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ABSTRACT

THE RELATIVISTIC BURGERS EQUATION ON A
FRIEDMANN-LEMAITRE-ROBERTSON-WALKER (FLRW) BACKGROUND
AND ITS FINITE VOLUME APPROXIMATION

Ceylan, Tuba
Ph.D., Department of Mathematics
Supervisor : Assist. Prof. Dr. Baver Okutmusgtur
Co-Supervisor : Prof. Dr. Philippe G. LeFloch

February 2015, [75| pages

The inviscid Burgers equation is an important model in computational fluid dynamics,
and represents one of the simplest example for a nonlinear hyperbolic conservation
law. Recently, several relativistic and non-relativistic generalizations of the classical
Burgers equation have been introduced by LeFloch and collaborators, by identifying
a hyperbolic balance law by the Euler equations of relativistic compressible fluids.
Both the model and the classical Burgers equations are obtained from derivation of
the Euler system of relativistic compressible fluids by considering vanishing pressure
on a curved background. The relativistic generalization of the model is considered
on different curved spacetimes, in particular on Minkowski (flat) and Schwarzshild
spacetimes. In this thesis we consider the Friedmann—Lemaitre—Robertson—Walker
(FLRW) background. Since both Schwarzshild and FLRW metric are the solutions of
Einstein field equations, this common property inspired us to derive a relativistic ver-
sion of Burgers equation on FLRW background as it is done on Schwarzshild space-
time. The relativistic Burgers equation on this spacetime is obtained from the Euler
system of relativistic compressible fluids. Firstly, Christoffel symbols and tensors for
perfect fluids on FLRW background are calculated. Then, by using divergence of the
tensors, the Euler equations are obtained. Next, we impose the pressure to be zero on
this Euler system as it is carried out in the flat and Schwarzshild spacetimes. Finally,
by combining the equations derived by the Euler system, we obtain the desired rela-



tivistic Burgers equation on FLRW background. A particular case of the concerning
equation gives exactly the classical Burgers equation which is a common property
shared by relativistic equations. Different from the flat and Schwarzshild spacetimes
cases, some special types of solutions which are spatially homogeneous are found for
the concerning equation, which provides an originality to this study. Next, the limit-
ing properties of the relativistic Burgers equation on FLRW background and spatially
homogeneous solutions are examined. For the numerical experiments we construct
a Godunov type of scheme which solves the Riemann problem on each grid cell. In
addition, a well-balanced scheme is constructed for investigating the limiting proper-
ties of the homogeneous solutions in detail. The numerical schemes are developed by
using the finite volume methodology which are formulated for curved spacetimes in
[2], [37] and [38]]. These numerical schemes allow to capture discontinuous solutions
containing shock waves for the relativistic Burgers equation. Finally, we observe that
the proposed scheme is well-balanced, in the sense that it preserves all spatially ho-
mogeneous solutions and the numerical experiments illustrate the convergence of the
scheme on a FLRW background.

Keywords: the relativistic Burgers equations, the Euler equations, FLRW metric,
compressible fluids, finite volume method, well-balanced scheme
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FRIEDMANN-LEMAITRE-ROBERTSON-WALKER (FLRW)
UZAYZAMANINDA ROLATIVISTIK BURGERS DENKLEMI VE SONLU
HACIM METODLARI

Ceylan, Tuba
Doktora, Matematik Boliimii
Tez Yoneticisi : Yrd. Dog. Dr. Baver Okutmustur
Ortak Tez Yoneticisi : Prof. Dr. Philippe G. LeFloch

Subat 2015 , [75] sayfa

Klasik Burgers denklemi hesaplanilabilir sivilar dinamiginde énemli bir modeldir ve
hiperbolik korunum kanunlarina en basit 6rneklerden biri olarak gosterilebilir. Yakin
zamanda LeFloch ve meslektaslar tarafindan, sikistirilabilir rolativistik Euler denk-
lemleri kullanilarak hiperbolik denge kanununa uyan rélativistik ve rolativistik olma-
yan Burgers denklemleri olarak adlandirilan yeni modeller elde edilmistir. Bu mo-
dellerin ve klasik Burgers denkleminin, kivrik uzayzamanlarinda basing sifir alinarak
sikistirilabilir rolativistik Euler denklemlerinden elde edilebilir oldugu da gosterilmis-
tir. Ayrica bu modellerin rolativistik genellemeleri, degisik kivrik uzayzamanlarinda
(Minkowski ve Schwarzshild uzayzamanlarinda) ele alinmistir. Bu tezde uzayzamani
olarak Friedmann—-Lemaitre—Robertson—Walker (FLRW) ele alindi. Schwarzshild ve
FLRW metriklerinin, Einstein alan denklemlerinin ¢6ziimii olmalari, Schwarzshild
uzayzamaninda oldugu gibi FLRW uzayzamaninda da Burgers denklemini elde et-
memize ilham kayna81 oldu. Benzer tekniklerin izlenmesi sonucunda FLRW uzay-
zamaninda Burgers denklemi, sikistirilabilir sivilar i¢in Euler sistemleri kullanilarak
elde edildi. Bu sebeple ilk olarak Christoffel semboller, sikistirilabilir sivilar i¢in ten-
sorler hesaplandi ve boylece tensorlerin iraksamasi kullanilarak Euler denklemlerine
ulagildi. Bunu takiben, daha 6nceki uzayzamanlarinda (Minkowski ve Schwarzshild)
oldugu gibi Euler sistemi iizerinde basing sifir olarak kabul edildi. Son olarak, ba-
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sincin sifir oldugu kabul edilerek elde edilen bu iki denklemin ortak ¢oziimiinden
FLRW uzayzamaninda rolativistik Burgers denklemi elde edildi. Biitiin rolativistik
denklemlerde oldugu gibi, s6z konusu denklemin de 6zel bir durumu kullanilarak
denklemin rolativistik olmayan durumuna yani klasik Burgers denklemine ulasildi ve
daha onceki ¢alismalardan farkli olarak, FLRW uzayzamaninda Burgers denklemine
ait, uzay koordinatina baglh olmayan coziimler elde edildi. FLRW uzayzamaninda
Burgers denkleminin uzay koordinatina bagli olmayan ¢oziimlerinin bulunmasi, bu
caligsmay1 diger uzayzamalarinda yapilan ¢alismalardan ayiran orijinal bir 6zelliktir.
Daha sonra, FLRW uzayzamaninda Burgers denkleminin ve uzay koordinatina bagl
olmayan ¢oziimlerinin limit 6zellikleri degerlendirildi. Niimerik deneylerde kullanil-
mak iizere, her bir uzay aralig1 icin Riemann problemini ¢6zen Godunov tipi bir sema
olusturuldu. Buna ek olarak, FLRW uzayzamaninda Burgers denkleminin ve uzay
koordinatina bagli olmayan ¢oziimlerinin limit 6zelliklerini detayli olarak incelemek
iizere "well-balans’ Godunov tipi semalar olusturuldu. Bu modelin niimerik semalari
icin sonlu hacim metodlar kullanilarak kivrik uzayzamanlarinda [2], [37] ve [38]’de
formalize edilen semalar gelistirildi. Bu semalarin, rolativistik Burgers denkleminin
sok dalgalar1 barindiran siirekli olmayan ¢oziimlerini icerdigi gosterildi. Ayrica nii-
merik hesaplamalar neticesinde, 6nerilen semalarin yakinsadigi ve uzay koordinatina
bagl olmayan ¢oziimleri korudugu gozlemlendi.

Anahtar Kelimeler: rolativistik Burgers denklemleri, Euler denklemleri, FLRW met-
ri8i, sikistirilabilir sivilar, sonlu hacim metodlari, *well-balans’ semalar
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CHAPTER 1

INTRODUCTION

The development of the mathematical theory of shock wave solutions to scalar con-
servation laws defined on manifolds is arised with the progress in compressible fluid
dynamics. The shallow water equations of fluid dynamics and the Euler equations in
general relativity are important examples where the partial differential equations of in-
terest are posed on a curved spacetime. Scalar conservation laws are simplified math-
ematical models for nonlinear aspects of shock wave propagation on spacetimes. The
theory for nonlinear hyperbolic conservation laws on curved manifolds is established
by Artzi and LeFloch [3]], and LeFloch and Okutmustur [36]], [37], which can be con-
sidered as a generalization of fundamental works by Kruzkov [30], Kuznetsov [31],
and DiPerna [20] who dealed with equations on the flat Euclidian space. LeFloch
and his collaborators developed this idea by generalizing the technique introduced in
[14} 18] by Cockburn, Coquel and LeFloch for the Euclidean setting, it is extended to
Riemannian manifolds in [[1]] by Amorim, Artzi, LeFloch and to Lorentzian manifolds
in [2] by Amorim, LeFloch and Okutmustur. A generalization of the formulation and
convergence of the finite volume method for general conservation law is established
in [37] by LeFloch and Okutmustur. Moreover, related results and a comprehensive
analysis about the convergence techniques for hyperbolic problems are referred in
the articles by Tadmor [54]] and Tadmor, Rascle, and Bagneiri [S5]]. For higher-order

schemes, we cite Kroner, Noelle, and Rokyta [29]].

Recently, by identifying a hyperbolic balance law via the Euler equations of rela-
tivistic compressible fluids, several relativistic and non-relativistic generalizations of

the classical Burgers equation have been introduced in [38] by LeFloch, Makhlof



and Okutmustur, where a geometric formulation of the finite volume method is con-
structed. The general formulation of nonlinear hyperbolic balance law is introduced
by

div(T(v)) = S(v), (1.1)

on n + 1 dimensional curved spacetime M with boundary where div(-) represents the
divergence operator, v : M — R is the unknown function which is a scalar field,
T = T(v) is a flux vector field on M and S = S(v) is a scalar field on M. The

manifold M is assumed to be foliated by hypersurfaces

M= JH,, (1.2)

>0
such that each slice H; is an n dimensional spacelike manifold and H is the initial
slice. Hence, the class of equations (I.1)—(1.2)) provides a scalar model so that one can
analyze numerical methods of approximations. In [38] LeFloch and his collaborators
derived several models so called the relativistic Burgers equations by considering M
to be a curved spcetime and many finite volume approximations are provided for the
given models. In the concerning article, the manifold M is taken to be particularly
as Minkowski (flat) and Schwarzshild spacetimes. For further details, one can check

[38].

In this thesis, we apply the technique used in [38] to derive a new model for the
Friedmann—Lemaitre—Robertson—Walker (FLRW) background. We proved that the
equation (I.T]) is constructed to be the desired model so called the relativistic Burgers

equation
2 2

av; + (1 — /4:7"2)1/28,4(%) +v<1 — %) a; =0,

on M where M is a FLRW spacetime, a = a(t) > 0 is a scale function, k €
{—1,0, 1} is a discrete parameter, and c is the light speed.

The formulation of finite volume method and numerical experiments are implemented

based on this model.



1.1 Structure of the thesis

The thesis consists of five chapters and it is organized as follows:

Chapter|[I] is introductory and we give brief information about the whole thesis in this
part. Chapter[2]contains a summary of literature review about hyperbolic conservation
laws, finite volume methods and spacetimes. In Chapter |3 the main contribution of
the thesis is presented. Mainly, we derive the relativistic Burgers equation on FLRW
background and examine the limiting properties of the concerning equation in details.
In Chapter ] several numerical experiments about the relativistic Burgers equation on
FLRW background are illustrated. A conclusion of theoretical part (Chapter [3)) and
numerical part (Chapter ) is presented in Chapter 3]

In the following, we state the content of each chapter.

Chapter|T]is devoted to recent works about the theory of hyperbolic conservation laws,
finite volume methods for hyperbolic conservation laws on manifolds and the rela-
tivistic Burgers equations on curved spacetimes. References for these recent studies
about the theory and numerical constructions are given for further details. Moreover,

the organization of the whole thesis is included in this chapter.

The main objective of Chapter [2is to give literature review of the theory for nonlinear
hyperbolic systems of conservation laws, finite volume methods and spacetimes. In
the first part, we start by giving definitions of hyperbolicity, conservation laws, weak
solutions and shock speeds. In addition, a general formulation of finite volume meth-
ods for hyperbolic conservation and balance laws are mentioned. Next, we introduce
the Godunov method for numerical experiments in order to solve Riemann problem
for our main equation on each grid cell. In the second part of this chapter, we provide
some preliminaries for spacetimes. Firstly, we give some basic features for space-
times, such as events and spacetime intervals which are crucial notions to apprehend
the structure of the spacetimes. In addition, in order to clarify the components of the
Einstein field equations, definitions of Christoffel symbols and some types of tensors
are handled. Finally, we consider basic features of Lorentzian manifold and three

particular cases of this manifold; Minkovski, Schwarzschild and FLRW spacetime.



Chapter [3] which is the main part of this thesis, is devoted to obtain the relativistic
Burgers equation on FLRW background. A relativistic generalization of the Burgers
equations was proposed by LeFloch, Makhlof and Okutmustur [38]] and investigated
on a flat and Schwarzschild background. The relativistic and classical Burgers equa-
tions were obtained from derivation of the Euler system of relativistic compressible
fluids by considering vanishing pressure on a curved background. This methodol-
ogy yields a geometric relativistic Burgers equation on the background spacetime
under consideration. Since both FLRW and Schwarzshild metrics are solutions for
the Einstein field equations, this common property motivated us to derive a relativis-
tic version of the Burgers equation on FLRW background as it is done on flat and
Schwarzshild spacetime. Therefore, we extend their analysis to FLRW background
by using the same methodology in [38]. The concerning equation on this spacetime is
obtained from the Euler system of relativistic compressible fluids. Firstly, Christoffel
symbols and tensors for perfect fluids on FLRW background are calculated. Next, by
using divergence of the tensors, the Euler equations are obtained and we take the pres-
sure to be zero on this Euler system. Finally, by combining these two equations we
obtain the Burgers equation on FLRW background. The proposed relativistic Burgers
equation on FLRW background retains several important features of the relativistic
Euler equations. The unknown v of our equation lies in the interval (—c, ¢) limited by
the light speed parameter ¢, same as the velocity component in the Euler system. In
the Euler system by sending the light speed to infinity one recovers the classical (non-
relativistic) model. Similarly, for a particular case of our relativistic model (a(t) = 1
and k£ = 0), we obtain the classical model as ¢ tends to infinity. In addition, we arrive
to the classical Burgers equation, by using the special case of the concerning equation
(a(t) = 1 and k = 0) without sending c to infinity. Obtaining the classical (inviscid)
Burgers equation in this study is an expected result since the non-relativistic equation
is derived from the relativistic one. After deriving the relativistic Burgers model un-
der consideration, we determine its spatially homogeneous solutions. This equation is
more challenging due to the existence of non-trivial spatially homogeneous solutions
which distinguishes our study from the previous works. In addition, we investigate
the limiting properties of the concerning equation and spatially homogeneous solu-
tions in details. Finally, a finite volume methodology which is formulated for curved

spacetimes in [37] and [38]] is developed for FLRW background spacetime.



In Chapter 4, numerical techniques for solving the Burgers equation on FLRW back-
ground is presented. Due to having an extra term named scale factor which depends
on time, applying numerical experiments to the concerning equation is harder com-
pared to the Burgers equation on Schwarzshild background. This scale factor appears
in the FLRW metric, in the model and in the scheme corresponding to this model. In
order to solve Riemann problem between each grid cell, a Godunov type of scheme
is constructed for the given model. A parameter, namely k, exists both in the metric
and in the model which results exactly three equations to this model. Therefore, nu-
merical experiments are applied for these three equations, separately. The scale factor
produces some singularities in the scheme for each particular cases. In addition, the
speed term of the concerning equation results some singularities in the scheme for
k = 1. These drawbacks are solved by making transformations on time and do-
main. Numerical experiments demonstrate the efficiency of the proposed method to
find solutions that may contain shock waves. The solution curves corresponding to
the Burgers equation on FLRW background with initial shocks and rarefactions con-
verge for three particular cases. This result shows the efficiency and robustness of
our scheme. Moreover, the behaviors of spatially homogeneous solutions and the
average of the numerical solutions on space are investigated. In order to make a com-
parison between spatially homogeneous solutions and numerical solutions for well-
balanced schemes, we consider L,; norm and a proportion of homogeneous solutions
and numerical solutions. We observed that the solution curves converge to spatially
homogeneous solutions as ¢ tends to infinity. Furthermore, limiting properties of the
concerning equation which are revealed in Chapter [3] are also observed by numerical
experiments. To sum up, our numerical scheme is based on a finite volume tech-
nique, which is well-preserving in the sense that all spatially homogeneous solutions

are preserved at the discrete level of approximation.

In Chapter [5| we summarize the results of this thesis theorically and numerically.
We derive the relativistic Burgers equation on FLRW background spacetime which
satisfies certain properties shared by all relativistic equations, such as starting with
the Euler equations and arriving to the classical equations. In addition, we attain
the corresponding homogeneous solutions to the concerning equation. The solution

curves corresponding to all particular cases of the concerning equation with differ-



ent initial functions converges, which means that our scheme is efficient, stable and
robust. The constructed Godunov scheme is consistent with the conservative form
of our model. Therefore, the scheme gives accurate calculations for weak solutions
containing shock waves. The concerning scheme is well-balanced, since it preserves
all spatially homogeneous solutions which is clearly illustrated in numerical experi-
ments. As a perspective, following the technique used in this work, several versions

of the relativistic Burgers equations can be attained for other spacetime backgrounds.



CHAPTER 2

PRELIMINARIES FOR HYPERBOLIC SYSTEMS OF
CONSERVATION LAWS, FINITE VOLUME METHODS AND
SPACETIMES

The main objective of this chapter is to provide a brief presentation for nonlinear hy-
perbolic systems of first-order partial differential equations in divergence form which
is also called hyperbolic systems of conservation laws (Part I) and basic terms for

spacetimes related to this thesis (Part II).

2.1 Part I: Hyperbolic Systems of Conservation Laws, Finite Volume Methods

2.1.1 Hyperbolicity and entropies

To begin with, we consider the systems of n conservation laws in one-space dimen-

sion,

v+ 0, f(v) =0, wv(z,t)eV, xzeR, t>0, (2.1)

where f : V — R" is the flux-function which is a smooth mapping and V is an open
and convex subset of R™. In (2.1) the dependent variable v is called the conservative
quantity and the independent variables x and ¢ are the spatial and time coordinates,
respectively. In order to state the Cauchy problem of (2.1), we assign an initial con-

dition for the conservative quantity,

v(x,0) =wvo(z), x€R where wvo(z): R — V. (2.2)



One can also observe that (2.1)) is in divergence form. Integrating (2.1)) over an inter-

val [z, xo] yields

d T2 T2 T2
—/ v(z,t)dx :/ v(z, t)de = —/ fv(z,t)).dz, (2.3)
dt x1 T x1

which is equal to

fv(zq,t)) — f(v(xe,t)) = [inflow at x1] — [outflow at x5]. (2.4)

Each component of the vector v represents a quantity which is neither created nor
destroyed, i.e. it is conserved. The total amount inside any given interval [z, x5] can
change only because of the flow across the boundary points. The next definition takes

into account the hyperbolic systems.

Definition 2.1.1 ([34]) A system defined by (2.1) is called a first-order, hyperbolic
system of partial differential equations if the corresponding Jacobian matrix J(v) =

D f(v) has n real eigenvalues with the following property

A(v) < X(v) <. <A\ (v), ve,

where the basis of right-eigenvectors is {r;(v) }1<;j<n.

We call the eigenvalues as wave speeds or characteristic speeds related with (2.1)).
Moreover, this system is said to be strictly hyperbolic if all of the eigenvalues are
distinct,

A(V) < Aa(v) < .. < Ap(v), veV.

Definition implies that D f (v)r;(v) = A;(v)r;(v) where (\;, r;) is the j-characteristic
field. In addition, v — A;(v)r;(v) is a smooth mapping. In strictly hyperbolic sys-

tems we have
Li(v)r(v) = &,

where 07 is Kronecker’s delta function and {/;(v) }1<;<y is a basis of left-eigenvectors.

For n = 1, there exists only one eigenvalue A (v) = f'(v) and ry = [} = 1.

Definition 2.1.2 ([34]) A j-characteristic field of (2.1)) is genuinely nonlinear if the

characteristic field satisfies the following condition
VAj(v).rj(v) #0, ve,
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and it is linearly degenerate if
VAj(w).r;(v) =0, ve,
forj=1,...n.

In this definition, the equation (2.1I) is genuinely nonlinear if and only if f”(v) # 0

for all v. In addition, it is linearly degenerate if and only if f”(v) = 0 for all v.

Definition 2.1.3 ([34]) If a differentiable solution of (2.1) admits the additional con-

servation law

oV (v)+ 9. F(v) =0,

the continuously differentiable function (V,F) : V — R? is named as an entropy

pair. The function V' is the entropy and the function F' is the corresponding entropy-
Sflux.

(V, F') is an entropy pair for (2.1) if and only if

VEW)' =VUW)'Df(v) =0, veV.
After differentiation with respect to v, we attain
D?*F(v) = D*V(v)D f(v) + VV (v)" D*f(u).

The matrices D? F(v) and VV (v)? D? f(u) are symmetric and this means that the
matrix D?V (v)D f(v) has to be also symmetric. This fact yields a useful criterion

for the existence of an entropy, given in the following theorem which gives an identi-

fication for mathematical entropies.

Theorem 2.1.1 ([34]) A continuously differentiable function V' is called an entropy
if and only if

D?*V(v)D f(v) isan nxn and symmetric matrix,

which gives a second order linear system of n(n — 1) /2 partial differential equations.
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We define an entropy pair
V(v)=wv;, F(v)=fi(v), ve,

where v = (v1, v, ...,v,)T and f(v) = (fi(v),..., fu(v))T forall j € {1,...,n}.
D?*V (v) is a positive definite symmetric matrix for the strictly convex entropies

which results to the following identity

V(v)=V(u) = VV(u).(v—u) >0, v#u in V.

We consider a particular case for (2.1); strictly hyperbolic scalar equations in one
space dimension (n = 1). The following definition states the structure of scalar

conservation laws.

Definition 2.1.4 The partial differential equation
O + 0. f(v) =0, (2.5)
is a scalar conservation law with the initial condition,
v(x,0) =vo(z), z€R,

where vy : R — V is given.

Example 2.1.1 For a particular case of [2.1)) with the flux function f(v) = v*/2 and

n = 1, we have the inviscid (classical) Burgers equation
O + 0,(v*/2) = 0, (2.6)

where v = v(t,z), t > 0and x € R.

The classical Burgers equation is one of the simplest example for nonlinear conserva-
tion laws. In general, a scalar conservation law defined in (2.5), that is a conservation
law in one variable is always hyperbolic. The classical Burgers equation is a funda-
mental partial differential equation in fluid mechanics and arises in various areas of
applied mathematics, such as modeling of gas dynamics and traffic flow. One can
easily observe that the wave speed in (2.6), f'(v) = v directly depends on v. Another

observation is that (2.6) is also a basic example for genuinely nonlinear equations.
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Definition 2.1.5 Hyperbolic systems of balance laws under consideration reads
o+ O f(v) = S(x,v), v(r,t)eV, xzeR, t>0, 2.7)

where f )V — R" is the flux-function which is a smooth mapping and V is an
open and convex subset of R". In 2.T) S(x,v) is the source term resulting from
geometrical and physical effects and the independent variables x and t are the space
and time coordinates, respectively. As in the definition of hyperbolic systems (2.1.1))

the Jacobian matrix J(v) := D f(v) admits n real eigenvalues

A(v) < X(v) <. <\ (v), veE,

and the system is said to be strictly hyperbolic if its eigenvalues are distinct,

AM(v) < Aa(v) <o < Ay(v), veEV.

In the rest of this part, we investigate the properties of weak solutions for the systems

of conservation laws.

2.1.2 Weak solutions and shock speeds

In this subsection, we give the notion of a solution v to a partial differential equation,
where v may not even be a differentiable function. This type of solutions are known
as weak solutions for partial differential equations. A strong solution does not always
exist, or the solutions may not be differentiable, or even continuous. In the following

definition, we explicitly give the concept of weak solutions.

Definition 2.1.6 ([34]) v € L>(R x R, V) is a weak solution for the Cauchy prob-
lem (2.1) and 2.2) if the following condition

/OO /(v@tﬁ + f(v)0,0)dxdt + / 0(0)vodx = 0, (2.8)
o Jr R

is satisfied for every function § € C'°(Rx [0, 00)) with the initial data vy € L (R, V).
The function 0 is a member of the vector space of real-valued, infinitely differentiable,

compactly supported functions.
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Weak solutions satisfy both the differential equation where the solution is smooth and
the jump conditions at discontinuities. We notice that if v is a strong solution of (2.1
and (2.2), then v is a weak solution of (2.1)) and (2.2)) but the reverse is obviously
not true. It is a known fact that weak solutions for conservation laws are generally
not unique. As we noted before, the notion of weak solution permits solutions which
even need not be continuous. Nonetheless, weak solutions have some constraints
depending on the sort of discontinuities. For instance, assume that v is a weak solution
such that it is discontinuous across some curve x = £(t), but smooth on both side of
this curve. Let v~ (x,t) be the limit of v approaching (x,t) from the left-hand side
and let v (z,t) be the limit of v approaching (z,¢) from the right-hand side. We
assert that the curve x = £(t) is not random, but there is a relation between = = (1),

v~ and v*. The following theorem explains this phenomena.

Theorem 2.1.2 (Rankine-Hugoniot jump condition) A solution v which is discon-

tinuous across the curve © = £(t) but smooth on either side of © = £(t) satisfies the
condition

f)—f@")

= ¢'(t), 2.9

B L0 29

across the curve of discontinuity, where v~ (x,t) is the limit of v approaching (z,t)

from the left-hand side and v* (x,t) is the limit of v approaching (x,t) from the right-
hand side.

It is concluded that a discontinuity in the weak solutions satisfies the property

[f ()] = slv], (2.10)

are the jumps of f(v) and v across the curve © = (), respectively. The relation
f'(v7) > s > f'(v") is called the entropy condition where f'(v) = dx/dt is the
speed of a solution v. We say that a curve of discontinuity is a shock curve for a
solution v if the curve satisfies the Rankine-Hugoniot jump condition and the en-
tropy condition for that solution v. Moreover, if a weak solution satisfies the entropy

condition on each discontinuity, then the solution is called admissible.
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Now, it is time to consider the Riemann problem which is an important Cauchy

problem of (2.1)) and (2.2) with the piecewisely defined initial function,

v, x<0,
v(z,0) = vo(z) = (2.11)
U, x>0,

where v;, v, € V are given constants. It is a known fact that a rarefaction or shock
wave will be generated. For a scalar convex equation with f’(v) is increasing, the
solution of the Riemann problem between v; and v, is a shock with the speed s if
v; > v, or ararefaction if v; < v, which is bounded by f’(v;) on the left-hand side and
by f'(v,) on the right-hand side. The solution along 7 = 0 is either v; a rarefaction
or shock moving entirely to right or v, a rarefaction or shock moving entirely to left.
The solution has a different value if v; < v, < v, where v, is the point satisfying

f'(vs) = 0. We call this point as the sonic point.

2.2 General formulation of finite volume methods for hyperbolic conservation

laws

The finite volume method is based on splitting the spatial domain into finite volumes
and preserving an approximation to the integral of v, the dependent variable of the
system (2.1), over each of these volumes. In every time step these approximated
values are updated by using approximations of the flux in the endpoints of the grid

cells. The value V" is the approximation of v(x;, ") at time ¢,

1 Tiy1/2 1
V;n ~ A_x v(x,t”)dﬂc = A—x /01 U(:L-7tn)d1‘, (212)

where C; = (2;_1/2, Tit1/2) is the i'th grid cell and Az = x;41/2 — x;_1/2. We obtain

Ti—1/2

the integral form of the conservation law (2.1) as

= v(z,t)dr = f(v(wic1/2,t)) = f(0(Tiz1/2:1)). (2.13)
C;
We object to find V;"** by given V;", which is the cell averages at time t". After
integrating (2.13)) we obtain
tn+1 tn+1
/ v(x,t”“)da:—/ v(z, t")dx :/ f(U($i1/27t))dt—/ J((@i41/2,1))dt.
C o tn tn

(2.14)
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Dividing (2.14) by Az and organizing the terms yields

AL.CE . v(x, ") da :Aias . v(z, t")dx
1 gl g+l
A </ f(u(@it1y2,t))dt — / f(@izyy, t))dt>

(2.15)

This is the formulation of updating v in each time step. After introducing the approx-
imation for the flux along r = x4/,

tn+1

1
1'11/2 ~ E/ F(w(iga/2,t))dt, (2.16)

tn

we obtain the following numerical approximation

At
VI =V = (P V) = F(VEL VD), (2.17)
where
z’T-l&-l/Z = ]:(Vina V;Z-l) (2.18)

The particular method depends on the formulation of F and in this method V;"*! is
obtained by using V" |, V;" and V", from the previous time level. In addition, it can
be clearly observed that the method (2.17) is in conservation form, since it comes

from the property (2.15)) of the exact solution.

2.3 General formulation of finite volume methods for hyperbolic balance laws

Following (2.177)), we construct a finite volume formulation by

At
VIt = Ve PV V) = FOVEL V) + ST (219)

for the hyperbolic balance law (2.7/) that is obtained in a similar way to the previous
section. In the method (2.19)) the term S} is an approximation for the source term

1
ST S(x,v)dtdr, 2.20
i AtAT /[75“7tn+1}><0i (I‘ 'U) T ( )

where C; = (2;1/2, Ti11/2) is the ¢'th grid cell.
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In Chapter (3), the main part of this thesis, we will deal with a more challenging finite
volume approximation for curved spacetimes and in Chapter (), a Godunov type of
scheme will be used for numerical experiments. Hence, in the following we introduce

briefly the Godunov method.

2.4 Godunov method

Godunov method helps to solve the Riemann problem forward in time for each grid
cell. Solutions of Riemann problem give important details about the characteristic
structure and yield conservative methods since they are themselves exact solutions of
the conservation laws. In this method, we use the numerical solution in order to define
a piecewise function 0(z, t") with the value V;" on the grid cell C; = (z;-1/2, Tit1/2)-
The equation is solved exactly over the small time interval " < ¢ < "1 and
since the initial data o(x,t") is piecewisely constant we obtain a sequence of Rie-
mann problems. The exact solution is attained by simply connecting these Riemann
solutions. We define the approximate solution Vi"Jrl at time t"! by averaging the
exact solution at time "1,

1
yntl = —/ o(x, ") dx. 2.21
; Ar Civ(:v, )dx (2.21)

We repeat this process in order to find the new piecewise constant data o1 (x, t"*1)
by using (2.21)). Since 9" is considered as an exact weak solution it satisfies (2.14))

and we have

tn+1

/ ﬁn(m,tnﬂ)dx—/ @n(ill',tn>dl'+/ f(f)n(l'z_l/g,t))dt
Ci Ci & (2.22)

tn+1

- /t f(@n(%'ﬂ/% t))dt.

n

By dividing this equation with Az and using (2.21)) we attain

At
Vi = V= S FE Vi) = FVEL V), 223)

where 0" (z,t") = V" over the cell C;. The flux function F in (2.23) is given as

tn+1

1
FVL, Vi) = Ar /tn F(0" (25172, ) )dt. (2.24)
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The integral in (2.24)) is easy to compute since 0" is constant at the point z;.1/, over
the time interval ¢" < ¢ < ¢"*!. This constant value of 0" along = = ;1> depends
on both V;" and V}}, for this Riemann problem. In a different notation, the method

(2.23) can be written as
At

(AR A A_x(f(U*(‘/;nv Vit) = flw* (V2 Vi) (2.25)
where the flux reduces to
FVELVE) = for (V2 Vi) (2.26)

If V" = Vi, = v then v*(V;", VL) = v and this property yields that the flux (2.26)

is consistent with f.

In general for the convex case, the choice of v*(v;, v,.) is formulated by the following

o if f'(v), f'(v,) > 0 then v*(vy, v,) = v,
o if f'(v), f'(v,) < 0 then v*(vy, v,) = v,

o if f'(1)) > 0> f'(v,), and [f]/[v] > O then v*(v1, v,) = ;.
o i f'(0) 2 0> f/(v,), and [f]/[] < O then v*(v1,v,) = v,,

o if f'(v;) <0< f'(v,) then v*(v;,v,.) = vs where v, is the sonic point.

Finally, in order to satisfy the stability condition in the method, we require the fol-

lowing condition

At
E/\j(‘/; )

for any eigenvalue \; of each V;". The greatest value of this quantity over all the

<1, (2.27)

values of v occurring in a particular problem is named as Cournat Friedrichs Levy

(CFL) condition.
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2.5 Part II: Spacetimes

The notion of spacetime gets together ’space’ and "time’ to a single abstract universe.
In general, an n + 1 dimensional spacetime requires 7 space dimensions and one time
dimension. An event in a spacetime does not sign just points in space, time is added
as another dimension by which one can understand where and when the events occur.
In spacetimes, different from usual spatial coordinates there exist restrictions in how
measurements are made spatially and temporally. These restrictions yield a special

model that differs from the Euclidean space in its evident symmetry.

2.5.1 Basic Concepts

In the following two definitions, we focus on a particular case of n + 1 dimensional

spacetime, thatis n = 3.

Definition 2.5.1 An individual moment in 3 + 1 dimensional spacetime, is described
as an event which is uniquely determined by (t,r,0, ) where t and (r,0, p) are time

and spatial coordinates, respectively.

Compared with the Euclidean space, it is not easy to sketch an event in n + 1 di-
mensional spacetime for (n > 3). However, in 2 + 1 dimension, the structure of
spacetime and the sketch of an event to a spacetime is simpler for this case. Figure

(2.1)) illustrates a simple sketch for an event.

Definition 2.5.2 In 3 + 1 dimension, a spacetime interval between two events is de-

fined as
ds* = —dt* + dr* + db* + dy?,
where c is a fixed velocity term between space and time, t and (r, 0, p) are again time

and spatial coordinates, respectively. In our later discussion c will be turn into to the

light speed, and this speed is invariant under change of coordinates.
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"an instant of time" event

<

7

/

Figure 2.1: A simple sketch of an event on 2 + 1 dimensional spacetime
2.6 Lorentzian Manifolds

Since our objective is to obtain the relativistic Burgers equation on a special curved
spacetime, we need some basic features from general relativity. The spacetime under
consideration is a Lorentzian manifold. To distinguish Lorentzian manifolds from n
dimensional Euclidean space, we introduce n 4+ 1 dimensional (n refers space and 1
refers time) time-oriented, Lorentzian manifold (M, g) where ¢ is a metric with the
sign (—, +, ..., +) and we recall that tangent vectors X € 7,,M ata point p € M can

be sorted as

timelike vectors, ¢(X,X) <0,
null vectors, ¢(X,X) =0, (2.28)

spacelike vectors, g(X, X) > 0.

A simple sketch of these vectors are illustrated in Figure (2.2).

In the following, we consider three particular cases of Lorentzian manifolds with n+1

dimension, namely Minkowski, Schwarzschild and FLRW backgrounds.
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Timelike vector

Null vector
———Specelike vector
>y

Figure 2.2: Timelike, null and spacelike vectors.

2.6.1 Minkowski Spacetime

A 3+ 1 dimensional Minkowski spacetime is nondegenerate and symmetric manifold
endowed with a flat metric. The elements of this background are ’events’ which are
defined as in (2.5.1]) and are thought as actual or physically possible point-events. This
spacetime is also called as *flat’ spacetime. There exists a special coordinate system
containing the whole manifold where the metric is diagonal. The special coordinate

system is named as Minkowski coordinate system and is given by

% = (xo,xl,xz,x3) = (t,z,y, 2).

The coordinates (z°, z',2?) = (x,y,2) and (z) = (t) are spatial and time com-

ponents, respectively, which are supplied by the observer who directs the reference

frame.
The line element (metric of Minkowski spacetime) is given as
g = —cdt* + do* + dy* + d2?,
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and in the matrix representation

- 0 00 dt
o 1 00 dx
g = gydx'dy’ = (dtde dy dz) ,
01 0| |ay
0 0 01 dz

where c is the light speed. Furthermore, in usual spherical coordinates the length

element of Minkowski metric is given as

g = —c2dt* + dr?* + r2df? + r? sin® Ody?.

2.6.2 Schwarzschild geometry

The Schwarzschild background spacetime describes the gravitational field of the Earth
and defines a spherically symmetric black hole solution to the Einstein equations in
suitably chosen coordinates (ct, 7, 0, ¢). This spacetime background is represented by
Schwarzschild metric
2 2m 1
g = —(1 - —m>c2dt2 + (1 - _m) dr? + r?(d6* + sin? 0dy?),
r r
for t > 0, c is the light speed, » > 2m and m > 0 is the mass parameter. Here
r, 6, are the usual spherical coordinates. In addition, the metric in matrix form to

this background is represented in 3 4+ 1 dimension as

. (1 . 27"‘)02 0 0 0 gt
0 ) 0 d
g = gyydride’ = (dtdr df dy) ( - 7) "
0 0 r? 0 do
0 0 0 r2sin%d dp

The solution holds for this background outside the body of mass m. There exists a
singularity at » = 2m and we can get rid of this singularity by using the Eddington
Finkelstein coordinates. It can be clearly observed that, for the case m = 0, the
Schwarzschild metric reduces to the Minkowski metric. In addition, as r — oo

Schwarzschild background approaches Minkowski spacetime.
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2.6.3 Friedmann-Lemaitre—Robertson—Walker background

Friedmann—Lemaitre—Robertson—Walker (FLRW) model is one of the most investi-
gated cosmological model in physics and mathematics. In this model, the metric can

be written as

g = —cdt* + a(t)2< + 72d6? 4 r? sin® 9dg02> , (2.29)

[y
where ¢ is the time, ¢ is the light speed, £ is the curvature, a(t) is the cosmic expansion
factor and (r, 6, ¢) are the spherical coordinates. The constant parameter & which
takes exactly three values {—1,0, 1}, determines the curvature of the spacetime as

follows

e k= —1, space geometry at constant time is a negatively curved, 3-dimensional

”pseudo-sphere”; the space is infinite.

e i = 0, space geometry at constant time is Euclidean,’flat space”; the space is

infinite.

e k& = 1, space geometry at constant time is a 3-sphere, which is positively

curved; the total volume of the universe is finite.

The matrix form of this metric for 3 + 1 dimensional background is given as

20 0 0 dt
a2
P 0 — 0 0 dr
g = gijdx'dz’ = (dt dr df dy) 1—kr
0 0 a’r? 0 do
0 0 0 a2r?sin?20/) \d¢

As a remark, FLRW metric is a solution for the Einstein equations. If the Einstein
equations are solved for the FLRW metric given by (2.29), the system of equations
reduces to a double equation, called Friedmann equations
a(t)\2 8rG A k
(Y- 5+~
a(t) 3 3 a(t)?

(5) =T o+

(2.30)

3
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where G is the gravitational constant, p is the density, A is the cosmological constant,
k is the curvature and p is the pressure. In these equations a(t) and d(t) are the first
and second derivatives of the cosmic expansion factor a(t). The first equation of
(2.30) is related with the expansion rate a/a and the second one is related with the

acceleration i /a.

In the rest of this chapter, we give some basic definitions in order to clarify the terms

of the Einstein field equations.

Definition 2.6.1 The Christoffel symbols for a given metric are defined by
1 14
Fgﬁ == 59“ (_az/gaﬁ + aﬂgau + 804951/)7 a, ﬁ7 w, v € {07 17 27 3}7 (231)

where g"” is the matrix inverse of the inverse metric g,,,.

The Christoffel symbols play a great role in differential geometry by explaining how

to define parallelism between neighboring points.

Definition 2.6.2 The Riemann curvature tensor is defined by

&, =009, —9,3, +I7, % ~ T} I (2.32)

Buv Bv= yp Bu~ v

where I'G | is the Christoffel symbols computed by the help of (2.31).

The Riemann curvature tensor plays a crucial role in specifying the geometrical fea-
tures of a spacetime. It is observed that Riemann curvature tensor is antisymmetric

with respect to interchange of the last two lower indices,

5, = Rj3 (2.33)

Buv B

Moreover, it is easy to prove that the Riemann curvature tensor satisfies the following

property
guv + Rﬁ‘ﬁu + RZ‘VB =0. (2.34)

Definition 2.6.3 The Ricci tensor is defined by
Ros = szﬁ, (2.35)
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where R, ; is described in 2.32). Furthermore, by using (2.35) the formulation of
Ricci scalar can be given as

R =g R.s. (2.36)

The Ricci scalar and the Ricci tensor is prevalently used in cosmology and general

relativity.

Definition 2.6.4 The Einstein tensor is defined as

1
Gap = Rap — 39aslt; (2.37)

where R,z is the Ricci tensor and R is the Ricci scalar defined in (2.35) and ([2.36)),

respectively.

The following definition is about the energy momentum tensors of perfect fluids. Per-
fect fluid is a fluid that has no viscosity or heat conduction. It is fully parameterized

by its density p and the pressure p.

Definition 2.6.5 The energy momentum tensors of perfect fluids are calculated by

the formula

T = (p® + p)u*u’ +pg*’, «,B€{0,1,2,3}, (2.38)
where p is density, p is pressure, (u®) = (u°(x,t), ut(z,t), u*(z,t),v?(x,t)) is a unit
vector, c is the light speed, and g*” is determined through the metric.

Finally, we end up this chapter by the definition of the Einstein field equations.

Definition 2.6.6 The Einstein field equations is given by the relation

1
Gap = Rap — 59aslt; (2.39)

where G g is the Einstein tensor, R,z is the Ricci tensor and R is the Ricci scalar

which are calculated by the help of the formulas 2.37), (2.35) and [2.36), respec-

tively.
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CHAPTER 3

THE RELATIVISTIC BURGERS EQUATION ON A
FRIEDMANN-LEMAITRE-ROBERTSON-WALKER (FLRW)
BACKGROUND

3.1 Introduction

The inviscid Burgers equation is an important model in computational fluid dynam-
ics, and represents the simplest (yet challenging) example of a nonlinear hyperbolic
conservation law. Recently, several relativistic and non-relativistic generalizations
of the classical Burgers equation have been introduced by LeFloch and collabora-
tors [2, 136, 137, 38], which also take into account geometrical effects. In particular,
the fundamental relativistic Burgers equation was derived by identifying a hyperbolic
balance law which satisfies the same Lorentz invariance property as the one satisfied
by the Euler equations of relativistic compressible fluids. The relativistic general-
ization of this model was studied on both a flat background and a Schwarzschild
background. A numerical scheme was developed by using the finite volume method-
ology and allowed to capture discontinuous solutions containing shock waves for the

relativistic Burgers equation.

Specifically, we will work on Friedmann—Lemaitre—Robertson—Walker (FLRW) back-
ground, which is an important solution to Einstein field equations relevant to cosmol-
ogy. (See for instance [27] for background material.) The main purpose of the thesis
is to discuss the relativistic Burgers equation on a FLRW background and to design a
finite volume scheme for its approximation by closely following LeFloch, Makhlof,

and Okutmustur [38]].
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In the present study, we continue this analysis and introduce the class of relativistic
Burgers equation on a curved background, derived as follows. We start from the
relativistic Euler equations on a curved background (M, g) (that is, a smooth, time-

oriented Lorentzian manifold), which read

Vo T =0,
3.1
T = (pc® +p)uu” +p g™,
where 7% is the so-called energy-momentum tensor for perfect fluids. Here, p > 0

denotes the mass-energy density of the fluid, while the future-oriented, unit timelike

vector field u = (u®) represents the velocity of the fluid and g,5 u®u® = —1.

As usual, the model (3.T)) must be supplemented with an equation of state for the
pressure p = p(p). In the present work, we assume that the fluid is pressureless, that

is, p = 0, so that the Euler system takes the simpler form
Va (p uo‘uﬁ) = 0. (3.2)

Provided p > 0 and p, u are sufficiently regular and observing that g,V ,u%u” = 0

(that is, u is orthogonal to V), we arrive at
PV uu’ 4 pu®Vau’ + u*uPVap = 0.
By contracting this equation with the covector ug, we get
u*Vap = —pVaus,

which gives us

puPV u® + p(u®Vau? — uPVou®) = 0.
Provided p > 0, it thus follows that
u*Vou’ =0, (3.3)

which is the geometric relativistic Burgers equation, that is the focus of this thesis.

3.1.1 The relativistic Burgers equations on curved backgrounds

Let us first summarize the results obtained by LeFloch, Makhlof, and Okutmustur
[38] for Minkowski (flat) and Schwarzshild spacetimes. The inviscid Burgers equa-

tion is one of the simplest example of nonlinear hyperbolic conservation laws, and
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reads

O + 0,(v*/2) = 0, (3.4)

where v = v(t,z),t > 0 and € R. This equation can be formally deduced from the

Euler system of compressible fluids
Op + 0x(pv) =0,
0:(pv) + du(pv* + p(p)) = 0,

where p > 0 denotes the density, v the velocity, and p(p) the pressure of the fluid.

By taking p(p) = 0 and keeping a suitable combination of the two equations, we find

(3-4).

The relativistic Burgers equation on flat spacetime can be derived in several ways,
either by imposing the Lorentz invariance property or formally from the Euler system
on a curved background. As discussed in [38]], the relativistic Burgers equation on

flat background is
8tv+8r(1/62(—1+\/1+62v2)) =0, (3.5

where € is the inverse of the light speed parameter and the length element of Minkowski

metric in spherical coordinates (¢, 1,0, ¢), is given by
g = —c2dt* + dr® + r’d6? + r? sin® §dy?,

where c is the light speed. On the other hand, starting from the Euler system for rela-
tivistic compressible fluids and imposing vanishing pressure, we arrive at the follow-
ing version of the non-relativistic and relativistic Burgers equations on Schwarzshild
spacetime:

2

01 (r*v) + 0, <r(7’ — 2m)%> = rv® — mc?, (3.6)
8,(r?v) + 0, (r(r - 2m)< — 1+ VI v2)) —0, 3.7)

where the Schwarzshild metric in coordinates (¢, r, 0, ¢) is defined by
2 2m\ 1
g=— (1 - —m>c2dt2 + <1 — _m) dr? + r*(df? + sin® dp?),
r r
so that m > 0 is the mass parameter, 7 is the Schwarzshild radius and » > 2m. We
refer the reader to [38]] for further details. In the present thesis, our main objective is
the discussion of yet another generalization, that is the relativistic Burgers equation

on a FLRW spacetime.
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3.2 FLRW background spacetimes

3.2.1 Motivations from cosmology

Cosmology is based on Einstein’s theory of gravity and certain classes of explicit so-
lutions are often considered. (See for instance [27]] for the notions in this section.)
Recall first that Einstein himself introduced in his field equation the so-called cosmo-
logical constant A, in order to ensure that static solutions representing a static universe
exist. Next, without requiring this cosmological constant, Friedmann discovered so-
lutions to Einstein equations describing an expanding universe. At the same time,
Lemaitre proposed the “Big Bang model", which describes an expanding universe
from a singular state and derived the “distance redshift" relation. This circle of ideas,
together with further works by Robertson and Walker, led to a theory based on a fam-
ily of solutions, now referred as the FLRW spacetimes describing the whole universe

evolution.

In short, the cosmological principle states that the universe is homogeneous (has
spatial translation symmetry) and isotropic (has spatial rotation symmetry). Accord-
ing to this principle, the universe may evolve in time, in either a contracting or an
expanding direction. Observations indicate that the universe is expanding; whereas
galaxies, quasars and galaxy clusters evolve with redshift, and the temperature of the
cosmic microwave background (a uniform background of radio waves which fill the
universe) is decreasing. An important feature in cosmology works is that studies are
always done in comoving coordinates which expand with the universe. Furthermore,
three topologies (positive, negative, or vanishing curvature) are possible and the uni-

verse is referred to be closed, open, or flat, respectively.

3.2.2 Expression of the FLRW metric

We will work here with the FLRW metric describing a spatially homogeneous and
isotropic three-dimensional space. In term of the proper time ¢ measured by a co-
moving observer, and by introducing radial » and angular (6 and ) coordinates in the

comoving frame, we can express the metric of such a 3 4+ 1-dimensional spacetime in
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the form

dr?

1 — kr?
where £ = 0, =1 and c is the light speed. The variable ¢ is the proper time experienced

g = —cdt* + a(t)2< + 7r%d6? 4 r? sin? 9dc,02) , (3.8)
by comoving observers, who remain at rest in comoving coordinates dr = df =
dp = 0. The time variable ¢ appearing in the FLRW metric is the time that would be
measured by an observer who sees uniform expansion of the surrounding universe; it
is named as the cosmological proper time or cosmic time.

The function a = a(t) reads

a(t) = ap <ti>a, (3.9)

0
where, for the FLRW metric, o = %, to is the age of the universe (which is a ‘large’

number) and ay = 1 refers to ‘today’. In addition, the parameter £, a constant in time

and space, is related to the spacetime curvature K by the equation,
2
k=a(t) K.
We can distinguish between three cases:

1,  sphere (of positive curvature),
k=140, (flat) Euclidean space, (3.10)

—1, hyperboloid (of negative curvature).

The FLRW metric can also be used to express the line element for homogeneous,

isotropic spacetime in matrix form (for ¢ = 1) as

-1 0 0 0 dt

! 0 %= O 0 d
g = gyda'ds’ = (dtdrdf dy) T—kr? r
0 0 a¥* 0 d6

Thus, the FLRW metric is diagonal with

a?

goo = —1, g1 = T 2= a’r?, gs3 = a*r?sin® 6, (3.11)

as its non-zero covariant (diagonal entries of the matrix) components, and the corre-
sponding contravariant components are

11:1_]“”2 22 _ 1 33 _ 1

g’ =-1yg — g
a

—_— = 3.12
a2r?’ a2r?sin’®6’ (3.12)
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with
gikgkj = 5;7
where &} is the Kronecker’s delta function. The coordinates (,6,¢) of the metric

are comoving coordinates. In the FLRW metric, as the universe expands the galaxies

keep the same coordinates (7, 6, ¢) and only the scale factor a(t¢) changes with time.

3.2.3 Christoffel symbols for FLRW background

We need first to calculate the Christoffel symbols I': - The metric tensors tell us how
to define distance between neighboring points and the connection coefficients tell us
how to define parallelism between neighboring points. We calculate the Christoffel
symbols by using (3.11)) and (3.12) with

1
s = 59" (=0ugas + Osgaw + Oagpy), (3.13)

where «, 5, u, v € {0,1,2,3}. To begin with, we calculate two typical coefficients

by using (3.11)) and (3.12), as follows:
o _ 1 0o 1
Too =59 (—=8og00 + Jogoo + ogoo) = 5(—1)(0) =0,

and

F(ﬁ = —900(—80911 + 01910 + Oog10)

a? aa

= 2(—1)( - ao(m)) = 1= k)

L

Similarly, we obtain the other non-vanishing Christoffel symbols as:

o _ _aa o _ aar? o _ aar?sin®0
el —kr2)y 2 ¢ B - ;
kr .
Iy, = T2 [y = —r(1—kr?), T3 =—r(1—kr®)sin®6,
33 = —sinfcosf, I3y =T3,=cotb, (3.14)
1

2 _ 12 _ 13 _ 13 _
F12 — 1—‘21 - F31 - F13 - ;’

a
1 _pl 2 12 _p3 _p3 _
FOl_Fl()_FOQ_FQO_F?)O_FO?)_a'
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Moreover, the zero terms of the Christoffel symbols are calculated as:

oo =Ty = Loy = Igz = Iy = Ty =Ty = I'yy = Iy = Iy
=T3 =15 =I5 =Tg =gy =Tz =T, =I5 =Ty
=Ty =gy =3 =3 =T =I5 =I5 =T =T
=T =T, =15 =15 =01% =% =I5, =T =Tj

= FSQ :F?O = F?l = F?Q = Fgo = F%l :F§2 = Fgg = 0.

3.3 From the Euler system to the relativistic Burgers equation

3.3.1 The energy-momentum tensor for perfect fluids

We assume that solutions to the Euler equations depend only on the time variable ¢
and the radial variable r, and that the non-radial components of the velocity vanish,
that is, (u®) = (u°(¢,r),u'(¢,7),0,0). Since u is unit vector, we have u®u, = —1

and we can write

Ut = uug + utug = goo(u®) (u®) + g1 (ut)(ut),

which gives us
— 1= goo(u’)* + gui (u')?. (3.15)
Plugging the covariant components into this equation, it follows that

a(t)?

=W s

(uh)?. (3.16)

By considering the formula for the fluid velocity, which is the proportion of the proper
distance of the hypersurface to the elapsed time, it is convenient to introduce the

velocity component v. The coordinates are taken to be
(2%, 2, 2%, 2°) = (ct,7,0,0).

In order to obtain a relation between u' and u°, we use the identity

o et
dr  dt dTt’
- dr dr’
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dz*  dxtdt 1

1 _ - 2 1,0
“ dr at dr ¢
which gives u' /u’ = v'/c, since da' /dt = v".
Next, we introduce the velocity component v as the fraction of the proper distance of
the hypersurface and the elapsed time

ca(t) !
By using (3.16) and (3.17)) with a simple algebraic manipulation, we obtain the fol-
lowing identities
2 2(1 — kr?
@W)?2= - (W) = LA (3.18)

(2 —v?)’ a?(c? —v?)’
Then, in order to calculate the tensor components, we need to recall the energy mo-

mentum tensor of perfect fluids formula,
7% = (pc + p) u® u® + pg°”. (3.19)

By inserting the terms from the relation (3.18) and the contravariant components
(3.12) into the formula (3.19), we calculate all the energy momentum tensor com-
ponents for a, 3 € {0,1,2,3}. For example, the first tensor T can be obtained

as
2

4 2
& pc + pv
T% = (pc + p)u'u’ +pg” = 5——(p* +p) —=p = —5— 5~

2 —q2 7

In the same way the other components are found to be

cv(1 — kr?)Y2(pc? + p) A1 — kr?)(v?p + p)

01 _ 10 _ 11 _

== a(c? —v?) 1= a?(c? —v?) ’
p

22 33 __

™ = 2,27 ™ = 2,2 in2 P’
a?r ar?sin” 0

while the remaining terms vanish, as shown below

T02 — T03 — T12 — T13 — T20 — T21 — T23 — TSO — T31 — T32 =0.

3.3.2 The pressureless Euler system on FLRW background

In the previous section, Christoffel symbols and energy momentum tensors for perfect

fluids were derived. In this section, we are in a position to derive the Euler system
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on a FLRW spacetime. We recall the Euler equations V,7*® = 0, which can be

rewritten as

0T + T2 T + T T = 0. (3.20)
There are two sets of equations depending on (5. Firstly taking 8 = 0 in (3.20)) yields
T+ T8 17" + T T =0,
which is equivalent to
QT + T, T +T9,17° + 0,17 + F;T’YO + 00T + 0,17 + T3 T7°
+T5, T2 + 95T + T3, T7° + Ty T°7 = 0.
Writing this equation in more detail results to the following equation
0T + T, T + T T + T, T + T, T + 5, T + 'y, T
+ F83T30 + F83T03 4 alTIO 4 F%OTOO + F(l)OTlo 4 FilTIO 4 F(l)lTll
FTRT? 4+ THT2 4 T1T + T9T + 0T + T3, T + T, T
+ FngIO + F(2]1T21 4 F§2T20 + F(2]2T22 4 F%3T30 4 F(2)3T23 + 83T30
+ DT 4 Do T 4 Ty T 4 Ty T 4 DT+ T T
+ T3, T + 3T = 0.

We next consider the exponent § = 1:
T + T8 T 4+ 1), T =0,
which gives us
OOTOI + F87T71 + ngTOW + alTll + Fi'yT,ﬂ + Fi’yTl'y + 62T21 + F37T71
+ T3, 7% + 05T +T5 T + T3, T% = 0.
Again by writing this equation in a detailed form, we attain the following equation
BT + LT + T T + T, T + T, T 4 T0,T% + T, T
+ DT + T T + 0T + T T + T, T + T, T + T, T
+ D172 + T, T2 + T T 4+ T T + 0,7 + T T 4 T, T%°
+ D5 T+ Ty T2 + T5,T% + 15,722 + T, T3 + T3, T 4 0,7
+ T3 + Ty + T35, TH + T3y T+ T3,T + T3, T
+ 5,1 4+ DT = 0.
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Next, by substituting the expression of the Christoffel symbols in the Euler system on

a FLRW background, we obtain the simplified system

kr aa
710 1
1 — kr? T c(1 — kr?)
r2aa el aar? sin® 0T33 o,
¢ (3.21)
2kr At

(1 — kr?)
1

+-TH — r(1— k:T2)T22 —7r(1— er) sin? 9733 = 0.
”

N
QT + 9T + 227
ca
2
+=TY +
T

A ;
80T01+81T11+_QT01+gT10+
ca ca

Finally, using the expressions for perfect fluids into (3.21)) and assuming that the

pressure p vanishes identically, we obtain the Euler system on a FLRW background:

8, ( pc? ) Lo (pcv(l — kr2)1/2) N - 3apc N 2pcv(1 — kr?)t/?

2 — 2 a(c? —v?) 2 —v?) ra(c? —v?)
n krpcv av?p _0
a(c? —v?)(1 — kr2)1/2 = ca(c? —v2)
Apv(1 — kr?)t/? cv?p(1 — kr?) Sapvc(l — kr?)l/?
80 + 81
a(c? —v?) a?(c? —v?) a?(c? —v?)
2krcv?p N 2c0°p(1 — kr?) 0
a?(c? —v?) ra?(c2 —v?)
(3.22)

3.4 The relativistic Burgers equation on a FLRW background

3.4.1 The derivation of the relativistic Burgers equation

It remains now to write the relativistic Burgers equation with the help of the equations
(3.22). Namely, we combine the two equations in (3.22)) and reduce it to a single
equation, that is,

a28t(g(1—k:r2)1/2)+ar((%2)(1—k:7‘2))+v(1—k7“2)1/2at(2—Z—j)+rk3v2 =0. (3.23)
If we take the partial derivatives of the first and the second terms in (3.23)), this be-
comes

2 2
(avt—vat)(l—kr2)1/2+(1—k:7"2)8r(%) —rkv?+o(1—kr?)Y2a,(2— %)-FT]CUQ =0,
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after further elementary simplifications, we obtain
2 1/2 2
avy(1 — kr?)V? 4+ (1 — /m«?)a,n(%) + v(l - k:r2> a(l— =) =0.
c

Finally, we arrive at the following definition.

Definition 3.4.1 The relativistic Burgers equation on a FLRW background is

’U2 2

a vy + (1 — kr2)1/2(9T (5> + v(l — Z_Q) a; =0, (3.24)

in which a = a(t) > 0 is a given function, k € { — 1,0, 1} is a discrete parameter,

and the light speed c is a positive parameter.

Writing this equation explicitly for the particular cases depending on the constant

parameter £ yields

Casel:k=-1
av+ (1+ rz)mar(”;) +o(1- g) a =0, (3.25)
Case2: k=0 2 2
av+0,(5) +v(1-5)a=0. (3.26)
Case3: k=1
v+ (1- 7«2)1/28,,(%2) +o(1- Z—j) 0 = 0. (3.27)

In the limiting case ¢ — 400, the equation (3.24)) can be rewritten as
a(t)v v?
(s ) + (5 ) =0, 3.28
(1 = kr2)12 2 (5.28)
which is a conservation law. Here, we are able to obtain classical model as ¢ tends
to infinity with a particular case of our relativistic model (a(f) = 1 and £ = 0).
Derivation of the classical (inviscid) Burgers equation from the relativistic one is an

expected result since it is a property shared all by relativistic equations.

In order to obtain an analogous equation for (3.28) for finite values ¢, we propose to

rewrite (3.24) as
3 2

‘O’t(%> - 2—2@(%) vo(z)=0 6
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Furthermore, in the special case a(t) = 1, this latter equation is also a conservation

law
2

a&ﬁ) + a,(%) —0. (3.30)

3.4.2 The initial value problem

The equation is anonlinear hyperbolic equation with time- and space-dependent
coefficients. The solutions admit jump discontinuities which propagate in time. This
equation fits in the general theory of entropy weak solutions to such equations by
Kruzkov [30]. The notion of entropy solutions relies on the use of the so-called con-

vex entropy pairs, defined as follows.

Definition 3.4.2 A pair of Lipschitz continuous functions V, F' is a convex entropy-
entropy flux pair if V.= V(v) is strictly convex and F' := vV’ hold almost every-
where. A function v € L>®°(R" x RY) is called an entropy solution of (3.24)), if for

every convex entropy-entropy flux pair (V, F')

v? v?
avy + (1 — kr2)1/2&,(—) + v(l — —Q)at =0,

2 ¢ , (3.31)
aV () + (1 — kr?) 20, F(v) + V' (v) (1 — Z—z)at <0,

hold in the sense of distributions.
In view of the general theory in [30], we obtain the following result.

Theorem 3.4.1 The equation (3.24) admits an entropy weak solution v € L>*°(R" x
R™) satisfying the conditions (3.31)) in the sense of Kruzkov'’s theory.

Note in passing that, in the particular case a(t) = 1 and k = 0, we obtain the classical
Burgers equation and the approximate solution of this equation satisfies the additional
estimate

infv(0,z) < info(t,xz) < supo(t,z) < supv(0,z).

x xT

This is of course not true in general, and the lack of such properties in one of the

challenges in order to numerically cope with discontinuous solutions to (3.31)).
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3.5 Special solutions and non-relativistic limit

3.5.1 Spatially homogeneous solutions

We look for special classes of explicit solutions to the Burgers equation on a FLRW
background (3.24)), which involves the variable coefficients a(¢) and a;(¢). Due to this
t-dependency, it is easily checked that for all three values of k, there does not exist

any static solution (except v = 0).

On the other hand, in order to find spatially homogeneous solutions of (3.24), we
assume that v depends only on ¢ so that the term &(%) vanishes identically, which

means )
av, + v(1 — =)a, = 0. (3.32)
C

By changing the notation v; to v, and a; to a’, we write

ol-%) a

which is equivalent to

1 v
(— + = ) v' = —(loga)’.
vt

It follows that

tv w .
_— = —, where w is a constant.
V1=v?/c2  a

Equivalently, we have

a? v?

2 _
EU = 1 — C—2
Thus the spatially homogeneous homogeneous solutions can be described by the ex-

plicit formula

o) = ——C (3.33)

/1 _I_ a2q(52)c2

where w is a constant parameter. This is obviously true for all £k € {—1,0, 1}.

Proposition 3.5.1 The spatially homogeneous solutions to the relativistic Burgers
equation on a FLRW background
W(t) = ——2 € (—c,0) (3.34)
a(t)? + f—;

are parameterized by a real parameter w (where c is the light speed).
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In the relativistic Burgers equation on FLRW background the 'main dependence’ is

in ¢ rather than r.

3.5.2 Some limit properties of the relativistic Burgers equation

Next, let us consider some limit properties of the equation (3.24)) when, for definite-
ness, a(t) = ag(%)a. Observe in passing that (3.24)) is not linear in terms of the
coefficient a(t) (since the second term in the equation does not include a(t) or a'(t)).

Recall that the following parameters are relevant:

.
k the curvature constant , k € [—1,1]

c the light speed , ¢ € (0, 00)

ao the constant in a(t), ag € (0,00)

« the exponent in a(t), « € (0,00).

Two typical ranges of the time variables are relevant here, since shock wave solutions
to nonlinear hyperbolic equations are only defined in a forward time directions: since
at t = 0 the equation is singular, we can treat the range ¢t € [1,00) or the range

t € [-1,0). Fort € [1,00) we normalize ag = 1 and for ¢t € [—1,0) we set ag = —1.

In the case ¢ > 1, if we consider the limit ¢ — 400, the equation is expanding
toward the future time directions, while in the case ¢ < 0 when ¢ — 0, the equation is

contracting in the future time directions.

3.5.2.1 Recovering the standard Burgers equation

The special case ag = 1, tg = 1, @« = 0 (which means a(t) = 1), with the particular

case k = 0 for the equation (3.24) leads us to

1}2
O +0,(5) =0, (3.35)

which is the classical Burgers equation.
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3.5.2.2 The non-relativistic limit

Taking the limit ¢ — +o0 in the equation (3.24)), we obtain

2

Oy(av) + (1 — W)l/?ar(%) — 0. (3.36)

We can also determine directly the limiting behavior of the spatially homogeneous
solutions to (3.24): in view of (3.33)), we obtain

1
o(t) = ———, (3.37)
% + a?(t)

c w?

where w is a constant parameter. Here we have made the following observations:

For spatially homogeneous solutions, we have |v| < c.

In the expanding direction ¢ — +o00, we have v — 0.

In the contraction direction t — 0, we have v — ¢ since a(t) — 0.

We have v — %asc—%iroo.

3.6 A shock-capturing, well-balanced, finite volume scheme

3.6.1 Finite volume methodology for geometric balance laws

In this section, we are motivated by the earlier works [48],49] for nonlinear hyperbolic
problems without the relativistic features and [38] concerning the relativistic Burgers
equations. In the Burgers equation on a FLRW background, the variable coefficients
depend upon the time variable t, due to the terms a(t), a/(t) and &k € {—1,0,1}.
Hence, the numerical approximation of solutions to the Burgers equation on a FLRW
background leads to a new challenge, in comparison with flat or Schwarzschild back-

grounds.

As explained earlier, the spacetime of interest is described by a single chart and some
coordinates denoted by (¢,7). For the discretization, we denote the (constant) time

length by At and we set ¢, = nAt, and we introduce equally spaced cells [; =
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[rj—1/2,7j4+1/2] With (constant) spatial length denoted by Ar = r;1/9 — 1;_1/2. The

finite volume method is based on an averaging of the balance law
O(T (t, 7)) + 0.(T"(t,7)) = S(t,7), (3.38)

over each grid cell [t,,t,41] X I;, where T*(v) = T“(t,r) and S(t,r) are the flux
and source terms, respectively. We thus write the identity
Tj+1/2
/ (T°(tpgr,7) — TO(tn, 7)) dr
Tj—1/2

tn+1
+ / (Tl(t,’l“j+1/2) — Tl(t,’l“jfl/g))dt = / S(t,?") dt d’l",
tn [ n tn+l} 1
or, by rearranging the terms,

Ti+1/2 Ti41/2
/ TO(t, 0,7 )dr—/ To(tn,r)dr+/ S(t,r) dt dr
Ti—1/2 Ti—1/2 [tn tnt1]X1; (339)

tn+1
— / (Tl (t, 7"]’+1/2) — Tl (t, 7"‘7;1/2)) dt
tn

We introduce the following approximations

J+1/2
—/ tn,r ) dr >~ T

Tj—1/2

tn+1

At T (t,7jx1/2) dt =~ Q]:I:l/27

1 / .
S(t,r)dtdr ~ S.
AtAr [tnstnt1] X T ( ) !

so that our scheme take the following finite volume form

Keeping in mind the practical implementation of the scheme, we write also T? =
T(v), where T = T°(v) is the (invertible) map determined by the equation. The
piecewise constant approximations (v}') at the “next” time level are thus given by the

formula

n —1 = n At S~ —-—n N
W =T (T(vj) ~ @i = Qi) + AtSj>. (3.41)

For the scheme to be fully specified, we need of course to select a numerical flux and

an approximation of the source term.
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3.6.2 Well-balanced scheme for the Burgers equation on FLRW spacetime

We now apply the above methodology to the Burgers equation on a FLRW spacetime
(3.24). We start from the discrete version (3.40). Since the essential dependence of
the source term is with respect to the time variable only, we approximate the source-

term in the form

—n 1 [
= N . SdV (3.42)
where g is the induced metric on a timelike slice. That is, we have
9=7+a(t)’ 15—7;2
and we write
g =—c’dt* = —g,dt’, (3.43)

while dVj is the induced volume form on a timelike slice. Thus, we have
dVs = cdt, AV := AAt. (3.44)

Hence, there is no geometrical effect to be taken into account, as far as an integration

in time is concerned.

Now, let us write our equation (3.24) as a balance law (with a source term) and obtain

the following equation

a(t)

a(t)

This is the formulation that we are going to discretize, since it has the advantage that

(1 —kr?)™V2 4 ou(1 —0?)

B < krv?

2
NV _
O + Oy <(1 kr®) ) 0

. (345
2a(0) ) 345
the left-hand side is in a conservative form. In the applications, the dependence in
time may be stiff, especially in the contracting directions of the spacetime. For this
reason, we built the scheme in order to preserve as much as possible the spatially

homogeneous solutions.

The flux terms will be approximated by the Godunov flux defined by solving Riemann
problems at each interface. The main difficulty is thus the approximation of the source

term in a well balanced way.

We focus first on a solution v ~ v(¢) which is supposed to be nearly spatially ho-

mogeneous so that the r-derivative can be neglected. We integrate (3.45)) in time and
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obtain the following expression for the source term:

[ i [ (e o)

~ Af/?j
(3.46)

Consequently, in view of (3.43), (3.44)) and (3.46)), we find

—n 1 bni1 1 tnt1

S5 =~ NG 5 Varu(t)dt = N 5 v(t) dt ~ v(tyg1/2),
where 1,11/ = t, + At/2 and we used the trapezoid rule in order to evaluate the
latter integral. Here, the function v = v(t) denotes a locally-defined, spatially homo-

geneous approximation, as defined in Proposition [3.5.1] that is,

w

byt

where the value w = w7 is defined in each cell from the current state value v}’ by the

formula
wr
n J

afty)? + B2

c2

<.

In other words, we define the approximation of the source term as

" _ Un+1/2 o wy
Jj 7 -

(3.47)

n)2
v])

V@l + S (@) — (@lta))?)

This formula takes the time variation of the coefficient a into account, and is expected

to be robust when approaching the crushing singularity.

In any given computational cell, the left-hand and right-hand numerical flux terms are
obtained by Godunov flux formulas, which we write in the abstract form

n =N =N =N

;‘l+1/2 = Q(Tj+1/2—’ Tj+1/2+)7 Q?—I/Q = Q(Tj—1/2—7 Tj—1/2+)7
in which the geometry is taken into account by setting
Tj+1/2j: = b?+1/26?+1/27 ijl/Q:I: = b?71/26?71/27
and
b?+1/2 =(1- k(7?+1/2)2)1/27 5?71/2 = (1 - k(ryf1/2)2)1/2~
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The numerical tests for this chapter, is conducted in the following chapter. To this
aim, a Godunov type of scheme is constructed. In addition, in order to investigate and
compare the spatially homogeneous solutions with numerical solutions, we apply a

well-balanced Godunov type of scheme.
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CHAPTER 4

NUMERICAL EXPERIMENTS

4.1 Introduction

In this chapter we construct a Godunov scheme for the Burgers equation on Friedmann—
Lemaitre—Robertson—Walker background. First, we apply initial shocks and rarefac-
tions to the concerning model. Next, several numerical tests about the well-balanced
scheme and homogeneous solutions are illustrated. Numerical results verify that our
well-balanced Godunov scheme preserves homogeneous solutions of the concerning

equation.

4.2 Numerical experiments

4.2.1 Godunov scheme for the Burgers equation on a FLRW background

In this section, numerical experiments are illustrated for the model derived on a
FLRW spacetime based on the Godunov scheme. Firstly, the behaviors of initial sin-
gle shocks and rarefactions are examined in the numerical tests depending on three
particular cases of constant k. Whereas, in the second part, we investigate the conver-
gence of well-balanced scheme to the homogeneous solution. Analogously, depend-

ing on the parameter % in the main equation, we have several illustrations.

We analyze the given model with a single shock and rarefaction for an initial function
considering the Godunov scheme with a local Riemann problem for each grid cell.

In the experiments for test functions, we choose a(t) = t* and r € [0, 1]. Since our
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scheme has singularities at ¢ = 0 stemming from the function a(t), we start by taking
t > 1 for all cases of £ = —1,0, 1. In Riemann problem both shocks and rarefaction
waves are produced, thus we look for the fastest wave at each grid cell. For the fluxes
at the boundary we choose the functions fy(u,v) and f;(u,v) forr = 0 and r = 1,

respectively.

After normalization (taking ¢ = 1) in the equation (3.24), we obtain the following

model
2

i) g0 () o0

In order to define this equation in a better form, we rewrite it by

= 0. 4.1)

a(t)

a(t)

2 2
O + @((1 — kr?)1/2 Y ) = _(_krv (1—krH)™ 2 401 —0?)

2a(®) 2a(?) ) @2

and the corresponding finite volume scheme can be written as

At

vt =) = 1 00 a9 = i1 agaj0) + ALST (4.3)
where P )
S = _( (rj-Q)a(:y) (1= k()2 4 () (1 (U?)Q)Z_w’
and

?+1/2 =(1- k(T?+1/2)2)1/27
9;21/2 = f(v}luv?),
Giv12 = f(U;L7 Ui1),
with f(u,v) is defined as follows

/

“72, if U > and u+v >0,

%, if u > and u+v <0,
fluv)=q¢< if w<wv and u>0,

%, if u<v and v <0,

0, if u < v and u<0<w.

\
We use the notation J to indicate the total number of grid cells in space so that v'j

reads as the velocity on the right hand side boundary r = 1. It follows that

UJJrl =vy—- A_T(bj-',-l/Q 94172 — bJ—1/2 9J—1/2) + ALS],
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9971/2 = f(v]_y,v)),
g?+1/2 = fi(v], USL+1)7
where
1 2
f1<u7v) = §<max (07 u)) )
is the flux function computed at the right hand side boundary r» = 1.

Next, we use the notation v{"** indicating the velocity on the left hand side boundary

r = 0. It follows that

'Ul+1 =U = E(b?,/z 932 — bl/2 91/2) + ALSY,

g?/? = f0<vg7 U?),
gg/Q = f(U?,Ug),
where
1 2
fﬂ(ua U) = 5 (max (07 _U)) )
is the flux function computed at the boundary r = 0. In order the stability condition
in the scheme to be satisfied, we choose At and Ar, so that

At (L= k(@f)?) )
—max‘

J J
a™

<1

— Y

roJ

where
(1= K(rg)) 2y

J J
)

an

(

is the speed term.

In Figures (@.1) and (4.2)), we compare the particular cases & = 0 and &k = —1 for
shocks and rarefactions. In addition, in Figure (4.3]) we perform a similar comparison

by using the initial function
vo(x) = 0.5 4 0.1sin(247z),

for our scheme. From these graphs we observe that the numerical solution for the
particular case £ = —1 which is represented by the red line moves faster than the
particular case £ = 0 represented by the green line. This result can also be verified by
plugging £ = —1,0 into the speed term given above. We also observe that, for two
particular cases of K = —1 and k = 0, the solution curves converge to zero which

shows the efficiency and robustness of the scheme.
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4.2.2 Transformation for the particular case k = 1

The source term for the particular case £ = 1 is

n 7’;-1(11;‘)2 n\2y—1/2 n N
§p = = (2 (1= (D)2 (L - () )
which produces singularities in the scheme. In order to get rid of this handicap, we
modify our scheme by changing the variable £(r) = arcsin(r) so that

2>1/22 a dT

e YT ao e

G = o

4.4)
which allows us transform the compact domain [—1, 1] to another compact domain
[5", 5] According to this change of variable, our main equation (3.24) can be written

in the related coordinate system as

2

v
O (v) + ag(%) — (1 — UZ)E = 0. (4.5)
In the scheme we use a flux function on the boundaries £ = 0 and { = 7 which is
similar as the flux used in the previous part for the particular cases £k = —1,0. In

addition, for stability of the scheme, At and A¢ satisfies

o

2l<1
a™l

At
—max

A

9

where v} /a™ is the speed.

Figures (4.4) and (4.5) represent the numerical solutions for particular case k = 1

after the transformation
&(r) = arcsin(r),

with shocks and rarefactions, respectively. Moreover, in Figure (4.6) we apply the

initial function

vo(z) = 0.5+ 0.1sin(247z),

to our scheme. One can observe that the numerical scheme is efficient and robust as

the solution curves converge to zero.
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4.2.3 Numerical experiments for homogeneous solutions and well-balanced scheme

In this part we investigate the convergence of the well-balanced Godunov scheme.

We consider the following quantity
v(t, )

/o1 A0y

where v(t, z) is the numerical solution given by the well-balanced Godunov scheme

)dm, (4.6)

for three particular cases of k, v, (t) is the homogeneous solution and k is a constant

close to 1. For the numerical scheme we take the initial function as
vo(z) = 0.5 4 0.1sin(247z),

and the homogeneous solution is

1
Uh(t) = —Qt’
1+ a (2)

w

with w = 0.57 which is compatible with our initial function. In addition, we choose

a(t) = t°> where t > 1.

In Figures (@.7), @.8) and (4.9), the green curve represents the quantity defined in
(.6). One can observe that the numerical solution for the well-balanced Godunov
scheme reaches to the homogeneous solution since the curve tends to zero whenever

t — oo. In other words, as
v(t,x)/vp(t) = K with ka1,

it follows that the numerical solution v(¢, ) converges to the homogenous solution
vp(t). As a conclusion, our scheme is well-balanced in the sense that it preserves

homogeneous solutions.

On the other hand, in Figures (4.10), (.11)) and (4.12)), we compare the homogeneous

solution vy, () (represented by the green line) and the quantity

/0 lu(t, z) — vp(t)|dx

(represented by the red line) where v(t, ) is the numerical solution given by the well-
balanced Godunov scheme for the particular cases k = —1, 0, 1. In these figures a(t),

w and the initial function vy (x) are chosen to be the same as the choice for the Figures
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Figure 4.1: The numerical solutions given by the Godunov scheme with a shock for
the particular cases k = 0 and k = —1.
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Figure 4.2: The numerical solutions given by the Godunov scheme with a rarefaction

for the particular cases £ = 0 and k = —1.
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Figure 4.3: The numerical solutions given by the Godunov scheme with the initial
function 0.5 + 0.1 sin(247x) for the particular case k = 0 and k = —1.
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Figure 4.4: The numerical solutions given by the Godunov scheme with a shock for
the particular case k = 1 with the transformation £(r) = arcsin(r).
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Figure 4.5: The numerical solutions given by the Godunov scheme with a rarefaction
for the particular case k = 1 with the transformation £(r) = arcsin(r).
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@.7), (4.8) and @.9). From these graphs one can notice that the numerical solutions
converge toward to the homogenous solution by which it can be concluded that the

scheme is found to be efficient and well-preserving.

Moreover, in Figures (4.16)), (4.17) and (4.18), the green curve represents the quantity

1
/ oo =0 ’dm, 4.7
0 R (1)
where v, (t) is defined as follows
1
v(t) = / (¢, 2)|dz. .8)
0

The quantity (4.8) is the average of the numerical solution v(¢, z) given by the well-

balanced Godunov scheme on space and this quantity reaches to zero as time goes to

infinity (Figure @.13)), (@.14)and @.15))). In Figures (@.16)), and (@.18) again

vp(t) is the homogeneous solution and « is a constant close to 1. One can observe

that the average of numerical solution for the well-balanced Godunov scheme on
space reaches to the homogeneous solution since the curve tends to zero whenever

t — oo. In other words, as
Vi (t)Jop(t) — K and K1,

it follows that the average of the numerical solution on space v,(t), converges to the
homogenous solution v,,(¢). To sum up, our scheme is well-balanced in the sense that

it preserves homogeneous solutions.

In Figures @.19), (4.20) and (4.21)), we compare the homogeneous solution vy, ()
(represented by the green line) and the quantity

/0 0 (t) — on(t) d.

(represented by the red line) where v, (t) is the average of numerical solution given by
the well-balanced Godunov scheme on space. In these figures a(t), w and the initial
function vy(z) are chosen to be the same as the choice for the Figures (.7)), (.8)
and (4.9). In these graphs it is observed that the average of the numerical solutions
on space converge toward to the homogenous solution which means the scheme is

efficient and well-preserving.
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Figure 4.6: The numerical solutions given by the Godunov scheme with the initial
function 0.5 + 0.1sin(24xz) for the particular case £ = 1 with the transformation
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Figure 4.7: The graph of fol |k — 1;2‘/(":)) |dx, (k = 1) for the particular case k = —1.
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Figure 4.8: The graph of fol |k — :’J(;(f)) |dx, (k ~ 1) for the particular case k = 0.
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Figure 4.9: The graph of fol |k — 1;(5(?)) |dx, (k = 1) for the particular case k = 1.
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Figure 4.10: The comparison of the homogenous solution and fol lu(t, z) — vp(t)|dx
for the particular case k = —1.
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Figure 4.11: The comparison of the homogenous solution and fol lu(t, x) — vp(t)|dx
for the particular case k = 0.
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Figure 4.12: The comparison of the homogenous solution and fol lu(t, x) — vp(t)|dx
for the particular case k = 1.
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Figure 4.13: The quantity fol |v(t, x)|dx for the particular case k = —1.
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Figure 4.14: The quantity fol |v(t, x)|dx for the particular case k = 0.
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Figure 4.15: The quantity fol |v(t, x)|dx for the particular case k = 1.
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Figure 4.16: The graph of fol |k — Zh((‘f)) |dzx, (k ~ 1) for the particular case k = —1.
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Figure 4.17: The graph of fol |k — ”*(f)) |dx, (k ~ 1) for the particular case k = 0.
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Figure 4.18: The graph of fol |k — f}h((f)) |dz, (k =~ 1) for the particular case k = 1.
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Figure 4.19: The comparison of the homogenous solution and fol |vi(x) — vp(t)|dx
for the particular case k = —1.
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Figure 4.20: The comparison of the homogeneous solution and fol |vi(z) — vp(t)|dx
for the particular case k£ = 0.
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Figure 4.21: The comparison of the homogeneous solution and fol |v. () — vp(t)|dx
for the particular case k = 1.
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CHAPTER 5

CONCLUSION

Concluding remarks and perspectives

In this thesis, we have derived a new nonlinear hyperbolic model which describes the
propagation and interactions of shock waves on a Friedmann-Lemaitre—Robertson—
Walker background spacetime. We started from the relativistic Euler equations on
a curved background and we imposed a vanishing pressure in the expression of the
energy—momentum tensor for perfect fluids. This led us to a geometric relativistic
Burgers equation (see (3.3))) on the background spacetime under consideration. On a
FLRW spacetime, the equation (3.3) yields the model (3.24) of interest in the present
work. The model involves a scale factor a = a(t) which depends on the so-called
’cosmic time’ and a constant coefficient &, which can be normalized to take the val-
ues £1 or 0. We observe that the proposed relativistic Burgers equation on FLRW
background shares several important features with the relativistic Euler equations.
The unknown v of the model is in the interval (—c, ¢) limited by the light speed pa-
rameter, same as the velocity component in the Euler system. In the Euler system,
one recovers the classical (non relativistic) model by sending the light speed to infin-
ity. Analogously, the classical Burgers equation is obtained with the particular case
of our relativistic model (a(t) = 1 and £ = 0) whenever ¢ tends to infinity. With
the particular case a(t) = 1 and vanishing k, the standard Burgers equation is again
recovered without sending c to infinity. We have then established various mathemat-
ical properties concerning the hyperbolicity, genuine nonlinearity, shock waves, and
rarefaction waves, and we studied the class of spatially homogeneous solutions. In

the relativistic Burgers equation on a FLRW background, the main dependence is in
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time rather than space.

We have investigated shock wave solutions to our model for the three possible values

of the coefficient k.

e In the case £ = 1, the source term of the model contains a singularity and we
have found it advantageous to introduce a transformation which removes this
drawback. Our numerical results demonstrate the convergence of the scheme
to shock wave solutions to the model, and we observed the asymptotic property

v — 0ast — +oo (Figures (4.4) and @.5)) ).

e In addition, we compared numerical solutions for the cases K = —1 and k& = 0,
and we found that the solution curve corresponding to £ = —1 converges faster
(to 0) than the solution curve corresponding to k& = 0 (Figures (4.1)) and (4.2)).
This can be explained from by observing that the characteristic speed

(1—kr?) "2 is increased by decreasing k.

Moreover, we compared the numerical solutions of the well-balanced scheme and
the spatially homogeneous solution. It is observed by the curve corresponding to the
quantity defined in that the well-balanced scheme converges to the homogeneous
solution (Figure (.7), @.8)), (4.9), @.10), (4.11)), and (#.12))). Furthermore, in Figures
#@.16), @.17), (¢.18), @.19), (4.20) and (&.21) the average of the numerical solutions

on space for all particular cases is compared with homogeneous solution. In these

numerical tests the curve which represents the quantity (4.7) proves that our well-

balanced Godunov scheme converges to the homogeneous solution.

Our analysis relies on a proposed numerical discretization scheme which applies to

discontinuous solutions and is based on the finite volume technique.

e Our scheme is consistent with the conservative form of (the principal part of)
our model and therefore correctly compute weak solutions containing shock

waves.

e Importantly, the proposed scheme is well-balanced, in the sense that it preserves

(at the discrete level of approximation) all spatially homogeneous solutions.
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e Our numerical experiments illustrate the convergence of the proposed scheme

on a FLRW background.

As a perspective, we emphasize that the proposed methodology leading to a geomet-
ric relativistic balance law may be used to derive other relativistic versions of Burgers
equations on various classes of spacetimes. The advantages of such simplified non-
linear hyperbolic models is that they allow one to develop and test numerical methods
for shock capturing and to reach definite conclusions concerning their convergence,
efficiency, etc. Future work may include more singular backgrounds. Depending
upon the particular background geometry, different techniques may be required in or-
der to guarantee that certain classes of solutions of particular interest be preserved by

the scheme, as we achieved it for time-dependent solutions.
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