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ABSTRACT

AN INVESTIGATION INTO MIDDLE SCHOOL MATHEMATICS TEACHERS’
SUBJECT MATTER KNOWLEDGE AND PEDAGOGICAL CONTENT
KNOWLEDGE REGARDING THE VOLUME OF 3D SOLIDS
Tekin-Sitrava, Reyhan
Ph.D, Department of Elementary Education
Supervisor: Assoc. Prof. Dr. Mine Isiksal-Bostan
February 2014, 267 pages

The purpose of this study was to examine middle school mathematics
teachers’ subject matter knowledge and pedagogical content knowledge of the
volume of 3D solids. In order to achieve the purpose of the study, four middle school
teachers working in public schools in Ankara participated in the study. To get deep
and rich answers to research questions asked, qualitative methodology was used.
Participants were selected through purposeful sampling. Data was gathered via
questionnaire, semi-structured interviews, classroom observations, and field notes.
The data was analyzed using constant comparative method.

The findings revealed that although middle school teachers could generate
alternative solution methods, they solved questions just using volume formula while
teaching the topic to their students. Moreover, they were unable to generate story
problems related to the volume of 3D solids using given numbers and terms. The
teachers applied teacher-centered instructional strategy to teach the volume of 3D
solids to their students. Furthermore, middle school teachers’ knowledge of learners,
such as interpretation of students’ alternative solution methods, identifying their
errors and the sources of them, was restricted by their experiences. Moreover, to
make the topic more understandable, they altered the order of the sub-topics of 3D

solids but their knowledge of the connection the volume of 3D solids with other



topics was inadequate. The study showed that middle school teachers used both
formative and summative assessment strategies such as informal questioning,
homework, paper-pencil test, performance homework and project work. As a result
of findings of the study, important implications and recommendations for further
studies were suggested.

Keywords: Mathematics education, middle school mathematics teachers, subject

matter knowledge, pedagogical content knowledge, the volume of 3D solids,



0z

ORTAOKUL MATEMATIK OGRETMENLERININ 3 BOYUTLU CIiSIMLERIN
HACMINE iLISKIN ALAN VE PEDAGOJIK ALAN BILGILERi UZERINE BiR
CALISMA

Tekin Sitrava, Reyhan
Doktora, ilkdgretim Boliimii
Tez Yoneticisi: Dog. Dr. Mine Isiksal Bostan
Subat 2014, 267 sayfa

Bu c¢aligmanin amaci, ortaokul matematik Ogretmenlerinin 3 boyutlu
cisimlerin hacmine iliskin alan bilgilerini ve pedagojik alan bilgilerini incelemektir.
Bu amag¢ dogrultusunda, Ankara’daki devlet okullarinda gorev yapan dort tane
ortaokul matematik 6gretmeni c¢alismaya katilmistir. Belirlenen arastirma sorularina
derinlemesine ve zengin cevaplar bulabilmek i¢in, nitel arastirma yontemi
kullanilmistir. Katilimcilar amaclhi 6rneklem yontemi ile secilmistir. Veri, anket, yari-
yapilandirilmis goriismeler, sinif gézlemleri ve gdzlem notlari ile toplanmistir. Veriyi
analiz etmek i¢in, siirekli karsilastirmali analiz yontemi kullanilmastir.

Bulgular matematik Ogretmenlerinin, 3 boyutlu cisimlerin hacmini
hesaplamak i¢in alternatif ¢6zliim yollar1 gelistirebilmelerine ragmen, dgrencilerine
konuyu anlatirken, sorular1 sadece formiil kullanarak ¢ozdiiklerini gostermektedir.
Ayrica, 6gretmenler, verilen sayilar ve terimleri kullanarak 3 boyutlu cisimlerin
hacmi ile ilgili problem kuramamaktadirlar. Ogretmenler, 3 boyutlu cisimlerin
hacmini 6gretmek i¢in Ogretmen merkezli 6gretim ydntemini uygulamaktadirlar.
Buna ek olarak, O6gretmenlerin 6grenci bilgileri, yani 6grencilerin alternatif ¢oziim
yontemlerini yorumlama, onlarin hatalarin1 ve bu hatalarin kaynaklarii belirleme

bilgileri, 6gretmenlerin deneyimleri ile smirhidir. Ayrica, konunun daha anlagilir

Vi



olmasi igin, 3 boyutlu cisimler ile ilgili alt konularin sirasini degistirmigler fakat
diger konularla yapilan baglantilar yetersiz kalmistir. Ayrica, ¢alisma 6gretmenlerin,
resmi olmayan sorgu sorma ve vyazili smav gibi degerlendirme yontemleri
kullandigimi gostermektedir. Calismanin bulgulart sonucunda, 6nemli ¢ikarimlar

yapilmis ve gelecek caligsmalar i¢in Onerilerde bulunulmustur.

Anahtar Kelimeler: Matematik egitimi, ortaokul matematik 6gretmenleri, konu alan

bilgisi, pedagojik alan bilgisi, 3 boyutlu cisimlerin hacimleri
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CHAPTER |

INTRODUCTION

“If you want to give the students one cup of water, you (the

teacher) should have one bucket of water of your own”

(An, Kulm & Wu, 2004, p. 146)

This Chinese saying stated by An et al. (2004) explains that teachers should
have extensive and well-organized knowledge for effective teaching. Shulman
(1986) commented that there were central questions in the literature, which still have
not been answered regarding the knowledge needed for effective teaching. Some of
these questions were about the planning of the lessons, the explanations of the
subjects, organizing and applying activities, selecting appropriate representations,
dealing with students’ misconceptions/difficulties, and assessing students’
understanding. Briefly, the main focus of these questions is knowing about the
subject to be taught and knowing how it will be taught (Grossman, 1990; Ma, 1999).
Accordingly, teachers’ knowledge became the utmost important issue for effective
teaching. Therefore, throughout many years, researchers examined the knowledge
that teachers need to know in order to teach effectively (Ball, 1990a; Ball, & Bass,
2002; Ball, Thames, & Phelps, 2008; Carpenter, Fennema, Peterson & Carey, 1988;
Gess- Newsome, 1999; Grossman, 1990; Rowland, Huckstep & Thwaites, 2005;
Shulman, 1986; 1987).

In many of these studies, researchers explained that teachers should have

broad content knowledge for effective teaching which consists of knowledge of the



subject and its structures (Ball, 1991; Ball, Thames, & Phelps, 2008; Borko, 2004).
In this regard, Ball and her colleagues (2008) pointed out that:

Teachers must know the subject they teach. Indeed, there may be
nothing more foundational to teacher competency. The reason is
simple. Teachers who do not themselves know a subject well are not
likely to have the knowledge they need to help students learn this
content. At the same time, however, just knowing a subject well may not
be sufficient for teaching. One need only sit in a classroom for a few
minutes to notice that the mathematics that teachers work with in
instruction is not the same mathematics taught and learned in college
classes. In addition, teachers need to know mathematics in ways useful
for, among other things, making mathematical sense of student work
and choosing powerful ways of representing the subject so that it is
understandable to students. It seems unlikely that just knowing more
advanced mathematics will satisfy all of the content demands of
teaching. What seems most important is knowing the mathematics
actually used in teaching (p.45).

It can be understood from statement made by Ball et al. that knowing
mathematics for teaching is more than knowing the facts and concepts, applying
them to the problems and following procedures to solve the problems correctly. It
also means knowing how to make the topics meaningful for students. Actually,
teachers’ knowledge is amalgam of the subject matter knowledge and the
pedagogical content knowledge. The former deals with “what” is to be taught and the
latter deals with “how” to teach it (Ma, 1999). In other words, teachers’ knowledge
includes the subject which is taught and the ways of teaching it (Grossman, 1990).

It is surely beyond doubt that the teacher’s knowledge has been described as
complex and consisting of various facets. Primarily, Shulman (1986) expressed the
complexities of the major categories of teachers’ knowledge: subject matter content
knowledge (SMCK), pedagogical content knowledge (PCK) and curricular
knowledge (CK). Shulman’s (1986) SMCK involves knowing the facts, truths and
concepts, explaining the reasons for learning these concepts, and relating the
concepts within and without the discipline. The second category of teachers’
knowledge is PCK which consists of both the knowledge of content and knowledge
of pedagogy. Shulman (1986) defined PCK as knowing “the ways of presenting and
formulating the subject that make it comprehensible to others” and “an understanding

of what makes the learning of topics easy or difficult” (p.9). The last category of



teachers’ knowledge is CK which means the knowledge of a program developed for
the teaching of particular subjects at a particular level (Shulman, 1986). After
Shulman’s introduction of the categories of teachers’ knowledge, many researchers
expanded these categories, which are presented and discussed in the literature review
of this dissertation (Ball, Thames & Phelps, 2008; Gess-Newsome, 1999; Grossman
1990; Rowland, Huckstep & Thwaites, 2005).

Although the researchers (Ball et al., 2008; Gess-Newsome, 1999; Grossman
1990; Rowland et al., 2005) used different terminology regarding the categories of
teachers’ knowledge, all agreed that having sufficient knowledge and being able to
use it efficiently is at the heart of teaching mathematics. In this respect, one group of
researchers had carried out several studies to investigate either pre-service teachers’
or in-service teachers’ had mathematical content knowledge for teaching. These
studies have shown that both pre-service and in-service teachers have limited content
knowledge for teaching mathematics (Basturk & Donmez, 2011; Baki, 2013;
Contreras, Batanero, Diaz & Fernandes, 2011; Even, 1993; Even & Tirosh, 1995;
Hill, Rowan & Ball, 2005; Isiksal, 2006). Various researchers have also conducted
studies to investigate the influence of teachers’ knowledge on student learning (Ball,
1990a; Ball, 1991; Borko et al., 1992; Kahan, Cooper & Bethea, 2003; Leinhardt &
Smith, 1985; Lenhart, 2010; Ma, 1999). The researchers concluded that teachers’
knowledge influences students learning and teachers’ competence in conveying their
knowledge to the students provides more competent students in terms of
mathematics. When the importance of teachers’ knowledge is considered, middle
school teachers” knowledge of mathematics is primary source for supplying
mathematical teaching to the middle schol students.

In addition to having broad and deep knowledge of mathematics for effective
teaching, the knowledge of geometry has a crucial role in teaching and learning
mathematics. The US National Council of Teachers of Mathematics [NCTM] (2000)
emphasized its prominence by stating “geometry offers an aspect of mathematical
thinking that is different from, but connected to, the world of numbers” (p.97). This
can be interpreted as when students are engaging in shapes, structures and
transformations; they understand the geometrical concepts and also the mathematics

behind those concepts. Therefore, it is necessary to have powerful geometry



knowledge in addition to mathematics knowledge to be an effective teacher
(Maxedon, 2003). Because of the importance of teachers’ geometry knowledge,
researchers conducted studies to investigate teachers’ knowledge related to geometry
(Baturo & Nason, 1996; Esen & Cakiroglu, 2012; Fujita & Jones, 2006, Gomes,
2011; Kellogg, 2010; Maxedon, 2003; Ng, 2011; Swafford, Jones and Thornton,
1997). These researchers concluded that teachers’ content knowledge on geometry
topics were inadequate to teach those topics effectively, which were consistent with
the results of the studies related to teachers’ knowledge on specific mathematics
topics such as fractions, decimals, functions. Since teachers lack the knowledge of
geometry topics, their students had difficulties in some of geometry topics. Due to
the fact that the teacher who has lack of knowledge about specific topics could not
transfer the appropriate knowledge to the students, it is important to reveal teachers’
knowledge on specific geometry topics. Based on the previous research studies, the
topic with which most of the students had difficulties was the volume of 3D solids
(Battista & Clements, 1996; 1998; Ben- Chaim, Lappan & Houang, 1985; Ng, 1998;
Olkun, 1999; 2003). Since the students had difficulties with the volume of 3D solids,
it is significant to question teachers’ knowledge about the volume of 3D solids.

Besides, many reserachers have focused on investigation of mathematics
teachers’ knowledge in terms of several dimensions. For instance, teachers’
understanding of key facts, concepts, and principles related to the mathematics
topics, representing mathematical ideas, and providing mathematical explanations
and procedures with their justifications were the dimensions of teacher’s SMK that
had been investigated by several researchers (Ball, 1990a; 1990b; Even, 1993;
Haciomeroglu, Haciomeroglu, & Aspinwall, 2007; Isiksal, 2006). In the present
study, teachers’ alternative solution methods to calculate the volume of 3D solids and
generating a story problem regarding the volume of 3D solids were taken as the
dimensions to investigate middle school mathematics teachers’ SMK. In relation to
developing alternative solution methods, the teachers’ knowledge was investigated
from the point of representing their mathematical ideas (Ball et al.,2008) and
comprehending the concepts and principles regarding the topic of the volume of 3D
solids (Shulman, 1986). In addition, generating a story problem was another

dimension to understand the teachers’ SMK. In relation to that, Chapman (2002)



emphasized that mathematics teachers thinking about story problems was an
important component of understanding their SMK. Consistent with Chapman, Ball
(1990a) emphasized that generating story problems or selecting the story problem
that represent a given statement were the ways of understanding teacher’s
knowledge. For this reason, generating a story problem was one of the focuses of the
present study.

Similar to teachers’ SMK, researchers have investigated teachers’ PCK in
terms of several dimensions such as knowledge of students” conceptions/
preconceptions/ misconceptions, the ways of eliminating students’ misconceptions,
the most powerful examples, illustrations and demonstrations (Even, 1993; Even &
Tirosh, 1995; Isiksal, 2006; Karahasan, 2010; Kilic, 2011; Leavitt, 1998). In the
present study, the instructional strategies that the teachers applied to teach the
volume of 3D solids effectively, the assessment strategies that were used to assess
student learning regarding the volume of 3D solids were the dimensions that will be
considered under the dimension of middle school mathematics teachers’ PCK.
Moreover, teachers’ PCK was analyzed in terms of their knowledge of the solution
methods that the students prefer, the errors that the students held, the sources of these
errors, the ways of eliminating the errors, and interpreting students’ alternative
solution methods. Furthermore, relating the topic to the other topics of mathematics
or other disciplines and the order of the sub-topics of 3D solids were the other
dimensions that were considered under PCK.

As a result, among the different mathematics topics and different dimensions
of teachers’ SMK and PCK that could be researched, middle school teachers’
knowledge on the volume of 3D solids was investigated in terms of developing
alternative solution methods, generating a story problems, instructional strategies that
the teachers applied, assessment strategies that they used to assess students learning,

knowledge about learners, and knowledge about curriculum.

1.1 Statement of the Problem
It is obvious that teachers’ content knowledge has crucial role in students’
learning thus, teachers should have the knowledge of the facts, truths and concepts,

and be able to explain why they are worth learning and how they are related within



mathematics and other disciplines. Furthermore, teachers should know how to make
the subject more meaningful and understandable for students, determine the topics
which the students have difficulty to learn or easy to learn, assess students’
preconceptions and misconceptions, present strategies for overcoming the
misconceptions, and be able to use the best representation and examples to teach the
subject effectively (Shulman, 1986). In this respect, researchers also have important
role in students’ learning and studies should be conducted to examine teachers’
content knowledge in specific topics, and then present the results of the study to
teacher educators, curriculum developers and teachers.

All over the world several researchers investigated teachers’ knowledge and
they concluded that having rich knowledge of mathematics was one of the pillars of
effective teaching and students’ achievement (Hill & Ball, 2004; Hill, Rowan, &
Ball, 2005; Hill, Schilling, & Ball, 2004; Rowan, Schilling, Ball & Miller, 2001).
However, Maxedon (2003) claimed that teachers’ mathematics knowledge alone was
not enough to make the subjects more comprehensible for students. It is necessary to
have deep geometry knowledge due to the fact that geometry has crucial role in
teaching and learning in other subject areas of the mathematics curriculum and other
disciplines (NCTM, 1989; 2000). Contrary to noteworthiness of geometry for
mathematics teaching, many researchers did not focus on investigating teachers’
knowledge on geometry subjects. In other words, the number of studies regarding
teachers’ geometry knowledge with respect to the accessible literature was limited
(Baturo & Nason, 1996; Fujita & Jones, 2006, Gomes, 2011; Kellogg, 2010;
Maxedon, 2003; Ng, 2011; Swafford, Jones and Thornton, 1997). For this reason,
there is a need to conduct research studies to investigate teachers’ geometry content
knowledge. In order to partly satisfy this need, the aim of this study to obtain
information related to teachers’ content knowledge about specific geometry subject.
As with all studies, the focus of this study has been narrowed down with respect to
the area of interest of the content that is investigated. The volume of 3D solids was
chosen since this is a mathematical topic that is known to be difficult for students
(Battista & Clements, 1996; 1998; Ben-Chaim, Lappan & Houang, 1985). Within

this context, there needs to be a deeper understanding of the teachers’ knowledge



concerning the volume of 3D solids for teachers, mathematics educators and
curriculum developers to make the topic easier for the students.
Thus, this study aims to answer the following research questions:
1. What is the nature of the four middle school mathematics teachers’ subject
matter knowledge of the volume of 3D solids?
1.1. What are the alternative solution methods these four teachers
propose to calculate the volume of 3D solids?
1.2. To what extent are these teachers successful at generating a story
problem regarding the volume of 3D solids?
2. What is the nature of the four middle school mathematics teachers’
pedagogical content knowledge on the volume of 3D solids?
2.1. What kind of instructional strategies do these teachers use to
teach the volume of 3D solids?
2.2. To what extent do the teachers recognize their students’
knowledge related to the volume of 3D solids?
2.3. To what extent do the teachers have knowledge of curriculum
related to the volume of 3D solids?
2.4. What kind of assessment types do the teachers apply to assess

students’ understanding of the volume of 3D solids?

1.2 Definitions of Important Terms

The research questions of the study contain several terms that need to be
defined:

Subject Matter Knowledge

Subject matter knowledge was related to teachers’ knowledge concerning
what they will teach and it includes substantive and syntactic components. The
substantive aspect encompasses the knowledge of facts, rules, principles, concepts,
and theories in a specific field of mathematics whereas the syntactic component
covers knowledge of the process through which knowledge is generated in the field
(Schwab, 1978; as cited in Shulman, 1986).



Pedagogical Content Knowledge

The concept of PCK was developed by Shulman and his colleagues in the
Knowledge Growth in Teaching Project (Shulman, 1986). In light of the definition
proposed by Shulman (1986), PCK is “the particular form of content knowledge that
embodies the aspects of content most germane to its teachability” (Shulman, 1986,
p.9).

The PCK in this study refers to knowledge of instructional strategies,

knowledge of learners, knowledge of curriculum and knowledge of assessment.

Knowledge of Instructional Strategies

One of the PCK dimension is the knowledge of instructional strategies
including the teachers’ knowledge of subject specific strategies which represent
general approaches for teaching, and topic-specific strategies which are the most

effective way for teaching a specific topic (Magnusson et al., 1999).

Knowledge of Learners

The knowledge of the learners is PCK dimension that is related to possessing
information about the learners which helps and encourages them to learn specific
topic. It refers to the teachers’ knowledge about students’ abilities, prior knowledge,
and also involves the gaps in students’ knowledge that should be filled before the
subject is presented. Additionally, it consists of the knowledge of students’
misconceptions/difficulties/errors in learning a specific topic (Grossman, 1990;

Magnusson, et al., 1999).

Knowledge of Curriculum

Another dimension of PCK is the knowledge of the curriculum, which
includes the teachers' knowledge of curriculum goals and objectives, and the
teachers’ knowledge of specific curricular programs including their activities and

learning goals (Magnusson et al., 1999)



Knowledge of Assessment
Knowledge of assessment is one of the dimensions of teachers’ PCK which
comprises the teachers' knowledge of what to assess and how to assess students’

learning (Magnusson et al., 1999).

1.3 Significance of the Study

In recent years, the most crucial question among researchers is: “What do
mathematics teachers need to know to teach effectively?”” (Ball, 1990a, 1990b, 2000;
Ball, Thames & Phelps, 2008; Borko, 2004; Goulding, Rowland & Barber, 2002;
Ma, 1999; Shulman, 1986; 1987). The researchers stated that teachers need to have
both subject matter knowledge and pedagogical content knowledge for effective
teaching (Ball et al., 2008). That is, teachers should possess the knowledge of both
what they will teach and how they will teach. For this reason, the present study has
several significant aspects. To begin with, in light of the accessible mathematics
education literature, the knowledge of assessment was ignored in many research
studies although it is important for understanding students’ learning. In order to fill
the gap to a certain extent, the study examined mathematics teachers’ knowledge of
assessment in light of the work of Magnusson et al. (1999). Additionally, the focus
was on the knowledge of instructional strategies, knowledge of learners, and
knowledge of curriculum in order to present mathematics teachers’ PCK. In this way,
the mathematics teachers” PCK was examined on several counts and this
examination allows us to display the complete picture of mathematics teachers’ PCK.

Hill, Rowan and Ball (2005) stated that teachers play an important role in
students’ effective understanding of mathematics. Since teachers’ content knowledge
has an important impact on students’ achievement, several studies were conducted to
investigate teachers’ content knowledge related to variety of mathematics subjects all
over the world (Ball, 1990a; 1990b; Contreras, Batanero, Diaz & Fernandes, 2011;
Even, 1993; Even& Tirosh, 1995; Huang & Kulm, 2012; Livy & Vale, 2011; Nilsson
& Lindstrom, 2012; Pino-Fan, Godino, Font & Castro, 2013). When the accessible
literature was reviewed, it was noticed that researchers focused on investigating
teachers’ content knowledge on fractions (Ball, 1990a; Hutchison, 1997), division

(Ball, 1990b), probability (Contreras, Batanero, Diaz & Fernandes, 2011), ratio (Livy



& Vale, 2011), polygons (Carrefio, Ribeiro & Climent, 2013), derivatives (Pino-Fan,
Godino, Font & Castro, 2013) and functions (Even, 1993; Even & Tirosh, 1995;
Huang & Kulm, 2012). The literature review showed us that there was a need for
more research to investigate teachers’ content knowledge on different mathematics
topics. Based on the review of the accessible literature, teachers’ content knowledge
on the volume of 3D solids has not yet been investigated. For this reason, this study
is expected to make important contributions to the literature by providing
information about teachers’ content knowledge on the volume of 3D solids.

Similar to the research studies in the international context, there has been an
increase in research about teachers’ content knowledge in Turkey. The studies
conducted in Turkey dealt with teachers’ content knowledge about different topics
such as fractions (Isik, Ocal & Kar, 2013, Isiksal, 2006; Isiksal & Cakiroglu, 2008);
division (Baki, 2013), variables (Gokturk, Sahin & Soylu, 2013), equal signs
(Aygun, Baran-Bulut & Ipek, 2013), functions (Haciomeroglu, Haciomeroglu &
Aspinwall, 2007; Karahasan, 2010), and limit and continuity (Basturk & Donmez,
2011). It was found that the variety of topics concerning teachers’ content knowledge
investigated by Turkish researchers was limited. In order to obtain the complete
picture of teachers’ content knowledge, it will be significant to focus on different
topics.

Moreover, some researchers have investigated teachers’ content knowledge
on some geometry topics such as quadrilaterals (Aslan-Tutak, 2009; Fujita & Jones,
2006), area measurement (Baturo & Nason, 1996; Kellogg, 2010), geometric
transformations (Gomes, 2011), and solid objects (Bukova-Guzel, 2010). Apart from
these studies, only one study was found which aimed to investigate teachers’ content
knowledge on the volume of 3D solids (Esen & Cakiroglu, 2012). This study was
designed to investigate pre-service teachers’ knowledge of analyzing students’
solution methods and determining the correctness of the solutions. Esen and
Cakiroglu (2012) carried out a very specific study which focused on a part of the pre-
service teachers’ PCK in relation to the volume of 3D solids. However, the
researchers (Grossman, 1990; Magnusson et al., 1999) stated that there are many
dimensions regarding teachers’ PCK such as the knowledge of students’

misconceptions on the volume of 3D solids and the reasons for these misconceptions,
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knowledge of the most useful strategies to teach the topic, knowledge of assessment
strategies to understand students’ learning on the volume of 3D solids. Therefore, by
investigating the teachers’ content knowledge of the volume of 3D solids, it is hoped
to complete the missing part of the picture of teachers’ content knowledge literature.

Contrary to the research studies related to teachers’ knowledge of the volume
of 3D solids, many studies have been conducted to investigate students’
understanding of the volume of 3D solids. The results of these studies revealed that
students’ achievement related to the volume of 3D solids was low and students had
difficulties in the volume of rectangular prism (Battista & Clements, 1996; Ben-
Chaim, Lappan & Houang, 1985; Ng, 1998; Olkun, 1999). When the importance of
teachers’ knowledge on students’ achievement is considered; it is noteworthy to
investigate teachers’ content knowledge relevant to volume of 3D solids.

The significance of the current study is also rooted in the data collected from
a real classroom environment. To enrich literature about the teachers’ content
knowledge, the practical knowledge that teachers actually use in their teaching is
very important. Hence, the study contributes to literature through how teachers
transfer their SMK to their students and how teachers use their PCK to support
students’ learning.

Moreover, this study is important for the literature because the participants
are experienced teachers. In the related literature, research studies have generally
focused on knowledge of pre-service teachers (Ball, 1990a; 1990b; Basturk &
Donmez, 2011; Contreras, Batanero, Diaz & Fernandes, 2011; Even, 1993; Even&
Tirosh, 1995; Huang & Kulm, 2012; Isiksal, 2006; Livy & Vale, 2011). However,
pre-service and novice teachers generally do not have a robust PCK (Magnusson et
al., 1999; Shulman, 1987). In this sense, the practice of experienced teachers would
provide a valuable example of how teachers transform their SMK and use PCK in
their teaching. In addition, the results of the study may provide practical information
for other mathematics teachers who teach the same topic in their classes. It is hoped
that experienced teachers’ rich repertoire of teaching practices may also enrich the
other teachers’ teaching.

This study has three main powerful aspects. Firstly, by examining teachers’

content knowledge in a different topic which has not yet been studied it is expected
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that this will enrich the literature about teachers’ content knowledge. Secondly, since
this study investigates experienced teachers, it is hoped that valuable information
will be gained concerning how teachers use their content knowledge for effective
teaching. Lastly, due to the fact that data was collected via classroom observation,
the study provides concrete examples of teachers’ content knowledge in relation to a
specific topic. As a result, the aim is to contribute to the research literature on
teachers’ content knowledge by providing a full array of both theoretical and

practical data.
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CHAPTER II

REVIEW OF THE LITERATURE

The purpose of this study was to provide a picture of the middle school
mathematics teachers’ knowledge concerning the volume of 3D solids. In this
chapter, the theoretical frameworks and related research studies are given. To
provide more clarity, this chapter is divided into the following subsections: a)
Conceptual frameworks for the types of teachers’ knowledge; b) Research studies on
mathematics teachers’ knowledge on mathematics topics; c) Research studies on
mathematics teachers’ knowledge on mathematics topics in Turkey; d) Research
studies on the way of enhancing mathematics teachers’ knowledge on mathematics
topics; e) Research studies on mathematics teachers’ knowledge on geometry topics;
f) Research studies on the way of enhancing mathematics teachers’ knowledge on
geometry topics; g) Research studies on the volume of three dimensional solids. At

the end of the chapter, a summary of the literature review is provided.

2.1 Conceptual Frameworks for the Types of Teachers’ Knowledge

High-quality teaching requires everything that teachers must do to increase
students’ learning (Ball, Thames, & Phelps, 2008). Everything refers to planning
lessons, selecting appropriate examples and definitions which make the subjects
understandable for students, evaluating students’ work, devising and managing
homework. Moreover, knowing about students’ prior knowledge, identifying their
errors/misconceptions/difficulties and the reasons for these errors/misconceptions/
difficulties, generating the ways of overcoming them, and making connections

among mathematical topics are the other necessities for high-quality teaching (Ball et
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al., 2008; NCTM, 2000; Shulman, 1986). In broad terms, high-quality teaching
requires both subject matter knowledge and pedagogical content knowledge (Ball et
al., 2008). Put differently, high-quality teaching is connected to teachers’ content
knowledge. Therefore, in recent years, this has led to researchers emphasizing the
important role of teachers’ content knowledge in teaching (Ball, 1990a, 1990b; Ball,
2000; Ball, Thames & Phelps, 2008; Borko, 2004; Goulding, Rowland & Barber,
2002; Ma, 1999; Shulman, 1987). Moreover, various researchers undertook studies
to answer the question of what mathematics teachers need to know to teach
effectively (Ball, 1990; Ball, & Bass, 2002; Baki, 2013; Carpenter, Fennema,
Peterson & Carey, 1988; Contreras, Batanero, Diaz & Fernandes, 2011; Gess-
Newsome, 1999; Livy & Vale, 2011; Masters, 2012; Pino-Fan, Godino, Font &
Castro, 2013; Rowland, Huckstep & Thwaites, 2005; Shulman, 1986; 1987).
Although some research studies investigated the effect of teachers’ knowledge on
students’ achievement or the level of teachers’ knowledge on a particular subject,
other research studies examined the basis of teachers’ knowledge which was then
used as a framework by several researchers. Those frameworks are presented and
discussed below. The frameworks by Ball et al. (2008); Gess-Newsome (1999);
Grossman (1990); Rowland et al. (2005); and Shulman (1986) were related to
teachers’ knowledge whereas the framework created by Magnusson et al. (1999) was
based on teachers’ PCK. For the following sections of this chapter, the frameworks
for teachers’ knowledge are presented, and then the framework on teachers’ PCK

(Magnusson et al., 1999) is outlined.

2.1.1 Shulman’s Categorization of Teacher’s Knowledge

Shulman (1986) commented that the emphasis of previous research studies
related to teaching was on how teachers plan lesson and activities, prepare
assignments, arrange lesson time, decide questions’ level and determine general
students’ understanding (Shulman, 1986). It can be understood that the focus was
not on subject matter knowledge, and ways that teachers’ transfer the subject matter
to the instruction was not discussed in these studies. In this manner, the content of
the lesson taught, the questions asked and the explanations presented were missing

from these studies which proved to create serious problems both for policy planning
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and for research. Shulman considered this to be a “missing paradigm” in teaching
studies. As a consequence of “missing paradigm”, Shulman noted the following
questions: “Where does teacher explanation come from? How do teachers decide
what to teach, how to present it, how to question student to about it, and how to deal
with problems of misunderstanding?” (p. 8). According to Shulman, responses to
these questions should be gained from the teacher’s perspective. In order to do this,
Shulman and colleagues realized that a more comprehensive theoretical framework
was needed. Within this scope, in 1986, Shulman and his colleagues started the
“Knowledge Growth in Teaching” project. In this way, they tried to bring to the fore
previously unasked questions such as: “What are the sources of teacher knowledge?
What does a teacher know and when did he or she come to know it? How is new
knowledge acquired, old knowledge retrieved, and both combined to form a new
knowledge base?” (Shulman, 1986, p. 8). In order to answer these questions,
Shulman and colleagues (1986) aimed to investigate the development of secondary
teachers’ knowledge of English, biology, mathematics and social studies. Shulman et
al. (1986) asked the teachers to read and comment on materials related to the subjects
they teach. In order to collect the data, they conducted regular interviews, and
observed the process of the secondary teachers’ instruction. This study produced
large amount of information from which a model concerning categories of teachers’
knowledge was created.

According to Shulman and colleagues, teacher’s knowledge can be
categorized as follows; 1) subject matter knowledge 2) pedagogical content
knowledge 3) curricular knowledge.

The first component, content knowledge, involves the structures of subject
matter which are defined by Schwab (1978) (as cited in Shulman, 1986) as
substantive and syntactic. The former is the way in which the basic concepts and
principles are organized in order to associate the facts; the latter is the way in which
truth or falsehood, validity or invalidity is established. Shulman (1986) stated that
content knowledge requires the teacher to be proficient in the knowledge of the facts
and the concepts of their field. Moreover, he explained that a teacher who has
adequate content knowledge is able to explain why the accepted truth or facts is

worth knowing, how it relates to other conditions within the discipline and without,
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why the subject is central to the discipline or peripheral. The statement “the teacher
need not only understand that something is so; the teacher must further understand
why it is s0” (p. 9) clearly summarizes the content knowledge.

Pedagogical content knowledge is generally defined as subject matter
knowledge for teaching. Namely, it is related to being able to teach the content.
Pedagogical content knowledge involves a) knowledge of the most effective
representation, b) knowledge of most powerful examples, illustrations,
demonstrations and explanations, c) knowledge of the ways of making the subject
matter understandable to others, d) knowledge about why the topic is difficult for
students and how it will become easy, e¢) knowledge of students’ conceptions,
preconceptions and misconceptions at different grade level, and f) knowledge of how
to overcome students’ misconceptions (Shulman, 1986). For Shulman, all these
characteristics of pedagogical content knowledge imply that pedagogical content
knowledge “represents the blending of content and pedagogy into an understanding
of how particular topics, problems, or issues are organized, represented and adapted
to the diverse interests and abilities of interests and abilities of learners, and
presented for instruction” (Shulman, 1987, p. 8).

The last category is curricular knowledge which has two dimensions; lateral
curriculum knowledge and vertical curriculum knowledge. The former consists of the
knowledge of topics or issues that are being studied at the same time in other subject
areas. This knowledge allows teachers to relate mathematics to other subject areas.
The latter category is the knowledge of topics or issues that were taught in the
preceding year have been taught at the same year and will be taught in later years.
This knowledge helps teachers make connections within the topics of a subject.

In 1987, Shulman and colleagues enhanced their model developed in 1986 in
the Knowledge Growth in Teaching Project. This model consisted of seven
categories; 1) subject matter knowledge, 2) general pedagogical knowledge, 3)
curriculum knowledge, 4) pedagogical content knowledge, 5) an understanding of
the learners and their characteristics, 6) knowledge of educational ends, purposes,
and values, and 7) teachers’ philosophical and historical grounds. Among those
categories, PCK is the most important category of teachers’ knowledge for high-

quality teaching and defined as;
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“that special amalgam of content and pedagogy that is uniquely the
province of teachers, their own special form of professional
understanding.” (Shulman, 1987, p.8)

Furthermore, Shulman explained why PCK should attract special interest
among seven categories since;

“it identifies the distinctive bodies of knowledge for teaching. It

represents the blending of content and pedagogy into an understanding

of how particular topics, problems, or issues are organized,

represented, and adapted to the diverse interests and abilities of

learners, and presented for instruction. Pedagogical content knowledge

is the category most likely to distinguish the understanding of the

content specialist from that of the pedagogue.” (Shulman, 1987, p.8)

Following the Shulman model, several research studies were conducted to
explore teachers’ knowledge and many researchers used Shulman’s categorization of

teachers’ knowledge as a theoretical framework.

2.1.2 Grossman’s Categorization of Teacher’s Knowledge

Apart from Shulman’s categorization, Grossman (1990) categorized teacher’s
knowledge into four general areas; a) general pedagogical knowledge, b) subject
matter knowledge, c) pedagogical content knowledge, and d) knowledge of context
as shown in Figure 2.1 below.
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SUBJECT MATTER KNOWLEDGE GENERAL PEDAGOGICAL KNOWLEDGE
Learners Classroom Curriculum
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Structures Structures Learning Instruction
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PEDAGOGICAL CONTENT KNOWLEDGE

Conceptions of Purposes for Teaching Subject Matter

Knowledge of Curricular Knowledge of
Students’ Knowledge Instructional
Understanding Strategies
KNOWLEDGE OF CONTEXT
Students
Community District School

Figure 2.1 Grossman’s model of teacher’s knowledge (1988, p.9)

The first category is general pedagogical knowledge which was also one of
the categories of Shulman’s model. Both Grossman and Shulman defined general
pedagogical knowledge as knowledge and beliefs related to learners and learning,
knowledge of general principles of instruction, knowledge and beliefs concerning
classroom management, and knowledge and beliefs about the aims and purposes of
education.

The second category, subject matter knowledge, is another important
component of the teacher’s knowledge. It includes the knowledge of content and
knowledge of the substantive and syntactic structures of a discipline defined by
Schwab (1964, as cited in Grossman, 1990). On the one hand, knowledge of content
implies knowledge of the major concepts such as facts and truths. On the other hand,
the substantive structures of a discipline refer the paradigms within a field which
affects the organization of the other fields, and the syntactic structures of a discipline
refer to understanding the principles of evidence and proof within a discipline.
Knowledge of syntactic and substantive structures are important phenomena for
effective teaching since the level of teachers’ syntactic and substantive structures of

their fields influences their ability to present their disciplines to the students.
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The third category of the teacher’s knowledge is pedagogical content
knowledge. According to Grossman, PCK consists of four components. The first
component concerns the knowledge and beliefs about the purposes for teaching a
particular subject at a particular grade level. In other words, it is teachers’
overarching conception of what it means to teach a particular subject. For example,
one mathematics teacher, sees the purpose of teaching problems as teaching students
the skills of carrying out a mathematical operation correctly while another defines
the purpose of teaching problems as helping students understand the problem first,
specifying what is given and what is asked, lastly developing an appropriate strategy.
These two perspectives show that teachers’ knowledge about the purpose of teaching
a subject influences the teachers’ teaching style. The second component of PCK is
the knowledge of students’ understanding, conceptions, and misconceptions of a
particular subject. This component of PCK was also specified in Shulman’s
categorization of teacher’s knowledge. Both Grossman and Shulman considered that
the teacher who has this knowledge generates appropriate explanations and
representations based on their prior knowledge and aims to overcome students’
misconceptions. The third component mentioned by Grossman is knowledge of
curriculum and curricular materials. This component includes knowing which books
and instructional materials are appropriate in order to teach a particular subject
effectively. Moreover, it is related to knowledge of the organization of topics in a
specific grade level. Furthermore, what students have learnt in the past and will learn
in the future are the concerns of this component. Similar to Grossman, Shulman
(1986) also explained that the knowledge of the sequence of other topics in the
curriculum of the subject area (in this case; mathematics) in the same year, preceding
and succeeding years in order to make connections within the topics of the subject.
He called this; vertical curriculum knowledge. A final component of PCK is the
knowledge of instructional strategies and representations which refers to teaching a
particular subject using variety of instructional strategies, examples, models,
illustrations, metaphors and simulations to increase students’ understanding.
Shulman (1986) commented on this component of PCK stating that “the most useful

forms of representation of those ideas, the most powerful analogies, illustrations,
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examples, explanations, and demonstrations-in a word, the ways of representing and
formulating the subject that make it comprehensible to others™ (p.8).

The last category of the teacher’s knowledge is the knowledge of context. It
refers to the knowledge of; the district in which teacher works, the school setting,
students’ academic level and their family background. Although Shulman (1986) did
not initially include the knowledge of context in the model developed in 1986, he and

colleagues integrated knowledge of educational context in their model in 1987.

2.1.3 Gess-Newsome’s Categorization of Teacher’s Knowledge

Gess-Newsome (1999) reviewed the studies of teacher’s knowledge which
had different dimensions. As a result of her review of research results, she created
two distict models of teacher’s knowledge: the transformative model, and the
integrative model. A schematic of these two models of teacher’s knowledge is
presented in Figure 2.2 and Figure 2.3, respectively (Gess-Newsome, 1999, p.12).

Subject Matter Pedagogical
Knowledge Knowledge

' '

*Pedagogical
Content
Knowledge

Contextual
Knowledge

*= knowledge needed for classroom teaching

Figure 2.2 Gess-Newsome’s Transformative Model (1999, p.12)
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Subject
Matter
Knowledge

Pedagogical
Knowledge

Contexual
Knowledge

*= knowledge needed for classroom teaching

Figure 2.3 Gess-Newsome’s Integrative Model (1999, p.12)

In the transformative model, the knowledge domains are defined as subject
matter knowledge, pedagogical knowledge and knowledge of context which are also
the categories of Grossman’s model (1990). Similar to Shulman’s model (1987),
PCK is a distinct category which is a synthesis of the knowledge of subject matter
and pedagogy. These domains are useful when they are transformed into PCK. In
fact, according to Gess-Newsome, PCK is the only knowledge that is required for
effective teaching in the transformative model.

In the integrative model, as with the transformative model, subject matter
knowledge, pedagogical knowledge and knowledge of context are defined as the
knowledge domains. Contrary to the transformative model, these domains were
developed separately and integrated as the part of teaching and PCK is not a distinct
category. However, it is the intersection of subject matter knowledge, pedagogical
knowledge and contextual knowledge. For effective teaching, a teacher should select
the independent knowledge bases of the subject matter, pedagogy, and context, and
integrate them to create learning environment. In this model, an effective teacher has
well-organized knowledge bases which are easily accessed, integrated, and used
flexibly during teaching.

Gess-Newsome (1999) explained the difference between the two models in
terms of the knowledge domains by taking an analogy from chemistry.

“When two materials are mixed together, they can form a mixture or a
compound. In a mixture, the original elements remain chemically
distinct, though their visual impact may imply a total integration.
Regardless of the level of apparent combination, the parent ingredients
in a mixture can be separated through relatively unsophisticated,
physical means. In contrast, compounds are created by the addition or
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release of energy. Parent ingredients can no longer be easily separated

and their initial properties can no longer be detected. A compound is a

new substance distinct from its original ingredients, with chemical and

physical properties that distinguish it from all other materials” (p. 11).

Moreover, the two models differ in terms of teaching expertise. According to
Gess-Newsome (1999), teachers possess PCK for all topics taught in the
transformative model. On the other hand, teachers are flexible in integrating
knowledge domains for each topic taught.

The frameworks, mentioned up to this point, are related to the teacher’s

knowledge, not specifically to that of mathematics teachers’. The frameworks

regarding mathematics teacher’s knowledge are given and discussed below.

2.1.4 Ball, Thames and Phelps’ Categorization of Teacher’s Knowledge

In the mid-1980s, a critical development began in the teacher’s content
knowledge in terms of what teachers know and how they teach (Shulman, 1987). As
explained above, Shulman and his colleagues (1986) suggest a special categorization
of teacher’s knowledge which is the corner stone of the literature. Following
Shulman’s categorization of teacher’s knowledge, other researchers (Gess-Newsome,
1999; Grossman, 1990) developed different frameworks. When these frameworks are
examined, it can be seen that they are general and not specific to mathematics
education except for that of Rowland et al. (2008). In this context Ball, Thames and
Phelps (2008) asserted that a framework related to teacher’s content knowledge for
mathematics education was needed. Accordingly, they enhanced Shulman’s
theoretical framework, and developed an approach for mathematics teaching. The
focus of their approach was “the work of teaching” which means all the things that
teachers do in teaching mathematics. All the things refers to having a deep
knowledge of the subject matter, using algorithms in calculations correctly, selecting
various and appropriate examples and representations, identifying students’ errors,
and examining the sources of these errors, being aware of students’ preconceptions
and misconceptions, and using mathematical language correctly (Ball & Bass, 2002;
Ball, Bass & Hill, 2004; Hill, Rowan & Ball, 2005). In other words, the work of
teaching refers to what teachers need to do in teaching mathematics which was
entitled “mathematical knowledge for teaching” (Ball, Thames & Phelps, 2008). Ball
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et al. (2008) subdivided Shulman’s subject matter knowledge into three types of
content knowledge: common content knowledge (CCK), specialized content
knowledge (SCK), and horizon knowledge. The specialized content knowledge and
common content knowledge are a synthesis of Shulman’s subject matter knowledge
(Ball et al., 2008). Ball and colleagues (2008) asserted that every person has common
content knowledge whether s/he is a mathematics teacher or not. For instance, giving
the correct answer to the question “Is 0 an even number” is not special for
mathematics teachers. Every person who knows mathematics can answer the
question correctly. So, it can be said that s/he has common content knowledge. On
the contrary, Ball and colleagues (2008) characterized specialized content knowledge
as the knowledge that is unique to the teacher who engages in teaching mathematics.
The characteristics of the specialized content knowledge are representing
mathematical ideas, providing mathematical explanations and procedures with their

justifications, and deciding whether the student’s methods are generalizable to other

. . . 3 . .
problems. For instance, knowing the representation of E or 0.40 using diagrams,

explaining why “invert and multiply” rules that work for the division of rational
numbers are included in specialized content knowledge.

In addition to SCK and CCK, there is another category of mathematics
knowledge for teaching that is; horizon knowledge. In fact, Ball and colleagues were
not sure whether horizon knowledge should be included as a third category within
subject matter knowledge, so they included it temporarily. Horizon knowledge is
defined as “an awareness of how mathematical topics are related over the span of
mathematics included in the curriculum” (Ball et al., 2008, p.403). For example, a
mathematics teacher should know that sixth grade students should learn about
integers and they will learn four integer operations when they are seventh graders.
Namely, it requires knowing what the students will learn ensuing years.

On the other hand, Ball et al. (2008) stated that Shulman’s pedagogical
content knowledge was specialized into knowledge of content and students (KCS),
knowledge of content and teaching (KCT), and knowledge of content and curriculum
(KCC). While knowledge of content and students was described as the combination
of knowledge about students and knowledge about mathematics; knowledge of

content and teaching were described as the combination of knowledge about teaching
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and knowledge about mathematics (Ball et al., 2008). State differently, the
knowledge of content and students requires knowing the topics which the students
find easy, difficult or confusing, identifying the students’ preconceptions and
errors/difficulties/misconceptions, knowing the reasons for these errors/
difficulties/misconceptions, and the ways of responding students’ errors/difficulties/
misconceptions. As a second category, the knowledge of content and teaching
involves determining the best teaching method and most useful representations,
choosing examples that are appropriate for students to begin the topics, and deciding
which examples will take students deeper into the content. Additionally, the last
category is knowledge of content and curriculum. It represents teachers’ knowledge
of the programs designed for teaching of particular subjects at a given level,
knowledge of the characteristics of the program and knowledge of the variety of
instructional materials available for the teaching of a subject.

Figure 2.4 presents the correspondence between Ball et al.’s (2008) map of
the domain of content knowledge for teaching and two of Shulman’s (1986) initial

categories: subject matter knowledge and pedagogical content knowledge.

Subject Matter Knowledge Pedagogical Content Knowledge

/—\

Zommen Knowledge of

content content and

knowledge| Specialized students (KCS) Knowledge

(CCK) content of content
knowledge (SCK) and

Horizon Knowledge of curriculum

content content and

knowledge teaching (KCT)

K__//

Figure 2.4 Ball et al.’s (2008) map of the domain of content knowledge for teaching
and two of Shulman’s (1986) initial categories: SMK and PCK (Ball et al., 2008, p.
403)

Figure 2.4 displays how Ball and colleagues (2008) divided Shulman’s
subject matter knowledge into three categories; common content, specialized content
and horizon knowledge. Moreover, the pedagogical content knowledge is defined as

the knowledge of content and teaching, knowledge of content and students, and
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knowledge of content and curriculum. This can be interpreted as Ball and colleagues’
categorization of content knowledge being more specific than Shulman’s. In this
sense, Ball et al. provide a more detailed categorization of content knowledge for
mathematics teaching.

Although Ball and colleagues’ framework is detailed, it does have some
deficiencies and needs refinement and revision (Ball et al., 2008). Firstly, teachers
may use a different kind of knowledge for the same situation thus, the categories of
knowledge in teaching mathematics may overlap each other and the boundary
between the categories is not necessary clear-cut. For example, two teachers
(Teacher A and Teacher B) analyzing students’ error related to solving equation may
respond differently. Teacher A may judge students errors in terms of the stages of the
students’ solutions, the assumptions that students made and mathematical operations
that they used. S/he may think that students may not use the distributive rule while
eliminating the parenthesis or they may add the terms which have different variables.
Teacher A is using specialized content knowledge in this situation. On the other
hand, Teacher B may observe students while they are solving the same kind of
problem. In this case, Teacher B may analyze students’ error based on their past
experiences thus s/he is using knowledge of content and students (Ball et al., 2008).
The second deficiency is that there is no specific distinction among the categories of
knowledge in teaching mathematics which makes it difficult to measure each one.
For example, selecting examples, illustrations and representations that deepen
student understanding of the topic of adding rational numbers can be seen as
requiring KCT. However, this topic requires the algorithm of adding rational
numbers (CCK), explaining the algorithm of adding rational numbers mathematically
(SCK) and determining the most effective ways to overcome students’ difficulties
(KCS) (Ball et al., 2008). The final deficiency emerges from not being able to easily
distinguished common content knowledge from the specialized content knowledge
for some tasks. Ball and her colleagues referring Figure 2.5 asked “what fraction

represents the shaded portion of the two circles shaded”.
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Figure 2.5 Representations of gof 2 (Ball et al., 2008, p.404)

. 5 . .
When receiving the answer 3 of 2 the next question is posed “Is the

. .5 .. .
knowledge that this is 3 of 2 common? Or is it specialized?” (Ball et al., 2008, p.

403). On one hand, this knowledge can be common content knowledge since some
people may use this knowledge in their work. On the other hand, this particular
representation can be assessed as specialized content knowledge since a person may

not use this knowledge in his daily work.

2.1.5 Rowland, Huckstep, and Thwaites’ Categorization of Teacher’s

Knowledge

Rowland, Huckstep, and Thwaites (2005) developed the “knowledge quartet”
model for the mathematical knowledge for teaching. The data was collected from
149 pre-service teachers in the United Kingdom. For the analysis, Rowland et al.
(2005) used a grounded approach in order to generate theory. The analysis of the data
allowed the researchers to identify four categories of teacher’s knowledge.
Foundation, the first category, involves teacher’s knowledge and understanding of
mathematics, knowledge about literature, beliefs about mathematics, and how and
why it is learnt. The researchers claimed that foundation is the most essential
category of the model, and the remaining three originate from this underpinning. The
key components of foundation are the theoretical underpinning of pedagogy,
awareness of purpose, identifying pupil errors, overt display of subject knowledge,
use of mathematical terminology, adherence to the textbook, and concentration on
procedures. The second category is transformation which refers to knowledge used in
planning to teach and in the act of teaching. It includes teacher demonstration, use of

instructional materials, choice of representations, and choice of examples. This
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category is similar to the PCK of Shulman and Grossman, and Ball’s KCT.
Connection is third category of the knowledge quartet and concerns the coherence of
the lessons, integration of mathematical content, the sequencing of topics of
instruction within and between lessons, and the ordering of tasks and exercises. To
put it differently, it means making connections between procedures, making
connections between concepts, anticipation of complexity, decisions about
sequencing, and recognition of conceptual appropriateness. This category coincides
with Shulman’s curriculum knowledge, Grossman’s pedagogical content knowledge
and the horizon knowledge of Ball et al. Contingency is the final category
representing unexpected classroom events such as dealing with students’ unexpected
responses and questions quickly and appropriately. In other words, it concerns
classroom events which are impossible to plan for. This category includes
responding to student ideas, deviation from the lesson agenda, teacher insight, and
responding to the (un)availability of materials and resources.

Up till now, the frameworks related to teacher’s knowledge were presented
and discussed. In the following, the framework developed by Magnusson, Krajcik
and Borko (1999) was given. Different from other frameworks, it was only related to
teacher’s PCK.

2.1.6 Magnusson, Krajcik and Borko’s Categorization of PCK

Magnusson, Krajcik and Borko (1999) developed a theoretical framework for
PCK for science teaching which expanded upon the earlier models of teacher’s
knowledge proposed by Shulman (1987) and Grossman (1990). Initially, they
presented a model of teacher’s knowledge which identified the relationships between
the domains of teacher’s knowledge. These domains were (1) subject matter
knowledge (both substantive and syntactic structures), (2) general pedagogical
knowledge, and (3) knowledge of context, and the centerpiece of teacher’s
knowledge (4) pedagogical content knowledge (PCK). Magnusson et al. (1999)
argue that subject matter knowledge, pedagogical knowledge, and knowledge of
context strongly influence pedagogical content knowledge. The model presented in
Figure 2.6 represents the knowledge domains of the framework of Magnusson et al.

and the relationships among the domains.
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Figure 2.6 A model of the relationship among the domains of teacher’s knowledge
(Magnusson et al., 1999, p. 98).

The model shown in Figure 2.6 indicated that PCK is influenced by the
knowledge and beliefs about subject matter, general pedagogy, and context. Within
this context, Magnusson et al. (1999) elaborated on the central components and

further delineated categories within PCK as shown in Figure 2.7.
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Figure 2.7 Magnusson et al.’s model of PCK showing the components for science
teaching (1999, p.99)

Magnusson et al. (1999) defined PCK as “the transformation of several types
of knowledge for teaching (including subject matter knowledge)” (p. 95). They stated
that pedagogical content knowledge for science teaching consists of five
components: a) orientation towards science teaching, b) knowledge and beliefs about
science curriculum, c) knowledge and beliefs about students’ understanding of
specific science topics, d) knowledge and beliefs about assessments in science, and
e) knowledge and beliefs about instructional strategies for teaching science (Figure
2.7).

Orientation towards science teaching is the first component, referring to the
teachers’ knowledge and beliefs about the purposes for teaching a subject at a
specific grade level. This is similar to Grossman’s category among the four
categories of PCK. Although Grossman described this category as “overarching

conceptions”, Magnusson et al. (1999) stated that this knowledge guides teachers
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about instructional decisions such as the content of students’ homework, the
textbooks and other instructional materials and the assessment of students learning.

The second component of PCK is knowledge of instructional strategies
consists of two dimensions; knowledge of subject-specific strategies, and knowledge
of topic-specific strategies. The former dimension represents general approaches to
science teaching and the latter indicates the teacher’s knowledge of strategies which
are effective tools to teach a particular science topic. Magnusson et al. (1999)
examined the knowledge of topic-specific strategies under two sub-categories; topic-
specific representations and topic-specific activities (Figure 2.7). Topic-specific
representations, which are examples, illustrations, models or analogies, refer to the
teacher’s knowledge about the ways of presenting topic to help students learn the
topic. In addition, topic-specific representations include the knowledge of the
advantages and disadvantages of using particular representations. The latter sub-
category, topic-specific activities, indicates the demonstrations, simulations,
investigations, and experiments that are useful for students to understand a particular
concept.

Magnusson et al. (1999) presented knowledge of students’ understanding of
science as the third component of PCK. It comprises two dimensions: a knowledge
of requirements for learning, and knowledge of areas of student difficulty. The first
dimension refers to teacher’s knowledge concerning the students’ prior knowledge
about a particular subject. This knowledge informs teachers about the abilities and
skills that students need together with the information they lack and therefore should
be covered before the subject taught. The second dimension, defined as knowledge
of content and students by Ball et al. (2008), is related to teachers’ knowledge about
the topics that are difficult or easy for students. Teachers should have knowledge
about the topics that are difficult for students and the reasons for these difficulties.
Besides, teachers should be knowledgeable about students’ misconceptions related to
a particular subject.

The fourth component of PCK is knowledge of the science curriculum which
consists of two dimensions: knowledge of goals and objectives, and knowledge of
specific curricular program. Shulman (1988) defined this knowledge as a discrete

domain of the knowledge base for teaching called curricular knowledge however,
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Grossman (1990) and Magnusson et al. (1999) included this component as part of
PCK. The first dimension represents the teachers’ knowledge of goals and objectives
related to the subjects that they are teaching. Moreover, it includes Shulman’s
vertical curriculum knowledge that is the knowledge of students which was acquired
in previous years and that which will be learned in later years. The second dimension
involves knowledge of the programs and materials which are relevant to teaching a
particular subject.

The final component of PCK is the knowledge of assessment in science again
consisting of two dimensions: knowledge of dimensions of science learning to assess
and knowledge of the methods of assessment. First dimension denotes that the
teacher’s knowledge should contain the important concepts that should be assessed
for students’ learning within a particular subject. The second dimension covers the
teacher’s knowledge about the methods and the methods of assessing important
concepts within a particular subject. In particular, it consists of the knowledge of
instruments, procedures or activities which are used to assess students’ learning.

Although Magnusson et al. defined PCK as a separate domain of knowledge
for teaching, they did not assert that there were clear boundaries between PCK and
other knowledge domains (e.g. subject matter knowledge, general pedagogical
knowledge) as Ball et al. (2008) expressed.

2.1.7 Conclusions Drawn from Categorization of Teacher’s Knowledge

To sum up, different categorizations of teacher’s knowledge with different
components, sub-components and relations between them have made important
contributions to the literature concerning teacher’s knowledge. (Ball et al., 2008;
Gess-Newsome, 1999; Grossman, 1990; Magnusson et al.,1999; Rowland et al.,
2005; Shulman, 1986). Among these researchers, Ball et al., and Rowland et al.
developed a framework for the required mathematical knowledge for teaching. Ball
et al. developed their model in light of Shulman’s model and they divided Shulman’s
SMK and PCK into different sub-components (SCK, CCK, KCS, KCT). Differing
from all the models mentioned above, Rowland et al. (2005) named the categories of
teacher’s knowledge differently using the terms; foundation, transformation,

connection and contingency. Similar to Shulman (1986), the categorizations used by
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Grossman (1990) and Gess-Newsome (1999) involve both SMK and PCK. However,
they added knowledge of context and pedagogical knowledge in their frameworks.
Although Shulman’s PCK and SMK are the common knowledge types in different
frameworks, Magnusson et al. (1999) focused on only the teacher’s PCK. On the
other hand, Shulman’s curriculum knowledge is not a distinct category in some
frameworks. Grossman (1990) and Magnusson et al. (1999) integrated curriculum
knowledge in PCK. Moreover, Rowland et al. (2005) defined curriculum knowledge
as a category, called connection.

In addition to the theoretical frameworks investigating the nature of teacher’
knowledge, many research studies which used those frameworks focused on the
teacher’s knowledge that was used in classroom. These studies will be reviewed in

following sections.

2.2 Research Studies on Mathematics Teachers’ Knowledge on Mathematics
Topics

Over many years, researchers have given special attention to the investigation
of teachers’ mathematical content knowledge (Baki, 2013; Ball, 1990a; 1990b; Even,
1993; Even & Tirosh, 1995; Hill, Rowan & Ball, 2005; Leinhardt & Smith, 1985)
and this was undertaken from different points of view. Some aimed to investigate
mathematics teachers’ knowledge on a specific topic in mathematics (Ball, 1990g;
1990b; Contreras, Batanero, Diaz & Fernandes, 2011; Even, 1993; Even& Tirosh,
1995; Huang & Kulm, 2012; Livy & Vale, 2011; Nilsson & Lindstrom, 2012; Pino-
Fan, Godino, Font & Castro, 2013). However, others looked at the ways of
enhancing teachers’ knowledge (An & Wu, 2011; Hill, 2007; Hill & Ball, 2004;
Kwong, Joseph, Eric, Khoh, Gek & Eng, 2007) and some explored the relationship
between knowledge types (Even, 1993; Hutchison, 1997). Although the aims of these
studies were different, there is a common agreement that mathematics teachers’
content knowledge has significant role in effective teaching and students’
achievement. In order to clarify the important role of the content knowledge that
mathematics teachers possess, these research studies are presented and discussed in
this part of the literature review. It was found that the studies differed in terms of

their participants, namely, some explored pre-service mathematics teachers’
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knowledge and the remainder investigated in-service mathematics teachers’
knowledge. Moreover, some studies explored the ways of enhancing teachers’
knowledge. Thus, this section of the literature review is divided into the following
three categories; pre-service mathematics teachers’ knowledge, in-service
mathematics teachers’ knowledge and the ways of enhancing mathematics teachers’

knowledge.

2.2.1 Research Studies on Pre-Service Mathematics Teachers’ Knowledge on
Mathematics Topics

To begin, Even (1993), Even and Tirosh (1995), and Huang and Kulm (2012)
explored pre-service teachers’ knowledge on functions. Even (1993) investigated
pre-service secondary teachers’ subject matter knowledge and the relationship
between subject matter knowledge and pedagogical content knowledge in the context
of teaching the concept of function. The data was collected from 152 pre-service
teachers in two phases; first, an open-ended questionnaire concerning their
knowledge about functions was applied to all the teachers and second 10 of the pre-
service teachers were interviewed. The result of the study showed that most of the
pre-service teachers did not have broad knowledge related to functions. In fact, only
a few could justify the importance and origin of the univalence requirement.
Consequently, they did not use modern terms and concept images effectively while
describing functions to the students. Moreover, many of them provided a rule to be
followed without understanding the concept. Even (1993) implied that pre-service
teachers needed better subject matter knowledge to improve their teaching. This can
be achieved by developing mathematics courses in line with constructivist approach
to teaching and learning (Even, 1993).

As in the study of Even (1993), Even and Tirosh (1995) explored pre-service
teachers’ knowledge about functions. However, the aim of this study was to
investigate pre-service teachers’ pedagogical content knowledge in terms of
knowledge about the subject matter, and knowledge about students. One hundred and
sixty two pre-service secondary mathematics teachers participated in the study. The
data was gathered in two phases; an open-ended questionnaire was completed by 162

pre-service teachers, then 10 of the pre-service teachers were interviewed. The result
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of this study showed that pre-service secondary mathematics teachers did not know
the definitions about functions and incorrectly solved problems presented to them.
Moreover, they did not explain the logic behind the concepts which is consistent with
the outcome of Even’s study (1993). Even and Tirosh (1995) inferred that teachers’
knowledge of subject matter and knowledge about students needed further
investigation in order to improve teacher preparation programs.

Huang and Kulm (2012) conducted a study to explore the knowledge of
function of pre-service middle grade mathematics teachers. A survey consisting of 17
multiple-choice items and 8 open-ended items was applied to 115 pre-service
teachers and follow-up interviews were undertaken with five of the participants. The
survey included the knowledge of; school algebra(SM), advanced algebra (AM), and
teaching algebra (TM). The authors found that pre-service teachers’ knowledge was
limited in all three areas. They performed poorly in selecting appropriate
perspectives and using representations of the concept of function. Moreover, they
failed to solve quadratic/irrational equations, undertake algebraic manipulation and
reasoning, and judging the number of roots of quadratic functions. Furthermore, the
participants made mistakes in solving problems using the integration of algebraic and
graphic representations of functions. As a result, the authors concluded that the
participants’ knowledge to teach functions was poor. Therefore, the outcome of all
these studies (Even, 1993; Even & Tirosh, 1995; Huang & Kulm, 2012) can be
interpreted as pre-service teachers’ knowledge not having the mathematical
knowledge which a mathematics teacher should possess in order to teach functions.
They only had a level of knowledge that anyone who deals with daily mathematics
(Even, 1993; Even & Tirosh, 1995; Hutchison, 1997). Regarding the framework that
Ball and colleagues (2008) created, it was found that the pre-service teachers had
enough common content knowledge, but they had limited specialized content
knowledge for mathematics teaching.

In order to develop and improve their conceptual framework related to
teachers’ content knowledge, Ball and colleagues carried out many studies (Ball,
1990a, 1990b; Hill & Ball, 2004; Hill, Rowan & Ball, 2005). Ball (1990a) conducted
a study to investigate pre-service elementary and secondary mathematics teachers’

subject matter knowledge on one specific mathematics topic; division with fractions.
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The aim of the study was to examine teachers’ understanding about mathematics
when they entered formal teacher education. Two hundred and fifty two pre-service
teachers participated in this study and the data was collected through questionnaires
and interviews. Ball (1990a) closely analyzed the pre-service teachers’ understanding
of division with fractions and the results showed that the teachers had a narrow
understanding about the topic. They only knew and could apply the rule “invert and
multiply”. However, it is not enough to know the rule for effective teaching since
discussing the meanings, the relationships, and the procedures of the division of
fractions has important role in teaching the subject effectively (Ball, 1990a). Ball
(1990a) generally concluded that pre-service teachers’ understanding about
mathematics was inadequate for teaching mathematics and tended to be rule-based.
Similar to Ball (1990), Hutchison (1997) also aimed to make a connection between
subject matter knowledge and pedagogical content knowledge related to fractions.
Firstly, one pre-service teacher was interviewed prior to the mathematics course to
discover her subject matter background and prior pedagogical content knowledge.
Secondly, a mathematics educational biography and a structured task interview based
on fractions were employed. The result of this study demonstrated that the pre-
service teacher faced many problems although she wanted to be a good mathematics
teacher. The reason for those problems was mainly due to the lack of her subject
matter knowledge which is consistent with result found by Ball (1990a).

Moreover, another study by Ball (1990b) was focused on one aspect of pre-
service teachers’ subject matter knowledge; understanding of division. Ball (1990b)
collected data from 19 pre-service elementary and secondary mathematics teachers.
As in her previous study (Ball, 1990a), the results revealed that many of the pre-
service teachers could not explain the mathematical reasoning even though they
could solve the problems. Moreover, Ball (1990b) claimed that precollege
mathematics classes did not provide pre-service teachers with adequate subject
matter knowledge for teaching mathematics.

Contreras, Batanero, Diaz and Fernandes (2011) conducted a study based on
the framework of Ball et al. (2008) in which they aimed to assess the pre-service
teachers’ common and specialized content knowledge on probability. The data was

collected from 183 pre-service primary school teachers. A task which included two-
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way table served as the data source. In the first question, teachers were expected to
compute a simple probability, a compound probability and a conditional probability
in order to explore their CCK. The second question aimed to assess the teachers’
SCK regarding probability. To this end, the teachers was asked to identify the
mathematical content such as the types of problem, concepts, procedures, properties,
and show the mathematical language that they used to solve the given probability
problem. The result of this study reported that pre-service teachers’ CCK related to
probability was limited since they had difficulties in calculating simple, compound
and conditional probabilities from a two-way table. This means that pre-service
teachers did not have any more knowledge about probability than the person who
deals with mathematics on an everyday basis. Furthermore, the researchers reported
that most of the pre-service teachers made errors and could not arrive at the correct
solution. Contreras et al. (2011) concluded that identifying and classifying
mathematical content was not easy for pre-service teachers meaning that their SCK
concerning probability was weak. In another study, pre-service teachers’ content
knowledge on ratio was investigated (Livy & Vale, 2011). Data was collected
through the Mathematical Competency, Skills and Knowledge Test but the
descriptive statistics and content analysis were only undertaken for the two most
difficult items. The results revealed that most of the pre-service teachers were unable
to solve whole-whole ratio items. They had difficulty in connecting their
mathematical knowledge on ratio with measurement. However, a few pre-service
teachers did demonstrate a knowledge of mathematical structure and connection
which requires a connection between their knowledge on ratio and measurement.
Furthermore, the vast majority of pre-service teachers could not deconstruct the
multi-step ratio problem into its component parts thus, these teachers were unable to
“identify critical mathematical components within a concept that are fundamental for
understanding and applying that concept” (Chick, Baker, Pham, & Cheng, 2006,
p.299). In addition, most pre-service teachers had limited knowledge related to
standard procedures and solution methods concerning ratio problems.

Apart from the studies on functions, fractions, ratio, probability, and division,
Pino-Fan, Godino, Font and Castro (2013) investigated pre-service teachers’

knowledge of derivatives in light of the framework of Ball et al., (2008). A 7-task
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questionnaire was administered to 53 pre-service teachers in Mexico. The results
obtained from the data showed that the pre-service teachers had several difficulties in
solving tasks related to derivatives. The researchers concluded that these difficulties
were related not only to a lack of specialized content knowledge but also to a dearth
of common content knowledge. In other words, pre-service teachers had inadequate
SCK and CCK on derivatives, as ratio and probability (Contreras et al., 2011; Livy &
Vale, 2011).

Different from the studies described in this literature review, Carrefio, Ribeiro
and Climent (2013) investigated the nature and content of a pre-service teacher’s
SCK about the concept of polygon. In fact, the researchers did not describe the pre-
service teacher’s SCK; they focused on the difficulties related to presenting and
discussing the borders of SCK, especially in relation to horizon knowledge. As a
result of the analysis of the data gathered from the pre-service teacher, questions
emerged in relation to both the nature and content of teachers’ SCK and horizon
knowledge. The teacher was posed questions such as: “Is the identification of the
sub-concepts categorized as SCK or a specific knowledge related with connections
and thus in the space of horizon knowledge?” (Carrefio et al., 2013, p.8). The result
of this study manifested that the borders of SCK were not clear. For this reason,
some studies did not utilize Ball and colleagues’ (2008) categorization of content
knowledge as a conceptual framework.

In this section, the studies related to pre-service mathematics teachers’
content knowledge for teaching mathematics were briefly summarized. The general
trend in the studies was that pre-service teachers’ content knowledge was not
adequate for teaching mathematics. The literature also includes studies related to in-

service mathematics teacher’s knowledge and these are presented in the next section.

2.2.2 Research Studies on In-Service Mathematics Teachers’ Knowledge on
Mathematics Topics
In the literature, many studies investigated pre-service mathematics teachers’
content knowledge. Consistent with the results of the studies mentioned above,
Shulman (1987) stated that pre-service teachers’ content knowledge is not robust

because they have had little experience in real classroom context. Although teaching
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experience does not guarantee adequate content knowledge to teach mathematics, it
is one of the important sources of content knowledge (Shulman, 1987). Therefore,
studies conducted with in-service teachers provide an insight into whether the
teacher’s knowledge is sufficiently adequate to teach mathematics effectively. For
this reason, studies conducted with in-service teachers are summarized in this part.

To begin, Carpenter, Fennema, Peterson and Carey (1988) investigated 40
first-grade teachers’ PCK through the examination of the children’s solutions to
addition and subtraction word problems. The researchers aimed to explore the
teachers’ knowledge about the distinctions between different addition and subtraction
problem types and the strategies that children use to solve different problems.
Moreover, teachers’ ability to predict their students' success in solving different types
of problems and identifying the strategies used by children to solve problems of
different types were the other aims of the study (Carpenter et al., 1988). The result of
this study revealed that teachers in this study could distinguish between some of the
basic differences of the types of addition and subtraction problems. Moreover, most
of the teachers could identify the most frequently used strategies for solving addition
and subtraction problems.

Another study conducted with in-service teachers was carried out by Leavitt
(1998). The study aimed to explore German mathematics teachers’ content
knowledge and pedagogical content knowledge. The aims of this study were to
investigate German mathematics teachers’ knowledge and skills of solving basic
mathematics problems correctly, and identify the representations that they prefer to
use while solving basic mathematics problems. Multi-digit subtraction, multi-digit
multiplication, and division with fraction, perimeter and area were the selected
topics. Data was collected through a questionnaire and interview from 20 in-service
teachers. The preliminary analysis of the data revealed that the German mathematics
teachers’ knowledge of multi-digit subtraction, multi-digit multiplication and dealing
with perimeter/area were strong. However, their knowledge related to division with
fractions was weak which was consistent with the study by Ball (1990b). Even
though the teachers’ knowledge of computational and solving word problems were

adequate, their knowledge of representations was not adequate implying a limited
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pedagogical content knowledge. The weakest area was the topic of division with
fractions in which they had difficulty in connecting the topic with real life.

As discussed above, Ball and colleagues carried out studies to improve the
frameworks they had created in relation to the categorization of content knowledge
(Hill, 2007; Hill & Ball, 2004). One of the studies was carried out by Hill (2007)
which dealt with in-service teachers’ specialized and common content knowledge for
mathematics teaching. Hill concentrated on two content areas; namely, number and
operations and algebra. She used Content Knowledge for Teaching Mathematics
(CKTM) measures. Based on the analysis of the data, Hill (2007) asserted that in-
service teachers were not adequate in terms of explaining and representing the
mathematical ideas in alternative solution methods. Hill (2007) concluded that most
of the in-service teachers had either no or a limited amount of SCK in terms of
evaluating alternative solution methods however, they knew rules, procedures and
algorithms well.

Similar to Leavitt (1998), Masters (2012) explored in-service mathematics
teachers’ content and pedagogical content knowledge of proportional reasoning and
functions. Moreover, the relationship between teachers’ knowledge and students’
achievement were explored in both topics. To collect data, pre- and post-tests were
administered to 137 eighth grade teachers and students. The proportional reasoning
items in the tests aimed to explore content knowledge and pedagogical content
knowledge, the function items served were the data source for the investigation into
content knowledge. As in the studies in which the participants were the pre-service
teachers (Even, 1993; Even & Tirosh, 1995), the findings of this study led Masters
(2012) to the conclusion that eighth grade teachers’ knowledge of proportional
reasoning and functions was weak. The researcher reported that as a consequence of
teachers’ weak knowledge, the level of students’ knowledge related to both topics
was low which was consistent with previous studies. This means that teachers’
content knowledge influences students’ knowledge and their academic achievement.

In another study, Nilsson and Lindstrom (2012) investigated in-service
teachers’ content knowledge regarding probability. Moreover, they aimed to discover
the relationship between the teachers’ knowledge on probability, their educational

level, their experience on teaching and their beliefs about their own understanding of
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probability concepts. The data was collected through a questionnaire from 24
teachers. The results of the study supported the 2013 study by Contreras et al., which
investigated pre-service teachers’ knowledge of probability. In light of the analysis
of data, the conclusion that the teachers’ had limited understanding of probability and
in particular their knowledge of probability was procedurally-oriented. Contrary to
findings of Shulman (1987), there was no relationship between teachers’ knowledge
and their experience. In other words, teaching experience does not guarantee a rich
content knowledge (Friedrichsen, Lankford, Brown, Pareja, Volkmann, & Abell,
2007). The findings also revealed that teachers did not develop their understanding of
probability during their teaching experience. Furthermore, teachers had low
confidence in teaching probability due to having difficulties in applying probability
tasks.

Apart from those studies mentioned above some researchers designed studies
to compare the knowledge of expert and novice teachers. Leinhardt and Smith (1985)
compared 4 expert and 4 novice fourth grade mathematics teachers’ subject matter
knowledge related to fractions. Data was collected via semantic nets, planning nets
and flow charts, interviews, card-sorting task and transcription of videotapes of the
teachers’ classes. The lesson structure knowledge and subject matter knowledge
formed the basis of this study. The knowledge about planning and performing lesson
in a coherent and fluent way was defined as the knowledge of lesson structure.
Moreover, as Shulman (1986) stated, the knowledge of concepts and procedures, and
their connections within each and between them was defined as subject matter
knowledge. The result of the study indicated that expert teachers had more
knowledge of fractions than novice teachers. The result coincided with those of
Shulman (1987) who also noted that experienced teachers had more knowledge about
the topic. Similar to Leinhardt and Smith (1985), Lucus (2006) investigated 8 in-
service and 10 pre-service teachers’ subject matter knowledge related to the
composition of functions. The particular aim of this study was to explore the
influence of teaching experience on SMK. The participants were asked to explain the
prerequisites that the students should know before the topic of composition of
functions was to be taught and, the participants were asked to describe the main ideas

related to the same topic. The analysis of the data showed that the in-service and pre-
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service teachers’ SMK on composition of functions did not differ significantly. This
suggests that SMK is not influenced by teaching experience. The findings of this
study also support the results of previous studies (Friedrichsen, Lankford, Brown,
Pareja, Volkmann, & Abell, 2007; Nilsson & Lindstrom, 2012). However, Shulman
(1987) asserted that teaching experience has important role in teacher’s having rich
SMK.

There are also cross-cultural studies that investigated the content knowledge
of American and Chinese teachers (An, Kulm & Wu, 2004; Ma, 1999; Zhou, Peverly
& Xin, 2006). Guided by Shulman’s (1986) categorization of teacher’s knowledge,
Zhou and colleagues focused on subject matter knowledge, pedagogical content
knowledge and general pedagogical content knowledge of North American and
Chinese teachers. Their study focused on 162 American and Chinese 3rd grade
mathematics teachers’ knowledge about fractions. Results showed that American
teachers’ knowledge fell behind that of Chinese teachers in terms of concepts,
operations and word problems, namely subject matter knowledge and the same result
was found for their pedagogical content knowledge. In other words, the Chinese
teachers were better than American teachers while identifying important points of
teaching the fraction concepts and ensuring students’ understanding. However, the
performance of Chinese teachers in subject matter knowledge, pedagogical content
knowledge and their general pedagogical knowledge specifically the psychological
and educational theories were not as sufficient as the American teachers. Ma (1999)
compared North American and Chinese elementary school teachers’ subject matter
knowledge. Consistent with the result of the study by Zhou and colleagues, the
Chinese teachers had a better understanding of multi-digit multiplication, division by
fractions and the relationship between perimeter and area than the American
teachers. Similar to previous research studies (Ma, 1999; Zhou et al., 2006), An,
Kulm and Wu (2004) compared PCK of North American and Chinese teachers.
Twenty eight mathematics teachers in U.S.A and 33 mathematics teachers in China
participated in the study. The results of this study indicated that the mathematics
teachers’ PCK in the two countries differed significantly. The Chinese teachers
focused on gaining the correct conceptual knowledge, and a more rigid development

of procedures. On the other hand, the American teachers focused on promoting
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students’ creativity by designing a variety of activities. The results of this study
illustrated that each country makes different demands on teachers’ pedagogical
content knowledge. According to the results of these studies, it can be said that
teachers’ mathematical content knowledge can vary in different countries. The
reason for this variety might be the difference between the type of teacher education
program and the education system in different countries.

In this section above, the studies related to in-service mathematics teachers’
and pre-service mathematics teachers’ content knowledge for teaching various
mathematics topics in the international arena have been discussed. In the following
section, studies on teachers’ knowledge conducted in Turkey context will be
reviewed. Due to context-depended nature of teachers’ knowledge, examination of
these studies is important because they provide information about teachers’

knowledge in Turkey.

2.3 Research Studies on Mathematics Teachers’ Knowledge on Mathematics
Topics in Turkey

Researchers have claimed that both the quality of the mathematics teaching
and student achievement depends on teachers’ content knowledge (Ball, Hill & Bass,
2005). In order to gain insight about Turkish teachers’ content knowledge,
researchers focused on investigating teachers’ knowledge in a national context
(Aslan-Tutak, 2009; Baki, 2013; Basturk & Donmez, 2011; Boz, 2004; Bukova-
Guzel, 2010; Butun, 2005; Gokturk, Sahin & Soylu, 2013; Haciomeroglu,
Haciomeroglu & Aspinwall, 2007; Isik, Ocal & Kar, 2013; Isiksal, 2006; Isiksal &
Cakiroglu, 2008; Karahasan, 2010; Kilic, 2011; Sevis, 2008; Turnuklu, 2005;
Yesildere-Imre & Akkoc, 2012). Similar to international studies, Turkish researchers
were mostly carried out the research studies with pre-service teachers; these studies

are described first followed by work undertaken with in-service teachers.
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2.3.1 Research Studies on Pre-Service Mathematics Teachers’ Knowledge on
Mathematics Topics in Turkey

As in the international arena, many research studies have been conducted to
explore pre-service teachers’ knowledge on mathematics topics in Turkey (Aygun,
Baran-Bulut & Ipek, 2013; Baki, 2013; Basturk & Donmez, 2011; Boz, 2004;
Gokturk, Sahin & Soylu, 2013; Haciomeroglu, Haciomeroglu & Aspinwall, 2007;
Isiksal, 2006; Isiksal & Cakiroglu, 2008; Isik, Ocal & Kar, 2013; Karahasan, 2010;
Kilic, 2011; Turnuklu, 2005).

To begin, Haciomeroglu, Haciomeroglu and Aspinwall (2007) investigated
33 pre-service teachers’ subject matter knowledge and pedagogical content
knowledge on functions similar to the study of Even (1993), and Even and Tirosh
(1995). In this study, a function questionnaire, card sorting activity, preparation and
analysis of lesson plans on exponential functions, and video teaching episodes were
the data collection tools. Consistent with the result of previous studies, the result of
this study revealed that the pre-service teachers’ SMK was inadequate and too weak
to teach functions effectively (Even, 1993; Even & Tirosh, 1995). Lacking neither an
adequate nor rich SMK, pre-service teachers were unable to organize lesson plans,
select appropriate questions and activities to make the concept easier for students.
Furthermore, they were not able to ask critical questions to enhance students’
learning. Also, because of lack of their PCK, they could not decide on the important
concepts in the exponential functions which are needed by students to draw and
understand graph of exponential functions. In addition, the pre-service teachers had
difficulty in explaining and discussing the definition and properties of exponential
functions since their PCK was not sufficiently comprehensive for teaching.
Similarly, Karahasan (2010) conducted a study to understand the extent of pre-
service secondary mathematics teachers’ pedagogical content knowledge of
composite and inverse functions. The data was collected from three pre-service
secondary mathematics teachers through observations, interviews, documents, and
the use of audiovisual materials. The result of the study is similar to previous studies
in that it revealed the low level of the pre-service secondary mathematics teachers’
pedagogical content knowledge. On completion of the study, the researcher proposed

that in order to ensure both deep and broad subject matter knowledge of pre-service
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teachers, teacher education programs should provide method courses that cover the
topics of secondary mathematics curriculum.

Furthermore, Isiksal and Cakiroglu (2008) conducted a study to investigate
pre-service mathematics teachers' knowledge concerning elementary students’
misconceptions/difficulties in the division of fractions. In particular, pre-service
teachers' knowledge about the sources of students’ misconceptions and difficulties
and, their strategies to overcome those misconceptions/difficulties were examined
through a written question and semi-structured interview. Seventeen pre-service
teachers completed a questionnaire about the division of fractions. After analyzing
the data, the researchers were grouped the pre-service teachers' knowledge on
common conceptions and misconceptions/difficulties under four headings namely;
algorithmically based mistakes, intuitively based mistakes, mistakes based on formal
knowledge, and misunderstanding on problem. Moreover, the pre-service teachers
were asked to suggest strategies to overcome students’ misconceptions and
difficulties on division of fractions. These were as follows; using multiple
representations of the concepts, using different teaching methods, highlighting the
importance of practice of computational skills and giving full attention to
understanding the problem. Based on these findings, Isiksal and Cakiroglu
mentioned the importance of course on method and teaching practice on pre-service
teachers' subject matter knowledge and pedagogical content knowledge on various
topics in mathematics.

Basturk and Donmez (2011) investigated pre-service teachers’ curriculum
knowledge concerning limit and continuity. The participants were selected based on
their level of subject matter knowledge. In order to determine pre-service teachers’
levels of subject matter knowledge related to limit and continuity, a Content
Knowledge Questionnaire was administered to 37 pre-service teachers. As a result of
the analysis of the questionnaire, four pre-service teachers with different levels of
subject matter knowledge on the same topic were interviewed then, they prepared
lesson plan concerning the limit and continuity concept and implemented their plan
in a microteaching session. The results showed that some pre-service teachers had
limited knowledge about the new secondary mathematics curriculum in Turkey. In

particular, some were not aware of the concepts which were not included in the new
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curriculum or had been removed. Also, some teachers did not have any idea about
the place of the limit and continuity concepts in the program. The results led the
researchers to conclude that pre-service teachers’ curriculum knowledge was not
adequate. When the results of the Content Knowledge Questionnaire and the analysis
of the pre-service teachers’ responses of semi-structured interviews were compared,
it was realized that the more adequate content knowledge the pre-service teachers
had, the more knowledge of the curriculum they had. The pre-service teachers who
had adequate content knowledge recognized the benefit of the new curriculum, had a
greater desire to implement the goals of the new curriculum and expended more
energy in doing so. Furthermore, they paid attention to the order of presentation of
concepts and did not include the concepts that had been removed from the new
curriculum. Moreover, the researchers specified that the pre-service teachers’
curriculum knowledge was rhetorical. That is, their knowledge came from the
internet, their friends who were teachers and their students to whom they gave
private lessons. In order to increase their curriculum knowledge, researchers
recommended that the vision of the new mathematics curriculum might be discussed
in the method course, and pre-service and in-service teachers might exchange
opinions during teaching practice.

In another study, Kilic (2011) aimed to explore the nature of pre-service
secondary mathematics teachers’ knowledge of students of algebra. The knowledge
of the students refers to students’ misconceptions/difficulties/errors, the possible
sources of these misconceptions/ difficulties/errors, and the way of eliminating them.
Data was collected through interviews, observations, a questionnaire, and written
documents from six pre-service secondary mathematics teachers. The results of this
study showed that pre-service secondary mathematics teachers’ knowledge of
students was very limited since they could not identify the students’
errors/misconceptions. However, they tried to overcome students’ errors and
misconceptions by applying a rule or procedures to solve the problem but they did
not explain the logic behind the rule or procedures. For this reason, it can be
concluded that their basis of their subject matter knowledge was “procedural without
reasoning” (p. 23). Moreover, explaining the rules and procedures to eliminate

students’ errors/misconceptions was an indicator of the weakness of their repertoire
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of appropriate examples, representations, and teaching strategies. That is, it was the
indicator of the weakness in their knowledge of pedagogy. As a result of this study, it
can be seen that the teachers’ knowledge of students was intertwined with their
knowledge of subject matter and knowledge of pedagogy.

Another study related to the pre-service teachers’ knowledge of fractions was
conducted by Isik, Ocal and Kar (2013). They investigated the level of 36 pre-service
teachers” PCK in terms of determining S5th grade students’ errors about addition of
fractions. The data was collected through asking the participants to explain addition
operations through six problem statements and to clarify errors if there were any. The
results of the study indicated that the pre-service teachers had difficulty in
determining the errors moreover; they made errors while they were explaining
students’ errors. This indicates that the pre-service teachers’ PCK concerning the
addition of fractions was weak because they were not aware of students’ errors.

With a similar aim to the research of Isik et al. (2013), Gokturk, Sahin and
Soylu (2013) investigated 63 pre-service teachers’ knowledge on determining
students’ errors and stating the ways of overcoming those errors. Gokturk et al.,
focused on the pre-service teachers’ knowledge about variables and two questions
involving students’ incorrect solution methods was used to collect the data. The pre-
service teachers were asked to analyze the students’ solution methods and determine
students’ errors. Furthermore, the pre-service teachers were required to specify the
ways of overcoming those errors. Contrary to the results the study undertaken by Isik
et al. (2013), the pre-service teachers’ knowledge on identifying students’ errors
related to the variables was adequate. They did not have difficulty in determining
those errors however, their PCK was not sufficient in terms of overcoming students’
errors.

Another study with pre-service teacher participants was conducted by Aygun,
Baran-Bulut and Ipek (2013) however; they investigated the teachers’ content
knowledge and pedagogical content knowledge on the equal sign. As a result, the
authors stated that the pre-service teachers focused on the operational meaning of the
equal sign. Furthermore, pre-service teachers were able to identify students’ errors

regarding the equal sign which coincided with the results of the study of Gokturk et
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al. (2013). Additionally, the pre-service teachers had adequate PCK related to
overcoming students’ errors.

Baki (2013) conducted a study to evaluate pre-service teachers’ knowledge of
the algorithm of division associated with place value. In order to collect data, 228
pre-service teachers divided 4057 by 15. The findings of the study showed that most
of the teachers were able to do this correctly. However, the majority of the pre-
service teachers gave inadequate explanations regarding the division. From these
findings, Baki (2013) concluded that the pre-service teachers’ knowledge of the
algorithm of division associated with place value was inadequate for explanations.
Thus it can be seen that most of the pre-service teachers’ explanations of the
procedures of division were based on the rules.

Furthermore, other researchers (Boz, 2004; Isiksal, 2006; Turnuklu, 2005)
investigated the relationship between the pre-service teachers’ pedagogical content
knowledge and subject matter knowledge on different topics of mathematics. Boz
(2004) explored the relationship between PCK and SMK in relation to the
simplification of an algebraic statement. A questionnaire consisting of 16 questions
was applied to 184 pre-service teachers, and afterwards interviews were conducted
with 10 of the participants. The analysis of data showed that most of the pre-service
teachers confused the concepts of simplification and solving of equations. This
confusion was an indication of the teachers’ lack of subject matter knowledge. Due
to this lack of knowledge the teachers were unable to determine the mistakes made
by the students thus, the pre-service teachers’ pedagogical content knowledge was
not sufficient. On the other hand, even if some pre-service teachers were able to
uncover students’ mistakes, they were not able to explain the reason for students’
mistakes. Not being able to explain the reasons for the mistakes is an indication of
inadequate PCK. In conclusion, Boz (2004) asserted that there was a relationship
between teachers’ subject matter knowledge and their pedagogical content
knowledge.

In another study, Turnuklu (2005) examined the relationship between the
pedagogical and mathematical content knowledge of pre-service teachers. To reveal
the competency of pre-service teachers’ pedagogical content knowledge in

mathematics, 45 pre-service teachers were asked to solve four problems. Two of the
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problems were related to fractions, one concerned decimals and the other was about
operations. To determine their existing mathematical content knowledge, the mean of
the teachers’ grades in their mathematical content courses taken throughout their
university education was used. Turnuklu (2005) claimed that there was a relationship
between the mathematical content knowledge and pedagogical content knowledge of
pre-service teachers. Similarly, Isiksal (2006) aimed to determine the relationships
between subject matter knowledge and pedagogical content knowledge regarding the
multiplication and division of fractions. The subject matter and pedagogical content
knowledge were explored through the teachers’ understanding of facts, concepts and
principles, their knowledge concerning students’ misconceptions and difficulties,
their strategies and representations they use to teach multiplication and division of
fractions. The results revealed that the pre-service teachers’ subject matter
knowledge was not conceptually deep. In other words, they did not have enough
knowledge to explain the multiplication and division of fractions. Moreover, the pre-
service teachers’ limited subject matter knowledge affected their pedagogical content
knowledge; especially in terms of their knowledge about students’ common
(mis)conceptions.

In the next section, the studies aiming to explore Turkish in-service
mathematics teachers’ knowledge about mathematics topics were presented and

discussed.

2.3.2 Research Studies on In-Service Mathematics Teachers’ Knowledge on
Mathematics Topics in Turkey

The studies mentioned above investigated the knowledge of Turkish pre-
service mathematics teachers’ on different topics. However, it is important to explore
the extent of the knowledge of Turkish in-service mathematics teachers because
these teachers have experience in the real classrooms and their knowledge directly
impacts on student achievement. In this regard, Butun (2005) conducted a qualitative
study to investigate in-service elementary mathematics teachers’ content knowledge
in basic school mathematics concepts. The data was collected from three in-service
mathematics teachers via semi-structured interviews and classroom observations

additionally, teaching scenarios were discussed in the interview to determine their
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content knowledge. Butun (2005) concluded that teachers’ content knowledge about
basic mathematics concepts was disconnected, and they depended on the rules which
were shown by the teachers directing students to memorize rules or procedures.
Moreover, this study revealed that teachers’ aim was to obtain the answer and they
did not explain the reasons behind the rules or procedures. Furthermore, the teachers
were not successful at forming appropriate representations for the problem. Their
inadequacies related to the topics affected their teaching strategies. In light of the
result of this study, it can be concluded that the in-service teachers’ knowledge was
too weak to teach basic school mathematics concepts effectively.

The research studies conducted both internationally and nationally revealed
the fact that both pre-service mathematics teachers’ and in-service mathematics
teachers’ knowledge was limited in terms of several mathematics topics such as
fractions, functions, divisions, variables and algebra. As emphasized by several
researchers (Hill & Ball, 2004; Hill, Rowan, & Ball, 2005; Hill, Schilling, & Ball,
2004; Rowan, Schilling, Ball & Miller, 2001), teachers’ knowledge has important
role in increasing students’ achievement when learning mathematics. Therefore, it is
important to improve teachers’ knowledge and several research studies aiming to
investigate the ways of enhancing teachers’ knowledge are presented in the next

section.

2.4 Research Studies on the Way of Enhancing Mathematics Teachers’
Knowledge on Mathematics Topics

When all the studies presented in this thesis are reviewed, it was understood
that teachers’ content knowledge is not sufficient to adequate to teach mathematics.
Thus, some researchers (An & Wu, 2011; Hill, 2007; Hill & Ball, 2004; Kwong,
Joseph, Eric, Khoh, Gek & Eng, 2007) undertook an investigation into the ways of
enhancing teachers’ knowledge. In order to achieve this aim, Hill and Ball (2004)
conducted a study which considered whether a summer workshop component of a
professional development institute could help elementary school teachers improve
their knowledge of mathematics for teaching. Content Knowledge for Teaching
Mathematics (CKTM) was used as a measurement tool. The teachers participated in

summer schools for 40 to 120 hours and elementary mathematics topics such as long
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division and the order of operations were covered. The significant result of the study
was that it showed that a professional development program can be effective to
improve teachers’ mathematical content knowledge for teaching.

In another study, Kwong, Joseph, Eric, Khoh, Gek and Eng (2007)
investigated whether teachers’ PCK improved significantly after their teacher
training program. The researchers concluded that although the teachers’ PCK was
quite weak at the beginning of their programs, there was significant improvement in
teachers’ PCK on completion of the training program.

Additionally, An and Wu (2011) focused on in-service teachers’ PCK of
students’ thinking through grading homework, assessing and analyzing
misconceptions. The researchers explored the effect of assessing and analyzing
misconceptions in student homework in relation to the improvement of in-service
teachers’ knowledge. The participants were ten Sth and 8th grade teachers and they
were divided into two groups for the experimental study. Both groups were assessed
using a pre- and post-questionnaire in PCK. The data was collected through both a
qualitative and quantitative approach. The assessments of the pre- and post-test
questionnaires for teachers and students, classroom observations, interviews,
teachers’ daily grading logs were served as the data sources. Analysis of the data
revealed that grading homework and analyzing misconceptions improved teachers’
knowledge of students’ thinking. In this way, the teachers’ PCK was strengthened
since knowledge of students’ thinking is a important component of PCK. It gives the
teacher clues as to how well students understand mathematical concepts, helps the
teacher to decide in which area the students have misconceptions, and then assist the
teacher to develop strategies to overcome their misconceptions (Shulman, 1987; An,
Kulm & Wu, 2004).

Due to the fact that the Turkish mathematics teachers’ content knowledge was
not sufficient for effectively teaching mathematics, it is important to explore the
ways of developing teachers’ knowledge. To end researchers in Turkey have
conducted studies to explore how teachers’ knowledge can be improved (Sevis,
2008; Yesildere-Imre & Akkoc, 2012).

Sevis (2008) aimed to deduce the effects of a mathematics teaching method

course on pre-service elementary mathematics teachers’ content knowledge for
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teaching mathematics. Forty three pre-service mathematics teachers completed an
83-item test at the beginning and after a method course. After analyzing the data, the
amount of change in the participants’ knowledge for mathematics teaching was
measured. According to this analysis, as Hill (2007) and Kwong et al. (2007) stated
there was a significant effect of the mathematics teaching method course on pre-
service teachers’ content knowledge for teaching mathematics.

Similarly, Yesildere-Imre and Akkoc (2012) conducted a case study to
examine the development of pre-service teachers’ pedagogical content knowledge
related to generalizing number patterns during a school practicum (SP). The pre-
service teachers” PCK was analyzed in two components: 1) knowledge of students’
understanding and difficulties, and 2) knowledge of topic-specific strategies and
representations. Three pre-service teachers participated in this study and their lesson
plans, micro-teaching lesson plans, interviews and videos served as the data sources.
The findings of this study suggested that the pre-service teachers’ PCK changed
significantly throughout the SP. In detail, the pre-service teachers took the students’
understanding of, and difficulties with patterns into account. Moreover, through the
SP the pre-service teachers’ PCK improved in terms of the way they used pattern-
specific strategies. According to the analysis of the data, it can be concluded that
observing real classroom practice helped pre-service teachers to improve their PCK.
The results imply that selecting mentors with adequate PCK has important role to
improve pre-service teachers’ PCK via observation. Moreover, the pre-service
teachers’ PCK improved during the university part of the SP course. As part of the
course, pre-service teachers shared the videos of their mentor’s lessons with their
peers. In this way, they had the opportunity to discuss other mentors’ lessons with
regard to the PCK’s components. As a result of these discussions, pre-service
teachers were able to identify a variety of pedagogical approaches.

These research studies (An & Wu, 2011; Hill & Ball, 2004, Hill, 2007;
Kwong et al., 2007; Sevis, 2008; Yesildere-Imre & Akkoc, 2012) are very important
in the way that they examined how teachers’ content knowledge could be developed.
Based on the findings of the studies, it can be deduced that teachers’ content
knowledge might be improved by taking mathematics courses and methods courses

during the teacher training period and participating in workshops related to
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mathematics teaching. These results are important since they point out that teacher
educators and policy makers can develop new programs and revise old programs for
teacher education. Also, teacher educators and policy makers can organize

workshops in which teachers can participate.

2.5 Research Studies on Mathematics Teachers’ Knowledge on Geometry
Topics

Geometry is one of pillars of mathematics (Atiyah, 2001) and it has a crucial
role in teaching and learning mathematics. NCTM (2000) emphasized its prominence
by stating that “geometry offers an aspect of mathematical thinking that is different
from, but connected to, the world of numbers” (p.97). Thus, while students are
engaging in shapes, structures and transformations; they can understand geometrical
concepts and also mathematics behind those concepts. In addition, Clements and
Battista (1992) commented that geometry can be considered as a tool to provide for
interpretation and reflection in our physical environment. In other words it presents a
way of describing, analyzing and understanding the world to us.

Moreover, NCTM (1989, 2000) asserted that geometry benefits both teachers
and students in other areas of mathematics curriculum and other disciplines. For
instance, the circle graph is one of the areas of statistics in mathematics; however, it
is also related to geometry. Besides, the topic of geometric probability is related to
both geometry and probability. In addition, although symmetry is a area of geometry,
it is related to functions and also plays important role in the arts, in design and in
science. Similarly, geometry is interrelated with measurement. Steele (2006) stated
that there is significant overlap between geometry and measurement, and the
overlapping contents are noteworthy in mathematics education. For instance, the area
of a square is measured in square units. Finding the area of a geometric figure is
related to geometry concepts, and measuring it in square units is relevant to
measurement concepts. In brief, geometry is regarded as making an important
contribution to learning and teaching other mathematics topics (NCTM, 2000).

In order to use geometry as a tool for teaching mathematics, teachers should
also have a broad and deep content knowledge concerning geometry. Vais and

Reyhani (2009) stated that exploration, naming, recognition, classification,
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reasoning, drawing, making relationships between objects in the plane or space,
usage of coordinate geometry and geometry transforms were the main issues used to
teach geometry at primary and middle schools. This means that teachers who teach in
primary and middle schools need to have knowledge of the different and main parts
of the geometry, geometric figures and their characteristics and relation between
them, the appropriate use of the different types of proof, coordinate geometry and
geometric transforms. For this reason, the teachers’ knowledge of geometry should
be more comprehensive, multi-dimensional and complex. Similar to effective
mathematics teaching, successful geometry teaching depends on teachers’ content
knowledge. On account of its importance, some researchers undertook research to
investigate teachers’ knowledge on several geometry topics. In this part of the
literature review, these studies are presented and discussed (Aslan-Tutak, 2009;
Baturo & Nason, 1996; Bukova-Guzel, 2010; Fujita & Jones, 2006, Gomes, 2011,
Kellogg, 2010; Maxedon, 2003; Ng, 2011; Swafford, Jones and Thornton, 1997).

2.5.1 Research Studies on Pre-Service Mathematics Teachers’ Knowledge on
Geometry Topics

Contrary to research studies regarding pre-service teachers’ knowledge on
mathematics topics, the number of studies conducted to investigate pre-service
teachers’ knowledge on geometry topics were limited (Aslan-Tutak, 2009; Baturo &
Nason, 1996; Bukova-Guzel, 2010; Fujita & Jones, 2006; Gomes, 2011)

Baturo and Nason (1996) investigated pre-service teachers’ subject matter
knowledge in terms of their understanding about area measurement. In fact, the focus
of this study was not only subject matter knowledge, but also the student teachers’
knowledge about the nature and discourse of mathematics, their knowledge about
mathematics in culture and society, and their dispositions towards mathematics. To
this end, sixteen pre-service teachers were interviewed and eight area measurement
tasks comprised the data collection tool during the interview. The findings indicated
that pre-service teachers’ subject matter knowledge regarding area measurement was
limited. In other words, their knowledge was incorrect, missing and unconnected.
Also, the teachers’ could not easily transfer one form of representation to another.

Similarly, their lack of knowledge about the nature and discourse of mathematics,
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and about mathematics in culture and society was disconcerting. Pre-service teachers
tended to think that mathematics is a collection of facts, rules and procedures, and
stated that knowing mathematics means following set of procedures step-by-step to
find correct answer. Moreover, the teachers commented that mathematics can be
represented symbolically, and its relationship with real life is little or none. As a
result, the teachers had negative feelings towards mathematics and particularly the
area of measurement. On completion of the study, Baturo and Nason concluded that
the pre-service teachers’ limited subject matter knowledge regarding area
measurement restricted them in terms of teaching their students in such a way that
they would acquire a meaningful understanding of mathematics concepts and
processes. Therefore, they did not teach the subject area measurement deeply, their
teaching was superficial and their reactions to the students’ questions and comments
were low-level. Also, the researchers reported that the teachers had difficulties in
using multiple representations while teaching area measurement and relating area
measurement to other important topics within the mathematics curriculum. The
results were in agreement with those of the Fujita and Jones (2006). In other words,
the pre-service teachers” PCK and curriculum knowledge were too limited to teach
area measurement effectively (Baturo & Nason, 1996).

The study undertaken by Fujita and Jones (2006) investigated pre-service
teachers’ geometry content knowledge related to defining and classifying
quadrilaterals. Two sets of data were collected. First, in order to discover their
understanding of relationship between quadrilaterals, a survey was administered to
158 pre-service teachers in their first year of university. Second, a task was applied
to 124 pre-service teachers in their third year of university with the purpose of
examining their understanding of hierarchical relationships in the classification of
quadrilaterals. The results indicated that although the pre-service teachers could draw
the figure of quadrilaterals, they could not provide their definitions. Thus, the pre-
service teachers’ subject matter knowledge on quadrilaterals was inadequate and they
lacked sufficient knowledge concerning hierarchical relationship between
quadrilaterals.

Similar to Fujita and Jones (2006), Aslan-Tutak (2009) carried out a study to

understand pre-service teachers’ geometry learning and their geometry content
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knowledge in the case of quadrilaterals. The study had two investigations, qualitative
and quantitative. The former investigation was designed to understand pre-service
teachers’ geometry learning and their use of effective instructional strategies for
students’ learning. Three pre-service teachers’ participated in this part of the study
and the data was collected through individual interviews, observations, field notes
taken during the observations and materials used during the geometry instructions.
Based on the qualitative investigation, the pre-service teachers’ geometry content
knowledge was limited and they had problems of classification the quadrilaterals.
Although they thought that geometry was an important topic of mathematics in
elementary school, they were anxious about teaching geometry because of their
limited knowledge. However, they considered that they could increase their
geometry knowledge with the help of the experienced teachers working in their
schools after they begin teaching in the classroom.

The latter quantitative investigation was performed to compare mathematical
knowledge of groups (control and treatment) of the pre-service teachers and to
specify the increase of geometry knowledge of pre-service teachers in the
experimental group. One hundred and two pre-service teachers participated in this
part of the study, and the Content Knowledge for Teaching Mathematics Measures
(CKT-M Measures) was administered to the participants as a pre- and post-test. A
protocol related to quadrilaterals was applied to the treatment group participants (n=
54) as an intervention and traditional instruction was implemented for the control
group participants (n= 48). While analyzing the data, repeated measures ANOVA
and mixed ANOVA were used respectively. The analysis of the test results showed
that the treatment group participants’ geometry knowledge significantly increased
following the intervention. However, the control group participants’ geometry
knowledge also increased but with traditional instruction. Although the knowledge
increase of the participants in treatment group was greater than the increase in the
control group participants, the difference was not statistically significance. Aslan-
Tutak explained this result as the protocol applied to the treatment group not being as
effective as she expected.

Another researcher who investigated pre-service teachers’ knowledge about

geometry was Gomes (2011). She conducted an exploratory study to evaluate pre-
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service elementary teachers’ content knowledge on geometric transformations. She
identified 66 pre-service teachers’ difficulties/mistakes regarding geometric
transformations. A questionnaire concerning three geometric transformations,
namely, translation, reflection and quarter turn rotation served as the data source. The
findings revealed that the pre-service teachers had knowledge of geometric
transformations. However, their knowledge was not adequate to teach this topic and
they had some difficulties regarding geometric translations.

Although most of the studies related to pre-service teachers’ knowledge on
geometry topics were international studies, Bukova-Guzel (2010) conducted a study
in Turkey. She aimed to investigate Turkish pre-service mathematics teachers’
knowledge about instructional strategies and multiple representations, their
knowledge about learners, and their curricular knowledge relevant to solid objects.
Semi-structured interviews, lesson plans prepared by the participants and video
recordings of instructional applications were the data sources. The findings revealed
that the pre-service teachers developed several activities and used real-life materials
to enable students to better understand solid objects. It can be concluded that pre-
service mathematics teachers’ knowledge on instructional strategies and multiple
representations was adequate. On the other hand, although pre-service mathematics
teachers took the students’ prior knowledge into consideration, they did not pay
attention to possible students’ misconceptions about the topic because of their lack of
knowledge about learners. Moreover, they had difficulty in preparing alternative
assessment materials to determine students’ learning. Regarding the pre-service
mathematics teachers’ curricular knowledge, the results showed that they were able
to relate solid objects to other objects and associate solid objects with plane geometry
and functions which are taught at different grade levels. This shows that their
horizontal curriculum knowledge and vertical curriculum knowledge were almost

sufficient.

2.5.2 Research Studies on In-Service Mathematics Teachers’ Knowledge on
Geometry Topics
Similar to studies with the aim of investigating in-service mathematics

teachers’ knowledge on mathematics topics, the number of studies concerning in-
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service teachers’ knowledge on geometry topics was limited. With respect to the
available literature, Maxedon (2003) conducted a study to investigate in-service
teachers’ knowledge under four components: goals of geometry, child development
and geometry, geometry curriculum and curriculum content, and geometric concepts.
The participants were eight experienced early childhood teachers and the data was
collected through interviews. The result of the study revealed that the teachers had
sufficient knowledge about the importance of geometry for their students and they
could present their own goals when teaching geometry. Moreover, they were familiar
with their grade level curricula in terms of the pedagogical aspects such as materials,
resources and expectations. However, they were less familiar with subject matter
issues such as the content of the geometry curriculum. In other words, they did not
know the topics in the grades preceding and following years. Therefore, it could be
concluded that the in-service teachers’ curriculum knowledge was limited as pre-
service teachers (Baturo & Nason, 1996).

These research studies concluded that both pre-service and in-service
teachers’ knowledge of geometry topics such as geometric transformations, defining
and classifying quadrilaterals, area measurement and solid objects was not adequate
to teach these topics effectively. For this reason, some researchers proposed to
investigate the ways of enhancing teachers’ knowledge on geometry topics and these

studies are presented in the next part of the literature review.

2.6 Research Studies on the Way of Enhancing Mathematics Teachers’
Knowledge on Geometry Topics

As mentioned above, some researchers (An & Wu, 2011; Hill, 2007; Hill &
Ball, 2004) aimed to investigate the ways of enhancing teachers’ knowledge of
mathematics topics since it was considered that teachers’ ability to teach
mathematics effectively was limited due to their lack of knowledge. These
researchers concluded that teachers’ mathematical knowledge could be improved
through teacher education programs. In the same vein, Swafford, Jones and Thornton
(1997) and Kellogg (2010) explored how teachers’ knowledge on geometry can be
improved. Swafford et al. (1997) conducted a study to examine the effects of an

intervention program on teachers’ geometry knowledge. Forty-nine middle-grade
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teachers participated in a 4-week geometry program consisting of content that related
to two- and three-dimensional shapes. At the beginning and the end of the
intervention program, a pre- and post-test were administered to the teachers to assess
their geometry content knowledge. The analysis of the pre- and post-tests showed
that teachers’ geometry content knowledge increased significantly after the
intervention program, especially among 4™ and 5" grade teachers. Moreover,
Swafford et al. (1997) stated that teachers were more willing to try new instructional
approaches, they spent more time and more quality time on geometry instruction, and
they were more confident to respond higher levels of student thinking after
participating the intervention program.

In another study, Kellogg (2010) claimed that students and pre-service
teachers contended with errors/misconceptions/difficulties regarding area and
perimeter. For this reason, an alternative instructional method should be used to
enhance pre-service teachers’ understanding and to overcome students’
errors/misconceptions/difficulties. To address this need, Kellogg (2010) investigated
how pre-service teachers’ knowledge changed and in what way when they engaged
in anchored instruction involving web-based microworlds designed for exploring
area and perimeter. The study aimed to investigate 12 elementary pre-service
teachers’ content knowledge and knowledge of students’ thinking with respect to
principles, relationships, and misconceptions related to area and perimeter.
Quantitative (e.g., pre-study questionnaire, and area and perimeter tests) and
qualitative research (e.g., interviews, teaching episodes packets) methods were used.
The results of this study showed that pre-service teachers’ knowledge related to
perimeter and area changed in a positive way with intervention. Many pre-service
teachers possessed procedural knowledge related to area and perimeter, but they
were not aware of students’ errors/difficulties/misconceptions prior to intervention.
That is, their subject matter knowledge and pedagogical content knowledge were
limited before the intervention. After the intervention, most of them considered that
the web-based microworlds were an effective tool for them to use and they were
better able to address students’ difficulties. This result led Kellogg to conclude that
pre-service teachers’ SMK and PCK improved with the intervention. Improving

teachers’ knowledge is important since teachers’ knowledge is a predictor of student
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achievement in mathematics, and also in geometry (Hill & Ball, 2004; Hill, Rowan,
& Ball, 2005; Hill, Schilling, & Ball, 2004; Rowan, Schilling, Ball & Miller, 2001).
Differing from the studies mentioned above, Ng (2011) aimed to investigate
in-service teachers MKT for teaching geometry and the factors that contribute to this
knowledge. Ng focused on the number of years of teaching experience, educational
level attained, school type (public or private), range of grade levels taught, number of
professional development hours completed, and number of college-level geometry
courses taken as the factors. One hundred and sixty seven in-service teachers
participated in this quantitative study, and the Learning Mathematics for Teaching
measures and the Indonesian Educational Survey were served as the data source.
Data was statistically analyzed (ANOVA and multiple regression). The findings
showed that there was an inverse relationship between the teachers’ years of
experience and their MKT for teaching geometry. That is, teachers who had taught
longer had a lower MKT for teaching geometry. State differently, teaching
experience did not guarantee the possession of rich content knowledge (Friedrichsen,
Lankford, Brown, Pareja, Volkmann, & Abell, 2007). This result was in
contradiction with Shulman (1987) since he asserted that teaching experience was
important source of content knowledge. However, the teachers’ educational
background, such as number of completed professional development hours, and the
number of college-level geometry courses taken, and their MKT for teaching
geometry were directly related to each other as stated by Hill (2007). On the other
hand, whether the teacher taught in a private school or a public school was a factor
that affected teachers’ MKT for teaching geometry. Teachers who taught in private
schools had higher mathematical knowledge for teaching geometry compared to
those who taught in public schools. Besides, being a teacher at lower primary grades
(grades one to four) and at upper primary grades (grades five to six) had no
significance in terms of MKT for teaching geometry. However, teachers who had
taught a wider range of grades (grades one to six) had more MKT for teaching than
teachers who had taught narrow range of grades. Since experience of teaching at
several grades may improve teachers’ MKT for teaching, it can be concluded that
having rich educational background, teaching in private school, teaching wide range

of grades affect teachers” MKT in a positive way.
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In the sections given above, the studies related with both pre-service and in-
service mathematics teachers’ knowledge on geometry in international and national
studies were discussed. All these studies showed that mathematics teachers do not
have sufficient knowledge to teach geometry topics. Moreover, those studies
provided an overview of what has been suggested to develop pre-service and in-
service teachers’ knowledge for teaching geometry. However, in light of the
available literature, the number of studies related to the concept of volume is limited.
In the next section, studies on the volume of 3D solids will be presented and

discussed.

2.7 Research Studies on the Volume of Three Dimensional Solids

As mentioned above, there are not many research studies concerning the
volume of 3D solids in the available literature, only one study was found which
investigated teachers’ content knowledge on the volume of 3D solids (Esen &
Cakiroglu, 2012). However, there are some studies related to students’ understanding
about the volume of 3D solids (Ben- Chaim, 1985; Battista & Clements, 1996; Ng,
1998; Olkun 1999; 2003). These studies are important since students’ understanding
related to the volume of 3D solids may help researchers to understand teachers’
content knowledge about this topic. For this reason, in this part of literature review,
studies regarding the volume of 3D solids are presented.

Esen and Cakiroglu (2012) conducted a qualitative study to explore pre-
service teachers’ knowledge on using unit cubes to calculate volume. The data was
collected from 24 pre-service teachers using a question involving student’s method
which resulted in an incorrect solution. The pre-service teachers were asked to think
about the question, analyze student’s solution method and determine the correctness
of student’s solution. As a result of the data analysis, most of the pre-service teachers
did not have any difficulty in determining the volume of prism with non-standard
concrete materials. Moreover, all pre-service teachers used the volume formula
correctly and their knowledge of volume was based on the formula but this led to
pre-service teachers having difficulty in realizing students’ error related to the
question and the reasons for the error. In fact, some of the pre-service teachers made

the same error when calculating the volume of a prism.
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Based on the available literature, other studies related to the volume of 3D
solids investigated students’ understanding of volume. The researchers explained that
elementary students have difficulties in measuring the volume of a rectangular prism
(Battista & Clements, 1996; Ben-Chaim, Lappan & Houang, 1985; Ng, 1998; Olkun,
1999). The most cited studies were conducted by Ben-Chaim et al. (1985), and
Battista and Clements (1996). Ben- Chaim et al. (1985) investigated students’ errors
in 3D geometry. Approximately 1,000 students in grades five to eight participated in
the study and were given a Spatial Visualization Test. On completion of the study,
Ben-Chaim et al. (1985) reported four types of errors that the students held in
relation to the calculation of the volume of 3D solids. They categorized these errors
as two major types which were defined as “dealing with two dimensions rather than
three and not counting hidden cubes” (p. 406). In further detail, Ben-Chaim et al.
(1985) identified the students’ difficulties as “counting the actual number of faces
showing, counting the actual number of faces showing and doubling that number,
counting the actual number of cubes showing, counting the actual number of cubes
showing and doubling that number” (p. 397). Thus, students who count the faces
consider three-dimensional solids as two-dimensional, and students who count the
visible unit cubes are not aware of three-dimensionality of the solid. Furthermore,
some students count the number of unit cubes on the three visible faces and then they
do not multiply this number by two to obtain the total. Ben-Chaim et al. (1985)
asserted that these students do not recognize the hidden part of the solid.

Battista and Clements (1996) classified students’ solution strategies and
examined students’ difficulties when enumerating the number of unit cubes in a
prism. Forty five third grade students and 78 fifth grade students participated in the
study and the students were interviewed twice. They classified students’ solution
strategies into 5 categories with three depending on the students’ conceptualization
of rectangular prism, one was the use of the volume formula and the last one was a
strategy that students used in addition to the four mentioned strategies. According to
this study, students conceptualized rectangular prism as faces, unit cubes, and layers.
This conceptualization was the reason for students’ difficulties in enumerating the
number of unit cubes in a prism (Battista & Clements, 1996). The authors explained

that students cannot relate to the structure of the rectangular prisms such as the unit
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cubes, layers and stripes. If students realized that the stripes are formed by unit
cubes, and layers are formed by stripes or unit cubes, then they may overcome their
difficulties since rectangular prisms will become simpler for students.

Moreover, Battista and Clements (1996) examined students’ difficulties in
three aspects which were; use of formula, spatial structuring and coordination. The
result of this research concluded that 75% of the students used the formula without
knowing the reason for the multiplication of the dimensions of rectangular prisms.
This means that they only memorized and applied the formula. Besides, Ng (1998)
conducted a study related to students’ understanding in area and volume. She
collected data from 7 participants in grades 4 and 5 using semi-structured interviews.
She used geometric tasks involving base ten blocks, tangram activities and questions
regarding 2D and 3D. Ng obtained information regarding whether the students knew
the structure of a rectangular prism, and whether students comprehend relationship
between unit cubes, stripes and layers. She concluded that students viewed 3D solids
as a box with six separate edges. Although some recognized the interior of 3D solid,
they could not recognize its connecting or shared edges. Moreover, some students
conceptualized 3D solids in terms of layers. This means that some students could not
realize the structure of 3D solids.

There are studies which were carried out in Turkey to investigate students’
understanding of the volume of 3D solids. In his dissertation, Olkun (1999)
examined 4th grade students’ understanding of rectangular solids made of unit cubes.
The data was collected from four 4th grade students through interviews, and he
applied treatment to decide whether students’ understanding improved with
instruction. He concluded that students used less viable strategies for the problems
which were presented pictorially and after instruction; they used different strategies
for concrete and pictorial representations.

In another study, Olkun (2003) aimed to designate 4th, 5th, 6th and 7th grade
students’ strategies while finding the number of unit cubes in rectangular prism.
Three hundred and fourteen students participated in the study. The result showed
that many students, even 7th graders, had difficulty in finding the number of unit
cubes in 3D solids. The reasons for students’ difficulty might be that elementary

students tend to use a formula to calculate the volume of the prism. When the
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question is asked in a different way, such as asking the number of unit cubes in the
prism, many students become confused. Moreover, the teachers’ knowledge of
volume is based on using a volume formula which effects students’ understanding of
volume (Esen & Cakiroglu, 2012).

In conclusion, all the studies reported indirectly or directly that students’
achievement related to volume of 3D solids is low. They suggested that students’
achievement may improve with the help of effective teaching. (Ben- Chaim, 1985;
Battista & Clements, 1996; Ng, 1998; Olkun 1999; 2003). In order to provide
effective teaching for students, researchers asserted that teachers’ content knowledge
has significant role (Chinnapan & Lawson, 2005; Even, 1993; Even & Tirosh, 1995;
Hill, Rowan & Ball, 2005). Since teachers’ content knowledge is important in
relation to students’ achievement; it will be noteworthy to investigate teachers’
content knowledge relevant to the volume of 3D solids. For that purpose, the present
study aimed to investigate middle school teachers’ knowledge of the volume of 3D

solids.

2.8 Summary of the Literature Review

In light of the studies reviewed in this section, different models explain
teachers’ content knowledge (Ball et al., 2008; Gess-Newsome, 1999; Grossman,
1990; Rowland et al., 2005; Shulman, 1987). Although some models focus on
teachers’ knowledge in terms of all aspects, others provide an approach related to the
teacher’s knowledge for teaching mathematics.

A review of the literature indicated that effective teaching requires knowing
the ways of making the subject more understandable for the students (Ball et al.,
2008). Thus, teachers have a crucial role in students’ understanding of mathematics
(Isiksal, 2006). Leinhardt and Smith (1985) stated that the teacher is the only person
who determines what to teach, when to teach and how to teach. Therefore, teachers
should understand mathematics on a deep level and know how to make mathematics
meaningful for the students. In other words, teachers should have adequate content
knowledge in order to determine what, when and how the subjects will be taught
(Ball 1991; Ball et al., 2008; Borko, 2004; Ma, 1999). However, if the teachers do

not have adequate knowledge, then they may transfer their inadequate knowledge to
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their students. In order to provide an insight in relation to teachers’ inadequate
knowledge, several studies were conducted (Contreras, Batanero, Diaz & Fernandes,
2011; Even, 1993; Even & Tirosh, 1995; Hill, Rowan & Ball, 2005; Livy & Vale,
2011; Pino-Fan, Godino, Font, Castro, 2013). These studies concluded that not only
pre-service but also in-service teachers have limited content knowledge on variety
topics and the situation in Turkey is almost the same. More specifically, Turkish pre-
service and in-service teachers have insufficient knowledge to explain the meanings
of the concepts and procedures, use multiple representations and materials, identify
students’ errors/difficulties/misconceptions, determine the sources of these
errors/difficulties/misconceptions, find strategies to overcome these problems and
evaluate students’ solutions (Baki, 2013; Basturk & Donmez, 2011; Butun, 2005;
Haciomeroglu, 2009; Isiksal, 2006; Karahasan, 2010; Kilic, 2011; Turnuklu, 2005;
Yesildere-Imre & Akkoc, 2012). With respect to the topics and the participants of the
studies, most of the researchers investigated pre-service teachers’ content knowledge
on the topics such as functions, limit and continuity, fractions, simplification and
solving equations. As stated in the significance of the current study and in this
section, there were a few studies focusing on in-service teachers’ content knowledge.
However, the in-service teacher’s knowledge effects students’ learning directly.
Therefore, it is crucial to explore in-service teachers’ knowledge for teaching
mathematics. Moreover, in terms of the topic that was examined, there is no
investigation on teachers’ knowledge related to the volume of 3D solids in the
accessible literature. In an attempt to examine in-service teachers’ knowledge of the
volume of 3D solids is believed to contribute theoretically to teachers’ knowledge
literature and practically for mathematics teachers. As a result this study, it is
expected to make a contribution to the literature in terms of filling the missing part of
mathematics teachers’ content knowledge literature. In addition, since the
participants were experienced mathematics teachers, the results of the current study
should provide practical information for mathematics teachers who teach the same
topics in their classes. Also, the experienced teachers’ teaching practices may enrich

other teachers’ teaching as well.
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CHAPTER 111

METHOD

The purpose of this study was to investigate the knowledge of four middle
school mathematics teachers concerning the topic of the volume of 3D solids. The
study focused on the middle school teachers’ subject matter knowledge and
pedagogical content knowledge related to the topic.

This chapter gives a full account of the research design and the
implementation. Within this perspective, it covers the details of research questions,
design of the study, participants of the study, context in which the study took place,
data collection and analysis techniques that were used. In addition, the issues of
trustworthiness, researcher’s role and bias, ethics, assumptions, and time schedule of

the study are addressed at the end of this chapter.

3.1 Research Questions
This qualitative case study explores the following research questions.
1. What is the nature of the four middle school mathematics teachers’ subject
matter knowledge of the volume of 3D solids?
1.1. What are the alternative solution methods these four teachers
propose to calculate the volume of 3D solids?
1.2. To what extent are these teachers successful at generating a story
problem regarding the volume of 3D solids?
2. What is the nature of the four middle school mathematics teachers’
pedagogical content knowledge on the volume of 3D solids?
2.1. What kind of instructional strategies do these teachers use to
teach the volume of 3D solids?
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2.2. To what extent do the teachers recognize their students’
knowledge related to the volume of 3D solids?

2.3. To what extent do the teachers have knowledge of curriculum
related to the volume of 3D solids?

2.4. What kind of assessment types do the teachers apply to assess

students’ understanding of the volume of 3D solids?

3.2 Research Design
In order to investigate the four middle school mathematics teachers’
knowledge of the volume of 3D solids, a qualitative research methodology was used
to support methodological perspective and to reveal the findings of the study.
Qualitative research has been defined by several researchers in the literature.
For instance, Denzin and Lincoln (2005) described qualitative research as follows:

Qualitative research is a situated activity that locates the observer in
the world. It consists of a set of interpretive, material practices that
make the world visible. These practices transform the world. They
turn the world into series of representations, including field notes,
interviews, conversations, photographs, recordings and memos to the
self. At this level, qualitative research involves an interpretive,
naturalistic approach to the world. This means that qualitative
research study things in their natural settings, attempting to make
sense of, or interpret, phenomena in terms of the meanings people
bring to them (p.3).

Merriam (1998) defined qualitative research as an umbrella, which covers
different aspects of inquiry that helps us understand and explain the phenomena in its
particular context. According to Patton (1987), qualitative research is an endeavor to
understand situations in a natural setting from the participants’ perspective. In other
words, it is important to understand “what it means for participants to be in that
[natural] setting, what their lives are like, what’s going on for them, what their
meanings are, what the world looks like in that particular setting” (p.1).

Although different researchers categorized qualitative research in education
under different types (Creswell, 2007; Merriam, 1998; Miles & Huberman, 1994,
Yin, 2003), there are certain characteristics that apply to all types of qualitative
research. In general, these characteristics are; the source of the data is a natural
setting, the researcher is the key instrument for data collection and analysis, multiple
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data sources are used, data is collected in the form of words or pictures instead of
numbers, data is analyzed inductively, and the process is as important as the product
(Creswell, 2007; Denzin & Lincoln, 2005; Frankel & Wallen, 2006; Merriam, 1998).

As described above, various researchers have presented different types of
qualitative research designs. Creswell (2007) defined the different types of
qualitative as; narrative, phenomenological, grounded theory, ethnographic, and case
studies. Similarly, Merriam (1998) presented the following five different types of
qualitative research; basic or generic, ethnography, phenomenology, grounded
theory, and case study. Although Creswell (2007) and Merriam (1998) proposed five
different types of qualitative research, they are not totally distinct from each other
and emphasized that these types work in conjunction.

Researchers sometimes wish to explore and gain insight into a particular
phenomenon (Corbin & Strauss, 2008) by asking how questions (Frankel & Wallen,
2006). The important issues in answering those questions are gathering data in
natural settings (Bogdan & Biklen, 1998) and entering people’s minds (Patton,
2002). In this respect, interviews and observations are the data collecting techniques
used in qualitative research (Frankel & Wallen, 2006). For this study in order to
understand middle school mathematics teachers’ knowledge of the volume of 3D
solids, it was necessary to collect data via interviews and observations thus
qualitative research was employed. In this qualitative case study, in which | was part
of the study as the researcher, | employed a variety of data collection tools, and tried
to portray a whole picture of the teachers’ knowledge. The following section presents
information regarding qualitative case studies is presented and then the design of the

current study will be discussed.

3.2.1 Case Study Research

Creswell (2007) stated that one of the types of qualitative research is case
study. He denoted that the researcher conducting a case study aims to develop an in-
depth description and analysis of a case or multiple cases within a bounded system
using multiple sources of data. Moreover, s/he selects an event, a program, an

activity or more than one individual as the unit of analysis of the study.
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Merriam (1998) referred to a case study design being “employed to gain an
in-depth understanding of the situation and meaning for those involved. The interest
is in process rather than outcomes, in the context rather than a specific variable, in
discovery rather than confirmation.” (p. 19). Similar to Creswell (2007), Merriam
emphasized that researchers should describe the case which might be a person, a
program or a group. Yin (1994) added to the definition of a case study by stating
that:

A case study is an empirical inquiry that investigates a contemporary
phenomenon within its real-life context, especially when the
boundaries between phenomenon and context are not clearly
evident...Case study inquiry copes with the technically distinctive
situation in which there will be many more variables of interest than
data points, and as one result relies on multiple sources of evidence,
with data needing to converge in a triangulating fashion, and as
another result benefits from the prior development of theoretical
propositions to guide data collection and analysis. (p. 13)

As can be seen from these definitions, the most important property of the case
study is the situation in which the study is located and its context (Creswell, 2007;
Merriam, 1998; Yin, 2003). According to Merriam (1998) and Creswell (2007),
defining the case within a bounded system has very crucial role in the case study.
However, according to Yin (2003), the boundaries between phenomenon and context
may not be obvious.

Researchers have also categorized case studies into three groups according to
their intent and the size of the bounded case (Creswell, 2008; Merriam, 1998; Stake,
2005). Influenced by the categorization undertaken by Stake (2005), Creswell (2007)
categorized case study in terms of the intent of the case analysis. The categories are
intrinsic, single instrumental and multiple case studies. In an intrinsic case study, the
researcher focuses on the case since it presents an unusual or unique situation. The
intrinsic case study takes place because of the case itself is of interest. Creswell
defined the single instrumental case study as the study where researcher focuses on
an issue or concern, and then selects one bounded case to illustrate this issue. In
instrumental case study, the case is the secondary interest but it plays essential role in
understanding of something else. Finally, in a multiple case study, the researcher

selects multiple cases to display different perspectives of the same issue. Merriam

68



(1998) categorized the case study into descriptive, interpretive and evaluative. The
aim of the descriptive case study is to present basic information about the
phenomenon, an interpretive case study aims to obtain a rich and thick description to
develop conceptual categories or support theoretical assumptions about the
phenomenon. Finally, the evaluative case study, involves description, evaluation and
judgment.

The current study was characterized from Creswell and Merriam’s definitions
of the case study. According to Merriam (1998), the aim of the case study is to “gain
in-depth understanding of the situation and meaning for those who are involved”
(Merriam, 1998, p. 19). Since the purpose of the current study was to gain a deeper
understanding of the nature of middle school mathematics teachers’ knowledge
related to the volume of 3D solids, a case study approach was appropriate. The cases
were four middle school mathematics teachers. The cases were bounded by both the
grade level that teachers taught; 8th grade students in elementary school in Ankara
and their teaching experience which was more than 10 years.

With respect to Creswell and Merriam’s categorizations of the case study, the
current study is an interpretive and single case study. The reason for being
interpretive case study is to obtain rich and thick description about the middle school
mathematics teachers’ knowledge of the volume of 3D solids. Due to the fact that the
participants of the study were experienced middle school mathematics teachers;
study is single case study.

Apart from the categorizations of case studies given above (Creswell, 2008;
Merriam, 1998; Stake, 2005), Yin (2003, 2009) further categorized case studies into;
single-case holistic and multiple-case holistic designs, and single-case embedded and
multiple-case embedded designs. The number of cases in the study indicates whether
a study is single-case or multiple-case, and the number of unit of analysis refers to
whether it is an embedded or holistic design. In the light of the definitions of designs
given by Yin (2003), the single-case embedded design is a common design in case
studies where it involves more than one unit of analysis. The model for the multiple-

case embedded design is given in Figure 3.1 below.
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CONTEXT

Case
Embedded
Unit of
Analysis 1
Embedded
Unit of
Analysis 2

Figure 3.1 Single-case embedded (multiple units of analysis) design
(Yin, 2003, p. 40)

The research design of the current study was a single-case embedded design
(Yin, 2003). The case was four experienced middle school mathematics teachers, and
the subject matter knowledge and pedagogical content knowledge of middle school
mathematics teachers were the embedded “unit of analysis”. The context of the study
is Elementary Schools in Ankara. In Figure 3.2, the model of the study with respect

to single-case embedded design is given.

Elementary School in Ankara

Middle School Mathematics
Teachers

Subject Matter
Knowledge

Pedagogical
Content
Knowledge

Figure 3.2 Single-case embedded (two units of analysis) design

3.3 Sampling and Selection of the Participants

In this part of the method chapter, the cases of the study, four middle school
mathematics teachers, were described.

In the research studies, the aim of the study had crucial role while selecting

the participants. If the researcher aims to generalize results of the study from sample
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to the population, probability sampling method is suitable for that study. However, if
generalization as a statistical concern is not the aim of the study, the non-probability
sampling method is useful (Merriam, 1998). Since it was not intended to generalize
the result, a non-probability sampling method was the most appropriate sampling
strategy for this study. In order to obtain a richer and deeper understanding related to
the middle school teachers’ knowledge of the volume of 3D solids, the participants
should be selected from among the people from whom the most knowledge can be
gained, can be accessed easily and with whom the most time can be spent (Merriam,
1998). Therefore, purposive sampling method, the most common form of non-
probability sampling, was appropriate to achieve the purpose of the study.

Merriam (1998) emphasized that determining the selection criteria is essential
in choosing participants. The current study had three criteria for the sampling
procedure. The first criterion was related to selecting the elementary schools so that |
could easily access the teachers meaning that the schools should be close enough for
me to observe the four teachers’ classroom sequentially. So that after observing one
teacher, | had enough time to travel to the next school and observe the next teacher.
The second criterion of the sampling procedure was selecting participants with
respect to the grade level they taught. Since the national curriculum determines that
the volume of 3D solids is an 8" grade topic, the selected teachers should teach 8"
graders. The final selection criterion was being experienced teachers, namely at least
5 years teaching experience as suggested by Berliner (2001). The reason for selecting
experienced teachers was that they should have a deeper and rich knowledge
regarding the topic, the volume of 3D solids, because of teaching the topic many
times. This was supported by Grossman (1990) who stated that teaching experience
in real classroom is one of the crucial sources of teachers’ knowledge.

There is no rule regarding the number of participants in qualitative research.
In fact, it depends on the research questions and the data collection methods
(Merriam, 1998). Moreover, it is not possible to conduct the study with everybody
whose characteristics are suitable for the researcher. Thus, the researcher decided the
number of participants. In the current study, the data was collected via the volume of
3D solids questionnaire, interview and classroom observation. In this sense,

collecting the data through classroom observation became important factor to
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determine the number of participants. All the mathematics teachers taught the topic,
at almost the same time. If each teacher had a four-hour mathematics lesson in one
class in a week and there were 30-lesson hour in each school, thus, I could work with
7 teachers at most. After the meeting the potential participants, I took their weekly
schedule to make a classroom observation schedule for me. In order to not to miss
some observations of their teaching, | selected six middle school mathematics
teachers (5 female and 1 male) whose schedules did not overlap. After analyzing the
data gathered from four middle school teachers, | realized that the data was saturated.
In other words, the data collected from two middle school teachers did not give any
additional information regarding the teachers’ knowledge of the volume of 3D solids.
Furthermore, these two teachers taught in the same school as two of the other
teachers and this was another reason for not including these two teachers in the
study. According to Marshall and Roseman (2006), context has an important role in
determining behavior since people’s behaviors change from context to context. In
this study, context was the elementary school in which teachers taught. | thought that
teachers’ knowledge may change according to their school. In which case | decided
not to choose teachers who worked in the same school. Furthermore, | choose four
successful elementary schools on the basis that teachers will tend to develop their
knowledge in relation to their students proficiency.

To sum up, using the determined criteria, | selected four experienced middle
school mathematics teachers working in the different elementary schools located
close to each other in Ankara. The detailed information about the teachers was

presented below.

3.3.1 Mrs. Kaya

Mrs. Kaya has been teaching elementary school mathematics in a public
school for 31 years. She is one of the two mathematics teachers working at the same
public school. She graduated from one of the best universities in Turkey with a
bachelor’s degree in mathematics from a faculty of arts and sciences. Before starting
to teach in elementary school, she tutored elementary school students for the national
exams. She is interested in enriching her teaching with different activities and

representations whenever possible. Moreover, she encourages her students by
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preparing games, activities and manipulative related to mathematics. She thinks that
mathematics should not be only lesson for students; they also enjoy learning about

mathematics.

3.3.2 Mrs. Akay

Mrs.Akay has 32-years experience in teaching mathematics in public schools.
She is the only mathematics teacher in her school. She graduated from a training
institute, and then she went to a college to complete her education. After graduation,
she taught in high school for 25 years. Later she transferred to elementary school and
has worked there for 7 years. She genuinely enjoys teaching mathematics and
working with elementary school students. She is interested in researching new
activities, in acquiring up to date scientific knowledge and in participating in

mathematics competitions with her students.

3.3.3 Mr. Esen

Mr. Esen has been teaching in an elementary school for 12 years. He is one of
the two mathematics teachers working at this school. He has bachelor’s degree in
department of mathematics from a faculty of arts and sciences. He has participated in
different in-service trainings (e.g. classroom management, introduction to new
elementary mathematics curriculum). He pays attention to use manipulative while
teaching mathematics. Furthermore, he tries to link mathematics with daily life since
he believes that by this linking mathematics the students’ learning will be more

meaningful and permanent.

3.3.4 Mrs. Uzun

Similar to Mrs. Akay, Mrs. Uzun has 32-years elementary school teaching
experience. She has been teaching in a public school and is one of the three
mathematics teachers working at the same school. She graduated from a training
institute. She is interested in applying different activities and representations, and

using materials whenever possible for effective teaching.
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3.4 Context of the Study

Baxter and Jack (2008) have emphasized that researchers should take into
consideration the context when conducting case study. Due to the fact that the main
focus of this study is Turkish middle school mathematics teachers, describing basic
characteristics of Turkish education system and brief information about the
elementary schools that the participants of the study worked would be useful to

understand the study.

3.4.1 Turkish Education System

In Turkey, there are about 10 million students at the primary education levels
with more than 500 000 teachers (MoNE, 2010/2011). Primary education involves
the education and training of children in the age group of 6 to 14. It is eight-year
compulsory education for all male and female children and is free at public schools.

In the last ten years, efforts have been attempted to improve and develop the
education system. One of the efforts was the new curricula which are being
implemented for primary and secondary schools since 2004. The mathematics
curriculum highlights the importance of classroom environment where the students
are more active and they research, discover, solve problems, and share their
solutions. Also, it emphasizes the idea of associating mathematics within itself and
other subjects. The primary mathematics curriculum has five learning areas:
Numbers, geometry, algebra, probability and statistics, and measurement (MoNE,
2009). There is a spiral approach for each learning areas which was based on
constructivist approach. The curriculum is enriched with teaching activities,
manipulative usage, technology usage and multiple assessment methods. Moreover,
it aims to provide mathematics teachers the flexibility of changing the places of the
topics given in the curriculum (Bulut, 2007). Furthermore, teaching with different
instructional methods was emphasized in the new mathematics curriculum (MoNE,
2004). In conclusion, the mathematics curriculum highlights the importance of
classroom environment where the students solve problems, share their ideas and
solutions, do group work and use mathematics in their daily lives and professional
practices (Bulut, 2007). Moreover, it encourages teachers to apply activities,

manipulative, variety instructional strategies and different assessment strategies.
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However, this mathematics curriculum was changed in 2013 and the new
mathematics curriculum started to be implemented in 5 graders in 2013-2014
academic year (MoNE, 2013).

3.4.2 Setting of the Study

Besides, due to the fact that people’s behaviors change from context to
context, the research should be conducted in a real context (Marshall & Roseman,
2006). Therefore, in this study, the real context which teachers’ knowledge could be
examined is their school and the classroom in which teachers teach. This study was
carried out in the context of four elementary schools in Ankara, Turkey. Each teacher
worked in different but geographically close schools. There were about 400 students
in each school and, the number of students in each class, which was observed, was
about 20-25 and the students were generally aged 14. The students in all schools had
4 hour-mathematics lesson every week. Furthermore, the students had opportunities

to use materials related to 3D solids during their mathematics lesson.

3.5 Data Collection

The detailed description of the phenomenon studied in qualitative research is
obtained in three basic ways; interview, observation and documents (Frankel &
Wallen, 2006). Merriam (1998) stated that the interview is the most commonly used
data collection tool in qualitative studies in order to obtain specific information from
the participants. In other words, researcher aims to ascertain what is on participants’
mind, what they think or how they feel about something (Frankel & Wallen, 2006).
With the observations, researcher has the opportunity to observe the participants’
behavior in the real-life settings (Frankel & Wallen, 2006). Finally, Merriam (1998)
specified that documents are the third major source of data in qualitative research
including; personal papers, public records, and artifacts.

To obtain deep information related to the four middle school mathematics
teachers’ knowledge of the volume of 3D solids, the data was collected via a
questionnaire concerning the volume of 3D solids, interviews, classroom
observations and field notes during the spring semester of 2011-2012 academic year.

Table 3.1 presents the time schedule for the data collection.
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Table 3.1 Time schedule for data collection

Date Events

July 2011-October 2011 e Development of data collection tools
(questionnaire, observation protocol and
interview protocol)

e Selecting and meeting the participants

November 2011- January 2012 ¢ Pilot study of the instrument
e Obtaining permission from the METU
Ethical ~Committee and  Ankara
Provincial Directorate for National
Education
February 2012- March 2012 o Data analysis of pilot study
e Revision on the instruments in light of
the pilot study
e Preparation of the last version of
instruments
March 2012- May 2012 e Data collection

3.6 Data Collection Tools

The purpose of this study was to investigate four middle school mathematics
teachers’ subject matter knowledge and pedagogical content knowledge concerning
the volume of 3D solids. In order to achieve the purpose of the study, following data
collection tools were used: 1) Volume of 3D solids questionnaire; 2) Interviews
following the questionnaire; 3) Classroom observation of participants’ teaching; 4)

Field notes. Each data source is explained in detail in the following sections.

3.6.1 Volume of 3D Solids Questionnaire

In order to examine the four middle school mathematics teachers’ knowledge
of the volume of 3D solids, the Volume of 3D Solids Questionnaire (VDSQ) was
developed by the researcher based on the related literature (Ball, Thames & Phelps,
2008; Battista & Clements, 1996; Ng, 1998). The Turkish version of the

questionnaire items is provided in Appendix A.
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The questionnaire consisted of 10 open-ended structured questions with sub-
dimensions used to assess middle school teachers’ subject matter knowledge and
pedagogical content knowledge of the volume of 3D solids. The questions were
prepared based on the subjects covered in the elementary school mathematics
curriculum.

All questions in the questionnaire were prepared by the researcher. A table of
specification for the questionnaire items was prepared and is given in Appendix B.
The questions and the table of specification were checked by mathematics educator
and two experienced mathematics teachers to determine the content validity. The
reviewers reached an agreement. A detailed description of questions 1 and 2 in the

questionnaire is given below.

Question 1.

How many unit cubes constitute the square prism?

a) Write down all the methods that you know which could be used to answer the
question.

b) What method(s) do your students use to answer this question?

¢) Which error(s) do you think your students will make in answering this question?

d) What may be the reasons for these errors? Please explain.

e) Which teaching techniques/materials/strategies do you use to overcome these

errors?

Question 2.

How many unit cubes remain when one layer of
unit cubes is removed from all faces of square
prism?
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a) Write down all the methods that you know which could be used to answer the
question.

b) What method(s) do your students use to answer this question?

¢) Which error(s) do you think your students will make in answering this question?

d) What may be the reasons for these errors? Please explain.

e) Which teaching techniques/materials/strategies do you use to overcome these

errors?

For both 1% and 2" questions there were the same five sub-items. The 1% sub-
item aims to determine the nature of the middle school mathematics teachers’ subject
matter knowledge. Particularly, it aimed to assess the teachers’ knowledge of
alternative solution methods to calculate the volume of prism given in the figure. The
remainder of the sub-items of both the 1 and 2" questions were prepared to evaluate
middle school mathematics teachers’ pedagogical content knowledge. Thus, the sub-
items from b to d were asked to investigate teachers’ knowledge of learner.

The 3" the 4™ the 5™, 6™ and 7™ questions were designed to investigate only
the middle school mathematics teachers’ PCK. Specifically, they were designed to
assess the middle school teachers’ knowledge of learners. The questions were as

follows:

Question 3.

Most of the students in Mr. Aslan’s class made
the same error in the question “Find the volume
of rectangular prism” They gave the answer 94.

a) What method(s) do Mr. Aslan’s students use to answer this question?

b) What are the elementary students’ errors which caused them to give the wrong
answer?

¢) What may be the reasons for these errors? Please explain.

d) Which teaching techniques/materials/strategies would you use to overcome

these errors?
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Question 4.

Mrs. Aksoy asked the volume of the cube and her
Y i students gave the answer 27. Mrs. Aksoy realized that her
students solved the question using different solution
methods. Although some solution methods were correct,
some of them were incorrect.

a) What solution methods were used by the students who solved the problem
correctly? Please explain.

b) What solution methods were used by the students who gave the wrong answer?
Please explain.

c) What errors caused the students to make a mistake? Please explain.

d) What are the reasons for the students’ errors that gave the wrong answer?

e) Which teaching techniques/materials/strategies would you use to overcome

these errors?

Question 5.
/ Students; Ela, Eren, Kuzey, Yagmur and Berke
7 :
calculated the volume of prism, presented above,
in different ways but they found the same result.
Their solutions were given below:
Ela’s Solution: Eren’s Solution:
26 x 2=52 6 +6=12
8x2=16 4+4=8
52- 16= 36 12+8+4=24
36-12=24
Kuzey’s Solution: Yagmur’s solution:
4x3=12 6 +6=12
12x2=24 4+4+4=12
12 +12=24
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Berke’s Solution:
4dx 3x2=24

a)Explain students’ solution methods in your own words.

b) If any student made errors in answering this question, then what may be the

reasons for these errors? Please explain.

¢) Which teaching techniques/materials/strategies would you use to overcome these

errors?

d) Which method(s) did your students use to obtain the correct answer?

Question 6.

15¢

40 cm

A piece of cheese was cut into a right triangular
prism on the left side. The cheese was cut into
20 equal slices, what is the volume of each

slice?

Mr. Acar asks the class the question given above and he encounters different solution

methods.

Yanki’s Solution:

a?=b%*+c?

25% = 15% + ¢?

625 = 225 + ¢
400=c* = ¢=20
V= %.40

V= 6000

The volume of one slice :

6000 300
20

Asya’s Solution:

15.25

2
V= 7500

The volume of one slice:

7500 _g75
20

Yaman’s Solution:

a=b’+c?
252 = 152+ ¢?
625 = 225 + ¢°
400=¢®> = ¢=20
40 _,
20
Ve 15.20.2
2
V=300
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Ada’s Solution:
a?=b’+c’

252 = 152 + ¢?

625 = 225+ ¢°

400=¢* = ¢=20
_40.20.15
=

V= 6000

The volume of one slice:

6000 300
20

\%

ligaz’s Solution:

aZ — b2 + CZ

25% = 152+ ¢?

625 = 225 + ¢
400=c*= ¢=20
15.20 25.x

5 T 5 — x=12

_40.25.12
2

\% — V=6000

The volume of one slice: % =300

a) In your opinion, what process do Mr. Acar’s students consider when giving

their answer?

b) For those students who gave the wrong answer, describe the errors that they

made.

c) Which teaching techniques/materials/strategies would you use to overcome

these errors?

Question 7.

Ceren’s Solution:

e 6.6.5
3

V= % =60cm®

The base length of the square prism model is 6 cm
and the length of side- face height is 5 cm. Ceren
and Cemre who calculated the volume of this model
solved the question in different ways.

Cemvre’s Solution:

2 2 2

a“=b°+c . 6.
V= m
52=3%+c 3
_ 2

25=9+c v= 1 _sgem?
16 = ¢?
c=4
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a) According to you, what were Ceren and Cemre thinking when they developed
these methods of solving the question?

b) For those students who gave the wrong answer, describe the errors that they
made.

c) For those students who gave the wrong answer, describe the reasons for these
errors? Please explain.

d) Which teaching techniques/materials/strategies would you use to overcome

these errors?

The sub-items of the 3", 4™ and 5™ questions were designed to assess the
middle school teachers’ knowledge of learners. Specifically, the 1% sub-item of
questions 3, 5, 6 and 7, and 1% and 2™ sub-item of the 4™ question examined the
middle school teachers’ knowledge related to the interpretations of students’
alternative solution methods. The 2™ sub-item of questions 3", 6™ and 7" and 3"
sub-item of the 4™ question were designed to assess the middle school teachers’
knowledge concerning the students’ errors. Additionally, the middle school teachers’
knowledge on the possible sources of elementary students’ errors was examined
through the 3™ sub-item of questions 3 and 7, the 4™ sub-item of the 4™ question and
the 2" sub-item of the 5™ question. The strategies that the middle school teachers
use to overcome errors were assessed through the 4™ sub-item of questions 3 and 7,
the 5" sub-item of the 4™ question and the 3 sub-item of questions 5 and 6. The last
sub-item (4™ sub-item) of the 5™ question was prepared to evaluate the middle school
teachers’ knowledge of the students’ preferences among solution methods related to
the volume of 3D solids.

Contrary to the other questions the 8" question, was related to cone and was
prepared to investigate middle school teachers’ knowledge of SMK. Specifically, the
middle school teachers’ knowledge on generating a story problem was evaluated as a
one of the dimensions of their SMK.

The question was as follows:

Question 8.
Using a cornet, the length of arc, 15, radius and 54, generate a story problem which

involves the volume formula.
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The 9" question as shown below was developed to evaluate middle school

teachers’ knowledge of assessment.

Question 9.
What methods do you use to assess the students’ knowledge related to the volume of
3D solids?

Lastly, as presented below, the 10™ question aimed to assess the middle

school teachers’ knowledge of the curriculum.

Question 10.
What other topic or topics within mathematics or other lessons do you use to teach

the volume of 3D solids?

3.6.2 Semi-Structured Interview

Interviews can provide a special kind of information which is not observable
(Merriam, 1998) and they are the most important sources of information in case
study research (Yin, 2003). Feelings, thoughts, and intentions cannot be observed
and the researcher has to ask questions to elicit this information. In this way, the
researcher enters into the interviewee’s mind (Patton, 2002). Thus, in order to obtain
a more complete picture of the middle school teachers’ knowledge of the volume of
3D solids, interviews were conducted as one of the data sources for this study.

The way in which the interview is structured is important in determining the
type of interview to use (Merriam, 1998). Merriam categorized interviews under
three headings; highly-structured, semi-structured, and unstructured. In highly-
structured interviews, the questions and their order are predetermined. In semi-
structured interviews, the questions or issues to be explored are determined but
neither the order of the questions nor the exact questions are predetermined. In this
situation, the researcher uses more open-ended questions. Unstructured interviews
are useful when the researcher wants to ascertain information about an issue in order
to formulate questions for subsequent interviews; this last type is rarely used to
collect data in qualitative research.

In this study, information gathered from the Volume of 3D Solids

Questionnaire (VDSQ) was limited to a general description of the four middle school
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teachers’ knowledge. Thus, interviews were conducted with 4 middle school teachers
to clarify and expand on their responses to the VDSQ. Moreover, it was necessary to
develop more accurate and detailed picture of the four middle school teachers’
knowledge of the volume of 3D solids by asking the teachers questions related to the
VDSQ but which required longer and more detailed responses. In order to obtain
information related to teachers’ knowledge, semi-structured type of interview were
held. Example interview questions asked were provided in English in Appendix C
and in Turkish in Appendix D. Furthermore, the dimensions of teachers’ knowledge

which were measured with the interview were presented in Table 3.2 below.

Table 3.2 The dimensions of teachers’” knowledge stated in the interview

SMK

e Developing alternative solution methods
o Generating a story problems

PCK

e Knowledge of Learners
v" Students’ preferences among solution methods
v Interpretations of students’ alternative solution methods
v" Students’ errors and the sources of these errors
v' The strategies to overcome elementary students’ errors

e Knowledge of Curriculum
v" Connection with other topics

e Knowledge of Assessment

The semi-structured interview was conducted to allow the researcher to ask
important further questions to get deeper understanding regarding middle school
teachers’ responses to the questions on VDSQ. Additionally, this type of interview
allows for changing or asking additional questions in relation to the participants’
responses. Therefore, semi-structured interviews were important in the collection of
data in that the researcher may gain additional detailed insights into the teachers’
knowledge on the volume of 3D solids. The sample questions that | asked during the
interview were as follows. Mrs. Kaya specified that one of the students’ errors might

be over-counting the common unit cubes on the adjacent faces in question 2.
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Regarding this error, I asked her “What do you mean by saying common unit
cubes?” and “Which unit cubes are the common unit cubes?”. As another example,
Mrs. Uzun explained that she gave homework to assess students’ understanding. At
this point, I asked her “How did you assess students understanding via homework?”’
and “Can you explain the method that you use?”. Furthermore, all teachers stated
that one of the strategies to eliminate students’ errors might be using manipulative. In
relation to this strategy, the questions, “How do you use the manipulative to
overcome the errors?” and “What is the benefits of using the manipulative to
students?”” were asked during the interviews.

The interviews consisted of two parts; (1) background questions about middle
school teachers, and (2) questions based on the responses to the VDSQ. During the
interviews, the middle school teachers explained their reasoning behind their
responses to the VDSQ. With the permission of the participants all the interviews
were video-taping using a digital camera. The duration of all interviews was

approximately 40 minutes.

3.6.3 Classroom Observation

Although interviews are the most commonly used data collection tool in
qualitative research, Merriam (1998) stated that “observational data represents a
firsthand encounter with the phenomenon of interest rather than a secondhand
account of the world obtained in the interview” (p.94). In other words, with the
observations, researcher has an opportunity to observe the participants’ behavior in
the real-life. In this regard, to obtain a complete picture of the issue, which was under
investigation, observations are another important source of data in qualitative studies.

Although the data collected via interview, and questionnaires provided rich
and valuable data, it is not a complete picture of the teacher’s SMK and PCK.
Therefore, for a full description of teachers’ knowledge, their teaching of the volume
of 3D solids was observed. The dimensions of teachers’ knowledge which were

measured with the classroom observation were presented in Table 3.3 below.
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Table 3.3 The dimensions of teachers’ knowledge measured with the observation

SMK

¢ Developing alternative solution methods

PCK

e Knowledge of Learners
v' Students’ preferences among solution methods
v" Students’ errors
v" The strategies to overcome elementary students’ errors

¢ Knowledge of Instructional Strategy
v" Teacher-centered instruction
v’ Less teacher-centered enriched with class discussion

e Knowledge of Curriculum
v"Connection with other topics
v’ Changing the order of the topics

¢ Knowledge of Assessment

I observed the middle school teachers’ teaching with the use of observation
protocol including points related to teachers” SMK and PCK such as knowledge of
alternative soluton methods, knowledge of learners, and knowledge of curriculum.
These points were provided to help me what to look for. For instance, the points
related to knowledge of curriculum that | focused on during the observation were
“The teacher connects the topic with the other topics in mathematics” and “The
teacher alters the order of the sub-topics of the volume of 3D solids”. Observation
protocol was filled after every observation of each middle school teacher. English
version and Turkish version of observation protocol were presented in the Appendix
E and the Appendix F, respectively.

All observations were video-taped by the use of a digital camera with the
permission of the participants, school administrators and Ankara Provincial
Directorate for National Education. | took field notes as much as | could during
observations. The classroom observations were scheduled as given in Table 3.4 and

each participant was given a pseudonym. In addition, the data collected from
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observations was used to triangulate the analysis of data gathered via interviews and

questionnaire.

Table 3.4 The time schedule of classroom observation of the teachers

Day Monday Tuesday Wednesday Thursday Friday
Lesson 10.50- 11.05- 13.00- 9.10- 9.00- 11.05-  13.15- | 10.50-
Hour 12.20 12.35 14.30 10.40 10.30 12.35 14.45 | 12.20
Teachers Mrs. Mrs. Mr. Mrs. Mrs. Mrs. Mrs. Mr.
Kaya Uzun Esen Akay Kaya Uzun  Akay Esen

3.7 The Pilot Study

Marshall and Roseman (2006) stated that pilot study of a research allows the
researcher to review the instruments and refine them if necessary, to increase self-
confidence and self-efficacy in conducting the research, to recognize and resolve any
problems regarding the research, before commencing the main study. For these
reasons, conducting pilot study is essential for the researcher to conduct main study
effectively. Furthermore, the pilot study will determine that is required for the
participants to complete the questionnaire.

When selecting the participants for the pilot study, the criteria were; their
teaching experience, convenient access to the schools and teacher’s for the
researcher. Four experienced mathematics teachers and one pre-service mathematics
teachers participated in the pilot study. The reason for selecting both experienced and
pre-service teachers for the pilot study was to obtain different perspectives in relation
to the questionnaire. Two of the middle school teachers had 6-years teaching
experience and the other two had 7-years teaching experience. Having taught the
topic of the current study in a real classroom, these middle school teachers were able
to share their observations and experience of the students’ knowledge and attitudes
towards the volume of 3D solids. The pre-service teacher was one of the successful
students in the elementary mathematics education program at METU and had taken
the Teaching Method courses shortly before the pilot study. Therefore, it was
assumed that he had a rich knowledge regarding the volume of 3D solids and would
potentially have a different point of view in relation to the topic.

In the first phase of the pilot study, the VDSQ was given to the 5 participants
with sufficient time allowed for the teachers to complete all the questions before the
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interviews were conducted. The participants were asked to answer all questions and
write their answers in detail. In the second phase, an interview lasting approximately
40 minutes was conducted with each participant. During the interview, the quality of
the questions and areas, which were not clear to the participants, were discussed. In
light of the pilot study and the suggestions made by the participants, changes were
made to the questionnaire. Question 3, presented below, was removed from the
questionnaire since its sub-items were the same as question 1. Moreover, the
preliminary analysis of the pilot study revealed that the information regarding middle
school teachers’ knowledge of the volume of 3D solids gathered from questions 1
and 3 was the same and no additional information related to middle school teachers’

knowledge on the volume of 3D solids would be obtained.

Question 3 (eliminated following the pilot study).

Calculate the volume of the cube.

a) What other information from other mathematics areas or other subjects in the
curriculum would you use to teach the volume of a cube?

b) Write down all the methods that you know which could be used to solve the
question.

¢) Which method or methods do your students use to solve this question?

d) Which errors might your students make when solving this question?

e) What could be the sources of these errors? Please explain.

f) Which teaching methods/ materials/ strategies do you use to overcome these

errors? Please explain how you use these methods, materials and/or strategies?
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Following the pilot study question 5, presented below was also eliminated
from the questionnaire since it did not appear to give any valuable information about
the middle school teachers’ knowledge of the volume of 3D solids. For the sub-item
(b) in this question, the participants stated that the volume formula was the only
method that could be used in this question. The participants also specified the
volume formula as a solution method to calculate the volume of 3D solids in
response to other questions. In other words, this information was also acquired from
the other questions. Furthermore, in sub-item (d), the participants focused on not
being able to draw the closed figure of 3D solids with the help of its net. In other
words, the participants did not state that there was any error regarding the volume of
3D solids. Conversely, they determined that students could not decide which edges
coincided with which edge when closing the net of a solid. In fact, this error was not
related to the volume of 3D solids. That means that this information was not valuable
for the study. For this reason, in the pilot study question 5 was eliminated.

Question 5 (eliminated following the pilot study).

What is the volume of right triangular prism
whose net was given on the left if its net was

fold to make a box.
5cm

9cm

13 cm

a) What other information from other mathematics areas or other subjects in the
curriculum would you use to teach the volume of a cube?

b) Write down all the methods that you know which could be used to solve the
question.

¢) Which method or methods do your students use to solve this question?

d) Which errors might your students make when solving this question?
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e) What could be the sources of these errors? Please explain.
f) Which teaching methods/ materials/ strategies do you use to overcome these

errors? Please explain how you use these methods, materials and/or strategies?

Question 4 in the pilot study as given below, was composed of 6 students’
solution methods. The participants in the pilot study could not explain Damla’s
solution, and they stated that the operations “24 — 4= 20; 20 + 4= 24” were

meaningless. Thus, Damla’s solution was removed from the questionnaire.

Question 4 (eliminated following the pilot study).

/

For the prism given above; Ela, Eren, Kuzey, Damla, Yagmur and Berke calculated
the volume of prism in different ways but found the same result. Their solutions
were given below:

Ela’nin ¢oziimii: Eren’in ¢oziimii:

26 x 2=52 6+6=12

8x2=16 4+4=8

52- 16=36 12+8+4=24

36- 12=24

Kuzey’in ¢oziimii: Damla’nin ¢oziimii:

4x3=12 12 x2=24

12 x2=24 24 —4=20
20+4=24

Yagmur’un ¢oziimii: Berke’nin ¢oziimii:

12x2=24 4x3x2=24

Also, question 6, as given below, was revised following the pilot study due to
the fact that it included two correct solution methods of students. The sub-question

(c) was; “if one of the solution methods was incorrect, what could be the source of
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this error” and sub question (d) asked; “which teaching methods/ materials/ strategies
would you use to overcome these errors”, respectively. Since both of the solution
methods, given in the question 6, were correct, it was meaningless to ask the sub-
questions (c) and (d). In order to obtain the information related to the participants’
knowledge concerning the sources of students’ errors and the strategies that could be
used to overcome those errors, three different solution strategies were added in

keeping with the suggestions from the participants in pilot study.

Question 6 (revised following the pilot study).

A piece of cheese was cut into a right
triangular prism on the left side. The cheese
was cut into 20 equal slices, what is the
volume of each slice?

15¢
40 cm

20 cm

Mr. Acar asks the class to solve the problem and he encounters different solution
methods.

1. ¢oziim yolu: 2. ¢oziim yolu:
V= @.40 40 =20
2 2

V= 6000 V= 15.20

The volume of one slice 2
V=300

6000 300

20

c) If one of the solution methods was incorrect, what could be the source of this
error?

d) Which teaching methods/ materials/ strategies would you use to overcome these
errors?
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As a result of the feedback from the pilot study, it was also necessary to make
question 7 clearer by adding more information. The original first sentence of the
question was “The base of the pyramid model is 6 cm and the length of the side-face
height is 5 cm” and the words ‘square’ and ‘length’ were added as follows: “The
length of the base of the square pyramid model is 6 cm and the length of the side-
face height is 5 cm”.

In addition, other changes were made. Question 1 consisted of two questions
with the same figure and the same sub-items and was numbered as 1-i and 1-ii. The
participants in the pilot study commented that writing two sub-questions in one
question may cause confusion and the participants might forget to answer question 1-
ii. For this reason, these questions 1-i and 1-ii were numbered as question 1 and
question 2, respectively in the main study.

Furthermore, question 4, presented below, was added to the questionnaire.
This question was comprised of a teacher asking her students to calculate the volume
of the cube. Although her students’ answers were the same, their solution methods
were different. The main issue of the question, was to explain students’ solution

methods rather than asking for the calculation of the volume of the cube.

Question 4 (added following the pilot study).

A~ Mrs. Aksoy asked the volume of the cube and her students
gave the answer 27. Mrs. Aksoy realized that her students
solved the question using different solution methods.
Although some solution methods were correct, some of them
were incorrect.

a) What solution methods were used by the students who solved the question
correctly? Please explain.

b) What solution methods were used by the students who gave the wrong answer?
Please explain.

c) What errors caused the students to make a mistake? Please explain.

d) What are the reasons for the students errors that gave the wrong answer

e) Which teaching techniques/materials/strategies would you use to overcome

these errors?
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The first version of the questionnaire, used in pilot study, was provided in
Appendix G.

3.8 Data Analysis

In qualitative research, the process of data analysis begins when the
researcher starts to collect data. In other words, data analysis and data collection
occurs concurrently (Merriam, 1998). There is no easy set of procedures to apply
during the data analysis process. Therefore, the researcher should make sense of the
data by working with the data, organizing data, searching for patterns, discovering
what is important and what is to be learned, and determining what you will tell
people (Bogdan & Biklen, 1998).

In order to make data analysis process easier, various authors have suggested
some data analysis strategies (Merriam, 1998; Miles & Huberman, 1994; Yin, 2003).
Miles and Huberman (1994) presented three strategies; data reduction, data display,
and conclusion drawing/verification. On the other hand, Yin (2003) described five
techniques for analysis: pattern matching, linking data to propositions, explanation
building, time-series analysis, logic models, and cross-case synthesis. However,
Merriam (1998) categorized qualitative data analysis strategies under the following
six categories: ethnographic analysis, narrative analysis, phenomenological analysis,
constant comparative method, content analysis and analytic induction. According to
Glaser and Strauss (1967), the constant comparative method involves identifying a
phenomenon, event or set of interest and generating a theory. Due to the fact that the
purpose of this study was to identify and to produce an in-depth description of
middle school mathematics teachers’ knowledge of the volume of 3D solids, | chose
this constant comparative method.

In this study, to produce an in-depth description of middle school teachers’
subject matter knowledge and pedagogical content knowledge on the volume of 3D
solids, questionnaires, semi-structured interviews, classroom observations and field
notes of 4 middle school teachers were analyzed. To begin with, I transcribed all the
interviews and videos of classroom observation, and then | created and organized the
files. | read all the texts, made margin notes and formed initial codes based on the

transcripts, the middle school teachers’ notes on the questionnaire, the field notes
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that | took during the data collection period, and the related literature. Then, |
compared the codes in the same data set. Based on these comparisons, | tried to
generate the categories, which were the components of PCK and SMK. | continued
the comparisons until the categories were saturated which means that no new
categories emerged. After the comparisons within the same data set were completed,
I compared the categories with the data set of the other teachers. Then, I labeled the
categories based on the participants’ statements and the related literature. Lastly, I
integrated the categories to create the themes.

More specifically, | coded the data with respect to the research questions. The
aim of the first research question was to examine the nature of middle school
mathematics teachers’ subject matter knowledge on calculating the volume of 3D
solids. In order to identify the teachers’ SMK, their knowledge on alternative
solution methods that could be used to calculate the volume of 3D solids was
investigated. As a result of the data analysis of the VDSQ, interview, and
observation, four codes, volume formula, systematic counting, layer counting and
column/row iteration, were emerged similar to the categories stated in the study of
Battista and Clements (1996). Another dimension of teachers’ SMK was generating a
story problem. The data gathered from VDSQ and interview was analyzed to identify
teachers’ knowledge on this dimension. In the finding section, this dimension was
discussed with respect to descriptions of teachers’ responses, directly.

Furthermore, the aim of the second research question is to investigate middle
school teachers’ PCK involving four dimensions. To investigate teachers’ knowledge
of instructional strategy, data collected from classroom observation was analyzed. As
a result of the analysis, teachers’ knowledge of instructional strategy was coded as
teacher-centered instruction and less-teacher centered enriched with class discussion.

The second dimension of teachers’ PCK was knowledge of learner. It
analyzed based on four issues. The first issue, teachers’ knowledge on students’
preferences among solution methods, was identified based on the data gathered from
VDSQ, interview, and observation. The data was coded as the solution strategies,
volume formula, systematic counting, layer counting and column/row iteration. The
second issue of teachers’ knowledge of learners was teachers’ interpretations of

students’ alternative solution methods. Regarding this issue, the data, came from
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VDSQ and interview, was coded based on two aspects: correctness of students’
solution methods, and correctness of teachers’ interpretations. Moreover, students’
errors and the sources of these errors, and the strategies to overcome the errors were
identified through the data collected from VDSQ, interview, and observation. In
relation to the students’ errors, the following codes emerged from the data. The codes
were as follows: focusing on the faces of 3D solids, over-counting the common unit
cubes on the adjacent faces, conceptual errors and computational errors. Although
the error, named as focusing on the faces of 3D solids, was described by Ben-Chaim
et al. (1985), the rest of them were emerged from the teachers’ explanations. The
sources of students’ errors were coded as not being able to think solids as three-
dimensional, not being able to comprehend the structure of 3D solids, not being able
to concretize 3D solids, lack of conceptual knowledge, students’ carelessness, and
not thinking about the concepts deeply. These codes were taken from the literature
(Battista & Clements, 1996). Lastly, the strategies to overcome students’ errors were
coded as using manipulative and re-explaining the misunderstood part of the topic.

The third dimension of teachers’ PCK was their knowledge of curriculum.
The data gathered from VDSQ, interview and classroom observation was analyzed to
identify teachers’ knowledge on connection the topic with other topics and changing
the order of the topics. In the finding section, this dimension was discussed with
respect to descriptions of teachers’ responses, directly. Teachers’ knowledge of
assessment was the last dimension of teachers’ PCK. The data was coded as
summative and formative assessment strategies, which were statedin theliterature
(Lankford, 2010).

After the codes were determined, categories were formed (Merriam, 2009).
The codes were put under categories which were the dimensions of SMK and PCK.
The codes and categories painstakingly were discussed with a mathematics educator.
Before finalizing the data analysis, similar categories were combined and the names
of some cateries were changed. At the end of this process, a final coding scheme was
created (Appendix H).

To ensure the dependability during the coding procedure, which is also
explained in the trustworthiness section, | discussed the codes with my advisor,

firstly and then with my thesis committee members. After reaching agreement with
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my advisor and the thesis committee members, | asked a Ph.D. student in the
mathematics education department at METU to act as a second coder on
approximately 25% of the data. The second coder was trained about the dimensions of
teachers’” SMK and PCK on the volume of 3D solids. I also explained the data analysis
framework of the study and gave the coding scheme (Appendix H) to her to make clear
the codes and their meanings. Both of us analyzed the data and then, we compared our
initial codes to see the commonalities and differences between our codes. The inter-
rater reliability was calculated about 95% through the use of formula suggested by
Miles and Huberman (1994). The inconsistencies were discussed once more and a
consensus was finally reached. All the sub-issues related to the teachers’ knowledge

of the volume of 3D solids is described in detail in the Chapter 1V.

3.9 Trustworthiness

Validity and reliability are important issues that all researchers should take
into consideration when designing a study, analyzing the data and judging the quality
of the study (Patton, 2002). These issues in qualitative research are different from
those in quantitative research (Yildirim & Simsek, 2006). In quantitative research,
validity is defined as “referring to the appropriateness, correctness, meaningfulness,
and usefulness of the specific inferences researchers make based on the data they
collect” (Fraenkel & Wallen, 2006, p. 151) and reliability “refers to the consistency
of the scores obtained-how consistent they are for each individual from one
administration of an instrument to another and from one set of items to another
(Fraenkel & Wallen, 2006, p. 157). However, different views exist about the validity
and reliability concepts and different terminology was used instead of using validity
and reliability in qualitative research (Creswell, 2007; Lincoln & Guba, 1985;
Merriam, 1998; Miles & Huberman, 1994; Stake, 1995; Yin, 2003). Lincoln and
Guba (1985) wused the terms credibility, dependability, transferability, and
confirmability rather than using internal validity, reliability, external validity, and
objectivity, respectively. According to Lincoln and Guba, these terms form the
trustworthiness of the research which exhibits the quality of qualitative research. In

the following part, evidence of the trustworthiness of the study are given.
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3.9.1 Credibility

Credibility in qualitative research, which refers to internal validity, is related
to the congruence of the research findings and the reality (Merriam, 1998). In order
to enhance credibility of qualitative research, Merriam (1998) suggested the
following six strategies; triangulation, member checks, long-term observation, peer-
examination or peer debriefing, participatory or collaborative modes of research and
the researcher’s biases. In this study, triangulation, member checks, peer examination
and long-term observation were employed to ensure credibility.

Triangulation is defined as using multiple sources of data which confirm the
findings of the study (Yin, 2003). There are four types of triangulation; data
triangulation, investigator triangulation, theory triangulation, and methodological
triangulation (Patton, 2002). In the current study, data triangulation and investigator
triangulation were used. Data triangulation is achieved by comparing data from more
than one participant or source. In the current study, | worked with 4 middle school
teachers more than one individual, using multiple sources of data including
questionnaire, semi-structured interviews, classroom observations and field-notes.
Moreover, the investigator triangulation method was applied to increase the
credibility of the study. The investigator triangulation was achieved by comparing
and checking the data analysis and interpretation with more than one researcher. In
order to ensure investigator triangulation, another researcher coded the data and the
codes were examined by my advisor and thesis committee members.

Additionally, member checking, which refers to the participants checking the
data, categories and interpretations were used (Merriam, 1998). During the interview,
the participant teachers and | discussed their responses to the questionnaire. In this
way, | ensured that whether I interpreted the teachers’ responses s correctly.

In addition, peer examination was applied to ensure the credibility of the
study. Merriam (1998) defined peer examination as “asking colleagues to comment
on the findings as they emerge.” (p.204). | asked one of my colleagues with
experience in qualitative research, to participate in coding and categorizing process
of my study. The second coder was trained in the issues of the middle school
teachers’ knowledge of the volume of 3D solids and I explained the data analysis

process to this second coder. Then we analyzed the data separately following a data
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analysis process. Then, we discussed if any inconsistencies existed and reached full-
consensus. Both coders analyzed the data which contained pseudonyms for the
participants in order to eliminate any bias. Also, I regularly discussed the findings of
the study with my advisor and thesis committee members throughout the data
analysis process.

The process of long-term observation also helped me ensure credibility. |
spent about 4 lesson-hours with the teachers every week over a period of two
months. During this time, I observed the teachers’ classes, spent time, and talked

about teaching, learners, context, and curriculum.

3.9.2 Dependability

The second criteria to ensure the trustworthiness of the qualitative research is
dependability which refers to reliability in quantitative research. Reliability is
defined as “ ....the consistency of the scores obtained- how consistent they are for
each individual from one administration of an instrument to another and from one set
of items to another” (Frankel & Wallen, 2006, p.157). In qualitative research,
obtaining the same results is not an issue. However, achieving results which are
dependable and consistent with the data is an issue (Merriam, 1998). To ensure
whether the results are dependable or not, the investigator’s position, triangulation
and audit trail are the strategies that can be used. Triangulation is one of the
strategies to increase the dependability as well as increase the credibility of the study
(Merriam, 1998). Therefore, data triangulation, and investigator triangulation, were
employed in the current study as explained above. Moreover, the investigator’s
position was used to increase the dependability of the study by explaining the theory
behind the study, the criteria for selecting the participants, and the context of the
study (Merriam, 1998). In addition, I discussed the research design of the study, how
I collected and analyzed the data, how | derived the categories and how I interpreted
the categories clearly (Merriam, 1998). Thus, an audit trail was employed to ensure

the dependability of the study.
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3.9.3 Transferability

Transferability, is the third criteria that ensures the trustworthiness of
qualitative research referring to external validity. In other words, it is related to the
generalizability of the results of the study however, Merriam (1998) pointed out that
generalizability is not the concern of qualitative research. Nevertheless, it is possible
to achieve generalizability through a thick description of the study and obtaining
sufficient data. In this study, the context of the study, the criteria for selecting the
participants, the number of the participants, the data collection and analysis methods,
and the time schedule of the study were explained in detail in the method section. In
this way, a rich and thick description regarding the study was provided to ensure the
transferability. Moreover, in order to obtain sufficient data, there was more than one
middle school teacher participant which allowed me to increase the transferability of
the study. By providing sufficient data and a rich description regarding the study,
thus, the findings of the study could be easily shared with other researchers and
mathematics teachers to understand the nature of teachers’ mathematical knowledge

of the volume of 3D solids.

3.9.4 Confirmability

The fourth criteria to establish trustworthiness in qualitative research is
confirmability referring to objectivity. Shenton (2004) emphasized that to ensure the
confirmability of the study, the results of the study must be based on the experiences
and ideas of the participants rather than the researcher. He specified that
confirmability is established using triangulation to reduce the effect of investigator
bias. In addition, a detailed description on the methodology of the study is another
strategy to ensure the confirmability of the study. In this study, triangulation and
detailed description of the methodology of the study was used to establish the
confirmability. Moreover, | used direct quotations (verbatims) in order to decrease

the amount of inferences that | might make.

3.10 Researcher Role and Bias
In qualitative research, the researcher has important role when collecting and

analyzing the data (Merriam, 1998). Due to the fact that researcher is the primary
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instrument throughout the study, s’/he may find what s/he wants to find and interprets
the data how s/he wants (Johnson, 1997). This researcher bias is a potential threat to

(13

validity since “...qualitative research is open ended and less structured than
quantitative research” (Johnson, 1997, p. 284). He further stated that reflexivity is a
tool to understand researcher bias this involves self-awareness and critical self-
reflection about his/her potential bias. In this sense, it is the responsibility of the
researcher to monitor and try to control their biases. Thus, it was very important that
I undertook to reduce my possible bias throughout the study.

Before the study, as a researcher, | met with the participants a few times to
explain the purpose and the data collection procedures of the study in detail. During
these meetings, we had the opportunity to get to know each other personally which
made the participants and me more comfortable during the data collection process. |
also made sure that the participants knew that all the responses to the questionnaire
and the content of video-taped, taken during the interview and classroom
observations, were confidential. Moreover, | explained that | was the only person
who had access to the data and the data was analyzed with pseudonyms given to the
participants to eliminate the bias. As a result of this, participants told me that they
were willing to participate in my study and share their knowledge and experiences
objectively.

Furthermore, the duration of completion of the questionnaire was determined
according to their needs and to avoid the teachers feeling under too much pressure.
Additionally, the participants’ interview times were arranged in terms of timing so
they could take their time to respond. During the interviews, | explained that there
were no correct answers to the questions. Moreover, | emphasized that the only think
that | expected them was to explain their ideas in as detailed manner as possible. In
addition, the participants’ explanations during the interview were summarized after
every question and | asked participants whether | had understood their point of view
correctly.

The classroom observation was the second data source of the study to
triangulate the data gathered from the interview. During the classroom observation, |
video-taped the lecture. However, | might have had an effect on the flow of the

lessons as well as students’ behaviors because of process of video-taping. In order to
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reduce potential disturbance due to the video-taping, | spent time in the classrooms
before the data collection period in order for the participants and the students to
become accustomed to the camera. | also assured the participants that the videos
would only be used for research purposes. In this way, I tried to encourage them to
act naturally during data collection process.

Through explaining my purpose and data collection process clearly to the
participants, undertaking the research with voluntary participants, trying to make the
participants comfortable during the data collection process, and checking my
understanding with the participants regarding their explanations; | aimed to reduce
researcher bias. | hoped that clarifying my own biases will help readers understand

my position, and thus validate the study.

3.11 Ethical Considerations

In order to be able to conduct the study, first, |1 took permission from the
Ethical Committee at METU (Appendix 1) and the Ankara Provincial Directorate for
National Education (Appendix J). They confirmed that the study had no potential to
harm the participants or the students in the classes. For the video-taping during the
interview and classroom observation, the permission was taken from the Ankara
Provincial Directorate for National Education and METU Ethical Committee.
Additionally, | talked with the school administrators about conducting the research in
their schools and obtained their approval. Then | identified the mathematics teachers
who were willing to participate in the study and they signed the consent form.

Frankel and Wallen (2006) pointed out that there are three important issues
related to the ethics in research; avoiding the deception of the participants, protecting
of the participants from harm and ensuring the confidentiality of the data. In this
regard, | ensured all participants that there would be no harm or deception during the
research process that would violate the participants’ rights. In order to ensure
confidentially, 1 made sure that no one else knew the names of the participant
teachers and the school in which they worked. Also, only myself, my advisor, and
the second coder had access to the data collected for the study. For this study | gave
all the participants pseudonyms in this study. Furthermore, the participants were

informed that they could leave the study at any point in time.
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3.12 Assumptions of the Study

There were several assumptions attached to this study. First, as explained
above, all the participants were experienced teachers and they had taught the topic,
the volume of 3D solids, for many years. Due to the fact that teaching experience is
one of the major sources of teachers’ knowledge (Grossman, 1990), I assumed that
they had rich repertoire of SMK and PCK which were the focus of this study.

Another assumption of this study is that I would spend a long time in
participants’ classroom to observe their teaching and this would mean that I would
be able to obtain data pertaining to their knowledge on the volume of 3D solids in a
real sense. After spending time with the participants in their classes, | conducted
semi-structured interviews with them and for this reason, it was assumed that the
participants expressed and shared their knowledge on the volume of 3D solids clearly

and honestly during the interview.

3.13 Time Schedule

The phases of the research were as follows:

Table 3.5 Time schedule for the research

Date Events
January 2011- June 2011 e Planning the design of the study
July 2011-October 2011 e Development of data collection tools

(questionnaire, observation protocol and
interview protocol)
e Selecting and meeting the participants

November 2011- January 2012 ¢ Pilot study of the instrument
e Obtaining permission from the METU
Ethical ~Committee and  Ankara
Provincial Directorate for National
Education
February 2012- March 2012 e Data analysis of the pilot study
e Revision of the instruments in light of
the pilot study
e Preparation of the last version of
instruments

March 2012- May 2012 e Data collection
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June 2012- August 2012 e Transcription of the video-taped of
interviews and classroom observations

September 2012- November 2012 o Data analysis

December 2012- ..... e Writing up the dissertation

In the next chapter, the findings of the study are presented.
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CHAPTER IV

FINDINGS

The general aim of this study is to examine the knowledge of four middle
school mathematics teachers of the volume of 3D solids. This chapter presents the
findings of the research study under two main sections and related sub-sections. In
the first section, the four middle school mathematics teachers’ subject matter
knowledge about the volume of 3D solids was analyzed under two headings:
knowledge of alternative solution methods, and knowledge of generating a story
problem. The second section summarizes the four middle school mathematics
teachers’ pedagogical content knowledge of the volume of 3D solids. This section
was subdivided into fourheadings: knowledge of instructional strategy, knowledge of
learners, knowledge of the curriculum and knowledge of assessment. Under the each
heading of middle school teachers” SMK and PCK, the detailed explanation was

summarized with related vignettes taken from the interviews and the observations.

4.1 Middle School Mathematics Teachers’ Subject Matter Knowledge

One of the aims of this study was to investigate the middle school
mathematics teachers’ subject matter knowledge of the volume of 3D solids. The
analysis revealed that the middle school teachers’ subject matter knowledge showed
variety based on the data gathered from the questionnaire, interview, classroom
observation and field notes. In this manner, the analysis of SMK of the middle school
teachers referred to the investigation of teachers’ knowledge of alternative solution
methods, and their knowledge of how to generate a story problem. The analysis was
based on available literature, participants’ explanations and my own experiences with

the data.
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4.1.1 Knowledge of Alternative Solution Methods

The middle school teachers’ knowledge of alternative solution methods
emerged from the data as one of the dimensions of the teachers” SMK. In the
volume of 3D solids questionnaire (VSDQ) (Appendix A), the middle school
teachers asked to propose alternative solution methods for the questions related to the
calculation of the volume of 3D solids. The middle school teachers were specifically

asked the following questions:

How many unit cubes constitute the square prism?

a) Write down all the methods that you know which could be used to answer the

question.

Figure 4.1 Question 1

How many unit cubes remain when one layer of unit

cubes is removed from all faces of square prism?

a) Write down all the methods that you know which could be used to answer the

question.

Figure 4.2 Question 2

The analysis of the questionnaire, and interview transcripts revealed that the
four middle school teachers proposed the following four alternative solution
methods; volume formula, systematic counting, layer counting and column/row
iteration. According to the analysis of the data, volume formula was emphasized by
all participant teachers. However, systematic counting was proposed to calculate the
volume of 3D solids by Mrs. Akay and Mr. Esen. On the other hand, Mrs. Kaya and
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Mrs. Uzun proposed layer counting and column/row iteration methods to answer the
questions. The summary of the solution methods for the each question is given in

Table 4.1 and discussed in the following section.

Table 4.1 The solution methods proposed by the middle school teachers

Mrs. Kaya Mrs. Akay Mr. Esen Mrs. Uzun
Question 1 | e Volume e Volume ¢ VVolume e VVolume
formula formula formula formula
o Layer e Systematic e Systematic e Layer
Counting counting counting Counting
e Column/Row e Column/Row
Iteration Iteration
Question 2 | e VVolume e \/olume e Systematic Could not
formula Formula counting develop any
correct
method

4.1.1.1 Volume Formula

One of the alternative solution methods that the middle school teachers
proposed to calculate the volume of 3D figures was volume formula. Battista and
Clements (1996) defined volume formula as multiplying the depth, the width and the
height of the prism. Based on the analysis of the data, all the middle school teachers
defined volume formula as multiplying the lengths of three edges or multiplying the
area of the base of the prism by its height.

As shown in Table 4.1, four teachers proposed volume formula to calculate
the volume of 3D solids. As an example, Mrs. Kaya’s explanation for the question 1
was presented below.

The bases and the height, namely the volume could be calculated with
the volume formula. How is that done? It can be achieved by counting
the number of unit cubes in the height and in the edges of bases by
finding the volume from a x b x ¢ or by saying the base is a rectangle
and [you] multiply the base with the height [of the prism] to answer the
question.

Taban ve yiikseklik yani hacim formiilii ile hacim hesap edilebilir. O da

nasil? Yiikseklik ve tabanin kenarlarindaki birim kiipleri sayarak a.b.c.
den hacmini buldurarak yapilabilir. Ya da tabanmi bir dikdortgendir ve
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soruyu ¢ozmek icin tabamn alamini, [prizmanin] yiikseklikle ¢carparsiniz
denebilir.

In addition, Mrs. Akay proposed volume formula method to calculate the
volume of 3D solids and stated:

In fact, when the students are in 6™ grade, we explain that multiplying
the width, depth and height gives the volume with the help of
associative rule. They can find it [the volume] with this method. When
they are in the 8" grade, we formulate this, multiplying the area of the
base by the height. They see all phases from the primary school. The
most advanced form is using the formula of multiplying the area of the
base with the height.

Ashinda ogrencilere 6. Simifa geldiginde birlesme ozelliginden
yararlanarak en, boy,ve yiiksekligin ¢arpumimin hacim oldugunu
anlatiyoruz. [Ogrenciler] bu methodla bulabilirler. Ogrenciler 8. sinifa
geldigi zaman bunu formiilize ediyoruz, Taban Alam x yiikseklik.
llkokuldan itibaren biitiin agsamalari goriiyorlar. En gelismis halide
formiille yapilan, taban alan x yiikseklik.

Based on the data gathered from classroom observation, all the teachers
frequently used the volume formula method to calculate the volume of 3D solids in
their lessons. The examples from each teacher’s lesson are presented below.

The first example related to using the volume formula method was observed in

Mrs. Kaya’s lesson.

What is the volume of chock whose
shape is right triangle prism in the figure?

(Sekildeki dik tiggen prizma seklindeki
takozun hacmi ka¢ cm® tiir? )

1.2cm

Figure 4.3 An example from Mrs. Kaya’s lesson

Mrs. Kaya explained that to calculate the volume of a prism, the base area of
the prism and its height are multiplied. Then she clarified that the base of the prism is
a right triangle with right edges of 1.2 cm and 1.6 cm and the height of the prism is

10 cm. Then she solved the problem as follows:
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V= the base area x the height

~ 1.2x1.6 4
V= 5 .
V=0.96 x 4

V=3.84 cm®

Mrs. Akay asked her students to solve the following problem taken from the

textbook.

Calculate the volume of the barn.

(Yandaki ahirin hacmini hesaplayiniz.)

12
Alm m

12 m

6.2m

(MoNE Textbook 8" grade, 2010, p. 130)

Figure 4.4 An example from Mrs. Akay’s lesson

After the teacher asked the problem, students tried to solve it. After a short
time, Mrs. Akay explained the solution using the volume formula method. She wrote
the formula on the board and put the numbers on the formula. Her solution is
presented below:

volume of the volume of the

Volume of the barn=__ o+ .
triangular prism rectan gular prism

VVolume of the triangular prism = area of the base x height
6.2x2.4
= T.lZ
=89.28 m®
Volume of the rectangular prism = area of the base x height
=6.2x3x12
=223.2m°
Total volume = 89.23 + 223.2

=312.48 m®
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Similar to Mrs. Kaya, Mr. Esen asked his students a problem pertaining to a

triangular prism as given below:

What is the volume of the triangular

4 cm 5cm prism ?
4\NYecm (Yanda verilen ii¢gen prizmanin hacmi
kactir?)

Figure 4.5 An example from Mr. Esen’s lesson

As the first step to solve the problem, Mr. Esen aimed to find the unknown
length of the side-face [the height] of the prism by applying the Pythagorean

Theorem. He defined the height as h and his solution was as follows:

(4V5)° = h? + 4

80 =h%+ 16
h? = 64
h=8 cm

Then he stated that the length of unknown edges of the triangle should be
found to calculate the base area of the triangular prism. Accordingly, he explained
that one of the right edges of the triangle was 4 when the net of the triangular prism
was closed. After that, he reminded his students of the 3,4,5 triangle which he
previously taught. Then, he drew the closed figure of the triangular prism and

calculated its volume using the volume formula.
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8cm
4c

3

5cm

Figure 4.6 Mr. Esen’s solution of the problem presented in Figure 4.5

Lastly, Mrs. Uzun asked a problem related to the calculation of the volume of
a regular hexagonal prism and she solved the problem using the volume formula
method.
Problem: Find the volume of regular hexagonal prism in which the edge
of the base is 4 cm and the height is 10 cm.

Tabanimin bir kenart 4 cm ve yiiksekligi 10 cm olan diizgiin altigen
prizmanin hacmini bulunuz.

Before calculating the volume of the prism, Mrs. Uzun reminded her students
how to calculate the area of the hexagon. Then she calculated the volume of regular

hexagonal prism, as follows:

6a%/3
Area of the hexagon= 4
62’43
Volume of the prism= 1 X h
6 x4
V= x—\/§X10
4
= 24/3x10
= 2403 cm®

All four middle schoolteachers proposed the volume formula method as one
of the ways to calculate the volume of 3D figures and all the teachers mostly used
this method in their lessons (Table 4.1).
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4.1.1.2 Systematic Counting

The analysis of the data revealed that 2 of middle school teachers proposed
systematic counting as an alternative method to calculate the volume of 3D solids.
Battista and Clements (1996) defined the method as “students counts cubes
systematically, attempting to count both inside and outside cubes. He or she might,
for instance, count the cubes on all the outside faces, and then attempt to determine
how many are in the center.” (p. 263).

Mrs. Akay and Mr. Esen emphasized the systematic counting method to
calculate the volume of 3D figures. Both teachers explained that if the prism was
presented as in the question 1, the unit cubes might be counted on both inside and
outside of the prism. Similarly, Mr. Esen specified this method for the solution of
question 2 as presented below:

Now, do we count the cubes on the outer faces? If we count them, here
[the length of the width, depth and height] lessened. The reminder of
the cubes constitute a rectangular prism. The rest of the unit cubes
could be counted one by one.

Simdi dis yiizeydeki kiipleri aliyoruz demi? Onlart alinca burast
kiiciiliir. Geri kalan da dikdortgenler prizmasi olur. Kalan kiipler birer
birer sayilabilir.

Although this method was specified in the literature (Battista & Clements,
1996) as an elementary students’ method to calculate the volume of prism, only 2 of
the 4 middle school teachers (Mrs. Akay and Mr. Esen) emphasized this as a solution
to questions 1 and 2 on the questionnaire. However, Mrs. Kaya and Mr. Uzun did not

use this method in their lessons (Table 4.1).

4.1.1.3 Layer Counting

The analysis revealed that middle school teachers gave layer counting as
another alternative solution method. Similar to the volume formula and systematic
counting methods, Battista and Clements (1996) explained layer counting as “the
student conceptualizes the set of cubes as forming a rectangular array organized into
layers.” (p. 263). In other words, layer counting means counting the number of unit
cubes in one layer, and then multiplying this number by the number of layers or

using addition to obtain the total.
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As shown in Table 4.1, only two participants (Mrs. Kaya and Mrs. Uzun)

proposed layer counting to solve question 1. Mrs. Kaya’s explanation is presented

below.

| thought that there are 16 unit cubes at the bottom layer and there are 3
layers. For this reason, the total could be calculated as 16+16+16.

Alt katmanda 16 birim kiip var ve 3 katman var diye diisiindiim. Bu
yiizden, toplam16+16+16 seklinde hesaplanabilir.

Mrs. Kaya used this method to solve a problem in her lesson. She asked the

students how they would calculate the number of unit cubes in the rectangular prism

given below.

Figure 4.7 An example from Mrs. Kaya’s lesson

Students said that they could find its volume by multiplying three edges
(width, depth and height) of the rectangular prism. In other words, students proposed
to use the volume formula method. Then Mrs. Kaya showed her students different

methods to calculate the number of unit cubes. One of her method is given in Figure

4.8:

VA N

4 x 2= 8 unit cubes (in one layer)

Since there are 5 layers,
> 5 layers 8 x 5= 40 unit cubes

11/
— 4 x 2= 8 unit cubes (in one layer)

Figure 4.8 An example of using layer counting from Mrs. Kaya’s lesson
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On the other hand, although Mrs. Uzun referred to layer counting method
during interview, she did not explain this method in her lesson. However, Mrs. Akay
and Mr. Esen did not explain the layer counting method during their lessons or the

interview.

4.1.1.4 Column/Row Iteration

The analysis of the data showed that middle school teachers proposed
column/row iteration as an alternative solution method to calculate the volume of 3D
solids. Similar to other methods, this was also defined by Battista and Clements
(1996) as “students count the number of cubes in one row or column and use skip-
counting (pointing to successive rows or columns) to get total” (p.263).

Similar to the layer counting method, Mrs. Kaya and Mrs. Uzun emphasized
the use of the column/row iteration method only for question 1 (Table 4.1). Below is
the related vignette from Mrs. Uzun’s interview.

The number of unit cubes in each row might be counted. Namely, |
thought that there are 4 unit cubes in each row. How many rows are
there? 12 rows; 4 x 12=48.

Her siradaki birim kiipler sayilabilir. Yani her sirada 4 tane birim kiip

var diye diistindiim. Kag tane sira var? 12 sira. 4 x 12=48.

Another example of using column/row iteration was explained by Mrs. Kaya as
shown in Figure 4.9:

There were 3 unit cubes here, 3 here, 3 here...[Presented in the figure].

Namely, it occurs by counting. It was not 1,2,3; by counting 3 by 3.

Burada 3 tane kiip vardir, burada da 3, burada da 3[sekilde gosterildi].
Yani sayarak olmus oluyor 1,2,3 diye degil de 3 er 3 er sayarak.

(%

Figure 4.9 Mrs. Kaya’s explanation of example of using column/row iteration
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Additionally, Mrs. Kaya focused on this method to solve the question that she
presented in her lessons. As mentioned before, Mrs. Kaya asked her students the
number of unit cubes in the rectangular prism given in Figure 4.7.

As stated above, the students solved the problem using a volume formula,
then Mrs. Kaya solved it using the layer counting method. Moreover, Mrs. Kaya
solved the problem using the column/row iteration method as follows:

Mrs. Kaya wrote the number of unit cubes in each column by adding the

previous one to obtain the total.

5 10 /15 720
2 30 35 40

Figure 4.10 An example of using column/row iteration from Mrs. Kaya’s lesson

As with the layer counting method, Mrs. Akay and Mr. Esen did not refer to
this method to calculate the volume of 3D solids (Table 4.1).

To summarize the analysis of the data it showed that the four middle school
teachers proposed the four following methods; volume formula, systematic counting,
layer counting and column/row iteration. Although the first method was indicated as
a way of solving the problem in the question 1 by all the teachers, systematic
counting was denoted by Mrs. Akay and Mr. Esen to solve questions 1 and 2. Layer
counting and column/row iteration methods were only specified by Mrs. Kaya and

Mrs. Uzun for solving question 1 (Table 4.1).

4.1.2 Knowledge of Generating a Story Problem

As presented above, based on the analysis of the data, one of the dimensions
included in the middle school teachers’ SMK was their knowledge of generating
story problems. In this study, this knowledge type was investigated under middle

school teachers’” SMK since Ball (1990a) defined as teacher’s being able to
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“understand the subject in sufficient depth to be able to represent it appropriately and
in multiple ways-with story problems, pictures, situations, and concrete materials”
(p. 458). Inthe VDSQ (Appendix A), the middle school teachers asked to generate a
story problem regarding the volume of 3D solids using the numbers and terms as
given in Figure 4.11.

Using a cornet, the length of arc, 15, radius and 54, generate a story problem which

involves the volume formula.

Figure 4.11 Question 8

Based on the analysis of the questionnaire and interview transcripts, Mrs.
Akay, Mr. Esen and Mrs. Uzun did not want to generate a problem. After a while,
Mrs. Uzun outlined the problem given below:
54 can be the length of the arc and 15 can be the radius. Because the arc
is longer than the radius. Like this.

54 yay uzunlugu olabilir, 15 de yaricap olabilir. Ciinkii yay, yarigaptan

uzundur. O sekilde.

However, Mrs. Uzun did not generate a story problem which includes the
volume of the cone. She only guessed the meaning of the numbers in the question.
Similar to Mrs. Uzun, Mrs. Akay tried to generate a problem but she was not able to
use the terms, radius and the length of the arc as shown below. For this reason, her
question did not meet the expectations.

The problem could be; find the volume of the cone whose base area is
54 and height is 15. But the problem should include the length of the
arc and the radius.

Soru taban alam 54, yiiksekligi 15 olan koninin hacmini bulunuz
seklinde olabilir. Ama sorunun yay uzunlugu ve yari¢api igermesi
gerekiyor.

Furthermore, Mr. Esen could not make any interpretation regarding the
problem which could be created using the cornet, the length of arc, 15, radius and 54.
Only Mrs. Kaya was able to generate a problem and she solve it correctly. Her

problem was as follows:
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Find the volume of the cornet in which the length of the arc is 54 and
the length of the generatrix, namely the radius of sector, is 15.

Yay uzunlugu 54 cm ve ana dogrusunun uzunlugu yani daire diliminin

varigapt 15 cm olan kiilahin hacmini bulunuz.

Generating story problems, which “give us a view of [teachers’]
understanding” (Ball, 1990a, p.453) is one of the dimensions of SMK. However,
three teachers (Mrs. Akay, Mr. Esen and Mrs. Uzun) were not successful at
generating a problem. On the other hand, Mrs. Kaya was able to generate an

appropriate problem using the terms and the numbers.

4.2 Middle School Mathematics Teachers’ Pedagogical Content Knowledge

As it was presented, one of the aims of this study was to examine middle
school mathematics teachers’ pedagogical content knowledge on the volume of 3D
solids. The analysis of the data collected from the questionnaire, interview and
classroom observation revealed that the middle school teachers’ pedagogical content
knowledge (PCK) could be categorized under the following four dimensions;
knowledge of instructional strategy, knowledge of learners, knowledge of curriculum
and knowledge of assessment. These dimensions of teachers’ PCK are explained in

detail in the following sub-sections.

4.2.1 Middle School Mathematics Teachers’ Knowledge of Instructional
Strategy

Another dimension of middle school teachers’ PCK was knowledge of
instructional strategy. Teachers’ knowledge of topic-specific instructional strategies
was emerged from the data. In the current study, topic-specific instructional
strategies involve appropriate strategies to teach particular mathematics topics. Based
on the analysis of the data gathered from observations, topic-specific strategy
implemented by teachers were teacher-centered and less teacher-centered enriched

with class discussion.
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4.2.1.1 Teacher-Centered Instruction

In the current study, teacher-centered instruction refers to providing clear
explanations and examples, checking students’ understanding by asking them
questions and using manipulative to help students envisage the 3D solids.

The data revealed that all the teachers mostly applied teacher-centered
approach to teach the volume of 3D solids. Initially, they introduced the topic, for
instance; the volume of prism. Then they asked questions to identify students’ prior
knowledge regarding the topic. Below is a transcript of part of Mr. Esen’s lesson:

Mr. Esen: What is the volume?

Std: The multiplication of the area of the base and the height.
Mr. Esen: Okay, how can we calculate the volume of all prisms?
Stds: By multiplying the area of the base and the height.

After eliciting students’ prior knowledge about the volume of the prism, all
teachers provide clear explanation of calculating the volume of 3D solids. As an

example, a further except from Mr. Esen’s lesson is given.

In its simplest form, it is the multiplication of the width, depth and
height. The multiplication of the three edges [of the prism]. When | said
multiplication of the width and depth, you understood that to be the area
of the base. In that case, what is the volume of all prisms? The
multiplication of the area of the base and the height. If the base is a
triangle, then it is the multiplication of the area of the triangle and the
height. If the base is rectangle, then it is the multiplication of the area of
the rectangle and the height. Briefly, V= area of the base x the height.

En basit haliyle en, boy [derinlik], yiiksekligin ¢carpimidir. [Prizmanin]
Ug tane kenarinmin ¢arpimi. En ve boy [derinlik] dedigim zaman, taban
alam oldugunu anliyorsunuz. O halde, biitiin prizmalarin hacmi nedir?
Taban alan ile yiiksekligin ¢arpimi. Eger taban iiggense ii¢genin alani
ile yiiksekligin ¢arpimi. Dikdortgense, dikdortgenin alani ile yiiksekligin
carpimi. Kisaca, V= Taban alani x yiikseklik.

The example provided above from Mr. Esen’s explanation was a highly
representative example of Mrs. Kaya, Mrs. Akay and Mrs. Uzun’s explanations in
calculating the volume of 3D solids.

Later, all teachers provided an exemplary problem, which was first solved by
the teacher. At this point, they emphasized the important points of the problem that
students should be aware of. After that, the students worked on the other problems on

the blackboard. One of the problems from Mrs. Uzun’s lesson was:
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Question: Find the volume of square prism with one edge of length 3
cm and a height of 7 cm.

Soru:Tabanimin bir kenar uzunlugu 3 cm ve yiiksekligi 7 cm olan kare
prizmanin hacmini bulunuz.

While students were copying the question into their notebooks, Mrs. Uzun
drew the figure of the square prism (Figure 4.12) on the board. Then she wrote the
given lengths on the figure so the students could visualize the prism. Mrs. Uzun
encouraged the students to solve the question on the board to check students’

learning.

7cm

3cm

3cm

Figure 4.12 Figure of the question Mrs. Uzun asked

Like Mrs. Uzun, all participating teachers used similar figures for all
questions they asked and solved when teaching the volume of 3D solids. Apart from
explaining the question using representations, the four teachers also used
manipulative to help the students envisage and visualize 3D solids. For instance,
Mrs. Kaya constructed a 2x3x4 rectangular prism with unit cubes and then asked the
number of unit cubes in the rectangular prism. The figure of 2x3x4 rectangular prism

was given below.

A=

Figure 4.13 Figure used by Mrs. Kaya to indicate 2x3x4 rectangular prism
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Using the figure, Mrs. Kaya said:

As you can see, there are 8 unit cubes in the 1% layer. Because there are
3 layers, 8 is multiplied by 3. What did we do? By calculating the
number of unit cubes on the 1% layer, actually we calculated the base
area of the prism. Then since the height of the prism is 3, by
multiplying by 3, we multiplied the base by the height.

Gordiigiiniiz gibi, birinci katmanda 8 birim kiip var. 3 katman oldugu
icin, 8 ile 37ii carptik. Ne yaptik? Birinci katmandaki birim kiip sayisini
bularak aslinda prizmanin taban alanmm bulduk. Sonra 3 ile ¢carparak,
taban alanim yiikseklikle ¢carptik. Ciinkii prizmanin yiiksekligi 3.

Using the prism formed by unit cubes, she aimed to help the students
comprehend the logic behind the multiplication of the lengths of three edges.

In this type of instruction, teachers implemented activities to attract students’
attention and the students were the passive listeners during the activity. For instance,
Mrs. Akay conducted a small activity using manipulative to make the students realize
the relationship between the volume of prism and pyramid. She utilized one hollow
square prism and one hollow square pyramid, which had the same length of the edges
of the base and the same height. She filled the pyramid with water and afterwards
poured this water from the pyramid to the prism. She repeated this until the prism
was filled with water. At the end of the activity, Mrs. Akay explained that to fill the
prism with water, they should pour water three times. In other words, she explained
that the volume of prism equals to three times of the volume of pyramid. Similar
activities were performed in other teachers’ lessons. As it could be seen, the teachers
used the manipulative and performed the activity on their own. In other words, these
activities were teacher demonstrations and not student investigations. To sum up, all
teachers’ instruction was mostly dependent on the transfer of knowledge from

teacher to learners.

4.2.1.2 Less Teacher-Centered Enriched with Class Discussion

The analysis of the data showed that less teacher-centered enriched with class
discussion was another topic-specific instructional strategy implemented by two
teachers (Mrs. Kaya and Mrs. Akay) to teach the volume of 3D solids. The basis of
this strategy is that teacher is not the only source of the knowledge. Teachers shared
the responsibility of explaining the topic with their students; thus, there was a good

119



amount of dialog between the students and the teacher. Thus, questioning and
discussions were integrated into teaching process. Also, teachers had less control on
the learning process than they had in the teacher-centered instruction.

Contrary to the use of teacher-centered instruction, only two teachers (Mrs.
Kaya and Mrs. Akay) applied less teacher-centered enriched with class discussion to
teach the volume of 3D solids. Both teachers required students make presentations
related to the topic before they taught it. In this manner, during our conversations,
Mrs. Kaya explained:

At the beginning of the semester, | divided the students into groups.
Each group determined the topic that they wanted to present. Then, |
explained my criteria for them to get high points for their presentations.

Donemin basinda ogrencileri gruplara aywdim. Her grup anlatmak
istedigi konuya karar verdi. Daha sonra, yiiksek puan almalar: icin
sunumlarindan neler bekledigimi anlattim.

When | asked what her requirements were, she replied:

I wanted them to explain topic using representations, daily-life
examples, and manipulative. The important issue for me was to discuss
the topic with the class.

Gosterimler, giinliik hayat ornekleri, ve materyal kullanarak konuyu
anlatmalart istedim. Benim i¢in en onemli noktamin konuyu sinifla
tartismalart oldugunu vurguladim.

While collecting the data, I observed Mrs. Kaya’s students’ presentation
regarding the volume of 3D solids. As Mrs. Kaya’s requirements, students tried to
create discussion environment by questioning their friends. For instance,

Presenter-1 (Pr-1): How can we know how much water that this box
[showing the rectangular prism] can contain?

Student-1 (Std-1): We could calculate the volume of the box [showing
the rectangular prism].

Pr-1: Yes, that is correct. But how?

Std-2: We can calculate the area of the base of the box. Then we
multiply it by the height of the box.

Pr-1:Yes, you are right. To calculate the amount of water in the box
[the rectangular prism], we can multiply the base area of the box by its
height.

120



Afterwards, the students wrote the formula on the board. As Mrs. Kaya
requested, the presenters emphasized daily-use of the volume by asking the question
as how much water this box takes.

Moreover, Mrs. Akay applied a less teacher-centered enriched with class
discussion as a topic-specific strategy to teach the calculation of the volume of 3D
solids. Part of her instructional strategy is presented below.

Mrs. Akay: | want you to think about the relationship between the
volume of cone and cylinder. In the next lesson, we will discuss this
question. Each student should think about the question.

In the next lesson
Mrs. Akay: | asked a question yesterday. What do you think is the
relationship between the volume of a cone and a cylinder.
Std-1: The volume of the cone can be calculated by dividing the
volume of cylinder by 3.
Mrs. Akay: Why?
Std-2: We learnt this in the private course.
Mrs. Akay: Okay, so you know how to calculate the volume of cone.
But how can you explain the reason for dividing the volume of cylinder
by 3?
Std-3: Teacher, we can do the same thing as you did when teaching the
volume of the pyramid. We can fill water in the cone and pour it into a
cylinder then repeat until the cylinder fills with water. We can count
how many times we pour water from the cone into cylinder.

Mrs. Akay: Good, as your classmate said, we did the same thing when
learning about the volume of the pyramid. The relationship between the
volume of a prism and a pyramid is the same as the relationship
between the volume of a cone and a cylinder. In other words, we can
say that while calculating the volume of cone, we divide the volume of
cylinder by 3. Is that correct? Can we explain like this?

Stds: Yes.

Mrs. Akay: Is this explanation sufficient?

Stds: Yes.

Std-2: Teacher, we explained the volume of pyramid in the same way.

Mrs. Akay: Now | am asking whether this explanation is sufficient. Or
does it need some additional information?

Std-4: Humm...The base and height of them should be the same.

Mrs. Akay: Good. This is important. Now, what can you say related to
calculating the volume of a cone?

Std-5: The division of “the multiplication of the area of the base with
height” by 3.

Mrs. Akay: Yes, you are correct. Now, | will write the formula on the
board. At the same time, you can copy it into your notebooks. Then we
will solve some problems.
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Regarding the less teacher-centered enriched with class discussion instruction,
this can be seen in the excerpts from the transcripts of Mrs. Kaya and Mrs. Akay’s
lessons. Both teachers shared the responsibility of explaining the topic with the
students. The students were more active during the learning process. By questioning
the whole class and encouraging them to make a presentation related to the volume
of 3D solids, Mrs. Kaya and Mrs. Akay applied less teacher-centered enriched with
class discussion instruction. The next section presents the teachers’ knowledge of

learners.

4.2.2 Middle School Teachers’ Knowledge of Learners

The third dimension of middle school teachers’ PCK was the knowledge of
learners. As a result of the analysis of the data, the teachers’ knowledge of learners in
relation to the calculation of the volume of 3D solids were identified under four
areas, namely; the students’ preferences among solution methods, the interpretations
of students’ alternative solution methods, students’ errors and the sources of these

errors, and the strategies to overcome the errors in the volume of 3D solids.

4.2.2.1 Middle School Teachers’ Knowledge of the Students’ Preferences among
Solution Methods

In order to understand the teachers’ knowledge of the solution methods that the
students prefer in order to solve the questions regarding the volume of 3D solids, the
data gathered from questionnaire, interview and classroom observation were
analyzed. According to this analysis, the teachers gave different solution methods
that students might prefer to solve the questions related to the volume of 3D solids.
Table 4.2 gives a summary of the teachers’ knowledge of students’ preferences for
different solution methods that they would use to calculate the volume of 3D solids.

Table 4.2 was given below.

Table 4.2 Students’ preferences on different solution methods

Mrs. Kaya Mrs. Akay Mr. Esen Mrs. Uzun
Strategies eVolume e Systematic e Systematic o Layer
formula counting counting counting
e Volume e VVolume e VVolume
formula formula formula
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As it was seen in the Table 4.2, four teachers considered that their students
would use the volume formula. However, one teacher (Mrs. Kaya) only gave a single
suggestion. Additionally, 2 teachers also chose systematic counting and another
teacher suggested that the students would use layer counting. Mrs. Kaya said that her
students always used volume formula to calculate the volume of 3D solids and she
explained this as follows:

Students focus on reaching the correct solution via the shortest way.
They find using formula very practical. They prefer to do calculations
by memorizing the formula.

Osrenciler kisa yoldan dogru sonuca ulasmaya odaklaniyorlar. Formiil
kullanmayr ¢ok pratik buluyorlar. Formiilii ezberleyip islem yapmayi
tercih ediyorlar.

This is supported by Mrs. Kaya’s response to question 2 in the VDSQ:

Students could eliminate the outer faces of the prism one by one. To
find the remainder of the unit cubes, they could subtract the length of
the edges and then use volume formula. They could reach the answer by
counting the unit cubes one by one but they prefer to solve with the
formula.

Osrenciler dis yiizeyleri ¢ikarabilirler. Kalan kiipleri bulmak icin,
kenar sayilarini eksiltip hacim formiiliinii kullanabilirler. Kiipleri tek
tek sayarak da sonuca ulasiwrlar fakat formiille ¢ozmeyi tercih ederler.

Mrs. Akay and Mr. Esen responded that their students could use systematic
counting method. That is, they can count the number of unit cubes one by one to
calculate the volume of prism. Mrs. Akay commented as follows:

Students do not like using the formula. They prefer to do by counting if
the solid is comprised of the unit cubes. It is difficult even for 8" grade
students to use the formula, so they count the unit cubes.

Formiil kullanmayr sevmiyorlar. Eger cisim birim kiiplerden olusmussa
sayarak yapmayt tercih ederler. Yani 8. Sinif ogrencisine bile formiilii
kullanmak zor geldigi icin birim kiipleri sayarlar.

Mrs. Uzun considered that her students might use the layer counting method to
calculate the volume of the prism given in Figure 4.14 and said:

Students mostly find one layer by multiplying 4 by 4. Then they find
the 2" layer and 3" layer. Thus the students mostly use the layer
counting method if the figure is given visually.
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Osrenciler daha ¢ok 4 ile 4 i carparak bir katmani bulurlar. Sonra, 2.
katmani, 3. katmani bulurlar. Yani gorsel olarak sekil verildiyse daha
cok katman hesabini kullanirlar.

— 16 unit cubes

» 16 unit cubes

> 4 x 4= 16 unit cubes

Figure 4.14 Mrs. Uzun’s presentation of using the solution method: Layer counting

In conclusion, according to participating teachers, most of the elementary
students prefer to use volume formula method to calculate the volume of 3D solids.
The data gathered from classroom observations supported this finding since the
participating teachers and their students mostly used the volume formula while

calculating the volume of 3D solids in their mathematics lessons.

4.2.2.2 Middle School Teachers’ Interpretations of Students’ Alternative

Solution Methods

In order to examine middle school teachers’ knowledge on students’
alternative solution methods, the data gathered from the VDSQ and interviews were
analyzed.

In VDSQ, the teachers were presented with students’ alternative solution
methods, asked to interpret these solutions and asked to give the reasons for their
interpretations. The four middle school teachers’ interpretations of students’ solution
methods displayed diversity in terms of the correct or incorrect interpretations as

presented in the next sub section.

4.2.2.2.1. Middle School Teachers’ Correct Interpretations of Students’ Correct
Solution Methods
According to the middle schoolteachers, the elementary students solved the

given questions correctly using three different solution methods: volume formula,
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layer counting and systematic counting. The teachers stated that the students used
these methods for solving different questions. In the following subsection, the

teachers’ interpretations were presented in terms of the method that students used.

4.2.2.2.1.1 Volume Formula
The analysis of the data revealed that the middle school teachers were able to
interpret students’ solution methods easily if students solved the question with

volume formula. Question 4 (Figure 4.15) is given as an example.

= Mrs. Aksoy asked the volume of the cube and her students
gave the answer 27. Mrs. Aksoy realized that her students
solved the question using different solution methods.
Although some solution methods were correct, some of them
were incorrect.

a) What solution methods were used by the students who solved the problem

correctly? Please explain.

Figure 4.15 Question 4

All the middle school teachers stated that students found the volume of prism
presented in question 4 as 27 using the volume formula method. For instance, Mrs.
Uzun explained that “the base area of the prism is 9 (3x3) and the height of the prism

is 3. So, the volume is 27 (9x3).”
Additionally, Mrs. Kaya, Mrs. Akay and Mr. Esen agreed that Kuzey used the

volume formula method to calculate the volume of prism in Question 5 (Figure 4.16).

7 Students; Ela, Eren, Kuzey, Yagmur and Berke calculated
the volume of prism, presented above, in different ways
but they found the same result. Their solutions were given
below:
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Ela’s Solution: Eren’s Solution:

26 X 2= 52 6+6=12

8x2=16 4+4=8

52- 16= 36 12+8+4=24

36- 12=24

Kuzey’s Solution: Yagmur’s solution:

4x3=12 6+6=12

12x2=24 4+4+4=12
12 +12=24

Berke’s Solution:

4x 3x 2=24

b)Explain students’ solution methods in your own words.

Figure 4.16 Question 5

Regarding Kuzey’s solution method, Mrs. Kaya explained her response as
follows.

Kuzey used the formula which was the multiplication of the base area
of the prism and the height of the prism. He found the base area and
then he multiplied it with the height. In other words, he found the
volume.

Kuzey, taban alam x yiikseklik formiiliinii kullanmis. Taban alanini
bulmus ve yiikseklikle carpmis. Yani hacmi bulmus.

Apart from Kuzey, four teachers interpreted Berke’s solution in question 5 as
multiplying the length of three dimensions [width, height and depth] of the prism. In
other words, according to the teachers, Berke used volume formula.

Furthermore, the middle school teachers were able to explain students’
solution method easily if students had solved the question 6 using the volume

formula (Figure 4.17)
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A piece of cheese was cut into a right triangular
prism on the left side. The cheese was cut into 20
equal slices, what is the volume of each slice?

15¢c
40 cm

Mr. Acar asks the class the question given above and he encounters different
solution methods.

Yanki’s Solution: Asya’s Solution: Yaman’s Solution:
a* =b’+ ¢? _15.25 a*=b*+ ¢’
952 = 152 4 (2 V= - 40 252 = 152 4 2
625 =225+ ¢° V= 7500 625 = 225+ ¢*
400 1:5C20 = ¢=20 The volume of one slice 400=c"= =20
V="-—"40 7500 =375 @ =2
2 20 20
V= 6000 ye 15:20
The volume of one slice T
6000 300 V=300
20

Ada’s Solution: Ilgaz’s Solution:
a’=h?+ ¢ a° = b’ + ¢
25% = 15°+ ¢? 252 =157+ ¢?
625 = 225+ ¢? 625 = 225 + ¢
400=c* = ¢=20 400=c*=> ¢=20

40.20.15 15.20 25x
v= e 2T = x=12

2 2 2
V= 6000 _40.25.12 _
The volume of one slice | V= 2 = V=600
6000 _ 559 The volume of one slice
20 6000 _ 300
20

a) In your opinion what process do Mr. Acar’s students consider when giving
their answer.

Figure 4.17 Question 6

In this question, the middle school teachers explained that Yanki, Yaman, and
Ada calculated the volume of prism using volume formula. Mrs. Kaya explained

Yanki’s solution as follows:
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He found the right edge (c) from the Pythagorean Theorem. Then he
found the volume of the figure using the volume formula. So, he
multiplied the area of the base by the height and since there will be 20
slices, he divided the result by 20 and found the volume of one slice.

Once Pisagordan dik kenari (c) bulmus. Sonra hacim formiiliinii
kullanarak cismin hacmini bulmus. Yani, taban alam ile yiiksekligi
carpmis. 20 tane dilim olacag i¢in 20 dilime bolmiis ve bir tanesinin
hacmini bulmus.

Examples of teachers’ interpretations of Yaman and Ada’s solution were given
in below. For the former student, Mr. Esen’s explanation is:

Yaman calculated the right edge (c). Then, because of it was necessary
to divide the cheese into 20 equal slices, he determined the height of the
figure to be 2. Afterwards, he did by considering the volume of figure.
The base area x the height.

Yaman dik kenar: (c) hesaplamis. Sonra 20 esit dilime béliindiigii igin
cismin yiiksekligini 2 bulmus. Daha sonra bir cismin hacmini diistinerek
yvapmus. Taban alan x yiikseklik.

For the second student, Mrs. Akay explained:

Ada’s solution is correct, the volume. Taking the base area X the height,
she made the calculations and found the result. Then she divided the
result by 20 and found the volume of one slice. Correct.

Ada’min ¢oziimii dogru, hacim. Taban alani x yiikseklik oldugu icin
islemleri  yapmis ve sonucu bulmus. Ondan sonra 20 ye bolmiis, 1
dilimin hacmini bulmus. Dogru.

Although llgaz solved the question using volume formula, two of the teachers
had difficulty in understanding her slightly complicated solution. This student did not
multiply the right edges of the triangle, which was the base of the prism, to find its
area. Instead, she calculated the area of the triangle multiplying the length of the
hypothenuse by the length of the height of it. Only Mrs. Kaya and Mrs. Akay were
able explain Ilgaz’s solution. Mrs. Kaya stated that:

Ilgaz calculated the right edge (c) as 20. Then she determined the height
of a triangle, using the equivalence of areas of the triangle, as 12.
Afterwards, she calculated the volume of the figure from the
multiplication of the base area by 40. Lastly, she divided the result by
20.
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llgaz énce dik kenart (c) bulmug, 20. Daha sonra iiggenin yiiksekligini
belirlemis. O yiiksekligi iicgenin alanin birbirine esitliginden 12 olarak
bulmus. Ondan sonra cismin hacmini taban alant ¢arpt 40 dan bulmus.
En son 20 dilime bélmiis.

Initially, Mrs. Akay had difficulty in explaining Ilgaz’s solution since this
teacher could not comprehend the meaning of “x” in the solution easily. After
understanding what “x” was, she clarified the other operations giving a similar
explanation to that presented by Mrs Kaya.

As in the previous examples, all middle school teachers were able to interpret
students’ solutions if they solved the question using the volume formula. Additional

example was related to question 7 (see Figure 4.18)

The base length of the square prism model is 6 cm
and the length of side-face height is 5 cm. Ceren and
Cemre who calculated the volume of this model
solved the question in different ways.

Ceren’s Solution: Cemre’s Solution:
2 _ 24 2
V:6.6.5 a“=b+c V:6.6.4
3 52 =324+ ¢? 3
_ 2
v= 289 _goems? 25=9+c v= % _agem?
16 =¢?
c=4

a) According to you, what were Ceren and Cemre thinking when they developed

these methods of solving the problem?

Figure 4.18 Question 7

All four teachers interpreted Cemre’s solution in a similar way. For example,
Mrs. Akay explained the process as follows:

Cemre found c [the height of the pyramid] to be 4 using the
Pythagorean Theorem. Then she used the volume formula; multiplying
of the base area by the height, and dividing it by 3. It was correct.

Cemre, Pisagor’dan c’nin [piramitin cisim yiiksekligi] 4 oldugunu

bulmus. Ondan sonra hacim formiiliinii, (TA x yiikseklik) | 3’
kullanmig. Bununki dogru.
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As shown in the examples, all the teachers interpreted students’ solution
method as volume formula since they thought that most students prefer to use this
method to calculate the volume of 3D solids. Moreover, with respect to the data
gathered from classroom observation, it was seen that the middle school teachers
generally used volume formula when demonstrating the calculation of the volume of
3D solids to their students. However, some of the teachers were able to correctly
interpret students’ solutions by the different methods, given in the following sub-

sections.

4.2.2.2.1.2 Layer Counting

Only one of the teachers explained that students might use the layer counting
method to calculate the volume of 3D solids correctly. In question 4 (Figure 4.15),
Mrs. Uzun proposed that:

Students might count the number of unit cubes on the bottom layer.
There are 9 cubes. Then they might think that there are 27 cubes on the
three layers.

Osrenciler alt siradaki birim kiipleri sayabilirler. 9 kiip var. Sonra, 3
swrada 27 kiip olacagini diigiinmiis olabilirler.

Furthermore, Mrs. Uzun stated that Kuzey’s solution in question 5 (Figure
4.16) method was layer counting as shown in her explanation given below.

I thought that Kuzey’s solution was correct. Namely, he found the top
layer here. There was one more on the below. He multiplied this by 2.
This is first layer; this is second layer (Figure 4.19).

Kuzey’in ¢oziimiinii dogru buluyorum. Yani surada iist yiiziinii bulmus.

Bundan bir tane daha altta var. 2 ile ¢arpmis. Bu birinci siwra, bu da
ikinci sira.
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Kuzey’s Solution:

4x3=12

12x2=24

The figure presents the operation 4 x 3= 12

S 7
/

»

> 1st layer

2nd layer

Figure 4.19 Mrs. Uzun’s interpretation of Kuzey’s solution

Although Mrs. Kaya used layer counting method while she was calculating
the volume of 3D solids (Table 4.1), she did not interpret students’ solution methods
in terms of using layer counting method. Furthermore, neither Mrs. Akay nor Mr.
Esen explained that students might use layer counting method and they did not use
this method themselves when they were calculating the volume of 3D solids (Table
4.1).

4.2.2.2.1.3 Systematic Counting

Apart from volume formula and layer counting methods, the teachers
suggested that students might use the systematic counting method to calculate the
volume of 3D solids. Three teachers (Mrs. Kaya, Mr. Esen and Mrs. Uzun)
interpreted the students’ solution method in question 4 (Figure 4.15) as a systematic
counting method. As an example, the vignette of Mr. Esen is given below:

The students who were able to solve the question correctly can see
everywhere of the cube. S/he was able to concretize [the cube]. S/he can
count the unit cubes here.

Dogru ¢ozen égrenciler bu verilen kiiptin her tarafint gorebilir. [Kiipii]
Somutlastirabilmistir. Buradaki birim kiipleri saymuis olabilir.

131



Similar to the responses to question 4, the middle school teachers explained
that students might solve question 5 (Figure 4.16) using a systematic counting
method. For example, both Mrs. Kaya and Mr. Esen interpreted Eren’s solution as
systematic counting method and their interpretations are given below.

Mrs. Kaya: Eren counted cubes in his own way. However, the method
was correct. He counted the unit cubes correctly. In his opinion, that 6
cubes, he might have taken 6 + 6 (the side-faces) (Figure 4.20). Then,
he might have taken 4 + 4 and he might have added 4 at the end [of the
operation].

Kiipleri kendine gore saymis. Ama yontem dogru. Kiipleri dogru
saymis. Kendince su 6 tanesini, 6+6 almig alabilir. Sonra 4+4 almis
olabilir, [islemin] sonuna bir 4 eklemis olabilir.

Eren’s Solution:

6 +6=12
4+4=8
12+8+4=24
The figure presents the operation 6+6 = 12
7
Z
6 unit cubes

6 unit cubes

It presents the operation 4+4 =8

4 unit cubes

y

»

4 unit cubes

v

The last 4 unit cubes in the operation 12 + 8 + 4 = 24

7 —> 4 unit cubes

Figure 4.20 Mrs. Kaya’s interpretation of Eren’s solution
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Mr. Esen interpreted Eren’s solution in the following different way.

6 + 6= 12, he did that correctly. 4. He found there and there (indicating
the two side-faces) (Figure 4.21), he gave the answer as 12. After that,
he said 4, 4 (indicating the the front and back faces) giving 8. After
that, he said that 4 remained between them. He added 4 and he found
the result to be 24.

6+6= 12, dogru yapmis. Surayla surayr bulmus (yan yiizler), 12 demis.
Ondan sonra surasint 4,4 demis (6n ve arka yiizler), 8. Ondan sonra
arada 4 kaliyor demis. 4 ii de toplamis. 24 i bulmus.

Eren’s Solution:

6 +6=12

4+4=8

12+8+4=24

The figure presents the operation 6+6 = 12

6 unit cubes

6 unit cubes

It presents the operation 4+4 =8

» 4 unit cubes

» 4 unit cubes

The last 4 unit cubes in the operation 12 + 8 + 4 = 24

—» 4 unit cubes

Figure 4.21 Mr. Esen’s interpretation of Eren’s solution
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In addition, Mrs. Kaya and Mr. Esen interpreted that Yagmur’s solution,
presented in question 5 (Figure 4.16), was systematic counting method. Mrs. Kaya’s
interpretation of Yagmur’s solution is as follows.

Yagmur counted the cubes, she counted 6, 6 here (indicating the cubes).
Then she counted 4, 4, 4 (Figure 4.22). She added all of them together .
This method could be used. It is more regular method.

Yagmur kiipleri saymis. Burada 6, 6 saymis. Sonra 4, 4, 4 saymis.
Hepsini toplamis. Bu da tercih edilebilir. Daha diizenli bir yontem.

Yagmur’s solution:

6+6=12
4+4+4=12
12 +12=24

The figure presents the operation 6 + 6= 12

(Y
6 unit cubes .
6 unit cubes
The figure presents the operation 4 + 4 + 4=12
4 unit cubes « 4 R _
z » 4 unit cubes
» 4 unit cubes

Figure 4.22 Mr. Kaya’s interpretation of Yagmur’s solution

The data analysis showed that three teachers (Mrs. Kaya, Mr. Esen and Mrs.
Uzun) explained that students might calculate the volume of 3D solids using the

systematic counting method.

4.2.2.2.2 Middle School Teachers’ Incorrect or Missing Interpretations of
Students’ Correct Solution Methods
The middle school teachers were able to explain some of the correct solutions;

however, they were unable to interpret the students’ correct solution methods for
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other questions. For example, none of the teachers could understand Ela’s solution
for question 5 (Figure 4.16). For instance, Mrs. Uzun stated that:

Now, I did not understand Ela’s solution. Where did she get this 26? |
did not understand that, namely 26. After that 8 x 2, she found 52 from
there, subtracted from here, reached the correct result but I did not
understand where she got that 26. Where did 26 come from?

Ben simdi bu Ela’min ¢oziim yolunu hi¢ anlamadim. Bu 26 y1 nereden
bulmus. Sunu anlayamadim yani 26 yi. Ondan sonrada 8 x 2, suradan
52 yi bulmusg, buradan da ¢itkarmis, dogru sonuca ulasmis ama su 26 yi
nereden buldugunu anlayamadim. Su 26 nereden gelmis.

In addition, Mrs. Akay’s commented:

The child (Ela) counted the cubes according to her, added, found the
difference. The result of 4 x 3 x 2, is 24 isn’t it? If this was the correct
solution, now, here s 4 x 3= 12 (Figure 4.23). If she found the result to
be 24, it was completely wrong for me. | taught the volume, | said that
the volume is multiplication of the area of the base and the height. By
putting the units in appropriate places, by writing necessary formula
and then by indicating operation and result, finally she must explain the
operation and the unit.

Bu ¢ocuk (Ela) buradaki kiipleri kendine gore saymis, toplamis,
aralarindaki farkint almig. 4 x 3 x 2, sonu¢ 24 mii ¢ikyyor? Bu dogru
coziim olsa bile; simdi burasi 4 x 3= 12. Eger sonucunu 24 bulmussa,
benim i¢in tamamen yanlistir. Ben hacmi ogretmigim, hacmin taban
alant x yiikseklik oldugunu soylemisimdir. Burada verilen birimleri
uygun yerine koyarak, formiiliiyle birlikte yazip, ondan sonra iglem ve
sonug deyip, sonugta islem ve birimini a¢iklamasi gerekir.

4 x 3 =12 unit cubes

Figure 4.23 Mrs. Akay’s interpretation of Ela’s solution

Similar to Mrs. Akay and Mrs. Uzun, the other two teachers (Mrs. Kaya and
Mr. Esen) could not understand how Ela found 26. Because they did not understand
how the number, 26, was achieved, they did not analyze the other operations. In
addition, the middle school teachers did not understand some of the correct solution
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methods that the students’ gave for question 6 (Figure 4.17). For instance, Mrs. Uzun
could not explain Yaman’s solution in question 6, as given below:

Yaman found the right edge (c). But he divided 40 by 2, here. | could

not understand what he wanted to do here. I am confused.

Yaman dik kenart (c) bulmus. Ama burada 40’1 2’ye bolmiis. Burada ne
vapmak istedigini anlayamadim. Burada bir karmasa yasadim.

Also Mr. Esen and Mrs. Uzun were not able to explain how llgaz calculated the
volume of triangular prism in question 6.

It can be seen that the middle school teachers could interpret students’
correct solution methods if they were familiar with them. However, middle school
teachers were not successful in explaining some solution methods that the students
used even if they were correct. That is, in order to comprehend how students think
while solving the questions, it was essential that middle school teachers know and
use the solution methods.

In the next section, the middle school teachers’ interpretations of the students’

incorrect solution methods were presented.

4.2.2.2.3 Middle School Teachers’ Correct Interpretations of Students’
Incorrect Solution Methods
The middle school teachers were able to explain some of the students’
incorrect solutions regarding the volume of 3D solids. For instance, regarding
question 3 (Figure 4.24) both Mrs. Kaya and Mrs. Uzun stated that students could
calculate the surface area of the prism instead of calculating its volume.

Most of the students in Mr. Aslan’s class made
the same error in the question “Find the volume
of rectangular prism” They gave the answer 94.

b) What method(s) do Mr. Aslan’s students use to answer this question?

Figure 4.24 Question 3
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Mrs. Kaya’s vignette related to interpretation of students’ incorrect solution in
question 3 is presented below.

Here, the students could calculate the [surface] area [of the prism].
There were 15 unit cubes on the front face, 12 unit cubes on the right
face and 20 unit cubes on the top face (Figure 4.25). There are 47 unit
cubes on the three faces and 94 unit cubes in total.

Burada ogrenciler [prizmanmin yiizey] alan hesaplamis olabilirler. 15
kiip on yiizde, 12 kiip sag tarafta, 20 kiip iist yiizde var. 3 yiizde toplam
47 kiip var, toplamda da 94 kiip var.

» 15 unit cubes

» 12 unit cubes

» 20 unit cubes

-

Figure 4.25 Mrs. Kaya’s interpretation in question 3

Additional example related to interpretation of the students’ incorrect solution

in question 3 was stated by Mrs. Uzun.

They can do it like this. 4 x 3,4 x 3,3 x5,3x5,4x5,4x5 (Figure
4.26) and they can add them up. They may make an error in this way.
What is the result of this operation? Wait a minute. 12 + 12 + 15 + 15 +
20 + 20 = 94. That is correct. So students found the surface area.

Soyle yapmus olabilirler. 4 x 3, 4x 3, 3x 5, 3x 5, 4x 5, 4x 5 ve hepsini

toplamis olabilirler. Bu sekilde hata yapmis olabilirler. Yani yiizey
alanmint bulmuslardir.
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, 4x5 (top face)

—» 4 x 3 (right face)

» 3 x5 (front face)

Figure 4.26 Mrs. Uzun’s interpretation in question 3

As shown above Mrs. Akay and Mr. Esen could not interpret the students’
incorrect solution method in question 3. Furthermore, three middle school teachers
(Mrs. Akay, Mr. Esen and Mrs. Uzun) interpreted students’ incorrect solution
methods in question 4 (Figure 4.15). For instance, Mrs. Akay and Mrs. Uzun stated
that students could count the number of unit cubes on the visible faces. According to
these two teachers, if students used the incorrect solution method, they could find the
answer to be 27. Additionally, Mr. Esen commented that students whose solution
method was wrong might have calculated the length of visible edges and he
explained it thus:

Students might think about the length of the edges. The length of
visible edges. Nine edges are visible and the length of the edge is 3.
The total is 27. Students can solve in this way.

Kenar  uzunluklarimi  diigiinmiis  olabilirler.  Gériinen  kenar
uzunluklarin. 9 tane kenar goriiniiyor ve her birinin uzunlugu 3.
Toplamda 27. Ogrenciler boyle de ¢ozmiis olabilirler.

Additional example related to teachers’ interpretations of students’ incorrect
solution methods concerned question 6 (Figure 4.17). According to Mrs. Kaya, Mrs.
Akay and Mr. Esen, Asya’s solution was incorrect. They all explained it in a similar
way. To exemplify, Mr. Esen’s interpretation is presented below:

She said 15 x 25, she multiplied the right edge by the hypotenuse. She
multiplied the right edges of the triangle by the hypotenuse to find the
area of the triangle. She did not know how the area of triangle can be
found. She does not know [the area of the triangle is] half of the
multiplication of the right edges. She did it wrong here. | think that
Asya’s solution was wrong.

15x25 demis, dik kenar ile hipoteniisii ¢arpmus. é]g:genin alanini

bulurken hipoteniis ile ti¢genin dik kenarini ¢arpmis. U¢genin alaninin
nasil  bulunacagimi  bilmiyor. [Uggenin alamimin]Dik kenarlarin
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yvarisimin ¢arpimi oldugunu bilmiyor. Burada yanlis yapmis. Asya’nin
¢oziimii yanliy gibi goriiyorum.

Additionally, four of the teachers analyzed and interpreted the students’
incorrect solution method for question 7 (Figure 4.18). They determined that Ceren’s
solution was incorrect. Mrs. Uzun’s vignette is given as an example.

Now, the edge is 6, she found the area here. She took the height of the
side-face [of the pyramid]. However, she should take the height of the
figure instead of the height of the side-face. She knows the volume
formula correctly but she confused the height. For this reason, her
solution was wrong.

Simdi kenart 6, surada alanini bulmus. [Piramitin] Yan yiiz yiiksekligini
almig. Oysa yan yiiz yiiksekligi yerine cisim yiiksekligini almasi
gerekiyordu. Hacim formiiliinii dogru biliyor fakat yiiksekligi
karistirmis. Bu nedenle, yanlis ¢ozmiis.

In conclusion, middle school teachers were able to explain students’ incorrect
solution. Nevertheless, for some solution methods, they could not correctly interpret
how students solve the question. Middle school teachers’ incorrect interpretations are

presented in the next sub-section.

4.2.2.2.4 Middle School Teachers’ Incorrect or Missing Interpretations of
Students’ Incorrect Solution Methods

Data gathered from VDSQ and the interviews revealed that the middle school
teachers were not able to explain some of students’ incorrect solution methods. For
instance, Mrs. Akay and Mr. Esen could not correctly interpret students’ solution for
question 3 (Figure 4.24). Initially, Mrs. Akay stated that students could calculate the
number of unit cubes on the visible faces and multiply this number by 2. However,
Mrs. Akay did not take the common unit cubes on adjacent faces into consideration
while interpreting students’ solution in question 3. As can be seen in her explanation
as follows:

What the volume of the figure, 3 x 4 x 5= 60? How did they find 94?
They can count the squares. Sometimes, students carry out such
operations. | applied all techniques that | know and I could not find the
result. I wonder whether they multiplied the visible lengths. (Thinks...)
They do like this. There are 5 here, 5,10,15,20,25,30,35 (she counts unit
cubes on the front and top face). There are 12 cubes here [on the right
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side] (Figure 4.27). So, there are 47 cubes in total [front, top and right
side]. They found the number of cubes at the back side and add them
up. Namely, they found the surface area.

Cismin hacmi neymis, 3 x 5 x 4= 60. 94 ii nasil bulmuglar? Kareleri
saymis olabilirler. Bazen ¢ocuklar éyle bir islem yapiyorlar. Bildigim
biitiin teknikleri uyguluyorum ve ben o sonucu bulamryorum. Acaba
gortinen uzunluklart mi c¢arpiyorlar (diigiindii....) Soyle yaparlar
bunlar. Burada 5 tane var, 5,10,15,20,25,30,35 (6n ve tist yiizdekileri
saydi). Burada 12 tane var (sag yan yiiz). Toplamda 47 tane kiip var.
Arka taraftaki yiizleri sayp toplar. Yani yiizey alanint bulurlar. Biitiin
yiizleri toplayip hacim diye soyleyebilir.

> 20> 35
> 5=30
> 20 25
> 15
> 10
> 5

» 12 unit cubes

Figure 4.27 Mrs. Akay’s interpretation of question 3

While thinking how students can find the volume of the prism in question 3 as
94, Mrs. Akay waited a long time. However, her explanation was not correct since
she counted common unit cubes twice and three times. Mrs. Akay did not consider
her solution in this respect. Her aim was to find 94 and her wrong solution method
provided her to find 94 incidentally. Similar to Mrs. Akay, Mr. Esen had difficulty in
explaining students’ solution in which the students determined the volume to be 94
and could not justify students’ solution in a correct way. Mr. Esen explanation
exemplifies this as follows:

How did they find 94? It was difficult for me to know how they solve it.
I could not see how they found 94. However, they could have counted
the edges. Many students carried out operations from the edges to find
the volume. They tried to find the perimeter. They could have done
something like that. They may solve it using a visible line segment.
They could multiply by 2 again. | do not know whether you counted
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how many there were. If there were 47, then they might find 94 by
multiplying by 2.

Nasil 94 bulmuslardir ? Benim onlarin nasil ¢ozdiigiinii bilmem zor.

Nasil 94 bulduklarint goremiyorum. Ama kenar sayabilirler. Bir stirii

ogrenci hacmini bulurken kenarindan iglem yapiyorlar. Cevre bulmaya

calisiyorlar. Boyle bir sey yapmis olabilirler. Goriinen dogru
pargalarimin sayilarindan gitmis olabilirler. Tekrar 2 ile ¢arparak
yvapmus olabilirler. Bilmiyorum saydiniz mi kag tane var burada. 47 ise

daha sonra 2 ile ¢carparak 94 bulmus olabilirler.

Only Mr. Esen stated that the students might add the length of edges but he did
not apply his solution method to check whether the result of that solution was 94 and
in fact the result calculation did not give 94.

Additionally, Mrs. Uzun was not able to explain Asya’s solution in question 6
(Figure 4.17). She stated:

Why did she multiply 15 and 25? | think that there is a mistake here.

But I don’t understand what she did.

Niye 15 ile 25°i ¢carpmig? Burada bir yanhshik oldugunu diistintiyorum.
Ama ne yaptiginmi anlayamadim.

All the teachers attempted to explain the students’ solution methods whether
they were correct or not. However, the middle school teachers could not make any
interpretations on some of students’ solution methods. In fact, they did not make any
interpretation related to the methods that they had not experienced before. In
conclusion, the middle school teachers were able to clarify students’ methods if they

were familiar with the methods.

4.2.2.3 Middle School Teachers’ Knowledge of the Students’ Errors and the
Sources of These Errors

In order to achieve a deeper understanding of students’ errors and the sources
of these errors related to calculating the volume of 3D solids, the middle school
teachers’ knowledge of the students’ thinking process and their own experiences as
learners were investigated systematically. The middle school teachers emphasized
the various errors that the elementary students could make when they were
calculating the volume of 3D solids. Here the use of the term ‘error’, I am referring

to the students’ (mis)construction of their own knowledge, (mis)understanding of the
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given terms, concepts, operations and difficulties encountered while solving the
given problems. Thus, the analysis of the knowledge of the students’ errors refers to
the middle school teachers’ perception of the mistakes that the students can make
when they calculate the volume of 3D solids. In addition to the knowledge of the
errors, possible sources of these errors are also discussed below.

Based on the analysis of the data obtained from the questionnaire, interviews,
and classroom observations, the four middle school teachers’ knowledge of students’
errors related to the volume of 3D solids is grouped under four main dimensions
namely; focusing on the faces of 3D solids, over-counting the common unit cubes on
adjacent faces, conceptual errors, and computational errors. The possible sources of
these errors are also discussed under these four dimensions. The dimensions are
based on the available literature, participants’ statements, and my own experiences
with the data.

Although focusing on the faces of 3D solids and conceptual errors were
emphasized by all the participating teachers, only 2 of them (Mrs. Kaya and Mrs.
Akay) stressed that over-counting the common unit cubes on adjacent faces were
among students’ errors. Furthermore, computational errors were another error that
three participants (Mrs. Kaya, Mrs. Akay and Mr. Esen) interpreted as one of the
errors that the students make. Table 4.3 gives a summary the elementary students’

errors given by the middle school teachers.

Table 4.3 The elementary students’ errors that middle school teachers stated

Mrs. Kaya | Mrs. Akay | Mr.Esen | Mrs. Uzun
Focusing on the faces of 3D X X X X
Solids
Over-counting the common X X
unit cubes on adjacent faces
Conceptual errors X X X X
Computational errors X

4.2.2.3.1 Focusing on the Faces of 3D Solids
All the middle school teachers stated that focusing on faces of the 3D solid as
one of the common students’ errors related to calculating the volume of 3D solids. In

light of teachers’ statements and available literature, this error can be defined as
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considering all or a subset of the visible faces of 3D solid when calculating its
volume. Thus, according to four middle school teachers’ knowledge the elementary
students who made this error might think that 3D solid is formed by its faces and do
not concentrate on inside of the given solid. Based on the analysis, the teachers
specified this error in relation to a rectangular prism (Questions 1, 2, 3, and 4). For
instance, in relation to question 1, Mrs. Kaya said:

What the students can do when calculating the volume of this prism?
They can count faces that they can see. Namely, they consider this face
[front], right face and top face (Figure 4.28).

Bu prizmanin hacmini hesaplarken ogrenciler ne yapabilir? Kendi
gordiigii yiizeyleri sayabilirler. Yani, su yiizeyi (6n), sag yiizeyi ve sol
yiizeyi diistiniirler.

Additionally, Mr. Esen described the same error for the rectangular prism, as
follows:

Students only counted the visible faces, in other words, they counted
the 3 faces which are visible. They may not see the others. This often
happens but many students do see all the faces (Figure 4.28).

Gordiikleri dis yiizeyleri sayarlar yani goriinen 3 yiizii sayarlar.
Digerini gérmeyebilirler. Genelde boyle olur ama géren 6grencilerimiz
cok.

» There are 16 unit cubes
on the top face (4x4)

_» There are 12 unit cubes
on the right face (4x3)

» There are 12 unit cubes
on the front face (4x3)

Figure 4.28 Mrs. Kaya and Mr. Esen’s interpretations regarding students’ error in
question 1
Besides, Mrs. Akay and Mrs. Uzun identified focusing on the faces of a 3D
solid as the error in question 4. The comments from these two teachers are presented
below.

Mrs. Akay: Students can count these [visible] faces (Figure 4.29).
Namely, these 3 faces [by showing visible faces in the figure]. They did
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not see backside of the prism. They can say 27 by counting these
squares.

Osrenciler suradaki[goriinen] yiizeyleri sayabilirler. Yani su 3 yiizii

[goriinen yiizleri gostererek]. Arka tarafi gérmiiyor. Su kareleri sayip
iste 27 tane diyebilirler.

In addition, Mrs. Uzun reflected that:

Students can count the outer unit cubes. In other words, they can count
the unit cubes on the visible 3 faces (Figure 4.29).

Dus taraftaki kiipleri sayabilirler. Yani gériinen 3 yiizdeki kiipleri
sayabilirler.

In order to clarify the students’ error in the question 4, the figure, interpreted

by Mrs. Akay and Mrs. Uzun, is presented below:

There are 9 unit cubes
on the top face (3x3)
There are 9 unit cubes
_on the right face (3x3)
" There are 9 unit cubes
on the front face (3x3)

v

v

Figure 4.29 Mrs. Akay and Mrs. Uzun’s interpretations regarding the students’ error
in question 4
In the given examples, all the teachers stated that students might focus on three
visible faces of 3D solid. In other words, students might count the number of unit
cubes on the visible faces. Moreover, Mrs. Uzun specified that students might focus
on only one outer face or all outer faces of the 3D solid. Her idea is related to
focusing on only one outer face is stated in the below vignette:

They looked at outer face directly. What they did immediately, they
multiply 4 by 3 [length and height of the rectangular prism], and said
that this was its volume.

Bunlar direk dis yiiziine bakiyorlar. Hemen ne yapiyorlar, 4 ile 3 ii

carpworlar [Dikdortgenler prizmasinin uzunlugu ve genisligi] ve hacmi
budur diyorlar.
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In the next example from Mrs. Uzun is related to focusing on all the outer faces
of the 3D solid is presented below.

Students can sum up the [number of] unit cubes on all the outer faces.

They did not see the inside cubes (Figure 4.30).

Osrenciler dis yiizlerdeki birim kiipleri [sayisini] toplarlar. Icerdekileri
gormezler.

There are 20 unit cubes
»(4x5) (top and bottom face)

» There are 12 unit cubes
(3x4)(right and left face)

» There are 15 unit cubes
(3x5)(front and back face)

Figure 4.30 Mrs. Uzun’s interpretations regarding the students’ error in
question 3

In terms of the possible sources of the errors related to focusing on the faces of
the 3D solids, the participating teachers specified different sources. These sources are

summarized in Table 4.4.

Table 4.4 The sources of the error; focusing on the faces of 3D solids

Mrs. Kaya | Mrs. Akay | Mr.Esen | Mrs. Uzun

Not being able to think X X
of solids as three-
dimensional

Not being able to X
comprehend the structure
of 3D solids

Not being able to X
concretize 3D solids

Students’ carelessness X

Initially, Mrs. Akay and Mrs. Uzun stated that the reason for focusing on the
faces when calculating the volume of 3D solids might be that they are not able to
think of solids as three-dimensional. As an example, Mrs. Akay explained:

Students could not imagine a 3D solid. They focused only on what they
see. | think that all their problems emanated from this.
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3 boyutlu bir cisim hayal edemiyor. Sadece gordiiklerine
Odaklanvyorlar. Biitiin sorun saniyorum bundan kaynaklaniyor.

Similarly, while clarifying why the students made this error, Mrs. Uzun
commented that the students did not think of the rectangular prism as three-
dimensional. Moreover, Mrs. Uzun gave another possible source of the error in terms
of focusing on the faces of a 3D solid, might be that the students are not being able to
comprehend the structure of a 3D solid. The related vignette is given below:

Students do not see the back side of the rectangular prism. They only
calculate [the unit cubes] on the visible faces. In my opinion, they do
not know the shape of a prism For example, that, it has 6 faces. For this
reason, they only calculate 3 faces.

Osrenciler arka tarafi gérmiiyorlar. Prizmanin sadece on yiiziindekileri
[birim kiipleri] hesaplyyorlar. Bence onlar prizmayr tamimiyorlar.
Mesela 6 yiizii oldugunu. O yiizden sadece 3 yiizii hesapliyorlar.

Mr. Esen identified another source of the error. He considered that elementary
students may not be able to concretize a 3D solid since they do not see this shape in
their daily life. He explained:

They encounter an object which they have not seen so far in their lives.
Namely, students did not concrete prism and they did not envisage. It is
normal.

Bugtine kadar gordiikleri objelerle tam karsilagsmadiklarindan dolay:.
Yani o&grenciler prizmalar: somutlastiramiyor ve gozlerinin Oniine
getiremiyorlar. Bu da normal.

In addition to the sources of errors given above, Mrs. Kaya stated that another
source of the errors were that students’ carelessness in calculating the volume of 3D
solids.

In conclusion, focusing on the faces of 3D solids was one of the errors that
the four teachers commented on in relation to the students’ attempts to calculate the
volume of 3D solid. According to the teachers, students who made this error focused
on counting the number of unit cubes on the faces and they ignored the unit cubes
inside the 3D solid.
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4.2.2.3.2 Over-Counting the Common Unit Cubes on the Adjacent Faces

As it was stated, based middle school teachers’ knowledge, another error
related to calculating the volume of 3D solids was over-counting the common unit
cubes on the adjacent faces. With respect to teachers’ statements and accessible
literature, students might not realize that some unit cubes belong to more than one
face of 3D solid, which is formed by unit cubes.

According to the analysis of the data, two teachers (Mrs. Kaya and Mrs. Akay)
referred to this error. Both these teachers explained that elementary students might
count common unit cubes on the adjacent faces more than once. For instance, Mrs.
Akay connected this error to the student response to question 3:

The students might not realize that the unit cubes here [upper column
on the front layer] can have common unit cubes with the unit cubes
there [upper column on the right layer] (indicated in the Figure 4.31
with grey color).

Osrenciler buradaki kiiplerle [0n katmandaki iist sira] suradaki
kiiplerin [sag katmandaki iist sira] ortak kiipe sahip olabilecegini
farketmiyorlar.

& & - Common unit cube that
students do not realize

Figure 4.31 Mrs. Akay’s interpretations regarding the error in question 3

When the data was analyzed to reveal the possible sources of the error of over-
counting the common unit cubes on the adjacent faces, two different sources were
identified by Mrs. Kaya and Mrs. Akay. Table 4.5 summarizes the sources of this

error.

Table 4.5 The sources of the error; over-counting the common unit cubes on the

adjacent faces

Mrs. Kaya | Mrs. Akay | Mr. Esen | Mrs. Uzun

Students’ carelessness X X

Not thinking deeply X X
about the concepts
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Both teachers stated that the reasons for the over-counting could be students’
carelessness and not thinking deeply about the concepts. Pertaining to these sources,
Mrs. Akay stated:

Most of the students focused only on obtaining an answer and did not
examine the figure. They counted unit cubes without considering the
common unit cubes on the adjacent faces.

Osrencilerin ¢ogu sadece cevabi bulmaya odaklaniyorlar ve sekli
incelemezler. Yan yana olan yiizlerdeki ortak kiipleri diisiinmeden birim
kiipleri sayarlar.

As a result, one of the errors made by students when calculating the volume of
3D solid was over-counting the common unit cubes on the adjacent faces. According
to the teachers, students were not sufficiently careful and did not think deeply about
concepts such as unit cubes and faces when calculating the volume of a 3D solid.

4.2.2.3.3 Conceptual Errors

As presented in Table 4.3, all the participating teachers agreed that one of the
main errors was conceptual errors. In this study, this error was defined as students’
misunderstanding or confusing the meanings of the concepts. According to the
teachers, it emanated from not knowing the meaning of concepts such as the volume
of 3D solids, the surface area or the perimeter of 2D figures, the height of the prism,
or the height of the side-face of the prism. Table 4.6 presents a summary of the types

of conceptual errors.

Table 4.6 The types of conceptual errors

Mrs. Kaya | Mrs. Akay | Mr. Esen | Mrs. Uzun

Confusing the surface area X X
and volume

Confusing the perimeter and X
volume

Confusing the height of 3D X X X X
solids and the height of
side-face

Not being able to calculate X X X
the area of the triangle

Not being able to apply X
Pythagorean Theorem
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Mrs. Kaya and Mrs. Uzun stated that students might not be able to discriminate
the meaning of the surface area and volume. For this reason, students can calculate
the surface area of the 3D solid instead of calculating its volume. This is illustrated
by Mrs. Kaya’s explanation below.

Students might find the surface area. They might find the surface area
of the solid. They might confuse the surface area of the solid and the
volume of the solids.

Alan  bulabilirler. Cismin alamni  bulabilirler. Alanla hacmi
karistirabilirler.

In the interview, Mrs. Uzun provided similar explanations related to this error.
However, both teachers seemed not to be aware of it during their lessons since the
analysis of the data gathered from the classroom observations showed that their
students had made the same error in their lessons. As an example, an extract taken
from the observation of Mrs. Uzun’s class in which she asked the students the

following question.

Question:
What is the volume of square prism

presented in the figure?
4.cm

3cm

cm

Solution of one of Mrs. Uzun’s students’ is given below:

3x3=9 V=2.9+4. 12
V=18 + 48
V=66
3x4=12 4 cm
3cm
3cm

As it can be seen in this vignette, student solved the given question by

calculating the surface area which reveals that the student confused the surface area
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and volume of the 3D solid. The teachers’ knowledge regarding confusing the

surface area and volume of a 3D solid is evidence that the students did have error in

calculating the volume of 3D solid.

All teachers identified the possible sources of students’ conceptual errors. The

sources are presented in Table 4.7.

Table 4.7 The sources of the conceptual errors

Mrs. Kaya | Mrs. Akay | Mr. Esen | Mrs. Uzun
Not being able to think of X
solids as three-dimensional
Not being able to concretize X
3D solids
Lack of conceptual X X X X
knowledge
Students’ carelessness X X X
Not thinking deeply about X X X

the concepts

Mrs. Kaya and Mrs. Uzun stated the possible sources of confusing the surface

area and volume of 3D solid in a different way. According to Mrs. Kaya, the source

of this error might emanate from a lack of conceptual knowledge as she explained:

The students do not know the concepts. Namely, they do not know what
the volume is or area is. Therefore, they are confused as to when to
calculate the volume and when to calculate the area. Students have a
lack of conceptual knowledge.

Osrenciler kavramlart bilmiyorlar. Yani hacim nedir, alan nedir
bilmiyorlar. Bu yiizden ne zaman hacim hesaplayacaklarini, ne zaman
alan hesaplayacaklarini karistirtyorlar. Ogrencilerde kavram eksikligi

var.

Mrs. Uzun considered that students might not think of solids as three-

dimensional. In fact, according to Mrs. Uzun, students think 3D solids are two-

dimensional. For this reason, students confuse the area and volume concepts.

Furthermore, Mr. Esen specified that the elementary students might confuse the

perimeter and volume concepts. He explained:

Students might add the length of the edges of the rectangular prism
while calculating its volume. That is, students may calculate the

perimeter of 3D solids.
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Osrenciler, prizmamin hacmini hesaplarken kenar uzunluklarin
toplayabilirler. Yani, prizmanin ¢evresini hesaplayabilirler.

As it was stated in Table 4.7, Mr. Esen clarified the reason for making this error as

follows:
I think it is because they are not able to concretize. They could not
mentally imagine 3D solids.

Bana gore somutlastiriimadigindan dolayidr. Kafalarinda 3 boyutlu
cisimleri canlandiramuyorlar.

Additionally, according to all the participating teachers, students might confuse
the height of the pyramid and height of the side-face of the pyramid while calculating
volume of the prism in question 7 (Figure 4.32).

The base length of the square prism model is 6 cm
and the length of side-face height is 5 cm. Ceren and
Cemre who calculated the volume of this model
solved the question in different ways.

Ceren’s Solution: Cezmre;s Sozlution:
_6.6.5 a“=b+c _6.6.4
V= 3 52:32+C22 V= 3
25=9+¢
v= 180 _goem? 16 = ¢ v= 44 _sgem?
3 =4 3

b) For those students who gave the wrong answer, describe the errors that they

made.

Figure 4.32 Question 7

Mrs. Kaya explained her idea pertaining to question 7 in the following way:

Ceren’s solution was wrong because she did not understand which was
the height of the pyramid and which was the height of the side-face of
the pyramid. She confused them. She took both of them to be the same
height. However, 5 was not the height of the given prism, it was the
height of the side-face of the prism.
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Ceren’in ¢oziimii yanlis olmus. Ciinkii yan yiiz yiiksekligi ile cisim
viiksekligini anlamamis. Karistirmis. Aymi yiikseklik olarak almus.
Halbuki 5 degil bizim cisim yiiksekligimiz, yan yiiz yiiksekligimiz.

Mrs. Uzun’s vignette given below is a further example of this error.

Ceren took the height of the side-face of the pyramid here. Whereas,
she should have taken the height of the pyramid not the height of the
side-face of the pyramid.

Ceren burada yan yiiz yiiksekligini almis. Oysa yan yiiz yiiksekligi degil
de cisim yiiksekligini almasi gerekiyordu.

In a similar way, Mrs. Akay and Mr. Esen explained that elementary students
might not be able to differentiate between the height of the pyramid and height of the
side-face of the pyramid.

This error, confusing the height of pyramid and height of side-face of the
pyramid, was observed in Mrs. Akay’s lesson. The following excerpt is an example
from Mrs. Akay’s lesson.

(Mrs. Akay wrote the guestion below)

Calculate the volume of square pyramid located
on the left side?

a=

Before solving the question, the students discussed how they could solve it.
One of the students said that the height of the pyramid was 5. Then, Mrs. Akay
provided the following explanation:

It is not 5. It is the height of the side-face [of the pyramid]. You should

calculate the height of the pyramid before calculating its volume.

5 degil. O, [piramidin] yan yiiz yiiksekligi. Hacmi hesaplamadan once
piramidin yiiksekligini hesaplamalisin.

According to all the participating teachers, the reason for confusing the height
of the pyramid and height of the the side-face of the pyramid was students’ lack of
conceptual knowledge (Table 4.7). Thus, Mr.Esen explained:
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Ceren did not comprehend the height of the pyramid and height of the
side-face [of the pyramid]. She confused these concepts.

Ceren cisim yiiksekligi ile yan yiiz yiiksekligini anlamamis. Bu
kavramlart karigtirmus.

Similarly, Mrs. Akay interpreted the source of the error in question 7 as:

Because of saying height, this height misdirected them. It means that
the students did not study in detail. They were unaware of the height of
the prism.

Yiikseklik dedigi i¢cin bu yiikseklik onlart yaniltiyor. Detayl
calismiyorlar demek ki. Cismin yiiksekliginden haberleri yok.

In addition, based on the analysis of the data, three participants (Mrs. Kaya,
Mrs. Akay and Mr. Esen) identified another error which was related to the
conceptual error. These teachers thought that the students might not know how to
calculate the area of triangle. For this reason, they specified that the elementary
students might not calculate the base area, which resulted in calculating the volume
of triangular prism incorrectly. Mr. Esen explained this by stating that:

The students who used volume formula might not be able to find the

base of the prism. They might ask how to calculate the the base area.

Hacim formiilii kullananlar taban alamini yanlis bulabilirler. Taban
alamini nasiul bulayim diyebilir.

Lastly, Mrs. Akay commented that students might not apply the Pythagorean
Theorem, which was denoted as a conceptual error. She identified this error in
relation to question 6 (Figure 4.17) as follows:

Asya could not identify the hypotenuse and the right edges. She did not
know how to calculate the area of this triangle. In general, students
write a® = b® + ¢? as the Pythagorean Theorem. However, because they
do not know what a2, b? and c¢* are, they cannot apply the theorem. For
this reason, Asya multiplied 15 by 25 when calculating the area of the
triangle and she was wrong.

Asya hipoteniisiin ve dik kenarin ne oldugunu bilmiyor. Bu ii¢genin
alamnmi bilmiyor. Genellikle, Pisagor Teoremi deyince égrenciler a* =
b? + ¢? yazarlar. Ama a® ‘nin, b* ‘nin ve ¢ ‘nin ne oldugunu
bilmedikleri igin, teoremi uygulayamazlar. Bu yiizden, ii¢genin alanini
bulurken Asya 15 ile 25°i carpmus ve yanlis yapmas.
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According to the middle school teachers, the reasons for students’ errors, in
terms of not being able to calculate the area of the triangle and not being able to
apply the Pythagorean Theorem, were students’ carelessness and not thinking deeply
about the concepts (Table 4.7).

To summarize, the participating teachers stated that students might confuse the
concepts when calculating the volume of 3D solid. According to the teachers, this
error emanated from not knowing the meaning of concepts such as the volume of 3D
solids, the surface area or the perimeter of 2D figures, the height of the prism, the
height of side-face of the prism, the area of the triangle and the Pythagorean
Theorem. The teachers’ considered that the sources of students’ conceptual errors
might be lack of conceptual knowledge, not being able to concretize 3D solids, not
being able to think of solids as three-dimensional, students’ carclessness and not

thinking deeply about the concepts.

4.2.2.3.4 Computational Errors

In this study, middle school teachers stated that computational errors were
another error that elementary students held. The errors in calculating the volume of
3D solid could be defined as a mistake made when undertaking the calculation. Thus,
this error can be regarded as multiplication error. Analysis revealed that only one
middle school teacher (Mrs. Akay) commented this error in this way:

If the students consider multiplying the height, the length and the width
of the prism [to find the volume of the prism], many of them do not
know the multiplication table. They can make a mistake while
multiplying the numbers.

Eger [prizmanmin hacmini bulmak i¢in] prizmamin eni, boyu ve
viiksekligini ¢carpmayr diistiniiyorlarsa bir ¢ogu c¢arpim tablosunu
bilmiyor, sayilar: ¢arparken hata yapabilirler.

From the analysis of the data, it was found that one teacher (Mrs. Akay)
focused on the students’ multiplication error when they were calculating the volume
of 3D solid. She considered that, students can make mistakes when doing the

calculations and the source of this error was students’ carelessness (Table 4.8).
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Table 4.8 The sources of the computational errors

Mrs. Kaya | Mrs. Akay | Mr. Esen | Mrs. Uzun

Students’ carelessness X

In brief, the middle school teachers categorized the errors under four
dimensions; focusing on the faces of a 3D solid, over-counting the common unit
cubes on the adjacent faces, conceptual errors, and computational errors. The main
sources of the error in focusing on the faces of a 3D solid are; not being able to think
of solids as three-dimensional, not being able to comprehend the structure of 3D
solids, not being able to concretize 3D solids and carelessness  Some middle
schoolteachers also stated that students’ carelessness and not thinking deeply about
the concepts were the sources of over-counting the common unit cubes on the
adjacent faces. On the other hand, the middle school teachers believed that a lack of
conceptual knowledge, not being able to think about solids as three-dimensional, not
being able to concretize 3D solids led the elementary students to make mistakes
based on conceptual errors. In addition, students’ carelessness was considered to be

the main source for their computational errors.

4.2.2.4 Middle School Teachers’ Knowledge of the Strategies to Overcome
Elementary Students’ Errors

In this section, strategies used by middle school teachers to overcome the
errors made by the elementary students when calculating the volume of 3D solid
were investigated. The middle school teachers suggested various strategies that they
could use to eliminate the errors made by the elementary students when calculating
the volume of 3D solid. Using the term strategies, |1 am referring to the approaches,
methodologies that the middle school teachers used in their lessons or planned to use
when their students make these errors. The four middle school teachers stated two
strategies to deal with elementary students’ errors in relation to calculation of the
volume of 3D solids. The strategies to overcome each error are presented in Table
4.9.
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Table 4.9 The strategies to overcome students’ errors

Strategy Using manipulative . Re-explaining the
misunderstood part of the

Students’ Errors topic

Focusing on the faces of 3D X

Solids

Over-counting the common X

unit cubes on adjacent faces

Conceptual errors X X
Computational errors X

The first one was using manipulative which was proposed by all the teachers to
eliminate the error, focusing on the volume of 3D solids. For example Mrs. Kaya
said:

We can ask them to create 3D solids from the unit cubes. We can count
the unit cubes one by one. Moreover, we can calculate the volume [of
it]. We see that both are the same. Yes, we can say that the volume
refers to the number of unit cubes or the number of unit cubes refers to
the volume, namely we can make two-way connection using an if-and-
only clause.

Birim kiiplerden cisimler yaptirabiliriz. Kiipleri tek tek sayariz. Ayrica
hacmini hesaplariz. Ikisinin ayni oldugunu goriiriiz . Evet, hacmin
gercekten kiip sayisi verdigini soyleyebiliriz veya kiip sayisinin hacmi
verdigini de yani ikisini de ancak ve ancak seklinde cift tarafli baglanti
kurabiliriz.

According to Mrs. Kaya and Mrs. Akay, the students might over-counting the
common unit cubes on the adjacent faces of the 3D solid. Mrs. Kaya and Mrs. Akay
stated that students might recognize the common unit cubes with the help of
manipulative. Pertaining to this, Mrs. Akay stated:

Many students do not recognize the common unit cubes on two or three
adjacent faces when counting the unit cubes. They can count these unit
cubes more than once. | might give them a prism formed by unit cubes
to examine. By asking questions regarding the common unit cubes,
students may notice that a unit cube belongs to more than one face but
that unit cube is only one in the prism.

Bir¢ok ogrenci birim kiipleri sayarken 2 veya 3 yiizdeki ortak kiipleri
farketmiyor. Bu kiipleri birden fazla sayabiliyorlar. Ogrencilere birim
kiiplerden olusmus prizma verip cismi incelemelerini isterim.
Osrencilere ortak kiiplerle ilgili sorular sorarak, égrenciler bir kiipiin
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birden fazla yiize ait oldugunu fakat o kiipten sadece bir tane oldugunu
farkedebilirler.

Additionally, Mrs. Kaya, Mr. Esen and Mrs. Uzun stated that teachers might
use manipulative to eliminate the students’ conceptual errors which were confusing
the volume and area, and confusing the volume and perimeter. As Mrs. Kaya
explained:

If we use visual material, for instance we can cover the surface with
wrapper, then we can try to find the area of the wrapper because the
area is covering, in fact, the surface area. After finding the surface area
visually, the student will obtain the answer 94. We can create a figure,
fill the inside with the water. We can say that the surface area is the
amount of wrapper to be used to cover the visual material and the
volume is the amount of water that fill the figure. In this way, we can
distinguish between two concepts.

Gorsel materyaller kullanirsak, mesela cismi bir cilt ile kaplayabiliriz.
O cildin alanini bulmaya ¢alisiriz. Ciinkii alan bir kaplamadir, aslinda,
yiizey alani. O yiizey alamini bulduktan sonra gorsel olarak 94 e
ulasacak. Oyle bir cisim yapariz ki, icini suyla doldururuz. Alamn
kullanilan cildin mikltar:, hacmin de cismi dolduran suyun miktart
oldugunu soyleriz Boylece, ikisinin farkl seyler oldugu kavramini aywrt
edebiliriz.

Mrs. Uzun explained that constructing and visualizing the solid using
manipulative might be helpful for students to eliminate their conceptual errors and
Mrs. Uzun’s explanation regarding this error is given below. Specifically, the
example is related to confusing the area and volume, which is one of the dimensions
of the conceptual error.

I corrected [the error] using the intelligence cube or by putting their
books one on the top of the other. Let’s measure the volume of a book.
How many books are there? In that case, what is the volume [of whole
shape]? Let’s find the area [of whole shape]. Are they same? I try to
eliminate [the error] by asking these kind of questions.

Zeka kiipiinii kullanarak diizeltirim veya kitaplarint iist iiste koyarak.
Hadi su kitabimizin hacmini élgelim. Kag tane kitap var? Bu durumda,
[biitiin seklin] hacmi ka¢? Alamimi bulalim. Bunlar aym mi? Sorular
sorarak gidermeye ¢alisirim.

Furthermore, Mr. Esen, Mrs. Kaya and Mrs. Uzun proposed to use

manipulative to eliminate students’ conceptual error in question 7. As indicated, the
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error in this question was confusing the height of the triangular prism and the height
of the side-face. The related vignette of Mr. Esen is given below.

If there is a pyramid that is able to open and close, then the students can
physically perceive it, then we can say that this is the height of the
triangle, which is at the outside. We can explain that the students can
find the area in this way but to find its volume, the height of the
pyramid should be measured.

Eger acilip kapanan bir piramit olabilseydi ve ellerine somut olarak
verebilsek bu distaki tiggenlerin yiiksekligi deriz. Bununla alanlarini
bulabilirsiniz ama hacmini bulmak igin kendi yiiksekliginin olmasi
gerekir diye anlatiriz.

Mrs. Kaya and Mrs. Uzun stated that teachers could use the transparent
pyramid model given below, to deal with students’ conceptual error in which they

confuse the height of the triangular prism with the height of the side-face.

height of the pyramid

height of side-face of
the pyramid

From the knowledge of the participating teachers, the second strategy to
eliminate students’ errors in calculating the volume of 3D solids was, presented in
Table 4.9, re-explaining the misunderstood part of the topic. For instance, Mrs.
Akay, Mr. Esen and Mrs. Uzun specified that the students’ conceptual error, not
being able to distinguish the height of 3D solids from the height of the side-face,
might be eliminated by re-explaining the topic. In this manner, the teachers stated
that the teacher might explain the difference between the height of 3D solids from
height of side-face.

In addition, all teachers specified that students’ computational errors could be
eliminated by explaining the topic again and presenting many more examples related
to the topic. Moreover, they stated that conceptual errors, not being able to apply
Pythagorean Theorem and not being able to calculate the area of a triangle, could be

eliminated by re-explaining the topic and solving many examples.
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This section presented the middle school teachers’ knowledge of their learners
in terms of elementary students’ preferences among solution methods, their
interpretations of students’ alternative solution methods, and errors held by the
elementary students and their possible sources when calculating the volume of 3D
solids were given. In addition, middle school teachers’ knowledge on the strategies
to overcome the errors was explained. In the next section of the result chapter,

teachers’ knowledge of curriculum will be presented and discussed.

4.2.3 Middle School Teachers’ Knowledge of Curriculum

From the analysis of the data, another dimension of the middle school
teachers’ PCK was determined; this was their knowledge of curriculum. In relation to
this dimension two major categories were formed from the data gathered through the
questionnaire, classroom observation and interviews. The four middle school
teachers’ knowledge of curriculum on the volume of 3D solids is discussed in terms

of the connections with other topics and changing the order of the topics.

4.2.3.1 Connection with Other Topics

In the current study, the connection with the other topics refers to connecting
the topic to the other mathematics areas and topics taught in other courses (e.g.
science) taught in previous years, the same year and to be taught in later years.
Making the connections between topics is used to help students remember topics
learned, relate new topics and previous ones and to encourage them to review the
previous topic. The connection with the other topics is undertaken by referring to the
previous topic, asking questions that help students to understand the relationship, and
reminding them about what they have already learnt it.

From the analysis of the data from the interview, three teachers (Mrs. Kaya,
Mrs. Akay and Mrs. Uzun) stated that they connected the volume of 3D solids to the
topics taught in previous years (the area of the polygons). Mrs. Kaya stated:

It is necessary to know how to calculate the area of a polygon to apply
the volume of prism. In fact, to find the area of base [of the prism], it is
necessary to know how to calculate the area of a polygon.

Prizmanin hacmi igin taban alanini bilmek gerekiyor. Taban alanini
bulmak i¢in ¢okgenlerin alanini bilmek gerekiyor.
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Pertaining to the volume of the pyramid, Mrs. Kaya, Mrs. Akay and Mrs. Uzun
said that they made links to the topic that had been taught in previous years and also
taught at the same year. Mrs. Akay gave this example:

When | am teaching the volume of the pyramid, | connect it with the
volume of a prism and the area of a polygon. Since the volume of a
pyramid is one third of the volume of a prism. For this reason, students
should know how the volume of a prism is calculated to find the
volume of a pyramid.

Piramitin hacmini anlatirken prizmanin hacmi ve ¢okgenlerin alani ile
iligkilendiriyorum. Ciinkii piramitin hacmi, prizmanin hacminin 1/3 ‘ii.
Bu yiizden, piramitin hacmini hesaplamak igin, ogrenciler prizmanin
hacmini bilmemeliler.

Thus it can be seen that the topic; the area of a polygon, had been taught in the
previous year and the volume of a prism had been taught at the same year. However,
Mr. Esen said that he did not connect the volume of 3D solids to the topics taught in
previous Yyears, the same year and to be taught in later years. During the interview,
Mr. Esen commented:

I had not connected this topic with the other topics until today. With
which topics do I connect? Of course, all the topics is related to each
other. Multiplying the numbers is related to the volume, as well. But |
do not link [the volume] with any topic in particular.

Bugiine kadar bu konuyu baska konularla iliskilendirmedim. Hangi
konu ile iliskilendirebilirim ki? Tabiki mutlaka her konu birbiriyle iliski
icinde. Sayilarin ¢arpilmast bile hacimle iliskilidir. Ama ozel olarak
[hacim konusunu] bir konuyla iligkilendirmiyorum.

Contrary to his explanation in the interview, Mr. Esen did make links to the
volume of a pyramid with the volume of a prism like the other teachers in his
lessons. In other words, when teaching the volume of the pyramid, in their lessons all
the teachers reminded the students about how to calculate the volume of a prism.
From the observation of Mrs. Uzun’s class this dialogue was recorded:

Mrs. Uzun: How can you calculate the volume of this prism? (showed a
triangular prism)

Student-1 (Std): By multiplying the area of the triangle and the height
of the prism.
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Mrs. Uzun: Okay. What about the volume of this? (showed a triangular
pyramid)

Std-2: By multiplying the area of the triangle and the height of the
pyramid.

Mrs. Uzun: You said that the volume of the pyramid and the volume of
the prism are the same. But they are not the same. Do you think that if
we fill both of them with water, will the amount of water be the same?
Stds: No

Mrs. Uzun: In that case, their volumes are not the same. Look at this
prism. There are 3 pyramids in it (showing the triangular prism). That
is, the volume of prism is equal to the volume of 3 pyramids. In other
words, when calculating the volume of pyramid, we divide the volume
of prism by 3 if their bases and their height are the same.

Similar to the way in which Mrs. Uzun taught, the other three teachers taught
the volume of the pyramid by relating it to the volume of the prism in their lessons.
However, none of the teachers connected the volume of 3D solids with the topics to

be taught in later years and topics that had been taught in other courses.

4.2.3.2 Changing the Order of the Topics

In addition to connecting topics with the teachers used, their curriculum
knowledge refers to make changes in the order of the sub-topics of 3D solids in the
curriculum. In the elementary mathematics curriculum (MoNE, 2006), the topic of
3D solids, started with defining the basic terms of the prism and continued with
calculating the surface area then the volume of prism. Up to this point, teachers had
not altered the order of the topic. However, in the curriculum, the topic continues to
define the terms (e.g. base, lateral faces and height,) related to a pyramid, cone and
sphere followed by their surface area. Lastly, the calculation of their volumes was
taught. Regarding the order of pyramid, cone and sphere, all the teachers did change
the order in the process of teaching. The teachers were asked the reason for this
change in the interview. Mr. Esen responded as follows:

It was not reasonable to teach defining the basic terms related to
pyramid, cone and sphere, and calculating the surface area and the
volume of pyramid, cone and sphere separately. In my opinion, it is
more effective first to teach the definition of the basic terms related to a
pyramid, then calculate its surface area and volume. Then these aspects
related to a cone should be taught. Lastly, the terms regarding the
sphere should be defined and the calculation of the surface area and
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volume of sphere should be taught. In this way, | created coherence for
each 3D solid.

Piramit, koni ve kiire ile ilgili temel kavramlar: tanimlamay: ve onlarin
yiizey alanmini ve hacmini hesaplamayt ayrt ayri 6gretmek ¢ok mantikl
degil. Bence once piramit ile ilgili kavramlari, piramitin yiizey alanini
ve hacmini hesaplamayr ogretmek daha etkili oluyor. Sonra koni ile
ilgili olan konular ogretilmeli. En son da, kiire ile ilgili olan terimler
tammlanmali ve kiirenin yiizey alanmi ve hacminin hesaplanmasi
ogretilmeli. Bu sekilde her bir geometrik sekil de biitiinliik sagliyorum.

Moreover, Mrs. Uzun explained:

If I taught [the topic] of 3D solids according to the sequence given in
the curriculum, | would lose time. | reminded the students about the
pyramid, cone and sphere in every lesson.

Eger 3 boyutlu cisimleri miifredattaki siraya gore anlatirsam vakit
kaybediyorum. Her defasinda piramiti, koniyi, kiireyi tekrar hatirlatmak
gerekiyor.

All the teachers altered the order of the sub-topics related to 3D solids in order

to teach the topics more effectively and to avoid loss of time.

4.2.4 Middle School Teachers’ Knowledge of Assessment

The last dimension of the middle school teachers’ PCK is presented and
discussed in this study was the teachers’ knowledge of assessment. The analysis of
data collected through the questionnaire, interview and classroom observation
revealed that teachers applied formative and summative assessment during their
regular instructions. The descriptions of these two types of assessment are presented
before discussing how they implemented them.

Formative assessment provides the teacher with information about the
students learning during the learning process. Moreover, it provides the students with
feedback about their learning. On the other hand, summative assessment evaluates
the students’ knowledge concerning a specific topic and measures student learning
following the completion of a unit in any subject (Lankford, 2010).

The participating teachers applied different formative assessment methods to
obtain information about how much students have learned during the lesson. All

teachers asked students many questions related to the calculation of the volume of
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prism after teachers presented a few examples during their lessons. The teachers
observed the students while they were solving the questions; they helped the students
if they missed important aspects, and gave them feedback about their learning. An
example of this process, below is one of the questions that Mrs. Akay presented in
her lesson.

Question:

The half of the store, which was a square
pyramid-shape, filled with wheat when 300
m® wheat was put to the store. How much
20 wheat in the store had previously?

] 15m

15m

One of tne students solved the question on the board. The teacher observed the
class, and realized that the students were able to calculate the volume of pyramid.
However, students missed an important point, which prevented them from solving
the question. Her explanation regarding the missing point was given below.

Mrs. Akay: What was the volume of pyramid?

Std-1: 1500 m®

Mrs. Akay: Good. How much wheat was there before putting 300 m?
wheat in the store?

Std-2: The half of the store

Mrs. Akay: How much?

Std-1: Himmm...750 m*

Mrs. Akay: That is, if 300 m® wheat was put in, then there would be 750
m® wheat. In this case, how much wheat is there before putting 300 m*
wheat?

Stds: 450

Mrs. Akay: Yes. Do you understand?

Stds: Yes.

When observing the class Mrs. Akay noticed that some of the students did not
understand the question. She helped them by asking questions. As a result of this
formative assessment, Mrs. Akay decided to perform more exercises and explained
the points in which the students had problems. Moreover, Mrs. Kaya assessed her

students’ learning through the group work; she expected a group of students to

present the topic to the whole class and to discuss the topic with their classmates.
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During the students’ presentation, Mrs. Kaya observed the class and noted the points
that students did not understand. Similar to Mrs. Kaya, Mrs. Uzun applied formative
assessment method through the group work undertaken during her lessons. In her
assessment, she grouped the students and gave them different prisms. She asked each
group to calculate the volume of the prism that she had given them. Then, she
checked whether students’ answers were correct. If there were students who had not
been able to find the volume of the prisms, then Mrs. Uzun explained the subject
again and solved additional examples.

Besides, Mr. Esen and Mrs. Akay asked their students a question and then
they said that “for the students who solved the question correctly, I will give them
100 for their class performance”.

Mr. Esen asked the following question to the class and he stated that the
students who solved this question would get 100 for the class performance grade. He
gave students time to solve the question. When students were solving the question,

he walked around the classroom and checked the student’s work.

B

If A(ABCD)= 8N2 c¢m2, then calculate the
A volume of the cube.

C

After a while, one student solved the question and the student explained the

following solution to his classmates:
B

[ called the length of each edge of the cube as “a”.
In this case, the length of AC is aN2. I can

calculate the area of ABCD by multiplying a and
D an2.

A(ABCD)=a x a\2

8V2=a*\2 a® =8 and a= 22

V=al=> 2\2)*=16V2

a av?
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After checking the solution, Mr. Esen said the students who solve the
question correctly that your class performance grade was 100.

On the other hand, one of the formative assessment strategies was that all the
teachers gave homework, from the textbook and workbook. During our conversation,
Mrs. Kaya explained:

I give homework after teaching each topic. Thus, | check whether
students have understood the topic.

Her konuyu anlattiktan sonra odev veririm. Boéylece, 6grencilerin
konuyu anlayp anlamadiklarini kontrol ederim.

Mrs. Akay and Mr. Esen did not check whether students did homework,
however, Mrs. Kaya and Mrs. Uzun checked students’ homework and they solved
the questions that students could not solve. In this sense, Mrs. Kaya stated:

Sometimes | prepare a worksheet and give it to the students as
homework. They do the worksheet at home and we discuss the
questions in the class the next lesson. If they have difficulties in solving
some questions, then | solve them and explain the point that they do not
understand again.

Bazen c¢alisma kagitlart hazirliyorum ve ogrencilere odev olarak
veriyorum. Onlart evde ¢oziiyorlar ve bir ders sonra sorular: sinifta
tartistyoruz. Eger zorlandiklari sorular varsa, onlart ¢oziiyorum ve
anlamadiklar: noktayr tekrar anlatryorum.

As can be seen, the teachers planned to elicit information about their students’
learning through homework and to determine what they had missed in relation to that

had been taught in the lesson.
On the other hand, the teachers specified that they used paper-pencil test to

grade students. Below, a paper-pencil test question posed by Mr. Esen.

165



(10 points) A

In the triangular prism in the figure; if
E |AB|=6 em ,|BC|=12 cm and A(BCDE)= 120 cm?,
then what is the volume of this triangular prism?

F
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|
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|
|
|
|

A

C D

Figure 4.33 An example paper-pencil test question posed by Mr. Esen

Another example was taken from the exam created by Mrs. Uzun.

If the length of the one edge of base of square
pyramid, in the figure, is 8 cm and the height of side-
face [of the pyramid] is 5 cm, then what is the
volume of this triangular prism?

Figure 4.34 An example of paper-pencil test question posed by Mrs. Uzun

In addition, the teachers gave performance homework and projects which are
obligatory for the students. Regarding the volume of 3D solids, all the teachers asked
the students to construct 3D solids from cartoons and calculate the surface area and
volume of them as performance homework. None of the students selected the volume
of 3D solidsfor their project.

In conclusion, the teachers used formative assessment by giving homework
and asked many questions during the lesson to determine whether their students
learnt the topic. Moreover, the teachers implemented summative assessment by
giving performance homework and project work, and administering tests to discover

how much the students had absorbed concerning what they had taught.
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CHAPTER YV

CONCLUSION, DISCUSSION, AND IMPLICATIONS

The purpose of this study was to examine four middle school mathematics
teachers’ subject matter knowledge and pedagogical content knowledge of the
volume of 3D solids. In light of this purpose, this chapter presents the conclusion and
the discussion of the results, educational implications, recommendations for future
research studies, and the limitations of the research study. In other words, the
important points mentioned in the analysis part reviewed and discussed with

references to previous studies in the literature.

5.1 Conclusions

In this study, in relation to four middle school teachers’ subject matter
knowledge on the volume of 3D solids, two dimensions, knowledge of alternative
solution methods and knowledge of generating a story problem, were examined.
Based on the findings of the study, the teachers generated four solution methods to
calculate the volume of 3D solids. These methods were named as volume formula,
systematic counting, layer counting and column/row iteration by means of the related
literature and the participants’ statements. Regarding these solution methods, it was
seen that although middle school teachers stated these solution methods, they did not
solve the questions using the stated methods in their lessons. Besides, middle school
teachers had difficulty in generating a story problems related to the volume of 3D
solids. Although they tried to use given numbers and terms, they were not successful
in generating the story problems. State differently, middle school teachers did not
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have strong SMK to teach alternative solution methods to their students although
they could generate different solution methods. Moreover, teachers’ SMK is limited
in generating story problems regarding the volume of 3D solids.

Regarding middle school teachers’ PCK, their knowledge of instructional
strategy, knowledge of learners, knowledge of curriculum and knowledge of
assessment were investigated. Based on the findings of the study, it could be
concluded that middle school teachers mostly used teacher-centered instructional
strategy rather than using less teacher-centered enriched with class discussion
strategy. In light of the teachers’ knowledge of learners, it could be resulted in that
students mostly preferred to use volume formula method while calculating the
volume of 3D solids. Besides, the middle school teachers’ interpretations of students’
alternative solution methods were examined to identify their knowledge of learners.
The findings of the study showed that the teachers were not successful in interpreting
students’ alternative solution methods if they themselves had not used them in their
teaching. Moreover, the middle school teachers’ knowledge of learners analyzed in
terms of their knowledge of students’ errors in the volume of 3D solids. They gave
the following errors; focusing on the faces of 3D solids, over-counting the common
unit cubes on adjacent faces, conceptual errors, and computational errors. Paralel to
the errors, six sources of students’ errors were identified. The sources were as
follows: not being able to think of solids as three-dimensional, not being able to
comprehend the structure of 3D solids, not being able to concretize 3D solids, lack of
conceptual knowledge, students’ carelessness and not thinking deeply about the
concepts. Also, with respect to their knowledge of learners, two strategies, using
manipulative and re-explaining the misunderstood part of the topic, were proposed
by the the middle school teachers. Besides, another dimension of teachers” PCK was
the knowledge of curriculum which was discussed in terms of the connection with
other topics and changing the order of the topics in the curriculum. Although the
middle school teachers made links to the volume of 3D solids with topics taught in
previous years or in the same year, they did not connect it with topics that will be
taught in the following years. Additionally, they altered the order of the sub-topics of
the volume of 3D solids because they realized that there was a problem in the order

of the sub-topics. Lastly, the middle school teachers” PCK was investigated through
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their knowledge of assessment. The teachers used both formative assessment
strategies (informal questioning and homework) and summative assessment
strategies (paper-pencil test, performance homework and project work) to assess
students learning. In the next section, these conclusions are discussed based on the
related literature.

5.2 Discussion

The research findings are discussed under two main sections based on the
research questions. In the first section, the nature of middle school teachers’ subject
matter knowledge on the volume of 3D solids is discussed with references to the
previous studies. In the second part, the nature of the middle school teachers’

pedagogical content knowledge is discussed based on the related literature.

5.2.1 The Nature of Middle School Teachers’ Subject Matter Knowledge
Generating alternative solution methods to the given questions is one of the
dimensions of teachers’ subject matter knowledge that formed the basis of the
research study. The data analysis revealed that middle school teachers were able to
generate four alternative solution methods to calculate the volume of 3D solids. Of
these methods, systematic counting, layer counting and column/row iteration were
more complicated than volume formula. To generate these three methods, it is
necessary to know more than the multiplication of three edges (Battista & Clements,
1996). For instance, a student using the layer counting method should realize that a
prism is composed of the layers. Similarly, to use column/row iteration method, it is
necessary to know that a prism formed by columns or rows. To summarize, in order
to generate other methods apart from the volume formula, a student needs to have
knowledge about the structure of the 3D solids (Battista & Clements, 1996). In this
respect, it can be concluded that the middle school teachers did have adequate
knowledge of the structure of 3D solids, such as a prism, since they were able to
establish the relationship between the units such as layers, columns and unit cubes.
This means that generating alternative solution methods to calculate the volume of

3D solids was connected with knowledge of the structure of 3D solids. Since the
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middle school teachers had that knowledge, they were able to develop alternative
solution methods such as layer counting.

Although teachers stated the methods, systematic counting, layer counting
and column/row iteration, during the interview, they did not use them when teaching
the volume of 3D solids in their lessons. They only used the volume formula to
calculate the volume of 3D solids. Singmuang (2002) stated that teachers do not need
to use any other alternative solution methods for the given problems since they are
able to easily solve the problems using the formula. However, the reason for using
volume formula might be that teachers have little understanding of the mathematical
concepts (Berenson et al., 1997). Since they had limited understanding of the topic,
they would not explain the alternative solution methods to their students and
furthermore, they might not encourage students to use these methods even if they
could generate them. As a result, it could be concluded that middle school teachers,
who focused on using formula, probably had a limited understanding regarding the
topic and were reliant on formulas in their teaching. This conclusion was parallel to
previous studies (Berenson et al., 1997; Hill 2007) which concluded that teachers did
not have sufficiently deep knowledge to explain and present mathematical ideas
using alternative solution methods.

On the other hand, the variety of alternative solution methods that middle
school teachers generate changed with respect to the way that the researcher asked
the questions even if all the questions were related to calculating the volume of 3D
solids. Two questions were given to the teachers for them to generate alternative
solution methods to calculate the volume of 3D solids. In one of the questions,
teachers were expected to directly calculate the number of unit cubes of the prism
(Question 1). There was no extra challenge in terms of solving this question and all
the middle school teachers were able to use at least two solution methods. This result
could be interpreted as for simple questions; the teachers could use more than one
strategy. In other words, the middle school teachers did not need broad subject matter
knowledge to use alternative solution methods if the volume of 3D solids was asked
directly. However, in another question, the teachers were asked to calculate the
number of unit cubes of prism when one layer of unit cubes is removed from all

faces of prism (Question 2). Since this question has two phases, removing the outer
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faces and then calculating the number of unit cubes remain, this question is more
complicated than the previous one. It is possible that the teachers might not be
familiar with this type of question and it was found that the middle school teachers
applied, at most, one solution method to solve this question. Two middle school
teachers used the volume formula, one applied systematic counting method however,
one teacher was unable to solve the question when one layer of unit cubes is removed
from all the faces of the prism. This result reveals that if the question was a little
complicated and the teachers were not familiar with it, then the teachers focused on
using the volume formula. The reason for this might be that teachers had limited
knowledge of generating alternative solution methods to solve complicated
questions.

To sum up, to use systematic counting, layer counting and column/row
iteration methods, the middle school teachers need to have a deep knowledge of the
subject matter however, the teachers lacked this knowledge thus they applied volume
formula method in their lessons. As Lederman, Gess-Newsome and Latz (1994)
explained, teachers’ low level of subject matter knowledge influences their
instructional decisions. Therefore, the teachers would not be effective in developing
children’s understanding of a topic (Murphy, 2012). In the current study, when the
question was asked indirectly or was complicated, it required rich subject matter
knowledge in order to develop a repertoire of different solution methods. Because of
having inadequate subject matter knowledge, their repertoire of solution methods
was limited as well.

The middle school teachers’ subject matter knowledge was also investigated
in terms of their knowledge of generating story problems related to the volume of 3D
solids. The analysis of the data revealed the fact that the teachers’ subject matter
knowledge on generating story problems using given numbers and terms was not
sufficiently strong. According to analysis of the data, one teacher could not make any
interpretation regarding the problem which could be generated by the given numbers
and terms. Two other middle school teachers tried to create a problem related to the
volume, but their attempts were not appropriate. From the findings, it can be
concluded that teachers posed problems without thinking about the mathematical

aspects and did not pay attention to how the problems could be solved (Crespo,
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2003). In order to present the topics appropriately and in multiple ways as in story
problems, teachers should have a deep understanding of the subject (Ball, 1990a),
thus, it can be concluded that the teachers had inadequate subject matter knowledge.
Even though these discussions are important part of teachers’ knowledge,
subject matter knowledge alone does not ensure effective teaching performance
(Kahan, Cooper, & Bethea, 2003). Pedagogical content knowledge (PCK) is also

necessary and this is discussed in the following sections.

5.2.2 The Nature of Middle School Teachers’ Pedagogical Content Knowledge

As a result of the analysis of the data, the middle school teachers’
pedagogical content knowledge is present below in the following four dimensions;
knowledge of instructional strategy, knowledge of learners, knowledge of curriculum
and knowledge of assessment. These dimensions of the middle school teachers’ PCK
are discussed on the basis of the related literature.

5.2.2.1 Knowledge of Instructional Strategy

The teachers’ knowledge of instructional strategy was one of the dimensions
of middle school teachers’ PCK as used in with several other studies (Grossman,
1990; Magnusson et al., 1999). This dimension has been defined as the teachers’
knowledge of subject-specific strategies, presenting broad applications for
mathematics teaching, and topic-specific strategies, including ways to represent
concepts (pictures, tables, graphs) and instructional strategies (investigations,
demonstrations, simulations or problems) facilitating students’ learning of specific
topics in mathematics (Magnusson et al., 1999).

The research findings revealed that the middle school teachers tended to
apply teacher-centered instructional strategy to teach students the volume of 3D
solids. The teachers provided clear explanations and examples concerning the topic
followed by questioning the students in order to understand how much they had
learned. Moreover, they used manipulative to help their students envisage and
visualize 3D solids. In the literature, there is support for this finding in that teachers
tend to teach using teacher-centered methods (Mellado, 1998). In the current study,

the teachers’ instructional strategy to teach the volume of 3D solids was parallel to
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the results of other studies concerning middle school teachers (Friedrichsen &Dana,
2005; Koballa et al., 2005; Magnusson et al., 1999). There might be many reasons
for the teachers in the current study to apply teacher-centered instructional strategy
when teaching the volume of 3D solids as explained below.

A major influence on the way the middle school teachers’ taught was their
prior experience (Eick & Reed, 2002). Teachers who lack of experience related to
using different instructional strategies in their teaching (Flick, 1996) and have
inadequate subject matter knowledge might be reasons for applying teacher-centered
strategy to teach the volume of 3D solids.

The complex nature of 3D solids might lead to the middle school teachers
implementing teacher-centered instruction. The teachers might think it better to teach
the topic directly instead of sharing the responsibility with the students since the
teachers might think that the students might not be able to visualize and envisage 3D
solids on their own. The middle school teachers may consider that using
manipulative would facilitate students’ understanding of the structure of 3D solids.
In other words, the teachers believe that for the students to learn such a difficult topic
that the teacher should orchestrate the instruction. However, Borko and Putnam
(1996) claimed the opposite in that the teacher should support students’ learning
through student-centered instructional strategies rather than engaging in teacher-
centered instructional strategies.

Another reason for applying teacher-centered instruction to teach the topic
might be the number of concepts that need to be taught. The volume of 3D solids
includes main concepts such as the volume of a pyramid, prism, cone and sphere.
The middle school teachers might think that students would confuse the calculation
of the volume of these shapes if they did not provide clear explanation to
discriminate between them. Also, according to the middle school teachers, elements
such as; height, base, and height of the side-face, are the other concepts that
elementary students might confuse. In order to help students gain a clear idea of
these concepts, the teachers might prefer to explain them directly. In addition, since
there are many concepts in the topic, by adopting a teacher-centered strategy the
teachers might consider that they can help students develop their understanding of all

the concepts needed to solving many different problems. This is important in relation
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for the students to achieve a high score in the national exam. Since calculating the
volume of 3D solids is one of the topics in the exam, the middle school teachers are
under pressure to solve many questions and this takes time thus they could not apply
activities or conduct discussions when teaching the topic.

Lastly, another probable reason for using teacher-centered instruction might
be that the topic, the volume of 3D solids, is one of the last topics of the 8" grade
curriculum in Turkey (MoNE, 2006). Because of the time constraint, teachers may
ignore the topic or teach it superficially.

Understanding teachers’ instructional strategies provides an insight into how
teachers use their content knowledge, and integrate this knowledge with their PCK
with its other dimensions (knowledge of learners, knowledge of curriculum, and
knowledge of assessment). A further aspect of PCK is the middle school teachers’

knowledge of learners which is discussed in the following section.

5.2.2.2 Knowledge of Learners

The middle school teachers’ knowledge of learners is important issue in terms
of effective teaching and learning (Ball & Cohen, 1999). The knowledge of learners,
one of the dimensions of PCK, was defined as teachers’ knowledge of students’ prior
knowledge, and their misconceptions/difficulties in learning specific topic
(Magnusson et al, 1999). In order to facilitate mathematics instruction and learning,
this knowledge has a pivotal role in understanding students’ thinking process
(Fennema, Carpenter, Franke, Levi, Jacobs & Empson, 1996).Thus, the present study
aimed to obtain information regarding the teachers’ knowledge of students’
understanding. To this end, the research findings concerning the middle school
teachers’ knowledge of the students’ preferences among the solution methods that
could be used to calculate the volume of 3D solids, the middle school teachers’
interpretations of students’ alternative solution methods, and the middle school
teachers’ knowledge concerning to students’ errors related to the volume of 3D
solids are presented and discussed. Additionally, discussions on the sources of
students’ errors and the ways of overcoming students’ errors are presented.

Middle school teachers stated that most of the students prefer to use volume

formula to calculate the volume of 3D solids. According to the teachers, in order to
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calculate the volume of 3D solids through volume formula, it is sufficient to have
knowledge of algorithmic calculations. In other words, students do not need to know
the structure of 3D solids when applying the volume formula. However, the teachers
specified that students should know about the structure of 3D solids to apply other
solution methods such as systematic counting, layer counting and column/row
iteration. For instance, the systematic counting strategy requires counting the number
of unit cubes exterior and interior of the prism. In that case, students should consider
that some unit cubes are common unit cubes on the adjacent faces and these cubes
should only be counted once. Moreover, the students should realize that there are unit
cubes on the invisible faces and inside the prism. In addition, students should know
that the prism is formed by layers in order to apply layer counting strategy which
depends on the knowledge of the structure of prism. According to the teachers,
because the students’ have a limited knowledge of the structure of 3D solids, the
students prefer to use a formula to calculate the volume of 3D solids. The middle
school teachers’ expressions regarding students’ preferences among different
solution method were consistent with the solution method that the students used
when calculating the volume of 3D solids in their lessons. During the classroom
observation, it was observed that students had a tendency to calculate the volume of
3D solids through the formula.

On the other hand, similar to their elementary students, the teachers also
prefer to use volume formula when teaching the topic. This reveals that middle
school teachers possessed the required procedural knowledge regarding the volume
of 3D solids. As Fennema and Franke (1992) emphasized that the teacher’s
conceptual and procedural understanding of a topic influences their teaching. In other
words, because the teachers introduced the volume formula in the lesson, students
tended to use it. As stated by Zacharos (2006), if instruction involves procedural
knowledge and the use of formula, the students will insist on using the formula. This
means that the middle schoolteachers were able to identify the most frequently used
solution methods by the students to solve the questions related to the volume of 3D
solids. The result is consistent with that found by Carpenter et al. (1988) which
concluded that teachers had knowledge that allowed them to identify their students’

methods to solve addition and subtraction problems.

175



The data was analyzed to investigate the middle schoolteachers’ knowledge
concerning the interpretation of the students’ alternative solution methods. In a
general sense, the teachers were able to interpret students’ solution methods if they
were familiar with those methods. On the contrary, the middle school teachers were
not able to interpret students’ alternative solution methods if the teachers themselves
had not used them in their teaching. Thus, the teachers’ knowledge about their
students’ methods was limited by their experiences. This result could be interpreted
as middle schoolteachers did not having a sufficiently broad knowledge of the
students’ alternative solution methods. The reason for this might be that the middle
schoolteachers did not know how students thought when solving the questions.
Based on the accessible literature, the findings of the present study paralleled
previous studies that aimed to investigate teachers’ knowledge of learners on
different mathematic topics (Esen & Cakiroglu, 2012; Hill, 2007; Turnuklu &
Yesildere, 2007). For instance, Hill (2007) emphasized that middle schoolteachers
did not have sufficient knowledge to explain the mathematical ideas underpinning
the students’ alternative solution methods regarding number and operations, and
algebra. Moreover, Turnuklu and Yesildere (2007) concluded that teachers did not
have an adequate knowledge of fractions in order to identify students’ incorrect
solution methods. In addition, the findings of their study revealed that the middle
school teachers had difficulty in interpreting students’ incorrect solution methods.
Similar to the present study, Esen and Cakiroglu conducted a study to explore
teachers’ knowledge in relation to their interpretation of students’ incorrect solutions
regarding the calculation of the volume of different shapes. The researchers
concluded that the teachers could not justify the students’ incorrect solution methods
and could not find the errors in the students’ incorrect solutions. On the contrary,
Gokturk et al. (2013) claimed that teachers were able to interpret students’ incorrect
solution methods related to variables. In the present study, the reason for not be able
to interpretation of students’ alternative solution methods might be the middle school
teachers’ inadequate subject matter knowledge. As emphasized in the literature,
teachers’ SMK  influences their PCK (Ball, 1991b; Ball & Bass, 2002; Kahan,
Cooper & Bethea, 2003; Shulman, 1986). Thus, having a limited SMK may restrict
their understanding of students’ thinking. As a result, they may have difficulty in
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interpreting students’ alternative solution methods regarding the volume of 3D
solids.

The middle school teachers’ knowledge of student errors related to the
volume of 3D solids was investigated. Moreover, the reasons for students’ errors and
the strategies to be used to eliminate them were examined. The middle school
teachers gave the following four errors; focusing on the faces of 3D solids, over-
counting the common unit cubes on adjacent faces, conceptual errors, and
computational errors. These errors were consistent with studies in the literature
(Battista & Clements, 1996; Ben- Chaim, Lappan & Houang, 1985; Hirstein, 1981).
The findings of earlier studies identified similar errors made by elementary students.
Battista and Clements (1996) reported that elementary students made the following
errors when calculating the volume of prism: a) counting the unit cubes on the visible
faces in the picture, b) counting the unit cubes on six faces, ¢) counting the unit
cubes on some visible and hidden faces, d) counting the unit cubes on the front face
only, d) counting the unit cubes on faces but not systematically (Battista & Clements,
1996). In a similar vein, Ben-Chaim et al. (1985) identified students’ errors made
when calculating the number of unit cubes in a prism. The errors were as follows; a)
counting the number of visible faces, b) counting the number of visible faces and
doubling that number, c) counting the number of visible cubes, and d) counting the
number of visible cubes and doubling that number. As it can be seen, the results of
both studies stated that students focused on the faces of the prism when calculating
its volume. Consistently, the middle school teachers also presented the same error,
focusing on the faces of 3D solids that elementary students might make. Moreover,
according to Hirstein (1981), elementary students might calculate the surface area of
3D solids when calculating its volume. Similarly, the middle school teachers noted
the same error which was considered to be conceptual error. As a result, earlier
studies supported the information given here about middle school teachers’
knowledge of students’ errors related to the calculation of the volume of a geometric
shape. This could be interpreted as the middle school teachers’ having adequate
knowledge of students’ errors made when calculating the volume of 3D solids.
Although the teachers in the present study had sufficient knowledge on elementary
students’ errors in the volume, Kilic (2011) and Isik et al. (2013) concluded that the
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teachers’ had limited knowledge to identify student errors in some topics. For
instance, the teachers’ knowledge regarding algebra and fractions was not sufficient
to identify the students’ errors. On the other hand, Aygun et al. (2013) and Gokturk
et al. (2013) found that the teachers could identify students’ errors related to the
equal sign and variables. The results of Aygun et al. (2013) and Gokturk et al. (2013)
were consistent with the result of current study in terms of the level of the teachers’
knowledge in relation to determine the errors of their students to here.

The surprising finding of the study is related to identifying the students’
errors in the volume of 3D solids. When the incorrect solution methods of students
were presented to the middle school teachers, they could not identify the errors
which caused students to give the incorrect answer. However, when the teachers
where asked about the possible errors that the students might make when calculating
the volume of 3D solids, then they were able to state several errors. The reason for
this might be that the middle school teachers did not have adequate knowledge
concerning students’ thinking (Carpenter, Fennema, & Franke, 1996).

Parallel to the errors, the middle school teachers identified six sources of
students’ errors in calculating the volume of 3D solids. According to the middle
school teachers, the most important source of students’ errors was that they were not
being able to think of solids as three-dimensional. The middle school teachers
thought that students considered three-dimensional solids as two-dimensional. For
this reason, the elementary students focused on the faces of 3D solids, and confused
volume and area. Similar findings were also given in the literature (Battista et al.,
1996; Ben-Chaim et al., 1985; Hirstein, 1981). In the study of Ben-Chaim et al.
(1985), the elementary students focused on the faces of the 3D solids when
calculating its volume. Consistent with the middle school teachers’ knowledge, Ben-
Chaim et al. (1985) asserted that students were not aware of the three-dimensionality
of the solid. They stated that “dealing with two dimensions rather than three is
related to some aspects of spatial visualization ability” (p. 406). The results of Ben-
Chaim et al. verified that the teachers’ knowledge in terms of the source of students’
error was that they were not being able to think of solids as three-dimensional.
Moreover, Battista et al. (1996) stated that students considered 3D solids as an

uncoordinated set of faces which confirmed the level of middle school teachers’
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knowledge of the source, as not being able to think solids as three-dimensional.
Moreover, the middle school teachers stated that students might confuse volume and
area because they were not being able to think of solids as three-dimensional. This
source of the students’ error was confirmed by Hirstein (1981). He also concluded in
his study that elementary students might calculate the surface area of 3D solid
instead of calculating its volume because they did not considering solids as three-
dimensional.

Another source of the error stated by the middle school teachers was not
being able to comprehend the structure of 3D solid. According to the middle school
teachers, the students’ error of focusing on the faces of 3D solid emanated from not
knowing the structure of 3D solid. According to the middle school teachers, students
may think that a 3D solid is like an empty box thus, the students may only focus on
the faces of 3D solid. For instance, students might not think that the prism is
composed of the layers, and that a layer is composed of a column/row. Also, that the
column/row is formed by unit cubes. Since they did not know the structure of 3D
solids, the students concentrated on the faces of a 3D solid when calculating its
volume. In other words, elementary students might not have the appropriate spatial
awareness of the structure of 3D solids defined as “the mental act constructing an
organization or form for an object or set of objects” (Battista et al., 1996, p.282).

Also, with respect to the middle school teachers’ knowledge, another source
of students’ errors in relation to the faces of 3D solids and confusing the volume and
perimeter was not being able to concretize 3D solids. The middle school teachers
stated that the elementary students had difficulty in mentally visualizing 3D solids as
stated by Olkun (1999; 2001; 2003) . Thus, students were not able to consider the
inside of the prism and they concentrated on the outer faces of the 3D solids when
calculating its volume. Furthermore, due to not being able to concretize 3D solids,
they might confuse the concepts such as perimeter and volume. For this reason, they
might calculate the perimeter of the 3D solids instead of its volume.

According to the middle school teachers, the most widespread source of
students’ errors was the students’ carelessness. This consisted of focusing on the
faces of 3D solid, over-counting the common unit cubes on the adjacent faces, not

being able to calculate the area of the triangle, not being able to apply Pythagorean
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Theorem and multiplication error. Due to being careless, students may forget the
three-dimensionality of the 3D solids. For this reason, they may focus on the faces of
3D solids. Furthermore, middle school teachers stated that owing to their
carelessness, the students did not consider the common unit cubes on the adjacent
faces. For the same reason, the students may make errors in the multiplication
operation and they may not calculate the area of the triangle when calculating the
volume of pyramid. Students may not apply Pythagorean Theorem when finding the
length of edges which was necessary for calculating the volume of 3D solids.
According to the middle school teachers, this source of error was the least important
of students’ errors because it is not specific to the volume of 3D solids.

In relation to the sources of students’ errors, the middle school teachers
specified that students did not think deeply about the concepts. This could be
explained as those students did not interpret the concepts such as the volume, relate
the concepts with the other concepts that they had previously learnt and their daily
life, and give the meaning of the volume formula. According to the teachers, because
they did not think deeply about the concepts, the elementary students might make
errors such as; over-counting the common unit cubes on the adjacent faces and
computational errors. Regarding over-counting the common unit cubes on the
adjacent faces, the middle school teachers explained that students might not consider
how the unit cubes are placed in a prism. According to the middle school teachers,
their students could not establish the relationship between units as Battista and
Clements (1996) stated. For this reason, students did not think that some unit cubes
belonged to two or three faces. This showed that students were not aware of the
structure of 3D solids. Additionally, the middle school teachers specified that one of
the sources of computational error was not thinking deeply about the concepts. For
instance, students might make an error in multiplication, and the reasons for this kind
of error might not consider which numbers should be multiplied to calculate the
volume. They may multiply the numbers without understanding the meaning of the
numbers. In other words, students might not consider the depth, width and height of
the prisms. Additionally, the middle school teachers stated that their elementary
students did not think about how to calculate the area of the triangle for the volume

of prism and they could not apply Pythagorean Theorem. That is, the students might
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not know which edges of the triangle should be multiplied to calculate the area of the
triangle or they may not know the reasons for dividing the result of multiplication of
the base and the height of the triangle by 2. In relation to not being able to apply the
Pythagorean Theorem, the students might not discriminate the right edges and the
hypotenuse of the triangle or they might not know give the meaning of the
Pythagorean Theorem. For these reasons, the source of the errors, not being able to
calculate the area of a triangle and not being able to apply Pythagorean Theorem,
was not thinking deeply about the concepts.

Finally, the middle school teachers specified a lack of conceptual knowledge
as one of the sources of the students’ errors in the volume concepts. According to the
middle school teachers, confusion of the concepts emanated from the lack of
conceptual knowledge. Due to the fact that the elementary students do not
comprehend the concepts, it is indispensable in avoiding errors. For instance, middle
school teachers stated that the reason for confusing volume and area might be due the
students’ lack of conceptual knowledge. Put it differently, students did not know
what the volume or area was when they were trying to calculate them. If students
comprehended the volume and area, then they might not confuse them as stated by
Hirstein (1981).

The middle school teachers specified six sources of students’ errors in
relation to the concept of volume. This result could be interpreted as the middle
school teachers having knowledge on the sources of students’ errors related to the
volume of 3D solids. In order to eliminate these errors, the teachers proposed two
strategies, using manipulatives and re-explaining the misunderstood part of the topic
and, all the teachers used these strategies during their lessons. Although these
strategies were not specific to the volume of 3D solids, the middle school teachers
believed that they were the best ways to eliminate student errors. For instance, to
eliminate errors, over-counting the common unit cubes on the adjacent faces, the
middle school teachers might show the common unit cubes on the adjacent faces by
using manipulative. In this way, the students may realize that some unit cubes belong
to two or three faces. Moreover, for focusing on the faces of 3D solid, the middle
school teachers may use base-ten blocks. In this manner, students may comprehend

the structure of prism and concretize the prism in their minds. In addition, middle
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school teachers may help students to discriminate between the volume and area
concepts via using manipulative. Additionally, according to the middle school
teachers, re-explaining the misunderstood part of the topic could be used to eliminate
all errors that elementary students made. For example, middle school teachers stated
that elementary students might confuse the height of 3D solids and the height of side-
face of 3D solids. To eliminate this error, middle school teachers may explain these
concepts until the students understand.

As a result, middle school teachers had knowledge of learners to identify
students’ errors, to determine the sources of the errors and the strategies to eliminate
these errors. Moreover, they had knowledge of the methods that elementary students

used when calculating the volume of 3D solids.

5.2.2.3 Knowledge of Curriculum

In this study, another dimension of PCK was the teachers’ knowledge of the
curriculum is discussed in terms of the connection with other topics and changing the
order of the topics in the curriculum.

Four middle school teachers connected the volume of 3D solids with the area
of polygons, which was taught in previous years. By making this connection, it can
be said that middle school teachers had vertical curriculum knowledge (Shulman,
1986). However, this relation between topics is not an indicator that teachers’
knowledge of curriculum was strong since the area of polygons also uses the volume
formula. This means that by relating the volume of 3D solids to the area of polygons
may not help students to learn the volume of 3D solids in a meaningful way rather
that students are likely only to remember how to calculate the area of polygons. In
addition, when connecting these two topics, the teachers commented that students
should know how to calculate the area of a polygon to apply the volume formula.
This result led me to conclude that the middle school teachers referred to the area of
the polygons because it is a prerequisite to calculating the volume of 3D solids.

Additionally, teachers made links to other topics such as the volume of the
pyramid with the volume of the prism, taught in the same year. The purpose of
connecting the two topics was to use the volume of the prism which they had learned

a short time before to make the volume of pyramid more understandable. When
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connecting these topics, they focused on using manipulative. In this way, the middle
school teachers aimed to help students visualize the connection. In other words, they
tried to eliminate the error, which arose from the students not being able to
concretize 3D solid.

Although teachers made links to the topics taught in previous years or in the
same year, they did not connect the volume of 3D solids with topics to be taught in
later years. Moreover, they did not make a connection between the volume of 3D
solids and topics in other courses. Furthermore, the middle school teachers did not
aim to link the topic with the future daily-life of the students. The reason for not
connecting the topic with other topics or daily life might be that middle school
teachers’ knowledge concerning the relationship between the topics might not be
well established.

Furthermore, the teachers’ knowledge of the curriculum was discussed in
terms of changing the order of the topics. It was connected to curriculum saliency
and the robust SMK that middle school teachers had (Aydin, 2012). Curriculum
saliency refers to teacher’s knowledge on the position of the topic in the curriculum
(Rollnick, Bennett, Rhemtula, Dharsey, & Ndlovu, 2008). As a result of the middle
school teachers’ curriculum saliency, they diagnosed a problem in where the sub-
topics of 3D solids are located in the curriculum in terms of teaching the volume of
3D solids. To resolve this, they changed the order to make teaching more
comprehensible to the students. In addition to their curriculum saliency, it is highly
probable that the teachers’ robust SMK may have helped them realize the problem.
This result was in keeping with that of Basturk and Kilic (2011). They also
concluded that teachers who had adequate content knowledge paid attention to the
order of presentation of topics if necessary. Furthermore, their teaching experience
may have an influence on the middle school teachers in terms of altering the order of
the sub-topics of 3D solids in the curriculum. Similarly, Friedrichsen et al. (2007)
stated that teachers’ prior experience has influences in planning instruction.
Throughout their teaching in the previous years, they might notice that the order in
the curriculum disrupts the integrity of the sub-topics of 3D solids. According to the
middle school teachers, this may prevent students from making relationship between

the sub-topics of 3D solids and understanding the topic. Changing the order of the
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sub-topics of 3D solids revealed the teacher's knowledge and understanding of the
topic which might be an indicator of teachers’ adequate knowledge of curriculum.

In brief, middle school teachers had limited knowledge in terms of connecting
the volume of 3D solids with other topics within mathematics or other lessons.
However, they did have adequate knowledge to realize that there was a problem in

the order of the sub-topics of the volume of 3D solids and to alter their order.

5.2.2.4 Knowledge of Assessment

Knowledge of assessment is one of the dimensions of teachers’ PCK. It
comprises teachers' knowledge of what to assess and how to assess students’ learning
(Magnusson et al., 1999). In the present study, the middle school teachers’
knowledge of assessment was discussed in terms of how to assess.

When teaching the topic of the volume of 3D solids, the teachers
implemented assessment strategies from the beginning to the end of the topic.
Teachers need to be sure that students had a good understanding the previous parts
before moving forward. In addition, to be able to learn the volume of one of the 3D
solids (e.g. pyramid), students need to know the volume of another 3D solid (e.g.
prism). The lack of this knowledge results in potential problems in learning the
volume of 3D solids (Sirhan, 2007). For this reason, teachers should assess students’
learning from the beginning to the end of the topic.

Magnusson et al. (1999) specified that teachers should know what to assess
and how to assess. The middle school teachers used both formative and summative
assessment strategies such as informal questioning, homework, paper-pencil test,
performance homework and project work. The reasons for using informal
questioning, one of the formative assessment strategies, might be to obtain feedback
about students’ understanding, to determine the points that students were not able to
understand, to identify students’ errors in the topic. This result was parallel to the
result from the study by Lankford (2010). Additionally, teachers gave the students
homework, which is another formative assessment strategy. However, they did not
check whether the students could solve the questions in the homework, whether
students had difficulties regarding the questions, and whether there were points that

they could not understand in relation to the topic. The aim of giving homework was
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to encourage the students to study the topic which was inconsistent with the aim of
using formative assessment strategies (Cowie & Bell, 1999; Lankford, 2010). Since
the researchers (Cowie & Bell, 1999; Lankford, 2010) emphasized that the aim of
using formative assessment was to provide feedback in order to guide their teaching.
On the other hand, the middle school teachers applied a paper-pencil test,
performance homework and a project as summative assessment strategies which are
required by Ministry of Education. MoNE (2006) explained that students present
their knowledge and skills by relating the topic to their daily-life during the
preparation of performance homework. Moreover, the project work is similar to
performance homework but requires creativity and high level skills (MoNE, 2006).
Although MoNE (2006) introduced the aims of giving performance homework and
project work, the purpose of giving them was not consistent with their aims that were
presented by MoNE. Additionally, teachers used a paper-pencil test at the end of the
topic. But they did not aim to determine points that students could not understand,
the purpose was only to grade students. The interesting finding is that none of the
middle school teachers gave quizzes at the end of one sub-topic of the volume of 3D
solids and before starting a new one. However, quizzes may help teachers to
understand which part of students’ learning is lacking.

There might be two reasons for choosing the assessment strategies. One
might be that teachers have a tendency to implement assessment strategies with
which their understanding was assessed when they were student (Kamen, 1996).
Another reason might be that they have to apply certain assessment strategies. In
addition, the teachers’ teaching style may influence their use of assessment strategies
as stated by Lannin et al. (2008). The teachers in this study applied teacher-centered
instructional strategy and thus, they may focus on assessing knowledge through

traditional assessment strategies.

5.3 Implications
In this study, the four middle school teachers’ subject matter knowledge and
pedagogical content knowledge of the volume of 3D solids were investigated. In

light of the findings, the study has several implications for middle
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schoolmathematics teachers working with elementary students, mathematics
educators, the curriculum developers, textbook writers, and policy makers.

The current study verified the argument in the literature that teachers should
have deep and broad subject matter knowledge (Gess-Newsome & Lederman, 1999;
Shulman, 1987). Teachers need to recognize that just knowing and applying
procedures or formulas does not mean that they have a deep understanding of SMK
and PCK for teaching mathematics. Moreover, the middle school teachers’ PCK
cannot be strong and effective for mathematics teaching without a strong SMK
(Maxedon, 2003). In the current study, the middle school teachers had limited SMK
and PCK. Generally they did not develop alternative solution methods to calculate
the volume of 3D solids and did not generate a story problem involving the volume.
Moreover, they were not able to interpret students’ solution methods and identify
students’ errors in relation to the volume of 3D solids. Additionally, they did not
have rich repertoire of instructional strategies and they taught the topic through
lecturing. Their lack of knowledge of instructional strategies may influence their
instructional decisions since they did not know how to apply different instructional
strategies. Furthermore, the teachers applied a limited number of assessment
strategies (informal questioning, paper-pencil tests, homework). Thus, the middle
school teachers should enroll in professional development programs to help them
develop their understanding of the mathematics. The middle school teachers in the
current study had not participated in any professional development programs.
Participating professional development programs has several benefits for the teachers
such as; providing opportunities to develop the depth and breadth of their
mathematics content knowledge. Furthermore, the middle schoolteachers can
identify students’ misconceptions/difficulties/errors regarding a particular topic and
determine ways to eliminate them. Moreover, the teachers need to increase their
repertoire of instructional strategies to teach mathematics. Additionally, professional
development programs should be provided to help the teachers to enrich the
assessment strategies to determine the level of their students’ learning. It is
recommended that MoNE organizes middle school teachers
2 professional development programs for teachers and together with the school

administration, encourages them to participate in these programs.
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In the literature many authors claimed that teaching experience is a crucial
source of teachers’ PCK (Grossman, 1990; Shulman, 1987; van Driel et al., 2002).
However, it does not guarantee a well-developed PCK (Friedrichsen et al., 2007) and
this is supported by the findings of the current study since although the four teachers
each had at least 12 years experience, their PCK was not robust. For instance, the
teachers did not have adequate knowledge of students’ errors and the ways of
eliminating their errors because they did not focus on the students’ errors during their
teaching. In particular, they did not take the reasons for students’ errors into
consideration when they were teaching. They only considered whether students
followed the procedure or not when calculating the volume of 3D solids. However,
the teachers could have obtained knowledge of students’ errors by checking their
homework (An et al., 2004) and paper-pencil test but the middle school teachers did
not check students’ homework. It seems that the purpose of assigning homework was
not to understand students’ learning but only to make students revise what they have
learned in class. Another way of obtaining information about student errors would be
through tests but the aim of the paper-pencil test was to grade students. If teachers
wish to support their students’ learning, then they need to observe the students during
lessons to understand their thinking. In addition, homework, performance homework,
project, and paper-pencil test could be important indicator of students’ learning. In
order to do this effectively, the middle school teachers should focus on developing
formative and summative assessment strategies to acquire deep and meaningful
knowledge of how students learn and comprehend mathematics topics.

Moreover, the study offers implications for curriculum developers and
textbook writers. The findings revealed that the middle school teachers applied
teacher-centered instructional strategy. Therefore, they had tendency to teach the
mathematics by lecturing. During the interview, middle school teachers stated that
they want to apply activities but they do not know which activities can help students
to facilitate their learning. For this reason, teachers should be supported by useful
activities for teaching the topics effectively. In this regard, curriculum developers
and textbook writers should include activities which promote students’ learning.
Additionally, textbook writers may give place to problems which support conceptual

understanding rather than directing students to apply the formula. Guidelines for
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teachers that cover the important issues in mathematics teaching should be clearly
presented and explained in the teacher copies of textbooks.
The recommendations for further research and limitations of the current study

are presented in the following section.

5.4 Recommendations for the Future Research Studies

This research study was aimed to understand four middle school mathematics
teachers’ subject matter knowledge and pedagogical content knowledge related to the
volume of 3D solids. Based on the findings, related research studies are suggested in
this section. Future studies could be conducted to investigate teachers’ knowledge
about the other important areas of geometry, such as the surface area of 3D solids,
triangles and angles. This would serve to present a larger picture of the middle school
teachers’ knowledge of geometry and since understanding teachers’ knowledge of
geometry has important role for understanding teachers’ knowledge of mathematics
(Maxedon, 2003), and this type of research would extend the understanding of the
teachers’ mathematics knowledge.

In this study, the effect of teachers’ knowledge on students’ learning was not
investigated. However, in the literature it is claimed that the teachers’ knowledge has
an impact on the students’ achievement in mathematics (Hill & Ball, 2004). In order
to explore how teachers’ SMK and PCK affects students’ learning in a certain
geometry topic, further studies need to be undertaken.

Researchers have claimed that teachers’ orientation has pivotal role among
the dimensions of PCK since it guides teachers in making instructional decisions
(Brown et al., 2009; Koballa, Glynn, Upson and Coleman, 2005). Although middle
school mathematics teachers’ PCK was investigated under four dimensions, the
teachers’ orientation to mathematics teaching was not taken into consideration in the
present study. Furthermore, there are many studies regarding teachers’ orientation to
science teaching but research aiming to investigate teachers’ orientation to
mathematics teaching is limited. Due to the importance of teachers’ orientation on
their PCK, research studies should be carried out to identify teachers’ orientation to

mathematics teaching and its effect on other dimensions of PCK.
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The findings also suggest the need for further studies on the possible effects
of teaching experience on the development of teachers’ knowledge (Grossman, 1990;
Shulman, 1987; van Driel et al., 2002). In order to identify the effects of teaching
experience on teachers’ knowledge, novice teachers and experienced teachers’
knowledge about the same topic could be investigated and compared.

As stated by several researchers, PCK is a topic-specific construct (van Driel,
et al., 1998; Veal & MaKinster, 1999). Although one of the aims of the present study
is to investigate middle school teachers’ topic-specific PCK, the literature has
identified the need for more topic-specific PCK research. In order to present how
topic-specific PCK is, teachers’ PCK in different topics could be examined and
contrasted.

In addition, pre-service teachers’ knowledge of the volume of 3D solids could
be investigated in order to provide support for teacher educators to design their
methods course to enrich pre-service teachers’ SMK and PCK.

In Turkey the elementary and secondary mathematics curriculum was revised
in June 2013 (MoNE, 2013). The volume of 3D solids was removed from the 8th
grade mathematics curriculum and included in the 10th grade mathematics
curriculum. For this reason, further studies need to be done to examine secondary
mathematics teachers’ knowledge of the volume of 3D solids.

Lastly, quantitative research studies could be performed to investigate pre-
service and in-service mathematics teachers’ knowledge on several topics in
mathematics. In this way, the findings of the study could be generalized to the

broader context.

5.5 Limitations of the Study

This study examined four middle school mathematics teachers’ knowledge
regarding the volume of 3D solids. The findings of this study have made
contributions to the literature however, there are also the following limitations to the
current study; the selection of the participants, the data collecting instruments and
procedures, researcher position, and the topic selected to be studied. These issues are

detailed below.
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It is indisputable that the selection of the participants is one of the limitations
of the study. As stated in the methodology part, four middle school teachers
volunteered to participate in the study. Since this was qualitative case study, the
findings may change with respect to the participants’ backgrounds, experiences, and
beliefs. For this reason, different participants could produce different results.

Another limitation was directly related to the data collection instruments. The
questionnaire concerning the volume of 3D solids was developed by the researcher
and all the items were discussed with a mathematics educator and mathematics
teachers. However, the questionnaire may have been influenced by the researcher’s
beliefs and biases. Moreover, most of the questions in the questionnaire were related
to the volume of the prism. Although data gathered from the questionnaire related to
teachers’ knowledge on the volume of pyramid, cone and sphere were enriched
through the classroom observation; the findings of the study were mostly related to
the volume of prism. In addition, the findings were restricted to the data gathered
from the questionnaire, interview, classroom observation and field notes.

The researcher’s position is also a limitation of the study. As explained in the
methodology part, one of the data collection tools was classroom observation in
which the teachers’ lessons were videotaped. The presence of researcher and the
camera during the lessons might have had on effect on both the teachers and
students. To minimize this, researcher attended a few lessons and videotaped before
teachers started teaching the volume of 3D solids. Moreover, researcher’s
background and beliefs can lead to unintended biases during the data collection and
analysis process. To minimize researcher’s biases, several data collection tools (such
as questionnaire, interviews and classroom observations) were used and the data was
analyzed by a second coder. Furthermore, the findings of the study were discussed
with my supervisor and thesis committee members throughout the data analysis
process.

A final limitation of the study is related to the topic to be studied. In the 8"
grade mathematics curriculum, the volume of 3D solids was one of the last topics
(MoNE, 2006). Because of the time constraint, teachers may ignore the topic or teach

it superficially. The findings of the study might be influenced by this situation.
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APPENDICES
APPENDIX A

THE TURKISH VERSION OF VOLUME OF 3D SOLIDS QUESTIONNAIRE
(VDSQ)

Merhaba,

Ben Reyhan TEKIN SITRAVA. Ilkogretim Boliimiinde Matematik Egitiminde
doktora yapmaktayim. Prizma, piramit ve koninin hacmi ile ilgili bir arastirma
yaptyorum. Bu aragtirmada ortaya cikacak sonucglarin matematik egitime katkisi
olacagimi diisiiniiyorum. Bu ylizden sizden diisiincelerinizi ve goriislerinizi agikca
ifade etmenizi rica ediyorum.

Bana goriigsme siirecince soyleyeceklerinizin timii gizlidir. Arastirma sonuglarini
yazarken, goriistigiim bireylerin isimlerini kesinlikle rapora yansitmayacagim.

Baglamadan 6nce, bu sdylediklerimle ilgili sormak istediginiz bir soru var mi1?

Gorlismenin yaklagik 1 saat siirecegini tahmin ediyorum. Anlamadiginiz bir soru

veya herhangi bir sey olursa liitfen s6yleyin. Simdi sorulara baglamak istiyorum.

Reyhan TEKIN SITRAVA
reyhan_tekin@yahoo.com
1. BOLUM: Demografik Bilgiler

1. Cinsiyetiniz: [ | Bay [ ] Bayan

2. Mezun Oldugunuz Lise:

Diiz Lise Anadolu Anadolu Ogretmen Meslek Dig
L O ger
Lisesi Lisesi Lisesi
3. Egitim Durumu:

|:| Lisans |:| Yiiksek Lisans |:| Doktora

4. Gorev Yaptigimiz Okul:

5. Hizmet Yiliniz:

I [] [ ] L O [ ]

0-5 yil 6-10yil  11-15yil  16-20y1l  21-25yil  26-30y1il  31-35 yil
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SORU SETI

Asagida verilen sorularin cevaplarini bos birakilan yerlere veya bos bir kagida
cevaplayabilirsiniz.

1 7 . . ..
) / » Yanda verilen kare prizmay1 olusturan birim kiip

kagtir?

a) Bu problemin ¢oziimiinde kullanilabilecek bildiginiz tiim yontemleri
yaziniz.

b) Ogrencileriniz belirttiginiz yontemlerden hangisini veya hangilerini
kullanarak bu problem ¢6zerler?

c) Ogrencileriniz bu problemi ¢dzerken hangi hatalar1 yapabilirler?

d) Bu hatalarin kaynagi ne olabilir?

e) Siz bu hatalar diizeltmek i¢in hangi 6gretim tekniklerini/

materyalleri/stratejileri kullanirsiniz?

2)

V4 Yanda verilen kare prizmanin dis ylizeylerindeki
birim kiipler ¢ikartildiginda geriye kag tane birim
kiip kalir?

a) Bu problemin ¢6ziimiinde kullanilabilecek bildiginiz tiim yontemleri
yaziniz.

b) Ogrencileriniz belirttiginiz yontemlerden hangisini veya hangilerini
kullanarak bu problemi ¢6zerler?

¢) Ogrencileriniz bu problemi ¢dzerken hangi hatalar1 yapabilirler?

d) Bu hatalarin kaynagi ne olabilir?

e) Siz bu hatalar1 diizeltmek i¢in hangi 6gretim tekniklerini/

materyalleri/stratejileri kullanirsiniz?
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3)

4)

“Yanda verilen dikdortgenler prizmasinin
hacmini hesaplayiniz” probleminde
Mehmet Aslan’in sinifindaki 6grencilerin

biiylik ¢ogunlugu ayn1 hatay1 yapiyor ve
cismin hacmini 94 buluyorlar.
Buna gore;

a) Hata yapan 6grenciler problemi nasil ¢6zmiis olabilirler?

b) Ogrencilerin bu soruyu yanlis ¢ézmelerine neden olan hatalar1 nelerdir?
) Bu hatalarin kaynagi ne olabilir?

d) Siz bu hatalar1 diizeltmek i¢in hangi 6gretim tekniklerini/ materyalleri/

stratejileri kullanirsiniz?

Leyla Aksoy yandaki kiipiin hacmini 6grencilerine sorar ve
Ogrencileri sonucun 27 oldugunu sdyler. Leyla Aksoy
Ogrencilerinin soruyu farkli yontemlerle ¢6zdiiglinii
farkeder. Bu ¢6ziim yollarindan bazilarinin dogru olmasina
ragmen bazilar1 yanlstir.

Buna gore;

a) Soruyu dogru ¢6zen 6grenciler ne tiir ¢6ziim yollar gelistirmiglerdir?
Aciklaymiz

b) Soruyu yanlis ¢ézen 6grenciler ne tiir ¢oziim yollar1 gelistirmislerdir?
Aciklaymiz

c) Soruyu yanlis ¢6zen dgrencilerin hatalari nelerdir? Ag¢iklayiniz.

d) Soruyu yanlis ¢6zen dgrencilerin hatasinin kaynagi nedir? Ag¢iklaymiz.

e) Siz bu hatalar1 diizeltmek i¢in hangi 6gretim tekniklerini/ materyalleri/

stratejileri kullanirsiniz?
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—~ Yukarida verilen dikdortgen prizmasinin hacmini Ela,
Eren, Kuzey, Damla, Yagmur ve Berke farkli sekilde
¢dzmiisler fakat ayn1 cevabr bulmuslardir. Ogrencilerin
¢Ozlimleri agsagida verilmistir.

Ela’nin ¢oziimii: Eren’in ¢oziimii:

26 x 2=52 6+6=12

8x2=16 4+4=8

52- 16= 36 12+8+4=24

36- 12=24

Kuzey’in ¢oziimii: Yagmur’un ¢oziimii:

4x3=12 6 +6=12

12 x2=24 4+4+4=12
12 +12=24

Berke’nin ¢oziimii:

4x 3x 2=24

a) Ogrencilerin ¢oziim yollarin1 kendi ciimlelerinizle agiklaymiz.
b) Soruyu yanlis ¢6zen 6grenci veya 6grencilerin hatalarinin kaynagi ne olabilir?
c) Siz bu hatalar1 diizeltmek i¢in hangi 6gretim tekniklerini/ materyalleri/

stratejileri kullanirsiniz?

d) Sizin 6grencileriniz genelde hangi 6grencinin ¢dziim yolunu tercih ederler?
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6)

15¢

Yanda dik tiggen prizma seklinde kesilmis bir peynir
kalib1 bulunmaktadir. Bu peynir kalib1 20 esit dilime
ayrildiginda elde edilen her bir dilimin hacmi ne
kadar olur?

40 cm

Arda Acar yukaridaki problemi siifta 6grencilerine sorar ve farkli ¢6ziim yollari ile

karsilasir.
Yanki’nin ¢oziimii: Asya’nin ¢oziimii: Yaman’nmin coziimii:
a’=b’+c? _15.25 a’=b’+c?
25% = 152 + ¢? V=40 25% = 152 + ¢?
625 = 225+ ¢* V= 7500 625 = 225+ ¢*
400=¢*> = c=20 Bir dilimin hacmi: 400=c* = c=20
V= 15.20 0 7500 _a7e @ 5
2 20 20
V= 6000 ye 1520 ,
Bir dilimin hacmi: o2
6000 _ 300 V=300
20

Ada’nin ¢oziimii: llgaz’in ¢oziimii:
a> = b’ +c? a’=b’+c?
252 = 15%+ ¢? 252 = 15%+ ¢?
625 = 225+ ¢° 625 = 225+ ¢°
400=c* = c=20 400=c® =) c=20

40.20.15 15.20 25.x
v= e i x=12

2 2 2 =

V= .25.

6000 V= 40.25.12 = \V=6000

Bir dilimin hacmi:
M:mo
20

Bir dilimin hacmi: %80 =300

a) Sizce Arda Ogretmen’in dgrencileri bu ¢dziim yollarmi gelistirirken ne

diistinmtis olabilirler?

b) Eger bu 6grencilerden soruyu yanlis ¢dzen varsa bu 6grencinin/d6grencilerin

hatalar1 nelerdir?

c) Siz bu hatalar diizeltmek i¢in hangi 6gretim tekniklerini/ materyalleri/

stratejileri kullanirsinirsiniz?

211



Yanda verilen kare piramit seklindeki
maketin tabanmin bir kenar uzunlugu 6
cm ve yan yiiz yiksekligi 5 cm’dir. Bu
maketin hacmini hesaplayan Ceren ile
Cemre  problemi farkli yollarla

¢Ozmiislerdir.
Ceren’in ¢oziimii: Cezmre;m'n 2gbziimii:
_6.6.5 a“=b°+c _6.6.4
V= 3 52232+C22 V= 3
25=9+¢
v= 180 _goem? 16 = ¢ v= 44 _sgem?
3 =4 3

a) Sizce Ceren ile Cemre bu ¢dziim yollarii gelistirirken ne diisiinmiis
olabilirler?
b) Eger bu ¢6ziim yollarindan biri veya her ikisi yanlis ise yapilan hatalar ne
olabilir?
c) Eger bu ¢6ziim yollarindan herhangi biri yanlis ise yapilan hatanin kaynagi ne
olabilir?
d) Siz bu hatalar1 diizeltmek i¢in hangi 6gretim tekniklerini/ materyalleri/

stratejileri kullanirsiniz?

8) Kiilah, yay uzunlugu, 15, yarigap ve 54 cm ifadelerini kullanarak hacim bagintisini
iceren bir problem kurunuz.

9) Ogrencilerin ii¢ boyutlu cisimlerin hacmini hesaplamaya iliskin bilgilerini 8lgmek

icin hangi 6lgme araglarini kullanirsiniz?

10) 3 boyutlu cisimlerin hacmini matematik veya diger derslerdeki hangi konu veya

konularla iliskilendirerek anlatirsiniz?
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APPENDIX B

A TABLE OF SPECIFICATION FOR THE QUESTIONNAIRE ITEMS

SMK PCK
Knowledge of Learners Knowledge | Knowledge
of of
Curriculum | Assessment
Alternative | Generation | Students’ Interpretations Students’ The Sources | The Strategies
Solution A Story Preferences | of Students’ Errors of These to Overcome
Methods Problem among Alternative Errors Elementary
Different Solution Students’
Solution Methods Errors
Methods
1a, 2a 8 1b, 2b, 5d 3a, 4a, 4b, 5a, 1c, 2c, 3b, 4c, | 1d, 2d, 3c, le, 2e, 3d, 4e, |10 9
6a, 7a 6b, 7b 4d, 5b, 7c 5¢, 6¢,7d,




APPENDIX C

INTERVIEW PROTOCOL (IN ENGLISH)

SUBJECT MATTER KNOWLEDGE

e What are the solution methods that you use to solve this question?

e Do you know any other methods? If yes, please explain.

e Could you generate a story problem which involves the volume formula
using a cornet, the length of arc, 15, radius and 54?

e Could you solve the problem that you generated?

PEDAGOGICAL CONTENT KNOWLEDGE

» Knowledge of Learners
e What method(s) do your students use to answer this question?
e Which error(s) do you think your students will make in answering this
question?
e \What may be the reasons for the error?

e Which teaching techniques/materials/strategies do you use to overcome
these errors?

e According to you, what was the student thinking when s/he developed the

methods of solving the question?

» Knowledge of Curriculum

e What other topic or topics within mathematics do you use to teach the
volume of 3D solids?

e What other topic or topics within other lessons do you use to teach the
volume of 3D solids?

e How do you use real life examples to teach the volume of 3D solids?
» Knowledge of Assessment

e What methods do you use to assess the students’ knowledge related to the
volume of 3D solids?
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APPENDIX D

INTERVIEW PROTOCOL (IN TURKISH)

ALAN BILGIiSi

Bu problemin ¢6éziimiinde hangi yontemleri kullanirsiniz?

Baska yontem biliyor musunuz? Eger biliyorsaniz, agiklar misiniz?

Kiilah, yay uzunlugu, 15, yari¢ap ve 54 cm ifadelerini kullanarak hacim
bagintisini iceren bir problem kurar misiniz?

Kurdugunuz problemi ¢dzer misiniz?

PEDAGOJIK ALAN BiLGiSi

> Ogrenci Bilgisi

Ogrencileriniz belirttiginiz ydntemlerden hangisini veya hangilerini
kullanarak bu problemi ¢ozerler?

Ogrencileriniz bu problemi ¢dzerken hangi hatalar1 yapabilirler?

Bu hatalarin kaynagi ne olabilir?

Siz bu hatalar1 diizeltmek i¢in hangi 6gretim
tekniklerini/materyalleri/stratejileri kullanirsiniz?

Ogrenci soruyu yanlis ¢dzer ve 6gretmen, 6grencinin hatasini fark
ediyor/etmiyor.

Ogretmen, 6grencinin hatasi gidermek igin ...................... yontemini
kullaniyor.

» Miifredat Bilgisi

3 boyutlu cisimlerin hacmini matematikteki hangi konu veya konularla
iliskilendirerek anlatirsiniz?

3 boyutlu cisimlerin hacmini diger derslerdeki hangi konu veya konularla
iliskilendirerek anlatirsiniz?

3 boyutlu cisimlerin hacmini ger¢ek hayatla nasil iligkilendirirsiniz?

> Olcme Bilgisi

Ogrencilerin ii¢ boyutlu cisimlerin hacmini hesaplamaya iliskin bilgilerini
6lecmek i¢in hangi 6l¢me araclarini kullanirsiniz?
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APPENDIX E

OBSERVATION PROTOCOL (IN ENGLISH)

Teacher: School
Subject: Date:
<
S »
= = = EXPLANATIONS
s |5 |2
O —
p %) <

SUBJECT MATTER KNOWLEDGE

e Teacher solves the questions using
alternative solution methods.

The methods are:

e Teacher takes notice of students’ alternative
solution methods and explains these
methods to the other students.

PEDAGOGICAL CONTENT
KNOWLEDGE

» Knowledge of Learners

¢ Student solves the questions using different
solution methods.

The methods are:

e Student solves the questions incorrectly and
teacher does/doesn’t recognize student’s
error.

e Teacher uses different strategies to
overcome student’s error.

The strategies are:

» Knowledge of Instructional Strategy

e Teacher transfers his/her knowledge to the
students. S/he uses teacher-centered
instructional method.

e Teacher creates classroom environment that
gives students opportunity to share their
knowledge.
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» Knowledge of Curriculum

e Teacher connects the topic with

a)thetopics (coovvvvenvenneiiinns )in
mathematics

b) other topics (.....ovvvvviniannn... ) in
other 1€ssons (...................... )

c) real life

e Teacher alters the order of the topic.

The order is:

» Knowledge of Assessment

e Teacher uses assessment strategies during
the lesson.

The assessment strategies are:

e Teacher uses assessment strategies
following the completion of the topic.

The assessment strategies are:
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APPENDIX F

OBSERVATION PROTOCOL (IN TURKISH)

Ogretmen: Okul:
Konu: Tarih:
[
£
£5| 5| 8 ACIKLAMALAR
SEI RN | 3
=S m | T
ALAN BILGISI

e Ogretmen soruyu farkli ¢dziim
yontemleri kullanarak ¢ozer.

Coziim yontemleri:

e Ogretmen dgrencilerin farkli ¢oziim
yontemlerini nemser ve bu yontemleri,
diger 6grencilere aciklar.

PEDAGOJIK ALAN BIiLGiSi

> Ogrenci Bilgisi

e Ogrenciler sorulari farkli ¢dziim
yontemleri kullanarak ¢ozerler.

Cozliim yontemleri:

e Ogrenci soruyu yanlis ¢ézer ve dgretmen,
ogrencinin hatasini fark eder/etmez.

e Ogretmen, dgrencinin hatasmi gidermek
icin farkli yontemler kullanir.

Yontemler:

> Ogretim Metotlar Bilgisi

e Ogretmen bilgiyi 6grencilere transfer
eder. Ogretmen merkezli 6gretim teknigi
uygular.

e Ogretmen, dgrencilerin bilgilerini
paylasacagi bir sinif ortami yaratir.
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» Miifredat Bilgisi

e Ogretmen konuyu
a) matematikteki................ konular1
b) e derslerdeki..........konular

C) gercek hayat ile iliskilendirir.

e Ogretmen konunun sirasini degistirir.

Sira su sekildedir.

> Ol¢me Bilgisi

e Ogretmen, ders esnasinda dlgme ve
degerlendirme yontemleri kullanir.

Olgme ve degerlendirme
yontemleri:

e Ogretmen, konu bittikten sonra lgme ve
degerlendirme yontemleri kullanir.

Olgme ve degerlendirme
yontemleri:
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APPENDIX G

THE FIRST VERSION OF THE QUESTIONNAIRE, USED IN PILOT STUDY

SORU SETI

Asagida verilen sorularin cevaplarini bos birakilan yerlere veya bos bir kagida
cevaplayabilirsiniz.

1) Yanda verilen kare prizmayi olusturan birim
kiip say1 kactir?

/

ii) Yanda verilen kare prizmanin dig
yiizeylerindeki birim kiipler
cikartildiginda geriye kag tane birim kiip
k

alir?

1) Yukarida verilen her bir problem (i-ii) igin asagidaki sorular1 cevaplandiriniz.

a) Bu konuyu miifredattaki hangi konu veya konular ile iligkilendirerek
anlatirsiniz?

b) Bu problemin ¢6ziimiinde kullanilabilecek bildiginiz tiim yontemleri
yaziniz.

¢) Ogrencileriniz belirttiginiz yontemlerden hangisini veya hangilerini

kullanarak bu problemi ¢6zerler?

d) Ogrencileriniz bu problemi ¢dzerken hangi hatalar1 yapabilirler?

e) Bu hatalarin kaynagi ne olabilir? Agiklayiniz.

f) Siz bu hatalan diizeltmek igin hangi 6gretim tekniklerini/

materyalleri/stratejileri kullanirsiniz? Nasil?
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2) “Yanda verilen dikdortgenler prizmasinin
hacmini hesaplaymiz” probleminde
Hakan Aslan’in siifindaki 6grencilerin
biiylik ¢ogunlugu ayni hatay1 yapiyor ve
cismin hacmini 94 buluyorlar.

Buna gore;

a) Hata yapan 6grenciler problemi nasil ¢6zmiis olabilirler?
b) Ogrencilerin bu soruda hata yapmalarina neden olan kavram yanilgilari
nelerdir?
c) Bukavram yanilgilarinin kaynagi ne olabilir?
d) Siz bu hatalar diizeltmek i¢in hangi 6gretim tekniklerini/ materyalleri/
stratejileri kullanirsiniz? Nasil?
3)

Yanda verilen biiyiik kiiptin hacmi kagtir?

a) Bu konuyu miifredattaki hangi konu veya konular ile iliskilendirerek
anlatirsiniz?

b) Bu problemin ¢6ziimiinde kullanilabilecek bildiginiz tiim yontemleri
yaziniz.

¢) Ogrencileriniz belirttiginiz yontemlerden hangisini veya hangilerini
kullanarak bu problemi ¢ozerler?

d) Ogrencileriniz bu problemi ¢dzerken hangi hatalar1 yapabilirler?

e) Bu hatalarin kaynagi ne olabilir? Aciklaymiz.

f)  Siz bu hatalar1 diizeltmek i¢in hangi 6gretim tekniklerini/ materyalleri/

stratejileri kullanirsiniz? Nasil?

221



4)

Ela’min ¢oziimii:

Yukarida verilen dikdortgen prizmasinin hacmini
Ela, Eren, Kuzey, Damla, Yagmur ve Berke farkli
sekilde cozmiisler fakat ayni cevabi1 bulmuslardir.
Ogrencilerin ¢dziimleri asagida verilmistir.

Eren’in ¢oziimii:

26 X 2=52 6+6=12

8x2=16 4+4=8

52- 16=36 12+8+4=24

36- 12=24

Kuzey’in ¢oziimii: Damla’nin ¢oziimii:

4x3=12 12 x 2=24

12 x2=24 24 —4=20
20+4=24

Yagmur’un ¢oziimii:

12 x2=24

Berke’nin ¢oziimii:
4x3x2=24

a) Ogrencilerin ¢dziim yollarmi kendi ciimlelerinizle agiklayiniz.

b) Hangi ¢6ziim yolu/yollar1 dogrudur?

€) Hangi 6grenci veya 6grenciler problemi yanlis ¢ozmiistlir? Yanlis ¢dzen

ogrenci veya Ogrencilerin yanlislarinin kaynagi ne olabilir?

d) Siz bu hatalar1 diizeltmek i¢in hangi 6gretim tekniklerini/ materyalleri/

stratejileri kullanirsiniz? Nasil?

e) Sizin 6grencileriniz genelde hangi 6grencinin ¢6ziim yolunu tercih ederler?
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5)

Yanda agik hali verilen dik tiggen
prizma seklindeki karton katlanip
kutu yapildiginda kaplayacagi

Scm hacmi hesaplaymiz.

9cm

13 cm

a) Bu konuyu miifredattaki hangi konu veya konular ile iliskilendirerek
anlatirsiniz?

b) Bu problemin ¢6ziimiinde kullanilabilecek bildiginiz tiim yontemleri
yaziniz.

¢) Ogrencileriniz belirttiginiz yontemlerden hangisini veya hangilerini
kullanarak bu problemi ¢ozerler?

d) Ogrencileriniz bu problemi ¢dzerken hangi hatalar1 yapabilirler?

e) Bu hatalarin kaynagi ne olabilir? Ag¢iklaymiz.

f) Siz bu hatalar diizeltmek i¢in hangi 6gretim tekniklerini/ materyalleri/

stratejileri kullanirsiniz? Nasil?
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Yanda dik tiggen prizma seklinde kesilmis bir

6) peynir kalibi bulunmaktadir. Bu peynir kalib1
20 esit dilime ayrildiginda elde edilen her bir
dilimin hacmi ne kadar olur?

15¢c
40 cm

20 cm

Arda Acar yukaridaki problemi sinifta 6grencilerine sorar ve iki farkli ¢dziim yolu ile
karsilasir.

1. ¢oziim yolu: 2. ¢oziim yolu:
V= 15.20 40 40 =20
2 2
V= 6000 15.20
6000 V= ——2
Bir dilimin hacmi: —— =300
20 V=300

a) Sizce Arda Ogretmen’in dgrencileri bu ¢ziim yollarmi gelistirirken ne
diistinmiis olabilirler?

b) Bu ¢6ziim yollarindan hangisi/hangileri dogrudur?

c) Eger bu ¢6ziim yollarindan biri/ ikisi yanlis ise bu yanlisin kaynagi ne

olabilir?

d) Siz bu hatalar1 diizeltmek i¢in hangi 6gretim tekniklerini/ materyalleri/

stratejileri kullanirsiniz? Nasil?

e) Bu ¢6ziim yollarindan hangi/hangileri sizin 6grencileriniz i¢in daha

anlagilirdir?
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7)

Ceren’in ¢oziimii:

V= 6.6.5
3
V= ? =60cm’®

Yanda verilen piramit maketinin tabani 6 cm
ve yan yiiz yiiksekligi 5 cm’dir. Bu maketin
hacmini hesaplayan Ceren ile Cemre problemi
farkl yollarla ¢ozmiislerdir.

Cemre’nin ¢oziimii:

a’=b’+c” _6.6.4

52 = 32 4 2 V_T
25=9+¢°

16 = ¢ V= % —48cm’®
c=4

a) Bu problemin ¢6ziimiinii miifredattaki hangi konu veya konular ile

iligkilendirerek anlatirsiniz?

b) Sizce Ceren ile Cemre bu ¢6ziim yollarini gelistirirken ne diisiinmiis

olabilirler?

) Bu ¢oziim yollarindan hangisi/hangileri dogrudur? Neden?

d) Eger bu ¢oziim yollarindan biri veya her ikisi yanlis ise bu

yanlisin/hatanin kaynagi ne olabilir?

e) Siz bu hatalar1 diizeltmek i¢in hangi 6gretim tekniklerini/ materyalleri/

stratejileri kullanirsiniz? Nasil?

8) Kiilah, yay uzunlugu, 15, yarigap ve 54 cm ifadelerini kullanarak hacim
bagmtisini igeren bir problem kurunuz.
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APPENDIX H

CODING SCHEME

SUBJECT MATTER KNOWLEDGE

Knowledge of Alternative Solution Methods

Coding

Meaning

Volume Formula

Systematic Counting

Layer Counting

Column/Row lteration

Multiplying the depth, the width and the height of the prism
Multiplying the lengths of three edges
Multiplying area of the base of 3D solids by its height

Counting cubes systematically, attempting to count both inside and outside
cubes. He or she might, for instance, count the cubes on all the outside faces,
and then attempt to determine how many are in the center

Counting the number of unit cubes in one layer, and then multiplies this number
by the number of layers or uses addition to obtain the total

Counting the number of cubes in one row or column and uses skip-counting
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PEDAGOGICAL CONTENT KNOWLEDGE

Knowledge of Instructional Strategy

Coding

Meaning

Teacher-centered instruction

Teacher provides clear explanations and examples, checking students’
understanding by asking them questions and using manipulative to help
students envisage the 3D solids

Less teacher-centered enriched with class discussion Teacher shares the responsibility of explaining the topic with their students;

thus, there was a good amount of dialog between the students and the teacher.
Thus, questioning and discussions were integrated into teaching process.

Knowledge of Learners

Students’ Preferences among Solution Methods

Volume Formula

Systematic Counting

Layer Counting

Column/Row lteration

Multiplying the depth, the width and the height of the prism
Multiplying the lengths of three edges
Multiplying area of the base of 3D solids by its height

Counting cubes systematically, attempting to count both inside and outside
cubes. He or she might, for instance, count the cubes on all the outside faces,
and then attempt to determine how many are in the center

Counting the number of unit cubes in one layer, and then multiplies this
number by the number of layers or uses addition to obtain the total

Counting the number of cubes in one row or column and uses skip-counting
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Interpretations of Students’ Alternative Solution Methods

Coding

Meaning

Teachers’ Correct Interpretations of Students’ Correct
Solution Methods

Teachers’ Incorrect or Missing Interpretations of
Students’ Correct Solution Methods

Teachers’ Correct Interpretations of Students’ Incorrect
Solution Methods

Teachers’ Incorrect or Missing Interpretations of
Students’ Incorrect Solution Methods

Students’ solution method is correct and teacher explains it correctly

Students’ solution method is correct however, teacher could not explain it or
teacher’s explanation is not true for the solution method

Students’ solution method is incorrect and teacher explains it correctly

Students’ solution method is incorrect and teacher could not explain it or
teacher’s explanation is not true for the solution method

Students’ Errors

Focusing on the faces of 3D solids

Over-counting the common unit cubes on the adjacent
faces

Conceptual errors
Computational errors

Considering all or a subset of the visible faces of 3D solid when calculating
its volume

Not realizing some unit cubes belong to more than one face of 3D solid

Students’ misunderstanding or confusing the meanings of the concepts
A mistake made when undertaking the calculation

Sources of Students’ Errors

Not able to think of solids as three-dimensional

Not being able to comprehend the structure of a 3D solid

Focusing on the faces of 3D solids and ignoring inside of 3D solids

Not realizing that column/row is formed by the unit cubes, the layer is
formed by the columns/rows and the prism is formed by the layers
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Not being able to concretize a 3D solid
Lack of conceptual knowledge

Students’ carelessness

Not thinking deeply about the concepts

Not envisaging the structure of 3D solids
Not knowing the concepts or confusing the concepts

Not focusing on what is asked in the problem, forgetting the volume formula
and doing calculation errors while solving the problem

Not interpreting the concepts such as the volume, relate the concepts with
the other concepts that they had previously learnt and their daily life, and
give the meaning of the volume formula

The Strategies to Overcome Elementary Students’ Errors

Using manipulative

Re-explaining the misunderstood part of the topic

Forming and visualizing 3D solids with unit cubes, showing the concepts
which the students confuse such as the height of the pyramid and the height
of the side-face of the pyramid

Explaining the topic again and presenting many more examples related to
the topic

Knowledge of Curriculum

Connection with other topics

Changing the order of the topics

Connecting the topic to the other mathematics areas and topics taught in
other courses (e.g. science) taught in previous years, the same year and to be
taught in later years

Making changes in the order of the sub-topics of 3D solids in the curriculum
to teach the topics more effectively
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Knowledge of Assessment

Coding

Meaning

Formative assessment

Summative assessment

Evaluating the students’ knowledge concerning a specific during the
learning process

Evaluating the students’ knowledge concerning a specific topic following
the completion of a unit in any subject
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APPENDIX L

TURKISH SUMMARY

ORTAOKUL MATEMATIK OGRETMENLERININ 3 BOYUTLU
CISIMLERIN HACMINE ILiSKIN ALAN VE PEDAGOJIK ALAN
BILGILERI UZERINE BiR CALISMA

1. Giris

Son yillarda bircok arastirmaciogretmen bilgisinin, verimli &gretimin
saglanmasi i¢in ¢ok Onemli bir unsur oldugunu vurgulamistir (Ball, Thames &
Phelps, 2008; Shulman,1986). Ogretmen egitimiyle ilgili literatiir incelendiginde
Ogretmen bilgisinin farkli sekillerde tanimlandigi ve bu bilgiyi olusturan cesitli
degiskenlerden bahsedildigi goriilmektedir (Fennema & Franke, 1992; Grossman,
1990; Hill, Ball & Schilling, 2008; Shulman, 1986). Bu konuda yapilan
calismalarin Onciiliigiinii Shulman’in (1986, 1987) 6gretmen bilgisini tanimladigt
ve smiflandirdigr c¢aligmalart yapmaktadir. 1986’daki ¢alismasinda, Shulman
Ogretmen bilgisini; alan bilgisi, pedagojik alan bilgisi ve 6gretim programlari
bilgisi olarak belirlemistir. Shulman’a (1986) gore, alan bilgisi, matematik ve
matematigin yapisi hakkindaki bilgidir. Baska bir deyisle, alan bilgisine sahip olan
bir 6gretmenin matematikteki kavramlari, kurallari, teoremleri bilmesi, bunlarin
dogruluklarin1 ispat edebilmesi ve kavramlar arasindaki iliskileri kurabilmesi
gerekmektedir. Pedagojik alan bilgisi ise konu alan bilgisi ile pedagojik bilginin
birlesimidir. Bu bilgi tiirline sahip olan bir d8retmenin, konuyu en iyi bigimde
anlatabilmesi i¢in kullanmasi gereken 0gretim tekniklerini, 6rnekleri, gosterimleri
ve sunumlar1 bilmesi gerekir. Ayrica, 6gretmenin, 6grencilerin kavram yanilgilarini
ve bu kavram yanilgilarinin kaynagini bilme, kavram yanilgilarinin giderilmesi i¢in
kullanilabilecek benzetimler, temsiller, ornekler ve aciklamalar1 bilmesi de

Ogretmenin pedagojik alan bilgisine baghidir. Shulman’a (1986) gore, 6gretmen
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bilgisinin iigiincii boyutu dgretim programlart bilgisidir. Ogretim programi bilgisi,
bir 6grenme alanindaki Ogretim programu ile ilgili kaynaklarin (kaynak ders
kitaplari, somut materyaller, yazilimlar, teknolojik araglar, vb.) ne zaman ve nasil
kullanacag1 bilgisini igermektedir.

Shulman’dan sonra bazi arastirmacilar mevcut kategorileri genisletmis ve
O0gretmen bilgisini agiklamak i¢in farkli kategoriler ortaya koymustur (Ball,
Thames & Phelps, 2008; Gess-Newsome, 1999; Grossman 1990; Rowland,
Huckstep & Thwaites, 2005). Fakat arastirmacilar, 6gretmenlerin yeterli bilgiye
sahip olma ve bu bilgiyi etkili bir sekilde kullanilmasinin matematik 6gretiminin
temelini olusturdugu konusunda hemfikirdir. Bu nedenle, 6gretmenlerin cesitli
matematik konularina iligkin bilgilerinin ve bu bilgilerin, 6grencilerin 6grenmeleri
tizerindeki etkisini arastirmak igin birgok ¢alisma yapilmistir (Baki, 2013; Ball,
1990a; Ball, 1991; Bastiirk & Donmez, 2011; Borko ve digerleri, 1992; Even &
Tirosh, 1995; Hill, Rowan & Ball, 2005; Isiksal, 2006; Kahan, Cooper & Bethea,
2003; Leinhardt & Smith, 1985; Ma, 1999). Bu c¢aligsmalar, 6gretmenin matematik
bilgisinin, 6grencinin basarisint dogrudan etkiledigi sonucuna ulasmistir (Kahan ve
digerleri, 2003; Leinhardt & Smith, 1985). Diger taraftan, verimli matematik
ogretimi i¢in, 6gretmenin matematik bilgisi kadar geometri bilgisi de dnemli bir
role sahiptir (Maxedon, 2003). Ciinkii geometri matematigin 6nemli 6grenme
alanlarindan biridir (Atiyah, 2001; NCTM, 2000). Ayrica, 6grenciler sekilleri ve
yapilari incelerken, geometri kavramlarini ve bu kavramlarin matematikle iliskisini
de anlarlar (NCTM, 2000). Baska bir deyisle, geometri bilgisi, 6grencilere ve
Ogretmenlere matematigin diger 6grenme alanlarini 6grenme ve 6gretme agisindan
onemlidir. Bu yiizden, O6gretmenlerin geometri konular1 ile ilgili bilgilerinin
arastirilmasi literatiire 6nemli bir katki saglayacaktir. Bu baglamda, bu calisma,
ogrencilerin en ¢ok zorlandiklari konulardan biri olan, 3 boyutlu cisimlerin
hacmine iligkin Ogretmen bilgisini aragtirarak literatiire katki saglamayi
hedeflemektedir.

Literatiirde, Ogretmenlerin farkli matematik konularina ait bilgilerini
inceleyen ¢alismalar oldugu gibi, 6gretmen bilgisini farkli boyutlarda inceleyen
caligmalar da bulunmaktadir (Ball, 1990a; 1990b; Even, 1993; Haciomeroglu,
Haciomeroglu, & Aspinwall, 2007; Isiksal, 2006). Bu agidan incelendiginde, bu
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calisma dgretmenlerin alan bilgisini iki farkli boyutta incelemektedir. Ilk olarak,
Ogretmenlerin alan bilgisini, matematik kavramlarini farkli sekilde ifade etmek
(Ball ve dig., 2008) a¢isindan incelemek i¢in ortaokul matematik 6gretmenlerinin 3
boyutlu cisimlerin hacmine iliskin gelistirdikleri farkli ¢oziim yontemleri ele
alimmigtir. Bunun yaninda, Chapman (2002) ve Ball (1990a) c¢alismalarinda,
matematik problemi olusturmanin 6gretmenlerin alan bilgisini ortaya koymak i¢in
bir ara¢ oldugunu belirtmistir. Bu nedenle, bu ¢alismada, ortaokul matematik
O0gretmenlerinin 3 boyutlu cisimlerin hacmi ile ilgili problem yazma konusundaki
bilgileri onlarin alan bilgisi baglig1 altinda incelenmistir.

Diger taraftan, ogretmenlerin pedagojik alan bilgileri dort farkli boyutta
incelenmistir: 6gretim stratejileri bilgisi, 6gretim programlari bilgisi, 6grenci bilgisi
ve 6lgme ve degerlendirme bilgisi (Magnusson, Krajcik & Borko, 1999). Ortaokul
O0gretmenlerinin 3 boyutlu cisimlerin hacmini etkili bir bigimde 6gretmek igin
kullandiklar1 6gretim stratejileri ile Ogrencilerin bu konuda basar1 diizeylerini
belirlemek i¢in kullandiklar1 6l¢gme ve degerlendirme yontemleri, onlarin pedagojik
alan bilgilerini belirlemek igin incelenen alt boyutlardir. Ayrica, dgretmenlerin
pedagojik alan bilgileri, 3 boyutlu cisimlerin hacmi konusunun, matematikteki
diger konularla, diger derslerdeki konularla ve giinliik hayatla iliskilendirmelerine
yonelik bilgileri ile 3 boyutlu cisimlerin hacminin daha anlagilir olmasi igin
ogretmenlerin bu konuya ait alt konularin (prizma, piramit, koni gibi) sirasinda
yaptiklar1 degisiklikler acisindan da incelenmistir. Son olarak, 6gretmenlerin
pedagojik alan bilgileri, o6grencilerin 3 boyutlu cisimlerin hacmi ile ilgili
problemleri ¢ozmek icin kullandiklar1 ¢6ziim yollarini bilmesi, dgrencilerin farkl
¢Oziim yollarin1 agiklayabilmeleri, 68rencilerin hatalari, bu hatalarin nedenlerini ve
bu hatalar1 gidermek icin kullandiklar1 yontemler acisindan ele alinmistir. Sonug
olarak, bu caligsma, 4 tane ortaokul matematik 6gretmenlerinin 3 boyutlu cisimlerin

hacmine iliskin, alan bilgisi ve pedagojik alan bilgisini incelemeyi amaglamaktadir.

1.1. Cahsmanin Onemi ve Alana Sagladig Katki
Verimli matematik Ogretimi i¢in, O0gretmen bilgisinin onemi goz Oniine
alindiginda, 6gretmenlerin farkli matematik konularindaki bilgisinin arastirilmasi

literatiire katki saglayacaktir.
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Mevcut matematik egitimi literatiiri incelendiginde, bir¢ok ¢alismanin
matematik 6gretmenlerinin 6lgme ve degerlendirmeye yonelik bilgilerini arastirmaya
odaklanmadigin1 gostermistir. Bu yonii ile ¢alisma matematik literatiiriindeki bu
eksigi gidermeyi hedeflemektedir. Ayrica c¢alisma, ortaokul Ogretmenlerinin
pedagojik alan bilgilerinin 6gretim stratejileri bilgisi, 6gretim programlari bilgisi ve
Ogrenci bilgisi agisindan incelemeyi amaglamaktadir. Bu ac¢idan degerlendirildiginde,
calisma ortaokul matematik Ogretmenlerinin pedagojik alan bilgilerini genis bir
cercevede incelemektedir.

Ayrica, Hill, Rowan ve Ball (2005), 6gretmen bilgisinin 0grenci basarisi
tizerindeki etkisinin ¢ok onemli oldugunu belirtmistir. Bu etki diisiiniildiigiinde,
farkli matematik konularina iligkin 6gretmen bilgisini arastiran ¢ok sayida calisma
bulunmaktadir. Bu c¢alismalarda, genel olarak, kesirler (Ball, 1990a; Hutchison,
1997; Isiksal, 2006; Isiksal & Cakiroglu, 2008), bolme (Baki, 2013; Ball, 1990b),
olasilik (Contreras, Batanero, Diaz & Fernandes, 2011), oran (Livy & Vale, 2011) ve
fonsiyonlar (Even, 1993; Even & Tirosh, 1995; Haciomeroglu, Haciomeroglu &
Aspinwall, 2007; Huang & Kulm, 2012; Karahasan, 2010) konularina
odaklanilmistir. Bunun disinda, geometri konularina iliskin 6gretmen bilgisini
aragtiran ¢aligmalara bakildiginda, dortgenler (Aslan-Tutak, 2009; Fujita & Jones,
20006), alan 6lgme (Baturo & Nason, 1996; Kellogg, 2010) ve doniisiim geometrisi
(Gomes, 2011) konulart 6n plana c¢ikmaktadir. Yapilan literatiir taramasinda,
ogretmenlerin 3 boyutlu cisimlerin hacmini hesaplamaya yonelik calismaya
rastlanmamistir.  Ogrencilerle hacim kavrami {izerine yapilan ¢alismalarda,
Ogrencilerin bu konuda zorlandiklari ortaya konulmustur (Battista & Clements, 1996;
Ben-Chaim, Lappan & Houang, 1985; Ng, 1998; Olkun, 1999). Ogrencilerin,
O0grenmesinde Ogretmen bilgisinin  6nemi  diisiiniildiigiinde ve literatiirde
ogretmenlerin bu konuya iliskin bilgilerini arastiran calismalarin az sayida oldugu
dikkate alindiginda, 6gretmenlerin 3 boyutlu cisimlerin hacmine iligkin bilgilerinin
incelenmesinin literatiire katki saglayacagi diisiiniilmektedir.

Calisma, katilimcilari ve veri toplama yontemleri ile de alana katki
saglamaktadir. Ogretmen bilgisi alaninda yapilan calismalarn birgogu 6gretmen
adaylan ile yapilmistir (Ball, 1990a; 1990b; Basturk & Donmez, 2011; Contreras,
Batanero, Diaz & Fernandes, 2011; Even, 1993; Even& Tirosh, 1995; Huang &
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Kulm, 2012; Isiksal, 2006; Livy & Vale, 2011). Fakat Shulman (1987), 6gretmen
adaylarinin  alan bilgisinin  yeterli olmadigim1  savunmaktadir. Deneyimli
Ogretmenlerle yapilan g¢alismalar, 6gretmenlerin alan bilgilerini 6grencilere nasil
aktardiklarmi ve konularin 6gretiminde, pedagojik alan bilgilerini nasil kullandiklar
ile ilgili ornekler sunmaktadir. Bu baglamda, ¢alismanin deneyimli (en 10 yil)
ortaokul matematik oOgretmenleriyle yapilmasi onemlidir. Ayrica, Ogretmenlerin
hacim konusunu anlattiklari siire boyunca derslerinin gézlemlenmesi, 6gretmenlerin
bilgisi ile ilgili ger¢ek drnekler sunma firsati verecektir.

Sonug olarak, ¢aligmanin teorik ve pratik agidan, 6gretmen bilgisi konusunda

alana sagladigi katki agikca goriilmektedir.

2. Yontem
Bu galismanin amaci, 4 tane deneyimli ortaokul matematik 6gretmenin 3
boyutlu cisimlerin hacmine iligkin alan bilgilerini ve pedagojik alan bilgilerini
incelemektir. Bu amag¢ dogrultusunda, calismada asagidaki arastirma sorularina
cevap aranmigtir.
1. Ortaokul matematik 6gretmenlerinin 3 boyutlu cisimlerin hacmine iliskin
alan bilgilerinin dogas1 nedir?
1.1. Ortaokul matematik 6gretmenlerinin 3 boyutlu cisimlerin
hacmine iligkin problemleri ¢c6zmek i¢in gelistirdikleri ¢éziim
yontemleri nelerdir?
1.2. Ortaokul matematik 6gretmenleri 3 boyutlu cisimlerin hacmine
iligkin problem kurmadaki bagarilar1 hangi diizeydedir?
2. Ortaokul matematik dgretmenlerinin 3 boyutlu cisimlerin hacmine iliskin
pedagojik alan bilgilerinindogas1 nedir?
2.1. Ortaokul matematik 6gretmenlerinin 3 boyutlu cisimlerin hacmini
anlatirken kullandiklar1 6gretim stratejileri nelerdir?
2.2. Ortaokul matematik 6gretmenleri, 3 boyutlu cisimlerin hacmi ile
ilgili 6grenci bilgisine ne 6l¢iide sahiptirler?
2.3. Ortaokul matematik 6gretmenleri, 3 boyutlu cisimlerin hacmi ile

ilgili 6gretim programlar1 bilgisine ne 6lgiide sahiptirler?
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2.4. Ortaokul matematik 6gretmenleri, 3 boyutlu cisimlerin hacmine
iliskin 6grenci basarisin1 6l¢mek i¢in ne tiir 6l¢gme ve degerlendirme
yontemleri kullanirlar?

Arastirma sorularina cevap verebilmek igin, nitel arastirma yontemlerinden
biri olan durum c¢aligmasi yontemi kullanilmigtir. Durum c¢alismasi yontemi bir
kisiyi, bir programi veya bir grubu derinligine ve genisli§ine incelemeyi
amaclamaktadir (Merriam, 1998). Ayrica, durum caligmasi, bir veya birka¢ durumu
smurl1 bir sistem iginde birden fazla veri toplama yontemi kullanarak derinlemesine
incelemek i¢in uygulanir. Bu dogrultuda, 4 tane ortaokul matematik 6gretmeninin, 3
boyutlu cisimlerin hacmine iligkin alan bilgilerini ve pedagojik alan bilgilerini
incelemek i¢in en uygun yontem durum g¢alismasi yontemidir. Calismada incelenen
durum 4 tane ortaokul matematik Ogretmeni ve bu durumun smirlart ise
Ogretmenlerin Ankara ilindeki bir ortaokulda 8.siniflar1 okutuyor ve 10 yildan fazla
tecriibeye sahip olmalaridir.

Calismanin verileri, 4 tane deneyimli ortaokul matematik Ogretmeninden
toplanmustir. Katilime1 dgretmenlere Giil, Esin, Can ve Irem rumuzlar1 verilmistir.
Katilimer 6gretmenler en az 10 yil 6gretmenlik tecriibesi olan ve Ankara ilindeki
devlet okullarinda 8. sinif 6grencilerini okutan Ogretmenler arasindan seg¢ilmistir.
Ogretmenlerin, 3 boyutlu cisimlerin hacmine iliskin bilgilerini incelemek igin
arastirmact tarafindan hazirlanan 10 sorudan olusan soru seti kullanilmistir
(Appendix A). Ogretmenlerin, soru setindeki sorulara verdikleri cevaplari
detaylandirmalart i¢in onlarla yari-yapilandirilmis goériismeler yapilmistir. Ayrica,
ogretmenlerin, 3 boyutlu cisimlerin hacmi konusunu anlatimlar1 da gézlemlenmis ve
siif gézlemi kameraya alinmigtir.

Verilerin analizine baslamadan once goriismeler ve ders gdzlemleri esnasinda
¢ekilen video kayitlar1 desifre edilmistir. Veri kodlama siirecinin ilk asamasinda alan
yazinindan yararlanarak ac¢ik kodlama suretiyle kodlar gelistirilmistir. Birbirini
kapsadigi diisiiniilen kodlar birlestirilmistir. Kodlama islemi iki arastirmaci
tarafindan gergeklestirilmis ve giivenirlik i¢in kodlar tartigmalar sonucunda ortak
karar ile belirlenmistir. Asagida kodlama siireci sonucunda elde edilen kodlar

sunulmustur.
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ALAN BILGISI

Farkh Céziim Yontemlerine Iliskin Bilgileri

Hacim Formuli

Sistemli Sayma

Katman Hesab1

Stitun/Satir Sayma

Yiikseklik, derinlik ve genisligin carpilmasi
3 boyutun uzunlugunun ¢arpilmasi
Taban alani ile yiiksekligin ¢carpilmasi

Prizmalarm i¢indeki ve disindaki birim kiipleri sistemli bir sekilde sayma.
Ornegin, o6nce dis yiizlerdeki birim kiipleri say1p, ortada kag tane birim kiip
oldugunu bularak toplam birim kiip sayisina ulasma

Bir katmandaki birim kiipleri hesaplayip, bu sayiy1 toplam katman sayisi ile
carpma veya toplama yaparak sonuca ulasma

Bir stitun/satirdaki birim kiipleri hesaplayip, bu sayiy1 toplam siitun/satir
say1s1 ile carpma veya toplama yaparak sonuca ulagsma

PEDAGOJIK ALAN BiLGIiSI

Ogretim Stratejileri Bilgisi

Ogretmen merkezli 6gretim

Tartigma yontemi ile zenginlestirilmis daha az 6gretmen merkezli
ogretim

Ogretmen, konuyu agiklar ve érnekleri anlatir, dgrencilerin grenmelerini
sorular sorarak kontrol eder ve 3 boyutlu cisimleri 6grencilerin zihninde
canlandirmalarina yardimet olmak i¢in materyal kullanir

Ogretmen konunun anlatimimi 6grencileri ile paylasir ve dgretmenler ile
ogrenciler arasindaki diyalog fazladir. Yani, soru sorma ve tartisma
konunun anlatimi ile biitiinlestirilmistir




eve

Ogrenci Bilgisi

Ogrencilerin Tercih Edecegi Coziim Y ontemlerine Iliskin Bilgileri

Hacim Formilu

Sistemli Sayma

Katman Hesabi

Yiikseklik, derinlik ve genisligin ¢arpilmasi
3 boyutunun uzunlugunun ¢arpilmasi
Taban alani ile yiiksekligin ¢arpilmasi

I:rizmalarm icindeki ve disindaki birim kiipleri sistemli bir sekilde sayma.
Ornegin, once dig ylizlerdeki birim kiipleri sayip, ortada kag tane birim kiip
oldugunu bularak toplam birim kiip sayisina ulagma

Bir katmandaki birim kiipleri hesaplayip, bu sayiy1 toplam katman sayisi ile
carpma veya toplama yaparak sonuca ulagsma

Osrencilerin Farkli Céziim Yontemlerini Yorumlama

Ogretmenlerin, dgrencilerin dogru ¢éziim yontemlerini dogru
sekilde yorumlamalar1

Ogretmenlerin, dgrencilerin dogru ¢dziim ydntemlerini yanlis
veya eksik sekilde yorumlamalari

Ogretmenlerin, dgrencilerin yanhs ¢oziim ydntemlerini dogru
sekilde yorumlamalar1

Ogretmenlerin, dgrencilerin yanls ¢dziim yontemlerini yanlis
sekilde yorumlamalar1 veya yorumlayamamalari

Ogrenciler soruyu dogru ¢dzerler ve dgretmenler, dgrencilerin ¢oziim
yontemini dogru sekilde yorumlarlar

Ogrenciler soruyu dogru ¢dzerler fakat dgretmenler, dgrencilerin ¢dziim
yontemini yorumlayamaz veya eksik sekilde yorumlarlar

Ogrenciler soruyu yanlis ¢ozer ve dgretmenler, dgrencilerin ¢oziim
yontemini dogru bir sekilde yorumlarlar

Ogrenciler soruyu yanlis ¢ozerler ve dgretmenler, dgrencilerin ¢dziim
yontemini yorumlayamaz veya eksik sekilde yorumlarlar
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Ogrenci Hatalar

3 boyutlu cisimlerin yiizlerine odaklanma 3 boyutlu cisimlerin hacmini hesaplarken cismin tiim dis yiizlerindeki
veya goriinen dis ylizlerindeki birim kiipleri hesaplama

Yan yana olan ylizlerdeki ortak kiipleri birden fazla sayma 3 boyutlu cisimlerin birden fazla yiiziine ait ortak birim kiipleri fark
etmeme

Kavramsal hatalar Kavramlarin anlamini bilmeme, yanlis anlama veya kavramlari
Karistirma

Islemsel hatalar Islem yaparken hata yapma

Ogrenci Hatalarinin Kaynaklar

Cisimleri 3 boyutlu diisiinememe 3 boyutlu cisimlerin yiizlerine odaklanma ve i¢ini diislinememe

3 boyutlu cisimlerin yapisint anlamama Stitun/satirin birim kiiplerden olustugunu, katmanlarin siitun/satirdan
olustugunu ve prizmalarin katmanlardan olustugunu fark edememe

3 boyutlu cisimleri somutlagtiramama 3 boyutlu cisimleri zihninde canlandiramama

Kavramsal bilgi eksikligi Kavramlarin anlamini bilmeme, yanlig anlama veya kavramlari
karigtirma

Dikkatsizlik Problemlerde sorulana odaklanmama, formiilii unutma ve islem hatasi
yapma

Kavramlari derinlemesine diigiinmeme Hacim, alan gibi kavramlar1 yorumlamama, kavramlar1 daha 6nce

ogrenilmis kavramlarla veya giinliik hayatla iliskilendirememe ve
hacim formiiliinii anlamlandiramama
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Ogrenci Hatalarini Gidermek icin Kullanilabilecek Yontemler

Materyal kullanma Birim kiiplerle 3 boyutlu cisimleri olusturma ve gorsellestirme,
piramidin yiiksekligini ve yan yiiz yiiksekligini materyal kullanarak
Ogrencilere gosterme

Konunun anlasilmayan kismini tekrar anlatma Konuyu tekrar anlatma ve konu ile ilgili soru ¢6zme
Miifredat Bilgisi
Konulari iligkilendirme Konuyu, gecmis yillarda ve ayni yil i¢inde 6gretilen veya gelecek

yillarda dgretilecek olan matematikteki diger konularla veya diger
derslerdeki konularla iligskilendirme

Konularin sirasint degistirme Konunun daha anlasilir olmasi i¢in miifredatta 3 boyutlu cisimler ile
ilgili konularin sirasin1 degistirme

Olcme ve Degerlendirme Bilgisi

Bicimlendirici degerlendirme Ogrenme siireci devam ederken belirli bir konuya iliskin 6grencinin
bilgisini degerlendirme

Diizey belirleyici degerlendirme Ogrenme siireci bittikten sonra belirli bir konuya iliskin 6grencinin
bilgisini degerlendirme




Bir aragtirmada, gecerlilik ve giivenirlik konular1 ¢ok Onemlidir (Patton,
2002). Arastirmacilar, nitel ¢alismalardaki gecerlilik ve giivenilirlik kavramlari i¢in
farkli terminolojiler kullanmistir (Creswell, 2007; Lincoln & Guba, 1985; Merriam,
1998; Miles & Huberman, 1994; Stake, 1995; Yin, 2003). Bu ¢alismada, Lincoln ve
Guba’nin (1985) gecerlilik ve giivenirlik kavramlart kullanilmistir. Calismanin
gecerliligini ve gilivenirligi saglamak i¢in farkli yontemler kullanilmistir. Calismanin
verisi Ui¢ farkli kaynaktan olugmaktadir. Yani ¢alismada, katilimcilara 3 boyutlu
cisimlerin hacmine iligskin sorular uygulanmig, bu sorulara verdikleri cevaplari
detaylandirmalart i¢in goriismeler yapilmis ve 3 boyutlu cisimlerin hacmi konusunu
anlatirken sinif gézlemi yapilmistir. Siniflar1 gozlenen 6grencilerin ve 6gretmenlerin,
arastirmacidan ve kameradan etkilenmemeleri i¢in 6gretmenler 3 boyutlu cisimlerin
hacmi konusunu anlatmaya baslamadan once de smifta gozlemler yapilmis ve
kamera kayd:r alinmistir. Arastirmaci goriisme kayitlarint desifre ettikten sonra
katilimcilarla tekrar goriiserek cevaplari hakkinda bir daha diigiinmesi, eklemek
istedigi bir sey olup olmadigini sormustur. Ayrica, veri analiz siirecinde ikinci bir
arastirmact ile c¢ikarilan kodlar karsilastirilarak ne kadar uyumlu olduklar
hesaplanmistir. Tez danismani ve tez izleme komitesi ile kodlar tartisilmis ve

verilerin analizi tamamlanmistir.

3. Bulgular
3.1. Ortaokul Matematik Ogretmenlerinin Alan Bilgisi

4 ortaokul 6gretmenlerine uygulanan 3 boyutlu cisimlerin hacmine iliskin
soru seti, yapilan goriismeler ve sinif gézlemlerinden elde edilen verilerin analizi
sonucu, ortaokul 6gretmenlerinin alan bilgisi, 3 boyutlu cisimlerin hacmi ile ilgili
problemlerin ¢dziimiinde kullanilan farkli ¢6ziim yontemleri ve 3 boyutlu cisimlerin

hacmine iligkin problem kurmaya iliskin bilgileri incelenmistir.

3.1.1. Farkh Céziim Yéntemlerine Iliskin Bilgileri

Soru setinden ve goriismelerden elde edilen verilerin analizi sonucunda, 4
ortaokul matematik 6gretmeni, 3 boyutlu cisimlerin hacmini hesaplamak igin 4 farkli
¢oziim yontemi belirtmislerdir. 4 6gretmenin hepsi 3 boyutlu cisimlerin hacmini

formiil kullanarak hesaplayabileceklerini agiklamiglardir. Ancak dgretmenlerden 2’si
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(Esin ve Can) sistemli sayma ydnteminin hacim hesaplamada kullanilabilecegini
soylemistir. Diger taraftan Giil ve Irem Ogretmen katman hesab1 ve siitun/satir
hesabi1 yaparak 3 boyutlu cisimlerin hacminin hesaplanabilecegini a¢iklamislardir.
Ogretmenlerin smif gozlerimden elde edilen veriler, 4 6gretmenin hacim
hesaplamaya yonelik sorulari ¢ézerken hacim formiiliinii kullandiklarini gostermistir.
Ayrica O6gretmenler, 6grencilerini formiil kullanmaya yonlendirmislerdir. ESin ve
Can Ogretmen, yapilan goriismede sistemli sayma yontemini agiklamalarina ragmen
bu ydntemi dgrencilerine anlatmamuslardir. Ayni sekilde, irem Ogretmen de katman
hesab1 ve siitun/satir hesabin1 3 boyutlu cisimlerin hacmini hesaplamak i¢in
kullanilabilecek yontemlerden oldugunu diisiinmesine ragmen bu yoOntemleri
ogrencilerine agiklamamustir. Giil Ogretmen ise, bildigi tim yontemleri (hacim
formiilii, katman hesab1 ve siitun/satir hesab1) 6grencilerine aciklamis ve derste bu

yontemleri kullanarak sorular ¢ézmiistiir.

3.1.2. Problem Kurmaya Iliskin Bilgileri
Ogretmenlerin 3 boyutlu cisimlerin hacmi ile ilgili problem kurmaya iligkin
bilgilerini incelemek icin soru setindeki 8. soru (Sekil 3.1), 4 ortaokul matematik

O0gretmenine yoneltilmistir.

Kiilah, yay uzunlugu, 15, yaricap ve 54 cm ifadelerini kullanarak hacim bagintisini
igceren bir problem kurunuz.

Sekil 3.1: 8. soru

Katilimer dgretmenlerden 3 tanesi (Esin, Irem ve Can) 8.soruda verilen terim
ve sayilar1 kullanarak hacim hesaplamaya yonelik bir problem kuramamiglardir. irem
Ogretmen sayilar ile terimleri eslestirmistir. Yapilan goriismede, Irem dgretmen “54
vay uzunlugu olabilir, 15 de yari¢ap olabilir. Ciinkii yay, yaricaptan uzundur. O
sekilde.” seklinde agiklama yapmustir. Irem Ogretmen gibi, Esin Ogretmen de
problem kurmayr denemis fakat yaricap ve yay uzunlugu terimlerini
kullanamamustir. Bu yiizden de soru kurmayr basaramamistir. Can Ogretmen ise
verilen say1 ve terimleri kullanarak problem kurmaya yonelik higbir yorumda

bulunamamastir.
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Diger taraftan, Giil 6gretmen say1 ve terimleri kullanarak problem kurmada
basarili olmus ve kurudugu problemi dogru bir sekilde ¢ozmiistiir. Giil Ogretmen’in
kurdugu problem asagida verilmistir.

Yay uzunlugu 54 cm ve ana dogrusunun uzunlugu yani daire diliminin
yvarigapt 15 cm olan kiilahin hacmini bulunuz.

Sonug olarak, galismaya katilan 6gretmenlerden 3 tanesinin (Esin, irem ve
Can) hacim ile ilgili problem kurmaya yonelik bilgilerinin zayif oldugu

gbozlemlenmistir..

3.2. Ortaokul Matematik Ogretmenlerinin Pedagojik Alan Bilgisi
Bu ¢alismada, 4 ortaokul ogretmeninin pedagojik alan bilgileri dort farkli
acidan incelenmistir: 6gretim stratejileri bilgisi, 6grenci bilgisi, 6gretim programlari

bilgisi ve 6l¢me ve degerlendirme bilgisi.

3.2.1. Ogretim Stratejileri Bilgisi

Sinif gozlemlerinden elde edilen veriler, 6gretmenlerin, 3 boyutlu cisimlerin
hacmini anlatirken c¢ogunlukla Ogretmen merkezli 0Ogretim uyguladiklarini
gostermektedir. Ogretmenler konuyu tanitip, drnedin prizmanin hacmi, konuyla ilgili
ogrencilerin var olan bilgilerini anlamak igin sorular sormuslardir. Mesela, “Hacim
nedir?, Biitiin prizmalarin hacmini nasil hesaplarsiniz?” gibi sorular 6gretmenlere
yoneltilmisitir. Daha sonra, konuyla ilgili agiklamalarda bulunup 6grencilere 6rnek
olmast amaciyla kendileri birkag¢ soru ¢ozmiislerdir. Bu esnada, sorulardaki 6nemli
noktalarla ilgili agiklamalar yapmislardir. Dersin geri kalan kisminda, 6grencilere
soru sorup onlarin tahtada ¢6zmesini saglayarak konuyu pekistirmeye ¢alismiglardir.
Konuyu anlatirken 6gretmenlerin hepsi materyal kullanmislar veya sekil ¢izmislerdir.

Bunun disinda, bazi derslerde, Giil ve Esin Ogretmen tartisma ydntemi ile
zenginlestirilmis daha az 6gretmen merkezli 6gretimde uygulamislardir. Bu 6gretim
yontemini uygularken, 6gretmenler sadece bilgiyi aktarmamiglar, 0grencilere de
konunun anlatiminda sorumluluklar vermislerdir. Ogretmen ve dgrenciler arasindaki
etkilesim daha fazladir ve soru sorma ile tartisma, 6grenme siirecinde i¢ icedir. Giil
ve Esin Ogretmen, konuyu kendileri aciklamadan énce 6grencilerden konu ile ilgili

sunum yapmalarini istemislerdir. Sunum esnasinda, 6grencilerden tartisma ortami
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yaratmalarini, gosterimler, giinlik hayat Ornekleri ve materyal kullanmalarini
istemislerdir. Boylece, Giil ve Esin Ogretmen 6grenme siireci boyunca dgrencilerin

daha aktif olmalarin1 saglamislar ve kendileri daha pasif bir rol {istlenmislerdir.

3.2.2. Ogrenci Bilgisi

Bu ¢alismada, 4 ortaokul matematik 6gretmenin 3 boyutlu cisimlerin hacmine
iliskin pedagojik alan bilgileri 6grenci bilgisi agisindan da incelenmistir. Verilerin
analizi sonucu, Ogretmenlerin Ogrenci bilgisi 4 alanda incelenmistir bunlar:
Ogrencilerin tercih edecegi ¢coziim ydntemlerine iliskin bilgileri, dgrencilerin farkli
¢ozlim yontemlerini yorumlama, 6grenci hatalar1 ve 6grenci hatalarinin kaynaklari ve

Ogrenci hatalarin1 gidermek i¢in kullanilabilecek yontemlere iliskin bilgileri.

3.2.2.1. Ogretmenlerin, Ogrencilerin Tercih Edecegi Coziim Yéntemlerine
fliskin Bilgileri

Calismaya katilan 6gretmenler, dgrencilerinin 3 boyutlu cisimlerin hacmine
iliskin sorular1 ¢ozmek i¢in hacim formiiliinii kullanacaklarini belirtmislerdir.
Bununla ilgili, Giil Ogretmen asagidaki agiklamay1 yapmustir:

Ogrenciler kisa yoldan dogru sonuca ulasmaya odaklaniyorlar. Formiil
kullanmayr ¢ok pratik buluyorlar. Formiilii ezberleyip islem yapmayt
tercih ediyorlar.

Bunun diginda, Esin ve Can Ogretmen &grencilerin sistemli sayma yontemini
tercih edebileceklerini belirtirken, irem Ogretmen de &grencilerin katman hesabi

yaparak 3 boyutlu cisimlerin hacmi ile ilgili sorular1 ¢6zebileceklerini belirtmistir.

3.2.2.2. Ogretmenlerin, Ogrencilerin Farkh Coziim Yoéntemlerini Yorumlama
Ogretmenlerin  pedagojik alan Dbilgilerini, 6grencilerin farkli  ¢6ziim
yontemlerini yorumlayabilmeleri agisindan incelemek icin soru setinde dgrencilerin
farkli ¢6ziim yontemlerini igeren sorular verilmistir. Yapilan goriismelerde,
ogretmenlerin bu ¢dziim yontemlerini yorumlamalari istenmistir.
Ogretmenler, sorular1 dogru ¢ozen &grencilerin hacim formiilii, sistemli
sayma ve katman hesab1 kullanarak sorular1 dogru bir sekilde ¢Ozmiis

olabileceklerini belirtmislerdir. Hacim formiilii kullanan 06grencilerin ¢6zim
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yontemlerini, 4 matematik 6gretmeni de dogru bir sekilde agiklayabilmislerdir.
Sistemli sayma yontemi kullanan dgrencilerin ¢dziim ydntemini Giil, Can ve Irem
Ogretmen dogru bir sekilde yorumlarken, katman hesabi ydntemini sadece irem
Ogretmen dogru bir sekilde aciklayabilmistir.

Ogretmenler, dgrencilerin yanlis olan ¢dziim yontemlerini de dogru bir
sekilde agiklayabilmislerdir. Giil ve Irem Ogretmen, dgrencilerin hacim hesaplarken
prizmalarin yiizey alanin1 hesaplayabileceklerini belirtmislerdir. Ayrica, Esin ve Irem
Ogretmen ogrencilerin sadece goriinen yiizlerdeki birim kiipleri saydiklari igin
prizmanin hacmini yanls hesaplamis olabileceklerini agiklamislardir. Can Ogretmen
ise ogrencilerin yanlig ¢6ziim yollarindan birinin goriinen kenarlarin uzunlugunu
hesaplamak olabilecegini sdylemistir.

Ogretmenler, Ogrencilerin  ¢dziim ydntemlerini  dogru bir sekilde
yorumlayabildikleri gibi baz1 ¢6ziim yontemlerini yanlis yorumlamiglar ve bazilarini

yorumlayamamuislardir.

3.2.2.3. Ogretmenlerin, Ogrenci Hatalar1 ve Ogrenci Hatalarinin Kaynaklarina
fliskin Bilgileri

Katilimer 6gretmenler, 3 boyutlu cisimlerin hacmini hesaplarken 6grencilerin 4
farkl1 hata yapabileceklerini belirtmislerdir. Bu hatalardan 3 boyutlu cisimlerin
yiizlerine odaklanmayr 4 matematik dgretmeni de belirtmistir. Ogretmenlere gore,
ogrenciler 3 boyutlu cisimlerin sadece yiizlerine odaklanmakta ve i¢lerini gérmezden
gelmektedirler. Daha detayli aciklamak gerekirse, 4 matematik 6gretmeninin hepsi,
ogrencilerin prizmalarin sadece goriinen 3 yiiziindeki birim kiiplerin sayisini
hesaplayabileceklerini sdylemislerdir. Bunun disinda, irem Ogretmen, 6grencilerin
sadece bir dis ylizdeki birim kiipleri veya tiim dis ylizlerdeki birim kiipleri de
hesaplayabileceklerini agiklamistir.

Esin ve Irem Ogretmen, bu hatanin kaynagini, 6grencilerin cisimleri 3 boyutlu
diisiinememeleri oldugunu belirtmislerdir. Esin Ogretmen su sekilde agiklamistir:

3 boyutlu bir cisim hayal edemiyor. Sadece gordiiklerine
odaklaniyorlar. Biitiin sorun santyorum bundan kaynaklaniyor.

Ayrica, Irem Ogretmen, &grencilerin 3 boyutlu cisimlerin  yapisii
anlayamamalarindan dolayr bu hatayr yapmis olabileceklerini agiklamistir.

Ogrencilerin prizmalarin 6 yiizii oldugunu bilmediklerini, prizmalarin gordiikleri 3
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yiizden olustugunu diisiindiiklerini sdylemistir. Can Ogretmen ise &grencilerin 3
boyutlu cisimleri somutlastiramamalarindan dolayr sadece cisimlerin dis yiiziine
odaklandiklarini agiklamistir. Bunlarin disinda, Giil Ogretmen &grencilerin 3 boyutlu
cisimlerin dig yiizlerine odaklanmalarinin nedenlerinden birinin dikkatsizlik
oldugunu belirtmistir.

Ogretmenlerin belirttigi hatalardan digeri ise dgrencilerin, prizmalarin yan
yana olan yiizlerindeki ortak kiipleri birden fazla saymalaridir. Bu hatay1 sadece Giil
ve Esin Ogretmen soylemistir. iki 6gretmen de bu hatanin nedenini, dgrencilerin
dikkatsizligi ve kavramlar1 derinlemesine diisiinmemeleri oldugunu agiklamislardir.
Giil ve Esin Ogretmen, dgrenciler dikkatsiz oldugu igin ortak kiipleri gdrmemis
olabileceklerini veya prizmalarin yapisim1 derinlemesine incelemedikleri ve
diistinmedikleri i¢in ortak kiipleri fark etmemis olabileceklerini belirtmislerdir.

Veri analizi sonucunda, 6grencilerin 3 boyutlu cisimlerin hacmine iliskin
hatalar1 arasinda kavramsal hatalar oldugu ortaya ¢ikmistir. Bu hatalar, hacim ve
yiizey alanini karistirma, hacim ve ¢evreyi karistirma, yan yiiz yiiksekligi ile cisim
yiiksekligini karistirma, tiggenin alanin1 hesaplayamama ve Pisagor Teoremini
uygulayamama olarak belirlenmistir. Giil Ogretmen’e gore, 6grencilerde kavramsal
bilgi eksikligi oldugu i¢in Ogrenciler hacim ve ylizey alant kavramlarini
karistirmiglardir. Diger taraftan, frem Ogretmen’e gére, ogrenciler 3 boyutlu
cisimleri 2 boyutlu diisiindiikleri i¢in yiizey alan1 hesaplamiglardir. Can Ogretmen ise
ogrencilerin hacim ve ¢evreyi karistirmalarinin nedenini cisimleri zihinlerinde
somutlastiramamalar1 olarak aciklamigtir. Ogretmenlerin  hepsi  grencilerdeki
kavram eksikligi nedeniyle yan yiiz yiliksekligi ile cisim yiiksekligini karigtirdiklarin
belirtmiglerdir. Giil, Esin ve Can Ogretmen, &grencilerin prizmalarm hacmini
hesaplarken tiggenin alanin1 hesaplamada zorlandiklarini agiklamislardir. Son olarak,
Esin Ogretmen, 6grencilerin Pisagor Teoremini uygulayamamalarinin 6grencilerin 3
boyutlu cisimlerin hacmini hesaplarken hata yapmalarima neden olabilecegini
belirtmistir. Katilimc1 6gretmenler, bu hatalarin (iggenin alanini hesaplayamama ve
Pisagor Teoremini uygulayamama) nedenini 6grencilerin dikkatsizligi ve konuyu
derinlemesine diistinmemeleri olarak tespit etmislerdir.

Ogretmenlerin bahsettigi son hata islem hatasidir. Bu hatay1 sadece Esin

Ogretmen sdylemis ve hatamin kaynagmnin 6grencilerin dikkatsizligi oldugunu
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vurgulamistir. Esin Ogretmen, Ogrencilerin formiilii uygularken dikkatsizlikleri
nedeniyle carpma isleminde hata yapabileceklerini belirtmistir.

Sonug olarak, o6gretmenler, 3 boyutlu cisimlerin hacmini hesaplarken
ogrencilerin 4 farkli hata yapabileceklerini tespit etmisler ve bu hatalarin kaynagi

olarak 6 farkli neden ortaya koymuslardir.

3.2.2.4 Ogretmenlerin, Ogrenci Hatalarim Gidermek icin Kullamlabilecek
Yontemlere iliskin Bilgileri
Veri analizine gore, katilimeir O6gretmenlerin hepsi 6grencilerin hatalarini
gidermek icin 2 farkli yontem onermislerdir. Giil ve Esin Ogretmen, dgrencilerin
prizmalarin yan yana olan yiizlerindeki ortak kiipleri birden fazla saydiklarim
belirtmiglerdir. Ogretmenler, bu hatayr materyal kullanarak giderebileceklerini
aciklamislardir. Ornek olarak, Esin Ogretmen’in agiklamasi asagida verilmistir:
Birim kiiplerden cisimler yaptirabiliriz. Kiipleri tek tek sayariz. Ayrica
hacmini hesaplariz. Ikisinin aynmi oldugunu goriiriiz . Evet, hacmin
gercekten kiip sayisi verdigini soyleyebiliriz veya kiip sayisinin hacmi

verdigini de yani ikisini de ancak ve ancak seklinde cift tarafli baglanti
kurabiliriz.

Bunun diginda, Giil, Can ve Irem Ogretmen &grencilerin hacim ile alam
karistirma, hacim ile ¢evreyi karistirma ve cisim yiiksekligi ile yan yiiz yiiksekligini
karistirma ile ilgili hatalarini gidermek icin de materyal kullaniminin etkili olacagim
belirtmiglerdir. Ayrica, Esin, Can ve irem Ogretmen, dgrencilerin cisim yiiksekligi
ile yan yiiz yiiksekligini ayirt etmelerini saglamak i¢in bu kavramlarin tekrar
anlatilmasinin ve bunlara iligkin ¢ok sayida soru ¢oziilmesinin yararli olabilecegini
aciklamiglardir. Ayrica, 4 dgretmen de islemsel hatalar1 konuyu tekrar anlatarak ve

bol bol soru ¢ozerek giderilebileceklerini vurgulamislardir.

3.2.3. Ogretim Programlan Bilgisi

Bu calismada, ortaokul 6gretmenlerinin pedagojik alan bilgileri, 6gretim
programlar1 bilgisi acisindan da incelenmistir. Ogretmenlerin dgretim programlari
bilgisi, konular1 iligkilendirme ve konularin sirasini degistirme boyutlarinda

degerlendirilmistir.
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Giil, Esin ve irem Ogretmen, 3 boyutlu cisimlerden prizma ve piramidin
hacmini ge¢mis yillarda anlatilan ¢okgenlerin alani ile iliskilendirmistir. Ayrica,
piramitlerin hacmini kisa zaman once 6gretilen prizmalarin hacmi ile iliskilendirerek
anlatmislardir. Fakat Can Ogretmen goriismede 3 boyutlu cisimlerin hacmini
anlatirken baska hicbir konu ile iliskilendirmediginden bahsetmesine ragmen konuyu
anlatirken piramitlerin hacmini, prizmalarin hacmi ile iliskilendirmistir. Veri analizi
gostermektedir ki 6gretmenler 3 boyutlu cisimlerin hacmini, sonraki yillarda
Ogretilecek konularla veya diger derslerde Ogretilen konularla
iligkilendirmemislerdir.

Katilimcr 6gretmenlerin hepsi matematik miifredatinda 3 boyutlu cisimlerin
alt konularinin sirasinin  Ogrencilerin - konuyu O6grenmesini  zorlastirdigini
diisinmektedirleri. Miifredatta, 3 boyutlu cisimlerin anlatim sirasi su sekildedir:
Prizma ile ilgili temel kavramlar agiklanir, prizmanin yiizey alani ve daha sonra
hacmi anlatilir (MEB, 2006). Bu noktaya kadar, 6gretmenler konunun sirasinda
degisiklik yapmamislardir. Daha sonra piramit, koni ve kiire ile ilgili temel
kavramlar tanitilir. Bunlarin yiizey alanlar1 anlatilir. Son olarak da piramit, koni ve
kiirenin hacmi agiklanir (MEB, 2006). Ogretmenler, piramit, koni ve kiireyi
miifredatta verilen bu sirayla anlatmanin karisikliga neden oldugunu, konunun tam
olarak anlagilmadigimi ve siirekli geri doniisler yapildigr i¢in zaman kaybina yol
actigimi diistinmektedirler. Yani 6gretmenlere gore, 6grenciler piramidi tam olarak
kavramadan koniyi 08renmeye calismaktadirlar. Bu ylizden, 6gretmenler konularin
pekismedigini diisiinmektedirler. Bu siralama yerine, 6gretmenler, once piramit ile
ilgili kavramlar1 agiklayip, daha sonra piramidin ylizey alanini ve son olarak da
piramidin hacmini anlatmayi tercih etmislerdir. Ayni siralamayi koni ve kiire iginde
yapmiglardir. Boylece, 6gretmenlere gore, 6grenciler piramidi anlayip ve piramit ile
ilgili yeterince soru ¢ozdiikten sonra, koniyi 6greneceklerdir ve konular kendi iginde
biitlin saglayacaktir. Hem Ogrenme daha etkili olacaktir hem de zaman kaybi

olmayacaktir.
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3.2.4. Olgme ve Degerlendirme Bilgisi

Bu ¢alismada, 4 ortaokul 6gretmeninin 3 boyutlu cisimlerin hacmi konusunda
O0grenci basarisimt 6lgmek i¢in kullandiklar1 6lgme ve degerlendirme yontemleri
incelenmistir.

Dort 6gretmenin genel olarak 2 farkli 6lgme ve degerlendirme yoOntemi
uygulamiglardir. Birinci yontem, bicimlendirici degerlendirme yontemidir. Bu
degerlendirme de 6grenme siireci devam ederken 6grencilerin 3 boyutlu cisimlerin
hacmine iliskin bilgileri degerlendirilmistir. Ogretmenler, bu degerlendirme
yontemini Ogrencilerin  konuyu ne kadar anladiklarini 6grenmek amaciyla
uygulamiglardir. Ders esnasinda 6grencilere konuyla ilgili sorular sormuslar ve bu
sorular1 dgrencilerin kendi kendilerine ¢dzmesini istemislerdir. Ogrenciler sorulart
cozerken onlar1 gozlemlemisler ve eger dgrencilerin zorlandiklar1 noktalar var ise 0
anda ogrencilere yardim etmislerdir. Bdylece, Ogrencilerin  konuyla ilgili
zorlandiklar1 noktalar hakkinda bilgi edinmisler ve bu bilgi 1s18inda dersin gidisatina

karar vermislerdir.

Ogretmenlerin kullandig1 diger bigimlendirici degerlendirme yontemi ders
sonunda konuyla ilgili verilen ev 6devleridir. Katilimer 6gretmenlerin hepsi ders
kitabindan veya c¢aligma kitabindan 6dev vermelerine ragmen, Esin ve Can 6gretmen
verdikleri ddevleri kontrol etmemislerdir. Fakat Giil ve Irem ogretmen, bazen
Ogrencilerin d6devlerini kontrol etmisler ve 6grencilerin ¢ézemedikleri sorular1 derste

¢ozmiislerdir. Boylece, 6grencilerin anlamadiklar1 kisimlar tekrar anlatmislardir.

Diger taraftan, ogretmenler 6grenme siireci bittikten sonra Ogrencilerin 3
boyutlu cisimlerin hacmine iliskin bilgilerini 6lgmek i¢in diizey belirleyici
degerlendirme yontemlerini uygulamislardir. Bu 6l¢me ve degerlendirme ydntemi
kapsaminda konunun anlatimi bittikten sonra Ogretmenler yazili sinav
uygulamislardir. Ayrica, Ogretmenler, 0&grencilere MEB’in  zorunlu tuttugu

performans 6devi ve proje gorevi vermislerdir.

Sonug olarak, bu ¢alismada 4 ortaokul matematik 6gretmeninin alan bilgileri,
3 boyutlu cisimlerin hacmi ile ilgili problemlerin ¢oziimiinde kullanilan farkli ¢6ziim
yontemlerine ve 3 boyutlu cisimlerin hacmi ile ilgili problem kurmaya iliskin

bilgileri incelenmistir. Calisma bulgulart gostermektedir ki, ortaokul matematik
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Ogretmenleri, 3 boyutlu cisimlerin hacmi ile ilgili problemleri ¢6zmek icin 4 farkl
¢oziim yontemi gelistirebilmislerdir ve genel olarak, ogretmenler, 3 boyutlu

cisimlerin hacmi ile ilgili problem kurmakta zorlanmisglardir.

Diger taraftan, 4 ortaokul 6gretmeninin pedagojik alan bilgileri dort boyutta
incelenmistir. Ogretmenler, 3 boyutlu cisimlerin hacmini 6gretmen merkezli dgretim
yontemi kullanarak anlatmislardir. Ogretmenlere gore, ogrenciler 3 boyutlu
cisimlerin hacmi ile ilgili problemleri ¢ozerken hacim formiili kullanmay1 tercih
etmektedirler. Ogretmenler, &grencilerin farkli ¢oziim ydntemlerinin bir kismini
aciklayabilmisler fakat bir kismmi agiklayamanmuslardir. Ogretmenlerin pedagojik
alan bilgileri, o6grencilerin 3 boyutlu cisimlerin hacmine iligkin hatalarim
belirleyebilme agisindan degerlendirildiginde, 6gretmenlerin 4 farkli hata ve bu
hatalarin kaynagi olarak da 6 farkli kaynak belirttikleri ortaya c¢ikmistir.
Ogretmenler, 6grencilerin hatalarmi yok etmek igin 2 farkli yontem &nermislerdir.
Ayrica, dgretmenler, 3 boyutlu cisimlerin hacmini ge¢mis yillarda ve ayni yilda
anlatilan konularla iliskilendirmislerdir. Ilaveten, dgretmenler, 3 boyutlu cisimlerin
alt konularn ile ilgili matematik miifredatindaki siralamanin verimli &grenme
acisindan uygun olmadigimi diisiinlip siralamayi degistirmislerdir. Son olarak, 4
ogretmen de Ogrencilerin konuya iliskin bilgilerini 6l¢gmek i¢in bigimlendirici ve
diizey belirleyici degerlendirme yontemlerini kullanmislardir.

Asagida ¢aligmanin bulgular ilgili literatiirden yararlanilarak tartisilacaktir.

4. Tartisma, Sonu¢ ve Oneriler

Calismanin bulgular gosteriyor ki, 4 ortaokul matematik 6gretmeni 3 boyutlu
cisimlerin hacmi ile ilgili problemleri ¢ozmek i¢in 4 farkli ¢oziim yoOntemi
belirtmislerdir. Ogretmenler sistemli sayma, katman hesabi ve siitun/satir hesabi
yontemlerini goriismelerde aciklamalarina ragmen Ogrencilerine bu yontemleri
ogretmemislerdir. Bununla ilgili olarak, Singmuang (2002) ¢alismasinda,
Ogretmenlerin formiil kullanarak c¢o6zebilecekleri sorular igin baska yontemler
gelistirmeye gerek gormediklerini  belirtmistir. Ayrica Ogretmenlerin  formiil
kullanmalarinin sebebi matematik kavramlari yani hacim kavrami ile ilgili
bilgilerinin yetersiz olmasi olabilir (Berenson ve dig., 1997). Yani 6gretmenlerin

hacim kavramina iligkin bilgileri yetersiz oldugu ic¢in 6grencilerine farkli ¢oziim
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yontemlerini anlatmadiklar1 ve hatta 6grencilerini bu yontemleri uygulamalari
konusunda cesaretlendirmedikleri sonucuna ulasilabilir. Bu sonug¢ literatiirdeki
gecmis c¢alismalarin sonuglart ile paralellik gostermistir (Berenson ve dig., 1997,
Hill, 2007). Ayrica, ¢calismanin bulgulari, 6gretmenlerin alan bilgilerinin, onlarin 3
boyutlu cisimlerin hacmine iliskin problem kurmalari igin yeterli olmadigim
gostermistir. Clinkli bir konuyu problemlerle, sekillerle, materyallerle ifade etmek,
Ogretmenlerin o konuya ait bilgilerinin derinligini géstermektedir (Ball, 1990a).

Daha oOncede belirtildigi gibi, katilimc1 6gretmenler 3 boyutlu cisimlerin
hacmini 6gretmen merkezli dgretim yontemi ile anlatmislardir. Ogretmenlerin bu
Ogretim yontemini kullanma nedenlerinden bir tanesi, diger 6gretim yontemleri ile
ilgili ders anlatim tecriibelerinin yetersizligi olabilir (Flick, 1996). Ayrica, yetersiz
alan bilgisine sahip olmalar1 da konuyu 6gretmen merkezli 6gretim yontemi ile
anlatmalariin bir nedeni olarak disiiniilebilinir. Katilimc1 6gretmenler, 6grencilerin
3 boyutlu cisimleri zihinlerinde canlandirmalart gerektigini ve bu konuda
Ogrenilmesi gereken bir¢cok kavram (prizma, piramit, koni, kiire, ylikseklik, cisim
yiiksekligi) oldugunu belirtmislerdir. Bu nedenlerden dolayi, 6gretmenler, 6gretmen
merkezli 6gretim yontemi ile kavramlarin net bir sekilde agiklanmasi ve materyal
kullanarak ogrencilerin cisimleri zihinlerinde canlandirmalarina yardim etmeleri
gerektigini diisiinmiislerdir. Halbuki, Borko ve Putnam (1996) 6grenci merkezli
ogretim ile ogrencilerin konuyu daha iyi anlayacaklarini belirtmistir. Son olarak, 3
boyutlu cisimlerin hacmi konusunun 8.smif miifredatindaki son konu olmasi ve
ogrencilerin 8.sinifta lise giris sinavlarina hazirlaniyor olmalari da 6gretmenlerin,
ogretmen merkezli 6gretim yontemi uygulamalarmin bir nedeni olabilir. Boylece
ogretmenler konuyu daha hizli anlatmis, konuyla ilgili daha fazla soru ¢6zmiis ve
zaman sikintis1 yasamamis olacaklardir.

Ogretmenler, dgrencilerin hacim sorularini ¢dzerken formiil kullanmay tercih
edeceklerini belirtmislerdir. Ogretmenlerin, dgrencilerin tercih edecekleri ¢oziim
yontemlerine iliskin pedagojik alan bilgileri, &grencilerin ders esnasinda
kullandiklar1 ¢dziim ydntemleri ile tutarlidir. Ogrencilerin formiil kullanmay1 tercih
etmelerinin nedeni, 6gretmenlerin derste sorulart formiil kullanarak ¢6zmeleri
olabilir (Zacharos, 2006). Ayrica, Ogretmenlerin pedagojik alan bilgilerini

degerlendirmek i¢in onlardan Ogrencilerin farkli ¢6ziim yontemlerini agiklamalar
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istenmistir. Elde edilen bulgular gosteriyor ki eger 0gretmen, dgrencinin ¢6ziim
yontemini daha Onceden biliyorsa, bu yontemi kolaylikla agiklayabilmistir. Fakat
Ogrencinin ¢éziim yontemi ile daha 6nce karsilasmamigsa veya kendisi o yontemi hig
kullanmamigsa, o6gretmen, 6grencinin ¢Oziim yontemini agiklamada basarisiz
olmustur. Bunun nedeni de &gretmenlerin, 6grencilerin ne diisiindiigiini bilmemesi
ve yeterli alan bilgisine sahip olmamalar1 olabilir. Literatiirdeki benzer ¢alismalarda
bu bulguyu desteklemektedir (Carpenter, Fennema, & Franke, 1996; Esen &
Cakiroglu, 2012; Hill, 2007; Tiirniiklii & Yesildere, 2007). Ilaveten, dgretmenlerin
Ogrenci bilgisi, 6grencilerin hatalarini ve bu hatalarin kaynagini1 belirleme agisindan
da incelenmistir. Ogretmenlerin dgrenci hatasi olarak belirttigi hatalar, 3 boyutlu
cisimlerin hacmi ile ilgili 6grencilerle yapilan calismalarda da tespit edilmistir
(Battista & Clements, 1996; Ben-Chaim ve dig., 1985; Hirstein, 1981).
Ogretmenlere, verilen sorularda o&grencilerin muhtemel hatalar1 soruldugunda,
ogretmenler bir¢ok hata belirtebilmislerdir. Fakat Ogrencilerin yanlis ¢6ziim
yontemleri 6gretmenlere verilip bu yontemdeki hatalar1 soruldugunda, 6gretmenler
hatayr bulmada zorlanmislardir. Bunun nedeni ise Ogretmenlerin O6grencilerin
diistinme yapilarina iliskin bilgilerinin az olmasi olabilir (Carpenter, Fennema, &
Franke, 1996). Ogretmenler, 6grencilerin hatalarmin kaynag: olarak 6 farkli kaynak
belirtmislerdir. Bu kaynaklar, ayn1 konuda 6grenciler ile yapilan c¢aligmalarda da
tespit edilmistir (Battista & Clements, 1996; Ben-Chaim ve dig., 1985; Hirstein,
1981). Son olarak, ogretmenlerin Ogrencilerin hatalarin1 gidermek i¢in belirttigi
yontemler cok genel yontemlerdir. 3 boyutlu cisimlerin hacmine 6zel yontemler
degildir. Ogretmenler, 3 boyutlu cisimlerin hacmini, g¢okgenlerin alam ile
iliskilendirmislerdir. Fakat bu iliskilendirmede &grencilerin konuyu daha iyi
anlamalar1 amaglanmamistir. Cokgenlerin alani, hacim formiiliiniin bir pargasidir.
Dolayisiyla, 6grenciler hacim formiiliinii uygulamak i¢in ¢okgenlerin alanini bilmek
zorundadirlar. Bunun diginda, 6gretmenler piramidin hacmini prizmanin hacmi ile
iliskilendirerek anlatmislardir. Boylece, 6gretmenler, 6grencilerin piramidin hacmini
daha kolay bir sekilde 6grenmesini saglamaya calismiglardir. Veri analizine gore,
Ogretmenler konuyu baska derslerle veya giinlik hayatla iliskilendirmemislerdir.
Bunun nedeni de Ogretmenlerin konular arasindaki bilgileri iyi kurgulanmamis

olmasi olabilir. Ogretmenlerin dgretim programlar bilgisi, 3 boyutlu cisimler ile
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ilgili alt konularin matematik miifredatindaki sirasin1 degistirme agisindan da
incelenmistir. Calismanin bulgularina gore, 6gretmenler, 3 boyutlu cisimlere iliskin
konularin miifredattaki sirasinin, Ogrencilerinin konuyu anlamli bir sekilde
O0grenmesi i¢in uygun olmadigini fark etmislerdir. Bu problemleri fark etmelerinde
Ogretmenlerin gecmis deneyimleri etkili olmus olabilir (Friedrichsen ve digerleri,
2007). Ayrica, Bastirk ve Kilic (2011) 6gretmenlerin alan bilgilerinin de bu
problemi fark etmelerinde etkili olabilecegini belirtmistir. Son olarak, 6gretmenlerin
pedagojik alan bilgileri, 6l¢gme ve degerlendirme bilgisi agisindan da incelenmistir.
Daha once de belirtildigi gibi, 6gretmenler bicimlendirici degerlendirme yontemi
olarak soru sorma ve ev ddevi verme yontemlerini kullanmigslardir. Ogretmenlerin
ders esnasinda soru sormalarinin amaci, 6grencilerin konuyu anlamalar ile ilgili geri
bildirim almak, 6grencilerin konuyla ilgili anlamadiklar1 noktalar1 ve 6grencilerin
hatalarin1 tespit etmektir. Lankford’da (2010) c¢alismasinda, Ogretmenlerin ayni
amaglar icin ders esnasinda soru sorma yontemini kullandiklarini belirtmistir. Fakat
Ogretmenler, verdiklerini ev Odevlerini genellikle kontrol etmemislerdir.
Ogretmenlerin ev ddevi vermelerindeki amag, dgrencilerin evde ders caligmasini
saglamaktir. Halbuki literatiirdeki calismalar 6grencilere ev 6devini vermekte Ki
amacin Ogrencilerin konuyu anlamalarma iliskin geri bildirim almak oldugunu
aciklamaktadir (Cowie & Bell, 1999; Lankford, 2010). Diger taraftan, 6gretmenler
diizey belirleyici degerlendirme yontemleri olarak yazili smavlar, performans
Odevleri ve proje gorevleri uygulamislardir. Bu 6l¢gme ve degerlendirme yontemlerini
tercih etmelerinin nedeni MEB tarafinda zorunlu kosulmasi olabilir (MEB, 2006).
Fakat bu degerlendirme yontemlerini uygulamalarindaki amag¢, MEB’in amagclariyla
ortiismemektedir. Ogretmenler, 6grencilere not verme amaciyla bu ydntemlere
basvurmuslardir.

Sonu¢ olarak, ogretmenlerin alan bilgilerini ve pedagojik alan bilgilerini
gelistirmek icin hizmet ici egitim seminerlerine Kkatilabilirler. Ogretmenlere
bilgilerini gelistirme konusunda yardimci olmak i¢in miifredati gelistiren egitimciler
ve kitap yazarlari, 6gretmenlerin konuyu anlatirken uygulayabilecekleri daha fazla
etkinlik 6rnekleri sunabilirler. Ogretmen kilavuz kitabinda ve diger ders kitaplarinda
yer alan sorularn formiil odakli olmasindan ziyade kavramsal anlamaya yonelik

sorular olmasina 6zen gosterebilirler.
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Bu konuda yapilacak baska ¢alismalar, 6gretmenlerin geometri alt 6grenme
alanindaki baska konulardaki (3 boyutlu cisimlerin yiizey alani, ticgenler, agilar gibi)
bilgilerini incelemek amaciyla yapilabilinir. Ayrica, arastirmacilar, Ogretmen
bilgisinde deneyimin Onemini anlamak amaciyla deneyimli ve deneyimsiz
ogretmenlerin alan bilgilerini karsilastirabilirler. Ogretmen egitimcilere method
derslerini dilizenlemekte yardimci olmak i¢in, 6gretmen adaylarmin 3 boyutlu
cisimlerin hacmine iligkin alan bilgilerini arastiran ¢alismalar diizenlenebilir. 2013
yilinda diizenlenen matematik miifredatinda 3 boyutlu cisimlerin hacmi konusu
10.smif miifredatina alinmistir. Bu nedenle, lise 6gretmenlerin bu konudaki bilgileri
onem kazanmistir. Arastirmacilar, lise 6gretmenlerinin 3 boyutlu cisimlerin hacmine
iliskin bilgilerini arastirabilirler. Son olarak, 6gretmenlerin bu konuyla ilgili
bilgilerinin genellenebilmesi i¢in nicel ¢aligmalar yapilabilir.

Bu c¢alismada bazi  simirliliklar  bulunmaktadir.  Nitel ¢alismalarda
katilimcilarin 6zellikleri ¢ok Onemli bir role sahiptir. Calisma bagka sartlardaki
(calistiklart okulun bulundugu bolge, deneyim, sinif ortami gibi) farkli 6gretmenlerle
yapilmis olsa ¢alismanin bulgular farkli olabilirdi. Ayrica, arastirmaci, 6gretmenler
konuyu anlatmaya baslamadan once smifta bulunmus ve video ¢ekimi yapmis olsa
bile, verinin siif ortaminda video kaydi alinarak toplanmis olmasi, 6gretmenleri ve
ogrencileri etkilemis olabilir. Son olarak, 3 boyutlu cisimlerin hacminin 8. simf
miifredatindaki son konulardan biri olmasi nedeniyle Ogretmenler konuyu daha
yiizeysel ve hizli bir sekilde anlatmis olabilirler. Bu durum ¢alismanin bulgularim
degistirmis olabilir. Yani, bu konu miifredatta daha once yer almis olsayd,
ogretmenler konuyla ilgili daha fazla etkinlik diizenleyip 6grenci merkezli 6gretim

yontemi uygulayabilirlerdi.
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APPENDIX M

TEZ FOTOKOPISI iZIN FORMU

ENSTITU

Fen Bilimleri Enstitiisu

Sosyal Bilimler Enstitiisii -

Uygulamali Matematik Enstitiisii

Enformatik Enstittisi

Deniz Bilimleri Enstitiist

YAZARIN

Soyadi : TEKIN-SITRAVA
Adi  : Reyhan
Béliimii : [Ikdgretim Matematik Ogretmenligi

TEZIN ADI: An Investigation into Middle School Mathematics Teachers’ Subject
Matter Knowledge and Pedagogical Content Knowledge Regarding
the Volume of 3D Solids

TEZIN TURU : Yiiksek Lisans Doktora |

1. Tezimin tamamindan kaynak gdsterilmek sartiyla fotokopi alinabilir.

2. Tezimin i¢indekiler sayfasi, 6zet, indeks sayfalarindan ve/veya bir

boliimiinden kaynak gosterilmek sartiyla fotokopi alinabilir.

3. Tezimden bir bir (1) yil siireyle fotokopi alinamaz. -

TEZIN KUTUPHANEYE TESLIiM TARIiHI:
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