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ABSTRACT

QUANTUM GROUPS, R-MATRICES AND FACTORIZATION

Celik, Miinevver
Ph.D., Department of Mathematics
Supervisor : Assoc. Prof. Dr. Ali Ulas Ozgiir Kisisel

September 2015, [113] pages

R-matrices are solutions of the Yang-Baxter equation. They give rise to link invari-
ants. Quantum groups can be used to obtain R-matrices. Roughly speaking, Drin-
feld’s quantum double corresponds to LU-decomposition. We proved a partial result
concerning factorization of the quantum group M, ,(n) into simpler pieces to ease
the computations.

Keywords: R-matrix, quantum group, knot theory
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KUANTUM GRUPLARI, R-MATRISLERI VE FAKTORIZASYON

Celik, Miinevver
Doktora, Matematik Boliimii

Tez Yoneticisi : Dog. Dr. Ali Ulas Ozgiir Kisisel

Eyliil 2015 , [T13]sayfa

R-matrisleri Yang-Baxter denkleminin ¢oziimleridir. R-matrisleri kullanilarak diigtim
degismezleri elde edilir. Kuantum gruplar1 kullanilarak R-matris elde edilebilmekte-
dir. Drinfeld’in quantum c¢ift metodu LU-parcalamasina denk gelmektedir. Hesapla-
malart kolaylagtirmak i¢in, M, ,(n) kuantum grubunu daha basit pargalara ayirmak
hakkinda kismi bir sonug ispatladik.

Anahtar Kelimeler: R-matris, kuantum grup, diigiim teorisi
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CHAPTER 1

INTRODUCTION

Quantum groups are noncommutative, noncocommutative Hopf algebras with some
additional structure on them. The initial study of quantum groups was conducted
by Drinfeld and Jimbo independently in the mid-1980’s ([9]], [11], [12]). The term
quantum group is first used by Drinfeld ([10]). Quantum groups are studied in many
different fields of mathematics including mathematical physics, knot theory, quantum

integrable systems, noncommutative geometry, and representation theory.

The foundational study of Hopf algebras was conducted by Heinz Hopf in 1940’s.
The name Hopf algebra was given by Armand Borel in 1953. Inspired by the work of
Jean Dieudonné, Pierre Cartier in 1956 gave the first formal definition of Hopf algebra
with the name hyperalgebra. However, contemporary definition of Hopf algebra was
given by Bertram Kostant in 1966. Besides these names, main contributers to the
topic are John Milnor, John C. Moore around 1960’s, Moss Sweedler around 1970’s,
Vladimir Drinfeld, Michio Jimbo around 1980’s ([2]]).

Our motivation of studying quantum groups was to find R-matrices. An automor-
phism R of V' ®V is called an R-matrix if it is a solution of the Yang-Baxter equation

(YBE):

(R®id)(id® R)(R®id) = (id® R)(R ®id)(id ® R)
which holds in the automorphism group of V@V ® V', where V' is a vector space. R-
matrices can be obtained from quantum groups (and vice versa). R-matrices give rise

to knot invariants. Furthermore, some knot invariants such as the Jones polynomial,

and HOMFLY polynomial can be obtained from R-matrices.
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A link of n components is the image of a smooth (or piecewise smooth) embedding
of disjoint unions of n S'’s into R3 (or S3). A knot is a link of one component. Two
knots (or links) are considered to be the same if there is an isotopy of the ambient
space taking one to the other. A knot diagram is a projection of the given knot to
a plane with finitely many double points. Double points are called crossings. The

following theorem of Reidemeister reduces the space isotopy to plane isotopy:

Theorem 1.0.1. Two link diagrams belong to isotopic links if and only if one can be
obtained from the other by a finite sequence of Reidemeister moves (figure [I.1) and

plane isotopies.

Proof can be found in [22].

) | D “:\}' 'i:: X=X

(a) Reidemeister Move 1 (b) Reidemeister Move II (¢) Reidemeister Move II1

Figure 1.1: Reidemeister moves

Although Reidemeister’s theorem suggests a way to distinguish links, it is not always
possible to prove that two links are the same using Reiemeister moves, and impossible
to prove that they are different. Therefore we need algebraic expressions which are
invariant under isotopy of links. We call them link invariants. Linking number, genus,
fundamental group, polynomial invariants (Alexander polynomial, Jones polynomial,
HOMEFLY polynomial), homological invariants (knot Floer homology, Khovanov ho-
mology), Vassiliev invariants (finite type invariants), quantum invariants are some

examples of link invariants.

Let n be a nonnegative integer and o; = (4,0,0), 5; = (4,0,1) fori € {1,2,...,n}. A
braid on n strands is the union of n pairwise non-intersecting monotonic in z direction
curves connecting one of «; to one of 3;. The closure of a braid is defined by connect-
ing each «; to 3; with unknotted curves. The isotopy classes of braids on n strands,
B,,, form a group where multiplication is given by rescaling and concatenation. Let
b; be the braid shown in the figure It is obvious that the set {by,bo,...,b, 1}

generates B3,,. Artin gave a presentation of 3, in the following theorem ([3l]).
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Theorem 1.0.2. The braid group B,, is generated by {by,bs, ..., b,_1} subject to the

relations
bibj = bib; if |i—j =2 (L.1)
bibi—i-lbi = bi+1bibi+1 for 1 S 1 S n—2 (12)
ez e 12 e M
42 i W . a1 2 i i

(a) b (b) b; !

Figure 1.2: Elementary braids

Burau gave a representation of braid groups in 1936 ([8]]). The question whether this
representation is faithful for all n, occupied mathematicians for a long time. In 1991
Moody, in 1993 Long and Paton and in 1999 Bigelow proved that Burau representa-
tion is not faithful forn > 9, n > 6, n > 5, respectively ( [21]], [18], [6]). The natural
question is, are there any faithful representations? Lawrence gave a representation in
1990 ([17]) and Krammer proved that this representation (called Lawrence-Krammer
representation) is faithful for n = 4 ([15]) and then extended his proof for all n
([16]) using algebraic methods. By considering B,, as the mapping class group of
an n-punctured disk, Bigelow proved that the Lawrence-Krammer representation is
faithful for all n in 2001 ([7]). But linearity of mapping class groups in general is still

an open question.

Braids are closely related to knot theory because the closure of a braid is a link.
Moreover the following theorem of Alexander proved in 1923 ([1]) shows that the

converse is also true.

Theorem 1.0.3. Every link is the closure of some braid.

Let a,b € B,,. The first and second Markov moves are defined as follows:

1. b aba™!

2. b+ bbE!



Note that b, ¢ B,. Here we identify b € B, with its image under the inclusion

Bn — Bn+1.

The following theorem of Markov determines when the closures of braids give rise to

the same link ([20]).

Theorem 1.0.4. Two braid closures belong to isotopic links if and only if one can be

obtained from the other by a finite sequence of Markov moves (figure[I.3).

@ -8

(a) First Markov move (b) Second Markov move

Figure 1.3: Geometric illustration of Markov moves

Since the closure of a braid is a link, we can construct link invariants using the braid
group. If we use an R-matrix representation of the braid groups (i.e. sending b; to
id® ' @ R ® id®" "1, where R is an R-matrix) the braid relation is automat-
ically satisfied. The trace of the resulting matrix corresponding to a given a link is
invariant under Markov moves ([27]]). Hence this trace is the link invariant. This is ac-
tually a topological quantum field theory (TQFT). The definition of TQFT is given by
Atiyah in 1989 ([4], [S]]). It is basically a process of defining a functor from category

of cobordisms to category of vector spaces.

The Jones polynomial is an oriented link invariant defined as a Laurent polynomial in
V/t. Vaughan Jones discovered the Jones polynomial originally using von Neumann
algebras in 1984 ([[13]]) which brought him the Fields Medal in 1990. It can also be

defined by skein relations:

1. Va=1

1 1
2. -V, =tV = (Vi— =)V,
tVL+ L_ (\/— \/f) Lo

where O is the unknot and L., L_, Ly are identical outside of a neighbourhood con-

taining only a fixed crossing and are as in the figure inside the neighbourhood.

4



4 N S
/ . /N

@) L. (b) L_ (©) Lo

Figure 1.4: Positive crossing, negative crossing and 0-smoothing of a crossing

Another way of defining the Jones polynomial is by using a functor from the category
T of isotopy classes of tangles to the category V' of vector spaces with the help of
R-matrices ([27]], [28]], [23]], [26]).

Let m, n be nonnegative integers. A tangle L of type (m,n) is the union of finitely
many piecewise smooth oriented curves in R? x [0, 1] such that L intersects the bound-
ary plane R? x {0} transversally at m points and the boundary plane R? x {1} transver-

sally at n points. Note that a tangle of type (0, 0) is a link in R3.

The objects of T are finite sequences of + signs and the empty set and the morphisms
of T are the tangles connecting these sequences. A functor F from 7 to ) maps a
tangle to a linear transformation. If R is an R-matrix and we let F(X) = R, then
the Reidemeister move III (figure is automatically satisfied since R satisfies the
YBE.

Every orientable 3-manifold can be obtained by a surgery of S® along a link in S3.
Thus invariants of links are candidates for giving rise to invariants of 3-manifolds.
Using quantum invariants, one can obtain a 3-manifold invariant. However, to get
a 3-manifold invariant we need to make some special choices such as setting the

quantization parameter g to be a root of unity ([24], [30], [29]]).

Drinfeld’s quantum double (see Section [2.3) can be thought as the analogue of LU-
decomposition in linear algebra of a quantum group and it is a process which enables
us to obtain an R-matrix. Marc Rosso decomposed Uysl(n + 1) using Drinfeld’s
quantum double and found a formula for the universal R-matrix of Up,sl(n+1) ([25]).
Our aim is to factorize the bialgebra M, ,(n) into simpler pieces and our future hope

is to get R-matrices and new link invariants with this process.
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In the second chapter we will introduce Hopf algebras and mention some important
topics on Hopf algebras such as the Faddeev-Reshetikhin-Takhtadjian (FRT) con-
struction and Drinfeld’s quantum double. In the third chapter we give examples of
some well-known bialgebras and quantum groups. In the fourth chapter we use a
similar method to [25] to find a Poincaré-Birkhoff-Witt theorem for U,gl(n). In the
fifth chapter we prove the duality between the Hopf algebra U, gl(n) and the bialgebra
M, (n). The last chapter is dedicated to the factorization of the bialgebra M, ,(n).



CHAPTER 2

QUANTUM GROUPS

2.1 Hopf Algebras and R-Matrices

We will follow the notation in [14]. Let k be a field. All tensors will be over k and

linear maps are k-linear throughout the text.

Definition 2.1.1. Let A be a vector space overkand 1 : AQ A — Aandn: k— A
be linear maps. The triple (A, 11, m) is said to be an algebra if the following diagrams

commute:
ARARAML A A ko AP 4o 459 4 o
id@ul l# \ju ~

Definition 2.1.2. Letr (A, pua,ma) and (B, ug,np) be algebras. A linear map ¢ is

called an algebra morphism if the following diagrams commute:

A A2 BeB k—" A
A 5 B B

Definition 2.1.3. Let A be a vector space overkand A : A - A® Aande : A — k
be linear maps. The triple (A, A, €) is said to be a coalgebra if the following diagrams

commute:



A—2 AR A ko A< A A% Axk

N s S

A®AT@¢3A®A®A A

Notation 2.1.4. (Sweedler’s sigma notation) In order avoid the complexity of index

notation we write
A(r) = Z @z
(z)
forany x € A.

Definition 2.1.5. Let (A, A4,e4) and (B, Ap,ep) be coalgebras. A linear map ¢ is

called a coalgebra morphism if the following diagrams commute:

A ¢ B A

N N

k

€A
—_—
/é

If (A, i, n) is an algebra then so is (A ® A, p ® u,n ® n). Similarly, if (A, A, ) is a
coalgebrathensois (A® A, (id®T®id)o (AR A),e®¢), where T(a®b) = b® a.

Definition 2.1.6. Let (A, 11, m) be an algebra and (A, A, ¢) is a coalgebra. The quin-
tuple (A, p,m, A, €) is said to be a bialgebra if the maps j. and n are morphisms of

coalgebras or equivalently, the maps A and € are morphisms of algebras.

Definition 2.1.7. Let (A, i, n) be an algebra and (C, A, €) be a coalgebra. For f, g €
Hom(C, A) we define f x g, the convolution of f and g, to be the composition of maps

C-L2 c0ct® A At

If A = C then x is naturally defined on End(A).

Definition 2.1.8. Ler (H, u,n, A, e) be a bialgebra. An endomorphism S of H is
called an antipode for the bialgebra H if

Sxidy =idg xS =noe (2.1
A Hopf algebra is a bialgebra with an antipode.

8



Remark 2.1.9. The equation (2.1) implies the following
Z S(z")a" = Z 'S (x") = e(x)1
(z) (z)

forall x € H.

Proposition 2.1.10. Let (H,pu,n,A,e,S) be Hopf algebra. Then S is an algebra

antimorphism and coalgebra antimorphism, that is, it satisfies

S(ay) = S(y)S(x) S(1) =1

Y S @S =Y Sa")eS@)  e(S) =<
(S(=)) ()

forevery x,y € H.

Proof. Letx,y € H. The map S is an algebra antimorphism, since:

S(zy) = > S('s(")y'=(y"))

(@) (v)

_ Z S(m/y/)x//€<y//>5(m///)
(z)(y)

_ Z S(a:'y’)x”y”S(y”’)S(:z:”’)
(z)(y)

= Z S((:Ey)’)(;py)ﬂs(y///)s(m///)
() (y)

=Y e(@y)S(y")S (")

(#)(v)

_ S(e’:‘(yl>y//)5(€<l’/)l’//)
(=)(y)

= S(y)S(x),

S(1)=18(1) => 1S(1") =e(1)1 =1.
(1)
The map S is a calgebra antimorphism, since:

£(S(@) = Y e(S'e(@”) = 3 e(S('))e(")
(=) (z)
= 3 e(S(@)a") = ele(@)1) = (),
(z)



e(@)lel= =D A( = (S(a")a") @ (S(a")a")",
(x)
so we have,
ZS<//®S ZS ///®S ) )
(z)
_ Z S x $ S ZE””) ® (S(I/)ZL‘”)//S<1’”/)

_ Z S / //S ////l) ® S(ZL’,)H:L‘”/S([E”H)
(x)

_ZS ///S //// ®S( ) (///)
_ZS ///S /// ®S( )

_ ZS(:E,) 5(1’//) ® S(ZL’/)”

(z)

= 5@ ®S()"
()

]

Definition 2.1.11. A bialgebra (H, j1,m, A, €) is called quasi-cocommutative if there

exists an invertible element R of the algebra H ® H such that for all x € H we have
A?(z) = RA(x)R™".

Here A? = 1y iy o A where Ty g(h1 @ hy) = hy ® hy. R is called the universal R-
matrix of the bialgebra H. A Hopf algebra is quasi-cocommutative if its underlying

bialgebra is quasi-cocommutative.

Notation 2.1.12. If R = ) . r; ® s, then we denote by R1s, R13, Ra3 the elements

RuZZH@Si@l

R13:Z’f’¢®1®8i

R23221®Ti®5i

10



Definition 2.1.13. A quasi-cocommutative bialgebra (H, p,n, A, e, R) or a quasi-
cocommutative Hopf algebra (H, i, n, A, e, S, R) is braided if the universal R-matrix

satisfies the following relations:
(A ® idH)(R) = Ri3Ra3

(Zd]—[ ® A)(R) - R13R12.

Theorem 2.1.14. The universal R-matrix of a braided Hopf algebra (H, j1,m, A, £, R)

satisfies the equation

R12R13 R23 = R23 R13 R12

Proof.
RisR13Ry3 = Ri2(A ®idg)(R)
= (A”? ®idy)(R)R12
= (T ® 1dy)(A ® idy ) (R) Riz

= (T @ idy)(Ry3Ra3) Rz
= RogRi3R12

]

Remark 2.1.15. Theorem|2.1.14|implies that the universal R-matrix R =) . 1; ® s;

satisfies

Z TRr; @ Spr; @ 858 = Z i1 @ TES; @ SkS; 2.2)

ivj,k ij,k
Definition 2.1.16. A cobraided bialgebra (H, j1,m, A, e, 1) is a bialgebra H together

with a linear form r on H ® H satisfying the conditions

(i) there exists a linear formr on H ® H such that

T*T =T%x1r =¢

(ii) we have

pwr=rxuxr

11



(iii) and

r(p®idg) =riz*reyy  and  r(idg ® @) =113 * 12

where the linear forms r15, 193 and r13 are defined by
re=1r®e, T=c@r, 3= €EQ7)(Tpy®idy).

The linear form r is called the universal R-form of H. A Hopf algebra is cobraided if
the underlying bialgebra is.

Definition 2.1.17. Let (A, u,n) be an algebra. An A-module is a pair (V, ) where
Vis a vector space and iy : A @V — V is a linear map such that the following

diagrams commute:

Ao AoV ™ Aay koV 2% A0V
id®py l luv \ lw
ARV —r 1% 1%

Definition 2.1.18. Let (V, py ) and (W, ) be two modules of an algebra A. A linear
map ¢ is called a morphism of A-modules if the following diagram commutes:

AoV L Aeow

V w

If U and V' are A-modules, where A is an algebra, then U ® V is an A ® A module
by
(a®d)(u®v)=au®adv
where a,a’ € A, u € U and v € V. Moreover, if A is a bialgebra then the algebra
morphism A enables us to equip U ® V' with an A-module structure by
a(u®@v) =Ala)(u®@v) = Z au®a’v
(a)
wherea € A,u e Uandv € V.
Definition 2.1.19. Ler (A, A, ¢) be a coalgebra. An A-comodule is a pair (V, Ay)
where V is a vector space and Ay 'V — A ® V is a linear map such that the

following diagrams commute:

12



Ay

\% ARV k@‘/(_a@idA@V
ST S

Notation 2.1.20. By convention we write
Av($) = ZI’A X Ty
(z)

forany x € V.

Definition 2.1.21. Let (V, Ay ) and (W, Ay ) be comodules of a coalgebra A. A lin-

ear map ¢ is called a morphism of A-comodules if the following diagram commutes:

v—2 W

N

Definition 2.1.22. Let V be a vector space. An automorphism c of V @ V is called
an R-matrix if it satisfies the Yang-Baxter equation
(C ® Zdv)<ldv ® C)(C ® Zdv) = (Zdv ® C)(C ® Zdv)(’tdv ® C)

which holds in the automorphism group of V@V @ V

Let
c(v; ®v;) = Z c";ljvk ® .
Kl
Then one has

(C X ldv)(Uz X Vj X Uk) = Z Cli?(sknvl X Uy, @ Uy

I,m,n

(Zdv & C)(Ui ® Uj ® Uk) = Z (52‘10?,?1)1 X UV X Uy

I,m,n
Then c satisfies the Yang-Baxter equation if and only if it satisfies the following equal-
ity for all ¢, 7, k, [, m, n:

Z (Cpig'(skr)(5psctqur)(clsnz(5un)(vl X VU ® Un) =

D,q,T,8,t,u

Z (5ipcquk)(csptq5m)(5leT17)(Ul ® U, ® Un)

,q,7,8,t,u

13



which is equivalent to

q tn lm_ qr It mn
§ i j chpt § :C]kczqctr (23)
D,q;t q,r,t

Lemma 2.1.23. Let (H, j1,m, A, €, R) be a braided bialgebra and V be an H-module.
The automorphism c{}v of V&V defined by

iy (v @ w) = Ty [R(v @ w)]

is an R-matrix.

Proof. Letx € H,v,w € V. The map c{}, is H-linear:

cpy (v @w)) = ey (Az) (v @ w))

= Tvv(RA( )(v©w))

= v (A%(z)R(v @ w))

= A(@)rvv (R(v © w))
= xcﬁv(v ® w)

The map cf2,, is an automorphism with inverse given by

() H(v@w) =R (wew).

Let us check this:

Cﬁv((cﬁv)_l(v ®w)) = C\R;,V(R_l(w ® v))
= T\/J/(RR_I(UJ X U))

=0V wW

() ey (v @ w)) = (cfy) " (v (R(v @ w)))
= R 'R(v® w))
=W

(c®idy)(idy ®@c)(c®idy)(u®@v@w) = Z(c ® idy ) (idy ® ¢)(s;v @ Tiu ® w)
= (c@idy)(sv @ sjw @ rjriu)
1]
= Z(sksjw ® TSV & TTU)

1,5,k

14



(idy @ ¢)(c ®idy)(idy ® ¢)(u ® v @ w) = Z(z’dv ® ¢)(c @ idy)(u ® s;w @ r;v)
= Z(idv ® c)(sjsiw @ rju @ rv)

= Z(sjsiw ® STV & TETiU)

i7j7k
. . . R . .
These two are equal in view of the equation (2.2)), hence cy}y, is a solution of the

Yang-Baxter equation. [

Similarly, let (H, u,n, A, e,7) be a cobraided bialgebra and V be an H-comodule.
The automorphism ¢y, of V' ® V' defined by

C;,V = (7“ X idV®V) @) (’LdH & TV,H X Zdv) @) (AV & AV) OTvv

is an R-matrix, where Ay is the coaction map.

2.2 The Faddeev-Reshetikhin-Takhtadjian (FRT) Construction

Theorem 2.2.1. Let V be a vector space and c be an automorphism of V. ®V satisfy-
ing the Yang-Baxter equation. There exists a cobraided bialgebra A(c) together with
a linear map Ay :'V — A(c) ® V such that

(i) the map Ay equips V with the structure of a comodule over A(c),

(ii) the map c becomes a comodule map with respect to this structure,

(iii) there exists a unique linear form r on A(c) ® A(c) turning A(c) into a cobraided

bialgebra such that cy,,, = c.
(iv) the bialgebra A(c) is unique up to isomorphism

Proof. First, let us define A(c) as an algebra. Choose a basis {v1, vg, ...v,, } for the

vector space V. Let the coefficients ¢’} be defined by

c(v; ® v;) = Z 1 5vp ® g

1<p,q<n
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Let k{t/} = k{t/|i,j € {1,2,...,n}} be the free algebra generated by {t!|i,j €
{1,2,...,n}} over k. Consider the two-sided ideal I(c) of k{t/} generated by the

elements

Chi= Y bl — Y s

1<a,b<n 1<a,b<n

The algebra A(c) is quotient of the free algebra k{t/} by the two-sided ideal I(c).

Next, we put a bialgebra structure on the algebra A(c). Define coproduct and counit

on the generators as follows:

At => thot]
=1

e(t]) = 8y

where ¢;; is the Kronecker delta and extend these maps to A(c) as algebra maps.

We need to show that these maps are well-defined and the diagrams of the Definition

commute, i.e.,

(A ®id)A = (id® A)A, (2.4)
(e®id)A = (id®e)A =id (2.5)

Let us show that € and A are well-defined:

f(Ch) = ) he®e(t) — D ety

1<a,b<n 1<a,b<n
_ E ab E( . 5.Pq
— C 4 j(sapébq - 52(15]1)0[; b
1<a,b<n 1<a,b<n
_ q q
-

16



A(cn)

T AA@AG - 3 A@)A

1<a,b<n 1<a,b<n

:Z Z AP @ ) (6 @ 1) Z Z (t @ ) (E] @1,

a,b=11,m=1 a,b=11m=1

- zn: zn: bt @ e, — Z Ztltmmltﬁ;c’)jb

I,m=1a,b=1 I,;m=1a,b=1
n

=) (' + Ztgtg ) @, — Zt

@ (D cimthty = 1)

I,m=1 a,b=1 I,m=1 a,b=1

n

=) Cret + Z tathd m @ 0l

I,m=1 a,b,l,m=1

n n
lym ab 1pyq lym P q
Yo @bttt + >t e Chl
a,b,l,m=1 I,m=1
n

- S clpen+ Y by ey

I,m=1 I,m=1

The elements ;" and C} ! are in the ideal I(c), which means

A(C%1) = 0in A(c).

In order to show (2.4) and (2.5)) it is enough to check these on the generators of A(c).

To show (2.4) apply the LHS map to t{ € A(e).

n

(A@id)A(]) =Y (A id)(t;t])

=1

=> > ret,) ot

=1 m=1

=) > e, o)

m=1 [=1

=) (ido At ®1t),)

m=1

= (id ® A)A(#))

To show (2.3) apply (¢ ® id)A and (id ® €)A to t) € A(c).

(e @ id)A(t]) = Xn:(a ®id)(t @ t])

=1
=0 @t
—1®t

17



n

(id@e)A(t) =) (idoe)(th @)

=1
=t ®d;
—t/®1

Next, let us define the linear map Ay on the basis {v, vg, ...v,, } as follows:
A\/<Ui) = Zti & Vy.
j=1

To prove that Ay endows V' with a left comodule structure over the bialgebra A(c),
we need to show that the diagrams of Definition [2.1.19] commute, i.e., we need to

show:

(id ® Av)Ay = (A ® id)Ay, (2.6)
(e ®id)Ay = id 2.7)

Apply the LHS map of (2.6) to v; € V.

(id ® Av)Ay(v;) = Xn:(ld ® Ay)(t ® v))

j=1
n

=) (Het o)
4i=1

=Y (A ev)

= (A ®id)Ay(v;)

Apply the LHS map of 2.7) to v; € V.

@@ﬁﬁAww%:§]5®Mﬂﬂ®%)

= Z(5ij ® v;)

j=1

:1®Uz

The coaction Ay induces a coaction Ay gy of A(c) on V ® V defined by

Avgy (v ® v;) = Z tét;ﬁ R V] @ V.

I,m=1

18



To prove that ¢ is a comodule map, we need to show
AV@V ocCc= (Zd &® C) o AV@V-
Apply the map Aygy oc— (id®@c)o Aygy tov; ®v; € VR V.

(Avgy oc— (id ® c) o Aygy)(v; ®@ vj)
= AV@)V(C(UZ‘ & ?Jj)) — (Zd (024 C)(AV@)V(% & ?)j))
— Z t;t;” ® c’”igvl ® Uy — Z tft? ® clp";vl ® Uy

l,m,p,q=1 l,m,p,q=1
n

n
=D (D ity — ) eu o,

l,m=1 p,q=1
n
E l
I,m=1

= 04)evev

Now let us prove the existence and uniqueness of the linear form r on A(c) ® A(c)
turning A(c) into a cobraided bialgebra such that cf,;, = c. If such a linear form

exists, then we have:

C&v(vi ® ?}j) = (T ® idV@)v) o (ZdH ® TV,H (9 Zdv) o (AV ® Av) o TV,\/(UZ‘ ® ’Uj)

n

= Z r(té R MU @ vy

l,m=1
= c(v; @ v;)
n
2 lm
I,m=1

Hence, T(té- ® ) = cl[;? for all ¢, j, 1, m. Then uniqueness of r follows from Def-
inition [2.1.16| part (4i7), which restricts the way to extend the universal R-form on
products of elements of the algebra A(c). To prove existence we need to define  on

all of A(c) ® A(c). Define 7 on the generators of k{tz }® k{t? } by

r(f] @ 1) =r(let]) = e(t]) = 0
T(té‘ QL") = Clz‘n;

and extend on k{#/} ® k{t/} using Definition[2.1.16|part (iii). Now we need to prove
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that 7 is well-defined. It is enough to prove:

r(I(c)®1)
r(Ch1 )

r(l®I(c) =0
r(t, @ C1) =0

forall i, j,l,m,p,q.

r(I(c)®1)=r(1®I(c)) =¢(I(c)) =0

r(Ciiet,) = >  Ehret,)— > et

1<a,b<n 1<a,b<n

= > et rot) - D et t)d),

1<a,b,s<n 1<a,b,s<n
- ab ps ql as bl q __
- E : Cijcpmacsb_ § : Cmicsjcpab_o
1<a,b,s<n 1<a,b,s<n

rt,®C) = Y At @t — Y r(t, @),

1<a,b<n 1<a,b<n
_ ab s q l p s b l a q
- E Cijr(tm®tb)r<ts ®ta) - E : T(tm®tj)r(ts®tz )Cpab
1<a,b,s<n 1<a,b,s<n
o ab sq Ip sb la q __
= E CiiCovmCas — E ijciscpab_o
1<a,b,s<n 1<a,b,s<n

These are zero because c is an R-matrix, that is, it satisfies (2.3]).

Last, let us prove the universality of the algebra A(c). Let (B, A} ) be an algebra
satisfying the conditions of Theorem We need to show that there exists a unique

bialgebra morphism such that the following diagram commutes:

V2% ARV (2.8)
AL l¢>®idv
BV

There exists a family (z7)1<; j<, of elements of B uniquely determined by
Ay (v;) = ngvj.
j=1
Then the equations (2.6) and (2.7) imply that
A(x]) = Zazi ® ], and
1=1
€($]) = 51’]’

)
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The fact that the map c is a comodule map implies
Aygyoc=(id®c)o Aygy

which is equivalent to the vanishing of
o q.lm
Z @ J p q chp q
p,q=1

for every ¢, 7,1 and m. Now it is obvious that we have a bialgebra map ¢ : k{t{ }— B
given by ¢(t/) = 27 which factors through A(c). Let us check the commutation of
the diagram 2.8}

(¢ ®idy)(Av(v;)) Z¢tj R v,

= fo & v;
J
= Ay (vi)

Conversely, the relation (¢ ® idy )Ay = A}, determines the map ¢, which proves the

uniqueness of ¢. [

2.3 Drinfeld’s Quantum Double

We see that braided Hopf algebras provide R-matrices. The problem is now to find
more such Hopf algebras. Drinfeld discovered a way to construct a braided Hopf
algebra from any finite-dimensional Hopf algebra with an invertible antipode. This

method is known as Drinfeld’s quantum double construction.

Definition 2.3.1. Let (H,u,n, Ay, en) be a bialgebra and (C,Ac,ec) be a coal-
gebra. C is said to be a module-coalgebra over H if there exists a morphism of

coalgebras ¢ - H ® C — C inducing an H-module structure on C, that is,

(¢ ® @) Angc = Acg
EHgC = ECP
¢(n ®@ido) = ¢(idy @ )
¢(n @ idc) = idc
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Definition 2.3.2. A pair (X, A) of bialgebras is matched if there exist linear maps
a: AR X - Xand f: AR X — A turning X into a left module-coalgebra over

A, and turning A into a right module-coalgebra over X, such that, if we set
ala®@z)=a-x and [la®z)=ad",

the following conditions are satisfied:

a-(zy) = (a’ - x')(a”m” ), (2.9
(a)(=)

a-1=¢(a)l, (2.10)

(ab)* =Y a" """, (2.11)
() (=)

19 = e(2)1, 2.12)

Z a/m/ ® CLH . I// _ Z a//z” ® CL/ . SCI (2.13)
(a)(=) (a)(=)

forall a,b e Aand x,y € X.

Remark 2.3.3. The assertions that the map « turns X into a module-coalgebra over

A and the map [ turns A into a right module-coalgebra over X means the following:

(ab) -x=a-(b-x),

1-z=uzx,
Z(a-x)’@(a-x)”:Za’-x'@a"-x"
(a-x) (a)(z)

ea-z) =¢e(a)e(x)

a = a,
Z(am)/ ® (am)// _ Z a/z’ ® a//x”
(a®) (a)(z)

Theorem 2.3.4. Let (X, A) be a matched pair of bialgebras. There exists a unique
bialgebra structure on the vector space X ® A, called the bicrossed product of X and

A and denoted by X <1 A, such that its product, unit, coproduct and counit are given
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(z@a)y®b) =Y w(d-y)@ad"D,
@)

n(l) =1®1,

Alr®a) = Z (@ ®d)® (2" @d),
(a)(x)

e(xr®a) =e(x)e(a)
forall x,y € X and a,b € A. Moreover, the injective maps tx : X — X ® A and
ta:A— XRAgivenby 1x(x) = x®1and 1a(a) = 1®a are bialgebra morphisms.
We have

r®a=(r®1)(1®a). (2.14)

If the bialgebras X and A are Hopf algebras with antipodes Sx and S 4, respectively,
then X 1 A is a Hopf algebra with antipode S given by

S(x®a) = Z Sa(a") - Sx(2") @ Sa(a)¥x@".
()(a)

Proof. First, let us prove that X 1 A is a bialgebra. We need to show that the
diagrams of Definition [2.1.1|to show that X > A is an algebra.

(z@a)yob)zec) =) (e y)ed¥b)(z00)
(a)(v)

_ Z :c(a’ . y/)((a//y”b)/ . Z/) ® (a//y”b>//z”c

(a)(0)(y)(2)
_ Z .CE(CL/ . y/)((a//y//b/) . Z/) ® (a///y

117

b//)z”c

"

= w(d - y) (@ ) - 2) @ (@) e

(z@a)lyeb)(z@c) =) (z@a@yl )b )
= Z .T(a/ . (y(b/ . Z/))/> ® a//(y(b/,z/))//bllz,,c
= Z x(a’ . y/(b/ . Z/)) ® a,,y//(b//,zu)bmzmc

"

_ ZL‘(CL/ . y/)((a//y” . b/) . Z/) ® (a///y”’)b”.z”b///z c
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1el)(z®ad=> 11 2)®1"a
(z)

= Z ¥ @e(x")a
(z)

= Z re(2’)®a
()

=rRa

(z@a)(1el)=> z-1)®d"1
(a)

To show that X pa A is a coalgebra we need to show diagrams of [2.1.3|commute:

(A@id)Az®a) = (A®id) Y (7 ©d)® (2" @d")
(a)(=)
= Z Al ®@d)® (2" ®ad")
(a)(®)
=) (Wede@E" 8d)e " ed),
(a)(@)

(id @ A)A(x ® a) = (id @ A) Z (' ®d)® (2" ®ad")
(a)(z)
= Z (¥ ®d)® A(z" ®ad")
(a)(x)
=) (Wede@E" 8d)e " ed),
(a)(z)
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(e@id)A(r®a) = (e@id) Y (¢'®d)® (2" ®d")

(a)()

= Z e(r'®@d)® (2" ®ad")
(a)(z)

=Y cw)el) (@ 0 )
(a)(z)

= ) (e(@)a" ®e(a)a”)
(a) ()

=r®a,

(id@e)A(r®a) = (idoe) Y (¢/®d)® (2" ®d")

(a)(z)
= Z($/®a/)® ( //®a//)
(a)(z)
Z ”)5(&”)
Z ) ® d'e(a’))
(a)(=
=r®a.

Next, let us show that the map A is an algebra morphism.

A((z®a)(y®@b)) ZA z(d - y') @ d"™'b)

= Z (@(d - y)) @ (@?'b) ® (x(d - ¢f))" @ (a""b)"
(a)(y)(x)(b)

_ Z x/(a/ . y/) ® a//yu b Q :L‘H(CL”/ . y///) ® a"" !
(a)(y) () (b)

A(SL‘@ )A(y@b Z:{;®a®x"®a”)(zy'®b’®y”®b”)

(@) (b))
= Y @ededed)yoley ot
(a)(b)(@)(w)
- Y @ed o) s ed)y @)
(a)(b)(@)(w)
= Z aj'/(a// . y/) ® CLllyllb/ ® .’,U”(a,” . y///) ® a,,,,y////b”
(a)(b)(@)(w)
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Next, let us show that the map ¢ is an algebra morphism.

e((rwa)y®b) =) e(z(d-y)@d"'b)
@)

= > e(a(d - y)z(a""b)
@)

= Y el@)e(d)ely)ela)e(y")e(b)
(a)(y)

e((z@a)(y@b)) =c((z@ale(y©b))
e(z)e(a)e(y)e(b)

Next, let us prove that ¢x and ¢4 are bialgebra morphisms and the equation (2.14))

holds. Let x,y € X, a,b € A. The map ¢ is an algebra morphism:

ix(@)ix(y) = (z@1)(y®1)
=> 2(1-y)®1”
(v)

=> g @e(y)
(v)

= aye(y) @1
(v)

=2y ®1

= ix(zy),

ex(nx (1)) = ex (1) =1@ 1 =n(1).
The map ¢x is a coalgebra morphism:

(tx ® tx)Ax(7) = (1x @ 1x)(>_ 2’ ® )
()

:Z$'®1®x”®l
()
=Axz®1)

= A(ux (),
e(tx(x)) =¢e(z®1) =e(x).
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The map ¢4 is an algebra morphism:

tala)ea(b) = 1®a)(1©0)
_ Z(a/ . 1) ® a//lb
(a)

=) e(d)®db

The map ¢4 is a coalgebra morphism:

(ta ®1a)Au(a) = (La®a)(>_a @ a”)
(a)

:Zl®a’®1®a”
(a)

=A(l®a)
= A(ea(a)),

e(tala)) =e(l1®@a) = e(a).
The equation (2.14) is satisfied:

(ze)(l®a=z1-1)o1l'a=z®a.

Last, let us show that the map S is an antipode for X 1 A.

27



= Z (Sa(a”) - Sx(x") @ Sala')y*=N (2" @ o)
(z)(a)

— Z SA(CL”) .Sy (QJH)((SA(CLI)SX(x/))I ) (QZIH)I> ® (SA(a/)SX(x/))”(xm)ua'"
(z)(a)

_ Z SA<CL”/) . SX(Z'///)(SA(CZ”)SX(I”) ) .T””) Q SA(CL/)SX(II)IWHG””
(z)(a)

_ Z SA(CL”) . (S)((ZEH){L'/”) ® SA(a/)SX(xl)x/mam
(z)(a)

_ Z E(l‘/,)SA(CL”> 1® SA(a/)SX(z’)x”’a///

(z)(a)

= Z 8(5,4(@”))1 ® SA(a/>Sx(x')w”a///
()(a)

=) e(z)1® Sa(d)'a" = Ze(w)l ® Sa(a’)a”
(a) (a)

=e(r)e(a)l®1l=¢c(z®a)l®1

Y (@ @d)S" @a)
(z)(a)
= Y (@ ©a)(Sa(@”) - Sx(a") @ Sa(a")¥")
(z)(a)
_ Z x/((a/)/ . (SA(CLW) . Sx(l‘m))/) ® (a/>//(SA(a”’)-SX(:c”’))”SA(a//>SX(z“)
(z)(a)
=) 2((a'Sa(a™)) - Sx(2")) @ A IXET Gy (o) S )
(z)(a)

_ Z .CE,((GISA((I””)) . Sx(x/”)) ® (a//SA(a///))SX(x”)

(z)(a)
- (% 2'((a'Sa(a")) - Sx(@")) ® (a")15x¢")
= (2)(:) '((a'Sa(a")) - Sx(2")) @ e(Sx(a"))1
= > ela)z’(1-Sx(z") @1 = (Z):a(a)x'SX(x") ®1
- g;a)g@) ®l=e(z@a)l®]l x
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Definition 2.3.5. Let H = (H, u,n, A, €) be a bialgebra. Then the opposite algebra
of H is defined by H? = (H, u?,n, A, ) where p°? = 7 o pu.

Theorem 2.3.6. Let H = (H, 1,1, A, €, S, S™Y) be a finite-dimensional Hopf algebra
and X = (H?)* = (H*, A*,&*, (u°?)*,n*, (S™1)*, S*) be the dual of the opposite

Hopf algebra. Let oo : H® X — X and 5 : H® X — H be the linear maps given
by

ala® f)=a-f= Zf(Sil(a”)?a’), and
a)

(
Bla® f) = al = Z f(Sil(a’”)a/)a”
(a)
fora € Hand f € X, where f(S7'(a")?d’) is the map defined by

f(S7Ha")2a")(x) = F(S™H(a")zd"),
forall x € H. Then the pair (H, X ) is matched.
Proof. Before we start the proof, note that the product, coproduct, unit and counit in
X = (H°P)* are respectively given by

(D) (f@g)(a) =) fla")g(a")

foralla,b € H and f,g € X.
First, let us prove that o endows X with a left module-coalgebra structure over H.
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Leta,be Hand f € X.

Za FSTH")?Y)
_ Z f b// //)7(1 b/)
= Z F(S7H((ab)")?(ab))

= S5 (a")yad)

(a)

=Y f(57M(@")ye(a")zd)
(@

_ Zf //// ”'))(S‘l(a”)xa'))

= Z d-f'@d fzey)
(@)(f)

forallz ® y € H ® H. Hence we have

Z(a'f>/®(a'f)”: Z a'-f’®a”-f”.
(a-f) (a)(f)

n'(a-f) = =D f(SHa")1d) = f(e(a)1) = e(a) f(1) = e(a)e(f)
(@)

Next, let us prove that § endows H with a right module-coalgebra structure over X.
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Leta € Hand f,g € X.
(af)? =" g(S7((a)")(a!) ) (a!)"
(af)

— Z f(S*l(a///I//>a/)g<Sfl(a////)a//)alll

Z(af)l ® (af)// _ Z f(S—1<a////)a/)a// ® o

(af) (a)

— Zf<Sfl<a///l/) ) " ®€( ///) nn
(a)

_ Z f(S_l(a””’)e(a"’)a’)a” ® a"”
(a)
o Z f ////// a" S- ( ///) ) a” ® a""

_ Z f /// // ® f// ( ( //////)a////>a/////
_ Z CL/f ® a//f
(a)(f)

_ Z f /// )
= Z (87 (a"a')

(a)
= f(e(a)1)



Last, let us show that o and (3 satisfies the relations of Definition Leta,b € H
and f,g € X.

= > (@ )@ g)")
(a)(@)(f)

— Z f/(S_l(a//)$/a/)f//(s_1(a/////)a,//)(a/”” . g) (./E”)

(a)(@)(f)

— Z fl(Sfl (a//)x/a/)fll(sfl (a/lllll>a///)g(sfl (a///I//>xlla///I)
(a)(@)(f)

— Z f(S—l (a//////)a///S—l (a")x’a')g(S‘l (a/////)x//a////)
— a(a”)f(S_l (CL/////)I/CL/)Q(S_I (a////>x//a///)

— Z f(S*l(a////)x/al>g(571(alll):c//a//>



forall x € H, sowe have a - € = e(a)e

Z 'yt — Z 6Lf’(Sfl((b’)”)“.?(b’)’)f//(S—l((b//)///)(b//)/)(b//)//
®)(f)

Z f bl/ ( ///)a/b/)a//f/l(s—l (b///l/)bl/l)b////
(a)(b)(f

— Z f b///// b/I/S (bI/)Sfl (a///)a/b/)a//b////

— Z f(Sf (b/l//)g(b//>571(a///)a/b/>a//bl//

(a)(b)

_ Z f(S—l(b///)S ( ///) /b/) //b//
(a)(b)

=" f(S7'((ab)")(ab)')(ab)"
(ab)

= (ab)f

Z a/f ® a - = Z f /// a’ ® f//( ( /////)?a////)

(a)(f)

_ Z a” ® f - a/////)?a////S—l(a///)a/)
(a)

_ Z a” ® f(Sil(a””)?e(a’”)a’)

_ Z a” ® f ///) )

Z //f” Z f// a™ ///) ////®f/(5—1(a//>?a/)
(a)(f)

— Z a/l// ® f S— a/////)a///S—l(a//)?a/)

(a)

_ Za/// ® f ////) ( //)?CL[)
_ Za// ® f ///) )

Thus, we have

Z a/f/ ® a’ - f// _ Z a,,fu 2 o - f/
(a)(f)

(a)(f)
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Definition 2.3.7. The quantum double of H is defined by
DH)=XxH

where H is a finite-dimensional Hopf algebra with invertible antipode and X =
(H)".

Theorem 2.3.8. Let {¢;}ic; be a basis of H and {e'};c1 be its dual basis. D(H) is a

braided Hopf algebra with the universal R-matrix

R= Z(1®€i) ® (' ® 1).

iel
Proof. We need to show
(i) Risinvertible in D(H) ® D(H),
(i) RA((®x) =A% ®x)R, forall{ € X andz € H,

(111) (A (%9 Zd)(R) = R13R23 and (Zd &® A)(R) = R13R12.

Remark 2.3.9. Since {¢;}ics is a basis of H and {¢'}icy is its dual basis, we have

iel
Za’@a": Z e'(a) e, ® e/
(a) (ei)ﬂiel

Za/®a//®a/// _ Z ei(a) 62 ®€;’®€;ﬁ
(a)

(61)7Z€I

foralla € H.

(1) Our claim is

R'=> (1ge)@((doS) @)

el

Let A=a® f®b®gbeanelementin H ® X ® H® X. Pairing this element
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with RR~! using the duality between H and X, we get

<1HTHA>c:§:<(1®@@)®&ﬂdo5)®lxa®f®b®g>

) i) 3 )¢ 0 )
ZZIf eie)el (V)el (S(b"))
Zf(g; z;e%S(b"»eiej)
o o

- 6(@)9(1)6((;)f(1)

=<1®1ll®l,A>

So, RR™' =1®1® 1 ® 1. Similarly, pairing A with R~ R, we get

<R71R,A>:Z <(1®@eie;)@((€08)e ®1),a® fRbIRg >

i,j€l

= c(@)g(1) 3 fleie)) (¢ 0 5)el) ()

E:f(}; E;a®@@%>
Zf b/ b//
= 6(@)9(1)8(b)f(1)

<111l A>

So,RFMI'R=1®11x® 1.

(ii) Now let us check that RA({ ® ) = AP(( @ x)R, forall{ € X and z € H.
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Evaluating the LHS andthe RHSon A = a ® f ® b ® g, we get
<RAE®2),A>= ) <(le)@r)@(e1)(" 0a"),A>

_ Z < 5/(5_1(6;”)?6;) ® 6;/:L,/ ® €i§// ® I”,A >
(z)(€)(es) i€l

=3 ST e S )€ g ")

() (&) (eq)(b) i€l

= Y ST Sl (g

— Z f(b””s_l(b/”)ab/)f(blliﬁl)g(l‘”)

<APERTRA>= > <("®d)(1ee) e (@) (d®1),A>
(z)(€) i€l

Z < 5// ® l‘”"@z ® glei(sfl((x///)?x/) ® x//’ A>
(z)(€) i€l

— Z gl!(a)f(x/l/lei)gl(b/)ei(S—l(x///)bl/x/)g(x//)
(2)(0) (&) i€l
Z 5 ab/ ///l ’L( ( l/l)b/lx/)ei)g(l,/l)

(z)(b)icl

_ Z 5 ab' ////S_l(ZL’/N)b//I/)g(ZE”)

(z)(b)

_ Z ez /// ab' b// /) ( )

(z)(b)

_Zégb/ b///()

(z)(b)
=< RA({®zx),A>

(iii) Now let us show that (A ® id)(R) = R13R23 which is equivalent to

Y 1edelodeedol=) 106010¢@cd @1

(e5)i€l ijel

36



Let us evaluate the LHS andthe RHSon B=a® f ® b ® g ® ¢ ® h, we get

<) 1edelededel,B>= Y casdhl)f(e)gle)e ()

(eq) el (eq) el

= > e(@)e(®h(1)F()g(e")
()

<Y l@eeloeedd @1, B>
_ Z e(a)e(b)h(1)f(e)gle;)(e'e?)(c)
= Y c(@e®)h(1) f(e)gle,)e () ()

(c),i,5€l

= 3 (@)= F(E ()eg(é ()ey)

(e)yigel

= e(@)e®h(1)f(¢)g(")
(c)
Similarly, (id ® A)(R) = Ri3R12 is equivalent to

Z 1®@i®ei/®1®€i”®1:Zl@eie]’@e’j@l@ei@l.

(ei),iel 1,7€1

< Z 1Qe;Re @1 @1,B >
(et) el

- Z e(a)h(1)f(e)g(1)e” (b)e' (¢)

(e') i€l

=Y e(@)h(1)f(e:)g(1)e'(cb)

el

= e(a)h(1)f(cb)g(1)

< Z 1®ee; @ @1®e'®1,B>= Z e(a)h(1)g(1) f(eie;)e’ (c)e’ (b)

ijel ijel

= 3" e(@)h(1)g(1) f (¢ ()eie (b)ey)

1,7€1

= e(a)h(1) f(cb)g(1)
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CHAPTER 3

EXAMPLES

In this chapter, we introduce the bialgebra structure on the matrix algebras M, ,(n)
and M, (n) and the Hopf algebra structure on the quantized universal enveloping al-

gebra U,gl(n) of the Lie algebra gl(n).

3.1 Bialgebra Structure of M, 4(n)

Definition 3.1.1. Let p and q be nonzero elements of a field K and M, ,(n) =
K{ai;li,j € {1,2,...,n}}/I be the quotient of the free algebra generated by the
generators {a;;|i,7 € {1,2,...,n}} over K by the two-sided ideal I generated by the

relations
;1 Q5 = PQik Qs (3.1
Ak Aik = qAikAjk, (3.2)
AR =P qaaa, (3.3)
ajiaix — aigai = (p — q_l)ajkail (3.4)

whenever j > 1 and | > k.

Define coproduct and counit on the generators as follows:

n

Alay) = Z il & A

k=1
e(aij) = b
where §;; is the Kronecker delta and extend these maps to A, ,(n) as algebra maps.
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Lemma 3.1.2. The maps A and ¢ are well-defined on M, 4(n).

Proof. Assume j > i and [ > k. First let us verify that the map ¢ is well-defined.

e(ayai — paay) = e(ay)e(aix) — pe(ax)e(ay) =0,

e(ajrair — qaipaje) = €(aje)e(ain) — qelair)e(asn) = 0,

aji)e(aix) — (azk)S(%l) =0

) =¢(
) =¢(
e(ajran — p~'qaua) = (ag)e(aqn) — p~'qe(aa)e(az) =0,
e(ajiaik — apaj) (
) =e(a;

e((p— a7 " ajai

Similarly, we check that the map A is well-defined. First, show that A preserves the

relation (3.1)), i.e.

A(ailaik) = A<paikail>-

A(ailaikz)
= Aaq)A(as) = (Z Qi & a'rl)(z Uis ® Qgp) = Z (airais ® apasy)
r=1 s=1 r,s=1

= Z (airais & arlask) + Z (airais & arlask) + Z (airais & arlask)

1=r<s<n l1=r=s<n l=s<r<n
= Z(aisair ® aslark) + Z(aisair ® paskarl>

s<r r=s

+ Z(paisair & (askarl + (p - q_l)arkasl))

s<r

= Z(aisair & pqilarkasl) + Z(aisair & P%k%l)

s<r r=s

+ Z(paisair ® askarl) + Z(paisair ® parkasl) - Z(paisair ® q_larkasl)
s<r s<r s<r

=P Z(aisair X askarl) + p Z(aisair X askarl) + P Z(pairais ® askzarl)

r=s s<r r<s

=Y (@isair @ agar) + P Y (Gisir ® aggn) +p Y _(Gisttip @ agpay)
r=s s<r r<s

=P Z (aisair ® askarl) - p(z Ais ® ask)(z Qi 0%y arl) - pA(azk)A(azl)
r,s=1 s=1 r=1

= A(paai).
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Second, show that A preserves the relation (3.2)), i.e.

Aajrair) = Alqapajy).

A(ajkaik)

n

= Aaj)Alan) = O ajp @ am)(Y_ tis @ ask) = > (aj0015 @ aypag)
r=1 s=1

r,s=1
n n

== Z (ajrais & ark&sk) + Z (ajrais & arkask)

1=r<s<n l=r=s<n

+ (CL irQis ® afrkask)
J

1=s<r<n

= Z(ajsair ® askark) + Z(q&is&jr & askark)

s<r r=s

+) (@i + (p = ¢ ajsai) ® qagarm)

s<r

- Z(ajsair 0y aska'r’k) + Z(qaisajr ® askark)

s<r r=s

+ Z(aisajr X qaskark) + Z(pajsair ® qaskark) - Z(q_lajsair X qaska'rk)

s<r s<r s<r

=dq Z(aisajr ® askark) + q Z(&is&jr & askark) + q Z(pajrais & arkask)

r=S s<r r<s

=dq Z(aisajr & askark> + q Z(aisajr & askark)

r=s s<r

+ q Z(pp_lqaisajr X q_laskark>

r<s

= ¢ Y (aia0jr ® agetre) = 40O ais @ aak) (Y ajr @ apk) = qA(aix) Al azy)

r,s=1 s=1 r=1

= A(qaiax)
Third, show that A preserves the relation (3.3)), i.e.

Alajran) = A(p~ qaqag).

A(ajkaﬂ)
n n n

= A(ajk)A(a'il) = (Z Qjr X ark)(z Gis & a'sl) = Z (ajrais & CL’/‘k’asl)

r=1 s=1 r,s=1
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n n n

- Z (ajrais & arkasl) + Z (ajrais & arkasl) + Z (ajrais & arkasl>

1=r<s<n 1=r=s<n 1=s<r<n
= Z(p_lqaisajr ® (agar — (p = q")askan)) + Z(qaisajr ®p~laqa)
r<s r=s
+ Z((aisaﬁ‘ + (p - q_l)ajsair) ®p_lq&slark)
s<r
= Z(pilqaisajr ® aslark> + Z(qaisajr ® pilaslark) + Z(aisajr ® pilqaslark)
r<s r=s s<r
=Y (p7'qaisa, @ (p— g Dagan) + Y _((p— ¢ ajsan @ p~qaga)
r<s s<r
= p_ch(Z(a'isafjr 0%y aslark) + Z(aisajr ® a'slark) + Z(aisajr X aslark’))
r<s r=s s<r
+ p_1q<p - q_1)<_ Z(aisajr ® askarl) + Z(ajrais ® arlask))
r<s r<s
- p_lq Z (aisaj'r Y aslark>
r,s=1

+p7lp — ¢ )= D (@i @ agean) + Y (P qaiaz @ pg agan))

r<s r<s
n n

= p_lq Z (aisajr X aslark) = p_IQ(Z Ais & asl)(z A jr X ark)

r,s=1 s=1 r=1
= p~'qA(ai) Aagr)

= A(p~'qana;)
Last, show that A preserves the relation (3.4)), i.e.

Alajag — aiaz) = A(p — ¢ Hajraq).

A(ajlaz‘k: - aikajl)

= Aaj)Aaip) — Alaig)Aay)

= (Z Qi ® arl)(z Qs & ask) - (Z Qs & aSk)(Z Qjy & arl)
r=1 s=1 s=1 r=1

n n
= Z (ajrais ® arlask) - Z (aisajr X aska/rl)
r,s=1 r,s=1
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n n

— Z (ajrais & arlask) + Z (ajrais & arlask)

l1=r<s<n l=r=s<n
n n
+ Z (ajrais ® arl@sk) - Z (aisajr & askarl)
1=s<r<n 1=r<s<n
n n
- Z (aisajr X askarl) - Z (aisajr & askzarl)
1=r=s<n l=s<r<n
= Z(ajrais & arl&sk) + Z(ajrais X aslark) + Z(ajrais ® arlask)
r<s r=s s<r
= (pg ' ajai @ p T qanas) — > (¢ ajrti ® argay)
r<s r=s
- Z((ajrais - (p - q_l)ajsai'r> ® (arlask - (p - q_l)arkasl>>
s<r

= Z(ajrais ® pa'rkasl) - Z(q_lajrais ® arkasl)

+ Z(%’rais ® (p— q_l)arkasl) + Z((p - q_l)ajrais ® agary)
s<r r<s
- Z((p - qil)ajrais & (p - qil)askarﬁ

r<s

- (p - q—l) Z(ajrais & arkasl> + (p - q_1> Z(ajrais & arkasl)

r=s s<r
+(p—a) Z(ag‘rais ® arkas) + Z((P — ¢ Vajrais @ (p— g )askan)
r<s r<s
- Z((p - q_l)ajrais 02y (p - q_l)askarl)
r<s
- (p - q_l) Z (ajrais X arkasl) - (p - q_1>(z aj'r ® afrk)(Z Ui ® asl)
r,s=1 r=1 s=1

= (p—q " A(ajr)Alay) = A((p — ¢ Hajran)
O

Lemma 3.1.3. The algebra M, ,(n) is a bialgebra with the above coproduct and

counit.

Proof. Ttis enough to show M, ,(n) is a coalgebra. So we need to show the following

maps are equal:

(A ®id)A = (id ® A)A, (3.5)
(e®id)A = (id®e)A =id (3.6)
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It suffices to check these on generators. To show (3.5)) apply the LHS map to a;; €

M, 4(n).

n

(A @id)A(a;) = > (A®id)(ai ® ax;)

k=1

= Z Z(ail ® ay) ® ag;

k=1 l=1

= Z Z ag ® (a @ ag;)

=1 k=1
= Z(ld ® A)(ay @ ar;)
=1

= (id ® A)A(az;)

To show (3.6) apply (¢ ® id)A to a;; € M, 4(n) and (id ® €)A to a;; € M, 4(n).

(e @id)A(ay;) = Y (e @id)(an @ ax;)

k=1
= i, ® a;

:1®aij

(id @ €)A(ay;) = Y (id @ £)(an & ax;)

=1
= Qi @ O

:aij®1

3.2 The Bialgebra Structure of M, (n)

Definition 3.2.1. Let q be a nonzero element of a field K and M,(n) = K{a;;|i,j €
{1,2,...,n}}/I be the quotient of the free algebra generated by the generators
{ai;li,j € {1,2,...,n}} over K by the two-sided ideal I generated by the relations

;1A = qQikQq, A = A1k,

-1
AjkQik = qQikAjk, A1 — Qi = (C] —q )ajkail
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whenever j > i and | > k.

Define coproduct and counit on the generators as follows:
n
Alay) =Y ai @ ay; e(ay) = 6y
k=1

where §;; is the Kronecker delta and extend these maps to M, (n) as algebra maps.

Lemma 3.2.2. The algebra M,(n) a bialgebra with the above coproduct and counit.

Proof. In the Definition [3.1.1] if p = ¢ we get the bialgebra M, (n). O

3.3 Hopf Algebra Structure of U,gl(n)

Definition 3.3.1. Let U,gl(n) be the algebra generated by e;, fi, kj, ki, for i =

7y 2

1,2,....mn—1and j = 1,2, ...,n with the following relations:

ikt =k =1, (3.8)
kiejk;t = @i 0hirte,, (3.9)
kifikt = g7t (3.10)
kiki Y — kK
eifj — fiei = 0 st 11 +1, (3.11)
q—4q
eie; = ee;, fif; = fifi, if Ji—j| =2, (3.12)
efeirt + eixi€f = (4 q e, (3.13)
fefismn + finr S = (a+ ¢ ) fifimr £ (3.14)
Define coproduct, counit and antipode on the generators as follows:
Ak =k @ K e(kj') =1,  S(k) =k ",
A(@Z) =& kik;}l +1® €, 8(61‘) = 0, S(GZ) = —Giki_lk?i+1,
A(fi) = fi@1+k ki ® fi, e(fi) =0, S(fi) = —kiki oo

and extend A and ¢ on U,gl(n) as algebra homomorphisms and S as an algebra

antthomomorphism.
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Lemma 3.3.2. The maps A, € and S are well-defined on U,gl(n).

Proof. We need to show that the maps A, ¢ and S preserve the relations of Definition

[3.3.1] Let us start with A and show that A preserves the relations (3.7)-(3.14):

A(kiky — kjk;) = A(k;) A(k;) — A(k;)A(k;)
= (ki @ k;)(kj @ kj) — (k; ® kj) (k; @ ki)

A(kikiyt = k7 k) = Alk) Ak — Ak A(K;)

= (ki @ k) (k' @ k1) = (k7 @ k') (ki © ki)
= (kb @ kk") = (k7 h @ k' h) = 0,

A(kiejki ') = Ak Ale;) Ak
= (ki @ ki)(e; @ kil + 1@ e;) (ki @ ki)
= (kiejk; " @ kikjk; L k) + (kiky ' @ kiejk; )
= ¢’ e ® kikil +1® ¢ 0ite;
= ¢" 7% (e; @ kiki ) + 1@ ej)

= qéi’f_éi’f“A(ej),

A(kifiki ') = Ak)A(f) AR
= (ki @ k) (f; @ 1+ ke @ f3) (k7 @ k)
= (kifiki ' @ kiki V) + (kik; Mhjia ki @ ki fik)
= (q St f @ 1) + (kj_lkj+1 @ g Ot f,)
= q W (@ 14k i © f)
= g PrA(fy),
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Ale; fj — fiei)
= Ale) A(f;) — A(f;)A(e:)
= (e; @ kikh +1@e)(f; @1+ k; ki ® f;)
— ([ @14k Ty © fi)(e ®@ kikiph +1®e;)
= e, f; @ kiki + [} @ e+ ek ki @ kiki L i + K ki ® eif;
— fiei® kik;rll — kj_lk:j_i_lei ® fjkik:ijrll —fi®e — k:j_lij ® fiei
= (eif; — fie:) ® kiki}hy + ¢t gliman = o e e @ ik f
ke ® (eif; — fier) — @7t g Tl i e e @ ik f
s ki — K ki kiki = ki ki
Yog—q! g—q!
~ g fi’éq (Kikiy ® kikiy — ki i @ kikily
+ k; ki © kik =k k © ki)
= i
q—q
= O (AGR)AY) A AK)
kikit — ki ki
= A0y +q1 —qt

® kiki )y + ki ® 6

—((k; @ ki)(k:ijrll ® k;rll) — (k7' @ kM) (kg1 ® ki)

).

Assume |i — j| > 2.

Aleiej — ejei) = Ale;) Ale;) — Alej) Ales)

= (e @ kikiy + 1@ e)(e; @ kjkil +1®¢)
— (e @ kjkiy +1®ej)(e @ kikipy +1®e;)

=eie; ® kik;rllkjk;ﬁl +e® kik;Lllej +e® eikjk:jjrll +1® eje;
—eje; ® k;jkj_ﬁlk;ik;rll -6 ® kjk:jjrllei —e® ejkik:;rll —1®eje;

= (eie; —eje;) ® kik;rllkjk;jl +e® kik;;rllej +e;® /fjk:jjrllei
+1® (eie; — eje;) — € @ kjki e — e ® ik}l e;

= 0’
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A(fifs = fifi)
= A(f)Af;) — AUG)AS)
= (i1 +k ki @ fi)(f; @ 1+ K Ty @ f;)
— (i @14k ki © f)(i @ 1+ k] ki1 ® f)
= fifi @ L+ fik; ki1 @ fi + ki ki f7 @ fi + ki ik ki @ fif;
— fifi @1 = fik ki @ fi — K k£ © fi = Ky ki ki ki © f f
= (fif; = [if) @1+ k7 ki fi @ fi + kT ki /; © fi
k7 ki kT ki @ (fify — fifi) = k7 ki f5 © fi — K ki fi ®
— 0,

A(eeis + €€
= A(e;)?Aei1) + Aleir)Ale;)?
= (e; @ kik +1® e;)* (w1 @ kiwiki g + 1 @ ear)
+ (ix1 @ kinikii g +1®ewr) (6 @ kikin +1®e;)”
= elein1 @ kiki A kioki 4 + eiei @ kik L eikioki
+ eieir1 @ eik; k1+1kz:t1k;+11:|:1 +e+1® 6?]5&1/%11&1
+e2® kfk:;fleiﬂ +e ® kiki__:leieiﬂ +e® eikikiﬂleiil
+ 1@ €feir1 + einre; ® kinrki kK
+ ejr16; ® k,ilkzﬂﬂkz kHle + €16 @ l{:lilklﬂﬂelk 1{7;11
+ €i41 ® k‘lilklﬂﬂe + e ® elilkz k1+1
+e; ® e kik e + € @ eeikik + 1 ® egpr€]
= (efeis1 + eir1€]) @ kik L ki ki kiki + 1@ (€lein + eipre))

-1

+ (¢ +q " )eieir1 @ k; kH_lkz:l:lkH_lilez +(q+q et ® 62'/{?&17?;311161

+(qg+q "

e; R k; klﬂezilk kz—i—l (g+q¢He® eieiilkiki__i_ll

Je
)e;
+(q+ g Veirie; @ eikinikiy L kiksh + (g + ¢ e @ ik eisre;
= (g +q (e ® kikZy + 1@ ei) (e ® kiwkioy

)

+1® et (ez®k,‘k‘l+1+1®ei)

= A((q+ ¢ Heeirie),
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A(f} fier + firr f7)

= A(fi)*Afier) + A(fie) A(fi)?

= (i®1+k ki1 ® fi)2(firn @ 1+ ki kivis ® fisr)
+ (firr @ 1+ K kiprer ® fir)) (fi © T+ & ki © f)?

= [ i @ 1+ f2hh ki © fin
+ fik ki1 finr @ fi 4 fiky Vhiakigh ki ® fifin
+ k7 ki fifier @ fi 4+ kT ki fikigh ki © fifin
+ k7R fin @ f7 4 kTR ki ki ® [ fi 4 fin fi ©1
+ ki ki f7 ® fiza + fim fiki i ©
ki ki ik ki © finfi + fin ki ki i © fi
+ kb kipronk; ki i ® fixa fi + fink 72k © fF
+ ki ki1 k; 2k ® fin f7

= (f2 firr + i fH @ 1+ (g + ¢ V) fikiikiprea /i @ fima
+(q+q Ok ki fen i © i+ (g + ¢ DR Rk ks /i © fifiz
+ (g +q ) fifimak ki ® fi 4 (g + ¢ 1) fikih R by i ® fin fi
+ (¢ + ¢ ki ki fimaky ki @ f7
+ ki k ki by ki © (f2 fen + fisn f7)

=(q+a )fi @1+ k ki1 @ fi) (fin ® 1
ki ® fi)(fi @ 14+ k7 ki @ i)

= A((q+q ) fifiza £o).

Next, let us show that ¢ preserves the relations (3.7)-(3.14):

€<kikj — ]{Z]kl = &(R;)€E kj) — 8(]@)8([%) = O,

]ﬁ_l)c”(ki) = O,

(]

)e(
e(kiki ! — k'K )e( (
Dee))e(ky ) — ¢P %t (ey) = 0,
)e( )
)e(

— g f) = 0,

) =«(
) =¢(
e(kiejk;t — ¢®hi0He;) = g
) =&
) = e(e)e(f;) —e(fj)ees) = 0,
I
qa—dq q—4q




e(eie; — eje;
g(fifj fz

)
)
e(efeirt + eiviel)
)
)
) =

e(eie(e;) —e(ej)e(es) = 0,
e(fi)e(f;) —e(fe(fi) =0,
e(ei)?e(eix1) +e(ei)e(e) = 0,
(q+ a7 )e(ee(eir)ees) = 0,
e(fi)’e(fizr) +e(firn)e(fi)? = 0,
(q+q e(fi)e(fir)e(f)-

5((‘] +q l)ezezzl:lez
5(f fz:tl + fz:l:lf
5((Q+q )fz.fz:l:lfz

Last, let us show that S preserves the relations (3.7)-(3.14):

S(kik; — kiki) = S(k;)S(ki) — S(ki)S(k;) = k; 'kt — k7 'kt =0
(kz ki) = S(k)S(ki) = kikit =1=5(1)
Sk k) = S(k)S(k; ) =k 'k = 1= 5(1)
S(kiejk; ') = S(k;1)S(ey)S (ki) = —kieski 'k hyyn = =™~ ek ey
S( 05— ”He]) = 05— ”“S(ej) 85— ”“e /{7 1kj+1
S(kifsk; >:S< DS(f)S (k) = =ikl kufiki = =g~ kL
S(q 0ttt fi) = q Pt S(fy) = —qm O g kL

S(eif; — fies) = S(f;)S(ei) — S(es)S(f;)
kjkj+1fjel 1]'{:z-i-l eik‘ii_lki-i-lkjkj_jl-fj

— q2_51,]+51,J+1_61+1,j+1+6i+1,j (fjei _ eifj)

i j
_2=0; 6 i1 —0it1 41041, 1 —17..
=—q ! ]q = T (kiki oy — ki kiga)

5i,' —1 —1
- q— ;,1 (ki ki1 — kikiJrl)
ikl — k7 Si i
Sy~ Ty = (k) S (k) — S(Kir)S(kY))
q—q q—4q
i j _ _
= q— ;,1 (Kiy1k; - kiJrllki)v

S(eie; — ejei) = S(e;)S(es) — S(es)S(e;)
ij-_lk?j+16i]{?<_1ki+1 — Gik-_lki+16jk]-_lkj+1
= e;ejk; 1k2+1k: ki1 — eiejk; 1k2+1k‘ 1kj+1, if li—j]>2
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S(fify = fifi) = S(f;)S(fi) = S(f:)S(f;)
= kjkg‘jrllfjkik;rllfz’ - kikz’;llfz’kjkﬁJj
= fifikikikiki — fifikikikikily, if li— gl >2

S(eteirs + eire?) = S(eix1)S(e)* + S(e?)S(eitr1)
= _ez’:tlk;|:11ki+1:|:1€ik;1ki+1eik;1ki+1
— eik; ' kiiek; ke ki ki
= —einrerk; 2kl ki ki — €fecnik; 2k ki ki
= —(er1€] + €Fe )k 2k ki kit
=—(q+ q_l)ez’@iileiki_ka‘QHk'i_il1ki+1i1
S((q+q Yeieizier) = (¢ +q1)S(e:)S(eix1)S(es)
=—(q¢+ qil)eikflki+1eii1k;t11ki+1i1€ik;1ki+1

=—(q+ qil)eieiileik;2k@'2+1k;tllki—i-l:tl7

S(f} fir + fiza f2) = S(fixa)S(fi)* + S(£i)*S(fixr)
= —kisrk Lo fimrkik i fikik L
— kiki [y fikik i fiki kil o fin
= —kiilk;}lilk?k;ﬁlﬁilff — ki:ﬁ:lk;}li1k2k;—21fi2fi:tl
= —kimik KPR (fa f2 + £ fian)
= —(q+q Dkimk i KR i fin [
S((q+q ") fifirfi) = (a+a7")S(fi)S(fiz1)S(fi)
= (q+ ¢ kiki fiki kDo fioa bk fi
= (q+ q Vkimaki KPR fifisr /i
[
Lemma 3.3.3. U,gl(n) is a Hopf algebra with the above coproduct, counit and an-

tipode.

Proof. 1t is enough to show U,gl(n) is a coalgebra, and S is an antipode. So we need
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to show the following maps are equal:

(A ®@id)A = (id® A)A, (3.15)
(e ®id)A = (id®e)A = id (3.16)
(S @ idy)A = plidy @ S)A = ne (3.17)

To show the equation (3.15)) apply the LHS map to each generator ¢;, f;, k; of Uygl(n):

(A ®@id)A(e;) = (A®id)(e; ® kiki; +1® e;)
=e@kkOkklhi+10ekki+101lxe

id® A)(e; @ kikh +1®e;)
id @ A)A(e;)
(A@id)A(fi) = (A @id)(f; ® 1+ k; kip1 @ fi)
=011 +k ki1 ® fi @1+ ki ki @ ki ki @ f;
= (d@A)(f; @1+ k ki @ fi)
= (id @ A)A(f;)
(A ®@id)A(k;) = (A ®id)(k; @ k;)
=kiQk®k;
= (id ® A)A(k;)

(
(

To check the equation (3.16) is satisfied, apply (¢ ® id)A and (id ® €)A to each
generator e;, f;, k; of Uygl(n):

(e @id)A(e;) = (e ®id)(e; @ kik, +1®e;)
—0®]€/€Z+1+1®6i
=1®e;

(id®e)A(e;) = (id®e)(e; @ kikiZ, +1®e;)
=e®1+1®0
=e®1
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(e ®id)A(f;) = (e @id)(fi @ 1+ k; ki1 @ f;)
=0®1+1®f;
=1® f;
(id@e)A(fi) = (id@e)(fi ® 1+ k; ki1 © fi)
=fi@14+k ki1 ®0
=fi®l

(e @ id)A(k;) = (¢ ® id)(k; @ k;)
— 10k

(id ® £)Ak:) = (id ® ) (k; @ k;)
— kol

Demonstrate the equation (3.17)) by applying 1(S ® idy)A, p(idy @ S)A and ne on
each generator e;, f;, k; of Ugl(n):

1(S ®@idy)Ale;) = u(S @ idy)(e; ® kikiy +1® e;)
= /,L<—€7;kz~_1ki+1 ® kik;fl +1Re¢)
=—e;+¢€ =0,

p(idy @ S)A(e;) = plidy ® S)(e; @ kikh + 1@ ;)
= u(e; @ kiprk; 4+ 1@ —eik; ki)
= eikip1k; T — eiki1k; T =0

ne(e:) = n(0) =0,

1(S @ id)A(f;) = (S @ idy)(fi @ 1+ k ki @ fp)
= p(—kiki h fi © 1+ ki ki @ fi)
= —kik N fi + kiki 5 f; = 0
pu(idg @ S)A(fi) = plidg @ S)(f; @ 1+ ki 'kia © f;)
= p(fi @ 1+ k7 ki © —kikiph fi)
=fi—fi=0
ne(fi) =n(0) =0
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w(S @ idp)Ak;) = u(S ®idg) (ki @ k;)
= (k' @ ki) =1
pidy @ S)A(k;) = p(idg @ S) (ki ® k;)
= p(ki @ k1) =1
ne(ki) =n(1) =1
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CHAPTER 4

A POINCARE-BIRKHOFF-WITT THEOREM FOR Ugqgl(n)

In this chapter, we give a Poincaré-Birkhoff-Witt (P.B.W.) basis for the Hopf algebra
U,gl(n) (see Definition 3.3.1). We follow the methods in [25].

4.1 P.B.W. Basis of U,gl(n)

Let oy, as, ..., a1 be the fundamental roots and ®* be the set of positive roots of
gl(n). Leti < j. Each positive root o can be written as o« = (7, j+1) = o+ ;41 +

..+ aj. Lety = a —ajand B = o — o; where @ # j. Then define by induction

e e; —qejes, if 1 # g,

Co —

fifa —a ' fafi ifi#j,
f, ifi = j.

fa:

We order the elements as follows:

Ca(i,j) < ea(kyl)ifi > k or (2= k andj > l),

fatig) < fagpifi < kor(i=Fkandj <]I).
Example 4.1.1. For n = 4 the positive roots are
Qq,Qp + Qo, 0 + Qg + 3, g, Qg + O3, O3.
The ordering of the elements e, is
a(3,4) < a(2,4) < a(2,3) < a(1,4) < a(1,3) < a(1,2).
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The ordering of the elements f, is

a(l,2) < o(1,3) < a(l,4) < (2,3) < a(2,4) < «(3,4).
Define adjoint representations ad : U,gl(n) — End(U,gl(n)) and ad' : U,gl(n) —
End(U,gl(n)) by

ad = (L ® R)(S ® id)A and
ad' = (L® R)(id® S)A.

where L and R are the left and right multiplication, respectively.

In particular, we have

ad(e;)(x)
ad'(fi)(x)

-1 -1
xre; — 61']%' ki+1$ki+1kia

fiw — ki ki ak L ks f.
Using ad and ad’ we can redefine e,, and f, by
Ca = €€ — (€jCy
= eye; — ek} ke ki b
= ad(e;)(e,).
fo=fifs —a ' fafi
= fzfﬁ - ki_lki—i-lfﬂki_—i-llkifi
= ad' (fi)(fs),

where i < j, and «, (3,7 are as above.
4.2 Commutation of e, and eg

Lemma 4.2.1. The map ad is an algebra antihomomorphism and the map ad' is an

algebra homomorphism.

Proof. Letz,y,z € Uygl(n). We verify the first assertion.
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The map ad is linear:

ad(z + y)(2) = (L @ R)(S @ id)A(x + y)(z)
= (L@ R)(S() @ "+ S(y) ®y")(2)
= S(x')za" + S(y)zy”
= ad(x)(2) + ad(y)(2).

The element ad(1) acts as identity on U,gl(n):

The map ad reverses the order of product:

ad(zy)(z) = (L @ R)(S @ id)A(zy)(2)
= S(a'y)zz"y"
= 5(y)S(z")zz"y"

= ad(y)(ad(z)(z)).
The map ad’ is linear:

ad'(z +y)(z) = (L ® R)(id ® S)A(z + y)(2)
= (L@ R)(2'® S(2") +y' @ S(y"))(2)
— 225(2") + /25 (y")
= ad'(z)(2) + ad'(y)(2).

)
)

The element ad'(1) acts as identity on U,gl(n):

ad'(1)(z) = (L ® R)(id ® S)A(1)(2)
= (L@ R)(1@5(1)(2)

= Z.

57



The map ad’ preserves the product:

ad (2y)() = (L ® R)(id ® S)A(ay)(2)
— a'y'2S(a"y")
— 2'y/2S(y")S(2")
= ad (¢)(ad (y)(2)).

This proves that the map ad is an algebra antihomomorphism and the map ad’ is an

algebra homomorphism. [

Corollary 4.2.2. We have the following properties:

(ad(e;))?ad(eir1) + ad(eirr)(ad(e;))? = (g + ¢ Vad(e;)ad(ei+1)ad(e;),
(ad'(f:))*ad (fix1) + ad'(fiz1)(ad' (f:))* = (¢ + q")ad (fi)ad (fir1)ad (7).

Lemma 4.2.3. Suppose x,y € U,gl(n) with the following commutation relations:

k?l-_lk’i_f_ll'/{,’;rllki = anT

ki_lki—i-lykijrllki = qb?/
for some a,b € 7Z. Then

ad(e;)(zy) = ¢"ad(e;)(z)y + zad(e;)(y),
ad' (fi)(xy) = ad'(fi)(x)y + q"wad (f;)(y).

Proof. Prove the first relation:

¢"ad(e;)(x)y + zad(e;)(y)
= queiy — qbeiki_lkiﬂxk;llkiy + xye; — xeiki_lkiﬂyk;rllki
= q"zey — ¢°¢Ceiwy + wye; — ey
= —q"¢eiry + wye;
= zye; — eiki_lkiﬂxyk;llki

= ad(e;)(zy).
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Prove the second relation:

ad' (f;)(x)y + ¢“zad (f;)(y)

= fizy — ki_lki+1$ki_+11kifiy +q v fiy — qa$ki_1/€i+1yk;r11kifi

= firy — ¢z fiy + "z fiy — ¢"wyf;
= fizy — "y f;

= fixy — ki Ykipzyk ki f;

— ad () ().

Lemma4.24. Leta = o;+...4ajand s € {1,2,...,i —2,i+1,i+2, ...

2,...,n—1}. Then

1. ad(es)(eq) = eqes — €seq = 0,
2. ad(e;)(eq) = eq€j — q rejeq =0,

3. eieq — q teqe; = 0.

7]_17]+

Proof. First, let us prove the first assertion. We have ks_lksﬂeak;:lks = €4, SO

-1 1
ad(es)(eq) = eats — €k, "ksp1eak [ ks = eqes — €5€q
and

ad(e;)(€a)
= ad(e)ad(e;)ad(e;1)...ad(eq 2)ad(eoi1)ad(es) (Cant . tay )
= ad(e;)ad(ej-1)...ad(esy2)ad(es)ad(esrr)ad(es) (€t 4o, )
= (¢+q ") "ad(e;)ad(e;1)...ad(ess2) ((ad(es)) ad(ess1)
+ad(ess1)(ad(es))*) (it +a, )

= (q+q¢ ") "ad(e;)ad(e;- 1) ad(esiz)ad(esrr)(ad(es))* (€at..ta, )

(
= (¢ +q ") ad(ej)ad(e;-1)...ad(ess1)(

(
(€a;
Jad( )
= (q+q ") ad(ej)ad(e;-1)...ad(es 1)
Jad( )
— ad(es-1)(ad(es))*) (€as..ta,-s) = 0.
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The second assertion holds, since:

ad(e;)(ea) = ea; — ik} 'kjrreaki ik

= €46 — q_lejea

ad(e;)(ea) = ad(e;)ad(e;)ad(ej-1)(€a,+..1a;_5)
= ((¢+ ¢ ")ad(e;)ad(e;-1)ad(e;) — ad(e;—1)(ad(e;))*) (€a,+..+a;-2)
=0.

The third assertion is true, since:
—1 -1
€i€a —( €abi = ad(ej)ad(ej—l)“'ad(ei-‘r?)(eieai+ai+1 —4q Coitoin ei)

= ad(ej)ad(ej_l)...ad(ei+2)(efeiﬂ — (g + g Yeeipie; + eip1€?)

=0.

Lemma4.2.5. Let oo = oa;+ ...+ ojand s € {1,2,...,i—2,i+1,i4+2,...,5— 1,5+
2,....,n— 1}. Then

Load'(fs)(fa) = fsfa = fafs =0,
2. ad,(fi)(fa) = fifa - Qfafi =0,

3. fafj - ijfa = 0.

Proof. Let us prove the first assertion. We have k; 'k, fak;rll ks = fu, SO

ad,(fs)(foc) = fsfa - ks_lkjs-i-lfaks_—&lksjcs
= fsfa - fafs7
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and

ad' (f5)(fa)
= ad'(fs)ad (fi)ad (fir1)...ad (fs—2)ad (fs-1)ad (f5)(fassr+..ra;)
= ad'(fi)ad (fir1)..ad (fs—2)ad (fo)ad (fimr)ad (fs)(farir+.ta;)
= (¢+q7 ") ad (fi)ad (fir)...ad (fi-2)((ad'(fs))*ad (fs-1)
+ad' (fom1)(ad' (f))*)(fassitta)
= (¢+q ") ad (fi)ad' (firr)-.ad (fi2)(ad (fo-1)(ad (f:))*) (fassrt..ta;)
= (¢+q ") ad (fi)ad (fisr)-ad (fo1)(ad (fo))?ad (faysi) (fasiat.tay)
= (¢ +q ") ad (fi)ad (fisr)-ad (fo1)((q + ¢ ad (f,)ad (forr)ad (f5)
— ad'(fau)(ad (£))°) (fassotta;)
= 0.
The second assertion holds, since:
ad'(fi)(fa) = fifa — ki ki1 fakii ki fi
= fifa —afalfi
ad'(fi)(fa) = ad'(fi)ad (f)ad' (fi+1) (faiiat..ta;)
= ((q+q Yad'(fi)ad (fix1)ad (f;) — ad/(fi+1>ad/(fi))2)(fa¢+z+...+aj)
=0.

The third assertion holds, since:

fafj - ijfa = ad,(fi)ad/(fi+1)---ad/<fj72)(faj,1+ajfj - ijfaj,ﬁaj)
= ad'(f;)ad (fir1)...ad' (fi—2)(f} ficr — (a+ @ ") fifics fi + ficr f7)
= 0.

]

Lemma 4.2.6. Let o = a; + ... + oy and 7 = o — o and 3 = o — ;. Then, we have

eiepg — qege; ifi #£ 7,
Co =

o= fwfj_q_lfjfw ifi # j,
B ifi=j.

61



Proof. We prove by induction on the length [ = j — ¢ of the root a.

Ifl=1thena = a; + a;11, B = a;41 and 7 = ay, SO

€a = €i€i+1 — Q€164

= 62'65 — qegei,
and

fo=fifirn —q  firr i
= [y fir1 — a fisr fr

Assume the assertionistrue for j —i =[/l—1.Forj—i=1>2, a=ao; + ... + oy
and B = 41 + ...+ (78N Let Y= Qy + ...+ Qi) —1 and o/ = [e7A} + ...+ Q] —1-

Then we have:

Ca = €4€itl — (€itiExy
= €i€a/Citl — (€a/CiCit] — (€it1€iCar +  Cit1€arE;
= €i€aCitl — Q€arCitl€; — (€iCitIEar + (€11 1Car€;
= 6¢(€a/€i+l - q€i+l€a’) - Q(ecx’ei—H - q6i+z€a')€z’

= eieﬁ — qegei

and

fo=fifs —a ' fsfi
= fifafiri = a7 fifivifor = 0 for firifi + a7 fii for £
= fifofivi = a7 fonififor = @ o fifivi + a7 fisi for £
= (fifar = ¢ o fi) firt — ¢ fii(fifor — a7 fur fi)
= fyfivt — a4 finf,

where the second equalities of both equations hold by the induction hypothesis. [
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Proposition 4.2.7. Leta = a; + ... + o, f = ap + ... + o and © < p. Then,

e

€3€a if p>j+2
gegeq + €aip if p=7+1
q tegeq if p=iandr>j+1
€ats = 4
€3€q if i<p<jandr<j
q legeq if i<p<jandr=j
| esea — (¢ —a ")eap+.ta;€airta, If i<p<jandr>j+1

Proof. 1fp > j + 2 then e,,, ...e,, commute with e, so we have
€ats = €3y
Ifp=j+1,lety = a— «;. Then, e, = e,e; — geje,, and e ez = ege,.
€alg = €€je3 — (e;e3E,
€3 = €,€3€; — (E3e; ey
Hence,
€alB — (EREa = €,€j€3 — (€;€36, — qeyege; + q2613€j€’y

= e, (ejes — qege;) — qlejes — qegej)e,

= €4€a;+B — Ca;+8Cy
Continuing in this way we get
60,65 — qegea = €a+5

Forthecasep < j,lety=oa,+...+a;,d/ =a—vand f' = f—~. Ifr =4, = 1.
We will see the commutation relation between e, and e,, and commutation relation

between e, and eg if < j in the course of the proof, so assume r > j + 1.
eats = ad(e,)...ad(eji2)(€abyta; )
egeq = ad(e,)...ad(€ji2)(€yta;. €a)
-1 -1
kj+1kj+2€ak7j+2kj+1 = (g €q
-1 -1
kiiikjraeykjokjn = q ey
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So, we have

ad(eji1)(eaty) = q ad(eji1)(eq)ey + eqad(e;rr)(ey)
= ( Cataji16y —+ €aCytaiy
ad(eji1)(eyea) = q ad(ej1)(ey)ea + eyad(eji)(ea)

= 4 €y+a;41Ca + €v€ataj1

If p > i, by Lemma@, €p, Cpt1, ---, €5 cOmmute with eq 4, 50

€a+aj+1€,y = 676a+aj+1 .

Let 7' = v — «;. Then in the same way, e e, = e €,.

ad(e;)(eaty) = q ad(e;)(ea)ey + caad(e;)(ey)
ad(e;j)(evea) = ¢~ ad(e;)(ey)ea + ey ad(e;)(ea)

—1
={q €4€qy
Hence, e,e, — ¢! eqeq = 0, and

0= ad(eji1)(€aty) — ¢ tad(eji1) (e ea)

= q Cata; 16y T €alytajp
(G eyrapnata + extarars)

= (¢-— q71>evea+0ﬁ+1 T €alyta i — EytajtiCa

= ad(e,)...ad(ej42)((q — ¢ )eyCata s + €abota;iy — Evytasis€a)

= (¢ — ¢ Vad(e,)...ad(ejy2)(€4ata,,,) + ad(e;)...ad(ej12)(€atrta,,,)
—ad(e,)...ad(ej12)(€vta;,.,Ca)

= (¢ —q "eyad(e,)...ad(ej2)(€ata,s) + €ats — €5€q

= (4= 0 1)esCartta, T Cals — €sa

If p =1, then @ = vy and €,1, €549, ...,e; commute With €4 4,,; = €,14,,,, SO WE

have

e’Y+Oéj+1 €y = ad(ej) : 'ad(ep+1> (€7+O‘j+1 ep)

CyCytaji = ad(ej)' : 'ad(6p+1> (epe’YJrOthrl )
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-1 _
By LemmaWd.2.4, €, 10,., — ¢ ' €yia,,€p = 050

— -1
0= €plytap =4 CytamCp
— -1
- ad(ej)"'ad(ep+1)<€pe’Y+aj+1 —q e'y+aj+1ep>
_ |
= 6Cytajp T4 Gyt Gy
— -1
- ad(e'f’>"‘ad(ej+2)(67€’Y+C¥j+1 —4q e’y+aj+1€7>
_ |
= €,4€p q €€y

= entg — q_leﬁea

Proposition 4.2.8. Let o = a; + ... + o, f = o + ... + o, and @ < p. Then,

;

fals if p>j+2
q(fafs = Jars) if p=j+1
) s if p=iandr>j+1
Tafe = fafs if i<p<jandr <j
q ' fals if i<p<jandr=j
fofs = (@ = ) foivovarfaptora, If i<p<jandr>j+1

\

Proof. If p > j + 2 then f,,, ... fo, commute with fz, so we have

fafﬁ’:fﬂfa
Ifp=j+11lety=a—aqa; Then, fo = ff; —q  fifr.and [ fs = fsf,.

fafs = ffifs—a " fifafs
fafa = fofsfi—a ' fafifs
Hence,
fafs —a fafa=fofifs—a  fifaly —a  fofafi + a2 fafify
= Lt —a ' fafi) —a ' (fifs —a ' fafi) Sy
- f'yfaj-i-/o’ - q_lfaj+6f’y

Continuing in this way we get

fafﬁ - q_lfﬁfoz = fa—i—ﬁ
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Forthecase p < j,lety =a, + ...+ a;, ¢ =a—vyand f' = — . If p =4,
a = . We will see the commutation relation between f3 and f, in the course of the

proof, so assume p > 7 + 1.

fafs = ad'(fi)...ad (fp—2)(fa, 1+~f5)
fofo = ad (fi)...ad (fp—2)(fo Sy 14v)

kot ky foky hpoy = g7 [
kp_—llkpf'ykp_lkp—l = q_l f'y

So, we have

ad'(fp-1)(fof2) = ad' (fp-1)(fa) f + 0~ fsad (fp-1)(f)
= fopr48Sy + 0 ooy it

ad'(fp-1)(f,f5) = ad' (fo-1)(£,)f5 + 0 frad (f,-1)(f5)
= fopsivS3 T4 fyfayito

Ifr > j, by Lemma@.2.5] f,, fpi1, .., fj commute with f,, g, s0

fap—l‘l’ﬁf’y = f'yfap71+ﬁ'

Let 7y = v — «,. Then in the same way, fsf, = f, f3.

ad,(fp)(fﬂf”/’) = ad,(fp)(fﬂ)fv’ + Qfﬁad/(fp)(fv’)
= qfsfy

adl(fp)(f’y’fﬁ) = ad/(fp)(fv’)fﬁ + va’adl(fp)(fﬁ)
= f'yf,B
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Hence, f, fs — qfsfy =0, and

0= ad'(fp-1)(f1fs) — qad (fo-1)(fs /)

= fop14afo + 0 fyfa, 148
— q(faprpfy + a7 fo ap i)

= (" = ) f fayr48+ fapran S = o Sap 14n

= ad'(fi)-.ad (f-2) (7" = @) fap 148 + fop 0S5 = Fo Loy 114)

= (¢ = @ad (f;)...ad (fp-2)(fy fay1+6) + ad'(fi)...ad (fp-2)(fa, 14~ T5)
—ad'(fi)...ad'(fp-2)(fofap-1++)

= (¢~ = Q) fad (f;)..ad (fy-2)(fa, 1+6) + fafs — fofa

= (0" = O (foitorar) + fafs = fafa-

If r = j, then 8 = vy and f,, fpi1, ..., fj—1 commute with f, 15 = fa, 1, SO WE

have

fap_1+'yf'y = ad/(fp)"'ad/(fj*1>(fap—1+’yfj>
f’yfap_1+~y = ad,(fp)-'-ad/(fjfl>(fap_1+'yfj)

By Lemma23} fu, 415 — @i fap 4y = 050

0= fop1+2fi — afifap 14+
= ad'(fp)...ad (fi-1)(fa,1t+fi — afjfap1++)
= fap1tr Sy — @y Sy 14
= ad'(f;)...ad (fp-2)(fap_1vfy — @fyfap_i1v)
= fafy — afy€a
= folfs — qfsea

Lemma 4.2.9. Let o = o; + ... + . Then,

j—1
Ales) = €4 ® kzk;rll + (qil —q) Z(ea¢+...+as ® Cayyi+..ta; kik;rll) +1®eq

s=1

Proof. Do induction on the length [ = j7 — 7 4 1 of the root a. The case [ = 1 is
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trivial. Assume the result for [ > 1. For [ + 1,

A(ea+aj+1)
= Aleq)Aej11) — gA(ejr1)Aleq)
j—1
= (ea ® k; k]-&}l ( - Q) Z(eai—i-‘..—l-as ® eas+1+---+ajkik;+11> +1® 6a)
(ejr1 @ kjpkily +1®ej11) = qlejpn @ kjpakis + 1@ ejp1)(ea ® kikjy,
J—1
+ (qil - C]) Z(eai+...+o¢s & 6a5+1+m+ajkik;|}1) +1® eo‘)

= entjy1 D K; k:]+2 +ej11® eak:]+1k; o T ea @k /{;]+1e]+1 +1® eqejq1
J—1
+(q " =9 Z(eai+-~-+a5€j+1 @ Cagiit..4a; kiks_ﬁkﬁlkﬂlz)

s=1
j—1

(07" = 0)) (Cartotar ® Cayprrta, Kikisli€a1)
5=1
—(q€j11€a @ k‘zk;rlQ —qCj+1 ® kj+1kj_+12€oc —qea® eﬂ'+1kikj_+11 T a®¢€j+1a
j—1
—q(¢' —q) Z(ej+1eai+--~+as ® kj+1k;r12€as+l+~"+aj ik 1)
s=1
j—1
- Q(q_l - Q) Z(eai+---+as ® €j+1€a5+1+_..+ajkik‘ls_—|}l>
5=t
= Cataj @ kil +eju1 @ eakjikily + ¢ ea ® ejnikikyl +1® €avayi
7—1

5=1
j—1
+ (q_l - q) Z(eai-f—...-‘ras ® Caspit..+a, €j+1k7ik5_-:1)

s=1

—qq e ® €akj+1k’j112 — € ® ej+1kik;r11

j-1
- q_IQ(q_l - Q) Z(eai—&-.-.—&-as €j+1 @ Cayyi+..4a; kj+1kj+2k k3+1)
Jj—1 .
- Q<q71 - Q) Z(eaiJr--.Jras ® €j+1eo‘s+1+'”+aj klk;’}l)
6a+0¢3+1 & k k j+2 + ( q)eOé ® e]“"lkikj_‘&l tle 6a+aj+1
j—1
(07 =) ) (Carttar @ (Carirttas €01 = 4€j41€0rirt oy )ik
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_ -1
= Catajy ® kikj+2 +1® Catajii

J
H (07" =) ) (Cartotar ® Cayrtotar i kikisly)

O
Lemma 4.2.10. Let o = «; + ... + . Then,
j—1
Alfa) = fa®1+(1—q7%) Z(faiJr...Jrask;lij ® fasertota;) T ki1 © fa

Proof. Do induction on the length [ = 5 — ¢ 4+ 1 of the root a. The case [ = 1 is

trivial. Assume the result for ! > 1. For [ + 1,

A(fOé+Olj+l)
= A(f)A(fij41) — ¢ ' A(fj41)A(fa)

j—1

= (fOé ®1+ (1 - q72) Z(fai+-..+ask;+llkj+1 & fas+1+...+aj)

+ k7 ki ® fo) (fin @1+ kj_+11kj+2 ® fis1)
—q ' (firn®1+ kj_ﬁlk'ﬂz ® fir1)(fa®1

7j—1

+ (1 - q72) Z(fai+..-+ask;+llkj+1 ® fas+1+...+a]~) + kiilijrl & fa)

= fali1 @ 1+ foki Ko ® fion + k7 K finn @ fa + k7 R ® fafin
j—1
+ (1 - q_2) Z(fai-i-...-i-asks_—&}lkj-i-lfj-&-l ® fas+1+.,.+aj)
-1
+ (1 - q_2) Z(fari-...—i-as ks_+11kj+2 & fas+1+...+aj fj+1)
— ¢ fimfa®1—q " fiki ki @ fa
— ¢ 'k ke fa ® i — ¢k e ® fiafa

J—1

- qil(l - q72) Z(fjJrlfaiJr...Jrask;:lijrl ® fas+1+...+aj)

s=1

j—1

—q'(1-¢7? Z(k?fﬁ1kj+2fai+...+asks_+11kj+1 ® fis1famirtotas)

s=1
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= fotay @1+ fakilikjzo ® i+ q  fionky ki @ fa+ kK kjs @ fata,

7j—1
+ q71(1 - q72> Z(fj—i—lfai—i-‘..—i-ask;ilkj—i-l & fas+1+...+aj)
s=1
J—1
+(1-g¢7?) Z(fai+...+ask;:1kj+2 ® fawiitota;fiv1)
1 —1 2 -1
—q  fitk ki1 @ fo — ¢ fakjiikive @ fin
j—1
—q'(1-¢7) Z(fj+1fai+...+ask?s_+11kj+1 ® faspi+.ta;)
j-1
—q'(1-q7%) Z(fai+...+ask;&1kj+2 ® fir1fagir+ta;)
= fotaz @14+ (1= ¢ ) fakihkie © fiva + K hjie © farag,
j—1
+ (1= fartotonkiiikire ® Faprtotas fior — € fivt fantota,)

= fotraj @14+ k ke © fayas,
j

+(1-q¢7) Z(fai+...+ask;ul1kj+2 ® fagsit.tajer)

s=1

]

Definition 4.2.11. With U gl(n), U, gl(n), Ulgl(n), denote the algebras generated
by e;, fi, k; respectively, where i = 1,2,...n—1,j=1,2,...,n.

Proposition 4.2.12. 1. The set
B ={]] ¥ ez}

is a basis for U gl(n).

2. The set
B+:{H ese : cq € NY,
acedt
is a basis for U q+ gl(n). The set of positive roots " is ordered with respect to

>

€a’s.

3. The set
B™={]] f&:caeN},

acdt
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is a basis for U gl(n). The set of positive roots ®* is ordered with respect to

fa's.

Hence the set B= B~ ® B° ® B is a basis for U,gl(n).

Proof. Part 1: Trivial.

Part 2: Let a(l) < a(2) < ... < a(N), where «(i)’s are all the positive roots.
The algebra UqJr gl(n) is generated by e;’s so non-ordered monomials in e,’s gen-
erate U gl(n). To prove that the ordered set generate U/ gl(n), it is enough to
prove that each e(i;)€a(iy)--€a(i;) 18 @ linear combination of the ordered elements
Ca(l) Ca(2) Ca(N)

a(1) €a(2) *Ca(N) with ¢ (1) + Cag2) + ... + o) < j. We will do a double induction

on j and for a fixed j on ;.

The case 7 = 1 is obvious. Assume the assertion is true for j. To prove that it is
true for j + 1, we need to show that e, ;,)€a(iy)---€ai,,,) 18 linear combination of the
ordered elements with c, 1) + ca(2) + ... + cov) < 7 + 1. We will now do induction

on ;.
Applying the induction hypothesis t0 €4(i,)€a(is)---Ca(ij11)s Calir)Caliz)--Ealijs) 1S @
linear combination of elements

Ca(s) Ca(s+1) Ca(N)

Ca(in)€a(s) Ca(s+1) * Ca(N) with Ca(s) T Ca(s+1) T - F Ca(N) < 7.
If 7, = 1, the result is clear. Assume the result till ;.

If iy < s, we are done. If 7; > s, we have

) Ca(s) Ca(s+1) Ca(N) __ ) Ca(s)fl Ca(s+1) Ca(N)
ea(ll)ea(s) ea(s—H) "'ea(N) - ea(ll)ea(s)ea(s) ea(s—l—l) "'ea(N)

Using the commutation relations for e, ;,)€q(s), We have three possibilities: for some

non-zero coefficients A and p

A€a(s)€alin)
ea(h)@a(s) = )\ea(s)ea(il) + /Lea(il)+a(s)
)\ea(s)ea(il) + peyColpytp where a/('il) =a +7, CY(S) =7+ 03

and we have a(s) <y < o' +v+ 5 < a(iy).
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Then,

(071 Ca(s+1)  Ca(n)
a(u)@a(s)ea(s) Ca(s+1) Ca(N)

Ca(s)_l Ca(s+1) Ca(N)

A€a(s)€a(ir )ea(s) a(s—:l)"’eoa(N)
— als) ™1 _Ca(s+1) o) Ca(s)™ L Ca(st1)  Ca(n)
=9 Aea s)@a(u)6 (s) (:11) (N) + Hea(i)+a(s)€ (s) ea(s—:ll)"'ea(N)

Ca(s)— 1 Ca(s+1)  Ca ()~ 1 Ca(st1)  Ca(n)
Aa(s)€a(inCals)  Calssl)Ca(N) + 1 Car a5/ € (s)  Ca(s+1) " Ca)

where co) — 1+ Cos41) + o HCav) <7 — L.

For the second term of second case, apply induction hypothesis for j, as there are
7 terms. For all of the other cases, apply induction hypothesis for j to reorder
ea(il)ezoé(;’))_lezoéjll))...e;‘z%) as a linear combination of monomials with at most j
terms, then apply induction hypothesis for iy, as a(s) < «(i1) and v < «(iy). This

proves B* spans U gl(n).

Let () be the root lattice, then U, gl(n), U,gl(n), Uygl(n)@U,gl(n) are Q x Q) graded.

To prove B™ is linearly independent, we will use Q-degree.

Recall that, if « = o; + ... + o5, then

j—1

A(ea) = €a Qk; kg+11 ( - Q) Z(eai-i—,..-i—as @ Caypr+..+ay kzk;-&l) +1®eq

s=1

So we have, A : Ufgl(n) — U gl(n) @ Uygl(n) and A preserves the Q-degree.
A(e, ) has a component of bidegree («;, @ — «;) if and only if « is of the form «; + ...

In this case, the component of bidegree (ma;, m(a—«a;)) of A(e) is a scalar multiple
of e ® (eq_a, )™ K™, and the component of bidegree ((m + my + ... + m,)a, ...) of
A((easttai)™ - (€ajtais,) el ) is a scalar multiple of

T @ (gt )™ o (€ ) (M) where K = kil

The right hand side of the tensor is already ordered. More generally, the component

of bidegree (pa, ...) of A(e, “(1) 2‘2(22)) ~-~62CZ§<7V))) with p maximal is a scalar multiple of

Ca(1) Coc(?)

a(N) !/
€ ® €a(iyCaizyCany K

where K’ = Y co(jkik, and
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alj) = a(j) —a; if aj) =a; + ...
a(j) otherwise

Ca(1) Ca(2)  Ca(N) :
To reorder Ca(1)Ca(2)-Ca(ny > WE should commute vectors of the form e, 4., since

the other vectors are already ordered. These commutations are of type eg eg, =

ceg,ep, for anon-zero c. So the component is a scalar multiple of

o) Ca@  Ca(N)
D @ @ @
e ® €a(1) €a(2) *Ca(N) K.

Ca(1) Ca(2) Ca(N)

a(1) €a(2) *Ca(N) - We can assume that all

Now consider a linear relation between e
of the monomials have the same @)-degree, i.e. ) cqo¢(j) is fixed. We will do

induction on this degree to prove that the relation is trivial.
ea(;) is non-zero, so if Q)-degree is «(j) then relation is trivial.

Consider the biggest integer ¢ such that there appears a e,, ;.. with a non-zero ex-
ponent among the monomials of the relation. Let p be the largest total exponent
at which all e, appear. If we apply A, only the monomials in which this to-
tal exponent is exactly p will have a component of degree (pcy;,...). So apply A

to the relation. On the right of the tensor, we obtain a new relation between the

c c c
a(1) Ca(2) a(N) 771 e Ca(l) Ca(2) _Ca(N) P e
a(1) €a() *Ca(N) K’', and if Ca(1) € .e are pairwise distinct, so

monomials e a(2) *Ca(N)

c c c
are 602(11)) ea?g))...ea‘z%v; K’. The new relation is trivial by the induction hypothesis,

C:lu) C&(2) C;(N)

since the ()-degree of €a(1) Ca(2) ~Ca(N) K’ is strictly smaller than the )-degree of

Ca(1) Ca(2) Ca(N)

a(1) €a(2) *Ca(N) - The coefficients of this relation is non-zero multiples of the initial

one, so the coefficients of all the monomials in which e, appears with exponent p
should be zero, which contradicts the choice of p. Thus the initial relation is trivial,

which means the set B is linearly independent.

Part 3: Similar to part 2.
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CHAPTER 5

DUALITY BETWEEN U,gl(n) AND M,(n)

In this chapter, we study the duality between U,gl(n) and M,(n). In the first section,
we introduce the notion of duality between bialgebras. Second section proves that

U,gl(n) and M,(n) are in duality in full detail.

5.1 Duality Between Bialgebras

Definition 5.1.1. Ler (U, p,n, A, €) and (H, u,m, A, €) be bialgebras and <, > be a
bilinear form on U x H. We say that the bilinear form realizes a duality between U

and H, or that the bialgebras U and H are in duality if we have

<uv,x>zz<u,aj/ ><wv,1” >, (5.1)
()
<u,xy>zz<u',x><u”,y>, (5.2)
(u)
<l,z>=c¢(x), (5.3)
<u,l>=c¢e(u) (5.4)

forallu,v e Uandx,y € H.

Moreover, if U and H are Hopf algebras with antipode S, then they are said to be in
duality if the underlying bialgebras are in duality and we have

< S(u),x >=<u,S(z) >
forallue Uandx € H.
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Let ¢ be the linear map from U to the dual vector space H* and v be the linear map

from H to the dual vector space U* defined by
o(u)(x) =< u,z > and P(z)(u) =<u,x >.

Proposition 5.1.2. With the above notation, the relations (5.1), (5.3) and (5.2), (5.4)
of Definition are equivalent to ¢ and ) being algebra homomorphisms respec-
tively.

Proof. The map ¢ is an algebra morphism if we have

Thus, the map ¢ being an algebra morphism is equivalent to

e(x) =o(1)(z) =<1,z >

<uv, x> = ¢(uv)(z) = Zqﬁ(u)(m')gb(v)(x") = Z <u, v’ ><wv, 2" >

Similarly, ¥ being an algebra morphism is equivalent to

e(u) =v(1)(u) =< u,1 >

<uay > = P(ey)(u) = Y(@) W)y (") =Y <z ><uy >
(w)

5.2 Duality Between U,gl(n) and M, (n)

Recall the bialgebra M, (n) from Section[3.1)and the Hopf algebra U = U,gl(n) from
Section To establish the duality between A, (n) and U,gl(n) we will construct an
algebra map v from M, (n) to the dual algebra Uy gl(n). Consider the representation
p defined on the generators by

P(Gi) = Ei,i—i—lv
p(fi) = Eit14,
p(ki) = D,
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where E;; denotes the elementary matrix, i.e. the 7jth entry of £j; is 1, and all the

other entries are 0, and D; denotes the diagonal matrix
Di=FEn+Ep+ .. +qbi;+ B+ Eigoivo + ...+ By

If w is an element of U,gl(n) using the P.B.W. basis given in the Chapter we have

App(u) Ap(u) ... Ap(u)
o A21 (U) AQQ(U) Ce Agn(u>

p(u) = , . )
Api(u) Apa(uw) ... Apn(u)

Lety : H = M,(n) U* = U,gl(n)* be the algebra morphism defined on the

%
generators by ¢(a;;) = A;j.

Our aim is to show that the algebra morphism %) is well-defined and the bilinear form

Y(x)(u) =< u,x > realizes a duality between M, (n) and U,gl(n).

Let a(1) < a(2) < ... < a(N) be all the positive roots. By the Proposition |4.2.12

u € U can be written in the form
w= f fey ks LS et N
a(l).-o a(N) 1 e n a(l)a-. a(N)
where ¢;,d; € N, s; € Z.
Lemma 5.2.1. Let o = a(i, j+1) = o + ;1 + ... + o be a positive root as defined
in Section

L. p(ea) = Eiji

2. p(fa) = (=0)" 7 Ejp
Proof. Proof will be by inductionon [ = j — 1.

1. If I = 1, then @« = o; + a;11 and e, = e;e;11 — qe;11€; by definition of e,.

Thus we have

plea) = Eiiv1Eii140 — qEiv1i12Fi i1

= Ly iy
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Assume the result is true for [ = 7 — . Then for [ = j — ¢ + 1 we have
p(ea-i-ajﬂ) = p(eaej—l—l - qej-i-lea)
= EijEjre2 — B2 0
= L j+42
2. Ifl =1, fo = fifix1 — ¢ fiz1f; by Lemma 4.2.6 and we have
p(fa) = Eiv1:Eivoit1 — q_lEi+2,i+1Ei+1,i
= —q¢ 'Eiyo;
Suppose the result is true for [ = j — ¢. Then for [ = 5 — ¢ + 1 we have
p(fa+aj+1) p(fozf]—H q fJ+1fcx)

(=)' 7 (Ejs1,Ejs2j41 — ¢ ' Ejioj1Ej11,)
(=q)" 7' Ejia;

]

Lemma 5.2.2. Let u = f°! fcI(VN k.. kflneil(l)...eil(vm eU. Ifc;>1ord; > 1for

[0}

(1)
some i orc; > ¢; > 1ord; > d; > 1 forany pair i, j then p(u) =0

Proof. Assume ¢; > 1 for some 4, and (i) = a(k, ). By Lemma/5.2.1] we have

p(fa(z ) (foz(z ) ( Q)k_l—HElcfk =0.

Similarly, if d; > 1 for some 4, and a(i) = «(k, ), we have

pledy) = plea)™ = By = 0.

Now suppose ¢; = ¢; = 1 and (i) = a(k,l) < a(j) = «a(s,t). Then by the order
for f, given in Section[#.I, we have & < s or k = s and [ < t, so that d;, = 0. Thus,

p(fay fat)) = P(fa)P(fat) = AEkErs = Mo Eps =0

where \ = (_q)k+s—l—t+2

Similarly, suppose d; = d; = 1 and (i) = «a(k,l) < a(j) = a(s,t). By the order
for e, given in Section[d.1, we have k > s or k = s and [ > ¢, so that 0; ; = 0. Thus,

plea(ir€at)) = Pleati))peas)) = EriFEst = 016kt =0

78



Corollary 5.2.3. Let « = «(i,7), f = af(r,t) and s, 59, ...,8, € Z. Then only

possible nonzero values of p can be the following:

p(kit. k) = D(¢™, ¢, ...,q¢°") p(kit. kireg) = ¢ By
p(fakit ki) = ¢ (—q) 7T Ey; p(faki’ kyes) = ¢ (—q) 6, By

where D is the diagonal matrix with the given entries.

The product of elements o, 5 € U* is given by

(aB)(u) = a(u)B(").

(u)

where v € U.

Thus, we need to determine the form of elements (p ® p) (A(u)) to observe the struc-
ture of product in U*. Since both A and p (and so is p ® p) are algebra morphisms,

we have

(p® p)(Auv)) = [(p@ p) (A(w)] [(p @ p) (A(v))].

Let o = a(i,j) < 8 = a(r,t). By the Lemma and Lemma4.2.10, we have

<.
|
I\

Alfa) = fa®@14+ 1 =q ) (fatimrvFmiiki © fagmer) + ki 'k @ fa

1

3
I

[\V]

Ales) = €4 ® kikj_l + (q_l -q) (ea(i,m+1) ® ea(m+1,j)kik;ﬁi—1) +1®eq

%

.

3
I
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Denote (p ® p)(A) = p. Then, we have

p(fa) = (=) ME;; @ I+ D;'D; @ (—q)" ' E);

Jj—2
+ (1 - q72) Z((_Q)ZimEm+1,iD;n}HDj ® (_Q)m7j+2Ej,m+1)
— =
= (—q) 7N (B @I+ D7'D; @ Eji+ (¢ — q) Z Epnt1i ® Ejm1)
ﬁ(€a> = El:] & DzD;l + 1 X El’]
j—2
+( =9 Z Eimi1 @ Epy1;DiDLL
= =
= LY j X Dle_l +I® Ei,j + (q*1 _ q) Z Ei,erl X Em+1,j

p(f2) = (B DT D; @ Ejy + Dy DE; © Ejy)
=T g+ ¢ E ® By
ﬁ(62) = Ei,j X DiDj_lEZ‘J‘ + E@j & Ei,jDiDj_l

[0}

=(q+q )Ei; ® Ey
Pfafs) = ME;iD "Dy ® Brp + D' DiEyy @ Ejs + (¢ = @) BuiD Dy @ B
=Ag % Ej; @ By + ¢ By @ Bji+ (7" — )" By © Ej, |
where A = (—q)"""~9=%*2, The third summand appears if i +1 < ¢ < j — 1.

pleacs) = Bij ® Dz'D;lEr,t +E QB ;DD 4 (¢ — q)Er; ® By

=" Eij® B +q¢ "By @B+ (¢ — Q) En; ® By
The third summand appears if r +1 < 53 <t — 1.
If a < g <+, we have

(0 p)(Alcacse,)) =0, (0% DA (fafsty)) = 0.

Corollary 5.2.4. Let K = ki*..ki", and o < B, v < 0. Then p(u) = (p @ p)(A)(u)

may be nonzero only if u is one of the elements

K7 Ke’)/?Ke'yeéafaKa fafBK) faK677fo&fﬁKe’YvfaK67€57fafﬂK€’7€5'
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Lemma 5.2.5. The algebra morphism ) : H = M,(n) — U* = U,gl(n)* defined at

the beginning of this section is well-defined.

Proof. To show that ¢ is well-defined, we need to show

AgiAae(u) = qAucAa(w) (5.5)
ApeAge(u) = qAacApe(u) (5.6)
ApeAga(u) = AgaApe(u) (5.7)
ApaAac(u) = AaeApa(u) = (¢ — ¢7") AaAe(u) (5.8)

forevery b > a,d > c,u € U. Let K = ki*..ki", o = a(i,j) < 6 = a(r,t) and
v = a(h,l) <6 = a(p,s). By Corollary [5.2.4] we need to consider the following

cases:

() fu=K =kj'...kS", wehave A(K) = K ® K, sothat p(K) = D ® D where

D = D(¢*',q™,...,q°"), and all products evaluated on u vanish except
(AaaAdga) (1) = (AggAaa)(u) = g*7%¢,
so that
(AgaAda — AdqAaa) (1) = 0 = AggAga(u).
Hence, the relations (5.5)-(5.8) are all satisfied for u = K.
(i) If u = f, K, we have

5(foK) =\ E;;D® D+ D;'D;D ® E;;D
j—2

+ (q_l - Q> Z Em+1,iD X Ej7m+1D)

7j—2
+ (qfl _ q) Z q57n+1 Em—l—l,l ® E],m_l’_l)

where A = (—q)"7*1. All products evaluated on u vanish except the cases:
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(@) fi<a=d<jb=jc=1

AjiAaa(u)

Sa

AaaAji(u) = )\qsﬁ_sa
(AjaAai - AaiAja)(U) =0- )\(qfl _ q)qsz'q
(q - qil)Aaaiju) = (C] _ q*l)/\qSiJrSa

b)) fa=c=ib=d=

AjiAji(u) =q

(iii) If u = f, fsK, we have

P(fafsK) =g % E;;D® E,,D + ¢""'E,,D ® E;; D
+ (¢~ ¢ E;D® E;,D)
= A" (¢ By @ By + ¢ By, ® Ejy

+ (q_l - Q)q_éi’rEt,i ® Ej,r)

where A = (—q)"™"=7=**2, The third summand appears if i +1 < ¢ < j — 1,
If « = (3, all products evaluated on u vanish, so assume o < . We have four

cases:

(a) If © = r and j < ¢, then third summand does not appear and all products

evaluated on v vanish except
A Aji(u) = qAjiAgi(u) = )\qzsi

(b) If i < r and j = ¢, then third summand does not appear and all products

evaluated on u vanish except
AjpAji(u) = qAjiAj(u) = Mg

(c) If © < r and j < t, then third summand does not appear and all products

evaluated on u vanish except
(AtrAji - AjiAtr)<u) = )\qsﬁsr - )\qsﬁsr = (C] - q_l)AtiAjr(u)
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(d) Ifi <rand?+1 <t < j— 1, then all products evaluated on u vanish

except

A]lAtr<u) == At'rAjz<u> — )\q2si+8r
(Ajr Ay — AyAj)(u) = (g — ¢ AP = (g — ) AjiAw (u)

(iv) If u = Ke,, we have

ﬁ(K@V) = DEh,l & DDth_l + D X DEh,l
-2

+(q ' =9 Z DEpmi1 @ DEy, 11

m=h
= qSh(Ehyl (029 DDth_l +D® EhJ
-2

+ (qil —q) Z ™ Eh g1 @ Epgy)

m=h

All products evaluated on u vanish except the cases

(@ fh<b=c<l,a=h,d=1

(ApAn — AppAn)(u) =0 — (¢7" — @)¢" ¢
(g —q DAwAR(u) = (g — g ")g™ ™
ApAp(u) = ApAp(u) = ¢*+

b) Ifa=c=hb=d=1
AuAhl(U) = thlAll(U) = QSHSZ
ApApn(u) = qAp Ap(u) = ¢
(v) If u = Ke,es, we have

p(Keyes) = ¢*DEy; ® DE, .+ ¢ **DE, , ® DEy,
+(¢" = q)DE,; ® DE
= ¢ (¢ By @ By +q O Ep, @ By
+ (@~ q)Epi © Epy)

The third summand appears if p +1 < [ < s — 1. If v = 9, all products

evaluated on u vanish, so assume v < . We have the following cases:
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(a) If h = pand ! > s, then third summand does not appear and all products

evaluated on v vanish except
ApAns(u) = qApsAp(u) = ¢+

(b) If h > p and s = [, then third summand does not appear and all products

evaluated on u vanish except
AnAp(v) = qAuAn(u) = ¢

(c) If A > pand [ > s, then third summand does not appear and all products

evaluated on v vanish except
(AhlAps - ApsAhl>(u) = q8h+sp - q8h+sp = (q - q_l)AhsApl(u)

(d) If h >pandp+ 1 <[ < s— 1, then all products evaluated on u vanish

except

AhlAps(u) = ApsAhl(u) = q8h+8p
(AhsApl - AplAhs)(u) = (q - qfl)qs;ﬂrsp = (q - qil)AjiAtT(u)

(vi) If u = f,Ke,, we have

p(faKe,) = A(E;; ® D+ D;'D;D ® Ej;
j—2

+( ' —q) Z ¢ Emiri @ Ejmir) (Eng @ DiDyp?

m=t
-2

+T1@ B+ (¢ =) Y Bamit © Bminy)

m=h

where A = (—q)"/*1¢%. We have the following cases:
(@) If h =4 and [ = j then

P(faKey) = A(Ej; @ DDz-Dj’l + D;'D;D ® Ej ;

i—2

(@ =) )¢ (B ® Byt + Ejnia © Emia )
j_—2

+ (07 =0 Y0 B ® By

+ ¢"(E;; ® Eij + E;; ® Ej;))
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and all products evaluated on u vanish except that

AjaAaj(u) = AgjAja(u) = ¢ Mg~ +q)
(AjjAua(u) = AwaAjj)(u) = =g Na™" +q)* = (¢ — ) AjaAa; (1)
AjiAij(u) = AiAji(u) = g7 A
(AjjAii(u) = AuAjy)(u) = ¢ Mg = ¢71) = (¢ = ¢ ) AjaAaj (u)

wherei +1<a<j—1.

(b) If h =i and [ < j then

ﬁ(faKefy) = )\(E],l & l)l)ll)li1 + D;lDJD (039 Ej,l
ji—2

+ (q—l . q) Z qsm+1—5z,m+1 Em+1,l ® Ej,m+1

m=i
-2

+(@ " =) Z ¢ By @ By

m=t
-2

+ (q_l - q)2 Z qsm+1Em+1,m+1 ® Ej,l

m=i

+ ¢ (B @ By + By ® Ejz))
and all products evaluated on u vanish except that

AjaAal U
(Aleaa( u) — AaaAﬂ) u

(u) = AuAja(u) = ¢ Mg~ +q)
(w) = =" Na™" +9)* = (¢ — ¢7) AjaAulu)
AjiAp(u) = ApAj(u) = ¢ A
(Ajp A (u) — AbzAgb)(U) =" Ng™ +q) = (¢ — g7 ) AjaAg; (1)
Au(u) = Agdji(u) = ¢ A
(W) =" Mg —q7") = (¢ — ¢ ") AjaAaj(u)
(u) = qAuAji(u) = ¢" '\

a\u

(A]ZAZ’L( ) A’L’LA]l> u
lAll Uu

wherei +1<a<IlI—-1,1+1<b<j—1
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(c) If h=14dand [ > j then

p(foKe,) = N(E;; ® DD;D;" + D;'D;D ® E;;

j—2

+(g'—q) ¢ By @ By
1—2

+ (g —q) M Emi1 @ Ergy
J:Q

+ (' —q)? Z ¢ B time © By

+¢%(Ej; ® By + Eiy @ Ej))
and all products evaluated on v vanish except that

u) = AadAja(u) = ¢** Mg~ +q)
(Aleaa< ) AaaAjl) Sa)\(q + Q> (q - q71>AjaAal(u>
A A (u) = ApAj(u) = ¢\

Aa(u) =
(u) =
) =
(AwAjp(u) — ]bAbl)(u) —¢ Mg +q) = (¢ — g7 ) AjaAe; (1)
) =
) =
) =

u

zzAﬂ( u) = ¢\
Ng—q ") =(q—q ")Ajadu(u)
Aji(u) = gV A

Ay(u
(AjAii(u) — A“A]l)(u
AuAji(u
wherei+1<a<j—1,7+1<b<[—1.
(d) If h < 7and 7 < [ then
P(faKey) = A" (Ej; @ Eng + Eng @ Eji+ (7' — q)En;i ® Ejy)
and all products evaluated on u vanish except that
AjiAhl(u) = AhlAji(u) = qsh)\
(AjApi(u) — ApAu)(u) = = Na™" +q) = (¢ — ¢ ) AjiAn(u).
(e) If h < iand ¢ = [ then
P(fakKey) = A" (Ej; @ Eni + q ' En; ® Ej;)
and all products evaluated on u vanish except that
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(f) If h < iand i > [ then
p(falCey) = Aq™ (Ej; @ Epy + Eny ® Ej;)
and all products evaluated on u vanish except that
(AjiAm — AuAji)(w) = 0= (¢~ + @) AjAn.
(g) If © < hand h < j then
p(fakey) = Mg (Eji @ Epy+ Eny @ Eji+ (47 — q)En; @ Ejy)
and all products evaluated on u vanish except that
AjiAn(u) = ApAji(u) = ¢** A
(AjApi(u) — ApiAjp) (u) = —¢"" Mg +q) = (¢ — ¢ ) Aj An(u).
(h) If 2 < hand h = j then
p(faKey) = A" (Ep; @ Eny + qEh; ® Ep )
and all products evaluated on u vanish except that
AnApi(u) = qApiAp(u) = Ag* .
(i) If 2 < hand h > j then
p(faKey) = A" (Ej; @ Epy + Epy @ Ej )
and all products evaluated on u vanish except that
(AnAji — AjiAn)(w) = 0= (¢ + q) Ani 4 .
(vii) If uw = f,fsKe,, we have

P(fafsKey) = Nq " Ej; ® By, + ¢ Ey, @ By,

+ (¢ ' —q)q¢ " E,; ®E;,) (Eng @ DDyt
-2
+I®En + (g —q) Z Ehmi1 @ Em+1,l)

m=h
where A\ = (—q)"t" 97t 2¢sts The third summand appears if i + 1 < ¢t <

7 — 1. We have the following cases:
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(a) If a = 3, then we have

P(fafsKey) = Ma '+ q)(EjiEn @ E;jiDyDy ' + Ej; @ Ej By
12
+ (0" =) ) BjiBnmi1 ® EjiEmi1y)

m=h

which is zero if i # h. If h = ¢ we have
Pl fafsKey) = Na™" +q)(aBj; ® Ej; + Ej; @ Ejy)
and all products evaluated on u vanish except that
AjAji(u) = A Au(u) = g\~ +q)

Suppose o < (3 for the below cases.

(b) Ifi = rand j < ¢, then p(f,fsKey) # 0 only if h = i, where
ﬁ(fafﬁKer)/)
= N Bjy @ Byi + ¢ Eji @ By + By ® Ej; + Ep; © Eyy)
and all products evaluated on u vanish except
AtiAjl(u) = AﬂAn’(U> =)\
(AuAji — AjiAn)(u) = Mg — qil) = (g — qil)Aleti(u)

(c) Ifi <randj=t, thenp(fofsKey) #0onlyifh=iorh=r.If h=1

and r <[ — 1 we have
P fafsKey) = MEj ® Ejr + ¢ Ejr @ Eyy)
and all products evaluated on u vanish except
AjAj(u) = qAjAu(u) = A
If h =i and r = [ we have
P fafsKer) = ANa™" + Q) B, @ Ej,

and all products evaluated on u vanish.

If h =4 and r > [ we have

P fafsKey) = ANE;; @ Ejr + qE; ® Ejy)
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and all products evaluated on u vanish except
AjpAj(u) = qAjAj(u) = g
If h = r we have
p(fafsKey) = ME;; @ Ejy +qEj; @ Ej;)
and all products evaluated on u vanish except
ApAji(u) = qAjiAj(u) = gA.

(d) Ifi <randj <t then p(fofsKey) #0onlyifh=iorh=r.Ifh=1

and r <[ — 1 we have
Pl fafsKey) = NEj® Epp + By @ Ejy+ (g7 — ) By © Eyy)
and all products evaluated on u vanish except
AjAy(u) = ApAy(u) = A
(AuAjr — AjpAn)(u) = (¢ — ¢ A = (¢ — ¢ ") A Aj(u).
If h =i and r = [ we have
P(fafsKey) = Ng ' Ejy @ By + By © Ej))
and all products evaluated on u vanish except
AyAj(u) = qAjAu(u) = A

If h =1¢and r > [ we have

p(fafslKey) = MEj; ® By + By @ Ejy)
and all products evaluated on u vanish except

(A Aji — AjiAy)(u) = 0= (¢ — ¢~ ) Audjr(u).

If A = r we have

Pfafsler) = MEj; @ Eyy + Ey © Ej;)
and all products evaluated on u vanish except

(AgAji — A Ag)(u) =0 = (¢ — ¢ ) A Aji(u).
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() Ifi <randi+ 1<t <j—1,then p(fofsKey) # Oonlyif h =i or

h=r.Ifh=4andr <! — 1 we have

(fafsKey) = MNE; @ Ep + (14 (071 = ¢)*) B @ By
+(q ' - qE;, ®Ey+ (¢ —q)Ey @ Ej,)

and all products evaluated on u vanish except

AjrAu(u) = AyAjr(u) = Mg~ = q)
(Aj Ay — Ay Ap)(u) = —(¢ — ¢ ')A = (¢ — ¢ ) AuAjp(u),
If h =17and r = [ we have
p(fafsKey) = Nq 'Ejy © By + q 2B © Ejy)
and all products evaluated on u vanish except
AjAy(u) = qAyAji(u) = g
If h=17and r > [ we have
p(fafsKey) = MEju ® Ey + Ery @ Ejy + (¢ = ) By ® Ejy)
and all products evaluated on u vanish except
AjAy(u) = ApAjy(u) = A
(AjrAn = Apdj)(w) =0 = (¢ = A = (¢ — ¢~ ) Au Ay (u).
If h = r we have
P fafsKer) = NEji ® By + Eyy @ Eji + (¢ — q) B, © Ejy)
and all products evaluated on u vanish except

AjiAtl(u) = AtlAji(u) =\
(Aleti - AtiAjl)(u) =0- (Cfl - Q))\ = (q - qil)AtlAjr(u)-

(viii) Ifu = f,Ke es, say a = (i, j) and v = a(h,l) < 6 = a(p, s), then we have
7j—2
p(faKeses) = NEj; @ I+ D' Dy @ Eji+ (¢ = ) Bt ® Ejny1)
(""" Epy @ By +q " Epy @ Epy+ (¢ — q)Epy ® E)
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where A\ = (—q)"" 7T 1¢*»*5»The third summand appearsif p+ 1 <[ < s — 1.
We have the following cases: If v = ¢, all products evaluated on u vanish, so

assume v < 0. We have the following cases:
(a) If vy = ¢, we have
p(faKeyes) = Ma+q ) (EjiEni ® Eng + Di DiEpy @ EjiFng

72

+(qg ' —q) Z Emi1,iEn; @ Ejmi1Eny)
which is zero if ¢ # h. If i = h, then
D(faKeyes) = Nqg+q " )E;; @ En+q "En @ Ej))
and all products evaluated on u vanish except

AjAn(u) = qAnAj(u) = Xg+q )

Assume v < ¢ for the below cases.

(b) If h =pand ! > s, then p(f,Ke es5) # 0 only if i = h, where

p(faKeses) = MaEji ® Eps + Ejs @ Epy
+q¢ B, ® Eii+En®E;,)

and all products evaluated on u vanish except

AjsAhl(U) = AhlAjs(u) =
(AjAps — AnsAj)(u) = (¢ — ¢ )X = (¢ — ¢ ) AjsAn(u)

(c) If h > pand s = [, then p(f,Ke,es) #0onlyifi =hori=p. Ifi=nh
then

P(faKeyes) = MEji @ By +q ' Epy @ Ejy)
and all products evaluated on u vanish except
AjiAp(u) = qApuAj(u) = A
Ifi =pandj < hthen

ﬁ(faKe,y@g) = )\(C]_lEjJ X EhJ -+ Eh,[ X EjJ)
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and all products evaluated on u vanish except
ApAj(u) = qAjApn(u) = A
If i = pand j = h then
Pl fakeres) = Ma™ +q)Ejy ® Ejy

and all products evaluated on u vanish.

Ifi=pand h < j — 1 then
p(fakeses) = Ng " By ® Eyg + 4 Epg ® Ej))
and all products evaluated on u vanish except
ApAn(u) = qAnAj(u) = ¢ '\

(d) If h > pand ! > s, then p(foKe e5) #0onlyifi =hori=p Ifi=nh
then

p(faKeyes) = NEj @ Eys + Eps @ Ejj)

and all products evaluated on u vanish except
(AjiAps — ApsAn)(u) = 0= (¢ — ¢ ") AjsAp(v)

Ifi =pandj < hthen

p(faKeyes) = NEjs @ Epg + Epg @ Ejs)
and all products evaluated on u vanish except

(AnAjs — AjsAp)(u) = 0= (¢ — ¢ ") AnsAjy

If i = pand j = h then

p(faKeyes) = NE;js @ Ej+qFE;; ® E; ;)
and all products evaluated on u vanish except

AjiAjs(u) = qAjsAji = gA
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Ifi=pand h < j — 1 then
D(faKeyes) = NEj @ Epy + FEpi @ Ejs + (¢ — Q) EBps ® Ejy)
and all products evaluated on u vanish except
AjAp(u) = ApAjs(u) = X
(AjAns — ApsAj)) () =0 — (¢ — A = (¢ — ¢ ") Ajs Ap(u)

If h>pandp+1<1[<s—1,then p(foKeses5) # 0onlyifi=hor
1 = p. If i = h then

P(fakeres) = MEj i ® Eps+ By e @ Eji+ (7 — Q) Epy @ Ej )
and all products evaluated on u vanish except
AjiAps(u) = ApsAji(u) = A
(AjsAp — ApAj)(u) = —(¢7" — A = (g — ¢ ) Aps Aji(u)
Ifi =pandj < hthen
p(faKeyes) = NEjs @ Epy+ Eni @ Ejg+ (¢ — q)Ejy @ B )
and all products evaluated on u vanish except
ApAis(u) = AjsAp(u) = X
(AnsAji — AjAns)(u) = — (¢ — @)X = (g — ¢ ) AjsAn
If : = pand j = h then
plfaKeyes) = NEjs ® Ejy + ¢ Ejy @ Ejs)
and all products evaluated on u vanish except
AjsAji(u) = qAjAjs = A
Ifi:=pand h < 75 — 1 then
pfaKeses) = N Ejs ® Eng + (67 — )" + 1) Ep ® Ejs
+(q¢ ' —qQ)Ers ®FEj; + E;; Q@ Ey )
and all products evaluated on u vanish except
AjiAps(u) = ApsAji(u) = Mg~ — q)
(AjsAhl - Athjs)(U) = —(q_l - C])z)\ = (C] - q_l)AhsAjl(u)
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(ix) If u = f,fsKe e;5, we have
ﬁ(fafBKe'yeé)
= )\(qﬂ;” i @ By + C](;j‘tEt,r ® Ej; + (¢ — Q)qfai’rEt,i ® Ej,)
(qéh’th,l ® Ep,s + qiélysEp,s ® Eh,l + (qil - Q)Ep,l ® Eh,s)

where A = (—q)""—77t*2¢%*sr The third summand of the first factor appears
ifi+1 <t < 5 — 1 and the third summand of the second factor appears if
p+1<Ii<s—1.

If « = § and v = § then p( f, fsK e es) # 0 only if o = v and we have
P fafsKeses) = Mg +q ')’ Ej; ® Ej,
and all products evaluated on u vanish.

If « = B and v < ¢ then p(f,fsKe es) # 0onlyifi =h =p,sol > sand

we have
P fafsKeres) = Na+q ") (@B © Ejs + Ejs © Ejy)
and all products evaluated on u vanish except
AjAjs(u) = qAjAu(u) = Mg~ +q)

If « < B and~y = ¢ then p(f,fsKe es) # 0onlyifi =r=h,soj <tand

we have
P(fafsKeyes) = Ma+q ") (g " Eju @ Ey + By © Ejy)
and all products evaluated on u vanish except
AnAj(u) = ¢AuAa(u) = Mg~ +q)

Thus, assume o < 3 and v < 9.

Ifi=randj <t,thenh=p=1,s0l> sand
P(fafsKeyes) =NE;; @ By s+ E s ® B + qilEj,s ®Q Ey+qEy ® Ej )
and all products evaluated on u vanish except
AsAji(u) = AjAis(u) = A
(Audjs — AjsAu)(w) = Mg — ¢7) = (¢ — a7 ) A Aju(u)
Ifi <randj < t, then p =i and r = h. We have three cases:
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(a) If I > s,
ﬁ(fafﬁK%@&) = )\(Ej,s QB+ By ® Ej,s)
and all products evaluated on u vanish except
(Audjs — AjsAy)(u) = 0= (g — ¢ ') A Ay (u)
(b) Ifl =s,
P(fafsKeyes) = )\(qflEj,z QE,;+E,®E);))
and all products evaluated on u vanish except
AyAji(u) = qAjAy(u) = A
(c) Ifl < s,
p(fafsKeyes) = NEjs ® B+ Ey @ Bjs+ (¢ — q)Ejy @ Eyy)
and all products evaluated on u vanish except

AtlAjs(u) = AjsAtl(u> =
(AsAj — AjA) () = Mg —q ") = (¢ — ¢ HAAu(u)

Ifi <randj =t,then p =i and r = h. We have three cases:
(a) If [ > s,
p(fafsKeyes) = NE;s @ E; )+ qE;; @ E; )
and all products evaluated on u vanish except
AjiAjs(u) = qAjsAj(u) = gA
(b) Ifl=s,
P(fafsKeyes) = Mg ' +q)Ej © Ejy

and all products evaluated on u vanish.
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(c) Ifl < s,
p(fafsKeyes) = NEjs @ Ejy +q 'Ej ® Ej )
and all products evaluated on u vanish except
AjsAj(u) = qAjAjs(u) = A
Ifi <randj >t,then p =17 and r = h. We have three cases:
(a) If ] > s,
P(fafoKeyes) = NEjs ® B+ Ey @ Ejo+ (471 — q) By ® Ejy)
and all products evaluated on u vanish except

AjSAtl(u) = AtlAjS(u) = )\
(Alets - AtsAjl)(u) = _(q_l - q)>\ = (Q - q_l)AjsAtl(U)

(b) If i =s,
P(fafsKeyes) = Mg "Ejy @ By +q °Ey ® Ejy)
and all products evaluated on u vanish except
AjAu(u) = qAyAj(u) = D)
(c) If ] < s,

P(fafsKeyes) = NEjs @ By + (7" — q)? + 1) By ® Ej
+ (' —q)(Eu®E s+ B, ® Ey))

and all products evaluated on u vanish except

AjAis(u) = AAj(u) = (¢ — g) X
(AjsAu — AuAjo)(u) = —(q7" = q)*A = (¢ — ¢~ ") AjArs(u)

Hence, all relations (5.5))-(5.8) are satisfied.

Now, we are ready to prove the following theorem.
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Theorem 5.2.6. The bilinear form < u,x >= 1)(x)(u) realizes a duality between the
bialgebras U,gl(n) and M,(n).

Proof. We saw that the algebra morphism ¢ is well-defined by Lemma([5.2.5] Hence,

it is enough to show that the bilinear form < w,x >= 1(x)(u) satisfies the relations
(3.1) and (3.3) of Definition Let us show bilinear form < u,z >= t(x)(u)
satisfies the relation (5.1). The identity p(1) = I,, gives:

(<Lay>)=(A51) = p(1) = I, = (eay))
By the relation (5.2)) and (5.4) we have

<lizy>=<lz><1,y >,

<Ll>=¢1)=1

So x —< 1,z > is an algebra morphism. Since both z —< 1,z > and ¢ are algebra

morphisms and they coincide on the generators of M,(n), they are equal.
To prove relation (5.3), let C'(z) be the following condition on an element x of M, (n):

For any pair (u,v) € U, we have

< uv, T > :Z <u, ' ><v, 2" >.
()

The relation (5.4) gives
<uv, 1 >=¢(w) =e(u)e(v) =< u,1 ><v,1>.

Hence, C'(1) is satisfied. Now, we will prove that condition C'(a;;) holds for all
1 < i,j < n. Using the identities p(uv) = p(u)p(v) and A((ay;)) = (aij) ® (ay),

we get

((aij)(uv)) = (Ag(w)) = p(uv) = ( < uv,a; > ) = p(u)p(v)

(<way>)(<va;>)= () <uad;><vaf;>)

(aif)
The last equation holds because A(a;;) is given by matrix multiplication. Now, the

following lemmas will complete the proof. [
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Lemma 5.2.7. [f conditions C(z) and C(y) hold, then so does C(\x + y) for any

constant \.

Proof. Using the identity
Az +y) = (@) +A) =2 '@+ y @y
(z) ()

and <, > being bilinear, we have

<uv,  \r+y>=A<uv,r >+ <uv,y >

:)\Z<u,x’ >< v,:x”>—1—z<u,y’ >< v,y >

(z) (v)
= Z <u,( A +y) ><v, Az +y)" >
(Az+y)

Lemma 5.2.8. If conditions C(x) and C(y) hold, then so does C(xy).

Proof. Using relation (5.2)), and conditions C'(z) and C(y), we have

<uv,xy > = Z < (w),z >< (w)",y >
(uv)
= Z <uv,z ><u"v" y >
(u)(v)
= Z <u,2 ><v 2" ><u’ Yy >< "y >
(w)(v)(=)(y)

They also yield

Z < u, (zy) ><wv,(xy)’ >= Z <u, 2y ><v, 2"y >
(zy) (z)(y)

= Z <u, 2 ><u Yy >< 2 >< "y >

(u)(v)(z)(y)

=< uv,ry > .
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CHAPTER 6

FACTORIZATION

This chapter is the heart of the thesis where our results on factorization are presented.

We begin the chapter by introducing a new algebra R, ,(n). This algebra can be
thought of the quantized analogue of functions on the double diagonal matrices. In
our main result, the Factorization Theorem, we prove that there is an algebra map
¢ : M, 4(n) = R,,(n)under which the elements a;; get “factorized”. The rest of the

chapter is devoted to the proof of this theorem.

6.1 The Algebra R, 4(n)

Definition 6.1.1. Ler R, ,(n) = K{z\"' "1 <k <n—-1,1<i<2n—1}/J
be the quotient of the free algebra over K generated by the generators {xgk)> ?J@( & |k €
{1,2,....,n —1},i € {1,2,...,2n — 1}} by the two-sided ideal J generated by the

relations

(k) .(K) (k) () (k) () (%), (k)

Loj Toj—1 = Plai—1L2; » Y2i+1Y2i = PY2i Y2i4+1>
Toa Ty = GT T Y Yt = @YY
R
xgkl)xgkg) _ xl(kz)mgkl)’ yz'(kl)yz(kQ) _ yl(/@)ylgkl)7

) = 4

foreveryi,j, k.l ki, ko, ks, ky where ky # ko, |j — 1| > 2.
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Let

@11 Q12 ... Qin
A— Q21 Q22 ... Q2n
Ap1 QAp2 ... QApp
xgk) xék)
x;(;k) xflk)
x (k)
k
xgn)fQ
k
’xén)—l
k
e
k k
us”
y k) — (k) (k)

Yy~ Y5

k k
yén)— 2 yén)— 1

6.2 The Factorization Theorem

Theorem 6.2.1. The map ¢ : M, ,(n) — R, ,(n) mapping a;; to a;j, where a;; is the
ijth entry of the matrix A = XWX ® _ X0-Dy Oy @ yn-1 s ell-defined, i.e.
the entries of A= (di]—) satisfy relations

ajaix = paai,

djkdik = qdikdjka

ajpai = p~ qand;e,

ajai, = aipaz + (p — ¢ V)ajeaa

whenever j > i and | > k.

6.3 The proof of the Main Theorem

To prove the theorem we will use infinite double diagonal matrices and the following

lemmas.
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Definition 6.3.1. Let R, ,(c0) = K{xz(k)|k € Z,,i € 7}/ Jx be the quotient of
the free algebra over K generated by the generators {ZBik)V{? € Zy,i € L} by the

two-sided ideal J., generated by the relations
k k) (k
xéz)xgz) 1 pxéz) 133%1)7

k k k
Iéz—)i—lxéz) qxgz)xgz—)f—h

(k) (k) _ (k) (k)

T; T, g x; ",
28D = 4810

foreveryi,j, k.l ki, ko where ky # ko, |7 — 1] > 2.

Let X*) denote the double diagonal infinite matrix with entries from R, ,(0c0) and

vith and 47 + 1th entries given by
> k
(X(k)>ii = xéi)fh
(X(k))ii+1 = «ng)a
(XM =0

for every i, j € Z, where |j — i| > 2.

Lemma 6.3.2.
(@ 2 n oy .
xéz) 11’51) 1 xéz) 1 lfl =]
k3—1ko—1

()N((l)f(@)...f(("))ij: Z ZZQ} fo<j—i<n

kj_i=j—1 ko=2k1=1

w otherwise
(@ k=), (k) (k1) (gmim) () (ki) (e
where w = xgz) 1555@)— xézl1 )léil) gz—l‘,-l - 273 Ta(j_1)Taj 1 g] 1)5Ugg) 1

Remark 6.3.3. Note that with this notation we mean, exactly j — i many terms with

even index appears in each summand.

Proof. Do inductionon n. If n = 2

(

0 ifi > j
w575 ifi=j
(XWX®), = 1) lxéz() y+ xg):cg) L ifj=i+1
val) ifj=i+2
0 ifj—i>3

\
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Assuming the result for n — 1, we have

(RWFO_Xm) — (RO K00y (X0,
+(ROE® | ge-0y ()

n—1 ko—1
k (kj—i—1) n—1) (n
SR SIS S RIS
kj—i—1=j—i—1 1=1
—1 ko—1 (
(k1) ki—s) n—1 n
Z me 1 35211 T (; e xéj_l)xgj)_l (6.1)

ka—1

(kj—i) n
Z Z$21 1- 5”21 Ty 1) xég)1 (6.2)

kj_i=j—1 k1=1

Note that last equality holds because k;_; = n summand of (6.2) is the first summand
of (6.1). If j—i >n(orj—i<O)thenj—1—i>n—1(rj—1—1i< —1),
which means (XWX ® XDy, | = 0and (XM XA X"=1).. = 0. So we get
(XOX@, X010 Fm), — 0, O

Let Y*) denote the double diagonal infinite matrix with entries form R ,(00) and ¢ith

and ¢ + 1:th entries given by

> k
(V)i = i),
(Y/(k))wu = yéi)a
(Y®); =0

for every i, j € Z, where |j —i| > 2.

Lemma 6.3.4.
et 2 n cp .
yéz) 1y§7,) 1 yéz)l le = j
ks—1ko—1

FOyE,_ym), Z YW ifo<i-j<n

—j=i—] ko=2k1=1

\ 0 otherwise
1 2 k1—1) (k1) (k141 (kj_i—1) (kj_;) (kj_i+1) n—1) (n
where W' —951)1951)1 yézl1 )yézl)ﬁézl . 2jiL1 2j] 2]']—1 gj—l)yéj)—l'

Remark 6.3.5. Note that with this notation we mean, exactly © — j many terms with

even index appears in each summand.
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Proof. Do induction on n. If n = 2

(

0 ifj>1

yéi)—lyg! ifi=j
(?(1)?(2))@' = ?/g) 2953) 1t yéillyéi) ifi=j+1
Ui sy ifi = j +2
w ifi—75>3

Assuming the result for n — 1, we have

(YOYE_ yo)  — (fOyE yo-u) gy
n (37(1)57(2)_,_37(%1)) (™),

ko—1

k1) (ks ) n—1) (n

= Z Zy2z 1 yéll y2(]+J1)1 yéj+l)y§])
ki—j_1=i—j—1 k1=1

ko—1

i— n—1 n
+ Z Zyz s yéj . yéj 1)yéj)1 (6.3)

zg—'L] kl]-
ko—1

(k1) ki_ n
Z Zym 1 y2z1 yéj ])”'yéj)—l (6.4)

ki_j=i—j ki=1

Note that last equality holds because k;_; = n summand of (6.4) is the first summand

of (6.3).

Ifi—j5 >nri—j5 <0theni—1—35 >n—1(@(ri—1-—75 < —1),
which means (Y(Y @ y=1).., = 0 and (YOY® _yr-D). = 0. So we
get (YOY @ yr-Dy®).. —. O

Lemma 6.3.6. (X(VX®  x(-Dy Oy @) yr-1), ZXdYU
e
where

n ko—1

1 k ki_; n
Xy = Z Z $§i)71""T;il)"‘xg(éfl))“'zglzl and

ki_i=l—1i  ki1=1
n ko—1

1 k (ki—4) n
= Z Zyél)_l.. (k) Yoy ...yéj),l

ki_j=l—j ki=1
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Lemma 6.3.7. The following relations hold for A™ = X(W X2

AW A0 — g A A7)

AIEZ)Aac - qA Abc ’
ADAL = p g AL ALY,
Ay AL = AW A + (0 — ¢ A AL

ifd> candb > a.

Proof. Proof will be by induction on n. The relations hold in AM
tion. Consider A = XD X®@) X ™),

First, denoting A/»~1 = X X" note that

T (n 1(n—1 n
Az(j) :Az(jfl) ( )2+A 23)1a

T(n 1
Az(j) = ‘ng) 1

1 I(n—1
A( Y + gz)Ai(—i-lj )

X0

= X by defini-

Now assume a, b, ¢, d are as above, and that the assertion holds for n — 1.

n

A A = (AT, + Aad gl ) (AR5 + AL
= AZ i ;Z) 2Aac 1 20)2+A((IZ ) éd) 1A$:1)x
+A¢(13 i Log— 2A(n D) 1+An ) 27;1) (AL
+pAg g zAfZZf”w
ng 2 fEQC) A(n )

1(n—1
x?c) 1)(A(d )

(n)
2

n—1) (n n—1 n
—pAELc 1 %c) 2Aéd 1)17(251 2

+pAlr i) Ay

= p(AgZ i)%c 9 + A
= pAWAL)

+pAf
ooy + Al Ve

Here,

1), .(n) (n)

) 155'2c2

1(n—1) n)
Aad 1 Log— 2Aac 1 x2c 2 =
1(n 1 n n— 1
Agd Qd) 1A pAac 1

ac—1
A((IZ Y n) An 13“2c)1 —pA x2c)1

= pAl” Al Dz
Agz_l) x

Agz_l)x

(n)

2
2c 2

2
20 2 =

(n)
2d—1

(n)

by induction hypothesis and the fact that x; " and x§n)

If d > ¢+ 1 then

n—1 n n— n
4 gl —pA( 1)'1720) 1A((zd 1)9Céd)2

A(n—1)
Apd 1 TodaAe 952(;
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2d—2»

2d—1>

:CQC) l)

2c—2

Toe—1

(n)
2d—1

2™
Lod—1

1) (n)

Tod-1)

commute if |i — j| > 1.



holds by induction hypothesis. If d = ¢ + 1 then
At(z?i 2d 2A(n Y 2c = ARV A(n Y 2c) 1

= pAl"- x%>A"1x;

C

ZPA((Q x2c AJ; 1 23)2

1(n) A(n 1 1 n—
AI()C)A( ) = (xéb)A;(—i-lc : + éb) 1Ab(c )( ga)AaJrlc 2a 1A/ Y )

1) (1) ) n— 1) 1) n—1
= Ty Ab—i—lc QaAa+1c + gb lAb( AaJrlc)
+ by AT 2l ALY ) AT el ALY

n—1 n—1 I(n—1 1 I(n—1
= qugy Ay al) ALY + g AL ) ALY

+ qx2a 1A/ nl) 2}7)Ab(+1c : + q:z:21) A/ rl) 2%))—1/4;;(:71)
n—1 n— 1 1 T/(n—1
= q(mga)A;(—i-lc) + x?a 1A/ b )( éb)Ab(-&-lc ) + xéb)—lA;)(c ))

_ A(n) j(n)
- qA((zc)Abc
Here,

1) 5/(n—1 1) F7(n—1 n—1) (1 n—1
2 A0 0) Jinh) <>A/< )2 ) A=)

b+1c x 2a “ ta+1lc q.T a+1lc b+1lc >

1) 7/(n—1) n— n— I(n—1
$gb)Ab(+1c 2a 1Al( RES A/ Y 2b)Ab(+1c ),
1 1(n—1) n— n— n—1
‘rgb)—lAb(c 2a 1Al( 1) A/ b 2b) lAb( )

(n)

by induction hypothesis and the fact that z-; "’ and x§n) commute if [i — j| > 1.

If b > a + 1 then

n—1 n—1 1) 3/(n—1 1 A(n—1
x2b) 1AI( ) 2a)A;(+ c) qxga)A;(—Hc)xéb)—lA;(c

holds by induction hypothesis. If b = a + 1 then

1 n—1 1 n—1 1
xéb) 1Ab( ) ( )Aa—l—lc) - xga)+1Acf+lc éa)Aa—l-lc

(1 n—1) (1 I(n—1
=qr Q)Aa—i—lc ga)+1Aa(+1c)

1 1 n—1
=(qx ga)Aa-‘rlc éb) lA/( )
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A AG) = (AT )y + AVl )AL il + AL Ve )
Aé? 11)372c) 214((12 ?%Z) 2t Abc x2c) 11423??:632)_2
+ AT ATVl + ATVl AT el
= p‘lqu; ?1’53) QAI()C 1)Ig;) 2t D th(;oll i x27(§) QAIEZ_I)@ZL

n—1) n)

— n— n— 1 _
+p lqA x2d) 1A( $2c 9T D IQA szd) 1A Tae1q
— n—1 n n—1 n n—1 n
=D 1@(14( )%d 9 T A 2d) 1)(Al()cfl)x2c—2 + Al()c )$2c)—1)

= p g Al A

Here,

7 (n—1 n n—1 — n— 1 n
Al(m—l)xgc) 2A¢(1d 1)$§d) 2 =P 1qAad 1x2d) Abc 1 2c)27
F(n—1 n n—1 n — n— 1

Al(w 1)1'5(:)—214261 )xgd) 1= D lqA %d) lAbc 1 20) 2

n n—1 n — n—1) (n
Az(;c Y gc) 1A¢(zd )JCéd)l p lqA %d) A 20)1

(n)

by induction hypothesis and the fact that =, and a:§”) commute if |i — 7| > 1.

If d > ¢+ 1 then

1(n—1) n—1) (n n—1) (n n—1) (n
Ape ch) lAgd 1)Iéd)2 P qAad 1)95(2d) 2Az(m )xgc)—l

holds by induction hypothesis. If d = ¢ + 1 then

T(n—1 n T(n—1 n n—
Al(Jc )xgc)—lAgdfl)xgd)fQ = AI(JC x2c) A( b ‘T2c)

= p_lqA . 352c)AbZ 1)35%2) 1
= p_lqAad 1 xQd) 2A QC) 1
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T(n) F(n 1 (n—1 n n—1) (n) n—1 n
AI()d)AELC) = (Al()d 1) gd) 2 + Al()d ) 2d— 1)(A<(zc 1) 20 2 + A x2c) 1)
T(n—1 n—1 n n—1 n
= AI(Jd—l)A((zc 1)xgd) 25’72(; 2 1+ Abd DAL 1)5’7§d) 15’5§c) 2

T(n—1) T (n— n n n
+ Al(Jd—l)Agc 1)‘rgd) ngc) 1 + Abd Aac )xéd) 1'Igc) 1

( ac— 1 bg i)"‘(p q 1) aZ P)%d 2x20 2
(AR A+ - HALD ”A“‘ )il
+(A(n UAbZ i (P q 1) " 1)Aa:l i) Log— 295;?1
+<A<”-1>A"*1 +(p—q VAL VALl af

n— 1 n—1 n 1 n n—1 n
= Al 2c 2Al(>d 1) Tog— 2+ (p—q A 1):Ugc) 2A¢(zd—1)léd)—2

ac—1
(n) (n—1) _(n) (n)

n—1 n— 1 n F(n—1
Afw 1)5‘72c)2A§d Log—1 P—q ) be—1 2c—2A((1d )xQd—l

+
n— n—1) (n (n—1) (n 1(n—=1) (n
+(p -

1) (n—1 F(n—1 n
A= ) be ) SZLAEZZI )‘ng)—l

n—1) .(n)
+A( Dy Ay x2d 1
n—1 n n— n—1 n n—1) (n
= (Ac(zc 1) 20) 2 + A( l)xQC) 1)(Al()d 1) éd) 2 + AI(Jd 2d) 1)

n—1) (n) n n—1 n—1
+(p— )(Al()c 1 Lo 2+A éc)1)(A((1d 1) Tog— 2+A( ) 2d) )
= Al Aé? +(p—q AR AL

Here,

A(n—1) y(n—1 A(n—1) y(n—1 — A(n—1) y(n—1

Al(id—l)AELC—l) = Agc— )Al(ni 1) + (p —q 1)Algc—1)Az(zd—1)’
Ay VALY = ALTVAGT + (0 — g ARV ALTY,
A VAGTY = AGTVART + (0 - g ATV ALY

by induction hypothesis and the fact that 2\" and xgn) commute if |i — j| > 1.

If d > ¢+ 1 then
A DA = A0 A + - g AR A
holds by induction hypothesis. If d = ¢ + 1 then since b > a we have

p N ALTVALTY — g ATVALTY) = 0,
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Hence

T(n—1) T(n n n
Al(ni—l)At(zc 1)$gd) 21’56) 1= Al()c )A((zc 1)xéc)xéc) 1
= (A ALY 4 pt Al AR
A
iy
= (AGTV AT 4 (p— g ARV ART )2l aty)
n— n—1 n—1) n—1 n
= (A Y Al()d 1) +(-q )A Agd 1)) 2.:) 1$§d) 2
L]

Definition 6.3.8. Let R (c0) = R,(00)/J be the quotient of the algebra R,(00) over
K by the two-sided ideal J generated by the relations

ngk) 5651@)
k+n—1 _(k
xz('+2k 1) = yi( )a

(k) -0,
k+n—1
(+2k 1) =0,

=0

fl<k<n—-1,1<:1<2n—-1,737<00rj>2n,m>2n—1andVs € Z.

Denote
X® = X5 (modJ),
Y = XEn=b (104.7)
ifl1<k<n-1

Remark 6.3.9. The elements of the algebra R,(c0) still satisfy the commutation and

anti-commutation relations

o0t® = a0, (mod J),
(k) (k) _ (k) (k) 7
] L (mOd ‘])7
(
l

T
(kl) (’”) xkz)xl(kl) (mod J)
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foreveryi,j, k.l ki, ko where ky # ko, |7 — 1] > 2.

Thus the entries of matrix A = XMW X®  Xe-DyMWyQ@  y©-1 giso satisfy the

corresponding relations, i.e. we have

Aadleac = qAacAady

ifd > candb > a.

Remark 6.3.10. The algebras R,(n) and R,(o0) are isomorphic via the following

map:

foreveryl <k<n-—1,1<:i:<2n-—1

Lemma 6.3.11. The matrix A = XWX _xX0-Dy Oy @ y=1) can be obtained

by cutting the zero rows and columns of the infinite matrix A, hence the assertion of
Theorem|6.2.1lis true.

Proof. Under the above identification
2 s 50

k —_(k
O 3

)

forevery 1 <k <n-—-1,1<1[<2n—1, we have

(X®); = (x®)

IRl

ifl<k<n-—1and1 <1,5 <n.Hence,
(A)i; = (A);
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for every 1 < 1,7 < n. Now since
(A)y =0

for every 1,7 < 0 ori,j > n + 1, if we cut the zero rows and columns of A we get

exactly A.

Now since entries of A satisfy the relations, entries of Aalso satisfy the corresponding
ones, which proves Theorem [6.2.1] O

6.4 Conclusion

For quantum groups, Drinfeld’s quantum double (see section plays the role of

LU-decomposition of linear algebra. It produces an R-matrix as a by-product.

Our goal is to construct new R-matrices by embedding the bialgebra M, ,(n) into
some larger (bi)algebra B where the commutators between the generators of the
(bi)algebra B have simpler expressions than those of M, ,(n). Our factorization the-

orem is an effort in this direction.
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