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�8P8 �20/#& �%(* �36*"/#*:? 
2!* �
�� �*:*,$*" �R

�8P8Q �%+* �(.12- �1*%& �!"*%1,36 �#1*+ 8 8 8 8 8 8 �R

�8 � �*1.:*1 �#0!&*J,(2 ��	 �*:*,$*" '#" ��� /%+*1 #3
�36*"/#*:? (2!* �%:(#" �"%!) F��G %31 �.0�	"#1.:(
�&6#",()0 F�	�G �"%0*E#"? 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 ��

�8 8� 	"#!#+*1 �":),(*:(."* /%+*1 #3 �36*"/#*:? (2!*
�%:(#",9%(,#3 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 ��

�8 8� �,%+ �#0!*3+%(,#3 ,3 ������ 8 8 8 8 8 8 8 8 8 �P

�8 8P �0!&*0*3(%(,#3 �*(%,&+ %31 �#0!.(%(,#3%& �#0�
!&*J,(2 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 �Q

�8Q �""#" 	"#/%/,&,(2 �3%&2+,+ '#" ������ 8 8 8 8 8 8 8 8 8 8 �R

�8Q8� �%",%3:* �3%&2+,+ #' ()* Bias 
*"0 ,3 �36*"�
/#*:? 
2!* ���� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 �R

�8Q8� �!!"#J,0%(* �,( �""#" �%(* '#" ������ E,()
��� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 P�

�8S �,0.&%(,#3 �*+.&(+ 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 PP

�8S8� ��� �,0.&%(,#3+ 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 PP

�8S8� �J(",3+,: �3'#"0%(,#3 
"%3+'*" F���
G �)%"(
�*)%$,#." #' ()* ������ 8 8 8 8 8 8 8 8 8 8 8 8   

�8S8�8� 
)* ���
 �)%"( 8 8 8 8 8 8 8 8 8 8  S

�8S8�8� �,0.&%(,#3 �*+.&(+ 8 8 8 8 8 8 8 8 8  S

�8D �#3:&.+,#3+ 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 Q�

P ��
��� ��
� ����� ����� 	������
�
� ���
����
�� ����� ��� ������ ��� ����
� �
����
���
�
������ 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 Q�

P8� �3("#1.:(,#3 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 Q�

P8� �.(#C �%(* �3%&2+,+ #' �#1*1 ��� �:)*0* 8 8 8 8 8 8 Q�

J,,,



P8P 	*"'#"0%3:* �3%&2+,+ /%+*1 #3 ��� �*3*"%(,#3 #' �.(�
#C �%(* '#" �#1*1 ��� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 QQ

P8P8� 
�� �#.31 F�!(,0.0 �#.31G /%+*1 #3 �.(#C
�%(* 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 QQ

P8P8� �3%&2(,:%& �%&:.&%(,#3 #' ()* �#0*3(+ 8 8 8 8 QS

P8P8P �#0*3( �%+*1 �!!"#J,0%(,#3 #' ��� 8 8 8 8 QS

P8P8 	%:?*( �""#" �%(* �%&:.&%(,#3 '#" �#1*1 ���
�:)*0* 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 QR

P8 �"6#1,: �.(#C �%(* �%&:.&%(,#3 '#" �#1*1 ��� �:)*0* QO

P8Q �.&(,1,0*3+,#3%& �,63%&,36 I%$*'#"0 �*+,63 �.,1*&,3*+
'#" ��� �:)*0* /%+*1 #3 �.(#C �%(* 8 8 8 8 8 8 8 8 8 8 QO

P8S �%+* �(.12- �1*%& �,63%&,36 I%$*'#"0+ 8 8 8 8 8 8 8 8 8 S�

P8D 	*"'#"0%3:* �*+.&(+ 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 S�

P8R �#3:&.+,#3+ 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 D�

 � ������� ������� ���	
���
� ���������� 
�	�
��	 �������� ��� ��

�	
� ������ ������
 F���G DQ

 8� �3("#1.:(,#3 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 DQ

 8� �2+(*0 �#1*& 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 DR

 8P �36*"/#*:? (2!* �
�� �*:*,$*" '#" ��� ,3 ��� 8 8 8 DO

 8P8� �!(,0.0 �
 �.&(,��+*" �*(*:(,#3 '#" ��� 8 DO

 8P8� �,+:"*(* 
,0* �5.,$%&*3( ��� �#1*& '#" ��� R�

 8 �36*"/#*:? 
2!* 2−� �%:(#" �"%!) �#3+(".:(,#3 '#"
��� ,3 ��� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 R�

 8Q � �*1.:*1 �#0!&*J,(2 �36*"/#*:? (2!* �.&(,��+*" ��	
�*:*,$*" '#" ��� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 R 

 8Q8� �*++%6* �:)*1.&* 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 RS

 8Q8� �,%+ �#0!*3+%(,#3 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 RR

J,$



 8Q8P �#0!.(%(,#3%& �#0!&*J,(2 8 8 8 8 8 8 8 8 8 8 8 RO

 8S �""#" 	"#/%/,&,(2 �3%&2+,+ '#" �*1.:*1 
"*&&,+ �36*"�
/#*:? (2!* ��� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 RO

 8S8� �*3*"%&,9*1 �,%+ �3%&2+,+ '#" ��� ,3 ��� 8 8 RO

 8S8� �!!"#J,0%(* �,( �""#" 	"#/%/,&,(2 '#" �������
E,() ��� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 O�

 8D �,0.&%(,#3 �*+.&(+ 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 OP

 8R �#3:&.+,#3+ 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 OS

Q ����
����� ��� ��
��� I���� 8 8 8 8 8 8 8 8 8 8 8 8 8 OD

���������� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 ���

�		�������

� ���
���� �� 
�� BIAS 
��� �� ���������� 
�	�
���� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 ��O

� �������� ���
���� �� 
�� ���� 
��� 8 8 8 8 8 8 8 8 8 ��P

� �		������
� ��� ���
���� ��� ���������� 8 8 8 8 8 ��O

� ��
��� ��
� ���
���� �� ����� ��� ������ 8 8 8 ���

�������
�� ��
�� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 ��Q

J$




��� �� �������

�������

�,6."* �8� �&#:? 1,%6"%0 #' ()* #!(,0.0 "*:*,$*" '#" ���- ��� '#&&#E*1

/2 :#1* ��+ !"*:*1*+ �
�� (2!* !"#:*++,36 8 8 8 8 8 8 8 8 8 8 8 8 8 �Q

�,6."* �8� ��� %31 :#1* 0%(:)*1 4&(*" #.(!.(+ +%0!&*1 %( t = nT 7

E)*"* zi(t) = r(t) ∗ h∗(−t) ∗ g∗i (−t), i = 1, . . . ,M 8 8 8 8 8 8 8 8 8 8 8 �O

�,6."* �8P �� :#""*+!#31,36 (# ()* T#,3( �		 ,3 F�8�OG '#" ��� 8 8 8 8 �P

�,6."* �8 � �*1.:*1 �#0!&*J,(2 �*:*,$*" '#" ��� /%+*1 #3 % :#""*&%(#"

/%3? F��� %31 :#1* ��+G '#&&#E*1 /2 �20/#& �%(* �36*"/#*:?


2!* ���� E,() ��� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 �S

�,6."* �8Q �%",%3:* #' ()* 3#"0%&,9*1 /,%+ (*"0 ,3 �36*"/#*:? ����

%'(*" ��� %31 :#1* ��+ E,() "*+!*:( (# 1,C*"*3( 3.0/*" #' ,31*�

!*31*3( �%2&*,6) :)%33*& (%!+7 Lc7 E,() *J!#3*3(,%&&2 1*:%2,36 !#E*"

1*&%2 !"#4&* '#" 1,C*"*3( Stotal $%&.*+ F�!*:("%& *H:,*3:2 ,+ 1
2
,3 %&&

:."$*+G8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 P�

�,6."* �8S M = 87 P = 47 Nc = 167 :)%33*& ,+ :#0!#+*1 #' Lc = 64

,31*!*31*3( �%2&*,6) (%!+ E,() *J!#3*3(,%&&2 1*:%2,36 !#E*" 1*&%2

!"#4&* 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 PQ

�,6."* �8D M = 87 P = 47 Nc = 167 SNRc =
Ec

N0
= 2 1�7 ��� $%",%(,#3

E,() "*+!*:( (# 3.0/*" #' �%2&*,6) :)%33*& (%!+7 Lc7 E,() *J!#3*3�

(,%&&2 1*:%2,36 !#E*" 1*&%2 !"#4&* 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 PD

J$,



�,6."* �8R 	*"'#"0%3:* '#" FM = 1, P = 4, Nc = 4G7 FM = 4, P = 4, Nc =

8G %31 FM = 16, P = 4, Nc = 12G +:)*0*+7 :)%33*& ,+ :#0!#+*1

#' Lc = 128 ,31*!*31*3( �%2&*,6) (%!+ E,() *J!#3*3(,%&&2 1*:%2,36

!#E*" 1*&%2 !"#4&* 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 PO

�,6."* �8O 	*"'#"0%3:* $%",%(,#3 #' ������ E,() ��� FSw = Sph = 1G

%31 #3* '#"E%"1 %31 /%:?E%"1 ,(*"%(,#3 ,3 F�8�PG7 %3%&2(,:%& ���

%!!"#J,0%(,#3 ,3 F�8�OG %31 ��� E,() "*+!*:( (# 1,C*"*3( M,Nc

$%&.*+ %( ν = log2(MP )
Nc

= 1
6
7 P = 48 �)%33*& ,+ :#0!#+*1 #' Lc = 64

,31*!*31*3( �%2&*,6) (%!+ E,() *J!#3*3(,%&&2 1*:%2,36 !#E*" 1*&%2

!"#4&* 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8  �

�,6."* �8�� 	*"'#"0%3:* $%",%(,#3 #' ������ E,() ��� FSw = Sph = 1G

%31 #3* '#"E%"1 %31 /%:?E%"1 ,(*"%(,#3 ,3 F�8�PG7 %31 %3%&2(,:%& ���

%!!"#J,0%(,#3 ,3 F�8�OG E,() "*+!*:( (# 1,C*"*3( (M,P ) $%&.*+ %(

ν = log2(MP )
Nc

= 6
16
7 Nc = 168 �)%33*& ,+ :#0!#+*1 #' Lc = 32

,31*!*31*3( �%2&*,6) (%!+ E,() *J!#3*3(,%&&2 1*:%2,36 !#E*" 1*&%2

!"#4&* 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8  �

�,6."* �8�� 	*"'#"0%3:* '#" ()* ��� +:)*0* FM = 4, P = 4, Nc = 8G

E,() "%31#0 :#1*+ ("%3+0,((*1 ()"#.6) % +(%(,: :)%33*&7 ��� (2!*

&#E�!%++ 4&(*" E,() :.(�#C %( B
2
%31 "#&&�#C '%:(#" �8P7 W

B
= 4 %31 88  P

�,6."* �8�� 	*"'#"0%3:* '#" ()* ��� +:)*0*+ FM = 4, P = 4, Nc = 8G %31

FM = 16, P = 4, Nc = 12G E,() "%31#0 :#1*+ ("%3+0,((*1 ()"#.6) %

+(%(,: :)%33*&7 ��� (2!* &#E�!%++ 4&(*" E,() :.(�#C %( B
2
%31 "#&&�#C

'%:(#" 0.37 W
B

= 68 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8  Q

�,6."* �8�P �3 ���
 :)%"( %( Eb

N0
= 0 1�7 +)#E,36 *J(",3+,: $+8 % !",�

#", ,3'#"0%(,#3 '#" /&#:? :#3(%,3,36 200 ��� +20/#&+8 
)* :)%33*&

,+ :#0!#+*1 #' Lc = 128 ,31*!*31*3( �%2&*,6) (%!+ E,() *J!#3*3�

(,%&&2 1*:%2,36 !#E*" 1*&%2 !"#4&*8 ��� E%$*'#"0+ '#" FM = 4, P =

4, Nc = 8G %31 FM = 16, P = 4, Nc = 12G %"* #/(%,3*1 /2 (".3:%(,36

�%+%0, �*5.*3:*+8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8  D

J$,,



�,6."* �8� �3 ���
 :)%"( %( Eb

N0
= 5 1�7 +)#E,36 *J(",3+,: $+8 % !",#",

,3'#"0%(,#3 '#" /&#:? :#3(%,3,36 200 ��� +20/#&+ FM = 4, P =

4, Nc = 8G8 
)* :)%33*& ,+ % +(%(,: ��� &#E�!%++ 4&(*" E,() :.(�#C

%( B
2
%31 "#&&�#C '%:(#" 0.37 %31 W

B
,+ +*( (# 68 ��� E%$*'#"0+ '#"

FM = 4, P = 4, Nc = 8G )%$* :),!+ "%31#0&2 +*&*:(*1 '"#0 ()* �	��

%&!)%/*( %( *%:) !%:?*( ("%3+0,++,#38 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8  R

�,6."* �8�Q �$*"%6* 0.(.%& ,3'#"0%(,#3 %( ()* 1*(*:(#" #.(!.( ,3 ()*

:%+* #' IA = 0 '#" ()* ��� +:)*0* FM = 4, P = 4, Nc = 8G8


)* :)%33*& ,+ :#0!#+*1 #' Lc = 128 ,31*!*31*3( �%2&*,6) (%!+

E,() *J!#3*3(,%&&2 1*:%2,36 !#E*" 1*&%2 !"#4&*8 ��� E%$*'#"0+ '#"

FM = 4, P = 4, Nc = 8G %"* #/(%,3*1 /2 (".3:%(,36 �%+%0, �*5.*3:*+8  O

�,6."* P8� �.(#C �%(*+ '#" �I�� :)%33*&7 
".3:%(*1 �%+%0, �#1*+ %"*

.+*1 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 SP

�,6."* P8� �I��7 NU���7 	��U�8��7 Nc = 647 log2(MP )
Nc

= 6
64

8 8 8 8 8 S 

�,6."* P8P �%2&*,6) �./."/%3 �)%33*&7 Lc = 87 NU���7 	��U�8��7

Nc = 647 log2(MP )
Nc

= 6
64

8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 SQ

�,6."* P8 �I��7 NU���7 	��U�8��7 Nc = 87 log2(MP )
Nc

= 3
4

8 8 8 8 8 8 SS

�,6."* P8Q �%2&*,6) �./."/%3 �)%33*&7 Lc = 87 NU���7 	��U�8��7

Nc = 87 log2(MP )
Nc

= 3
4
8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 SD

�,6."* P8S �%2&*,6) �./."/%3 �)%33*&7 Lc = 87 	��U�8��7 �#3+(%3(

	%:?*( �."%(,#3 Ntotal = Nc ×N = 64007 log2(MP )
Nc

= 1
8

8 8 8 8 8 8 8 8 SR

�,6."* P8D �%2&*,6) �./."/%3 �)%33*&7 Lc = 167 	��U�8��7 �#3+(%3(

	%:?*( �."%(,#3 Ntotal = Nc ×N = 8407 log2(MP )
Nc

= 1
4

8 8 8 8 8 8 8 8 SO

�,6."* P8R �%2&*,6) �./."/%3 �)%33*&7 Lc = 87 	��U�8��7 NU���7
log2(MP )

Nc
∈ {0.25, 0.5, 0.75, 1} 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 D�

�,6."* P8O �%2&*,6) �./."/%3 �)%33*&7 	��U�8��7 NU���7 Nc = 247

M = 16 %31 P = 47 log2(MP )
Nc

= 1
4

8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 D�

J$,,,



�,6."* P8�� �%2&*,6) �./."/%3 �)%33*&7 Lc = 167 	��U�8��7 Nc = 327

M = 8 %31 P = 47 log2(MP )
Nc

= 5
32

8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 D�

�,6."*  8� �� :#""*+!#31,36 (# ()* T#,3( �		 ,3 F 8�RG '#" ��� 8 8 8 8 RQ

�,6."*  8� M = 47 P = 47 Nc = 167 Lc = 64 �%2&*,6) 1,+(",/.(*1 (%!+

*J!#3*3(,%&&2 1*:%2,36 !#E*" 1*&%2 !"#4&* '#" ���7 Jn
I = 0 %31

Jn
θ = 07 SNRc =

Ec

N0
= 0 1� 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 O 

�,6."*  8P M = 47 P = 47 Nc = 167 Lc = 64 �%2&*,6) 1,+(",/.(*1 (%!+

*J!#3*3(,%&&2 1*:%2,36 !#E*" 1*&%2 !"#4&* '#" ���7 Jn
I = 0 %31 Jn

θ = 0 OQ

J,J




��� �� �����������
�

�		 � 	#+(*",#", 	"#/%/,&,(2

�I�� �11,(,$* I),(* �%.++,%3 �#,+*

���� �%)& �#:?* �*&,3*? �%$,$ F%&6#",()0G

��� �,1,"*:(,#3%& �*:,+,#3 �**1/%:?

��� �,( �""#" �%(,#

��� �&#:? �%1,36 �)%33*&

��� �#0!&*0*3(%"2 �#1* �*2,36

���� �#1* �,$,+,#3 �.&(,!&* �::*++

��� �)%33*& �%(:)*1 �,&(*"

�	� �#3(,3.#.+ 	)%+* �#1.&%(,#3

��� �*:,+,#3 �**1/%:? �5.%&,9%(,#3

��
 �,+:"*(* �#.",*" 
"%3+'#"0

���� �,"*:( �*5.*3:* �!"*%1 �!*:(".0

���
 �J(",3+,: �3'#"0%(,#3 
"%3+'*"

��� �"*5.*3:2 �,$,+,#3 �.&(,!&*J,36

�� �%:(#" �"%!)

�� �"*5.*3:2 �#!!,36

�
� �%+(*"�
)%3��25.,+(

��� �&#/%& �2+(*0 '#" �#/,&* �#00.3,:%(,#3+

�� �3(*"'*"*3:* �%3:*&&%(,#3

���� �3(*"&*%$* �,$,+,#3 �.&(,!&* �::*++

��� �3(*" �20/#& �3(*"'*"*3:*


�� 
,0,( �*'#"* �$*"%6*



� 
#6�&,?*&,)##1 �%(,#

��� �.&(,!&* �::*++ �)%33*&

��	 �%J,0.0 � 	#+(*",#",

����� ��%"2 /,�#"()#6#3%& ?*2,36

��� �.&(, �#1* �3(*"'*"*3:*

��� �.&(,��#1* �,63%&,36

�� �%(:)*1 �,&(*"

��� �%(:)*1 �,&(*" �#.31

��� �#0*3( �*3*"%(,36 �.3:(,#3

JJ



���� �.&(,!&* �3!.( �.&(,!&* �.(!.(

�
 �%J,0.0 
,?*&,)##1

�
�� �%J,0.0 
,?*&,)##1 �*5.*3:* �+(,0%(,#3

���� �,3,0.0 �*%3 �5.%"*1 �""#"

�� �.&(,��+*"

��� �.&(,��+*" �*(*:(,#3

��� �.&(,��+*" �3(*"'*"*3:*

������� �.&(,��+*" �36*"/#*:? (2!* �*1.:*1 �(%(* �*5.*3:* �+(,0%(,#3

���� �"()#6#3%& �"*5.*3:2 �,$,+,#3 �.&(,!&*J,36

	� 	%1* �!!"#J,0%(,#3

	�� 	.&+* �0!&,(.1* �#1.&%(,#3

	�� 	&%,3 �#""*&%(#" �*:*,$*"

!1' 	"#/%/,&,(2 �*3+,(2 �.3:(,#3

	�	 	%,"E,+* �""#" 	"#/%/,&,(2
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AI = {1, · · · ,M} %31 θn '"#0 Aθ = {2π
P
(i − 1)}Pi=1 ,+ ()* !)%+* ,3'#"0%(,#3 %(

()* nth +,63%&,36 ,3(*"$%&8 � 
)* !%," {In, θn} ,+ 1*(*"0,3*1 %::#"1,36 (# ()*

,3'#"0%(,#3 /,(+ +*3(8 
"%3+0,((*1 E%$*'#"0+ gi(t) 1# 3#( 3*:*++%",&2 )%$* (#

/* #"()#6#3%& ,3 #." +:)*0*8 
)* 1."%(,#3 (# ("%3+0,( *%:) +20/#& F{In, θn}G ,+
T %31 /%31E,1() *J!%3+,#3 "%(,# Nc ,+ %!!"#J,0%(*&2 (%?*3 %+ Nc ≈ WT 8 �3*

1%(% /&#:? :#3+,+(+ #' N +20/#&+7 +# ,( ,+ !#++,/&* (# ("%3+0,( N log2(MP ) /,(+

#$*" % /&#:? ,3 ()* .3:#1*1 :%+*8 �3 (),+ E#"?7 (),+ 0#1.&%(,#3 ,+ :%&&*1 %+ �.&(,

�#1* �,63%&,36 F���G ,3 ()%( ,( ,3:&.1*+ :&%++,:%& .3+!"*%1 	�� 0#1.&%(,#3

FM = 1, Nc = 1G7 ���7 �����7 �,"*:( �*5.*3:* �I� "%1,# %31 ��� � ,3

+!%(,%& 1#0%,3 E,() !"#!*" :)#,:*+ #' M,P,Nc $%&.*+8


)* +,63%& ,3 F�8�G ,+ ("%3+0,((*1 ()"#.6) % 5.%+,�+(%(,: :)%33*& )%$,36 % /%+*�

/%31 *5.,$%&*3( ,0!.&+* "*+!#3+* h(t)8 
)* "*:*,$*1 E%$*'#"0 ,3 ()* /%+*/%31

:%3 /* E",((*3 %+

r(t) = h(t) ∗ x(t) + n(t) =
N−1∑
n=0

sIn(t− nT )ejθn + n(t) F�8�G

E)*"* si(t) = gi(t) ∗ h(t), i = 1, · · · ,M 8 
)* :#0!&*J �%.++,%3 /%+*/%31 3#,+*

!"#:*++ n(t) ,+ %++.0*1 (# )%$* :,":.&%" +200*("2 %31 % Z%( !#E*" +!*:("%&

1*3+,(2 2N0 ,3 ()* /%31 #' ,3(*"*+(8 
)* :)%33*& "*+!#3+* h(t) ,+ %++.0*1 (# /*

+(%(,: #$*" % 1."%(,#3 T0 E),:) ,3:&.1*+ /#() ()* ("%3+0,++,#3 (,0* "*5.,"*1 '#"

#3* /&#:? FN ×T G %31 ()* &*36() #' ()* :)%33*& ,0!.&+* "*+!#3+* FL0G7 3%0*&27

T0 = NT + L08

2 gi(t) �
� �� ������ �� �� �������	 �� Nc ���� �
����  ��� 	
�
���� Tc ≈ 1
W


� �� !"""
����
���
�����

3 #"$ �� ������  ����� %&" �� ��
� ��� ������
���	 ��'�
� �
� ��
�� ��
()��)
���
'� �� �� �
���
*#+#,-� .� ����� ���� ����������� �
� �� ������	� 
�	 /+% ��������
����� �
� �� �������	 �����
	
�� 
���' ejθn �� *���-�

4 ""$ �
� �� �
� ���� ��� �
�� ��
��
���� ��	�� 
� %&"�  ���� ��� �
� ���

���� �
�� ���
��
�� ��� nr × nt ��
���� �
���0 �� %1%2 ��
���� 
� ��� %&" ��'�
���'  
��������

�P



6/; �
�� �'�'!-'� ��� ��� 1(#') �& �&*'�1�'�: �1#'�-(�!�& ��)'"

�3 (),+ +*:(,#37 E* 4"+( 1*",$* ()* #!(,0%& 1*(*:(#" /%+*1 #3 +20/#& "%(* �
��

'#" ���7 1,"*:(&2 %!!&,*1 (# .3E),(*3*1 0%(:)*1 4&(*" F��G #.(!.(+7 E),:)

,+ ?3#E3 %+ ()* ���������� (2!* �
�� V�SW ,3 ()* &,(*"%(."*8 
)*37 % "*1.:*1

:#0!&*J,(2 ,0!&*0*3(%(,#3 '#" ,( ,+ !"#!#+*1 ,3 ()* +./+*5.*3( +*:(,#38 
# +(%"(

E,()7 ()* '#&&#E,36 1*43,(,#3+ E,&& /* )*&!'.& ,3 1*",$,36 ()* 1*(*:(#"-

IN = {I0, I1, · · · , IN−1} '#" In ∈ AI , ΘN = {θ0, θ1, · · · , θN−1} '#" θn ∈ Aθ.

F�8PG


)* +*5.*3:*+ IN %31 ΘN %"* (# /* 1*(*:(*1 /2 .+,36 ()* #/+*"$%(,#3 r(t)

1*+:",/*1 ,3 F�8�G8

6/;/3 �$�!+.+ �(0!+.+ 
!:'"! ��) �'�'��!�&


)* #!(,0%& 0%J,0.0 &,?*&,)##1 F�
G 1*(*:(,#3 ".&* VDW 431+ ()* :%31,1%(*

+*5.*3:* {IN ,ΘN} #' ,3'#"0%(,#3 +20/#&+ ()%( 0%J,0,9*+ ()* &,?*&,)##1 #' ()*

"*:*,$*1 +,63%& 1.",36 #3* /&#:? 1."%(,#37 3%0*&27 r(t), 0 ≤ t ≤ T08 
),+

,+ *5.,$%&*3( (# 0%J,0,9,36 ()* &#6�&,?*&,)##1 '.3:(,#37 E),:) :%3 /* "*1.:*1

,3(# ()* '#&&#E,36 '#"0 ,3 (*"0+ #' 0%(:)*1 4&(*" F��G #.(!.(+ %31 E%$*'#"0

:#""*&%(,#3+ .!#3 3*6&*:(,36 :#3+(%3( +:%&,36 '%:(#"+ %31 %11,(,$* (*"0+

{ÎN , Θ̂N} = argmax
{IN ,ΘN}

(
2Re

{∑
n

e−jθnrInn

}

−
∑
n1

∑
n2

RIn1 ,In2
(n2 − n1)e

j(θn1−θn2 )

)
F�8 G

E)*"*

rin �
∫
T0

r(t)s∗i (t− nT )dt = r(t) ∗ h∗(−t) ∗ g∗i (−t)
∣∣∣
t=nT

F�8QG

Ri,j(n) �
∫
T0

si(u)s
∗
j(u− nT )du = si(t) ∗ s∗j (−t)

∣∣∣
t=nT

F�8SG

'#" i, j = 1, . . . ,M %31 n = 0, . . . , N−18 
)* "*:*,$*" +(".:(."* /%+*1 #3 ()* 1*�

(*:(,#3 ".&* ,3 F�8 G ,+ 1*!,:(*1 ,3 �,68 �8�8 
)* #!(,0%& 1*(*:(#" ,+ :#0!#+*1 #'

% :)%33*& 0%(:)*1 4&(*" F���G '#&&#E*1 /2 M :#1* 0%(:)*1 4&(*"+ :#""*+!#31�

,36 (# 1,C*"*3( +,63%&,36 E%$*'#"0+ gi(t) %31 �
�� (2!* !"#:*++,36 #!*"%(,36

� 



%( +20/#& "%(*8 
)* 4"+( (*"0 ,3 F�8 G :#""*+!#31+ (# ()* �� #!*"%(,#3 %31

()* +*:#31 (*"0 ,3 F�8 G ,+ "*&%(*1 (# ()* :%3:*&&%(,#3 #' ��� %31 0.&(, :#1* ,3�

(*"'*"*3:* F���G7 E),:) ,+ ()* :"#++ ,3(*"'*"*3:* %0#36 �� #.(!.(+ :%.+*1 /2

()* :)%33*& %31 ()* 3#3�,1*%& !"#!*"(,*+ #' ()* +,63%&,36 E%$*'#"0+8 �5.%(,#3

Filters

CMF

Code Matched

Mostthe

Likely

Sequence

(MLSE type
Processing)

Select

g∗1(−t)

g∗2(−t)

r(t)

r1n

r2n

rMn

{ÎN , Θ̂N}
h∗(−t)

t = nT

g∗M(−t)

{In, θn}N−1
n=0

�,6."* �8�- �&#:? 1,%6"%0 #' ()* #!(,0.0 "*:*,$*" '#" ���- ��� '#&&#E*1 /2
:#1* ��+ !"*:*1*+ �
�� (2!* !"#:*++,36

F�8 G ,31,:%(*+ ()%( rinY+ /*:#0* ()* +.H:,*3( +(%(,+(,:+ (# 1*(*:( +*5.*3:*+ IN

%31 ΘN 8 �( 4"+( 6&%3:*7 ()* :#0!.(%(,#3%& :#0!&*J,(2 #' ()* #!(,0%& 1*(*:(#"

:%3 /* ()#.6)( %+ ,3 ()* #"1*" #' O
{
(MP )N

}
8 �#E*$*"7 ,( ,+ !"%:(,:%&&2 "*%�

+#3%/&* (# %++.0* ()%( Ri,j(n) ,+ 3#3�9*"# #3&2 '#" +#0* 43,(* n $%&.*+ 1.* (#

()* 43,(* 1*&%2 +!"*%1 #' ()* :)%33*&8 
),+ 0%?*+ ()* "*:."+,$* :#0!.(%(,#3 #'

F�8 G '*%+,/&* E)*3 .+,36 ()* �,(*"/, %&6#",()0 %+ *J!&%,3*1 ,3 �*:(,#3 �8P8 8

6/;/6 �!#��'�' 
!+' �9.!-("'&� ��)'" ��� ���

�3 (),+ !%"(7 ()* 1,+:"*(* (,0* *5.,$%&*3( 0#1*& '#" ��� ,+ 1*$*&#!*1 /2 .+,36

()* �� #.(!.(+ +%0!&*1 %( +20/#& "%(*8 
)*"* ,+ 3# &#++ #' ,3'#"0%(,#3 ,'

�Q



#/+*"$%(,#3 r(t) ,+ +%0!&*1 %( ()* �25.,+( "%(* W 4"+( � 7 ()*3 ��� %31 :#1*

�� #!*"%(,#3+ %( ()* "*:*,$*" +,1* :%3 /* "*%&,9*1 %( "%(* W /2 .(,&,9,36 ()*

*5.,$%&*3( 1,+:"*(* (,0* :)%33*& "*+!#3+* {hn}Lc−1
n=0 8 � �' ()* 1*&%2 +!"*%1 #' ()*

:)%33*& ,+ Td7 ()*3 ()* 3.0/*" #' *5.,$%&*3( :)%33*& (%!+ %31 ()* *5.,$%&*3(

:)%33*& $*:(#" :%3 /* *J!"*++*1 %+ Lc = �TdW � + 1 %31 h = [h0, · · · , hLc−1]
T

"*+!*:(,$*&28 
)"#.6)#.( ()* ()*+,+7 E* %++.0* ()%( hnY+ %"* !*"'*:(&2 *+(,0%(*1

%( ()* "*:*,$*"7 � %31 ()* +%0!&,36 "%(* W ,+ %!!"#J,0%(*&2 (%?*3 %+ 1
Tc
8 � �'(*"

+20/#& +23:)"#3,9%(,#3 %31 ��� (#6*()*" E,() :#1* �� #!*"%(,#3+ %( �25.,+(

"%(*7 Ri,j(n) ,3 F�8SG :%3 /* :%&:.&%(*1 %+

Ri,j(n) =
Lc−1∑
m1=0

Lc−1∑
m2=0

hm1h
∗
m2

ri,jg (nT − (m1 −m2)Tc) = hHRi,j
g (n)h F�8DG

E)*"* Ri,j
g (n) ,+ %3 Lc × Lc 
#*!&,(9 0%(",J *J),/,(,36 ()* :#1* :#""*&%(,#3+ %(

1,C*"*3( 1*&%2+ +# ()%( (m, k)th *&*0*3( #' ()* 
#*!&,(9 0%(",J ,+ ri,jg (nT +(m−
k)Tc)8 �*"*7 ri,jg (t) ,+ ()* :"#++�:#""*&%(,#3 '.3:(,#3 /*(E**3 ith %31 jth +,63%&,36

E%$*'#"0+ %31 ,+ 6,$*3 /2 ri,jg (t) = gi(t) ∗ g∗j (−t)8

�� #.(!.(+ rnY+ ,3 F�8QG7 2,*&1,36 ()* +.H:,*3( +(%(,+(,:+7 +%0!&*1 %( +20/#&

!*",#1 T = NcTc :%3 /* 0#1*&*1 /2 .+,36 F�8�G %31 F�8SG %+

rn =

L−1∑
l=−(L−1)

RT (l)cn−le
jθn−l + vn F�8RG

'#" n = 0, . . . , N − 17 E)*"*

• rn = [r1n, · · · , rMn ]T %"* ()* �� #.(!.(+ %( (,0* t = nT 7

• R(l) ,+ ()* M × M +%0!&*1 :"#++�:#""*&%(,#3 0%(",J #' ()* +,63%&,36

E%$*'#"0+ !%++,36 ()"#.6) ()* :)%33*& E,() (i, j)th *&*0*3( Ri,j(l) =(
si(t) ∗ s∗j(−t)

) ∣∣∣
t=lT

6,$*3 ,3 F�8SG7

5 r(t) �� 3��� ���)3�����	 �� 
 ����() 
�� 3���� �� � �)��	�	 �
�	 �	�� W �� �
���� �� 
� ���
4��
��� �
���  ���� W

2
�� ��� �
�	 �	�� �� ��� ������
���� �
�����' �
�� �� r(t)�

6 1� '����
�� h(t) �� ���� 
�������	� �� ��
� ����� 
�� 
� ��3���� �
���� �� ������� 1
W
��
��	 ��
�)

��� �
��� .� ����� h(t) �
� ��  ��� 
����0��
��	 �� 
 3���� �
���� �� ������� ��
���� ���5������

� h(t) =

∑Lc−1
n=0 hnδ(t− n

W
) �����

7 6� 
���' 
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���� �� ����� �� �
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�3�� �����' ����������
����

�	 �����
���� �� ����� ��
���� �
��� +���� ��
�(��' �� ��� ��
���� �
�� �� ��
����� �� 
 	������� 	������	
��	� ��� ��� �� ���� �
����' ������������
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• 
)* $%",%/&* L 1*3#(*+ ()* *C*:(,$* :)%33*& &*36() ,3 (*"0+ #' +20/#&

!*",#17

• ck ,+ ()* M × 1 :##"1,3%(* :#&.03 $*:(#" E)#+* ith *&*0*3( ,+ #3* ,' ()*

ith +,63%&,36 E%$*'#"0 ,+ ("%3+0,((*1 %( kth *!#:)7 %31 ,( :%3 /* +**3 %+

()* *5.,$%&*3( :#1*E#"1 '#" ��� 0#1.&%(,#38 �#" *J%0!&*7 ,' M = 4 %31

Ik = 37 ()*3 ck = [0 0 1 0]T 8

• vn ,+ ()* 3#,+* $*:(#" +*5.*3:* %'(*" ��� %31 :#1* ��+ E,() :#""*&%(,#3

0%(",J E{vnv
H
n−l} = RT (l)N08 	

�3* :%3 +** ()%( R(l) = RH(−l) +,3:* ri,jg (τ) =
(
rj,ig (−τ)

)∗
8 �&+#7 Ri,j(n) = 0

,3 F�8DG ∀i, j = 1, . . . ,M '#" |n| ≥ L E)*"*

L =

⎧⎨
⎩

�Lc−1
Nc

� + 2 ,' Lc > 1,

1 ,' Lc = 1
F�8OG

+,3:* Ri,j
g (n) ,+ %&& 9*"# 0%(",J ,' n > �Lc−1

Nc
�+ 18

�'(*" 0%(:)*1 4&(*",36 %31 +%0!&,36 %( +20/#& "%(* F 1
T
G7 ()* *C*:(,$* &*36()

#' ()* :)%33*& L ,3 F�8OG ,+ +,63,4:%3(&2 "*1.:*1 1.* (# +!"*%1,36 +,3:* ,( ,+

*J!*:(*1 (# /* '%,"&2 +0%&& :#0!%"*1 (# Lc8 
),+ 0#1*& E,&& /* .+*'.& ,3 1*",$,36

()* "*1.:*1 :#0!&*J,(2 "*:*,$*" ,3 ()* 3*J( +*:(,#38

6/;/; ��++'&�# �& ���&'% (&) �&*'�1�'�: �$$��(� '#

�+ :%3 /* +**3 '"#0 ()* *5.,$%&*3( 0#1*& F�8RG7 /#() !#+(� %31 !"*�:."+#" ��� %31

��� *J,+( %31 ()* 3#,+* ,+ :#&#"*18 �3 ()* ������ %!!"#%:) V�QW7 % 4&(*" ,+ .+*1 (#

E),(*3 ()* 3#,+* %31 "*0#$* ()* !"*�:."+#" ��� :#0!#3*3(8 �3 ()* #()*" )%317

E* 3#E 1*",$* % +*5.*3:* 1*(*:(,#3 '#" ()* 6*3*"%& :&%++ #' ���7 1,"*:(&2 %!!&,*1

(# .3E),(*3*1 �� #.(!.(+7 E),:) ,+ ?3#E3 %+ ()* ���������� (2!* �
�� V�SW

,3 ()* &,(*"%(."*8 �( ,+ ?3#E3 ()%( ������ %31 ���������� (2!* %!!"#%:)*+ %"*

0%()*0%(,:%&&2 *5.,$%&*3( '#" �
�� %31 0%J,0.0 % !#+(*",#", F��	G (2!*

"*:*,$*"+ %&()#.6) ()*," ,0!&*0*3(%(,#3+ %"* 5.,(* 1,C*"*3( V�DW7 V�RW8

9 1� �� 
��
��	 ��
� ��� �
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�	 ��'�
���'  
������� �
�� 
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6/;/7 �%+1�" �(�' �&*'�1�'�: 
%$' �
�� �'�'!-'�

�3 �36*"/#*:? 1*:,+,#3 0*(",: /%+*1 #3 F�8 G7 .! (# (k+1)th +,63%&,36 ,3(*"$%&7

:%3 /* #/(%,3*1 %'(*" +#0* 0%()*0%(,:%& 0%3,!.&%(,#3+ %31 .+,36 ()* +200*("2

,3 ()* *5.,$%&*3( :)%33*& 0%(",J 6,$*3 /2 R(l) = RH(−l) ,3 F�8RG %+

Λk+1 (Ik+1,Θk+1) = 2Re

{
k∑

n=0

rInn e−jθn

}
−

k∑
n1=0

k∑
n2=0

RIn1 ,In2
(n2 − n1)e

j(θn1−θn2 )

=

k∑
n=0

μn (.) , F�8��G

E)*"*

μn

(
rn, In, θn, {Ik, θk}n−1

k=n−(L−1)

)
= 2Re{rInn e−jθn} − RIn,In(0) F�8��G

−2Re

{
e−jθn

L−1∑
m=1

RIn−m,In(m)ejθn−m

}
.


)*37 ()* #!(,0%& +*5.*3:* 1*(*:(,#3 ,+

{ÎN , Θ̂N} = argmax
{IN ,ΘN}

ΛN (IN ,ΘN ) . F�8��G

�3 F�8��G7 ,( ,+ !"%:(,:%&&2 "*%+#3%/&* (# %++.0* ()%( Ri,j(m) ,+ 3#3�9*"# #3&2

'#" +#0* 43,(* m $%&.*+ '#" |m| < L 1.* (# ()* 43,(* 1*&%2 +!"*%1 #' ()*

:)%33*&8 
)* 0*(",: μn ( ) :%3 /* ,3(*"!"*(*1 %+ ()* �36*"/#*:? (2!* /"%3:)

0*(",:7 1*!*31,36 #3 ()* .3E),(*3*1 0%(:)*1 4&(*" #.(!.(+7 %31 ,( ,+ "*5.,"*1

'#" ()* "*:."+,$* :#0!.(%(,#3 #' F�8��G8 
).+7 ()*"* %"* (#(%&&2 (MP )L−1 +(%(*+

:#0!",+,36 #' ()* +20/#&+
{
Ik−1, . . . , Ik−(L−1)

}
%31

{
θk−1, . . . , θk−(L−1)

}
%( ()*

kth ,3+(%3( (# "*%&,9* F�8��G $,% ()* �,(*"/, %&6#",()08

6/;/< �(#' ��.)%2 �)'(" �$�'()!&* ��)'#

�( ,+ 6*3*"%&&2 /*3*4:,%& (# 431 +,63%&,36 E%$*'#"0+ E,() 6##1 %!*",#1,: :"#++�

%31 %.(#�:#""*&%(,#3 !"#!*"(,*+ (# "*1.:* ��� %31 ��� %31 ,0!"#$* !*"'#"0%3:*8


# #/(%,3 0#"* ,3+,6)( ,3(# ()* #!*"%(,#37 #3* 0%2 :#3+,1*" ()* ,1*%& +,(.%(,#3

E)*"* ()* E%$*'#"0+ )%$* ,1*%& :"#++ %31 %.(# :#""*&%(,#3 $%&.*+

ri,jg (nTc) = Ei
sδi−jδn, F�8�PG

�R



E)*"* Ei
s ,+ ()* (#(%& *3*"62 #' gi(t) %31 δn ,+ ()* �"#3*:?*" 1*&(% '.3:(,#38 
)*

#::.""*3:* #' ��� 1*!*31+ #3 ()* &*36() #' ()* :)%33*& %.(#�:#""*&%(,#3 '.3:(,#3

rh(t) = h(t) ∗ h∗(−t)8 
)* *C*:(,$* :)%33*& &*36() L7 E)*"* Ri,j(n) ,+ 9*"# '#"

|n| ≥ L7 :%3 /* E",((*3 %+ L = �Lc−1
Nc

� + 1 '#" ,1*%& E%$*'#"0+ {gi(t)}Mi=18


)* ��� .31*" +(.12 :%3 (%?* %1$%3(%6* #' "*1.:,36 ��� %31 ��� +./+(%3(,%&&2

/2 *J!%31,36 ()* +20/#& 1."%(,#3 FT G %+ :#0!%"*1 (# .3+!"*%1 +:)*0*+8 �#"

&#E "%(* F),6) !"#:*++,36 6%,3G 0,&,(%"2 (2!* +!"*%1 +!*:(".0 %!!&,:%(,#3+7 :#1*+

E,() 6##1 :#""*&%(,#3 !"#!*"(,*+ :%3 /* '#.31N ,3 E),:) :%+*7 ��� #::."+ #3&2

,' ()* 1*&%2 +!"*%1 ,+ 6"*%(*" ()%3 ()* +20/#& 1."%(,#3 T E,() !"#/%/,&,(2 1
M

%( *%:) :#1* �� #.(!.( %+ +)#E3 ,3 �,68 �8�8 �2!#()*(,:%&&27 ,' ()* :#1*+ %"*

,1*%&7 ,( :%3 /* 1*1.:*1 '"#0 F�8DG %31 F�8�PG ()%(

Ri,j(n) = hm ∗ h∗
(−m)

∣∣∣
m=Ncn

Ei
sδi−j . F�8� G

�,6."* �8�- ��� %31 :#1* 0%(:)*1 4&(*" #.(!.(+ +%0!&*1 %( t = nT 7 E)*"*
zi(t) = r(t) ∗ h∗(−t) ∗ g∗i (−t), i = 1, . . . ,M 8

�' ()* 1*&%2 +!"*%1 #' ()* :)%33*& Td ,+ +0%&&*" ()%3 ()* +20/#& 1."%(,#3 T 7

E),:) ,0!&,*+ Lc < Nc7 L = 18 
).+7 3# ��� %31 ��� 0,(,6%(,#3 ,+ 3**1*18 �3

�O



(),+ :%+*7 E* :%3 E",(* F�8� G %+

Ri,j(n) =

(
Lc−1∑
m=0

|hm|2
)
Ei

sδi−jδn. F�8�QG


)*37 ()* 1*(*:(,#3 ".&* ,3 F�8 G ,+ "*1.:*1 (#

{Îk, θ̂k} = argmax
Ik,θk

[
2Re

{
e−jθkrIkk

}
−
(

Lc−1∑
m=0

|hm|2
)
EIk

s

]
F�8�SG

'#" k = 0, . . . , N − 17 E),:) ,+ +,0,&%" (# ()* :&%++,:%& +20/#&�/2�+20/#& :#"�

"*&%(,#3 1*(*:(#" '#" M−%"2 #"()#6#3%& +,63%&,36 ,3 �I�� :)%33*& VDW8 
),+

1*(*:(#" :#)*"*3(&2 :#0/,3*+ %&& 0.&(,!%() :#0!#3*3(+ #' ()* "*:*,$*1 +,63%&

$,% ���8 �'(*" :#1* 0%(:)*1 4&(*",367 1*:,+,#3 ,+ 0%1* /2 +*&*:(,36 ()* &%"6*+(

#.(!.(8 
),+ !"#:*++,36 :#""*+!#31+ (# ()* 4"+( (E# (*"0+ ,3 ()* #!(,0%& /"%3:)

0*(",: :%&:.&%(,#3 #' ()* �36*"/#*:? (2!* �
�� ,3 F�8��G8 
)* (),"1 (*"0 ,3

F�8��G ,+ "*+!#3+,/&* '#" ()* ��� %31 ��� :%3:*&&%(,#3 %'(*" ���� :#""*&%(#"

/%3? F:#0!#+*1 #' ��� %31 :#1* ��+G8 I,() ,1*%& +,63%&,36 E%$*'#"0+7 ()*

*5.,$%&*3( :)%33*& ,3 F�8RG :%3 /* *J!"*++*1 %+

rin = Ei
s

(
Lc−1∑
m=0

|hm|2
)
δi−Ine

jθn + vin F�8�DG

'#" i = 1, · · · ,M 7 E),:) T.+(,4*+ ()%( ()* (#(%& 0.&(,!%() 1,$*"+,(2 ,+ %((%,3*18

6/7 � �').�') ��+$"'0!�% ��	 �'�'!-'� ��� ��� 1(#') �& �&*'��

1�'�: �%$' �(���� ��($ =��> (&) �.+�	��).�� �"*��!� +

=�	�> ��(+'8��:


)* :#0!&*J,(2 #' ()* �
�� ,0!&*0*3(%(,#3 ,3 F�8��G :%3 /* "*1.:*1 /2 :#3�

43,36 ()* 3.0/*" #' +(%(*+ (# % $%&.* E,() ()* )*&! #' 1*:,+,#3 '**1/%:?8 
),+

%!!"#%:) ,+ ?3#E3 %+ ()* �*1.:*1 �(%(* �*5.*3:* �+(,0%(,#3 F����G ,3 ()*

&,(*"%(."* F V�RW7 V�OW7 V��WG8 
)* "*1.:*1 +(%(* $*:(#" %( (,0* k :%3 /* 1*43*1

%+

Sk =
[
Ik−1 · · · Ik−JI , θk−1 · · · θk−Jθ

]
. F�8�RG


)* (#(%& 3.0/*" #' +(%(*+ .+*1 '#" E%$*'#"0 ,3'#"0%(,#3 FIk ∈ AIG7 %31 '#"

()* !)%+* ,3'#"0%(,#3 Fθk ∈ AθG %"* 1*43*1 %+ Sw = MJI %31 Sph = P Jθ

��



"*+!*:(,$*&28 
)*37 Stotal = Sw × Sph = MJIP Jθ +(%(*+ %"* "*5.,"*1 '#" ()*

!"#!#+*1 ����8 �
 �,3:* % "*1.:*1 3.0/*" #' +(%(*+ :%33#( !"#$,1* %&& ()*

,3'#"0%(,#3 3**1*1 (# :#0!.(* /"%3:) 0*(",:+ ,3 F�8��G7 ���� .(,&,9*+ ()* !%()7

E),:) !#++*++*+ ()* /*+( %::.0.&%(*1 0*(",: &*%1,36 (# *%:) +(%(*7 (# *J("%:(

()* "*+( #' ()* ,3'#"0%(,#38 
)* :%+* #' JI = Jθ = 0 :#""*+!#31+ (# ()* !&%,3

1*:,+,#3 '**1/%:? *5.%&,9%(,#3 F���G %'(*" ��� %31 :#1* ��+ E)*"* 3# +(%(*

0*0#"2 ,+ %&&#:%(*18


)* *5.,$%&*3:* /*(E**3 ()* ������ %31 ���������� %!!"#%:)*+ ,3 �
�� /*6,3+

(# 1,+%!!*%" ,3 :%+* #' ���� V�RW8 �3 ()* �36*"/#*:? %!!"#%:)7 ()* +("#36*+( (%!

:#&&*:(+ %&& ()* 0.&(,!%() !#E*" %'(*" ��� %31 ,( ,+ %&E%2+ :)#+*3 %+ ()* 0%,3

(%! 1.",36 ����N E)*"*%+ 3#,+* E),(*3,36 "*+.&(+ ,3 ()* +:%((*",36 #' 0.&(,!%()

!#E*"7 E),:) 1,0,3,+)*+ ()* *""#" *$*3( 1,+(%3:*+ %+ ()* %&&#:%(*1 +(%(* 0*0#"2

1*:"*%+*+ ,3 ()* �#"3*2 %!!"#%:) V�RW7 V��W8

6/7/3 	��$�#') ��� !�'��.�' 1(#') �& �&*'�1�'�: �%$' �(����!?(�

�!�&

�3 (),+ +*:(,#37 % "*1.:*1 +(%(* ��	 +20/#& 1*(*:(,#3 %&6#",()0 /%+*1 #3 ����7

#!*"%(,36 #3 '#"E%"1 %31 /%:?E%"1 1,"*:(,#3+7 ,+ !"#!#+*1 '#" ()* 6*3*"%& �36*"�

/#*:? #/+*"$%(,#3 0#1*& ,3 F�8RG8 
)* '#:.+ #' (),+ !%"( ,+ (# :#0!.(* ()* %

!#+(*",#", !"#/%/,&,(2 F�		G #' *%:) 0#1.&%(,#3 +20/#& {Ik, θk} %( *%:) (,0*

*!#:) k 6,$*3 ()* �� #.(!.(+ {rk}N−1
k=0 %31 ()* % !",#", !"#/%/,&,(,*+ P ({Ik, θk})

/2 %++.0,36 ()%( ()* 0#1.&%(,#3 +20/#&+ %"* ,31*!*31*3( #' *%:) #()*"8


)* T#,3( �		 #' ()* ("%3+0,((*1 +20/#&+ ,3 (*"0+ #' ()* "*1.:*1 ("*&&,+ +(%(*+

Sk %31 +(%(* 1*!*31*3( :#31,(,#3%& +20/#& 1*:,+,#3+ ,3 ()* +."$,$#" !%() #' Sk

10 "�� �
���������' �������
�� �
� 
��� �� 
��	 �� �
��	 Sk �����
� �� ���� �� ���� ��� &&$
��	
�
�����

��



#' ���� :%3 /* *J!"*++*1 /2 .+,36 F�8��G

P
(
{Ik, θk, Sk}N−1

k=0

∣∣∣ {rk}N−1
k=0

)
∝ P

(
{Ik, θk}N−1

k=0

)
P
(
{Sk}N−1

k=0

∣∣∣ {Ik, θk}N−1
k=0

)
P
(
{rk}N−1

k=0

∣∣∣ {Ik, θk, Sk}N−1
k=0

)

∝ exp

{
ΛN

N0

}
P (S0)

N−1∏
k=0

P ({Ik, θk}) p
(
Sk+1

∣∣∣Sk, Ik, θk

)
F�8�OG

=

N−1∏
k=0

P (S0)φk (rk, Ik, θk)ψk (Ik, θk, Sk) Tk (Ik, θk, Sk, Sk+1)P ({Ik, θk}) ,

E)*"*

φk (rk, Ik, θk) � exp

{
2Re{rIkk e−jθk} − RIk,Ik(0)

N0

}

ψk (Ik, θk, Sk) � exp

{
− 2

N0
Re

{
e−jθk

[
Jθ∑

m=1

RIk−m,Ik(m)ejθk−m

+

JI∑
m=Jθ+1

RIk−m,Ik(m)ejθ̂k−m(Sk)

+
L−1∑

m=JI+1

RÎk−m(Sk),Ik
(m)ejθ̂k−m(Sk)

]}}
F�8��G

Tk (Ik, θk, Sk, Sk+1) � p
(
Sk+1

∣∣∣Sk, Ik, θk

)
, F�8��G

E,() ()* %++.0!(,#3 ()%( 0 ≤ Jθ ≤ JI ≤ L− 1 �� '#" k = 0, 1, . . . , N − 17 E)*"*

Ri,j(m) = hHRi,j
g (m)h7 E),:) :%3 /* :%&:.&%(*1 #3&2 #3:* '#" *%:) ,3'#"0%(,#3

/&#:? #' &*36()N /2 F�8DG8 �3 F�8��G7
{
Îm(Sk)

}k−(JI+1)

m=0
%31

{
θ̂m(Sk)

}k−(Jθ+1)

m=0
%"*

()* +*5.*3:*+ #' +(%(* 1*!*31*3( :#31,(,#3%& +20/#& 1*:,+,#3+ ,3 ()* +."$,$,36

!%() #' Sk ,3 ����8 
)* '.3:(,#3 Tk (Ik, θk, Sk, Sk+1) ,+ ()* ("*&&,+ ,31,:%(#"

'.3:(,#37 *5.%& (# � ,' {Ik, θk}7 Sk7 %31 Sk+1 +%(,+'2 ()* ("*&&,+ 1*43,(,#3 %31 (#

9*"# #()*"E,+*8


)* "*1.:*1 :#0!&*J,(2 %&6#",()0 ,+ !"#!#+*1 /%+*1 #3 ()* '%:(#" 6"%!) F��G

%31 ()* +.0�!"#1.:( %&6#",()0 F�	�G VQSW '"%0*E#"? +./+(%3(,%(*1 E,() ����8


)* I,/*"6�(2!* 6"%!) VQSW :#""*+!#31,36 (# ()* T#,3( �		 ,3 F�8�OG ,+ +?*(:)*1

,3 �,68 �8P7 E)*"* ()* ),11*3 $%",%/&*+ Sk )%$* /**3 *J!&,:,(&2 "*!"*+*3(*18 �2

%!!&2,36 ()* .!1%(,36 ".&*+ #' ()* �	�7 '#"E%"1 %31 /%:?E%"1 �36*"/#*:?
11 1� �� ��'��
� �� �
(� 0 ≤ Jθ ≤ JI ≤ L− 1 ����� 	������	 ��
�� �� ��
���'���� �� 
  ���' 	�������

�� Ik �� �
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��



Forward Ungerboeck RSSE
Surviving paths for

Backward Ungerboeck RSSE
Surviving paths for

Tkψk

Λf
k(Sk) Λf

k+1(Sk+1)

Sk Sk+1

φk

P ({Ik, θk})

{
În(Sk), θ̂n(Sk)

}k−1

n=0

{
În(Sk), θ̂n(Sk)

}k

n=N−1

Λb
k+1(Sk+1)

{Ik, θk}

Λb
k(Sk)

�,6."* �8P- �� :#""*+!#31,36 (# ()* T#,3( �		 ,3 F�8�OG '#" ���

0*++%6*+7 3%0*&27 Λf
k (Sk) %31 Λb

k (Sk) :%3 /* "*:."+,$*&2 :#0!.(*1 +,0,&%" (#

����-

Λf
k+1 (Sk+1) =

∑
∼{Sk+1}

Λf
k (Sk)φk (.)ψk (.) Tk (.)P ({Ik, θk})

Λb
k (Sk) =

∑
∼{Sk}

Λb
k+1 (Sk+1)φk (.)ψk (.) Tk (.)P ({Ik, θk}) , F�8��G

E)*"* E* ,31,:%(* /2
∑

∼{x} ()* +.00%"2 #!*"%(#"7 ,8*87 % +.0 #$*" %&& $%",%/&*+

*J:&.1,36 x8

6/7/6 �!(# ��+$'&#(�!�& !& ������


)* 0#1,4:%(,#3 #' ()* '#"E%"1 %31 /%:?E%"1 �36*"/#*:? (2!* ���� "*:."+,#3+

6,$*3 ,3 *5.%(,#3 F�8��G ,+ /%+*1 #3 ()* :#3:*!( #' +."$,$#" !%()+ '"#0 ()*

:&%++,:%& �,(*"/, %&6#",()0 VQ�W7 V�QW %31 % +."$,$#" 0%! :"*%(*1 1.",36 '#"E%"1

*5.%&,9%(,#3 ,+ %1#!(*1 '#" ()* /%:?E%"1 "*:."+,#38 �#E*$*"7 ,( ,+ ?3#E3 ()%(

()* �36*"/#*:? (2!* ���� F������G +.C*"+ '"#0 ������� ���� ���� *$*3 ,3 ()*

3#,+*&*++ "*6,0* V�RW7 V�SW7 V�DW8 
),+ !)*3#0*3#3 ,+ :%.+*1 /2 ()* .3("*%(*1 %3(,�

:%.+%& ,3(*"'*"*3:*7 E),:) %66"%$%(*+ ()* !*"'#"0%3:* #' "*1.:*1 :#0!&*J,(2

*5.%&,9%(,#3 +,63,4:%3(&2 '#" .3+!"*%1 :#3$*3(,#3%& 0#1.&%(,#3+8 
)* !"*�:."+#"

��� %31 ��� &*'( %'(*" ��� %31 :#1* �� #!*"%(,#3+ %"* ()* +#.":*+ #' (),+ %3(,�

�P



:%.+%& ,3(*"'*"*3:*8 
),+ ,3(*"'*"*3:* &*%1+ (# % bias ()%( %C*:(+ ()* (*3(%(,$*

1*:,+,#3+ ,3 ()* +."$,$#" 0%!7 %31 ()* %3%&2(,:%& *J!"*++,#3 '#" (),+ bias (*"0 ,3

�36*"/#*:? ���� ,+ #/(%,3*1 '#" 6*3*"%& ��� +:)*0* ,3 �!!*31,J �8 
),+ /,%+

)%+ (# /* :#0!*3+%(*1 ,3 '#"E%"1 +."$,$,36 !%() :#3+(".:(,#3 /2 .+,36 F�8��G

,3 �!!*31,J � %+{
Îk−JI(Sk+1), θ̂k−Jθ(Sk+1)

}
= arg max

{Ik−JI
,θk−Jθ

}

[
N0 ln

(
Λf

k (Sk)φk (.)ψk (.)
)

−βk−Jθ

(
Sk, {Ĩn, θ̃n}N−1

n=0

)]
F�8�PG

E)*"*

βk−Jθ

(
Sk, {Ĩn, θ̃n}N−1

n=0

)
= 2Re

{
k−JI∑

m=k−L+2

L−1∑
l=k−m+1

RÎm(Sk),Ĩm+l
(l)ej(θ̂m(Sk)−θ̃m+l)

+

k−Jθ∑
m=k−JI+1

L−1∑
l=k−m+1

RIm(Sk),Ĩm+l
(l)ej(θ̂m(Sk)−θ̃m+l)

}

= 2Re

{
hH

[
k−JI∑

m=k−L+2

L−1∑
l=k−m+1

RÎm(Sk),Ĩm+l
g (l)ej(θ̂m(Sk)−θ̃m+l)

+

k−Jθ∑
m=k−JI+1

L−1∑
l=k−m+1

RIm(Sk),Ĩm+l
g (l)ej(θ̂m(Sk)−θ̃m+l)

]
h

}
F�8� G

'#" k = 0, . . . , N − 18 �3 F�8�PG7 βk ( ) ,+ % +(%(* 1*!*31*3( /,%+ :#""*:(,#3

(*"0 /%+*1 #3 (*3(%(,$* 1*:,+,#3+ '#" '.(."* +20/#&+ {Ĩn, θ̃n}N−1
n=0 8 
)* '#"E%"1

%31 /%:?E%"1 ���� +(%6*+ ,3 F�8��G %"* +./+(%3(,%(*1 E,() /,1,"*:(,#3%& 1*�

:,+,#3 '**1/%:? F���G7 E)*"* ()* �,(*"/, &,?* +."$,$,36 !%() :#3+(".:(,#3 ,3

F�8�PG +./("%:(+ ()* *C*:( #' /,%+ (*"0 βk ( ) /2 ,3+*"(,36 ()* (*3(%(,$* 1*�

:,+,#3+ #' !#+(�:."+#" ,3(*"'*"*3:* #/(%,3*1 '"#0 ()* +."$,$,36 !%()+ '#" *%:)

+(%(*
({

Îm(Sk)
}k−(JI+1)

m=0
%31

{
θ̂m(Sk)

}k−(Jθ+1)

m=0

)
%31 ()* (*3(%(,$* 1*:,+,#3+ #'

!"*�:."+#" ��� '#" '.(."* +20/#&+
(
{Ĩn, θ̃n}N−1

n=0

)
,3 %3 ,(*"%(,$* '%+),#38 
)*

1*(*:(#" *&,0,3%(*+ ()* /,%+ 0#"* %::."%(*&2 %+ ()* )%"1 (*3(%(,$* 1*:,+,#3+ #3

��� +20/#&+ #/(%,3*1 '"#0 ()* !"*$,#.+ ,(*"%(,#3 /*:#0* 0#"* "*&,%/&*8


# +,0!&,'2 ()* :%&:.&%(,#3 #' βk−Jθ

(
Sk, {Ĩn, θ̃n}N−1

n=0

)
7 #3&2 ()* &*%1,36 (*"0+

'#" m = k − JI %31 m = k − Jθ ()%( :#""*+!#31 (# ������ ��� *""#" *$*3(+ :%3

/* .+*1 ,3 F�8� G8 
)* (*3(%(,$* 1*:,+,#3+ '#" '.(."* +20/#&+
(
{Ĩn, θ̃n}N−1

n=0

)
%"*

� 



*J:)%36*1 /*(E**3 '#"E%"1 %31 /%:?E%"1 ���� +(%6*+ +.:) ()%( ()* +."$,$,36

!%() #' /%:?E%"1 +(%6* ,+ .(,&,9*1 %+ ()* (*3(%(,$* 1*:,+,#3+ '#" '.(."* +20/#&+ (#

:#3+(".:( ()* '#"E%"1 +."$,$#" 0%! ,3 F�8�PG %31 $,:* $*"+%8 
)* +."$,$#" 0%!

'#" /%:?E%"1 ���� ,+ :#3+(".:(*1 +,0,&%" (# '#"E%"1 0%! :#3+(".:(,#3 ,3 F�8�PG

/2 "*$*"+,36 ()* ,3!.( +*5.*3:*7 ()* *5.,$%&*3( :)%33*& %31 ()* :#""*+!#31,36

�� #.(!.(+7 %31 #/(%,3,36 '#"E%"1 �36*"/#*:? 0*(",: ,3 ()* "*$*"+*1 1,"*:(,#38

�3 (),+ :%+*7 ()* "*$*"+*1 +*5.*3:* (# /* 1*(*:(*1 /2 ()* /%:?E%"1 ���� ,+

{I ′
n, θ

′
n}N−1

n=0 E)*"* I
′
n = IN−1−n7 θ

′
n = θN−1−n7 ()* :#""*+!#31,36 :)%33*& %31

�� #.(!.(+ %"* R
′
(l) = R(−l) %31 r

′
n = rN−1−n "*+!*:(,$*&28 
),+ %!!"#%:) ,+

.(,&,9*1 #3&2 '#" ()* +."$,$#" 0%! :#3+(".:(,#3 F�8�PG7 "*5.,"*1 '#" '#"E%"1 %31

/%:?E%"1 �36*"/#*:? !%() 0*(",: :#0!.(%(,#3 ,3 F�8��G8 �,3%&&27 ()* 0%"6,3%&

+20/#& �		+ :%3 /* :%&:.&%(*1 /2 0*%3+ #' ()* '#&&#E,36 :#0!&*(,#3 /%+*1 #3

�� ,3 �,68 �8P %31 /2 .+,36 ()* /,%+ :#""*:(,#3 (*"0 βk ( ) ,3 F�8��G

P
(
{Ik, θk}

∣∣∣ {rn}N−1
n=0

)
= P ({Ik, θk})

∑
∼{Ik,θk}

[
Λf

k (Sk) Λ
b
k+1 (Sk+1)φk (.)ψk (.)

Tk (.) exp

{
− 1

N0

βk

(
Sk, {Ĩn, θ̃n}N−1

n=0

)}]
F�8�QG

%31 ()* :#""*+!#31,36 ��	 +20/#& 1*(*:(,#3 ".&* ,+{
Îk, θ̂k

}
= arg max

{Ik,θk}
P
(
{Ik, θk} | {rn}N−1

n=0

)
F�8�SG

E)*"* φk ( ) ,+ "*+!#3+,/&* '#" ��� %31 :#1* �� #!*"%(,#3+7 ψk ( ) %31 ()* /,%+

:#""*:(,#3 βk ( ) :%3:*& !#+(�:."+#" %31 !"*�:."+#" ��� %31 ��� (*"0+ ()%( %"*

3#( ,3:&.1*1 ,3 +(%(* Sk "*+!*:(,$*&28

6/7/; �+$"'+'&�(�!�& �'�(!"# (&) ��+$.�(�!�&(" ��+$"'0!�%

I* :%&& ()* "*:*,$*" ,3 F�8�SG +#'( #.(!.( +20/#& "%(* ������ E,() ��� E),:)

"*%&,9*+ ()* #!*"%(,#3 #' 1*0#1.&%(,#3 %31 *5.%&,9%(,#3 ,3 % /,1,"*:(,#3%& '%+)�

,#38 
)* !"#!#+*1 "*:*,$*" +)#E3 ,3 �,68 �8 ,+ :#0!#+*1 #' ��� %31 :#1*

��+ '#&&#E*1 /2 /,1,"*:(,#3%& +#'( #.(!.( ������ %( +20/#& "%(*8 �3 �,68 �8 7

hHRi,j
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{În(Sk), θ̂n(Sk)}k−1
n=0
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E#"? '#" ()* ��� '#"0%(8 �#0* #' ()* "*:*,$*" %":),(*:(."*+ ,3 ()* &,(*"%(."* %"*

()* +!*:,%& :%+*+ #' ()* !"#!#+*1 ������ /%+*1 "*:*,$*"8 �#" *J%0!&*7 ()* !"#�
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1)  M= 1, P= 4, Nc= 4, Sw= 1, Sph= 1, Stotal= 1
2)  M= 1, P= 4, Nc= 4, Sw= 1, Sph= 4, Stotal= 4
3)  M= 1, P= 4, Nc= 4, Sw= 1, Sph= 16, Stotal= 16
4)  M= 1, P= 4, Nc= 4, Sw= 1, Sph= 64, Stotal= 64
1)  M= 4, P= 4, Nc= 8, Sw= 1, Sph= 1, Stotal= 1
2)  M= 4, P= 4, Nc= 8, Sw= 4, Sph= 1, Stotal= 4
3)  M= 4, P= 4, Nc= 8, Sw= 4, Sph= 4, Stotal= 16
1)  M= 16, P= 4, Nc= 12, Sw= 1, Sph= 1, Stotal= 1
2)  M= 16, P= 4, Nc= 12, Sw= 16, Sph= 1, Stotal= 16
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��� %31 :#1* ��+ E,() "*+!*:( (# 1,C*"*3( 3.0/*" #' ,31*!*31*3( �%2&*,6)
:)%33*& (%!+7 Lc7 E,() *J!#3*3(,%&&2 1*:%2,36 !#E*" 1*&%2 !"#4&* '#" 1,C*"*3(
Stotal $%&.*+ F�!*:("%& *H:,*3:2 ,+ 1

2
,3 %&& :."$*+G8

P�



/,%+ $%&.*+7 %66"%$%(*+ ()* !*"'#"0%3:* #' ()* "*1.:*1 ("*&&,+ /%+*1 �36*"/#*:?

"*:*,$*"8 �#E*$*"7 ()* :#""*&%(,#3 ,+ ?3#E3 (# /*:#0* 3*6&,6,/&* %+ ()* :)%33*&

&*36() ,3:"*%+*+ '#" I���� :)%33*&+ VQQW8 
),+ 0%?*+ ()* :#0!*3+%(,#3 #' ()*

/,%+ '*%+,/&* /2 %3 ,(*"%(,$* /,1,"*:(,#3%& *5.%&,9%(,#3 !"#!#+*1 ,3 �*:(,#3 �8 8�8


)* /,%+ %3%&2+,+ ,3 F�8�DG %!!*%"+ %+ % .+*'.& 1*+,63 (##& E),:) !"#$,1*+ ,3�

(*"*+(,36 ,3+,6)(+ %/#.( )#E (# 1*(*"0,3* ()* "*&%(*1 +2+(*0 !%"%0*(*"+ #' ()*

6*3*"%& ��� +:)*0* %31 ()* "*5.,"*1 :#0!&*J,(2 &*$*& FJI %31 JθG (# %((%,3

3*%" #!(,0.0 !*"'#"0%3:* ,3 ),6)&2 1,+!*"+,$* :)%33*&+8 �#"*#$*"7 #3* :%3

#!(,0,9* ��� E%$*'#"0+7 2,*&1,36 %$*"%6* 3#"0%&,9*1 /,%+ /*&#E % ()"*+)#&17

(# +.+(%,3 !"#!*" ������ #!*"%(,#3+ '#" % 6,$*3 :)%33*& !"#!*"(,*+7 :#0!&*J,(27

%31 +!*:("%& *H:,*3:28

6/</6 �$$��0!+(�' �!� ����� �(�' ��� ������ 8!� ���

�3 (),+ !%"(7 E* #/(%,3 %3 %!!"#J,0%(,#3 '#" ()* ��� !*"'#"0%3:* #' ()* !"#�

!#+*1 ������ E,() ��� '#" ���8 
)* *""#" *$*3(+ E,() ������ ��� 1#0,3%(*+

()* ��� %( #!*"%(,#3%& ��� &*$*&+8 �3 #()*" E#"1+7 ()* +(%(*+ ,3 % "*1.:*1 ("*&�

&,+ !%((*"3 1,$*"6* '"#0 ()* :#""*:( +*5.*3:* #' +(%(*+ *,()*" %( (,0* n = k− JI

#" n = k − Jθ %31 "*0*"6* E,() ,( %( % &%(*" (,0* n = k + 18 �&+#7 ()* /,%+

(*"0 ,+ %++.0*1 (# /* *&,0,3%(*1 E,() ()* !"#!#+*1 +20/#& "%(* ��� #!*"%(,#3

"*&,%/&2 ,3 ()* %/+*3:* #' *""#" !"#!%6%(,#3 '"#0 %32 !"*$,#.+ *""#" *$*3( 1.",36

������8 
)* '#&&#E,36 %!!"#J,0%(,#3 '#" ��� ,+ #/(%,3*1 ,3 �!!*31,J �

Pb ≈ 1

2KM

K∑
i=1

⎡
⎣∑

Ω1

wb(I1, I2, p)
exp

(
−μH

h T
(I1,I2,p,i)
3 μh

)
∣∣∣ILc +

Ec/N0

4 sin2( π
2K

i)
T

(I1,I2,p)
1 Ph

∣∣∣
+
∑
Ω2

wb(I1, I1, p)
exp

(
−μH

h T
(I1,p,i)
4 μh

)
∣∣∣ILc +

Ec/N0

4 sin2( π
2K

i)
T

(I1,p)
2 Ph

∣∣∣
⎤
⎦ , F�8�OG

E)*"* ()* +*(+ Ω1 %31 Ω2 %"* 1*43*1 %+

Ω1 = {I1, I2, p | I1, I2 = 1, . . . ,M, I1 �= I2, p = 0, . . . , P − 1} ,

Ω2 = {I1, p | I1 = 1, . . . ,M, p = 1, . . . , P − 1} , F�8P�G

P�



%31

wb(I1, I2, p) =
1

log2(MP )

[
1

P

P−1∑
q=0

w��
��
b (q,mod{q + p, P}) + w
��������

b (I1, I2)

]
,

T
(I1,I2,p)
1 = RI1,I1

g (0) +RI2,I2
g (0)−

{
ej

2π
P

pRI1,I2
g (0) + e−j 2π

P
p(RI1,I2

g (0))H
}

T
(I1,p)
2 = 4 sin2

( π

P
p
)
RI1,I1

g (0) F�8P�G

T
(I1,I2,p,i)
3 = P−1

h −P−1
h

(
Ec/N0

4 sin2( π
2K

i)
T

(I1,I2,p)
1 +P−1

h

)−1

P−1
h

T
(I1,p,i)
4 = P−1

h −P−1
h

(
Ec/N0

4 sin2( π
2K

i)
T

(I1,p)
2 +P−1

h

)−1

P−1
h . F�8P�G

�3 F�8P�G7 w��
��
b (p, q) %31 w
��������

b (m,n) 1*3#(* ()* 3.0/*" #' /,( *""#"+ ,'

θk = 2π
P
p, Ik = m %"* ("%3+0,((*17 /.( θk = 2π

P
q, Ik = n %"* 1*(*:(*1 '#"

m �= n %31/#" p �= q7 "*+!*:(,$*&28 �3 F�8P�G�F�8P�G7 Ri,j
g (0) ,+ %3 Lc × Lc

:#""*&%(,#3 0%(",J /*(E**3 ()* ith %31 jth +,63%&,36 E%$*'#"0+ %+ *J!&%,3*1 '#"

F�8DG8 
)* :),! !.&+*+ %"* %++.0*1 (# )%$* .3,( *3*"62 FEc = 1G7 %31 ()* :),!

+,63%&�(#�3#,+* "%(,# FSNRcG ,+ (%?*3 %+ SNRc =
Ec

N0
8 �3 (),+ %3%&2+,+7 ()* .3,#3

/#.31,36 (*:)3,5.* ,+ .+*1 ,3 % +,0,&%" '%+),#3 (# ()* %3%&2+,+ :#31.:(*1 '#"

+!%:*�(,0* /&#:? :#1*+ ,3 VQRW8 �()*" /#.31,36 (*:)3,5.*+ +.:) %+ 6,$*3 ,3 VQOW

:%3 /* .+*1 (# :#3+(".:( 0.:) (,6)(*" /#.31+7 /.( ()* %/#$* %!!"#J,0%(,#3

,+ %::."%(* *3#.6) '#" ��� < 10−27 %+ :%3 /* +**3 ,3 ()* +,0.&%(,#3 "*+.&(+

+*:(,#38 �#"*#$*"7 % :%"*'.& ,3+!*:(,#3 #' F�8�OG "*$*%&+ ()%( % '.&& 0.&(,!%()

1,$*"+,(2 #' #"1*" Lc ,+ %:),*$*1 ,' ()* +,63%&,36 E%$*'#"0+7 gi(t)Y+7 i = 1, . . . ,M

%"* +*&*:(*1 +.:) ()%(

min
I1,I2,p ∈ Ω1, Ω2

{
rank{T(I1,I2,p)

1 }, rank{T(I1,p)
2 }

}
= Lc. F�8PPG

6/@ �!+."(�!�& �'#."�#

6/@/3 ��� �!+."(�!�&#

�3 (),+ !%"(7 E* ,3$*+(,6%(* ()* !*"'#"0%3:* #' ()* !"#!#+*1 �36*"/#*:? ����

F������G '#" ���8 �3 #." +:)*0*7 ,( ,+ 3#( 3*:*++%"2 (# *J!&#,( ,3'#"0%(,#3

'"#0 :)%33*& 1*:#1,36 %31 ()*"*'#"*7 0*"*&2 ()* ������ ,+ *0!&#2*1 '#" %(�

(%,3,36 ()* 0.&(,!%() 1,$*"+,(2 E,()#.( .+,36 %32 #.(*" :)%33*& :#1*8 �""#"
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"%(*+ %( 1,C*"*3( "*:*,$*" :#0!&*J,(,*+ %"* :#0!%"*1 E,() ()%( #' ()* 0%(:)*1

4&(*" /#.31 F���G VQPW8 ��� :#""*+!#31+ (# ()* !*"'*:( ��� %31 ��� "*�

0#$%& %'(*" ��� %31 :#1* �� #!*"%(,#3+ E),:) 2,*&1+ ()* *5.,$%&*3( 0#1*&

rn = RT (0)cne
jθn + vn7 n = 0, . . . , N − 1 '"#0 F�8RG8

�,68 �8S +)#E+ ()* !*"'#"0%3:* #' ������ '#" ��� E)*"* 8 +,63%&,36 E%$*'#"0+

E,() �	�� 0#1.&%(,#3 %"* ("%3+0,((*17 ,8*87 M = 8, P = 48 �%:) E%$*'#"0 ,+

:#0!#+*1 #' 16 :),!+ FNc = 16G7 %31 ()*2 %"* #/(%,3*1 /2 (".3:%(,36 &*36()−255

������ :#1*+ /2 +,0!&2 :)##+,36 ()* 4"+( Nc :),!+ #' 16 �%+%0, +*5.*3:*+ %+

*J!&%,3*1 ,3 �,68 �8Q8 
)*"* %"* 0#"* *H:,*3( %!!"#%:)*+ 2,*&1,36 E%$*'#"0+

E,() /*((*" :"#++� %31 %.(#�:#""*&%(,#3 !"#!*"(,*+7 /.( E* )%$* +)#E3 ()%( ()*

!"#!#+*1 "*:*,$*" !*"'#"0+ E*&& *$*3 E,()#.( +.:) #!(,0,9%(,#3+8 
)* ��� ,+

#/(%,3*1 /2 .+,36 ()* R(0) 0%(",J '#" ()*+* +!*:,4: :#1*+8 �"%2 /,( 0%!!,36

,+ .(,&,9*1 '#" !)%+* +20/#&+8 
)* :)%33*& ,+ :#0!#+*1 #' 64 �%2&*,6) '%1,36

(%!+ FLc = 64G :)#+*3 '"#0 %3 *J!#3*3(,%&&2 1*:%2,36 !#E*" 1*&%2 !"#4&* E)*"*

()*"* ,+ % 30 1� 1,C*"*3:* /*(E**3 ()* 4"+( %31 ()* &%+( :)%33*& (%! !#E*"+8


)* :)%33*& (%!+ %"* %++.0*1 (# /* ,31*!*31*3( %31 % /&#:? '%1,36 0#1*& V�W

,+ %++.0*1 E,() % /&#:? #' &*36() ��� M−%"2 +20/#&+ FN = 100G8 �3 (),+ :%+*7

()* +!*:("%& *H:,*3:2 ,+ ν = log2(MP )
Nc

= 5
16

/,(+ !*" :)%33*& .+*7 %31 ()* *C*:(,$*

:)%33*& &*36() %'(*" �� %31 +20/#& "%(* +%0!&,36 ,+ Q FL = 5G8 �#" '.&& +(%(*

�
��7 % (#(%& #' (MP )L−1 = 220 +(%(*+ %"* "*5.,"*18 
)*"*'#"*7 ���� ,+ .+*1

,3 #"1*" (# %((%,3 %3 %C#"1%/&*7 !"%:(,:%& "*%&,9%(,#38 �( ,+ ,0!#"(%3( (# 3#(*

()%( 1,C*"*3( :&%++*+ #' /,(+ ,0!%:(,36 !)%+* 0#1.&%(,#3 #" +*&*:(,36 E%$*'#"0+

)%$* 1,C*"*3( ���7 /.( )*"* E* !&#( ()* %$*"%6* #' ()*08
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)
8 �+ :%3 /*

+**3 '"#0 �,68 �8S7 ,' ()* ��� %31 ��� %"* 3#( (%?*3 ,3(# %::#.3( %( �� #.(!.(+7

E),:) :#""*+!#31+ (# ()* !&%,3 :#""*&%(#" "*:*,$*" F	��G VDW7 ()* !*"'#"0%3:*

,+ '%" %!%"( '"#0 ���8 �3 ()* #()*" )%317 ������ E,() #3* '#"E%"1 ,(*"%(,#37

*$*3 '#" JI = 1 %31 Jθ = 0 FSw = 87 Sph = 17 Stotal = 8G7 %:),*$*+ "#.6)&2 ()* '.&&

0.&(,!%() 1,$*"+,(2 %31 ()*"* ,+ #3&2 % "*0%"?%/&* 0.3 1� 1,C*"*3:* /*(E**3 ,(+

!*"'#"0%3:* %31 ()* )2!#()*(,:%& ��� %( .3:#1*1 ���= 10−48 I,() ()* .+*

#' +20/#& "%(* ��� ,3 ������ #!*"%(,#3 !"#!#+*1 ,3 F�8�PG %31 +)#E3 ,3 �,68

�8 7 ()* "*:*,$*" !*"'*:(&2 "*0#$*+ !#+(� %31 !"*�:."+#" ��� %31 ��� :#0!#3*3(+
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PCR

U−RSSE, S
w

= 1 and  S
ph

= 1 (Forward only)

U−RSSE, S
w

= 8 and  S
ph

= 1 (Forward only)

U−RSSE with BDF, S
w

= 1 and  S
ph

= 1

MFB

MFB for ideal codes

�,6."* �8S- M = 87 P = 47 Nc = 167 :)%33*& ,+ :#0!#+*1 #' Lc = 64 ,31*!*31*3(
�%2&*,6) (%!+ E,() *J!#3*3(,%&&2 1*:%2,36 !#E*" 1*&%2 !"#4&*

PQ



%( ()* #.(!.( #' ()* ��� *$*3 '#" ��� 
�����	 ��	 �������	 ���������7 ().+ %

!*"'#"0%3:* %!!"#%:),36 0.1 1� (# ()* ��� ,+ %((%,3*1 *$*3 '#" JI = Jθ = 0

FStotal = 1G8 �#(* ()%( (),+ 0#1* #' #!*"%(,#3 :#""*+!#31+ (# ()* !&%,3 1*:,+,#3

'**1/%:? 0#1* E,()#.( %&&#:%(,36 %32 +(%(* 0*0#"28 �#"E%"1 +(%6* #' ������

E,() ��� '#" JI = Jθ = 0 ,+ +,0,&%" (# ()* +(".:(."* !"#!#+*1 ,3 V��W '#" �����8

�#"*#$*"7 ()* ��� #/(%,3*1 '#" ()* +*&*:(*1 +,63%&,36 E%$*'#"0+ ,+ T.+( 0.2 1�

%E%2 '"#0 ()* ��� #' ,1*%& :#1*+8 
).+7 E* :%3 +%2 ()%( ()* #!(,0,9%(,#3 #3

E%$*'#"0+ 0%2 3#( /* +# :",(,:%& E,() ()* .+* #' ������ E,() ��� '#" (),+

+:*3%",#8

�3 �,68 �8D7 ()* !*"'#"0%3:* $%",%(,#3 #' $%",#.+ ������+ F%( 1,C*"*3( :#0�

!&*J,(2 &*$*&+G E,() "*+!*:( (# :)%33*& &*36() FLcG ,+ +)#E3 %( SNRc = 2 1�8 �3

(),+ 46."*7 ()* 1*&%2 +!"*%1 #' ()* :)%33*& ,+ )*&1 :#3+(%3( %31 ()* ("%3+0,++,#3

"%(* F%31 /%31E,1()G ,+ :)%36*1 /2 $%"2,36 Tc8 �3 ������7 ()* !*"'#"0%3:*

,0!"#$*+ %+ ()* ("%3+0,++,#3 /%31E,1() ,3:"*%+*+ .! (# +#0* !#,3( 1.* (# 0.&�

(,!%() 1,$*"+,(27 ()*3 ()* !*"'#"0%3:* /*6,3+ (# 1*6"%1* 6"%1.%&&2 1.* (# ()*

%66"%$%(*1 *C*:( #' ()* bias (*"0 %'(*" �� #!*"%(,#3+8 I,() % "*%+#3%/&* :#0�

!&*J,(27 ������ !*"'#"0%3:* FJI = Jθ = 17 Stotal = MJIP Jθ = 32G :%3 /* ?*!(

:&#+* (# ()* ��� .! (# Lc = 967 E),:) ,+ 6 (,0*+ &%"6*" ()%3 ()* +20/#& 1."%�

(,#38 �&+#7 ()* !*"'#"0%3:* 1*6"%1*+ 6"%:*'.&&2 %+ ()* :)%33*& &*36() ,3:"*%+*+8

�3 ()* #()*" )%317 E,() ()* .+* #' ��� ,3 ������ #!*"%(,#3 F*J!&%,3*1 ,3 �,68

�8 G (# 0,(,6%(* ()* *C*:( #' bias (*"07 ()* "*:*,$*" +)#E+ %&0#+( #!(,0%& !*"'#"�

0%3:* .! (# Lc = 2567 E),:) ,+ 16 (,0*+ &%"6*" ()%3 ()* +20/#& 1."%(,#38 
),+

"*0%"?%/&* !*"'#"0%3:* ,+ %:),*$*1 %( '.&&2 "*1.:*1 :#0!&*J,(2 FJI = Jθ = 07

Stotal = 1G %31 *$*3 E,() ��� 
�����	 ��	 �������	 ������ #!*"%(,#38 
)*+*

"*+.&(+ +)#E ()* "#/.+(3*++ #' ()* !"#!#+*1 +:)*0* %6%,3+( 0.&(,!%() '%1,36

%31 T.+(,'2 ()* .+* #' ��� %+ %3 *C*:(,$* 0#1.&%(,#3 (*:)3,5.* *+!*:,%&&2 '#"

*J("*0*&2 1,+!*"+,$* :)%33*&+ %( &#E ("%3+0,( !#E*"8

�3 �,68 �8R7 ()* !*"'#"0%3:*+ #' ������ E,() E,() ��� '#" 1,C*"*3( ���

+:)*0*+ %"* +)#E38 
)"** 1,C*"*3( ��� +:)*0*+7 3%0*&27 FM = 1, P = 4, Nc =

4G7 FM = 4, P = 4, Nc = 8G %31 FM = 16, P = 4, Nc = 12G %"* :#0!%"*1 '#" ()*

+%0* +!*:("%& *H:,*3:2 %+ 1#3* ,3 �,68 �8Q8 �*"*7 ()* !*"'#"0%3:* ,+ +)#E3 %+ %

'.3:(,#3 #' /,( ��� FEb/N0G '#" ()* +%0* &*$*& #' 1,+!*"+,#3 %31 +%0* 1%(% "%(*
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RAKE

U−RSSE, S
w

= 1 and  S
ph

= 1

U−RSSE, S
w

= 8 and  S
ph

= 1

U−RSSE, S
w

= 8 and  S
ph

= 4

U−RSSE with BDF, S
w

= 1 and  S
ph

= 1

MFB 

�,6."* �8D- M = 87 P = 47 Nc = 167 SNRc =
Ec

N0
= 2 1�7 ��� $%",%(,#3 E,()

"*+!*:( (# 3.0/*" #' �%2&*,6) :)%33*& (%!+7 Lc7 E,() *J!#3*3(,%&&2 1*:%2,36
!#E*" 1*&%2 !"#4&*

PD



/2 $%"2,36 +!"*%1,36 '%:(#" Nc8 
),+ ,+ % "*%+#3%/&* :#0!%",+#3 #' ()* +:)*0*+

E,() ()* +%0* /%31E,1()7 +%0* 1%(% "%(*+7 %31 +%0* *3*"62 !*" /,(8 ��� %31

�
 !*"'#"0%3:* ,3 �11,(,$* I),(* �%.++,%3 �#,+* F�I��G :)%33*& %"* %&+#

1"%E3 '#" :#0!%",+#38 �( ,+ +**3 ()%( /2 .+,36 +.H:,*3(&2 ),6)*" 3.0/*" M ,3

#"1*" (# /* %/&* (# +*&*:( &%"6*" 0#1.&%(,#3 ,3(*"$%& FT G '#" ()* 6,$*3 +!*:("%&

*H:,*3:27 ()* !*"'#"0%3:* :%3 /* ,0!"#$*18 �,"+(7 .(,&,9,36 ),6)*" M "*+.&(+ ,3

&%"6*" *""#" *$*3( 1,+(%3:*+7 ().+ %3 *3)%3:*0*3( ,3 *""#" !*"'#"0%3:*8 �*:#317

������ E,() ��� +)#E+ :&#+*" !*"'#"0%3:* (# ,(+ ��� E)*3 M ,+ ?*!( ),6)

*3#.6) *$*3 '#" &#E*" 3.0/*" #' +(%(*+ FStotal = SwSphG8 �3 (),+ :%+*7 ()* /,%+

$%&.* ,+ +0%&& *3#.6) (# /* :#0!*3+%(*1 %( ()* '#"E%"1 +(%6* #' ������ E,()

��� ,3 #3* ,(*"%(,#38 �#" ()* :%+* #' +0%&&*" 0#1.&%(,#3 ,3(*"$%&7 ()* /,%+ ,+

*J!*:(*1 (# /* &%"6*" %+ +**3 ,3 �,68 �8Q7 E),:) ,+ ()* "*%+#3 #' !*"'#"0%3:* &#++

'#" FM = 1, P = 4, Nc = 4G :%+* ,3 �,68 �8R8 
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∑
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∑
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γ(h) �
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i=1

ξi(h), J = |Ω1|+ |Ω2| = M(MP − 1) %31 FP8DG

ξi(h) = exp
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− Ec

4N0
hHAih
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(I1,p)
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PER ≤ Eh
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(
1, Pe(h)
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= Eh
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1, 2−N�����(Rc(h)−R)
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∫
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∣∣∣∣Rc(h) < R

}
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.3,#3 /#.31 E,&& &,?*&2 1,$*"6* ,3 (),+ #.(%6* "*6,#3N /.( 	�� ,+ +,0!&2 /#.31*1
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∞∑
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PER (Ec/N0) ≤ P{γ ≥ τ}+ P{γ < τ}Eγ
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∫ ∞
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pγ(γ) d γ +

∫ τ
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2−N�����(Rc(γ)−R)pγ(γ) d γ
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��(R) +

(
2NcR
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Ψτ (s) =

(
2NcR

MP

)N ∫ τ

0

(
1 +

γ

M

)N

esγ d γ,

pγ(γ) =
1

2πj

∫ j∞+ε
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∞∑
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.
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�3 (),+ :)%!(*"7 E* 6*3*"%&,9* ()* "*1.:*1 +(%(* �36*"/#*:? (2!* ��	 "*:*,$*"

E,() /,%+ :#""*:(,#3 '#" ��� !"#!#+*1 ,3 �)%!(*" � (# % 0.&(,�.+*" +:*3%",#8

�,"+(7 ()* 6*3*"%&,9*1 +20/#& "%(* .3E),(*3*1 �36*"/#*:? (2!* $*:(#"�0%(",J

+,63%& 0#1*& ,+ #/(%,3*1 '#" ��� ,3 0.&(,!&* %::*++ :)%33*& F���G8 
)*37 /%+*1

#3 (),+ *5.,$%&*3( 1,+:"*(*�(,0* 0#1*&7 %3 �36*"/#*:? (2!* '%:(#",9%(,#3 #' ()*

&,?*&,)##1 '.3:(,#3 ,+ :#3+(".:(*17 %31 ()* ,(*"%(,$* "*1.:*1 +(%(* �36*"/#*:?

(2!* 0.&(,�.+*" ��	 1*(*:(#"7 E),:) )%+ &,3*%" :#0!&*J,(2 ,3 ()* 3.0/*" #'

,3(*"'*",36 .+*"+7 ,+ !"#!#+*1 /2 %!!&2,36 ()* +.0�!"#1.:( %&6#",()0 F�	�G

'"%0*E#"? (# ()* "*+.&(%3( �36*"/#*:? (2!* '%:(#" 6"%!) F��G8 
)* !"#!#+*1

+#'(�#.(!.( ,(*"%(,$* "*:*,$*" :%3 /* +**3 %+ %3 *J(*31*1 $*"+,#3 #' �������

��� %":),(*:(."* ,3 �)%!(*" � %1%!(*1 (# ���8 �*'#"* 6#,36 ,3(# ()* 1*(%,&+

#' ()* !"#!#+*1 +(".:(."*7 ,( ,+ /*((*" (# 6,$* +#0* 0#(,$%(,#3 /*),31 +*%":),36

'#" %3 *H:,*3( +#'(�,3!.(�+#'(�#.(!.( F����G 0.&(,�.+*" 1*(*:(,#3 %&6#",()0 '#"

()* :)%33*& #' ,3(*"*+(7 %31 (# 0*3(,#3 ()* "*&%(*1 &,(*"%(."*8


)* &,(*"%(."* %11"*++,36 ()* +./#!(,0%& ���� 1*(*:(,#3 %&6#",()0+ ,+ ).6* %31

%3 *J)%.+(,$* +."$*2 ,+ 3#( !"#$,1*1 )*"*8 �*$*"()*&*++7 ,( ,+ ,0!#"(%3( (# 1,+�

:.++ +#0* #' ()* 3#(%/&* E#"?+ "*&%(*1 (# ,(*"%(,$* ���� 0.&(, .+*" 1*(*:(,#3

F���G %&6#",()0+8 �0#36 ()* %/.31%3( &,(*"%(."*7 0#+( #' ()* "*:*3( +:)*0*+

DQ



%"* ,(*"%(,$*8 �,"+(7 %3 #!(,0.0 ��� E,() *J!#3*3(,%& :#0!&*J,(2 ,3 ()* 3.0�

/*" #' .+*"+ /%+*1 #3 �
 :",(*",#3 E%+ 1*",$*1 '#" ()* 6*3*"%& %+23:)"#3#.+

���� +2+(*0+ ,3 VDRW8 
# "*1.:* ()* :#0!&*J,(27 ,3(*"'*"*3:* :%3:*&&%(,#3 F��G

/%+*1 %&6#",()0+ E*"* !"#!#+*1 '#" ���� +2+(*0+8 �%+*1 #3 ()* �%.++,%3

%++.0!(,#3 #' ()* ,3(*"'*",36 +,63%&+7 &,3*%" ���� /%+*1 +#'( �� (2!* ���

%&6#",()0+ %"* 1*$*&#!*1 0%,3&2 ,3 VDOXR�W E),:) )%$* 5.%1"%(,: :#0!&*J,(2

,3 ()* 3.0/*" #' .+*"+8 � "*1.:*1 :#0!&*J,(2 $*"+,#3 ,+ %&+# 1*+:",/*1 /2 3*�

6&*:(,36 ()* :#""*&%(,#3 /*(E**3 ()* 0%(:)*1 4&(*"*1 "*:*,$*1 +%0!&*+7 E),:)

"*+.&(+ ,3 &,3*%" :#0!&*J,(2 VR�7 R�W '#" ���� +2+(*0+8 �,0,&%"&27 �� /%+*1

���� 1*(*:(,#3 E,() ()* )*&! #' �%.++,%3 0*++%6* !%++,36 E,() "*'*"*3:* (# &,3�

*%" ���� ,3 �#"3*2 (2!* :)%33*& FE),(*3*1 :)%33*&G ,+ +(.1,*1 ,3 VR�W7 VRPW8

�&(*"3%(,$*&27 T#,3( ���� (2!* *5.%&,9%(,#3 /%+*1 #3 +*( !%"(,(,#3,36 !"*:*1*1

/2 :)%33*& +)#"(*3,36 ,+ !"#!#+*1 '#" ���� ��� :)%33*&+ ,3 VR W7 %31 '#" 1#E3�

&,3? ���� +2+(*0+ VRQW8 �3 VRSW7 /%3? #' ���� :#""*&%(#"+ '#&&#E*1 /2 +20/#&

"%(* 1*:,+,#3 '**1/%:? ,+ !"#!#+*1 '#" 0.&(, :#1* ���� +2+(*0+8 �,3%&&27 % :),!

"%(* 6"%!),:%& ��� %&6#",()0 .+,36 /*&,*' !"#!%6%(,#3 '#" ���� ,+ !"#!#+*1

/%+*1 #3 �#"3*2 (2!* �� VRDW8

�#" �3(*"&*%$*�1,$,+,#3 0.&(,!&* %::*++ F����G /%+*1 +2+(*0+7 (."/# ��� %&�

6#",()07 E),:) ,+ /%+*1 #3 +#'( �� %'(*" ���� (2!* !"#:*++,367 ,+ !"#!#+*1

,3 VRRW8 �� /%+*1 ,(*"%(,$* ��� %&6#",()0 E),:) )%+ % :#0!&*J,(2 &,3*%" ,3

()* 3.0/*" #' .+*"+ '#" +!"*%1 +!*:(".0 0.&(,�) �	� +:)*0*+ ,+ 1*+:",/*1

,3 VRO7 O�W8 �+ (# ()* (,0*�'"*5.*3:2 !%:?,36 VO�W7 E)*"* ()* %1T%:*3( +,63%&+ ,3

(,0* %31 '"*5.*3:2 %"* %&&#E*1 (# #$*"&%! ,3 #"1*" (# ,3:"*%+* +!*:("%& *H:,*3:2

%+ ,3 ����7 �%+(*"�
)%3��25.,+( F�
�G +,63%&,36 VO�W %31 ���7 +20/#& /2

+20/#& "*:*,$*" E,() +#'( �� /%+*1 #3 ()* �%.++,%3 %++.0!(,#3 #' ()* ,3(*"'*"�

,36 +,63%&+ VO�W7 %31 0,+0%(:)*1 �36*"/#*:? (2!* !"#:*++,36 /%+*1 #3 :)%33*&

+)#"(*3,36 %31 �%.++,%3 %++.0!(,#3 VOPW7 VO W7 VOQW %"* 1*$*&#!*18

�� /%+*1 *5.%&,9%(,#3 (*:)3,5.*+ /%+*1 #3 �36*"/#*:? #/+*"$%(,#3 0#1*& %"*

!"#!#+*1 '#" ���� ��� :)%33*& ,3 VOS7ODW8 
)*2 +(,&& )%$* :#0!.(%(,#3%& /."1*3

#" "*&2 #3 �%.++,%3 %!!"#J,0%(,#38 �3 V��W7 VOS7ODW '%:(#",9%(,#3 #' ()* &,?*&,)##1

'.3:(,#3 ,+ "*%&,9*1 E,()#.( .+,36 +(%(* $%",%/&*+ :#0!#+,36 #' !#+(�:."+#" ���

!%"( #' ()* :)%33*&7 E),:) "*+.&(+ ,3 0%32 :2:&*+ ,3 �� *+!*:,%&&2 '#" :)%33*&+

DS



E,() &#36 0*0#"27 %31 ,( ,+ ?3#E3 ()%( ()* *J,+(*3:* #' :2:&*+ ,3 ()* �� :%33#(

&*%1 (# %3 %&6#",()0 '#" *J%:( ��	 +20/#& 1*(*:(,#3 VQSW8 �#E*$*"7 ()*"* ,+

+(,&& % !*"'#"0%3:* 6%! /*(E**3 ()* +(.1,*1 *5.%&,9*" +(".:(."*+ %31 ()* #!(,0%&

#3* E)*3 :#0!&*J,(2 ,+ :#3+("%,3*1 (# /* &#E *+!*:,%&&2 '#" 0#"* 6*3*"%& :)%33*&

0#1*& E,() &#36 0*0#"2 %31 3#3�+!%"+* +(".:(."*7 %31 0#1.&%(,#3 (2!*+8 
).+7

()*"* ,+ % 3**1 '#" +*%":),36 0#"* *H:,*3( "*:*,$*" +(".:(."*+ E,() 3*%" #!(,0.0

!*"'#"0%3:* '#" ()* 6*3*"%& ��� (2!* 0#1.&%(,#3 ,3 ��� *+!*:,%&&2 E,() $*"2

&#36 0*0#"28 �3 ()* &,6)( #' (),+ 0#(,$%(,#37 #." :#3(",/.(,#3 ,+ (# #/(%,3 %3

*H:,*3( ��� /2 .+,36 ()* �� %31 ()* �	� '"%0*E#"? 1*$*&#!*1 /%+*1 #3 %

6*3*"%& ��� 0#1*& '#" ���8

�3 (),+ :)%!(*"7 4"+( E* !"#!#+* %3 %&(*"3%(,$* '%:(#",9%(,#3 E),:) ,3:&.1*+ +(%(*

$%",%/&*+ &*%1,36 (# !#+(�:."+#" �36*"/#*:? ��� '#" *%:) .+*" +*!%"%(*&2 +# ()%(

()* 3.0/*" #' :2:&*+ ,+ ?*!( &,0,(*1 (# ()* 3.0/*" #' .+*"+ #3&2 3#( (# ()* &*36()

#' ()* :)%33*& 0*0#"28 
)*37 ()* "*+.&(%3( �� ,+ (E# 1,0*3+,#3%&7 3%0*&27 (,0*

%31 .+*" +!%:* /%+*1 #3 % 0#"* 6*3*"%& #/+*"$%(,#3 0#1*& '#" ���7 E)*"* ()*

"*1.:*1 ("*&&,+ *5.%&,9%(,#3 E,() 1*:,+,#3 '**1/%:? %31 ��� %"* T#,3(&2 "*%&,9*18

���� E,() ��� ,+ .(,&,9*1 (# &,0,( ()* 3.0/*" #' +(%(*+ %31 (# :#0!*3+%(* ()*

/,%+ (#6*()*" E,() ()* .+* #' ��� /%+*1 #3 �36*"/#*:? '%:(#",9%(,#38


)* !"#!#+*1 "*:*,$*" )*"* :#34"0+ %31 ,3:&.1*+ 0%32 !"*$,#.+ E#"?+ /2 :)%36�

,36 +*$*"%& +2+(*0 !%"%0*(*"+ 6*3*"%&,9*1 (# ��� '#"0%(8 �( %:(.%&&2 %!!*%"+

%+ ()* .3,4:%(,#3 #' /,1,"*:(,#3%& ������ "*:."+,#3+ ,3 VPDW F�)%!(*" �G %!!&,*1

(# *%:) .+*" '#" ��� :#0!*3+%(,#3 %31 ()* 0,(,6%(,#3 #' 0.&(,�.+*" ,3(*"'*"*3:*

F���G '.&4&&*1 /2 ()* �	� +,0,&%" (# ()* #3* ,3 V��W /%+*1 #3 ()* #/(%,3*1

�36*"/#*:? (2!* ��8 
)* /,%+7 ,31.:*1 /2 ()* .+* #' "*1.:*1 +(%(* *5.%&,9%�

(,#3 !*" .+*"7 ,+ :#0!*3+%(*1 F1.",36 ()* :#3+(".:(,#3 #' +."$,$,36 !%()+ #'

*%:) .+*"G /2 .+,36 ()* (*3(%(,$* 1*:,+,#3+ #/(%,3*1 ,3 ()* !"*$,#.+ ���� "*�

:."+,#38 
)* 0%,3 %1$%3(%6* #' ()* !"#!#+*1 +(".:(."* ,+ ()%( #3* :%3 %1T.+(

()* :#0!&*J,(2 &*$*& 1*!*31,36 #3 ()* 0#1.&%(,#37 3.0/*" #' .+*"+7 %31 ()*

+(%(,+(,:+ #' ()* :)%33*&+8 �."()*"0#"*7 ()* "*:*,$*" %":),(*:(."* #!*"%(*+ #3

.3E),(*3*1 #/+*"$%(,#3+ E,()#.( 3**1 #' %32 :#0!.(%(,#3%&&2 *J!*3+,$* #!*"%�

(,#3+ &,?* E),(*3,367 !"*�4&(*",36 F"*5.,",36 0%(",J ,3$*"+,#3+G %31 "*+#"(,36 (#

()* �%.++,%3 %!!"#J,0%(,#37 +,3:* ()*+* #!*"%(,#3+ %"* !"#/&*0%(,: *+!*:,%&&2

DD



'#" :)%33*&+ E,() &#36 0*0#"2 %31 (,0* $%"2,36 *3$,"#30*3(+ E)*"* ()* .+*

#' %1%!(,$* %&6#",()0+ ,+ ,31,+!*3+%/&* V�RW8 �3 %11,(,#3 (# (),+ !"%:(,:%&&2 ,0�

!#"(%3( '*%(."*+7 ()* !"#!#+*1 ��� *J),/,(+ % :&#+* !*"'#"0%3:* (# ()* ���

FE)*"* %&& ���7 ��� %31 ��� :#0!#3*3(+ %"* "*0#$*1 '#" *%:) .+*"G *$*3 E,()�

#.( :)%33*& :#1,36 %+ +)#E3 ,3 ()* +,0.&%(,#3 "*+.&(+8

7/6 �%#�'+ ��)'"

�3 (),+ :)%!(*"7 E* 6*3*"%&,9* ()* "*1.:*1 +(%(* �36*"/#*:? (2!* "*:*,$*" %"�

:),(*:(."* !"*+*3(*1 ,3 �)%!(*" � (# % 0.&(,�.+*" +:*3%",#8 I* 1*%& E,() ()*

0.&(,!&* %::*++ :)%33*& F���G E)*"* ��� +:)*0* ,+ %1#!(*1 '#" *%:) .+*"8


)%( ,+ (# +%27 % (#(%& #' K .+*"+ %"* %++.0*1 (# /* !"*+*3( ,3 ()* ��� E)*"*

M 1,+(,3:( +,63%&,36 E%$*'#"0+ %"* %++,63*1 (# *%:) .+*" %+ 1#3* ,3 ��� +:)*0*8

�%:) .+*" +*&*:(+ #3* #' ()*+* E%$*'#"0+ '#" ("%3+0,++,#3 %( *%:) +,63%&,36 ,3�

(*"$%& /2 %!!&2,36 !)%+* 0#1.&%(,#3 E,() :%"1,3%&,(2 P #3 ()*08 
)*37 ()*

/%+*/%31 *5.,$%&*3( #' ()* ("%3+0,((*1 +,63%& /2 nth .+*" :%3 /* E",((*3 %+

xn(t) =

N−1∑
k=0

gnInk (t− kT )ejθ
n
k '#" Ink ∈ {1, · · · ,M}, F 8�G

E)*"* {gni (t)} , i = 1, . . . ,M, n = 1, . . . , K ,+ ()* ith +,63%&,36 E%$*'#"0 /*�

&#36,36 (# nth .+*"8 
)* {Ink , θnk} !%," 1*3#(*+ ()* kth ("%3+0,((*1 ��� +20�

/#& '#" nth .+*"7 E)*"* Ink ,+ ()* ,31*J #' ()* ("%3+0,((*1 E%$*'#"0 E,(),3

AI = {1, · · · ,M}7 %31 θnk '"#0 Aθ = {2π
P
(i− 1)}Pi=1 ,+ ()* !)%+* ,3'#"0%(,#3 '#"

nth .+*" %( kth +,63%&,36 ,3(*"$%&8 
)* !"#!*"(,*+ #' ()* ��� +:)*0*7 %31 ()*

!"#!*"(,*+ #' ()* :#""*+!#31,36 E%$*'#"0+ gni (t)Y+ %"* ()* +%0* %+ ,3 ()* +,36&*

.+*" :%+* *J!&%,3*1 ,3 �)%!(*" �8 �3* 1%(% /&#:? #' *%:) .+*" :#3+,+(+ #' N

��� +20/#&+8

�%:) .+*" ,+ %++.0*1 (# )%$* % 5.%+,�+(%(,: :)%33*& )%$,36 % /%+*/%31 *5.,$%&*3(

"*+!#3+* hn(t)7 ()*3 ()* "*:*,$*1 /%+*/%31 E%$*'#"0 %( ()* %::*++ !#,3( :%3 /*

E",((*3 %+

r(t) =

K∑
n=1

hn(t) ∗ xn(t) + n(t) =

K∑
n=1

N−1∑
k=0

snInk (t− kT )ejθ
n
k + n(t) F 8�G

DR



E)*"* sni (t) = gni (t) ∗ hn(t) '#" i = 1, . . . ,M, n = 1, . . . , K8 
)* 6*3*"%& 0.&�

(,!%() ��� 0#1*& ,+ %++.0*17 E)*"* ()* :)%33*& "*+!#3+*+ %"* +(%(,: #$*" %

/&#:? 1."%(,#37 %31 ,3:&.1* % .+*" 1*&%27 E),:) %::#.3(+ '#" .+*"�%+23:)"#3#.+

("%3+0,++,#3+ 1.* (# ,0!*"'*:( 3*(E#"? +23:)"#3,9%(,#3 %31 ()* 3*%"�'%" *C*:(8

7/; �&*'�1�'�: �%$' �
�� �'�'!-'� ��� ��� !& ���

�3 (),+ +*:(,#37 E* 4"+( 1*",$* ()* #!(,0%& �
�� /%+*1 1*(*:(#" /%+*1 #3 �36*"�

/#*:? #/+*"$%(,#3 0#1*& %+ % 6*3*"%&,9%(,#3 #' ()* !"*$,#.+ E#"? ,3 �)%!(*" �

'"#0 +,36&* .+*" :%+* (# ���8 
# +(%"( E,()7 E* 1*43* ()* '#&&#E,36 +*5.*3:*+

(# /* 1*(*:(*1 '#" nth .+*"-

InN = {In0 , In1 , · · · , InN−1} '#" Ink ∈ AI , Θn
N = {θn0 , θn1 , · · · , θnN−1} '#" θnk ∈ Aθ.

F 8PG

7/;/3 �$�!+.+ �
 �."�!��#'� �'�'��!�& ��� ���


)* #!(,0%& �
 ".&* ()%( 0%J,0,9*+ ()* &,?*&,)##1 #' ()* "*:*,$*1 +,63%& r(t)

1.",36 #3* /&#:? 1."%(,#3 :%3 /* #/(%,3*1 %+

{ÎnN , Θ̂n
N}Kn=1 = argmax

{InN ,Θn
N}Kn=1

(
2Re

{∑
n

∑
k

e−jθnk rnk (I
n
k )

}

−
∑
n1

∑
n2

∑
k1

∑
k2

R
(n1,n2)

I
n1
k1

,I
n2
k2

(k2 − k1)e
j(θ

n1
k1

−θ
n2
k2

)

)
F 8 G

E)*"*

rnk (i) �
∫
T0

r(t) (sni (t− kT ))∗ dt = r(t) ∗ h∗
n(−t) ∗ (gni (−t))∗

∣∣∣
t=kT

F 8QG

R
(m,n)
i,j (k) �

∫
T0

smi (t)
(
snj (t− kT )

)∗
dt = smi (t) ∗

(
snj (−t)

)∗ ∣∣∣
t=kT

. F 8SG

�3 F 8 G7 /2 .+,36 +,0,&%" %"6.0*3(+ %+ ,3 �)%!(*" �7 ,( ,+ !"%:(,:%&&2 "*%+#3%/&*

(# %++.0* ()%( R
(m,n)
i,j (k) ,+ 3#39*"# #3&2 '#" +#0* 43,(* k $%&.*+ '#" |k| < L

1.* (# ()* 43,(* 1*&%2 +!"*%1+ #' ()* ���8 �538 F 8 G ,31,:%(*+ ()%( {rnk (i)}
/*:#0* ()* +.H:,*3( +(%(,+(,:+ (# 1*:,1* #3 {ÎnN , Θ̂n

N}Kn=18 
).+7 ()* :#0!&*J,(2

DO



#' ()* #!(,0%& ��� ,+ ,3 ()* #"1*" #' O
(
(MP )KL

)
E),:) :%3 3#( /* %C#"1*1

,3 !"%:(,:%& +:*3%",#+8

7/;/6 �!#��'�' 
!+' �9.!-("'&� ��� ��)'" ��� ���

�3 (),+ !%"(7 ()* 1,+:"*(* (,0* *5.,$%&*3( 0#1*& '#" ��� E,() ��� +:)*0* ,+

1*$*&#!*1 /2 .+,36 ()* �� #.(!.(+ +%0!&*1 %( +20/#& "%(*7 3%0*&27 {rnk (i)}8

),+ 0#1*& E,&& /* .+*'.& '#" 1*",$,36 ()* "*1.:*1 +(%(* ,0!&*0*3(%(,#3 #' F 8 G7

%31 '#" !*"'#"0%3:* %3%&2+,+8 
)* *5.,$%&*3( :)%33*& $*:(#" '#" ()* nth .+*"

:%3 /* *J!"*++*1 %+ hn = [h
(n)
0 , · · · , h(n)

Lc−1]
T %( ()* �25.,+( "%(* W ≈ 1

Tc
8 �'(*"

+20/#& +23:)"#3,9%(,#3 %31 ��� '#" nth .+*" (#6*()*" E,() :#1* �� #!*"%(,#3+

%( "%(* W 7 R(m,n)
i,j (l) ,3 F 8SG :%3 /* :%&:.&%(*1 %+

R
(m,n)
i,j (l) = hH

n G
(m,n)
i,j (l)hm F 8DG

E)*"* G
(m,n)
i,j (l) ,+ %3 Lc × Lc 
#*!&,(9 0%(",J *J),/,(,36 ()* E%$*'#"0 :#""*�

&%(,#3+ %( 1,C*"*3( 1*&%2+ +# ()%( (k1, k2)
th *&*0*3( #' ()* 
#*!&,(9 0%(",J ,+

rm,n
g, i,j(lT + (k1 − k2)Tc)8 �*"*7 rm,n

g, i,j(t) ,+ ()* :"#++�:#""*&%(,#3 '.3:(,#3 /*(E**3

ith +,63%&,36 E%$*'#"0 #' mth .+*" %31 ()* jth E%$*'#"0 #' nth .+*"7 E),:) ,+

6,$*3 /2 rm,n
g, i,j(t) = gmi (t) ∗

(
gnj (−t)

)∗
8

�� #.(!.(+ #' *%:) .+*" ,3 F 8QG7 2,*&1,36 ()* +.H:,*3( +(%(,+(,:+7 :%3 /* 0#1*&*1

/2 .+,36 F 8�G %31 F 8SG %+

rnk =

K∑
m=1

L−1∑
l=−(L−1)

[
R(m,n)(l)

]T
cmk−le

jθmk−l + vn
k , F 8RG

'#" k = 0, . . . , N − 1 %31 n = 1, . . . , K7 E)*"*

• rnk = [rnk (1), · · · , rnk (M)]T %"* ()* �� #.(!.(+ '#" nth .+*" %( (,0* t = kT 7

• Rm,n(l) ,+ ()* M × M +%0!&*1 :"#++�:#""*&%(,#3 0%(",J #' ()* +,63%&,36

E%$*'#"0+ #' mth %31 nth .+*" !%++,36 ()"#.6) ()* ��� E,() (i, j)th
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jθn /* ()* *5.,$%&*3( $*:(#" +20/#& #' ��� E,() 0#1.&%(*1 !)%+*

,3 F�8RG8 I* 1*43* {x(1)
n }N−1

n=0 %+ ()* ("%3+0,((*1 +*5.*3:* #' $*:(#" +20/#&+

/*&#36,36 (# !%()�� %31 {S(1)
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n }N−1
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0 , %31 S
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E),:) ,0!&,*+

I(1)n = I(2)n '#" n = k, . . . , k − JI + 1,
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1*43*1 %+

Ψ
(k)
1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣
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⎥⎥⎥⎥⎥⎥⎥⎦

M(k+1)×M(L−1)

F�8DG

'#" 0 ≤ k ≤ N − L %31 H(l) = (R(l))T 8 
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)* !%,"E,+* *""#" !"#/%/,&,(2 F	�	G ()%( :#""*+!#31+

(# 1*:,+,#3 #3 b2 E)*3 b1 ,+ +*3( :%3 /* E",((*3 %+
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=
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=
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1 , . . . , e

T
k ]

T 7 en =

x
(2)
n − x

(1)
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=
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)*37 /2 .+,36 ()%( P{ek−JI �= 0|Ωe} + P{ek−Jθ �= 0|Ωe} = 17 %31 ()* :#31,�

(,#3%& !"#/%/,&,(,*+ P{ek−JI �= 0|Ωe} %31 P{ek−Jθ �= 0|Ωe} %"* !"#!#"(,#3%& (#

()*," :%"1,3%&,(,*+ |ek−JI �= 0| = MP (MP − 1) %31 |ek−Jθ �= 0| = MP (P − 1)
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E
{|γ|2} =

2

M2P [MP − 1 + 1 {JI > Jθ} (P − 1)]

⎡
⎢⎣Eh

⎧⎪⎨
⎪⎩
∑
x
(1)
k

∑
x
(2)
k

, x
(2)
k

�=x
(1)
k

L−1∑
l=JI+1

eH
k H(l)HH(l)ek

∣∣∣∣∣∣∣I
(1)
k �= I

(2)
k �� θ

(1)
k �= θ

(2)
k

⎫⎪⎬
⎪⎭ *6��-

+1 {JI > Jθ}Eh

⎧⎪⎨
⎪⎩
∑
x
(1)
k

∑
x
(2)
k

, x
(2)
k

�=x
(1)
k

L−1∑
l=Jθ+1

eH
k H(l)HH(l)ek

∣∣∣∣∣∣∣I
(1)
k = I

(2)
k 
�	 θ

(1)
k �= θ

(2)
k

⎫⎪⎬
⎪⎭
⎤
⎥⎦

�2 .+,36 xk = cke
jθk 7 ()* 1*43,(,#3 #' ck ,3 F�8RG %31 H(l) ,3 F�8DG7 %31 ()*

+200*("2 #' 	�� 0#1.&%(,#37 ()* *J!"*++,#3 ,3 F�8QG ,+ +,0!&,4*1 (#

E
{|γ|2} =

2

M2 [MP − 1 + 1 {JI > Jθ} (P − 1)]

⎡
⎢⎣ M∑

m1=1

M∑
m2=1, m2 �=m1

P−1∑
p=0

L−1∑
l=JI+1

M∑
n=1

Eh

{
|Rm1,n(l)|2 + |Rm2,n(l)|2 − 2Re

{
ej

2π
P

pRm1,n(l)Rm2,n(l)
∗
}}

+ *6�9-

M∑
m1=1

P−1∑
p=1

L−1∑
l=Jθ+1

M∑
n=1

(1 + 1 {JI > Jθ}1 {l > JI}) 4 sin2
( π

P
p
)
Eh

{|Rm1,n(l)|2
}⎤⎥⎦
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)* *J!*:(%(,#3+ Eh

{∣∣∣hHA
(m1,m2,p,n)
l h

∣∣∣2} %31 Eh

{∣∣∣hHB
(m1,p,n)
l h

∣∣∣2} ,3 F�8�DG

:%3 /* #/(%,3*1 %+ '#&&#E+8

Eh

{∣∣∣hHA
(m1,m2,p,n)
l h

∣∣∣2} = Eh

{(
Re
{
hHA

(m1,m2,p,n)
l h

})2
}

+ Eh

{(
Im
{
hHA

(m1,m2,p,n)
l h

})2}

= Eh

⎧⎪⎨
⎪⎩
⎡
⎢⎣hH

⎛
⎜⎝A

(m1,m2,p,n)
l +

(
A

(m1,m2,p,n)
l

)H

2

⎞
⎟⎠h

⎤
⎥⎦

2⎫⎪⎬
⎪⎭

+ Eh

⎧⎪⎨
⎪⎩
⎡
⎢⎣hH

⎛
⎜⎝A

(m1,m2,p,n)
l −

(
A

(m1,m2,p,n)
l

)H

2j

⎞
⎟⎠h

⎤
⎥⎦

2⎫⎪⎬
⎪⎭ *6�8-


)*37 Eh

⎧⎨
⎩
[
hH

(
A

(m1,m2,p,n)
l +

(
A

(m1,m2,p,n)
l

)H

2

)
h

]2⎫⎬
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A �
A

(m1,m2,p,n)
l +

(
A

(m1,m2,p,n)
l

)H
2

, β � hHAh. �����

�#" ()* :%+* #' :#0!&*J �%.++,%3 :)%33*& $*:(#" h +(.1,*1 )*"*7 ()* ��� #' β
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Φβ(s) = Eβ

{
e−sβ

}
=

exp
(
−μH

h T(s)μh

)
|I+ sAPh|

���	� ���
�

T(s) = P−1
h −P−1

h

(
sA+P−1

h

)−1
P−1

h ������

�*43,36 F (s) � exp
(
−μH

h T(s)μh

)
%31 G(s) � |I+ sAPh|7 #3* :%3 :%&:.&%(*

()* +*:#31 #"1*" 0#0*3( #' β /2 .+,36 F�8OG +.:) ()%(

E
{
β2
}
=

∂2Φβ(s)

∂s2

∣∣∣∣∣∣
s=0

=
∂2F (s)

∂s2
G(s)− F (s) ∂

2G(s)

∂s2
− 2∂F (s)

∂s
∂G(s)
∂s

G(s)2
+

2F (s)
(

∂G(s)
∂s

)2

G(s)3

∣∣∣∣∣∣
s=0

*6���-

E)*"*

∂F (s)

∂s
= −

(
µH

h

∂T(s)

∂s
µh

)
F (s),

∂2F (s)

∂s2
= −

(
µH

h

∂2T(s)

∂s2
µh

)
F (s) +

(
µH

h

∂T(s)

∂s
µh

)2

F (s),

∂T(s)

∂s
= APh (sAPh + I)−2 P−1

h ,
∂2T(s)

∂s2
= −2 (APh)

2 (sAPh + I)−3 P−1
h . *6���-

I* .+* ()* '#&&#E,36 1*43,(,#3+ (# :%&:.&%(* F�8��G /%+*1 #3 F�8��G-

f0 � F (s)

∣∣∣∣∣∣
s=0

= 1, f1 � ∂F (s)

∂s

∣∣∣∣∣∣
s=0

= −µH
h Aµh, f2 � ∂2F (s)

∂s2

∣∣∣∣∣∣
s=0

= 2µH
h APhAµh+

(
µH

h Aµh

)2

,

*6��:-

G(s) ,3 F�8��G :%3 %&+# /* *J!"*++*1 %+ % +.0 #' !#E*"+ #' s +.:) ()%( G(s) =∑Lc

k=0 gks
k E)*"*

g0 = 1, g1 =

Lc∑
m=1

(APh)m,m , g2 =
∑

(m,n)∈P2

[
(APh)m,m (APh)n,n − (APh)m,n (APh)n,m

]
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}
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{(
Im

{
hHA
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l h
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}

%31 Eh
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1#0,3%(* ()* #()*"+7 ()* /,( *""#" !"#/%/,&,(2 '#" �36*"/#*:? ���� :%3 /* .!!*"

/#.31*1 %+ �

Pb ≤ Eh

⎧⎪⎨
⎪⎩

∑
∀e | ek=x

(2)
k −x

(1)
k , ek �=0

wb(e)

log2(MP )
P{b1}P{e | h}

⎫⎪⎬
⎪⎭

≈ Eh

⎧⎪⎨
⎪⎩
∑
∀x(1)

k

∑
∀x(2)

k , x
(2)
k �=x

(1)
k

wb(ek)

log2(MP )

1

MP
P{x(1)

k → x
(2)
k | h}

⎫⎪⎬
⎪⎭ F�8�G

E)*"* wb(e) +)#E+ ()* 3.0/*" #' /,( *""#"+ :#""*+!#31,36 (# ()* *""#" *$*3(

+*5.*3:* e %31 b1 ,+ ()* $*:(#" +*5.*3:* '#" ()* ("%3+0,((*1 +20/#&+ {x(1)
k }N−1

k=0

#3 !%()��8 
)*37 #3* :%3 *J!"*++ ()* ��� ,3 F�8�G /2 .+,36 ()* 1*43,(,#3 #' cn

,3 F�8RG %31 3#(,36 ()%( xn = cne
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Pb ≈ 1

M

⎡
⎣ M∑

I1=1

M∑
I2=1,I2 �=I1

P−1∑
p=0

wb(I1, I2, p) *&��-

Eh

{
P{I(1)k → I

(2)
k , θ

(1)
k → θ

(2)
k | I(1)k = I1, I

(2)
k = I2, θ

(2)
k = θ

(1)
k +

2π

P
p, h}

}

+

M∑
I1=1

P−1∑
p=1

wb(I1, I1, p)Eh

{
P{θ(1)k → θ

(2)
k | I(1)k = I

(2)
k = I1, θ

(2)
k = θ

(1)
k +

2π

P
p, h}
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0%(,#3 #' Q−'.3:(,#3 %+ Q (x) ≈
∑K

i=1
1
2K

exp
(
− x2

2 sin2( π
2K

i)

)
V���W %31 ,63#",36

()* /,%+ (*"0 ,3 F�8OG7 	�	 :%3 /* #/(%,3*1 %+

P{x(1)
k → x

(2)
k | h} ≈ Q

(√
d2(ek)

2N0

)
≈

K∑
i=1

1

2K
exp

( −1

4 sin2( π
2K

i)

Ec

N0
d2(ek)

)
*&�:-

E)*"* ()* 1,+(%3:* 0*(",: d2(ek) ,+ !"#$,1*1 ,3 (*"0+ #' :)%33*& %31 :#1*
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d2(ek) = eH
k H(0)ek =

(
c
(2)
k ejθ

(2)
k − c

(1)
k ejθ

(1)
k

)H

H(0)

(
c
(2)
k ejθ

(2)
k − c

(1)
k ejθ

(1)
k

)
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= R
I
(1)
k

,I
(1)
k

(0) +R
I
(2)
k
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k
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(2)
k

−θ
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k
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I
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k
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k

(0)− ej(θ
(2)
k

−θ
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k

)
(
R

I
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k
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k
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[
R

I
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k
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k

g (0) +R
I
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k
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k

g (0) − e−j(θ
(2)
k

−θ
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k
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I
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k
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I
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k

,I
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k

g (0))H
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P{Xi → Xj} = P

{
ΛN (Xi) < ΛN (Xj)

∣∣∣∣ Xi ,+ +*3(
}

≈
K∑
q=1

1

2K
exp

(
−1

4 sin2( π
2K

q)

Ec

N0

N−1∑
n=0

N−1∑
k=0

(xi
n − xj

n)
HH(n− k)(xi

k − xj
k)

)

=
K∑
q=1

1

2K

N−1∏
n=0

exp

{
−1

4 sin2( π
2K

q)

Ec

N0

f
(
Dij

n

)}
F�8�G

E)*"*

f(Dn) =
L−1∑

l=−(L−1)

dH
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P{Xi → Xj} = EDij

{
K∑
q=1

1

2K

N−1∏
n=0

exp

[
−1

4 sin2( π
2K

q)

Ec

N0
f
(
Dij

n
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F�8PG

=
1

2K

K∑
q=1

1

|D|N
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N−1∏
n=0

exp

[
−1

4 sin2( π
2K

q)

Ec

N0

f (Dn)

]

≈ 1

2K

K∑
q=1

1

|D|N(2L−1)

∑
{∀Dm∈D(2L−1), m=0,··· ,N−1}

N−1∏
n=0

exp

[
−1

4 sin2( π
2K

q)

Ec

N0
f (Dn)

]

F�8 G

=
1

2K

K∑
q=1
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⎛
⎜⎝ 1

|D|(2L−1)

∑
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exp

[
−1

4 sin2( π
2K

q)

Ec

N0
f (Dn)

]⎞⎟⎠ F�8QG

=
1

2K
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⎡
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∑
∀dn∈D

⎧⎨
⎩
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⎝ L−1∏
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exp

(
−1
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2K
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N0
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4 sin2( π
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=
1

2K
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∀dn∈D
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1
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]⎞⎠
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Pe{Xi} ≤
2k∑
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∑
i
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∑
i
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