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ABSTRACT

ELASTIC-PLASTIC SOLUTIONS OF A LONG TUBE SUBJECTED TO A
TEMPERATURE CYCLE

Kaya, Yasemin

Ph.D., Department of Engineering Sciences

Supervisor : Prof. Dr. Ahmet N. Eraslan

September 2014, 156 pages

In many engineering applications, cylindrical structures are often subjected to var-
ious temperature fluctuations. When the temperature gradient is high enough, the
thermal stresses build up in the structure and these stresses may cause the permanent
deformation of the body. Therefore, determination and detailed understanding of the
thermoelastoplastic stresses in the cylindrical elements are an important issue of en-
gineering design to predict the failures and improve the safety and reliability of the
products.

To that end, in this thesis, an uncoupled thermo-elastoplastic problem of a long tube
subjected to a temperature cycle from its inner surface is solved. The stress boundary
conditions treated are those of stress-free at the inner wall while the outer wall is
rigidly constrained. It is presumed that the tube is in a state of generalized plane strain
and obeys Tresca’s yield criterion and its associated flow rule. After the temperature
cycle is applied, the tube experienced three stages; purely elastic, elastic-plastic and
finally unloading stage. The analytical formulation of these stages are obtained and
the corresponding time-dependent stress, strain and displacement distributions are
plotted during the temperature cycle.

The formulation of the problem and the subsequent solutions are cast in general terms
and the results may be adapted to a variety of specific applications. In this context, the
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present research study will make a theoretical contribution to the literature by giving
analytical solution to the problem of thermo-elastoplastic thick-walled tube subjected
to temperature cycle.

Keywords: Tube, Thermal Stress, Temperature Cycle, Elastoplasticity
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ÖZ

SICAKLIK ÇEVRİMİ ETKİSİ ALTINDAKİ UZUN BİR TÜPÜN
ELASTİK-PLASTİK ÇÖZÜMLERİ

Kaya, Yasemin

Doktora, Mühendislik Bilimleri Bölümü

Tez Yöneticisi : Prof. Dr. Ahmet N. Eraslan

Eylül 2014 , 156 sayfa

Bir çok mühendislik uygulamasında kullanılan silindirik yapılar, çeşitli sıcaklık deği-
şimlerine maruz kalmaktadır. Sıcaklık farkı yeteri kadar büyük olduğu zaman, yapıda
ısıl gerilmeler meydana gelmektedir. Bu gerilmelerden dolayı, yapı içerisinde sürekli
deformasyonlar oluşabilmektedir. Bu sebeple, silindirik yapılarda gelişen bu gerilme-
lerin detaylarını anlamak ve çözümlemek, oluşacak deformasyonları tahmin etmek
ve yapının güvenirliği ve sürekliliğini geliştirmek açısından önemli bir mühendislik
problemidir.

Bu amaçla, bu tezde, iç yüzeyinden bir sıcaklık çevrimine tabi tutulan uzun bir tüpün,
ayrık termo-elastoplastik problemi çözülmüştür. Gerilme sınır koşulları olarak, tüpün
iç duvarı gerilmeden serbest, ve dış duvarı ise radyal yönde sabitlenmiş olarak ele
alınmıştır. Düzlem şekil değiştirme ve Tresca akma kriteri ve ilgili akma kuralı ka-
bul edilmiştir. Tüp, sıcaklık çevrimi uygulandıktan sonra, üç ayrı evreden geçmiştir.
Bunlar, elastik, elastik-plastik ve boşaltma evresi olarak adlandırılabilir. Bu evrelere
ait analitik formülasyonlar elde edilmiş ve sıcaklık çevrimi boyunca, tüp içerisindeki,
bu evrelere karşılık gelen gerilme, gerinim ve yer değiştirme dağılımları grafiğe geçi-
rilmiştir.

Bu problemin formülasyonu ve çözümü genel terimlerle ifade edilmiş olup, problem
ve çözümü çeşitli koşullar için uyarlanabilir. Bu bağlamda, bu tez çalışması, kalın
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duvarlı silindirik yapıların termo-elastoplastik çözümlenmesini analitik yollarla ya-
parak, literatüre teorik anlamda bir katkı sağlamaktadır.

Anahtar Kelimeler: Tüp, Isıl Gerilim, Sıcaklık Çevrimi, Elastoplastisite
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CHAPTER 1

INTRODUCTION

In various engineering applications, cylindrical structures such as heat generators, nu-

clear power plants, internal heat generating elements such as spherical shells, tubes,

cylinders and rods are often subjected to temperature fluctuations. When the tempera-

ture gradient is high enough, the thermoelastoplastic stresses build up in the structure

and these stresses may cause the permanent deformation of the body. To that end,

determination and detailed understanding of the thermoelastoplastic stresses in the

cylindrical elements are an important issue of engineering design to predict the fail-

ures and improve the safety and reliability of the products [1]-[4].

Historically, cylinder problems involving mechanical and/or thermal load have been

studied extensively due to their practical importance. In the pure elastic domain, solu-

tions with great accuracy have existed [1]-[4]. However, the addition of material yield

and plastic deformation greatly increase the complexity of the solution procedure.

Recently numerous research studies have been conducted to analyze the deformation

of the cylindrical structure under thermal load. However, there are limited research

on the cylindrical structures subject to the cyclic thermal loading. Most of these

researches are interested in elastic solution. Further, the elastoplastic analysis of the

tube under thermal load is handled by the numerical solution procedures.

The most remarkable research among the recent studies is performed by Arslan et

al. [5]. In this research, an elastoplastic analysis of a long solid cylinder subjected

to a temperature cycle from its outer surface is examined. However, this research

study does not include the tube geometry, which brings along difficulty in the analysis
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compared to solid cylinder since the distribution and gradient of temperature in a

tube affects the locations of elastic plastic boundaries. Therefore, the tube under

thermal load is more difficult to treat than the problem of a thick-walled tube under

pressure or mechanical loads [6]. Therefore, this research study is aim to extend

the Arslan et al.’s previous work [5] to the tubular geometry. To that end, analytical

solutions are derived to determine the stresses, strains, and displacement in a long

tube subjected to a temperature cycle. In this context, the present work will make a

significant theoretical contribution to the literature. The solution is also applicable to

a wide variety of thermal transients.

1.1 Objective

The main objectives of this research study are:

• To determine the temperature field in the tube for the radial direction.

• To investigate the thermoelastic behavior of the tube during one temperature

cycle and to verify the analytical model with a numerical model in the elastic

analysis of the tube.

• To analyze the thermo-elastoplastic deformation of the tube under higher ther-

mal load during one temperature cycle.

1.2 Scope of the Study

In this study, the research is limited to the thermo-elastoplastic analysis of a hollow

circular cylinder subject to a temperature cycle from its inner surface and isolated on

its exterior surface. As a mechanical boundary condition, the tube is stress free on the

its inner wall and radially constrained from the outer wall.
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1.3 Research Outline

As a first step, an extensive literature review has been done on the cylindrical struc-

tures under thermal load. Next, the literature review is restricted to tubular geometry.

Furthermore, the literature review is conducted for the transient thermal loading. Ad-

ditionally, elastic and elastoplastic studies are performed. As a last step of the litera-

ture review, analytical and numerical solutions to the tube problem under the transient

thermal loading are investigated.

In the second phase of the research, the temperature cycle applied to the inner surface

of the tube is determined to solve the heat conduction equation for the temperature

distribution in the tube in the radial direction. As mentioned above, the tube is sub-

jected to the temperature cycle from its inner surface while the outer surface is iso-

lated. And then, the analytical solution of the heat conduction equation is produced

by the application of Duhamel’s theorem.

Furthermore, as a next step, to verify the analytical solution, a numerical solution is

performed by a finite element collocation procedure. Once the temperature function

is obtained,it is used to determine the stresses, strains and displacement in the tube.

In the third phase of the research, the results of the temperature solutions obtained

earlier section are used to analyze the elastic behavior of the tube. In this part, the

analytical model is verified against a numerical model. The tube is examined in terms

of thermoelastic behavior during the entire temperature cycle.

In the forth phase of the research, the analytical model is developed to determine

the plastic deformation of the tube by increasing the thermal load. For this purpose,

Tresca’s yield criterion and a linearly temperature dependent yield stress are used to

determine the onset of the plastic yield.

As a last step of the study, the unloading phenomenon is investigated during the tem-

perature cycle.

After all formulations are completed, the corresponding stress, strain and displace-

ment distributions of the tube for the elastic, elastic-plastic and unloaded stages are

obtained and evaluated.
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The formulation of the problem and the subsequent solutions are cast in general terms

and the results may be adapted to a variety of specific applications.

1.4 Review of Previous Studies

Preliminary studies on thermoelastic stresses in circular cylinders have received a

great deal of attention in the past as appeared in the references [7]-[14].

In thermal stress problems, in general, the heat conduction problem is solved first, and

the result can be used in determining the stresses. Hence, first, a literature review is

given for the solution of temperature field in cylindrical structures. Then, the studies

including elastic and plastic deformation of the cylindrical structures under thermal

load are presented.

1.4.1 Temperature Field in Cylindrical Structures

Cylindrical structures subject to thermal load are widely used in the engineering ap-

plications. To be able to determine the failures due to temperature gradient in the

long term, the detailed analysis of temperature distribution is essential. Considerable

research studies on temperature distribution in the cylindrical structures have been

done on heat conduction problems including time dependent boundary conditions.

Carslaw and Jaeger [51], and Ozisik [15]-[16] presented generalized analytical solu-

tions to basic heat conduction problems.

Transient temperature distributions in tubular structures have been studied various

researchers, the most remarkable of which are presented below.

Vedula et al. [17] derived an analytical solution to hollow cylinder with an expo-

nential boundary condition on the inner surface and with external convection to the

external environment. In this study, they also performed a series of thermal tran-

sient calculations using finite element analysis to verify the accuracy of the derived

equations.

The transient response of a thick walled pipe under polynomial thermal loading was
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derived using the Duhamel’s relationship by Segall [18]. Due to the flexibility of

the polynomial used, the derived solution has many practical research and industrial

applications.

Kandula [19] presented a closed form approximated solution for the transient temper-

ature distribution in a hollow cylinder with a linear variation in thermal conductivity

with temperature. At the end of this study, it is shown that resulting solution agrees

closely with the finite difference numerical solution.

1.4.2 Cylindrical Structures under Steady Thermal Loading

Noda presented governing equations for some basic structures like spherical shells,

cylinders, tubes, and thin plates [20]. In his work representative results of temperature

dependent computations in comparison to constant properties are depicted.

Eraslan and Argeso extended their previous study [21] by considering temperature

dependent physical properties [22]. Various numerical examples were presented for

heat generating cylinders and tubes based on plain strain assumption. Numerical solu-

tion procedure was handled by a shooting method technique combined with Newton

iterations. As a result of this work, the differences between constant and variable

physical property behavior of material were shown. The strength of the material de-

creases with decreasing elastic modulus with temperature. Therefore, the material

having temperature dependent physical properties more rapidly deforms plastically

than those of having constant properties. It is emphasized that in thermal stress calcu-

lations, temperature dependency of physical material properties should be taken into

account.

Same authors assessed the temperature dependency of modulus of elasticity, Pois-

son’s ratio , yield strength , the coefficient of thermal expansion, and the thermal

conductivity of steel for cylinders and tubes. At the end of this study, they found that

among these five physical properties, Poisson’s ratio can be taken as constant in the

calculations, since the effect of temperature dependency of Poisson’s ratio in thermal

stress calculations is found not significant [23].

Orcan and Gamer [24] described the elastic-plastic stress distribution of a centrally
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heated cylinder with fixed ends based on Tresca’s yield criterion and its associated

flow rule. They considered a uniform temperature its inside of the cylinder and zero

surface temperature. Plastic region first appears at the center and expands towards the

surface of the cylinder.

1.4.3 Cylindrical Structures under Transient Thermal Loading

Thermo-elastoplastic analysis of cylindrical structures has received considerable at-

tention in recent years. Analytical and numerical solutions exist in the literature for

different temperature and mechanical boundary conditions. The plain strain assump-

tion is valid for long cylinders. Elastic-plastic interfaces are predicted by mostly

Tresca or Von Mises’ yield criteria. In the plastic solution Neuman’s stress-strain

temperature relations are used. Prandtl-Reuss’ incremental stress-strain relations are

assumed to be valid at any point in the plastic region. In most cases, temperature

dependent material properties are assumed.

Chu presented an incremental theory to a problem of elastoplastic thick-walled tube

subjected to transient thermal loading [6]. On the basis of von Mises’ yield criterion,

compressibility and strain hardening properties of a material, the solution was per-

formed by using finite difference method. It is shown that the effective stress in a

thick-walled tube subjected to transient thermal loading is not a monotonic function

of the radius, but depends upon the temperature distribution and gradient in the tube.

Thermal stresses in the cylinders due to the internal heat generation have been widely

studied by various authors [25], [28].

Orcan and Eraslan [29], also examined the transient solution of the thermoelastic-

plastic deformation of internal heat-generating tubes by considering the thermome-

chanical coupling effect and the temperature-dependent physical properties of the

material. It is seen that the thermomechanical coupling effect is negligible for this

specific problem. However, it should be included at early times of the unsteady be-

havior of systems due to rapid increasing in temperatures. Additionally, it is shown

that the temperature dependence of the mechanical and thermal properties of the ma-

terial affects the computed profiles significantly, therefore, it should be taken into
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account in similar models. Furthermore, they also observed at high temperatures

that the difference between the effect of constant and variable material properties on

stresses, displacement, and plastic strains is significant [30].

Mack and Plöchl [31] presented a semi-analytical solution to the stress distribution in

a rotating shrink fit with solid shaft subject to a temperature cycle based on Tresca’s

yield criterion and associated flow rule.

Jahanian extended his previous studies [32], [33] to a cyclic thermal and mechanical

loading [34]. He considered a long hollow cylinder with temperature dependent mate-

rial properties subject to rapid heating and cooling and axial tension and torsion. The

incremental plastic shear strains emerged at second, third and fourth cycles. Plastic

stresses were calculated numerically.

Mukhopadhyay and Kumar [35] investigated a problem of an infinitely long annular

cylinder with temperature dependent material properties like modulus of elasticity

and thermal conductivity. They solved a coupled nonlinear governing equations by

using the finite difference method for copper material. As a result of this study, it

is seen that the temperature dependency of the material properties can be taken into

account in practical applications. Additionally, the transient solution at any time can

be evaluated directly from the model.

Zenkour and Abbas compared the results of finite element calculations for cylinders

with temperature dependent and independent material properties subjected to a de-

caying thermal load over time [36].

Shahani and Nabavani [37] solved the quasi-static thermoelasticity problem in a thick-

walled cylinder using the finite Henkel transform for the differential equations of both

temperature and displacements.

Segall [38] derived the close-form solution for the axisymmetric thick-walled tube

under an arbitrary internal thermal loading which is of the form a polynomial and

with convection on the surrounding external environment.

Kim and Noda [39] analyzed a thermoelastic problem with two-dimensional unsteady

temperature field and associated thermal stress in an infinite hollow circular cylinder.
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Kim and Noda used a Green’s function approach based on the laminate theory to ob-

tain the temperature field and thermoelastic potential function and Mitchell’s function

to obtain the thermoelastic stresses.

Radu et al. [40] developed a set of analytical solutions for temperature field and the

associated elastic thermal stress distributions in a hollow circular cylinder with trac-

tion free surfaces. The cylinder is subjected to sinusoidal transient thermal loading on

its inner surface. They compared the analytical solutions with the results from finite

element analysis. The sinusoidal thermal load is applied on the inner surface of the

cylinder and the solution of temperature distribution is achieved by applying Henkel

transform to the integral form.

As mentioned the related literature, there have been numerous research studies to

solve the thermoelastic or thermoelastoplastic behavior of cylinders under transient

loading. In the elastic domain, the solutions were carried out by the analytical meth-

ods whereas the elastoplastic analysis was performed by numerical solution tech-

niques under the transient temperature loading. In this context, the present research

study will make a theoretical contribution to the literature by giving analytical solu-

tion to the problem of thermo-elastoplastic thick-walled tube subjected to temperature

cycle.
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CHAPTER 2

THEORY

2.1 Tensile Test and Stress-Strain Relation

The most common and easiest test to measure the mechanical properties of a mate-

rial is the tension test. A cylindrical test specimen is inserted into the test machine

and load is applied. Increasing the load, the elongation of the specimen over some

distance is measured [41]. A typical load extension diagram is shown in Fig. 2.1. In

this figure, nominal stress is represented by σn and defined by the load divided by the

original cross-section of the specimen. It is represented by

σn =
P

A
. (2.1)

The increase in specimen length per unit original length is defined as conventional or

engineering strain and represented by

ε =
l − l0
l0

, (2.2)

where P is load, A is original cross-sectional area, l0 is unit original length, and l is

the final length after the test. The stress-strain curve indicates the applied stress to the

resulting strain and each material has its own unique stress-strain curve.

According to the Fig. 2.1, when the load is increased, length of the specimen increases

linearly up to point A, which is known as proportional limit. This portion of the

stress-strain diagram is a straight line and the material obeys the Hooke’s law. If a
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Figure 2.1: Stress-strain curve

further increase occurs after this point, the strain no longer increases linearly but the

material is still elastic. In other words, upon release of the load the specimen returns

to its original length. This condition continues up to the point B, which is called as

elastic limit or yield point. The difference between proportional limit A and elastic

limit B is very little, hence, they are assumed the same for many materials. Point

B indicates the end of the elastic straining and the initiation of plastic deformation.

Beyond the point B, the strain increases at a greater rate. However, the specimen will

not deform further unless the load is increased. This condition is defined as work

hardening or strain hardening, which is defined as the strengthening of a metal by

plastic deformation. At point C, a maximum load is reached. Beyond the point C,

at a point D, the specimen neck down and fractures. The maximum load point C is

called the tensile strength or ultimate strength. In the Fig. 2.1, line B’C’ shows the

unloading path when the load is removed at any point between B and C. Some part of

strain is recovered, which is elastic part of the strain whereas the other part remains

permanently, which is plastic part of the strain . Therefore, total strain is presented by
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ε = εe + εp. (2.3)

The stress-strain curve can be considered in an ideal form due to the complexity of

its natural form. Among the various types of idealization, the elastic-linear strain

hardening stress-strain curve is considered in this thesis research.

2.2 Yield Criteria

The yield criterion is the combination of multiaxial stresses causing the yielding [42].

It defines the limit of elasticity of the material and the onset of plastic deforma-

tion with the any combination of stresses. Numerous criteria have been proposed

for the yielding of solid materials. Some of them are maximum stress of Rank-

ine theory, maximum strain or Saint-Venant theory, maximum shear or Tresca cri-

terion, maximum strain energy or Beltram’s energy theory, distortion energy or the

von Mises yield criterion, Mohr’s theory of yielding and international friction theory

[41]. Among these criteria, Tresca and von Mises are the more common ones and

mostly used. Therefore, these theories are briefly explained below.

2.2.1 Tresca Yield Criterion

Tresca yield criterion is also known as the maximum shear theory introduced by tresca

in 1868 [43]. Yielding occurs when the highest of the maximum shear stresses attains

a critical value k, which is a material property obtained easily from the tension test

as half of the yield strength, σy/2. Maximum shear stresses are equal to half the

difference between the maximum and minimum principle stresses given by

τ1 = ±1

2
(σ2 − σ3) , (2.4)

τ2 = ±1

2
(σ1 − σ3) , (2.5)

τ3 = ±1

2
(σ1 − σ2) . (2.6)
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The maximum shear stress at yielding is σy/2, hence any one of the following condi-

tions is reached at the yield point

σ1 − σ2 = ±σy, (2.7)

σ2 − σ3 = ±σy, (2.8)

σ3 − σ1 = ±σy. (2.9)

In other words, yielding occurs when the half of the highest absolute value of the

differences of stress pairs is equal to k [49],

Max

(
1

2
|σ1 − σ2| ,

1

2
|σ2 − σ3| ,

1

2
|σ1 − σ3|

)
= k (2.10)

Figure 2.2: Tresca’s hexagon with yielding conditions on three-dimensional principal

stress space

Fig.2.2 expresses Tresca’s criterion in the π-plane. Each of the six sides of the locus

is relevant to that which of σ1, σ2, σ3 is the maximum and which is the minimum,
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and whether they are tensile or compressive. The onset of yielding is defined at the

boundary of the hexagon. The state of stress of inside the yield surface is elastic while

the outside of the hexagon states the yielded material [3].

Tresca’s yield criterion has a good agreement with experimental results for ductile

materials and the theory offers an additional advantage in its ease of applications [3].

The criterion is mostly chosen for the theoretical treatment of the yielding problem

since it generally makes a closed form solution possible.

2.2.2 The von Mises Yield Criterion

The von Mises yield criterion is also known as the distortion energy theory introduced

by von Mises in 1913 [44]. The yielding occurs in a material when the distortion

energy per unit volume equals or exceeds the distortion energy per unit volume in a

specimen at yield in tension [48]. This criterion considers both shear and principle

stresses whereas most others take into account the effect of either one. The von Mises

criterion predicts that the yielding occurs when k = σy/
√

3. This means that, at the

onset of yielding, the shear stress in pure shear is 1/
√

3 times the tensile stress in

simple tension. The von Mises yield criterion is expressed in principal stresses for

pure shear stress as [49]

(σ1 − σ2)2 + (σ2 − σ3)2 + (σ1 − σ3)2 = 6k2 = 2σ2
y.

The application of the von Mises criterion is usually easier then the Tresca criterion

since Tresca criterion is needed the knowledge of the relative magnitude of the prin-

ciple stresses. It is also in a good agreement with the experimental date compared to

other theories.

2.3 Flow Rule Associated with the von Mises and Tresca Yield Criteria

It is mentioned previously the stress states of Tresca and von Mises criteria at which

yielding begins. Here, the stress-strain relations are given in the case of plastic flow.
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In the elastic range the strain are linearly vary with the stresses by Hooke’s law, how-

ever the relation is not linear in the plastic range [41]. Plastic stress-strain relation of

material is explained with the flow rules. The flow rule defines the plastic behavior of

the material. The first relation between plastic stress-strain relation was introduced by

Saint-Venant in 1870 [45]. The ratios of total strain increment to the stress deviations

in a general three dimensional equations were given

dεx
Sx

=
dεy
Sy

=
dεz
Sz

=
dεxy
Sxy

=
dεxz
Sxz

=
dεyz
Syz

= dλ, (2.11)

or in tensor notation,

dεij = Sijdλ, (2.12)

where Sij is the stress deviator tensor and dλ is a non-negative constant which may

vary during the loading [41]. However, in these equations, the elastic strains are

ignored, therefore they can only be used in the case of large deformation. Hence,

Prandtl [46] and Reuss [47] suggested a more general relation including both elastic

and plastic strains as

dεpx
Sx

=
dεpy
Sy

=
dεpz
Sz

=
dεpxy
Sxy

=
dεpxz
Sxz

=
dεpyz
Syz

= dλ. (2.13)

They can be expressed with indicial notation,

dεpij = Sijdλ, (2.14)

which assumes that the plastic strain increment dεpij is related to the deviatoric stress

components. The Prandtl -Reuss relations are associated with the von Mises criterion.

More generally,

dεpij = Gijdλ, (2.15)
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where Gij is a symmetric tensor since the strain is symmetric and it is function of

stresses and some other quantities, i.e. strain hardening or loading history [50]. By

using this general form, plastic behavior of many materials can be modeled,

dεpij =
∂g

∂σij
dλ, (2.16)

where g is a scalar function and called as plastic potential. Its differentiation with

respect to the stresses, ∂g/∂σij , gives the plastic strains. The flow rule Eq. 2.16 is

called a non-associative flow rule.When the yield function and the plastic potential

function coincide, f = g, following relation is obtained [50]

dεpij =
∂f

∂σij
dλ. (2.17)

These relations show that plastic flow develops along the normal to the flow surface

∂f/∂σij. Eq. 2.17 is known as associated flow rule since the flow rule is associated

with a yield criterion. It can also be written for several yield functions as

dεpij =
∂f1
∂σij

dλ1 +
∂f2
∂σij

dλ2 + ...+
∂fn
∂σij

dλn. (2.18)

The associated flow rule in terms of principle stresses,

dεpi =
∂f

∂σi
dλ. (2.19)

As an example, if Tresca yield function is taken as the plastic potential and by con-

sidering that the relation of the magnitude of the principal stresses is σ1 > σ2 > σ3,

the yield function is written as

f = σ1 − σ3 − 2k = 0. (2.20)

By using the associated flow rule Eq. 2.19, the principal plastic strain increments,

dεp1, dε
p
2, dε

p
3, can be calculated as
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dεp1 =
∂f

∂σ1
dλ = dλ, (2.21)

dεp2 =
∂f

∂σ2
dλ = 0, (2.22)

dεp3 =
∂f

∂σ3
dλ = −dλ. (2.23)

Similar results can be obtained for the other five possible combinations in algebraic

orders of magnitude of the principal stresses.
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CHAPTER 3

DEFINITION OF THE PROBLEM

In this study, a long tube with outer radius b and inner radius a is considered. The

surfaces and ends of the tube are traction-free. The problem treated by using a stan-

dard cylindrical polar coordinate system, i.e. r is radial , θ circumferential, and z

axial directions shown in Fig. 3.1. Since the length of the tube is very long com-

pared to its thickness, a state of generalized plane strain condition is presumed. Small

deformations theory has been taken into account.

Figure 3.1: Tube geometry.

End effects are ignored for such a long tube and circular symmetry is presumed. This

assumption leads to that the stress components dependent on r only, while the other

stress components vanish.

The tube is initially at zero temperature and free of stress. For times t > 0, the tube is
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subjected to a temperature cycle from its inner surface, Fig. 3.2, therefore, thermally

induced stresses are developed in the tube.

The objective of this thesis is to investigate the deformations in the tube arising from

these thermal stresses. To that end, an elastoplastic analysis of the tube is carried

out. As the tube is heated slowly, an uncoupled solution procedure is adopted. The

temperature solution, elastic and the plastic stages are formulated separately.

3.1 Basic Equations

In the formulation, Timoshenko and Goodier notation is followed [1]. Hence σi de-

notes normal stress, εi normal strain, where (i : r, θ, z), and u is the radial component

of the displacement vector.

Equation of motion in the radial direction:

(rσr)
′ − σθ = 0 (3.1)

The relation between stress and strain is linear and expressed with Hooke’s law in

the elastic range, however this relation is nonlinear in the plastic range. Although the

strains can be determined directly by stresses in the elastic range by using Hooke’s

law, the strain are not uniquely calculated by stresses in the plastic range since they

depend on the history of loading or the conditions of the stress state reached.

Experimental results show that the plastic strains are dependent upon the loading path

for different materials. Therefore, to compute the differential and the plastic strain

increments throughout the loading history are necessary. Thus, the total strains are

obtained by summation or integration. However, in the case of radial or proportional

loading paths, the stresses increase in the same rate and depend only on the final state

of stress [3]. The plastic strain- stress relationships for cylindrical coordinates read
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εr =
1

2G(1 + ν)
[σr − ν(σθ + σz)] + εpr + αT (r, t) (3.2)

εθ =
1

2G(1 + ν)
[σθ − ν(σr + σz)] + εpθ + αT (r, t) (3.3)

εz =
1

2G(1 + ν)
[σz − ν(σr + σθ)] + εpz + αT (r, t) (3.4)

where, G represent the modulus of rigidity, ν Poisson’s ratio, and α the coefficient

of thermal expansion of the material. T denotes the temperature, and εpi is the plastic

strain components.

The axial strain is independent of the geometric coordinates and as a state of general-

ized plain strain, it is constant

εz = ε0. (3.5)

The radial and tangential strains are functions of radial distance r, and related to the

radial displacement by

εr = u′, εθ =
u

r
. (3.6)

The inner surface of the tube is stress free, which is stated as

σr = 0 , at r = a. (3.7)

Since the outer wall of the tube is rigidly constrained in the radial direction, at this

surface, the boundary condition is defined as

u = 0 , at r = b. (3.8)

Ends of the tube are free, thus, the total axial force vanishes in any cross-section along

the tube. This condition is stated as
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Fz = 2π

∫ b

a

rσzdr = 0, (3.9)

which is used to determine the constant axial strain ε0 at any time instant.

Yield stress is defined as a linear function of temperature with the following equation

σth = σ0(1− βT ). (3.10)

where σ0 represents uniaxial yield limit at reference temperature, β is the temperature

dependent yield parameter of the material, and T denotes the difference between the

absolute and reference temperature.

The plastic behavior of the tube material is determined by the Tresca yield criterion

f = max(|σz − σr| , |σtheta − σr| , |σz − σtheta|)− σth = 0. (3.11)

3.2 Temperature Field

Before the analysis of stress, strain and displacement distribution, the temperature

field in the tube in r-direction is determined. Temperature cycle applied to inner

surface of the tube is shown in Fig. 3.2. As depicted in this figure, the temperature

is increased slowly to a maximum temperature, Tm in time tt, then held constant at

this temperature for a while, tc, and finally, decreased linearly at the same rate to the

reference temperature. One cycle is completed in time 2tt + tc. The analysis are

performed for this single temperature cycle Fig. 3.2.

The temperature field T (r, t) in the tube is defined by the time dependent, one-

dimensional (r-direction) heat conduction equation for cylindrical coordinates [15],

[16]

ρC
∂T

∂t
=

1

r

∂

∂r

(
rk
∂T

∂r

)
, a < r < b , t > 0, (3.12)
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Figure 3.2: Temperature cycle applied to the inner surface of the tube.

where ρ is the mass density, C the heat capacity, k the thermal conductivity of the

material. The surface boundary condition prescribed in Fig. 3.2 is expressed mathe-

matically as

T (a, t) =


(Tm/tt)t for 0 < t ≤ tt

Tm for tt < t ≤ tt + tc

Tm − (Tm/tt)(t− tt − tc) for tt + tc < t ≤ 2tt + tc

0 for t > 2tt + tc.

(3.13)

The tube is isolated from its outer surface, hence the outer boundary condition is

defined as

∂T (b, t)

∂r
= 0 , t > 0.

Since the tube is assumed initially at zero temperature, the initial condition reads

T (r, 0) = 0 , a ≤ r ≤ b. (3.14)
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Analytical and numerical treatment of heat conduction equation Eq. 3.12 for different

purposes is given the next chapter, Ch. 4.

In summary, the problem is solved based on the following assumptions:

• Tube material is homogeneous and isotropic and material properties are inde-

pendent of temperature.

• Material is incompressible.

• Small deformation theory is adopted.

• Prandtl-Reuss’ incremental stress-strain relation is adopted.

• End effects are ignored and plane strain assumption is made for such a long

tube.

• Tresca criterion is valid.
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CHAPTER 4

TEMPERATURE DISTRIBUTION

In this chapter, the solution of heat conduction equation is explained. Analytical and

numerical treatment are introduced. The tube is heated from its inner surface by a

temperature cycle (Fig. 3.2) and its outer surface is isolated as previously mentioned

in Ch. 3. It is assumed that the tube material is initially at zero temperature, and

all mechanical and physical properties of the material are independent of the temper-

ature. Once the formulations are developed, the results of the analytical model are

compared with those of the results of the numerical solution.

4.1 Analytical Solution of Heat Conduction Equation

In this section, analytical treatment of heat conduction equation is performed by us-

ing Duhamel’s theorem. Duhamel’s theorem is used to derive an analytical heat con-

duction solution for a body exposed to time variable medium temperatures using a

normalized analytical solution of the same body [51]. The details are given below.

In analytical solution, all material properties are assumed to be independent of tem-

perature. Hence, the heat conduction equation can be written as

∂2T

∂r2
+

1

r

∂T

∂r
=

1

κ

∂T

∂t
in a < r < b, t > 0, (4.1)

where κ (= k/ρC) is thermal diffusivity. Corresponding boundary conditions are
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T = f(t) at r = a, (4.2)

k
∂T

∂r
= 0 at r = b, (4.3)

and the initial condition is

T = 0 for t = 0 in the region, (4.4)

where f(t) is a known function of time defining the temperature cycle applied to the

inner surface of the tube.

Solution of this problem can be obtained by means of solution of an auxiliary problem

by Duhamel application. The auxiliary problem for the main problem is chosen as

∂2Φ

∂r2
+

1

r

∂Φ

∂r
=

1

κ

∂Φ

∂t
,

with the boundary conditions

Φ = 1 at r = a,

k
∂Φ

∂r
= 0 at r = b,

and the initial condition

Φ = 0 for t = 0.

Generalized solution of the auxiliary problem an infinite hollow circular cylinder is

given by Carslaw and Jaeger [51] as

Φ(r, t) = 1 + π

∞∑
n=1

e−κλ
2
nt
C0(r, λn)

F (λn)
P (λn) (4.5)
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where

C0(r, λn) = J0(rλn)Y0(aλn)− Y0(rλn)J0(aλn), (4.6)

F (λn) = J0(aλn)2 − J1(bλn)2, (4.7)

P (λn) = J1(bλn)2 (4.8)

λn are the positive roots of

kλ [J0(aλ)Y1(bλ)− Y0(aλ)J1(bλ)] = 0. (4.9)

where J0 and Y0 are Bessel functions of order zero of first and second kinds, J1 and

Y1 are Bessel functions of first order, of first and second kinds.

The main problem Eq.(4.1) is solved by applying Duhamel’s theorem to the auxiliary

problem as explained by Ozisik in [15], [16].

Duhamel’s Theorem,

T (r, t) =

∫ t

t∗=0

f(t∗)
∂Φ(r, t− t∗)

∂t
dt∗. (4.10)

Applying Duhamel’s theorem to the auxiliary problem Eq.(4.5)

Φ(r, t− t∗) = 1 + π
∞∑
n=1

e−κλ
2
n(t−t∗)C0(r, λn)

F (λn)
P (λn), (4.11)

∂Φ(r, t− t∗)
∂t

= π
∞∑
n=1

(−κλ2n)e−κλ
2
n(t−t∗)C0(r, λn)

F (λn)
P (λn). (4.12)

Substituting the Eq.(4.12) into Eq.(4.10)

T (r, t) =

∫ t

t∗=0

f(t∗)

{
π

∞∑
n=1

(−κλ2n)e−κλ
2
n(t−t∗)C0(r, λn)

F (λn)
P (λn)

}
dt∗

and rearranging the solution is obtained as
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T (r, t) = π

∞∑
n=1

(−κλ2n)e−κλ
2
nt
C0(r, λn)

F (λn)
P (λn)

∫ t

t∗=0

f(t∗)eκλ
2
nt

∗
dt∗. (4.13)

Since the solution is expressed in the close-form, the temperature field can be adapted

for different boundary conditions by means of defining the temperature cycle function

f(t∗) applied on the inner surface.

In this problem, the time-dependent thermal boundary condition is defined on the

inner surface as

f(t∗) = (Tm/tt)t
∗, (4.14)

and substituting it in the Eq.(4.13)

T (r, t) = π
∞∑
n=1

(−κλ2n)e−κλ
2
nt
C0(r, λn)

F (λn)
P (λn)

∫ t

t∗=0

(Tm/tt)t
∗eκλ

2
nt

∗
dt∗ (4.15)

and taking the integral,

∫ t

t∗=0

t∗eκλ
2
nt

∗
dt∗ =

1

κ2λ4n

[
1− e−κλ2nt + κλ2nt

]

T (r, t) =
Tm
tt
π
∞∑
n=1

(1− e−κλ2nt − κλ2nt)
C0(r, λn)

κλ2nF (λn)
P (λn). (4.16)

Rearranging this equation

T (r, t) = −Tm
tt
tπ

∞∑
n=1

C0(r, λn)

F (λn)
P (λn) +

Tm
tt
π

∞∑
n=1

(1− e−κλ2nt) C0(r, λn)

κλ2nF (λn)
P (λn)

(4.17)

For t = 0 , solution of the auxilary problem Eq.(4.5) should be equal to the initial

temperature Φ(r, 0) = 0; thus,
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0 = 1 + π

∞∑
n=1

C0(r, λn)

F (λn)
P (λn) (4.18)

which gives the close-form expression for the first series on the right-side of Eq.(4.17),

π
∞∑
n=1

C0(r, λn)

F (λn)
P (λn) = −1 (4.19)

Substituting Eq.(4.19) into Eq.(4.17) , then the final solution becomes

T (r, t) =
Tm
tt
t+

Tm
tt

π

κ

∞∑
n=1

(1− e−κλ2nt)C0(r, λn)

λ2nF (λn)
P (λn). (4.20)
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Figure 4.1: Description of linear functions of inner surface temperature in time inter-

vals.

In this case, the hollow cylinder is subjected to the temperature cycle from its inner

surface given by Eq.(3.13). On the other hand, the solution obtained for T (r, t) should

be adapted to the all time intervals in the cycle by making superposition as
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T (r, t) =



T (r, t) for 0 < t ≤ tt

T (r, t)− T (r, t− tt) for tt < t ≤ tt + tc

T (r, t)− T (r, t− tt)− T (r, t− tt − tc) for tt + tc < t ≤ 2tt + tc

T (r, t)− T (r, t− tt)− T (r, t− tt − tc)
+T (r, t− 2tt − tc) for t > 2tt + tc

.

(4.21)

Superposition is achieved by defining the linear functions of temperature, which are

depicted in Fig. 4.1, in each time steps.

4.2 Numerical Solution of Heat Conduction Equation

The numerical solution of heat conduction equation is carried out by using a computer

code PDECOL [52]. To that end, the heat conduction equation Eq.(4.1) is written in

the nondimensional form in terms of the dimensionless variables r = r/b , T =

T/Tm , τ = κt/b2 . The dimensionless heat conduction equation and the accompany-

ing conditions become after some algebra

∂2T

∂r2
+

1

r

∂T

∂r
=
∂T

∂τ
in a < r < 1, τ > 0, (4.22)

subject to

T (a, τ) = f(τ) ,
∂T (1, τ)

∂r
= 0 , τ > 0, (4.23a)

T (r, 0) = 0 , a ≤ r ≤ 1, (4.23b)

It should be noted that because of the existence of the square term and powers of

temperature, the conduction equation, Eq.(4.22), is nonlinear. At any time instant,

the temperature distribution in the tube is obtained by the numerical solution of this

nonlinear equation, Eq.(4.22), with the accompanying conditions by Eqs. (4.23a) and

(4.23b). The robust nonlinear parabolic partial differential equation solver PDECOL

is used for this purpose. PDECOL is based on the method of lines and uses a finite
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element collocation procedure for the discretization of the spatial variable [52]. The

numerical solution involves an approximation in the form

T (r, τ) =
N∑
i=1

Ci(τ)SBi (r), (4.24)

where the coefficients Ci(τ) depend only on time and SBi (r) are the B-spline basis

functions that depend on the radial coordinate r only. N in the preceding sum des-

ignates the number of collocation points in the r - direction. At time τ the unknown

coefficients Ci(τ) are computed by requiring that the solution satisfy the differential

equation and the boundary conditions at a set ofN collocation points. The advantages

of this technique are that higher order accuracy is obtained with a very small number

of collocation points and the solution is continuous.

4.3 Results and Discussion for Temperature Distribution

The numerical results of the analytical solution are obtained for the nondimendional

and normalized variables. These variables are defined in the form of

r = r/b , a = a/b (4.25)

T = T/Tm (4.26)

τ = κt/b2 (4.27)

τt = κtt/b
2 (4.28)

λn = λnb (4.29)

and Eq.(4.20) becomes,

T (r, t) =
1

τt

{
τ + π

∞∑
n=1

(1− e−λ
2
nτ )

P (λn)

λ
2

nF (λn)
C0(r, λn)

}
(4.30)

where
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C0(r, λn) = J0(rλn)Y0(aλn)− Y0(rλn)J0(aλn),

F (λn) = J0(aλn)2 − J1(λn)2, (4.31)

P (λn) = J1(λn)2

and the characteristic equation is

λ
[
J0(aλ)Y1(λ)− Y0(aλ)J1(λ)

]
= 0. (4.32)

For the temperature cycle introduced in Fig. 3.2, the nondimensional time parameters

are determined as τt = 1.2 and τc = 0.3. Fig. 4.2 shows the numerical nondimen-

sional values of the temperature cycle applied to the inner surface of the tube. As

shown in this figure, the inner surface of the tube is heated until τt = 1.2, kept con-

stant at a maximum temperature for a while, τc = 0.3, and, cooled with the same

heating rate until τ = 2τt + τc = 2.7. Finally, the temperature of the inner surface

decreases to the reference temperature and it remains there after τ ≥ 2.7. Thus, the

cycle is completed. The inner boundary condition is defined with this temperature

cycle, while the outer surface of the tube is isolated.
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Figure 4.2: Temperature cycle applied to inner surface of the tube.

For this time period, the temperature distributions along the radial direction are ob-

tained. The results of analytical and numerical solutions are presented. The variations

of temperature at several time steps are plotted in Figures 4.3-4.6.
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As shown in these figures, at the inner surface, r = a, the boundary temperature is

dictated by the cycle depicted in Fig. 3.2 whereas at the outer surface the insulation

boundary condition holds.

In these figures, the results of the analytical solution are represented with the solid

lines, while the dots show the results of the numerical computation.

Fig. 4.3 shows the temperature distribution in the tube at the heating time interval

until τ = 1.2. At the maximum temperature value of the inner wall of the tube, the

temperature distribution in the r-direction in the tube is plotted in Fig. 4.4 at different

time steps. Cooling section is depicted in Fig. 4.5. Finally, the tube reaches to almost

initial value at τ = 10, shown in Fig. 4.6. It is observed that in these figures the tube

reaches the its maximum temperature at time τ = 1.5.

Fig. 4.7 shows the variation of temperature gradient at several time steps. As seen in

this figure, positive temperature gradients are observed in the time interval τ = 0.2

and τ = 1.5 due to the heating, while between τ = 1.5 and τ = 2.7 gradients

are negative due to the cooling. At time τ = 1.5, temperature gradient is almost

linear, and as seen in Fig. 4.4, the temperature distribution in the tube approaches to

isothermal case at this time. As seen in Fig. 4.7, the temperature gradient reaches

its peak value at the inner surface of the tube whereas it is equal to zero at the outer

surface since the outer surface of the tube is isolated.

As a result of these comparisons, the analytical solution has been verified with the

numerical solution. As a result, analytical and numerical solutions are in a good

agreement. In the next calculations, the analytical expressions will be used to calcu-

late the stress field of the tube.
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Figure 4.3: Temperature distribution in the tube between τ = 0.2− 1.2.
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Figure 4.4: Temperature distribution in the tube between τ = 1.2− 1.5.
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Figure 4.5: Temperature distribution in the tube between τ = 1.5− 2.7.
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Figure 4.6: Temperature distribution in the tube between τ = 2.7− 3.0.
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Figure 4.7: Variation of temperature gradient at several time steps during the cycle,

τ = 0.2− 3.0.
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CHAPTER 5

THERMOELASTIC ANALYSIS OF THE TUBE

In this chapter, thermoelastic behavior of the tube during the temperature cycle is

studied. Temperature distribution in the tube is achieved by the solution of heat con-

duction equation explained in the previous chapter. For this temperature distribution,

the elastic analytical solution is derived. Then, the verification of the analytical solu-

tion is achieved by the comparison with a numerical solution.

5.1 Analytical Solution for the Thermoelastic Analysis of the Tube

In the elastic part, plastic strains, εpi , drops in the basic equations, Eqs. 3.2-3.4. The

solution is performed with dimensional variables, then the numerical results are given

in non-dimensional form.

Starting with solving Eq.(3.4) for axial stress

σez = ν(σer + σeθ) + 2G(1 + ν) [ε0 − αT ] , (5.1)

and, by using geometric relations and Hooke’s law, elastic stresses are written in terms

of radial displacement as

σer =
2G

r(1− 2ν)
[νu+ (1− ν)ru′ + (ε0ν − α(1 + ν))rT ] (5.2)

σeθ =
2G

r(1− 2ν)
[(1− ν)u+ νru′ + (ε0ν − α(1 + ν))rT ] (5.3)
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Substituting the stresses into the equation of motion Eq.(3.1), the non-homogeneous

Euler equation is obtained in the radial direction as

r2
d2u

dr2
+ r

du

dr
− u =

r2α(1 + ν)

1− ν
T ′ (5.4)

For the solution of homogeneous part of the above equation is

r2
d2u

dr2
+ r

du

dr
− u = 0, (5.5)

and homogeneous solution for the radial displacement is derived as

ueh =
C1

r
+ C2r, (5.6)

where C1 , C2 are arbitrary integration constants. Particular solution of the problem

is obtained by applying the method of variation of parameters.

uepar = Y1(r)C1(r) + Y2(r)C2(r) (5.7)

Y1 and Y2 are written via the homogeneous solution:

Y1(r) =
1

r
, (5.8)

Y2(r) = r. (5.9)

C1(r) = −
∫
Y2(r)F (r)

W (r)
dr, (5.10)

C2(r) =

∫
Y1(r)F (r)

W (r)
dr, (5.11)

where W is the Wronskian obtained as

W (r) =

∣∣∣∣∣∣ Y1(r) Y2(r)

Y ′1(r) Y ′2(r)

∣∣∣∣∣∣ =
2

r
(5.12)
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and F (r) is the non-homogeneous part of the Eq.(5.4)

F (r) =
α(1 + ν)

1− ν
T ′ (5.13)

C1(r) = −α(1 + ν)

2(1− ν)

∫
r2T ′dr, (5.14)

C2(r) =
α(1 + ν)

2(1− ν)
T. (5.15)

uepar =
α(1 + ν)

2(1− ν)
T − α(1 + ν)

2r(1− ν)

∫
r2T ′dr (5.16)

Apply integration by parts to
∫
r2T ′(r)dr

∫
r2T ′dr = r2T − 2

∫
rTdr

Particular solution obtained as

uepar =
α(1 + ν)

r(1− ν)

∫ r

a

ξTdξ (5.17)

and the solution is

ue = ueh + uepar

Finally the radial displacement integrated as

ue =
C1

r
+ C2r +

α(1 + ν)

r(1− ν)

∫ r

a

ξTdξ (5.18)

Substituting displacement into the stress equations, elastic stresses are obtained as
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σer = −2GC1

r2
+

2G

1− 2ν
(C2 + νε0)−

2Gα(1 + ν)

(1− ν)r2

∫ r

a

ξTdξ (5.19)

σeθ =
2GC1

r2
+

2G

1− 2ν
(C2 + νε0)−

2Gα(1 + ν)

(1− ν)r2

(
r2T −

∫ r

a

ξTdξ

)
. (5.20)

Total axial force vanishes F e
z = 2π

∫ b
a
rσzdr:

F e
z = −2Gα(1 + ν)

(1− ν)

∫ b

a

rTdr − (a2 − b2)G
1− 2ν

[(1− ν)ε0 + 2νC2]

If we substitute σr and σθ into σz, Eq.(7.4), axial stress is obtained as

σez =
2G

1− 2ν
(2νC2 + (1− ν)ε0)−

2Gα(1 + ν)

1− ν
T. (5.21)

In these equations C1 , C2 , and ε0 are the unknowns to be calculated. For the purely

elastic state boundary conditions are;

σer = 0 , at r = a, (5.22)

ue = 0 , at r = b, (5.23)

F e
z = 2π

∫ b

a

rσzdr = 0. (5.24)

Hence, the integration constants are obtained by means of the boundary conditions as

C1 =
a2α(1 + ν)(b2(1− ν)− a2(1 + ν))

(a2 − b2)(1− ν)(b2(1− ν) + a2(1 + ν))

∫ b

a

rTdr, (5.25)

C2 = − α(1 + ν)(a2(1− 3ν)− b2(1− ν))

(a2 − b2)(1− ν)(b2(1− ν) + a2(1 + ν))

∫ b

a

rTdr, (5.26)

ε0 = − 2(a2 + b2)α(1 + ν)

a4 − b4 + (a2 − b2)2ν

∫ b

a

rTdr. (5.27)
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5.2 Numerical Solution Thermoelastic Analysis of the Tube

At the beginning of the numerical solution, the elastic stress-strain relations are con-

verted to the nondimensional form by using the previously defined dimensionless

variables T = T/Tm , σr = σr/σ0. These nondimensional equations are

εr =
1

2(1 + ν)
[σr − ν(σθ + σz)] + qT , (5.28)

εθ =
1

2(1 + ν)
[σθ − ν(σr + σz)] + qT , (5.29)

εz =
1

2(1 + ν)
[σz − ν(σr + σθ)] + qT . (5.30)

where εj = εjG/σ is a normalized strain component, and q = GαTm/σ0 is the dimen-

sionless heat load. In terms of dimensionless variables the equation of equilibrium is

dσr
dr

+
σr − σθ

r
= 0. (5.31)

The compatibility relation

εr =
d

dr
(r εθ), (5.32)

and the strain-displacement relations

εθ =
u

r
, εr =

du

dr
, (5.33)

complete the list of basic equations. Here u = Gu/(σ0b) represents the dimensionless

radial displacement.

Remembering the state of generalized plane strain εz = ε0 , the axial stress σz is

determined from the axial strain equation Eq. (5.30) as
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σz = 2(1 + ν)ε0 + ν(σr + σθ)− 2(1 + ν)qT . (5.34)

This equation is used to eliminate the axial strain wherever it is necessary. Bringing

in a stress function Y (r) of the form

Y (r) = r σr, (5.35)

we find from the equation of equilibrium, Eq. (5.31), σθ = Y ′(r), and as a result the

equation of equilibrium is satisfied by the use of Y (r) in the equations. The radial

and circumferential strain expressions become after eliminating the axial stress

εr = −νε0 −
νY ′(r)

2
+

(1− ν)Y (r)

2r
+ (1 + ν)qT , (5.36a)

εθ = −νε0 +
(1− ν)Y ′(r)

2
− νY (r)

2r
+ (1 + ν)qT . (5.36b)

By the substitution of these strains into the compatibility relation, Eq. (5.32), we

obtain

d2Y

dr2
+

1

r

dY

dr
− Y

r2
= −2

(
1 + ν

1− ν

)
q
dT

dr
,

which is the governing thermoelastic equation. This is a second order, linear, non-

homogeneous differential equation. As noted before, the inner surface r = a of

the tube is free of stress, i.e. σr(a) = 0, and the outer surface r = 1 is radially

constrained implying u(1) = 0. Under these circumstances, the boundary conditions

that accompany the thermoelastic equation are

Y (a) = 0 (5.37)

and, by using Eq.(5.36b) strain-displacement relation , u = εθr , one can write the

outer boundary condition as
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ν

2
Y (1)−

[
(1− ν)

2

]
Y ′(1) = −νε0 + (1 + ν)qT . (5.38)

Since the ends in the axial direction are free, we have one additional condition to be

satisfied:

∫ 1

a

σz dA = 2π

∫ 1

a

r σz dr = 0, (5.39)

which is used to determine the constant axial stress ε0 at any time instant.

Finally, the thermoelastic equation can be cast into the form

Y ′′(r) + Γ1(r)Y
′(r)− Γ2(r)Y (r) = Ψ(r), (5.40)

where

Γ1(r) =
1

r
, (5.41)

Γ2(r) =
1

r2
, (5.42)

and

Ψ(r) = −2

(
1 + ν

1− ν

)
q
dT

dr
. (5.43)

Introducing two new variables: φ1(r) = Y (r) and φ2(r) = Y ′(r) we may write

dφ1

dr
= Y ′, (5.44a)

dφ2

dr
= Y ′′, (5.44b)
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or by making use of Eq.(5.40)

dφ1

dr
= φ2, (5.45a)

dφ2

dr
= −Γ1φ2 + Γ2φ1 + Ψ. (5.45b)

These equations form a system of initial value problems (IVP) and should be solved

starting with the initial conditions φ1(a) = Y (a) = 0 and φ2(a) = Y ′(a) . Since

normally the gradient of Y ′ at r = a is not known, a Newton iteration scheme is used

to obtain the correct value of this gradient by requiring that

(ν
2

)
φ1 −

[
(1− ν)

2

]
φ2 = −νε0 + (1 + ν)qT , (5.46)

is satisfied at r = 1. Runge-Kutta-Fehlberg fourth-fifth order integration is used to

solve numerically Eqs. (5.45a)-(5.45b). Just a few iterations turn out to be sufficient

to reach the correct φ2(a) = Y ′(a). Thereafter, the IVP system is solved once more

with converged φ2(a) to get the distributions of stress and displacement.

On the other hand, an outer iteration loop is performed to determine the value of

ε0. At each iteration, the problem is solved 3 times using εk0, εk0 + ∆ε and εk0 − ∆ε,

respectively and corresponding net axial forces

Fz(ε0) =

∫ 1

a

σz dA, (5.47)

are calculated. A better approximation εk+1
0 to the axial strain is then obtained from

εk+1
0 = εk0 −

2∆εFz(ε
k
0)

Fz(ε
k
0 + ∆ε)− Fz(εk0 −∆ε)

, (5.48)

where ∆ε stands for a small increment of the order εk0/100. Equation (5.48) ap-

proaches ε0 in the direction of vanishing net axial force. Starting with a reasonable

initial estimate ε00, this iteration scheme converges to the result with a sufficient accu-

racy in only a few iterations. Further details of the computation is given in Eraslan

and Kartal [53].
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5.3 Results and Discussion of the Analytical and Numerical Solution for the

Thermoelastic Analysis

The problem is solved for the non-dimensional and normalized variables. These vari-

ables are defined as:

σ =
σi
σ0
, u =

uG

bσ0
, εi =

εiG

σ0
. (5.49)

Heat load parameter is defined as,

q =
αTmG

σ0
. (5.50)

Thus, the stress, strain and displacement expression take the form of

σer = −2C1

r2
+

2

1− 2ν
(C2 + νε0)−

2q(1 + ν)

(1− ν)r2

∫ r

a

ξTdξ (5.51)

σeθ =
2C1

r2
+

2

1− 2ν
(C2 + νε0)−

2q(1 + ν)

(1− ν)r2

(
r2T −

∫ r

a

ξTdξ

)
(5.52)

σez =
2

1− 2ν

(
2νC2 + (1− ν)ε0

)
− 2q(1 + ν)

1− ν
T (5.53)

ue =
C1

r
+ C2r +

q(1 + ν)

r(1− ν)

∫ r

a

ξTdξ (5.54)

F
e

z = −2q(1 + ν)

(1− ν)

∫ 1

a

rTdr − (a2 − 1)

1− 2ν

[
(1− ν)ε0 + 2νC2

]
(5.55)

where

C1 =
C1G

b2σ0
, C2 =

C2G

σ0
.

Nondimensional integration constants:

C1 =
a2(1 + ν)(−1 + ν + a2(1 + ν))

(1− ν)(1− a4 − (1− a2)2ν)
q

∫ 1

a

rTdr, (5.56)
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C2 =
(1 + ν)(−1 + ν + a2(1− 3ν))

(1− a2)(1− ν)(1− ν + a2(1 + ν))
q

∫ 1

a

rTdr, (5.57)

ε0 =
2(1 + ν)(1 + a2)

1− a4 − (a2 − 1)2ν
q

∫ 1

a

rTdr. (5.58)

Temperature integrals are calculated as

T = T 1 + T 2 (5.59)

T 1 =
τ

τt
(5.60)

T 2 =
π

τt

∞∑
n=1

(1− e−λ
2
nτ )

C0(r, λn)

λ
2

nF (λn)
P (λn) (5.61)

∫ r

a

ξT 1dξ =
τ

τt

{
(r2 − a2)

2

}
∫ 1

a

rT 1dr =
τ

τt

{
(1− a2)

2

}

∫ r

a

ξT 2dξ =
π

τt

∞∑
n=1

(1− e−λ
2
nτ )

P (λn)

λ
2

nF (λn)

∫ r

a

rC0(r, λn)

=
π

τt

∞∑
n=1

(1− e−λ
2
nτ )

P (λn)

λ
3

nF (λn)

{
Y0(aλn)

[
rJ1(rλn)− aJ1(aλn)

]
−J0(aλn)

[
rY1(rλn)− aY1(aλn)

]}

∫ 1

a

rT 2dr =
π

τt

∞∑
n=1

(1− e−λ
2
nτ )

P (λn)

λ
2

nF (λn)

∫ 1

a

rC0(r, λn)

=
π

τt

∞∑
n=1

(1− e−λ
2
nτ )

P (λn)

λ
3

nF (λn)

{
Y0(aλn)

[
J1(λn)− aJ1(aλn)

]
−J0(aλn)

[
Y1(λn)− aY1(aλn)

]}
.
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In this section, the thermoelastic behavior of tube along the temperature cycle is inves-

tigated. Additionally, the analytical model is verified against the numerical solution.

In the calculations, a tube of inner radius a = 0.5 is considered under the heat load

q = 0.15.

Stress and displacement distributions in the tube are obtained for the temperature

distribution given in Ch.4 and the analytical and numerical results are plotted at the

same figures. The distributions of the radial, tangential, and axial stresses as well as

the displacement are depicted in the Figures 5.1-5.8, respectively. In these figures,

the results of the analytical model are shown with solid lines whereas the numerical

solutions are represented by dots.

As a result of the analytical solution, integration constants and axial strain at different

time steps are given in Table 5.1. By using these constants, the corresponding stress

and displacement distributions are obtained with the analytical solution.

Table 5.1: Axial strain and integration constants obtained from the elastic analytic
solution.

τ ε0 C1 C2

0.2 0.02106 -0.01603 -0.00116
0.4 0.05592 -0.04256 -0.00307
0.6 0.09388 -0.07145 -0.00515
0.8 0.13255 -0.10088 -0.00727
1 0.17137 -0.13043 -0.00940
1.2 0.21023 -0.16000 -0.01153
1.3 0.22235 -0.16922 -0.01220
1.5 0.23076 -0.17562 -0.01266
1.7 0.21161 -0.16105 -0.01161
1.9 0.17718 -0.13485 -0.00972
2.1 0.13932 -0.10603 -0.00764
2.3 0.10068 -0.07662 -0.00552
2.5 0.06186 -0.04708 -0.00339
2.7 0.02300 -0.01750 -0.00126

Fig. 5.1 shows the results of the analytical and numerical solutions for the radial stress

distribution at the heating time period. Fig. 5.2 shows the radial stress distribution at

the cooling time period. As seen in these figures, the radial stresses in the tube build
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up and increase with the increasing temperature. The radial stress is equal to zero at

the inner wall of the tube whereas it has the maximum value at the outer wall due to

the described boundary conditions.

Fig. 5.3 shows the results of the analytical and numerical solutions for the tangential

stress distribution at the heating time period. Fig. 5.4 shows the tangential stress

distribution at the cooling time period. These figures show that the tangential stress

rapidly increases and very remarkable at the inner wall of the tube with the increasing

temperature.

Fig. 5.5 shows the results of the analytical and numerical solutions for the axial stress

distribution at the heating time period. Fig. 5.6 shows the axial stress distribution at

the cooling time period. As depicted in these figures, the axial stress variation with

time is not very significant compared to radial and tangential stresses. It is noted that

it changes sign in the tube.

Fig. 5.7 shows the results of the analytical and numerical solutions for the displace-

ment distribution at the heating time period. Fig. 5.8 shows the displacement distri-

bution at the cooling time period. Since the tube is radially constrained, the displace-

ment is equal to zero on the outer surface of the tube while on the inner surface, the

displacement increases with the increasing temperature.

Additionally, in this section, the distributions of von Mises stresses:

σvM =

√
1

2

[
(σr − σθ)2 + (σr − σz)2 + (σθ − σz)2

]
,

are calculated and compared with the analytical results based on Tresca criterion at

various time instants along the cycle. In Fig. 5.9 solid lines represent the results of

the ratio of Tresca equivalent stress to yield stress and dots represent the results of

the von Mises stresses to yield stress. As sees in this figure, the ratio of both stresses

to yield stress imply that the tube behave elastic during the temperature cycle since

Tresca and von Mises stresses don’t reach the value of yield stress, σth. Additionally,

as seen in this figure, Tresca condition is more conservative compared to the von

Mises’ criterion in determining the onset of the yielding.
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Finally, the variation of axial strain with respect to time is investigated. The axial

strain is independent of space coordinates, it is only a function of time. As seen in

Fig. 5.10, variation of axial strain with time follows the similar trend of temperature

cycle applied to the inner surface. The axial strain reaches to its maximum value at

the end of the time for the maximum temperature interval.

As a computational detail the converged values of φ2(a) along the cycle are plotted

in Fig. 5.11. On average, three iterations are performed to reach convergence for ε0,

and only a few iterations are required to reach the correct φ2(a).
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Figure 5.1: Comparison of results of analytical and numerical solution for radial stress

distribution in the tube during heating time.
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Figure 5.2: Comparison of results of analytical and numerical solution for radial stress

distribution in the tube during cooling time.
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Figure 5.3: Comparison of results of analytical and numerical solution for tangential

stress distribution in the tube during heating time.
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Figure 5.4: Comparison of results of analytical and numerical solution for tangential

stress distribution in the tube during cooling time.
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Figure 5.5: Comparison of results of analytical and numerical solution for axial stress

distribution in the tube during heating time.
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Figure 5.6: Comparison of results of analytical and numerical solution for axial stress

distribution in the tube during cooling time.
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Figure 5.7: Comparison of results of analytical and numerical solution for displace-

ment distribution in the tube during heating time.
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Figure 5.8: Comparison of results of analytical and numerical solution for displace-

ment distribution in the tube during cooling time.
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Figure 5.9: Comparison of Tresca and von Mises’ stresses for q=0.15.
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Figure 5.10: Comparison of analytical and numerical results for axial strain.
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Figure 5.11: Initial estimates of initial value problem.
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CHAPTER 6

THERMO-ELASTOPLASTIC ANALYSIS OF THE TUBE

In this chapter, analytical solutions are introduced for the tube problem by increasing

the heat load parameter in order to determine the plastic behavior of the tube under

temperature cycle. All other parameters are chosen as in the problem of the previous

section. Thermal and material properties are assumed constant. The elastic-plastic

behavior of the tube under the heat load can be divided into four parts:

Purely Elastic Stage: Firstly, the tube behaves elastic to a certain time, which is

called elastic stage.

Elastic-Plastic First Stage: After some time, the plastic deformation starts from the

inner wall of the tube, which is called as elastic-plastic first stage. This plastic region

expands through the elastic region.

Elastic-Plastic Second Stage: When time elapses, in the plastic-elastic border, an-

other two plastic regions (second and third plastic regions) emerge at the same time,

which is named as elastic-plastic second stage. One of the plastic regions spreads

into the first plastic region to the inner boundary of the tube while the other region

expands to the outer boundary.

Elastic-Plastic Third Stage: After some time, first plastic region is completely cov-

ered by the second plastic region and disappears. Thus, second and third plastic

regions are seen in the tube from the inner wall to the outer wall, while the outer wall

still remains elastic, which is elastic-plastic third stage.

In these stages, an elastic and three different plastic regions exist. Formulation of
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the elastic region is given in the previous chapter, Ch.5. In this chapter, formula-

tions of the three plastic regions are presented. By this means, the stages of the

tube experienced (elastic, elastic-plastic first stage, elastic-plastic second stage, and

elastic-plastic third stage) are treated.

6.1 Formulation of the Plastic Regions

The basic equations given in theory Ch.2 are used to derive the plastic stress, strain

and displacement expressions.

6.1.1 Plastic Region 1

In the plastic region 1, the principal stresses satisfy σr > σz > σθ. Tresca yield

condition in this stage is:

σr − σθ = σth (6.1)

where the yield stress is σth = σ0 (1− βT ). Tresca’s yielding function in this region

reads

f1 = σr − σθ − σth = 0. (6.2)

Associated flow rule is written as

dεpi =
∂f1
∂σi

dλ1. (6.3)

According to the flow rule, the plastic strain increments are written as

dεpr =
∂f1
∂σr

dλ1 = dλ1, (6.4)

dεpθ =
∂f1
∂σθ

dλ1 = −dλ1, (6.5)

dεpz =
∂f1
∂σz

dλ1 = 0. (6.6)

Finally, from the flow rule associated with the yield condition one can derive the

relations between the strains as εpr = −εpθ , εpz = 0. Total strains become
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εr = εpr +
1

2G(1 + ν)
[σr − ν (σθ + σz)] + αT, (6.7)

εθ = −εp1r +
1

2G(1 + ν)
[σθ − ν (σr + σz)] + αT, (6.8)

εz = 0 +
1

2G(1 + ν)
[σz − ν (σr + σθ)] + αT. (6.9)

Solving the Eq.(6.9) for σz by considering the generalized plain strain condition, εz =

ε0, the axial stress is obtained as

σz = 2G(1 + ν) [ε0 − αT ] + ν (σr + σθ) . (6.10)

Inserting axial strain Eq.(6.10) into Eqs. (6.7) and (6.8),

εr = εpr +
1

2
[σr(1− ν)− νσθ]− ε0ν + α(1 + ν)T, (6.11)

εθ = −εpr +
1

2
[σθ(1− ν)− νσr]− ε0ν + α(1 + ν)T. (6.12)

Inserting the final forms of the total strains, Eq.(6.11) and (6.12), into strain-displacement

relations given by Eq.(3.6), the radial and circumferential stresses can be expressed

in terms of displacement as

σr =
2G

r(1− 2ν)
[r (ε0ν − (1− 2ν)εpr + (1− ν)u′)

+νu− αr(1 + ν)T ] , (6.13)

σθ =
2G

r(1− 2ν)
[r (ε0ν + (1− 2ν)εpr + νu′)

+ (1− ν)u− αr(1 + ν)T ] , (6.14)

where u′ denotes the derivative of displacement with respect to the radial coordinate.

By using yield criterion, σr − σθ = σ0 (1− βT ), the plastic strain εpr is derived in

terms of the displacement as

εpr = − 1

2r
(u− ru′)− 1

4G
σ0 (1− βT ) (6.15)
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Inserting the radial and tangential stresses into the equation of motion Eq.(3.1), the

nonhomogeneous Euler equation is obtained for the radial displacement as

r2
d2u

dr2
+ r

du

dr
− u =

r

2G
{2σ0(1− 2ν) [βT − 1]

+ [4Gα(1 + ν) + σ0β(1− 2ν)] rT ′} , (6.16)

where T ′ represents the derivative of temperature with respect to the radial coordinate.

Solution of the Eq.(6.16) can be expressed as:

u = uh + upar

where uh is homogeneous part of the solution and easily derived as

uh =
C3

r
+ C4r, (6.17)

where C3 and C4 are the integration constants for the first plastic region. The partic-

ular solution of Eq.(6.16), upar, is obtained by the application of variation of param-

eters method.

upar = Y1(r)u1(r) + Y2(r)u2(r). (6.18)

By means of homogeneous solution, Y1(r) and Y2(r) are defined as

Y1(r) =
1

r
and Y2(r) = r. (6.19)

Thus

u1(r) = −
∫
Y2(r)F (r)

W (r)
dr, (6.20)

u2(r) =

∫
Y1(r)F (r)

W (r)
dr, (6.21)
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where F (r) is the nonhomogeneous part of the Eq.(6.16),

F (r) =
1

r2
r

2G
{2σ0(1− 2ν) [βT − 1] + [4Gα(1 + ν) + σ0β(1− 2ν)] rT ′} ,

(6.22)

and W (r) is Wronskian calculated as follows

W (r) =

∣∣∣∣∣∣ Y1(r) Y2(r)
dY1(r)
dr

dY2(r)
dr

∣∣∣∣∣∣ = Y1(r)
dY2(r)

dr
− Y2(r)

dY1(r)

dr

=
2

r
. (6.23)

After calculating the integral Eq.s (6.20) and (6.21) and substituting into the Eq.(6.18),

particular solution is obtained as

upar =
rβσ0(1− 2ν)

2G

∫ r

a

T

ξ
dξ +

2α(1 + ν)

r

∫ r

a

ξTdξ

+
(a2 − r2) [4Gα(1 + ν) + βσ0(1− 2ν)]

4Gr
T (a) (6.24)

+
σ0(1− 2ν) [r2 − a2 + 2r2 ln(a/r)]

4Gr
, (6.25)

and the total displacement is the summation of the homogeneous and particular solu-

tions

up1r =
C3

r
+ C4r +

rβσ0(1− 2ν)

2G

∫ r

a

T

ξ
dξ +

2α(1 + ν)

r

∫ r

a

ξTdξ

+
(a2 − r2) [4Gα(1 + ν) + βσ0(1− 2ν)]

4Gr
T (a)

+
σ0(1− 2ν) [r2 − a2 + 2r2 ln(a/r)]

4Gr
, (6.26)

where superscript p1 denotes the "plastic region 1". T (a) is temperature of the inner

surface of the tube. Substituting the displacement into stress equations, one obtains

the radial and tangential stresses:
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σp1r =
2GC4

1− 2ν
+ βσ0

∫ r

a

T

ξ
dξ +

1

2
(1 + 2 ln(a/r)) (6.27)

+
2Gνε0
1− 2ν

−
(

2Gα(1 + ν)

1− 2ν
+
βσ0
2

)
T (a) (6.28)

σp1θ =
2GC4

1− 2ν
+ βσ0

(∫ r

a

T

ξ
dξ + T

)
− σ0

2
(1 + 2 ln r) +

2Gνε0
1− 2ν

−
(

2Gα(1 + ν)

1− 2ν
+
βσ0
2

)
T (a). (6.29)

Once σp1r and σp1θ are obtained, σp1z can be calculated using the Eq.6.10.

σp1z = 4ν
1−2ν (C4 + νε0) + 2βν

∫ r
a
T
ξ
dξ + 2νσ0 ln (a/r)

+ [βνσ0 − 2Gα (1 + ν)]T + 2G(1 + ν)ε0

− 2ν
[
2Gα(1+ν)

1−2ν + βσ0
2

]
T (a).

Plastic strains are obtained as

εp1r = −C3

r2
− 2α(1 + ν)

r2

∫ r

a

ξTdξ +
1

2G
[2Gα(1 + ν) + β(1− ν)σ0]T

a2 [4Gα(1 + ν) + βσ0(1− 2ν)]

4Gr2
T (a) +

σ0
4Gr2

[
a2(1− 2ν)− 2r2 (1− ν)

]
(6.30)

εp1θ = −εp1r , (6.31)

εp1z = 0. (6.32)

Total axial force for a space interval, i.e. from a to γ, is derived with the help of the

integral of
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Fz = 2π

∫ γ

a

rσp1z dr (6.33)

F p1
z = 2π

{
βνσ0γ

2

∫ γ

a

T

r
dr − 2Gα(1 + ν)

∫ γ

a

rTdr

− 1

2
νσ0[a

2 − γ2 − 2γ2 ln(a/γ)] (6.34)

+
(a2 − γ2)
2(1− 2ν)

[(4Gα(1 + ν) + βσ0(1− 2ν))νT (a)− 2G(ε0(1− ν) + 2νC4)]

}
.

6.1.2 Plastic Region 2

In the plastic region 2, the principal stresses satisfy σr = σz > σθ. The yield condi-

tion:

σr − σθ = σz − σθ = σth, (6.35)

Tresca’s yielding function in this region,

f1 = σr − σθ − σth = 0, (6.36)

f2 = σz − σθ − σth = 0. (6.37)

Associated flow rule

dεpi =
2∑
j=1

∂fj
∂σi

dλj (6.38)

Plastic strain increments
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dεpr =
∂f1
∂σr

dλ1 +
∂f2
∂σr

dλ2 = dλ1, (6.39)

dεpθ =
∂f1
∂σθ

dλ1 +
∂f2
∂σθ

dλ2 = −dλ1 − dλ2, (6.40)

dεpz =
∂f1
∂σz

dλ1 +
∂f2
∂σz

dλ2 = dλ2. (6.41)

dεpθ = −(dεpr + dεpz) (6.42)

εpθ = −(εpr + εpz) (6.43)

σz = σr in the stress- strain relations. Axial plastic strain can be written in terms of

ε0

εpz =
1

2G(1 + ν)
[−(1− ν)σr + νσθ] + [ε0 − αT ] . (6.44)

Total radial and tangential strains:

εr = εpr +
1

2G(1 + ν)
[σr − ν (σθ + σz)] + αT, (6.45)

εθ = −εpθ +
1

2G(1 + ν)
[σθ − ν (σr + σz)] + αT, (6.46)

By using plastic incompressibility relation of Eq.(6.43), Eqs. (6.44)-(6.46) and geo-

metric relations Eq.(3.6), radial and circumferential stresses can be written in terms

of the displacement:

σpr =
2G

(1− 2ν)

(νu
r

+ (1− ν)u′ + ε0ν − α(1 + ν)T − (1− 2ν)εp2r

)
(6.47)

σpθ =
2G

(1− 2ν)

[
(1− ν)u

r
− (1− 3ν)u′ + ε0(1− ν)− α(1 + ν)T + 2(1− 2ν)εp2r

]
(6.48)

By using yield condition Eq.(6.35)plastic strain in r direction can be written in terms

of radial displacement as

εpr = −1

3

(u
r

+ ε0 − 2u′
)
− σ0

6G
(1− βT ) (6.49)
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Substituting stresses into the equation of motion Eq.(3.1) , one dimensional differen-

tial equation for the displacement is obtained:

u′′ +
u

r
− u

r2
=

σ0(1− 2ν)

2G(1 + ν)r
[β (rT ′ + 3T − 3)] + 3αT ′. (6.50)

By using variation of parameters method, the governing equation is solved.

uh =
C5

r
+ C6r (6.51)

upar =
β(1− 2ν)σ0
8G(1 + ν)r

{
6r2
[∫ r

a

T

ξ
dξ + ln(a/r)

]
− 2

∫ r

a

ξTdξ

−3
[(
a2 − r2

)
[1 + 6G(1 + ν)αT (a)] + T (a)

]}
+

3α

r

∫ r

a

ξTdξ (6.52)

where C5 and C6 are the integration constants od the plastic region 2. Total displace-

ment is found by summation of the homogeneous and particular solutions as

up2 =
C5

r
+ C6r +

(1− 2ν)

4(1 + ν)

{
3r

[
β

∫ r

a

T

ξ
dξ + ln(a/r)

]
− 1

2r

[
2β

∫ r

a

ξTdξ + (3− 2βT (a))(a2 − r2)
]}

+
3q

r

(∫ r

a

ξTdξ +
(a2 − r2)

2
T (a)

)
(6.53)

σp2r =
1

3(1− 2ν)
{2G(2C6 + ε0)(1 + ν)

+ σ0(1− 2ν)

[
1 + 3

(
β

∫ r

a

T

ξ
dξ + ln(a/r)

)]
−(6Gα(1 + ν) + βσ0(1− 2ν))T (a)}} (6.54)

σp2θ =
1

3(1− 2ν)
{2G(2C6 + ε0)(1 + ν)

+ σ0(1− 2ν)

[
−2 + 3

(
β

∫ r

a

T

ξ
dξ + ln(a/r) + βT

)]
− [6Gα(1 + ν) + βσ0(1− 2ν)]T (a)} (6.55)
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εp2r = −C5

r2
+
C6

3
+
βσ0(1− 2ν)

4G(1 + ν)

∫ r

a

T

ξ
dξ

−
(

3α− βσ0(1− 2ν)

4G(1 + ν)

)
1

r2

∫ r

a

ξTdξ +

(
2α +

βσ0(1− ν)

2G(1 + ν)

)
T

− (3a2 + r2) [6Gα(1 + ν) + βσ0(1− 2ν)]

12G(1 + ν)r2
T (a)− 2Gε0 + σ0

6G

+
σ0(1− 2ν)

4G(1 + ν)

[
3(a2 − r2)

2r2
+ log(a/r)

]
(6.56)

εp2z = − 1

6G(1 + ν)
{[4G(C6 − ε0) + σ0] (1 + ν)

+ 3σ0(1− 2ν)

[
β

∫ r

a

T

ξ
dξ + ln(a/r)

]
+3 [2Gα(1 + ν)− βνσ0]T − [6Gα(1 + ν) + βσ0(1− 2ν)]T (a)} (6.57)

F p2
z is calculated from η to γ as

F p2
z = 2π

βσ0
2

{
γ2
∫ γ

a

T

r
dr − η2

∫ η

a

T

r
dr −

∫ γ

η

rTdr

}
+
σ0
4

[
γ2(1− 2 ln(γ))− η2(1− 2 ln(η))

]
+

(γ2 − η2)
6(1− 2ν)

{2G(2C6 + ε0)(1 + ν) + σ0(1− 2ν)(1 + 3 ln(a))

− [6Gα(1 + ν) + βσ0(1− 2ν)]T (a)} (6.58)

6.1.3 Plastic Region 3

For the plastic region 3, the principal stresses satisfy σz > σθ and Tresca’s yield

condition is:

σz − σθ = σth, (6.59)

Tresca’s yielding function,

f1 = σz − σθ − σth = 0. (6.60)
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Plastic strain increments,

dεpr =
∂f1
∂σr

dλ1 = 0, (6.61)

dεpθ =
∂f1
∂σθ

dλ1 = −dλ1, (6.62)

dεpz =
∂f1
∂σz

dλ1 = dλ1. (6.63)

The flow rule associated with the yield condition Eq.(6.59) gives εpθ = −εpz , εpr = 0.

εpz =
1

2G(1 + ν)
(−(1− ν)σr + νσθ) + [ε0 − αT ] . (6.64)

Total strains

εz = εpz + εez (6.65)

εr = εer (6.66)

εθ = −εpz + εeθ (6.67)

By using geometric relations Eq.(3.6), stresses can be written in terms of εpz as

σr =
2G

1− 2ν

[
ν
u

r
+ (1− ν)u′ + νε0 − α(1 + ν)T

]
, (6.68)

σθ =
2G

1− 2ν

[
(1− ν)

u

r
+ νu′ + (1− 2ν)εpz + νε0 − α(1 + ν)T

]
, (6.69)

σz =
2G

1− 2ν

[
ν
u

r
+ νu′ − (1− 2ν)εpz + (1− ν)ε0 − α(1 + ν)T

]
. (6.70)

Substituting Eq.s (6.70) and (6.69) into the yield condition Eq.(6.59), plastic axial

strain is obtained as

εpz = − u

2r
+
ε0
2
− σ0

4G
(1− βT ) . (6.71)

Substituting the stresses in the equation of motion Eq.(3.1), one dimensional differ-

ential equation in the radial direction for the plastic region 3 is obtained as:

u′′+
u

r
−M2 u

r2
=
M2(1− 2ν)

2Gr

[
2Gε0 − σ0 (1− βT ) +

4Gα(1 + ν)

(1− 2ν)
rT ′
]
. (6.72)

where M =
√

1/(2(1− ν))
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Homogeneous part of the solution is

uh = C7r
−M + C8r

M . (6.73)

whereC7 andC8 are the integration constants of the plastic region 3. For the particular

solution Wronskian is calculated as

W (r) =
2M

r
. (6.74)

Applying the same solution procedure , one obtains the particular solution. Summa-

tion of the homogeneous and particular solution give the final result for the displace-

ment:

up3 = C7r
−M + C8r

M (6.75)

+
M

4G

{
rM [4Gα(M − 1)(1 + ν) + βσ0(1− 2ν)]

∫ r

a

ξ−MTdξ

+ r−M [4Gα(1 +M)(1 + ν)− βσ0(1− 2ν)]

∫ r

a

ξMTdξ

+
(1− 2ν)(2Gε0 − σ0)

(1−M2)

[
(1−M)a1+Mr−M − (M + 1)a1−MrM + 2Mr

]}
+Mα(1 + ν)(a1+Mr−M − a1−MrM)T (a) (6.76)

In the solution procedure, the following integrations are treated with the help of inte-

gration by parts technique:

∫
r1+MT ′dr = r1+MT − (1 +M)

∫
rMTdr,∫

r1−MT ′dr = r1−MT − (1−M)

∫
r−MTdr.

Once the displacement is obtained, the stresses and strain can be calculated. Radial
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plastic strain is

εp3z = −C7

2
r−1−M − C8

2
r−1+M +

2Gε0 − σ0(1− βT )

4G

− M

8G

{
r−1+M [−4Gα(1−M)(1 + ν) + βσ0(1− 2ν)]

∫ r

a

ξ−MTdξ

+ r−1−M [4Gα(1 +M)(1 + ν)− βσ0(1− 2ν)]

∫ r

a

ξMTdξ

+
(1− 2ν)(2Gε0 − σ0)

(1−M2)

×
[
2M + (1−M)a1+Mr−1−M − (1 +M)a1−Mr−1+M

]}
− Mα(1 + ν)

2

[
a1+Mr−1−M − a1−Mr−1+M

]
T (a). (6.77)

Radial stress is

σp3r =
2Gr−1−M

1− 2ν

[
C8r

2M(M(1− ν) + ν)− C7(M(1− ν)− ν)
]

− M

2(1− 2ν)

{
r−1+M(M(1− ν) + ν)

× [4Gα(1 + ν)(1−M)− β(1− 2ν)σ0]

∫ r

a

ξ−MTdξ

+ r−1−M(M(1− ν)− ν) [4Gα(1 + ν)(1 +M)− β(1− 2ν)σ0]

∫ r

a

ξMTdξ

+ 4Gα(1 + ν) [(1/M − 2M(1− ν))T

+
[
a1+Mr−1−M(M(1− ν)− ν) + a1−Mr−1+M(M(1− ν) + ν)

]
T (a)

]}
+

1

2(1−M2)(1− 2ν)

{
4Gε0(M

2(1− 3ν) + ν)− 2σ0M
2(1− 2ν)

−M(1− 2ν)(2Gε0 − σ0)
[
a1−Mr−1+M(1 +M)(M(1− ν) + ν)

+a1+Mr−1−M(1−M)(M(1− ν)− ν)
]}
. (6.78)
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Tangential stress is

σp3θ =
Gr−1−M

1− 2ν

[
C7(1− 2Mν) + C8r

2M(1 + 2Mν)
]
− M

4(1− 2ν)

×
{
r−1+M(1 + 2Mν) [4Gα(1−M)(1 + ν)− βσ0(1− 2ν)]

∫ r

a

ξ−MTdξ

− r−1−M(1− 2Mν) [4Gα(1 +M)(1 + ν)− βσ0(1− 2ν)]

∫ r

a

ξMTdξ

+ 4Gα(1 + ν)
[
a1−Mr−1+M(1 + 2Mν)− a1+Mr−1−M(1− 2Mν)

]
T (a)

− 2

M

[
βσ0(1− 2ν)− 4Gα(1 + ν)(1− 2M2ν)

]
T

}
+

1

4(1−M2)(1− 2ν)

{
4Gε0(1− 4M2ν2)− 2σ0(1− 2ν)(1 + 2M2ν)

+M(1− 2ν)(2Gε0 − σ0)
[
a1+Mr−1−M(1−M)(1− 2Mν)

−a1−Mr−1+M(1 +M)(1 + 2Mν)
]}
. (6.79)

Total axial force is calculated, i.e. from η to γ, as

F p3
z =

C7G(1− 2Mν)

(1−M)(1− 2ν)

[
γ1−M − η1−M

]
+

C8G(1 + 2Mν)

(1 +M)(1− 2ν)

[
γ1+M − η1+M

]
+

1

4(1−M2)(1− 2ν)

× {M(1−M)(1 + 2Mν) [−4G(1−M)α(1 + ν) + βσ0(1− 2ν)]

×
(
γ1+M

∫ γ

a

r−MTdr − η1+M
∫ η

a

r−MTdr

)
+M(1 +M)(1− 2Mν) [4G(1 +M)α(1 + ν)− βσ0(1− 2ν)]

×
(
γ1−M

∫ γ

a

rMTdr − η1−M
∫ η

a

rMTdr

)
− 2

[
4Gα(1 + ν)

(
1 +M2(1− 4ν)

)
+ βσ0(1− 2ν)(1− 2M2(1− ν))

] ∫ γ

η

rTdr

+ (γ1−M − η1−M)a1+MM(1− 2Mν)

× [4Gα(1 +M)(1 + ν)T (a) + (2Gε0 − σ0)(1− 2ν)]

− (γ1+M − η1+M)a1−MM(1 + 2Mν)

× [4Gα(1−M)(1 + ν)T (a) + (2Gε0 − σ0)(1− 2ν)]

−(η2 − γ2)
[
2Gε0(1− 4M2ν2) + σ0(1− 2ν)(1− 2M2(1 + ν))

]}
(6.80)

In the calculation of total axial force, the following double integrals are treated by
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integration by parts technique:∫ γ

η

rM
∫ r

a

ξ−MTdξdr =
γ1+M

1 +M

∫ γ

a

r−MTdr

− δ1+M

1 +M

∫ η

a

r−MTdr − 1

1 +M

∫ γ

η

rTdr, (6.81)∫ γ

η

r−M
∫ r

a

ξMTdξdr =
γ1−M

1 +M

∫ γ

a

rMTdr

− δ1−M

1−M

∫ η

a

rMTdr − 1

1−M

∫ γ

η

rTdr. (6.82)

6.2 Elastic-Plastic Stages and Numerical Results

Numerical results of the solution are obtained by the calculation of temperature dis-

tribution, unknown constants, and stress, strain and displacement expressions under

the heat load q = 0.25. These calculations are performed by using computer codes

written in Fortran Programming Language. Temperature field derived in Ch.4 is used

to determine the elastic-plastic behavior of the tube. Parameters used in the calcula-

tions are: nondimensional inner radius is a = 0.5 , thermal diffusivity β = 0.2, and

Poisson’s ratio ν = 0.286.

6.2.1 Purely Elastic Stage

The formulation of the elastic stage of the tube is given previously, Ch.5. Here, the

heat load parameter is increased to q = 0.25. Hence, elastic stage lasts until the

Tresca’s yield criterion ensures at time τ = 0.859001 at the inner surface of the

tube. The elastic behavior of the tube at several time steps until the the onset of

plasticization is given in the following figures.

6.2.2 Results and Discussion for Purely Elastic Stage

By using the formulation derived in Ch.5, integration constants and axial strain are

calculated and tabulated in Table 6.1. Using these values, stresses and displacement

distribution of the tube are calculated at the different time steps for the analysis of
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elastic behavior of the tube. The results for the stresses and displacement are shown

in Figures 6.1-6.4.

Table 6.1: Axial strain and integration constants for the elastic stage

τ ε0 C1 C2

0.2 0.0351 −0.0267 −0.00193

0.3 0.063 −0.0479 −0.00345

0.4 0.0932 −0.00511 −0.0709

0.6 0.15647 −0.00859 −0.11908

0.859001 0.23998 −0.18264 −0.0132

Fig.6.1 shows the radial stress distribution in the tube. Fig.6.2 shows that the tangen-

tial stress distribution during the elastic stage. Axial stress distribution in the elastic

domain is depicted in Fig.6.3. Displacement distribution in the tube is also given with

Fig. 6.4. As seen in these figures, the tube is stress free at the beginning of the cy-

cle. When time is increased, the stresses start to build up in the tube. Therefore, it is

searched when and where the plastic deformation starts by using the Tresca condition

such that the maximum difference between the principle stresses is reached to the

value of the yield stress, σth.

In Fig. 6.5, the stress and displacement responses versus radial coordinate are pre-

sented at the end of the elastic stage. As understood from this figure, the plastic de-

formation starts from the inner surface of the tube. The maximum difference between

the radial and tangential stresses reach the to the value of yield stress in a = 0.5,

at time τ = 0.8590001. Hence, in the formulation of the first plastic region, this

condition is used.

The ratio of the equivalent stress to yield stress during purely elastic stage at several

time steps is shown in Fig. 6.6. The elastic solution is valid until the difference of any

two principle stresses reaches the temperature dependent yield limit of the material

as mentioned before. When the time is increased gradually, it can be seen in Fig. 6.6

that this condition is reached at the inner wall of the tube at time τ = 0.8590001. Fig.

6.6 also shows that the tube behaves elastically until this time. In other words, at this

time, the yielding starts at the inner surface of the tube.
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Figure 6.1: Radial stress distribution in the tube for purely elastic tube.
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Figure 6.2: Tangential stress distribution in the tube for purely elastic tube.
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Figure 6.3: Axial stress distribution in the tube for purely elastic tube.
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Figure 6.4: Radial displacement in the tube for purely elastic tube.
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Figure 6.5: Response variables in the tube at the end of the elastic stage.
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Figure 6.6: Ratio of equivalent stress to yield stress during purely elastic stage.
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6.2.3 Elastic-Plastic First Stage

When the time is reached to the value of τ = 0.8590001, the yield condition σr −
σθ = σth emerge at the inner wall due to the thermal softening of the material and

plastic deformation starts. At this stage the plastic region 1 takes place between the

boundary a and r1. r1 denotes the elastic-plastic boundary and moves through the

outer boundary of the tube by increasing temperature with time.

At the elastic-plastic first stage, total axial force is calculated in the elastic region

between r1 and b

F e
z = 2π

∫ b

r1

σezrdr

= 2π

{
−2Gα(1 + ν)

(1− ν)

∫ b

r1

rTdr − (r21 − b2)G
1− 2ν

[(1− ν)ε0 + 2νC2]

}
, (6.83)

and in the plastic region 1 between a and r1

F p1
z = 2π

∫ r1

a

σp1z rdr

= 2π

{
βνσ0r

2
1

∫ r1

a

T

r
dr − 2Gα(1 + ν)

∫ r1

a

rTdr

− 1

2
νσ0[a

2 − r21 − 2r21(ln(a)− ln(r1))]

+
(a2 − r21)
2(1− 2ν)

{[4Gα(1 + ν) + βσ0(1− 2ν)] νT (a)

−2G(ε0(1− ν) + 2νC4)}} . (6.84)

In addition to the boundary conditions, the interface conditions can be written by

taking into account the continuity of stresses and displacement at the elastic-plastic

boundary. Hence, boundary and interface conditions for the elastic-plastic first stage

become
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σp1r (a) = 0, (6.85)

uer(b) = 0, (6.86)

σp1r (r1) = σer(r1), (6.87)

up1r (r1) = uer(r1), (6.88)

σer(r1)− σeθ(r1) = σth(r1), (6.89)

F e
z + F p1

z = 0. (6.90)

By using the conditions Eq.s (6.85)-(6.88), the integration constants Ci(i = 1, 4) are

expressed in terms of the interface radius r1 , and the axial strain ε0 as

C1 =
1

r21 + b2(1− 2ν)

{
−α(1 + ν)

(1− ν)

[
r21

∫ b

a

rTdr + b2(1− 2ν)

∫ r1

a

rTdr

]
−b

2r21(1− 2ν)σ0
2G

[
β

∫ r1

a

T

r
dr + ln(a/r1)

]
+ b2r21νε0

}
(6.91)

C2 =
1

r21 + b2(1− 2ν)

{
(1− 2ν)σ0r

2
1

2G

[
β

∫ r1

a

T

r
dr + ln(a/r1)− r21ε0ν

]
−α(1 + ν)(1− 2ν)

(1− ν)

[∫ b

a

rTdr −
∫ r1

a

rTdr

]}
(6.92)

C3 = − 1

r21 + b2(1− 2ν)

{
2α(1 + ν)

[
r21

∫ b

a

rTdr + b2(1− 2ν)

∫ r1

a

rTdr

]
−b

2r21(1− ν)(1− 2ν)σ0
G

[
β

∫ r1

a

T

r
dr + ln(a/r1)

]
− 2b2r21ν(1− ν)ε0

}
+
a2

4G
{(1− 2ν)σ0 − [4Gα(1 + ν) + β(1− 2ν)σ0]T (a)} (6.93)

C4 =
1

4G
{[4Gαν(1 + ν) + β(1− 2ν)σ0]T (a)− (1− 2ν)σ0} − νε0. (6.94)

Defining a nondimensional parameter β = β/Tm in addition to the nondimensional

and normalized variables defined in Ch5 non-dimensional form of the displacement,
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stresses, plastic strain, total axial force, and integration constants are calculated.

Nondimensonal form of displacement is

up1r =
C3

r
+ C4r +

rβ(1− 2ν)

2

∫ r

a

T

ξ
dξ +

2(1 + ν)q

r

∫ r

a

ξTdξ

+
(a2 − r2)(4q(1 + ν) + β(1− 2ν))

4r
T (a) (6.95)

+
(1− 2ν)(r2 − a2 + 2r2 ln(a/r))

4r
.

Nondimensional radial and tangential stresses are

σp1r =
2C4

1− 2ν
+ β

∫ r

a

T

ξ
dξ + ln(a/r)

−
(

2q(1 + ν)

1− 2ν
+
β

2

)
T (a) +

2νε0
1− 2ν

+
1

2
, (6.96)

σp1θ =
2C4

1− 2ν
+ β

[∫ r

a

T

ξ
dξ + T

]
+ ln(a/r)

−
(

2q(1 + ν)

1− 2ν
+
β

2

)
T (a) +

2νε0
1− 2ν

− 1

2
. (6.97)

Normalized plastic strain is

εp1r = −C3

r2
− 2q(1 + ν)

r2

∫ r

a

ξTdξ +

[
q(1 + ν) +

β(1− ν)

2

]
T

− a2(4q(1 + ν) + β(1− 2ν))

4r2
T (a) +

a2(1− 2ν)− 2r2(1− ν)

4r2
. (6.98)

Total axial force for elastic region is calculated from r1 to 1

F
e

z = −2q(1 + ν)

(1− ν)

∫ 1

r1

rTdr − (r21 − 1)

1− 2ν

[
(1− ν)ε0 + 2νC2

]
, (6.99)

and it is obtained for the plastic region 1 from a to r1 :
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F
p1

z = βνr21

∫ r1

a

T

r
dr − 2q(1 + ν)

∫ r1

a

rTdr

− 1

2
ν[a2 − r21 − 2r21(ln(a)− ln(r1))]

+
(a2 − r21)
2(1− 2ν)

[
(4q(1 + ν) + β(1− 2ν))νT − 2(ε0(1− ν) + 2νC4)

]
. (6.100)

Integration constants in normalized form are

C1 =
1

r21 + (1− 2ν)

{
−(1 + ν)

(1− ν)
q

[
r21

∫ 1

a

rTdr + (1− 2ν)

∫ r1

a

rTdr

]
−r

2
1(1− 2ν)

2

[
β

∫ r1

a

T

r
dr + ln(a/r1)

]
+ r21νε0

}
(6.101)

C2 =
1

r21 + (1− 2ν)

{
(1− 2ν)r21

2

[
β

∫ r1

a

T

r
dr + ln(a/r1)− r21ε0ν

]
−(1 + ν)(1− 2ν)

(1− ν)
q

[∫ 1

a

rTdr −
∫ r1

a

rTdr

]}
(6.102)

C3 = − 1

r21 + (1− 2ν)

{
2(1 + ν)q

[
r21

∫ b

a

Tdr + (1− 2ν)

∫ r1

a

rTdr

]
+r21(1− ν)(1− 2ν)

[
β

∫ r1

a

T

r
dr + ln(a/r1)

]
− 2r21ν(1− ν)ε0

}
+
a2

4

{
(1− 2ν)−

[
4q(1 + ν) + β(1− 2ν)

]
T (a)

}
(6.103)

C4 =
1

4

{[
4q(1 + ν) + β(1− 2ν)

]
T (a)− (1− 2ν)

}
− νε0. (6.104)

Then, the Eq.s (6.89) and (6.90) are solved by iteration to obtain the remaining un-

knowns r1 and ε0 given in Table 6.2. Solution of temperature integral in the above

equations:
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∫ r

a

T (ξ, τ)

ξ
dξ =

τ

τt

∫ r

a

1

ξ
dξ +

π

τt

∞∑
n=1

(1− e−λ
2
nτ )

P (λn)

λ
2

nF (λn)

∫ r

a

C0(ξ, λn)

ξ
dξ

=
τ

τt
ln(r/a)

+
π

τt

∞∑
n=1

(1− e−λ
2
nτ )

P (λn)

λ
2

nF (λn)

{
Y0(aλn)

∫ r

a

J0(ξλn)

ξ
dξ

−J0(aλn)

∫ r

a

Y0(ξλn)

ξ
dξ

}
(6.105)

where
∫ r

a

J0(ξλn)
ξ

dξ ,and
∫ r

a

Y0(ξλn)
ξ

dξ integrals were evaluated numerically by using

Simpson’s rule since the series analytically do not converge.

6.2.4 Results and Discussion for the Elastic-Plastic First Stage

Numerical results of the solution are obtained by the calculation of temperature dis-

tribution, unknown constants, and stress, strain and displacement expressions under

the same heat load q = 0.25 and the parameters given in the earlier section. The

numerical results of the integration constants and axial strain are tabulated in Table

6.2. Using these values, stresses, strains and displacement distribution of the tube are

calculated at the different time steps for the analysis of first stage of elastic-plastic

deformation in the tube. At the onset of the elastoplastic deformation, the same re-

sponse variables are obtained with those of the results of the end of the elastic stage

presented in Fig. 6.5. This is also the verification for the solution of the elastic-plastic

first stage.

Table 6.2: Axial strain and integration constants for the elastic-plastic first stage

τ ε0 r1 C1 C2 C3 C4

0.859001 0.23998 0.5 −0.18265 −0.01320 −0.01880 −0.32295

0.88 0.24676 0.50618 −0.18779 −0.01360 −0.01930 −0.32490

0.92 0.25955 0.51818 −0.19742 −0.01440 −0.02050 −0.32857

0.96 0.27219 0.53048 −0.20684 −0.01530 −0.02180 −0.33219

0.99773 0.28396 0.54238 −0.21552 −0.01630 −0.02320 −0.33558

Figures 6.7-6.14 show that the distribution of radial, tangential, axial stresses, dis-
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placement, and the plastic strains in the tube at several time steps of the first elastic-

plastic stage. In these figures, r1 represents the elastic-plastic boundary.

Fig. 6.7 shows the elastic-plastic stresses and displacement distributions at the earlier

time of first stage. The elastic-plastic boundary is r1 = 0.50618 at this time. As time

passes, the plastic region 1, which is between the a and r1, expands to the outer wall

of the tube. At time τ = 0.92, the elastic plastic boundary is r1 = 0.51818 as seen in

Fig. 6.8, it is 0.53048 at τ = 0.96 as shown in Fig. 6.9.

The elastic-plastic boundary reaches to the value of r1 = 0.542379 at the end of the

first stage at time τ = 0.99773. As seen in Fig. 6.10, at this time, the radial and axial

stresses are equal to each other on the elastic-plastic boundary. On the other hand, as

seen in Figures 6.7-6.14, the principle stresses satisfy the condition of σr > σz > σθ

at the plastic region 1.

Figures 6.11-6.14 show the propagation of the plastic radial and tangential strains

at the elastic-plastic first stage of the deformation. When time elapses, radial and

tangential stresses increase with the increasing temperature as shown in these figures.

The maximum values of the radial and tangential stresses are observed on the inner

boundary of the tube due to the applied temperature cycle to this surface.

At time τ = 0.99773, the elastic-plastic first stage lasts and two additional plastic

regions emerge at the elastic-plastic boundary r1 = 0.542379. After that time, the

second stage of the elastic-plastic deformation starts.
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Figure 6.7: Stresses and displacement in elastic-plastic first stage at τ = 0.88
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Figure 6.8: Stresses and displacement in elastic-plastic first stage at τ = 0.92

90



-1.00

-0.80

-0.60

-0.40

-0.20

0.00

0.20

0.40

0.60

0.80

1.00

1.20

0.5 0.6 0.7 0.8 0.9 1.0

st
re

ss
es

 a
n

d
 d

is
p

la
ce

m
en

t 

radial coordinate 

𝜎 𝑧 

𝑢  

𝑟 1 =0.53048 

Figure 6.9: Stresses and displacement in elastic-plastic first stage at τ = 0.96
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Figure 6.10: Stresses and displacement at the end of elastic-plastic first stage, τ =

0.99773
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Figure 6.11: Plastic strains in elastic-plastic first stage at τ = 0.88
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Figure 6.12: Plastic strains in elastic-plastic first stage at τ = 0.92
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Figure 6.13: Plastic strains in elastic-plastic first stage at τ = 0.96
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Figure 6.14: Plastic strains at the end of elastic-plastic first stage at τ = 0.99773
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6.2.5 Elastic-Plastic Second Stage

At the second stage of elastoplasic deformation, another two plastic regions emerge at

the same time at the elastic-plastic boundary and they expand through the both inner

and outer sides of the tube very rapidly. Thus, there exist three plastic regions and an

elastic region at this stage, which are plastic region 1 between a and r1, plastic region

2 between r1 and r2, plastic region 3 between r2 and r3, and elastic region between

r3 and b. Therefore, there are twelve unknowns to be calculated at this stage, eight

of which are the integration constants due to the elastic and plastic regions. Three

unknowns are r1, r2, and r3, which are the boundaries between the plastic regions 1

and 2, plastic regions 2 and 3, and plastic region 3 and elastic region, respectively.

The remaining unknown is the axial strain, ε0.

Total axial force for the second stage of elastic-plastic deformation are the summa-

tion of the axial forces of four regions in the tube, three of which come from plastic

region 1, 2, and 3 and the other from elastic region. For the elastic region, axial force

calculated between r3 and b is

F e
z = 2π

{
−2Gα(1 + ν)

(1− ν)

∫ b

r3

rTdr − (r23 − b2)G
1− 2ν

[(1− ν)ε0 + 2νC2]

}
,

and for the plastic region 1, total force is calculated between a and r1 by the Eq.6.84.

Total axial force in the plastic region 2 is calculated from r1 to r2 :

F p2
z =

βσ0
2

{
r22

∫ r2

a

T

r
dr − r21

∫ r1

a

T

r
dr −

∫ r2

r1

rTdr

}
+
σ0
4

[
r22(1− 2 ln(r2))− r21(1− 2 ln(r1))

]
+

(r22 − r21)
6(1− 2ν)

{2G(2C6 + ε0)(1 + ν) + σ0(1− 2ν)(1 + 3 ln(a))

− [6Gα(1 + ν) + βσ0(1− 2ν)]T (a)} (6.106)

Finally, the total axial force in the plastic region 3 is calculated between r2 and r3 as
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F p3
z =

C7G(1− 2Mν)

(1−M)(1− 2ν)

[
r1−M3 − r1−M2

]
+

C8G(1 + 2Mν)

(1 +M)(1− 2ν)

[
r1+M3 − r1+M2

]
+

1

4(1−M2)(1− 2ν)
{M(1−M)(1 + 2Mν)

× [−4G(1−M)α(1 + ν) + βσ0(1− 2ν)]

×
(
r1+M3

∫ r3

a

r−MT (r, t)dr − r1+M2

∫ r2

a

r−MT (r, t)dr

)
+M(1 +M)(1− 2Mν) [4G(1 +M)α(1 + ν)− βσ0(1− 2ν)]

×
(
r1−M3

∫ r3

a

rMT (r, t)dr − r1−M2

∫ r2

a

rMT (r, t)dr

)
− 2

[
4Gα(1 + ν)

(
1 +M2(1− 4ν)

)
+ βσ0(1− 2ν)(1− 2M2(1− ν))

] ∫ r3

r2

rTdr

+ (r1−M3 − r1−M2 )a1+MM(1− 2Mν)

× [4Gα(1 +M)(1 + ν)T (a, t) + (2Gε0 − σ0)(1− 2ν)]

− (r1+M3 − r1+M2 )a1−MM(1 + 2Mν)

× [4Gα(1−M)(1 + ν)T (a, t) + (2Gε0 − σ0)(1− 2ν)]

−(r22 − r23)
[
2Gε0(1− 4M2ν2) + σ0(1− 2ν)(1− 2M2(1 + ν))

]}
. (6.107)

Boundary and interface conditions for the second stage are:

σp1r (a) = 0, (6.108)

uer(b) = 0, (6.109)

εp2z (r1) = 0, (6.110)

up1r (r1) = up2r (r1), (6.111)

σp2r (r1)− σp2θ (r1) = σth(r1), (6.112)

σp2r (r2) = σp3r (r2), (6.113)

up2r (r2) = up3r (r2), (6.114)

σp3r (r2)− σp3θ (r2) = σp3z (r2)− σp3θ (r2) = σth(r2), (6.115)

σp3r (r3) = σer(r3), (6.116)

up3r (r3) = uer(r3), (6.117)

σez(r3)− σeθ(r3) = σth(r3), (6.118)
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and the total axial force:

F e
z + F p1

z + F p2
z + F p3

z = 0.

By using these twelve conditions, twelve unknowns can be calculated. Due to the

fact that the analytical calculation of the unknowns is very tedious in terms of mathe-

matical aspect, there are calculated by numerical methods with the aid of a computer

program called Minpack [59].

Before the numerical calculations, in addition to the nondimensional equations of

plastic region 1 derived in the first stage, nondimensional forms of the equations of

plastic region 2 and 3 are obtained. Thus, the nondimensional displacement for the

plastic region 2 takes the form of

up2r =
C5

r
+ C6r +

(1− 2ν)

4(1 + ν)

{
3r

[
β

∫ r

a

T

ξ
dξ + ln(a/r)

]
− 1

2r

[
2β

∫ r

a

ξT (ξ, τ)dξ + (3− 2βT (a))(a2 − r2)
]}

+
3q

r

(∫ r

a

ξT (ξ, τ)dξ +
(a2 − r2)

2
T (a)

)
, (6.119)

nondimensional radial stress for plastic region 2

σp2r =
1

3(1− 2ν)
{2(2C6 + ε0)(1 + ν) + (1− 2ν)

[
1 + 3

(
β

∫ r

a

T

ξ
dξ + ln(a/r)

)]
− (6q(1 + ν) + β(1− 2ν))T (a)},

nondimensional tangential stress for the plastic region 2

σp2θ =
1

3(1− 2ν)

{
2(2C6 + ε0)(1 + ν)

+ (1− 2ν)

[
−2 + 3

(
β

∫ r

a

T

ξ
dξ + ln(a/r) + βT

)]
−
[
6q(1 + ν) + β(1− 2ν)

]
T (a)

}
, (6.120)
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nondimensional radial and axial plastic strains are

εp2r = −C5

r2
+
C6

3
− β(1− 2ν)

4(1 + ν)

∫ r

a

T

ξ
dξ

−
(

3q − β(1− 2ν)

4(1 + ν)

)
1

r2

∫ r

a

ξT (ξ, τ)dξ − 2ε0 + 1

6

+
(1− 2ν)

4(1 + ν)

[
3(a2 − r2)

2r2
+ ln(a/r)

]
−

(3a2 + r2)
[
6q(1 + ν) + β(1− 2ν)

]
12(1 + ν)r2

T (a) +

(
2q +

β(1− ν)

2(1 + ν)

)
T (6.121)

εp2z = − 1

6(1 + ν)

{[
4(C6 − ε0) + 1

]
(1 + ν)

+ 3(1− 2ν)

[
β

∫ r

a

T

ξ
dξ + ln(a/r)

]
+3
[
2q(1 + ν)− βν

]
T −

[
6q(1 + ν) + β(1− 2ν)

]
T (a)

}
, (6.122)

and finally nondimensional total axial force for the plastic region 2 is

F
p2

z =
β

2

{
r22

∫ r2

a

T

r
dr − r21

∫ r1

a

T

r
dr −

∫ r2

r1

rTdr

}
+

1

4

[
r22(1− 2 ln(r2))− r21(1− 2 ln(r1))

]
+

(r22 − r21)
6(1− 2ν)

{
2(2C6 + ε0)(1 + ν) + (1− 2ν)(1 + 3 ln(a))

−
[
6q(1 + ν) + β(1− 2ν)

]
T (a)

}
. (6.123)

Some dimensionless abbreviations are defined to express in a more easily form of the

nondimensional forms of the equations for plastic region 3. These are:

N1 = 1 + ν

N2 = 1− 2ν

N3 = 1− ν
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K1 =
[
−4q(1−M)(1 + ν) + β(1− 2ν)

]
K2 =

[
4q(1 +M)(1 + ν)− β(1− 2ν)

]
M1 = 1 +M

M2 = 1−M

M3 = M(1− ν) + ν

M4 = M(1− ν)− ν

M5 = 1 + 2Mν

M6 = 1− 2Mν

Bu using these abbreviations, nondimensional forms of the equations for the plastic

region 3 are derived. Nondimensional displacement is

up3r = C7r
−M + C8r

M +
M

4

{
rMK1

∫ r

a

ξ−MT (ξ, τ)dξ + r−MK2

∫ r

a

ξMT (ξ, τ)dξ

+
(1− 2ν)(2ε0 − 1)

M3M4

[
M2a

M1r−M −M1a
M2rM + 2Mr

]}
+Mq(1 + ν)(aM1r−M − aM2rM)T (a), (6.124)

radial and tangential stresses

σp3r =
2r−M1

1− 2ν

[
C8r

2MM3 − C7M4

]
− M

2(1− 2ν)

{
−r−M2M3K1

∫ r

a

ξ−MT (ξ, τ)dξ + r−M1M4K2

∫ r

a

ξMT (ξ, τ)dξ

+ 4q(1 + ν)
[(
aM1r−M1M4 + aM2r−M2M3

)
T (a)

+(
1

M
− 2M(1− ν))T

]}
+

1

2M2M1(1− 2ν)

{
4ε0(M

2(1− 3ν) + ν)− 2M2(1− 2ν)

−M(1− 2ν)(2ε0 − 1)
[
M3M1a

M2r−M2 +M4M2a
M1r−M1

]}
(6.125)
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σp3θ =
r−M1

1− 2ν

[
C7M6 + C8r

2MM5

]
− M

4(1− 2ν)

{
−r−M2M5)K1

∫ r

a

ξ−MT (ξ, τ)dξ

− r−M1M6K2

∫ r

a

ξMT (ξ, τ)dξ

+ 4q(1 + ν)
[
aM2r−M2M5 − aM1r−M1M6

]
T (a)

− 2

M

[
β(1− 2ν)− 4q(1 + ν)(1− 2M2ν)

]
T

}
+

1

4M1M2(1− 2ν)

{
4ε0M5M6 − 2(1− 2ν)(1 + 2M2ν)

+M(1− 2ν)(2ε0 − 1)
[
M2M6a

M1r−M1 −M1M5a
M2r−M2

]}
, (6.126)

axial plastic strain

εp3z = −C7

2
r−M1 − C8

2
r−M2 − M

8

{
r−M2K1

∫ r

a

ξ−MT (ξ, τ)dξ

+ r−M1K2

∫ r

a

ξMT (ξ, τ)dξ

+
(1− 2ν)(2ε0 − 1)

M2M1

[
2M +M2a

M1r−M1 −M1a
M2r−M2

]}
− Mq(1 + ν)

2

[
aM1r−M1 − aM2r−M2

]
T (a) +

2ε0 − (1− βT )

4
, (6.127)

and nondimensional total axial force is

F
p3

z =
C7M6

M2(1− 2ν)

[
rM2
3 − rM2

2

]
+

C8M5

M1(1− 2ν)

[
rM1
3 − rM1

2

]
+

1

4M1M2(1− 2ν)
{MM2M5K1

×
(
rM1
3

∫ r3

a

r−MTdr − rM1
2

∫ r2

a

r−MTdr

)
+MM1M6K2

[
rM2
3

∫ r3

a

rMTdr − rM2
2

∫ r2

a

rMTdr

]
− 2

[
4q(1 + ν)

(
1 +M2(1− 4ν)

)
+ β(1− 2ν)(1− 2M2(1− ν))

] ∫ r3

r2

rTdr

+ (rM2
3 − rM2

2 )aM1MM6

[
4qM1(1 + ν)T (a) + (2ε0 − 1)(1− 2ν)

]
− (rM1

3 − rM1
2 )aM2MM5

[
4qM2(1 + ν)T (a) + (2ε0 − 1)(1− 2ν)

]
+(r23 − r22)

[
2ε0M5M6 + (1− 2ν)(1− 2M2(1 + ν))

]}
(6.128)
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.

6.2.6 Results and Discussion for the Elastic-Plastic Second Stage

Second stage of the elastic-plastic deformation starts when the time reaches the value

of τ = 0.99773. At that time, plastic regions 2 and 3 emerge at the same time on

the elastic-plastic boundary r1 = 0.542379. The same results are obtained for the

response values of the second stage with those at the end of the elastic-plastic first

stage.

Using the interface and boundary conditions, the integration constants, elastic-plastic

interface radii, and the axial strain values are determined by an iterative method.

These values are tabulated in Table 6.3. Using these values, stresses, plastic strains

and displacement distribution of the tube are calculated at the different time steps for

the analysis elastic behavior of the tube at this stage.

Table 6.3: Axial strain and integration constants for the elastic-plastic second stage

τ ε0 r1 r2 r3
1.05 0.30033 0.52585 0.55342 0.58090

1.1 0.31639 0.50943 0.56390 0.62312

1.12757 0.32547 0.50000 0.56958 0.64928

τ C1 C2 C3

1.05 −0.01781 −0.11360 −0.07375

1.1 −0.01945 −0.11901 −0.07946

1.12757 −0.02043 −0.12191 0.08264

τ C4 C5 C6 C7 C8

1.05 0.10749 −0.07433 0.10971 −0.08447 0.10466

1.1 0.11718 −0.07967 0.11800 −0.08916 0.10908

1.12757 0.12245 −0.08264 0.12245 −0.09178 0.11147

In Figures 6.15-6.18, the distributions of radial, tangential, axial stresses, and the

displacement are plotted at several time steps. As seen in these figures, the plastic

range increases with the increasing temperature. Hence, the plastic region 2 expands

to the inner surface of the tube whereas the plastic region 3 moves through the outer

surface when time elapses. As a result, the plastic region 1 disappears at the end of
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the elastic-plastic second stage by covering the plastic region 2.

Figures through 6.18-6.20 show the propagation of the plastic strains with time as a

result of the increasing temperature. As shown in these figures, at any radial point on

the tube section, the plastic strains increase with the increasing temperature.

The second elastic-plastic stage lasts until τ = 1.12757. At this time, the radial

boundary between the regions 2 and 3 is r2 = 0.56958, and between the plastic

region 3 and the elastic region is r3 = 0.64928.
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Figure 6.15: Stresses and displacement in elastic-plastic second stage at τ = 1.05
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Figure 6.16: Stresses and displacement in elastic-plastic second stage at τ = 1.1
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Figure 6.17: Stresses and displacement at the end of elastic-plastic second stage,

τ = 1.12757
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Figure 6.18: Plastic strains in elastic-plastic second stage at τ = 1.05

108



-0.20

-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

0.20

0.5 0.6 0.7 0.8 0.9 1.0

p
la

st
ic

  s
tr

ai
n

s 

radial coordinate 

𝜀 𝑟
𝑝

 

𝜀 𝜃
𝑝

 

𝜀 𝑧
𝑝

 

𝑟 1 = 0.50943 

𝑟 2 = 0.56389 

𝑟 3 = 0.62312 

Figure 6.19: Plastic strains in elastic-plastic second stage at τ = 1.1
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Figure 6.20: Plastic strains at the end of elastic-plastic second stage,τ = 1.12757
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6.2.7 Elastic-Plastic Third Stage

At the end of the second stage, plastic region 2 completely covers the plastic region

1 by expanding through the inner wall. Therefore, the elastic-plastic behavior of

the tube including the plastic regions 2 and 3, and an elastic region is examined at

the third stage. The formulation of the plastic regions 2 and 3 are derived earlier as

mentioned in the elastic-plastic second stage. However, the boundary condition at the

inner surface of the tube is defined by the radial stress of the plastic region 2.

Since the plastic region 1 disappears in this stage, the total axial force is calculated by

the summation of the forces of elastic region, plastic region 2 and the plastic region

3. The boundaries of F e
z and F p3

z are the same with those of in the second stage.

Therefore, the axial forces derived in the second stage for the plastic region 3 and

elastic region can also be used in the calculations of this stage. For the plastic region

2, it is calculated from a to r2 as

F p2
z =

βσ0
2

{
r22

∫ r2

a

T

r
dr −

∫ r2

a

rTdr

}
+
σ0
4

[
r22(1− 2 ln(r2))− a2(1− 2 ln(a))

]
+

(r22 − a2)
6(1− 2ν)

{2G(2C6 + ε0)(1 + ν) + σ0(1− 2ν)(1 + 3 ln(a))

− [6Gα(1 + ν) + βσ0(1− 2ν)]T (a)} (6.129)

Boundary conditions for the elastic-plastic third stage are

σp2r (a) = 0, (6.130)

uer(b) = 0, (6.131)

σp2r (r2) = σp3r (r2), (6.132)

up2r (r2) = up3r (r2), (6.133)

σp3r (r2)− σp3θ (r2) = σp3z (r2)− σp3θ (r2) = σth(r2), (6.134)

σp3r (r3) = σer(r3), (6.135)

up3r (r3) = uer(r3), (6.136)

σez(r3)− σeθ(r3) = σth(r3), (6.137)
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and the total axial force is defined as

F e
z + F p2

z + F p3
z = 0.

6.2.8 Results and Discussion for the Elastic-Plastic Third Stage

Third stage of the elastic-plastic deformation starts when the time reaches the value

of τ = 1.12757 and ends at τ = 1.2.

Integration constants and axial strain values are tabulated in Table 6.3. Using these

values, stresses and displacement distribution of the tube are calculated at the different

time steps for the analysis elastic-plastic behavior of the tube at this stage.

Table 6.4: Axial strain and integration constants for the elastic-plastic third stage

τ ε0 r2 r3 C1 C2

1.127568 0.32547 0.56958 0.64928 -0.02043 -0.12191
1.14 0.32963 0.57211 0.66189 -0.02089 -0.12320
1.16 0.33639 0.57614 0.68337 -0.02166 -0.12526
1.18 0.34327 0.58011 0.70654 -0.02246 -0.12728
1.2 0.35028 0.58399 0.73171 -0.02329 -0.12927

τ C5 C6 C7 C8

1.127 -0.08264 0.12245 -0.09178 0.11147
1.14 -0.08398 0.12443 -0.09296 0.11253
1.16 -0.08615 0.12758 -0.09487 0.11422
1.18 -0.08833 0.13067 -0.09679 0.11589
1.2 -0.09050 0.13369 -0.09871 0.11753

Radial, tangential, axial stresses, and displacement distributions at several time steps

of the elastic-plastic third stage are shown in Figures 6.21-6.24. The propagation of

the plastic strains in the tube are depicted in Figures 6.25-6.28.
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Figure 6.21: Stresses and displacement in elastic-plastic third stage at τ = 1.14
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Figure 6.22: Stresses and displacement in elastic-plastic third stage at τ = 1.16
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Figure 6.23: Stresses and displacement in elastic-plastic third stage at τ = 1.18
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Figure 6.24: Stresses and displacement at the end of elastic-plastic third stage at,

τ = 1.2
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Figure 6.25: Plastic strains in elastic-plastic third stage at τ = 1.14
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Figure 6.26: Plastic strains in elastic-plastic third stage at τ = 1.16
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Figure 6.27: Plastic strains in elastic-plastic third stage at τ = 1.18
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Figure 6.28: Plastic strains at the end of elastic-plastic third stage at, τ = 1.2
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Figure 6.29: Evolution of elastic and plastic regions with respect to time.
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Figure 6.30: Elastic-plastic stages during temperature cycle
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CHAPTER 7

UNLOADED STAGE

When time elapses, the expansion of the plastic regions gets slower. As seen in Fig.

6.29, the evolution of plastic region 2 through the plastic region 3 ceases at time

τ = 1.2. After that time, it turns to over the plastic region 1, it can be said that

the unloading starts at this point. It is known that the plastic strains at any radial

coordinate in the tube increases with the increasing temperature as a result of the

plastic deformation. Hence, another point to determine the unloading point is that

whether any plastic strain at any radial direction in the tube decreases or not. It may

be determined by the following expression

∂εpi (r, t)

∂t

∣∣
t=tu(r) = 0. (7.1)

It is assumed that the plastic strains at a fixed radius are frozen at the onset of the

unloading and they are called as permanent plastic strain in the unloading stage. They

can be expressed as

εpi (r) = εperi (r) = εpi [r, tu (r)] . (7.2)

Inversion of the Eq.(7.1) gives the interface radius, ru(t), between the plastic region

and the unloaded region. However the calculation of this boundary is a very tedious

work, it is assumed sudden unloading in the entire plastic region in the tube. Details

of this assumption are given in [57].
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7.1 Formulation of the Unloaded Region

When time elapses, the expansion of plastic regions gets slower and ceases at a time

t = tu. As a result, the borders between the plastic-plastic boundary r2 attains a

stationary value at time τ = 1.2 as shown in Fig. 6.29. At that time, the radial

strain ceases to increase. Therefore, in this problem, unloading starts from the inner

surface of the tube and expands very rapidly to the second and third plastic region,

respectively, then finally elastic region. Here, it is plausible to make a sudden un-

loading assumption due to the reason mentioned in [57]. Thus, the formulation of

the unloaded stage can be performed as in the formulation of "elastic region", includ-

ing plastic strains coming from the plastic regions 2 and 3 at time τ = 1.2, which

is the end of the elastic-plastic third stage. Therefore, keeping in mind the plastic

incompressibility given by

εperz = −(εperr + εperθ ) (7.3)

where the notation ”per”represents permanent, plastic strains are taken into account

as permanent in the unloaded region.

Solving Eq (3.4) for axial stress

σperz = ν(σperr + σperθ ) + 2G(1 + ν) [ε0 + εperr + εperθ − αT ] .

Using geometric relations, and from Hooke’s law, elastic stresses are written in terms

of radial displacement:

σperr =
2G

r(1− 2ν)
{νu+ r(1− ν)u′ − r [(1− 2ν) εperr − ε0ν + (1 + ν)αT ]} ,

(7.4)

σperθ =
2G

r(1− 2ν)
{(1− ν)u+ rνu′ − r [(1− 2ν) εperθ − ε0ν + (1 + ν)αT ]} .

(7.5)

Substituting the stresses into the equation of motion Eq.(3.1), the nonhomogeneous

Euler equation is obtained in the radial direction as
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r2
d2u

dr2
+ r

du

dr
− u =

1− 2ν

1− ν
r2
(
εperr − ε

per
θ

r
+ εper′r

)
− r2α(1 + ν)

1− ν
T ′. (7.6)

Solution procedure of the elastic region is applied to obtain the general solution for

the displacement for the unloaded region uu,

uu =
C9

r
+
C10r

2
+

1

r

[
1− 2ν

2(1− ν)

(∫ r

a

ξ (εperr + εperθ ) dξ

r2
∫ r

a

εperr − ε
per
θ

ξ
dξ

)
+
α(1 + ν)

(1− ν)

∫ r

a

ξTdξ

]
(7.7)

where C9 and C10 are integration constants.

σur = −2GC9

r2
+

G

1− 2ν
(C10 + 2νε0) +

G

1− ν

∫ r

a

εperr − ε
per
θ

ξ
dξ

− (1− 2ν)G

(1− ν)r2

∫ r

a

ξ (εperr + εperθ ) dξ − 2Gα(1 + ν)

(1− ν)r2

∫ r

a

ξTdξ, (7.8)

σuθ =
2GC9

r2
+

G

1− 2ν
(C10 + 2νε0) +

G

1− ν

∫ r

a

εperr − ε
per
θ

ξ
dξ

+
(1− 2ν)G

(1− ν)r2

∫ r

a

ξ (εperr + εperθ ) dξ

+
2Gν

1− ν
εperr + 2Gεperθ +

2Gα(1 + ν)

(1− ν)r2

[∫ r

a

ξTdξ − r2T (r, t)

]
, (7.9)

σuz =
2G

1− 2ν
(νC10 + (1− ν)ε0) +

2Gν

1− ν

∫ r

a

εperr − ε
per
θ

ξ
dξ

+
2G

1− ν
εperr + 2Gεperθ −

2Gα(1 + ν)

(1− ν)
T. (7.10)

Axial force is calculated as
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F per
z =

G (b2 − a2)
1− 2ν

[(1− ν)ε0 + 2νC10] +
b2ν

2(1− 2ν)

∫ b

a

εperr − ε
per
θ

r
dr

2− ν
2(1− ν)

∫ b

a

r (εperr + εperθ ) dr − 2Gα(1 + ν)

(1− ν)

∫ b

a

rTdr− (7.11)

In these equations C9 , C10 , and ε0 are the unknowns to be calculated. Boundary

conditions for this stage are;

σperr = 0 , at r = a, (7.12)

uper = 0 , at r = b, (7.13)

F per
z = 2π

∫ b

a

rσzdr = 0. (7.14)

Hence, the integration constants are obtained by means of the boundary conditions as

C9 =
a2

2(a2 − b2)(1− ν)(b2(1− ν) + a2(1 + ν))

×
{
b2
[
−b2(1− ν) + a2(1 + ν)(1− 2ν)

] ∫ b

a

εperr − ε
per
θ

r
dr

− b2
[
b2(1 + (3− 4ν)ν)− a2(1 + ν)(1− 2ν)

] ∫ b

a

r (εperr + εperθ ) dr

−2α(1 + ν)
[
b2(1− ν)− a2(1 + ν)

] ∫ b

a

rTdr

}
, (7.15)

C10 = − b2

2(a2 − b2)(1− ν)(b2(1− ν) + a2(1 + ν))

×
{
b2
[
a2(1− ν(3− 4ν))− b2(1− (3− 2ν)ν)

] ∫ b

a

εperr − ε
per
θ

r
dr

+
[
a2(1 + ν)− b2(1− (3− 2ν)ν)

] ∫ b

a

r (εperr + εperθ ) dr

+2α
[
a2(1− 3ν)− b2(1− ν)

] ∫ b

a

rTdr

}
, (7.16)
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ε0 =
2

a4 − b4 + (a2 − b2)2ν

{
a2b2ν

∫ b

a

εperr − ε
per
θ

r
dr

+
[
b2(1− 2ν) + a2(1 + ν)

] ∫ b

a

r (εperr + εperθ ) dr

−(a2 + b2)(1 + ν)α

∫ b

a

rTdr

}
. (7.17)

The problem is solved for the nondimensional and normalized variables using the

previously defined dimensionless and normalized variables:

uu =
C9

r
+
C10r

2
+

1

r

[
1− 2ν

2(1− ν)

(∫ r

a

ξ (εperr + εperθ ) dξ

r2
∫ r

a

εperr − ε
per
θ

ξ
dξ

)
+
q(1 + ν)

(1− ν)

∫ r

a

ξTdξ

]
(7.18)

where C9 and C10 are integration constants.

σur = −2C9

r2
+

1

1− 2ν
(C10 + 2νε0) +

1

1− ν

∫ r

a

εperr − ε
per
θ

ξ
dξ

− (1− 2ν)

(1− ν)r2

∫ r

a

ξ (εperr + εperθ ) dξ − 2q(1 + ν)

(1− ν)r2

∫ r

a

ξTdξ, (7.19)

σuθ =
2C9

r2
+
C10 + 2νε0

1− 2ν
+

1

1− ν

∫ r

a

εperr − ε
per
θ

ξ
dξ

+
(1− 2ν)

(1− ν)r2

∫ r

a

ξ (εperr + εperθ ) dξ

+
2ν

1− ν
εperr + 2εperθ +

2q(1 + ν)

(1− ν)r2

[∫ r

a

ξT (ξ, t)dξ − r2T
]
, (7.20)

σuz =
2

1− 2ν
(νC10 + (1− ν)ε0) +

2ν

1− ν

∫ r

a

εperr − ε
per
θ

ξ
dξ

+
2

1− ν
εperr + 2εperθ −

2q(1 + ν)

(1− ν)
T . (7.21)
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C9 =
a2

2(a2 − 1)(1− ν)((1− ν) + a2(1 + ν))

×
{[
−(1− ν) + a2(1 + ν)(1− 2ν)

] ∫ 1

a

εperr − ε
per
θ

r
dr

−
[
(1 + (3− 4ν)ν)− a2(1 + ν)(1− 2ν)

] ∫ 1

a

r (εperr + εperθ ) dr

−2q(1 + ν)
[
(1− ν)− a2(1 + ν)

] ∫ 1

a

rTdr

}
, (7.22)

C10 = − 1

2(a2 − 1)(1− ν)((1− ν) + a2(1 + ν))

×
{[
a2(1− ν(3− 4ν))− (1− (3− 2ν)ν)

] ∫ 1

a

εperr − ε
per
θ

r
dr

+
[
a2(1 + ν)− (1− (3− 2ν)ν)

] ∫ 1

a

r (εperr + εperθ ) dr

+2q
[
a2(1− 3ν)− (1− ν)

] ∫ 1

a

rTdr

}
, (7.23)

ε0 =
2

a4 − 1 + (a2 − 1)2ν

{
a2ν

∫ 1

a

εperr − ε
per
θ

r
dr

+
[
(1− 2ν) + a2(1 + ν)

] ∫ 1

a

r (εperr + εperθ ) dr

−(a2 + 1)(1 + ν)q

∫ 1

a

rTdr

}
. (7.24)

7.2 Results and Discussion for the Unloaded Stage

At the end of the elastic-plastic deformation stages of the tube, at time tau = 1.2,

unloading starts. In the computations, integrals related to the permanent plastic strains

are handled by numerical integration methods [60].

Data for permanent strains collected from the third stage of the elastic-plastic defor-

mation at tau = 1.2 appear in App. A. In this data set, the plastic strains between

a ≤ r ≤ 0.58399 are data of plastic region 2 and between 0.58399 ≤ r ≤ 0.73171 are

plastic strains of plastic region 3 obtained from the elastic-plastic third stage. Using
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Table 7.1: Axial strain and integration constants for the unloaded stage

τ ε0 C9 C10

1.2 0.35028 -0.02240 -0.27742
1.3 0.37047 -0.02351 -0.29279
1.4 0.37996 -0.02403 -0.30001
1.5 0.38448 -0.02428 -0.30346
1.7 0.35257 -0.02250 -0.27917
1.9 0.29519 -0.01940 -0.23550
2.1 0.23209 -0.01590 -0.18747
2.3 0.16769 -0.01240 -0.13846
2.5 0.10299 -0.00883 -0.08920
2.7 0.03820 -0.00528 -0.03990

these data, the stress distributions in the tube are obtained to the end of the tempera-

ture cycle. The unknowns constants and the axial strain values are tabulated in table

7.1.

Figures 7.1-7.10 show the distribution of radial, tangential, axial stresses, and dis-

placement. Fig. 7.11 shows that the ratio of equivalent stress to yield stress between

τ = 1.2 and τ = 2.7. As shown in this figure, because the Tresca equivalent stress

exceeds the temperature dependent yield stress, the assumption is violated between

the time interval 1.2 ≤ τ ≤ 1.5, however the difference between the equivalent stress

and the yield stress, and the Tresca condition is more strict than that of the real case,

the small error is expected due to this assumption.

As a result of the all calculations, the evolution of elastic, elastic-plastic and unloaded

stages are depicted in Fig. 7.12. This figure is also a summary of the entire inves-

tigation of the tube. As seen in this figure, the elastic stage ends at τ = 0.859001.

This time is the onset of the plastic deformation. The tube experiences three stages

in the elastic-plastic deformation. The first stage of the elastic-plastic deformation

occurs between 0.859001 ≤ τ ≤ 0.99773, the second stage is between 0.99773 ≤
τ ≤ 1.12756, and third stage is between 1.12756 ≤ τ ≤ 1.2. After elastic-plastic

deformation, at time τ = 1.2, the unloading occurs. Finally, entire cycle is completed

at τ = 2.7.

129



-1.20

-1.00

-0.80

-0.60

-0.40

-0.20

0.00

0.20

0.40

0.60

0.5 0.6 0.7 0.8 0.9 1.0

st
re

ss
es

 a
n

d
 d

is
p

la
ce

m
en

t 

radial coordinate 

𝑢  

Figure 7.1: Stresses and displacement in unloaded stage at τ = 1.2
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Figure 7.2: Stresses and displacement in unloaded stage at τ = 1.3
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Figure 7.3: Stresses and displacement in unloaded stage at τ = 1.4
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Figure 7.4: Stresses and displacement in unloaded stage at τ = 1.5
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Figure 7.5: Stresses and displacement in unloaded stage at τ = 1.7
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Figure 7.6: Stresses and displacement in unloaded stage at τ = 1.9

135



-1.00

-0.80

-0.60

-0.40

-0.20

0.00

0.20

0.40

0.60

0.5 0.6 0.7 0.8 0.9 1.0

st
re

ss
es

 a
n

d
 d

is
p

la
ce

m
en

t 

radial coordinate 

𝜎 𝜃 

Figure 7.7: Stresses and displacement in unloaded stage at τ = 2.1
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Figure 7.8: Stresses and displacement in unloaded stage at τ = 2.3
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Figure 7.9: Stresses and displacement in unloaded stage at τ = 2.5
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Figure 7.10: Stresses and displacement in unloaded stage at τ = 2.7
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CHAPTER 8

SUMMARY, CONCLUSIONS AND FUTURE WORK

8.1 Thesis Summary and Conclusions

In this thesis, a thermo-elastoplastic analysis of a hollow circular cylinder subject to

periodical heating from its inner surface and isolated on its exterior surface is con-

sidered. As a mechanical boundary condition, the tube is stress free on the its inner

wall and radially constrained from the outer wall. Since the length of the tube is very

long compared to its thickness, a state of generalized plane strain condition is pre-

sumed. Small deformations theory has been taken into account. All mechanical and

physical properties of the material are assumed independent of temperature. Due to

the slow heating, the thermally induced wave phenomenon is vanished. End effects

are ignored for such a long tube and circular symmetry is presumed.

Initially, in Ch. 4 the analytical and numerical solution of heat conduction equation

is presented. Analytical results are in a good agreement with the numerical results.

Next, in Ch. 5 thermoelastic behavior of a long tube during the temperature cycle is

studied and the verifiation of the analytical solution is made against to the numerical

solution.

Additionally, in Ch. 6, analytical solutions are introduced for the tube problem by

increasing the heat load parameter in order to determine the plastic behavior of the

tube under temperature cycle. Firstly, the tube behaves elastic to a certain time, which

is elastic stage. Then, after a certain time, the plastic deformation starts from the inner

wall of the tube, which is called as elastic-plastic first stage. This plastic region is
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expanded through the elastic region. When time elapses, in the plastic-elastic border,

another two plastic regions (second and third plastic regions) emerge at the same

time, which is named as elastic-plastic second stage. After some time, first plastic

region is completely covered by the second plastic region and disappears. Second

and third plastic regions are observed in the tube from the inner wall to the outer wall,

while the outer wall still remains elastic, which is elastic-plastic third stage. The

formulations of three plastic regions are derived separately. By this means, the stages

of the tube experienced (elastic, elastic-plastic first stage, elastic-plastic second stage,

and elastic-plastic third stage) are investigated.

Further, it is shown that in Ch. 7, the expansion of plastic regions gets slower and

ceases when the cooling starts. For the formulation of this stage, a sudden unloading

assumption is adopted. Thus, the formulation of the unloaded stage can be performed

as in the formulation of elastic region including plastic strains coming from at the end

of the second and third elastic regions.

At the end of these formulations, the stresses, strains and displacement distributions

are plotted at different time steps of the temperature cycle. Hence, elastic and elasto-

plastic behavior of the tube subjected to temperature cycle are determined.

In the mathematical aspect, the analytical treatment of tube geometry brings difficulty

together compared to solid cylinder. Especially, convergence of Bessel series and

handling some kind of integrals in the solution procedure are very tedious issue.

It is concluded that when a radially constrained tube subjected to a temperature cycle,

the plastic deformation starts from the inner wall of the tube. Then, it is observed that

the tube experiences three different plastic regions according to Tresca yield criteria.

The evolution of stresses and strains in the tube are related to the temperature gradient

and the loading history of the temperature.

As a result, this thesis problem contributed to the field of computational mechan-

ics in theoretical aspect. The derived solution of thermo-elastoplastic problem of a

long tube subjected to a temperature cycle is applicable for different temperature and

mechanical boundary conditions.
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8.2 Future Work

As a future work, this thesis problem may be extended:

• To investigate the effect of the temperature dependency of material properties

on the thermo-elastoplastic behavior of the tube by considering a real engineer-

ing material.

• To investigate the effect of the tube thickness on the onset of plasticization.

• To investigate the elastic-plastic behavior of the tube subjected to different ther-

mal loads such as sinusoidal temperature cycle.

• To determine the residual stresses, therefore, to analyze the behavior of the tube

when the cycle is repeated.
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APPENDIX A

DATA OF PERMANENT PLASTIC STRAINS

Table A.1: Plastic strains at τ = 1.2.

r εr εθ εz r εr εθ εz

0.50000 0.15647 -0.16753 0.01106 0.53771 0.07748 -0.10324 0.02575
0.50171 0.15250 -0.16426 0.01176 0.53942 0.07427 -0.10066 0.02639
0.50343 0.14858 -0.16103 0.01245 0.54114 0.07108 -0.09811 0.02703
0.50514 0.14469 -0.15783 0.01314 0.54285 0.06792 -0.09558 0.02766
0.50686 0.14084 -0.15467 0.01383 0.54457 0.06479 -0.09308 0.02829
0.50857 0.13703 -0.15154 0.01451 0.54628 0.06169 -0.09061 0.02892
0.51028 0.13325 -0.14845 0.01520 0.54799 0.05862 -0.08816 0.02954
0.51200 0.12951 -0.14539 0.01588 0.54971 0.05557 -0.08574 0.03017
0.51371 0.12581 -0.14236 0.01655 0.55142 0.05256 -0.08334 0.03079
0.51543 0.12214 -0.13937 0.01723 0.55314 0.04957 -0.08097 0.03141
0.51714 0.11851 -0.13641 0.01790 0.55485 0.04660 -0.07862 0.03202
0.51886 0.11491 -0.13348 0.01857 0.55657 0.04366 -0.07630 0.03264
0.52057 0.11134 -0.13058 0.01923 0.55828 0.04075 -0.07400 0.03325
0.52228 0.10781 -0.12771 0.01990 0.55999 0.03786 -0.07172 0.03386
0.52400 0.10432 -0.12487 0.02056 0.56171 0.03500 -0.06947 0.03446
0.52571 0.10085 -0.12207 0.02122 0.56342 0.03217 -0.06724 0.03507
0.52743 0.09742 -0.11929 0.02187 0.56514 0.02936 -0.06503 0.03567
0.52914 0.09402 -0.11654 0.02253 0.56685 0.02657 -0.06284 0.03627
0.53085 0.09065 -0.11383 0.02318 0.56856 0.02381 -0.06068 0.03687
0.53257 0.08731 -0.11114 0.02382 0.57028 0.02107 -0.05853 0.03746
0.53428 0.08401 -0.10848 0.02447 0.57199 0.01836 -0.05641 0.03806
0.53600 0.08073 -0.10584 0.02511 0.57371 0.01567 -0.05431 0.03865
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Table A.1 (cont’d)

r εr εθ εz r εr εθ εz

0.57542 0.01300 -0.05223 0.03923 0.65333 0.00000 -0.01854 0.01854
0.57713 0.01035 -0.05017 0.03982 0.65634 0.00000 -0.01769 0.01769
0.57885 0.00773 -0.04814 0.04040 0.65936 0.00000 -0.01686 0.01686
0.58056 0.00513 -0.04612 0.04099 0.66237 0.00000 -0.01603 0.01603
0.58228 0.00256 -0.04412 0.04157 0.66539 0.00000 -0.01522 0.01522
0.58399 0.00000 -0.04214 0.04214 0.66840 0.00000 -0.01442 0.01442
0.58701 0.00000 -0.04093 0.04093 0.67142 0.00000 -0.01363 0.01363
0.59002 0.00000 -0.03974 0.03974 0.67443 0.00000 -0.01285 0.01285
0.59303 0.00000 -0.03856 0.03856 0.67745 0.00000 -0.01208 0.01208
0.59605 0.00000 -0.03740 0.03740 0.68046 0.00000 -0.01133 0.01133
0.59906 0.00000 -0.03626 0.03626 0.68347 0.00000 -0.01058 0.01058
0.60208 0.00000 -0.03514 0.03514 0.68649 0.00000 -0.00985 0.00985
0.60509 0.00000 -0.03404 0.03404 0.68950 0.00000 -0.00913 0.00913
0.60811 0.00000 -0.03296 0.03296 0.69252 0.00000 -0.00841 0.00841
0.61112 0.00000 -0.03189 0.03189 0.69553 0.00000 -0.00771 0.00771
0.61414 0.00000 -0.03084 0.03084 0.69855 0.00000 -0.00702 0.00702
0.61715 0.00000 -0.02980 0.02980 0.70156 0.00000 -0.00633 0.00633
0.62017 0.00000 -0.02878 0.02878 0.70458 0.00000 -0.00566 0.00566
0.62318 0.00000 -0.02778 0.02778 0.70759 0.00000 -0.00500 0.00500
0.62620 0.00000 -0.02679 0.02679 0.71061 0.00000 -0.00434 0.00434
0.62921 0.00000 -0.02582 0.02582 0.71362 0.00000 -0.00369 0.00369
0.63223 0.00000 -0.02486 0.02486 0.71664 0.00000 -0.00306 0.00306
0.63524 0.00000 -0.02391 0.02391 0.71965 0.00000 -0.00243 0.00243
0.63825 0.00000 -0.02298 0.02298 0.72267 0.00000 -0.00181 0.00181
0.64127 0.00000 -0.02207 0.02207 0.72568 0.00000 -0.00120 0.00120
0.64428 0.00000 -0.02117 0.02117 0.72869 0.00000 -0.00059 0.00059
0.64730 0.00000 -0.02028 0.02028 1.00000 0.00000 0.00000 0.00000
0.65031 0.00000 -0.01940 0.01940
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