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ABSTRACT

STUDENTS’ INTUITIVELY-BASED MISCONCEPTIONS IN PROBABILITY:
TEACHERS’ AWARENESSES AND TEACHING PRACTICES IN MIDDLE
AND HIGH SCHOOLS

Ocal, Mehmet Fatih

Ph.D. Department of Secondary School Science and Mathematics Education
Supervisor: Assoc. Prof. Dr. Ayhan Kiirsat Erbas

August 2014, 254 pages

The purpose of this study was to investigate 8" and 11 grade students’ intuitively-
based misconceptions in probability and to what extend their teachers’ awareness and
teaching practices in their regular instructions resolve these misconceptions. This
study was designed as a multiple case study with middle and high school
mathematics teachers and their students as cases. The participants were two middle
school teachers and their 59 students in the first case, and three high school teachers
and their 59 students in the second case.

Data were collected through interviews, classroom observations, and pre- and post-
tests consisting of open-ended diagnostic questions about intuitively-based
misconceptions in probability. While the interviews and the classroom observations
were analyzed through content analysis method, students’ responses in the diagnostic
test were analyzed through descriptive analysis method. Frequency tables were also

provided for the findings from the test.

Students’ responses to open ended questions showed that students had various

intuitively-based misconceptions including availability and representativeness



heuristics, simple and compound events, conjunction fallacy, time-axis probability,

and misconceptions from Stavy and Tirosh’s theory of intuitive rules.

The findings gathered from interviews indicated that teachers had awareness of and
knowledge of methods for teaching probability, students’ difficulties in probability,
and the possible reasons for their difficulties. Based on the classroom observations, it
was found that what teachers aware of and what teaching practices they performed in
the classrooms were contradictory. Although there were many teaching practices
such as developing concepts for the content, constructing relation between the
probability and other topics, using physical materials, giving related examples,
solving related questions, and constructing shortcuts for the event types and
formulas, it was observed that teachers teaching practices was not effective in
resolving students’ intuitively-based misconceptions. According to the post-test
results, it was observed that some misconceptions appeared in the pre-tests slightly
decreased among both middle and high schools, while some others stayed still. In the
case of outcome approach misconception, the occurrence frequency among students
increased slightly after students received regular instruction.

In conclusion, teachers in this study focused on the high school and university
entrance exams in their instructions and did not have much effort on resolving
students’ intuitively-based misconceptions. These findings implied that teachers
focused on completing the curriculum (or course content) before the academic year
finishes instead of considering students’ comprehension of the ideas and concept,
and possible misconceptions in probability. Teachers should be equipped with the
knowledge of students’ cognition and prepare their instructional practices

accordingly.

Keywords: Mathematics Education, Intuitively-based Misconceptions, Probability.
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0z

OGRENCILERIN OLASILIKLA iLGILI SEZGi TEMELLI KAVRAM
YANILGILARI: ORTAOKUL VE LiSE MATEMATIK OGRETMENLERININ
FARKINDALIKLARI VE OGRETME PRATIKLERI

Ocal, Mehmet Fatih
Doktora, Ortadgretim Fen ve Matematik Alanlar1 Egitimi Bolimii
Tez Yoneticisi: Dog. Dr. Ayhan Kiirsat Erbag

Agustos 2014, 254 sayfa

Bu calismanin amaci 8 ve 11. sinif 6grencilerinin, olasilik konusundaki sezgi temelli
kavram yanilgilarii ile 6gretmenlerinin farkindaliklarinin ve olagan derslerindeki
Ogretme pratiklerinin bu kavram yanilgilarini ne derece ¢6zdiigiinii belirlemektir. Bu
calisma ¢oklu oOrnek olay (durum) calismasi olup, durumlar ortaokul ve lise
Ogretmenleri ile 6grencilerinden olugmaktadir. Birinci durum iki ortaokul 6gretmeni
ve 59 oOgrenciden olusurken, ikinci durum ii¢ lise Ogretmeni ve 59 Ogrenciden

olusmaktadir.

Veriler, goriismeler, sinif gozlemleri ve agik uglu sorulardan olusan 6n ve son
testlerden elde edilmistir. Goriismeler ve simif gozlemleri icerik analiz metodu ile
analiz edilirken, 6grencilerin acik uglu sorulardan olusan soru kagidina verdikleri
cevaplar betimsel analiz metodu ile analiz edilmistir. A¢ik uclu sorulardan olusan

soru kagidindan elde edilen veriler i¢in frekans tablolar1 olusturulmustur.

Ogrencilerin acik uglu sorulara verdikleri cevaplar, 6grencilerin birgok sezgi temelli
kavram yanilgilarinin oldugunu goéstermistir. Bu kavram yanilgilariin igerisinde,
hazir bulunma ve temsil etme sezgiselleri, basit ve bilesik olaylar, birlesme yanilgisi,
zaman ekseni olasilifi ve Stavy ve Tirosh’un sezgi kurallari teorisindeki kavram

yanilgilar1 gézlemlenmistir.
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Goriismelerden elde edilen bulgular 6gretmenlerin, 6gretme metotlari, 6grencilerin
olasiliktaki zorlular1 ve bu zorluklarin olas1 sebepleri hakkinda bazi bilgilere sahip
olduklarin1 gostermistir. Siif gdzlemlerine bagli olarak, Ogretmenlerin sahip
olduklart bilgiler/farkindaliklart ile siniftaki 6gretme pratikleri arasinda ¢eliski
oldugu gézlemlenmistir. Ogretmenlerin, icerik icin kavram olusturmaya, olasilik ile
diger konular arasinda iliski kurmaya, fiziksel materyal kullanmaya, ilgili 6rnek
vermeye, ilgili soru ¢ozmeye ve formiiller ile olay c¢esitleri i¢in kisayollar
olusturmaya yonelik birgok Ogretme pratikleri olmasma ragmen, Ogretme
pratiklerinin 6grencilerin sezgi temelli kavram yanilgilarin1 ¢6zmede etkili olmadigi
goriilmiistiir. Son test sonuglarina gore, bazi kavram yanilgilarinin hem ortaokul hem
de lise Ogrencileri arasinda hafifce azaldigi gozlemlenirken, bazi kavram
yamlgilarinda degisim olmadig1 goriilmiistiir. Ogrenciler olagan derslerini isledikten
sonra, Ogrenciler arasinda sonu¢ yaklagimi kavram yanilgisinin meydana gelme
frekansinin hafifge arttigi gozlemlenmistir. Sonug olarak, dgretmenler olagan ders
isleyislerinde lise/iiniversite giris sinavlarina odaklanmislardir. Ayrica, d6grencilerin
sezgi temelli kavram yanilgilarint ¢6zmeye yonelik fazla g¢abalarinin olmadigi
gbzlemlenmistir. Calismanin bulgularina goére, dgretmenler, olasilikta dgrencilerin
ihtiyaglarini, anlamalarin1 ve kavram yanilgilarin1 dikkate almak yerine akademik
yilda miifredati tamamlamaya odaklandiklari goriilmiistiir. Ogrencilerin bilisleri
hakkinda 6gretmenlerin bilgi sahibi olmalart ve 6gretmenlerin, d6gretim siirecindeki

uygulamalari bunlara gore hazirlamalar gerekmektedir.

Anahtar kelimeler: Matematik Egitimi, Sezgi Temelli Kavram Yanilgilari, Olasilik.
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CHAPTER 1

INTRODUCTION

Mathematics is a common human activity, increasing in importance in a
rapidly advancing, technological society. A greater proficiency in using
mathematics increases the opportunities available to individuals. Students
need to become mathematically literate in order to explore problem-solving
situations, accommodate changing conditions, and actively create new

knowledge in striving for self-fulfillment (Alberta Education, 1996, p. 2).

Mathematics is a kind of area that is necessary for people during their lives. With the
social and technological developments, many situations experienced in daily life are
needed to be interpreted accordingly. These situations can be explored problem-
solving situations and accommodating changing conditions as cited in the report of
Alberta Education (1996). As a discipline, mathematics demands for systematic and
organized structure. In order to be able to interpret, comprehend, and experience
many situations arouse in daily life, everyone must have mathematical knowledge, at
least, at basic level including mathematical operations, simple calculations, and
reasoning for situations encountered in daily life (Giiven, 2000, National Council of
Teachers of Mathematics [NCTM], 2000; the Organisation for Economic
Cooperation and Development [OECD], 1999; Ojose, 2011). Therefore, learning
mathematics is essential for everyone. OECD (1999) gives evidence for the necessity

of learning mathematics while defining the mathematical literacy as

An individual’s capacity to identify and to understand the role that
mathematics plays in the world, to make well-founded mathematical
judgments and to engage in mathematics in ways that meet the needs of that
individual’s current and future life as a constructive, concerned, and reflective
citizen (OECD, 1999, p. 48).



Therefore, “students must learn mathematics with understanding, actively building

new knowledge from experience and prior knowledge” (NCTM, 2000, p. 11).

One of the basic purposes of the mathematics education is that students in each grade
level should understand the mathematical concepts and apply them in necessary areas
(Riccomini, 2005) such as problem solving situations (Alberta Education, 1996),
making judgment about the situations encountered (Kennis, 2006). As the required
attention and importance were given to mathematics education in our nation for this
and many other purposes, the Turkish Ministry of National Education (MoNE)
(2005a; 2005b) went to large-scale curriculum revision both in middle and secondary
schools in 2005. The aim was to make students learn the knowledge
comprehensively and operate it instead of just memorizing the knowledge. Some of
the general purposes of curriculum revisions in mathematics education were to teach
and to learn mathematical thinking systems and to provide students with applying
basic mathematical skills (problem solving, reasoning, relating, generalizing,
communicating, sensual and psychomotor development) and related skills to real life

situations.

Today, probability has become an integral component of everyday situations
(Freudenthal, 1970; Kazak, 2009; Kvatinsky & Even, 2002; Way, 2003). Some of the
application areas are games, data processing, insurance, economics and natural
sciences (Kazak, 2008). Anastasiadou (2009) states the importance of probability
topic by explaining interconnection with daily life situations, its instrumental role in
other disciplines and especially its role in developing a critical reasoning. This is
because people are always exposed to uncertainties (Andra, 2011) and chance factors
(Way, 2003) in their lives. They judge events, make necessary decisions, and behave
accordingly. In educational perspective, both international and national curricula
emphasized probability teaching. For example, the NCTM (2000) expects students
from pre-kindergarten through grade 12 to “understand and apply basic concept of
probability” (p. 48). Its rationale is that “probability is connected to other areas of
mathematics” and that “ideas from probability serve as a foundation to the collection,
description, and interpretation of the data” (p. 51). In addition, one of the general
aims of the Turkish Curriculum for Secondary School Mathematics is that students

needed to be able to use prediction skills effectively (MoNE, 2011). In addition,
2



MoNE (2011) requires students to learn the concept of probability, inclusive and
mutually exclusive events, conditional probability, and the dependent and
independent events. The middle school curriculum considers the probability as
separate learning domain. The curriculum expects 8" grade students to determine the
possible situations of an event and the events with different probabilities. In addition,
students are required to investigate the equally probable events and calculate the
probabilities of the events (MoNE, 2013).

Although students experience uncertainties and make judgments and decisions in
their everyday lives (Kahneman & Tversky, 1982), understanding of probability
concept is hard for students and even for adults (Kazak, 2009). This situation took
mathematics education researchers’ attention and they paid attention to identify and
search for the reasons for misconceptions, how teachers, materials used, or the
instructions intervene and resolve misconceptions encountered in probability topic
(e.g., Fischbein, 1975; Fischbein & Schnarch, 1997; Pratt, 2000; Stohl & Tarr, 2002).
Before introducing the reasons for the misconceptions, the meaning of the
misconception would be presented. Misconception is defined as the incorrect
concepts and conceptions that are perceived as correct by individuals. Accordingly,
they use them in presenting different abilities and cannot develop sense of integrity
among the meanings of the concepts (Koray & Bal, 2002). Individuals develop
alternative definitions for the concepts in their minds and consider them as scientific
sources (Tekkaya, Capa, & Yilmaz, 2000). The common properties of the
misconceptions are that misconceptions can be observed among many students, that
alternative beliefs appear with them, that they may appear due to previous

experiences and education, and they are resistant to change (Fisher, 1985).

The literature presents different reasons for these misconceptions. For example,
potential role of teachers’ pedagogical content knowledge in teaching and learning
(Nakiboglu, 2006; Rubel, 2002), inconsistencies in variety of mathematics contexts
(Nakiboglu, 2006), insufficiency in students’ readiness (Skelly & Hall, 1993), and
students’ intuitions (Fischbein & Schnarch, 1997) might result in misconceptions in
probability. In addition, traditional instructional methods are also considered as one
of the reasons for the misconceptions (Marek, Cowan, & Cavallo, 1994; Ubuz,
1999).



With the development of probabilistic thinking among students, it is highly likely to
have misconceptions about the topic or to do incorrect judgments when making
decisions (Kennis, 2006). Since students use their intuitions to deal with problem
situation or to solve probability questions, the misleading effect of intuition might
result in misconceptions in students’ mind (Myers, 2002). While explaining the close
relation between intuition and probability subject, Fischbein and Schnarch (1997)

stated as follow.

Probability does not consist of mere technical information and procedures
leading to solution. Rather, it requires a way of thinking that is genuinely
different from that required by most school mathematics. In learning
probability, students must create new intuition (p. 104).

Before dealing with the relation between the probability and individuals’ intuition,
the term intuition should be clarified. Basically, Fischbein (1987), one of the
pioneers in the area of intuitive thinking, gave a definition to intuition or intuiting as
immediate cognition that exceeds the given fact, as “a theory that implies an
extrapolation beyond the directly accessible information” (p. 13). According to
Fischbein (1987), intuition is kind of cognition that suddenly appears without
depending on the formal knowledge or information while solving a problem. For
example, after facing a problem, anyone in the world can experience a common
“Aha” which is a kind of a flash of insight to go through the solution of the problem
(Fererman, 2000). Newton’s discovery of law of forces and motion, Archimedes’
Eureka, unexpectedly developing a proof for mathematical theory could be given as

examples of intuition and intuiting.

It is a general belief that mathematics can only be done by using precise and
unambiguous definitions and formal notations (Weber & Alcock, 2004). In addition,
mathematical practices or solving mathematical problems require formal reasoning
including a set of well-defined and accepted procedures (Tall, 1989). Without using
such mathematical notions or procedures, the solutions are generally not accepted by
the others. However, Fiscbein (1982) insists that separation of formal mathematics
thought and mathematical intuition is not desirable. This is because the mathematical
intuition has positive impact on students’ productive mathematical thinking. Weber

and Alcock (2004) also support the idea that students benefit effectively from



intuitive and non-formal representations while learning advanced mathematical
concepts as well as scientific concepts. Fischbein (1999) also agreed and suggested
the necessity of the intuitive thinking in intellectual cognition by indicating that
intellectual cognitions could be represented in two basic forms: intuitive cognition
which appears directly acceptable and logical, or logically based cognition which

necessitates certain explicit and logical proof.

There are several reasons why intuition is important in learning mathematics. On the
one hand, it may help students to comprehend and practice mathematical knowledge
as well as science knowledge (Fischbein, 1999) including various mathematical
subjects (Fischbein, 1987) and proofs of mathematical algorithms (Weber & Alcock,
2004); on the other hand, it may lead students to misconceptions while learning
mathematics (Myers, 2002).

Myers (2002) mentions about the powers and perils of the intuitive thinking. Briefly,

she summarized positive aspects of the intuition as follows.

a) Knowing without awareness. Intuition helps children learn and know without
awareness. Myers (2002) explained it by stating that “some things we know
we know, but we don’t know how we know them” (p. 17). Language learning
could be an example for this aspect.

b) Social intuition. With the help of the intuition, people can shape their future.
Some events or things about a specific topic can be predictive of, and impact
on the long-term impressions.

c) Intuitive expertise and creativity. When working on a problematic issue and

not finding the solution, the solution may immediately appear.
Myers (2002) also gave three perils of intuitive thinking. These were;

a) Intuitions about our past and future. The belief about a concept from past
experiences might affect negatively and mislead students’ learning.

b) Intuitions about our competence and virtue, which include hindsight bias,
self-serving bias and overconfidence bias.

¢) Intuitions about reality. Students’ knowledge may mislead to discover aimed

concepts.



In addition, Fischbein (1987; 1999) asserted about drawbacks of using intuitive
thinking. For example, a statement could be intuitively conflict with the formal
proof. Moreover, there are some conflicting intuitions arising about the same
mathematical statements, simultaneously. There is also a suggestion that removing
intuitive conception is desirable (Fischbein, 1999). It is necessary to be aware of
intuitive conceptions and to build new intuitions that are consistent with the formal

explanations (Fischbein 1987).

Many researches about intuition and intuitive thinking have been conducted on wide
variety of subjects in science education such as electrics (Levy, 1998 as cited in
Stavy et al., 2006), heat (Hake, 1998), and mathematics education such as algebra
(Rapaport, 1998 as cited in Stavy et al., 2006), geometry (Livne, 1996); probability
(Babai et al., 2006); area/volume (Dooren et al., 2004). Considering these researches,
although students were asked to answer to conceptually non-related task, their
responses were similar to such tasks (Stavy et al., 2006). When comparing their
responses, some common external features appeared (Babai et al., 2006). For
example, students were asked to compare the areas of two rectangulars with different
edges. Althought the areas were the same, students focused on the length of one edge
and stated that the rectangular with longer edge had larger area (Livne, 1996).
Similar feature takes place in Piaget’s experiments related to some water in taller and
shorter cups. As it is well known, pupils consider that there is more water in the taller
cup, no matter whether they have same amount of water (Piaget, 1965).

Kazak and Confrey (2007) mention that while making decisions under uncertainty
people use their intuitions in many fields in their lives such as sciences and sports.
There are many interrelated topics that deal with uncertainty. Data and chance factors
are two examples for uncertainty. Here, probability is a mean to deal with data and
chance. While encountering with uncertain situations, we can mathematically resolve
it with probability (Kvatinsky & Even, 2002).

Although national and international curricula give emphasis on increasing students’
deep knowledge and conceptual understanding of subjects taught (MoNE, 2011;
NCTM, 2000), this aim does not coincide with the actual situation.



Teachers and teaching practices play crucial role in doing them. It is expected from
teachers to have sufficient knowledge and experience to teach concepts in
probability. In addition, teachers are supported to make necessary repetations of the
previous subjects during the lessons. Moreover, the effective instructional strategies
should be practiced to teach probability (Memnun, 2008). Still, students have many
difficulties in achieving MoNE’s (2011) and NCTM’s (2000) aims due to different

reasons.

Zahner (2005) advocates that difficulty in solving probability questions is not merely
related to computational procedure, in fact, it is related to cognitive process of
understanding the problem, setting up the strategy, and basing the solution on
appropriate solution method. Here, students base their probability understanding on
their personal and experiential knowledge around their surroundings (Kazak &
Confrey, 2007). Intuition, however, plays crucial role and sometimes contradicts
with students’ personal or experiential knowledge, because undeveloped probabilistic
intuition based on their experience may not be enough to deal with more complex
reasoning (Fischbein, 1975). Therefore, students’ intuitions can be misleading while
dealing with probability questions and result in misconceptions (Kazak, 2009),
because probabilistic situations may result in many different disconnected or even
conflicting intuitions during students’ reasoning processes (Havill, 1998). The
misconceptions are rooted from students’ intuition and its misleading effects are
called as intuitively-based misconceptions. Fischbein (1975) states that “undeveloped
probabilistic intuition is not able to follow procedures of sophisticated reasoning nor
to guide the selection of such procedures or evaluate the plausibility of obtained
results” (p. 131). There are also various reasons for students’ mistakes and
misconceptions in mathematics subjects. Some of these reasons include students’
difficulty to construct relations among mathematical concepts or between
mathematics and other subjects in mathematics (Bills & Husbands, 2005), their
different levels of receptivity (Keitel & Kilpatrick, 2005), the negative effect of
previous knowledge on new knowledge and the effect of our mind on the subject to
be learnt (Fischbein, 1987). These reasons are somehow interrelated. The main point
that they are interrelated is students’ intuition or their intuiting. In order to resolve

students’ misconceptions in general or their intuitively-based misconceptions, the



teachers’ role in teaching probability subject plays crucial role. Related to teachers’
role, Stohl (2005) stated as follow.

The success of any probability curriculum for developing students’
probabilistic reasoning depends greatly on teachers’ understanding of
probability as well as a much deeper understanding of issues such as students’
misconceptions and use of representations and tools (p. 351).

This statement indicates that there are important points to consider for students’
success in probability. First of all, teachers should know the content. Secondly, they
should have knowledge of students’ misconceptions, previous knowledge and
difficulties. Lastly, they should know how to teach the probability including different
teaching strategies and the use of materials. In this study, teachers’ awareness of such
factors in teaching probability was investigated. In line with the Stohl’s (2005)
statement, what teachers’ awarenesses in teaching probability include the knowledge
of content, the knowledge of students’ cognition, the knowledge of students’
difficulties, the level of pre-knowledge, and possible misconceptions, and the

knowledge of instructional methods and of how to use materials and resources.

Shulman (1987) summarizes the teacher’s knowledge. These are mathematical
content knowledge, pedagogical content knowledge, and knowledge of students’
cognition. In this context, regarding probability, teachers’ knowledge of randomness
and basic concepts in probability can be related with their content knowledge of
probability. In addition, teachers need to be aware of which instructional methods are
more effective in teaching probability regarding pedagogical content knowledge in
Shulman’s (1987) classification. Lastly, teachers’ knowledge of students’
misconceptions, difficulties, and correct or incorrect intuitions in probability is an
important issue to be considered for better teaching practices (Batanero, Godina, &
Roa, 2004). In fact, Stohl (2005) summarized what teachers needed to know in line
with Shulman’s (1987) classification about the teacher’s knowledge. These are the
understanding of probability concepts, understanding of students’ conceptions of

probability, and means of instruction.

Starting from mathematical content knowledge, all mathematics teacher in middle
and high schools need to know fundamental concepts of probability. According to

Kvatinsky and Even (2002), these fundamental concepts include characteristic



features of probability, which separates it from the other subjects such as chance
factor and uncertain situations, and its relation with daily life situations. Although
teacher-training programs need to ensure mathematics teacher to have
comprehensive understanding of probability subject and its fundamental concepts,
since teachers encounter with uncertain situation while teaching the topic, new
teachers are not adequately successful in teaching it (Dollard, 2011). Moreover,
teachers also bring some misconceptions into classroom environment about
probability (Stohl, 2005). For example, Batanero, Godina, and Canizares (2005)
found that most common misconceptions teachers have are representativeness

heuristics, equiprobability and outcome approach.

Second important point is the understanding of students’ conceptions and
characteristics. According to Jones, Langrall, and Mooney (2007), teachers generally
prepare their probability instruction according to their perception of how students
learn and their knowledge of what students know and do not know. This situation
brings the importance of the teachers’ awareness about the students’ conceptions and
characteristics. Having information about students’ previous knowledge, their levels
of understanding, their previous learning and experiences, their ways of learning, and
their misconceptions about probability would directly affect teachers’ instruction
and, as well as, students’ learning of probability. Here, intuitively-based
misconceptions are resistant to change (Fischbein, 1987). In addition, there are some
discrepancies between intuitive reasoning and formal mathematical procedures in
probability (Batanero & Diaz, 2012). Without the knowledge of students’ intuitively-
based misconceptions, for example, regular classroom instruction might not
positively change the students’ wrong cognitions. At this point, Batanero, Godino,
and Roa (2004) consider “the prediction of students’ learning difficulties, errors,
obstacles and strategies in problem solving” and “interpretation of students’
responses to the same problems” in probability teaching as complementary aspects of

teacher’s knowledge.

Lastly, instruction and tools used in teaching probability play crucial role in
resolving students’ intuitively-based misconceptions. Here, Steinbring (1991)
advocates that representation of the subject and activities applied during the

instruction are necessities for success in students’ understanding of probability topic.
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At this point, mathematics teachers need to know how to manage the instructional
methods during instruction and what to use for sustaining students’ comprehensive
understanding of probability concepts. In order to reach this goal, many studies were
conducted with different instructional methods and materials. Some of the materials
include computer simulation software (Konold et al., 1993), handouts with large and
small sample simulations (Polaki, 2002b), concept map (Giirbiiz, 2006). On the other
hand, exploration method (Yazici, 2002) and other special instructions (Aspinwall &
Tarr, 2001) are used for teaching probability. Batanero and Diaz (2012) stress that
the professional knowledge of teacher includes “whether they are able to or not to
recognize what concepts can be addressed through a particular resource or task, and
implement effective learning in the classroom with them” (p. 9). Lack of professional
knowledge may influence teachers’ lesson-planning task and may result in failure to
present significant concepts and failure to differentiate the fundamental concepts

with other ones, although valuable resources are available (Chick & Pierce, 2008).

1.1 Research Problem

Using intuition cannot be removed during students’ learning processes, because it
motivates students to learn and provides better comprehension of mathematical
proofs with different representations or of mathematical concepts (Fererman, 2000).
However, researchers also made us aware of the misleading effects of our intuition
(Fischbein, 1987) such as the effects of previous knowledge on new one, perceptual
effects of our mind. According to Fischbein (1987) intuition is self-evidence, which
means a student may consider a mathematical statement as true without any
justification and it has a characteristic of perseverance, which means that if intuitions
are once established, they are very resistant to change. If the true knowledge about
the subject is taught occurs via intuition, this helps students to understand it easily.
New knowledge can be constructed on the previous true knowledge. However, the
literature stated that students had many misconceptions related to intuitions based on
their experiences and previous knowledge (e. g., Fischbein, 1975; Gal, 2005; Rubel,
2002). In addition, students are very prone to have intuitive misconceptions in
probability subjects (Fischbein, 1975; Kazak, 2008). That means if students have
intuitive misconceptions from their experiences, which Fischbein (1987) calls it

primary intuition or from systematic instruction in their previous educational
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background, which Fischbein (1987) calls it secondary intuition, it would be hard for
students to change their beliefs and they would continuously make mistakes or have
misconceptions. On the other hand, Radakovic (2009) stated that intuitions are
adaptable and systematic instruction can help students to change their misleading
intuitions. Moreover, Nisbett et al. (1983) also states that formal training can change
everyday inductive reasoning that students encounter. In addition, Havill (1998)
suggests that teachers be aware of the interaction between the everyday intuitions
and instruction related concepts of probability and prepare instruction method
accordingly. Tirosh (2000) also emphasizes the potential role of teachers’
pedagogical content knowledge in teaching while dealing with the misconceptions in
probability. Teachers’ awareness about students’ intuitively-based misconceptions
influences their teaching practices in their regular instructions and they prepare the
instructional strategies and materials used accordingly. Here, the teachers’ regular
instruction means what teachers do in their regular probability lessons. It includes
their teaching practices and instructional methods that they generally use in the

lessons.

At this point, the research problem that mediates this study emerges. First of all,
there is a necessity to determine students’ intuitively-based misconceptions in
probability. In classroom environment, on the other hand, investigating teachers’
teaching practices to resolve students’ difficulties and misconceptions gained
importance for this study. Since teachers organize and process their teaching
activities according to the knowledge of students’ cognition, there is also a need to
investigate teachers’ awareness about students’ misconceptions and the reasons

behind them.

1.2 Purpose of the Study

The purpose of this study was to determine students’ intuitively-based
misconceptions in probability. In line with this purpose, the present study also tried
to uncover whether teachers’ regular instructions were enough for resolving students’
intuitively-based misconceptions in middle and high schools. Another purpose was to

investigate what teaching practices were handled to resolve these misconceptions. In
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addition, this study tried to determine teachers’ awareness about intuitively-based

misconceptions and the factors that might result in them.

1.3 Research Questions

The following research questions guided the study.

1- What are the middle and high school students’ misconceptions in probability
rooted from their intuitions?

2- What are the similarities and differences between middle and high school
students’ intuitively-based misconceptions in probability?

3- To what extent are middle and high school students’ intuitively-based
misconceptions related to probability change after the regular instructions?

4- To what extent are mathematics teachers aware of students’ intuitively-based
misconceptions and of the factors affecting them in middle and high schools?

5- What are the similarities and differences between middle and high school
mathematics teachers’ awarenesses about students’ intuitively-based
misconceptions in probability and of the factors that may result in them?

6- What teaching practices do middle and high school mathematics’ teachers
carry out to overcome intuitively-based misconceptions in 8th and 11th

grades?

1.4 Significance of the Study

Mathematical standards changed both in national (MoNE, 2005a; 2005b) and
international mathematics curricula (Common Core State Standards [CCSS], 2010)
and they are in use today. The reason for this change was to keep up with new and
rapid developments in educational areas and to provide students with better
understanding of what was thought (NCTM, 2000). This change included the

methods in instructions and teachers’ role in teaching process.

It is stressed that probability is linked to other mathematical subjects such as
counting techniques in numbers and operations, area concepts in geometry, binomial
theorem, and the relationship between functions and the areas under their graphs in
algebra (NCTM, 2000). Similar to NCTM (2000), the Common Core State Standards
(2010) emphasizes to make connections between mathematics topics. The probability
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topic is recommended to be taught in 7 grade. The emphasis is on chance processes
(CCSS, 2010). In addition, students are expected to develop, use, and evaluate the
probability models. In high school standards, the probability topic is considered
under the statistics and probability strand. Instead of just teaching probability, CCSS
(2010) emphasizes on using probability in order to make inferences and decisions,
and to justify conclusions. The standards considered the probability as the tool to use
in decision-making processes and in justifications of the situations encountered
instead of just memorizing the rules in probability. In international curricula,
importance of probability is emphasized in the principles and standards for school
mathematics (NCTM, 2000). Standards for grade 6-8 indicate that middle school
students “should understand and apply basic concepts of probability and should be
able to compute probabilities for simple and compound events” (p. 248). In addition,
standards for grades 9-12 state that “students should develop and evaluate inferences
and predictions that are based on data, understand the concepts of conditional
probability and independent events, and understand how to compute the probability
of a compound event” (p. 324). In addition to the emphasized importance of the
probability subject, one of the aims for NCTM (2000) is to support the research in
mathematics education and to apply the findings of the research into teaching
practices. In Turkish curriculum, on the other hand, students are expected to learn
concept of probability, inclusive and mutually exclusive events, conditional
probability and dependent and independent events (MoNE, 2011). In this program,
the probability subject is taught to 11" grade students. The changes in the curriculum
also include the probability teaching (MoNE, 2011).

Studying probability as a research subject might give valuable data that would assist
mathematics teachers and educators in maintaining effective instructions and
teaching practices. Probability is very important subject for all students because it
plays a crucial role in decision making while encountering with uncertainty situation
in almost all areas of human activities. Therefore, students need to have mastery for
the knowledge of the fundamentals of probability. However, it was indicated that
students experienced difficulty in solving probability problems and they developed
many misconceptions during even studying basic probability (Li, 2000). That means

the instructions of probability might result in new misconceptions. Moreover, many
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others could be developed via experience (Fischbein, 1987). Therefore, their
intuitions may also result in misconceptions in probability. Unlike the other subjects
in mathematics, even the basics of the probability might sometimes be difficult for
students (Radakovic, 2009). Although curriculum change aims to provide students
with understanding of probability, Shaughnessy (1992) states that it is difficult to
remove students’ misconceptions without intense effort of instruction. At this point,
the importance of the instruction and teachers’ role becomes evident. In this study,
whether the regular instruction in a public middle school and high school overcome
the misconceptions developed by students was investigated. Especially the
misconceptions based on students’ intuition are hard to change because of conflict
between their intuitions and formal solutions. This study investigated the
effectiveness of the regular instruction over intuitively-based misconceptions. In
addition, the findings of this study would indicate the possible intuitively-based
misconceptions among students. The knowledge of students’ possible

misconceptions would help teachers in preparing their instructions.

This study was conducted in both middle and high schools. This was because
Shaugnessy (1992) advocated that research in probability was generally conducted to
middle school students and university level students. Shaugnessy also emphasized
the importance of conducting research with high school students. In addition,
regarding probability research, Jones, Langrall, and Mooney (2007) calls for research
conducted with high school students.

Although Shaugnessy’s call for additional studies on secondary students’
probabilistic conceptions has been heeded, much of the research has focused
on their probabilistic reasoning prior to instruction. There is still a void in the
kinds of classroom studies that investigates the effect of instruction on
secondary students’ probability learning (p. 944).

Today, the literature in this subject is generally based on what the probabilistic
misconceptions are and what the reasons for these misconceptions (e.g., Fischbein,
Nello, & Marino, 1991; Kennis, 2006). As it was indicated, students need intuitive
thinking while dealing with probability questions and many misconceptions in
probability arose due to misleading effect of or lack of necessary intuitive thinking.
The gap in the literature is, on the other hand, to determine how teacher practices are

shaped and how related instructions are appropriate for resolving students’
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misconceptions, especially the intuitively-based ones. This study tries to fill this gap

in the literature.

In general, research on effect of instruction in teaching probability deals with special
instruction programs (e.g., Polaki, 2002a; 2002b). With the specially prepared
instruction programs and materials, students’ growth in probabilistic thinking and
resolving probability misconceptions were investigated. However, regular classroom
practices of the mathematics teachers were not investigated in detail. In this study,
however, the aim with the comparison of teaching practices and instructions used in
middle and high school during teaching probability was to determine similarities and
differences between them and to reveal the instructional reasons for students’
intuitively-based misconceptions. Here, the misconceptions might arise from the
previous knowledge and experiences. Therefore, the middle school practices were
also investigated and the researcher tried to determine the possible reasons of the
misconceptions in middle and high schools. In addition, general tendencies in
teaching practices in both middle and high school probability teaching were

investigated.

From the perspective of test developed for intuitively-based misconceptions, most
studies investigated one or few parts of students’ intuitively-based misconceptions.
For example, Polaki (2002b) dealt with the sample size in probability, while
Radakovic (2009) studied students’ misconceptions related to outcome approach and
randomness. In addition, Rubel (2002) looked at availability and representativeness
heuristics in general. This test, on the other hand, included open-ended questions
with most generally seen intuitively-based misconceptions. Shaugnessy (1992) also
recommended for mathematics education researchers to develop standard and
reliable tools in written format. In fact, the intuitively-based misconceptions were
observed in the non-routine problems. The study included such type of questions.
CCSS (2010) emphasizes the importance of solving non-routine questions and

applying and adapting different kinds of appropriate strategies to solve problems.

Another important aspect of this study is investigating mathematics teachers’
awareness about students’ probability misconceptions. Teachers’ knowledge should

include meaning of the concepts to be taught, experience in teaching the subject to
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students’ various levels of knowledge, ability to analyze course-books and other
materials, prediction of students’ learning difficulties, misconceptions and strategies
in problem solving, ability to develop and evaluate assessment materials and good
examples of teaching practices (Batanero, Godino, & Roa, 2004). Among them,
studies with teachers’ awareness of knowledge of students’ learning difficulties,
misconceptions were rare. Memnun (2008) stated that teachers’ lack of knowledge
and their awareness of student pre-knowledge might result in failure to comprehend
the subject. In fact, there were studies with recommendations for teachers to teach
probability (Papaieronymou, 2009) or studies with prospective mathematics teachers
(Batanero & Diaz, 2012) and their conceptions about fundamental concepts of
probability (Dollard, 2011). In this study, however, in-service mathematics teachers’
awareness about students’ misconceptions and related actions in regular classroom
instruction were taken into account. Therefore, to what extent mathematics teachers

considered these recommendations were investigated.

From the Turkey’s point of view, literature in Turkey mentions about the possible
materials to teach probability such as computer aided materials (Giirbiiz, 2008),
dramatization (Sengiil & Ekinozii, 2004), concept map (Gilirbiiz, 2006). However,
teachers do not search and apply these materials or teaching strategies. Especially in
Turkey, teachers’ teaching practices were parallel to the teacher book for the related
course book. Memnun (2008) explains this situation by stating that teachers do not
use common language that all students could understand to develop probabilistic
thinking. This language stemmed from the use of course book. Therefore, teachers
generally considered the course book as only necessary material to develop necessary
probabilistic thinking for students. Here, there was a need for in-depth understanding
of how teachers organized their teaching practices during teaching probability and

whether they considered students’ possible misconceptions during their instructions.

Moreover, research for instructional strategies in teaching probability was generally
conducted to compare two teaching methods. In such research, the effectiveness of
alternative method was compared to the traditional methods such as comparison
between traditional and dramatization methods (Ekindzii, 2003), comparison
between traditional and exploration methods (Yazici, 2002) and comparison between

traditional and computer assisted methods (Dereli, 2009). However, regular or
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traditional instructions for teaching probability subject and teachers’ practices during
regular instructions were not studied alone. Here, this multiple case study
investigated how teachers practiced their instructional strategies in regular classroom
instructions, the points that teachers took into account during instruction, and what

the relation was between teacher and students in regular classroom instruction.

In addition to the necessity for gap in literature, intuitively-based misconceptions
were studied in different countries including the United States of America, Israel and
Australia (e.g., Rubel, 1996; Watson & Kelly, 2007). Since each country has
different culture and attitudes toward mathematics and probability, therefore it was
also important to investigate whether intuitively-based misconceptions existed in

Turkey and whether teachers in Turkey took precautions in resolving them.

Beside the cultural differences and student attitudes compared to the other countries,
there was little in Turkish literature that empirically investigates the intuitively-based
probabilistic misconceptions. For example, Kazak (2009) reviewed the literature for
probability misconceptions including intuitively-based ones in which the studies
mentioned in the review were generally conducted abroad. Therefore, a need to
conduct an empiric study with Turkish students to get data for informing the
mathematics education researchers about the situations of teacher practices and
instructional strategies used during the probability teaching and resolving

misconceptions arose that are based on students’ intuitive thinking.

Another important point was that the researches generally deal with the types of
misconceptions and strategies to overcome them (e.g., Fishcbein & Schnarch, 1997;
Polaki, 2002b). Students’ reasoning in solving probability questions was somehow
missed. In fact, Jones, Langrall, and Mooney (2007) recommended exploring
students’ reasoning including their intuitive cognition in probability. This study
provided in-depth investigation of how students think and reason when they try to
solve probability questions by means of interviews. Therefore, the readers were
provided with the reasons behind the misconceptions. This might help teachers to

organize their instruction while teaching probability subject.
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Moreover, the questions of tests used in the studies conducted in Turkey are
generally chosen from the university preparation books or prepared similar to the
questions asked in university entrance exam (e.g., Ge¢im, 2012; Mut, 2003).
However, tests including questions related to intuitively-based misconceptions were
not commonly used. In fact, the classical questions asked in exams and tests seek for
numerical values of the probabilities of prospective events. On the other hand,
intuitively-based misconceptions appear when students are affected by the previous
events in the questions. In addition, these questions forces students to deeply think
and compare the events that were already happened. In general, students generally
experience contradiction between their intuitions and probabilistic thinking
(Fischbein, 1987), because students can create wrong intuitions under the influence
of daily life experiences and their incorrect intuitions are resistant to change
(Fischbein, 1975). Such incorrect intuitions might lead students to misconceptions.
Therefore, confronting students with such types of questions is important to make
them face with their incorrect intuitions and comprehend the topic. In this study, non-
traditional way was taken into account. With this study, test developed would help
mathematics education researchers in Turkey to determine middle and high school

students’ intuitively-based misconceptions in probability.
1.5 Definitions of the Important Terms

a) Misconception: Certain conceptual relations that are acquired may be
inappropriate within a certain context. We term such relations as
misconceptions (Pines, 1985, p. 101). For example, students can think that
the probability of getting a blue ball from an urn which includes eight blue
and four red balls is higher than that of getting a blue ball from another urn
which includes four blue and two red balls due to numbers of blue balls in the
urns.

b) Intuition: “A feeling of knowing with certitude on the basis of inadequate
information and without conscious awareness of rational thinking” (Shirney
& Langan-Fox, 1996, p. 564). For example, without any formal proofs, many
famous mathematicians, including Fermat, proposed theorems which were
proved hundreds years later. However, they intuitively claimed that the

theorems were correct. On the other hand, a mathematician works hard to
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d)

prove a theorem. At the end, he finds a way to prove it. This happens by
basing his/her proof on formal knowledge and adequate information.
Intuitively-based misconceptions: The misconceptions that are rooted from
students’ intuition and its misleading effect (Fischbein, 1975; Havill, 1998;
Kazak, 2009). For example, after getting heads in three consecutive throws of
a coin, students may think that the next throw will be head again, since
consecutive heads may mislead students’ mind and they can think that the
outcome of the next throw is dependent on the previous ones.

Teachers’ awareness: In this study teachers’ awareness refer to teachers’
knowledge of content, students’ cognition, students’ difficulties, the level of
students’ pre-knowledge, and students’ possible misconceptions in
probability. In addition, teachers are expected to be aware of instructional
methods and how to use materials and resources for effective teaching
practices. For example, teachers are expected to know the common
misconceptions among students in probability and prepare the instruction

accordingly.
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CHAPTER 2

LITERATURE REVIEW

This part includes previous studies related to the intuition and its characteristics, the
probabilistic misconceptions related to students’ intuitions, the learning and teaching
of probability, and teachers’ practices including instructional methods used in
teaching probability. In the first part, intuition and its characteristics were
investigated.

2.1 Intuition and Intuitively-based Misconceptions

In this part, literature related to intuition and intuitively-based misconceptions are
presented. Firstly, the identification of the intuition and its characteristics are
presented. Then, the literature findings related to students’ intuitively-based

misconceptions are presented.

2.1.1 Intuition and Its Characteristics

There are several definitions for the concept of intuition provided by psychologists,
philosophers and education researchers. For example, Rorty (1967) briefly defines
the intuition as “immediate apprehension”. Therefore, the knowledge or the solution
pursued comes immediately. This apprehension directly affects the students and
teachers’ educational practices in classroom (Diyarbekir, 2003). Instead of full
memorization of the processes in the solution of the problems (Jung, 2002) and
spending more time to comprehend the subject (Herman, 2007), students can
immediately give meaning to what is studied in their lessons without waste of time.

Shirley and Langan-Fox (1996) state the intuition as “a feeling of knowing with
certitude on the basis of inadequate information and without conscious awareness of
rational thinking” (p. 564). From this definition, it is obvious that the intuition

appears without conscious awareness (Fischbein, 1987; Stavy & Tirosh, 2000). This
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property is our inevitable factor to live our daily life. We automatically learn from
our surrounding unconsciously (Myers, 2002). The language acquisition of children
can be given as an example. An average secondary school graduate student knows
about 80.000 words. That means, we learn an average of 5.000 words each year, or
13 words each day (Myers, 2002).

From the educational perspective, Bruner (1962) also gave a definition for the
intuition. It is “the act of grasping the meaning, significance, or structure of a
problem without explicit reliance on the analytic apparatus of one’s craft” (p. 60).
The implicit learning takes a crucial role in intuitive cognition. This type of learning
is directly related to the unconscious awareness of acquiring knowledge. Students
may not be aware of the existence of this mechanism. However, it tacitly continues
to happen in our mind and affects their reasoning in learning processes (Fischbein,
1987).

Dane and Pratt (2007) mentioned about three general characteristics of intuiting.
They consider that intuiting is unconscious. It occurs without conscious thought.
Secondly, it involves making holistic associations. Lastly, it is fast especially in the

decision making process.

Based on the educational approach, intuitive cognition has basic characteristics
presented in the Fischbein’s (1987) book. Some of these characteristics are self-
evidence, intrinsic certainty, perseverance, coerciveness, globality, and implicitness.
In the immediate apprehension phase, people unconsciously and intrinsically adapt
their behavior to their surroundings. These characteristics are also important in
decision-making process, therefore, in making judgment while solving probability

question. Such characteristics are as follows.

a) It is self-evident: Without any justification, one may consider a mathematical
statement as true (e.g., whole is bigger than its each part)

b) Intrinsic certainty: Intuitive cognitions are accepted as certain. It is highly
correlated with self-evidence; however, they are not the same. One is
convinced that mathematical theorems are totally true, but most of them are

not self-evidence.

22



c) Perseverance: Once established, intuitions are very resistant to change. (e.g.,
accepting the equality of natural numbers set and the set of even whole
numbers)

d) Coerciveness: Reasoning that only one unique representation or interpretation
for a statement is accepted and the others are ignored or considered as
unacceptable.

e) Globality: If two situations are similar, one may be inspired to apply the same
procedure to other situation. (e.g., formula for the volume of a cube may
inspire to find a formula to find a formula for the area of square)

f) Impliciteness: One may not be aware of his perception. Intuitive cognition
appears unconsciously (e.g., after several trials, one may intuitively reach a

wrong perception of higher chance of getting tail) (Fischbein, 1987, p. 43).
2.1.2 Intuitively-based Misconceptions

Considering students’ probabilistic reasoning, there are many misconceptions rooted
from students’ intuitions. As students’ intuitions have positive consequences for
individuals, sometimes they mislead their cognition and result in unfortunate

misconceptions.

At the beginning, Tversky and Kahneman (1971) mentioned two main judgmental
heuristics. These heuristics begin with students’ intuitive predictions. These
predictions may be in the form of the likelihood of an event or making decision.
After conducting many studies related to uncertainty with students from different
grade levels, Kahneman and Tversky (1982) found that people generally do not
follow the principles of theory in judging the likelihood events and they generally
use heuristics to judge uncertain events, which generally do not give correct

solutions. In addition, Tversky and Kahneman (1974) stated as follows.

People rely on a limited number of heuristics which reduce the complex
tasks of assessing probabilities and predicting values to simpler judgmental
operations. In general, these heuristics are quite useful, but sometimes they
lead to severe and systematic errors (p. 1124).

There are two types of heuristics: representativeness and availability.

2.1.2.1 Availability Heuristic
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According to Tversky and Kahneman (1983a), individuals judge the frequencies of
the events in their lives, then, evaluate the probabilities of these events based on the
ease of recalling the frequencies. Availability heuristic occurs when individuals see
that the frequent events are easier to recall then infrequent events (Kennis, 2006).
From students’ perspective, they intuitively answer probability question by
considering the events that are easier to come to mind. So, they evaluate that these
events are more probable. For example, after having a car accident or after
witnessing a traffic accident, an individual’s judgment about the probability of traffic

accidents increases.

In this type of the probabilistic misconceptions, students generally make decision
according to the instances of the events that they easily remember (Shaughnessy,
1992). Many researchers studied the existence of availability heuristics in different
age or grade levels (e.g., Celik & Giines, 2007; Fischbein & Schnarch, 1997; Fox &
Levav, 2000; Kahneman & Tversky, 1972; Shaugnessy, 1992; Tversky &
Kahneman, 1983a). In this part, four studies and their findings are introduced.

Starting from the Tversky and Kahneman’s (1983a) study, the subjects were
presented two paths A and B. Path A included three rows with eight connections
(therefore eight columns) for each. Path B included nine rows with two connections

for each. The researchers’ explanation for the question was here.

A path in a structure is a line that connects an element in the top row
to an element in the bottom row, and passes through one and only one
element in each row (p. 680).

The question is that which structure is more probable to have more paths. According
to the findings, 46 of 54 subjects responded that there are more paths in A than B
(p<0.001, by the sign test). In fact, both structures have the same number of paths.
However, Tversky and Kahneman (1983a) explained this result is based on some
factor. One is that subjects consider the number of the columns for their reasoning
because their intuitions direct them to “most immediately available paths” (p. 680).
There are 8 columns in A and 2 columns in B. Another one is that there are 8 more
paths after crossing one row in A while there are only two paths in B. The correct
answer, on the other hand, is that the number of the paths in both A and B structures

is the same (i.e., 8°=2°).

24



In the same study, subjects were asked to compare the probabilities that a word starts
with R and that R is the third letter. In fact, this example is not appropriate for
Turkish language. However, it is a good example to see how students’ cognition is
affected by the availability of the instances of the events. As it is well known,
remembering the words starting with R is easier than remembering those with R in
the third letter. Therefore, it was expected that subjects judged the letter’s first
position in the word is more likely. According to the results of the study, 105 out of
152 subjects judged the first position is to be more likely than the third position is.
Only 47 subjects chose the third position to be more likely. Therefore, subjects’
misconceptions were highly significant based on the sign test (p<0.001). On the other

hand, this letter is more frequent in the words as the third letter.

Tversky and Kahneman (1983a) explained the misconception in the question with
“the immediately available path.” Students’ cognition of immediately available
situations observed in Fischbein and Schnarch’s (1997) study. Fischbein and
Schnarch (1997) found that students’ misconceptions rooted from availability
heuristics might increase with age. Students in 5™, 7", 9" and 11" grade levels were
asked to compare the number of probabilities of choosing two-member teams from
among 10 persons with that of choosing eight-member teams from among 10 people.
As it is well known, there are the same number of two and eight-member teams when
choosing them from 10 people. The results indicated that 10 % of 5" grade students
answered that the number of probabilities of choosing two-member teams is higher
than the other. On the other hand, 55 % of students did not respond to this question.
The other percentages as follows, 20 % of 7™ grade students gave the same answer
while 40 % of them did not respond to it. 65 % of 9" grade students gave incorrect
answer by indicating that there were more two-member teams. On the other hand,
only 5 % did not give answer. Lastly, 85 % of 11" grade students fall into

misconceptions. In this grade level, all students responded to question.

The same logic in Tversky and Kahneman’s (1983a) and Fischbein and Schnarch’s
(1997) studies took different form in Keller, Siegrist, and Gutsher’s (2006) study.
Keller, Siegrist, and Gutscher (2006) who studied the social psychology of risk

perception gave another good example of availability heuristics. 170 psychology
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students were presented scenarios of buying a house and they were given some

information about the probabilities of flood risk. There are four versions.

Version 1: On an average, there is a flood every hundred years.
Version 2: Each year, there is a 1% probability of flood.
Version 3: Within 40 years, there is a 33 % probability of flood.
Version 4: Within 80 years, there is a 55 % probability of flood (p.
634).

It was also emphasized that the flood results in heavy damage and the damage was

partly covered by insurance. They were expected to assess the risks by rating them
from 1 (not risky at all) to 6 (very risky). According to the results, probability
information for one year (second version) showed significantly lower risk ratings,
then, the others. Among other versions, no significance was found. The reason is that
students perceive that specific length of time was considered to be of small
importance and they ignored the risk. The easiness of recalling the other situation
resulted in the misconception as found in Tversky and Kahneman’s (1983a) study.
Great rate of risk (availability of 33 % and 55 %) for longer period of time affected
students and they perceived that the risk was higher for indicated longer time. Lower

rate was ignored and rounded to zero.
2.1.2.2 Representativeness Heuristic

This type of heuristics took part in mathematics education literature after Tversky
and Kahneman’s (1971) study. According to them, representativeness heuristic is
related to the sample selected from the population. People believe that any randomly
selected sample highly represents the population without considering the size of the
sample. People generally make decision about the probability of events according to
how similar the event is to the other events drawn in the same distribution
(Shaugnessy, 1977). Shaugnessy also mentioned about the reasons for the
misconceptions students fall into in predicting the probabilities of the events.
However, individuals’ intuitions incorrectly affect their judgments (Kennis, 2006)
that small sample size can also be applied to the representativeness of the population
known as “law of small numbers” (Tversky & Kahneman, 1971). For example, it is
very probable that we get about 500 heads after tossing 1000 trials of tossing a coin.

However, the number of toss decreases to 10, for example, it is possible to get 7
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heads and 3 tails, or 8 heads and 2 tails. However, people expect to get same number

of heads and tails from these trials.

For the representativeness heuristics, misconceptions take different forms. These
forms are negatively and positively recency effect (Fischbein, Nello, & Marino,
1991), outcome approach (Konord et al., 1993) and sample size (Fischbein &
Schnarch, 1997).

2.1.2.2.1 Negatively and Positively Recency Effects

Negatively recency effect occurs with respect to incorrect use of law of large
numbers in a population. Regardless of the size of the randomly selected sample
from population, individuals may think that small number of samples is highly
representative of the population. They have a belief that the trials of tossing a coin,
for example, to have a corrective power to satisfy the properties of the population
which they are drawn. This is also called gamblers’ fallacy (Tversky & Kahneman,
1971). For example, if a fair coin is flipped four times and the outcome is TTTT,
then people have a belief that the next outcome would again be tail, regardless the
fact that the probability of getting tail is %2. This is called positively recency effect.
On the other hand, some others think that the probability should be equal after
several tosses, and the experiment has a corrective power, then they expect to get
head. This is called negatively recently effect or some call it as gambler’s fallacy
(Shaugnessy, 1977).

This type of the misconception was also studied in middle, high school, and college
level students. Some of the studies related to negatively and positively recency
effects are the studies of and Chiesi and Primi (2008), Celik and Giines (2007),
Fischbein (1975), Fischbein, Nello, and Marino (1991), Fischbein and Schnarch
(1997), Shaugnessy (1992), Tversky and Kahneman (1971). In general, the studies
investigated the evolution of the misconceptions across age. At this point, two of the

studies and their findings are introduced.

The first example is again from Tversky and Kahneman’s (1971) study. They shared
a finding of an example to explain the meaning of the negatively recency effect. At

the beginning of the example, Tversky and Kahneman (1971) insisted as follow.
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The heart of the gambler’s fallacy is a misconception of the fairness of the
laws of chance. The gambler feels that the fairness of the coin entitles him
to expect that any deviation in one direction will soon be cancelled by a
corresponding deviation in the other (p. 105).

As it is well known, however, fair coins may also represent different distributions in
the small number of trials. In the example, individuals were informed that the mean
IQ of the eight grade level students in a specific city was 100. In a study, 50 eighth
grade students were selected for the achievement level. They asked that if the 1Q of
the first student was 150, what they expected the mean IQ of the sample selected.
Although the correct answer was 101, the researchers indicated that large number of
individuals responded it with the answer of 100. With explanation for this result, the
researchers asserted that the process of sampling had power of self-correcting power.
They also added that individuals had the intuition that the samples selected from the

population were very similar to the others.

Behavior with respect to positively recency effect is opposite of the gambler’s
behaviors. If a coin, for example, is thrown four times and all of the outcomes
become heads up, then, individuals, or more specifically students, think that the fifth
throw will also be head up. However, the probability of getting head or tail after

tossing a fair coin is Y.

In a cross-sectional study of Fischbein and Schnarch (1997), the purpose is to
investigate the evaluation of probabilistic misconceptions based on intuition in
accordance with the age. The sample of this study includes 5", 7", 9" 11™ grade,
and college students. One of the questions asked in this study was in line with the
purpose of Tversky and Kahneman’s (1971) study. Fischbein and Schnarch (1997)
studied the effect of positively and negatively recency effect while making

probabilistic decision. The question is as follows,

When tossing a coin, there are two possible outcomes: either heads or tails.
Ronni flipped a coin three times and all cases heads came up. Ronni intends
to flip the coin again. What is the chance of getting heads the fourth time?

(p. 98)

The distribution of students’ answers was given and they found that the main

misconception occurred was the negatively recency effect. The researchers
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concluded that the negatively recency effect decreased with age while the positively

recency was very rare among the subjects.

Table 2.1 Percentages of Students’ Answers for Positively and Negatively Recency
Effect Question (Fischbein & Schnarch, 1997, p. 98)

, Grades
Students’ Answers 5h T on 1" co
Smaller than the chance of getting tails (Negatively recency)? 35 3B 20 10 O
Equal to chance of getting tails? (Correct answer) 40 55 70 90 94
Greater than the chance of getting tails (Positively recency effect) 0 5 0 0 6
Other types of answers 25 5 10 O 0

®Negatively recency effect is highlighted, °CS means college students. N: 100 for each grade level

Chiesi and Primi (2008) investigated the evolution of probabilistic reasoning in
accordance with the age. The topic to investigate in this study was the effect of
positive and negative recency. Chiese and Primi (2008) tried to determine whether
students were affected from the previously occurred events or not. With this purpose,
this study was similar to Tversky and Kahneman’s (1971), and Fischbein and
Schnarch’s (1997) studies. The sample of the study includes 25 third grade, 25 fifth
grade and 35 college students. They were given outcomes of a sequence of
independent events. Then they were asked to estimate the likelihood of next event.

The question is as follows.

Simon and John are playing together with a bag in which there are 15 Green
and 15 Blue marbles. Simon drew marbles from the bag four times. Each
time the drawn marble is put back into the bag. One after the other, Simon
drew four Green marbles. What do you think is more likely Simon to draw
next, a Blue or a red marble, or is each color marble just as likely? (p. 3).

Students’ responses revealed that age factor was statistically significant on positively
recency effect which was that after drawing four green marbles, the next outcome
was also green. On the other hand, there was no significant effect of age between
younger and older students when the negatively recency effect was considered. In the
discussion part, Chiesi and Primi (2008) asserted that younger children generally
relied on the sequence of previous outcomes without taking the base-rates into
account. Therefore, the representativeness heuristics took important role in students’

reasoning while estimating the probability and deciding the answers.
2.1.2.2.2 Outcome Approach
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Another type of representativeness heuristics is outcome approach. For example,
Konold et al. (1993) asked students to compare the probabilities of the outcomes
after tossing a coin five times, the outcomes were given as HHHTT, THHTH,
THTTT, HTHTH. Most of the students gave the true answer as the probabilities were
equal. However, they also asked which one was less likely to occur. The correct
responses decreased to 38 %. This was because students thought that some outcomes
were less representative compared to other outcomes. In addition, students made

their prediction according to the outcomes already happened.

Similar to the previous misconception, the studies in the literature investigated the
frequency of appearance in different age groups or grade levels (e. g., Kahneman &
Tversky, 1982; Konold et al., 1993; Lecoutre, 1992; Rubel, 2007; Shaugnessy,
1992).

In this part, two studies are discussed. In this type of the misconception, students
interpret the uncertain event according to the most frequent probabilities. For
example, people regard that the sequence of THTHHT is more probable that
TTTHHH or TTTHTT when tossing a coin six times. This is because the first one
seems more random when compared to the others. For example, Kahneman and

Tversky (1982) asked the following question to students.

All the families of six children in a city were surveyed. In 72 families, the
exact order of births of boys and girls was GBGBBG. What is your estimate
of the number of families surveyed in the exact order of births was
BGBBBB? (p. 34)

As it is expected, students ignored the order of the births. The probabilities of birth
order sequence for both situations are equal. However, individuals think that they are
not equally representative. The results indicated that 75 out of 92 students indicated
that the second sequence was less likely (p<0.01 by a sign test) (Kahneman &
Tversky, 1972). The researchers’ explanation for these results was that students
ignored the order information and they reasoned that the second situation seems less
random.

Secondly, Konold et al. (1993) used the flips of the coins instead of the sexes of the
newborn babies used in Kahneman and Tversky’s (1982) study.

HT-sequence problem.
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Part 1. Which of the following is the most likely result of five flips of a
fair coin?

a) HHHTT

b) THHTH

c) THTTT

d) HTHTH

e) All four sequences are equally likely

Part 2. Which of the above sequences would be least likely to occur?

(p. 397).

The sample was composed of 16 high school students who took summer-math
course, 35 remedial mathematics class students from undergraduate degree, and 47
students who were enrolled in statistical methods course. According to the results, 72
% of all students correctly answered the part 1. Interestingly, 17.4 % of remedial
class students chose the first option. The percentages for the correct answers were
60.8 % for remedial class students, 68.8 % for high school students, and 78.7 %. In
the second part, on the other hand, the correct answer decreased to only 38 % for all
students. Half of the students who correctly answered the first part could correctly
respond to the second part, too. The other students chose one of the options from a to
d as a least likely outcome. 43.4 % of remedial class students, 40 % of high school
students, and 17.1 % of statistical methods course students chose the fourth option
(HTHTH) as an event which could be least likely to occur (overall of 29.1 %). In
addition, 22.8 % of all students chose the third option (THTTT). Again, students
ignored the order of the occurrence and they immediately answered according to
which option was less representative. For the fourth option, students thought that
HTHTH was unrepresentative because it was very ordered. On the other hand, third
option included many tails. Therefore, outcome approach affected students to choose
the least likely event. Konold et al. (1993) indicated that non-random appearance of
the sequences and excess of one outcome compared to the other affect students’
reasoning in comparing the probabilities of events, because these factors were not

consistent with the representative heuristics.
2.1.2.2.3 Sample Size

Fischbein and Schnarch (1997) conducted a study and asked students which one was
more probable: getting two heads after three tosses or getting 200 heads after 300

tosses. Students’ thoughts were affected by the equivalence of the ratios between
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them and they thought that the probabilities were equal. The important point is that
students could not manage the sample size. This is called sample size
misconceptions. Stavy and Tirosh’s (2000) theory of intuitive rules also supports that
this misconceptions are affected by students’ intuitive cognition. The studies related
to sample size are the studies of Fischbein and Schnarch (1997), Konold et al.
(1993), Li and Periera-Mendoza (2002), Rubel (2002) and (2007). In general, the
studies try to identify the existence of this type of misconception among students
from different grade levels. Two studies and their findings related to this

misconception are presented below.

Rubel (2002) investigated whether students neglected the size of the sample while
estimating the probability of the events. Effects of age and ability were also assumed.
In order to get answer for this question, Rubel (2002) asked two questions. These
were Yankees Item and Coins Sample Size Item. These questions were as follows.

Which is more likely:

A) The Yankees win 80 out of 100 games
B) The Yankees win 8 out of 10 games.

C) Choice a and b are equally likely (p. 136).

The Coins Sample Size Item is similar to first one.

Which is more likely:

A) You get 7 tails on 10 tosses of a fair coin

B) You get 700 tails on 1000 tosses of a fair coin
C) Choice a and b are equally likely (p. 136).

Distribution of responses for Yankees Item and Coin Sample Size Item are given in
the Tables 2.2 and 2.3 below.

Table 2.2 Distribution of the Responses for Yankees Item (Rubel, 2002, p. 138)

5th 7th 9th 11th Total

Responses\ Grade Level (n=36) (n=45) (n=50) (n=42) (n=173)

The Yankees win 80 out of 100 games 8 8 18 16 50
The Yankees win 8 out of 10 games. 3 1 9 4 17
Equally likely? 24 36 22 22 104
No answer 1 0 1 0 2

Total 36 45 50 42 173

®Equally likely is highlighted
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Rubel (2002) found that difference in terms of correct response was not statistically
significant according to the age, but decrease in the answer for equal chance showed

statistically significant results at the 0.01 level.

Table 2.3 Distribution of the Responses: Coins Sample Size Item (Rubel, 2002, p.
139)

50 7th 9th 11th Total

Responses\ Grade Level (0=36) (n=45) (n=50) (n=42) (n=173)

7 tails out of 10 tosses is more likely 6 6 22 17 40
700 tails out of 1000 tosses is more likely 0 0 5 2 7
Equally likely? 28 39 35 23 124
No answer 2 0 0 0 2
Total 36 45 50 42 173

®Equally likely is highlighted

Rubel (2002) found that the increase in the correct answer was not statistically
significant at 0.01 level with respect to age level. On the other hand, the decrease
was statistically significant for equally likely answer across age. Rubel (2002)
pointed out that students who gave answer of equally likely made a justification that
there was an equal ratio and fraction between the answers. It was also supported by
the intuitive rules developed by Tirosh and Stavy (1999a; 1999b). For these
questions, Same A, Same B rule existed. Therefore, students’ justification was that
since the ratios between the tails and total tosses were same, then, the probabilities

were also the same.

Fischbein and Schnarch (1997) also had similar findings in line with Rubel’s (2002)
study. The question was comparison of getting heads at least twice when tossing
three coins with getting heads at least 200 times out of 300 times. The distribution of
the responses was indicated below in the Table 2.4. In both examples, students
neglected the sample size during deciding the probabilities of the events.
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Table 2.4 Percentages of Students’ Answers for the Sample Size Question (Fischbein

& Schnarch, 1997, p. 99)

Students’ Answers 5t o Gg’}ﬁj & 1 CsS
At least 2 heads out of 3 tosses is more likely (correct) 5 5 25 10 6

Equally likely (main misconception)? 30 45 60 75 44
At least 200 heads out of 300 tosses is more likely 35 30 10 5 50
(incorrect)

Other answers 5 10 0 0 0

No answer 25 10 5 10 0

equally likely is highlighted.

2.1.2.3 Simple and Compound Events

If students are given two or more compound events one by one or together, their
predictions for the probability of compound events are fallacious (Kazak, 2008).
Both national and international curricula expect students to have general
understanding of simple and compound events (MoNE, 2011; NCTM, 2000).
However, they could not manage the sample space while they encounter compound
events. For example, Fischbein and Schnarch (1997) found that when two fair dice
was thrown, students thought that the probability of getting two sixes was the same

as getting a five and a six.

Again, there were many national and international studies conducted related to
simple and compound events (e.g., Celik & Giines, 2007; Fischbein, Nello, &
Marino, 1991; Fischnein & Schnarch, 1997; Lecoutre & Durand, 1988; Li & Periera-
Mendoza, 2002; Rubel, 2002; 2007; Shaugnessy, 1992). The findings of two studies
were presented below. They also presented the difference of the existence of this

misconception among students from different grade levels.

From the Fischbein and Schnarch’s (1997) study with the aim of investigating the
probabilistic, intuitively misconceptions with regard to age which was mentioned
above, and another question asked was related to simple and compound events. The
question was that “suppose one rolls two dice simultaneously. Which of the
following has a greater chance of happening?” (p. 98). The answers and the response

distributions are given in Table 2.5 below.
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Table 2.5 Percentages of Students’ Answers for the Simple and Compound Events
Question (Fischbein & Schnarch, 1997, p. 98)

Students’ Answers Eh 7 Gg’}ﬁ'es 11" csP
Getting the pair of 5-6 (Correct) 15 20 10 25 6
Getting the pair of 6-6 0 0 0 0 0
Both have the same chance (Main misconception)? 70 70 75 75 78
Other types of answers 15 10 15 0 16

®Main misconception is highlighted, °CS means college students.

The researchers indicated that this misconception was most frequent and most stable
across age while compared to other seven questions resulting in intuitive based

misconceptions.

Another study related to simple and compound event misconception was performed
by Fischbein, Nello, and Marino (1991) whom asked the same question asked in
Fischnein and Schnarch’s (1997) study. In addition, the situation of throwing two
coins was also asked to students in the study. The sample of this study was 600
students in middle and high school students. They were presented with four
situations. These were coins-specific which was the comparison of getting one head
and one tail with getting two heads after tossing the coin twice, coins-general which
was the comparison of getting same faces with getting different faces after tossing
the coin twice, dice-specific which was the comparison of getting one 5 and one 6
with getting 6 with both dice after throwing two dice, and, lastly, dice-general which
was the comparison of getting same number with both dice with getting different
numbers. The findings indicated that only 23 % of elementary school students
answered the dice-specific question correctly and 34 % of them correctly answered
the dice-general question. For the coins-specific question, 21 % of middle school
students correctly answered it. In addition, 50 % of them correctly answered the
coins-general question. The percentages of junior high students who correctly
answered dice-specific, dice-general, coins-specific, and coins-general questions
were 19 %, 43 %, 10 %, and 60 %, respectively. On the other hand, 46 % of middle
school students and 56 % of junior high school students indicated that probability of
getting 6-6 was equal to that of getting 5-6 or 6-5. Similarly, 40 % of middle school
students and 42 % of junior high school students stated that probability of getting

same number on both dice was equal to that of getting different numbers from these
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dice. Moreover, 41 % of middle school students and 43 % of junior high school

students stated that probability of getting HH was equal to that of getting HT or TH.
2.1.2.4 Conjunction Fallacy

It is obvious that the probability of conjunction of two distinct events is less than the
probability of either one of them. However, the conjunction fallacy appears when
students have the belief of inverse thought. According to Tversky and Kahneman
(1983b), conjunction of two events can be more representative that one of its
constituents may sometimes become easier to imagine and remember. Here, Tversky
and Kahneman (1983b) consider this fallacy as a type of representativeness

heuristics.

The examples that investigated the existence of the conjunction fallacy among
students were studied by Celik and Giines (2007), Shaugnessy (1992), and Tversky
and Kahneman (1982; 1983b). Here, there are brief summaries of the studies of
Tversky and Kahneman (1983b) and Shaugnessy (1992) below.

In this type of the misconception, the main erroneous judgment is that the
conjunction of two events has higher probability of occurring when compared to any
of these events has. As it is well known, the any of the two events has equal or higher
probability than their conjunction. Again, Tversky and Kahneman (1983b) presented
a study related to this misconception. According to their study, students were asked
to compare the probabilities of an event and conjunction of this event with another.
There were two questions asked to 88 undergraduate students in UBC. The structures

of these questions were the similar. There were two scenarios.

Scenario 1: Bill is 34 years old. He is intelligent, but unimaginative,
compulsive and generally lifeless in school. He was strong in mathematics
but weak in social studies and humanities (p. 297).

Then, eight statements were provided to students in order to describe Bill. These are
“Bill is a physician who plays poker for a hobby, Bill is an architect, Bill is an
accountant (A), Bill plays jazz for a hobby (J), Bill surfs for a hobby, Bill is a

reporter, Bill is an accountant who plays jazz for a hobby (A & J), Bill climbs
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mountains for a hobby” (p. 297). Among these statements, three of them (A, J, and A

& J) are emphasized.

Scenerio 2: Linda is 31 years old, single, outspoken and very bright. She
majored in philosophy. As a student, she was deeply concerned with the
issues of discrimination and social justice, and also participated in anti-
nuclear demonstrations (p. 297).

Again, there were eight statements to describe Linda. These are “Linda is teacher in
an middle school, Linda works in a bookstore and takes Yoga classes, Linda is active
in feminist movement (F), Linda is psychiatric social worker, Linda is a member of
the League of Women Voters, Linda is bank teller (T), Linda is insurance

salesperson, Linda is bank teller and is active in the feminist movement (T & F)” (p.

297).

Again three statements (T, F, and T & F) were emphasized for the readers of the
study. The question for both scenarios was that “the degree to which Bill (Linda)
resembles the typical member of that class.” According to the answers of the
students, 87 % predicted the order as “A>A & J>J” for Bill and 85 % predicted the
order as “F>T & F>T” for Linda.

Instead of providing scenarios in Tversky and Kahneman (1983b), Shaugnessy
provided students with two situations and expected from them to compare the
probabilities. Shaughnessy (1992) asked students to compare the probabilities of that
a person was 55 years old and had a heart attack with the probability of that a person
had a heart attack (regardless of age). Surprisingly, most of the college students’
choice was that first situation was more likely. This was because age was a kind of
characteristics for having heart attack. However, regardless of the age, having heart
attack is more probable.

2.1.2.5 Conditional Probability (Time-Axis Misconception)

This misconception is known as Falk phenomenon (Jones, Langrall, & Mooney,
2007; Shaugnessy, 1992) or time axis fallacy (Fischbein & Schnarch, 1997) in the
literature. For the conditional probability P(A/B), if the event A precedes event B,
students’ thinking in the conditional probability would contradict with their intuitions

(Kazak, 2008). This is because the dependent event occurs after the other event
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occurs; however, students consider the sequence as they happen regularly. Students’
intuition contradicts with their reasoning and most of the students could not find the
correct answer. There are many studies conducted in order to investigate the
existence of this misconception among students (e.g., Bar-Hillen & Falk 1982; Falk,
1979; 1983; Fischbein & Schnarch, 1997; Fox & Levav, 2004; Rubel, 1996; 2002;
Shaugnessy, 1992; Watson & Kelly, 2007).

To explain this misconception, a question asked in the study of Bar-Hillel and Falk

(1982) can be given. The question is as follow.

Mr. Smith is the father of two. We meet him walking along the street with a
young boy whom he proudly introduces his son. What is the probability that
Mr. Smith’s other child is also a boy? (p. 109)

For this question, one mathematician stated that the probability was one-half, while
the other one stated that the probability was one third. The cognitions varied in this
situation. The first thought that being a boy (B) or a girl (G) was independent of the
sibling. So, the other child was either boy or a girl. Therefore, the probability was
one-half. On the other hand, the second cognition was about the condition. At the
first time, the sample size was four including BB, BG, GB, and GG. Since it was
stated that one child was boy, the sample size decreased to three the elements of
which were BB, BG, GB, because the outcome of GG was deleted. Among them, the

probability became one-half. Of course, one of these cognitions was fallacious.

In the study of Graberg and Brown (1995), a question which was published in an
issue of Parade magazine by a writer named Savant was asked to 228 undergraduate
students in two sections of the department of sociology class. The name of the

question was Monte Hall Problem. It was asked as follow.

Monte Hall presents you with three doors, behind one of which is a prize.
You choose one of the doors. No matter which door you choose, Monte will
always open one of the doors to reveal a goat. You, then, have the option to
stick with your orginial choice or to switch to the unopened door. What
should you do? (p. 712)
The first intuition states that the probability decreases from one-third to one-half.
However, if you switch to the unopened door, the probability increases to two-third.

Let’s think that the doors are labeled as 1, 2, and 3. Let’s think that door 1 is chosen.
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If the prize is behind the door 1, then, Monte will open either door 1 or door 2 (first
condition). If the prize is behind the door 2, then, Monte will open the door 3 (second
condition). If the prize is behind the door 3, then, the Monte will open the door 2
(third condition). That means the sample is reduced to three, out of which the
unopened door can be considered as two elements. Therefore, the probability

increases to two-third instead of one-half.

Graberg and Brown (1995) indicated that there were more than 10000 letters were
sent to Savant. Among them, 90 % of the answers were incorrect. Many of the
readers sent negative and hostile responses to Savant’s justification. It was also
indicated that, 65 % of the letters were coming from academics among those who
sent answers. The findings of the Graberg and Brown’s study (1995) were that only
13 % of the undergraduate students switched the door.

In time-axis probability, the timing of first and second events changed. The question
mentioned in Graberg and Brown’s (1995) study was not directly related to time
changes. According to different situations, the probabilities also changed. An
example was from Rubel’s (1996) study. The question asked expects students to

differentiate the conditional in two situations. The question is as follows.

There are two buckets, | and 1, each with 1/3 of its marbles white. A coin
will be flipped to determine which bucket will be selected, and then a
marble will be randomly selected from the bucket. Frank bets that if bucket
| is chosen, he will draw a white marble. Joe bets that if he chooses a white
marble, then it will have been from bucket I (p. 75).

In this example, if the choosing a bucket was labeled as A and drawing a marble was
labeled as B, it was expected from students to compare P(A/B) and P(B/A).
Therefore, P(A/B) was one-third while P(B/A) was one-half. However, 55 out of 98
students who were enrolled in 9™ to 12" grade level in an international school in
Israel indicated that the probabilities were equal. The justifications for their answer,
in general, were that both situations represented the same thing; therefore, the
probabilities were the same. Their reasoning was that the same thing was presented

with reverse order. Therefore, their intuitive reasoning misled them.
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Similar to Rubel’s (1996) study, Fox and Levav (2004) tried to investigate whether
same cognition existed among undergraduate students. Fox and Levav (2004) asked
three cards questions to the sample of 76 undergraduate students who were enrolled

in the psychology department. The question below was asked to students.

A box contains three cards. One card is red on both sides, one card is green
on both sides, and one card is red on one side and green on the other. One
card is selected from the box at random, and the color on one side is
observed. If this side is green, what is the probability that the other side of the
card is also green? (p. 630)

Among them, two-third (67 %) of all students stated that the probability was equal to

%. In this question, the correct answer was found with the Bayes theorem. The
probability was equal to % Only 2.6 % (2 students) of all students stated that the

probability was equal to % . The card red on both sides was stated as RR. There were

there cards with the faces RR, GG, RG. It was known that the card was not the one
with red on both sides. So the card was either GG or RG. It was clear that there were
two sides with green color and one side with red color.

2.1.2.6 Stavy and Tirosh’s Theory of Intuitive Rules

There were many studies conducted by different researchers about intuition and
intuitive cognition in science and mathematics education, which surprisingly
revealed that students responded to unrelated task in similar ways (e. g., Babai et al.,
2006; Dooren et al., 2004; Fischbein & Grossman, 1997; Stavy et al., 2006; Stavy &
Tirosh, 1996; 2000; Tirosh & Stavy, 1999a; 1999b). Interesting point was that
students had similar ways of approaching to such unrelated tasks. From this point of
view, Tirosh and Stavy (1999a; 1999b; 2000) investigated students’ behaviours and
developed a theory. This theory was constructing a based for students’ intuition-
related incorrect answers to unrelated tasks. The theory was called as theory of
Intuitive Rules, which indicated that students’ incorrect responses were of three
forms. The rules were consistent in different topics in mathematics (Stavy & Tirosh,
2000; Tirosh & Stavy, 1999b). These are “Same of A — Same of B”, “More of A —
More B”, where A and B are different quantities, and “everything can be divided
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endlessly”. In fact, first two rules are related to purpose of this study. Therefore, the
last one is not used in this study. One may argue that students’ incorrect answers
cannot be regarded as a theory. However, this theory has two important main
strengths. These are (1) this theory explains most of the students’ incorrect answers
in science and mathematics education and (2) predictive power of this theory is
strong, that is, students’ incorrect responses can be predicted on a specific task
(Stavy & Tirosh, 2000). Although its applications and existence are wide for most of
the students’ incorrect answers, Stavy and Tirosh (2000) also pointed out that all
incorrect answers may not be explained by this theory. For example, the responses to
questions such as “what is triangle?” cannot be affected by the applications of the
intuitive rules. All in all, knowing such intuitive rules and students’ possible
misconceptions may help teachers and educators to minimize the possibility of such

misconceptions.

There is a theory about the common external features among many students. This
theory is called as “Intuition Rules” which was developed by Tirosh and Stavy
(19994, 1999b, 2000). According to this theory, there are three general intuitive rules
that most of the students rely on. Consider that A and B are two different quantities.

Then, the intuitive rules are

1- The same of A — The same of B. Comparing two objects which are equal with
respect to a certain quantity A (A; = Ay). Then, students intuitively say that
both objects are equal with respect to quantity B (B; = B,).

2- The more of A — The more of B. Comparing two objects which are different
with respect to a certain quantity A (A; > Ay). Then, students intuitively say
that both objects are different with respect to quantity B (B, > By).

3- Everything can be divided endlessly.

Although there are three rules for the theory, the last one is not appropriate for the
probability subject. Therefore, the last rule was not taken into consideration in the
study. These rules are also directly related to the characteristics of intuitive
cognitions. The studies about the intuitive cognition indicated that students’
responses to the questions which revealed the intuitive rules explained the

characteristics of intuitive cognition (Stavy et al., 1982).
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2.1.2.6.1 The Misconception of the More of A — the More of B

When comparing two objects, if one quantity of these objects is different (A;<A,),
students tend to give answers in similar ways. They think that the other quantities of
these objects are also different (B1<B,). Stavy and Tirosh (2000), Tirosh (2000) and
Tirosh and Stavy (1999a) calls students’ similar responses to the unrelated tasks as

“More A — More B” intuition rule.

To understand the misconceptions, the most apparent example was from Green’s
(1983) study. Green (1983) illustrated two sets of boxes which included one white
and three black balls in the first box and two white and six black balls in the second
one. Students were expected to choose one box with high probability of choosing a
black ball. The question was asked to 5", 7", 9™ and 11™ grade students. The total
number of students in the study was 243. Although the number of the students who
fell into this type of misconception decreased, interestingly, about half of the
students chose the second one with the explanation that the second box included

more black balls.
2.1.2.6.2 The Misconception of the Same of A — the Same of B

In our daily lives, there are many situations to compare two quantities whether they
are equal or not. For example, even small children can differentiate two groups of
identical balls, one of which includes more balls than the other directly from the
visual information. However, there may not be enough clues to differentiate two
quantities. Stavy and Tirosh (2000) explained that one of the students’ behaviors to
such kind of situations is that perceptually same quantity (A) can serve as a criterion
to compare the other quantity (B). In the second intuitive rule, if a students are asked
to compare two objects with respect to another quantity A which is equal for both
situations (A1 = Ay), students often incorrectly argue that these objects are equal with
respect to other quantity B (B1 = B,). For example, students may perceive that a
straight line and a wavy line both of which have the same end points are equal in
length. This misconception was investigated in the studies conducted by Dooren et
al. (2004), Fischbein and Schnarch (1997), Li & Periera-Mendoza (2002), and Stavy
& Tirosh (2000). They all observed that students’ intuitions were working in the
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same way in line with the intuitive rules (Stavy & Tirosh, 2000; Tirosh & Stavy,
1999a; 1999b). There were two studies discussed related to second intuitive rule

given below.

In their studies, Dooren et al. (2004) studied first and second intuitive rules from
Tirosh and Stavy’s (1999a; 1999b; 2000) study. One question was about the
probability. The question asked the whether the probability that Carmel’s family who
had two children had one son and one daughter was larger than/ equal to/or smaller
than the probability that Levin’s family who had four children had two daughters and
two sons. The answers in line with respect to Same A — Same B revealed the
percentages of 33 %, 24 % and 36 %, respectively in 10", 11" and 12™ grade

students.

Fischbein and Schnarch (1997) asked the question that whether the probability of
getting heads at least twice after three trials is smaller than/equal to/ or greater than
the probability of getting heads at least 200 times out of 300 times. This question had
the same logic with the sample size effect investigated in Celik and Giines’s (2007)
study. According to the results of this study, respectively, 30 %, 45 %, 60 % and 75
% of 5%, 7", 9™ and 11" grade students answered as their probabilities are equal.
However, the probability of the first situation is greater due to the law of large

numbers.

2.2 Teaching and Learning of Probability

This part of the study includes the literature related to teachers’ teaching practices,
their awareness of students’ difficulties and misconceptions. In addition, the reasons
for students’ difficulties and misconceptions were also presented in line with the
literature. First of all, the national and international curricula for probability topic are
investigated. Accordingly, the teaching methods and practices for probability are
presented.

2.2.1 Curriculum and Teachers’ Teaching Practices for Probability

Beginning with the content taught in the middle and high school, there were slight
differences between the curricula. Both international and national curricula were
parallel in contents taught. NCTM (2000) and MoNE (2009; 2011) indicated that
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both middle and high school curricula included the basic concepts in probability, the
event types such as inclusive-mutually exclusive events, simple probability, the
probability types, and the calculations of the values of the probabilities. The
differences were as follows. The middle school curriculum included the theoretical,
experimental, and subjective probabilities which were not included in the high school
curriculum (MoNE, 2009; 2011). On the other hand, the conditional probability was
only taught in high schools (MoNE; 2011).

The general focus both in middle and high school curricula were explaining the
concepts, determining the event and probability types, and calculating the probability
values (MoNE, 2009; 2011). It was expressed to make students discover, explain,
evaluate the facts taught. Students were expected to use them in their lives. Similarly,
CCSS (2010) and NCTM (2000) standards were focused on the understanding and
the interpretation of the probability concepts and the computation of the probability
values for interpreting data, using to solve problems, and evaluating the outcomes for

making decisions.

In the practice, however, the general trend in teaching probability did not coincide
with the expected outcomes of the national and international curricula. Instead of
making students comprehend the concepts and how to determine probability types
and compute the values, teachers generally briefly explained the basic concepts
(Celik & Giines, 2007) and focusing on the determination of the event types and on
the calculation of the probability values asked in the questions (Bulut, 2001). In fact,
the types of questions asked were also important in understanding the probability
(Fox & Levav, 2000). In the study of Riccomini (2005), it was recommended to
provide students with familiarity with probability situations. Therefore, in case that
students experienced unfamiliar situations in probability, they seeked for solution
methods (Havill, 1998). In Turkey, however, this was not provided for students in
teaching probability. Kogce and Baki (2009) found that the criteria for asking
questions in high schools was generally in line with the question types asked in
university entrance exams. Papaieronymou (2009) also found that students were not
prepared for unfamiliar questions in probability. This situation could also be

attributed to the teaching of probability in middle schools.
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From the perspective of teaching practices in schools, Polaki (2002a; 2002b) used
special instructional method in teaching probability. The aim was to make students
discover the rules and create desired fulfillment in understanding the topic. In fact,
this aim was parallel to the aims of both national and international aims (MoNE,
2009; 2011; NCTM, 2000). However, the teaching practices were different. Teachers
were trying to make students determine the event type at the first stance, then,
determine the sample size (Celik & Giines, 2007). While doing so, teachers led
students to memorize the ways to determine the event types (Memnun, 2008) with if-
then statements (Rubel, 1996). Although some memorizations helped students to
understand the topic, the excessive memorizations influence the learning negatively
(Giirbiiz, 2008). However, Kazak (2009) stated that students had to understand the
probabilistic situations and developed thinking on them. From the perspective of
students’ cognition in learning probability, the excessive amount of memorizations
influenced students’ intuitions in negative ways (Fischbein, 1987; Myers, 2002;
Stavy & Tirosh, 2000) and students generally used their intuitions in dealing with the
problems instead of constructing logical structures (Fischbein & Schnarch, 1997). In
general, the intuitions mislead (Shaugnessy, 1992). Therefore, it is essential to create
correct intuitions. Fischbein (1987) also stated that students should create new

intuitions to construct understanding of probability topics.

Continuing with the teaching practices, the selection and the use of the methods in
the teaching of probability also influence students to learn and understand the topic
or develop positive or negative attitude toward the learning of probability (Bulut,
2001; Bulut, Yetkin, & Kazak, 2002; Celik & Giines, 2007; Giirbiiz, 2007). At this
point, Glirbiiz et al. (2010) found that direct teaching was dominant in schools, where
teachers were generally active while students were passive listeners. The general
trend was to follow the course book and prepare the instruction parallel to course
book (Memnun, 2008). In addition, Rubel (1996) stated that the focus in the teaching
of the probability was generally on the mathematical operations, formulas, and rote
memorizations. Therefore, students were lost while dealing with the tasks given in
probability subjects. It was found by Bulut, Ekici, and Iseri (1999) that students were
exposed to the memorizations of the formulas and rules instead of making them think

about the questions. Therefore, students did not have opportunities to synthase facts
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and construct patterns while solving probability questions. These situations were

affecting students’ intuitions and resulted in misconceptions (Fischbein, Nello, &

Marino, 1991).

There were many studies with different instructional methods in order to make
students comprehend the probability and to resolve probability misconceptions
(Babai et al., 2006; Brunner, 1997; Chiese & Primi, 2008; 2009; Dereli, 2009;
Girbiiz, 2005; 2007; Girbiiz et al., 2010; Nicolson, 2005; Polaki; 2002a; 2002b;
Sengiil & Ekindzii, 2004; Tirosh; 2000; Watson, 2001; Yazici, 2002). Some of these
studies were related to provide students with better understanding of the probability
subjects, while some others were trying to resolve existing misconceptions some of

which were intuitively ones.

For the teaching of probability, Glrbiiz (2008) and Dereli (2009) compared
traditional method with computer-aided method. Sengiil and Ekinozii (2004) and
Ekinézii (2003) used dramatization against traditional method in teaching
probability. Moreover, Yazict (2002) compared exploration method with traditional

one. In all studies, the achievement levels were higher in the experiment groups.

On the other hand, some studies were related to resolution of probability
misconceptions, some of which were intuitively-based ones. Among them, Chiese
and Primi (2008; 2009) created gaming situation in order to resolve recency effects
among primary and college level students. This misconception was one of the
intuitively-based misconceptions. Similar to Chiese and Primi’s (2008; 2009), Polaki
(2002a; 2002b) also tried to resolve intuitively-based misconceptions among middle
school students. Since these studies were important, these studies were introduced

widely.

Polaki’s two studies (2002a; 2002b) are directly related to the teachers practices
related to teaching probability. In both studies, Polaki investigated students’ growth
in probabilistic thinking after the instructions given. During the instructions, major

practices were examined.

Polaki (2002b) studied students’ growth in probabilistic thinking, especially for
sample space and the probability of events. The sample of this study was composed
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of 12 students from 4™ and 5™ grade who were assigned to two instructional groups
A and B according to achievement and grade levels. They were assessed via
interviews. The instructional time for sample space and probability of event was 70
% while probability comparison took 30 % of it. The general instructional strategy
began with easy one-dimensional problems, then, continued with two-dimensional
problems. The problems were open-ended and whole-group discussion was used.
Then, students made conjectures about the solutions to the opening problem. The
findings of this study indicated that major mathematical practices for sample space
were odometer strategy which listed complete set of outcomes in either one or two
dimensional problems and multiplication rule. For the probability of an event, the
findings indicated that mathematical practices included “use of invented informal
language to describe probabilities” and “use of sample space composition as a basis
for probability predictions” (p. 357). In addition, it was observed that there were

minimal student to student interactions in the classroom (Polaki, 2002b).

Polaki (2002a) again investigated the growth of 4™ and 5™ students’ probabilistic
thinking by means of two versions of teaching experiments. The first version
included small sample experimental data and sample space composition for dealing
with probability problems. On the other hand, second version included large sample
with software simulations after students were provided with sample space
experimental data. 12 students were purposively selected for this study. Quantitative
findings indicated no significant difference in probabilistic thinking of the students
for these groups while each teaching experiment showed noticeable influence on
students’ growth in probabilistic thinking. The important finding related with present
study here is that the researcher observed minimal student-to-student interaction and
that students generally relied on procedures teachers provided.

From different instructional methods in the literature considered above, it was
observed that the tests or the questions asked to determine the achievement levels of
the students were in line with the instructional methods. Therefore, students were

acquired familiarity with the questions asked in the studies.

Turning back to students’ cognition, in addition to their intuitions in learning

probability, previous experiences in daily life (Fischbein, 1975) and in school
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learning (Kvatinsky & Even, 2002), previous knowledge, and types of instruction
methods positively or negatively shapes students’ intuitions (Fischbein, 1987).
Therefore, their learning of probability was also affected by these factors. In fact, the
teachers should prepare their instructions according to such factors. As it was
mentioned, however, teachers generally prepared their instructions parallel to course
books (Memnun, 2008).

Students make generalizations from experiences in daily life (Fischbein, 1975) and
from experiences in previous learning (Kvatinsky & Even, 2002). They try to relate
their experience with the newly encountered tasks. In some cases, this relation
becomes incorrect. In relation with the learning of the probability, the daily life
experiences are important factors due to the nature of the topic, which includes
instances from the daily life (Fischbein, 1987; Kazak; 2009; Tirosh & Stavy, 1999a).
Considering the previous learning, wrong learning and intuitions become barriers for
students to learn probability (Celik & Giines, 2007), because new knowledge is built

on the previous ones (Papaienymou, 2009).

In line with the previous knowledge, there were many topics for learning probability
including fractions and its comparison with percentage (Memnun, 2008), sets (Bar-
On & Or-Bach, 1988), permutation and combination (Jones, Langrall, & Money,
2007; Yazici, 2002). Therefore, it was necessary for students to have pre-knowledge
about such topics. However, most of the students came with the lack of pre-
knowledge in the process of learning probability (Bulut, 2001).

2.2.2 Students’ Learning Difficulties and Underlying Reasons in Probability

The probability topic is considered as one of the hardest topics in middle and high
school mathematics (Kazak, 2008; 2009) even for adults (Kazak, 2009). Therefore,
the appearance of students’ difficulties and misconceptions was inevitable in such
grade levels. Before introducing general difficulties and misconceptions that appears
among students, there was a need to uncover the underlying reasons for them in

probability.

Considering the reasons for students’ difficulties and misconceptions, the literature

focused on four main categories, which were student related reasons (e.g., Bulut,
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Ekici, & Iseri, 1999; Celik & Giines, 2007; Fischbein, 1975; Giiven, 2000; Memnun,
2008; Papaieronymou, 2009; Rubel, 1996), teacher related reasons (e.g., Bulut, 2001;
Giirbiiz, 2007; Kogce & Baki, 2009; Memnun, 2008; Polaki, 2002a; 2002b; Rubel,
1996), task related reasons (e.g., Fox & Levav, 2000; Havill, 1998; Kazak, 2008;
Papaieronymou, 2009; Riccomini, 2005), and students’ attitudes towards probability
(e.g., Fererman, 2000; Fischbein, Nello, & Marino, 1991; Kazak, 2008; Shaugnessy,
1992).

For the student related reasons, students’ insufficiency in readiness plays crucial role
(Fischbein, Nello, & Marino, 1991). Students do not have necessary pre-knowledge
before beginning to learn probability (Stavy & Tirosh, 1996; Giirbiiz, 2005;
Memnun, 2008). As it is known, mathematics is built on previously learnt knowledge
(Papaieronymou, 2009). If students are lack of pre-knowledge that is necessary for
probability, they will not understand the concepts and applications in probability
(Celik & Giines, 2007). Therefore, students may rely on their wrong intuitions and
fall into misconceptions (Fischbein, 1987), because students could develop incorrect
intuitions without necessary pre-knowledge (Fischbein, 1987). Another student
related reason is that students are focused on the memorization of the rules and
formulas instead of comprehending the topic (Bulut, Ekici, & Iseri, 1999; Memnun,
2008). So, students may lose the main points and move away from the aim of the
tasks asked and the content taught (Rubel, 1996). In fact, the memorization can also
be attributed to teacher related reasons. It is possible that teachers lead students to
memorize the facts and formulas (Memnun, 2008). The excessive memorization may
result in misconceptions in students’ minds (Giirbiiz, 2008). In addition, teachers’
knowledge is also another reason for the misconceptions (Batanero, Godina, & Roa,
2004; Memnun, 2008). If teachers’ knowledge is not enough, the development of
new concepts in students’ mind becomes insufficient (Bulut, 2001). Teachers’
knowledge includes the content knowledge (Batanero, Godina, & Roa, 2004) and the
use of methods (Bulut, Yetkin, & Kazak, 2002; Giirbiiz, 2007) and materials
(Giirbiiz, 2008). It is possible that teachers’ mislead students to learn probability
(Bulut, 2001).

For the task related subjects, students need to be familiar with different types of tasks

and problems (Fox & Levav, 2000). If students are not prepared for unfamiliar
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questions, it is highly possible that students experience difficulties (Havill, 1998;
Papaieronymou, 2009). In Turkey, the questions asked in classrooms are generally
consistent with the university entrance exams (Kogce & Baki, 2009). Therefore,

students are not much exposed to unfamiliar situations.

Lastly, students’ fears (Memnun, 2008; Shaugnessy, 1992) and their lack of
encouragement (Kazak, 2008) to deal with mathematics are considered as the reasons
for students’ misconceptions. Students’ fear influences their intuitions in a negative
way and may lead students to fall into misconceptions (Fischbein, Nello, & Marino,
1991). In relation with teacher and students’ fears, teachers can also promote fear

over students (Memnun, 2008).

The students’ general difficulties were observed in determining the sample size and
the set of the expected elements, in determining the event types (Celik & Giiven,
2007), in differentiating dependent and independent events (Kazak, 2008), in the
interpretation of the chance, and in the interpretation of the concepts of possible and
impossible (Li & Periera-Mendoza, 2002). Students did also subjective judgments,
trying to develop their own solution. Moreover, students had confusion in simple and
compound events. They also ignored the size of the samples in the questions
(Memnun, 2008). All difficulties and misconceptions that students had were not
considered as the intuitively-based ones. However, most of the misconceptions in the
probability could be considered under the intuitively-based misconceptions (e.g.,
Celik & Giiven, 2007; Fischbein & Schnarch, 1997; Kazak; 2009; Li & Periera-
Mendoza, 2002; Memnun, 2008; Stavy & Tirosh, 2000).

2.2.3 Teachers Awareness and Knowledge of Students’ Misconceptions

In Stohl (2005) and Batanero, Godina, and Roa’s (2004) studies, what teachers’
knowledge should include was clarified. Accordingly, teachers should have the
content knowledge of probability, pedagogical knowledge including instructional
methods, strategies in problem solving processes, ability to analyze course books and
other materials, and their use in teaching practices. In addition, teachers’ knowledge
of students’ misconceptions (Stohl, 2005) and thinking (Rowan et al., 2001) are also
considered as the necessary knowledge that teachers need to have. For students’

thinking, Rowan et al. (2001) refers to “the knowledge of likely conceptions,
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misconceptions, and difficulties that students at various grade levels encounter when

learning various fine-grained curricular topics” (p. 5).

Even if a teacher possesses a sophisticated understanding of specific
conceptual obstacles and their causes, such awareness may not be prioritized
during teaching (Bayazit & Gray, 2006, p. 121).

From the quotation given above, even if teachers are equipped with the necessary
knowledge, it will not necessarily mean that teaching practices become successful in
classroom environment. However, having necessary knowledge was crucial in the

way through successful teaching practices (Shulman, 1986).

Although teachers need to beware of the possible misconceptions in probability
before beginning to the teaching practices, the literature indicates that even teachers
have misconceptions including intuitively-based ones (e.g., Begg & Edwards, 1999;
Fischbein & Schnarch, 1997; llgun & Isik, 2012; Jendraszek, 2008; 2010; Watson,
2001). For example, Jendraszek (2008) states that teachers have intuitively-based
misconceptions such as availability and types of representativeness heuristics (Begg
& Edwards, 1999; Fischbein & Schnarch, 1997), and time-axis probability (Carnell,
1997). In addition, Ilgun and Isiksal (2012) found that pre-service elementary school
teachers had misconceptions of conjunction fallacy, and the positively and negatively

recency effect.

Continuing with the knowledge of students’ misconceptions, Watson (2001) found
that teachers were aware of the difficulties of finding probabilities, interpretation of
the data and outcomes, conceptual understanding of theoretical and experimental
probabilities, as well as conditional probability. In addition, Papaieronymou (2009)
stated that teachers needed to acquire common difficulties and misconceptions
including learning of the probability concepts, law of large numbers,

representativeness, and biases.

In order to resolve misconceptions, the necessity to use hands on and practical
activities (Watson, 2001) including visual (Batanero & Diaz, 2012) and physical
materials (Giirbiiz, 2005) were important knowledge that teachers needed to know.
Memnun (2008) and Nicolson (2005) implied the importance of the necessary
repetitions which were not sufficiently performed during the teaching practices.
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Batanero, Godina, and Roa (2004) found that teachers were lack of the knowledge
about students’ difficulties and misconceptions, teaching approaches, resources, and
the use of materials and technologies in the classrooms. Another important point to
provide students with understanding of the probability was students’ involvement
(Ojeda, 1999). Watson (2001) found that teachers were doing surveys and projects,

playing chance games for getting their involvement.

Although daily life examples were important to imagine the probability concepts
(Fischbein, 1987), teachers were using verbal expressions in order to explain
probability concepts including “certain”, “probable”, impossible (Paparistodemou,
Potari, & Pitta, 2006). However, verbal expressions were not persistent in students
mind (Giirbiiz, 2008). In fact, teachers theoretically knew the importance of giving
daily life examples, the students’ involvement, the use of tools; they were not
transferring them into practice in the teaching of the probability (Paparistodemou,
Potari, & Pitta, 2006). One of the reasons for this situation was that teacher training

in probability did not satisfy the demands of classroom practices (Ojeda, 1999).

Lastly, it was found that teachers gained awarenesses and knowledge of students’
difficulties and misconceptions via experience (Memnun, 2008). In the early years of
teaching profession, teachers cannot combine their awareness and knowledge with

the practice (Paparistodemou, Potari, & Pitta, 2006).
2.3 Summary of the Literature

In this chapter, the current literature about intuition, its characteristics, its relation
with probability, its role in learning probability, common intuitively-based
misconceptions among students in probability, teachers’ teaching practices in
teaching probability, and students’ difficulties and underlying reasons in learning
probability were reviewed before beginning to collect data. In addition, national and
studies related to teaching of probability were also reviewed. The summary of the

literature review was given as follows.

e Intuition has many definitions (e.g., Bruner, 1962; Fererman, 2000;
Fischbein 1987; Shirley & Langan-Fox, 1996) one of which is immediate
apprehension without conscious awarenss (Rorty, 1967; Stavy & Tirosh;
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2000). In addition, it has many characteristics including unconscious
apprehension (e.g., Herman, 2007; Jung, 2002; Myers, 2002), affecting
people’s reasonings (e.g., Dane & Pratt, 2007; Fischbein, 1987).
Probability topic has many application areas in daily life (Anastasiadou,
2009; Andra, 2011; Freudenthal, 1970; Kazak, 2008; 2009; Kahneman &
Tversky, 1982; Kvatinsky & Even, 2002; Way, 2003) and students can
easily be affected by their intuitions in learning it (Fischbein, 1975;
Fischbein & Schnarch, 1997; Langrall, Jones, & Mooney, 2007; Pratt,
2000). Students need to use correct intuitions during the learning processes
(Fischbein, 1999; Weber & Alcock, 2004).

Using intuitions has positive impact on learning probability. On the other
hand, sometimes, it may behave as an obstacle to learn it. (Babai et al.,
2006; Fischbein, 1975; 1982; 1987; 1999; Havill, 1998; Kazak & Confrey,
2007; Myers, 2002; Stavy et al., 2006; Weber & Alcock, 2004)

Regarding probability, students have intuitively-based misconceptions
while solving problems. Common intuitively-based misconceptions among
students in probability are availability heuristics (Celik & Giines, 2007;
Fischbein & Schnarch, 1997; Fox & Levav, 2000; Kahneman & Tversky,
1972;  Shaugnessy, 1992; Tversky & Kahneman, 1983a),
representativeness heuristics (including positively and negatively recency
effects, sample size effect, and outcome approach) (Batanero, Godina, &
Canizares, 2005; Chiese & Primi, 2008; Fischbein, 1975; Fischbein, Nello,
& Marino 1991; Konold et al., 1993; Lecoutre, 1992; Li & Periera-
Mendoza 2002; Rubel 2002; Shaugnessy, 1992; Tversky & Kahneman,
1971; 1982), simple and compound events (Celik & Giines, 2007;
Fischbein, Nello, & Marino, 1991; Fischnein & Schnarch, 1997; Lecoutre
& Durand, 1988; Li & Periera-Mendoza, 2002; Rubel, 2002; 2007;
Shaugnessy, 1992), conjunction fallacy (Celik & Glines, 2007;
Shaugnessy, 1992; Tversky & Kahneman, 1982; 1983b), and conditional
probability misconceptions (Bar-Hillen & Falk 1982; Falk, 1979; 1983,
Fischbein & Schnarch, 1997; Fox & Levav, 2004; Jones, Langrall, &
Money, 2007; Kazak, 2008; Watson & Kelly, 2007). In addition, Tirosh
and Stavy (1999a; 1999b; 2000) developed a theory of intuitive rules.
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Tirosh and Stavy observed that students gave similar answers to unrelated
tasks. Two rules were taken into consideration in this study. These were
the misconceptions of “same of A — same of B” and “more of A — more of
B”.
There are many reasons of students’ difficulties in probability. These
difficulties are stemmed from content related factors (Bills & Husbands,
2005; Fox & Levav, 2000; Keitel & Kilpatrick, 2005; Memnun, 2008;
Papaieronymou, 2009; Riccomini, 2005), teacher related factors (Kégce &
Baki, 2009; Marek, Cowan, & Cavallo, 1994; Nakiboglu, 2006; Polaki,
2002a; 2002b; Rubel, 2002; Stohl, 2005; Ubuz, 1999), and student related
factors (Bulut, Ekici, & Iseri, 1999; Celik & Giiven, 2007; Giiven, 2000;
Memnun, 2008; Skelly & Hall, 1993). Among them, the insufficiency of
regular instruction (Batanero & Diaz, 2012; Batanero, Godina, & Roa,
2004; Chich & Pierce, 2008; Giirbiiz, 2007; 2009, Yazici, 2008) and
students’ incorrect intuitions (Fischbein, 1987; 1992; Fischbein &
Schnarch, 1997; Fox & Levav, 2004; Memnun, 2008; Myers, 2002) are
crucial for students’ difficulties and misconceptions in probability.
Instead of only memorizing the rules and doing calculations, national
(MoNE, 2005a; 2005b) and international curricula (CCSS, 2010; NCTM,
2000) emphasized understanding and interpreting probability concepts and
computing probability values for interpreting data, using to solve
problems, and evaluating the outcomes for making decisions.
However, the aims of teachers’ teaching practices are not consistent with
the aims of the national and international curricula (Bulut, 2001; Celik &
Giines, 2007; Giirbiiz, 2008; Havill, 1998; Kogce & Bal, 2009; Memnun,
2008; Papairenymou, 2009; Shaugnessy, 1992; Riccomini, 2005).
The direct instruction method was dominant among mathematics teachers
and they followed course books while teaching probability (Bulut, 2001;
Giirbiiz et al., 2010; Rubel, 1996; Memnun, 2008; Yetkin & Kazak, 2002).
Teachers focused on formulas, types of events, rote memorizations. This
situation directed students to misconceptions including intuitively-based
ones (Bulut, Ekici, & Iseri, 1999; Fischbein, 1987; 1999; Fischbein, Nello,
& Marino, 1991, Tirosh & Stavy, 1999a; 1999b).
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e There were many studies that investigated the effect of different
instructional methods to make students comprehend the topic and resolve
their misconceptions (Babai et al., 2006; Brunner, 1997; Chiese & Primi,
2008; 2009; Dereli, 2009; Giirbiiz, 2005; 2007; Giirbiiz et al., 2010;
Nicolson, 2005; Polaki; 2002a; 2002b; Sengiil & Ekinozi, 2004; Tirosh;
2000; Watson, 2001; Yazici, 2002). Some of them specifically investigated
the alternative instructional methods to resolve intuitively-based
misconceptions (Babai et al., 2006; Chiese & Primi, 2008; 2009; Polaki;
2002a; 2002b).

o As for teachers’ awarenesses, teachers need to know content knowledge of
probability, pedagogical knowledge including specific instructional
methods for probability, strategies in problem solving processes, and have
ability to analyze resources to use in teaching practices (Batanero, Godina,
& Roa, 2004; Stohl, 2005). In addition, teachers need to know students’
thinking and misconceptions in probability (Batanero, Godina, & Roa,
2004; Bayazit & Gray, 2006; Stohl, 2005; Papaireonymou, 2009; Rowan
et al., 2001; Watson, 2001).

e However, even teachers have misconceptions in probability (Begg &
Edwards, 1999; Fischbein & Schnarch, 1997; Ilgun & Isik, 2012;
Jendraszek, 2008; 2010; Watson, 2001) including intuitively-based ones
(Begg & Edwards, 1999; Carnell, 1997; Fischbein & Schnarch, 1997,
Ilgun & Isiksal, 2012; Jendraszek, 2008).

e In order to resolve misconceptions in probability, there are many hands on
and practical activities (Batanero & Diaz, 2012; Fischbein, 1987; Giirbiiz,
2005; Memnun, 2008; Nicolson, 2005; Ojeda, 1999; Watson, 2001).
However, teachers did not transfer them into practice (Bayazit & Gray,
2006; Ojeda, 1999; Paparistodemou, Potari, & Pitta, 2006).
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CHAPTER 3

METHODOLOGY

In this chapter, methodology of the research is described. This chapter includes the
design of the research, participants, instruments, and data analysis procedures. Then,

the reliability, validity, and ethical issues are discussed.

3.1 Design of the Study

The purpose of this study was to investigate middle and high school students’
intuitively-based misconceptions, and teachers’ knowledge about the misconceptions
and teaching practices in resolving them. In line with the purpose of the study, since
the aim of qualitative approach was to understand individuals’ behaviors in their
natural environment from a different perspective (Yildinnm & Simsek, 2006), the
qualitative approach was used in this study. This study included semi-structured and
unstructured interviews with participants, the observations of teachers’ regular

instructions in the classrooms, and the open-ended tests subjected to the participants.

The multiple case study method was used in the study because the procedures can be
replicated and the results among the cases can be compared (Stake, 1995) while
investigating a concern or issue (Cresswell, 2007). The concern in this study was
intuitively-based misconceptions and teachers’ practices to resolve them. With this
method, more generalized findings can be reached (Merriam, 1998). There was a
need to bring standards to the aim of data collection, the data collection tools, and
data analysis for the same research problem while studying with different cases.
Therefore, holistic-multiple case study method was used to compare the findings
gathered from the cases separately (Yin, 2003). So, more generalized findings were
presented (Yildirim & Simsek, 2006).
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In line with the procedures, benefits, and the requirements of multiple case study
design, there were two cases in this study. The cases were middle and high school
mathematics teachers and their students. In the first case, there were two middle
school mathematics teachers who were teaching to 8" grade students. Second case
was including three high school mathematics teachers who were teaching to 11"
grade students. In addition, the procedures for the holistic multiple case study design
were used because the same data collection tools were used and the same procedures
were followed in the data collection and the data analysis. At the end, the results
gathered from the cases were compared with each other.

3.2 Participants

In general, the purpose of a case study is to investigate and understand the
characteristics of a unit (Cohen, Manion, & Morrison, 2000). Here, the unit can be a
person, a class or a community. In this study, the units to be investigated were
middle and high school teachers and their students. The participants were selected

purposively.

In qualitative studies, the general concern is to gather maximum information from
the cases while choosing a case (Stake, 1995). It is very beneficial for the researcher
to choose “information rich cases” while collecting data from them (Merriam, 1998).
Since the research questions of this study were comparing similarities and
differences between middle and high school mathematics teachers’ knowledge of
students’ intuitively-based misconceptions, their students’ misconceptions, and their
teaching practices in resolving them, the cases were considered as middle and high
school teachers and their students. For selecting the participants for each case, the
researcher conducted interviews with six school principals about the purpose of the
study, about what was needed for the research, and about the ways to collect data in
the schools. In addition, the researcher showed the permission letter obtained from
Provincial Directorate of National Education (see Appendix E). After that, the
researcher made informal interviews with three middle school teachers and five high
school teachers in a city center located in the eastern part of Turkey. The researcher
informed teachers about the purpose of the study, about what was needed to do
during the study, and the ways to collect data.
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To get richer information from the teachers, the researcher asked questions in a way
that whether teachers were willingly to attend the study or not. For example, they
were asked whether they are willing to be interviewed several times during the data
collection processes or not. Their moods during the interviews were also important
for the researcher. For example, a middle school teacher expressed the high workload
in the school. While talking about the data collection, one science high school
teacher did not want to be observed and recorded with the camera in the classroom.

Therefore, the researcher had to eliminate these two teachers from the research.

Merriam (1998) asserted about the necessity of the other criteria for selection of the
cases. The criteria should depend on the purpose of the study. Accordingly, the
researcher considered the achievement levels of the schools because teachers’
teaching practices might change while teaching the probability topic. In addition,
students from different school types might have different intuitively-based
misconception. The researcher wanted to choose one teacher from science high
school which had high achieving students, one teacher from vocational high school
which had low-achieving students, and lastly one teacher from Anatolian high school
which had both high and low achieving students. Although both middle schools were
located in the city region, one school was located in the city center while the other
school was located around the city. The researcher learnt in the interviews with the
principals that the school in the city center was very popular and the families were
very interested in their children’s education. On the other hand, the other school was
located in the village-like suburban area; therefore, students who were living around

this school attended the study.

Another important point was to get the same curriculum for the classrooms in which
the study conducted. Although there were two teachers in vocational high school to
teach probability, there were only two hours per week in one teacher’s program, and
four hours per week in the other teachers’ program. To satisfy this criterion, the
researcher eliminated the teacher who had two hours per week in the program.
Therefore, two cases including five teachers were chosen purposively for the
research. Each teacher was from different schools.
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Another criterion was that teachers must have at least one-year experience
(completing internship as a teacher) and must teach the probability subject before.
The reason was that teachers needed to get in touch with students, to have
information about students’ needs, and to get familiarities about what the important
points were to teach in teaching processes. Among five teachers, all satisfied this

criterion.

The researcher preferred to use pseudonyms for each teacher. This part includes
some background information about the teachers. The Table 3.1 below indicates
some basic information for the teachers.

Table 3.1 Teachers’ Demographic Information

Experience :
Cases Teachers Gender  Age (yearsin Grad[L;atlon Yearand
; epartment
teaching)
Middle Ahmet* M 25 2.5 2009 — Department of Midd!e
School School Mathematics Edu_catlon.
Teachers Baris M 30 6 2005 - Departmer_n of Mldd!e
School Mathematics Education.
Cihan M 27 2 2009 — Department of
(Vocational) Mathematics
) 2010 — Teaching Certificate
High Dogan M 32 8 2004 — Department of
School (Anatolian) Mathematics
Teachers 2006 — Teaching Certificate
Erdal M 39 15 1998 — Department of
(Science) Mathematics Education

*: All names are pseudonyms.

In this part of the study, the cases were presented. The general information was given
about the teachers in the cases, the general environment of their classrooms, and
what they generally did in a regular lesson. In addition, there was also information

about student participants for the interviews.

3.2.1 Introduction of the Case 1: Middle School Teachers and their Students

The case one was including two middle school teachers (Ahmet and Baris) and their
students. The general information about the teachers, their students, and classroom
settings were presented in this section.

Ahmet was 25 years old and had 2.5 years teaching experience. He offered private

preparatory courses in a private institution (dersane) to middle school students for a
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while, then, began working in the middle school located in the city center. In
addition, he was also giving private courses to students. He has worked in this school
since September 2012. He graduated from the department of middle school
mathematics education in 2009. He got two probability and statistics courses during
the teacher training program. He taught probability subject to middle school students.
He was very anxious about the data collection procedures. To overcome this
problem, the researcher followed his classes twice before beginning to the actual

classroom observations.

Beginning with the classroom environment, the classroom was located in the ground
floor. The walls were painted into white color and the classroom got sun lights
during the lessons. The classroom was very clean. Students were getting full time
education in the school. The lessons were beginning at 8:20 and ending at 15:20. The
mathematics lessons were at 8:20 to 9:50 in Tuesday in two sections and at 10:00 to
11:30 in Thursday in two sections. Each class hour lasted 40 minutes. Therefore, all

mathematics lessons were before the noon.

The sitting arrangement in the classroom was given below in the Figure 3.1. The
boys and girls were shown as “B” and “G”, respectively. There were 10 boys and 12
girls in the classroom. There were more desks for students than their needs in the
classroom. Although the general appearance of the sitting arrangement was seen in
the Figure 3.1, sometimes students were changing their desks before, between or
during the lessons.

Black Board
Teachers :::G
Desk o
= G G G G B
a B G G G
2
z B G B
B B G G
B B G G
B

Figure 3.1 General appearance of Ahmet’s classroom
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In his regular lessons, Ahmet generally began with the roll call. After the roll call,
teacher tried to manage the classroom. There was a classroom management problem
in the classroom. Students were going from one row to another every time. The
classroom was becoming very noisy in many times. Teacher sometimes spent times

for making the classroom be quiet and for making students sit on their desks.

Ahmet was stick to the course book. He always followed it and did not use any other
sources. He wrote everything in the book to the blackboard and expected students to
write it on their notebooks. He was using direct instruction method. He did not ask
anything to measure students’ readiness or he did not do formative test before
teaching the probability. Students were taught basic concepts and some probability
topics in 6™ and 7™ grades. However, they did not consider whether they forgot the
topics or not. He wrote the concepts and definitions on board and explained them
verbally. In the question solving process, he expected some students from front rows
to write the question on the board. He sometimes made students solve the questions
on the board. In general, he explained the solution on the board and passed to the
next question. Between the questions, he spent too much time for writing the
question to the board, for waiting for students’ solutions, and for waiting students to
write the solutions to their notebooks. He was always asking whether students
understood the question or not. During the question solution processes, students
faced with some concepts that they had never learnt before or they could not
remember. However, the teacher did not give pay attention to these concepts.
Sometimes, he briefly said the meaning. The student-teacher interaction was very

limited during the observations.

He taught dependent/independent probabilities and theoretical/practical and
subjective probabilities in six class hours. He did not mention about the previous

topics.

Baris, on the other hand, was 30 years old and had 6-year teaching experiences. His
teaching profession began in the MoNE. First of all, he worked in a different city for
a year. Then, he began working in the city where the study was conducted since
September 2008. The school he was working at was located in the suburban part of

this city. In addition to lessons in this school, he was also teaching mathematics in a
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SODES (Social Support) project conducted in the city center for students who were
studying for SBS exam and were financially in a bad condition. Moreover, he was
preparing students for the regional workshop of TUBITAK (Scientific and
Technological Research Council of Turkey). He was very relaxed about the data
collection procedures.

He had been teaching in his school for four years. The classroom was in a bad
condition compared to Ahmet’s classroom. The wall paints were not good enough.
However, the classroom was clean enough and got sun lights. Students were getting
half time education in the school. They were coming only in the morning. The
lessons in the school were starting at 6:40 and ending at 11:40. The mathematics
lessons were from 8:10 to 9:35 on Monday and from 6:40 to 8:05 on Wednesday in
two sections. Each section lasted 40 minutes. There were five-minute-breaks

between lessons.

Although the classroom was one of the less crowded classrooms in the school, there
were 37 students. Among them, 20 students were male and 17 students were female.
General appearance of the sitting arrangement was shown below in the Figure 3.2.
Sometimes students were changing their desks. However, it was very limited. In
addition, some students were coming a little late on Wednesdays because the lessons

began very early in the morning.

Black Board
Teacher's g
Desk g
B B G G BE B B
EE,' G G G G B B
o
2 G G G G B B
G G G G B B
B B 3 G B B
B B 3 B B B
B B

Figure 3.2 General appearance of Barig’s Classroom
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In his regular lessons, Baris also began with the roll call. Then, he mentioned about
what was learnt in the previous lessons and related it with the following concepts or
topics. He tried to eliminate the readiness and to explain the concepts and application
according to students’ needs before or during the lessons. He was using direct
instruction method. In addition, he was questioning students with question-answer
method and evaluating their answers. While beginning to the probability subject, he
briefly mentioned about the previous topics in the probability. He explained the
concepts and the necessary knowledge for preparing students to 8" grade probability
curriculum. He also used materials and gave daily life examples in the lesson. He
was also stick to the course book. However, he rarely used different sources and

materials in his lessons.

He was also writing whole question to the blackboard. However, he sometimes used
abbreviations related to questions and solved the questions based on them. He was
giving enough time to students to solve the questions. Then, he directly solved the
question or expected one student to solve it on the board. When new or possible
forgotten concepts appeared in the question solution, he explained it by using
different methods such as giving daily life examples. There were good interaction
between the students and the teacher. Students could easily ask questions to teachers
and the teacher was giving satisfactory answers. In addition, the teacher was also
asking some questions to students to make them understand the subject
comprehensively.

Although the curriculum was including only the topics of the dependent/independent
probabilities and theoretical/practical and subjective probabilities, he also taught the
probability of simple events and the inclusive-mutually exclusive events. He also
solved questions for the topic of the infinite probabilities. He allocated six class
hours for the probability subject. During six hours, he also briefly explained the basic

probability subjects, formulas and previous lessons in the first class hour.
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3.2.2 Introduction of the Case 2: High School Teachers and their Students

The case two was composed of three high school teachers and their students. This
section of the study gives general information about these teachers, their students,

and the classroom settings.

Cihan was 27 years old and had two-years of teaching experience. He graduated
from mathematics department of a science and art faculty in 2009. Then, he
continued to a non-thesis master degree for the certificate of teacher education. He
completed this degree in 2010. In 2012, he was continued to the master degree with
thesis in the department of computer education technologies. He was working in the
vocational high school. This school was the first place for his teaching experience.
He was also working as the chairman of the mathematics department in his school.
Therefore, he was responsible to prepare the basics of the teaching program. Similar
to Ahmet, he was also excited when he heard the observations in the classroom.
Before beginning the data collection processes in the study, the researcher observed

two hours of his instructions.

He taught two years in this school. The classroom was in a good condition, clean and
had white painted walls. It got sun lights during the lessons. All students were getting
full time education. The lessons were from 8:00 and ending at 16:10 on Mondays and
15:20 on the other week days. The mathematics lessons were from 10:30 to 12:10 on
Tuesday and from 13:30 to 15:10 on Wednesday in two sections. Each section lasts

45 minutes. There were ten-minute-breaks between lessons.
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Figure 3.3 General appearance of Cihan’s classroom

The classroom was less crowded one among the other classrooms in the study. There
were 17 male students. There were no female students in this classroom. The general
arrangement of the classroom was shown in the Figure 3.3.

Since the classroom was not crowded. The roll call was always skipped. He usually
asked one of the students whether all students are present or not. Then, he mentioned
about what was done in the previous lessons. He was also mentioning about what
would be learnt in two class hours in that day. He was using direct instruction
method in the lessons. He was always making students remember the concepts and
was always repeating the meanings of the concepts, formulas, and the ways of
solving the questions during the lessons. Question-answer method was widely used
in the lessons. When he began to teach probability subject, he mentioned about the
relations among the topics of permutation, combination, and probability. He spent
considerable amount of time for concept teaching. He tried to eliminate the
inadequacy of students’ readiness for the probability subject. During the lessons, he
was stick to the text book. However, this text book was not one of the MoNE’s
course books; instead, it was for preparatory book for university entrance exam. He
was tried to solve as many questions as possible. He did not use any materials for

teaching other than course book. Instead, he tried to give daily life examples.

In general, he was solving the questions written on the blackboard. However, he was

giving permission to the students to solve the questions on the board. He was

directing students and telling the ways of solving it while students were on the board.
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He was explaining the solutions at least two times. Before beginning to solve the
question, he mentioned about the type of the question and the ways to solve it. He
was Very stick to the formula. He was trying to transform the given information into
formulas. If any new concept appears in the question, he was explaining it or asking
students for explanation. He was not giving enough time to students to find the
answer. There were student-teacher interactions. However, it was not that much as in

the Barig’s or Dogan’s classrooms.

In the curriculum, there were 10 class hours for probability subject. Cihan used all of
them. He completed whole subject in these lessons, then, he used last two hours for

solving mixed questions. He also taught the infinite sample space subject.

Dogan was 32 years old and had eight years of teaching experience. He was
graduated from mathematics department from science and art faculty in 2004. Then,
he continued to non-thesis master degree for getting the teaching certificate in
educational institutions. Before working for MoNE, he also offered private
preparatory courses (dersane) in private institutions for three years. He got the
certificate while working in the private institutions. Then, he began working in
different high schools in the city where the study was conducted. He has worked in
Anatolian high school since September 2010. He stated that he was very flexible and
relaxed in the classroom; therefore, he was open to be observed in the classroom and

to be interviewed.

Dogan was a teacher in Anatolian high school. He has taught in this school for three
years. His classroom was in good condition and painted to white. It was clean and
getting sun light during the lessons. The classroom included two boards, white and
black. However, the blackboard included smart board behind it. So, teachers could
use smart board whenever they wanted. Dogan did not use the smart board any time
during the observations. Students were coming to school both before and after noon.
The lessons in the school were beginning at 8:00 and ending at 16:05. The
mathematics lessons were from 13:30 to 15:10 on Tuesdays and from 9:50 to 11:30
on Wednesdays in two sections. Each section lasted 45 minutes. There were ten-

minute-breaks between the lessons.
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The class was not very crowded. There were 21 students in his classroom. There
were 15 male students and six female students. During the observations, some
students were attending a kind of competitions among the high schools. Therefore,
two or three students could not attend to some lessons. In addition, there were very
few changes in sitting positions among the students during the observations. The

general sitting appearance is shown in the Figure 3.4 below.
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Figure 3.4 General appearance of Dogan’s classroom

In his regular lessons, Dogan also began with the roll call. After then, he briefly
mentioned about what would be learnt in the lesson. He was also mentioning about
the previous lessons’ content. He was asking about whether there were any points
students could not understand in that content. He was generally using the direct

instruction.

He began to teach probability subject with the concept definitions. While doing this,
he was stick to a book which was a preparatory book for university entrance exam.
He was writing the concepts to the board and explained them by using daily life
examples. He did not spend much time on concepts. However, he asked students the
meanings of them and expected examples from them. Although the classroom was
provided with a smart board, he never used it during the observations. The general

trend of his lessons was to solve as many question as possible. He was also trying to
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choose the questions from different types. He did not use any material other than the

supplementary book.

He was writing the questions to board and giving enough time to the students for
solving it. While waiting them, he was checking their solutions on their notebooks
and showing the incorrect points if including. He was asking students to solve the
question on the board. If they were stuck on the solutions, he helped to the students.
Moreover, he was solving questions as many possible ways as he could. First of all,
he was solving the questions in formal solution with formulas and concepts, then, he
was trying to show the shortcuts. In addition, if there was any point which was not
understood, he was giving satisfactory explanations. The student-teacher interaction

was very high during the observations.

Although the time allotted for probability subject was 10 class hours, he completed
the subject in seven hours. He did not teach the topic of the infinite probabilities. He
completed the subject in six hours and he spent one hour for solving mixed questions

from a test sheet including 16 multiple-choice questions.

Erdal was 39 years old and had 15-year teaching experiences. He was working in
science high school since September 2010. He graduated from the department of
mathematics education from faculty of education in 1998. He stated that he
completed the university in 4.5 years. He began working in public high school in
February 1998. He worked in two different high schools in the city center where this
study was conducted. After working three years, he gave resignation and began
working in private institution in a different city. He was offering preparatory courses
to students both in private institutions and in his home office. He started to work in a
town of a different city. One year after he started to work in private institutions, he
moved to that city’s center. He worked five years in private institutions. Then, he
decided to work in public schools. He moved to city where the study was conducted,
again. He had been there since September 2006. He worked three different high
schools. In the meanwhile, he was also working in private institutions. At the end, he
had his own office for offering private courses. He was very interested in new
applications and materials in mathematics. He was also very active in TMOZ (an

internet platform -google group- for mathematics teachers, mathematics learners, and

69



students in order to share ideas, and questions and to interact with others in Turkey).
He was very interested in finding and solving different questions in mathematics. He
was also preparing students for the regional workshop of TUBITAK. This teacher
was also the only teacher who used smart board in classroom. He was very relaxed

while the observations.

Erdal’s school was very prestigious in the city where the study was conducted,;
therefore, the physical condition of the school was very good. The classroom was
provided with the smart board similar to that in Anatolian high school. The students
were coming to school before and after noon. The school was a boarding school both
for girls and boys. Therefore, most of the students were staying in the dormitory. The
school was starting at 7.30 and ending at 15.35 in the school. The mathematics
lessons were from 7.30 to 9.10 on Wednesdays and from 13.00 to 14.40 on
Thursdays in two sections each. Each section lasted 45 minutes. There were ten-

minute-breaks between lessons.

In general, the classrooms in science high school were not very crowded. There were
21 students in Erdal’s classroom. Among them, six students were girls and 16
students were boys. The researcher did not see any changes in the desk arrangements.
Since it was boarding school, all students were ready in the lessons during the

observations. The general appearance of the seat arrangement in Erdal’s classroom

was as follow.
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Figure 3.5 General appearance of Erdal’s classroom
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The lesson began with the roll call. Then, teacher swithed on the smartboard to teach
probability. In concept teaching process, teacher explained the concept verbally. He
did not pay much attention to them. He was considering that students’ readiness for
probability was enough and they did not need extra effort for it. He was only giving
the basics of each topic in the probability subject. In general, he was explaining the
formulas for independent probability, conditional probability. These were written on
the board as small notes. Then, he was solving questions related to the topics taught.
While doing it, he was using the smart board in order to reflect the pdf-file formatted
preparatory books for university entrance exam. He used two different books during
the observations. He was trying to solve different type of questions. He was also
searching for interesting questions. Other than reflecting the questions and writing

short notes, he did not use the smart book for any other purposes.

If there appeared any points which were not understood, he was explaining verbally
by giving daily life examples. He did not use any materials during the observations
other than these books. During the question solving processes, he waited for students
to solve it. While waiting for them, he was checking students’ answers and showing
the incorrect points if it included. After showing the way of solving the question, he

did not wait for the exact answer and passed to the another one.

Although the time allotted for probability subject was 10 class hours, he completed
the subject in six hours. He completed the subject teaching processes in five hours
and used last hour for solving unfamiliar probability questions and mixed ones.
Although he did not mention about the infinite sample size topic, he solved such

unfamiliar questions with this topic.

3.2.3 Student Participants for the Interviews

The study also included interviews with the students selected from the classrooms of
each teacher. In the first stage, since the criteria were easy to satisfy, the convenience
sampling method which provides researcher with saving time and effort was used
(Patton, 2002). At the beginning, all students in the selected classrooms took the
Probability Test of Intuition (PTI) (see Appendices C and D) test before and after the

regular instructions. Then, intensity sampling method was used to choose students
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participants for the interviews. This type of method “consists of information-rich
cases that manifest the phenomenon of interest intensely, but not extremely” (Patton,
2002, p.234). Patton gives examples of sample for the information-rich cases for this
method as below average/above average students. In this study, the instruction
affected students’ knowledge of probability, therefore, the misconceptions that they
had. It was expected that some students would change the solution methods in the
second test, while others would not. In addition, it was also expected that some
students would give correct answers while others would not. Here, the interest was
whether students’ intuition misleaded them in solving questions and whether their
intuition changed in accordance with the given instruction or not. For the
information-rich cases, two students from each classroom (total of 10 students from
five classrooms) were selected for interviews. In the selection procedure, students’
responses to the pre- and post- tests of the PTI were considered. According to the
results, students who intuitively responded to question incorrectly in both tests and
those who changed their answers after instruction were selected for the interviews.
The purpose of these interviews was to investigate underlying reasons of the
intuitively-based misconceptions in probability. Students’ thoughts about the
misconceptions and reasons behind their intuitively-based misconceptions were
examined during the interviews. The interview questions were the same questions in
the PTI. In line with the purpose of semi-structured interviews, their reasonings were
seeked with “how” and “why” questions, so students’ logic about the misconceptions

was uncovered.
3.3 Procedure and Data Collection Tools

The data were gathered from different sources. The sources were the probability test
which was prepared by the researcher, as a result of interviews with teachers and
students, classroom observations, and field notes during the observations. Various
sources of data help the researcher to develop overall organized data analysis and
interpret data properly (Fraenkel & Wallen, 1996). As the purpose was to seek for
patterns and common themes about the topic studied, triangulation method was a
useful tool for this study (McMillan & Schumacher, 2010). In triangulation, the
researcher uses two or more methods to collect data for studying on human behaviors
and to find similarities about individuals’ behaviors (Cohen, Manion, & Morrison,
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2000). Similarly, this study was seeking pattern from their responses to open-ended
questions to determine students’ intuitive based misconceptions from different

perspectives such as the answers to test, interviews and classroom observation.

Related to the topic studied, probability was taught to 8" grade students under the
probability and statistics topic which was one of the five learning domains in middle
school curriculum. The time allotted for probability was six class-hours for 8" grades
(MoNE, 2005a).

On the other hand, the probability is taught in the 11" grade of students’ education
life in high school. There are three learning domains that students are responsible for.
These learning domains are algebra, probability and statistics, and trigonometry. The
probability is one of the four sub-domains under the probability and statistics
learning domain. Permutation, combination, binomial expansion and probability are
sub-domains under this learning domain. The total time allotted for probability and
statistics learning domain is 28 hours. However, only 8 class hours were allotted for
probability sub-domain. In the weekly course plan for 11" grade students, there are
four hours mathematics lessons. Therefore, the time duration for the instruction for
the probability sub-domain is two weeks (MoNE, 2011). However, teachers did not
consider the time interval. Researcher attended teachers’ all lessons in probability.
Due to the requirement of triangulation, there were many data collection tools used
in the study, such as the test conducted to students, two semi-structured interviews
for teachers and one for students, and field notes.

The study was conducted in two stages. In the first stage, the classes of 8" and 11"
grade students were subjected to the PTI two times (before and after regular
instructions). The reason of the administration of the test to the whole class was that
conducting the study in natural setting was one of the most important characteristics
of qualitative research (Creswell, 2009; Fraenkel & Wallen, 1996; Patton, 2002).
Then, purposively selected participants were interviewed in the second stage. In
addition to interview with students, all teachers from each grade levels were
interviewed before and after the regular classroom instruction. Moreover, their
instructions were observed during the process of teaching probability. The aim of the

interviews with teachers and video-taped observations was to determine the
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differences and similarities of the teachers’ awareness and knowledge about the
intuitively-based misconceptions and the factors that might result in such
misconceptions. In addition, teachers’ awareness about students’ cognitions in
probabilistic thinking (e.g. their awareness about students’ misconceptions,
conceptions and mistakes in probability), how they organize the instruction to
resolve the perceived misconceptions (e.g. the use of materials or instructional

methods and strategies), and the possible teaching practices were also investigated.

3.3.1 Probability Test of Intuition

A test was prepared by the researcher to determine 8" and 11" grade students’
common intuitively-based misconceptions in probability. It measures whether
students fall into intuitively-based misconceptions and students’ thinking about the
misconceptions. The test included seven open-ended questions. In the preparation of
the test, the researcher benefited from the current literature. The questions in the test
were either adapted from the literature or prepared directly by the researcher. This
test was administered twice. The first administration was at the beginning of the
research, before the instruction was provided. After the instruction finished, the same
test was administered to students, once again. The tests took one class hour and

administered by the researcher himself.

Before administering the test, it was subjected to expert opinions for determining the
suitableness of the content of the test for the participants of this study, its
appropriateness for the curricula of 8" and 11" grade, and for the purpose of this
study. Necessary rubric was provided to experts who evaluated the content of the
test. The experts were doing their PhD in mathematics education and were research
assistants in middle school mathematics education department. In the rubric, the
experts were expected to indicate if the test items were suitable for middle and high
school curricula and if the test items were measuring what they were supposed to
measure (the existence of intuitively-based misconceptions) in order to satisfy
content and face validity. Before getting expert opinions, they were provided with
the probability content in middle and high school curricula and the explanation for
each intuitively-based misconception. Before using the test during the study, it was

administred to students in a high school classroom twice during under the same
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conditions during the pilot study. Pilot study held in a vocational high school with 24
students. The test-retest reliability coefficient was found as Pearson’s r=0.86
(p<0.01), which indicated the strong positive correlation between students’ scores in
two occassions of the test (Cohen, 1992). Scoring criteria for all questions were
presented in Appendix G. After preparing the last version of the test, it was used

during the study.

Each question in the test was prepared according to different types of students’
common intuitively-based misconceptions presented in the literature. This part of the
study explained what misconceptions were matched with the specific questions in the
test. Although expected misconceptions occurred among 8™ and 11" grade students,
there appeared other intuitively-based misconceptions. There are two misconceptions
that were explained in the Stavy and Tirosh’s (1999a; 1999b; 2000) theory of
intuitive rules. The questions and expected intuitively-based misconceptions were

explained below.

The first question in the PTI was developed by the researcher according to the
features of the availability heuristics. The type of misconception occurs when the
most readily available choice exist. Students fall into misconceptions by choosing the

most remembered choice. The question is stated below.

In a chance game, six numbers are chosen from numbers between
1 and 49 (1 and 49 are included). Somebody who correctly
predicts these numbers wins the game. Cigdem, Merve, and
Hakan’s predictions are given below:

Cigdem :1,2,3,4,5,6
Merve 144, 45, 46, 47, 48, 49
Hakan 139, 1, 17, 33, 8, 27

Compare these persons’ probabilities of winning the game.
Explain your answer.

Here, the Cigdem’s probability of winning the game is shown as P(C). Similarly,
Merve’s and Hakan’s probability of winning the game are shown as P(M) and P(H).
The answer of the question is P(C)=P(M)=P(H). No matter what they predict, since

all chose six from 49 numbers, their probabilities of winning the game is equal. The

e 1
probability isequal to ——+—-—-—-—.
49 48 47 46 45 44
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What is expected in this question as intuitively-based misconception is that students
consider that Hakan’s probability of winning (P(H)) the game is higher than
Cigdem’s and Merve’s, because the numbers that Hakan chose are mixed in order.
Therefore, the most available choice for students is that P(H) is higher than P(M) and
P(C). Here, availability heuristics is expected outcome from students’ responses to
the questions. If students give answer as P(C)=P(M)=P(H) or use the probability

value as i-i-i‘i-i-i, their responspes are considered as “correct.” If the
49 48 47 46 45 44

answers indicate that P(H) is higher than others’ probability of winning the game due
to the shuffled order of numbers, these answers are considered as ‘“availability
heuristics misconception.” The answers similar to that Merve’s probability of
winning the game is higher due to highness of the numbers selected are considered as
“the more of A — the more of B” misconceptions.” Students’ other answers which are

irrelevant of previously mentioned answers are considered as “incorrect.”

The second question in the PTI is adapted from the question in the study of Fischbein
and Schnarch (1997). The question is related to intuitively-based misconception of
one type of the representativeness heuristics. There are three types of representative
heuristics, which are positively and negatively recency effect, sample size effect, and
outcome approach. The question is about the first one. This misconception occurs
when there are events already happened. Students think that the outcomes of the
previous events affect the future outcomes. However, each event occurs independent

of others. The second question in the PT1 is stated below.

An unbiased coin is flipped three times and the outcome for each flip is head
(H). If the coin is flipped fourth times, what is the most probable outcome
between head (H) and tail (T)? Justify your answer.

Here, the correct answer is that head and tail have equal probability. That means the
previous events do not affect the future outcomes. However, students are expected to
think that the previous events affect the future outcomes. At this point, positive
recency effect appears when students think that the probability of getting head is
higher than that of getting tail. They think that this trend continues similarly.
Therefore, they think that the next outcome would be the same as the previous ones

which is head again. The answers indicating this situation is considered as
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“positively recency effect misconceptions.” Similarly, negatively recency effect
appears in inverse situation. The latter is also called as gambler’s fallacy which
means that the events have corrective power to 50 percent for each. Students think
that the probabilities should be equal. Therefore, the number of the heads and tails
should also be similar or same. They think that the next outcome would be tail, so,
the number of heads and tails in the trials becomes closer. Such answers are
considered as “negatively recency effect misconception.” If students mention about
the independence of the events and state that the probability is Y4, their answers are
considered as “correct.” Students’ other answers which are irrelevant of previously

mentioned answers are considered as “incorrect.”

The third question in the PTI is related to sample size effect, one type of the
representative heuristic misconceptions. The question is adapted from the study of
Fischbein and Schnarch (1997). For this type of intuitively-based misconception,
students make their predictions according to the distribution of occurrences in a
sample. For example, if somebody listens to the prediction of forecast in TV as 80 %
of rain today, s/he thinks that there must be rain today. Mainly, representations of
data mislead students to answer the questions. The third question in the PTI is given

below.

Compare the probability that there are at least two boys among three new-
born babies and the probability that there are at least 200 boys among 300
new-born babies in a hospital. Justify your answer.

Here, the correct answer is that probability of the preceding event is higher hand the
further one. The sample size for the first event is eight. (Here, the boys are shown as
B, and the girls are shown as G) The sample is as follows. E={BBB, BBG, BGB,
GBB, GGB, GBG, BGG, GGG}. If we call first event as event A, then A={BBB,

sty _4_1

BBG, BGB, GBB}. Therefore, P(A) = E) =83~ 7 On the other hand, finding the
S

probability of the second event is different. The formal solution is as follows. Let’s

we call the second event as event B. The sample size of the event B is 2°®. On the

other hand, the number of element in the event B can be found as follows.
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300) (300 300
(200}{201}"'{300]
P(B) =

2300

which is less than % It is hard for students to

apply this formula and to compare the probabilities. However, students can interpret
that the probability becomes lower when the number of babies increases. This type of
reasoning and students’ corresponding responses are considered as ‘“correct”
answers. What is expected from students, on the other hand, is that students look at
the ratios between the number of boys and the number of babies. It is expected that
students cannot manage the sample size. Therefore, the intuitively-based
misconception that students fall into is that the probabilities are the same. Students
fall into the misconception of sample size which is one type of representativeness
heuristics. Students’ answers stating the equality of the probabilities are considered
as “sample size effect misconception.” Since same logic is valid for “the same of A —
the same of B” misconception, the frequencies of the students who fall into sample
size effect misconceptions are also indicated in the findings for the same of A — the
same of B misconception. Moreover, a few students look at the numeric values of the
situations and state that the latter event has greater probability due to greater numbers
in the event. Their answers are considered as “the more of A — the more of B
misconception.” Students’ other answers which are irrelevant of previously

mentioned answers are considered as “incorrect.”

The fourth question in the PTI was adapted from the question asked in Kahnemann
and Tverstky’s (1972) study. It is asked to determine students’ misconception of the
outcome approach which is one of the misconceptions related to the
representativeness heuristics. This is similar to the sample size effect misconception.
However, the outcomes that already happened gain more importance. In this type of
the misconception, students neglect the sample size and the formal probabilities of
the event or different distributions of the events and they give answers to the
questions asked according to the other factors such as representations of the
outcomes in the questions and the representations of the distributions. They gave
more importance to these factors and fell into the intuitively-based misconception.

The question in PTI related to the outcome approach is as follows.
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16 game cards were randomly distributed to a group of players a few times.
In two distributions, the numbers of cards that each student gets were given as
below. Which does distribution have higher probability of occurrence among
these two distributions? Justify your answers.

Distribution | Distribution 11
Ayse 4 4
Mehmet 4 3
Fatma 4 4
Hiiseyin 4 5

Although it is hard to find the correct answer by using formulas and calculating the
probabilities, it is obvious that each distribution has the same probabilities which are
similar to the other distributions. Students’ responses relevant to this situation are
considered as “correct” answers. However, students look at the distributions and they
try to predict the correct answer by comparing the differences between these
distributions. It was expected from students that the probability of occurrence of the
Distribution | (DI) was higher than that of the Distribution 1l (DII). Students
intuitively think that each player gets the same number of cards no matter whether
the distributions have the same probability of occurrences or not. Students’ responses
relevant to these reasonings are considered as “outcome approach misconception.”
On the other hand, students’ answers that indicate the correctness of inverse situation
(the probability of DII is higher than the probability of DI) due to shuffled numbers
in distribution are considered as “availability heuristics misconception.” A few
students compared the players’ cards without carefully reading the question.
Accordingly, students’ answers that indicated equality of the probability of Ayse’s
and Fatma’s card distributions due to the same number of cards that these players got
were considered as “the same of A — the same of B misconception.” Similarly,
students’ answers indicating that Hiiseyin has higher probability of winning the game
due to more cards he gets in the second distribution and that Mehmet has lower
probability are considered as “the more of A — the more of B misconception.”
Students’ other answers which are irrelevant of previously mentioned answers are

considered as “incorrect.”

The fifth question in the PTI was adapted from the question asked to 9 to 14 age old
students in Fischbein, Nello, & Marino’s (1991) study. It is related to the
misconception of the simple and compound events. This intuitively-based

misconception appears when students confuse the probabilities of simple and
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compound events. Students may try to find the probability of a simple event in
accordance with the procedures used in finding the probability of a compound

events, or vice versa. The fifth question asked in the PTI is given below.

Compare the probability of getting a pair of 4-4 and a pair of 4-3 after
throwing a dice twice. Justify your answer.

In this question, what is expected from students is to consider 4-3 and 4-4 outcomes
as one after another. Instead, the question is asking the probabilities of getting pairs
of 4-4 and 4-3. Here, the correct answer is that the probability of getting a pair of 4-3
is higher than that of getting a pair of 4-4, because 4-3 and 3-4 can be considered as a
pair of 4-3. However, they may consider that the probabilities of getting pairs of 4-4
and 4-3 are equal without considering the other outcomes of any pairs. Related
answers are considered as “simple and compound events misconception.” Students’
answers indicating the equality of the probabilities are considered as “correct”
answers. Students’ other answers which are irrelevant of these answers are

considered as “incorrect.”

The sixth question in the PTI was developed by the researcher. It is specifically
asked to determine whether students have intuitively-based misconception of the
conjunction fallacy. This misconception is based on the different events that either
one covers the other. Therefore, the probability of one event would always be higher
than the other. If students could not determine this situation and asserts that the
inverse is true, they fall into this type of misconception. For this misconception, the

question presented below was asked to students.

Ayse, Ali, and Ahmet are playing a game. In this game, a coin is thrown
continuously until one player wins the game. Each player selects an order of
consecutive heads and tails in a row. The first arrangement that appears in
consecutive throws of the coin wins the game. Ayse, Ali, and Ahmet’s
arrangements were given below.

Ayse :HTHHH

Ahmet : THTHHH

Ali  :HTHHHH
According to these arrangements, put the probabilities of winning the game in
order from higher to lower. Justify your answer.

As it is seen in the arrangements, Ayse chooses an ordering of five throws which is

included in both Ahmet’s and Ali’s arrangement. Therefore, Ayse’s probability of
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winning the game is higher than Ali’s and Ahmet’s probabilities of winning the
game. On the other hand, Ali’s and Ahmet’s probabilities of the winning the games
are equal to each other. This is because they choose an ordering of six throws. In
addition, Ayse’s probability of winning the game is theoretically higher than the
others’ probabilities. This is because Ayse needs only five throws instead of six
throws. It was expected from students to ignore the number of throws and that of
heads and tails in players’ selection and to assert that the probabilities are equal. If
students saw the relation among the players’ selection and stated that
P(Ayse)>P(Ahmet)=P(Ali), their answers were considered as “correct.” Students’
answers indicating the equality of the probabilities were considered as “conjunction
fallacy misconception.” On the other hand, a few students just looked at the numbers
of heads and tails in the arrangments. Accordingly, since there were more heads in
Ali’s arrangement, they stated that Ali’s probability of winning the game was higher
than the other players’ probabilities. These answers were considered as “the more of
A — the more of B misconception.” Students’ other answers which were irrelevant of

previously mentioned answers were considered as “incorrect.”

The aim of the last question is to determine whether students have intuitively-based
misconception of conditional probability or not. It was adapted from the question
asked in Watson and Kelly’s (2007) study. The time interval between two events
plays important role in this question. Although the preceding event may affect the
further one, the inverse situation is incorrect. However, it is possible that students
think in that way. That is why this misconception is also called as time-axis

probability. The question is presented below.

There are equal numbers of blue and red balls in an urn. The ball chosen is
not put into urn. For two balls chosen one by one, compare the probabilities
of the situations stated below. Justify your answers.
a) To be given that the first ball chosen is blue, the probability of
the second ball to be blue
b) To be given that the second ball chosen is blue, the probability
of the first ball to be blue

Part (a) in the question is regular conditional probability question and the probability

becomes less than one half. The formal solution is as follow. If there are n blue and n
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. This answer

red balls, the probability of getting ball in the second choice is T

or students’ answers indicating that the probability was less than one-half was

considered as “correct”, while the other answers were considered as “incorrect.”

For the part (b), second event does not affect the first one. Therefore, the probability
of getting blue ball in the first chose is one half. This answer was considered as
“correct” for part (b). What is expected from students is that they confuse the time
interval of the events happening. Therefore, they were expected to think that the
further event affected the preceding event. Therefore, they might state that the
probability was not equal to one-half. Similar justifications were considered as
“conditional probability misconception.” Students’ other answers which were

irrelevant of previously mentioned answers were considered as “incorrect.”

3.3.2 Semi-structured Interviews

Two students from each classroom were subjected to the interview in order to get
more information about the topic studied. In addition, mathematics teachers were
interviewed before and after their instructions (see interview protocols in Appendices
A and B). There were also unstructured interviews during the breaks between
lessons. Clement (2000) asserted that the researcher could gather and analyze the
data about the participants’ ideas and mental processes in understanding of a
situation that they encountered by means of interviews. In addition, the interview
uncovers the ideas, structures and methods in resolving a problem experienced
behind individuals’ thoughts. Instead of just identifying what participants do for the
given task, as well as, researcher tries to identify how and why they do it (Giiven,
2006). In this study, the task for the interviews with students was the test questions
that were asked to students. So, the researcher tried to identify how students found
the answers to questions asked, how they organized the solution process, and why
they used such methods in solution process. Moreover, how the instruction changed
students’ ideas and misconceptions in probability was investigated. Therefore,
interview was suitable method to uncover students’ intuitions, thoughts and other

factors in solving probability questions. Again, the questions of this semi-structured
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interview were subjected to expert opinions. Their opinions were considered and the

necessary changes were made.

The interview questions were prepared by the researcher in accordance with the
purpose of the study. In the first interviews with teachers, for example, teachers were
asked to answer to the questions “what are the general reasons for students’
difficulties in mathematics” or “what are the instruction related reasons for students’
difficulties in probability” in order to identify teachers’ knowledge about the reasons
for misconceptions. In addition, the question “what are the students’ difficulty in
probability topic” was asked in order to get evidences about teachers’ knowledge
about students’ intuitively-based misconceptions. In the final interviews with
teachers, they were asked about the possible misconceptions that might occur among
students for the test questions. They were also asked about students’ difficulties in
the instructions and the possible ways to resolve them. In general, the findings of
interviews were used to identify teachers’ knowledge of students’ cognition, the
teachers’ awarenesses and knowledge of the factors that might result in intuitively-
based misconceptions, and to identify the teaching practices with the rationales of
doing these. Moreover, especially second interviews were used to reveal teachers’

awareness about intuitively-based misconceptions.

The time duration for each interview was between 30 to 55 minutes. Two students
from each classroom were selected according to their test results. After applying the
test at the end of the instructions, the interviews were immediately held with both
students and their teachers. This was because students might forget what they did in
the test and teachers might forget the reasons of the strategies and tools used during

their instruction. Each interview was audiotaped and transcribed.

3.3.3 Videotaped Classroom Observations

The researcher observed teachers’ teaching practices in the probability topic during
the 2012-2013 academic years. During the instructions, the researcher attended the
lessons allotted for the probability subject. According to teachers’ program, the topic
was taught either in the fall or the spring semester. The researcher had a role of
participant observer. The researcher overtly observed the lesson (Fraenkel & Wallen,

1996) that the teachers and the students knew that the researcher was observing the
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classroom. During the observations, the researcher sat at the back row of the
classroom, followed procedures done in the instructions, and observed students’
behaviors during the activity and teacher’s responses to students’ questions. The
lessons were both video-taped and audio-taped. In addition, the researcher took field
notes about teachers’ directions, instructional procedures, students’ behaviors and

questions, and teachers’ responses.

From teacher to teacher, the number of lessons allotted for teaching probability
changed. In fact, the number of class-hour allotted for probability was six in the
middle school and eight in the high school curricula. The middle school teachers
followed the curriculum. However, Cihan, Dogan, and Erdal taught the lessons in

ten, seven, and six class-hours, respectively.

3.3.4 Other Data Collection Tools

Other data collection tools were field notes that were taken during the observation,
unstructured interviews with both the teacher and the students during the breaks, and
also textbooks used for the lessons. They were considered to support the data
gathered from other sources, to understand students’ natural settings, and to what
other factors that might positively or negatively affect the study. In addition, the
course and supplementary materials were also used as data collection tools. Since the
teachers were stick to the coursebook or the supplementary books during the
instructions, the examples were taken from them. Therefore, the questions that
teachers asked from books could have relation with students’ intuitively-based

misconceptions. Therefore, these questions were also investigated.

At last, there is a link between each research question and the necessary data

collection tools. The Table 3.2 indicates this link between them below.
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Table 3.2 Research questions and corresponding data sources

Research Questions Data Sources

1- What are the middle and high school students’ Pre-test and post-test of PTI,
misconceptions in probability rooted from their intuitions?  |nterviews with students

2- What are the similarities and differences between middle Pre-test and post-test of PTI,

and high school students’ intuitively-based Interviews with students
misconceptions in probability?

3- To what extent do middle and high school students’ Pre-test and post-test of PTI,
intuitions related to probability change after the regular Interviews with students
instructions?

4- To what extent do mathematics teachers aware of Interviews with teachers
students’ intuitively-based and of the factors that may Classroom Observations
result in them misconceptions in the middle and high
school?

5- What are the similarities and differences between middle Interviews with teachers
and high school mathematics teachers’ awareness about Classroom Observations

students’ intuitively-based misconceptions in probability
and of the factors that may result in them?

6- What teaching practices do middle and high school Interviews with teachers
mathematics’ teachers carry out to overcome intuitively- Classroom Observations
based misconceptions in 8th and 11th grades?

3.4 Data Analysis

As it is mentioned above, observations, test results, interviews, and other sources
such as field notes were the data collection tools for this study. As it is well known,
human activities cannot be observed or measured directly. Even getting information
directly the individuals observed is not always possible (Fraenkel & Wallen, 1996).

Therefore, different data types were analyzed with different methods.

3.4.1 Data Analysis of the Pre- and Post-Implementations of the PTI

In the analysis of the pre- and post-tests of the PTI, the descriptive analysis method
was used (Fraenkel & Wallen, 1996; Yildirirm & Simsek, 2006). In the descriptive
analysis, the data gathered were summarized and interpreted according to the themes
which were already determined. In such process, the direct quotations were presented
in order to reflect the participants’ thoughts (Yildirnm & Simsek, 2006). The
procedure in data analysis was to form a frame for descriptive analysis. Then, the
data gathered was analyzed and interpreted according to these thematics frame.
(Yildirnm & Simsek, 2006). In order to enrich the findings from descriptive analysis,
the frequencies can be given for the themes (Cohen, Manion, & Morisson, 2000).
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In the analysis of the pre- and post-test of the PTI, the intuitively-based
misconceptions that appeared in each question of the PTI were considered as the
main themes (see Appendix F). The themes were availability heuristics, types of
representativeness heuristics (negatively and positively recency effect, sample size
effect, and outcome approach), simple and compound events, conjunction fallacy,
and conditional probability. In addition to these themes, two intuitive rules (more of
A — more of B and same of A — same of B) from Tirosh and Stavy’s (1999a; 1999b;
2000) were also considered as the themes. The findings from the analysis of the
observations and interviews were used to support these themes. For example,
teachers’ knowledge of students’ cognition and their teaching practice to resolve
misconceptions were presented under each theme. Moreover, the frequencies tables
for each misconception were presented. The frequency tables were presenting the
number of students who fell into specific type of intuitively-based misconceptions
for each case. In the administration of the pre-test, 59 students from middle schools
and 59 students from high schools attended the test. There were also 59 students
from middle schools and 59 students from high schools attended to the post-test. In
order to reflect students’ thoughts about the questions and their justifications for the
intuitively-based misconceptions, the direct quotations were presented from students’

responses to answers in the PTI and also in the interviews with students.

3.4.2 Data Analysis of the Interviews and Classroom Observations

The data that were gathered from interviews and classroom observations were
analyzed according to content analysis method (Fraenkel & Wallen, 1996; Yildirim
& Simsek, 2006). In this type of analysis, the purpose is “to reach appropriate
concepts and relations to explain the data gathered” (Yildirnm & Simgsek, 2006,
p.227). The procedure in content analysis is firstly to conceptualize the data gathered,
to organize the data logically based on concepts appeared and, then, to determine the
general themes that explain the data gathered (Yildirim & Simsek, 2006). In the first
part, all data gathered from different data collection tools were coded. The
researcher’s data analysis method is similar to that of the procedures as Goetz and

LeCompte (1981) states. It is as:
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As social phenomena are recorded and classified, that is, hypothesis
generation begins with the analysis of initial observations, undergoes
continuous refinement throughout the data collection and analysis process,
continuously feeding back into the process of category coding. As events are
constantly compared with previous events, new typological dimensions, as
well as, new relationships may be discovered (Goetz & LeCompte, 1981, p.
58).
In this study, the general concepts were determined before the findings gathered from
the interviews with students. These were the general misconceptions in solving
probability questions which are availability and representativeness heuristics, simple
and compound events, conjunction fallacy, and conditional probability. According to
general concepts, the codes were prepared from the data collected from different

sources.

On the other hand, new concepts could be created in coding process according to the
findings of interviews with teachers. This was because different teaching strategies,
teachers’ awareness of students’ misconceptions, teachers’ perspective of how they
perceive the students and different materials used may result in emergence of new
concepts to study. For example, others such as the misconceptions in Tirosh and
Stavy’s (1999a; 1999b; 2000) theory of intuitive rules emerged. In addition to the
main themes which were the intuitively-based misconceptions, the teachers’
awareness and knowledge of reasons for the misconceptions were also emerged as

the new themes.

These were types of the coding procedures mentioned in Strauss and Corbin’s (1998)
book. The codes can be determined before the research begins or while all data are
analyzed. Or lastly, the general frameworks can be determined and the codes can be
created under them during the data analysis procedures. The last one is the method
that is most suitable for this study. This is because the general frameworks are the
types of the intuitively-based misconceptions in probability, related teaching
practices, and teachers’ knowledge of students’ cognition related to these
misconceptions, which appeared during the data analysis procedures. In addition, the
codes under each framework also appeared. According to the data gathered from test,
observations, interviews; the codes were created. The main themes, categories and

codes can be found in the Appendix F.
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In the interviews, the main categories appeared as teachers’ awareness and the
knowledge of students’ pre-knowledge. In addition, the ways of determining
deficiencies, the knowledge of activities in teaching probability, the reasons for
students’ difficulties and misconceptions, and the knowledge of students’
misconceptions were the main categories that appeared in the analysis of the data
gathered from interviews and classroom observations. In the observations, main
categories were appeared as concept teaching, relating the probability with other
subjects, activities done in order to resolve misconceptions such as giving key points,
rote memorizations and shortcuts, and usage of resources and materials. The
categories and codes appeared in the analysis of the interviews and classroom
observations were embedded in the main themes, which are students’ intuitively-
based misconceptions. For example, either in the interviews or observations, if
teacher indicated a misconception that was consistent with the availability heuristics,

this code was used in this theme to support it.

3.5 Reliability and Validity

In any study, there is a need to satisfy the persuasiveness, for which two main criteria
are validity and reliability (Creswell, 2009; Yildirrm & Simsek, 2006). For validity
concern, the researcher need to reflect the case or phenomenon investigated as
accurately as it happens (Yildirim & Simsek, 2006). In addition, the researcher needs
to be objective while reflecting it (Cohen, Manion, & Morisson, 2000). While
conducting a research, the researcher reaches too many findings from different data
collection tools and conclusions at the end. In order to create accurate and holistic
conclusions for the research, the researcher needs for confirmatory means or
strategies. At this point, the validity of the study takes place. Cresswell (2009)
recommended the use of multiple strategies in order to satisfy the accuracy of the
findings and to convince the readers for this accuracy. From Cresswell’s (2009)
recommendations, this study utilized multiple strategies for validity including
“triangulation, rich and thick description, clarifying the bias, presenting negative or

discrepant information, prolonged time, peer debriefing” (p. 191-192).

First of all, triangulation necessitates that different sources of information and

different perspectives from participants are taken into account in order to reach
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holistic conclusions and coherent justifications. In this study, the data were gathered
from the observations of the classrooms, test results, interviews with ten students and

five teachers, and field notes.

In this study, rich and thick description about natural settings and the participants of
the study was provided. It was expected that detailed descriptions became more
realistic and understandable by the reader. In addition, direct quotes from interviews
and conversation between teacher and students were also used to give evidences
about participants and classroom environments. Quotes from students’ responses to
open-ended questions were also included in this study. Therefore, the reader can

have information about student participants.

Another strategy for validity of the study is clarifying the biases. In any research,
there may occur biases rooted from the researcher himself, the data collection tool or
the method used. To overcome this situation, the researcher gave detailed
information about his position during the study, participants’ background
information, the procedures in applying data collection tools and the method used
during the data collection and data analysis processes. In addition, the researcher
informed the cases about the purpose of the study the procedures that were followed
during the study. The researcher attended a few lessons before the actual
observations in order to make students get used to the existence of the researcher in
their natural settings. Students also knew that the tests and the interviews conducted

were for research purposes, not for the grading purposes.

Another strategy to add to the validity of the study is spending prolonged time in the
research site. Therefore, the researcher can get in-depth understanding of the physical
status of the site, personal characteristics of the participants. This may also help
researcher to understand the reasons behind the participants’ behaviors. In this study,
the researcher attended all probability classes. Therefore, he observed the research
site and the participants. During the observation, the researcher also interacted with
the participants. The researcher also recorded the negative or discrepant data that

may influence the study. These were presented in the limitations.
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In the study, peer debriefing strategy was also used. The peer stated the over-
emphasized, under-emphasized points or missed parts that were very crucial for the
study. In this study, the peer was a research assistant in the mathematics education
department and doing her PhD in the department of teaching mathematics in middle
schools. First of all, she was provided with information about the purpose of the
study, the procedure, data collection tools, and data analysis methods. She
investigated the transcripts of interviews and the students’ test results, then, informed
the researcher about the over- emphasized, under-emphasized, and missed parts of
the study.

External validity is about whether the findings of the study are generalizable to other
situations (Meriam, 1998). Among the strategies for external validity, replication
strategy which requires the similar results in different situations was used (Yin,
2003). In this study, five teachers were interviewed and their students’ were
subjected to tests and interviews. In addition, their classrooms were observed during

the teaching of the probability. The findings were compared at the end.

McMillan and Schumacher (2010) also suggest these strategies to enhance the
validity of the study. In addition, they suggest using “mechanically recorded data”,
considering “the participant language” (p. 330-332).

Second important criterion for the creditability and persuasiveness of the study is
reliability. Reliability is about whether “the researcher’s approach is consistent
across different researchers and different projects” (or studies) (Gibbs, 2007 as cited
in Creswell, 2009, p. 190). Cohen, Manion, and Morisson (2000) consider the
reliability as “a synonym for consistency and replicability over time, over instrument
and over groups of respondents” (p. 117). For the qualitative researchers, they
suggest to use “stability of observations and parallel forms” (p. 119). The researcher
observed the participants at different times, and searched whether the same
observation and interpretations were made. The same interview form and
questionnaire were administered to all participants, and the interviewer for all the

interviews was the same person, who was the researcher.
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In order to increase the reliability, the researcher made a record of all data collection
procedures and activities. The records included interviews, observations in the
classrooms, and field notes for coding and data analysis procedures. In addition, the
field notes included the some parts of the unstructured interviews with students and

teachers.

Reliability is widely used in qualitative research if comparison of codes created by
several coders is needed for data sets (Cresswell & Clark, 2007). In order to increase
the reliability of the study, inter-rater reliability can be calculated (Fraenkel &
Wallen, 1996). Marques & McCall (2005) stated that the inter-rater reliability can be
calculated as follows: “100x(Total number of agreements)/(Total number of
observations)”. In addition, the acceptable level of inter-rater reliability level was
considered as above 80 % (Marques & McCall, 2005). In the study, a research
assistant doing her PhD in the field of mathematics education who had experience in
descriptive and content analysis method also studied over students’ pre- and post-test
results of a one randomly selected classroom, one randomly selected teacher’s
interviews which were administered before and after the instructions, and total of
five randomly selected observations. First of all, the researcher explained how to

analyze the transcription of the interviews and the observations.

For the pre- and post-test of the PTI, the second coder was provided with the
misconceptions observed in the tests. There were ten misconceptions appeared
among students in the tests. The second coder analyzed the pre- and post test results
of Dogan’s classroom. The total numbers of occurrence frequencies in the pre- and
post-test were 83 and 69, respectively, according to the misconceptions that students
fell into. At the beginning, the total numbers of agreements between the researcher
and the second coder were 77 and 65, respectively. The inter-rater reliability rates
were 93 % and 90 % for the pre- and post-test results, respectively. These codes that
the researcher and second coder disagree appeared due to students’ unclear answers
to the questions. While an answer was considered as specific type of intuitively-
based misconception by researcher, the second coder was disagreed with researcher’s

opinion, or vice versa. After the discussion between the researcher and the second
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coder, they reached consensus on all codes. These codes were used in the results of

the study.

In the interviews with teachers, teachers’ knowledge about students’ pre-knowledge,
how to determine students’ misconceptions, the material use, possible activities in
resolving them, the reasons for the misconceptions, and students’ misconceptions
were investigated. There appeared 59 codes in the interviews. However, the second
coder analyzed the transcription of Cihan’s interview. In Cihan’s interview, there
were 51 codes appeared. There were 42 codes that the researcher and the second
coder agreed on. Therefore, the inter-rater reliability rate was 82 % for the interview.
In general, the second coder disregarded the codes under necessary pre-knowledge
for students and considered them as one code. In addition, she also combined some
of the students’ difficulties and misconceptions from teachers’ point of view. At the
end, the researcher and the second coder discussed and reached to the consensus
either on researcher or on second coder’s thoughts. Accodingly, the results were
presented on the codes that both researcher and the second coder reached the

consensus.

Lastly, the occurrences of the misconceptions and teachers teaching practices were
observed in the classrooms. Teaching practices included the constructing solution
methods, using visual or physical materials, giving examples, and constructing
shortcuts for solving questions. There were total of 35 video-recordings in the
classrooms. One classroom observation from each teacher’s instructions was
randomly selected and the second coder watched total of five video-recordings.
These were observation-2 in Ahmet’s classroom, observation-4 in Baris’s classroom,
observation-4 in Cihan’s classroom, observation-6 in Dogan’s classroom, and
observation-3 in Erdal’s classroom. There were total of 24 observations in these
video-recordings. The second observer indicated 21 observations. The inter-rater
reliability rate was 88 % for the video-recordings. This rate is above acceptable level
for inter-rater reliability rates. After the discussion between the researcher and
second coder, it appeared that the second coder combined two shortcuts under one
code (rote memorizations for independent events) and missed two intuitively-based
misconceptions that appeared while teachers were solving questions. The codes that

the researcher and the second coders agreed were used in the results of the study.
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3.6 Delimitations and Limitations

In this case study, the grade levels were 8" and 11™ grades. In the curriculum of
middle school education, probability was taught to students from grades 6 through 8
(MoNE, 2005b). Therefore, this grade level has probability knowledge in this grade
level. In high school level, on the other hand, the probability subject was taught in
11™ grade level (MoNE, 2005a). As the aim of this study was to determine teachers’
teaching practices and their awareness of students’ cognition that their students in
these grade levels might have probability misconceptions which may appear due to
previous knowledge, experiences in daily life and therefore students’ intuitions.

Therefore, these grade levels were appropriate level to study.

The study was mainly based on the misconceptions in probability subject. As it is
well known, previous knowledge, experience gained in the daily life and
misconceptions that appears by means of previous knowledge and experience are
important factors because the further learning is positively or negatively affected by
them (Tirosh, 2000). If students were aware of their misconceptions and searched for
some solutions for them, they could better understand the subject taught. On the
other hand, they might construct new knowledge on their previous misconceptions.
This study searched for the intuitive based misconceptions. During the construction
of misconceptions, students’ intuitions were important to consider (Fischbein, 1987).
Students might easily comprehend the subject taught due to their intuition, but they

might also create new misconception.

There were five objectives for the probability subject in mathematics curriculum for
high schools. Some of these objectives include the basic concepts related to
probability. However, this study mainly dealt with the probability problems.
Therefore, the objectives that require computations, reasoning during solving
problems were taken into consideration. The topics to consider in this study were
finding probabilities of simple, inclusive-mutually exclusive events, conditional
probability, dependent and independent events. Different than the high school
curriculum, middle school curriculum proposed (MoNE, 2005a) that students have
knowledge of simple and compound event, inclusive-mutually exclusive events

except for conditional probability, except for conditional probability before
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beginning to the 8" grade. They would learn theoretical, experimental, and subjective
events and dependent-independent events in the 8" grade. Therefore, delimitation for

the sub-topics in probability was those indicated above.

For the limitations, this study might include some elements that influence the internal
validity of the study. Some of these elements might be due to the methodology of
this study. Firstly, there was a test administer whom students did not know.
Therefore, there was a direct incursion in the natural settings of the classroom
(Fraenkel & Wallen, 1996). Students completed inventory and the test at this
situation. In addition, they were observed during the lessons. Therefore, their natural
behaviors were affected. However, they were debriefed about the purpose of the

study and the confidentiality concerns were informed.

During the student interviews, students faced with the researcher whom they did not
know before. Therefore, their responses to questions asked might be affected. They
might not specifically express their thoughts about the questions. Since their thoughts
were indicator for intuitively-based misconceptions, they should be relaxed during
the interviews. To overcome this situation, the researcher was talking to different
students during the time breaks between regular instructions. The researcher tried to
gain students’ confidence. Before doing interviews, he also chatted with the students
who were interviewed. He debriefed students about the purpose of the study. He also
informed students about confidentiality concerns and the test was not for grading
purpose. After getting students’ permissions for interviews and having them relaxed,

the researcher beginned to the interviews.

There were at least four weeks between the administration times of pre- and post
tests. Middle and high school students in the study groups took the same test before
and after they received regular instructions. It is possible that students could
remember the questions while solving the questions in the PTI. However, time
interval between the pre- and post-tests was sufficient in the qualitative research
(Fraenkel & Wallen, 1996).

At last, the possibility of biased description by the researcher might occur. This was

due to the researcher’s interest in probability misconceptions based on their
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intuitions. Therefore, during the interview, researcher might focus on such concepts
and ignore participants other views and thoughts. In addition, researcher might not
see all dimensions during the data analysis and coding processes. To minimize these
threats, the second coder strategy was very suitable (Creswell, 2009; McMillan &
Schumacher, 2010). Researcher might reduce the possibility of biased descriptions;

and wrong or lacking coding pattern.

Another limitation that could not be dealt with was about the teacher participants. All
teacher participants were male in the present study. It could be better to include
female participants as well. However, it was not possible for the researcher due to
their willingness to attend the study. It was possible that female teachers could focus
on different points in the interviews and regular instructions. Moreover, their
relations with students might be different, so, their instructions could be different
than the male teachers.

3.7 Ethical Issues

In an educational research, the researchers must consider some ethical issues to
protect participants from harm, to ensure confidentiality of the research data, and
undeceive participants (Fraenkel & Wallen, 1996). The researcher was also careful

about these issues in the present study.

First of all, the necessary permissions were taken from the Provincial Directorate of
National Education in the city where this study was conducted. With the permission
letter, the researcher talked to school principals and teachers about the purpose of the
study and the procedures for data collections. School principals also gave permission
to conduct the study in their schools. The study was conducted only with volunteer
teachers. Then, the teacher participants talked their students about the purpose of the
study. Before starting to observe classroom, the researcher also talked with students
about the purpose of the study and tried to diminish their curiosity and concerns. In
order to ensure confidentiality, the researcher did not use students’ and teachers’ real

names. All names used in this study were pseudonyms.

In the application of the questionnaire, students were informed about its purpose and

their permissions were taken. It was ensured that any of students’ results would not
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be shared with third persons with specific names. They also knew that the results

would not influence their grades in their mathematics lessons.

The researcher interviewed teachers in their free times. In addition, there was no
annoying or inconvenient questions asked to teachers. During the observations, the
researcher did not talk and interact with students. The researcher sat on a chair at the
back of the classrooms while observing and video-taping teachers’ teaching
practices. There was no incursion into organizations and applications of the teaching
practices and activities. The researcher did not help or interact with students while
they are doing activities or solving questions. Lastly, the researcher was honest both
in data collection and in data analysis processes. Teachers were informed about the

results of the studies.
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CHAPTER 4

RESULTS

In this part of the study, the findings from the analysis of the data gathered from
different data collection tools were presented. The data collected consisted of the
semi-structured interviews with teachers before and after the probability topic taught,
the findings from the test with open-ended questions, subjected to students before
and after the teaching of probability, classroom observations during the teaching of

probability subjects, and also interviews with students.

As it was stated in the introduction chapter, this study seeks for answers to six
research questions which are related to students’ cognition, the role of the
instruction, and the role of teacher in resolving intuitively-based misconceptions.

These research questions’ answers were shared in this chapter.

Each part of this chapter was related to intuitively-based misconceptions appeared in
the study. The answers for the first, second, and third research questions were
presented under the first sub-headings of each part of this chapter. The research
questions related to teachers’ awarenesses (fourth and fifth research questions) and
the one related to teaching practices to resolve misconceptions (sixth research
question) were answered in the second sub-headings of each part. Different than the
parts from 4.1 to 4.9, the last part of this chapter (4.10) presented the findings
gathered from the interviews. This part included answers for the fourth and fifth

research questions related teachers’ awarenesses.
4.1 Availability Heuristic as an Intuitively-based Misconception

In the following parts, the main intuitively-based misconceptions among middle and

high school students were presented. The pre- and post-test results, teachers’
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awareness of these misconceptions and how to resolve them, the teaching practices
including activities done and examples provided which were specific to availability
heuristics were presented in the next parts. This part and the following ones through
4.9 include two sub-headings. The first sub-heading gives answers to second and
third research questions. The pre- and post-test results and the data gathered from
interviews with students were presented under this sub-heading. The second sub-
heading gives answers to fourth, fifth, and sixth research questions. Data gathered
from interviews with teachers and classroom observations were used to answer these

research questions.

4.1.1 Pre- and Post-Test Results

Availability heuristics misconception was observed in both 8" and 11™ grade levels.
The pre-test results that showed the frequencies of the students who fell into this type
of misconception for each classroom were given in the Table 4.1 below. This
misconception was observed in the first and fourth questions in the PTI.

Table 4.1 Frequencies of students’ answers reflecting the misconceptions of

availability heuristics in the pre- and post-tests

Middle School Teachers High School Teachers

Questions  Ahmet* Baris Total Cihan Dogan Erdal Total

in PTI (n=22) (n=37) (n=59) (n=17) (n=21) (n=21) (n=59)

Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post

1% 11 8 6 10 17 18 5 5 3 2 14 4 22 11
Question

4" 9 6 7 5 16 11 5 8 6 5 13 7 24 20
Question

*: All names are psydonymes.
Note: Numbers represent individual students as multiple answers by the same student reflecting the
misconception of availability heuristic counted only once.

Table 4.1 indicated that availability heuristics was seen in all grade levels. This
misconception is the intuition that the consecutive numbers does not appear in
chance games. Therefore, this intuition misleaded students in the way that Hakan’s
probability of winning the game was higher than the others’ probability of winning
the game because Hakan chose the numbers mixed in order. There were 17 students

in the middle school classrooms. This means 29.82 % of all middle school fell into
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this misconception. Some of the assertions from the middle school students for this

misconception were as follows.

It is very hard that the numbers come over and over (from pre-test
administred to Ahmet’s classroom).

Hakan’s probability of winning the game is higher, because the numbers that
he chose does not come one after another. Cigdem’s and Merve’s probability
of winning the game are lower. (from pre-test administred to Ahmet’s
classroom).

Hakan chose mixed numbers. Merve and Cigdem (the probabilities) are
equal, because the numbers are close to 1 and 49 (from pre-test administred to
Baris’s classroom).

When Hakan chooses the numbers, he may increase the probability of
winning the game (from pre-test administred to Baris’s classroom).

Similar justifications were given for this misconception among high school students.
One different justification mentioned about Hakan’s random choices. According to
this student, Merve and Cigdem’s choices were not random. He considered that their
choices were consecutive numbers, so the probability of winning the game was lower

than Hakan’s probability of winning the game. This justification was stated as below.

Hakan’s probability of winning the game is higher. His numbers are random.
Cigdem’s and Merve’s probabilities of winning the game are the same. Both
of them chose the numbers one after another, but their probabilities are lower
(from pre-test administred to Cihan’s classroom).

22 high school students fell into this misconception in high schools. This was equal
to 37.29 % of all high school students. Interestingly, more than half of the students in
science high school fell into this misconception. There were 14 students out of 23
incorrectly stated that the Hakan’s probability of winning the game was higher than
others, while the Cigdem’s and Merve’s probability of winning the game were equal.
Another interesting finding was that two students in the vocational high school stated
in both tests that the Merve’s and Cigdem’s probability of winning the game was
equal and higher than Hakan’s probability of winning the game. They thought that

consecutive numbers resulted in higher possibility to appear when it was compared.

The number of students who fell into this misconception decreased in the post-tests,
when it was compared to the total number of students joined the tests. However,
there was slight increase in the number of middle school students while there was a

sharp decrease in the number of high school students.
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Test results indicated that there was slight difference among the middle school
students to resolve the availability heuristics misconception after getting instruction.
However, the findings indicated that instruction given did not resolve this type of
intuitively-based misconception. The number of the middle school students was 18 in
post-test, which was equal to 31.03 % of all middle school students.

For the first question, number of students’ correct answers increased sharply from 23
students to 39 students. High school students tried to use formulas for this question.
However, there were still 11 students (18.64 %) who fell into availability heuristics
misconception in the post-test. Therefore, the main difference between the answers
before and after getting regular instruction was that students were more get used to
use the formula for the question. However, some of them could not use the formula

correctly.

For this type of misconception, there was almost no change in the number of students
in vocational and Anatolian high school. However, the number of the students who
fell into this misconception in science high school decreased sharply from 14
students to 4 students in the first question and from 13 to 7 in the fourth question.
Most of the students gave correct answer.

Students who fell into availability heuristics misconception in both middle and high
schools gave similar justifications for their answers. They mentioned about the
shuffled order of the numbers in the questions. They stated that this Cigdem’s and

Merve’s orders were very strict and are hard to win the game.

4.1.2 Teachers’ Awareness and Teaching Practices for Availability Heuristics

Misconception

This part presents the results related to teachers’ awareness about availability
heuristics and their recommendations for resolving it. Their teaching practices and
the examples given for resolving the misconception were also included in this part of

the study.

Availability heuristics appeared in the first and fourth questions. In the interview-2,

teachers were asked about the possible misconceptions that students could fall into in
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the PTI. Findings for availability heuristics indicate teachers’ awareness about this

misconception in the Table 4.2 below.

Table 4.2 Teachers’ awareness about students’ misconception of the availability
heuristic in the PTI

Middle School High School Teachers
Questions in PTI Teachers
Ahmet*  Baris Cihan Dogan  Erdal
1% Question NG N N N N
4™ Question \ \

*: All names are psydonyms.
**: <\ indicates that the teacher expected to observe the intuitively-based misconception in students’
responses to questions in the PTI.

In fact, the first question was specifically asked to determine students’ misconception
of availability heuristics. For the first question, all teachers stated that irregular order
of numbers might affect students’ cognition. According to them, students might state
that Hakan’s probability of winning the game was higher than the other’s. Some of

their justifications were as follows.

Students may think that the probability of choosing consecutive numbers
repeatedly is lower than the probability of Hakan’s choices (Interview-2 with
Baris).
Here, students may think that Hakan’s choices may increase the probability of
winning the game, because his choices are the numbers in different interval
(Interview-2 with Dogan).
On the other hand, only high school teachers stated that there might appear the
misconception of availability heuristics in the fourth question. Cihan and Dogan gave

similar explanations for this misconception.

Students may think that the probability of Distribution Il is higher, because
there are different numbers of cards for each player (Interview-2 with Cihan).
Students, here, get confused because of the difference in the number of cards
that each player gets (Interview-2 with Dogan).

Teachers presented recommendations to resolve this misconception in the interview-
2. All teachers mentioned about the importance of finding probabilities of each
events in the questions. They focused on how effectively use the general probability
formula. In addition, all middle school teachers and Cihan stated that students could
be informed about events’ independence of consecutiveness and steadiness in order.

Ahmet also mentioned about chance factor. He stated that chance games had effect

101



on the students. His recommendation was that students should be informed about the
ineffectiveness of the lucky numbers in chance games.

During the observations, teachers did some activities to solve this kind of
misconception. In general, learning the basic concepts in probability
comprehensively helps students not to fall into this misconception. Students use their
intuitions to solve questions instead of using the knowledge of the basic concepts.
Therefore, concept development in the lessons plays crucial role. In fact, Dogan
stated in the interview-1 that a difficulty that students encountered in probability was
that students were unable to understand the basic concepts in probability. During the
observations, Ahmet was very stick to textbook. He did not mention about the basic
concepts of probability which were learnt before. For example, students were not
provided with the meaning of probability, simple or compound events. He used
course book and directly gave the meaning of dependent and independent
probabilities according to the definition given in the course book. On the other hand,
Baris began the lesson by explaining the concepts learnt in the 6" and 7 grades. He
gave answers from dice and coins. However, he also supported the understanding of
the concepts by using materials brought to the classroom. He did experiments by
choosing balls from urn, by throwing dice and coins. He also stated that students
would learn the probability and event types according to the general logic of
probability. In the experiments, teacher showed that there could be conflict with

students’ intuitions and the probabilities of the events.

The observation results indicated that high school teachers generally tried to explain
the basic concepts in probability with students-teacher interactions. They all began
with the meaning of the probability. Students gave answers to teachers’ questions.
Then, teachers evaluated students’ answers. They either widened the meaning or
gave some examples for the concepts and passed to another concept. The same
procedure continued for the concepts of experiment, outcome, certain and impossible
events, and sample size. Therefore, teachers tried to eliminate students’ incorrect
intuitions which might lead to availability heuristics. A conversation between Cihan
and students showed what procedure Cihan followed in the teaching of the concepts
below.

Cihan : What comes to your mind about probability?
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Student 1 : The maximum cases that may appear

Student 2 : The chance, the probability of winning a game

Cihan : Chance games!

Student 3 : Throwing a coin

Cihan : Yes. We can combine them. After throwing dice, coins, we

can talk about the possibilities or occurrences of the choices of the cases. We
can use probability in chance games, in insurance (Observation-1 in Cihan’s
classrom).

On the other hand, Erdal directly passed to the topic of sample space after giving
short explanations and examples related to basic concepts. He did not write the
meanings of the concepts. Instead, he considered that students already knew these
concepts. He wrote the formulas for different types of probabilities (e.g. independent
probability).

During the observations, there appeared many situations that might result in this type
of misconceptions. First of all, teachers were stating that they would deal with the
questions related to dice, coin, and urns in the introduction of probability. Students
could think that the probability was all about coins, dice, and urns. To resolve these
thoughts, teachers were trying to solve different kinds of questions. Ahmet, Dogan,
and Erdal were curious about this situation. Especially Erdal solved questions that
were not similar to those asked in the university entrance exam. He also stated that
there was no limit in the type of questions that could be asked in probability. In fact,
both middle and high school teachers thought that students experience difficulty in
determining which formula to use. They thought that solving as many questions as

possible might help students to resolve this difficulty.

Secondly, Barig and Cihan mentioned the relation between the chance games and
probability. In addition, Ahmet stated that the availability heuristics could be
resolved by explaining that the statistical information in chance games did not
coincide with the actual probabilities in the last interview. As it is known, the
televisions and advertisements always impose the lucky numbers. This might result
in that some numbers could be luckier than the others. Both Baris and Cihan
explained the probability of winning a lottery (Milli Piyango). In addition, they both
stated that each person had equal chance of winning the lottery and it was about one

in a million. They also stated that there was no lucky number in the lessons.

103



As one of the most important basic concepts in probability, all teachers emphasized
and repeated that the value of probability of the events was between “1” and “0”
during the observations. This repetition continued many times in different lessons in
different classrooms. Although all teachers considered this situation as one of the
students’ difficulties in probability, only Erdal did not give emphasis on it. This
repetition helped students not to fall into misconception. This was because some
students found the value of the probabilities more than one according to available
values in some questions. To overcome this misconception, especially high school

teachers provided a property for the probabilities. After indicating that0 < P(A) <1,

teachers gave examples for the property. Two of them were as follows.

If P(A)=1, then, it is impossible event. The probability of getting seven after

throwing a die is impossible. Why? Because there is no seven in the universal
set (Observation-2 in Dogan’s classroom).
P(A) =1, then, it is a certain event. The probability of getting less than seven

after throwing a die is certain, because all elements in universal set are also
expected elements (Observation-2 in Dogan’s classroom).

The subjective probability is related to this misconception which is in the middle
school curriculum. Middle school teachers explained the differences among
theoretical, experimental, and subjective probabilities. In fact, Ahmet stated in the
interview-1 that students experience difficulty while differentiating theoretical,
experimental, and subjective probabilities. During the observations, both Ahmet and
Baris asked questions related to subjective probabilities. For example, Baris asked
the probability of championship of Fenerbahge at the end of the season. Students
gave different probabilities such as 100%, 20%, and 0% according to the students’
favorite teams. Then, Baris stated that the theoretical probability was different than
students’ thoughts. He stated that they needed to consider the actual probabilities
instead of what they thought. This type of misconception was generally observed in

middle schools. Some of the examples observed in middle schools were as follows.
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Table 4.3 Examples and students’ availability heuristics misconceptions

Examples Student Answers Explanation

There are x red and y blue balls
in a box. If the probability of
getting a red ball in random
choice is 1/3, then what is the
ratio between x and y?

Nur is taking a multiple choice

Student just looked at the
ratio of 1/3 and indicated the
answer as 3 times.

Student: 3 times (Observation-3
in Ahmet’s classroom)

exam. There are four choices for ~ Student 1: % Easily available facts were
each question in 100-question- Student 2 : 4/100 four choices and 100

exam. What is the probability that  Student 3 : 1/25 (Observation-4 questions. So, they comined
Nur chooses the correct answers  in Ahmet’s classroom) these facts and gave answers.

for all questions?
What is the probability of getting gy qent - 5/6 (Observation-2 in Easily available facts are five
5 after throwing a die? and six outcomes. Student

Baris’s classroom .
3 ) gave answer accordingly.

In general, teachers tried to resolve these misconceptions by doing formal solutions
for each question during the observations. In case students did not understand the
solution, they repeated the formal solution on the board or tried to give different
examples. In such situations, both Ahmet and Baris tried to direct students to the
probability formula. They first found the sample size, then, they solved questions
according to algorithm taught before. These situations were not observed in high
schools.

Another misconception related to availability heuristics was that both students and
teachers considered the sample size as the universal set. At this manner, both middle
and high school teachers stated that students face difficulty in determining the
sample size and the set of expected elements in the events. The reason was that
teachers were explaining the direct relation between probability and set subjects.
However, neither teachers nor students were uncomfortable with this situation. Only
one student in Erdal’s classroom stated that they had to say sample size instead of
universal set. Erdal confirmed it and continued to solve the questions.

What was observed especially among high school students about availability
heuristics was that they could not differentiate the dependent-independent events and
inclusive-mutually exclusive events. They were using the readily available formula
for the questions related to these topics. In such situations, high school teachers used

shortcuts and rote memorizations. One of the rote memorizations was that ‘“the
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sample size is different for the former (dependent-intedendent); the sample size is the

same for the latter (inclusive-mutually exclusive).”

Similar situation also existed for the differentiation between the use of permutation
and combination in high school classrooms. Again, the teachers used rote
memorizations to resolve this situation during the observations. One of the rote
memorizations was that “the arrangement requires permutation, the selection requires

the combination.”

Overall, middle school teachers used questions directly related to this misconceptions
due to the topics covered in the curriculum. On the other hand, this misconception
was indirectly observed among high school teachers’ classrooms. According to test
results, the occurrence of this misconception decreased slightly both in middle and
high schools. The decrease was sharp only in Erdal’s classroom. Erdal was always
directing students to use formula in solving the questions. This situation might be
reason for this decrease. Teachers’ teaching practices, warns, and examples helped
students to resolve this misconception in both middle and high schools. However,

quarter of all students fell into this misconception after the regular instruction.

4.2 Representativeness Heuristics: Negatively and Positively Recency Effects as

Intuitively-based Misconceptions

There are three types of representativeness heuristics. The second question of the PTI
was asked specifically for this misconception. The expected misconceptions were
observed among both middle and high school students. The findings related to the
first type of representativeness heuristics misconceptions, which was negatively and
positively recency effect, were presented as follows.

4.2.1 Pre-and Post-Test Results

According to the test results for the second question, there exist two main intuitively-
based misconceptions. As the question is related to representativeness heuristic, first
main misconception is called as positively recency effect. In this type of
misconception, students thought that the fourth trial in the experiment would become

head after getting three consecutive heads. On the other hand, the second intuitively-
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based misconception is called as negatively recency effect. Students’ intuition
misleaded students in such a way that the trials in the experiments had corrective
power, so the fourth flip would become tail to reach the 50 % of heads and tails. The
correct answer in this question is that the previous trials do not affect the future ones,
so the probability of getting head is 50 %. This is also same for the probability of
getting tail. Pre-test results of the second question in the PTI are given in the Table
4.4,

Table 4.4 Frequencies of students’ answers reflecting the misconceptions of

positively and negatively recency effects in the pre- and post-tests

Middle School Teachers High School Teachers

Mis- Ahmet* Barig Total Cihan Dogan Erdal Total
conception (n=22) (n=37) (n=59) (n=17) (n=21) (n=21) (n=59)
Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post

Positively

Recency 14 13 12 13 26 26 7 8 1 3 10 1 18 12
Effect

Negatively

Recency 8 7 9 6 17 13 4 2 1 0 8 0 13 2
Effect

*: All names are psydonym.

Note: Numbers represent individual students as multiple answers by the same student reflecting the
the misconception of positively and negatively recency effects counted only once.

Majority of the students fell into the intuitively-based misconception of positively
recency effect in the pre-test. Almost half of the students in middle school
classrooms answered in the same way. 12 students from Ahmet’s classroom and 14
students from Barig’s classroom gave answers which were parallel to the
misconception of positively recency effect. Therefore, 45.61 % of all middle school
students fell into this type of misconception. They thought that the outcomes of the
trials would not change and the next trail would be the same. Some of them thought
that there was a bias on the dice, therefore, the trend would continue in the same
way. Some of the justifications given by different students in the middle schools for
this misconception were as follows.

Head is always appearing, so it is head again. It is hard to get tail, because it
is always coming head (Pre-test administred to Ahmet’s classrom).

4/4, the result is head. The probability of getting tail is lower (Pre-test
administred to Baris’s classroom).

It is head, because it always appeared. Maybe it comes again (Pre-test
administred to Barig’s classroom).
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High school students generally fell into the misconception of positively recency
effect in the pre-tests. For this misconception, there were 18 students (30.51 %).
Among them, seven students were from vocational high school, one student was
from Anatolian high school and ten students were from science high school. Here,
there was an interesting finding that there were ten students from science high
school. It was expected that most of the students in science high school could find
the correct answer in this question. High school students gave the similar
justifications for this misconception. Most of the students preferred to use verbal
justifications. Some of these justifications given by different students were stated

below.

There is a probability of getting head again, because the first three trials are
the head. Or this man made a trick, and it is providing to bring head at each
trial (Unstructured interview with a student from Erdal’s classroom).

If the first three trials are head, the fourth trial can also be head, because there
is a bias (Pre-test administred to Dogan’s classroom).

Some students thought that there is a bias in the experiments despite the fact that the
question indicated that the coin used was unbiased. Some other students thought that
the trials would continue in the same way and the next trial would become head,

again. Therefore, they fell into the misconception of positively recency effect.

Overall, 44 students from middle and high school students fell into the
misconception of positively recency effect. This was equal to 37.93 % of all students
observed. On the other hand, there were 30 students (25.86 %) in middle and high
schools who fell into the misconception of negatively recency effect. Most of them

were from middle schools.

Almost one third of all middle school students fell into the misconception of
negatively recency effect in the pre-tests. Students thought that there should be tail
after getting three consecutive heads. They though that there should be equality
between the number of heads and tails. According to the test results, 17 students in
middle schools (29.82 %) fell into this type of misconception. Among them eight
students were from Ahmet’s classroom and nine students were from Baris’s

classroom. Some of the justifications for the answers were stated below.
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If there are three heads, the probability of getting tail is higher in the fourth
trial. HHH+T (Pre-test administred to Ahmet’s classroom).

If the coin is thrown fourth time, the probability of getting head becomes
lower, because it comes head three times. The next trial is most probably tail
(Pre-test administred to Baris’s classroom).

For me, if there are three consecutive heads and if there is no bias, the fourth
trial becomes tail (Pre-test administred to Baris’s classroom).

There were also interesting answers. Two of them were as follows.

An unbiased coin is thrown three times and it is coming head. At this trial,
there is a probability of getting tail. The probability of getting head is lower,
because it is always coming head. At this trial, there is a probability of 50 %
head and 50% tail (Pre-test administred to Ahmet’s classroom).

Coin > HHH->3T. 4™ coin DHHHT>3H+1T-> Tail is higher (Pre-test
administred to Baris’s classroom).

Here, the student knew that the probability of getting head or probability of getting
tail was equal and was 50 %. However, s/he generalized the situation and said that
the total trials had to have the same number of heads and tails. Therefore, s/he
thought that 50 % of getting head or of getting tail was also valid for getting the same
number of heads and tails in the experiments.

Similar findings also appeared in high schools in the pre-tests. There were 13
students (22.03 %) who fell into this type of misconception. Among them, four
students were from vocational high school, one student was from Anatolian high
school, and eight students were from science high school. They also gave similar
justifications. Here, students generally preferred the verbal justifications instead of

formal solution. Some of the students’ answers were given below.

The probability of getting head is lower. There are three heads and they came
one after another. This lowers the probability of getting head (Pre-test
administred to Cihan’s classroom).

The probability of getting tail is higher, because, in general, getting head
increases the probability of getting tail and getting tail increases the
probability of getting head in the next trials (Interview with a student from
Dogan’s classroom).

After students got regular instruction in middle schools, the number of students who
fell into the misconception of positively and negatively recency effect decreased in
the post-tests. Table 4.4 shows the frequencies of the students who fell into these

types of the misconceptions. Although the number of students who correctly
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answered the question increased in the post-test, almost half of the students fell into
the first type of intuitively-based misconceptions in middle schools. According to the
test results about this misconception, 11 students (18.97 %) correctly answered the
question. Getting regular classroom instruction affected students’ answers. Their
answers included argumentations about experimental and theoretical probability.

Some of the justifications by students were as follows.

There is 50 % probability, because we can see what will come by trying

(Post-test administred to Ahmet’s classrom).

The probability of getting either head or tail is equal to Y. So, it is 50 %

probability (Post-test administred to Baris’s classrom).
Similarly, after getting the regular classroom instruction, correct answers in high
schools increased to 43 students (72.88 %) in the post-tests. Among them, six
students in vocational high school, 16 students in Anatolian high school and 21
students in science high school gave correct answers. The major increase was
observed in the science high school. Although the number of correct answers in
science high school was low, it increased to 21 students. Almost all students in
science high school correctly answered the question. Some of the justifications for

correct answers were given below.

Since the coin is unbiased, no matter how many times that you throw the
coin, since the next trial is independent of previous trials, the probabilities of
getting head and tail are equal (Post-test administred to Cihan’s classroom).
Previous data does not affect the further event (Post-test administred to
Cihan’s classroom).

They all have the same probability, because these events are independent of
each other (Post-test administred to Erdal’s classroom).

H H H _. The fourth trial can be head or tail. So, they are equal (Post-test
administred to Dogan’s classroom).

General thought about correct answers was related to the independence of the events.
They stated that the probabilities of events occurring were independent of each other.
One student underlined first three trials in the experiment. Then, s/he drew one more
space for the fourth trial. Then, s/he explained that the fourth space might be either
head or tail. S/he also indirectly mentioned about the independence of the events

occurring.
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Almost half of the students in middle schools fell into the misconception of
positively recency effect in the post-tests. The number of students who fell into this
type of misconception was 26 (44.83 %). Although the regular classroom instruction
was given, the number of incorrect answers did not change. However, some students
used mathematical terms learnt in the instruction such as theoretical and
experimental probability. Some of the justifications for this type of misconception

from students’ answers are given below.

The probability of getting head is higher, because if we look at the past, we
can see that there are more heads in the trials (Post-test administred to Baris’s
classroom).

Since it is experimental probability, it is higher to get head (Post-test
administred to Baris’s classroom).

It was thrown three times. Head comes. | think the chance is 50 % and it
comes head again (Interview with a student from Ahmet’s classroom).

As it was seen from the justifications, a student thought about the effect of previous
trials. On the other hand, one student thought about the experimental probability and
s/he felt that this trend continues similarly in the post-test. Lastly, one student knew
the probability. However, s/he was still under the effect of previous trials. Another
student differentiated the theoretical and experimental probabilities. This student’s

answer was as follows.

Experimentally, it is higher to get head if the coin is thrown fourth time.
However, the probabilities for both of them are )2 theoretically (Post-test
administred to Barig’s classroom).

After the regular instruction was given, the mostly observed intuitively-based
misconception was positively recency effect in high schools in the post-tests. There
were 12 students (20.34 %) who fell into this type of misconception. Majority of
them were from vocational high school. There were three students who gave answers
related to this misconception in Anatolian high school. The answers were given with
the thought that the trend of getting heads should continue. Some of the justifications

related to this type of misconception were given below.

If it is thrown fourth time, the probability of getting head is higher again,
because heads come three times. It comes head, again (Post-test administred
to Cihan’s classroom).

111



Since head is appearing in each trial, the probability of getting head in the
fourth trial is 99 % (Post-test administred to Cihan’s classroom).

Students generally thought that this trend would continue in the same way.
Therefore, they expect that the fourth trial would be head, again. However, they did
not consider the independence of the events occurring. One student was very sure
that the fourth trial would be head. This is because s/he thought that the probability
of getting head was 99 %.

One student considered the total number of the trials and said that the probability of
getting head in is 75 %. S/he considered that three trials out of four became head.
Therefore, the last one had the probability of 75 % head.

Overall, the total number of students who fell into this type of misconception
decreased to 38 students (32.48 %). However, this decrease was due to the decrease
in the number of incorrect answers among high school students. On the other hand,
there were 15 students (12.82 %) who fell into the misconception of negatively
recency effect among all students. There were only two students in high schools for

this misconception. Both of these students were from vocational high school.

Number of students who fell into the misconception of negatively recency effect
decreased. Despite this decrease, there were still 13 (22.41 %) students in middle
schools who gave answer which fitted this type of misconception in the post-tests.
Among them, seven students were from Ahmet’s classroom and six students were
from Baris’s classroom. They also gave answers similar to the pre-test questions.
They also mentioned about the mathematical terms learnt in the regular instruction.

Some of the students’ justifications were given below.

The probability getting tail was higher, because it came head three times.
Now, it is tail’s turn. (The probability of getting) tail is higher (Interview with
a student from Barig’s classroom).

Tail comes, becaue it does not always appear head (Post-test administred to
Ahmet’s classroom).

The probability of getting tail is higher, because it approaches to tail in each
step (Post-test administred to Barig’s classroom).

In general, high school students did not fall into the misconception of negatively

recency effect. There were only two students (3.39 %) gave answers which were
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related to the misconception of the negatively recency effect. Both of the students
were from the vocational high school. There were no students in Anatolian and
science high schools who answered the question in accordance with the second type

of intuitively-based misconception.

Another finding was that students preferred to give verbal justifications to the
answers. However, some students tried to give answers with formal explanations and
with formulas. Although some students used them correctly, some could not manage

the formulas for the question.

4.2.2 Teachers’ Awareness and Teaching Practices for Positively and Negatively

Recency Effect

The second question was asked to determine students’ misconceptions of positively
and negatively recency effects. Similarly, it was observed in the interview-2 that

teachers identified these misconceptions as seen in the Table 4.5 below.

Table 4.5 Teachers’ awareness about the misconceptions of positively and negatively

recency effects in the PTI

Middle School High School Teachers
Misconceptions Teachers
Ahmet*  Barig Cihan Dogan Erdal
Positively Recency Effect \** N N N N
Negatively Recency Effect S \ \ \

*:. All names are psydonyms.
*#:”\" indicates that the teacher expected to observe the intuitively-based misconception in students’
responses to questions in the PTI.

As seen in the Table 4.5, all teachers stated that students might fall into the
misconception of positively recency effect in the interviews-2. In addition, Dogan
was the only teacher who did not mentioned about the misconception of negatively

recency effect. Some of the justifications were as follows.

It can be advocated that the probability of getting head is lower ... On the
other hand, students may think that the coin is biased or that the person who
throws the coin may act as biased, so they may think the inverse situation
(Interview-2 with Baris).

Students may think that getting the same results again and again may increase
the probability of getting head again. Students generally ignore the mutually
exclusive events in such type of questions (Interview-2with Dogan).
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There were different suggestions from different teachers for resolving this kind of
misconception in the interviews-2. Baris mentioned about the importance of the
biasness of the coin. He suggested that student should be exposed about the biasness
of the coin. Cihan and Dogan suggested that students must be taught how to
distinguish the dependent and independent events. Erdal stated that students should
be exposed with such kind of questions. Observation findings indicated that both
middle and high school teachers used if-then statements. Students were expected to
memorize them and use when necessary. The shortcuts were related to independence
of the events. In fact, both middle and high school teachers stated that students’
experience difficulty in determining whether the event is dependent or independent
in the interviews-1. The following statements were observed in different classrooms
to distinguish the independent events from the other event types and to put it into

algorithm to solve the questions.

If the ball is released into the urn, then, it is independent.

If the event A and B are independent, then, the probabilities are multiplied.
They are not affecting each other, so it is independent.

The difference between inclusive-mutually exclusive events and dependent-
independent events is that the sample sizes are same for former and they are
different for the further.

This misconception appears when the existence of the previous events affect
students’ mind. In general, since the questions were asking the present event, this
misconception did not appear in observations. However, the experimental probability
topic in middle schools was directly related to resolution of this type of
misconception. Due to the existence of the topic, middle school teachers stated in the
observations that whatever the results of the previous events, the theoretical
probability did not change. The examples given related to experimental questions

were as follows.

Can is throwing a coin 10 times and getting eight heads and two tails. Ugur is
throwing a coin 50 times and getting 30 heads and 20 tails. Sule is throwing a
coin 100 times and getting 53 heads and 43 tails. Let’s look at the
experimental probabilities and compare it with the theoretical one
(Observation-4 in Ahmet’s classrom).

If I increase the trials, the probability is approaching to the theoretical one.
For example, if I try it 2000 times, | can get 510 heads and 490 tails. | mean it
approaches to theoretical probability (Observation-2 in Baris’s classrom).
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A coin is thrown 100 times and it appears 90 heads and 10 tails. Ayse is
predicting that the 101th trial is head. What probability type is it?
(Observation-4 in Ahmet’s classrom).

In fact, it was leading students that the probability always approaches to the
theoretical one. In the last example, Ahmet stated that the probability was 90% head
by looking the previous events. Therefore, he leaded students to this type of
misconception. He did not mention about the biasness. Although the trials might

appear in such way, it did not guarantee that the probability was 90%.

In one example, Ahmet fell into this type of misconception. When explaining the
relation between experimental and theoretical probabilities, he leaded students to the
misconception of negatively recency effect. In the interview-1, however, he stated
that one of the difficulties that students experience was difficulty in seeing difference
among the theoretical, experimental, and subjective events. His statement was as
follow.

You can predict the theoretical probability, I mean, the result of the
experimental probability, but you cannot predict it at the beginning of the
experiments. For example, I threw 20 coins and | got 16 heads and four tails.
If we continue throwing, the number of tails will increase (Observation-3 in
Ahmet’s classroom).

For high schools, there were no such topic and question. The questions were asking
the probability of the event happening. Since the questions did not include the
previous events which were already happened, such misconception was not
observed. In addition, teachers did not consider that this type of misconception could

exist. Therefore, they did not solve related questions.

However, there was indirect relation with the questions that require arrangement. For
example, if the question asking the probability of getting two red (R) and two blue
(B) balls after choosing four balls from the urn one after another, students needed to
predict the possible arrangement such as RRBB, BRBR. In high schools, these types
of the questions also had shortcuts during the observations. Teachers showed the
shortcuts and rote memorizations for the arrangement in different lessons. Then,
students used permutation for this type of the questions. Some of them were as

follows.
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The permutation is for arrangement.

If the arrangement is given, multiply the events.

If the arrangement is not give, use permutation.

If you take the balls together, then, use permutation and it is related to
selection.

The use of permutation and combination in probability questions were also
considered as one of the students’ difficulties. All high school teachers and Baris
mentioned about this difficulty in the first interviews with teachers. However, Barig

did not use these topics in his teaching practices.

Indirectly, this topic was related to the independent of the events due to the
independence of occurrences of the events from the previous ones. In the concept
development process, Ahmet gave the definition of the dependent-independent
events without giving examples or explaining the concept during the observations.
Students were not satisfied with the explanation. The course book definition and a

quotation between a student and Ahmet were as follow.

(Definition given in the classroom) If the occurrences of two or more events
are independent to each other (e.qg. if the ball chosen from urn is released back
into urn again), that means if the result of the one event is not affecting the
other event, this type of events is called as independent (Observation-1 in
Ahmet’s classroom).

Teacher explained how to determine independent and dependent events by giving

examples from dice and coin, then,

Ahmet : For example, | throw a coin and head appeared, then, | throw
a die, then 5 appeared. Is getting head from coin affecting getting 5 from die?
Student - Yes

Ahmet : Why?

Student : You are throwing the coin in the first place and the die in the

second place. | think if the dice is thrown in the first place, we may get
different outcomes

Ahmet . If the first did not affect we call this kind of events as
independent events (Discussion ends here) (Observation-2 in Ahmet’s
classroom).

On the other hand, Baris explained the concept by giving examples different
examples and by using materials such as coin and dice. For example, he threw a coin,
then, he threw again. While throwing it second time, he asked whether the previous

event was affecting the second throw or not. Different than the middle school

116



teachers, high school teachers gave formal definition and the formula needed for the

dependent-independent events.

Overall, these misconceptions appeared among both middle and high school students
before the regular instruction. In general, the positively recency effect was dominant
among students before and after the regular instructions. After regular instruction,
however, these misconceptions stayed still among middle school students and in
Cihan’s classroom. On the other hand, there was sharp decrease in Dogan’s and
Erdal’s classrooms. There were only two students for positively recency effect and

two for negatively recency effect in Dogan’s and Cihan’s classrooms.

4.3 Representativeness Heuristics: The Sample Size Effect as an Intuitively-

based Misconception

This part of the study presents the results specific to the intuitively-based
misconception of the sample size effect. The findings related to the occurrence of the
misconception among students, teachers’ knowledge about the misconception and

teaching practices were presented as follows.

4.3.1 Pre- and Post-Test Results

In the pre- and post-test of the PTI, the event of having at least two boys among three
new-born babies was shown as A, so the probability of the event A was shown as
P(A). Similarly, the event of having at least 200 boys among 300 new-born babies
was shown as B. So, its probability was shown as P(B).

The misconception of the sample size effect appeared in the third question was as
follows. Students thought that the probabilities of the events A and B were equal,
because the ratios between the number of boys and total number of babies were
equal. They could not manage the sample size in this question. This question was
searching whether this misconception was common in both middle and high schools.
The pre- and post-test results indicated that majority of the students fell into this
misconception both in middle schools and high schools. Table 4.6 indicated the
frequencies of the students who fell into this misconception in the pre- and post-tests.
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Table 4.6 Frequencies of students’ answers reflecting the misconceptions of sample

size effect in the pre- and post-tests

Middle School Teachers High School Teachers

Mis- Ahmet* Baris Total Cihan Dogan Erdal Total
conception (n=22) (n=37) (n=59) (n=17) (n=21) (n=21) (n=59)
Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post

Sample
Size 18 18 16 13 34 31 14 13 11 13 10 6 3% 32
Effect

*: All names are psydonym.

Note: Numbers represent individual students as multiple answers by the same student reflecting the
misconception of sample size effect counted only once.

As it was expected from students, majority of the students fell into this type of
misconceptions in the pre-test. Total of 34 students (59.65 %) in middle schools
thought that the probabilities of the events A and B were equal. In both teachers’
classroom, most of the students answered accordingly. There were 18 students in
Ahmet’s classroom and 16 students in Barig’s classroom who thought that the

probabilities were equal. In general, students constructed ratios for the events A and
: S 2 20
B. Then, they equated the ratios. This ratio was generally shown as 3" 300" Some

of the students’ answers were as follows.

They are both equal to the same number, because the numbers increased.
However, the numbers are increasing in the same amount. Both events are
look like to each other (Pre-test administred to Baris’s classroom).

The probability of having at least three boys among three babies and of

having at least 200 boys among 300 babies is equal to % ( Pre-test

administred to Barig’s classroom).

Again, majority of the students in high schools gave answers that fitted to this
misconception in the pre-tests. There were total of 35 students (59.32 %) who fell
into this misconception. Their justifications were also similar. They considered the
equality of the ratios. Therefore, this equality misleaded students in solving the
question. In addition, students were very sure in their answers. Some of the

justifications were given below.

Both are the same. | think there is no need to compare them (Pre-test
administred to Cihan’s classroom).
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It is obvious that if there are at least two boys among three babies, it is normal
to have at least 200 boys among 300 babies (Pre-test administred to Dogan’s
classroom).

The probabilities for both of them are equal. Since the ratios are equal to each

other, the probabilities are also equal. §=% (Pre-test administred to

Dogan’s classroom).

The total number of students who fell into this misconception was 69 (60 %) in both
middle and high schools in the pre-test. This means more than half of the students
fell into this type misconception. They justifications in their answers were also

similar.

After students received regular instruction, the number of the correct answers
increased in the post-tests. The answers included more calculations. In addition,
students’ justifications also included mathematical terms learnt in the instructions.

Although student received instruction, there were still 31 students (53.45 %) who fell
into the misconception of the sample size effect in middle schools. They explained
their answers according to the equality of the ratios. They observed that there were
ratios between the number of boys and the total number of babies, and that they were
equal. Therefore, they stated that the probabilities of the events A and B were equal.
However, the answers included more calculations and they tried to justify their
answers by using the terms such as theoretical and experimental probabilities. Some

of their answers were stated below.

. 2 200 ..
Both ratios are equal. 3" 300 (Post-test administred to Ahmet’s classroom).

No matter how big the numbers, it should not belie us. %z% . They are

equal (Post-test administred to Baris’s classroom).

Both become equal, because if we simplify the numbers, both numbers
become equal (Post-test administred to Barig’s classroom).

They are equal, because the probabilities of having at least two boys among
three babies and of having at least 200 boys among 300 babies are
experimentally equal (Post-test administed to Barig’s classroom).

As it was seen from the answers, their justifications were similar to those answers
given in the pre-test. However, students’ answers also included some mathematical

terms learnt in the lesson.
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In general, this type of misconception was dominant among the high school students
in the post-tests. Majority of the students fell into this misconception. There were 32
students (54.24%) who gave answers related to this type of misconception. Among
them, the number of the science high school students decreased sharply to six
students. On the other hand, there were 13 students in Cihan’s classroom and 13
students in Dogan’s classroom. Their justifications were again the same. They
considered the equality of the ratios. Therefore, they stated that the probabilities of

the events A and B were equal. Some of the students’ answers were as follows.

Since it says at least, it can be at least two boys or three boys. The
probabilities become equal if we increase the numbers (Post-test administred
to Cihan’s classroom).

The solution method and the logic for both of them are almost equal, because
both are similar to each other and they are equal (Post-test administred to
Cihan’s classroom).

They are equal, because first is two out of three and the second is 200 out of
300. As a result the head numbers are equal (Post-test administred to Dogan’s
classroom).

Students were successful in finding the probability of the event A in the post-tests.
However, since they could not find the probability of the event B, they relied on the
equality of the ratios. For example, one student stated his/her answer as follow.

Four situations among eight are equal to having at least two boys. Therefore,
. 4 . 1 .. : o :
it |s§. So, it is equal to > It is also equal in the situation of having at least

200 boys out of 300 babies. Both are equal. Therefore, the probabilities of
both events are equal (Interview with a student from Dogan’s classroom).

In general, the total number of the students who fell into this misconception was 63
(53.39 %). Still, more than half of the students fell into this type of misconceptions.
In general, students tried to solve the question by using formulas and by doing
calculations. However, their intuition was dominant. This misconception was

observed both among middle and high school students.

4.3.2 Teachers’ Awareness and Teaching Practices for Sample Size Effect

The third question aimed at determining students’ misconceptions of the sample size
effect. In the first place, middle school teachers and Dogan stated that the

probabilities were equal in the interview-2. Therefore, they also fell into this type of
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misconception. At the end, all teachers stated that students could fall into the sample

size effect in the 3 questions in the PTI.

While Cihan and Erdal saw the question, they wanted to be sure about their answers
and compared whether the probabilities were equal or not in the interview-2. Even
Erdal wrote the general formula of the probability of having at least 200 boys out of
300 new-born babies. They stated that this misconception should be common among
students. In addition, other teachers also agreed about this type of misconception. In
this problem, the same — the same and the sample size effect misconceptions had the
same logic. Therefore, it was considered that teachers were also aware of both types

of the misconceptions. For this question, some of the justifications were as follows.

Ratios are equal. Students can ignore the sample size and they just look at the
ratios (Interview-2 with Baris).

Here, students think that the numbers are multiple of each other. So, they
consider they are equal (Interview-2 with Erdal).

In order to resolve this misconception, middle school teachers suggested that
students the sample size should be emphasized to students in third questions in the
interview-2. Baris directly stated that teachers should consider the sample size and
teach the topic accordingly. On the other hand, Cihan indirectly stated the
importance of the sample size. He suggested that the number of trial might be
increased, for example, to six times. He also stated that the trials might be performed
in the classroom with real coin. In addition, Baris also mentioned about the usage of
visual materials and technological tools. Dogan stated that the misconception could
be resolved with the help of comparisons of the probabilities. In addition, he also
mentioned about the importance of the related subjects such as permutation, cyclic
permutation, and combination. He suggested that students should be provided with
better understanding of these subjects instead of just going through the probability
subject in the interview-2. Erdal mentioned about the importance of solving as many
questions as possible, students could understand how to find the sample size of any
event, no matter whether the questions were familiar or unfamiliar to students. In

practice, teachers were careful about the importance of the sample size.

This type of misconception was related to the determination of the sample size of the

events asked. Students needed to manage the sample sizes for any question in
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probability. Findings from classroom observations indicated that all teachers were
curious about this issue and stated that determining the sets of expected elements and
the sample size in the events were among students’ main difficulties in the
probability. High school teachers, especially Dogan and Erdal, emphasized to find
the sample sizes for the events asked. In addition, when giving the algorithms for
solving different types of the questions, all teachers included “finding the sample
size” as one of the basic steps. Therefore, there were numerous examples solved to

find the sample size.

In the concept development phase, all teachers began with the simple questions in
order to make students find the sample size for the events correctly during the
observations. Then, especially high school teachers gave more emphasis on finding
sample size and the sample space of equally probable elements. For example, Erdal
stated in the interview-1 that he solved 20 to 40 questions about this concept. During
the observations, he really solved more than 20 questions related these topics. In
addition, Cihan and Dogan constructed a relation between sample size and the
permutation and combination concepts. They emphasized to use permutation while
finding sample size in the probability questions. On the other hand, middle school

teachers gave more emphasis on the general formula for probability.

For managing the sample sizes in the events happening, there were also some
shortcuts and memorizations observed in the classrooms. One basic example that all
teachers except Ahmet used was to find the sample sizes if a coin or a die was

thrown n times. The shortcut was that the sample size is 2" for coin and 6" for die.

During the observations, there were also some other shortcuts about finding sample
sizes. For example, all teachers stated that there might appear 4-2 and also 2-4 after
throwing two dice. This situation was directly related to this type of misconception.
In addition, only high school teachers expected from students to memorize the
statement of “the sample size for throwing two dice (coins) and for throwing a dice

(a coin) twice are equal.”

All teachers provided relation between the probability and set topics during the

observations. While showing the samples sizes and the expected elements, they were
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directly using the sets or the number of elements in a set. In addition, only high
school teachers used permutations and combinations for finding samples sizes in the
questions. All high school teachers used same procedure for using permutation and
combination. In general, the determination of where to use the permutation and
combination was also considered as one of students’ difficulties by teachers while
solving probability questions. They used if-then type of statements. For example,
they expected students to use combination, if the question was about the selection
and permutation if the question was about the arrangement. Dogan and Erdal directly
used the permutation and combination in the questions without explaining the logic
behind the usage. They followed the procedures of using permutation and
combination only when needed. On the other hand, Cihan explained the reasons for

using them. Even in the questions of choosing a ball from urn, he showed that the

n
possible outcomes were (1] if n was the number of the balls in an urn. For example,

3
when choosing two students from three, he both used [2] and showed possible

outcomes. He numbered students from 1 to 3. Then, he showed the possible

outcomes by writing 1-2, 1-3, and 2-3 during the observations.

It was observed that the determinations of sample size in dependent-independent
events and inclusive-mutually exclusive events were hard for students. They could
not manage the sample sizes. For such situations, teachers used different rote
memorizations to determine the event types. In addition, teachers provided

algorithms for different types of the questions.

Another point that was observed in classrooms was that students could not manage
and associate the set of expected elements and the sample size. For example, one

question was as follows.

There are three red (R), three blue (B), and four yellow () balls in an urn.
Three of them are randomly chosen. What is the probability that only one ball
among the chosen balls is red (Observation-5 in Cihan’s classroom).

In this question, students could easily find the sample size as C(10,3). However, they

could not manage how to find the set of expected elements in the first moment during
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the observations. Then, Cihan stated that the possible outcomes were RBB, RBY,
RYY, and their different arrangements. He explained that they needed to add the
possibilities and their different arrangements that could be found with permutation.
Therefore, they needed to predict different situations, and their arrangements, and to
find the sample size. After that, teacher showed another way of solving the question
by using combination. Overall, teachers tried to show little visualization for the
predictions and they also made students remember the necessary knowledge for the
questions. In general, they were stick to the algorithm for the solutions of the

questions.

Another important issue to find the sample size appeared in infinite probability topic.
During the observations, Baris and Cihan provided students with the general
probability formula and explained that the sample size was the total area, length or
volume. Erdal directly stated it after writing a question related to this topic. None of
the students were uncomfortable with such explanations. In fact, Ahmet, Cihan, and
Erdal considered that students experienced difficulty in relating other subjects (e.g.

geometry) with probability.

Erdal solved unfamiliar questions in the classroom. In such questions, students could
not develop either the sample size or the set of expected elements. He showed the
solution method at the end. However, the aim of asking such questions was that there
was no limit to ask questions related to probability. One of the questions was as
follow.

A glass rod falls into ground. It is broken from two points. What is the
probability that joining the broken points of three pieces generates a triangle?
(Observation-6 in Erdal’s classroom).

In this question, Erdal constructed a relation between probability and geometry. He
showed the sample size in analytic plane. The sample size and the set of expected

elements were shown with areas in the analytic plane.

In fact, the geometry was used by Baris, Cihan, and Erdal in the lessons. The topic of
infinite probabilities was taught by Baris and Cihan. Erdal directly used geometry
when needed in the unfamiliar questions. Baris and Cihan gave the definition from

the preparatory book for university entrance exam and the general formula for it. The
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. th ur A . .
formulawas givenas P A = ¢ measure of . Cihan explained the formula
the measure of universal set

as follow.

Here, different than the other topics, we have measures such as area, volume,
and angle. They include infinite points. So, we can find the answer by
dividing the expected measure by the whole measure. You will understand it
in the examples (Observation-7 in Cihan’s classroom).

He directly began to solve questions. One of the questions asked was as follow.

What is the probability of choosing a point from a circle with the radius of r
that is closer to its center than its perimeter? (Observation-7 in Cihan’s
classroom)

In general, high school teachers were curious about how to find the sample size in
any questions. Although middle school teachers showed the ways to find it, high
school teachers were more focused on this issue. However, the regular instructions in
both middle and high schools did not have positive impact of resolving students’
misconceptions. The numbers of students who fell into this misconception stayed
almost the same before and after they received regular instruction both in middle and

high schools.

4.4 Representativeness Heuristics: Outcome Approach as an Intuitively-based

Misconception

This misconception is again a type of representativeness heuristics. It occurs when
students decide the probabilities according to the appearances of already happened
events. The findings related to the pre- and post-test results, teachers’ awareness and

teaching practices about outcome approach were presented in this part of the study.

4.4.1 Pre- and Post-Test Results

The fourth question in the PTI was specifically asked to determine students’
intuitively-based misconception of the outcome approach. The outcome approach
appeared when students were affected by the outcomes or distributions of the events.
The main point was that the outcomes already happened in the events. They tried to

solve questions under the effect of the outcomes of the events in the questions.
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What was expected from students to do in this question was that they chose the
“Distribution I” (DI). Since there were 16 game cards distributed and four players,

students were expected to distribute 16 game cards to four players equally.

Table 4.7 Frequencies of students’ answers reflecting the misconceptions of outcome

approach in the pre- and post-tests

Middle School Teachers High School Teachers

Mis- Ahmet* Barisg Total Cihan Dogan Erdal Total
conception (n=22) (n=37) (n=59) (n=17) (n=21) (n=21) (n=59)
Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post

QOutcome

8 1 5 9 13 20 3 4 3 4 1 7 7 15
Approach

*: All names are psydonym.

Note: Numbers represent individual students as multiple answers by the same student reflecting the
misconception of outcome approach counted only once.

According to the pre-test results, total of 20 students (17.39 %) in middle and high
schools fell into this type of misconception. Among them, 13 students were from
middle schools and 7 students were from high schools for this misconception. The
test results revealed that there were less students for this misconception compared to

the other intuitively-based misconceptions.

Students generally thought that the players should get the same number of cards.
Their justifications also supported the idea of this misconception. In this type of
misconception, middle and high school students’ justifications were similar. Some of

the students’ justifications were as follows in the pre-tests.

Because we are giving the cards to players one by one. So, they will get equal
number of cards (Pre-test administred to Ahmet’s classroom).

Because 16 cards are distributed to four persons, so each gets four cards. (Pre-
test administred to Barig’s classroom).

Because the numbers are more regular (Pre-test administred to Baris’s
classroom).

Because the probability of distributing four cards for each person is higher.
(Pre-test administred to Dogan’s classrom).

They all mentioned about the equality of the number of the cards given to each
player in the pre-tests. Despite the other justification, one student mentioned about

the regularity of the numbers.
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After students got regular instruction, the number of the students who fell into this
type of misconception increased. In fact, the number of correct answers increased.
However, since students fell more into the more of A — the more of B and the
availability heuristics misconceptions in the pre-test, the increase in this type of
misconception appeared in the post-test.

When compared to the other intuitively-based misconceptions, students who fell into
the outcome approach misconceptions were still low in the post-tests. There were
total of 35 students (30.43 %) who fell into this misconception in middle and high
schools. Among them, 20 students, which were equal to 35.09 % of all middle
schools, were from middle schools. The rest (15 students) were from high schools.
This was equal to 25.86 %.

Similar to the justifications given in the pre-test, students’ answers involved the
assertion of the equality of numbers for each player. Especially middle school
students supported this idea. Some of the justifications from middle school students

were as follows.

It comes 4 4 4 4 steadily (Post-test administred to Baris’s classroom).

The order is collapsed in DIl (Post-test administred to Ahmet’s classroom).
The cards were distributed in wrong way (Post-test administred to Baris’s
classroom).

Students thought that each player should get four cards. For this thought, one student
asserted that the order in the second distribution was incorrect. In addition, one

student thought that the cards were distributed in wrong way in the post-test.

In high school, the justifications changed the form in the post-tests. Especially in
science high school, the number of students who fell into this misconception
increased from one student to seven. The main reason for this situation was that they
tried to find the sample size and to solve the question in formal way with formulas.
However, some of them could not manage the formula. Other than the wrong use of

the formula, one student asserted this justification.

A M F H = If the order of distributing the cards is in this way, then, the
probability of distribution 1 is higher, because each player should have equal
number of cards (Post-test administred to Cihan’s classroom).
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On the other hand, one student who gave correct answer in science high school also

had the same thought. This student’s assertion was as follows.

The distribution is random. It begins from a player, but it follows a system. In
such situation, the probability of distribution I is higher (Post-test administred
to Erdal’s classroom).

One student in Anatolia high school had the same idea as the middle school students.

S/he mentioned about the necessity of the equality of the number of the cards that

each player should get.

4.4.2 Teachers’ Awareness and Teaching Practices for Outcome Approach

In the fourth question of the PTI, whether students had the misconception of the
outcome approach was investigated. When asked to the teachers about the
occurrences of this misconception among students, all teachers except for Erdal
stated that they might have the misconception of the outcome approach in the
interviews-2. They gave similar justifications. For example, Ahmet stated that
“students might think that each player got the same number of cards, so they could

fall into misconception” (Interview-2 with Ahmet).

Erdal gave a different explanation for this question. His statement was about the
understanding of the basics of the probability. The following quotation was about

this issue.

A student who knows the basics of probability can easily state that the
probabilities are equal. ... They can calculate the probability. | do not think
that students will fall into a misconception in this question (Interview-2 with
Erdal).

There were no specific suggestions for this misconception in the interviews-2.
Instead, teachers stated that students should solve more questions and they needed to
know how to understand the topic of the elements of equal probabilities in the
sample size. They stated that they could give more emphasis on this issue. In

practice, however, teachers did not give emphasis on this misconception.

This misconception appears when comparing the already happened events. Since the
teachers asked questions based on the high school/university entrance exams, such

kind of questions were not observed in the classrooms. However, middle school
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teachers were closer to diminish their students’ misconception of outcome approach
due to the curriculum. The curriculum included experimental and subjective
probabilities. The teaching of these topics had indirect effect on students’ possible
misconception of outcome approach.

During the observations, for example, Ahmet stated that after 20 trials he could get
16 heads and four tails. In another experiment, he stated that he could get 510 heads
and 490 tails. At the end, he stated that if the trials increased the outcomes approach
to the theoretical probability. In such situation, students could be familiar with the
different events with different outcomes. Then, they could create an understanding
for resolving this misconception. However, the examples given in the classrooms

were not directly related to this misconception.

For the classrooms in high schools, there may be indirect relation with the
misconception of outcome approach and the dependent events. Since students learnt
sample space of equally probable events in the beginning of the probability subject,
students could think that the sample sizes of the dependent events were the same.
They might consider that the probabilities for taking one ball from an urn after
another are the same. For such questions, teachers developed algorithms for question
types and shortcuts for such situations. During the observatrions, the algorithm that
all teachers used to solve questions was as follows. The algorithms changed
according to question type. For Cihan, for example, the necessary steps to follow

were as follows.

Determine the event type

Determine the events of A and B, and write them separately.
Determine the sample size and the number of expected elements
Use the necessary formula according to the even type

Find the answer

In general, outcome approach was related to concepts of sample size and dependent
events. The general trend among teachers was that they gave course book definition
for the dependent event and explained the concept with simple examples during the
observations. The most apparent example among all teachers was about choosing a
ball from an urn. If the ball was put back into the urn, then, the event was dependent.

All high school teachers stated that determination of which formula to use was
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considered as one of the students’ difficulties in probability. However, all teachers
used the same formula by relating the concept with the set topic. The formula was
P(AUB)=P(A)+P(B)-P(ANB). They also used shortcuts to renew formula for the
specific type of the events. Again, determining event type was also considered as one
of the students’ difficulties by all teachers in the interviews-1. These shortcuts were
generally in the form of if-then statements during the observations. Students were
provided with many shortcuts for each event types, so, they confused which shortcut
to use in a specific question. The shortcuts observed related to dependent events were
as follows.

If the ball is not released into the urn, then, it is dependent.
o If the first event reduces the number of elements in the second event, it is
dependent.
They are affecting each other, so it is dependent.
¢ If you take the balls one by one, then, use multiplication rule and it is
dependent.
e “and” means union and addition.
e “or” means intersection and multiplication.
After students received regular instructions, the numbers of students who fell into
this misconception did not change in Cihan’s and Dogan’s classroom in the post-
tests. However, the occurrence of this misconception increased in middle school and
Erdal’s classrooms. Especially in Erdal’s classroom, this misconception increased
sharply. In fact, teaching practices for resolving this misconception were not
observed much in the classrooms. Due to the findings, it could be inferred that

teachers’ teaching practices promoted this misconception in students’ minds. Here,

the quarter of the students fell into this misconception after the regular instruction.

4.5 Simple and Compound Events as an Intuitively-based Misconception

This part of the study presents the results of pre- and post-tests, teachers’ awareness
and teaching practices specific to the misconception of the simple and compound
events. In general, this misconception appears when students confuse to differentiate

the probabilities of the simple and compound events.
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4.5.1 Pre- and Post-Test Results

The national and international curricula gave importance to the topic of the simple
and compound events in teaching probability. Students were expected to comprehend
the differences between the simple and compound events. From this point of view, it
was obvious that students could easily experience difficulty in differentiating simple
and compound events. In some cases, this problem could be considered as one of the
intuitively-based misconceptions. If students did not take the sample size and its
elements into consideration, they might fall into this type of misconception. The fifth
question in the PTI was specifically asked to determine whether this type of

misconception was common among middle and high school students.

The main problem in this type of misconception was that students did not realize the
outcomes of any pairs in the pre- and post-tests. A pair of 4-3 included both the
outcomes of 4-3 and 3-4 if a die was thrown twice. However, they gave the emphasis
only on the outcome of 4-3 and ignored the other outcome. Therefore, they fell into

misconception.

Table 4.8 Frequencies of students’ answers reflecting the misconceptions of simple

and compound events in the pre- and post-tests

Middle School Teachers High School Teachers

Mis- Ahmet* Barisg Total Cihan Dogan Erdal Total
conception (n=22) (n=37) (n=59) (n=17) (n=21) (n=21) (n=59)
Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post

Simple
and
Compound
Events

12 16 13 13 25 29 7 10 19 16 11 16 37 42

*: All names are psydonym.

Note: Numbers represent individual students as multiple answers by the same student reflecting the
misconception of simple and compound events counted only once.

The pre-test results indicated that the misconception of the simple and compound
events was very common in both middle and high schools. In every classroom, this
misconception was extensively observed in the pre- and post-tests. There were 25
students who fell into this misconception in middle schools in the pre-test. This was
equal to 43.86 % of all middle school students. In fact, there were also many students
who fell into “the more of A— the more of B” misconception. Therefore, this
percentage was very high among middle school students. On the other hand, there
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were 37 high school students for this misconception in the pre-test. This was equal to
63.79 % among high school students. There were total of 62 students, which was
equal to 53.91 % of all students in the pre-test. Among them, almost all students in
Anatolian high school and more than half of the students in science high school fell

into this misconception.

Students in middle schools generally considered the outcomes of the 4-4 and 4-3 as
separate ones; they asserted that the probability of getting any of them was equal in
the pre-tests. While students gave this answers, they supported their ideas with the
following justifications.

The probabilities are equal, because we are choosing one from each (Pre-test
administred to Ahmet’s classroom).

| think both faces are involved in a die. | mean both can appear. As a result,
the probability of getting any face is equal if we throw a die. Therefore, the
probability of getting any of the events is equal (Baris’s classroom).

Because the dice are unbiased. Both can come (Pre-test administred to Baris’s
classroom).

One student noticed that there were two outcomes for the pair of 4-3. However, he
could not manage that there were only one outcome for the pair of 4-4. His
justification was given below.

2

% % They are equal, because two dice are becoming 36 (sample size).

There are two 4-4s. % Similarly, there are two 4-3s. It is again % (Pre-

test administred to Barig’s classroom).

High school students also gave similar justifications for this misconception in the
pre-tests. Students generally ignored the possible outcomes of the pairs of 4-4 and 4-
3. One student mentioned about the ratio. One other student stated that there were

one 4-4 and one 4-3. So the probabilities were equal. Their answers were as follows.

The likelihood of both of them are equal, because there is only one number
that is the same for two dice. So, the probabilities are equal. The probabilities
of getting a pair of 4-4 and a pair of 4-3 are proportional (Pre-test administred
to Dogan’s classroom).

What was different between the answers of high school and middle school students

was that high school students were more dependent on the formal solutions. They
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tried to use the general formula of the probability. However, since they ignored the

elements in the events, they fell into this misconception.

After students received regular instruction, the number of the students who fell into
this misconception increased sharply in all classrooms in the post-tests. As it is
observed in the Table 4.8, the number of students in both middle and high schools
increased in the post-tests. After they received regular instruction, some middle
school students who fell into “the more A — the more B” misconception changed
their answers and they fell into the misconception of the simple and compound
events. 29 students fell into this type of misconception. This was equal to 49.15 % of
all middle school students. Almost half of the students fell into this misconception.
On the other hand, there was a slight decrease among Anatolian high school students.
The total number was 42 students in high schools in the post-test. This was equal to
71.18 % of all high school students. As it was seen in the findings, the regular
instruction had negative effect on resolving students’ intuitively-based

misconceptions of the simple and compound events, especially in high schools.

Students in middle schools tried to use formula for the probabilities in this question
in the post-tests. They tried to support their answers by using mathematical

expressions and by doing calculations. Some of their justifications were as follows.

The die 1 {1,2,3,4,5,6} :%for the outcome of 4-4. The die 2 {1,2,3,4,5,6} 4-

3. Same (Post-test administred to Baris’s classroom).

Because if we compare both of them, the numbers for each die is equal to
each other. Therefore, the probabilities are also the same (Post-test
administred to Barig’s classroom).

Both of them are equal. In two dice = the probability of getting 3 or 4 are

oo 11 L. 11
equal to each other. First situation 56 and for the second situation 55"

The probability is % (Post-test administred to Ahmet’s classroom).
For me, 4-4 and 4-3 are equal because it is not clear which one will appear.
The probability of getting 4-4 is %% = % The probability of getting 4-3 is

%% = % As it is shown, the probabilities of getting the pairs of 4-4 and 4-3
are equal (Theoretically) (Pos-test administred to Baris’s classroom).
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One student also used mathematical expression in the post-tests. He used the word
“theoretically” in his solution. This was learnt in the topic of theoretical,

experimental and subjective probability.

Similarly, high school students also tried to support their answers with the
appropriate formula. However, they also fell into the same misconception. They

ignored one outcome.

Different than the middle school students, some students in high schools mentioned
about the dependent and independent events in the post-tests. They considered the 4-

4 and 4-3 pairs as independent events. Some of the justifications were as follows.

They are independent of each other (Post-test administred to Cihan’s
classroom).

Since the dice are independent of each other the probabilities of getting 4-4
and 4-3 are equal (Post-test administred to Cihan’s classroom).

Since they are independent, the probability of getting 4 in the first die and 4

in the second is equal to % The probability of getting 4 in the first one and

3 in the second is % They are equal (Post-test administred to Erdal’s

classroom).

One student in vocational high school mentioned about the expected outcomes and
sample size. He stated that there was one expected outcome among 36 possible
outcomes for both pairs of 4-4 and 4-3 in the post-test. Some students also compared
the probabilities of any other outcomes such as 2-3 or 5-6. While students in middle
schools mentioned more about the theoretical probabilities, students in high schools
mentioned more about the independence of the events. However, all of them ignored
the possible outcomes in the expected pairs. Therefore, they all fell into the same

misconception.

4.5.2 Teachers’ Awareness and Teaching Practices for Simple and Compound

Events

The main aim of the fifth question was to determine students’ intuitively-based
misconception of the simple and compound events. In this question, Baris and Cihan

also fell into this misconception in the interview-2 with teachers. In addition, Ahmet
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was not sure about whether the question asked pairs or only 4-3. He explained
students’ misconceptions accordingly. He stated that if the arrangement was
important, students might state that the probabilities were equal. While teachers
deeply investigated the question, they all agreed that students might fell into this type

of misconception in the interviews-2.

In general, teachers mentioned about the precautions similar to those stated for the
misconception of the sample size effect in the interviews-2. They stated that they
needed to focus on the sample sizes of any event. Especially middle school teachers
stated that the use of materials such as coins, dice, and computer programs might
help students to resolve this kind of misconception. Dogan also stated that students
needed to be careful about the comparison of the probabilities of the events. In
general, they suggested that students needed to solve different kind of questions in
the interviews-2. In practice, high school teachers solved questions related to this

misconception in their lessons.

According to the findings of the interview-1 with teachers, students’ difficulties in
line with simple and compound event misconception were as follows. All teachers
mentioned about students’ difficulties of determining the sets of expected elements
and the sample spaces for the events in the probability questions. Moreover, all
teachers stated that students might experience difficulty in determining whether the
event was dependent or independent and simple or compound. In addition, all
teachers except for Ahmet stated that students were unable to relate and use

permutation and combination when needed in probability questions in the interviewl.

This misconception appears when two or more events can be considered as one
event. Therefore, the probabilities could be calculated either with the methods for
independent events or with the general probability formula for simple events. For
example, throwing two coins could be considered as two separate events or one
simple event. In such situations, especially high school teachers were solving the

questions in both ways during the observations. One question is as follow.

What is the probability of getting the same outcome after throwing the two
dice? (Observation-2 in Erdal’s classroom)
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In similar questions, it was considered as simple event for every teacher during the
observations. They found that the sample size was 6° =36. Then, they stated that the
set of expected elements is {(1,1), (2,2), (3,3), (4,4), (5,5), (6,6)}. Therefore, so the

probability is % On the other hand, especially high school teachers showed the

alternative way. The first event was getting 1 and the second event must have been

the same. So, they showed that the probability of getting (1,1) is %% = % At the

end, they stated that there could be six outcomes. So, the probability is 6-% = %

The basic misconception comes from the understanding of the pairs of coins or dice.
The sample size for two coins was {TT, TH, HT, HH} and for two dice was {(1,1),
(1,2), ..., (3,3)..., (6,5), (6,6)}. Teachers directly stated that if there was a pair of
TH, then, there must be HT during the observations. Similar situation was also
mentioned for throwing a pair of dice. Therefore, they stated that the arrangement
was important. The only explanation for this situation was that the different
arrangements changed the sample size. Same situation was valid for the dice, too.
However, none of the teachers explained why, for example, TT, HH, (1,1), and (3,3)
were written only one time in sample size during the observations. On the other
hand, all students were comfortable and satisfied with the situation. Students were

writing the set of expected elements of event asked.

In general, all teachers used similar teaching practices. For such situations, teachers
constructed some shortcuts. They expected from students to remember while solving
questions. Their practices indicated that students could consider the occurrences of
two or more events as one event during the observations. All teachers, for example,
emphasized that there might appear 2-3 (or other combinations) and also 3-2 after
throwing two dice. Therefore, teachers promoted that two events could be considered
as one event. Another shortcut was that the sample sizes for throwing two dice and

for throwing a die twice were equal.

Erdal created a table for the questions of throwing two dice in the lesson. In the table

provided, the numbers of outcomes were matched with the addition of the values that
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appeared after throwing two dice. Instead of finding the expected elements one by
one, students used the table and finding the number of outcomes. The rule table for

two dice given in the classroom was presented in the Figure 4.1 below.

' ) R 5 | {

Addidior :

\ . N - ( -
N\\rv\\f)p \ Lotce meS \ 4 5 \ D)
I

Figure 4.1 Table for number of addition of two dice observed in Erdal’s classroom

Observation findings indicated that the concepts of simple event and compound
events were taught separately. All teachers taught the general formula for the
probability. However, they solved questions related to simple events while
explaining the formula. On the other hand, the independent or dependent events were
taught as separate topics in probabilities. Related to this issue, while solving mixed
questions in the last lessons of the probability, Dogan and Cihan showed alternative
solution methods for some questions if appropriate. Dogan solved the question

below.

What is probability of getting two heads after throwing two dice?
(Observation-2 in Dogan’s classroom)

Dogan solved it in two ways. The first one was considering each throw as separate

event. Then, he found answer as %% = % He also solved the question by showing

the sample size for throwing two dice. Then, he indicated that there was only one
element that was expected in the question.

Overall, this misconception was observed excessively both in middle and high school
students. Although there were teaching practices such as the examples given, the
shortcuts to memorize in order to resolve this misconception, regular instructions did
not have positive impact on students’ minds. The number of students who fell into
this misconception increased from 25 and 37 to 29 and 42 in middle and high school

classrooms, respectively. Here, this misconception was dominant among high school
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students. More than half of the students both in middle and high schools fell into this

misconception.

4.6 Conjunction Fallacy as an Intuitively-based Misconception

If an event already happens when another event occurs, this is called conjunction
fallacy. At this point, students may ignore this situation and consider them
separately. Therefore, students may fall into the misconception of the conjunction

fallacy.

4.6.1 Pre- and Post-Test Results

Sixth question in the PTI was specifically asked to students whether they considered
the conjunction or not. There were numerous answers in this question. In this
question, students who did not realize the conjunction or ignored the order of the

events happened were considered that they fell into this type of misconception.

The pre-test results indicated that many students fell into the misconception of the
conjunction fallacy. Especially those who said that Ayse’s probability of winning the
game was lower than the others were considered as ones who fell into this type of
misconception. Table 4.9 indicated the frequencies of the students who fell into this

misconception.

Table 4.9 Frequencies of students’ answers reflecting the misconceptions of
conjunction fallacy in the pre- and post-tests

Middle School Teachers High School Teachers

Mis- Ahmet* Barig Total Cihan Dogan Erdal Total
conception (n=22) (n=37) (n=59) (n=17) (n=21) (n=21) (n=59)
Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post

Conjunction

15 12 14 10 29 22 8 5 7 3 8 5 23 13
Fallacy

*: All names are psydonym.

Note: Numbers represent individual students as multiple answers by the same student reflecting the
misconception of conjunction fallacy counted only once.

According to the results shown in the Table 4.9, this misconception was very
common among middle school students. On the other hand, the number of correct
answers was high among high school students, especially in Anatolian high school in

the pre-tests. The percentage for vocational high school was similar to that for
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middle schools. The total number of students who fell into this misconception among
middle schools was 29 in pre-test, which was equal to 50.87 %. This percentage was
39.65 % for high schools. There were 23 students who fell into this misconception
among high school students in pre-test. As it was stated, the percentage was high in
vocational high school. There were 8 students who fell into this misconception in the
vocational high school. This was equal to 44.45% for this classroom. This percentage
was close to the middle school students’ percentage. There were total of 52 students

who fell into this misconception in the pre-test. This was equal to 45.21 %.

In general, students in middle schools ignored the players’ choices. Although Ayse
chose an order of five throws while the others chose an order of six throws, they did
not consider this situation and looked at different points. For example, they looked at
the number of heads and tails, the biasness of the dice in the pre-tests. Some of the

justifications for this misconception were as follows.

Because the coin is biased, there are more heads. Therefore, Ayse has more
heads. The probability is also higher (Pre-test administred to Ahmet).
It does not appear four heads one after another (Pre-test administred to Baris).

Similar justifications were seen among high school students in pre-test, too. They
observed that the numbers of heads were high in the sequences. Therefore, they gave
answers on the basis of the heads and tails. For this misconception, middle school
students excessively fell into this misconception. On the other hand, the number of
high school students lower when compared to middle school students. However,
justifications of the high school students who fell into this misconception were

similar to that of middle school students.

After students received regular instruction, there was slight decrease in both of the
school types in the post-tests. There was a sharp decrease only in the number of
Anatolian high school students.

The Table 4.9 indicated that the regular instruction helped students to resolve the
misconception. However, there were still many students who fell into this type of
misconception. The number of middle school students who fell into this
misconception decreased to 22 students, which was equal to 37.29 % for middle
school in the post-test. On the other hand, there were only 13 students in high school.
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This was equal to 22.03 %. Total number of students who fell into this

misconception was 35 in the post-test. This was equal to 29.66 %.

When considering students’ justifications, there was almost no change for both
middle and high school students in the post-tests. They ignored the sequences of the
players’ choices and focused more on the biasness of the dice and the number of
heads and tails in the sequences. For this misconception, there was no difference
between middle and high school students’ justifications. The only difference was that
this misconception was very common among the middle school students. On the
other hand, there were lesser students who fell into this misconception among high
school students. In addition, the regular instruction had small impact on resolving

this misconception in both middle and high schools.

4.6.2 Teachers’ Awareness and Teaching Practices for Conjunction Fallacy

The fifth question was aiming to determine students’ misconception of the
conjunction fallacy. For this question, all teachers except for Barig stated the
possibility of appearance of this misconception among students in the interviews-2.
In addition, Cihan determined all kinds of misconceptions that appeared in the pre-

and post-tests conducted to the students.

For the conjunction fallacy, Dogan’s explanation was useful in the interview-2. He
stated as follows.

Ali’s first five predictions and Ayse’s predictions were the same. So, if the
first five trials are as those in Ayse’s prediction, there will be no need to do
one more trial. Ayse wins. I mean Ali’s probability of winning the game is
zero. Here, students may fall into misconception by relating the events which
are independent (Interview-2 with Baris).

For the question related to this misconception, there were different suggestions from
the teachers in middle and high schools in the interviews-2. Middle school teachers
and Dogan stated that they could calculate the probabilities separately and compare
them. On the other hand, high school teachers could give emphasis on the
independence of the events. Teachers followed their suggestions in teaching
probability in their teaching practices.
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Observation findings indicated that the misconception of conjunction fallacy was
observed in three ways in the classrooms. Two of them were related to the topics of
inclusive-mutually exclusive events and conditional probabilities. In fact, both topics
were in the high school curriculum. However, Barig taught inclusive-mutually
exclusive events. Therefore, it was possible that Baris’s students got familiarity for
this type of misconception. The last one was about the topic of infinite probabilities.

In concept development phase, teachers used verbal explanations examples for the
inclusive-mutually exclusive events during the observations. Then, they focused on
the dictionary meaning of the concept. Following quotation was related to the

teaching of the concept of mutually exclusive events.

Cihan . As we understand from its name, mutually exclusive events
are separated events. They have no relation. They are separated. Here, we
need at least two events. Say that they are A and B. If they do not have
common points between them, what can we say?
Student . Their intersection is empty set (Observation-5 in Cihan’s
classroom).
Then, teacher explained the concept with example from the probabilities of getting
odd and even numbers after throwing a die. The same example was asked by all high
school teachers. Differently, Dogan showed the difference between inclusive and
mutually exclusive events by giving example from the probability of getting even

and prime numbers and of getting even and odd numbers during the observations.

To differentiate the inclusive and mutually exclusive events, teachers provided some
statements to memorize. This was because both middle and high school teachers
stated that students experience difficulty in determining whether the event in the
probability questions was inclusive or mutually exclusive in the interviews-1 with
teachers. These memorizations were in the form of if-then statements. The following
statements were observed in the classroom. Most of the memorizations were
observed especially in high school teachers’ classrooms. Some of them are given
below.

o If the intersection is not empty, then, the events are inclusive.
o If the intersection is empty, then, the events are mutually exclusive.
e [fitis not mutually exclusive event, add P(ANB) into the formula
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Although these topics were related to the misconception of conjunction fallacy, it
only helped students to get familiarity for it during the observations. Beginning with
the inclusive-mutually exclusive events, since conjunction fallacy was about two
events of A and B one of which was the subset of another, inclusive events had direct
relation. In such questions, students needed to find the intersections of A and B. In
some cases, the requirements of conjunction fallacy existed. However, such situation

was observed only in Baris’s classroom. The guestion was as follow.

After throwing a die, what is the probability of getting two or even number?
(Observation-5 in Baris’ classroom).

In this question, two was even number. Baris wrote the events A and B for these
events and stated that the set of A is subset of B. However, he directly leaded
students to the formula for inclusive events, which was P(AUB)=P(A)+P(B)-
P(ANB). On the other hand, all teachers except for Ahmet solved questions related to
inclusive events. They also explained the inclusive and mutually exclusive events
with examples. In fact, only high school teachers stated that students experience
difficulty in determining which formula to use in the probability questions in the
interviews-1 with teachers. The Table 4.10 below showed the formulas for the events

and examples given by teachers during the observations.

Table 4.10 Formulas used and examples given for inclusive-mutually exclusive

events.
Formulas Examples
P(AUB)=P(A)+P(B) Let’s ask the probability of getting head or tail (after throwing a
(If A and B are mutually coin). The probability of getting head is '42. The probability of
exclusive) ANB=0 getting tail is %4. They are mutually exclusive. As in the addition of

the elements in mutually exclusive sets, the probabilities were also
added. If the events are not mutually exclusive, we use different
formula (Observation-4 in Dogan’s classroom).

P(AUB)=P(A)+P(B)-P(ANB) If the events are mutually exclusive, then, the intersection is empty

(If A and B are inclusive) set. But if it is not, we are using this formula. It is similar to
addition of the number of elements of the sets A and B. For
example, if it is asked to find the probability of getting even
numbers or of getting prime numbers, we can use it, because two is
both even and prime. They are not mutually exclusive
(Observation-5 in Cihan’s classroom).

They generally showed algorithm for solving the questions and directed students to

the formula during the observations. When explaining the intersections of the events,
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all teachers used small visualizations. According to the table or the Venn schemas
created by teachers, they put the data into the formula and solved the questions.
When explaining the formula, Barig, Cihan, and Dogan stated that the intersections
were counted two times and one should be deleted. They showed it on the list of the
sets and Venn schemas. They emphasized that the last part of the formula while
explaining why they subtracted the intersection. The question types and the small

visualizations were given as follows during the observations.

Table 4.11 Examples asked in the classroom and small visualizations for them

Examples for question types Small Visualizations

What is the probability of getting odd numbers A={1,3,5} and B={2,3,5}. So, the intersection
or prime numbers after throwing two dice? ANB={3,5} (Observation-2 in Cihan’s classroom).
There are 12 women, seven of whom have Women Men
glasses and nine men, six of whom have glasses.

. - - w/ glasses 7 6
What is the probability that one chosen person is

wi/out glasses 5 3

either man or with glasses? - -
g (Observation-3 in Baris’s classroom).

B
= A
The numbers from 1 to 9 are written in small :E’é‘g_i
papers and put in a box. If a paper is chosen s(Aﬂ_B)=2
from the box, what is the probability that is less Ob . . LY
than 6 or even numbers? (Observation-3 in Dogan
' classroom)

Secondly, the conditional probability had relation with the conjunction fallacy. This
was because the sample sizes were obtained according to the conditions given in the
questions. This meant that the sample size in the event was the subset of the sample
size without condition. Some of the examples observed were given in the Table 4.12

below.

143



Table 4.12 Teachers’ use of the sample sizes of the questions with and without the

condition
Question Sample size with condition Sample size without condition
A die is thrown. If it is known
that the number is prime, what E={2,3,5} E={1,2,3,4,5,6}
is the probability of getting s(E)=3 s(E)=6
even number? (Observation-4 in Erdal’s

classroom)
It is known that addition of the
outcomes of throwing two dice  E={(1,1), (1,2), (2,1), (2,2), E={(1,1),(1,2),...,(6,6)}

is less than 4, what is the (3,1), (1,3)} s(E)=36
probability that the addition can  s(E)=6 (Observatin-5 in Dogan’s
be divided by 3? classroom).

In such situations, high school teachers showed the key points in the question and
directly wrote the sample size with condition during the observations. Among the
elements in the sample size with condition, teachers wrote the expected elements.
The aim of solving these questions was not to resolve the misconception of
conjunction fallacy. However, it might give familiarity to students about the
conjunctions. From teachers’ point of view, teachers stated in the interviews-1 that
the important point was that students need to be aware of the condition and to

develop the sample size accordingly.

Indirectly, there was indirect relation between the topic of infinite probability and
conjunction fallacy. Students were suggesting that the event was happening under the

given facts and solving the questions accordingly.

There was only limited number of questions asked to students in the observations.

For example, one question asked in Baris’s classroom was as follow.
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2 cm

12 cm

Figure 4.2 Figure for the parachute jumper question

According to the given facts, what is the probability that a parachute jumper
is landing in the shaded area? (Observation-5 in Baris’s classroom)
Here, the condition was that the parachute jumper landed inside the bigger square.
However, Baris did not give emphasis on this situation. He stated that the sample
size was the area. He gave the formulas for square and the probability. Then, he

solved it as a probability of the simple event.

Overall, both middle and high school teachers provided many examples and
visualizations that were related to conjunction fallacy. In fact, teaching practices
were in line with the curriculum followed. However, the questions asked were
parallel to resolve this misconception. After students got regular instruction, the
numbers of students who fell into this misconception decreased slightly in both
middle and high school classroom. In the post-test, this misconception observed
among more than quarter of all middle and high school students.

4.7 Conditional (Time-Axis) Probability

The misconception of the conditional probability is called as the time axis probability
in some sources. The misconception occurs when students think that the further event
affected the preceding event. The second part of the question was related to this
misconception. The results related to this misconception are presented in this part of
the study.

4.7.1 Pre- and Post-Test Results

The last question in the PTI was specifically asked to determine students’ intuitively-

based misconception of conditional probability. This question is composed of two
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parts one of which is classical conditional probability question. On the other hand,
the second part includes time-axis condition. When students answered this question,
most of the students tried to solve the question by considering that there were two
blue and two red balls. Similar behaviors were also observed. Some others also chose
five blue and five red balls when they calculating the probabilities. Some other
students considered x number of blue and x number of red balls in their calculations.
Students who did not use the number of balls in calculations tried to explain their

answers with verbal justifications.

The conditional probability topic was not in the middle school curriculum. Therefore,
this question was not asked to middle school students. Only the high school students
answered this question. In addition, high school students did not learn this topic

before.

Although students did not learn the conditional probability topic before, the number
of students who gave correct answer to first part of the question was high in the pre-
tests. In the pre-test, students preferred to give answers with verbal justifications. The
answers of the students who answered that the probability of getting blue was low,
they were considered as correct in the first part. Similarly, the answers like “the
probabilities were same.” were considered as correct in the second part. The Table
4.13 indicated the frequencies for the correct answers in the first part and the

misconceptions in the second part.

Table 4.13 Frequencies of students’ answers reflecting the misconceptions of

conditional probability in the pre- and post-tests

High Schools Teachers

Question in Students® Responses Cihan Dogan Erdal Total
the PTI (n=17) (n=21) (n=21) (n=59)
Pre Post Pre Post Pre Post Pre Post
Correct Answer 6 11 17 17 11 22 34 50
. (from the first part)
Question 7 Misconception (from 6 8 8 12 10 6 24 26

the second part)

*: All names are psydonym.
Note: Numbers represent individual students as multiple answers by the same student reflecting the
misconception of conditional probability counted only once.
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As it was observed in the Table 4.13, there were 34 students who gave correct
answers to this misconception in the pre-test. This was equal to 59.65 % of all high
school students. Although they did not learn the conditional probability, they used
their logic and found the correct answer. When considering the time-axis
misconception in this question, the number of correct answer was important. The
ratio between the number of students who fell into misconception in the second part
and the number of students who gave correct answer in the first part was equal to
70.59 %. Therefore, almost three fouth of all students who gave correct answer in the
first part did not differentiate the time elapse of picking the balls. They could not

manage that the further event did not affect the preceding event.

In general, students who fell into this misconception gave the correct answer in the
first part of the question in the pre-tests. Only one student from Anatolian high
school who could not give correct answer in the first part fell into this misconception
in the second part. From this point of view, all students who gave correct answer in
the first part fell into this misconception in vocational high school. Similar situation
was valid among science high school students. On the other hand, almost all students
in Anatolian high school gave the correct answer in the first part. However, eight

students among them fell into this misconception.

The justifications for the misconception were generally similar to each other in the
pre-tests. They thought that the further event affected the preceding event similar to
the first part of the question. Some of the justifications were as follows.

If the second ball chosen is blue, then, the probability that the first ball chosen
is blue is lower. Simply, since the balls are equally distributed in each urn, the
probability of getting red is higher in the first selection (Pre-test administred
to Dogan’s classroom).

If the second ball chosen is blue, the probability of getting blue ball in first
selection is lower (Pre-test administred to Erdal’s classroom).

Let’s say there are two white and two blue balls. If the second ball is blue,
there will be two red and one blue ball in the first selection. Therefore, the

probability of getting blue ball in the first selection is % (Pre-test administred

to Dogan’s classroom).
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After students received regular instruction, almost all students found the correct
answer in the first part of the question. On the other hand, there was a slight increase

in the number of students who fell into the misconception in the post-test.

Among the high school students, there were 50 students who found the correct
answer in the first part of the post-test. This was equal to 84.75 %. Students who
could not realize the interdependence of the preceding event from the second event
stated that the probabilities are equal in both situations. The number of students who
fell into the misconception increased to 26 students in the post-test. Although the
number of students who fell into misconception increased with the correct answers in
the first answer in the vocational high school, there was an inverse situation among
students in science high school. The number of students who gave correct answer
increased to 11 students in vocational high school, while it increased to 22 students
in science high school in the post-test. However, the number of students who fell into
the misconception increased to eight students in vocational high school and it
decreased to six students in science high school. From this findings, it could be
argued that regular instruction helped students to calculate the classical conditional
probability problems in vocational and in science high schools. However, it did not
helped students to realize the time axis and the interdependence of the preceding
event in vocational high school, while students in science high school were

successful in doing so.

Similar justifications were given in the post-test, too. However, they generally tried
to use probability formula and calculate the probabilities. They still ignored the
importance of the happening of the precedence of the events. They tried to calculate
the probability by accepting that one of the blue balls is taken away. Only the science
high school students were careful about the time axis situation. On the other hand,

the regular instruction was not effective in vocational and Anatolian high schools.

4.7.2 Teachers’ Awareness and Teaching Practices for Conditional Probability

The last question in the PTI was only asked to high school teachers. They all

mentioned about the misconception of the time axis in the interviews-2 with teachers.

148



Their explanations about the existence of this misconception were given in the

quotations below.

Students may experience difficulty because the color of second ball taken was
given. So, they may experience in calculating the probability (Interview-2
with Cihan).

Students need to know that the probability of further event happening did not
affect that of the preceding one (Interview-2 with Dogan).

Students may ignore that the second situation did not affect the first one
(Interview-2 with Erdal).

All high school teachers stated that they could make students aware that the further
events did not affect the preceding ones in the seventh question in the pre-tests.
Dogan also stated that this misconception could affect their real life and make
mistakes in their real lives. Moreover, Cihan stated that they should give examples
from real lives instead of just using question-answer interaction between students and

teachers in classrooms.

The topic of the conditional probability was only in the high school curriculum.
Therefore, it could only be observed in the high school. In concept development
phase, although they gave formal definitions from text books, teachers used shortcuts
and keywords to determine whether the questions were related to conditional
probability during the observations. All high school teachers gave emphasis on the
statements such as “known to be”. Although there were many shortcuts for
conditional probability, they did not help students to resolve time-axis situation
because teachers chose the questions which were similar to those asked in the
university entrance exams. The shortcuts observed in all high schools for conditional

probability were as follows.

If there are statements like “known to be”, it is conditional probability.
e The sample size of conditional probability is the sample size of event B.
The expected elements of the conditional probability are the intersection
of the events A and B.
e If the occurrence of the event A is dependent on the event B, it is
conditional probability.

With the shortcuts given, students could determine whether the event was conditional
or not during the observations. In addition, they could also determine the condition in

the questions. These two situations were considered as students’ difficulties by high
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school teachers in the interview-1 with high school teachers. In fact, all teachers
solved different questions related to conditional probability in classrooms. However,
the key point in the misconception of conditional probability was the time-axis. If the
preceding event was given and the further event was asked, there was no problem for
both students and teachers. However, the inverse situation was not observed very

much in the classrooms.

During the observations, there were four questions asked related to conditional
probability in Cihan’s and Dogan’s classrooms. Although there was no question
related to time-axis situation, there was only one question that might lead students to

fall into this type of misconception. The question was as follows.

There are two yellow and three red balls in the und | and three yellow and
four red balls in the urn Il. It is known that a ball taken is red, what is the
probability that the urn is taken from urn 1? (Observation-6 in Dogan’s
classroom).

Different than routine questions asked about conditional probability, the second
event was given here. Both Dogan and his students experienced difficulty in solving
this question in the lesson. Before solving in front of students, Dogan looked at the
textbook for the solution. He did not explain the time of events happening. He
directed students to the formula for conditional probability taught before. He did not

do anything other than putting the given facts into the formula.

Erdal solved ten questions related to conditional probability during the observations.
One was similar to Barig’s questions above (only the numbers of balls were

different). He directly used the formula and passed to the other questions.

Among the questions asked in Erdal’s classroom, there were three similar questions
which required a little more thinking. In fact, these questions were not about the time
axis. It was possible that if students understood the logic behind the questions, they
could solve the questions related to time-axis situations. The questions were as

follows.

A coin is thrown two times. It is known that one outcome is head. What is the
probability of getting tail in the second outcome? (Observation-4 in Erdal’s
classroom)
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A die is thrown two times. It is known that one outcome is four. What is the
probability of getting odd number in the second outcome? (Observation-4 in
Erdal’s classroom)

There are five red and three white balls in an urn. It is known that a ball
selected among two balls is red. What is the probability that the other ball is
white? (Observation-5 in Erdal’s classroom)

Observation findings indicated that Erdal showed the possible outcomes for the
questions and solved questions by following the steps in the algorithm shown before.
For example, he showed the sample size for the first question as {HH, HT, TH} and
the set of expected elements as {HT, TH}. Then, he used general formula for the

probability.

Overall, teachers’ aim was to solve questions about conditional probability according
to the university entrance exam. They did not give emphasis on different situations
such as time-axis. In line with these findings, the pre- and post-test results indicated
that occurrence of the time-axis probability stayed still among high school students.
After students received regular instruction, the number of students who fell into this

misconception was almost the same when compared to the pre-test results.

4.9 Theory of Intuitive Rules: The More of A — The More of B as an Intuitively-

based Misconception

According to Stavy and Tirosh’s (1999a; 1999b; 2000) theory, what is more in one
quantity can be attributed to other quantities. Students can construct direct relation
between two quantities which are compared. If one quantity increases, students can
think that the other quantity also increases. The findings specific to this

misconception were presented below.

4.8.1 Pre- and Post-Test Results

In the PTI, students’ responses to the questions gave evidence about the existence of
this type of misconception in the pre- and post-tests. What is more in one quantity or

in one happening was attributed to the answers to the questions.

Many students were observed that they fell into the first misconception in Stavy and
Tirosh’s (1999a; 1999b; 2000) theory of intuitive rules. Students’ answers were
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appropriate to the requirements of this type of misconceptions in five questions in the

PTI. How this misconception occurred was explained as below.

In the first question, the numerical values of Merve’s choice in the game were higher
than those of Cigdem and Hakan’s choices. Therefore, students who fell into this
type of misconception thought that Merve’s probability of winning the game was

higher than Cigdem’s and Hakan’s probabilities of winning the game.

In the third question, there were new-born babies (300 babies) and there were more
boys (200 boys) to be expected in the second experiment. Therefore, students
thought that the probability of second experiment was higher than the first one.

In the fourth question, some students did not read the question well or they did not
read the question at all. They only focused on the persons who got the cards instead
of on the distributions. Here, they stated that Hiiseyin has the great probability of
winning the game, because he got the more cards in both distributions when

compared to others’ cards.

In the fifth question, students thought that 4-4 was higher than 4-3. Therefore, the
first pair had greater probability to happen. They either added or multiplied the

outcomes.

In the sixth question, students collected the number of heads in each player’s rows.
They stated that there were five heads in Ali’s row; therefore, Ali’s probability of
winning the game was higher than the others’ probabilities of winning the game. The
Table 4.14 indicated the frequencies of the students who fell into this type of

misconception in each question in the pre- and post-tests.
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Table 4.14 Frequencies of students’ answers reflecting the misconceptions of the

more of A— the more of B in the pre- and post-tests

Middle School Teachers High School Teachers
Questionsin  Ahmet* Baris Total Cihan Dogan Erdal Total
the PTI (n=22) (n=37) (n=59) (n=17) (n=21) (n=21) (n=59)

Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post

1" Question 10 14 14 9 24 23 3 2 0 0 o0 o0 3 2
3%Queston 3 1 4 3 7 4 1 0 4 0 4 1 9 1
4"Queston 3 9 4 8 7 17 5 3 1 0 2 0 8 3
5" Queston 5 4 5 7 10 1 2 1 0 o0 1 0 3 1
6"Question 9 12 10 10 19 22 7 4 1 1 5 0 13 5

*: All namer are psydonyms.
Note: Numbers represent individual students as multiple answers by the same student reflecting the
the misconception of the more of A — the more of B counted only once.

Considering pre- and post-test results, there was a considerable decrease among high
school students in the number of students who fell into this misconception after they
received regular instruction. On the other hand, the number of students who fell into
this misconception in middle school increased slightly in the first and third questions,
while there was slight increase in the fourth, fifth and sixth questions. Overall, there

was an increase only in fourth question.

In general, middle school students were very prone to fall into this type of
misconception, while high school students did not fall much into this type of
misconception. Therefore, the misconception of the more of A — the more of B
misconception was common among middle school students both in pre and post tests.
According to the Table 4.14, there were total of 27 students (23.48 %) who fell into
this misconception in the first question of the pre-test. Excessive numbers of students
were from middle schools. There were 24 students (42.10 %) who fell into this
misconception among middle schools. There were only three students who fell into
this misconception in high schools. These three students were from vocational high

school. There were no students in Anatolian or science high schools in the pre-test.

In the first question, while there were only two students who fell into this
misconception in vocational high school, there were 23 students in middle schools in

the post-test. This number was equal to 20 % for all of the middle school students.

For the third question, there total of 17 students who fell into this misconception in
the pre-test. This was equal to 17.78 %. Among them, 7 students were from middle

school and 10 students from high schools. Since Anatolian and science high school
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students tried to solve the question in formal way by using formulas, they gave
incorrect answers. They found that the numerical value of the probability in the
second experiment was higher than that in the first experiment. The number of
students who fell into this misconception decreased after students’ received regular
instruction. The reason why it happened was that more students fell into the same of
A — the same of B or sample size effect misconception. There were four students in

middle schools and one student in high schools.

There were 15 students (13.04 %) who fell into this misconception in fourth question
of the pre-test. Again, most of the students were from middle schools and vocational
high schools in this question. There were seven students (12.28 %) in middle schools
and eight students in high schools in the pre-test. Among the students who fell into

this misconception in high schools, five of them were from vocational high school.

For the fourth question, there were only three students who fell into this
misconception in high schools in the post-test. These students were, again, from
vocational high school. There were 17 students out of total of 20 students fell into
this misconception in middle schools in the post-test. They did not focus on the
distributions. Instead, they focused more on the total cards for each player. They

gave their answers accordingly.

For the fifth question, most of the students who fell into this misconception were
from middle schools in the pre-test. There were total of 13 (11.30 %) students who
fell into this misconception. Among them only three were from high schools. In the
post-test, there were 12 students who fell into this misconception. Among them 11
students were from middle schools, which was equal to 9.32 %. Students gave their

answers by basing their justifications on the chance.

For the sixth question, there were 32 students (27.83 %) who fell into this
misconception in the pre-test. Most of them were from middle schools. Among the
high school students, seven out of 12 students were from vocational high school. In
this question, while middle school students and vocational high school students were
more focused on the number of heads in each row, science high school students

explained their justifications by stating the possible biasness of the dice. There was
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only one student who fell into this misconception in Anatolian high school in the pre-

test.

The number of students who fell into this misconception increased when comparing
it with the pre-test results. There were 27 students who fell into this misconception.
This was equal to 22.89 % of all students. Among them, 22 of them were from
middle schools. This was 37.39 % of all middle school students. While high school
students did not counted the number of heads and tails in each row, middle school
students did.

After students got regular instructions, middle school students mentioned about the
theoretical and experimental probability especially in third and fifth questions in the
post-tests. Even four students stated two answers for one question. According to
them, the answer was something theoretically but it was something else

experimentally.

In the third question, some of the students mentioned that the experimental
probability got closer to theoretical probability in the post-tests, while high school
students tried to solve the question by using formulas and by doing calculations.
Similar answers were also given in the fifth question. In addition, some students in
middle school based their answers to chance factor. They stated that if the player was

lucky, s/he got 4-4, if not it was impossible for him/her to get 4-4.

What was different between middle and high school students was that middle school
students were more inclined to fell into the more of A — the more of B misconception
in general. Students in high schools did not fell more into this misconception. Among
the high schools students, vocational high school students’ answers were parallel to
those in middle schools. In general, Anatolian and science high school students did
not fell into this misconception in the post-tests. For those who fell into this
misconception in Anatolian and science high schools, students based their answers to

formal justifications and calculations.

According to the test results, regular instruction had slight effect on resolving

students’ misconception of the more of A — the more of B. In general, this
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misconception was dominant among middle school students. On the other hand, this

misconception was not observed very much among high school students.

4.8.2 Teachers’ Awareness and Teaching Practices for the More of A — the More
of B

This misconception appeared among students in five questions. According to the
findings from interview-2 with teachers, the Table 4.15 below presents the
misconceptions appeared in the test results and teachers’ awareness about this

misconception.

Table 4.15 Teachers’ awareness about students’ misconception of the more of A —
the more of B in the PTI

Middle School High School Teachers

Questions in PTI Teachers

Ahmet*  Barig Cihan Dogan Erdal
1 Question N
3" Question
4™ Question
5" Question \
6™ Question \ \ \ \

*: All names are psydonymes.
**: <\ indicates that the teacher expected to observe the intuitively-based misconception in students’
responses to questions in the PTI.

Although this misconception appeared generally among middle school students,
neither middle nor high school teachers mentioned about the possibility of
occurrence of this misconception in the interviews-2 with teachers. For example, the
more of A — the more of B misconception appeared generally among middle school
students and vocational high school students in the first question, there were only one

teacher (Cihan) who stated that students might fall into this type of misconception

Similarly, this misconception generally observed among middle school students in
the third and fourth questions in the pre- and post-tests. However, neither middle
school teachers nor the other teachers mentioned about this misconception in the

interviews-2 with teachers.

Similarly, only one middle school teacher stated that students might have this kind of
misconception in the fifth question in the interview-2. According to him, students
might think that the probability of getting 4-4 had higher probability.
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Different than the other questions, middle school teachers and two high school
teachers stated that students might fall into this misconception in the interviews-2.

Some of the justifications were as follows.

HTHHHH distribution is steadier. There are more heads in it. Students may

say either the probability is higher because of more heads or the probability is

lesser because of steadiness (Interview-2 with Baris).

Students may think that getting more head is more advantageous (Interview-2

with Cihan).
During the observations, all teachers showed some properties of probabilities in line
with the set topic. Related to this misconception, there were two main properties.
Teachers gave examples for explaining these properties. For the first property, the
numbers of elements in A and B sets could be considered as the number of expected
elements in the probability. Student might confuse the number of expected elements
and the sample size, so they might fall into misconception. However, all teachers
explained the properties with examples and emphasized that the elements in the sets
A and B are the expected elements in the probabilities of the events A and B. These

properties and the examples were given in the Table 4.16 below.

Table 4.16 Properties in the probability and the examples given.

Properties Examples
If A CB, then, P(A)<P(B). (This was explained from the number of elements in the
sets the events A and B) (Observaton-1 in Cihan’s
classroom)

In sets, addition of a set and its complement is equal to 1.
Similarly, probability of an event and of its inverse is equal
P(A’)=1-P(A) to 1. So, we can find if one of them is given. For example,

1
if the probability of getting five is E , then, we can say that
the probability of not getting five or of getting 1,2,3,4,6 is

1 5
equal to 1— E = E (Observation-1 in Dogan’s classroom).

In the classroom observations, there was no question in the high schools that were
related to this misconception. In fact, this misconception was related to the
comparison of the events. The questions asked in the university entrance exams were
not asking the numerical values of the events. Since the high school students were
expected to find the numerical values of the probabilities asked in the questions in
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line with the questions in the university entrance exam, teachers did not emphasis on
the questions that required comparisons. Moreover, the high school curriculum did
not include objectives for comparisons, high school teachers were not curious about
students’ possible misconception of the more of A — the more of B misconception

during the observations.

On the other hand, middle school curriculum included comparison of the
probabilities of the events. The existence of the theoretical, experimental, and
subjective events, middle school teachers exposed students to the comparison of the
events. Inability to make comparison between the probabilities of the events was also
considered as one of the difficulties that students experience by middle school

teachers in the interviews-1 with teachers.

Among middle school teachers, Baris solved two questions that are directly related to

this misconception. These questions were as follow.

There are two blue and three red balls in an urn. Another urn includes eight
blue and 12 red balls. In which urn is the probability of choosing blue higher?
(Observation-2 in Baris’s classroom).

There are three students who wear glasses among 20 students in 8A and six
who wear glasses among 40 students in 8B. In which classroom is the
probability of choosing a student who wears glasses higher? (Observation-2
in Barig’s classroom)

When asked, students fell into this misconception. After teacher suggested students
to calculate the probabilities, students found the correct answer. At the end, Baris
explained the situation and solved the misconception during the observations. He
asked the other questions in different class hour. However, students were careful

about the trick. The conversations between Baris and students were as follow.

Student 1 : For me, it is the second urn.

Baris : Why?

Student 1 : Because there are more blue balls.

Barig - Use your pencils. Is there any other answer?

Student 2 : They are same.

Barig : Why are they the same?

Student 2 - If we convert it to percentage, they both are 40 %.

Barig : Numbers should not deceive you. | can say the second has

higher probability due to eight balls. Or I can say there are less
blue balls in the first one, so, the probability is also less.
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However, we need to solve it with pencil. Pencil never lies. No
matter whether there are 200 blue and 300 red balls, their
probabilities are theoretically the same (Observation-2 in
Baris’s classroom).

In teaching experimental probability, teachers might lead students to this
misconception. For example, Baris explained the difference between the
experimental and theoretical probabilities. He wrote the results of the experiments

and explained the experimental probability as follow.

The probability of getting head is 0.2 in 20 trials, 0.4275 in 32 trials, and 0.48
in 50 trials. What happened? As the number of trials increased, the
probabilities also increased. We call them experiments and the probability is
called as experimental probability (Observation-5 in Baris’s classroom).

In such situations, the values of the probabilities were increasing gradually. It might
result in students’ mind that if the number of trials increased, the probabilities also
increased. However, Baris stated at the end that the as the number of trials increased,
the value of the probability got closer to the value of the theoretical probability
during the observations. It was !4 for the coin. Ahmet solved the question below in

the lesson. It was also similar to the question in Baris’s classroom.

Asli is doing an experiment. A dice is thrown five times, 25 times, 75 times,
and 200 times. Then, the results are recorded. In which experiment is the
probability of getting five closer theoretically? (Observation-5 in Ahmet’s
classroom)

Similarly, the students could think that as the number of the trials increased, the
probability got closer to that of getting five. In fact, the correct answer was 200 trials
due to rule exposed by both Ahmet and Baris. Observation findings indicated that
they both stated that excessive number of experiments turned into theoretical

probability.

Indirectly, some questions might lead to this misconception in students’ minds.
However, the focus of the questions was not about the comparison, instead, it was
finding the numerical value of the probability of the events. These questions were
observed in both middle and high school classrooms. However, the misconception

was not observed. Two of the examples asked were as follows.
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There are three oranges and six apples in a basket. Another basket includes
five oranges and two apples. One fruit is taken from each basket. What is the
probability that both fruits are apple? (Observation-4 in Cihan’s classroom)
There are 120 animals in a farm 20 of which are cows. Another farm includes
40 cows among 200 animals. One animal from each farm is chosen. What is
the probability that the chosen animals are not cow? (Observation-5 in
Ahmet’s classroom)

In such question, students might consider the probabilities of choosing apple or cow
by just looking at the numbers. According to the numbers, they might compare the
probabilities. However, the focuses in the question were not on the comparison.
Therefore, students tried to find the numerical values of the sample size, the expected
elements, and the probability. At this point, finding sample size and the set of
expected elements were considered as students’ main difficulties in probability by all
teachers in the interviews-1 with teachers. However, in case they had this
misconception in mind about the comparisons of the probabilities, it was not
observed. Teachers showed the formulas and formal solution methods in the

questions.

Overall, this misconception was observed excessively among middle school students.
Although this misconception was generally observed in middle schools and teachers
tried to resolve it when observed, the difference between the numbers of the students

who fell into this misconceptions in the pre- and post- tests was very slight.

4.9 Theory of Intuitive Rules: The Same of A — The Same of B as an Intuitively-

based Misconception

Second intuitive rule in Tirosh and Stavy’s (1999a; 1999b) theory is called as the
same of A — the same of B. The logic behind this misconception is similar to the first
one. In this misconception, there are two objects, quantities or phenomena. If there is
equality between these objects or quantities, students might think that the results or

the phenomena are also the same.
4.9.1 Pre- and Post-Test Results

In fact, there was no specific question asked for this misconception. However, third

question was directly related to it. In addition, there were some evidences in
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students’ responses to the three questions in the PTI that students fell into this type of
misconception.

According to students’ responses to the questions in PTI, there were three questions
that gave evidence for the existence of this type of misconception in the pre- and
post-tests. Among them, the third question was directly related to it. Although this
question was asked to determine students’ misconception of the sample size effect,
the same logic was valid for this misconception. In this question, expecting at least

two boys out of three babies has the same ratio for expecting at least two hundred
boys out of three hundred babies. Since students found the ratio of % for both

events, they stated that the probabilities for each event were equal to each other in

the test results.

In the fourth question, students did not read the question well and they directly
looked at the players and the number of their cards. According to players’ cards, they
stated that Ayse and Fatma got the same number of cards in each distribution.
Therefore, students’ stated that Ayse and Fatma had same probability of getting four

cards.

In the sixth question, students looked at the number of heads or tails in each row.
Then, they stated that Ayse and Ahmet had the same probability of winning the
game, since they had four heads in their rows. In addition, one student stated that

Ayse and Ali had the same probability due to the number of tails in their rows.

Table 4.17 Frequencies of students’ answers reflecting the misconceptions of the
same of A — the same of B in the pre- and post-tests

Middle School Teachers High School Teachers
Questionsin ~ Ahmet* Baris Total Cihan Dogan Erdal Total
the PTI (n=22) (n=37) (n=59) (n=17) (n=21) (n=21) (n=59)

Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post

3%Question 18 20 16 11 34 31 14 13 11 13 10 6 35 32
4™ Question 2 0 1 1 3 1 1 1 0 0 0 O0 1 1
6"Question 2 1 2 0 4 1 0 0 1 6 0 3 1 9

*: All namer are psydonyms.
Note: Numbers represent individual students as multiple answers by the same student reflecting the
misconception of the same of A — the same of B counted only once.

For the third question, the same logic was valid with the sample size effect. As it was

seen in the frequency Table 4.17, the misconception was observed in 8" and 11"
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grade students. There were 69 students who fell into this misconception in the pre-
test. Among them, 34 students were from middle schools and 35 students were from

high schools.

In the fourth and fifth questions, the number of the students who fell into this
misconception was very rare in both pre- and post tests. However, students in middle
schools were more prone to fall into this misconception. In both questions, there
were students in each classroom in middle schools; however, there were only one

student in high schools for each question.

After students received regular instruction, the number of students in middle schools
decreased in the fourth and sixth question. Students’ misconception transformed to
the more of A — the more of B misconception. For high school students, there was
only one student for the fourth question. This student was from vocational high
school.

Interestingly, the number of students in Anatolian and science high schools increased
sharply in the post-test. Students who fell into this misconception were asked about
why they answered in such way. One student from Anatolian high school stated that
“We are get used to multiple choice format. First of all, we are reading the last part
in the question. Then, if necessary, we are reading the explanation in the question”
(from unstructured interview). Therefore, it was observed that students did not pay
attention to the explanations in the question. Another statement was that “We are
trying to solve it with formula. We need to be quick” (from unstructured interview).
With this statement, it was understood that students considered themselves as they

were ready to solve any question after getting the instruction.

4.9.2 Teachers’ Awareness and Teaching Practices for the Same of A — the Same
of B

In the interview-2 with teachers, they were asked about the possible misconceptions
that students might fall into. In general, teachers stated which misconception the
questions were aiming to determine among students. This misconception appeared in
three questions. The Table 4.18 below presents the misconceptions appeared in the

test results and teachers’ awareness about this misconception for each question.
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Table 4.18 Teachers’ awarenesses about students” misconception of “the same — the
same” in the PTI

Middle School High School Teachers
Questions in PTI Teachers
Ahmet*  Barig Cihan Dogan Erdal
3" Question \** N N N N
4™ Question
6™ Question \/

*: All names are psydonyms.
**: <\ indicates that the teacher expected to observe the intuitively-based misconception in students’
responses to questions in the PTI.

In the third question, there was a same logic for the sample size effect and the same —
the same misconceptions. For the sample size effect, representation of the numbers
200 out of 300 and 2 out of 3 are similar, therefore, students might think that the
probabilities for both situations were equal. On the other hand, the misconception of
the same — the same can also appear among students due to the equivalence of the

ratios.

For the fourth question, on the other hand, teachers did not mention about the
misconception in the interviews-2 with teachers. This misconception appeared
especially among middle school students. There were also a few students in
vocational high school. However, neither middle school teachers nor Cihan or other
high school teachers mentioned about such misconceptions. Teachers generally
focused on the outcome approach. For the last question, only Cihan mentioned about
the possibility of appearance of the same of A— the same of B misconception among

students in the interview-2.

Similar to the misconception of the more of A — the more of B, this misconception
was also related to the comparison of the events. During the observations, this
misconception was observed slightly in high school due to the existence of the
university entrance exam and the high school curriculum, which did not include
objectives related to comparison. However, the middle school curriculum included
the topics of the experimental, theoretical, and subjective probabilities. This

misconception was generally observed in middle school classrooms.

In teaching experimental probability, Ahmet gave contraversy situation to distinguish
the experimental and the theoretical probabilities during the observations. The

question and the conversation between students and teacher were as follows.
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Burak is throwing a coin 70 times. He gets 30 head and 40 tails. What is the
probability of getting a head experimentally?

Student : 1

2
Ahmet : But theoretically it is % . Is’nt it? It was half and half.
Student - It is asking experimentally (Observation-6 in Ahmet’s
classroom).

In case it was asking the theoretical probability, students might be affected by the
numbers and give the same. Here, Ahmet showed the difference.

Again in Ahmet’s classroom, this misconception was observed in the questions asked
below. In this question students looked at the numerical values and gave answers

according to these numbers.

There are x red, y white balls in a box. It is known that the probability of
choosing red ball from the box is% , how many x’s of y are there in the box?

Student : Three times.
Ahmet : (With anger) First, try to solve it. Don’t answer it without
hassle (Observation-5 in Ahmet’s classroom).

After discoursing students, he showed the formal solution by using general formula
and found the answer. He also asked whether students understood the solution.

Similar situation was observed in the question below in Ahmet’s classroom.

The probability of Ali’s success in an exam is three times higher than his
failure. What is the probability in percentage of Ali’s failure in the exam?
Student : 35 % (Observation-5 in Ahmet’s classroom).

Student’s answer was according to the ratios between the probabilities of Ahmet’s
success and failure. Again, Ahmet showed his anger and expected students to solve

the question on their notebooks. Then, he solved question by indicating that the

e X
Ahmet’s success as x and his failure as y. He wrote as —=3. Then, he wrote
y

y y 1

= :—=§. He also explained the solutions two times. However, he
X+y 3y+y 4 100

did not try to resolve student’s misconception.

164



The following question also resulted in this type of misconception. It was observed
in Ahmet’s classroom, again. The question was as follows.

Nur is taking a multiple-choice exam. There are four choices for each
question in 100-question-exam. What is the probability that Nur chooses the
correct answers for all questions? (Observation-4 in Ahmet’s classroom)

4 1 . . .
Students’ answers were 100’ 25" and 50 %. First two answers were given according

to the ratio between the number of choices in each question and the number of
questions. In fact, all teachers indicated that students experience difficulty in finding
the sample size and the set of expected elements. First of all, Ahmet explained the
mistakes in students’ justifications. He used visualization while finding the
probability of marking correct answers in the first two questions. Then, he

constructed a pattern to find the correct answer. The visualization was as follows.

For the first question The probability is Y4
For the second question The probability is Y4 4°

Figure 4.3 Visualization for the solution of the exam question (Observation-4

in Ahmet’s classroom)

Ahmet : There are four choices in the first question and second questions. So,
there is one correct choice for each question. We can say that the correct
answers can be AD, AB, ..., AC. If we combine 100 questions, the correct

1 . .
answer becomes 7% (Observation-4 in Ahmet’s classroom).

In high schools, this misconception appeared in the infinite probabilities topic during

the observations. Cihan asked the following question.

What is the probability of choosing a point from a circle with the radius of r
that is closer to its center than its perimeter? (Observation-8 in Cihan’s

classroom)
. . . . : r
In this question, teacher drew two circles with the radius of r and 3 Then, he

showed that the expected area is the inside of the inner circle. A few students stated
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that the probability is % However, Cihan directed students to the formula and

showed that the probability is equal to % . At the end, he warned students to use the

general formula in solving questions. In this question, students could not relate the
probability with geometry. This situation was considered as one of the students’
difficulties in probability by all teachers expect for Ahmet in the interviews-1 with

teachers.

Similar to the situation in the more of A — more of B misconception, students might
think that the probabilities were the same in some questions. The questions including
two urns with the same number of same colored balls might mislead student and
result in misconception. However, this effect was indirect, because the focuses in
such questions were finding the numerical values of the probabilities. Therefore, this
misconception was not observed in such questions. There was one example for this

type of misconception below.

There are two urns including four white and three black balls. One ball is
taken from the first urn and released into the second one. Then, a ball is taken
from the second urn and related into the first one. What is the probability that
the urns take the same situation in the first case? (Observation-6 in Cihan’s
classroom)

Overall, teaching practices to resolve this misconception were generally observed in
middle schools. In fact, this misconception had the same logic with the
misconception of the sample size effect in the third question of the PTI. There were
lots of students who fell into this misconception in the third question. On the other
hand, this misconception was not observed much in the other questions both in
middle and high schools.

4.10 Teachers’ Opinions regarding Students’ Difficulties and Misconceptions in

Probability

In this part of the study, general considerations related to students’ difficulties and
misconceptions in probability were presented. The general considerations included
teachers’ knowledge and awareness about the reasons for students’ difficulties and

misconceptions, the activities to determine their misconceptions, and the material
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use. This part of the study was answering the fourth and fifth research questions
related to teachers’ awareness about the misconceptions, reasons for misconceptions,
and possible instructional methods to resolve them. The data gathered from
interviews-1 with teachers and related classroom observations were presented in this
part of the study.

4.10.1 Teachers’ Opinions about Reasons for Students’ Difficulties and
Misconceptions in Probability

Findings gathered from interviews-1 with teachers indicated that there were various
reasons for difficulties and misconceptions in probability. Although these reasons
were general reasons for students’ difficulties and misconceptions in probability,
they were also directly related to the reasons for intuitively-based misconceptions in
probability. These reasons and whether the teachers agree with such reasons were

given in Table 4.19.

Table 4.19 General reasons for students’ difficulties in probability from teachers’

point of views

Reasons for Intuitively-based Middle School Teachers High School Teachers
Misconceptions Ahmet” Baris Cihan Dogan Erdal
Insufficiency in readiness NG N N N N
Insufficiency in reading comprehension \ \ \ \ \
Rote memorization \ V l l
Unable to imagine \ \ \ \ \
Unable to relate with daily life \

Low level of students’ understanding \ V V \
Necessity of thinking \ \
Not being open to interpretation \
Unable to synthase the facts \ \
Unable to construct patterns \ \

High school or university entrance exams \ \ \ \ \
Carelessness v

Not studying regularly \

Insufficient course book V

Unable to understand the logic of the \ \ \
probability

Fear v \ \ \

*: All names are pseudonyms.

**: <\ indicates that the teacher considered the issue as a reason for students’ difficulty in probability
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Although teachers mentioned about different reasons for students’ difficulties and
misconceptions, some of them coincided each other’s assertions in the interviews-1
with teachers. Among the reasons, both middle and high school teachers stated in the
interviews-1 that “insufficiency in readiness”, “unable to think abstractly”, “unable
to imagine the situation”, and “existence of high school/university entrance exams”
were the reasons for students’ difficulties and misconceptions in probability.
Although Dogan and Erdal did not see “the meeting the readiness” as necessary in
classroom activities, they also stressed this issue in the interviews-1 with teachers. At
this point, the importance of the students’ pre-knowledge appeared while
investigating the reasons for students’ difficulties and misconceptions in probability.
In the interviews-1, teachers’ stated that one of the reasons for students’ intuitively-
based misconceptions was that students did not have enough pre-knowledge to learn
probability. They might base their knowledge on incorrect knowledge. Based on this
issue, Ahmet, Dogan and Erdal did not specifically indicate which knowledge was
necessary for learning probability in the interviews-1. However, all said that they
should know factorial concept, permutation and combination subject in the
interview-1. Since these subjects were taught before going through probability, all
teachers considered these subjects as the necessary pre-knowledge for probability.
On the other hand, Barig and Cihan specifically stated some necessary pre-
knowledge in the interviews-1. Barig indicated that students should know fractions,
simplification, percentage, sets and numbers, while Cihan stated that they should
know operations and rational numbers. In addition, Ahmet and Baris mentioned that
some topics in probability were taught in 6™ and 7" grades. What Baris said about
the students’ pre-knowledge was important in the interview-1. Baris stated that

Mathematics is ongoing lesson which the subjects are built on one another.
Therefore, they should be aware of some subjects before beginning to the
probability and also to other subject (Interview-1 with Baris).

Interview findings indicated that the main difference between middle and high school
teachers was that middle school teachers considered the previously taught probability
topics as the pre-knowledge necessary for students. On the other hand, one middle
school teacher and two high school teachers did not mentioned about the necessary

pre-knowledge in the interviews-1.
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During the observations, middle school teachers and Cihan experienced students’
deficiencies on fractions, and simplifications while all teachers related the probability
with sets. They briefly explained the necessary parts of these subjects for solving the
questions during the lessons. Although they did not mentioned the necessary pre-
knowledge that students need to know in the interviews-1, all teacher gave brief
explanations for non-probability concepts that appeared in the teaching processes

during the observations.

Among the reasons for students’ difficulties and misconceptions in probability, high
school teachers gave emphasis on “rote memorization”, “unable to relate with daily
life”, “necessity of thinking”, “not being open to the interpretation”, and “unable to
understand the logic of the probability” in the interviews-1. On the other hand,
middle school teachers stressed the existence of “unable to construct patterns”,
“careless” in solving questions and “insufficient course book.” Among them, one
middle school teacher also mentioned about “the rote memorization” and “unable to
understand the logic of the probability” as reasons for students’ difficulties in the

interview-1. There were only one high school teacher mentioning “not being open to

interpretation” in the interview-1.

There were also some reasons for students’ difficulties which were stated by both
middle and high school teachers. For example, “insufficiency in reading
comprehension” and “unable to construct facts” were stated by a middle school
teacher and a high school teacher in the interviews-1. There were only one high
school teacher stating “not studying regularly” as a reason for students’ difficulties

and misconceptions.

All teachers indicated that probability subject include all subjects inside in the
interviews-1. Therefore, it makes the probability subject harder, at least from
students’ eyes. All teachers expect Cihan indicated that one of the reasons which
create prejudgment and fear to mathematics or probability among students was that
the mathematics was built on previous knowledge. Therefore, students were afraid of

this property of the mathematics.
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From the findings above, high school teachers gave more emphasis on thinking. On
the other hand, middle school teachers were more interested in patterns, attention,

and materials in learning probability.

4.10.2 Teachers’ Opinions about How to Determine Students’ Understanding of

Probability

Another key issue for resolving students’ intuitively-based misconception is the
awareness of students’ deficiencies in probability subject. This part also gives
answers to the research questions related to teachers’ awareness about students’
understandings. Findings gathered from interviews-1 indicated that activities done
differed from teachers to teachers and from school type to another. Although
teachers’ mentioned different methods to determine students’ deficiencies in the
interviews, the practice was different than what they said during the observations.

The ways of determining students’ deficiencies in probability was as follows.

Table 4.20 How to determine students’ understandings from teachers’ point of views

Characteristics Middle School Teachers _ High School Teachers
Ahmet* Baris Cihan Dogan Erdal

From students’ responses to \** N N N N

questions

Expecting students’ own v

definitions and explanation

Conducting diagnostic tests \ \ \ \

Conducting formative tests \/ \/

Conducting Summative tests \/

Asking students’ understanding \

Students’ attendance to lesson \ \ \/ \/

*: All names are pseudonyms.

#%; “\" indicates that teacher considered the issue as a way to determine students’ understandings

First of all, the general approach to determine students’ deficiencies was “students’
responses to teachers’ questions” in the interviews-1 with teachers. All teachers
stated that they were using this method in the interviews. For example, Dogan stated

what he did in a regular class hour for determining the deficiencies by this method.

I’m directly going through the questions. I’'m continuing with the questions of
“what do you think about this question?”, “For you, what is asked in this
question?” or “what is expected?” According to students’ responses, I'm
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trying to determine the problems and trying to resolve them by concentrating
on these problems (Interview-1 with Dogan).

Observation findings indicated that Cihan and Dogan really used this ways. On the
other hand, middle school teachers and Cihan generally showed the key points on the
questions. Another category similar to this one is “asking students’ understanding”
found in the interviews-1 with teachers. In fact, only Erdal mentioned about this
issue. However, all teachers used this method in practice. Here, a problem appeared
in the observations. Although some students did not understand the solution methods

of the questions, they even said that they understood.

In the interviews, Dogan stated that he expected students to state their own
definitions and explanations for the concepts and solutions. In practice, Dogan and
Cihan used this method. On the other hand, neither middle school teachers nor Erdal
used it. To support this idea, Dogan explained the reason why he expects them from
students.

First of all, students attend the lesson not just physically but also mentally. |
believe that students should digest (comprehensively understand) the lesson.
So they try to find and construct their own sentences. | think that students’
knowledge is not in depth while they were taught the lesson. If they do so,
they begin to understand the lesson. If there exists a problem, it appears while
students are constructing their own sentences (Interview-1 with Dogan).

Interview findings indicated that all teachers except for Erdal stated that they use
diagnostic tests for determine students’ deficiencies in their previous experiences. In
addition, Barig and Dogan mentioned about the formative tests and Baris also said
that he uses summative test in the interviews. Summative test means the test
administred at the end of teaching probability to see students’ understanding in this
subject. During the observations, however, nobody used diagnostic test during the
teaching processes in order to determine students’ deficiencies. Cihan stated that the
importance of conducting diagnostic test, but he indicated that he did not use it in his
previous experiences. From the Table 4.20, interview findings indicated that middle
school teachers were more prone to use tests to determine the deficiencies. Here,

Baris stated the reason why they mentioned about the tests.

The textbooks include pre-tests before each subject. ... They are very
beneficial for us. Whether students are ready or not? They are published as
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preparation. They are giving pre-information about the subject taught
(Interview-1 with Baris).

Observation findings indicated that Baris really used this test in the beginning. On
the other hand, Ahmet skipped it. For summative tests, Baris distributed a test to all
students in the last lesson and solve the questions with students. Cihan and Erdal
solved mixed questions in the last lessons with students. Baris distributed a test as
homework. Ahmet did not do anything. Therefore, high school teachers used
summative tests and tried to eliminate the misconceptions. On the other hand, middle
school teachers did not use the summative tests for determining students’

deficiencies.

Lastly, all teachers except Erdal stated that they determined the deficiencies
according to students’ attendance to lessons in the interviews-1. The number of
students who wanted to solve the questions was one indicator for students’
understanding for him. According to the number of students, they could determine

whether they understood the topics in probability or not.
4.10.3 Teachers’ Opinions about the Use of Material and Resources

From Stohl’s (2005) quotation, how to use the materials and resources in the lessons
was considered as the knowledge that teachers need to know. Therefore, this part
gives answers to the research questions related to teachers’ awarenesses. This part
includes teachers’ opinions about the use of materials and resources in their lesson.
The findings gathered from interviews-1 with teachers and classroom observations
were presented in this part of the study. It is not enough to indicate the materials and
resources. However, the reasons that teachers’ proposed for material and resource

usage give implications for their knowledge of the ways to resolve misconceptions.
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4.21 Teachers’ opinions about necessary materials and resources during teaching

probability
Middle School High School Teachers
Materials used Teachers
Ahmet* Baris Cihan Dogan Erdal

Course Books o N N N N
Test Books v \/ v \/ N
Visual Materials v \/ \/ N
Teachers” Own Questions \ Y

*: All names are pseudonyms.

#%. «\]” indicates that the teacher considered the issue as a material that he uses in his classroom

In general, interview findings indicated that all teachers use course books and test
books as resources for teaching probability. However, usage of course book is very
limited for high school teachers during the observations. Teachers stated the reasons
why the usage of course book was limited. Two high school teachers (Cihan and
Erdal) complained about the redundancy of verbal expressions and explanations, the
limited number of questions and question types, and unnecessary knowledge
including proofs of theorems. All high school teachers also stated that the course
book was not appropriate for the university entrance exam in the interviews-1. They
indicated that they merely use the questions in course book during their instruction in
the interview-1. One interesting point was that Cihan stated that the course book was
appropriate for higher-level students including Anatolian and science high school in
the interview-1. However, both science and Anatolian teachers (Dogan and Erdal)
asserted the inverse statement. Ahmet complained about the limited content. He also
asserted that the course book sometimes did not give necessary formula for the
expressions. Among the teachers, Barig stated that there was a gradual improvement
in course book. He stated that the concepts were simplified and the number of

question types was increased in the interview-1.

They also stated the reasons why they prefer to use supplementary books in the
interview-1. The supplementary books include several questions with different types,
explanations with only necessary knowledge, and they are appropriate for the high
school and university entrance exams. In addition, Dogan and Erdal (high school

teachers) asserted that the test books give necessary formulas and shortcuts for
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solving questions in the interviews-1. Moreover, Erdal also stated that they were

prepared specifically for each grade level.

Observation findings indicated that all middle school teachers were stick on the
course books, while all high school teachers used supplementary book as their
teaching material. Cihan and Dogan followed only one supplementary book. On the
other hand, Erdal used two different supplementary books. He was choosing

questions for each topic in the probability subject and solved them.

All teachers except Cihan stated that they used simple materials for visualizing the
events in the interviews-1. The materials used are dice, coin, and boxes with marbles.

Ahmet stated why he uses materials.

| generally use materials to visualize the situation and to concretize the topics.
For example, I’'m bringing coin and throwing it. Sometimes, I bring dice and
see what comes after throwing it. My purpose is to show what the dice and
coin looks like. I’'m trying to visualize the situations (Interview-1 with
Ahmet).

During the observations, only Baris brought different materials and tried it in the
classroom. He brought urn with marbles of different colors. He also brought dice and
played with students. He asked students the probability of getting head after throwing
coins. On the other hand, Ahmet only used coins. High school teachers did not use
any materials to visualize the situations. Although Dogan and Erdal had smart board

provided in the classroom, they did not use it.

Lastly, two high school teachers stated that they prepare their own questions for their
students in the interviews-1. They stated that they tried to prepare the questions
according to their students’ levels. During the observations, all teachers used course
or supplementary books. It was also observed that they did not ask their own

questions.
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CHAPTER 5

CONCLUSIONS, DISCUSSIONS, AND RECOMMENDATIONS

This chapter includes the discussion of the findings of the study. In addition, the

important points in the study are given in the conclusion part.

5.1 The Discussion and the Conclusion of the Findings

This part includes the discussions of the misconceptions appeared among middle and
high school students and the effect of the regular instruction over students’
intuitively-based misconceptions. In addition, the teachers’ awareness of the issues
related to intuitively-based misconceptions and the teachers’ teaching practices in
order to resolve students’ intuitively-based misconceptions were also discussed in
this chapter. Instead of discussion teachers’ awareness and teaching practices specific
to each intuitively-based misconception, the general discussion was presented in this
part of the study.

5.1.1 The Effect of Regular Instruction to Resolve Students’ Intuitively-based

Misconceptions

The first research question in the present study was about what type of intuitively-
based misconceptions 8" and 11" grade students have. For this research question,
possible intuitively-based misconceptions were investigated among 8" and 11"
grades students. The results of the study showed that both middle and high school
students had intuitively-based misconceptions in probability subject. Among the
misconceptions, the findings indicated that students had the misconceptions of
availability and representativeness heuristics, simple and compound events,
conjunction fallacy, and conditional probability. In fact, the questions in the PTI
were asked in order to determine whether these misconceptions existed among

middle and high school students. There were three types of representativeness
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heuristics which were the positively and negatively recency effect, the sample size
effect, and outcome approach. These misconceptions were also observed among
students. In addition to these misconceptions, two more misconceptions also
appeared. These were related to the Tirosh and Stavy’s (1999a; 1999b; 2000) theory
of intuitive rules; the misconceptions of the more of A — the more of B and the same
of A — the same of B.

The pre- and post-test findings of the study indicated that teachers’ regular
instructions both in middle and high schools did not effectively resolve students’
intuitively-based misconceptions. For example, there were very slight differences
between the misconceptions of availability heuristics and sample size effect, and for
the intuitive rules. On the other hand, there was slight decrease in the misconceptions
of positively and negatively recency effect and conjunction fallacy both in middle
and high school students. Moreover, there was slight increase for the misconception
of the simple and compound events. One interesting finding was that students’
misconception of outcome approach increased sharply after students get regular
instruction. Overall, there was an ignorable change for 8" and 11" grade students’

misconceptions between before and after receiving regular instruction.

Beginning with availability heuristics, there was slight difference between pre- and
post-test results among middle school students. On the other hand, the number of
high school students who fell into this misconception decreased sharply in the post-
test. This situation can be attributed to many occasions observed in the classrooms.
Especially, high school teachers mentioned about the chance games and
independence of the events. They also solved many questions related to independent
events. On the other hand, middle school teachers used textbook definitions and did
not provide students with real life situations about the independence of the events.
They also focused on routine questions provided in the textbooks and skipped to the
other topics in probability. Another reason could be that high school teachers
directed students to use general formula for probability. However, middle school
students used the knowledge learnt pragmatically in the post-test to explain their
incorrect intuitions (Evans, 2006).
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Similar situation was observed for the misconception of negatively and positively
recency effects. Again, there was slight change among the number of middle school
students and sharp decrease among that of high school students for these
misconceptions. In fact, the middle school curriculum included experimental
probability, therefore, students were provided with questions to resolve such kind of
misconceptions. However, middle school teachers generally expected from students
to memorize the rules of this topic. In the post-tests, students’ answers included
pieces of knowledge learnt during the instructions. However, this knowledge was in
the form of rules proposed by teachers. In fact, it was expected from student to
analytically apply the knowledge while solving questions, they just wrote the rule
and continued to write the answers according to their incorrect intuition. This
situation brought a discussion of how teachers provide comprehensive understanding
of the topics. They were expecting students to use the rules when “needed”.
However, they did not show which occasion is “needed” time while solving
questions. Teachers did not help to solve the contradiction between incorrect
intuitions in students’ minds and formal solutions. Therefore, students relied on their
heuristics instead of analytically investigating the occasions and using the rules in

appropriate places.

Although both middle and and high school teachers emphasized the importance of
sample sizes of the probabilities of the events and solved and explained the questions
similar to one asked in the PTI, more than half of both middle and high school
students fell into the misconception of sample size effect. The main point that
students focused on was the ratios between the numbers in the event. Instead of
understanding the key points in the question, students focused on the representation
of the data presented (Kahneman & Tversky, 1982). Therefore, both middle and high
school students’ heuristics were dominant while solving the related question in the
PTI. Especially middle school teachers provided questions related to comparison of
the probabilities of the events. However, they promoted incorrect intuitions to
students with their statements during the observations. This situation negatively
affected students. Instead of resolving students’ intuition-related misconception in

their minds, teachers also added new incorrect intuitions. Therefore, the occurrence
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of this misconception stayed still both among middle and high school students. This

misconception also had similar logic for the misconception of same of A-same of B.

One interesting finding was that number of middle and high school students who fell
into outcome approach increased. This misconception was about the comparison of
the probabilities of events already happened. Both middle and high school teachers
did not give emphasis on such situation. In general, they focused on finding the
numerical values of the probabilities of events. Although some questions related to
comparisons of the events were solved in middle school classrooms during the
observations, the post-test results indicated that occurrence of this misconception
increased among students. In fact, the numbers of incorrect answers in pre- and post-
test were still high. The misconceptions changed the form. In the pre-tests, students
mainly fell into more of A-more of B and availability heuristics. Their answers
changed in the post-test and students fell into outcome approach misconception.
Considering teachers’ instructions, teachers were blaming students about their
misconceptions. Teachers stated that students did not listen to the lesson, solve
questions, and study enough, there were only very few occasions observed in order to
resolve the misconception of outcome approach. Instead of considering students’
reasoning and misconceptions (Kazak, 2009), they generally followed the textbook

or supplementary books.

For the misconception of simple and compound events, especially high school
teachers solved related questions in two ways: by considering the event as simple
event and by considering the event as compound events. The instructions included
related examples, shortcuts to resolve misconception, but the regular instruction was
not effective in solving the misconception. In fact, students did not have chance to
work on the questions. In general, teachers were writing the question on the table,
waiting for a while, and solving it without considering students’ understanding. In
case, students stated that they did not understand, teachers verbally explained the
situation in the same way as solved before. However, teachers verbally emphasized
this situation. The post-test findings indicated that teachers’ instructions did not have
enough effect on resolving this misconception. The main point was that students
ignore the concept of “pair” (Tirosh & Stavy, 1999a). In fact, both middle and high

school teachers showed it by using the sample sizes for coins and dice. For example,
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they emphasized that if there was an outcome of 2-4, there might also an outcome of
4-2. However, many students ignored this situation and considered the outcome of 4-
3 as a single outcome. Teachers did not include students into instruction. Therefore,
the occurrence frequency of this misconception appeared high both among middle
and high school students.

After students received regular instructions, the occurrence of conjunction fallacy
decreased among both middle and high school students in the post-test. Although the
regular instruction had impact on resolving students’ intuitively-based
misconception, this effect was small. This impact could be attributed to teachers’
instructional practices during the observations. Related to conjunction fallacy, both
middle and high school teachers provided many examples, illustrations, verbal
explanations, and different solutions for questions asked. The main reason for such
instructional practices was that curriculum included the related topic for this
misconception. As this misconception was related to inclusive-mutully exclusive
events, especially high school teachers taught the topic by giving daily life examples,
using visualisations, and providing different types of questions during the
observations. In fact, this misconception was observed more among middle school
students. This was because the topic was not included in the middle school

curriculum. However, Baris taught the lesson during the observations.

For the conditional probability misconception, the related topic was taught only in
high school classroom. Since the first research question was about students’ common
misconceptions in probability, this misconception was also presented in this study.
Previous literature indicated that this misconception was also observed among
middle school students (Rubel, 1996; Watson & Kelly, 2007). Since the first part of
the question was routine type of question that students could easily take one ball
away and calculate the probability of simple events, the number of students who
gave correct answer to first part was high both in pre- and post-test. The second part
was of great importance for the conditional probability misconception. Since the
further event happens before the preceding event, the time-axis situation contradicted
with students’ intuitions. Therefore, the occurrence of this misconception among
high school students was high. In fact, no high school teacher considered this

situation as important. Therefore, they did not give emphasis on resolving this
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misconception. From these observations, it was obvious that teachers did not search
for students’ possible misconceptions and did not take their incorrect intuitions into
consideration (Memnun, 2008). They did not even have awareness about this type of
misconception. Therefore, they did not have any precautions for this type of
misconceptions in their instructional practices. Instead, they followed the curriculum
and focused on the routine type of questions. Only science high school students were
successful in solving the question asked in the PTI. The main reason was that
students got familiarity with non-routione questions, which forced them to think

about the question and prepare appropriate solution method.

It was expected that students confront their incorrect intuitions and develop new ones
while solving questions. Students’ intuitions gained through experiences and with
prior knowledge are resistant to change (Fischbein, 1987). However, teachers used
different strategies and solution methods to make students analyze the questions
analytically and approach the solutions correctly during the observations. In line with
this aim, it was observed that teachers followed procedures to solve questions. These
procedures included correct understanding of what the question is asking, basing the
solution method on the sample size and the set of expected elements, and finding the
numerical value of the probabilities for the events asked. Instead of approaching to
the solution, students pragmatically used what teachers taught to develop analytic
thinking on the questions to support their incorrect intuitions (Evan, 2006). They
used the knowledge learnt in the classrooms to explain their incorrect answers
(intuitively-based misconceptions) to the questions asked in the PTI. On the other
hand, it was expected that teachers convey students from intuitive thinking to
analytic one by means of regular instructions. However, it was observed that teachers
promoted students’ intuitive thinking which are generally incorrect during the
instructions (Evan, 2008). For example, many middle school students used the rule
learnt for the relation between experimental and theoretical probabilities to explain
the correctness of their misconception of negatively or positively recency effects.
Similarly, high school students tried to find the sample size and the set of expected
elements in the question related to sample size effect in the PTI by using
combinations. However, they still relied on the ratios of between the baby-boys and

new-born babies for each event.
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The main reason for this finding could be that students dealt with non-traditional
tasks in the PTI. Although students were exposed similar questions in regular
questions, the questions in the PTI are not similar to those solved in the classrooms.
Teachers in the study also asserted that these questions were very different than the
questions in the textbooks. Similar finding were found in the study of Havill (1998).
Students were more successful in solving questions if the questions were familiar for

students. In the inverse situation, they experienced difficulties.

Teachers in this study also stated that the aim of the regular lessons was to prepare
students for the exams in the interviews. These exams were in the form of either
regular written exams in schools or high school/university entrance exams. It was
also found that teachers were solving questions which were asked in the nationwide
exams such as high school or university entrance exam. Therefore, teachers were
making students gain familiarity to the questions similar to those asked in the exams.
In K&gce and Baki’s (2009) study, questions asked in the written exams in the high
schools were compared with the questions asked in the university entrance exam.
Although they found that questions asked in Anatolian and science high schools were
consistent in terms of Bloom taxonomy, those asked the written exams in vocational
high school were not consisted with the questions in the university entrance exam.
On the other hand, it was observed that the questions asked in all classrooms in the
present study were consistent with both the written exam and the high
school/university entrance exam. Therefore, students were generally prepared for
such exams. They were not prepared for unfamiliar situations (Papaieronymou,
2009). This situation could be the explanation for the slight changes for
misconceptions between before and after regular instructions given. Among the
teachers in the present study, only Erdal solved unfamiliar questions. The success in
the post-test in the PTI was higher when compared to other teachers’ classroom. This
could be because they were ready for different types of tasks, so, they could easily

adapt to the questions asked in the PTI.

Another reason that might explain ineffectiveness of the regular instruction in
resolving intuitively-based misconception was that since students were prepared for
the exams, they were exposed more with the rote memorizations. As it was found in

this study, students were expected to memorize if-then statements. Rubel (1996)
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explained that if-then statements do not improve students’ understandings of the
probability. Instead, they kept students from thinking about the questions or
situations in the tasks asked. It was suggested that students needed to understand the
tasks and develop thinking on them (Kazak, 2009). Rubel’s (1996) study also
explained why there was a sharp increase in the misconception of outcome approach.
Students were more focused on the operations, formulas, and rote memorizations;
then, they become lost in dealing with the tasks. In fact, all high school teachers were
trying to solve question related to outcome approach according to the formula
provided before.

Instead of unfamiliar situations in probability, teachers stated that they were trying to
follow the curriculum in the interviews. Therefore, they were stick to the course or
supplementary books. In the observations, middle school teachers were using course
book and high school teachers were using supplementary books from different
publishers. Teachers stated that students were familiar with the multiple choice
questions and the questions in the PTI were not classical questions asked in the
written exams and in high school/university entrance exams. Only Erdal was solving
unfamiliar questions in the classroom. Therefore, they stated that some
misconceptions could appear when non-traditional questions were asked to students
(Havill, 1998). In practice, teachers were solving classical type of questions in the
classrooms. In general, if the curriculum included content related to the intuitively-
based misconceptions, teachers were focusing on these issues. If not, they were not

providing students with such situations.

Throughout the observations, teachers consistently used the same books. In general,
middle school teachers used course books and high school teachers used
supplementary preparatory books for university entrance exam. Since these books
were including questions which were parallel to those asked in the written exams in
the schools or in the high school/university entrance exams, students did not deal
with unfamiliar situations. Therefore, students experience difficulty and fell into
misconceptions (including intuitively-based ones) while they encountered with

unfamiliar situations in probability questions.
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Polaki (2002a; 2002b) found that the frequency of occurrences of the intuitively-
based misconceptions among students decreased. However, the main difference
between the present study and Polaki’s studies (2002a; 2002b) was that Polaki used
special instruction methods to resolve intuitively-based misconceptions. From this
point, there was a need for special instruction methods to resolve students’
intuitively-based misconception or diminish the occurences frequencies. Therefore,
the regular instructions were not effective in doing so. Although teachers needed to
prepare their lessons according to students’ difficulties and misconceptions including
intuitively-based ones, they did not pay attention to students’ cognition and followed

only a few resources.

One important result was that the existence of these misconceptions varied according
to the age. In fact, there are studies (e.g., Fischbein & Schnarch, 1997; Li & Pereira-
Mendoza, 2002; Tirosh & Stavy, 1999a; 1999b) which investigated the evolution of
intuitively-based misconceptions among students with age. The age factor was
related to the second research question which was about the similarities and
differences between 8" and 11" grade students’ intuitively-based misconceptions.
When considering the pre-test results only, there appears age factor between the
cases. As the cases included 8" and 11™ grade students, pre-tests results indicated
some similarities and differences for intuitively-based misconceptions in probability.
For example, positively and negatively recency effect, outcome approach,
conjunction fallacy, the rules in the Stavy and Tirosh’s (2000) theory were observed
more among middle school students. On the other hand, the misconception of simple
and compound event was observed more among high school students. Lastly,
availability heuristics and sample size effect were observed similar among both
middle and high school students. Fischbein and Schnarch (1997) conducted a study
that investigated the evaluation of probabilistic intuitively-based misconceptions
with age. Similar findings were also found in this study. For example, they found that
the existence of the misconceptions of the negatively and positively recency effect
and conjunction fallacy decreased with age, as found in this study. It was also found
in Fischbein and Schnarch’s (1997) study that the availability heuristics were
observed in all age groups, as similar to the findings of this study. On the other hand,

while Fischbein and Schnarch (1997) found that the existence of the sample size
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increased with age, the findings of this study showed that it did not change with age.
In addition, the existence of the misconception of the simple and compound events
increased with age in this study, while it was found in some other studies that it did
not change with age (Fischbein & Schnarch, 1997; Li & Pereira-Mendoza, 2002).
Although the misconception of conditional probability was found only among high
school students, Fischbein and Scharch (1997) also found that this misconception
existed among middle school students. For the outcome approach, the misconception
decreased with age as found in the study of Li and Pereira-Mendoza (2002).
Considering Stavy and Tirosh’s theory, both intuitive rules decreased with age
(Tirosh & Stavy, 1999a; 1999b).

Of course, the age is important factor for the intuitively-based misconceptions;
different factors may also lead students to fall into these misconceptions or may
resolve the possible misconceptions. For example, students’ familiarity with
mathematical operations (Riccomini, 2005), with probability or with different types
of tasks (Fox & Levav, 2000), their formal knowledge about the probability (Stavy &
Tirosh, 1996) and generalization from experiences in daily life (Fischbein, 1975) or
in school situations (Kvatinsky & Even, 2002) may also resulted in the differences
for 8" and 11" grade students’ intuitively-based misconceptions. The other findings
in this study also supported differences in the misconceptions. For example, some
external factors such as the characteristics of the task itself (Kazak, 2008) and
instruction the students get (Tirosh & Stavy, 1999a) might also result in the
intuitively-based misconceptions among students. In fact, the effect of instruction
given to students was another aim that this study seeks for. This study was
investigating whether the regular instruction resolved 8" and 11" grade students’
intuitively-based misconceptions or not. In this manner, teachers’ awareness and
knowledge of students’ difficulties and misconceptions played crucial role in

resolving students’ intuitively-based misconceptions.
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5.1.2 Teachers’ Awareness about Students’ Difficulties and Misconceptions in
Probability

The discussion continues with teachers’ awarenesses about students’ intuitively-
based misconceptions and reasons for them. The research questions related to

teachers’ awarenesses were discussed in this part of the study.

Beginning with the teachers’ awarenesses about students’ misconceptions in
probability, teachers stated many misconceptions and students’ difficulties in the
interviews. Teachers checked the curriculum and stated students’ difficulties
according the main headings in probability. The misconceptions that teachers stated
in the interviews were in the form of, for example, “distinguishing the event types
between dependent and independent events” by basing their awarenesses on their
experiences. However, the misconceptions and difficulties they stated were the most
general ones. Only Erdal mentioned about specific misconceptions and difficulties in
the interviews. From the interview findings, teachers did not mention about the
intuitively-based misconceptions. At this point, it was obvious that teachers did not
prepare their instructional practices according to students’ difficulties and
misconceptions. Neither had they searched for students’ possible misconceptions in
probability. Without knowing students’ cognitions and difficulties, it was not
possible to expect from them to resolve specific types of students’ misconceptions
including intuitively-based ones. Therefore, it was also not possible for students to
reach comprehensive understanding of probability with the help of teachers’ teaching
practices. Teachers only focused on the curriculum and textbook. Observation
findings indicated that teachers considered the textbooks or supplementary books as
the fundamental resources for teaching probability. Only Erdal was curious about
giving additional information and helping students to investigate the topic

analytically.

In the interviews-2 with teachers, teachers were asked about possible misconceptions
that might appear among students in the questions of the PTI. They did not name the
misconceptions, but they found them. They proposed the misconceptions only when
they saw the related questions. This situation indicated that teachers did not

experience such type of students’ difficulties and misconceptions in their teaching
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practices. As the experience is important factor for effective teaching practices
(Watson, 2001), it takes time to fulfill it. During the observations, however, teachers
did not have efford to uncover students’ difficulties and misconceptions. Teachers
were questioning students’ understanding with “do you understand?” question. In
case, students did not understand the solution methods of the questions asked, they
just repeated the solution verbally. They did not show alternative solution methods.
In addition, they did not try to uncover the reasons behind their difficulties and

misconceptions appeared while solving questions.

From the interview findings, Table 4.19 indicated the possible reasons behind
students’ difficulties and misconceptions in probability. When investigating the
codes in the Table 4.19, teachers considered that the main reasons for students’
difficulties and misconceptions were about student-related factors. Instead of judging
their teaching practices or considering the possibilities of teacher or curriculum-
related factors, teachers simply blamed students for their difficulties and
misconceptions in probability. From these findings, teachers inferred that they
provided necessary teaching practices during the instructions and they were succesful
to teach probability. However, the observations indicated that teacher also fell into
intuitively-based misconceptions in some cases and promoted incorrect judgment and

intuitions related to probability during the instructions.

The interview results indicated that the knowledge of students’ readiness for
probability was important issue to consider. Before learning the probability, all
teachers stated that students needed to have the necessary pre-knowledge for learning
probability in the interviews. The mathematics was built on previously learnt
knowledge (Papaieronymou, 2009) and if there were missing points on students’
previous knowledge or if students did not understand the concepts that are necessary
for further learning, the learning of new concepts and topics are affected in negative
way (Celik & Giines, 2007). For example, sample size effect requires the knowledge
of set concept which was directly related to the misconception of sample size effect
and simple and compound events. In addition, Fischbein (1987) stated that students’
intuitions could be shaped negatively with the wrong understanding of the previously
learned concepts. Moreover, if students had lack of necessary knowledge for

probability, their intuitions were shaped according to their experiences (Fischbein,
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1987). From this point, all teachers were aware of the importance of the students’
readiness for probability. Although the necessary pre-knowledge for probability were
sets, sample size (Bar-On & Or-Bach, 1988), fractions, percentages (Carpenter et al.,
1981), permutations and combinations (Yazici, 2002), only one middle school
teacher (Baris) and one high school teacher (Cihan) specifically mentioned about the
necessary knowledge for probability. Among them, Baris stated that students needed
to know fractions, simplification, percentage, sets and numbers while Cihan
mentioned about the operations and rational numbers. At this point, the knowledge of
set topic could be considered as fundamental for solving any type of intuitively-
based misconceptions. In addition, permutation and combinations were used to find
the sample sizes in the questions. Therefore, the knowledge of these topics helps to
manage the sample sizes of the events, which was important for resolving sample

size effect and simple and compound events misconceptions.

In practice, however, teachers did not try to identify students’ readiness before
teaching probability. Instead, they were briefly explaining the necessary knowledge
when it appears. As Bayazit and Gray (2006) asserted that teachers might know
students’ conceptual difficulties and their causes about any topic, it is possible that
teachers do not use this awareness during teaching. In this study, what teachers were
aware of and what they really did in their teaching practices contradicted. In fact,
they implied many reasons for this situation. For example, they mentioned about the
workload, unexpected seminars and meetings with administration, programs with
students during the academic years. In addition, they considered some topics as more
important than others. They gave more time to such topics and ignored the others.
Overall, these reasons and many others prevented students to follow the curricula.
Therefore, they stated that they could not practice their awareness. Instead, they tried
to complete the basics of the topics and teach it based on the textbooks followed.
Although teachers were expected to show different types of questions, use different
instructional methods appropriate for the topic, and provide students with
comprensive understanding of the topic, they could not even cover the topic

completely.

In order to be successful in doing mathematics, Giiven (2000) stated that students

needed to construct relations with other subjects and with other disciplines. In
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addition, while solving questions, constructing patterns promotes students’ thinking
and improves their intuitions. In line with Giiven’s (2000) assertion, especially
middle school teachers mentioned about the importance of these issues. They also
stated that they had to prepare an environment that help students to discover the
interactions within the topics in probability and between probability and other
subjects in mathematics. However, the practice did not concide with their awareness.
Instead of making students discover the interactions, they generally used direct
teaching and provided the keypoints directly. This brought a problem of excessive
numbers of memorizations. Students were expected to remember such interactions
and keypoints when needed. However, they experienced difficulties especially in

probability problems and fell into intuitively-based misconceptions.

One of the reasons that the intuitively-based misconceptions appeared among
students was that they did not comprehensively understand the probability subject
(Fischbein, 1987). Incorrect understanding of the concepts or topics in probability
might lead to misconceptions in students’ minds. In fact, the main of teaching
practices in classroom was providing students with full understanding of the subject.
From this point, teachers proposed different ways. Among them, teachers stated that
the mostly used method was to evaluate students’ responses to the questions, to
follow students’ attendance to the lesson, and to conduct diagnostic tests during the
lessons. Some other ways are to expect students’ own definitions and explanations
about the questions, to conduct summative and formative tests, and to ask students’
understanding. In the practice, however, the main trend was not seeking for students’
understanding; instead, they were trying to follow the topics in books. In general,
teachers were just asking whether they understand the content or not. On the other
hand, Baris, Cihan, and Dogan used summative tests. None of the teachers used
formative or summative tests. From the teaching practices, a deficiency observed was
that teachers were not reaching to all students. During the limited time of teaching
practice, they tried to complete the topics proposed in the curriculum. Therefore,
insufficiency in understanding of the probability subject may lead to students’
misconceptions. This situation may be one of the reasons for the slight differences

between students’ pre- and post-test results.
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Teachers stated that there were many activities to fulfill students’ understanding.
Some of these assertions were directly related to the development of students’
intuitions. Fischbein (1987) indicated that the daily life experiences, previous
knowledge, and the instructions given were important factors to shape students’
intuition in positive or negative ways. To shape students’ intuitions in a positive way,
all teachers stated that they gave daily life examples and provide them with daily life
experiences. In practice, the examples were generally used in the first lesson while
explaining the probability concept. In resolving the availability heuristics, for
example, teachers mentioned about the probabilities of winning a chance game. They
mentioned about the equality of the probabilities of the situations in chance games
and how hard to win it. Then, teachers became more focused on the topics and
questions in the probability. They were following the curriculum. During the
teaching of sub-topics in the lessons, they sometimes processed activities that helped
students to resolve intuitively-based misconceptions. For example, the middle school
teachers asked questions about the theoretical and experimental probabilities. Some
questions were directly related to resolution of the misconceptions of negatively and
positively recency effect, sample size effect, simple and compound events, and
conjunction fallacy. In addition, they emphasized the importance of visual stimulant
in teaching probability. Especially middle school teachers stated that they needed to
meet students’ readiness, so, they would not experience difficulty due to the lack of
previous knowledge. All teachers stated that they make students encounter with
different type of questions and situations. In practice, however, they all solved
questions mainly related to dice, coins, and urns. This situation contracted an
intuition that all questions would be in the form of only dice, coins, and urns
questions. This was directly related to availability heuristics. In fact, it was good to
use traditional and non-traditional probability contexts in order to develop students’
intuitive cognition (Havill, 1998), only Erdal used unfamiliar questions in the
classrooms. In general, the questions asked in the PTI were not similar to those asked
in the high school/university entrance exams. These unfamiliar situations helped
students’ in Erdal’s classroom. The post-test resulted also showed that students in
Erdal’s classroom were more successful in diminishing the intuitively-based

misconceptions.
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Although teachers mentioned about the possible activities to do in order to develop
students’ understanding of probability subject, teachers generally used the direct
teaching method in teaching probability. Teachers also stated this issue in the
interviews. About the usage of visual materials, only Baris brought urns with balls
inside, coins, and dice in the first lesson of the probability. Since the type of the
questions in the high school/university entrance exams are about these, he wanted to
emphasize that it is important to visualize the context in probability questions about

urns, coins, and dice.

When the teachers were asked about the possible misconceptions among students in
probability subject, they gave similar answers. Some of the difficulties that teachers
presented were related to the specific types of intuitively-based misconceptions.
Teachers indicated that the main difficulties were seen in determining the sample
size and the set of expected elements. In the study of Celik and Giines (2007), it was
reported that the misconceptions of determining sample size and the set of expected
elements were observed in all grade levels. In resolution of the misconceptions of
sample size effect, outcome approach, simple and compound events, and the
misconceptions in Stavy and Tirosh’s (1999a; 1999b; 2000) theory of intuitive rules,
the determination of the sample size was of great importance. They also stated that
students have difficulty in simple and compound events and in intersection and union
of the sets in probability questions, which were directly related to the misconceptions
of simple and compound events and conjunction fallacy. They stated that the other
difficulties were determining the type of events, which were inclusive-mutually
exclusive events, dependent-independent events, and the events in conditional
probability. In fact, the difficulty in determining the event types might promote
students’ intuitively-based misconceptions of the negatively and positively recency
effect, outcome approach, simple and compound events, conjunction fallacy, and
time-axis probability. Teachers also stated that students could not determine which
formula to use. However, the last one was related to the determination of the event
types. The reason why they had these difficulties could be because of over explosion
of rote memorizations and rules in probability. Teachers had lots of rules for topics
of probability and they were giving these rules with if-then statements. In fact,

teachers had necessary content knowledge for probability. However, they could not
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put this knowledge into practice. Mathematical knowledge for teaching was not
sufficient during the observations. As Aslan-Tutak and Ertas (2013) proposed that
specialized mathematical knowledge is necessary but not sufficient condition for
pedagogical content knowledge, their practices did not reflected their content
knowledge to students. In practice, all teachers constructed rote memorizations for
each type of difficulties and misconceptions that they proposed. The other reason for
this situation may be using their intuitions instead of constructing logical structures
(Fischbein & Schnarch, 1997). Most of the times, these intuitions were misleading
(Shaugnessy, 1992). In addition, students might have inability to make reasoning
(Fischbein & Schnarch, 1997), so they could not develop these logical structures

during solving probability questions.

Especially middle school teachers and Cihan attributed students’ misconceptions to
some other factors such as low level of students’ understanding, insufficient course
book, and students’ careless while solving questions. What all teachers stated was
that they were preparing students to the high school/university entrance exams. This
situation prevented teachers to make students encounter with different situation in
probability. In fact, it was observed in the classrooms that teachers were solving
questions according to these exams or to the written exams. In the pre- and post-test
of the PTI also indicated that they fell into misconceptions when they encountered

with the unfamiliar situations.

Another important factor that the teachers were uncomfortable was that students
were memorizing the formulas and rules in the probability. Memnun (2008)
indicated this situation as one important factor for students’ difficulties in
understanding probability. However, it was observed that teachers were providing
shortcuts and rules to memorize. They were using if-then statements for each topic,
which was not always helpful for students’ understanding of probability (Rubel,
1996). Various kinds of rote memorizations and shortcuts were observed in the
teaching practices parts of the study. In addition, it was observed that students were
experiencing difficulty in using which rule for which type of questions. Erdal was

also aware of students’ difficulty of determining which formula or rule to use.
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Although there were many misconceptions that teachers were aware of in the present
study, they did not mention about the possible intuitively-based misconceptions. In
the last interviews with teachers after the observations, they were asked the possible
misconceptions that might appear among students in the questions of the PTI. As it
was known, each question in the PTI was asked to determine specific type
intuitively-based misconceptions. However, some other misconceptions also
appeared among students. Although teachers indicated what was expected from
students, they failed to determine the other misconceptions that appeared in the pre-
and post-tests. In addition, teachers also fell into a few of these misconceptions when
they saw the questions in the PTI at the first time. From these findings, teachers were
not expected to organize the lessons according to these misconceptions. As it was
expected, however, teachers were stick on book and followed the topics in the middle
and high school curricula. Although they had recommendations for resolving these
misconceptions, these were either the general recommendations or the ones that even
they did not practice during the teaching practices. For example, middle school
teachers suggested that students should be provided with the understanding of the
relation between theoretical and experimental probabilities as they always repeated

during the classroom observations.

In addition to teachers’ knowledge and awareness about students’ difficulties and
misconceptions, the discussion continued with teaching practices. Teachers
processed many situations and activities during the probability lessons. Some of their
activities were consistent with the resolution of intuitively-based misconceptions.
Instead of explaining the activities which were specific to each intuitively-based

misconception, the activities were taken into consideration in general.

It is very obvious that teacher plays a crucial role in providing students with the
understanding of the probability subject. Teachers may influence students’ attitude
and learning towards probability (Fischbein, Nello, & Marino, 1991). In addition, the
selection and use of method in teaching probability also influenced students to learn
and to understand the subject or develop positive or negative attitude to the learning
of probability (Bulut, Yetkin, & Kazak, 2002; Celik & Giines, 2007; Giirbiiz, 2007).
In addition, if teachers’ knowledge is not enough to teach probability, the

development of new concepts in students’ mind becomes insufficient (Bulut, 2001)
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and may result in misconceptions. Overall, there are many teacher related factors that

influence students’ learning of probability.

Since mathematics was built on previous knowledge, students need to construct a
base for further learning in probability (Bulut, 2001). Therefore, teachers needed to
create this base for students by teaching the basic concepts in probability. The
present study, firstly, investigated how teachers developed concepts in probability. In
such processes, middle and high school teachers behaved differently. As it is known,
the 8" grade middle school curriculum included theoretical, experimental, and
subjective probabilities and dependent-independent events. Ahmet was stick to the
course book. He did not make students remember the previous topics in probability.
For example, the basic concepts in probability were taught in 6™ and 7" grades. The
basic concepts were crucial especially for preventing students from the intuitively-
based misconception of availability heuristics. Instead, he directly began to teach the
8™ grade content in the curriculum. He gave the definitions of the concepts which
were taught in 8" grade from the course book. In some cases, he misleaded students
by explaining the concepts incorrectly. For example, he directed students to fall into
negatively and positively recency effect, while explaining the prediction of the
outcome in the consecutive trials of throwing a coin during teaching the experimental
probability. This might result in difficulties among students in understanding the
subject (Bulut, 2001). On the other hand, Barig summarized the necessary concepts
for understanding the probability. He brought visual materials to explain the subjects.
Giirbiiz (2008) states that instead of using traditional methods, which are insufficient
in resolving the difficulties in learning probability, visual materials were very helpful
for students to develop concepts in probability. On the other hand, high school
teachers used student-teacher interaction while teaching the concepts. They generally
used the meaning of the concepts. In addition, the real life examples were given to
explain the concepts. In fact, teachers indirectly helped students to resolve some of
the intuitively-based misconceptions by giving daily life examples for the concepts.
For example, while explaining the independent events and experimental probability
with examples, they also helped students to understand the logic behind the

negatively and positively recency effect and simple, conjunction fallacy, and
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compound events. They gave similar examples for the concepts such as throwing

dice, coin, and taking balls from the urn.

Comparing their awareness and practices, they all mentioned about the importance of
using visual materials and the meaning of the concepts in developing them.
However, only Baris brought materials in such processes. What they generally did
was using question-answer method and developing the concepts from the meanings
and the daily life examples. Although the daily life examples were important in
imagining the concepts in mind (Fischbein, 1987), the verbal explanations were not
persistent in students’ minds (Gtirbiiz, 2008). It is suggested that students should be
exposed to many stimulants to improve their intuitions (Shaugnessy, 1992). So, they

can diminish the frequency of falling into misconceptions.

5.1.3 Teachers’ Teaching Practices to Resolve Students’ Intuitively-based

Misconceptions

The presentation of the relation between probability and other subjects was
investigated. As it is known, the probability is related with some other subjects such
as fractions, permutation, and combination (Jones, Langrall, & Mooney, 2007).
Therefore, teachers needed to meet students’ readiness for teaching probability. In
teaching practices, the most apparent topic that was related to probability was the
sets. The knowledge of set topic was directly or indirectly related to any type of the
intuitively misconceptions from case to case. All teachers used the properties of the
sets in teaching probability. Teachers provided relation between these properties and
the probability. They related the union and intersection of the sets, the complement
of a set with the necessary topics in probability such as dependent-independent and
inclusive-mutually exclusive events. Therefore, teachers helped students to resolve
the misconceptions of negatively and positively recency effects, outcome approach,
simple and compound events, conjunction fallacy, and conditional probability. While
relating them, teachers provided examples generally from throwing dice, coins, and
taking balls from urn. Only Erdal wrote the formulas and considered that students

had enough knowledge for the relations between the set and probability subjects.
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Although the permutation and combination topics were taught before the probability,
only high school teachers used these subjects in teaching probability. Among the
high schools, Cihan was very dependent on the permutation and combinations while
selecting something or arranging the elements. He used them even in the easiest
questions. Considering the relation between determining the sample size and the
misconceptions of sample size effect, and simple and compound events, high school
teachers’ use of permutation and combination helped students to resolve these types
of misconceptions. On the other hand, Baris, Cihan, and Erdal gave relation between
geometry and probability. In fact, the infinite probability was included in the high
school curriculum. However, Dogan did not mention about this topic. In addition,
Baris and Erdal solved questions related to this topic without teaching it. The general
probability formula was adapted to such topics while solving the questions. It was
observed in the classrooms that students were indirectly affected by the relation
between the geometry and probability topics. It was observed that the conjunction
fallacy and conditional probability misconceptions were indirectly related to this
relation. On the other hand, the more of A — the more of B misconception was
appeared in Cihan’s classroom while solving a probability questions which required
the knowledge of geometry. The other subjects that teachers related with the
probability were the fractions, the comparison of the fractional numbers, percentages.

Memnun (2008) mentioned about them for the difficulties in learning probabilities.

In general, students’ readiness is important to learn probability (Giirbiiz, 2005). They
needed to have necessary knowledge for solving questions that requires the
knowledge from other subjects. Without the necessary pre-knowledge, students
could develop incorrect intuitions and fall into misconceptions (Fischbein, 1987). In
meeting the readiness, the method that teachers used in general was that they briefly
explained or made students remember the necessary knowledge from other subjects
only when the knowledge was needed. For example, if the area of the circle was
needed, Cihan briefly stated that the area is m times radius squared. They did not try
to determine or explain the necessary knowledge from other subjects. It was good
when solving the provided questions in the classroom. However, it might create
problems especially when students experienced irregular or unfamiliar situation or

questions. These situations or questions could require students’ intuitions to solve.
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In the literature, the main factor for the comprehensive understanding of probability
and for the reasons for the possible misconceptions was attributed to the teaching
methods and type of instruction (Babai et al., 2006; Brunner, 1997; Giirbiiz, 2005;
2007; Gurbuz et al., 2010; Nicolson, 2005; Polaki, 2002a; 2002b; Tirosh, 2000;
Watson, 2001). In accordance with the importance of the instructions, teachers’
teaching practices were investigated in the observations. The findings from the
analysis of the observations indicated that there were giving key points, rote
memorizations and shortcuts, using resources and materials, and student-teacher

interactions.

The main method in the instructions was direct teaching. Teachers were the only
authority throughout the lessons. Although they sometimes gave emphasis on
student-teacher interactions with question-answer method, teachers were active
during the lessons while the students were passive listeners. This situation was
considered as one of the reasons for difficulties in effective teaching of the
probability (Giirbiiz et al., 2010).

With the applications of the direct teaching, all teachers in the present study were
careful about showing the crucial points in the probability subjects or in the questions
asked. Among the key points, all teachers in the present study were trying to make
students memorize the algorithms, some shortcuts, formulas, and determine the key
words in solving questions. For each type of intuitively-based misconception,
specific shortcuts were observed in the classrooms.

Related to the memorizations, all teachers had rules for different concepts or event
types in probability. There were lots of rules and shortcuts that teachers imposed.
Among them, most of the shortcuts were related to the determination of event types
and necessary algorithms to follow for them. These rules were about the general
concepts, the sample size, the event types, the use of combination and permutation,

conditional probability, and other sub-topics.

In fact, teachers were giving such shortcuts for sub-topics in the probability.
However, some shortcuts could be used to resolve some intuitively-based

misconceptions. For example, one shortcut was that the sample sizes for throwing a
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die twice and for throwing two dice are equal. This shortcut indirectly gave evidence
to resolution of simple and compound events. Teachers were emphasizing the key
words in the questions. Then, they were emphasizing which shortcuts to use for

specific questions.

The difference between middle and high school teachers’ practices were observed
only when there was difference between the middle and high school curricula. For
examples, there were rules for theoretical, experimental, and subjective probabilities
which were observed only in middle school teachers’ classrooms. In fact, the
existence of these sub-topics helped students to resolve some intuitively-based
misconceptions including outcome approach, positively and negatively recency
effect, and intuitive rules. On the other hand, the rules for the use of permutation and
combinations and for conditional probability were observed only in high school
teachers’ classrooms. It was expected from students to memorize these rules and use
when necessary. However, there was a big problem when using these rules. Since
there were numerous rules, students had difficulty to find which rule to use in the
questions asked. Instead of expecting from students to memorize them, teachers
needed to provide them with comprehensive understanding of the topics. The
practices for generalizing the rote memorizations and explaining why high school
teachers used one formula for different event types were useful in high schools for
this purpose. However, even high school teachers were imposing that students are in
a rally for university entrance exams and they need to spend time effectively in the
exam. Therefore, they were imposing that they needed to memorize rules, use when
needed, and pass to the other questions in the exams, instead of providing fulfillment
in understanding the subject. In fact, Polaki (2002a; 2002b) tried to make students
discover the rules and to create desired understanding of the subject in his studies.

Different than middle school teachers, high school teachers made some teaching
practices for biasness-unbiasness of the events, giving counter examples, making
generalization from the rote memorization, and using same formula for different
event types. Overall, general trend was making students memorize the algorithms,
rules, keywords. Although some memorizations help students to understand the
subject, the excessive memorizations influence the learning negatively (Giirbiiz,

2008). Therefore, students might create new incorrect intuitions and fall into
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intuitively-based misconceptions. In addition, Fischbein (1987), Myers (2002), Stavy
and Tirosh (2000) indicated the negative relation between the memorization and
students’ intuitions. Instead of understanding the concepts, memorizing the rules do
not improve their intuitions. Therefore, students continued with their incorrect
intuitions which were gained from their previous learning or previous experiences in

daily life.

All teachers were giving emphasis on the importance of the sample size. Especially
high school teachers solved many questions related to the determination of the
sample size. They stated that the main point in the whole probability is about the
sample size. The first thing that Cihan and Dogan were doing in the solution of the
questions was to determine the sample size. The literature was also emphasizing its
importance in resolving the misconceptions of sample size effect and simple and
compound events in probability (Fischbein & Schnarch, 1997; Kazak, 2008;
Shaugnessy, 1992).

Different than middle school teachers, high school teachers were trying more to
convince students about their learning. For example, Erdal mentioned about the
biasness of the material used in the experiments. He stated that the results change if
the coins or dice are biased. Therefore, he was making students aware of the different
situations in probability subject. In fact, the biasness of coins or dice could create the
availability heuristics misconception and the misconceptions in Tirosh and Stavy’s
(1999a; 1999b; 2000) theory in students’ minds. Moreover, especially Cihan and
Dogan were using counter examples in order to make students compare the events
and determine the differences. One interesting finding was that high school teachers
were using same formula for different event types. According to the properties of the
events, teachers were renewing the formula and continuing to solve questions with
new versions. As it was found, the determination of the events are related to simple
and compound events, conjunction fallacy, negatively and positively recency effects.
In fact, this helped students to resolve their misconceptions. This is because teachers
were creating an environment for understanding the logic behind the formula. It

might brake students’ wrong intuitions and develop them in positive way.
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Andra (2011) studied with pre-service teachers about the intuitive use of
representations in teaching probability, it was indicated that the type and the way to
use different representations influence students’ learning of the subject. In addition,
Batanero and Diaz (2012) also implied the importance of the use of visual materials
in teaching any subjects. Moreover, Primi (2008) studied the resolution of one type
of intuitively-based misconceptions by means of gaming situation. Giirbiiz (2005)
stated that one reason for students’ difficulty in probability was that there were not
enough visual or physical materials and resources to teach it. Taking them into
consideration, the use of materials and resources in the instructions is one factor to
help students not to fall into misconceptions and to resolve the existing ones. In the
present study, the use of materials and resources was also investigated in the
observations. Although, in line with the literature, teachers stated that the visual or
physical materials are important to fulfill students’ understanding, only Baris used
visual materials in the first lessons of the observations. Although Dogan and Erdal
were provided with smart board in their classrooms, Dogan never used it and Erdal
used it only for reflecting the pdf-format supplementary book on the board. The
general trend in the observations was that teachers were stick to either supplementary
or course books throughout the lessons. In general, middle school teachers were
using course books and high school teachers were using supplementary books for

preparing students to the exams.

Overall, teachers were aware of the situations that might influence students in
negative way in learning probability or of the factors that may lead students to
misconceptions; they did not always behave in the observations accordingly. There
appeared a contradiction between what they said and what they did in the classrooms
(Bayazit & Gray, 2006).

In the last part of the study, examples and questions asked in the regular instructions
related to students’ intuitively-based misconceptions were investigated. Solving as
many questions as possible provided students with familiarity for different types of
questions in probability. It also gave courage to them. They got a feeling of doing
mathematics. In addition, if they solved many questions, they encountered with
different and unfamiliar questions. If the intuitively-based misconceptions were

considered as unfamiliar ones, solving many questions also helped students to
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resolve their existing misconceptions. In the practice, all teachers were mentioning
about the importance of solving as many questions as possible. In addition, they were
expecting students to do homework. Students were responsible to solve questions
from textbooks as homework. In line with this situation, the numbers of questions
solved in the classrooms were more in high schools when compared to middle school
classrooms. Compared to Cihan, Dogan and Erdal solved more questions in the
classroom. Among the questions solved, all teachers gave importance to basic
concepts and the probabilities of simple events. The distribution of the questions
asked in the classrooms was according to the topics taught. While high school
teachers solved different questions for each topic, Ahmet solved questions only about
the basic concepts, simple events, theoretical, experimental, and subjective events,
and dependent-independent events. On the other hand, Baris taught all topics expect
for conditional probability. Different than the other teachers, Erdal also solved
unfamiliar questions that were different that the questions asked in the university
entrance exams or in the preparatory tests for university entrance exams. These
questions might widen students’ intuitions. This is because their success was higher

in the post-test of the PTI when compared to the other classrooms.

Teachers did not consider the intuitively-based misconceptions when asking
questions in the classrooms. The main criteria for asking questions was whether the
type of questions were similar to those asked in high school/university entrance
exams or in written exams in the schools (K6gce & Baki, 2009). In fact, there were
questions which had relations with the intuitively-based misconceptions appeared
among students. However, these questions were asked due to the content of the
topics taught. For example, the questions related to availability heuristics and the
positively and negatively recency effects were asked in the middle schools. In fact,
the topic of theoretical, experimental, and subjective probability is directly related to
these misconceptions. On the other hand, high school teachers gave examples from
lottery and chance games, which were related availability heuristics. For the sample
size effect, all teachers were giving importance to sample sizes of the events. In the
algorithms followed, the first thing they did in solving questions was to find the
sample size. Although students were successful to find the sample size for small

samples, they could not manage bigger sample size and they fell into this type of
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misconception. Since the outcome approach is related to making predictions from
already happened events, these kinds of questions were not asked in the classrooms
due to the existence of the high school/university entrance exams. However, a few
indirectly related questions were asked in the middle school classrooms because they
learnt experimental probability. In high schools, the topic of the inclusive-mutually
exclusive events was taught. The questions in such topic were indirectly related to
this type of misconceptions. If the set of event A is sub-set of event B, this was about
conjunction fallacy. There were only a few number of questions asked in high
schools. To solve such questions, high school teachers used small visualizations to
make students understand the situations in the questions. On the other hand, all
questions in the topic of conditional probability include a condition and it was
indirectly related to conjunction fallacy. In the solution of the questions, teachers

indicated that the sample size is gathered from the set of “the condition”.

The conditional probability subject was taught only in high school. However,
conditional probability misconception was about the timing of the events. There were
only one question asked by Dogan and a few questions asked by Erdal, which were
related to conditional probability. However, teachers focused on the formula for

conditional probability and did not explain the logic to solve the questions.

In general, there were many activities done and questions asked in teachers’ regular
instructions. There were many teaching practices from teachers to teach probability
in order to provide students with understanding of the subject. However, there were
also many factors that affected students’ understanding and that lead students to
misconceptions. It was found in the present study that the regular instructions had

slight effect on resolving students’ intuitively-based misconception.
5.2 Suggestions

The findings of the study indicated the 8" and 11™ grade students’ intuitively-based
misconceptions, 8" and 11™ grade mathematics teachers’ awareness about the factors
that result in such misconceptions and of such misconceptions. The teachers’

teaching practices for resolving such misconceptions were also investigated in the
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study. In the lights of the findings of the study, there were some suggestions for

practice and for the further studies.

5.2.1 Suggestions for Practice

In this part of the study, the suggestions were for the teacher educators and

practitioners of mathematics education area. These suggestions were as follows.

The findings of the study indicated that intuitively-based misconceptions
existed among both middle and high school students. In addition, these
misconceptions continued to exist after regular instructions. When asked to
teachers, they indicated students’ possible misconceptions by means of their
experiences. Before teaching the probability, teachers should have
knowledge about the possible misconceptions and prepare the lessons
accordingly. In doing so, teacher training programs should provide pre-
service teachers with the knowledge of possible misconceptions, the factors
causing difficulties in learning the subject, and the methods to resolve these
misconceptions.

Based on the findings, students’ had many misleading intuitions before
learning probability. Teachers were directly beginning to teach it. Without
examining students’ pre-knowledge for probability and wrong intuitions
about probability, they struggle to learn it and easily fall into intuitively-
based misconceptions. Teachers should be encouraged to perform formative
tests to see students’ readiness and wrong intuitions. So, teachers can
specifically pay attention to students’ wrong intuitions and keep them from
felling into misconceptions while solving probability questions.

The teachers in the present study used limited number of teaching
techniques, which were generally the traditional ones. It was observed that
such techniques were not sufficient to resolve students’ misconceptions. In
teaching probability, the mathematics teachers should be trained about
different types of teaching methods and techniques.

Teachers mentioned about the difficulty to follow the curricula during the
academic years. Among the difficulties, they stated that the existence of high

school/university entrance exams, the work load, the number of students in
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the classrooms, and the limited number of lessons allocated for probability
were obstacles for meeting students’ readiness, for preparing the lessons
according to different dimensions, and even for completing the curriculum.
To overcome these problems, teachers’ work load should be decreased and
the content of the curriculum should be simplified to provide students with
comprehensive understanding of the topic. So, teachers can have extra time
to search for new trends, teaching practices, and materials in teaching
probability. They can benefit from effective instructional methods practiced
in national or international schools.

The understanding of the basic concepts in probability may reduce the
possible misconceptions among students. If basic concepts are not learnt well
enough, students generally use their intuitions that were gathered from
previous experiences instead of thinking critically and developing reasoning
on the questions asked. In general, these intuitions are misleading. At this
point, teachers should seek for the techniques to satisfy full understanding of
the basic concepts. These can be done via different visual or physical
materials and resources. Teachers should also seek for the techniques for
developing students’ reasoning skills in order not to be influenced by the
negative effects of the intuitions.

Due to the existence of the high school/university entrance exams, teachers
were organizing the lessons accordingly. It was observed that teachers were
solving questions similar to those asked in such exams. Students were not
exposed to different and unfamiliar situations and questions in the lessons.
Since the intuitively-based misconceptions were appearing in the unfamiliar
situations, the regular instructions were not sufficient to resolve them. It can
be suggested that teachers provide unfamiliar situations and questions in the
lessons to make students see that the probability is not limited to dice, coins,
and urns. To do this, teachers can be encouraged to follow professional
journals in mathematics education for new situations and problems in
teaching probability. Instead of just relying on traditional methods, they
should seek for alternative ways. Professional journals are including specific
situations and examples encountered in classroom environments. These

situations were can also be observed in our classrooms. For example,
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teachers can read articles about intuitively-based misconceptions appeared in
the classroom and what teachers did to resolve them. Therefore, teachers can
have knowledge about the misconceptions and methods to resolve them.
With the appropriate teaching practices, students can get correct intuitions
about such misconceptions. For example, the misconceptions found in
Crawfold (1997) stated probability misconceptions that were observed in his
classrooms. Some of these misconceptions were related to intuitively-based
ones. Teachers can benefit from Crawfold’s personel views related this
misconception and prepare their instructions accordingly.

From the observations and interviews, teachers were knowledgeable about
students’ basic difficulties and misconceptions. They were generally
following a course or supplementary book in their instructions and ignoring
the specific misconceptions. To be knowledgeable about students’
cognitions, difficulties, misconceptions, teachers can use google groups such
as TMOZ (branch of Turkish mathematics teachers) to share the teaching
experiences with mathematics teachers, to determine students’ difficulties
and misconceptions in probability and in other subjects. Teachers can create
a discussion about students’ difficulties and solution methods in probability.
In addition, they can also share teaching methods and materials used, and
discuss their experiences. With the knowledge of students’ difficulties and
misconceptions and by using other teachers’ experiences, teachers can shape
their instructions accordingly. So, they can use the teaching practices in
resolving students’ possible misconceptions.

During the observations, teachers were generally followed textbooks or
supplementary books in teaching practices. Therefore, they only solved the
questions presented in the textbooks or supplementary books. Questions
presented in such books were generally in the form of routine questions
which were asked to high school/university entrance exams. As the questions
asked in the PTI were non-routine types of questions, students in the
observation groups could not encounter with non-routine questions. Since
misconceptions in probability were generally intuitively-based types,
students’ intuitively-based misconceptions stayed still after they received
regular instruction. From these findings, textbooks and supplementary books
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can include non-routine questions which were in line with intuitively-based
misconceptions. As the textbooks are prepared according to the present
curricula, similar suggesstions can be made for them, too. The curricula can
emphasize the solution of non-routine questions. Therefore, teachers can

help to resolve students’ intuitively-based misconceptions in probability.

5.2.2 Suggestions for Further Studies

This part of the study presented suggestions for the further studies. The suggestions

were for the researchers from mathematics educations. The suggestions for further

studies were as follows:

This study was conducted only in five classrooms which were not randomly
selected. In addition, only 8" and 11™ grade students were participants of this
study. This situation might yield a generalizability concern. The results
generated from a larger sample of randomly selected participants from
different grade levels could be more generally applicable to mathematics
education community. A study can investigate students’ intuitively-based
misconceptions from different age groups or grade levels with increased
number of students. Therefore, more comprehensive understanding of
students’ intuitive thinking in different grade levels can be identified.

This study did not focus on gender differences while determining students’
intuitively-based misconceptions. However, Kennis (2006) found gender
difference for students’ probabilistic misconceptions. This yield a discussion
of whether regular instruction increases or decreases gender differences in
resolving students’ intuitively-based misconceptions or not. A study can
focus on gender difference about students’ intuitively-based misconceptions
before and after students receive regular instruction.

In the present study, the participants were from 8" and 11" grade levels.
However, students’ intuitive cognitions were not investigated in other grade
levels. It is known that previous knowledge affects students’ intuitions
(Fischbein, 1987). With the new knowledge in different grades, their

intuitions are also shaped. After students learn probability in 8" grade, a
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longitudinal study can investigate students’ intuitively-based misconceptions
according to the changes in their intuitions throughout the grade 12.

In order to resolve students’ intuitively-based misconceptions, different
teaching methods can be compared with the regular instruction in
experimental studies. For example, Polaki (2002a) conducted an experimental
study for sample size misconception. In this study, it was found that the
regular instructions were not effective in resolving intuitively-based
misconceptions. An instruction can be organized specially for different types
of intuitively-based misconceptions. The effective methods in resolving such
misconceptions can be determined via comparing the methods.

This study seeked for teachers’ knowledge about students’ misconceptions
and the factors resulting in them. So, they organized their instructions
accordingly. However, teachers’ beliefs about probability topic and students’
thinking processes were missed in this study. It is another factor that
influences teachers’ teaching practices. If their beliefs are consistent with
students’ thinking processes and intuitions, students can benefit from
appropriate teaching practices to get rid of incorrect intuitions. In line with
this situation, teachers’ beliefs about the topic and students’ intuitive thinking
can be investigated.

There is a difference between theoretical knowledge and the knowledge
gathered from experience in many situations. In the profession of teaching,
this difference becomes apparent. Although they theoretically learn the
knowledge of students and pedagogical content knowledge in teacher training
departments, they should also learn when and how to use this knowledge via
experience. In the present study, the focus was not on teachers’ experiences.
However, the most succesful classroom after instructions was Erdal’s
classroom. Although success level of his classroom was not high at the
beginning, it was not a coincidence that the most experienced teacher was
Erdal in this study. From this point of view, the in-service and pre-service
teachers’ awareness about the intuitively-based misconceptions and the
factors related to them can be different. Their perceptions can be gathered and

compared to understand the importance of experience.
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The theoretical and experiental probabilities were emphasized in NCTM’s
(2000) standards and in national curriculum (2005b), especially in lower
grades, because the values are more realistic to daily life situations. In the
observations, teachers did not give in depth information about these topics. In
addition, the findings indicated that middle school teachers used theoretical
and experimental probabilities while solving question in PTI. However, their
incorrect interpretation of this knowledge leaded them to fall into intuitively-
based misconceptions. Studies of how best to organize lessons to teach
probability and of their effect on resolving related intuitively-based
misconceptions could be helpful for teachers and mathematics educators.

This study focused on the probability topic. It was found that students’
incorrect intuitions resulted in misconceptions. There may appear different
kinds of intuitively-based misconceptions related to other subjects. At this
point, Tirosh and Stavy (1999a; 1999b; 2000) indicated that students behave
similarly regardless of differences in tasks. Students can show similar
behaviors in other topics in mathematics. Tirosh and Stavy called it as
“intuitive rules”. The misconceptions of “same of A — same of B” and “more
of A — more of B” are example for these rules. Therefore, different
intuitively-based misconceptions in other subjects can be investigated.
Different than the regular misconceptions, intuitively-based ones necessitate
more thinking and are directly related to students’ incorrect intuitions.
Accordingly, similar study can also be conducted for other topics in

mathematics.
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APPENDIX A

PROTOCOL FOR INTERVIEW I

Ogretmenin kendisini tanitmasina yonelik sorular. (Demografik bilgiler)

o Kag yillik 6gretmensiniz?

o Mezuniyet veya formasyon egitiminiz var m1?

o Daha once nerelerde ¢alistiniz?
. Universitede veya baska bir yerde 6zel olarak olasilikla ilgili bir ¢alisma
yapild1 mi1?
Olasilik konusu i¢in &grencilerde olmasi gereken ozelliklerden bahseder
misiniz?
Olasilik 6grenimine baslamadan 6nce dgrencilerin hangi konular1 bilmeleri
gerekmektedir? Olasilik konusuna gegmeden 6nce 6grencilerin iyi oldugunu
diistindiigiiniiz konular nelerdir? Eksiklik gordiigliniiz yerlerde nelerdir? Bu
eksiklikler icin neler yapmay1 planliyorsunuz?
Ogrencilerin eksikliklerini belirlemeye yonelik yaptiginiz seyler var mi?
Olasilik konusu anlatirken hangi kaynaklardan yararlantyorsunuz? Bu
kaynaklar1 nasil kullantyorsunuz?
. Konu anlatiminda, kavram 6gretiminde, problem ¢6ziimiinde, 68renciler
zorluklarla karsilastiklarinda nelere dikkat ediyorsunuz?
Daha 6nceki deneyimlerinize dayanarak, 6grenciler hangi noktalarda
zorlanmaktadirlar? Zorluklari nasil belirliyorsunuz? Konu anlatiminda
bunlar dikkate aliyor musunuz? Bu zorluklari nasil 6nlemeye calisiyorsunuz?
Hangi strateji, yontem veya teknikleri kullaniyorsunuz? Varsa neler?
Daha 6nceki deneyimlerinize dayanarak, 6grenciler genellikle hangi
eksikliklerle veya kavram yanilgilaryla gelmektedirler? Bunlar1 6nlemeye

yonelik uyguladiginiz yontemler var mi? Varsa neler? Neden?
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APPENDIX B

PROTOCOL FOR INTERVIEW II

Ogrenciler olasilik konusunda en ¢ok hangi noktalarda zorlandilar? Sebepleri
nelerdir?

Ogrencilere uygulanan olasilik testindeki birinci soruda, 6grencilerin
diisiibilecegi hata veya kavram yanilgilari nelerdir? Bu hata veya kavram
yanilgilarin1 gidermeye yonelik ne yapilabilir?

Testteki ikinci soruda, 6grencilerin diisiibilecegi hata veya kavram yanilgilari
nelerdir? Bu hata veya kavram yanilgilarini gidermeye yonelik ne yapilabilir?
Testteki ti¢lincii soruda, 6grencilerin diisiibilecegi hata veya kavram
yanilgilar1 nelerdir? Bu hata veya kavram yanilgilarini1 gidermeye yonelik ne
yapilabilir?

Testteki dordiincii soruda, 6grencilerin diisiibilecegi hata veya kavram
yanilgilari nelerdir? Bu hata veya kavram yanilgilarini gidermeye yonelik ne
yapilabilir?

Testteki besinci soruda, 6grencilerin diigiibilecegi hata veya kavram
yanilgilar1 nelerdir? Bu hata veya kavram yanilgilarin1 gidermeye yonelik ne
yapilabilir?

Testteki altinci soruda, 6grencilerin diisiibilecegi hata veya kavram yanilgilar
nelerdir? Bu hata veya kavram yanilgilarin1 gidermeye yonelik ne yapilabilir?
Testteki yedinci soruda, 6grencilerin diisiibilecegi hata veya kavram
yanilgilar1 nelerdir? Bu hata veya kavram yanilgilarin1 gidermeye yonelik ne
yapilabilir?

Belirttiginiz dnerilerin bir kismin1 sinifta yapamamanizin sebepleri nelerdir?
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APPENDIX C

PROBABILITY TEST OF INTUITION (MIDDLE SCHOOL VERSION)

Sevqili agrenciler,

“Asagida matematik programimizda yer alan Istatistik ve Olasilik 6grenme
alamindaki Olasilik konularla ilgili sorulardan olusan bir test yer almaktadir.
Vereceginiz cevaplar sadece bilimsel bir arastirmada veri olarak kullanilacak ve
tamamen Qizli tutulacaktir. Bu nedenle sorulart kaygilanmadan ve igtenlikle
cevaplamaniz yapilan bu ¢alismanin dogru bir sekilde degerlendirilmesi agisindan
onem tasimaktadir.”

1- Bir sans oyununda 1’den 49’a kadarki sayilardan (1 ve 49 dahil) alt1 rakam
seciliyor. Bu sayilart1 dogru tahmin eden kisi yarigmayr kazanmaktadir.
Cigdem, Merve ve Hakan’in tahminleri agagidaki gibidir.

Cigdem :1,2,3,4,5,6

Merve 44,45, 46, 47, 48, 49

Hakan :39,1,17,33, 8, 27
Oyuncularin  oyunu kazanma olasiliklarim1  karsilastirmiz.  Cevabinizi
aciklaymiz.

2- Hilesiz bir para ii¢ defa atiliyor ve her seferinde “tura” geliyor. Eger para
dordiincii defa atilirsa, en olasi sonug ne olur? Cevabinizi agiklayimiz.

3- Bir hastanede yeni dogan 3 ¢ocugun en az 2’sinin erkek olma olasilig: ile
yeni dogan 300 c¢ocugun en az 200’iniin erkek olma olasiliklarini
karsilastiriniz. Cevabinizi agiklayimiz.

4- 16 tane oyun karti, bir grup dgrenciye rastgele birka¢ defa dagitilmistir. iki
farkli dagilim asagidaki gibidir. Bu dagilimlardan hangisinin ortaya ¢ikma
olasilig1 daha yiiksektir? Cevabiniz1 agiklaymiz.

Dagihim I Dagilhim I1
Ayse 4 4
Mehmet 4 3
Fatma 4 4
Hiiseyin 4 5

5- Iki zar atiliyor. Ust yiize gelen sayi giftleri i¢in 4-4 ¢iftinin gelme olasilig: ile
4-3 ciftinin gelme olasiligini karsilastiriniz. Cevabinizi agiklaymniz.

6- Ayse, Ali ile Ahmet bir oyun oynuyorlar. Bu oyunda, bir para oyunculardan
biri oyunu kazanana kadar devamli atilmaktadir. Her oyuncu, yazi (Y) ve
turadan (T) olusan siralamalar segmistir. Buna gore, hangi siralama en 6nce
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gelirse oyunu o kisi kazanmaktadir. Oyuncularin segtikleri siralamalar

asagidaki gibidir.
Ayse CTYTTT
Ahmet CYTYTTT
Ali CTYTTTT

Bu sirdalamalara goére, oyuncularin oyunu kazanma olasiliklarin1 en
yiiksekten en diisiige dogru siralayiniz. Cevabinizi agiklayimiz.
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APPENDIX D

PROBABILITY TEST OF INTUITION (HIGH SCHOOL VERSION)

Sevgili ogrenciler,

“Asagida matematik programinizda yer alan Istatistik ve Olasilik égrenme
alanmindaki Olasilik konularla ilgili sorulardan olusan bir test yer almaktadir.
Vereceginiz cevaplar sadece bilimsel bir arastirmada veri olarak kullanilacak ve
tamamen gizli tutulacaktir. Bu nedenle sorulart kaygilanmadan ve igtenlikle
cevaplamaniz yapilan bu calismanin dogru bir sekilde degerlendirilmesi agisindan

onem tasimaktadir.

1-

2

Bir sans oyununda 1’den 49’a kadarki sayilardan (1 ve 49 dahil) alt1 rakam
seciliyor. Bu sayilart dogru tahmin eden kisi yarigmayr kazanmaktadir.
Cigdem, Merve ve Hakan’in tahminleri agagidaki gibidir.

Cigdem :1,2,8,4,5,6
Merve 144,45, 46, 47, 48, 49
Hakan : 39,1, 17, 33, 8, 27

Oyuncularin  oyunu kazanma olasiliklarim1  karsilastirimiz.  Cevabinizi
aciklaymiz.

Hilesiz bir para ii¢ defa atiliyor ve her seferinde “tura” geliyor. Eger para
dordiincii defa atilirsa, en olasi sonug ne olur? Cevabinizi agiklayiniz.

Bir hastanede yeni dogan 3 cocugun en az 2’sinin erkek olma olasilig: ile
yeni dogan 300 ¢cocugun en az 200’{iniin erkek olma olasiligini karsilastiriniz.
Cevabinizi aciklayimniz.

16 tane oyun karti, bir grup dgrenciye rastgele birkag defa dagitilmustir. ki
farkli dagilim asagidaki gibi olusmustur. Bu dagilimlardan hangisinin ortaya
c¢ikma olasilig1 daha yiiksektir? Cevabinizi agiklaymiz.

Dagilim I Dagilim 11
Ayse 4 4
Mehmet 4 3
Fatma 4 4
Hiiseyin 4 5

Iki zar atiliyor. Ust yiize gelen say1 ciftleri icin 4-4 ¢iftinin gelme olasilig1 ile
4-3 ciftinin gelme olasiligini karsilagtiriniz. Cevabinizi agiklayiniz.

Ayse, Ali ile Ahmet bir oyun oynuyorlar. Bu oyunda, bir para oyunculardan
biri oyunu kazanana kadar devamli atilmaktadir. Her oyuncu, yazi (Y) ve
turalardan (T) olusan siralamalar segmislerdir. Buna gore, hangi siralama en
once gelirse oyunu o kisi kazanmaktadir. Oyuncularin sectikleri siralamalar
asagidaki gibidir.
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Ayse CTYTTT
Ahmet YTYTTT
Ali CTYTTTT

Bu gore, oyuncularin oyunu kazanma olasiliklarin1 en yiiksekten en diistige
dogru siralaymiz. Cevabinizi aciklayimiz.

7- Bir torbada esit sayida mavi ve kirmizi toplar bulunmaktadir. Cekilen top
tekrar torbaya atilmamaktadir. Cekilen iki top i¢in asagidaki durumlarin
olasiliklarini karsilastiriniz. Cevabinizi aciklayiniz.

a) Cekilen ilk top mavi ise ikinci topun mavi olma olasiligi
b) Cekilen ikinci top mavi ise ilk topun mavi olma olasilig
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APPENDIX F

CATEGORIES AND CODES APPEARED IN THE ANALYSIS OF TESTS
RESULTS, CLASSROOM OBSERVATIONS AND INTERVIEWS

Table F.1 Main Themes Appeared in Students’ Responses to PTI Items and in
Observations

Themes for Students’ Intuitively-based Misconceptions

Availability Heuristics
Representativeness Heuristics: Negatively and Positively Recency Effect

Students’ Representativeness Heuristics: Sample Size Effect
Intuitively- Representativeness Heuristics: Outcome Approach
based Simple and Compound Events
Misconceptions  Conjunction Fallacy
were Conditional Probability

Intuitive Rules: the More of A — the More of B
Intuitive Rules: the Same of A — the Same of B

Table F.2 Categories and Codes for Teachers’ Awareness Appeared in the Interviews

Category 1. Teachers’ Opinions about Necessary Pre-Knowledge for Students

Fractions
Simplifications
Percentages
The necessary Arithmetic Operations
pre-knowledge Sets

for students were  Rational Numbers
Factorial Concept
Permutations
Combinations

Category II. Teachers” Opinions about How to Determine Students’ Understandings

Evaluating students responses to questions
Expecting students’ own definitions and explanations

Teachers Conducting diagnostic tests
determined Conducting formative tests
students’ Conducting summative tests

understanding by  Asking whether students understand the concept/solution
Believing their experiences
Considering students’ attendance to lessons
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Table F.2 (Continued)

Category III: Teachers’ Opinions about the Reasons for Students’ Difficulties in Probability

The reasons for
students’
difficulties in
probability were

Insufficiency in readiness

Insufficiency in reading-comprehension

Rote memorizations

Unable to imagine

Unable to relate with daily life

Low level of students’ understanding

Necessity of thinking

Not being open to interpretation

Unable to synthase the facts

Unable to construct patterns

Existence of high school or university entrance exams
Carelessness

Not studying regularly

Insufficient course book

Unabile to understand the logic of the probability
Fear

Category IV. Teachers’ Opinions about the Use of Materials and Resources in Lessons

The materials and

resources used
were

Course books
Supplementary books
Visual materials
Teachers” own questions

Category V. Teachers’ Opinions about Possible Teaching Practices in Teaching Probability

The teaching
practice to be
done were

Meeting students’ readiness

Direct instruction

Giving daily life examples

Using visual materials, visualizing the events (dice, coin, boxes with marbles)
Peer to peer instruction

Showing the shortcuts

Solving different types of questions

Providing students with real life experiences

Directing students to think

Category VI. Teachers’ Opinions about Students’ Difficulties and Misconceptions in Probability

Students were
unable to

Understand the basic concepts

Determine the set of expected elements

Determine which formula to use

Determine sample size

Determine whether the event is dependent or independent

Determine whether the event is independent or mutually exclusive

Dee the difference among theoretical, experimental and subjective probabilities
Relate the other subjects with probability (e.g. geometry)

Understand the property that the value of probability is between 0 and 1
Relate and use permutation and combination in probability questions
Determine the conditional events in conditional probability
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Table F.3 Categories and Codes for Teaching Practices appeared in the Observations

Category I. Teaching Practices about Keypoints given

Teachers’
teaching practices
about keypoints
givenin
probability were

Giving examples from die, coins, and urns

Emphasizing the keywords in the questions

Emphasizing biasness or unbiasness of the die/coins in the questions
Repeating necessary rote memorizations

Writing the events A and B separately

Emphasizing and showing the sample sizes of the events
Showing how to follow algorithms in solving questions
Developing concepts by giving examples from daily life.
Generalizing the rules from rote memorizations

Giving controversy examples

Explanatining the logic in the questions

Explaining the shortcuts

Showing the appropriate formula for different question types

Category Il. Rote memorizations that Teachers Expect Students to Remember

Rote
memorizations in
probability were

About the general concepts in probability

The value of probabilities of the events is between “1” and “0”.

If it is empty set, it is impossible event.

If the set is universal set, it is certain event.

At least two heads means two or more heads

About the sample size

Sample size of throwing n dice (coins) is 6" (2").

E.g. There may appear 4-2 and also 2-4 after throwing two dice.

The sample size for throwing two dice and for throwing a die twice is equal.
About the theoretical, experimental, and subjective probabilities

Excessive number of experiments turns into theoretical probability

The probability according to a person is called as subjective probability

The usage of formula is about theoretical probability, the experiments that | did
or saw are experimental probability.

About the use of permutation and combination

The permutation is for arrangement.

The combination for selection.

The arrangement is given, so multiply the events.

The arrangement is not given, so use permutation (We need to do arrangement)
If you take the balls together, then, use permutation and it is related to selection.
About the dependent- independent events

If the ball is released into the urn, then, it is independent.

If the ball is not released into the urn, then, it is dependent.

If the events A and B are independent, then, the probabilities are multiplied.

If the first event reduces the number of elements in second event, it is
dependent.

They are not affecting each other, so it is independent.

They are affecting each other, so it is dependent

If you take the balls one by one, then, use multiplication rule and it is dependent.
About the inclusive-mutually exclusive events

If the intersection is not empty, then, the events are inclusive.

If the intersection is empty, then, the events are mutually exclusive

If it is not mutually exclusive event, add P(ANB) into the formula

About the conditional probability

If there are statements like “known to be”, it is conditional probability.
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The sample size of the conditional probability is the sample size of the event B.
The expected elements of the conditional probability are the intersection of the
events.

If the happening of the event A is dependent on the event B, it is conditional
probability

About other topics

“and” means union and addition.

or” means intersection and multiplication.

The difference between inclusive-mutually exclusive events and dependent-
independent events is that the sample sizes are same for former and they are
different for further

The number of outcomes for addition of two dice can be found with the table
below

There is no triangle that can be constructed on three points on a line
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APPENDIX G

SAMPLE RESPONSES AND SCORING CRITERIA FOR THE QUESTIONS
IN THE PROBABILITY TEST OF INTUITION

Table G.1 Sample Responses and Scoring for the Questions in the PTI

Correct Response Partially Correct Response Incorrect or No

which is less than first
one.

justification)

Question Response
Number  Score Justification Score Justification Score  Justification
Players’
probabilities of
winning the game
are equal.
Players’ probabilities of (Correct answer Hakan’s
winning the game are with no probability of
equal, because they all justification) winning the
choice six numbers. Or game is
Or 1 Hakan’s 0 higher than
Players’ probabilities of probability of other players’
winning the game is winning the game probabilities
equal to seems greater, but of winning
11 1 1 1 1 they all have same the game.
49 48 47 46 45 44 number of Or
So, they are equal. choices. No response
(Incorrect answer
with correct
justification)
Getting head or tail has Probability of
equal probab!llty, Getting head or _gett_lng head
because previous events . is higher,
; tail has equal
do not influence the - because the
further events 1 probability. 0 outcomes of
' (Correct answer i
Or . the previous
. A with no
Their probabilities are justification) events were
equal to ', because the ) also heads.
event is independent of Or
the others. No response
Probability of getting
two baby boys out of
three new-born babies is Probability of
equal to ¥2. However, the getting two baby
probability of getting 200 boys out of three Two events
baby boys out of 300 new born babies have same
new born-babies is is greater than that probabilities,
lesser. Or 1 of getting 200 0 because the
The probability for the baby boys out of ratios are
second event is equal to 300 new-born equal.
300 . 300 . . 300 babies. Or
200 200 300 (Correct answer No response
2300 with no
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Table G.1 (Continued)

Ta

7b

Both distributions have
equal probabilities,
because they are
randomly distributed.

Probability of getting a
pair of 4-3 has greater
probability than that of
4-4, because there are
two outcomes for the
pair of 4-3.

Ayse’s probability of
winning the game is
higher, because her
choice requires five
throws. Other players’
probability of winning
the game are equal, their
choices require six
consecutive throws

Let’s say there are n blue
and n red balls. The
probability getting blue
ball after picking a blue
ball without replacement
is less than one half.
Or

The probability is equal
to

n—1

2n—1

Since the further event
does not affect the
previous one, the
probability of getting
blue in the first picking
is equal to %. Or

The previous event is
independent of the
further one, so the
probability is equal to V5.

0.5

0.5

Both distributions
have equal
probabilities.
(Correct answer
with no
justification)

Probability of
getting a pair of 4-
3 has greater
probability than
that of 4-4.
(Correct answer
with no
justification)

Ayse’s probability
of winning the
game is higher.
(Incorrect
comparison for
other players’
probabilities or
correct answer
with no
justification)

The probability is
less than one half.
(Correct answer
with no
justification)

The probability of
getting blue ball is
equal to . (Correct
answer with no
justification) Or
Probability is less
than one half, but
the event is
independent of the
other one. (Incorrect
answer with correct
justification)

The
distribution 1
has greater
probability,
because all
players get
the same
number of
cars.

Or
No response

Probability of
getting any of
the pairs of
4-4 and 4-3
are equal.

Or
No response

All players

have the same

probability.
Or

No response

The

probability is

equal to Y.
Or

No response

Probability is
less than one
half

Or
No response

240



APPENDIX H

INTERVIEW TRANSCRIPT OF ONE TEACHER

Interviewer (I) : Oncelikle sizi tanimaya yonelik birka¢ soru olacak. Kag yildir
O0gretmenlik yapmaktasiniz.

Cihan (C): 2009 mezunuyum. X Universitesi, Fen-Edebiyat Fakiiltesi, Matematik
Bolimii mezunuyum. 2010°de de formasyon egitimi aldim. Bir siire dersanede
calistiktan sonra atamam yapildi. Toplamda iki yildir 6gretmenlik yapmaktayim.
Onun disinda hep 6zel ders verdim.

I: Universite de iken veya daha sonrasinda olasilik ve istatistik dersleri ile alakali
yaptiginiz 6zel bir ¢caligma var miydi?

C: Mezun oldugum i¢in ve yiiksek lisans yaptigim igin iiniversite seviyesinden ders
alanlar daha c¢ok bolim dersleri aliyorlardi. Ama {iniversiteye hazirlanan
ogrencilerde benden ders alanlar hep meslek lisesi 6grencileriydi. Dolayisiyla meslek
lisesi Ogrencilerine smavda en fazla soru ¢ikan konulari anlattim. O yiizden
ogrencilere daha cok sayilar, oran orant1 ve problemler {izerine yogunlastik. Yani
olasilik konusu, temeli olmayan bir 6grenci icin agir gelen bir konu oldugundan
dolay1 ben kisa siirede temel olusturabilecegim ve en kisa siirede islerine
yarayabilecek, daha net anlayabilecekleri konular tizerinde durdum.

I: Ozel dersler disinda olasilik konusu ile alakali dzel ¢alistigimiz bir durum var
miyd1?

C: Universite de istatistik dersi almadik. Bunun sebebi belki olasilik alaninda ¢alisan
hocamizin olmayis1 olabilir. Segmeli derslerde de topolojiye yonelik dersler almaya
calistim. Istatistik olasilik dersi se¢meli varsa da ben dikkat etmedim. Lisanstan
itibaren topolojiye agirlik verdim. Lisans segmelilerim de metrik uzay, topolojik
uzay iizerineydi. Olasilik konusu ilizerine ¢alisma yapmadim 6zel olarak.

I: Olasilik konusunun agir oldugunu sdylediniz? Sebebinden bahsedebilir misiniz?

C: Ogrencilere agir gelme sebebi sdyle. Ogrenciler genel olarak ezbere dayali
yapmaktalar. Ogrenci goziinden “bana bir kalip verilsin ben onu kullanarak sorulari
¢O6zeyim” mantigl var. Olasilik konusu ise ¢ok diisiindiiriiciidiir. Neyin ne oldugunu
diistinmesi gerekiyor. Aslinda olasiliginda bir yapis1 var. Yani bir 6rnek uzayniz var.
Istenilen durum ve tiim durumlar var. Aslinda basit bir mantig1 var. Ama dedigim
gibi bu mantig1 kurgulamak 6grencilere agir geliyor.

I: Nigin 6grencilere kurgulamak zor geliyor?

C: Ilk sebebi matematik egitiminin bastan beri ezbere verilmesi. Bir kaliba
sokulabilir bir ders olarak anlatiliyor olmasi.

I: Ogrenci agisindan diisiiniirsek?

C: Ashnda olasilik &grencilere ¢ok garip goriintiyor. Olasilik deyince bile
korkuyorlar. Onlar i¢in olasilik onlar1 diisiinmeye zorlayacak bir konu olarak
algiliyorlar. Agikgasi ben su andaki 6grencilerimde de goriiyorum. Diistinmeyelim.
Hazir gelsin. Yapalim.
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I: Diistinmeyi biraz daha agabilir misiniz?

C: Ogrenci mesela bir paray1 atiyor. Bunu hayal etmesi lazim. Yazi ve tura gelir. Bu
basit geliyor ogrencilere. Ama diyelim ki bir zar atiliyor. Ve bu zarin iist yliziine
gelen sayilarin asal olma olasiliklari, veya iist ylize gelen sayilarin toplaminin 5’ten
kiiciik olmasi tarzindaki sorularda zorlaniyorlar. Bunu kurgulamalar1 gerekiyor. Yani
ogrencilerin bunu kafalarinda canlandirmalar1 gerekiyor. Orada bir sikint1 olusuyor.
Ya da boyal1 bir kiipiin yesil yiiziiniin ne kadar gelmesi falan kurgulamak gerekiyor.
Ama 6grenci bunlar1 kurgulamaktan kagiyor.

I: Ogrencilerin 6zelliklerinden devam edelim. Olasilik konusu igin dgrencilerde
olmas1 gereken ozellikler nelerdir?

C: Ogrencilerde olmasi gereken en dnemli 6zellikler arasinda, bence dgrencilerin
diisinmeye yatkin, mantifint c¢alistiran, kendini ¢ok fazla kaliba sokmayan
olmalaridir. Hani size belirli bir kalip veriliyor, diyelim ki ben su sekilde
anlatryorum. Bu farkl bir sekilde olsaydi nasil olurdu? Diyelim ki para atilmig ama
zar atilsaydi ne olurdu? Ya da alt1 yiizlii degil de zar sekiz yiizlii olsaydi nasil olurdu?
Hani biraz daha orneklendirebilen, biraz daha farkli diigiinebilen 6grenciler bagarili
olurlar.

I: Genis ¢apli diistinebilen 6grenci derken neyden bahsediyoruz?

C: Ezberin disina ¢ikabilen olmali. Farkli durumlari diisiinebilmeli 6grenciler.

I: Bunu nasil saglariz 6grencilerde?

C: Ben mesela ders anlatirken 6grencileri diistinmeye yonlendirmeye ¢aligirim.
Diyelim ki ben bir ciimle sdyliiyorum. Ogrencilere “bu ciimle baska nasil ifade
edilebilir?” diye soruyorum. Ya da “benim kurdugum cilimleyi bir de sen kur.” “Ben
anlattim bir de sen anlat” gseklinde saglamaya calistyorum. Bunun sebebi kisi
anlatirken konuyu daha iyi anlar. Ciinkii anlatirken 6grenci kendi climlelerini kurar.
Ve o climleleri kurarken 6grencinin diisiinmesi gerekir. Bana ifade edebilmesi i¢in
onu diisiinmesi gerekecegi icin daha ayrintili diisliniir belki. Ben 6zel derste de bunu
yapardim. Ben sana anlattim. Aksamda sen babana anlat. Ya da arkadasina anlat
seklinde yaklagimlarda bulunuyorum. Akran egitimi ile 1iyi olabilir diye
diistiniiyorum.

I: Olasilik konusuna baslamadan once illaki bir 6n bilgiye ihtiya¢ vardir. Hangi
konulart bilmelidir ki bu konuyu 1yi kavrayabilsin 6grenci?

C: Permiitasyon ve kombinasyon konular1 bu konudan 6nce anlatilir. Neden? Ciinkii
se¢im ne demektir? Grup nasil yapilir? Bu bilinsin. Ya da ¢arpim ve toplam seklinde.
Oncelikle bunlar anlatiyoruz. Mesela iki gémlek ve ii¢c kravat ka¢ degisik sekilde
giyilebilir. Ya da bir fotograf ¢ekilecek, kag degisik sekilde 5 kisiyi siralayabiliriz.
Ya da doktor ve 6gretmen grubundan su kadar doktor bu kadar 6gretmen kag degisik
sekilde secilebilir. Once o secim ve gruplandirmalart gosteriyoruz. Daha dogrusu
aslinda 6rnek uzay kurmayi dgretiyoruz.

I: Yani permiitasyon ve kombinasyonu bunun i¢in 6greniyorlar.

C: Ve bunun iizerine bir temel ediniyorlar. Daha sonra olasilig1 kurabiliyoruz. Bunlar
izerine inga edebiliyoruz.

I: Permiitasyon ve kombinasyon zaten olasilik konusu 6ncesinde anlatiliyor. Bunlarin
gerektigini zaten sizde sOyliiyorsunuz. Peki bunlardan 6nce en basta hangi konular
gerekiyor. Meslek lisesi olarak diistiniirsek?

C: Permiitasyon ve kombinasyonda oncelikle faktoryel kavrami vardir. Bunlar igin
faktoryeli bilmeleri lazim. Oncelikle faktdrleyin anlatilmis olmasi gerekir. Daha da
oncesinde c¢arpma, yani dort islemin iyl bilinmesi gerekmektedir. Carpma ve
bolmede sorunsuz olacak ogrenci. Uzerine faktdryel kavraminin ne oldugu ve
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faktoryellerle ilgili soru ¢oziimii yapabilmeli ve ¢ok iyi bilmesi lazim. Bunlar
yapildigi zaman Ogrenci hangi soruda permiitasyon, hangi soruda kombinasyon
kullanildigin1 6grenecek. Uzerine artik olasilik anlatilabilir.

I: Hangisinin kullanilacagini 6grenci nasil anliyor?

C: Onu da sorularda soyle ayirt ediyoruz. Eger bir siralama yapiliyorsa bu
permiitasyondur. Se¢im yapiliyorsa bu kombinasyondur. Yani problem igerisinde
belirlenmesi gerekiyor. O yiizden diisiinebilme gerekiyor. Yapilan olay se¢im mi
stralama m1? Ilk énce bunu belirlemesi gerekiyor. Daha sonra o problem verildiginde
se¢cim mi yapiliyor, yoksa bir topluluk icerisinde bir se¢im mi yapiliyor. Siralama
yapiliyorsa permiitasyon kullanilacak. Se¢im yapiliyorsa bir gruplastirma yapiliyorsa
kombinasyon kullanilir. O ayrimi yaptiktan sonra hangisi kombinasyon hangisi
permiitasyon oldugunu belirlenebilir.

I: Olasilik konusuna gelmeden once 6grenciler agisindan hangi konularda iyidirler,
hangi konularda eksiklikleri vardir?

C: Ogrenciler faktoryel konusunda mesela 5! 4! Nedir denildiginde yapilabiliyor.
Bunlarda problem yok. Ciinkii ard arda c¢arpiliyor. Soyle bir durum olustugunda
sikint1 ¢ikiyor. n! Veya (n-1)! Denildiginde sikintilar ortaya cikiyor. Bir de soruda
secimden mi gruptan m1 bahsediliyor? Belirleme de problemler ¢ikiyor.

I: Bu eksiklikleri gidermek i¢in ne yapmayi planliyorsunuz.

C: Bunlarn engellemeye yonelik sorularin ayirt edilebilirliklerini arttirmaya
calistyorum. Ozellikle soruda “burada ne yapiliyor” diye soruyorum. Diyelim ki
fotograf ¢ektiriyoruz. Biz yan yana geldigimizde ne yapiyoruz. Siraliyoruz. Ama
ben sinif bagkani secerken ne yapiyorum. Aranizdan tek tek seciyorum. Tek tek
siralamiyorum. Segiyorum. Iste o se¢imi ben kombinasyonla yaparim. Fotograf
cekiliyorsam veya yan yana oturtuyorsam bu da siralamadir. Permiitasyon kullanilir.
Ben orada problemi daha algilanabilir hale getirmeye calisiyorum.

I: Belirli bir farkindaligimiz var bu eksikliklere yonelik. Peki onlar1 belirlemeye
yonelik yaptiginiz bir seyler var mi1 konuya gelmeden 6nce?

C: Ben direk sorulari sorarak soru iizerinden gidiyorum. Ogrencilere “soru hakkinda
ne diisiinliyorsun?” sorusu sorarak ilerliyorum. “Sence bu problemde ne yapiliyor?”
“Ya da bizden ne istenmis?” Ogrencinin cevabima gére de problemleri ortaya gikartip
lizerine yogunlasmaya ¢alistyorum.

I: Olasilik konusunda kullandiginiz kaynaklar nelerdir?

C: Ben daha c¢cok ders kitaplarindan yararlanmiyorum. Milli Egitimin verdigi
kitaplardan yararlanmiyorum. Ciinkii kitaplar biraz sozel yapidalar. Cok fazla konu
anlatimima agirlik verilmis. Cocuklar okurken kitap hikaye kitab1 gibi geliyor ve
sikiliyorlar. Bu yiizden test kitaplar1 ve {liniversiteye doniik kitaplardan ya da hig
olmadi1 kendim sade soru hazirlamaya ¢alistyorum.

I: Kitaplar hikaye kitab1 gibi dediniz. Peki bu 6grencileri diistinmeye yonlendiriyor
mu?

C: Son hazirlanan kitaplar diisiinmeye yonlendirmesi icin hazirlanmis. Iste ders
oncesi hazirlik sorulari, ders sonrasi sorular1 falan. Ama buna aliskin 6grenci
yapisina sahip degiliz. Yani kendimizden de disiiniirsek, biz hi¢bir zaman ders
oncesi hazirlik sorular1 ve ders sonrasi hazirlik sorular1 cevaplanmaz. Yani o sayfayi
ge¢ denir. Daha ¢ok biz kalipsal 6grenmeye ve anlamaya o kadar ¢ok aliskiniz ki o
sorular bize zor geliyor. Ve hi¢ bakilmiyor agikcasi. O yiizden hikaye gelen kismi
konu anlatimi. Oray1 da ben kullanmiyorum agikg¢asi. Kendi yontemimle ilerliyorum.
Zaten o kitap tiim 6g8renciler i¢in hazirlanmis. Ama benim 6grencilerimin bir alt yap1
sorunu varsa ya da benim 6grencilerimin ¢ok iyi degilse ben onlarin seviyesine gore
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baslamam gerekir. Yeri geliyor ben permiitasyon konusunda ben faktoryel
konusundan bahsetmek zorunda kaliyorum. Yani ben normal miifredati
isleyemiyorum zaten. Sartlar uygun olmuyor. Ben gerekli olan yerden baslayip o
noktaya getirmeye c¢alisiyorum. Ozellikle ben bulundugum okuldan hicbir zaman
miifredattaki gibi isleyemem zaten. Eksiklikleri var. Ogrencilerin eksikliklerini
oncelikle kapatmam gerekiyor. Sonra gereken konulari tekrar anlattyorum. Ama
normal zaman diliminde degil de once alt yapiy1 hazirladiktan sonra o konuya sira
geliyor.

I. Yeri gelmisken 0&grenci seviyelerinden bahsedelim. Burada 6grencilerin
seviyelerinin diislik oldugunu biliyoruz.

C: Evet. Ogrencilerin bazilarinda toplama, ¢ikarma bile sorunlu. Mesela 9. Smiflarda
ben islii sayilar1 anlatmam gerekiyor su an. Ama ben dort islem galisiyorum. Ve
dogal sayilara biraz basladik. Coéziimleme yapiyoruz. iste AB iki basamakl1 sayisinin
ne oldugu 10A+B. Bunu yapiyoruz. Ya da 369 sayisini ¢oziimleme. Birler onlar
yiizler basamagi. Bunlara calistyoruz. Ya da -7+5. Tam sayilarda dort islemlerle
ugrasiyoruz. Yani benim normal miifredata 6grencinin hazir bulunusluguna gore
isleyebilirim. Ama diyelim ki ben su an ilk konu olasilik olsaydi, benim olasiliktan
baglamam imkansizdi. Benim O6nce onlara carpmayir 0gretmem, sonra faktoryele
gecmem, faktoryelden sonra permiitasyon, kombinasyon sonra da olasiliga
gecebilirdim. Yani ekimde yapilmasi gereken seyi ben ancak kasim ayr sonunda ya
da aralikta isleyebilecegim. Bana gore matematik dersi alttan iiste ¢ikarak ilerler.
Mesela tarih konusunda ben iste Osmanli tarihini bilmeden inkilap tarihini az ¢ok
anlayabilirim. Ciinkii orada bir Atatiirk dénemi vardir. Oncesinde Kanuni dénemini
bilmenize gerek yoktur. Az ¢ok Osmanli kurulmus ve yikilmistir. Bunu bilirsiniz.
Ama dedigim gibi olasilik i¢in carpmanizda bile probleminiz varsa olasilik insa
edilmiyor. Bu da ileri ki 6grenmelerini etkiliyor. Yani benim ¢arpmadaki sikintiy1
¢ozmem sonra iizerine olasilik konusunu insa etmem gerekiyor. Yani olasilikta ¢ikan
sorunlarin sebeplerinden bir tanesi ge¢cmis Ogrenmelerindeki eksikliklerinden
dolayidir. Bizim lisede isledigimiz miifredatin basariya ulasmamasimin en biiyiik
sebebi ortaokul veya ilkokul temelinin saglam atilmamis olmasi. Yani 9. Smaifta bana
gelen 6grencilerin seviyesinin ilkokul 2. Sinif olmasidir.

I: Aslinda ortaokulda 6grencilerin kosullu olasilik haricinde bilmedikleri olmamasina
ragmen liseye geldiklerinde sifirliyorlar.

C: Evet. Ben olasilik deyince 6grenciler benim yiiziime bakiyorlar. Hi¢ duymamis
gibiler. Olasilik ne? Sanki bu ¢ocuklara ortaokulda hi¢ bir sey verilmiyor. Ortaokul
hocalarina olumsuz elestiri vermiyorum ama ogrenciler hi¢ haberdar olmamis gibi 3
seneyi atlatip liseye bu c¢ocuklar nasil geliyor ben onu anlamiyorum. Belki de
siiflarin kalabalik olusu, hocalarin tek tek ilgilenemiyor olmalart ya da “anlayin,
anlamiyorsaniz siz bilirsiniz” tipi yaklasimlar gibisinden. Yani herkes kisiseldir.
Ortaokul hocalarma bu elestirileri yoneltemeyiz ama su an benim elimdeki
ogrencilerin ilkokul hocalarinda bir problem oldugu kesin. Yani o c¢arpmadaki
problem nasil olmusta ilkokulda atlanilmis, ortaokulda atlanilmis taki bana gelmis.
Ben su an problem yasityorum. Neden? Uslii sayilarda 23 dedigimde 2.3 deniyor
bana. Ya da 2.2.2 ye hala 6 diyenler var. Yan yana 2.2.2 yazdigimda bile hala 6
diyen 0grenci var.

I: Altta yatan sebebi nedir bunlarin?

C: Iste ilkokul hocasmin garpmanin nasil oldugunu yiizeysel mi gegti bilmiyoruz.
Diyelim ki iki basamakliya iki basamakli carpiliyor. Nedir? Iste ilk basamagi
carptiktan sonra ikinci basamakta bir basamak kaydirirsimiz. Bir¢ok o6grenci o
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basamak kaydirmay1 hayatlarinda hi¢ duymamis tamamen alt alta yaziyorlar. O kadar
korkung bir goriintii ki. Biri de 0yle anlamig ki iki basamak birden atliyor. Artik
sorun ilkokuldaki o kalabalik smiftan mi1 yoksa bagska bir sekilde mi olmus
bilmiyorum. Ama sanki ¢arpim tablosu ezberlenmis o da unutulmus onu anlarim.
Ama dedigim gibi yontemin nasil olacagi, nerede ne yapiliyor, iste burada basamak
atlantyor, ya da ne bileyim toplanirken sdyle toplaniyor tarzindan tane tane
anlatilmiyor sanki. Ciinkii 6grenciler bunlarin uzaydan yeni gelmis gibi bakiyorlar
suratima. Diyorum ki bir basamak atlanacak, haaa diyorlar. Daha 6nce hi¢ mi
duymadin sen. Sikint1 alt kademelerde var.

[: Konu anlatimimna gelirsek. Siz neler yapiyorsunuz? Kavram &gretimi, problem
¢Ozimii vb..

C: Terimler noktasinda, deney, ¢ikti, ornek uzay. Terimler isin i¢ine girince
ogrencilerde o terimlere takilip kalma ortaya ¢ikiyor.

I: Oncelikle kavram gretiminden baslarsak. ..

C. Kavram Ogreniminde sikintt var. En basitinden geometri dersinde nokta
dedigimde 6grenci bunu climle sonuna konan nokta aklina geliyor. Ya da dogru
diyorum. Yanlisin zidd1 diyor. Ben dogruyu anlatmama ragmen ilk yaptigim quizde
halen dogrunun tanimima “yapildiginda dogru goriinen seydir” diyor. Yani
kavramlarda ¢ok biiyiik sikintimiz var. Bunlar1 zaten gormeden geliyorlar. Yani
ogrenci bir noktanin geometrideki varligindan habersiz ki ben nokta dedigimde en
basitinden izdir diyecek kagit lizerindeki. Boyutu olmayan. Ama Ogrenci ciimle
sonuna konan noktadir diyor. Bu ders matematik, Tiirk¢e dersindeki noktadan
bahsedecek degilim ki. Yani 6grenci matematikteki kullanimi haricindeki her seyden
bahsediyor. Olasilik konusunda da deney ve ¢ikti diyorum. Deney deyince akillarina
fen bilgisinde yaptiklari geliyor. Az ¢ok benziyor diyorum. Evet. bizim deneyle
oradaki deney birbirlerine benziyor. Ya da ¢ikt1 deyince, 6grenci yazicidan alinan
c¢iktidan bahsediyor 6grenci. Tamam diyorum. Bizim ¢ikti da bunun mantiginda. Ben
daha cok cagrisim yapilabilecek seyler yapmaya calisiyorum. Mesela dogrudas
noktalar1 anlatirken vatandastan ¢agrisim yaptirtyorum. Vatandas nedir? Ayni vatani
paylasan insanlara denir. Ayni dogruyu paylasan dogrulara da dogrudas denir. Hani
oradaki -das eki ne anlama geliyor. Onu oradan ¢agrisim yaptirtyorum. Ciktiy
benzer sekilde yazicidan aldigim kagitsa, verdiginiz kagit bir seyler oluyor ve size
olmus bir sekilde geri doniiyor. Iste ¢ikti olasilikta ona benzer gibisinden. Yani
kavram anlatilirken ¢agrisim yaptirilabilecek seyler kullaniyorum.

I: Daha sonraki asamalar1 nelerdir peki?

C: Kavramlar1 tamttim mesela. Ornek uzaydan bahsettim. Ve daha sonra olay
cesitleri, imkansiz ve kesin olay. Ben derste daha ¢ok hayat1 aktarmaya calistyorum
ki akillarinda kalsin. Kesin olay, imkansiz olay nedir? Imkansiz ne demektir diyorum
oncelikle. Bir seyin imkansiz olmasi i¢in ne olmasi gerekir. O imkansiz olabilecek
bir durumu bana soyliiyor. Sonra ben diyorum ki para dik gelir mi? Veya bir zar da
alti yiizii varsa 6 gelebilir ama 7 gelemez. Ogrencilere sorarim. “zarin 7 gelme
olasilig1 var dersem ne dersiniz?” diye sorarim. Var m1 zarda 7. Yok. O zaman bu
imkansizdir seklinde. Yani daha gorsel, daha somut, daha hayatta gordiigii, elde
tutulur, canlandirabilecegi sekilde anlatmaya c¢alistyorum. Ayrik ve ayrik olmayan
olaylar icin. Ayrik nedir diye soruyorum. Farkli. Ayrik. Tamamen birbirinden
ayrilmis.  Yani iki olay birbirini etkilemiyor. Bu sekilde anlatiyorum. Mesela
kosullu. Bir seyin kosulu nedir diye soruyorum. Ve bu bir sarta baglaniyor. Diyorum
ki “soyle olursa su olacak” Diyelim ki “ sinifi gecersen baban sana sunu alacak™ iste
diyorum kosullu olasilikta bu diyorum. Bunun olmasi buna bagliysa demek diyorum
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bu olaylar birbiriyle alakali. Su oldugu zaman bu olacak. Ogrencileri dogru
diisiinmeye yonlendirmeye ¢alistyorum. Yani bu kelimelere gore nasil diisiintirsiin.
Ya da nasil diisiinmen gerekiyor. Biraz daha ezbercilikten ¢ikartip ¢gocuklarin zihnini
kullandirmaya yonlendirmeye calistyorum.

I: Olasilik sorularini ¢6zerken nelere dikkat ediyorsunuz?

C: Oncelikle basit ve algilanmasi daha kolay olan sorularla baslayip sonrasinda
kademe kademe arttirryorum. Mesela para gorseldir ve yazi tura gelme olasiligi
kolaydir. Daha sonra zar iizerinden deneyler yapip o tiir sorular ¢oziiliiyor. Yani
kademe kademe gidiyoruz. Bir problemi ¢ozerken, problemi algilayabildiklerinde,
yani o algi diizeylerine geldiklerinde drneklerin zorluklarmi arttirip kolaydan zora
dogru.

I: O algty1 nasil algiltyoruz hocam.

C: Derste ben genellikle 6grencilerle iletisim halindeyim. Yani “bu anlagildi mi?”
Diyelim ki anlasildi diyenler var ama diger taraftan sen ¢ikarmayanlar var. O ses
cikarmayanlara doniip “neden anlamadin?” ya da “ne anladin?” “anladigini bana
anlat” derim. Anladigin1 ya da anlayamadigini ifade edemedigi zaman anliyorsunuz
Ki 0 noktada bir problem var. Tekrar ediyorsunuz. Ya da algilanmayan kismi
aciklamaya ve daha da ayrintili anlatmaya calisiyorsunuz. Sonra bakiyorsunuz.
Gozlerinden anlasiliyor zaten. Bedenleri onu gdsteriyor zaten.

I: Ogrenci anladim diyor ama aslinda anlamamis?

C: Ogrenciler dersi hemen gegirmeye c¢alistyorlar. Sirf ders gegsin diye anladik
diyorlar. Yoksa hoca ilerlemeyecek. Anladim denir ama bunu gozler ifade eder. Bos
bos bakar. Ya da anlamsiz bakar. Siz oradan anlarsiniz zaten anlamadigini.

I: Her sinifa ayni anlatimi1 m1 yapiyorsunuz?

C: Hayir. Her sinif i¢in kisilere gore ders plani ¢ikartiyoruz. Sinifin diizeyi hangi
durumda ise ona gore. Mesela benim meslek siniflarinda bilgisayar boliimiinde bu
dersi anlatacagim. Ya da tesisat boliimiinde bu dersi anlatacagim. Bilgisayar boliimii
nisbeten daha iyiler. Ciinkii bilesim ¢alisiyorlar. Ya da tesisat boliimiinde daha ¢ok
bedensel isler yaptiklart i¢in ¢ok fazla seviye olarak ileri olmayan G6grencilerden
olusuyor. Bu durumda digerlerine daha ayrintili sorular ¢ozebiliyorsunuz. Yani
bilgisayar boliimiine daha karmasik ve ayrmtili sorular ¢ozerken digerlerine daha
yiizeysel sorular coziiyorsunuz. Onlarin anlayabilecegi diizeyde anlatiyorsunuz.
Dersin konusu ayn1 ama igerigi farkli olmak zorunda.

I: Meslek lisesi olmasaydi da baska bir yer olsaydi nasil davranirdiniz? Nasil anlarim
bunlarin seviyesini?

C: Oncelikle hazir bulunusluklarmi 6lgerdim. Bunu bir seviye belirleme testi
uygulardim. Sadece baslangi¢c olarak. Ne kadar biliniyor. Ne kadar bilinmiyor?
Belirli bir yiizde ortaya ¢ikar. Sonra biraz konuyu islersiniz. Diyelim ki bir noktaya
kadar geldiniz. Kavramlar1 verdiniz. Baglangi¢ problemleri ¢ozersiniz. Bir izleme
testi yaparsiniz. Ne kadar ilerliyorum. Acaba izledigim yontem agir mi1 gelmis.
Yoksa yerinde mi?

I: Peki izleme testlerini ve baglangig testini neye gore hazirlarsiniz.

C: Seviye belirleme testini hazirlarken ¢ocuklarin seviyelerini bilmediginiz i¢in orta
diizeyde bir sinav uygulanabilir. Ya da kolay orta zor karisimi yapilabilir. Hangi
sorular yapilabilmis, hangileri yapilamamis. Oradan diizeyleri fark edilebilir. Izleme
testinde neler yaptiysaniz o. Benim diisiincem odur. Ben neler islediysem
benzerlerini sorarim ki o isledigim konu anlasilabilmis mi?

I: Kolay orta zor dediniz? Bunlar1 neye gore belirlersiniz?
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C: Mesela kosullu olasilikta durum bir kosula bagl olarak verilir. Ayni seyde iki
farkli durumu diistinmesi gerekir. Bu bana gore ¢ocuklarin anlama diizeylerine zor
gelen bir durum. Tek durum oldugunda onu daha kolay irdeliyorlar. Diyelim ki bir
zarin st yiiziine gelen asal ve ¢ift olmas1 veya asal ve iicle boliinebilmesi. Bu sadece
tctiir. Diisiinmesi gerekir Ogrencinin. Asal sayr olmasi mesela. Bu durumda
matematigin diger konularindan da bilgi ¢agirmasi gereken sorularda dgrenciler daha
zorlanmaktadirlar. Ama direk paranin yazi veya tura gelme olasiliklari, ya da zarin 5
gelme olasiligi. Bunlarda daha basit sorulardir.

I: Farkli siniflarda farkliliklar oluyor demistiniz? Nedir bu farkliliklar?

C: Algilama diizeyine olusan farkliliklar vardir. Ya da sinifta dersi dinleme
dinlememe diizeyinde farkliliklar vardir. O sinifta dersi rahat islersiniz. Ya da zor
islersiniz. O durumda da konu istenilen diizeye gelmiyor. Derse 15 dakika geg
baslamak zorunda kaliyorsunuz. Geriye kalan 25 dakikada dersi ne kadar iyi
isleyebilirsiniz? Boyle farkliliklar olusabiliyor. Ya da o sinifta 5 soru ¢ozebilirsiniz
anliyorlarsa, ama anlamiyorlarsa maksimum 2 soru ¢dzebilirsiniz. O tiir farkliliklar
olusabiliyor. Hem ¢ocuklarin sinif i¢erisindeki farkliliklart hem de zihinsel durumlari
farkliliklara neden olabiliyor.

I: Peki bu konuyu anlatirken kullandiginiz 6zel yontem, teknikler stratejiler nelerdir?
C: Gorsellestirme, giinliik hayatta kullannom ve somutlastirma kullanmaya
calistyorum daha ¢ok. Bunun i¢in mesela zar getiriyorum. Cocuklar gercekten o zarin
durumunu gorebilsinler diye. Ya da para kullanabilirsiniz. Bu sekilde daha c¢ok
gorsellestirmeye yoOnelik materyal kullanabiliyorum. Ben daha c¢ok 0Ogrencilere
anlattirmay1 seviyorum. Ben anlattyorum anladigini bana anlat. Anlatirken kendi
climlelerini kullanmaya calisiyorlar. Daha ¢ok bire bir ezberden ziyade iiretime
geemis oluyoruz.

I: Anlattirmanizin sebebi nedir?

C: Ogrenci derse katilmig oluyor. Boylelikle sadece bedenen degil zihnen de derste
olmus oluyor. Dersi sindirebilmesi i¢in gerekli oldugunu diisiiniiyorum. Boylelikle
ogrenci kendi ciimlelerini bulmaya calisiyor. Ders anlatildiginda ytlizeydedir bilgiler.
Ogrenci kendi anlatmaya calistiginda ise sindirmeye basliyor ve igine kendisinden de
bir seyler katmaya ¢alisiyor. Siz bir seyler katmaya basliyorsunuz. Hem daha iyi
anlama agisindan hem de Ogrencinin hem bedenen hem zihnen orda bulunmasi
acisindan anlattirma yontemini uygun buluyorum. Bir de tahtaya kalkan 6grencinin
sirekli ayn1 Ogrenciler olasindan ziyade diger Ogrencileri se¢iyorum. Parmak
kaldirmiyorum. Kendim se¢iyorum. Ve benim i¢in onemli olanin sadece tahtaya
kalmalar1 oldugunu belirtmeye c¢alistyorum. Biliyorsun ya da bilmiyorsun. Bu benim
icin Onemli degil. Gel ben sana ipuglar1 verecegim. Ben seni sorularla
yonlendirecegim ve sen dogruyu bulacaksin. Hem tahtaya kalma psikolojisini yenmis
oluyorlar hem de bir seyleri yapabileceklerine inaniyorlar. Yeni bir seyler yapmak
istiyorlar. Evet ben bu soruyu ¢dzebiliyormusum. Ben bu tepkiyi ¢ok goriiyorum.
Iste “ilk defa matematikten bir soruyu c¢dzdiim.” “Ben tahtada bir seyler
yapabiliyormusum”. Ozgiivenleri gelmis oluyor. Zaten matematigin en biiyiik
sikintis1 da odur zaten. Cocuklarda dzgiiven sikintisi var. On yargilari vardir. Iste “bu
yapilamaz”. Ben bunu yapamam diye diisliniiyorlar. Yaptiklarin1 gordiiklerinde
ozgiiven olusuyor ve daha fazlasini yapmaya calisiyorlar. Sinifin en yaramaz
ogrencisinin bile dersle ilgilendigini goriiyorsunuz bir siire sonra.

I: Ozgiivenle 6grencilerde illa bir geri déniit olusuyor?

C: Boyle olunca sasilacak derecede geri doniitler olusuyor. Dersle hi¢ alakasi
olmayan, dersi nasil kaynatabilirim diye diisiinen dgrencilerin bir siire sonra dersle
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ilgilendiklerini ve sorulara cevap vermek icin yaristiklarini goriiyorsunuz. Hani
cevap vereyim ki hoca benimle de ilgilensin. Beni de tahtaya kaldirsin. Boylece
siniftaki sessizligi de saglamis oluyorsunuz. Huzuru bozanlar1 da elemis
oluyorsunuz. Tiim sinifin dersle ilgilenmelerini ve dersten zevk almalarini saglamis
oluyorsunuz. Hani o zil ¢aldiginda zilin c¢almasma ka¢ dakika kaldi muhabbeti
kalkmis oluyor bir siire sonra. Bir siire sonra fark etmiyor zamanin nasil gectigini.
Ciinkii birebir o isin iginde. Yani seyirci degil artik 6grenciler. Oyuncu olmus
oluyorlar. Mesela bir drnek vereyim. Bir soru sordum. Ogrenciler ¢dzdii. Sonra
Ogrencilerden biri soyliiyor ve ben duyuyorum. “Soru mu ¢ok kolaydi yoksa hoca m1
cok iyi anlatiyor?” “Anladim yani diyor” Anladigi i¢in ¢ok mutlu 6grenci.
“Hayatimda ilk defa bir soruyu anladim” diyor 6grenci. “Aman Allah’im kolaymis
matematik” dediklerini duyuyorum bazen. Daha once matematikle ilgisi olmayan
Ogrencinin bunu sdylemesi ¢ok giizel. Matematigi kolay buluyor. “Niye bize kolay
oldugunu sdylemediler” diyorlar.

I: Ogrenciye daha 6nce zor geliyor ki bunu séyliiyor 6grenciler. Bunun sebebi nedir?
C: Mesela ¢arpmada problemi var dgrencinin. Siz o ¢ocuga ustlii sayilarda ¢arpma
gosteriyorsunuz. Ya da denklem ¢ozdiiriiyorsunuz. Orada x’ler sayilar var. Cocuk
daha saymin anlamini bilmiyor ki. Siz buna denklem ¢ozdiirliyorsunuz. Arti
eksilerden bahsediyorsunuz.

I: Ogrenci zor oldugunu neden diisiiniiyor?

C: Baz1 6gretmenler matematigin zor oldugunu 6zellikle bastiriyorlar. Bakin bu ders
¢ok zor asir1 ¢calismaniz lazim. Cok calisma sey oluyor. Sevmiyorlar ya c¢alismayi,
siz ona daha ¢ok ¢alismalari igin empoze etmeye ¢alisiyorsunuz. Cocuk nefret ediyor
zaten zamanla. Ve gozilinde kocaman bir sey oluyor matematik. Asilmasi zor bir dag
gibi geliyor onlara. Daha ¢ok dis etkenlerden dolayr 6grenci bdyle diisiiniiyor.
Mesela benim fizik korkum Oyle olugmustur. Ben hep yapamayacagima inanmistim.
Hi¢ ugrasmadim bunla yani. I¢inde higbir istek kalmiyor ki. Dersi gercekten hoca
sevdiriyor ya da nefret ettiriyor. Sirf hocanin bir davranisindan dolayr dersten nefret
edebiliyorsunuz. Derslerdeki basarisizligi daha ¢ok dis etkenlere bagliyorum.

I: Olasilik konularina bakarsak, 6grenciler hangi noktalarda daha ¢ok zorlaniyorlar?
C: Bagimli olaylarda daha ¢ok zorlaniyorlar. Kosullarda iki durumu aymi anda
diistinmeleri gerektiginden dolayr sikinti yasiyorlar. Mesela tek ve asal gelme
olasilig1 diistintildiiglinde hem tek hem de asal gelme olasiliklarini 6grenci diistinmek
zorunda. Alttaki eksiklikler etkiliyor. Ogrenci tek saymin veya asal saymin ne
oldugunu bilmiyorsa bu soruyu zaten ¢dzemiyor. Olasiligin “istenilen durumlar bolii
tim durumlar” oldugunu biliyor. Ama istenilen durumlar1 bulamiyor ki. Tek sayilar
biliyor mesela ama asallar1 bilmiyor. Kosullu olasiligin sikintist orada. Tek bir durum
degil. Aym1 anda birden ¢ok seyi bilmesi gerekiyor. Daha once o6grendiklerini
birlestirmesi gerekiyor. Sikint1 orada olusuyor. Yani istenen durumlar1 bulsa olay
bitecek. Olasilik basit. Diyoruz ki zaten istenen bolii tiim durumlar. Evet bu mantik
kolay ama istenen durumlari irdelemek zor. Onu olusturmak ¢ok zor.

I: Ayrik ve ayrik olmayan olaylarda sikint1 oluyor mu?

C: Eger kavramlan diizgiin verirseniz sikinti olmuyor. Belki Tiirk¢e’de problemi
varsa kelimelerin anlamlarin1 iyi bilmiyorsa o zaman problem c¢ikiyor. Eger
kavramlarda sikint1 yoksa bu konularda sikint1 yok. Kosullu olaylarda ise birden ¢ok
durumu birlestirmek zorunda kaldiklarindan dolay1 problem ¢ikiyor.

I: Bunlar1 nasil belirliyorsunuz?

C: Soruyorsunuz ogrenciye soruyu. Once tekleri diisiiniiyor. Sonra asallari
diisiinmeye calistyor. Ama iginden ¢ikamiyor dgrenci. Burada sikinti var. ki durumu
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ayni anda diisiinme sikintilar1 var. Yani sadece bir durumu disiiniiyor. Ve o
diisiindiigii yoldan gidiyor. Onunla kaliyor. Ekstra bir seyler ¢ikabiliyor. Mesela 2
hem tek hem asal bir say1.

I: Diisiiniiyor ve orada kaliyor diyorsunuz. Yani bir yere yonleniyor sadece.

C: Aslinda aradan gelecek yollar1 hi¢ hesaba katmiyor. Diimdiiz gidiyor. Bunun
sebebi de 0grencileri diislinmeye yonlendirmiyoruz. Anlattirmaya yonlendirmiyoruz.
“Sen beni dinle” yaklasimidayiz. Ogretmenin lider oldugu durumlarda sikinti
cikiyor. Ogrencilere “ne dersim onu dinleyeceksin” yazacaksin ¢ikacaksin bitti. Ama
ben bu durumu sevmiyorum. Sen benimle konus. Dersle ilgili ilgisiz konus. Bir
sekilde kendini ifade etmeyi 0gren. Kendi ciimlelerin olsun. Mesela tanim sorariz
diyelim ki. Dogru nedir? Mesela. Benim verdigim bir tanim var. Ama sen bunu
algilayip baska tiirlii ifade edebiliyorsan iste 6grendigini 0yle gosteriyorsun bana.

I Tekrar 6grencilerin diisiindiigii bir sey var ve ondan baska bir yol kullanmiyor.
Bunun altta kalan sebepleri neler olabilir?

C: Hayatta da 6yle degil mi? Cocuklara diyoruz ki bu dogru bu yanlis. Bu dogrunun
niye sini kimse irdelemiyor. “Niye dogru?” Gec¢mis egitimlerinden gelen bir
sebepleri var yani. “Annem dogru dedigi i¢in bu dogrudur.” “Babam buna yanlis
dedigi i¢in yanlistir.” Niye yanlis oldugunu irdelemiyoruz. Mesela 2 asal say1. Niye
asal say1 oldugunu irdelemiyoruz. Mesela 4 asal say1 ama niyesini irdelemiyoruz.

I: Ogrenciler niye bunu irdelemiyor?

C: Irdelemeyi dgretmiyoruz ve ydnlendirmiyoruz. Bizde biraz dyleyiz. Bize bir sey
dogru deniyorsa dogrudur. Bunu yap deniyorsa yapiyoruz. Yapma deniyorsa
yapmiyoruz. Niyesini kimse sormuyor. Sorunca zaten seni o ortamda istemiyorlar.
Sorun ¢ikiyor.

I: Bunlar1 6nlemeye yonelik ne yapiyorsunuz? Teknik materyal?

C: Ben hep c¢enemi kullaniyorum. Oncelikle c¢ocuklara o6zgiiven yiiklemeye
calistyorum. Bana glivenmelerini saglamaya calistyorum. Bana ¢ocuklar rahatlikla
bilmiyorum diyebiliyorlar. Ya da anlamadim diyebiliyorlar. Mesela ayni seyi 3 defa
soylediginde giicenmiyorum. Ciinkii Saliha hoca tepki vermeyecek. Bizi
elestirmeyecek. Bizimle alay etmeyecek. Bu 6zgiiveni 6nce olusturmaya ¢alisiyorum.
Ogrencilere “carpmamzda sorun varsa onu bile sdyleyin” diyorum ki oracikta
halledelim. Cilinki matematik tek basina yapilabilecek bir sey degildir. Buraya
caligirsiniz ama teki bilmez asali bilmezsen diger kisimlar hep havada kalir. Ama biri
siz soruyu c¢ozerken, diisiindiigiiniiz anda bile ben fark ederim ki orada teki
diistinliyorsun. Ben 06zel ders verdigim i¢inde hani o avantajim var. Ben sorular
cocuklara ¢ozdiirtirdiim. Mesela gel bunu sen ¢6z. Cozmeye basladi okudu bir seyler
yapiyor. Kalem bir duraksar. Diisiinliyor ¢iinkii. O kalem durdu. O kalem nerede
durdu, teki diisiiniirken. Demek ki o tekte problem var. Neyin tek neyin ¢ift oldugu
noktada sikintis1 var. Hemen miidahale ediyorsunuz. Sonra hemen kalem oynamaya
basliyor. Fark ediyorsunuz oradaki eksikligini. Konusturuyorum ki 6grenciyi
nerelerde eksikligi var anlamaya calistyorum. Hangi kelime de takiliyor. Islemi
yaparken acabasi olusuyor. Ben diislincelerini disa yansitmaya g¢alistyorum. Sesli
diisiinmelerini saglamaya calistyorum. Sesli diisiiniin ki diisiinemediginiz yeri ben
fark edeyim. Yargilamiyorum O&grencileri. “Liseye gelmigsiniz ama hala
bilmiyorsunuz ¢arpim tablosunu” demiyorum. Cok kizdigim zaman sdylilyorum da.
Bazen cildirtiyorlar.

I: Ogrencilerin olasilik konusunda sahip olduklari kavram yanilgilari, hatalari
nelerdir?
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C: Kavramlardan baslarsak, 6rnek uzayi evrensel kiime ile bagdastirdiginizda
rahatlikla kavrayabiliyorlar. Evrensel kiime konusu yerlesmisse diyorsun ki bu bunun
evrensel kiimesi. Bunda pek sikinti olmuyor. Ornek uzayla bagdastirdigimizda
olabilecek durumlarin hepsi olarak sdyleyebiliyoruz. Bunu kavrayabiliyorlar. Mesela
cok biiyiik seyden bir kutudaki toplarin 6rnek uzayina gegerken sikinti olmuyor.
Ciinkii timden gelimde sikinti olmuyor bizim 6grencilerimizde. Tiimevarimda sikinti
olusuyor. Biiyiligli gordigii i¢in onu kiigiiltebiliyor. Tiimden gelebiliyor. Ama
kiigiikten biiylige geciste bu durumu hayal edemiyor. Bunun sebebi de dgrencilere
genel kurallardan 6zel durumlara gegirebiliyoruz algilarinda bebeklikten itibaren.
Ama ufacik bir seyin biiyliyebilecegi veya o kuralin genisletilebilecegini, herkese
uyarlanabilecegini gosteremiyoruz. Ya da gostermiyoruz. Yetistirme tarzi,
cocukluktan gelen bir egitim tarzi belki de. Tiimden gelimde ben Oyle gordiim
ogrencilerimde. Ornek uzayda ben dgrencilerimde sikinti gérmedim. Imkansiz ve
kesin olaylarda da sikint1 yasamadim. Imkansiz ne demek oldugu bilindigi icin bunu
algilayabiliyorlar. Ya da kesinlik nedir algilanabiliyor. Biraz ayrik olaylarda sikinti
var. Aslinda bunu bir seylerle bagdastirdiginizda ¢oziiyorsunuz. “Ayrik olmasi ayri
olmasi. Birbirinden ayri durmasi. Ornekler veriyorsunuz. Iki sey birbirinden nasil
ayr1 tutulabilir?” Bunlarin ortak olmayan bir 6zellikleri var. Ama ayrik tamamen
ayrt. Higbir ortak 6zelligi yok. Aslinda burada kiimeler konusu anlasildiginda ¢ok
rahat anlagilabilecek bir kisim. Ciinkii kiimeler konusunda kesisim, birlesim kiimeyi
gosteriyoruz. Ve kiimeler biraz daha gorseldir. Bir yuvarlak cizer, i¢ine elemanlar
yerlestirir. Orada kesisim, birlesim ve evrensel kiimeleri anlatmigsaniz hemen oradan
cagristirabiliyorsunuz. Ayrik kiime neydi iki farkli kiime, yuvarlaklari birbirine
bitistirmiyorduk. Biri mesela elmalar kiimesi biri armutlar kiimesi. Birbirleri ile ortak
noktalar1 yoktur. Eger meyve olmalari diisliniilmiiyorsa bunlar tamamen birbirinden
ayrilar. Yani matematikteki daha once Ogrenilenleri buraya uyarlayacak sekilde
cagristirtyoruz. Basit olasilikta da sikinti yok. En biiylik problemimiz kosullu
olasilikta. Aymi anda iki seyi diisinme ve irdeleme, bunlarin 6zelliklerini bilme
noktasinda problem yasanabiliyor. O problemde soruyu ¢ozerken karsimiza ¢ikiyor.
En bagta kavramsal olarak ¢ikiyor. Daha onceki anlatilanlardan eksik kalinmasi, her
seyin tam olarak anlagilmamasi. Bundan dolayr matematik 6gretmenlerinin yapmast
gereken en Onemli sey “bu konu her anlamda tam anlasilmis mi1?” oldugunu
belirlemektir. En ufak bir acik birakirsaniz o bir sonraki konuda sizi buluyor. Orada o
konu ile yine ugrasiyorsunuz. Izleme testleri cok onemli iste. Izleme testinden
aldiginiz basar1 %50°nin altinda ise o konu kesinlikle tekrar anlatiimali. %70’lerde
ise sikintt nerede yogunlasiyor, bunu ¢ikarip ona ¢6ziim aranmalidir. Sonra yeni
konuya gecilmelidir. Zaten %80-90’larda ise amaca ulasilmistir. Anlamayanlarda siz
anlatirken bir sekilde kapar o konuyu. Ciinkii zaten temeli olusmus ve c¢ok kiigiik
eksiklikleri var.

I: %80-90 derken nigin bu oranlar1 aldiniz?

C: Sebebi soyle. %80°1 ben %100 yapamam. Tam O6grenmeyi saglayamiyorsunuz
hi¢gbir zaman. Ciinkii ger¢ekten matematige egilimi olmayana 6grencilerde vardir.
Aslinda %80’1 buldugunuzda tam 6grenmeyi saglamig oluyorsunuz. Zaten 30 kisilik
sinifin tamaminin 6grenmesini de bekleyemezsiniz. Baz1 6grenciler sozel egilimlidir.
Sayilarla arasi yoktur. Bu zihinsel bir sey. Ben bunu ne kadar zorlarsam da onun
kapasitesi bu. Fazlas1 gelmiyor ki. Anlayabilme kapasitesi bu kadar. Yeteri kadar da
anlamistir aslinda % 80 ile. Ben o sinifi %100’e ¢ikarmaya ¢alisirsam diger konulara
gecemem. Bunu zamana yaymak gerekir. Bir de bazi konularin biraz sindirildikten
sonra anlagildigini diisiiniiyorum. Sayilar konusu mesela. Tiim konular bittikten
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sonra tam manasiyla anlasilir. Ciinkii icesinde denklemler, iistlii sayilar, oran oranti
vardir. En biiyilk sikinti zaten sayilarin basta verilmesidir. O siralamayr da
sevmiyorum. Basta veriyoruz ama ¢ocuklar higbir sey bilmezken her seyi
veriyorsunuz. Hi¢ bir sey anlamiyor. Tamamen Ozgiivenini bastan yitirtiyorsunuz.
Bundan dolay1 ben sayilar konusunu yiizeysel gecerim. Sayilar1 tanitirim gegerim.
Basamaklardan bahsederim maksimum. En son iistlii sayilari, koklii sayilart ve oran
orantilar1 veririm, denklem ¢6zmeyi veririm. Daha sonra sayilar konusunun
problemlerine gegerim.

I: Cok tesekkiir ederiz. Eklemek istediginiz bir sey var mi?

C: Matematik sevdirilmeli. Matematik artik 6cii olmaktan ¢ikip sevimli bir sey haline
getirilmeli. Bunun i¢in ise 6gretmenlerin daha sevimli olmalar1 gerekmektedir.
Matematigin zor olmasi sadece 6gretmenin egosunu tatmin eder. Cocuklarin goziinde
sOyle oluyorsun. Matematik yapan bir insan. Ne kadar deha bir insan. Ama benim
deha olup olmamam 6nemli degil. Sizin de o dehadan biri olmaniz 6nemli. Siz yeri
geldiginde beni uyarin. Hocam orada yanlis yaptin? Niye yaptin? Beni sorgulayan
Ogrenciler istiyorum. Agikcast Ogretmenlerimizin en biiyiik isi dis etkenleri
engellememizdir. Olumsuz dis etkenleri ortadan kaldirmaliy1z.

I: D1s etkenlerden kasit nedir?

C: Iste bu “Elestirme” “Soru sorma” “ Ne diyorsam onu yap” ya da “matematik zor”
sen bunu yapamazsin” “senin buna kafan basmaz” tarzindaki yaklagimlarimiz.
Bunlar yerine “matematik kolaydir”, “diisiiniin” demeliyiz. Bize ortaokul hocamizin
sOyledigi ¢cok giizel bir s6z vardi. “Diisiindiigiiniizde kafanizdan beyninizden bir sey
eksilmez, aksine artar” derdi. Hani “paslanmazsiniz” “daha da calisir hale gelir”. En
cok basin agrimaya baslar. Azicik 1sindigin1 fark edersiniz. Ama bir siire sonra
goriiyorsun ki evet gercekten cok calistyor. Hatta matematikte cok calistiginiz zaman
hayattaki her seyde algilarinizin daha da yiikseldigini fark edersiniz. Farkli agilardan
bakarsiniz. Problem ¢6zme yeteneginiz giinliik hayata da yansiyor. Hayatiniz
kolaylasiyor. Insan iliskileriniz rahatliyor. Ciinkii rasyonel yaklasiyorsunuz.
Duygularmizdan  armiyorsunuz.  Daha  kolay  problemlerin  iistesinden
gelebiliyorsunuz. Matematigin kolay oldugunu o6grencilere asilamaliyiz. Olasilik
konusunun kolay oldugunu 6grencilere asilamaliyiz diye diisiiniiyorum.
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