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ABSTRACT

NUMERICAL METHODS FOR MULTIPHYSICS FLOW PROBLEMS

Belenli, Mine Akbas
Ph.D., Department of Mathematics
Supervisor : Prof. Dr. Songiil Kaya Merdan
Co-Supervisor : Prof. Dr. Leo G. Rebholz

April 2016, [I3T]pages

In this dissertation, efficient and reliable numerical algorithms for approximating so-
lutions of multiphysics flow problems are investigated by using numerical methods.
The interaction of multiple physical processes makes the systems complex, and two
fundamental difficulties arise when attempting to obtain numerical solutions of these
problems: the need for algorithms that reduce the problems into smaller pieces in
a stable and accurate way and for large (sometimes intractable) amount of compu-
tational resources to resolve all the physical scales. Although these two difficulties
are often stated as separate issues, in practice they are quite related. The objective
of this thesis is to advance state of the art in algorithms, and their better understand-
ing through analysis, for two types of multiphysics problems: incompressible non-
isothermal fluid flow, and magnetohydrodynamic flow.

The first component of this thesis is to develop numerical algorithms that decou-
ple the multiphysics systems of equations into smaller, easier to solve sub-problems.
However, splitting up problems into components is well known to (sometimes dra-
matically) reduce accuracy and cause numerical instabilities. It will be rigorously
proven that the decoupling algorithms proposed and studied herein are stable and ac-
curate. Numerical tests are used to verify the stability and accuracy.

The second component of the thesis is to construct the numerical scheme that use the
Variational Multiscale (VMS) method to reduce the computational cost of these prob-
lems, by reducing the size of the smallest scale needing to be resolved. At the same



time, the algorithm will decouple the VMS modeling/stabilization equations from the
multiphysics system, and decouple the multiphysics system into its components. This
thesis proposes such an efficient algorithm and rigorously proves it is stable and accu-
rate, as well as giving guidance into picking the stabilization parameters. Numerical
experiments verify the theoretical results, and reveal that the algorithm gives accurate
solutions on coarse discretizations, i.e. with significantly less computational cost than
the requirement to be resolved of the original (unstabilized) physical systems.
Lastly, this thesis considers the notion of long-time stability for decoupling algo-
rithms for multiphysics problems. It is quite common for stable numerical methods
to be stable only over finite time intervals, and to produce numerical solutions that
non-physically grow linearly or even exponentially with time, even when the true so-
lution does not grow. Hence, it is desirable to use algorithms that are stable at all
times, so that stability and accuracy can be preserved as long as possible in a nu-
merical simulation. This thesis proves unconditional long time stability results for a
particular class of linearized, second order methods for multiphysics problems and
also for the usual incompressible Navier-Stokes equations.

Keywords: MHD, MHD in Elsésser variables, Non-isothermal incompressible flows,
Finite Element Method, VMS method, grad-div stabilization, projection method, long
time stability.
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COKLU FiZiK PROBLEMLERI ICIN SAYISAL METOTLAR

Belenli, Mine Akbas
Doktora, Matematik Bolimi
Tez Yoneticisi : Prof. Dr. Songiil Kaya Merdan
Ortak Tez Yoneticisi : Prof. Dr. Leo G. Rebholz

Nisan 2016 , [[31T]sayfa

Bu tezde, sayisal yontemler kullanilarak ¢oklu fizik problemlerinin yaklagik ¢oziim-
leri i¢in etkili ve gercekei sayisal algoritmalar arastirilir. Birden cok fiziksel siirecin
kargilikli etkilesiminin sistem iizerindeki karmagik etkisi nedeniyle, bu problemlerin
sayisal ¢oziimlerinin elde edilmesinde iki temel zorluk ortaya cikar: problemi daha
kiigiik alt parcalara indirgeyen, kararli ve hassas algoritmalara ve tiim fiziksel 6lgek-
lerin ¢oziilmesi i¢in ¢ok genis bilgisayar hafizasina olan gereksinim. Bu iki zorluk
siklikla ayr1 problemler olarak ifade edilmesine karsin, uygulamada birbirleriyle ya-
kindan ilgilidir. Bu tezin amaci iki ¢esit ¢oklu fizik problemi; sicakligi sabit olmayan,
sikistirllamaz akigkan akisi ve manyetohidrodinamik akiglari icin yeni algoritmalar
gelistirmek ve analiz yoluyla onlarin daha iyi anlagilmasina katki saglamaktir.

Bu tezin birinci unsuru ¢oklu fizik denklemlerini daha kiiciik, daha kolay ¢oziilebilen
alt problemlere ayrigtiran niimerik algoritmalar1 gelistirmektir. Ancak, problemlerin
bilesenlerine ayristirtlmasinin dogrulugu azalttig1 ve sayisal karasizliklara yol actigi
iyi bilinmektedir. Burada onerilen ve caligilan ayrigtirmali algoritmalarin kararli ve
hassas olduklar titiz bir sekilde ispatlanacaktir. Sayisal testler algoritmalarin kararli-
l1igin1 ve hassasligini dogrulamak i¢in kullanilir.

Bu tezin ikinci unsuru c¢oziilmesi gerekli olan en kiiciik dl¢egin boyutunu azalta-
rak bu problemlerin hesaplama maliyetini indirgemek icin Varyasyonel Coklu Olcek
(VMS) metotunu kullanan sayisal algoritmalar1 olusturmaktir. Ayni zamanda, algorit-
malar VMS modelleme/kararlilik denklemlerini ¢oklu fizik sisteminden ayristiracak
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ve coklu fizik sistemini bilesenlerine ayristiracaktir. Bu tez, bu sekilde etkili algorit-
malar Onerir ve kararlilik parametrelerinin secimine rehberlik etmesinin yan sira al-
goritmalarin kararli ve hassas oldugunu titiz bir sekilde ispatlar. Sayisal testler teorik
sonuclar1 dogrular ve algoritmanin kaba ayristirma tizerinde, yani orjinal (kararsiz) fi-
zik sisteminin ¢oziilebilmesi i¢in gerekli olan hesaplama maliyetinden 6nemli dl¢iide
daha az hesaplama maliyeti ile dogru sonuglar verdigini ortaya ¢ikarir.

Son olarak, bu tez, coklu fizik problemlerini ayristiran algoritmalar i¢cin uzun zamanl
kararlilik kavramini goz Oniine alir. Kararli sayisal metotlarin yalnizca sonlu zaman
araliklar iizerinde kararli olmasi ve gercek ¢oziimiin biiyiimediginde bile dogrusal
hatta iistel olarak fiziksel olmayan bir sekilde zamanla artan sayisal ¢oziimler iiret-
mesi oldukca yaygindir. Dolayisiyla, kararlilik ve hassasligin sayisal simulasyonda
miimkiin oldugunca uzun korunacak sekilde tiim zamanlarda kararli olan algoritma-
larin kullanilmasi arzu edilir. Bu tez genel, sikistirilamaz Navier-Stokes denklemleri
ve ¢oklu fizik problemleri i¢in dogrusal, ikinci mertebe 6zellikli metotlarin kosulsuz
kararlilik sonuglarini ispatlar.

Anahtar Kelimeler: MHD, Elsdsser degiskenlerinde MHD, Sicaklig1 sabit olmayan
sikistirllamaz akigkanlar, Sonlu elemanlar yontemi, VMS metotu, grad-div stabilizas-
yon, izdiisiim yontemi, uzun zamanh kararhlik.
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CHAPTER 1

INTRODUCTION

Many important problems encountered in applied sciences combine several differ-
ent physical phenomena, such as fluid flow, heat and mass transfer, and electromag-
netism. Such problems are referred to as ‘multiphysics problems’, since the systems
of equations that describe them must couple together physical equations for the indi-
vidual physical laws. From a mathematical point of view, these multiphysics systems
consist of systems of partial differential equations (PDE) comprised of the PDE for
each physical process, all coupled together.

When the multiphysics system of PDE involve the fluid flow, finding the analytical
solutions to the problems governed by the Navier Stokes equations (NSE) is not avail-
able. This is because of the mathematical gap in finding the analytic solutions to the
NSE as well as the complexity of fluid flow at high Reynolds number, which leads to
the requirement of the much more computer capacity in simulations. Therefore cou-
pling additional equations to Navier Stokes only makes the situation worse. Hence,
numerical methods are employed to solve multiphysics problems.

Two approaches are used in the literature for computing the approximate solutions of
multiphysics problems: monolithic and partitioned. The monolithic approach solves
the entire coupled system together, which leads to the need to solve massive, coupled,
block linear systems at each time step of a simulation. This approach is preferred
when there is a strong connection between distinct physics at play, since in this case
partitioning the problem can be numerically unstable. Partitioned methods, on the
other hand, decompose the systems of equations at each time step into smaller, easier
to solve, subproblems. For example, the fluid part of a problem would be solved sepa-

rately from the transport part. Here, it is much easier to get answers at each time step,



however, if the decoupling is not done carefully, numerical instabilities can quickly
destroy solutions. Typically, the systems are decoupled through the time stepping
scheme, by approximating physical variables based on their values at previous time
steps. To give some examples, partitioned methods are commonly used in ocean-
atmosphere simulations, and monolithic methods are sometimes preferable in some
fluid structure problems in biomedical applications such as simulation of fluid being
pumped by the heart.

One of the discretization tool is the finite element method. This is a widely used
method, since it is built on a solid mathematical foundation, and can typically be
more easily applied to problems posed on complex geometries, which is common in
most modern engineering design problems.

It is a big challenge to develop numerical algorithms that captures the correct physi-
cal behavior of the flow, and produces the accurate approximate solutions over a finite
time interval. The main difficulty arising regarding how to devise an efficient algo-
rithm is the requirement of a very fine mesh to get the full resolution of the solutions,
which exceeds today’s computer capacity for most of the flow problems. Creating nu-
merical algorithms possessing stability properties over a long time interval is another
challenge. Therefore, to know to what extent a numerical algorithm possessing such
a property, and if there is a time step restriction for it to hold, is of special interest,
especially due to the importance of predicting weather and climate events.

The first goal in this thesis is to create efficient and reliable numerical algorithms
over a finite time interval for two multiphysics flow problems: the incompressible,
non-isothermal fluid flow driven by natural convection (the Boussinesq system), and
magnetohdrodynamic flows (MHD). A key component of the proposed methods is
that they decouple the systems in a stable way. In the study of the first problem, the
proposed algorithm is created by using a variant of the projection based Variational
Multiscale method, due to the success of the method in finding accurate approximate
solutions without a finer mesh requirement. In the magnetohydrodynamics flow prob-
lem, an algorithm is developed by applying a variant of the penalty-projection scheme
with the grad-div stabilization technique. We choose this method due to the achieve-
ment of the splitting methods in approximate solutions.

The second goal in this work is to construct the algorithms being stable over long

time intervals for these multiphysics flow problems as well as for the Navier-Stokes



equations (NSE). The aim is to achieve the stability at all times without any restriction
on the size of the time step.

This thesis is organized as follows:

Chapter 2 focuses on a variant of the projection based VMS algorithm, which de-
couples the system of equations in an effective way. We provide the stability and
convergence analysis of the method. The numerical tests are presented to validate the
theoretical findings.

Chapter 3 provides the numerical approximation of the MHD flow in Elsisser vari-
ables. The scheme is constructed by using the penalty projection method with the
grad-div stabilization parameter. A complete mathematical analysis is presented,
consisting of the proof of the unconditional stability, and optimal convergence of
the method. Numerical experiments are provided to support the analytical results.
Chapter 4 studies the stability behavior of three multiphysics flow problems at all
times. We first focus on the long time stability analysis of the NSE with linearly ex-
trapolated two steps backward Euler formula (BDF2LE). We then provide a numerical
experiment to compare the long time stability behaviors of BDF2LE and linearly ex-
trapolated Crank-Nicolson (CNLE) scheme. Additionally, we present the long time
stability analysis for the Boussinesq system and MHD flow in primitive and Els§sser
variables. We present a numerical experiment for the MHD flow in Elsésser variables
to test the stability time step restriction. Chapter 4 concludes with numerical exper-
iments to compare the mass conservation property of the NSE with different finite
elements over long time intervals.

Chapter 5 contains conclusions along with the future works. We note that numeri-
cal experiments in this thesis are made with the FreeFem + + software by using the

UMFPACK [56].

1.1 Three Multiphysics Flow Problems

Since this thesis studies three different flow problems, this section is devoted to the
derivation of three multiphysics flow problems: the NSE, the Boussinesq system, and
MHD flow. In addition, we give some useful definitions which are important in fluid

dynamics and present the dimensionless form of the equations.
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1.1.1 Definition of Some Physical Notions

e Fluid is a substance that deforms continuously when subjected to a shear stress.

Fluids can be categorized as liquids and gases.

e Stress at a point is defined as the elemental force per unit elemental area en-
closing that point such that the elemental area tend to zero. Stresses have both
magnitude and direction, and the direction is relative to the surface on which

the stress acts.

e Dynamic (Absolute) viscosity is a force per unit area per unit velocity gradient.

It is denoted by .

e Kinematic viscosity is the ratio of the dynamic viscosity to the fluid density:

e Incompressible fluid is a fluid with constant density.
e Homogeneous fluid is a fluid such that mass density is constant in space.

e Forces on a fluid flow can be grouped as internal and external forces. External
(or body ) forces can be gravity, buoyancy and electromagnetic forces. Internal

forces are viscous and pressure forces.

In fluid kinematics, fluid motion can be described in two ways: Lagrangian and Eule-
rian description. In the Lagrangian description, the position of a fluid particle at any
time is defined by its initial position [37], and the properties of a fluid particle such
as velocity and density are determined by following each fluid particle individually.
In the Eulerian description, on the other hand, the field variables such as velocity,
density and pressure, are described as functions of space and time within the control
volume [21]].

We use Eulerian approach which enables us to write fluid variables as a function of
space and time. In addition, we assume that fluid variables are smooth functions
in finite time interval (0,7, and on the domain €2. In the derivation of the system
of equations, we frequently make use of divergence theorem which is given by the

following:



Theorem 1.1.1 Let F be a differentiable vector field in a domain Q C R3? with
smooth boundary 0S). Then

/(V-F)d:v:/F-nds (1.1)
o9

Q
where v is the outward unit normal vector.

1.1.2 The Navier Stokes Equations

The NSE for steady or unsteady, homogeneous, incompressible, viscous, Newtonian
fluid motion, and are derived by continuum mechanics, in particular as laws for the
conservation of mass and conservation of linear momentum. These equations ei-
ther alone, or together with other equations, have applications across the engineering
and science spectrum, including flows in pipes and channels, plasma physics, the
petroleum industry, thermo-hydraulics, atmospheric movement, and ocean currents.
From the mathematical point of view, they consist of non-linear PDE, and are ex-

pressed as follows [[77]:

ou ]
E—i—(u-V)u#—Vp—;Au—f, (1.2)

V-u=0, (1.3)

where wu is the fluid velocity, p is the pressure, u is the dynamic kinematic viscosity,
p is the density, and f is the body force acting on the fluid flow.

The equation (1.2) is the momentum equation. The second equation is the con-
tinuity equation which is called the incompressibility constraint. The term (u - V)u,
responsible for the non-linearity of the NSE, is called the convective term, and vAu

the diffusion term.
Step 1: The Derivation of Continuity Equation

Let V be an arbitrary control volume in 2 C R? with smooth surface V. By us-
ing Eulerian approach, the mass density of the fluid, and its velocity are defined as a
function of space  and time ¢. Then, the total mass, and the rate of change of mass

in ) are given by, respectively,



and

dm(t) d Ap(t
%:%/p(t,w)dw:/ p(é);’”)dx. (1.4)
Vv Vv

The physical law of the mass conservation states that mass is neither created nor
destroyed in any chemical reaction. Since mass is conserved inside V', the rate of
change of mass in V' must be equal to the flux of mass pu(¢, x) across the boundary

0V'. Thus, one can obtain

dm_(t) - _ /(pu)(t, s) - n(s)ds. (L.5)

v
The application of the divergence theorem on the right hand side of (I.3)) along with
the use of (I.4) produces

/ (v (pu)(t, ) + ap(;;a:)> dz = 0.

v

Since V' is arbitrary, which results in

dp

V-(pu)—ka =0, V (t,x) € (0,T] xQ,

and the fluid is incompressible and homogeneous, i.e., p(¢, ) is constant, we have

the continuity equation:

V.u=0, in (0,7]x Q. (1.6)

Step 2: The Derivation of Momentum Equation

Let the position of a fluid particle, its velocity and acceleration at any time ¢ be given

as follows, respectively,

z = (z(t),y(t), 2(t)),

w = @l 2(0). olalt).y(t). (). w(a (D) (). 1)),
alt) = alolt)u(th20) = (G + G+ G+ )



The linear momentum inside V' is given by

[wt.2)ia.

Then, the application of Newton’s second law in V, giving that ‘the rate of change of

linear momentum inside V' is equal to the net force acting on the fluid ’ [21l], produces

d

< [t @)de = - / (pu)(w - n)(t, 8)ds + / Fu(to)ds.  (17)

\%4 ov \%4

By using the following identity

U1 ULUINT + UTU2Ny + U UZN3
u(u-n) = |uy [mm + ugno + u3n3} = [u2u1ng + UsUang + UsuzN3
Us Uzuing -+ U3U2M9 + u3uUzns

UIU + UrUg + UrUz [ |1

= |uoU; + UgUa + UoUs3 N9

_u3u1 “+ UszUg + UzUsz N3

=uu'n,

and applying divergence theorem to the first term on the right hand side of (1.7) yields

[ (Gt + v puat) e o = [ Futtorte. s
Vv 1%

Using product rule along with the incompressibility of the fluid, we have

0 dp ou
E(PU) = vt P
~ Ou
= Paa
V- (puu”) = uu"Vp+ p(V-uw)u+ p(u - V)u
= p(u-V)u,

Substituting these into (I.8) gives
/p(aa—fl; + (u- V)u) (t,x)dx = /Fne,(t, x)dz. (1.9)
v v

On the other hand, the net force acting on the fluid inside V' consists of body (external)

forces and internal forces. Thus

/Fne,(t,:c)dw = /Fext(t,:c)d:v—l—/t(t, s)ds, (1.10)

\%4 \%4 oV



where t is the internal force vector, called Cauchy stress vector. The linear depen-

dence of Cauchy stress vector gives the following relation:
t = Sn,
here S is called Cauchy stress tensor such that it is defined by
011 Ti2 Ti3
S= |71 02 Tl Tij = Ty 4, = 1,2,3, (Z 7&])
731 732 033
here o;; is called normal stress tensor, 7;; shear stresses. Cauchy stress tensor is

decomposed into
S=V - PI,

here V is viscous stress tensor, P is the pressure. The pressure P acts only on a

surface of a fluid volume V/, and it is normal to that surface, and directed into V.

—/Pnds:—/Vde:—/V~(Pﬂ)da:.
v v

ov

Thus, we have

Remark 1.1.2 Friction between fluid particles can only occur if the particles move
with different velocities. For this reason, the viscous stress tensor is modeled to de-
pend on the gradient of the velocity. For the reason of the symmetry of the stress,
the viscous stress tensor is the symmetric part of the gradient, the so-called velocity
deformation tensor.

If the velocity gradient are not too large, one can assume that first the dependency is
linear and second that higher derivatives can be neglected. Since there is no friction
for a flow with constant velocity, such that V vanishes in this case, lower order terms
than first order derivatives of the velocity should not appear in the model. Introduc-
ing first order viscosity i, and the second order viscosity 1, one writes this tensor in
fluid dynamics in the form :

v =2u0(w) ~ (1= %) (7w

where v is called dynamic viscosity or shear viscosity, and D(uw) is the velocity de-

formation tensor defined by D(u) = (Vu + (Vu)T)/2.



This linear relation is only an approximation for a real fluid. In general, the rela-

tion will be non-linear. Only for small stresses, a linear approximation of the general

stress-deformation relation can be used. A fluid satisfying this assumption is called

Newtonian fluid.

For incompressible (V - u = 0), Newtonian fluids, viscous stress tensor is given by

V = 2uD(u).
Therefore,

/ H(t, 5)ds / (Sn)(t, s)ds — / (V - S)da

ov ov \4

:/v@ﬂmmm—/V%mWB

= V/V - (2uD(u))dx — V/VPdw.

Since ( is constant, and the flow is incompressible one can have

V- D) - v (27T

=uV - (Vu+Vul) = uV-Vu + uV - Vu’

= pAu,

which gives

/t(t, s)ds = /uAudm—/VPd:v.
v

ov \4

Substitute (I.11)) into (I.10). Then (1.9) becomes

ou

/ MW 4 (u- V)u) ~pAu+ VP] (t,@)dz — /fm(t, 2)da.

Since V' is arbitrary, one has

%—?%—(u-V)u—%Au%—Vp:f in (0,7] x Q,

(1.11)

(1.12)

(1.13)



here f := %, and p := %. Thus, equation (I.13]) along with (1.6) gives for unsteady

flow of incompressible, viscous, Newtonian fluid:

B
E%+@wVM—%Au+Vp:ﬁ (1.14)

V.ou=0, (1.15)
in (0,7] x Q.

1.1.2.1 The Nondimensional Form of the NSE

To obtain the dimensionless form of the (I.14)-(1.13) in three dimensions, we first
define u = (u, v, w), and write the X, y and z-components of the equations (1.2))-(1.3)

%+ug—5+vg—5+w%—uAu+%g—i =0 (1.16)

%—}-u%—}-vg—z—l—w%—uAv—i—%g—]; _ (1.17)

%_f+ug_j+u%+wg—j—yAw+%%—f _— (1.18)
%+%+%::0 (1.19)

where U, L and g, represent the characteristic velocity, length and the magnitude of

gravity, respectively. Then

ou  U?ou* ou U? Ou*

ot Lo’ "or L ox

vU 1P U? op*
Au=—Au", ——=——".
e = T et pox L Ox*

10



Rewriting the remaining terms in (T.16)-(1.19), and plugging them into (1.16)-(1.19)
gives the following:

U? Ou* U2 Lou* U2 Lous  U? our wU

* __A *
Tor Lo Loy "LV o DN
pU? Op*
— = 1.20
* pL Ox* 0 .20
U2 ov* U2 L Ov* (% U2 ovt vU
— + — — —Av
Lot LY oz L oy* Yo T2
pU28p>k
— = 0 1.21
oL Oy ;o (1.2
U? ow* +U2 ow* 8w +U2 *Gw*_VUA .
I ot D+ L dy* Y T2t
pU? Op* \
—_— = 1.22
oL D2 909>, (1.22)

%(au L +8w) — 0, (1.23)

First, multiply the first three equations by %, and the last equation by % Next, drop

the notation (*), define Re := %, and f := (0,0, #g:), where F'r = %. Then,

rewriting the equations in the vector form produces the following equations:
ou

n + (u-V)u — R—Au +Vp=Ff, (1.24)

Vu = 0. (1.25)

In the rest of the thesis, 1/Re is denoted by the letter v for the stability and conver-

gence analysis.

Remark 1.1.3 The dimensionless parameter Re is called Reynolds number, and is
the ratio of the inertial forces to viscous force. The size of the Re plays a key role
in distinguishing laminar flows from turbulent ones. When Re decreases, the flow
becomes smooth and more easily predictable because of the dominance of the viscous
term. However, as Re increases, the convective force dominates, and makes the flow
unstable and chaotic. Such flows are called turbulent, and they have complex fluid

structure. When Re < 2300, the flow is laminar, and Re > 2300, the flow turbulent.

11



1.1.3 Incompressible non-isothermal fluid flow driven by natural convection

Incompressible non-isothermal fluid flows are important research areas in convective
heat transfer, and are controlled by the NSE along with the heat transfer equation.

Therefore, we need some information about heat transfer.
1.1.3.1 Heat Transfer Fundamentals

There are three mechanism in which heat transfers: conduction, convection, and ra-

diation.

e Conduction is the transfer of the energy from the more energetic particles of a
substance to the adjacent, less energetic ones as a result of interactions between

the particles.

e Convection is the mode of the heat transfer between a solid surface and the
adjacent liquid or gas that is in the motion. It involves the combined effects of

conduction and fluid motion.

e Radiation is the transfer of energy due to the emission of electromagnetic

waves (or photons).

Heat transfer rate is the amount of heat transferred per unit time, and denoted by Q.
If the rate of heat transfer is available, then the total amount of heat transfer during a

time interval At can be determined from
At
Q= / Qdt.
0

The basic requirement in the heat transfer is the existence of a temperature difference.
The rate of heat transfer in a certain direction depends on the magnitude of the tem-
perature gradient in that direction. The larger the temperature gradient, the higher the
rate of heat transfer.

In a gravitational field, there exist a net force that pushes upward a light fluid placed
in a heavier fluid. The upward force exerted by a fluid on a body completely or par-

tially immersed in it is called the buoyancy force.

12



Heat flux is the rate of the heat transfer per unit area which is normal to the direction
of heat transfer. Average heat flux is expressed as
q= ¢
A
where A is the heat transfer area.

Thermal diffusivity represents how fast heat diffuses through a material, and it is

defined as
B Heat conducted B k

2
"~ Heatstored pCp (m/s")

Note that thermal conductivity k& represents how well a material conducts heat, and
heat capacity pC), represents how much energy a material stores per unit volume.
Volume (or Thermal) Expansion Coefficient is a measure of the change in volume

of a substance with temperature at constant pressure, defined as [63]]

S L (0w} __1(o
Cwv\o9), pl\og),’

where v is the kinematic viscosity, and p the fluid density.
1.1.3.2 Derivation of the Non-Isothermal Fluid Flows

Derivation of incompressible, non-isothermal, Newtonian fluid flows with constant
properties, including density, driven by natural convection depends on the conserva-
tion of mass, the linear momentum and the energy. Thus, the system of equations
with Boussinesq assumption and external force f are expressed by the NSE together
with heat transport equation. The Boussinesq approximation states that the density
differences can be neglected everywhere except in the buoyancy force, With this as-

sumption, the thermal expansion coefficient is written as follows [21]]:

 Lpe—p
B_ peoo_97

where p is the fluid density, p., and 6., are the reference density, and the reference
temperature away from the surface. Similarly, this assumption enables us to rewrite

the gravity force as
pf=rg= (P = p)g

13



This reduces the equation of the fluid motion to the following:
ou

1 W B
EﬂL(u-V)u%—;VP—;Au-gﬂ(@—@m)jtf, (1.26)

V-u=0. (1.27)

The last step is the derivation of the heat transport equation. From the energy balance,
the first law of thermodynamics, meaning energy is neither created nor destroyed, it

can only changes the form, one can get the following for any control volume V in R3:

the rate of

heat accumulation

inside V/
the net heat transfer rate the net heat transfer rate
= by conduction + by convection
into'V intoV

the net heat generation rate

+ inside V

Under the assumption that density p, viscosity u, thermal conductivity k& and specific
heat ¢, of the fluid are constant, the fluid heat per unit mass is expressed by c,6. Then,

the energy balance in €) can be expressed mathematically as follows:

o [ [wawris= [[a-nds+ [[ oo mas+ [[[ uca.

s s
where G is the volumetric energy rate, ¢ is the heat flux, which is defined as the heat

transfer rate per unit area and is given by

1= kv, (1.28)

where () represents the heat transfer rate per unit time. Now with the application of

the divergence theorem along with the relation (1.28]) produces

///pcp%dx:///W'de—///pcpv-(HU)d:ch///ﬂGd:z. (1.29)

Now, using the following

V- (0u)=(u-V)+ (0 -Vu, (V-V)0=A0,

14



along with the incompressibility of the fluid (V - w = 0) reduces the integral equation

(L.29) to

///pcp%dv:///’“Mdv—///pcp(u-v)edwr///u(;dx. (1.30)

Finally, dividing (1.30) by pc, produces the heat transport equation:

00 k 1
— — —A0l 0 = 1.31
ot pe, +(u-V) pch7 ( )

This equation together with (1.26)) and (1.27) gives the governing dimensional equa-

tions for the Boussinesq system:

%—':Hu V)u + VP—yAu—95(9 Os) + £ (1.32)
V.u=0, (1.33)

00
5 +(u-V)0— kA0 =T,. (1.34)

where I := uﬁ(}, and k 1= £
1.1.3.3 Dimensionless Form of the Boussinesq System

To derive the dimensionless form of the Boussinesq system in 2D without the forcing

terms, define the dimensionless variables as follows [21]]:

Y
L7

here U is the characteristic velocity, L the characteristic length, 6, the temperature of
the surface, v the kinematic viscosity, g the gravitational acceleration. Substituting

these with appropriate calculations, and dropping the notation (*), we have

U20u U2 U U2
fa—"t‘ + (- V)u - ”—Au + VP = (0,98(0, = 0))0,  (135)
%v cu=0, (1.36)
U0, —0.)00 U6, —0.) KO, — ) . U?
Ta + T(u V)@ TA@ = 'LLLQpCpG. (137)



First, divide the first equation by %2, the second equation by %, and the third equation

by w. Next consider the following:

9B(0. — 00)L _ gB(0, — 0)L L2

U? U? L212
9Bl —0)L° 1
N v (ULv)
K(ls — 0s) L R0 —0) L v
L2 U, —6y)  L* U, —b)v
11
~ u/kULJV
uU B uU u_U* up
Lpcy(0s — 0)  Lpcy(Bs — 0o0) U~ ¢(0, — ) UL’
B FEc
" Re

Then, (I.33)-(T.37) reduces to the following, which is the dimensionless form of
(T.32)-(1.34) without forcing terms:

ou Gr
E‘F(U'V)U—VAU—VPZ@(O,Q% (1.38)
V-u=0, (1.39)

00 1 FEc
i + (u-V)0 — PrReAe = EG' (1.40)

where v = 1/Re, Pr :=v/k, Gr := M, and Ec = U called Eckert

2
(0s—0c0)

Gr are denoted by the letters R: and k,

> Re2

1

and PrRe

number. In the rest of the thesis

respectively.

Remark 1.1.4 In the system of equations (1.38)-(1.40),

e Ri = Gr/ Re? is called Richardson number, and Gr is called the Grashof
number. R is the ratio of the buoyancy force to the viscous force, and accounts
for the gravitational force as well as the thermal expansion of the fluid. In
addition to that, Ri plays a key role in determining the flow as forced, natural,
and mixed convection. For Ri < 1, the flow is called forced convection; for

Ri > 1, the natural convection; and Ri =~ 1, the mixed convection.

e Priscalled Prandtl number, is the ratio of the molecular momentum diffussivity

to the molecular thermal diffusivity. For air, Pr ~ 0.71; for water, Pr ~ 7.
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1.1.4 Magnetohydrodynamic Equations

The study of MHD flow deals with the interaction between a magnetic field and elec-
trically conducting fluid, such as in plasmas, liquid metals and electrolytes. The
evolution dimensional equations describing MHD flows use both fluid mechanics and
electromagnetism theory, and consist of the Navier-Stokes and pre-Maxwell equa-

tions [[76,19]:

u+ (u-Vu—s(B-V)B—-—vAu+Vp = f, (1.41)
V-u = 0, (1.42)
B,+(u-V)B—(B-Viu—v,AB = Vxg, (1.43)
V-B = 0, (1.44)

in (0,7] x Q. Here w is the velocity of the fluid, p is a modified pressure, B is the
magnetic field, v is the kinematic viscosity. In addition s = #, [t is the magnetic
permeability, p density, and v,,, = ﬁ%, called the magnetic resistivity, o the electrical
conductivity, f is external force and V x g is the external forces acting on the mag-

netic field.

1.1.4.1 Derivation of MHD Equations in Primitive Variables

A non-magnetic, conducting particle moving with velocity w, and carrying a charge

q in a magnetic field B is exposed to the following three forces ([31]):
J=qE;+qE;+qux B
here
o ¢FE; is called Coulomb (electrostatic) force resulting from the repulsion or at-
traction of electric changes; E the electrostatic field,

e ¢FE; is the force which the charge experiences in the presence of a time-varying

magnetic field; E; the electric field induced by the changing magnetic field,

e qu X B is the Lorentz force resulting form the motion of charge in a magnetic

field.

17



The application of Coulomb and Gauss’s law yields
v'Elszpe/EO; VXESZO,

here p, is the total charge density, and ¢ is the permittivity of free space. On the other

hand, induced electric field has zero divergence and by Faraday’s law,

VEZ:O, VXEi:_a_B'
ot
Define the total electric field by E = E; 4+ E;. Then
f=4q(E+ux B), (1.45)
B
v.E~-" vxp-_98 (1.46)
€0 ot

Form the second equation of (1.46)), one can obtain that V - B = 0. By Ohm’s law,
J=0(FE +u x B),

here o is the electrical conductivity of the fluid. In addition, the conservation of
charge in stationary conductor, that states that the electric charge is neither created
nor destroyed, the rate of total charge in a volume is equal to the the rate of charge

flowing cross the surface of that volume, gives that

dpe
ot

V-J=— (1.47)

However, p. is very small in motion which leads to ignoring aé'f , and reducing (1.47)
toV-J =0.

Amperé-Maxwell equation is expressed by

oFE
VxB=pulJ —
X M( + €o BN >,
where /i is the magnetic permeability. Thus, Maxwell’s equations for MHD are given
as follows:
e 0B
V- E=- vxE=-°2" (1.48)
€0 ot
oOE
VxB—ﬂ<J+<—:OE>, V.-B =0, (1.49)
with additional equations
Ipe
V~J:—8t, F =¢q¢(E + u x B). (1.50)

18



In MHD, the term Op, /0t is can be ignored. This is because of the dominance of the
Lorentz force with compared with the electric force ¢E. The term ¢,0FE /0t can be
neglected too, if it is compared with the term current density J. Therefore, Maxwell

equations are reduced to

VxE = —aa—]f, V-B =0, (1.51)
VxB = jlJ, V-J =0, (1.52)
J = o(E+uxB), (1.53)
F = JxB. (1.54)

Now, we derive full MHD equations for incompressible flow by taking Lorentz force

as a body force and f, V x g as external forces. First, consider the first equation in

(L.5T)), next use (1.53) which yields the following:

%—?——VXE——VX[(J/a)—uxB]—Vx[uxB—VxB/[w]
0B 1
E—Vx(uxB)—ﬂ—UVx(VxB). (1.55)

Rewrite the right hand side terms of (1.55)) along with the solenoidal constraint on u
and B as

Vx(uxB)=uV-B—-—BV-u+(B-V)u—(u-V)B
—(B-V)u— (u-V)B,
Vx(VxB)=V(V-B)—-AB
= —AB.

Then, equation (1.55]) reduces to

%_]f — (B-V)u— (u-V)B +v,AB, vy = (o), (156
V-B=0. (1.57)

On the other hand, the dimensional equations of the fluid motion are given as

a_u:—u~Vu+1(J><B)+VAu—1VP—f, (1.58)
ot p p
V-u=0. (1.59)
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Rewrite the Lorentz force using the first equation in (I.58):

1 1 1
——(JxB) = =(BxJ)=—(Bx(VxB)), 1.60

p(><) p(X)pﬂ(X(X)) (1.60)
Bx (VxB) = V(B-B)—(B-V)B:%|B\2—(B-V)B, (1.61)

Then use that in (I.58), and denote p := 1/p (i |B|? — P) which produces

0 1
2w Viu— —(B-V)B - vAu+Vp=f, (1.62)
ot pil

V-u=0. (1.63)

Then, the system equations (1.62)), (1.63)), (1.56) and (1.57)) with an external force on
the magnetic field form the MHD equations:

%—?—l—(u-V)u—s(B-V)B—uAujLVp:f, (1.64)
V-u=0, (1.65)

0B
E—F(U'V)B—(B'V)U—VmAB:VXg, (166)
V-B=0. (1.67)

where v = £, s = L and v, = -, called the magnetic viscosity.
P pi fio

1.1.4.2 Dimensionless form of MHD equations in primitive variables

To produce the dimensionless form of (I.66) without forcing terms in 2D, denote the
fluid velocity and the magnetic field by u = (u,v) and B = (B,, B,), respectively.

Then define the dimensionless variables as follows [92]], [88]]:

i = — —_— — —_— —
L’ y L’ ) L’
u = — v = — = —
U’ U? p pU27
B B
B*:_JJ B*:_y
xT A? y A’



here A is the magnitude of B. Plugging them into (1.64)-(1.67) yields

%V ut =0,
ATOB A 0B - A B v - A = v
ov.B =0

First multiply the first equation by L /U?, the second equation L /U, the third equation
L/AU and the last equation L/A. Next denote f* := UQL/L g =45, V=1LV,

and consider

2
sA? 1 A? L’c B (AL\/ ”_P> o Ha?
U2 p(UL/v)(ULop) v (UL/v)ULcoji  ReRe,,’
Re,, :=ULoji.

Then dropping the * notation, one can have the dimensionless form of the system
equations (I.64)-(L.67):
ou Ha?

En +u-Vu— ReRe. (B-V)B—-vAu+Vp=f, (1.68)
V-u=0, (1.69)

0B 1
E—F(U-V)B—(B-V)U—FR—%AB—VXQ, (1.70)
V-B=0. (1.71)

where v := 1/Re, Re,, = U Lo i, called magnetic Reynolds number.

Remark 1.1.5 In the system of equations (1.68))-(1.71)), the dimensionless parameter

Ha?
ReRem

o [n the rest of the thesis and are denoted by the letters v,, and s,

1
> Rem

respectively.

o Hais called Hartmann number. It is interpreted as the ratio of the electromag-

netic force to viscous force,

o s is called the coupling number (magnetic force coefficient or interaction pa-

rameter),
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e Re,, is called magnetic Reynolds number, the ratio of the advection (V x (u X
B)) to diffusion (AB/ofi). If Re,, < 1, then u has little effect on B, the
induced magnetic field being negligible by comparison with the imposed field
[31]],

e Pr,, :=v/vy, is called the magnetic Prandtl number.

1.1.4.3 Derivation of MHD equations in Elsésser variables

The Elsidsser formulation of MHD was first proposed by W. Elsésser in 1950 [35]. To

derive it, we begin by splitting the magnetic field into mean and fluctuations,
\/EB = \/EBO + \/gb with BO = Bg(t)

and rewriting system (1.68)-(1.71)) as

u+ (u-V)u—s(By-V)b—s(b-V)b—vAu+ Vp=f, (1.72)
V.’LL:O7 (1.73)

dBy
bt—l-(u-V)b—(B0~V)'u,—(b-V)u—ymAb:VXQ—W, (1.74)
V-b=0. (1.75)

Now, rescale (1.74) by /s, add (subtract) (I.72) to (from) and set

iB, , dB,
T fo=Ff \/§<VXQ+ dt)’

q:=P+ s\ 1:=P—/s\

fi=f+Vxg-—

Then we get

(u+ Vsb) + (u- V)(u + v/sb) — (v/sBy - V)(u + V/sb) — vAu
—(v/sb- V) (u + /sb) — v, A(\/3b) +Vq = fi,
V- (u++/sb) =0,
(u—Vsb) + (u- V)(u —/sb) + (VsBy - V)(u — /sb) — vAu
+(Vsb - V)(u — V/sb) + v, A(Vsb) + Vi = fo,
V- (u— /sb) = 0.
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Now defining v = u + /sb, w = u — \/sb, By = /5B, produces the Elsisser

formulation:
vt+w.Vv—(BO-V)v+Vq—V—;ymA'v—V_QymA’w = £1.(1.76)
V.v = 0, (1.77)
wt+v-Vw+(Bo-V)w—l—V7"—V+VmAw—V_VmAv = £5,(1.78)

V-w = 0. (1.79)
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CHAPTER 2

AN EXPLICITLY DECOUPLED VARIATIONAL
MULTISCALE METHOD FOR INCOMPRESSIBLE NON
ISOTHERMAL FLUID FLOWS

In this chapter, we focus on incompressible, non-isothermal flows driven by natural
convection, we call the Boussinesq system. Recall from Section 1.1.3.3, the dimen-
sionless form of governing equations of the system with appropriate initial velocity
and temperature conditions and homogeneous Dirichlet boundary conditions along

with forcing term, the equations (I1.38))-(I.40) can be given by

w+ (u-V)u+Vp—vAu = Ri{(0,0)+ f, on (0,7] x Q,

V-u = 0, on [0,T] x Q,
0 — kAO+ (u-V)§ = T, on (0,7] x €, 2.1
uli—o = ug, Oli=o = b, on
u=0 60 = 0, on 0f2

where v = 1/Re, Ri = Gr/Re?, k = 1/PrRe and Pr = v/k.

It is clear to see that this system is a coupling of the Navier-Stokes equations and the
transport equation. In addition, the complexity of the flow character at small v and
the gaps in mathematical theory of incompressible flows make finding analytic solu-
tions of natural convection flows seemingly impossible, and the remedy is to employ
numerical methods and/or experimental analysis.

One popular and mathematically sound numerical discretization method for the solu-
tion of (2.1I) is the finite element method. However, the application of the standard

finite element methods leads to two main instabilities in approximate solutions. The
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first instability is due to the dominance of the convective term, which is the result of
the small v in (2.1, and can be seen as nonphysical oscillations with sharp bound-
ary layers in the velocity and temperature solutions. In this case, the method loses
accuracy, and this problem is handled with mesh refinement. However, especially in
three dimensions, this effort requires more powerful computers than exist today, or
will exist in the foreseeable future. The second numerical instability arises from the
violation of the inf-sup (Ladyzenhskaya-Babuska-Brezzi (LBB)) stability condition,
given by (2.13)), and appears as oscillations, especially in the approximate pressure
space.

In recent years, different stabilization techniques have been introduced to reduce the
limitations mentioned above. The popular stabilization technique applied more exten-
sively than the others is the residual based ones. The philosophy of the residual based
stabilization is to add a control of a strong residual to the standard Galerkin formula-
tion which acts on all scales. The popular residual based stabilization techniques seen
in literature are the streamline-upwind/Petrov-Galerkin (SUPG), pressure-stabilizing
Petrov-Galerkin (PSPG), grad-div stabilization and projection based variational mul-
tiscale (VMS) stabilization.

The SUPG stabilization technique can be applied to both compressible and incom-
pressible flows. For incompressible flows, the stabilization term is added to the
Galerkin formulation as a series of integral terms containing the product of the resid-
ual momentum equation and the advective term acting on the test functions. The tech-
nique was first presented by Hughes and Brooks in 1979 ([[16]]). In [17], the method
was developed in the case of stationary convection dominated flows, and extended to
the stationary incompressible Navier-Stokes equations. In addition, the accuracy of
the SUPG was tested with numerical experiments in this study. The application of
the technique for the incompressible flows based on the vorticity-stream function and
velocity-pressure formulations was reported in [102]], and for the linear advection-
dominated flow problems in [73]. On the other hand, the technique was applied to the
stationary scalar linear convection-dominated convection-diffusion problem and the
extension to the case of time dependent, variable coefficient was studied in [72]. The
more studies about SUPG for time-dependent multi-dimensional advective-diffusive,
scalar advection-diffusion and convection-diffusion as well as transport problems

can be seen, respectively in [61} [11, 101} [19]. The comparison of the method with
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some stabilization techniques to the diffusion-convection-reaction is given in [28]]. In
[27], by using SUPG formulation, the stability and accuracy is analyzed for the one-
dimensional convection-diffussion equations along with the forward Euler scheme.
The stabilization technique PSPG for the steady-state Stokes and the Navier-Stokes
has been reported in [103]], and for the unsteady Stokes problem with time step re-
striction in [[10]], and for the transient Stokes problem in [20]. Optimal error estimates
without time step restriction for the PSPG method for unsteady Stokes equations are
presented in [70].

The grad-div stabilization technique was first introduced by Franca and Hughes in
[42]]. The main idea in this technique for the NSE is to add a user-selected penalty
term involving the residual of the continuity equation into the Galerkin finite element
formulation. By this way, it is obtained a control on the lack of the mass conservation,
and aimed to prevent the negative effect of the pressure on the velocity error. Standard
error analysis for the grad-div stabilization with the choice of the LBB-stable finite
element pairs, for example Taylor Hood element, shows that this penalty-parameter
should be chosen as O(1) to achieve optimal convergence order. This method with
subgrid pressure models for the incompressible NSE is applied in [86]. The appli-
cation of the method for the NSE in rotation form and for the Stokes problem can
be seen in [78, 87], respectively. These studies 78, 187, 86] reveal that the technique
improves the accuracy of the finite element solutions for the Stokes and the NSE by
reducing the effect of the pressure error on velocity. Grad-div stabilization for Oseen
problem with LBB-stable finite element pairs is studied for both the continuous in
time and the fully discrete case (backward Euler method, two step backward differen-
tiation formula (BDF2), and Crank-Nicolson schemes) in [43]], and for the Bousinesq
flow in [32], and thermal convection flow problems in [45].

In literature, there are several papers, reviewing different stabilized method for many
different flow problems. For example, Franca et al. in [39] consider these techniques
for advection-diffusion equations. In [40], for Stokes problem, and in [[13] for Oseen
problem, stabilized finite element schemes are reviewed.

One of the recent popular stabilization method is the projection based methods. These
methods are closely connected with the framework of the variational multiscale method
which was first proposed by Hughes in 1995, [60]]. Following from [60], the solution

scales in flow can be decomposed as large and small scales. The underlying idea
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of VMS methods is the definition of the large scales by using projection into ap-
propriate subspaces. Based on the ideas from [60], Collis [29] proposed multiscale
discretization of the NSE for turbulent flows. According to [29]], the flow field can be
decomposed into three scales (large, small, and unresolved small scales).

Following ideas from [53] |60], there are different realizations of the VMS in liter-
ature. One realization is through bubble VMS method. In this method, the finite
element spaces satisfying the LBB condition are chosen for the large scales, and the
residual bubbles for the small scales. The key point in the usage of the bubble func-
tions is to separate small scales into a number of local problems to obtain an efficient
method. However, this choice of small scales does not reflect the true physical behav-
ior of the small scales. Residual-free bubble and an inf-sup stable element was used
for the Oseen problem in [41]]. Gravemeier et al. in [48] used residual free bubbles
with three, and two scales VMS method for the time-dependent NSE, and with three
scales VMS for the large eddy simulation of the turbulent flows in [49]. John and
Kindl was used them for the NSE on the turbulent channel flow in [[68]].

Another realization of the VMS is called projection-based VMS method. In this
method, the finite element spaces satisfying the LBB condition are chosen for all
scales, not only for the large scales, and large scales are defined by projection into
appropriate solution spaces. For the large scales either a lower order finite element
space than the standard finite element spaces is chosen, or higher ones. In the former
case, both large and small scale solutions are computed on the same mesh, which
is called one level VMS method (see, [635)]). This paper reveals that with suitable
conditions on large scales, VMS method can be implemented easily into an exist-
ing code for solving the NSE. On the other hand, in the latter case, called two level
VMS, the approximate large scale solutions are calculated on a coarser mesh [67].
In [67], the convection-dominated convection-diffusion equations was studied . In
this study, VMS introduces an additional diffusion term, uses a fine mesh C°-finite
element space for all scales, and a coarse mesh discontinuous finite element space for
large scales. This study with the choice of large scales concludes two results: first,
VMS is implemented in such an efficient way that the computational time for semi-
discrete discretization (only time discretization) with VMS does not increase with the
use of the finer mesh of large scale space compared to fully implicit discretization.

Second, the convergence rate for the method gives similar results for the streamline
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diffusion finite element method if it is used with appropriate scaling of fine and coarse
mesh. The extension of the method to the NSE can be given in [66], which presents
finite element error analysis of the method with the constant depends on the reduced
Reynolds number. The application of the VMS of the non-isothermal free convection
problems with a priori error estimate and the standard benchmark problem in a two-
dimensional differentially heated two-dimensional cavity was reported in [85], and to
the MHD in [7], steady-state natural convection in [25]], and to the Darcy-Brinkman
equations in [26].

The studies about the VMS method reveal that it gives much more accurate approxi-
mate solutions on coarse meshes, and reduces to the requirement of the computational
memory. Recently, a variant of VMS was proposed for Navier-Stokes simulations by
Layton et. al. in [79], which is in essence a post-processing step to be used after
each time step in a Navier-Stokes solver, but is cleverly constructed in such a way
that it recovers the (discretized) VMS eddy viscosity, and thus truncates scales at the
correct location. The purpose of this chapter is to extend this novel idea from [79]
of decoupled, post-processing VMS to the Boussinesq system by introducing two de-
coupled (post processing) VMS steps: one each for velocity and temperature, in order
to efficiently truncate velocity and temperature scales. We note that related studies of
VMS methods for transport equations have been performed in [S3]]. In addition, for
non-isothermal free convection problems with large-eddy simulation was reported in
[85]. The novelty of our proposed method is that it is a fully discrete method that
fully decouples the transport equation and the VMS steps from the mass/momentum
equations. In addition, the proposed method truncates scales with an explicitly de-
coupled stabilization, which can thus be considered as a post-processing step that one
can implement VMS steps into an existing code without changing original (existing)

codes. We present details about the algorithm in Section 2.2.

2.1 Mathematical Preliminaries

In this section, we present some necessary definitions and inequalities which are es-
sential in our stability and convergence analysis. Through this thesis, we assume

that Q2 represents simply connected, bounded region in R¢, d € {2, 3}, with smooth
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boundary 0f2.

Definition 2.1.1 A measurable function f defined on () is said to be essentially bounded

if there exists a constant M such that
|f(x)| < M, for almost everywhere (a.e.) on Q.

The greatest lower bound of such constants M is called the essential supremum of (),

and is denoted by [I]

[flloo := esssup,eq | f(2)]-

Definition 2.1.2 The Lebesgue spaces, denoted by LP(Q2), 1 < p < oo, are defined
as follows [1)]:

LP(Q) : {f: fis real-Lebesgue measurable function, | f||» < oo}, (2.2)

here
1/p
1l = ( / \f(rc)|”dx) . pelloo)
Q

[flloo = esssup,eq | f(2)],  p = o0.

Definition 2.1.3 Let V be a inner product space. If V is complete under the norm

induced by the inner product on 'V, then V' is called Hilbert space.

Definition 2.1.4 Let V' be a vector space. The dual space of V' is denoted by V*, and
defined by

V*:={f: f:V — R islinear functional}.

Our special interest is L?(§2)-space for p = 2, which is a Hilbert space with the

following induced norm:

1l = (5D (f0)= ( / f<x>g<x>dx).
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Definition 2.1.5 The zero-mean subspace of L*(Q) is defined as:

L) = qe L*(Q): /qdm =0

Lemma 2.1.6 Let a, b be non-negative numbers. Then,

p q
<+ L 2.3)
p q
where % + % = 1withp,q € [1,00).
Proof: Consider
Fty =2 =141 on 0,00)
= — — on [0,00).
q b

Then for all t > 0, f(t) > 0. Take t = b/aP~! such that ]13 + % = 1. Then using

(p — 1)qg = p, one can have

b? b 1 >0

qa(p—l)q apb—1 +Z_9 -7
)

_b 1 >0

Multiply the above inequality by a” gives the desired inequality. U

The important inequality in L”-spaces, also employed frequently in this study, is the

Holder’s inequality (see the proof [[1].), which is given below:

Lemma 2.1.7 (The Holder’s Inequality) Suppose that f € L(Q) and g € L9(Q))
with ]lj + % = 1forp,q € [1,00|. Then fg € L'(Q) and

gl < [1f 1l 2o llgllze- (2.4)
Proof: If either || f||z» = 0 or ||g||z« = 0, then f(z)g(x) = 0 a.e. in 2. Then (2.4)

is satisfied. Otherwise, set a = |f(x)|/||f||» and b = |g(x)|/||g||s- Then, use 2.3)

and integrate over €:

1 1 1
Iz lgllze dv < ’d Yz,
T / Fa)afo)ld < / s+ o / 9(a)9dz

31




Then multiplying the above inequality by || f||z»||g|| L« and using the fact that 1/p +
1/q = 1 gives the desired inequality. O

We now state the Young’s Inequality without proving it, which is the generalization

of the Lemma/[2.1.6

Lemma 2.1.8 (Young’s Inequality) Let a, b, ¢ be non-negative numbers. Then,

gp gfp/q
ab < —aP +
p q

a’, (2.5)

where % + % = 1withp,q € [1,00).
Definition 2.1.9 Let ) be an open subset of R%, and f € C(Q).

e Then the support of f is defined as follows:

supp(f) ={x € Q: f(z) # 0}.

o If supp(f) is compact in R%, and supp(f) C €, then we say that f has a
compact support in ) [lI)].

o C(Q) :={f €C>): fhas a compact support in (1}.

Definition 2.1.10 Let ) C R?. Then a multi-index is a vector defined by
a=(u,..,0q), o € NUO, i=1,2,...,d.

Derivatives are defined by

olel

D= —
(5] (%
0x{"...0x

d
here |a| = > «.
i=1

Definition 2.1.11 (The Sobolev Spaces) Let k € N, and p € [1,00]. The Sobolev
spaces are defined by

W) :={f:Q—=R: D*f € LP(Q), VO<|a| <k}
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We now state some useful information about the Sobolev spaces:

Remark 2.1.12

e The Sobolev spaces are Banach spaces with the following norm:

1/p
= 3 / D f@)Pde | |, 1<p< oo,
0<lel<k \§
NI = Jax, (esssup,eq |[DYf(x)]), p=oc.

o WP =1rP(Q).
e For p = 2, the Sobolev spaces and their norms are denoted as follows:
H*(Q) := WE(Q), and || fllx := [ £1}-
H*(Q) are Hilbert spaces.

o HE(Q) == {v € H¥Q) : v =0 on 90} is a closed subspace of H*(Q).

Thus, it is a Hilbert space.

Lemma 2.1.13 (The Poincaré-Friedrichs’ Inequality [44]) Ler) C Ly, Ly = {x €
Re: —d/2 < x, < d/2}, for some d > 0. Then for all o € H}(2),1 < q < o0

lell < (Cpr) IVel|. (2.6)

Proof: It is enough to show that ¢ € C§°(2). For such functions one has

d/2
o) < (1/2) [ 19p(@)ldza,
—d/2
which implies (2.6) for ¢ = oo. If ¢ € [1, 00), employing the Holder inequality yields
d/2
el < @20 [ Vo@)da,
—d/2
which, after integrating over L4, proves (2.6)). O
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Lemma 2.1.14 The norms on H'(Q) and H}(Q) are equivalent.

Proof: The norms on H'(€2) and H{(2) are given by, respectively

el = (llell? + IVl 2, llells = Vel

Let ¢ € H} be given. Then by using the Poincaré-Friedrichs’ inequality, one can

have
lell? < (14 CEp) Vel

and taking the square root of both sides yields

lells < /(L + CEp) Vel 2.7)

On the other hand,
lells = [[Vel| (2.8)
From (2.7) and (2.8), one can get the equivalence of these norms. U

Definition 2.1.15 For any function v(z,t) defined 2 x (0, T] (either scalar or vector

valued), we use the following norms:

A 1/m
ol = ([ lotelza) . and ol i=ess sup ote )l 29
J 0<t<T

where T' > 0 is a given finite end time. We also make use of the notation
t"=nAt, Vn=1,.., M,

where At represents a given time step such that M = T At. Furthermore, for any

continuous function v in time, we use the following notation:
v(t") =", Vn=1,.,M.
Since the mathematical analysis requires a time discretization, we define discrete

forms of the norms in (2.9) as follows:

0<n<M-1

M-1 1/m
ol = (AtZHv"“Hz”) Cand ol = max [0l
n=0

(2.10)
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We use bold character notation to distinguish the vector valued functions and their
spaces than the scalar ones. Since the finite element method is used in the stability
and convergence analysis, we choose the standard function spaces for the continuous

velocity field, pressure and temperature spaces as
X = H)(Q), Q:=L3Q), W:=H)Q),
The weakly-divergence free subspace V' C X is defined by:
V={veX: (V-qv)=0, YqeQ}

The estimate below plays an important role, which gives a relation between the diver-

gence and H'-norms.

Lemma 2.1.16 For any p € H'(Q) , we have the following relation:
IV - ol < V|| Ve, .11

where d is the dimension of the domain ).

Proof: We show only the validity of the estimate for d = 3 since the proof is similar
ford = 2. Let ¢ = (u(z,y,2),v(z,y,2),w(x,y,2)) be in H'(). Then from the
definition of the divergence operator

ou 61}8_@0

V'(P:a—x—Fa—y—FaZ

= Uy + Uy + W,
and using the Young’s inequality yields

IV - pl? = /(ui + vfj + w? + 2uv, + 2uw, + 2v,w,)dT

Q
2
< /3(ui +v) 4+ w?)dr = (\/§||Vga||> :
Q
Taking square root of both sides of the inequality gives the estimate. U

Remark 2.1.17 Unless the converse is stated, through this thesis C' denotes a generic

constant independent of all parameters, mesh size h and time step At.
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Another important space and norm in this study are the dual space
H™H(Q) = (Hy(Q))"
of H;(f2), and its dual norm || - || _;, which is defined by

0 ")
17l = s el

Due to the application of the finite element method in spacial discretization, we need

(2.12)

a generation of a fine mesh 7, of the domain 2. We denote the conforming finite

element spaces defined on 7, by
Xh C Xth C Q,Wh C W.

It is assumed that the conforming finite element spaces of the velocity and pressure
spaces satisfy the discrete inf-sup condition (or Ladyzenskaya-Brezzi-Babuska (LBB)
condition [46]), e.g., there is a constant 3 independent of the mesh size h such that

inf sup —(Qh’ D)

>B>0. (2.13)
1 €Qn wpex, ||Von || [ an ]

and that conforming velocity, pressure and temperature finite element spaces the fol-
lowing well-known approximation properties:
inf {lu—vu|| +hIV(uw—vp)||} < CH ey, we H (2.14)
VhE
inf p—al < CAlplk,  peH' (215
an€Qh
) invah {10 = 0]l + 1V — )|} < CR*™0|k1, 0 € HE (2.16)
h€
The discretely divergence free subspace V;, C X is defined by

Vi={v, e X): (¢n,V-vp) =0, Vg, € Qn}.

Remark 2.1.18 Under the inf-sup condition , the discretely divergence-free
subspace Vj, has the same approximation properties as X, and is nonempty [14]].

Note that in general V;, ¢ V.

We often make use of the Taylor-Hood element pair, defined as (X}, Q1) = ((Py)?, Pe_1),

1.e.,
X ={vn € X: wlg € (P)UK), VK €}, (2.17)
Qn =13 €QnNCQ): qulx € P_1(K), VK € m}. (2.18)
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Taylor-Hood finite element pair satisfies LBB-condition if £ > 2, [46, 15]]. In addi-
tion, we use the Scott-Vogelius finite element pair (X, Qr) = ((P)?, PF¢). The
Scott-Vogelius finite element pair is discretely inf-sup stable if one of the following

conditions on the mesh 7, holds [[113, (114, [115]]:

1. In 2d, k > 4 and the mesh has no singular vertices,
2. In 3d, k > 6 on a quasi-uniform tetrahedral mesh,

3. In 2d or 3d, when k£ > d the mesh is generated as a barycenter refinement
of a regular, conforming triangular or tetrahedral mesh, which is obtained by
the dividing each triangle K € 7, into six triangles and drawing the six edges
joining the barycenter of K with the vertices of K as well as the midpoints of

its edges.

4. When the mesh is of Powell-Sabin type and £ = 1 in 2d or k£ = 2 in 3d, [18]].

In the computations, we perform the Scott-Vogelius finite element pairs, which are
known to be stable on barycenter refined regular triangular meshes [3], given by con-
dition 3. We also use the inverse inequality from [46]: there exists a constant C' such

that

[Voull < Ch7Hwwll,  You € X, (2.19)
IVxall < Ch7'xall,  Vxn € Wi (2.20)

In addition, since the proposed numerical scheme uses a variant of the projection
based VMS method, a coarse mesh triangulation 7y of the domain {2 is needed, as is
an additional finite element space Ly C L := (L*(Q))%*¢ on my with H > h. This
space is used to project both continuous and discrete velocity and temperature fields,
and is spanned by piecewise polynomials with degree £ — 1.

We now give the definition of the L? orthogonal projection into L-space, and the

approximation property for that.

Definition 2.1.19 The L? orthogonal projection Pf from L onto Ly is defined by
(P/L,vxr) = (L, vn), 2.21)
forallvy € Ly, L € L.
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For the error arising from this projection, there exists a constant C' such that
IL — PYL|| < CH*|Llis1, (2.22)

forallL € L N (H*(Q))dx4.

Remark 2.1.20 The choice of the large scale space Ly is important, see e.g., [65, /1]
for a discussion here. We choose Ly to be degree k— 1 polynomials since we intend it
to hold gradients of degree k polynomials. The choice of H must be balanced between
efficiency and accuracy, since larger H provides for more efficient projections into
Ly and reduces storage, but accuracy decreases. It is typical that H = O(h?), with
0 < g <1, and how large q can be is typically chosen from balancing terms in the
convergence analysis, so that H is chosen small enough that it does not increase the
asymptotic error. For the method proposed herein and with k = 2, we find H =

O(h'/?) is the maximum such H.

We also need to define two skew-symmetric trilinear forms, and the bounds on them.

Definition 2.1.21 Define ¢y : (X x X x X) > Randc; : (X xW xW) - R
such that
1 1
co(u,v,w) = 5((u Vv, w) — 5((u -V)w, v), (2.23)

Cl(ua 97 X) = %((’U; ' V>(9? X) - %((’U; ' V)X? 9)7 (224)

forall (u,v,w) € (X x X x X) and (u,0,x) € (X x W x W), respectively.

By using definition of these skew-symmetric trilinear forms, one can easily show that

co(u, v, w) = —co(u, w,v), co(u,v,v) =0,

Cl(“’aeaX) = _Cl(U'aXa 9)7 Cl(uaeae) =0.

for all (u,v,w) € X x X x X and (u,0,v) € X x W x W. We present the
Ladyhenskaya inequality without proving it (see [77]).

38



Lemma 2.1.22 (The Ladyhenskaya inequality) Let u be any vector in R¢, d =

2, 3 with the indicated LP-norms are finite. Then

e < 24|21 Vul)r,  d=2,

L27
|| s < JmmwwV|@ﬂ d=3,
| s < d=3.

\/—||VuH

Lemma 2.1.23 For all u,v,w € X and 0,1 € W, there exist constants C; =
C1(Q) and Cy := C5(R), i.e., depending only on the size of the domain ), such that

the skew-symmetric trilinear forms satisfy the following bounds

co(u, v, w) < C||Vul|| V||| Vw|, (2.25)
c1(w, 0, 9) < Cof[Vaul[[[VOl[[[ V. (2.26)

Proof: We prove only the first inequality of Lemma [2.1.23| for d = 3. By the
definition of the skew-symmetric trilinear form, and the application of the Holder’s

and the Ladyzenskaya’s inequalities, one can get

1 1
[eo(w, v, w) < S|((w - V)v, w)] + 5 [((u- V)w, v)]
< Clluflps[Vollfwllps + Cllul|ps [Val[[[v]| s

VTl PVl w2

<2
—||W
~ 3V3

L 4C
o lull VUl Vw|[|o][ Vo P
\/_

Then, using the Poincaré-Friedrichs’ inequality gives the desired estimate. U

The following inequality plays a key role in the convergence analysis, and its proof

can be found in [37]:

Lemma 2.1.24 (Agmon’s Inequality) Let uw € X N H?(Q). Then there exist a con-

stant C' only depending on the domain 2 such that

1/2 1/2
[ullz= < Clull?|ully? d=23

3/4
lullp= < Clla*ully”,  d=3.
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The last two important inequalities are the discrete Gronwall’s Lemma (see e.g.,[39]),

and the polarization inequality:

Lemma 2.1.25 (Discrete Gronwall’s Lemma) Let At, B and a,,, b, ¢,, d,, be finite

non-negative numbers such that
M M-1 M
aM+Athn < At Z dnan+Athn+B for M > 1.
n=0 n=0 n=0

Then for all At > 0,
M M-1 M
ay + Athn < e:z:p(At Z dn> <At20n + B).
n=0 n=0 n=0

Lemma 2.1.26 (The polarization identity) Let V' be an inner product space. Then
forall g, € V, the following equality is satisfied:

206 =, ) = lIglI* = 1lI* + llo — ¥I*

2.2 Numerical Scheme

In this section, we propose a numerical algorithm to the system (2.1)) in which the
VMS stabilization is implemented as a post-processing step. The algorithm intro-
duces two decoupled VMS steps, one for the velocity and the other for temperature,
and decouples the momentum equation from the heat transport equations. The algo-
rithm uses backward Euler time discretization and finite element spacial discretiza-

tion, which is given below:

Algorithm 2.2.1
Let a time step At, and finite end time T be given such that T = MAt and t"! =
(n+1)At, n=0,1,2,.... M — 1. Denote the fully discrete solutions by

uz—l—l — uh(t"H), pz-l-l — ph(tn+1), QIZL—H — Qh(tn+1),

foralln = 0,1,2,3,...M — 1. Define u) and 0} to be the nodal interpolant of
wy € L) and 0y € L*(X2),. Then, find (u;™, pi*t 074 € (X, Qn, Wh,) via the

following two steps:
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Step 1: Compute (w}™, pi™', ¢71) € (X, Qn, Wh) satisfying

1
E(“’ZH —uj,vp) + v(Vw; ™, Vo) — (ppt, V- vy)
+co(up, witt vy) = Ri({0,07),vy) + (F*7, vp) (2.27)
(V-wi*t g,) =0, (2.28)
1

g (OhT =0 xn) + (5VE, Vi) + enlug, 37 xn) = (T x), - (2.29)
fOl" all (vhv qh, Xh) S (th Qh7 Wh)

Step 2: Stabilize w}™ and ¢} to get (u) T, N 07 € (X, Qn, W)

SR e = (LY + (Vg Vi)
— o (PEVY}, PEV ), (2.30)
(V-upt,m) = 0, (2.31)
Ait( =0 W) = (VT V) — an(P)VER, BV D,)(2.32)

for all (en,mh, V) € (X", Q"W). Here ay = ay(x,h), az = as(x,h) are
user-selected eddy viscosity parameters, and P, P} are L?-orthogonal projections

defined by (2.21)).

2.3 Stability and Convergence Analysis

In this section, we first prove that the solutions of the Algorithm [2.2.1] are uncondi-
tionally stable over finite time interval. Then we show it has optimal approximation
property in time and space provided the stabilization parameters are chosen O(h?),
and the large scale mesh size H = O(v/h).

Lemma 2.3.1 (Stability of the velocity and temperature)
Assume that f € L>(0,T; H(Q)), T € L>(0,T; H (). Then the scheme
2.27)-12.32)) is unconditionally stable with respect to the time step size in the follow-

ing sense: VAt > 0, velocity satisfies
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M-1

P+ s V[P + At D aall( = P Vi

n=0
M-1
< l® + en AV |* + 207 A Y (| FHE
n=0
N M-1
+ 2CT(H92H2 + Atao|VEIP +xt ALY ||rn+1||‘il), (2.33)
n=0
and temperature satisfies
M—1
163717 + s A VNP + At Y aal|(1 = BV
n=0
M-1
<O + o AL VORI + w7 ALY T2, (2.34)
n=0

where C = Cv—'Ri2.

Remark 2.3.2 This stability lemma and with the application of the Lax-Milgram The-
orem [/7] implies the algorithm is well-posed, since it is linear and finite dimensional

at each time step.

Proof: To begin with the stability analysis, first choose v;, = w}™" in 2.27), g, =

g in @), i = 0" in @29). o = up* in @30). vy = V"' in @3 and
U, = 07" in (2.32)), which kills the pressure term (p} ™, V-vy,), and skew-symmetric

trilinear forms:

co(up, wi ™ wyT)

0,
€1 ('U’Z? ¢Z+17 Z+1> 0.
Applying the Cauchy-Schwarz inequality to the right hand side terms produces

[ P + v ALV < Jupllllwy ]+ AR 65 ][[wy

+ A [ Ve, (2.35)
o5 P+ sALHIVERH? < (G100 |+ AT L[|V, (2.36)
[up TP+ ar At Va2 < [l ™ [lup ™

+ a At|PEV ||| PVt (2.37)
103117 + cxAt[VORH* < (o™ [[I63

+ a A BV L[| BTV O (2.38)
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Now, use the Young’s inequality on the right hand side terms of (2.35)-(2.36) to get

Jowfy 2 4+ AV 7 < 2 ot 2 P+ TP
g, + Ca 2.39)
and
65+ 12 + AT < Sl 17 + 2 160 + S0 ve P
A, (2.40)

where C = Cv'Ri?, and rearranging the terms gives

||’w 12+ ||V PP < ||UZL||2 F U AL 2+ AR, (241)
kAL
2

On the other hand, by the properties of the orthogonal projection, one can have

SIo 7 + TIIWZ“IIQ < Sl + e 2.42)

|PHp| < 1, forally € L,
|Pfy|| < 1, foralle € L.

Thus, the application of the Young’s inequality with appropriate € to the right hand
side terms of (2.37) and (2.38) along with above fact results in

||uhHH2Jr041A7¢\|V’lth“||2 ——(IVuy P + [[Vauy )
At At
||’U, +1||2 ||,wn+1||2 al ||PHV n+1||2 al ||V h||2 (243)
and
n OéQAt n n
161 + —=— (VO + Vo)

Oég At

as At
<§H9ZHH2+§H¢Z“H2 — 1PV + 22 IVORI%. (2.44)

Now rearrange the terms, and use the properties of orthogonal projection

IPH@l + (I - PIYgl = [lpl? forallg € L,
IR+ (T = PRS2 = [l forally € L.
Then, equations (2.43) and (2.44) reduces to
g2 R g ?) + R (L PP
< S lwp P, (245)



and

QQAt 052 At

1 n n 3 n
SIOTHE + —=—(IVO P = IVORI°) + I(Z = B VE |

—_

< Slont. (2.46)

(\]

Using estimate on the left hand side of (2.46)) results in

1 n OéQAt n n O{QAt n
~[10p+1% + (IVGH> = IVORI1?) + (I — Py )Ve
< §H9h||2 + THF HH%p

and summing the resulting inequality from n = 0 to M — 1 gives the second estimate.
To get the first claim, plug estimate (2.41) to the right hand side of (2.43)), and sum

the resulting inequality from n = 0 to M — 1 to have

M-1
1> + e ALl Vup! > + At > " ar|(I = PV
n=0
M-1 M-
< bl + cn MV + 207 AL 3 F7H P+ CAL D NI 247)
n=0 n=0

Note that from the stability bound on temperature, one can write

M-1 M-1
A o) < AtM(HGSHQ NN CITSIN S ||r“+1||21).

n=0 n=0

Considering this in (2.47) proves the second claim. O

By using Lemma|2.3.1] we can also get bounds on w}™" and ¢} .

Lemma 2.3.3 Suppose f € L>(0,T; H71(Q)), T € L*>(0,T; H*()). Then
VAt > 0, wi! and gbZH satisfy the following:

M-1
lwp!|P + vt Y [V

n=0

M-1

< Jfwpll? + llu | + 00 AtV |* + 2071 A Y | 7712,
n=0
~ M-1
+2CT(H92H2+a2At\|ve2|y2+fflAtZ HF"“HZ), (2.48)
n=0
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and

M-1
o™ |17 + AL D IV 1P < [lopll* + 16411 + a2 At VR
n=0
M-1
+ETAE Y T2 (2.49)
n=0

where C = Cv—'Ri?.

Proof: Since the proof of (2.48) and (2.49)) are similar, we obtain only the bound on

¢!, First sum estimate (2.46)) from n = 0 to M — 2 to get

M—-2 M—29
Z ||9;:L+1||2 + OéQAtHVQQ/[_le + At Z a2||(] _ PGH)VQZ_HHQ
n=0 0
M—-2
< AVORT+ > g%
n=0

next change the index and drop the non-negative left hand side terms to obtain

M-—1 M-1
D G < a2 ALVOIP + D [l (2.50)
n=1 n=1

Summing (2.40) from n = 0 to M — 1 yields

M-1 M-1 M-1 M-1
D ol + kALY VT < Y NRIP + s A Y T2, (2.51)
n=0 n=0 n=0

n=0
Adding the term ||609 |2 to the right hand side of (2.51)), and considering estimate (2.50)

gives the bound on ¢t O

2.3.1 Convergence Analysis

We proceed to present an 4 priori error estimate for the explicitly decoupled method
for the approximate solutions of (2.27)-(2.32). For ease of notation, we will denote
by w1, 6"+ the true solutions of (2.1)) at time ¢" ™! = (n + 1)At, i.e.,

u = (), 0 = (e,

Similarly, u} and 67" stand for the time derivatives of the true solutions of (2.1)

at time t"*1. For convergence, we assume the following regularity assumptions hold
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for the true solutions:

u,0 € L>=(0,T; H> N H*1(Q)),

w, 0, € L=(0,T; H*(Q)),

(2.52)

wy, 0y € L(0,T; L (1)),

p € L*0,T; H*()).
If the assumed regularity does not hold, then the results of the following convergence
theorem will (likely) not hold. We can see why from the analysis, since reduced accu-
racy in the interpolation estimates, and assumptions that certain norms are bounded.
In the numerical experiments section, we consider convergence in a test problem
without the assumed smoothness, and observe convergence, however with subopti-

mal rates in space. In the error analysis, we use the following error decompositions:

M n+1 (un+1 o ﬁn—i—l) o (wn—‘,-l . [N]n+1) _ ,’,’Z—&-l Z+1

™ -t = (! — (j—n+1) (u'*! U"*l) —: it — et 053
gntl _ ¢n+1 (9n+1 _ 5n+1) _ (¢Z+l _ 9n+1) —. ngﬂ _ 6Z+1
gntl _ 6n+1 (9n+1 _ 5n+1> _ (QZJrl _ gnﬂ) _ %LH ngrl

Here U and 6 are approximations of u and ¢ in V" and W", respectively.

Theorem 2.3.4 Assume continuous solutions (u,p,0) of (2.1) satisfy the regularity
assumptions (2.52). In addition, let the time step At > 0, and end time T = M At be
given, and w)™ w T pi T AP 00t 6t be the solutions of [2.27)-R2.32) for
alln =0,1,..., M — 1. If eddy viscosity parameters oy, oo are chosen as O(h?), then
there exists a constant C, independent of mesh size h and time step At, such that the

errors satisfy the following:

eI + e+ 3 (ne"“ &2+ et — ez“n?)
n=0

M-—1
+Z(||e”“ 2+l - e3+1||2)
n=0
M—1
rary” (VHVGZ“IF LRIV + o[ Ve +a2||Vez“||2)
n=0

S é((At)z + h2(At)2 4+ th + h2H2k + h2k—|—2)7

C .= é(u>p7 97 U, Wy, 6157 etta T7 CPF)'
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We now state the corollary of the Theorem [2.3.4]

Remark 2.3.5 We note that our convergence analysis can be extended with homoge-

nous Neumann boundary conditions without difficulty.

Corollary 2.3.6 Under the assumptions of Theorem[2.3.4) choose (X}, Qp,) = (P, Py)
Taylor-Hood elements, i.e., k = 2, W), = W N P, finite elements, and H < (’)(\/ﬁ)
Then, the errors in velocity and temperature satisfy, for every At > 0,
M
() = wf |2+ 16C7) = 6212+ A3 (vl = w4 sl — o512
n=1

<C ((At)2 + h4) , (2.54)

C .= é(uapv 07 U, Uiy, eta 9tt7 Ta OPF)

Proof: First applying the inequality (a+b)? < 2(a?+b%) to the errors ||u(T) —u}?||?,
10(T)—03" 1>

theorem along with the choice of the £ = 2 gives the desired result. 0

, [lu™—w?||?, and ||6" —¢!||?. Then using the conclusion of the previous

Remark 2.3.7 The theorem and corollary above, which lead to our choices of H, oy
and «w, are based on the smoothness assumptions of a true solution. If these assump-
tions do not hold, then optimal choices of these parameters will generally change
as well. Due to the delicate nature of the nonlinearities involved, it is difficult to
make a general statement about what the optimal values will be for a given regular-
ity. However, in such cases, the choices we make are likely good starting points, and

testing/tuning should be done to improve them.

Proof: The first aim is to obtain error equations. Since the true solutions (u" !, p"+1 gn+1)
of (Z.1) at time t"*! satisfies

1
E<un+l o un7,vh) + V(V'U;nJrl, V’Uh) 4 co(u"H, un+1’ 'Uh) - <pn+1 — qn, V- ’Uh)

un+1 . un
= (—At — u;“rl’ ’Uh) + (Ri((), 9n+1>’ 'Uh) + (fn+1’ Uh), (2.55)
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and

1
E(Qnﬂ — 0", xn) + (VO V) + c (™ 0 x,)
6n+1 — 011 n+1 n+1
- T - et yXn |+ (F 7Xh>7 (256)

for all (vy, qn, xn) € (Wh, Qn, W), subtracting (2.27) from (2.33), and (2.29)) from
(2.56)) results in

— ((u’”rl —wpt) — (u" —u}), vh) +v (V(u”+1 —wpth, Vvh)

n+1

+ o (’U;n+1, 'Uszrl; vh) - CO(UZJ w,, 7Uh> - (anrl

— qn, V - vp)

unJrl —un

() ¢ (R0 )+ (00 ) 0
(2.57)

i ((Qn—l—l . QSZL-H) i (en . 02)’ Xh) + K (V(Qn+1 . ¢Z+1), VXh)

At
9n+1 — 9"

+o (uhL e ) —a (uz,aﬁ“xh):( N —9?+1,xh), (2.58)

for all (vn, gn, xn) € (Vi, Qn, W3). Using the error decompositions (2.53) in (2.37)
and (2.58) produce

1
~ (et —el,vp) + v (Vert!, Vo)
773“ - T’S n+1 n+1 n+1 n+1
= Tuvh +v (Vnu ,V’Uh) — (" —aqn, V-vn) o (U , U 7Uh)
— ¢ (uz, wp 'vh) — (Ri{0,ny),vy) + (Ri(0, ep), vp)
. n+1 n un—l—l —u” n+1
— (RZ(O, (0 -0 )),vh) o Gy v —u, v, |, (2.59)
and
1

3 (EZ_H — ey, Xh) +K (VEZH, Vxn)

nnJrl o nn
- (the’xh) + RV, V) + e (w0 x)
en-i-l _ 971

—C (U'Za ¢Z+17 Xh) - ( At

—optt Xh) . (2.60)
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Choose test functions v, = €**! in (2.39), and y; = €, in (2.60), along with the
use of polarization identity yields

1

agﬂW“W gl + lleg*t = enl?) + v ver|?

773“ U e+l n+l n+l n+1 n+1
Ta u +V(Vn VG )_(p —Qh,V'Eu )

+co (u u et — oo (up, wi T el — (Ri0,mp — e, en)

’ U 7’LL

n+l _ ,,n
—4muw“hwm@$W—Gszi wwmﬁﬁ,@m>

and

1

oz U™ 1P = legll” + lleg™ = eg1°) + sl Ve ™|

nnJrl o 77
< 0 N 6, g+l) —I—H(V?? n+1 V€n+1) "‘01( n+1 (9n+17 g-i—l)

n n+1 n+1 Qn-i—l — 0" n+1 n+1
— (1 (’U;h, ¢h €y ) T — Qt €p . (262)

We now proceed to bound the right hand side terms of the equation (2.61). By using

Taylor’s expansion with integral remainder, we get

tn+1

it -l = / Omudt,
tn
n+1 n trtl
n n 1
Ju T .~ ymydt.
At At o1

Then using the Cauchy-Schwarz, the Poincaré-Friedrichs’ and the Young’s inequali-

ties on the first three right hand side terms of (2.61) yields

nrtl — "737€n+1 < 1
At ¢ - At
Cv!
e+ S [ o,
t

- 26 At
< V‘(V,nnJrl VenJrl ‘ < V’|vnn+1”Hven+1H

%HVEZHW + Cv||Va 7,

tn+1

/ atnudt
tTL
tn+1

le ™

(" =@, V™) < inf [IpT = [V €|
an€Qn
<Vd inf |[ptt — g |Vert|
ah€Qn

v
< n+1(2 -1 f n+l 2'
< glive 7+ Cv ththHp anll

49



To bound the nonlinear terms, we first write them as follows:

olw € — co(up,wpt ent)
= co(u™ M —u”, u T €M) oo (uh —ul, utt € e (ul, utT —w Y €t
= co(u™! — um, " €Y 4 co(nn, ut L, et
—coley, u" ) +co(up, my T — et e,

By Taylor expansion, we have
u" —u" = (A, (t*),  tF e (", "),

Then using the bound on the skew-symmetric trilinear form (2.25]) on the first two

nonlinear and the last one gives

‘Co(un-ﬂ . un7,u,n+1 n+1 ‘ _ }AtCO ’U,t(t >’un+1 En—i—l){

r U

< CA|Vau () [ Vu [ Ve

< 26||V6"+1||2 + CvTH A [V P [ e 0 im0

[co(m, w €| < V[ Vu [ Ve

Y u
< 26||V6"+1H2JFCV_IHVU"HH V2%,
|co (up,my ™ — et el = |co (up,my ™ el

< C|IVup [V Vet

< 26||V'E"“||2 + Cv [V |7V 2.

Now we find a bound on the nonlinear term cy(e”, u" ™, €"*1). To do that, we first
use the definition of the skew-symmetric trilinear form. Then we apply the Cauchy-
Schwarz, Young’s and the Poincaré-Friedrich’s, Ladyzhenskaya’s and Agmon’s in-
equalities, respectively, to get

1
‘CO(CZ,unJrl en+1)} — 5 ‘((ez . vunJrl’ ez+1) o (ez . Vez+1’un+l))|

’ U

1
< S(lellve eeller™ les + llexllIVer ™ lu™ o)

1/2 1/2
(Clleg Il lreller 12V er™ 172 + Clleg I Ver ™ a7 w1 2)

l\:)ln—

1 n n n n n n
< s (Cledllllw la=Ver™ | + Cllenll Ver lllw™ " 2)

< 26IIV e 717+ CrvHlum el
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By using Taylor’s theorem

n+l _ . n At
% — u?+1 — _7utt(t**>, 6n+1 —_9" = At@t(s*); t**, st e (thrl’thrl)

and the standard estimates, we have the following bounds on the remaining right hand

side terms of (2.61)):
|(Ri(0,m5 — ), ex™)| < Ri(llng || + lleg 1]l e5 ™
< CPFR@'(IITIZ}II + g DIIVer |

||v6”+1|| +ChpREv (0517 + lleg )

|(Ri(0, 0" — 6™), n+1)\ < RzAtHQt( I [
< CPFRiAtH@t( IIVert

> 26 Hvenﬂ”z +Cv 'R (At) Het”Lw tn i1 12(Q))>

u"tt — " 1 _ntl +192 -1 2 2
(i -t )| < Ve O A s

Plugging these estimates into (2.61)) gives

1
oz el 1P = lletll” + ler™ — eill) +viIver |
tn+1

v Cv!
< 2|V n+11|2 / ) y th CvlIvV n+112 C f n+l 2
< IV PR [ lomdd O PO nf [

+ Cv (A IVu P | oo o () + O VR PV
+Cv [ Vup P Vay 1 + Cv " gpellen|® + CopRiv ™ ([Ingll* + lleg [1%)

n

Using the approximation properties and rearranging the terms yields

1 v
o (€12 = €Ll + ez = ell?) + S Iver|?
Cy—1p2k+2 vt ) N - » y
ST/M el gt + Ol a7y + Cv W |}

+ CV_I(At)QHVUnH||2||Ut||ioo(o,T;H1(Q)) + Cv R VP ulff
+ Ov RV P [ + v a2 e

+ CppRPv™ (CH* 720774y + llef]1?)

+ CvH(At)? (HuttH%w(O,T;LQ(Q)) + Ri2"9tH%°°(O,T;L2(Q))) . (2.64)
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Multiplying the above inequality by 2At¢, dropping the non-negative third left hand
side term, and summing from n = 0 to M — 1 along with the use of the regularity

assumptions gives

M- M—1
(e 17 = llexll?) +vAt Y [[Vert|?
0

n=0

—_

n=

T
< Cv_lh%”/ el 41t + Cvh™ [[[ul[3 sn + Crv7 B2 |l
0

M-—1
+COv! <(At)2Hut\lioo@,T;Hl(m) +Cv [ Hio,/m) (At > IVt H2>
n=0

M-1
+ Ov (At > HVquH?) + CORpREY™ W2 0] 2

n=0
M-—1
+Cv! (At >l izellen)® + C%FRZQIIeSIIQ)
n=0

+ CvH (AL)*(AtM) (HuttH%w(o,T;B(Q)) + Ri2|’9t”%°°(0,T;L2(Q))> . (2.65)

Using the similar technique and estimates to the right hand side of (2.62)) provides

M- M—1
(lleg ™ 1* = llegl®) +vat > Ve
0

n=0

—

n=»

T
< Co L2 / 160121t + COR ]| .

M-1
+Cv! ((At)2||ut||2L°°(0,T;H1(Q)) + OV_1h2k|||U|||io,k+1) (At Z ||V9n+1||2>

n=0

M—-1 M—-1
+ Cv T 0% (At > IIVUZ|!2> +CvTIALY 0" el

+ CV—I(At)Q(AtM)||9tt||%°°(0,T;L2(Q))' (2.66)

Sum these two inequality noting that AtM = T, and rearrange the terms to have

M- M—-1 M-1

(les™ 1P+ leg ™ 1%) =D (el + llegli?) +vAe Y (IVer™ 17 + [[Veg ™ |1P)
0

—_

M—-1
<Aty ( (™ 2 + 167152) el + C%Fm?uew)
n=0
M—-1

+ CvT ALY T [Vup]® + (v W 4 (v + R + CrTH (AL, (2.67)

n=0
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where C' := é’(u,p, 0, us, uy, 0,04, T, Cpr). O

The next step is to obtain relations between ||€"*!|| and ||e™*||, ||e; || and ||ej ™|

by using Step 2 of Algorithm [2.2.1]

Lemma 2.3.8 It holds that

1 n 1 n n 71 n n n
gagllent I = g (e P Hler =i %) o | Vel P —an (Vo Ve )
+ay (V(u™™ —u™), Vel ™) + a, (I — PH)Vu™, Vel
+ oy (PAVR", Ver™) — o (PAVer, Ver™), (2.68)
and
n 1 n n n n n
2At|| i = SN s (leg ™ P Hlleg ™ —eg T IP) Fan [ Ve ™ [P —aa (Vi ™, Veg ™)

+ (V0" — 0™), Ves ™) + an((I — PYVO™, Vepth)
+ (P, Vep™) — ag(P'Vey, Vepth). (2.69)

Proof: Choosing r, = A} in (2.31), equation (2.30) becomes

1

At(wZH ™ on) = an(Vup ™, V) — i (P Vg, Vepy).

Adding and subtracting terms on the right hand side of the above equation, and on the
right hand side of (2.32)) gives

1

E(“’ZH up™ o) = an(V(up ™ —u™), V) + a(V(u™ —u™), Vi)

+ a1 (Vu™, Vo) — ar (PEVU", Vo) + ar (PEVU™, V) — o (PEVU}, Vor,)
= ai(V(up™ —u"™), V) + ar(V(u" —u"), Vepy)

+ ((I = PHYVu", V) + a1 (PEV(u™ — u}l), Vepn) (2.70)
and
1
Kt(CbZH — 07T W) = an(V(O7T — 01, V) + ap(V(u"T — u™), V)
+ o (VO", V) — aa(PIVO" VU, + an(PIVO™, VU,,) — ay(PVO), V)

= ap(V(OP — 0", V) + ap(V(0" — 67), VIy,)
+ (I = PYVO" V) + an(PyV (0" — 07), V). (2.71)
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O

To continue error analysis, first multiply (2.68)) and (2.69) by 2At, next sum over time
step, and then add the resulting eqyuality to (2.67). Then we get

M-1 M—1
> (et 17+ lleg™1%) = D (lleql® + legl®)
n=0 n=0
M-1 M-1
+ 3 (et — et P+ gt — g™ 17) +vae > (IVer™ 17 + Ve ™1%)
n=0 n=0
M-1
+ At Z <2a1|]VeZHH2 - 2042HV62+1H2)
n=0

M—-1
< Cv (At ((Hu”“H%p 1)l + c,%FRﬁHeW))

+ Cvth% (At ||VuZ||2> +C (VIR 4 (v 4+ TR + CvT (AP

M-1
+2At Y (RT1+ RT2+ RT3+ RT4+ RT5). (2.72)

n=0

Observe that the last four terms in the right of (2.72)) can be controlled by using the
Cauchy-Schwarz, the Young’s inequalities with using the fact that [|[P¥|| < 1, and

using the approximating properties

RT1| < oy (Y, Vi) + |aa(Vy ™, Ve )|
< o[V Vet | + aal[ V[ Ve |

TolIVert |2 4+ SV + Con | Vi |2 4 Casl| VP

TIVer P + Ve P + Carh® w2, + Carh® 972,

IN A

|RT2| = |y (V(u”Jrl —u"), VeZ“)! + |z (V(@”Jrl —0m), Ve}}“) |
ar|[V(u"™ —u™) [ Vel | + a || V(0™ — 07)|[[Vey ™|

(05} n (6] n
B Ter | + T2l ver

IN

IN

oA (al ot o oy + a2|ret|\%m<o,T;H1m»),
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|RT3| = |aa((I = P,)Vu", Ve )| + |ao((I — P ) VO™, Vey™)

(0% (0%
< 1—8HV€ZHH2 + 1—SHV€ZHH2 + Conl|(I = ) Vu"|?

+ Canl|(I = B")Vo"|[?,

« o
< 1—5||Ve:1“!|2 + 1—8||Veg+1]|2 + Cay H*|u|2,, + CagH? (072,

|RT4| = |aa (P, V', PV e ™| + oo (P Vg, Py Veg™)
(0% (0%
< 1—(1)||V6’J+1H2 + 1—SIIV€Z+1H2 + Car|[Vm|* + Cae | Vg |
<

a a
STt 2 + S22 + Cauh® |, + Cazh® |67,
To evaluate the last term, we use standard inequalities with inverse inequality to obtain

|RT5| = |on (P, Ve, Ve )| + |oa(Fy' Veg, Veg )|
< a1 PVes [ Vert | + azl| Py Vey|l| Veg ™|
< i Ch™Hlep [l Ve[| + anCh ™ leg [ [[Vey ™|

o) o - n - 0
< SLIVert I + 2V + Ch-2au el + Chasll e

Plugging these estimates into (2.72)) along with the use of approximation properties

and regularity assumptions yields

M-1 M—1
S (e 12+ e 1) — 3 (el + g P)
n=0 n=0
M—1
£ 3 (e — e+ et — et)?)
n=0
M-1 M-1
Fuat S (Ve 4+ (Ve ?) +var Y (alnwzﬂw ; 042||V€g+1|’2)
n=0 n=0
~ M—-1
< At ( (v ™ 2 + 107 e + crh2) e
n=0

+ (v 'CPpRI + h%as) He?”z)

M-1
+ Cvtn* (At Z HVuZlP) + é(u‘1h2k+2 + (v 4+ v HAF) 4 v AL)?

n=0

-+ (Oél -+ OéQ)th -+ (CYl —+ C(Q)HQk —+ (C(l + Oég)(At)z) . (273)

Finally, choosing a; = ap = O(h?), using stability result on discrete velocity and

temperature solutions, and then applying Lemma 2.1.25| completes the proof.
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2.4 Numerical Experiments

We provide two numerical experiments in this section. In the first one, we verify
the theoretical results obtained in Section 2.3 by choosing the coarse mesh size as
H = h, and the large scale space Ly as P;. In the second numerical experiment, the

effectiveness of the algorithm on Marsigli’s flow is revealed.
2.4.1 Convergence Rate Verification

In the first test problem we verify the convergence rates predicted by Theorem [2.3.4
We fix the following solutions
cos(m
w= ™)) (1400,
sin(mz)

p =sin(m(x +y))(1+ 0.2t),

0 = sin(mx) + y exp(t).

on the region 2 = (0, 1) x (0, 1) with the boundary conditions which are true solutions

on 0f2. We calculate f and I" from (2.1]) by taking the parameters as

We choose
(Xh7Qh7wh) = (P27P17P1)7H = h,OZl - h2,0[1 - h27LH - Pl-

To test spacial convergence rate, we first isolate the spatial error by choosing a fixed
time step At = T'/8, and end time 7" = le — 4. Next we compute approximate
solutions on successive uniform meshes. Results are shown in Table and Ta-
ble 2.2l We observe second order convergence for both velocity and temperature in
L*(0,T; H'(Q))-norm. Third order convergence of velocity and temperature is found
in the L>=(0,T; H'()))-norm, which is consistent with an L?-lift, although we did
prove such a result herein. Figure 2.1 shows that the discrete velocity and temperature
solutions converge to continuous velocity and temperature solution when mesh size
h goes to zero. In addition to this, Figure 2.1 shows that the spatial errors in velocity

and temperature goes to zero when mesh size h goes to zero.
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For the temporal convergence rate verification, we first fix mesh size as h = 1/64,
and end time 7" = 1. We next compute discrete solutions using successively smaller
time steps. Errors and rates are presented in Table 2.3 and Table 2.4 We observe
first order convergence in all norms, as expected. Figure 2.2 shows that the temporal

velocity and temperature errors goes to zero when time step At goes to zero.
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Table 2.1: Velocity errors with fixed time step and small 7 to isolate the spatial errors.

Rt | |luw —wp|| | rate | ||Ju—wpl|l21 | rate
4 2.561e-3 -— 7.129e-4 —
8 3.210e-4 | 2.995 1.771e-4 2.009
16 | 3.991e-5 | 3.008 4.351e-5 2.025
32 | 5.728e-6 | 2.800 1.117e-5 1.961
64 | 7.505e-7 | 2.932 2.904e-6 1.943

128 | 9.838e-8 | 2.931 7.411e-7 1.970

Table 2.2: Temperature errors with fixed time step and small 7' to isolate the spatial

errors.

h=t | ||0 — 0n| | rate | |[|0 — 6ul|l21 | rate

4 | 1.812e-3 | — 5.045e-4 -
8 | 2.273e-4 | 2.994 1.256e-4 2.005

16 | 2.817e-5 | 3.012 3.069e-5 2.033

32 | 3.434e-6 | 3.036 7.458e-6 2.040

64 | 4.234e-7 | 3.020 1.844e-6 2.015

128 | 5.288e-8 | 3.001 4.601e-7 2.003

216 ol

0 20 40 100 120 140 0 20 40 100 120 140

60 80 60 80
Spatial iteration Spatial iteration

Figure 2.1: Spatial velocity and temperature errors with fixed time step and small 7'.
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Table 2.3: Velocity errors with fixed fine mesh and large 7' = 1.0 to isolate the

temporal errors.

At | [Jlu—wup| | rate | |||u— wuplll21 | rate
1 2.407¢e-3 - 2.508e-1 -
1/2 1.625e-3 | 0.566 1.602e-1 0.646
1/4 1.121e-3 | 0.535 1.042e-1 0.621
1/8 | 7.473e-4 | 0.585 6.638e-2 0.650
1/16 | 4.670e-4 | 0.678 3.875e-2 0.776
1/32 | 2.723e-4 | 0.778 2.125e-2 0.866
1/64 | 1.498e-4 | 0.861 1.126e-2 0.916
1/128 | 7.922¢-5 | 0.920 5.851e-3 0.944

Table 2.4: Temperature errors with fixed fine mesh and large 7" = 1.0 to isolate the

temporal errors.

At | ||6 =6 | rate | |||6 —Opl||l21 | rate
1 2.8e-2 - 2.031e-1 -
1/2 | 1.571e-2 | 0.833 9.479e-2 1.100
1/4 | 8.277e-3 | 0.924 4.122e-2 1.201
1/8 | 4.252¢-3 | 0.961 1.704e-2 1.273
1/16 | 2.155e-3 | 0.980 7.463e-3 1.191
1/32 | 1.085e-3 | 0.989 3.524e-3 1.082
1/64 | 5.446e-4 | 0.994 1.733e-3 1.023
1/128 | 2.728e-4 | 0.997 8.761e-3 0.984
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Figure 2.2: Temporal velocity and temperature errors with fixed mesh size.

2.4.2 Luigi Ferdinando Marsigli’s physical model of gravity driven, two-layer

flow

The undercurrent in the Bosporus Strait that flows between The Black Sea and the
Bosporus Strait is one of the example of the gravity driven currents. In 1679, Marsigli
revealed that this current is due to the density differences. He performed a laboratory
experiment: a container was initially divided by a partition. The left side contained
dyed water taken from the undercurrent in the Bosphorous, while the right side con-
tained water having the density of surface water in the Black Sea. Two holes were
placed in the partition to observe the resulting flow. The flow through the lower hole
was in the direction of the undercurrent in the Bosphorous, while the flow through the

upper hole was in the direction of the surface flow [98]].

2.4.2.1 Marsigli’s experiment set-up

The aim is to simulate this physical situation described by Marsigli in 1679. In the
problem set up, we follow the paper written by H. Johnston et. al. in [84], where
fourth order finite difference discretizations has been numerically simulated on this
experiment. Using the Boussinesq assumption that the densities can be measured as
temperatures, this problem can be modeled with the Boussinesq equations studied

herein.

Remark 2.4.1 We note that the stability and convergence analysis in Section 2.3 is
suitable for the Neumann type of boundary conditions when the normal derivatives of

unknowns for the system (2.1) is zero on the whole boundary.
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The problem’s set up is given as follows:

e The region is the perpendicular cross-section of one of the tanks which contains
either pure water or salty water. The perpendicular cross section of the pipe is

drawn in Figure[2.3]
e u=20,V0-n=0o0n0d,

e The initial velocity is taken to be at rest, and the initial temperature is discon-
tinuous, with # = 1.5 on the left half of the box (z < 4) and # = 1.0 for the
right half (z > 4).

Figure 2.3: The Marsigli’s Flow Setup

We chose flow parameters of Re = 1,000, Ri=4, and Pr=1. More details about the
physical problem can be found in [84].

For a resolved direct numerical simulation (DNS), we used (P,, P, P,) velocity-
pressure-temperature elements on a mesh of 60, 000 barycenter-refined triangles, which
provided 241, 162 velocity degrees of freedom (dof), 180, 000 pressure dof, and 120, 581
temperature dof. That such an element is LBB stable on this type of mesh is proven
in [90, 3]. For the DNS, we used the same algorithm as proposed herein, but without
the post-processing, with At = (.01, and we compute to an end time of 7'=8. The
temperature contours and velocity streamlines of the DNS are shown in Figures[2.4]at
T = 2,4 and 8. We observe that as time progresses, the fluids mix at the warm/cold
interface, and the warmer fluid spreads out on top of the colder fluid. We also ran this
DNS test on a finer mesh with over 1 million total dof and time step At = 0.005, and

also with those same parameters and the BDF2 time stepping discretization, and got

61



identical plots.

The goal of the model and associated discretization we study herein is to be able
to find good approximations on much coarser discretizations than are needed by a
DNS. For the coarse discretization, we use a time step of At = 0.02, and (P, Py, P,)
velocity-pressure-temperature elements on a mesh that provides just 14,782 velocity
dof, 1,891 pressure dof, and 7,381 temperature dof.

On the coarse discretization, the DNS (i.e. ‘no-model’) performs very poorly. Results
are shown in Figure 2.5] and it is clear that significant oscillations build in the temper-
ature and velocity, and create a very poor solution. At 7" = 2, significant oscillations
are present in the temperature contour, which cases the temperature at some areas to
be above 1.5 or below 1, which is non-physical. By 7" = §, the coarse mesh DNS
predicted temperature contour has no physical meaning, as it predicts temperatures
almost entirely out of the interval [1,1.5].

We next run the proposed algorithm/model using the coarse discretization, with a; =
ay = 0.02, which was chosen because h? ~ (.02 (nearly identical results were found
with oy = as = 0.01 and a; = a, = 0.005). Results are shown in Figure and
we observe the proposed algorithm predicts well the overall flow pattern and temper-
ature distribution of the resolved DNS. Some of the fine scale detail is lost, which is

expected.
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Figure 2.4: Resolved temperature contours and velocity streamlines for the
Re=1,000, Ri=4, Pr = 1 Marsigli flow test with 7' = 2, 4, and 8.
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Figure 2.5: Coarse mesh DNS (no model) solutions for temperature contours and
velocity streamlines for the Re=1,000, Ri=4, Pr = 1 Marsigli flow test with " = 2,
4, and 8.
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Figure 2.6: Coarse mesh model solutions for temperature contours and velocity
streamlines for the Re=1,000, Ri=4, Pr = 1 Marsigli flow test with 7" = 2, 4,

and 8.
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CHAPTER 3

NUMERICAL ANALYSIS OF MHD IN ELSASSER
VARIABLES

We consider an efficient and accurate numerical approximation of magnetohydrody-
namic (MHD) flow. Recall from Section 1.1.4.2 (equations (I.76)-(1.79)), the system

of governing equations for MHD in Elsésser variables, [[76, 9], are given by

vt+w«Vv—(E0~V)v+Vq—VszAv—V_zymAw — £ G0
Vv = 0, (32)
w4 v-Vw+ (By- Vw+Vr — LAy — YT Ay — 1, 33)

V-w = 0,, 34

in (0,7] x Q.

A fundamental difficulty in simulating of MHD flow is solving the fully coupled lin-
ear systems that arise in common discretizations of (I.41)-(1.44)). It is an open prob-
lem how to decouple the equations in an unconditionally stable way (with respect
to the timestep size), and usually timestepping methods that decouple the equations
are prone to unstable behavior without using excessively small sizes. To confront
this issue, an excellent idea was presented by Trenchea in [109]: if one rewrites the
MHD system in terms of Elsidsser variables, then an unconditionally stable, decou-
pled, timestepping algorithm can be created. In [82], the second order in time finite
element method for MHD Elsésser formulation was proposed, and it is obtained that
the scheme is conditionally stable, and optimal convergence. In [112], this system is
studied with spectral deferred correction (SDC) method, and SDC is compared with
Runga-Kutta methods and linear multistep methods based on BDFs.

However, difficulties with MHD Elsisser formulation is that the solutions v and w
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are coupled with the pressure through by the incompressibility conditions V - v = 0
and V - w = 0, making the MHD-Elsésser formulations difficult to solve numeri-
cally. This obstacle is also shared with the NSE. In the late of 1960’s, Chorin and
Temam [23| [100] proposed the projection method to handle this problem for the
NSE. The novelty of these methods for the NSE is to stably decouple the velocity
and pressure by producing two decoupled steps. In the first step, the elliptic equation
for the velocity is solved, and the predicted (mean) velocity solution independent of
the div-free constraint is obtained. In the second step, this velocity solution is pro-
jected onto the div-free space, and the approximate velocity solution satisfying the
Neumann boundary condition is obtained. Applying the divergence operator to the
second step, one can get Poisson equation for the pressure which satisfies the homo-
geneous Neumann boundary condition. The efficiency of the method is obvious since
it converts the saddle point problem into a linear problem, which is easier to solve
than coupled schemes, and reduces the CPU time. Due to the these advantages, the
classical and different forms of this method have been studied extensively. Chorin
used this method with periodic boundary conditions for the NSE in [24]. The clas-
sical projection method with semi-implicit discretization for the NSE was reported
in [50} 51], and semi-explicit first order discretization along with the homogeneous
Neumann boundary condition in [94]. In [75], Kim and Moin applied this method
for the NSE using different intermediate-velocity boundary condition. The applica-
tion of the pressure-correction type of method with higher semi-explicit discretization
was presented in [[110]. Shen modified the scheme from [110] by using fully implicit
semi discretization, and combined the method with penalty method in [95]. In addi-
tion, he applied the method with pressure stabilization in [96]. The method is applied
to fully discretization for the NSE in [34]], which reveals that the numerical error in
the method has the same structure as in the semi-discrete case analyzed in [33]].

Besides the advantages of the projection methods, they sacrifice the optimal pressure
error in time, and suffer from pressure error boundary layers (see [52] ), and pro-
duces splitting error resulting from the predicted velocity due to the independence of
the incompressibility constraint. In [89], Prohl proposed a new form of the method,
called Chorin-Penalty method, which gives first-order pressure approximation and re-
moves the pressure error arising close to the boundary. On the other hand, Bowers et

al. studied this method with a the sparse grad-div stabilization for the NSE in [12].
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The purpose of this chapter is to extend the analysis of Trenchea’s algorithm [109]
to a fully discrete setting, i.e. together with a finite element spatial discretization by
proposing a more efficient variation of the algorithm based on projection method, and
is to show that projection method is equivalent to the coupled scheme. More pre-
cisely, with the use of grad-div stabilization, our aim is to show that the approximate
solutions satisfying true boundary condition of the projection method converges to
the coupled scheme solutions when penalty-parameter v — oo. By this way, the
projection method ensures the coupled scheme’s accuracy if it is used large penalty-
parameter.

To realize these aims, this chapter is organized as follows. Section 3.1 is devoted to
mathematical preliminaries necessary for the mathematical analysis while Section 3.2
to the numerical algorithm for the system (3.1)-(3.4). Section 3.3 studies the stability
and converge analysis of the proposed algorithm. Section 3.4 provides two numerical

experiments to show the validity of the numerical scheme and efficiency of that.

3.1 Mathematical Preliminaries
In this chapter, we choose the natural function spaces for our problem as

X = H)(Q) ={v e (L*(Q)*: Vv e L* ()" v =0 on 90},

Q:= L) =g 1) : [ g do=0}

and

Y ={ve H(Q):v-n=0 on 09},

where n denote the outward unit normal vector normal to the boundary 0f). The

space of weakly-divergence free functions is given by
V={veX:V.v=0}

Let X;, C X, @, C @ denote conforming velocity, pressure finite element spaces
based on an edge to edge triangulations of ) with maximum triangle diameter h.
The velocity-pressure FEM spaces (X}, (5, ) are assumed to satisfy the usual discrete

inf-sup condition (2.13)) for stability of the discrete pressure, and the approximation
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properties typical of piecewise polynomials of degree (k, k — 1), (2.14)-(2.13)

inf {|ju— | +2|V(u—v)|} <O ulpyy, uwe HFHQ), (3.5)

’UhEXh

inf |[p—aull < Chlplx,  p € HY(Q). (3.6)
qhEQR
The discretely divergence free subspace of X, is
Vi, ={v, € X),: (V- -vn,qn) =0, forall ¢, € Q}.

To help simplify a very technical analysis, we choose the Scott-Vogelius finite ele-
ment pairs (X, Q) = (P, P*¢) to approximate velocity-pressure spaces, which
are known to fulfill inf-sup condition under certain restrictions on the mesh and poly-
nomial degree, e.g. [3,91} 114, [113]]. However, our analysis can be extended without
difficulty (but with more terms) to any inf-sup stable element choice. With the use
of Scott-Vogelius finite element pairs, V}, is conforming to V, ie., V;, C V and
the functions in V}, are divergence-free pointwise, and there is no need to use the
skew-symmetric trilinear form for the non-linear terms in (3.1))- (3.3). Because of the

splitting of equations, it is necessary to define an additional velocity space:
Yi = (B (Hf* ()"
where
(HE Q) :={u € L*(Q)*: V- -u € L*(Q), u-n =0 on 9Q}.

The only difference between Y} and X, is simply that the boundary condition of Y},
is only enforced in the normal direction, while for X} it is enforced in all directions.
Let R;, C X, be the orthogonal complement of the Vj, according to the H'-norm.
The following lemma gives the equivalence of the divergence and gradient norms in
the space R, which is proven in [46] in a very general setting, and a simpler proof

for the case of Scott-Vogelius elements is given in [83]].

Lemma 3.1.1 Let (X}, Q) C (X, Q) be finite element pairs satisfying the inf-sup
condition (2.13) and the divergence-free property, i.e., V - X, C Q. Then there

exists a constant C'r independent of h such that

HV’UhH < CRHV . ’UhH, Vv, € Ry,.
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3.2 Numerical Scheme

In this section, we propose a variation of Algorithm[3.3.2]that uses a penalty-projection
method for each decoupled problem. This is typically more efficient, as the linear sys-

tems that arise are much easier to solve:

Algorithm 3.2.1 (Grad-div stabilized penalty projection scheme)
Let time step At > 0 and end time T > 0 be given. Set M = T/At, and start

with v° = v(0),w° = w(O) € H*UV. Foralln = 0,1,... M — 1, compute

n+1 n+1 ~n+1 An—i—l
(N P 54y

Step 1: Find v"' € X, satisfying for all x;, € X,

,ﬁn+1_,i’)n X AM AN D (N ~n
(P ) 0o o7 ) = (Bule™) - T+ )

V4 Uy,

2

V— Uy

(Vo Vxn) +

(VUAJZ, Vxh)

+ (V- opt Vexa) = (F("), xa). B

Step 2: Find (0}, ¢7) € (Yi, x Qy) satisfying for all (vy, qn) € (Y, X Qp),

vn+1 ,I}n—l—l .
<%,v) (Gt V) = 0, (3.8)

(V-o" q) = 0. (3.9)

Step 3: Compute W, € X, foralll;, € X,

wz—i_l _wh * n+1 l >, n+ly | ~n+1 l
— . bn)th (O, U) + (Bo(t"™) - V™, 1)

V4 Vny
2

Vv —
+

(Vw) ™, Vi) +

I (Vop, Vi)

+ (V- V) = (£, 1), (3.10)
Step 4: Find (W}, \i™Y) € (Y, x Qy) satisfying for all (sy,11) € (Vi X Qp),

n+1 wn—i—l N
(#7 h) _()‘z+1av'8h> = 07 (311)

(V-wy ™ r) = 0. (3.12)
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Note that X, C Y},. This enables us choosing v, = Xy, in (3.8), s;, = I, in (3.11)
and combining these with equations (3.7)) and (3.10), respectively, yields

ot — ap i A
(h—h, xh) (B x) — (Bo(t™1) - VI x)

vV —

Vm N AT
(Vw}, Vxn) + (V- 077 V- xn)

— (G, Vxn) = (AET), xn), (3.13)

(Vo Vxn) +

Wy — Ay )+ b, W 1) + (Bo(tm ) - Vot 1)
At h s h 0 wy b

V+Vn
2

vV —

(V! Vi) + Z— 2 (an, Vi) + (V- V- 1)

— (AL V1) = (A1), (3.14)

for all x;, € X and l;, € X,
3.3 Stability and Convergence Analysis

We first prove unconditional stability of the grad-div stabilized penalty projection
scheme. However, accuracy in projection type methods is often an issue, but we
prove in Section 3.3.1 that the penalty-projection scheme gives the same solution as

Algorithm[3.3.2]as 7 — oc.

Lemma 3.3.1 (Unconditional Stability of Algorithm 3.2.1)
Assume f1, fo € L0, T, H () and let (o7, wtt, G+, A+ be the discrete
solutions of Algorithm[3.2.1} For all At > 0, we have the following bound:

X . (v —vm)? X .
[op" 1”4 [y 17 + —= At (Ve[| + [V, |1?)

2(v + vm)
oy M-1
+ o, A Y (Vo2 + [ Vaoy )
n=0
M-

Z IV - o H I + [V - %)

=0

. . (v —vm)? X .
< Jopll? + [Jwpl* + mﬁt (IVoR]1? + [V |?)

M-1

AL T (IAEIZ + [1RE%) . (3.15)

n=0

V4 Uy

m
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Proof: Taking x;, = o' in (3.7) and I;, = w;"" in (3.10) with the polarization
identity, we get

o - “n - V—l—Vm n n
ST 2 = 7 4 ™ — 671) + 22 [V 4o 7 - o+
V—=Vm — on wonn " .
- T o (Vay, 'UhH) + (A, vh+1)7 (3.16)
and
1 AT An V+ Vm Am ~n
oz U@ P = 1R + ™ — wil*) + [V I + A1V - a1
v— 23 n ~Nn
= (v , Vo +1) + (Fo(t"H), W), (3.17)

Applying the Cauchy-Schwarz and the Young’s inequalities on the right hand sides
terms of (3.16) and (3.17) gives

|V Vm| w" AN | Vm’ A ~n
— (Vg oy ) < [V [ Vo
V+Vm AT ( Vm)z -
< Vot + —vahH2>
AV + vp)
[(AEH, o0 < A (L‘"H)Hf Vo, ™|
2% . (V + Unm)
< n+1 2 m tn—i—l 2
= 2(y—|— )Hv || 2<I/Vm> ||f1( )||—17
[V — Vi 0 V=Vl o .
— (Vo Vu < — VoV, il
V+Vm AN ( Vm>2 ~
< [V ™| + —th\!2>
AV + vy)
[(H@E ), < lfe (t"H)Hf [V ™|
2% . (v + V)
< n+1 2 m tn—i—l 2 )

Plugging these estimates into (3.16) and (]m, respectively, and dropping the non-

negative left hand side terms yields

o2 — 1331) + 52 9o+ v - o
s%ﬂV»H? e LG GRS
and
2 = ) + S T2 |V g P
< Huwhuu(g<j—;”;)||f2<t"+1>||il. a.19
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Now choose v, = 9! in B3), ¢ = ¢;*" in 39) and s, = @™ in B.1]),
TR = ;\Z+1 in (3.12). Then apply the Cauchy-Schwarz and the Young’s inequalities to

obtain

lopt'? < flopt?, vR=0,1,..,M —1 (3.20)
@) < Jlwprt)?, VYn=0,1,..,M—1. (3.21)

and use (3.20) in (3.18) and (3.21) in (3.19) to produce

HnL2 a2 (V_Vm)2 A p1)2 VVm 12
— - ||V — ||V
| ||vh||>+4(y+y VO + S Ve
n+1 2 o ( ) W%+ VA4 Vn nt1y)12
-_ 1(t 3.22
and
1 A ndl)2 An |2 (v — ) A nt1(2 VVm ~nd1)(2
_ n _ T I a? _Tm IV
g 712 = o 2)+ =2 a2 5 g |
Ant1)(2 (v — ) 5|2 & V+ Un nt1y (2
A Tm) t . (3.23
R A B ot N S P AU [ECES)

Adding these two equations, multiplying by 2At¢ and summing over time steps fin-

ishes the proof. 0

3.3.1 Convergence Analysis

In this section, we prove that approximate solutions of Algorithm [3.2.1| converge to
the solutions of the fully coupled scheme as the penalty parameter v — oo, which is

given below:

Algorithm 3.3.2 (Fully Coupled Scheme)

Let time step At > 0 and end time T" > 0 be given. Set M = T /At and start
with v) = v(0),w) = w(0) € H*UV. Foralln = 0,1,..., M — 1, compute
(vt with) € Vi, x Vj, satisfying for all (xn, ln) € Vi, X Vi,

,Un-l—l — " ~
(M) + (i o 00 — (Bt Vo )

V+ VUp

I (Vg V) = (), xn), (3.24)

(Voi*! Vi) + 5
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and

'wZH — wz n n+1 . n+1 n+1
— Ap ) + (v - Vwp ™ 1) + (Bo(t") - Vo, ™ 1)

V4 Uy, V—Vn

(Vw ™, Vi) +

(Vo VI,) = (FH(t"),1,). (3.25)

Even though this scheme is decoupled into 2 sub-problems, it is unconditionally sta-
ble with respect to a given timestep size At, and it converges optimally both in space
and in time under the smoothness assumptions of the true solutions (3.26)), which are

given by Lemma [3.3.3]and Theorem [3.3.4] ( see for the proof [2] ).

Lemma 3.3.3 (Unconditional Stability of Algorithm 3.3.2)
Suppose f1, fo € L=(0,T; H7'(Q)), v}, w) € H'(Q). Then for any At > 0,
solutions to (3.24)-(3.295)) satisfy

(v — vpm)?
Jop"|I” + ||w£4||2+—VAt(||Vv£”||2+ IVawp'||?)

2(v +vp)
v M—-1
m n+11(12 n+112
Ay (19 [ 1)
< Rl + et 2+ LT (w2 4 [a])
- 2(v + vy,
VA Up — n414 (12 n+1y 112
F VA (LA @+ [ RE ).
m n=0

Theorem 3.3.4 Assume (v, w, p) solves (3.1)-(3.4) and satisfying

v,w e L*0,T; H™(Q)), m =max{2,k+ 1},
v, w, € L0, T; H(Q)), (3.26)
vy, wy € L=(0,T; L*(Q)).

Then the solution (vy,, wy,) to Algorithm converges to the true solution: for any
At > 0,

(7)o ()~ [+ 5 AV (7)) 9 (a0 (T) ) )

L VVm
2(v + vi)

{At Z_ IV (") = op)II* + |V (w(t") - wZ)IIQ)} < O(hF+Ab).

n=1

(3.27)
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Before we prove the convergence of Algorithm [3.2.1]to Algorithm [3.3.2]as v — oo,
we state the following assumptions for the discrete solutions of these algorithms,

which are essential for our convergence analysis.

Assumption 3.3.5 Assume that there exists a constant C, which is independent of

h, At and -, such that for sufficiently small h and At, the solutions of Algorithm

3.3.2land Algorithm satisfy
(max ([Vopllzs + [[Vawglizs + [vhllee + [lwpllec) < Cs,

masx (|97 + [ Vag ) < C.

Theorem 3.3.6 Let (v;™!, w)™ ¢/ and (07, i, ¢'") be solutions of the
Algorithm[3.3.2]and Algorithm[3.2.1] respectively, forn =0,1,2, ..., M — 1. We then

have the following:

M—1 1/2
( 3 (19 @ — o) + [V (e wzﬂuz))

=0

< 4y 'Cmax{C, ]

M-1 ) 1/2
(a0 (uq"“ P+ - RE) )

=0

) (a2

Remark 3.3.7 The theorem shows that on a fixed mesh and timestep, penalty-projection
solutions have first order convergence to the Algorithm[3.3.2]solution as v — oo. This
shows that for large penalty parameters, we can use the penalty-projection method

and get the same accuracy as Algorithm[3.3.2]

Proof: Denote e"! := v)'t! — 7! and " := w)™! — W)™ and decompose the

errors orthogonally as follows:

en—H —68+1+€n+1, €n+1 _€g+1+€n+1

with e ™' e/t € Vj, and eit!, €t € Ry, n=0,1,...,M — 1.

Step 1: Estimate of €/, €}t
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Subtracting the equation (3.24)), (3.23)) from (3.13) and (3.14) produces

1 n A n An v + Vm n n
E ( (’Uh+1 'vthl) — (’Uh — ’Uh) , Xh> + 5 (V(vh+1 +1> VXh)

n n V+Vm * n
+7 (V (v h+1 H) V- Xh) 5 (V(wy, —wy), Vxn)+b" (wy, v +1>Xh)

_b*(wh’vZ+I7Xh) . (Bo(£"+1) 'V(’UZ‘H An+1)

xn)— (@7 =4, V-xn) =0,

(3.28)
and

1 mn ~Nn n N v + Vm n An
E < ('wh+1 _ wh+1) _ (wh — wh) ,lh) + 5 (V(wh+1 +1) Vlh)

oy (Ve (ot — i), V1) + L2 (Vo — o), Vi) + b (o, )t 1)

— b (O, WPt 1) — (Bo(tn 1) - V(awpt! —aip ), 1) — (AT = ARV 1) = 0,
(3.29)

for all (xn,1n) € (Xh, Qr). Now rewrite the non-linear terms as follows:

b (w, oy xn) — b (w0 xn) = 0" (wy — vt x)

+ 0 (wpy, v = 9 x)

b (v, w1 —b* (o7, Wit L) = b (o) =), wi T 1) b (o) wi T = ).

Then equations (3.28)) and (3.29)) becomes

]' n n V+Vm n n
E(e tl_e 7Xh) + 5 (Ve Vxn) +7(V - et V- xa)
YUV T - (Bult™) - Verth xu) + (€

n+1
€,7, , Xh)

+ b (wy, e xn) = (g = @ Voxn) =0, (3.30)
and
1
~ (e““ . e”,lh) + 7 +2”’” (Ve Vi) +7(V - €51,V - 1)

vV —V

5 (Ve Vlh) ( (thrl) Ve”H?lh)—i—b*(e ,thrl lh)

_|_

Lo, €T L) — (AL = AR V- 1,) = 0. (3.31)

Taking x;, = "™ in (330), I;, = €"™! in (3.31)), which kills the non-linear terms

b (w), e" T, et 0, b0, e et =0,

(B()(tn—l-l) . Ve”J“l’ en+1) 07 (Bo(tn—l-l) . v6n+1’ €n+1) _ 07
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and using the polarization identity yields

]_ n n n n V+Vm n .
ot (U S ) R A AR
= 5 (VL V) (g V) e up e,

(3.32)

sz (17 = el e+t = P ) + Z5 Ve 49 - e P

_ _y —21/m (Ve”,V6"+1) + O‘ZH o XZ,V . erf;rl) b* (e wZHa en—O—l).

(3.33)

Applying the Cauchy-Schwarz and the Young’s inequalities to the first two terms of

(3-32) and (3.33)) provides

|V — v 1 (Vv — vpy)? 2 V+Vm
— T (Ve", Vet <—V" Ve 2, (3.34
5 (Ve , Ve )| < 4(V+ )H I°+ ——I 1, (3.34)
(g™ =g, Vel < an+1 A”||2+1||V'€”+1H2 (3.35)
[V — Vi +1 (V Vi) 2 ’/+Vm 12
—(Ve", Ve < —_||Ver Vet 3.36
5 (Ve Ve )| < 4(V+ )|| "+ —— 1, (3.36)

-1

n \n n Y n in Y n
O -3V e < THW—AhH2+§Hv-eR“H2. 337

To bound the non-linear terms, use Holder’s, Sobolev embedding theorem between
L5(Q) and H'(Q2), i.e L%(Q) — H'(), the Poincaré-Friedrichs’, and the Young’s

inequalities along with Assumption 4.1 to get

* n n ]' n n n n n n
b*(e" vhH,e +1)| — 5‘((6 'VUhH,e +1) + (e 'VehH Uhﬂ))‘

< C<He””HVUH+1||L3HVen+1H + HenHH,anrlHLooHven+1H>
< (I Vo llver ] + leliop = ve™

< CCle[[IVe |

12%

nt1)12 4 CCE<V+Vm>
Ve " + ———=

< n||2 )
< s e Ga)
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and
1
|b*(e wZ‘H’ n+1)| — 5‘ ( (en . vwz-‘rl’ en—i—l) + (en . VGZ—H wl,;b_i_l) ) ’

< C{ lle"[IVwy sl Ve + lle™|[[[wg | o< Ve

< (He"HHVwZ“HLsHV's"“H T e lwp I\Ve”“l\)
cC,

<

e [Ive™ |
< g v 4 SO )
2(1/ + V) YV,
First substitute estimates (3.34)), (3.33) and (3.38)) in (3.32)), next drop the non-negative
term [[e"*! — e"[|?, and add the term 5;%=—[|Ve""!||? to both side of the resulting

2(v+vm
inequality. Then (3.32)) becomes

lle™||?. (3.39)

1 (v —vpm)? vy,
n+1)12 n|2 m \V4 n+112 m \V4 n+1|2
g (le = ") + = e +—2<U+Vm)|| |
v nt1)12 < (v = vm)? n|2 4 CCW )y nypo n+1 2
—||V- Ve _— —
+ 217 e < STl e S e T g e

(3.40)
Similarly, plugg (3:36), (3:37) and (3:39) into (3:33), add the term 52— || Ve |2

to both sides of the resulting inequality. Then dropping the non-negative term ||€" ! —

€"||* provides
1

n n (V_ Vm)z n
(e -+ = ey

UV,
AV + v 2(v + vp)

(v — ) 2 CC2(” + Vi) 2 '771 1 (n2
< — 2 |IVe'||fF + —————~|e” S |IAr A2 (3.41
= 4(l/+ )H || VU, ||e || + 2 || h hH ( )

Now add the equations (3.40) and (3.41)), multiply by 2A¢ and sum over time steps to

HVG"HH2+%HV €n+1H2

obtain

_ 2
leM| + 112 + MN(HWMHQ ; ||VeM||2)

2V + vp)
o M-—1 M-—1
+V+7Z ALY (Ve + Ve P)+At >y (IV - el 1P+ IV - €™ )
m n=0 n=0
M-1
COE(V+ Vm) n n
< At Z — (lle™* + [[e"11?)
n=0 m

M—-1
+ YA (e = alE + I = A
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and apply discrete Gronwall Lemma to get

M—-1
_ V+Unp n n n \n
115 < eap (€I (0 3 (gt = P+ 1 - A ).

m n=0

(3.42)
Using Lemma [3.1.1) with (3.42) yields the following desired bound:

M-1

Aty (IVeR P+ IVer™ )

n=0

M—-1
gc;(mz (I - e 2 + [V - 1] ))

n=0

M—-1
V+Vm n T n in
<A 2Clexp (c ) (At S (gt — P + A Ahn?)).
n=0
(3.43)

Step 2: Estimates of e}, €)™

To find a bound on (At S IVeRt 12 + [ Vertt?) ) , we begin with choosing
xn = ef" ! in (3.30). This yields

v(V- e, V-eit) =0, (¢ =g, V-ef™) =0,
since el ™' € V. In addition, by the orthogonal decomposition of H'((2), the or-

thogonal error decomposition and by the definition of the skew-symmetric trilinear

form, one can obtain

(Ve't!, Vegt!) = (Ve Ve ™) + (Veg ', Ve ™),
bt (wy,e" il 88+1) =b" (wy, et ”“) + b (wy, ef o+l eg“)
= b (wy, e} eft) .
Therefore, equation (3.30) reduces to

y—l—ym v —

1
o en-l—l _ en’eg-l-l) L

At(

+ (Bo(t"*Y) - Vertt, egH) b (€, vy, 68+1) b (wy, estt eptt), (3.44)

HV n+1H2 (V 0,V8n+1)

Similarly, taking I, = €i™" in (3.31) yields

1 ., n V=
Kt(e e el + 5

+ (Bo(t"*) - Ver™, egﬂ) b*(e", witt, ety — b (o, €t enth). (3.45)

y+ym

IVest* = L (Vep, Vgt
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Applying the Cauchy-Schwarz and the Holder’s inequalities with (2.23) on the right
hand side terms of (3.44)) and (3.43) gives

1
Kt(en+1 e eg+1>+

V+Vm

Hv n+1H2
|V B Vm‘ n n n n
< THVGOHIIVBOHII +C||Bo(t™ ™) |V Ileg |

+ [0 (", vyt eg ™| + ClIVwh|[[IVer [ Ves ™, (3.46)

1/—1—ym

en—i-l e 68+1 ) +

HV n+1||2
| Vm| n n n
< —IIVeOHIIVeo“H + C|IBo(t" )l Ve €5 ™

+ b (€™, witt et | + C||Vopr || VeR I Veg ™| (3.47)

To bound the non-linear terms in (3.46)) and (3.47)), first use the definition of the skew-

symmetric trilinear form, next apply the Cauchy-Schwarz and the Holder inequalities.
Then use the Sobolev embedding theorem between L°(2) and H'(Q), i.e L5(Q) —
H' (), and the Assumption to get

1
b*(E ,U;Lz—i—l g-i-l)l — 5‘ (6" . vv}TLL-H g—i—l) _ ( V€n+1 n+1)‘

< C(HG”HHWZ“HmHeﬁ“H ; He”!lHVvZ“HLooHVeS“H>

< c(uenuuva ) o [Vent [ + [ [Vop+ o= Ve “H)

< CCH|le[[IVeg ™, (3.48)
and
1
b*(e ,w}rlz—l-l n+1 — 2 ( V’UJ;LH_I n+1) _ <en . v€61+1 wz—i—l)‘

C( e[|V e s et o + ||e”||||wz+1||m||wg+1||)
< O(He”||||v«uh“uL Vet + el o[ Ve “H)
< CC*||e|IVes . (3.49)

Now first use the Poincaré-Friedrichs’ inequality along with the Assumption[3.3.5|on
the second and third right hand side terms of (3.46) and (3.47), respectively. Next,
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plug the bounds (3.48)) and (3.49) to obtain

Ao = e et + K e
< Il gegives i+ oo ver e
OO e[V | + OV [Vel 1 Ve;™ ., (.50
and
(e = e ety + L e
< =l M'nv%nnwgﬂn+cc%Fc*||Ven+1||||Ve )

+CCe[Ves | + CIVop I Ver [ Ver I (3.51)

Applying the Young’s inequality with appropriate ¢ on the right hand side terms of

(3:50) and (3.5T)) produces

1 y—l—ym V—+Vp

(et e+ I ve < ek gy T i gy
*%HWGHHMOOQV*” ("I +1Ve1%) 3.52)
and
L n+1 ’/+Vm nt1)12 < (v = vm)? 2
A€ e )+ Ve ™" < ZL(T)HV el
| e + ﬁnw R+ OO e + | Ve

(3.53)

To evaluate the time derivative in (3.52)), add and subtract the term e,"', and use

the polarization identity. Then applying the Cauchy-Schwarz, the Young’s and the

Poincaré-Friedrichs’ inequalities gives us the following bound :

> ﬁwenﬂw —lle2) + Elle"“ — e - é(e"“ e e )
> e ) - w“ al
2 oI P =11 5 IV 1
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Similarly, the time derivative in (3.53]) becomes

é<€n+1 €, entl) = Alt(€n+1 — e ety — é<€n+1 €, et
> e~ el + 5 Atn e (e - e )
> s (eI = el - Atu e

> Sl — e?) - sl Ve 2

Plugging time derivative estimates into (3.52)), and (3.53)) with adding and subtracting
the terms 5% || Veg ™ ||* and 5%~ Vey™||* to (3:52), and to (3:53), respec-

V+Vm

tively results in

1

o (e P = lle™|®) + —f;g;ﬁ:j [Vept||* + —2(:1’”%) [Ver+t|?

< ZZT))“V€0H2+CCQV+ —| nH2+C’(02 +::m (At)” >Hven+lH2,
(3.54)

and

T (le I - HG”IIQ)+%\|Veﬁ+lll2+ﬁllwg+l\l2

< Sl yveg + oo e 4 o G2 1 2 v

(3.55)

Adding the equations (3.54) and (3.53), multiplying both sides of the resulting in-

equalities by 2A¢, summing over time steps and rearranging the terms results in

1M 12 + fleM)2 + L= ayved|2 4 el
0 0

2(V+Vm)
VU py n+112 n—+1(2
+mAt2(I|V€o 17+ 1IVey ™ ||7)
m n=0
M—-1
<Aty o) e e
"0 VVm
M1 (v+vm)
N Pl (e DN\ s RO
sary o @) (196 1vee)
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Now drop the non-negative terms on the left hand side, apply Lemma [3.1.1 and the
discrete Gronwall Lemma to get

M—-1

M2 M2 VVm nt1)2 n+12
—— At \Y \%
le™ 1"+ €™ + o) nZ:O(H e 17+ IVes™1I%)
< exp ((J(Jf” + ”’") oo (Of” ¥y (At)—l)
278 278
M—1
(AT 417 1)), 356
n=0
and then use (3.43) in (3.56), which produces
M-1
ALY (Ve |1 + Ve ™|I%)
n=0

M-1

_ V+Un _ n n n \n

<y (et g an ) (A0 (I - G+ N - R ).
m n=0

(3.57)
Now first use the definitions of
v(,v}rlz—l-l _ {)Z—H) — en-i-l’ v(wz—&-l _ ,w}rLH—l) — ntl

n+1 n+1

and use the orthogonal decomposition of these errors, i.e. et = e, +ep and

ntl = el 1 €l Next apply the following inequality

€
(a+b)* < 2(a® +b?), Va,b>0,

to the terms ||V (vp ™ —o711)||12, ||V (w) ! — ;)| and sum the resulting equa-

tions which yields

IV (o = o )P + 1V (™ — )2

<2(IVeg 1P + IVeg " + IVeRI* + [IVeR™ %) . (3.58)

Then multiplying by A¢, summing over time steps, and combining the results (3.43)
and (3.57) finishes the proof. ([l

3.4 Numerical Experiments

In this section, we implement two numerical experiments to test the proposed scheme

and theory presented in Section 3.3.1. We first test the convergence of the grad-
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div stabilized penalty projection scheme to the coupled scheme as v — co. We
then test the proposed scheme on a test problem of channel flow over step. For all
of our simulations, we choose (P, P{*¢) Scott-Vogelius elements. These elements
remove the effect of the (often large in MHD) pressure discretization error on the

velocity/magnetic field errors.

3.4.1 Numerical Experiment 1: Convergence of grad-div stabilized penalty

projection scheme to coupled scheme as v — oo

To test the convergence in Section 3.3.1, we pick v = v,,, = s = 1, and compute
the errors between the solutions of Algortihm and Algorithm in H'-norm
with end time 7" = 1. We obtained that the error between these solutions goes to
zero when v — 0. The results are shown in Table In addition, Figure 3.1 shows
that the penalty projection scheme solutions converge to coupled scheme solutions
when 7y goes to infinity. Furthermore, it shows that the divergence of the solutions for
the penalty projection scheme converges to zero when penalty parameter v goes to

infinity.

Table 3.1: Shown above are differences between the penalty-projection and coupled

schemes solutions for varying -y, and the divergence of solutions for Algorithm@

lod — oIl |19 o1 | o — | | 19 - |
0 7.593e-2 2.807e-1 7.426e-2 2.676e-1
1 5.850e-2 1.996e-1 5.665e-2 1.874e-1
10 2.024e-2 6.451e-2 1.922e-2 5.854e-2
102 5.854e-3 8.653e-3 2.582e-3 7.744e-3
103 2.836e-4 2.676e-4 2.676e-4 8.015e-4
104 2.846¢e-5 9.007e-5 2.686¢-5 8.043e-5
10° 2.845e-6 9.011e-6 2.685e-6 8.046e-6

3.4.2 Numerical experiment 2: MHD Channel flow with full step

In the second numerical experiment, we test Algorithm [3.2.1] on two dimensional

channel flow over a forward and backward facing step (or full step) in the presence
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Figure 3.1: Differences between the penalty-projection and coupled schemes solu-
tions, and the divergence of solutions for Algorithm [3.2.1]for varying .

of a magnetic field, which is similar to the NSE benchmark problem in 2d consid-
ered in [54]. The true physical expectation in this numerical experiment for the NSE,
when Re =~ 600, is the formation and detachment of the eddies behind the step, and
movement into flow, and the formation of new eddies. In the implementation, the left
boundary can be taken as the inflow of the flow and the right boundary as the outflow
of the flow. In most application, the bottom boundary and the top boundary are taken
as a solid wall. However, the top boundary can be taken as a boundary at which the
flow is inviscid ( more information see [54]]).

Channel flow is a popular, and preferable test problem since it is used for modeling
in numerous industrial and engineering problems such as in the study of air pollu-
tion, cooling of electronic devices. In [38]], to calculate the pressure distribution of air
along the sides of greenhouses in agricultural areas, the NSE with the Galerkin finite
element method and free outflow boundary condition was tested on 2d-channel flow.
Besides applications of this numerical experiment in industry, it is commonly used
to show the effectiveness of algorithms and to test the accuracy of approximate so-
lutions in 2d or 3d, which means to test whether there exists unexpected wiggles (or
eddies) or not. In [78]], 2d channel flow is implemented to show the effectiveness of
the grad-div stabilization for the NSE in the rotation form, and it is known that it gives
much more worse solutions due to the requirement of the usage of Bernoulli pressure.
In this work, the behavior of the NSE at Re = 600 was tested and compared by us-
ing Crank-Nicholson finite element scheme in convective form, the skew-symmetric
form, rotation form and the rotation form with grad-div stabilization. To model 2d

channel flow, a box [0, 40] x [0, 10] is used in 2d, and the top and bottom boundary of
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the box was taken as a solid wall, left boundary as the inflow of the flow with parabolic
velocity profile, and the right boundary as the outflow of the flow with zero-traction
boundary condition (implemented as a do-nothing condition). In this numerical ex-
periment, the value of Reynolds number plays an important role since eddies above
or at Re = 600 are shed from the step.

The behavior of the NSE in velocity-vorticity and helicity formulation, proposed in
[81]], was tested with 3d-full step channel, modeled by a [0, 10] x [0, 40] x [0, 10] rect-
angular box, by enforcing constant velocity profile for the inflow of the flow, which
is the steady state channel flow profile at Re = 20, [64]. The main aim to use this
experiment in this work is to reveal that the proposed scheme is reasonable and gives

acceptable solutions. For more applications, one can see [69, 130, 8]].
3.4.2.1 Experiment setup

In our simulation, we take
e the domain 2 := 40 x 10 rectangle with a 1 x 1 step five units into the channel
at the bottom.

e initial velocity u = (y(10 — y)/25,0)7, and initial induced magnetic filed
B =0.

e enforce

i) parabolic velocity profile u = (y(10 — y)/25,0)7 at the inflow and out-

flow.

1) homogeneous Dirichlet velocity boundary condition at the top and bottom

walls of the channel.
e impose (0, 1)7 as a boundary condition for the magnetic field.

e choose P for velocity and magnetic field, P, the pressure, use a mesh provided

568, 535 total degrees of freedom.

Remark 3.4.1

Notice that our plots represent until 30 x 10-domain since our concern concentrates
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on the behavior of the flow behind the step.

B=(0,1)7 w=0
w | | | [
= e o = e o
B =017 B =(0,1)"
0 40
T [ [
B =(0,1)T u=20

Figure 3.2: Geometry of the problem for channel flow

Recall from Section 1.1.4.2 that the dimensionless parameter s = ngjm, and the
Hartmann number Ha contains the magnitude of the induced magnetic field.

The aim in this numerical experiment is to show how the velocity and magnetic field
solutions of Algorithm [3.2.1| change when Hartmann number H a increases.To show
that, we first fix Re, Re,, to 1, and next compute the solutions of Algorithm@ for
varying s. All computations are carried out by taking time step At = 0.025 with end
time 7" = 40.

For s = 0 (see Figure[3.3), which means that there is no effect of the induced magnetic
field, we get eddies forming behind the step, which is the expected result. For s =
0.01, the second plot in Figure it can be seen that the effect of the magnetic field
is very small. However, when as s increases, the shedding of eddies behind the step
is inhibited, and the eddies change to steady and shortens. This is because of the
retarding effect of Lorentz force. In addition, the change in velocity profile is clearly
altered away from a parabolic shape to plug like. On the other hand, the magnetic

field plots show a clear interaction between the flow and the induced magnetic field.
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Figure 3.3: Velocity solutions (shown as streamlines over velocity) for MHD channel

flow over full step with varying s at T = 40.

s =0.01
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Figure 3.4: Magnetic field magnitudes for MHD channel flow over full step with

varying s at 7' = 40 .
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Figure 3.5: Velocity solutions (shown as streamlines over velocity) for MHD channel
flow over full step with varying s at 7" = 40.
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CHAPTER 4

LONG TIME STABILITY ANALYSIS OF MULTIPHYSICS
FLOW PROBLEMS

In this chapter, we focus on long time-stability notion of some multiphysics flow
problems. This topic has an important place in the improving of the long time statistic
such as weather prediction, and is essential for the accuracy of longer time simula-
tions, especially in the simulation of the flow at high Reynolds number. Therefore, it
is important to develop numerical algorithms for multiphysics problems possessing
such a property without time step restriction.

The long time stability notion of a numerical algorithm is not a new research area,
but has received an increasing attention in recent years. If we look at the literature,
the works of J. Heywood and R. Rannacher [58, 59]] can be given as primary studies
in this topic, which reveal the approximate solution of the NSE with Crank-Nicolson
time and Galerkin finite element spatial discretization is stable over long time inter-
val in the energy norm. The works of J. Shen [93], and J. Simo and F. Armero [97]
follows these works. In [93], the long time stability and error analysis of the NSE
was studied by using a fully discrete non-linear Galerkin method, and this notion was
explored for the NSE with time integration algorithms, containing couples schemes
and fractional step/projection methods in [97]. In [74]], the long time stability for
linear backward Euler time discretization with homogeneous and periodic boundary
conditions of the NSE was studied in V' and D(A)-spaces, which are defined by
Vi={ve H(Q):V-v=0},DA) =H*(QNV.

On the other hand, recent works of F. Tone, X. Wang, S. Gottlieb, D. Wirosoetisno
and co-workers ( [108, 104, 106, 4] ) have made great strides in understanding long-

time stability results for several commonly used discretizations of incompressible
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flow problems. In [108], F. Tone and D. Wirosoetisno analyzed the long time sta-
bility of the implicit Euler schemes for the NSE in 2d with homogeneous Dirichlet
boundary conditions. They proved that the solutions are long time stable in H '-norm
under time step restriction. Tone showed that in [1035] the approximate velocity so-
lution of implicit Euler scheme for the NSE with space-periodic boundary condition
are bounded at all time in H?-norm. Furthermore, in [104], she proved the long time
velocity solution of the NSE with Crank-Nicolson time discretization is conditionally
stable in L? and H;-norms. The extension of the ideas from [108], [104] to the MHD
flow in 2d can be seen in [106]]. The stability at all times for the NSE was explored
with VMS in H}-norm in [4].

In the past five years, long-time stability notion with several schemes has been stud-
ied, e.g. for the incompressible NSE in [47, 111} 6], and also for the Boussinesq
equations in [36]. Gottlieb et al. in [47] studied the NSE in vorticity-streamline
formulation with first order semi discretization, i.e., the discretization only in time,
and they obtained that the proposed scheme has long time stability property in L?
and H'-norms under time step restriction. In addition to this, the same problem
with second order temporal discretization was examined by Wang in [111]], where the
vorticity solution is stable at all times in H '-norm with the time step restriction. In
[99], Tachim Medjo and Tone proved that approximate solutions for the implicit Euler
scheme of the two-phase flow model are uniformly bounded in time. For BDF2 type
schemes, unconditional long-time stability has been proven for a Stokes-Darcy sys-
tem in [80, 22]], 2d double-diffusive convection problems with numerical experiment
in [107]. In addition to these, Heister et al. studied the NSE in 2d with a particular
velocity-vorticity formulation with implicit-explicit BDF2 time discretization in [S7],
and they proved that the method is long time stable in L? and H'-norms without time
step-restriction.

A common theme of the studies mentioned above is that the stability property at all
times is subjected to a time step restriction. In addition, the studies in this area are
lack of numerical simulation over long time intervals. In this thesis, we try to fill this
gap in this topic by proving the stability property of a popular algorithm over long
time interval achieved without any time step restriction.

In this chapter, we study three-multiphysics flow problems: the Navier-Stokes equa-

tions, incompressible non-isothermal fluid flow and MHD in primitive and Elsédsser
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variables. For each of these systems/schemes, we prove unconditional long-time L?
stability of velocity / temperature / magnetic field, provided external forces (and
sources) are uniformly bounded in time. Here, we take advantage of the G-norm
theory from [53]] in order to prove unconditional long time stability of the scheme. In
addition to our analytical stability results, we also provide numerical experiments.

This chapter is organized as follows. Section 4.1 is devoted to mathematical prelim-
inaries. Section 4.2 presents the long time stability results for the NSE with linearly
extrapolated BDF2 (BDF2LE) finite element scheme as well as two numerical ex-
periments. In the first numerical experiment in Section 4.2, we compare the stability
of BDF2LE to linearly extrapolated Crank-Nicolson schemes (CNLE), and find that
BDF2LE has better stability properties, particularly for smaller viscosity values. In
the second numerical experiment, we display the importance of discrete mass con-
servation in long-time simulations of the incompressible Navier-Stokes equations.
With a simple numerical experiment using a finite element in space, linear extrapo-
lated Crank-Nicolson in time discretization, we show that using elements that enforce
strong mass conservation can provide significantly more accurate solutions compared
to those that enforce it weakly, particularly over long time intervals. On the other
hand, Section 4.3, Section 4.4 and Section 4.5 study the long time stability of the
BDF2LE finite element scheme for the Boussinesq system, MHD in primitive vari-

ables and MHD in Elsésser variables, respectively.
4.1 Mathematical Preliminaries

Let €2 be an open, connected bounded Lipschitz domain in R?, d = 2,3. We denote
the usual L? inner product and its induced norm by (-, -) and || - ||, respectively. We

use the following function spaces:
X = (H}() = {v e (LP(Q)*: Vv e L} Q)™ v =00n00},
Q:= L) =g € ¥ [ qdv =0},
W= Hy(Q).

Let 7, be a regular, conforming, triangulation of the domain, and X, C X, @), C @,
Wy C W be conforming finite element spaces defined on 7. We assume that

velocity-pressure finite element spaces (X}, ) are inf-sup stable. Another inequal-
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ity used frequently in the long time stability analysis is inverse inequality: There
exists a constant C7, dependent on the minimum angle of the mesh but independent

of h, such that
IVonl < Cih7gnl, Yéu € X 4.1
The discretely divergence free subspace of X, is defined as

W:{UhEXhZ(qh,V"Uh):O thth}.

We denote V" as the dual space of V;, and its norm by || - [|y- :
((I)a vh)
Py = sup ~———.
1@ ]]v; S Vol

In the discretization of non-linear terms for the proposed flow problems, we use the

following skew-symmetric trilinear forms:

b*(u,v,w) = = ((u-Vo,w) — (u- Vw,v)) Yu,v,we X,

|l — N

M (u,0,¢) == ((u-V0,¢) — (u-Ve,0)) Yuec X and 0,7 € W.

2

We also define the space

L®(Ry, Vi) i={f: Q¥ xR, = R4 3C < oo with || f(t)]

vy <(C aet> 0}

The schemes we consider are of BDF2 type, and the analysis is greatly simplified if
we use the G-stability framework, as in [55]]. Hence, we define here the G-matrix
1/2 -1

-1 5/2

G =

and its associated G-norm

IxI& = (x.Gx), x € R*".
It is well known [53] that the L* and the G-norms are equivalent in the following
sense: 3 C,, C; > 0 such that
Cilixlle < lIxl < Cullxlle- (4.2)
Set x™ := [v" 1 v"T and ! = [v™, v"1T. Then if each v' € L*(Q) the follow-

v

ing relation holds (see, e.g. [53]]):

3 n n 1 n— n 1 n n
(Fore - 2om s orhont) = 5 (N1 = IR +

||Un+1 — " + Un71||2

4

4.3)
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4.2 Long time stability of the NSE

We first show the BDF2LE finite element scheme for the NSE is unconditionally long
time stable, i.e., stability is independent of end time and the time step At. This is a

widely-used algorithm, and is given as follows:

Algorithm 4.2.1 (BDF2LE for the NSE) Let the forcing f € L>*(R; V}*), and an

initial condition uy € L*({Y) be given. Define u,* = ul) to be nodal interpolant of

wo. Choose a time step At. Foralln = 0,1,2, .., find (u}™ p}™") satisfying for all

(Vn, an) € (Xn, Qn)

——(Bu™ —du) +u) T vy) + 05 (2u) — ul T uwl T vy) + (VT V)
—i" Y on) = (f o) (4.4)
(V-upt q,) =0. (4.5)

2At

Theorem 4.2.2 Let (u} ! p!*th) be the solutions of Algorithm for all n =
0,1,2,.... Then for any At > 0, we have

VAt

5+

n —(n VAt
% PRIVt < (14 @)™ (nxzné T Ivu hIIQ)

+ Vﬁla*HfH%OO(RMVh*):

,l:@iq}>0 o = max{3At,

Friedrichs’ constant from ([2.6) and Cj is given by @]}

4CPF

where o« = min{2 } > 0,, Cpr is the Poincaré’s-

Proof: Take as test functions vy, = 2Atu) ™ in @4), ¢, = p}*" in @3). Using re-
lation (4.3), and applying the Cauchy-Schwarz inequality and the Young’s inequality

yields
n+1 — 2um n—1|2
(et - e ) + 12y <ot
n+l_ n n—1
Drop the non-negative term i QuQﬁuh I® and add Y2 Vul |2 to both sides to

produce

VAL n vAL n vAtL "
(e 1+ 251917 ) + 25 (19 2+ 19 ) + 22 9

n v n — n
< (quHé+ V) + oo R

\ 7

(4.6)
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By using the Poincaré’s-Friedrichs’ inequality and the equivalence of the L? and the

G-norms, the last two terms on the left hand side can be written as

VAL " " vAtL n
(1T IV ) + v
vAL vAL
> n+1(12 n+1|12
> P+ S v
vAtC? vAt
> n+1|2 v n+1/2
> S + 25 v
" vAt n
> a( I + ),
where a := min{3, 1:@26‘? }. Inserting the last estimate in (4.6) and using induction
PF

results gives

n vAt n —(n vAt
I + 5T P < (14 ) (Il + 219
vTIAL L
N v
Setting 2! = max{2At, 45012? } =: o* and using the equivalence of the L? and G-
l

norms (4.2) completes the proof. U

4.2.1 Numerical Experiment

In this section, we present two numerical experiments. In these numerical experi-
ments, we consider the NSE with the CNLE finite element discretization, which is
given below by Algorithm[4.2.3] This scheme has been studied recently in [[77, 562
6]. In [6], it is shown that the discrete solution of Algorithm [4.2.3]is conditionally
long time stable, which is stated in Lemma 4.2.4]

Algorithm 4.2.3 (CNLE for the NSE) Ler f € L™ (Ry; V}*) and the initial velocity
ug € L*(Q) be given. Define u;l = ) to be the nodal interpolant of uy and choose

a time step At > 0. Forn = 0,1,2,3, ..., find (u}*', p}™) € (X}, Qn) satisfying
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for every (vi, qn) € (Xn, Qn),

up — gt a2 nt1/2
A7 v | 0 (ug, ,vp) +v(Vu, , Vo)

—(p Vo) = (F(E2), ),

4.7
(V-uptt qn) =0, (4.8)
where uj = Su? — Lu! w) T = Lt up) and ppt? is understood to be an
approximation of p "/,
2 1/2
Lemma 4.2.4 Set K := (||u0||2 + C;F||f||ioo(R+;V;)> f
At < min { 1 i
min
- 41/0127 2OCgK2C] ’
then
-n 2 U -n
M2 < (14 A e e
il < (14 5 at) ol + ZEN v .
< K? (49

where Cy is a constant independent of the mesh size h and time step At, d the dimen-

sion of the domain, Cpp is the Poincaré’s-Friedrichs’ constant from [2.6) and C7 is

given by (4.1)).

We now present the corollary of Lemma [{.2.4] which is the main idea of the second

numerical experiment.

Remark 4.2.5 In addition to the time step restrictions of Lemma if the time

2
step restriction At < QC% holds, then for all

2
nAt > 8Chr ln( v||uol| > 7

v Crrll fllem, vy

one can have the following:

HUZH < \/§CPFV_1||f||Loo(R+;V;)- (4-10)
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4.2.1.1 Numerical Experiment 1: Comparison of the stability of the solutions

of BDF2LE and CNLE schemes for the NSE over long time interval

In this numerical experiment, we compare the stability of the BDF2LE and the CNLE
for the NSE using (P, P{*¢) Scott-Vogelius finite elements. We choose an initial
velocity and a body force as follows:

sin(mz) sin(7y) y? cos(zy?) + sin(z) sin(y)

Uy — ) f =
cos(mx) cos(my) 22y cos(zy?) + cos(z) cos(y)

We calculate approximate velocity solutions of Algorithm 4.2.T]and Algorithm 4.2.3]
on the same 16 x 16 barycenter refined uniform mesh of Q2 := (0, 1)? by taking time
step At = 0.25 with end time 7" = 500 for varying v. The results are shown in Figure
and Figure [??|as plots of ||u}|| versus time.

We observe that for larger v (¥ = 1 and v = 0.004), the schemes produce very
similar stability properties. For v = 0.002, the schemes are similar until around
T = 70, when CNLE deviates: the L?-norm of the solution grows for the CNLE but
remains constant for the BDF2LE. For v = 0.001, we observe similar results as for

v = 0.002, but the deviation happens sooner.

r=1.0 v = 0.004
0.035 0.5
—— BDF2 (v=1.0) —— BDF2 (v=0.004)
0.03 —— CNLE (v=1. 0)j 0.5 —— CNLE (v=0. 004)
0.025 0. 4%
_ 0.0 _ 0.4
= =
= 0.01% = 0.3
0. 01 0
0. ook 0.2
0 . . . . 0.2 . . . .
0 100 200 300 400 500 0 100 200 300 400 500
time (t) time (t)

Figure 4.1: Discrete velocity solutions of the BDF2LE and the CNLE schemes for
the NSE with At = 0.25 varying v.
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v = 0.002 v = 0.001

—— BDF2 (v=0.002) —— BDF2 (v=0.001)

3 —— ONLE (v=0. 002) 1 6| —— CNLE (v=0.001)
2.5 4 5t
— 2 — 4r
= =3
= 1.5 1 = 3
1r 2F
0. EF 4 lf/b
0 . . . . 0 . . . .
] 100 200 300 400 500 [¢] 100 200 300 400 500
time (t) time (t)

Figure 4.2: Discrete velocity solutions of the BDF2LE and the CNLE schemes for
the NSE with At = 0.25 varying v.

4.2.1.2 Numerical Experiment 2 : Comparison of the mass conservation in

long-time simulation of the NSE with different finite elements

The main objective of this section is to discuss how divergence-free elements can
provide more accurate solutions over long-time intervals for the NSE, compared to
more commonly used elements such as Taylor-Hood, which only enforce the diver-
gence constraint weakly, and Scott-Vogelius, enforce divergence free condition
strongly. For this aim, we consider CNLE finite element discretization of the system
(L.2)-(L3).

The idea underlying why div-free finite elements provide much more accurate solu-
tion is that the divergence-free elements handle the irrotational part of the forcing f
correctly; they enforce that this part of the forcing affects only the pressure, and with
elements that only weakly enforce (1.25]), however, the discrete velocity solution is
affected by the irrotational part of the forcing, and over long time intervals causing
significant error. To verify this theory, we consider the following simple numerical
example to illustrate the above theory. On a domain 2 = (0, 1)?, set the initial condi-

tion and forcing to be

sin(7x) sin(7y) _ _
Uy = , = HV(sin(2x) + sin(2
cos(mz) cos(my) ! (ein(20) +oin(2y))
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Noting that the forcing is purely irrotational. If homogeneous Dirichlet boundary

conditions is enforced, the long-time solution of the NSE is
u =0, p=>5(sin(2x) + sin(2y)),

for any positive viscosity v.

We compute approximate solutions of the Algorithm §.2.3] using both the Scott-
Vogelius (Py, P{*¢) and the Taylor-Hood (P, P;) elements, with At = 1.0 (but
we note we got the same long-time solutions with At =0.25, 0.05, 0.01). The simu-
lations were run on the same 16x16 barycenter refined uniform mesh of 2 with 2,754
degrees of freedom (dof) for Scott-Vogelius (SV) elements and 1,811 dof for Taylor-
Hood (TH).

Figure 4.4 below shows the evolution of ||} || with time for several choices of v, and
we observe that the Scott-Vogelius solutions all converge to the correct long-time so-
lution of w;, = 0 (up to the accuracy of the linear solver), whereas the Taylor-Hood

solutions are inaccurate due to the mass conservation error, and converge instead to

v=0.01: ||lup|| — 9.427e¢—3,
v=0.002: ||up|| — 4.716e —2,
v =0001: |[ul| — 8.927c—2.

For small times with v =0.01 and 0.002, we observe that the norms of the Scott-
Vogelius and Taylor-Hood solutions are nearly identical, as the plots lay on top of
each other.

v =0.01
‘ ‘ ‘ — SV (v=001)
\ —TH (v=0.01) \
107 — SV (v=0002) |1
—TH (v=0.002)

v = 0.002

50 100 150 200 250 0 50 100 150 200 250
t t

Figure 4.3: Shown above plots of the L?-norm of the computed solution ||u}|| versus

i iscosities v = L. L
time, for viscosities v = 100 Fo0-
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v = 0.001

ol — 8V (v=0.001)
—TH (v=0001)

0 50 100 150 200 250

Figure 4.4: Shown above plots of the L?-norm of the computed solution ||u}|| versus

. . . . 1
time, for viscosity v = To00-

4.3 Long time stability analysis of the Boussinesq System

In this section, we focus on the Boussinesq system which describes incompressible
non-isothermal fluid flow. The linearly extrapolated BDF2 approximation of the sys-
tem (2.1) reads as follows:

Algorithm 4.3.1 (BDF2 for the Bousssinesq system) Let the forcing f, the heat source
~ and the initial conditions wg, 6y be given. Define ugl = u) and 0,:1 = 0) to
be the nodal interpolants of uq and 0y, respectively. Choose a time step At > 0,
and for alln = 0,1,2,3, ..., find (w}™ p}™ 07 satisfying for all (vy,, qn, wy) €
(X, Qn, Wh)

ﬁ(?)uzﬂ —du) + w7 o) + 0 (2u) — up T ul T vy) + v(Vul Tt V)

—(pp V) = (Ri0,207 — 077 1)  vp) 4 (F7F, on), (4.11)

(V-ul™ q,) =0, (4.12)
1

2At(BQZJrl — 407 + 07 wy) + (uf, 07 wy) + k(VOIT, V) = (" wy).

(4.13)

We now present the long time stability of Algorithm #.3.1]

Theorem 4.3.2 Let f € L>®(R,;V,*) and v € L>®(R; Wy). Then for any At > 0
and for n sufficiently large, the velocity and temperature solutions of Algorithm
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satisfy :

" vAt " 1\ vAt IR
e+ v i < () (I + S Ivai?) v

(4.14)

" kAL 1\ kAL
I+ Ve < (1) (61 + S IweRe)

+ R e ) (4.15)

. AtC?
b o= min{2, 22, =

. VALC? . 1 407
where [ := min{2, 4012); b B = max{;At, uc}?fF

max{3At, %}, and
l
M* =2 (10RiZCH p max{ 6812, M2} + | 1w e vy ) -

Moreover, if

01|12 KAt 012
+ 25| VO
nAt > 1n(”f‘j”_(’1 4 Vol ) and KAt <1 (4.16)
R )sex RN ||'Y|| oo (R4 ;W)
then for all n sufficiently large
1631 < /20 Cur I Loy = M, (4.17)

: 2 . : ) o
where 1, = min{3, @}, Cpr is the Poincaré’s-Friedrichs’ constant from (2.6)),

C) and C,, are given by (@.2).

Proof: The proof of Theorem [4.3.2] consists of three steps. In Step 1, we first show
the long time stability of the temperature and we obtain the bound on the temperature
in Step 2. In Step 3, to obtain the long time stability of velocity we use the results of
Step 1 and Step 2.

Step 1: (Long-time L>-stability of the temperature)
We choose wy, = 2At0}"" in @.13) and use the relation #.3). Application of the
Cauchy-Schwarz and Young’s inequalities gives

105+ — 205 + 637"
2

(I 0% — IIxs112) + + KA VO

< KA Y (4.18)
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|0+t —207 o7 ||?

Dropping the non-negative term

to the both sides of (4.18)) leads to

and adding the term NTN Vo2

" KAt " KAt " " kAL o
R e B R (e e N R
kAL 3 "
< (1 + “EITORI ) + ot sl (@.19)

The last two terms on the left hand side of (#.19) are bounded by the Poincaré’s-
Friedrichs’ inequality and the relation (4.2)):

"L (g + 1vegR) + 2 v
> S 107+ 107) + S5 e P
= S+ TS
> S + S5 o
201G+ SEIVEIE), @20
where 7 = min{%, Zg%f }. We then insert (4.20) into (4.19) and use induction to

produce

" kAL "
I I+ IV P

1 ntl kAL
< | — 0112 012
> (1 77) (HX9HG + 4 H Ceh” )

1 1 2 1 n+1
-1 2 -
+K At||7||Loo(R+;W;)[1+n+ (1+77> et (1+77) }

{10 ollé + ——IIVeL|? Fp—"
< (1) (b 225907 + = e

Noting that % = max{2At, 45012"’{ } =: n*, applying the equivalence of the L? and the
l

kAL

G-norms (#.2)), and dropping the non-negative term 7

| V67| gives the long time

stability of temperature (4.15)).

Step 2: (Bound for the temperature)

Using the Poincaré-Friedrich inequality and relation (@.2)) along with the assumption
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kAt < 1, the last two term on the left hand side of (4.19)) can be written as:

/iAt n n K'At n
— (VG + IV6I1P) + =1V
KALCE | iy (KAL)?
n 0TL+1 2
> St + v
C? kAL
— kA l n+112 = n+11|2
st ek I + S5

kAL
> wsen (I + P ITER) 2

2
where 7, := min{%, %} Inserting this into (4.19) and using induction gives

" kAL "
I + e

—(n kAL 9
< (1 + kAtn,,)” " (||x2||é + TI|V92||2) + R A ey (422)
By changing the index from (n + 1) to (n) in (4.22)) and using the inequality
(1+2) > exple/2), @€ (0,1)

along with the assumption (#.16), one obtains

RNAL kAL o
R e ) e B s

Il + = [ P At
<oxp (= (22D ) (g + VAP

H_Qn**l ||’7||L°°(R+;W;;)

LHSSexp(—

+ 572774;1H7|’%°°(R+;W;)

Using the equivalence of the norms (4.2)) gives the required bound on the temperature.

Step 3: (Long-time L*-stability of the velocity)
To obtain the long time stability of velocity, we take v, = u}"" in @I1), g, = p}**
in (4.12)). By using the relation (4.3), the standard inequalities, dropping the nonlinear

term and multiplying the resulting inequality with 2A¢ gives

I HIE + vAL V|

< 2 + 207 At {201%1?1%@'2 (4HHZH2 n ue;:lu?) Iy

2
\ 78
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We first add 2 || Vu}||? to both sides of (@3). Then rearranging terms gives

vAt " vAt " N vAt "
I + e 2 2 (17w 2+ 9 ) + 25 v

2
Vil

(4.23)

o VAL
<lIxulle+ T'

V|2 + 20 At [201%FR¢2 (4||ez||2 ; ||ez-1||2) e

Using the same idea used in Step 1, the last two terms on the left hand side can be

rewritten as follows:

vAt " n vAt n n vAt n

o (A e R e e (Y R A

where 3 := min{3, %@Cf}. Inserting the last estimate in (4.23)), using induction and
PF

@.17) yields

v IAL
B

" vAt " 1 il VAt
e+ v < () (Il + vl ) +

M*

where M* = 2 (10Ri20123F max{||6}]]?, M?} + ||f||2L°<>(R+;V;)>- Noting that ¢ =
4C3p

max{2At, e
1

} =: B* completes the proof. O

4.4 Long time stability of MHD in primitive variables

The linearized BDF2 finite element of the system (1.41)-(1.44)) is given as follows:

Algorithm 4.4.1 (BDF2LE for MHD in primitive variables)
Let the body forces f,g and initial conditions uy, By be given. Define u;l = u)
and B, = BY 10 be the nodal interpolant of uy and B, respectively. Set a

time step At > 0. Foralln = 0,1,2,3, ..., calculate (u; "', P By AP €
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(X, Qn, X, Qn) satisfying for every (vy, qn, wp, A\n) € (Xn, Qn, Xn, Qn)s

ﬁ <3u”Jrl —du} 4+ up h) + v(Vult Vo) + 0" (2u} — u) ™' uptt vy)
—sb* 2By — By ', By vy) — (PP Vo) = (7T o) (4.24)
(V-up*an) =0, (4.25)
2275 <3B"Jr1 — 4B} + B! wh> + U (VB V) + (AT V- wy,)
+b*(2u) — u) ™t B wy,) — 0 (2B — By L ult wy,) = (V x g™t wy,),
(4.26)
(V-B 1) =0. 4.27)

Theorem 4.4.2 Let f,V x g € L™®(R,;V}*), ug, By € L*(Q). Then the solutions
of Algorithm satisfy

At
I + sl + 5 (ATu 1+ sval VB

1 n+1 At
< (1) [t sttt + 5L (vadli + sl o317

o (Vlllf!\%mm;vm s |V % gH%w(R*;V'n)

1 VC At VmC At
27 402 ) 402

Friedrichs’ constant from @, and Cy is given by (.2).

4C%, AC3

where j = min{ 3 }, w* = max{2At, e PF} Cpr is the Poincaré’s-

Proof: The proof starts by choosing vj, = 2Atu} ™! in @24), ¢, = P in @29),
wy, = 2AtB;"! in @26) and [, = A" in @27). A straight forward calculation
with relation (.3) gives that

I3 = el + = o W gaan By - B By )
+2v AL Vup T |? = 248 (£ up ), (4.28)
and
I — el + B = 21;’2 B oameBy - By wpt By
+2u, At|[V B2 = 2AH(V x g"t!, B, (4.29)
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Multiplying equation (4.29)) by s and adding it to (4.28)), taking into account the skew-

symmetry of nonlinear term yields

(Hx +1||G+sux”+lr|g) +2At(uuw vy +sumuv3"+l|12)

< (Il + sl ) 200 (777 )+ (9 x g0 By ).
(4.30)

Applying now the Cauchy-Schwarz and the Young’s inequalities on the forcing terms

gives

2At((f”“, ) (V% gt B"“))

<Al (VHVUZ“\!2+svaVBZ“H2)+At<v1Hf”“| 2 vy [V g™ |

2
\ 7

Using this last estimate in (@30), and adding £* (V”VUZHQ + sym||VB};‘||2> to the
both sides of the inequality produces

I sl I + G (MY + s 9B

At
+ S (17w 19 )+ s (1B + 0B )

At
+ - <I/\|Vuz+1||2 + sz/mHVB”HHQ)

< (I + sl ) + 5 (VI + sl VB2

+ At (V_l ||fn+1|

Ve s [V x g™t

2
\ 7

Next, we rewrite the last two terms on the left hand side of above estimate by using

the Poincaré’s inequality and the relation (4.2)):

At n n n n
(v (v 19w ) s (198 4 VB )

At
+ 5 (VR + s 9B
vCEAL

~ 4CEp

sv, CEAL sz/mAt

n+1 ||
ACEp a

HVBn+1||2

" VAL n
o+ 22T P I

> (It I+ sl I+ 5 (AITw 12+ s IBER) ),
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1 I/C At VmC At
27 402 ’ 402

where 1 = min{: }. The last estimate produces
n n VmAt n
(I 1+ 29 ) s (s 1+ 222 v B ) )

n vAt n " U At
< Il + IV +s(||xB||é v

Vet s |V x g

+ At(fluf”“y Z‘Vh) (4.31)

and then we use induction to get

1\ At ) )
LHS < T HXuHG"’SHXBHG"i_I v|[Vup||? + svml| VB

At/ _
+ 2 ( AR e + 5 | % g|r%oo<R+;V;)). (“432)

2
The final step of the proof consists of considering p* := A = max{2At, —LF 4CP —LF, 40%
YmGy

and using the equivalence of the GG and the L?-norms. U

4.5 The long time stability of MHD in Elsésser variables

In this section, we study the long time behavior of MHD in Elsédsser variables. The
linearized BDF2 algorithm for the system (3.1))-(3.4)) is given as below. It is a very
interesting algorithm since it decouples the equations, which seemingly cannot be

done in an unconditionally stable way for primitive variable MHD.

Algorithm 4.5.1 (BDF2LE for MHD in Elsésser variables) Let f,, fo and the ini-
tial conditions vy, wy be given. Define v;' = v), w,' = w) to be nodal in-
terpolants of vy, wy and choose a time step At > 0. Forn = 0,1,2,3,... find
(o g wp ) € (X, Qny X, Q) such that for all (X, ph, @n,ln) €
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(X, Qns X, Qn)

(3U;LL+1 - 4”2 + Uz_la ) + b* (wh> n—i—l’ Xh) + b (BO7 n—i—l’ Xh)

2At
V+ Vpy n V—Vp n n—
+— (Vott Vxy) + 5 (V(w) —w!™"), Vxn)
—(gt, Voxn) = (F1 xn), (4.33)
(V- pp) =0, (4.34)
1
A7 (3111"+1 4w} +w) ¢h) + b (v}, witt b)) + b* (B w ™t )
V+ Vpy, n V—VUp n n—
(LY ) = (F5 ), (4.35)
(V- witt 1) = 0. (4.36)

Theorem 4.5.2 Let uy, By € L*(Q) and (v, g/t w) ™ v be the solution to
the Algorithm and fi, fo € L®(Ry; V) be given. If

2h%vy,,

At
< C3v —vm)?(v+ vm)’

(4.37)

then we have

" vV, Al " n
(It + s ) + gt (1o + VP

1 ntl vv,, A\t
<(— 012+ X2 1% + = (| Vo2 + ||V )
_(H,) (nxvna A + g2 (1ol + V)
29 (v + Vi)
Lt ) (uf1|r%m<R+;V,;> ; Hfauim(RHV,;))?

UV,

C’ vum At i SCPF(V—H/m) . . PN
) 802 l,+l,m)} v max{ At, Cloum } Cpr is the Poincaré’s-

Friedrichs’ constant from [2.6), and Cf is given by @.1).

where v = min{2

Proof: First take x;, = v} in @33), pr = ¢ in @34), ¢y, = w)™ in @39),
I, = r;"*" in (@36) and use relation (@3] to produce

1

n n n n— V+Vm
sz (I = D2 ) + ot = 20+ 0+

HV n+1H2

= _V_Q ™ (Vw, Vortt) +

V— Uy

I (V(wpt 2wz+wz-1>,wz“>

+ (f7 op ) (4.38)
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and

1

n n 1 n V+Vm
sz (17 = It ) + gl ™ - 2w + w2+

”V n+1“2

_ _l/ —2V (V,U}rlz-‘rl an+1) +

V—Upy

2

(V(opt — 20 + o)1), V't
(T wt. (4.39)
To bound the left hand side of (@.38)), we apply the Cauchy-Schwarz and the Young’s

inequalities with ¢ = ”T” on the first right hand side term which gives:

V—"VUn
2

|V = V|
IVl Vo

I/—|—Vm

" (V! Vortt) <

2
A R
AV + vy)
Similarly, the second term on the right hand side of (4.38)) can be bounded with ¢ =

<

. . . .
s+ and inverse inequality as

v —2Vm (V(wZJrl 2w}rLL + w ) V,vn+1>
< Cht ’V — Vm| H,wn-l—l — w" + wn—lquvn—l—lH
= V1 9 h h h h
vy, " CQh (y — Vm)z(l/ + Vm) n n n—
< 2(—1/+ )||V [ S |wp ™ — 2wy + w2
With the choice of € = 5 (:iﬂzjm)’ the forcing term is estimated with
(o™ < Vol
UV, n V~+Vmn\ pn
=< —4(V+ )HVU;LHHZ — Il (4.40)
Plug these estimates into (£.38) to produce
1 n 1 n n n— v + Vm n
sz (171 = Il ) + o™ = 208+ 02+ 2522 o
3V, vV —Up)?
< gt ) e
A(v + vp) 4(v+vp)
C3h2(v — vm)*(V + v " " e v+ Uy,
T Rl (e ] O

Using the same technique, the left hand side of (4.39) can be bounded as follows:

1

1 1%
n+1 o n||2 n+1_2 n n—1/|2
iz (I 1 = X1 ) + g i = 2 + w0+

m
vwn—i-l 2
T IVwy |

vy, (v = vm)?
< m v n+112 m V n+12
< sV + g V|
C%hiQ(V - Vm)z(y + Vm) n+1 n n—1/|2 V+ Vn n+1(12
+ S [op™ = 2vy + v, | +—VVm 13 v (4.42)
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Now adding these two equations results

1 VVp,

n+1 n+1 n+1(12 n+1/2
sz (1 + I 1 ) + o (7o + v )

1 (1 Ch (v —vm)*(V+ V)
= — At
+2At ( dvvy,

(Hv"“ o o P el — 2]+ ] 11\2)

v+ vy,

1
n+11|2 n+1
< gz (12 + 02 )+ “2 (e + 1757

and multiplying by 2At and dropping the non-negative left hand side second term by

QV) (4.43)

using At restriction (4.37) gives

VU AL n n
(It + I ) + 522 (7o + [V )

n n 2(V+Vm)At n
< (It + Il ) + 222 (g

m

v T IF

V*) . (444

The last step follows from the application of the same technique as in Theorem4.2.2]
O

Remark 4.5.3 It is proven in [I82)] that if 1/2 < v/v,, < 2, then there is no timestep

restriction for stability.
4.5.1 Numerical Experiment

We now present numerical experiments for the linearized BDF2 scheme for MHD in
Elsésser variables, given by Algorithm [4.5.1] The goal of the numerical experiment
is to test the stability time step restriction of [82] which states that the method is
unconditionally stable when 1/2 < v/v,, < 2. We test values of v /v, inside and
outside of this range, and find that this restriction is sharp. As a test problem, we

select initial conditions and forcing terms as follows:

cos(y) sin(x + y)
Vg = . ) fl = ’
sin(x) cos(z — y)
B sin(y) B cos(z — y)
Wy = 3 f2 - .
cos(x) sin(z + y)
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We take (P, P4*¢) Scott-Vogelius finite elements, and s = 1. We then calculate the
approximate solutions of Algorithm@.5.Ton 16 x 16 barycenter uniform mesh of the
domain © = (0, 1)2 All computations are run to 7" = 500 for varying At and v, v,,.
The results are seen below as plots of (||} ||? + |lw)™||?).

In Figure and we observe that the solutions are stable in the case 1/2 <
v/vy, < 2. However, the linearized BDF2 discrete solutions fail to be stable outside
of this interval as in Figure and Figure The solutions remain stable in the
limit case v/v,, = 2 as in Figure whereas remain unstable for v /v, = 2.105

(Figure [4.10).
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Figure 4.5: Energy vs. time for discrete velocity solutions of MHD in Elsisser vari-
ables with v = 1.0, v,,, = 1.0 (1/2 < v/, < 2).
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Figure 4.6: Energy vs. time for discrete velocity solutions of MHD in Elsisser vari-
ables with v = 0.0125,v,,, = 0.01 (1/2 < v/v,,, < 2).
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Figure 4.7: Energy vs. time for discrete velocity solutions of MHD in Elsisser vari-
ables with v = 0.01 and v,,, = 1 (v/v,, < 1/2).
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Figure 4.8: Energy vs. time for discrete velocity solutions of MHD in Elsésser vari-
ables with v = 0.01 and v,,, = 0.001 (v /v, > 2).
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Figure 4.9: Energy vs. time for discrete velocity solutions of MHD in Elsisser vari-

ables with v = 1 and v,,, = 0.5 (v /v, = 2).
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

This thesis focused on the development of the numerical methods for multiphysics
flow problems. In Chapter 2, an efficient fully discrete VMS method for the incom-
pressible non-isothermal fluid flows is studied. The VMS stabilization is explicitly
decoupled from the Boussinesq system, and thus it can be used with other types of
flow solvers than Step 1 of the algorithm. In the proposed algorithm, the Boussinesq
system is also decoupled, and the transport equation is solved separately from the
fluid equations. Despite the decouplings, we proved that the algorithm is uncondi-
tionally stable with respect to timestep size, and that it converges optimally in both
space and time provided the parameters oy = O(h?), as = O(h?), and the coarse
mesh width satisfies H < O(h'/?). Numerical experiments were given that verified
the theory, and showed the effectiveness of the scheme.

In Chapter 3, we proposed, analyzed and tested an efficient penalty-projection method
for MHD system. We proved that this method is equivalent to the fully coupled so-
lutions for large penalty parameters. Convergence of the penalty-projection scheme
to the coupled scheme was found to be first order as v — oo, which agrees with our
theory. Finally, we tested numerical scheme with MHD channel flow over a step, and
observed that the changing of physical behavior as the coupling number was increas-
ing.

In the last chapter, we studied long time behavior of the NSE and related multi-
physics problems using BDF2LE timestepping together with finite element method.
We proved that the approximate solutions of the proposed algorithm for the NSE,
Boussinesq and MHD in primitive variables are uniformly bounded at all time without

time step restriction. For MHD in Elsdsser variables, we obtained conditionally long
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time stability. In addition, we implemented two numerical experiment for the NSE.
In the first numerical experiment, we showed the stability property of the BDF2LE
scheme is better than the CNLE for smaller viscosities. In the second numerical ex-
periment for the NSE, we observed that divergence-free elements can provide better
solutions over long-time simulation than non-divergence-free elements. The key dif-
ference in the elements is the treatment of the irrotational part of the forcing; This
results from divergence-free elements (correctly) do not allow the irrotational part of
the forcing to affect the velocity,and this error can accumulate to reduce accuracy of

the solution over long times.

5.1 Future Work

There are several research direction inspired from Chapter 2. One possible direction
is that the modification of the scheme to the second order timestepping such as BDF2
or Crank-Nicolson can be done in a straightforward manner. However, we suspect the
analysis will work in a similar manner. Modifications of the scheme to higher order
timestepping would require different analysis, probably more technical, but may well
be worth the effort, particularly since the explicit VMS stabilization herein would be
used as a post-processing.

Another research direction is the extension of the algorithm to the nonlinear eddy
viscosity type of projection-based stabilization. The error analysis requires to use
monoticity and Lipschitz continuity.

This type of post-processing can be applied for different types of fluid problems.
The same analysis can be extended to MHD in primitive variables, also in Elsdsser
variables.

For Chapter 4, we believe that more testing of the scheme needs performed. Also,
for MHD problems with higher Reynolds number, reduced order modeling with large

eddy simulation, in the context of the scheme proposed herein, should be explored.
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