugun orantili olup olmadigina karar verir.

v ki oran esitliginin orant1 olarak adlandirildig1 vurgulanir. Dogru
orantili ¢cokluklar ele almir. Dogru orantili ¢okluklara ait grafiklerin
orijinden gegctigi dikkate alinir.

e Dogru orantil iki ¢okluk arasindaki iligkiyi tablo veya denklem olarak
ifade eder.

v" Dogru orantili ¢okluklar arasinda ¢arpmaya dayal bir iliski oldugu
dikkate alimnir.

e Dogru orantil iki gokluga ait orant1 sabitini belirler ve yorumlar.

v’ Verilen gergek yasam durumlari, bunlara iligkin tablolar veya dogru
grafikleri incelenerek oranti sabitini belirlemeye yonelik caligmalar
yapilir.

Ela e Dogru orantil iki gokluga ait orant1 sabitini belirler ve yorumlar.

v’ Verilen gergek yasam durumlari, bunlara iligkin tablolar veya dogru
grafikleri incelenerek oranti sabitini belirlemeye yonelik caligmalar
yapilir.

e Gergek yasam durumlarini ve tablolari inceleyerek iki ¢oklugun ters
orantili olup olmadigina karar verir.

v’ Ters orantili ¢okluklarm ¢arpiminin sabit oldugunu kesfetmeye
yonelik calismalara yer verilir.

e Dogru ve ters orantiyla ilgili problemleri ¢ozer.

v' Olgek, karigim, indirim ve artis durumlarina iliskin problemlere yer

verilir.
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APPENDIX E

Turkish Version of Informed Consent Form

Goniillii Katihm Formu

[Ikogretim Matematik Boliimii Ogretmen adaylarmin matematik Ogretimi
bilgileri ile ilgili bir arastrma yapmaktayiz. Sizin velisi oldugunuz
.......................................... adli 6grencinin de bu arastrmaya katilmasini
oneriyoruz; ¢linkli arastirma siiresince ¢ocugunuz matematik dersinde ogrenmekte
zorluk ¢ektigi konularla ilgili dersler alacaktir. Calismaya katilim gontilliiliik esasina
dayaldir. Kararinizdan 6nce arastirma hakkinda sizi bilgilendirmek istiyoruz. Bu
bilgileri okuyup anladiktan sonra ¢ocugunuzun arastirmaya katilmasini isterseniz
formu imzalaymiz.

Aragtirma sonuclarinin egitim ve bilimsel amaglarla kullanimi sirasinda
cocugunuzun kisisel bilgileriniz ihtimamla korunacaktir. Arastirmaya yonelik
olusabilecek sorularla ilgili olarak Ogr. Gér. Mutlu PISKIN TUNC’a ... numarah
telefondan ulasabilirsiniz.

Katilimcinin Beyani

Bana yapilan tiim agiklamalar1 ayrmmtilartyla anlamis bulunmaktayim. Kendi
basima belli bir diisiinme siiresi sonunda adi gegen bu arastirma projesinde
cocugumun “katilimcr” olarak yer almasi kararmni aldim. Bu konuda yapilan daveti
biiyiik bir memnuniyet ve goniilliiliik i¢erisinde kabul ediyorum.

Katilimeinin Velisi:

Adi, soyadr:
Imza:
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APPENDIX F

Scores of the Participants on Each Item of the PRET

Pretest Posttest

Qs Objectives Gaye Mine Ela Gaye Mine Ela

1 Approaches to different problem types 3 2 3 3 4 3

2 Approaches to different problem types 2 2 3 4 4 4

3 Approaches to different problem types 3 3 3 4 4 4

4 Approaches to different problem types 3 3 3 4 4 4

5 Distinguishing proportional situations 1 1 4 1 4 4

6 Approaches to different problem types 2-3 3-0 34 44 4-4  4-4

7 Approaches to different problem types 2 3 3 3 4

8 Approaches to different problem types 2 1 3 1 4

9 Distinguishing proportional situations & 1 2 1 4 3 4
Understanding mathematical relationships

10 Distinguishing proportional situations & 4 2 2 4 2 4
Understanding mathematical relationships

11 Distinguishing proportional situations & 1 1 3 3 3 3
Understanding mathematical relationships

12 Distinguishing proportional situations & 2 2 3 2 3 3
Understanding mathematical relationships

13 Distinguishing proportional situations & 1 3 2 3 3 3
Understanding mathematical relationships

14 Distinguishing proportional situations & 3 3 3 4 4 4
Understanding mathematical relationships

15 Distinguishing proportional situations & 1 2 2 4 4 4
Understanding mathematical relationships

16 Distinguishing proportional situations & 2 2 3 3 4 4
Understanding mathematical relationships

17 Distinguishing proportional situations & 3 3 3 3 3 4
Understanding mathematical relationships

18 Distinguishing proportional situations & 2 3 3 3 3 3
Understanding mathematical relationships

19 Distinguishing proportional situations & 3 3 3 3 3 4
Understanding mathematical relationships

20 Distinguishing proportional situations & 2 3 3 3 4 3
Understanding mathematical relationships

21 Distinguishing proportional situations & 1 4 3 3 3 4
Understanding mathematical relationships

22 Distinguishing proportional situations & 1 3 3 2 3 4
Understanding mathematical relationships

23 Approaches to different problem types 3 2 4 4 4

24 Approaches to different problem types & 1 1 1 4 4 4
Distinguishing proportional situations

Total 52 57 71 82 85 94
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APPENDIX G

Courses offered by the Elementary Mathematics Education Program

UNDERGRADUATE CURRICULUM

FIRST YEAR

First Semester

Second Semester

General Mathematics

Discrete Mathematics

Turkish I: Written Expression

Geometry

Atatiirk’s Principles and Revolutionary

Atatiirk’s Principles and Revolutionary

History | History Il
Computer | Turkish 1I: Oral Expression
Foreign Language | Computer Il

Introduction to Education

Foreign Language I

Educational Psychology

SECOND YEAR
Third Semester Fourth Semester
Calculus | Calculus Il
Linear Algebra | Linear Algebra Il
Physics | Physics 11

Scientific Research Methods

Instructional Technologies and Material Design

Instructional Principles and Methods

Elective Course

Elective Course

THIRD YEAR

Fifth Semester

Sixth Semester

Calculus 11

Differential Equations

Analytical Geometry |

Analytical Geometry Il

Statistics and Probability |

Statistics and Probability 11

Introduction to Algebra

Methods of Teaching Mathematics |1

History of Science

History of Turkish Education

Methods of Teaching Mathematics |

Community Service

Elective Course

Measurement and Evaluation

FOURTH YEAR

Seventh Semester

Eighth Semester

Elementary Number Theory

Philosophy of Mathematics

History of Mathematics

Turkish  Educational System and
Management

School

Guidance

Teaching Practice

School Experience

Elective Course

Classroom Management

Elective Course

Special Education

Elective Course
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APPENDIX H

Sample Activities in the Practice-Based Instructional Module

I. Hafta-Cicek Problemi (Flower Problem)

Problem: Iki hafta dnce, iki ¢igegin boylart 8 cm ve 12 cm olarak dlgiilmiistiir.
Bugiin ise ¢igekler sirasiyla 11 cm ve 15 cm boyundadir. 8 cm’lik ¢icek mi yoksa 12
cm’lik ¢igek mi daha fazla uzamigtir?

Bu problem i¢in gecerli olabilecek iki farkli cevap bulunuz ve cevaplarinizi
aciklaymiz.

Coziim: 1. Yol : Her iki ¢igek de ayni1 miktarda uzamistir (3 cm).
Bu ¢6ziim, Toplamsal Akil Yiiriitmeye dayanmaktadir.
Iki yeni dlgmedeki sonug i¢in, her bir 6lgiime bir tek nicelik eklenmistir.
I1. Yol: Cigeklerin uzama miktarlarmi baslangi¢ boylariyla karsilastirmaktir.
Cigeklerden birincisi kendi boyunun 3 “ i, ikincisiise 3 ‘si kadar uzamistir. Bu
8 12
carpimsal bakis agisina gore, ilk ¢icek daha ¢cok uzamstir.
Bu ¢6ziim, degisim durumuna orantisal olarak bakmaktadir.
» Burada, hem toplamsal hem de ¢arpimsal akil yiiriitme, farkli cevaplar olsa da
gecerli cevaplar tiretmistir.

I. Hafta- Tarla Problemi (Field Problem)

Bir ciftci, 3 tarlaya sahiptir. Ilki 185x245 m, ikincisi 75x114 m, iiciinciisii ise
455x508 m ebatlarindadir. Bu ii¢ tarlaya gokyliziinden bakarsaniz hangi tarla size en
cok karemsi goriinlir? Hangisi en az karemsi goriiniir? Cevaplarinizi agiklaymiz.

Ogrenciler Tarla Problemi’nde hangi yanilgilara diisebilir?

» Boy ve en arasindaki farklara bakarak yanlis bir akil yiiritmeyle (toplamsal)
en ¢ok fark olanin veya en az fark olanin daha karemsi oldugunu
sOyleyebilirler.

» En biiyiik veya en kiiciik dikdortgenin sirf biiyiik veya sirf kii¢iik oldugu i¢in
daha karemsi goriinecegini diisiinerek yanilabilirler (gorsel karsilastirma).
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I. Hafta -Tartisalim
+ Biitiin oranlar rasyonel say1 midir?
7 sayisi aslinda bir orandir; yani dairenin ¢evresinin ¢apina oranidir. Ama 7 rasyonel
bir say1 degildir.
1: bir karenin kdsegenine oranidir. Bu oran da rasyonel bir say1 degildir.

V2
% Biitlin rasyonel sayilar ayni zamanda oran midir?

Evet! Biitiin rasyonel sayilar a seklinde yazilabilir.

@Z{%a,beﬁ-b\b#ﬂ}

+¢ Biitiin oranlar ayni1 zamanda parga-biitiin karsilagtirmas1 midir?
Hayir, sadece bazilar1! Parga-biitlin ve parca-parca karsilastirmalar1 ayni ¢okluklar1
karsilagtiran oranlardir.
Ornek: Ege’nin 4°ii mavi, 5°i kirmiz1 olmak {izere 12 tane kalemi var. (parga-biitiin,
parca-parga)
4:5, 5:12, 4:12
Ornek degil: Bir araba 2 saatte 110 kilometre yol aliyor.
110 km : 2 sa

+¢ Biitiin parg¢a-biitiin karsilastirmalari oran midir?
Evet orandir.
Ornek: Ege’nin 4’ii mavi, 5’i kirmiz1 olmak {izere 12 tane kalemi var. (parga-biitiin,
parca-parga)
4:5, 5:12, 4:12

Il. Hafta - Fotograf Biiyiitme Sorusu (Photo Enlargement Problem)

Ogrenci ne yapt1?

Asagidaki Fotograf Biiyiitme Problemi’ne bir 6grencinin verdigi cevabi inceleyiniz.
Sizce 6grenci hakli midir? Neden? Siz o 6grencinin dgretmeni olsaniz, 6grenciye
nasil bir agiklama yaparsiniz.

Problem: Bir fotografin eni 3 cm, boyu ise 4 cm’dir. Bu fotograf biiyiitiildiikten
sonra boyu 20 cm oluyorsa eni kag cm olmustur?

?em

3ecm

Ogrenci Cevabi: Bence cevap 19 cm’dir. Ciinkii 4 cm’de 20 cm’e ¢iktiysa 16 cm
biiylimiis demektir. Bu yiizden diger kenarinda ayni miktarda biiylyilip 3+16=19
cm’e ¢ikmasi gerekir.

> Ogrenci carpimsal durumda toplamsal durum gibi diisiinmiistiir.
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Il. Hafta — Yas Problemi (Age Problem)
Ogrenci ne yapt1?

Asagidaki problemi ¢ozerken Ogrencileriniz hangi yanilgilara diisebilir? Siz,
Ogrencilerinizi bu yanilgilarindan vazgecirmek i¢in nasil bir agiklama yaparsiniz?

Problem: Su 12 yasinda, abisi 15 yasindadir. Su simdiki yasmin iki kat1 yasina
gelince abisi kag¢ yasinda olur?

Ogrenci Yamlgisi: Ogrenciler toplamsal durumda garpimsal durum gibi diisiinebilir.
“Kendisinin yas1 iki katina ¢iktiysa abisinin yas1 de iki kata ¢ikar. Bu yilizden abisi
30 yasmdadir” diye cevap verebilirler.

I1l. Hafta- Dikdorgen ve Top Problemleri (Rectangle and Ball Problems)

Problem: Eni 3cm, boyu 4 cm olan dikdortgenin kenarlarmi tekrarli toplama yaparak
en-boy oranini degismeden asagidaki gibi biiytitelim.

4 5 8 10 12

> Ogrenciler dncelikle, orani ifade eden gokluklari tekrarh toplama yaparak,
nitel anlamda yap1y1 bozmadan yeni durumlar olusturabileceklerini kavrarlar.

» Boyu ilk boyu kadar artinca, eni de ilk eni kadar artiyor. Burada ¢arpimsal bir
iliskilendirme yapmis oluyoruz. Toplamsal iliskilendirme yapan bir 6grenci
boyu 4 cm artiyorsa eni de 4 cm artar diye yanlis bir ¢ikarimda bulunurdu.

Problem: “3 top 7 TL ederse, 9 top ka¢ TL eder?” seklinde verilen problemi tekrarli
toplama yaparak ¢6ziiniiz.
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Coziim:

OO [OOOOOO
OOO %O OO O O O

7 TL 14 TL 21 TL

> Ogrenciler “her 3 top 7 TL eder” iliskisini ve bu iliskinin degismezligini
kullanarak ¢6ziime ulasirlar.

I11. Hafta- Is Problemi (Labor Problem)

Problem: Iki arkadasin iizerinde tek baslarina calistiklarinda 6 saat ve 4 saatte
bitirdikleri bir isi, ikisi beraber ¢calistiginda ne kadar siirede bitireceklerdir?

Bu problemi bilinen veya tanidik islemsel ¢ozliimlere bagvurmadan yapilan ig miktar1
ile gecen siire arasinda bir iligskilendirme yaparak ¢oziiniiz.

Coziim: Bir saatlik siire ile isin bitimi i¢in gereken toplam siire arasindaki iliski, bir
saat icerisinde yapilan is miktar1 ve toplam is miktar1 arasindaki iligki ile aynidir.

1. kigi------ 1 saatte isin 1/6 sin1 bitirir.

2 kisi------- 1 saatte isin 1/4 iini bitirir.

Birlikte-----1 saatte igin 5/12 sini bitirirler.

Birlikte----- Kag saatte isin 12/12 sini bitirirler.

Tiim is miktar1 12/12, bir saat icinde yapilan is miktar1 5/12 nin 12/5 katidir. Isin
bitmesi i¢in gerekli olan toplam siire de ayni sekilde 1 saatlik siirenin 12/5 kat1 olmak
zorundadur. Isi bitirmek i¢in gecen toplam siire 12/5 saattir.

Ogrenci ne yapt1?

Asagida ayn1 problem ic¢in bir dgrencinin ¢dziimii vardir. Ogrenci kesin bir cevap
bulamamistir. Ogrenci nasil diislinmiistiir? Ona ¢oziime ulagmasi i¢in nasil yardim
edebilirsiniz?

Ogrencinin Coziimii:
1. kigi------ 1 saatte isin 1/6 sin1 bitirir.

2 kisi------- 1 saatte isin 1/4 {inii bitirir.
Birlikte----- 1 saatte isin 5/12 sini bitirirler.

1 saatte ikisi birlikte isin 1/6+1/4 = 5/12 sini yaparlar. Diger 1 saat icerisinde isin
5/12 si daha biter. Boylece 2 saat icerisinde isin 10/12 sini bitirirler. Geriye isin 2/12
si kaldi, o zaman bu iki arkadas isi 2 saatten daha fazla bir siirede bitirebilir
diyebiliriz ama tam olarak kag saatte bitireceklerini syleyemeyiz.
» Burada ac¢iga ¢ikan sonug; problem ile oran kavrami tam olarak
bagdaslagtirilamamis oldugundan, ogrencilerin sadece tekrarli toplamay:
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kullanarak oran kavramini gerektiren durumlarda en azindan belirli bir
noktadan 6teye gidemeyecekleridir.

I11. Hafta - Sinifta Neler Oluyor?

Izleyeceginiz video Gaye dgretmenin smifinda gekilmistir. Sizce Gaye dgretmenin
dogru orant1 tanimimi verirken yaptig1 hata nedir? Bu kii¢lik hata 6grencilerin hangi
yanlis anlamalara sahip olmalarma sebep olabilir? Bu hata nasil diizeltilebilir?

> “Iki cokluktan biri artarken digeri de artarsa dogru orantili olurlar. Iki
cokluktan biri azalirken digeri artiyorsa ters orantili olurlar.” seklindeki
geleneklesmis yanlis ifadeler o6grencilerin zihninde kavramlari yanlis
algilanmasma ve 6grenme giigliiklerine sebep olmaktadir.

» Bunun yaninda, dogru orantili gokluklarda miktarlarin birbirine boliimlerinin;
ters orantili ¢cokluklarda ise miktarlarin ¢arpimlarmin sabit oldugu bilgisinin
ezberci bir yaklasimla 6grenilmesi de yanlistir. Yanlis anlamalara ve yanlis
kavram imajlar1 gelisimine sebep olacak sekildeki geleneklesmis anlatimdan
uzak durulmalidir.

» Hem ders kitaplarinda, hem de dersin islenisinde kavramlarin dogru olarak
ifade edilmesi; 6grenmenin kolay ve kalic1 olusunda 6nemlidir. Ogrencilerin,
orani verilen ¢okluklara sayisal degerler vererek ¢okluklarin arasindaki dogru
ya da ters oranti iligkisini gormeleri saglanmalidir.

» Artisin veya azalisin ayni oranda olduguna dikkat ¢ekilmelidir.

IV. Hafta- Benzer Dikdortgenler Problemi (Similar Rectangles Problem)

Problem: A, B ve C olgiileri verilen ti¢ dikdortgendir. A’nin Slgiileri, 2cm’e 6 cm;
B’nin Slgiileri 3cm’e 9 cm ve C’nin Olgiileri 8 cm’e 24 cm’dir. Her dikdortgenin
kendi i¢indeki oranini bulunuz. Elde ettiginiz sonug, bu ii¢ dikdortgenin benzer
olduguna yonelik sizi ikna eder mi? Bir de A ile B ve A ile C dikdortgenleri igin
aralarindaki orani1 inceleyiniz. Bu oranlar ni¢in farklidir?

Coziim:

Her dikdortgenin kendi i¢indeki orant:

A i¢in; 2:6=1:3 Bigin; 3:9=1:3 Cigin; 8:24=1:3
Kenarlar1 oran1 ayni1 oldugu i¢cin dikdortgenler benzerdir.

A ile B ve A ile C dikdortgenleri i¢in aralarindaki orani:

A ile B i¢in; 2:3=6:9 A ile C i¢in; 2:8=6:24

Iki dikdortgenin aralarindaki oran bu iki dikddrtgenin “arasimdadir.”

Bir kosede siralanarak yerlestirilen orantisal dikdortgenlerin koselerinden gelen
dogrunun egimi, iki kenarin oranina esittir.

Egim= dikey
yatay
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IV. Hafta- Pasta Problemi (Cake Problem)

Asagida verilen problemleri cevaplamak i¢in oran tablolarin1 kullaniniz. Bu
tablolarda verilen degiskenlerin iliskilerini gdsteren denklem ve grafikleri
olusturunuz.

Problem: Kardelen 6gretmen bir matematik 6gretmenidir ve iki tane sinifin dersine
girmektedir. Dersine girdigi smiflardaki 6grencilerin  hepsine esit  sekilde
paylastirmak Ttizere kiigiik pastalar alip silirpriz yapmak istemektedir. Eger bir
smifindaki 16 6grenci i¢in 20 tane pasta almissa diger simifindaki 36 6grenci i¢in kag
tane pasta almasi gerekir?

Coziim:

Denklemi: & = Ogrenci Sayis1 | 16 | 32 | 4 | 36 415 p veya
Pasta Sayist 20 | 40 | 5| 45 p=5/46

Grafigi:
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V. Hafta — Misir Gevregi Problemi (Cornflakes Problem)
Asagida verilen problemi “Birim Oran” stratejisini kullanarak ¢6ziiniiz.

Problem: Markete giden Giilsiin Hanim, ¢ocuklarina kahvaltida yemeleri igin misir
gevregi almak istiyor. Stiper Misir Gevreginin 160 gramui 3,36 TL ve Harika Misir
Gevreginin 120 grami 2,64 TL’dir. Buna gore, Giilsiin Hanim hangi misir gevregini
alirsa daha karli olur?

Hatirlatma!
» Neye birim diyeceginize sizin karar verebileceginizi unutmayin.

Coziim: Bu problemde, birimi 40 gram almak yani; her iki misir gevreginin 40
grami i¢in olan fiyatlar1 hesaplayarak karsilastirma yapmak daha uygundur. Boylece,
problem, birimi 1 alinca yani; misir gevreklerinin 1 gramlarinin fiyatlarinin
hesaplanmasi i¢in yapilan islemlerden daha kolay islemlerle, daha kisa zamanda
¢ozilir.

Stiper Misir Gevregi  160g  3,36TL
409 0,84 TL

Harika Misir Gevregi  120g 2,64 TL
409 0,88 TL

O halde, “Siiper Misir Gevregi” daha hesaplhidir.
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APPENDIX |

Turkish Summary

ORTAOKUL MATEMATIK OGRETMEN ADAYLARININ UYGULAMAYA
DAYALI BiR OGRETIM MODULUNUN ONCESINDE VE SONRASINDA
ORANTISAL AKIL YURUTMELERI

GIRIS

Ogretmenler, dgrettikleri kavramlarla ilgili kavramsal bilgiye sahip olmalidir (Ball &
Cohen, 1999; Ma, 1999; National Board for Professional Teaching Standards
[NBPTS], 2010). Dahasi, Ogretmenlerden kavramlar arasindaki matematiksel
iligkileri, bu kavramlarin problem ¢6zmedeki, diger disiplinlerdeki ve giinliik
hayattaki uygulamalar1 hakkinda da bilgi sahibi olmalar1 beklenmektedir (NBPTS,
2010). Amerika Ulusal Matematik Ogretmenleri Konseyi (NCTM, 2000) saglam ve
kapsamli bir kavramsal bilginin olusturulmasma biiyiik 6nem vermektedir. Benzer
sekilde, Tiirkiye’deki matematik miifredat1 da kavramlarm anlamlarinin
derinlemesine 0grenilmesini amaglayan kavramsal bilgiye 6nemini vurgulamaktadir
(Milli Egitim Bakanligi, 2013). Yapilan arastirmalar, ilk ve orta dereceli okullarda
O0gretmenlik yapan matematik Ogretmenlerinin, kavramlarla ilgili bilgilerinin
cogunlukla islemsel bilgiye dayandigmmi ve bir¢ok kavramla ilgili kavram
yanilgilarmin oldugunu gostermistir (Ball, 1990; Ma, 1999; Tirosh, 2000). Bu
durumun, matematik 6gretmenlerinin, orantisal iliskilerle ve rasyonel sayilarla ilgili
bilgi ve anlamalarinda da gegerli oldugu goriilmistiir (Ball, 1990; Chick, 2003;
Cramer & Lesh, 1988; Harel & Behr, 1995; Lacampagne, Post, Harel, & Behr,
1988). Fakat bilindigi lizere, Ogretmenlerin bilgi ve anlamalar1 6gretim kalitesinde
onemli bir role sahiptir (Ball, Bass, Sleep, & Thames, 2005). Bu baglamda,
ogretmenlerin ve Ogretmen adaylarmm kavramlarla ilgili sahip oldugu bilgiler,

arastirilmasi gereken 6nemli bir konudur.
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Ogretmen adaylarmin bilgi ve dgretimlerinde bir etki yaratmak isteniyorsa, dgretmen
egitimi, gergek sinif ortamlarindaki 6grenme ve 0gretme siireciyle yakindan iliskili
olmaldir (Ball & Cohen, 1999; Smith 2001). Buna karsin yapilan arastirmalar,
geleneksel 6gretmen egitimi programlarmin bu iliskiyi kurmakta yeterli olmadigini
gostermektedir (Smith, 2001). Ball ve Cohen (1999), 6gretmen ve 6gretmen adaylari
icin, uygulamanin ara¢ olarak kullanildig1 bir mesleki gelisim modeli 6nermektedir.
Bu 6gretmen egitimi modeli, genellikle uygulamaya dayali mesleki gelisim modeli
(practice-based professional development) olarak adlandirilmaktadir; amaci ise
uygulamaya dayali bir miifredat yardimiyla 6gretmenlerin bilgilerini artirmak ve
uygulamaya yonelik deneyim ve kapasitelerini gelistirmektir (Ball & Cohen, 1999;
Smith, 2001; Silver, 2009). Benzer bir sekilde bu ¢alismada da, uygulamaya dayali
bir 6gretim modiilii, 6gretmen adaylarinin orantisal akil yiirlitme becerilerini

gelistirmek i¢in kullanilmustir.

Orantisal akil yiiritme matematiksel akil yliriitmenin bir tiiriidiir ve giinliik hayattaki
pek cok durum orantisal kurallara gore isler ve ¢alisir (Cramer & Post, 1993). Benzer
sekilde, Baykul (2002)’ a gore giinliik hayatta sik¢a karsilagilan faiz, yiizde, indirim,
komisyon hesaplamalarinda ve yol problemlerinin ¢éziimiinde orantisal akil yiirlitme
becerisinden sikg¢a yararlanilir. Bunun yaninda, oran ve orant1 kavramlarini
derinlemesine anlamak i¢in orantisal akil yiiriitme becerisine sahip olmak
gerekmektedir (Lesh, Post ve Behr, 1988). Bu baglamda, bu caligmanin amaci
ortaokul matematik 6gretmen adaylarinin uygulamaya dayali bir 6gretim modiiliiniin

oncesinde ve sonrasinda orantisal akil yiiriitmelerini incelemektir.

Cramer, Post ve Currier (1993) orantisal akil yiiriitme becerisini, orant1 yoluyla
matematiksel olarak sekillendirilen bir durumu taniyabilme, orantili olmayan bir
durumdan ayirt edebilme, bu durumu sembolik olarak ifade edebilme ve oranti
problemlerini ¢6zebilme becerisi olarak tanimlamaktadir. Orantisal akil yiirlitme
becerisi, ilkogretim diizeyindeki bircok matematiksel kavramin Ogrenilmesinde

mihenk tas1 iken; lise matematik miifredatindaki ileri diizey matematik kavramlarmin
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ogrenilmesi igin gerekli alt yapiy1 olusturan bir kose tasidir (Lamon, 2012; Lesh et
al., 1988).

Literatiir incelendiginde, orantisal diisiinme yetenegini degerlendirmek i¢in li¢ farkl
problem tipinin tanimlandigi goriilmiistiir (Cramer ve dig., 1993; Heller, Post, Behr
ve Lesh, 1990; Post, Behr ve Lesh 1988). Bu problem tipleri; bilinmeyen degeri
bulma, sayisal karsilastrma ve niteliksel akil yiiriitme problemleridir. Bilinmeyen
degeri bulma problem tipinde amag; a/b = ¢/d gibi bir orantida ii¢ cokluk verilmisken
dordiincii ¢goklugun bulunmasidir (Lamon, 2007). Tipik bir bilinmeyen degeri bulma
problemi soyledir; “300 km yolu 4 saatte alan bir otomobil, ayn1 hizla giderse 750
km’lik yolu kag¢ saatte alir?” (Kayhan, Duatepe ve Akkus-Cikla, 2004). Bu
problemde, orantidaki li¢ ¢okluk verilmistir ve bilinmeyen ¢okluk sorulmaktadir.
Verilenler; gidilen yol (300 km) ve seyahat siiresi (4 saat) ile bilinmeyen bir siirede
gidilen yoldur (750 km), istenen ise bilinmeyen siiredir. Sayisal karsilastirma
probleminde amag; iki tane oran verilmisken, sayisal bir cevaba ihtiyagc duymadan
oranlarin karsilastiriimasidir. Noelting (1980)’in “Portakal Suyu Problemi” tipik bir
sayisal karsilastirma sorusudur. Bu problemde, portakal suyu konsantresi ve suyla
yapilan iki karisimin igindeki portakal suyu konsantresi ve su miktarlar1 verilir ve
karisimlarm tatlarinin karsilastirilmasi istenir. Diger problem tipi ise niteliksel akil
yiiriitme problemleridir. Bu problem tipinde sayisal degerler verilmez ve amag;
sayisal degerlere bagh olmaksizin karsilagtrmalar yapmaktir. Bu problem tipinin
niteliksel tahmin ve niteliksel karsilastirma olmak tizere iki ¢esidi vardir (Cramer et
al., 1993).

Arastirmalar orant1 problemlerinin ¢éziimiinde kullanilan pek ¢ok ¢6ziim stratejisinin
oldugunu gostermistir (Baroody ve Coslick, 1998; Ben-Chaim, Keret ve llany, 2012;
Cramer ve Post, 1993; Cramer ve dig., 1993; Kaput ve West, 1994; Lamon, 2007,
2012). Baz1 arastirmacilar (Baroody ve Coslick, 1998; Kaput ve West, 1994) bu
stratejileri formal ve informal stratejiler olarak ikiye aywrmustir. Bu arastirmacilara

gore, formal stratejiler cebir kurallarmin kullanildig: cebirsel stratejiler (igler-dislar
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carpimi gibi) iken informal stratejiler (birim oran, degisim c¢arpani gibi) ¢ogunlukla
orantisal iligkilerin kullanildig1 stratejilerdir. Cramer ve Post (1993), 6grencilerin
orant1 problemlerini ¢dzmede informal stratejileri kullanmaya yonlendirilmesini
onermislerdir; hatta formal stratejilerin, 6grencilerin informal stratejileri tam olarak
kullanip igsellestirdigine emin olununcaya kadar 6gretilmemesi gerektigine vurgu
yapmiglardir. Fakat, pek ¢ok ¢alismada, 6grencilerin ve hatta 6gretmenlerin oranti
problemlerini ¢dzerken anlamdan yoksun ve ezbere islemlerden ibaret olan icler-
diglar carpimi stratejisini kullandiklar1 goriilmiistiir (Ben-Chaim ve dig., 2012;
Cramer ve Post, 1993). Hig siiphesiz ki en ¢ok kullanilan formal strateji i¢ler-dislar
carpimu stratejisidir. Bu stratejide, i¢ler-dislar carpimi algoritmasiyla orant1 kurulur
ve esitlik ¢oziiliir (Van de Walle, 2010). En ¢ok kullanilan informal stratejiler ise
degisim carpani, birim oran, arttirma ve kesir stratejisidir (Cramer ve Post, 1993).
Baz1 stratejiler orant1 problemlerinde yanlis cevap bulunmasina sebep olabilir. En
cok kullanilan yanhs ¢oziim stratejisi ise carpimsal iligkiler yerine toplamsal
iliskilerin kullanildig1 toplamsal iliski stratejisidir (Ben-Chaim ve dig., 2012;
Karplus, Pulos ve Stage, 1983).

Orantisal akil yiiriitme becerisiyle ilgili yiirtitiilen pek ¢ok calismada, 6grencilerin ve
hatta Ogretmenlerin oran, oranti kavramlarini anlamlandirmada ve Ozellikle bu
kavramlarm yer aldigi problemleri ¢6zmede zorluk cektigi goriilmiistiir (Heller,
Ahlegren, Post, Behr ve Lesh, 1989; Ben-Chaim, Fey, Fitzgerald, Benedetto ve
Miller, 1998; Singh, 2000). Orant1 problemlerinde dogru sonuca ulagsmak orantisal
diisiinme yetenegine sahip olundugunu goéstermez, ¢iinkii orantisal iligkiler fark
edilmeden, ezbere algoritmik islemler yapilarak da (igler-dislar carpimi gibi) dogru

sonuca ulasilabilir (Lamon, 2007).

Arastirmanin Amaci

Bu arastirmanin amaci, ortaokul matematik 6gretmen adaylarinin uygulamaya dayali

bir 6gretim modiiliine katilimlarindan onceki ve sonraki orantisal akil yiirlitmelerini
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incelemektir. Daha ayrintili olarak, 6gretmen adaylarinin, farkli orantisal problem
tiplerini yani; bilinmeyen degeri bulma, sayisal karsilastirma ve niteliksel akil
yiriitme problemlerini ¢ozerken yaklasimlarini, orantisal durumlar1 orantisal
olmayan durumlardan ayirt edebilmelerini ve orantisal durumlarin altinda yatan

matematiksel iliskileri anlayabilmelerini ortaya ¢ikarmaktir.

Arastirmanin Problem Ciimlesi ve Alt Problemler

2. Matematik 6gretmen adaylarmin orantisal akil yiiriitmeyle ilgili uygulamaya
dayal1 bir 6gretim modiiliine katilimlarindan onceki orantisal akil yliriitmelerinin

dogasi nedir?

3.4. Matematik Ogretmen adaylarmin orantisal akil yiriitmeyle ilgili
Uygulamaya dayali bir o6gretim modiiliine katilmadan oOnce farkh
problem tiplerine yaklasimlar1 nedir?

3.5. Matematik Ogretmen adaylar1 orantisal akil ylriitmeyle ilgili
Uygulamaya dayali bir 6gretim modiiliine katilmadan &nce orantisal
durumlar1 orantisal olmayan durumlardan nasil ayirt ederler?

3.6. Matematik Ogretmen adaylar1 orantisal akil ylriitmeyle 1ilgili
Uygulamaya dayali bir 6gretim modiiliine katilmadan once orantisal

durumlarin altinda yatan matematiksel iligkileri nasil anlarlar?

3. Matematik 6gretmen adaylarmin orantisal akil yiiriitmeyle ilgili uygulamaya
dayali bir Ogretim modiiline katilimlarindan sonraki orantisal akil

yiirlitmelerinin dogas1 nedir?
3.1 Matematik Ogretmen adaylarmin orantisal akil yiiriitmeyle ilgili

uygulamaya dayali bir 6gretim modiiliine katildiktan sonra farkli

problem tiplerine yaklasimlari nedir?
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3.2

3.3

Matematik O6gretmen adaylart orantisal akil yiiriitmeyle ilgili
uygulamaya dayali bir 6gretim modiiliine katildiktan sonra orantisal
durumlar1 orantisal olmayan durumlardan nasil ayirt ederler?

Matematik O6gretmen adaylar1 orantisal akil yiirtitmeyle ilgili
uygulamaya dayali bir 6gretim modiiliine katildiktan sonra orantisal

durumlarin altinda yatan matematiksel iligkileri nasil anlarlar?

4. Matematik O0gretmen adaylarmin orantisal akil yiiriitmeyle ilgili uygulamaya

dayali bir 6gretim modiiliine katilimlarimdan 6nceki ve sonraki orantisal akil

yiiriitmeleri arasindaki farklar nelerdir?

4.1

4.2

4.3

Matematik Ogretmen adaylarmin orantisal akil yiiriitmeyle ilgili
Uygulamaya dayali bir 6gretim modiiliine katilimlarindan 6nce ve sonra
farkli problem tiplerine yaklasimlar1 arasindaki farklar nelerdir?
Matematik 6gretmen adaylarinin orantisal akil yiiriitmeyle ilgili
Uygulamaya dayali bir 6gretim modiiliine katilimlarindan 6nce ve sonra
orantisal durumlar1 orantisal olmayan durumlardan ayirt etmeleri
arasindaki farklar nelerdir?

Matematik 6gretmen adaylarmin orantisal akil yiiriitmeyle ilgili
Uygulamaya dayali bir 6gretim modiiliine katilimlarindan 6nce ve sonra
orantisal durumlarin altinda yatan matematiksel iliskileri anlamalar1

arasmdaki farklar nelerdir?

YONTEM

Arastirma Deseni

Bu c¢aligmanm amaci ortaokul matematik O6gretmen adaylarnin orantisal akil

yiirlitmeyle ilgili uygulamaya dayali bir 6gretim modiiliine katilimlarindan 6nceki ve

sonraki

orantisal akil yliriitmelerini incelemektir. Bu calismada, 6gretmen
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adaylarmin orantisal akil yiirlitmeleri bircok veri toplama aracindan elde edilen
veriler kullanilarak detayli olarak incelendigi i¢cin durum c¢aligsmasi teknigi
kullanilmugtir (Yin, 2009). “Ortaokul matematik 6gretmen adaylarinin orantisal akil
yiriitmeleri” olgusunu daha iyi anlayabilmek i¢in bu c¢aligma, birden fazla
katilimeiyla yiiriitiilmiistiir; bu yiizden ¢aligmanin deseni ¢oklu durum ¢alismasidir

(Creswell, 2007; Yin, 2009).

Katihmcilar

Arastirmanin katilimcilar1 iki asamada se¢ilmistir. Birinci asamada “kolay ulasilabilir
durum &rneklemesi” yontemi kullanilmistir. Bu asamada, Ozel Ogretim Ydntemleri
IT ve Topluma Hizmet Uygulamalar1 derslerine kayitli, 28’1 kadin, 12’si erkek olmak
iizere 40 ticlincl smif ortaokul matematik 6gretmen aday1 se¢ilmistir. Bu 6gretmen
adaylar1, Bat1 Karadeniz’de bir devlet tiniversitesinde, 2012-2013 6gretim yil1 bahar
doneminde ilkdgretim matematik dgretmenligi programina kayith dgrencilerdir. 11k
asamadaki O0gretmen adaylarmmim hepsi Orantisal Akil Yiiritme Testi’ni (OAYT)

¢Ozmustlr.

Orneklem se¢iminin ikinci asamasinda, amagl drneklem ydntemlerinden biri olan
“maksimum g¢esitlilik 6rneklemesi” kullanilmistir (Patton, 2002). Patton’a (2002)
gore amagh drneklemenin giicii zengin bilgiye sahip oldugu diisiiniilen durumlarin
derinlemesine calisilmasma olanak vermesindedir. Ug¢ 6gretmen adayi, Orantisal
Akil Yiriitme Testi’nden aldiklar1 puanlara gore secilmistir. Buna gore, en yiiksek
puanlt 6gretmen adaylarinin arasindan Ela, orta diizeydeki puanlar arasindan Mine ve
en diisiik puanli 6gretmen adaylar1 arasindan da Gaye caligmaya katilmalar: i¢in
davet edilmistir. Caligmaya katilimin tamamen goniilliiliik esasina dayandigi ve elde
edilen bulgularin not vermek amaciyla kullanilmayacagi belirtilmistir. Bunun
yaninda, 6gretmen adaylar1 Topluma Hizmet Uygulamalar1 dersinde yiiriitiilecek
olan sosyal sorumluluk projesi hakkinda da bilgilendirilmistir. Sonu¢ olarak ii¢

Ogretmen aday1 da caligmaya katilmayi kabul etmistir.
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Veri Toplama Siireci

Bu c¢aligmanin verileri 2013 yilmin Mart aymmdan Mayis aymna kadar yaklagik iki
aylik bir siirede toplanmustir. Oncelikle Orantisal Akil Yiiriitme Testi, Ozel Ogretim
Yontemleri 11 dersini alan biitin dgretmen adaylarina uygulanmistir. Ogretmen
adaylarma bu testi ¢ozmeleri i¢in 60 dakikada verilmistir. Daha once bahsedildigi
gibi testi ¢ozen Ogretmen adaylarinin iginden ii¢ Ogretmen adayi, Orantisal Akil
Yiriitme Testi’'nin ilk uygulamasimdaki puanlarmma gore segilmistir. Sonrasinda
secilen Ogretmen adaylar1 Topluma Hizmet Uygulamalar:1 dersi kapsaminda bir
sosyal sorumluluk projesini yiiriitmeye baslamiglardir. Bu projenin amaci, ailesinin
ekonomik durumu c¢ocuklarini dershaneye veya 6zel derse gondermek icin uygun
olmayan ortaokul Ogrencilerine anlamadiklar1 matematik konularinda yardimci
olmaktir. Ortaokul dgrencileri matematik 6gretmenleri tarafindan istekli olmalarina
ve ailelerinin sosyo-ekonomik durumlarina bakilarak segilmistir. Ogrencilerle
yapilan dersler, 80 dakika (40+40) stirmiistiir. Dersler, haftanin bir glinii, okulun bos
bir smifinda, 6grencilerin okul saatlerinin disinda bir zamanda, alt1 hafta boyunca
yuriitiilmiistiir. Gaye ve Ela dorder 8.sinif 6grencisiyle, Mine ise sekiz 7. Simf
ogrencisiyle olmak iizere, dersler toplam 16 &grenciyle yapilmistir. Ogretmen
adaylarmm oOgrencilere Ogrettigi matematik konularindan biri oran ve oranti
konusudur. Her bir 6gretmen adayi, oran ve oranti konusundaki anlattiklari
kazanimlari, uygulamaya dayali 6gretim modiiliiniin 6ncesinde ve sonrasinda olmak
iizere, farkli 6grenci gruplarma ikiser kez anlatmiglardir. Bu esnada, 6gretmen
adaylar1 aragtirmaci tarafindan gézlemlenmistir ve her ders videoya kaydedilmistir.
Ogretim deneyimlerinden dnce ve sonra dgretmen adaylariyla yari-yapilandiriimis
gorlismeler yapilmistir. Uygulamaya dayali 6gretim modiilii, 6§retmen adaylarinin
modiilden Onceki orantisal akil yiiriitmeleri ile ilgi veriler toplandiktan sonra
baslatilmistir. Uygulamaya dayali dgretim modiilii, bes hafta boyunca Ozel Ogretim
Yontemleri II dersinin bir parcasi olarak yiiriitiilmiistiir. Modiilden hemen sonra
Orantisal Akil Yiiriitme Testi arastrmanmn katilimcilar: olan ii¢ 6gretmen adayma

son test olarak uygulanmistir. Daha sonrasinda, 6gretmen adaylar ikinci kez oran ve
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orantt konusunu anlatmiglar ve ikinci goriismeler yapilmistir. Her &gretim
deneyiminden Once Ogretmen adaylari ders planlari hazirlamiglardir. Bununla
birlikte, ikinci 0gretim deneyimlerinden 6nce, 6gretmen adaylarindan, ikinci ders
planlarinda degisiklik yaptilarsa bu degisikliklere neden gerek duyduklarini

acikladiklar1 bir diizeltme raporu yazmalar1 istenmistir.

Veri Toplama Araclan

Ogretmen adaylarmin orantisal akil yiiriitmelerini derinlemesine ve tiim ydnleriyle
anlamak i¢in veri toplama siirecinde ¢ok sayida veri toplama araci kullanilmistir.
Orantisal Akil Yiriitme Testi, goriismeler ve 6gretim deneyimlerinin gézlemleri ana
veri toplama kaynaklar1 olarak kullanilmigtir. Bunlarin yaninda, ders planlar1 ve
diizeltme raporlar1 da 6gretmen adaylarmin orantisal akil yliriitmelerini anlamak i¢in
yardime1 veri toplama araglari olarak kullanilmistir. Veri toplama kaynaklariyla ilgili

detayl bilgi asagida verilmistir.

1. Orantisal Akil Yiiriitme Testi

Bu calismada, oran ve oranti literatiiriindeki problemler derlenerek ve uyarlanarak
Hillen (2005) tarafindan gelistirilen Orantisal Akil Yiiritme Testi On test ve son test
olarak kullanilmistir. Orantisal Akil Yiirtitme Testi yirmi dort agik ug¢lu matematik
sorusunu icermektedir. Olgek arastirmaci tarafindan Tiirkge’ye cevrilmistir. Olgegin
gecerliligini saglamak i¢in gerekli caligmalar yapildiktan sonra Orantisal Akil
Yiiriitme Testi’ne son hali verilmistir. Bu testin amaci, 6gretmen adaylarmin farkl
orantisal problem tiplerini yani; bilinmeyen degeri bulma, sayisal karsilastirma ve
niteliksel akil yiiriitme problemlerini ¢ozerken kullandiklar1 ¢oziim stratejilerini ve
slireclerini, orantisal durumlar1 orantisal olmayan durumlardan ayirt edebilmelerini
ve orantisal durumlarin altinda yatan matematiksel iligkileri anlayabilmelerini

Olgmektir. Bu testte 6gretmen adaylarinin orantisal akil ylriitmelerini dogru bir
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sekilde 6lgebilmek i¢in farkli soru tiplerine ve farkl icerik ve sayisal iligkilere sahip

problemlere yer verilmistir.

2. Goriismeler

Ogretmen adaylarinin orantisal akil vyiiriitmelerini daha detayli incelemek igin
O0gretmen adaylariyla her bir 6gretim deneyiminden sonra yari-yapilandirilmis
goriismeler yapilmistir. Gorlisme sorularmin ana amaci 6gretmen adaylarmin farkl
orantisal problem tiplerine yani; bilinmeyen degeri bulma, sayisal karsilastirma ve
niteliksel akil yiirlitme problemlerine yaklasimlarmi, orantisal durumlar1 orantisal
olmayan durumlardan ayirt edebilmelerini ve orantisal durumlarin altinda yatan
matematiksel iliskileri anlayabilmelerini 6l¢mektir. Bunlara ek olarak bazi gériisme
sorular1 6gretmen adaylarina Orantisal Akil Yiiriitme Testi’ndeki sorulara verdikleri
cevaplar1 tekrar diisiinme firsat1 vermistir. Bu sorularda Ogretmen adaylarina
Orantisal Akil Yiirlitme Testi’ndeki bazi cevaplarmi ve cevaplarinin gerekgelerini
ayrintil bir sekilde agiklamalar1 istenmistir. On goriismede &gretmen adaylarna bazi
kisisel bilgi sorularindan sonra orantisal akil yiiriitmelerini incelemek i¢in 14 agik
uglu soru sorulmustur. Son goriismede de 6n goriismeye paralel sorular sorulmustur.

[k ve son goriismelere ait gdriisme planlar1 Ek B’de verilmistir.

3. Ogretim Deneyimlerinin Gozlemleri

Bu calismada Orantisal Akil Yiiriitme Testi’'nden ve goriismelerden elde edilen
verilerin yaninda 68retmen adaylariin 6gretim deneyimlerinden el edilen gozlem
sonuglar1 da veri toplama araci olarak kullanilmistir. Gozlemlerin asil amaci
ogretmen adaylarmnin farkli orantisal problem tiplerine yani; bilinmeyen degeri
bulma, sayisal karsilastirma ve niteliksel akil yiirlitme problemlerine yaklasimlari,
orantisal durumlar1 orantisal olmayan durumlardan ayirt edebilmeleri ve orantisal
durumlarin altinda yatan matematiksel iliskileri anlayabilmeleri ile ilgili bulgular

gelistirmek ve kontrol etmektir. Diger bir degisle, Ogretim deneyimlerinin
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gozlemlerinin amaci Ogretmen adaylarnin oran ve orant1 kavramlarina yonelik
kavramsal anlamalarint ortaya ¢ikarmaktir. Gozlem verileri toplanirken
yapilandirilmis bir goézlem formu kullanilmamistir ama aragtirmact her ders

anlatiminda sinifta bulunmus ve saha notlar1 almistir.

4. Ders Planlan ve Diizeltme Raporlan

Calismanin katilimcilar1 uygulamaya dayali 6gretim modiiliinden 6nce ve sonra
yaptiklar1 ders anlatimlar1 i¢in ders planlar1 hazirlamislardir. Onceden bahsedildigi
gibi Gaye ve Ela 8.smif 6grencilerine, Mine ise 7. sinif 6grencilerine oran ve oranti
konularmi anlatmislardi. 11k ders anlatimindan énce dgretmen adaylar1 ve arastirmaci
bulusup Ogretmen adaylarmin Milli Egitim Bakanligi Ortaokul Matematik
Miifredatindaki hangi kazanimlar1 anlatacaklarma karar vermiglerdir. Her bir
ogretmen adayinin anlattiklar1 kazanmimlar Ek D’de verilmistir. Ogretmen adaylari
ayn1 kazanimlar1 anlattiklar1 ikiser ders plani hazirlamislardir. Ilk ders planmi ilk
O0gretim deneyiminde uygulandiktan sonra 6gretmen adaylarma ders planlarini
isterlerse degistirebilecekleri soylenmistir. Buna ek olarak ders planlarinda herhangi
bir degisiklik veya diizeltme yaparlarsa yaptiklar1 degisikligin gerekcelerini

anlatacaklar1 bir diizeltme raporu yazmalar1 istenmistir.

Orantisal Akil Yiiriitmeye Yonelik Uygulamaya Dayah Ogretim Modiilii

Orantisal akil yiiriitmeye yonelik uygulamaya dayali bir gretim modiilii Ozel
Ogretim Yoéntemleri II dersinin bir pargast olarak {iciincii sinif ortaokul matematik
ogretmen adaylarmna verilmistir. Ogretim modiilii, 2012-2013 6gretim yili bahar
doneminde bes haftalik bir siire¢c boyunca Ogretmen adaylariyla yiriitiilmustiir.
Ogretim modiiliiniin 6gretmeni Ozel Ogretim Yontemleri 11 dersinin de 6gretmeni
olan bu ¢alismanin arastirmacisidir. Ogretim modiiliine Ozel Ogretim Yontemleri 11
dersine kayitli olan biitiin 6gretmen adaylar1 katilmistir fakat bu arastirmaya orantisal

akil yiirtitmeyle ilgili derinlemesine inceleme yapmak icin sadece ii¢ 6gretmen aday1
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dahil edilmistir. Arastirmaci ve 0gretmen adaylar1 haftada bir giin li¢ veya dort
seanslik dersler yapmak i¢in bir araya gelmislerdir. Her ders 50 dakika siirmiistiir ve
toplamda O6gretmen adaylariyla 16 ders yapilmistir. Uygulamaya dayali 6gretim
modiiliiniin temel amacit Ogretmen adaylarinin orantisal akil yiiriitmelerini
gelistirmektir. Bu amag¢ dogrultusunda Ogretmen adaylariyla cesitli etkinlikler
ylriitiilmistiir. Bu etkinlikler i¢inde; farkli ¢oziim stratejileri kullanarak orantisal
problemleri ¢6zmek, bu problemlerin cevaplarini savunmak ve c¢oziimlerini
aciklamak, 6grenci yanilgilarmi incelemek, katilimcilarmm 6gretim deneyimlerinde
cekilmis video kesitlerini izleyip, 6gretmen ve Ogrencilerin yanlislar1 ve dogrulari
lizerine tartismak ve bir ortaokul matematik 6gretmeni olan Meral Ogretmen’in
smifinda oran ve oranti1 konusu islenirken neler oldugunu anlatan 6rnek durumu
analiz edip tartismak vardir. Etkinlikler oran ve oranti 6gretimi ve orantisal akil
yiiriitmenin gelisimiyle ilgili literatiir derlenerek olusturulmustur. Meral Ogretmen’in
smifinda neler olduguyla ilgili 6rnek olay ise Smith ve dig. (2005) tarafindan yazilan
kitaptan alinmig ve arastirmaci tarafindan Tiirk¢e’ye ¢evrilmistir. Uygulamaya dayali

Ogretim modiiliinde uygulanan bazi 6rnek etkinlikler Ek H’de verilmistir.

Veri Analizi

Bu calismada veri analizi 6gretmen adaylarmin uygulamaya dayali bir 6gretim
modiiliiniin oncesinde ve sonrasindaki orantisal akil yiiriitmelerini ortaya ¢ikarmak
icin yapilmistir. Arastirma sorularma cevap verebilmek icin Orantisal Akil Yiiriitme
Testi’nin ilk ve ikinci uygulamasindan, 6n ve son goriismelerden, 6gretim
deneyimlerinin gozlemlerinden, ders planlarindan ve diizeltme raporundan elde
edilen veriler analiz edilmistir. Icerik analizi “toplanan verilerin &nce
kavramsallastirilmasi, daha sonra da ortaya ¢ikan kavramlara gdre mantikli bir
bigimde diizenlenmesi ve buna gore veriyi agiklayan temalarm saptanmas1” (Yildirim
& Simsek, 2013, s. 227) i¢in kullanilmistir. Bu amacgla Oncelikle orantisal akil
yiriitmeyle ilgili literatiir taranmig ve arastirma sorularinda goriildiigii gibi ii¢ ana
tema literatiirden elde edilmistir. Bunlar; farkli orantisal problem tiplerine

yaklagimlar, orantisal durumlar1 orantisal olmayan durumlardan ayirt edebilmek ve
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orantisal durumlarin altinda yatan matematiksel iligkileri anlayabilmektir. Bir sonraki
asamada ses ve gorintii kayitlar1 alinan biitiin goriismeler ve 6gretim deneyimleri
yaziya aktarilmis ve diger veri kaynaklariyla birlikte veri yigmi diizenlenmistir.
Sonrasinda goriigmelerin ve dgretim deneyimlerinin yaziya aktarilan kayitlari, saha
notlari, ders planlari, diizeltme raporlari, 6n ve son testler tekrar tekrar okunup
incelenerek biiyiik boyutlardaki veri yigmini1 daha anlamli hale getirmek i¢in {i¢c ana

temanin altinda kategoriler ve alt kategoriler olusturulmustur.

BULGULAR

Bu ¢alismanin amaci; ortaokul matematik 6gretmen adaylarinin uygulamaya dayali
bir 6gretim modiiliine katilimlarindan 6nceki ve sonraki orantisal akil yiirtitmelerini
incelemektir. Bu ama¢ dogrultusunda, calismanin bulgular1 ii¢ ana baslik altinda
verilmistir. Birinci baslik; Ogretmen adaylarinin farkli problem tiplerine yani;
bilinmeyen degeri bulma, sayisal karsilastrma ve niteliksel akil yiiriitme
problemlerine yaklasimlariyla ilgili bulgular1 igermektedir. Ikinci baslik; dgretmen
adaylarmin orantisal durumlar1 orantisal olmayan durumlardan ayirt edebilmeleriyle
ilgili bulgular1 ve lgilincii bashk da; 6gretmen adaylarmmin orantisal durumlarin
altinda yatan matematiksel iliskileri anlayabilmeleriyle ilgili bulgular1 igermektedir.
Calismanin  bulgulari, Orantisal Akil Yiirtitme Testi’'nin birinci ve ikinci
uygulamasindan, birinci ve ikinci goriismelerden ve birinci ve ikinci 6gretim
deneyimlerinin gdzlemlerinden elde edilmistir. Bunlarin yaninda, ders planlar1 ve
diizeltme raporlar1 da 6gretmen adaylarinin orantisal akil yiirtitmeleriyle ilgili bulgu

elde etmek i¢in kullanilmistir.
Ogretmen Adaylarinin Farkli Problem Tiplerine Yaklasgimlariyla flgili Bulgular
Gaye, Mine ve Ela, Orantisal Akil Yiiriitme Testi’ndeki, goriismelerdeki ve 6gretim

deneyimlerindeki orantisal problemleri genellikle dogru c¢ozmiislerdir. Fakat

uygulamaya dayali Ogretim modiiliinden oOnce, Ogretmen adaylarinin hepsinin
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Orantisal Akil Yiiriitme Testi’'ndeki bir sayisal karsilastirma problemini (24. soru)
carpimsal bir strateji yerine toplamsal bir strateji kullandiklar1 i¢in yanhis ¢ozdiikleri
gorilmiistiir. Benzer sekilde, on testte Gaye ve Mine bir niteliksel akil yliriitme
probleminde (8. soru) carpimsal karsilastrma yapmak yerine toplamsal bir
karsilastirma yapip problemi yanlis ¢6zmiiglerdir. Bu bulgular, 6gretmen adaylarinin
o0gretim modiiliinden Once, bazi orantisal problemlerin ¢oziimiinde, ¢arpimsal
iligkiler yerine toplamsal iligkilerin kullanildigr yanlis bir ¢6ziim stratejisi olan
toplamsal iligki stratejisini kullandiklarmi gostermistir. Oysa 6gretim modiiliinden
sonra, Gaye ve Ela hi¢bir problemin ¢6ziimiinde yanlis toplamsal iligki stratejisini
kullanmamig, Mine ise son testte sadece bir niteliksel akil yiiriitme probleminde (8.
soru) yanlis toplamsal iliski stratejisini kullanmistir. On test ve son testte, niteliksel
problemlerin  ¢0ziimiinde, Gaye, sayisal degerlere dayanmayan niteliksel
karsilastirmalar yapamazken, Mine yapabilmistir. Ela ise On testte, niteliksel
problemlerin ¢6ziimiinde, c¢arpimsal karsilastrmalar yapmasina ragmen sayisal
degerlere dayanmayan niteliksel karsilastirmalar yapamamistir. Buna karsin, Ela son

testte sayisal degerlere dayanmayan niteliksel karsilastirmalar yapmay1 bagarmustir.

Uygulamaya dayali 06gretim modiiliinden Once, Ogretmen adaylar1 oranti
problemlerini ¢ozmek i¢in smirli sayida strateji kullanirken, 6gretim modiiliinden
sonra, oranti problemlerini ¢ézmek i¢in farkli ¢6ziim stratejileri kullanabilmislerdir.
Buna ek olarak, 6gretmen adaylar1 6gretim modiiliinden sonra, genellikle ¢arpimsal
iliskilerin kullanildig1 informal stratejileri tercih etmislerdir. Oysa 6Zretmen adaylar1
modiilden 6nce, anlamdan yoksun ezbere kurallarin kullanildigi formal stratejileri
(icler dislar carpimi gibi) tercih etmekteydiler. Dahas1 6gretmen adaylari, 6gretim
modiiliinden sonra islem kolaylig1 saglayan etkili stratejileri fark edip kullanmaya

baslamislardir.
Ogretim modiiliinden 6nce, Gaye ve Mine yaptiklar1 islemlerden elde ettikleri

cokluklarin anlamlarini agiklayamazken, Ela sinirli bir bigimde agiklayabiliyordu.

Bunun yaninda, modiilden 6nce, 6gretmen adaylarmnim problem ¢dziimlerine yonelik
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aciklamalar1 ve kullandiklar1 stratejiye yonelik gerekceleri cogunlukla yetersizdi dyle
ki; agiklamalar1 uyguladiklar1 iglem basamaklarini soylemekten oteye gitmiyordu
(6nce carptim sonra boldiim gibi). Fakat 6gretim modiiliinden sonra, 0gretmen
adaylari, yaptiklari islemlerden elde ettikleri ¢okluklarin anlamlarini ve ¢oziimlerini
anlasilir bir sekilde aciklayabiliyorlar ve sectikleri stratejinin  gerekgesini

sOyleyebiliyorlard1.

Ogretim modiiliinden 6nce, bilinmeyen degeri bulma problemlerinde, dgretmen
adaylarinin hepsi cokluklarin aralarindaki oranlar1 fark ediyor ve kullamiyorlardi.
Ama Ogretmen adaylar1 ¢okluklarin kendi i¢cindeki oranlar1 fark etmek de zorluk
cekiyorlardi. Ornegin, gretmen adaylarinin kendi icindeki oranlar1 bu oranlarm tam
sayl oldugu durumlarda bile kullanmadigi goériilmiistiir. Diger taraftan ogretim
modiiliinden sonra, Mine cokluklarin kendi i¢indeki ve aralarindaki oranlar1 fark
edebiliyor ve kullaniyorken, Gaye ve Ela sadece ¢okluklarin aralarindaki oranlari
kullaniyorlardi. Bununla birlikte Mine ve Ela 6gretim modiiliiniin 6ncesinde ve
sonrasinda parga-par¢a ve parca-biitiin oranlarin1 fark edebiliyor ve kullaniyorken,
Gaye parga-biitiin oranlarim1  6gretim modiiliine katildiktan sonra dahi fark

edemiyordu.

Ogretmen adaylarmdan hicbiri 8gretim modiiliinden &nce ve sonra ¢okluklar1 birden
farkli birimlere ayirmak konusunda basarili degildi. Daha dogrusu 6gretmen adaylar1
Ogretim modiiliinden sonra bile birimi islem kolaylig1 saglayan birden bagka bir say1
secmeyi diisiinememislerdir. Diger taraftan, 6gretim modiiliine katildiktan sonra
Gaye, Mine ve Ela’nin orant1 problemlerini ¢ézerken oran tablolar1 olusturduklar1 ve
tablodaki kurali bulmak icin degisim c¢arpant ve tekrarli toplama stratejilerini
kullandiklar1 goriilmiistiir. Dahasi bazi durumlarda 6gretmen adaylarmin orani
azaltilabilen ve arttirilabilen bir birim olarak gorebildikleri gézlemlenmistir. Bunlara
ek olarak, 6gretmen adaylarinin 6gretim modiiliinden sonra ayni 6l¢lim uzayindaki
cokluklarin aralarmda sabit bir oran oldugunu bildikleri ve orant1 sabitini

problemlerde kullanabildikleri ortaya ¢ikmuistir.
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Ogretmen Adaylarinin Orantisal Durumlart Orantisal Olmayan Durumlardan

Ayirt Edebilmeleriyle Tlgili Bulgular

Uygulamaya dayali 6gretim modiiliinden sonra, Gaye, Mine ve Ela Orantisal Akil
Yiriitme Testi’'ndeki, verilen degiskenler arasindaki iliskinin orantisal olup
olmadigmin smiflandirilmasimin istendigi sorulardaki (11-22. sorular) biitiin iliskileri
dogru bir sekilde smiflandirmislardir. Oysa 6gretim modiiliinden 6nce, Gaye ve Mine
baz1 degiskenler arasindaki iligkilerin orantili olup olmadigmma dogru karar
verememislerdir. Bunun yanmda o6gretim modiiliinden once 6gretmen adaylari,
verilen iligkilerin neden orantili veya neden orantisiz oldugunu agiklamada
zorlanirken, modiilden sonra yaptiklari1 smiflandirmalarin gerekcelerini acik bir

sekilde anlatabilmiglerdir.

Ogretim modiiliinden &nce, Gaye ve Mine’nin biitiin dogrusal iliskilerin orantili
olduguna dair bir kavram yanilgist vardi ve biitiin orantili iliskilerin dogrusal
oldugunu bilmiyorlardi. Buna karsin Ela, 6gretim modiiliinden 6nce iki degiskenin
arasinda dogrusal bir iligki olmasmin tek basina bu iki degiskenin orantili olmasina
karar vermek icin yeterli olmadigin1 ama bu degiskenlerin orantili olabilmesi igin
dogrusal olmalar1 gerektigini biliyordu. Orantisal akil yiiriitmeyi gelistirmeyi
amacglayan 0Ogretim modiliinden sonra Ogretmen adaylarmin biitiin dogrusal
iligkilerin orantili olduguna dair kavram yanilgilarinin kayboldugu goriilmiistiir.
Ogretim modiiliiniin éncesinde Mine ve Ela orantisal iligkilerin ayn1 oranda artip
ayni oranda azalmasini anlamakta bazi zorluklar ¢ekerken, Gaye orantisal iliskilerin
ayn1 oranda artip ayni oranda azalacagmi hi¢ bilmemekteydi. Ornegin, ilk ders
anlatiminda Gaye aralarmda dogru orantil1 iligkili olan bir ger¢ek hayat durumuna su
problemi 6rnek olarak vermistir; “Bir fidan 50cm iken her y1l 20 cm uzamaktadir. Bu
fidanin ilk {i¢ y1l i¢in biiylime zaman grafigini ¢iziniz.” Gaye bu problemi smifta

asagidaki gibi ¢ozmiistiir:
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Gaye: Burasi sifira sifir noktasiydi dimi. Sifirdan baglayabiliriz ama
bizim elimizdeki fidan 0 boyda degil bunun bir uzunlugu var. Ne
kadarmis 50 cm imis o zaman boy kismindan 50 cm i gosterelim (50
cm’i y ekseninde gosterdi). Buradan baslayacagiz yani. Hi¢ zamansiz,
sifir zamaninda, daha hi¢ zaman ge¢memigken, bu fidanin boyu 50
cm’dir. Ciinkii elimizdeki fidan 50 cm idi. (koordinat diizlemine
sayilar1 yerlestirdi). Bir yilsonunda fidanin boyu ne kadar olur? 70
olur dimi? 2 yil sonra; 90, 3 yil sonra; 110 bu sekilde devam eder
(noktalar1 birlestiriyor).

Ogrenci: Ogretmenim bu dogru orant1 m1 oluyor?

Gaye: Dogru orant1 111 oluyor (tahtaya bakiyor). Neden sizce?

Ogrenci: Demistik ya dogru orantida biri artarken digeri de artryor.
Gaye: Ne artarken ne artmis burada?

Ogrenci: Zaman artik¢a boyda artiyordu.

Gaye: Evet, zaman artik¢a boy da artmis o zaman dogru orant1 vardir.

Goriildigi gibi Gaye, 6grencilerine dogrusal ama orantili olmayan bir iliskiyi orantili
bir iligki gibi anlatmistir. Ancak Gaye 6gretim modiiliinden sonra Ogrencilere
anlattig1 ikinci derste aymi problemi Ogrencilere tekrar sormustur ve bu sefer bu
problemdeki degiskenler arasindaki iliskinin orantisal olmadigini dogru bir sekilde
aciklayabilmistir. Benzer sekilde O6gretim modiiliinden sonra elde edilen veriler,
O0gretmen adaylarinin hepsinin biitiin orantili iligkilerin dogrusal oldugunu ve ayni

oranda artip ayni oranda azaldigini bildigini ortaya koymustur.

Ogretmen adaylari, 6n testte orani, herhangi bir 6zelligi (portakal suyu karisimimin
portakal tadi, boya karigimimin tonu gibi) 6lgmek i¢cin kullanilabilecek bir 6lglim
olarak gdrmekte zorlanmaktadirlar. Buna karsin son testte Gaye ve Ela oranm, bir
meyve suyu karisimin yogunlugunu bulmakta, bir boya karisimimnin tonunu bulmakta,
bir kayak rampasmin egimini bulmakta ve bir dikdortgenin ne kadar kareye
benzedigini bulmakta uygun bir 6l¢iim olduguna karar vermiglerdir. Fakat Mine’ nin
ogretimin modiiliiniin sonrasinda bile oranin bir boya karigimmin tonunu bulmakta
uygun bir dlgiim oldugunu bilmedigi ortaya ¢ikmustir. On test sonuglar1 dgretmen
adaylarimin agiklamalarinda orantisal akil yiiriitme dilini kullanmadiklarini
gostermistir. Ozellikle, gretmen adaylar1 bazi durumlarda orani belli bir &zelligi

Olemek i¢in  kullanmalarina ragmen “oran” kelimesini agiklamalarinda
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kullanmamiglardir. Ancak son testte 0gretmen adaylarmin orantisal akil yiiriitme
dilini ve ozellikle “oran” kelimesini a¢iklamalarinda kullandiklar1 goriilmiistiir.
Ornegin Ela Orantisal Akil Yiiriitme Testi’nin ikinci uygulamasinda bir problemi

cozerken (9. soru) agagidaki agiklamay1 yapmustir:

Murat’in yontemi her zaman ise yaramaz. Bu yontemin ise yaramasi
icin ilk karisimdaki beyaz boyanin mavi boyaya oraninin ikinci
karisimdaki beyaz boyanin mavi boyaya oranina esit olmasi gerekir.
Yani ilk karisimdaki boyalarin birbirine oranimi1 bilmemiz gerekir.
Eger boyalarin orami 1/1 ise, Murat’in yontemi ige yarar. Ama bastaki
oranlar1 bilmiyoruz; o yiizden bu yontem her zaman ise yaramaz.

Gaye ve Mine, uygulamaya dayali 6gretim modiiliinden 6nce ¢okluklarn aralarinda
orantisal iliskili oldugu durumlara her zaman gecerli 6rnekler veremezken Ela
verebiliyordu. Ornegin 6n testte (5. soru), Gaye ve Mine ¢okluklarin aralarinda
orantisal iligkili oldugu bir s6zel problem yazamazken Ela yazabildi. Ela’nin yazdigi
problem: “Sekiz es pargaya boliinen bir tarlanin 3 parcasina domates ekilmistir ve
hasat edilmistir. Cift¢i gesitli iirlin elde etmek i¢in ayni tarlayr 20 es pargaya
bolecektir, tarlanin kag¢ pargasina domates ekerse ilk elde ettigi domates oranini elde
eder?” Goriildiigii gibi Ela gecerli bir orant1 problemi yazmistir. Ogretim
modiiliinden sonra ise Mine ve Ela ¢okluklarn aralarinda orantisal iliskili oldugu
durumlara gegerli ornekler verebilirken, Gaye’nin hala bu konuda zorluk g¢ektigi

gorilmiistir.

Ogretim modiiliiniin 6ncesindeki ve sonraki bulgular 6gretmen adaylarmin goluklarin
aralarinda  orantisal  iliskilerin  olmadigi  durumlara  Ornekler  verirken
zorlanmadiklarini gostermistir. Bunun yaninda 6gretmen adaylar1 verdikleri 6rnek
durumlardaki cokluklarin neden orantisal olmadiklarimi1 da agiklayabilmislerdir.
Fakat Gaye’nin On goriismedeki orantisal olmayan iligkiye verdigi ornek bir
istisnadir; ¢iinkii Gaye bu 6rnekteki ¢cokluklarin aralarindaki iligkinin neden orantisal

olmadigini agiklayamamistir. Ayrica 6gretim modiiliinden sonraki bulgular 6gretmen
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adaylarinin, ¢okluklarin aralarinda toplamsal ve sabit iliskili oldugu durumlarin

orantisal olmayan durumlar oldugunu bildigini ortaya ¢ikarmistir.

Ogretmen Adaylarimn Orantisal Durumlarin Altinda Yatan Matematiksel

iliskileri Anlayabilmeleriyle flgili Bulgular

Uygulamaya dayali 6gretim modiiliinden 6nce Gaye, Mine ve Ela oran ve oranti
kavramlarmi tanimlamakta zorluk c¢ekerlerken ogretim modiiliinden sonra bu
kavramlarin dogru tamimlarmi yapabildiler. Ogretim modiiliinden 6nce Sgretmen
adaylar1 “oran” kavraminin “bdlme” kavramiyla ayni sey oldugunu diistiniiyordu.
Buna ek olarak Mine “oran” m “bdlme” ile aymi kavramlar olduklarmni iddia
ediyordu. Fakat oOgretim modiiliinden sonra Ogretmen adaylari oran ve oranti
kavramlarmi dogru bir sekilde ve bu kavramlarin dayandigi matematiksel iligkileri
kullanarak tanimlamislardir. Bu matematiksel iliskiler; orantili iligkilerin ¢arpimsal
bir dogast oldugu (matematiksel iligki 1) ve orantili iligkilerde oran ¢iftlerinin
birbirine esit olduguydu (matematiksel iliski 3). Ogretim modiiliinden 6nce Gaye ve
Mine oran ve orant1 kavramlarinin farkini agiklamakta zorlantyordu; fakat 6gretim
modiiliinden sonraki bulgular 6gretmen adaylarmin hepsinin bu iki kavramin farkl
kavram olduklarin1 bildiklerini ve farklarmi agiklayabildiklerini gostermistir.
Ogretim modiiliinden 6nceki bulgularmn aksine Ogretmen adaylar1 orantisal akil
yiiriitme dilini tanimlarinda kullanabilmislerdir. Bununla birlikte 6gretmen adaylar1
tanimlarmi yaparken orantisal durumlarin altinda yatan matematiksel iliskileri de

kullanmisglardir.

Uygulamaya dayali 6gretim modiiliinden onceki bulgular 6gretmen adaylarinin,
orantisal iki ¢oklugun arasinda sabit ¢arpimsal bir iliskinin oldugunu ve bu iliskinin
iki farkli yolla (k ve 1/k gibi) gosterilebilecegini bilmediklerini ortaya koymustur.
Ornegin, Gaye ve Mine ©On goriismede orant1 sabitini tanimlamada zorluk
cekmiglerdir. Buna karsin, 6gretim modiiliinden sonra 6gretmen adaylarinin oranti

sabitinin tanimmi 6grendikleri ve iki farkli sekilde gosterebildikleri goriilmiistiir.
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Fakat Mine 0gretim modiiliinden sonrasinda da oranti1 sabitini belirlemekte zorluk
cekmistir. Ornegin ikinci ders anlatimmda orant1 sabitinin bir orantidaki ¢okluklarin

hem aralarindaki orana hem de iglerindeki orana esit oldugunu séylemistir.

Orantisal akil yiiritmeyi gelistirmeyi amaglayan 6gretim modiiliinden 6nce 6gretmen
adaylari, bazi1 durumlarda cokluklarin arasindaki orantili iliskilerin varligma karar
verebilmek i¢in orantili durumlarin altinda yatan matematiksel iliskileri kullanmak
yerine toplamsal iligkileri kullanmiglardir. Mesela; Gaye ve Ela bazi durumlarin
orantili olup olmadigina karar verebilmek i¢in ¢okluklar arasinda toplamsal Oriintiiler
bulmaya ¢alismistir. Bunun yaninda 6gretmen adaylar1 genellikle ¢okluklarin orantili
olabilmesi i¢in ayni zamanda artip azalmalarmin gerektigine vurgu yapmislar ama
aynt oranda artip azalmalar1 gerektigine deginmemislerdir. Fakat 0Ogretim
modiiliinden sonra 6gretmen adaylari, ¢okluklarin aralarindaki orantili iligkilere karar
verebilmek icin ayni zamanda artip azalma gibi yanlis ifadeler yerine orantili

durumlarin altinda yatan matematiksel iligkileri kullanmiglardir.

Ogretmen adaylari, dgretim modiiliinden 6nce verilen orantisal durumlarin tablo,
grafik ve cebirsel gosterimleri arasinda iliskiler kurmakta zorlanmaktaydilar. Buna
karsin 6gretim modiiliinden sonra bu iliskileri ¢ogunlukla kurduklar1 goriilmiistiir.
Fakat ikinci ders anlatiminda Gaye, tabloyla verilen orantisal durumun grafigini

cizebilmesine ragmen cebirsel denklemini bulmakta zorlanmustir.

Uygulamaya dayali 6gretim modiiliiniin sonunda elde edilen bulgular 6gretmen
adaylarinin orantisal durumlarm altinda yatan matematiksel iligkileri ¢ogunlukla
anlayabildiklerini ve kullanabildiklerini gostermistir. Oysa 6gretim modiiliiniin
oncesinde 6gretmen adaylar1 bu konuda zorluk g¢ekmekteydiler. Ornegin, 6gretim
modiiliinden dnce Gaye ve Ela orantili iliskilerin ¢arpimsal bir dogasi oldugunu
(matematiksel iligki 1) tam olarak bilmiyorlardi. Bunun yaninda 6gretim modiiliinden
onceki bulgular 6gretmen adaylarmnin, orantisal bir durumun grafiginin orijinden

gegen bir dogru grafigi oldugunu (matematiksel iliski 2) ve orantisal bir durumun
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cebirsel olarak denkleminin k egim, birim oran ve orant1 sabiti olmak iizere y=kx
denklemiyle gosterildigini (matematiksel iliski 4) tam olarak bilmediklerini ortaya
cikarmistir. Buna karsin, uygulamaya dayali 6gretim modiiliinden sonraki bulgular
Ogretmen adaylarinin orantisal durumlarin altinda yatan matematiksel iligkileri tam
olarak anlayabildiklerini ortaya koymustur. Fakat matematiksel iliski 4’{in bir istisna
oldugu goriilmiistiir; ¢iinkii 6gretmen adaylar1 orantisal bir durumun cebirsel olarak
denkleminin y=kx denklemiyle gosterildigini ve £’ nin egim ve oranti sabiti oldugunu

anlamiglar fakat k’nin ayn1 zamanda birim oran oldugundan hi¢ bahsetmemislerdir.

SONUC

Bu arastirma kapsaminda gelistirilen orantisal akil yiirliitmeye yonelik uygulamaya
dayali 6gretim modiiliiniin 6gretmen adaylarinin orantisal akil yiiritmelerine énemli
derecede katkida bulundugu goriilmiistiir. Ogretim modiiliiniin dncesinde, dgretmen
adaylari, orant1 problemlerini ¢6zmek i¢in genellikle igler-diglar carpimi gibi
anlamdan yoksun cebirsel kurallari uygulamislar ve smirli sayida strateji
kullanmiglardir. Bunun yaninda, orantisal durumlar1 orantisal olmayan durumlardan
ayirt etmekte ve orantisal durumlarin igerdigi matematiksel iliskileri anlamada zorluk
cektikleri goriilmiistiir. Buna karsin, 6gretim modiiliiniin sonrasinda, Ogretmen
adaylar1 orant1 problemlerini ¢ozerken cogunlukla, ¢arpimsal iligkilerin kullanildig:
informal stratejileri (degisim carpani gibi) kullanmay1 tercih ederken, igler-diglar
carpmmi ve diger formal stratejileri kullanmay1 pek tercih etmemislerdir. Ayrica,
orant1 problemlerini ¢6zmek icin farkli stratejiler kullanmislar ve bu stratejileri
anlamlandirabilmislerdir. Buna ek olarak, verilen ¢okluklarin aralarinda toplamsal,
carpimsal veya bagka iligskilerin olup olmadigmi belirleyebilmislerdir. Bunun
yaninda, Ogretmen adaylarmmin orantisal durumlardaki matematiksel iligkileri

anlayabildikleri goriilmiistiir.
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APPENDIX K

Tez Fotokopisi 1zin Formu

ENSTITU

Fen Bilimleri Enstitiisi

Sosyal Bilimler Enstitiisii X

Uygulamali Matematik Enstitiisii

Enformatik Enstittisi

Deniz Bilimleri Enstitiisii

YAZARIN

Soyadi: Pigkin Tung
Adi : Mutlu
Boliimii : [Ikdgretim

TEZIN ADI (Ingilizce) : Pre-Service Middle School Mathematics Teachers’
Proportional Reasoning Before and After a Practice-Based Instructional
Module

TEZIN TURU : Yiiksek Lisans Doktora X

Tezimin tamamindan kaynak gosterilmek sartiyla fotokopi aliabilir.

Tezimin i¢indekiler sayfasi, 6zet, indeks sayfalarindan ve/veya bir

boliimiinden kaynak gdsterilmek sartiyla fotokopi alinabilir.

Tezimden bir bir (1) yil siireyle fotokopi alinamaz. X

TEZIN KUTUPHANEYE TESLIiM TARiHI:
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