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ABSTRACT

QUANTUM GROUPS, R-MATRICES AND FACTORIZATION

Çelik, Münevver

Ph.D., Department of Mathematics

Supervisor : Assoc. Prof. Dr. Ali Ulaş Özgür Kişisel

September 2015, 113 pages

R-matrices are solutions of the Yang-Baxter equation. They give rise to link invari-
ants. Quantum groups can be used to obtain R-matrices. Roughly speaking, Drin-
feld’s quantum double corresponds to LU-decomposition. We proved a partial result
concerning factorization of the quantum group Mp,q(n) into simpler pieces to ease
the computations.

Keywords: R-matrix, quantum group, knot theory
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ÖZ

KUANTUM GRUPLARI, R-MATRİSLERİ VE FAKTORİZASYON

Çelik, Münevver

Doktora, Matematik Bölümü

Tez Yöneticisi : Doç. Dr. Ali Ulaş Özgür Kişisel

Eylül 2015 , 113 sayfa

R-matrisleri Yang-Baxter denkleminin çözümleridir. R-matrisleri kullanılarak düğüm
değişmezleri elde edilir. Kuantum grupları kullanılarak R-matris elde edilebilmekte-
dir. Drinfeld’in quantum çift metodu LU-parçalamasına denk gelmektedir. Hesapla-
maları kolaylaştırmak için, Mp,q(n) kuantum grubunu daha basit parçalara ayırmak
hakkında kısmi bir sonuç ispatladık.

Anahtar Kelimeler: R-matris, kuantum grup, düğüm teorisi
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CHAPTER 1

INTRODUCTION

Quantum groups are noncommutative, noncocommutative Hopf algebras with some

additional structure on them. The initial study of quantum groups was conducted

by Drinfeld and Jimbo independently in the mid-1980’s ([9], [11], [12]). The term

quantum group is first used by Drinfeld ([10]). Quantum groups are studied in many

different fields of mathematics including mathematical physics, knot theory, quantum

integrable systems, noncommutative geometry, and representation theory.

The foundational study of Hopf algebras was conducted by Heinz Hopf in 1940’s.

The name Hopf algebra was given by Armand Borel in 1953. Inspired by the work of

Jean Dieudonné, Pierre Cartier in 1956 gave the first formal definition of Hopf algebra

with the name hyperalgebra. However, contemporary definition of Hopf algebra was

given by Bertram Kostant in 1966. Besides these names, main contributers to the

topic are John Milnor, John C. Moore around 1960’s, Moss Sweedler around 1970’s,

Vladimir Drinfeld, Michio Jimbo around 1980’s ([2]).

Our motivation of studying quantum groups was to find R-matrices. An automor-

phismR of V ⊗V is called anR-matrix if it is a solution of the Yang-Baxter equation

(YBE):

(R⊗ id)(id⊗R)(R⊗ id) = (id⊗R)(R⊗ id)(id⊗R)

which holds in the automorphism group of V ⊗V ⊗V , where V is a vector space. R-

matrices can be obtained from quantum groups (and vice versa). R-matrices give rise

to knot invariants. Furthermore, some knot invariants such as the Jones polynomial,

and HOMFLY polynomial can be obtained from R-matrices.
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A link of n components is the image of a smooth (or piecewise smooth) embedding

of disjoint unions of n S1’s into R3 (or S3). A knot is a link of one component. Two

knots (or links) are considered to be the same if there is an isotopy of the ambient

space taking one to the other. A knot diagram is a projection of the given knot to

a plane with finitely many double points. Double points are called crossings. The

following theorem of Reidemeister reduces the space isotopy to plane isotopy:

Theorem 1.0.1. Two link diagrams belong to isotopic links if and only if one can be

obtained from the other by a finite sequence of Reidemeister moves (figure 1.1) and

plane isotopies.

Proof can be found in [22].

(a) Reidemeister Move I (b) Reidemeister Move II (c) Reidemeister Move III

Figure 1.1: Reidemeister moves

Although Reidemeister’s theorem suggests a way to distinguish links, it is not always

possible to prove that two links are the same using Reiemeister moves, and impossible

to prove that they are different. Therefore we need algebraic expressions which are

invariant under isotopy of links. We call them link invariants. Linking number, genus,

fundamental group, polynomial invariants (Alexander polynomial, Jones polynomial,

HOMFLY polynomial), homological invariants (knot Floer homology, Khovanov ho-

mology), Vassiliev invariants (finite type invariants), quantum invariants are some

examples of link invariants.

Let n be a nonnegative integer and αi = (i, 0, 0), βi = (i, 0, 1) for i ∈ {1, 2, ..., n}. A

braid on n strands is the union of n pairwise non-intersecting monotonic in z direction

curves connecting one of αi to one of βj . The closure of a braid is defined by connect-

ing each αi to βi with unknotted curves. The isotopy classes of braids on n strands,

Bn, form a group where multiplication is given by rescaling and concatenation. Let

bi be the braid shown in the figure 1.2a. It is obvious that the set {b1, b2, ..., bn−1}
generates Bn. Artin gave a presentation of Bn in the following theorem ([3]).
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Theorem 1.0.2. The braid group Bn is generated by {b1, b2, ..., bn−1} subject to the

relations

bibj = bjbi if |i− j| ≥ 2 (1.1)

bibi+1bi = bi+1bibi+1 for 1 ≤ i ≤ n− 2 (1.2)

(a) bi (b) b−1
i

Figure 1.2: Elementary braids

Burau gave a representation of braid groups in 1936 ([8]). The question whether this

representation is faithful for all n, occupied mathematicians for a long time. In 1991

Moody, in 1993 Long and Paton and in 1999 Bigelow proved that Burau representa-

tion is not faithful for n ≥ 9, n ≥ 6, n ≥ 5, respectively ( [21], [18], [6]). The natural

question is, are there any faithful representations? Lawrence gave a representation in

1990 ([17]) and Krammer proved that this representation (called Lawrence-Krammer

representation) is faithful for n = 4 ([15]) and then extended his proof for all n

([16]) using algebraic methods. By considering Bn as the mapping class group of

an n-punctured disk, Bigelow proved that the Lawrence-Krammer representation is

faithful for all n in 2001 ([7]). But linearity of mapping class groups in general is still

an open question.

Braids are closely related to knot theory because the closure of a braid is a link.

Moreover the following theorem of Alexander proved in 1923 ([1]) shows that the

converse is also true.

Theorem 1.0.3. Every link is the closure of some braid.

Let a, b ∈ Bn. The first and second Markov moves are defined as follows:

1. b↔ aba−1

2. b↔ bb±1
n

3



Note that bn /∈ Bn. Here we identify b ∈ Bn with its image under the inclusion

Bn ↪→ Bn+1.

The following theorem of Markov determines when the closures of braids give rise to

the same link ([20]).

Theorem 1.0.4. Two braid closures belong to isotopic links if and only if one can be

obtained from the other by a finite sequence of Markov moves (figure 1.3).

(a) First Markov move (b) Second Markov move

Figure 1.3: Geometric illustration of Markov moves

Since the closure of a braid is a link, we can construct link invariants using the braid

group. If we use an R-matrix representation of the braid groups (i.e. sending bi to

id⊗i−1 ⊗ R ⊗ id⊗n−i−1, where R is an R-matrix) the braid relation (1.2) is automat-

ically satisfied. The trace of the resulting matrix corresponding to a given a link is

invariant under Markov moves ([27]). Hence this trace is the link invariant. This is ac-

tually a topological quantum field theory (TQFT). The definition of TQFT is given by

Atiyah in 1989 ([4], [5]). It is basically a process of defining a functor from category

of cobordisms to category of vector spaces.

The Jones polynomial is an oriented link invariant defined as a Laurent polynomial in
√
t. Vaughan Jones discovered the Jones polynomial originally using von Neumann

algebras in 1984 ([13]) which brought him the Fields Medal in 1990. It can also be

defined by skein relations:

1. Ve = 1

2.
1

t
VL+ − tVL− = (

√
t− 1√

t
)VL0

where e is the unknot and L+, L−, L0 are identical outside of a neighbourhood con-

taining only a fixed crossing and are as in the figure 1.4 inside the neighbourhood.
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(a) L+ (b) L− (c) L0

Figure 1.4: Positive crossing, negative crossing and 0-smoothing of a crossing

Another way of defining the Jones polynomial is by using a functor from the category

T of isotopy classes of tangles to the category V of vector spaces with the help of

R-matrices ([27], [28], [23], [26]).

Let m,n be nonnegative integers. A tangle L of type (m,n) is the union of finitely

many piecewise smooth oriented curves in R2×[0, 1] such that L intersects the bound-

ary plane R2×{0} transversally atm points and the boundary plane R2×{1} transver-

sally at n points. Note that a tangle of type (0, 0) is a link in R3.

The objects of T are finite sequences of± signs and the empty set and the morphisms

of T are the tangles connecting these sequences. A functor F from T to V maps a

tangle to a linear transformation. If R is an R-matrix and we let F(~) = R, then

the Reidemeister move III (figure 1.1c) is automatically satisfied since R satisfies the

YBE.

Every orientable 3-manifold can be obtained by a surgery of S3 along a link in S3.

Thus invariants of links are candidates for giving rise to invariants of 3-manifolds.

Using quantum invariants, one can obtain a 3-manifold invariant. However, to get

a 3-manifold invariant we need to make some special choices such as setting the

quantization parameter q to be a root of unity ([24], [30], [29]).

Drinfeld’s quantum double (see Section 2.3) can be thought as the analogue of LU -

decomposition in linear algebra of a quantum group and it is a process which enables

us to obtain an R-matrix. Marc Rosso decomposed Uhsl(n + 1) using Drinfeld’s

quantum double and found a formula for the universalR-matrix of Uhsl(n+1) ([25]).

Our aim is to factorize the bialgebra Mp,q(n) into simpler pieces and our future hope

is to get R-matrices and new link invariants with this process.
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In the second chapter we will introduce Hopf algebras and mention some important

topics on Hopf algebras such as the Faddeev-Reshetikhin-Takhtadjian (FRT) con-

struction and Drinfeld’s quantum double. In the third chapter we give examples of

some well-known bialgebras and quantum groups. In the fourth chapter we use a

similar method to [25] to find a Poincaré-Birkhoff-Witt theorem for Uqgl(n). In the

fifth chapter we prove the duality between the Hopf algebra Uqgl(n) and the bialgebra

Mq(n). The last chapter is dedicated to the factorization of the bialgebra Mp,q(n).
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CHAPTER 2

QUANTUM GROUPS

2.1 Hopf Algebras and R-Matrices

We will follow the notation in [14]. Let k be a field. All tensors will be over k and

linear maps are k-linear throughout the text.

Definition 2.1.1. Let A be a vector space over k and µ : A⊗A→ A and η : k→ A

be linear maps. The triple (A, µ, η) is said to be an algebra if the following diagrams

commute:

A⊗ A⊗ A µ⊗id //

id⊗µ
��

A⊗ A
µ

��
A⊗ A µ

// A

k⊗ A η⊗id //

∼=
%%

A⊗ A
µ

��

A⊗ kid⊗ηoo

∼=
yy

A

Definition 2.1.2. Let (A, µA, ηA) and (B, µB, ηB) be algebras. A linear map φ is

called an algebra morphism if the following diagrams commute:

A⊗ A φ⊗φ //

µA
��

B ⊗B
µB
��

A
φ

// B

k ηA //

ηB ��

A

φ
��
B

Definition 2.1.3. Let A be a vector space over k and ∆ : A→ A⊗A and ε : A→ k

be linear maps. The triple (A,∆, ε) is said to be a coalgebra if the following diagrams

commute:

7



A ∆ //

∆
��

A⊗ A
id⊗∆
��

A⊗ A
∆⊗id

// A⊗ A⊗ A

k⊗ A A⊗ Aε⊗idoo id⊗ε // A⊗ k

A

∼=

ee

∆

OO

∼=

99

Notation 2.1.4. (Sweedler’s sigma notation) In order avoid the complexity of index

notation we write

∆(x) =
∑
(x)

x′ ⊗ x′′

for any x ∈ A.

Definition 2.1.5. Let (A,∆A, εA) and (B,∆B, εB) be coalgebras. A linear map φ is

called a coalgebra morphism if the following diagrams commute:

A
φ //

∆A

��

B

∆B

��
A⊗ A

φ⊗φ
// B ⊗B

A
εA //

φ
��

k

B

εB

??

If (A, µ, η) is an algebra then so is (A⊗ A, µ⊗ µ, η ⊗ η). Similarly, if (A,∆, ε) is a

coalgebra then so is (A⊗A, (id⊗ τ ⊗ id) ◦ (∆⊗∆), ε⊗ ε), where τ(a⊗ b) = b⊗ a.

Definition 2.1.6. Let (A, µ, η) be an algebra and (A,∆, ε) is a coalgebra. The quin-

tuple (A, µ, η,∆, ε) is said to be a bialgebra if the maps µ and η are morphisms of

coalgebras or equivalently, the maps ∆ and ε are morphisms of algebras.

Definition 2.1.7. Let (A, µ, η) be an algebra and (C,∆, ε) be a coalgebra. For f, g ∈
Hom(C,A) we define f ∗ g, the convolution of f and g, to be the composition of maps

C ∆ // C ⊗ C f⊗g // A⊗ A µ // A

If A = C then ∗ is naturally defined on End(A).

Definition 2.1.8. Let (H,µ, η,∆, ε) be a bialgebra. An endomorphism S of H is

called an antipode for the bialgebra H if

S ∗ idH = idH ∗ S = η ◦ ε (2.1)

A Hopf algebra is a bialgebra with an antipode.

8



Remark 2.1.9. The equation (2.1) implies the following∑
(x)

S(x′)x′′ =
∑
(x)

x′S(x′′) = ε(x)1

for all x ∈ H .

Proposition 2.1.10. Let (H,µ, η,∆, ε, S) be Hopf algebra. Then S is an algebra

antimorphism and coalgebra antimorphism, that is, it satisfies

S(xy) = S(y)S(x) S(1) = 1∑
(S(x))

S(x)′ ⊗ S(x)′′ =
∑
(x)

S(x′′)⊗ S(x′) ε(S(x)) = ε(x)

for every x, y ∈ H .

Proof. Let x, y ∈ H . The map S is an algebra antimorphism, since:

S(xy) =
∑

(x)(y)

S(x′ε(x′′)y′ε(y′′))

=
∑

(x)(y)

S(x′y′)x′′ε(y′′)S(x′′′)

=
∑

(x)(y)

S(x′y′)x′′y′′S(y′′′)S(x′′′)

=
∑

(x)(y)

S((xy)′)(xy)′′S(y′′′)S(x′′′)

=
∑

(x)(y)

ε(x′y′)S(y′′)S(x′′)

=
∑

(x)(y)

S(ε(y′)y′′)S(ε(x′)x′′)

= S(y)S(x),

S(1) = 1S(1) =
∑
(1)

1′S(1′′) = ε(1)1 = 1.

The map S is a calgebra antimorphism, since:

ε(S(x)) =
∑
(x)

ε(S(x′ε(x′′))) =
∑
(x)

ε(S(x′))ε(x′′)

=
∑
(x)

ε(S(x′)x′′) = ε(ε(x)1) = ε(x),

9



∑
(S(x))

S(x)′ ⊗ S(x)′′ = ∆(S(x)) =
∑
(x)

∆(ε(x′′)S(x′)) =
∑
(x)

ε(x′′)S(x′)′ ⊗ S(x′)′′,

ε(x)1⊗ 1 = ∆(ε(x)1) =
∑
(x)

∆(S(x′)x′′) =
∑
(x)

(S(x′)x′′)′ ⊗ (S(x′)x′′)′′,

so we have,∑
(x)

S(x′′)⊗ S(x′) =
∑
(x)

S(x′′′)⊗ S(ε(x′)x′′)

=
∑
(x)

(S(x′)x′′)′S(x′′′′)⊗ (S(x′)x′′)′′S(x′′′)

=
∑
(x)

S(x′)′x′′S(x′′′′′)⊗ S(x′)′′x′′′S(x′′′′)

=
∑
(x)

S(x′)′x′′S(x′′′′)⊗ S(x′)′′ε(x′′′)

=
∑
(x)

S(x′)′x′′S(x′′′)⊗ S(x′)′′

=
∑
(x)

S(x′)′ε(x′′)⊗ S(x′)′′

=
∑
(x)

S(x)′ ⊗ S(x)′′.

Definition 2.1.11. A bialgebra (H,µ, η,∆, ε) is called quasi-cocommutative if there

exists an invertible element R of the algebra H ⊗H such that for all x ∈ H we have

∆op(x) = R∆(x)R−1.

Here ∆op = τH,H ◦∆ where τH,H(h1 ⊗ h2) = h2 ⊗ h1. R is called the universal R-

matrix of the bialgebra H . A Hopf algebra is quasi-cocommutative if its underlying

bialgebra is quasi-cocommutative.

Notation 2.1.12. If R =
∑

i ri ⊗ si then we denote by R12, R13, R23 the elements

R12 =
∑
i

ri ⊗ si ⊗ 1

R13 =
∑
i

ri ⊗ 1⊗ si

R23 =
∑
i

1⊗ ri ⊗ si

10



Definition 2.1.13. A quasi-cocommutative bialgebra (H,µ, η,∆, ε, R) or a quasi-

cocommutative Hopf algebra (H,µ, η,∆, ε, S, R) is braided if the universal R-matrix

satisfies the following relations:

(∆⊗ idH)(R) = R13R23

(idH ⊗∆)(R) = R13R12.

Theorem 2.1.14. The universal R-matrix of a braided Hopf algebra (H,µ, η,∆, ε, R)

satisfies the equation

R12R13R23 = R23R13R12

Proof.

R12R13R23 = R12(∆⊗ idH)(R)

= (∆op ⊗ idH)(R)R12

= (τH,H ⊗ idH)(∆⊗ idH)(R)R12

= (τH,H ⊗ idH)(R13R23)R12

= R23R13R12

Remark 2.1.15. Theorem 2.1.14 implies that the universal R-matrix R =
∑

i ri ⊗ si
satisfies ∑

i,j,k

rkrj ⊗ skri ⊗ sjsi =
∑
i,j,k

rjri ⊗ rksi ⊗ sksj (2.2)

Definition 2.1.16. A cobraided bialgebra (H,µ, η,∆, ε, r) is a bialgebra H together

with a linear form r on H ⊗H satisfying the conditions

(i) there exists a linear form r on H ⊗H such that

r ∗ r = r ∗ r = ε

(ii) we have

µop = r ∗ µ ∗ r

11



(iii) and

r(µ⊗ idH) = r13 ∗ r23 and r(idH ⊗ µ) = r13 ∗ r12

where the linear forms r12, r23 and r13 are defined by

r12 = r ⊗ ε, r23 = ε⊗ r, r13 = (ε⊗ r)(τH,H ⊗ idH).

The linear form r is called the universal R-form of H. A Hopf algebra is cobraided if

the underlying bialgebra is.

Definition 2.1.17. Let (A, µ, η) be an algebra. An A-module is a pair (V, µV ) where

V is a vector space and µV : A ⊗ V → V is a linear map such that the following

diagrams commute:

A⊗ A⊗ V µ⊗id //

id⊗µV
��

A⊗ V
µV
��

A⊗ V µV
// V

k⊗ V η⊗id //

∼=
%%

A⊗ V
µV
��
V

Definition 2.1.18. Let (V, µV ) and (W,µW ) be two modules of an algebraA. A linear

map φ is called a morphism of A-modules if the following diagram commutes:

A⊗ V id⊗φ //

µV
��

A⊗W
µW
��

V
φ

//W

If U and V are A-modules, where A is an algebra, then U ⊗ V is an A ⊗ A module

by

(a⊗ a′)(u⊗ v) = au⊗ a′v

where a, a′ ∈ A, u ∈ U and v ∈ V . Moreover, if A is a bialgebra then the algebra

morphism ∆ enables us to equip U ⊗ V with an A-module structure by

a(u⊗ v) = ∆(a)(u⊗ v) =
∑
(a)

a′u⊗ a′′v

where a ∈ A, u ∈ U and v ∈ V .

Definition 2.1.19. Let (A,∆, ε) be a coalgebra. An A-comodule is a pair (V,∆V )

where V is a vector space and ∆V : V → A ⊗ V is a linear map such that the

following diagrams commute:

12



V
∆V //

∆V

��

A⊗ V
id⊗∆V

��
A⊗ V

∆⊗id
// A⊗ A⊗ V

k⊗ V A⊗ Vε⊗idoo

V

∼=

ee

∆V

OO

Notation 2.1.20. By convention we write

∆V (x) =
∑
(x)

xA ⊗ xV

for any x ∈ V .

Definition 2.1.21. Let (V,∆V ) and (W,∆W ) be comodules of a coalgebra A. A lin-

ear map φ is called a morphism of A-comodules if the following diagram commutes:

V
φ //

∆V

��

W

∆W

��
A⊗ V

id⊗φ
// A⊗W

Definition 2.1.22. Let V be a vector space. An automorphism c of V ⊗ V is called

an R-matrix if it satisfies the Yang-Baxter equation

(c⊗ idV )(idV ⊗ c)(c⊗ idV ) = (idV ⊗ c)(c⊗ idV )(idV ⊗ c)

which holds in the automorphism group of V ⊗ V ⊗ V

Let

c(vi ⊗ vj) =
∑
k,l

ck li jvk ⊗ vl.

Then one has

(c⊗ idV )(vi ⊗ vj ⊗ vk) =
∑
l,m,n

cl mi j δknvl ⊗ vm ⊗ vn

(idV ⊗ c)(vi ⊗ vj ⊗ vk) =
∑
l,m,n

δilc
m n
j k vl ⊗ vm ⊗ vn.

Then c satisfies the Yang-Baxter equation if and only if it satisfies the following equal-

ity for all i, j, k, l,m, n:∑
p,q,r,s,t,u

(cp qi jδkr)(δpsc
t u
q r)(c

l m
s tδun)(vl ⊗ vm ⊗ vn) =

∑
p,q,r,s,t,u

(δipc
q r
j k)(c

s t
p qδru)(δslc

m n
t u )(vl ⊗ vm ⊗ vn)
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which is equivalent to ∑
p,q,t

cp qi jc
t n
q kc

l m
p t =

∑
q,r,t

cq rj kc
l t
i qc

m n
t r (2.3)

Lemma 2.1.23. Let (H,µ, η,∆, ε, R) be a braided bialgebra and V be an H-module.

The automorphism cRV,V of V ⊗ V defined by

cRV,V (v ⊗ w) = τV,V [R(v ⊗ w)]

is an R-matrix.

Proof. Let x ∈ H , v, w ∈ V . The map cRV,V is H-linear:

cRV,V (x(v ⊗ w)) = cRV,V (∆(x)(v ⊗ w))

= τV,V (R∆(x)(v ⊗ w))

= τV,V (∆op(x)R(v ⊗ w))

= ∆(x)τV,V (R(v ⊗ w))

= xcRV,V (v ⊗ w)

The map cRV,V is an automorphism with inverse given by

(cRV,V )−1(v ⊗ w) = R−1(w ⊗ v).

Let us check this:

cRV,V ((cRV,V )−1(v ⊗ w)) = cRV,V (R−1(w ⊗ v))

= τV,V (RR−1(w ⊗ v))

= v ⊗ w

(cRV,V )−1(cRV,V (v ⊗ w)) = (cRV,V )−1(τV,V (R(v ⊗ w)))

= R−1R(v ⊗ w))

= v ⊗ w

Let R =
∑

i ri ⊗ si, u⊗ v ⊗ w ∈ V ⊗ V ⊗ V , cRV,V = c

(c⊗ idV )(idV ⊗ c)(c⊗ idV )(u⊗ v ⊗ w) =
∑
i

(c⊗ idV )(idV ⊗ c)(siv ⊗ riu⊗ w)

=
∑
i,j

(c⊗ idV )(siv ⊗ sjw ⊗ rjriu)

=
∑
i,j,k

(sksjw ⊗ rksiv ⊗ rjriu)
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(idV ⊗ c)(c⊗ idV )(idV ⊗ c)(u⊗ v ⊗ w) =
∑
i

(idV ⊗ c)(c⊗ idV )(u⊗ siw ⊗ riv)

=
∑
i,j

(idV ⊗ c)(sjsiw ⊗ rju⊗ riv)

=
∑
i,j,k

(sjsiw ⊗ skriv ⊗ rkrju)

These two are equal in view of the equation (2.2), hence cRV,V is a solution of the

Yang-Baxter equation.

Similarly, let (H,µ, η,∆, ε, r) be a cobraided bialgebra and V be an H-comodule.

The automorphism crV,V of V ⊗ V defined by

crV,V = (r ⊗ idV⊗V ) ◦ (idH ⊗ τV,H ⊗ idV ) ◦ (∆V ⊗∆V ) ◦ τV,V

is an R-matrix, where ∆V is the coaction map.

2.2 The Faddeev-Reshetikhin-Takhtadjian (FRT) Construction

Theorem 2.2.1. Let V be a vector space and c be an automorphism of V ⊗V satisfy-

ing the Yang-Baxter equation. There exists a cobraided bialgebra A(c) together with

a linear map ∆V : V → A(c)⊗ V such that

(i) the map ∆V equips V with the structure of a comodule over A(c),

(ii) the map c becomes a comodule map with respect to this structure,

(iii) there exists a unique linear form r onA(c)⊗A(c) turningA(c) into a cobraided

bialgebra such that crV,V = c.

(iv) the bialgebra A(c) is unique up to isomorphism

Proof. First, let us define A(c) as an algebra. Choose a basis {v1, v2, ...vn} for the

vector space V . Let the coefficients cp qi j be defined by

c(vi ⊗ vj) =
∑

1≤p,q≤n

cp qi jvp ⊗ vq.
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Let k{tji} = k{tji |i, j ∈ {1, 2, ..., n}} be the free algebra generated by {tji |i, j ∈
{1, 2, ..., n}} over k. Consider the two-sided ideal I(c) of k{tji} generated by the

elements

Cp q
i j =

∑
1≤a,b≤n

ca bi jt
p
at
q
b −

∑
1≤a,b≤n

tai t
b
jc
p q
a b.

The algebra A(c) is quotient of the free algebra k{tji} by the two-sided ideal I(c).

Next, we put a bialgebra structure on the algebra A(c). Define coproduct and counit

on the generators as follows:

∆(tji ) =
n∑
l=1

tli ⊗ t
j
l

ε(tji ) = δij

where δij is the Kronecker delta and extend these maps to A(c) as algebra maps.

We need to show that these maps are well-defined and the diagrams of the Definition

2.1.3 commute, i.e.,

(∆⊗ id)∆ = (id⊗∆)∆, (2.4)

(ε⊗ id)∆ = (id⊗ ε)∆ = id (2.5)

Let us show that ε and ∆ are well-defined:

ε(Cp q
i j) =

∑
1≤a,b≤n

ca bi jε(t
p
a)ε(t

q
b)−

∑
1≤a,b≤n

ε(tai )ε(t
b
j)c

p q
a b

=
∑

1≤a,b≤n

ca bi jδapδbq −
∑

1≤a,b≤n

δiaδjbc
p q
a b

= cp qi j − c
p q
i j

= 0
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∆(Cp q
i j) =

∑
1≤a,b≤n

ca bi j∆(tpa)∆(tqb)−
∑

1≤a,b≤n

∆(tai )∆(tbj)c
p q
a b

=
n∑

a,b=1

n∑
l,m=1

ca bi j(t
l
a ⊗ t

p
l )(t

m
b ⊗ tqm)−

n∑
a,b=1

n∑
l,m=1

(tli ⊗ tal )(tmj ⊗ tbm)cp qa b

=
n∑

l,m=1

n∑
a,b=1

ca bi jt
l
at
m
b ⊗ t

p
l t
q
m −

n∑
l,m=1

n∑
a,b=1

tlit
m
j ⊗ tal tbmc

p q
a b

=
n∑

l,m=1

(C l m
i j +

n∑
a,b=1

tai t
b
jc
l m
a b)⊗ t

p
l t
q
m −

n∑
l,m=1

tlit
m
j ⊗ (

n∑
a,b=1

ca bl mt
p
at
q
b − C

p q
l m)

=
n∑

l,m=1

C l m
i j ⊗ t

p
l t
q
m +

n∑
a,b,l,m=1

tai t
b
jc
l m
a b ⊗ t

p
l t
q
m

−
n∑

a,b,l,m=1

tlit
m
j ⊗ ca bl mtpat

q
b +

n∑
l,m=1

tlit
m
j ⊗ C

p q
l m

=
n∑

l,m=1

C l m
i j ⊗ t

p
l t
q
m +

n∑
l,m=1

tlit
m
j ⊗ C

p q
l m

The elements C l m
i j and Cp q

l m are in the ideal I(c), which means ∆(Cp q
i j) = 0 in A(c).

In order to show (2.4) and (2.5) it is enough to check these on the generators of A(c).

To show (2.4) apply the LHS map to tji ∈ A(c).

(∆⊗ id)∆(tji ) =
n∑
l=1

(∆⊗ id)(tli ⊗ t
j
l )

=
n∑
l=1

n∑
m=1

(tmi ⊗ tlm)⊗ tjl

=
n∑

m=1

n∑
l=1

tmi ⊗ (tlm ⊗ t
j
l )

=
n∑

m=1

(id⊗∆)(tmi ⊗ tjm)

= (id⊗∆)∆(tji )

To show (2.5) apply (ε⊗ id)∆ and (id⊗ ε)∆ to tji ∈ A(c).

(ε⊗ id)∆(tji ) =
n∑
l=1

(ε⊗ id)(tli ⊗ t
j
l )

= δil ⊗ tjl
= 1⊗ tji
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(id⊗ ε)∆(tji ) =
n∑
l=1

(id⊗ ε)(tli ⊗ t
j
l )

= tli ⊗ δlj

= tji ⊗ 1

Next, let us define the linear map ∆V on the basis {v1, v2, ...vn} as follows:

∆V (vi) =
n∑
j=1

tji ⊗ vj.

To prove that ∆V endows V with a left comodule structure over the bialgebra A(c),

we need to show that the diagrams of Definition 2.1.19 commute, i.e., we need to

show:

(id⊗∆V )∆V = (∆⊗ id)∆V , (2.6)

(ε⊗ id)∆V = id (2.7)

Apply the LHS map of (2.6) to vi ∈ V .

(id⊗∆V )∆V (vi) =
n∑
j=1

(id⊗∆V )(tji ⊗ vj)

=
n∑

j,l=1

(tji ⊗ tlj ⊗ vl)

=
n∑
l=1

(∆⊗ id)(tli ⊗ vl)

= (∆⊗ id)∆V (vi)

Apply the LHS map of (2.7) to vi ∈ V .

(ε⊗ id)∆V (vi) =
n∑
j=1

(ε⊗ id)(tji ⊗ vj)

=
n∑
j=1

(δij ⊗ vj)

= 1⊗ vi

The coaction ∆V induces a coaction ∆V⊗V of A(c) on V ⊗ V defined by

∆V⊗V (vi ⊗ vj) =
n∑

l,m=1

tlit
m
j ⊗ vl ⊗ vm.
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To prove that c is a comodule map, we need to show

∆V⊗V ◦ c = (id⊗ c) ◦∆V⊗V .

Apply the map ∆V⊗V ◦ c− (id⊗ c) ◦∆V⊗V to vi ⊗ vj ∈ V ⊗ V .

(∆V⊗V ◦ c− (id⊗ c) ◦∆V⊗V )(vi ⊗ vj)

= ∆V⊗V (c(vi ⊗ vj))− (id⊗ c)(∆V⊗V (vi ⊗ vj))

=
n∑

l,m,p,q=1

tlpt
m
q ⊗ c

p q
i jvl ⊗ vm −

n∑
l,m,p,q=1

tpi t
q
j ⊗ cl mp qvl ⊗ vm

=
n∑

l,m=1

(
n∑

p,q=1

cp qi jt
l
pt
m
q − t

p
i t
q
jc
l m
p q)⊗ vl ⊗ vm

=
n∑

l,m=1

C l m
i j ⊗ vl ⊗ vm

= 0A(c)⊗V⊗V

Now let us prove the existence and uniqueness of the linear form r on A(c) ⊗ A(c)

turning A(c) into a cobraided bialgebra such that crV,V = c. If such a linear form

exists, then we have:

crV,V (vi ⊗ vj) = (r ⊗ idV⊗V ) ◦ (idH ⊗ τV,H ⊗ idV ) ◦ (∆V ⊗∆V ) ◦ τV,V (vi ⊗ vj)

=
n∑

l,m=1

r(tlj ⊗ tmi )vl ⊗ vm

= c(vi ⊗ vj)

=
n∑

l,m=1

cl mi j vl ⊗ vm

Hence, r(tlj ⊗ tmi ) = cl mi j for all i, j, l,m. Then uniqueness of r follows from Def-

inition 2.1.16 part (iii), which restricts the way to extend the universal R-form on

products of elements of the algebra A(c). To prove existence we need to define r on

all of A(c)⊗ A(c). Define r on the generators of k{tji} ⊗ k{tji} by

r(tji ⊗ 1) = r(1⊗ tji ) = ε(tji ) = δij

r(tlj ⊗ tmi ) = cl mi j

and extend on k{tji}⊗k{tji} using Definition 2.1.16 part (iii). Now we need to prove
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that r is well-defined. It is enough to prove:

r(I(c)⊗ 1) = r(1⊗ I(c)) = 0

r(Cp q
i j ⊗ tlm) = r(tlm ⊗ C

p q
i j) = 0

for all i, j, l,m, p, q.

r(I(c)⊗ 1) = r(1⊗ I(c)) = ε(I(c)) = 0

r(Cp q
i j ⊗ tlm) =

∑
1≤a,b≤n

ca bi jr(t
p
at
q
b ⊗ t

l
m)−

∑
1≤a,b≤n

r(tai t
b
j ⊗ tlm)cp qa b

=
∑

1≤a,b,s≤n

ca bi jr(t
p
a ⊗ tsm)r(tqb ⊗ t

l
s)−

∑
1≤a,b,s≤n

r(tai ⊗ tsm)r(tbj ⊗ tls)c
p q
a b

=
∑

1≤a,b,s≤n

ca bi jc
p s
m ac

q l
s b −

∑
1≤a,b,s≤n

ca sm ic
b l
s jc

p q
a b = 0

r(tlm ⊗ C
p q
i j) =

∑
1≤a,b≤n

ca bi jr(t
l
m ⊗ tpat

q
b)−

∑
1≤a,b≤n

r(tlm ⊗ tai tbj)c
p q
a b

=
∑

1≤a,b,s≤n

ca bi jr(t
s
m ⊗ t

q
b)r(t

l
s ⊗ tpa)−

∑
1≤a,b,s≤n

r(tsm ⊗ tbj)r(tls ⊗ tai )c
p q
a b

=
∑

1≤a,b,s≤n

ca bi jc
s q
b mc

l p
a s −

∑
1≤a,b,s≤n

cs bj mc
l a
i sc

p q
a b = 0

These are zero because c is an R-matrix, that is, it satisfies (2.3).

Last, let us prove the universality of the algebra A(c). Let (B,∆′V ) be an algebra

satisfying the conditions of Theorem 2.2.1. We need to show that there exists a unique

bialgebra morphism such that the following diagram commutes:

V
∆V //

∆′V $$

A(c)⊗ V
φ⊗idV
��

B ⊗ V

(2.8)

There exists a family (xji )1≤i,j≤n of elements of B uniquely determined by

∆′V (vi) =
n∑
j=1

xjivj.

Then the equations (2.6) and (2.7) imply that

∆(xji ) =
n∑
l=1

xli ⊗ x
j
l , and

ε(xji ) = δij
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The fact that the map c is a comodule map implies

∆′V⊗V ◦ c = (id⊗ c) ◦∆′V⊗V

which is equivalent to the vanishing of
n∑

p,q=1

cp qi jx
l
px

m
q − x

p
ix

q
jc
l m
p q

for every i, j, l andm. Now it is obvious that we have a bialgebra map φ : k{tji} → B

given by φ(tji ) = xji which factors through A(c). Let us check the commutation of

the diagram 2.8:

(φ⊗ idV )(∆V (vi)) =
n∑
j

φ(tji )⊗ vj

=
n∑
j

xji ⊗ vj

= ∆′V (vi)

Conversely, the relation (φ⊗ idV )∆V = ∆′V determines the map φ, which proves the

uniqueness of φ.

2.3 Drinfeld’s Quantum Double

We see that braided Hopf algebras provide R-matrices. The problem is now to find

more such Hopf algebras. Drinfeld discovered a way to construct a braided Hopf

algebra from any finite-dimensional Hopf algebra with an invertible antipode. This

method is known as Drinfeld’s quantum double construction.

Definition 2.3.1. Let (H,µ, η,∆H , εH) be a bialgebra and (C,∆C , εC) be a coal-

gebra. C is said to be a module-coalgebra over H if there exists a morphism of

coalgebras φ : H ⊗ C → C inducing an H-module structure on C, that is,

(φ⊗ φ)∆H⊗C = ∆Cφ

εH⊗C = εCφ

φ(µ⊗ idC) = φ(idH ⊗ φ)

φ(η ⊗ idC) = idC
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Definition 2.3.2. A pair (X,A) of bialgebras is matched if there exist linear maps

α : A ⊗X → X and β : A ⊗X → A turning X into a left module-coalgebra over

A, and turning A into a right module-coalgebra over X , such that, if we set

α(a⊗ x) = a · x and β(a⊗ x) = ax,

the following conditions are satisfied:

a · (xy) =
∑

(a)(x)

(a′ · x′)(a′′x′′ · y), (2.9)

a · 1 = ε(a)1, (2.10)

(ab)x =
∑
(b)(x)

ab
′·x′b′′x

′′
, (2.11)

1x = ε(x)1, (2.12)∑
(a)(x)

a′x
′ ⊗ a′′ · x′′ =

∑
(a)(x)

a′′x
′′ ⊗ a′ · x′ (2.13)

for all a, b ∈ A and x, y ∈ X .

Remark 2.3.3. The assertions that the map α turns X into a module-coalgebra over

A and the map β turns A into a right module-coalgebra over X means the following:

(ab) · x = a · (b · x),

1 · x = x,∑
(a·x)

(a · x)′ ⊗ (a · x)′′ =
∑

(a)(x)

a′ · x′ ⊗ a′′ · x′′

ε(a · x) = ε(a)ε(x)

axy = (ax)y,

a1 = a,∑
(ax)

(ax)′ ⊗ (ax)′′ =
∑

(a)(x)

a′x
′ ⊗ a′′x′′

ε(ax) = ε(a)ε(x)

Theorem 2.3.4. Let (X,A) be a matched pair of bialgebras. There exists a unique

bialgebra structure on the vector spaceX⊗A, called the bicrossed product of X and

A and denoted by X ./ A, such that its product, unit, coproduct and counit are given
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by

(x⊗ a)(y ⊗ b) =
∑

(a)(y)

x(a′ · y′)⊗ a′′y′′b,

η(1) = 1⊗ 1,

∆(x⊗ a) =
∑

(a)(x)

(x′ ⊗ a′)⊗ (x′′ ⊗ a′′),

ε(x⊗ a) = ε(x)ε(a)

for all x, y ∈ X and a, b ∈ A. Moreover, the injective maps ιX : X → X ⊗ A and

ιA : A→ X⊗A given by ιX(x) = x⊗1 and ιA(a) = 1⊗a are bialgebra morphisms.

We have

x⊗ a = (x⊗ 1)(1⊗ a). (2.14)

If the bialgebras X and A are Hopf algebras with antipodes SX and SA, respectively,

then X ./ A is a Hopf algebra with antipode S given by

S(x⊗ a) =
∑

(x)(a)

SA(a′′) · SX(x′′)⊗ SA(a′)SX(x′).

Proof. First, let us prove that X ./ A is a bialgebra. We need to show that the

diagrams of Definition 2.1.1 to show that X ./ A is an algebra.

((x⊗ a)(y ⊗ b))(z ⊗ c) =
∑

(a)(y)

(x(a′ · y′)⊗ a′′y′′b)(z ⊗ c)

=
∑

(a)(b)(y)(z)

x(a′ · y′)((a′′y′′b)′ · z′)⊗ (a′′y
′′
b)′′z

′′
c

=
∑

(a)(b)(y)(z)

x(a′ · y′)((a′′y′′b′) · z′)⊗ (a′′′y
′′′
b′′)z

′′
c

=
∑

(a)(b)(y)(z)

x(a′ · y′)((a′′y′′ · b′) · z′)⊗ (a′′′y
′′′

)b
′′·z′′b′′′z

′′′
c

(x⊗ a)((y ⊗ b)(z ⊗ c)) =
∑
(b)(z)

(x⊗ a)(y(b′ · z′)⊗ b′′z′′c)

=
∑

(a)(b)(y)(z)

x(a′ · (y(b′ · z′))′)⊗ a′′(y(b′·z′))′′b′′z
′′
c

=
∑

(a)(b)(y)(z)

x(a′ · y′(b′ · z′))⊗ a′′y′′(b′′·z′′)b′′′z′′′c

=
∑

(a)(b)(y)(z)

x(a′ · y′)((a′′y′′ · b′) · z′)⊗ (a′′′y
′′′

)b
′′·z′′b′′′z

′′′
c
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(1⊗ 1)(x⊗ a) =
∑
(x)

1(1 · x′)⊗ 1x
′′
a

=
∑
(x)

x′ ⊗ ε(x′′)a

=
∑
(x)

x′ε(x′′)⊗ a

= x⊗ a

(x⊗ a)(1⊗ 1) =
∑
(a)

x(a′ · 1)⊗ a′′11

=
∑
(a)

xε(a′)⊗ a′′

=
∑
(a)

x⊗ ε(a′)a′′

= x⊗ a

To show that X ./ A is a coalgebra we need to show diagrams of 2.1.3 commute:

(∆⊗ id)∆(x⊗ a) = (∆⊗ id)
∑

(a)(x)

(x′ ⊗ a′)⊗ (x′′ ⊗ a′′)

=
∑

(a)(x)

∆(x′ ⊗ a′)⊗ (x′′ ⊗ a′′)

=
∑

(a)(x)

(x′ ⊗ a′)⊗ (x′′ ⊗ a′′)⊗ (x′′′ ⊗ a′′′),

(id⊗∆)∆(x⊗ a) = (id⊗∆)
∑

(a)(x)

(x′ ⊗ a′)⊗ (x′′ ⊗ a′′)

=
∑

(a)(x)

(x′ ⊗ a′)⊗∆(x′′ ⊗ a′′)

=
∑

(a)(x)

(x′ ⊗ a′)⊗ (x′′ ⊗ a′′)⊗ (x′′′ ⊗ a′′′),
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(ε⊗ id)∆(x⊗ a) = (ε⊗ id)
∑

(a)(x)

(x′ ⊗ a′)⊗ (x′′ ⊗ a′′)

=
∑

(a)(x)

ε(x′ ⊗ a′)⊗ (x′′ ⊗ a′′)

=
∑

(a)(x)

ε(x′)ε(a′)⊗ (x′′ ⊗ a′′)

=
∑

(a)(x)

(ε(x′)x′′ ⊗ ε(a′)a′′)

= x⊗ a,

(id⊗ ε)∆(x⊗ a) = (id⊗ ε)
∑

(a)(x)

(x′ ⊗ a′)⊗ (x′′ ⊗ a′′)

=
∑

(a)(x)

(x′ ⊗ a′)⊗ ε(x′′ ⊗ a′′)

=
∑

(a)(x)

(x′ ⊗ a′)⊗ ε(x′′)ε(a′′)

=
∑

(a)(x)

(x′ε(x′′)⊗ a′ε(a′′))

= x⊗ a.

Next, let us show that the map ∆ is an algebra morphism.

∆((x⊗ a)(y ⊗ b)) =
∑

(a)(y)

∆(x(a′ · y′)⊗ a′′y′′b)

=
∑

(a)(y)(x)(b)

(x(a′ · y′))′ ⊗ (a′′y
′′
b)′ ⊗ (x(a′ · y′))′′ ⊗ (a′′y

′′
b)′′

=
∑

(a)(y)(x)(b)

x′(a′ · y′)⊗ a′′y′′b′ ⊗ x′′(a′′′ · y′′′)⊗ a′′′′y′′′′b′′

∆(x⊗ a)∆(y ⊗ b) = (
∑

(a)(x)

x′ ⊗ a′ ⊗ x′′ ⊗ a′′)(
∑
(b)(y)

y′ ⊗ b′ ⊗ y′′ ⊗ b′′)

=
∑

(a)(b)(x)(y)

(x′ ⊗ a′ ⊗ x′′ ⊗ a′′)(y′ ⊗ b′ ⊗ y′′ ⊗ b′′)

=
∑

(a)(b)(x)(y)

((x′ ⊗ a′)(y′ ⊗ b′))⊗ ((x′′ ⊗ a′′)(y′′ ⊗ b′′))

=
∑

(a)(b)(x)(y)

x′(a′ · y′)⊗ a′′y′′b′ ⊗ x′′(a′′′ · y′′′)⊗ a′′′′y′′′′b′′
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Next, let us show that the map ε is an algebra morphism.

ε((x⊗ a)(y ⊗ b)) =
∑

(a)(y)

ε(x(a′ · y′)⊗ a′′y′′b)

=
∑

(a)(y)

ε(x(a′ · y′))ε(a′′y′′b)

=
∑

(a)(y)

ε(x)ε(a′)ε(y′)ε(a′′)ε(y′′)ε(b)

=
∑

(a)(y)

ε(x)ε(a)ε(y)ε(b)

ε((x⊗ a)(y ⊗ b)) = ε((x⊗ a)ε(y ⊗ b))

= ε(x)ε(a)ε(y)ε(b)

Next, let us prove that ιX and ιA are bialgebra morphisms and the equation (2.14)

holds. Let x, y ∈ X, a, b ∈ A. The map ιX is an algebra morphism:

ιX(x)ιX(y) = (x⊗ 1)(y ⊗ 1)

=
∑
(y)

x(1 · y′)⊗ 1y
′′

=
∑
(y)

xy′ ⊗ ε(y′′)

=
∑
(y)

xy′ε(y′′)⊗ 1

= xy ⊗ 1

= ιX(xy),

ιX(ηX(1)) = ιX(1) = 1⊗ 1 = η(1).

The map ιX is a coalgebra morphism:

(ιX ⊗ ιX)∆X(x) = (ιX ⊗ ιX)(
∑
(x)

x′ ⊗ x′′)

=
∑
(x)

x′ ⊗ 1⊗ x′′ ⊗ 1

= ∆(x⊗ 1)

= ∆(ιX(x)),

ε(ιX(x)) = ε(x⊗ 1) = ε(x).
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The map ιA is an algebra morphism:

ιA(a)ιA(b) = (1⊗ a)(1⊗ b)

=
∑
(a)

(a′ · 1)⊗ a′′1b

=
∑
(a)

ε(a′)⊗ a′′b

=
∑
(y)

1⊗ ε(a′)a′′b

= 1⊗ ab

= ιA(ab),

ιA(ηA(1)) = ιA(1) = 1⊗ 1 = η(1).

The map ιA is a coalgebra morphism:

(ιA ⊗ ιA)∆A(a) = (ιA ⊗ ιA)(
∑
(a)

a′ ⊗ a′′)

=
∑
(a)

1⊗ a′ ⊗ 1⊗ a′′

= ∆(1⊗ a)

= ∆(ιA(a)),

ε(ιA(a)) = ε(1⊗ a) = ε(a).

The equation (2.14) is satisfied:

(x⊗ 1)(1⊗ a) = x(1 · 1)⊗ 11a = x⊗ a.

Last, let us show that the map S is an antipode for X ./ A.
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∑
(x)(a)

S(x′ ⊗ a′)(x′′ ⊗ a′′)

=
∑

(x)(a)

(SA(a′′) · SX(x′′)⊗ SA(a′)SX(x′))(x′′′ ⊗ a′′′)

=
∑

(x)(a)

SA(a′′) · SX(x′′)((SA(a′)SX(x′))′ · (x′′′)′)⊗ (SA(a′)SX(x′))′′(x
′′′)′′a′′′

=
∑

(x)(a)

SA(a′′′) · SX(x′′′)(SA(a′′)SX(x′′) · x′′′′)⊗ SA(a′)SX(x′)x′′′′′a′′′′

=
∑

(x)(a)

SA(a′′) · (SX(x′′)x′′′)⊗ SA(a′)SX(x′)x′′′′a′′′

=
∑

(x)(a)

ε(x′′)SA(a′′) · 1⊗ SA(a′)SX(x′)x′′′a′′′

=
∑

(x)(a)

ε(SA(a′′))1⊗ SA(a′)SX(x′)x′′a′′′

=
∑
(a)

ε(x)1⊗ SA(a′)1a′′ =
∑
(a)

ε(x)1⊗ SA(a′)a′′

= ε(x)ε(a)1⊗ 1 = ε(x⊗ a)1⊗ 1

∑
(x)(a)

(x′ ⊗ a′)S(x′′ ⊗ a′′)

=
∑

(x)(a)

(x′ ⊗ a′)(SA(a′′′) · SX(x′′′)⊗ SA(a′′)SX(x′′))

=
∑

(x)(a)

x′((a′)′ · (SA(a′′′) · SX(x′′′))′)⊗ (a′)′′(SA(a′′′)·SX(x′′′))′′SA(a′′)SX(x′′)

=
∑

(x)(a)

x′((a′SA(a′′′′′)) · SX(x′′′′′))⊗ a′′SA(a′′′′)·SX(x′′′′)SA(a′′′)SX(x′′′)

=
∑

(x)(a)

x′((a′SA(a′′′′)) · SX(x′′′))⊗ (a′′SA(a′′′))SX(x′′)

=
∑

(x)(a)

x′((a′SA(a′′′)) · SX(x′′′))⊗ ε(a′′)1SX(x′′)

=
∑

(x)(a)

x′((a′SA(a′′)) · SX(x′′′))⊗ ε(SX(x′′))1

=
∑
(x)

ε(a)x′(1 · SX(x′′))⊗ 1 =
∑
(x)

ε(a)x′SX(x′′)⊗ 1

= ε(a)ε(x)⊗ 1 = ε(x⊗ a)1⊗ 1
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Definition 2.3.5. Let H = (H,µ, η,∆, ε) be a bialgebra. Then the opposite algebra

of H is defined by Hop = (H,µop, η,∆, ε) where µop = τ ◦ µ.

Theorem 2.3.6. LetH = (H,µ, η,∆, ε, S, S−1) be a finite-dimensional Hopf algebra

and X = (Hop)∗ = (H∗,∆∗, ε∗, (µop)∗, η∗, (S−1)∗, S∗) be the dual of the opposite

Hopf algebra. Let α : H ⊗X → X and β : H ⊗X → H be the linear maps given

by

α(a⊗ f) = a · f =
∑
(a)

f(S−1(a′′)?a′), and

β(a⊗ f) = af =
∑
(a)

f(S−1(a′′′)a′)a′′

for a ∈ H and f ∈ X , where f(S−1(a′′)?a′) is the map defined by

f(S−1(a′′)?a′)(x) = f(S−1(a′′)xa′),

for all x ∈ H . Then the pair (H,X) is matched.

Proof. Before we start the proof, note that the product, coproduct, unit and counit in

X = (Hop)∗ are respectively given by

(∆)∗(f ⊗ g)(a) =
∑
(a)

f(a′)g(a′′)

(µ)∗(f)(a⊗ b) = f(ba)

(ε)∗(1)(a) = ε(a)

(η)∗(f) = f(1)

for all a, b ∈ H and f, g ∈ X .

First, let us prove that α endows X with a left module-coalgebra structure over H .
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Let a, b ∈ H and f ∈ X .

a · (b · f) =
∑
(b)

a · f(S−1(b′′)?b′)

=
∑
(a)(b)

f(S−1(b′′)S−1(a′′)?a′b′)

=
∑
(a)(b)

f(S−1((ab)′′)?(ab)′)

= (ab) · f

1 · f(x) =
∑
(1)

f(S−1(1′′)x1′) = f(x)

for every x ∈ H . Hence, 1 · f = f .

∑
(a·f)

(a · f)′ ⊗ (a · f)′′(x⊗ y) = (a · f)(yx)

=
∑
(a)

f(S−1(a′′)yxa′)

=
∑
(a)

f(S−1(a′′′)yε(a′′)xa′)

=
∑
(a)

f((S−1(a′′′′)y(a′′′))(S−1(a′′)xa′))

=
∑

(a)(f)

a′ · f ′ ⊗ a′′ · f ′′(x⊗ y)

for all x⊗ y ∈ H ⊗H . Hence we have

∑
(a·f)

(a · f)′ ⊗ (a · f)′′ =
∑

(a)(f)

a′ · f ′ ⊗ a′′ · f ′′.

η∗(a · f) = (a · f)(1) =
∑
(a)

f(S−1(a′′)1a′) = f(ε(a)1) = ε(a)f(1) = ε(a)ε(f)

Next, let us prove that β endows H with a right module-coalgebra structure over X .
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Let a ∈ H and f, g ∈ X .

(af )g =
∑
(af )

g(S−1((af )′′′)(af )′)(af )′′

=
∑
(a)

f(S−1(a′′′′′)a′)g(S−1(a′′′′)a′′)a′′′

=
∑
(a)

f((S−1(a′′′)a′)′)g((S−1(a′′′)a′)′′)a′′

=
∑
(a)

(fg)(S−1(a′′′)a′)a′′

= afg

a1 =
∑
(a)

ε(S−1(a′′′)a′)a′′ =
∑
(a)

ε(S−1(a′′′))ε(a′)a′′ =
∑
(a)

ε(a′′′)ε(a′)a′′ = a

∑
(af )

(af )′ ⊗ (af )′′ =
∑
(a)

f(S−1(a′′′′)a′)a′′ ⊗ a′′′

=
∑
(a)

f(S−1(a′′′′′)a′)a′′ ⊗ ε(a′′′)a′′′′

=
∑
(a)

f(S−1(a′′′′′)ε(a′′′)a′)a′′ ⊗ a′′′′

=
∑
(a)

f(S−1(a′′′′′′)a′′′′S−1(a′′′)a′)a′′ ⊗ a′′′′′

=
∑

(a)(f)

f ′(S−1(a′′′)a′)a′′ ⊗ f ′′(S−1(a′′′′′′)a′′′′)a′′′′′

=
∑

(a)(f)

a′f
′ ⊗ a′′f ′′

ε(af ) =
∑
(a)

ε(f(S−1(a′′′)a′)a′′)

=
∑
(a)

f(S−1(a′′′)ε(a′′)a′)

=
∑
(a)

f(S−1(a′′)a′)

= f(ε(a)1)

= ε(a)f(1)

= ε(a)ε(f)
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Last, let us show that α and β satisfies the relations of Definition 2.3.2. Let a, b ∈ H
and f, g ∈ X .

∑
(a)(f)

(a′ · f ′)(a′′f ′′ · g)(x)

=
∑

(a)(x)(f)

(a′ · f ′)(x′)(a′′f ′′ · g)(x′′)

=
∑

(a)(x)(f)

f ′(S−1(a′′)x′a′)f ′′(S−1(a′′′′′)a′′′)(a′′′′ · g)(x′′)

=
∑

(a)(x)(f)

f ′(S−1(a′′)x′a′)f ′′(S−1(a′′′′′′)a′′′)g(S−1(a′′′′′)x′′a′′′′)

=
∑

(a)(x)

f(S−1(a′′′′′′)a′′′S−1(a′′)x′a′)g(S−1(a′′′′′)x′′a′′′′)

=
∑

(a)(x)

ε(a′′)f(S−1(a′′′′′)x′a′)g(S−1(a′′′′)x′′a′′′)

=
∑

(a)(x)

f(S−1(a′′′′)x′a′)g(S−1(a′′′)x′′a′′)

=
∑

(S−1(a′′)xa′)

f((S−1(a′′)xa′)′)g((S−1(a′′)xa′)′′)

=
∑
(a)

(fg)(S−1(a′′)xa′)

= a · (fg)(x)

for all x ∈ H , so we have

a · (fg) =
∑

(a)(f)

(a′ · f ′)(a′′f ′′ · g)

a · ε(x) =
∑
(a)

ε(S−1(a′′)xa′)

=
∑
(a)

ε(S−1(a′′))ε(x)ε(a′)

=
∑
(a)

ε(a′′)ε(x)ε(a′)

= ε(a)ε(x)

32



for all x ∈ H , so we have a · ε = ε(a)ε∑
(b)(f)

ab
′·f ′b′′f

′′
=
∑
(b)(f)

af
′(S−1((b′)′′)?(b′)′)f ′′(S−1((b′′)′′′)(b′′)′)(b′′)′′

=
∑

(a)(b)(f)

f ′(S−1(b′′)S−1(a′′′)a′b′)a′′f ′′(S−1(b′′′′′)b′′′)b′′′′

=
∑
(a)(b)

f(S−1(b′′′′′)b′′′S−1(b′′)S−1(a′′′)a′b′)a′′b′′′′

=
∑
(a)(b)

f(S−1(b′′′′)ε(b′′)S−1(a′′′)a′b′)a′′b′′′

=
∑
(a)(b)

f(S−1(b′′′)S−1(a′′′)a′b′)a′′b′′

=
∑
(ab)

f(S−1((ab)′′′)(ab)′)(ab)′′

= (ab)f

1f = f(1)1 = ε(f)1∑
(a)(f)

a′f
′ ⊗ a′′ · f ′′ =

∑
(a)(f)

f ′(S−1(a′′′)a′)a′′ ⊗ f ′′(S−1(a′′′′′)?a′′′′)

=
∑
(a)

a′′ ⊗ f(S−1(a′′′′′)?a′′′′S−1(a′′′)a′)

=
∑
(a)

a′′ ⊗ f(S−1(a′′′′)?ε(a′′′)a′)

=
∑
(a)

a′′ ⊗ f(S−1(a′′′)?a′)

∑
(a)(f)

a′′f
′′ ⊗ a′ · f ′ =

∑
(a)(f)

f ′′(S−1(a′′′′′)a′′′)a′′′′ ⊗ f ′(S−1(a′′)?a′)

=
∑
(a)

a′′′′ ⊗ f(S−1(a′′′′′)a′′′S−1(a′′)?a′)

=
∑
(a)

a′′′ ⊗ f(S−1(a′′′′)ε(a′′)?a′)

=
∑
(a)

a′′ ⊗ f(S−1(a′′′)?a′)

Thus, we have ∑
(a)(f)

a′f
′ ⊗ a′′ · f ′′ =

∑
(a)(f)

a′′f
′′ ⊗ a′ · f ′
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Definition 2.3.7. The quantum double of H is defined by

D(H) = X ./ H

where H is a finite-dimensional Hopf algebra with invertible antipode and X =

(Hop)∗.

Theorem 2.3.8. Let {ei}i∈I be a basis of H and {ei}i∈I be its dual basis. D(H) is a

braided Hopf algebra with the universal R-matrix

R =
∑
i∈I

(1⊗ ei)⊗ (ei ⊗ 1).

Proof. We need to show

(i) R is invertible in D(H)⊗D(H),

(ii) R∆(ξ ⊗ x) = ∆op(ξ ⊗ x)R, for all ξ ∈ X and x ∈ H ,

(iii) (∆⊗ id)(R) = R13R23 and (id⊗∆)(R) = R13R12.

Remark 2.3.9. Since {ei}i∈I is a basis of H and {ei}i∈I is its dual basis, we have

a =
∑
i∈I

ei(a)ei∑
(a)

a′ ⊗ a′′ =
∑

(ei),i∈I

ei(a) e′i ⊗ e′′i∑
(a)

a′ ⊗ a′′ ⊗ a′′′ =
∑

(ei),i∈I

ei(a) e′i ⊗ e′′i ⊗ e′′′i

for all a ∈ H .

(i) Our claim is

R−1 =
∑
i∈I

(1⊗ ei)⊗ ((ei ◦ S)⊗ 1).

Let A = a⊗ f ⊗ b⊗ g be an element in H ⊗X ⊗H ⊗X . Pairing this element
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with RR−1 using the duality between H and X , we get

< RR−1, A > =
∑
i,j∈I

< (1⊗ eiej)⊗ (ei(ej ◦ S)⊗ 1), a⊗ f ⊗ b⊗ g >

= ε(a)g(1)
∑
i,j∈I

f(eiej)(e
i(ej ◦ S))(b)

= ε(a)g(1)
∑
(b)

∑
i,j∈I

f(eiej)e
i(b′)ej(S(b′′))

= ε(a)g(1)
∑
(b)

f

(∑
i∈I

ei(b′)
∑
j∈I

ej(S(b′′))eiej

)
= ε(a)g(1)

∑
(b)

f(b′S(b′′))

= ε(a)g(1)ε(b)f(1)

=< 1⊗ 1⊗ 1⊗ 1, A >

So, RR−1 = 1⊗ 1⊗ 1⊗ 1. Similarly, pairing A with R−1R, we get

< R−1R,A > =
∑
i,j∈I

< (1⊗ eiej)⊗ ((ei ◦ S)ej ⊗ 1), a⊗ f ⊗ b⊗ g >

= ε(a)g(1)
∑
i,j∈I

f(eiej)((e
i ◦ S)ej)(b)

= ε(a)g(1)
∑
(b)

f

(∑
i∈I

ei(S(b′))
∑
j∈I

ej(b′′)eiej

)
= ε(a)g(1)

∑
(b)

f(S(b′)b′′)

= ε(a)g(1)ε(b)f(1)

=< 1⊗ 1⊗ 1⊗ 1, A >

So, R−1R = 1⊗ 1⊗ 1⊗ 1.

(ii) Now let us check that R∆(ξ ⊗ x) = ∆op(ξ ⊗ x)R, for all ξ ∈ X and x ∈ H .
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Evaluating the LHS and the RHS on A = a⊗ f ⊗ b⊗ g, we get

< R∆(ξ ⊗ x), A > =
∑

(x)(ξ),i∈I

< (1⊗ ei)(ξ′ ⊗ x′)⊗ (ei ⊗ 1)(ξ′′ ⊗ x′′), A >

=
∑

(x)(ξ)(ei),i∈I

< ξ′(S−1(e′′′i )?e′i)⊗ e′′i x′ ⊗ eiξ′′ ⊗ x′′, A >

=
∑

(x)(ξ)(ei)(b),i∈I

ξ′(S−1(e′′′i )ae′i)f(e′′i x
′)ei(b′)ξ′′(b′′)g(x′′)

=
∑

(x)(ei)(b),i∈I

ξ(b′′S−1(e′′′i )ae′i)f(e′′i x
′)ei(b′)g(x′′)

=
∑
(x)(b)

ξ(b′′′′S−1(b′′′)ab′)f(b′′x′)g(x′′)

=
∑
(x)(b)

ε(b′′′)ξ(ab′)f(b′′x′)g(x′′)

=
∑
(x)(b)

ξ(ab′)f(b′′x′)g(x′′)

< ∆op(ξ ⊗ x)R,A > =
∑

(x)(ξ),i∈I

< (ξ′′ ⊗ x′′)(1⊗ ei)⊗ (ξ′ ⊗ x′)(ei ⊗ 1), A >

=
∑

(x)(ξ),i∈I

< ξ′′ ⊗ x′′′′ei ⊗ ξ′ei(S−1(x′′′)?x′)⊗ x′′, A >

=
∑

(x)(b)(ξ),i∈I

ξ′′(a)f(x′′′′ei)ξ
′(b′)ei(S−1(x′′′)b′′x′)g(x′′)

=
∑

(x)(b),i∈I

ξ(ab′)f(x′′′′ei(S−1(x′′′)b′′x′)ei)g(x′′)

=
∑
(x)(b)

ξ(ab′)f(x′′′′S−1(x′′′)b′′x′)g(x′′)

=
∑
(x)(b)

ε(x′′′)ξ(ab′)f(b′′x′)g(x′′)

=
∑
(x)(b)

ξ(ab′)f(b′′x′)g(x′′)

=< R∆(ξ ⊗ x), A >

(iii) Now let us show that (∆⊗ id)(R) = R13R23 which is equivalent to

∑
(ei),i∈I

1⊗ e′i ⊗ 1⊗ e′′i ⊗ ei ⊗ 1 =
∑
i,j∈I

1⊗ ei ⊗ 1⊗ ej ⊗ eiej ⊗ 1.
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Let us evaluate the LHS and the RHS on B = a⊗ f ⊗ b⊗ g ⊗ c⊗ h, we get

<
∑

(ei),i∈I

1⊗ e′i ⊗ 1⊗ e′′i ⊗ ei ⊗ 1, B > =
∑

(ei),i∈I

ε(a)ε(b)h(1)f(e′i)g(e′′i )e
i(c)

=
∑
(c)

ε(a)ε(b)h(1)f(c′)g(c′′)

<
∑
i,j∈I

1⊗ ei ⊗ 1⊗ ej ⊗ eiej ⊗ 1, B >

=
∑
i,j∈I

ε(a)ε(b)h(1)f(ei)g(ej)(e
iej)(c)

=
∑

(c),i,j∈I

ε(a)ε(b)h(1)f(ei)g(ej)e
i(c′)ej(c′′)

=
∑

(c),i,j∈I

ε(a)ε(b)h(1)f(ei(c′)ei)g(ej(c′′)ej)

=
∑
(c)

ε(a)ε(b)h(1)f(c′)g(c′′)

Similarly, (id⊗∆)(R) = R13R12 is equivalent to∑
(ei),i∈I

1⊗ ei ⊗ ei
′ ⊗ 1⊗ ei′′ ⊗ 1 =

∑
i,j∈I

1⊗ eiej ⊗ ej ⊗ 1⊗ ei ⊗ 1.

<
∑

(ei),i∈I

1⊗ ei ⊗ ei
′ ⊗ 1⊗ ei′′ ⊗ 1, B >

=
∑

(ei),i∈I

ε(a)h(1)f(ei)g(1)ei
′
(b)ei

′′
(c)

=
∑
i∈I

ε(a)h(1)f(ei)g(1)ei(cb)

= ε(a)h(1)f(cb)g(1)

<
∑
i,j∈I

1⊗ eiej ⊗ ej ⊗ 1⊗ ei ⊗ 1, B > =
∑
i,j∈I

ε(a)h(1)g(1)f(eiej)e
i(c)ej(b)

=
∑
i,j∈I

ε(a)h(1)g(1)f(ei(c)eie
j(b)ej)

= ε(a)h(1)f(cb)g(1)
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CHAPTER 3

EXAMPLES

In this chapter, we introduce the bialgebra structure on the matrix algebras Mp,q(n)

and Mq(n) and the Hopf algebra structure on the quantized universal enveloping al-

gebra Uqgl(n) of the Lie algebra gl(n).

3.1 Bialgebra Structure of Mp,q(n)

Definition 3.1.1. Let p and q be nonzero elements of a field K and Mp,q(n) =

K{aij|i, j ∈ {1, 2, ..., n}}/I be the quotient of the free algebra generated by the

generators {aij|i, j ∈ {1, 2, ..., n}} over K by the two-sided ideal I generated by the

relations

ailaik = paikail, (3.1)

ajkaik = qaikajk, (3.2)

ajkail = p−1qailajk, (3.3)

ajlaik − aikajl = (p− q−1)ajkail (3.4)

whenever j > i and l > k.

Define coproduct and counit on the generators as follows:

∆(aij) =
n∑
k=1

aik ⊗ akj

ε(aij) = δij

where δij is the Kronecker delta and extend these maps to Mp,q(n) as algebra maps.
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Lemma 3.1.2. The maps ∆ and ε are well-defined on Mp,q(n).

Proof. Assume j > i and l > k. First let us verify that the map ε is well-defined.

ε(ailaik − paikail) = ε(ail)ε(aik)− pε(aik)ε(ail) = 0,

ε(ajkaik − qaikajk) = ε(ajk)ε(aik)− qε(aik)ε(ajk) = 0,

ε(ajkail − p−1qailajk) = ε(ajk)ε(ail)− p−1qε(ail)ε(ajk) = 0,

ε(ajlaik − aikajl) = ε(ajl)ε(aik)− ε(aik)ε(ajl) = 0

ε((p− q−1)ajkail) = ε(ajk)ε(ail) = 0.

Similarly, we check that the map ∆ is well-defined. First, show that ∆ preserves the

relation (3.1), i.e.

∆(ailaik) = ∆(paikail).

∆(ailaik)

= ∆(ail)∆(aik) = (
n∑
r=1

air ⊗ arl)(
n∑
s=1

ais ⊗ ask) =
n∑

r,s=1

(airais ⊗ arlask)

=
n∑

1=r<s≤n

(airais ⊗ arlask) +
n∑

1=r=s≤n

(airais ⊗ arlask) +
n∑

1=s<r≤n

(airais ⊗ arlask)

=
∑
s<r

(aisair ⊗ aslark) +
∑
r=s

(aisair ⊗ paskarl)

+
∑
s<r

(paisair ⊗ (askarl + (p− q−1)arkasl))

=
∑
s<r

(aisair ⊗ pq−1arkasl) +
∑
r=s

(aisair ⊗ paskarl)

+
∑
s<r

(paisair ⊗ askarl) +
∑
s<r

(paisair ⊗ parkasl)−
∑
s<r

(paisair ⊗ q−1arkasl)

= p
∑
r=s

(aisair ⊗ askarl) + p
∑
s<r

(aisair ⊗ askarl) + p
∑
r<s

(pairais ⊗ askarl)

= p
∑
r=s

(aisair ⊗ askarl) + p
∑
s<r

(aisair ⊗ askarl) + p
∑
r<s

(aisair ⊗ askarl)

= p
n∑

r,s=1

(aisair ⊗ askarl) = p(
n∑
s=1

ais ⊗ ask)(
n∑
r=1

air ⊗ arl) = p∆(aik)∆(ail)

= ∆(paikail).
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Second, show that ∆ preserves the relation (3.2), i.e.

∆(ajkaik) = ∆(qaikajk).

∆(ajkaik)

= ∆(ajk)∆(aik) = (
n∑
r=1

ajr ⊗ ark)(
n∑
s=1

ais ⊗ ask) =
n∑

r,s=1

(ajrais ⊗ arkask)

=
n∑

1=r<s≤n

(ajrais ⊗ arkask) +
n∑

1=r=s≤n

(ajrais ⊗ arkask)

+
n∑

1=s<r≤n

(ajrais ⊗ arkask)

=
∑
s<r

(ajsair ⊗ askark) +
∑
r=s

(qaisajr ⊗ askark)

+
∑
s<r

((aisajr + (p− q−1)ajsair)⊗ qaskark)

=
∑
s<r

(ajsair ⊗ askark) +
∑
r=s

(qaisajr ⊗ askark)

+
∑
s<r

(aisajr ⊗ qaskark) +
∑
s<r

(pajsair ⊗ qaskark)−
∑
s<r

(q−1ajsair ⊗ qaskark)

= q
∑
r=s

(aisajr ⊗ askark) + q
∑
s<r

(aisajr ⊗ askark) + q
∑
r<s

(pajrais ⊗ arkask)

= q
∑
r=s

(aisajr ⊗ askark) + q
∑
s<r

(aisajr ⊗ askark)

+ q
∑
r<s

(pp−1qaisajr ⊗ q−1askark)

= q

n∑
r,s=1

(aisajr ⊗ askark) = q(
n∑
s=1

ais ⊗ ask)(
n∑
r=1

ajr ⊗ ark) = q∆(aik)∆(ajk)

= ∆(qaikajk)

Third, show that ∆ preserves the relation (3.3), i.e.

∆(ajkail) = ∆(p−1qailajk).

∆(ajkail)

= ∆(ajk)∆(ail) = (
n∑
r=1

ajr ⊗ ark)(
n∑
s=1

ais ⊗ asl) =
n∑

r,s=1

(ajrais ⊗ arkasl)
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=
n∑

1=r<s≤n

(ajrais ⊗ arkasl) +
n∑

1=r=s≤n

(ajrais ⊗ arkasl) +
n∑

1=s<r≤n

(ajrais ⊗ arkasl)

=
∑
r<s

(p−1qaisajr ⊗ (aslark − (p− q−1)askarl)) +
∑
r=s

(qaisajr ⊗ p−1aslark)

+
∑
s<r

((aisajr + (p− q−1)ajsair)⊗ p−1qaslark)

=
∑
r<s

(p−1qaisajr ⊗ aslark) +
∑
r=s

(qaisajr ⊗ p−1aslark) +
∑
s<r

(aisajr ⊗ p−1qaslark)

−
∑
r<s

(p−1qaisajr ⊗ (p− q−1)askarl) +
∑
s<r

((p− q−1)ajsair ⊗ p−1qaslark)

= p−1q(
∑
r<s

(aisajr ⊗ aslark) +
∑
r=s

(aisajr ⊗ aslark) +
∑
s<r

(aisajr ⊗ aslark))

+ p−1q(p− q−1)(−
∑
r<s

(aisajr ⊗ askarl) +
∑
r<s

(ajrais ⊗ arlask))

= p−1q

n∑
r,s=1

(aisajr ⊗ aslark)

+ p−1q(p− q−1)(−
∑
r<s

(aisajr ⊗ askarl) +
∑
r<s

(p−1qaisajr ⊗ pq−1askarl))

= p−1q
n∑

r,s=1

(aisajr ⊗ aslark) = p−1q(
n∑
s=1

ais ⊗ asl)(
n∑
r=1

ajr ⊗ ark)

= p−1q∆(ail)∆(ajk)

= ∆(p−1qailajk)

Last, show that ∆ preserves the relation (3.4), i.e.

∆(ajlaik − aikajl) = ∆((p− q−1)ajkail).

∆(ajlaik − aikajl)

= ∆(ajl)∆(aik)−∆(aik)∆(ajl)

= (
n∑
r=1

ajr ⊗ arl)(
n∑
s=1

ais ⊗ ask)− (
n∑
s=1

ais ⊗ ask)(
n∑
r=1

ajr ⊗ arl)

=
n∑

r,s=1

(ajrais ⊗ arlask)−
n∑

r,s=1

(aisajr ⊗ askarl)
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=
n∑

1=r<s≤n

(ajrais ⊗ arlask) +
n∑

1=r=s≤n

(ajrais ⊗ arlask)

+
n∑

1=s<r≤n

(ajrais ⊗ arlask)−
n∑

1=r<s≤n

(aisajr ⊗ askarl)

−
n∑

1=r=s≤n

(aisajr ⊗ askarl)−
n∑

1=s<r≤n

(aisajr ⊗ askarl)

=
∑
r<s

(ajrais ⊗ arlask) +
∑
r=s

(ajrais ⊗ aslark) +
∑
s<r

(ajrais ⊗ arlask)

−
∑
r<s

(pq−1ajrais ⊗ p−1qarlask)−
∑
r=s

(q−1ajrais ⊗ arkasl)

−
∑
s<r

((ajrais − (p− q−1)ajsair)⊗ (arlask − (p− q−1)arkasl))

=
∑
r=s

(ajrais ⊗ parkasl)−
∑
r=s

(q−1ajrais ⊗ arkasl)

+
∑
s<r

(ajrais ⊗ (p− q−1)arkasl) +
∑
r<s

((p− q−1)ajrais ⊗ aslark)

−
∑
r<s

((p− q−1)ajrais ⊗ (p− q−1)askarl)

= (p− q−1)
∑
r=s

(ajrais ⊗ arkasl) + (p− q−1)
∑
s<r

(ajrais ⊗ arkasl)

+ (p− q−1)
∑
r<s

(ajrais ⊗ arkasl) +
∑
r<s

((p− q−1)ajrais ⊗ (p− q−1)askarl)

−
∑
r<s

((p− q−1)ajrais ⊗ (p− q−1)askarl)

= (p− q−1)
n∑

r,s=1

(ajrais ⊗ arkasl) = (p− q−1)(
n∑
r=1

ajr ⊗ ark)(
n∑
s=1

ais ⊗ asl)

= (p− q−1)∆(ajk)∆(ail) = ∆((p− q−1)ajkail)

Lemma 3.1.3. The algebra Mp,q(n) is a bialgebra with the above coproduct and

counit.

Proof. It is enough to showMp,q(n) is a coalgebra. So we need to show the following

maps are equal:

(∆⊗ id)∆ = (id⊗∆)∆, (3.5)

(ε⊗ id)∆ = (id⊗ ε)∆ = id (3.6)
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It suffices to check these on generators. To show (3.5) apply the LHS map to aij ∈
Mp,q(n).

(∆⊗ id)∆(aij) =
n∑
k=1

(∆⊗ id)(aik ⊗ akj)

=
n∑
k=1

n∑
l=1

(ail ⊗ alk)⊗ akj

=
n∑
l=1

n∑
k=1

ail ⊗ (alk ⊗ akj)

=
n∑
l=1

(id⊗∆)(ail ⊗ alj)

= (id⊗∆)∆(aij)

To show (3.6) apply (ε⊗ id)∆ to aij ∈Mp,q(n) and (id⊗ ε)∆ to aij ∈Mp,q(n).

(ε⊗ id)∆(aij) =
n∑
k=1

(ε⊗ id)(aik ⊗ akj)

= δik ⊗ akj

= 1⊗ aij

(id⊗ ε)∆(aij) =
n∑
k=1

(id⊗ ε)(aik ⊗ akj)

= aik ⊗ δkj

= aij ⊗ 1

3.2 The Bialgebra Structure of Mq(n)

Definition 3.2.1. Let q be a nonzero element of a field K and Mq(n) = K{aij|i, j ∈
{1, 2, ..., n}}/I be the quotient of the free algebra generated by the generators

{aij|i, j ∈ {1, 2, ..., n}} over K by the two-sided ideal I generated by the relations

ailaik = qaikail, ajkail = ailajk,

ajkaik = qaikajk, ajlaik − aikajl = (q − q−1)ajkail
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whenever j > i and l > k.

Define coproduct and counit on the generators as follows:

∆(aij) =
n∑
k=1

aik ⊗ akj ε(aij) = δij

where δij is the Kronecker delta and extend these maps to Mq(n) as algebra maps.

Lemma 3.2.2. The algebra Mq(n) a bialgebra with the above coproduct and counit.

Proof. In the Definition 3.1.1, if p = q we get the bialgebra Mq(n).

3.3 Hopf Algebra Structure of Uqgl(n)

Definition 3.3.1. Let Uqgl(n) be the algebra generated by ei, fi, kj, k−1
j , for i =

1, 2, ..., n− 1 and j = 1, 2, ..., n with the following relations:

kikj = kjki, (3.7)

kik
−1
i = k−1

i ki = 1, (3.8)

kiejk
−1
i = qδi,j−δi,j+1ej, (3.9)

kifjk
−1
i = q−δi,j+δi,j+1fj, (3.10)

eifj − fjei = δi,j
kik
−1
i+1 − k−1

i ki+1

q − q−1
, (3.11)

eiej = ejei, fifj = fjfi, if |i− j| ≥ 2, (3.12)

e2
i ei±1 + ei±1e

2
i = (q + q−1)eiei±1ei, (3.13)

f 2
i fi±1 + fi±1f

2
i = (q + q−1)fifi±1fi. (3.14)

Define coproduct, counit and antipode on the generators as follows:

∆(k±1
i ) = k±1

i ⊗ k±1
i , ε(k±1

i ) = 1, S(ki) = k−1
i ,

∆(ei) = ei ⊗ kik−1
i+1 + 1⊗ ei, ε(ei) = 0, S(ei) = −eik−1

i ki+1,

∆(fi) = fi ⊗ 1 + k−1
i ki+1 ⊗ fi, ε(fi) = 0, S(fi) = −kik−1

i+1fi.

and extend ∆ and ε on Uqgl(n) as algebra homomorphisms and S as an algebra

antihomomorphism.
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Lemma 3.3.2. The maps ∆, ε and S are well-defined on Uqgl(n).

Proof. We need to show that the maps ∆, ε and S preserve the relations of Definition

3.3.1. Let us start with ∆ and show that ∆ preserves the relations (3.7)-(3.14):

∆(kikj − kjki) = ∆(ki)∆(kj)−∆(kj)∆(ki)

= (ki ⊗ ki)(kj ⊗ kj)− (kj ⊗ kj)(ki ⊗ ki)

= (kikj ⊗ kikj)− (kjki ⊗ kjki) = 0,

∆(kik
−1
i − k−1

i ki) = ∆(ki)∆(k−1
i )−∆(k−1

i )∆(ki)

= (ki ⊗ ki)(k−1
i ⊗ k−1

i )− (k−1
i ⊗ k−1

i )(ki ⊗ ki)

= (kik
−1
i ⊗ kik−1

i )− (k−1
i ki ⊗ k−1

i ki) = 0,

∆(kiejk
−1
i ) = ∆(ki)∆(ej)∆(k−1

i )

= (ki ⊗ ki)(ej ⊗ kjk−1
j+1 + 1⊗ ej)(k−1

i ⊗ k−1
i )

= (kiejk
−1
i ⊗ kikjk−1

j+1k
−1
i ) + (kik

−1
i ⊗ kiejk−1

i )

= qδi,j−δi,j+1ej ⊗ kjk−1
j+1 + 1⊗ qδi,j−δi,j+1ej

= qδi,j−δi,j+1(ej ⊗ kjk−1
j+1 + 1⊗ ej)

= qδi,j−δi,j+1∆(ej),

∆(kifjk
−1
i ) = ∆(ki)∆(fj)∆(k−1

i )

= (ki ⊗ ki)(fj ⊗ 1 + k−1
j kj+1 ⊗ fj)(k−1

i ⊗ k−1
i )

= (kifjk
−1
i ⊗ kik−1

i ) + (kik
−1
j kj+1k

−1
i ⊗ kifjk−1

i )

= (q−δi,j+δi,j+1fj ⊗ 1) + (k−1
j kj+1 ⊗ q−δi,j+δi,j+1fj)

= q−δi,j+δi,j+1(fj ⊗ 1 + k−1
j kj+1 ⊗ fj)

= q−δi,j+δi,j+1∆(fj),
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∆(eifj − fjei)

= ∆(ei)∆(fj)−∆(fj)∆(ei)

= (ei ⊗ kik−1
i+1 + 1⊗ ei)(fj ⊗ 1 + k−1

j kj+1 ⊗ fj)

− (fj ⊗ 1 + k−1
j kj+1 ⊗ fj)(ei ⊗ kik−1

i+1 + 1⊗ ei)

= eifj ⊗ kik−1
i+1 + fj ⊗ ei + eik

−1
j kj+1 ⊗ kik−1

i+1fj + k−1
j kj+1 ⊗ eifj

− fjei ⊗ kik−1
i+1 − k−1

j kj+1ei ⊗ fjkik−1
i+1 − fj ⊗ ei − k−1

j kj+1 ⊗ fjei

= (eifj − fjei)⊗ kik−1
i+1 + qδi,j−δj,i+1qδi+1,j+1−δi,j+1k−1

j kj+1ei ⊗ kik−1
i+1fj

+ k−1
j kj+1 ⊗ (eifj − fjei)− qδi,j−δi,j+1q−δi+1,j+δi+1,j+1k−1

j kj+1ei ⊗ kik−1
i+1fj

= δi,j
kik
−1
i+1 − k−1

i ki+1

q − q−1
⊗ kik−1

i+1 + k−1
j kj+1 ⊗ δi,j

kik
−1
i+1 − k−1

i ki+1

q − q−1

=
δi,j

q − q−1
(kik

−1
i+1 ⊗ kik−1

i+1 − k−1
i ki+1 ⊗ kik−1

i+1

+ k−1
j kj+1 ⊗ kik−1

i+1 − k−1
j kj+1 ⊗ k−1

i ki+1)

=
δi,j

q − q−1
((ki ⊗ ki)(k−1

i+1 ⊗ k−1
i+1)− (k−1

i ⊗ k−1
i )(ki+1 ⊗ ki+1))

=
δi,j

q − q−1
(∆(ki)∆(k−1

i+1)−∆(k−1
i )∆(ki+1))

= ∆(δi,j
kik
−1
i+1 − k−1

i ki+1

q − q−1
).

Assume |i− j| ≥ 2.

∆(eiej − ejei) = ∆(ei)∆(ej)−∆(ej)∆(ei)

= (ei ⊗ kik−1
i+1 + 1⊗ ei)(ej ⊗ kjk−1

j+1 + 1⊗ ej)

− (ej ⊗ kjk−1
j+1 + 1⊗ ej)(ei ⊗ kik−1

i+1 + 1⊗ ei)

= eiej ⊗ kik−1
i+1kjk

−1
j+1 + ei ⊗ kik−1

i+1ej + ej ⊗ eikjk−1
j+1 + 1⊗ eiej

− ejei ⊗ kjk−1
j+1kik

−1
i+1 − ej ⊗ kjk−1

j+1ei − ei ⊗ ejkik−1
i+1 − 1⊗ ejei

= (eiej − ejei)⊗ kik−1
i+1kjk

−1
j+1 + ei ⊗ kik−1

i+1ej + ej ⊗ kjk−1
j+1ei

+ 1⊗ (eiej − ejei)− ej ⊗ kjk−1
j+1ei − ei ⊗ kik−1

i+1ej

= 0,

47



∆(fifj − fjfi)

= ∆(fi)∆(fj)−∆(fj)∆(fi)

= (fi ⊗ 1 + k−1
i ki+1 ⊗ fi)(fj ⊗ 1 + k−1

j kj+1 ⊗ fj)

− (fj ⊗ 1 + k−1
j kj+1 ⊗ fj)(fi ⊗ 1 + k−1

i ki+1 ⊗ fi)

= fifj ⊗ 1 + fik
−1
j kj+1 ⊗ fj + k−1

i ki+1fj ⊗ fi + k−1
i ki+1k

−1
j kj+1 ⊗ fifj

− fjfi ⊗ 1− fjk−1
i ki+1 ⊗ fi − k−1

j kj+1fi ⊗ fj − k−1
j kj+1k

−1
i ki+1 ⊗ fjfi

= (fifj − fjfi)⊗ 1 + k−1
j kj+1fi ⊗ fj + k−1

i ki+1fj ⊗ fi

+ k−1
i ki+1k

−1
j kj+1 ⊗ (fifj − fjfi)− k−1

i ki+1fj ⊗ fi − k−1
j kj+1fi ⊗ fj

= 0,

∆(e2
i ei±1 + ei±1e

2
i )

= ∆(ei)
2∆(ei±1) + ∆(ei±1)∆(ei)

2

= (ei ⊗ kik−1
i+1 + 1⊗ ei)2(ei±1 ⊗ ki±1k

−1
i+1±1 + 1⊗ ei±1)

+ (ei±1 ⊗ ki±1k
−1
i+1±1 + 1⊗ ei±1)(ei ⊗ kik−1

i+1 + 1⊗ ei)2

= e2
i ei±1 ⊗ k2

i k
−2
i+1ki±1k

−1
i+1±1 + eiei±1 ⊗ kik−1

i+1eiki±1k
−1
i+1±1

+ eiei±1 ⊗ eikik−1
i+1ki±1k

−1
i+1±1 + ei±1 ⊗ e2

i ki±1k
−1
i+1±1

+ e2
i ⊗ k2

i k
−2
i+1ei±1 + ei ⊗ kik−1

i+1eiei±1 + ei ⊗ eikik−1
i+1ei±1

+ 1⊗ e2
i ei±1 + ei±1e

2
i ⊗ ki±1k

−1
i+1±1k

2
i k
−2
i+1

+ ei±1ei ⊗ ki±1k
−1
i+1±1kik

−1
i+1ei + ei±1ei ⊗ ki±1k

−1
i+1±1eikik

−1
i+1

+ ei±1 ⊗ ki±1k
−1
i+1±1e

2
i + e2

i ⊗ ei±1k
2
i k
−2
i+1

+ ei ⊗ ei±1kik
−1
i+1ei + ei ⊗ ei±1eikik

−1
i+1 + 1⊗ ei±1e

2
i

= (e2
i ei±1 + ei±1e

2
i )⊗ kik−1

i+1ki±1k
−1
i+1±1kik

−1
i+1 + 1⊗ (e2

i ei±1 + ei±1e
2
i )

+ (q + q−1)eiei±1 ⊗ kik−1
i+1ki±1k

−1
i+1±1ei + (q + q−1)ei±1 ⊗ eiki±1k

−1
i+1±1ei

+ (q + q−1)e2
i ⊗ kik−1

i+1ei±1kik
−1
i+1 + (q + q−1)ei ⊗ eiei±1kik

−1
i+1

+ (q + q−1)ei±1ei ⊗ eiki±1k
−1
i+1±1kik

−1
i+1 + (q + q−1)ei ⊗ kik−1

i+1ei±1ei

= (q + q−1)(ei ⊗ kik−1
i+1 + 1⊗ ei)(ei±1 ⊗ ki±1k

−1
i+1±1

+ 1⊗ ei±1)(ei ⊗ kik−1
i+1 + 1⊗ ei)

= ∆((q + q−1)eiei±1ei),
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∆(f 2
i fi±1 + fi±1f

2
i )

= ∆(fi)
2∆(fi±1) + ∆(fi±1)∆(fi)

2

= (fi ⊗ 1 + k−1
i ki+1 ⊗ fi)2(fi±1 ⊗ 1 + k−1

i±1ki+1±1 ⊗ fi±1)

+ (fi±1 ⊗ 1 + k−1
i±1ki+1±1 ⊗ fi±1)(fi ⊗ 1 + k−1

i ki+1 ⊗ fi)2

= f 2
i fi±1 ⊗ 1 + f 2

i k
−1
i±1ki+1±1 ⊗ fi±1

+ fik
−1
i ki+1fi±1 ⊗ fi + fik

−1
i ki+1k

−1
i±1ki+1±1 ⊗ fifi±1

+ k−1
i ki+1fifi±1 ⊗ fi + k−1

i ki+1fik
−1
i±1ki+1±1 ⊗ fifi±1

+ k−2
i k2

i+1fi±1 ⊗ f 2
i + k−2

i k2
i+1k

−1
i±1ki+1±1 ⊗ f 2

i fi±1 + fi±1f
2
i ⊗ 1

+ k−1
i±1ki+1±1f

2
i ⊗ fi±1 + fi±1fik

−1
i ki+1 ⊗ fi

+ k−1
i±1ki+1±1fik

−1
i ki+1 ⊗ fi±1fi + fi±1k

−1
i ki+1fi ⊗ fi

+ k−1
i±1ki+1±1k

−1
i ki+1fi ⊗ fi±1fi + fi±1k

−2
i k2

i+1 ⊗ f 2
i

+ k−1
i±1ki+1±1k

−2
i k2

i+1 ⊗ fi±1f
2
i

= (f 2
i fi±1 + fi±1f

2
i )⊗ 1 + (q + q−1)fik

−1
i±1ki+1±1fi ⊗ fi±1

+ (q + q−1)k−1
i ki+1fi±1fi ⊗ fi + (q + q−1)k−1

i ki+1k
−1
i±1ki+1±1fi ⊗ fifi±1

+ (q + q−1)fifi±1k
−1
i ki+1 ⊗ fi + (q + q−1)fik

−1
i±1ki+1±1k

−1
i ki+1 ⊗ fi±1fi

+ (q + q−1)k−1
i ki+1fi±1k

−1
i ki+1 ⊗ f 2

i

+ k−1
i ki+1k

−1
i±1ki+1±1k

−1
i ki+1 ⊗ (f 2

i fi±1 + fi±1f
2
i )

= (q + q−1)(fi ⊗ 1 + k−1
i ki+1 ⊗ fi)(fi±1 ⊗ 1

+ k−1
i±1ki+1±1 ⊗ fi±1)(fi ⊗ 1 + k−1

i ki+1 ⊗ fi)

= ∆((q + q−1)fifi±1fi).

Next, let us show that ε preserves the relations (3.7)-(3.14):

ε(kikj − kjki) = ε(ki)ε(kj)− ε(kj)ε(ki) = 0,

ε(kik
−1
i − k−1

i ki) = ε(ki)ε(k
−1
i )− ε(k−1

i )ε(ki) = 0,

ε(kiejk
−1
i − qδi,j−δi,j+1ej) = ε(ki)ε(ej)ε(k

−1
i )− qδi,j−δi,j+1ε(ej) = 0,

ε(kifjk
−1
i − q−δi,j+δi,j+1fj) = ε(ki)ε(fj)ε(k

−1
i )− q−δi,j+δi,j+1ε(fj) = 0,

ε(eifj − fjei) = ε(ei)ε(fj)− ε(fj)ε(ei) = 0,

ε(δi,j
kik
−1
i+1 − k−1

i ki+1

q − q−1
) =

δi,j
q − q−1

(ε(ki)ε(k
−1
i+1)− ε(k−1

i )ε(ki+1)) = 0,
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ε(eiej − ejei) = ε(ei)ε(ej)− ε(ej)ε(ei) = 0,

ε(fifj − fjfi) = ε(fi)ε(fj)− ε(fj)ε(fi) = 0,

ε(e2
i ei±1 + ei±1e

2
i ) = ε(ei)

2ε(ei±1) + ε(ei±1)ε(ei)
2 = 0,

ε((q + q−1)eiei±1ei) = (q + q−1)ε(ei)ε(ei±1)ε(ei) = 0,

ε(f 2
i fi±1 + fi±1f

2
i ) = ε(fi)

2ε(fi±1) + ε(fi±1)ε(fi)
2 = 0,

ε((q + q−1)fifi±1fi) = (q + q−1)ε(fi)ε(fi±1)ε(fi).

Last, let us show that S preserves the relations (3.7)-(3.14):

S(kikj − kjki) = S(kj)S(ki)− S(ki)S(kj) = k−1
j k−1

i − k−1
i k−1

j = 0

S(kik
−1
i ) = S(k−1

i )S(ki) = kik
−1
i = 1 = S(1)

S(k−1
i ki) = S(ki)S(k−1

i ) = k−1
i ki = 1 = S(1)

S(kiejk
−1
i ) = S(k−1

i )S(ej)S(ki) = −kiejk−1
i k−1

j kj+1 = −qδi,j−δi,j+1ejk
−1
j kj+1

S(qδi,j−δi,j+1ej) = qδi,j−δi,j+1S(ej) = −qδi,j−δi,j+1ejk
−1
j kj+1

S(kifjk
−1
i ) = S(k−1

i )S(fj)S(ki) = −kjk−1
j+1kifjk

−1
i = −q−δi,j+δi,j+1kjk

−1
j+1fj

S(q−δi,j+δi,j+1fj) = q−δi,j+δi,j+1S(fj) = −q−δi,j+δi,j+1kjk
−1
j+1fj,

S(eifj − fjei) = S(fj)S(ei)− S(ei)S(fj)

= kjk
−1
j+1fjeik

−1
i ki+1 − eik−1

i ki+1kjk
−1
j+1fj

= q2−δi,j+δi,j+1−δi+1,j+1+δi+1,j(fjei − eifj)

= −q2−δi,j+δi,j+1−δi+1,j+1+δi+1,j
δi,j

q − q−1
(kik

−1
i+1 − k−1

i ki+1)

=
δi,j

q − q−1
(k−1
i ki+1 − kik−1

i+1)

S(δi,j
kik
−1
i+1 − k−1

i ki+1

q − q−1
) =

δi,j
q − q−1

(S(k−1
i+1)S(ki)− S(ki+1)S(k−1

i ))

=
δi,j

q − q−1
(ki+1k

−1
i − k−1

i+1ki),

S(eiej − ejei) = S(ej)S(ei)− S(ei)S(ej)

= ejk
−1
j kj+1eik

−1
i ki+1 − eik−1

i ki+1ejk
−1
j kj+1

= eiejk
−1
i ki+1k

−1
j kj+1 − eiejk−1

i ki+1k
−1
j kj+1, if |i− j| ≥ 2

= 0,
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S(fifj − fjfi) = S(fj)S(fi)− S(fi)S(fj)

= kjk
−1
j+1fjkik

−1
i+1fi − kik−1

i+1fikjk
−1
j+1fj

= fifjkik
−1
i+1kjk

−1
j+1 − fifjkik−1

i+1kjk
−1
j+1, if |i− j| ≥ 2

= 0,

S(e2
i ei±1 + ei±1e

2
i ) = S(ei±1)S(ei)

2 + S(e2
i )S(ei±1)

= −ei±1k
−1
i±1ki+1±1eik

−1
i ki+1eik

−1
i ki+1

− eik−1
i ki+1eik

−1
i ki+1ei±1k

−1
i±1ki+1±1

= −ei±1e
2
i k
−2
i k2

i+1k
−1
i±1ki+1±1 − e2

i ei±1k
−2
i k2

i+1k
−1
i±1ki+1±1

= −(ei±1e
2
i + e2

i ei±1)k−2
i k2

i+1k
−1
i±1ki+1±1

= −(q + q−1)eiei±1eik
−2
i k2

i+1k
−1
i±1ki+1±1

S((q + q−1)eiei±1ei) = (q + q−1)S(ei)S(ei±1)S(ei)

= −(q + q−1)eik
−1
i ki+1ei±1k

−1
i±1ki+1±1eik

−1
i ki+1

= −(q + q−1)eiei±1eik
−2
i k2

i+1k
−1
i±1ki+1±1,

S(f 2
i fi±1 + fi±1f

2
i ) = S(fi±1)S(fi)

2 + S(fi)
2S(fi±1)

= −ki±1k
−1
i+1±1fi±1kik

−1
i+1fikik

−1
i+1fi

− kik−1
i+1fikik

−1
i+1fiki±1k

−1
i+1±1fi±1

= −ki±1k
−1
i+1±1k

2
i k
−2
i+1fi±1f

2
i − ki±1k

−1
i+1±1k

2
i k
−2
i+1f

2
i fi±1

= −ki±1k
−1
i+1±1k

2
i k
−2
i+1(fi±1f

2
i + f 2

i fi±1)

= −(q + q−1)ki±1k
−1
i+1±1k

2
i k
−2
i+1fifi±1fi

S((q + q−1)fifi±1fi) = (q + q−1)S(fi)S(fi±1)S(fi)

= (q + q−1)kik
−1
i+1fiki±1k

−1
i+1±1fi±1kik

−1
i+1fi

= (q + q−1)ki±1k
−1
i+1±1k

2
i k
−2
i+1fifi±1fi.

Lemma 3.3.3. Uqgl(n) is a Hopf algebra with the above coproduct, counit and an-

tipode.

Proof. It is enough to show Uqgl(n) is a coalgebra, and S is an antipode. So we need
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to show the following maps are equal:

(∆⊗ id)∆ = (id⊗∆)∆, (3.15)

(ε⊗ id)∆ = (id⊗ ε)∆ = id (3.16)

µ(S ⊗ idH)∆ = µ(idH ⊗ S)∆ = ηε (3.17)

To show the equation (3.15) apply the LHS map to each generator ei, fi, kj ofUqgl(n):

(∆⊗ id)∆(ei) = (∆⊗ id)(ei ⊗ kik−1
i+1 + 1⊗ ei)

= ei ⊗ kik−1
i+1 ⊗ kik−1

i+1 + 1⊗ ei ⊗ kik−1
i+1 + 1⊗ 1⊗ ei

= (id⊗∆)(ei ⊗ kik−1
i+1 + 1⊗ ei)

= (id⊗∆)∆(ei)

(∆⊗ id)∆(fi) = (∆⊗ id)(fi ⊗ 1 + k−1
i ki+1 ⊗ fi)

= fi ⊗ 1⊗ 1 + k−1
i ki+1 ⊗ fi ⊗ 1 + k−1

i ki+1 ⊗ k−1
i ki+1 ⊗ fi

= (id⊗∆)(fi ⊗ 1 + k−1
i ki+1 ⊗ fi)

= (id⊗∆)∆(fi)

(∆⊗ id)∆(ki) = (∆⊗ id)(ki ⊗ ki)

= ki ⊗ ki ⊗ ki

= (id⊗∆)∆(ki)

To check the equation (3.16) is satisfied, apply (ε ⊗ id)∆ and (id ⊗ ε)∆ to each

generator ei, fi, kj of Uqgl(n):

(ε⊗ id)∆(ei) = (ε⊗ id)(ei ⊗ kik−1
i+1 + 1⊗ ei)

= 0⊗ kik−1
i+1 + 1⊗ ei

= 1⊗ ei

(id⊗ ε)∆(ei) = (id⊗ ε)(ei ⊗ kik−1
i+1 + 1⊗ ei)

= ei ⊗ 1 + 1⊗ 0

= ei ⊗ 1
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(ε⊗ id)∆(fi) = (ε⊗ id)(fi ⊗ 1 + k−1
i ki+1 ⊗ fi)

= 0⊗ 1 + 1⊗ fi

= 1⊗ fi

(id⊗ ε)∆(fi) = (id⊗ ε)(fi ⊗ 1 + k−1
i ki+1 ⊗ fi)

= fi ⊗ 1 + k−1
i ki+1 ⊗ 0

= fi ⊗ 1

(ε⊗ id)∆(ki) = (ε⊗ id)(ki ⊗ ki)

= 1⊗ ki

(id⊗ ε)∆(ki) = (id⊗ ε)(ki ⊗ ki)

= ki ⊗ 1

Demonstrate the equation (3.17) by applying µ(S ⊗ idH)∆, µ(idH ⊗ S)∆ and ηε on

each generator ei, fi, kj of Uqgl(n):

µ(S ⊗ idH)∆(ei) = µ(S ⊗ idH)(ei ⊗ kik−1
i+1 + 1⊗ ei)

= µ(−eik−1
i ki+1 ⊗ kik−1

i+1 + 1⊗ ei)

= −ei + ei = 0,

µ(idH ⊗ S)∆(ei) = µ(idH ⊗ S)(ei ⊗ kik−1
i+1 + 1⊗ ei)

= µ(ei ⊗ ki+1k
−1
i + 1⊗−eik−1

i ki+1)

= eiki+1k
−1
i − eiki+1k

−1
i = 0

ηε(ei) = η(0) = 0,

µ(S ⊗ idH)∆(fi) = µ(S ⊗ idH)(fi ⊗ 1 + k−1
i ki+1 ⊗ fi)

= µ(−kik−1
i+1fi ⊗ 1 + k−1

i+1ki ⊗ fi)

= −kik−1
i+1fi + kik

−1
i+1fi = 0

µ(idH ⊗ S)∆(fi) = µ(idH ⊗ S)(fi ⊗ 1 + k−1
i ki+1 ⊗ fi)

= µ(fi ⊗ 1 + k−1
i ki+1 ⊗−kik−1

i+1fi)

= fi − fi = 0

ηε(fi) = η(0) = 0
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µ(S ⊗ idH)∆(ki) = µ(S ⊗ idH)(ki ⊗ ki)

= µ(k−1
i ⊗ ki) = 1

µ(idH ⊗ S)∆(ki) = µ(idH ⊗ S)(ki ⊗ ki)

= µ(ki ⊗ k−1
i ) = 1

ηε(ki) = η(1) = 1
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CHAPTER 4

A POINCARÉ-BIRKHOFF-WITT THEOREM FOR Uqgl(n)

In this chapter, we give a Poincaré-Birkhoff-Witt (P.B.W.) basis for the Hopf algebra

Uqgl(n) (see Definition 3.3.1). We follow the methods in [25].

4.1 P.B.W. Basis of Uqgl(n)

Let α1, α2, ..., αn−1 be the fundamental roots and Φ+ be the set of positive roots of

gl(n). Let i ≤ j. Each positive root α can be written as α = α(i, j+1) = αi+αi+1 +

...+ αj . Let γ = α− αj and β = α− αi where i 6= j. Then define by induction

eα =

 eγej − qejeγ if i 6= j,

ei if i = j.

fα =

 fifβ − q−1fβfi if i 6= j,

fi if i = j.

We order the elements as follows:

eα(i,j) < eα(k,l)if i > k or (i = k and j > l),

fα(i,j) < fα(k,l)if i < k or (i = k and j < l).

Example 4.1.1. For n = 4 the positive roots are

α1, α1 + α2, α1 + α2 + α3, α2, α2 + α3, α3.

The ordering of the elements eα is

α(3, 4) < α(2, 4) < α(2, 3) < α(1, 4) < α(1, 3) < α(1, 2).
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The ordering of the elements fα is

α(1, 2) < α(1, 3) < α(1, 4) < α(2, 3) < α(2, 4) < α(3, 4).

Define adjoint representations ad : Uqgl(n) → End(Uqgl(n)) and ad′ : Uqgl(n) →
End(Uqgl(n)) by

ad = (L⊗R)(S ⊗ id)∆ and

ad′ = (L⊗R)(id⊗ S)∆.

where L and R are the left and right multiplication, respectively.

In particular, we have

ad(ei)(x) = xei − eik−1
i ki+1xk

−1
i+1ki,

ad′(fi)(x) = fix− k−1
i ki+1xk

−1
i+1kifi.

Using ad and ad′ we can redefine eα and fα by

eα = eγej − qejeγ

= eγej − ejk−1
j kj+1eγk

−1
j+1kj

= ad(ej)(eγ),

fα = fifβ − q−1fβfi

= fifβ − k−1
i ki+1fβk

−1
i+1kifi

= ad′(fi)(fβ),

where i < j, and α, β, γ are as above.

4.2 Commutation of eα and eβ

Lemma 4.2.1. The map ad is an algebra antihomomorphism and the map ad′ is an

algebra homomorphism.

Proof. Let x, y, z ∈ Uqgl(n). We verify the first assertion.
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The map ad is linear:

ad(x+ y)(z) = (L⊗R)(S ⊗ id)∆(x+ y)(z)

= (L⊗R)(S(x′)⊗ x′′ + S(y′)⊗ y′′)(z)

= S(x′)zx′′ + S(y′)zy′′

= ad(x)(z) + ad(y)(z).

The element ad(1) acts as identity on Uqgl(n):

ad(1)(z) = (L⊗R)(S ⊗ id)∆(1)(z)

= (L⊗R)(S(1)⊗ 1)(z)

= z.

The map ad reverses the order of product:

ad(xy)(z) = (L⊗R)(S ⊗ id)∆(xy)(z)

= S(x′y′)zx′′y′′

= S(y′)S(x′)zx′′y′′

= ad(y)(ad(x)(z)).

The map ad′ is linear:

ad′(x+ y)(z) = (L⊗R)(id⊗ S)∆(x+ y)(z)

= (L⊗R)(x′ ⊗ S(x′′) + y′ ⊗ S(y′′))(z)

= x′zS(x′′) + y′zS(y′′)

= ad′(x)(z) + ad′(y)(z).

The element ad′(1) acts as identity on Uqgl(n):

ad′(1)(z) = (L⊗R)(id⊗ S)∆(1)(z)

= (L⊗R)(1⊗ S(1))(z)

= z.
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The map ad′ preserves the product:

ad′(xy)(z) = (L⊗R)(id⊗ S)∆(xy)(z)

= x′y′zS(x′′y′′)

= x′y′zS(y′′)S(x′′)

= ad′(x)(ad′(y)(z)).

This proves that the map ad is an algebra antihomomorphism and the map ad′ is an

algebra homomorphism.

Corollary 4.2.2. We have the following properties:

(ad(ei))
2ad(ei±1) + ad(ei±1)(ad(ei))

2 = (q + q−1)ad(ei)ad(ei±1)ad(ei),

(ad′(fi))
2ad′(fi±1) + ad′(fi±1)(ad′(fi))

2 = (q + q−1)ad′(fi)ad
′(fi±1)ad′(fi).

Lemma 4.2.3. Suppose x, y ∈ Uqgl(n) with the following commutation relations:

k−1
i ki+1xk

−1
i+1ki = qax

k−1
i ki+1yk

−1
i+1ki = qby

for some a, b ∈ Z. Then

ad(ei)(xy) = qbad(ei)(x)y + xad(ei)(y),

ad′(fi)(xy) = ad′(fi)(x)y + qaxad′(fi)(y).

Proof. Prove the first relation:

qbad(ei)(x)y + xad(ei)(y)

= qbxeiy − qbeik−1
i ki+1xk

−1
i+1kiy + xyei − xeik−1

i ki+1yk
−1
i+1ki

= qbxeiy − qaqbeixy + xyei − qbxeiy

= −qaqbeixy + xyei

= xyei − eik−1
i ki+1xyk

−1
i+1ki

= ad(ei)(xy).
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Prove the second relation:

ad′(fi)(x)y + qaxad′(fi)(y)

= fixy − k−1
i ki+1xk

−1
i+1kifiy + qaxfiy − qaxk−1

i ki+1yk
−1
i+1kifi

= fixy − qaxfiy + qaxfiy − qaqbxyfi

= fixy − qaqbxyfi

= fixy − k−1
i ki+1xyk

−1
i+1kifi

= ad′(fi)(xy).

Lemma 4.2.4. Let α = αi + ...+αj and s ∈ {1, 2, ..., i− 2, i+ 1, i+ 2, ..., j− 1, j+

2, ..., n− 1}. Then

1. ad(es)(eα) = eαes − eseα = 0,

2. ad(ej)(eα) = eαej − q−1ejeα = 0,

3. eieα − q−1eαei = 0.

Proof. First, let us prove the first assertion. We have k−1
s ks+1eαk

−1
s+1ks = eα, so

ad(es)(eα) = eαes − esk−1
s ks+1eαk

−1
s+1ks = eαes − eseα

and

ad(es)(eα)

= ad(es)ad(ej)ad(ej−1)...ad(es+2)ad(es+1)ad(es)(eαi+...+αs−1)

= ad(ej)ad(ej−1)...ad(es+2)ad(es)ad(es+1)ad(es)(eαi+...+αs−1)

= (q + q−1)−1ad(ej)ad(ej−1)...ad(es+2)((ad(es))
2ad(es+1)

+ ad(es+1)(ad(es))
2)(eαi+...+αs−1)

= (q + q−1)−1ad(ej)ad(ej−1)...ad(es+2)ad(es+1)(ad(es))
2(eαi+...+αs−1)

= (q + q−1)−1ad(ej)ad(ej−1)...ad(es+1)(ad(es))
2ad(es−1)(eαi+...+αs−2)

= (q + q−1)−1ad(ej)ad(ej−1)...ad(es+1)((q + q−1)ad(es)ad(es−1)ad(es)

− ad(es−1)(ad(es))
2)(eαi+...+αs−2) = 0.

59



The second assertion holds, since:

ad(ej)(eα) = eαej − ejk−1
j kj+1eαk

−1
j+1kj

= eαej − q−1ejeα

ad(ej)(eα) = ad(ej)ad(ej)ad(ej−1)(eαi+...+αj−2
)

= ((q + q−1)ad(ej)ad(ej−1)ad(ej)− ad(ej−1)(ad(ej))
2)(eαi+...+αj−2

)

= 0.

The third assertion is true, since:

eieα − q−1eαei = ad(ej)ad(ej−1)...ad(ei+2)(eieαi+αi+1
− q−1eαi+αi+1

ei)

= ad(ej)ad(ej−1)...ad(ei+2)(e2
i ei+1 − (q + q−1)eiei+1ei + ei+1e

2
i )

= 0.

Lemma 4.2.5. Let α = αi + ...+αj and s ∈ {1, 2, ..., i− 2, i+ 1, i+ 2, ..., j− 1, j+

2, ..., n− 1}. Then

1. ad′(fs)(fα) = fsfα − fαfs = 0,

2. ad′(fi)(fα) = fifα − qfαfi = 0,

3. fαfj − qfjfα = 0.

Proof. Let us prove the first assertion. We have k−1
s ks+1fαk

−1
s+1ks = fα, so

ad′(fs)(fα) = fsfα − k−1
s ks+1fαk

−1
s+1ksfs

= fsfα − fαfs,
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and

ad′(fs)(fα)

= ad′(fs)ad
′(fi)ad

′(fi+1)...ad′(fs−2)ad′(fs−1)ad′(fs)(fαs+1+...+αj)

= ad′(fi)ad
′(fi+1)...ad′(fs−2)ad′(fs)ad

′(fs−1)ad′(fs)(fαs+1+...+αj)

= (q + q−1)−1ad′(fi)ad
′(fi+1)...ad′(fs−2)((ad′(fs))

2ad′(fs−1)

+ ad′(fs−1)(ad′(fs))
2)(fαs+1+...+αj)

= (q + q−1)−1ad′(fi)ad
′(fi+1)...ad′(fs−2)(ad′(fs−1)(ad′(fs))

2)(fαs+1+...+αj)

= (q + q−1)−1ad′(fi)ad
′(fi+1)...ad′(fs−1)(ad′(fs))

2ad′(fαs+1)(fαs+2+...+αj)

= (q + q−1)−1ad′(fi)ad
′(fi+1)...ad′(fs−1)((q + q−1)ad′(fs)ad

′(fs+1)ad′(fs)

− ad′(fαs+1)(ad
′(fs))

2)(fαs+2+...+αj)

= 0.

The second assertion holds, since:

ad′(fi)(fα) = fifα − k−1
i ki+1fαk

−1
i+1kifi

= fifα − qfαfi

ad′(fi)(fα) = ad′(fi)ad
′(fi)ad

′(fi+1)(fαi+2+...+αj)

= ((q + q−1)ad′(fi)ad
′(fi+1)ad′(fi)− ad′(fi+1)ad′(fi))

2)(fαi+2+...+αj)

= 0.

The third assertion holds, since:

fαfj − qfjfα = ad′(fi)ad
′(fi+1)...ad′(fj−2)(fαj−1+αjfj − qfjfαj−1+αj)

= ad′(fi)ad
′(fi+1)...ad′(fj−2)(f 2

i fi−1 − (q + q−1)fifi−1fi + fi−1f
2
i )

= 0.

Lemma 4.2.6. Let α = αi + ...+αj and γ = α−αj and β = α−αi. Then, we have

eα =

 eieβ − qeβei if i 6= j,

ei if i = j.

fα =

 fγfj − q−1fjfγ if i 6= j,

fi if i = j.
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Proof. We prove by induction on the length l = j − i of the root α.

If l = 1 then α = αi + αi+1, β = αi+1 and γ = αi, so

eα = eiei+1 − qei+1ei

= eieβ − qeβei,

and

fα = fifi+1 − q−1fi+1fi

= fγfi+1 − q−1fi+1fγ.

Assume the assertion is true for j − i = l− 1. For j − i = l ≥ 2, α = αi + ...+ αi+l

and β = αi+1 + ... + αi+l. Let γ = αi + ... + αi+l−1 and α′ = αi+1 + ... + αi+l−1.

Then we have:

eα = eγei+l − qei+leγ

= eieα′ei+l − qeα′eiei+l − qei+leieα′ + q2ei+leα′ei

= eieα′ei+l − qeα′ei+lei − qeiei+leα′ + q2ei+leα′ei

= ei(eα′ei+l − qei+leα′)− q(eα′ei+l − qei+leα′)ei

= eieβ − qeβei

and

fα = fifβ − q−1fβfi

= fifα′fi+l − q−1fifi+lfα′ − q−1fα′fi+lfi + q−2fi+lfα′fi

= fifα′fi+l − q−1fi+lfifα′ − q−1fα′fifi+l + q−2fi+lfα′fi

= (fifα′ − q−1fα′fi)fi+l − q−1fi+l(fifα′ − q−1fα′fi)

= fγfi+l − q−1fi+lfγ

where the second equalities of both equations hold by the induction hypothesis.
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Proposition 4.2.7. Let α = αi + ...+ αj , β = αp + ...+ αr and i ≤ p. Then,

eαeβ =



eβeα if p ≥ j + 2

qeβeα + eα+β if p = j + 1

q−1eβeα if p = i and r ≥ j + 1

eβeα if i < p < j and r < j

q−1eβeα if i < p ≤ j and r = j

eβeα − (q − q−1)eαp+...+αjeαi+...+αr if i < p ≤ j and r ≥ j + 1

Proof. If p ≥ j + 2 then eαi , ...eαj commute with eβ , so we have

eαeβ = eβeα

If p = j + 1, let γ = α− αj . Then, eα = eγej − qejeγ , and eγeβ = eβeγ .

eαeβ = eγejeβ − qejeβeγ

eβeα = eγeβej − qeβejeγ

Hence,

eαeβ − qeβeα = eγejeβ − qejeβeγ − qeγeβej + q2eβejeγ

= eγ(ejeβ − qeβej)− q(ejeβ − qeβej)eγ

= eγeαj+β − qeαj+βeγ

Continuing in this way we get

eαeβ − qeβeα = eα+β

For the case p ≤ j, let γ = αp+ ...+αj , α′ = α−γ and β′ = β−γ. If r = j, β = γ.

We will see the commutation relation between eα and eγ , and commutation relation

between eα and eβ if r < j in the course of the proof, so assume r ≥ j + 1.

eαeβ = ad(er)...ad(ej+2)(eαeγ+αj+1
)

eβeα = ad(er)...ad(ej+2)(eγ+αj+1
eα)

k−1
j+1kj+2eαk

−1
j+2kj+1 = q eα

k−1
j+1kj+2eγk

−1
j+2kj+1 = q eγ
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So, we have

ad(ej+1)(eαeγ) = q ad(ej+1)(eα)eγ + eαad(ej+1)(eγ)

= q eα+αj+1
eγ + eαeγ+αj+1

ad(ej+1)(eγeα) = q ad(ej+1)(eγ)eα + eγad(ej+1)(eα)

= q eγ+αj+1
eα + eγeα+αj+1

If p > i, by Lemma 4.2.4, ep, ep+1, ..., ej commute with eα+αj+1
, so

eα+αj+1
eγ = eγeα+αj+1

.

Let γ′ = γ − αj . Then in the same way, eαeγ′ = eγ′eα.

ad(ej)(eαeγ′) = q ad(ej)(eα)eγ′ + eαad(ej)(eγ′)

= eαeγ

ad(ej)(eγ′eα) = q−1 ad(ej)(eγ′)eα + eγ′ad(ej)(eα)

= q−1 eγeα

Hence, eαeγ − q−1 eγeα = 0, and

0 = ad(ej+1)(eαeγ)− q−1ad(ej+1)(eγeα)

= q eα+αj+1
eγ + eαeγ+αj+1

− q−1(q eγ+αj+1
eα + eγeα+αj+1

)

= (q − q−1)eγeα+αj+1
+ eαeγ+αj+1

− eγ+αj+1
eα

= ad(er)...ad(ej+2)((q − q−1)eγeα+αj+1
+ eαeγ+αj+1

− eγ+αj+1
eα)

= (q − q−1)ad(er)...ad(ej+2)(eγeα+αj+1
) + ad(er)...ad(ej+2)(eαeγ+αj+1

)

− ad(er)...ad(ej+2)(eγ+αj+1
eα)

= (q − q−1)eγad(er)...ad(ej+2)(eα+αj+1
) + eαeβ − eβeα

= (q − q−1)eγeαi+...+αr + eαeβ − eβeα.

If p = i, then α = γ and ep+1, ep+2, ..., ej commute with eα+αj+1
= eγ+αj+1

, so we

have

eγ+αj+1
eγ = ad(ej)...ad(ep+1)(eγ+αj+1

ep)

eγeγ+αj+1
= ad(ej)...ad(ep+1)(epeγ+αj+1

)
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By Lemma 4.2.4, epeγ+αj+1
− q−1eγ+αj+1

ep = 0 so

0 = epeγ+αj+1
− q−1eγ+αj+1

ep

= ad(ej)...ad(ep+1)(epeγ+αj+1
− q−1eγ+αj+1

ep)

= eγeγ+αj+1
− q−1eγ+αj+1

eγ

= ad(er)...ad(ej+2)(eγeγ+αj+1
− q−1eγ+αj+1

eγ)

= eγeβ − q−1eβeγ

= eαeβ − q−1eβeα

Proposition 4.2.8. Let α = αi + ...+ αj , β = αp + ...+ αr and i ≤ p. Then,

fβfα =



fαfβ if p ≥ j + 2

q(fαfβ − fα+β) if p = j + 1

q−1fαfβ if p = i and r ≥ j + 1

fαfβ if i < p < j and r < j

q−1fαfβ if i < p ≤ j and r = j

fαfβ − (q − q−1)fαi+...+αrfαp+...+αj if i < p ≤ j and r ≥ j + 1

Proof. If p ≥ j + 2 then fαi , ...fαj commute with fβ , so we have

fαfβ = fβfα

If p = j + 1, let γ = α− αj . Then, fα = fγfj − q−1fjfγ , and fγfβ = fβfγ .

fαfβ = fγfjfβ − q−1fjfβfγ

fβfα = fγfβfj − q−1fβfjfγ

Hence,

fαfβ − q−1fβfα = fγfjfβ − q−1fjfβfγ − q−1fγfβfj + q−2fβfjfγ

= fγ(fjfβ − q−1fβfj)− q−1(fjfβ − q−1fβfj)fγ

= fγfαj+β − q−1fαj+βfγ

Continuing in this way we get

fαfβ − q−1fβfα = fα+β
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For the case p ≤ j, let γ = αp + ... + αj , α′ = α − γ and β′ = β − γ. If p = i,

α = γ. We will see the commutation relation between fβ and fγ in the course of the

proof, so assume p ≥ i+ 1.

fαfβ = ad′(fi)...ad
′(fp−2)(fαp−1+γfβ)

fβfα = ad′(fi)...ad
′(fp−2)(fβfαp−1+γ)

k−1
p−1kpfβk

−1
p kp−1 = q−1 fβ

k−1
p−1kpfγk

−1
p kp−1 = q−1 fγ

So, we have

ad′(fp−1)(fβfγ) = ad′(fp−1)(fβ)fγ + q−1fβad
′(fp−1)(fγ)

= fαp−1+βfγ + q−1fβfαp−1+γ

ad′(fp−1)(fγfβ) = ad′(fp−1)(fγ)fβ + q−1fγad
′(fp−1)(fβ)

= fαp−1+γfβ + q−1fγfαp−1+β

If r > j, by Lemma 4.2.5, fp, fp+1, ..., fj commute with fαp−1+β , so

fαp−1+βfγ = fγfαp−1+β.

Let γ′ = γ − αp. Then in the same way, fβfγ′ = fγ′fβ.

ad′(fp)(fβfγ′) = ad′(fp)(fβ)fγ′ + qfβad
′(fp)(fγ′)

= qfβfγ

ad′(fp)(fγ′fβ) = ad′(fp)(fγ′)fβ + qfγ′ad
′(fp)(fβ)

= fγfβ
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Hence, fγfβ − qfβfγ = 0, and

0 = ad′(fp−1)(fγfβ)− qad′(fp−1)(fβfγ)

= fαp−1+γfβ + q−1fγfαp−1+β

− q(fαp−1+βfγ + q−1fβfαp−1+γ)

= (q−1 − q)fγfαp−1+β + fαp−1+γfβ − fβfαp−1+γ

= ad′(fi)...ad
′(fp−2)((q−1 − q)fγfαp−1+β + fαp−1+γfβ − fβfαp−1+γ)

= (q−1 − q)ad′(fi)...ad′(fp−2)(fγfαp−1+β) + ad′(fi)...ad
′(fp−2)(fαp−1+γfβ)

− ad′(fi)...ad′(fp−2)(fβfαp−1+γ)

= (q−1 − q)fγad′(fi)...ad′(fp−2)(fαp−1+β) + fαfβ − fβfα

= (q−1 − q)fγ(fαi+...+αr) + fαfβ − fβfα.

If r = j, then β = γ and fp, fp+1, ..., fj−1 commute with fαp−1+β = fαp−1+γ , so we

have

fαp−1+γfγ = ad′(fp)...ad
′(fj−1)(fαp−1+γfj)

fγfαp−1+γ = ad′(fp)...ad
′(fj−1)(fαp−1+γfj)

By Lemma 4.2.5, fαp−1+γfj − qfjfαp−1+γ = 0 so

0 = fαp−1+γfj − qfjfαp−1+γ

= ad′(fp)...ad
′(fj−1)(fαp−1+γfj − qfjfαp−1+γ)

= fαp−1+γfγ − qfγfαp−1+γ

= ad′(fi)...ad
′(fp−2)(fαp−1+γfγ − qfγfαp−1+γ)

= fαfγ − qfγeα

= fαfβ − qfβeα

Lemma 4.2.9. Let α = αi + ...+ αj . Then,

∆(eα) = eα ⊗ kik−1
j+1 + (q−1 − q)

j−1∑
s=i

(eαi+...+αs ⊗ eαs+1+...+αjkik
−1
s+1) + 1⊗ eα

Proof. Do induction on the length l = j − i + 1 of the root α. The case l = 1 is
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trivial. Assume the result for l ≥ 1. For l + 1,

∆(eα+αj+1
)

= ∆(eα)∆(ej+1)− q∆(ej+1)∆(eα)

= (eα ⊗ kik−1
j+1 + (q−1 − q)

j−1∑
s=i

(eαi+...+αs ⊗ eαs+1+...+αjkik
−1
s+1) + 1⊗ eα)

(ej+1 ⊗ kj+1k
−1
j+2 + 1⊗ ej+1)− q(ej+1 ⊗ kj+1k

−1
j+2 + 1⊗ ej+1)(eα ⊗ kik−1

j+1

+ (q−1 − q)
j−1∑
s=i

(eαi+...+αs ⊗ eαs+1+...+αjkik
−1
s+1) + 1⊗ eα)

= eαej+1 ⊗ kik−1
j+2 + ej+1 ⊗ eαkj+1k

−1
j+2 + eα ⊗ kik−1

j+1ej+1 + 1⊗ eαej+1

+ (q−1 − q)
j−1∑
s=i

(eαi+...+αsej+1 ⊗ eαs+1+...+αjkik
−1
s+1kj+1k

−1
j+2)

+ (q−1 − q)
j−1∑
s=i

(eαi+...+αs ⊗ eαs+1+...+αjkik
−1
s+1ej+1)

− qej+1eα ⊗ kik−1
j+2 − qej+1 ⊗ kj+1k

−1
j+2eα − qeα ⊗ ej+1kik

−1
j+1 − q ⊗ ej+1eα

− q(q−1 − q)
j−1∑
s=i

(ej+1eαi+...+αs ⊗ kj+1k
−1
j+2eαs+1+...+αjkik

−1
s+1)

− q(q−1 − q)
j−1∑
s=i

(eαi+...+αs ⊗ ej+1eαs+1+...+αjkik
−1
s+1)

= eα+αj+1
⊗ kik−1

j+2 + ej+1 ⊗ eαkj+1k
−1
j+2 + q−1eα ⊗ ej+1kik

−1
j+1 + 1⊗ eα+αj+1

+ (q−1 − q)
j−1∑
s=i

(eαi+...+αsej+1 ⊗ eαs+1+...+αjkik
−1
s+1kj+1k

−1
j+2)

+ (q−1 − q)
j−1∑
s=i

(eαi+...+αs ⊗ eαs+1+...+αjej+1kik
−1
s+1)

− qq−1ej+1 ⊗ eαkj+1k
−1
j+2 − qeα ⊗ ej+1kik

−1
j+1

− q−1q(q−1 − q)
j−1∑
s=i

(eαi+...+αsej+1 ⊗ eαs+1+...+αjkj+1k
−1
j+2kik

−1
s+1)

− q(q−1 − q)
j−1∑
s=i

(eαi+...+αs ⊗ ej+1eαs+1+...+αjkik
−1
s+1)

= eα+αj+1
⊗ kik−1

j+2 + (q−1 − q)eα ⊗ ej+1kik
−1
j+1 + 1⊗ eα+αj+1

+ (q−1 − q)
j−1∑
s=i

(eαi+...+αs ⊗ (eαs+1+...+αjej+1 − qej+1eαs+1+...+αj)kik
−1
s+1)
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= eα+αj+1
⊗ kik−1

j+2 + 1⊗ eα+αj+1

+ (q−1 − q)
j∑
s=i

(eαi+...+αs ⊗ eαs+1+...+αj+1
kik
−1
s+1)

Lemma 4.2.10. Let α = αi + ...+ αj . Then,

∆(fα) = fα ⊗ 1 + (1− q−2)

j−1∑
s=i

(fαi+...+αsk
−1
s+1kj+1 ⊗ fαs+1+...+αj) + k−1

i kj+1 ⊗ fα

Proof. Do induction on the length l = j − i + 1 of the root α. The case l = 1 is

trivial. Assume the result for l ≥ 1. For l + 1,

∆(fα+αj+1
)

= ∆(fα)∆(fj+1)− q−1∆(fj+1)∆(fα)

= (fα ⊗ 1 + (1− q−2)

j−1∑
s=i

(fαi+...+αsk
−1
s+1kj+1 ⊗ fαs+1+...+αj)

+ k−1
i kj+1 ⊗ fα)(fj+1 ⊗ 1 + k−1

j+1kj+2 ⊗ fj+1)

− q−1(fj+1 ⊗ 1 + k−1
j+1kj+2 ⊗ fj+1)(fα ⊗ 1

+ (1− q−2)

j−1∑
s=i

(fαi+...+αsk
−1
s+1kj+1 ⊗ fαs+1+...+αj) + k−1

i kj+1 ⊗ fα)

= fαfj+1 ⊗ 1 + fαk
−1
j+1kj+2 ⊗ fj+1 + k−1

i kj+1fj+1 ⊗ fα + k−1
i kj+2 ⊗ fαfj+1

+ (1− q−2)

j−1∑
s=i

(fαi+...+αsk
−1
s+1kj+1fj+1 ⊗ fαs+1+...+αj)

+ (1− q−2)

j−1∑
s=i

(fαi+...+αsk
−1
s+1kj+2 ⊗ fαs+1+...+αjfj+1)

− q−1fj+1fα ⊗ 1− q−1fj+1k
−1
i kj+1 ⊗ fα

− q−1k−1
j+1kj+2fα ⊗ fj+1 − q−1k−1

i kj+2 ⊗ fj+1fα

− q−1(1− q−2)

j−1∑
s=i

(fj+1fαi+...+αsk
−1
s+1kj+1 ⊗ fαs+1+...+αj)

− q−1(1− q−2)

j−1∑
s=i

(k−1
j+1kj+2fαi+...+αsk

−1
s+1kj+1 ⊗ fj+1fαs+1+...+αj)
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= fα+αj+1
⊗ 1 + fαk

−1
j+1kj+2 ⊗ fj+1 + q−1fj+1k

−1
i kj+1 ⊗ fα + k−1

i kj+2 ⊗ fα+αj+1

+ q−1(1− q−2)

j−1∑
s=i

(fj+1fαi+...+αsk
−1
s+1kj+1 ⊗ fαs+1+...+αj)

+ (1− q−2)

j−1∑
s=i

(fαi+...+αsk
−1
s+1kj+2 ⊗ fαs+1+...+αjfj+1)

− q−1fj+1k
−1
i kj+1 ⊗ fα − q−2fαk

−1
j+1kj+2 ⊗ fj+1

− q−1(1− q−2)

j−1∑
s=i

(fj+1fαi+...+αsk
−1
s+1kj+1 ⊗ fαs+1+...+αj)

− q−1(1− q−2)

j−1∑
s=i

(fαi+...+αsk
−1
s+1kj+2 ⊗ fj+1fαs+1+...+αj)

= fα+αj+1
⊗ 1 + (1− q−2)fαk

−1
j+1kj+2 ⊗ fj+1 + k−1

i kj+2 ⊗ fα+αj+1

+ (1− q−2)

j−1∑
s=i

(fαi+...+αsk
−1
s+1kj+2 ⊗ (fαs+1+...+αjfj+1 − q−1fj+1fαs+1+...+αj))

= fα+αj+1
⊗ 1 + k−1

i kj+2 ⊗ fα+αj+1

+ (1− q−2)

j∑
s=i

(fαi+...+αsk
−1
s+1kj+2 ⊗ fαs+1+...+αj+1

)

Definition 4.2.11. With U+
q gl(n), U−q gl(n), U0

q gl(n), denote the algebras generated

by ei, fi, kj respectively, where i = 1, 2, ..., n− 1, j = 1, 2, ..., n.

Proposition 4.2.12. 1. The set

B0 = {
n∏
i

kcii : ci ∈ Z}

is a basis for U0
q gl(n).

2. The set

B+ = {
∏
α∈Φ+

ecαα : cα ∈ N},

is a basis for U+
q gl(n). The set of positive roots Φ+ is ordered with respect to

eα’s.

3. The set

B− = {
∏
α∈Φ+

f cαα : cα ∈ N},
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is a basis for U−q gl(n). The set of positive roots Φ+ is ordered with respect to

fα’s.

Hence the set B = B− ⊗B0 ⊗B+ is a basis for Uqgl(n).

Proof. Part 1: Trivial.

Part 2: Let α(1) < α(2) < ... < α(N), where α(i)’s are all the positive roots.

The algebra U+
q gl(n) is generated by ei’s so non-ordered monomials in eα’s gen-

erate U+
q gl(n). To prove that the ordered set generate U+

q gl(n), it is enough to

prove that each eα(i1)eα(i2)...eα(ij) is a linear combination of the ordered elements

e
cα(1)
α(1) e

cα(2)
α(2) ...e

cα(N)

α(N) , with cα(1) + cα(2) + ...+ cα(N) ≤ j. We will do a double induction

on j and for a fixed j on i1.

The case j = 1 is obvious. Assume the assertion is true for j. To prove that it is

true for j + 1, we need to show that eα(i1)eα(i2)...eα(ij+1) is linear combination of the

ordered elements with cα(1) + cα(2) + ... + cα(N) ≤ j + 1. We will now do induction

on i1.

Applying the induction hypothesis to eα(i2)eα(i3)...eα(ij+1), eα(i1)eα(i2)...eα(ij+1) is a

linear combination of elements

eα(i1)e
cα(s)
α(s) e

cα(s+1)

α(s+1) ...e
cα(N)

α(N) with cα(s) + cα(s+1) + ...+ cα(N) ≤ j.

If i1 = 1, the result is clear. Assume the result till i1.

If i1 ≤ s, we are done. If i1 > s, we have

eα(i1)e
cα(s)
α(s) e

cα(s+1)

α(s+1) ...e
cα(N)

α(N) = eα(i1)eα(s)e
cα(s)−1

α(s) e
cα(s+1)

α(s+1) ...e
cα(N)

α(N)

Using the commutation relations for eα(i1)eα(s), we have three possibilities: for some

non-zero coefficients λ and µ

eα(i1)eα(s) =


λeα(s)eα(i1)

λeα(s)eα(i1) + µeα(i1)+α(s)

λeα(s)eα(i1) + µeγeα′+γ+β′ where α(i1) = α′ + γ, α(s) = γ + β′

and we have α(s) < γ < α′ + γ + β′ < α(i1).
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Then,

eα(i1)eα(s)e
cα(s)−1

α(s) e
cα(s+1)

α(s+1) ...e
cα(N)

α(N)

=


λeα(s)eα(i1)e

cα(s)−1

α(s) e
cα(s+1)

α(s+1) ...e
cα(N)

α(N)

λeα(s)eα(i1)e
cα(s)−1

α(s) e
cα(s+1)

α(s+1) ...e
cα(N)

α(N) + µeα(i1)+α(s)e
cα(s)−1

α(s) e
cα(s+1)

α(s+1) ...e
cα(N)

α(N)

λeα(s)eα(i1)e
cα(s)−1

α(s) e
cα(s+1)

α(s+1) ...e
cα(N)

α(N) + µeγeα′+γ+β′e
cα(s)−1

α(s) e
cα(s+1)

α(s+1) ...e
cα(N)

α(N)

where cα(s) − 1 + cα(s+1) + ...+ cα(N) ≤ j − 1.

For the second term of second case, apply induction hypothesis for j, as there are

j terms. For all of the other cases, apply induction hypothesis for j to reorder

eα(i1)e
cα(s)−1

α(s) e
cα(s+1)

α(s+1) ...e
cα(N)

α(N) as a linear combination of monomials with at most j

terms, then apply induction hypothesis for i1, as α(s) < α(i1) and γ < α(i1). This

proves B+ spans U+
q gl(n).

LetQ be the root lattice, then U+
q gl(n), Uqgl(n), Uqgl(n)⊗Uqgl(n) areQ×Q graded.

To prove B+ is linearly independent, we will use Q-degree.

Recall that, if α = αi + ...+ αj , then

∆(eα) = eα ⊗ kik−1
j+1 + (q−1 − q)

j−1∑
s=i

(eαi+...+αs ⊗ eαs+1+...+αjkik
−1
s+1) + 1⊗ eα

So we have, ∆ : U+
q gl(n)→ U+

q gl(n)⊗ Uqgl(n) and ∆ preserves the Q-degree.

∆(eα) has a component of bidegree (αi, α−αi) if and only if α is of the form αi+ ....

In this case, the component of bidegree (mαi,m(α−αi)) of ∆(emα ) is a scalar multiple

of emi ⊗ (eα−αi)
mKm, and the component of bidegree ((m+m1 + ...+mr)αi, ...) of

∆((eαi+...+αi+r)
mr ...(eαi+αi+1

)m1emαi) is a scalar multiple of

e
(m+m1+...+mr)
i ⊗ (eαi+1+...+αi+r)

mr ...(eαi+1
)m1K(m+m1+...+mr), where K = kik

−1
i+1.

The right hand side of the tensor is already ordered. More generally, the component

of bidegree (pαi, ...) of ∆(e
cα(1)
α(1) e

cα(2)
α(2) ...e

cα(N)

α(N) ) with p maximal is a scalar multiple of

epi ⊗ e
cα(1)
α(1)′e

cα(2)
α(2)′ ...e

cα(N)

α(N)′K
′,

where K ′ =
∑
cα(j)kik

−1
i+1 and
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α(j)′ =

 α(j)− αi if α(j) = αi + ...

α(j) otherwise

To reorder e
cα(1)
α(1)′e

cα(2)
α(2)′ ...e

cα(N)

α(N)′ , we should commute vectors of the form eαi+1+..., since

the other vectors are already ordered. These commutations are of type eβ1eβ2 =

ceβ2eβ1 for a non-zero c. So the component is a scalar multiple of

epi ⊗ e
c′
α(1)

α(1) e
c′
α(2)

α(2) ...e
c′
α(N)

α(N)K
′.

Now consider a linear relation between e
cα(1)
α(1) e

cα(2)
α(2) ...e

cα(N)

α(N) . We can assume that all

of the monomials have the same Q-degree, i.e.
∑
cα(j)α(j) is fixed. We will do

induction on this degree to prove that the relation is trivial.

eα(j) is non-zero, so if Q-degree is α(j) then relation is trivial.

Consider the biggest integer i such that there appears a eαi+... with a non-zero ex-

ponent among the monomials of the relation. Let p be the largest total exponent

at which all eαi+... appear. If we apply ∆, only the monomials in which this to-

tal exponent is exactly p will have a component of degree (pαi, ...). So apply ∆

to the relation. On the right of the tensor, we obtain a new relation between the

monomials e
c′
α(1)

α(1) e
c′
α(2)

α(2) ...e
c′
α(N)

α(N)K
′, and if e

cα(1)
α(1) e

cα(2)
α(2) ...e

cα(N)

α(N) are pairwise distinct, so

are e
c′
α(1)

α(1) e
c′
α(2)

α(2) ...e
c′
α(N)

α(N)K
′. The new relation is trivial by the induction hypothesis,

since the Q-degree of e
c′
α(1)

α(1) e
c′
α(2)

α(2) ...e
c′
α(N)

α(N)K
′ is strictly smaller than the Q-degree of

e
cα(1)
α(1) e

cα(2)
α(2) ...e

cα(N)

α(N) . The coefficients of this relation is non-zero multiples of the initial

one, so the coefficients of all the monomials in which eαi+... appears with exponent p

should be zero, which contradicts the choice of p. Thus the initial relation is trivial,

which means the set B+ is linearly independent.

Part 3: Similar to part 2.
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CHAPTER 5

DUALITY BETWEEN Uqgl(n) AND Mq(n)

In this chapter, we study the duality between Uqgl(n) and Mq(n). In the first section,

we introduce the notion of duality between bialgebras. Second section proves that

Uqgl(n) and Mq(n) are in duality in full detail.

5.1 Duality Between Bialgebras

Definition 5.1.1. Let (U, µ, η,∆, ε) and (H,µ, η,∆, ε) be bialgebras and <,> be a

bilinear form on U ×H . We say that the bilinear form realizes a duality between U

and H , or that the bialgebras U and H are in duality if we have

< uv, x > =
∑
(x)

< u, x′ >< v, x′′ >, (5.1)

< u, xy > =
∑
(u)

< u′, x >< u′′, y >, (5.2)

< 1, x > = ε(x), (5.3)

< u, 1 > = ε(u) (5.4)

for all u, v ∈ U and x, y ∈ H .

Moreover, if U and H are Hopf algebras with antipode S, then they are said to be in

duality if the underlying bialgebras are in duality and we have

< S(u), x > =< u, S(x) >

for all u ∈ U and x ∈ H .
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Let φ be the linear map from U to the dual vector space H∗ and ψ be the linear map

from H to the dual vector space U∗ defined by

φ(u)(x) =< u, x > and ψ(x)(u) =< u, x > .

Proposition 5.1.2. With the above notation, the relations (5.1), (5.3) and (5.2), (5.4)

of Definition 5.1.1 are equivalent to φ and ψ being algebra homomorphisms respec-

tively.

Proof. The map φ is an algebra morphism if we have

φ(1) = 1H∗ = ε

φ(uv) = φ(u)φ(v)

Thus, the map φ being an algebra morphism is equivalent to

ε(x) = φ(1)(x) =< 1, x >

< uv, x > = φ(uv)(x) =
∑
(x)

φ(u)(x′)φ(v)(x′′) =
∑
(x)

< u, x′ >< v, x′′ >

Similarly, ψ being an algebra morphism is equivalent to

ε(u) = ψ(1)(u) =< u, 1 >

< u, xy > = ψ(xy)(u) = ψ(x)(u′)ψ(y)(u′′) =
∑
(u)

< u′, x >< u′′, y >

5.2 Duality Between Uqgl(n) and Mq(n)

Recall the bialgebraMq(n) from Section 3.1 and the Hopf algebra U = Uqgl(n) from

Section 3.3. To establish the duality betweenMq(n) and Uqgl(n) we will construct an

algebra map ψ from Mq(n) to the dual algebra U∗q gl(n). Consider the representation

ρ defined on the generators by

ρ(ei) = Ei,i+1,

ρ(fi) = Ei+1,i,

ρ(ki) = Di,
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where Eij denotes the elementary matrix, i.e. the ijth entry of Eij is 1, and all the

other entries are 0, and Di denotes the diagonal matrix

Di = E11 + E22 + ...+ qEi,i + Ei+1,i+1 + Ei+2,i+2 + ...+ Enn.

If u is an element of Uqgl(n) using the P.B.W. basis given in the Chapter 4, we have

ρ(u) =


A11(u) A12(u) . . . A1n(u)

A21(u) A22(u) . . . A2n(u)
...

... . . . ...

An1(u) An2(u) . . . Ann(u)


Let ψ : H = Mq(n) → U∗ = Uqgl(n)∗ be the algebra morphism defined on the

generators by ψ(aij) = Aij .

Our aim is to show that the algebra morphism ψ is well-defined and the bilinear form

ψ(x)(u) =< u, x > realizes a duality between Mq(n) and Uqgl(n).

Let α(1) < α(2) < ... < α(N) be all the positive roots. By the Proposition 4.2.12,

u ∈ U can be written in the form

u = f c1α(1)...f
cN
α(N)k

s1
1 ...k

sn
n e

d1
α(1)...e

dN
α(N)

where ci, di ∈ N, si ∈ Z.

Lemma 5.2.1. Let α = α(i, j+1) = αi+αi+1 + ...+αj be a positive root as defined

in Section 4.1.

1. ρ(eα) = Ei,j+1

2. ρ(fα) = (−q)i−jEj+1,i

Proof. Proof will be by induction on l = j − i.

1. If l = 1, then α = αi + αi+1 and eα = eiei+1 − qei+1ei by definition of eα.

Thus we have

ρ(eα) = Ei,i+1Ei+1,i+2 − qEi+1,i+2Ei,i+1

= Ei,i+2
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Assume the result is true for l = j − i. Then for l = j − i+ 1 we have

ρ(eα+αj+1
) = ρ(eαej+1 − qej+1eα)

= Ei,j+1Ej+1,j+2 − qEj+1,j+2Ei,j+1

= Ei,j+2

2. If l = 1, fα = fifi+1 − q−1fi+1fi by Lemma 4.2.6 and we have

ρ(fα) = Ei+1,iEi+2,i+1 − q−1Ei+2,i+1Ei+1,i

= −q−1Ei+2,i

Suppose the result is true for l = j − i. Then for l = j − i+ 1 we have

ρ(fα+αj+1
) = ρ(fαfj+1 − q−1fj+1fα)

= (−q)i−j(Ej+1,iEj+2,j+1 − q−1Ej+2,j+1Ej+1,i)

= (−q)i−j−1Ej+2,i

Lemma 5.2.2. Let u = f c1α(1)...f
cN
α(N)k

s1
1 ...k

sn
n e

d1
α(1)...e

dN
α(N) ∈ U . If ci > 1 or di > 1 for

some i or ci ≥ cj ≥ 1 or di ≥ dj ≥ 1 for any pair i, j then ρ(u) = 0

Proof. Assume ci > 1 for some i, and α(i) = α(k, l). By Lemma 5.2.1, we have

ρ(f ciα(i)) = ρ(fα(i))
ci = (−q)k−l+1Eci

l,k = 0.

Similarly, if di > 1 for some i, and α(i) = α(k, l), we have

ρ(ediα(i)) = ρ(eα(i))
di = Edi

k,l = 0.

Now suppose ci = cj = 1 and α(i) = α(k, l) < α(j) = α(s, t). Then by the order

for fα given in Section 4.1, we have k < s or k = s and l < t, so that δk,t = 0. Thus,

ρ(fα(i)fα(j)) = ρ(fα(i))ρ(fα(j)) = λEl,kEt,s = λδk,tEl,s = 0

where λ = (−q)k+s−l−t+2

Similarly, suppose di = dj = 1 and α(i) = α(k, l) < α(j) = α(s, t). By the order

for eα given in Section 4.1, we have k > s or k = s and l > t, so that δl,s = 0. Thus,

ρ(eα(i)eα(j)) = ρ(eα(i))ρ(eα(j)) = Ek,lEs,t = δl,sEk,t = 0
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Corollary 5.2.3. Let α = α(i, j), β = α(r, t) and s1, s2, ..., sn ∈ Z. Then only

possible nonzero values of ρ can be the following:

ρ(ks11 ...k
sn
n ) = D(qs1 , qs2 , ..., qsn) ρ(ks11 ...k

sn
n eβ) = qsrEr,t

ρ(fαk
s1
1 ...k

sn
n ) = qsi(−q)i−j+1Ej,i ρ(fαk

s1
1 ...k

sn
n eβ) = qsi(−q)i−j+1δi,rEj,t

where D is the diagonal matrix with the given entries.

The product of elements α, β ∈ U∗ is given by

(αβ)(u) =
∑
(u)

α(u′)β(u′′).

where u ∈ U .

Thus, we need to determine the form of elements (ρ⊗ρ)
(
∆(u)

)
to observe the struc-

ture of product in U∗. Since both ∆ and ρ (and so is ρ ⊗ ρ) are algebra morphisms,

we have

(ρ⊗ ρ)
(
∆(uv)

)
=
[
(ρ⊗ ρ)

(
∆(u)

)][
(ρ⊗ ρ)

(
∆(v)

)]
.

Let α = α(i, j) < β = α(r, t). By the Lemma 4.2.9 and Lemma 4.2.10, we have

∆(fα) = fα ⊗ 1 + (1− q−2)

j−2∑
m=i

(fα(i,m+1)k
−1
m+1kj ⊗ fα(m+1,j)) + k−1

i kj ⊗ fα

∆(eα) = eα ⊗ kik−1
j + (q−1 − q)

j−2∑
m=i

(eα(i,m+1) ⊗ eα(m+1,j)kik
−1
m+1) + 1⊗ eα
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Denote (ρ⊗ ρ)(∆) = ρ. Then, we have

ρ(fα) = (−q)i−j+1Ej,i ⊗ I +D−1
i Dj ⊗ (−q)i−j+1Ej,i

+ (1− q−2)

j−2∑
m=i

((−q)i−mEm+1,iD
−1
m+1Dj ⊗ (−q)m−j+2Ej,m+1)

= (−q)i−j+1
(
Ej,i ⊗ I +D−1

i Dj ⊗ Ej,i + (q−1 − q)
j−2∑
m=i

Em+1,i ⊗ Ej,m+1

)
ρ(eα) = Ei,j ⊗DiD

−1
j + I ⊗ Ei,j

+ (q−1 − q)
j−2∑
m=i

Ei,m+1 ⊗ Em+1,jDiD
−1
m+1

= Ei,j ⊗DiD
−1
j + I ⊗ Ei,j + (q−1 − q)

j−2∑
m=i

Ei,m+1 ⊗ Em+1,j

ρ(f 2
α) = q2(i−j+1)

(
Ej,iD

−1
i Dj ⊗ Ej,i +D−1

i DjEj,i ⊗ Ej,i)

= q2(i−j+1)(q + q−1)Ej,i ⊗ Ej,i

ρ(e2
α) = Ei,j ⊗DiD

−1
j Ei,j + Ei,j ⊗ Ei,jDiD

−1
j

= (q + q−1)Ei,j ⊗ Ei,j

ρ(fαfβ) = λ
[
Ej,iD

−1
r Dt ⊗ Et,r +D−1

i DjEt,r ⊗ Ej,i + (q−1 − q)Et,iD−1
r Dt ⊗ Ej,r

]
= λ

[
q−δi,rEj,i ⊗ Et,r + qδj,tEt,r ⊗ Ej,i + (q−1 − q)q−δi,rEt,i ⊗ Ej,r

]
where λ = (−q)i+r−j−t+2. The third summand appears if i+ 1 ≤ t ≤ j − 1.

ρ(eαeβ) = Ei,j ⊗DiD
−1
j Er,t + Er,t ⊗ Ei,jDrD

−1
t + (q−1 − q)Er,j ⊗ Ei,t

= qδi,rEi,j ⊗ Er,t + q−δj,tEr,t ⊗ Ei,j + (q−1 − q)Er,j ⊗ Ei,t

The third summand appears if r + 1 ≤ j ≤ t− 1.

If α ≤ β ≤ γ, we have

(ρ⊗ ρ)(∆(eαeβeγ)) = 0, (ρ⊗ ρ)(∆(fαfβfγ)) = 0.

Corollary 5.2.4. Let K = ks11 ...k
sn
n , and α ≤ β, γ ≤ δ. Then ρ(u) = (ρ⊗ ρ)(∆)(u)

may be nonzero only if u is one of the elements

K,Keγ, Keγeδ, fαK, fαfβK, fαKeγ, fαfβKeγ, fαKeγeδ, fαfβKeγeδ.
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Lemma 5.2.5. The algebra morphism ψ : H = Mq(n)→ U∗ = Uqgl(n)∗ defined at

the beginning of this section is well-defined.

Proof. To show that ψ is well-defined, we need to show

AadAac(u) = qAacAad(u) (5.5)

AbcAac(u) = qAacAbc(u) (5.6)

AbcAad(u) = AadAbc(u) (5.7)

AbdAac(u)− AacAbd(u) = (q − q−1)AadAbc(u) (5.8)

for every b > a, d > c, u ∈ U . Let K = ks11 ...k
sn
n , α = α(i, j) ≤ β = α(r, t) and

γ = α(h, l) ≤ δ = α(p, s). By Corollary 5.2.4, we need to consider the following

cases:

(i) If u = K = ks11 ...k
sn
n , we have ∆(K) = K ⊗K, so that ρ(K) = D⊗D where

D = D(qs1 , qs2 , ..., qsn), and all products evaluated on u vanish except

(AaaAdd)(u) = (AddAaa)(u) = qsa+sd ,

so that

(AaaAdd − AddAaa)(u) = 0 = AadAda(u).

Hence, the relations (5.5)-(5.8) are all satisfied for u = K.

(ii) If u = fαK, we have

ρ(fαK) = λ
(
Ej,iD ⊗D +D−1

i DjD ⊗ Ej,iD

+ (q−1 − q)
j−2∑
m=i

Em+1,iD ⊗ Ej,m+1D
)

= λqsi
(
Ej,i ⊗D +D−1

i DjD ⊗ Ej,i

+ (q−1 − q)
j−2∑
m=i

qsm+1Em+1,i ⊗ Ej,m+1

)
where λ = (−q)i−j+1. All products evaluated on u vanish except the cases:
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(a) If i < a = d < j, b = j, c = i

AjiAaa(u) = AaaAji(u) = λqsi+sa

(AjaAai − AaiAja)(u) = 0− λ(q−1 − q)qsiqsa

(q − q−1)AaaAji(u) = (q − q−1)λqsi+sa

(b) If a = c = i, b = d = j

AjjAji(u) = qAjiAjj(u) = λqsi+sj+1

AjiAii(u) = qAiiAji(u) = λq2si

(iii) If u = fαfβK, we have

ρ(fαfβK) = λ
(
q−δi,rEj,iD ⊗ Et,rD + qδj,tEt,rD ⊗ Ej,iD

+ (q−1 − q)q−δi,rEt,iD ⊗ Ej,rD
)

= λqsi+sr
(
q−δi,rEj,i ⊗ Et,r + qδj,tEt,r ⊗ Ej,i

+ (q−1 − q)q−δi,rEt,i ⊗ Ej,r
)

where λ = (−q)i+r−j−t+2. The third summand appears if i + 1 ≤ t ≤ j − 1.

If α = β, all products evaluated on u vanish, so assume α < β. We have four

cases:

(a) If i = r and j < t, then third summand does not appear and all products

evaluated on u vanish except

AtiAji(u) = qAjiAti(u) = λq2si

(b) If i < r and j = t, then third summand does not appear and all products

evaluated on u vanish except

AjrAji(u) = qAjiAjr(u) = λqsi+sr+1

(c) If i < r and j < t, then third summand does not appear and all products

evaluated on u vanish except

(AtrAji − AjiAtr)(u) = λqsi+sr − λqsi+sr = (q − q−1)AtiAjr(u)
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(d) If i < r and i + 1 ≤ t ≤ j − 1, then all products evaluated on u vanish

except

AjiAtr(u) = AtrAji(u) = λq2si+sr

(AjrAti − AtiAjr)(u) = (q − q−1)λqsi+sr = (q − q−1)AjiAtr(u)

(iv) If u = Keγ , we have

ρ(Keγ) = DEh,l ⊗DDhD
−1
l +D ⊗DEh,l

+ (q−1 − q)
l−2∑
m=h

DEh,m+1 ⊗DEm+1,l

= qsh(Eh,l ⊗DDhD
−1
l +D ⊗ Eh,l

+ (q−1 − q)
l−2∑
m=h

qsm+1Eh,m+1 ⊗ Em+1,l)

All products evaluated on u vanish except the cases

(a) If h < b = c < l, a = h, d = l

(AblAhb − AhbAbl)(u) = 0− (q−1 − q)qshqsb

(q − q−1)AbbAhl(u) = (q − q−1)qsh+sb

AbbAhl(u) = AhlAbb(u) = qsh+sb

(b) If a = c = h, b = d = l

AllAhl(u) = qAhlAll(u) = qsh+sl

AhlAhh(u) = qAhhAhl(u) = q2sh+1

(v) If u = Keγeδ, we have

ρ(Keγeδ) = qδh,pDEh,l ⊗DEp,s + q−δl,sDEp,s ⊗DEh,l

+ (q−1 − q)DEp,l ⊗DEh,s

= qsh+sp(qδh,pEh,l ⊗ Ep,s + q−δl,sEp,s ⊗ Eh,l

+ (q−1 − q)Ep,l ⊗ Eh,s)

The third summand appears if p + 1 ≤ l ≤ s − 1. If γ = δ, all products

evaluated on u vanish, so assume γ < δ. We have the following cases:
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(a) If h = p and l > s, then third summand does not appear and all products

evaluated on u vanish except

AhlAhs(u) = qAhsAhl(u) = q2sh+1

(b) If h > p and s = l, then third summand does not appear and all products

evaluated on u vanish except

AhlApl(u) = qAplAhl(u) = qsh+sp

(c) If h > p and l > s, then third summand does not appear and all products

evaluated on u vanish except

(AhlAps − ApsAhl)(u) = qsh+sp − qsh+sp = (q − q−1)AhsApl(u)

(d) If h > p and p + 1 ≤ l ≤ s − 1, then all products evaluated on u vanish

except

AhlAps(u) = ApsAhl(u) = qsh+sp

(AhsApl − AplAhs)(u) = (q − q−1)qsh+sp = (q − q−1)AjiAtr(u)

(vi) If u = fαKeγ , we have

ρ(fαKeγ) = λ
(
Ej,i ⊗D +D−1

i DjD ⊗ Ej,i

+ (q−1 − q)
j−2∑
m=i

qsm+1Em+1,i ⊗ Ej,m+1

)(
Eh,l ⊗DhD

−1
l

+ I ⊗ Eh,l + (q−1 − q)
l−2∑
m=h

Eh,m+1 ⊗ Em+1,l

)
where λ = (−q)i−j+1qsi . We have the following cases:

(a) If h = i and l = j then

ρ(fαKeγ) = λ
(
Ej,j ⊗DDiD

−1
j +D−1

i DjD ⊗ Ej,j

+ (q−1 − q)
j−2∑
m=i

qsm+1(Em+1,j ⊗ Ej,m+1 + Ej,m+1 ⊗ Em+1,j)

+ (q−1 − q)2

j−2∑
m=i

qsm+1Em+1,m+1 ⊗ Ej,j

+ qsi(Ej,i ⊗ Ei,j + Ei,j ⊗ Ej,i)
)
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and all products evaluated on u vanish except that

AjaAaj(u) = AajAja(u) = qsaλ(q−1 + q)

(AjjAaa(u)− AaaAjj)(u) = −qsaλ(q−1 + q)2 = (q − q−1)AjaAaj(u)

AjiAij(u) = AijAji(u) = qsiλ

(AjjAii(u)− AiiAjj)(u) = qsiλ(q − q−1) = (q − q−1)AjaAaj(u)

where i+ 1 ≤ a ≤ j − 1.

(b) If h = i and l < j then

ρ(fαKeγ) = λ
(
Ej,l ⊗DDiD

−1
l +D−1

i DjD ⊗ Ej,l

+ (q−1 − q)
j−2∑
m=i

qsm+1−δl,m+1Em+1,l ⊗ Ej,m+1

+ (q−1 − q)
l−2∑
m=i

qsm+1Ej,m+1 ⊗ Em+1,l

+ (q−1 − q)2

l−2∑
m=i

qsm+1Em+1,m+1 ⊗ Ej,l

+ qsi(Ej,i ⊗ Ei,l + Ei,l ⊗ Ej,i)
)

and all products evaluated on u vanish except that

AjaAal(u) = AalAja(u) = qsaλ(q−1 + q)

(AjlAaa(u)− AaaAjl)(u) = −qsaλ(q−1 + q)2 = (q − q−1)AjaAal(u)

AjlAbb(u) = AbbAjl(u) = qsbλ

(AjbAbl(u)− AblAjb)(u) = −qsbλ(q−1 + q) = (q − q−1)AjaAaj(u)

AjiAil(u) = AilAji(u) = qsiλ

(AjlAii(u)− AiiAjl)(u) = qsiλ(q − q−1) = (q − q−1)AjaAaj(u)

AjlAll(u) = qAllAjl(u) = qsl−1λ

where i+ 1 ≤ a ≤ l − 1, l + 1 ≤ b ≤ j − 1.
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(c) If h = i and l > j then

ρ(fαKeγ) = λ
(
Ej,l ⊗DDiD

−1
l +D−1

i DjD ⊗ Ej,l

+ (q−1 − q)
j−2∑
m=i

qsm+1Em+1,l ⊗ Ej,m+1

+ (q−1 − q)
l−2∑
m=i

qsm+1Ej,m+1 ⊗ Em+1,l

+ (q−1 − q)2

j−2∑
m=i

qsm+1Em+1,m+1 ⊗ Ej,l

+ qsi(Ej,i ⊗ Ei,l + Ei,l ⊗ Ej,i)
)

and all products evaluated on u vanish except that

AjaAal(u) = AalAja(u) = qsaλ(q−1 + q)

(AjlAaa(u)− AaaAjl)(u) = −qsaλ(q−1 + q)2 = (q − q−1)AjaAal(u)

AjlAbb(u) = AbbAjl(u) = qsbλ

(AblAjb(u)− AjbAbl)(u) = −qsbλ(q−1 + q) = (q − q−1)AjaAaj(u)

AjiAil(u) = AilAji(u) = qsiλ

(AjlAii(u)− AiiAjl)(u) = qsiλ(q − q−1) = (q − q−1)AjaAaj(u)

AjlAjj(u) = qAjjAjl(u) = qsjλ

where i+ 1 ≤ a ≤ j − 1, j + 1 ≤ b ≤ l − 1.

(d) If h < i and i < l then

ρ(fαKeγ) = λqsh(Ej,i ⊗ Eh,l + Eh,l ⊗ Ej,i + (q−1 − q)Eh,i ⊗ Ej,l)

and all products evaluated on u vanish except that

AjiAhl(u) = AhlAji(u) = qshλ

(AjlAhi(u)− AhiAjl)(u) = −qshλ(q−1 + q) = (q − q−1)AjiAhl(u).

(e) If h < i and i = l then

ρ(fαKeγ) = λqsh(Ej,i ⊗ Eh,i + q−1Eh,i ⊗ Ej,i)

and all products evaluated on u vanish except that

AjiAhi(u) = qAhiAji(u) = λqsh .
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(f) If h < i and i > l then

ρ(fαKeγ) = λqsh(Ej,i ⊗ Eh,l + Eh,l ⊗ Ej,i)

and all products evaluated on u vanish except that

(AjiAhl − AhlAji)(u) = 0 = (q−1 + q)AjlAhi.

(g) If i < h and h < j then

ρ(fαKeγ) = λqsh(Ej,i ⊗ Eh,l + Eh,l ⊗ Ej,i + (q−1 − q)Eh,i ⊗ Ej,l)

and all products evaluated on u vanish except that

AjiAhl(u) = AhlAji(u) = qshλ

(AjlAhi(u)− AhiAjl)(u) = −qshλ(q−1 + q) = (q − q−1)AjiAhl(u).

(h) If i < h and h = j then

ρ(fαKeγ) = λqsh(Eh,i ⊗ Eh,l + qEh,l ⊗ Eh,i)

and all products evaluated on u vanish except that

AhlAhi(u) = qAhiAhl(u) = λqsh+1.

(i) If i < h and h > j then

ρ(fαKeγ) = λqsh(Ej,i ⊗ Eh,l + Eh,l ⊗ Ej,i)

and all products evaluated on u vanish except that

(AhlAji − AjiAhl)(u) = 0 = (q−1 + q)AhiAjl.

(vii) If u = fαfβKeγ , we have

ρ(fαfβKeγ) = λ
(
q−δi,rEj,i ⊗ Et,r + qδj,tEt,r ⊗ Ej,i

+ (q−1 − q)q−δi,rEt,i ⊗ Ej,r
)(
Eh,l ⊗DhD

−1
l

+ I ⊗ Eh,l + (q−1 − q)
l−2∑
m=h

Eh,m+1 ⊗ Em+1,l

)
where λ = (−q)i+r−j−t+2qsi+sr . The third summand appears if i + 1 ≤ t ≤
j − 1. We have the following cases:
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(a) If α = β, then we have

ρ(fαfβKeγ) = λ(q−1 + q)
(
Ej,iEh,l ⊗ Ej,iDhD

−1
l + Ej,i ⊗ Ej,iEh,l

+ (q−1 − q)
l−2∑
m=h

Ej,iEh,m+1 ⊗ Ej,iEm+1,l

)
which is zero if i 6= h. If h = i we have

ρ(fαfβKeγ) = λ(q−1 + q)
(
qEj,l ⊗ Ej,i + Ej,i ⊗ Ej,l

)
and all products evaluated on u vanish except that

AjlAji(u) = qAjiAjl(u) = qλ(q−1 + q)

Suppose α < β for the below cases.

(b) If i = r and j < t, then ρ(fαfβKeγ) 6= 0 only if h = i, where

ρ(fαfβKeγ)

= λ(Ej,l ⊗ Et,i + q−1Ej,i ⊗ Et,l + qEt,l ⊗ Ej,i + Et,i ⊗ Ej,l)

and all products evaluated on u vanish except

AtiAjl(u) = AjlAti(u) = λ

(AtlAji − AjiAtl)(u) = λ(q − q−1) = (q − q−1)AjlAti(u)

(c) If i < r and j = t, then ρ(fαfβKeγ) 6= 0 only if h = i or h = r. If h = i

and r ≤ l − 1 we have

ρ(fαfβKeγ) = λ(Ej,l ⊗ Ejr + q−1Ej,r ⊗ Ej,l)

and all products evaluated on u vanish except

AjlAjr(u) = qAjrAjl(u) = λ.

If h = i and r = l we have

ρ(fαfβKeγ) = λ(q−1 + q)Ej,r ⊗ Ej,r

and all products evaluated on u vanish.

If h = i and r > l we have

ρ(fαfβKeγ) = λ(Ej,l ⊗ Ej,r + qEj,r ⊗ Ej,l)
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and all products evaluated on u vanish except

AjrAjl(u) = qAjlAjr(u) = qλ.

If h = r we have

ρ(fαfβKeγ) = λ(Ej,i ⊗ Ej,l + qEj,l ⊗ Ej,i)

and all products evaluated on u vanish except

AjlAji(u) = qAjiAjl(u) = qλ.

(d) If i < r and j < t, then ρ(fαfβKeγ) 6= 0 only if h = i or h = r. If h = i

and r ≤ l − 1 we have

ρ(fαfβKeγ) = λ(Ej,l ⊗ Et,r + Et,r ⊗ Ej,l + (q−1 − q)Ej,r ⊗ Et,l)

and all products evaluated on u vanish except

AjlAtr(u) = AtrAjl(u) = λ

(AtlAjr − AjrAtl)(u) = (q − q−1)λ = (q − q−1)AtrAjl(u).

If h = i and r = l we have

ρ(fαfβKeγ) = λ(q−1Ej,l ⊗ Et,l + Et,l ⊗ Ej,l)

and all products evaluated on u vanish except

AtlAjl(u) = qAjlAtl(u) = λ.

If h = i and r > l we have

ρ(fαfβKeγ) = λ(Ej,l ⊗ Et,r + Et,r ⊗ Ej,l)

and all products evaluated on u vanish except

(AtrAjl − AjlAtr)(u) = 0 = (q − q−1)AtlAjr(u).

If h = r we have

ρ(fαfβKeγ) = λ(Ej,i ⊗ Et,l + Et,l ⊗ Ej,i)

and all products evaluated on u vanish except

(AtlAji − AjiAtl)(u) = 0 = (q − q−1)AtiAjl(u).
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(e) If i < r and i + 1 ≤ t ≤ j − 1, then ρ(fαfβKeγ) 6= 0 only if h = i or

h = r. If h = i and r ≤ l − 1 we have

ρ(fαfβKeγ) = λ(Ej,l ⊗ Et,r + (1 + (q−1 − q)2)Et,r ⊗ Ej,l

+ (q−1 − q)Ej,r ⊗ Et,l + (q−1 − q)Et,l ⊗ Ej,r)

and all products evaluated on u vanish except

AjrAtl(u) = AtlAjr(u) = λ(q−1 − q)

(AjlAtr − AtrAjl)(u) = −(q − q−1)2λ = (q − q−1)AtlAjr(u).

If h = i and r = l we have

ρ(fαfβKeγ) = λ(q−1Ej,l ⊗ Et,l + q−2Et,l ⊗ Ej,l)

and all products evaluated on u vanish except

AjlAtl(u) = qAtlAjl(u) = q−1λ.

If h = i and r > l we have

ρ(fαfβKeγ) = λ(Ej,l ⊗ Et,r + Et,r ⊗ Ej,l + (q−1 − q)Et,l ⊗ Ej,r)

and all products evaluated on u vanish except

AjlAtr(u) = AtrAjl(u) = λ

(AjrAtl − AtlAjr)(u) = 0− (q−1 − q)λ = (q − q−1)AtlAjr(u).

If h = r we have

ρ(fαfβKeγ) = λ(Ej,i ⊗ Et,l + Et,l ⊗ Ej,i + (q−1 − q)Et,i ⊗ Ej,l)

and all products evaluated on u vanish except

AjiAtl(u) = AtlAji(u) = λ

(AjlAti − AtiAjl)(u) = 0− (q−1 − q)λ = (q − q−1)AtlAjr(u).

(viii) If u = fαKeγeδ, say α = α(i, j) and γ = α(h, l) ≤ δ = α(p, s), then we have

ρ(fαKeγeδ) = λ(Ej,i ⊗ I +D−1
i Dj ⊗ Ej,i + (q−1 − q)

j−2∑
m=i

Em+1,i ⊗ Ej,m+1)

(qδh,pEh,l ⊗ Ep,s + q−δl,sEp,s ⊗ Eh,l + (q−1 − q)Ep,l ⊗ Eh,s)
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where λ = (−q)i−j+1qsh+spThe third summand appears if p + 1 ≤ l ≤ s − 1.

We have the following cases: If γ = δ, all products evaluated on u vanish, so

assume γ < δ. We have the following cases:

(a) If γ = δ, we have

ρ(fαKeγeδ) = λ(q + q−1)(Ej,iEh,l ⊗ Eh,l +D−1
i DjEh,l ⊗ Ej,iEh,l

+ (q−1 − q)
j−2∑
m=i

Em+1,iEh,l ⊗ Ej,m+1Eh,l)

which is zero if i 6= h. If i = h, then

ρ(fαKeγeδ) = λ(q + q−1)(Ej,l ⊗ Eh,l + q−1Eh,l ⊗ Ej,l)

and all products evaluated on u vanish except

AjlAhl(u) = qAhlAjl(u) = λ(q + q−1)

Assume γ < δ for the below cases.

(b) If h = p and l > s, then ρ(fαKeγeδ) 6= 0 only if i = h, where

ρ(fαKeγeδ) = λ(qEj,l ⊗ Eh,s + Ej,s ⊗ Eh,l

+ q−1Eh,s ⊗ Ej,l + Eh,l ⊗ Ej,s)

and all products evaluated on u vanish except

AjsAhl(u) = AhlAjs(u) = λ

(AjlAhs − AhsAjl)(u) = (q − q−1)λ = (q − q−1)AjsAhl(u)

(c) If h > p and s = l, then ρ(fαKeγeδ) 6= 0 only if i = h or i = p. If i = h

then

ρ(fαKeγeδ) = λ(Ej,l ⊗ Ep,l + q−1Ep,l ⊗ Ej,l)

and all products evaluated on u vanish except

AjlApl(u) = qAplAjl(u) = λ

If i = p and j < h then

ρ(fαKeγeδ) = λ(q−1Ej,l ⊗ Eh,l + Eh,l ⊗ Ej,l)
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and all products evaluated on u vanish except

AhlAjl(u) = qAjlAhl(u) = λ

If i = p and j = h then

ρ(fαKeγeδ) = λ(q−1 + q)Ej,l ⊗ Ej,l

and all products evaluated on u vanish.

If i = p and h ≤ j − 1 then

ρ(fαKeγeδ) = λ(q−1Ej,l ⊗ Eh,l + q−2Eh,l ⊗ Ej,l)

and all products evaluated on u vanish except

AjlAhl(u) = qAhlAjl(u) = q−1λ

(d) If h > p and l > s, then ρ(fαKeγeδ) 6= 0 only if i = h or i = p. If i = h

then

ρ(fαKeγeδ) = λ(Ej,l ⊗ Ep,s + Ep,s ⊗ Ej,l)

and all products evaluated on u vanish except

(AjlAps − ApsAjl)(u) = 0 = (q − q−1)AjsApl(u)

If i = p and j < h then

ρ(fαKeγeδ) = λ(Ej,s ⊗ Eh,l + Eh,l ⊗ Ej,s)

and all products evaluated on u vanish except

(AhlAjs − AjsAhl)(u) = 0 = (q − q−1)AhsAjl

If i = p and j = h then

ρ(fαKeγeδ) = λ(Ej,s ⊗ Ej,l + qEj,l ⊗ Ej,s)

and all products evaluated on u vanish except

AjlAjs(u) = qAjsAjl = qλ
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If i = p and h ≤ j − 1 then

ρ(fαKeγeδ) = λ(Ej,s ⊗ Eh,l + Eh,l ⊗ Ej,s + (q−1 − q)Eh,s ⊗ Ej,l)

and all products evaluated on u vanish except

AjsAhl(u) = AhlAjs(u) = λ

(AjlAhs − AhsAjl)(u) = 0− (q−1 − q)λ = (q − q−1)AjsAhl(u)

(e) If h > p and p + 1 ≤ l ≤ s − 1, then ρ(fαKeγeδ) 6= 0 only if i = h or

i = p. If i = h then

ρ(fαKeγeδ) = λ(Ej,l ⊗ Ep,s + Ep,s ⊗ Ej,l + (q−1 − q)Ep,l ⊗ Ej,s)

and all products evaluated on u vanish except

AjlAps(u) = ApsAjl(u) = λ

(AjsApl − AplAjs)(u) = −(q−1 − q)λ = (q − q−1)ApsAjl(u)

If i = p and j < h then

ρ(fαKeγeδ) = λ(Ej,s ⊗ Eh,l + Eh,l ⊗ Ej,s + (q−1 − q)Ej,l ⊗ Eh,s)

and all products evaluated on u vanish except

AhlAjs(u) = AjsAhl(u) = λ

(AhsAjl − AjlAhs)(u) = −(q−1 − q)λ = (q − q−1)AjsAhl

If i = p and j = h then

ρ(fαKeγeδ) = λ(Ej,s ⊗ Ej,l + q−1Ej,l ⊗ Ej,s)

and all products evaluated on u vanish except

AjsAjl(u) = qAjlAjs = λ

If i = p and h ≤ j − 1 then

ρ(fαKeγeδ) = λ(Ej,s ⊗ Eh,l + ((q−1 − q)2 + 1)Eh,l ⊗ Ej,s

+ (q−1 − q)Eh,s ⊗ Ej,l + Ej,l ⊗ Eh,s)

and all products evaluated on u vanish except

AjlAhs(u) = AhsAjl(u) = λ(q−1 − q)

(AjsAhl − AhlAjs)(u) = −(q−1 − q)2λ = (q − q−1)AhsAjl(u)
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(ix) If u = fαfβKeγeδ, we have

ρ(fαfβKeγeδ)

= λ(q−δi,rEj,i ⊗ Et,r + qδj,tEt,r ⊗ Ej,i + (q−1 − q)q−δi,rEt,i ⊗ Ej,r)

(qδh,pEh,l ⊗ Ep,s + q−δl,sEp,s ⊗ Eh,l + (q−1 − q)Ep,l ⊗ Eh,s)

where λ = (−q)i+r−j−t+2qsi+sr . The third summand of the first factor appears

if i + 1 ≤ t ≤ j − 1 and the third summand of the second factor appears if

p+ 1 ≤ l ≤ s− 1.

If α = β and γ = δ then ρ(fαfβKeγeδ) 6= 0 only if α = γ and we have

ρ(fαfβKeγeδ) = λ(q + q−1)2Ej,j ⊗ Ej,j

and all products evaluated on u vanish.

If α = β and γ < δ then ρ(fαfβKeγeδ) 6= 0 only if i = h = p, so l > s and

we have

ρ(fαfβKeγeδ) = λ(q + q−1)(qEj,l ⊗ Ej,s + Ej,s ⊗ Ej,l)

and all products evaluated on u vanish except

AjlAjs(u) = qAjsAjl(u) = qλ(q−1 + q)

If α < β and γ = δ then ρ(fαfβKeγeδ) 6= 0 only if i = r = h, so j < t and

we have

ρ(fαfβKeγeδ) = λ(q + q−1)(q−1Ej,l ⊗ Et,l + Et,l ⊗ Ej,l)

and all products evaluated on u vanish except

AtlAjl(u) = qAjlAtl(u) = λ(q−1 + q)

Thus, assume α < β and γ < δ.

If i = r and j < t, then h = p = i, so l > s and

ρ(fαfβKeγeδ) = λ(Ej,l ⊗ Et,s + Et,s ⊗ Ej,l + q−1Ej,s ⊗ Et,l + qEt,l ⊗ Ej,s)

and all products evaluated on u vanish except

AtsAjl(u) = AjlAts(u) = λ

(AtlAjs − AjsAtl)(u) = λ(q − q−1) = (q − q−1)AtsAjl(u)

If i < r and j < t, then p = i and r = h. We have three cases:
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(a) If l > s,

ρ(fαfβKeγeδ) = λ(Ej,s ⊗ Et,l + Et,l ⊗ Ej,s)

and all products evaluated on u vanish except

(AtlAjs − AjsAtl)(u) = 0 = (q − q−1)AtsAjl(u)

(b) If l = s,

ρ(fαfβKeγeδ) = λ(q−1Ej,l ⊗ Et,l + Et,l ⊗ Ej,l)

and all products evaluated on u vanish except

AtlAjl(u) = qAjlAtl(u) = λ

(c) If l < s,

ρ(fαfβKeγeδ) = λ(Ej,s ⊗ Et,l + Et,l ⊗ Ej,s + (q−1 − q)Ej,l ⊗ Et,s)

and all products evaluated on u vanish except

AtlAjs(u) = AjsAtl(u) = λ

(AtsAjl − AjlAts)(u) = λ(q − q−1) = (q − q−1)AtsAjl(u)

If i < r and j = t, then p = i and r = h. We have three cases:

(a) If l > s,

ρ(fαfβKeγeδ) = λ(Ej,s ⊗ Ej,l + qEj,l ⊗ Ej,s)

and all products evaluated on u vanish except

AjlAjs(u) = qAjsAjl(u) = qλ

(b) If l = s,

ρ(fαfβKeγeδ) = λ(q−1 + q)Ej,l ⊗ Ej,l

and all products evaluated on u vanish.
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(c) If l < s,

ρ(fαfβKeγeδ) = λ(Ej,s ⊗ Ej,l + q−1Ej,l ⊗ Ej,s)

and all products evaluated on u vanish except

AjsAjl(u) = qAjlAjs(u) = λ

If i < r and j > t, then p = i and r = h. We have three cases:

(a) If l > s,

ρ(fαfβKeγeδ) = λ(Ej,s ⊗ Et,l + Et,l ⊗ Ej,s + (q−1 − q)Et,s ⊗ Ej,l)

and all products evaluated on u vanish except

AjsAtl(u) = AtlAjs(u) = λ

(AjlAts − AtsAjl)(u) = −(q−1 − q)λ = (q − q−1)AjsAtl(u)

(b) If l = s,

ρ(fαfβKeγeδ) = λ(q−1Ej,l ⊗ Et,l + q−2Et,l ⊗ Ej,l)

and all products evaluated on u vanish except

AjlAtl(u) = qAtlAjl(u) = q−1λ

(c) If l < s,

ρ(fαfβKeγeδ) = λ(Ej,s ⊗ Et,l + ((q−1 − q)2 + 1)Et,l ⊗ Ej,s

+ (q−1 − q)(Ej,l ⊗ Et,s + Et,s ⊗ Ej,l))

and all products evaluated on u vanish except

AjlAts(u) = AtsAjl(u) = (q−1 − q)λ

(AjsAtl − AtlAjs)(u) = −(q−1 − q)2λ = (q − q−1)AjlAts(u)

Hence, all relations (5.5)-(5.8) are satisfied.

Now, we are ready to prove the following theorem.
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Theorem 5.2.6. The bilinear form < u, x >= ψ(x)(u) realizes a duality between the

bialgebras Uqgl(n) and Mq(n).

Proof. We saw that the algebra morphism ψ is well-defined by Lemma 5.2.5. Hence,

it is enough to show that the bilinear form < u, x >= ψ(x)(u) satisfies the relations

(5.1) and (5.3) of Definition 5.1.1. Let us show bilinear form < u, x >= ψ(x)(u)

satisfies the relation (5.1). The identity ρ(1) = In gives:(
< 1, aij >

)
=
(
Aij(1)

)
= ρ(1) = In =

(
ε(aij)

)
By the relation (5.2) and (5.4) we have

< 1, xy > =< 1, x >< 1, y >,

< 1, 1 > = ε(1) = 1

So x 7→< 1, x > is an algebra morphism. Since both x 7→< 1, x > and ε are algebra

morphisms and they coincide on the generators of Mq(n), they are equal.

To prove relation (5.3), letC(x) be the following condition on an element x ofMq(n):

For any pair (u, v) ∈ U , we have

< uv, x > =
∑
(x)

< u, x′ >< v, x′′ > .

The relation (5.4) gives

< uv, 1 >= ε(uv) = ε(u)ε(v) =< u, 1 >< v, 1 > .

Hence, C(1) is satisfied. Now, we will prove that condition C(aij) holds for all

1 ≤ i, j ≤ n. Using the identities ρ(uv) = ρ(u)ρ(v) and ∆(
(
aij
)
) =

(
aij
)
⊗
(
aij
)
,

we get(
ψ(aij)(uv)

)
=
(
Aij(uv)

)
= ρ(uv) =

(
< uv, aij >

)
= ρ(u)ρ(v)

=
(
< u, aij >

)(
< v, aij >

)
=
(∑

(aij)

< u, a′ij >< v, a′′ij >
)

The last equation holds because ∆(aij) is given by matrix multiplication. Now, the

following lemmas will complete the proof.
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Lemma 5.2.7. If conditions C(x) and C(y) hold, then so does C(λx + y) for any

constant λ.

Proof. Using the identity

∆(λx+ y) = λ∆(x) + ∆(y) = λ
∑
(x)

x′ ⊗ x′′ +
∑
(y)

y′ ⊗ y′′

and <,> being bilinear, we have

< uv, λx+ y > = λ < uv, x > + < uv, y >

= λ
∑
(x)

< u, x′ >< v, x′′ > +
∑
(y)

< u, y′ >< v, y′′ >

=
∑

(λx+y)

< u, (λx+ y)′ >< v, (λx+ y)′′ >

Lemma 5.2.8. If conditions C(x) and C(y) hold, then so does C(xy).

Proof. Using relation (5.2), and conditions C(x) and C(y), we have

< uv, xy > =
∑
(uv)

< (uv)′, x >< (uv)′′, y >

=
∑

(u)(v)

< u′v′, x >< u′′v′′, y >

=
∑

(u)(v)(x)(y)

< u′, x′ >< v′, x′′ >< u′′, y′ >< v′′, y′′ > .

They also yield∑
(xy)

< u, (xy)′ >< v, (xy)′′ > =
∑

(x)(y)

< u, x′y′ >< v, x′′y′′ >

=
∑

(u)(v)(x)(y)

< u′, x′ >< u′′, y′ >< v′, x′′ >< v′′, y′′ > .

=< uv, xy > .
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CHAPTER 6

FACTORIZATION

This chapter is the heart of the thesis where our results on factorization are presented.

We begin the chapter by introducing a new algebra Rp,q(n). This algebra can be

thought of the quantized analogue of functions on the double diagonal matrices. In

our main result, the Factorization Theorem, we prove that there is an algebra map

φ : Mp,q(n)→ Rp,q(n) under which the elements aij get “factorized”. The rest of the

chapter is devoted to the proof of this theorem.

6.1 The Algebra Rp,q(n)

Definition 6.1.1. Let Rp,q(n) = K{x(k)
i , y

(k)
i |1 ≤ k ≤ n − 1, 1 ≤ i ≤ 2n − 1}/J

be the quotient of the free algebra over K generated by the generators {x(k)
i , y

(k)
i |k ∈

{1, 2, ..., n − 1}, i ∈ {1, 2, ..., 2n − 1}} by the two-sided ideal J generated by the

relations

x
(k)
2i x

(k)
2i−1 = px

(k)
2i−1x

(k)
2i , y

(k)
2i+1y

(k)
2i = py

(k)
2i y

(k)
2i+1,

x
(k)
2i+1x

(k)
2i = qx

(k)
2i x

(k)
2i+1, y

(k)
2i y

(k)
2i−1 = qy

(k)
2i−1y

(k)
2i ,

x
(k)
i x

(k)
j = x

(k)
j x

(k)
i , y

(k)
i y

(k)
j = y

(k)
j y

(k)
i ,

x
(k1)
i x

(k2)
l = x

(k2)
l x

(k1)
i , y

(k1)
i y

(k2)
l = y

(k2)
l y

(k1)
i ,

x
(k3)
i y

(k4)
l = y

(k4)
l x

(k3)
i

for every i, j, k, l, k1, k2, k3, k4 where k1 6= k2, |j − i| ≥ 2.
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Let

A =


a11 a12 . . . a1n

a21 a22 . . . a2n

...
... . . . ...

an1 an2 . . . ann



X(k) =



x
(k)
1 x

(k)
2

x
(k)
3 x

(k)
4

. . . . . .

x
(k)
2n−2

x
(k)
2n−1



Y (k) =



y
(k)
1

y
(k)
2 y

(k)
3

y
(k)
4 y

(k)
5

. . . . . .

y
(k)
2n−2 y

(k)
2n−1



6.2 The Factorization Theorem

Theorem 6.2.1. The map φ : Mp,q(n)→ Rp,q(n) mapping aij to âij , where âij is the

ijth entry of the matrix Â = X(1)X(2)...X(n−1)Y (1)Y (2)...Y (n−1), is well-defined, i.e.

the entries of Â =
(
âij
)

satisfy relations

âilâik = pâikâil,

âjkâik = qâikâjk,

âjkâil = p−1qâilâjk,

âjlâik = âikâjl + (p− q−1)âjkâil

whenever j > i and l > k.

6.3 The proof of the Main Theorem

To prove the theorem we will use infinite double diagonal matrices and the following

lemmas.
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Definition 6.3.1. Let Rp,q(∞) = K{x(k)
i |k ∈ Z+, i ∈ Z}/J∞ be the quotient of

the free algebra over K generated by the generators {x(k)
i |k ∈ Z+, i ∈ Z} by the

two-sided ideal J∞ generated by the relations

x
(k)
2i x

(k)
2i−1 = px

(k)
2i−1x

(k)
2i ,

x
(k)
2i+1x

(k)
2i = qx

(k)
2i x

(k)
2i+1,

x
(k)
i x

(k)
j = x

(k)
j x

(k)
i ,

x
(k1)
i x

(k2)
l = x

(k2)
l x

(k1)
i ,

for every i, j, k, l, k1, k2 where k1 6= k2, |j − i| ≥ 2.

Let X̃(k) denote the double diagonal infinite matrix with entries from Rp,q(∞) and

iith and ii+ 1th entries given by

(X̃(k))ii = x
(k)
2i−1,

(X̃(k))ii+1 = x
(k)
2i ,

(X̃(k))ij = 0

for every i, j ∈ Z, where |j − i| ≥ 2.

Lemma 6.3.2.

(X̃(1)X̃(2)...X̃(n))ij =


x

(1)
2i−1x

(2)
2i−1...x

(n)
2i−1 if i = j

n∑
kj−i=j−i

...

k3−1∑
k2=2

k2−1∑
k1=1

ω if 0 < j − i ≤ n

0 otherwise

where ω = x
(1)
2i−1x

(2)
2i−1...x

(k1−1)
2i−1 x

(k1)
2i x

(k1+1)
2i+1 ...x

(kj−i−1)
2j−3 x

(kj−i)

2(j−1)x
(kj−i+1)
2j−1 ...x

(n−1)
2j−1 x

(n)
2j−1.

Remark 6.3.3. Note that with this notation we mean, exactly j − i many terms with

even index appears in each summand.

Proof. Do induction on n. If n = 2

(X̃(1)X̃(2))ij =



0 if i > j

x
(1)
2i−1x

(2)
2j−1 if i = j

x
(1)
2i−1x

(2)
2(j−1) + x

(1)
2i x

(2)
2j−1 if j = i+ 1

x
(1)
2i x

(2)
2(j−1) if j = i+ 2

0 if j − i ≥ 3
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Assuming the result for n− 1, we have

(X̃(1)X̃(2)...X̃(n))ij = (X̃(1)X̃(2)...X̃(n−1))ij−1(X̃(n))j−1j

+ (X̃(1)X̃(2)...X̃(n−1))ij(X̃
(n))jj

=
n−1∑

kj−i−1=j−i−1

...

k2−1∑
k1=1

x
(1)
2i−1...x

(k1)
2i ...x

(kj−i−1)

2(j−2) ...x
(n−1)
2j−3 x

(n)
2j−2

+
n−1∑

kj−i=j−i

...

k2−1∑
k1=1

x
(1)
2i−1...x

(k1)
2i ...x

(kj−i)

2(j−1)...x
(n−1)
2j−1 x

(n)
2j−1 (6.1)

=
n∑

kj−i=j−i

...

k2−1∑
k1=1

x
(1)
2i−1...x

(k1)
2i ...x

(kj−i)

2(j−1)...x
(n)
2j−1 (6.2)

Note that last equality holds because kj−i = n summand of (6.2) is the first summand

of (6.1). If j − i > n (or j − i < 0) then j − 1 − i > n − 1 (or j − 1 − i < −1),

which means (X̃(1)X̃(2)...X̃(n−1))ij−1 = 0 and (X̃(1)X̃(2)...X̃(n−1))ij = 0. So we get

(X̃(1)X̃(2)...X̃(n−1)X̃(n))ij = 0.

Let Ỹ (k) denote the double diagonal infinite matrix with entries form Rq(∞) and iith

and i+ 1ith entries given by

(Ỹ (k))ii = y
(k)
2i−1,

(Ỹ (k))i+1i = y
(k)
2i ,

(Ỹ (k))ij = 0

for every i, j ∈ Z, where |j − i| ≥ 2.

Lemma 6.3.4.

(Ỹ (1)Ỹ (2)...Ỹ (n))ij =


y

(1)
2i−1y

(2)
2i−1...y

(n)
2i−1 if i = j

n∑
ki−j=i−j

...

k3−1∑
k2=2

k2−1∑
k1=1

ω′ if 0 < i− j ≤ n

0 otherwise

where ω′ = y
(1)
2i−1y

(2)
2i−1...y

(k1−1)
2i−1 y

(k1)
2i−2y

(k1+1)
2i−3 ...y

(kj−i−1)
2j+1 y

(kj−i)
2j y

(kj−i+1)
2j−1 ...y

(n−1)
2j−1 y

(n)
2j−1.

Remark 6.3.5. Note that with this notation we mean, exactly i − j many terms with

even index appears in each summand.
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Proof. Do induction on n. If n = 2

(Ỹ (1)Ỹ (2))ij =



0 if j > i

y
(1)
2i−1y

(2)
2j−1 if i = j

y
(1)
2i−2y

(2)
2j−1 + y

(1)
2i−1y

(2)
2j if i = j + 1

y
(1)
2i y

(2)
2j if i = j + 2

0 if i− j ≥ 3

Assuming the result for n− 1, we have

(Ỹ (1)Ỹ (2)...Ỹ (n))ij = (Ỹ (1)Ỹ (2)...Ỹ (n−1))ij+1(Ỹ (n))j+1j

+ (Ỹ (1)Ỹ (2)...Ỹ (n−1))ij(Ỹ
(n))jj

=
n−1∑

ki−j−1=i−j−1

...

k2−1∑
k1=1

y
(1)
2i−1...y

(k1)
2i−2...y

(ki−j−1)

2(j+1) ...y
(n−1)
2j+1 y

(n)
2j

+
n−1∑

ki−j=i−j

...

k2−1∑
k1=1

y
(1)
2i−1...y

(k1)
2i−2...y

(ki−j)
2j ...y

(n−1)
2j−1 y

(n)
2j−1 (6.3)

=
n∑

ki−j=i−j

...

k2−1∑
k1=1

y
(1)
2i−1...y

(k1)
2i ...y

(ki−j)
2j ...y

(n)
2j−1 (6.4)

Note that last equality holds because ki−j = n summand of (6.4) is the first summand

of (6.3).

If i − j > n (or i − j < 0) then i − 1 − j > n − 1 (or i − 1 − j < −1),

which means (Ỹ (1)Ỹ (2)...Ỹ (n−1))ij+1 = 0 and (Ỹ (1)Ỹ (2)...Ỹ (n−1))ij = 0. So we

get (Ỹ (1)Ỹ (2)...Ỹ (n−1)Ỹ (n))ij = 0.

Lemma 6.3.6. (X(1)X(2)...X(n−1)Y (1)Y (2)...Y (n−1))ij =
n∑
i≤l
j≤l

XilYlj

where

Xil =
n∑

kl−i=l−i

...

k2−1∑
k1=1

x
(1)
2i−1...x

(k1)
2i ...x

(kl−i)
2(l−1)...x

(n)
2l−1 and

Ylj =
n∑

kl−j=l−j

...

k2−1∑
k1=1

y
(1)
2l−1...y

(k1)
2l ...y

(kl−j)
2j ...y

(n)
2j−1
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Lemma 6.3.7. The following relations hold for Ã(n) = X̃(1)X̃(2)...X̃(n):

Ã
(n)
ad Ã

(n)
ac = pÃ(n)

ac Ã
(n)
ad ,

Ã
(n)
bc Ã

(n)
ac = qÃ(n)

ac Ã
(n)
bc ,

Ã
(n)
bc Ã

(n)
ad = p−1qÃ

(n)
ad Ã

(n)
bc ,

Ã
(n)
bd Ã

(n)
ac = Ã(n)

ac Ã
(n)
bd + (p− q−1)Ã

(n)
bc Ã

(n)
ad

if d > c and b > a.

Proof. Proof will be by induction on n. The relations hold in Ã(1) = X̃(1) by defini-

tion. Consider Ã(n) = X̃(1)X̃(2)...X̃(n).

First, denoting Ã′(n−1) = X̃(2)...X̃(n), note that

Ã
(n)
ij = Ã

(n−1)
ij−1 x

(n)
2j−2 + Ã

(n−1)
ij x

(n)
2j−1,

Ã
(n)
ij = x

(1)
2i−1Ã

′(n−1)
ij + x

(1)
2i Ã

′(n−1)
i+1j .

Now assume a, b, c, d are as above, and that the assertion holds for n− 1.

Ã
(n)
ad Ã

(n)
ac = (Ã

(n−1)
ad−1 x

(n)
2d−2 + Ã

(n−1)
ad x

(n)
2d−1)(Ã

(n−1)
ac−1 x

(n)
2c−2 + Ã(n−1)

ac x
(n)
2c−1)

= Ã
(n−1)
ad−1 x

(n)
2d−2Ã

(n−1)
ac−1 x

(n)
2c−2 + Ã

(n−1)
ad x

(n)
2d−1Ã

(n−1)
ac−1 x

(n)
2c−2

+ Ã
(n−1)
ad−1 x

(n)
2d−2Ã

(n−1)
ac x

(n)
2c−1 + Ã

(n−1)
ad x

(n)
2d−1Ã

(n−1)
ac x

(n)
2c−1

= pÃ
(n−1)
ac−1 x

(n)
2c−2Ã

(n−1)
ad−1 x

(n)
2d−2 + pÃ

(n−1)
ac−1 x

(n)
2c−2Ã

(n−1)
ad x

(n)
2d−1

+ pÃ(n−1)
ac x

(n)
2c−1Ã

(n−1)
ad−1 x

(n)
2d−2 + pÃ(n−1)

ac x
(n)
2c−1Ã

(n−1)
ad x

(n)
2d−1

= p(Ã
(n−1)
ac−1 x

(n)
2c−2 + Ã(n−1)

ac x
(n)
2c−1)(Ã

(n−1)
ad−1 x

(n)
2d−2 + Ã

(n−1)
ad x

(n)
2d−1)

= pÃ(n)
ac Ã

(n)
ad

Here,

Ã
(n−1)
ad−1 x

(n)
2d−2Ã

(n−1)
ac−1 x

(n)
2c−2 = pÃ

(n−1)
ac−1 x

(n)
2c−2Ã

(n−1)
ad−1 x

(n)
2d−2,

Ã
(n−1)
ad x

(n)
2d−1Ã

(n−1)
ac−1 x

(n)
2c−2 = pÃ

(n−1)
ac−1 x

(n)
2c−2Ã

(n−1)
ad x

(n)
2d−1,

Ã
(n−1)
ad x

(n)
2d−1Ã

(n−1)
ac x

(n)
2c−1 = pÃ(n−1)

ac x
(n)
2c−1Ã

(n−1)
ad x

(n)
2d−1

by induction hypothesis and the fact that x(n)
i and x(n)

j commute if |i− j| > 1.

If d > c+ 1 then

Ã
(n−1)
ad−1 x

(n)
2d−2Ã

(n−1)
ac x

(n)
2c−1 = pÃ(n−1)

ac x
(n)
2c−1Ã

(n−1)
ad−1 x

(n)
2d−2
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holds by induction hypothesis. If d = c+ 1 then

Ã
(n−1)
ad−1 x

(n)
2d−2Ã

(n−1)
ac x

(n)
2c−1 = Ã(n−1)

ac x
(n)
2c Ã

(n−1)
ac x

(n)
2c−1

= pÃ(n−1)
ac x

(n)
2c−1Ã

(n−1)
ac x

(n)
2c

= pÃ(n−1)
ac x

(n)
2c−1Ã

(n−1)
ad−1 x

(n)
2d−2.

Ã
(n)
bc Ã

(n)
ac = (x

(1)
2b Ã

′(n−1)
b+1c + x

(1)
2b−1Ã

′(n−1)
bc )(x

(1)
2a Ã

′(n−1)
a+1c + x

(1)
2a−1Ã

′(n−1)
ac )

= x
(1)
2b Ã

′(n−1)
b+1c x

(1)
2a Ã

′(n−1)
a+1c + x

(1)
2b−1Ã

′(n−1)
bc x

(1)
2a Ã

′(n−1)
a+1c

+ x
(1)
2b Ã

′(n−1)
b+1c x

(1)
2a−1Ã

′(n−1)
ac + x

(1)
2b−1Ã

′(n−1)
bc x

(1)
2a−1Ã

′(n−1)
ac

= qx
(1)
2a Ã

′(n−1)
a+1c x

(1)
2b Ã

′(n−1)
b+1c + qx

(1)
2a Ã

′(n−1)
a+1c x

(1)
2b−1Ã

′(n−1)
bc

+ qx
(1)
2a−1Ã

′(n−1)
ac x

(1)
2b Ã

′(n−1)
b+1c + qx

(1)
2a−1Ã

′(n−1)
ac x

(1)
2b−1Ã

′(n−1)
bc

= q(x
(1)
2a Ã

′(n−1)
a+1c + x

(1)
2a−1Ã

′(n−1)
ac )(x

(1)
2b Ã

′(n−1)
b+1c + x

(1)
2b−1Ã

′(n−1)
bc )

= qÃ(n)
ac Ã

(n)
bc

Here,

x
(1)
2b Ã

′(n−1)
b+1c x

(1)
2a Ã

′(n−1)
a+1c = qx

(1)
2a Ã

′(n−1)
a+1c x

(1)
2b Ã

′(n−1)
b+1c ,

x
(1)
2b Ã

′(n−1)
b+1c x

(1)
2a−1Ã

′(n−1)
ac = qx

(1)
2a−1Ã

′(n−1)
ac x

(1)
2b Ã

′(n−1)
b+1c ,

x
(1)
2b−1Ã

′(n−1)
bc x

(1)
2a−1Ã

′(n−1)
ac = qx

(1)
2a−1Ã

′(n−1)
ac x

(1)
2b−1Ã

′(n−1)
bc

by induction hypothesis and the fact that x(n)
i and x(n)

j commute if |i− j| > 1.

If b > a+ 1 then

x
(1)
2b−1Ã

′(n−1)
bc x

(1)
2a Ã

′(n−1)
a+1c = qx

(1)
2a Ã

′(n−1)
a+1c x

(1)
2b−1Ã

′(n−1)
bc

holds by induction hypothesis. If b = a+ 1 then

x
(1)
2b−1Ã

′(n−1)
bc x

(1)
2a Ã

′(n−1)
a+1c = x

(1)
2a+1Ã

′(n−1)
a+1c x

(1)
2a Ã

′(n−1)
a+1c

= qx
(1)
2a Ã

′(n−1)
a+1c x

(1)
2a+1Ã

′(n−1)
a+1c

= qx
(1)
2a Ã

′(n−1)
a+1c x

(1)
2b−1Ã

′(n−1)
bc .
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Ã
(n)
bc Ã

(n)
ad = (Ã

(n−1)
bc−1 x

(n)
2c−2 + Ã

(n−1)
bc x

(n)
2c−1)(Ã

(n−1)
ad−1 x

(n)
2d−2 + Ã

(n−1)
ad x

(n)
2d−1)

= Ã
(n−1)
bc−1 x

(n)
2c−2Ã

(n−1)
ad−1 x

(n)
2d−2 + Ã

(n−1)
bc x

(n)
2c−1Ã

(n−1)
ad−1 x

(n)
2d−2

+ Ã
(n−1)
bc−1 x

(n)
2c−2Ã

(n−1)
ad x

(n)
2d−1 + Ã

(n−1)
bc x

(n)
2c−1Ã

(n−1)
ad x

(n)
2d−1

= p−1qÃ
(n−1)
ad−1 x

(n)
2d−2Ã

(n−1)
bc−1 x

(n)
2c−2 + p−1qÃ

(n−1)
ad−1 x

(n)
2d−2Ã

(n−1)
bc x

(n)
2c−1

+ p−1qÃ
(n−1)
ad x

(n)
2d−1Ã

(n−1)
bc−1 x

(n)
2c−2 + p−1qÃ

(n−1)
ad x

(n)
2d−1Ã

(n−1)
bc x

(n)
2c−1

= p−1q(Ã
(n−1)
ad−1 x

(n)
2d−2 + Ã

(n−1)
ad x

(n)
2d−1)(Ã

(n−1)
bc−1 x

(n)
2c−2 + Ã

(n−1)
bc x

(n)
2c−1)

= p−1qÃ
(n)
ad Ã

(n)
bc

Here,

Ã
(n−1)
bc−1 x

(n)
2c−2Ã

(n−1)
ad−1 x

(n)
2d−2 = p−1qÃ

(n−1)
ad−1 x

(n)
2d−2Ã

(n−1)
bc−1 x

(n)
2c−2,

Ã
(n−1)
bc−1 x

(n)
2c−2Ã

(n−1)
ad x

(n)
2d−1 = p−1qÃ

(n−1)
ad x

(n)
2d−1Ã

(n−1)
bc−1 x

(n)
2c−2,

Ã
(n−1)
bc x

(n)
2c−1Ã

(n−1)
ad x

(n)
2d−1 = p−1qÃ

(n−1)
ad x

(n)
2d−1Ã

(n−1)
bc x

(n)
2c−1

by induction hypothesis and the fact that x(n)
i and x(n)

j commute if |i− j| > 1.

If d > c+ 1 then

Ã
(n−1)
bc x

(n)
2c−1Ã

(n−1)
ad−1 x

(n)
2d−2 = p−1qÃ

(n−1)
ad−1 x

(n)
2d−2Ã

(n−1)
bc x

(n)
2c−1

holds by induction hypothesis. If d = c+ 1 then

Ã
(n−1)
bc x

(n)
2c−1Ã

(n−1)
ad−1 x

(n)
2d−2 = Ã

(n−1)
bc x

(n)
2c−1Ã

(n−1)
ac x

(n)
2c

= p−1qÃ(n−1)
ac x

(n)
2c Ã

(n−1)
bc x

(n)
2c−1

= p−1qÃ
(n−1)
ad−1 x

(n)
2d−2Ã

(n−1)
bc x

(n)
2c−1.
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Ã
(n)
bd Ã

(n)
ac = (Ã

(n−1)
bd−1 x

(n)
2d−2 + Ã

(n−1)
bd x

(n)
2d−1)(Ã

(n−1)
ac−1 x

(n)
2c−2 + Ã(n−1)

ac x
(n)
2c−1)

= Ã
(n−1)
bd−1 Ã

(n−1)
ac−1 x

(n)
2d−2x

(n)
2c−2 + Ã

(n−1)
bd Ã

(n−1)
ac−1 x

(n)
2d−1x

(n)
2c−2

+ Ã
(n−1)
bd−1 Ã

(n−1)
ac x

(n)
2d−2x

(n)
2c−1 + Ã

(n−1)
bd Ã(n−1)

ac x
(n)
2d−1x

(n)
2c−1

= (Ã
(n−1)
ac−1 Ã

(n−1)
bd−1 + (p− q−1)Ã

(n−1)
bc−1 Ã

(n−1)
ad−1 )x

(n)
2d−2x

(n)
2c−2

+ (Ã
(n−1)
ac−1 Ã

(n−1)
bd + (p− q−1)Ã

(n−1)
bc−1 Ã

(n−1)
ad )x

(n)
2d−1x

(n)
2c−2

+ (Ã(n−1)
ac Ã

(n−1)
bd−1 + (p− q−1)Ã

(n−1)
bc Ã

(n−1)
ad−1 )x

(n)
2d−2x

(n)
2c−1

+ (Ã(n−1)
ac Ã

(n−1)
bd + (p− q−1)Ã

(n−1)
bc Ã

(n−1)
ad )x

(n)
2d−1x

(n)
2c−1

= Ã
(n−1)
ac−1 x

(n)
2c−2Ã

(n−1)
bd−1 x

(n)
2d−2 + (p− q−1)Ã

(n−1)
bc−1 x

(n)
2c−2Ã

(n−1)
ad−1 x

(n)
2d−2

+ Ã
(n−1)
ac−1 x

(n)
2c−2Ã

(n−1)
bd x

(n)
2d−1 + (p− q−1)Ã

(n−1)
bc−1 x

(n)
2c−2Ã

(n−1)
ad x

(n)
2d−1

+ Ã(n−1)
ac x

(n)
2c−1Ã

(n−1)
bd−1 x

(n)
2d−2 + (p− q−1)Ã

(n−1)
bc x

(n)
2c−1Ã

(n−1)
ad−1 x

(n)
2d−2

+ Ã(n−1)
ac x

(n)
2c−1Ã

(n−1)
bd x

(n)
2d−1 + (p− q−1)Ã

(n−1)
bc x

(n)
2c−1Ã

(n−1)
ad x

(n)
2d−1

= (Ã
(n−1)
ac−1 x

(n)
2c−2 + Ã(n−1)

ac x
(n)
2c−1)(Ã

(n−1)
bd−1 x

(n)
2d−2 + Ã

(n−1)
bd x

(n)
2d−1)

+ (p− q−1)(Ã
(n−1)
bc−1 x

(n)
2c−2 + Ã

(n−1)
bc x

(n)
2c−1)(Ã

(n−1)
ad−1 x

(n)
2d−2 + Ã

(n−1)
ad x

(n)
2d−1)

= Ã(n)
ac Ã

(n)
bd + (p− q−1)Ã

(n)
bc Ã

(n)
ad

Here,

Ã
(n−1)
bd−1 Ã

(n−1)
ac−1 = Ã

(n−1)
ac−1 Ã

(n−1)
bd−1 + (p− q−1)Ã

(n−1)
bc−1 Ã

(n−1)
ad−1 ,

Ã
(n−1)
bd Ã

(n−1)
ac−1 = Ã

(n−1)
ac−1 Ã

(n−1)
bd + (p− q−1)Ã

(n−1)
bc−1 Ã

(n−1)
ad ,

Ã
(n−1)
bd Ã(n−1)

ac = Ã(n−1)
ac Ã

(n−1)
bd + (p− q−1)Ã

(n−1)
bc Ã

(n−1)
ad

by induction hypothesis and the fact that x(n)
i and x(n)

j commute if |i− j| > 1.

If d > c+ 1 then

Ã
(n−1)
bd−1 Ã

(n−1)
ac = Ã(n−1)

ac Ã
(n−1)
bd−1 + (p− q−1)Ã

(n−1)
bc Ã

(n−1)
ad−1

holds by induction hypothesis. If d = c+ 1 then since b > a we have

p−1(Ã(n−1)
ac Ã

(n−1)
bc − q−1Ã

(n−1)
bc Ã(n−1)

ac ) = 0.
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Hence

Ã
(n−1)
bd−1 Ã

(n−1)
ac x

(n)
2d−2x

(n)
2c−1 = Ã

(n−1)
bc Ã(n−1)

ac x
(n)
2c x

(n)
2c−1

= (Ã
(n−1)
bc Ã(n−1)

ac + p−1Ã(n−1)
ac Ã

(n−1)
bc

− p−1q−1Ã
(n−1)
bc Ã(n−1)

ac )px
(n)
2c−1x

(n)
2c

= (pÃ
(n−1)
bc Ã(n−1)

ac + Ã(n−1)
ac Ã

(n−1)
bc

− q−1Ã
(n−1)
bc Ã(n−1)

ac )x
(n)
2c−1x

(n)
2c

= (Ã(n−1)
ac Ã

(n−1)
bc + (p− q−1)Ã

(n−1)
bc Ã(n−1)

ac )x
(n)
2c−1x

(n)
2c

= (Ã(n−1)
ac Ã

(n−1)
bd−1 + (p− q−1)Ã

(n−1)
bc Ã

(n−1)
ad−1 )x

(n)
2c−1x

(n)
2d−2.

Definition 6.3.8. Let R̄q(∞) = Rq(∞)/J̄ be the quotient of the algebra Rq(∞) over

K by the two-sided ideal J̄ generated by the relations

x
(k)
i = x̄

(k)
i ,

x
(k+n−1)
i+2k−1 = ȳ

(k)
i ,

x
(k)
j = 0,

x
(k+n−1)
j+2k−1 = 0,

x(m)
s = 0

if 1 ≤ k ≤ n− 1, 1 ≤ i ≤ 2n− 1, j ≤ 0 or j ≥ 2n, m ≥ 2n− 1 and ∀s ∈ Z.

Denote

X̄(k) = X̃(k) (modJ̄),

Ȳ (k) = X̃(k+n−1) (modJ̄)

if 1 ≤ k ≤ n− 1.

Remark 6.3.9. The elements of the algebra R̄q(∞) still satisfy the commutation and

anti-commutation relations

x
(k)
i+1x

(k)
i = qx

(k)
i x

(k)
i+1 (mod J̄),

x
(k)
i x

(k)
j = x

(k)
j x

(k)
i (mod J̄),

x
(k1)
i x

(k2)
l = x

(k2)
l x

(k1)
i (mod J̄)
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for every i, j, k, l, k1, k2 where k1 6= k2, |j − i| ≥ 2.

Thus the entries of matrix Ā = X̄(1)X̄(2)...X̄(n−1)Ȳ (1)Ȳ (2)...Ȳ (n−1) also satisfy the

corresponding relations, i.e. we have

ĀadĀac = qĀacĀad,

ĀbcĀac = qĀacĀbc,

ĀbcĀad = ĀadĀbc,

ĀbdĀac = ĀacĀbd + (q − q−1)ĀbcĀad

if d > c and b > a.

Remark 6.3.10. The algebras Rq(n) and R̄q(∞) are isomorphic via the following

map:

x
(k)
i 7→ x̄

(k)
i ,

y
(k)
i 7→ ȳ

(k)
i

for every 1 ≤ k ≤ n− 1, 1 ≤ i ≤ 2n− 1.

Lemma 6.3.11. The matrix Â = X(1)X(2)...X(n−1)Y (1)Y (2)...Y (n−1) can be obtained

by cutting the zero rows and columns of the infinite matrix Ā, hence the assertion of

Theorem 6.2.1 is true.

Proof. Under the above identification

x
(k)
l 7→ x̄

(k)
l ,

y
(k)
l 7→ ȳ

(k)
l

for every 1 ≤ k ≤ n− 1, 1 ≤ l ≤ 2n− 1, we have

(X̄(k))ij = (X(k))ij,

(Ȳ (k))ij = (Y (k))ij

if 1 ≤ k ≤ n− 1 and 1 ≤ i, j ≤ n. Hence,

(Ā)ij = (Â)ij
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for every 1 ≤ i, j ≤ n. Now since

(Ā)ij = 0

for every i, j ≤ 0 or i, j ≥ n + 1, if we cut the zero rows and columns of Ā we get

exactly Â.

Now since entries of Ā satisfy the relations, entries of Â also satisfy the corresponding

ones, which proves Theorem 6.2.1.

6.4 Conclusion

For quantum groups, Drinfeld’s quantum double (see section 2.3) plays the role of

LU -decomposition of linear algebra. It produces an R-matrix as a by-product.

Our goal is to construct new R-matrices by embedding the bialgebra Mp,q(n) into

some larger (bi)algebra B where the commutators between the generators of the

(bi)algebra B have simpler expressions than those of Mp,q(n). Our factorization the-

orem is an effort in this direction.
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