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ABSTRACT

PARALLEL SPARSE AND BANDED MATRIX — MULTIPLE VECTOR S
MULTIPLICATION

Cincioglu, Meftun
M.S., Department of Computer Engineering
Supervisor: Assoc. Prof. Dr. Murat Mangiho
August 2014, 72 pages

In this thesis, performance of two important privas, namely sparse and banded
matrix — multiple vectors multiplication are studie

Sparse matrix — multiple vectors multiplication ¥8y) is one of the basic and most
time consuming operations in many problems in $@eand engineering. Hence, any
improvement in the performance of SpMM operatioas & great impact on the wide
spectrum of problems. One of the objectives of thissis is to improve the
performance of parallel SpMM operation by reducimgirect memory access,
improving communication pattern, and load balanckay this purpose, partitioning
tools and permutation algorithms are used.

Banded matrix — multiple vectors multiplicationused as a primitive operation in
iterative solution of banded linear systems or iheo applications. An improved

method is presented that has an advantage espdorddlanded matrices having small
bandwidth and multiplied by large number of vectors

All these numerical experiments are performed ia different computing platforms.

Keywords: Banded matrix, sparse matrix, multipkegtor, multiplication
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PARALEL SEYREK VE BANT MATR iS — COKLU VEKTOR CARPIMI

Cincioglu, Meftun
Yuksek Lisans, Bilgisayar MuhendigliBolum
Tez Yoneticisi: Dog. Dr. Murat Manggtu
Agustos 2014, 72 sayfa

Bu tezde iki dnemli slemin, seyrek ve bant matris — coklu vektdr carpimi
performansi incelenmtir.

Seyrek matris — ¢oklu vektor carpimi (SpMM), bilim@e muhendislikteki g
problem icin temel ve cok zaman alagiemlerden biridir. Dolayisiyla, SpMM
isleminin performansini etkileyecek herhangi bir aytirme, cok ceitli alanlardaki
problemlerin ¢c6zimunde buyuk etki yaratmaktadirté&ain amaclarindan biri, dolayli
bellek ergimini azaltarak, ileim oruntulerini geltirerek ve yik dengeleyerek
paralel SpMM gleminin performansini arttirmaktir. Bu yizden boléndirme
araclari ve yer dgstirme algoritmalari kullanilngtir.

Bant matris — ¢oklu vektor carpimi, banth cizgisetemlerin dolayli yontemler ile
cozimiinde veya ger uygulamalarda temellém olarak kullaniimaktadir. Ozellikle
bant geniligi dusiik bant matrislerin, cok sayida vektor ile carpgmaa avantajlari
olan yeni bir yéntem sunulngtur.

Tam bu sayisal deneyler, iki farkl bilgisayar oniada gercekkgirilmi stir.

Anahtar Kelimeler: Bant matris, seyrek matris, goklektor, carpma
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CHAPTER 1

INTRODUCTION

In iterative solution of banded linear systems,demhmatrix — vector multiplication is
a crucial primitive. In the first part of this thesan improved algorithm is presented
that has advantage especially for banded mati@dsate dense within the band with

a small bandwidth and multiplied by large numbevedtors.

Sparse matrix — vector multiplication (SpMV) andasge matrix — multiple vectors
multiplication (SpMM) are another two importantrpitives, largely used in iterative
linear system solvers and sparse eigenvalue soleesefore, parallel scalabilities of

SpMV and SpMM operations are crucial.

SpMV operation is defined §s— a AXx + £y, whereA is a sparse matrix,andy are
dense vectors. For simplicityis assumed one apids assumed zero. For each nonzero
in matrix A, a; accessed only once, on the other hand, elemertarafy vectors are
accessed multiple times. Thus, optimization of abilgy of vector elements has a

significant role in improving the cache utilization

In distributed memory environments, SpMV operatian be performed concurrently
within processes by distributing rows or columnskoth) of a sparse matrix input
vectorx and output vectoy to processes. Each process multiplies nonzerAsaith
input vectorx and partially obtains the result y In order to provide efficient
parallelization and to reduce communication costvben processes, distribution of
nonzero elements has a significant role. Anothgroirrant objective is balancing the
computation load. In the second part of the thgssjtioning tools and permutation
algorithms are compared within different computptgtforms and the matrices from

different application areas.



The remaining of this thesis is arranged as followns Chapter 2, background
information is given and related work is reviewedChapter 3, the methods used in
banded matrix — multiple vectors multiplication esmhrse matrix — multiple vectors
multiplication are proposed and compared with higiptimized routines in existing
libraries. In Chapter 4, computing platform andgyeonming environment is given.
Moreover, numerical experiments are presented. ldsion and future work is stated
in Chapter 5. The complete measurements of nunhexgeeriments are presented in
the Appendices.



CHAPTER 2

BACKGROUND AND RELATED WORK

2.1 Banded Matrix — Multiple Vectors Multiplication

A banded matrix is a matrix in which the non-zelengents are located around the
main diagonal, i.e., for all elements outside adeaharea are zero. In a formal way,
take an n x n matriA, a; is the element offirow and " column;a; = 0 ifi >j + ml
orj >i +mu, whereml, mu> 0. The lower and upper bandwidth are denotechlgnd
mu, respectively. In Figure 2.1, a 9 x 9 square amadied matrix having the same
lower and upper bandwidtim{ = mu= 2) is given. The bandwidth of the matrixm$

+ mu+ 1; for the sample matrix below, it has a valtiéwe.

| €— Mu —p|

aiy a2z a3 0 . . . . 0

4 Ay @y axp axy O
ml
v | @ @p ;3 Ay ax 0
0 ag as3 @ ass asgs O
A= . 0 as; asy ass asg asy O

O @ags a@gs ags as7 ass O
0 ayps ap ay; azg arg
0 ags agy ags ag

0 . . . . 0 ag7 agg agg

Figure 2.1 A 9 x 9 square and banded matrix



Banded matrix multiplication is needed in InvariaBubspace Decomposition
Algorithm (ISDA) [1]. Even though, ISDA uses muligation of banded matrices, it
can be formed as banded matrix — multiple vectasffiptication. Banded matrix —
vector multiplication is used as a primitive in\8ob banded linear systems and
eigenvalue problems. These systems arise in tlueetimation of several partial and
ordinary differential equations [2]-[4], computatad fluid dynamics [5] and

computational nano-electronics [6].

Tsao and Turnbull compared several methods foriphyilig banded matrices. They
stated that good results could be achieved forioesthaving bandwidth smaller than
the order of matrix [7]. Remon and Quintana-Owitastl that in existing Basic Linear
Algebra Subprograms (BLAS) libraries, there is HdAB Level 3 routines for banded
matrices. In fact, BLAS Level 2 routines do notfmigntly optimize the operations
on banded matrices [8]. There are two routinesital IMath Kernel Library (MKL)
[9] that can be used fiwanded matrix — multiple vectors multiplication.eTtirst one
is XCSRMM, a sparse BLAS Level 3 routine, suits 89MM. The second one is
XxGBMV, a BLAS Level 2 routine, suits for banded mrat- vector multiplication.
Using xGBMV multiple times for each vector appetrsbe more appropriate than
using former since the matrix is banded and natsgp&emon and Quintana-Orti also
stated that the performance of the banded BLAS IL2veutine is highly dependent

on the bandwidth and matrix size [8].

Spike [10], a parallel environment for solving baddinear systems, has banded
primitives. Polizzi splits banded matrix into sgeiadense blocks and triangular
matrices. The method used for banded matrix — matultiplication in Spike is

DSBMM. In this thesis, an improved version of imed DSBMM2 is developed. The

algorithm and results are presented in Section 3.1.

2.2 Sparse Matrix — Multiple Vectors Multiplication

SpMV operation is defined as— a A X + y, whereA is an n x n sparse matrix,
andy are dense vectors of lengthFor simplicitya is assumed one ads assumed

zero. For each nonzero Ay aj accessed only once, on the other hand, elememts of



andy are accessed multiple times. Moreover, elementd ehdy are accessed
contiguously but there is a random access to eledivectorx. Thus, reusability of
vector elements should be optimized to increadigation. This optimization has been

well studied before, see [11]-[14] for example.

Sparse matrix — multiple vectors multiplicationr{caso be defined as sparse matrix
— general matrix multiplication) computes a setlefse output vectoisas a product

of a sparse matri and a set of dense input vecttscan be shown as,
Y—aAX+pY (1)

For simplicity, it is considered thatis one ang is zero. SpMM is used when solving
a blocked linear system with multiple right-handes [15], and in blocked eigenvalue
algorithms, such as block Lanczos and block Arnoldthods [16]-[18].

If matrix A is multiplied with only one vector, elementsAfre accessed only once.
In this thesis, there are multiple vectors, evdhtueeusability of matrix elements are
needed to be well considered as well. Im, Yelicll &uduck showed that in sparse
matrix — multiple vectors multiplication, reuserohtrix elements in cache, which is
not possible with a single vector, provides largpartunities for performance gains,
such as storing"irow of all vectors contiguously [19]. This optiration proposed in
[19] was implemented by looping across the fixethhar of vectors as fully unrolled.
In this thesis, it is implemented without unrolliagd looping. Théirow of all vectors
are multiplied with nonzeros in matrix as a bloBlock size is equal to the number of

vectors.

Sparse algebra kernels have low processor utizatypically in the range of 10 -
20% of processor peak [20]. One of the reasorh®tdw utilization is that the amount
of computational power is increasing with a highete than the rate of increase of
memory bandwidth [21]. This difference is stated‘@asnemory bandwidth starved

multicore world” by Williams [22].

The low utilization could be improved by lowerimglexing overheads of matiX In

order to lower the overheads associated with gi@imd accessing elements of sparse



matrices, Kannan introduced a blocked sparse foroadied mapped blocked row
sparse format that can be used in sequential SpR1Y. Pinar and Heath proposed
packing all the nonzeros in contiguous location® ia block, named blocked

compressed row storage format and compared witR blecks [14].

Another option to lowering indexing overhead isiségy blocking. Geus and Rdllin
used fixed size small dense blocks in sequentisi\5[.2]. Toledo proposed handling
the 1 x 2 blocks of a matrix separately [13]. Inglitk and Vuduck used rectangular
register blocking in different platforms. They ctude that a small change in block
size can make a large difference in performancevayer the reason of it is not clear,
they stated that compiler and memory structurerapertant factors [19]. Generally,
in all previous studies about register blockingrmoptation, it is the common outcome

that machine specific tuning is worthy.

To balance the workload of parallel SpMM operatiomtrix partitioning is used in
general. It means that subset of ma#ixand corresponding input vectoxsare
distributed according to partition vector. Hencacle process multiplies and obtains

output vector¥ that it owns.

There are two types of one-dimensional decompasdicsparse matrices, which are
graph partitioning and hypergraph partitioning. @rgartitioning approximates the
volume of nonzero elements in off-diagonal matrijocks. But hypergraph
partitioning reflects the actual communication vokiby making nonzero elements in
off-diagonal matrix blocks to be column aligned J[2B this thesis, both a graph
partitioning tool METIS [24] and a hypergraph paoting tool PATOH [25] are used.

Another option to increase low utilization is rethgcirregular memory accesses. It
can be done by reordering the matrix to accesd vgaior elements contiguously and
to have a high cache reuse. Pinar and Heath stadéchoteworthy improvement in
SpMV performance could be achieved by reorderimgntiatrix, which they showed
to be NP-Complete. They also stated that the dasbodering is often amortized over
repeated SpMV operations with the same matrix, lwalso means SpMM operation.

They proposed traveling salesman problem orderimjy @mpared with Reverse



Cuthill McKee (RCM) ordering [14]. Toledo exploré€xithill McKee ordering yields
an excellent results on a variety of matrices [13]this thesis, RCM [26] and HSL
MC73 [27] algorithms are investigated for improvitlgg cache utilization in parallel

sparse matrix — multiple vectors multiplication.






CHAPTER 3

METHODS AND MOTIVATION

3.1 Banded Matrix — Multiple Vectors Multiplication

A banded matriA with bandwidthml, input vectorx and output vectoy are given.
Banded matrix — vector multiplication is definedyas- a A x+ fy. For simplicity, it
is considered thatis one ang is zero. In Figure 2.1, a 9 x 9 square and bantdx

having the same lower and upper bandwidth withevaliutwo is given.

In this chapter, serial implementation of bandedtrina— multiple vectors
multiplication primitives DGBMV and DSBMM are stuati. Moreover, an improved
variation of DSBMM, which is called DSBMM2, is proped and implemented.

3.1.1 DGBMV

In Intel MKL library or in any other BLAS implemeations, there is no BLAS Level
3 routine for banded matrix — multiple vectors nplitation. Instead, there is a BLAS
Level 2 routine called DGBMV, double-precision typeGBMV. In this thesis, it is
used for multiple vectors multiplication by calliitgk times, wherék is the number of

vectors.

DGBMV implementation is used as a reference in bdnmuatrix — multiple vectors
multiplication as it is the only banded matrix -eta@ multiplication routine in existing

optimized BLAS libraries.



3.1.2 DSBMM

DSBMM [28] is a method in Spike library [10], whichultiplies banded matrices with
multiple vectors. The method accepts only strudigysymmetric matrices.

DSBMM divides matrix into square blocks of sizekand triangular blocks. Square
blocks are multiplied with the block of vectors ngsiDGEMM, a BLAS Level 3

routine used for general matrix — matrix multiptioa. Triangular blocks are
multiplied using DTRMM, another BLAS Level 3 roudiused for triangular matrix —
matrix multiplication. In Figure 3.1, square block® marked with gray background;

triangular blocks are marked with polka dot backapah

Figure 3.1 A 9 x 9 square and banded matrix divideihto blocks using DSBMM

While FORTRAN programming language uses column-majder for array storage,
C programming language uses row-major order. As 8Bis implemented in

FORTRAN, diagonals are given in columns so thahth&ix elements are contiguous.

The pseudo-code of DSBMM for the given n x n makjxnput vectorsX, output
vectors Y, number of rows of matrix and vectors number of vectork and

lower/upper bandwidtiml, is given in Algorithm 1.

10



Algorithm 1 Pseudo-code of DSBMMA( X, Y, n, k, ml)

1. blen/ml » Number of square blocks
2:  for each square block with sird

3: call DGEMM (Apartial, Xpartial, Ypartial, K, ml)

4:  end for

5. last_bl«<—n— (bl * ml) » Size of last square block
6: if last_bl> Othen

7. call DGEMM (Apartial, Xpartial, Ypartial, K, last_b)

8: endif

9: for each lower sub-diagonal (triangular) blax

10: Z (ml, K) «— Xpartial » Z is a temporary matrix
11: call DTRMM (Apartial, Xpartial, Ypartial, K, ml, UPPER

12: AddZ to Ypartial

13: end for

14: if last_bl> Othen

15: Z (last_bl K) < Xpartial

16: call DTRMM (Apartial, Xpartial, Ypartial, K, last_bl UPPER

17: AddZ to Ypartial

18: [* Rectangular part of the last lower sub-diagj block */

19: call DGEMM (Apartial, Xpartial, Ypartial, K, ml —last_bl)

20: endif

21: for each upper sub-diagonal (triangular) blolck

22: Z (ml, K) «— Xpartial

23: call DTRMM (Apartial, Xpartial, Ypartial, K, ml, LOWER

24: AddZ t0 Ypartial

25: end for

26: if last_bl> Othen

11



Algorithm 1 Pseudo-code of DSBMMA( X, Y, n, k, ml) (continued)

27: Z (last_bl K) « Xpartial

28: call DTRMM (Apartial, Xpartial, Ypartial, K, last_bl LOWER
29: AddZ to Ypartial

30: [* Rectangular part of the last upper sub-died block */
31: call DGEMM (Apartial, Xpartial, Ypartial, K, ml —last_bl

32: endif

3.1.3 DSBMM2

In this thesis, an improved variation of DSBMM, whiis called DSBMM2, is
proposed and implemented. DSBMM2 has slightly lasggiare blocks with the size
(ml + 1). Eventually the number of triangular bloclecbme fewer, because dense
square blocks are larger. Hence, a better utibmabf the cache is obtained. An
example partitioning using DSBMM2 for the same main Figure 3.1 is given in
Figure 3.2.

| € 3|

Figure 3.2 A 9 x 9 square and banded matrix divideihto blocks using DSBMM2
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DSBMM2 is implemented in C programming languagediagonals are given in rows.
The pseudo-code of DSBMMZ2 for the given n x n mxa#yi input vectorsX, output
vectors Y, number of rows of matrix and vectors number of vectork and

lower/upper bandwidtiml, is given in Algorithm 2.

Algorithm 2 Pseudo-code of DSBMMZA( X, Y, n, k, ml)

1. ble—n/(ml+1) » Number of square blocks
2. for each square block with sind

3: call DGEMM (Apartial, Xpartial, Ypartial, K, ml+ 1)

4:  end for

5. last_bl«—n— (bl * (ml+ 1)) » Size of last square block
6: if last_bl> Othen

7: call DGEMM (Apartial, Xpartial, Ypartial, K, last_bl)

8: endif

9. for each lower sub-diagonal (triangular) bladx

10: Z (ml, K) «— Xpartial » Zis a temporary matrix
11: call DTRMM (Apartial, Xpartial, Ypartial, K, ml, UPPER

12: AddZ t0 Ypartial

13: end for

14: if last_bl> Othen

15: Z (last_bl K) « Xpartial

16: call DTRMM (Apartial, Xpartial, Ypartial, K, last_bl UPPER

17: AddZ t0 Ypartial

18: [* Rectangular part of the last lower sub-diag block */

19: call DGEMM (Apartial, Xpartial, Ypartial, K, ml —last_bl)

20: endif

21. for each upper sub-diagonal (triangular) blaolck

22: Z (ml, K) «— Xpartial

13



Algorithm 2 Pseudo-code of DSBMMZA( X, Y, n, k, ml) (continued)

23: Ca” DTRMM (Apartial, Xpartial, Ypartial, k, ml, LOWEH
24. AddZ to Ypartial
25: end for

26: if last_bl> Othen

27: Z (last_bl K) « Xpartial

28: call DTRMM (Apartial, Xpartial, Ypartial, K, last_bl LOWER
29: AddZ to Ypartial

30: [* Rectangular part of the last upper sub-odied block */
31: call DGEMM (Apartial, Xpartial, Ypartial, K, ml —last_bl

32: endif

In both DSBMM and DSBMM2, matrix is multiplied witimput vectors not one by
one but in blocks. Hence, they have better utitmathan DGBMYV for multiple

vectors.

3.2 Sparse Matrix — Multiple Vectors Multiplication

In this chapter, the following techniques are uaddle performing sparse matrix —

multiple vectors multiplication.

» Partitioning the matrix to move most nonzeros mdiagonal block.
* Permuting the matrix to move most nonzeros contiglyo

» Storing vectors to be able to do multiplicatioradsock operation.

Spy plots of a sample sparse matrix — multiple sscinultiplication have been given
in each subsection of this section. As an examplepbase-1M” matrix has been
partitioned using METIS and has been multipliedhwitultiple vectors within four

processes.
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3.2.1 Reading Matrix

The matrices used in this section (given in Sectich2.1) are all in Matrix Market
format [29]. In Matrix Market format, general infoation (e.g. name, title, ID, kind,
author, etc.) and structure summary (e.g. spardertse, real or pattern, symmetric or
general) are given on the header of the file. MNBEary [30] is used when reading
the header to check whether the matrix is suitfolthe operations used in this thesis.
Following the header lines, there are tripletg, (a;) for each nonzero, representing

row index, column index and matrix value respedyive

The matrices used in this section are all spardesqnare; entries of them are double-
precision numbers. The matrices are read by miHRéprocess (process having rank
of zero). Other processes get nonzeros via MPI aamigation routines. In Figure 3.3,

there is a spy plot showing a sample matrix, weblddg, after reading it from file.

Figure 3.3 Sparsity structure of webbase-1M
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3.2.2 Partitioning

One dimensional block distribution is distributingws or columns of a matrix to
different processes. In this thesis, row-wise thation is used. Hence, for an n x n

matrix and number of parksn/ k rows are assigned to each process.

When multiplying sparse matrix with vector(s), tlenzeros in the diagonal blocks do
not need to access vector elements on other pexeBartitioning tools are used to

move most nonzeros of the matrix to the diagonadks.

Partitioning tools, such as METIS and PATOH, getesaapermutation vector (which
gives the permutation matri) to partition the matrix.

Ao—PAPT (2)

Rows and columns of the matrix are permuted witlmpiation vector and transpose
of permutation vector respectively. After the syntmieepermutation is applied, a
permuted matriXo is obtained. Equation of this operation is giveo\e. Input and

output vectors are permuted with the same pernaumtatctor as well.

In this thesis, row-wise partitioning is used, swi of the matrix, input and output
vectors are all assigned to the same processn@aartitioning method, getting the
partitioning vector and permuting the matrix acoogdo partition vector are all done
by master MPI process. Number of partitions is etushe number of running MPI

processes. Hence, each process gets a part ok madrivectors.

3.2.2.1 METIS

METIS is a sequential tool for partitioning grappartitioning finite element meshes
and computing fill-reducing orderings of sparse mmas [24]. In addition, there is
another tool called ParMETIS [31]. ParMETIS is aiIMbased parallel version of
METIS.

There are two possible algorithms while partitigngraphs using METIS. They are

multilevel recursive bisection and multilevel k-wpartitioning.
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In this thesis, k-way partitioning is used with tmeinimizing total communication
volume” parameter is set. The other parameter fgeative type is edge-cut
minimization, which is proven that it does not midtie actual communication volume

by Catalyurek and Aykanat [32], [33].

METIS requests input matrix to be symmetric, sorfon-symmetric matrices, |A| +
|A|" is given as the input. For the sample matrix iguFé 3.3, it is permuted with
partition vector generated using METIS. The resgltteordered matrix using four

partitions is given in Figure 3.4.

L
e .
are s

R ik
Sl
)

. —N E - ﬂ

Figure 3.4 Matrix webbase-1M is permuted with parttion vector generated using METIS

3.2.2.2 PATOH

PATOH is a sequential multi-level and multi-consttdnypergraph partitioning tool.
It divides a hypergraph into two or more roughly&igsized parts such that a cost
function on the hyperedges connecting verticesifierént parts is minimized [25],
[32].
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Before calling partitioning method of PATOH, pardere are initialized to their
default values and memory allocation is done. Aftds, partitioning method is
called with set as to use recursive multilevel lgpeph bisection algorithm. For the
sample matrix in Figure 3.3, it is permuted withrtp@n vector generated using

PATOH. The resulting reordered matrix using fourtipans is given in Figure 3.5.

Figure 3.5 Matrix webbase-1M is permuted with parttion vector generated using PATOH

Devine et al. stated that hypergraphs can modehaamcation volume more precisely
and can represent non-symmetric problems bettdr [84his thesis, both a graph
partitioner, METIS and a hypergraph partitioner, TR are used. The results are
given in Section 4.3.2.3.1.

Once the permutation of matrix and input vectoesfarished, it is time to send them
other MPI processes to do multiplication. Matrigraekents of master process after it is

partitioned using METIS, are given in Figure 3.6.
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Figure 3.6 Matrix elements of master process aftgoartitioning

After each MPI process obtains its block matrixs iturther partitioned into diagonal
and off-diagonal blocks, shown in Figure 3.7 anduFe 3.8 respectively. This
operation can be shown as;

D+R«—A (3)

Figure 3.7 Diagonal block of matrix of master proces

R . o
=g PR =

Figure 3.8 Off-diagonal block of matrix of master pocess

There is no need to communicate with other proses$en multiplying nonzeros of
D (diagonal block). On the contrary, communicatisnrequired when multiplying
nonzeros oR (off-diagonal block). Because some elements ofitivectors of other
processes are required to do multiplication.
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3.2.3 Diagonal Block

Diagonal block,D has much more nonzeros than off-diagonal blockngwio
partitioning tools. To illustrate, empty off-diagarpart in Figure 3.7 is removed and
it becomes as in Figure 3.9.

Figure 3.9 Diagonal block of matrix of master proces (empty off-diagonal part is removed)

While multiplying sparse matrix with multiple vectp DCSRMM, a sparse BLAS
Level 3 routine is used. In order to improve cabfigatio, i rows of all vectors are
stored contiguously. Hence, it provides usabilitiBbAS Level 3 routines rather than

calling BLAS Level 2 routines many times for eacttor.

3.2.3.1 Permutation

The objective of using permutation is to improve #$peedup of sparse matrix —
multiple vectors multiplication by moving most n@nas contiguously as much as
possible. To achieve that matrices are permuteld twio different algorithms. After
the permutation is done, the matrix is multipliedthwmultiple vectors using

DCSRMM routine. Results of the experiments are miveSection 4.3.2.2.
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Both permutation algorithms, HSL MC73 and RCM regjumput matrix to be

symmetric, so for non-symmetric matrices, |A| ¥ jA|given as the input matrix.

3.2.3.1.1 HSL MC73

HSL MC73 is a library that computes Fiedler veabiaplacian matrix and computes
a symmetric permutation that aims to reduce thdéilerand wavefront [35]. In this
thesis, MC73 is used to move most nonzeros of riagar the main diagonal.

Three different algorithms can be used while conmgua symmetric permutation.
They are multilevel Sloan, multilevel spectral ordg and hybrid ordering
algorithms. In this thesis, multilevel spectral endg algorithm is used. This
algorithm computes the approximate Fiedler vectbrttee Laplacian of each

component and then sorts the entries of this veatoon-decreasing order [27].

MC73 tries to move most all nonzeros near the m@gonal as it can be seen in figure
below. For the sample diagonal block in Figure Bi8,permuted with the permutation

vector generated using MC73. The resulting diagblwak is given in Figure 3.10.

Figure 3.10 Diagonal block permuted with permutatia vector generated using MC73
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3.2.3.1.2 RCM

Reverse Cuthill McKee (RCM) algorithm [26] compugesymmetric permutation that
reduces the bandwidth of sparse symmetric matrAdgsrithm of RCM for the given
graphG (n)is given below [36].

Algorithm 3 Algorithm of RCM

Q«{} P Initialize an empty queu&)
R« {} » Initialize an empty result arraig
if there are unexplored nodien

1

2

3

4. P < The node with the lowest degreeGn(n)
5 AddP in the first free position dR

6

Q < Q + { All the nodes adjacent witR in the increasing order of
their degree }

C < The first node from the queue

8: Q—Q-{C}

9: while Q#{} do

10: if C has not previously been insertedRithen

11: AddC in the first free position dR

12: Q — Q + { All the neighbors ofC that are not ifR in
the increasing order of their degree }

13: end if

14: end while

15: endif

16: SwapR[i]withR[n+1-i] » Reverse the order of elementdRin

The vector elements accessed while multiplyifigraw of the sparse matrix are
accessed again in the following row, owing to remtlibandwidth that RCM algorithm

provides. In this thesis, RCM is used and advantdgeduced bandwidth is observed.
Results of the experiments are given in SectiorR£3
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For the sample diagonal block in Figure 3.9, igsmuted with the permutation vector
generated using RCM. The resulting diagonal blsajiven in Figure 3.11.

Figure 3.11 Diagonal block permuted with permutatio vector generated using RCM

3.2.4 Off-Diagonal Blocks

Off-diagonal blocksR, have much smaller number of nonzeros than theodelg
blocks. While multiplying nonzeros iR with input vectors, communication is
required. Because vector elements that is goirtog toultiplied with nonzeros in off-
diagonal block, are all owned by other processdsle/#ending these vector elements,
non-blocking MPI send routines are used to have pbssibility to continue
computation. Upon vector elements are receiveg,dhemultiplied with the nonzeros
inR.

Im, Yelick and Vuduck stated that for computatiangolving multiple vectors,
reorganizing them to perform the entire set of ipliiations as a single operation
provides significant performance improvement [18}his thesis,'f row of all vectors
are stored contiguously. Hence, reuse of nonzaromirixR has been provided when

multiplying.
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Output vectorsy is formed after multiplying all nonzeros ihandR. If the matrixA
is permuted with HSL MC73 or RCM, inverse permutatshould be done to achieve

final output vectors.
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CHAPTER 4

NUMERICAL EXPERIMENTS

In the previous chapter, the methods used in imgigation and the algorithm that is
developed are described. In this chapter, the ctingpand programming environment

are given and performance results are presented.

4.1 Computing Platform

The numerical computations reported in this thastsperformed using two different
computing platforms. NAR is a cluster at DepartmehtComputer Engineering,
Middle East Technical University [37]. MERCAN isetlother cluster at TUBITAK
ULAKBIM, High Performance and Grid Computing CenfERUBA Resources) [38].

Specifications of two platforms are given below.titen node is allocated while

operating.
Table 4.1 Platform specifications
Specification NAR MERCAN
Architecture  Intel Xeon E5430 AMD Opteron 6176
CPU Frequency 2.66 GHz 2.3 GHz
Number of CPUs 2 CPU x 4 core 2 CPU x 12 core
Number of Cores
2 X 4 x 32 KB instruction 2 x 12 x 64 KB instruction
L1 Cache
2 x 4 x 32 KB write-back data 2 x 12 x 64 KB data
L2 Cache 2Xx2x6MB 2x12x512 KB
L3 Cache N/A 2x2x6MB
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Table 4.1 Platform specifications (continued)

RAM 8 x 2 GB 667 MHz (total 16 GB) 128 GB 1600 MHz

Network 20 Gbps Infiniband 40 Gbps QDR Infiniband

4.2 Programming Environment

Specifications of programming environment are state Table 4.2, followed by

versions of other used libraries.

Table 4.2 Programming environment specifications

Specification NAR MERCAN
Operating System Scientific Linux 5.2 64-bit SciBot_inux 6.2 64-bit
Linux Kernel 2.6.18-92.1.17.el5 x86_64 2.6.32-22012%16 x86_64
MPI MVAPICH2 v1.2pl OpenMPI v1.4.3
MKL Intel MKL v10.1 Intel MKL v11.1.073
Fortran Compiler ifort v11.0 ifort v12.1.3
C Compiler mpicc (icc v11) mpicc (icc v12.1.3)

METIS version 5.1.0, a fill-reducing matrix reorgey and a sequential graph
partitioning algorithm; PATOH version 3.2, a mudtrel hypergraph partitioning
algorithm; HSL MC73 [35] version 1.2, a fast mtiel fiedler and profile reduction
algorithm; RCM [39], an algorithm that reorderspaise matrix into a band matrix
with a small bandwidth; Sparsekit [40], a basiclkddor sparse matrix operations;
MMIO library [30], a library for files in Matrix M&et format; CSPY, a MATLAB

function in CSparse library [41] for spy plotting atrices, are used in the

implementation of this thesis.
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4.3 Experiments and Results

4.3.1 Banded Matrix — Multiple Vectors Multiplication

In this section, only square, banded and strudyusgimmetric (means having the same
upper and lower bandwidths) matrices are used.iMatitries are double-precision

numbers and they are created randomly.

The results are evaluated in terms of speedupngtihie number of rows, number of
vectors, bandwidth, implementation type and conmgupilatform. Multiplication time
using DGBMV (in seconds) and speedup values usi8gNdM and DSBMM2 are
given in Table 4.3 and Table 4.4 for NAR and MERCpIEtforms respectively. No
threads are used in the implementation of thisi@e@nd the implementation runs

sequentially.

Table 4.3 Sequential multiplication time using DGBMW and speedup of banded matrix —
multiple vectors multiplication using DSBMM and DSBVMIM2 on NAR

Number of Vectors

Number Ié%legf Implementation 1 10 100
of Rows  woin Type DGBMV DGBMV DGBMV
Mult. Speedup Mult. Speedup Mult. Speedup
Timegsec) Timgsec) Time(sec)
100,000 10 DSBMM 0.25 0.91 1.55
001 —— 007 ——— 071 ————
100,000 10 DSBMM2 0.24 1.14 2.42
100,000 50 DSBMM 0.52 2.69 5.25
003 —— 027 ————— 271 ———
100,000 50 DSBMM2 0.34 2.10 5.52
100,000 200 DSBMM 0.70 3.89 8.18
009 —— 092 ——— 923 —(———
100,000 200 DSBMM2 0.49 2.63 7.86
1,500,000 10 DSBMM 0.25 0.91 1.52
011 ———— 108 —— 1077 —————
1,500,000 10 DSBMM2 0.24 1.15 2.44
1,500,000 50 DSBMM 0.52 2.70 5.26
041 ——— 407 ———— 4071 ———
1,500,000 50 DSBMM2 0.33 211 5.53
1,500,000 200 DSBMM 0.70 3.88 8.18
139 ———— 1386 —(———— 13859 ————
1,500,000 200 DSBMM2 0.49 2.62 7.86
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The matrices used in test case have 100,000, 40010&00,000 and 3,000,000 rows.
Only matrices having 100,000 and 1,500,000 rows sirewn in this section.

Remaining results are given in the Appendix A.

Eighteen vertical bars are shown in-group of spwrying number of vectors in each
of Figure 4.1, Figure 4.2, Figure 4.3 and Figu#e £ach group represents speedup
values of DSBMM and DSBMMZ2 relative to DGBMV for@&@abandwidth.

Chosen values for number of vectors are 1, 10 & fbr lower bandwidth are 10,
50, and 200. Detailed test results can be fourgppendix A.
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Figure 4.1 Speedup chart of banded matrix — multipg¢ vectors multiplication for matrix having
100,000 rows on NAR
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Figure 4.2 Speedup chart of banded matrix — multipg vectors multiplication for matrix having
1,500,000 rows on NAR

Figure 4.1 and Figure 4.2 show that DSBMM and DSB2Mve a better speedup
while number of vectors increases. The reason Hsr hehavior is that when the
number of vectors increases, more consecutive veatoes stay loaded in the cache
and reusability of the values in cache is much éighan DGBMV. DSBMM2 is
roughly 1.6 times faster than DSBMM if the bandwigt 10 and the number of vectors
is 100. For large number of vectors and bandwitltdwever, DSBMM s slightly
better.
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Table 4.4 Sequential multiplication time using DGBMW and speedup of banded matrix —

multiple vectors multiplication using DSBMM and DSBMM2 on MERCAN

Number of Vectors

Number of Ié(;\'r\:g[ Implementation ! 10 100
Rows ik Type DGBMV DGBMV DGBMV
Mult. Speedup Mult. Speedup Mult. Speedup
Timgsec) Timgsec) Time(sec)
100,000 10 DSBMM 0.20 0.72 1.12
001l — 006 — 066 ——
100,000 10 DSBMM2 0.13 0.86 2.04
100,000 50 DSBMM 0.43 1.81 2.90
002 — 018 ——— 178 ——
100,000 50 DSBMM2 0.19 1.51 2.80
100,000 200 DSBMM 0.70 2.64 4.08
006 — 061 —— 6.07 ——
100,000 200 DSBMM2 0.28 2.33 4.08
1,500,000 10 DSBMM 0.20 0.70 0.91
010 —— 097 —— 976 ——
1,500,000 10 DSBMM2 0.13 0.85 2.01
1,500,000 50 DSBMM 0.43 1.78 2.74
026 ——— 262 —— 2622 ——
1,500,000 50 DSBMM2 0.19 1.49 2.75
1,500,000 200 DSBMM 0.70 2.62 4.05
091 — 909 — 9090 ———
1,500,000 200 DSBMM2 0.28 231 4.05
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The four figures above indicate that DGBMV is bettean DSBMM and DSBMM2

if banded matrix is multiplied with a single vectddevertheless, DSBMM and
DSBMM2 provide a better speedup as the bandwiditifoannumber of vectors
increase in both platforms. DSBMM2 is roughly lirfBds faster than DSBMM if the
bandwidth is 10 and the number of vectors is 1@bsge of using square dense blocks
more effectively and lowering the number of trialaglocks, seen in Figure 3.2.

As the bandwidth increases, DSBMM is faster for llisnaumber of vectors but they
have almost equal performance if the number oforeas 100. A possible reason for
this behavior is that DSBMM is implemented in FORANR language whether

DSBMM2 is implemented in C language.

The maximum speedup observed for DSBMM and DSBMM2 &18 and 7.86

respectively. It is observed when the number ofarsas 100 and lower bandwidth is
200 on NAR platform. The results show that perfanoeof the implementation grows
linearly with the increasing number of processdsictv means that they are suitable

for multiprocessors.

Overall, considering either DSBMM or DSBMMZ2, itadserved that NAR has better
speedup than MERCAN. Most probably, the reasomhisrbehavior is that NAR has
Intel processors and MERCAN has AMD processorel MtKL library is optimized

for Intel platforms.

Matrices having 100,000 and 1,500,000 rows folloe $ame speedup trend. Other
matrices having different number of rows follow #&me trend as well.

4.3.2 Sparse Matrix — Multiple Vectors Multiplication

Three different set of experiments for sparse matnnultiple vectors multiplication
are performed. The first one is comparing matrixtgnoriginal form with matrix
permuted using MC73 and RCM algorithms. After finglthe best one, it will be used
on the following set of experiments. The secondismemparing METIS and PATOH
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partitioning tools. The best one will be used amfthllowing experiment. The last one
Is comparing the parallel scalability.

No threads are used in the implementations ofséision and all tests are done in two

different computing platforms.

4.3.2.1 Matrix Collection

The matrices used in experiments in this secti@nadlr sparse and square; matrix
entries are double precision numbers. They alloétained from the University of
Florida Sparse Matrix Collection [42]. Their bapi®perties are given in Table 4.5.

All matrices are treated as general even if theysgmmetric.

Table 4.5 Matrices used for performance testing

Number of Number of

Matrix Name Spy Plot Application Sym' Rows and Nonzeros NNZ/
metric Row
Columns (NN2Z)
af_shell10 structural Yes 1,508,065 52,259,885 34.65
- problem
atmosmodd computational -\ 4 570437 814,880 6.94

fluid dynamics

atmosmod| computational -\, 4 489 752 10,319,760 6.93
fluid dynamics
K7 -%‘"fl‘l |
& I'.I'.' .“ i . .
cagel4 - ‘{;!5;;;;;.1 g'rfrfrtfd weighted 1 505,785 27,130,349 18.02
- q 3
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Table 4.5 Matrices used for performance testing (edinued)

dielFilterV3real

G3_circuit

Geo_1438

Hamrle3

Hook 1498

kkt_power

memchip

nipkkt80

\\\
.
\ electromagnetic Yes 1,102,82489,306,020 80.98
circuit simulation Yes 1,585,478 7,660,826 4.83
structural Yes 1,437,960 60,236,322 41.89
problem
3 .‘__:_‘: circuit simulation  No 1,447,360 5,514,242 3.81
N \
\\\\\\
.
structural Yes 1,498,023 59,374,451 39.64
problem
\\\ cireuit Yes 2,063,494 12,771,361 6.19
optimization
. SN
circuit simulation No 2,707,524 13,343,948 4.93
optimization Yes 1,062,400 28,192,672 26.54
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Table 4.5 Matrices used for performance testing (edinued)

Serena AN structural Yes 1,391,349 64,131,971 46.09
W problem
StocF-1465 computational v o 4ee 137 21 005,389 14.34

\ fluid dynamics

thermal2 thermal problem Yes 1,228,045 8,580,313 6.99

weighted directed

graph No 1,000,005 3,105,536 3.11

webbase-1M

4.3.2.2 Effect of Permutation on Sequential Sparse Matrix -Multiple Vectors
Multiplication

In this section, three different forms of matrixe @ompared. They are,

e Matrix in its original form
* Matrix permuted with permutation vector generatsihg MC73

* Matrix permuted with permutation vector generatsithgt RCM

The matrix in all forms is multiplied with 100 vecs using DCSRMM, a sparse BLAS
Level 3 routine. The multiplication time of matrir the first form is used as a
reference in this section. These operations anéedaout sequentially, i.e., using a
single core of a processor. The results are evedust terms of speedup varying
matrix, reordering technique (stated above) andprdimg platform. Multiplication

time of the original matrix, times for obtainingetpermutation using MC73 and RCM

for both platforms are given in Table 4.6. Valueshe table are given in second.
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Table 4.6 Sequential multiplication time of matrixin its original form and the times for

obtaining the permutation using MC73 and RCM

NAR MERCAN
Matrix  Orig. Form ;23 1o rem Time | OM9: FOM 1073 Time RCM Time
Mult. Time Mult. Time
(sec) (sec) (sec) (sec) (sec) (sec)

af_shell10 10.87 5.33 0.69 30.16 6.69 0.81
atmosmodd 2.60 251 0.45 15.65 2.80 0.47
atmosmod| 3.05 3.05 0.51 19.41 3.35 0.55
cageld 7.89 8.73 1.48 36.36 9.75 1.42
dielFilterV3real 19.26 11.02 1.27 54.83 13.08 1.63
G3_circuit 2.44 3.29 0.35 16.78 3.66 0.50
Geo_1438 13.64 7.82 0.78 39.62 9.42 0.94
Hamrle3 2.29 22.14 1.03 13.47 27.08 0.88
Hook_1498 12.74 7.97 0.80 39.07 9.55 0.96
kkt_power 5.82 31.73 3.41 31.80 32.73 2.62
memchip 5.58 9.36 1.30 29.65 10.34 1.35
nlpkkt80 5.54 6.90 0.62 22.50 8.51 0.73
Serena 13.48 8.18 0.76 40.42 9.76 0.93
StocF-1465 5.32 5.53 0.93 26.09 6.35 1.02
thermal2 2.93 3.78 0.55 15.45 4.16 0.58
webbase-1M 1.43 35.72 0.28 8.52 38.47 0.29

RCM requires at least one-sixth of MC73. Even thougnes to obtain the
permutations on both platforms are nearly same,tiphichtion times are quite
different. The reason for this difference is thafR has Intel processors and

MERCAN has AMD processors. Intel MKL library is apized for Intel platforms.

Sequential performance comparison of sparse matrxltiple vectors multiplication
with matrix in its original form, matrix permutecsing MC73 and RCM on NAR
platform is given in Figure 4.5 and Figure 4.6.F& 4.7 and Figure 4.8 gives the

same comparison on MERCAN platform.
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Figure 4.5 Sequential performance comparison chamf SpMM with matrix in its original form,

matrix permuted using MC73 and RCM on NAR (part 1 d 2)
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Figure 4.6 Sequential performance comparison chamf SpMM with matrix in its original form,

matrix permuted using MC73 and RCM on NAR (part 2 d 2)
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Figure 4.7 Sequential performance comparison chamf SpMM with matrix in its original form,

matrix permuted using MC73 and RCM on MERCAN (part 1 of 2)
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Figure 4.8 Sequential performance comparison chamf SpMM with matrix in its original form,

matrix permuted using MC73 and RCM on MERCAN (part 2 of 2)
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In both platforms, matrix permuted using MC73 showspeedup except kkt_power,
memchip and thermal2 matrices, which arise in dir@od thermal application areas.
The reason is that MC73 dissolves any existing @éteck substructure, particularly
on cagel4, Geo 1438, nlpkkt80 and Serena matrinest of them represent a
structural problem. MC73 shows a better speedup®R@M only on memchip matrix,

which represents a circuit simulation problem.

In general, matrices permuted using RCM show abspieedup than the matrices
permuted using MC73 and in its original form. Rardarly on atmosmodl,

dielFilterV3real, kkt_power and thermal2 matric€CM vyields a good speedup.
These matrices arise in computational fluid dynamielectromagnetic, circuit
optimization and thermal application areas respelti It is roughly 1.16 times faster

than reference multiplication for these matrices.

4.3.2.3 Parallel Scalability

In the previous section, the forms of matrix atelsd and the matrix permuted using
RCM shows a better speedup. Hence, in this sedlilonperations are done with

matrices permuted using RCM.

4.3.2.3.1 METIS vs. PATOH

In this section, a graph partitioning tool METISdaa hypergraph partitioning tool
PATOH are compared. All the operations in this isectare operated within 16
processes. Thus, matrix is partitioned into 16glaytthe partitioning tool. Then each
process multiplies the permuted matrix with 100teecusing DCSRMM, a sparse
BLAS Level 3 routine.

The sequential multiplication time of matrix, peted using RCM is used as a
reference in this section. The results are evaluatéerms of speedup varying matrix,
partitioning tool and computing platform. Sequentmaltiplication time, partitioning

time of METIS and PATOH for both platforms are giva Table 4.7. Values in the

table are given in second.
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Table 4.7 Sequential multiplication time and partiioning time of METIS and PATOH

NAR MERCAN
Matrix Seq. Mult. METIS PATOH | Seq. Mult. METIS PATOH

Time (RCM) Partitioning Partitioning | Time (RCM) Partitioning Partitioning

(sec) Time (sec) Time (sec) (sec) Time (sec) Time (sec)

af_shell10 10.85 4.23 90.80 30.19 2.59 65.83
atmosmodd 2.53 4.44 35.24 14.39 2.28 20.55
atmosmod| 2.96 4.03 43.10 16.88 2.36 24.64
cagel4 7.39 51.06 236.83 36.91 24.09 127.80
dielFilterV3real 16.85 10.20 400.92 43.63 5.88 279.45
G3_circuit 2.70 2.85 24.99 16.29 1.68 14.23
Geo_1438 13.04 7.41 156.51 39.54 4.55 109.10
Hamrle3 2.65 132.74 18.70 16.22 63.08 10.90
Hook_1498 12.74 7.19 155.44 40.13 4.34 108.40
kkt_power 492 10.00 98.20 26.56 5.37 54.00
memchip 5.47 8.67 39.81 31.31 3.99 20.35
nlpkkt80 5.58 8.00 93.87 26.57 4.42 60.96
Serena 13.47 8.74 168.40 41.64 5.15 117.16
StocF-1465 5.29 5.83 73.01 25.83 3.35 43.89
thermal2 2.46 2.62 26.03 15.25 1.48 14.54
webbase-1M 1.38 3.70 18.45 8.20 2.33 12.23

Partitioning time of METIS is approximately one-sath of PATOH partitioning

time. Partitioning time of both tools on MERCANagpproximately two times better

than on NAR due to higher memory capacity and cdatmnal power on MERCAN.

On the contrary, sequential multiplication timensétrix on NAR is approximately

one-fourth of multiplication time on MERCAN. Theason for this difference is that
NAR has Intel processors and MERCAN has AMD prooesdntel MKL library is

optimized for Intel platforms.

The speedup is measured using RCM and 16 processgzared to the sequential

running time. Speedup plots using METIS and PATGOH \RCM reordering for the

diagonal block on NAR platform are given in Figdr® and Figure 4.10. Figure 4.11

and Figure 4.12 gives the same comparison on MER@latfiorm.
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Figure 4.10 Speedup comparison chart of partitionig tools on NAR (part 2 of 2)
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Figure 4.11 Speedup comparison chart of partitionig tools on MERCAN (part 1 of 2)
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Figure 4.12 Speedup comparison chart of partitionig tools on MERCAN (part 2 of 2)
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On both platforms, matrices partitioned using ME&I® PATOH show nearly the

same speedup. The only exception is Hamrle3 mathich is one of the most sparse
matrix in the collection with 3.81 nonzeros per r@n NAR platform, due to smaller

cache size, Hamrle3 matrix does not show speedbptm partitioning methods. On

the contrary, the largest speedup difference betyasditioning tools is observed with

the same matrix on MERCAN platform.

As a result, PATOH shows slightly a better speeduye reason is that hypergraph
based partitioning methods (e.g. PATOH) definescttramunication problem better
than graph based ones (e.g. METIS).

4.3.2.3.2 Parallel Scalability

In the last two sections, partitioning tools andnpatation of matrix are studied. The
matrix partitioned using PATOH and permuted usif@VMRshows a better speedup.
Hence, in this section all operations are done m#trices partitioned using PATOH
and then the diagonal blocks are permuted using RIZ matrix is multiplied with
a block of 100 vectors using DCSRMM, a sparse BlL&S8el 3 routine.

In this section, parallel scalability for each mats given. The results are evaluated
in terms of speedup varying matrix, number of psses and computing platform. The
number of processes used for each test startsdrar(also called sequentially) and

continues with the power of two up to 16.

The sequential multiplication time of the matriermuted using RCM is used as a
reference in this section. Sequential multiplicatione is given in Table 4.7 above.

Values in the table are given in second.
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Figure 4.14 Speedup comparison chart of matrices ddAR (part 2 of 2)
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Figure 4.16 Speedup comparison chart of matrices cdERCAN (part 2 of 2)
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On NAR platform, speedup continues to increasewgght processes, and then there
is a drop. The reason for the drop is that a nad®&AR has eight cores and each
process is mapped onto a single core. If the numberocesses exceeds eight, more
than one node are used and communication betwekss n® required. Even it has an

Infiniband switch between nodes, it is slower tbharchip communication.

Unlike NAR, speedup continues to increase on MERQCWhIich has 24 cores in each
node. Moreover, MERCAN shows approximately two srbetter speedup than NAR.
The reason for this dissimilarity is that MERCANsHagher cache capacity. Namely,
more vector entries can remain in the cache, radutisses when the algorithm tries

to access them again.

On MERCAN platform, Geo_1438, Hamrle3, nlpkkt80p&*-1465 matrices, show a
better speedup acceleration according to increasimgber of processes. These
matrices arise in structural problem, circuit siatidn, optimization and

computational fluid dynamics application areas eetipely.

To provide an effective load balancing and a goarhltel scalability, partitioning
tools and permutation algorithms are used. Thelteeshow that performance of the
implementation grows linearly with the increasingnber of processes, which means
that they are suitable for multiprocessors.
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CHAPTER 5

CONCLUSION AND FUTURE WORK

This thesis presented and compared different tgaesifor improving multiplication
of sparse and banded matrices with multiple vecksbanded matrices, an improved
method called DSBMM2 was presented that has adganggpecially for banded
matrices having small bandwidth and multiplied wldrge number of vectors.
DSBMM2 is roughly 1.8 times faster than DSBMM ifetlbandwidth is 10 and the
number of vectors is 100 on both platforms.

Whether DSBMM or DSBMM2 are used, machine spediiiting is worthy as the
ideal size of square and triangular blocks, narbalydwidth, is dependent on cache

size of platform.

For sparse matrices, it was shown that partitionows provide an effective load
balancing and a good parallel scalability. To inygranemory efficiency, each row of
vectors were stored contiguously. Hence, reducedbeu of cache misses were
observed while multiplying with multiple vectorsanicularly on MERCAN platform,
which has larger cache and memory size. Permuhegmatrix with RCM was
recommended rather than with MC73 in order to growmzeros contiguously.
Numerical experiments showed that matrices permutsing RCM vyield

approximately 10% speedup.

With the increasing multi-core environments, paflalkcalability of primitive

operations (such as SpMV, SpMM banded matrix —oretiultiplication and banded
matrix — multiple vectors multiplication) are bedogy more important. For future
work, block storage formats could be used to impra@ache-hit ratio, platform
dependent tuning (such as various block size, fotafey matrix and vector elements,

a7



etc.) could be done to achieve better speedup. TEMIB-Fiedler method [43] could
also be compared with RCM and MC73.
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APPENDIX A

RESULTS OF BANDED MATRIX — MULTIPLE VECTORS
MULTIPLICATION

Banded matrix — multiple vectors multiplication ogtons are done varying;

* Number of rows of the matrix
o 100,000
o 400,000
o 1,500,000
o 3,000,000
e Multiplication method
o DGBMV
o DSBMM
o DSBMM2
* Lower/upper bandwidth size
5
10
20
50
100
o 200

o O O o o

* Number of vectors
o 1
o 10
o 100

* Computing platform
o0 NAR
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o MERCAN

For NAR platform, the times are given in Table Aaid Table A.2. For MERCAN
platform, they are given in Table A.3 and Table.A/dlues in the tables are given in

second.

54



Table A.1 Multiplication time of banded matrices, having 5, 10 and 20 lower bandwidth, with multiple vectors on NAR

qg

m=5 ml = 10 mi =20
Number of  Implementation
Rows Type 1 Vector 10 Vectors 100 Vectors| 1 Vector 10 Vectors 100 Vectors| 1 Vector 10 Vectors 100 Vectors
(sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec)
100,000 DGBMV 0.00 0.03 0.34 0.01 0.07 0.71 0.01 0.12 118
100,000 DSBMM 0.03 0.09 0.54 0.03 0.08 0.46 0.03 0.06 0.34
100,000 DSBMM2 0.02 0.04 0.24 0.03 0.06 0.29 0.04 0.08 0.35
400,000 DGBMV 0.01 0.14 1.44 0.03 0.29 2.86 0.05 0.47 4.74
400,000 DSBMM 0.12 0.36 243 0.11 0.31 1.98 0.13 0.25 144
400,000 DSBMM2 0.07 0.18 0.96 0.12 0.25 118 0.17 0.31 1.39
1,500,000 DGBMV 0.05 0.54 5.44 0.11 1.08 10.77 0.18 1.78 17.78
1,500,000 DSBMM 0.47 142 8.34 0.43 1.19 7.08 0.49 0.95 5.20
1,500,000 DSBMM2 0.27 0.67 3.61 0.45 0.94 4.41 0.63 1.18 521
3,000,000 DGBMV 0.11 1.09 10.88 0.22 2.15 21.53 0.35 3.56 35.55
3,000,000 DSBMM 0.94 281 16.47 0.86 2.36 14.15 0.98 1.90 10.46

3,000,000 DSBMM2 0.55 133 7.21 0.89 1.87 8.82 1.26 2.35 10.41




99

Table A.2 Multiplication time of banded matrices, having 50, 100 and 200 lower bandwidth, with multiple vectorson NAR

ml = 50 ml = 100 ml = 200
Number of  Implementation
Rows Type 1 Vector 10 Vectors 100 Vectors| 1 Vector 10 Vectors 100 Vectors| 1 Vector 10 Vectors 100 Vectors
(sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec)
100,000 DGBMV 0.03 0.27 271 0.05 0.54 5.42 0.09 0.92 9.23
100,000 DSBMM 0.05 0.10 0.52 0.08 0.14 0.69 0.13 0.24 113
100,000 DSBMM?2 0.08 0.13 0.49 0.13 0.20 0.72 0.19 0.35 118
400,000 DGBMV 0.11 1.09 10.85 0.22 217 21.67 0.37 3.69 36.95
400,000 DSBMM 0.21 0.40 2.08 0.33 0.58 2.77 0.53 0.95 452
400,000 DSBMM2 0.33 0.51 1.96 0.52 0.82 2.90 0.76 141 4.70
1,500,000 DGBMV 0.41 4.07 40.71 0.81 8.13 81.27 1.39 13.86 138.59
1,500,000 DSBMM 0.79 151 7.74 1.22 217 10.38 1.99 3.57 16.95
1,500,000 DSBMM2 1.22 1.93 7.36 1.94 3.07 10.86 284 5.28 17.64
3,000,000 DGBMV 0.81 8.14 81.44 1.62 16.25 162.57 2.77 27.70 277.02
3,000,000 DSBMM 157 3.02 15.50 2.44 4.34 20.77 3.98 7.14 33.92
3,000,000 DSBMM2 245 3.86 14.72 3.89 6.14 21.73 5.67 10.56 35.29




Table A.3 Multiplication time of banded matrices, having 5, 10 and 20 lower bandwidth, with multiple vectorson MERCAN

LS

m=5 ml = 10 mi =20
Number of  Implementation
Rows Type 1 Vector 10 Vectors 100 Vectors| 1 Vector 10 Vectors 100 Vectors| 1 Vector 10 Vectors 100 Vectors
(sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec)
100,000 DGBMV 0.00 0.03 0.35 0.01 0.06 0.66 0.01 0.09 0.94
100,000 DSBMM 0.04 0.12 0.78 0.03 0.09 0.59 0.03 0.07 0.48
100,000 DSBMM?2 0.04 0.07 0.26 0.05 0.07 0.32 0.06 0.08 0.41
400,000 DGBMV 0.01 0.14 1.40 0.03 0.26 261 0.04 0.37 3.75
400,000 DSBMM 0.17 0.50 3.95 0.13 0.38 3.01 0.11 0.29 2.23
400,000 DSBMM2 0.17 0.28 1.04 0.20 0.30 1.29 0.25 0.33 1.65
1,500,000 DGBMV 0.05 0.52 5.18 0.10 0.97 9.76 0.14 1.40 14.03
1,500,000 DSBMM 0.64 181 14.03 0.47 1.40 10.67 0.41 1.07 8.13
1,500,000 DSBMM2 0.65 1.03 3.88 0.77 1.15 4.85 0.92 1.26 6.16
3,000,000 DGBMV 0.10 1.04 10.37 0.19 1.95 19.49 0.28 2.80 28.00
3,000,000 DSBMM 1.27 3.62 27.77 0.94 2.80 21.49 0.81 214 16.14

3,000,000 DSBMM2 131 2.07 7.79 1.53 2.29 9.68 1.84 2.53 12.38
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Table A.4 Multiplication time of banded matrices, having 50, 100 and 200 lower bandwidth, with multiple vectorson MERCAN

ml = 50 ml = 100 ml = 200
Number of  Implementation
Rows Type 1 Vector 10 Vectors 100 Vectors| 1 Vector 10 Vectors 100 Vectors| 1 Vector 10 Vectors 100 Vectors
(sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec)
100,000 DGBMV 0.02 0.18 1.78 0.03 0.32 3.19 0.06 0.61 6.07
100,000 DSBMM 0.04 0.10 0.61 0.06 0.14 0.95 0.09 0.23 1.49
100,000 DSBMM?2 0.09 0.12 0.64 0.14 0.16 0.93 0.22 0.26 1.49
400,000 DGBMV 0.07 0.70 6.99 0.13 127 12.71 0.24 243 24.26
400,000 DSBMM 0.16 0.38 252 0.22 0.55 3.84 0.35 0.93 5.98
400,000 DSBMM2 0.36 0.46 2.55 0.55 0.65 3.72 0.87 1.05 5.96
1,500,000 DGBMV 0.26 2.62 26.22 0.48 477 47.56 0.91 9.09 90.90
1,500,000 DSBMM 0.60 1.48 9.56 0.83 2.09 14.49 131 3.48 22.44
1,500,000 DSBMM2 1.35 177 9.54 2.05 2.49 13.96 3.28 3.94 22.35
3,000,000 DGBMV 0.51 5.23 52.33 0.95 9.52 95.63 N/A N/A N/A
3,000,000 DSBMM 119 2.93 19.00 1.65 4.17 29.03 N/A N/A N/A
3,000,000 DSBMM2 271 3.53 19.26 411 4.99 27.92 N/A N/A N/A

On MERCAN, the tests with matrix having 3,000,000 rows and 200 lower bandwidth, give memory error. (N/A means not available)



APPENDIX B

RESULTS OF SPARSE MATRIX — MULTIPLE VECTORS
MULTIPLICATION

Sparse matrix — multiple vectors multiplication céns are done varying;

* Form of the matrix
0 Matrix in its original form
0 Matrix permuted with permutation vector generatsithgt MC73
o Matrix permuted with permutation vector generatsithgt RCM
» Partitioning tool
o METIS
o PATOH
* Number of processes
0 1 (Sequential)
o 2
o 4
o 8
o 16
* Computing platform
o0 NAR
o MERCAN

The results of SpMM with matrix in its original forare given in Table B.1, Table
B.2, Table B.3 and Table B.4.

The results of SpMM with matrix permuted with petation vector generated using
MC73 are given in Table B.5, Table B.6, Table Bard dable B.8.
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The results of SpMM with matrix permuted with petation vector generated using
RCM are given in Table B.9, Table B.10, Table Bahtl Table B.12.

Sequential permutation and multiplication time atle form of the matrix are given
in the first appearance of combination of matrirriocand platform in the following
tables. They are given in Table B.1 and Table Br3ofiginal form; Table B.5 and
Table B.7 for MC73; Table B.9 and Table B.11 forMC

Matrix reading time for each platform are givenyom tables having the results of
matrix in its original form. They are given in TelB.1 and Table B.3 for NAR and

MERCAN platforms, respectively.

Values in the tables are given in second.
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Table B.1 Matrix reading time; Sequential multiplication time; Partitioning and parallel multiplication time of matrix partitioned using METIS on NAR

i 1 Process 2 Processes 4 Processes 8 Processes 16 Processes
Matrix Name Miﬁ? )((j '(';gc) Multiplica- | Partitioning Multiplica- | Partitioning Multiplica- | Partitioning Multiplica- | Partitioning Multiplica-
tion (sec) (sec) tion (sec) (sec) tion (sec) (sec) tion (sec) (sec) tion (sec)
af_shell10 26.87 10.87 2.08 5.50 2.04 2.75 2.09 1.69 423 1.82
atmosmodd 17.77 2.60 1.66 1.38 1.73 0.97 1.98 1.02 4.64 131
atmosmodl 6.46 3.05 1.98 1.62 2.05 1.13 2.30 117 4.13 1.40
cageld 22.04 7.89 7.99 497 12.92 3.39 18.44 2.97 50.54 3.92
dielFilterV 3real 66.02 19.26 341 9.85 347 5.23 3.95 3.18 9.99 3.38
G3_circuit 3.79 244 155 131 1.59 0.94 1.60 0.95 2.76 1.20
Geo_1438 3171 13.64 3.06 6.79 3.14 3.57 3.35 2.18 7.39 242
Hamrle3 4.39 2.29 14.08 1.75 24.05 1.63 40.58 1.89 132.52 3.50
Hook_1498 32.77 12.74 3.06 6.46 3.19 3.46 3.37 2.10 7.09 2.32
kkt_power 8.36 5.82 371 2.70 4.16 1.69 451 1.56 10.00 1.90
memchip 13.95 5.58 4.18 2.86 4.23 2.04 4.27 1.98 8.08 2.16
nlpkkt80 12.40 5.54 2.58 2.87 2.90 1.68 3.32 1.33 8.01 1.63
Serena 31.65 13.48 3.19 6.93 3.36 3.69 3.59 2.22 8.64 2.49
StocF-1465 11.74 5.32 211 2.78 221 1.60 2.55 1.26 5.83 1.48
thermal 2 497 2.93 1.36 1.50 1.39 0.95 141 0.94 2.52 101

webbase-1M 2.13 143 177 0.78 1.85 0.58 1.99 0.57 3.62 0.63




Table B.2 Partitioning and parallel multiplication time of matrix partitioned using PATOH on NAR

29

2 Processes 4 Processes 8 Processes 16 Processes
MatrixName  partitioning  Multiplica- | Partitioning Multiplica- | Partitioning Multiplica- | Partitioning Multiplica-
(sec) tion (sec) (sec) tion (sec) (sec) tion (sec) (sec) tion (sec)
af _shell10 12.13 5.19 23.65 2.75 34.73 1.69 91.00 1.80
atmosmodd 6.31 1.39 10.50 0.98 14.45 1.03 3541 1.20
atmosmodl 7.68 1.62 13.09 1.13 17.67 117 43.07 142
cagel4d 38.97 4.84 70.98 3.28 96.95 3.09 237.04 4.40
dielFilterV3red 53.30 9.87 104.66 5.23 154.10 3.15 401.59 331
G3_circuit 3.98 131 7.30 0.94 10.21 0.95 25.07 112
Geo_ 1438 23.17 6.73 42.18 3.56 60.97 2.16 157.35 2.50
Hamrle3 3.14 211 5.60 2.02 7.79 2.20 18.86 3.65
Hook_1498 21.90 6.53 41.50 348 60.03 2.08 155.57 2.37
kkt_power 18.01 2.77 32.56 1.75 4191 1.56 98.20 1.73
memchip 6.14 2.87 11.35 2.04 16.11 197 39.85 211
nlpkkt80 14.44 2.82 26.17 1.59 37.28 1.28 94.20 2.09
Serena 24.05 6.85 45.23 3.69 65.26 2.22 169.02 254
StocF-1465 11.01 271 20.26 1.59 28.69 1.25 72.99 1.50
thermal 2 4.01 1.48 7.39 0.95 10.40 0.95 25.77 1.03

webbase-1M 2.73 0.81 5.09 0.61 7.24 0.60 19.19 0.75




Table B.3 Matrix reading time; Sequential multiplication time; Partitioning and parallel multiplication time of matrix partitioned using METIS on
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MERCAN
_ 1 Process 2 Processes 4 Processes 8 Processes 16 Processes
Matrix Name Miter?f '(';gc) Multiplica- | Partitioning Multiplica- | Partitioning Multiplica- | Partitioning Multiplica- | Partitioning Multiplica-
tion (sec) (sec) tion (sec) (sec) tion (sec) (sec) tion (sec) (sec) tion (sec)
af_shell10 23.97 30.16 2.59 15.13 2.50 7.81 2.55 4.50 2.59 2.69
atmosmodd 6.97 15.65 1.67 7.55 1.73 4.02 1.99 2.24 2.24 1.28
atmosmaodl 5.91 19.41 1.97 9.54 2.04 5.03 2.25 2.73 2.34 1.62
cagel4d 20.77 36.36 8.47 19.50 12.54 10.37 17.45 5.67 23.90 3.50
dielFilterV3red 58.17 54.83 4.33 26.99 441 14.43 491 7.64 5.84 4.58
G3 _circuit 3.58 16.78 158 8.45 1.60 4.69 1.64 2.77 1.67 1.50
Geo 1438 28.71 39.62 3.84 19.60 3.90 10.42 4.14 5.62 4.56 3.33
Hamrle3 3.88 13.47 1351 7.38 2211 4.01 37.79 2.39 62.52 1.45
Hook 1498 29.34 39.07 3.75 19.36 3.90 10.66 4.11 5.78 4.34 3.38
kkt_power 7.69 31.80 3.93 14.97 4.47 7.23 4.81 4.62 5.38 2.48
memchip 12.16 29.65 3.81 14.97 3.86 8.61 3.94 4.78 4,01 2.93
nlpkkt80 11.69 22.50 3.08 11.03 3.36 6.18 3.69 3.16 4.39 1.87
Serena 28.72 40.42 4.00 20.02 4.21 11.12 4.45 6.02 5.06 351
StocF-1465 10.66 26.09 2.48 12.69 2.61 6.84 2.97 371 3.33 2.23
thermal 2 473 15.45 142 7.90 143 418 148 2.35 1.49 1.28

webbase-1M 1.98 8.52 1.80 444 1.92 231 2.04 1.39 2.32 0.81




Table B.4 Partitioning and parallel multiplication time of matrix partitioned using PATOH on MERCAN

2 Processes 4 Processes 8 Processes 16 Processes
MatrixName  partitioning Multiplica- | Partitioning Multiplica- | Partitioning Multiplica- | Partitioning Multiplica-
(sec) tion (sec) (sec) tion (sec) (sec) tion (sec) (sec) tion (sec)
af shell10 17.20 15.07 33.71 8.23 49.87 441 65.74 2.66
atmosmodd 6.28 7.56 11.38 4.05 16.09 2.24 20.57 1.28
atmosmaodl 7.69 9.62 13.76 5.20 19.21 2.50 2451 155
cagel4d 39.37 19.88 72.13 10.14 101.09 5.55 128.47 3.35
dielFilterV3red 72.52 26.18 142.89 12.91 212.64 7.80 279.57 4.50
G3 _circuit 4.03 8.49 7.64 4.68 11.14 2.55 14.34 1.40
Geo 1438 30.67 19.41 56.96 10.41 83.15 5.70 109.34 3.32
Hamrle3 3.21 571 5.85 2.73 8.44 1.60 10.75 0.98
Hook 1498 29.46 19.30 56.39 10.78 82.74 5.32 108.47 3.32
kkt_power 16.95 15.15 3111 7.93 42.34 4.17 53.58 2.44
memchip 5.63 15.20 10.87 8.40 15.82 481 20.43 2.98
nlpkkt80 17.40 10.27 32.46 5.75 47.00 3.39 60.78 1.79
Serena 32.29 19.87 61.17 11.15 89.75 551 117.50 3.24
StocF-1465 12.12 12.59 23.18 6.56 33.98 3.63 44.11 2.05
thermal2 4.17 7.87 7.81 4.36 11.34 2.31 14.57 135
webbase-1M 3.28 4.44 6.27 2.30 9.11 1.36 12.21 0.79
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Table B.5 Sequential permutation and multiplication time; Partitioning, parallel permutation and multiplication time of matrix partitioned usng METIS
and then per muted using MC73 on NAR

1 Process 2 Processes 4 Processes 8 Processes 16 Processes

Matrix Name Permu- Multipli-| Parti- Permu- Multipli-| Parti- Permu- Multipli-| Parti- Permu- Multipli-| Parti-  Permu- Multipli-

tation  cation | tioning tation  cation | tioning tation  cation | tioning tation  cation | tioning tation  cation

(sec)  (sec) | (sec)  (sec)  (sec) | (sec)  (sec)  (sec) | (sec)  (sec)  (sec) | (sec)  (sec)  (sec)
af_shell10 5.33 11.25 2.08 271 5.49 2.04 1.59 292 2.09 1.37 1.87 4.23 0.48 1.87
atmosmodd 251 3.10 1.66 1.40 1.65 1.73 0.72 1.03 1.98 0.50 1.23 3.96 0.15 1.24
atmosmodl 3.05 3.50 1.98 1.68 1.83 2.05 0.87 1.30 2.30 0.69 1.18 4.82 0.18 154
cageld 8.73 12.15 7.98 4,94 7.88 12.90 3.98 5.44 18.42 1.42 4.00 50.53 0.41 4,77
dieFilterV3real  11.02 20.63 3.36 5.63 10.82 3.46 3.22 5.51 3.9 3.10 3.39 10.01 2.05 3.27
G3_circuit 3.29 2.61 155 1.80 1.38 1.59 0.87 0.88 1.60 0.65 0.85 3.25 0.16 1.04
Geo_1438 7.82 18.17 3.06 3.85 8.55 3.14 2.16 4.32 3.36 171 3.18 7.40 0.76 2.84
Hamrle3 22.14 2.94 14.15 11.52 217 24.14 2.66 1.96 40.52 1.40 2.25 132.66 0.47 3.08
Hook_1498 797 15.49 3.06 391 7.73 3.20 2.18 411 3.39 1.70 2.85 7.20 0.83 293
kkt_power 31.73 522 3.73 20.10 277 4.17 6.23 1.69 451 3.70 1.68 10.00 1.33 1.84
memchip 9.36 4.78 4.18 4.04 252 4.23 2.26 1.62 4.27 1.69 1.44 8.08 0.38 1.45
nlpkkt80 6.90 10.87 2.58 3.59 6.27 291 1.69 3.34 3.33 1.10 271 8.01 0.45 2.58
Serena 8.18 19.81 3.20 412 9.26 3.37 2.30 491 3.60 1.82 311 8.79 1.07 3.02
StocF-1465 5.53 6.58 212 2.95 3.52 221 1.33 243 2.55 0.89 2.20 5.83 0.35 2.04
thermal 2 3.78 2.50 1.36 1.68 1.31 1.39 1.07 0.80 141 0.61 0.66 2.47 0.18 1.04
webbase-1M 35.72 1.46 1.77 17.63 0.80 1.85 7.80 0.58 1.98 3.81 0.54 3.62 1.83 0.64
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Table B.6 Partitioning, parallel permutation and multiplication time of matrix partitioned using PATOH and then permuted using M C73 on NAR

2 Processes 4 Processes 8 Processes 16 Processes
Matrix Name Parti- ~ Permu- Multipli- | Parti-  Permu- Multipli- | Parti-  Permu- Multipli- | Parti-  Permu-  Multipli-
tioning tation cation | tioning tation cation | tioning tation cation | tioning tation cation

(sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec)
af_shell10 12.09 2.73 5.49 23.59 1.59 2.89 34.63 131 1.84 90.77 0.48 1.89
atmosmodd 6.10 1.36 1.59 10.50 0.73 1.03 14.52 0.56 1.08 35.17 0.18 1.05
atmosmodl 7.55 1.60 1.79 13.03 0.86 1.16 17.64 0.66 1.26 43.09 0.19 1.24
cageld 38.98 3.59 7.38 69.62 1.85 4.92 96.84 0.93 4.07 237.37 0.43 4.86
dielFiltervV3rea  53.37 5.59 10.79 104.48 3.23 5.48 154.15 2.43 3.29 401.26 0.81 3.02
G3_circuit 4.00 1.73 1.39 7.35 0.93 0.87 10.25 0.61 0.85 25.25 0.14 112
Geo_1438 23.17 3.79 8.44 42.45 213 4.29 61.12 1.70 292 157.01 0.84 2.82
Hamrle3 3.13 497 2.38 5.59 1.56 2.06 7.77 0.19 2.33 18.73 0.02 3.17
Hook_1498 21.93 3.87 7.69 41.30 214 4.10 59.98 1.74 2.70 155.21 0.96 2.74
kkt_power 18.34 9.30 2.72 31.17 4.08 1.66 41.02 1.87 1.59 99.04 0.75 1.69
memchip 6.16 3.49 251 11.37 1.99 1.59 16.13 1.57 143 39.81 0.39 154
nlpkkt80 14.14 3.10 5.66 26.24 1.67 2.89 37.04 1.09 2.79 94.22 0.43 2.18
Serena 24.00 3.84 9.27 45.13 2.09 4.71 65.25 171 3.06 168.79 0.92 2.93
StocF-1465 10.92 2.86 3.30 20.19 1.34 221 28.86 1.05 221 73.00 0.36 1.87
thermal2 4.02 1.65 1.32 7.39 1.00 0.80 10.42 0.48 0.65 26.06 0.17 0.81
webbase-1M 2.73 8.73 0.83 5.08 5.51 0.56 7.28 0.86 0.55 18.36 0.74 0.60
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Table B.7 Sequential per mutation and multiplication time; Partitioning, parallel permutation and multiplication time of matrix partitioned usng METIS
and then per muted using MC73 on MERCAN

1 Process 2 Processes 4 Processes 8 Processes 16 Processes

Matrix Name Permu- Multipli-| Parti- Permu- Multipli-| Parti-  Permu- Multipli-| Parti- Permu- Multipli-| Parti- Permu- Multipli-

tation cation | tioning tation  cation | tioning tation  cation | tioning tation  cation | tioning tation  cation

(sec) (sec) (sec) (sec)  (sec) (sec) (sec) (sec) | (sec) (sec) (sec) | (sec) (sec) (sec)
af_shell10 6.69 34.28 2.60 3.36 16.53 251 164 8.57 2.58 0.81 4.80 2.61 0.44 2.52
atmosmodd 2.80 16.31 1.68 1.55 8.16 1.75 0.73 4.32 2.00 0.35 244 224 0.19 1.35
atmosmodl 3.35 19.08 1.99 1.82 9.68 2.02 0.89 5.19 2.26 0.46 2.82 2.38 0.23 1.63
cageld 9.75 47.99 8.50 5.62 25.75 12.55 4.29 13.23 17.51 0.95 6.92 24.00 0.48 3.54
dielFilterV3real 13.08 60.40 4.30 6.46 29.66 4.42 3.18 15.44 4,95 1.83 7.79 5.89 1.01 4.27
G3_circuit 3.66 17.27 1.58 1.97 8.67 1.64 0.87 4.84 1.62 0.43 2.53 1.65 0.22 1.59
Geo_1438 9.42 55.41 3.88 4.67 26.69 3.94 2.25 12.47 4.18 111 6.38 4.56 0.59 3.80
Hamrle3 27.08 16.76 13.53 12.48 8.84 22.15 2.90 4.76 38.06 121 2.76 61.99 0.56 1.49
Hook_1498 9.55 50.26 3.77 4.73 24.63 3.94 2.32 12.64 412 1.13 6.60 4.37 0.62 3.37
kkt_power 32.73 28.24 3.93 20.64 13.87 4.49 7.39 7.47 4.82 3.36 412 5.32 1.14 2.42
memchip 10.34 30.33 3.86 4.21 15.40 3.87 2.00 8.43 3.90 0.96 4.89 4.03 0.48 2.50
nlpkkt80 8.51 34.42 3.08 4.29 17.05 3.38 2.02 8.33 3.74 0.85 4.35 441 0.52 2.18
Serena 9.76 61.59 4.03 4.89 27.74 421 2.39 13.43 4.46 1.18 7.03 5.14 0.60 3.65
StocF-1465 6.35 30.12 2.50 3.34 14.53 2.62 1.45 8.25 2.99 0.75 4.08 3.35 0.37 2.14
thermal 2 4.16 15.79 1.42 1.86 7.93 1.44 1.19 4.34 1.47 0.51 2.45 150 0.25 1.30
webbase-1M 38.47 8.42 1.82 19.23 4.78 1.91 9.47 3.12 2.06 4.39 1.45 2.33 2.00 0.88
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Table B.8 Partitioning, parallel permutation and multiplication time of matrix partitioned using PATOH and then permuted using MC73 on MERCAN

2 Processes 4 Processes 8 Processes 16 Processes

Matrix Name Parti- ~ Permu- Multipli- | Parti-  Permu- Multipli- | Parti-  Permu- Multipli- | Parti-  Permu-  Multipli-
tioning tation cation | tioning tation cation | tioning tation cation | tioning tation cation

(sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec)
af_shell10 17.21 3.37 16.10 33.62 1.66 8.86 49.82 0.81 5.19 65.73 0.43 3.04
atmosmodd 6.32 1.46 8.11 11.38 0.71 4.49 16.20 0.38 2.35 20.63 0.20 1.37
atmosmodl 7.66 1.68 9.54 13.74 0.85 5.20 19.25 0.48 3.04 24.68 0.22 1.59
cageld 40.09 3.98 25.88 72.52 174 13.35 102.07 0.76 6.90 128.33 0.42 3.66
dielFilterV3real  72.53 6.39 29.75 143.22 3.16 14.54 213.00 1.67 7.52 280.02 0.88 4.10
G3_circuit 4.08 1.92 8.80 7.68 0.89 4.75 11.13 0.41 272 14.40 0.22 1.49
Geo_1438 30.64 4.60 25.02 57.11 222 12.67 83.48 1.13 7.02 109.33 0.60 3.48
Hamrle3 3.23 6.31 7.00 5.95 1.60 311 8.45 0.23 1.69 10.89 0.04 0.94
Hook_1498 29.55 4.67 24.80 56.24 2.28 12.53 82.76 1.13 6.87 108.27 0.61 3.54
kkt_power 16.74 10.76 1411 30.54 4.82 7.34 42.95 2.09 4.01 54.03 0.95 2.33
memchip 5.59 3.72 15.75 10.86 1.79 8.96 15.79 0.86 5.00 20.43 0.47 2.67
nlpkkt80 17.47 3.95 16.82 32.47 177 8.35 46.83 101 4.26 60.95 0.43 214
Serena 32.58 4.65 27.09 61.51 217 13.82 90.17 111 6.54 117.20 0.55 3.66
StocF-1465 12.18 3.26 14.30 23.02 1.48 7.33 33.71 0.80 4.06 44.26 0.37 218
thermal 2 4.14 1.83 7.90 7.81 0.92 4.26 11.38 0.45 2.29 14.79 0.23 131

webbase-1M 3.30 9.37 4.49 6.27 5.15 240 9.17 0.87 1.32 12.24 0.66 0.82
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Table B.9 Sequential per mutation and multiplication time; Partitioning, parallel permutation and multiplication time of matrix partitioned usng METIS
and then permuted using RCM on NAR

1 Process 2 Processes 4 Processes 8 Processes 16 Processes

Matrix Name Permu-  Multipli-| Parti- ~ Permu- Multipli-| Parti- ~ Permu-  Multipli-| Parti-  Permu-  Multipli-| Parti-  Permu-  Multipli-

tation  cation | tioning tation  cation | tioning tation  cation | tioning tation  cation | tioning tation  cation

(sec)  (sec) | (sec)  (sec)  (sec) | (sec)  (sec)  (sec) | (sec)  (sec)  (sec) | (seq)  (sec)  (sec)
af_shell10 0.69 10.85 2.08 0.35 5.42 2.04 0.19 2.78 2.09 0.14 178 4.23 0.04 179
atmosmodd 0.45 2.53 1.67 0.16 135 173 0.10 0.90 1.98 0.05 0.97 4.44 0.02 1.05
atmosmodi 0.51 2.96 1.98 0.20 158 2.04 0.14 1.05 2.30 0.07 1.13 4.03 0.01 124
cageld 148 7.39 7.95 0.68 4.79 12.82 0.38 342 18.31 0.26 281 51.06 0.03 3.77
dielFilterV3real  1.27 16.85 3.36 0.53 8.50 3.47 0.36 4.40 3.93 0.21 254 10.20 0.07 3.01
G3_circuit 0.35 2.70 1.55 0.20 1.48 1.59 0.08 1.02 1.60 0.05 1.10 2.85 0.02 121
Geo_1438 0.78 13.04 3.07 0.56 6.61 3.15 0.24 3.54 3.36 0.16 2.29 741 0.05 243
Hamrle3 1.03 2.65 14.01 0.42 1.93 23.90 0.19 177 40.33 0.11 204 13274 0.02 3.03
Hook_1498 0.80 12.74 3.06 0.38 6.54 3.20 0.23 3.53 3.38 0.21 231 7.19 0.06 2.57
kkt_power 341 4.92 371 123 2.63 4.15 0.47 178 4.49 0.46 1.62 10.00 0.03 176
memchip 1.30 5.47 4.18 0.45 2.97 4.23 0.20 201 4.27 0.14 1.83 8.67 0.04 1.99
nlpkkt80 0.62 5.58 2.57 0.28 2.84 2.89 0.13 173 3.32 0.09 141 8.00 0.02 167
Serena 0.76 13.47 3.20 0.65 6.96 3.38 0.24 3.77 3.59 0.26 231 8.74 0.08 2.52
StocF-1465 0.93 5.29 212 0.34 2.77 221 0.16 157 2.56 0.12 125 5.83 0.03 173
thermal2 0.55 2.46 1.36 0.21 1.29 1.39 011 0.78 142 0.06 0.66 2.62 0.02 0.86
webbase-1M 0.28 1.38 177 0.12 0.77 185 0.05 0.59 1.98 0.03 0.57 3.70 0.01 0.64
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Table B.10 Partitioning, parallel per mutation and multiplication time of matrix partitioned using PATOH and then permuted using RCM on NAR

2 Processes 4 Processes 8 Processes 16 Processes
Matrix Name Parti- ~ Permu- Multipli- | Parti-  Permu- Multipli- | Parti-  Permu- Multipli- | Parti-  Permu-  Multipli-
tioning tation cation | tioning tation cation | tioning tation cation | tioning tation cation

(sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec)
af_shell10 12.09 0.27 5.43 23.60 0.17 2.80 34.67 0.10 1.73 90.80 0.04 1.68
atmosmodd 6.05 0.16 1.36 10.44 0.07 0.90 14.40 0.05 0.93 35.24 0.01 1.03
atmosmodl 7.71 0.19 1.59 12.96 0.10 1.04 17.68 0.07 112 43.10 0.01 1.16
cageld 39.10 0.67 4.52 70.88 0.34 3.1 96.88 0.22 2.82 236.83 0.03 3.86
dielFiltervV3rea  53.34 0.52 8.49 104.63 0.33 4.42 154.08 0.27 2.43 400.92 0.14 2.74
G3_circuit 3.99 0.17 1.46 7.31 0.08 1.04 10.25 0.05 1.06 24.99 0.01 1.07
Geo_1438 23.08 0.36 6.68 42.46 0.21 3.52 61.03 0.16 2.26 156.51 0.04 244
Hamrle3 3.13 2.04 214 5.59 0.04 2.05 7.79 0.02 224 18.70 0.01 3.22
Hook_1498 21.95 0.37 6.42 41.52 0.21 3.47 59.97 0.15 2.18 155.44 0.05 2.40
kkt_power 18.08 1.00 2.68 31.45 0.56 1.75 41.67 0.49 1.61 98.20 0.03 177
memchip 6.13 0.45 297 11.37 0.20 1.99 16.11 0.13 191 39.81 0.03 1.99
nlpkkt80 14.50 0.19 284 26.30 0.12 1.58 37.19 0.09 1.33 93.87 0.02 1.58
Serena 24.14 0.38 6.86 45.14 0.23 3.72 65.16 0.15 2.26 168.40 0.07 257
StocF-1465 10.96 0.25 2.72 20.25 0.14 1.58 28.86 0.09 1.25 73.01 0.03 1.59
thermal2 4.01 0.21 1.29 7.37 0.10 0.79 10.39 0.06 0.63 26.03 0.02 0.88
webbase-1M 2.73 0.12 0.82 5.07 0.03 0.58 7.36 0.02 0.55 18.45 0.00 0.63
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Table B.11 Sequential per mutation and multiplication time; Partitioning, parallel per mutation and multiplication time of matrix partitioned using METIS
and then permuted using RCM on MERCAN

1 Process 2 Processes 4 Processes 8 Processes 16 Processes

Matrix Name Permu- Multipli-| Parti- ~ Permu- Multipli-| Parti- ~ Permu-  Multipli-| Parti- ~ Permu-  Multipli- | Parti- ~ Permu-  Multipli-

tation  cation | tioning tation  cation | tioning tation  cation | tioning tation  cation | tioning tation  cation

(sec)  (sec) | (sec)  (sec)  (sec) | (sec)  (sec)  (sec) | (sec)  (sec)  (sec) | (seq)  (sec)  (seo)
af_shell10 0.81 30.19 2.58 0.43 14.79 2.50 0.20 8.00 2.57 0.11 4.41 2.59 0.05 2.42
atmosmodd 0.47 14.39 1.70 0.23 7.20 177 0.12 3.89 2.03 0.05 2.27 2.28 0.02 132
atmosmodl 0.55 16.88 2.00 0.27 8.45 2.05 0.15 4.64 2.29 0.05 2.48 2.36 0.02 1.47
cagel4 142 36.91 8.51 0.75 19.70 1258 0.37 1067  17.58 0.12 5.72 24.09 0.07 3.28
dielFilterV3real  1.63 43.63 4.34 0.64 21.41 4.47 0.36 10.76 4.99 0.18 6.29 5.88 0.09 3.60
G3_circuit 0.50 16.29 1.60 0.23 8.28 1.62 0.09 4.67 163 0.04 2.72 1.68 0.02 1.47
Geo_1438 0.94 39.54 3.86 0.62 18.97 3.91 0.23 10.47 4.14 0.11 6.16 4.55 0.06 3.37
Hamrle3 0.88 16.22 1357 0.39 8.39 22.35 0.20 5.00 38.40 0.07 2.92 63.08 0.03 1.61
Hook_1498 0.96 40.13 3.73 0.45 19.56 3.89 0.22 10.54 4.09 0.14 5.88 4.34 0.08 3.32
kkt_power 2.62 26.56 3.91 0.99 13.32 451 0.42 8.37 4.87 0.16 4.01 5.37 0.09 2.46
memchip 135 3131 3.77 0.51 15.98 3.86 0.24 8.55 3.93 0.12 5.01 3.99 0.06 2.82
nlpkkt80 0.73 26.57 3.06 0.36 11.99 3.37 0.15 5.98 3.73 0.07 3.23 4.42 0.04 1.68
Serena 0.93 41.64 4.03 0.75 20.50 421 0.24 1121 4.44 0.17 5.58 5.15 0.08 3.57
StocF-1465 1.02 25.83 2.50 0.44 12.13 2.60 0.21 5.70 2.97 0.13 3.44 3.35 0.06 1.90
thermal 2 0.58 15.25 1.40 0.24 7.68 1.43 011 4.13 1.46 0.05 2.32 148 0.02 1.27
webbase-1M 0.29 8.20 1.82 0.14 531 191 0.08 2.75 2.04 0.03 1.39 2.33 0.01 0.88
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Table B.12 Partitioning, parallel permutation and multiplication time of matrix partitioned using PATOH and then permuted using RCM on MERCAN

2 Processes 4 Processes 8 Processes 16 Processes

Matrix Name Parti- ~ Permu- Multipli- | Parti-  Permu- Multipli- | Parti-  Permu- Multipli- | Parti-  Permu-  Multipli-
tioning tation cation | tioning tation cation | tioning tation cation | tioning tation cation

(sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec)
af_shell10 17.25 0.39 14.88 33.81 0.19 8.84 49.89 0.09 4.40 65.83 0.05 261
atmosmodd 6.43 0.23 7.09 11.26 0.10 3.96 16.15 0.04 213 20.55 0.02 1.28
atmosmodl 7.57 0.26 8.43 13.68 0.12 4.65 19.04 0.05 2.56 24.64 0.03 1.52
cageld 38.83 0.65 18.96 72.72 0.28 10.42 100.20 011 5.88 127.80 0.05 312
dielFilterV3real  72.33 0.64 2151 142.71 0.32 11.80 212.66 0.18 6.95 279.45 0.09 3.96
G3_circuit 4.03 0.19 8.36 7.69 0.09 4.54 11.02 0.04 247 14.23 0.02 151
Geo_1438 30.48 0.44 18.82 57.11 0.22 9.57 83.21 0.12 5.59 109.10 0.06 3.01
Hamrle3 3.24 0.28 6.66 591 0.06 3.23 8.50 0.02 1.56 10.90 0.01 1.02
Hook_1498 29.55 0.46 19.79 56.31 0.23 10.64 82.54 0.12 573 108.40 0.06 3.40
kkt_power 16.57 0.88 13.05 30.47 0.44 7.56 42.60 0.16 4.20 54.00 0.08 247
memchip 5.63 0.51 16.31 10.79 0.23 8.52 15.83 0.12 4.60 20.35 0.05 277
nlpkkt80 17.26 0.29 11.19 32.55 0.15 5.77 47.12 0.07 3.34 60.96 0.03 1.87
Serena 32.47 0.46 20.17 61.38 0.22 1211 89.90 011 6.09 117.16 0.06 3.53
StocF-1465 12.22 0.34 11.67 2311 0.18 6.29 33.55 0.07 3.48 43.89 0.04 1.82
thermal 2 4.18 0.23 7.60 7.89 011 4.15 11.27 0.05 2.27 14.54 0.02 1.30

webbase-1M 3.28 0.08 4.26 6.27 0.03 2.35 9.10 0.02 1.38 12.23 0.01 0.81




