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ABSTRACT

OUT-OF-BAND RADIATION AND CFO IMMUNITY OF POTENTIAL 5G
MULTICARRIER MODULATION SCHEMES

August 2015, 98 pages

In this study, generalized frequency division multiplexing (GFDM) and windowed

cyclic prefix circular offset quadrature amplitude modulation (WCP-COQAM), which

are candidate physical layer modulation schemes for the 5G systems, are compared to

orthogonal frequency division multiplexing (OFDM) in terms of out-of-band (OOB)

radiation levels and carrier frequency offset (CFO) immunity. GFDM and WCP-

COQAM are shown to be superior to OFDM with respect to OOB emissions in some

studies in literature. However, we consider that these comparisons are made under

unfair conditions since OOB reduction techniques are not also applied to OFDM and

the spectral efficiencies of the three modulations are not equal. Establishing fair com-

parison grounds accordingly, the simulation results yielded no significant OOB emis-

sion performance difference between the three modulation types. Further simulations

considering some parameters related to the transmitted signals such as error-vector

magnitude or average power under the effects of amplifier nonlinearity or digital-to-

analog converter also revealed no significant difference between the three modulation

types under LTE spectral mask requirements.
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The three modulation types are also compared in terms of their carrier frequency

offset (CFO) immunities. To achieve better CFO immunity, advanced pulse shap-

ing methods defined for offset quadrature amplitude modulation OFDM (OQAM-

OFDM) are also applied to WCP-COQAM. This is possible since the two modula-

tions are also proved to be equivalent in terms of orthogonality, which is one of the

main analytic contributions of this thesis. However, the error rate performance simu-

lations under CFO for various channel conditions did not improve CFO immunity for

WCP-COQAM or GFDM compared to OFDM.

Keywords: GFDM, WCP-COQAM, OOB emissions, CFO robustness, FBMC, Spec-

tral mask
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ÖZ

OLASI 5G ÇOKLU-TAŞIYICI KİPLEMELERİNİN BANT DIŞI EMİSYONLARI
VE CFO DAYANIKLILIKLARI

gi Bölümü

Tez Yöneticisi : Prof. Dr. Ali Özgür Yılmaz

Ağustos 2015, 98 sayfa

Bu çalışmada genelleştirilmiş frekans bölümlemeli çoğullama (GFDM) ve pencere-

lemeli döngüsel ön ekli dairesel offset dördül genlik modülasyonu (WCP-COQAM)

olarak adlandırılan 5G haberleşme sistemleri için aday fiziksel katman modülasyon

teknikleri, dik frekans bölümlemeli çoğullama (OFDM) tekniği ile bant dışı (OOB)

emisyonları ve taşıyıcı frekans hatası (CFO) dayanıklılığı açılarından karşılaştırılmış-

tır. GFDM ve WCP-COQAM’nin literatürdeki bazı çalışmalarda OFDM’e göre OOB

emisyonları açısından daha iyi başarım gösterdiği iddia edilmektedir. Buna karşın,

literatürdeki OOB emisyon karşılaştırmalarının eşit spektral verimlilik altında yapıl-

maması ve OOB emisyon azaltıcı tekniklerin OFDM için de uygulanmaması sebep-

lerinden ötürü bu karşılaştırmaların adil yapılmadığı değerlendirilmektedir. Çalışma-

mızda bu açılardan daha adil koşullar altında yapılan benzetimlerde 3 modülasyon

tipi için OOB emisyonları açısından önemli farklılık gözlenmemiştir. Daha ileri se-

viyedeki benzetimlerde LTE standartlarında belirtilen spektral maske gerekliliklerine

uygun koşullarda anfi doğrusalsızlığı ve dijitalden analoğa dönüştürücü etkileri al-
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tında 3 ayrı modülasyon tipi için iletilen sinyalin hata vektör genliği (error vector

magnitude) ve ortalama iletim gücü parametreleri açısından da benzer sonuçlar gö-

rülmüştür.

Söz konusu modülasyon tipleri taşıyıcı frekans hatasına karşı gürbüzlükleri açısından

da karşılaştırılmıştır. Daha iyi CFO gürbüzlüğü sağlayabilmek amacıyla literatürde

offset dördül genlik modülasyonu OFDM (OQAM-OFDM) için uygulanan gelişmiş

darbe biçimi tasarım yöntemleri WCP-COQAM için de uygulanmıştır. Bu durum ça-

lışmamızın analitik anlamda önemli katkılarından olan OQAM-OFDM için diklik

(orthogonality) şartlarını sağlayan darbe şekillerinin WCP-COQAM için de sağladı-

ğının matematiksel olarak kanıtlanması sayesinde mümkün olmuştur. Buna karşın,

çeşitli kanal koşullarında hata oranı başarımının gözlendiği kapsamlı benzetimlerde

CFO gürbüzlüğü açısından da GFDM veya WCP-COQAM, OFDM’e göre daha yük-

sek başarım göstermemiştir.

Anahtar Kelimeler: GFDM, WCP-COQAM, OOB emisyonları, CFO gürbüzlüğü,

FBMC, Spektral maske
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Yılmaz and Yunus Can Gültekin, in this project thanks to their friendship and the

fruitful discussions that we had during our studies. I would also like to express my

best feelings to Alper Yazar, Ömer Özdemir, Seçil Özdemir, Ömer Melih Gül, Samet
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CHAPTER 1

INTRODUCTION

Inter-symbol interference (ISI) caused by the transmission channel is a typical prob-

lem that has been widely studied in the communications literature. It is mainly caused

by the multipath nature of the transmission channel, that is, the transmitted signal

reaches the receiver through multiple paths. If the time delay between the multiple

paths is not significantly smaller than the symbol duration, cancelling the effects of

ISI becomes necessary. To combat ISI, there are mainly two approaches. One of them

is to use equalizers that mitigate the effects of the ISI channel. However, if the amount

of multipath distortion is significant, equalization can be very complex. In that case,

multicarrier modulation techniques appear as an alternative solution to deal with ISI.

In a multicarrier communication scenario, the binary data bits to be transmitted are

divided into substreams and each substream is sent over subchannels, each of which

constitutes some portion of the total transmission bandwidth. An illustration of the

division of the transmission channel into subchannels is in Figure 1.1 [1].

f0 f2f1 fN-1

H(f0) H(f2)H(f1) H(fN-1)
H(f)

BN<<BCBN<<BCBN<<BCBN<<BC

Figure 1.1: A typical multicarrier transmission from the frequency domain point of
view
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As can be observed from Figure 1.1, over the band of each subchannel represented as

BN , the frequency response of the channel Hpfq is approximately flat. This means

that there will be no significant ISI over the subchannels, that is, the subchannels ex-

perience flat fading. For this to hold, the bandwidth of the subbands BN should be

significantly smaller than the coherence bandwidth of the transmission channel [1].

Without dividing the main binary stream into substreams, and transmitting them over

separate subbands, if the transmission was carried out by a single carrier with a band-

width larger than the coherence bandwidth of the channel, the transmission channel

would be observed as a frequency selective channel causing significant levels of ISI.

This would require complex equalization. Instead, the ISI effects can be avoided

substantially by dividing the available bandwidth into subchannels and transmitting

the data symbols using these separate subbands over an effectively flat transmission

channel.

Among the multicarrier communication schemes, orthogonal frequency division mul-

tiplexing (OFDM) is one of the most popular. Unlike the scheme shown in Figure 1.1,

in which the subchannels are nonoverlapping, the subchannels in OFDM are overlap-

ping. Two multicarrier modulation schemes with overlapping and nonoverlapping

subbands are depicted in Figure 1.2.

f0 f2f1 fN-1fN-2

f0 f2f1 fN-1fN-2

(a)

(b)

Figure 1.2: Multicarrier schemes with nonoverlapping (a) or overlapping (b) sub-
channels
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For the schemes with nonoverlapping subchannels, it is straightforward to state that

the subbands create no interference to each other if they are separated with conven-

tional filtering at the receiver side. The downside of using non-overlapping subchan-

nels is the reduced spectral efficiency. On the other hand, when the subchannels are

overlapping, it appears that different subchannels can interfere with each other. How-

ever, it can easily be proved that if the subchannels are separated with a distance of

multiples of 1{Ts, where Ts is the symbol interval, there will be no interference be-

tween the subchannels in OFDM. Therefore, an increase in the spectral efficiency can

be attained while avoiding interference.

In addition to its advantages against multipath distortion, there are also other factors

that promote the use of OFDM in many communication systems. These are summa-

rized below [2].

‚ The transmitter and receiver filters can be implemented easily by using basic

fast Fourier transform (FFT) and inverse FFT blocks.

‚ Multiantenna structures can be implemented easily by using OFDM both at the

transmitter and receiver side.

‚ It is possible to achieve capacity gains over each subcarrier by observing the

signal-to-noise ratio levels at a particular subcarrier and applying rate adapta-

tion accordingly.

‚ OFDM is robust to narrowband interference due to the fact that only a fraction

of the total subcarriers are affected from such interference.

‚ Single frequency networks, which are suitable for broadcasting applications,

can be used with OFDM.

On the other hand, OFDM has also some disadvantages, which are

‚ High sensitivity to frequency offset and phase noise [3], [4], [5].

‚ Large peak-to-average-power ratio (PAPR), which causes the average transmit-

ted power to reduce. This decreases the information capacity of the transmis-

sion channel [6].
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‚ Large out-of-band radiation due to the poor decaying property of the rectangu-

lar pulse shape used in OFDM [5], [7].

In spite of its aforementioned fallbacks, the advantages of OFDM have enabled its

use in a wide range of applications even in the early stages of digital communica-

tion. For instance, KINEPLEX [8], ANDEFT [9], and KATHRYN [10] are examples

of high-frequency military systems that used OFDM technique in 1960s. In 1980s,

OFDM technique was used for high-speed modems, high-density recording and digi-

tal mobile communications. Moreover, mobile radio FM channels, high-bit-rate digi-

tal subscriber lines (HDSL), asymmetric digital subscriber lines (ADSL), very-high-

speed digital subscriber lines (VDSL), digital audio broadcasting (DAB) and high-

definition television (HDTV) terrestrial broadcasting were some of the application

areas of OFDM in 1990s [2].

The most recent examples of applications of OFDM are the wireless local area net-

work standards including IEEE 802.11a, 802.11g, and 802.11j [11]. OFDM has also

been included in the 4G standards such as Mobile WIMAX [12] and LTE [13]. These

4G standards have data rates reaching up to several hundreds of Mbits/s in order to

cope with the high data rate demand created mainly with the advent of the smart-

phones equipped with large storage and processing power and high definition screen

and cameras.

The scenarios that are considered for the future 5G systems have already exceeded

the capabilities of the current 4G systems [14]. These scenarios are related to Tactile

internet [15], which is defined by ITU in August 2014 as an internet network that

is able to serve applications that have virtual, visual and auditory human-to-machine

interaction with low latency requirements down to 1 millisecond. Such an interaction

can be over numerous sensors and all of the information from these sensors should

be received, processed and a response should be given without too much time-lag

to satisfy a high quality interaction between human and technical systems. Moving

our heads while wearing Virtual Reality (VR) goggles to receive immediate visual

response can be an example for such applications.

Furthermore, machine-to-machine communications is also a recent discussion that

draws attention. Industrial robots and electronic stability control systems used in
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the vehicles can be given as examples. Furthermore, such systems can also interact

with a centralized server in the communication system. This creates giant sized and

heterogeneous networks that have elements ranging from sensors to server centers

with high processing or storage capacity. Such an infrastructure is also referred under

the name of Internet of Things (IoT) [16].

Furthermore, in order to increase data rates in 5G systems through an increase in

spectral efficiency, cognitive radio (CR) based approaches can also be used. Cogni-

tive radio is the general name given to the techniques that utilize the unused portions

of the frequency spectrum opportunistically. In order for the CR based techniques to

be more effective, the users should not radiate much power out of the transmission

band allocated to them. Only in such a case, the neighboring bands of a specific user

are not polluted much and other users can use these neighboring bands opportunisti-

cally. Therefore, low out-of-band (OOB) radiation levels is also a requirement in 5G

systems.

Being the main physical layer modulation format in the latest 4G communication

standard, OFDM is an important candidate for the physical layer solution in the 5G

systems. However, since the rectangular pulse that is used in OFDM has large side

lobes, which in turn increases its OOB radiation, strict frequency synchronization re-

quirements, alternative modulation formats such as filter-bank multicarrier (FBMC),

time-frequency packed signalling, and single-carrier modulations are being consid-

ered as candidates for the modulation formats that will be used in 5G. Among these

modulation schemes, one of the most popular is the Generalized Frequency Division

Multiplexing (GFDM) offered by Fettweis et al. [7]

One main advantage of GFDM compared to OFDM is claimed to be its reduced OOB

radiation [7]. The reason for such an advantage to appear is having a pulse shape that

has better decaying property in frequency domain compared to that of the rectangular

pulse of OFDM. In GFDM, the pulse shaping filter that will be used at the transmitter

side can flexibly be chosen. Furthermore, in [7], another superiority of GFDM over

OFDM is stated to be about the lower spectral efficiency loss caused by the cyclic

prefix (CP). In GFDM, there is still a CP as in OFDM. However, a single CP in a

GFDM frame is enough to be appended to a number of GFDM symbols, whereas a
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CP should be used for each OFDM symbol. In that respect, GFDM seems to have

spectral efficiency advantage in terms of the overhead caused by the CP compared to

OFDM. The reason for that advantage of GFDM will be more clear when the frame

and symbol structures of OFDM and GFDM are examined in detail in Chapter 3.

In this thesis, the claimed advantages of GFDM over OFDM are investigated. Firstly,

GFDM and OFDM are compared in terms of OOB radiations under fair conditions.

Unlike [7], in which OOB reduction techniques such as guard symbol insertion and

windowing are applied only to GFDM, they will be applied both to OFDM and

GFDM. Furthermore, OOB emissions are also compared when OFDM and GFDM

have equal spectral efficiency. Equal spectral efficiency conditions are established

by increasing the number of subcarriers in OFDM, keeping the same transmission

bandwidth. In such a case, the spectral efficiency loss caused by the CP will be

equal for OFDM and GFDM. The reason for this fact can be understood more clearly,

when the frame structures of OFDM and GFDM detailed in Chapter 3 are examined.

However, OFDM has increased vulnerability to carrier frequency offset (CFO) when

more subcarriers are packed into the same transmission bandwidth. Hence, error rate

performances of OFDM and GFDM will also be compared under CFO, when their

spectral efficiencies are the same.

A variant of GFDM called windowed cyclic prefix circular offset QAM

(WCP-COQAM) is proposed by Lin and Siohan [17]. The main difference between

GFDM and WCP-COQAM is that OQAM type of modulation is utilized in WCP-

COQAM, compared to the QAM type modulation in GFDM. The details about WCP-

COQAM are covered in Chapter 3. WCP-COQAM is also included in the above-

mentioned comparisons between OFDM and GFDM. Moreover, in Chapter 4, the

equivalence of the orthogonality conditions of OQAM-OFDM and WCP-COQAM is

proved and optimal pulse shaping methods defined for OQAM-OFDM in literature is

also applied to WCP-COQAM. The proof of the equivalence of OQAM-OFDM and

WCP-COQAM is the main analytic contribution of this thesis.

The organization of this thesis is made as follows. In Chapter 2, the details about

OFDM and FBMC modulation types will be presented. In Chapter 3, GFDM and

WCP-COQAM modulations will be discussed in detail, and their CFO vulnerabilities
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will be compared when OFDM, GFDM and WCP-COQAM have equal or unequal

spectral efficiencies. Chapter 4 describes advanced pulse shaping methods for FBMC.

These pulse shaping methods will be applied to WCP-COQAM and the performances

of the designed pulses are investigated under CFO in comparison to OFDM. Finally,

the OOB emissions of OFDM, GFDM and WCP-COQAM are compared in Chap-

ter 4. Some of the OOB emission comparisons in Chapter 4 also take the spectral

mask requirements in LTE, amplifier non-linearity and digital to analog converter

(DAC) effects into account.
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CHAPTER 2

OFDM AND FBMC

2.1 Orthogonal Frequency Division Multiplexing (OFDM)

OFDM is a multicarrier modulation technique that consists of orthogonal subcarriers.

The frame structure of OFDM with subsequent OFDM symbols is given in Figure 2.1.

Cyclic prefix
FFT Block

Cyclic prefix
FFT Block

Cyclic prefix
FFT Block

OFDM Symbol OFDM Symbol OFDM Symbol

Figure 2.1: OFDM frame consisting of 3 OFDM symbols

As can be observed in Figure 2.1, OFDM symbols are separated through an interval

called "cyclic prefix". Addition of cyclic prefix is necessary to ensure that there is no

interference between the subsequent OFDM symbols. The reason for such an inter-

ference between the OFDM symbols originates from the time dispersion of the trans-

mission channel, or any timing error at the receiver. The timing dispersion caused by

the transmission channel is presented in Figure 2.2.

Assuming that there is no timing error at the receiver, the cyclic-prefix should be

larger than the delay spread of the transmission channel [1]. In that case, the leakage
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Cyclic prefix
FFT Block

Cyclic prefix
FFT Block

Cyclic prefix
FFT Block

OFDM Symbol OFDM Symbol OFDM Symbol

Figure 2.2: Dispersion caused by the transmission channel on the OFDM symbols

of the OFDM symbols to the next OFDM symbol will fall into the cyclic prefix in-

terval between the two symbols. Since the cyclic prefixes are discarded at the OFDM

receiver, there will be no interference between the OFDM symbols.

The OFDM transmitter and receiver structure are demonstrated in Figure 2.3. [1].

QAM

Modulator

Serial-to

-Parallel 

Convertor
IFFT

Add Cyclic

Prefix, and

Parallel-to

Serial 

Converter

R bps
D/A

Transmitter

LPF A/D

Remove

Prefix and

Serial-to

-Parallel

Convertor

FFT

Parallel-to

Serial 

Converter
QAM

Demodulator

R bps

Receiver

Figure 2.3: OFDM transmitter and receiver

As can be seen from Figure 2.3, the binary sequence to be transmitted is first fed

into a modulator, which is of quadrature-amplitude modulation (QAM) type without

loss of generality, that yields the symbol vector X of length K. The serial-to-parallel

converter outputs the elements of the vector X whose inverse fast-Fourier transform

(IFFT) is taken by the IFFT block to yield the following discrete signal xrns:
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xrns “
K´1
ÿ

k“0

Xrksej2πnk{K, 0 ď n ď K ´ 1. (2.1)

After the addition of cyclic prefix, interpolation by D/A converter and upconversion

to carrier frequency f0, sptq is transmitted to the channel. After sptq passes through

the channel, the received signal rptq is downconverted and low-pass filtered. The A/D

converter yields the discrete samples yrns. Cyclic prefix part is removed from yrns
and series to parallel converter outputs the samples whose FFT is taken by the FFT

block. Finally, the FFT outputs are serialized and demodulated to obtain the estimates

of the transmitted binary data bits.

An important point is that the cyclic prefix length should be at least equal to the delay

spread of the transmission channel [1], and should have a special structure in order

that the equalization of the channel can be made very easily.

Consider a discrete sequence, xrns “ xr0s, xr1s, ¨ ¨ ¨ , xrK´1s. Furthermore, assume

that the transmission channel impulse response is characterized by,

hrns “ hr0s, hr1s, ¨ ¨ ¨ , hrL´ 1s. Here L “ Td{Ts, where Ts is the sampling rate and

Td is the channel delay spread.

Define the cyclic prefix for x[n] as xrK ´Ls, ¨ ¨ ¨ , xrK ´ 1s, that is, it consists of the

last L samples of the sequence xrns. Since cyclic-prefix is appended at the beginning

of xrns, the transmitted signal x̃rns will be obtained as

x̃rns “ xrK ´ Ls, xrK ´ L ´ 1s, ¨ ¨ ¨ , xrK ´ 1s, xr0s, xr1s, ¨ ¨ ¨ , xrK ´ 1s. Assume

also that x̃rns is fed into the channel, hrns. In this case, the discrete output signal

yrns will be obtained as

yrns “ hrns ˚ x̃rns

“
L
ÿ

l“0

hrlsx̃rn´ ls

“
L
ÿ

k“0

hrlsxrn´ lsK

“ hrns f xrns (2.2)

where the last equality follows due to the fact that x̃rn ´ ls “ xrn ´ lsK ,

for 0 ď n ď K ´ 1. Therefore, appending xrns with the specified cyclic prefix
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structure, the linear convolution of xrns with hrns becomes equivalent to the circular

convolution between xrns and hrns. Hence, if the DFT of yrns is taken,

DFT tyrnsu “ Y rks “ XrksHrks, 0 ď k ď K ´ 1 (2.3)

where X[k] and H[k] are the K-point DFTs of x[n] and h[n], respectively. Therefore,

according to (2.3), the equalization of the channel can be carried out with a very

simple operation as DFT. Since FFT operation is already performed at the receiver of

OFDM, the equalization can simply be accomplished through dividing Y rks, which

is obtained after the FFT block in Figure 2.3, by Hrks.

2.2 Filter Bank Multicarrier (FBMC)

FBMC is the general name for the multicarrier modulation methods that uses arbitrary

pulse shaping filters to form the subcarriers over which the frequency selectivity of

the channel is small enough to require a complex equalization block at the receiver.

The transmitter and the receiver structure for FBMC is presented in Figure 2.4. [5].

pT

...

...

...

Channel

...

...

pT(t)

pT(t)

...

pR(t)

pR(t)

dm,1

dm,2

dm,K

^

^

^

pR(t)

Figure 2.4: FBMC transmitter and receiver

As can be observed in Figure 2.4, the symbols to be transmitted dkptq, which are

impulse functions that are weighted with the data symbols to be transmitted, are fed

to the filter bank in the transmitter. These filter banks generate the pulse shape over

which the data will be transmitted. Furthermore, multiplication by the complex ex-

ponentials carries the baseband data to the subcarrier locations in the frequency spec-

trum. Then, the transmitted signal is passed through the transmitted channel to reach
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the receiver block. The receiver consists of filters that are matched to the pulse shape

and the subcarrier of the data symbol to be estimated. At the filter outputs, the sam-

ples are taken at every symbol duration to yield the estimates of the transmitted data

symbols.

Figure 2.4 gives a general picture of the transmitter and receiver structure of FBMC

type modulation schemes. More specifically, FBMC techniques can be divided into

two distinct types. In the first FBMC type, QAM symbols having complex values are

transmitted. These complex valued symbols will be denoted as dm,k. The subscripts

m and k mean that the symbol is to be transmitted at the kth subcarrier and mth

symbol time interval. The relation between dm,k and dkptq in Figure 2.4 can be written

as follows.

dkptq “
ÿ

m

dk,mδpt´ mT q. (2.4)

In fact, the block diagram given in Figure 2.4 can also represent an OFDM transmitter

and receiver. In that case, the impulse responses of the receive and the transmit filters

ptptq and prptq are rectangular pulses. Moreover, considering Figure 2.4, the signal

model for OFDM or FBMC can be written as,

xptq “
ÿ

k

ÿ

m

dk,mppt´ mT qej2πtfk (2.5)

where pptq is the pulse shaping filter, T is the symbol timing, dk,m is the data to be

transmitted at the kth subcarrier and the mth symbol in time. Moreover, fk is the

location of the subcarrier in frequency domain. Furthermore, pptq can be any pulse

shape. For example if it is a root raised cosine spectrum filter (RRC) with roll of

factor α, in order that the subcarrier bands do not overlap, the frequency spacing

between the subcarriers should be at least F “ p1 ` αq{T , which is demonstrated in

Figure 2.5. [5].

With a frequency spacing of F “ p1`αq{T , where T is the symbol spacing, the time-

frequency phase-space lattice representation of an FBMC system can be depicted as

in Figure 2.6. [5].

From the lattice representation it is possible to see the spacing between the subcarriers

and the symbol time interval from the lattice points. An important parameter related
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0 F 2F
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Subcarrier 

Band #1
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Band #2

Subcarrier 

Band #3

Figure 2.5: The locations of the non-overlapping subcarriers filtered with an RRC
filter with roll-off factor α in the frequency axis

frequency

time

Figure 2.6: Time-frequency phase-space lattice representation of an FBMC system
with an RRC filter with roll-off factor α
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to the lattice representations is the symbol density in the lattice, which is defined as

the number of symbol per unit area TF . For the lattice in Figure 2.6, the symbol

density η can be calculated as

η “ 1

TF
“ 1

1 ` α
. (2.6)

The higher the symbol density in the lattice representation of the multicarrier com-

munication method, the better the spectral efficiency of the communication system

will be. As can be noted in (2.6), as the roll-off factor of the pulse-shaping filter in

the transmitter increases, the symbol lattice density reduces.

That type of modulation where the subcarrier bands do not overlap as in Figure 2.5

corresponds to the classical frequency division multiplexing (FDM) communications

scheme. However, there exist FBMC schemes for which the subcarrier bands overlap,

which in turn increases the lattice density and the spectral efficiency. OFDM can be

an example for such schemes in which the subcarrier bands overlap.

Other type of FBMC schemes are the ones for which the transmitted symbols dm,k

have real values. In this case, OQAM type modulation is applied instead of QAM,

which yields the following transmitted signal xptq.

xptq “
ÿ

k

ÿ

m

dk,mppt´ mT {2qej2πtfkejφk,m (2.7)

where pptq is the impulse response of the pulse shaping filter, fk is the location of

the subcarriers in the frequency domain and dk,m is the data transmitted at the kth

subcarrier and the mth symbol interval. Note that the symbol spacing along the time

axis has become T/2 in (2.7) whereas the symbol spacing in time for the FBMC

expression (2.5) is T . Furthermore, an important point in (2.7) is related to the ejφm,n

term. It can be selected arbitrarily without causing any ISI or ICI [4]. For example,

it was chosen as ejpk`mqπ{2 in [5]. For that specific value of ejφm,n , when k ` m has

even values, this term can be considered as having no effect in that the real-valued

nature of dk,m do not change. However, when k ` m has an odd value, it introduces

a phase shift of ˘π{2. This concept is presented in Figure 2.7 with a time-frequency

phase-space lattice [5].

As can be observed in Figure 2.7, the points with orange color represent the sym-

bols with a phase shift of ˘π{2 and the blue points correspond to no effective phase
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time

frequency

Figure 2.7: Time-frequency phase-space lattice representation for FBMC with real
valued symbols

shift, that is, the real valued nature of the symbols does not change for blue points.

Furthermore, the receiver structure has also differences from the FBMC modulation

with complex QAM type symbols. The receiver for FBMC with real valued symbols

is composed of matched filters as in FBMC with complex valued symbols. On the

other hand, the real or imaginary values of the matched filter outputs are taken for

the FBMC schemes with real valued symbols. A possible transmitter and receiver

structure, whose transmitted signal can be characterized by (2.7), is demonstrated in

Figure 2.8. [5].

This type of FBMC whose system structure is given in Figure 2.8 is referred to as

offset-QAM-OFDM (OQAM-OFDM) or staggered multitone (SMT). The structure

is mainly proposed by Saltzberg [18]. In fact, the reason why OQAM term is used

is obvious. As can be observed in Figure 2.8, the real and the imaginary parts of the

QAM signals are transmitted with a timing offset of T {2.
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Figure 2.8: The transmitter and receiver structure of OQAM-OFDM or SMT
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There is also another variation of SMT named as cosine modulated multitone (CMT).

This is first proposed by Chang [19]. Then, the more recent name CMT is suggested in

[20]. There is a little difference between CMT and SMT. In SMT, the subcarriers are

modulated with DSB modulated filter banks. However, in CMT the filter-banks are

composed of vestigial-sideband (VSB) type filters. Accordingly, the time-frequency

phase-space lattice representation of CMT has some differences compared to SMT.

For a more detailed examination of CMT, the reader is suggested to refer to [5].

However, the most important modulation types in this thesis that are discussed in

this chapter are OFDM and OQAM-OFDM. OFDM will be a reference modulation

type and other modulation types that are candidates to be used in 5G systems such

as generalized frequency division multiplexing (GFDM) and windowed cyclic prefix

circular offset QAM (WCP-COQAM) will be compared to OFDM. Furthermore, the

reason why OQAM-OFDM is important is covered in the subsequent chapters in

terms of the relation between OQAM-OFDM and WCP-COQAM. The details about

the modulation type WCP-COQAM will also be examined in Chapter 3.
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CHAPTER 3

GENERALIZED FREQUENCY DIVISION MULTIPLEXING

3.1 GFDM: A New Modulation Technique for the Next Generation Communi-

cations

Generalized frequency division multiplexing (GFDM) is a multicarrier modulation

technique proposed by Fettweis et al. [7]. It is a special case of filter bank multi-

carrier (FBMC) modulation scheme in that there is a pulse shaping filter for each

subcarrier in the transmitter. On the other hand, it has similarity to OFDM in that

OFDM’s block structure with cyclic prefix is also present in GFDM. This makes the

linear and circular convolution between the transmitted sequence and the channel to

be equivalent, which makes single tap equalization of the multipath ISI channel. The

frame structure for OFDM and GFDM are presented in Figure 3.1.

As can be observed from Figure 3.1, while an OFDM frame has a cyclic prefix for the

transmission of every symbol ofK subcarriers, a GFDM frame has a single cyclic pre-

fix (CP) for M GFDM symbols, each of which containsK subcarriers. This becomes

possible since a single cyclic prefix is sufficient to ensure that the linear convolution

with the channel is equivalent to circular convolution, which enables single tap equal-

ization to be performed over the whole GFDM frame consisting of M ¨ K samples.

Therefore, the transmission ofM ¨K constellation symbols using only a single cyclic

prefix is possible for GFDM, whereas in OFDM, M cyclic prefix intervals are needed

for the transmission ofM ¨K constellation symbols. In that case, the efficiency losses

resulting from cyclic prefix overhead for OFDM and GFDM, which can be denoted

as ηOFDM and ηGFDM , respectively, can be written as
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Figure 3.1: (a) A GFDM frame composed of 3 consecutive GFDM symbols. (b) An
OFDM frame consisting of 3 consecutive OFDM symbols

ηOFDM “ Tsymbol

TCP ` Tsymbol

(3.1)

ηGFDM “ M ˆ Tsymbol

M ˆ Tsymbol ` TCP

(3.2)

where Tsymbol is equal to OFDM symbol duration and it is equal to 1{M of the to-

tal duration of the GFDM frame excluding the cyclic-prefix interval duration, if the

transmission bandwidth is equal for OFDM and GFDM, which makes Tsymbol to be

the same for OFDM and GFDM. In that case, according to (3.1) and (3.2), the spectral

efficiency of GFDM will be higher than that of OFDM for M ą 1. As M gets higher

and higher, ηGFDM goes to 1, which corresponds to the case that there is no efficiency

loss due to CP overhead. However, the trade-off for high M is the latency caused by

the requirement that whole GFDM frame (consisting of M GFDM symbols) should

be received to demodulate the data content. Furthermore, the assumption that channel

should not change very much within the GFDM frame in order to be able to perform
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block equalization at the receiver may not apply if the number of GFDM symbols

within a GFDM frame is increased. However, a similar situation may also be a con-

cern even for M “ 1 for GFDM or OFDM [21]. Therefore, the time-variation of a

channel which is characterized by its coherence time [1] should be considered along

with the latency requirements of the application while the number of GFDM symbols

in a GFDM frame is designed.

Although GFDM seems to be superior to OFDM considering the above mentioned

efficiency losses due to CP overhead, most of the simulations that is included in this

thesis will be done under equal spectral efficiency conditions, that is, instead of trans-

mittingK subcarriers in OFDM,M ¨K subcarriers will be transmitted using the same

bandwidth as GFDM. This corresponds to the case that M ¨ K subcarriers are trans-

mitted in an OFDM symbol duration of M ¨ Tsymbol which ensures the same spectral

efficiency loss for OFDM and GFDM.

Although a GFDM frame consisting of 3 GFDM symbols, which is depicted in Fig-

ure 3.1a, is referred to as a "GFDM frame", in the literature, most of the references

refer to this block as a "GFDM symbol", which is composed of sub-symbols. How-

ever, for convenience, unlike the literature, we refer to a "GFDM symbol" as "GFDM

frame", and "GFDM sub-symbols" as "GFDM symbols".

3.2 GFDM Transreceiver

GFDM Transreceiver block diagram can be found in Figure 3.2 [7].

GFDM
Modulator

Decoder Demodulator
GFDM Equalizer Discard CP

Channel

Add CP

eb̂ d̂
ey ry

be
Binary Source

x
A

b̂

Encoder Mapper

Demapper
y

db

Figure 3.2: GFDM transreceiver block diagram
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In Figure 3.2, the binary data, b, is encoded (with any possible error control coding

scheme) to get be. Then the mapper maps its binary inputs to the constellation points

to yield d. After that, GFDM modulator, which can be represented as a multiplication

by a matrix A, modulates the constellation symbols according to the rules of GFDM

modulation. Before transmission to channel, cyclic prefix is added, as in OFDM. At

the receiver side, after CP removal and equalization, the received discrete signal is de-

modulated with a GFDM demodulator, which outputs the soft constellation symbols.

After de-mapping and decoding, estimates of the transmitted bits are obtained.

3.3 GFDM Signal Model

The transmitted signal with GFDM is given as follows.

xrns “
M´1
ÿ

m“0

K´1
ÿ

k“0

dk,mprpn´ mKqN sgkrns (3.3)

whereM is equal to the number of GFDM symbols in a GFDM frame andK refers to

the number of subcarriers. dk,m P AX , where AX is the input alphabet of the source

to be transmitted, is the data symbol transmitted at the kth subcarrier and mth GFDM

symbol in GFDM frame. prns refers to the pulse shaping filter impulse response of

lengthN . In 3.3, prpn´mKqNs represents the circular shift prns bymK with modulo

N , where N equals to N “ M ¨ K. gkrns is the complex exponential multiplier term

that shifts the base-band spectrum to kth subcarrier location, which is given in 3.4.

gkrns “ e´j2πk n
N . (3.4)

3.4 GFDM Transmitter

GFDM transmitter [22], which corresponds to GFDM modulator block in Figure 3.2,

can be seen in Figure 3.3.

In Figure 3.3, dm,k refers to the data symbol transmitted at the kth subcarrier and

mth GFDM symbol. There are a total of M ¨ K data symbols on the left side of the

transmitter. In addition, as stated before, prpn ´ KqN s refers to the circular shift of

the pulse shape with modulo N . Here, N “ M ¨ K. This circular shifting structure
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Figure 3.4: Linear (a) and circular (b) convolution based signalling

is important in that if it were a delay rather than a circular shift, which corresponds

to conventional linear filtering, the cyclic prefix length should also account for the

delay caused by transmit filtering. To better illustrate this, Figures 3.4a and 3.4b

show the difference between conventional linear filtering and filtering using circular

convolution for M “ 3 [23].

In Figure 3.4b the addition of the last K samples to the beginning of the delayed ver-

sions of transmit filters generates a circular shifted version of prns. This technique is

called tail-biting in some studies [24], [25]. While it ensures that cyclic prefix length

is independent of the transmit filter length, it also enables frequency domain imple-

mentation for transmit filtering, which can reduce computational complexity for high

transmit filter lengths [26] (especially for highM ¨K values). Furthermore, note from

Figure 3.4b that there is even symmetry in prns. This is important in that only if prns
is even symmetric and CP is longer than the channel delay spread, any linear convo-

lution with the channel response becomes equivalent to circular convolution, which

results in a circulant channel convolution matrix. This makes single tap equalization

possible on the receiver side as in OFDM [1].
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3.5 GFDM Modulator Model

The output of the GFDM transmitter, x[n], in Figure 3.3, can be written as in (3.3).

Defining pmrns fi prpn´ mKqN s, (3.3) can be reexpressed as

xrns “
M´1
ÿ

m“0

K´1
ÿ

k“0

dk,mpmrnsgkrns. (3.5)

It is also possible to express (3.5) as a multiplication of a matrix A with a transmitted

data vector d as follows.

x “ Ad (3.6)

where

x “

»

—

—

—

—

—

—

—

–

xr0s

xr1s
...

xrMK ´ 1s

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,A “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

p0rnsg0rns

p0rnsg1rns
...

p0rnsgK´1rns

p1rnsg0rns

p0rnsg1rns
...

pM´1rnsgK´1rns

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

T

,d “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

d0,0

d1,0

...

dK´1,0

d0,1

d1,1

...

dK´1,M´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

. (3.7)

Such a simple expression of the transmitted vector x in terms of the vector containing

unmodulated symbols to be transmitted, d, will be useful in expressing the operations

of different types of GFDM receivers, which is explained in the following Section 3.6.

3.6 GFDM Receiver

The basic block diagram of a GFDM receiver is given in Figure 3.5 [23].

The samples from the sampler in the RF front end block is denoted as ycprns. The

CP portion of it is removed to get yrns. Subsequently, the equalizer block equalizes

the effect of the channel with the estimated channel values provided by the channel

estimation block. This equalization is performed as a single tap equalization, since
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Figure 3.5: GFDM receiver block diagram

the structure of GFDM allows such a block equalization as mentioned in the previous

sections. The equalized signal yeqrns is fed to the GFDM demodulator, which yields

the soft data bits. The slicer makes the hard decisions.

The single tap equalization procedure is simply run as

yeqrns “ IFFT

„

FFTryrnss
FFTrhcrnss



(3.8)

thanks to the block structure of the GFDM symbol with a cyclic prefix that results

in a circulant convolution matrix. After equalization, the equalized samples are fed

to the GFDM demodulator. The demodulator can be of three types, namely Matched

Filter (MF), Zero-forcing (ZF) or Matched Filter followed by a Double Sided ICI

Cancellation (MF-DSIC) [23], which will be detailed in the following sections. It

should also be stated that, in the following parts, the term "receiver" is used instead

of "demodulator".

3.6.1 Matched Filter (MF) Receiver

The matched filter (MF) GFDM receiver can be implemented as a correlator receiver,

as shown in Figure 3.6 [23].

As can be seen, each correlator is matched to a different time slot (to a different

GFDM symbol time interval) and a different subcarrier. After multiplication of the

received signal yeqrns with appropriately circularly shifted versions of the pulse shape

prns and complex exponentials, summation is done over an interval of MK and the

result is sampled. This is the classical integrate-dump operation used in a correlation

26



...
...

... ...

............

^^^^^^^

... ... ... ...

F
igure

3.6:
G

F
D

M
M

F
receiver

27



receiver. Such an operation in fact corresponds to multiplication of the equalized

version of the received signal, yeqrns with AH. In this case the vector of estimated

soft bits, d̂MF can be expressed as

d̂MF “ AHyeq (3.9)

where yeq “ r yeqr0s yeqr1s . . . yeqrMK ´ 1s sT . Such a receiver does not guarantee

that there is zero inter-symbol interference (ISI) or inter-carrier interference (ICI)

which will cause interference between the elements of the transmitted vector d. This

depends on the selection of the pulse shape prns. For instance, if it is a root-raised

cosine spectrum pulse, there will be zero ISI. However, ICI will still not be guaranteed

to be equal to zero. Therefore, if MF receiver will be used, the selection of the pulse

shape should be made carefully, considering the possible non-orthogonalities in time

(which will cause ISI) or frequency (which will be responsible for ICI). More details

on the selection of orthogonal pulses that will not cause ISI or ICI if an MF receiver

is used will be discussed in Chapter 4.

3.6.2 Zero-forcing Receiver

Zero forcing (ZF) receiver is simply the multiplication of yeq by the inverse of the

matrix A. In this case,

d̂MF “ A´1yeq. (3.10)

Unlike MF receiver, ZF receiver is able to completely remove ISI and ICI. However,

the downside of ZF receiver can be a possible noise enhancement, which will degrade

SNR at the receiver.

3.6.3 Matched Filter Receiver Followed by Double Sided Interference Cancel-

lation

MF-DSIC is a type of receiver that cancels the interference between the adjacent sub-

carriers proposed by [23]. It is most useful when most of the interference in the re-

ceived signal is owing to ICI and this ICI is mostly present between the neighbouring

subcarriers. For example, this is the case when an RRC pulse is used for transmission.
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With MF type receiver on the demodulator side, the interference between the GFDM

symbols will only be due to ICI, thanks to the fact that raised cosine spectrum (RC)

pulse (which is obtained with matched-filtering of an RRC pulse) is a Nyquist-1 type

pulse [27]. The ICI will also be mostly originating from the neighbouring subcarriers,

intensity of which is determined by the roll-off factor of the RRC pulse chosen. The

MF-DSIC receiver block diagram is given in Figure 3.7 [23].

Select

fK-1

MF Receiver

GFDM

Modulator

Figure 3.7: GFDM MF-DSIC receiver block Diagram

As can be seen in Figure 3.7, firstly the input signal, yeq is matched filtered. After

matched filtering, hard decisions are made from d̂, which will yield b̂e, which is

again mapped to their corresponding constellation points to yield f . From f , only the

symbols in the pk ´ 1qth and pk ` 1qth subcarriers are selected, and the rest of the

symbols are mapped to zero to form the vector g which is fed to GFDM modulator

again. The output of the GFDM modulator, ek is subtracted from the input vector yeq

and this procedure is followed for all k values to finish one iteration of interference

cancellation. The number of iterations can be increased to get more accurate results.

Trade-off is the increased complexity owing to the higher number of iterations.

3.7 Windowed Cyclic-Prefix Circular Offset QAM

WCP-COQAM is a modification of GFDM by modulating the constellation symbols

with an OQAM type of modulation which is offered by Lin and Siohan [17]. The

transmitted signal with WCP-COQAM can be written as
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xWCP´COQAMrns “
K´1
ÿ

k“0

$

&

%

M´1
ÿ

m“0

dℜk,mg̃krnsprpn´ mKqN s

`
M´1
ÿ

m“0

jdℑk,mg̃krnsprpn` K{2 ´ mKqN s

,

.

-

.

(3.11)

As can be seen in (3.11), the application of OQAM modulation shows itself in that

the real part of dk,m, which is denoted as dℜk,m in (3.11), is transmitted with a delay of

K{2 with respect to the transmission of the imaginary part of dk,m, which is referred

to as dℑk,m in (3.11). In (3.11), g̃krns “ gkrnse´jπ k
K
α where α “ K

2
´ 1.

By using OQAM type of modulation, it is possible to preserve orthogonality both in

frequency domain (between the subcarriers) and in time-domain (between the sub-

symbols in a GFDM frame) by using pulse shapes other than the rectangular pulse

shape [28] while maintaining the same spectral efficiency [29]. If OQAM is not used,

the only possible pulse shape that satisfies such an orthogonality is the rectangular

type pulse shape [28]. The reason for using pulse shapes other than the rectangular

pulse shape is to use pulses that have better spectral properties such as being prone

to carrier frequency offset (CFO) [3], [4], [5] or having lower out-of-band (OOB) ra-

diation [5], [7]. Here, having better spectral properties corresponds to having better

localization in frequency domain, that is, the frequency response of the pulse-shaping

filter decays faster in frequency domain, which obviously will result in less OOB ra-

diation and immunity to CFO. In fact, this orthogonality enables the use of matched

filter receiver instead of a zero-forcing receiver, which may cause noise enhancement,

or MMSE receiver, which may also be responsible of some amount of noise enhance-

ment although less than ZF receiver.

3.8 Simulation Results

In this section, error rate performances of OFDM, GFDM (with three different re-

ceiver structures mentioned in Section 3.6 ) and WCP-COQAM (with an MF receiver)

under CFO will be inspected. These performances will be observed under different
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channels. The first channel type that is included in the simulations is an AWGN

channel. Another channel type that is used in the simulations is a static ISI chan-

nel, specified by the COST-207 hilly terrain model [27]. The last channel type is the

Rayleigh faded version of the COST-207 channel, that is, the power of each channel

tap will be exponentially distributed with an average power corresponding to the tap

powers specified in the power-delay profile of the COST-207 hilly terrain model. The

pulse shapes that will be used are raised-cosine (RC), root-raised cosine (RRC) and

Dirichlet pulses. Here, the Dirichlet pulse is a pulse that is also referred to as the dis-

crete sinc or aliased sinc, whose DTFT produces a rectangular pulse. Since it is used

in time-domain in GFDM, it will be a rectangular pulse in frequency domain. In that

respect, GFDM will be an "inverse OFDM" since rectangular pulse is used in OFDM

in time domain, rather than in frequency domain. In that case, Dirichlet pulse is ex-

pected to present no ISI or ICI under ideal conditions, that is, the channel is perfectly

equalized and there is no ISI or ICI owing to timing and frequency synchronization

errors between the transmitters and receivers or due to any doppler effect. Simulation

parameters are given in Table 3.1.

The reason for choosing 128 subcarriers here is that in the simulations related to out-

of-band emissions and spectral mask compliance which are presented in Chapter 5,

the number of subcarriers are selected amongst possible choices that are specified in

LTE standard [13]. 128 is one of the possible choices. Furthermore, since the compar-

ison of OFDM and GFDM or WCP-COQAM at equal spectral efficiency conditions

is desired, the number of subcarriers for OFDM is M ¨ K “ 1152. Moreover, note

also that the number of GFDM symbols in a GFDM frame (M) is chosen to be an odd

number. This is important in that ZF receiver in GFDM does not perform well when

the number GFDM symbols in a GFDM frame (M) is an even number [30]. Amongst

the possible odd numbers, the reason for selecting M “ 9 is in order to have the same

M value as in [7] for the out-of-band radiation comparison simulations.

As stated before, the simulations are performed under equal spectral efficiency con-

ditions. Therefore, the expectation is that GFDM and WCP-COQAM should give a

better performance under CFO, since pulse shaping is applied in GFDM or in WCP-

COQAM, which results in the use of pulses that have better localization in frequency

domain than that of the rectangular pulse used in OFDM.
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Pulse shape RC, RRC or Dirichlet

Roll-off factor 0.1 or 0.3

No. of subcarriers (K) 128 for GFDM, 128 ¨ 9 in OFDM

No. of GFDM symbols (M) 9

CP length 72

No. of iterations for MF-DSIC

receiver
3

Constellation order 4 (QPSK)

Channel
AWGN or COST 207 (Static ISI or

Rayleigh Fading)

Sampling rate 1 MHz

Carrier frequency offset (CFO) 0, 50 Hz or 100 Hz

No. of Monte-Carlo trials
Trials continue until at least 100

frame errors are collected

3.8.1 Simulation Results in AWGN

In AWGN, SER curves of OFDM, GFDM and WCP-COQAM under CFO are given

in Figures 3.8-3.10 when RRC, RC pulses with roll-off factor 0.1 or Dirichlet pulses

are used for GFDM and WCP-COQAM.

From Figures 3.8-3.10, one may note that the theoretic SER vs. SNR performance

for OFDM in AWGN is given as a curve named as "OFDM Theory". This curve is

plotted according to the approximate symbol error probability expression of OFDM

with M’-QAM (M’ is the constellation order) in AWGN given by [31], which is

pe « 4p
?
M 1 ´ 1q?
M 1

Q

˜
d

3Es

pM 1 ´ 1qN0

¸

(3.12)

The simulation results in Figures 3.8-3.10 show that OFDM performs the same as

GFDM or WCP-COQAM for Dirichlet pulse under no CFO. This is an expected
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Figure 3.8: SER vs. SNR for OFDM, GFDM or WCP-COQAM with Dirichlet pulse
under different CFO values in AWGN
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Figure 3.9: SER vs. SNR for OFDM, GFDM or WCP-COQAM with RRC pulse with
roll-off factor 0.1 under different CFO values in AWGN
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Figure 3.10: SER vs. SNR for OFDM, GFDM or WCP-COQAM with RC pulse with
roll-off factor 0.1 under different CFO values in AWGN

result resulting from the zero ISI or ICI nature of the Dirichlet pulse. However, for

non-zero CFO, when RC and RRC pulses are used in GFDM or WCP-COQAM,

OFDM performs the best. The performance losses for the RC pulse are due to the

created ISI and ICI for the case of MF receiver. Similarly for the RRC pulse, the

created ICI is responsible for the performance losses compared to OFDM when MF

receiver is used.

The most significant observation from the Figures 3.8-3.10 is that when CFO is

nonzero, OFDM performs better than GFDM or WCP-COQAM in all cases regard-

less of the chosen pulse shape. Therefore, GFDM or WCP-COQAM with RC, RRC

pulses with roll-off 0.1 or with Dirichlet pulse do not show any better CFO immunity

performance compared to OFDM in AWGN. Therefore, SER vs.. SNR simulations

are also performed for RC and RRC pulses with roll-off 0.3. The results are presented

in Figures 3.11-3.12.

As can be observed from Figures 3.11-3.12, using RC or RRC pulses with roll-off

factor 0.3 in GFDM or WCP-COQAM did not yield in any better CFO immunity

performance compared to OFDM. Another observation is that GFDM MF receiver
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Figure 3.11: SER vs. SNR for OFDM, GFDM or WCP-COQAM with RRC pulse
with roll-off factor 0.3 under different CFO values in AWGN
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Figure 3.12: SER vs. SNR for OFDM, GFDM or WCP-COQAM with RC pulse with
roll-off factor 0.3 under different CFO values in AWGN
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yields poorer performance compared to the case for which roll-off factors are 0.1

since increased roll-off factor causes higher ICI with MF receiver.

3.8.2 Simulation Results with Static ISI COST 207 Channel

Similar simulations are also made with the channel created according to the power-

delay profile dictated by the COST-207 Hilly Terrain Model. However, to limit the

number of the simulations that is presented, RC or RRC pulses with only 0.1 roll-off

factor is used in this section. The reason is that RC or RRC pulses with 0.1 roll-off

factor revealed better results than that of RC or RRC pulses with 0.3 roll-off factor.

The simulation results are given in Figures 3.13-3.15.
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Figure 3.13: SER vs. SNR for OFDM, GFDM or WCP-COQAM with Dirichlet pulse
under different CFO values in static ISI COST-207 channel

As can be observed from the above figures, there is a performance loss for COST-207

channel compared to the SER vs. SNR results observed in AWGN channel. This

is an expected result, since single-tap equalization that is performed to equalize the

multipath distortion as a result of the ISI channel is a zero-forcing type equalization
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Figure 3.14: SER vs. SNR for OFDM, GFDM or WCP-COQAM with RRC pulse
with roll-off factor 0.1 under different CFO values in static ISI COST-207 channel
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Figure 3.15: SER vs. SNR for OFDM, GFDM or WCP-COQAM with RC pulse with
roll-off factor 0.1 under different CFO values in static ISI COST-207 channel
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which is responsible for some amount of noise enhancement. The ISI created due to

COST-207 channel is considered to be cancelled with single-tap equalization since the

maximum delay spread of COST-207 which is about 20µs is shorter than the cyclic

prefix length that is taken in the simulations, which is 72µs. The main observation

from the simulations is that there is no case that GFDM or WCP-COQAM performs

better than OFDM under CFO also in COST-207 static ISI channel.

3.8.3 Simulation Results with Rayleigh Fading Cost-207 Channel

The simulations with the same parameters as in the ones made with the static ISI

COST-207 channel are performed when Rayleigh fading is present in the COST-207

channel. Simulation results for RRC, RC pulses with roll-off factor 0.1 and Dirichlet

pulses are presented in Figures 3.16-3.18.
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Figure 3.16: SER vs. SNR for OFDM, GFDM or WCP-COQAM with Dirichlet pulse
under different CFO values in COST-207 Rayleigh fading channel
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Figure 3.17: SER vs. SNR for OFDM, GFDM or WCP-COQAM with RRC pulse
with roll-off factor 0.1 under different CFO values in COST-207 Rayleigh fading
channel
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Figure 3.18: SER vs. SNR for OFDM, GFDM or WCP-COQAM with RC pulse with
roll-off factor 0.1 under different CFO values in COST-207 Rayleigh fading channel
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As can be observed from the above figures, an error floor is observed for high SNR

levels owing to the interference created due to CFO. Such an error floor was not ob-

served in AWGN or in the static ISI COST-207 channel, since SNR values that are

considered was not as high as the SNR values used in the Rayleigh fading simula-

tions. The reason for the use of high SNRs in Rayleigh fading channel is to observe

SER values down to 10´4. Such high SNR values are needed because of the severe

performance loss owing to Rayleigh fading. An important observation may be that

the diversity order observed when CFO=0 is about 1. This is expected since no di-

versity is gained via any method such as coding, frequency hopping or maximal ratio

combining, etc.

The most important observation is that OFDM has better performance in any config-

uration that is examined under CFO. Therefore, it has been observed that the SER

vs. SNR performance of OFDM under CFO cannot be surpassed by GFDM or WCP-

COQAM with the pulse shapes that is used (RC,RRC pulses with roll-off 0.1 or 0.3

or Dirichlet pulse) or in the considered channels (AWGN, Static ISI or Rayleigh fad-

ing COST-207 channels). Therefore, by resorting to more advanced pulse shaping

methods, which will be detailed in Chapter 4, the effort in the following chapter is

to have better SER vs. SNR performance under CFO for GFDM and WCP-COQAM

than OFDM.
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CHAPTER 4

PULSE SHAPING IN FBMC

4.1 Ambiguity Function and Orthogonality Conditions

In this section, we will concentrate more on the orthogonality between time symbols

and subcarriers in a transmitted signal with FBMC. A general representation of an

FBMC signal with K subcarriers can be given as follows.

xptq “
K
ÿ

k“0

xkptq (4.1)

where

xkptq “
ÿ

m

dk,mppt ´ mT qgkptq (4.2)

and

gkptq “ e´j2πtfk . (4.3)

In (4.2), pptq corresponds to the pulse shaping filter’s impulse response and dk,m cor-

responds to the data symbol transmitted at the kth subcarrier and themth time interval.

The complex exponential gkptq serves to shift the subcarriers to their corresponding

frequency positions and f 1
ks are the center frequencies of the subcarriers. T is the

symbol duration. Let also pkptq be defined as

pkptq “ pptqgkptq. (4.4)

At the receiver side, if it is desired that no ICI or ISI exists between the time symbols

and subcarriers, the condition in (4.5) should hold.
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xplpt´ nT q, pkpt´ mT qy “ δlkδnm (4.5)

where

xplpt ´ nT q, pkpt´ mT qy “
ż 8

´8

plpt ´ nT qp˚
kpt´ mT qdt. (4.6)

In (4.5), δlk is the Kronecker delta function which can be expressed as

δlk “

$

’

&

’

%

1, if l “ k

0, otherwise.
(4.7)

Considering (4.5), (4.6) and (4.7) it can be stated that if (4.5) is satisfied the pulse

shape that is used will create zero ISI and ICI at the receiver. This holds when the

receiver is of a matched filter type since the inner product operation given in (4.6) will

resemble an MF filtering operation. In fact, throughout this chapter, all orthogonality

conditions are defined for the MF receiver type. Here, the orthogonality constraint in

(4.5) will be related to a commonly used function called the ambiguity function.

4.1.1 Ambiguity Function

The ambiguity function of a pulse shaping function pptq can be defined as [32]

Ψppτ, vq “
ż 8

´8

pptqp˚pt´ τqe´j2πvtdt (4.8)

where τ corresponds to the time-delay between the correlated functions and v is the

frequency shift. Recalling (4.6), and replacing fk “ kF in (4.3) and (4.4), the inner

product in (4.6) can be expressed as

xplpt´ ntq, pkpt´ mT qy “
ż 8

´8

ppt´ nT qe´j2πlF tp˚pt´ mT qej2πkF tdt. (4.9)

Comparing (4.8) and (4.9), it can be seen that

xplpt´ ntq, pkpt´ mT qy “ Ψp ppm´ nqT, pl ´ kqF q . (4.10)
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Since the ambiguity function and the inner product expressed in (4.9) are related as

in (4.10), the orthogonality constraint given in (4.5) is equivalent to

Ψp ppm´ nqT, pl ´ kqF q “

$

’

&

’

%

1, if m “ n, l “ k

0, otherwise
(4.11)

which can also be expressed as

ΨppmT, kF q “

$

’

&

’

%

1, if m “ k “ 0

0, otherwise.
(4.12)

Note that when k=0,

Ψppτ, 0q “
ż 8

´8

pptqp˚pt´ τqdt, (4.13)

which corresponds to the case for which the symbols are transmitted on the same

subcarrier. In this case, the symbols can only be differentiated with their transmission

time delays. This time delay is represented as τ in (4.13). When the correlator outputs

are sampled at a sampling period of T in an MF receiver, τ “ nT . This means that

the orthogonality constraint given in (4.13) corresponds to the Nyquist criterion for

zero ISI. Therefore, one of the possible pulse shape designs is the square-root-raised

cosine (RRC) pulse. It satisfies the Nyquist constraint for zero ISI [33]. However, it

has some disadvantages. First, denoting the spacing between the subcarriers as F , if

F “ 1

T
, where T is the sampling duration, any RRC pulse with roll-off factor greater

than zero will violate the orthogonality constraint in (4.12) due to the created ICI

between the subcarriers. Furthermore, any increase in the roll-off factor will result

in a higher ICI, which is not desired. To preserve orthogonality, a possible approach

can be increasing the subcarrier spacing proportional to the roll-off factor as in the

following equation.

F “ 1 ` α

T
. (4.14)

In this case, lattice symbol density, which is defined as the number of symbols per

unit area, η, can be calculated as

η “ 1

TF
“ 1

1 ` α
ď 1. (4.15)
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Considering (4.15), increasing roll-off factor decreases the lattice symbol density,

which reduces the overall spectral efficiency. Instead of using RRC pulses with high

roll-off factors, using RRC pulses with low roll-off factors also have some disadvan-

tages [5]. These are

‚ A small roll-off factor results in a slowly decaying time-domain pulse. This

causes high complexity for the receive and transmit filters, which will have

long impulse responses.

‚ If there is any timing offset at the sampler at the receiver side, this will cause

high ISI. Therefore, the communication system will have high sensitivity to

timing offset at the receiver.

‚ Since the pulse have long duration, in terms of ISI, it will be more sensitive

to time variation in the channel. This results from the fact that if the channel

changes much from symbol to symbol, the pulses corresponding to different

symbols will be multiplied by a different channel factor, which in turn creates

ISI.

Therefore, taking into account the abovementioned disadvantages of having either

small or large roll-off factor for the RRC pulses, the pulse design is carried out with

some more advanced methods.

4.1.2 Advanced Pulse Shape Design Methods

The disadvantages of RRC pulses that are discussed in the previous section leads a

pulse shape designer to opt for more advanced pulse shaping methods. It is important

to note that the purpose is to find pulses that has immunity to ISI, which is caused

by the multipath effect in the transmission channel that causes time dispersion or

by any timing offset at the sampler at the receiver. Moreover, the designed pulses

should also have immunity to ICI, which is created by the Doppler effects in the

channel [34], which corresponds the frequency dispersion of the channel or by the

lack of frequency synchronization between the transmitter and receiver (due to any
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CFO at the receiver). To combat ISI and ICI, it is crucial to use pulse shapes that

has good time and frequency localization (TFL) [35]. In order to explain TFL, it will

be useful to define some quantities related to the designed pulse shaping function.

Firstly, the time dispersion of a pulse, pptq, can be defined as

γt “
d

ż 8

´8

t2|pptq|2dt. (4.16)

Furthermore, the frequency dispersion of a pulse can be given as

γf “
d

ż 8

´8

f 2|P pfq|2df (4.17)

where P pfq “ F tpptqu. In order to have pulses that have minimum TFL, we should

minimize γtγf . However, the Heisenberg-Gabor Uncertainity Principle (HGUP) gives

a lower bound for the TFL of the pulse [36]

γtγf ě 1

4π
. (4.18)

The above bound is a tight bound. In fact, it becomes an equality if and only if pptq
is a Gaussian pulse [37]. The expression for a Gaussian pulse is

pGaussianptq “
?
π

α
e´π2t

α2 (4.19)

where α is related to the spread of the Gaussian pulse in time domain. Although the

minimum value for the TFL is reached when pptq is a Gaussian pulse, the orthogo-

nality conditions in (4.12) is not satisfied with a Gaussian pulse. In order to design

pulse shapes satisfying both minimum TFL, or the Heisenberg-Gabor uncertainity

lower bound and the orthogonality conditions, there are many different methods in

the literature [38], [39], [40]. Amongst these, isotropic orthogonal transform algor-

tihm (IOTA) is one of the most popular methods. In this algorithm, an initial pulse is

selected to be a Gaussian pulse, and it is converted such that it has nulls in the ambi-

guity function ψpτ, vq at every τ “ LτO and v “ L1vO, where L and L1 are integers.

This conversion can be expressed as

pNptq “ F
´1OτOFOvOpGaussianptq. (4.20)
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Here OτO and OvO are orthogonalization operators. If yptq “ Obxptq, orthogonal-

ization operator Ob yields yptq as follows.

yptq “ xptq
b

1

b

ř8
n“´8 |xpt ´ n{bq|2

. (4.21)

Starting with a Gaussian pulse, which satisfies the minimum value of TFL that can be

achieved according to the HGUP, and applying such an orthogonalization operation,

which is defined in (4.20) and (4.21), a pulse both satisfying minimum TFL and the

orthogonality conditions in (4.12) can be obtained. The resulting pulse is expected

to suffer less from ISI and ICI, compared to other pulses that do not have minimum

TFL.

4.2 Orthogonality Conditions in OQAM-OFDM

In this section, the orthogonality conditions will be given in a more detailed fashion

for OQAM-OFDM. Following that, these conditions will be generalized for WCP-

COQAM modulation, which was stated to be an extension of GFDM.

OQAM-OFDM is a type of modulation that has some differences from OFDM. OFDM

has a block structure that is composed of a cyclic prefix (CP) and an OFDM symbol.

This block with CP has a special structure that enables single tap equalization on the

receiver side with a simple DFT operation, as explained in detail in Chapter 2. It is

also referred to as CP-OFDM in the literature. However, OFDM has a rectangular

pulse shape, which has poor decaying property in frequency domain, which report-

edly creates high distortion due to CFO at the receiver or frequency dispersion caused

by the transmission channel [3], [4], [5] and high OOB radiation [5], [7]. Hence, pulse

shaping is applied in order to improve such fallbacks of OFDM. OQAM/OFDM is

one example for such modulation types with a pulse shaping flexibility. It also does

not have any block structure with a CP.

The similarity between CP-OFDM and OQAM/OFDM is that there is no interference

between the subcarriers (no ICI) and between the OFDM symbols (ISI), that is, the

subcarriers and OFDM symbols are orthogonal when there is no frequency or time

dispersion due to transmission channel or no timing and frequency synchoronization
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errors between the receiver and the transmitter. The orthogonality is also satisfied in

OFDM/OQAM with a pulse shape different than the rectangular pulse thanks to the

OQAM type modulation. If OQAM modulation is not used, it is not possible to use

a pulse with good time-frequency localization with a lattice density of 1 according to

the Balian-Low theorem.

The discrete OQAM-OFDM modulated signal can be obtained from (4.1). Letting

t “ nT in (4.1), where T is the sampling period and xkrns “ xkpnT q, and consid-

ering the phase difference between the complex and real parts of the transmitted data

symbols in OQAM modulation, one can obtain the OQAM-OFDM modulated signal,

namely xOOM rns as

xOOM rns “
K´1
ÿ

k“0

xkrns “
K´1
ÿ

k“0

$

&

%

8
ÿ

m“´8

dℜk,mprn´ mKsgkrns

`
8
ÿ

m“´8

jdℑk,mprn` K{2 ´ mKsgkrns

,

.

-

.

(4.22)

Here gkrns is equal to gkpnT q in (4.3), only with a difference due to a phase term,

β “ e´jπ α
K . In this case,

gkrns “ βgkpnT q “ βe´j2πnTfk “ e´j2π k
K

pn´α{2q. (4.23)

The significance of the phase term β will become clear in the following parts. The

block diagram for the construction of the transmitted signal, xOOM rns, and the OQAM-

OFDM MF receiver is presented in Figure 4.1 (a) and 4.1 (b), respectively. [3].

In Figure 4.1, if there is no ISI or ICI, dk,m “ d̃k,m. In this case, the value of the

recovered symbol at the kth subcarrier and mth symbol interval, should only depend

on the transmitted constellation symbol at the kth subcarrier and mth symbol interval.

The effect of the symbol transmitted at the pk ` vqth subcarrier and mth symbol

interval on the received symbol at the kth subcarrier and mth symbol interval (This

effect should be zero in order to have zero ICI) is also depicted as a block diagram as

in Figure 4.2 [3]. For zero ISI and ICI, the conditions given in (4.24)-(4.27) should

be satisfied [3].
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Figure 4.1: Block diagram for OQAM-OFDM transreceiver

Figure 4.2: The interference path from k ` vth subcarrier on the estimate of kth

subcarrier at the same time slot
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ℜ
 

prn´ mKsej2π v
K

pn´α{2q
(

˚ p̃rns
ˇ

ˇ

n“0
“ δrmsδrvs, (4.24)

ℑ
 

jprn` K{2 ´ mKsej2π v
K

pn´α{2q
(

˚ p̃rn´ K{2s
ˇ

ˇ

n“0
“ δrmsδrvs, (4.25)

ℜ
 

jprn` K{2 ´ mKsej2π v
K

pn´α{2q
(

˚ p̃rns
ˇ

ˇ

n“0
“ 0, (4.26)

ℑ
 

prn´ mKsej2π v
K

pn´α{2q
(

˚ p̃rn´ K{2s
ˇ

ˇ

n“0
“ 0. (4.27)

The above equations (4.24)-(4.27) imply zero ICI when v ‰ 0. In terms of ISI, (4.24)

and (4.25) is satisfied only when there is no ISI for dℜk,m or dℑk,m. In addition, (4.26)

and (4.27) ensures that no interference exists between the real and imaginary parts of

dk,m.

In [3], it has also been proved that (4.26) and (4.27) are equivalent and they are

satisfied if prns is an even symmetric function such that

prns “ prp2b` 1qK
2

` α ´ ns (4.28)

where b P Z and α P r0, K ´ 1s. Here α and b can be adjusted according to the

designed FIR filter length. If the filter length is denoted as Lp, the α parameter should

be selected as α “ Lp ` K
2

´ 1 mod K. When the filter length is an integer multiple

of the number of subcarriers, K, that is Lp “ G ¨ K, where G P Z, α “ K
2

´ 1.

Therefore, when constructing the transmitted signal xOOM rns, the selection of the

value of α is important to have orthogonality with the designed pulse.

Now that (4.26)-(4.27) are satisfied when the designed pulse satisfies (4.28), the re-

maining conditions for orthogonality, (4.24)-(4.25) should also hold. In [3], the equiv-

alence of (4.24)-(4.25) is also shown and they have been proven to be satisfied if the

following equality holds.

1

2
xp, p´v,my ` 1

2
xp, pv,my “ δrmsδrvs (4.29)

where

pv,m “ prn´ mKsej2πR
2
vpn´α{2q. (4.30)

Here, δrms is the Kronecker delta function and xc, dy “ ř8
n“´8 crnsd˚rns corre-

sponds to the inner product of the sequences crns and drns. In [3], the condition in

(4.29) is written using discrete-time Zak transform (DZT).
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4.2.1 Orthogonality Expressions using DZT

DZT of a sequence crns is defined as [41], [42],

Zppn, θq “
8
ÿ

m“´8

p

„

n ` m
K

2



e´j2πmθ (4.31)

with an inverse transform given as

prns “
ż

1

0

Zppn, θqdθ. (4.32)

In [3], it has been proved that starting with an even symmetric pulse prns satisfying

(4.28), the discrete Zak transform of an orthogonal pulse p0rns satisfying (4.28) and

(4.29), thus all of the orthogonality conditions, which are (4.24)-(4.27), can be found

as

Zp0pn, θq “ 2Zppn, θq
b

K|Zppn, θq|2 ` K|Zppn, θ ´ 1

2
q|2
. (4.33)

If Zp0 is found, p0rns can be obtained by taking inverse DZT. Therefore, the design

procedure is simply taking the DZT of an initial pulse prns satisfying the symmetry

condition in (4.28) and finding Zp0pn, θq using (4.33) and taking the inverse DZT to

obtain the orthogonal pulse p0rns. However, an even simpler implementation of this

design procedure is to use FFT or IFFT to take DZTs or inverse DZTs, respectively.

4.2.2 Implementation of the Algorithm Using FFT

The DZT expression given in (4.31) can also be evaluated at discrete frequencies as

[41]

Zprn, vs “
G´1
ÿ

m“0

p

„

n ` m
K

2



e´j2πpv{Gqm (4.34)

where n “ 0, 1, . . . ,
K

2
´ 1, v “ 0, 1, . . . , G ´ 1. Here the length of the initial filter

prns should satisfy Lp “ K

2
G, that is Lp should be an integer multiple of K{2.

Therefore,G “ 2Lp

K
. It can also be seen that Zprn, vs can be evaluated by taking the

FFTs of the columns of the following G ˆ K

2
matrix P
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P “

»

—

—

—

—

—

—

—

—

—

—

–

pr0s pr1s . . . prK{2 ´ 1s

prK{2s prK{2 ` 1s . . . prK ´ 1s

prKs prK ` 1s . . . pr3K{2 ´ 1s
...

...
...

prLp ´ K{2s prLp ´ K{2 ` 1s . . . prLp ´ 1s

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

. (4.35)

Using this observation, the design procedure to obtain an orthogonal pulse is as fol-

lows.

‚ Choose an even symmetric initial filter, prns, satisfying (4.28).

‚ Zero-padding can be done on prns while (4.28) is still satisfied. After zero-

padding, the length of the initial filter must be an integer multiple of the half of

the number of subcarriers that will be used. That is Lp “ K

2
G.

‚ Compute DZT of the orthogonal filter p0rns according to (4.36). Zppn, vq can

be found by taking the FFTs of the columns of the matrix P in (4.35).

Zp0pn, vq “ 2Zppn, vq
b

K|Zppn, vq|2 ` K|Zppn, v ´ G
2

q|2
(4.36)

‚ Compute the inverse DZT of Zp0rn, vs. This corresponds to taking the inverse

FFTs of the columns of the matrix Zp0rn, vs.

Starting with an initial pulse, prns, orthogonal pulses that satisfy (4.24)-(4.27) can be

created following the above-mentioned steps.

4.3 Equivalence of Orthogonalization of Pulses Using Discrete Zak Transform

and Isotropic Orthogonal Transform Algorithm

Now that the two algorithms that yield orthogonal pulses, namely the Isotropic Or-

thogonal Transform Algorithm (IOTA) and orthogonalization using discrete time Zak

Transform, are explained in detail, the relation between the two algortihms worth dis-

cussing. In fact, the equivalence of the two algorithms are proved in [43], when a

Gaussian pulse is used as an initial pulse in the algorithm that employs discrete Zak
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transform. Therefore, in order to form an orthogonal pulse in time and in frequency,

which have minimum TFL, the application of the orthogonalization algorithm that

resorts to discrete Zak transform on a Gaussian pulse will be equivalent to applica-

tion of IOTA on a Gaussian pulse. Owing to the simplicity of the orthogonaliza-

tion algorithm based on discrete Zak transform with simple fft and ifft operations,

we have employed this algorithm instead of IOTA to obtain orthogonal pulses to be

used with WCP-COQAM. However, for the discrete case, there is no proof that the

abovementioned algorithm will yield the same orthogonal pulse as IOTA will give.

Therefore, starting with an initial Gaussian function, after the application of discrete

Zak Transform, the resulting pulse that are used in the simulations in this chapter is

checked whether it satisfies the criteria given in [3] to have minimum time frequency

localization. Furthermore, the pulses obtained after the discrete Zak Transform based

algorithm will be referred to as DZAK pulse.

4.4 Orthogonality Conditions for WCP-COQAM

In this section, the orthogonality conditions for WCP-COQAM for MF receiver will

be analyzed. To begin with, consider the transmitted signal with WCP-COQAM,

xWCP´COQAMrns “
K´1
ÿ

k“0

$

&

%

M´1
ÿ

m“0

dℜk,mgkrnsprpn´ mKqN s

`
M´1
ÿ

m“0

jdℑk,mgkrnsprpn` K{2 ´ mKqN s

,

.

-

.

(4.37)
Considering the MF receiver which corresponds to taking the real part of the multipli-

cation of the received and equalized vector yeq by AH , the zero ISI and ICI conditions

for WCP-COQAM can be written as follows.

N´1
ÿ

n“0

ℜ
 

prpn´ mKqN sej2π v
K

pn´α{2qp˚rns
(

“ δrpmqM sδrvs, (4.38)

N´1
ÿ

n“0

ℜ
 

prpn` K{2 ´ mKqN sej2π v
K

pn´α{2qp˚rpn` K{2qN s
(

“ δrpmqM sδrvs,

(4.39)
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N´1
ÿ

n“0

ℜ
 

jprpn` K{2 ´ mKqN sej2π v
K

pn´α{2qp˚rns
(

“ 0, (4.40)

N´1
ÿ

n“0

ℜ
 

prpn´ mKqN sej2π v
K

pn´α{2qjp˚rpn` K{2qN s
(

“ 0. (4.41)

In (4.38)-(4.41), N “ M ¨ K, where K is the number of subcarriers and M is the

number of WCP-COQAM symbols in a WCP-COQAM frame. Note also that by

definition δrpmqM s is equal to 1 when m is equal to integer multiples of M and it

is equal to zero otherwise. If (4.38)-(4.41) are satisfied when v ‰ 0, there will be

no ICI between the pk ` vqth subcarrier and the kth subcarrier. Therefore, the above

equations implies zero ICI when v ‰ 0. On the other hand, when v “ 0, (4.38)-(4.39)

ensures no ISI for dℜk,m or dℑk,m, that is there is no ISI between real or imaginary

parts of the symbols that are transmitted at the same subcarrier, but at different WCP-

COQAM symbols. Moreover, when v “ 0, (4.40)-(4.41) guarantee that there is no

interference between the real and imaginary parts of dk,l transmitted either at the same

WCP-COQAM symbol or at different WCP-COQAM symbols.

4.4.1 Relation Between the Orthogonality Conditions of OQAM/OFDM and

WCP-COQAM

In this section, it will be shown that the orthogonality conditions which are found

for OQAM-OFDM in (4.24)-(4.27) imply the conditions for orthogonality in WCP-

COQAM, given in (4.38)-(4.41). Therefore, if there is such an implication, the or-

thogonal pulses that are designed for OQAM-OFDM by using the discrete Zak trans-

form based algorithm, can also be used for WCP-COQAM as orthogonal pulses.

Theorem: If a pulse shape prns satisfies the orthogonality conditions defined for

OQAM-OFDM, which are (4.24)-(4.27), it will also satisfy the orthogonality condi-

tions for WCP-COQAM, given in (4.38)-(4.41).

Proof: Define sβ,γrm, vs such that

sβ,γrm, vs “
N´1
ÿ

n“0

prpn´ mK ` βqNsgvrnsp˚rpn` γqN s (4.42)
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where gvrns “ ej2π
v
K

pn´α{2q. Assume that m P t1, 2, ¨ ¨ ¨ ,Mu. Moreover, also as-

sume that β is either equal to zero or K{2. Towards the end of the proof, the reason

for such assumptions will be clear. With these assumptions, ´MK ď β ´ mK ď 0.

In this case, the term prpn´ mK ` βqN s in (4.42) can also be expressed as follows.

prpn´mK ` βqN s “

$

’

&

’

%

prn` pM ´ mqK ` βs, when 0 ď n ď mK ´ β ´ 1

prn´ mK ` βs, when mK ´ β ď n ď MK ´ 1

(4.43)

where M is the number of WCP-COQAM symbols in a WCP-COQAM frame and

K is the number of subcarriers. Note also that N “ MK. Moreover, also assume

that γ is equal to zero or K{2. This will bring about prpn ` γqN s being expressed as

follows.

prpn` γqN s “

$

’

&

’

%

prn` γs, when 0 ď n ď MK ´ γ ´ 1

prn´ MK ` γs, when MK ´ γ ď n ď MK ´ 1.

(4.44)

Using (4.43) and (4.44), and also assuming MK ´ γ ´ 1 ě mK ´ β ´ 1, (4.42) can

be rewritten as

sβ,γrm, vs “
mK´β´1
ÿ

n“0

prn` pM ´ mqK ` βsgvrnsp˚rn` γs

`
MK´γ´1

ÿ

n“mK´β

prn´ mK ` βsgvrnsp˚rn` γs

`
MK´1
ÿ

n“MK´γ

prn´ mK ` βsgvrnsp˚rn´ MK ` γs.

(4.45)

Changing the summation limits for the third summation term in (4.45), one can get

sβ,γrm, vs “
mK´β´1
ÿ

n“0

prn` pM ´ mqK ` βsgvrnsp˚rn` γs

`
MK´γ´1

ÿ

n“mK´β

prn´ mK ` βsgvrnsp˚rn` γs

`
´1
ÿ

n“´γ

prn` pM ´ mqK ` βsgvrnsp˚rn` γs.

(4.46)

since gvrns “ gvrn ` MKs. Note that in (4.46), the first and the third summation

terms can be combined to obtain
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sβ,γrm, vs “
mK´β´1
ÿ

n“´γ

prn` pM ´ mqK ` βsgvrnsp˚rn` γs

`
MK´γ´1

ÿ

n“mK´β

prn´ mK ` βsgvrnsp˚rn` γs.
(4.47)

Moreover, the two summation terms in (4.47) can also be written as follows.

mK´β´1
ÿ

n“´γ

prn` pM ´ mqK ` βsgvrnsp˚rn` γs

“ prn` pM ´ mqK ` βsgvrns ˚ p̃rn´ γs
∣

∣

∣

n“0

MK´γ´1
ÿ

n“mK´β

prn´ mK ` βsgvrnsp˚rn` γs

“ prn´ mK ` βsgvrns ˚ p̃rn´ γs
ˇ

ˇ

ˇ

n“0

(4.48)

where ˚ is the convolution operator and p̃rns “ p˚r´ns. Using (4.47) and (4.48),

(4.42) can also be written as

sβ,γrm, vs “ prn` pM ´ mqK ` βsgvrns ˚ p̃rn´ γs
∣

∣

∣

n“0

` prn´ mK ` βsgvrns ˚ p̃rn´ γs
ˇ

ˇ

ˇ

n“0

.

(4.49)
Moreover, considering (4.42) orthogonality conditions for WCP-COQAM, which are

(4.38)-(4.41), can be written in terms of sβ,γrm, vs as follows.

ℜ tsβ“0,γ“0rm, vsu “ δrpmqM sδrvs, (4.50)

ℑ
 

jsβ“K{2,γ“K{2rm, vs
(

“ δrpmqM sδrvs, (4.51)

ℜ
 

jsβ“K{2,γ“0rm, vs
(

“ 0, (4.52)

ℑ
 

sβ“0,γ“K{2rm, vs
(

“ 0. (4.53)

Replacing sβ,γ in (4.50)-(4.53) using (4.49), and since gvrns “ ej2π
v
K

pn´α{2q, one can

get

ℜtprn ` pM ´ mqKsej2π v
K

pn´α{2q
˚ p̃rns

ˇ

ˇ

ˇ

n“0

u

` ℜtprn´ mKsej2π v
K

pn´α{2q
˚ p̃rns

ˇ

ˇ

ˇ

n“0

u “ δrpmqM sδrvs,

(4.54)
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ℑtjprn` pM ´ mqK ` K{2sej2π v
K

pn´α{2q
˚ p̃rn´ K{2s

ˇ

ˇ

ˇ

n“0

u

` ℑtjprn´ mK ` K{2sej2π v
K

pn´α{2q
˚ p̃rn´ K{2s

ˇ

ˇ

ˇ

n“0

u “ δrpmqM sδrvs,

(4.55)

ℜtjprn ` pM ´ mqK`K{2sej2π v
K

pn´α{2q
˚ p̃rns

ˇ

ˇ

ˇ

n“0

u

` ℜtjprn´ mK ` K{2sej2π v
K

pn´α{2q
˚ p̃rns

ˇ

ˇ

ˇ

n“0

u “ 0,

(4.56)

ℑtprn` pM ´ mqKsej2π v
K

pn´α{2q
˚ p̃rn´ K{2s

ˇ

ˇ

ˇ

n“0

u

` ℑtprn´ mKsej2π v
K

pn´α{2q
˚ p̃rn´ K{2s

ˇ

ˇ

ˇ

n“0

u “ 0.

(4.57)

Consider the case m P t1, 2, ¨ ¨ ¨ ,M ´ 1,Mu. For these values of m, the assumed

conditions MK ´ γ ´ 1 ě mK ´ β ´ 1 and ´MK ď β ´ mK ď 0 in the proof

hold when β “ γ “ 0 or β “ γ “ K{2 or pβ, γq “ pK{2, 0q, which corresponds

to the cases in (4.50), (4.51) and (4.52). Therefore, it is valid that (4.50), (4.51),

(4.52) are equivalent to (4.54), (4.55), (4.56), respectively. For these values of m,

(4.24) implies (4.54) when prns is real valued. Similarly, for the same m values,

when prns is real valued, (4.55) and (4.56) are also satisfied by (4.25) and (4.26),

respectively. Note also that, if the orthogonality conditions in (4.50)-(4.52) hold for

m “ 1, 2, ¨ ¨ ¨ ,M ´ 1,M , they will also hold for any possible value of m, since

sβ,γrm, vs “ sβ,γrm` PM, vs for any integer P value.

The remaining case in the proof is the satisfaction of (4.53). In (4.53), note that

β “ 0, γ “ K{2. For these values, choose another set for the possible values of m

as t0, 1, 2, ¨ ¨ ¨ ,M ´ 1u. For these values of m, β, γ, the assumed conditions in the

proof MK ´ γ ´ 1 ě mK ´ β ´ 1 and ´MK ď β ´ mK ď 0 holds. Therefore,

(4.53) is equivalent to (4.57). Since (4.57) is also satisfied by (4.27) when prns is real,

the proof is ended.

4.5 Simulation Results

In this section, simulation results will be given when discrete Zak transform based

algorithm is applied to an initial Gaussian pulse and the resulting orthogonal pulse is
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used for WCP-COQAM. In this section, the orthogonalized Gaussian pulse is simply

referred to as the Gaussian pulse. Simulation parameters are the same as that in

Section 3.8, which are given in Table 3.1, except that the pulse shape that is used

is an orthogonalized Gaussian pulse for WCP-COQAM, instead of the commonly

used pulse shapes such as RC or RRC pulses. For the Gaussian pulse, the parameter

α, given in (4.19), which determines the dispersion of the Gaussian pulse in time

domain, is selected as either 0.1 or 0.3. Error rate performances of OFDM and WCP-

COQAM will be compared under CFO. The channel types that are used are AWGN,

static ISI Cost-207, and Rayleigh fading COST-207, as in Section 3.8.

4.5.1 Simulation Results in AWGN

In AWGN, SER curves of OFDM and WCP-COQAM with Gaussian pulse under

CFO are given in Figure 4.3 and Figure 4.4, for the α parameter of the Gaussian

pulse being equal to 0.1 and 0.3, respectively.
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Figure 4.3: SER v.s SNR for OFDM and WCP-COQAM with the Gaussian pulse
(with α “ 0.1) under different CFO values in AWGN
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Figure 4.4: SER vs. SNR for OFDM and WCP-COQAM with the Gaussian pulse
(with α “ 0.3) under different CFO values in AWGN

As can be seen in Figures 4.3 and 4.4, the theoretical OFDM curve is plotted ac-

cording to (3.12). Note from the figures that, WCP-COQAM performs the same as

OFDM when there is no CFO. This is owing to the fact that the Gaussian pulse is

orthogonalized in time and frequency to yield zero ISI and ICI as OFDM when there

is no CFO. However, for non-zero CFO, WCP-COQAM do not perform any better

than OFDM for any CFO value and for any of the simulated α values, which are

0.1 and 0.3 for the Gaussian pulse, in AWGN. Therefore, in search for a case for

which WCP-COQAM performs better than OFDM, the simulations continue under

COST-207 Static ISI channel.

4.5.2 Simulation Results under Static ISI COST-207 Channel

Similar simulations performed under AWGN are also conducted under static ISI Hilly

Terrain COST-207 channel. The simulation parameters are the same as that used for

AWGN channel. Note that the effect of non-ideal channel estimation is not reflected

to the simulation results, that is, the channel is perfectly known at the receiver and

equalization is performed as a single tap-equalization at the receiver side, which is
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the very simple equalization method for both OFDM and WCP-COQAM. The SER

curves for OFDM and WCP-COQAM under static ISI COST-207 channel for differ-

ent CFO values are given in Figures 4.5 and 4.6. Figure 4.5 is for the Gaussian pulse

with α “ 0.1 and Figure 4.6 uses the Gaussian pulse with α “ 0.3.
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Figure 4.5: SER vs. SNR for OFDM and WCP-COQAM with the Gaussian pulse
(with α “ 0.1) under different CFO values in Static ISI COST-207 Channel

As can be observed from Figures 4.5 and 4.6, despite OFDM and WCP-COQAM

shows similar performance when there is no CFO, for non-zero CFO, OFDM per-

forms better than WCP-COQAM, which points out a better CFO immunity for OFDM

also for Static ISI COST-207 channel.

4.5.3 Simulation Results under Rayleigh Fading COST-207 Channel

In this section, the error rate performances of OFDM and WCP-COQAM will be

compared when Rayleigh fading is present in the Hilly Terrain COST-207 channel.

Figures 4.7 and 4.8 show the SER curves for OFDM and WCP-COQAM with Gaus-

sian pulse with α “ 0.1 and α “ 0.3, respectively.
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Figure 4.6: SER vs. SNR for OFDM and WCP-COQAM with the Gaussian pulse
(with α “ 0.3) under different CFO values in Static ISI COST-207 Channel
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Figure 4.7: SER vs. SNR for OFDM and WCP-COQAM with the Gaussian pulse
(with α “ 0.1) under different CFO values in Rayleigh fading COST-207 channel
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Figure 4.8: SER vs. SNR for OFDM and WCP-COQAM with the Gaussian pulse
(with α “ 0.3) under different CFO values in Rayleigh fading COST-207 channel

As can be seen from Figures 4.7 and 4.8, for non-zero CFO, an error floor is observed

at high SNR levels. This is owing to the interference created by CFO. Such an error

floor was not observed in the simulations performed under AWGN or COST-207

static ISI channel since such high SNR values are not simulated for these channels.

The reason for experimenting on SNR values as high as 40dB under Rayleigh fading

COST-207 channel is to be able to observe SER values down to 10´4, since Rayleigh

fading causes a significant error rate performance loss.

A similar observation under Rayleigh fading COST-207 channel is that OFDM per-

forms better than WCP-COQAM with the Gaussian pulse with α “ 0.1 or α “ 0.3 for

any CFO value. In fact, for the highest CFO value in the simulations, the performance

loss for WCP-COQAM is very severe compared to OFDM. Therefore, considering all

of the simulations that are presented, using discrete Zak transform based methods to

obtain minimum time frequency localization pulses in WCP-COQAM exploiting its

pulse-shaping flexibility to obtain a better CFO immunity than OFDM seems to be

ineffective for the observed cases in this chapter.
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CHAPTER 5

OUT-OF-BAND RADIATION COMPARISONS

5.1 Various Aspects of Out-of-Band (OOB) Emission Levels

Cognitive radio (CR) based applications [44], [45] have been gaining importance and

they are considered to be used in future communication standards in 5G and after. CR

is composed of three main components: spectrum sensing, dynamic spectrum access,

adaptive transmission. Spectrum sensing refers to the communication phase in which

the users listen to the channel in order to find any unused frequency gaps that they

may utilize. Dynamic spectrum management phase takes place after spectrum sens-

ing. In this phase, selection amongst the detected spectrum gaps is planned. Adaptive

transmission in the context of CR refers to the adaptation of the communication pa-

rameters (such as communication bandwidth, transmission power etc.) according to

the changing state of the spectrum that is considered.

CR is important since static allocation of the time and frequency resources corre-

sponds to very low levels of utilization. The recent study by Federal Communications

Commission (FCC) has stated that the utilization of the allocated spectrum is only

30% in US. Moreover, spectrum occupancy varies from milliseconds to hours [46].

Therefore, proper use of the frequency and time resources with CR based techniques

increases the spectral efficiencies drastically. This will be important for the satisfac-

tion of the expected requirements of the 5G systems to provide 1000 times more bit

rate [47].

Although CR based techniques are considered for the next generation mobile systems,

they have already appeared in the currently available standards. IEEE 802.22 [48] is
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the first global wireless communication standard that incorporates CR based appli-

cations. Moreover, IEEE 802.16 e/h/m gives possible cognitive radio applications

which are compatible with the existing 4G systems [49].

To be able to employ CR based techniques, the users should not radiate much power

out of the frequency bandwidth allocated to them. That is, their out-of-band (OOB)

radiation should be small enough, in order not to interfere much with the possible

users whose neighboring frequency bands can be used opportunistically. The out-of-

band radiation of a transmitter, if denoted by OOB, can be calculated as,

OOB “ Ptotal ´
ż fc`W {2

fc´W {2

Xpfqdf (5.1)

where Ptotal is the total transmitted power of the user, fc is the carrier frequency, W

is the transmission bandwidth and Xpfq is power spectral density of the transmitted

signal.

Reduced OOB emission has many advantages. First, if OOB radiation of a specific

user is low, it will concentrate most of its transmitted power in its transmission BW,

which will result in high SNR at the receiver side, which increases the capacity of

the transmission channel. However, if there is a power leakage to outside the trans-

mission BW, owing to the fact that intermediate frequency (IF) filter will only pass

the transmission BW, there will be an SNR loss at the receiver, which will result in

a capacity loss. Furthermore, for high valued OOB emissions, there will also be an

increased distortion at the receiver side apart from the effect of lower SNR values,

since IF filter will suppress the signal components out of the transmission BW.

The more pronounced advantage of low OOB radiation is that the interference be-

tween the neighboring users in the frequency spectrum is decreased. Since the fre-

quency spectrum is allocated to different users, these users should not interfere much

with the neighbouring ones, which is only possible with controlled amount of OOB

emissions.

All in all, considering the aforementioned advantages of CR based techniques, whose

application may strongly depend on limited values of OOB radiation, and direct ad-

vantages of controlled levels of OOB emissions, it is desirable to limit the OOB ra-

diation levels of the transmitter in a single or multi-user communication scenario. In
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Spectrum emission limit (dBm)/Channel bandwidth

∆fOOB

(MHz)

1.4

MHz

3.0

MHz

5

MHz

10

MHz

15

MHz

20

MHz

Measurement

bandwidth

˘0-1 -10 -13 -15 -18 -20 -21 30 KHz

˘1-2.5 -10 -10 -10 -10 -10 -10 1 MHz

˘2.5-2.8 -25 -10 -10 -10 -10 -10 1 MHz

˘2.8-5 -10 -10 -10 -10 -10 1 MHz

˘5-6 -25 -13 -13 -13 -13 1 MHz

˘6-10 -25 -13 -13 -13 1 MHz

˘10-15 -25 -13 -13 1 MHz

˘15-20 -25 -13 1 MHz

˘20-25 -25 1 MHz

order to limit the OOB radiations, there are many standards that draw the boundaries

on the maximum allowable OOB radiation levels by defining spectral mask require-

ments. These are given in detail in Section 5.2.

5.2 Spectral Mask to Limit OOB Emissions

Many standards have defined spectral masks that enforce maximum allowable OOB

radiation levels around the transmission bandwidths that can be utilized [50], [51].

For example, the spectral mask requirement in LTE standard is presented in Ta-

ble 5.1. In Table 5.1, ∆fOOB indicates the distance from both ends of the transmission

bandwidth. For example, if the baseband equivalent a signal of 10 MHz bandwidth

is considered, that is the frequency spectrum of the signal lies between ˘5 MHz,

∆fOOB “ ˘0 ´ 1 corresponds to the frequency region between ´6 and ´ 5 MHz

or 5 and 6 MHz. A better illustration to indicate what ∆fOOB corresponds to is in-

dicated in Figure 5.1. As shown in Figure 5.1, the channel bandwidth corresponds

to the bandwidth that is used for data transmission. Its values range from 1.4 MHz

up to 20MHz in LTE. Furthermore, there is also a column entitled "Measurement
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f=0

Figure 5.1: Channel bandwidth and ∆fOOB parameters in Table 5.1.

Bandwidth" in Table 5.1. This implies that the values given in Table 5.1 in dBm or

equivalently in mW, are the average power values that is measured over a bandwidth

of 1MHz.

The spectral mask specified in Table 5.1 is important in that, in the simulations that

will compare OFDM, GFDM and WCP-COQAM, the transmitted power values will

be compared while the transmitted signals satisfy the spectral mask requirements.

Through such a comparison, the modulation type that has the highest transmission

power while satisfying the spectral mask requirements will be considered to be ad-

vantageous over the others, since transmitting higher power, without creating much

OOB radiation will result in higher SNR values at the receiver side, which is better

in terms of the capacity of the communication system. Moreover, it can also be im-

portant to consider the effects that create additional out-of-band radiation and distor-

tion in the transmitted signal of DACs that has sharp transitions at their time-domain

output signals or power amplifier (PA) non-linearities. Furthermore, under such non-

ideal effects, other than the rise in the OOB radiation levels, there are also other

issues created by these non-ideal elements which shows as distortion in the transmit-

ted signals quantified by some parameters such as error-vector magnitude (EVM),

signal-to-interference ratio (SIR). Therefore, in order to carry out a thorough compar-

ison between any type of modulation in terms of their OOB radiation, the non-ideal

elements that create additional OOB emissions such as DAC or PA should also be

considered along with the other effects of these non-ideal items that create distortion

in the transmitted signal. These non-ideal elements and the reasons why they increase

OOB emissions are detailed in Section 5.3.
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5.3 Non-Ideal Effects that Increase OOB Emisssions

5.3.1 Amplifier Nonlinearity

Amplifier non-linearity is one non-ideal factor that the power amplifiers (PAs) have

which leads to non-linear amplification of the input signal to the amplifier. The input

and output voltage characteristics of a typical PA is presented in Figure 5.2 [1].

Figure 5.2: PA input-output voltage characteristics.

As can be seen in Figure 5.2, the input voltage is amplified linearly up to some voltage

point denoted by "Peak". However, when this peak voltage is surpassed, the linear

amplification cannot be maintained.

Ideally, the input signal to the amplifier is expected to be amplified by a constant

factor. However, in the non-linear amplification case, harmonics of the frequency

components of the input signal appear in the output signal. This results in the leakage

of the power in the transmission band to the OOB portions of the frequency spectrum.

This is an undesired effect, since the average transmitted power should be reduced in

order to satisfy the requirements in a communication standard concerning the max-

imum OOB radiation levels. Such an action is also referred to as "power back-off".
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This will reduce the average transmitted power, which will degrade the SNR levels at

the receiver side.

Therefore, simulations comparing any type of modulations with respect to OOB radi-

ations should consider the amplifier non-linearities and its effects. To take the effects

of non-linear amplification into account, there are many PA models in the literature.

These models are summarized in Section 5.3.2.

5.3.2 Power Amplifier (PA) Models

There are two types of PA models in terms of memory, namely the memoryless PA

models and PA models with memory. Memoryless amplifier models assume that the

current value of the output signal of the PA depends only on the current value of the

input signal to PA, that is, the current value of the output voltage is independent of

the past and the future values of the input signal to PA. However, for the PA models

with memory, the current value of the output signal of the PA may depend on past or

future values of the input signal to PA. Dependence of input and output signals are

expressed as Wiener or Volterra series in the PA models with memory, which will

not be considered in the scope of this thesis. For the memoryless PA models there

are many amplifier models in the literature. The most popular ones are the Saleh

model [52] and the Rapp model [53]. A recent modified Saleh model is also reported

in [54].

5.3.2.1 Saleh PA Model

Saleh model has AM/AM characteristics, that is, the amplitude of the output signal

of PA depends on the the amplitude of the input signal to PA. Furthermore, it has also

AM/PM characteristics, that is, there is a phase change in the output signal of PA

proportional to the amplitude of the input signal to PA. These characteristics can be

given as

sinptq “ Ainptqejφinptq, soutptq “ GptqejφinptqejΦptq (5.2)

where

Gptq “ g0Ainptq
1 ` pAinptq{Asat,inq2 ,Φptq “ αφA

2

inptq
1 ` βφA

2

inptq . (5.3)
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5.3.2.2 Modified Saleh PA Model

A more recent version of the Saleh model is a model referred to as modified Saleh

model [54]. It has both AM/AM and AM/PM characteristics as in Saleh model, which

are characterized by

sinptq “ Ainptqejφinptq, soutptq “ GptqejφinptqejΦptq (5.4)

where

Gptq “ g0Ainptq
a

1 ` βAinptq3
,Φptq “ α

3

a

1 ` Ainptq4
´ ǫ. (5.5)

5.3.2.3 Rapp PA Model

Rapp PA model is another commonly used memoryless PA model. Rather than spec-

ifying both AM/AM and AM/PM characteristics as in the Saleh model, the Rapp

model has only AM/AM characteristics as in (5.6).

soutptq “ γAinptq
p1 ` pγAinptq{A0q2pq 1

2p

eφinptq. (5.6)

5.3.3 Digital to Analog Converter (DAC)

Digital to analog converters (DACs) are used in the modulation types that are exam-

ined in this thesis (OFDM, GFDM, WCP-COQAM). Their role in the transmitter is

to convert the digital data to be transmitted to an analog signal by sample and hold

type interpolation. In Figure 5.3, a typical DAC that works with sample and hold

interpolation is presented.

As can be observed in Figure 5.3, the interval between the digital samples in the DAC

input is filled with sample and hold type interpolation, that is, the amplitude of the

interpolated signal between the two digital samples stays constant at the value of the

sample at the beginning of the interval to be interpolated.
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Figure 5.3: Discrete signal input to DAC and the reconstructed analog signal at the
output of DAC

To understand the reason why the sample and hold type interpolation increases the

OOB radiation, the Fourier transform of the transmitted signal should be considered.

Let the discrete signal at the input of the DAC be denoted as xrns. Assume that xrns
represent the samples of a continous time signal g(t), that is xrns “ gpnTsq , where

Ts is the sampling rate. In that case, the continous signal at the output of the DAC

yptq can be written as follows.

yptq “ gptq ¨
8
ÿ

n“´8

δpt´ nTsq ˚ rect

ˆ

t´ Ts{2
Ts

˙

(5.7)

where ˚ is the convolution operator. Taking the Fourier transform of yptq to obtain

Y pfq, one can find

Y pfq “
«

Gpfq ˚
1

Ts

8
ÿ

n“´8

δpf ´ nfsq
ff

P pfq (5.8)

where P pfq “ TssincpTsfqe´jπfTs and fs “ 1

Ts
. Therefore,

Y pfq “
8
ÿ

n“´8

Gpf ´ nfsqsincpTsF qe´jπfTs. (5.9)

As can be inferred from (5.9), the frequency spectrum of yptq is not limited and

consists of the replicas of the spectrum of g(t) at the integer multiples of fs. In fact,

multiplication with a sinc term limits the bandwidth of Y pfq, but still it has significant

components around a few multiples of fs. Therefore, it can be stated that, while

perfect reconstruction of the analog signal to be transmitted from the discrete time

samples at the input of the interpolator is possible with a sinc interpolation, which will
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suppress the harmonic components at every fs, due to its low-pass filtering nature,

sample and hold type reconstruction results in a signal with significant components

falling into OOB. This will result in higher OOB values. Therefore, in the simulations

related to OOB comparisons of OFDM, GFDM or WCP-COQAM, the effect of DAC

will also be considered.

5.4 OOB Radiation Comparisons between OFDM and FBMC

In literature, there are various studies comparing OFDM and FBMC in cognitive radio

applications. For example, in [55], a new resource allocation scheme in a downlink

communication scenario has achieved higher bandwidth efficiency when it is used

with FBMC in comparison to its application with OFDM. Furthermore, FBMC has

shown superior performance in terms of spectral efficiency compared to OFDM in an

uplink scenario in [56]. The reason for the performance loss for OFDM is mainly

due to its high OOB created owing to the fact that the rectangular pulse has slow de-

caying property in the frequency domain. However, for FBMC, pulse shaping yields

pulses that have lower out-of-band performance. Since lower OOB results in less in-

terference between the adjacent users in frequency domain, higher spectral efficiency

values are obtained for FBMC in CR application, either in uplink or downlink, com-

pared to OFDM.

However, although there are many methods that are used to suppress OOB radiation,

they are not used in [55] or [56] for OFDM. These methods are summarized in Section

5.5.

5.5 OOB Radiation Suppression Techniques

5.5.1 Windowing

Windowing is a method that is applied to decrease the out-of-band emissions. It

works by the way of smoothing the rapid changes that appear in the impulse response

of the pulse-shaping filter that is used. Therefore, it can be considered as a low-
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pass filtering, which obviously suppresses the high frequency content of the low-pass

equivalent of the transmitted signal, which corresponds to the frequency content of

the transmitted signal that falls out of the transmission band.

Since OFDM has large side-lobes, windowing is widely applied for OFDM. In that

case, it is referred to as filtered OFDM or windowed OFDM (W-OFDM). The pulse

shape for an OFDM signal after windowing can be expressed as

pW ptq “ rectpt´ T 1{2
T 1

q ¨ gptq (5.10)

where

rectpt{T 1q “

$

’

&

’

%

1, if |t| ď T 1{2

0, otherwise.
(5.11)

Here what T 1 corresponds to will be clear. gptq in (5.10) can be defined as

gptq “

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

wpt` T {2 ` T0{2q, if ´ T {2 ´ T0{2 ď t ď ´T {2 ` T0{2

1, if ´ T {2 ` T0{2 ă t ă `T {2 ´ T0{2

wpt´ T {2 ` 3T0{2q, if ` T {2 ´ T0{2 ď t ď `T {2 ` T0{2

0, otherwise.

(5.12)

where wptq is the windowing function and T is the OFDM symbol duration. T0 is

the half of the duration of the windowing function wptq and T 1 “ T ` T0. All these

parameters are presented in Figure 5.4, which shows the construction of g(t) from an

arbitrary windowing function wptq according to the equation given in (5.12).

There are many different types of windowing functions wptq in the literature. For

example, Hamming and Hanning windows are given by a general formula below.

wptq “

$

’

’

&

’

’

%

K

ˆ

α ´ βcospπt
T0

q
˙

, if 0 ď t ď 2T0

0, otherwise.
(5.13)

For Hamming and Hanning windows, α “ 0.54, 0.5 and β “ 0.46, 0.5, respectively.

Another widely used window is a Blackman window, which can be expressed as
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Figure 5.4: Construction of gptq from the windowing function wptq
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wptq “

$

’

’

&

’

’

%

K

ˆ

0.42 ` 0.08cosp2πt
T0

q ´ 0.5cospπt
T0

q
˙

, if 0 ď t ď 2T0

0, otherwise.
(5.14)

Subsequent OFDM symbols for which windowing is applied is presented as in Fig-

ure 5.5. In Figure 5.5 (a), T corresponds to the OFDM symbol duration for the case

0

t

Symbol n

0

Symbol n-1

Figure 5.5: Transmitted pulse shape along with the neighbouring OFDM symbols
when windowing is applied.

when no windowing is applied, and T0 is the transition duration between the transmit-

ted subsequent symbols created due to the windowing function. Total OFDM symbol

duration is T 1 “ T ` T0. Therefore, there is a loss of transmission efficiency owing

to non-zero T0. The spectral efficiency loss owing to windowing, ηW´OFDM is

ηW´OFDM “ T0

T
. (5.15)

In order for the spectral efficiency loss to be small, T0 should be selected as small

as possible. However, since windowing operation is effectively a low-pass filtering,

small T0 will result in a higher cut-off frequency for the equivalent low-pass filtering

effect, this will increase the OOB emissions. Therefore, in the design of the win-

dowing function and T0, the trade-off between the OOB radiation suppression and

spectral efficiency loss should be considered.
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5.5.2 Guard Subcarriers

Guard subcarriers are the subcarriers that are placed at both sides of the transmis-

sion bandwidth, which contains the subcarriers that carry the information symbols

and possible pilot symbols. The aim of the insertion of guard subcarriers is to estab-

lish a guard region between the active subcarriers and the users that may be at the

neighbouring bands. Via such a guard band, the interference created between the ad-

jacent users in the subsequent bands are reduced. In Figure 5.6, the insertion of guard

subcarriers around the data and pilot subcarriers are illustrated.

Data 

Subcarriers

Data 

Subcarriers

P��ot 

Subcarriers

G����

subcarriers

G����

subcarriers

F������	


Figure 5.6: Insertion of guard subcarriers to reduce OOB emissions

In Figure 5.6, the subcarriers that carry the information symbols are referred to as

data sub-carriers, whereas the sub-carriers that are allocated to be used for timing or

frequency synchronization or channel estimation tasks are represented as pilot sub-

carriers. As can be seen, guard subcarriers are placed at both ends of the transmission

bandwidth.

Forming a guard region composed of guard subcarriers is simple. The only thing to do

is to use the subcarriers in the transmission band to carry the data and pilot symbols

and do not utilize some of the subcarriers at both ends of the spectrum as illustrated in

Figure 5.6. This means that zeros will be transmitted by the guard subcarriers, that is,

no transmission is carried out over some of the subcarriers that are at both ends of the

transmission bandwidth, which makes these subcarriers be called "guard subcarriers".
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5.5.3 Other Techniques

There are also some techniques other than windowing or insertion of guard subcarri-

ers in the literature. The first possible technique is using cancellation carriers (CC) to

suppress OOB emissions [57], [58]. In this method, in addition to the data subcarri-

ers, which carry the information to be transmitted, a number of subcarriers are placed

at both sides of the transmission bandwidth with appropriate weighting in order to

minimize the interference caused in a specific portion of the frequency spectrum.

On the other hand, employing CCs to minimize the out-of-band radiation in a specific

portion of the spectrum has the disadvantage of having larger peak-to-average-power-

ratio (PAPR) [59]. Therefore, in [59], another method is proposed which is referred

to as adaptive symbol transition (AST) to limit OOB radiation in OFDM. It is similar

to the windowing technique in that OFDM symbols are extended in time in order to

have a smoother transition. However, rather than using a static windowing filter, the

signal during the transition is adapted according to the transmitted data. In this way,

PAPR is not increased much while OOB emissions are suppressed.

Now that the disadvantages of high OOB radiation are examined and the techniques

to reduce OOB radiation are discused, the next section will compare OFDM, GFDM

and WCP-COQAM in terms of OOB radiation levels in presence of OOB radiation

reduction techniques.

5.6 Comparison of OFDM, GFDM and WCP-COQAM in terms of OOB radi-

ation

In this section, OOB radiation of OFDM, GFDM and WCP-COQAM will be com-

pared. In fact, there are already such comparisons in the literature. For example,

GFDM is shown to create lower OOB radiation compared to OFDM in [7]. How-

ever, the OOB comparisons are not made at equal spectral efficiency conditions, that

is, the number of subcarriers in OFDM, is not equal to the product of the number

of subcarriers in GFDM and the number of GFDM symbols in a GFDM frame. In

other words, the number of subcarriers in an OFDM symbol is not equal to T ¨ K.

Furthermore, GFDM is also shown to have even better OOB radiation performance,
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when windowing and insertion of guard subcarrier techniques are applied as detailed

in [7]. However, while giving such comparisons, these techniques are not applied to

OFDM, which deems the OOB radiation comparison unfair in [7].

Similarly, in [17], WCP-COQAM is compared with OFDM, which revealed the su-

periority of WCP-COQAM over OFDM in terms of OOB radiations. However, the

OOB radiation comparisons in [17] are considered to convey trivial results since

WCP-COQAM has windowing but OFDM does not have. For a fair comparison,

windowed OFDM (W-OFDM) should be compared with WCP-COQAM with respect

to the OOB emissions. Furthermore, as in [7], the OOB comparisons in [17] are not

made under equal spectral efficiency conditions.

Therefore, the simulations that will be performed to compare the OOB radiations

of OFDM, GFDM and WCP-COQAM in this thesis will also be performed under

fair conditions, that is, the comparisons will also be carried out under equal spectral

efficiency conditions and OOB radiation reduction techniques such as windowing or

insertion of guard subcarriers will also be applied for OFDM.

The simulations related to the comparison of OFDM, GFDM and WCP-COQAM in

terms of OOB radiation that is presented in the subsequent sections mainly consist of

two parts. In the first part, the non-ideal effects of PA and DAC is not considered,

whereas in the second part they are included, in addition to other distortions created

by PA and DAC.

5.6.1 Simulation Results with no PA or DAC

In this section, simulations concerning OOB radiations will be carried out without

considering PA and DAC effects. For the OOB radiation comparisons of OFDM,

GFDM and WCP-COQAM, simulation parameters are selected as in Table 5.2.

Simulations will be performed when OFDM, GFDM and WCP-COQAM have equal

or unequal spectral efficiency. For the simulations carried out under unequal spectral

efficiency conditions, the number of subcarriers, namely K, is taken to be 128 for the

three different modulation types. When guard symbol insertion technique is used, out

of 128 subcarriers, the number of guard subcarriers is taken to be 52. The number of
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Total number of subcarriers (K) 128 or 1152

No. of guard subcarriers 52 or 468

No. of symbols in GFDM frame 9

Pulse shape RC (with roll-off=0.1)

Constellation order 16-QAM

CP length 32 samples

Interpolation filter type RC pulse with roll-off=0.1

Upsampling Rate 6

Interpolation filter duration 81 samples

No. of Monte-Carlo simulations 40

Spectral estimation method Periodogram

Windowing function
Hanning, 18 samples from both

sides

subcarriers being 128, out of which 52 are guard subcarriers, are taken from the pos-

sible choices that are specified in LTE standard [13]. In addition, cyclic prefix length

is selected to be 32, which is the long CP selection when the number of subcarriers is

128 in [13]. When the guard symbol insertion technique is utilized, OFDM, GFDM

and WCP-COQAM modulation types will be referred to as G-OFDM, G-GFDM,

GWCP-COQAM, respectively. Similarly, if windowing technique is applied, OFDM

and GFDM will be called as W-OFDM and W-GFDM. There is no change for the

name of WCP-COQAM since it has windowing by default in its name. Furthermore,

if both windowing and guard symbol insertion techniques are used in OFDM, GFDM

and WCP-COQAM, they will be named as GW-OFDM, GW-GFDM and GWCP-

COQAM.

Note that the number of subcarriers is 1152 for OFDM for the simulations that are

made under equal spectral efficiency conditions. This results from the fact that the

number of subcarriers of OFDM should be equal to the multiplication of the number
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of subcarriers in GFDM or WCP-COQAM, which is 128, with the number of GFDM

symbols in a GFDM frame, which is 9, in order for equal spectral efficiency condi-

tions to apply. The multiplication yields 1152, which is the number of subcarriers for

OFDM under equal spectral efficiency conditions.

One may wonder the reason why the length of the windowing function is taken to

be 18 samples. In fact, since the length of the windowing function is not specified

in LTE standard [13], it is taken to be 18 samples. The windowing function is se-

lected to be Hanning, which is amongst the possible windowing functions discussed

in Section 5.5.

Another important point may be about the selected constellation order. It is selected

to be 16-QAM. This originates from the fact that in [7], for the OOB comparisons

between GFDM and OFDM, the constellation order selection is 16-QAM. In order to

see that our results are in agreement with the results in [7], the constellation orders are

selected to be the same. Moreover, the number of GFDM symbols in a GFDM frame

is also selected to be 9. Note that, it is an odd number since the number of GFDM

symbols in a GFDM frame must be an odd number, in order that a ZF receiver can be

used [30] in GFDM.

The power spectral densities (PSDs) of the signals are found by using the periodogram

method. Although there exists better spectral estimation methods such as Welch or

Bartlett methods [60], periodogram is an asymptotically unbiased estimator. In our

simulations, it has been observed that 40 Monte-Carlo simulations are enough to at-

tain stable OOB emissions curves, thus it makes sense to conclude that periodogram

provides the unbiased estimates with the specified number of Monte-Carlo simula-

tions.

Another point that may be significant is how oversampling is made to be able to ob-

serve the frequency range larger than the transmission bandwidth. In the simulations,

the time-domain signals are sixfold oversampled with an RC filter that has a length of

81 samples. However, after filtering, the samples are truncated from both sides such

that total number of samples of the upsampled signal is 6 times that of the original

signal. In fact, such a truncation could also not be made, but it will come with a loss

of spectral efficiency, owing to the delay caused by the interpolation filter, which will
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increase the required CP length between the OFDM symbols. Furthermore, if a trun-

cation is not made, the interpolation filter itself creates the effect of windowing, which

results in observations in which windowing has no or little effect in suppressing the

OOB radiation, since interpolation filter itself shows the effect of windowing.

5.6.1.1 Unequal Spectral Efficiency Conditions

With the specified simulation parameters in Table 5.2, the out-of-band radiations

of OFDM, GFDM and WCP-COQAM under unequal spectral efficiency conditions,

with or without windowing are presented in Figure 5.7.
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Figure 5.7: PSD of OFDM, GFDM and WCP-COQAM under unequal spectral effi-
ciency conditions with or without windowing

As can be observed in Figure 5.7, there is a significant difference between the out-

of-band radiations of OFDM and GFDM. The PSD values at 3 times the normalized

frequency (3/T) are about -53dB and -60dB, for OFDM and GFDM, respectively.

Application of windowing decreases the OOB radiations dramatically. It is able to

result in about 30dB less PSD values at 3/T either for OFDM or GFDM. An inter-

esting observation may be that the difference between the OOB radiations of OFDM
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and GFDM decreases with the application of Hanning window. However, there is

still a significant performance difference between W-GFDM, WCP-COQAM and W-

OFDM. It should also be noted that W-GFDM and WCP-COQAM shows similar

OOB emissions, which indicates that using OQAM instead of QAM does not change

anything with respect to OOB radiations. These results are in agreement with some

of the results in [7], which states that GFDM has lower OOB radiation compared to

OFDM. However, as also discussed before, these comparisons should be made un-

der equal spectral efficiency conditions in order to be more fair. Before giving the

results for the equal spectral efficiency case, OOB radiation results will be presented

when guard symbol insertion is also applied as an OOB radiation suppression method.

These results are depicted in Figure 5.8.
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Figure 5.8: PSD of OFDM, GFDM and WCP-COQAM under unequal spectral effi-
ciency conditions with guard symbol insertion and windowing

Note that the transmission bandwidth portion seems to be shortened in Figure 5.8

compared to that observed in Figure 5.7. This is owing to the fact that some of

the subcarrriers are "turned off", that is, no symbol is transmitted over them, which

makes these subcarriers called as guard subcarriers. Moreover, when G-OFDM and

G-GFDM in Figure 5.7 is compared to OFDM and GFDM in Figure 5.7, there is ap-
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proximately 2-3 dB change in the PSD values at 3/T. This corresponds to the OOB

suppression effect of the guard symbol insertion. Moreover, as can also be seen from

Figure 5.8 although G-GFDM has about 10dB less OOB radiation compared to G-

OFDM, when both windowing and guard symbol insertion is applied to all of the three

modulations, there is no significant difference between their OOB radiations. There-

fore, it can be stated that if windowing and guard symbol insertion techniques, which

are commonly used to reduce OOB radiation levels, are utilized, there is no signifi-

cant difference between the OOB radiations of OFDM, GFDM and WCP-COQAM,

even under unequal spectral efficiency conditions.

Now that, many of the OOB reduction techniques, which are windowing and guard

symbol insertion, are used to see the OOB radiation of OFDM, GFDM and WCP-

COQAM under unequal spectral efficiency conditions, the simulations continue with

the case when OFDM has the same spectral efficiency as GFDM or WCP-COQAM.

5.6.1.2 Equal Spectral Efficiency Conditions

As mentioned before, a fair comparison of the OOB radiations of OFDM, GFDM

and WCP-COQAM should be made under equal spectral efficiency conditions. Such

conditions can be met when the number of subcarriers that is used in OFDM equals

to the product of the number of subcarriers in GFDM or WCP-COQAM, which is

denoted by K, by the number of GFDM symbols in a GFDM frame, which can also

be denoted as T . This means that the number of subcarriers used in OFDM is T times

larger than that used in GFDM or WCP-COQAM. This, in fact, causes an increased

CFO vulnerability for OFDM, due to having more subcarriers in the same bandwidth.

Hence, OFDM may suffer more form CFO compared to GFDM. However, such simu-

lations, which revealed no higher CFO vulnerability for OFDM compared to GFDM,

are also done in Chapter 3. This further validates the fairness of the comparison of

the OOB radiations of OFDM, GFDM and WCP-COQAM under equal spectral ef-

ficiency conditions. Using the simulation parameters in Table 5.2, the PSDs of the

three modulation types, for some of which windowing is applied as an OOB reduc-

tion technique, are presented in Figure 5.9.
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Figure 5.9: PSD of OFDM, GFDM and WCP-COQAM under equal spectral effi-
ciency conditions with or without windowing

As can be seen in Figure 5.9, when the spectral efficiencies of OFDM and GFDM

are the same, they show the same performance in terms of the OOB radiation. For

unequal spectral efficiency case, GFDM has a 7-8 dB advantage over OFDM, whereas

they are the same for the equal spectral efficiency case. Moreover, if windowing is

applied, all of the modulation types produce the same performance with respect to

OOB radiation. Note that, there was a 4-5 dB difference in the PSD values at 3 times

the normalized frequency between W-OFDM and W-GFDM for the unequal spectral

efficiency case. In short, equating the spectral efficiencies, the OOB performances

of OFDM, GFDM and WCP-COQAM are made the same, either with or without

windowing.

The last part of the simulations includes the application of guard symbol insertion for

the three modulation types under equal spectral efficiency conditions. Corresponding

results are presented in Figure 5.10.

As can be observed from Figure 5.10, in all possible configurations, OFDM, GFDM

and WCP-COQAM gives the same OOB radiation values. For example, if only guard

symbol insertion is applied, OFDM and GFDM perform the same. In comparison

to the PSD values of OFDM and GFDM, for which no windowing or guard sym-
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Figure 5.10: PSD of OFDM, GFDM and WCP-COQAM under equal spectral effi-
ciency conditions with guard symbol insertion and windowing

bol insertion is used, which can be observed in Figure 5.9, guard symbol insertion

is responsible for about 5dB reduction in the PSD values according to Figure 5.10.

Moreover, if both windowing and guard symbol insertion is applied, OFDM, GFDM

and WCP-COQAM again gives the same OOB emission values. If the PSD values of

W-OFDM, W-GFDM and WCP-COQAM at 3 times the normalized frequency, which

can be observed in Figure 5.9, are compared to that of GW-OFDM, GW-GFDM and

GWCP-COQAM in Figure 5.10, it can be stated that guard interval insertion gives

about 10dB fall in the PSD values. Note that, this reduction was about 5dB when

there was no windowing. Therefore, these results convey that guard symbol insertion

does not affect the PSD values linearly. Its effect is enhanced when it is used along

with windowing, which is in fact the common practice.

All in all, when the spectral efficiencies of OFDM, GFDM and WCP-COQAM are

equated, there is no OOB radiation performance difference between any two of the

three modulations types, with or without any of the OOB reduction techniques that

are used in the simulations, which are windowing or guard symbol insertion.
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5.6.2 Simulation Results with PA and DAC

In this section, the effect of PA and DAC at the transmitters of OFDM, GFDM and

WCP-COQAM are considered. The block diagram that shows the elements in the

transmitter for the three modulation types is presented in Figure 5.11.
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Figure 5.11: The transmitter block diagram with DAC and PA

As can be observed in Figure 5.11, the IFFT of the modulated symbols at the output of

the modulator is taken for OFDM. For GFDM or WCP-COQAM, this IFFT block is

replaced by the pulse shaping block. Then the OOB reduction methods, guard interval

insertion and windowing are applied. After that, to see a frequency range larger than

the transmission bandwidth, the signal is sixfold oversampled with an RC pulse of

roll-off 0.1. This signal at the output of the oversampling with RC pulse block can

be considered to be the signal whose PSD is found in the first part of the simulations.

To observe the effect of the sample-and-hold behavior of DAC in the simulations,

the samples at the input of DAC are repeated 11 times. Then, an additional low-

pass filtering is carried out with a 5th degree Butterworth filter of 4.9MHz cut-off

frequency to suppress the replicas created in the frequency spectrum of the output

signal of DAC due to the sample and hold behavior of DAC, which are discussed in

Section 5.3.3. Note also that the transmission bandwidth is selected to be 10 MHz in

the simulations. This choice is made since the closest number of subcarrier selection

to our choice, which is 1152, was 1024 in LTE standard, for which the transmission

bandwidth is specified to be 10MHz. Following the DAC block, the input to the PA

block is multiplied by a gain factor of g. The importance of this gain factor will be

discussed shortly. After such a multiplication, the signal is fed to the PA block, which

is the last element in the transmitter.
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The simulation procedure in this section can be expressed as follows. First, the simu-

lations are done with an initial value of the gain factor k. Then, the PSD of the output

signal is plotted. If it surpasses the limits specified in the spectral emission mask in

the LTE standard, the details of which are given in Table 5.1, the value of the gain

factor, g, is decreased. If the observed PSD is well below the emission mask, the gain

factor is increased. This procedure continues until the signal barely complies with

the spectral mask requirements. In fact, the specified procedure is the same as that

in [61] that compares OFDM and single-carrier transmission with frequency domain

equalization considering spectral mask requirements in WiMAX.

At the value of the gain factor g value, for which the spectral mask is barely satisfied,

three different parameters of the PA output signal is found. These parameters are the

transmitted power, error-vector magnitude (EVM), and signal to interference ratio

(SIR). EVM and SIR are defined as

EVM “ σI

Amax

, SIR “ σ2

s

σ2

I

(5.16)

where σ2

I , σ2

s and Amax are the interference power, signal power and maximum signal

amplitude, respectively, as defined in [62].

In the simulations, the modulation type amongst OFDM, FBMC and WCP-COQAM,

that has the highest transmitted power satisfying the defined spectral mask, with ac-

ceptable distortion values observed from the EVM or SIR of the transmitted signal,

will be considered to be advantageous over the others.

For the simulation parameters, the ones in Table 5.2, which are used for equal spectral

efficiency conditions case in the first part of the simulations are selected except that

Gaussian pulse is used for WCP-COQAM rather than RC pulse. For example, the

number of subcarriers in OFDM is selected to be 1152, rather than 128. Furthermore,

in this section, windowing and guard symbol insertion will be applied for all cases

in the simulations. However, the modulations will be referred to as OFDM, GFDM,

WCP-COQAM, rather than GW-OFDM, GW-GFDM and WCP-COQAM.

The PA models that are presented in Section 5.3.2 are all included in the simu-

lations. For the Saleh model, the constants are selected as pgo, αφ, βφ, Asat,inq “
p1, π{4, 0.25, 2V q as in [63]. For the modified Saleh model, the parameters are se-
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lected as pα, ǫ, g0, βq “ p0.161, 0.124, 1.0536, 0.086q which are the selections in [54].

The Rapp model parameters are also chosen as pγ, A0, pq “ p1, 1V, 2q as in [61].

An illustration of the condition for which the transmitted signal in OFDM barely

satisfies the LTE spectral mask is presented in Figure 5.12.
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Figure 5.12: PSDs of the low-pass equivalent OFDM signals, before and after PA
(Rapp PA model)

In Figure 5.12, the PSDs of the signals modulated with OFDM at the input and output

of the PA are plotted. The PA model in Figure 5.12 is the Rapp PA model. Moreover,

the spectral mask specified in Table 5.1 can also be observed in Figure 5.12. Note

that, there is no spectral mask requirement for the frequency range defined in the

transmission bandwidth, which lies in the frequencies between ´5MHz and 5MHz,

since no such limitation is specified in the LTE spectral mask requirements.

The effect of PA, which increases the OOB radiation can also be observed in Fig-

ure 5.12. The PSD of the signal at the input of the PA has lower PSD values for the

frequencies that fall out of the transmission bandwidth, which is between -5 MHz

and 5 MHz. As can also be observed, the signal at the output of PA barely complies

with the spectral mask, as the PSD values touches the spectral mask limits at about

˘6 MHz. At that point, the EVM, SIR and the average transmitted power is found.

Similar procedure is also applied for the other PA models and the other modulation

types, which are GFDM and WCP-COQAM.
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Such a procedure yields the transmitted power, EVM and SIR values, which are pre-

sented for Saleh, Modified Saleh, and Rapp model PAs in Table 5.3, Table 5.4 and

Table 5.5, respectively.

Modulation Type EVM (%) SIR(dB) Transmitted Power (mW)

OFDM 2.17 30.74 181

GFDM 2.16 30.78 183

WCP-COQAM 2.16 30.76 174

Modulation Type EVM (%) SIR(dB) Transmitted Power (mW)

OFDM 2.17 30.74 483

GFDM 2.16 30.75 490

WCP-COQAM 2.17 30.74 491

Modulation Type EVM (%) SIR(dB) Transmitted Power (mW)

OFDM 2.16 30.76 217

GFDM 2.17 30.77 211

WCP-COQAM 2.15 30.75 210
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Table 5.3: EVM, SIR and the transmitted power values for OFDM, GFDM and

WCP-COQAM when Saleh model PA is used

Table 5.4: EVM, SIR and transmitted power values for OFDM, GFDM and WCP-

COQAM when Modified Saleh model PA is used

Table 5.5: EVM, SIR and transmitted power values for OFDM, GFDM and WCP-

COQAM when Rapp model PA is used



As can be observed from Table 5.3-5.5, the highest transmission power is observed

for the Modified Saleh PA model. However, there is no significant difference be-

tween the transmitted powers of OFDM, GFDM and WCP-COQAM for any of the

models. Moreover, the EVM and SIR values are extremely close to each other. From

these results, it can be stated that there is no significant difference between OFDM,

GFDM and WCP-COQAM in terms of the transmitted power values which are ob-

served with similar distortion levels in the simulations carried out. These simulations

are performed under a practical scenario considering the spectral mask requirements

in a communication standard, which is selected to be LTE, with the inclusion of the

effects of DAC and PA, which are fundamental elements in a transmitter. The results

also mean that the three modulation types suffer similarly from the PA non-linearity,

with close values of average transmitted powers, which leads to the conclusion that

their peak-to-average power ratio (PAPR) values are also similar.

In summary, although GFDM or WCP-COQAM is shown to have better performance

compared to OFDM in terms of OOB emissions in [7], [17], this result does not hold

when the three modulation types are compared under fair conditions, that is, when

their spectral efficiencies are the same and OOB emission reduction techniques are

applied also to OFDM. In fact, even under unequal spectral efficiency conditions,

if both windowing and guard symbol insertion is applied, their OOB emissions are

similar. Furthermore, in a more practical scenario, taking into account the spectral

mask requirements and the effects of DAC and PA, their transmitted power perfor-

mance turned out to be very close to each other with similar levels of distortion in

the transmitted signals, which are observed with SIR and EVM parameters. These

results imply that there is no significant advantage of GFDM or WCP-COQAM over

OFDM, with respect to OOB emission levels for the cases that are included in the

simulations.
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CHAPTER 6

CONCLUSION AND FUTURE WORK

In this thesis, the claimed advantages of GFDM, which is one of the most popular can-

didate physical layer modulation scheme to be used in 5G communication systems,

and its variant WCP-COQAM compared to OFDM are investigated in terms of dif-

ferent performance metrics. The first claimed advantage is about the OOB emissions.

In [7] and [17], GFDM and WCP-COQAM are shown to yield better performance

in terms of OOB radiations. However, these comparisons are not carried out under

fair conditions. The unfairness results from the fact that the OOB emission reduc-

tion techniques such as windowing or guard symbol insertion was only applied for

GFDM or WCP-COQAM. In the OOB emission simulations included in this thesis,

these techniques are also applied for OFDM. In that case, it was observed that when

both guard symbol insertion and windowing is applied, there is no difference between

the OOB emissions between the three inspected modulation schemes.

Another unfairness in the OOB emission comparisons in the literature is the fact that

these comparisons are not made under equal spectral efficiency conditions. In OOB

simulations in this thesis, OOB emissions are also compared when the three modu-

lation schemes are at equal spectral efficiency. Under such conditions, it has been

shown that OOB emissions are the same for OFDM, GFDM and WCP-COQAM

regardless of whether windowing or guard symbol insertion techniques are used or

not. In addition to the observations of OOB emissions over the PSD estimates, the

OOB emission performance of the three modulations are compared in a much more

practical scenario in which the effects of amplifier nonlinearity and digital to analog

converter is also included. Under such effects, parameters related to the transmitted
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signals such as the average transmitted power, error vector magnitude and signal to

interference ratio are found for the three modulation types under spectral mask re-

quirements defined in the LTE standard. However, no important difference between

OFDM, GFDM and WCP-COQAM is observed in terms of these parameters.

Other than the comparisons related to OOB emissions, the three modulation types

are also compared with respect to their CFO immunities. Such simulations are made

since FBMC techniques, of which GFDM or WCP-COQAM are special cases, are

reported to be more robust to CFO compared to OFDM. Their CFO immunity perfor-

mances are evaluated in terms of their error rate performances under CFO in various

channel types. Furthermore, these simulations are also carried out under unequal

or equal spectral efficiency conditions. For the channel types and pulse shapes that

are included in simulations, neither GFDM nor WCP-COQAM yielded better CFO

immunity compared to OFDM.

In order to explore whether the CFO immunity of WCP-COQAM can be made better

than OFDM via pulse-shaping, discrete Zak transform based pulse shaping meth-

ods are considered for WCP-COQAM. Since a pulse that satisfies the orthogonality

conditions defined for OQAM-OFDM are mathematically proved to imply orthog-

onality when it is used for WCP-COQAM, which constitutes the main analytical

contribution of this thesis, the advanced pulse shaping methods defined for OQAM-

OFDM, which yield minimum time frequency localization pulses, are also applied

to WCP-COQAM. With such pulses, the error rate performances of WCP-COQAM

and OFDM are again compared under CFO, which has not yielded any better CFO

immunity for WCP-COQAM.

All in all, the results in this thesis point out that WCP-COQAM or GFDM does not

perform better in terms of the inspected performance metrics compared to OFDM.

Since the implementation of OFDM, which is composed of simple IFFT and FFT

blocks at the transmitter and the receiver, is simpler than GFDM or WCP-COQAM,

which requires matrix multiplications at the transmitter or receiver side to implement

the pulse shaping filters. Future work may concentrate on the pulse-shaping, since the

flexibility of GFDM or WCP-COQAM is mainly at that stage. The reason for the fact

that no better CFO immunity is obtained for WCP-COQAM although optimal time
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frequency localized pulses are used can be inspected through an even more analytical

perspective. If the reasons are understood better, new pulse designs can be made

accordingly for WCP-COQAM or GFDM to have better CFO immunity or OOB

emission performance compared to OFDM.
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