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ABSTRACT 

 

 

 

 

 

AN INVESTIGATION INTO MIDDLE SCHOOL MATHEMATICS TEACHERSô 

SUBJECT MATTER KNOWLEDGE AND PEDAGOGICAL CONTENT 

KNOWLEDGE REGARDING THE VOLUME OF 3D SOLIDS 

 

Tekin-Sitrava, Reyhan 

Ph.D, Department of Elementary Education 

Supervisor: Assoc. Prof. Dr. Mine Iĸēksal-Bostan 

February 2014, 267 pages 

 

The purpose of this study was to examine middle school mathematics 

teachersô subject matter knowledge and pedagogical content knowledge of the 

volume of 3D solids. In order to achieve the purpose of the study, four middle school 

teachers working in public schools in Ankara participated in the study. To get deep 

and rich answers to research questions asked, qualitative methodology was used. 

Participants were selected through purposeful sampling. Data was gathered via 

questionnaire, semi-structured interviews, classroom observations, and field notes. 

The data was analyzed using constant comparative method. 

 The findings revealed that although middle school teachers could generate 

alternative solution methods, they solved questions just using volume formula while 

teaching the topic to their students. Moreover, they were unable to generate story 

problems related to the volume of 3D solids using given numbers and terms. The 

teachers applied teacher-centered instructional strategy to teach the volume of 3D 

solids to their students. Furthermore, middle school teachersô knowledge of learners, 

such as interpretation of studentsô alternative solution methods, identifying their 

errors and the sources of them, was restricted by their experiences. Moreover, to 

make the topic more understandable, they altered the order of the sub-topics of 3D 

solids but their knowledge of the connection the volume of 3D solids with other 



v 

 

topics was inadequate. The study showed that middle school teachers used both 

formative and summative assessment strategies such as informal questioning, 

homework, paper-pencil test, performance homework and project work. As a result 

of findings of the study, important implications and recommendations for further 

studies were suggested. 

 

 

 

Keywords: Mathematics education, middle school mathematics teachers, subject 

matter knowledge, pedagogical content knowledge, the volume of 3D solids,  
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¥Z 

 

 

 

ORTAOKUL MATEMATĶK ¥ĴRETMENLERĶNĶN 3 BOYUTLU CĶSĶMLERĶN 

HACMĶNE ĶLĶķKĶN ALAN VE PEDAGOJĶK ALAN BĶLGĶLERĶ ¦ZERĶNE BĶR 

¢ALIķMA 

 

Tekin Sitrava, Reyhan 

Doktora, Ķlkºĵretim Bºl¿m¿ 

Tez Yºneticisi: Do. Dr. Mine Iĸēksal Bostan 

ķubat 2014, 267 sayfa 

 

 

Bu alēĸmanēn amacē, ortaokul matematik ºgretmenlerinin 3 boyutlu 

cisimlerin hacmine iliskin alan bilgilerini ve pedagojik alan bilgilerini incelemektir. 

Bu ama doĵrultusunda, Ankaraôdaki devlet okullarēnda gºrev yapan dºrt tane 

ortaokul matematik ºĵretmeni alēĸmaya katēlmēĸtēr. Belirlenen araĸtērma sorularēna 

derinlemesine ve zengin cevaplar bulabilmek iin, nitel araĸtērma yºntemi 

kullanēlmēĸtēr. Katēlēmcēlar amalē ºrneklem yºntemi ile seilmiĸtir. Veri, anket, yarē-

yapēlandērēlmēĸ gºr¿ĸmeler, sēnēf gºzlemleri ve gºzlem notlarē ile toplanmēĸtēr. Veriyi 

analiz etmek iin, s¿rekli karĸēlaĸtērmalē analiz yºntemi kullanēlmēĸtēr.  

Bulgular matematik ºĵretmenlerinin, 3 boyutlu cisimlerin hacmini 

hesaplamak iin alternatif ºz¿m yollarē geliĸtirebilmelerine raĵmen, ºĵrencilerine 

konuyu anlatērken, sorularē sadece form¿l kullanarak ºzd¿klerini gºstermektedir. 

Ayrēca, ºĵretmenler, verilen sayēlar ve terimleri kullanarak 3 boyutlu cisimlerin 

hacmi ile ilgili problem kuramamaktadērlar. ¥ĵretmenler, 3 boyutlu cisimlerin 

hacmini ºĵretmek iin ºĵretmen merkezli ºĵretim yºntemini uygulamaktadērlar. 

Buna ek olarak,  ºĵretmenlerin ºĵrenci bilgileri, yani ºĵrencilerin alternatif ºz¿m 

yºntemlerini yorumlama, onlarēn hatalarēnē ve bu hatalarēn kaynaklarēnē belirleme 

bilgileri, ºĵretmenlerin deneyimleri ile sēnērlēdēr. Ayrēca, konunun daha anlaĸēlēr 
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olmasē iin, 3 boyutlu cisimler ile ilgili alt konularēn sērasēnē deĵiĸtirmiĸler fakat 

diĵer konularla yapēlan baĵlantēlar yetersiz kalmēĸtēr. Ayrēca, alēĸma ºĵretmenlerin, 

resmi olmayan sorgu sorma ve yazēlē sēnav gibi deĵerlendirme yºntemleri 

kullandēĵēnē gºstermektedir. ¢alēĸmanēn bulgularē sonucunda, ºnemli ēkarēmlar 

yapēlmēĸ ve gelecek alēĸmalar iin ºnerilerde bulunulmuĸtur.  

 

 

Anahtar Kelimeler: Matematik egitimi, ortaokul matematik ºĵretmenleri, konu alan 

bilgisi, pedagojik alan bilgisi, 3 boyutlu cisimlerin hacimleri 
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CHAPTERS 

 

CHAPTER I  

 

 

 

 

INTRODUCTION  

 

 

ñIf you want to give the students one cup of water, you (the 

teacher) should have one bucket of water of your ownò  

(An, Kulm & Wu, 2004, p. 146) 

  

 

This Chinese saying stated by An et al. (2004) explains that teachers should 

have extensive and well-organized knowledge for effective teaching. Shulman 

(1986) commented that there were central questions in the literature, which still have 

not been answered regarding the knowledge needed for effective teaching. Some of 

these questions were about the planning of the lessons, the explanations of the 

subjects, organizing and applying activities, selecting appropriate representations, 

dealing with studentsô misconceptions/difficulties, and assessing studentsô 

understanding. Briefly, the main focus of these questions is knowing about the 

subject to be taught and knowing how it will be taught (Grossman, 1990; Ma, 1999). 

Accordingly, teachersô knowledge became the utmost important issue for effective 

teaching. Therefore, throughout many years, researchers examined the knowledge 

that teachers need to know in order to teach effectively (Ball, 1990a; Ball, & Bass, 

2002; Ball, Thames, & Phelps, 2008; Carpenter, Fennema, Peterson & Carey, 1988; 

Gess- Newsome, 1999; Grossman, 1990; Rowland, Huckstep & Thwaites, 2005; 

Shulman, 1986; 1987).  

In many of these studies, researchers explained that teachers should have 

broad content knowledge for effective teaching which consists of knowledge of the 
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subject and its structures (Ball, 1991; Ball, Thames, & Phelps, 2008; Borko, 2004). 

In this regard, Ball and her colleagues (2008) pointed out that:  

Teachers must know the subject they teach. Indeed, there may be 

nothing more foundational to teacher competency. The reason is 

simple. Teachers who do not themselves know a subject well are not 

likely to have the knowledge they need to help students learn this 

content. At the same time, however, just knowing a subject well may not 

be sufficient for teaching. One need only sit in a classroom for a few 

minutes to notice that the mathematics that teachers work with in 

instruction is not the same mathematics taught and learned in college 

classes. In addition, teachers need to know mathematics in ways useful 

for, among other things, making mathematical sense of student work 

and choosing powerful ways of representing the subject so that it is 

understandable to students. It seems unlikely that just knowing more 

advanced mathematics will satisfy all of the content demands of 

teaching. What seems most important is knowing the mathematics 

actually used in teaching (p.45). 

 

It can be understood from statement made by Ball et al. that knowing 

mathematics for teaching is more than knowing the facts and concepts, applying 

them to the problems and following procedures to solve the problems correctly. It 

also means knowing how to make the topics meaningful for students. Actually, 

teachersô knowledge is amalgam of the subject matter knowledge and the 

pedagogical content knowledge. The former deals with ñwhatò is to be taught and the 

latter deals with ñhowò to teach it (Ma, 1999). In other words, teachersô knowledge 

includes the subject which is taught and the ways of teaching it (Grossman, 1990). 

It is surely beyond doubt that the teacherôs knowledge has been described as 

complex and consisting of various facets. Primarily, Shulman (1986) expressed the 

complexities of the major categories of teachersô knowledge: subject matter content 

knowledge (SMCK), pedagogical content knowledge (PCK) and curricular 

knowledge (CK). Shulmanôs (1986) SMCK involves knowing the facts, truths and 

concepts, explaining the reasons for learning these concepts, and relating the 

concepts within and without the discipline. The second category of teachersô 

knowledge is PCK which consists of both the knowledge of content and knowledge 

of pedagogy. Shulman (1986) defined PCK as knowing ñthe ways of presenting and 

formulating the subject that make it comprehensible to othersò and ñan understanding 

of what makes the learning of topics easy or difficultò (p.9). The last category of 
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teachersô knowledge is CK which means the knowledge of a program developed for 

the teaching of particular subjects at a particular level (Shulman, 1986). After 

Shulmanôs introduction of the categories of teachersô knowledge, many researchers 

expanded these categories, which are presented and discussed in the literature review 

of this dissertation (Ball, Thames & Phelps, 2008; Gess-Newsome, 1999; Grossman 

1990; Rowland, Huckstep & Thwaites, 2005).  

Although the researchers (Ball et al., 2008; Gess-Newsome, 1999; Grossman 

1990; Rowland et al., 2005) used different terminology regarding the categories of 

teachersô knowledge, all agreed that having sufficient knowledge and being able to 

use it efficiently is at the heart of teaching mathematics.  In this respect, one group of 

researchers had carried out several studies to investigate either pre-service teachersô 

or in-service teachersô had mathematical content knowledge for teaching. These 

studies have shown that both pre-service and in-service teachers have limited content 

knowledge for teaching mathematics (Basturk & Donmez, 2011; Baki, 2013; 

Contreras, Batanero, Diaz & Fernandes, 2011; Even, 1993; Even & Tirosh, 1995; 

Hill, Rowan & Ball, 2005; Isiksal, 2006). Various researchers have also conducted 

studies to investigate the influence of teachersô knowledge on student learning (Ball, 

1990a; Ball, 1991; Borko et al., 1992; Kahan, Cooper & Bethea, 2003; Leinhardt & 

Smith, 1985; Lenhart, 2010; Ma, 1999). The researchers concluded that teachersô 

knowledge influences students learning and teachersô competence in conveying their 

knowledge to the students provides more competent students in terms of 

mathematics. When the importance of teachersô knowledge is considered, middle 

school teachersô knowledge of mathematics is primary source for supplying 

mathematical teaching to the middle schol students.  

In addition to having broad and deep knowledge of mathematics for effective 

teaching, the knowledge of geometry has a crucial role in teaching and learning 

mathematics. The US National Council of Teachers of Mathematics [NCTM] (2000) 

emphasized its prominence by stating ñgeometry offers an aspect of mathematical 

thinking that is different from, but connected to, the world of numbersò (p.97). This 

can be interpreted as when students are engaging in shapes, structures and 

transformations; they understand the geometrical concepts and also the mathematics 

behind those concepts. Therefore, it is necessary to have powerful geometry 
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knowledge in addition to mathematics knowledge to be an effective teacher 

(Maxedon, 2003). Because of the importance of teachersô geometry knowledge, 

researchers conducted studies to investigate teachersô knowledge related to geometry 

(Baturo & Nason, 1996; Esen & Cakiroglu, 2012; Fujita & Jones, 2006, Gomes, 

2011; Kellogg, 2010; Maxedon, 2003; Ng, 2011; Swafford, Jones and Thornton, 

1997). These researchers concluded that teachersô content knowledge on geometry 

topics were inadequate to teach those topics effectively, which were consistent with 

the results of the studies related to teachersô knowledge on specific mathematics 

topics such as fractions, decimals, functions. Since teachers lack the knowledge of 

geometry topics, their students had difficulties in some of geometry topics. Due to 

the fact that the teacher who has lack of knowledge about specific topics could not 

transfer the appropriate knowledge to the students, it is important to reveal teachersô 

knowledge on specific geometry topics. Based on the previous research studies, the 

topic with which most of the students had difficulties was the volume of 3D solids 

(Battista & Clements, 1996; 1998; Ben- Chaim, Lappan & Houang, 1985; Ng, 1998; 

Olkun, 1999; 2003). Since the students had difficulties with the volume of 3D solids, 

it is significant to question teachersô knowledge about the volume of 3D solids. 

 Besides, many reserachers have focused on investigation of mathematics 

teachersô knowledge in terms of several dimensions. For instance, teachersô 

understanding of key facts, concepts, and principles related to the mathematics 

topics, representing mathematical ideas, and providing mathematical explanations 

and procedures with their justifications were the dimensions of teacherôs SMK that 

had been investigated by several researchers (Ball, 1990a; 1990b; Even, 1993; 

Haciomeroglu, Haciomeroglu, & Aspinwall, 2007; Isiksal, 2006). In the present 

study, teachersô alternative solution methods to calculate the volume of 3D solids and 

generating a story problem regarding the volume of 3D solids were taken as the 

dimensions to investigate middle school mathematics teachersô SMK. In relation to 

developing alternative solution methods, the teachersô knowledge was investigated 

from the point of representing their mathematical ideas (Ball et al.,2008) and 

comprehending the concepts and principles regarding the topic of the volume of 3D 

solids (Shulman, 1986). In addition, generating a story problem was another 

dimension to understand the teachersô SMK. In relation to that, Chapman (2002) 
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emphasized that mathematics teachers thinking about story problems was an 

important component of understanding their SMK. Consistent with Chapman, Ball 

(1990a) emphasized that generating story problems or selecting the story problem 

that represent a given statement were the ways of understanding teacherôs 

knowledge. For this reason, generating a story problem was one of the focuses of the 

present study. 

Similar to teachersô SMK, researchers have investigated teachersô PCK in 

terms of several dimensions such as knowledge of studentsô conceptions/ 

preconceptions/ misconceptions, the ways of eliminating studentsô misconceptions, 

the most powerful examples, illustrations and demonstrations (Even, 1993; Even & 

Tirosh, 1995; Isiksal, 2006; Karahasan, 2010; Kilic, 2011; Leavitt, 1998). In the 

present study, the instructional strategies that the teachers applied to teach the 

volume of 3D solids effectively, the assessment strategies that were used to assess 

student learning regarding the volume of 3D solids were the dimensions that will be 

considered under the dimension of middle school mathematics teachersô PCK. 

Moreover, teachersô PCK was analyzed in terms of their knowledge of the solution 

methods that the students prefer, the errors that the students held, the sources of these 

errors, the ways of eliminating the errors, and interpreting studentsô alternative 

solution methods. Furthermore, relating the topic to the other topics of mathematics 

or other disciplines and the order of the sub-topics of 3D solids were the other 

dimensions that were considered under PCK.  

As a result, among the different mathematics topics and different dimensions 

of teachersô SMK and PCK that could be researched, middle school teachersô 

knowledge on the volume of 3D solids was investigated in terms of developing 

alternative solution methods, generating a story problems, instructional strategies that 

the teachers applied, assessment strategies that they used to assess students learning, 

knowledge about learners, and knowledge about curriculum.  

 

1.1 Statement of the Problem 

It is obvious that teachersô content knowledge has crucial role in studentsô 

learning thus, teachers should have the knowledge of the facts, truths and concepts, 

and be able to explain why they are worth learning and how they are related within 



6 

 

mathematics and other disciplines. Furthermore, teachers should know how to make 

the subject more meaningful and understandable for students, determine the topics 

which the students have difficulty to learn or easy to learn, assess studentsô 

preconceptions and misconceptions, present strategies for overcoming the 

misconceptions, and be able to use the best representation and examples to teach the 

subject effectively (Shulman, 1986). In this respect, researchers also have important 

role in studentsô learning and studies should be conducted to examine teachersô 

content knowledge in specific topics, and then present the results of the study to 

teacher educators, curriculum developers and teachers. 

All over the world several researchers investigated teachersô knowledge and 

they concluded that having rich knowledge of mathematics was one of the pillars of 

effective teaching and studentsô achievement (Hill & Ball, 2004; Hill, Rowan, & 

Ball, 2005; Hill, Schilling, & Ball, 2004; Rowan, Schilling, Ball & Miller, 2001). 

However, Maxedon (2003) claimed that teachersô mathematics knowledge alone was 

not enough to make the subjects more comprehensible for students. It is necessary to 

have deep geometry knowledge due to the fact that geometry has crucial role in 

teaching and learning in other subject areas of the mathematics curriculum and other 

disciplines (NCTM, 1989; 2000). Contrary to noteworthiness of geometry for 

mathematics teaching, many researchers did not focus on investigating teachersô 

knowledge on geometry subjects. In other words, the number of studies regarding 

teachersô geometry knowledge with respect to the accessible literature was limited 

(Baturo & Nason, 1996; Fujita & Jones, 2006, Gomes, 2011; Kellogg, 2010; 

Maxedon, 2003; Ng, 2011; Swafford, Jones and Thornton, 1997). For this reason, 

there is a need to conduct research studies to investigate teachersô geometry content 

knowledge. In order to partly satisfy this need, the aim of this study to obtain 

information related to teachersô content knowledge about specific geometry subject. 

As with all studies, the focus of this study has been narrowed down with respect to 

the area of interest of the content that is investigated. The volume of 3D solids was 

chosen since this is a mathematical topic that is known to be difficult for students 

(Battista & Clements, 1996; 1998; Ben-Chaim, Lappan & Houang, 1985). Within 

this context, there needs to be a deeper understanding of the teachersô knowledge 
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concerning the volume of 3D solids for teachers, mathematics educators and 

curriculum developers to make the topic easier for the students.  

Thus, this study aims to answer the following research questions:  

1. What is the nature of the four middle school mathematics teachersô subject 

matter knowledge of the volume of 3D solids? 

1.1. What are the alternative solution methods these four teachers 

propose to calculate the volume of 3D solids? 

1.2. To what extent are these teachers successful at generating a story 

problem regarding the volume of 3D solids? 

2. What is the nature of the four middle school mathematics teachersô 

pedagogical content knowledge on the volume of 3D solids? 

2.1. What kind of instructional strategies do these teachers use to 

teach the volume of 3D solids? 

 2.2. To what extent do the teachers recognize their studentsô 

knowledge related to the volume of 3D solids? 

2.3. To what extent do the teachers have knowledge of curriculum 

related to the volume of 3D solids? 

2.4. What kind of assessment types do the teachers apply to assess 

studentsô understanding of the volume of 3D solids? 

 

1.2 Definitions of Important Terms 

The research questions of the study contain several terms that need to be 

defined:  

Subject Matter Knowledge 

Subject matter knowledge was related to teachersô knowledge concerning 

what they will teach and it includes substantive and syntactic components. The 

substantive aspect encompasses the knowledge of facts, rules, principles, concepts, 

and theories in a specific field of mathematics whereas the syntactic component 

covers knowledge of the process through which knowledge is generated in the field 

(Schwab, 1978; as cited in Shulman, 1986). 
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Pedagogical Content Knowledge 

The concept of PCK was developed by Shulman and his colleagues in the  

Knowledge Growth in Teaching Project (Shulman, 1986).  In light of the definition 

proposed by Shulman (1986), PCK is ñthe particular form of content knowledge that 

embodies the aspects of content most germane to its teachabilityò (Shulman, 1986, 

p.9).  

The PCK in this study refers to knowledge of instructional strategies, 

knowledge of learners, knowledge of curriculum and knowledge of assessment. 

 

Knowledge of Instructional Strategies 

One of the PCK dimension is the knowledge of instructional strategies 

including the teachersô knowledge of subject specific strategies which represent 

general approaches for teaching, and topic-specific strategies which are the most 

effective way for teaching a specific topic (Magnusson et al., 1999). 

 

Knowledge of Learners 

The knowledge of the learners is PCK dimension that is related to possessing 

information about the learners which helps and encourages them to learn specific 

topic. It refers to the teachersô knowledge about studentsô abilities, prior knowledge, 

and also involves the gaps in studentsô knowledge that should be filled before the 

subject is presented. Additionally, it consists of the knowledge of studentsô 

misconceptions/difficulties/errors in learning a specific topic (Grossman, 1990; 

Magnusson, et al., 1999). 

 

Knowledge of Curriculum     

Another dimension of PCK is the knowledge of the curriculum, which 

includes the teachers' knowledge of curriculum goals and objectives, and the 

teachersô knowledge of specific curricular programs including their activities and 

learning goals (Magnusson et al., 1999) 

 

 

 



9 

 

 Knowledge of Assessment 

Knowledge of assessment is one of the dimensions of teachersô PCK which 

comprises the teachers' knowledge of what to assess and how to assess studentsô 

learning (Magnusson et al., 1999). 

 

1.3 Significance of the Study 

In recent years, the most crucial question among researchers is: ñWhat do 

mathematics teachers need to know to teach effectively?ò (Ball, 1990a, 1990b, 2000; 

Ball, Thames & Phelps, 2008; Borko, 2004; Goulding, Rowland & Barber, 2002; 

Ma, 1999; Shulman, 1986; 1987). The researchers stated that teachers need to have 

both subject matter knowledge and pedagogical content knowledge for effective 

teaching (Ball et al., 2008). That is, teachers should possess the knowledge of both 

what they will teach and how they will teach. For this reason, the present study has 

several significant aspects. To begin with, in light of the accessible mathematics 

education literature, the knowledge of assessment was ignored in many research 

studies although it is important for understanding studentsô learning. In order to fill 

the gap to a certain extent, the study examined mathematics teachersô knowledge of 

assessment in light of the work of Magnusson et al. (1999). Additionally, the focus 

was on the knowledge of instructional strategies, knowledge of learners, and 

knowledge of curriculum in order to present mathematics teachersô PCK. In this way, 

the mathematics teachersô PCK was examined on several counts and this 

examination allows us to display the complete picture of mathematics teachersô PCK.  

Hill, Rowan and Ball (2005) stated that teachers play an important role in 

studentsô effective understanding of mathematics. Since teachersô content knowledge 

has an important impact on studentsô achievement, several studies were conducted to 

investigate teachersô content knowledge related to variety of mathematics subjects all 

over the world (Ball, 1990a; 1990b; Contreras, Batanero, Diaz & Fernandes, 2011; 

Even, 1993; Even& Tirosh, 1995; Huang & Kulm, 2012; Livy & Vale, 2011; Nilsson 

& Lindstrom, 2012; Pino-Fan, Godino, Font & Castro, 2013). When the accessible 

li terature was reviewed, it was noticed that researchers focused on investigating 

teachersô content knowledge on fractions (Ball, 1990a; Hutchison, 1997), division 

(Ball, 1990b), probability (Contreras, Batanero, Diaz & Fernandes, 2011), ratio (Livy 
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& Vale, 2011), polygons (Carre¶o, Ribeiro & Climent, 2013), derivatives (Pino-Fan, 

Godino, Font & Castro, 2013) and functions (Even, 1993; Even & Tirosh, 1995; 

Huang & Kulm, 2012). The literature review showed us that there was a need for 

more research to investigate teachersô content knowledge on different mathematics 

topics. Based on the review of the accessible literature, teachersô content knowledge 

on the volume of 3D solids has not yet been investigated. For this reason, this study 

is expected to make important contributions to the literature by providing 

information about teachersô content knowledge on the volume of 3D solids.  

Similar to the research studies in the international context, there has been an 

increase in research about teachersô content knowledge in Turkey. The studies 

conducted in Turkey dealt with teachersô content knowledge about different topics 

such as fractions (Isik, Ocal & Kar, 2013, Isiksal, 2006; Isiksal & Cakiroglu, 2008); 

division (Baki, 2013), variables (Gokturk, Sahin & Soylu, 2013), equal signs 

(Aygun, Baran-Bulut & Ķpek, 2013), functions (Hacēomeroglu, Hacēomeroglu & 

Aspinwall, 2007; Karahasan, 2010), and limit and continuity (Basturk & Donmez, 

2011). It was found that the variety of topics concerning teachersô content knowledge 

investigated by Turkish researchers was limited. In order to obtain the complete 

picture of teachersô content knowledge, it will be significant to focus on different 

topics. 

Moreover, some researchers have investigated teachersô content knowledge 

on some geometry topics such as quadrilaterals (Aslan-Tutak, 2009; Fujita & Jones, 

2006), area measurement (Baturo & Nason, 1996; Kellogg, 2010), geometric 

transformations (Gomes, 2011), and solid objects (Bukova-Guzel, 2010). Apart from 

these studies, only one study was found which aimed to investigate teachersô content 

knowledge on the volume of 3D solids (Esen & Cakiroglu, 2012).  This study was 

designed to investigate pre-service teachersô knowledge of analyzing studentsô 

solution methods and determining the correctness of the solutions. Esen and 

Cakiroglu (2012) carried out a very specific study which focused on a part of the pre-

service teachersô PCK in relation to the volume of 3D solids. However, the 

researchers (Grossman, 1990; Magnusson et al., 1999) stated that there are many 

dimensions regarding teachersô PCK such as the knowledge of studentsô 

misconceptions on the volume of 3D solids and the reasons for these misconceptions, 
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knowledge of the most useful strategies to teach the topic, knowledge of assessment 

strategies to understand studentsô learning on the volume of 3D solids. Therefore, by 

investigating the teachersô content knowledge of the volume of 3D solids, it is hoped 

to complete the missing part of the picture of teachersô content knowledge literature.  

Contrary to the research studies related to teachersô knowledge of the volume 

of 3D solids, many studies have been conducted to investigate studentsô 

understanding of the volume of 3D solids. The results of these studies revealed that 

studentsô achievement related to the volume of 3D solids was low and students had 

difficulties in the volume of rectangular prism (Battista & Clements, 1996; Ben-

Chaim, Lappan & Houang, 1985; Ng, 1998; Olkun, 1999). When the importance of 

teachersô knowledge on studentsô achievement is considered; it is noteworthy to 

investigate teachersô content knowledge relevant to volume of 3D solids.   

The significance of the current study is also rooted in the data collected from 

a real classroom environment. To enrich literature about the teachersô content 

knowledge, the practical knowledge that teachers actually use in their teaching is 

very important. Hence, the study contributes to literature through how teachers 

transfer their SMK to their students and how teachers use their PCK to support 

studentsô learning.   

Moreover, this study is important for the literature because the participants 

are experienced teachers. In the related literature, research studies have generally 

focused on knowledge of pre-service teachers (Ball, 1990a; 1990b; Basturk & 

Donmez, 2011; Contreras, Batanero, Diaz & Fernandes, 2011; Even, 1993; Even& 

Tirosh, 1995; Huang & Kulm, 2012; Isiksal, 2006; Livy & Vale, 2011). However, 

pre-service and novice teachers generally do not have a robust PCK (Magnusson et 

al., 1999; Shulman, 1987). In this sense, the practice of experienced teachers would 

provide a valuable example of how teachers transform their SMK and use PCK in 

their teaching. In addition, the results of the study may provide practical information 

for other mathematics teachers who teach the same topic in their classes. It is hoped 

that experienced teachersô rich repertoire of teaching practices may also enrich the 

other teachersô teaching.  

This study has three main powerful aspects. Firstly, by examining teachersô 

content knowledge in a different topic which has not yet been studied it is expected 



12 

 

that this will enrich the literature about teachersô content knowledge. Secondly, since 

this study investigates experienced teachers, it is hoped that valuable information 

will be gained concerning how teachers use their content knowledge for effective 

teaching. Lastly, due to the fact that data was collected via classroom observation, 

the study provides concrete examples of teachersô content knowledge in relation to a 

specific topic. As a result, the aim is to contribute to the research literature on 

teachersô content knowledge by providing a full array of both theoretical and 

practical data. 
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CHAPTER II  

 

 

 

 

REVIEW OF THE LITERATURE  

 

 

The purpose of this study was to provide a picture of the middle school 

mathematics teachersô knowledge concerning the volume of 3D solids. In this 

chapter, the theoretical frameworks and related research studies are given. To 

provide more clarity, this chapter is divided into the following subsections: a) 

Conceptual frameworks for the types of teachersô knowledge; b) Research studies on 

mathematics teachersô knowledge on mathematics topics; c) Research studies on 

mathematics teachersô knowledge on mathematics topics in Turkey; d) Research 

studies on the way of enhancing mathematics teachersô knowledge on mathematics 

topics; e) Research studies on mathematics teachersô knowledge on geometry topics; 

f) Research studies on the way of enhancing mathematics teachersô knowledge on 

geometry topics; g) Research studies on the volume of three dimensional solids. At 

the end of the chapter, a summary of the literature review is provided. 

 

2.1 Conceptual Frameworks for the Types of Teachersô Knowledge 

High-quality teaching requires everything that teachers must do to increase 

studentsô learning (Ball, Thames, & Phelps, 2008). Everything refers to planning 

lessons, selecting appropriate examples and definitions which make the subjects 

understandable for students, evaluating studentsô work, devising and managing 

homework. Moreover, knowing about studentsô prior knowledge, identifying their 

errors/misconceptions/difficulties and the reasons for these errors/misconceptions/ 

difficulties, generating the ways of overcoming them, and making connections 

among mathematical topics are the other necessities for high-quality teaching (Ball et 
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al., 2008; NCTM, 2000; Shulman, 1986). In broad terms, high-quality teaching 

requires both subject matter knowledge and pedagogical content knowledge (Ball et 

al., 2008). Put differently, high-quality teaching is connected to teachersô content 

knowledge. Therefore, in recent years, this has led to researchers emphasizing the 

important role of teachersô content knowledge in teaching (Ball, 1990a, 1990b; Ball, 

2000; Ball, Thames & Phelps, 2008; Borko, 2004; Goulding, Rowland & Barber, 

2002; Ma, 1999; Shulman, 1987). Moreover, various researchers undertook studies 

to answer the question of what mathematics teachers need to know to teach 

effectively (Ball, 1990; Ball, & Bass, 2002; Baki, 2013; Carpenter, Fennema, 

Peterson & Carey, 1988; Contreras, Batanero, Diaz & Fernandes, 2011; Gess- 

Newsome, 1999; Livy & Vale, 2011; Masters, 2012; Pino-Fan, Godino, Font & 

Castro, 2013; Rowland, Huckstep & Thwaites, 2005; Shulman, 1986; 1987). 

Although some research studies investigated the effect of teachersô knowledge on 

studentsô achievement or the level of teachersô knowledge on a particular subject, 

other research studies examined the basis of teachersô knowledge which was then 

used as a framework by several researchers. Those frameworks are presented and 

discussed below. The frameworks by Ball et al. (2008); Gess-Newsome (1999); 

Grossman (1990); Rowland et al. (2005); and Shulman (1986) were related to 

teachersô knowledge whereas the framework created by Magnusson et al. (1999) was 

based on teachersô PCK. For the following sections of this chapter, the frameworks 

for teachersô knowledge are presented, and then the framework on teachersô PCK 

(Magnusson et al., 1999) is outlined. 

 

2.1.1 Shulmanôs Categorization of Teacherôs Knowledge 

Shulman (1986) commented that the emphasis of previous research studies 

related to teaching was on how teachers plan lesson and activities, prepare 

assignments, arrange lesson time, decide questionsô level and determine general 

studentsô understanding (Shulman, 1986).  It can be understood that the focus was 

not on subject matter knowledge, and ways that teachersô transfer the subject matter 

to the instruction was not discussed in these studies. In this manner, the content of 

the lesson taught, the questions asked and the explanations presented were missing 

from these studies which proved to create serious problems both for policy planning 
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and for research. Shulman considered this to be a ñmissing paradigmò in teaching 

studies. As a consequence of ñmissing paradigmò, Shulman noted the following 

questions:  ñWhere does teacher explanation come from? How do teachers decide 

what to teach, how to present it, how to question student to about it, and how to deal 

with problems of misunderstanding?ò (p. 8). According to Shulman, responses to 

these questions should be gained from the teacherôs perspective. In order to do this, 

Shulman and colleagues realized that a more comprehensive theoretical framework 

was needed. Within this scope, in 1986, Shulman and his colleagues started the 

ñKnowledge Growth in Teachingò project. In this way, they tried to bring to the fore 

previously unasked questions such as: ñWhat are the sources of teacher knowledge? 

What does a teacher know and when did he or she come to know it? How is new 

knowledge acquired, old knowledge retrieved, and both combined to form a new 

knowledge base?ò (Shulman, 1986, p. 8). In order to answer these questions, 

Shulman and colleagues (1986) aimed to investigate the development of secondary 

teachersô knowledge of English, biology, mathematics and social studies. Shulman et 

al. (1986) asked the teachers to read and comment on materials related to the subjects 

they teach. In order to collect the data, they conducted regular interviews, and 

observed the process of the secondary teachersô instruction. This study produced 

large amount of information from which a model concerning categories of teachersô 

knowledge was created. 

According to Shulman and colleagues, teacherôs knowledge can be 

categorized as follows; 1) subject matter knowledge 2) pedagogical content 

knowledge 3) curricular knowledge.  

The first component, content knowledge, involves the structures of subject 

matter which are defined by Schwab (1978) (as cited in Shulman, 1986) as 

substantive and syntactic. The former is the way in which the basic concepts and 

principles are organized in order to associate the facts; the latter is the way in which 

truth or falsehood, validity or invalidity is established. Shulman (1986) stated that 

content knowledge requires the teacher to be proficient in the knowledge of the facts 

and the concepts of their field.  Moreover, he explained that a teacher who has 

adequate content knowledge is able to explain why the accepted truth or facts is 

worth knowing, how it relates to other conditions within the discipline and without, 



16 

 

why the subject is central to the discipline or peripheral. The statement ñthe teacher 

need not only understand that something is so; the teacher must further understand 

why it is soò (p. 9) clearly summarizes the content knowledge.  

Pedagogical content knowledge is generally defined as subject matter 

knowledge for teaching. Namely, it is related to being able to teach the content. 

Pedagogical content knowledge involves a) knowledge of the most effective 

representation, b) knowledge of most powerful examples, illustrations, 

demonstrations and explanations, c) knowledge of the ways of making the subject 

matter understandable to others, d) knowledge about why the topic is difficult for 

students and how it will become easy, e) knowledge of studentsô conceptions, 

preconceptions and misconceptions at different grade level, and f) knowledge of how 

to overcome studentsô misconceptions (Shulman, 1986). For Shulman, all these 

characteristics of pedagogical content knowledge imply that pedagogical content 

knowledge ñrepresents the blending of content and pedagogy into an understanding 

of how particular topics, problems, or issues are organized, represented and adapted 

to the diverse interests and abilities of interests and abilities of learners, and 

presented for instructionò (Shulman, 1987, p. 8). 

The last category is curricular knowledge which has two dimensions; lateral 

curriculum knowledge and vertical curriculum knowledge. The former consists of the 

knowledge of topics or issues that are being studied at the same time in other subject 

areas. This knowledge allows teachers to relate mathematics to other subject areas. 

The latter category is the knowledge of topics or issues that were taught in the 

preceding year have been taught at the same year and will be taught in later years. 

This knowledge helps teachers make connections within the topics of a subject.  

In 1987, Shulman and colleagues enhanced their model developed in 1986 in 

the Knowledge Growth in Teaching Project. This model consisted of seven 

categories; 1) subject matter knowledge, 2) general pedagogical knowledge, 3) 

curriculum knowledge, 4) pedagogical content knowledge, 5) an understanding of 

the learners and their characteristics, 6) knowledge of educational ends, purposes, 

and values, and 7) teachersô philosophical and historical grounds. Among those 

categories, PCK is the most important category of teachersô knowledge for high-

quality teaching and defined as;  
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ñthat special amalgam of content and pedagogy that is uniquely the 

province of teachers, their own special form of professional 

understanding.ò (Shulman, 1987, p.8) 

 

Furthermore, Shulman explained why PCK should attract special interest 

among seven categories since; 

ñit identifies the distinctive bodies of knowledge for teaching. It 

represents the blending of content and pedagogy into an understanding 

of how particular topics, problems, or issues are organized, 

represented, and adapted to the diverse interests and abilities of 

learners, and presented for instruction. Pedagogical content knowledge 

is the category most likely to distinguish the understanding of the 

content specialist from that of the pedagogue.ò (Shulman, 1987, p.8) 

 

Following the Shulman model, several research studies were conducted to 

explore teachersô knowledge and many researchers used Shulmanôs categorization of 

teachersô knowledge as a theoretical framework. 

 

2.1.2 Grossmanôs Categorization of Teacherôs Knowledge 

Apart from Shulmanôs categorization, Grossman (1990) categorized teacherôs 

knowledge into four general areas; a) general pedagogical knowledge, b) subject 

matter knowledge, c) pedagogical content knowledge, and d) knowledge of context 

as shown in Figure 2.1 below. 
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Figure 2.1 Grossmanôs model of teacherôs knowledge (1988, p.9) 

The first category is general pedagogical knowledge which was also one of 

the categories of Shulmanôs model. Both Grossman and Shulman defined general 

pedagogical knowledge as knowledge and beliefs related to learners and learning, 

knowledge of general principles of instruction, knowledge and beliefs concerning 

classroom management, and knowledge and beliefs about the aims and purposes of 

education.  

The second category, subject matter knowledge, is another important 

component of the teacherôs knowledge. It includes the knowledge of content and 

knowledge of the substantive and syntactic structures of a discipline defined by 

Schwab (1964, as cited in Grossman, 1990).  On the one hand, knowledge of content 

implies knowledge of the major concepts such as facts and truths. On the other hand, 

the substantive structures of a discipline refer the paradigms within a field which 

affects the organization of the other fields, and the syntactic structures of a discipline 

refer to understanding the principles of evidence and proof within a discipline. 

Knowledge of syntactic and substantive structures are important phenomena for 

effective teaching since the level of teachersô syntactic and substantive structures of 

their fields influences their ability to present their disciplines to the students.  
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The third category of the teacherôs knowledge is pedagogical content 

knowledge. According to Grossman, PCK consists of four components. The first 

component concerns the knowledge and beliefs about the purposes for teaching a 

particular subject at a particular grade level. In other words, it is teachersô 

overarching conception of what it means to teach a particular subject. For example, 

one mathematics teacher, sees the purpose of teaching problems as teaching students 

the skills of carrying out a mathematical operation correctly while another defines 

the purpose of teaching problems as helping students understand the problem first, 

specifying what is given and what is asked, lastly developing an appropriate strategy. 

These two perspectives show that teachersô knowledge about the purpose of teaching 

a subject influences the teachersô teaching style. The second component of PCK is 

the knowledge of studentsô understanding, conceptions, and misconceptions of a 

particular subject. This component of PCK was also specified in Shulmanôs 

categorization of teacherôs knowledge. Both Grossman and Shulman considered that 

the teacher who has this knowledge generates appropriate explanations and 

representations based on their prior knowledge and aims to overcome studentsô 

misconceptions.  The third component mentioned by Grossman is knowledge of 

curriculum and curricular materials. This component includes knowing which books 

and instructional materials are appropriate in order to teach a particular subject 

effectively. Moreover, it is related to knowledge of the organization of topics in a 

specific grade level. Furthermore, what students have learnt in the past and will learn 

in the future are the concerns of this component. Similar to Grossman, Shulman 

(1986) also explained that the knowledge of the sequence of other topics in the 

curriculum of the subject area (in this case; mathematics) in the same year, preceding 

and succeeding years in order to make connections within the topics of the subject. 

He called this; vertical curriculum knowledge. A final component of PCK is the 

knowledge of instructional strategies and representations which refers to teaching a 

particular subject using variety of instructional strategies, examples, models, 

illustrations, metaphors and simulations to increase studentsô understanding. 

Shulman (1986) commented on this component of PCK stating that ñthe most useful 

forms of representation of those ideas, the most powerful analogies, illustrations, 
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examples, explanations, and demonstrations-in a word, the ways of representing and 

formulating the subject that make it comprehensible to othersò (p.8). 

The last category of the teacherôs knowledge is the knowledge of context. It 

refers to the knowledge of; the district in which teacher works, the school setting, 

studentsô academic level and their family background. Although Shulman (1986) did 

not initially include the knowledge of context in the model developed in 1986, he and 

colleagues integrated knowledge of educational context in their model in 1987. 

 

2.1.3 Gess-Newsomeôs Categorization of Teacherôs Knowledge 

 Gess-Newsome (1999) reviewed the studies of teacherôs knowledge which 

had different dimensions. As a result of her review of research results, she created 

two distict models of teacherôs knowledge: the transformative model, and the 

integrative model. A schematic of these two models of teacherôs knowledge is 

presented in Figure 2.2 and Figure 2.3, respectively (Gess-Newsome, 1999, p.12). 

 

 

 

 

 

 

 

 

 

     *= knowledge needed for classroom teaching 

Figure 2.2 Gess-Newsomeôs Transformative Model (1999, p.12)       
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                     *= knowledge needed for classroom teaching 

Figure 2.3 Gess-Newsomeôs Integrative Model (1999, p.12)          

In the transformative model, the knowledge domains are defined as subject 

matter knowledge, pedagogical knowledge and knowledge of context which are also 

the categories of Grossmanôs model (1990). Similar to Shulmanôs model (1987), 

PCK is a distinct category which is a synthesis of the knowledge of subject matter 

and pedagogy. These domains are useful when they are transformed into PCK. In 

fact, according to Gess-Newsome, PCK is the only knowledge that is required for 

effective teaching in the transformative model.  

In the integrative model, as with the transformative model, subject matter 

knowledge, pedagogical knowledge and knowledge of context are defined as the 

knowledge domains. Contrary to the transformative model, these domains were 

developed separately and integrated as the part of teaching and PCK is not a distinct 

category.  However, it is the intersection of subject matter knowledge, pedagogical 

knowledge and contextual knowledge. For effective teaching, a teacher should select 

the independent knowledge bases of the subject matter, pedagogy, and context, and 

integrate them to create learning environment.  In this model, an effective teacher has 

well-organized knowledge bases which are easily accessed, integrated, and used 

flexibly during teaching. 

Gess-Newsome (1999) explained the difference between the two models in 

terms of the knowledge domains by taking an analogy from chemistry.  

ñWhen two materials are mixed together, they can form a mixture or a 

compound. In a mixture, the original elements remain chemically 

distinct, though their visual impact may imply a total integration. 

Regardless of the level of apparent combination, the parent ingredients 

in a mixture can be separated through relatively unsophisticated, 

physical means. In contrast, compounds are created by the addition or 
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release of energy. Parent ingredients can no longer be easily separated 

and their initial properties can no longer be detected. A compound is a 

new substance distinct from its original ingredients, with chemical and 

physical properties that distinguish it from all other materialsò (p. 11). 

 

Moreover, the two models differ in terms of teaching expertise. According to 

Gess-Newsome (1999), teachers possess PCK for all topics taught in the 

transformative model. On the other hand, teachers are flexible in integrating 

knowledge domains for each topic taught.  

The frameworks, mentioned up to this point, are related to the teacherôs 

knowledge, not specifically to that of mathematics teachersô. The frameworks 

regarding mathematics teacherôs knowledge are given and discussed below. 

 

2.1.4 Ball, Thames and Phelpsô Categorization of Teacherôs Knowledge 

In the mid-1980s, a critical development began in the teacherôs content 

knowledge in terms of what teachers know and how they teach (Shulman, 1987). As 

explained above, Shulman and his colleagues (1986) suggest a special categorization 

of teacherôs knowledge which is the corner stone of the literature. Following 

Shulmanôs categorization of teacherôs knowledge, other researchers (Gess-Newsome, 

1999; Grossman, 1990) developed different frameworks. When these frameworks are 

examined, it can be seen that they are general and not specific to mathematics 

education except for that of Rowland et al. (2008). In this context Ball, Thames and 

Phelps (2008) asserted that a framework related to teacherôs content knowledge for 

mathematics education was needed. Accordingly, they enhanced Shulmanôs 

theoretical framework, and developed an approach for mathematics teaching. The 

focus of their approach was ñthe work of teachingò which means all the things that 

teachers do in teaching mathematics. All the things refers to having a deep 

knowledge of the subject matter, using algorithms in calculations correctly, selecting 

various and appropriate examples and representations, identifying studentsô errors, 

and examining the sources of these errors, being aware of studentsô preconceptions 

and misconceptions, and using mathematical language correctly (Ball & Bass, 2002; 

Ball, Bass & Hill, 2004; Hill, Rowan & Ball, 2005). In other words, the work of 

teaching refers to what teachers need to do in teaching mathematics which was 

entitled ñmathematical knowledge for teachingò (Ball, Thames & Phelps, 2008). Ball 
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et al. (2008) subdivided Shulmanôs subject matter knowledge into three types of 

content knowledge: common content knowledge (CCK), specialized content 

knowledge (SCK), and horizon knowledge.  The specialized content knowledge and 

common content knowledge are a synthesis of Shulmanôs subject matter knowledge 

(Ball et al., 2008). Ball and colleagues (2008) asserted that every person has common 

content knowledge whether s/he is a mathematics teacher or not. For instance, giving 

the correct answer to the question ñIs 0 an even numberò is not special for 

mathematics teachers. Every person who knows mathematics can answer the 

question correctly. So, it can be said that s/he has common content knowledge. On 

the contrary, Ball and colleagues (2008) characterized specialized content knowledge 

as the knowledge that is unique to the teacher who engages in teaching mathematics. 

The characteristics of the specialized content knowledge are representing 

mathematical ideas, providing mathematical explanations and procedures with their 

justifications, and deciding whether the studentôs methods are generalizable to other 

problems. For instance, knowing the representation of 
5

3
 or 0.40 using diagrams, 

explaining why ñinvert and multiplyò rules that work for the division of rational 

numbers are included in specialized content knowledge. 

In addition to SCK and CCK, there is another category of mathematics 

knowledge for teaching that is; horizon knowledge. In fact, Ball and colleagues were 

not sure whether horizon knowledge should be included as a third category within 

subject matter knowledge, so they included it temporarily. Horizon knowledge is 

defined as ñan awareness of how mathematical topics are related over the span of 

mathematics included in the curriculumò (Ball et al., 2008, p.403). For example, a 

mathematics teacher should know that sixth grade students should learn about 

integers and they will learn four integer operations when they are seventh graders. 

Namely, it requires knowing what the students will learn ensuing years.  

On the other hand, Ball et al. (2008) stated that Shulmanôs pedagogical 

content knowledge was specialized into knowledge of content and students (KCS), 

knowledge of content and teaching (KCT), and knowledge of content and curriculum 

(KCC). While knowledge of content and students was described as the combination 

of knowledge about students and knowledge about mathematics; knowledge of 

content and teaching were described as the combination of knowledge about teaching 
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and knowledge about mathematics (Ball et al., 2008). State differently, the 

knowledge of content and students requires knowing the topics which the students 

find easy, difficult or confusing, identifying the studentsô preconceptions and 

errors/difficulties/misconceptions, knowing the reasons for these errors/ 

difficulties/misconceptions, and the ways of responding studentsô errors/difficulties/ 

misconceptions. As a second category, the knowledge of content and teaching 

involves determining the best teaching method and most useful representations, 

choosing examples that are appropriate for students to begin the topics, and deciding 

which examples will take students deeper into the content. Additionally, the last 

category is knowledge of content and curriculum. It represents teachersô knowledge 

of the programs designed for teaching of particular subjects at a given level, 

knowledge of the characteristics of the program and knowledge of the variety of 

instructional materials available for the teaching of a subject. 

Figure 2.4 presents the correspondence between Ball et al.ôs (2008) map of 

the domain of content knowledge for teaching and two of Shulmanôs (1986) initial 

categories: subject matter knowledge and pedagogical content knowledge. 

 

 

 

 

 

 

 

 

 

 

Figure 2.4 Ball et al.ôs (2008) map of the domain of content knowledge for teaching 

and two of Shulmanôs (1986) initial categories: SMK and PCK (Ball et al., 2008, p. 

403) 

 Figure 2.4 displays how Ball and colleagues (2008) divided Shulmanôs 

subject matter knowledge into three categories; common content, specialized content 

and horizon knowledge. Moreover, the pedagogical content knowledge is defined as 
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knowledge of content and curriculum. This can be interpreted as Ball and colleaguesô 

categorization of content knowledge being more specific than Shulmanôs. In this 

sense, Ball et al. provide a more detailed categorization of content knowledge for 

mathematics teaching. 

Although Ball and colleaguesô framework is detailed, it does have some 

deficiencies and needs refinement and revision (Ball et al., 2008). Firstly, teachers 

may use a different kind of knowledge for the same situation thus, the categories of 

knowledge in teaching mathematics may overlap each other and the boundary 

between the categories is not necessary clear-cut.  For example, two teachers 

(Teacher A and Teacher B) analyzing studentsô error related to solving equation may 

respond differently. Teacher A may judge students errors in terms of the stages of the 

studentsô solutions, the assumptions that students made and mathematical operations 

that they used. S/he may think that students may not use the distributive rule while 

eliminating the parenthesis or they may add the terms which have different variables. 

Teacher A is using specialized content knowledge in this situation. On the other 

hand, Teacher B may observe students while they are solving the same kind of 

problem. In this case, Teacher B may analyze studentsô error based on their past 

experiences thus s/he is using knowledge of content and students (Ball et al., 2008). 

The second deficiency is that there is no specific distinction among the categories of 

knowledge in teaching mathematics which makes it difficult to measure each one. 

For example, selecting examples, illustrations and representations that deepen 

student understanding of the topic of adding rational numbers can be seen as 

requiring KCT. However, this topic requires the algorithm of adding rational 

numbers (CCK), explaining the algorithm of adding rational numbers mathematically 

(SCK) and determining the most effective ways to overcome studentsô difficulties 

(KCS) (Ball et al., 2008).  The final deficiency emerges from not being able to easily 

distinguished common content knowledge from the specialized content knowledge 

for some tasks. Ball and her colleagues referring Figure 2.5 asked ñwhat fraction 

represents the shaded portion of the two circles shadedò. 
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            Figure 2.5 Representations of 
8

5
of 2 (Ball et al., 2008, p.404) 

When receiving the answer 
8

5
 of 2 the next question is posed ñIs the 

knowledge that this is 
8

5
 of 2 common? Or is it specialized?ò (Ball et al., 2008, p. 

403). On one hand, this knowledge can be common content knowledge since some 

people may use this knowledge in their work. On the other hand, this particular 

representation can be assessed as specialized content knowledge since a person may 

not use this knowledge in his daily work.  

 

2.1.5 Rowland, Huckstep, and Thwaitesô Categorization of Teacherôs                        

          Knowledge 

Rowland, Huckstep, and Thwaites (2005) developed the ñknowledge quartetò 

model for the mathematical knowledge for teaching. The data was collected from 

149 pre-service teachers in the United Kingdom. For the analysis, Rowland et al. 

(2005) used a grounded approach in order to generate theory. The analysis of the data 

allowed the researchers to identify four categories of teacherôs knowledge. 

Foundation, the first category, involves teacherôs knowledge and understanding of 

mathematics, knowledge about literature, beliefs about mathematics, and how and 

why it is learnt. The researchers claimed that foundation is the most essential 

category of the model, and the remaining three originate from this underpinning. The 

key components of foundation are the theoretical underpinning of pedagogy, 

awareness of purpose, identifying pupil errors, overt display of subject knowledge,  

use of mathematical terminology, adherence to the textbook, and concentration on 

procedures. The second category is transformation which refers to knowledge used in 

planning to teach and in the act of teaching. It includes teacher demonstration, use of 

instructional materials, choice of representations, and choice of examples. This 
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category is similar to the PCK of Shulman and Grossman, and Ballôs KCT. 

Connection is third category of the knowledge quartet and concerns the coherence of 

the lessons, integration of mathematical content, the sequencing of topics of 

instruction within and between lessons, and the ordering of tasks and exercises. To 

put it differently, it means making connections between procedures, making 

connections between concepts, anticipation of complexity, decisions about 

sequencing, and recognition of conceptual appropriateness. This category coincides 

with Shulmanôs curriculum knowledge, Grossmanôs pedagogical content knowledge 

and the horizon knowledge of Ball et al. Contingency is the final category 

representing unexpected classroom events such as dealing with studentsô unexpected 

responses and questions quickly and appropriately. In other words, it concerns 

classroom events which are impossible to plan for. This category includes 

responding to student ideas, deviation from the lesson agenda, teacher insight, and 

responding to the (un)availability of materials and resources.  

Up till now, the frameworks related to teacherôs knowledge were presented 

and discussed. In the following, the framework developed by Magnusson, Krajcik 

and Borko (1999) was given. Different from other frameworks, it was only related to 

teacherôs PCK.  

 

2.1.6 Magnusson, Krajcik and Borkoôs Categorization of PCK 

 Magnusson, Krajcik and Borko (1999) developed a theoretical framework for 

PCK for science teaching which expanded upon the earlier models of teacherôs 

knowledge proposed by Shulman (1987) and Grossman (1990). Initially, they 

presented a model of teacherôs knowledge which identified the relationships between 

the domains of teacherôs knowledge. These domains were (1) subject matter 

knowledge (both substantive and syntactic structures), (2) general pedagogical 

knowledge, and (3) knowledge of context, and the centerpiece of teacherôs 

knowledge (4) pedagogical content knowledge (PCK). Magnusson et al. (1999) 

argue that subject matter knowledge, pedagogical knowledge, and knowledge of 

context strongly influence pedagogical content knowledge. The model presented in 

Figure 2.6 represents the knowledge domains of the framework of Magnusson et al. 

and the relationships among the domains. 
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Figure 2.6 A model of the relationship among the domains of teacherôs knowledge                                    

                  (Magnusson et al., 1999, p. 98). 

 

The model shown in Figure 2.6 indicated that PCK is influenced by the 

knowledge and beliefs about subject matter, general pedagogy, and context. Within 

this context, Magnusson et al. (1999) elaborated on the central components and 

further delineated categories within PCK as shown in Figure 2.7. 

 

 

 

 

  

Educational 

Aims 

    

  

  

  

  

  

  
  

Substantive  
Knowledge   

  

  
  
  Classroom  

Management 
  

    

influences 
  influences 

  

influences 
  

  

  

and Beliefs 

Syntactic 

Knowledge 

and Beliefs 

Instructional 

Principles 

Learners & 

Learning 

PEDAGOGICAL 

CONTENT 

KNOWLEDGE 

and BELIEFS 

Subject Matter  

Knowledge and 

Beliefs 

Pedagogical  

Knowledge and 

Beliefs 

Knowledge and 

Beliefs about  

Context 

Students 
School 

District 
Community 



29 

 

 

Activities 

Science-Specific 

Strategies (for any 

topic) 

Knowledge of 

Science Curricula 

Orientation to 

Teaching Science 

PCK 

Specific 

Science 

Curricula Science Goals 

and Objectives 

Strategies for 

Specific Science 

Topics 

Knowledge of Studentsô 

Understanding of Science 

Requirements 

for Learning  

including 

which shapes 

includes 

including 

Areas of Studentsô 

Difficulty   

Knowledge of 

Instructional Strategies 

Representations 

which shapes which shapes 

which shapes 

Knowledge of 

Assessment of 

Scientific LĶteracy 

Dimensions of 

Science Learning 

to Assess 

Methods of 

Assessing Science 

Learning  

  

Figure 2.7 Magnusson et al.ôs model of PCK showing the components for science  

                   teaching (1999, p.99) 

 

Magnusson et al. (1999) defined PCK as ñthe transformation of several types 

of knowledge for teaching (including subject matter knowledge)ò (p. 95). They stated 

that pedagogical content knowledge for science teaching consists of five 

components: a) orientation towards science teaching, b) knowledge and beliefs about 

science curriculum, c) knowledge and beliefs about studentsô understanding of 

specific science topics, d) knowledge and beliefs about assessments in science, and 

e) knowledge and beliefs about instructional strategies for teaching science (Figure 

2.7). 

Orientation towards science teaching is the first component, referring to the 

teachersô knowledge and beliefs about the purposes for teaching a subject at a 

specific grade level. This is similar to Grossmanôs category among the four 

categories of PCK. Although Grossman described this category as ñoverarching 

conceptionsò, Magnusson et al. (1999) stated that this knowledge guides teachers 
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about instructional decisions such as the content of studentsô homework, the 

textbooks and other instructional materials and the assessment of students learning.  

The second component of PCK is knowledge of instructional strategies 

consists of two dimensions; knowledge of subject-specific strategies, and knowledge 

of topic-specific strategies. The former dimension represents general approaches to 

science teaching and the latter indicates the teacherôs knowledge of strategies which 

are effective tools to teach a particular science topic. Magnusson et al. (1999) 

examined the knowledge of topic-specific strategies under two sub-categories; topic-

specific representations and topic-specific activities (Figure 2.7). Topic-specific 

representations, which are examples, illustrations, models or analogies, refer to the 

teacherôs knowledge about the ways of presenting topic to help students learn the 

topic. In addition, topic-specific representations include the knowledge of the 

advantages and disadvantages of using particular representations. The latter sub-

category, topic-specific activities, indicates the demonstrations, simulations, 

investigations, and experiments that are useful for students to understand a particular 

concept.  

Magnusson et al. (1999) presented knowledge of studentsô understanding of 

science as the third component of PCK. It comprises two dimensions: a knowledge 

of requirements for learning, and knowledge of areas of student difficulty. The first 

dimension refers to teacherôs knowledge concerning the studentsô prior knowledge 

about a particular subject. This knowledge informs teachers about the abilities and 

skills that students need together with the information they lack and therefore should 

be covered before the subject taught. The second dimension, defined as knowledge 

of content and students by Ball et al. (2008), is related to teachersô knowledge about 

the topics that are difficult or easy for students. Teachers should have knowledge 

about the topics that are difficult for students and the reasons for these difficulties. 

Besides, teachers should be knowledgeable about studentsô misconceptions related to 

a particular subject.  

The fourth component of PCK is knowledge of the science curriculum which 

consists of two dimensions: knowledge of goals and objectives, and knowledge of 

specific curricular program. Shulman (1988) defined this knowledge as a discrete 

domain of the knowledge base for teaching called curricular knowledge however, 
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Grossman (1990) and Magnusson et al. (1999) included this component as part of 

PCK. The first dimension represents the teachersô knowledge of goals and objectives 

related to the subjects that they are teaching. Moreover, it includes Shulmanôs 

vertical curriculum knowledge that is the knowledge of students which was acquired 

in previous years and that which will be learned in later years. The second dimension 

involves knowledge of the programs and materials which are relevant to teaching a 

particular subject.  

The final component of PCK is the knowledge of assessment in science again 

consisting of two dimensions: knowledge of dimensions of science learning to assess 

and knowledge of the methods of assessment. First dimension denotes that the 

teacherôs knowledge should contain the important concepts that should be assessed 

for studentsô learning within a particular subject. The second dimension covers the 

teacherôs knowledge about the methods and the methods of assessing important 

concepts within a particular subject. In particular, it consists of the knowledge of 

instruments, procedures or activities which are used to assess studentsô learning.  

Although Magnusson et al. defined PCK as a separate domain of knowledge 

for teaching, they did not assert that there were clear boundaries between PCK and 

other knowledge domains (e.g. subject matter knowledge, general pedagogical 

knowledge) as Ball et al. (2008) expressed.  

 

2.1.7 Conclusions Drawn from Categorization of Teacherôs Knowledge 

To sum up, different categorizations of teacherôs knowledge with different 

components, sub-components and relations between them have made important 

contributions to the literature concerning teacherôs knowledge. (Ball et al., 2008; 

Gess-Newsome, 1999; Grossman, 1990; Magnusson et al.,1999; Rowland et al., 

2005; Shulman, 1986). Among these researchers, Ball et al., and Rowland et al. 

developed a framework for the required mathematical knowledge for teaching. Ball 

et al. developed their model in light of Shulmanôs model and they divided Shulmanôs 

SMK and PCK into different sub-components (SCK, CCK, KCS, KCT). Differing 

from all the models mentioned above, Rowland et al. (2005) named the categories of 

teacherôs knowledge differently using the terms; foundation, transformation, 

connection and contingency. Similar to Shulman (1986), the categorizations used by 
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Grossman (1990) and Gess-Newsome (1999) involve both SMK and PCK. However, 

they added knowledge of context and pedagogical knowledge in their frameworks. 

Although Shulmanôs PCK and SMK are the common knowledge types in different 

frameworks, Magnusson et al. (1999) focused on only the teacherôs PCK. On the 

other hand, Shulmanôs curriculum knowledge is not a distinct category in some 

frameworks. Grossman (1990) and Magnusson et al. (1999) integrated curriculum 

knowledge in PCK. Moreover, Rowland et al. (2005) defined curriculum knowledge 

as a category, called connection.  

In addition to the theoretical frameworks investigating the nature of teacherô 

knowledge, many research studies which used those frameworks focused on the 

teacherôs knowledge that was used in classroom. These studies will be reviewed in 

following sections.  

 

2.2 Research Studies on Mathematics Teachersô Knowledge on Mathematics             

     Topics 

Over many years, researchers have given special attention to the investigation 

of teachersô mathematical content knowledge (Baki, 2013; Ball, 1990a; 1990b; Even, 

1993; Even & Tirosh, 1995; Hill, Rowan & Ball, 2005; Leinhardt & Smith, 1985) 

and this was undertaken from different points of view. Some aimed to investigate 

mathematics teachersô knowledge on a specific topic in mathematics (Ball, 1990a; 

1990b; Contreras, Batanero, Diaz & Fernandes, 2011; Even, 1993; Even& Tirosh, 

1995; Huang & Kulm, 2012; Livy & Vale, 2011; Nilsson & Lindstrom, 2012; Pino-

Fan, Godino, Font & Castro, 2013). However, others looked at the ways of 

enhancing teachersô knowledge (An & Wu, 2011; Hill, 2007; Hill & Ball, 2004; 

Kwong, Joseph, Eric, Khoh, Gek & Eng, 2007) and some explored the relationship 

between knowledge types (Even, 1993; Hutchison, 1997). Although the aims of these 

studies were different, there is a common agreement that mathematics teachersô 

content knowledge has significant role in effective teaching and studentsô 

achievement.  In order to clarify the important role of the content knowledge that 

mathematics teachers possess, these research studies are presented and discussed in 

this part of the literature review. It was found that the studies differed in terms of 

their participants, namely, some explored pre-service mathematics teachersô 
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knowledge and the remainder investigated in-service mathematics teachersô 

knowledge. Moreover, some studies explored the ways of enhancing teachersô 

knowledge. Thus, this section of the literature review is divided into the following 

three categories; pre-service mathematics teachersô knowledge, in-service 

mathematics teachersô knowledge and the ways of enhancing mathematics teachersô 

knowledge. 

 

2.2.1 Research Studies on Pre-Service Mathematics Teachersô Knowledge on     

         Mathematics Topics 

To begin, Even (1993), Even and Tirosh (1995), and Huang and Kulm (2012) 

explored pre-service teachersô knowledge on functions. Even (1993) investigated 

pre-service secondary teachersô subject matter knowledge and the relationship 

between subject matter knowledge and pedagogical content knowledge in the context 

of teaching the concept of function. The data was collected from 152 pre-service 

teachers in two phases; first, an open-ended questionnaire concerning their 

knowledge about functions was applied to all the teachers and second 10 of the pre-

service teachers were interviewed. The result of the study showed that most of the 

pre-service teachers did not have broad knowledge related to functions. In fact, only 

a few could justify the importance and origin of the univalence requirement. 

Consequently, they did not use modern terms and concept images effectively while 

describing functions to the students. Moreover, many of them provided a rule to be 

followed without understanding the concept. Even (1993) implied that pre-service 

teachers needed better subject matter knowledge to improve their teaching. This can 

be achieved by developing mathematics courses in line with constructivist approach 

to teaching and learning (Even, 1993). 

As in the study of Even (1993), Even and Tirosh (1995) explored pre-service 

teachersô knowledge about functions. However, the aim of this study was to 

investigate pre-service teachersô pedagogical content knowledge in terms of 

knowledge about the subject matter, and knowledge about students. One hundred and 

sixty two pre-service secondary mathematics teachers participated in the study. The 

data was gathered in two phases; an open-ended questionnaire was completed by 162 

pre-service teachers, then 10 of the pre-service teachers were interviewed. The result 
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of this study showed that pre-service secondary mathematics teachers did not know 

the definitions about functions and incorrectly solved problems presented to them. 

Moreover, they did not explain the logic behind the concepts which is consistent with 

the outcome of Evenôs study (1993). Even and Tirosh (1995) inferred that teachersô 

knowledge of subject matter and knowledge about students needed further 

investigation in order to improve teacher preparation programs. 

Huang and Kulm (2012) conducted a study to explore the knowledge of 

function of pre-service middle grade mathematics teachers. A survey consisting of 17 

multiple-choice items and 8 open-ended items was applied to 115 pre-service 

teachers and follow-up interviews were undertaken with five of the participants. The 

survey included the knowledge of; school algebra(SM), advanced algebra (AM), and 

teaching algebra (TM). The authors found that pre-service teachersô knowledge was 

limited in all three areas. They performed poorly in selecting appropriate 

perspectives and using representations of the concept of function. Moreover, they 

failed to solve quadratic/irrational equations, undertake algebraic manipulation and 

reasoning, and judging the number of roots of quadratic functions. Furthermore, the 

participants made mistakes in solving problems using the integration of algebraic and 

graphic representations of functions. As a result, the authors concluded that the 

participantsô knowledge to teach functions was poor. Therefore, the outcome of all 

these studies (Even, 1993; Even & Tirosh, 1995; Huang & Kulm, 2012) can be 

interpreted as pre-service teachersô knowledge not having the mathematical 

knowledge which a mathematics teacher should possess in order to teach functions. 

They only had a level of knowledge that anyone who deals with daily mathematics 

(Even, 1993; Even & Tirosh, 1995; Hutchison, 1997). Regarding the framework that 

Ball and colleagues (2008) created, it was found that the pre-service teachers had 

enough common content knowledge, but they had limited specialized content 

knowledge for mathematics teaching.  

In order to develop and improve their conceptual framework related to 

teachersô content knowledge, Ball and colleagues carried out many studies (Ball, 

1990a, 1990b; Hill & Ball, 2004; Hill, Rowan & Ball, 2005). Ball (1990a) conducted 

a study to investigate pre-service elementary and secondary mathematics teachersô 

subject matter knowledge on one specific mathematics topic; division with fractions. 
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The aim of the study was to examine teachersô understanding about mathematics 

when they entered formal teacher education. Two hundred and fifty two pre-service 

teachers participated in this study and the data was collected through questionnaires 

and interviews. Ball (1990a) closely analyzed the pre-service teachersô understanding 

of division with fractions and the results showed that the teachers had a narrow 

understanding about the topic.  They only knew and could apply the rule ñinvert and 

multiplyò. However, it is not enough to know the rule for effective teaching since 

discussing the meanings, the relationships, and the procedures of the division of 

fractions has important role in teaching the subject effectively (Ball, 1990a). Ball 

(1990a) generally concluded that pre-service teachersô understanding about 

mathematics was inadequate for teaching mathematics and tended to be rule-based. 

Similar to Ball (1990), Hutchison (1997) also aimed to make a connection between 

subject matter knowledge and pedagogical content knowledge related to fractions. 

Firstly, one pre-service teacher was interviewed prior to the mathematics course to 

discover her subject matter background and prior pedagogical content knowledge. 

Secondly, a mathematics educational biography and a structured task interview based 

on fractions were employed. The result of this study demonstrated that the pre-

service teacher faced many problems although she wanted to be a good mathematics 

teacher. The reason for those problems was mainly due to the lack of her subject 

matter knowledge which is consistent with result found by Ball (1990a).  

Moreover, another study by Ball (1990b) was focused on one aspect of pre-

service teachersô subject matter knowledge; understanding of division. Ball (1990b) 

collected data from 19 pre-service elementary and secondary mathematics teachers. 

As in her previous study (Ball, 1990a), the results revealed that many of the pre-

service teachers could not explain the mathematical reasoning even though they 

could solve the problems. Moreover, Ball (1990b) claimed that precollege 

mathematics classes did not provide pre-service teachers with adequate subject 

matter knowledge for teaching mathematics.  

Contreras, Batanero, Diaz and Fernandes (2011) conducted a study based on 

the framework of Ball et al. (2008) in which they aimed to assess the pre-service 

teachersô common and specialized content knowledge on probability. The data was 

collected from 183 pre-service primary school teachers. A task which included two-
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way table served as the data source.  In the first question, teachers were expected to 

compute a simple probability, a compound probability and a conditional probability 

in order to explore their CCK. The second question aimed to assess the teachersô 

SCK regarding probability. To this end, the teachers was asked to identify the 

mathematical content such as the types of problem, concepts, procedures, properties, 

and show the mathematical language that they used to solve the given probability 

problem.  The result of this study reported that pre-service teachersô CCK related to 

probability was limited since they had difficulties in calculating simple, compound 

and conditional probabilities from a two-way table. This means that pre-service 

teachers did not have any more knowledge about probability than the person who 

deals with mathematics on an everyday basis. Furthermore, the researchers reported 

that most of the pre-service teachers made errors and could not arrive at the correct 

solution. Contreras et al. (2011) concluded that identifying and classifying 

mathematical content was not easy for pre-service teachers meaning that their SCK 

concerning probability was weak. In another study, pre-service teachersô content 

knowledge on ratio was investigated (Livy & Vale, 2011). Data was collected 

through the Mathematical Competency, Skills and Knowledge Test but the 

descriptive statistics and content analysis were only undertaken for the two most 

difficult items. The results revealed that most of the pre-service teachers were unable 

to solve whole-whole ratio items. They had difficulty in connecting their 

mathematical knowledge on ratio with measurement. However, a few pre-service 

teachers did demonstrate a knowledge of mathematical structure and connection 

which requires a connection between their knowledge on ratio and measurement. 

Furthermore, the vast majority of pre-service teachers could not deconstruct the 

multi-step ratio problem into its component parts thus, these teachers were unable to 

ñidentify critical mathematical components within a concept that are fundamental for 

understanding and applying that conceptò (Chick, Baker, Pham, & Cheng, 2006, 

p.299). In addition, most pre-service teachers had limited knowledge related to 

standard procedures and solution methods concerning ratio problems.  

Apart from the studies on functions, fractions, ratio, probability, and division, 

Pino-Fan, Godino, Font and Castro (2013) investigated pre-service teachersô 

knowledge of derivatives in light of the framework of Ball et al., (2008). A 7-task 
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questionnaire was administered to 53 pre-service teachers in Mexico. The results 

obtained from the data showed that the pre-service teachers had several difficulties in 

solving tasks related to derivatives. The researchers concluded that these difficulties 

were related not only to a lack of specialized content knowledge but also to a dearth 

of common content knowledge. In other words, pre-service teachers had inadequate 

SCK and CCK on derivatives, as ratio and probability (Contreras et al., 2011; Livy & 

Vale, 2011).  

 Different from the studies described in this literature review, Carre¶o, Ribeiro 

and Climent (2013) investigated the nature and content of a pre-service teacherôs 

SCK about the concept of polygon. In fact, the researchers did not describe the pre-

service teacherôs SCK; they focused on the difficulties related to presenting and 

discussing the borders of SCK, especially in relation to horizon knowledge. As a 

result of the analysis of the data gathered from the pre-service teacher, questions 

emerged in relation to both the nature and content of teachersô SCK and horizon 

knowledge. The teacher was posed questions such as: ñIs the identification of the 

sub-concepts categorized as SCK or a specific knowledge related with connections 

and thus in the space of horizon knowledge?ò (Carre¶o et al., 2013, p.8). The result 

of this study manifested that the borders of SCK were not clear. For this reason, 

some studies did not utilize Ball and colleaguesô (2008) categorization of content 

knowledge as a conceptual framework.  

In this section, the studies related to pre-service mathematics teachersô 

content knowledge for teaching mathematics were briefly summarized. The general 

trend in the studies was that pre-service teachersô content knowledge was not 

adequate for teaching mathematics. The literature also includes studies related to in-

service mathematics teacherôs knowledge and these are presented in the next section. 

 

2.2.2 Research Studies on In-Service Mathematics Teachersô Knowledge on  

          Mathematics Topics 

In the literature, many studies investigated pre-service mathematics teachersô 

content knowledge. Consistent with the results of the studies mentioned above, 

Shulman (1987) stated that pre-service teachersô content knowledge is not robust 

because they have had little experience in real classroom context. Although teaching 
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experience does not guarantee adequate content knowledge to teach mathematics, it 

is one of the important sources of content knowledge (Shulman, 1987). Therefore, 

studies conducted with in-service teachers provide an insight into whether the 

teacherôs knowledge is sufficiently adequate to teach mathematics effectively. For 

this reason, studies conducted with in-service teachers are summarized in this part. 

To begin, Carpenter, Fennema, Peterson and Carey (1988) investigated 40 

first-grade teachersô PCK through the examination of the childrenôs solutions to 

addition and subtraction word problems. The researchers aimed to explore the 

teachersô knowledge about the distinctions between different addition and subtraction 

problem types and the strategies that children use to solve different problems. 

Moreover, teachersô ability to predict their students' success in solving different types 

of problems and identifying the strategies used by children to solve problems of 

different types were the other aims of the study (Carpenter et al., 1988). The result of 

this study revealed that teachers in this study could distinguish between some of the 

basic differences of the types of addition and subtraction problems. Moreover, most 

of the teachers could identify the most frequently used strategies for solving addition 

and subtraction problems. 

Another study conducted with in-service teachers was carried out by Leavitt 

(1998). The study aimed to explore German mathematics teachersô content 

knowledge and pedagogical content knowledge. The aims of this study were to 

investigate German mathematics teachersô knowledge and skills of solving basic 

mathematics problems correctly, and identify the representations that they prefer to 

use while solving basic mathematics problems. Multi-digit subtraction, multi-digit 

multiplication, and division with fraction, perimeter and area were the selected 

topics. Data was collected through a questionnaire and interview from 20 in-service 

teachers. The preliminary analysis of the data revealed that the German mathematics 

teachersô knowledge of multi-digit subtraction, multi-digit multiplication and dealing 

with perimeter/area were strong. However, their knowledge related to division with 

fractions was weak which was consistent with the study by Ball (1990b). Even 

though the teachersô knowledge of computational and solving word problems were 

adequate, their knowledge of representations was not adequate implying a limited 
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pedagogical content knowledge. The weakest area was the topic of division with 

fractions in which they had difficulty in connecting the topic with real life. 

As discussed above, Ball and colleagues carried out studies to improve the 

frameworks they had created in relation to the categorization of content knowledge 

(Hill, 2007; Hill & Ball, 2004). One of the studies was carried out by Hill (2007) 

which dealt with in-service teachersô specialized and common content knowledge for 

mathematics teaching.  Hill concentrated on two content areas; namely, number and 

operations and algebra. She used Content Knowledge for Teaching Mathematics 

(CKTM) measures. Based on the analysis of the data, Hill (2007) asserted that in-

service teachers were not adequate in terms of explaining and representing the 

mathematical ideas in alternative solution methods. Hill (2007) concluded that most 

of the in-service teachers had either no or a limited amount of SCK in terms of 

evaluating alternative solution methods however, they knew rules, procedures and 

algorithms well.  

Similar to Leavitt (1998), Masters (2012) explored in-service mathematics 

teachersô content and pedagogical content knowledge of proportional reasoning and 

functions. Moreover, the relationship between teachersô knowledge and studentsô 

achievement were explored in both topics. To collect data, pre- and post-tests were 

administered to 137 eighth grade teachers and students. The proportional reasoning 

items in the tests aimed to explore content knowledge and pedagogical content 

knowledge, the function items served were the data source for the investigation into 

content knowledge. As in the studies in which the participants were the pre-service 

teachers (Even, 1993; Even & Tirosh, 1995), the findings of this study led Masters 

(2012) to the conclusion that eighth grade teachersô knowledge of proportional 

reasoning and functions was weak.  The researcher reported that as a consequence of 

teachersô weak knowledge, the level of studentsô knowledge related to both topics 

was low which was consistent with previous studies. This means that teachersô 

content knowledge influences studentsô knowledge and their academic achievement. 

In another study, Nilsson and Lindstrom (2012) investigated in-service 

teachersô content knowledge regarding probability. Moreover, they aimed to discover 

the relationship between the teachersô knowledge on probability, their educational 

level, their experience on teaching and their beliefs about their own understanding of 
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probability concepts. The data was collected through a questionnaire from 24 

teachers. The results of the study supported the 2013 study by Contreras et al., which 

investigated pre-service teachersô knowledge of probability.  In light of the analysis 

of data, the conclusion that the teachersô had limited understanding of probability and 

in particular their knowledge of probability was procedurally-oriented. Contrary to 

findings of Shulman (1987), there was no relationship between teachersô knowledge 

and their experience. In other words, teaching experience does not guarantee a rich 

content knowledge (Friedrichsen, Lankford, Brown, Pareja, Volkmann, & Abell, 

2007). The findings also revealed that teachers did not develop their understanding of 

probability during their teaching experience. Furthermore, teachers had low 

confidence in teaching probability due to having difficulties in applying probability 

tasks.  

Apart from those studies mentioned above some researchers designed studies 

to compare the knowledge of expert and novice teachers. Leinhardt and Smith (1985) 

compared 4 expert and 4 novice fourth grade mathematics teachersô subject matter 

knowledge related to fractions. Data was collected via semantic nets, planning nets 

and flow charts, interviews, card-sorting task and transcription of videotapes of the 

teachersô classes. The lesson structure knowledge and subject matter knowledge 

formed the basis of this study. The knowledge about planning and performing lesson 

in a coherent and fluent way was defined as the knowledge of lesson structure. 

Moreover, as Shulman (1986) stated, the knowledge of concepts and procedures, and 

their connections within each and between them was defined as subject matter 

knowledge. The result of the study indicated that expert teachers had more 

knowledge of fractions than novice teachers. The result coincided with those of 

Shulman (1987) who also noted that experienced teachers had more knowledge about 

the topic. Similar to Leinhardt and Smith (1985), Lucus (2006) investigated 8 in-

service and 10 pre-service teachersô subject matter knowledge related to the 

composition of functions. The particular aim of this study was to explore the 

influence of teaching experience on SMK. The participants were asked to explain the 

prerequisites that the students should know before the topic of composition of 

functions was to be taught and, the participants were asked to describe the main ideas 

related to the same topic. The analysis of the data showed that the in-service and pre-
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service teachersô SMK on composition of functions did not differ significantly. This 

suggests that SMK is not influenced by teaching experience.  The findings of this 

study also support the results of previous studies (Friedrichsen, Lankford, Brown, 

Pareja, Volkmann, & Abell, 2007; Nilsson & Lindstrom, 2012). However, Shulman 

(1987) asserted that teaching experience has important role in teacherôs having rich 

SMK. 

There are also cross-cultural studies that investigated the content knowledge 

of American and Chinese teachers (An, Kulm & Wu, 2004; Ma, 1999; Zhou, Peverly 

& Xin, 2006). Guided by Shulmanôs (1986) categorization of teacherôs knowledge, 

Zhou and colleagues focused on subject matter knowledge, pedagogical content 

knowledge and general pedagogical content knowledge of North American and 

Chinese teachers. Their study focused on 162 American and Chinese 3rd grade 

mathematics teachersô knowledge about fractions. Results showed that American 

teachersô knowledge fell behind that of Chinese teachers in terms of concepts, 

operations and word problems, namely subject matter knowledge and the same result 

was found for their pedagogical content knowledge. In other words, the Chinese 

teachers were better than American teachers while identifying important points of 

teaching the fraction concepts and ensuring studentsô understanding. However, the 

performance of Chinese teachers in subject matter knowledge, pedagogical content 

knowledge and their general pedagogical knowledge specifically the psychological 

and educational theories were not as sufficient as the American teachers. Ma (1999) 

compared North American and Chinese elementary school teachersô subject matter 

knowledge. Consistent with the result of the study by Zhou and colleagues, the 

Chinese teachers had a better understanding of multi-digit multiplication, division by 

fractions and the relationship between perimeter and area than the American 

teachers. Similar to previous research studies (Ma, 1999; Zhou et al., 2006), An, 

Kulm and Wu (2004) compared PCK of North American and Chinese teachers. 

Twenty eight mathematics teachers in U.S.A and 33 mathematics teachers in China 

participated in the study.  The results of this study indicated that the mathematics 

teachersô PCK in the two countries differed significantly. The Chinese teachers 

focused on gaining the correct conceptual knowledge, and a more rigid development 

of procedures. On the other hand, the American teachers focused on promoting 
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studentsô creativity by designing a variety of activities. The results of this study 

illustrated that each country makes different demands on teachersô pedagogical 

content knowledge. According to the results of these studies, it can be said that 

teachersô mathematical content knowledge can vary in different countries. The 

reason for this variety might be the difference between the type of teacher education 

program and the education system in different countries.  

In this section above, the studies related to in-service mathematics teachersô 

and pre-service mathematics teachersô content knowledge for teaching various 

mathematics topics in the international arena have been discussed. In the following 

section, studies on teachersô knowledge conducted in Turkey context will be 

reviewed. Due to context-depended nature of teachersô knowledge, examination of 

these studies is important because they provide information about teachersô 

knowledge in Turkey. 

 

2.3 Research Studies on Mathematics Teachersô Knowledge on Mathematics     

      Topics in Turkey  

Researchers have claimed that both the quality of the mathematics teaching 

and student achievement depends on teachersô content knowledge (Ball, Hill & Bass, 

2005). In order to gain insight about Turkish teachersô content knowledge, 

researchers focused on investigating teachersô knowledge in a national context 

(Aslan-Tutak, 2009; Baki, 2013; Basturk & Donmez, 2011; Boz, 2004; Bukova-

Guzel, 2010; Butun, 2005; Gokturk, Sahin & Soylu, 2013; Haciomeroglu, 

Haciomeroglu & Aspinwall, 2007; Isik, Ocal & Kar, 2013; Isiksal, 2006; Isiksal & 

Cakiroglu, 2008; Karahasan, 2010; Kilic, 2011; Sevis, 2008; Turnuklu, 2005; 

Yesildere-Imre & Akkoc, 2012). Similar to international studies, Turkish researchers 

were mostly carried out the research studies with pre-service teachers; these studies 

are described first followed by work undertaken with in-service teachers. 

  

 

 

 



43 

 

2.3.1 Research Studies on Pre-Service Mathematics Teachersô Knowledge on    

         Mathematics Topics in Turkey 

 As in the international arena, many research studies have been conducted to 

explore pre-service teachersô knowledge on mathematics topics in Turkey (Aygun, 

Baran-Bulut & Ipek, 2013; Baki, 2013; Basturk & Dºnmez, 2011; Boz, 2004; 

Gokturk, Sahin & Soylu, 2013; Haciomeroglu, Haciomeroglu & Aspinwall, 2007; 

Isiksal, 2006; Isiksal & Cakiroglu, 2008; Isik, Ocal & Kar, 2013; Karahasan, 2010; 

Kēlēc, 2011; Turnuklu, 2005).  

To begin, Haciomeroglu, Haciomeroglu and Aspinwall (2007) investigated 

33 pre-service teachersô subject matter knowledge and pedagogical content 

knowledge on functions similar to the study of Even (1993), and Even and Tirosh 

(1995). In this study, a function questionnaire, card sorting activity, preparation and 

analysis of lesson plans on exponential functions, and video teaching episodes were 

the data collection tools. Consistent with the result of previous studies, the result of 

this study revealed that the pre-service teachersô SMK was inadequate and too weak 

to teach functions effectively (Even, 1993; Even & Tirosh, 1995). Lacking neither an 

adequate nor rich SMK, pre-service teachers were unable to organize lesson plans, 

select appropriate questions and activities to make the concept easier for students. 

Furthermore, they were not able to ask critical questions to enhance studentsô 

learning. Also, because of lack of their PCK, they could not decide on the important 

concepts in the exponential functions which are needed by students to draw and 

understand graph of exponential functions. In addition, the pre-service teachers had 

difficulty in explaining and discussing the definition and properties of exponential 

functions since their PCK was not sufficiently comprehensive for teaching. 

Similarly, Karahasan (2010) conducted a study to understand the extent of pre-

service secondary mathematics teachersô pedagogical content knowledge of 

composite and inverse functions. The data was collected from three pre-service 

secondary mathematics teachers through observations, interviews, documents, and 

the use of audiovisual materials. The result of the study is similar to previous studies 

in that it revealed the low level of the pre-service secondary mathematics teachersô 

pedagogical content knowledge. On completion of the study, the researcher proposed 

that in order to ensure both deep and broad subject matter knowledge of pre-service 
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teachers, teacher education programs should provide method courses that cover the 

topics of secondary mathematics curriculum.   

Furthermore, Isiksal and Cakiroglu (2008) conducted a study to investigate 

pre-service mathematics teachers' knowledge concerning elementary studentsô 

misconceptions/difficulties in the division of fractions. In particular, pre-service 

teachers' knowledge about the sources of studentsô misconceptions and difficulties 

and, their strategies to overcome those misconceptions/difficulties were examined 

through a written question and semi-structured interview. Seventeen pre-service 

teachers completed a questionnaire about the division of fractions. After analyzing 

the data, the researchers were grouped the pre-service teachers' knowledge on 

common conceptions and misconceptions/difficulties under four headings namely; 

algorithmically based mistakes, intuitively based mistakes, mistakes based on formal 

knowledge, and misunderstanding on problem. Moreover, the pre-service teachers 

were asked to suggest strategies to overcome studentsô misconceptions and 

difficulties on division of fractions. These were as follows; using multiple 

representations of the concepts, using different teaching methods, highlighting the 

importance of practice of computational skills and giving full attention to 

understanding the problem. Based on these findings, Isiksal and Cakiroglu 

mentioned the importance of course on method and teaching practice on pre-service 

teachers' subject matter knowledge and pedagogical content knowledge on various 

topics in mathematics. 

Basturk and Donmez (2011) investigated pre-service teachersô curriculum 

knowledge concerning limit and continuity. The participants were selected based on 

their level of subject matter knowledge. In order to determine pre-service teachersô 

levels of subject matter knowledge related to limit and continuity, a Content 

Knowledge Questionnaire was administered to 37 pre-service teachers. As a result of 

the analysis of the questionnaire, four pre-service teachers with different levels of 

subject matter knowledge on the same topic were interviewed then, they prepared 

lesson plan concerning the limit and continuity concept and implemented their plan 

in a microteaching session. The results showed that some pre-service teachers had 

limited knowledge about the new secondary mathematics curriculum in Turkey. In 

particular, some were not aware of the concepts which were not included in the new 
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curriculum or had been removed.  Also, some teachers did not have any idea about 

the place of the limit and continuity concepts in the program. The results led the 

researchers to conclude that pre-service teachersô curriculum knowledge was not 

adequate. When the results of the Content Knowledge Questionnaire and the analysis 

of the pre-service teachersô responses of semi-structured interviews were compared, 

it was realized that the more adequate content knowledge the pre-service teachers 

had, the more knowledge of the curriculum they had. The pre-service teachers who 

had adequate content knowledge recognized the benefit of the new curriculum, had a 

greater desire to implement the goals of the new curriculum and expended more 

energy in doing so. Furthermore, they paid attention to the order of presentation of 

concepts and did not include the concepts that had been removed from the new 

curriculum. Moreover, the researchers specified that the pre-service teachersô 

curriculum knowledge was rhetorical. That is, their knowledge came from the 

internet, their friends who were teachers and their students to whom they gave 

private lessons. In order to increase their curriculum knowledge, researchers 

recommended that the vision of the new mathematics curriculum might be discussed 

in the method course, and pre-service and in-service teachers might exchange 

opinions during teaching practice. 

In another study, Kilic (2011) aimed to explore the nature of pre-service 

secondary mathematics teachersô knowledge of students of algebra. The knowledge 

of the students refers to studentsô misconceptions/difficulties/errors, the possible 

sources of these misconceptions/ difficulties/errors, and the way of eliminating them. 

Data was collected through interviews, observations, a questionnaire, and written 

documents from six pre-service secondary mathematics teachers. The results of this 

study showed that pre-service secondary mathematics teachersô knowledge of 

students was very limited since they could not identify the studentsô 

errors/misconceptions. However, they tried to overcome studentsô errors and 

misconceptions by applying a rule or procedures to solve the problem but they did 

not explain the logic behind the rule or procedures. For this reason, it can be 

concluded that their basis of their subject matter knowledge was ñprocedural without 

reasoningò (p. 23). Moreover, explaining the rules and procedures to eliminate 

studentsô errors/misconceptions was an indicator of the weakness of their repertoire 
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of appropriate examples, representations, and teaching strategies. That is, it was the 

indicator of the weakness in their knowledge of pedagogy. As a result of this study, it 

can be seen that the teachersô knowledge of students was intertwined with their 

knowledge of subject matter and knowledge of pedagogy. 

Another study related to the pre-service teachersô knowledge of fractions was 

conducted by Isik, Ocal and Kar (2013). They investigated the level of 36 pre-service 

teachersô PCK in terms of determining 5th grade studentsô errors about addition of 

fractions. The data was collected through asking the participants to explain addition 

operations through six problem statements and to clarify errors if there were any. The 

results of the study indicated that the pre-service teachers had difficulty in 

determining the errors moreover; they made errors while they were explaining 

studentsô errors. This indicates that the pre-service teachersô PCK concerning the 

addition of fractions was weak because they were not aware of studentsô errors.  

With a similar aim to the research of Isik et al. (2013), Gokturk, Sahin and 

Soylu (2013) investigated 63 pre-service teachersô knowledge on determining 

studentsô errors and stating the ways of overcoming those errors. Gokturk et al., 

focused on the pre-service teachersô knowledge about variables and two questions 

involving studentsô incorrect solution methods was used to collect the data. The pre-

service teachers were asked to analyze the studentsô solution methods and determine 

studentsô errors. Furthermore, the pre-service teachers were required to specify the 

ways of overcoming those errors. Contrary to the results the study undertaken by Isik 

et al. (2013), the pre-service teachersô knowledge on identifying studentsô errors 

related to the variables was adequate. They did not have difficulty in determining 

those errors however, their PCK was not sufficient in terms of overcoming studentsô 

errors.  

Another study with pre-service teacher participants was conducted by Aygun, 

Baran-Bulut and Ipek (2013) however; they investigated the teachersô content 

knowledge and pedagogical content knowledge on the equal sign. As a result, the 

authors stated that the pre-service teachers focused on the operational meaning of the 

equal sign. Furthermore, pre-service teachers were able to identify studentsô errors 

regarding the equal sign which coincided with the results of the study of Gokturk et 
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al. (2013). Additionally, the pre-service teachers had adequate PCK related to 

overcoming studentsô errors.  

Baki (2013) conducted a study to evaluate pre-service teachersô knowledge of 

the algorithm of division associated with place value. In order to collect data, 228 

pre-service teachers divided 4057 by 15. The findings of the study showed that most 

of the teachers were able to do this correctly. However, the majority of the pre-

service teachers gave inadequate explanations regarding the division. From these 

findings, Baki (2013) concluded that the pre-service teachersô knowledge of the 

algorithm of division associated with place value was inadequate for explanations. 

Thus it can be seen that most of the pre-service teachersô explanations of the 

procedures of division were based on the rules.  

Furthermore, other researchers (Boz, 2004; Isiksal, 2006; Turnuklu, 2005) 

investigated the relationship between the pre-service teachersô pedagogical content 

knowledge and subject matter knowledge on different topics of mathematics. Boz 

(2004) explored the relationship between PCK and SMK in relation to the 

simplification of an algebraic statement. A questionnaire consisting of 16 questions 

was applied to 184 pre-service teachers, and afterwards interviews were conducted 

with 10 of the participants. The analysis of data showed that most of the pre-service 

teachers confused the concepts of simplification and solving of equations. This 

confusion was an indication of the teachersô lack of subject matter knowledge.  Due 

to this lack of knowledge the teachers were unable to determine the mistakes made 

by the students thus, the pre-service teachersô pedagogical content knowledge was 

not sufficient. On the other hand, even if some pre-service teachers were able to 

uncover studentsô mistakes, they were not able to explain the reason for studentsô 

mistakes. Not being able to explain the reasons for the mistakes is an indication of 

inadequate PCK. In conclusion, Boz (2004) asserted that there was a relationship 

between teachersô subject matter knowledge and their pedagogical content 

knowledge.  

In another study, Turnuklu (2005) examined the relationship between the 

pedagogical and mathematical content knowledge of pre-service teachers. To reveal 

the competency of pre-service teachersô pedagogical content knowledge in 

mathematics, 45 pre-service teachers were asked to solve four problems. Two of the 
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problems were related to fractions, one concerned decimals and the other was about 

operations. To determine their existing mathematical content knowledge, the mean of 

the teachersô grades in their mathematical content courses taken throughout their 

university education was used. Turnuklu (2005) claimed that there was a relationship 

between the mathematical content knowledge and pedagogical content knowledge of 

pre-service teachers. Similarly, Isiksal (2006) aimed to determine the relationships 

between subject matter knowledge and pedagogical content knowledge regarding the 

multiplication and division of fractions.  The subject matter and pedagogical content 

knowledge were explored through the teachersô understanding of facts, concepts and 

principles, their knowledge concerning studentsô misconceptions and difficulties, 

their strategies and representations they use to teach multiplication and division of 

fractions. The results revealed that the pre-service teachersô subject matter 

knowledge was not conceptually deep. In other words, they did not have enough 

knowledge to explain the multiplication and division of fractions. Moreover, the pre-

service teachersô limited subject matter knowledge affected their pedagogical content 

knowledge; especially in terms of their knowledge about studentsô common 

(mis)conceptions. 

In the next section, the studies aiming to explore Turkish in-service 

mathematics teachersô knowledge about mathematics topics were presented and 

discussed.  

 

2.3.2 Research Studies on In-Service Mathematics Teachersô Knowledge on  

         Mathematics Topics in Turkey 

The studies mentioned above investigated the knowledge of Turkish pre-

service mathematics teachersô on different topics. However, it is important to explore 

the extent of the knowledge of Turkish in-service mathematics teachers because 

these teachers have experience in the real classrooms and their knowledge directly 

impacts on student achievement. In this regard, Butun (2005) conducted a qualitative 

study to investigate in-service elementary mathematics teachersô content knowledge 

in basic school mathematics concepts. The data was collected from three in-service 

mathematics teachers via semi-structured interviews and classroom observations 

additionally, teaching scenarios were discussed in the interview to determine their 
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content knowledge. Butun (2005) concluded that teachersô content knowledge about 

basic mathematics concepts was disconnected, and they depended on the rules which 

were shown by the teachers directing students to memorize rules or procedures. 

Moreover, this study revealed that teachersô aim was to obtain the answer and they 

did not explain the reasons behind the rules or procedures. Furthermore, the teachers 

were not successful at forming appropriate representations for the problem. Their 

inadequacies related to the topics affected their teaching strategies. In light of the 

result of this study, it can be concluded that the in-service teachersô knowledge was 

too weak to teach basic school mathematics concepts effectively.  

The research studies conducted both internationally and nationally revealed 

the fact that both pre-service mathematics teachersô and in-service mathematics 

teachersô knowledge was limited in terms of several mathematics topics such as 

fractions, functions, divisions, variables and algebra. As emphasized by several 

researchers (Hill & Ball, 2004; Hill, Rowan, & Ball, 2005; Hill, Schilling, & Ball, 

2004; Rowan, Schilling, Ball & Miller, 2001), teachersô knowledge has important 

role in increasing studentsô achievement when learning mathematics. Therefore, it is 

important to improve teachersô knowledge and several research studies aiming to 

investigate the ways of enhancing teachersô knowledge are presented in the next 

section. 

 

2.4 Research Studies on the Way of Enhancing Mathematics Teachersô  

       Knowledge on Mathematics Topics 

When all the studies presented in this thesis are reviewed, it was understood 

that teachersô content knowledge is not sufficient to adequate to teach mathematics. 

Thus, some researchers (An & Wu, 2011; Hill, 2007; Hill & Ball, 2004; Kwong, 

Joseph, Eric, Khoh, Gek & Eng, 2007) undertook an investigation into the ways of 

enhancing teachersô knowledge. In order to achieve this aim, Hill and Ball (2004) 

conducted a study which considered whether a summer workshop component of a 

professional development institute could help elementary school teachers improve 

their knowledge of mathematics for teaching. Content Knowledge for Teaching 

Mathematics (CKTM) was used as a measurement tool. The teachers participated in 

summer schools for 40 to 120 hours and elementary mathematics topics such as long 
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division and the order of operations were covered. The significant result of the study 

was that it showed that a professional development program can be effective to 

improve teachersô mathematical content knowledge for teaching.  

In another study, Kwong, Joseph, Eric, Khoh, Gek and Eng (2007) 

investigated whether teachersô PCK improved significantly after their teacher 

training program. The researchers concluded that although the teachersô PCK was 

quite weak at the beginning of their programs, there was significant improvement in 

teachersô PCK on completion of the training program.  

Additionally, An and Wu (2011) focused on in-service teachersô PCK of 

studentsô thinking through grading homework, assessing and analyzing 

misconceptions. The researchers explored the effect of assessing and analyzing 

misconceptions in student homework in relation to the improvement of in-service 

teachersô knowledge. The participants were ten 5th and 8th grade teachers and they 

were divided into two groups for the experimental study. Both groups were assessed 

using a pre- and post-questionnaire in PCK. The data was collected through both a 

qualitative and quantitative approach. The assessments of the pre- and post-test 

questionnaires for teachers and students, classroom observations, interviews, 

teachersô daily grading logs were served as the data sources. Analysis of the data 

revealed that grading homework and analyzing misconceptions improved teachersô 

knowledge of studentsô thinking. In this way, the teachersô PCK was strengthened 

since knowledge of studentsô thinking is a important component of PCK. It gives the 

teacher clues as to how well students understand mathematical concepts, helps the 

teacher to decide in which area the students have misconceptions, and then assist the 

teacher to develop strategies to overcome their misconceptions (Shulman, 1987; An, 

Kulm & Wu, 2004). 

Due to the fact that the Turkish mathematics teachersô content knowledge was 

not sufficient for effectively teaching mathematics, it is important to explore the 

ways of developing teachersô knowledge. To end researchers in Turkey have 

conducted studies to explore how teachersô knowledge can be improved (Sevis, 

2008; Yesildere-Imre & Akkoc, 2012). 

Sevis (2008) aimed to deduce the effects of a mathematics teaching method 

course on pre-service elementary mathematics teachersô content knowledge for 
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teaching mathematics. Forty three pre-service mathematics teachers completed an 

83-item test at the beginning and after a method course. After analyzing the data, the 

amount of change in the participants' knowledge for mathematics teaching was 

measured. According to this analysis, as Hill (2007) and Kwong et al. (2007) stated 

there was a significant effect of the mathematics teaching method course on pre-

service teachersô content knowledge for teaching mathematics. 

Similarly, Yesildere-Imre and Akkoc (2012) conducted a case study to 

examine the development of pre-service teachersô pedagogical content knowledge 

related to generalizing number patterns during a school practicum (SP). The pre-

service teachersô PCK was analyzed in two components: 1) knowledge of studentsô 

understanding and difficulties, and 2) knowledge of topic-specific strategies and 

representations. Three pre-service teachers participated in this study and their lesson 

plans, micro-teaching lesson plans, interviews and videos served as the data sources. 

The findings of this study suggested that the pre-service teachersô PCK changed 

significantly throughout the SP. In detail, the pre-service teachers took the studentsô 

understanding of, and difficulties with patterns into account.  Moreover, through the 

SP the pre-service teachersô PCK improved in terms of the way they used pattern-

specific strategies. According to the analysis of the data, it can be concluded that 

observing real classroom practice helped pre-service teachers to improve their PCK. 

The results imply that selecting mentors with adequate PCK has important role to 

improve pre-service teachersô PCK via observation. Moreover, the pre-service 

teachersô PCK improved during the university part of the SP course. As part of the 

course, pre-service teachers shared the videos of their mentorôs lessons with their 

peers. In this way, they had the opportunity to discuss other mentorsô lessons with 

regard to the PCKôs components. As a result of these discussions, pre-service 

teachers were able to identify a variety of pedagogical approaches.  

These research studies (An & Wu, 2011; Hill & Ball, 2004, Hill, 2007; 

Kwong et al., 2007; Sevis, 2008; Yesildere-Imre & Akkoc, 2012) are very important 

in the way that they examined how teachersô content knowledge could be developed. 

Based on the findings of the studies, it can be deduced that teachersô content 

knowledge might be improved by taking mathematics courses and methods courses 

during the teacher training period and participating in workshops related to 
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mathematics teaching. These results are important since they point out that teacher 

educators and policy makers can develop new programs and revise old programs for 

teacher education. Also, teacher educators and policy makers can organize 

workshops in which teachers can participate. 

 

2.5 Research Studies on Mathematics Teachersô Knowledge on Geometry     

      Topics 

Geometry is one of pillars of mathematics (Atiyah, 2001) and it has a crucial 

role in teaching and learning mathematics. NCTM (2000) emphasized its prominence 

by stating that ñgeometry offers an aspect of mathematical thinking that is different 

from, but connected to, the world of numbersò (p.97). Thus, while students are 

engaging in shapes, structures and transformations; they can understand geometrical 

concepts and also mathematics behind those concepts. In addition, Clements and 

Battista (1992) commented that geometry can be considered as a tool to provide for 

interpretation and reflection in our physical environment. In other words it presents a 

way of describing, analyzing and understanding the world to us. 

Moreover, NCTM (1989, 2000) asserted that geometry benefits both teachers 

and students in other areas of mathematics curriculum and other disciplines. For 

instance, the circle graph is one of the areas of statistics in mathematics; however, it 

is also related to geometry. Besides, the topic of geometric probability is related to 

both geometry and probability. In addition, although symmetry is a area of geometry, 

it is related to functions and also plays important role in the arts, in design and in 

science. Similarly, geometry is interrelated with measurement. Steele (2006) stated 

that there is significant overlap between geometry and measurement, and the 

overlapping contents are noteworthy in mathematics education. For instance, the area 

of a square is measured in square units. Finding the area of a geometric figure is 

related to geometry concepts, and measuring it in square units is relevant to 

measurement concepts. In brief, geometry is regarded as making an important 

contribution to learning and teaching other mathematics topics (NCTM, 2000).  

In order to use geometry as a tool for teaching mathematics, teachers should 

also have a broad and deep content knowledge concerning geometry. Vais and 

Reyhani (2009) stated that exploration, naming, recognition, classification, 
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reasoning, drawing, making relationships between objects in the plane or space, 

usage of coordinate geometry and geometry transforms were the main issues used to 

teach geometry at primary and middle schools. This means that teachers who teach in 

primary and middle schools need to have knowledge of the different and main parts 

of the geometry, geometric figures and their characteristics and relation between 

them, the appropriate use of the different types of proof, coordinate geometry and 

geometric transforms. For this reason, the teachersô knowledge of geometry should 

be more comprehensive, multi-dimensional and complex. Similar to effective 

mathematics teaching, successful geometry teaching depends on teachersô content 

knowledge. On account of its importance, some researchers undertook research to 

investigate teachersô knowledge on several geometry topics. In this part of the 

literature review, these studies are presented and discussed (Aslan-Tutak, 2009; 

Baturo & Nason, 1996; Bukova-Guzel, 2010; Fujita & Jones, 2006, Gomes, 2011; 

Kellogg, 2010; Maxedon, 2003; Ng, 2011; Swafford, Jones and Thornton, 1997).  

 

2.5.1 Research Studies on Pre-Service Mathematics Teachersô Knowledge on  

         Geometry Topics 

Contrary to research studies regarding pre-service teachersô knowledge on 

mathematics topics, the number of studies conducted to investigate pre-service 

teachersô knowledge on geometry topics were limited (Aslan-Tutak, 2009; Baturo & 

Nason, 1996; Bukova-Guzel, 2010; Fujita & Jones, 2006; Gomes, 2011) 

Baturo and Nason (1996) investigated pre-service teachersô subject matter 

knowledge in terms of their understanding about area measurement. In fact, the focus 

of this study was not only subject matter knowledge, but also the student teachersô 

knowledge about the nature and discourse of mathematics, their knowledge about 

mathematics in culture and society, and their dispositions towards mathematics.  To 

this end, sixteen pre-service teachers were interviewed and eight area measurement 

tasks comprised the data collection tool during the interview. The findings indicated 

that pre-service teachersô subject matter knowledge regarding area measurement was 

limited. In other words, their knowledge was incorrect, missing and unconnected. 

Also, the teachersô could not easily transfer one form of representation to another. 

Similarly, their lack of knowledge about the nature and discourse of mathematics, 
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and about mathematics in culture and society was disconcerting. Pre-service teachers 

tended to think that mathematics is a collection of facts, rules and procedures, and 

stated that knowing mathematics means following set of procedures step-by-step to 

find correct answer. Moreover, the teachers commented that mathematics can be 

represented symbolically, and its relationship with real life is little or none. As a 

result, the teachers had negative feelings towards mathematics and particularly the 

area of measurement. On completion of the study, Baturo and Nason concluded that 

the pre-service teachersô limited subject matter knowledge regarding area 

measurement restricted them in terms of teaching their students in such a way that 

they would acquire a meaningful understanding of mathematics concepts and 

processes. Therefore, they did not teach the subject area measurement deeply, their 

teaching was superficial and their reactions to the studentsô questions and comments 

were low-level. Also, the researchers reported that the teachers had difficulties in 

using multiple representations while teaching area measurement and relating area 

measurement to other important topics within the mathematics curriculum. The 

results were in agreement with those of the Fujita and Jones (2006). In other words, 

the pre-service teachersô PCK and curriculum knowledge were too limited to teach 

area measurement effectively (Baturo & Nason, 1996).  

The study undertaken by Fujita and Jones (2006) investigated pre-service 

teachersô geometry content knowledge related to defining and classifying 

quadrilaterals. Two sets of data were collected. First, in order to discover their 

understanding of relationship between quadrilaterals, a survey was administered to 

158 pre-service teachers in their first year of university. Second, a task was applied 

to 124 pre-service teachers in their third year of university with the purpose of 

examining their understanding of hierarchical relationships in the classification of 

quadrilaterals. The results indicated that although the pre-service teachers could draw 

the figure of quadrilaterals, they could not provide their definitions. Thus, the pre-

service teachersô subject matter knowledge on quadrilaterals was inadequate and they 

lacked sufficient knowledge concerning hierarchical relationship between 

quadrilaterals.  

Similar to Fujita and Jones (2006), Aslan-Tutak (2009) carried out a study to 

understand pre-service teachersô geometry learning and their geometry content 
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knowledge in the case of quadrilaterals. The study had two investigations, qualitative 

and quantitative. The former investigation was designed to understand pre-service 

teachersô geometry learning and their use of effective instructional strategies for 

studentsô learning. Three pre-service teachersô participated in this part of the study 

and the data was collected through individual interviews, observations, field notes 

taken during the observations and materials used during the geometry instructions. 

Based on the qualitative investigation, the pre-service teachersô geometry content 

knowledge was limited and they had problems of classification the quadrilaterals. 

Although they thought that geometry was an important topic of mathematics in 

elementary school, they were anxious about teaching geometry because of their 

limited knowledge.  However, they considered that they could increase their 

geometry knowledge with the help of the experienced teachers working in their 

schools after they begin teaching in the classroom. 

The latter quantitative investigation was performed to compare mathematical 

knowledge of groups (control and treatment) of the pre-service teachers and to 

specify the increase of geometry knowledge of pre-service teachers in the 

experimental group. One hundred and two pre-service teachers participated in this 

part of the study, and the Content Knowledge for Teaching Mathematics Measures 

(CKT-M Measures) was administered to the participants as a pre- and post-test. A 

protocol related to quadrilaterals was applied to the treatment group participants (n= 

54) as an intervention and traditional instruction was implemented for the control 

group participants (n= 48). While analyzing the data, repeated measures ANOVA 

and mixed ANOVA were used respectively. The analysis of the test results showed 

that the treatment group participantsô geometry knowledge significantly increased 

following the intervention. However, the control group participantsô geometry 

knowledge also increased but with traditional instruction. Although the knowledge 

increase of the participants in treatment group was greater than the increase in the 

control group participants, the difference was not statistically significance. Aslan-

Tutak explained this result as the protocol applied to the treatment group not being as 

effective as she expected. 

Another researcher who investigated pre-service teachersô knowledge about 

geometry was Gomes (2011). She conducted an exploratory study to evaluate pre-
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service elementary teachersô content knowledge on geometric transformations. She 

identified 66 pre-service teachersô difficulties/mistakes regarding geometric 

transformations. A questionnaire concerning three geometric transformations, 

namely, translation, reflection and quarter turn rotation served as the data source. The 

findings revealed that the pre-service teachers had knowledge of geometric 

transformations. However, their knowledge was not adequate to teach this topic and 

they had some difficulties regarding geometric translations. 

Although most of the studies related to pre-service teachersô knowledge on 

geometry topics were international studies, Bukova-Guzel (2010) conducted a study 

in Turkey. She aimed to investigate Turkish pre-service mathematics teachersô 

knowledge about instructional strategies and multiple representations, their 

knowledge about learners, and their curricular knowledge relevant to solid objects. 

Semi-structured interviews, lesson plans prepared by the participants and video 

recordings of instructional applications were the data sources. The findings revealed 

that the pre-service teachers developed several activities and used real-life materials 

to enable students to better understand solid objects. It can be concluded that pre-

service mathematics teachersô knowledge on instructional strategies and multiple 

representations was adequate. On the other hand, although pre-service mathematics 

teachers took the studentsô prior knowledge into consideration, they did not pay 

attention to possible studentsô misconceptions about the topic because of their lack of 

knowledge about learners.  Moreover, they had difficulty in preparing alternative 

assessment materials to determine studentsô learning. Regarding the pre-service 

mathematics teachersô curricular knowledge, the results showed that they were able 

to relate solid objects to other objects and associate solid objects with plane geometry 

and functions which are taught at different grade levels. This shows that their 

horizontal curriculum knowledge and vertical curriculum knowledge were almost 

sufficient. 

 

2.5.2 Research Studies on In-Service Mathematics Teachersô Knowledge on    

         Geometry Topics 

Similar to studies with the aim of investigating in-service mathematics 

teachersô knowledge on mathematics topics, the number of studies concerning in-
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service teachersô knowledge on geometry topics was limited. With respect to the 

available literature, Maxedon (2003) conducted a study to investigate in-service 

teachersô knowledge under four components: goals of geometry, child development 

and geometry, geometry curriculum and curriculum content, and geometric concepts. 

The participants were eight experienced early childhood teachers and the data was 

collected through interviews. The result of the study revealed that the teachers had 

sufficient knowledge about the importance of geometry for their students and they 

could present their own goals when teaching geometry. Moreover, they were familiar 

with their grade level curricula in terms of the pedagogical aspects such as materials, 

resources and expectations. However, they were less familiar with subject matter 

issues such as the content of the geometry curriculum. In other words, they did not 

know the topics in the grades preceding and following years. Therefore, it could be 

concluded that the in-service teachersô curriculum knowledge was limited as pre-

service teachers (Baturo & Nason, 1996). 

These research studies concluded that both pre-service and in-service 

teachersô knowledge of geometry topics such as geometric transformations, defining 

and classifying quadrilaterals, area measurement and solid objects was not adequate 

to teach these topics effectively. For this reason, some researchers proposed to 

investigate the ways of enhancing teachersô knowledge on geometry topics and these 

studies are presented in the next part of the literature review. 

 

2.6 Research Studies on the Way of Enhancing Mathematics Teachersô    

      Knowledge on Geometry Topics 

As mentioned above, some researchers (An & Wu, 2011; Hill, 2007; Hill & 

Ball, 2004) aimed to investigate the ways of enhancing teachersô knowledge of 

mathematics topics since it was considered that teachersô ability to teach 

mathematics effectively was limited due to their lack of knowledge. These 

researchers concluded that teachersô mathematical knowledge could be improved 

through teacher education programs. In the same vein, Swafford, Jones and Thornton 

(1997) and Kellogg (2010) explored how teachersô knowledge on geometry can be 

improved. Swafford et al. (1997) conducted a study to examine the effects of an 

intervention program on teachersô geometry knowledge. Forty-nine middle-grade 
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teachers participated in a 4-week geometry program consisting of content that related 

to two- and three-dimensional shapes. At the beginning and the end of the 

intervention program, a pre- and post-test were administered to the teachers to assess 

their geometry content knowledge. The analysis of the pre- and post-tests showed 

that teachersô geometry content knowledge increased significantly after the 

intervention program, especially among 4
th
 and 5

th
 grade teachers. Moreover, 

Swafford et al. (1997) stated that teachers were more willing to try new instructional 

approaches, they spent more time and more quality time on geometry instruction, and 

they were more confident to respond higher levels of student thinking after 

participating the intervention program. 

In another study, Kellogg (2010) claimed that students and pre-service 

teachers contended with errors/misconceptions/difficulties regarding area and 

perimeter. For this reason, an alternative instructional method should be used to 

enhance pre-service teachersô understanding and to overcome studentsô 

errors/misconceptions/difficulties. To address this need, Kellogg (2010) investigated 

how pre-service teachersô knowledge changed and in what way when they engaged 

in anchored instruction involving web-based microworlds designed for exploring 

area and perimeter. The study aimed to investigate 12 elementary pre-service 

teachersô content knowledge and knowledge of studentsô thinking with respect to 

principles, relationships, and misconceptions related to area and perimeter. 

Quantitative (e.g., pre-study questionnaire, and area and perimeter tests) and 

qualitative research (e.g., interviews, teaching episodes packets) methods were used. 

The results of this study showed that pre-service teachersô knowledge related to 

perimeter and area changed in a positive way with intervention. Many pre-service 

teachers possessed procedural knowledge related to area and perimeter, but they 

were not aware of studentsô errors/difficulties/misconceptions prior to intervention. 

That is, their subject matter knowledge and pedagogical content knowledge were 

limited before the intervention. After the intervention, most of them considered that 

the web-based microworlds were an effective tool for them to use and they were 

better able to address studentsô difficulties. This result led Kellogg to conclude that 

pre-service teachersô SMK and PCK improved with the intervention.  Improving 

teachersô knowledge is important since teachersô knowledge is a predictor of student 
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achievement in mathematics, and also in geometry (Hill & Ball, 2004; Hill, Rowan, 

& Ball, 2005; Hill, Schilling, & Ball, 2004; Rowan, Schilling, Ball & Miller, 2001).  

Differing from the studies mentioned above, Ng (2011) aimed to investigate 

in-service teachers MKT for teaching geometry and the factors that contribute to this 

knowledge. Ng focused on the number of years of teaching experience, educational 

level attained, school type (public or private), range of grade levels taught, number of 

professional development hours completed, and number of college-level geometry 

courses taken as the factors. One hundred and sixty seven in-service teachers 

participated in this quantitative study, and the Learning Mathematics for Teaching 

measures and the Indonesian Educational Survey were served as the data source. 

Data was statistically analyzed (ANOVA and multiple regression). The findings 

showed that there was an inverse relationship between the teachersô years of 

experience and their MKT for teaching geometry. That is, teachers who had taught 

longer had a lower MKT for teaching geometry. State differently, teaching 

experience did not guarantee the possession of rich content knowledge (Friedrichsen, 

Lankford, Brown, Pareja, Volkmann, & Abell, 2007). This result was in 

contradiction with Shulman (1987) since he asserted that teaching experience was 

important source of content knowledge. However, the teachersô educational 

background, such as number of completed professional development hours, and the 

number of college-level geometry courses taken, and their MKT for teaching 

geometry were directly related to each other as stated by Hill (2007). On the other 

hand, whether the teacher taught in a private school or a public school was a factor 

that affected teachersô MKT for teaching geometry. Teachers who taught in private 

schools had higher mathematical knowledge for teaching geometry compared to 

those who taught in public schools. Besides, being a teacher at lower primary grades 

(grades one to four) and at upper primary grades (grades five to six) had no 

significance in terms of MKT for teaching geometry. However, teachers who had 

taught a wider range of grades (grades one to six) had more MKT for teaching than 

teachers who had taught narrow range of grades. Since experience of teaching at 

several grades may improve teachersô MKT for teaching, it can be concluded that 

having rich educational background, teaching in private school, teaching wide range 

of grades affect teachersô MKT in a positive way.  
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In the sections given above, the studies related with both pre-service and in-

service mathematics teachersô knowledge on geometry in international and national 

studies were discussed. All these studies showed that mathematics teachers do not 

have sufficient knowledge to teach geometry topics. Moreover, those studies 

provided an overview of what has been suggested to develop pre-service and in-

service teachersô knowledge for teaching geometry. However, in light of the 

available literature, the number of studies related to the concept of volume is limited. 

In the next section, studies on the volume of 3D solids will be presented and 

discussed.  

 

2.7 Research Studies on the Volume of Three Dimensional Solids 

As mentioned above, there are not many research studies concerning the 

volume of 3D solids in the available literature, only one study was found which 

investigated teachersô content knowledge on the volume of 3D solids (Esen & 

Cakiroglu, 2012). However, there are some studies related to studentsô understanding 

about the volume of 3D solids (Ben- Chaim, 1985; Battista & Clements, 1996; Ng, 

1998; Olkun 1999; 2003). These studies are important since studentsô understanding 

related to the volume of 3D solids may help researchers to understand teachersô 

content knowledge about this topic. For this reason, in this part of literature review, 

studies regarding the volume of 3D solids are presented.  

Esen and Cakiroglu (2012) conducted a qualitative study to explore pre-

service teachersô knowledge on using unit cubes to calculate volume. The data was 

collected from 24 pre-service teachers using a question involving studentôs method 

which resulted in an incorrect solution. The pre-service teachers were asked to think 

about the question, analyze studentôs solution method and determine the correctness 

of studentôs solution. As a result of the data analysis, most of the pre-service teachers 

did not have any difficulty in determining the volume of prism with non-standard 

concrete materials. Moreover, all pre-service teachers used the volume formula 

correctly and their knowledge of volume was based on the formula but this led to 

pre-service teachers having difficulty in realizing studentsô error related to the 

question and the reasons for the error. In fact, some of the pre-service teachers made 

the same error when calculating the volume of a prism.  
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Based on the available literature, other studies related to the volume of 3D 

solids investigated studentsô understanding of volume. The researchers explained that 

elementary students have difficulties in measuring the volume of a rectangular prism 

(Battista & Clements, 1996; Ben-Chaim, Lappan & Houang, 1985; Ng, 1998; Olkun, 

1999). The most cited studies were conducted by Ben-Chaim et al. (1985), and 

Battista and Clements (1996). Ben- Chaim et al. (1985) investigated studentsô errors 

in 3D geometry. Approximately 1,000 students in grades five to eight participated in 

the study and were given a Spatial Visualization Test. On completion of the study, 

Ben-Chaim et al. (1985) reported four types of errors that the students held in 

relation to the calculation of the volume of 3D solids. They categorized these errors 

as two major types which were defined as ñdealing with two dimensions rather than 

three and not counting hidden cubesò (p. 406). In further detail, Ben-Chaim et al. 

(1985) identified the studentsô difficulties as ñcounting the actual number of faces 

showing, counting the actual number of faces showing and doubling that number, 

counting the actual number of cubes showing, counting the actual number of cubes 

showing and doubling that numberò (p. 397). Thus, students who count the faces 

consider three-dimensional solids as two-dimensional, and students who count the 

visible unit cubes are not aware of three-dimensionality of the solid. Furthermore, 

some students count the number of unit cubes on the three visible faces and then they 

do not multiply this number by two to obtain the total. Ben-Chaim et al. (1985) 

asserted that these students do not recognize the hidden part of the solid. 

Battista and Clements (1996) classified studentsô solution strategies and 

examined studentsô difficulties when enumerating the number of unit cubes in a 

prism. Forty five third grade students and 78 fifth grade students participated in the 

study and the students were interviewed twice. They classified studentsô solution 

strategies into 5 categories with three depending on the studentsô conceptualization 

of rectangular prism, one was the use of the volume formula and the last one was a 

strategy that students used in addition to the four mentioned strategies. According to 

this study, students conceptualized rectangular prism as faces, unit cubes, and layers. 

This conceptualization was the reason for studentsô difficulties in enumerating the 

number of unit cubes in a prism (Battista & Clements, 1996). The authors explained 

that students cannot relate to the structure of the rectangular prisms such as the unit 
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cubes, layers and stripes. If students realized that the stripes are formed by unit 

cubes, and layers are formed by stripes or unit cubes, then they may overcome their 

difficulties since rectangular prisms will become simpler for students. 

Moreover, Battista and Clements (1996) examined studentsô difficulties in 

three aspects which were; use of formula, spatial structuring and coordination. The 

result of this research concluded that 75% of the students used the formula without 

knowing the reason for the multiplication of the dimensions of rectangular prisms. 

This means that they only memorized and applied the formula. Besides, Ng (1998) 

conducted a study related to studentsô understanding in area and volume. She 

collected data from 7 participants in grades 4 and 5 using semi-structured interviews. 

She used geometric tasks involving base ten blocks, tangram activities and questions 

regarding 2D and 3D.  Ng obtained information regarding whether the students knew 

the structure of a rectangular prism, and whether students comprehend relationship 

between unit cubes, stripes and layers.  She concluded that students viewed 3D solids 

as a box with six separate edges. Although some recognized the interior of 3D solid, 

they could not recognize its connecting or shared edges. Moreover, some students 

conceptualized 3D solids in terms of layers. This means that some students could not 

realize the structure of 3D solids.  

There are studies which were carried out in Turkey to investigate studentsô 

understanding of the volume of 3D solids. In his dissertation, Olkun (1999) 

examined 4th grade studentsô understanding of rectangular solids made of unit cubes. 

The data was collected from four 4th grade students through interviews, and he 

applied treatment to decide whether studentsô understanding improved with 

instruction. He concluded that students used less viable strategies for the problems 

which were presented pictorially and after instruction; they used different strategies 

for concrete and pictorial representations. 

In another study, Olkun (2003) aimed to designate 4th, 5th, 6th and 7th grade 

studentsô strategies while finding the number of unit cubes in rectangular prism. 

Three hundred and fourteen students participated in the study.  The result showed 

that many students, even 7th graders, had difficulty in finding the number of unit 

cubes in 3D solids. The reasons for studentsô difficulty might be that elementary 

students tend to use a formula to calculate the volume of the prism. When the 
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question is asked in a different way, such as asking the number of unit cubes in the 

prism, many students become confused. Moreover, the teachersô knowledge of 

volume is based on using a volume formula which effects studentsô understanding of 

volume (Esen & Cakiroglu, 2012).  

In conclusion, all the studies reported indirectly or directly that studentsô 

achievement related to volume of 3D solids is low. They suggested that studentsô 

achievement may improve with the help of effective teaching. (Ben- Chaim, 1985; 

Battista & Clements, 1996; Ng, 1998; Olkun 1999; 2003).  In order to provide 

effective teaching for students, researchers asserted that teachersô content knowledge 

has significant role (Chinnapan & Lawson, 2005; Even, 1993; Even & Tirosh, 1995; 

Hill, Rowan & Ball, 2005). Since teachersô content knowledge is important in 

relation to studentsô achievement; it will be noteworthy to investigate teachersô 

content knowledge relevant to the volume of 3D solids. For that purpose, the present 

study aimed to investigate middle school teachersô knowledge of the volume of 3D 

solids.  

 

2.8 Summary of the Literature Review 

In light of the studies reviewed in this section, different models explain 

teachersô content knowledge (Ball et al., 2008; Gess-Newsome, 1999; Grossman, 

1990; Rowland et al., 2005; Shulman, 1987). Although some models focus on 

teachersô knowledge in terms of all aspects, others provide an approach related to the 

teacherôs knowledge for teaching mathematics.  

A review of the literature indicated that effective teaching requires knowing 

the ways of making the subject more understandable for the students (Ball et al., 

2008). Thus, teachers have a crucial role in studentsô understanding of mathematics 

(Isiksal, 2006). Leinhardt and Smith (1985) stated that the teacher is the only person 

who determines what to teach, when to teach and how to teach. Therefore, teachers 

should understand mathematics on a deep level and know how to make mathematics 

meaningful for the students. In other words, teachers should have adequate content 

knowledge in order to determine what, when and how the subjects will be taught 

(Ball 1991; Ball et al., 2008; Borko, 2004; Ma, 1999). However, if the teachers do 

not have adequate knowledge, then they may transfer their inadequate knowledge to 
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their students.  In order to provide an insight in relation to teachersô inadequate 

knowledge, several studies were conducted (Contreras, Batanero, Diaz & Fernandes, 

2011; Even, 1993; Even & Tirosh, 1995; Hill, Rowan & Ball, 2005; Livy & Vale, 

2011; Pino-Fan, Godino, Font, Castro, 2013). These studies concluded that not only 

pre-service but also in-service teachers have limited content knowledge on variety 

topics and the situation in Turkey is almost the same. More specifically, Turkish pre-

service and in-service teachers have insufficient knowledge to explain the meanings 

of the concepts and procedures, use multiple representations and materials, identify 

studentsô errors/difficulties/misconceptions, determine the sources of these 

errors/difficulties/misconceptions, find strategies to overcome these problems  and 

evaluate studentsô solutions (Baki, 2013; Basturk & Donmez, 2011; Butun, 2005; 

Haciomeroglu, 2009; Isiksal, 2006; Karahasan, 2010; Kilic, 2011; Turnuklu, 2005; 

Yesildere-Imre & Akkoc, 2012). With respect to the topics and the participants of the 

studies, most of the researchers investigated pre-service teachersô content knowledge 

on the topics such as functions, limit and continuity, fractions, simplification and 

solving equations. As stated in the significance of the current study and in this 

section, there were a few studies focusing on in-service teachersô content knowledge. 

However, the in-service teacherôs knowledge effects studentsô learning directly. 

Therefore, it is crucial to explore in-service teachersô knowledge for teaching 

mathematics. Moreover, in terms of the topic that was examined, there is no 

investigation on teachersô knowledge related to the volume of 3D solids in the 

accessible literature. In an attempt to examine in-service teachersô knowledge of the 

volume of 3D solids is believed to contribute theoretically to teachersô knowledge 

literature and practically for mathematics teachers.  As a result this study, it is 

expected to make a contribution to the literature in terms of filling the missing part of 

mathematics teachersô content knowledge literature. In addition, since the 

participants were experienced mathematics teachers, the results of the current study 

should provide practical information for mathematics teachers who teach the same 

topics in their classes. Also, the experienced teachersô teaching practices may enrich 

other teachersô teaching as well. 
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CHAPTER III  

 

 

 

 

METHOD  

 

 

The purpose of this study was to investigate the knowledge of four middle 

school mathematics teachers concerning the topic of the volume of 3D solids. The 

study focused on the middle school teachersô subject matter knowledge and 

pedagogical content knowledge related to the topic.  

This chapter gives a full account of the research design and the 

implementation. Within this perspective, it covers the details of research questions, 

design of the study, participants of the study, context in which the study took place, 

data collection and analysis techniques that were used. In addition, the issues of 

trustworthiness, researcherôs role and bias, ethics, assumptions, and time schedule of 

the study are addressed at the end of this chapter.  

 

3.1 Research Questions 

 This qualitative case study explores the following research questions.  

1. What is the nature of the four middle school mathematics teachersô subject 

matter knowledge of the volume of 3D solids? 

1.1. What are the alternative solution methods these four teachers 

propose to calculate the volume of 3D solids? 

1.2. To what extent are these teachers successful at generating a story 

problem regarding the volume of 3D solids? 

2. What is the nature of the four middle school mathematics teachersô 

pedagogical content knowledge on the volume of 3D solids? 

2.1. What kind of instructional strategies do these teachers use to 

teach the volume of 3D solids? 
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2.2. To what extent do the teachers recognize their studentsô 

knowledge related to the volume of 3D solids? 

2.3. To what extent do the teachers have knowledge of curriculum 

related to the volume of 3D solids? 

2.4. What kind of assessment types do the teachers apply to assess 

studentsô understanding of the volume of 3D solids? 

 

3.2 Research Design  

In order to investigate the four middle school mathematics teachersô 

knowledge of the volume of 3D solids, a qualitative research methodology was used 

to support methodological perspective and to reveal the findings of the study.  

Qualitative research has been defined by several researchers in the literature. 

For instance, Denzin and Lincoln (2005) described qualitative research as follows: 

Qualitative research is a situated activity that locates the observer in 

the world. It consists of a set of interpretive, material practices that 

make the world visible. These practices transform the world. They 

turn the world into series of representations, including field notes, 

interviews, conversations, photographs, recordings and memos to the 

self. At this level, qualitative research involves an interpretive, 

naturalistic approach to the world. This means that qualitative 

research study things in their natural settings, attempting to make 

sense of, or interpret, phenomena in terms of the meanings people 

bring to them (p.3). 

 

Merriam (1998) defined qualitative research as an umbrella, which covers 

different aspects of inquiry that helps us understand and explain the phenomena in its 

particular context. According to Patton (1987), qualitative research is an endeavor to 

understand situations in a natural setting from the participantsô perspective. In other 

words, it is important to understand ñwhat it means for participants to be in that 

[natural] setting, what their lives are like, whatôs going on for them, what their 

meanings are, what the world looks like in that particular settingò (p.1).  

Although different researchers categorized qualitative research in education 

under different types (Creswell, 2007; Merriam, 1998; Miles & Huberman, 1994; 

Yin, 2003), there are certain characteristics that apply to all types of qualitative 

research. In general, these characteristics are; the source of the data is a natural 

setting, the researcher is the key instrument for data collection and analysis, multiple 
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data sources are used, data is collected in the form of words or pictures instead of 

numbers, data is analyzed inductively, and the process is as important as the product 

(Creswell, 2007; Denzin & Lincoln, 2005; Frankel & Wallen, 2006; Merriam, 1998).  

As described above, various researchers have presented different types of 

qualitative research designs. Creswell (2007) defined the different types of 

qualitative as; narrative, phenomenological, grounded theory, ethnographic, and case 

studies. Similarly, Merriam (1998) presented the following five different types of 

qualitative research; basic or generic, ethnography, phenomenology, grounded 

theory, and case study. Although Creswell (2007) and Merriam (1998) proposed five 

different types of qualitative research, they are not totally distinct from each other 

and emphasized that these types work in conjunction.  

Researchers sometimes wish to explore and gain insight into a particular 

phenomenon (Corbin & Strauss, 2008) by asking how questions (Frankel & Wallen, 

2006). The important issues in answering those questions are gathering data in 

natural settings (Bogdan & Biklen, 1998) and entering peopleôs minds (Patton, 

2002). In this respect, interviews and observations are the data collecting techniques 

used in qualitative research (Frankel & Wallen, 2006). For this study in order to 

understand middle school mathematics teachersô knowledge of the volume of 3D 

solids, it was necessary to collect data via interviews and observations thus 

qualitative research was employed. In this qualitative case study, in which I was part 

of the study as the researcher, I employed a variety of data collection tools, and tried 

to portray a whole picture of the teachersô knowledge. The following section presents 

information regarding qualitative case studies is presented and then the design of the 

current study will be discussed.  

 

3.2.1 Case Study Research  

 Creswell (2007) stated that one of the types of qualitative research is case 

study. He denoted that the researcher conducting a case study aims to develop an in-

depth description and analysis of a case or multiple cases within a bounded system 

using multiple sources of data. Moreover, s/he selects an event, a program, an 

activity or more than one individual as the unit of analysis of the study.  
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Merriam (1998) referred to a case study design being ñemployed to gain an 

in-depth understanding of the situation and meaning for those involved. The interest 

is in process rather than outcomes, in the context rather than a specific variable, in 

discovery rather than confirmation.ò (p. 19). Similar to Creswell (2007), Merriam 

emphasized that researchers should describe the case which might be a person, a 

program or a group. Yin (1994) added to the definition of a case study by stating 

that:  

A case study is an empirical inquiry that investigates a contemporary 

phenomenon within its real-life context, especially when the 

boundaries between phenomenon and context are not clearly 

evidentéCase study inquiry copes with the technically distinctive 

situation in which there will be many more variables of interest than 

data points, and as one result relies on multiple sources of evidence, 

with data needing to converge in a triangulating fashion, and as 

another result benefits from the prior development of theoretical 

propositions to guide data collection and analysis. (p. 13) 

 

As can be seen from these definitions, the most important property of the case 

study is the situation in which the study is located and its context (Creswell, 2007; 

Merriam, 1998; Yin, 2003). According to Merriam (1998) and Creswell (2007), 

defining the case within a bounded system has very crucial role in the case study. 

However, according to Yin (2003), the boundaries between phenomenon and context 

may not be obvious. 

Researchers have also categorized case studies into three groups according to 

their intent and the size of the bounded case (Creswell, 2008; Merriam, 1998; Stake, 

2005). Influenced by the categorization undertaken by Stake (2005), Creswell (2007) 

categorized case study in terms of the intent of the case analysis. The categories are 

intrinsic, single instrumental and multiple case studies. In an intrinsic case study, the 

researcher focuses on the case since it presents an unusual or unique situation. The 

intrinsic case study takes place because of the case itself is of interest. Creswell 

defined the single instrumental case study as the study where researcher focuses on 

an issue or concern, and then selects one bounded case to illustrate this issue. In 

instrumental case study, the case is the secondary interest but it plays essential role in 

understanding of something else. Finally, in a multiple case study, the researcher 

selects multiple cases to display different perspectives of the same issue. Merriam 
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(1998) categorized the case study into descriptive, interpretive and evaluative. The 

aim of the descriptive case study is to present basic information about the 

phenomenon, an interpretive case study aims to obtain a rich and thick description to 

develop conceptual categories or support theoretical assumptions about the 

phenomenon. Finally, the evaluative case study, involves description, evaluation and 

judgment.  

The current study was characterized from Creswell and Merriamôs definitions 

of the case study. According to Merriam (1998), the aim of the case study is to ñgain 

in-depth understanding of the situation and meaning for those who are involvedò 

(Merriam, 1998, p. 19). Since the purpose of the current study was to gain a deeper 

understanding of the nature of middle school mathematics teachersô knowledge 

related to the volume of 3D solids, a case study approach was appropriate. The cases 

were four middle school mathematics teachers. The cases were bounded by both the 

grade level that teachers taught; 8th grade students in elementary school in Ankara 

and their teaching experience which was more than 10 years. 

With respect to Creswell and Merriamôs categorizations of the case study, the 

current study is an interpretive and single case study. The reason for being 

interpretive case study is to obtain rich and thick description about the middle school 

mathematics teachersô knowledge of the volume of 3D solids. Due to the fact that the 

participants of the study were experienced middle school mathematics teachers; 

study is single case study.  

Apart from the categorizations of case studies given above (Creswell, 2008; 

Merriam, 1998; Stake, 2005), Yin (2003, 2009) further categorized case studies into; 

single-case holistic and multiple-case holistic designs, and single-case embedded and 

multiple-case embedded designs. The number of cases in the study indicates whether 

a study is single-case or multiple-case, and the number of unit of analysis refers to 

whether it is an embedded or holistic design. In the light of the definitions of designs 

given by Yin (2003), the single-case embedded design is a common design in case 

studies where it involves more than one unit of analysis. The model for the multiple-

case embedded design is given in Figure 3.1 below. 
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Figure 3.1 Single-case embedded (multiple units of analysis) design  

                   (Yin, 2003, p. 40) 

  

The research design of the current study was a single-case embedded design 

(Yin, 2003). The case was four experienced middle school mathematics teachers, and 

the subject matter knowledge and pedagogical content knowledge of middle school 

mathematics teachers were the embedded ñunit of analysisò. The context of the study 

is Elementary Schools in Ankara. In Figure 3.2, the model of the study with respect 

to single-case embedded design is given.  

 

 

 

 

 

 

 

 

 

Figure 3.2 Single-case embedded (two units of analysis) design  

 

3.3 Sampling and Selection of the Participants  

In this part of the method chapter, the cases of the study, four middle school 

mathematics teachers, were described.  

In the research studies, the aim of the study had crucial role while selecting 

the participants. If the researcher aims to generalize results of the study from sample 
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to the population, probability sampling method is suitable for that study. However, if 

generalization as a statistical concern is not the aim of the study, the non-probability 

sampling method is useful (Merriam, 1998). Since it was not intended to generalize 

the result, a non-probability sampling method was the most appropriate sampling 

strategy for this study. In order to obtain a richer and deeper understanding related to 

the middle school teachersô knowledge of the volume of 3D solids, the participants 

should be selected from among the people from whom the most knowledge can be 

gained, can be accessed easily and with whom the most time can be spent  (Merriam, 

1998). Therefore, purposive sampling method, the most common form of non-

probability sampling, was appropriate to achieve the purpose of the study.  

Merriam (1998) emphasized that determining the selection criteria is essential 

in choosing participants. The current study had three criteria for the sampling 

procedure. The first criterion was related to selecting the elementary schools so that I 

could easily access the teachers meaning that the schools should be close enough for 

me to observe the four teachersô classroom sequentially. So that after observing one 

teacher, I had enough time to travel to the next school and observe the next teacher.  

The second criterion of the sampling procedure was selecting participants with 

respect to the grade level they taught. Since the national curriculum determines that 

the volume of 3D solids is an 8
th
 grade topic, the selected teachers should teach 8

th
 

graders. The final selection criterion was being experienced teachers, namely at least 

5 years teaching experience as suggested by Berliner (2001). The reason for selecting 

experienced teachers was that they should have a deeper and rich knowledge 

regarding the topic, the volume of 3D solids, because of teaching the topic many 

times.  This was supported by Grossman (1990) who stated that teaching experience 

in real classroom is one of the crucial sources of teachersô knowledge.  

There is no rule regarding the number of participants in qualitative research. 

In fact, it depends on the research questions and the data collection methods 

(Merriam, 1998). Moreover, it is not possible to conduct the study with everybody 

whose characteristics are suitable for the researcher. Thus, the researcher decided the 

number of participants. In the current study, the data was collected via the volume of 

3D solids questionnaire, interview and classroom observation. In this sense, 

collecting the data through classroom observation became important factor to 
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determine the number of participants. All the mathematics teachers taught the topic, 

at almost the same time. If each teacher had a four-hour mathematics lesson in one 

class in a week and there were 30-lesson hour in each school, thus, I could work with 

7 teachers at most. After the meeting the potential participants, I took their weekly 

schedule to make a classroom observation schedule for me. In order to not to miss 

some observations of their teaching, I selected six middle school mathematics 

teachers (5 female and 1 male) whose schedules did not overlap.  After analyzing the 

data gathered from four middle school teachers, I realized that the data was saturated. 

In other words, the data collected from two middle school teachers did not give any 

additional information regarding the teachersô knowledge of the volume of 3D solids. 

Furthermore, these two teachers taught in the same school as two of the other 

teachers and this was another reason for not including these two teachers in the 

study. According to Marshall and Roseman (2006), context has an important role in 

determining behavior since peopleôs behaviors change from context to context. In 

this study, context was the elementary school in which teachers taught. I thought that 

teachersô knowledge may change according to their school. In which case I decided 

not to choose teachers who worked in the same school. Furthermore, I choose four 

successful elementary schools on the basis that teachers will tend to develop their 

knowledge in relation to their students proficiency.   

To sum up, using the determined criteria, I selected four experienced  middle 

school mathematics teachers working in the different elementary schools located 

close to each other in Ankara. The detailed information about the teachers was 

presented below.  

 

3.3.1 Mrs. Kaya 

Mrs. Kaya has been teaching elementary school mathematics in a public 

school for 31 years. She is one of the two mathematics teachers working at the same 

public school. She graduated from one of the best universities in Turkey with a 

bachelorôs degree in mathematics from a faculty of arts and sciences. Before starting 

to teach in elementary school, she tutored elementary school students for the national 

exams. She is interested in enriching her teaching with different activities and 

representations whenever possible. Moreover, she encourages her students by 
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preparing games, activities and manipulative related to mathematics. She thinks that 

mathematics should not be only lesson for students; they also enjoy learning about 

mathematics.  

 

3.3.2 Mrs. Akay 

Mrs.Akay has 32-years experience in teaching mathematics in public schools. 

She is the only mathematics teacher in her school. She graduated from a training 

institute, and then she went to a college to complete her education. After graduation, 

she taught in high school for 25 years. Later she transferred to elementary school and 

has worked there for 7 years. She genuinely enjoys teaching mathematics and 

working with elementary school students. She is interested in researching new 

activities, in acquiring up to date scientific knowledge and in participating in 

mathematics competitions with her students.  

 

3.3.3 Mr. Esen 

Mr. Esen has been teaching in an elementary school for 12 years. He is one of 

the two mathematics teachers working at this school. He has bachelorôs degree in 

department of mathematics from a faculty of arts and sciences. He has participated in 

different in-service trainings (e.g. classroom management, introduction to new 

elementary mathematics curriculum). He pays attention to use manipulative while 

teaching mathematics. Furthermore, he tries to link mathematics with daily life since 

he believes that by this linking mathematics the studentsô learning will be more 

meaningful and permanent.  

 

3.3.4 Mrs. Uzun 

Similar to Mrs. Akay, Mrs. Uzun has 32-years elementary school teaching 

experience. She has been teaching in a public school and is one of the three 

mathematics teachers working at the same school. She graduated from a training 

institute. She is interested in applying different activities and representations, and 

using materials whenever possible for effective teaching.  
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3.4 Context of the Study  

Baxter and Jack (2008) have emphasized that researchers should take into 

consideration the context when conducting case study. Due to the fact that the main 

focus of this study is Turkish middle school mathematics teachers, describing basic 

characteristics of Turkish education system and brief information about the 

elementary schools that the participants of the study worked would be useful to 

understand the study.  

 

3.4.1 Turkish Education System 

In Turkey, there are about 10 million students at the primary education levels 

with more than 500 000 teachers (MoNE, 2010/2011). Primary education involves 

the education and training of children in the age group of 6 to 14. It is eight-year 

compulsory education for all male and female children and is free at public schools.  

In the last ten years, efforts have been attempted to improve and develop the 

education system. One of the efforts was the new curricula which are being 

implemented for primary and secondary schools since 2004. The mathematics 

curriculum highlights the importance of classroom environment where the students 

are more active and they research, discover, solve problems, and share their 

solutions. Also, it emphasizes the idea of associating mathematics within itself and 

other subjects. The primary mathematics curriculum has five learning areas: 

Numbers, geometry, algebra, probability and statistics, and measurement (MoNE, 

2009). There is a spiral approach for each learning areas which was based on 

constructivist approach. The curriculum is enriched with teaching activities, 

manipulative usage, technology usage and multiple assessment methods. Moreover, 

it aims to provide mathematics teachers the flexibility of changing the places of the 

topics given in the curriculum (Bulut, 2007). Furthermore, teaching with different 

instructional methods was emphasized in the new mathematics curriculum (MoNE, 

2004).  In conclusion, the mathematics curriculum highlights the importance of 

classroom environment where the students solve problems, share their ideas and 

solutions, do group work and use mathematics in their daily lives and professional 

practices (Bulut, 2007). Moreover, it encourages teachers to apply activities, 

manipulative, variety instructional strategies and different assessment strategies. 
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However, this mathematics curriculum was changed in 2013 and the new 

mathematics curriculum started to be implemented in 5 graders in 2013-2014 

academic year (MoNE, 2013). 

 

3.4.2 Setting of the Study 

Besides, due to the fact that peopleôs behaviors change from context to 

context, the research should be conducted in a real context (Marshall & Roseman, 

2006). Therefore, in this study, the real context which teachersô knowledge could be 

examined is their school and the classroom in which teachers teach. This study was 

carried out in the context of four elementary schools in Ankara, Turkey. Each teacher 

worked in different but geographically close schools. There were about 400 students 

in each school and, the number of students in each class, which was observed, was 

about 20-25 and the students were generally aged 14.  The students in all schools had 

4 hour-mathematics lesson every week. Furthermore, the students had opportunities 

to use materials related to 3D solids during their mathematics lesson.  

 

3.5 Data Collection  

The detailed description of the phenomenon studied in qualitative research is 

obtained in three basic ways; interview, observation and documents (Frankel & 

Wallen, 2006). Merriam (1998) stated that the interview is the most commonly used 

data collection tool in qualitative studies in order to obtain specific information from 

the participants. In other words, researcher aims to ascertain what is on participantsô 

mind, what they think or how they feel about something (Frankel & Wallen, 2006). 

With the observations, researcher has the opportunity to observe the participantsô 

behavior in the real-life settings (Frankel & Wallen, 2006). Finally, Merriam (1998) 

specified that documents are the third major source of data in qualitative research 

including; personal papers, public records, and artifacts.  

To obtain deep information related to the four middle school mathematics 

teachersô knowledge of the volume of 3D solids, the data was collected via a 

questionnaire concerning the volume of 3D solids, interviews, classroom 

observations and field notes during the spring semester of 2011-2012 academic year. 

Table 3.1 presents the time schedule for the data collection. 
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Table 3.1 Time schedule for data collection  

Date Events 

July 2011-October 2011 

 

 

 

¶ Development of data collection tools 

(questionnaire, observation protocol and 

interview  protocol) 

¶ Selecting and meeting the participants 

November 2011- January 2012 ¶ Pilot study of the instrument  

¶ Obtaining permission from the METU 

Ethical Committee and Ankara 

Provincial Directorate for National 

Education  

February 2012- March 2012 ¶ Data analysis of pilot study 

¶ Revision on the instruments in light of 

the pilot study 

¶ Preparation of the last version of 

instruments 

 March 2012-  May 2012 ¶ Data collection 

 

3.6 Data Collection Tools 

The purpose of this study was to investigate four middle school mathematics 

teachersô subject matter knowledge and pedagogical content knowledge concerning 

the volume of 3D solids. In order to achieve the purpose of the study, following data 

collection tools were used: 1) Volume of 3D solids questionnaire; 2) Interviews 

following the questionnaire; 3) Classroom observation of participantsô teaching; 4) 

Field notes. Each data source is explained in detail in the following sections.  

 

3.6.1 Volume of 3D Solids Questionnaire 

In order to examine the four middle school mathematics teachersô knowledge 

of the volume of 3D solids, the Volume of 3D Solids Questionnaire (VDSQ) was 

developed by the researcher based on the related literature (Ball, Thames & Phelps, 

2008; Battista & Clements, 1996; Ng, 1998). The Turkish version of the 

questionnaire items is provided in Appendix A.  
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The questionnaire consisted of 10 open-ended structured questions with sub-

dimensions used to assess middle school teachersô subject matter knowledge and 

pedagogical content knowledge of the volume of 3D solids. The questions were 

prepared based on the subjects covered in the elementary school mathematics 

curriculum.  

All questions in the questionnaire were prepared by the researcher. A table of 

specification for the questionnaire items was prepared and is given in Appendix B. 

The questions and the table of specification were checked by mathematics educator 

and two experienced mathematics teachers to determine the content validity. The 

reviewers reached an agreement. A detailed description of questions 1 and 2 in the 

questionnaire is given below.  

 

Question 1. 

How many unit cubes constitute the square prism? 

 

 

 

 

a) Write down all the methods that you know which could be used to answer the    

         question.          

    b) What method(s) do your students use to answer this question? 

    c) Which error(s) do you think your students will make in answering this question? 

    d) What may be the reasons for these errors? Please explain. 

    e) Which teaching techniques/materials/strategies do you use to overcome these  

        errors? 

 

Question 2. 

     

 

 

 

     

How many unit cubes remain when one layer of 

unit cubes is removed from all faces of square 

prism?  
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    a) Write down all the methods that you know which could be used to answer the   

        question.          

    b) What method(s) do your students use to answer this question? 

    c) Which error(s) do you think your students will make in answering this question? 

    d) What may be the reasons for these errors? Please explain. 

    e) Which teaching techniques/materials/strategies do you use to overcome these    

        errors? 

 

For both 1
st
 and 2

nd
 questions there were the same five sub-items. The 1

st
 sub-

item aims to determine the nature of the middle school mathematics teachersô subject 

matter knowledge. Particularly, it aimed to assess the teachersô knowledge of 

alternative solution methods to calculate the volume of prism given in the figure. The 

remainder of the sub-items of both the 1
st
 and 2

nd
 questions were prepared to evaluate 

middle school mathematics teachersô pedagogical content knowledge. Thus, the sub-

items from b to d were asked to investigate teachersô knowledge of learner.  

The 3
rd

, the 4
th
, the 5

th
, 6

th
 and 7

th
 questions were designed to investigate only 

the middle school mathematics teachersô PCK. Specifically, they were designed to 

assess the middle school teachersô knowledge of learners. The questions were as 

follows: 

Question 3.  

 

 

 

 

 

a) What method(s) do Mr. Aslanôs students use to answer this question? 

b) What are the elementary studentsô errors which caused them to give the wrong 

answer? 

c) What may be the reasons for these errors? Please explain. 

d) Which teaching techniques/materials/strategies would you use to overcome 

these errors? 

 

Most of the students in Mr. Aslanôs class made 

the same error in the question ñFind the volume 

of rectangular prismò They gave the answer 94.  
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Question 4.  

 

 

 

 

 

   a) What solution methods were used by the students who solved the problem    

        correctly? Please explain.          

   b) What solution methods were used by the students who gave the wrong answer?     

        Please explain. 

   c)  What errors caused the students to make a mistake? Please explain. 

   d)  What are the reasons for the studentsô errors that gave the wrong answer?    

   e) Which teaching techniques/materials/strategies would you use to overcome    

        these errors? 

 

Question 5. 

 

 

 

  

 

Elaôs Solution: 

26 x 2= 52 

8 x 2= 16 

52- 16= 36 

36- 12= 24 

Erenôs Solution: 

6 + 6= 12 

4 + 4= 8 

12 + 8 + 4= 24  

Kuzeyôs Solution: 

4 x 3= 12 

12 x 2= 24 

Yagmurôs solution: 

6 + 6= 12 

4 + 4 + 4 = 12 

12 + 12= 24 

 

Mrs. Aksoy asked the volume of the cube and her 

students gave the answer 27. Mrs. Aksoy realized that her 

students solved the question using different solution 

methods. Although some solution methods were correct, 

some of them were incorrect. 

 

Students; Ela, Eren, Kuzey, Yagmur and Berke 

calculated the volume of prism, presented above, 

in different ways but they found the same result. 

Their solutions were given below: 
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Berkeôs Solution: 

4x 3 x 2= 24 

 

 

a) Explain studentsô solution methods in your own words.  

b) If any student made errors in answering this question, then what may be the   

        reasons for these errors? Please explain. 

 

   c) Which teaching techniques/materials/strategies would you use to overcome these    

        errors? 

    d) Which method(s) did  your students use to obtain the correct answer? 

 

Question 6. 

 

 

 

 

 

 

Mr. Acar asks the class the question given above and he encounters different solution 

methods. 

Yankēôs Solution: 

a
2
 = b

2 
+ c

2 

25
2
 = 15

2 
+ c

2 

625 = 225
 
+ c

2 

400 = c
2
            c= 20 

V= 40.
2

20.15
          

V= 6000 

 

The volume of one slice : 

300
20

6000
=  

Asyaôs Solution: 

V= 40.
2

25.15
 

V= 7500 

 

The volume of one slice:  

375
20

7500
=  

Yamanôs Solution:  

a
2
 = b

2 
+ c

2 

25
2
 = 15

2 
+ c

2 

625 = 225
 
+ c

2 

400 = c
2
            c= 20 

2
20

40
=  

V= 2.
2

20.15
        

V= 300 

 

A piece of cheese was cut into a right triangular 

prism on the left side. The cheese was cut into 

20 equal slices, what is the volume of each 

slice? 

 

 

25 cm 
15 cm 

40 cm 

. 
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Adaôs Solution:  

a
2
 = b

2 
+ c

2 

25
2
 = 15

2 
+ c

2 

625 = 225
 
+ c

2 

400 = c
2
            c= 20 

V= 
2

20.15.40
         

V= 6000 

The volume of one slice:  

300
20

6000
=  

Ilgazôs Solution: 

a
2
 = b

2 
+ c

2 

25
2
 = 15

2 
+ c

2 

625 = 225
 
+ c

2 

400 = c
2
            c= 20 

2

x.25

2

20.15
=            x= 12 

V= 
2

40.25.12
           V= 6000 

The volume of one slice: 300
20

6000
=  

 

a) In your opinion, what process do Mr. Acarôs students consider when giving 

their answer? 

b) For those students who gave the wrong answer, describe the errors that they 

made. 

c) Which teaching techniques/materials/strategies would you use to overcome 

these errors? 

 

 

Question 7.  

 

 

Cerenôs Solution: 

V= 
3

5.6.6
 

V= 60
3

180
= cm

3
 

Cemreôs Solution: 

a
2
 = b

2 
+ c

2 

5
2
 = 3

2 
+ c

2 

25 = 9
 
+ c

2 

16 = c
2 

c= 4 

V= 
3

4.6.6
 

V= 48
3

144
= cm

3
 

 

 

The base length of the square prism model is 6 cm 

and the length of side- face height is 5 cm. Ceren 

and Cemre who calculated the volume of this model 

solved the question in different ways.    
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   a) According to you, what were Ceren and Cemre thinking when they developed   

       these methods of solving the question? 

   b) For those students who gave the wrong answer, describe the errors that they   

       made. 

   c) For those students who gave the wrong answer, describe the reasons for these    

       errors?  Please explain. 

   d) Which teaching techniques/materials/strategies would you use to overcome   

        these errors? 

 

The sub-items of the 3
rd
, 4

th
 and 5

th
 questions were designed to assess the 

middle school teachersô knowledge of learners. Specifically, the  1
st
 sub-item of 

questions 3, 5, 6 and 7, and 1
st
 and 2

nd
 sub-item of the 4

th
 question examined the 

middle school teachersô knowledge related to the interpretations of studentsô 

alternative solution methods. The 2
nd

 sub-item of questions 3
rd

, 6
th
 and 7

th
 and 3

rd
 

sub-item of the 4
th
 question were designed to assess the middle school teachersô 

knowledge concerning the studentsô errors. Additionally, the middle school teachersô 

knowledge on the possible sources of elementary studentsô errors was examined 

through the 3
rd

 sub-item of questions 3 and 7, the 4
th
 sub-item of the 4

th
 question and 

the 2
nd

 sub-item of the 5
th
 question.  The strategies that the middle school teachers 

use to overcome errors were assessed through the 4
th
 sub-item of questions 3

 
and 7, 

the 5
th
 sub-item of the 4

th
 question and the 3

rd
 sub-item of questions 5 and 6. The last 

sub-item (4
th
 sub-item) of the 5

th
 question was prepared to evaluate the middle school 

teachersô knowledge of the studentsô preferences among solution methods related to 

the volume of 3D solids.  

Contrary to the other questions the 8
th
 question, was related to cone and was 

prepared to investigate middle school teachersô knowledge of SMK. Specifically, the 

middle school teachersô knowledge on generating a story problem was evaluated as a 

one of the dimensions of their SMK. 

The question was as follows: 

Question 8. 

Using a cornet, the length of arc, 15, radius and 54, generate a story problem which 

involves the volume formula. 
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The 9
th
 question as shown below was developed to evaluate middle school 

teachersô knowledge of assessment.   

Question 9.  

What methods do you use to assess the studentsô knowledge related to the volume of 

3D solids? 

  

 Lastly, as presented below, the 10
th
 question aimed to assess the middle 

school teachersô knowledge of the curriculum.  

Question 10.  

What other topic or topics within mathematics or other lessons do you use to teach 

the volume of 3D solids? 

 

  3.6.2 Semi-Structured Interview  

Interviews can provide a special kind of information which is not observable 

(Merriam, 1998) and they are the most important sources of information in case 

study research (Yin, 2003). Feelings, thoughts, and intentions cannot be observed 

and the researcher has to ask questions to elicit this information. In this way, the 

researcher enters into the intervieweeôs mind (Patton, 2002).  Thus, in order to obtain 

a more complete picture of the middle school teachersô knowledge of the volume of 

3D solids, interviews were conducted as one of the data sources for this study.  

The way in which the interview is structured is important in determining the 

type of interview to use (Merriam, 1998). Merriam categorized interviews under 

three headings; highly-structured, semi-structured, and unstructured. In highly-

structured interviews, the questions and their order are predetermined. In semi-

structured interviews, the questions or issues to be explored are determined but 

neither the order of the questions nor the exact questions are predetermined. In this 

situation, the researcher uses more open-ended questions. Unstructured interviews 

are useful when the researcher wants to ascertain information about an issue in order 

to formulate questions for subsequent interviews; this last type is rarely used to 

collect data in qualitative research.  

In this study, information gathered from the Volume of 3D Solids 

Questionnaire (VDSQ) was limited to a general description of the four middle school 
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teachersô knowledge. Thus, interviews were conducted with 4 middle school teachers 

to clarify and expand on their responses to the VDSQ. Moreover, it was necessary to 

develop more accurate and detailed picture of the four middle school teachersô 

knowledge of the volume of 3D solids by asking the teachers questions related to the 

VDSQ but which required longer and more detailed responses. In order to obtain 

information related to teachersô knowledge, semi-structured type of interview were 

held. Example interview questions asked were provided in English in Appendix C 

and in Turkish in Appendix D. Furthermore, the dimensions of teachersô knowledge 

which were measured with the interview were presented in Table 3.2 below. 

 

Table 3.2 The dimensions of teachersô knowledge stated in the interview 

SMK 

¶ Developing alternative solution methods 

¶ Generating a story problems 

PCK 

¶ Knowledge of Learners 

V Studentsô preferences among solution methods 

V Interpretations of studentsô alternative solution methods 

V Studentsô errors and the sources of these errors  

V The strategies to overcome elementary studentsô errors 

 

¶ Knowledge of Curriculum 

V Connection with other topics 

 

¶ Knowledge of Assessment 

 

 

The semi-structured interview was conducted to allow the researcher to ask 

important further questions to get deeper understanding regarding middle school 

teachersô responses to the questions on VDSQ. Additionally, this type of interview 

allows for changing or asking additional questions in relation to the participantsô 

responses. Therefore, semi-structured interviews were important in the collection of 

data in that the researcher may gain additional detailed insights into the teachersô 

knowledge on the volume of 3D solids. The sample questions that I asked during the 

interview were as follows. Mrs. Kaya specified that one of the studentsô errors might 

be over-counting the common unit cubes on the adjacent faces in question 2. 
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Regarding this error, I asked her ñWhat do you mean by saying common unit 

cubes?ò and ñWhich unit cubes are the common unit cubes?ò. As another example, 

Mrs. Uzun explained that she gave homework to assess studentsô understanding. At 

this point, I asked her ñHow did you assess students understanding via homework?ò 

and ñCan you explain the method that you use?ò.  Furthermore, all teachers stated 

that one of the strategies to eliminate studentsô errors might be using manipulative. In 

relation to this strategy, the questions, ñHow do you use the manipulative to 

overcome the errors?ò and ñWhat is the benefits of using the manipulative to 

students?ò were asked during the interviews. 

The interviews consisted of two parts; (1) background questions about middle 

school teachers, and (2) questions based on the responses to the VDSQ. During the 

interviews, the middle school teachers explained their reasoning behind their 

responses to the VDSQ. With the permission of the participants all the interviews 

were video-taping using a digital camera. The duration of all interviews was 

approximately 40 minutes. 

 

3.6.3 Classroom Observation 

Although interviews are the most commonly used data collection tool in 

qualitative research, Merriam (1998) stated that ñobservational data represents a 

firsthand encounter with the phenomenon of interest rather than a secondhand 

account of the world obtained in the interviewò (p.94). In other words, with the 

observations, researcher has an opportunity to observe the participantsô behavior in 

the real-life. In this regard, to obtain a complete picture of the issue, which was under 

investigation, observations are another important source of data in qualitative studies.  

 Although the data collected via interview, and questionnaires provided rich 

and valuable data, it is not a complete picture of the teacherôs SMK and PCK. 

Therefore, for a full description of teachersô knowledge, their teaching of the volume 

of 3D solids was observed.  The dimensions of teachersô knowledge which were 

measured with the classroom observation were presented in Table 3.3 below. 
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Table 3.3 The dimensions of teachersô knowledge measured with the observation 

SMK 

¶ Developing alternative solution methods 

 

PCK 

¶ Knowledge of Learners 

V Studentsô preferences among solution methods 

V Studentsô errors  

V The strategies to overcome elementary studentsô errors 

 

¶ Knowledge of Instructional  Strategy 

V Teacher-centered instruction 

V Less teacher-centered enriched with class discussion 

 

¶ Knowledge of Curriculum 

V Connection with other topics 

V Changing the order of the topics 

 

¶ Knowledge of Assessment 

 

 

I observed the middle school teachersô teaching with the use of observation 

protocol including points related to teachersô SMK and PCK such as knowledge of 

alternative soluton methods, knowledge of learners, and knowledge of curriculum. 

These points were provided to help me what to look for. For instance, the points 

related to knowledge of curriculum that I focused on during the observation were 

ñThe teacher connects the topic with the other topics in mathematicsò and ñThe 

teacher alters the order of the sub-topics of the volume of 3D solidsò. Observation 

protocol was filled after every observation of each middle school teacher. English 

version and Turkish version of observation protocol were presented in the Appendix 

E and the Appendix F, respectively. 

All observations were video-taped by the use of a digital camera with the 

permission of the participants, school administrators and Ankara Provincial 

Directorate for National Education. I took field notes as much as I could during 

observations.  The classroom observations were scheduled as given in Table 3.4 and 

each participant was given a pseudonym. In addition, the data collected from 
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observations was used to triangulate the analysis of data gathered via interviews and 

questionnaire. 

 

Table 3.4 The time schedule of classroom observation of the teachers 

Day Monday Tuesday Wednesday Thursday Friday 

Lesson 

Hour  

10.50-

12.20 

11.05-

12.35 

13.00-

14.30 

9.10- 

10.40 

9.00-

10.30 

11.05-

12.35 

13.15-

14.45 

10.50- 

12.20 

 

Teachers Mrs. 

Kaya 

Mrs. 

Uzun 

Mr.  

Esen 

Mrs. 

Akay 

Mrs.  

Kaya 

Mrs.  

Uzun 

Mrs. 

Akay 

Mr. 

Esen 

 

3.7 The Pilot Study 

 Marshall and Roseman (2006) stated that pilot study of a research allows the 

researcher to review the instruments and refine them if necessary, to increase self-

confidence and self-efficacy in conducting the research, to recognize and resolve any 

problems regarding the research, before commencing the main study. For these 

reasons, conducting pilot study is essential for the researcher to conduct main study 

effectively. Furthermore, the pilot study will determine that is required for the 

participants to complete the questionnaire. 

 When selecting the participants for the pilot study, the criteria were; their 

teaching experience, convenient access to the schools and teacherôs for the 

researcher. Four experienced mathematics teachers and one pre-service mathematics 

teachers participated in the pilot study. The reason for selecting both experienced and 

pre-service teachers for the pilot study was to obtain different perspectives in relation 

to the questionnaire. Two of the middle school teachers had 6-years teaching 

experience and the other two had 7-years teaching experience. Having taught the 

topic of the current study in a real classroom, these middle school teachers were able 

to share their observations and experience of the studentsô knowledge and attitudes 

towards the volume of 3D solids. The pre-service teacher was one of the successful 

students in the elementary mathematics education program at METU and had taken 

the Teaching Method courses shortly before the pilot study. Therefore, it was 

assumed that he had a rich knowledge regarding the volume of 3D solids and would 

potentially have a different point of view in relation to the topic. 

In the first phase of the pilot study, the VDSQ was given to the 5 participants 

with sufficient time allowed for the teachers to complete all the questions before the 
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interviews were conducted. The participants were asked to answer all questions and 

write their answers in detail. In the second phase, an interview lasting approximately 

40 minutes was conducted with each participant. During the interview, the quality of 

the questions and areas, which were not clear to the participants, were discussed. In 

light of the pilot study and the suggestions made by the participants, changes were 

made to the questionnaire. Question 3, presented below, was removed from the 

questionnaire since its sub-items were the same as question 1. Moreover, the 

preliminary analysis of the pilot study revealed that the information regarding middle 

school teachersô knowledge of the volume of 3D solids gathered from questions 1 

and 3 was the same and  no additional information related to middle school teachersô 

knowledge on the volume of 3D solids would be obtained.  

 

Question 3 (eliminated following the pilot study). 

 

 

 

 

 

 

 

   a) What other information from other mathematics areas or other subjects in the   

       curriculum would you use to teach the volume of a cube?  

   b) Write down all the methods that you know which could be used to solve the     

       question.          

   c) Which method or methods  do your students use to solve this question? 

    d) Which errors might your students make when solving this question?      

   e) What could be the sources of these errors? Please explain.    

   f) Which teaching methods/ materials/ strategies do you use to overcome these  

         errors? Please explain how you use these methods, materials and/or strategies?   

        

 

Calculate the volume of the cube.  
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Following the pilot study question 5, presented below was also eliminated 

from the questionnaire since it did not appear to give any valuable information about 

the middle school teachersô knowledge of the volume of 3D solids. For the sub-item 

(b) in this question, the participants stated that the volume formula was the only 

method that could be used in this question. The participants also specified the 

volume formula as a solution method to calculate the volume of 3D solids in 

response to other questions. In other words, this information was also acquired from 

the other questions. Furthermore, in sub-item (d), the participants focused on not 

being able to draw the closed figure of 3D solids with the help of its net. In other 

words, the participants did not state that there was any error regarding the volume of 

3D solids. Conversely, they determined that students could not decide which edges 

coincided with which edge when closing the net of a solid. In fact, this error was not 

related to the volume of 3D solids. That means that this information was not valuable 

for the study. For this reason, in the pilot study question 5 was eliminated.  

 

Question 5 (eliminated following the pilot study). 

 

 

 

 

 

 

 

 

 

 

   a) What other information from other mathematics areas or other subjects in the   

       curriculum would you use to teach the volume of a cube?  

   b) Write down all the methods that you know which could be used to solve the     

       question.          

   c) Which method or methods  do your students use to solve this question? 

   d) Which errors might your students make when solving this question?      

9 cm 

. 

5 cm 

13 cm 

What is the volume of right triangular prism 

whose net was given on the left if i ts net was 

fold to make a box.  
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   e) What could be the sources of these errors? Please explain.    

   f) Which teaching methods/ materials/ strategies do you use to overcome these  

        errors? Please explain how you use these methods, materials and/or strategies?   

 

 

Question 4 in the pilot study as given below, was composed of 6 studentsô 

solution methods. The participants in the pilot study could not explain Damlaôs 

solution, and they stated that the operations ñ24 ï 4= 20; 20 + 4= 24ò were 

meaningless. Thus, Damlaôs solution was removed from the questionnaire.  

Question 4 (eliminated following the pilot study). 

                                                           

 

  

 

 

For the prism given above; Ela, Eren, Kuzey, Damla, Yaĵmur and Berke calculated 

the volume of prism in different ways but found the same result. Their solutions 

were given below: 

 

Elaônēn ºz¿m¿: 

26 x 2= 52 

8 x 2= 16 

52- 16= 36 

36- 12= 24 

 

Erenôin ºz¿m¿: 

6 + 6= 12 

4 + 4= 8 

12 + 8 + 4= 24  

Kuzeyôin ºz¿m¿: 

4 x 3= 12 

12 x 2= 24 

Damlaônēn ºz¿m¿: 

12 x 2= 24 

24 ï 4= 20 

20 + 4= 24 

Yaĵmurôun ºz¿m¿: 

12 x 2= 24 

Berkeônin ºz¿m¿: 

4 x 3 x 2= 24 

 

 

Also, question 6, as given below, was revised following the pilot study due to 

the fact that it included two correct solution methods of students. The sub-question 

(c) was; ñif one of the solution methods was incorrect, what could be the source of 
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this errorò and sub question (d) asked; ñwhich teaching methods/ materials/ strategies 

would you use to overcome these errorsò, respectively. Since both of the solution 

methods, given in the question 6, were correct, it was meaningless to ask the sub-

questions (c) and (d). In order to obtain the information related to the participantsô 

knowledge concerning the sources of studentsô errors and the strategies that could be 

used to overcome those errors, three different solution strategies were added in 

keeping with the suggestions from the participants in pilot study.     

 

Question 6 (revised following the pilot study). 

 

 

 

 

 

 

 

 

Mr. Acar asks the class to solve the problem and he encounters different solution 

methods. 

 

 

c) If one of the solution methods was incorrect, what could be the source of this  

    error? 

 

d) Which teaching methods/ materials/ strategies would you use to overcome these    

    errors? 

 

1. ºz¿m yolu:  

V= 40.
2

20.15
 

V= 6000 

The volume of one slice 

300
20

6000
=  

2. ºz¿m yolu: 

20
2

40
=  

V= 2.
2

20.15
 

V= 300 

 

    

   20 cm 

15 cm 

40 cm 

A piece of cheese was cut into a right 

triangular prism on the left side. The cheese 

was cut into 20 equal slices, what is the 

volume of each slice? 
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As a result of the feedback from the pilot study, it was also necessary to make 

question 7 clearer by adding more information. The original first sentence of the 

question was ñThe base of the pyramid model is 6 cm and the length of the side-face 

height is 5 cmò and the words ósquareô and ólengthô were added as follows: ñThe 

length of the base of the square pyramid model is 6 cm and the length of the side-

face height is 5 cmò.   

In addition, other changes were made.  Question 1 consisted of two questions 

with the same figure and the same sub-items and was numbered as 1-i and 1-ii. The 

participants in the pilot study commented that writing two sub-questions in one 

question may cause confusion and the participants might forget to answer question 1-

ii. For this reason, these questions 1-i and 1-ii were numbered as question 1 and 

question 2, respectively in the main study. 

Furthermore, question 4, presented below, was added to the questionnaire. 

This question was comprised of a teacher asking her students to calculate the volume 

of the cube. Although her studentsô answers were the same, their solution methods 

were different. The main issue of the question, was to explain studentsô solution 

methods rather than asking for the calculation of the volume of the cube. 

 

Question 4 (added following the pilot study). 

 

 

 

 

 

   a) What solution methods were used by the students who solved the question  

       correctly? Please explain.          

   b) What solution methods were used by the students who gave the wrong answer?     

        Please explain. 

   c) What errors caused the students to make a mistake? Please explain. 

   d) What are the reasons for the students errors that gave the wrong answer 

   e) Which teaching techniques/materials/strategies would you use to overcome    

       these errors? 

Mrs. Aksoy asked the volume of the cube and her students 

gave the answer 27. Mrs. Aksoy realized that her students 

solved the question using different solution methods. 

Although some solution methods were correct, some of them 

were incorrect. 
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 The first version of the questionnaire, used in pilot study, was provided in 

Appendix G.  

 

3.8 Data Analysis 

In qualitative research, the process of data analysis begins when the 

researcher starts to collect data. In other words, data analysis and data collection 

occurs concurrently (Merriam, 1998). There is no easy set of procedures to apply 

during the data analysis process. Therefore, the researcher should make sense of the 

data by working with the data, organizing data, searching for patterns, discovering 

what is important and what is to be learned, and determining what you will tell 

people (Bogdan & Biklen, 1998).  

In order to make data analysis process easier, various authors have suggested 

some data analysis strategies (Merriam, 1998; Miles & Huberman, 1994; Yin, 2003). 

Miles and Huberman (1994) presented three strategies; data reduction, data display, 

and conclusion drawing/verification. On the other hand, Yin (2003) described five 

techniques for analysis: pattern matching, linking data to propositions, explanation 

building, time-series analysis, logic models, and cross-case synthesis. However, 

Merriam (1998) categorized qualitative data analysis strategies under the following 

six categories: ethnographic analysis, narrative analysis, phenomenological analysis, 

constant comparative method, content analysis and analytic induction. According to 

Glaser and Strauss (1967), the constant comparative method involves identifying a 

phenomenon, event or set of interest and generating a theory. Due to the fact that the 

purpose of this study was to identify and to produce an in-depth description of 

middle school mathematics teachersô knowledge of the volume of 3D solids, I chose 

this constant comparative method.   

In this study, to produce an in-depth description of middle school teachersô 

subject matter knowledge and pedagogical content knowledge on the volume of 3D 

solids, questionnaires, semi-structured interviews, classroom observations and field 

notes of 4 middle school teachers were analyzed. To begin with, I transcribed all the 

interviews and videos of classroom observation, and then I created and organized the 

files. I read all the texts, made margin notes and formed initial codes based on the 

transcripts, the middle school teachersô notes on the questionnaire, the field notes 
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that I took during the data collection period, and the related literature. Then, I 

compared the codes in the same data set. Based on these comparisons, I tried to 

generate the categories, which were the components of PCK and SMK. I continued 

the comparisons until the categories were saturated which means that no new 

categories emerged. After the comparisons within the same data set were completed, 

I compared the categories with the data set of the other teachers. Then, I labeled the 

categories based on the participantsô statements and the related literature.  Lastly, I 

integrated the categories to create the themes. 

More specifically, I coded the data with respect to the research questions. The 

aim of the first research question was to examine the nature of middle school 

mathematics teachersô subject matter knowledge on calculating the volume of 3D 

solids. In order to identify the teachersô SMK, their knowledge on alternative 

solution methods that could be used to calculate the volume of 3D solids was 

investigated.  As a result of the data analysis of the VDSQ, interview, and 

observation, four codes, volume formula, systematic counting, layer counting and 

column/row iteration, were emerged similar to the categories stated in the study of 

Battista and Clements (1996). Another dimension of teachersô SMK was generating a 

story problem. The data gathered from VDSQ and interview was analyzed to identify 

teachersô knowledge on this dimension. In the finding section, this dimension was 

discussed with respect to descriptions of teachersô responses, directly. 

Furthermore, the aim of the second research question is to investigate middle 

school teachersô PCK involving four dimensions. To investigate teachersô knowledge 

of instructional strategy, data collected from classroom observation was analyzed. As 

a result of the analysis, teachersô knowledge of instructional strategy was coded as 

teacher-centered instruction and less-teacher centered enriched with class discussion.  

The second dimension of teachersô PCK was knowledge of learner. It 

analyzed based on four issues. The first issue, teachersô knowledge on studentsô 

preferences among solution methods, was identified based on the data gathered from 

VDSQ, interview, and observation. The data was coded as the solution strategies, 

volume formula, systematic counting, layer counting and column/row iteration. The 

second issue of teachersô knowledge of learners was teachersô interpretations of 

studentsô alternative solution methods. Regarding this issue, the data, came from 
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VDSQ and interview, was coded based on two aspects: correctness of studentsô 

solution methods, and correctness of teachersô interpretations. Moreover, studentsô 

errors and the sources of these errors, and the strategies to overcome the errors were 

identified through the data collected from VDSQ, interview, and observation. In 

relation to the studentsô errors, the following codes emerged from the data. The codes 

were as follows: focusing on the faces of 3D solids, over-counting the common unit 

cubes on the adjacent faces, conceptual errors and computational errors. Although 

the error, named as focusing on the faces of 3D solids, was described by Ben-Chaim 

et al. (1985), the rest of them were emerged from the teachersô explanations. The 

sources of studentsô errors were coded as not being able to think solids as three-

dimensional, not being able to comprehend the structure of 3D solids, not being able 

to concretize 3D solids, lack of conceptual knowledge, studentsô carelessness, and 

not thinking about the concepts deeply. These codes were taken from the literature 

(Battista & Clements, 1996). Lastly, the strategies to overcome studentsô errors were 

coded as using manipulative and re-explaining the misunderstood part of the topic.  

The third dimension of teachersô PCK was their knowledge of curriculum. 

The data gathered from VDSQ, interview and classroom observation was analyzed to 

identify teachersô knowledge on connection the topic with other topics and changing 

the order of the topics. In the finding section, this dimension was discussed with 

respect to descriptions of teachersô responses, directly. Teachersô knowledge of 

assessment was the last dimension of teachersô PCK. The data was coded as 

summative and formative assessment strategies, which were statedin theliterature 

(Lankford, 2010).  

After the codes were determined, categories were formed (Merriam, 2009). 

The codes were put under categories which were the dimensions of SMK and PCK. 

The codes and categories painstakingly were discussed with a mathematics educator. 

Before finalizing the data analysis, similar categories were combined and the names 

of some cateries were changed. At the end of this process, a final coding scheme was 

created (Appendix H).  

To ensure the dependability during the coding procedure, which is also 

explained in the trustworthiness section, I discussed the codes with my advisor, 

firstly and then with my thesis committee members. After reaching agreement with 
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my advisor and the thesis committee members, I asked a Ph.D. student in the 

mathematics education department at METU to act as a second coder on 

approximately 25% of the data. The second coder was trained about the dimensions of 

teachersô SMK and PCK on the volume of 3D solids. I also explained the data analysis 

framework of the study and gave the coding scheme (Appendix H) to her to make clear 

the codes and their meanings. Both of us analyzed  the data and then, we compared our 

initial codes to see the commonalities and differences between our codes. The inter-

rater reliability was calculated about 95% through the use of formula suggested by 

Miles and Huberman (1994). The inconsistencies were discussed once more and a 

consensus was finally reached. All the sub-issues related to the teachersô knowledge 

of the volume of 3D solids is described in detail in the Chapter IV. 

 

3.9 Trustworthiness 

Validity and reliability are important issues that all researchers should take 

into consideration when designing a study, analyzing the data and judging the quality 

of the study (Patton, 2002). These issues in qualitative research are different from 

those in quantitative research (Yildirim & Simsek, 2006). In quantitative research, 

validity is defined as ñreferring to the appropriateness, correctness, meaningfulness, 

and usefulness of the specific inferences researchers make based on the data they 

collectò (Fraenkel & Wallen, 2006, p. 151) and reliability ñrefers to the consistency 

of the scores obtained-how consistent they are for each individual from one 

administration of an instrument to another and from one set of items to another 

(Fraenkel & Wallen, 2006, p. 157). However, different views exist about the validity 

and reliability concepts and different terminology was used instead of using validity 

and reliability in qualitative research (Creswell, 2007; Lincoln & Guba, 1985; 

Merriam, 1998; Miles & Huberman, 1994; Stake, 1995; Yin, 2003). Lincoln and 

Guba (1985) used the terms credibility, dependability, transferability, and 

confirmability rather than using internal validity, reliability, external validity, and 

objectivity, respectively.  According to Lincoln and Guba, these terms form the 

trustworthiness of the research which exhibits the quality of qualitative research. In 

the following part, evidence of the trustworthiness of the study are given. 
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3.9.1 Credibility 

Credibility in qualitative research, which refers to internal validity, is related 

to the congruence of the research findings and the reality (Merriam, 1998). In order 

to enhance credibility of qualitative research, Merriam (1998) suggested the 

following six strategies; triangulation, member checks, long-term observation, peer-

examination or peer debriefing, participatory or collaborative modes of research and 

the researcherôs biases. In this study, triangulation, member checks, peer examination 

and long-term observation were employed to ensure credibility. 

 Triangulation is defined as using multiple sources of data which confirm the 

findings of the study (Yin, 2003). There are four types of triangulation; data 

triangulation, investigator triangulation, theory triangulation, and methodological 

triangulation (Patton, 2002). In the current study, data triangulation and investigator 

triangulation were used. Data triangulation is achieved by comparing data from more 

than one participant or source.  In the current study, I worked with 4 middle school 

teachers more than one individual, using multiple sources of data including 

questionnaire, semi-structured interviews, classroom observations and field-notes. 

Moreover, the investigator triangulation method was applied to increase the 

credibility of the study. The investigator triangulation was achieved by comparing 

and checking the data analysis and interpretation with more than one researcher. In 

order to ensure investigator triangulation, another researcher coded the data and the 

codes were examined by my advisor and thesis committee members. 

 Additionally, member checking, which refers to the participants checking the 

data, categories and interpretations were used (Merriam, 1998). During the interview, 

the participant teachers and I discussed their responses to the questionnaire. In this 

way, I ensured that whether I interpreted the teachersô responses s correctly.  

 In addition, peer examination was applied to ensure the credibility of the 

study. Merriam (1998) defined peer examination as ñasking colleagues to comment 

on the findings as they emerge.ò (p.204). I asked one of my colleagues with 

experience in qualitative research, to participate in coding and categorizing process 

of my study. The second coder was trained in the issues of the middle school 

teachersô knowledge of the volume of 3D solids and I explained the data analysis 

process to this second coder. Then we analyzed the data separately following a data 
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analysis process. Then, we discussed if any inconsistencies existed and reached full-

consensus. Both coders analyzed the data which contained pseudonyms for the 

participants in order to eliminate any bias. Also, I regularly discussed the findings of 

the study with my advisor and thesis committee members throughout the data 

analysis process.   

The process of long-term observation also helped me ensure credibility. I 

spent about 4 lesson-hours with the teachers every week over a period of two 

months. During this time, I observed the teachersô classes, spent time, and talked 

about teaching, learners, context, and curriculum.  

 

3.9.2 Dependability 

The second criteria to ensure the trustworthiness of the qualitative research is 

dependability which refers to reliability in quantitative research. Reliability is 

defined as ñ é.the consistency of the scores obtained- how consistent they are for 

each individual from one administration of an instrument to another and from one set 

of items to anotherò (Frankel & Wallen, 2006, p.157). In qualitative research, 

obtaining the same results is not an issue. However, achieving results which are 

dependable and consistent with the data is an issue (Merriam, 1998). To ensure 

whether the results are dependable or not, the investigatorôs position, triangulation 

and audit trail are the strategies that can be used. Triangulation is one of the 

strategies to increase the dependability as well as increase the credibility of the study 

(Merriam, 1998). Therefore, data triangulation, and investigator triangulation, were 

employed in the current study as explained above. Moreover, the investigatorôs 

position was used to increase the dependability of the study by explaining the theory 

behind the study, the criteria for selecting the participants, and the context of the 

study (Merriam, 1998).  In addition, I discussed the research design of the study, how 

I collected and analyzed the data, how I derived the categories and how I interpreted 

the categories clearly (Merriam, 1998). Thus, an  audit trail was employed to ensure 

the dependability of the study.  
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3.9.3 Transferability 

 Transferability, is the third criteria that ensures the trustworthiness of 

qualitative research referring to external validity. In other words, it is related to the 

generalizability of the results of the study however, Merriam (1998) pointed out that 

generalizability is not the concern of qualitative research. Nevertheless, it is possible 

to achieve generalizability through a thick description of the study and obtaining 

sufficient data. In this study, the context of the study, the criteria for selecting the 

participants, the number of the participants, the data collection and analysis methods, 

and the time schedule of the study were explained in detail in the method section. In 

this way, a rich and thick description regarding the study was provided to ensure the 

transferability. Moreover, in order to obtain sufficient data, there was more than one 

middle school teacher participant which allowed me to increase the transferability of 

the study. By providing sufficient data and a rich description regarding the study, 

thus, the findings of the study could be easily shared with other researchers and 

mathematics teachers to understand the nature of teachersô mathematical knowledge 

of the volume of 3D solids.  

 

3.9.4 Confirmability 

The fourth criteria to establish trustworthiness in qualitative research is 

confirmability referring to objectivity. Shenton (2004) emphasized that to ensure the 

confirmability of the study, the results of the study must be based on the experiences 

and ideas of the participants rather than the researcher. He specified that 

confirmability is established using triangulation to reduce the effect of investigator 

bias. In addition, a detailed description on the methodology of the study is another 

strategy to ensure the confirmability of the study. In this study, triangulation and 

detailed description of the methodology of the study was used to establish the 

confirmability. Moreover, I used direct quotations (verbatims) in order to decrease 

the amount of inferences that I might make. 

 

3.10 Researcher Role and Bias 

In qualitative research, the researcher has important role when collecting and 

analyzing the data (Merriam, 1998). Due to the fact that researcher is the primary 
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instrument throughout the study, s/he may find what s/he wants to find and interprets 

the data how s/he wants (Johnson, 1997). This researcher bias is a potential threat to 

validity since ñéqualitative research is open ended and less structured than 

quantitative researchò (Johnson, 1997, p. 284). He further stated that reflexivity is a 

tool to understand researcher bias this involves self-awareness and critical self-

reflection about his/her potential bias. In this sense, it is the responsibility of the 

researcher to monitor and try to control their biases. Thus, it was very important that 

I undertook to reduce my possible bias throughout the study.  

Before the study, as a researcher, I met with the participants a few times to 

explain the purpose and the data collection procedures of the study in detail. During 

these meetings, we had the opportunity to get to know each other personally which 

made the participants and me more comfortable during the data collection process. I 

also made sure that the participants knew that all the responses to the questionnaire 

and the content of video-taped, taken during the interview and classroom 

observations, were confidential. Moreover, I explained that I was the only person 

who had access to the data and the data was analyzed with pseudonyms given to the 

participants to eliminate the bias. As a result of this, participants told me that they 

were willing to participate in my study and share their knowledge and experiences 

objectively. 

Furthermore, the duration of completion of the questionnaire was determined 

according to their needs and to avoid the teachers feeling under too much pressure. 

Additionally, the participantsô interview times were arranged in terms of timing so 

they could take their time to respond. During the interviews, I explained that there 

were no correct answers to the questions. Moreover, I emphasized that the only think 

that I expected them was to explain their ideas in as detailed manner as possible. In 

addition, the participantsô explanations during the interview were summarized after 

every question and I asked participants whether I had understood their point of view 

correctly.  

The classroom observation was the second data source of the study to 

triangulate the data gathered from the interview. During the classroom observation, I 

video-taped the lecture. However, I might have had an effect on the flow of the 

lessons as well as studentsô behaviors because of process of video-taping. In order to 
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reduce potential disturbance due to the video-taping, I spent time in the classrooms 

before the data collection period in order for the participants and the students to 

become accustomed to the camera. I also assured the participants that the videos 

would only be used for research purposes. In this way, I tried to encourage them to 

act naturally during data collection process. 

Through explaining my purpose and data collection process clearly to the 

participants, undertaking the research with voluntary participants, trying to make the 

participants comfortable during the data collection process, and checking my 

understanding with the participants regarding their explanations; I aimed to reduce 

researcher bias. I hoped that clarifying my own biases will help readers understand 

my position, and thus validate the study.  

 

3.11 Ethical Considerations 

In order to be able to conduct the study, first, I took permission from the 

Ethical Committee at METU (Appendix I) and the Ankara Provincial Directorate for 

National Education (Appendix J). They confirmed that the study had no potential to 

harm the participants or the students in the classes.  For the video-taping during the 

interview and classroom observation, the permission was taken from the Ankara 

Provincial Directorate for National Education and METU Ethical Committee. 

Additionally, I talked with the school administrators about conducting the research in 

their schools and obtained their approval. Then I identified the mathematics teachers 

who were willing to participate in the study and they signed the consent form.  

Frankel and Wallen (2006) pointed out that there are three important issues 

related to the ethics in research; avoiding the deception of the participants, protecting 

of the participants from harm and ensuring the confidentiality of the data. In this 

regard, I ensured all participants that there would be no harm or deception during the 

research process that would violate the participantsô rights. In order to ensure 

confidentially, I made sure that no one else knew the names of the participant 

teachers and the school in which they worked. Also, only myself, my advisor, and 

the second coder had access to the data collected for the study.  For this study I gave 

all the participants pseudonyms in this study. Furthermore, the participants were 

informed that they could leave the study at any point in time.  
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3.12 Assumptions of the Study 

There were several assumptions attached to this study. First, as explained 

above, all the participants were experienced teachers and they had taught the topic, 

the volume of 3D solids, for many years. Due to the fact that teaching experience is 

one of the major sources of teachersô knowledge (Grossman, 1990), I assumed that 

they had rich repertoire of SMK and PCK which were the focus of this study.  

Another assumption of this study is that I would spend a long time in 

participantsô classroom to observe their teaching and this  would mean that I would 

be able to obtain data pertaining to their knowledge on the volume of 3D solids in a 

real sense. After spending time with the participants in their classes, I conducted 

semi-structured interviews with them and for this reason, it was assumed that the 

participants expressed and shared their knowledge on the volume of 3D solids clearly 

and honestly during the interview.  

 

3.13 Time Schedule 

The phases of the research were as follows: 

Table 3.5 Time schedule for the research 

Date Events 

January 2011- June 2011 ¶ Planning the design of the study 

July 2011-October 2011 

 

 

¶ Development of data collection tools 

(questionnaire, observation protocol and 

interview  protocol) 

¶ Selecting and meeting the participants  

November 2011- January 2012 ¶ Pilot study of the instrument  

¶ Obtaining permission from the METU 

Ethical Committee and Ankara 

Provincial Directorate for National 

Education  

February 2012- March 2012 ¶ Data analysis of the pilot study 

¶ Revision of the instruments in light of 

the pilot study 

¶ Preparation of the last version of 

instruments 

 

March 2012-  May 2012 ¶ Data collection 
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June 2012- August 2012 ¶ Transcription of the video-taped of 

interviews and classroom observations 

 

September 2012- November 2012 ¶ Data analysis 

 

December 2012- é.. ¶ Writing up the dissertation 

 

In the next chapter, the findings of the study are presented. 
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CHAPTER IV  

 

 

 

 

 

FINDINGS 

 

 

The general aim of this study is to examine the knowledge of four middle 

school mathematics teachers of the volume of 3D solids. This chapter presents the 

findings of the research study under two main sections and related sub-sections. In 

the first section, the four middle school mathematics teachersô subject matter 

knowledge about the volume of 3D solids was analyzed under two headings: 

knowledge of alternative solution methods, and knowledge of generating a story 

problem. The second section summarizes the four middle school mathematics 

teachersô pedagogical content knowledge of the volume of 3D solids. This section 

was subdivided into fourheadings: knowledge of instructional strategy, knowledge of 

learners, knowledge of the curriculum and knowledge of assessment. Under the each 

heading of middle school teachersô SMK and PCK, the detailed explanation was 

summarized with related vignettes taken from the interviews and the observations. 

 

4.1 Middle School Mathematics Teachersô Subject Matter Knowledge 

One of the aims of this study was to investigate the middle school 

mathematics teachersô subject matter knowledge of the volume of 3D solids. The 

analysis revealed that the middle school teachersô subject matter knowledge showed 

variety based on the data gathered from the questionnaire, interview, classroom 

observation and field notes. In this manner, the analysis of SMK of the middle school 

teachers referred to the investigation of teachersô knowledge of alternative solution 

methods, and their knowledge of how to generate a story problem.  The analysis was 

based on available literature, participantsô explanations and my own experiences with 

the data.  
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4.1.1 Knowledge of Alternative Solution Methods 

The middle school teachersô knowledge of alternative solution methods 

emerged from the data as one of the dimensions of the teachersô SMK.  In the 

volume of 3D solids questionnaire (VSDQ) (Appendix A), the middle school 

teachers asked to propose alternative solution methods for the questions related to the 

calculation of the volume of 3D solids. The middle school teachers were specifically 

asked the following questions: 

 

                                                     How many unit cubes constitute the square prism? 

     

 

 

a) Write down all the methods that you know which could be used to answer the     

    question.          

 

Figure 4.1 Question 1 

 

How many unit cubes remain when one layer of unit 

cubes is removed from all faces of square prism? 

 

 

 

 a) Write down all the methods that you know which could be used to answer the    

     question.         

          

Figure 4.2 Question 2 

The analysis of the questionnaire, and interview transcripts revealed that the 

four middle school teachers proposed the following four alternative solution 

methods; volume formula, systematic counting, layer counting and column/row 

iteration. According to the analysis of the data, volume formula was emphasized by 

all participant teachers. However, systematic counting was proposed to calculate the 

volume of 3D solids by Mrs. Akay and Mr. Esen. On the other hand, Mrs. Kaya and 
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Mrs. Uzun proposed layer counting and column/row iteration methods to answer the 

questions. The summary of the solution methods for the each question is given in 

Table 4.1 and discussed in the following section.  

 

Table 4.1 The solution methods proposed by the middle school teachers 

 Mrs. Kaya Mrs. Akay Mr. Esen Mrs. Uzun 

Question 1 ¶ Volume 

formula 

¶ Layer 

Counting 

¶ Column/Row 

Iteration 

¶ Volume 

formula 

¶ Systematic 

counting 

¶ Volume      

   formula 

¶ Systematic    

   counting 

¶ Volume 

formula 

¶ Layer 

Counting 

¶ Column/Row 

Iteration 

 

Question 2 ¶ Volume 

formula 

¶ Volume 

Formula 

¶ Systematic 

counting 

Could not 

develop any 

correct 

method 

 

4.1.1.1 Volume Formula  

One of the alternative solution methods that the middle school teachers 

proposed to calculate the volume of 3D figures was volume formula. Battista and 

Clements (1996) defined volume formula as multiplying the depth, the width and the 

height of the prism. Based on the analysis of the data, all the middle school teachers 

defined volume formula as multiplying the lengths of three edges or multiplying the 

area of the base of the prism by its height.    

As shown in Table 4.1, four teachers proposed volume formula to calculate 

the volume of 3D solids. As an example, Mrs. Kayaôs explanation for the question 1 

was presented below.  

The bases and the height, namely the volume could be calculated with 

the volume formula. How is that done? It can be achieved by counting 

the number of unit cubes in the height and in the edges of bases by 

finding the volume from a x b x c or by saying the base is a rectangle 

and [you] multiply the base with the height [of the prism] to answer the 

question.  

 

Taban ve y¿kseklik yani hacim form¿l¿ ile hacim hesap edilebilir. O da 

nasēl? Y¿kseklik ve tabanēn kenarlarēndaki birim k¿pleri sayarak a.b.c. 

den hacmini buldurarak yapēlabilir. Ya da tabanē bir dikdºrtgendir ve 
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soruyu ºzmek iin tabanēn alanēnē, [prizmanēn] y¿kseklikle arparsēnēz 

denebilir.  

 

In addition, Mrs. Akay proposed volume formula method to calculate the  

volume of 3D solids and stated:  

In fact, when the students are in 6
th
 grade, we explain that multiplying 

the width, depth and height gives the volume with the help of 

associative rule. They can find it [the volume] with this method. When 

they are in the 8
th
 grade, we formulate this, multiplying the area of the 

base by the height. They see all phases from the primary school. The 

most advanced form is using the formula of  multiplying the area of the 

base with the height. 

 

Aslēnda ºĵrencilere 6. Sēnēfa geldiĵinde birleĸme ºzelliĵinden 

yararlanarak en, boy,ve y¿ksekliĵin arpēmēnēn hacim olduĵunu 

anlatēyoruz. [¥ĵrenciler] bu methodla bulabilirler. ¥ĵrenciler 8. sēnēfa 

geldiĵi zaman bunu form¿lize ediyoruz,  Taban Alanē x y¿kseklik. 

Ķlkokuldan itibaren b¿t¿n aĸamalarē gºr¿yorlar. En geliĸmiĸ halide 

form¿lle yapēlan, taban alanē x y¿kseklik.  

 

Based on the data gathered from classroom observation, all the teachers 

frequently used the volume formula method to calculate the volume of 3D solids in 

their lessons. The examples from each teacherôs lesson are presented below. 

The first example related to using the volume formula method was observed in 

Mrs. Kayaôs lesson.  

 

 

 

 

 

 

Figure 4.3 An example from Mrs. Kayaôs lesson 

Mrs. Kaya explained that to calculate the volume of a prism, the base area of 

the prism and its height are multiplied. Then she clarified that the base of the prism is 

a right triangle with right edges of 1.2 cm and 1.6 cm and the height of the prism is 

10 cm. Then she solved the problem as follows:  

 

 

What is the volume of chock whose 

shape is right triangle prism in the figure?  

 

(ķekildeki dik ¿gen prizma ĸeklindeki 

takozun hacmi ka cm
3
 t¿r?) 

. 
1.2 cm 

1.6 cm 
2 cm 

10 cm 
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Mrs. Akay asked her students to solve the following problem taken from the 

textbook.  

 

 

 

 

 

 

 

(MoNE Textbook 8
th
 grade, 2010, p. 130) 

Figure 4.4 An example from Mrs. Akayôs lesson 

After the teacher asked the problem, students tried to solve it. After a short 

time, Mrs. Akay explained the solution using the volume formula method. She wrote 

the formula on the board and put the numbers on the formula. Her solution is 

presented below: 

Volume of the barn=
prismtriangular

theofvolume
+

prismgulartanrec

theofvolume
 

Volume of the triangular prism = area of the base x height 

                                               = 12.
2

4.2x2.6
 

                                               = 89.28 m
3 

Volume of the rectangular prism = area of the base x height 

                                                 = 6.2 x 3 x 12 

                                                 = 223. 2 m
3 

Total volume = 89.23 + 223.2  

                  = 312.48 m
3
 

6.2 m 

12 m 

3 m 2.4 m 12 m 

Calculate the volume of the barn. 

(Yandaki ahērēn hacmini hesaplayēnēz.) 

V= the base area x the height 

V=  4.
2

6.1x2.1
 

V= 0.96 x 4 

V= 3. 84 cm
3
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Similar to Mrs. Kaya, Mr. Esen asked his students a problem pertaining to a 

triangular prism as given below: 

 

 

 

 

  

Figure 4.5 An example from Mr. Esenôs lesson 

As the first step to solve the problem, Mr. Esen aimed to find the unknown 

length of the side-face [the height] of the prism by applying the Pythagorean 

Theorem. He defined the height as h and his solution was as follows:  

 

 

 

 

 

Then he stated that the length of unknown edges of the triangle should be 

found to calculate the base area of the triangular prism. Accordingly, he explained 

that one of the right edges of the triangle was 4 when the net of the triangular prism 

was closed. After that, he reminded his students of the 3,4,5 triangle which he 

previously taught. Then, he drew the closed figure of the triangular prism and 

calculated its volume using the volume formula.  

 

 

 

 

 

 

 

What is the volume of the triangular 

prism ? 

 

(Yanda verilen ¿gen prizmanēn hacmi 

katēr?) 

 
x 

4ã5 cm 

cm 

4 cm 5 cm 

. 

(4ã5)
2
 = h

2
 + 4

2
  

80 = h
2
 + 16 

h
2
 = 64 

h= 8 cm 
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Figure 4.6 Mr. Esenôs solution of the problem presented in Figure 4.5 

Lastly, Mrs. Uzun asked a problem related to the calculation of the volume of 

a regular hexagonal prism and she solved the problem using the volume formula 

method.  

Problem: Find the volume of regular hexagonal prism in which the edge 

of the base is 4 cm and the height is 10 cm. 

 

Tabanēnēn bir kenarē 4 cm ve y¿ksekliĵi 10 cm olan d¿zg¿n altēgen 

prizmanēn hacmini bulunuz.  

 

Before calculating the volume of the prism, Mrs. Uzun reminded her students 

how to calculate the area of the hexagon. Then she calculated the volume of regular 

hexagonal prism, as follows:  

          Area of the hexagon= 
4

3a6 2

 

          Volume of the prism=
4

3a6 2

x h 

           V= 10x
4

34x6 2

                            

              = 10x324  

    = 3240 cm
3 

All four middle schoolteachers proposed the volume formula method as one 

of the ways to calculate the volume of 3D figures and all the teachers mostly used 

this method in their lessons (Table 4.1). 

 

 

4 cm 

5 cm 

3 cm 

. 
8 cm 

V=  8×
2

4×3
 

V= 8×6  

V= 48cm
3
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4.1.1.2 Systematic Counting 

The analysis of the data revealed that 2 of middle school teachers proposed 

systematic counting as an alternative method to calculate the volume of 3D solids. 

Battista and Clements (1996) defined the method as ñstudents counts cubes 

systematically, attempting to count both inside and outside cubes. He or she might, 

for instance, count the cubes on all the outside faces, and then attempt to determine 

how many are in the center.ò (p. 263).   

Mrs. Akay and Mr. Esen emphasized the systematic counting method to 

calculate the volume of 3D figures. Both teachers explained that if the prism was 

presented as in the question 1, the unit cubes might be counted on both inside and 

outside of the prism. Similarly, Mr. Esen specified this method for the solution of 

question 2 as presented below:  

Now, do we count the cubes on the outer faces? If we count them, here 

[the length of the width, depth and height] lessened. The reminder of 

the cubes constitute a rectangular prism. The rest of the unit cubes 

could be counted one by one.  

 

ķimdi dēĸ y¿zeydeki k¿pleri alēyoruz demi? Onlarē alēnca burasē 

k¿¿l¿r. Geri kalan da dikdºrtgenler prizmasē olur. Kalan k¿pler birer 

birer sayēlabilir.  

 

Although this method was specified in the literature (Battista & Clements, 

1996) as an elementary studentsô method to calculate the volume of prism, only 2 of 

the 4 middle school teachers (Mrs. Akay and Mr. Esen) emphasized this as a solution 

to questions 1 and 2 on the questionnaire. However, Mrs. Kaya and Mr. Uzun did not 

use this method in their lessons (Table 4.1). 

 

4.1.1.3 Layer Counting 

 The analysis revealed that middle school teachers gave layer counting as 

another alternative solution method. Similar to the volume formula and systematic 

counting methods, Battista and Clements (1996) explained layer counting as ñthe 

student conceptualizes the set of cubes as forming a rectangular array organized into 

layers.ò (p. 263). In other words, layer counting means counting the number of unit 

cubes in one layer, and then multiplying this number by the number of layers or 

using addition to obtain the total.  
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As shown in Table 4.1, only two participants (Mrs. Kaya and Mrs. Uzun) 

proposed layer counting to solve question 1. Mrs. Kayaôs explanation is presented 

below.  

I thought that there are 16 unit cubes at the bottom layer and there are 3 

layers. For this reason, the total could be calculated as 16+16+16.  

 

Alt katmanda 16 birim k¿p var ve 3 katman var diye d¿ĸ¿nd¿m. Bu 

y¿zden, toplam16+16+16 ĸeklinde hesaplanabilir.  

 

Mrs. Kaya used this method to solve a problem in her lesson.  She asked the 

students how they would calculate the number of unit cubes in the rectangular prism 

given below. 

 

 

 

 

 

 

 

Figure 4.7 An example from Mrs. Kayaôs lesson 

Students said that they could find its volume by multiplying three edges 

(width, depth and height) of the rectangular prism. In other words, students proposed 

to use the volume formula method. Then Mrs. Kaya showed her students different 

methods to calculate the number of unit cubes. One of her method is given in Figure 

4.8: 

                                                                           

                                                                          4 x 2= 8 unit cubes (in one layer) 

                                                                       Since there are 5 layers,  

                                                                       8 x 5= 40 unit cubes  

 

   

                                                     4 x 2= 8 unit cubes (in one layer)                                                         

Figure 4.8 An example of using layer counting from Mrs. Kayaôs lesson 

5 layers            
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On the other hand, although Mrs. Uzun referred to layer counting method 

during interview, she did not explain this method in her lesson. However, Mrs. Akay 

and Mr. Esen did not explain the layer counting method during their lessons or the 

interview.  

 

4.1.1.4 Column/Row Iteration 

The analysis of the data showed that middle school teachers proposed 

column/row iteration as an alternative solution method to calculate the volume of 3D 

solids. Similar to other methods, this was also defined by Battista and Clements 

(1996) as ñstudents count the number of cubes in one row or column and use skip-

counting (pointing to successive rows or columns) to get totalò (p.263).   

 Similar to the layer counting method, Mrs. Kaya and Mrs. Uzun emphasized 

the use of the column/row iteration method only for question 1 (Table 4.1). Below is 

the related vignette from Mrs. Uzunôs interview.  

The number of unit cubes in each row might be counted. Namely, I 

thought that there are 4 unit cubes in each row. How many rows are 

there? 12 rows; 4 x 12= 48. 

 

Her sēradaki birim k¿pler sayēlabilir. Yani her sērada 4 tane birim k¿p 

var diye d¿ĸ¿nd¿m. Ka tane sēra var? 12 sēra. 4 x 12= 48. 

 

Another example of using column/row iteration was explained by Mrs. Kaya as 

shown in Figure 4.9:  

There were 3 unit cubes here, 3 here, 3 hereé[Presented in the figure]. 

Namely, it occurs by counting. It was not 1,2,3; by counting 3 by 3.    

 

Burada 3 tane k¿p vardēr, burada da 3, burada da 3[ĸekilde gºsterildi]. 

Yani sayarak olmuĸ oluyor 1,2,3 diye deĵil de 3 er 3 er sayarak.  

 

 

 

 

 

 

       Figure 4.9 Mrs. Kayaôs explanation of example of using column/row iteration 

 

3 3 3 3 
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Additionally, Mrs. Kaya focused on this method to solve the question that she 

presented in her lessons. As mentioned before, Mrs. Kaya asked her students the 

number of unit cubes in the rectangular prism given in Figure 4.7.  

As stated above, the students solved the problem using a volume formula, 

then Mrs. Kaya solved it using the layer counting method. Moreover, Mrs. Kaya 

solved the problem using the column/row iteration method as follows: 

Mrs. Kaya wrote the number of unit cubes in each column by adding the   

previous one to obtain the total.         

 

 

                                                                 

 

  

 

 

Figure 4.10 An example of using column/row iteration from Mrs. Kayaôs lesson 

 

As with the layer counting method, Mrs. Akay and Mr. Esen did not refer to 

this method to calculate the volume of 3D solids (Table 4.1).  

To summarize the analysis of the data it showed that the four middle school 

teachers proposed the four following methods; volume formula, systematic counting, 

layer counting and column/row iteration. Although the first method was indicated as 

a way of solving the problem in the question 1 by all the teachers, systematic 

counting was denoted by Mrs. Akay and Mr. Esen to solve questions 1 and 2. Layer 

counting and column/row iteration methods were only specified by Mrs. Kaya and 

Mrs. Uzun for solving question 1 (Table 4.1).  

 

4.1.2 Knowledge of Generating a Story Problem 

As presented above, based on the analysis of the data, one of the dimensions 

included in the middle school teachersô SMK was their knowledge of generating 

story problems. In this study, this knowledge type was investigated under middle 

school teachersô SMK since Ball (1990a) defined as teacherôs being able to 

5       10      15      20 
25    30      35      40 
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ñunderstand the subject in sufficient depth to be able to represent it appropriately and 

in multiple ways-with story problems, pictures, situations, and concrete materialsò 

(p. 458).  In the VDSQ (Appendix A), the middle school teachers asked to generate a 

story problem regarding the volume of 3D solids using the numbers and terms as 

given in Figure 4.11. 

 

Using a cornet, the length of arc, 15, radius and 54, generate a story problem which 

involves the volume formula. 

  

Figure 4.11 Question 8 

Based on the analysis of the questionnaire and interview transcripts, Mrs. 

Akay, Mr. Esen and Mrs. Uzun did not want to generate a problem. After a while, 

Mrs. Uzun outlined the problem given below: 

54 can be the length of the arc and 15 can be the radius. Because the arc 

is longer than the radius. Like this. 

 

54 yay uzunluĵu olabilir, 15 de yarēap olabilir. ¢¿nk¿ yay, yarēaptan 

uzundur. O ĸekilde.  

 

However, Mrs. Uzun did not generate a story problem which includes the 

volume of the cone. She only guessed the meaning of the numbers in the question. 

Similar to Mrs. Uzun, Mrs. Akay tried to generate a problem but she was not able to 

use the terms, radius and the length of the arc as shown below. For this reason, her 

question did not meet the expectations.  

The problem could be; find the volume of the cone whose base area is 

54 and height is 15. But the problem should include the length of the 

arc and the radius.  

 

Soru taban alanē 54, y¿ksekliĵi 15 olan koninin hacmini bulunuz 

ĸeklinde olabilir. Ama sorunun yay uzunluĵu ve yarēapē iermesi 

gerekiyor.  

 

Furthermore, Mr. Esen could not make any interpretation regarding the 

problem which could be created using the cornet, the length of arc, 15, radius and 54. 

Only Mrs. Kaya was able to generate a problem and she solve it correctly. Her 

problem was as follows: 
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Find the volume of the cornet in which the length of the arc is 54 and 

the length of the generatrix, namely the radius of sector, is 15. 

 

Yay uzunluĵu 54 cm ve ana doĵrusunun uzunluĵu yani daire diliminin 

yarēapē 15 cm olan k¿lahēn hacmini bulunuz.  

 

Generating story problems, which ñgive us a view of [teachersô] 

understandingò (Ball, 1990a, p.453) is one of the dimensions of SMK. However, 

three teachers (Mrs. Akay, Mr. Esen and Mrs. Uzun) were not successful at 

generating a problem. On the other hand, Mrs. Kaya was able to generate an 

appropriate problem using the terms and the numbers. 

 

4.2 Middle School Mathematics Teachersô Pedagogical Content Knowledge 

As it was presented, one of the aims of this study was to examine middle 

school mathematics teachersô pedagogical content knowledge on the volume of 3D 

solids. The analysis of the data collected from the questionnaire, interview and 

classroom observation revealed that the middle school teachersô pedagogical content 

knowledge (PCK) could be categorized under the following four dimensions; 

knowledge of instructional strategy, knowledge of learners, knowledge of curriculum 

and knowledge of assessment. These dimensions of teachersô PCK are explained in 

detail in the following sub-sections. 

 

4.2.1 Middle School Mathematics Teachersô Knowledge of Instructional     

         Strategy 

Another dimension of middle school teachersô PCK was knowledge of 

instructional strategy. Teachersô knowledge of topic-specific instructional strategies 

was emerged from the data. In the current study, topic-specific instructional 

strategies involve appropriate strategies to teach particular mathematics topics. Based 

on the analysis of the data gathered from observations, topic-specific strategy 

implemented by teachers were teacher-centered and less teacher-centered enriched 

with class discussion.  

 

 

 



117 

 

4.2.1.1 Teacher-Centered Instruction 

In the current study, teacher-centered instruction refers to providing clear 

explanations and examples, checking studentsô understanding by asking them 

questions and using manipulative to help students envisage the 3D solids.  

The data revealed that all the teachers mostly applied teacher-centered 

approach to teach the volume of 3D solids. Initially, they introduced the topic, for 

instance; the volume of prism. Then they asked questions to identify studentsô prior 

knowledge regarding the topic. Below is a transcript of part of Mr. Esenôs lesson: 

Mr. Esen: What is the volume? 

Std: The multiplication of the area of the base and the height. 

Mr. Esen: Okay, how can we calculate the volume of all prisms? 

Stds: By multiplying the area of the base and the height. 

 

After eliciting studentsô prior knowledge about the volume of the prism, all 

teachers provide clear explanation of calculating the volume of 3D solids. As an 

example, a further except from Mr. Esenôs lesson is given. 

In its simplest form, it is the multiplication of the width, depth and 

height. The multiplication of the three edges [of the prism]. When I said 

multiplication of the width and depth, you understood that to be the area 

of the base. In that case, what is the volume of all prisms? The 

multiplication of the area of the base and the height. If the base is a 

triangle, then it is the multiplication of the area of the triangle and the 

height. If the base is rectangle, then it is the multiplication of the area of 

the rectangle and the height. Briefly, V= area of the base x the height. 

 

En basit haliyle en, boy [derinlik], y¿ksekliĵin arpēmēdēr. [Prizmanēn] 

¦ tane kenarēnēn arpēmē. En ve boy [derinlik] dediĵim zaman, taban 

alanē olduĵunu anlēyorsunuz. O halde, b¿t¿n prizmalarēn hacmi nedir? 

Taban alanē ile y¿ksekliĵin arpēmē. Eĵer taban ¿gense ¿genin alanē 

ile y¿ksekliĵin arpēmē. Dikdºrtgense, dikdºrtgenin alanē ile y¿ksekliĵin 

arpēmē. Kēsaca, V= Taban alanē x y¿kseklik. 

 

The example provided above from Mr. Esenôs explanation was a highly 

representative example of Mrs. Kaya, Mrs. Akay and Mrs. Uzunôs explanations in 

calculating the volume of 3D solids.  

Later, all teachers provided an exemplary problem, which was first solved by 

the teacher. At this point, they emphasized the important points of the problem that 

students should be aware of. After that, the students worked on the other problems on 

the blackboard. One of the problems from Mrs. Uzunôs lesson was:  
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Question: Find the volume of square prism with one edge of length 3 

cm and a height of 7 cm. 

 

Soru:Tabanēnēn bir kenar uzunluĵu 3 cm ve y¿ksekliĵi 7 cm olan kare 

prizmanēn hacmini bulunuz.  

 

While students were copying the question into their notebooks, Mrs. Uzun 

drew the figure of the square prism (Figure 4.12) on the board. Then she wrote the 

given lengths on the figure so the students could visualize the prism. Mrs. Uzun 

encouraged the students to solve the question on the board to check studentsô 

learning. 

 

 

 

 

 

 

Figure 4.12 Figure of the question Mrs. Uzun asked 

Like Mrs. Uzun, all participating teachers used similar figures for all 

questions they asked and solved when teaching the volume of 3D solids. Apart from 

explaining the question using representations, the four teachers also used 

manipulative to help the students envisage and visualize 3D solids. For instance, 

Mrs. Kaya constructed a 2x3x4 rectangular prism with unit cubes and then asked the 

number of unit cubes in the rectangular prism. The figure of 2x3x4 rectangular prism 

was given below. 

 

 

 

 

 

 

Figure 4.13 Figure used by Mrs. Kaya to indicate 2x3x4 rectangular prism 

 

3 cm 
3 cm 

7 cm 
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Using the figure, Mrs. Kaya said:  

As you can see, there are 8 unit cubes in the 1
st
 layer. Because there are 

3 layers, 8 is multiplied by 3. What did we do? By calculating the 

number of unit cubes on the 1
st
 layer, actually we calculated the base 

area of the prism. Then since the height of the prism is 3, by 

multiplying by 3, we multiplied the base by the height. 

 

Gºrd¿ĵ¿n¿z gibi, birinci katmanda 8 birim k¿p var. 3 katman olduĵu 

iin, 8 ile 3ô¿ arptēk. Ne yaptēk? Birinci katmandaki birim k¿p sayēsēnē 

bularak aslēnda prizmanēn taban alanēnē bulduk. Sonra 3 ile arparak, 

taban alanēnē y¿kseklikle arptēk. ¢¿nk¿ prizmanēn y¿ksekliĵi 3.  

 

Using the prism formed by unit cubes, she aimed to help the students 

comprehend the logic behind the multiplication of the lengths of three edges.  

In this type of instruction, teachers implemented activities to attract studentsô 

attention and the students were the passive listeners during the activity. For instance, 

Mrs. Akay conducted a small activity using manipulative to make the students realize 

the relationship between the volume of prism and pyramid. She utilized one hollow 

square prism and one hollow square pyramid, which had the same length of the edges 

of the base and the same height. She filled the pyramid with water and afterwards 

poured this water from the pyramid to the prism. She repeated this until the prism 

was filled with water. At the end of the activity, Mrs. Akay explained that to fill the 

prism with water, they should pour water three times. In other words, she explained 

that the volume of prism equals to three times of the volume of pyramid. Similar 

activities were performed in other teachersô lessons. As it could be seen, the teachers 

used the manipulative and performed the activity on their own. In other words, these 

activities were teacher demonstrations and not student investigations. To sum up, all 

teachersô instruction was mostly dependent on the transfer of knowledge from 

teacher to learners.  

 

4.2.1.2 Less Teacher-Centered Enriched with Class Discussion  

The analysis of the data showed that less teacher-centered enriched with class 

discussion was another topic-specific instructional strategy implemented by two 

teachers (Mrs. Kaya and Mrs. Akay) to teach the volume of 3D solids. The basis of 

this strategy is that teacher is not the only source of the knowledge. Teachers shared 

the responsibility of explaining the topic with their students; thus, there was a good 
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amount of dialog between the students and the teacher. Thus, questioning and 

discussions were integrated into teaching process. Also, teachers had less control on 

the learning process than they had in the teacher-centered instruction.  

 Contrary to the use of teacher-centered instruction, only two teachers (Mrs. 

Kaya and Mrs. Akay) applied less teacher-centered enriched with class discussion to 

teach the volume of 3D solids. Both teachers required students make presentations 

related to the topic before they taught it. In this manner, during our conversations, 

Mrs. Kaya explained: 

At the beginning of the semester, I divided the students into groups. 

Each group determined the topic that they wanted to present. Then, I 

explained my criteria for them to get high points for their presentations. 

 

Dºnemin baĸēnda ºĵrencileri gruplara ayērdēm. Her grup anlatmak 

istediĵi konuya karar verdi. Daha sonra, y¿ksek puan almalarē iin 

sunumlarēndan neler beklediĵimi anlattēm.  

 

When I asked what her requirements were, she replied: 

I wanted them to explain topic using representations, daily-life 

examples, and manipulative. The important issue for me was to discuss 

the topic with the class.  

Gºsterimler, g¿nl¿k hayat ºrnekleri, ve materyal kullanarak konuyu 

anlatmalarē istedim. Benim iin en ºnemli noktanēn konuyu sēnēfla 

tartēĸmalarē olduĵunu vurguladēm.   

 

While collecting the data, I observed Mrs. Kayaôs studentsô presentation 

regarding the volume of 3D solids. As Mrs. Kayaôs requirements, students tried to 

create discussion environment by questioning their friends. For instance,  

Presenter-1 (Pr-1): How can we know how much water that this box 

[showing the rectangular prism] can contain? 

Student-1 (Std-1): We could calculate the volume of the box [showing 

the rectangular prism]. 

Pr-1: Yes, that is correct. But how? 

Std-2:  We can calculate the area of the base of the box. Then we 

multiply it by the height of the box. 

Pr-1:Yes, you are right. To calculate the amount of water in the box 

[the rectangular prism], we can multiply the base area of the box by its 

height.  
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Afterwards, the students wrote the formula on the board. As Mrs. Kaya 

requested, the presenters emphasized daily-use of the volume by asking the question 

as how much water this box takes. 

Moreover, Mrs. Akay applied a less teacher-centered enriched with class 

discussion as a topic-specific strategy to teach the calculation of the volume of 3D 

solids. Part of her instructional strategy is presented below. 

Mrs. Akay: I want you to think about the relationship between the 

volume of cone and cylinder. In the next lesson, we will discuss this 

question.  Each student should think about the question. 

In the next lesson 

Mrs. Akay: I asked a question yesterday. What do you think is the 

relationship between the volume of a cone and a cylinder. 

Std-1:  The volume of the cone can be calculated by dividing the 

volume of cylinder by 3.  

Mrs. Akay: Why?  

Std-2: We learnt this in the private course.  

Mrs. Akay: Okay, so you know how to calculate the volume of cone. 

But how can you explain the reason for dividing the volume of cylinder 

by 3? 

Std-3: Teacher, we can do the same thing as you did when teaching the 

volume of the pyramid. We can fill water in the cone and pour it into a 

cylinder then repeat until the cylinder fills with water. We can count 

how many times we pour water from the cone into cylinder.  

Mrs. Akay: Good, as your classmate said, we did the same thing when 

learning about the volume of the pyramid. The relationship between the 

volume of a prism and a pyramid is the same as the relationship 

between the volume of a cone and a cylinder. In other words, we can 

say that while calculating the volume of cone, we divide the volume of 

cylinder by 3. Is that correct? Can we explain like this? 

Stds: Yes.  

Mrs. Akay: Is this explanation sufficient? 

Stds: Yes. 

Std-2: Teacher, we explained the volume of pyramid in the same way.  

Mrs. Akay: Now I am asking whether this explanation is sufficient. Or 

does it need some additional information? 

Std-4: HēmméThe base and height of them should be the same.  

Mrs. Akay: Good. This is important. Now, what can you say related to 

calculating the volume of a cone? 

Std-5: The division of ñthe multiplication of the area of the base with 

heightò  by 3.  

Mrs. Akay: Yes, you are correct. Now, I will write the formula on the 

board.  At the same time, you can copy it into your notebooks. Then we 

will solve some problems. 
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Regarding the less teacher-centered enriched with class discussion instruction, 

this can be seen in the excerpts from the transcripts of Mrs. Kaya and Mrs. Akayôs 

lessons. Both teachers shared the responsibility of explaining the topic with the 

students. The students were more active during the learning process. By questioning 

the whole class and encouraging them to make a presentation related to the volume 

of 3D solids, Mrs. Kaya and Mrs. Akay applied less teacher-centered enriched with 

class discussion instruction.  The next section presents the teachersô knowledge of 

learners. 

 

4.2.2 Middle School Teachersô Knowledge of Learners 

The third dimension of middle school teachersô PCK was the knowledge of 

learners. As a result of the analysis of the data, the teachersô knowledge of learners in 

relation to the calculation of the volume of 3D solids were identified under four 

areas, namely; the studentsô preferences among solution methods, the interpretations 

of studentsô alternative solution methods, studentsô errors and the sources of these 

errors, and the strategies to overcome the errors in the volume of 3D solids.   

                       

4.2.2.1 Middle School Teachersô Knowledge of the Studentsô Preferences among    

            Solution Methods  

In order to understand the teachersô knowledge of the solution methods that the 

students prefer in order to solve the questions regarding the volume of 3D solids, the 

data gathered from questionnaire, interview and classroom observation were 

analyzed. According to this analysis, the teachers gave different solution methods 

that students might prefer to solve the questions related to the volume of 3D solids. 

Table 4.2 gives a summary of the teachersô knowledge of studentsô preferences for 

different solution methods that they would use to calculate the volume of 3D solids. 

Table 4.2 was given below. 

Table 4.2 Studentsô preferences on different solution methods 

 Mrs. Kaya Mrs. Akay Mr. Esen Mrs. Uzun 

Strategies ¶ Volume 

   formula 

¶ Systematic 

counting 

¶ Volume 

formula 

¶ Systematic 

counting 

¶ Volume 

    formula 

¶ Layer 

counting 

¶ Volume 

formula 
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As it was seen in the Table 4.2, four teachers considered that their students 

would use the volume formula. However, one teacher (Mrs. Kaya) only gave a single 

suggestion. Additionally, 2 teachers also chose systematic counting and another 

teacher suggested that the students would use layer counting. Mrs. Kaya said that her 

students always used volume formula to calculate the volume of 3D solids and she 

explained this as follows: 

Students focus on reaching the correct solution via the shortest way. 

They find using formula very practical. They prefer to do calculations 

by memorizing the formula. 

 

¥ĵrenciler kēsa yoldan doĵru sonuca ulaĸmaya odaklanēyorlar. Form¿l 

kullanmayē ok pratik buluyorlar. Form¿l¿ ezberleyip iĸlem yapmayē 

tercih ediyorlar.  

 

This is supported by Mrs. Kayaôs response to question 2 in the VDSQ:  

Students could eliminate the outer faces of the prism one by one. To 

find the remainder of the unit cubes, they could subtract the length of 

the edges and then use volume formula. They could reach the answer by 

counting the unit cubes one by one but they prefer to solve with the 

formula. 

 

¥ĵrenciler dēĸ y¿zeyleri ēkarabilirler. Kalan k¿pleri bulmak iin, 

kenar sayēlarēnē eksiltip hacim form¿l¿n¿ kullanabilirler. K¿pleri tek 

tek sayarak da sonuca ulaĸērlar fakat form¿lle ºzmeyi tercih ederler.  

 

Mrs. Akay and Mr. Esen responded that their students could use systematic 

counting method. That is, they can count the number of unit cubes one by one to 

calculate the volume of prism. Mrs. Akay commented as follows: 

Students do not like using the formula. They prefer to do by counting if 

the solid is comprised of the unit cubes. It is difficult even for 8
th
 grade 

students to use the formula, so they count the unit cubes.  

 

Form¿l kullanmayē sevmiyorlar. Eĵer cisim birim k¿plerden oluĸmuĸsa 

sayarak yapmayē tercih ederler. Yani 8. Sēnēf ºĵrencisine bile form¿l¿ 

kullanmak zor geldiĵi iin birim k¿pleri sayarlar. 

 

Mrs. Uzun considered that her students might use the layer counting method to 

calculate the volume of the prism given in Figure 4.14 and said: 

Students mostly find one layer by multiplying 4 by 4. Then they find 

the 2
nd

 layer and 3
rd

 layer. Thus the students mostly use the layer 

counting method if the figure is given visually.  
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¥ĵrenciler daha ok 4 ile 4 ¿ arparak bir katmanē bulurlar. Sonra, 2. 

katmanē, 3. katmanē bulurlar. Yani gºrsel olarak ĸekil verildiyse daha 

ok katman hesabēnē kullanērlar.  

 

 

 

 

 

 

Figure 4.14 Mrs. Uzunôs presentation of using the solution method: Layer counting  

 

In conclusion, according to participating teachers, most of the elementary 

students prefer to use volume formula method to calculate the volume of 3D solids. 

The data gathered from classroom observations supported this finding since the 

participating teachers and their students mostly used the volume formula while 

calculating the volume of 3D solids in their mathematics lessons.  

 

4.2.2.2 Middle School Teachersô Interpretations of Studentsô Alternative  

            Solution Methods 

In order to examine middle school teachersô knowledge on studentsô 

alternative solution methods, the data gathered from the VDSQ and interviews were 

analyzed.  

In VDSQ, the teachers were presented with studentsô alternative solution 

methods, asked to interpret these solutions and asked to give the reasons for their 

interpretations. The four middle school teachersô interpretations of studentsô solution 

methods displayed diversity in terms of the correct or incorrect interpretations as 

presented in the next sub section.   

 

4.2.2.2.1. Middle School Teachersô Correct Interpretations of Studentsô Correct     

                 Solution Methods 

According to the middle schoolteachers, the elementary students solved the 

given questions correctly using three different solution methods: volume formula, 

4 x 4= 16 unit cubes 

16 unit cubes 

16 unit cubes 
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layer counting and systematic counting. The teachers stated that the students used 

these methods for solving different questions. In the following subsection, the 

teachersô interpretations were presented in terms of the method that students used.  

 

4.2.2.2.1.1 Volume Formula 

The analysis of the data revealed that the middle school teachers were able to 

interpret studentsô solution methods easily if students solved the question with 

volume formula. Question 4 (Figure 4.15) is given as an example.  

 

 

 

 

 

 

a) What solution methods were used by the students who solved the problem 

correctly? Please explain.          

         

Figure 4.15 Question 4 

All the middle school teachers stated that students found the volume of prism 

presented in question 4 as 27 using the volume formula method. For instance, Mrs. 

Uzun explained that ñthe base area of the prism is 9 (3x3) and the height of the prism 

is 3. So, the volume is 27 (9x3).ò  

Additionally, Mrs. Kaya, Mrs. Akay and Mr. Esen agreed that Kuzey used the 

volume formula method to calculate the volume of prism in Question 5 (Figure 4.16). 

 

 

 

  

  

 

 

 

Mrs. Aksoy asked the volume of the cube and her students 

gave the answer 27. Mrs. Aksoy realized that her students 

solved the question using different solution methods. 

Although some solution methods were correct, some of them 

were incorrect. 

  

Students; Ela, Eren, Kuzey, Yagmur and Berke calculated 

the volume of prism, presented above, in different ways 

but they found the same result. Their solutions were given 

below: 
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Elaôs Solution: 

26 x 2= 52 

8 x 2= 16 

52- 16= 36 

36- 12= 24 

 

Erenôs Solution: 

6 + 6= 12 

4 + 4= 8 

12 + 8 + 4= 24  

Kuzeyôs Solution: 

4 x 3= 12 

12 x 2= 24 

Yaĵmurôs solution: 

6 + 6= 12 

4 + 4 + 4 = 12 

12 + 12= 24 

Berkeôs Solution: 

4x 3 x 2= 24 

 

 

 

b) Explain studentsô solution methods in your own words.  

  

Figure 4.16 Question 5 

Regarding Kuzeyôs solution method, Mrs. Kaya explained her response as 

follows.  

Kuzey used the formula which was the multiplication of the base area 

of the prism and the height of the prism. He found the base area and 

then he multiplied it with the height. In other words, he found the 

volume.  

 

Kuzey, taban alanē x y¿kseklik form¿l¿n¿ kullanmēĸ. Taban alanēnē 

bulmuĸ ve y¿kseklikle arpmēĸ.Yani hacmi bulmuĸ. 

 

Apart from Kuzey, four teachers interpreted Berkeôs solution in question 5 as 

multiplying the length of three dimensions [width, height and depth] of the prism. In 

other words, according to the teachers, Berke used volume formula. 

 Furthermore, the middle school teachers were able to explain studentsô 

solution method easily if students had solved the question 6 using the volume 

formula (Figure 4.17) 
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Mr. Acar asks the class the question given above and he encounters different 

solution methods. 

 

    a) In your opinion what process do Mr. Acarôs students consider when giving    

        their answer. 

 

Yankēôs Solution: 

a
2
 = b

2 
+ c

2 

25
2
 = 15

2 
+ c

2 

625 = 225
 
+ c

2 

400 = c
2
            c= 20 

V= 40.
2

20.15
            

V= 6000 

The volume of one slice 

300
20

6000
=  

Asyaôs Solution: 

V= 40.
2

25.15
 

V= 7500 

The volume of one slice 

375
20

7500
=  

Yamanôs Solution:  

a
2
 = b

2 
+ c

2 

25
2
 = 15

2 
+ c

2 

625 = 225
 
+ c

2 

400 = c
2
            c= 20 

2
20

40
=  

V= 2.
2

20.15
        

V= 300 

 

Adaôs Solution:  

a
2
 = b

2 
+ c

2 

25
2
 = 15

2 
+ c

2 

625 = 225
 
+ c

2 

400 = c
2
            c= 20 

V= 
2

20.15.40
         

V= 6000 

The volume of one slice 

300
20

6000
=  

Ilgazôs Solution: 

a
2
 = b

2 
+ c

2 

25
2
 = 15

2 
+ c

2 

625 = 225
 
+ c

2 

400 = c
2
            c= 20 

2

x.25

2

20.15
=            x= 12 

V= 
2

40.25.12
           V= 6000 

The volume of one slice  

300
20

6000
=  

Figure 4.17 Question 6 

In this question, the middle school teachers explained that Yankē, Yaman, and 

Ada calculated the volume of prism using volume formula. Mrs. Kaya explained 

Yankēôs solution as follows: 

A piece of cheese was cut into a right triangular 

prism on the left side. The cheese was cut into 20 

equal slices, what is the volume of each slice? 

 

  
25 cm 

15 cm 

40 cm 

. 
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He found the right edge (c) from the Pythagorean Theorem. Then he 

found the volume of the figure using the volume formula. So, he 

multiplied the area of the base by the height and since there will be 20 

slices, he divided the result by 20 and found the volume of one slice.  

 

¥nce Pisagordan dik kenarē (c) bulmuĸ. Sonra hacim form¿l¿n¿ 

kullanarak cismin hacmini bulmuĸ. Yani, taban alanē ile y¿ksekliĵi 

arpmēĸ. 20 tane dilim olacaĵē iin 20 dilime bºlm¿ĸ ve bir tanesinin 

hacmini bulmuĸ.  

 

Examples of teachersô interpretations of Yaman and Adaôs solution were given 

in below. For the former student, Mr. Esenôs explanation is: 

Yaman calculated the right edge (c). Then, because of it was necessary 

to divide the cheese into 20 equal slices, he determined the height of the 

figure to be 2. Afterwards, he did by considering the volume of figure. 

The base area x the height.  

 

Yaman dik kenarē (c) hesaplamēĸ. Sonra 20 eĸit dilime bºl¿nd¿ĵ¿ iin 

cismin y¿ksekliĵini 2 bulmuĸ. Daha sonra bir cismin hacmini d¿ĸ¿nerek 

yapmēĸ. Taban alanē x y¿kseklik. 

 

For the second student, Mrs. Akay explained:  

Adaôs solution is correct, the volume. Taking the base area x the height, 

she made the calculations and found the result. Then she divided the 

result by 20 and found the volume of one slice. Correct.  

 

Adaônēn ºz¿m¿ doĵru, hacim. Taban alanē x y¿kseklik olduĵu iin 

iĸlemleri  yapmēĸ ve sonucu bulmuĸ. Ondan sonra 20 ye bºlm¿ĸ, 1 

dilimin hacmini bulmuĸ. Doĵru. 

 

Although Ilgaz solved the question using volume formula, two of the teachers 

had difficulty in understanding her slightly complicated solution. This student did not 

multiply the right edges of the triangle, which was the base of the prism, to find its 

area. Instead, she calculated the area of the triangle multiplying the length of the 

hypothenuse by the length of the height of it. Only Mrs. Kaya and Mrs. Akay were 

able explain Ilgazôs solution. Mrs. Kaya stated that: 

Ilgaz calculated the right edge (c) as 20. Then she determined the height 

of a triangle, using the equivalence of areas of the triangle, as 12. 

Afterwards, she calculated the volume of the figure from the 

multiplication of the base area by 40. Lastly, she divided the result by 

20.  
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Ilgaz ºnce dik kenarē (c) bulmuĸ, 20. Daha sonra ¿genin y¿ksekliĵini 

belirlemiĸ. O y¿ksekliĵi ¿genin alanēn birbirine eĸitliĵinden 12 olarak 

bulmuĸ. Ondan sonra cismin hacmini taban alanē arpē 40 dan bulmuĸ. 

En son 20 dilime bºlm¿ĸ. 

 

Initially, Mrs. Akay had difficulty in explaining Ilgazôs solution since this 

teacher could not comprehend the meaning of ñxò in the solution easily. After 

understanding what ñxò was, she clarified the other operations giving a similar 

explanation to that presented by Mrs Kaya. 

As in the previous examples, all middle school teachers were able to interpret 

studentsô solutions if they solved the question using the volume formula. Additional 

example was related to question 7 (see Figure 4.18) 

 

 

a) According to you, what were Ceren and Cemre thinking when they developed 

these methods of solving the problem? 

Cerenôs Solution: 

V= 
3

5.6.6
 

V= 60
3

180
= cm

3
 

Cemreôs Solution: 

a
2
 = b

2 
+ c

2 

5
2
 = 3

2 
+ c

2 

25 = 9
 
+ c

2 

16 = c
2 

c= 4 

 

V= 
3

4.6.6
 

V= 48
3

144
= cm

3
 

 

Figure 4.18 Question 7 

All four teachers interpreted Cemreôs solution in a similar way. For example, 

Mrs. Akay explained the process as follows: 

Cemre found c [the height of the pyramid] to be 4 using the 

Pythagorean Theorem. Then she used the volume formula; multiplying 

of the base area by the height, and dividing it by 3. It was correct.  

 

Cemre, Pisagorôdan cônin [piramitin cisim y¿ksekliĵi] 4 olduĵunu 

bulmuĸ. Ondan sonra hacim form¿l¿n¿, (TA x y¿kseklik) / 3ô¿ 

kullanmēĸ. Bununki doĵru. 

The base length of the square prism model is 6 cm 

and the length of side-face height is 5 cm. Ceren and 

Cemre who calculated the volume of this model 

solved the question in different ways.    
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As shown in the examples, all the teachers interpreted studentsô solution 

method as volume formula since they thought that most students prefer to use this 

method to calculate the volume of 3D solids. Moreover, with respect to the data 

gathered from classroom observation, it was seen that the middle school teachers 

generally used volume formula when demonstrating the calculation of the volume of 

3D solids to their students. However, some of the teachers were able to correctly 

interpret studentsô solutions by the different methods, given in the following sub-

sections.  

 

4.2.2.2.1.2 Layer Counting 

 Only one of the teachers explained that students might use the layer counting 

method to calculate the volume of 3D solids correctly. In question 4 (Figure 4.15), 

Mrs. Uzun proposed that: 

Students might count the number of unit cubes on the bottom layer. 

There are 9 cubes. Then they might think that there are 27 cubes on the 

three layers.  

 

¥ĵrenciler alt sēradaki birim k¿pleri sayabilirler. 9 k¿p var. Sonra, 3 

sērada 27 k¿p olacaĵēnē d¿ĸ¿nm¿ĸ olabilirler.  

 

Furthermore, Mrs. Uzun stated that Kuzeyôs solution in question 5 (Figure 

4.16) method was layer counting as shown in her explanation given below.  

I thought that Kuzeyôs solution was correct. Namely, he found the top 

layer here. There was one more on the below. He multiplied this by 2. 

This is first layer; this is second layer (Figure 4.19). 

 

Kuzeyôin ºz¿m¿n¿ doĵru buluyorum. Yani ĸurada ¿st y¿z¿n¿ bulmuĸ. 

Bundan bir tane daha altta var. 2 ile arpmēĸ. Bu birinci sēra, bu da 

ikinci sēra. 
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Kuzeyôs Solution: 

4 x 3= 12 

12 x 2= 24 

The figure presents the operation 4 x 3= 12 

 

 

 

 

 

 

 

 

 

Figure 4.19 Mrs. Uzunôs interpretation of Kuzeyôs solution 

Although Mrs. Kaya used layer counting method while she was calculating 

the volume of 3D solids (Table 4.1), she did not interpret studentsô solution methods 

in terms of using layer counting method. Furthermore, neither Mrs. Akay nor Mr. 

Esen explained that students might use layer counting method and they did not use 

this method themselves when they were calculating the volume of 3D solids (Table 

4.1). 

  

4.2.2.2.1.3 Systematic Counting 

 Apart from volume formula and layer counting methods, the teachers 

suggested that students might use the systematic counting method to calculate the 

volume of 3D solids. Three teachers (Mrs. Kaya, Mr. Esen and Mrs. Uzun) 

interpreted the studentsô solution method in question 4 (Figure 4.15) as a systematic 

counting method. As an example, the vignette of Mr. Esen is given below: 

The students who were able to solve the question correctly can see 

everywhere of the cube. S/he was able to concretize [the cube]. S/he can 

count the unit cubes here.  

 

Doĵru ºzen ºĵrenciler bu verilen k¿p¿n her tarafēnē gºrebilir. [K¿p¿] 

Somutlaĸtērabilmiĸtir. Buradaki birim k¿pleri saymēĸ olabilir. 

 

1st layer 

2nd layer 
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Similar to the responses to question 4, the middle school teachers explained 

that students might solve question 5 (Figure 4.16) using a systematic counting 

method. For example, both Mrs. Kaya and Mr. Esen interpreted Erenôs solution as 

systematic counting method and their interpretations are given below. 

Mrs. Kaya: Eren counted cubes in his own way. However, the method 

was correct. He counted the unit cubes correctly. In his opinion, that 6 

cubes, he might have taken 6 + 6 (the side-faces) (Figure 4.20). Then, 

he might have taken 4 + 4 and he might have added 4 at the end [of the 

operation].  

 

K¿pleri kendine gºre saymēĸ. Ama yºntem doĵru. K¿pleri doĵru 

saymēĸ. Kendince ĸu 6 tanesini, 6+6 almēĸ alabilir. Sonra 4+4 almēĸ 

olabilir, [iĸlemin] sonuna  bir 4 eklemiĸ olabilir.  

 

Erenôs Solution: 

6 + 6= 12  

4 + 4= 8 

12 + 8 + 4= 24  

The figure presents the operation 6+6 = 12 

 

 

 

 

 

It presents the operation 4+4 = 8 

 

 

 

 

 

The last 4 unit cubes in the operation 12 + 8 + 4 = 24 

 

 

 

 

 

           Figure 4.20 Mrs. Kayaôs interpretation of Erenôs solution 

6 unit cubes 
6 unit cubes 

4 unit cubes 

4 unit cubes 

4 unit cubes 
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Mr. Esen interpreted Erenôs solution in the following different way. 

6 + 6= 12, he did that correctly. 4. He found there and there (indicating 

the two side-faces) (Figure 4.21), he gave the answer as 12. After that, 

he said 4, 4 (indicating the the front and back faces)  giving  8. After 

that, he said that 4 remained between them. He added 4 and he found 

the result to be 24.  

 

6+6= 12, doĵru yapmēĸ. ķurayla ĸurayē bulmuĸ (yan y¿zler), 12 demiĸ. 

Ondan sonra ĸurasēnē 4,4 demiĸ (ºn ve arka y¿zler), 8. Ondan sonra 

arada 4 kalēyor demiĸ. 4 ¿ de toplamēĸ. 24 ¿ bulmuĸ.  

 

Erenôs Solution: 

6 + 6= 12  

4 + 4= 8 

12 + 8 + 4= 24  

The figure presents the operation 6+6 = 12 

 

 

 

 

 

It presents the operation 4+4 = 8 

 

 

 

 

 

The last 4 unit cubes in the operation 12 + 8 + 4 = 24 

 

 

 

 

 

            Figure 4.21 Mr. Esenôs interpretation of Erenôs solution 

 

6 unit cubes 
6 unit cubes 

4 unit cubes 

4 unit cubes 

4 unit cubes 
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In addition, Mrs. Kaya and Mr. Esen interpreted that Yaĵmurôs solution, 

presented in question 5 (Figure 4.16), was systematic counting method. Mrs. Kayaôs 

interpretation of Yaĵmurôs solution is as follows. 

Yaĵmur counted the cubes, she counted 6, 6 here (indicating the cubes). 

Then she counted 4, 4, 4 (Figure 4.22). She added all of them together . 

This method could be used. It is more regular method.  

 

Yaĵmur k¿pleri saymēĸ. Burada 6, 6 saymēĸ. Sonra 4, 4, 4 saymēĸ. 

Hepsini toplamēĸ. Bu da tercih edilebilir. Daha d¿zenli bir yºntem. 

 

Yaĵmurôs solution: 

6 + 6= 12 

4 + 4 + 4 = 12 

12 + 12= 24 

The figure presents the operation 6 + 6= 12 

 

 

 

 

 

The figure presents the operation 4 + 4 + 4= 12 

 

 

 

 

 

         Figure 4.22 Mr. Kayaôs interpretation of Yaĵmurôs solution 

 The data analysis showed that three teachers (Mrs. Kaya, Mr. Esen and Mrs. 

Uzun) explained that students might calculate the volume of 3D solids using the 

systematic counting method.  

 

4.2.2.2.2 Middle School Teachersô Incorrect or Missing Interpretations of 

Studentsô Correct Solution Methods 

The middle school teachers were able to explain some of the correct solutions; 

however, they were unable to interpret the studentsô correct solution methods for 

6 unit cubes 
6 unit cubes 

4 unit cubes 

4 unit cubes 
4 unit cubes 
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other questions. For example, none of the teachers could understand Elaôs solution 

for question 5 (Figure 4.16). For instance, Mrs. Uzun stated that: 

Now, I did not understand Elaôs solution. Where did she get this 26? I 

did not understand that, namely 26. After that 8 x 2, she found 52 from 

there, subtracted from here, reached the correct result but I did not 

understand where she got that 26. Where did 26 come from? 

 

Ben ĸimdi bu Elaônēn ºz¿m yolunu hi anlamadēm. Bu 26 yē nereden 

bulmuĸ. ķunu anlayamadēm yani 26 yē. Ondan sonrada 8 x 2, ĸuradan 

52 yi bulmuĸ, buradan da ēkarmēĸ, doĵru sonuca ulaĸmēĸ ama ĸu 26 yē 

nereden bulduĵunu anlayamadēm. ķu 26 nereden gelmiĸ. 

 

In addition, Mrs. Akayôs commented: 

The child (Ela) counted the cubes according to her, added, found the 

difference. The result of 4 x 3 x 2, is 24 isnôt it? If this was the correct 

solution, now, here s 4 x 3= 12 (Figure 4.23). If she found the result to 

be 24, it was completely wrong for me. I taught the volume, I said that 

the volume is multiplication of the area of the base and the height. By 

putting the units in appropriate places, by writing necessary formula 

and then by indicating operation and result, finally she must explain the 

operation and the unit. 

 

Bu ocuk (Ela) buradaki k¿pleri kendine gºre saymēĸ, toplamēĸ, 

aralarēndaki farkēnē almēĸ. 4 x 3 x 2, sonu 24 m¿ ēkēyor? Bu doĵru 

ºz¿m olsa bile; ĸimdi burasē 4 x 3= 12. Eĵer sonucunu 24 bulmuĸsa, 

benim iin tamamen yanlēĸtēr. Ben hacmi ºĵretmiĸim, hacmin taban 

alanē x y¿kseklik olduĵunu sºylemiĸimdir. Burada verilen birimleri 

uygun yerine koyarak, form¿l¿yle birlikte  yazēp, ondan sonra iĸlem ve 

sonu deyip, sonuta iĸlem ve birimini aēklamasē gerekir. 

 

 

 

 

 

    Figure 4.23 Mrs. Akayôs interpretation of Elaôs solution  

Similar to Mrs. Akay and Mrs. Uzun, the other two teachers (Mrs. Kaya and 

Mr. Esen) could not understand how Ela found 26. Because they did not understand 

how the number, 26, was achieved, they did not analyze the other operations. In 

addition, the middle school teachers did not understand some of the correct solution 

4 x 3 = 12 unit cubes 
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methods that the studentsô gave for question 6 (Figure 4.17). For instance, Mrs. Uzun 

could not explain Yamanôs solution in question 6, as given below: 

Yaman found the right edge (c). But he divided 40 by 2, here. I could 

not understand what he wanted to do here. I am confused.  

 

Yaman dik kenarē (c) bulmuĸ. Ama burada 40ôē 2ôye bºlm¿ĸ. Burada ne 

yapmak istediĵini anlayamadēm. Burada bir karmaĸa yaĸadēm.  

 

Also Mr. Esen and Mrs. Uzun were not able to explain how Ilgaz calculated the 

volume of triangular prism in question 6.  

 It can be seen that the middle school teachers could interpret studentsô 

correct solution methods if they were familiar with them. However, middle school 

teachers were not successful in explaining some solution methods that the students 

used even if they were correct. That is, in order to comprehend how students think 

while solving the questions, it was essential that middle school teachers know and 

use the solution methods.  

In the next section, the middle school teachersô interpretations of the studentsô 

incorrect solution methods were presented. 

 

4.2.2.2.3 Middle School Teachersô Correct Interpretations of Studentsô    

               Incorrect Solution Methods 

 The middle school teachers were able to explain some of the studentsô 

incorrect solutions regarding the volume of 3D solids. For instance, regarding 

question 3 (Figure 4.24) both Mrs. Kaya and Mrs. Uzun stated that students could 

calculate the surface area of the prism instead of calculating its volume. 

 

 

 

 

 

 

b) What method(s) do Mr. Aslanôs students use to answer this question? 

Figure 4.24 Question 3 

Most of the students in Mr. Aslanôs class made 

the same error in the question ñ Find the volume 

of rectangular prismò They gave the answer 94.  

 

 

Most of the students in Mr. Aslanôs class made 

the same error in the question ñFind the volume 

of rectangular prismò They gave the answer 94.  
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Mrs. Kayaôs vignette related to interpretation of studentsô incorrect solution in 

question 3 is presented below. 

Here, the students could calculate the [surface] area [of the prism]. 

There were 15 unit cubes on the front face, 12 unit cubes on the right 

face and 20 unit cubes on the top face (Figure 4.25). There are 47 unit 

cubes on the three faces and 94 unit cubes in total.  

 

Burada ºĵrenciler [prizmanēn y¿zey] alan hesaplamēĸ olabilirler. 15 

k¿p ºn y¿zde, 12 k¿p saĵ tarafta, 20 k¿p ¿st y¿zde var. 3 y¿zde toplam 

47 k¿p var, toplamda da 94 k¿p var.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

       Figure 4.25 Mrs. Kayaôs interpretation in question 3 

Additional example related to interpretation of the studentsô incorrect solution 

in question 3 was stated by Mrs. Uzun.  

They can do it like this. 4 x 3, 4 x 3, 3 x 5, 3 x 5, 4 x 5, 4 x 5 (Figure 

4.26) and they can add them up. They may make an error in this way. 

What is the result of this operation? Wait a minute. 12 + 12 + 15 + 15 + 

20 + 20 = 94. That is correct. So students found the surface area.  

 

ķºyle yapmēĸ olabilirler. 4 x 3, 4 x 3, 3 x 5, 3 x 5, 4 x 5, 4 x 5 ve hepsini 

toplamēĸ olabilirler. Bu ĸekilde hata yapmēĸ olabilirler. Yani y¿zey 

alanēnē bulmuĸlardēr.  

 

 

 

 

15 unit cubes 

12 unit cubes 

20 unit cubes 
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       Figure 4.26 Mrs. Uzunôs interpretation in question 3 

As shown above Mrs. Akay and Mr. Esen could not interpret the studentsô  

incorrect solution method in question 3.  Furthermore, three middle school teachers 

(Mrs. Akay, Mr. Esen and Mrs. Uzun) interpreted studentsô incorrect solution 

methods in question 4 (Figure 4.15). For instance, Mrs. Akay and Mrs. Uzun stated 

that students could count the number of unit cubes on the visible faces. According to 

these two teachers, if students used the incorrect solution method, they could find the 

answer to be 27. Additionally, Mr. Esen commented that students whose solution 

method was wrong might have calculated the length of visible edges and he 

explained it thus:  

Students might think about the length of the edges. The length of 

visible edges. Nine edges are visible and the length of the edge is 3. 

The total is 27. Students can solve in this way.  

 

Kenar uzunluklarēnē d¿ĸ¿nm¿ĸ olabilirler. Gºr¿nen kenar 

uzunluklarēnē.  9 tane kenar gºr¿n¿yor ve her birinin uzunluĵu 3.  

Toplamda 27.  ¥ĵrenciler bºyle de ºzm¿ĸ olabilirler.  

 

Additional example related to teachersô interpretations of studentsô incorrect 

solution methods concerned question 6 (Figure 4.17). According to Mrs. Kaya, Mrs. 

Akay and Mr. Esen, Asyaôs solution was incorrect. They all explained it in a similar 

way. To exemplify, Mr. Esenôs interpretation is presented below: 

She said 15 x 25, she multiplied the right edge by the hypotenuse. She 

multiplied the right edges of the triangle by the hypotenuse to find the 

area of the triangle. She did not know how the area of triangle can be 

found. She does not know [the area of the triangle is] half of the 

multiplication of the right edges. She did it wrong here. I think that 

Asyaôs solution was wrong.  

 

15x25 demiĸ, dik kenar ile hipoten¿s¿ arpmēĸ. ¦genin alanēnē 

bulurken hipoten¿s ile ¿genin dik kenarēnē arpmēĸ. ¦genin alanēnēn 

nasēl bulunacaĵēnē bilmiyor. [¦genin alanēnēn]Dik kenarlarēn 

3 x 5 (front face) 

4 x 3 (right face) 

4 x 5 (top face) 

 



139 

 

yarēsēnēn arpēmē olduĵunu bilmiyor. Burada yanlēĸ yapmēĸ. Asyaônēn 

ºz¿m¿ yanlēĸ gibi gºr¿yorum.  

 

Additionally, four of the teachers analyzed and interpreted the studentsô 

incorrect solution method for question 7 (Figure 4.18). They determined that Cerenôs 

solution was incorrect. Mrs. Uzunôs vignette is given as an example.  

Now, the edge is 6, she found the area here. She took the height of the 

side-face [of the pyramid]. However, she should take the height of the 

figure instead of the height of the side-face. She knows the volume 

formula correctly but she confused the height. For this reason, her 

solution was wrong.  

 

ķimdi kenarē 6, ĸurada alanēnē bulmuĸ. [Piramitin] Yan y¿z y¿ksekliĵini 

almēĸ. Oysa yan y¿z y¿ksekliĵi yerine cisim y¿ksekliĵini almasē 

gerekiyordu. Hacim form¿l¿n¿ doĵru biliyor fakat y¿ksekliĵi 

karēĸtērmēĸ. Bu nedenle, yanlēĸ ºzm¿ĸ.  

 

In conclusion, middle school teachers were able to explain studentsô incorrect 

solution. Nevertheless, for some solution methods, they could not correctly interpret 

how students solve the question. Middle school teachersô incorrect interpretations are 

presented in the next sub-section. 

 

4.2.2.2.4 Middle School Teachersô Incorrect or Missing Interpretations of  

               Studentsô Incorrect Solution Methods 

Data gathered from VDSQ and the interviews revealed that the middle school 

teachers were not able to explain some of studentsô incorrect solution methods. For 

instance, Mrs. Akay and Mr. Esen could not correctly interpret studentsô solution for 

question 3 (Figure 4.24). Initially, Mrs. Akay stated that students could calculate the 

number of unit cubes on the visible faces and multiply this number by 2. However, 

Mrs. Akay did not take the common unit cubes on adjacent faces into consideration 

while interpreting studentsô solution in question 3. As can be seen in her explanation 

as follows: 

What the volume of the figure, 3 x 4 x 5= 60? How did they find 94? 

They can count the squares. Sometimes, students carry out such 

operations. I applied all techniques that I know and I could not find the 

result. I wonder whether they multiplied the visible lengths. (Thinksé) 

They do like this. There are 5 here, 5,10,15,20,25,30,35 (she counts unit 

cubes on the front and top face). There are 12 cubes here [on the right 
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side] (Figure 4.27). So, there are 47 cubes in total [front, top and right 

side]. They found the number of cubes at the back side and add them 

up. Namely, they found the surface area.  

 

Cismin hacmi neymiĸ, 3 x 5 x 4= 60. 94 ¿ nasēl bulmuĸlar? Kareleri 

saymēĸ olabilirler. Bazen ocuklar ºyle bir iĸlem yapēyorlar.  Bildiĵim 

b¿t¿n teknikleri uyguluyorum ve ben o sonucu bulamēyorum. Acaba 

gºr¿nen uzunluklarē mi arpēyorlar (d¿ĸ¿nd¿é.) ķºyle yaparlar 

bunlar. Burada 5 tane var, 5,10,15,20,25,30,35 (ºn ve ¿st y¿zdekileri 

saydē). Burada 12 tane var (saĵ yan y¿z). Toplamda 47 tane k¿p var. 

Arka taraftaki y¿zleri sayēp toplar. Yani y¿zey alanēnē bulurlar. B¿t¿n 

y¿zleri toplayēp hacim diye sºyleyebilir.  

 

 

 

 

 

 

 

 

 

 

 

       Figure 4.27 Mrs. Akayôs interpretation of question 3 

While thinking how students can find the volume of the prism in question 3 as 

94, Mrs. Akay waited a long time. However, her explanation was not correct since 

she counted common unit cubes twice and three times. Mrs. Akay did not consider 

her solution in this respect. Her aim was to find 94 and her wrong solution method 

provided her to find 94 incidentally. Similar to Mrs. Akay, Mr. Esen had difficulty in 

explaining studentsô solution in which the students determined the volume to be 94 

and could not justify studentsô solution in a correct way. Mr. Esen explanation 

exemplifies this as follows: 

How did they find 94? It was difficult for me to know how they solve it. 

I could not see how they found 94. However, they could have counted 

the edges. Many students carried out operations from the edges to find 

the volume. They tried to find the perimeter. They could have done 

something like that. They may solve it using a visible line segment. 

They could multiply by 2 again. I do not know whether you counted 

5 

10 

15 
20 

25 30 35 

12 unit cubes 
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how many there were. If there were 47, then they might find 94 by 

multiplying by 2.  

 

Nasēl 94 bulmuĸlardēr ? Benim onlarēn nasēl ºzd¿ĵ¿n¿ bilmem zor. 

Nasēl 94 bulduklarēnē gºremiyorum. Ama kenar sayabilirler. Bir s¿r¿ 

ºĵrenci hacmini bulurken kenarēndan iĸlem yapēyorlar. ¢evre bulmaya 

alēĸēyorlar. Bºyle bir ĸey yapmēĸ olabilirler. Gºr¿nen doĵru 

paralarēnēn sayēlarēndan gitmiĸ olabilirler. Tekrar 2 ile arparak 

yapmēĸ olabilirler. Bilmiyorum saydēnēz mē ka tane var burada. 47 ise 

daha sonra 2 ile arparak 94 bulmuĸ olabilirler.  

 

Only Mr. Esen stated that the students might add the length of edges but he did 

not apply his solution method to check whether the result of that solution was 94 and 

in fact the result calculation did not give 94.  

Additionally, Mrs. Uzun was not able to explain Asyaôs solution in question 6 

(Figure 4.17). She stated: 

Why did she multiply 15 and 25? I think that there is a mistake here. 

But I donôt understand what she did.  

 

Niye 15 ile 25ôi arpmēĸ? Burada bir yanlēĸlēk olduĵunu d¿ĸ¿n¿yorum. 

Ama ne yaptēĵēnē anlayamadēm.  

 

All the teachers attempted to explain the studentsô solution methods whether 

they were correct or not. However, the middle school teachers could not make any 

interpretations on some of studentsô solution methods. In fact, they did not make any 

interpretation related to the methods that they had not experienced before.  In 

conclusion, the middle school teachers were able to clarify studentsô methods if they 

were familiar with the methods.  

 

4.2.2.3 Middle School Teachersô Knowledge of the Studentsô Errors and the     

             Sources of These Errors 

In order to achieve a deeper understanding of studentsô errors and the sources 

of these errors related to calculating the volume of 3D solids, the middle school 

teachersô knowledge of the studentsô thinking process and their own experiences as 

learners were investigated systematically. The middle school teachers emphasized 

the various errors that the elementary students could make when they were 

calculating the volume of 3D solids. Here the use of the term óerrorô, I am referring 

to the studentsô (mis)construction of their own knowledge, (mis)understanding of the 
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given terms, concepts, operations and difficulties encountered while solving the 

given problems. Thus, the analysis of the knowledge of the studentsô errors refers to 

the middle school teachersô perception of the mistakes that the students can make 

when they calculate the volume of 3D solids. In addition to the knowledge of the 

errors, possible sources of these errors are also discussed below.  

Based on the analysis of the data obtained from the questionnaire, interviews, 

and classroom observations, the four middle school teachersô knowledge of studentsô 

errors related to the volume of 3D solids is grouped under four main dimensions 

namely; focusing on the faces of 3D solids, over-counting the common unit cubes on 

adjacent faces, conceptual errors, and computational errors. The possible sources of 

these errors are also discussed under these four dimensions. The dimensions are 

based on the available literature, participantsô statements, and my own experiences 

with the data. 

Although focusing on the faces of 3D solids and conceptual errors were 

emphasized by all the participating teachers, only 2 of them (Mrs. Kaya and Mrs. 

Akay) stressed that over-counting the common unit cubes on adjacent faces were 

among studentsô errors. Furthermore, computational errors were another error that 

three participants (Mrs. Kaya, Mrs. Akay and Mr. Esen) interpreted as one of the 

errors that the students make. Table 4.3 gives a summary the elementary studentsô 

errors given by the middle school teachers. 

Table 4.3 The elementary studentsô errors that middle school teachers stated  

 Mrs. Kaya Mrs. Akay Mr. Esen Mrs. Uzun 

Focusing on the faces of 3D 

Solids 
x x x x 

Over-counting the common 

unit cubes on adjacent faces  
x x   

Conceptual errors 

 
x x x x 

Computational errors 

 
 x   

 

4.2.2.3.1 Focusing on the Faces of 3D Solids 

All the middle school teachers stated that focusing on faces of the 3D solid as 

one of the common studentsô errors related to calculating the volume of 3D solids. In 

light of teachersô statements and available literature, this error can be defined as 
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considering all or a subset of the visible faces of 3D solid when calculating its 

volume. Thus, according to four middle school teachersô knowledge the elementary 

students who made this error might think that 3D solid is formed by its faces and do 

not concentrate on inside of the given solid. Based on the analysis, the teachers 

specified this error in relation to a rectangular prism (Questions 1, 2, 3, and 4). For 

instance, in relation to question 1, Mrs. Kaya said:  

What the students can do when calculating the volume of this prism? 

They can count faces that they can see. Namely, they consider this face 

[front], right face and top face (Figure 4.28).  

 

Bu prizmanēn hacmini hesaplarken ºĵrenciler ne yapabilir?Kendi 

gºrd¿ĵ¿ y¿zeyleri sayabilirler. Yani, ĸu y¿zeyi (ºn), saĵ y¿zeyi ve sol 

y¿zeyi d¿ĸ¿n¿rler. 

 

Additionally, Mr. Esen described the same error for the rectangular prism,  as 

follows: 

Students only counted the visible faces, in other words, they counted 

the 3 faces which are visible. They may not see the others. This often 

happens but many students do see all the faces (Figure 4.28). 

 

Gºrd¿kleri dēĸ y¿zeyleri sayarlar yani gºr¿nen 3 y¿z¿ sayarlar. 

Diĵerini gºrmeyebilirler. Genelde bºyle olur ama gºren ºĵrencilerimiz 

ok. 

 

 

 

 

 

 

 

 

Figure 4.28 Mrs. Kaya and Mr. Esenôs interpretations regarding studentsô error in                                                              

                     question 1 

 

Besides, Mrs. Akay and Mrs. Uzun identified focusing on the faces of a 3D 

solid as the error in question 4. The comments from these two teachers are presented 

below.   

Mrs. Akay: Students can count these [visible] faces (Figure 4.29). 

Namely, these 3 faces [by showing visible faces in the figure]. They did 

There are 12 unit cubes 

on the front face (4x3) 

There are 12 unit cubes 

on the right face (4x3) 

There are 16 unit cubes 

on the top face (4x4) 
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not see backside of the prism. They can say 27 by counting these 

squares.  

 

¥ĵrenciler ĸuradaki[gºr¿nen] y¿zeyleri sayabilirler. Yani ĸu 3 y¿z¿ 

[gºr¿nen y¿zleri gºstererek]. Arka tarafē gºrm¿yor. ķu kareleri sayēp 

iĸte 27 tane diyebilirler. 

 

In addition, Mrs. Uzun reflected that: 

Students can count the outer unit cubes. In other words, they can count 

the unit cubes on the visible 3 faces (Figure 4.29).   

 

Dēĸ taraftaki k¿pleri sayabilirler. Yani gºr¿nen 3 y¿zdeki k¿pleri 

sayabilirler. 

 

In order to clarify the studentsô error in the question 4, the figure, interpreted 

by Mrs. Akay and Mrs. Uzun, is presented below: 

 

 

 

 

 

 

Figure 4.29 Mrs. Akay and Mrs. Uzunôs interpretations regarding the studentsô error                     

                     in question 4 

 

In the given examples, all the teachers stated that students might focus on three 

visible faces of 3D solid. In other words, students might count the number of unit 

cubes on the visible faces. Moreover, Mrs. Uzun specified that students might focus 

on only one outer face or all outer faces of the 3D solid. Her idea is related to 

focusing on only one outer face is stated in the below vignette:  

They looked at outer face directly. What they did immediately, they 

multiply 4 by 3 [length and height of the rectangular prism], and said 

that this was its volume.  

 

Bunlar direk dēĸ y¿z¿ne bakēyorlar. Hemen ne yapēyorlar, 4 ile 3 ¿ 

arpēyorlar [Dikdºrtgenler prizmasēnēn uzunluĵu ve geniĸliĵi] ve hacmi 

budur diyorlar.  

 

There are 9 unit cubes 

on the front face (3x3) 

There are 9 unit cubes 

on the right face (3x3) 

There are 9 unit cubes 

on the top face (3x3) 
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In the next example from Mrs. Uzun is related to focusing on all the outer faces 

of the 3D solid is presented below. 

Students can sum up the [number of] unit cubes on all the outer faces. 

They did not see the inside cubes (Figure 4.30). 

 

¥ĵrenciler dēĸ y¿zlerdeki birim k¿pleri [sayēsēnē] toplarlar. Ierdekileri 

gºrmezler. 

 

 

 

 

 

 

 

 

 Figure 4.30 Mrs. Uzunôs interpretations regarding the studentsô error in       

                    question 3   

     

In terms of the possible sources of the errors related to focusing on the faces of 

the 3D solids, the participating teachers specified different sources. These sources are 

summarized in Table 4.4. 

Table 4.4 The sources of the error; focusing on the faces of 3D solids  

 Mrs. Kaya Mrs. Akay  Mr. Esen Mrs. Uzun 

Not being able to think 

of solids as three-

dimensional 

 x  x 

Not being able to 

comprehend the structure 

of 3D solids 

   x 

Not being able to 

concretize 3D solids 

  x  

Studentsô carelessness x    

 

Initially, Mrs. Akay and Mrs. Uzun stated that the reason for focusing on the 

faces when calculating the volume of 3D solids might be that they are not able to 

think of solids as three-dimensional. As an example, Mrs. Akay explained: 

Students could not imagine a 3D solid. They focused only on what they 

see. I think that all their problems emanated from this.  

 

There are 15 unit cubes 

(3x5)(front and back face) 

There are 12 unit cubes 

(3x4)(right and left face) 

There are 20 unit cubes 

(4x5) (top and bottom face) 
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3 boyutlu bir cisim hayal edemiyor. Sadece gºrd¿klerine 

odaklanēyorlar. B¿t¿n sorun sanēyorum bundan kaynaklanēyor. 

 

Similarly, while clarifying why the students made this error, Mrs. Uzun 

commented that the students did not think of the rectangular prism as three-

dimensional. Moreover, Mrs. Uzun gave another possible source of the error in terms 

of focusing on the faces of a 3D solid, might be that the students are not being able to 

comprehend the structure of a 3D solid.   The related vignette is given below: 

Students do not see the back side of the rectangular prism. They only 

calculate [the unit cubes] on the visible faces. In my opinion, they do 

not know the shape of a prism For example, that, it has 6 faces. For this 

reason, they only calculate 3 faces.  

 

¥ĵrenciler arka tarafē gºrm¿yorlar. Prizmanēn sadece ºn y¿z¿ndekileri 

[birim k¿pleri] hesaplēyorlar. Bence onlar prizmayē tanēmēyorlar. 

Mesela 6 y¿z¿ olduĵunu. O y¿zden sadece 3 y¿z¿ hesaplēyorlar.  

 

Mr. Esen identified another source of the error. He considered that elementary 

students may not be able to concretize a 3D solid since they do not see this shape in 

their daily life. He explained: 

They encounter an object which they have not seen so far in their lives. 

Namely, students did not concrete prism and they did not envisage. It is 

normal. 

 

Bug¿ne kadar gºrd¿kleri objelerle tam karĸēlaĸmadēklarēndan dolayē. 

Yani ºĵrenciler prizmalarē somutlaĸtēramēyor ve gºzlerinin ºn¿ne 

getiremiyorlar. Bu da normal. 

 

In addition to the sources of errors given above, Mrs. Kaya stated that another 

source of the errors were that studentsô carelessness in calculating the volume of 3D 

solids.  

 In conclusion, focusing on the faces of 3D solids was one of the errors that 

the four teachers commented on in relation to the studentsô attempts to calculate the 

volume of 3D solid. According to the teachers, students who made this error focused 

on counting the number of unit cubes on the faces and they ignored the unit cubes 

inside the 3D solid. 
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4.2.2.3.2 Over-Counting the Common Unit Cubes on the Adjacent Faces 

As it was stated, based middle school teachersô knowledge, another error 

related to calculating the volume of 3D solids was over-counting the common unit 

cubes on the adjacent faces. With respect to teachersô statements and accessible 

literature, students might not realize that some unit cubes belong to more than one 

face of 3D solid, which is formed by unit cubes.  

According to the analysis of the data, two teachers (Mrs. Kaya and Mrs. Akay) 

referred to this error. Both these teachers explained that elementary students might 

count common unit cubes on the adjacent faces more than once. For instance, Mrs. 

Akay connected this error to the student response to question 3: 

The students might not realize that the unit cubes here [upper column 

on the front layer] can have common unit cubes with the unit cubes 

there [upper column on the right layer] (indicated in the Figure 4.31 

with grey color).  

 

¥ĵrenciler buradaki k¿plerle [ºn katmandaki ¿st sēra] ĸuradaki 

k¿plerin [saĵ katmandaki ¿st sēra] ortak k¿pe sahip olabileceĵini 

farketmiyorlar. 

 

 

 

 

 

 

 

       Figure 4.31 Mrs. Akayôs interpretations regarding the error in question 3 

When the data was analyzed to reveal the possible sources of the error of over-

counting the common unit cubes on the adjacent faces, two different sources were 

identified by Mrs. Kaya and Mrs. Akay.  Table 4.5 summarizes the sources of this 

error. 

Table 4.5 The sources of the error; over-counting the common unit cubes on the      

                adjacent faces 

 Mrs. Kaya Mrs. Akay  Mr. Esen Mrs. Uzun 

Studentsô carelessness x x   

Not thinking deeply 

about the concepts 

x x   

Common unit cube that 

students do not realize 
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Both teachers stated that the reasons for the over-counting could be studentsô 

carelessness and not thinking deeply about the concepts. Pertaining to these sources, 

Mrs. Akay stated: 

Most of the students focused only on obtaining an answer and did not 

examine the figure. They counted unit cubes without considering the 

common unit cubes on the adjacent faces.  

 

¥ĵrencilerin oĵu sadece cevabē bulmaya odaklanēyorlar ve ĸekli 

incelemezler. Yan yana olan y¿zlerdeki ortak k¿pleri d¿ĸ¿nmeden birim 

k¿pleri sayarlar.  

 

As a result, one of the errors made by students when calculating the volume of 

3D solid was over-counting the common unit cubes on the adjacent faces. According 

to the teachers, students were not sufficiently careful and did not think deeply about 

concepts such as unit cubes and faces when calculating the volume of a 3D solid. 

 

4.2.2.3.3 Conceptual Errors 

As presented in Table 4.3, all the participating teachers agreed that one of the 

main errors was conceptual errors. In this study, this error was defined as studentsô 

misunderstanding or confusing the meanings of the concepts. According to the 

teachers, it emanated from not knowing the meaning of concepts such as the volume 

of 3D solids, the surface area or the perimeter of 2D figures, the height of the prism, 

or the height of the side-face of the prism. Table 4.6 presents a summary of the types 

of conceptual errors.  

Table 4.6 The types of conceptual errors 

 Mrs. Kaya Mrs. Akay  Mr. Esen Mrs. Uzun 

Confusing the surface area 

and volume 
x   x 

Confusing the perimeter and 

volume 
  x  

Confusing the height of 3D 

solids  and the height of 

side-face 

x x x x 

Not being able to calculate 

the area of the triangle 
x x x  

Not being able to apply 

Pythagorean Theorem 
 x   
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Mrs. Kaya and Mrs. Uzun stated that students might not be able to discriminate 

the meaning of the surface area and volume. For this reason, students can calculate 

the surface area of the 3D solid instead of calculating its volume. This is illustrated 

by Mrs. Kayaôs explanation below. 

Students might find the surface area. They might find the surface area 

of the solid. They might confuse the surface area of the solid and the 

volume of the solids. 

 

Alan bulabilirler. Cismin alanēnē bulabilirler. Alanla hacmi 

karēĸtērabilirler. 

 

In the interview, Mrs. Uzun provided similar explanations related to this error. 

However, both teachers seemed not to be aware of it during their lessons since the 

analysis of the data gathered from the classroom observations showed that their 

students had made the same error in their lessons. As an example, an extract taken 

from the observation of Mrs. Uzunôs class in which she asked the students the 

following question.  

 

 

 

 

 

 

 

Solution of one of Mrs. Uzunôs studentsô is given below: 

 

 

 

 

 

 

 

As it can be seen in this vignette, student solved the given question by 

calculating the surface area which reveals that the student confused the surface area 

Question:  

 

   

 

 

      
 3 cm 

 
3 cm 

 

What is the volume of square prism 

presented in the figure? 

V= 2. 9 + 4. 12 

V= 18 + 48 

V= 66 
3x4= 12 

3x3=9 

 

3 cm 

3 cm 

4 cm 

3 cm 

4 cm 
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and volume of the 3D solid. The teachersô knowledge regarding confusing the 

surface area and volume of a 3D solid is evidence that the students did have error in 

calculating the volume of 3D solid.  

All teachers identified the possible sources of studentsô conceptual errors. The 

sources are presented in Table 4.7. 

Table 4.7 The sources of the conceptual errors 

 Mrs. Kaya Mrs. Akay  Mr. Esen Mrs. Uzun 

Not being able to think of 

solids as three-dimensional 

   x 

Not being able to concretize 

3D solids 

  x  

Lack of conceptual 

knowledge 

x x x x 

Studentsô carelessness x x x  

Not thinking deeply about 

the concepts 

x x x  

 

Mrs. Kaya and Mrs. Uzun stated the possible sources of confusing the surface 

area and volume of 3D solid in a different way. According to Mrs. Kaya, the source 

of this error might emanate from a lack of conceptual knowledge as she explained: 

The students do not know the concepts. Namely, they do not know what 

the volume is or area is. Therefore, they are confused as to when to 

calculate the volume and when to calculate the area. Students have a 

lack of conceptual knowledge. 

 

¥ĵrenciler kavramlarē bilmiyorlar. Yani hacim nedir, alan nedir 

bilmiyorlar. Bu y¿zden ne zaman hacim hesaplayacaklarēnē, ne zaman 

alan hesaplayacaklarēnē karēĸtērēyorlar. ¥ĵrencilerde kavram eksikliĵi 

var.  

 

Mrs. Uzun considered that students might not think of solids as three-

dimensional. In fact, according to Mrs. Uzun, students think 3D solids are two-

dimensional. For this reason, students confuse the area and volume concepts. 

Furthermore, Mr. Esen specified that the elementary students might confuse the 

perimeter and volume concepts. He explained:  

Students might add the length of the edges of the rectangular prism 

while calculating its volume. That is, students may calculate the 

perimeter of 3D solids. 
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¥ĵrenciler, prizmanēn hacmini hesaplarken kenar uzunluklarēnē 

toplayabilirler. Yani, prizmanēn evresini hesaplayabilirler.  

 

As it was stated in Table 4.7, Mr. Esen clarified the reason for making this error as 

follows:  

I think it is because they are not able to concretize. They could not 

mentally imagine 3D solids.  

 

Bana gºre somutlaĸtērēlmadēĵēndan dolayēdēr. Kafalarēnda 3 boyutlu 

cisimleri canlandēramēyorlar.  

 

Additionally, according to all the participating teachers, students might confuse 

the height of the pyramid and height of the side-face of the pyramid while calculating 

volume of the prism in question 7 (Figure 4.32). 

 

 

 

 

   b) For those students who gave the wrong answer, describe the errors that they   

        made. 

Cerenôs Solution: 

V= 
3

5.6.6
 

V= 60
3

180
= cm

3
 

Cemreôs Solution: 

a
2
 = b

2 
+ c

2 

5
2
 = 3

2 
+ c

2 

25 = 9
 
+ c

2 

16 = c
2 

c= 4 

 

V= 
3

4.6.6
 

V= 48
3

144
= cm

3
 

 

Figure 4.32 Question 7  

Mrs. Kaya explained her idea pertaining to question 7 in the following way: 

Cerenôs solution was wrong because she did not understand which was 

the height of the pyramid and which was the height of the side-face of 

the pyramid. She confused them. She took both of them to be the same 

height. However, 5 was not the height of the given prism, it was the 

height of the side-face of the prism.  

 

The base length of the square prism model is 6 cm 

and the length of side-face height is 5 cm. Ceren and 

Cemre who calculated the volume of this model 

solved the question in different ways.    
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Cerenôin ºz¿m¿ yanlēĸ olmuĸ. ¢¿nk¿ yan y¿z y¿ksekliĵi ile cisim 

y¿ksekliĵini anlamamēĸ. Karēĸtērmēĸ. Aynē y¿kseklik olarak almēĸ. 

Halbuki 5 deĵil bizim cisim y¿ksekliĵimiz, yan y¿z y¿ksekliĵimiz. 

 

Mrs. Uzunôs vignette given below is a further example of this error. 

Ceren took the height of the side-face of the pyramid here. Whereas, 

she should have taken the height of the pyramid not the height of the 

side-face of the pyramid.  

 

Ceren burada yan y¿z y¿ksekliĵini almēĸ. Oysa yan y¿z y¿ksekliĵi deĵil 

de cisim y¿ksekliĵini almasē gerekiyordu.  

 

In a similar way, Mrs. Akay and Mr. Esen explained that elementary students 

might not be able to differentiate between the height of the pyramid and height of the 

side-face of the pyramid. 

This error, confusing the height of pyramid and height of side-face of the 

pyramid, was observed in Mrs. Akayôs lesson. The following excerpt is an example 

from Mrs. Akayôs lesson.  

 (Mrs. Akay wrote the question below) 

  

 

 

 

 

 

Before solving the question, the students discussed how they could solve it. 

One of the students said that the height of the pyramid was 5. Then, Mrs. Akay 

provided the following explanation: 

It is not 5. It is the height of the side-face [of the pyramid]. You should 

calculate the height of the pyramid before calculating its volume. 

 

5 deĵil. O, [piramidin] yan y¿z y¿ksekliĵi. Hacmi hesaplamadan ºnce 

piramidin y¿ksekliĵini hesaplamalēsēn.  

 

According to all the participating teachers, the reason for confusing the height 

of the pyramid and height of the the side-face of the pyramid was studentsô lack of 

conceptual knowledge (Table 4.7). Thus, Mr.Esen explained: 

 
 

 

 

Calculate the volume of square pyramid located 

on the left side? 

 

a= 3 cm 

5 cm 
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Ceren did not comprehend the height of the pyramid and height of the 

side-face [of the pyramid]. She confused these concepts.  

 

Ceren cisim y¿ksekliĵi ile yan y¿z y¿ksekliĵini anlamamēĸ. Bu 

kavramlarē karēĸtērmēĸ.   

 

Similarly, Mrs. Akay interpreted the source of the error in question 7 as: 

Because of saying height, this height misdirected them. It means that 

the students did not study in detail. They were unaware of the height of 

the prism.  

 

Y¿kseklik dediĵi iin bu y¿kseklik onlarē yanēltēyor. Detaylē 

alēĸmēyorlar demek ki. Cismin y¿ksekliĵinden haberleri yok.  

 

In addition, based on the analysis of the data, three participants (Mrs. Kaya, 

Mrs. Akay and Mr. Esen) identified another error which was related to the 

conceptual error. These teachers thought that the students might not know how to 

calculate the area of triangle. For this reason, they specified that the elementary 

students might not calculate the base area, which resulted in calculating the volume 

of triangular prism incorrectly. Mr. Esen explained this by stating that:  

The students who used volume formula might not be able to find the 

base of the prism. They might ask how to calculate the the base area. 

 

Hacim form¿l¿ kullananlar taban alanēnē yanlēĸ bulabilirler. Taban 

alanēnē nasēl bulayēm diyebilir. 

 

Lastly, Mrs. Akay commented that students might not apply the Pythagorean 

Theorem, which was denoted as a conceptual error. She identified this error in 

relation to question 6 (Figure 4.17) as follows: 

Asya could not identify the hypotenuse and the right edges. She did not 

know how to calculate the area of this triangle. In general, students 

write a
2
 = b

2 
+ c

2
 as the Pythagorean Theorem. However, because they 

do not know what a
2
, b

2 
and c

2 
are, they cannot apply the theorem. For 

this reason, Asya multiplied 15 by 25 when calculating the area of the 

triangle and she was wrong.  

 

Asya hipoten¿s¿n ve dik kenarēn ne olduĵunu bilmiyor. Bu ¿genin 

alanēnē bilmiyor. Genellikle, Pisagor Teoremi deyince ºĵrenciler a
2
 = 

b
2 

+ c
2
 yazarlar. Ama a

2
 ónin, b

2 
ónin ve c

2
 ónin ne olduĵunu 

bilmedikleri iin, teoremi uygulayamazlar. Bu y¿zden, ¿genin alanēnē 

bulurken Asya 15 ile 25ôi arpmēĸ ve yanlēĸ yapmēĸ.  
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According to the middle school teachers, the reasons for studentsô errors, in 

terms of not being able to calculate the area of the triangle and not being able to 

apply the Pythagorean Theorem, were studentsô carelessness and not thinking deeply 

about the concepts (Table 4.7). 

To summarize, the participating teachers stated that students might confuse the 

concepts when calculating the volume of 3D solid. According to the teachers, this 

error emanated from not knowing the meaning of concepts such as the volume of 3D 

solids, the surface area or the perimeter of 2D figures, the height of the prism, the 

height of side-face of the prism, the area of the triangle and the Pythagorean 

Theorem. The teachersô considered that the sources of studentsô conceptual errors 

might be lack of conceptual knowledge, not being able to concretize 3D solids, not 

being able to think of solids as three-dimensional, studentsô carelessness and not 

thinking deeply about the concepts. 

 

4.2.2.3.4 Computational Errors  

In this study, middle school teachers stated that computational errors were 

another error that elementary students held. The errors in calculating the volume of 

3D solid could be defined as a mistake made when undertaking the calculation. Thus, 

this error can be regarded as multiplication error. Analysis revealed that only one 

middle school teacher (Mrs. Akay) commented this error in this way: 

If the students consider multiplying the height, the length and the width 

of the prism [to find the volume of the prism], many of them do not 

know the multiplication table. They can make a mistake while 

multiplying the numbers.  

 

Eĵer [prizmanēn hacmini bulmak iin] prizmanēn eni, boyu ve 

y¿ksekliĵini arpmayē d¿ĸ¿n¿yorlarsa bir oĵu arpēm tablosunu 

bilmiyor, sayēlarē arparken hata yapabilirler. 

 

From the analysis of the data, it was found that one teacher (Mrs. Akay) 

focused on the studentsô multiplication error when they were calculating the volume 

of 3D solid. She considered that, students can make mistakes when doing the 

calculations and the source of this error was studentsô carelessness (Table 4.8). 
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Table 4.8 The sources of the computational errors 

 Mrs. Kaya Mrs. Akay  Mr. Esen Mrs. Uzun 

Studentsô carelessness  x   

  

In brief, the middle school teachers categorized the errors under four 

dimensions; focusing on the faces of a 3D solid, over-counting the common unit 

cubes on the adjacent faces, conceptual errors, and computational errors. The main 

sources of the error in focusing on the faces of a 3D solid are;  not being able to think 

of solids as three-dimensional, not being able to comprehend the structure of 3D 

solids, not being able to concretize 3D solids and  carelessness   Some middle 

schoolteachers also stated that studentsô carelessness and not thinking deeply about 

the concepts were the sources of over-counting the common unit cubes on the 

adjacent faces. On the other hand, the middle school teachers believed that a lack of 

conceptual knowledge, not being able to think about solids as three-dimensional, not 

being able to concretize 3D solids led the elementary students to make mistakes 

based on conceptual errors. In addition, studentsô carelessness was considered to be 

the main source for their computational errors. 

 

4.2.2.4 Middle School Teachersô Knowledge of the Strategies to Overcome    

            Elementary Studentsô Errors  

In this section, strategies used by middle school teachers to overcome the 

errors made by the elementary students when calculating the volume of 3D solid 

were investigated. The middle school teachers suggested various strategies that they 

could use to eliminate the errors made by the elementary students when calculating 

the volume of 3D solid. Using the term strategies, I am referring to the approaches, 

methodologies that the middle school teachers used in their lessons or planned to use 

when their students make these errors. The four middle school teachers stated two 

strategies to deal with elementary studentsô errors in relation to calculation of the 

volume of 3D solids. The strategies to overcome each error are presented in Table 

4.9. 
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Table 4.9 The strategies to overcome studentsô errors 

 Using manipulative Re-explaining the 

misunderstood part of the 

topic 

Focusing on the faces of 3D 

Solids 
x  

Over-counting the common 

unit cubes on adjacent faces  
x  

Conceptual errors 

 
x x 

Computational errors 

 
 x 

 

The first one was using manipulative which was proposed by all the teachers to 

eliminate the error, focusing on the volume of 3D solids. For example Mrs. Kaya 

said: 

We can ask them to create 3D solids from the unit cubes. We can count 

the unit cubes one by one. Moreover, we can calculate the volume [of 

it]. We see that both are the same. Yes, we can say that the volume 

refers to the number of unit cubes or the number of unit cubes refers to 

the volume, namely we can make two-way connection using an if-and-

only clause.  

 

Birim k¿plerden cisimler yaptērabiliriz. K¿pleri tek tek sayarēz. Ayrēca 

hacmini hesaplarēz. Ikisinin aynē olduĵunu gºr¿r¿z . Evet, hacmin 

gerekten k¿p sayēsē verdiĵini sºyleyebiliriz veya k¿p sayēsēnēn hacmi 

verdiĵini de yani ikisini de ancak ve ancak ĸeklinde ift taraflē baĵlantē 

kurabiliriz. 

 

According to Mrs. Kaya and Mrs. Akay, the students might over-counting the 

common unit cubes on the adjacent faces of the 3D solid. Mrs. Kaya and Mrs. Akay 

stated that students might recognize the common unit cubes with the help of 

manipulative. Pertaining to this, Mrs. Akay stated: 

Many students do not recognize the common unit cubes on two or three 

adjacent faces when counting the unit cubes. They can count these unit 

cubes more than once. I might give them a prism formed by unit cubes 

to examine. By asking questions regarding the common unit cubes, 

students may notice that a unit cube belongs to more than one face but 

that unit cube is only one in the prism.  

 

Birok ºĵrenci birim k¿pleri sayarken 2 veya 3 y¿zdeki ortak k¿pleri 

farketmiyor. Bu k¿pleri birden fazla sayabiliyorlar. ¥ĵrencilere birim 

k¿plerden oluĸmuĸ prizma verip cismi incelemelerini isterim. 

¥ĵrencilere ortak k¿plerle ilgili sorular sorarak, ºĵrenciler bir k¿p¿n 

Strategy 

Studentsô Errors 
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birden fazla y¿ze ait olduĵunu fakat o k¿pten sadece bir tane olduĵunu 

farkedebilirler. 

 

Additionally, Mrs. Kaya, Mr. Esen and Mrs. Uzun stated that teachers might 

use manipulative to eliminate the studentsô conceptual errors which were confusing 

the volume and area, and confusing the volume and perimeter. As Mrs. Kaya 

explained: 

If we use visual material, for instance we can cover the surface with 

wrapper, then we can try to find the area of the wrapper because the 

area is covering, in fact, the surface area. After finding the surface area 

visually, the student will obtain the answer 94. We can create a figure, 

fill the inside with the water. We can say that the surface area is the 

amount of wrapper to be used to cover the visual material and the 

volume is the amount of water that fill the figure. In this way, we can 

distinguish between two concepts.  

 

Gºrsel materyaller kullanērsak, mesela cismi bir cilt ile kaplayabiliriz. 

O cildin alanēnē bulmaya alēĸērēz. ¢¿nk¿ alan bir kaplamadēr, aslēnda, 

y¿zey alanē. O y¿zey alanēnē bulduktan sonra gºrsel olarak 94 e 

ulaĸacak. ¥yle bir cisim yaparēz ki, iini suyla doldururuz. Alanēn 

kullanēlan cildin mikltarē, hacmin de cismi dolduran suyun miktarē 

olduĵunu sºyleriz Bºylece, ikisinin farklē ĸeyler olduĵu kavramēnē ayērt 

edebiliriz.  

 

Mrs. Uzun explained that constructing and visualizing the solid using 

manipulative might be helpful for students to eliminate their conceptual errors and 

Mrs. Uzunôs explanation regarding this error is given below. Specifically, the 

example is related to confusing the area and volume, which is one of the dimensions 

of the conceptual error.  

I corrected [the error] using the intelligence cube or by putting their 

books one on the top of the other. Letôs measure the volume of a book. 

How many books are there? In that case, what is the volume [of whole 

shape]? Letôs find the area [of whole shape]. Are they same? I try to 

eliminate [the error] by asking these kind of questions. 

 

Zeka k¿p¿n¿ kullanarak d¿zeltirim veya kitaplarēnē ¿st ¿ste koyarak. 

Hadi ĸu kitabēmēzēn hacmini ºlelim. Ka tane kitap var? Bu durumda, 

[b¿t¿n ĸeklin] hacmi ka? Alanēnē bulalēm. Bunlar aynē mē? Sorular 

sorarak gidermeye alēĸērēm.  

 

Furthermore, Mr. Esen, Mrs. Kaya and Mrs. Uzun proposed to use 

manipulative to eliminate studentsô conceptual error in question 7. As indicated, the 
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error in this question was confusing the height of the triangular prism and the height 

of the side-face. The related vignette of Mr. Esen is given below. 

If there is a pyramid that is able to open and close, then the students can 

physically perceive it, then we can say that this is the height of the 

triangle, which is at the outside. We can explain that the students can 

find the area in this way but to find its volume, the height of the 

pyramid should be measured.  

 

Eĵer aēlēp kapanan bir piramit olabilseydi ve ellerine somut olarak 

verebilsek bu dēĸtaki ¿genlerin y¿ksekliĵi deriz. Bununla alanlarēnē 

bulabilirsiniz ama hacmini bulmak iin kendi y¿ksekliĵinin olmasē 

gerekir diye anlatērēz. 

 

Mrs. Kaya and Mrs. Uzun stated that teachers could use the transparent 

pyramid model given below, to deal with studentsô conceptual error in which they  

confuse the height of the triangular prism with the height of the side-face. 

 

 

 

 

 

 

 

 From the knowledge of the participating teachers, the second strategy to 

eliminate studentsô errors in calculating the volume of 3D solids was, presented in 

Table 4.9, re-explaining the misunderstood part of the topic. For instance, Mrs. 

Akay, Mr. Esen and Mrs. Uzun specified that the studentsô conceptual error, not 

being able to distinguish the height of 3D solids from the height of the side-face, 

might be eliminated by re-explaining the topic. In this manner, the teachers stated 

that the teacher might explain the difference between the height of 3D solids from 

height of side-face.  

In addition, all teachers specified that studentsô computational errors could be 

eliminated by explaining the topic again and presenting many more examples related 

to the topic. Moreover, they stated that conceptual errors, not being able to apply 

Pythagorean Theorem and not being able to calculate the area of a triangle, could be 

eliminated by re-explaining the topic and solving many examples. 

 

height of the pyramid 

 height of side-face of 

the pyramid 
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This section presented the middle school teachersô knowledge of their learners 

in terms of elementary studentsô preferences among solution methods, their 

interpretations of studentsô alternative solution methods, and errors held by the 

elementary students and their possible sources when calculating the volume of 3D 

solids were given. In addition, middle school teachersô knowledge on the strategies 

to overcome the errors was explained. In the next section of the result chapter, 

teachersô knowledge of curriculum will be presented and discussed. 

 

4.2.3 Middle School Teachersô Knowledge of Curriculum 

From the analysis of the data, another dimension of the middle school 

teachersô PCK was determined; this was their knowledge of curriculum. In relation to 

this dimension two major categories were formed from the data gathered through the 

questionnaire, classroom observation and interviews. The four middle school 

teachersô knowledge of curriculum on the volume of 3D solids is discussed in terms 

of the connections with other topics and changing the order of the topics. 

 

4.2.3.1 Connection with Other Topics 

In the current study, the connection with the other topics refers to connecting 

the topic to the other mathematics areas and topics taught in other courses (e.g. 

science) taught in previous years, the same year and to be taught in later years. 

Making the connections between topics is used to help students remember topics 

learned, relate new topics and previous ones and to encourage them to review the 

previous topic. The connection with the other topics is undertaken by referring to the 

previous topic, asking questions that help students to understand the relationship, and 

reminding them about what they have already learnt it. 

From the analysis of the data from the interview, three teachers (Mrs. Kaya, 

Mrs. Akay and Mrs. Uzun) stated that they connected the volume of 3D solids to the 

topics taught in previous years (the area of the polygons).  Mrs. Kaya stated: 

It is necessary to know how to calculate the area of a polygon to apply 

the volume of prism. In fact, to find the area of base [of the prism], it is 

necessary to know how to calculate the area of a polygon. 

 

Prizmanēn hacmi iin taban alanēnē bilmek gerekiyor. Taban alanēnē 

bulmak iin okgenlerin alanēnē bilmek gerekiyor. 
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Pertaining to the volume of the pyramid, Mrs. Kaya, Mrs. Akay and Mrs. Uzun  

said that they made links to the topic that had been taught in previous years and also  

taught at the same year. Mrs. Akay gave this example: 

 

When I am teaching the volume of the pyramid, I connect it with the 

volume of a prism and the area of a polygon. Since the volume of a 

pyramid is one third of the volume of a prism. For this reason, students 

should know how the volume of a prism is calculated to find the 

volume of a pyramid.  

 

Piramitin hacmini anlatērken prizmanēn hacmi ve okgenlerin alanē ile 

iliĸkilendiriyorum. ¢¿nk¿ piramitin hacmi, prizmanēn hacminin 1/3 ó¿. 

Bu y¿zden, piramitin hacmini hesaplamak iin, ºĵrenciler prizmanēn 

hacmini bilmemeliler.  

 

Thus it can be seen that the topic; the area of a polygon, had been taught in the 

previous year and the volume of a prism had been taught at the same year. However, 

Mr. Esen said that he did not connect the volume of 3D solids to the topics taught in 

previous years, the same year and to be taught in later years. During the interview, 

Mr. Esen commented: 

I had not connected this topic with the other topics until today. With 

which topics do I connect? Of course, all the topics is related to each 

other. Multiplying the numbers is related to the volume, as well. But I 

do not link [the volume] with any topic in particular. 

 

Bug¿ne kadar bu konuyu baĸka konularla iliĸkilendirmedim. Hangi 

konu ile iliĸkilendirebilirim ki? Tabiki mutlaka her konu birbiriyle iliĸki 

iinde. Sayēlarēn arpēlmasē bile hacimle iliĸkilidir. Ama ºzel olarak 

[hacim konusunu] bir konuyla iliĸkilendirmiyorum.  

 

Contrary to his explanation in the interview, Mr. Esen did make links to the 

volume of a pyramid with the volume of a prism like the other teachers in his 

lessons. In other words, when teaching the volume of the pyramid, in their lessons all 

the teachers reminded the students about how to calculate the volume of a prism. 

From the observation of Mrs. Uzunôs class this dialogue was recorded: 

Mrs. Uzun: How can you calculate the volume of this prism? (showed a 

triangular prism)  

Student-1 (Std): By multiplying the area of the triangle and the height 

of the prism.  
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Mrs. Uzun: Okay. What about the volume of this? (showed a triangular 

pyramid) 

Std-2: By multiplying the area of the triangle and the height of the 

pyramid.  

Mrs. Uzun: You said that the volume of the pyramid and the volume of 

the prism are the same. But they are not the same. Do you think that if 

we fill both of them with water, will the amount of water be the same? 

Stds: No 

Mrs. Uzun: In that case, their volumes are not the same. Look at this 

prism. There are 3 pyramids in it (showing the triangular prism). That 

is, the volume of prism is equal to the volume of 3 pyramids. In other 

words, when calculating the volume of pyramid, we divide the volume 

of prism by 3 if their bases and their height are the same.  

 

Similar to the way in which Mrs. Uzun taught, the other three teachers taught 

the volume of the pyramid by relating it to the volume of the prism in their lessons. 

However, none of the teachers connected the volume of 3D solids with the topics to 

be taught in later years and topics that had been taught in other courses.  

 

4.2.3.2 Changing the Order of the Topics 

In addition to connecting topics with the teachers used, their curriculum 

knowledge refers to make changes in the order of the sub-topics of 3D solids in the 

curriculum. In the elementary mathematics curriculum (MoNE, 2006), the topic of 

3D solids, started with defining the basic terms of the prism and continued with 

calculating the surface area then the volume of prism. Up to this point, teachers had 

not altered the order of the topic. However, in the curriculum, the topic continues to 

define the terms (e.g. base, lateral faces and height,) related to a pyramid, cone and 

sphere followed by their surface area. Lastly, the calculation of their volumes was 

taught. Regarding the order of pyramid, cone and sphere, all the teachers did change 

the order in the process of teaching. The teachers were asked the reason for this 

change in the interview. Mr. Esen responded as follows: 

It was not reasonable to teach defining the basic terms related to 

pyramid, cone and sphere, and calculating the surface area and the 

volume of pyramid, cone and sphere separately. In my opinion, it is 

more effective first to teach the definition of the basic terms related to a 

pyramid, then calculate its surface area and volume. Then these aspects 

related to a cone should be taught. Lastly, the terms regarding the 

sphere should be defined and the calculation of the surface area and 
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volume of sphere should be taught. In this way, I created coherence for 

each 3D solid.  

 

Piramit, koni ve k¿re ile ilgili temel kavramlarē tanēmlamayē ve onlarēn 

y¿zey alanēnē ve hacmini hesaplamayē ayrē ayrē ºĵretmek ok mantēklē 

deĵil. Bence ºnce piramit ile ilgili kavramlarē, piramitin y¿zey alanēnē 

ve hacmini hesaplamayē ºĵretmek daha etkili oluyor. Sonra koni ile 

ilgili olan konular ºĵretilmeli. En son da, k¿re ile ilgili olan terimler 

tanēmlanmalē ve k¿renin y¿zey alanē ve hacminin hesaplanmasē 

ºĵretilmeli.  Bu ĸekilde her bir geometrik ĸekil de b¿t¿nl¿k saĵlēyorum.  

 

Moreover, Mrs. Uzun explained: 

If I taught [the topic] of 3D solids according to the sequence given in 

the curriculum, I would lose time. I reminded the students about the 

pyramid, cone and sphere in every lesson. 

 

Eĵer 3 boyutlu cisimleri m¿fredattaki sēraya gore anlatērsam vakit 

kaybediyorum. Her defasēnda piramiti, koniyi, k¿reyi tekrar hatērlatmak 

gerekiyor.  

 

All the teachers altered the order of the sub-topics related to 3D solids in order 

to teach the topics more effectively and to avoid loss of time. 

 

4.2.4 Middle School Teachersô Knowledge of Assessment 

The last dimension of the middle school teachersô PCK is presented and 

discussed in this study was the teachersô knowledge of assessment. The analysis of 

data collected through the questionnaire, interview and classroom observation 

revealed that teachers applied formative and summative assessment during their 

regular instructions. The descriptions of these two types of assessment are presented 

before discussing how they implemented them.  

Formative assessment provides the teacher with information about the 

students learning during the learning process. Moreover, it provides the students with 

feedback about their learning. On the other hand, summative assessment evaluates 

the studentsô knowledge concerning a specific topic and measures student learning 

following the completion of a unit in any subject (Lankford, 2010). 

The participating teachers applied different formative assessment methods to 

obtain information about how much students have learned during the lesson. All 

teachers asked students many questions related to the calculation of the volume of 
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prism after teachers presented a few examples during their lessons. The teachers 

observed the students while they were solving the questions; they helped the students 

if they missed important aspects, and gave them feedback about their learning. An 

example of this process, below is one of the questions that Mrs. Akay presented in 

her lesson. 

Question: 

 

 

 

 

 

 

 

One of the students solved the question on the board. The teacher observed the 

class, and realized that the students were able to calculate the volume of pyramid. 

However, students missed an important point, which prevented them from solving 

the question. Her explanation regarding the missing point was given below. 

Mrs. Akay: What was the volume of pyramid? 

Std-1: 1500 m
3
 

Mrs. Akay: Good. How much wheat was there before putting 300 m
3
 

wheat in the store? 

Std-2: The half of the store 

Mrs. Akay: How much? 

Std-1: Hēmmmé750 m
3 

Mrs. Akay: That is, if 300 m
3
 wheat was put in, then there would be 750 

m
3 

wheat. In this case, how much wheat is there before putting 300 m
3
 

wheat? 

Stds: 450  

Mrs. Akay: Yes. Do you understand? 

Stds: Yes. 

 

When observing the class Mrs. Akay noticed that some of the students did not 

understand the question. She helped them by asking questions. As a result of this 

formative assessment, Mrs. Akay decided to perform more exercises and explained 

the points in which the students had problems. Moreover, Mrs. Kaya assessed her 

studentsô learning through the group work; she expected a group of students to 

present the topic to the whole class and to discuss the topic with their classmates. 

 The half of the store, which was  a square 

pyramid-shape, filled with wheat when 300 

m
3
 wheat was put to the store. How much 

wheat in the store had previously?  

 

 

15 m 

15 m   . 

20 m 
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During the studentsô presentation, Mrs. Kaya observed the class and noted the points 

that students did not understand. Similar to Mrs. Kaya, Mrs. Uzun applied formative 

assessment method through the group work undertaken during her lessons. In her 

assessment, she grouped the students and gave them different prisms. She asked each 

group to calculate the volume of the prism that she had given them. Then, she 

checked whether studentsô answers were correct. If there were students who had not 

been able to find the volume of the prisms, then Mrs. Uzun explained the subject 

again and solved additional examples. 

Besides, Mr. Esen and Mrs. Akay asked their students a question and then 

they said that ñfor the students who solved the question correctly, I will give them 

100 for their class performanceò.  

Mr. Esen asked the following question to the class and he stated that the 

students who solved this question would get 100 for the class performance grade. He 

gave students time to solve the question. When students were solving the question, 

he walked around the classroom and checked the studentôs work. 

 

 

 

 

 

 

 

After a while, one student solved the question and the student explained the 

following solution to his classmates: 

 

 

 

 

  

 

 

 

A 

B 

C 

D 

If A(ABCD)= 8ã2 cm2, then calculate the 

volume of the cube.  

 

A 

B 

C 

D 
a 

a 

a aã2 

I called the length of each edge of the cube as ñaò.  

In this case, the length of AC is aã2. I can 

calculate the area of ABCD by multiplying a and 

aã2. 

A(ABCD)=a x aã2 

8ã2= a
2
ã2              a

2
 = 8 and a= 2ã2 

V= a
3
   (2ã2)

3
 = 16ã2 
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After checking the solution, Mr. Esen said the students who solve the 

question correctly that your class performance grade was 100.  

On the other hand, one of the formative assessment strategies was that all the 

teachers gave homework, from the textbook and workbook. During our conversation, 

Mrs. Kaya explained: 

I give homework after teaching each topic. Thus, I check whether 

students have understood the topic.  

 

Her konuyu anlattēktan sonra ºdev veririm. Bºylece, ºĵrencilerin 

konuyu anlayēp anlamadēklarēnē kontrol ederim.  

 

Mrs. Akay and Mr. Esen did not check whether students did homework, 

however, Mrs. Kaya and Mrs. Uzun checked studentsô homework and they solved 

the questions that students could not solve. In this sense, Mrs. Kaya stated: 

Sometimes I prepare a worksheet and give it to the students as 

homework. They do the worksheet at home and we discuss the 

questions in the class the next lesson. If they have difficulties in solving 

some questions, then I solve them and explain the point that they do not 

understand again.  

 

Bazen alēĸma kaĵētlarē hazērlēyorum ve ºĵrencilere ºdev olarak 

veriyorum. Onlarē evde ºz¿yorlar ve bir ders sonra sorularē sēnēfta 

tartēĸēyoruz. Eĵer zorlandēklarē sorular varsa, onlarē ºz¿yorum ve 

anlamadēklarē noktayē  tekrar anlatēyorum.  

 

As can be seen, the teachers planned to elicit information about their studentsô 

learning through homework and to determine what they had missed in relation to that 

had been taught in the lesson.  

On the other hand, the teachers specified that they used paper-pencil test to 

grade students. Below, a paper-pencil test question posed by Mr. Esen. 
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(10 points) 

 

 

 

 

 

 

Figure 4.33 An example paper-pencil test question posed by Mr. Esen 

 

Another example was taken from the exam created by Mrs. Uzun.  

 

 

 

 

 

 

 

Figure 4.34 An example of paper-pencil test question posed by Mrs. Uzun 

 

In addition, the teachers gave performance homework and projects which are 

obligatory for the students. Regarding the volume of 3D solids, all the teachers asked 

the students to construct 3D solids from cartoons and calculate the surface area and 

volume of them as performance homework. None of the students selected the volume 

of 3D solidsfor their project.  

In conclusion, the teachers used formative assessment by giving homework 

and asked many questions during the lesson to determine whether their students 

learnt the topic. Moreover, the teachers implemented summative assessment by 

giving performance homework and project work, and administering tests to discover 

how much the students had absorbed concerning what they had taught.  

 

 

 

A 

C D 

B E 

F 

In the triangular prism in the figure; if 

cm6AB = , 12BC =  cm and A(BCDE)= 120 cm
2
, 

then what is the volume of this triangular prism? 

 

 

If the length of the one edge of base of square 

pyramid, in the figure, is 8 cm and the height of side- 

face [of the pyramid] is 5 cm, then what is the  

volume of this triangular prism? 
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CHAPTER V  

 

 

 

 

 

CONCLUSION, DISCUSSION, AND IMPLICATIONS  

 

 

The purpose of this study was to examine four middle school mathematics 

teachersô subject matter knowledge and pedagogical content knowledge of the 

volume of 3D solids. In light of this purpose, this chapter presents the conclusion and 

the discussion of the results, educational implications, recommendations for future 

research studies, and the limitations of the research study. In other words, the 

important points mentioned in the analysis part reviewed and discussed with 

references to previous studies in the literature. 

 

5.1 Conclusions 

In this study, in relation to four middle school teachersô subject matter 

knowledge on the volume of 3D solids, two dimensions, knowledge of alternative 

solution methods and knowledge of generating a story problem, were examined. 

Based on the findings of the study, the teachers generated four solution methods to 

calculate the volume of 3D solids. These methods were named as volume formula, 

systematic counting, layer counting and column/row iteration by means of the related 

literature and the participantsô statements. Regarding these solution methods, it was 

seen that although middle school teachers stated these solution methods, they did not 

solve the questions using the stated methods in their lessons. Besides, middle school 

teachers had difficulty in generating a story problems related to the volume of 3D 

solids. Although they tried to use given numbers and terms, they were not successful 

in generating the story problems. State differently, middle school teachers did not 
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have strong SMK to teach alternative solution methods to their students although 

they could generate different solution methods. Moreover, teachersô SMK is limited 

in generating story problems regarding the volume of 3D solids.  

Regarding middle school teachersô PCK, their knowledge of instructional 

strategy, knowledge of learners, knowledge of curriculum and knowledge of 

assessment were investigated. Based on the findings of the study, it could be 

concluded that middle school teachers mostly used teacher-centered instructional 

strategy rather than using less teacher-centered enriched with class discussion 

strategy.  In light of the teachersô knowledge of learners, it could be resulted in that 

students mostly preferred to use volume formula method while calculating the 

volume of 3D solids. Besides, the middle school teachersô interpretations of studentsô 

alternative solution methods were examined to identify their knowledge of learners. 

The findings of the study showed that the teachers were not successful in interpreting 

studentsô alternative solution methods if they themselves had not used them in their 

teaching. Moreover, the middle school teachersô knowledge of learners analyzed in 

terms of their knowledge of studentsô errors in the volume of 3D solids. They gave 

the following errors; focusing on the faces of 3D solids, over-counting the common 

unit cubes on adjacent faces, conceptual errors, and computational errors. Paralel to 

the errors, six sources of studentsô errors were identified. The sources were as 

follows: not being able to think of solids as three-dimensional, not being able to 

comprehend the structure of 3D solids, not being able to concretize 3D solids, lack of 

conceptual knowledge, studentsô carelessness and not thinking deeply about the 

concepts. Also, with respect to their knowledge of learners, two strategies, using 

manipulative and re-explaining the misunderstood part of the topic, were proposed 

by the the middle school teachers. Besides, another dimension of teachersô PCK was 

the knowledge of curriculum which was discussed in terms of the connection with 

other topics and changing the order of the topics in the curriculum. Although the 

middle school teachers made links to the volume of 3D solids with topics taught in 

previous years or in the same year, they did not connect it with topics that will be 

taught in the following years. Additionally, they altered the order of the sub-topics of 

the volume of 3D solids because they realized that there was a problem in the order 

of the sub-topics. Lastly, the middle school teachersô PCK was investigated through 
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their knowledge of assessment. The teachers used both formative assessment 

strategies (informal questioning and homework) and summative assessment 

strategies (paper-pencil test, performance homework and project work) to assess 

students learning. In the next section, these conclusions are discussed based on the 

related literature.    

 

5.2 Discussion 

The research findings are discussed under two main sections based on the 

research questions. In the first section, the nature of middle school teachersô subject 

matter knowledge on the volume of 3D solids is discussed with references to the 

previous studies. In the second part, the nature of the middle school teachersô 

pedagogical content knowledge is discussed based on the related literature.  

 

5.2.1 The Nature of Middle School Teachersô Subject Matter Knowledge 

Generating alternative solution methods to the given questions is one of the 

dimensions of teachersô subject matter knowledge that formed the basis of the 

research study. The data analysis revealed that middle school teachers were able to 

generate four alternative solution methods to calculate the volume of 3D solids. Of 

these methods, systematic counting, layer counting and column/row iteration were 

more complicated than volume formula. To generate these three methods, it is 

necessary to know more than the multiplication of three edges (Battista & Clements, 

1996). For instance, a student using the layer counting method should realize that a 

prism is composed of the layers. Similarly, to use column/row iteration method, it is 

necessary to know that a prism formed by columns or rows. To summarize, in order 

to generate other methods apart from the volume formula, a student needs to have 

knowledge about the structure of the 3D solids (Battista & Clements, 1996). In this 

respect, it can be concluded that the middle school teachers did have adequate 

knowledge of the structure of 3D solids, such as a prism, since they were able to 

establish the relationship between the units such as layers, columns and unit cubes. 

This means that generating alternative solution methods to calculate the volume of 

3D solids was connected with knowledge of the structure of 3D solids. Since the 
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middle school teachers had that knowledge, they were able to develop alternative 

solution methods such as layer counting.  

Although teachers stated the methods, systematic counting, layer counting 

and column/row iteration, during the interview, they did not use them when teaching 

the volume of 3D solids in their lessons. They only used the volume formula to 

calculate the volume of 3D solids. Singmuang (2002) stated that teachers do not need 

to use any other alternative solution methods for the given problems since they are 

able to easily solve the problems using the formula. However, the reason for using 

volume formula might be that teachers have little understanding of the mathematical 

concepts (Berenson et al., 1997). Since they had limited understanding of the topic, 

they would not explain the alternative solution methods to their students and 

furthermore, they might not encourage students to use these methods even if they 

could generate them. As a result, it could be concluded that middle school teachers, 

who focused on using formula, probably had a limited understanding regarding the 

topic and were reliant on formulas in their teaching. This conclusion was parallel to 

previous studies (Berenson et al., 1997; Hill 2007) which concluded that teachers did 

not have sufficiently deep knowledge to explain and present mathematical ideas 

using alternative solution methods.  

On the other hand, the variety of alternative solution methods that middle 

school teachers generate changed with respect to the way that the researcher asked 

the questions even if all the questions were related to calculating the volume of 3D 

solids. Two questions were given to the teachers for them to generate alternative 

solution methods to calculate the volume of 3D solids. In one of the questions, 

teachers were expected to directly calculate the number of unit cubes of the prism 

(Question 1). There was no extra challenge in terms of solving this question and all 

the middle school teachers were able to use at least two solution methods. This result 

could be interpreted as for simple questions; the teachers could use more than one 

strategy. In other words, the middle school teachers did not need broad subject matter 

knowledge to use alternative solution methods if the volume of 3D solids was asked 

directly. However, in another question, the teachers were asked to calculate the 

number of unit cubes of prism when one layer of unit cubes is removed from all 

faces of prism (Question 2). Since this question has two phases, removing the outer 
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faces and then calculating the number of unit cubes remain, this question is more 

complicated than the previous one. It is possible that the teachers might not be 

familiar with this type of question and it was found that the middle school teachers 

applied, at most, one solution method to solve this question. Two middle school 

teachers used the volume formula, one applied systematic counting method however, 

one teacher was unable to solve the question when one layer of unit cubes is removed 

from all the faces of the prism. This result reveals that if the question was a little 

complicated and the teachers were not familiar with it, then the teachers focused on 

using the volume formula.  The reason for this might be that teachers had limited 

knowledge of generating alternative solution methods to solve complicated 

questions.  

To sum up, to use systematic counting, layer counting and column/row 

iteration methods, the middle school teachers need to have a deep knowledge of the 

subject matter however, the teachers lacked this knowledge thus they applied volume 

formula method in their lessons. As Lederman, Gess-Newsome and Latz (1994) 

explained, teachersô low level of subject matter knowledge influences their 

instructional decisions. Therefore, the teachers would not be effective in developing 

childrenôs understanding of a topic (Murphy, 2012).  In the current study, when the 

question was asked indirectly or was complicated, it required rich subject matter 

knowledge in order to develop a repertoire of different solution methods. Because of 

having inadequate subject matter knowledge, their repertoire of solution methods 

was limited as well.  

The middle school teachersô subject matter knowledge was also investigated 

in terms of their knowledge of generating story problems related to the volume of 3D 

solids. The analysis of the data revealed the fact that the teachersô subject matter 

knowledge on generating story problems using given numbers and terms was not 

sufficiently strong. According to analysis of the data, one teacher could not make any 

interpretation regarding the problem which could be generated by the given numbers 

and terms. Two other middle school teachers tried to create a problem related to the 

volume, but their attempts were not appropriate. From the findings, it can be 

concluded that teachers posed problems without thinking about the mathematical 

aspects and did not pay attention to how the problems could be solved (Crespo, 
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2003). In order to present the topics appropriately and in multiple ways as in story 

problems, teachers should have a deep understanding of the subject (Ball, 1990a), 

thus, it can be concluded that the teachers had inadequate subject matter knowledge.  

Even though these discussions are important part of teachersô knowledge, 

subject matter knowledge alone does not ensure effective teaching performance 

(Kahan, Cooper, & Bethea, 2003). Pedagogical content knowledge (PCK) is also 

necessary and this is discussed in the following sections. 

 

5.2.2 The Nature of Middle School Teachersô Pedagogical Content Knowledge 

As a result of the analysis of the data, the middle school teachersô 

pedagogical content knowledge is present below in the following four dimensions; 

knowledge of instructional strategy, knowledge of learners, knowledge of curriculum 

and knowledge of assessment. These dimensions of the middle school teachersô PCK 

are discussed on the basis of the related literature.  

 

5.2.2.1 Knowledge of Instructional Strategy 

 The teachersô knowledge of instructional strategy was one of the dimensions 

of middle school teachersô PCK as used in with several other studies (Grossman, 

1990; Magnusson et al., 1999). This dimension has been defined as the teachersô 

knowledge of subject-specific strategies, presenting broad applications for 

mathematics teaching, and topic-specific strategies, including ways to represent 

concepts (pictures, tables, graphs) and instructional strategies (investigations, 

demonstrations, simulations or problems) facilitating studentsô  learning of specific 

topics in mathematics (Magnusson et al., 1999).  

 The research findings revealed that the middle school teachers tended to 

apply teacher-centered instructional strategy to teach students the volume of 3D 

solids. The teachers provided clear explanations and examples concerning the topic 

followed by questioning the students in order to understand how much they had 

learned. Moreover, they used manipulative to help their students envisage and 

visualize 3D solids. In the literature, there is support for this finding in that teachers 

tend to teach using teacher-centered methods (Mellado, 1998). In the current study, 

the teachersô instructional strategy to teach the volume of 3D solids was parallel to 
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the results of other studies concerning middle school teachers (Friedrichsen &Dana, 

2005; Koballa et al., 2005; Magnusson et al., 1999).  There might be many reasons 

for the teachers in the current study to apply teacher-centered instructional strategy 

when teaching the volume of 3D solids as explained below. 

   A major influence on the way the middle school teachersô taught was their 

prior experience (Eick & Reed, 2002). Teachers who lack of experience related to 

using different instructional strategies in their teaching (Flick, 1996) and have 

inadequate subject matter knowledge might be reasons for applying teacher-centered 

strategy to teach the volume of 3D solids.  

 The complex nature of 3D solids might lead to the middle school teachers 

implementing teacher-centered instruction. The teachers might think it better to teach 

the topic directly instead of sharing the responsibility with the students since the 

teachers might think that the students might not be able to visualize and envisage 3D 

solids on their own. The middle school teachers may consider that using 

manipulative would facilitate studentsô understanding of the structure of 3D solids. 

In other words, the teachers believe that for the students to learn such a difficult topic 

that the teacher should orchestrate the instruction. However, Borko and Putnam 

(1996) claimed the opposite in that the teacher should support studentsô learning 

through student-centered instructional strategies rather than engaging in teacher-

centered instructional strategies. 

 Another reason for applying teacher-centered instruction to teach the topic 

might be the number of concepts that need to be taught. The volume of 3D solids 

includes main concepts such as the volume of a pyramid, prism, cone and sphere. 

The middle school teachers might think that students would confuse the calculation 

of the volume of these shapes if they did not provide clear explanation to 

discriminate between them. Also, according to the middle school teachers, elements 

such as; height, base, and height of the side-face, are the other concepts that 

elementary students might confuse. In order to help students gain a clear idea of 

these concepts, the teachers might prefer to explain them directly. In addition, since 

there are many concepts in the topic, by adopting a teacher-centered strategy the 

teachers might consider that they can help students develop their understanding of all 

the concepts needed to solving many different problems. This is important in relation 
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for the students to achieve a high score in the national exam.  Since calculating the 

volume of 3D solids is one of the topics in the exam, the middle school teachers are 

under pressure to solve many questions and this takes time thus they could not apply 

activities or conduct discussions when teaching the topic.  

Lastly, another probable reason for using teacher-centered instruction might 

be that the topic, the volume of 3D solids, is one of the last topics of the 8
th
 grade 

curriculum in Turkey (MoNE, 2006). Because of the time constraint, teachers may 

ignore the topic or teach it superficially.  

Understanding teachersô instructional strategies provides an insight into how 

teachers use their content knowledge, and integrate this knowledge with their PCK 

with its other dimensions (knowledge of learners, knowledge of curriculum, and 

knowledge of assessment). A further aspect of PCK is the middle school teachersô 

knowledge of learners which is discussed in the following section.  

 

5.2.2.2 Knowledge of Learners 

The middle school teachersô knowledge of learners is important issue in terms 

of effective teaching and learning (Ball & Cohen, 1999). The knowledge of learners, 

one of the dimensions of PCK, was defined as teachersô knowledge of studentsô prior 

knowledge, and their misconceptions/difficulties in learning specific topic 

(Magnusson et al, 1999). In order to facilitate mathematics instruction and learning, 

this knowledge has a pivotal role in understanding studentsô thinking process 

(Fennema, Carpenter, Franke, Levi, Jacobs & Empson, 1996).Thus, the present study 

aimed to obtain information regarding the teachersô knowledge of studentsô 

understanding. To this end, the research findings concerning the middle school 

teachersô knowledge of the studentsô preferences among the solution methods that 

could be used to calculate the volume of 3D solids, the middle school teachersô 

interpretations of studentsô alternative solution methods, and the middle school 

teachersô knowledge concerning to studentsô errors related to the volume of 3D 

solids are presented and discussed. Additionally, discussions on the sources of 

studentsô errors and the ways of overcoming studentsô errors are presented.  

Middle school teachers stated that most of the students prefer to use volume 

formula to calculate the volume of 3D solids. According to the teachers, in order to 
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calculate the volume of 3D solids through volume formula, it is sufficient to have 

knowledge of algorithmic calculations. In other words, students do not need to know 

the structure of 3D solids when applying the volume formula. However, the teachers 

specified that students should know about the structure of 3D solids to apply other 

solution methods such as systematic counting, layer counting and column/row 

iteration. For instance, the systematic counting strategy requires counting the number 

of unit cubes exterior and interior of the prism. In that case, students should consider 

that some unit cubes are common unit cubes on the adjacent faces and these cubes 

should only be counted once. Moreover, the students should realize that there are unit 

cubes on the invisible faces and inside the prism. In addition, students should know 

that the prism is formed by layers in order to apply layer counting strategy which 

depends on the knowledge of the structure of prism. According to the teachers, 

because the studentsô have a limited knowledge of the structure of 3D solids, the 

students prefer to use a formula to calculate the volume of 3D solids. The middle 

school teachersô expressions regarding studentsô preferences among different 

solution method were consistent with the solution method that the students used 

when calculating the volume of 3D solids in their lessons. During the classroom 

observation, it was observed that students had a tendency to calculate the volume of 

3D solids through the formula.  

On the other hand, similar to their elementary students, the teachers also 

prefer to use volume formula when teaching the topic. This reveals that middle 

school teachers possessed the required procedural knowledge regarding the volume 

of 3D solids. As Fennema and Franke (1992) emphasized that the teacherôs 

conceptual and procedural understanding of a topic influences their teaching. In other 

words, because the teachers introduced the volume formula in the lesson, students 

tended to use it. As stated by Zacharos (2006), if instruction involves procedural 

knowledge and the use of formula, the students will insist on using the formula. This 

means that the middle schoolteachers were able to identify the most frequently used 

solution methods by the students to solve the questions related to the volume of 3D 

solids. The result is consistent with that found by Carpenter et al. (1988) which 

concluded that teachers had knowledge that allowed them to identify their studentsô 

methods to solve addition and subtraction problems. 
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 The data was analyzed to investigate the middle schoolteachersô knowledge 

concerning the interpretation of the studentsô alternative solution methods. In a 

general sense, the teachers were able to interpret studentsô solution methods if they 

were familiar with those methods. On the contrary, the middle school teachers were 

not able to interpret studentsô alternative solution methods if the teachers themselves 

had not used them in their teaching. Thus, the teachersô knowledge about their 

studentsô methods was limited by their experiences. This result could be interpreted 

as middle schoolteachers did not having a sufficiently broad knowledge of the 

studentsô alternative solution methods.  The reason for this might be that the middle 

schoolteachers did not know how students thought when solving the questions. 

Based on the accessible literature, the findings of the present study paralleled 

previous studies that aimed to investigate teachersô knowledge of learners on 

different mathematic topics (Esen & Cakiroglu, 2012; Hill, 2007; Turnuklu & 

Yesildere, 2007). For instance, Hill (2007) emphasized that middle schoolteachers 

did not have sufficient knowledge to explain the mathematical ideas underpinning 

the studentsô alternative solution methods regarding number and operations, and 

algebra. Moreover, Turnuklu and Yesildere (2007) concluded that teachers did not 

have an adequate knowledge of fractions in order to identify studentsô incorrect 

solution methods. In addition, the findings of their study revealed that the middle 

school teachers had difficulty in interpreting studentsô incorrect solution methods. 

Similar to the present study, Esen and Cakiroglu conducted a study to explore 

teachersô knowledge in relation to their interpretation of studentsô incorrect solutions 

regarding the calculation of the volume of different shapes. The researchers 

concluded that the teachers could not justify the studentsô incorrect solution methods 

and could not find the errors in the studentsô incorrect solutions.  On the contrary, 

Gokturk et al. (2013) claimed that teachers were able to interpret studentsô incorrect 

solution methods related to variables. In the present study, the reason for not be able 

to interpretation of studentsô alternative solution methods might be the middle school 

teachersô inadequate subject matter knowledge. As emphasized in the literature, 

teachersô SMK influences their PCK (Ball, 1991b; Ball & Bass, 2002; Kahan, 

Cooper & Bethea, 2003; Shulman, 1986). Thus, having a limited SMK may restrict 

their understanding of studentsô thinking. As a result, they may have difficulty in 
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interpreting studentsô alternative solution methods regarding the volume of 3D 

solids.  

 The middle school teachersô knowledge of student errors related to the 

volume of 3D solids was investigated. Moreover, the reasons for studentsô errors and 

the strategies to be used to eliminate them were examined. The middle school 

teachers gave the following four errors; focusing on the faces of 3D solids, over-

counting the common unit cubes on adjacent faces, conceptual errors, and 

computational errors. These errors were consistent with studies in the literature 

(Battista & Clements, 1996; Ben- Chaim, Lappan & Houang, 1985; Hirstein, 1981). 

The findings of earlier studies identified similar errors made by elementary students. 

Battista and Clements (1996) reported that elementary students made the following 

errors when calculating the volume of prism: a) counting the unit cubes on the visible 

faces in the picture, b) counting the unit cubes on six faces, c) counting the unit 

cubes on some visible and hidden faces, d) counting the unit cubes on the front face 

only, d) counting the unit cubes on faces but not systematically (Battista & Clements, 

1996). In a similar vein, Ben-Chaim et al. (1985) identified studentsô errors made 

when calculating the number of unit cubes in a prism. The errors were as follows; a) 

counting the number of visible faces, b) counting the number of visible faces and 

doubling that number, c) counting the number of visible cubes, and d) counting the 

number of visible cubes and doubling that number. As it can be seen, the results of 

both studies stated that students focused on the faces of the prism when calculating 

its volume. Consistently, the middle school teachers also presented the same error, 

focusing on the faces of 3D solids that elementary students might make. Moreover, 

according to Hirstein (1981), elementary students might calculate the surface area of 

3D solids when calculating its volume. Similarly, the middle school teachers noted 

the same error which was considered to be conceptual error. As a result, earlier 

studies supported the information given here about middle school teachersô 

knowledge of studentsô errors related to the calculation of the volume of a geometric 

shape. This could be interpreted as the middle school teachersô having adequate 

knowledge of studentsô errors made when calculating the volume of 3D solids. 

Although the teachers in the present study had sufficient knowledge on elementary 

studentsô errors in the volume, Kilic (2011) and Isik et al. (2013) concluded that the 
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teachersô had limited knowledge to identify student errors in some topics. For 

instance, the teachersô knowledge regarding algebra and fractions was not sufficient 

to identify the studentsô errors. On the other hand, Aygun et al. (2013) and Gokturk 

et al. (2013) found that the teachers could identify studentsô errors related to the 

equal sign and variables. The results of Aygun et al. (2013) and Gokturk et al. (2013) 

were consistent with the result of current study in terms of the level of  the teachersô 

knowledge in relation to determine the errors of their students to here.  

 The surprising finding of the study is related to identifying the studentsô 

errors in the volume of 3D solids. When the incorrect solution methods of students 

were presented to the middle school teachers, they could not identify the errors 

which caused students to give the incorrect answer. However, when the teachers 

where asked about the possible errors that the students might make when calculating 

the volume of 3D solids, then they were able to state several errors. The reason for 

this might be that the middle school teachers did not have adequate knowledge 

concerning studentsô thinking (Carpenter, Fennema, & Franke, 1996).  

 Parallel to the errors, the middle school teachers identified six sources of 

studentsô errors in calculating the volume of 3D solids. According to the middle 

school teachers, the most important source of studentsô errors was that they were not 

being able to think of solids as three-dimensional. The middle school teachers 

thought that students considered three-dimensional solids as two-dimensional. For 

this reason, the elementary students focused on the faces of 3D solids, and confused 

volume and area. Similar findings were also given in the literature (Battista et al., 

1996; Ben-Chaim et al., 1985; Hirstein, 1981). In the study of Ben-Chaim et al. 

(1985), the elementary students focused on the faces of the 3D solids when 

calculating its volume. Consistent with the middle school teachersô knowledge, Ben-

Chaim et al. (1985) asserted that students were not aware of the three-dimensionality 

of the solid. They stated that ñdealing with two dimensions rather than three is 

related to some aspects of spatial visualization abilityò (p. 406). The results of Ben-

Chaim et al. verified that the teachersô knowledge in terms of the source of studentsô 

error was that they were not being able to think of solids as three-dimensional. 

Moreover, Battista et al. (1996) stated that students considered 3D solids as an 

uncoordinated set of faces which confirmed the level of middle school teachersô 
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knowledge of the source, as not being able to think solids as three-dimensional. 

Moreover, the middle school teachers stated that students might confuse volume and 

area because they were not being able to think of solids as three-dimensional. This 

source of the studentsô error was confirmed by Hirstein (1981). He also concluded in 

his study that elementary students might calculate the surface area of 3D solid 

instead of calculating its volume because they did not considering solids as three-

dimensional.  

 Another source of the error stated by the middle school teachers was not 

being able to comprehend the structure of 3D solid. According to the middle school 

teachers, the studentsô error of focusing on the faces of 3D solid emanated from not 

knowing the structure of 3D solid. According to the middle school teachers, students 

may think that a 3D solid is like an empty box thus, the students may only focus on 

the faces of 3D solid.  For instance, students might not think that the prism is 

composed of the layers, and that a layer is composed of a column/row. Also, that the 

column/row is formed by unit cubes. Since they did not know the structure of 3D 

solids, the students concentrated on the faces of a 3D solid when calculating its 

volume. In other words, elementary students might not have the appropriate spatial 

awareness of the structure of 3D solids defined as ñthe mental act constructing an 

organization or form for an object or set of objectsò (Battista et al., 1996, p.282). 

Also, with respect to the middle school teachersô knowledge, another source 

of studentsô errors in relation to the faces of 3D solids and confusing the volume and 

perimeter was not being able to concretize 3D solids. The middle school teachers 

stated that the elementary students had difficulty in mentally visualizing 3D solids as 

stated by Olkun (1999; 2001; 2003) . Thus, students were not able to consider the 

inside of the prism and they concentrated on the outer faces of the 3D solids when 

calculating its volume. Furthermore, due to not being able to concretize 3D solids, 

they might confuse the concepts such as perimeter and volume. For this reason, they 

might calculate the perimeter of the 3D solids instead of its volume.  

According to the middle school teachers, the most widespread source of 

studentsô errors was the studentsô carelessness. This consisted of focusing on the 

faces of 3D solid, over-counting the common unit cubes on the adjacent faces, not 

being able to calculate the area of the triangle, not being able to apply Pythagorean 
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Theorem and multiplication error. Due to being careless, students may forget the 

three-dimensionality of the 3D solids. For this reason, they may focus on the faces of 

3D solids. Furthermore, middle school teachers stated that owing to their 

carelessness, the students did not consider the common unit cubes on the adjacent 

faces. For the same reason, the students may make errors in the multiplication 

operation and they may not calculate the area of the triangle when calculating the 

volume of pyramid. Students may not apply Pythagorean Theorem when finding the 

length of edges which was necessary for calculating the volume of 3D solids. 

According to the middle school teachers, this source of error was the least important 

of studentsô errors because it is not specific to the volume of 3D solids.  

In relation to the sources of studentsô errors, the middle school teachers 

specified that students did not think deeply about the concepts. This could be 

explained as those students did not interpret the concepts such as the volume, relate 

the concepts with the other concepts that they had previously learnt and their daily 

life, and give the meaning of the volume formula. According to the teachers, because 

they did not think deeply about the concepts, the elementary students might make 

errors such as; over-counting the common unit cubes on the adjacent faces and 

computational errors. Regarding over-counting the common unit cubes on the 

adjacent faces, the middle school teachers explained that students might not consider 

how the unit cubes are placed in a prism. According to the middle school teachers, 

their students could not establish the relationship between units as Battista and 

Clements (1996) stated. For this reason, students did not think that some unit cubes 

belonged to two or three faces. This showed that students were not aware of the 

structure of 3D solids.  Additionally, the middle school teachers specified that one of 

the sources of computational error was not thinking deeply about the concepts. For 

instance, students might make an error in multiplication, and the reasons for this kind 

of error might not consider which numbers should be multiplied to calculate the 

volume. They may multiply the numbers without understanding the meaning of the 

numbers. In other words, students might not consider the depth, width and height of 

the prisms. Additionally, the middle school teachers stated that their elementary 

students did not think about how to calculate the area of the triangle for the volume 

of prism and they could not apply Pythagorean Theorem. That is, the students might 
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not know which edges of the triangle should be multiplied to calculate the area of the 

triangle or they may not know the reasons for dividing the result of multiplication of 

the base and the height of the triangle by 2. In relation to not being able to apply the 

Pythagorean Theorem, the students might not discriminate the right edges and the 

hypotenuse of the triangle or they might not know give the meaning of the 

Pythagorean Theorem. For these reasons, the source of the errors, not being able to 

calculate the area of a triangle and not being able to apply Pythagorean Theorem, 

was not thinking deeply about the concepts.  

Finally, the middle school teachers specified a lack of conceptual knowledge 

as one of the sources of the studentsô errors in the volume concepts. According to the 

middle school teachers, confusion of the concepts emanated from the lack of 

conceptual knowledge. Due to the fact that the elementary students do not 

comprehend the concepts, it is indispensable in avoiding errors. For instance, middle 

school teachers stated that the reason for confusing volume and area might be due the 

studentsô lack of conceptual knowledge.  Put it differently, students did not know 

what the volume or area was when they were trying to calculate them. If students 

comprehended the volume and area, then they might not confuse them as stated by 

Hirstein (1981).  

The middle school teachers specified six sources of studentsô errors in 

relation to the concept of volume. This result could be interpreted as the middle 

school teachers having knowledge on the sources of studentsô errors related to the 

volume of 3D solids. In order to eliminate these errors, the teachers proposed two 

strategies, using manipulatives and re-explaining the misunderstood part of the topic 

and, all the teachers used these strategies during their lessons. Although these 

strategies were not specific to the volume of 3D solids, the middle school teachers 

believed that they were the best ways to eliminate student errors. For instance, to 

eliminate errors, over-counting the common unit cubes on the adjacent faces, the 

middle school teachers might show the common unit cubes on the adjacent faces by 

using manipulative. In this way, the students may realize that some unit cubes belong 

to two or three faces. Moreover, for focusing on the faces of 3D solid, the middle 

school teachers may use base-ten blocks. In this manner, students may comprehend 

the structure of prism and concretize the prism in their minds. In addition, middle 
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school teachers may help students to discriminate between the volume and area 

concepts via using manipulative. Additionally, according to the middle school 

teachers, re-explaining the misunderstood part of the topic could be used to eliminate 

all errors that elementary students made. For example, middle school teachers stated 

that elementary students might confuse the height of 3D solids and the height of side-

face of 3D solids. To eliminate this error, middle school teachers may explain these 

concepts until the students understand.  

As a result, middle school teachers had knowledge of learners to identify 

studentsô errors, to determine the sources of the errors and the strategies to eliminate 

these errors. Moreover, they had knowledge of the methods that elementary students 

used when calculating the volume of 3D solids.  

 

5.2.2.3 Knowledge of Curriculum 

In this study, another dimension of PCK was the teachersô knowledge of the 

curriculum is discussed in terms of the connection with other topics and changing the 

order of the topics in the curriculum. 

 Four middle school teachers connected the volume of 3D solids with the area 

of polygons, which was taught in previous years. By making this connection, it can 

be said that middle school teachers had vertical curriculum knowledge (Shulman, 

1986). However, this relation between topics is not an indicator that teachersô 

knowledge of curriculum was strong since the area of polygons also uses the volume 

formula.  This means that by relating the volume of 3D solids to the area of polygons 

may not help students to learn the volume of 3D solids in a meaningful way rather 

that students are likely only to remember how to calculate the area of polygons. In 

addition, when connecting these two topics, the teachers commented that students 

should know how to calculate the area of a polygon to apply the volume formula. 

This result led me to conclude that the middle school teachers referred to the area of 

the polygons because it is a prerequisite to calculating the volume of 3D solids.  

Additionally, teachers made links to other topics such as the volume of the 

pyramid with the volume of the prism, taught in the same year. The purpose of 

connecting the two topics was to use the volume of the prism which they had learned 

a short time before to make the volume of pyramid more understandable. When 
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connecting these topics, they focused on using manipulative. In this way, the middle 

school teachers aimed to help students visualize the connection. In other words, they 

tried to eliminate the error, which arose from the students not being able to 

concretize 3D solid.  

 Although teachers made links to the topics taught in previous years or in the 

same year, they did not connect the volume of 3D solids with topics to be taught in 

later years. Moreover, they did not make a connection between the volume of 3D 

solids and topics in other courses. Furthermore, the middle school teachers did not 

aim to link the topic with the future daily-life of the students. The reason for not 

connecting the topic with other topics or daily life might be that middle school 

teachersô knowledge concerning the relationship between the topics might not be 

well established. 

Furthermore, the teachersô knowledge of the curriculum was discussed in 

terms of changing the order of the topics. It was connected to curriculum saliency 

and the robust SMK that middle school teachers had (Aydin, 2012). Curriculum 

saliency refers to teacherôs knowledge on the position of the topic in the curriculum 

(Rollnick, Bennett, Rhemtula, Dharsey, & Ndlovu, 2008). As a result of the middle 

school teachersô curriculum saliency, they diagnosed a problem in where the sub-

topics of 3D solids are located in the curriculum in terms of teaching the volume of 

3D solids. To resolve this, they changed the order to make teaching more 

comprehensible to the students. In addition to their curriculum saliency, it is highly 

probable that the teachersô robust SMK may have helped them realize the problem. 

This result was in keeping with that of Basturk and Kilic (2011). They also 

concluded that teachers who had adequate content knowledge paid attention to the 

order of presentation of topics if necessary. Furthermore, their teaching experience 

may have an influence on the middle school teachers in terms of altering the order of 

the sub-topics of 3D solids in the curriculum. Similarly, Friedrichsen et al. (2007) 

stated that teachersô prior experience has influences in planning instruction.  

Throughout their teaching in the previous years, they might notice that the order in 

the curriculum disrupts the integrity of the sub-topics of 3D solids. According to the 

middle school teachers, this may prevent students from making relationship between 

the sub-topics of 3D solids and understanding the topic.  Changing the order of the 
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sub-topics of 3D solids revealed the teacher's knowledge and understanding of the 

topic which might be an indicator of teachersô adequate knowledge of curriculum.  

In brief, middle school teachers had limited knowledge in terms of connecting 

the volume of 3D solids with other topics within mathematics or other lessons. 

However, they did have adequate knowledge to realize that there was a problem in 

the order of the sub-topics of the volume of 3D solids and to alter their order.  

  

5.2.2.4 Knowledge of Assessment 

Knowledge of assessment is one of the dimensions of teachersô PCK. It 

comprises teachers' knowledge of what to assess and how to assess studentsô learning 

(Magnusson et al., 1999). In the present study, the middle school teachersô 

knowledge of assessment was discussed in terms of how to assess.  

When teaching the topic of the volume of 3D solids, the teachers 

implemented assessment strategies from the beginning to the end of the topic. 

Teachers need to be sure that students had a good understanding the previous parts 

before moving forward. In addition, to be able to learn the volume of one of the 3D 

solids (e.g. pyramid), students need to know the volume of another 3D solid (e.g. 

prism). The lack of this knowledge results in potential problems in learning the 

volume of 3D solids (Sirhan, 2007). For this reason, teachers should assess studentsô 

learning from the beginning to the end of the topic.  

Magnusson et al. (1999) specified that teachers should know what to assess 

and how to assess. The middle school teachers used both formative and summative 

assessment strategies such as informal questioning, homework, paper-pencil test, 

performance homework and project work. The reasons for using informal 

questioning, one of the formative assessment strategies, might be to obtain feedback 

about studentsô understanding, to determine the points that students were not able to 

understand, to identify studentsô errors in the topic. This result was parallel to the 

result from the study by Lankford (2010). Additionally, teachers gave the students 

homework, which is another formative assessment strategy. However, they did not 

check whether the students could solve the questions in the homework, whether 

students had difficulties regarding the questions, and whether there were points that 

they could not understand in relation to the topic. The aim of giving homework was 
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to encourage the students to study the topic which was inconsistent with the aim of 

using formative assessment strategies (Cowie & Bell, 1999; Lankford, 2010). Since 

the researchers (Cowie & Bell, 1999; Lankford, 2010) emphasized that the aim of 

using formative assessment was to provide feedback in order to guide their teaching. 

On the other hand, the middle school teachers applied a paper-pencil test, 

performance homework and a project as summative assessment strategies which are 

required by Ministry of Education. MoNE (2006) explained that students present 

their knowledge and skills by relating the topic to their daily-life during the 

preparation of performance homework. Moreover, the project work is similar to 

performance homework but requires creativity and high level skills (MoNE, 2006). 

Although MoNE (2006) introduced the aims of giving performance homework and 

project work, the purpose of giving them was not consistent with their aims that were 

presented by MoNE. Additionally, teachers used a paper-pencil test at the end of the 

topic. But they did not aim to determine points that students could not understand, 

the purpose was only to grade students. The interesting finding is that none of the 

middle school teachers gave quizzes at the end of one sub-topic of the volume of 3D 

solids and before starting a new one. However, quizzes may help teachers to 

understand which part of studentsô learning is lacking.  

There might be two reasons for choosing the assessment strategies. One 

might be that teachers have a tendency to implement assessment strategies with 

which their understanding was assessed when they were student (Kamen, 1996). 

Another reason might be that they have to apply certain assessment strategies. In 

addition, the teachersô teaching style may influence their use of assessment strategies 

as stated by Lannin et al. (2008). The teachers in this study applied teacher-centered 

instructional strategy and thus, they may focus on assessing knowledge through 

traditional assessment strategies. 

 

5.3 Implications 

In this study, the four middle school teachersô subject matter knowledge and 

pedagogical content knowledge of the volume of 3D solids were investigated. In 

light of the findings, the study has several implications for middle 
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schoolmathematics teachers working with elementary students, mathematics 

educators, the curriculum developers, textbook writers, and policy makers.  

 The current study verified the argument in the literature that teachers should 

have deep and broad subject matter knowledge (Gess-Newsome & Lederman, 1999; 

Shulman, 1987). Teachers need to recognize that just knowing and applying 

procedures or formulas does not mean that they have a deep understanding of SMK 

and PCK for teaching mathematics. Moreover, the middle school teachersô PCK 

cannot be strong and effective for mathematics teaching without a strong SMK 

(Maxedon, 2003). In the current study, the middle school teachers had limited SMK 

and PCK. Generally they did not develop alternative solution methods to calculate 

the volume of 3D solids and did not generate a story problem involving the volume. 

Moreover, they were not able to interpret studentsô solution methods and identify 

studentsô errors in relation to the volume of 3D solids. Additionally, they did not 

have rich repertoire of instructional strategies and they taught the topic through 

lecturing. Their lack of knowledge of instructional strategies may influence their 

instructional decisions since they did not know how to apply different instructional 

strategies. Furthermore, the teachers applied a limited number of assessment 

strategies (informal questioning, paper-pencil tests, homework). Thus, the middle 

school teachers should enroll in professional development programs to help them 

develop their understanding of the mathematics. The middle school teachers in the 

current study had not participated in any professional development programs. 

Participating professional development programs has several benefits for the teachers 

such as; providing opportunities to develop the depth and breadth of their 

mathematics content knowledge. Furthermore, the middle schoolteachers can 

identify studentsô misconceptions/difficulties/errors regarding a particular topic and 

determine ways to eliminate them. Moreover, the teachers need to increase their 

repertoire of instructional strategies to teach mathematics. Additionally, professional 

development programs should be provided to help the teachers to enrich the 

assessment strategies to determine the level of their studentsô learning. It is 

recommended that MoNE organizes middle school teachers 

2 professional development programs for teachers and together with the school 

administration, encourages them to participate in these programs. 
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 In the literature many authors claimed that teaching experience is a crucial 

source of teachersô PCK (Grossman, 1990; Shulman, 1987; van Driel et al., 2002). 

However, it does not guarantee a well-developed PCK (Friedrichsen et al., 2007) and 

this is supported by the findings of the current study since although the four teachers 

each had at least 12 years experience, their PCK was not robust. For instance, the 

teachers did not have adequate knowledge of studentsô errors and the ways of 

eliminating their errors because they did not focus on the studentsô errors during their 

teaching. In particular, they did not take the reasons for studentsô errors into 

consideration when they were teaching. They only considered whether students 

followed the procedure or not when calculating the volume of 3D solids. However, 

the teachers could have obtained knowledge of studentsô errors by checking their 

homework (An et al., 2004) and paper-pencil test but the middle school teachers did 

not check studentsô homework. It seems that the purpose of assigning homework was 

not to understand studentsô learning but only to make students revise what they have 

learned in class. Another way of obtaining information about student errors would be 

through tests but the aim of the paper-pencil test was to grade students. If teachers 

wish to support their studentsô learning, then they need to observe the students during 

lessons to understand their thinking. In addition, homework, performance homework, 

project, and paper-pencil test could be important indicator of studentsô learning.  In 

order to do this effectively, the middle school teachers should focus on developing 

formative and summative assessment strategies to acquire deep and meaningful 

knowledge of how students learn and comprehend mathematics topics. 

Moreover, the study offers implications for curriculum developers and 

textbook writers. The findings revealed that the middle school teachers applied 

teacher-centered instructional strategy.  Therefore, they had tendency to teach the 

mathematics by lecturing. During the interview, middle school teachers stated that 

they want to apply activities but they do not know which activities can help students 

to facilitate their learning. For this reason, teachers should be supported by useful 

activities for teaching the topics effectively. In this regard, curriculum developers 

and textbook writers should include activities which promote studentsô learning. 

Additionally, textbook writers may give place to problems which support conceptual 

understanding rather than directing students to apply the formula.  Guidelines for 
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teachers that cover the important issues in mathematics teaching should be clearly 

presented and explained in the teacher copies of textbooks.  

The recommendations for further research and limitations of the current study 

are presented in the following section. 

 

5.4 Recommendations for the Future Research Studies 

This research study was aimed to understand four middle school mathematics 

teachersô subject matter knowledge and pedagogical content knowledge related to the 

volume of 3D solids. Based on the findings, related research studies are suggested in 

this section. Future studies could be conducted to investigate teachersô knowledge 

about the other important areas of geometry, such as the surface area of 3D solids, 

triangles and angles. This would serve to present a larger picture of the middle school 

teachersô knowledge of geometry and since understanding teachersô knowledge of 

geometry has important role for understanding teachersô knowledge of mathematics 

(Maxedon, 2003), and this type of research would extend the understanding of the 

teachersô mathematics knowledge. 

In this study, the effect of teachersô knowledge on studentsô learning was not 

investigated. However, in the literature it is claimed that the teachersô knowledge has 

an impact on the studentsô achievement in mathematics (Hill & Ball, 2004). In order 

to explore how teachersô SMK and PCK affects studentsô learning in a certain 

geometry topic, further studies need to be undertaken. 

Researchers have claimed that teachersô orientation has pivotal role among 

the dimensions of PCK since it guides teachers in making instructional decisions 

(Brown et al., 2009; Koballa, Glynn, Upson and Coleman, 2005). Although middle 

school mathematics teachersô PCK was investigated under four dimensions, the 

teachersô orientation to mathematics teaching was not taken into consideration in the 

present study. Furthermore, there are many studies regarding teachersô orientation to 

science teaching but research aiming to investigate teachersô orientation to 

mathematics teaching is limited. Due to the importance of teachersô orientation on 

their PCK, research studies should be carried out to identify teachersô orientation to 

mathematics teaching and its effect on other dimensions of PCK. 
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The findings also suggest the need for further studies on the possible effects 

of teaching experience on the development of teachersô knowledge (Grossman, 1990; 

Shulman, 1987; van Driel et al., 2002). In order to identify the effects of teaching 

experience on teachersô knowledge, novice teachers and experienced teachersô 

knowledge about the same topic could be investigated and compared.  

As stated by several researchers, PCK is a topic-specific construct (van Driel, 

et al., 1998; Veal & MaKinster, 1999). Although one of the aims of the present study 

is to investigate middle school teachersô topic-specific PCK, the literature has 

identified the need for more topic-specific PCK research. In order to present how 

topic-specific PCK is, teachersô PCK in different topics could be examined and 

contrasted. 

In addition, pre-service teachersô knowledge of the volume of 3D solids could 

be investigated in order to provide support for teacher educators to design  their 

methods course to enrich pre-service teachersô SMK and PCK.  

In Turkey the elementary and secondary mathematics curriculum was revised 

in June 2013 (MoNE, 2013). The volume of 3D solids was removed from the 8th 

grade mathematics curriculum and included in the 10th grade mathematics 

curriculum. For this reason, further studies need to be done to examine secondary 

mathematics teachersô knowledge of the volume of 3D solids.  

Lastly, quantitative research studies could be performed to investigate pre-

service and in-service mathematics teachersô knowledge on several topics in 

mathematics. In this way, the findings of the study could be generalized to the 

broader context.  

 

5.5 Limitations of the Study 

This study examined four middle school mathematics teachersô knowledge 

regarding the volume of 3D solids. The findings of this study have made 

contributions to the literature however, there are also the following limitations to the 

current study; the selection of the participants, the data collecting instruments and 

procedures, researcher position, and the topic selected to be studied. These issues are 

detailed below.  
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It is indisputable that the selection of the participants is one of the limitations 

of the study. As stated in the methodology part, four middle school teachers 

volunteered to participate in the study. Since this was qualitative case study, the 

findings may change with respect to the participantsô backgrounds, experiences, and 

beliefs. For this reason, different participants could produce different results.  

Another limitation was directly related to the data collection instruments. The 

questionnaire concerning the volume of 3D solids was developed by the researcher 

and all the items were discussed with a mathematics educator and mathematics 

teachers. However, the questionnaire may have been influenced by the researcherôs 

beliefs and biases. Moreover, most of the questions in the questionnaire were related 

to the volume of the prism. Although data gathered from the questionnaire related to 

teachersô knowledge on the volume of pyramid, cone and sphere were enriched 

through the classroom observation; the findings of the study were mostly related to 

the volume of prism. In addition, the findings were restricted to the data gathered 

from the questionnaire, interview, classroom observation and field notes.  

The researcherôs position is also a limitation of the study. As explained in the 

methodology part, one of the data collection tools was classroom observation in 

which the teachersô lessons were videotaped. The presence of researcher and the 

camera during the lessons might have had on effect on both the teachers and 

students. To minimize this, researcher attended a few lessons and videotaped before 

teachers started teaching the volume of 3D solids. Moreover, researcherôs 

background and beliefs can lead to unintended biases during the data collection and 

analysis process. To minimize researcherôs biases, several data collection tools (such 

as questionnaire, interviews and classroom observations) were used and the data was 

analyzed by a second coder. Furthermore, the findings of the study were discussed 

with my supervisor and thesis committee members throughout the data analysis 

process. 

A final limitation of the study is related to the topic to be studied. In the 8
th
 

grade mathematics curriculum, the volume of 3D solids was one of the last topics 

(MoNE, 2006). Because of the time constraint, teachers may ignore the topic or teach 

it superficially. The findings of the study might be influenced by this situation.  
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APPENDICES 

 

APPENDIX A  

 

THE TURKISH VERSION OF VOLUME OF 3D SOLIDS QUESTIONNAIRE 

(VDSQ) 

 Merhaba, 

         Ben Reyhan TEKĶN SĶTRAVA. Ķlkºĵretim Bºl¿m¿nde Matematik Eĵitiminde 

doktora yapmaktayēm. Prizma, piramit ve koninin hacmi ile ilgili bir araĸtērma 

yapēyorum. Bu araĸtērmada ortaya ēkacak sonularēn matematik eĵitime katkēsē 

olacaĵēnē d¿ĸ¿n¿yorum. Bu y¿zden sizden d¿ĸ¿ncelerinizi ve gºr¿ĸlerinizi aēka 

ifade etmenizi rica ediyorum.  

Bana gºr¿ĸme s¿recince sºyleyeceklerinizin t¿m¿ gizlidir. Araĸtērma sonularēnē  

yazarken, gºr¿ĸt¿ĵ¿m bireylerin isimlerini kesinlikle rapora yansētmayacaĵēm. 

       Baĸlamadan ºnce, bu sºylediklerimle ilgili sormak istediĵiniz bir soru var mē? 

Gºr¿ĸmenin yaklaĸēk 1 saat s¿receĵini tahmin ediyorum. Anlamadēĵēnēz bir soru  

veya herhangi bir ĸey olursa l¿tfen sºyleyin. ķimdi sorulara baĸlamak istiyorum. 

 

Reyhan TEKĶN SĶTRAVA 

reyhan_tekin@yahoo.com 

1. B¥L¦M: Demografik Bilgiler 

1. Cinsiyetiniz:           Bay                         Bayan 

2. Mezun Olduĵunuz Lise:  

       D¿z Lise            

3. Eĵitim Durumu: 

           Lisans    Y¿ksek Lisans                                 Doktora 

4. Gºrev Yaptēĵēnēz Okul:  

5. Hizmet Yēlēnēz: 

 

0-5 yēl 

 

6-10 yēl 

 

11-15 yēl 

 

16-20 yēl 

 

21-25 yēl 

 

26-30 yēl 

 

31-35 yēl 

 

36 ve fazlasē 

Anadolu ¥ĵretmen 

Lisesi  

 

 

Meslek 

Lisesi  

 

 

Anadolu  

Lisesi  

 

 

Diĵer 
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SORU SETĶ 

 

Aĸaĵēda verilen sorularēn cevaplarēnē boĸ bērakēlan yerlere veya boĸ bir kaĵēda 

cevaplayabilirsiniz.   

 

1)  

 

 

 

 

 

 

 

a) Bu problemin ºz¿m¿nde kullanēlabilecek bildiĵiniz t¿m yºntemleri       

       yazēnēz.  

b) ¥ĵrencileriniz belirttiĵiniz yºntemlerden hangisini veya hangilerini  

      kullanarak bu problem ºzerler?  

c) ¥ĵrencileriniz bu problemi ºzerken hangi hatalarē yapabilirler?  

d) Bu hatalarēn kaynaĵē ne olabilir?  

e) Siz bu hatalarē d¿zeltmek iin hangi ºĵretim tekniklerini/    

        materyalleri/stratejileri kullanērsēnēz?  

 

2)  

 

 

 

 

 

       

a) Bu problemin ºz¿m¿nde kullanēlabilecek bildiĵiniz t¿m yºntemleri 

yazēnēz.  

b) ¥ĵrencileriniz belirttiĵiniz yºntemlerden hangisini veya hangilerini  

       kullanarak bu problemi ºzerler?  

c) ¥ĵrencileriniz bu problemi ºzerken hangi hatalarē yapabilirler?  

d) Bu hatalarēn kaynaĵē ne olabilir?  

e) Siz bu hatalarē d¿zeltmek iin hangi ºĵretim tekniklerini/ 

materyalleri/stratejileri kullanērsēnēz?      

Yanda verilen kare prizmayē oluĸturan birim k¿p 

katēr? 

 

Yanda verilen kare prizmanēn dēĸ y¿zeylerindeki 

birim k¿pler ēkartēldēĵēnda geriye ka tane birim 

k¿p kalēr? 
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3)                                                        ñYanda verilen dikdºrtgenler prizmasēnēn                                                      

                                                    hacmini hesaplayēnēzò probleminde  

                                                    Mehmet Aslanôēn sēnēfēndaki ºĵrencilerin  

                                                    b¿y¿k oĵunluĵu aynē hatayē yapēyor ve  

                                                    cismin hacmini 94 buluyorlar.  

       Buna gºre; 

 

 

a) Hata yapan ºĵrenciler problemi nasēl ºzm¿ĸ olabilirler?  

b) ¥ĵrencilerin bu soruyu yanlēĸ ºzmelerine neden olan hatalarē nelerdir? 

c) Bu hatalarēn  kaynaĵē ne olabilir?  

d) Siz bu hatalarē d¿zeltmek iin hangi ºĵretim tekniklerini/ materyalleri/ 

stratejileri kullanērsēnēz? 

 

4)  

 

 

 

a) Soruyu doĵru ºzen ºĵrenciler ne t¿r ºz¿m yollarē geliĸtirmiĸlerdir? 

Aēklayēnēz 

b) Soruyu yanlēĸ ºzen ºĵrenciler ne t¿r ºz¿m yollarē geliĸtirmiĸlerdir? 

Aēklayēnēz 

c) Soruyu yanlēĸ ºzen ºĵrencilerin hatalarē nelerdir? Aēklayēnēz. 

d) Soruyu yanlēĸ ºzen ºĵrencilerin hatasēnēn kaynaĵē nedir? Aēklayēnēz. 

e) Siz bu hatalarē d¿zeltmek iin hangi ºĵretim tekniklerini/ materyalleri/ 

stratejileri kullanērsēnēz?  

 

 

 

 

Leyla Aksoy yandaki k¿p¿n hacmini ºĵrencilerine sorar ve 

ºĵrencileri sonucun 27 olduĵunu sºyler. Leyla Aksoy 

ºĵrencilerinin soruyu farklē yºntemlerle ºzd¿ĵ¿n¿ 

farkeder. Bu ºz¿m yollarēndan bazēlarēnēn doĵru olmasēna 

raĵmen bazēlarē yanlēĸtēr.  

Buna gºre; 
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5)                                                                

 

  

 

 

 

Elaônēn ºz¿m¿: 

26 x 2= 52 

8 x 2= 16 

52- 16= 36 

36- 12= 24 

Erenôin ºz¿m¿: 

6 + 6= 12 

4 + 4= 8 

12 + 8 + 4= 24  

Kuzeyôin ºz¿m¿: 

4 x 3= 12 

12 x 2= 24 

Yaĵmurôun ºz¿m¿: 

6 + 6= 12 

4 + 4 + 4 = 12 

12 + 12= 24 

Berkeônin ºz¿m¿: 

4x 3 x 2= 24 

 

a) ¥ĵrencilerin ºz¿m yollarēnē kendi c¿mlelerinizle aēklayēnēz. 

b) Soruyu yanlēĸ ºzen ºĵrenci veya ºĵrencilerin hatalarēnēn kaynaĵē ne olabilir?  

c) Siz bu hatalarē d¿zeltmek iin hangi ºĵretim tekniklerini/ materyalleri/ 

     stratejileri kullanērsēnēz?  

d) Sizin ºĵrencileriniz genelde hangi ºĵrencinin ºz¿m yolunu tercih ederler?  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Yukarēda verilen dikdºrtgen prizmasēnēn hacmini Ela, 

Eren, Kuzey, Damla, Yaĵmur ve Berke farklē ĸekilde 

ºzm¿ĸler fakat aynē cevabē bulmuĸlardēr. ¥ĵrencilerin 

ºz¿mleri aĸaĵēda verilmiĸtir.  

 



211 

 

6)   

 

 

 

 

 

 

 

 

Arda Acar yukarēdaki problemi sēnēfta ºĵrencilerine sorar ve farklē ºz¿m yollarē ile 

karĸēlaĸēr.  

 

Yankēônēn ºz¿m¿: 

a
2
 = b

2 
+ c

2 

25
2
 = 15

2 
+ c

2 

625 = 225
 
+ c

2 

400 = c
2
            c= 20 

V= 40.
2

20.15
           

V= 6000 

Bir dilimin hacmi: 

300
20

6000
=  

Asyaônēn ºz¿m¿: 

V= 40.
2

25.15
 

V= 7500 

Bir dilimin hacmi: 

375
20

7500
=  

Yamanônēn ºz¿m¿: 

a
2
 = b

2 
+ c

2 

25
2
 = 15

2 
+ c

2 

625 = 225
 
+ c

2 

400 = c
2
            c= 20 

2
20

40
=  

V= 2.
2

20.15
           

V= 300 

 

 

Adaônēn ºz¿m¿: 

a
2
 = b

2 
+ c

2 

25
2
 = 15

2 
+ c

2 

625 = 225
 
+ c

2 

400 = c
2
            c= 20 

V= 
2

20.15.40
           

V= 6000 

Bir dilimin hacmi: 

300
20

6000
=  

 

 

Ilgazôēn ºz¿m¿:  

a
2
 = b

2 
+ c

2 

25
2
 = 15

2 
+ c

2 

625 = 225
 
+ c

2 

400 = c
2
            c= 20 

2

x.25

2

20.15
=            x= 12 

V= 
2

40.25.12
           V= 6000 

Bir dilimin hacmi: 300
20

6000
=  

 

a) Sizce Arda ¥ĵretmenôin ºĵrencileri bu ºz¿m yollarēnē geliĸtirirken ne    

 d¿ĸ¿nm¿ĸ olabilirler? 

b) Eĵer bu ºĵrencilerden soruyu yanlēĸ ºzen varsa bu ºĵrencinin/ºĵrencilerin    

     hatalarē nelerdir? 

c) Siz bu hatalarē d¿zeltmek iin hangi ºĵretim tekniklerini/ materyalleri/    

    stratejileri kullanērsēnērsēnēz? 

25 cm 15 cm 

40 cm 

Yanda dik ¿gen prizma ĸeklinde kesilmiĸ bir peynir 

kalēbē bulunmaktadēr. Bu peynir kalēbē 20 eĸit dilime 

ayrēldēĵēnda elde edilen her bir dilimin hacmi ne 

kadar olur? . 
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7)  

     

 

 

 

 

a) Sizce Ceren ile Cemre bu ºz¿m yollarēnē geliĸtirirken ne d¿ĸ¿nm¿ĸ 

olabilirler? 

b) Eĵer bu ºz¿m yollarēndan biri veya her ikisi yanlēĸ ise yapēlan hatalar ne 

olabilir? 

c) Eĵer bu ºz¿m yollarēndan herhangi biri yanlēĸ ise yapēlan hatanēn kaynaĵē ne 

olabilir? 

d) Siz bu hatalarē d¿zeltmek iin hangi ºĵretim tekniklerini/ materyalleri/ 

stratejileri kullanērsēnēz? 

 

 

8) K¿lah,  yay uzunluĵu, 15, yarēap ve 54 cm ifadelerini kullanarak hacim baĵēntēsēnē 

ieren bir problem kurunuz.  

 

9) ¥ĵrencilerin ¿ boyutlu cisimlerin hacmini hesaplamaya iliĸkin bilgilerini ºlmek    

    iin hangi ºlme aralarēnē kullanērsēnēz?  

 

10)  3 boyutlu cisimlerin hacmini matematik veya diĵer derslerdeki hangi konu veya  

        konularla iliĸkilendirerek anlatērsēnēz?  

 

 

Cerenôin ºz¿m¿:  

V= 
3

5.6.6
 

V= 60
3

180
= cm

3
 

Cemreônin ºz¿m¿: 

a
2
 = b

2 
+ c

2 

5
2
 = 3

2 
+ c

2 

25 = 9
 
+ c

2 

16 = c
2 

c= 4 

V= 
3

4.6.6
 

V= 48
3

144
= cm

3
 

 
 

Yanda verilen kare piramit ĸeklindeki 

maketin tabanēnēn bir kenar uzunluĵu 6 

cm ve  yan y¿z y¿ksekliĵi 5 cmôdir. Bu 

maketin hacmini hesaplayan Ceren ile 

Cemre problemi farklē yollarla 

ºzm¿ĸlerdir.  
 

 

 

 

 

 

 



213 

 

 

 

APPENDIX B 

 

A TABLE OF SPECIFICATION FOR THE QUESTIONNAIRE ITEMS  

 

SMK PCK 

 Knowledge of Learners Knowledge 

of 

Curriculum  

Knowledge 

of 

Assessment 

Alternative 

Solution 

Methods 

 

Generation 

A Story 

Problem 

Studentsô 

Preferences 

among 

Different 

Solution 

Methods 

Interpretations 

of Studentsô 

Alternative 

Solution 

Methods 

Studentsô 

Errors  

 

The Sources 

of These 

Errors 

 

The Strategies 

to Overcome 

Elementary 

Studentsô 

Errors 

  

1a, 2a 8 1b, 2b, 5d 3a, 4a, 4b, 5a, 

6a, 7a 

1c, 2c, 3b, 4c, 

6b, 7b 

1d, 2d, 3c, 

4d, 5b, 7c 

1e, 2e, 3d, 4e, 

5c, 6c,7d,  

10 9 

 

 

 

 

 

 

 

 

 

 

2
1

3
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APPENDIX C 

 

 

INTERVIEW PROTOCOL  (IN ENGLISH)  

 

 

SUBJECT MATTER KNOWLEDGE  

 

¶ What are the solution methods that you use to solve this question? 

¶ Do you know any other methods? If yes, please explain.  

¶ Could you generate a story problem which involves the volume formula    

      using a cornet, the length of arc, 15, radius and 54? 

¶ Could you solve the problem that you generated? 

PEDAGOGICAL CONTENT KNOWLEDGE  

 

ü Knowledge of Learners 

¶ What method(s) do your students use to answer this question? 

¶ Which error(s) do you think your students will make in answering this  

      question? 

¶ What may be the reasons for the error?  

¶ Which teaching techniques/materials/strategies do you use to overcome    

     these errors? 

¶ According to you, what was the student thinking when s/he developed the 

methods of solving the question? 

 

ü Knowledge of Curriculum 

¶ What other topic or topics within mathematics do you use to teach the 

volume of 3D solids? 

¶ What other topic or topics within other lessons do you use to teach the 

volume of 3D solids? 

¶ How do you use real life examples to teach the volume of 3D solids? 

  

ü Knowledge of Assessment 

¶ What methods do you use to assess the studentsô knowledge related to the 

volume of 3D solids? 
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APPENDIX D 

 

 

INTERVIEW PROTOCOL  (IN TURKISH)  

 

 

ALAN BĶLGĶSĶ 

 

¶ Bu problemin ºz¿m¿nde hangi yºntemleri kullanērsēnēz?  

¶ Baĸka yºntem biliyor musunuz? Eĵer biliyorsanēz, aēklar mēsēnēz? 

¶ K¿lah,  yay uzunluĵu, 15, yarēap ve 54 cm ifadelerini kullanarak hacim    

      baĵēntēsēnē ieren bir problem kurar mēsēnēz? 

¶ Kurduĵunuz problemi ºzer misiniz?  

 

PEDAGOJĶK ALAN BĶLGĶSĶ 

 

ü ¥ĵrenci Bilgisi 

¶ ¥ĵrencileriniz belirttiĵiniz yºntemlerden hangisini veya hangilerini 

kullanarak bu problemi ºzerler?  

¶ ¥ĵrencileriniz bu problemi ºzerken hangi hatalarē yapabilirler?  

¶ Bu hatalarēn kaynaĵē ne olabilir?  

¶ Siz bu hatalarē d¿zeltmek iin hangi ºĵretim 

tekniklerini/materyalleri/stratejileri kullanērsēnēz?  

¶ ¥ĵrenci soruyu yanlēĸ ºzer ve ºĵretmen, ºĵrencinin hatasēnē fark 

ediyor/etmiyor.  

¶ ¥ĵretmen, ºĵrencinin hatasēnē gidermek iin ééééééé.yºntemini 

kullanēyor.  

 

ü M¿fredat Bilgisi 

¶ 3 boyutlu cisimlerin hacmini matematikteki hangi konu veya konularla 

iliĸkilendirerek anlatērsēnēz?  

¶ 3 boyutlu cisimlerin hacmini diĵer derslerdeki hangi konu veya konularla 

iliĸkilendirerek anlatērsēnēz?  

¶ 3 boyutlu cisimlerin hacmini gerek hayatla nasēl iliĸkilendirirsiniz?  

 

ü ¥lme Bilgisi 

¶ ¥ĵrencilerin ¿ boyutlu cisimlerin hacmini hesaplamaya iliĸkin bilgilerini 

ºlmek iin hangi ºlme aralarēnē kullanērsēnēz?  
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APPENDIX E 

 

 

OBSERVATION PROTOCOL  (IN ENGLISH)  

 

Teacher: School: 

Subject: Date: 

 

 

N
e
v
e
r 

S
o

m
e
ti
m

e
s 

A
lw

a
y
s 

EXPLANATIONS  

SUBJECT MATTER KNOWLEDGE  

 

    

¶ Teacher solves the questions using 

alternative solution methods. 

   The methods are: 

 

 

 

¶ Teacher takes notice of studentsô alternative 
solution methods and explains these 

methods to the other students.  

    

PEDAGOGICAL CONTENT 

KNOWLEDGE  

 

    

ü Knowledge of Learners     

¶ Student solves the questions using different 

solution methods. 

   The methods are:  

 

 

¶ Student solves the questions incorrectly and 

teacher does/doesnôt recognize studentôs 

error.  

    

¶ Teacher uses different strategies to 

overcome studentôs error. 

   The strategies are: 

ü Knowledge of Instructional Strategy     

¶ Teacher transfers his/her knowledge to the 

students. S/he uses teacher-centered 

instructional method. 

    

¶ Teacher creates classroom environment that 

gives students opportunity to share their 

knowledge.  
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ü Knowledge of Curriculum     

¶ Teacher connects the topic with  

 a) the topics (éééééééé.) in   

      mathematics 

 b) other topics (ééééééé. ) in   

                  other lessons (ééééééé.) 

 c)  real life 

 

    

¶ Teacher alters the order of the topic.    The order is: 

 

 

 

ü Knowledge of Assessment     

¶ Teacher uses assessment strategies during 

the lesson. 

   The assessment strategies are: 

 

 

 

¶ Teacher uses assessment strategies 

following the completion of the topic.  

 

   The assessment strategies are: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 




