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ABSTRACT

OPTIMAL REDUNDANCY RESOLUTION FOR KINEMATICALLY
REDUNDANT PARALLEL MANIPULATORS

Tung, Tansel Sitk1
M.S.,Department of Mechanical Engineering

Supervisor: Prof. Dr. Kemal Ozgoren

September 2014, 120 pages

In this study, the redundancy resolution of kinematically redundant parallel
manipulators has been investigated as an optimization problem. The emerging
optimization problem has been solved globally using a hybrid genetic algorithm.
This algorithm has been applied as an example to a planar parallel manipulator which
has four degrees of freedom. It has been assumed that the manipulator is used so that
only the tip point of its end-effector is controlled. Therefore, the rotation angle of the
end effector has been let free. As a result, the redundancy degree of the manipulator
has become two for the planar point positioning task which requires two degrees of
freedom. In the definiton of the optimiziation problem, the limits of the prismatic
joints have acted as inequality constraints and the kinematic relationships, which
consist of the loop closure and input-output equations between the tip point position
and the joint variables, have acted as equality constraints. It has been assumed that
the revolute joints have no limit. Various performance functions such as potential
energy, Kinetic energy and total power have been used for the purpose of
optimization. By minimizing each function separately, different optimal redunancy
resolutions have been obtained at the position, velocity and acceleration levels.



Keywords: Paralel manipulators, kinemtic redundancy, optimal redundancy

resolution, hybrid genetic algorithm
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KINEMATIKCE ARTIKSIL PARALEL MANIPULATORLER ICIN EN 1Y
ARTIKSILLIK COZUMLEMESI

Tunc, Tansel
Yuksek Lisans, Makine Miihendisligi Bolimii

Tez Yoneticisi: Prof.Dr.Kemal Ozgoren

Eylil 2014, 120 sayfa

Bu c¢alismada kinematik¢e artiksil olan paralel manipiilatorlerin artiksillik
¢oziimlemesi bir eniyilestirme problemi olarak ele alinmustir. Ortaya ¢ikan
eniyilestirme problemi evrensel olarak melez genetik algoritma kullanilarak
¢Oziilmiistiir. Bu algoritma 6rnek olarak dort serbestlik dereceli bir diizlemsel paralel
manipiilatore uygulanmistir. Bu manipiilatoriin yalnizea islem aygitinin u¢ noktasinin
haraketini kontrol etmek iizere kullanilacagi varsayilmistir. Dolayisiyla, islem
aygitinin yonelim acis1 da serbest birakilmistir. Boylece, iki serbestlik derecesi
gerektiren dlizlemsel nokta konumlama isi i¢in manipiilatoriin artiksillik derecesi iki
olmustur.Eniyilestirme probleminin taniminda manipiilatoriin kayareklemlerinin
limitleri esitsizlik kisitlamalari, dongii kapanim denklemleri ve u¢ nokta ile eklem
degiskenleri arasindaki girdi-¢ikt1 iligkilerinden olusan kinematik denklemler ise
esitlik kisitlamalar1 olarak rol almiglardir. Doner eklemlerin limitsiz oldugu
varsayllmistir. Eniyilestirme amaciyla, potansiyel enerji, kinetik enerji ve toplam gii¢
gibi degisik basarim islevleri kullanilmistir. Her bir islev ayr1 ayr enkiiciiltiilerek
konum, hiz ve ivme diizeylerinde degisik amagl en iyi artiksillik ¢oziimlemeleri elde

edilmistir.
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Anahtar Kelimeler: Paralel manipiilatorler, kinematik artiksillik, en iyi artiksillik

cozimlemesi, melez genetik algoritma.
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CHAPTER 1

INTRODUCTION

A kinematically redundant manipulator is a mechanism which has more degrees of
freedom than the required degrees of freedom for its end-effector. The inverse
kinematic problem of a redundant manipulator has an infinite number of solutions.
Redundancy resolution methods handle the multiple solutions of the inverse
kinematic problem of a redundant manipulator and find the best solution according to

a desired criterion.

Kinematically redundant manipulators have been used so far in many studies
presented in the literature. Kinematic redundancy has been used for purposes such as
avoiding obstacles, joint limits and singularities as well as for various optimization
purposes [4]. The resolution of kinematic redundancy has been done at the velocity
level so far. In such a resolution, joint velocities are first determined; later joint
positions are found by integration. Joint velocities are usually found by taking the
generalized pseudoinverse of the Jacobian matrix so as to minimize a quadratic cost
function of the joint velocities. [4]Another method is the augmented Jacobian matrix
method. To be able to apply this method as many additional tasks are defined as the
degree of redundancy of the manipulator. Additional tasks can also be defined as part
time tasks. With the help of the additional tasks redundancy is removed and the joint
velocities are easily determined for the nonsingular positions of the manipulator by

taking the inverse of the augmented jacobian matrix.[4]

Redundancy resolutions at the velocity level have some disadvantages. First of all,
since the joint positions are found by integration after finding the joint velocities,
there is an accumulation of error. Secondly, in a position keeping task, i.e., if there is
a no-motion requirement, the joint variables cannot be found by integration for the



required position of the end-effector.

For such a task, it is necessary to do redundancy resolution directly in the position
level. Though rarely encountered, redundancy resolution at the position level has also
been done in some sources in the literature. For example in [10] a redundancy
resolution method has been employed in which Lagrange multipliers are used. In this
method a cost function has been chosen depending on the desired criterion and the
kinematic equations have served as the equality constraints. In the solution process
the Lagrange multipliers have first been eliminated. Then, the resulting nonlinear
equations have been solved numerically and the joint variables have thus been found.

In applying this solution method as in [10], the joint limits have been ignored.

Parallel manipulators which are the subject of this study are mechanisms which have
one or more kinematic loops, i.e., closed kinematic chains [1]. In applications where
high structural stiffness and high positional accuracy are important, parallel
manipulators offer advantages over serial ones. However parallel manipulators have
smaller workspaces, lower dexterities, i.e., lower ability to orient their end-effectors
within their workspaces, and more complicated mathematical descriptions. To
overcome these disadvantages redundant parallel manipulators have been introduced.
Redundancy in parallel manipulators is used to remove some of the singularities,

enlarge the workspace to some extend, and improve dexterity as well [2].

Kinematically redundant parallel manipulators have been the subject of some studies
seen in the literature. In [7] a manipulator with 3 — PR3 joint structure which has
three redundant degrees of freedom has been studied. In [8] a redundant parallel
manipulator has been studied which itself has nine degrees of freedom and whose
end-effector has six degrees of freedom. In [2], three different manipulators with one
redundant degree of freedom have been studied. One of these three manipulators has
3-RPR joint structure and four degrees of freedom. One other is a spherical
mechanism which has four degrees of freedom again. The last one is a spatial

mechanism which has seven degrees of freedom.



So far redundancy resolution methods have not been employed very frequently for
redundant parallel manipulators. A redundancy resolution method for redundant
parallel manipulators has been found in [9]. In this source, the redundancy resolution
of a parallel manipulator with 3 — RPR? joint structure has been done via a local
optimization algorithm to avoid singularities. However the details of the employed

algorithm have not been discussed.

In this study, redundancy resolution has been realized by employing a hybrid genetic
algorithm which yields a global result. The key feature of the redundancy resolution
method employed in this study is that it can be used for the redundacy resolution of
parallel manipulators at the position level. Of course, it can be used at the velocity
and acceleration levels, too. Another significant feature of this study is the particular
hybrid genetic algorithm. The usage of this algorithm has been shown with the help
of a planar redundant parallel manipulator for different cost functions such as
potential energy, kinetic energy , and total power. These cost functions are the
expressions of three typical criteria that require redundancy resolution respectively in
the position, velocity, and acceleration levels. Here, the method has been
demonstrated by means of a planar example for the sake of simplicity. However, the
same method can similarly be applied to a spatial redundant parallel manipulator,

too.






CHAPTER 2

PARALLEL MANIPULATORS

In this chapter open and closed kinematic chains, classification of robot
manipulators, parallel manipulators and their classification are discussed.

2.1Mechanisms and Manipulators with Open and Closed Kinematic Chains
“A kinematic chain is an assemblage of links that are connected by joints. When
every link in a kinematic chain is connected to every other link by at least two
distinct paths the kinematic chain forms one or more closed loops and is called a
closed-loop chain.”[3] “If every link is connected to every other link by one and only
one path the kinematic chain is called an open-loop chain.”[3] A hybrid kinematic
chain is made up of both closed and open loop chains.[3] “A kinematic chain is
called a mechanism when one of its links is fixed to the ground.”[3] The fixed link is
generally called the base. [3] “A manipulator, on the other hand, is a mechanism

that , grasps and moves objects with a number of degrees of freedom.”[17]

Open and closed loop kinematic chains can also be classified based on the concept of
the connection degree. “Connection degree is the number of rigid bodies attached to
a link in a mechanism by a joint.”’[1] “Simple kinematic chains are those in which
each member possesses a connection degree that is less than or equal to 2.”[1] “Serial
manipulators are simple kinematic chains for which all the connection degrees are
2”.[1] Of course, the base and the end-effector are excepted. Their connection degree
is 1. A simple kinematic chain is also called an open-loop kinematic chain. A closed-
loop kinematic chain contains at least one link with a connection degree greater than
or equal to 3. [1]



The degrees of freedom of a mechanism

“The degrees of freedom (DOF)of a mechanism are the number of independent
parameters or inputs needed to specify the configuration of the mechanism
completely.”[3] The DOF value of a mechanism is equal to the DOFs of all the links
minus the number of constraints imposed by the joints. Kutzbach-Gribler formula
can be used provided that the constraints imposed by the joints are independent of
one another and do not introduce redundancies.

J (2.1)
F= A(n—j—1)+2fi

“In the above expression F is the number of DOF of the mechanism, f; is the number
of DOF permitted by the joint i, A is DOF of the working space which is 3 for planar
and spherical mechanisms and 6 for spatial mechanisms, n is the total number of

links including the base, j is the total number of joints.”[3]

“If constraints imposed by the joints introduce redundancies (redundant degrees of
freedom) which is also called a passive degree of freedom the number of passive
degrees of freedom must be subtracted from the Kutzbach-Grlbler formula”.[3]Thus,

the following modified Kutzbach-Gribler formula is obtained:

F=A-j-D+) fif (2:2)

Here, f, is the number of passive degrees of freedom, which have no significance in

the intended operation of the mechanism. [3]

Example 1:6-SPS Stewart-Gough Platform

This example demonstrates the application of the DOF formula given above. The
example involves a 6-SPS Stewart-Gough Platform, which is a parallel manipulator.
It is shown in Figure 2.1. This manipulator isa spatial mechanism in which a moving
platform is connected to a fixed base with six extensible limbs. Each limb is made up

of two aligned links that are connected by a prismatic(P) joint. It also contains two



spherical(S) joints at its lower and upper ends so that it is connected to the base and
to the moving platform. Because of the S-P-S jointcombination there is a passive
degree of freedom associated with each limb, which is the arbitrary spinning rotation

about its centerline.

Figure 2.1: A 6-SPS Stewart-Gough Platform

For the mechanism shown in Figure 2.1,

A=6;n=14; j,=6; j3=12; f, =6
Therefore,
F=6(14—18—-1)+(12%x34+6)—6=6

2.2Classification of Robot Manipulators
In this section classification of robot manipulators based on degree of freedoms,

workspace geometry, and motion characteristics is discussed.

Classification by DOFs
An ordinary manipulator possesses 6 degrees of freedom to move an object in the

three-dimensional space. On the other hand, a redundant manipulator possesses more

than 6 degrees of freedom and a deficient manipulator



possesses less than 6 degrees of freedom. The Fanuc s-900W robot shown below in
Figure 2.2 is a 6-DOF general purpose manipulator and the Adept-One robot shown

further below in Figure 2.3 is a 4-DOF manipulator. [3]

Figure 2.2:The Fanuc s-900W



_ 7
Figure 2.3:Adept-One

Classification by workspace geometry

“The workspace of a manipulator is the volume of space the end-effector can
reach.”[3] “Reachable workspace is the volume of space within which every point
can be reached by the end-effector in at least one orientation.”’[3] “Dextrous
workspace is the volume of space within which every point can be reached by the
end-effector in all possible orientations.” The dextrous workspace is a subset of the

reachable workspace.[3]

Classification By Motion Characteristics

“A rigid body is said to perform a planar motion if all particles in the body describe
plane curves that lie in parallel planes. A mechanism is said to be a planar
mechanism if all the moving links in the mechanism perform planar motions that are

parallel to one another.”[3]

“A rigid body is said to be under a spherical motion if all particles in the body
describe curves that lie on concentric spheres. Thus when a rigid body performs a

spherical motion there exists at least one stationary point.” [3] A rigid body rotating



about a fixed axis can be considered as a special case of spherical motion since any
point on the axis of revolution can be treated as the stationary point.[3] “A
mechanism is said to be a spherical mechanism if all the moving links perform
spherical motions about a common stationary point.”’[3] “In addition all the joint axes
of a spherical linkage must intersect at a common point.”[3] An example is the 3-
DOF spherical parallel manipulator shown in Figure 2.4.1t has only revolute joints

with concurrent axes.

7: Moving platicrrn

Figure 2.4: A spherical 3-DOF manipulator.

“A rigid body is said to perform a spatial motion if its motion cannot be
characterized as planar or spherical motion. A manipulator is called a spatial
manipulator if at least one of the moving links in the mechanism possesses a general

spatial motion.” [3]

2.3 Parallel Manipulators
Parallel manipulators are mechanisms which consist of at least one closed kinematic
chain. A four-bar linkage mechanism is an example of a closed loop kinematic chain.
“Robots with parallel manipulators,also sometimes called parallel-kinematics
machines,present very good performances in terms of accuracy, rigidity and ability to
manipulate large loads.” [1] “They have been used in a large number of applications

ranging from astronomy to flight simulators and are becoming increasingly popular

10



in the machine-tool industry.”[1] “Parallel manipulators offer advantages over serial

ones where high structural stiffness and position accuracy are required.”[2]

Classification of Parallel Manipulators

Planar Robots

3-DOF Manipulators

These have a moving a platform with two translational DOFs and 1 rotational DOF.
In 3-DOF manipulators each chain contains 2 rigid bodies and 3 joints. The chains
can present the following sequences as shown below in Figure 2.5: 3-RRR, 3-RPR,
3-RRP, 3-RPP, 3-PRR, 3-PPR, 3-PRP, 3-PPP. Even though in this classification all
the kinematic chains have the same joint sequence, there can be mixed configurations
as well, such as RRR-RPR-RRP, RRR-RRP-PPR, etc.The actuated joint can be any
of the three joints of the relevant chain. “Generally placing the actuated joint on the
end-effector should be avoided in order to lighten the weight of the moving
equipment.[1]”

\2& AN
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" 2o
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Figure 2.5: Chain sequences for 3-DOF planar parallel manipulators
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Spatial motion robots

3-DOF MANIPULATORS

Translation Manipulators

These are manipulators with 3 translational degrees of freedom. Delta robot is the
most famous example of translation manipulators.[1] It is illustrated in Figure 2.6.

“All the kinematic chains of this robot are of the RRPaR type. A motor makes a
revolute joint rotate about an axis w. On this joint is a lever at the end of which
another joint of the R type is set with axis parallel to w. A parallelogram Pa is
fixed to this joint, and allows translation in the directions parallel to w. At the end
of this parallelogram is a joint of the R type with axis parallel to w and which is
linked to the end-effector.”[1]

DELTA 4

Figure 2.6: Delta Robot

“Delta ancestor is a mechanism described by Pollard intented to be used for car
painting.”[1] “This mechanism presents three revolute actuators that orientate three
arms the ends of which are linked to the pod by three articulated links.”[1] For the
end-effector to have only translational degrees of freedom the three distal links must

connect at ball-and-socket joints that share the same center.[1]

3-CRR, a robot with cylindrical joints proposed by Kong is another member of this

12



family and is shown below in Figure 2.7.[1]

!
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Figure 2.7: 3-CRR Robot

Tricept shown below in Figure 2.8 has an end-effector which has a stem which is

free to translate along its axis.[1] “The stem is linked at its base by a universal joint,

forbidding the stem to rotate around its axis;three chains of the RRPS type act on the

end-effector.”[1]

Figure 2.8: Tricept

13



3-UPU robot proposed by Tsai which is a special case of the family of 3-RRPRR
mechanisms is the most academically studied 3DOF translational robot.[1] It is

shown below in Figure 2.9.

Figure 2.9: 3-UPU

Orientation Manipulators

“These are manipulators allowing three rotations about one point”[1]. “An example
is made up of a moving platform a fixed base and extensible limbs.”’[1]It is shown
below in Figure 2.10. In this example both the end effector and the base take the
form of a tetrahedron. The moving platform is directly connected to the fixed base by
a spherical joint at point O. Three extensible limbs connect the moving platform to
the fixed base. This is not a spherical mechanism because the three limbs and the
moving platform do not have a common stationary point. Although the motion of the
whole mechanism is not spherical, the moving platform possesses a spherical motion

because of the existence of a fixed point O.

14



Figure 2.10: Orientation manipulator with a central mast

The 3RUU structure that has been proposed by Ti Gregorio is another example.[1]
Mixed Degrees of Freedom Maniupulators

“The 3 DOF RPS mechanism has a translational DOF along the vertical axis and
rotation along the precession and nutation angles.”[1] “Three identical limbs connect
to the moving platform by spherical joints and to the fixed base by revolute
joints.”’[1]

4-DOF MANIPULATORS

“It is theoretically impossible to design a 4 DOF spatial parallel manipulator with
identical legs.”[1] ”Such a design has to rely either on a passive constraint
mechanism, a specific geometry of the legs, different legs, less than 4 legs or a

specific mechanical design.”[1]
“The flight simulator mechanism based on a passive constraint system was presented

by koevermans”.[1] The DOFs are the three rotations and one translation. [1]It is

shown below in Figure 2.11.

15
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Figure 2.11: The flight simulator mechanism

“Specific arrangements to get 3T1R motion (also called schonflies motion) have
been presented.”[1] As for a specific design the H4,I4 family of robots can be

mentioned.[1]

5-DOF MANIPULATORS

“Robots with 5 DOF also have to rely on passive constraint mechanisms, specific
geometries or design.”[1] “5 DOF parallel manipulator bears importance in the
machine-tool field for so-called five-axis machining.”[1] “6 DOF are not strictly
necessary for machining as the rotation of the spindle adds a DOF.”’[1] “5 DOF
spatial parallel robots can be constructed by employing a central mast between the
moving platform and the fixed base to prohibit the rotation around the normal to the

moving platform.”[1] Examples are shown below in Figure 2.12.

Figure 2.12: 5-DOF spatial motion parallel manipulators

16



6-DOF MANIPULATORS

Gough Platform has 6-UPS architecture with a hexagonal moving platform as shown
below in Figure 2.13. It was originally used to test tire wear and tear. “The moving
platform vertices are connected to a link by a ball-and-socket joint. The other end of
the link is attached to the base by a universal joint. A linear actuator allows the
modification of the total length of the link.”[1] This is the most commonly used
parallel robot architecture. “This type of manipulator is usually called a Gough

platform, 6-6 robot or hexapod.”[1]

~

Figure 2.13: A general Stewart-Gough Platform

The first example of PUS-Chain Robot is the INRIA active wrist as shown below in
Figure 2.14.[1]

17



Figure 2.14: INRIA active wrist

“It has a vertical actuated prismatic joint that is connected to a fixed length link by a
universal joint. The other end of the link is attached to the moving platform by a
spherical joint. This structure has been used for the manufacture of lenses.”[1] “Such
a structure possesses the advantages of having a very low center of mass, a very light
moving mass and reduced risk of collision between the links compared to the 6
UPS”.[1] “The direction of the motion of the prismatic actuators may vary. It is tilted
in the Hexa-M Machine-tool of Toyota Machine Works , horizontal and parallel in
the Hexaglide robot or vertical with only 3 guide ways in the Linapod.”[1] They are
shown below in Figures 2.15 and 2.16

Figure 2.15: Hexaglide robot

18
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Figure 2.16: Linapod

Another example of PUS-Chain Robot is Nabla-6. “Nabla-6 with horizontal
prismatic axis has only three distinct prismatic joint axes with two points sliding on
the same axis.”’[1] It is shown below in Figure 2.17. “Three ends of prismatic links
are articulated on a triple ball-and-socket joint. The position of this common point
can be controlled with the help of three associated actuators while the other three

control the platform orientation. The result is a decoupled robot.” [1]

Figure 2.17: Nabla-6

19



20



CHAPTER 3

KINEMATICALLY REDUNDANT PARALLEL MANIPULATORS

Kinematically redundant parallel manipulators are parallel manipulators which have

more degrees of freedom than the degrees of freedom required for its end-effector.

4-DOF Kinematically Redundant Parallel Mechanism

Figure 3.1: 4-DOF Kinematically Redundant Parallel Mechanism

As shown in Figure 3.1 above this mechanism [2]consists of a platform connected to
a fixed base via four kinematic sub-chains.

“Among these chains, one is a S sub-chain which is a spherical joint located at
point O, which belongs to the base, two are the normal UPS sub-chains which

comprise an actuated prismatic (P) attached to the base by a universal joint (U)
and to the platform by a spherical joint (S). The other one is a redundant chain
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which is obtained by adding one additional revolute joint and one link in the
normal UPS subchains.” [2]
“The platform of this mechanism can be oriented arbitrarily around point O”. The

orientation is controlled by adjusting the length of the three input links and the
revolute actuator angle. The nonredundant counterpart of this redundant mechanism
lacks the additional revolute joint and the additional link in the redundant chain. The
conditions for the singularity of the redundant mechanism are reduced relative to the

nonredundant mechanism. [2]

Spatial 7-DOF Redundant Parallel Mechanism

Figure 3.2: Spatial 7-DOF Redundant Parallel Mechanism

This kind of manipulator is obtained by adding one additional revolute joint to the

simplest case of Gough-Stewart platform. It is illustrated in Figure 3.2. This

22



structure, similar to the nonredundant Gough-Stewart platform, is composed of a
triangular mobile platform connected to a triangular base through six prismatic pairs.
The particularity of the architecture of the mechanism is that one of the three points
on the base can be rotated around the vertical axis which is perpendicular to the plane
of the base. Since an extra revolute joint is added to the Gough-Stewart platform, the
original mechanism becomes a seven-degree-of-freedom kinematically redundant
parallel platform. “The position and orientation of the platform in space are
controlled by adjusting the length of the six legs and the input angle of the revolute
pair.”[2] The conditions for the singularity of this redundant mechanism are reduced
relative to the nonredundant mechanism. [2]

A new Family of three 6-DOF redundant planar parallel manipulators

Here, 1-degree of kinematic redundancy (1-DOKR) is added to each limb of the 3-
RRR manipulator shown below in figure 2.3 producing manipulators with a total 3-
DOKR. “Therefore the family of redundant parallel manipulators proposed here has
6 actuated degrees of freedom for a planar task three of which are redundant. The
added kinematic redundancies enable the manipulators to avoid kinematic
singularities, improve their maneuverability and enlarge their reachable and
dexterous workspaces.”[7] Figures 3.3,3.4,3.5,3.6 below illustrate this new family of

three 6-ADOF redundant planar parallel manipulators.
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Figure 3.4: 3-PRRR triangle planar 6-ADOF kinematically redundant parallel

manipulator
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Figure 3.5: 3-PRRR star planar 6-ADOF kinematically redundant parallel

manipulator

Figure 3.6: 3-PRRR circle planar 6-ADOF kinematically redundant parallel
manipulator
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Each limb of the 3-PRRR manipulators has one prismatic actuator at its base. “The
redundant prismatic actuators slide on their respective guides that can take the shape
of a triangle, a star and a circle.” An actuated revolute joint is mounted on the
prismatic actuator at Point A;. Note that the solid circles in all the figures represent
active revolute joints, whereas the empty circles represent passive ones. Two passive

revolute joints are at D; and B;, where point B; is attached to the end-effector.[7]

9-DOF Redundant Parallel Manipulator

Figure 3.7: 9-DOF Redundant Parallel Manipulator

The model shown in figure 3.7 above consists of nine prismatic in-parallel actuators
a; b;,and h; for i = 1,2,3. “The three actuators a,through a; ,called external legs,
connect the moving platform directly to the base platform by double spherical joints
at A; and B;.”’[8] “The remaining six actuators b;through b; and h;through h; are

called
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the upper internal and the lower internal legs respectively.”[8] “The internal legs are
coupled pairwise by three concentric spherical joints at point O.”[8]
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CHAPTER 4

MECHANICS OF PARALLEL MANIPULATORS

In this chapter kinetic energy and potential energy definitions for a rigid body,
Lagrange’s equations, and jacobian analysis and singularity conditions of parallel

manipulators are discussed.

4.1 Review of Kinematics
Representation of vectors in different frames of references, vector operations with
matrix representations, transformation matrices, rotation matrices, expression of
transformation matrix as a rotation matrix and differentiation of vectors can be found
in [18].

Kinetic Energy For a Rigid Body Doing Planar Motion

The kinetic energy of a rigid body doing planar motion consists of two parts; namely
the translational kinetic energy of the mass center and the body’s rotational kinetic

energy:

2 1,
K=§mvg +Elzwz

In the above expression m is the total mass of the rigid body, v, is ther linear
velocity of the center of mass of the rigid body, I, is the moment of inertia about the

center of mass of the rigid body, w,is the angular velocity of the rigid body.[11]

Potential Energy For a Rigid Body

Potential Energy For a Rigid Body is given as
U =mgh,
In the above expression h,. is the height of the center of mass of the rigid body above

the ground.
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Lagrange’s Equations

Using Lagrange’s Equations the actuation torques and forces at the active joints of a

mechanism can be obtained [16].

d((’)K) 6K+6U_Q +D (4.1)
dt \dqy 0qx  0qx k k
Where
6W = SWact + SWdiSt (42)
= (4.3)
6Wact = Z Qk6qk
k=1
(4.4)

m
(SWdiSt = Z Dk6qk = Fep ' 6Fp + Mep ' Slpp
k=1

In the above equations,K is the total kinetic energy of the mechanism, U is the total
potential energy of the mechanism, g, is the kth jointvariable, SW is the total virtual
work, D, is the disturbance torque or force and Q,, is the actuation torque or force of
the kth active joint. ﬁep and Mep are the force and moment vectors applied by the

environment on the platform, whose linear and angular virtual displacements are

denoted by 67, and 61/7,9.

4.2 Jacobian Analysis and Singularity Conditions of Parallel Manipulators
In [9] kinematic redundancy of a redundant parallel manipulator is used to avoid
direct kinematic singularities of the mechanism. Therefore Jacobian Analysis and

Singularity Conditions of Parallel Manipulators must be explained here.

“If the actuated joint variables are denoted collectively by a vector g and the position

(location and orientation)of the moving platform is described by a vector X, the
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kinematic relationship between g and x can be written as:”’[3]
fEp=0
“Then after differentiating this equation with respect to time a relationship between

the input joint rates and the end-effector output velocity can be obtained as”[3]:

JxX =]qc7 (4.5)
Where
o, o
]x - ﬁ:]q - aC_[

This derivation leads to two separate Jacobian matrices . “Due to the existence of two
jacobian matrices, a parallel manipulator is said to be at a singular configuration
when either ], or J, or both are singular. Three different types of singularities can be
identified.”[3]

Inverse Kinematic Singularities

“An inverse kinematic singularity occurs when the determinant of J, goes to zero
namely”[3]
Det(J,) =0

“When J, is singular and the null space of J, is not empty ,there exist some nonzero
q vectors that result in zero x vectors. Infinitesimal motion of the moving platform
along certain directions can not be accomplished.”[3] “The manipulator loses one or
more degrees of freedom.”[3] “At an inverse kinematic singular configuration a
parallel manipulator can resist forces or moments in some directions with zero
actuator forces or torques.”[3] Inverse kinematic singularities usually occur at the
workspace boundary.[3]

Direct Kinematic Singularities

“Direct kinematic singularity occurs when the determinant of J, is equal to zero.”[3]
Det(J,) =0

“When J, is singular if the null space of J, is not empty there exist some nonzero x
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vectors that result in zero g vectors.”[3] “That is the moving platform can possess
infinitesimal motion in some directions while all the actuators are completely
locked.”[3] “The moving platform gains 1 or more degrees of freedom.”[3] “The
manipulator can not resist forces or moments in some directions.”[3]

Combined Sinqularities

“This occurs when the determinants of ], and J, are both zero.”[3]
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CHAPTER 5

REDUNDANCY RESOLUTION METHODS FOR REDUNDANT
MANIPULATORS

In this chapter first redundancy in manipulators is discussed. Later mainstream
redundancy resolution methods at the position and velocity levels are discussed in
detail.

5.1 Redundancy in Manipulators

“For a redundant manipulator the number of independent parameters or inputs
needed to specify the configuration of the mechanism completely, namely the
number of DOFs of the mechanism, is greater than the number of degrees of freedom
of the end-effector.”[4] “For a manipulator the task space is the space that defines the
pose (position and orientation) of the end-effector.” The joint space consists of all the
joint variables that completely define the configuration of the mechanism. For a
redundant manipulator the dimension of the joint space (n) is greater than the
dimension of the task space (m). “Regular manipulators which have equal degrees of
freedom to their end-effector, may have limited workspace due to mechanical
constraints on joints and obstacles that may be present in the work area.”[4]
“Redundant manipulators have more DOFs than the minimum DOFs required for
reaching their task space.”[4] “This allows the redundant manipulators to carry out
tasks that require high dexterity. They can use extra DOFs to avoid joint limits and
the obstacles in the workspace.[4]” The dexterity of redundant manipulators can also
be used to satisfy any desirable kinematic or dynamic characteristic.

“The mathematical methods developed for non-redundant manipulators are not
applicable to a redundant one. The inverse kinematic problem for a redundant
manipulator has generally infinitely many solutions. Methods that deal with the
multiple solutions of the inverse kinematic problem for redundant manipulators
and can find the best solution that satisfies a desired criterion are known as
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redundancy resolution methods.”[4]

5.2 Redundancy Resolution At The position Level
In this study two redundancy resolution methods at the position level have been
encountered in the literature one being the lagrange multiplier method and the other
singularity avoidance method. In what follows these two methods are explained in
detail.

Lagrange Multiplier Method

In this method first the functional relation between g and x is rewritten as follows:
F(@)= f(@ —x=0 (5.1)

“Let H(g)be some criteria function with continuous first-order partial derivatives
which represents the desired performance such as singularity avoidance or obstacle

avoidance.”[10] The Lagrangian function L(q)is defined as the following:
L(g) = A"F(q) + H(q) (5.2)

Where A is an m-dimensional Lagrangian multiplier vector. At the stationary points
of L,

oL oF 0H .
oL _ ,wOF OH _ (5.3)
aq dq 0Jq

where the mxn matrix Z_Z is the jacobian matrix J. The second term on the right side

of the above equation is the transpose of the gradient vector h such that

h = (hy, hy, ..., hy) 5 h; = a—H, i=12,..,n
dq;
Thus the above equation becomes the following:
AT] = —hT (5.4)
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Transposing we get

JTA = —h (5.5)
Or
DA [hy T (5.6)
JaH"|| A2 ha
gyl Lnyl

where (J1)Tdenotes the transpose of ith column vector of the Jacobian matrix. In the
above equation there are n linear equations with m unknowns A, 4,, ..., 4,,,. Selecting

m linearly independent equations from the above equation which may be chosen to
be the first m equations we have

BRI Thy (5.7)
UH" | A2 ha
gyl Ly
Inverting, A is obtained as
_Al_ -Ul)T-_l -hl- (58)
Ay g7 h,
d  Lgmyr] Ly

Substituting this into the remaining n-m equations

GO ] e 9)
Um+2)T (]Z)T hz hm+2

L gmyr lgmyr] e ey
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For brevity let us denote

) g™ [ 7y a1

gn’ gm+” h, Rz
Jm = ' s Jn-m = ' sh = b hp-m = .

gy ] | gy | . [y |

Adding h,,_,,and multiplying both sides of the above equation by -1 the following is

obtained,

]n—m]m_lhm —hy_m =0 (5-10)

Which may be alternatively expressed as

[]n—m]m_l: _In—m] [hililm] =0
where I,,_,,is an identity matrix of rank (n-m). If we denote
Z = [nemdm ™ =In-m]
Then
Zh=0 (5.11)

Since Z is an (n-m) X n matrix and h is an n-dimensional vector the above expression
consists of n-m scalar equations. Combined with the original m kinematic equations
there are n independent nonlinear equations which now fully specify the n unknowns.

This set of n equations has to be solved numerically.[10]

Sinqularity Avoidance

In this example the redundancy resolution of a 3-RPRR mechanism is realized
through local optimization by employing singularity avoidance. The schematic

diagram of the 3-RPRR mechanism is given below in Figure 5.1.
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Figure 5.1: A Planar 3-RPRR Manipulator

The kinematic relationships for this mechanism are given as follows:
[x - 111C05911 - 113COS(CZ + ﬁ)]z + [y - lllsingll - l13Sin(a + ﬁ)]z (512)

— ]2
_l12

[x — L — l,;c080,; + ly3c08(B — a)]? + [y — [18inB,; — ly3sin(B — a)]?  (5.13)

— ]2
_l22

[x — L/2 — l31c0503, + l35c0os(a + 38)]? (5.14)

V3L ’
+ y - T - l31$in031 + l33Sil’1(a + Bﬁ) = l%z

Here, [;;and [;, denote the lengths of link 0;4;and A;B; respectively while [;; and L
represent the lengths of B;P and 0,0, respectively.

“Differentiating the above equations with respect to time, the kinematic relationship

between p and q is obtained with”[9]:
Ap+Bqg =0 (5.15)
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p=[xy a]T yq = [111911121921131931]T

a1 Az Qyz

A11 Q12  A13]
A=
az; dzz; dzz]

00 by3bys 00
000 0 bsghsg .

by1b1,0000 1
B:[

The expressions for the elements of the A and B matrices are given in Appendix A.

“When the determinant of A is equal to zero, the second type of singularity of the 3-
RPRR mechanism occurs.”’[9] The local optimization criterion in the proposed
algorithm is to avoid det(A) = 0. Assuming that a desired task space variable vector
P 1S given at time index k the proposed kinematic redundancy resolution algorithm
Is summarized as follows. When the value of det(A) at the initial configuration is
negative (positive) minimizing (maximizing) the cost function
H = det(A4y)
Subject to the 3 kinematic constraint equations given above and the incremental
limitation
ligg—1—ABlin < ligpe < ligg—1 + AL, 0 =123
where Al;; is determined based on the feasible maximum velocity v, of the prismatic

joints, i.e. Al;; = u,T. T is the sampling period.[9]

5.3 Redundancy Resolution at the Velocity Level
“Let x denote the mx1 task space vector. Let g denote the nx1 joint space vector. The
degree of redundancy is defined as n-m.”[4] The functional relation between g and x

can be written as :

x = f(q) (5.16)

“This relation is known as the forward kinematics relation.” The linear and angular
velocity components for the end-effector can be related to the rate of change of the

joint variables as follows:
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x =Je(q)q (5.17)

Where J.(q)is the mxn Jacobian matrix of the end-effector.

“All the possible joint velocities form an nx1 dimensional mathematical space that
Is a subset of R™. All the possible end-effector velocity vectors form an mx1
dimensional mathematical space that is a subset of R™. At any fixed g the
Jacobian matrix can be interpreted as a linear transformation that maps vectors
from the space R™ into the space R™. The input space R™ of the Jacobian matrix
has two important associated subspaces. These two subspaces are called the range
and the null space. The range of the Jacobian matrix is the subspace of R™ that is
covered by the transformation. Physically these are joint velocities that are
mechanically possible to be generated by the manipulator’s drive mechanism. The
null space of the Jacobian matrix is a subset of the input space that is mapped to a
zero vector in the output space R™ by the Jacobian matrix. Physically these are
the achievable joint velocities that do not generate any velocity at the end-
effector.”[4]
That is,

JeQnuu =0 (5-18)

“Although the velocities do not generate any motion at the end-effector they
generate internal joint motions. Therefore these velocities can be used to satisfy any
requirement that the redundant manipulator must meet while the end-effector is
performing its main task without being disturbed.”[4] Consider a desired end-effector

velocity x,that can be generated by applying the joint rates g,.
Xq = Jeqa (5.19)

If the joint velocities g,,;; are selected from the null space and added to ¢,the
combined joint velocities G4 + @gn Still generate the desired end-effector
velocity.[4]

Je(Ga + @Gnuu) = JeGa + 0 = X4 (5.20)

“If the Jacobian matrix /,(q) has full column rank at a given joint position g then the
dimension of the null space is equal to the degree of redundancy. If the jacobian
matrix has a rank of m’ <m , the dimension of the null space is equal to n-m’.”[4]

“Since the choice of velocities that belong to the null space is not unique there are
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several ways in which the desired main task x,; can be achieved. In other words there
are multiple solutions to the inverse kinematics problem for a redundant
manipulator.”[4]

“To wisely use these multiple solutions useful additional constraints can be
defined. There are two approaches for defining additional constraints: global and
local. Global approaches achieve optimal behavior along the whole trajectory
which ensures superior performance over local methods. However their
computational burden makes them unsuitable for real time sensor based
manipulator control applications. In local approaches additional constraints are
defined as part time jobs and these part time jobs are not active along the whole
trajectory of the end-effector.”[4]

To obtain the Jacobian matrix for parallel manipulators first the input-output and

loop closure equations must be written out. Now let x denote the mx1 task space
vector, g denote the nx1 active joint space vector and p denote the passive joint space
vector. The input-output equations are given as:

x = f(q,p) (5.21)

The loop closure equations are given as:
0=¢(q,p) (5.22)

Carrying out the following mathematical manipulations

_9. O (5.23)

~ dq FrE op P
o= teaStes=-(38) B
-Gl G
-G Gl 629
x =J(q,r)q (5.27)
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And

-1
J(q,p) = %‘%(Z_z) (g_(c]m

Exact Solutions

In this section the pseudo-inverse method and the auugmented jacobian method are
presented as the two exact redundancy resolution methods at the velocity level.

Pseudo-Inverse Method
One of the methods used for obtaining the exact solution to the velocity equation is

finding the pseudo-inverse of the matrix J, denoted by J,*. and using it as :
dp =1,%x, (5.28)

This is a primary solution to the velocity equation. This solution is not in the null

space of the Jacobian J,.[4] “The pseudo-inverse of ], can be written as
]e# = vo*ul (529)

where v, o and uTare obtained from the singular-value decomposition (SVT) of J,
ando *is the transpose of ¢ with all the non-zero values reciprocated.”[4] If ] has full

row rank its pseudo-inverse is given by

J' =JEUI ! (5.30)

With the particular solution alone obtained from the pseudo-inverse method, the
redundancy of the manipulator can not be exploited for any useful purpose. A joint
velocity vector ¢,,,,;;that belongs to the null space of the Jacobian matrix J, can be

added to the primary solution.
q= Qp + Gnun (5.31)

Gnun Can be selected as :
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Gnuu = (I _]e#]e)v (5.32)

where v is an arbitrary n-dimensional vector. If the arbitrary vector is chosen such
that

L) 99 (5.33)

v=-Vp(q) == —[a—q1 ...... 3 17

where ¢ (q)is a cost function, a desired minimization task can be satisfied.

The Pseudo-Inverse method can be applied to perform joint limit avoidance. “Since
the goal is to keep the joints far from their limits, a representative of the difference of
the position of a joint i to the center q.; of the joint range Agq; is defined as a cost

function to be minimized.”[4]

n

o=y [t

v=-V¢(q)

“One also may decide to focus only on the joint that is farthest from its center of the

range compared to all other joints. This can be expressed as the following

mathematical relation.”[4]

q_‘?c
Aq

la; — q.il
(q) = max =
b(q A,

[ee]

In the above expression the vector %‘ZC = 7 consists of elements z; where
5 = qi — qci
;=
Ag;

The infinity norm is not differentiable. The p-norm defined by

n Yp
Ixll, = (lem’)
i=1

for a vector x is an acceptable approximation for the infinity norm. Using the p-

norm, a proper cost function for the joint limit avoidance can be defined as
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_ q—4qc

p
“The higher p is,the closer the cost function is to the infinity norm.”[4] “P=6 is

sufficient for most practical cases.”[4]

“Another problem with the primary solutions provided by the pseudo inverse method
is that they may lead to singular configurations for the manipulator at which the

Jacobian matrix does not have full rank.”[4]

Augmented Jacobian Matrix Method

“In this method, for a redundant manipulator with the degree of redundancy of r = n-
m , r additional tasks are defined.”[4] “Since the additional task z is a function of the
joint variables g, Jacobian of the additional task can be defined that relates their rate

of change as :”’[4]
z2=Jcq (5.34)

Now the number of equations and unknowns are balanced in the velocity equation.
The augmented task vector can be expressed as :
X
y= [Z]
and

v =[3] = e (5:39)

where J,is the nxn augmented Jacobian matrix

sl

“The solution for the joint rates ¢ can be simply found by using the inverse of J,.”[4]

Problems associated with this method: “For the inverse of the augmented Jacobian
matrix to exist at all times the additional tasks must be defined at all times.” “Part
time additional tasks such as obstacle avoidance or joint limit avoidance that are
defined
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based on some conditions that may not exist at all times cannot be used as additional
tasks.”’[4] “This method is not suitable for part-time tasks.”[4] “Also, extra
singularities can be introduced into the kinematics of the redundant manipulator by
defining the additional task.”’[4] At certain postures the additional task Jacobian
J.may have possible rank deficiencies. Or at certain postures the rows of J, or J. may
become linearly dependent. “This linear dependency which leads to singularity in the

matrix J,is task dependent and very hard to predict.”’[4]

Approximate Solution Methods

In this section singularity avoidance and configuration control methods are presented

as the two approximate redundancy resolution methods at the velocity level.

Singularity Avoidance
“Close to a singular posture generating a velocity component in certain directions at
the end-effector of a manipulator requires very high joint rates which are not
physically possible for the joints to afford.”[4] “A redundant manipulator can avoid
singular postures by exploiting its extra DOFs than that required for a given main
task.”[4] If a cost function is defined as

F = Jeq — x4lI> + 124117
the partial derivative of the cost function with respect to ¢ vanishes for g that
minimizes F.
(5.36)

oF . . .
947 =20%).q+22q—J1%4) =0

Solving the partial derivative of the cost function F for the unknown ¢ results in
q=(Uile + D%y (5.37)

“This way high joint rates are penalized causing the manipulator not to move close to

the singularity posture.”’[4] The solution is unique and closely approximates the
exact solution.[4]
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Configuration Control
“In addition to the main task x,an additional task z; and a singularity avoidance task
are considered.”[4]

X = Jeq

z=]cq
“There is no restriction on the dimension of the additional tasks unlike for the
augmented Jacobian method.”[4] “The joint rates g are found such that the error for
the main and the additional tasks are minimized while high joint rates are
penalized.”[4] A cost function is defined as follows:

F=(eq—%)"WeUeq — %4) + Ucq — 20) " WU — 24) + "W, q
“Where We, Wc and Wv are diagonal positive-definite weighting matrices that
assign priority to the main, additional and singularity avoidance tasks.”[4] “The joint
rates that minimize the cost function can be found by equating the derivative of F to
zero.”[4]

aF . . . (5.38)
Frin 2(Je WeJo +Je Wele + W )d = 2(J Wekq + ] Weza) = 0

. -1 . .
q= "Wl + "W + W) (J" Woky + J."Wezy) (5.39)

“Since there is no restriction on the dimension of the additional task unlike for the
augmented jacobian method, the disadvantages of the augmented jacobian method
do not exist for the configuration control method. Any part-time additional task
for example joint limit avoidance or obstacle avoidance can be defined as the
additional task. When the additional task is not active, for example, when the
joints are not close to their limits, there are not as many active tasks as the degree
of redundancy. In these situations a solution similar to that of the singularity
avoidance method is yielded. When the additional task is active, when some of the
joints are close to their limits the number of active additional tasks can be larger
than the degree of redundancy. In those cases the best solution that minimizes the
cost function F is yielded.”[4]
“In configuration control if joint limit avoidance is chosen as the additonal task then

the limits for the joints are defined by part-time constraints as additional tasks. These
part-time additional tasks are active for a joint when the joint position is close to the
joint limit. When a joint position is far from the joint limit, the joint limit avoidance

additional task becomes inactive for that joint.”[4] “A joint limit avoidance
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additional task is activated and deactivated by wisely selecting its corresponding
weight matrix in the configuration control formulation W..”’[4] Usually a continuous
weight for each joint is defined to ensure a smooth joint trajectory. “In a region of the
joint motion around the center of the joint range the weight of the joint limit
avoidance task for that joint is selected to be zero.”[4] “A buffer region is assumed
with a width ;. When the joint position enters this region, the weight of the joint
limit avoidance task is increased from zero to a maximum at the lower or upper
limit.”[4]

( Wo _ if @i < Qmin )
% 1+ cos (n (@)) if Qimin < ¢ < Qumin T T

W, =4 0 f Qumin +Ti < Qi < Qimax — Tip
70 1+ cos <7T (M%l_%)) if Qimax —Ti < 4i < Qimax

\ Wo i 4> dimar J

“Since all the joints need to be monitored for the limits the additional task is defined

as a one-to-one function of the joint positions.”That is,

z=4q (5.40)

The corresponding Jacobian for the additional task Jc is defined by
0z

_ (5.41)
=52 =

Je I

“Also since the joint rates must vanish when the joint limits are reached, the desired
joint rates when the joint limit avoidance additional task is active must be selected to

be zero.”

23 =0 (5.42)
The jacobian for the additional task and the weight matrix Wc are used with the

configuration control method.[4]

“Similar to Joint Limit Avoidance, obstacle avoidance is a part-time task which is

46



only activated when a possibility of collision is detected. The distance of a link to
an obstacle is calculated. Obstacles are enclosed in circles with diameters larger
than the largest obstacle dimension. The thickness of the manipulator links should
also be added to the radii of these circles. These circles are called the Surface of
Influence.”[4]

The location of the potential point of collision a.k.a the critical point is calculated as

follows and it is shown below in Figure 5.2:

Surface of Influence

Figure 5.2: The critical point

The unit vector representing the direction of the link with length ; is:

6= Xit+1 — Xi (5.43)
| A ll

where x;,; and x;are the cartesian coordinates of the joints. If the center of the
SOI(Surface of Influence) is at the Cartesian coordinates x,, the projection of a line

from joint i to the center of the SOI on the link i is
a; = é\lT('xo —X;) (5.44)

“The critical point is the closest point on the link i to the center of the SOI. The
Cartesian coordinates of the critical point can be calculated as:”’[4]
Xe, = X + ;& (5.45)
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The distance of the critical point with the center of the SOl is:
de, = ||xc, = xo|| (5.46)

“The unit vector pointing from the critical point to the center of the obstacle is

determined as:”[4]

o _ X~ %o (5.47)

“If for link i the critical distance is smaller than the radius of the SOI, the obstacle
avoidance additional task for that link is activated. For each link i the obstacle
avoidance task can be defined as the normal distance of the link to the SOI.””[4] That
is

zi = filq, ) =1, —d, (5.48)

The derivative of the task can be written as

. d L 0xe (5.49)
5= =g (de) =~ (Gt 4 = %)

Where x,1is the velocity of the center of the SOI or the obstacle.
“The obstacle avoidance additional task must be defined such that a link does not
enter the SOI of its corresponding obstacle.”[4]That is,

z8 =0 (5.50)
Also

28 =78 =0 (5.51)

“Since each link i has its own unique condition regarding the obstacles, each row of
the jacobian matrix for the additional task is calculated separately based on the

position of the critical point on link i.”[4] The ith row of the jacobian matrix is
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derived as:[4]
Je, = =0, (5.52)

where
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CHAPTER 6

DESCRIPTION AND KINEMATICS OF THE CASE-STUDY
MANIPULATOR

The redundant planar parallel manipulator that is used as an example in this study is
shown below in Figure 6.1. Its purpose of use is to make desired patterns or carvings
on a material with planar surface. The end-effector can be a pen, a carver, a spray
gun,a milling cutter or a laser head. The tip point of the end-effector which is desired
to be positioned depending on the task is placed at the center of the moving
triangular platform of the manipulator.

As seen, the manipulator consists of eight moving links and seven revolute and three
prismatic joints. According to the Kutzbach-Grlbler formula we have n =9,j =
10,4 = 3 and f; = 1 for the prismatic and revolute joints. Applying the Kutzbach-
Gribler formula to the manipulator yields F =3 x (9 —-10—-1) + 10 =4

Hence, the manipulator is a 4-DOF mechanism. The active joints of the manipulator

are three prismatic joints and the revolute joint at point O. The other joints are

passive.
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v 7

Asz(c,d) .

Figure 6.1:Case Study Manipulator

The input-output equations of the manipulator can be written as:

% =f(@q.p)
In this equation x is the output vector showing the position of the end-effector(its
orientation and the location of its tip point P). g is the input vector consisting of the

active joint variables.p is the vector including the passive joint variables. The details

of these vectors are shown below.

0 012

— ¢p — Sl _ 03p

X = xC ,q = SZ ,p = 006

Ve S5 Bos
fi=0+01,+03,—-0,=0 (6.1)
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V3 T (6.2)
f2 =1, cos(8) + s; cos(8 + 613) + 1, — ¢os (0 + 01 + 65, + g)

—x.=0
V3 s (6.3)
f3 = ll Sln(e) + S1 Sin(9 + 912) + lp ?Sin (0 + 912 + 03p + g)

—y.=0

The manipulator has two independent loops. Four loop closure equations belonging

to these loops can be written as follows:

g1 = 1y cos(8) + s; cos(6 + 03,) + L, cos(6 + 0, + 03,) —a (6.4)
— 5, c08(0p) =0
g2 =l sin(0) + sy sin(0 + 6;,) + L, sin(0 + 6,5, + 65,) — b (6.5)

— 5, 8in(fyg) = 0
g3 =l cos(60) + 51 cos(6 + 013) + 1, cos(0 + 01, + 03, + /3) — (6.6)
—53c08(0pg) =0
g4 =l sin(6) + sy sin(0 + 6;,) + L, sin(0 + 6,5, + 65, + 7/3) — d (6.7)

- 53 Sin(eog) = O

It has been assumed that the revolute joints of this manipulator have no limits.
However its prismatic joints have lower and upper limits, which are given below for
i=123:

Si—si" <0 (6.8)

Smin - S <0 (69)

l

For the usage purpose of the manipulator(which is point positioning as mentioned
before)it is enough to control only the motion of the tip point of the end-effector.
Therefore, the angle @,, of the platform, which also shows the orientation of the end-
effector, has been let run free. As a result, for a planar point positioning task, which

requires only two degrees of freedom, the degree of redundancy of the manipulator
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becomes two.
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CHAPTER 7

OPTIMAL REDUNDANCY RESOLUTION

The task requiring two degrees of freedom that the redundant manipulator with four
degrees freedom will do has been presented in chapter 5. The redundancy resolution
for this task has been considered as an optimization problem in this study. The
optimization problem has been defined as the minimization of a suitable cost
function which is chosen based on a desired criterion. This function can be the
required total power for the task to be carried out by the manipulator as well as the
potential and/or kinetic energy of the manipulator.

7.1 Optimal Redundancy Resolution At The Position Level
Optimal Redundancy Resolution At The Position Level has been done by minimizing
the potential energy of the manipulator. In this case the solution is obtained directly
at the position level because potential energy is only a function of the positions of the

links. The total potential energy of the manipulator is found as:
8
U= Z m;gyci
i=1

In the above equation m; and y.; are the mass and the mass center height of theith

(7.1)

link above the ground. The mass center heights of the links are obtained from the
position vectors of the links. The position vectors of the mass centers of the links are
found as:

(7.2)

(1) _
e =

o onN| ST
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~0) _ Ju30-(0) _ = _
. =en’rn,. =T=

(l4 x sin(6))/2

[(l1 X cos (9))/2]
0

—~  _ =) _ =(0) —(0)
Toc =T =Toa1 t Ta12c

—(0) _ A0, _ 1,01
Ta12¢ = ce l)rAlzc = e" 15,

~(1) _ A,2)7=@) _ 1i360,,7(2)
Ty12e = C 9Ty 00 = €53712T, 05,

79D =11, x sin(0)

l; X cos(é))]
0

[ll X cos(0) + LC1 X cos(0) X cos(6;;) -
| ..— LC1 X sin(0) X sin(6;,) |
Foe = | [, X sin(@) + LC1 X cos(0) X sin(6;5) ... |
..+ LC1 X cos(6;,) X sin(0) J
0

—_ _ =0 _ ~(0) —(0)
T3c =T3c" = Toa1 + Ta13c

=(1) _ A1,2)=(2) _ 130,52
Ty13c = C 7Ty 3. = 3712103,

T, T,

~(0) _ A0, _ _f,0=(1
A13¢c — ce 1)7}113c = e 3,

—(2)
T413¢ =

0

[sl —LP1
0
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(7.3)

(7.4)

(7.5)

(7.6)

(7.7)

(7.8)

(7.9)

(7.10)

(7.11)

(7.12)

(7.13)



T3¢

[ll X cos(0)- cos(0) x cos(6,,) X (LP1- s;) + -
| ...sin(0) X sin(6,3) X (LP1 - s;)
=| [, X sin(6)- cos(0) x sin(0,,) X (LP1 - s;)-...
|l ...€05(013) X sin(0) X (LP1 - s;)

—~  _ =) _ =(0) —(0)
Toc = Toc = Toaz T Tazec

=(0) _ A(0,6)7(6) _ _fi30p65(6)
Tazec = C "7 Tpec = €537 50,

b + LC2 X sin(B8y6)
0

a + LC2 X cos(6ye)
Toc = ]

—_ _ =0 _ —(0) —(0)
Tsc = Tse” = Toaz t Tazse

=(0) _ A(0,6)=(6) _ _Ti30p65(6)
Tapse = CV0 5. = €98708T50,

s, — LP2

fAZSC(@ = [ 0
0
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(7.14)

(7.15)

(7.16)

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)

(7.23)



a- cos(B8pg) X (LP2 - s5)
Tse = | b - sin(Bpg) X (LP2 - s5)
0

—~  _ =) _ =(0) —(0)
Tge = Tge = Toaz T Tazsc

—(0) _ A00,8):=8 _ _u —(8)
Ty38¢ = ce 8)7}138c = eu39°87}138c
LC3
Tazec® =] 0
0

d + LC3 X sin(6yg)
0

¢ + LC3 X cos(Byg)
Tge = ]

—  _ =) _ =(0) —(0)
T7c = Tc" = Toaz T Ty37¢

—(0) _ A008)=(8) _ _1:0p5=(8)
Ty37¢ = ce 8)7}137c = e'svsr 0.
s; — LP3
Tag7e® = 0
0

= |d - sin(Bye) * (LP3 - s3)

[c - cos(8yg) * (LP3 - 53)]
7_'76 -
0

(7.24)

(7.25)

(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)

(7.33)

In the above equations LC; and LP; are the half lengths of the ith cylinder and the ith

piston respectively. Let
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Ticx (7.34)
Tic = |Ticy

Ticz

Y. can be found as :
yCi = riCy (735)

To obtain the masses of the links first we need to define a density. We will assume
that the redundant link all the pistons and the cylinders and the platform are made of
the same material. Let

u=1lkg/m (7.36)

In the above identity urepresents themass per length of the redundant link and all the
pistons and cylinders. Now let the radii of the cross sections of all these links be .1
meter. The density can be found as:

_u kg 1 kg (7.37)
_n*.lzﬁ_n*.lz_loo/nﬁ

p

Now the masses of the redundant link and all the pistons and cylinders can be found

as .
m, = 2 x LC1 X i = 2LC1 kg (7.39)
ms = 2 x LP1 x u = 2LP1 kg (7.40)
ms = 2 X LP2 X it = 2LP2 kg (7.41)
mg =2 X LC2 X = 2LC2 kg (7.42)
m, = 2 x LP3 X i = 2LP3 kg (7.43)
mg = 2 X LC3 X it = 2LC3 kg (7.44)
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To find the mass of the platform first its volume must be found:

Ay = V3/41,° (7.45)
ty = .02m (7.46)
Vpr = Ay * ty = .02 xV3/41,°m3 (7.47)

In the above equations A, t,;, and V,; are the area, thickness and volume of the

platform respectively.

100 V3

my = - *'OZ*T

V3 (7.48)
2 2
lp kg = %lp kg

g, acceleration of gravity is taken as 9.8 m/sec?

In this optimization problem, the kinematic equations given before act as the equality

constraints. They are given here again for the sake of convenience:

V3 T (7.49)
l; cos(8) + s, cos(0 + 613) + 1, ?cos (9 + 012 + 63, + g) — X,
=0
V3 T (7.50)
l;sin(B) + s;sin(0 + 6,,) + 1, ?sin (9 + 6y, + 03, + E) —y,
=0
L1 cos(8) + sy cos(0 + 6;2) + 1, cos(@ +0,, + 03p) —-a (7.51)
— Sy COS(906) = 0
l;sin(8) + s;sin(6 + 6;3) + 1, sin(@ +0,, + 93p) —-b (7.52)

— Sy Sin(906) =0
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Ly cos(8) + s, cos(8 + 6;;) + L, cos(6 + 01, + 03, + /3) — ¢ (7.53)

— 53 c0s(Bpg) =0

L, sin(8) + sy sin(8 + 6;5) + L, sin(8 + 6,5 + 03, +/3) — d (7.54)

— S3 Sin(eog) = O

The inequality constraints are the limits on the joint variables. The inequality

constraints are given as:

$1—68<0 (7.55)
32-5,<0 (7.56)
s, —88<0 (7.57)
42—-5,<0 (7.58)
53— 6.8<0 (7.59)
32—5;<0 (7.60)
0<6<2m (7.61)
0<6,<2m (7.62)
0<6;, <2m (7.63)
0 < By < 21 (7.64)
0 < 6o <21 (7.65)
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The results of the redundancy resolution done at the position level are given in the
results chapter.

7.2 Optimal Redundancy Resolution At The Velocity Level
Optimal Redundancy Resolution At The Velocity level has been done by minimizing
the kinetic energy of the manipulator. Since kinetic energy depends on the velocities
of the links the solution is first obtained at the velocity level. The solution at the
position level is later found by integration.The total kinetic energy of this planar
manipulator is found as:

o (7.66)
KE = zzmivic +Elgi(1)i
i=1

In the above expression v;. and I, are the velocity of the center of mass and the
moment of inertia about the z axis passing through the center of mass for the ith link
respectively.w; is the angular velocity of the ith link with respect to the base frame.
The velocities of the center of masses of the links 1 through 8 can be found by taking

the time derivative of the position vectors. Let

Viex (7.67)

Vie = |Vicy

Vicz

Then
—1,0sin(6)/2 (7.68)
Vic = |1, * 0 * cos(0)/2
0

Vaex = — 015 X (LC1cos(0)sin(B;3) + LC1cos(6y;)sin(0)) — 6 (7.69)

X (l3sin(8) + LC1lcos(8)sin(6:32)
+ LC1lcos(6,;)sin(0))
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Vyey = 61, X (LC1cos(0)cos(0y,) — LC1sin(8)sin(6;,)) + 6
X (lycos(teta) + LClcos(8)cos(6:3)
— LC1sin(0)sin(6;))

Vaez = 0
Vaex = 012 X (cos(8)sin(015)(LP1 — s;) + cos(6,3)sin(6)(LP1
—51)) + $; X (cos(0)cos(812) — sin(0)sin(6:32))
+ 0 x (cos(8)sin(0,,) X (LP1 — s;) — l;sin(6)
+ cos(60;,)sin(0)(LP1 — s;))

Vsey = $1 X (cos(0)sin(615) + cos(6y,)sin(6)) — 60y,
X (cos(0)cos(0,3) X (LP1 — s;) — sin(0)sin(64,)
X (LP1 —s;)) + 6 X (l;cos(8)
— cos(0)cos(012)(LP1 — sy ) + sin(0)sin(61;)

X (LPl - 51))
VU3cz = 0
Xc
1746 = [yc
0

.5';2 * Sin(906) - 906605(906)(1‘})2 =Sy )

$, % €05(Bgg) + Bpesin(Bye)(LP2 - s5)
Vse =
0

LC26y¢c0s(0y6)

—LC26,s5in(6¢)
Vee =
0

$3c05(6g¢)
Vye = [53351'"(906)]

0
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(7.70)

(7.71)
(7.72)

(7.73)

(7.74)

(7.75)

(7.76)

(7.77)

(7.78)



—LC360,yg5in(6yg) (7.79)
Uge = | LC36,5c05(8yg)
0

The angular velocities of the links 1 through 8 are:

0 (7.80)
Wiz
where
Wy, =6 (7.81)
WZZ = 6 + 912 (782)
W3Z = 6 + 912 (783)
Wy, = ¢ (7.84)
W, = Oog (7.85)
We, = Oy (7.86)
W7, = Bog (7.87)
Wg, = Bog (7.88)

Now moments of inertias about the centers of masses need to be found. If the
redundant link and all the pistons and cylinders are considered as thin rods the
moments of inertia can be found from the following:

1 7.89
Ig = E"lrodlrod2 ( )

1 (7.90)
Igl = Emlle
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1 2
Igz ES ﬁm24LC1

1 2
Ig3 = _m34‘LP1

12

1 2
IgS = Em54LP2

1 2
Ig6 = Em64‘LC2

1 2
Ig7 = Em74LP3

1 2
Igg = Em84LC3

(7.91)

(7.92)

(7.93)

(7.94)

(7.95)

(7.96)

To find the moment of inertia of the platform first its polar moment of inertia about

the center of mass must be found. For the triangle shown below in Figure 7.1

"

Figure 7.1: General Triangle for finding polar moment of inertia
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the polar moment of inertia is given in [19] as

_ hb3 + hab? + ha®b + bh3 (7.97)
g 12

For the platform which is in the shape of an equilateral triangle

V3 (7.98)
h=l,—
2
L (7.99)
a = 5[) = lp
NE V3l V3 1p? V3 7.100
_zp7lp3+lp7§l,,2+lp7§ by + L (4, 5)° (7.100)
Jgs = 12

Now using the found polar moment of inertia, the mass moment of inertia can be

found as follows:

tpl = .02m
massperarea = p * ty, (7.101)
lgy = ] g4 * massperarea (7.102)

In the above equations massperarea is the mass per unit area for the platform. The
equality constraints for this optimization problem are obtained by taking the
derivative of kinematic constraint equations. Because these kinematic constraint

equations are too long they are given in Appendix B.

The inequality constraints for this optimization problem consist of the limits on the
velocities of the joint variables. These limits for the prismatic joint variables are

obtained as follows. Let sl-jbe the value of the ith prismatic joint variable at time step
j and At be the time interval. Then

= Sij + SlAt (7103)

Sij+1
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Simin < < smax (7.104)

smin < si; + $ibt < s (7.105)
R il —Si; (7.106)
Si=T Ay
o sPesy, (7.107)
Si=TTAr

There are no limits on the velocities of the revolute joints.

The results of the redundancy resolution done at the velocity level are given in the

results chapter.

7.3 Optimal Redundancy Resolution At The Acceleration Level
Optimal Redundancy Resolution at the acceleration level has been done by
minimizing the total power spent by the manipulator. Since total power depends on
the accelerations of the links the solution is first obtained at the acceleration level.
The solutions at the velocity and position levels are later found by sucessive
integration. Power is spent at the active joint variables of the manipulator. So the

total power of the manipulator is found using the following equation:
3
p= Z Fy$, +T6
i=1

In the above equation F; and T are the forces and torque along the degrees of

(7.108)

freedom of the active prismatic joints and the revolute joint. These forces and the

torque are found through Lagrange’s equation as follows:
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dKE
F 4D 4G dRE | dPE k=123 )
i k — dt dpl dp,_ 'I'_IIJ — 4,4,
dKE
d(55) dKE dPE (7.110)
T+ D, = _ + k=4

dt do do ’

Since D, =0 for k = 1,2,3,4

dKE
d(;) dKE dPE iy (7.111)
= - y L= 1,4,

F;
¢ dt dpl + dpl

dKE
d(53) dKE dPE (7.112)

T=—0t "8 T a0

The accelerations of the joint variables appear in the terms involving the time
derivatives. The expressions for F;s; and T# are too long and are therefore given in

Appendix C.

The equality constraints for this problem are obtained by taking the second time
derivative of the kinematic constraint equations. Since the expressions for these
equations are too long they are given in Appendix D.

Limits on the accelerations of the prismatic joints are found as follows. Let sl-jbe the

value of the ith prismatic joint variable at time step j and At be the time interval.
Then:

Sij+1 = Sij + S"ijAt (7113)
Sij+2 = Sij+1 + S"ij_HAt (7114)
S"ij+1 = S"ij + S:ijAt (7115)
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= si, + 5Bt + (5i, + 5, A) At = 57, + §; At + 5, At + 5 AL? (7.116)
] ] ] ] ] ] ] ]

Sij+2

=s;. + ZSlAt + §i.At2
J ] J

st < s, < s (7.117)
SIS sy, + 28, At + 8 At? < s (7.118)
STAX g, —28; At (7.119)
s <t lj Lj
S = At?
. o si"“'"—sij — 25 At (7.120)
S = At?

There are no limits on the accelerations of the revolute joints.

The results of the redundancy resolution done at the acceleration level are given in

the results chapter.
In this study, a hybrid genetic algorithm method, which is discussed with further

detail in the next chapter, has been employed to be able to find the global optimum of

the optimization problems without getting stuck with the local solutions.
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CHAPTER 8

OPTIMIZATION

Optimization is concerned with finding the best solution to some problem .
Mathematically it is finding the largest or the smallest value of some well-defined
mathematical expression or the objective function, involving all the variables or
factors or aspects that have been selected for study and that can be expressed in
mathematical form. In an unconstrained optimization problem there are no
constraints on the variables. In a constrained optimization problem there may be
equality and inequality constraints on the variables. If the objective function and all
the equality and inequality constraints are linear functions of the variables then it is
called a linear problemming problem. (If the objective function is a quadratic
function and the equality and inequality constraints are linear functions then it is a
quadratic programming problem) In a non-linear programming problem the objective
function and some of the equality and inequality constraints are nonlinear functions
of the variables. [5]

Consider the following nonlinear programming problem
Minimize f (X)
Subject to g;(x) <0 fori=1,..,m
hi(x) =0 fori=1,..,1

“A vector x satisfying all the constraints is called a feasible solution to the
problem. The collection of all such solutions forms the feasible region. The
nonlinear programming is to find a feasible point x'such that f(x) > f(x") for
each feasible point x. Such a point x' is called an optimal solution to the problem.
If more than one optimum exists they are referred to as alternative optimal
solutions.” [5]

In [6] a semi analytical method is given to find the global minimum of a nonlinear

programming problem with nonnegative variables.
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8.1 Genetic algorithms to find the global minimum of a nonlinear programming
problem

According to [12] most methods called “Genetic Algorithms (GAS)” have at least the

following elements in common:populations of chromosomes, selection according to

fitness, crossover to produce new offspring, and random mutation of new offspring.

“Each chromosome can be thought of as a point in the search space of candidate
solutions. The GA processes populations of chromosomes, successively replacing
one such population with another. The GA most often requires a fitness function
that assigns a score (fitness) to each chromosome in the current population. The
fitness of a chromosome depends on how well that chromosome solves the
problem at hand.”[12]

GA Operators

“The simplest form of genetic algorithms involves three types of operators:
selection, crossover and mutation. Selection operator selects chromosomes in the
population for reproduction. The fitter the chromosome, the more times it is likely
to be selected to reproduce. Crossover operator randomly chooses a locus and
exchanges the subsequences before and after that locus between two
chromosomes to create two offspring.”[12]

A simple Genetic Algorithm

“1. Start with a randomly generated population of n chromosomes
2. Calculate the fitness f(x) of each chromosome x in the population.
3.Repeat the following steps until n offspring have been created:
a.Select a pair of parent chromosomes from the current population, the
probability of selection being an increasing function of fitness. Selection is done
“with replacement”, meaning that the same chromosome can be selected more
than once to become a parent.
b.With probability p. (the “crossover probability”) cross over the pair at a
randomly chosen point to form two offspring. If no crossover takes place,
form two offspring that are exact copies of their respective parents.
c.Mutate the two offspring at each locus with probability p,, (the mutation
probability) and place the resulting chromosomes in the new population.
4.Replace the current population with the new population.
5.Go to Step 2.’[12]
“Each iteration of this process is called a generation. A GA is typically iterated for

anywhere from 50 to 500 or more generations.”[12]
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Classification of Encodings
“How to encode a solution of the problem into a chromosome is a key issue when
using GAs.”[15] According to [15] , according to what kind of symbol is used as the
alleles of a gene, the encoding methods can be classified as follows:

e Binary Encoding

e Real-number Encoding

e Integer or literal permutation encoding

e General data structure encoding
Binary encoding is not suitable for global optimization problems with too many
variables. For example if a there are 8 variables in a global optimization problem and
10 bit long chromosomes are used to represent each variable it is necessary to deal
with 80 bit long chromosomes. In such situations it is advised in [15] to use real-
number encoding. In the present study Real-number encoding is used for the genetic

algorithm since there are plenty of variables in the global optimization problems.

Selection Probability

“This issue concerns how to determine selection probability for each
chromosome.In proportional selection procedure, the selection probability of a
chromosome is proportional to its fitness. This simple scheme exhibits some
undesirable properties. For example, in early generations there is a tendency for a
few super chromosomes to dominate the selection process; in later generations
when population is largely converged, competition among chromosomes is less
strong and a random search behaviour will emerge. Scaling and ranking
mechanisms are proposed to mitigate these problems. Scaling method maps raw
objective function values to some positive real values and the survival probability
for each chromosome is determined according to these values. Ranking method
ignores the actual objective function values and uses a ranking of chromosomes
instead to determine survival probability.” [13]

In general, the scaled fitness f, from the raw fitness f, for chromosome k can be

expressed as follows:

fk =g(fi) (8.1)
where the function g(.) transforms the raw fitness into scaled fitness. The function

0(.) may take different forms to yield different scaling methods. These methods can

be roughly classified into two categories:
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e Static Scaling

e Dynamic Scaling
“The mapping relation between the scaled fitness and raw fitness can be constant to
yield static scaling methods, or it can vary according to some factors to vyield
dynamic scaling methods.”[13] In [13] several different scaling methods are
discussed in further detail. These are:

e Linear Scaling

e Dynamic Linear Scaling

e Sigma Truncation

e Power Law Scaling

e Logarithmic Scaling

e Normalizing

e Boltzmann Selection
“In the Rank Scaling method the idea is sorting the population from the best to the
worst and assigning the selection probability of each chromosome according to the
ranking but not its raw fitness.”[13] “Two methods are in common use: linear
ranking and exponential ranking. Let p, be the selection probability for the kth
chromosome in the ranking of population; the linear ranking takes the following
form:”[13]

pe=q—(-1Dxr (8.2)

where q is the probability for the best chromosome. “Let g, be the probability for the

worst chromosome; the parameter r can be determined as follows:”[13]

b4 ®.3)
PODPsize — 1

In this study Rank scaling is employed as the selection probability method.
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Selection

“The principle behind genetic algorithms is essentially Darwinian natural
selection.Selection provides the driving force in a genetic algorithm. With too much
force, genetic search will terminate prematurely; with too little force, evolutionary
progress will be slower than necessary. The selection directs the genetic search
toward promising regions in the search space.”[15]

“In the Roulette Wheel Selection method the basic idea is to determine survival
probability for each chromosome proportional to the fitness value.”[15] “Then a
model roulette wheel can be made displaying these probabilities. The selection
process is based on spinning the wheel the number of times equal to population size,

each time selecting a single chromosome for the new population.”[15]

Other selection methods are discussed with further detail in [15]. These are:
e (u+A) Selection
e Tournament Selection

In this study roulette wheel selection method is employed as the selection method.

Crossover

“With the bit string representation a random cut-point is chosen and the offspring is
generated by combining the segment of one parent to the left of the cut-point with the
segment of the other parent to the right of the cut-point.” [13]

With real number encoding Arithmetical Crossover is used. In this method to form a
combination of two chromosomes the weighted average of two vectors x; and x, , x;
and x, being two chromosomes, is calculated. Arithmetic crossover is defined as the
combination of two vectors as follows:
X =A% + A%, (8.6)
X = AMx, + Ayxq (8.7)
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According to the restriction on multipliers, it yields to three types of crossovers:
convex crossover, affine crossover and linear crossover.[15] When A; = 4, it is
called average crossover in [15]. In this study arithmetical average convex crossover

is employed as the crossover method since reel-numbered encoding is used.

Mutation
With the bit string representation some of the bits in a chromosome are flipped[12].
“Mutation can occur at each bit position in a string with some probability, usually

very small.”’[12]

Nonuniform Mutation is given for real-number encoding. “For a given parent x if the
element x, of it is selected for mutation, the resultant offspring is
X = (X1, e, X, - Xn), Where % is randomly selected from the following two
possible choices:”[12]

x'k =x; + A(t, X][C] - xk) (88)
x’k =X — A(t, X — x]l(l) (89)

“The function A(t,y) returns a value in the range [0, y] such that the value of A(t,y)
approaches 0 as t increases(t is the generation number).The function A(t,y) is given
as follows:[12]

Aty) = yr(1 - ) (8.10)

“Where r is a random number from [0,1], T the maximum generation number, and b

a parameter determining the degree of nonuniformity.”[15]

In this study nonuniform mutation is employed as the mutation method.
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Constrained Optimization

“The central problem for applying genetic algorithms to the constrained optimization
is how to handle constraints because genetic operators used to manipulate the
chromosomes often vyield infeasible offspring.” There are several techniques to
handle constraints with genetic algorithms. The existing techniques can be roughly
classified as follows:[13]

e Rejecting Strategy

e Repairing Strategy

e Modifying Genetic Operators Strategy

e Penalizing Strategy

Rejecting Strategy

“This strategy discards all infeasible chromosomes created throughout the
evolutionary process. This method may work reasonably well when the feasible
search space is convex and it constitutes a reasonable part of the whole search
space. However such an approach has serious limitations. For example when the
initial consists of infeasible chromosomes only, it might be essential to improve
them. Moreover, quite often the system can reach the optimum more easily if it is
possible to cross an infeasible region.”[13]

Repairing Strategy

“Repairing a chromosome involves taking an infeasible chromosome and generating
a feasible one through some repairing procedure.” This strategy depends on the
existence of a deterministic repair procedure to convert an infeasible offspring into a
feasible one. “The weakness of the method is in its problem dependence. For each
particular problem a specific repair algorithm should be designed. Also for some
problems the process of repairing infeasible chromosomes might be as complex as

solving the original problem.”[13]
Modifying Genetic Operator Strategy

“In this strategy problem-specific representation and specialized genetic operators

are invented to maintain the feasibility of chromosomes.”[13]
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Penalty Strategy

“This technique transforms the constrained problem into an unconstrained problem
by penalizing the infeasible solutions, in which a penalty term is added to the
objective function for any violation of the constraints.”[13] “Most penalty techniques

belong to the class of problem-dependent approach.”[13]

Hybrid Genetic Algorithms

“In hybrid genetic algorithms local optimization is incorporated as an add-on extra to
the simple genetic algorithm loop of recombination and selection.”[13] “With this
approach local optimization is applied to each newly generated offspring to move it
to a local optimum before injecting it into the population.”[13] “Genetic algorithms
are used to perform global exploration among a population, while local optimization
methods are used to perform local exploitation around chromosomes.”[13] “Because
of the complementary properties of genetic algorithms and conventional optimization

methods the hybrid approach often outperforms either method operating alone.”[13]

In this study, hybrid genetic algorithm approach is adopted as the global optimization
method.

THE PROPOSED GLOBAL OPTIMIZATION METHOD

The following operations are carried out at each iteration step of the hybrid genetic
algorithm:

(1) A few different solution guesses are made at step k = 1 in the beginning
of the procedure. A raw population is formed by defining these guesses as
initial chromosomes. Later, the mature population of step k = 1 is
obtained by maturizing the chromosomes of this raw population. Later,
the procedure proceeds to step k = 2.

(i)  Atan intermediate step k (k>1) of the procedure, a new raw population is
obtained by applying crossing-over and mutation operations to the
chromosomes in the mature population of step k-1. Later, the mature
population of step k is obtained by maturizing the chromosomes of this
raw population. Later, the procedure proceeds to step k+1.
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(ili)  Maturization is done as follows: A raw chromosome is considered as an
initial solution guess and maturized by applying a gradient based local
optimization method upon it. The applied gradient based method may
give the global solution as well as a local solution. In other words, a
maturized chromosome emerges as the representative of a global or local
optimum.

(iv)  The iteration is continued until k = N for a chosen N. The best member of
the last maturized population is accepted as the global optimum.

HOW TO DETERMINE THE VALUES OF THE GENETIC ALGORITHM
PARAMETERS
Mutation rate is supposed to be low that is how the value for that parameter was

determined as .001.

To be able to apply optimal redundancy resolution for a single trajectory 400
different global optimizations are done. For different steps of a given trajectory and
for different trajectories it is not practical to use different values for b (degree of
nonuniformity in nonuniform mutation) and pc (probability of crossover) parameters.
The values for b and pc have been obtained according to the potential energy
optimization results. A tip point position was determined and genetic algorithm was
run with different b and pc values for that position and b and pc values were searched
that would let the global optimum for that position to be found. When b was 3 and pc
was .8 global optimum was caught. The typical value for pc was already given as .7
in [15]. So different values around .7 were tried for pc. As for b, integer values were
tried.

This is how it was made sure that the genetic algorithm found the global optimum.
All the local optima obtained by the hybrid genetic algorithm and the potential
energy values at these local optima were recorded. It was seen that the global

minimum produced by the hybrid genetic algorithm was equal to the minimum of the
potential energies of the obtained local optima. Later it was seen that the hybrid
genetic algorithm yielded the global minimum for different tip point positions with
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these values of b and pc. The reason for this was that by changing the tip point

position the global optimization problem did not change by much.

8.2 Local Optimization
In what follows Karush-Kuhn-Tucker Optimality Conditions, Successive Quadratic
Programming Approach, One Dimensional Unconstrained Optimization, Multi
Dimensional Constrained Local Optimization, and Multi Dimensional unconstrained

local optimization are discussed.

Karush-Kuhn-Tucker Optimality Conditions

Consider the Problem P given below:
Minimize f (X)
subjectto g;(x) <0  fori=1,..,m
hi(x) =0 fori=1,..,1
X €X

Let x solve the problem stated above locally. Then the following conditions must be

satisfied:
m l . (8.11)
VF(E) + Z WV gy (%) + Z 1, Vh; (%) = 0
i=1 i=1
u;g;i(x) =0 fori=1,..,m (8.12)
u =0 fori=1,..,m (8.13)

In the above conditions V stands for gradient. There is no condition on v;.[5]

The conditions at optimality given above are known as the Karush-Kuhn-Tucker
Optimality Conditions. There is a globally convergent numerical algorithm called as
MSQP(Merit Sequential Quadratic Programming) which solves the above conditions
together with the original equality and inequality constraints in the nonlinear
programming problem starting from any given initial guess. For the logic behind this

algorithm to be better understood first sucessive quadratic programming must be
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explained.

Successive Quadratic Programming Approach:

To present the concept of this method, consider the equality-constrained nonlinear
problem , where xe R™, and all functions are assumed to be continuously twice
differentiable.
P: Minimize f(x)
subject to h;(x) =0, i=1,..,L
The extension for including inequality constraints is motivated by the following
analysis for the equality-constrained case and is considered subsequently.

The KKT optimality conditions for Problem P require a primal solution x e R™ and a
Lagrange multiplier vector ¥ € R* such that

l (8.14)
VF(E) + Z v Vhy(%) = 0

hl(f) = O, i = 1, ,l

“Let us write this system of equations more compactly as W (x, 7) = 0. We now use

the Newton-Raphson method to solve the above set of equations.”[5] Hence we solve

W (&7 + VW (G 505 _ 5| = 0 (819
V— Vg

to determine the next iterate (i, 7) = (Xy41, Uk+1), Where VW denotes the Jacobian

of W. “Defining V2L(x;) = V2f (&) + Xi_; vk V2h; (%) to be the usual Hessian of

the Lagrangian at x,with the Lagrange multiplier vector #,, and letting Vh denote

the Jacobian of h comprised of rows Vh; (%)t fori = 1,...,1 we have the following

equality”[5]

V2L(%,) Vh(x,)t (8.16)

VW) = | or 20 0
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Using (8.14) and (8.16) we can rewrite (8.15) as
V2L(%) (% — %) + V(%) (7 — 7)) = —Vf (%) — Vh(x) T
Vh(x,) (% — %) = —h(%)
Substituting d = X — Xy, this in turn can be rewritten as

V2L(%,)d + Vh(%,)t0 = —Vf (%) (8.17)
Vh(%)d = —h(%)

We can now solve for (d,7) = (dy, Dy41) Using this system. “Setting ., = X +
d,, we then increment k by 1 and repeat this process until d = 0 happens to solve
(8.17). When this occurs we shall have found a KKT solution for problem P.”[5]

“Now instead of adopting the foregoing process to find any KKT solution for P, we
can instead employ a quadratic minimization subproblem whose optimality
conditions duplicate (8.17).”[5] Such a quadratic program is stated below:

QP (X, Vg): Minimize f(x,)+ Vf(x)td + %&tsz(fR)d (8.18)

subject to h;(%,) + Vh;(X)'d =0, i=1,..,1

“We now consider the inclusion of inequality constraints g;(x¥) < 0,i =1, ....,m in
Problem P, where g; are continuously twice differentiable for i = 1,...,m. This
revised problem is restated below.”[5]
P: Minimize f(x)
subject to g;(x) <0, i=1,..,m
hi(x)=0, i=1,..,1

“For this instance, given an iterate (X, 17y), wherei, =0 and 7, are,
respectively the Lagrange multiplier estimates for the inequality and the equality
constraints, we consider the following quadratic programming subproblem as a direct
extension of (8.18).”[5]

Qp(fk; ﬂkﬁk): Minimize f(fk) + Vf(fk)tj + %Jtvzl‘(fk)& (819)
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subject to g; (%) + Vg;(%,)td < 0, i=1,..,m
hi(fk) + Vhl(fk)tj = O, i = 1, ,l
where V2L(%) = V2 f (%) + 2123w V2 gi (X)) + Xtoq vk V2hi (%)

“If d,, solves QP (X, 1%y, V) With Lagrange multipliers iy, and v, and if
d, = 0, then X along with (if,,1, U+1)Yields a KKT solution for the original
Problem P. Otherwise we set X, = %, + d, increment k by 1 and repeat the
process. It can be shown that if x is a regular KKT solution which together with
(u, 7) satisfies the KKT optimality conditions and if (i, i, ;) is initialized
sufficiently close to (x,u,v) the foregoing iterative process will converge
quadratically to (x, u, v).”[5]

“A principal disadvantage of the SQP method described thus far is that convergence
Is guaranteed only when the algorithm is initialized sufficiently close to a desirable
solution, whereas, in practice this condition is usually difficult to realize.”[5] The
following merit function SQP algorithm is a globally convergent variant of the SQP
algorithm.

Summary of the Merit Function SQP algorithm(MSQP)

“Initialization Put the iteration counter at k = 1 and select a starting solutionzx;,. Also,
select a positive definite approximation B, to the Hessian V2L(x,) defined with
respect to some Lagrange multipliers &, = 0 and v, associated with the inequality
and equality constraints , respectively of Problem P.”[5]

“Main Step  Solve the quadratic programming subproblem QP given by (6) with
V2L(x,) replaced by B, and obtain a solution d, along with Lagrange multipliers
(g 41, Vi41) - 1Fdj, = 0 then stop with x;, as a KKT solution for problem P having
Lagrange multipliers (ify4q, Pk4+1) . Otherwise, find X,.q = X, + A,d;,Whereld,
minimizes Fg (%, + Ady)over A€ R, 1> 0.Update B, to a positive definite matrix

Bj.+1- Increment k by 1 and repeat the Main Step.”[5] F (%) is given as follows:

m l
Fe(®) = f(2) + k) max{0,:(D} + ) IL@)

where u > max{uy, ..., Uy, |1, ..., |71 }.[5]
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A scheme for updating By, to a positive definite matrix By is given in [14] as

follows:

P = Xgy1 — Xg

m l
Vfobjlagr(Xyi+1) = Vf(X41) + Z Up+1iVGi (Kps1) + z Viet1i VA (Xpt1)
i=1 i=1

m l
Vfobjlagr(x,) = Vf(xy) + z U1V 9 (Xx) + z Vet1: VR (%)
i1 i1

q = Vfobjlagr(xy,1) — Vfobjlagr (%)
If ptq = .2 *p' x By xp then Ogpgs = 1 Else Ogpgs
= 8xp'* B xp/(p* * By xp —p' % q)
N = Ogpgs * q + (1 — Oppgs) * B *p
N *N' Bp*p=*p'=B

To solve the QP subproblem in the MSQP algorithm local constrained optimization
must be employed. To be able to find A, which minimizes Fz(x; + Ad;,)one
dimensional unconstrained optimization must be employed. In the following, both of

these two concepts are explained in detail.

One Dimensional Unconstrained Optimization

“One dimensional search is the backbone of many algorithms for solving a
nonlinear programming problem. Many nonlinear programming algorithms
proceed as follows. Given a point %, , find a direction vector d, and then a
suitable step size 4, , yielding a new point ., = X, + Ady; the process is then
repeated. Finding the step size A, involves solving the subproblem to minimize
f(fk +Acfk) which is a one-dimensional search problem in the variable A.
Consider a function 6 of one variable A to be minimized. One approach to
minimizing 0 is to set the derivative 8’ equal to 0 and then solve for A. Note,
however that 6 is usually defined implicitly in terms of a function f of several
variables. In particular, given the vectors ¥ and d,6(1) = f(x + Ad). If f is not
differentiable, then Owill not be differentiable. If f is differentiable then 6'(1) =
dtVf(x + Ad). Therefore to find a point 2 with 8’(1) = 0 we have to solve the
equation d'Vf(x + Ad) = 0, which is usually nonlinear in A. Furthermore 2
satisfying 6'(1) = 0 is not necessarily a minimum; it may be a local minimum, a
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local maximum, or even a saddle point. For these reasons minimizing 6 by letting
its derivative be equal to zero is avoided. Instead, some numerical techniques are
employed for minimizing the function 6.”[5]

Line Search Without Using Derivatives

In what follows golden section method is presented as the only line search method
without using derivatives.

GOLDEN SECTION METHOD

“Consider the line search problem to minimize 6(1) subject to a < A < b. Since the
exact location of the minimum of @ over [a, b] is not known , this interval is called

the interval of uncertainty.”[5]

Following is a summary of the golden section method for minimizing a function over
the interval [a,, b;].[5]

“Initialization Step: Choose an allowable final length of uncertainty £ > 0. Let
[a;, b,] be the initial interval of uncertainty, and let p; = a; + (1 — a)(b; —
a;)and u; = aq + a(b; — a,), where a = .618. Evaluate 6(p;) and 6(u,), letk =
1, and go to the Main Step.

Main Step:

1. If bp—a,<l, stop; the optimal solution lies in the interval
[ak, by ]. Otherwise, if 6(p,) > 0(uy), go to step 2; and if 6(p,) <
6(uy), go to Step 3.

2. Let ag,q = py andby,, = by. Furthermore, let py.; = pur and let ppq =
Qg1 + @(brsq — ag41). Evaluate 0 (uy1) and go to Step 4.

3. Let ap,; = ay and by, = u. Furthermore, let y,,.1 = px, and let py,, =
a1 + (1 — a)(bygy1 — ax41)- Evaluate 6(pi44) and go to Step 4.

4. Replace k by k + 1 and go to Step 1.”[5]

In this study golden section method is employed as the one dimensional

unconstrained optimization method since it yields a global solution.
Line Search Using Derivatives

In what follows, bisection search method and newton’s method are presented as the

two line search methods using derivatives.
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BISECTION SEARCH METHOD

“Initialization Step: Let [a, by |be the initial interval of uncertainty, and let ¢ be
the allowable final interval of uncertainty. Let n be the smallest positive integer
such that (%)" < ¥¢/(b; — a;). Letk = 1 and go to the Main Step.

Main Step:

1. Let A = (%) (ay + by)and evaluate 6'(A,).If 6'(4;) = 0, stop; A, is an
optimal solution. Otherwise, go to Step 2 if6'(1;) > 0, and go to Step 3 if
6'(A) <O.

Let ap,1 = a, and by, = A;. Go to Step 4.

Let ay,,; = Axand by, = by.Go to Step 4.

4. If k = n, stop; the minimum lies in the interval [a,4q1bpe1]. Otherwise,
replace k by k+1 and repeat Step1.”[5]

wn

This method is not employed in this study since it can yield a local solution or it may
yield an interval rather than a single point.

NEWTON’S METHOD

“Newton’s method is based on exploiting the quadratic approximation of the function

6 at a given point 4,.”[5] This quadratic approximation q is given by

1
q() = 0(A) + 0" (A (A — ) + 50" (A (A - Me)?
“The point A;,,is taken to be the point where the derivative of q is equal to zero.”
[5] This yle|dS 9'(1,() + Hll(lk)().k_l_l - Ak) =0,so0 that

0" (Ay)
6" (Ax)

“The procedure is terminated when |A,,1 — Ax| < € or when |8’ (4;)| < &, where ¢

Aevr = A —

IS a prespecified termination scalar.”[5]

“Note that the above procedure can only be applied for twice differentiable functions.

Furthermore, the procedure is well defined only if 8" (4;) # 0 for each k.”’[5]

In this study this method is not employed since it may yield a local solution.
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Multi Dimensional Constrained Local Optimization

In what follows penalty functions are presented as the only multi dimensional

constrained local optimization method.

Penalty Functions
“Methods using penalty functions transform a constrained problem into a single
unconstrained problem or into a sequence of unconstrained problems. The constraints
are placed into the objective function via a penalty parameter in a way that penalizes
any violation of the constraints.”[5] “To motivate penalty functions, consider the
following problem having the single constraint h(d):”[5]

Minimize  f(d)

subjectto  h(d) = 0.
“Suppose that this problem is replaced by the following unconstrained problem,
where p > 0 is a large number:”[5]

Minimize f(d) + uh*(d)

subject to d e R™
“It can intuitively be seen that an optimal solution to the above problem must have

h?(d) close to zero, because otherwise, a large penalty ph?(d) will be incurred.”[5]

“Now consider the following problem having single inequality constraint g(d) <
0:"[5]

Minimize  f(d)

subjectto  g(d) < 0.
“It is clear that the form f(d) + ug?(d) is not appropriate, since a penalty will be
incurred whether g(d) < 0 or g(d) > 0. A penalty is desired only if the point d is
not feasible, that is , if g(cf) > 0.”[5] A suitable unconstrained problem is therefore
given by :

Minimize f(d) + p maximum{0, g(d)}

subject to deR™.
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If g(cf) < 0, then max{O,g(J)} = 0, and no penalty is incurred. On the other
hand, if If g(d) >0 then max{0,g(d)} >0 and the penalty term pg(d) is

realized.

“In general, a suitable penalty function must incur a positive penalty for infeasible
points and no penalty for feasible points.”[5] “If the constraints are of the form
gi(d) <0fori=1,..,mand h;(d) = 0 fori = 1,...,1 a suitable penalty function
a is defined by
a(d) =T ¢[g:(@D] + Zica wIm(D)],
where ¢ and 1 are continuous functions satisfying the following:[5]
p(y)=0 ify<o0 and ¢(y)>0 ify>0

Yy)=0 ify=20 and Y)>0 ify+0

Typically, ¢ and v are of the forms

¢(y) = [max{0,y}]?
Y(») = lylP

where p is a positive integer. Thus, the penalty function « is usually of the form

a(d) = X1, [max{0, gi (DY) + Tie|hi(d)]”-

The function f(d) + pa(d)is referred to as the auxiliary function.

“Returning to the primal problem:
Minimize  f(d)
subjectto  g;(d) <0  fori=1,...m
hi(d)=0 fori=1,..1
deD,
where f,g91,....9m, h,...,h; are continuous functions on R™ and D is a nonempty

set in R™, suppose that the problem has a feasible solution, and let abe a
continuous function given by

a(d) = X, ¢[gi( @] + Tio p[r(d)],

where ¢ and y are continuous functions satisfying the following:
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¢(y)=10 ify<o0 and ¢(y)> 0 ify>0
Y(y)=0 ify=0 and Yy)> 0 ify#0

Furthermore, suppose that for each u there exists a solution Jue D to the problem
to minimize f(d) + pa(d) subject to deD. The limit d of any convergent
subsequence of {d,} is an optimal to the original problem , and pa(d,) -
0 as u — oo. The optimal solution d,, to the problem to minimize f(d) + ua(d)
subject to deD can be made arbitrarily close to the feasible region by choosing u
large enough. The optimal points {d, } are generally infeasible but as the penalty
parameter u is made large, the points generated approach an optimal solution from
outside the feasible region. Hence this technique is also referred to as an exterior
penalty function method.”[5]

“Most algorithms using penalty functions employ a sequence of increasing penalty

parameters. With each new value of the penalty parameter an optimization technique
is employed, starting with the optimal solution obtained for the parameter value
chosen previously.”[5]

Summary of penalty function methods:

“Initialization Step: Let € > 0 be a termination scalar. Choose an initial point d,
a penalty parameter pu; > 0, and a scalar § > 1. Let k = 1, and go to the Main
Step.
Main Step:
1. Starting with d,, solve the following problem:

Minimize f(d) + wa(d)

subjectto d e D

Let d,,,, be an optimal solution and go to Step 2.
2. |If uka(c?kﬂ) < & stop; otherwise, let uy,1 = Buy, replace k by k+1 and

go to Stepl.”[5]

“For the types of penalty functions considered thus far, it is necessary to make the
penalty parameter infinitely large in a limiting sense to recover an optimal
solution.”[5] However, it is also possible to design penalty functions which are
capable of recovering an exact optimal solution for reasonable finite values of the
penalty parameter u without the need for u to approach infinity. Below two penalty
functions are presented that possess this property and are therefore known as exact

penalty functions.[5]

89



THE ABSOLUTE VALUE PENALTY FUNCTION
“The absolute value penalty function conforms with the typical form

a(d) = Z[max{o, g @) + Z|hi(a)|”

with p = 1.”[5] It is given as:

Fe(d) = £(d) + M[Z max{(0, g,(d)} + Zmi(a)n

AUGMENTED LAGRANGIAN PENALTY FUNCTION

“Augmented Lagrangian (ALAG) penalty function not only recovers an exact
optimum for finite penalty parameter values but also enjoys the property of being
differentiable.”[5] “ALAG penalty function is given as:

l l
Faac(d2,9) = £(d) + Z v hy(d) + Z neqih?(d)

+ Z uineq;max {gl(d)

where % and v are the lagrange multipliers corresponding to the inequality and

Zymeql } 4/uneql

equality constraints respectively at the optimal solution.”[5] The fundamental
schema of this type of algorithm is as follows:

“Initialization Step: Select some initial Lagrangian multiplier vector & and ¥ and
positive values ueq,, ..., ueq; and upineqs, ..., hineq,, for the penalty parameters.
Let d, be a null vector, and denote VIOL(d,) = o , where for any deR",
vioL(d) = max{|hi(cf)|,max{O,gj(cf)}:i =1,..,l j=1,..,m} is a measure
of constraint violations. Put k = 1 and proceed to the inner loop of the algorithm.

Inner Loop: Penalty Function Minimization Solve the unconstrained problem to
minimizeF,,4¢(d, @, 7) subject to deR™, and let d;, denote the optimal solution

obtained. If VIOL(c?k)is less than some tolerance ¢ stop, with d, as a KKT point.
Otherwise, if VIOL(dy) < (i)VIOL(Jk_l), proceed to the outer loop. On the
other hand, if VIOL(JR) > 1/4VIOL(JR_1) , then for each constraint i = 1,...,1
and j = 1,...m for which |h;(d)|> 1/4VIOL(dy_,) and max{0,g;(d)} >
1/4V10L(c2k_1), replace the corresponding penalty parameter u by 10 4 and
repeat this inner loop step.

Outer Loop: Lagrange Multiplier UpdateReplace v by vy, , and @ by iy,
where
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(vnew)i =v; + 2ueqihi(07k) _for 1= 1,...,1.
(Unew)i = w; + max{2uineq;g;(dy) , —u;} fori=1,...,m.
Increment k by 1, and return to the inner loop.”’[5]

In this study ALAG penalty function method is employed as the MultiDimensional

Constrained Local Optimization method.
In order to solve the unconstrained problem emerging in the inner loop of the ALAG
penalty function method a multi dimensional unconstrained local optimization

algorithm must be employed.

Multi Dimensional unconstrained local optimization

In what follows method of steepest descent method ,method of newton and
Levenberg-Marquardt method are presented as three methods for multi dimensional

unconstrained local optimization.

Method of Steepest Descent

“A vector § is called a direction of descent of a function f at dif there exists a § > 0
such that f(d + A5) < f(d)for all 2€(0,8).”[5] “The method of steepest descent
moves along the direction 5. If f is differentiable at d with a nonzero gradient, then
—Vf(d) is the direction of steepest descent. Given a point d, the steepest descent
algorithm proceeds by performing a line search along the direction —Vf(c?).”[S]

“Initialization Step: Let € > 0 be the termination scalar. Choose a starting point
dy, letk =1, and go to the Main Step.

Main Step:

If [|[VF(di)| < & stop; otherwise, let 5, = —Vf(d, ), and let A;be an optimal
solution to the problem to minimize f(d, + AS;) subject to A > 0. Let dy,; =
dy + A8y, replace k by k+1 and repeat the Main Step.”[5]

Method of Newton
“To motivate the procedure, consider the following approximation g at a given

point d,
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q(d) = f(d) +Vf(de) (d—di) +%(‘i_ di ) H(dy )(d — dy)
where H(cfk) is the Hessian matrix of f at d,.”[S] “A necessary condition for a
minimum of the quadratic approximation q is that Vq(d) =0, or Vf(d )+
H(d, )(d — d;, ) = 0.”[5] Assuming that the inverse of H(d}, ) exists, the successor
point dy,, is given by
disr = dye — H(dy)7'Vf(di )

This procedure is continued until ||V£(d}, )||is smaller than a termination scalar « .

“If Newton’s method is initialized close enough to a local minimum d with a positive
definite Hessian H(d), then it converges quadratically to this solution.”[5] “The
method may not be defined because of the singularity of H(d, ) at a given point d,
or the search direction 5, = H(d, )‘1Vf(c?k) may not be a descent direction or

even if it is a descent direction a unit step size might not give a descent in f.”[5]

Modification of Newton’s Method: Levenberg-Marquardt

“Through a modification of Newton’s method it is possible to design a well-defined
algorithm that converges to a point of zero gradient irrespective of the starting
solution.”[5]

“Given d consider the direction § = —BVf(d)where B is a symmetric positive
definite matrix. The matrix B is specified as (xI + H)~* where H = H(d). The
algorithmic scheme of determining the new iterate d,,, from an iterate d,
according to the solution of the system

(Kkl + H(dj )) (disr —di) = =Vf(dy)
is known as a Levenberg-Marquardt method.”[5]
The rest of this algorithm is as follows.

“Given an iterate d, and a parameter k, > 0, first ascertain the positive
definiteness of k.l +H (c?k) by attempting to construct its Cholesky
factorization. If this is unsuccessful , then multiply k, by a factor of 4 and repeat

until such a factorization is available. Then solve the system via (;ck1+
H(cik))(c?k+1 —dy )= —Vf(dy) to obtaindy,,;. Compute f(dy,,) and

determine R, as the ratio of the actual decrease f(dy) - f(dj41) in f to its
predicted decrease q(d ) - q(dx+ ) as foretold by the quadratic approximation q
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to f at d=d, . If R, <.25 , put ky4q = 4ky; if Ry >.75put kypq = Ki/2 ;
otherwise put k., = k. Furthermore, in case R, < 0so that no improvement in f
is realized, reset d,,.; = d, ; or else, retain the computed d,,,. Increment k by 1
and reiterate until convergence to a point of zero gradient is obtained.”[5]

In this study Levenberg-Marquardt is employed as the Multi Dimensional
unconstrained local optimization method ince it is a globally convergent method.
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CHAPTER 9

RESULTS

Firstly, the manipulator was made to follow trajectory 1. For this simulation the
following values have been used for L1,Lp, LP1, LC1, LP2, LC2, LP3, LC3,3, b, c
and d.

L1=2;Lp=2;LP1 =2;LC1 =1.5;LP2 =25;LC2 =2;LP3 =2;LC3 =1.5;a

=7;b=1c=1d=7
The following initial conditions have been used for Kinetic Energy and Total Power
Optimizations:
pl = 4.8204 meters p2 = 5.3629 meters p3 = 3.3358 meters

i
Hz%ra

0,2, = —0.0863 ra; 05, = —0.6991 ra; 6y = 1.8170 ra; 6yg = 0.1855 ra;

_p
¢>—12 ra

pl = p2 = p3 = 0 meter/sec
0 =015 =03, = 0ps = Ogg = ¢ = 07a/sec
The x and y coordinates of the tip point in trajectory 1 followed by the tip point are

shown below in figures 9.1 and 9.2 respectively.
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Figure 9.1: The x coordinate of the tip point in trajectory 1
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Figure 9.2: The y coordinate of the tip point in trajectory 1

The trajectories of the active joint variables that have been obtained after carrying
out the optimal redundancy resolution for trajectory 1 are shown below in figures
9.3,9.4,9.5 and 9.6.
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Figure 9.4: The trajectory obtained for s,
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Figure 9.6: The trajectory obtained for 6

The graphs that have been obtained for the variations of potential energy, kinetic

energy and total power against time are shown below in figures 9.7,9.8 and 9.9.
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Figure 9.7: Variation of potential energy with time
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Figure 9.8: Variation of kinetic energy with time
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CHAPTER 10

DISCUSSION AND CONCLUSIONS

With the pseudo inverse of the jacobian method redundancy resolution can be done
only at the velocity level. With the application of this method to parallel
manipulators a cost function of only the active joint variables themselves is
minimized. Since redundancy resolution is done at the velocity level an error
accumulation can occur. With the pseudo inverse method joint limit avoidance can
be achieved by assigning a proper cost function. However with the method presented
in this thesis both joint limit avoidance and the optimization (minimization)of a cost
function can be achieved at the same time. With the augmented Jacobian method as
many additional tasks as the number of degree of redundancy can be achieved while
the tip point follows the desired trajectory. With the method of this thesis only two
additonal tasks can be achieved, one being joint limit avoidance and the other
minimization of a cost function, no matter what the degree of redundancy is. The
configuration control method is an approximate method so the tip point may not
follow the desired trajectory closely. It only approximates the desired trajectory.
However with this method there is no restriction on the dimension of the additonal
tasks. The redundancy resolution method at the position level with lagrange
multipliers can be applied to parallel manipulators. Though with this method
inequality constraints are ignored. And also it is not explained how to solve the
emerging set of nonlinear equations. The redundancy resolution method applied at
the position level for singularity avoidance to a parallel manipulator can be employed
for other parallel manipulators. However in this method the details of the
optimization procedure is not explained. Compared to the optimal redundancy
resolution method presented in this study only singularity avoidance task can be
realized. However with the method presented in this study many different

optimization tasks can be achieved. Also the method of this study can be applied to
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serial manipulators, too. The disadvantage of the method of this thesis is that it
sometimes yields unsmooth results and it may be necessary to use different genetic
algorithm parameters for different types of manipulators. Unsmooth results
sometimes appear in the potential energy, kinetic energy and total power graphs. It is
always possible to use a suboptimal path for the joint positions at the time steps
where unsmooth regions arise. Another disadvantage of the optimal redundancy
resolution method of this thesis is that it can hardly be used online while a task is
being performed. However, it can be used off-line in order to make an optimal

trajectory planning for a desired task.

By inspecting the results of all three optimal redundancy resolutions that have been
done along the trajectory which has been shown as trajectory 1, it has been
concluded that the employed hybrid genetic algorithm finds the global minimum for
all three redundancy resolutions at each step of this trajectory. In redundancy
resolution at the position level, global optimization problems that emerge at about
ten different steps along the trajectory have been seperately solved one by one with
hybrid genetic algorithm. It has been seen that the hybrid genetic algorithm yields
global optima at these steps. It has been concluded that global optima have been
found at the remaining steps since the potential energy graph obtained for the
redundancy resolution at the position level is smooth. In redundancy resolution at the
velocity level also | have seperately solved the global optimization problems one by
one that emerge at about ten different steps along the trajectory with hybrid genetic
algorithm.At each one of these steps all the local optima found by the hybrid genetic
algorithm and the kinetic energy values at these local optima have been recorded. It
has been observed that there is a single local optimum at each one of these steps.
Naturally, the hybrid genetic algorithm has converged to the global optimum at these
steps. It has been concluded that global optima have been reached at the time steps
corresponding to the smooth regions of the kinetic energy graph obtained in the
redundancy resolution at the velocity level. The hybrid genetic algorithm has also
been run seperately at the time steps corresponding to the unsmooth regions of the
kinetic energy graph, and it has been observed that at these time steps there is also a
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single local optimum. In redundancy resolution at the acceleration level the global
optimization problems have also been seperately solved with hybrid genetic
algorithm that emerge at about ten different steps along the trajectory.At each one of
these steps all the local optima found by the hybrid genetic algorithm and the total
power values at these local optima have been recorded.It has been observed that
there is a single local optimum at each one of these steps. Naturally, the hybrid
genetic algorithm has converged to the global optimum at these steps. It has been
concluded that global optima have been reached at the time steps corresponding to
the smooth regions of the total power graph obtained in the redundancy resolution at
the acceleration level. The hybrid genetic algorithm has also been run seperately at
the time steps corresponding to the unsmooth regions of the total power graph, and it

has been observed that at these time steps there is also a single local optimum.

If one or some of the prismatic joints enter or leave the joint limits at some time steps
in the prismatic joint graphs obtained as a result of the optimization that have been
done along a trajectory, unsmooth regions may arise in one or some of the potential
energy, kinetic energy and total power graphs at these time steps. The reason for this
is that the first and second time derivatives of the joint positions reach high values at
points where prismatic joints enter and leave joint limits. As a second reason for this
fact it has been thought that the genetic algorithm may have shifted from global
optimum to local optimum at time steps corresponding to the points where prismatic
joints enter and leave joint limits. However it has been observed that there is no shift
from global minimum to local minimum at time steps corresponding to the unsmooth
regions in potential energy, kinetic energy and totalpower graphs. Meaning that the

genetic algorithm finds the global minimum also at these regions.

When the potential energy, kinetic energy and total power graphs obtained as a result
of the three optimal redundancy resolutions are analyzed it can be seen that potential
energy is at its minimum for potential energy optimization, kinetic energy is at its
minimum for Kinetic energy optimization and total power is at its minimum for total

power optimization as expected.
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In the future as an extension of the work done in this thesis, the optimal redundancy
resolution method of this thesis can also be applied to kinematically redundant

spatial parallel manipulators and kinematically redundant serial manipulators.
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APPENDIX A

THE EXPRESSIONS FOR THE ELEMENTS OF THE A AND B MATRICES
IN THE SINGULARITY AVOIDANCE REDUNDANCY RESOLUTION
METHOD

ay =x—{jjcosf; —l;cos(a+ f)=1;cos8,,,
ap; =y—lsmé); —lsima+ F)=l;sn8;, .
ay3 = I3[y, sin(a + B) —ay, cos(a + B)] .
ay) =x—L—1y costy +1y;co8(f—a) =15, costyy
Ay = V=l smn8y —lyysin(f—a) =1y 585, .
ay3 = Iy3[ay sin( f — &) + ay, cos(B — ).
ayy =x—L/2-13 cos6; +1;cos(x +38) =
l3; cosBss .
@3 = y—+3L/2— L sin By + Iz sin(r +35) =
[3, 518,
as3 = —Iss]as sin(e +36) - a;; cos(a + 36)].
andfor i=1.2,3 and j=2(i-1)+1
by = —{a; cos8y +a;sin by ).

— 71 : _ )
by psny =1alay sind —a;; coséy ).
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APPENDIX B

THE EQUALITY CONSTRAINT EQUATIONS FOR OPTIMAL
REDUNDANCY RESOLUTION AT THE VELOCITY LEVEL

Note that in the below equations the following are true:
0 = teta; 0, = tetal2; 05, = teta3p; 6y = teta06; 6,5 = tetal8
s; = pl;s; = p2;s3 =p3;
6 = tetadot; 6,, = tetal2dot; 93p = teta3pdot; Oy = teta06dot; O,g
= teta08dot
s; = pldot; s, = p2dot; s3 = p3dot
X, = xcdot; y, = ycdot; ¢ = phidot; L, = Lp;l; = L,
f, = 0 = tetadot - phidot + tetal2dot + teta3pdot
f, = 0 = pldot*cos(teta + tetal?) - tetadot*(pl*sin(teta + tetal2) + L1*sin(teta) +
(3™M(1/2)*Lp*sin(pi/6 + teta + tetal2 + teta3p))/3) - xcdot - tetal2dot*(pl*sin(teta +
tetal2) + (3M1/2)*Lp*sin(pi/6 + teta + tetal2 + teta3p))/3) -
(3™M(1/2)*Lp*teta3pdot*sin(pi/6 + teta + tetal2 + teta3p))/3
f3 = 0 = tetadot*(p1*cos(teta + tetal2) + L1*cos(teta) + (3°(1/2)*Lp*cos(pi/6 + teta
+ tetal2 + teta3p))/3) - ycdot + tetal2dot*(pl*cos(teta + tetal2) +
(3M(1/2)*Lp*cos(pi/6 + teta + tetal2 + teta3p))/3) + pldot*sin(teta + tetal?) +
(3™M(1/2)*Lp*teta3pdot*cos(pi/6 + teta + tetal? + teta3p))/3
g1 = 0 = pldot*cos(teta + tetal2) - tetadot*(pl*sin(teta + tetal2) + L1*sin(teta) +
Lp*sin(teta + tetal2 + teta3p)) - tetal2dot*(pl*sin(teta + tetal2) + Lp*sin(teta +
tetal2 + teta3p)) -  p2dot*cos(teta6) +  p2*tetaO6dot*sin(teta06)-
Lp*teta3pdot*sin(teta + tetal2 + teta3p)
g, = 0 = tetal2dot*(pl*cos(teta + tetal2) + Lp*cos(teta + tetal2 + teta3p)) +
pldot*sin(teta + tetal2) - p2dot*sin(teta06) + tetadot*(pl*cos(teta + tetal?) +
L1*cos(teta) + Lp*cos(teta + tetal2 + teta3p)) - p2*teta06dot*cos(teta06) +
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Lp*teta3pdot*cos(teta + tetal2 + teta3p)

gz = 0 = pldot*cos(teta + tetal?) - tetal2dot*(pl*sin(teta + tetal2) + Lp*sin(pi/3 +
teta + tetal2 + teta3p)) - p3dot*cos(tetaO8) - tetadot*(pl*sin(teta + tetal2) +
Lp*sin(pi/3 + teta + tetal2 + teta3p) + L1*sin(teta)) - Lp*teta3pdot*sin(pi/3 + teta +
tetal? + teta3p) + p3*tetaO8dot*sin(teta08)

Js = 0 = tetal2dot*(pl*cos(teta + tetal2) + Lp*cos(pi/3 + teta + tetal2 + teta3p)) +
pldot*sin(teta + tetal?) + tetadot*(pl*cos(teta + tetal?) + Lp*cos(pi/3 + teta +
tetal2 + teta3p) + L1*cos(teta)) - p3dot*sin(teta08) - p3*teta08dot*cos(teta08) +
Lp*teta3pdot*cos(pi/3 + teta + tetal? + teta3p)
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APPENDIX C

TERMS APPEARING IN THE TOTAL POWER EXPRESSION

Note that in the below equations the following are true:
0 = teta; 0, = tetal2; 05, = teta3p; 6y = teta06; 6,3 = tetal8
sy =pl;s, =p2;s3 =p3;
6 = tetadot; 0;, = tetal2dot; 05, = teta3pdot; 0y = teta06dot; Hyg
= teta08dot
s; = pldot; s, = p2dot; s3 = p3dot
6 = tetaddot; 0;, = tetal2ddot; 05, = teta3pddot; Oy = teta06ddot; Hyg
= teta08ddot
§; = plddot; §, = p2ddot; §; = p3ddot
%, = xcdot; y, = ycdot; ¢ = phidot; L, =Lp;l; =L,
¥, = xcddot; j, = ycddot; ¢ = phiddot;

TX0= tetadot*(plddot*(2*LP1*(cos(teta)*sin(tetal2)
cos(tetal2)*sin(teta))*(L1*cos(teta) - cos(teta)*cos(tetal2)*(LP1 - pl)
sin(teta)*sin(tetal2)*(LP1 -  pl)) +  2*LP1*(cos(teta)*cos(tetal2)
sin(teta)*sin(tetal2))*(cos(teta)*sin(tetal2)*(LP1 - pl) - L1*sin(teta)
cos(tetal2)*sin(teta)*(LP1 - pl))) + (49*LP1*(2*L1*cos(teta) - 2*cos(teta
tetal2)*(LP1 - pl)))/5 + pldot*(2*LP1*(tetadot*(cos(teta)*cos(tetal?)
sin(teta)*sin(tetal2)) + tetal2dot*(cos(teta)*cos(tetal2)
sin(teta)*sin(tetal2)))*(L1*cos(teta) - cos(teta)*cos(tetal2)*(LP1 - pl)
sin(teta)*sin(tetal2)*(LP1 - pl)) - 2*LP1*(tetadot*(cos(teta)*sin(tetal?)
cos(tetal2)*sin(teta)) + tetal2dot*(cos(teta)*sin(tetal2)
cos(tetal2)*sin(teta)))*(cos(teta)*sin(tetal2)*(LP1 - pl) - L1*sin(teta)
cos(tetal2)*sin(teta)*(LP1 - p1)) + 2*LP1*(cos(teta)*cos(tetal2) —
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sin(teta)*sin(tetal2))*(pldot*(cos(teta)*sin(tetal2) +  cos(tetal2)*sin(teta)) -
tetal2dot*(cos(teta)*cos(tetal2)*(LP1 - pl) - sin(teta)*sin(tetal2)*(LP1 - pl)) +
tetadot*(L1*cos(teta) - cos(teta)*cos(tetal2)*(LP1 - pl) + sin(teta)*sin(tetal2)*(LP1

- pl))) - 2*LP1*(cos(teta)*sin(tetal?2) +
cos(tetal2)*sin(teta))*(tetal2dot*(cos(teta)*sin(tetal2)*(LP1 - pl) +
cos(tetal2)*sin(teta)*(LP1 - pl)) + pldot*(cos(teta)*cos(tetal?) -

sin(teta)*sin(tetal2)) + tetadot*(cos(teta)*sin(tetal2)*(LP1 - pl) - L1*sin(teta) +
cos(tetal2)*sin(teta)*(LP1 - pl)))) + tetal2ddot*((2*LC1"3)/3 + (2*LP173)/3 -
2*LP1*(cos(teta)*cos(tetal2)*(LP1 - pl) - sin(teta)*sin(tetal2)*(LP1 -
pl))*(L1*cos(teta) - cos(teta)*cos(tetal2)*(LP1 - pl) + sin(teta)*sin(tetal2)*(LP1 -
pl)) + 2*LP1*(cos(teta)*sin(tetal2)*(LP1 - pl) + cos(tetal2)*sin(teta)*(LP1
pl))*(cos(teta)*sin(tetal2)*(LP1 - pl) - L1*sin(teta) + cos(tetal2)*sin(teta)*(LP1

pl)) + 2*LC1*(LC1*cos(teta)*cos(tetal?2) -
LC1*sin(teta)*sin(tetal2))*(L1*cos(teta) + LC1*cos(teta)*cos(tetal?) -
LC1*sin(teta)*sin(tetal2)) + 2*LC1*(LC1*cos(teta)*sin(tetal?) +
LC1*cos(tetal2)*sin(teta))*(L1*sin(teta) + LC1*cos(teta)*sin(tetal?) +
LC1*cos(tetal2)*sin(teta))) + tetal2dot*(2*LP1*(L1*cos(teta) -
cos(teta)*cos(tetal2)*(LP1 - pl) + sin(teta)*sin(tetal2)*(LP1 -

pl))*(tetadot™(cos(teta)*sin(tetal2)*(LP1 - p1) + cos(tetal2)*sin(teta)*(LP1 - pl)) +
tetal2dot*(cos(teta)*sin(tetal2)*(LP1 - pl) + cos(tetal2)*sin(teta)*(LP1 - pl)) +

pldot*(cos(teta)*cos(tetal?) - sin(teta)*sin(tetal2))) +
2*LP1*(cos(teta)*sin(tetal2)*(LP1 - pl) + cos(tetal2)*sin(teta)*(LP1 -
pl))*(pldot*(cos(teta)*sin(tetal?) + cos(tetal2)*sin(teta)) -

tetal2dot*(cos(teta)*cos(tetal2)*(LP1 - pl) - sin(teta)*sin(tetal2)*(LP1 - pl)) +
tetadot*(L1*cos(teta) - cos(teta)*cos(tetal2)*(LP1 - pl) + sin(teta)*sin(tetal2)*(LP1
- pl))) + 2*LP1*(cos(teta)*cos(tetal2)*(LP1 - pl) - sin(teta)*sin(tetal2)*(LP1 -
pl))*(tetal2dot*(cos(teta)*sin(tetal2)*(LP1 - pl) + cos(tetal2)*sin(teta)*(LP1 - p1))

+ pldot*(cos(teta)*cos(tetal2) - sin(teta)*sin(tetal2)) +
tetadot*(cos(teta)*sin(tetal2)*(LP1 - pl) - L1*sin(teta) + cos(tetal2)*sin(teta)*(LP1
- pl)) + 2*LP1*(cos(teta)*sin(tetal2)*(LP1 - pl) - L1*sin(teta) +

cos(tetal2)*sin(teta)*(LP1 - p1))*(tetadot*(cos(teta)*cos(tetal2)*(LP1 - p1) —
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sin(teta)*sin(tetal2)*(LP1 - pl)) + tetal2dot*(cos(teta)*cos(tetal2)*(LP1 - pl) -

sin(teta)*sin(tetal2)*(LP1 - pl)) - pldot*(cos(teta)*sin(tetal?) +
cos(tetal2)*sin(teta))) - 2*L.C1*(tetadot*(LC1*cos(teta)*sin(tetal?) +
LC1*cos(tetal2)*sin(teta)) + tetal2dot*(LC1*cos(teta)*sin(tetal2) +

LC1*cos(tetal2)*sin(teta)))*(L1*cos(teta) + LC1*cos(teta)*cos(tetal?)
LC1*sin(teta)*sin(tetal2)) - 2*LC1*(LC1*cos(teta)*sin(tetal2) +
LC1*cos(tetal2)*sin(teta))*(tetal2dot*(LC1*cos(teta)*cos(tetal?) -
LC1*sin(teta)*sin(tetal2)) + tetadot*(L1*cos(teta) + LC1*cos(teta)*cos(tetal?2) -
LC1*sin(teta)*sin(tetal2))) + 2*LC1*(tetal2dot*(LC1*cos(teta)*sin(tetal2) +
LC1*cos(tetal2)*sin(teta)) + tetadot*(L1*sin(teta) + LC1*cos(teta)*sin(tetal2) +
LC1*cos(tetal2)*sin(teta)))*(LC1*cos(teta)*cos(tetal?) - LC1*sin(teta)*sin(tetal?))
+ 2*LCl1*(tetadot*(LC1l*cos(teta)*cos(tetal2) - LC1*sin(teta)*sin(tetal2)) +
tetal2dot*(LC1*cos(teta)*cos(tetal2) - LC1*sin(teta)*sin(tetal2)))*(L1*sin(teta) +
LC1*cos(teta)*sin(tetal2) + LC1*cos(tetal2)*sin(teta))) +
tetaddot*(2*LP1*(L1*cos(teta) -  cos(teta)*cos(tetal2)*(LP1 - pl) +
sin(teta)*sin(tetal2)*(LP1 - p1))*2 + 2*LP1*(cos(teta)*sin(tetal2)*(LP1 - pl) -
L1*sin(teta) + cos(tetal2)*sin(teta)*(LP1 - pl1))*2 + (L1"3*cos(teta)*2)/4 +
(L173*sin(teta)*2)/4 + L173/12 + (2*LC1M3)/3 + (2*LP1"3)/3 +
2*LC1*(L1*cos(teta) + LC1*cos(teta)*cos(tetal?) - LC1*sin(teta)*sin(tetal2))"2 +
2*LC1*(L1*sin(teta) + LC1*cos(teta)*sin(tetal?) + LC1*cos(tetal2)*sin(teta))"2) +
(49*L1"2*cos(teta))/10 + (49*LC1*(2*LC1*cos(teta + tetal?) + 2*L1*cos(teta)))/5)

F, X$; = pldot*(tetaddot*(2*LP1*(cos(teta)*sin(tetal?) +
cos(tetal?2)*sin(teta))*(L1*cos(teta) - cos(teta)*cos(tetal2)*(LP1 - pl) +
sin(teta)*sin(tetal2)*(LP1 -  pl)) +  2*LP1*(cos(teta)*cos(tetal2) -
sin(teta)*sin(tetal2))*(cos(teta)*sin(tetal2)*(LP1 - pl) - L1*sin(teta) +
cos(tetal2)*sin(teta)*(LP1 - pl))) - pldot*(2*LP1*(tetadot*(cos(teta)*sin(tetal?) +
cos(tetal?)*sin(teta)) + tetal2dot*(cos(teta)*sin(tetal?) +
cos(tetal2)*sin(teta)))*(cos(teta)*cos(tetal?) - sin(teta)*sin(tetal2)) -
2*LP1*(tetadot*(cos(teta)*cos(tetal2) - sin(teta)*sin(tetal2)) +

tetal2dot*(cos(teta)*cos(tetal2) - sin(teta)*sin(tetal?)))*(cos(teta)*sin(tetal2) +
cos(tetal2)*sin(teta))) + (98*LP1*sin(teta + tetal2))/5 +
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plddot*(2*LP1*(cos(teta)*sin(tetal2) + cos(tetal?)*sin(teta))"2 +
2*LP1*(cos(teta)*cos(tetal?2) - sin(teta)*sin(tetal2))"2) +
tetal2dot*(2*LP1*(cos(teta)*cos(tetal?) -
sin(teta)*sin(tetal2))*(pldot*(cos(teta)*sin(tetal2) +  cos(tetal2)*sin(teta)) -
tetal2dot*(cos(teta)*cos(tetal2)*(LP1 - pl) - sin(teta)*sin(tetal2)*(LP1 - pl)) +
tetadot*(L1*cos(teta) - cos(teta)*cos(tetal2)*(LP1 - p1) + sin(teta)*sin(tetal2)*(LP1

- pl))) - 2*LP1*(cos(teta)*sin(tetal?2) +
cos(tetal?)*sin(teta))*(tetal2dot*(cos(teta)*sin(tetal2)*(LP1 - pl) +
cos(tetal2)*sin(teta)*(LP1 - pl)) + pldot*(cos(teta)*cos(tetal?) -
sin(teta)*sin(tetal2)) + tetadot*(cos(teta)*sin(tetal2)*(LP1 - pl) - L1*sin(teta) +
cos(tetal?2)*sin(teta)*(LP1 - pl))) +  2*LP1*(cos(teta)*sin(tetal2) +
cos(tetal2)*sin(teta))*(tetadot*(cos(teta)*sin(tetal2)*(LP1 - pl) +
cos(tetal2)*sin(teta)*(LP1 - pl)) + tetal2dot*(cos(teta)*sin(tetal2)*(LP1 - pl) +
cos(tetal2)*sin(teta)*(LP1 - pl)) + pldot*(cos(teta)*cos(tetal?) -
sin(teta)*sin(tetal?))) + 2*LP1*(cos(teta)*cos(tetal?) -
sin(teta)*sin(tetal2))*(tetadot*(cos(teta)*cos(tetal2)*(LP1 - pl) -
sin(teta)*sin(tetal2)*(LP1 - pl)) + tetal2dot*(cos(teta)*cos(tetal2)*(LP1 - pl) -
sin(teta)*sin(tetal2)*(LP1 - pl)) - pldot*(cos(teta)*sin(tetal?) +

cos(tetal2)*sin(teta)))) + tetal2ddot*(2*LP1*(cos(teta)*sin(tetal2)*(LP1 - pl) +
cos(tetal2)*sin(teta)*(LP1 - pl))*(cos(teta)*cos(tetal?2) - sin(teta)*sin(tetal?)) -

2*LP1*(cos(teta)*cos(tetal2)*(LP1 - pl) - sin(teta)*sin(tetal2)*(LP1 -
pl))*(cos(teta)*sin(tetal?) + cos(tetal?)*sin(teta))) -
2*LP1*(tetadot™(cos(teta)*cos(tetal2) - sin(teta)*sin(tetal?2)) +

tetal2dot*(cos(teta)*cos(tetal?) -
sin(teta)*sin(tetal2)))*(pldot*(cos(teta)*sin(tetal2) + cos(tetal2)*sin(teta)) -
tetal2dot*(cos(teta)*cos(tetal2)*(LP1 - pl) - sin(teta)*sin(tetal2)*(LP1 - pl)) +
tetadot*(L1*cos(teta) - cos(teta)*cos(tetal2)*(LP1 - p1) + sin(teta)*sin(tetal2)*(LP1
- pl)) + 2*LP1*(tetadot*(cos(teta)*sin(tetal2) + cos(tetal2)*sin(teta)) +

tetal2dot*(cos(teta)*sin(tetal2) +
cos(tetal2)*sin(teta)))*(tetal2dot*(cos(teta)*sin(tetal2)*(LP1 - pl) +
cos(tetal2)*sin(teta)*(LP1 - pl)) + pldot*(cos(teta)*cos(tetal?) -
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sin(teta)*sin(tetal2)) + tetadot*(cos(teta)*sin(tetal2)*(LP1 - pl) - L1*sin(teta) +
cos(tetal2)*sin(teta)*(LP1 - pl))))

F, X s, = p2dot*(p2ddot*(2*LP2*cos(teta06)*2 + 2*LP2*sin(teta06)2) +
(98*LP2*sin(teta06))/5 -  2*LP2*tetaO6dot*cos(teta06)*(p2dot*sin(teta06) -
tetaO6dot*cos(teta06)*(LP2 - p2)) +
2*LP2*teta06dot*sin(teta06)*(p2dot*cos(teta06) + tetaO6dot*sin(teta06)*(LP2 -
p2)))

F; X s3 = p3dot*(p3ddot*(2*LP3*cos(teta06)*2 + 2*LP3*sin(teta06)2) +
(98*LP3*sin(teta08))/5)
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APPENDIX D

THE EQUALITY CONSTRAINT EQUATIONS FOR OPTIMAL
REDUNDANCY RESOLUTION AT THE ACCELERATION LEVEL

Note that in the below equations the following are true:
0 = teta; 0, = tetal2; 05, = teta3p; 6y = teta06; 6,5 = tetal8
s; = pl;s; = p2;s3 =p3;
6 = tetadot; 6,, = tetal2dot; 93p = teta3pdot; Oy = teta06dot; O,g
= teta08dot
s; = pldot; s, = p2dot; s3 = p3dot
6 = tetaddot; 0;, = tetal2ddot; 05, = teta3pddot; Oy = teta06ddot; Hyg
= teta08ddot
§; = plddot; §, = p2ddot; §; = p3ddot
X, = xcdot; y, = ycdot; ¢ = phidot; L, = Lp;l; = L,

¥, = xcddot; y. = ycddot; ¢ = phiddot;
f, = 0 = tetaddot - phiddot + tetal2ddot + teta3pddot
f» = 0 = plddot*cos(teta + tetal?) - tetal2dot*(tetadot*(pl*cos(teta + tetal?) +
(3™M(1/2)*Lp*cos(pi/6 + teta + tetal? + teta3p))/3) + tetal2dot*(pl*cos(teta + tetal?)
+ (3™M(1/2)*Lp*cos(pi/6 + teta + tetal2 + teta3p))/3) + pldot*sin(teta + tetal?) +
(3M(1/2)*Lp*teta3pdot*cos(pi/6  + teta + tetal2 +  teta3p))/3) -
teta3pdot*((3"(1/2)*Lp*tetadot*cos(pi/6 + teta + tetal2 + teta3p))/3 +
(3M(1/2)*Lp*tetal2dot*cos(pi/6  + teta + tetal2 + teta3p))/3 +
(3™M(1/2)*Lp*teta3pdot*cos(pi/6 + teta + tetal? + teta3p))/3) - tetaddot*(pl*sin(teta +
tetal2) + Ll1*sin(teta) + (3™(1/2)*Lp*sin(pi/6 + teta + tetal2 + teta3p))/3) -
pldot*(tetadot*sin(teta + tetal2) + tetal2dot*sin(teta + tetal2)) - xcddot -
tetadot*(tetadot*(pl*cos(teta + tetal2) + L1*cos(teta) + (3(1/2)*Lp*cos(pi/6 + teta
+ tetal2 + teta3p))/3) + tetal2dot*(pl*cos(teta + tetal?) + (3”(1/2)*Lp*cos(pi/6 +
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teta + tetal2 + teta3p))/3) +  pldot*sin(teta + tetal2) +
(3™M(1/2)*Lp*teta3pdot*cos(pi/6  + teta + tetal2 +  teta3p))/3) -
tetal2ddot*(pl*sin(teta + tetal2) + (3"(1/2)*Lp*sin(pi/6 + teta + tetal2 + teta3p))/3)
- (3™(1/2)*Lp*teta3pddot*sin(pi/6 + teta + tetal2 + teta3p))/3

f3 = 0 = tetaddot*(pl*cos(teta + tetal2) + L1*cos(teta) + (3~(1/2)*Lp*cos(pi/6 +
teta + tetal2 + teta3p))/3) - ycddot + pldot*(tetadot*cos(teta + tetal2) +
tetal2dot*cos(teta + tetal?)) - teta3pdot*((3"(1/2)*Lp*tetadot*sin(pi/6 + teta +
tetal2 + teta3p))/3 + (3”(1/2)*Lp*tetal2dot*sin(pi/6 + teta + tetal2 + teta3p))/3 +
(3M(1/2)*Lp*teta3pdot*sin(pi/6  + teta + tetal2 + teta3p))/3) -
tetal2dot*(tetadot*(pl*sin(teta + tetal2) + (3~(1/2)*Lp*sin(pi/6 + teta + tetal2 +
teta3p))/3) - pldot*cos(teta + tetal?) + tetal2dot*(pl*sin(teta + tetal?) +
(3™M(1/2)*Lp*sin(pi/6 + teta + tetal2 + teta3p))/3) + (3™(1/2)*Lp*teta3pdot*sin(pi/6 +
teta + tetal2 + teta3p))/3) + tetal2ddot*(pl*cos(teta + tetal2) +
(3M(1/2)*Lp*cos(pi/6 + teta + tetal2 + teta3p))/3) + plddot*sin(teta + tetal?) -
tetadot*(tetadot*(pl*sin(teta + tetal?) + L1*sin(teta) + (3"(1/2)*Lp*sin(pi/6 + teta +
tetal2 + teta3p))/3) - pldot*cos(teta + tetal?) + tetal2dot*(pl*sin(teta + tetal2) +
(3™M(1/2)*Lp*sin(pi/6 + teta + tetal2 + teta3p))/3) + (3™(1/2)*Lp*teta3pdot*sin(pi/6 +
teta + tetal2 + teta3p))/3) + (3"(1/2)*Lp*teta3pddot*cos(pi/6 + teta + tetal2 +
teta3p))/3

g1=0= tetaO6dot™*(p2dot*sin(teta06) + p2*teta06dot*cos(teta06)) -
tetaddot*(pl*sin(teta + tetal2) + L1*sin(teta) + Lp*sin(teta + tetal?2 + teta3p)) -
pldot*(tetadot*sin(teta + tetal2) + tetal2dot*sin(teta + tetal?)) -
tetadot*(tetal2dot*(pl*cos(teta + tetal2) + Lp*cos(teta + tetal2 + teta3p)) +
pldot*sin(teta + tetal?) + tetadot*(pl*cos(teta + tetal?) + L1*cos(teta) +
Lp*cos(teta + tetal? + teta3p)) + Lp*teta3pdot*cos(teta + tetal2 + teta3p)) +
plddot*cos(teta + tetal?) - tetal2ddot*(pl*sin(teta + tetal?) + Lp*sin(teta + tetal2
+ teta3p)) - p2ddot*cos(teta06) - tetal2dot*(tetadot*(pl*cos(teta + tetal2) +
Lp*cos(teta + tetal2 + teta3p)) + tetal2dot*(pl*cos(teta + tetal?) + Lp*cos(teta +
tetal2 + teta3p)) + pldot*sin(teta + tetal?) + Lp*teta3pdot*cos(teta + tetal2 +
teta3p)) - teta3pdot*(Lp*tetadot*cos(teta + tetal2 + teta3p) + Lp*tetal2dot*cos(teta
+ tetal2 + teta3p) + Lp*teta3pdot*cos(teta + tetal2z + teta3p)) +
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p2*tetaO6ddot*sin(teta06) + p2dot*teta06dot*sin(teta06) - Lp*teta3pddot*sin(teta +
tetal? + teta3p)

g2 = 0 = pldot*(tetadot*cos(teta + tetal?) + tetal2dot*cos(teta + tetal?)) -
teta3pdot*(Lp*tetadot*sin(teta + tetal2 + teta3p) + Lp*tetal2dot*sin(teta + tetal2 +
teta3p) + Lp*teta3pdot*sin(teta + tetal2 + teta3p)) - tetaO6dot*(p2dot*cos(teta06) -
p2*teta06dot*sin(teta06)) - tetal2dot*(tetadot*(pl*sin(teta + tetal2) + Lp*sin(teta +
tetal2 + teta3p)) - pldot*cos(teta + tetal?) + tetal2dot*(pl*sin(teta + tetal2) +
Lp*sin(teta + tetal2 + teta3p)) + Lp*teta3pdot*sin(teta + tetal2 + teta3p)) +
tetal2ddot*(pl*cos(teta + tetal?) + Lp*cos(teta + tetal? + teta3p)) + plddot*sin(teta
+ tetal2) - p2ddot*sin(teta06) - tetadot*(tetadot*(pl*sin(teta + tetal?) + L1*sin(teta)
+ Lp*sin(teta + tetal2 + teta3p)) - pldot*cos(teta + tetal?) + tetal2dot*(pl*sin(teta
+ tetal2) + Lp*sin(teta + tetal2 + teta3p)) + Lp*teta3pdot*sin(teta + tetal2 +
teta3p)) + tetaddot*(pl*cos(teta + tetal?) + L1*cos(teta) + Lp*cos(teta + tetal2 +

teta3p)) -  p2*tetaO6ddot*cos(teta06) -  p2dot*tetaO6dot*cos(teta06) +
Lp*teta3pddot*cos(teta + tetal2 + teta3p)
g3 =0= tetaO8dot*(p3dot*sin(teta08) + p3*teta08dot*cos(teta08)) -

teta3pdot*(Lp*tetadot*cos(pi/3 + teta + tetal? + teta3p) + Lp*tetal2dot*cos(pi/3 +
teta + tetal2 + teta3p) + Lp*teta3pdot*cos(pi/3 + teta + tetal2 + teta3p)) -
tetal2dot*(tetadot*(pl*cos(teta + tetal?) + Lp*cos(pi/3 + teta + tetal2 + teta3p)) +
tetal2dot*(pl*cos(teta + tetal2) + Lp*cos(pi/3 + teta + tetal2 + teta3p)) +
pldot*sin(teta + tetal2) + Lp*teta3pdot*cos(pi/3 + teta + tetal2 + teta3p)) -
tetal2ddot*(pl*sin(teta + tetal2) + Lp*sin(pi/3 + teta + tetal2 + teta3p)) -
pldot*(tetadot*sin(teta + tetal2) + tetal2dot*sin(teta + tetal?)) + plddot*cos(teta +
tetal?) - tetadot*(tetal2dot*(pl*cos(teta + tetal2) + Lp*cos(pi/3 + teta + tetal2 +
teta3p)) + pldot*sin(teta + tetal2) + tetadot*(pl*cos(teta + tetal?) + Lp*cos(pi/3 +
teta + tetal?2 + teta3p) + L1*cos(teta)) + Lp*teta3pdot*cos(pi/3 + teta + tetal2 +
teta3p)) - p3ddot*cos(teta08) - tetaddot*(pl*sin(teta + tetal?) + Lp*sin(pi/3 + teta +
tetal? + teta3p) + L1*sin(teta)) - Lp*teta3pddot*sin(pi/3 + teta + tetal2 + teta3p) +
p3*teta08ddot*sin(teta08) + p3dot*teta08dot*sin(teta08)

g4 = 0 =tetal2ddot*(pl*cos(teta + tetal2) + Lp*cos(pi/3 + teta + tetal2 + teta3p))
- teta08dot*(p3dot*cos(teta08) - p3*teta08dot*sin(teta08)) + pldot*(tetadot*cos(teta
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+ tetal?2) + tetal2dot*cos(teta + tetal?)) - teta3pdot*(Lp*tetadot*sin(pi/3 + teta +
tetal2 + teta3p) + Lp*tetal2dot*sin(pi/3 + teta + tetal2 + teta3p) +
Lp*teta3pdot*sin(pi/3 + teta + tetal2 + teta3p)) - tetal2dot*(tetadot*(pl*sin(teta +
tetal?) + Lp*sin(pi/3 + teta + tetal2 + teta3p)) + tetal2dot*(pl*sin(teta + tetal?) +
Lp*sin(pi/3 + teta + tetal2 + teta3p)) - pldot*cos(teta + tetal?) +
Lp*teta3pdot*sin(pi/3 + teta + tetal?2 + teta3p)) + plddot*sin(teta + tetal?) +
tetaddot*(pl*cos(teta + tetal2) + Lp*cos(pi/3 + teta + tetal2 + teta3p) +
L1*cos(teta)) - p3ddot*sin(teta08) - tetadot*(tetal2dot*(pl*sin(teta + tetal?) +
Lp*sin(pi/3 + teta + tetal2 + teta3p)) - pldot*cos(teta + tetal?) +
tetadot*(pl*sin(teta + tetal?) + Lp*sin(pi/3 + teta + tetal2 + teta3p) + L1*sin(teta))
+ Lp*teta3pdot*sin(pi/3 + teta + tetal?2 + teta3p)) - p3*tetaO8ddot*cos(teta08) -
p3dot*tetaO8dot*cos(teta08) + Lp*teta3pddot™*cos(pi/3 + teta + tetal2 + teta3p)
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