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ABSTRACT

AN INVESTIGATION INTO MIDDLE SCHOOLMATHEMATICSTEACHERS®
SUBJECT MATTER KNOWLEDGE AND PEDAGOGICAL CONTENT
KNOWLEDGE REGARDNG THE VOLUME OF 3D SOLIDS
Tekin-Sitrava, Reyhan
Ph.D,Department of Elementary Education
Supervisor As s ocC. Pr o f-BostaD r . Mi ne | kKéksal

February 2014267 pages

The purpose of this study was to examimeddle schoolmathematics
t eacher s 6 rskoowlpdgec and pedagogieal content knowledge of the
volume of 3D solids. In order to achieve the purpose of the studymiolgiie school
teachers working in public schodls Ankaraparticipated in the study. To get deep
and rich answers to research gims asked, qualitative methodology was used.
Participants were selected through purposeful sampling. Data was gathered via
questionnaire, senstructured interviews, classroom observations, and field notes.
The data was analyzed using constant comparatethod.
The findings revealed that althoughiddle schoolteachers could generate
alternative solution methods, they solved questions just using volume formula while
teaching the topic to their students. Moregwbey were unable to generate story
probdems related to the volume of 3D solids using given numbers and terms. The
teachers applied teachegntered instructional strate¢y teach the volume of 3D
solids to their studentg&urthermoremiddle schoot e acher sd knowl edge of
such as intepr et ation of studentsdé alternative so
errors and the sources of them, was restricted by their experiences. Moreover, to
make the topic more understandable, thktgred the order of the stibpics of 3D

solids but their krowledge of the connection the volume of 3D solids with other



topics was inadequatdhe study showed thahiddle schoolteachersused both
formative and summative assessment strategies such as informal questioning,
homework,paperpencil test performancéhomework and project worlAs a result

of findings of the studyijmportant implications and reconendations for further
studies were suggested.

Keywords: Mathematics educatiomiddle school mathematics teachessibject

matter knowledge, pedagogicaintent knowledge, the volume of 3D solids
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Bu émalnén , amaekalénat emat i k °gretmenl erinin

cisimlerin hacmine iliskin alan bilgilerini ve pedagojik alan bilgilerini incelemektir.
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Ayr éca, °Jretmenl er, verilen sayélar ve ter
hacmi il e Lgili probl em 3 bayutla cisimesirk t adeéer | ar .
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Buna ek ol ar ak, °Jretmenlerin °jJrenci bil g
y°ntemlerini yor uml ama, onl arén hatal aréené
bilgileri, A§gyiemlmemil erl B déneérl edeér. Ayr éca
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CHAPTER |

INTRODUCTION

Al f you vente students@ne gup of water, you (the
teacher) should have one bucket of
(An, Kulm & Wu, 2004, p. 146)

This Chinese sayingtated by An et al. (20048xplains that teachers should
have extensive and wedkganized knowledge foeffective teaching. Shulman
(1986) commented that there were central questions in the literature, which still have
not beenanswered regardintpe knowledge needed for effective teaching. Some of
these questions were about the planning of the lessongxtilanations of the
subjects, organizing and applying activities, selecting appropriate representations,
deal ing wi t h student sé mi sconceptions/
understanding. Briefly, the main focus of these questions is knowing #eut
subject to be taught and knowing how it will be taught (Grossman, 1990; Ma, 1999).
Accordingl vy, t e a c htkerusndst ikportamt lissud fpreeffebtieec a me
teaching. Therefore, throughout many years, researchers examined the knowledge
that teabers need to know in order to teach effectively (Ball, 1990a; Ball, & Bass,
20@2; Ball, Thames, & Phelps, 2008; Carpenter, Fennema, Peterson & Carey, 1988;
Gess Newsome, 1999; Grossman, 1990; Rowland, Huckstep & Thwaites, 2005;
Shulman, 1986; 1987).

In many of these studies, researchers explained that teachers should have

broad content knowledge for effective teaching which consists of knowledge of the



subject and its structures (Ball, 1991; Ball, Thames, & Phelps, 2008; Borko, 2004).
In this regard, Baland her colleagues (2008) pointed out that:

Teachers must know the subject they teach. Indeed, there may be
nothing more foundational to teacher competency. The reason is
simple. Teachers who do not themselves know a subject well are not
likely to have e knowledge they need to help students learn this
content. At the same time, however, just knowing a subject well may not
be sufficient for teaching. One need only sit in a classroom for a few
minutes to notice that the mathematics that teachers work iwith
instruction is not the same mathematics taught and learned in college
classes. In addition, teachers need to know mathematics in ways useful
for, among other things, making mathematical sense of student work
and choosing powerful ways of representihg subject so that it is
understandable to students. It seems unlikely that just knowing more
advanced mathematics will satisfy all of the content demands of
teaching. What seems most important is knowing the mathematics
actually used in teaching (p.45).

It can be understood from statement made by Ball et al. that knowing
mathematics for teaching is more than knowing the facts and concepts, applying
them to the problems and following procedures to solve the problems correctly. It
also means knowing how tmake the topics meaningfubif students. Actually,
t e a c Kkeowledge is amalgam of the subject matter knowledge and the
pedagogical content knowledge. The former de
|l atter deals with Ahowdhetro woegalsh itteacMayr sdH99
includes the subject which is taught and the ways of teaching it (Grossman, 1990).

It is surely beyond doubt that the teadh&gnowledge has been described as

complex and consisting of various facets. Primarily, ShulMi&8§) expressed the
complexities of the major categoriestofe a ¢ knewledg@: subject matter content
knowledge (SMCK), pedagogical content knowledge (PCK) and curricular
knowl edge ( CK) . Shul mandéds (1986) SMCK invol
conceps, explaining the reasons for learning these concepts, and relating the
concepts within and without the discipline. The second category efac her s 6
knowledge is PCK which consists of both the knowledge of content and knowledge
of pedagogy. Shulman (1988¢fined PCK agknowingiit he ways of present.i
formul ating the subject that make it compreh

of what makes the | earning of topics easy o



teacherso knowl ens the knowkdg€d a prdyrane developed for
the teaching of particular subjects at a particular level (Shulman, 1898@).
Shulmam® troduction of the categories aof e a ¢ knewleslgg many researchers
expanded these categories, which are presentediscussed in the literature review
of this dissertation (Ball, Thames & Phelps, 2008; @¢s&some, 1999; Grossman
1990; Rowland, Huckstep & Thwaites, 2005).

Although the researche(Ball et al., 2008; Geshlewsome, 1999; Grossman
1990; Rowland et al2005) used different terminology regarding the categories of
teachersodo knowl edge, al | agreed that hayv
use it efficiently is at the heart of teaching mathematics. In this respect, one group of
researchers had ced out several studies to investigate eitherper vi ce t each
orinservice teachersd had mathemati cal cCo
studies have shown that both {z&rvice and irservice teachers have limited content
knowledge for teachingnathematics (Basturk & Donmez, 2011; Baki, 2013;
Contreras, Batanero, Diaz & Fernandes, 2011; Even, 1993; Even & Tirosh, 1995;

Hill, Rowan & Ball, 2005; Isiksal, 2006). Various researchers have also conducted
studies to investigate the influence of teashér knowl edge on studen
1990a; Ball, 1991; Borko et al., 1992; Kahan, Cooper & Bethea, 2003; Leinhardt &
Smith, 1985; Lenhart, 2010; Ma, 1999)he researchers concluded thae ac her s 6
knowledge influences students learnarglteacherécompetence in conveying their
knowledge to the students providesore competent students in terms of

mat hemati cs. When the i mport ancmidde f t ea
school t e a ¢ kkmowledge of mathematics is primary source for supplying
mathenatical teaching to theaiddle schoktudents.

In addition to having broad and deep knowledge of mathematics for effective
teaching,the knowledge ofgeometry has a crucial role in teaching and learning
mathematics. Th&/S National Council of Teachers dMathematics [NCTM] (2000)
emphasized its prominence by stating fige
thinking that is different from, but <con
can be interpreted as when students are engaging in shapesuretruand
transformations; they understand the geometrical concepts and also the mathematics

behind those concepts. Therefore, it is necessary to have powerful geometry



knowledge in addition to mathematics knowledge to be an effective teacher

(Maxedon, 203). Because oft he | mportance of teachersoé ge

researchers conducted studies to investigate

(Baturo & Nason, 1996; Esen & Cakiroglu, 2012; Fujita & Jones, 2006, Gomes,

2011; Kellogg, 2010; Maxedon,0@3; Ng, 2011; Swafford, Jones and Thornton,

1997). These researchers concluded that tea

topics were inadequate to teach those topics effectively, which were consistent with

the results of the studies related to teadhersk nowl edge on specific

topics such as fractions, decimals, functions. Since teachers lack the knowledge of

geometry topics, their students had difficulties in some of geometry topics. Due to

the fact that the teacher who has lack of knowlealggut specific topics could not

transfer the appropriate knowledge to the st

knowledge on specific geometry topics. Based on the previous restadoes the

topic with which most of the students had difficudtias the volume of 3D solids

(Battista & Clements, 1996; 1998; Bebhaim, Lappan &Houang, 1985; Ng, 1998;

Olkun, 1999; 2008 Since the students had difficulties with the volume of 3D solids,

It I's significant t o quesolume of 3D sohds.her s 6 knc
Besides many reserachers havecusd on investigation ofmathematics

t e a c Kkmowlad§e in terms of severalimensions For instance, teachérs

understanding of key facts, concep#d principles relatedto the mathemats

topics, representing mathematical ideas, and providing mathematical explanations

and procedures with their justificatiomgere the dimensionsof teached $SMK that

had been investigated by several researchers (Ball,al9B@B0b;Even, 1993;

Haciomeroglu, Haciomeglu, & Aspinwall, 2007;lsiksal, 2008. In the present

study, teachersodéd alternative solution method

generating a story problem regarding the volume of 3D solids te&en asthe

dimensiors to investigate middlechool mathematics teachéiSMK. In relation to

developing alternative solution methgodke teachefsknowledgewas investigated

from the point of representing their mathematical ideas (Ball et al.,2008) and

comprehending the concepts and principles diggrthe topic of the volume of 3D

solids (Shulman, 1986)In addition, generating a @ty problem was another

dimension to understand the teach@iSMK. In relation to thatChapman (2002)



emphasized that mathematics teach#msking about story problemswas an
important component of understanding their SMK. Consistent with Chapman, Ball
(1990a) emphasized that generating story problems or selecting the story problem
that represent a given statement were the ways of understateictpeo s
knowledge For this reasongenerating a story problem wase of thefocusesof the
present study

Similar to teache®SMK, researchers have investigated tea&hBCK in
terms of several dimensisn s u c h as knowl edge of st
preconceptions/ misconcepb n s the ways of el i minati ncg
the most powerful examples, illustrations and demonstratiewsn( 1993; Even &
Tirosh, 1995; Isiksal, 2006; Karahasan, 2010; Kilic, 2011; Leavitt, Y1988the
present study, the instructional ségies that the teachers applitm teach the
volume of 3D solids effectively, the assessment strategies that were used to assess
student learning regarding the volume of 3D sohdse the dimensiathat will be
considered under the dimeéms of middle £hool mathematics teachér®CK
Moreover,teacher6 PCK was analyzed in terms tifeir knowledge of the solution
methods that the students prefer, the errors that the students held, the sources of these
errors the ways of eliminating the errgrend intée pr et i ng studentso
solution methodsFurthermore, relating the topic to the other topics of mathematics
or other disciplines and the order of the ojics of I solids werethe other
dimensionghat were considered unde€K.

As a result, amng the different mathematics topics and diffedintensions
of teacher8 SMK and PCK that could be researched, middle school tedchers
knowledge on the volume of 3D solids was investigated in terms of developing
alternative solution methods, generatagfory problems, instructional strategies that
the teachers applied, assessment strategies tlyaisbd to assess students learning

knowledgeaboutlearnersand knowledge about curriculum.

1.1 Statement of the Problem
It is obvious that e a c hoe resndt knowl edge has <cruci
learning thus, teachers should have the knowledge of the facts, truths and concepts,

and be able to explain why they are worth learning and how they are related within



mathematics and other disciplines. Furthemm teachers should know how to make

the subject more meaningful and understandable for students, determine the topics

which the students have difficulty +to l ear
preconceptions and misconceptions, present strategies overcoming the

misconceptions, and be able to use the best representation and examples to teach the

subject effectively (Shulman, 1986). In this respect, researchers also have important

role in studentsd6 | earning andt esatcuhdeiressé s h ot
content knowledge in specific topics, and then present the results of the study to

teacher educators, curriculum developers and teachers.

Al | over the world sever al researchers i1
they concluded that having riddmowledge of mathematics was one of the pillars of
effective teaching and studentsd achievemen
Ball, 2005; Hill, Schilling, & Ball, 2004; Rowan, Schilling, Ball & Miller, 2001).

However, Maxedon (2003) claimed thatteaer s 6 mat hemati cs knowl edg
not enough to make the subjects more comprehensible for students. It is necessary to

have deep geometry knowledge due to the fact that geometry has crucial role in

teaching and learning in other subject areas of tht@enaatics curriculum and other

disciplines (NCTM, 1989; 2000). Contrary to noteworthiness of geometry for

mat hematics teaching, many researchers did
knowledge on geometry subjects. In other words, the number of stedi@sling

teachersdéd geometry knowledge with respect t
(Baturo & Nason, 1996Fujita & Jones, 2006, Gomes, 201Kgllogg, 2010;

Maxedon, 2003; Ng, 201Swafford, Jones and Thornton, 199Fhr this reason,

thereisaneed t o conduct research studies to 1 nve
knowledge. In order to partly satisfy this need, the aim of this study to obtain

i nformation related to teachersd content knc
As with all studes, the focus of this study has been narrowed down with respect to

the area of interest of the content that is investigated. The volume of 3D solids was

chosen since this is a mathematical topic that is known to be difficult for students

(Battista & Clemats, 1996; 1998; Be@haim, Lappan & Houang, 1985). Within

this context, there needs to be a deeper un



concerning the volume of 3D solids for teachers, mathematics educatdr
curriculum developerto make the topieasier for the students.
Thus, this study aims to answer the following research questions:
1. What is the nature of the foomddle schoomat hemati cs t eache
matter knowledge of the volume of 3D solids?
1.1. What are the alternative solutiorettimods these four teachers
propose to calculate the volume of 3D solids?
1.2. To what extent are these teachers successful at generating a story
problem regarding the volume of 3D solids?
2. What is the nature of the foumiddle schoolmathematics teachdrs
pedagogical content knowledge on the volume of 3D solids?
2.1. What kind of instructional strategies do $kdeachers use to
teach the volume of 3D solids?
22. To wh at extent do t he teachers
knowledge related tthe volume of3D solid®
2.3. To what extent ddhe teachers have knowledge of curriculum
related to the volume of 3D solids?
24. What kind of assessment types the teachers apply to assess

studentsé understanding of the vol

1.2 Definitions of Impartant Terms

The research questions of the study contain several terms that need to be
defined:

Subject Matter Knowledge

Subject matter knowl edge was related
what they will teach and iincludes substantive and syntacticmgponents The
substantive aspect encompasses the knowledge of facts, rules, principles, concepts,
and theories in a specific field of mathematics whereas the syntactic component
covers knowledge of the process through which knowledge is generated igldhe f
(Schwab, 1978as cited in Shulman, 1986).



Pedagogical Content Knowledge
The concept of PCK was developed by Shulman and his colleagues in the
Knowledge Growth in Teaching Project (Shulman, 1986)light of the definition
proposed by Shulmafi986), P C K i partiGutahf@m of content knowledge that
embodi es the aspects of content mo st ger man
p.9).
The PCK in thisstudy refers to knowledge of instructional strategies,

knowledge of learners, knowledge afrdculum and knowledge of assessment.

Knowledge of Instructional Strategies

One of thePCK dimension is the knowledge of instructional strategies
includingt he t ekaowledge of Gubject specific strategies which represent
general approaches for téa&wg, and topiespecific strategies which are the most
effective way for teaching a specific togldagnusson et al., 1999)

Knowledge of Learners

The knowledge of the learners is PCK dimension that is related to possessing
information about the learnerghich helps and encourages them to learn specific
topi c. It refers to the teachersd knowl edge
and also involves the gaps in studentsd kno
subject is presented. Additionally, t consi sts of t he knowl edc
misconceptions/difficultigerrors in learning a specific topic (Grossman, 1990;

Magnussonet al, 1999).

Knowledge of Curriculum

Another dimension of PCK is the knowledge of the curriculum, which
includes he teachers' knowledge of curriculum goals and objectives, and the
teachersé knowledge of specific curricular

learning goals (Magnusson et al., 1999)



Knowledge of Assessment
Knowledge of assessment is one ofthe mensi ons of teacher

comprises the teachers knowl edge of wh

learning (Magnusson et al., 1999).

1.3 Significance of the Study
I n recent year s, t he most cruci al g ue
ma hemati cs teachers need to know to teac
Ball, Thames & Phelps, 2008; Borko, 2004; Goulding, Rowland & Barber, 2002;
Ma, 1999; Shulman, 1986; 1987). The researchers stated that teachers need to have
both subject m#g&r knowledge and pedagogical content knowledge for effective
teaching (Ball et al., 2008). That is, teachers should possess the knowledge of both
what they will teach and how they will tead¥or this reason, thpresent study has
several significant aspts. To begin with, in light of the accessible mathematics
education literature,he knowledge of assessment was ignored in many research
studies although it is important for wund
thegaptoacertainextenh & st udy examined mat hemati cs
assessment in light of the work of Magnusson et al. (1999). Additionally, the focus
was on the knowledge of instructional strategies, knowledge of learaeds,
knowledge of curriculunm order to presérmathematics teaché@BCK. In this way,
t he mat hemati cs teacherso PCK  wthis exan
examinatorm| | ows us to display the complete p
Hill, Rowan and Ball (2005) stated that teachers play gooitant role in
studentsé effective understanding of mat
has an i mportant i mpact on studentsd ach
i nvestigate teachersd content ssbjetwdlledge |
over the world (Ball, 1990a; 1990b; Contreras, Batanero, Diaz & Fernandes, 2011;
Even, 1993; Evené& Tirosh, 1995; Huang & Kulm, 2012; Livy & Vale, 2011; Nilsson
& Lindstrom, 2012; Pind-an, Godino, Font & Castro, 2013). When the accessible
literature was reviewed, it was noticed that researchers focused on investigating
teachersé content knowl edge on fractions
(Ball, 1990b), probability (Contreras, Batanero, Diaz & Fernandes, 2011), ratio (Livy



&Vale,2011) , pol ygons (Carre€fYo, Ri b-Ean,r o & CIl i m
Godino, Font & Castro, 2013) and functions (Even, 1993; Even & Tirosh, 1995;
Huang & Kulm, 2012). The literature review showed us that there was a need for
more research to invesig e t eacherso6 content knowledge o
topics. Based on the review of the accessibl
on the volume of 3D solids has not yet been investigated. For this reason, this study
is expected to make impontia contributions to the literature by providing
i nformation about teachersé content knowledg
Similar to the research studies in the international context, there has been an
i ncrease in resear ch abeoin Turkdy.eThe siwliess 6 cont e
conducted in Turkey dealt with teachersd co
such as fractions (Isik, Ocal & Kar, 2013, Isiksal, 2006; Isiksal & Cakiroglu, 2008);
division (Baki, 2013), variables (Gokturk, Sahin & Soylu, 2018yual signs
(Aygun, BararB u | u't & Kpek, 2013) , functions (Hacé
Aspinwall, 2007; Karahasan, 2010), and limit and continuity (Basturk & Donmez,
2011) . It was found that the variety of topi
investigated by Turkish researchers was limited. In order to obtain the complete
picture of teachersodé content knowl edge, it
topics.
Mor eover, some researchers have investig:
on some gewmetry topics such as quadrilaterals (Aslartak, 2009; Fujita & Jones,
2006), area measurement (Baturo & Nason, 1996; Kellogg, 2010), geometric
transformations (Gomes, 2011), and solid objects (Bukawzel, 2010). Apart from
these studies, onlyonestudya s f ound whi ch aimed to invest.
knowledge on the volume of 3D solids (Esen & Cakiroglu, 2012). This study was
designed to investigate pseer vi ce t eacher so knowl edge of
solution methods and determining the comess of the solutions. Esen and
Cakiroglu (2012) carried out a very specific studyich focusedn a part of the pre
service teacherso6 PCK in relation to the \
researchers (Grossman, 1990; Magnusson et al., 1999) diatethdre are many
di mensi ons regarding teachersé PCK such a

misconceptions on the volume of 3D solids and the reasons for these misconceptions,

10



knowledge of the most useful strategies to teach the topic, knowledge of assessment
strategies to understand studentsdé | earn
i nvestigating the teachersd content know
to complete the missing part of trhe pict.
Contrary to the research studies rela
of 3D solids, many studi es have been
understanding of the volume of 3D solids. The results of these studies revealed that
st ude n temeént ralated toehe volume of 3D solids was low and students had
difficulties in the volume of rectangular prism (Battista & Clements, 1996: Ben
Chaim, Lappan & Houang, 1985; Ng, 1998; Olkun, 1999). When the importance of
teacher sé6 Isn awlaenhdwgrdent asnconsidered; it is noteworthy to
i nvestigate teachersd content knowl edge |
The significance of the current study is also rooted in the data collected from
a real classroom environment. To enrich literatureutlibe t e a c ltanterd 0
knowledge, the practical knowledge that teachers actually use in their teaching is
very important. Hence, the study contributes to literature through how teachers
transfer their SMK to thir students and how teachers use their RGKsupport
studentsod | earning.
Moreover, this study is impona for the literature becaugbe participants
are experienced teachers. In the related literature, research studies have generally
focused on knowledge of peervice teachers (Ball, 1990a99Db; Basturk &
Donmez, 2011; Contreras, Batanero, Diaz & Fernandes, 2011; Even, 1993; Even&
Tirosh, 1995; Huang & Kulm, 2012; Isiksal, 2006; Livy & Vale, 2011). However,
pre-service and novice teachers generally do not have a robust PCK (Magnusson et
al., 1999; Shulman, 1987). In this sense, the practice of experienced teachers would
provide a valuable example of how teachers transform their SMK and use PCK in
their teaching. In addition, the results of the study may provide practical information
for othermathematics teachers who teach the same topic in their classes. It is hoped
that experienced teachersdé rich repertoi
ot her teachersodé teaching.
This study has three main powerful aspects. Firstly, by examieahéré

content knowledge in a different topic which has not yet been studied it is expected

11



that this wil!/ enrich the Iliterature about t
this study investigates experienced teachers, it is hoped that valutisteaition

will be gained concerning how teachers use their content knowledge for effective

teaching. Lastly, due to the fact that data was collected via classroom observation,

the study provides concrete examptbaes of teac
specific topic. As a result, the aim is to contribute to the research literature on
teachersdé content knowl edge by apandbvi di ng a

practicaldata.
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CHAPTER Il

REVIEW OF THE LITERATURE

The purpose of this study was to provide a picture of niddle school
mathematicst e a ¢ tkrowlexd@e concerning the volume of 3D solids. In this
chapter, the theoretical frameworks and related research studies are given. To
provide more clarity, this chaptas divided into the following subsections: a)
Conceptual frameworks for the types of t
mat hemati cs t eacher s és topics,oc)y Resahrghe studies onmat h ¢
mat hemati cs teacher s 6 togias inwlurkey; glResaanch mat h ¢
studies on the way of enhancing mat hemat
topics e) Research studies on mat hematics t
f) Research studies on the way of enhancing mathematics tegachdesn o wl edge
geometry topics; g) Research studies on the volume of three dimensional solids. At

the end of the chapter, a summary of the literature review is provided.

2.1 Conceptual Frameworks for the Types
High-quality teachingrequires everything that teachers must do to increase
studentsé | earning (Ball, Thames, & Phel

lessons, selecting appropriate examples and definitions which make the subjects
understandable for students, evaluatingusd e nt s 6 wor k, devisin
homewor k. Mor eover, knowi ng about studen
errors/misconceptions/difficulties and the reasons for these errors/misconceptions/
difficulties, generating the ways of overcoming themg anaking connections

among mathematicébpics are the other necessities for highality teaching (Ball et

13



al., 2008; NCTM, 2000; Shulman, 198@h broad terms, higlguality teaching

requires both subject matter knowledge and pedagogical content knevjialfet

al., 2008). Put differently, higual ity teaching is connected
knowledge. Therefore, in recent years, this has led to researchers emphasizing the

I mportant role of teachersd cont;8alt knowl edg
2000; Ball, Thames & Phelps, 2008; Borko, 2004; Goulding, Rowland & Barber,

2002; Ma, 1999; Shulman, 1987). Moreover, various researchers undertook studies

to answer the question of what mathematics teachers need to know to teach

effectively (Ball, 1990; Ball, & Bass, 200 Baki, 2013; Carpenter, Fennema,

Peterson & Carey, 1988; Contreras, Batanero, Diaz & Fernandes, 2011; Gess

Newsome, 1999; Livy & Vale, 2011; Masters, 2012; Pham, Godino, Font &

Castro, 2013; Rowland, Huckstep & Thwaites, 20@hulman, 1986; 1987).

Al t hough some research studies investigated
studeohsévement or the | evel of teacherso Kk
ot her research studies exami nehdvastthere basi s o
used as a framework by several researchers. Those frameworks are presented and

discussed below. The frameworks by Ball et al. (2008); -Glesgsome (1999);

Grossman (1990); Rowland et al. (2005); and Shulman (1986) were related to

t e a c h e tedgé whieraas tlie framework created by Magnusson et al. (1999) was

based on teachersd PCK. For the following s
for teachersd knowledge are presented, and

(Magnusson et al1999) isoutlined.

2.1.1 Shul mands CatksKgowledge ati on of Teacher
Shulman (1986) commented that the emphasis of previous research studies

related to teaching was on how teachers plan lesson and activities, prepare

assignments, arrange lesson time, decideecst i ons 6 | evel and deter
studentsé understanding (Shul man, 1986) . [
not on subject matter knowl edge, and ways tl

to the instruction was not discussed in these studn this manner, the content of
the lesson taught, the questions asked and the explanations presented were missing

from these studies which proved to create serious problems both for policy planning

14



and for research. Shul mainn gc omesri addeir gerdo tihn
studi es. As a consequence of Ami ssing p
guestions: AWhere does teacher explanat
what to teach, how to present it, how to question student to about hpantb deal

with problems of 8)i Aceomlidgeto Shulman,dréspogsesoto ( p .
these questions shoul d be .dmordaréoddothis om t h
Shulman and colleagues realized that a more comprehensive theoretical fiamewor

was needed. Within this scope, in 1986, Shulman and his colleagues started the
AKnowl edge Growt h i n T getheythed to gring tptheddgree c t .
previously unaskeduestions suchs:i What are the sources of
What dos a teacher know and when did he or she come to know it? How is new
knowledge acquired, old knowledge retrieved, and both combined to forrw a ne
knowl edge basl®8,.0p. 8). 3nhadér na answer these questions,
Shulman and colleagues (1986) aintednvestigate the development of secondary
teacher8knowledge of English, biology, mathematics and social studies. Shulman et

al. (1986) asked the teachers to read and comment on materials related to the subjects
they teach. In order to collect the dathey conducted regular interviews, and
observed the process of the secondary t
| arge amount of information from which a
knowledge was created.

According to $%ulman and cod agues, knevkedgd eano ke
categorized as follows; 1) subject matter knowledge 2) pedagogical content
knowledge 3) curricular knowledge.

The first component, content knowledge, involves the structures of subject
matter which are defined by Schwalb(1978) (as cited in Shulman, 1986) as
substantive and syntactic. The former is the way in which the basic concepts and
principles are organized in order to associatddhes;the latter is the way in which
truth or falsehood, validity or invaliditis edablished. Shulman (1986) stated that
content knowledge requires the teacher to be proficient in the knowledge of the facts
and the concepts of their field. Moreover, he explained that a teacher who has
adequate content knowledge is able to explain wieyatcepted truth or facts is

worth knowing, how it relates to other conditions within the discipline and without,

15



why the subject iIis central to the disciplinge

need not only understand that something is so; théeeanust further understand

why it is so0 (p. 9) clearly summarizes the
Pedagogical content knowledge is generally defined as subject matter

knowledge for teaching. Namely, it is related to being able to teach the content.

Pedagogical antent knowledge involves a) knowledge of the most effective

representation, b) knowledge of most powerful examples, illustrations,

demonstrations and explanations, c) knowledge of the ways of making the subject

matter understandable to others, d) knowéedf@pout why the topic is difficult for

students and how it wi || become easy, e) k

preconceptions and misconceptions at different grade level, and f) knowledge of how

to overcome studentsd mi srcShuincae, all thesems ( Shul n

characteristics of pedagogical content knowledge imply that pedagogical content

knowl edge fArepresents the Dblending of <conter

of how particular topics, problems, or issues are organized, represedtedapted

to the diverse interests and abilities of interests and abilities of learners, and

presented for instructiono (Shul man, 1987, p
The last category is curricular knowledge which has two dimensions; lateral

curriculum knowledge and vertical iculum knowledge. The former consists of the

knowledge of topics or issues that are being studied at the same time in other subject

areas. This knowledge allows teachers to relate mathematics to other subject areas.

The latter category is the knowledgé topics or issues that were taught in the

precedingyearhave been taught at the same year and will be taught in later years.

This knowledge helps teachers make connections within the topics of a subject.
In 1987, Shulman and colleagusshanced their nuel developedn 1986in

the Knowledge Growth in Teaching Project. This model consisted of seven

categories; 1) subject matter knowledge, 2) general pedagogical knowledge, 3)

curriculum knowledge, 4) pedagogical content knowledge, 5) an understanding of

the learners and their characteristics, 6) knowledge of educational ends, purposes,

and values, and 7) teacherso6 philosophical

categories, PCK is the most i mportant categ

guality teachingand defined as;
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At hat speci al amal gam of content and
province of teachers, their own special form of professional
understanding. o0 (Shul man, 1987, p. 8)

Furthermore, Shulman explained why PCK should attract special interest

among seven categories since;

At I denti fies the distinctive bodi e:

represents the blending of content and pedagogy into an understanding

of how particular topics, problems, or issues are organized,

represented, and adapted the diverse interests and abilities of

learners, and presented for instruction. Pedagogical content knowledge

is the category most likely to distinguish the understanding of the

content specialist from that of the pe

Following the Shulman model, several research studies were conducted to
explore teachersdéd knowledge and many res

teachersé knowledge as a theoretical fral

2.1.2 Grossmands CadkKngwedgez ati on of Teach:
Apartf r om Shul manés categorizati o6s, Gr os

knowledge into four general areas; a) general pedagogical knowledge, b) subject

matter knowledge, c) pedagogical content knowledge, and d) knowledge of context

as shown in Figure 2.1 belo
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SUBJECT MATTER KNOWLEDGE GENERAL PEDAGOGICAL KNOWLEDGE
Learners Classroom Curriculum

Syntactic Content Substantive anq Management and _ Other
Structures Structures Learning Instruction

A

v

v

PEDAGOGICAL CONTENT KNOWLEDGE

Conceptions of Rposes for Teaching Subject Matt]

Knowledge of
Studen
Understanding

Curricular
Knowledge

Knowledge of
Instructional
Strategies

KNOWLEDGE OF CONTEXT

Students

Community

District

School

Figure 2.1Gr o s smané s

The first category is general pedagogical knowledge which was also one of
Shul
pedagogical knowledge as knowledge and beliefs related to learners and learning,

t he

categories

ma khavledge (fL88tpd)a c h e r

of

manos

mo d el

Bot h

knowledge of geeral principles of instruction, knowledge and beliefs concerning

classroom management, and knowledge and beliefs about the aims and purposes of

education.

The second category, subject matter knowledge, is another important

component of the teactisrknowedge. It includes the knowledge of content and

knowledge of the substantive and syntactic structures of a discipline defined by

Schwab 1(964,as cited in Grossman, 1990). On the one hand, knowledge of content

implies knowledge of the major concepts sastfacts and truths. On the other hand,

the substantive structures of a discipline refer the paradigms within a field which

affects the organization of the other fields, and the syntactic structures of a discipline

refer to understanding the principles @¥idence and proof within a discipline.

Knowledge of syntactic and substantive structures are important phenomena for

effecti t he

vV e

t eachi

ng si

nce

evel

their fields influences their ability to preseheir disciplines to the students.
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The third category of t he teacher 6s
knowledge. According to Grossman, PCK consists of four components. The first
componentconcerns the knowledge and beliefs about the purposes for tgachin
particul ar subject at a particul ar gr af
overarching conception of what it means to teach a particular subject. For example,
one mathematics teacher, sees the purpose of teaching problems as teaching students
the skills of carrying out a mathematical operation correctly while another defines
the purpose of teaching problems as helping students understand the problem first,
specifying what is given and what is asked, lastly developing an appropriate strategy.
Theset wo perspectives show that teacher sodo k
a subject influences the teachersd teach
the knowledge of studentsdé wunderstandi ng
particular subject Thi s component of PCK was al s
categorization of teach&r knowledge. Both Grossman and Shulman considered that
the teacher who has this knowledge generates appropriate explanations and
representations based on their prior knoweedgand ai ms to overco
misconceptions. The third component mentioned by Grossman is knowledge of
curriculum and curricular materials. This component includes knowing which books
and instructional materials are appropriate in order to teach teubar subject
effectively. Moreover, it is related to knowledge of the organization of topics in a
specific grade leveFurthermore, what students have learnt in the past and will learn
in the future are the concerns of this component. Similar to Geygs8hulman
(1986) also explained that the knowledge of the sequence of other topics in the
curriculum of the subject area (in this case; mathematics) in the same year, preceding
and succeeding years in order to make connections within the topics objbet.su
He called this; vertical curriculum knowledge. A final component of PCK is the
knowledge of instructional strategies and representations which refers to teaching a
particular subject using variety of instructional strategies, examples, models,
illustrations, metaphors and simulations to increase stuilamderstanding.

Shul man (1986) commented on this compone

forms of representation of those ideas, the most powerful analogies, illustrations,
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examples, explanatns, and demonstratiomns a word, the ways of representing and

formulating the subject that make it compreh
The last category of the teacBeknowledge is the knowledge of context. It

refers to the knowledge of; the district irhah teacher works, the school setting,

student sd6 academic | evel and their family ba

not initially include the knowledge of contexttime modeldeveloped in 198he and

colleagues integrated knowledge of educationatext in their model in 1987.

21.3GesNews ome6s Cat eegcbed Kzowlédgpeo n o f
GessNewsome (1999)eviewedthe studies of teach@r knowledgewhich
had different dimensions. As a result bér review of research resyltshe created
two distict models of teachérsknowledge the transformative model, and the
integrative model A schematic of these two models of teaéhdmowledgeis
presented in Figure 2.2 and Figure 2.3, respectively (Nessome, 1999, p.12).

Subject Matter Pedagogical
Knowledge Knowledge

' '

*Pedagogical
Content
Knowledge

Contextual
Knowledge

*= knowledge neded for classroom teaching

Figure 2.2GessNews omeds Transformative Model (1999,
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Subject
Matter

Pedagogica
Knowledge

Knowledge

*= knowledge needed for classroom teaching

Figure 2.3GessNews ome ds | ntegrative Model (1999,

In the transbrmative model, the knowledge domains are defined as subject
matter knowledge, pedagogical knowledge and knowledge of context which are also
the categories of Grossmandés model (199
PCK is a distinct category which issgnthesis of the knowledge of subject matter
and pedagogy. These domains are useful when they are transformed into PCK. In
fact, according to Geddewsome, PCK is the only knowledge that is required for
effective teaching in the transformative model.

In the integrative model, as with the transformative model, subject matter
knowledge, pedagogical knowledge and knowledge of context are defined as the
knowledge domains. Contrary to the transformative model, these domains were
developed separately and intaggd as the part of teaching and PCK is not a distinct
category. However, it is the intersection of subject matter knowledge, pedagogical
knowledge and contextual knowledge. For effective teaching, a teacher should select
the independent knowledgedea d the subject matter, pedagogy, and context, and
integrate them to create learning environment. In this model, an effective teacher has
well-organized knowledge bases which are easily accessed, integrated, and used
flexibly during teaching.

GessNewsome 1999) explained the difference between the two models in
terms of the knowledge domains by taking an analogy from chemistry.

AWhen two materials are mixed together
compound. In a mixture, the original elements remain chelyical

distinct, though their visual impact may imply a total integration.

Regardless of the level of apparent combination, the parent ingredients

in a mixture can be separated through relatively unsophisticated,

physical means. In contrast, compounds are te@dy the addition or
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release of energy. Parent ingredients can no longer be easily separated

and their initial properties can no longer be detected. A compound is a

new substance distinct from its original ingredients, with chemical and

physical propere s t hat di stinguish it from all oth

Moreover, the two models differ in terms of teaching expertise. According to
GessNewsome (1999), teachers possess PCK for all topics taught in the
transformative model. On the other hand, teacleses flexible in integrating
knowledge domains for each topic taught.

The frameworks, mentioned up to this point, are related to the téasher

knowledge, not specifically to that of mdh e mat i ¢ s hd amewor&sr s 0 . T

regarding mathematics teacbegnowledge are given and discussed below.

2.1.4 Ball, Thames an deadhéreKneoviedge Cat egori zati o
In the mid1980s, a critical development began in the tedsheontent

knowledge in terms of what teachers know and how they teach (Shulman, A887).

explained above, Shulman and his colleagues (1986) suggest a special categorization

of teached sknowledge which is the corner stone of the literature. Following

Shul manés cat e gdwknawledpe, otreemreseafchets €Gssvhome,

1999; Gossman, 1990) developed different frameworks. When these frameworks are

examined, it can be seen that they are general and not specific to mathematics

education except for that of Rowland et al. (2008). In this context Ball, Thames and

Phelps (2008) assed that a framework related to teadserontent knowledge for

mathematics edt i o n was needed. Accordingl vy, t hey

theoretical framework, and developed an approach for mathematics teaching. The

focus of their appaolicihhgowawhifid h emevaorr k alfl ttef

teachers do in teaching mathematics. All the things refers to having a deep

knowledge of the subject matter, using algorithms in calculations correctly, selecting

various and appropriate examples and representaiiodse nt i f yi ng studentso

and examining the sources of these errors,

and misconceptions, and using mathematical language correctly (Ball & Bags, 200

Ball, Bass & Hill, 2004; Hill, Rowan & Ball, 2005). In othevords, the work of

teaching refers to what teachers need to do in teaching mathematics which was

entitled fimathemati cal knowl edge for teachin
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et al . (2008) subdivided Shul mandd subj
content knowledge: common content knowledge (CCK), specialized content
knowledge (SCK), and horizon knowledge. The specialized content knowledge and
common content knowl edge are a synthesis
(Ball et al., 2008). BIl and colleagues (2008) asserted that every person has common
content knowledge whether s/he is a mathematics teacher or not. For instance, giving
the <correct answer to the question Al s
mathematics teachers. Every gmm who knows mathematics can answer the
question correctly. So, it can be said that s/he has common content knowledge. On

the contrary, Ball and colleagues (2008) characterized specialized content knowledge

as the knowledge that is unigue to the teacher @ngages in teaching mathematics.

The characteristics of the specialized content knowledge are representing
mathematical ideas, providing mathematical explanations and procedures with their
justifications, and deci di engralizalblectd dtherr t h e

problems. For instancenkwing the representation 03 or 0.40 using diagrams,

explaining why Ai nthatwork far thd division of ragphay 6 r u |
numbers are included in specialized content knogded

In addition to SCK and CCK, there is another category of mathematics
knowledge for teaching that is; horizon knowledge. In fact, Ball and colleagues were
not sure whether horizon knowledge should be included as a third category within
subject matter kowledge, so they included it temporarily. Horizon knowledge is
defined as fAan awareness of how mat hemat
mat hematics included in the curricul umo
mathematics teacher should okn that sixth grade students should learn about
integers and they will learn four integer operations when they are seventh graders.
Namely, it requires knowing what the students will learn ensuing years.

On the other hand, Ball et al. (2008) stated thatud man 6 s pedago
content knowledge was specialized into knowledge of content and students (KCS),
knowledge of content and teaching (KCT), and knowledge of content and curriculum
(KCC). While knowledge of content and students was described as the atiorbin
of knowledge about students and knowledge about mathematics; knowledge of

content and teaching were described as the combination of knowledge about teaching
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and knowledge about mathematics (Ball et al., 2008). State differently, the
knowledge of comnt and students requires knowing the topics which the students
find easy, di fficult or confusi ng, identif
errors/difficulties/misconceptions, knowing the reasons for these errors/
difficulties/misconceptions, and theewy s of r esponding studentso
misconceptions. As a second category, the knowledge of content and teaching
involves determining the best teaching method and most useful representations,
choosing examples that are appropriate for studertiegin the topics, and deciding
which examples will take students deeper into the content. Additionally, the last
category is knowledge of content and curricl
of the programs designed for teaching of particular stbj@at a given level,
knowledge of the characteristics of the program and knowledge of the variety of
instructional materials available for the teaching of a subject.

Figure 24 presenis he correspondence between Ball
the domain ofcontent knowledge foreachingandt wo of Shul mands (1986

Y

categories: subject mattienowledge and pedagogical content knowledge.

Subject Matter Knowledge Pedagogical Content Knowledge
//_—\
g Knowledgeof
c:rrl?enr:(t)n content and
knowledgg Specialized students (KCS) Knowledge
(CCK) content of content
knowledge(SCK) and
Horizon Knowledgeof curriculum
content content and
knowledgd teaching (KCT)
\_—/
Figure24Bal | et al . 6s (2008) map of the domain

and t wo o {1988)hniiidl categories. SMK and PCK (Ball et al., 2008, p.
403)

Figure 2.4 displays how Ball and coll ea
subject matter knowledge into three categories; common content, specialized content
and horizon knowledge. Moreover etipedagogical content knowledge is defined as

the knowledge of content and teaching, knowledge of content and students, and
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knowl edge of content and curriculum. Thi
categorization of content knowledge being mer@ eci fi ¢ t han Shul m
sense, Ball et al. provide a more detailed categorization of content knowledge for
mathematics teaching.

Al t hough Ball and coll eaguesd framew
deficiencies and needs refinement and revigi®all et al., 2008) Firstly, teachers
may use a different kind of knowledge for the same situation thus, the categories of
knowledge in teaching mathematics may overlap each other and the boundary
between the categories is not necessary -clgar For eample, two teachers
(Teacher A and Teacher B) analyzing stud
respond differently. Teacher A may judge students errors in terms of the stages of the
studentsé solutions, the asmaticalpgeiatmmss t ha
that they used. S/he may think that students may not use the distributive rule while
eliminating the parenthesis or they may add the terms which have different variables.
Teacher A is using specialized content knowledge in this situaBonthe other
hand, Teacher B may observe students while they are solving the same kind of
probl em. I n this case, Teacher B may an
experiences thus s/he is usingtmedge of content and studerBall et al, 2008.
The second deficiency is that there is no specific distinction among the categories of
knowledge in teaching mathematics which makes it difficult to measure each one.
For example, selecting examples, illustrations and representations that deepen
studentunderstanding of the topic of adding rational numbers can be seen as
requiring KCT. However, this topic requires the algorithm of adding rational
numbers (CCK), explaining the algorithm of adding rational numbers mathematically
(SCK) and determining the ans t effective ways to over c:
(KCS) (Ball et al., 2008). The final deficiency emerges from not being able to easily
distinguished common content knowledge from the specialized content knowledge
for some tasks. Ball and her colleags r ef erri ng Figure 2.5

represents the shaded portion of the two
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Figure 2. 5Representat|ons of 2 (Ball et al., 2008, p.404)

Whenreceivingtheansweg of 2the next guestithen i s pos
knowledgethatthisisgof 2 common? Or is it opecialized

403). On one hand, this knowledge can be common content knowledge since some
people may use this knowledge in theiorkt On the other hand, this particular
representation can be assessed as specialized content knowledge since a person may

not use this knowledge in his daily work.

2.1.5 Rowland, Huckstep, deache@®@hwaitesd Categ
Knowledge
Rowl and, Huckstep, and Thwaites (2005) de

model for the mathematical knowledge teaching.The data was collected from

149 preservice teachers in the United Kingdom. For the analysis, Rowland et al.

(2005) used a grounded approach in order to generate theory. The analysis of the data

allowed the researchers to identify four categories of teacslierowledge.

Foundation, the first categorinvolves teachér &nowledge and understanding of

mathematics, kowledge about literature, beliefs about mathematics, and how and

why it is learnt. The researchers claimed that foundation is the most essential

category of the model, and the remaining three originate from this underpinning. The

key components of foundah are the theoretical underpinning of pedagogy,

awareness of pugse, identifying pupil errorgyvert display of subject knowledge,

use of mathematical terminology, adherence to the textbook, and concentration on

procedures. The second category is ti@nsation which refers to knowledge used in

planning to teach and in the act of teaching. It includes teacher demonstration, use of

instructional materials, choice of representations, and choice of examples. This
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category is similar to the PCK of Shulmamd Gr os s man, and Ba
Connection is third category of the knowledge quartet and concerns the coherence of
the lessons, integration of mathematical content, the sequencing of topics of
instruction within and between lessons, and the ordering of task®xercises. To
put it differently, it means making connections between procedures, making
connections between concepts, anticipation of complexdgcisions about
sequencing, ancecognition of conceptual appropriateness. This category coincides
withShul mands curri cul uspediagogcal toatengkagwled@e o s s m
and the horizon knowledge of Ball et al. Contingency is the final category
representing unexpected classroom events
responses and questionsiiakly and appropriately. In other words, it concerns
classroom events which are impossible to plan for. This category includes
responding to student ideas, deviation from the lesson agenda, teacher insight, and
responding to the (un)availability of mates and resources.

Up till now, t he f r 3kmewledge kere presehtedt e d t
and discussed. In the following, the framework developed by Magnusson, Krajcik
and Borko (1999) was given. Different from other feamorks, it was only related to
teacheds PCK.

2.1.6 Magnusson, Krajci k and Borkods Cat
Magnusson, Krajcik and Borko (1999) developed a theoretical framework for
PCK for science teaching which expanded upon the earlier models of teacher
knowledge proposed by Shudm (1987) and Grossman (1990). Initially, they
presented a model of teacheknowledge whichdentified the relationships between
the domains of teach&rsknowledge. These domains were (1) subject matter
knowledge (both substantive and syntactic strusjuré2) general pedagogical
knowledge, and (3) knowledge of context, and the centerpiece of téasher
knowledge (4) pedagogical content knowledge (PCK). Magnusson et al. (1999)
argue that subject matter knowledge, pedagogical knowledge, and knowledge of
context strongly influence pedagogical content knowledde model presented in
Figure 2.6 represents the knowledge domains of the framework of Magnusson et al.

and the relationships among the domains.
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Substantive  Syntactic |n§trqctiona| Learn_ers &
Knowledge Knowledge Principles Learning
and Beliefs  and Beliefs

Educational
Aims

Classroom
Management

Subject Mdter Pedagogical
Knowledge an Knowledge and

Beliefs Beliefs

inflsqces jfluences

PEDAGOGICAL
CONTENT
KNOWLEDGE
and BELIEFS

A
influences

o

A
Knowledge and
Beliefsabout
Context

District
Community

Students School

Figure 2.6 A model of therelationship among the domains of teaéhknowledge
(Magnusson et al., 1999, p. 98).

The model shown in Figure 2.6 indicated that PSKinfluenced by the

knowledge and beliefs about subject mattenegal pedagogy, and conteWithin
this context,Magnusson et al. (1999) elaborated on the central components and

further delineated categories within PCK as shown in Figure 2.7.
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( i n cTheydtatadg

al . (1999) ned

teaching Subj

content knowledge for escie teaching consists of five

components: a) orientation towards science teaching, b) knowledge and beliefs about

science curri

cul

um, c) knowl edge and be

specific science topics, d) knowledge and beliefs about assetsim science, and

e) knowledge and beliefs about instructional strategies for teaching science (Figure

2.7).

Orientation towards science teaching is the first component, referring to the

teachersé
speci fic
categories of

conceptionso,

knowl edge

gr ade

Magnusson et al

and bel i estibgct atlao u't t
l evel Thi s i s similar
PCK. Al t hough Grossman de

(1999) st
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about ins ructi onal deci sions such as t he cont e
textbooks and other instructional materials and the assessment of students learning.
The second component of PCK is knowledge of instructional strategies
consists of two dimensions; knawdge of subjeespecific strategies, and knowledge
of topicspecific strategies. The former dimension represents general approaches to
science teaching and the latter indicates the te@ckeowledge of strategies which
are effective tools to teach a pawmiar science topic. Magnusson et al. (1999)
examined the knowledge of topspecific strategies under two soategories; topic
specific representations and topioecific activities (Figure 2.7). Topgpecific
representations, which are examples, itlatsons, models or analogies, refer to the
teached &nowledge about the ways of presenting topic to help students learn the
topic. In addition, topispecific representations include the knowledge of the
advantages and disadvantages of using particelaresentations. The latter sub
category, topiespecific activities, indicates the demonstrations, simulations,
investigations, and experiments that are useful for students to understand a particular
concept.
Magnusson et al. (1999) presented knowledge bfudent s 6 under st and]
science as the third component of PCK. It comprises two dimensions: a knowledge
of requirements for learning, and knowledge of areas of student difficulty. The first
dimension refers to teaclieknowledge concerning the studeéints pr i or knowl edge
about a particular subject. This knowledge informs teachers about the abilities and
skills that students need together with the information they lack and therefore should
be covered before the subject taught. The second dimension, dafinewwledge
of content and students by Ball et al . (200 ¢
the topics that are difficult or easy for students. Teachers should have knowledge
about the topics that are difficult for students and the reasons & thiiculties.
Besi des, teachers should be knowledgeabl e ab
a particular subject.
The fourth component of PCK is knowledge of the science curriculum which
consists of two dimensions: knowledge of goals and obgsitisnd knowledge of
specific curricular program. Shulman (1988) defined this knowledge as a discrete

domain of the knowledge base for teaching called curricular knowledge however,
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Grossman (1990) and Magnusson et al. (1999) included this component af part
PCK. The first dimension represents the
related to the subjects that they are |
vertical curriculum knowledge that is the knowledge of students which was acquired
in previous years and that which will be learned in later years. The second dimension
involves knowledge of the programs and materials which are relevant to teaching a
particular subject.
The final component of PCK is the knowledge of assessment in scienge aga
consisting of two dimensions: knowledge of dimensions of science learning to assess
and knowledge of the methods of assessment. First dimension denotes that the
teached &nowledge should contain the important concepts that should be assessed
forstudeh s 6 | earning within a particular sub
teached knowledge about the methods and the methods of assessing important
concepts within a particular subject. In particular, it consists of the knowledge of
instruments, procedue s or activities which are used
Although Magnusson et al. defined PCK as a separate domain of knowledge
for teaching, they did not assert that there were clear boundaries between PCK and
other knowledge domains (e.g. subjeuttter knowledge, general pedagogical

knowledge) as Ball et al. (2008) expressed.

2.1.7 Conclusions Drawn from Categorization of Teaché Knowledge

To sum up, different categorizations of teaéhd&nowledge with different
components, subomponents ah relations between therhave made important
contributions to the literature concerning teabh&nowledge.(Ball et al., 2008;
GessNewsome, 1999; Grossman, 1990; Magnusson et al.,1999; Rowland et al.,
2005; Shulman, 1986). Among these researchers, é8adll., and Rowland et al.
developed a framework for the required mathematical knowledge for teaching. Ball
et al.developed hei r model in |light of Shul manés
SMK and PCK into different subomponents (SCK, CCK, KCS, KCTRiffering
from all the models mentioned above, Rowland et al. (2005) named the categories of
teached sknowledge differently using the terms; foundation, transformation,

connection and contingency. Similar to Shulman (1986), the categorizations used by
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Grossman (1990) and Gebkewsome (1999) involve both SMK and PCK. However,
they added knowledge of context and pedagogical knowledge in their frameworks.
Al t hough Shul mandés PCK and SMK are the comm
frameworks, Magnusson et all @ 9 9 ) focused on only the teac
ot her hand, Shul mandés <curriculum knowl edge
frameworks. Grossman (1990) and Magnusson et al. (1999) integrated curriculum
knowledge in PCK. Moreover, Rowland et al. (2005jrasl curriculum knowledge
as a category, called connection.
In addition to the theoretical frameworks investigating the nature of t&acher
knowledge, many research studies which used those frameworks focused on the
teached &nowledge that was used inassroom.These studies will be reviewed in

following sections.

2.2 Research Studies on Mathematics Teachéisnowledge on Mathematics
Topics
Over many years, researchers have given special attention to the investigation
of t e a c anmtical Gontemakhowledge (Baki, 2013; Ball, 1990a; 1990b; Even,
1993; Even & Tirosh, 1995; Hill, Rowan & Ball, 2005; Leinhardt & Smith, 1985)
and this was undertakdrom different points of view. Some aimed to investigate
mat hemati cs t e arcahspecifictopic kn mathematics Badl, 1990a;
1990b; Contreras, Batanero, Diaz & Fernandes, 2011; Even, 1993; Even& Tirosh,
1995; Huang & Kulm, 2012; Livy & Vale, 2011; Nilsson & Lindstrom, 2012; Pino
Fan, Godino, Font & Castro, 2013However, otherslooked at the ways of
enhancing t e acAn&rWupb2014;nHdl w2007 ;dHilles Béll, 2004;
Kwong, Joseph, Eric, Khoh, Gek & Eng, 2007) and some explored the relationship
between knowledge types (Even, 1993; Hutchison, 1997). Although the ainesef th
studies were different, there is a common
content knowl edge has significant rol e i n
achievement. In order to clarify the important role of the content knowledge that
mathematics tedners possess, these research studies are presented and discussed in
this part of the literature review. It was found that the studies differed in terms of

their participants, namely, some explored -peevice mathematicst e ac her s 6
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knowledge and the remalar investigated hservice mathematicst eac her s 0
knowl edge. Mor eover, some studies expl o
knowledge. Thus, this section of the literature review is divided into the following

three categories; pi®ervice mathematics teahr er s 6 k n o-serviead g e ,
mathematict eacher sdé knowl edge mathdmatich e awhgss of

knowledge.

2.2.1 Research StudiesonPi8er vi ce Mat hematics Teacher :
Mathematics Topics

To begin, Even (1993), Even aifdosh (1995), and Huang and Kulm (2012)
explored preser vi ce teachersé knowledge on fun
preser vi ce secondary teacherséo subj ect m
between subject matter knowledge and pedagogical cdatemiedge in the context
of teaching the concept of function. The data was collected from 152epree
teachers in two phases; first, an oewled questionnaire concerning their
knowledge about functions was applied to all the teachers and secohth&Qpoe
service teachers were interviewed. The result of the study showed that most of the
pre-service teachers did not have broad knowledge related to functions. In fact, only
a few could justify the importance and origin of the univalence requirement.
Consequently, they did not use modern terms and concept images effectively while
describing functions to the students. Moreover, many of them provided a rule to be
followed without understanding the concept. Even (1993) implied thasgmce
teachers neded better subject matter knowledge to improve their teaching. This can
be achieved by developing mathematics courses in line with constructivist approach
to teaching and learnin@&ven, 1993)

As in the study of Even (1993), Even and Tirosh (1995) egdlpreservice
teachersé knowl edge about functi ons. Ho
investigate prser vi c e teachersé pedagogi cal Co
knowledge about the subject matter, and knowledge about students. One hundred and
sixty two preservice secondary mathematics teachers participated in the study. The
data was gathered in two phases; an egeded questionnaire was completed by 162

pre-service teacheyrshen 10 of the prservice teachers were interviewed. The result

33



of this stuly showed that preervice secondary mathematics teachers did not know
the definitions about functions and incorrectly solved problems presented to them.
Moreover, they did not explain the logic behind the concepts which is consistent with
the outcome of Eendés study (1993). Even and Ti
knowledge of subject matter and knowledge about students needed further
investigation in order to improve teacher preparation programs.

Huang and Kulm (2012) conducted a study to exploee khowledge of
function of preservice middle grade mathematics teachers. A survey consisting of 17
multiple-choice items and 8 opesnded items was applied to 115 gexvice
teachers and followp interviews were undertaken with five of the participanke
survey included the knowledge of; school algebra(SM), advanced algebra (AM), and
teaching algebra (TM). The authors found thatprer vi ce t eacher so
limited in all three areas. They performed poorly in selecting appropriate
perspectivesaand using representations of the concept of function. Moreover, they
failed to solve quadratic/irrational equations, undertake algebraic manipulation and
reasoning, and judging the number of roots of quadratic functions. Furthermore, the
participants madmistakes in solving problems using the integration of algebraic and
graphic representations of functions. As a result, the authors concluded that the
participantsé knowledge to teach funct
these studies (Even, 938; Even & Tirosh, 1995; Huang & Kulm, 2012) can be

rosh

knowl

i ons

interpreted as preer vi ce teacherso knowl edge not h

knowledge which a mathematics teacher should possess in order to teach functions.
They only had a level of knowledge that anyevieo deals with daily mathematics
(Even, 1993; Even & Tirosh, 1995; Hutchison, 19%@garding the framework that
Ball and colleagues (2008) created, it was found that thaewéce teachers had
enough common content knowledge, but they had limited alpssd content
knowledge for mathematics teaching.

In order to develop and improve their conceptual framework related to
teachersd content knowl edge, Bal I and
19904, 1990b; Hill & Ball, 2004; Hill, Rowan & Bal2005). Ball (1990a) conducted

col |l e

a study to investigate peer vi ce el ementary and secondary

subject matter knowledge on one specific mathematics topic; division with fractions.
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The aim of the study was tabouteanathematicse t e a
when they entered formal teacher education. Two hundred and fiftprenservice

teachers participated in this study and the data was collected through questionnaires
and interviews. Ball (1990a) closely analyzed thegawvice teacher6 under st and
of division with fractions and the results showed that the teachers had a narrow
understanding about the topic. They onl
mul tiplyo. However, it iI's not aqsnceg h  t o
discussing the meanings, the relationships, and the procedures of the division of
fractions has important role in teaching the subject effectively (Ball, 1990a). Ball
(1990a) generally concluded that fweer vi c e teachersbo unde
mathenatics was inadequate for teaching mathematics and tended to ‘bagsete

Similar to Ball (1990), Hutchison (1997) also aimed to make a connection between
subject matter knowledge and pedagogical content knowledge related to fractions.
Firstly, one preservice teacher was interviewed prior to the mathematics course to
discover her subject matter background and prior pedagogical content knowledge.
Secondly, a mathematics educational biography and a structured task interview based

on fractions were employedrhe result of this study demonstrated that the pre

service teacher faced many problems although she wanted to be a good mathematics
teacher. The reason for those problems was mainly due to the lack of her subject
matter knowledge which is consistent wigsult found by Ball (1990a).

Moreover, another study by Ball (1990b) was focused on one aspect of pre
service teachersoé subject matter knowl ed
collected data from 19 pigervice elementary and secondary mathemadeachers.

As in her previous study (Ball, 1990a), the results revealed that many of the pre
service teachers could not explain the mathematical reasoning even though they
could solve the problems. Moreover, Ball (1990b) claimed that precollege
mathemé&cs classes did not provide pservice teachers with adequate subject
matter knowledge for teaching mathematics.

Contreras, Batanero, Diaz and Fernandes (2011) conducted a study based on
the framework of Ball et al. (2008) in which they aimed to as#esgpreservice
teachersé common and specialized content

collected from 183 prservice primary school teachers. A task which included two
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way table served as the data source. In the first question, teachers veatedxp
compute a simple probability, a compound probability and a conditional probability
in order to explore their CCK. The second ¢
SCK regarding probability. To this end, the teachers was asked to identify the
mathematical content such as the types of problem, concepts, procedures, properties,
and show the mathematical language that they used to solve the given probability
problem. The result of this study reported thatprer vi ce teachersdé CCK r
probabilty was limited since they had difficulties in calculating simple, compound
and conditional probabilities from a tweay table. This means that pservice
teachers did not have any more knowledge about probability than the person who
deals with mathematicon an everyday basis. Furthermore, the researchers reported
that most of the preervice teachers made errors and could not arrive at the correct
solution. Contreras et al. (2011) concluded that identifying and classifying
mathematical content was notsgdor preservice teachers meaning that their SCK
concerning probability was weak. In another study-p®r vi ce t eacher sd cc
knowledge on ratio was investigated (Livy & Vale, 2011). Data was collected
through the Mathematical Competency, Skills aKdowledge Test but the
descriptive statistics and content analysis were only undertaken for the two most
difficult items. The results revealed that most of thegawvice teachers were unable
to solve wholewhole ratio items. They had difficulty in conrieg their
mathematical knowledge on ratio with measurement. However, a fesepree
teachers did demonstrate a knowledge of mathematical structure and connection
which requires a connection between their knowledge on ratio and measurement.
Furthermore,the vast majority of prservice teachers could not deconstruct the
multi-step ratio problem into its component parts thus, these teachers were unable to
Aiidentify critical mathematical components w
understanding ah appl ying that concepto (Chick, Bak
p.299). In addition, most pigervice teachers had limited knowledge related to
standard procedures and solution methods concerning ratio problems.
Apart from the studies on functions, fractipratio, probability, and division,
Pino-Fan, Godino, Font and Castro (2013) investigated-speer vi c e teacher s

knowledge of derivatives in light of the framework of Ball et al., (2008).-tAsk
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questionnaire was administered to 53-peevice teachers iMexico. The results
obtained from the data showed that theg®evice teachers had several difficulties in
solving tasks related to derivatives. The researchers concluded that these difficulties
were related not only to a lack of specialized content kexbge but also to a dearth

of common content knowledge. In other words,-ggevice teachers had inadequate
SCK and CCK on derivatives, as ratio and probability (Contreras et al., 2011; Livy &
Vale, 2011).

Different from the studies described in thiglit at ur e revi ew, Car
and Climent (2013) investigated the nature and content of-a pre vi ce t each
SCK about the concept of polygon. In fact, the researchers did not describe-the pre
ser vi ce SCke thay Hoeused ©n the difficultiexlated to presenting and
discussing the borders of SCK, especially in relation to horizon knowledge. As a
result of the analysis of the data gathered from thes@réce teacher, questions
emerged in relation to bot h Ktahdehorizomt ur e
knowl edge. The teacher was posed questioc
subconcepts categorized as SCK or a specific knowledge related with connections
and thus in the spaad horizonk nowl edge?0 (Carrefesultet al
of this study manifested that the borders of SCK were not clear. For this reason,
some studies did not utilize Bal/l and c
knowledge as a conceptual framework.

In this section, the studies related to-pe&v i c e mat hemati cs
content knowledge for teaching mathematics were briefly summarized. The general
trend in the studies was that meer vi ce teachersdé content
adequate for teaching mathematics. The literature also includes stldies to in

service mat hemati cs t eapeebeptedindhe kentcestiore d g e

2.2.2 Research Studiesoniser vi ce Mat hematics Teachers
Mathematics Topics
In the literature, many studies investigatedgged c e mat hemati cs
content knowledge. Consistent with the results of the studies mentioned above,
Shulman (1987) stated that geer vi ce teachersd content I

because they have had little experience in real classroom contdxdudtt teaching
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experience does not guarantee adequate content knowledge to teach mathematics, it
is one of the important sources of content knowledge (Shulman, 1987). Therefore,
studies conducted with 4service teachers provide an insight into whether the
teacherdés knowledge is sufficiently adequat.
this reason, studies conducted witkservice teachers are summarized in this part.

To begin,Carpenter, Fennema, Peterson and Carey (1988) investigated 40
first-grade teeher s6 PCK through the examination of
addition and subtraction word problems. The researchers aimed to explore the
teachersdé knowledge about the distinctions b
problem types and the stegies that children use to solve different problems.
Moreover, teachersdéd ability to predict their
of problems and identifying the strategies used by children to solve problems of
different types were the otheings of the study (Carpenter et al., 1988). The result of
this study revealed that teachers in this study could distinguish between some of the
basic differences of the types of addition and subtraction problems. Moreover, most
of the teachers could identithe most frequently used strategies for solving addition
and subtraction problems.

Another study conducted with-gervice teachers was carried out by Leauvitt
(1998) . The study ai med t o explore Ger man
knowledge and pedagogiccontent knowledge. The aims of this study were to
i nvestigate German mathematics teacherso kn
mathematics problems correctly, and identify the representations that they prefer to
use while solving basic mathematics ldeoms. Multidigit subtraction, multdigit
multiplication, and division with fraction, perimeter and area were the selected
topics. Data was collected through a questionnaire and interview froms2dvice
teachers. The preliminary analysis of the datsealed that the German mathematics
t eacher sd Kk n-digitlsbtiagtien, muftdigitnmultiplication and dealing
with perimeter/area were strong. However, their knowledge related to division with
fractions was weak which was consistent with ghedy by Ball (1990b). Even
though the teachersd knowledge of computati

adequate, their knowledge of representations was not adequate implying a limited
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pedagogical content knowledge. The weakest area was the topiciabrdiwith
fractions in which they had difficulty in connecting the topic with real life.

As discussed above, Ball amdlleagues carried out studies to improve the
frameworks they had created in relation to the categorization of content knowledge
(Hill, 2007; Hill & Ball, 2004). One of the studies was carried out by Hill (2007)
which dealtwithins er vi ce teachersd specialized an
mathematics teaching. Hill concentrated on two content areas; namely, number and
operations andlgebra. She used Content Knowledge for Teaching Mathematics
(CKTM) measures. Based on the analysis of the data, Hill (2007) asserted-that in
service teachers were not adequate in terms of explaining and representing the
mathematical ideas in alternativdgamn methods. Hill (2007) concluded that most
of the inservice teachers had either no or a limited amount of SCK in terms of
evaluating alternative solution methods however, they knew rules, procedures and
algorithms well.

Similar to Leavitt (1998), Msters (2012) explored -service mathematics
teachersé content and pedagogi cal conten
functions. Mor eover, the relationship be
achievement were explored in both topics. Toemtlldata, preand postests were
administered to 137 eighth grade teachers and students. The proportional reasoning
items in the tests aimed to explore content knowledge and pedagogical content
knowledge, the function items served were the data sourdcheonvestigation into
content knowledge. As in the studies in which the participants were tleeipiee
teachers (Even, 1993; Even & Tirosh, 1995), the findings of this study led Masters
(2012) to the conclusion t hdtpropertiogght h gr
reasoning and functions was weak. The researcher reported that as a consequence of
teachersdo weak knowl edge, the | evel of s
was low which was consistent with previous studies. This means that tedcher
content knowledge influences studentso6 ki

In another study, Nilsson and Lindstrom (2012) investigatedermice
teachersdéo content knowledge regarding pr
the relationshipp et ween the teachersé knowledge o

level, their experience on teaching and their beliefs about their own understanding of
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probability concepts. The data was collected through a questionnaire from 24
teachers. The results dfet study supported the 2013 study by Contreras et al., which
investigated prs er vi ce teachersdéd knowledge of probahb
of data, the conclusion that the teacherso h
in particular theirknowledge of probability was proceduratlyiented. Contrary to
findings of Shul man (1987), there was no r el
and their experience. In other words, teaching experience does not guarantee a rich
content knowledge (Friedinsen, Lankford, Brown, Pareja, Volkmann, & Abell,
2007). The findings also revealed that teachers did not develop their understanding of
probability during their teaching experience. Furthermore, teachers had low
confidence in teaching probability due having difficulties in applying probability
tasks.

Apart from those studies mentioned above some researchers designed studies
to compare the knowledge of expert and novice teachers. Leinhardt and Smith (1985)
compared 4 expert and 4 novice fourth gradé hhae mat i cs teachersé sub|j
knowledge related to fractions. Data was collected via semantic nets, planning nets
and flow charts, interviews, cagbrting task and transcription of videotapes of the
teacherso cl asses. T h end $ubjectsnoatier kwdwiedge t ur e kno
formed the basis of this study. The knowledge about planning and performing lesson
in a coherent and fluent way was defined as the knowledge of lesson structure.
Moreover, as Shulman (1986) stated, the knowledge of conceppsaratiures, and
their connections within each and between them was defined as subject matter
knowledge. The result of the study indicated that expert teachers had more
knowledge of fractions than novice teachers. The result coincided with those of
Shulman(1987) who also noted that experienced teachers had more knowledge about
the topic. Similar to Leinhardt and Smith (1985), Lucus (2006) investigated 8 in
service and 10 preer vi c e teacher so subj ect matter I
composition of functionsThe particular aim of this study was to explore the
influence of teaching experience on SMK. The participants were asked to explain the
prerequisites that the students should know before the topic of composition of
functions was to be taught and, the pgrants were asked to describe the main ideas

related to the same topic. The analysis of the data showed thatsthevice and pre
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service teacherso6 SMK on composition of
suggests that SMK is not influenceg teaching experience. The findings of this
study also support the results of previous studies (Friedrichsen, Lankford, Brown,
Pareja, Volkmann, & Abell, 2007; Nilsson & Lindstrom, 2012). However, Shulman
(1987) asserted that teaching experience hastmpant r ol e i n teache
SMK.

There are also crosaultural studies that investigated the content knowledge
of American and Chinese teachers (An, Kulm & Wu, 2004; Ma, 1999; Zhou, Peverly
& Xin, 2006) . Gui ded by S heachemh&nowledge( 19 8 6)
Zhou and colleagues focused on subject matter knowledge, pedagogical content
knowledge and general pedagogical content knowledge of North American and
Chinese teachers. Their study focused on 162 American and Chinese 3rd grade
mathematcs teachersd knowledge about fract.i
teachersd knowledge fel]l behind that of
operations and word problems, namely suhbjeatter knowledge and the samesult
was found for their pedagical content knowledge. In other words, the Chinese
teachers were better than American teachers while identifying important points of
teaching the fraction concepts and ensur
performance of Chinese teachers injeabmatter knowledge, pedagogical content
knowledge and their general pedagogical knowledge specifically the psychological
and educational theories were not as sufficient as the American teachers. Ma (1999)
compared North American and Chinese elementary ® o | teacherso su
knowledge. Consistent with the result of the study by Zhou and colleagues, the
Chinese teachers had a better understanding of-digitimultiplication, division by
fractions and the relationship between perimeter and draa the American
teachers. Similar to previous research studies (Ma, 1999; Zhou @0@&), An,
Kulm and Wu (2004) compared PCK of North American and Chinese teachers.
Twenty eight mathematics teachers in U.S.A and 33 mathematics teachers in China
participated in the study. The results of this study indicated that the mathematics
teachersdo6 PCK in the two countries diff
focused on gaining the correct conceptual knowledge, and a more rigid development

of proceduresOn the other hand, the American teachers focused on promoting

41



studentsdé creativity by designing a variety
il lustrated that each country makes differe
content knowledge. Accordintp the results of these studies, it can be said that
teachersd mathemati cal content knowl edge ca
reason for this variety might be the difference between the type of teacher education

program and the education system irfiedtéént countries.

In this section above, the studies relatedtsier vi ce mat hemati cs t €
and preser vi ce mat hemati cs teachersdé content k
mathematicgopics in the international arena have been discussed. In the fajlowi
section, studi es on teacherso knowl edge co
reviewed.Due to contextd e pended nature of teachersd knov
t hese studies i s i mportant because t hey p

knowledge in Turkey.

2.3 Research Studies on Mathematics Teachers
Topics in Turkey
Researchers have claimed that both the quality of the mathematics teaching

and student achievement depends on, teacherso
2005) . I n order t o gain i nsight about Tur
researchers focused on i nvestigating teache
(AslanTutak, 2009; Baki, 2013; Basturk & Donmez, 2011; Boz, 2004; Bukova

Guzel, 2010; Butun, 2005Gokturk, Sahin & Soylu, 2013; Haciomeroglu,

Haciomeroglu & Aspinwall, 2007; Isik, Ocal & Kar, 2013; Isiksal, 2006; Isiksal &

Cakiroglu, 2008; Karahasan, 2010; Kilic, 2011; Sevis, 2008; Turnuklu, 2005;
Yesilderelmre & Akkoc, 2012). Similar to internationatudies, Turkish researchers

were mostly carried out the research studies withspreice teachers; these studies

are described first followed by work undertaken witts@nvice teachers.
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2.3.1 Research StudiesonPier vi ce Mat he manbwledgeonTeac her
Mathematics Topics in Turkey

As in the international arena, many research studies have been conducted to
explorepreser vi ce teacherso6 knowledge on math
BaranBulut & Ipek, 2013; Baki, 2013; Basturk D° n me z , 2011, Bo
Gokturk, Sahin & Soylu, 2013; Haciomeroglu, Haciomeroglu & Aspinwall, 2007;
Isiksal, 2006; Isiksal & Cakiroglu, 2008; Isik, Ocal & Kar, 2013; Karahasan, 2010;
Keléc, 2011; Turnuklu, 2005).

To begin, Haciomeroglu, Haciomerogludaispinwall (2007) investigated
33 preser vi ce teachersbo subject matter k n
knowledge on functions similar to the study of Even (1993), and Even and Tirosh
(1995). In this study, a function questionnaire, card sorting actpigparation and
analysis of lesson plans on exponential functions, and video teaching episodes were
the data collection tools. Consistent with the result of previous sfubiexesult of
this study revealed thatthe ee r vi ce t eac h e vase@ndfobiKeakwa s i |
to teach functions effectively (Even, 1993; Even & Tirosh, 1995). Lacking neither an
adequate nor rich SMK, pigervice teachers were unable to organize lesson plans,
select appropriate questions and activities to make the concept feassardents.
Furthermore, they were not able to ask
learning. Also, because of lack of their PCK, they could not decide on the important
concepts in the exponential functions which are needed by students to draw and
understand graph of exponential functions. In addition, thesgmece teachersad
difficulty in explaining and discussing the definition and properties of exponential
functions since their PCK was not sufficiently comprehensive for teaching.
Similarly, Karahasan (2010) conducted a study to understand the extent-of pre
service secondary mat hemati cs teacher s
composite and inverse functions. The data was collected from threzerpree
secondary mathematics teachers tglowbservations, interviews, documents, and
the use of audiovisual materials. The result of the study is similar to previous studies
in that it revealed the low level of the pgpee r vi ce secondary mat he
pedagogical content knowledge. On cdatipn of the study, the researcher proposed

that in order to ensure both deep and broad subject matter knowledgesef\pce
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teachers, teacher education programs should provide method courses that cover the
topics of secondary mathematics curriculum.
Furthermore, Isiksal and Cakiroglu (2008) conducted a study to investigate
preser vi ce mat hemati cs teacher s’ knowl edge 1
misconceptions/difficulties in the division of fractions. In particular,-g@esice
teachers' knowledga b o u t the sources of studentsd misc
and, their strategies to overcome those misconceptions/difficulties were examined
through a written question and sestiiuctured interview. Seventeen {s&rvice
teachers completed a questiaire about the division of fractions. After analyzing
the data, the researchers were grouped theseyxéce teachers' knowledge on
common conceptions and misconceptions/difficulties under four headings namely;
algorithmically based mistakes, intuitivelpded mistakes, mistakes based on formal
knowledge, and misunderstanding on problem. Moreover, theepwece teachers
wer e asked t o suggest strategies t o overc
difficulties on division of fractions. These were as followssing multiple
representations of the concepts, using different teaching methods, highlighting the
importance of practice of computational skills and giving full attention to
understanding the problem. Based on these findings, Isiksal and Cakiroglu
mentione the importance of course on method and teaching practice @empiee
teachers' subject matter knowledge and pedagogical content knowledge on various
topics in mathematics.
Basturk and Donmez (2011) investigated-prer vi ce teacherso66 cur
knowledge concerning limit and continuity. The participants were selected based on
their level of subject matter knowledge. In order to determinespger vi ce t eacher s
levels of subject matter knowledge related to limit and continuity, a Content
Knowledge Questionaire was administered to 37 {mervice teachers. As a result of
the analysis of the questionnaire, four-pegvice teachers with different levels of
subject matter knowledge on the same topic were interviewed then, they prepared
lesson plan concernirtipe limit and continuity concept and implemented their plan
in a microteaching session. The results showed that sorrseqmiee teachers had
limited knowledge about the new secondary mathematics curriculum in Turkey. In

particular, some were not awaretbé concepts which were not included in the new
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curriculum or had been removed. Also, some teachers did not have any idea about
the place of the limit and continuity concepts in the program. The results led the
researchers to conclude that pervice teaher s6 curricul um Kknov
adequate. When the results of the Content Knowledge Questionnaire and the analysis
ofthepreser vi ce t e ac he rstrituredansepriews sveres corophireds e mi
it was realized that the more adequate content krilmeléhe preservice teachers
had, the more knowledge of the curriculum they had. Thesgmace teachers who
had adequate content knowledge recognized the benefit of the new curriculum, had a
greater desire to implement the goals of the new curriculumeapdnded more
energy in doing so. Furthermore, they paid attention to the order of presentation of
concepts and did not include the concepts that had been removed from the new
curriculum. Moreover, the researchers specified that thesmea vi c e t each
curriculum knowledge was rhetorical. That is, their knowledge came from the
internet, their friends who were teachers and their students to whom they gave
private lessons. In order to increase their curriculum knowledge, researchers
recommended that thesibn of the new mathematics curriculum might be discussed
in the method course, and gervice and irservice teachers might exchange
opinions during teaching practice.

In another study, Kilic (2011) aimed to explore the nature ofspreice
secondary mahemat i cs teachersd knowl edge of s
of the students refers to studentsdé mis
sources of these misconceptions/ difficulties/errors, and the way of eliminating them.
Data was colleetd through interviews, observations, a questionnaire, and written
documents from six preervice secondary mathematics teachers. The results of this
study showed that preer vi ce secondary mat hemati cs
students was very limited sincé h ey coul d not i denti f
errors/ misconceptions. However, t hey tr
misconceptions by applying a rule or procedures to solve the problem but they did
not explain the logic behind the rule or procedures. F& thason, it can be
concluded that their basis of their subj
reasoningo (p. 23) . Mor eover, explainin

studentsd errors/ misconcepti onrgepesteirs an i

45



of appropriate examples, representations, and teaching strategies. That is, it was the
indicator of the weakness in their knowledge of pedagogy. As a result of this study, it
can be seen that t he teacher s withkheiowl edge o0f
knowledge of subject matter and knowledge of pedagogy.
Another study relatedtothe psee r vi ce teachersd knowl edge
conducted by Isik, Ocal and Kar (2013). They investigated the level of 3&pree
teachersdé PGEtenmiteirmg 9fh grade studentsod
fractions. The data was collected through asking the participants to explain addition
operations through six problem statements and to clarify errors if there were any. The
results of the study indated that the preervice teachers had difficulty in
determining the errors moreover; they made errors while they were explaining
studentsdé errors. $ersicedieacbersadaaPCKheop
addition of fractions was weak becauseythewe r e not aware of student
With a similar aim to the research of Isik et al. (2013), Gokturk, Sahin and
Soylu (2013) investigated 63 pseer vi c e teacherséo knowl edge
studentsé errors and stati ngGolktuketalvays of 0\
focused onthe preer vi ce teacherso knowledge about v
i nvol ving studentsd incorrect solution metho
service teachers were asked t addegemaneyze t he s
st ud e nt Budthereore, the [Fservice teachers were required to specify the
ways of overcoming those errors. Contrary to the results the study undertaken by Isik
et al. (2013), thepreer vi ce teachersd knowbeacge oon i de
related to the variables was adequate. They did not have difficulty in determining
those errors however, their PCK was not suff
errors.
Another study with preservice teacher participants was conducted Yayu,
BaranBulut and Ipek (2013)however;t h ey i nvestigated t he t ea
knowledge and pedagogical content knowledge on the equal sign. As a result, the
authors stated that the pservice teachers focused on the operational meaning of the
equalsign. Furthermore, preer vi ce teachers were able to i

regarding the equal sign which coincided with the results of the study of Gokturk et
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al. (2013). Additionally, the prservice teachers had adequate PCK related to
overcomingsident s error s.

Baki (2013) conducted a study to evaluategprer vi ce t eacher sodo |
the algorithm of division associated with place value. In order to collect data, 228
pre-service teachers divided 4057 by 15. The findings of the study showeddka
of the teachers were able to do this correctly. However, the majority of the pre
service teachers gave inadequate explanations regarding the division. From these
findings, Baki (2013) concluded that the reer vi ce teacher sé6 Kknc
algorithm of division associated with place value was inadequate for explanations.

Thus it can be seen that most of the-prer vi ce teachersodo exp
procedures of division were based on the rules.

Furthermore, other researchers (Boz, 2004; Isik&a06; Turnuklu, 2005)
investigated the relationship between theprer vi ce teachersoé ped
knowledge and subject matter knowledge on different topics of mathematics. Boz
(2004) explored the relationship between PCK and SMK in relation to the
simplification of an algebraic statement. A questionnaire consisting of 16 questions
was applied to 184 pigervice teachers, and afterwards interviews were conducted
with 10 of the participants. The analysis of data showed that most of tserpiee
teachers confused the concepts of simplification and solving of equations. This
confusion was an indication of the teach
to this lack of knowledge the teachers were unable to determine the mistakes made
by the studets thus, the prgser vi ce teachersdé pedagogi ca
not sufficient. On the other hand, even if some-gqae/ice teachers were able to
uncover studentsd mistakes, they were nc
mistakes. Not beinghde to explain the reasons for the mistakes is an indication of
inadequate PCK. In conclusion, Boz (2004) asserted that there was a relationship
bet ween teachersé subj ect matter knowl
knowledge.

In another study, Turnuklg2005) examined the relationship between the
pedagogical and mathematical content knowledge eE@néce teachers. To reveal
the competency of preer vi c e teachersé pedagogi cal

mathematics, 45 preervice teachers were asked to edlur problems. Two of the
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problems were related to fractions, one concerned decimals and the other was about
operations. To determine their existing mathematical content knowledge, the mean of
the teachersoé grades i n t keethoughow théire mat i c al
university education was used. Turnuklu (2005) claimed that there was a relationship
between the mathematical content knowledge and pedagogical content knowledge of
pre-service teachers. Similarly, Isiksal (2006) aimed to determineelagonships
between subject matter knowledge and pedagogical content knowledge regarding the
multiplication and division of fractions. The subject matter and pedagogical content
knowl edge were explored througheptshnd t eacher s
principles, their knowl edge concerning stud
their strategies and representations they use to teach multiplication and division of
fractions. The results revealed that the-prer vi c e teacherséo subj e
knowledge was not conceptually deep. In other words, they did not have enough
knowledge to explain the multiplication and division of fractions. Moreover, the pre
service teachersodé | imited subject matter kno
knowledee ; especially i n t er ms of their knowl
(mis)conceptions.

In the next section, the studies aiming to explore Turkistsemice
mat hemati cs teachersd knowledge about mat he

discussed.

2.3.2 ResearctstudiesoninSer vi ce Mat hematics Teachersodo Kr
Mathematics Topics in Turkey

The studies mentioned above investigated the knowledge of Turkish pre
service mathematics teachersod6 on different t
the extent of the knowledge of Turkish-service mathematics teachers because
these teachers have experience in the real classrooms and their knowledge directly
impacts on student achievement. In this regard, Butun (2005) conducted a qualitative
study to ivestigateis er vi ce el ementary mathematics teat
in basic school mathematics concepts. The data was collected from tises®ioe
mathematics teachers via sestiuctured interviews and classroom observations

additionally, teachingcenarios were discussed in the interview to determine their
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content knowl edge. Butun (2005) <conclude
basic mathematics concepts was disconnected, and they dependedutestiadich
were shown by the teachers diteng students to memorize rules or procedures.
Mor eover, this study s ®wodamlthe dnsweragicdey t e ac h
did not explain the reasons behind the rules or procedures. Furthermore, the teachers
were not successful at forming apprepei representations for the problem. Their
inadequacies related to the topics affected their teaching strategies. In light of the
result of this study, it can be concluded thattheier vi ce t eacher sd Kk
too weak to teach basic school matheosationcepts effectively.

The research studies conducted both internationally and nationally revealed
the fact that both preer vi ce mat he mat-sewise niatkematibse r s 6
teachersé knowledge was | imited has term
fractions, functions, divisions, variables and algebra. As emphasized by several
researchers (Hill & Ball, 2004; Hill, Rowan, & Ball, 2005; Hill, Schilling, & Ball,

2004; Rowan, Schilling, Bal | & Miller, y
roein i ncreasing studentsd achievement whe
Il mportant to i mprove teachersod knowl edge

i nvestigate the ways of enhancing teach:¢

section.

24Regarch Studies on the Way of Enhancing
Knowledge on Mathematics Topics

When all the studies presented in this thesis are reviewed, it was understood
that teachersd content knowl edgeaticss not
Thus, some researchers (An & Wu, 2011; Hill, 2007; Hill & Ball, 20Q4/0ng,
Joseph, Eric, Khoh, Gek & Eng, 20Q07ndertook an investigation into the ways of
enhancing teachersdé knowl edge. I n order
conducteda study which considered whether a summer workshop component of a
professional development institute could help elementary school teachers improve
their knowledge of mathematics for teaching. Content Knowledge for Teaching
Mathematics (CKTM) was used asrgeasurement tool. The teachers participated in

summer schools for 40 to 120 hours and elementary mathematics topics such as long
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division and the order of operations were covered. The significant result of the study
was that it showed that a profession@velopment program can be effective to
i mprove teachersdé6 mathematical content knowl
In another study, Kwong, Joseph, Eric, Khoh, Gek and Eng (2007)
I nvestigated whether teacherso PCK I mprove
trainingp ogr am. The researchers concluded that
quite weak at the beginning of their programs, there was significant improvement in
teachersé PCK on completion of the training
Additionally, An and Wu (2011) focused on-sevw i ce teachersd PCK
student so thinking through grading home wc
misconceptions. The researchers explored the effect of assessing and analyzing
misconceptions in student homework in relation to the improvement-sdérince
teache s6 knowl edge. The participants were ten
were divided into two groups for the experimental study. Both groups were assessed
using a preand posiquestionnaire in PCK. The data was collected through both a
qualitative ad quantitative approach. The assessments of the gme postest
qguestionnaires for teachers and students, classroom observations, interviews,
teachersé daily grading | ogs were served as
revealed that grading homew&k and analyzing misconceptions
knowl edge of studentsdé thinking. Il n this wa
since knowledge of students6 thinking is a i
teacher clues as to how well studentslenstand mathematical concepts, helps the
teacher tadecide in which area the students have misconceptions, and then assist the
teacher to develop strategies to overcome their misconceptions (Shulman, 1987; An,
Kulm & Wu, 2004).
Due to the fact thatthe Tuk i sh mat hemati cs teachersd col
not sufficient for effectively teaching mathematics, it is important to explore the
ways of devel oping teachersé knowl edge. To
conducted studies to eadgepchnobe emprovednSeviss ac her s 6
2008; Yesilderdmre & Akkoc, 2012).
Sevis (2008) aimed to deduce the effects of a mathematics teaching method

course on ps er vi ce el ementary mat hemati cs t eache
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teaching mathematics. Forty three gegvice mathematics teachers completed an

83-item test at the beginning and after a method course. After analyzing the data, the

amount of change in the participants’ knowledge for mathematics teaching was

measured. According to this analysis, as Hill (20&7d Kwong et al. (2007) stated

there was a significant effect of the mathematics teaching method course-on pre

service teachersé content knowledge for
Similarly, Yesilderelmre and Akkoc (2012) conducted a case study to

examine thedevelopment of pre er vi ce teachersodé pedagogi

related to generalizing number patterns during a school practicum (SP). Fhe pre

service teacherso6 PCK was analyzed in tw

understanding and difficultse and 2) knowledge of topapecific strategies and

representations. Three pservice teachers participated in this study and their lesson

plans, micreteaching lesson plans, interviews and videos served as the data sources.

The findings of this study gigested that the peer vi ce t eacher sd F

significantly throughout the SP. In detail, thegr&e r vi ce t eachers too

understanding of, and difficulties with patterns into account. Moreover, through the

SPtheprser vi c e tKamnpmvee in terins ¢ e way they used pattern

specific strategies. According to the analysis of the data, it can be concluded that

observing real classroom practice helpedgaesice teachers to improve their PCK.

The results imply that selecting mergowvith adequate PCK has important role to

improve preser vi ce teachersodé6 PCK vi asernocbser val

teachersdo PCK improved during the univer
course, preservice teachers shared the videos of the ment or 6s | esson
peer s. Il n this way, they had the opport

regard to the PCKOs component s-servibes a r
teachers were able to identify a variety of pedagogical appesac

These research studieAn( & Wu, 2011; Hill & Ball, 2004, Hill, 2007;
Kwong et al., 2007Sevis, 2008; Yesilderemre & Akkoc, 2012 are very important
in the way that they examined how teache
Based on the fthi ngs of the studies, it can be
knowledge might be improved by taking mathematics courses and methods courses

during the teacher training period and participating in workshops related to
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mathematics teaching. These resules ianportant since they point out thaacher
educators and policy makers can develop new programs and revise old programs for
teacher education. Also, teacher educators and policy makers can organize

workshops in which teachers can participate.

25Reseach Studies on Mathematics Teachersdé Kno
Topics

Geometry is one of pillars of mathematics (Atiyah, 2001) and it has a crucial
role in teaching and learning mathematics. NCTM (2000) emphasized its prominence
by st at i ngry dfféeraaan asfiegteofonmathematical thinking that is different
from, but connected t o, the world of numbe
engaging in shapes, structures and transformations; they can understand geometrical
concepts and also mathematibehind those concepts. In addition, Clements and
Battista (1992) commented that geometry can be considered as a tool to provide for
interpretation and reflection in our physical environment. In other words it presents a
way of describing, analyzing andderstanding the world to us.

Moreover, NCTM (1989, 2000) asserted that geometry benefits both teachers
and students in other areas of mathematics curriculum and other disciplines. For
instance, the circle graph is one of the areas of statistics in mait&rhawever, it
is also related to geometry. Besides, the topic of geometric probability is related to
both geometry and probability. In addition, although symmetry is a area of geometry,
it is related to functions and also plays important role in the ar design and in
science. Similarly, geometry is interrelated with measurement. Steele (2006) stated
that there is significant overlap between geometry and measurement, and the
overlapping contents are noteworthy in mathematics education. For insgtenaesa
of a square is measured in square units. Finding the area of a geometric figure is
related to geometry concepts, and measuring it in square units is relevant to
measurement concepts. In brief, geometry is regarded as making an important
contributon to learning and teaching other mathematics topics (NCTM, 2000).

In order to use geometry as a tool for teaching mathematics, teachers should
also have a broad and deep content knowledge concerning geometry. Vais and

Reyhani (2009) stated that explor@in, naming, recognition, classification,
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reasoning, drawing, making relationships between objects in the plane or space,
usage of coordinate geometry and geometry transforms were the main issues used to
teach geometry at primary and middle schools. Tlgama that teachers who teach in

primary and middle schools need to have knowledge of the different and main parts

of the geometry, geometric figures and their characteristics and relation between
them, the appropriate use of the different types of pramdrdinate geometry and
geometric transfor ms. For this reason, t
be more comprehensive, muiimensional and complex. Similar to effective

mat hematics teaching, successful egteometr
knowledge. On account of its importance, some researchers undertook research to

i nvestigate teachersd knowledge on seve
literature review, these studies are presented and discuaskhTutak, 2009;

Baturo & Naon, 1996 BukovaGuzel, 2010;Fujita & Jones, 2006, Gomes, 2011;

Kellogg, 2010; Maxedon, 2003; Ng, 2011; Swafford, Jones and Thornton, 1997).

2.5.1 Research StudiesonPi8er vi ce Mat hematics Teacher :
Geometry Topics

Contrary toresearch studies regarding{@eer vi ce teachersdo Kk
mathematics topics, the number of studies conducted to investigaterpiee
teachersdé knowl edge on (g e-bumle 2009y Batum i cs w
Nason, 1996BukovaGuzel, 2010Fujita & Jones, 2006; Gomes, 2011)

Baturo and Nason (1996) investigated-prer vi ce t eachersodo s
knowledge in terms of their understanding about area measurement. In fact, the focus
of this study was not only subject matter knowledge, but dlset st udent t ea
knowledge about the nature and discourse of mathematics, their knowledge about
mathematics in culture and society, and their dispositions towards mathematics. To
this end, sixteen preervice teachers were interviewed and eight areasarement
tasks comprised the data collection tool during the interview. The findings indicated
thatpres e r v i c e subjecanatteeknavi@dge regarding area measurement was
limited. In other words, their knowledge was incorrect, missing and undeohec
Al so, the teachersé could not easily traea

Similarly, their lack of knowledge about the nature and discourse of mathematics,
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and about mathematics in culture and society was disconcertingeiRiee teachers

tended to think that mathematics is a collection of facts, rules and procedures, and

stated that knowing mathematics means following set of procedurebysségp to

find correct answer. Moreover, the teachers commented that mathematics can be

represent@ symbolically, and its relationship with real life is little or none. As a

result, the teachers had negative feelings towards mathematics and particularly the

area of measurement. On completion of the study, Baturo and Nason concluded that

the preservice t e a ¢ hlimited &Gubject matter knowledge regarding area

measurement restricted them in terms of teaching their students in such a way that

they would acquire a meaningful understanding of mathematics concepts and

processes. Therefore, they did not tetw subject area measurement deeply, their
teaching was superficial and their reactions
were lowlevel. Also, the researchers reported that the teachers had difficulties in

using multiple representations while temgharea measurement and relating area

measurement to other important topics within the mathematics curriculum. The

results were in agreement with those of the Fujita and Jones (2006). In other words,
thepreser vi ce teacher sd P CKweratoalimited oteachbul um kno
area measurement effectiveBaturo & Nason, 1996).

The study undertaken by Fujita and Jones (2006) investigatesepiee
teachersé geometry cont ent knowl edge rel at
quadrilaterals. Two sets of @dawere collected. First, in order to discover their
understanding of relationship between quadrilaterals, a survey was administered to
158 preservice teachers in their first year of university. Second, a task was applied
to 124 preservice teachers in ¢ir third year of university with the purpose of
examining their understanding of hierarchical relationships in the classification of
quadrilaterals. The results indicated that although thesgméce teachers could draw
the figure of quadrilaterals, theyould not provide their definitions. Thus, the pre
service teachersé subject matter knowledge o
lacked sufficient knowledge concerning hierarchical relationship between
quadrilaterals.

Similar to Fujita and Jone2006), AslanTutak (2009) carried out a study to

understand pre er vi ce teachersbo geometry |l earning
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knowledge in the case of quadrilaterals. The study had two investigations, qualitative
and quantitative. The former investigatioras designed to understand egvice

A

teachersdé geometry |l earning and their

studentsdé | eaenvnge Thrmnebepsé participat

and the data was collected through individurérviews, observations, field notes

taken during the observations and materials used during the geometry instructions.

Based on the qualitative investigation, the-prer vi ce t eacher sd ge

knowledge was limited and they had problems ofsil&stion the quadrilaterals.
Although they thought that geometry was an important topic of mathematics in
elementary school, they were anxious about teaching geometry because of their
limited knowledge. However, they considered that they could incrédzese
geometry knowledge with the help of the experiencedha working in their
schools aftethey begin teaching in the classroom.

The latter quantitative investigation was performed to compare mathematical
knowledge of groups (control and treatmeaof) the preservice teachers and to
specify the increase of geometry knowledge of-g@eiice teachers in the
experimental group. One hundred and two-g®evice teachers participated in this
part of the study, and the Content Knowledge for Teaching Matiesrdeasures
(CKT-M Measures) was administered to the participants as-aaptepostest. A
protocol related to quadrilaterals was applied to the treatment group participants (n=
54) as an intervention and traditional instruction was implemented focattizol
group participants (n= 48). While analyzing the data, repeated measures ANOVA
and mixed ANOVA were used respectively. The analysis of the test results showed
t hat the treat ment group ©participantso
following t he interventi on. However, t he
knowledge also increased but with traditional instruction. Although the knowledge
increase of the participants in treatment group was greater than the increase in the
control group paitipants, the difference was not statistically significance. Aslan
Tutak explained this result as the protocol applied to the treatment group not being as
effective as she expected.

Another researcher who investigated-pre r vi ce t eacher so

geometry was Gomes (2011). She conducted an exploratory study to evaluate pre
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service el ementary teachersd content Knowl et
identified 66 preser vi ce teachersbéo di fficulties/ mis:
transformations. A questionnaire concerning three geometric transformations,
namely, translation, reflection and quarter turn rotation served as the data source. The
findings revealed that the pservice teachers had knowledge of geometric
transformations. However, their dwledge was not adequate to teach thsc and
they had some difficulties regarding geometric translations.

Although most of the studies related to-gre r vi ce teachersd knowl
geometry topics were international studies, BukGueel (2010) conduet a study
in Turkey. She aimed to investigate Turkish-prer vi ce mat hemati cs t e
knowledge about instructional strategies and multiple representations, their
knowledge about learners, and their curricular knowledge relevant to solid objects.
Semistructured interviews, lesson plans prepared by the participants and video
recordings of instructional applications were the data sources. The findings revealed
that the preservice teachers developed several activities and uselifeealterials
to enab¢ students to better understand solid objects. It can be concluded that pre
service mathematics teachersodo knowledge on
representations was adequate. On the other hand, althoughrpie mathematics
teachers took the t udent s6 pri or knowl edge into consi
attention to possible students6é misconceptio
knowledge about learners. Moreover, they had difficulty in preparing alternative
assessment materialet det er mi ne student so-selveear ni ng. R
mat hematics teachersd curricular knowl edge,
to relate solid objects to other objects and associate solid objects with plane geometry
and functions which are ught at different grade levels. This shows that their
horizontal curriculum knowledge and vertical curriculum knowledge were almost

sufficient.

2.5.2 Research Studies on #service Mathematics Teacher@Knowledge on
Geometry Topics
Similar to studies with the aim of investigating-service mathematics

teachersé knowledge on mathematics topics,
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service teachersdéd knowledge on geometry
available literature, Maxedon (2008pnducted a study to investigate-service
teachersdé knowledge under four component
and geometry, geometry curriculum and curriculum content, and geometric concepts.
The participants were eight experienced earlydbloiod teachers and the data was
collected through interviews. The result of the study revealed that the teachers had
sufficient knowledge about the importance of geometry for their students and they
could present their own goals when teaching geometryeder, they were familiar

with their grade level curricula in terms of the pedagogical aspects such as materials,
resources and expectations. However, they were less familiar with subject matter
issues such as the content of the geometry curriculumhér atords, they did not

know the topics in the grad@gsecedingand following years. Therefore, it could be
concluded that theis er vi ce teacherso curriculum Kkr
service teachers (Baturo & Nason, 1996).

These research studies chmed that both prservice and irservice
teachersé knowledge of geometry topics s
and classifying quadrilaterals, area measurement and solid objects was not adequate
to teach these topics effectively. For thiagen, some researchers proposed to
i nvestigate the ways of enhancing teache

studies are presented in the next part of the literature review.

2.6 Research Studies on the Way of Enhan
Knowledge on Geometry Topics

As mentioned above, some researchers (An & Wu, 2011; Hill, 2007; Hill &
Bal | , 2004) aimed to investigate the wa
mat hemati cs topi cs since it was hconsi d
mathematics effectively was limited due to their lack of knowledge. These
researchers concluded that teacher sd mat
through teacher education programs. In the same Seiafford, Jones and Thornton
(1997) and Kellogg 2010) expl ored how teachersoé kr
improved. Swafford et al. (1997) conducted a study to examine the effects of an

i ntervention program on t e-ainehmeddley@Gde ge o me t
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teachers participated in avkeek geomiey program consisting of content that related
to two- and threedimensional shapes. At the beginning and the end of the
intervention program, a prand posttest were administered to the teachers to assess
their geometry content knowledge. The analydishe pre and postests showed
t hat teacherso geometry content knowl edge
intervention program, especially amond' 4nd &' grade teachers. Moreover,
Swafford et al. (1997) stated that teachers were more willing teetwyimstructional
approaches, they spent more time and more quality time on geometry instruction, and
they were more confident to respond higher levels of student thinking after
participating the intervention program.
In another study, Kellogg (2010) claichethat students and pservice
teachers contended with errors/misconceptions/difficulties regarding area and
perimeter. For this reason, an alternative instructional method should be used to
enhance prs er vi ce teacherso under steamtds &g and
errors/misconceptions/difficulties. To address this need, Kellogg (2010) investigated
howpreser vi ce teachersdé6 knowledge changed and
in anchored instruction involving wdimsed microworlds designed for exploring
area ad perimeter. The study aimed to investigate 12 elementarsepvice
teachersé content knowl edge and knowl edge o
principles, relationships, and misconceptions related to area and perimeter.
Quantitative (e.g., prsetudy questionnaire, and area and perimeter tests) and
qualitative research (e.g., interviews, teaching episodes packets) methods were used.
The results of this study showed that-pre r vi ce teachersdéd knowl ed:¢
perimeter and area changed in a positivay with intervention. Many preervice
teachers possessed procedural knowledge related to area and perimeter, but they
were not aware of studentsdo errors/ difficul?:
That is, their subject matter knowledge and pedial content knowledge were
limited before the intervention. After the intervention, most of them considered that
the webbased microworlds were an effective tool for them to use and they were
better able to addr ess edKalaygta toscudedhatf f i cul t i e
preservice teachersd SMK and PCK i mproved wi

teachersé knowledge is important since teach
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achievement in mathematics, and also in geometry (Hill & Ball426ill, Rowan,
& Ball, 2005; Hill, Schilling, & Ball, 2004; Rowan, Schilling, Ball & Miller, 2001).

Differing from the studies mentioned above, Ng (2011) aimed to investigate
in-service teachers MKT for teaching geometry and the factors that contolthis t
knowledge. Ng focused on the number of years of teaching experience, educational
level attained, school type (public or private), range of grade levels taught, number of
professional development hours completed, and number of cideglegeometry
courses taken as the factors. One hundred and sixty sewssrvioe teachers
participated in this quantitative study, and the Learning Mathematics for Teaching
measures and the Indonesian Educational Survey were served as the data source.
Data was statigtally analyzed (ANOVA and multiple regression). The findings
showed that there was an i nver se rel at |
experience and their MKT for teaching geometry. That is, teachers who had taught
longer had a lower MKT for teachingeometry. State differentlyteaching
experience did not guarantee the possession of rich content knowledge (Friedrichsen,
Lankford, Brown, Pareja, Volkmann, & Abell, 2007)his result was in
contradiction with Shulman (1987) since he asserted that tepeixiperience was
I mportant source of content knowl edge.
background, such as number of completed professional development hours, and the
number of collegdevel geometry courses taken, and their MKT for teaching
geometrywere directly related to each other as stated by Hill (2007). On the other
hand, whether the teacher taught in a private school or a public school was a factor
that affected teachersé MKT for teaching
schools had Ilgher mathematical knowledge for teaching geometry compared to
those who taught in public schools. Besides, being a teacher at lower primary grades
(grades one to four) and at upper primary grades (grades five to six) had no
significance in terms of MKT foteaching geometry. However, teachers who had
taught a wider range of grades (grades one to six) had more MKT for teaching than
teachers who had taught narrow range of grades. Since experience of teaching at
sever al grades may i mphng ivan be ecnadudesl thatd MK T
having rich educational background, teaching in private school, teaching wide range

of gradesaffectt eacher sdé MKT in a positive way.
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In the sections given above, the studies related with botegowece and in
servicemdtemati cs teacher s o6 Interpationat ahd matiomah geomet r
studies were discussed. All these studies showed that mathematics teachers do not
have sufficient knowledge to teach geometry topics. Moreover, those studies
provided an overview of whaias been suggested to develop-ggevice and in
service teachersbo knowl edge n figatrof theeac hi ng g
available literature, the number of studies related to the concept of volume is limited.

In the next section, studies on the voki of 3D solids will be presented and

discussed.

2.7 Research Studies on the Volume of Three Dimensional Solids

As mentioned above, there are not many research studies concerning the
volume of 3D solids in the available literature, only one study wasdfouhich
Il nvestigated teachersd content knowl edge on
Cakiroglu, 2012). However, there are some st
about the volume of 3D solids (Be@haim, 1985; Battista & Clements, 1996; Ng,

1998;01 kun 1999; 2003). These studies are I mpo
related to the volume of 3D solids may hel |
content knowledge about this topic. For this reason, in this part of literature review,

studies regrding the volume of 3D solids are presented.

Esen and Cakiroglu (2012) conducted a qualitative study to explore pre
service teacherso6 knowledge on wusing unit c
collected from 24 prservice teachers using a questiom v ol vi ng student és r
which resulted in an incorrect solution. The-pegvice teachers were asked to think
about the question, analyze studentods sol uti
of studentds solution. &Adthapresewiseudadhersof t he da
did not have any difficulty in determining the volume of prism with -standard
concrete materials. Moreover, all gervice teachers used the volume formula
correctly and their knowledge of volume was based on the forbuilahis led to
preservice teachers having difficulty in rea
guestion and the reasons for the error. In fact, some of theepriee teachers made

the same error when calculating the volume of a prism.
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Based on the\ailable literature, other studies related to the volume of 3D
solids investigated studentsd understand,]
elementary students have difficulties in measuring the volume of a rectangular prism
(Battista & Clements1996; BerChaim, Lappan & Houang, 1985; Ng, 1998; Olkun,

1999). The most cited studies were conducted by-Gesm et al. (1985), and

Battista and Clements (1996). Bebhai m et al . (1985) invest
in 3D geometry. Approximately 1,00@uslents in grades five to eight participated in

the study and were given a Spatial Visualization Test. On completion of the study,
BenChaim et al. (1985) reported four types of errors that the students held in
relation to the calculation of the volume 3D solids. They categorized these errors

as two major types which were defined as
three and not counting hiddenChanudialso ( p.
(1985) I denti fi ed t hoanting the acteiat humi@er ofl fiaced | c u |
showing, counting the actual number of faces showing and doubling that number,
counting the actual number of cubes showing, counting the actual number of cubes
showing and doubling that rolconbt éhe daceg p . 3
consider threelimensional solids as twdimensional, and students who count the

visible unit cubes are not aware of thimensionality of the solid. Furthermore,

some students count the number of unit cubes on the three visiblerdddbeathey

do not multiply this number by two to obtain the total. B&mim et al. (1985)

asserted that these students do not recognize the hidden part of the solid.

Battista and Clements (1996) cl assif
examined stuelnt s6 di fficulties when enumeratin
prism. Forty five third grade students and 78 fifth grade students participated in the
study and the students were interviewed
strategies into 5catgor i es with three depending on
of rectangular prism, one was the use of the volume formula and the last one was a
strategy that students used in addition to the four mentioned strategies. According to
this study, studentsoaceptualized rectangular prism as faces, unit cubes, and layers.
This conceptualization was the reason fc
number of unit cubes in a prism (Battista & Clements, 1996). The authors explained

that students cannotlage to the structure of the rectangular prisms such as the unit
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cubes, layers and stripes. If students realized that the stripes are formed by unit
cubes, and layers are formed by stripes or unit cubes, then they may overcome their
difficulties since reangular prisms will become simpler for students.

Mor eover, Battista and Clements (1996) e
three aspects which were; use of formula, spatial structuring and coordination. The
result of this research concluded that 75% ofdtuelents used the formula without
knowing the reason for the multiplication of the dimensions of rectangular prisms.

This means that they only memorized and applied the formula. Besides, Ng (1998)
conducted a study rel at edea and volimeu 8lrent sé und
collected data from 7 participants in grades 4 and 5 usingstemstured interviews.

She used geometric tasks involving base ten blocks, tangram activities and questions
regarding 2D and 3D. Ng obtained information regarding whelieestudents knew

the structure of a rectangular prism, and whether students comprehend relationship
between unit cubes, stripes and layers. She concluded that students viewed 3D solids
as a box with six separate edges. Although some recognized therinfe3d solid,

they could not recognize its connecting or shared edges. Moreover, some students
conceptualized 3D solids in terms of layers. This means that some students could not
realize the structure of 3D solids.

There are studies which were carriaeddto i n Tur key to investig
understanding of the volume of 3D solids. In his dissertation, Olkun (1999)
examined 4th grade studentsd understanding o
The data was collected from four 4th grade students ghromterviews, and he
applied treat ment t o deci de whet her studel
instruction. He concluded that students used less viable strategies for the problems
which were presented pictorially and aftestruction;they used differenstrategies
for concrete and pictorial representations.

In another study, Olkun (2003) aimed to designate 4th, 5th, 6th and 7th grade
studentsé strategies while finding the numb
Three hundred and fourteen studentsigigeted in the study. The result showed
that many students, even 7th graders, had difficulty in finding the number of unit
cubes in 3D solids. The reasons for student

students tend to use a formula to calculate tbkime of the prism. When the
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question is asked in a different way, such as asking the number of unit cubes in the
prism, many students become confused. \Y
volume is based on wusing a vderstaming é6for mu l
volume (Esen & Cakiroglu, 2012).

I n conclusion, al | the studies repor:
achievement related to volume of 3D soli
achievement may improve with the help of efifieetteaching. (BenChaim, 1985;

Battista & Clements, 1996; Ng, 1998; Olkun 1999; 2003). In order to provide

effective teaching for students, researc
has significant role (Chinnapan & Lawson, 2005; Even, 1898n & Tirosh, 1995;

Hil |, Rowan & Balll , 2005) . Since teache
relation to studentsd achievement ; it w

content knowledge relevant to the volume of 3D solids. For that purpesgebent
study aimed to investigatmiddle schoot eacher s6 knowl edge of

solids.

2.8 Summary of the Literature Review
In light of the studies reviewed in this section, different models explain
teachersdé content 008 GesiNewdane, 1998 &todsman,t al
1990; Rowland et al., 2005; Shulman, 1987). Although some models focus on
teachersdé knowledge in terms of all aspe
teachero6s knowledge for teaching mat hemai
A review of he literature indicated that effective teaching requires knowing
the ways of making the subject more understandable for the students (Ball et al.,
2008) . Thus, teachers have a cruci al r ol
(Isiksal, 2006)Leinhard and Smith (1985) stated that the teacher is the only person
who determines what to teach, when to teach and how to tElaetefore, teachers
should understand mathematics on a deep level and know how to make mathematics
meaningful for the students. Irth@r words, teachers should have adequate content
knowledge in order to determine what, when and how the subjects will be taught
(Ball 1991; Ball et al., 2008; Borko, 2004; Ma, 199Blowever, if the teachers do

not have adequate knowledge, then they mayster their inadequate knowledge to
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their students. In order to provide an i n:
knowledge, several studies were conducted (Contreras, Batanero, Diaz & Fernandes,

2011; Even, 1993; Even & Tirosh, 1995; Hill, RowanB&ll, 2005; Livy & Vale,

2011; PineFan, Godino, Font, Castro, 2013). These studies concluded that not only

pre-service but also hservice teachers have limited content knowledge on variety

topics and the situation in Turkey is almost the same. Moréfispdy, Turkish pre

service and irservice teachers have insufficient knowledge to explain the meanings

of the concepts and procedures, use multiple representations and materials, identify
student so errors/ difficultieaes/ adiitheseoncepti on
errors/difficulties/misconceptions, find strategies to overcome these problems and

eval uate studentsd sol uti ons B(tiha005; 2013; B
Haciomeroglu, 2009; Isiksal, 2006; Karahasan, 2010; Kilic, 2011; Turnuklu, 2005;

Yesilderelmre & Akkoc, 2012). With respect to the topics and the participants of the

studies, most of the researchers investigategdpeger vi ce t eachersodé conten
on thetopics such as functions, limit and continuity, fractions, simplification and

solving equations. As stated in the significance of the current study and in this

section, there were a few studies focusingesmr vi ce teachersd content
However, the imer vi ce teacherds knowl edge effects
Therebre, it is crucial to explore s er vi ce teachersé knowl edge
mathematics. Moreover, in terms of thepic that was examined, there is no

i nvestigation on teachersd knowledge rel ate
accessible literature. Imaattempt to examinei®s er vi ce teacher sodé knowl e
vol ume of 3D solids is believed to contribu
literature and practically for mathematics teachers. As a result this study, it is

expected to make a contributito the literature in terms of filling the missing part of

mathematicst eac her s 6 content knowl edge l i teratu
participants werexperiencednathematics teachers, the results of the current study

should provide practical informatidior mathematics teachers who teach the same

topics in their classes. Also,the@ er i enced teachersé teaching
ot her teachersd teaching as well
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CHAPTER 1lI

METHOD

The purpose of this study was to investigate the knowleddeuofmiddle
schoolmathematics teachers concerning the topic of the volume of 3D solids. The
study focused on themiddle school teachedssubject matter knowledge and
pedagogical content knowledge related to the topic.

This chapter gives a full accountf dhe research design and the
implementation. Within this perspective, it covers the details of research questions,
design of the study, participants of the study, context in which the study took place,
data collection and analysis techniques that weré.useaddition, the issues of
trustworthiness, researcherds role and b

the study are addressed at the end of this chapter.

3.1 Research Questions
This qualitative case study explores the following reseanelstopns.
1. What is the nature of the foomddle schoomat hemati cs teache
matter knowledge of the volume of 3D solids?
1.1. What are the alternative solution methods these four teachers
propose to calculate the volume of 3D solids?
1.2. To what extent are these teachers successful at generating a story
problem regarding the volume of 3D solids?
2. What is the nature of the foumiddle schoolmat hemat i cs t ea
pedagogical content knowledge on the volume of 3D solids?
2.1. What kind of instuctional strategies do tke teachers use to
teach the volume of 3D solids?
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22. To what extent do t he teachers re
knowledge related to the volume of 3D solids?

2.3. To what extent ddhe teachers have knowledge of curriculum

related to the volume of 3D solids?

24. What kind of assessment types the teachers apply to assess

studentsdé understanding of the vol ume

3.2 Research Design
In order to investigate the foumiddle schoolmat hemat i cs teacher
knowledge of thevolume of 3D solids, a qualitative research methodology was used
to support methodological perspective and to reveal the findings of the study.
Quialitative research has been defined by several researchers in the literature.
For instance, Denzin and Linoo(2005) described qualitative research as follows:

Qualitative research is a situated activity that locates the observer in
the world. It consists of a set of interpretive, material practices that
make the world visible. These practices transform thedwdrhey

turn the world into series of representations, including field notes,
interviews, conversations, photographs, recordings and memos to the
self. At this level, qualitative research involves an interpretive,
naturalistic approach to the world. Thismeans that qualitative
research study things in their natural settings, attempting to make
sense of, or interpret, phenomena in terms of the meanings people
bring to them (p.3).

Merriam (1998) defined qualitative research as an umbrella, which covers
different aspects of inquiry that helps us understand and explain the phenomena in its

particular context. According to Patton (1987), qualitative research is an endeavor to

understand situations in a natwuralr setting f
wor ds, it i's I mportant to understand dAwhat
[natur al ] setting, what t heir |l i ves are | ik
meanings are, what the world |l ooks |ike in t

Although different researchers categorized qualitative research in education
under different types (Creswell, 2007; Merriam, 1998; Miles & Huberman, 1994,
Yin, 2003), there are certain characteristics that apply to all types of qualitative
research. In general, thesharacteristics are; the source of the data is a natural
setting, the researcher is the key instrument for data collesidranalysismultiple
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data sources are used, data is collected in the form of words or pictures instead of
numbers, data is analyzedluctively, and the process is as important as the product
(Creswell, 2007; Denzin & Lincoln, 2005; Frankel & Wallen, 2006; Merriam, 1998).

As described above, various researchers have presented different types of
qualitative research designs. Creswé€l007) defined the different types of
qualitative as; narrative, phenomenological, grounded theory, ethnographic, and case
studies. Similarly Merriam (1998) presented the following five different types of
qualitative research; basic aeneric, ethnograpft, phenomenology, grounded
theory, and case study. Although Creswell (2007) and Merriam (1998) proposed five
different types of qualitative research, they are not totally distinct from each other
and emphasized that these types work in conjunction.

Researhers sometimes wish to explore and gain insight into a particular
phenomenon (Corbin & Strauss, 2008) by asking how questions (Frankel & Wallen,
2006). The important issues in answering those questions are gathering data in
natural settinggBogdan & Biken, 1998 andent eri ng peopl eds mi
2002). In this respect, interviews and observations are the data collecting techniques
used in qualitative research (Frankel & Wallen, 2006). For this study in order to
understandniddle schoolmathematics teaher s6 knowl edge of th
solids, it was necessary to collect data via interviews and observations thus
qualitative research was employéal this qualitative case study, in which | was part
of the study as the researcher, | employed a varfetata collection tools, and tried
to portray a whole picture of the teacldnsowledge. The following section presents
information regarding qualitative case studies is presented and then the design of the

current study will be discussed.

3.2.1 Case Stdy Research

Creswell (2007) stated that one of the types of qualitative research is case
study. He denoted that the researcher conducting a case study aims to develop an in
depth description and analysis of a case or multiple cases within a boundsd syst
using multiple sources of data. Moreover, s/he selects an event, a program, an

activity or more than one individual as the unit of analysis of the study.
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Merriam (1998) referred to a case study
in-depth understanding the situation and meaning for those involved. The interest
is in process rather than outcomes, in the context rather than a specific variable, in
di scovery rather than confirmation. o (p. 19
emphasized that researcheshould describe the case which might be a person, a
program or a group. Yin (1994) added to the definition of a case study by stating
that:

A case study is an empirical inquiry that investigates a contemporary

phenomenon within its redife context, egsecially when the

boundaries between phenomenon and context are not clearly

evident éCase study inquiry <copes with tiI
situation in which there will be many more variables of interest than

data points, and as one result relies on tiplé sources of evidence,

with data needing to converge in a triangulating fashion, and as

another result benefits from the prior development of theoretical

propositions to guide data collection and analysis. (p. 13)

As can be seen from these definitiptiee most important property of the case
study is the situation in which the study is located and its context (Creswell, 2007;
Merriam, 1998; Yin, 2003). According to Merriam (1998) and Creswell (2007),
defining the case within a bounded system has vergial role in the case study.
However, acording to Yin (2003), the boundariestween phenomenon and context
may not be obvious.

Researchers have also categorized case studies into three groups according to
their intent and the size of the bounded c&egwell, 2008; Merriam, 1998; Stake,
2005). Influenced by the categorization undertaken by Stake (2D@swell (2007)
categorized case study in terms of the intent of the case analysisategories are
intrinsic, single instrumental and multiple eastudies. In an intrinsic case study, the
researcher focuses on the case since it presents an unusual or unique situation. The
intrinsic case study takes place because of the case itself is of interest. Creswell
defined the single instrumental case stadythe study where researcher focuses on
an issue or concern, and then selects one bounded case to illustrate this issue. In
instrumental case study, the case is the secondary interest but it plays essential role in
understanding of something else. Finally a multiple case study, the researcher

selects multiple cases to display different perspectives of the same issue. Merriam
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(1998) categorized the case study into descriptive, interpretive and evaluative. The
aim of the descriptive case study is to presbasic information about the
phenomenon, an interpretive case study aims to obtain a rich and thick description to
develop conceptual categories or support theoretical assumptions about the
phenomenon. Finally, the evaluative case study, involves ggsatievaluation and
judgment.

The current study was characterized f
of the case study. According to Merriam
in-depth understanding of the situation and meaning for thoseo ar e 1 nv ol \
(Merriam, 1998, p. 19). Since the purpose of the current study was to gain a deeper
understanding of the nature afiddle schoolmat hemat i cs teachers
related to the volume of 3D solids, a case study approach was approfgreatases
were fourmiddle schoomathematics teachers. The cases were bounded by both the
grade level that teachers taught; 8th grade students in elementary school in Ankara
and their teaching experience which was more than 10 years.

With respect to Creswel and Merriambs categori zat
current study is an interpretive argingle case study. The reason for being
interpretive case study is to obtain rich and thick description aboutititde school
mat hemati cs t e athdvelune of 3R solasv Due tb ghe faod that
participants of the study were experienced middle school mathematics teachers
study issinglecase study

Apart from the categorizations of case studies given above (Creswell, 2008;
Merriam, 1998; Stake&2005), Yin (2003, 2009) further categorized case studies into;
singlecase holistic and multiplease holistic designs, and singkese embedded and
multiple-case embedded designs. The number of cases in the study indicates whether
a study is singkease o multiple-case, and the number of unit of analysis refers to
whether it is an embedded or holistic design. In the light of the definitions of designs
given by Yin (2003)the singlecase embedded desigma common design in case
studies where it involvesiore than one unit of analysis. The model for the mukiple

case embedded design is given in Figure 3.1 below.
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CONTEXT

Case
Embedded
Unit of
Analysis 1
Embedded
Unit of
Analysis2

Figure 3.1Singlecase embedded (multiple units of analysis) design
(Yin, 2003, p. 40)

The research design tife current study was singlecase embedded design
(Yin, 2003). Thecase wasour experienced middle schomlathematics teacher@nd
the subject matter knowledge and pedagogical content knowledgaldiie school
mat hematics teachemnist wefr eanahleyseimbeddEle imont
iIs Elementary Schools in Ankara. In Figure 3.2, the model of the study with respect

to singlecase embedded design is given.

Elementary School in Ankare

Middle Sch@l Mathematics
Teachers

Subject Matter
Knowledge

Pedagogical
Content
Knowledge

Figure 3.2Singlecase embedded (two units of analysis) design

3.3 Samplingand Selection of the Participants
In this part of the method chapter, the cases of the studypfiolaiie school

mathematics teachers, were described.
In the research studies, the aim of the study had crucial role while selecting

the participants. If th researcher aims to generalize results of the study from sample
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to the population, probability sampling method is suitable for that study. However, if
generalization as a statistical concern is not the aim of the study, theotmability
sampling methods useful (Merriam, 1998). Since it was not intended to generalize
the result, a noprobability sampling method was the most appropriate sampling
strategy for this study. In order to obtain a richer and deeper understanding related to
the middle schooke ac her s knowl edge of the vol ume
should be selected from among the people from whom the most knowledge can be
gained, can be accessed easily and with whom the most time can be spent (Merriam,
1998). Therefore, purposive saling method, the most common form of Ron
probability sampling, was appropriate to achieve the purpose of the study.

Merriam (1998) emphasized that determining the selection criteria is essential
in choosing participants. The current study had three ieritler the sampling
procedure. The first criterion was related to selecting the elementary schools so that |
could easily access the teachers meaning that the schools should be close enough for
me to observe the four t e ataffeeobserdingoieas sr o
teacher, | had enough time to travel to the next school and observe the next teacher.
The second criterion of the sampling procedure was selecting participants with
respect to the grade level they taught. Since the national cumalgtermines that
the volume of 3D solids is ar"rade topic, the selected teachers should te¥ch 8
graders. The final selection criterion was being experienced teachers, namely at least
5 years teaching experience as suggested by Berliner (200eadon for selecting
experienced teachers was that they should have a deeper and rich knowledge
regarding the topic, the volume of 3D solids, because of teaching the topic many
times. This was supported by Grossman (1990) who stated that teachingreeperie
in real classroom is one of the cruci al

There is no rule regarding the number of participants in qualitative research.
In fact, it depends on the research questions and the data collection methods
(Merriam, 1998). Moreeer, it is not possible to conduct the study with everybody
whose characteristics are suitable for the researcher. Thus, the researcher decided the
number of participants. In the current study, the data was collected via the volume of
3D solids questionnes, interview and classroom observation. In this sense,

collecting the data through classroom observation became important factor to
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determine the number of participants. All the mathematics teachers taught the topic,
at almost the same time. If each teaichad a fouhour mathematics lesson in one
class in a week and there werel88son hour in each school, thus, | could work with
7 teachers at most. After the meeting the potential participants, | took their weekly
schedule to make a classroom observasiohedule for me. In order to not to miss
some observations of their teaching, | selected msigddle schoolmathematics
teachers (5 female and 1 male) whose schedules did not overlap. After analyzing the
data gathered from foumiddle schooteachers, tealized that the data was saturated.
In other words, the data collected from tmiaddle schooteachers did not give any
additional information regarding the teacher
Furthermore, these two teachers taught in theesaahool as two of the other
teachers and this was another reason for not including these two teachers in the
study. According to Marshall and Roseman (20@6hptext has an important role in
determining behavior since ptdéoocpntet.drs behavi o
this study, context was the elementary school in which teachers taught. | thought that
teachersdéd knowl edge machoolclhhwhitlgoase hdeaded di ng t o
not to choose teachers who worked in the same school. Furthermbo®skdour
successful elementary schools on the basis that teachers will tend to develop their
knowledge in relation to their students proficiency.

To sum up, using the determined criteria, | selected four experiemigdie
school mathematics teachemgorking in the different elementary schools located
close to each other in Ankara. The detailed information about the teachers was

presented below.

3.3.1 Mrs. Kaya
Mrs. Kaya has been teaching elementary school mathematics in a public
school for 31 yearsShe is one of thewo mathematics teachers working at the same
public school. She graduated from one of the best universities in Turkey with a
bachel ords degree in mathematics from a facu
to teach in elementary sotl, she tutored elementary school students for the national
exams. She is interested in enriching her teaching with different activities and

representations whenever possible. Moreover, she encourages her students by
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preparing games, activities and mangbwe related to mathematics. She thinks that
mathematics should not be only lesson for students; they also enjoy learning about

mathematics.

3.3.2 Mrs. Akay

Mrs.Akay has 32years experience in teaching mathematigsublic schoos.
She is the only mhematics teacher in her school. Sjraduated from a training
institute, and then she went to a college to complete her education. After graduation,
she taught in high school for 25 years. Later she transferred to elementary school and
has worked there fo7 years. She genuinely enjoys teaching mathematics and
working with elementary school students. She is interested in researching new
activities, in acquiring up to date scientific knowledge and in participating in

mathematics competitions with her student

3.3.3 Mr. Esen

Mr. Esenhas been teaching in an elementary school for 12 years. He is one of
the two mathematics teachers workingtaiss c ho o | . He has bachel
department of mathematics from a faculty of arts and sciences. He hapataticn
different inservice training (e.g. classroom managememtroduction to new
elementary mathematics curriculunbje pays attention to use manipulative while
teaching mathematics. Furthermore, he tries to link mathematics with daily life since
he believes that by this linkingnathematics the studedtlearning will be more

meaningful and permanent.

3.3.4 Mrs.Uzun

Similar to Mrs.Akay, Mrs. Uzun has 32years elementary school teaching
experience. She has been teaching in a public school andeisofothe three
mathematics teachers working at the same school.g&triated from a training
institute. She is interested in applying different activities and representations, and

using materials whenever possible for effective teaching.
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3.4 Context ofthe Study

Baxter and Jack (2008) have emphasized that researchers should take into
consideration the context when conducting case stdg.to the fact that the main
focus of this study is Turkish middle school mathematics teactiessribing basic
chamacteristics of Turkish education system and brief information about the
elementary schools that the participants of the study worked would be useful to

understand the study.

3.4.1 Turkish Education System

In Turkey, thereare about 10 million studentsthe primary education levels
with more than 500 000 teachers (MoNE, 2010/2011). Primary education involves
the education and training of children in the age group of 6 to 14 .elgigyear
compulsoryeducatiorfor all male and female children and isdrat public schools.

In the last ten years, efforteve been attempted improve and develop the
education systemOne of theefforts was the new curricula which are being
implemented for primaryand secondaryschools since 2004The mathematics
curriculum highlightsthe importance of classroom environment where the students
are more active and they research, discover, solve problems, and share their
solutions. Also, ittmphasizes the idea of associating mathematics within itself and
other subjects.The primary mathematics curriculum hasvd learning areas:
Numbers, geometryalgebra, probability and statisticand measuremer{MoNE,
2009) There is a spiral approach for each learning arelaich was based on
constructivist approachThe curriculum is enriched with teaching activities,
manipulative usage, technology usage and multiple assessment métboelsver,
it aims to provide mathematics teach#rs flexibility of changing the places of the
topics given in the curriculuniBulut, 2007).Furthermoe, teaching with different
instructional methods was emphasized in the new mathematics curriMioiNE,
2004). In conclusion, he mathematicscurriculum highlights the importance of
classroom environment where tl&dentssolve problems, share theire@s and
solutions, do group work angse mathematics in their daily lives and professional
practices (Bulut, 2007). Moreover, it encourages teachers to apply activities,

manipulative, variety instructional strategies and different assessment strategies.
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However, this mathenatics curriculum was changed in 2013 and the new
mathematics curriculunstarted to beimplementedin 5 gradersin 2013-2014
academig/ear(MoNE, 2013).

3.4.2Setting of the Study

Besides, de to the fact t hat omeconektdéob s bel
context, the research should be conducted in a real context (Marshall & Roseman,
2006). Therefore, in this study, the rea
examined is their school and the classroom in which teachers teach. Tyisvst
carried out in the context of four elementary schools in Ankara, Turkey. Each teacher
worked in different but geographically close schools. There were about 400 students
in each school and, the number of students in each class, which was obsas/ed, w
about 2625 and the students were generally aged 14. The students in all schools had
4 hourmathematics lesson every week. Furthermore, the students had opportunities

to use materials related to 3D solids during their mathematics lesson.

3.5 Data Colection

The detailed description of the phenomenon studied in qualitative research is
obtained in three basic ways; interview, observation and documents (Frankel &
Wallen, 2006). Merriam (1998) stated that the interview is the most commonly used
data coléction tool in qualitative studies in order to obtain specific information from
the participants. I n other words, resear
mind, what they think or how they feel about something (Frankel & Wallen, 2006).
Withthe observations, researcher has the o
behavior in the redife settings (Frankel & Wallen, 2006). Finally, Merriam (1998)
specified that documents are the third major source of data in qualitative research
including; personal papers, public records, and artifacts.

To obtain deep information related to the founiddle schoolmathematics
ttachersdé knowledge of the volume of 3D
questionnaire concerning the volume of 3D solids, ingevs8i classroom
observations and field notes during the spring semester of 22l academic year.

Table 3.1 presents the time schedule for the data collection.
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Table 3.1Time schedule for data collection

Date Events

July 2011October 2011 1 Development of data collection tools
(questionnaire, observation protocol a
interview protocol)

1 Selecting and meeting the participants

November 20141January 2012

=

Pilot study of the instrument
i Obtaining permission from the MET!
Ethical Committee and Ankara
Provincial Directorate for Nationa
Education
February 2012March 2012 1 Data analysis of pilot study
1 Revision on the instruments in light
the pilot study
i1 Preparation of the last version
instruments
March 2012 May 2012 9 Data collection

3.6 Data Colkection Tools

The purpose of this study was to investigate foigdle schoomathematics
teachersodo subject matter knowledge and peda:¢
the volume of 3D solids. In order to achieve the purpose of the study, following data
collection tools were used: 1) Volume of 3D solids questionnaire; 2) Interviews
following the questionnaire; 3) Classroom o

Field notes. Each data source is explained in detail in the following sections.

3.6.1 Volurre of 3D Solids Questionnaire
In order to examine the fomiddle schoomat hemati cs teachersé Kk
of the volume of 3D solids, the Volume of 3D Solids Questionnaire (VDSQ) was
developed by the researcher based on the related literature (Ball, ThaRiesps,
2008; Battista & Clements, 1996; Ng, 1998). The Turkish version of the

guestionnaire items is provided in Appendix A.
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The questionnaire consisted of 10 oenled structured questions with sub
dimensions used to assewsddle schoolt e a ¢ h gactsniatterskadwledge and
pedagogical content knowledge of the volume of 3D solids. The questions were
prepared based on the subjects covered in the elementary school mathematics
curriculum.

All questions in the questionnaire were prepared by the reszarchable of
specification for the questionnaire items was prepared and is given in Appendix B.
The questions and the table of specification were checked by mathematics educator
and two experienced mathematics teachers to determine the content vaheity.
reviewers reached an agreement. A detailed description of questions 1 and 2 in the

guestionnaire is given below.

Question 1.

How many unit cubes constitute the square prism

a) Write down all thenethodghat you know which could be used to aeswhe
guestion.

b) What method(s) do your students use to answer this question?

¢) Which error(s) do you think your students will make in answering this queg

d) What may be the reasons for these errors? Please explain

e) Which teaching techniques/materials/strategies do you use to overcome t

errors?

Question 2.
How manyunit cubesemainwhen one layer o

unit cubes is removed from all faces of squ
prism?
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a) Write down all thenethodghat you know which could be used to answer th
question.

b) What méhod(s) do your students use to answer this question?

¢) Which error(s) do you think your students will make in answering this ques

d) What may be the reasons for these errors? Please explain.

e) Which teaching techniques/materials/strigggdo you use to overcome these

errors?

For both # and 29 questions there were the same five-kams. The 1 sub
item aims to determine the nature of thieldle schoomat hemati cs teacher sé
matter knowledge. Particularly, it aénd t o assess the teacherso
alternative solution methods to calculate the volume of prism given in the figure. The
remainder of the sulbems of both the*land 2° questions were prepared to evaluate
middle schoomat hemat i ¢cs gieahcontert kneviledge.eTHus, dhe sub
items from b to d were asked to investigate
The 3 the 4", the 8", 6" and 7" questions were designed to investigate only
the middle schoolmat hemat i ¢cs t e ac h,dheywwere desighedtoSpeci f i c a

assess theniddle schoolt e ac her s 6 k n o wThe dugstionsowere hse ar ner s .

follows:

Question 3.
Mo st of the students
thesameear i n the quest:i
of r ect anThaylgave thepansiver 840

a) What method(s) do Mr. Aslandés stou

b) What are the el ement ar yhensto givd tnewvirongd
answer?

c) What may be the reasons for these errors? Please explain.

d) Which teaching technigues/materials/strategies would you use to overcon

these errors?
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Question 4.

Y e i

Mrs. Aksoyasked the volume of the cube and her

studentgyavethe answer 2Mrs. Aksoyrealized that her
students solved the question using different solution
methodsAlthough some solution methods were cotrec

some of them were incorrect.

a) What solution methods were used by the students elhedsthe problem

correctly? Please explain.

b) What solution methods were used by the students who gave the wrong ar

Please explain.

c) What errors caused the students to make a mistake? Please explain.
d) What are the reasons for the studéatsors that gave the wrong answer?

e) Which teaching techniques/materials/strategies would you use to overcon

these errors?

Question 5.

Students; Ela, Eren, Kuzey, Yragr and Berke

calculated the volume of prism, presented abov
in different ways but they found the same resuli

Their solutions were given below:

on

El ads Solution: Erends Solution:
26 x 2= 52 6+6=12
8x2=16 4+4=8
52- 16= 36 12+ 8+4=24
36-12=24
Kuzeybds Solution:{]Yagmurdés sol uti
4x3=12 6+6=12
12 x2=24 4+4+4=12
12 +12=24
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Berkeds Solution:
4x 3x2=24

aExplain studentsé6é solution method
b) If any stident made errors in answering this question, then what may be th

reasons for these errors? Please explain.

¢) Which teaching techniques/materials/strategies would you use to overcom
errors?

d) Which method(s) did yowtudents use to obtain the correct answer?

Question 6.
A piece ofcheese was cunto aright triangular
prism on the left sideThe cheese was cuhto
20 equal slices, what is the volume of e¢
15 B slice?
C
40 cm

Mr. Acar asks the class the question given above and he encounters different

methods.
Yankéds Sol uAsyads SolutfYamands So
#= i+ _1525, =+
25 = 15+ & 2 25" = 15+ &
625 = 225+ ¢ V= 7500 625 = 225+ ¢
400=¢ = ¢=20 400=¢ =) ¢=20
The volume of one slice
V= %)'40 7500 g_g =2
V= 6000 20 O 15.20
V= 7.2
The volume of one slice : V=300
%32300
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Adads Solutij]ll gazéds Solution:
a=p+c a=p+c
252 = 1582+ ¢ 252 = 1582+ ¢
625 = 225+ ¢ 625 = 225+ ¢
400=¢ = ¢c=20 400=¢=) ¢c=20
40.20.15 15.20 25x
V= — S =2 x= 12
2 2 2 =
V= 6000 .25.12
v= 402512 o\ 6000
The volume of one slice: 2
@:300 The volume of one slice(:SO—OO:SOO
20 20
ayln your opinion, what process

their answer?

b) For those students who gave the wrong answer, describe the errors that 1

made.

c) Which teaching tehniques/materials/strategies would you use to overcomg

these errors?

do

Question 7.

The base length of the square prism model is 6
and the length of siddface leight is 5 cm. Cerer
and Cemre who calculated the volume of this mc

solved the question in different ways.

uti|Cemreds Solution:
d=p+c ye 8:6.4
52=F+ 3
25=9+C v=24_ 4geny
16=¢ 3
c=4
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a) According to you, what were Ceren and Cemre thinking when they develoj
these methods of solving the question?

b) For those students who gave the wrong answer, describe the errors that th
mace.

c) For those students who gave the wrong answer, describe the reasons for t
errors? Please explain.

d) Which teaching techniques/materials/strategies would you use to overcom

these errors?

The sukitems of the %, 4" and %' questions were designed to assess the
middle schoolt eacher sé knowl edge of *subdterraier s . Spec
questions 3, 5, 6 and 7, andl 4nd 2° subitem of the 4 question examined the
middle schoolt eacher s o knowtl reel gé ntrerl mrt etdattiaomons of
alternative solution method3he 2 subitem of questions' 6" and #' and &
subitem of the 4 question were designed to assess rtfiedle schoolt e ac her s o
knowl edge concer niAddtorally,e¢hersiddle scleoott esadc heerrrsodr s
knowl edge on the possible sources of el emer
through the % subitem of questions 3 and 7, th& dubitem of the 4 question and
the 29 subitem of the &' question. The strategies that tméddle schoolteachers
use to overcome errors were assessed througH"teebdtem of questions and 7,
the 5" subitem of the &' question and the®subitem of questions 5 and 6. The last
subitem (4" subitem) of the &' question was prepared ¢valuate theniddle school
teachersé knowledge of the studentsd prefere
the volume of 3D solids.

Contrary to the other questions tH& @uestion, was related to cone and was
prepared to investigateiddle schooteac her s knowl edge of SMK. Sp
middle schoot eacher sé knowl edge on generating a st
one of the dimensions of their SMK.

The question was as follows:

Question 8.
Using a cornet, the length of arc, 15, radius andyBderate a story problem whi

involves the volume formula.
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The 9" question as shown below was developed to evaluédele school

teachersdé knowledge of assessment.

Question 9.
What methods do you use to ass eotumeof
3D solids?

Lastly, as presented below, the™@uestion aimed to assess tméddle

schoolt eacher sdéd knowledge of the curricul um.

Question 10.
What other topic or topics within mathematics or other lessons do you use tg

the volume of3D solids?

3.6.2 SemiStructured Interview

Interviews can provide a special kind of information which is not observable
(Merriam, 1998) and they are the most important sources of information in case
study research (Yin, 2003). Feelings, thoughts, iatehtions cannot be observed
and the researcher has to ask questions to elicit this information. In this way, the
researcher enters into the intervieweeds
a more complete picture of tmeiddle schooteacher86 knowl edge of t he
3D solids, interviews were conducted as one of the data sources for this study.

The way in which the interview is structured is important in determining the
type of interview to use (Merriam, 1998). Merriam categorized irgeryiunder
three headings; highistructured, sermstructured, and unstructured. In highly
structured interviews, the questions and their order are predetermined. i semi
structured interviews, the questions or issues to be explored are detebuined
neither the order of the questions nor the exact questions are predetermined. In this
situation, the researcher uses more epted questions. Unstructured interviews
are useful when the researcher wants to ascertain information about an issue in order
to formulate questions for subsequent interviews; this last type is rarely used to
collect data in qualitative research.

In this study, information gathered from the Volume of 3D Solids

Questionnaire\(DSQ) was limited to a general description of the fouddle school
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teachersdé knowl edge. Thus middlersch@teachesws wer e ¢
to clarify and expand on their responses toMB&Q. Moreover, it was necessary to

develop more accurate and detailed picture of the fougdle schoolt eac her s 6
knowledge of the volume of 3D solids by asking the teachers questions related to the

VDSQ but which required longer and more detailed responses. In order to obtain
informationrelated to teacheds okledge, semistructured type of interview were

held. Exampe interview questions asked were provided in English in Appendix C

and in Turkish in Appendix Drurthermore,hie dimensions of teachéilsnowledge

which were measured with the interview were presented in Table 3.2 below.

Table 3.2Thedimensionf teather®knowledgestated in thenterview

SMK

1 Developing alternative solution methods
1 Generating a story problems

PCK

1 Knowledge of Learners
VStudentsdéd preferences among
Vinterpretations of student s
V St ud e nrs andtheesources of these errors
VThe strategies to overcome ¢

1 Knowledge of Curriculum
V Connection with other topics

1 Knowledge of Assessment

The semustructured interviewvas ©nductedto allow the researcher to ask

importart further questiondo get deeper understanding regarding middle school
teachersdéd responses Addtontlly, ¢his typeeokirterviems on VDS
all ows for changing or asking additional gu
responsesTherebre semistructured interviews were important in the collection of

data in that the researcher may gain additional detailed insights into the téachers

knowledge on the volume of 3D solids. The sample questions that | asked during the

interview were as filows. Mrs. Kaya specifiedthaine of t he smighudent sd er

be overcounting the common unicubes on the adjacent faces in question 2.
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Regarding this error, I asked her A Wh at
CubeasdiioVhi ch unit mmbre s u @i BAS @antithee exdtnple
Mrs. Uzun explained that she gave homework to assess stidedésstandingAt
this point, | asked her AHow did you ass
and ACan you expl ai n [Fulthermanmeeadll keacterststatedt y o L
thatone of thestrategies o el i mi nate studentsd errors
relation to this strategy, the question
over come tadred efi Whohats ? issof usirgethentaeipulativel to
s t u d ewere asked during the interviews

The interviews consisted of two parts; (1) background questions waidie
schoolteachers, and (2) questions based on the responses to the VDSQ. During the
interviews, the middle schoolteaches explained their reasoning behind their
responses to the VDSQ. With the permission of the participants all the interviews
were videetaping using a digital camera. The duration of all interviews was

approximately 40 minutes

3.6.3 Classroom Observation
Although interviews are the most commonly used data collection tool in
gualitative research, Merriam (1998) St
firsthand encounter with the phenomenon of interest rather than a secondhand
account of the world obtaied i n the interviewd (p.94)
observations, researcher has an opportun
the reallife. In this regard, to obtain a complete picture of the issue, which was under
investigation, observati@nare another important source of data in qualitative studies.
Although the data collected via intervieand questionnaires provided rich
and valwuable dat a, It iI's nsdSMK and RCGKmp | et e
Therefore, for a full descriptionofe acher s6 knowl edge, their
of 3D solids was observedThe dimensions of teachérknowledge which were

measured with the classroom obséobrawere presented in Table halow.
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Table 33 Thedimensions of teach&yknowledge mesured with the observation

SMK

71 Developing alternative solution methods

PCK

1 Knowledge of Learners
VStudentsdéd preferences among
VStudentsod errors
VThe strategies to overcome ¢

1 Knowledge of Instructional Strategy
V Teachercentered instruction
V Less teachecentered enriched with class discussion

1 Knowledge of Curriculum
V Connection with other topics
V Changing the order of the topics

1 Knowledge of Assessment

I observed the middl e schofobservatmrac her soé t
protocol i ncluding points r elkaotwleddeof o t eachert
alternative soluton methods, knowledge of learners, and knowledge of curriculum.

Thesepoints were provided to help me what to look fBor instancethe poing

related to knowledge of curriculum that | focused on during the observation were

AThe teacher connects the topdcand timThehe ot
teacher alteythe order of the subopi cs of t he v@bkewatien of 3D so
protocol was filled after every observatiaf each middle school teachdfnglish

version and Turkish version of observation protocol veesented in the Appendix

E and theAppendix F, respectively.

All observations were videmped by the use of a digital cameviéh the
permission of the participants, school administrators and Ankara Provincial
Directorate for National Education took field notesas much as | coulduring
observations. The classroom observations were scheduled as given in Zaolé 3.

each prticipant was given a pseudonyrm addition, the data collected from
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observations was used to triangulate the analysis of data gathered via interviews and

questionnaire.

Table 34 Thetime schedule of classroom observation of the teachers

Day Monday Tuesday Wednesdayf Thursday Friday
Lesson 10.50 11.05 13.00 9.10 9.00 11.05 13.15 | 10.50
Hour 12.20 12.35 14.30 10.40 10.30 12.35 14.45| 12.20
Teachers Mrs. Mrs. Mr. Mrs. Mrs. Mrs. Mrs. Mr.
Kaya Uzun Esen Akay Kaya Uzun Akay Esen

3.7 The Pilot Study

Marshall and Roseman (2006) stated that pilot study of a research allows the
researcher to review the instruments and refine them if necessary, to increase self
confidence and se#fficacy in conducting the research, to recognize and resolve any
problems egarding the research, before commencing the main study. For these
reasons, conducting pilot study is essential for the researcher to conduct main study
effectively. Furthermore, the pilot study will determine that is required for the
participants to comple the questionnaire.

When selecting the participants for the pilot study, the criteria were; their
teaching experience, convenient access
researcher. Fowrxperiencednathematics teachers and one-geevice mathemas
teachers participated in the pilot study. The reason for selectingXothienceénd
pre-service teachers for the pilot study was to obtain different perspectives in relation
to the questionnaire. Two of theniddle schoolteachers had -gears teackng
experience and the other two hag/ears teaching experience. Having taught the
topic of the current study in a real classroom, thegklle schooteachers were able
to share their observations and experien
towards the volume of 3D solids. The gmervice teacher was one of the successful
students in the elementary mathematics education program at METU and had taken
the Teaching Method courses shortly before the pilot study. Therefore, it was
assumed that he #a rich knowledge regarding the volume of 3D solids and would
potentially have a different point of view in relation to the topic.

In the first phase of the pilot study, the VDSQ was given to the 5 participants

with sufficient time allowed for the teaclseto complete all the questions before the
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interviews were conducted. The participants were asked to answer all questions and
write their answers in detail. In the second phase, an interview lasting approximately

40 minutes was conducted with each paréioip During the interview, the quality of

the questions and areas, which were not clear to the participants, were discussed. In
light of the pilot study and the suggestions made by the participants, changes were
made to the questionnaire. Question 3, presk below, was removefiiom the
questionnairesince its subtems were the same aglestion 1. Moreover, the
preliminary analysis of the pilot study revealed that the information regamtaje

schoolt eacherso knowl edge of redIren questionshe of
and 3 was the same and no additional information relateddidie schoot e ac her s 0

knowledge on the volume of 3D solids would be obtained.

Question Jeliminated following the pilot study)

Calculate the volume of the cube.

a) What other information frm other mathematics areas or other subjects in tk
curriculum would you use to teach the volume of a cube?

b) Write down all themethodghat you know which could be used to solve the
guestion.

¢) Which method or methoddo your students use to solve this question?

d) Which errors might your students make when solving this question?

e) What could be the sources of these errors? Please explain.

f) Which teaching methods/ materials/ strategies do yotouseercome these

errors? Please explain how you use these methods, materials and/or strg
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Following the pilot study question 5, presented below was also eliminated
from the questionnaire since it did not appear to give anyalbdluinformation about
themiddle schoot eacher sé knowl edge of t hiemvol ume
(b) in this question, the participants stated that the volume formula was the only
method that could be used in this question. The participants p&sofied the
volume formula as a solution method to calculate the volume of 3D solids in
response to other questions. In other words, this information was also acquired from
the other questions. Furthermore, in sign (d), the participants focused on not
being able to draw the closed figure of 3D solids with the help of its net. In other
words, the participants did not state that there was any error regarding the volume of
3D solids. Conversely, they determined that students could not decide which edges
coincided with which edge when closing the net of a solid. In fact, this error was not
related to the volume of 3D solids. That means that this information was not valuable
for the study. For this reason, in the pilot study question 5 was eliminated.

Question 5(eliminated following the pilot study)

=

What isthe volume of right triangular prisn

whose net was giveon the leftif its net was

fold to make a box.
Scm

9cm

13cm

a) What other information from other mathematics areas or other subjects in
curriculum would you use to teach the volume of a cube?

b) Write down all themethodghat you know vkich could be used to solve the
guestion.

¢) Which method or methods do your students use to solve this question?

d) Which errors might your students make when solving this question?
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e) What could be the sources of thes®rs? Please explain.
f) Which teaching methods/ materials/ strategies do you use to overcome th¢

errors? Please explain how you use these methods, materials and/or stra|

Question 4 in the pilot study as given below, was caned

solution methods. The ©participants
solution, and they 24la4=2d20@hatO0the 4p rdadt i
meaningl ess. Thus, Damlads solution
Questiord (eliminated following the pilot study).

7
For the prism given above,; EIlI a, Er

the volume of prism in different ways but found the same resultr Bo&itions

were given below:

El adnén -°92z¢,mg.: Erendin -°9z¢mg.:
26 x 2=52 6+6=12
8x2=16 4+4=8
52- 16= 36 12+8+4=24
36-12=24
Kuzeydin -°z¢mg: Daml abébnén -°2z¢mg:
4x3=12 12 x 2=24
12 x2=24 2471 4= 20
20+ 4=24
Ya] mur dun -°z¢;m¢:Berkednin -°2z¢mg:

12 x2=24

4x3x2=24

of 6

student s

i n

wa s

Also, question 6, as given below, was revised following the pilot study due to

the fact that it included two correct sbn methods of students. Thebsguestion
trdctewhat oould e ithe sourcee®ft h o d s

(c)

wa s |

ni f one

of
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this errordo and sub question (d) asked; |
would you use to overcome these errorso,
methods, given in the question 6, were correct,as \meaningless to ask the sub
guestions (c) and (d). Il n order to obtai
knowl edge concerning the sources of stud
used to overcome those errors, three different swlustrategies were added in

keeping with the suggestions from the participants in pilot study.

Question 6 (revised following the pilot study).

A piece of cheese was cuinto a right
triangular prismon the left sideThe cheese
was cutinto 20 equal slices, what is th
volume of each slice?

15c
40 cm
20 cm

Mr. Acar asks the class to solve the problem and he encounters different s
methods.

1. ¢ zyol u: 2. -°%z¢m yol u:
V= —15'20.40 @ =20
2 2
V= .
6000 V= 15 20.2

The volume of one slice 2
V=300

6000=300

20

c) If one of the solution methods was incorrect, what could be the source of th
erra?

d) Which teaching methods/ materials/ strategies would you use to overcome
errors?
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As a result of the feedback from the pilot study, it was also necessary to make
question 7 clearer by adding more information. The original firstesest of the
guest i ©hebaseaokthefpyramid model is 6 cm and the length of thdagide
height is 5 ¢cmo and the words O6squared and
length of the base of thequare pyramid model is 6 cm and the length of theesid
face height is 5 c¢cmo.
In addition, other changes were made. Question 1 consisted of two questions
with the same figure and the same-#eins and \asnumbered as-Land Z%ii. The
participants in the pilot study commented that writing two-guéstiors in one
guestion may cause confusion and the participants might forget to answer question 1
ii. For this reason, these questions dnd Z%ii were numbered as question 1 and
guestion 2, respectively in the main study.
Furthermoe, question 4, presentedlds, was added to the questionnaire.
This question was comprised of a teacher asking her students to calculate the volume
of the cube. Al t hough her studentsd answers
were different. The main issue of the question, was ex pl ain studentsd

methods rather than asking for the calculation of the volume of the cube.

Question 4 (added following the pilot study).

A~ Mrs. Aksoyasked the volume of the cube and $ieidents
gavethe answer 2Mrs. Aksoyrealized that her students
solved the question using different solution methods.
Although some solution methods were correome of them
were incorrect.

a) What solution methods were used by the students who solved the questig
correctly? Rease explain.

b) What solution methods were used by the students who gave the wrong ar
Please explain.

c) What errors caused the students to make a mistake? Please explain.

d) What are the reasons for the students ethatsgave the wrong answer

e) Which teaching techniques/materials/strategies would you use to overcon

these errors?
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The first version of the questionnaire, used in pilot study, was prowded
AppendixG.

3.8 Data Analysis

In qualitative research, the process of data analysis begins when the
researcher starts to collect data. In other words, data analysis and data collection
occurs concurrently (Merriam, 1998). There is no easy set of procedures to apply
during the data analysis proce$terefore, the researcher should make sense of the
data by working with the data, organizing data, searching for patterns, discovering
what is important and what is to be learned, and determining what you will tell
people (Bogdan & Biklen, 1998).

In orderto make data analysis process easier, various authors have suggested
some data analysis strategies (Merriam, 1998; Miles & Huberman, 1994; Yin, 2003).
Miles and Huberman (1994) presented three strategies; data reduction, data display,
and conclusion drawg/verification. On the other han¥jn (2003) described five
techniques for analysis: pattern matching, linking data to propositions, explanation
building, timeseries analysis, logic models, and croase synthesis. However,
Merriam (1998) categorizeduglitative data analysis strategies under the following
six categories: ethnographic analysis, narrative analysis, phenomenological analysis,
constant comparative method, content analysis and analytic induction. According to
Glaser and Strauss (1967), tbenstant comparative method involves identifying a
phenomenon, event or set of interest and generating a theory. Due to the fact that the
purpose of this study was to identify and to produce adepth description of
middle schoomat h e mat i ¢ ©wldadgeafcthe eaumeé of IDrsolids, | chose
this constant comparative method.

In this study, to produce an-aepth description ofmiddle schoot e ac her s 6
subject matter knowledge and pedagogical content knowledge on the volume of 3D
solids, questionnais, semistructured interviews, classroom observations and field
notes of 4middle schooteachers were analyzetio begin with, | transcribed all the
interviews and videos of classroom observatang then created and organized the
files. | read all tle texts, made margin notes and formed initial codes based on the

transcripts, themiddle schoolt eacher sé notes on the ques
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that | took during the data collection period, and the related literature. Then, |
compared the codes ilmd same data set. Based on these comparisons, | tried to
generate the categorieshich were the components of PCK and SMKontinued
the comparisons until the categories were saturated which means that no new
categories emerged. After the comparisorthiwithe same data set were completed,
| compared the categories with the data set of the other teachers. Then, | labeled the
categories based on the participantsd stater
integrated the categories to create theartes.
More specifically, | coded theatawith respect to the research questions. The
aim of the first research question wato examine the nature a@hiddle school
mathematics e a c bubjectniatter knowledge on calculating the volume of 3D
solids. In order to identify the teachdrsSMK, their knowledge on alternative
solution methodghat could be usedo calculate the volume of 3Bolids was
investigated. As a result of thedata analysis of thé/DSQ, interview, and
observation four codes,volume formua, systematic counting, layer counting and
column/row iterationwere emergedimilar to the categories stated in ttedy of
Battistaand Clementsl@96).Anotherd i mensi on of tgerematmga s6 SMK w
story problem. The data gathered from VD&@linterview wasanalyzed to identify
t e a c hnewlesig onthis dimensionIn the finding section, thisdimensionwas
discussed with respecttbe s cr i pti ons ofdirectkacher sé6 response
Furthermore, the aim dhe second research question is to inigege middle
schoolteacher8PCK involving four dimensions. To investigate teacbkmowledge
of instructional strategy, data collected from classroom observatieanalyzed. As
a reslt of the analysisteacher§ knowledge of instructional strategy svaoded as
teacheicentered instruction and les=acher centered enriched with class discussion.
The second dimension of teacl®RCK was knowledge of learner. It
analyzed based on foussues. The firstissuet eachkhaeaobpwbedge on studen
preferenes among solution methods, was identified based on the data gathered from
VDSQ, interview, and observation. The data was coded as the solution strategies,
volume formula, systematic counting, layer counting and column/row iterdtian.
second issuef tec heksowl edge of | e aimtenmpectatons wfas t eache

studentsé alternative sisslieuheidatancammé&dmh od s . Reg
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VDSQ and interviewwas coded based on two aspecdsor r ect ness of S
solution methods, and correctneds ot e aimtenpeetattodsMor eov er stud
errors andhe sources of these errpand the strategies to overcome the errors were
identified through the data collected froMDSQ, interview, andobservation.In
relationtot he st ud e nfollswing @degemarged frorh theedata. The codes
were as followsfocusing on the faces of 3D solids, oxe@unting the common unit
cubes on the adjacent faces, conceptual errors and computational Altrmsgh
the error named a$ocusing on the faces @D solids wasdescribed by BeChaim
et al. (1985) the rest of them were mer ged from t he f@Theachers
sources of studentso errors were e€e€oded
dimensionalnot being able to comprehend the struetaf 3D solidsnot being able
to concretize 3D solidd, ac k of conceptual knowl edge,
not thinking about the concepts deepifese codesvere takerfrom the literature
(Battista & Clements, 1996).astly, the strategiestoovec o me st udent so e
coded as using manipulative andepsglaining thanmisunderstood part of the topic.

The third dimension of teachéd$?CK was their knowledge of curriculum.
The data gathered from VDSQ, interview and classroom observedi®ang/zed to
i dentify teachersd6 knowledge on connect.
the order of the topicdn the finding section, this dimension was discussed with
respect to descriptions Tefachensbekandwle
assessment was t he | ast Thel dataewas coded aso f t e
summative and formative assessment strategies, which stegedin thiterature
(Lankford, 2010).

After the codes were determined, categories were formed (Merriam, 2009).
The cods were put under categories which were the dimensions of SMK and PCK.
The codes and categories painstakingly were discussed with a mathematics educator.
Before finalizing the data analysis, similar categories were combined andrties
of some cateries wechanged. At the end of this proceséinal coding scheme was
created Appendix H.

To ensure the dependability during the coding procedure, which is also
explained in the trustworthiness section, | discussed the codes with my advisor,

firstly and th@ with my thesis committee members. After reaching agreement with
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my advisor and the thesis committee members, | asked a Ph.D. student in the
mathematics education department at METU to act as a second coder on
approximately 25% of the datéhe second ca was trained about the dimensions of
teachersdé SMK and PCK on the volume of 3D sol
framework of the study anghvethe coding schem@ppendix H to her to make clear

the codes and their meaningstB of us analyz# the daa andthen, we compared our

initial codes to see the commonalities and differences between our codes. The inter

rater reliability was calculated about 95% through the use of formula suggested by

Miles and Huberman (1994). The inconsistencies wiseussed once more and a

consensus was finally reached. Allthegus sues rel ated to the teac

of the volume of 3D solids is described in detail in the Chapter IV.

3.9 Trustworthiness
Validity and reliability are important issues that edsearchers should take
into consideration when designing a study, analyzing the data and judging the quality
of the study (Patton, 2002). These issues in qualitative research are different from
those in quantitative research (Yildirim & Simsek, 2006)glrantitative research,
validity is defined as Areferring to the ap]
and usefulness of the specific inferences researchers make based on the data they
collecto (Fraenkel & Wal | ens to the €lstencyp . 151)
of the scores obtaindtbw consistent they are for each individual from one
administration of an instrument to another and from one set of items to another
(Fraenkel & Wallen, 2006, p. 157). However, different views exist aboutatlty
and reliability concepts and different terminology was used instead of using validity
and reliability in qualitative research (Creswell, 2007; Lincoln & Guba, 1985;
Merriam, 1998; Miles & Huberman, 1994; Stake, 1995; Yin, 2003). Lincoln and
Guba (B85) used the terms credibility, dependability, transferability, and
confirmability rather than using internal validity, reliability, external validity, and
objectivity, respectively. According to Lincoln and Guba, these terms form the
trustworthiness othe research which exhibits the quality of qualitative research. In

the following part, evidence of the trustworthiness of the study are given.
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3.9.1 Credibility
Credibility in qualitative research, which refers to internal validity, is related
to the cogruence of the research findings and the reality (Merriam, 1998). In order
to enhance credibility of qualitative research, Merriam (1998) suggested the
following six strategiestriangulation, member checks, lotgym observation, peer
examination or peettebriefing, participatory or collaborative modes of research and
the researcher s biases. Il n this study, |
and longterm observation were employed to ensure credibility.
Triangulation is defined as using mulgpsources of data which confirm the
findings of the study (Yin, 2003). There are four types of triangulation; data
triangulation, investigator triangulation, theory triangulation, and methodological
triangulation (Patton, 2002). In the current study, dagéamgulation and investigator
triangulation were used. Data triangulation is achieved by comparing data from more
than one participant or source. In the current study, | worked wntiddle school
teachers more than one individual, using multiple sssirof data including
guestionnaire, senrstructured interviews, classroom observations and -fietds.
Moreover, the investigator triangulation method was applied to increase the
credibility of the study. The investigator triangulation was achieved bypaony
and checking the data analysis and interpretation with more than one researcher. In
order to ensure investigator triangulation, another researcher coded the data and the
codes were examined by my advisor and thesis committee members.
Additionally, member checking, which refers to the participants checking the
data, categories and interpretations were used (Merriam, 1998). During the interview,
the participant teachers and | discussed their responses to the questionnaire. In this
way, lensuredthath et her | i nterpreted the teacher
In addition, peer examination was applied to ensure the credibility of the
study. Merriam (1998) defined peer exami
on the findings a s | askhdeone of mye colleaguas withp . 2 0 ¢
experience in qualitative research, to participate in coding and categorizing process
of my study. The second coder was trained in the issues omitiéle school
teachersd knowledge of t hamed the Hataramalyscs f 3D

process to this second cod&hen we analyzed the data separately following a data
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analysis process. Then, we discussed if any inconsistencies existed and reached full
consensus. Both coders analyzed the data which contained pgesddor the
participants in order to eliminate any bias. Also, | regularly discussed the findings of
the study with my advisor and thesis committee members throughout the data
analysis process.
The process of lonterm observation also helped me enscaredibility. |
spent about 4 lessdrours with the teachers every week over a period of two
mont hs. During this time, I observed the te

about teaching, learners, context, and curriculum.

3.9.2 Dependability

The secad criteria to ensure the trustworthiness of the qualitative research is
dependability which refers to reliability in quantitative research. Reliability is
defined as #fi é.the c onshow dorsistenythep dre forhe scor e
each individualfom one administration of an instrument to another and from one set
o f items to anothero (Frankel & Wall en, 20
obtaining the same results is not an issue. However, achieving results which are
dependable and consistentthwithe data is an issue (Merriam, 1998). To ensure
whet her the results are dependable or not,
and audit trail are the strategies that can be used. Triangulation is one of the
strategies to increase the dependbds well as increase the credibility of the study
(Merriam, 1998). Thereforajata triangulation, and investigator triangulation, were
empl oyed in the current study as explained
position was used to increase the depdildy of the study by explaining the theory
behind the study, the criteria for selecting the participants, and the context of the
study (Merriam, 1998). In addition, | discussed the research design of the study, how
| collected and analyzed the datayhibderived the categories and how | interpreted
the categories clearly (Merriam, 1998). Thus, an audit trail was employed to ensure

the dependability of the study.
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3.9.3 Transferability

Transferability, is the third criteria that ensures the trugtvimess of
qualitative research referring to external validity. In other words, it is related to the
generalizability of the results of the study however, Merriam (1998) pointed out that
generalizability is not the concern of qualitative research. Nealeds, it is possible
to achieve generalizability through a thick description of the study and obtaining
sufficient data. In this study, the context of the study, the criteria for selecting the
participants, the number of the participants, the data dolleahd analysis methods,
and the time schedule of the study were explained in detail in the method section. In
this way, a rich and thick description regarding the study was provided to ensure the
transferability. Moreover, in order to obtain sufficiestta there was more than one
middle schooteacher participant which allowed me to increase the transferability of
the study. By providing sufficient data and a rich description regarding the study,
thus, the findings of the study could be easily sharetl wiher researchers and
mat hematics teachers to understand the

of the volume of 3D solids.

3.9.4 Confirmability

The fourth criteria to establish trustworthiness in qualitative research is
confirmability referrng to objectivity. Shenton (2004) emphasized that to ensure the
confirmability of the study, the results of the study must be based on the experiences
and ideas of the participants rather than the researcher. He specified that
confirmability is establishedsing triangulation to reduce the effect of investigator
bias. In addition, a detailed description on the methodology of the study is another
strategy to ensure the confirmability of the study. In this stirigngulation and
detailed description of thenethodology of the study was used to establish the
confirmability. Moreover, lused direct quotations (verbatims) in order to decrease

the amount of inferences that | might make.

3.10 Researcher Role and Bias
In qualitative research, the researcher hgsomant role when collecting and

analyzing the data (Merriam, 1998). Due to the fact that researcher is the primary
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instrument throughout the study, s/he may find what s/he wants to find and interprets
the data how s/he wants (Johnson, 1997). This resdics is a potential threat to
validity since néqualitative research i s o]
quantitative researcho (Johnson, 1997, p . 2 ¢
tool to understand researcher bias this involves-asedieness and critical self
reflection about his/her potential bias. In this sense, it is the responsibility of the
researcher to monitor and try to control their biases. Thus, it was very important that
| undertook to reduce my possible bias throughout tinayst
Before the study, as a researcher, | met with the participants a few times to
explain the purpose and the data collection procedures of the study in detail. During
these meetings, we had the opportunity to get to know each other personally which
madethe participants and me more comfortable during the data collection prbcess.
also made sure that the participants knew that all the responses to the questionnaire
and the content of videmped, taken during the interview and classroom
observations, wer confidential. Moreover, | explained that | was the only person
who had access to the data and the data was analyzed with pseudonyms given to the
participants to eliminate the bia&s a result of this, participants told me that they
were willing to parttipate in my study and share their knowledge and experiences
objectively.
Furthermore, the duration of completion of the questionnaire was determined
according to their needs and to avoid the teachers feeling under too much pressure.
Additionally, he pait ci pant s6 i nterview times were arra
they could take their time to respond. During the interviews, | explained that there
were no correct answers to the questions. Moreover, | emphasized that the only think
that | expected them wads explain their ideas in as detailed manner as possible. In
addi tion, the participantsodé explanations dur
every question and | asked participants whether | had understood their point of view
correctly.
The classroomobservation was the second data source of the study to
triangulate the data gathered from the interview. During the classroom observation, |
videotaped the lecture. However, | might have had an effect on the flow of the

|l essons as welitrs bacauseof prodessof veddping.la brder to
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reduce potential disturbance due to the vitigong, | spent time in the classrooms
before the data collection period in order for the participants and the students to
become accustomed to the cameralsb assured the participants that the videos
would only be used for research purposes. In this way, | tried to encourage them to
act naturallyduring data collection process.

Through explaining my purpose and data collection process clearly to the
partidpants, undertaking the research with voluntary participants, trying to make the
participants comfortable during the data collection process, and checking my
understanding with the participants regarding their explanations; | aimed to reduce
researcher bg& | hoped that clarifying my own biases will help readers understand

my position, and thus validate the study.

3.11 Ethical Considerations

In order to be able to conduct the study, first, | took permission from the
Ethical Committee at METU (Appendiy and theAnkara Provincial Directorate for
National EducatiorfAppendixJ). They confirmed that the study had no potential to
harm the participants or the students in the classes. For thetamleg during the
interview and classroom observation, thenpission was taken from thA&nkara
Provincial Directorate for National Educatioand METU Ethical Committee.
Additionally, | talked with the school administrators about conducting the research in
their schools and obtained their approval. Then | identthednathematics teachers
who were willing to participate in the study and they signed the consent form.

Frankel and Wallen (2006) pointed out that there are three important issues
related to the ethics in research; avoiding the deception of the parts;ipaotecting
of the participants from harm and ensuring the confidentiality of the data. In this
regard, | ensured all participants that there would be no harm or deception during the
research process t hat woul d viocoehsaree t he
confidentially, | made sure that no one else knew the names of the participant
teachers and the school in which they worked. Also, only myself, my advisor, and
the second coder had access to the data collected for the study. For this aitedy | g
all the participants pseudonyms in this study. Furthermore, the participants were

informed that they could leave the study at any point in time.
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3.12 Assumptions of the Study

There were several assumptions attached to this study. First, as explained
above, all the participants were experienced teachers and they had taught the topic,
the volume of 3D solids, for many years. Due to the fact that teaching experience is
one of the major sources of teachersd knowl
they had rich repertoire of SMK and PCK which were the focus of this study.

Another assumption of this study is that | would spend a long time in
participantsdé classroom to observe their tec
be able to obtain data pertaigito their knowledge on the volume of 3D solids in a
real sense. After spending time with the participants in their classes, | conducted
semistructured interviews with them and for this reason, it was assumed that the
participants expressed and sharegirtknowledge on the volume of 3D solids clearly

and honestly during the interview.

3.13 Time Schedule

The phases of the research were as follows:

Table 35 Time schedule for the research

Date Events
January 2011June 2011 1 Planning the design of theusly
July 2011October 2011 1 Development of data collection toc

(questionnaire, observation protocol a
interview protocol)
1 Selecting and meeting the participants

November 20141January 2012 Pilot study of the instrument

Obtaining permission fromhe METU
Ethical Committee and Ankara
Provincial Directorate for Natione
Education

Data analysis of the pilot study
Revision of the instruments in light
the pilot study

1 Preparation of the last version
instruments

= =4

February 2012March 2012

E

March 212 May 2012 9 Data collection
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June 2012August 2012 {1 Transcription of the videtaped of
interviews and classroom observations

September 20kNovember 2012  { Data analysis

December 20122 . . 1 Writing up the dissertation

In the next chapter, the fimys of the study are presented.
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CHAPTER IV

FINDINGS

The general aim of this study is to examine the knowledge ofrfoddle
schoolmathematics teachers of the volume of 3D solids. This chapter presents the
findings of the research study under two main sections and relatedestions. In
the first section, the foumiddle schoolmat hemat i c s teachersd sub
knowledge about the volume of 3D solids was analyzed under two headings:
knowledge of alternative solutiomethods, and knowledge of generating a story
problem. The second section summarizes the foiddle school mathematics
teachersé pedagogi cal content knowl edge of
was subdivided intodurheadings: knowledge of instruatial stratey, knowledge of
learners, knowledge of the curriculum and knowledge of assessment. Under the each
heading ofmiddle schoolt eacher sé SMK and PCK, the det ai

summarized with related vignettes taken from the interviews and#w\ations.

4.1Middle SchoolMat hemati cs Teachersd6 Subject Matter
One of the aims of this study was to investigate thigldle school

mat hemati cs teachersdéd subject matter knowl e

analysis revealed that tmeidde schoolt eacher sdé subject matter kn

variety based on the data gathered from the questionnaire, interview, classroom

observation and field notes. In this manner, the analysis of SMK aiittéie school

teachers referred to the investigatorf t eacher sdé knowl edge of al

methods, and their knowledge of how to generate a story problem. The analysis was

based on available |Iiterature, participants?o

the data.
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4.1.1 Knowledge of Alternatve Solution Methods

The middle schoolt eacher sé knowl edge of al ter
emerged from the data as one of t he din
volume of 3D solids questionnaire (VSDQ) (Appendix A), tméddle school
teachers agld D propose alternative solution methods for the questions related to the
calculation of the volume of 3D solids. Theddle schooteachers were specifically

asked the following questions:

How many unitcubes constitute the square prisn

a) Write down all thenethodghat you know which could be used to answer the

guestion.

Figure 4.1 Question 1

How many unit cubes remain when one layer of U

cubes is removed from all facesquarerism?

a) Write down all thenethodghat you know which could be used to answer the
guestion.

Figure 4.2Question 2

The analysis of the questionnaire, and interview transcripts revealed that the
four middle schoolteachers proposed the following four alternative solution
methods;volume formula, systematic counting, layer countargd columrirow
iteration. According to the analysis of the datelume formulavas emphasized by
all participant teachers. Howeveygematic countingvas proposed to calculate the
volume of 3D solids by MrsAkay and Mr.Esen On the other hand, Mrs. Kaya and
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Mrs. Uzun proposedayer countingandcolumn/row iteratiormethods to answer the

qguestions. The summary of the solution methadsttie each question is given in

Table 4.1 and discussed in the following section.

Table 4.1Thesolution methods proposed by the middle school teachers

Mrs. Kaya Mrs. Akay Mr. Esen Mrs. Uzun
Question 1 | § Volume 1 Volume I Volume 9 Volume
formula formula formula formula
1 Layer i Systematic | § Systematic i Layer
Counting counting counting Counting
1 Column/Row 9 Column/Row
Iteration Iteration
Question 2 | § Volume fVolume 1 Systematic Could not
formula Formula counting develop any
correct
method

4.1.1.1 Volume Fomula

One of the alternative solution methods that theldle schoolteachers

proposed to calculate the volume of 3D figures walsime formula Battista and

Clements (1996) defineeblume formulaas multiplying the depth, the width and the

height of the psm. Based on the analysis of the data, allntihedle schooteachers

definedvolume formulaas multiplying the lengths of three edges or multiplying the

area of the base of the prism by its height.

As shown in Table 4.1, four teachers propogellimeformulato calculate

t he

v ol

ume of

was presented below.

3D

s ol

i ds. As

an

The bases and the height, namely the volume could be calculated with
the volume formula. How is that done? It can be achievecbbpting

the number of unit cubes in the height and in the edges of bases by
finding the volume from a x b x ¢ or by saying the base is a rectangle
and [you] multiply the base with the height [of the prism] to answer the

question.

Taban ve ybh
naseéel ? Y¢ks
den hacmini
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soruyu -°zmek i -in tabanén akEBaBene, [p
denebilir.

In addition, Mrs Akay proposed/olume formulanethod to calculate the
volume of 3D solids and stated:

In fact, when the students are ifi §rade, we explain that multiplying

the width, depth and height gives the volume with the hefip
associative rule. They can find it [the volume] with this method. When
they are in the 8 grade, we formulate this, multiplying the area of the
base by the height. They see all phases from the primary school. The
most advanced form is using the formafamultiplying the area of the
base with the height.

Asl énda °Jrencilere 6 . Senéf a gel di
yararl anar ak en, boy, ve yé¢ksekl i Jin
anl atéeyoruz. [¥]Jrenciler] bu methodl a
gel di Ji zaman bunu form¢gl i ekk ediyoruz
Kl kokul dan iti baren be¢ten akamal aré g
form¢gll e yapélan, taban alané x y¢ksek

Based on the data gathered from classroom observation, all the teachers
frequently used thgolume formulamethod to calculate the volunoé 3D solids in
their | essons. The examples from each t e
The first example related to using th@lume formulanethod was observed in
Mr s . Kayaods | esson.

What is the volume of clo whose
shape is right triangle prism in the figure

(kekildeki dik ¢-g.
takozun h3cemi?)k a-

1.2 an

Figure 43An example from Mrs. Kayabs | esson

Mrs. Kayaexplained that to calculate the volume of a prism, the base area of
the prism and its height are multiplied. Then she clarified that the base of the prism is
a right triangle with right edges of 1.2 cm and 1.6 cm and the height of the prism is
10 cm. Thershe solved the problem as follows:
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V= the base area x the height

_ 1.2x1.6 4
V= > .
V=096 x4

V= 3. 84cm’

Mrs. Akay asked her students to solve the following problem taken from the

textbook.
Calculate the volume ahe barn.
(vandaki ahéerén ha:

12
Am m
12 m
6.2m
(MoNE Textbook & grade, 2010, p. 130)

Figure 4.4 An example from MrsA k a Ye§ssn

After the teacher asked tipgoblem, students tried to solve it. After a short
time, Mrs. Akay explained the solution using threlume formulanethod. She wrote
the formula on the board and put the numbers on the formula. Her solution is
presented below:

volumeof the volumeof the

Volume of the barn=__ o+ .
triangularprism rectangularprism

Volume of the triangular prism = area of the base x height

6.2x2.4
= T.lZ
= 89.28m°
Volume of the rectangular ism = area of the base x height
=6.2x3x12
=223.2m
Total volume = 89.23 + 223.2

=312.48 M
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Similar to Mrs. Kaya, MrEsenaskedhis students a problem pertaining to a
triangular prism as given below:

What is the volume of the triangular
4cm 5cm prism ?

4 %5 (vanda verilen ¢-
ka-)Yé&r?

Figure 4.5An example from MrE s e lessmn

As the first step to solve the probleMy. Esenaimed to find the unknown
length of the sidéace [the height] of the prism bypplying the Pythagorean
Theorem. He defined the height as h and his solution was as follows:

(4as8F+4

80=1H+16

h* = 64

h=8 cm

Then he stated that the length of unknown edges of the triangle should be
found to calculate the base area of the triangular prism. Accordingly, he egplaine
that one of the right edges of the triangle was 4 when the net of the triangular prism
was closed. After that, he reminded his students of the 3,4,5 triangle which he
previously taught. Then, he drew the closed figure of the triangular prism and

calculaed its volume using the volume formula.
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3x4

x8

= 6)(8
= 48cm’

8cm

4¢
3

5cm

Figure 4.6Mr. E s e sofutfon of the problem presented in Figure 4.5

Lastly, Mrs.Uzunasked a problem related to the calculation of the volume of
a regular hexagonal prism and she solved the @nohising the volume formula
method.
Problem: Find the volume of regular hexagonal prism in which the edge
of the base is 4 cm and the height is 10 cm.

bir kenaré 4 cm ve y¢gksekIlifJi
hacmini bul unuz.

Tabane

e
prizmaneée

nén

nén
Before @lculating the volume of the prism, Mridzunreminded her students

how to calculate the area of the hexagon. Then she calculated the volume of regular

hexagonal prism, as follows:

6a%./3
Area of the hexagon= 2
6223
Volume ofthe prism= 2 X h
6x4?
V= X—\/§X10
4
= 24J3x10
= 240J3 e

All four middle schodkachers proposed twelume formulamethod as one
of theways to calculate the volume of 3D figures and all the teachers mostly used
this method in their lessorf$able 4.1)

110



4.1.1.2 Systematic Counting

The analysis of the data revealed that 2naddle schoolteachers proposed
systematic countings an alterative method to calculate the volume of 3D solids.
Battista and Cl ement s (1996) defined t
systematically, attempting to count both inside and outside cubes. He or she might,
for instance, count the cubes on all the oet$ates, and then attempt to determine
how many are in the center.o (p. 263).

Mrs. Akay and Mr. Esenemphasized theystematic countingnethod to
calculate the volume of 3D figures. Both teachers explained that if the prism was
presented as in the questil, the unit cubes might be counted on both inside and
outside of the prism. Similarly, MiEsenspecified this method for the solution of
guestion 2 as presented below:

Now, do we count the cubes on the outer faces? If we count them, here
[the length 6 the width, depth and height] lessened. The reminder of
the cubes constitute a rectangular prism. The rest of the unit cubes
could be counted one by one.

Ki mdi dexk yézeydeki kepl eri al éyoruz
Ke¢-¢el ¢r . Ger i kra | parni zdnaa sdéi kodl°urrt.g ekhd lea n
birer sayélabilir.

Although this method was specified in the literature (Battista & Clements,
1996) as an el ementary studentsdé met hod
the 4middle schooteachers (MrsAkay and Mr.Eser) emphasized this as a solution
to questions 1 and 2 on the questionnaire. However, g and Mr.Uzundid not
use this method in their lessofi@ble 4.1)

4.1.1.3 Layer Counting

The analysis revealed thatiddle schoolteachers gavéayer countingas
another alternative solution method. Similar to #edume formulaand systematic
countingmet hod s, Battista and Cl ementtlse (1996
student conceptualizes the set of cubes as forming a rectangular array drgénize
|l ayers. o (p. 2|®y&r ountiigmeans tolndirrg thevrmumlzkisof unit
cubes in one layer, and then multiplying this number by the number of layers or

ugng addition to obtain the total.
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As shown in Table 4.1, only two participants @MiKaya and MrsUzun)

proposed | ayer counting to solve question 1

below.

| thought that there are 16 unit cubes at the bottom layer and there are 3
layers. For this reason, the total could be calculated as 16+16+16.

Al t kat manda 16 birim k¢gp var ve 3 kat ma
yé¢zden, toplaml6+16+16 keklinde hesapl anat

Mrs. Kaya used this method to solve a problem in her lesson. She asked the

students how they would calculate the number of unit cube®iretttangular prism

given below.

Figure 47An exampl e from Mrs. Kayabds | esson

Students said that they could find its volume by multiplying three edges
(width, depth and height) of the rectangular prism. In other words, students proposed
to use tle volume formulamethod. Then Mrs. Kaya showed her students different

methods to calculate the number of unit cubes. One of her method is given in Figure

4.8:

VA N

4 x 2= 8 unit cubes (in one layer)

Since there are 5 layers,
> 5 layers 8 x 5= 40 unit cubes

_/
— 4 x 2= 8 unit cubes (in one layer)

Figure 4.8 An example of usingayer countingd r om Mr s . Kayabds | esson
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On the othe hand, #hough Mrs.Uzun referred tdayer countingmethod
during interview, she did n@&xplain this method in her lessdfiowever, Mrs Akay
and Mr.Esendid not explain thdayer countingmethod during their lessons or the

interview.

4.1.1.4 ColumnRow lteration
The analysis of the data showed thaiddle schoolteachers proposed
column/row iteratioras an alternative solution method to calculate the volume of 3D
solids. Similar to other methods, this was also defined by Battista and Clements
(1996)as NAstudents count the number of <cube
counting (pointing to successive rows or
Similar to thelayer countingmethod, Mrs. Kaya and Mr&lzun emphasized
the use of theolumn/row iteratiom method only for question (Table 4.1) Below is
the related vignette from Mrkl z u imiersiew.

The number of unit cubes in each row might be counted. Namely, |
thought that there are 4 unit cubes in each row. How many rows are
there? 12 rows; 4 x 1248.
Her seéradaki birim k¢gpler sayeéelabilir.
var diye d¢gkegndegm. Ka- tane séra var?
Another example of usingplumn/row iteratiorwas explained by Mrs. Kaya as

shown in Figure 4.9:

There were 3unitdues here, 3 here, 3 hereé[ Pre:
Namely, it occurs by counting. It was not 1,2,3; by counting 3 by 3.

Burada 3 tane k¢p vardeéer , burada da 3,

Yani sayarak ol muk ol uyoaakl, 2,3 diye d
FFF3

Figure 49Mr s. Kayaodos expl an atlumo/mow ierftiore x a mp | e
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Additionally, Mrs. Kaya focused on this method to solve the question that she
presented in her lessons. As mentioned before, Mrs. Kaya asked her students the
number of unit cubes in the rectangular prism given in Figure 4.7.

As stated above, the students solved the problem usirgduane formula,
then Mrs. Kaya solved it using tHayer countingmethod. Moreover, Mrs. Kaya
solved the problem using tlkelumnfow iterationmethod as follows:

Mrs. Kaya wrote the number of unit cubes in each column by adtluing

previous one to obtain the total.

5 10/ 157 2
2% 30/ 3

Figure 4.10An example of usingolumn/row iteratiof r o m Mr s . Kayabds | essc

As with thelayer countingmethod, MrsAkay and Mr.Esendid not refer to
this method to calculate the volume of 3D so(i@iable 4.1)

To summarize the analysis of the data it showed that thenfaldie school
teachergproposed the four following methodsmlume formula, systematic counting,
layer counting and column/row iteratioAlthough the first method was indicated as
a way of solving the problem in the question 1 by all the teackgsiematic
countingwas denoted by MrdAkay and Mr.Esento solve questions 1 and Rayer
countingand column/row iterationmethods were only specified by Mrs. Kaya and

Mrs. Uzunfor solving question {Table 4.1)

4.1.2 Knowledge of Generating a Story Problem
As presenteé above, based on the analysis of the data, one of the dimensions
included in themiddle schoolt eacher sé6 SMK was their knowl e
story problems. In this study, this knowledge type was investigated umddte
schoolt eacher so SMK1l 99i0rage deRdlilned as teacher 0:¢
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Aunderstand the subject in sufficient de;
in multiple wayswi t h st ory probl ems, pictures, S i
(p. 458). In the VDSQ (Appendix A), éimiddle schooteachers asked to generate a

story problem regarding the volume of 3D solids using the numbers and agrms

given in Figure 4.11.

Using a cornet, the length of arc, 15, radius and 54, generate a story problen

involves the volume foroia.

Figure 4.11Question 8

Based on the analysis of the questionnainel interviewtranscripts,Mrs.
Akay, Mr. Esenand Mrs.Uzundid not want to generate a problem. After a while,
Mrs. Uzunoutlined the problem given below:
54 can be the length ofd@rarc and 15 can be the radius. Because the arc
is longer than the radius. Like this.

54 vy
n

y uzunluju olabilir, 15 de yare-a
uzu u

a
dur . O kKeki |l de.

However, Mrs.Uzun did not generate a story problem which includes the
volume of the cone. She only guessed the meaning of the numbers in the question.
Similar to Mrs.Uzun, Mrs. Akay tried to generate a problem but she was not able to
use the terms, radius and the length of the arc as shown below. For this reason, her
guestion @ not meet the expectations.

The problem could be; find the volume of the cone whose base area is
54 and height is 15. But the problem should include the length of the
arc and the radius.

Soru t aban al ane 54, yéeksekl i g 15 0
Kekl inde ol abilir. Ama sorunun yay u :
gerekiyor.

Furthermore,Mr. Esen could not make any interpretation regarding the
problem which could be created using thenedrthe lengthfoarc, 15, radius and 54.
Only Mrs. Kaya was able to generate a problem and she solve it correctly. Her

problem was as follows:
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Find the volume of the cornet in which the length of the arc is 54 and
the length of the generatrix, namely tiaelius of sector, is 15.

Yay uzunluju 54 ¢cm ve ana dojrusunun wuzun

yaré-apé 15 cm olan k¢l ahén hacmini bul unt

Generating story probl ems, whi ch Agi ve
understandingo (Ball, 1990a, p.453) i's one

three teachers (MrsAkay, Mr. Esen and Mrs. Uzun) were not successful at
generating a problem. On the other hand, Mrs. Kaya was able to generate an

appropriate problem using the terms and the numbers.

4.2Middle SchoolMat hemat i cs Te ac hoetenskdowlRdgel agogi c al C
As it was presented, one of the aims of this study was to examddie

schoolmat hemati cs teachersd pedagogi cal content

solids. The analysis of the data collected from the questionnaire, interview and

classoom observation revealed that timéddle schoot eacher s6 pedagogi cal

knowledge (PCK) could be categorized under the followfogr dimensions;

knowledge of instructional strategy, knowledge of learners, knowledge of curriculum

and knowledge of asss s ment . These di mensions of teache

detail in the following sutsections.

4.2.1Middle SchoolIMat h e mat i ¢ KnoWwledgeohlestrustidonal

Strategy

Another dimension ofmiddle schoolt e ac her s 6 PCK was knowl

instructional str at e g yspecific enstradiomal strategiesn o wl ed g e
was emerged from the data. In the current study, 4gécific instructional
strategies involve appropriate strategies to teach particular mathematics topics. Based
on the analysis of the datgathered from observationsopicspecific strategy
implemented by teachers were teaetemtered and less teacloantered enriched

with class discussion.
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4.2.11 TeacherCentered Instruction

In the current study, teacheenered instruction refers to providing clear
explanations and examples, checking studentsderstanding by asking them
questions and using manipulative to help students envisage the 3D solids.

The data revealed that all the teachers mostly applied teeehtsred
approach to teach the volume of 3D solids. Initially, they introduced the topic, for
instance; the volume of prism. Then they
knowledge regarding the topic. Below is a transcript of part oBW. e les8a:

Mr. Esen What is the volume?

Std: The multiplication of the area of the base and the height.
Mr. Esen Okay, how can we calculate the volume of all prisms?
Stds:By multiplying the area of the base and the height.

Af ter el i citi rogledgetahodteha vokrde opthei pasm, ak n
teachers provide clear explanation of calculating the volume of 3D solids. As an
example, a further except from ME.s e lessa is given.

In its simplest form, it is the multiplication of the width, depth and
height. The multiplication of the three edges [of the prism]. When | said
multiplication of the width and depth, you understood that to be the area
of the base. In that case, what is the volume of all prisms? The
multiplication of the area of the base ane tieight. If the base is a
triangle, then it is the multiplication of the area of the triangle and the
height. If the base is rectangle, then it is the multiplication of the area of
the rectangle and the height. Briefly, V= area of the base x the height.

En basit haliyle en, boy [derinlik], vy
! - tane kenarénén -ar peéme. En ve boy |
alané ol dujunu anl éyorsunuz. O hal de,
Taban al ané i1 e vy¢kasnekegl-igjeinns e- air-pgéemmé .n E
il e y¢kseklijin -arpémé. Dikd°rtgense,
-ar peme. Késaca, V= Taban alané x y¢ks

The example provided above from ME s e rexplanation was a highly
representative example of Mrs. Kaya, Migkay and Mrs.U z u rexpleinations in
calculating the volume of 3D solids.

Later, all teachers provided an exemplary problem, which was first solved by
the teacher. At this point, they emphasized the important points of the problem that
students should benare of. After that, the students worked on the other problems on

the blackboard. One of the problems from Mdszz u tegssn was:
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Question: Find the volume of square prism with one edge of length 3
cm and a height of 7 cm.

Soru: Tabanénén bir kenar wuzunluju 3 cm ve
prizmanén hacmini bul unuz.

While students were copying the question into their notebooks, ¥rsn
drew the figure of the square prism (Figure 4.12) on the board. Then she wrote the
given lengths on the figure so the students could visualize the prism.Uxus.
encouraged the students to solve the quest

learning.

7 cm

3cm

3cm

Figure 4.12Figure of the question Mr&lzunasked

Like Mrs. Uzun all participathg teachers used similar figures for all
guestions they asked and solved when teaching the volume of 3D solids. Apart from
explaining the question using representations, the four teachers also used
manipulative to help the students envisage and visualirxesdids. For instance,

Mrs. Kaya constructed a 2x3x4 rectangular prism with unit cubes and then asked the
number of unit cubes in the rectangular prism. The figure of 2x3x4 rectangular prism

was given below.

=

Figure 4.13Figure used by Mrs. Kaya todicate 2x3x4 rectangular prism
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Using the figure, Mrs. Kaya said:

As you can see, there are 8 unit cubes in thayer. Because there are

3 layers, 8 is multiplied by 3. What did we do? By calculating the
number of unit cubes on thé' layer, actully we calculated the base
area of the prism. Then since the height of the prism is 3, by
multiplying by 3, we multiplied the base by the height.

t
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Using the prism formed by unit cubes, she aimed to help the students
comprehend the lag behind the multiplication of the lengths of three edges.

In this type of instruction, teachers
attention and the students were the passive listeners during the activity. For instance,
Mrs. Akay conducted a sall activity using manipulative to make the students realize
the relationship between the volume of prism and pyramid. She utilized one hollow
square prism and one hollow square pyramid, which had the same length of the edges
of the base and the same heigBhe filled the pyramid with water and afterwards
poured this water from the pyramid to the prism. She repeated this until the prism
was filled with water. At the end of the activity, Mi&kay explained that to fill the
prism with water, they should powater three times. In other words, she explained
that the volume of prism equals to three times of the volume of pyramid. Similar
activities were performed in other teach
used the manipulative and perforntee activity on their own. In other words, these
activities were teacher demonstrations and not student investigatmssm up, all
teachersod6 instruction was mostly depend

teacher to learners.

4.2.12 Less TeacheiCentered Enriched with Class Discussion

The analysis of the data showed that less teamdm@ered enriched with class
discussion was another toggpecific instructional strategy implemented two
teachers (Mrs. Kaya and Mrs. Akay) teach the volumef@D solids. The basis of
this strategy is that teacher is not the only source of the knowledge. Teachers shared
the responsibility of explaining the topic with their students; thus, there was a good
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amount of dialog between the students and the teaclmers, Tquestioning and
discussions were integrated into teaching process. Also, teachers had less control on
the learning process than they had in the teacbetered instruction.

Contrary to the use of teachegntered instruction, only two teachers (Mrs
Kaya and MrsAkay) applied less teacheentered enriched with class discussion to
teach the volume of 3D solids. Both teachers required students make presentations
related to the topic before they taught it. In this manner, during our conversations,
Mrs. Kaya explained:

At the beginning of the semester, | divided the students into groups.
Each group determined the topic that they wanted to present. Then, |
explained my criteria for them to get high points for their presentations.

D°nemin bakénda °jJrencileri grupl ara ayeér
i stedi i konuya karar verdi . Daha sonr a,
sunumlaréndan neler bekl ediji mi anl attem.

When | asked what her requirements were, she replied:

| wanted them to explain pic using representations, dallfe

examples, and manipulative. The important issue for me was to discuss

the topic with the class.

G°sterimler, genl ¢k hayat °rnekl eri, vV e n
anl atmal aré istedim. Benuynu i meé felna ©° ne mli

~

S
tartékmalaré ol dujunu vurgul adém.

While collecting the dat a, I observed M
regarding the volume of 3D solids. As Mr s.
create discussion environment by questioning thieindis. For instance,

Presenterl (Pr-1): How can we know how much water that this box
[showing the rectangular prism] can contain?

Studentl (Std1): We could calculate the volume of the box [showing
the rectangular prism].

Pr-1: Yes, that is correct. Binow?

Std2: We can calculate the area of the base of the box. Then we
multiply it by the height of the box.

Pr-1:Yes, you are right. To calculate the amount of water in the box
[the rectangular prism], we can multiply the base area of the box by its
height.
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Afterwards, the students wrote the formula on the board. As Mrs. Kaya
requested, the presenters emphasized-daiyof the volume by asking the question
as how much water this box takes.

Moreover, Mrs.Akay applied a less teacheentered enrichedvith class
discussion as a topspecific strategy to teach the calculation of the volume of 3D
solids. Part of her instructional strategy is presented below.

Mrs. Akay. | want you to think about the relationship between the
volume of cone and cylinder. the next lesson, we will discuss this
question. Each student should think about the question.

In the next lesson

Mrs. Akay. | asked a question yesterday. What do you think is the
relationship between the volume of a cone and a cylinder.

Std1l: The volure of the cone can be calculated by dividing the
volume of cylinder by 3.

Mrs. Akay: Why?

Std-2: We learnt this in the private course.

Mrs. Akay. Okay, so you know how to calculate the volume of cone.
But how can you explain the reason for dividing tbkime of cylinder

by 3?

Std-3: Teacher, we can do the same thing as you did when teaching the
volume of the pyramid. We can fill water in the cone and pour it into a
cylinder then repeat until the cylinder fills with water. We can count
how many times weopr water from the cone into cylinder.

Mrs. Akay. Good, as your classmate said, we did the same thing when
learning about the volume of the pyramid. The relationship between the
volume of a prism and a pyramid is the same as the relationship
between theolume of a cone and a cylinder. In other words, we can
say that while calculating the volume of cone, we divide the volume of
cylinder by 3. Is that correct? Can we explain like this?

Stds:Yes.

Mrs. Akay: Is this explanation sufficient?

Stds:Yes.

Std-2: Teacher, we explained the volume of pyramid in the same way.
Mrs. Akay: Now | am asking whether this explanation is sufficient. Or
does it need some additional information?

Stdd:Hé Mmé The base and height of them sh
Mrs. Akay. Good. This is important. Now, what can you say related to
calculating the volume of a cone?

Std5: The division of fAthe multiplication
hei ghto by 3.

Mrs. Akay: Yes, you are correct. Now, | will write the formula on the
board. At the same time, you can copy it into your notebooks. Then we
will solve some problems.
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Regarding the less teachsgntered enriched with class discussion instruction,
this can be seemithe excerpts from the transcripts of Mrs. Kaya and Mrk.ay 0 s
lessons. Both teachers shared the responsibility of explaining the topic with the
students. The students were more active during the learning process. By questioning
the whole class and engaging them to make a presentation related to the volume
of 3D solids,Mrs. Kaya and Mrs. Akay applied less teaecbentered enriched with
class discussion nst ructi on. The next section presel

learners.

4.22 Middle SchoolTeac her s Knowl edge of Learners

The third dimension ofniddle schoolt e acher sé6 PCK was the knc
|l earners. As a result of the analysis of the
relation to the calculation of the volume of 3D solids were tiled underfour
areas, namely; the studentsd preferences ama
of studentsdé alternati veandthd sourcesoofitheseet hod s,

errors,and the strategies to overcome the errors in the volumie eblds

4.2.21Middle SchoolTeacher sé6 Knowl edge of the Student s
Solution Methods
I n order to understand the teachersoé6 knowl
students prefer in order to gelthe questions regarding the volume of 3D solids, the
data gathered from questionnaire, interview and classroom observation were
analyzed. According to this analysis, the teachers gave different solution methods
that students might prefer to solve theesfions related to the volume of 3D solids.
Table 4.2 gives a summary of the teachersbo
different solution methods that they would use tcwualte the volume of 3D solids.

Table 4.2 was given below.

Table 4.2Studentépreferences on different solution methods

Mrs. Kaya Mrs. Akay Mr. Esen Mrs. Uzun
Strategies | fVolume 1 Systematic | { Systematic 9 Layer
formula counting counting counting
1 Volume 1 Volume 9 Volume
formula formula formula
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As it was seen in the Table 4.2, foieachers considered that their students
would use therolume formulaHowever, one teach@¥rs. Kaya)only gave a single
suggestion. Additionally, 2 teachers also chggstematic countingand another
teacher suggested that the students wouldayse counting Mrs. Kaya said that her
students always used volume formula to calculate the volume of 3D solids and she
explained this as follows:

Students focus on reaching the correct solution via the shortest way.
They find using formula very practical. Theyefer to do calculations
by memorizing the formula.

a yoldan dojru sonuca ul

¥Jrenciler kés
-ok pratik buluyorl ar. For

kull anmayé
tercih ediyorlar.

This is supported by Mrs. Kayads respons

Students could eliminate the teu faces of the prism one by one. To
find the remainder of the unit cubes, they could subtract the length of
the edges and then use volume formula. They could reach the answer by
counting the unit cubes one by one but they prefer to solve with the

formula

¥Jrenciler déck yézeyl eri -ékarabilirl
kenar sayélaréenée eksiltip hacim formg¢g
tek sayarak da sonuca ulakérlar fakat

Mrs. Akay and Mr. Esenresponded that thestudents could use systematic
counting method. That is, they can count the number of unit cubes one by one to
calculate the volume of prism. Mr8kay commented as follows:

Students do not like using the formula. They prefer to do by counting if
the solidis comprised of the unit cubes. It is difficult even forgade
students to use the formula, so they count the unit cubes.

For mg | kull anmayé sevmiyorl ar Ej er ci
sayarak yapmayé tercih ederler Yani ¢
kull anmak zor gel difiji I -in birim ke¢gploe

Mrs. Uzun considered that her students might use the layer cauntethod to
calculate the volume of the prism given in Figure 4.14 and said:

Students mostly find one layer by multiplying 4 by 4. Then they find
the 2 layer and % layer. Thus the students mostly use the layer
counting method if the figure is givensually.
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¥Jrenciler daha -ok 4 ile 4 ¢ -arparak bi
kat maneé, 3. kat mané bulurl ar. Yani g°rsel
-ok katman hesabéné kull aneérl ar.

— 16 unit cubes

» 16 unit cubes

> 4 x 4= 16 unit cubes

Figure 4.14Mr s .  Uresemafios of psing the solution method: Lag@unting

In conclusion, according to participating teachers, most of the elementary
students prefer to use volume formula method to calculate the volume of 3D solids.
The datagathered from classroom observatiaigoported this finding since the
participating teachers and their students mositedthe volume formula while

calculating the volume of 3D solids in their mathematics lessons.

4.2.22Middle SchoolTeacher sé6 I nterpretations of Studer
Solution Methods
In order to @amine middle schoolt eacher s 6 knowl edge on
alternative solution methods, the data gathered from the VDSQ and interviews were
analyzed.
Il n VDSQ, the teachers were presented wit
methods, asked to interpret theséugons and asked to give the reasons for their
interpretations. The founiddle schoot eacher s6 i nterpretations of
methods displayed diversity in terms of the correct or incorrect interpretations as

presented in the next sub section.

4.2.22.1.Middle SchoolTeacher sé Correct I nterpretations
Solution Methods
According to themiddle schodkachers, the elementary students solved the

given questions correctly using three different solution odghvolume formula,
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layer counting and systematic counting. The teachers stated that the students used
these methods for solving different questions. In the following subsection, the

teachersdé interpretations werdentspseesented

4.22.2.1.1 Volume Formula
The analysis of the data revealed thatrthddle schooteachers were able to
i nterpret studentsé solution methods ea

volume formula. Question 4 (Figure 8)1s given as aexample.

= Mrs. Aksoyasked the volume of the cube and her studt
gavethe answer 27Mrs. Aksoy realized that her student
solved the question using different solution methc
Although some solution mette were corrd¢ some of them
were incorrect.

a) What solution methods were used by the students who solved the probls

correctly? Please explain.

Figure 4.15 Question 4

All the middle schooteachers stated that students found the volume of prism
presented in quesin 4 as 27 using the volume formula method. For instance, Mrs.
Uzunex pl ained that fthe base area of the p
is 3. So, the volume is 27 (9x3).0

Additionally, Mrs. Kaya, MrsAkay and Mr.Esenagreed that Kuzey useide

volume formula method to calculate the volume of prism in Question 5 (Fige 4.1

[N

7 Students; Ela, Eren, Kuzey, Yiagr and Berke calculate
the volume of prism, presented above, in different ways
but they found the same result. Their solutions were gjv
below:
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El adbs Solution: Erends Soluti on:

26 x 2=52 6+6=12
8x2=16 4+4=8

52- 16= 36 12+8+4=24
36-12=24

Kuzeyds Solution:{]Ya]Jmurdés solution

4x3=12 6+6=12
12 x 2= 24 A+A4+4=12
12 + 12= 24

Berkeds Solution:
4x 3x2=24

bExpl ain studentsdé6 solution method

Figure 4.16 Question 5

Regarding Kuzeyés solution method, Mr s .
follows.

Kuzey used the formula which was the multiplication of the base area
of the prism and the height of the prism. He found the base area and
then he multiplied it with the height. In other words, he found the
volume.

Kuzey, taban al anékwl |yamkmreak | i Tka bfamr megll agmeégr
bul muk ve y¢kseklikle -arpméxk. Yani hacmi k

Apart from Kuzey, four teachers interpret
multiplying the length of three dimensions [width, height and depth] of the prism. In
other words, acading to the teachers, Berke used volume formula.
Furthermore, themiddle schoolt eacher s wer e able to expl
solution method easily if students had solved the question 6 using the volume

formula (Figure 4.7)
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A piece ofcheese was cunto a right triangular
prism on the left sideThe cheese was cuhto 20
- equal slices, what is the volume of each slice?
15 ¢
40 cm
Mr. Acar asks the clasthe question given above and he encounters diffe
solution methods.
Yankéds Sol Asyabs SolutYamanbs So
d=b+c 1525 d=b+c
252 = 15+ & V= ——40 25 = 18+ &
625 = 225+ ¢ V= 7500 625 = 225+ ¢
4001:5820':'5 c=20 The volume of one sle | 400 =¢=>  ¢=20
V=""40 7500;375 ﬂj =2
2 20 20
V= 6000 V= 15.20 2
The volume of one slic T oo
6000:300 V=300
20
Adabs Solutillgazdéds Solution:
&=+ &=+
25 =15+ & 25 = 15+ &
625 = 225+ ¢ 625 = 225+ ¢
400=¢ = ¢=20 400=¢= =20
40.20.15 15.20 25x
V= 2 === x= 12
2 2 2 =
V= 6000 _40.25.12 _
The volume of one slic{ V= 2 = V=6000
6000_,10 The volume of one slice
20 6000:300
20
a) I n your opinion what process dg
their answer.

Figure 4.17 Question 6

In this question, theniddle schooteachers explasd t hat Yanke, Yarl
Ada calculated the volume of prism using volume formula. Mrs. Kaya explained

Yankéds solution as foll ows:

127



He found the right edge (c) from the Pythagordaeorem Then he
found the volume of the figure using the volume formula, Be
multiplied the area of the base by the height sinde therewill be 20
slices, he divided the result by 20 and found the volume of one slice.

¥nce Pi sagordan di k kenar é (c) bul muck.

kull anarak cismin hacnalnainébuillmucky ¢ KYsaenkil,i ]

-ar pmecx. 20 tane dilim olacajé i-in 20 di

hacmini bul muck.

Examples of teachersdé6 interpretations of °
in below. For the former student, Msel® s ex pl anati on i s:

Yaman @lculated the right edge (c). Then, because of it was necessary
to divide the cheese into 20 equal slices, he determined the height of the
figure to be 2. Afterwards, he did by considering the volume of figure.
The base area x the height.

Yaman dik ken& (c) hesapl améxk. Sonra 20 exit di
cismin y¢ksekl i jini 2 bul muk. Daha sonra
yapmék. Taban alanée x y¢ksekl i k.

For the second student, Mikay explained:
Adads solution is cor searedxthehelg, vol ume. Tal

she made the calculations and found the result. Then she divided the
result by 20 and found the volume of one slice. Correct.

Adadbnén -°z¢m¢ dojru, haci m. Taban al aneé
I Kl eml er i yapmék vseonsaanu2Ou ybeul mUlkmy¢ kOn dh
dilimin hacmini bul muck. Dojru.

Although llgaz solved the question using volume formula, two of the teachers
had difficulty in understandinger slightlycomplicated solution. This student did not
multiply the right edges of the tngle, which was the base of the prism, to find its
area. Instead, she calculated the area of the triangle multiplying the length of the
hypothenuse by the length of the height of it. Only Mrs. Kaya and Ay were
abl e explain 11| gastatédsthats ol ut i on. Mr s . Kay

llgaz calculated the right edge (c) as 20. Then she determined the height
of a triangle, using the equivalence of areas of the triangle, as 12.
Afterwards, she calculated the volume of the figure from the
multiplication of the base area b{.4Lastly, she divided the result by

20.
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Il gaz °nce dik kenareé (c) bul mucxk, 20
belirl emik. O y¢ksekl i ¢-genin al aneé
bul muk Ondan sonra cismin hacmini tab
Enson 20 dilime b°l m¢k.

Initially, Mrs. Akayhad di fficulty in explaining
teacher could not comprehend the meanin
understanding what Axo0 was, she lal ari fi
explanation to that presented by Mrs Kaya.

As in the previous examples, afliddle schookeachers were able to interpret
studentsé solutions if they solved the q

example was related tuestion 7 (see Figa4.18

The base length of the square prism model is 6
and the length of sidace height is 5 cm. Ceren ar
Cemre who calculated the volume of this mo
solved the question in different ways.

Cerends SolutilCemrebdbs Solution:
224
Ve 6.6.5 &=+ Ve 6.6.4
3 52 =+ &2 3
v= 180 goent 25 =9+ ¢’ v= 144 4gcm?
3 16 = &
c=4

a) According to you, what were Ceren andn@e thinking when they develope

these methods of solving the problem?

Figure 4.18 Question 7

Al four teachers interpreted Cemreds
Mrs. Akay explained the process as follows:

Cemre found c [the height of the pyrathito be 4 using the
Pythagorean Theorem. Then she used the volume formula; multiplying
of the base area by the height, aliding it by 3. It was correct.

Cemre Pi sagordédan <c¢conin [4pi oladnajt u mu ci s

bul muck. Ondan sonr a hacim/ 3®g mel ¢ng,
kul |l anméx. Bununki dojru.
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As shown in the exampl es, al | the teachce
method as volume formula since thiypught that most students prefer to use this
method to calculate the volume of 3D solids. Moreover, with respect to the data
gathered from classroom observation, it was seen thamitiéle schoolteachers
generally used volume formula when demonstratiivegcalculation of the volume of
3D solids to their students. However, some of the teachers were able to correctly
i nterpret studentsé solutions by the differ

sections.

4.2.22.1.2 Layer Counting

Only one of thedachers explained that students might use the layer counting
method to calculate the volume of 3D solids correctly. In question 4 (Figusg 4.1
Mrs. Uzunproposed that:

Students might count the number of unit cubes on the bottom layer.
There are 9 cubedhen they might think that there are 27 cubes on the
three layers.

r alt seéeradaki birim k¢gpleri say

¥7J il e
S 27 k¢p ol acajéne degkegnmegk ol abilirl

renc
ér ada

Furthermore, MrsUzunst at ed t hat Kuzeyds solution i
4.16) method wagayer counting as shown in hexplanation gien below.

I t hought that Kuzeyds solution was <corre
layer here. There was one more on the below. He multiplied this by 2.
This is firstlayer;this is second layer (Figure 4)19

K [ cz¢mengeg dojeset bupmyopumul Manri K
B tane daha altta var. 2 ile -ar

-5 o

y
n
i

S5 QD
0 <<

n
bi
s e

x C C
= - 1

a.
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Kuzeyds Solution:
4x3=12

12x2=24

The figure presents the operation 4 x 3= 12

S 7
/

»

> 1stlayer

2nd layer

Figure 419MrsUz umd$ er pr et adsoldion of Kuzeyo

Although Mrs. Kaya used layer counting method while she was calculating
the volume of 3D solids (Table 4.1), she did not interprét u d soluttors Mdethods
in terms of using layer counting method. Furthermore, neither Akay nor Mr.
Esenexplained that students might use layer counting method and they did not use
this method themselves when they were calculating the volume of 3D solids (Table
4.1).

4.22.2.1.3 Systematic Counting

Apart from volume formula and layer counting methods, teachers
suggested that students might use the systematic counting method to calculate the
volume of 3D solids. Three teachers (Mrs. Kaya, Msen and Mrs. Uzun)
i nterpreted the student sd shb hsuatsystematicmet h o
countingmethod. As an example, the vignette of Esenis given below:

The students who were able to solve the question correctly can see
everywhere of the cube. S/he was able to concretize [the cube]. S/he can
count the unit cubes here.

Dojru -°zen °jJrenciler bu verilen k¢gpé
Somutl aktérabil miktir Buradaki birim
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Similar to the responses to question 4, tedle schoolteachers explained
that students might solve question 5 (Figdrd@6) using a systematic aating
method. For example,oth Mrs. Kaya and MrEseni nt er pr et ed Erends sol
systematic counting method and their interpretations are given below.

Mrs. Kaya: Eren counted cubes in his own way. However, the method
was orrect. He counted the unit cubes correctly. In his opinion, that 6
cubes, he might have taken &G+the sidefaces) (Figure 4.20 Then,

he might have taken 4 + 4 and he might have added 4 at the end [of the

operation].
K¢pl eri gReerdisnaey mé k. Ama y°ntem dojru. K
saymeécxk. Kendince Ku 6 tanesini, 6+6 al mék
olabilir, [iklemin] sonuna bir 4 ekl emiKk
Erendés Solution:
6 +6=12
4+4=8
12+8+4=24
The figure presents the operatior66= 12
7
Z
6 unit cubes .
6 unit cubes
It presents the operation 4+4 = 8
» 4 unit cubes
» 4 unit cubes
The last 4 unit cubes in the operation 12 + 8 + 4 = 24
—> 4 unit cubes
7
Figure 4200Mr s. Kayabs interpretation of Erenods
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Mr.Esenn nt er preted Erends solution in the f«¢

6 +6= 12, he did that correctly. 4. He found there and there (indicating
the two sidefaces) (Figure 4D, he gave the answer as 12. After that,
he said 4, 4 (indicating the the front and back faces) giving 8. After
that, he said that 4 remained betweleent. He added 4 and he found
the result to be 24.

6+6= 12, dojru yapmeéxk. kurayla kKkurayé@
Ondan sonra Kuraseéneé 4,4 demik (°n ve
arada 4 kal éyor demik. 4 ¢ de topl amécxk

ErendsoniSol ut i

6+6=12

4+4=8

12+8+4=24

The figure presents the operation 6+6 = 12

V4 L

» 6 unit cubes
/ L

) A
6 unit cubes L

It presents the operation 4+4 = 8

ya P > i
7 / 4 unit cubes
/ -
» 4 unit cubes
The last 4 unit cubes in the operation 12 + 8 + 4 = 24
L= —» 4 unit cubes

Figure42LMrrEsendser pr et atiiaan of Erendés sol

133



In addition, Mrs. Kaya and MrEseninterpreted that ¥ ] mur 6 s sol uti on

presented in question 5 (Figure®).1, was systematic counting me
interpretation of Yajmurdés solution is as fo

Ya] mur counted the cubes, she counted 6, ¢
Then she counted 4, 4, 4 (Figyr&2). She added all of them together .
This method could be used. It is more regular method.

Ya] mur kepl eri say mecx. Burada 6, 6 saymé
Hepsini topl améxk. Bu da tercih edilebilir.

Ya] murdés solution:
6 +6=12
4+4+4=12
12 +12=24
The figure presents the operation 6 + 6= 12
(7
6 unit cubes .
6 wunit cubes
The figure presents the operation 4 + 4 + 4= 12
4 unit cubese 4 R _
g > 4 unit cubes
» 4 unit cubes
Figure 4.2 Mr . Kayabds interpretation of Yaj] mur 6s

The data analysis showed that three teachers (g, Mr. Esenand Mrs.
Uzun) explained that students might calculate the volume of 3D solids using the

systematic counting method.

4.22.2.2Middle SchoolTeacher sdé I ncorrect or Missing | nt
Studentsdé Correct Solution Methods
The middle sdool teachers were able to explain some of the correct solutions;

however, they were wunable to interpret the
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ot her questions. For exampl e, none of toh
for question 5 (Figure 46). For instance, MrdJzunstated that:

Now, I did not un Wkeredid she get tlid 26Is s ol ut i
did not understand that, namely 26. After that 8 x 2, she found 52 from

there, subtracted from here, reached the correct result but | did not

understand where she got that 26. Where did 26 come from?

Ben ki mdi bu El aénén -°z¢m yolunu hi -
bul mucxk. Kkunu anl ayamadéem yani 26 ye. (
52 vyi bul muk, buradan da -ékar méxk, doj
nereden bul dujunu anlayamadém. ku 26 n

In addition, MrsA k a gdinmented:

The child (Ela) counted the cubes according to her, added, found the
differenceThe result of 4 x 3 x 2, i's 24 is
solution, now, here s 4 x 3= 12 (Figure 4.23). If she found the result to

be 24, it was completely wrong for me. | taught the volume, | said that

the volume is multiplication of the area of the base and the height. By

putting the units in appropriate places, by writing necessary formula

and then by indicating operation and regfittally she must explain the

operation and the unit.

Bu -ocuk (EI a) buradaki kepl eri kend
aral aréndaki farkéné al méx. 4 x 3 x 2
-%z¢m ol sa bil e; Ki mdi burasée 4 x 3= |
benim i-in tamamen yanl éxkteéer . Ben hac
alane x y¢ksekli k ol dujunu s°yl emikin
uygun yerine koyar ak, formegl ¢yl e Dbirli

sonu- deyip, sonu-ta iekdhem ve birimini

4 x 3 =12 unit cubes

Figure 4.23Mrs. Ak ayds er pretation of EIl abs so

Similar to Mrs.Akay and Mrs.Uzun the other two teachers (Mrs. Kaya and
Mr. Esen could not understand how Ela found 26. Because they did not understand
how the number26, was abieved, they did noainalyzethe other operations. In
addition, themiddle schooteachers did not understand some of the correct solution
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met hods that the st udent/)sForingtanceeMrdJzumn questi on
could not explairYamard s  ®roirh question 6, asigen below:

Yaman found the right edge (c). But he divided 40 by 2, here. | could

not understand what he wanted to do here. | am confused.

Yaman di k kenaré (c) bul muk. Ama burada 4
yapmak isteddpepmni Banbhdgpabir kar maka yakad:¢

Also Mr. Esenand Mrs.Uzunwere not able to explain how llgaz calculated the

volume of triangular prism in question 6.

It can be seen that themiddle schoolt eacher s coul d interpre
correct solution methods$ they were familiar with them. Howevemiddle school
teachers were not successful in explaining some solution methods that the students
used even if they were correct. That is, in order to comprehend how students think
while solving the questions, itag essential thahiddle schoolteachers know and
use the solution methods.

In the next section, theiddle schoot eacher sdé i nterpretations

incorrect solution methods were presented.

4.22.2.3Middle SchoolTeacher sd6 Corirems omtBrpdentsd
Incorrect Solution Methods
The middle schoolt eachers were able to explain s
incorrect solutions regarding the volume of 3D solids. For instance, regarding
question 3 (Figure 4.24) both Mrs. Kaya avids. Uzun stated that students could
calculate the surface area of the prism instead of calculating its volume.

Mo st of the studentsr
the same error i n t hte
of r ect anThaylgave thepansives 8400

b) What method(s) do Mr. Aslands st

Figure 4.24Question 3
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Mr s . Kayads vignettiten refl agteddd amt sdhtiemr @
question 3 is presented below.

Here, the students could calculate the [surface] area [of the prism].
There were 15 unit cubes on the front face, 12 unit cubes on the right
face and 20 unit cubes on the top face (F@gti25). There are 47 unit
cubes on the three faces and 94 unit cubes in total.

Burada °jJrenciler [ prizmanén y¢zey] a
k¢ep °n yégzde, 12 k¢p saj tarafta, 20 Kk
47 k¢p var, toplamda da 94 k¢gp var .

» 15 unit cubes

» 12 unit cubes

4

Figure 425Mr s. Kayab6s interpretation in ques:s
Addi t i onal example related to interpret

in question 3 was stated by Mk$zun

They can do it like this. 4 x 3, 4x 3,3 x 5,3 x5,4 x5, 4x5 (Figure
4.26) and they can add them up. They may make an error iwdlyis
What is the result of this operation? Wait a minute. 12 + 12 + 15 + 15 +
20 + 20 = 94. That is correct. So students found the surface area.

k°yl e yapmék olabilirler. 4 x 3, 4 x 3
topl amek ol abilirler. Bu «kKkekil de hat a
alanéené bul mukl ardér
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, 4x5 (top face)

—» 4 x 3 (right face)

» 3 x5 (front face)

Figure 4.26Mrs. U z u mterpretation in question 3

As shown abovMrs. Akay and Mr.Esencould not interpretthe t udent s 6
incorrect solution method in question 3. Furthermore, thriglelle schookeachers
(Mrs. Akay, Mr. Esenand Mrs. Uzun) i nterpreted studentsoé in
methods in question 4 (Figure 8)1For instance, MrsAkay and Mrs.Uzun stated
that students could count the number of unit cubes on the visible faces. According to
these two teachers, if students used the incorrect solution method, they could find the
answer to be 27. Additionally, MEsen commented that students whose solution
method was wrong might have calculated the length of visible edges and he
explained it thus:

Students might think about the length of the edges. The length of
visible edges. Nine edges are visible and the lenfjthenedge is 3.
The total is 27. Students can solve in this way.

Kenar uzunl ukl ar éne d¢é¢ KénmgK ol abilirl
uzunl ukl ar éne. 9 tane kenar g°re¢n¢egyor ve
Toplamda 27. ¥Jrenciler b°yle de -°zm¢k
Addi tional example related to tteacherso i

solution methods concerned question 6 (Figur&)4According to Mrs. Kaya, Mrs.
Akayand Mr.Esen Asyaébés solution was incorrect. The
way. To exemplify, MrE s e imtérgretation is presented below:

She said 15 x 25, shmultiplied the right edge by the hypotenuse. She
multiplied the right edges of the triangle by the hypotenuse to find the
area of the triangle. She did not know how the area of triangle can be
found. She does not know [the area of the triangle is] halfhef
multiplication of the right edges. She did it wrong here. | think that
Asyads solution was wrong.

15x25 demi K, di k kenar il e hi poteng¢syg¢ -
bulurken hipoteng¢gs ile ¢-genin dik kenar é
naseé|l b ulbuin amiajoérné [ | -genin alanenén] Di k
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yarésénén -arpemé ol dujunu bil miyor. l
-%z¢meg yanl éxk gi bi ger¢yor um.
Additional l vy, four of the teachers a

incorrect solution method for questi@nFigure 4.8). They det er mi ned t h:
solution was incorrect. Mré) z u wignstte is given as an example.

Now, the edge is 6, she found the area here. She took the height of the
sideface [of the pyramid]. However, she should take the heighteof t
figure instead of the height of the siffece. She knows the volume
formula correctly but she confused the height. For this reason, her
solution was wrong.

Ki mdi kenaré 6, kKurada alanéné bul muk.
al méxk. Oysa yan y ¢z yeéeksekl i yerin
gerekiyordu. Haci m formegl ¢ng¢ dojru

kareéktérmék. Bu nedenle, yanl éxk -°zm¢k

In conclusionmiddle schoot eacher s were able to expl
solution. Nevertheless, for some solution methods, they could not correctly interpret
how students solve the questidfiddle schoot e acher sé i ncorrect i

presented in the negtbsection.

4.22.2.4Middle SchoolTeacher sdé I ncorrect or Missing

Studentsdé I ncorrect Solution Methods
Data gathered from VDSQ and the interviews revealed thanitidle school

teachers were not able to explain soheost udent s6 i ncorrect s

instance, MrsAkay and Mr.Esenc oul d not <correctly interp

question 3 (Figure 4.24). Initially, Mrakay stated that students could calculate the

number of unit cubes on the visibleeés and multiply this number by 2. However,

Mrs. Akay did not take the common unit cubes on adjacent faces into consideration

whil e interpret i quegstioad. Adcanbe seén insherlexplanatom i n

as follows:

What the volume of the figur& x 4 x 5= 60? How did they find 947

They can count the squares. Sometimes, students carry out such
operations. | applied all techniques that | know and | could not find the

resul t. I wonder whether they multipl]i
They do lke this. There are 5 here, 5,10,15,20,25,30,35 (she counts unit

cubes on the front and top face). There are 12 cubes here [on the right

139



side] (Figure 4.27). So, there are 47 cubes in total [front, top and right
side]. They found the number of cubes at blaek side and add them
up. Namely, they found the surface area.

Cismin hacmi ney mi K, 3 x 5 x 4= 60. 94 ¢
saymék ol abilirler. Bazen -ocuklar ©°yle b
b¢gten tekni kIl eri uy gul uypram. Acabave ben o0 so
g°re¢nen uzunl ukl ar é mi -arpeyorl ar (d¢ K
bunl ar Burada 5 tane var, 5,120,115, 20, 25,
sayde) . Burada 12 tane var (saj yan yg¢égz).
Arka taraftaki yézlkzeyi asayepéet opl arl aVaniB
yézleri toplayép hacim diye s°yleyebilir.

=N
U
v

VY Vy
=
o

(631

» 12 unit cubes

Figure 4.27Mrs.Akayd s i nterpretation of question 3

While thinking how students can find the volume of the prism in question 3 as
94, Mrs.Akay waited a long timeHowever, her explanation was not correct since
she counted common unit cubes twice and three times.AW®es. did not consider
her solution in this respect. Her aim was to find 94 and her wrong solution method
provided her to find 94 incidentally. Similto Mrs.Akay, Mr. Esenhad difficulty in
explaining studentso6 solution in which the
and could not justify studeée&sehexganagono!| uti on i1
exemplifies this as follows:

How did they find 94 was difficult for me to know how they solve it.

| could not see how they found 94. However, they could have counted
the edges. Many students carried out operations from the edges to find
the volume. They tried to find the perimeter. They could haves don
something like that. They may solve it using a visible line segment.
They could multiply by 2 again. | do not know whether you counted
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how many there were. If there were 47, then they might find 94 by
multiplying by 2.

Nasél 94 bul muxkl arder ? Benim onl ar én
Nasél 94 bul dukl aréné g°remiyorum. A m:
°J renci hacmini bul urken kenaréndan i K
-al ekeyorl ar . Be°yl e bir nkegojyapmeéck

par -alarénén sayélaréendan gitmiKk ol ab
yapmék ol abilirler. Bil miyorum saydeéne
daha sonra 2 ile -arparak 94 bul muk ol

Only Mr. Esenstated that the students might add the lemdtedges but he did
not apply his solution method to check whether the result of that solution vea 94
in fact the result calculation did not give 94.

Additionally, Mrs.Uzunwa s not abl e t wionanxgpestan6n Asy ¢
(Figure 4.17. She sted:

Why did she multiply 15 and 257? | think that there is a mistake here.

But | donét understand what she did.
Niye 15 ile 2508i -arpméexk? Burada bir vy
Ama ne yapteéjéné anl ayamadém,

Al l the teachers attempted to explain
they were correct or not. However, threddle schoolkeachers could not makey
i nterpretations on some of studentsd sol
interpretation related to the methods that they had not experienced before. In
conclusion, theniddle schoot e acher s wer e able to clarif

were familiar with the methods.

4.22.3Middle SchoolTeacher sd6 Knowl edge of the Stud
Sources of These Errors

I n order to achieve a deeper understar
of these errors related tolcalating the volume of 3D solids, thaiddle school
teachersdé knowledge of the studentsd t hi
learners were investigated systematically. Timeldle schoolteachers emphasized
the various errors that the elementatudents could make when they were
calculating the volume of 3D solids. Her
to the studentsodé (mis)construction of th
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given terms, concepts, operations and difficultesountered while solving the

given problems. Thus, the analysis of the Kkr
the middle schoot eacher sé perception of the mistakes
when they calculate the volume of 3D solids. In additorthe knowledge of the
errors, possible sources of these errors are also discussed below.

Based on the analysis of the data obtained from the questionnaire, interviews,
and classroom observations, the fouiddle schoot eacher sé6 knowl edge of

errors related to the volume of 3D solids is grouped under four main dimensions
namely; focusing on the faces of 3D solids, es@unting the common unit cubes on
adjacent faces, conceptual errors, and computational errors. The possible sources of
these ewrs are also discussed under these four dimensions. The dimensions are
t he abl e |

based avail

with the data.

on teratur e, particip:

Although focusing on the faces of 3D solids and conceptual errors were
emphasized byllathe participating teachers, only 2 of them (Mrs. Kaya and Mrs.
Akay) stressed that ow@ounting the common unit cubes on adjadaceswere
among studentso6é errors.

Fur t h e ermordhate , comput

three participants (Mrs. KayaMrs. Akay and Mr. Eser) interpreted as one of the

errors that the students make. Table 4.3 gi
errors given by theniddle schooteachers.
Table 4.3Theel ement ary studentsdé errors that middl
Mrs. Kaya | Mrs. Akay Mr. Esen | Mrs. Uzun
Focusing on the faces of 3 X X X X
Solids
Over-counting the common X X
unit cubes on adjacent fact
Conceptual errors X X X X
Computational errors X
4.22.3.1 Focusing on the Faces of 3D Solids
All the middle schooteachers stated that focusing on faces of the 3D solid as
one of the common studentsdé errors related t
Il i ght of teachersé statements and availabl e
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consideringall or a subset of the visible faces of 3D solid when calculating its
volume. Thus, according to founiddle schook e acher sé knowl edge t
students who made this error might think that 3D solid is formed by its faces and do

not concentrate omside of the given solid. Based on the analyis, teachers

specified this error in relation to a rectangular prism (Questions 1, 2, 3, and 4). For
instance, in relation to questionMrs. Kaya said:

What the students can do when calculating the volafrifis prism?
They can count faces that they can see. Namely, they consider this face
[front], right face and top face (Figure 4.28).

Bu prizmaneéen hacmini hesapl ar ken °7r
gerd¢j ¢ yezeyl eri sayabjliyglzeyi Ya&nis, |
yézeyl de¢kenegrl er .

Additionally, Mr. Esendescribed the same error for the rectangular prism, as

follows:

Students only counted the visible faces, in other words, they counted
the 3 faces which are visible. They may not see the othhis.often
happens but many students do see all the faces (Figure 4.28).

Gorde¢kl eri dexk yézeyl eri sayarl ar y al
Dijerini g°rmeyebilirler. Genel de b°yl
- ok.

» There are @ unit cubes
on the topface @x4)

_» There are 12 unit cubes
on the rightface (4x3)

» Thereare 12 unit cubes
on the front fac€4x3)

Figure 4.28Mrs. Kaya andMr. Esen 6isnt er pr et ati ons regardi ng¢
guestion 1
Besides, MrsAkay and Mrs.Uzun identified focusing on the faces of a 3D
solid as the error in question 4. Thmmaments from these two teachers are presented
below.
Mrs. Akay. Students can count these [visible] faces (Figure 4.29).
Namely, these 3 faces [by showing visible faces in the figure]. They did
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not see backside of the prism. They can say 27 by countagge th

squares.
¥Trenciler Kuradaki[g°r¢nen] yeéeézeyl eri s a
[g°Pr¢nen yezl eri g°stererek]. Arka tarafeé
i kKte 27 tane diyebilirler.
In addition, MrsUzunreflected that:
Students can count the outer unibes. In other words, they can count
the unit cubes on the visible 3 faces (Figure 4.29).
Dek taraftaki kepl eri sayabilirler. Yani

sayabilirler.

I n order to clarify the studentsd error i
by Mrs.Akay and Mrs.Uzun, is presented below:

Thereare 9unit cubes
> onthe topface Bx3)

» There ar® unit cubes
_on the rightface @x3)
" Thereare 9 unit cubes

on the front facé3x3)

Figure 4.29Mrs. AkayandMrsUz um ¢ er pr et ati ons regarding t|
in question 4
In the given examples, all the teachers stated thdests might focus on three
visible faces of 3D solid. In other words, students might count the number of unit
cubes on the visible faces. Moreover, Mdzun specified that students might focus
on only one outer face or all outer faces of the 3D solid. itea is related to
focusing on only one outer face is stated in the below vignette:

They looked at outer face directly. What they did immediately, they
multiply 4 by 3 [length and height of the rectangular prism], and said
that this was its volume.

Bunl ar direk dék y¢z
-arpeyorlar [ Dikdo°rt
budur diyorlar.

e bakeéeyorl ar. He men
nl er prizmaseénén uz.l
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In the next example from Mr&lzunis related to focusing on all the outer faces
of the 3D solid is prsented below.

Students can sum up the [number of] unit cubes on all the outer faces.
They did not see the inside cubes (Figure 4.30).

o

¥ renci l
g°rmezl e

Thereare 20unit cubes
»(4x5) (top and bottom face)

» 1hereare 12unit cubes
(3x4)(right and left face)

» 1hereare 15unit cubes
(3x5)(front and back face)

Figure 4.30Mrs.Uz usm @t er pr et ati ons regarding
guestion 3

In terms of the possible sources of the errors related to focusing on the faces of
the 3D solids, the participating teachers specified different sodreese surcesare

summarized in Table 4.4.

Table 4.4The sources of the errdbcusing on the faces of 3D solids

Mrs. Kaya | Mrs. Akay Mr. Esen | Mrs. Uzun

Not being able to think X X
of solids as three
dimensional

Not being able to X
comprehend the structu
of 3D solids

Not being able to X
concretize 3D solids

Student sdé c X

Initially, Mrs. Akay and Mrs.Uzun stated that the reason for focusing on the
faces when calculating the volume of 3D solids might be that they are not able to
think of solids as thredimensional. As an example, M&kay explained:

Students could not imagine a 3D solid. They focused only on what they
see. | think that all their problems emanated from this.
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3 boyut !l u bir ci sim hayal edemiyor .
odakl anéyorl ar . B¢t éen sorun sanéyorum bund

Similarly, while clarifying why the students made this error, Mdzun
commented that the students did not think of the rectangular prism as three
dimensional. Moreover, Mré&Jzungave another @sible source of the error in terms
of focusing on the faces of a 3D solid, might be that the students are not being able to
comprehend the structure of a 3D solid. The related vignette is given below:

Students do not see the back side of the rectangutan. They only
calculate [the unit cubes] on the visible faces. In my opinion, they do
not know the shape of a prism For example, that, it has 6 faces. For this
reason, they only calculate 3 faces.

¥Jrenciler arka tarafe g°rm¢gyorl ar. Pri z me
[birim ke¢egpleri] hesapl éyor |l ar . Bence onl
Mesela 6 y¢ze¢g ol dujunu. O y¢gzden sadece 3

Mr. Esenidentified another source of the errbte conglered that elementary
students may not be able to concretize a 3D solid since they do not see this shape in
their daily life. He explained:

They encounter an object which they have not seen so far in their lives.
Namely, students did not concrete prisnd &mey did not envisage. It is

normal.
Bug¢ne kadar go°rdegkl eri objelerle tam kar
Yani °Jrenciler prizmal ar é somut !l akt éeram

getiremiyorlar. Bu da normal.

In addition to the sources of errors given above, Mrs. Kaya stated that another
sourceofte errors were that studentsd carel essne
solids.

In conclusion, focusing on the faces of 3D solids was one of the errors that

the four teachers commented on in relation tostite u d attemipts o calculate the
volume of3D solid. According to the teachers, students who made this error focused
on counting the number of unit cubes on the faces and they ignored the unit cubes
inside the 3D solid.
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4.22.3.2 OverCounting the Common Unit Cubes on the Adjacent Faces

As it was stated, basediiddle schoolt eacher sé knowl edge,
related to calculating the volume of 3D solids was @@mmting the common unit
cubes on the adjacent faces. With respe
literature, students might heoealize that some unit cubes belong to more than one
face of 3D solid, which is formed by unit cubes.

According to the analysis of the data, two teachers (Mrs. Kaya andAkayg)
referred to this error. Both these teachers explained that element@entstunight
count common unit cubes on the adjacent faces more than once. For instance, Mrs.
Akay connected this error to the student response to question 3:

The students might not realize that the unit cubes here [upper column
on the front layer] can haveommon unit cubes with the unit cubes
there [upper column on the right laj€indicated in the Figure 4.31
with grey color).

¥Jrenciler buradaki ke¢epl er
k¢eplerin [ sa] kat mandaki ¢ S
farketmiyorlar.

& & - Common unit cube that
students do not realize

Figure 4.31Mrs. A k a ynterpretations regarding the error in question 3

When the data was dgaed to reveal the possible sources of the error of-over
counting the common unit cubes on the adjacent faces, two different sources were
identified by Mrs. Kaya and MrsAkay. Table 4.5 summarizes theusoes of this

error.

Table 4.5The sources of therror; overcounting the common unit cubes on the

adjacent faces

Mrs. Kaya | Mrs. Akay | Mr. Esen | Mrs. Uzun

Student sdé c X X

Not thinking deeply X X
about the concepts
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Both teachers stated that the reasons for theaxen t i

ng

coul

d

be

carelessness and not thinking deeply about the concepts. Pertaining to these sources,

Mrs. Akay stated:

Most of the students focused only on obtaining an answer and did not

examine the figure. They counted unit cubes without densig the
common unit cubes on the adjacent faces

¥Jrenciler
i ncel emez|l
kepl eri

i n
er .

-oju
Yan
sayarl ar .

sadece C
yana

ol an

As a result, one of the errors made by students when calculating the volume of

3D solid was overcouning the common unit cubes on the adjacent faces. According

to the teachers, students were not sufficiently careful and did not think deeply about

concepts such as unit cubes and faces when calculating the volume of a 3D solid.

4.22.3.3 Conceptual Errors

As presented in Table 4.3, all the participating teachers agreed that one of the

main errors

was

conceptual

er

stud

evabe bul maya
yézl erdeki ort
rors. n this

misunderstanding or confusing the meanings of the concepts. According to the

teachers, iemanated from not knowing the meaning of concepts such as the volume

of 3D solids, the surface area or the perimeter of 2D figures, the height of the prism,

or the height of the sidgiace of the prism. Table @presents a summary of the types

of conceptal errors.

Table 46 Thetypes of conceptual errors

Mrs. Kaya

Mrs. Akay

Mr. Esen

Mrs. Uzun

Confusing the surface area
and volume

X

X

Confusing the perimeter ar
volume

Confusing the height of 3D
solids and the height of
sideface

Not being able to calculate
the area of the triangle

Not being able to apply
Pythagorean Theorem
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Mrs. Kaya and MrsUzunstated that students might not be able to discriminate
the meaning of the surface area and volume. For this reason, stcalertalculate
the surface area of the 3D solid instead of calculating its volume. This is illustrated
by Mr s. Kayabds explanation bel ow.

Students might find the surface area. They might find the surface area
of the solid. They might confuse the surfaceaaoé the solid and the
volume of the solids.

Al an bul abilirler. Ci smin al anéneé
kar éktérabilirler.

In the interview, Mrs.Uzun provided similar explanations related to this error.
However, both teachers seemed not to be awaitedofring their lessons since the
analysis of the data gathered from the classroom observations showed that their
students had made the same error in their lessons. As an example, an extract taken
from the observation of MrsU z u rclass in which she ask the students the

following question.

Quesion:
What is the volume of square prisn

presented in the figure?
4 cm

3cm

3Ccm

Solution of me of Mrs.U z u stddensdis given below:

3x3=9 V=2.9+4.12

V=18 + 48
V=66
3x4=12 4cm
3 Ccm
3cm

As it can be seen in this vignette, student solved the given question by

calculating the surface area which reveals that the student edrttus surface area
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and volume of the 3D solid. The teachersbo
surface area and volume of a 3D solid is evidence that the students did have error in
calculating the volume @&D solid.

All teachers identified the possibdeo ur c e s  a@dnceptualuedaesn the 6
sourcesare presented in Table 4.7.

Table 4.7The sources of the conceptual errors

Mrs. Kaya | Mrs. Akay | Mr. Esen | Mrs. Uzun
Not being able to think of X
solids as thredimensional
Not being able to concregz X
3D solids
Lack of conceptual X X X X
knowledge
Studentsod ca X X X
Not thinking deeply about X X X
the concepts

Mrs. Kaya and MrsUzun statedthe possible sources of confusing the surface
area and volume of 3D solid in a differendyv According to Mrs. Kaya, the source
of this error might emanate from a lack of conceptual knowledge as she explained:

The students do not know the concepts. Namely, they do not know what
the volume is or area is. Therefore, they are confused as to twhen
calculate the volume and when to calculate the area. Students have a
lack of conceptual knowledge.

¥Jrenciler kavraml ar é bil miyorl ar. Yani
bil miyorl ar . Bu y¢zden ne zaman hacim hes
al an hes apél akyaarcéakktl éarrééynor | ar . ¥Jrencilerde
var.

Mrs. Uzun considered that students might not think of solids as -three
dimensional In fact, according to MrsUzun, students think 3D solids are two
dimensional. For this reason, students confusart and volume concepts.

Furthermore, MrEsenspecified that the elementary students might confuse the
perimeter and volume concepts. He explained:

Students might add the length of the edges of the rectangular prism
while calculating its volume. That ,isstudents may calculate the
perimeter of 3D solids.
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¥J rencpirliezzman én hacmini hesapl ar ken I
toplayabilirler. Yani, prizmanén -evre

As it was stated in Table 4.F|r. Esenclarified the reason for making this error as
follows:
| think it is because they are nable to concretize. They could not
mentally imagine 3D solids.

Bana g°re somutlakteéereéel madéjéendan dol ;
cisimler:i canlandéeraméyorl ar.

Additionally, according to all the participating teachers, students might confuse
the heigh of the pyramid and height of the sitbce of the pyramid while calculating
volume of the prism iguestion 7 (Figure 4.32).

The base length of the square prism model is 6
and the length of sidiace heights 5 cm. Ceren anc
Cemre who calculated the volume of this mo
solved the question in different ways.

Cerends Soluti Cemreds Solution:
yo 665 a&=b+c yo 864

25 =9+
V= 1—20 =60cm® 16 =@ V= 1—;14 =48cm’

c=4

b) For those students who gave the wrong answer, describe the errors that t

made.

Figure 4.32 Question 7

Mrs. Kaya explained her idea pertainingyteestion? in the following way:

Cerenbés solution was wrong because she
the height of the pyramid and which was the height of thefaicke of

the pyramid. She confused them. She took both of them to be the same

height. However, 5 wanot the height of the given prism, it was the

height of the siddéace of the prism.
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Cerenéim, -y°aznl é K ol muxk. ¢Cenke yan yéz y ¢
yéksekl i Jini anl amamécx. Kar éxt ér mék . Ayn
Hal buki 5 dej il bizim cisim y¢kseklijimiz,

Mrs. U z u wignette given below is a further example of this error.

Ceren took the height of the sifiece of the pyramid here. Whereas,
she should have taken the height of the pyramid not the height of the
sideface of the pyramid.

Ceren burada yan y¢z yeksekliJini al mék.
de ci si miy¢aklsneakslé jger eki yor du.

In a similar way, MrsAkay and Mr. Esenexplained that elementary students
might not be able to differentiate between the height of the pyramid and height of the
sideface of the pyramid.

This error, confusing the height of pyrainand height of sidéace of the
pyramid, was observed in MrA.k a yeésen. The following excerpt is an example
from Mrs.A k a Yessen.

(Mrs. Akaywrote the question below)

Calculate the volume of square pyramid locat
on the left side?

Before solving the question, the students discussed how they aduidits
One of the students said that the height of the pyramid was 5. ThenAkéng.
provided the following explanation:

It is not 5. It is the height of the sidace [of the pyramid]. You should

calculate the height of the pyramid before calculatisgolume.

5 dejil . o, amidin] yan y¢z yeéiksekli]g

[ pir
piramidin y¢gksekIl iJini hesapl amal ésén.

According to all the participating teachers, the reason for confusing the height
of the pyramid and height of the the sidee of thep y r ami d was studentso

conceptual knowledg@ able 4.7) Thus, MrEsenexplained:
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Ceren did not comprehend the height of the pyramid and theighe
sideface [of the pyramd]. She confused these concepts.

Ceren cisim y¢gksekdkljiijiinhe andmamaymeak .
rekteér

oo

meé K .

(o]

kavraml ar é ka

Similarly, Mrs. Akay interpreted the source of the error in question 7 as:

Because of saying height, this height misdirected them. It means that
the students did not study in detail. They were unawareedfi¢ight of

the prism.
Yé¢ksekl i k dedi j i i -1 n bu yeé¢ksekl ik
-al ékméyorl ar demek ki. Cismin y¢ksekl

In addition, based on the analysis of the data, three participants (Mrs. Kaya,

Mrs. Akay and Mr. Esen identified another error which was related to the

conceptual error. These teachers thought that the students might not know how to

calculate the area of triangle. For this reason, they specified that the elementary

students might not calculate the base andach resulted in calculating the volume
of triangular prism incorrectly. MEsenexplained this by stating that:

The students who used volume formula might not be able to find the
base of the prism. They might ask how to calculate the the base area.

Hacim form¢gl ¢ kull ananl ar taban al anén

alanéné nasél bulayéem diyebilir.

Lastly, Mrs. Akay commented that students might not apply the Pythagorean

Theorem, which was denoted as a conceptual error. She identified this error in

relation toquestion 6 (Figure 4.)&asfollows:

Asya could not identify the hypotenuse and the right edges. She did not
know how to calculate the area of this triangle. In general, students
write & = b*+ ¢® as the Pythagorean Theorem. However, because they
do not know what% b? and ¢ are, they cannot apply the theorem. For
this reason, Asya multiplied 15 by 25 when calculating the area of the
triangle and she was wrong.

Asya hipotven¢dsi k kenar én n
alanénée Dbil miyor. Genel |l ik
b®> + c? yazarlar. Ama 46 ni honibn ?

e
I

€ ;

ol duj unu
= Pisagor
i nc ne ol duj unu

bil medi kIl er i I -1 n, teor emi uygul ayamaz

buur ken Asya 15 ile 2506i -arpmék ve
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According to themiddle schoolt e ac her s, the reasons for si
terms of not being able to calculate the area of the triangle and not being able to
apply the Pythagorean Theorem, were stuxlént c ar el essness and not t
about the concep(3able 4.7)
To summarize, the participating teachers stated that students might confuse the
concepts Wen calculating the volume @D solid. According to the teachers, this
error emanated from hé&nowing the meaning of concepts such as the volume of 3D
solids, the surface area or the perimeter of 2D figures, the height of the prism, the
height of sideface of the prism, the area of the triangle and the Pythagorean
Theor em. The teathetsdheossuders of student
might be lack of conceptual knowledge, not being able to concretize 3D solids, not
being able to think of solids as thrde mensi onal , studentsdé car el

thinking deeplyabout the concepts.

4.2.2.3.4 Computational Errors

In this study,middle schoolteachers stated that computational errors were
another error that elementary students held. The errors in calculating the volume of
3D solid could be defined as a mistake made when undertakinglthwation. Thus,
this error can be regarded as multiplication error. Analysis revealed that only one
middle schooteacher (MrsAkay) commented this error in this way:

If the students consider multiplying the height, the length and the width
of the prism[to find the volume of the prismmany of themdo not
know the multiplication table. They can make a mistake while
multiplying the numbers.

Ej er [ pri zmaneén hacmini bul mak i -1 n] pr
yéksekl i Jini -arpmayeée d¢kenegyorl ar sa bir
bil miyor, sayeéelaré -arparken hata yapabil:|

From the analysis of the data, it was found that teseher(Mrs. Akay)
focusedot he studentsdé multiplication error when
of 3D solid. She considered that, students can make mistakes when doing the

calculatonmnd t he source of this(Tahed®r was studen
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Table 4.8The sourcesfahe computational errors

Mrs. Kaya | Mrs. Akay | Mr. Esen | Mrs. Uzun

Studentsdé ca X

In brief, the middle schoolteachers categorized the errors under four
dimensions; focusing on the faces of a 3D solid, @eemting the common unit
cubes a the adjacent faces, conceptual errors, and computational errors. The main
sources of the error in focusing on the faces of a 3D solid are; not being able to think
of solids as thredimensional, not being able to comprehend the structure of 3D
solids, mt being able to concretize 3D solids and carelessness  aohdée
schoot eachers also stated that studentsd c
the concepts were the sources of esmunting the common unit cubes on the
adjacent faces. On thehetr hand, theniddle schooteachers believed that a lack of
conceptual knowledge, not being able to think about solids asdhmamsional, not
being able to concretize 3D solids led the elementary students to make mistakes
based on conceptual errors.dnd di t i on, studentsd6 carel ess

the main source for their computatal errors

4224Mi ddl e School Teac hStrategiés tdkOvewocarhee dge o f
El ementary Studentsd Errors
In this section, strategies used byddle schoolteachers to overcome the
errors made by the elementary studenkenvcalculating the volume &D solid
were investigated. Theiddle schooteachers suggested various strategies that they
could use to eliminate the errors made by the eleamgistudents when calculating
the volume of 3D solid. Using the term strategies, | am referring to the approaches
methodologies that thmiddle schooteachers used in their lessons or planned to use
when their students make these errors. The foiaidle schoolteachers stated two
strategies to deal with el ementary stude
volume of 3D solidsThe strategies to overcome each error are presented in Table
4.9.
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Table49The strategies to overcome studentsodé err

Strategy Using manipulative Re-explaining the
s g misunderstood part of the
t u ent so topic
Focusing on the faces of 3 X
Solids
Overcounting the common X
unit cubes on adjacent fact
Conceptual errors X X
Computational errors X

The first one was using maniptilee which was proposed by all the teachers
eliminate the error, focusing on the volume of 3D solieisr example Mrs. Kaya
said:

We can ask them to create 3D solids from the unit cubes. We can count
the unit cubes one by one. Moreover, we can calcti&eolume [of

it]. We see that both are the same. Yes, we can say that the volume
refers to the number of unit cubes or the number of unit cubes refers to
the volume, namely we can make tway connection using an-&nd

only clause.
Birim kg¢spilmelredreny acpt €érabiliriz Kepl eri t ek
hacmini hesapl ar éz. Il Ki sinin ayneée ol duj ul
ger-ekten k¢p sayeésé verdijini s°yl eyebil
verdijini de yani i ki siniédkpajaphaaké ve anc
kurabiliriz.

According to Mrs. Kaya and Mr#&kay, the students might ovweounting the
common unit cubes on the adjacent faces of the 3D solid. Mrs. Kaya anARdys.
stated that students might recognize the common unit cubes with the help of
manipulative. Pertaining to this, Mskay stated:

Many students do not recognize the common unit cubes on two or three
adjacent faces when counting the unit cubes. They can count these unit
cubes more than once. | might give them a prism formed bycubés

to examine. By asking questions regarding the common unit cubes,

students may notice that a unit cube belongs to more than one face but
that unit cube is only one in the prism.

Bir-ok °jJrenci birim ke¢gpl eri sayarken 2 v
farket mi yor. Bu ke¢pl eri birden fazla saya
ke¢e¢pl erden ol uk muk pri zma verip Ci s mi [
¥Jrencilere ortak k¢gplaclhéer!| pilri kgopral ar
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birden fazla y¢ze ait ol dujunu fakat o
farkedehbilirler.

Additionally, Mrs. Kaya, Mr.Esenand Mrs.Uzun stated that teachers might
use manipulative to eliminate t hfesingst uden
the volume and area, and confusing the volume and perimeter. As Mrs. Kaya
explained:

If we use visual material, for instance we can cover the surface with
wrapper, then we can try to find the area of the wrapper because the
area is covering, in facthe surface area. After finding the surface area
visually, the student will obtain the answer 94. We can create a figure,
fill the inside with the water. We can say that the surface area is the
amount of wrapper to be used to cover the visual matenilthe
volume is the amount of water that fill the figure. In this way, we can
distinguish between two concepts.

G°rsel materyaller kull aneérsak, mes el a
O cildin alanéné bul maya -ahdakér éz. ¢ ¢
yézey al ané. O ye¢zey alanené bul dukt .
ul akacak. ¥yl e bir cCisim yapar éz ki,
kull anélan <cil din mi kIl tar é, hacmin de
ol dujunu s°yl eriz B°ylug awe ,k aivk iagnémién afya
edebiliriz.

Mrs. Uzun explained that constructing and visualizing the solid using
manipulative might be helpful for students to eliminate their conceptual errors and
Mrs. U z u neiptanation regarding this error is given below. Spedlif, the
example is related to confusing the area and volume, which is one of the dimensions
of the conceptual error.

| corrected [the error] using the intelligence cube or by putting their

books one on the top of t haboakt her . Let
How many books are there? In that case, what is the volume [of whole
shape]? Letbds find the area [ of whol e
eliminate [the error] by asking these kind of questions.

Zeka Kk¢peéeneéé Zallltliarniam akeyla kit apl aréene

Hadi Ku kitabéméezéen hacmini °l - el i m. K

[begt ¢n kekl i n] hac mi ka-? Al anéné bul

sorarak gidermeye -al éexkeéer ém.

Furthermore, Mr. Esen Mrs. Kaya and Mrs.Uzun proposed to use
mani pul ative to eliminate studentsd conc
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error in this question was confusing the height of the triangular prism and the height
of the sideface. The related vignette of MEsenis given belav.

If there is a pyramid that is able to open and ¢ltsn the students can
physically perceive it, then we can say that this is the height of the
triangle, which is at the outside. We can explain that the students can
find the area in this way but tanfl its volume, the height of the
pyramid should be measured.

Ej er a-éel ép kapanan bir pirami:t ol abil sey
verebil sek bu déxktaki c-genlerin yeé¢gksekl
bul abilirsiniz ama hacmjnnimubmm&sad -in k
gerekir diye anl ateéeréz.

Mrs. Kaya and Mrs.Uzun stated that teachers could use the transparent
pyramid model given bel ow, to deal with stu
confuse the height of the triangular prism with the height o$itdheface.

height of the pyramid
height of sidefaceof
the pyramid

From the knowledge of the participating teachers, the second strategy to

el iminate studentsdéd errors inpresentecinl ati ng t |

Table 4.9,re-explaining the misunderstood part of the topic. For instance, Mr
Akay, Mr. Esenand Mrs.Uzuns peci fi ed that the students?®o
being able to distinguish the height of 3D solids from the height of thefeside
might be eliminated by rexplaining the topic. In this manner, the teachers stated
that the teacher might explain the difference between the height of 3D solids from
height of sideface.

I n addition, al | teachers specified that
eliminated by explaining the topic again and presenting many more exawiplesl
to the topic. Moreover, they stated that conceptual errors, not being able to apply
Pythagorean Theorem and not being able to calculate the area of a tgantiebe

eliminated by reexplainingthe topic and solving many examples.
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This section pesented theniddle schoot eacher sé6 knowl edge o
i n t er ms of el ement ary student so prefe
i nterpretations of st udent arrorsheld byetmen at i v e
elementary students and their pbks sources when calculating the volume of 3D
solids were given. In additiomiddle schoot e acher sé knowl edge o
to overcome theerrors was explained.In the next section of the result chapter,

teachersdéd knowl edgesemteflanddiscussecc ul um wi | | b«

4.2.3Middle SchoolT e a ¢ hkeawkedge of Curriculum

From the analysis of the data, another dimension of ntieidle school
teachersd PCK was determined; this was t|
this dimension two majocategories were formed from the data gathered through the
guestionnaire,classroom observation and interviews. The foniddle school
teachersdé knowledge of curriculum on the

of the connections with other topiaad changing the order of the topics.

4.2.31 Connection with Other Topics

In the current study, the connection with the other topics refers to connecting
the topic to the other mathematics areas and topics taught in othersc@ugse
science) taught irprevious years, the same year and to be taught in later years.
Making the connections between topics is used to help students remember topics
learned, relate new topics and previous ones and to encourage them to review the
previous topic. The connectiontivthe other topics is undertaken by referringhte
previous topic, asking questions that help students to understand the relationship, and
reminding them about what they have already learnt it.

From the analysis of the data from the interview, thraehers (Mrs. Kaya,
Mrs. Akay and Mrs.Uzun) stated that they connected the volume of 3D solids to the
topics taught in previous years (the area of the polygons). Mrs. Kaya stated:

It is necssary to know how to calculatke area of a polygon to apply
thevolume of prism. In fact, to find the area of base [of the prism], it is
necessary to know how to calculate the area of a polygon.

Pri zmanéeén hacmi i -in t aban al ané
bul mak i-in -okgenlerin alanéné bi
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Pertaning to the volume of the pyramid, Mrs. Kaya, Md&kay and Mrs.Uzun
said that they made links to the topic that had laeght in previous years aiatso
taught at the same yeddrs. Akay gave this example:

When | am teaching the volume of the pyid, | connect it with the
volume of a prism and the area of a polygon. Since the volume of a
pyramid is one third of the volume of a prism. For this reason, students
should know how the volume of a prism is calculated to find the
volume of a pyramid.

Pirami tin hacmini anl atéerken prizmanén hac!
il i kkilendiriyorum. ¢¢enkeg piramitin hacmi
Bu y¢zden, piramitin hacmini hesapl amak i

hacmini bilmemeliler.

Thus it can be seen thattkopic; the area of a polygon, had been taught in the
previous year and the volume of a prism had been taught at the samdoyeaver,
Mr. Esensaid that he did not connect the volume of 3D solids to the topics taught in
previous yearsthe same year dnto be taught in later years. During the interview,
Mr. Esencommented:

| had not connected this topic with the other topics until today. With
which topics do | connect? Of course, all the topics is related to each
other. Multiplying the numbers is relatéo the volume, as well. But |

do not link [the volume] with any topic in particular.

Bug¢ne kadar bu konuyu bakka konularl a i
konu ile ilikkilendirebilirim ki? Tabiki [
I -inde. Sayébiarénhaairpléeé masexkkilidir. Ama
[ hacim konusunu] bir konuyla ilikkilendirr

Contrary to his explanation in the interview, Misendid make links to the
volume of a pyramid with the volume of a prism like the other teacinerss
lessoms. In other words, when teaching the volume of the pyramid, in their lessons all
the teachers reminded the students about how to calculate the volume of a prism.
From the observation of Mrkl z u w©l@ss this dialogue was recorded:

Mrs. Uzun: How can you alculate the volume of this prism? (showed a
triangular prism)

Studentl (Std): By multiplying the area of the triangle and the height
of the prism.
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Mrs. Uzun: Okay. What about the volume of this? (showed a triangular
pyramid)

Std2: By multiplying the eea of the triangle and the height of the
pyramid.

Mrs. Uzun: You said that the volume of the pyramid and the volume of
the prism are the same. But they are not the same. Do you think that if
we fill both of them with water, will the amount of water leesame?
Stds:No

Mrs. Uzun: In that case, their volumes are not the same. Look at this
prism. There are 3 pyramids in it (showing thiangular prism). That

is, the volume of prism is equal to the volume of 3 pyramids. In other
words, when calculating theolume of pyramid, we divide the volume
of prism by 3 if their bases and their height are the same.

Similar to the way in which MrdJzuntaught, the other three teachers taught
the volume of the pyramid by relating it to the volume of the prism im tegsons.
However, none of the teachers connected the volume of 3D solids with the topics to

be taught in later yeaed topics that had been taught in other courses

4.23.2 Changing the Order of the Topics

In addition to connecting topics with theatders usedtheir curriculum
knowledgerefersto make changes in the order of the-spics of 3D solids in the
curriculum. In the elementary mathematics curriculum (MoNE, 2006), the topic of
3D solids, started with defining the basic terms of the p@sm continued with
calculating the surface area then the volume of prism. Up to this point, teachers had
not altered the order of the topic. However, in the curriculum, the topic ceatmu
define the terms (e.g. base, lateral faces and height,) rétate@yramid, cone and
sphere followed by their surface area. Lastly, the calculation of their volues w
taught. Regarding the order of pyramid, cone and sphere, all the teachers did change
the order in the process of teaching. The teachers were askedaon for this
change in the interview. MEsenresponded as follows:

It was not reasonable to teach defining the basic terms related to
pyramid, cone and sphere, and calculating the surface area and the
volume of pyramid, cone and sphere separatelymy opinion, it is

more effective first to teach the definition of the basic terms related to a
pyramid, then calculate its surface area and volume. Then these aspects
related to a cone should be taught. Lastly, the terms regarding the
sphere should be fieed and the calculation of the surface area and
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volume of sphere should be taught. In this way, | created coherence for

each 3D solid.

Piramit, koni ve k¢re il e il gili t emel k a
yé¢zey alanéené ve hacmini hesapl amayé ayr e
dej il . Bence °nce piramit ile ilgildi kavr
ve hacmini hesapl aialyyer. Sdrjrarkenti lee k daha et ki
g | ol an konular °Jretilmeli. En son d
tanémlanmal € vV e kKeé¢renion yézey al ane vV e
°Jretil meli. Bu kekil de her Dbir geometrik

Moreover, MrsUzunexplained:

If | taught [the topic] of 3D solids according to the sequence given in
the curriculum, | would lose time. | reminded the students about the
pyramid, cone and sphere in every lesson.

Ej er 3 boyutlu cisimleri myakitr edat t aki s é
kaybediyor um. Her defasénda piramiti, koni
gerekiyor.

All the teachers altered the order of the-spyics related to 3D solids in order

to teach the topics more effectively and to avoid loss of time.

4.2.4Middle SchoolTeacher sdé Knowl edge of Assessment
The last dimension of theniddle schoolt eacher sé6 PCK is presel
di scussed in this study was the teachersod Kk
data collected through the questionnaire, interviemd classroom observation
revealed that teachers applied formative and summative assessment during their
regular instructions. The descriptions of these two types of assessment are presented
before discussing how they implemented them.
Formative assessment providéise teacher with information about the
students learning during the learning process. Moreover, it provides the students with
feedback about their learnin@n the other handsummative assessment evaluates
the student sdé knowl edgaadneasaresestudent leagning s peci f |
following the completion of a unit in any subject (Lankford, 2010).
The participating teachers applied different formative assessment methods to
obtain information about how much students have learned during the lesson. All

teachers asked students many questions related to the calculation of the volume of
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prism after teachers presented a few examples during their lessons. The teachers
observed the students while they were solvinggtiestionsthey helped the students

if they missed important aspects, and gave them feedback about their learning. An
example of this process, below is one of the questions thatAWay. presented in

her lesson.

Question:

The half of the storevhich wasa square
pyramidshapefilled with wheat when 300
m® wheat was put to thetore. How much
20 wheatin the storehad previousl|9

[ 15m

15m
One of the students solved the question on the board. The teaskberenl the
class, and realized that the students were able to calculate the volume of pyramid.
However, students missed an important point, which prevented them from solving
the question. Her explanation regarding the missing point was given below.

Mrs. Akay. What was the volume of pyramid?

Std+1: 1500 nt

Mrs. Akay: Good. How much wheat was there before putting 30 m
wheat in the store?

Std-2: The half of the store

Mrs. Akay: How much?

Stdl:Hé mmmeé 7°50 m

Mrs. Akay: That is, if 300 miwheat was put in, then there would be 750
m® wheat. In this case, how much wheat is there before putting 300 m
wheat?

Stds:450

Mrs. Akay: Yes. Do you understand?

Stds:Yes.

When observing the class Miskay noticed that some of the students did not
understand the question. She helped them by asking questions. As a result of this
formative assessment, Mr&akay decided to perform more exercises and explained
the points in which the students had problems. MareoMrs. Kaya assessed her

student sdé | ear niwok, shehekpeated b graup ef stydents ugp

present the topic to the whole class and to discuss the topic with their classmates.
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During the

student séb

that students did not understand. Similar to Mrs. Kaya, Mzsinapplied formative

assessment method through the group work undertaken during her lessons. In her

assessment, she grouped the students and gave them different prisaskeSheach

group to calculate the volume of the prism that she had given them. Then, she

checked

whet her

student sé6 answers wer e

been able to find the volume of the prisms, then Nitzun explained the subject

again and solved additional examples.

Besides, Mr.Esenand Mrs.Akay asked their students a question and then

they sai
100 for

Mr. Esenasked the followig question to the class and he stated that the
students who solved this question would get 100 for the class performance grade. He
gave students time to solve the question. When students were solving the question,

he walked around the classroom and chetkéde st udent 6 s wor k.

B

After a while, one student solved the question and the student explained the

C

Anfor the students who

class performanceo.

I f A(ABCD)= 8&a2 cm

volume of the cube.

following solution to his classmates:

B

| called the |l ength o
In this case, thelengt of AC i s aa
calculate the area of ABCD by multiplying a and
aaz2.

A(ABCD) =a x aa?z2

842% 2a 2= 8 and a= a2
V== (2482)164&2
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After checking the solution, MrEsen said the students who solve the
guestion correctly that yowtass performance grade was 100.

On the other hand, one of the formative assessment strategies was that all the
teachers gave homework, from the textbook and workbook. During our conversation,
Mrs. Kaya explained:

| give homework after teaching each tapithus, | check whether
students have understood the topic.

Her Konuyu anl attektan sonra ©°dev

konuyu anl ayép anl amadeéekl aréné kontrol

Mrs. Akay and Mr. Esendid not check whether students did homework,

however, Mrs Kaya and MrsUzunc hecked studentsd homewor

the questions that students could not solve. In this sense, Mrs. Kaya stated:

Sometimes | prepare a worksheet and give it to the students as
homework. They do the worksheet at home and weusssahe
questions in the class the next lesson. If they have difficulties in solving
some questions, then | solve them and explain the point that they do not
understand again.

Bazen -al ékma kajetl ar é hazéerl éyorum
veriyorum. Onl arée evde -°9z¢yorl ar %
tartékeéyoruz. Ej er zorl andékl arée so
anl amadéekl aré noktayeé tekrar anl at é
As can beseen, the teachers plannecetd i ci t i nf ormati on abc

learning througlhomework and to determine what they had missed in relation to that
had been taught in the lesson.
On the other hand, the teachers specified that they used paEpmEitest to

grade students. Below paperpencil tesquestion posed by MEsen
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(10 points) A
In the triangular prism in the figure; if
B | E |AB|=6 cm,|BC|=12 cm and A(BCDE)= 120 ¢
then whais the volume of this triangular prism?
%F
C D

Figure 4.33 An examplepaperpencil tesguestion posed by MEsen

Another example was taken from the exam created byWsn

If the length of the one edge of base of square
pyramid, in the figure, is 8 cm and the height of si
face [of the pyramid] is 5 cm, thevhatis the
volume of tfs triangular prism?

Figure 4.34 An example opaperpencil tesquestion posetdy Mrs.Uzun

In addition, the teachers gave performance homework and projects which are
obligatory for the students. Regarding the volume of 3D solids, all the teachers asked
the students to constru8D solids from cartoons and calculate the surface area and
volume of them as performance homework. None of the students selected the volume
of 3D solidsfor their project.

In conclusion, the teachers used formative assessment by giving homework
and askedmany questions during the lesson to determine whether their students
learnt the topic. Moreover, the teachers implemented summative assessment by
giving performance homework and project work, and administering tests to discover

how much the students hadsabbed concerning what they had taught.
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CHAPTER V

CONCLUSION, DISCUSSION, AND IMPLICATIONS

The purpose of this study was to examine fouddle schoolmathematics
teachersdé subject matter knowl edge and
volume of 3D solids. In light of this purpose, this chapter presentotiwusionand
the discussionof the results, educational implications, recommendations for future
research studies, and the limitations of the research study. In other words, the
important points mentioned in the analysis part reviewed and discussed with

references to previous studies in the literature.

5.1 Conclusions

In this study, inr el ati on to four mi ddl e schooc
knowledge on the volume of 3D solids, two dimsions, knowledge ddlternative
solution methods and knowledge of generating a story problem, were examined.
Based on the findings of the study, the teaclgerseratedour solution methods to
calculate the volume of 3D solids. These methods were namedlame formula,
systematic counting, layer counting and column/row iteration by means of the related
l iterature and t h &egprdingthese Bamramethads, itwasat e me
seen that although middle school teach&tegedthese solution mhbds, tley did not
solve the questions using teatedmethods in their lessonBesidesmiddle school
teachers had difficulty in generating a story proldegsiated to the volume of 3D
solids. Although they tried to use given numbers and terms, theymneeisuccessful
in generating the story problenState differently middle school teachers did not
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have strong SMK tdeach alternative solution methods to their students although
they could generate different solution methddo r eover , tiglantdder s 6 S MK
in generatingstory problems regarding the volume of 3D solids.

Regarding middle school teachersodo PCK, t
strategy, knowledge of learners, knowledge of curriculum and knowledge of
assessment were investigatddhsed on the findings of the study, it could be
concluded that middle school teachers mostly used teaehé&red instructional
strategy rather than using lessachercenteredenriched \ith class discussion
strategy.| n | i ght of t he treeascitceulddberesultadonthae dge of |
students mostly preferred to use volume formula metiwbde calculating the
volume of3DsolidsBesi des, the middle school teachers
alternative solution methods were examiteddentify their knowledge of learners.
The findings of the study showed that the teachers were not successful in interpreting
studentsod alternative solution methods i f tt
teaching.Moreover,the middle school teachés k n oewof leachers analyzed in
terms of their knowledge of studgamet s6 error
the following errors; focusing on the faces of 3D solids, @eemting the common
unit cubes on adjacent faces, conceptual ereard computatioal errors. Paralel to
the errors, six sources of studénesrors were identified. The sources were as
follows: not being able to think of solids as thwdienensional, not being able to
comprehend the structure of 3D solids, not being able to concretigeli@d, lack of
conceptual knowl edge, studentsdé carelessnes
concepts.Also, with respect to their knowledge of learners, two strategies, using
manipulative and rexplaining the misunderstood part of the topic, were qsegd
by the the middle school teachers. Besides, 0t her di mensi on of teach
the knowledge of curriculum which was discussed in terms of the connection with
other topics and changing the order of the topics in the curricudimough the
middle school teachers made links to the volume of 3D solids with topics taught in
previous years or in the same year, they didaooinectit with topicsthat will be
taught inthe following yearsAdditionally, they altered the order of the siapics of
the wlume of 3D solids because they realized that there was a problem in the order

ofthesubt opi cs. Lastl vy, the middle school teach
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their knowledge of assessmerfthe teachers used both formative assessment
strategies (informl questioning and homework) and summative assessment
strategies faperpencil test, performance homework and project Wddck assess
students learningn the next sectionthese conclusions adiscussed based on the
related literature.

5.2 Discussia

The researchiindings arediscussed under two main sections based on the
research questions. In the first section, the natureiddle schook e acher s6 sub
matter knowledge on the volume of 3D solids is discussed with references to the
previous stues. In the second part, the nature of th&ldle schoolt eacher s 6

pedagogical content knowledge is discussed based on the related literature.

5.2.1 The Nature ofMiddle SchoolTeac her sé Subject Matter |
Generating alternative solution methodshe given questions is one of the

di mensions of teachersé subject matter

research study. The data analysis revealedntinddle schookeachers were able to

generate four alternative solution methods to calculatedhene of 3D solids. Of

these methods, systematic counting, layer counting and column/row iteration were

more complicated than volume formula. To generate these three methods, it is

necessary to know more than the multiplication of three edges (BattiStan8ents,

1996). For instance, a student using the layer counting method should realize that a

prism is composed of the layers. Similarly, to use column/row iteration method, it is

necessary to know that a prism formed by columns or rows. To summari@dem

to generate other methods apart from the volume formula, a student needs to have

knowledge about the structure of the 3D solids (Battista & Clements, 1996). In this

respect, it can be concluded that tméddle schoolteachers did have adequate

knowledge of the structure of 3D solids, such as a prism, since they were able to

establish the relationship between the units such as layers, columns and unit cubes.

This means that generating alternative solution methods to calculate the volume of

3D solids vas connected with knowledge of the structure of 3D solids. Since the
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middle schoolteachers had that knowledgbey were able to develop alternative
solution methods such as layer counting.

Although teachers stated the methods, systematic counting, dayating
and column/row iteration, during the interview, they did not use them when teaching
the volume of 3D solids in their lessons. They only used the volume formula to
calculate the volume of 3D solids. Singmuang (2002) stated that teachers dadnot nee
to use any other alternative solution methods for the given problems since they are
able to easily solve the problems using the formula. However, the reason for using
volume formula might be that teachers have little understanding of the mathematical
corcepts (Berenson et al., 1997). Since they had limited understanding of the topic,
they would not explain the alternative solution methods to their students and
furthermore, they might not encourage students to use these methods even if they
could generatéhem. As a result, it could be concluded timldle schookeachers,
who focused on using formylarobably had a limited understanding regarding the
topic and were reliant on formulas in their teaching. This conclusion was parallel to
previous studies @enson et al., 1997; Hill 2007) which concluded that teachers did
not have sufficiently deep knowledge to explain and present mathematical ideas
using alternative solution methods.

On the other hand, the variety of alternative solution methodsmiltatle
schoolteachers generate changed with respect to the way that the researcher asked
the questions even if all the questions were related to calculating the volume of 3D
solids. Two questions were given to the teachers for them to generate alternative
soluion methods to calculate the volume of 3D solids. In one of the questions,
teachers were expected to directly calculate the number of unit cubes of the prism
(Question 1). There was no extra challenge in terms of solving this question and all
themiddle £hoolteachers were able to use at least two solution methods. This result
could be interpreted as for simpleestionsithe teachers could use more than one
strategy. In other words, tmeiddle schooteachers did not nedatoad subject matter
knowledge ¢ use alternative solution methods if the volume of 3D solids was asked
directly. However, in another question, the teachers were asked to calculate the
number of unit cubes of prism when one layer of unit cubes is removed from all

faces of prism (QuestioR). Since this question has two phases, removing the outer
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faces and then calculating the number of unit cubes remain, this question is more
complicated than the previous one. It is possible that the teachers might not be
familiar with this type of questn and it was found that threiddle schookeachers
applied, at most, one solution method to solve this question. niiddle school
teachers used the volume formula, one applied systematic counting method however,
one teacher was unable to solve the qaesiihen one layer of unit cubes is removed
from all the faces of the prism. This result reveals that if the question was a little
complicated and the teachers were not familiar with it, then the teachers focused on
using the volume formula. The reason fois might be that teachers had limited
knowledge of generating alternative solution methods to solve complicated
guestions.

To sum up, to use systematic counting, layer counting and column/row
iteration methods, theiddle schooteachers need to havalaep knowledge of the
subject matter however, the teachers lacked this knowledge thus they applied volume
formula method in their lessons. As Lederman, &ésssome and Latz (1994)
expl ained, teachersé l ow | evel of Subj
instructional decisions. Therefore, the teachers would not be effective in developing
chil drends understanding of a ,twbepthe ( Mur
guestion was asked indirectly or was complicated, it required rich subject matter
knowledge in order to develop a repertoire of different solution methods. Because of
having inadequate subject matter knowledge, their repertoire of solution methods
was limited as well.

Themiddle schook eacher s6 subject mattateed know
in terms of their knowledge of generating story problems related to the volume of 3D
sol i ds. The analysis of the data reveal
knowledge on generating story problems using given numbers and terms was not
sufficiently strong. According to analysis of the data, one teacher could not make any
interpretation regarding the problem which could be generated by the given numbers
and terms. Two otheniddle schooteachers tried to create a problem related to the
volume, but their attempts were not appropriate. From the findings, itbean
concluded that teachers posed problems without thinking about the mathematical

aspects and did not pay attention to how the problems could be solved (Crespo,
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2003). In order to presethe topics appropriately and in multiple ways as in story
problems, teachers should have a deep understanding of the subject (Ball, 1990a),
thus, it can be concluded that the teachers had inadequate subject matter knowledge.
Even though these discussson ar e | mport ant part of t eac
subject matter knowledge alone does not ensure effective teaching performance
(Kahan, Cooper, & Bethea, 2003). Pedagogical content knowledge (PCK) is also

necessary and this is discussed in the following sextion

5.2.2 The Nature ofMiddle SchoolTeac her sé6 Pedagogi cal Content
As a result of the analysis of the data, theddle schoolt eac her s o

pedagogical content knowledge is present below in the follofangdimensions;

knowledge of instructionaltateg, knowledge of learners, knowledge of curriculum

and knowledge of assessment. These dimensions ofittitde schoot eacher s6 PCK

are discussed on the basis of the related literature.

5.2.21 Knowledge of Instructional Strategy
The t eackdged dstructiomalstrategy wase of thedimensiors
ofmi ddl e s c h ®0K as tisedairc Witk sesetal other studies (Grossman,
1990; Magnusson et al ., 1999) . This di mensi
knowledge of subjeespecific strategis, presenting broad applications for
mathematics teaching, and toigecific strategies, including ways to represent
concepts (pictures, tables, graphs) and instructional strategies (investigations,
demonstrations, simulations or problems) facilitatingusd e nt s 6 l earning of
topics in mathematics (Magnusson et al., 1999).
The research findings revealed that theldle schoolteachers tended to
apply teachecentered instructional strategy to teach students the volume of 3D
solids. The teacheqsrovided clear explanations and examples concerning the topic
followed by questioning the students in order to understand how much they had
learned. Moreover, they used manipulative to help their students envisage and
visualize 3D solids. In the literaturthere is support for this finding in that teachers
tend to teach using teachegntered methods (Mellado, 1998). In the current study,

the teachers6é instructional strategy to teac
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the results of other studies cencingmiddle schookeachers (Friedrichsen &Dana,
2005; Koballa et al., 2005; Magnusson et al., 1999). There might be many reasons
for the teachers in the current study to apply teachetered instructional strategy
when teaching the volume of 3D sdlids explained below.

A major influence on the way thmiddle schoolt e ac h e r waStheira u g h t
prior experience (Eick & Reed, 2002jeachers who lack of experience related to
using different instructional strategies in their teaching (Flick, 1996) e
inadequate subject matter knowledge might be reasons for applying teantered
strategy to teach the volume of 3D solids.

The complex nature of 3D solids might lead to thieldle schoolteachers
implementing teacherentered instruction. Theaehers might think it better to teach
the topic directly instead of sharing the responsibility with the students since the
teachers might think that the students might not be able to visualize and envisage 3D
solids on their own. Themiddle school teachersmay consider that using
mani pul ative would facilitate students?od
In other words, the teachers believe that for the students to learn such a difficult topic
that the teacher should orchestrate the instructioweder, Borko and Putnam
(1996) claimed the opposite in that the
through studententered instructional strategies rather than engaging in teacher
centered instructional strategies.

Another reason for applying tdasr-centered instruction to teach the topic
might be the number of concepts that need to be taught. The volume of 3D solids
includes main concepts such as the volume of a pyramid, prism, cone and sphere.
The middle schookeachers might think that studemtsuld confuse the calculation
of the volume of these shapes if they did not provide clear explanation to
discriminate between them. Also, according tornddle schookeachers, elements
such as; height, base, and height of the-fade, are the otheroocepts that
elementary students might confuse. In order to help students gain a clear idea of
these concepts, the teachers might prefer to explain them directly. In addition, since
there are many concepts in the topic, by adopting a teaehégred stragy the
teachers might consider that they can help students develop their understanding of all

the concepts needed to solving many different problems. This is important in relation
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for the students to achieve a high score in the national exam. Sinckatoadcthe
volume of 3D solids is one of the topics in the examntiddle schooteachers are

under pressure to solve many questions and this takes time thus they could not apply
activities or conduct discussions when teaching the topic.

Lastly, anothemprobable reason for using teacltentered instruction might
be that the topic, the volume of 3D solids, is one of the last topics of"teadie
curriculum in Turkey (MoNE, 2006). Because of the time constraint, teachers may
ignore the topic or teach superficially.

Understanding teacherso6 instructional str
teachers use their content knowledge, and integrate this knowledge with their PCK
with its other dimensions (knowledge of learners, knowledge of curricudunah,
knowledgeof assessment). A further aspect of PCK isrthddle schoot e ac her s 6

knowledge of learners which is discussed in the following section.

5.22.2Knowledge of Learners
Themiddle schoot e acher sé& Kk n o wimpataneissueintaise ar ner s
of effective teaching and learning (Ball & Cohen, 1999). The knowledge of learners,
one of the di mensions of PCK, was defined as
knowledge, and their misconceptions/difficulties in learning specific topic
(Magnussa et al, 1999). In order to facilitate mathematics instruction and learning,
this knowl edge has a pivot al role in wunder
(Fennema, Carpenter, Franke, Levi, Jacobs & Empson, T986) the present study
aimed to obtain idfr mat i on regarding t he teachersé
understanding. To this end, the research findings concerningnitdhdle school
teachersodo knowledge of the studentso6é prefer
could be used to calculate the volume3ai solids, themiddle schoolt eac her s 0
i nterpretations of student s dmiddlé sckoblnat i ve so
teachersé knowledge concerning to studentséo
solids are presented and discussed. Additionally, dismus on the sources of
studentsod errors and the ways of overcoming
Middle schoolteachers stated that most of the students prefer to use volume

formula to calculate the volume of 3D solids. According to the teachersgén tar
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calculate the volume of 3D solids through volume formula, it is sufficient to have
knowledge of algorithmic calculations. In other words, students do not need to know

the structure of 3D solids when applying the volume formula. However, the teachers
specified that students should know about the structure of 3D solids to apply other
solution methods such as systematic counting, layer counting and column/row
iteration. For instance, the systematic counting strategy requires counting the number

of unit cubes exterior and interior of the prism. In that case, students should consider

that some unit cubes are common unit cubes on the adjacent faces and these cubes
should only be counted once. Moreover, the students should realize that there are unit
cubes a the invisible faces and inside the prism. In addition, students should know

that the prism is formed by layers in order to apply layer counting strategy which
depends on the knowledge of the structure of prism. According to the teachers,
because the stadnt s6 have a | imited knowledge of
students prefer to use a formula to calculate the volume of 3D solidsmitioke

schoolt eacher so expressions regarding St uc
solution method were consistewith the solution method that the students used

when calculating the volume of 3D solids in their lessons. During the classroom
observation, it was observed that students had a tendency to calculate the volume of

3D solids through the formula.

On the otler hand, similar to their elementary students, the teachers also
prefer to use volume formula when teaching the topic. This revealanidate
schoolteachers possessed the required procedural knowledge regarding the volume
of 3D solids. As Fennema and aFn k e (1992) emphasi zed t
conceptual and procedural understanding of a topic influences their teaching. In other
words, because the teachers introduced the volume formula in the lesson, students
tended to use it. As stated by Zacharos (2006nstruction involves procedural
knowledge and the use of formula, the students wiisirm using the formulalhis
means that theniddle schodkachers were able to identify the most frequently used
solution methods by the students to solve thestjans related to the volume of 3D
solids. The result is consistent with that found by Carpenter et al. (1988) which
concluded that teachers had knowl edge th

methods to solve addition and subtraction problems.
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The data was analyzed to investigate niiddle schodl e acher s6 knowl edg
concerning the interpretation of the studer
gener al sense, the teachers were able to in
were familiar wth those methods. On the contrary, thildle schooteachers were
not able to interpret studentso6 alternative
had not used them in their teaching. Thus,
student s 6 limtd dy thdirsexparianses. This result could be interpreted
as middle schodkachers did not having a sufficiently broad knowledge of the
studentsodo alternative solution mddlehods. Th e
schooteachers did not knowow students thought when solving the questions.

Based on the accessible literature, the findings of the present study paralleled
previous studi es t hat aimed to i nvestigat e
different mathematic topics (Esen & Cakiroglu)12; Hill, 2007; Turnuklu &

Yesildere, 2007). For instance, Hill (2007) emphasized rtiidtle schodkachers

did not have sufficient knowledge to explain the mathematical ideas underpinning

the studentsd alternative s opemnationsoamd met hods
algebra. Moreover, Turnuklu and Yesildere (2007) concluded that teachers did not

have an adequate knowledge of fractions in
solution methods. In addition, the findings of their study revealed thanitidie

schoolt eachers had difficulty in interpreting
Similar to the present study, Esen and Cakiroglu conducted a study to explore
teachersdé knowledge in relationsoltonst heir i nt
regarding the calculation of the volume of different shapes. The researchers
concluded that the teachers could not justif
and could not find the errors in the studen
Goktr k et al . (2013) <cl aimed that teachers we
solution methods related to variables. In the present study, the reason for not be able

to interpretation of student sniddladchoelr nati ve s
teachersdé inadequate subject matter knowl ed
teacher so SMK influences t hei 2, Kcha Kk (Bal I,
Cooper & Bethea, 2003; Shulman, 1986). Thus, having a limited SMK may restrict

their understandingfo st udent s6 thinking. As a resul t,
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I nterpreting studentsdo alternative sol ut
solids.

The middle schoolt eacher sé knowl edge of stude
volume of 3D solids was investjee d . Mor eover, the reasons
the strategies to be used to eliminate them were examinedmiddie school
teachers gave the following four errors; focusing on the faces of 3D solids, over
counting the common unit cubes on adjacente$a conceptual errors, and
computational errors. These errors were consistent with studies in the literature
(Battista & Clements, 1996; Be&haim, Lappan & Houang, 1985; Hirstein, 1981).

The findings of earlier studies identified similar errors madelbgnentary students.

Battista and Clements (1996) reported that elementary students made the following
errors when calculating the volume of prism: a) counting the unit cubes on the visible
faces in the picture, b) counting the unit cubes on six facespuw)ting the unit

cubes on some visible and hidden faces, d) counting the unit cubes on the front face
only, d) counting the unit cubes on faces but not systematically (Battista & Clements,
1996). In a similar vein, Be@haim et al. (1985) identified studé s 6 er r or s r
when calculating the number of unit cubes in a prism. The errors were as follows; a)
counting the number of visible faces, b) counting the number of visible faces and
doubling that number, c) counting the number of visible cubes, andudjicg the

number of visible cubes and doubling that number. As it can be seen, the results of
both studies stated that students focused on the faces of the prism when calculating

its volume. Consistently, theiddle schoolteachers also presented the saer,

focusing on the faces of 3fblids thatelementary students might make. Moreover,
according to Hirstein (1981), elementary students might calculate the surface area of

3D solids when calculating its volume. Similarly, tméddle schoolkeachers ned

the same error which was considered to be conceptual error. As a result, earlier
studies supported the information given here abodidle schoolt eac her s o
knowl edge of studentsé errors related to
shape. Thiscould be interpreted as thmiddle schoolt eacher sé6 having
knowl edge of student s66 eervolune of 3 adlids. when
Although the teachers in the present study had sufficient knowledge on elementary
student sb6 e meKilic (@011) and tsik et al.\(2013)uconcluded that the
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teacherso had | imited knowledge to identif)

i nstance, the teachersd knowledge regarding
to identify t @nehe stheuhrdnAygud et &.(20k8) asd Gokturk
et al . (2013) found that the teachers <coul d

equal sign and variableShe results of Aygun et al. (2013) and Gokturk et al. (2013)
were consistent wittheresulo f current study in terms of th
knowledge in relation to determine the errors of their students to here.

The surprising finding of the study i s |
errors in the volume of 3D solids. When the imeot solution methods of students
were presented to thmiddle schoolteachers, they could not identify the errors
which caused students to give the incorrect answer. However, when the teachers
where asked about the possible errors that the studentsmagktwhen calculating
the volume of 3D solids, then they were able to state several errors. The reason for
this might be that theniddle schoolteachers did not have adequate knowledge
concerning studentsod6 thinking (Carpenter, Fe

Parallel to the errorghe middle schoolteachers identified six sources of
studentsd errors in calculatingmiddliee vol ume
schoolt eachers, the most i mportant source of st
being able @ think of solids as thredimensional. Themiddle schoolteachers
thought that students considered thd@aensional solids as twdimensional. For
this reason, the elementary students focused on the faces of 3D solids, and confused
volume and area. Sinait findings were also given in the literature (Battista et al.,
1996; BerChaim et al. 1985 Hirstein, 1981). In the study of Bé&bhaim et al.
(1985), the elementary students focused on the faces of the 3D solids when
calculating its volume. Consistenttivithemiddle schoot eacher s6 knowl edge,
Chaim et al. (1985) asserted that students were not aware of theithezesionality

of the solid. They stated that Adeal i ng wi f
related to some aspects of spatial visaalizi on abi l i tyo (p- 406) . T h
Chaim et al. wverified that the teachersd kno

error was that they were not being able to think of solids as-tlmaensional.
Moreover, Battista et al. (1996) stated tlstidents considered 3D solids as an

uncoordinated set of faces which confirmed the leveimafdle schoolt e ac her s 6
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knowledge of the source, as not being able to think solids asdimeasional.
Moreover, themiddle schooteachers stated that studentight confuse volume and
area because they were not being able to think of solids asdihreasional. This
sour ce of etronvas cortfirmedeyHirstein (1981). He also concluded in
his study that elementary students might calculate the sudiaze of 3D solid
instead of calculating its volume because they did not considering solids as three
dimensional.

Another source of the error stated by theldle schoolteachers was not
being able to comprehend the structur&gbfsolid. According to te middle school
teachers, the student s 63Dadlidemanatedffronfnotc usi n
knowing the structure @D solid. According to theniddle schooteachers, students
may think that a 3D solid is like an empty box thus, the studentsomigyfocus on
the faces of 3D solid. For instance, students might not think that the prism is
composed of the layers, and that a layer is composed of a column/row. Also, that the
column/row is formed by unit cubes. Since they did not know the structu3® of
solids, the students concentrated on the faces of a 3D solid when calculating its
volume. In other words, elementary students might not have the appropriate spatial
awareness of the structure of 3D solids
orgmi zation or form for an object or set c

Also, with respect to theniddle schoot e acher sé6 knowl edge,
of studentso errors in relation to the f
perimeterwas not being able to concretize 3D solids. Tinddle schoolteachers
stated that the elementary students had difficulty in mentally visualizing 3D solids as
stated by Olkun (1999; 2001; 2003) . Thus, students were not able to consider the
inside of the gsm and they concentrated on the outer faces of the 3D solids when
calculating its volume. Furthermore, due to not being able to concretize 3D solids,
they might confuse the concepts such as perimeter and volume. For this reason, they
might calculate thegqrimeter of the 3D solids instead of its volume.

According to themiddle schoolteachers, the most widespread source of
studentsd errors was the studentsodé car el
faces of 3D solid, ovectounting the common unit cab on the adjacent faces, not

being able to calculate the area of the triangle, not being able to apply Pythagorean
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Theorem and multiplication error. Due to being careless, students may forget the
threedimensionality of the 3D solids. For this reasonythmy focus on the faces of
3D solids. Furthermoremiddle school teachers stated that owing to their
carelessness, the students did not consider the common unit cubes on the adjacent
faces. For the same reason, the students may make errors in the catitipli
operation and they may not calculate the area of the triangle when calculating the
volume of pyramid. Students may not apply Pythagofidaoremwhen finding the
length of edges which was necessary for calculating the volume of 3D solids.
Accordingto themiddle schooteachers, this source of error was the least important
of studentsd errors because it iIs not specitf
I n relation to the s omiddle schoolteadcherst udent s o
specified that students didonthink deeply about the concepts. This could be
explained ashose studentdid not interpret the concepts such as the volume, relate
the concepts with the other concepts that they had previously learnt and their daily
life, and give the meaning of thelame formula. According to the teachers, because
they did not think deeply about the concepts, the elementary students might make
errors such as; owmounting the common unit cubes on the adjacent faces and
computational errors. Regarding ov@unting he common unit cubes on the
adjacent faces, thmiddle schooteachers explained that students might not consider
how the unit cubes are placed in a prism. According tartidelle schoolteachers,
their students could not establish the relationship betwsdts as Battista and
Clements (1996) stated. For this reason, students did not think that some unit cubes
belonged to two or three faces. This showed that students were not aware of the
structure of 3D solids. Additionally, thmiddle schooteachers sgrified that one of
the sources of computational error was not thinking deeply about the concepts. For
instance, students might make an error in multiplication, and the reasons for this kind
of error might not consider which numbers should be multipliedaloulate the
volume. They may multiply the numbers without understanding the meaning of the
numbers. In other words, students might not consider the depth, width and height of
the prisms. Additionally, theniddle schoolteachers stated that their elenzapt
students did not think about how to calculate the area of the triangle for the volume

of prism and they could not apply Pythagorean Theorem. That is, the students might
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not know which edges of the triangle should be multiplied to calculate the afrea of
triangle or they may not know the reasons for dividing the result of multiplication of
the base and the height of the triangle by 2. In relation to not being able to apply the
Pythagorean Theorem, the students might not discriminate the right edgésand
hypotenuse of the triangle or they might not know give the meaning of the
Pythagorean Theorem. For these reasons, the source of the errors, not being able to
calculate the area of a triangle and not being able to apply Pythagorean Theorem,
was not thmking deeply about the concepts.

Finally, themiddle schooteachers specified a lack of conceptual knowledge
as one of the sources of the studentso e
middle schoolteachers, confusion of the concepts emandtech the lack of
conceptual knowledge. Due to the fact that the elementary students do not
comprehend the concepts, it is indispensable in avoiding errors. For instaddie,
schoolteachers stated that the reason for confusing volume and area milgia the:
studentsé | ack of conceptual knowl edge.
what the volumeor areawas when they were trying to calculate them. If students
comprehended the volume and area, then they might not confuse them as stated by
Hirstein (1981).

The middle schoolt eac her s specified six sourc
relation to the concept of volume. This result could be interpreted asiititbe
schoolt eachers having knowledge on the sour
volume of 3D solids. In order to eliminate these errors, the teachers proposed two
strategies, using manipulatives aneergplaining the misunderstood part of the topic
and, all the teachers used these strategies during their lessons. Although these
strategiesvere not specific to the volume of 3D solids, th&ldle schoolkeachers
believed that they were the best ways to eliminate student errors. For instance, to
eliminate errors, ovecounting the common unit cubes on the adjacent faces, the
middle schooteaters might show the common unit cubes on the adjacent faces by
using manipulative. In this way, the students may realize that some unit cubes belong
to two or three faces. Moreover, for focusing on the faces of 3D solidnitidie
schoolteachers may udaeaseten blocks. In this manner, students may comprehend

the structure of prism and concretize the prism in their minds. In addmtimiale
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school teachers may help students to discriminate between the volume and area
concepts via using manipulative. Atddnally, according to themiddle school
teachers, rexplaining the misunderstood part of the topic could be used to eliminate
all errors that elementary students made. For examytielle schooteachers stated
that elementary students might confusehtéight of 3D solids and the height of side
face of 3D solids. To eliminate this erronjddle schooteachers may explain these
concepts until the students understand.

As a result,middle schoolteachers had knowledge of learners to identify
st ud e ors, o deteenine the sources of the errors and the strategies to eliminate
these errors. Moreover, they had knowledge of the methods that elementary students

used when calculating the volume of 3D solids.

5.22.3Knowledge of Curriculum
In this study, a0t her di mension of PCK was the tec:
curriculum is discussed in terms of tt@nnection with other topics and changing the
order of the topics in the curriculum
Fourmiddle schooteachers connected the volume of 3D solids withatiea
of polygons, which was taught in previous ye@g.making this connection, it can
be said thamiddle schoolteachers had vertical curriculum knowledge (Shulman,
1986). However,this relatonb et ween t opi cs i's not an indi
knowledge of curriculum was strong since the area of polygons also uses the volume
formula. This means that by relating the volume of 3D solids to the area of polygons
may not help students to learn the volume of 3D solids in a meaningful way rather
that studentsre likely only to remember how to calculate the area of polygons. In
addition, when connecting these two topics, the teachers commented that students
should know how to calculate the area of a polygon to apply the volume formula.
This result led me to ewlude that theniddle schooteachers referred to the area of
the polygons because it is a prerequisite to calculating the volume of 3D solids.
Additionally, teachers made links to other topics such as the volume of the
pyramid with the volume of the @m, taught in the same year. The purpose of
connecting the two topics was to use the volume of the prism which they had learned

a short time before to make the volume of pyramid more understandable. When
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connecting these topics, they focused on using méatige. In this way, theniddle
schoolteachers aimed to help students visualize the connection. In other words, they
tried to eliminate the error, which arose from the students not being able to
concretize 3D solid.

Although teachers made links to ttopics taught in previous years or in the
same year, they did not connect the volume of 3D solids with topics to be taught in
later years. Moreover, they did not make a connection between the volume of 3D
solids and topics in other courses. Furthermorentlddle schoolteachers did not
aim to link the topic with the future dailife of the students. The reason for not
connecting the topic with other topics or daily life might be tmaddle school
teachersdé knowl edge ¢ onc éde togica might notebe r el a't
well established.

Furthermore, the teachersd knowl edge
terms of changing the order of the topics. It was connected to curriculum saliency
and the robust SMK thahiddle schoolteachers had (Aydin,022). Curriculum
saliency refers to teacherdés knowledge o
(Rollnick, Bennett, Rhemtula, Dharsey, & Ndlovu, 2008). As a result ofmidele
schoolt eacherso6é6 curriculum sali encthe,subt hey d
topics of 3D solids are located in the curriculum in terms of teaching the volume of
3D solids. To resolve this, they changed the order to make teaching more
comprehensible to the students. In addition to their curriculum saliency, it is highly
pobabl e that the teacherso6é robust SMK ma
This resultwas in keeping with that of Basturk and Kilic (2011). They also
concluded that teachers who had adequate content knowledge paid attention to the
order of presentatio of topics if necessary. Furthermore, their teaching experience
may have an influence on thaddle schooteachers in terms of altering the order of
the subtopics of 3D solids in the curriculum. Similarly, Friedrichsen et al. (2007)
stated that teachdrs pr i or experience has i nfl uen
Throughout their teaching in the previous years, they might notice that the order in
the curriculum disrupts the integrity of the stlpics of 3D solids. According to the
middle schooteachersthis may prevent students from making relationship between

the subtopics of 3D solids and understanding the topic. Changing the order of the

183



subtopics of 3D solids revealed the teacher's knowledge and understanding of the

topic which might be an indicatr of t eacher sdéd adequate knowl e
In brief, middle schooteachers had limited knowledge in terms of connecting

the volume of 3D solids with other topics within mathematics or other lessons.

However, they did have adequate knowledge tbzee¢hat there was a problem in

the order of the sutppics of the volume of 3D solids and to alter their order.

5.22.4Knowledge of Assessment

Knowl edge of assessment I's one of the d
comprises teachers' knowledge ofwhad assess and how to assess
(Magnusson et al., 1999). In the present study, riiddle schoolt eacher s 6
knowledge of assessment was discussed in terms of how to assess.

When teaching the topic of the volume of 3D solids, the teachers
implemented assessment strategies from the beginning to the end of the topic.
Teachers need to be sure that students had a good understanding the previous parts
before moving forward. In addition, to be able to learn the volume of one of the 3D
solids (e.g.pyramid), students need to know the volume of another 3D solid (e.qg.
prism). The lack of this knowledge results in potential problems in learning the
volume of 3D solids (Sirhan, 2007) . For this
learning from the éginning to the end of the topic.

Magnusson et al. (1999) specified that teachers should know what to assess
and how to assess. Thaddle schookeachers used both formative and summative
assessment strategies such as informal questioning, homework;ppap# test,
performance homework and project work. The reasons for using informal
questioning, one of the formative assessment strategies, might be to obtain feedback
about studentsd understanding, to deter mine
under st and, to identify studentsdéd errors 1in
result from the study by Lankford (2010). Additionally, teachers gave the students
homework, which is another formative assessment strategy. However, they did not
checkwhether the students could solve the questions in the homework, whether
students had difficulties regarding the questions, and whether there were points that

they could not understand in relation to the topic. The aim of giving homework was
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to encourage #hstudents to study the topic which was inconsistent with the aim of
using formative assessment strategies (Cowie & Bell, 1999; Lankford, 2010). Since
the researchers (Cowie & Bell, 1999; Lankford, 2010) emphasized that the aim of
using formative assessntamas to provide feedback in order to guide their teaching.
On the other hand, theniddle schoolteachers applied a papeencil test,
performance homework and a project as summative assessment strategies which are
required by Ministry of Education. MONE2Q06) explained that students present
their knowledge and skills by relating the topic to their dhity during the
preparation of performance homework. Moreover, the project work is similar to
performance homework but requires creativity and high Iskiéls (MoNE, 2006).
Although MoNE (2006) introduced the aims of giving performance homework and
project work, the purpose of giving them was not consistent with their aims that were
presented by MoNE. Additionally, teachers used a pppecil test at thend of the

topic. But they did not aim to determine points that students could not understand,
the purpose was only to grade students. The interesting finding is that none of the
middle schooteachers gave quizzes at the end of onetapie of the volune of 3D

solids and before starting a new one. However, quizzes may help teachers to
understand which part of studediesarning is lacking.

There might be two reasons for choosing the assessment strategies. One
might be that teachers have a tendency tpléement assessment strategies with
which their understanding was assessed when they were student (Kamen, 1996).
Another reason might be that they have to apply certain assessment strategies. In
addi ti on, teachimy stylenay intuencesttieir usef assessment strategies
as stated by Lannin et al. (2008). The teachers in this siyulied teachecentered
instructional strategyand thus, they may focus on assessing knowledge through

traditional assessment strategies.

5.3 Implications
In this stuly, the fourmiddle schook e acher sd6 subject matt
pedagogical content knowledge of the volume of 3D solids were investigated. In

light of the findings, the study has several implications foriddle
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schoomathematics teachers working with emlentary students, mathematics
educators, the curriculum developers, textbook writers, and policy makers.

The current study verified the argument in the literature that teachers should
havedeepand broad subject matter knowledge (Gdssvsome & Ledermarii999;
Shulman, 1987). Teachers need to recognize that just knowing and applying
procedures or formulas does not mean that they have a deep understanding of SMK
and PCK for teaching mathematics. Moreover, mhiedle schoolt eacher sd6 PCK
cannot be strongna effective for mathematics teaching without a strong SMK
(Maxedon, 2003). In the current study, theddle schooteachers had limited SMK
and PCK. Generally they did not develop alternative solution methods to calculate
the volume of 3D solids and didbihgenerate a story problem involving the volume.
Mor eover, they were not able to interpret S
studentsod errors in relation to the vol ume
have rich repertoire of instructionalratiegies and they taught the topic through
lecturing. Their lack of knowledge of instructional strategies may influence their
instructional decisionsince they did not know how to apply different instructional
strategies Furthermore, the teachers appliad limited number of assessment
strategies (informal questioning, pajpemcil tests, homework). Thus, tmeiddle
schoolteachers should enroll in professional development programs to help them
develop their understanding of the mathematics. midle sclool teachers in the
current study had not participated in any professional development programs.
Participating professional development programs has several benefits for the teachers
such as; providing opportunities to develop the depth and breadth of thei
mathematics content knowledge. Furthermore, thieldle schodkachers can
i dentify studentsd misconceptions/ difficultdi
determine ways to eliminate them. Moreover, the teachers need to increase their
repertoire ofinstructional strategies to teach mathematics. Additionphgfessional
development programs should be provided to help the teachers to enrich the
assessment strategies t o determine the |l ev
recommended that MONE ongiaesmiddle schooteachers
2 professional development programs for teachers and together with the school

administration, encourages them to participate in these programs.
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In the literature many authors claimed that teaching experience is a crucial
soure oft eachersé PCK (Grossman, 1990; Shul n
However, it does not guarantee a wadlveloped PCKRriedrichsen et al., 2007) and
this is supported by the findings of the current study since although the four teachers
each hadat least 12 years experience, their PCK was not robust. For instance, the
teachers did not have adequate Kknowl edg
el iminating their errors because they di
teaching. In pat i cul ar , they did not take the
consideration when they were teaching. They only considered whether students
followed the procedure or not when calculating the volume of 3D solids. However,
the teachers could have obtainech owl edge of studentsodé err
homework (An et al., 2004) and pagmencil test but theniddle schooteachers did
not check studentsd homewor k. 't seems t |
not to under st an dnlysda mekeetndergsGeviteevhat thely hage b u t
learned in class. Another way of obtaining information about student errors would be
through tests but the aim of the papencil test was to grade students. If teachers
wi sh to support thanahey neesl toowlhserve the shudeinte dunring i n g
lessons to understand their thinking. In addition, homework, performance homework,
project, and papgg e n c i | test could be i mportant i
order to do this effectively, themiddle schoolteachers should focus on developing
formative and summative assessment strategies to acquire deep and meaningful
knowledge of how students learn and comprehend mathematics topics.

Moreover, the study offers implications for curriculum developend a
textbook writers. The findings revealed that tméddle schoolteachersapplied
teachercentered instructional strategylherefore, they had tendency to teach the
mathematics by lecturing. During the interviewiddle schoolteachers stated that
they want to apply activities but they do not know which activities can help students
to facilitate their learning. For this reason, teachers should be supported by useful
activities for teaching the topics effectively. In this regard, curriculum developers
andt ext book writers should include activi
Additionally, textbook writers may give place to problems which support conceptual

understanding rather than directing students to apply the formula. Guidelines for
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teachers thatover the important issues in mathematics teaching should be clearly
presented and explained in the teacher copies of textbooks.
The recommendations for further research and limitations of the current study

are presented in the following section.

5.4 Recommendations for the Future Research Studies

This research study was aimed to understandrfoddle schoomathematics
teachersdé subject matter knowledge and pedag
volume of 3D solids. Based on the findings, relatskarch studies are suggested in
this section. Future studies could be condu
about the other important areas of geometry, such as the surface area of 3D solids,
triangles and angles. This would serve to presemrgarpicture of theniddle school
teachersdé knowledge of geometry and since u
geometry has i mportant role for understandir
(Maxedon, 2003), and this type of research would extend tHerstanding of the
teachersdé mathematics knowl edge.

I n this study, the effect of teachersd Kkr
i nvestigated. However, in the I|iterature it
an i mpact on t hetinsnatoechatiost(Hillé& Ballc2004)eln @dare n
to explore how teachersé SMK and PCK affec
geometry topic, further studies need to be undertaken.

Researchers have <cl aimed that teacherso
the dimensions of PCK since it guides teachers in making instructional decisions
(Brown et al., 2009Koballa, Glynn, Upson and Coleman, 2D0&lthough middle
school mat hemati cs t eachefowdmeaddibisthevas | nvest
t e a c trientasodto mathematics teachirgas nottaken into consideratioim the

present study. Furthermote,h er e ar e many studies regarding

science teachingout r esear c h ai ming t o investigate t
mathematics teaching is limie d . Due to the 1 mportance of t
their PCK,researclst udi es shoul d be carried out to id

mathematics teaching and its effect on otlierensions of PCK.
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The findings also suggest the need for furthedistion the possible effects
of teaching experience on the devel opmen:
Shulman, 1987; van Driel et al., 2002). In order to identify the effects of teaching
experience on t,aevcad eacleG ankl rexqeedectdegaec her s 0
knowledge about the same topic could be investigated and compared.

As stated by several researchers, PCK is a-{gecificconstruct (van Driel,
et al., 1998; Veal & MaKinster, 1999). Although one of the aims of the present study
is to investigate middle schoolt e a ¢ h e rspetific POKp the literature has
identified the need for more topispecific PCK research. In order to present how
topics peci fic PCK i s, teachersdé PCK in dif
contrasted.

In addifon,pres er vi ce teachersdé knowl edge of
be investigated in order to provide support for teacher educators to design their
methods coursetoenrichpeer vi ce teachersd SMK and PCl

In Turkey the elementary and secondaryheatatics curriculum was revised
in June 2013 (MoNE, 2013). The volume of 3D solids was removed from the 8th
grade mathematics curriculum and included in the 10th grade mathematics
curriculum. For this reason, further studies need to be done to examimelagco
mat hemati cs teachersd knowledge of the v

Lastly, quantitative research studies could be performed to investigate pre
service and iser vi ce mat hemati cs teacherso kn
mathematics. In this way, the findmigf the study could be generalized to the

broader context.

5.5Limitations of the Study

This study examined foumiddle schoomat hemati cs teachers
regarding the volume of 3D solids. The findings of this study have made
contributions to theiterature however, there are also the following limitations to the
current study; the selection of the participants, the data collecting instruments and
procedures, researcher position, and the topic selected to be studied. These issues are

detailed below.
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It is indisputable that the selection of the participants is one of the limitations
of the study. As stated in the methodology part, fouddle schoolteachers
volunteered to participate in the study. Since this was qualitative case study, the
findngsmay change with respect to the participa
beliefs. For this reason, different participants could produce different results.

Another limitation was directly related to the data collection instruments. The
guestionnaire comening the volume of 3D solids was developed by the researcher
and all the items were discussed with a mathematics educator and mathematics
teachers. However, the questionnaire may ha\
beliefs and biases. Moreover, mosétthe questiong the questionnairerere related
to the volume of the prism. Although data gathered from the questionnaire related to
teachersé knowledge on the volume of pyr ami
through the classroom observation; the ifigd of the study were mostly related to
the volume of prism. In addition, the findings were restricted to the data gathered
from the questionnaire, interview, classroom observation and field notes.

The researcher 6s posi tudlyoAs explainechihtkeo a | i mi t
methodology part, one of the data collection tools was classroom observation in
which the teachersd | essons were videotaped
camera during the lessons might have had on effect on both the teaoders
students. To minimize this, researcher attended a few lessons and videotaped before
teachers started teaching t he vol ume of 3
background and beliefs can lead to unintended biases during the data collection and
analysispr ocess. To minimize researcherds biases
as questionnaire, interviews and classroom observations) were used and the data was
analyzed by a second coder. Furthermore, the findings of the study were discussed
with my supevisor and thesis committee members throughout the data analysis
process.

A final limitation of the study is related to the topic to be studied. In the 8
grade mathematics curriculum, the volume of 3D solids was one of the last topics
(MoNE, 2006). Becase of the time constraint, teachers may ignore the topic or teach

it superficially. The findings of the study might be influenced by this situation.
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APPENDICES

APPENDIX A

THE TURKISH VERSION OF VOLUME OF 3D SOLIDS QUESTIONNAIRE

(VDSQ)
Merhaba,
BenRRyhan TEKKN SKTRAVA. KIl'k®jJretim B°l
doktora yapmaktayeéem. Pri zma, pirami:t Ve
yapéyor um. Bu araktérmada ortaya -ékaca

ol acajéené de¢e¢kenegyemumn.ikBmcecglbedeni i zve
ifade etmenizi rica ediyorum.

Bana g°r¢kme s¢grecince s®°yleyecekl erini

yazarkeng ° r ¢ Kt ¢J ¢m bireylerin isimlerini kes
Bakl amadabu®°eseéegledi kl erimle i11lgili sorr
G°r¢kmenin yakl akék 1 saat sg¢grecejini ot
veya herhangibk ey ol ursa | ¢tfen s°yleyin. kimdi
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SORU SETK

Akajéda verilen sorularén cevaplarénée
cevaplayabilirsiniz.

1 :
) / // Yanda verilen kare pr
ka-teéer?
a Bupp obl emin -°z¢m¢gnde kull anél abil

yazéneéez.
b) ¥Jrencileriniz belirttijiniz y°nt

kullanarak biproblem- ¢ zer | er ?

ecek bil

eml er de

c) ¥jrencileriniz bu problemi? -°zerken hangi

d Bu hatalarén kaynajeé ne olabilir?

e) Siz bu hatalaré d¢zeltmek i -in hangi ©°Jr

materyalleri/stratejilerk ul | anér séeéneéz?
2) 7 Yanda veril en keazreey | per

birim-lekmlrdrel dej énda
ke p €ekra?l

a) Bu probl emin -%z¢megnde kull anél abil ecek

yazeénez.

b) ¥J renci lberliimitti Jiniz y°ntemlerden hangi s
kullanarak byoroblem- © zer | er ?

c) ¥Jrencileriniz bu probl emi -%zerken hangi

d Bu hatal arén kaynajeé ne olabilir?

e) Siz bu hatalaré d¢zeltmek 1 -in hangi ©°Jr
materyalleri/stratejilerk ul | anér séneéez?
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3)

4)

aHat a yap
b)¥] renci |
c)Bu hat al
d)Si z bu h

stratejilerik u | |

aySoruyu d
A-ékl ay
b)Sor uyu
A-ékl

c) Soruyu yah € K

<

aye

ddSoruyu vy
e)Si z bu h
stratejilerik u | |

AYanda verilen dikd®°rtage
hacmn i hesaplayénézo prob
MehmetAs| and6én sénéeféndaki
b¢yék -ojunluju ayné hat
cismin hacmini 94 buluyorlar.
Buna g°r e;
an °jJrenciler probl emi nasel
erin bu soruyu yanl ék -°zmel et
ar én kaynajé ne olabilir?
at a-diam éhanpgiel tjme&t iim t ekni kIl er
aRérséenez
Leyl a Aksoy yandaki Képeén
°Jrencileri sonucun 27 ol
°Jrencilerinin soruyu far
farkeder. Bu -°z¢m yoll ar
raj men bazél arée yanl éxkter
Buna g°r e;
ojru -°zen °jJrenciler ne tg¢r
nez
anl ék -°zen °jJrenciler ne tg¢r
nez
-%zen °Jrencilerin hatalareée n
anl ek -°zen °jJrencilerin hata:¢
atal aré dg¢zel t mienkteryallei/ n hangi ¢

anérsénéz?
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5)

- Yukaréeda verilen dikd°rtc
Eren, Kuzey, Damla, Yaj mtL
-%zm¢gkl er fakat ayné ceve
-%z¢ée¢mloer i akajeda veril mi
El adnén -°9z¢mg.: Erendin -°9z¢mg.:
26 x 2=52 6+6=12
8x2=16 4+4=8
52- 16= 36 12+8+4=24
36- 12= 24
Kuzeydin -°9z¢mg: Ya] mur dun =-°z¢mg:
4x3=12 6+6=12
12x2=24 4+4+4=12
12 + 12=24
Berke 6nin -°z¢mg.:
4x 3 x 2= 24
a)¥jrencilerin -°z¢;m yoll aréné kendi c¢ml el
b) Soruyu yanl ék -°zen °jrenci veya °jJrencil
c)Si z bu hatal areée d¢zelt mienteryalleirfn hangi °Jre
stratglerik ul | anér sénéz?
dSizin °jJrencileriniz genelde hangi °jJrenc
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6)

Yandadik ¢ - gen pr i Zmea i d ek lki

kal eébé bulunmaktadeér.
ayreldéejénda el de edil
kadar olur?
15c
40 cm
Arda Acar yukarédaki problemi sénéfta °©°7
karkeél akeér .
Yankéonén -°Asyadnén -°z/Yama@mdn-"°zg
a&=b"+c _15.25 d=0+c
252 = 15+ ¢ V=——4 252 = 15+ ¢
625 = 225+ ¢ V= 7500 625 = 225+ ¢
400=¢ =) c=20 Bir dilimin hacmi: 400=¢ = c=20
15.20 7500 40
V= —"-—140 = — =2
V= 6000 V= 15.20 5
Bir dilimin hacmi: oo
6000:300 V=300
20
Adadnén -°z¢|lll gazdén -°z¢mg:
&=b+c &=b+c
25 = 15+ & 25 =15+ ¢
625 = 225+ ¢ 625 = 225+ ¢
400=¢ =) c=20 400=¢ =) c=20
40.20.15 15.20 _ 25x
V= ——— — = x=12
2 2 2 =
V= 6000 _40.25.1Z _
Bir dilimin hacmi: V= —— &= V=6000
6000
—a 300 Bir dilimin hacmi: 2220 =300
20 20
a)Si zce Arda ¥Jretmendin °Jrencileri bu
de¢kenmegk ol abilirler?
b)Ej er bu °jJrencilerden soruyu yanl ék - ¢
hat al aré nelerdir?
c)Si z budbhatehtame& i-in hangi °Jretim tel
stratejiler:i kull anérsénéerséeneéez?
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/) Yandaveril en kar e [
maketin tabanénén
cm ve yan y¢é¢z o By
maketin hacmini hesaplayan Ceren
Cemr e probl emi

-%zZméegkl erdir .

Cerendéin -°z;m{Cemrebnin -°z¢mg:
ye 8:6:5 E=b+c v 864
25 =9+
v=280_gocnr 16 =@ v= 144 _agen?
3 _ 3
c=4
a) Sizce Ceren ile Cemre bu -°z¢m yoll areéené
olabilirler?
b)E]j er bu -°z¢m yoll aréndan biri veya her i
olabilir?
c)Ejer bu -°z¢igmawgil | areindpanhexk hi se yapeéel an
olabilir?
dSi z bu hatalaré d¢zeltmek i -rifn hangi °jre
stratejileri kull anérsénéz?
K¢l ah, yay uzunluju, 15, yareé-ap ve 54 cm |
i - er prablef kurunuz.
N¥jrencilerin ¢- boyutlu cisimlerin hacmini |
i -in haaga-Pareameée kull anérsénéez?
1003 boyutlu cisimlerin hacmini mat emati k veya
konularlal i k ki |l endirerek anl atérséneéez?
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APPENDIX B

A TABLE OF SPECIFICATION FOR THE QUESTIONNAIRE ITEMS

SMK PCK
Knowledge of Learners Knowledge | Knowledge
of of
Curriculum | Assessment
Alternative | Generation St u d e n| Interpretations | St u d e n t| The Sources | The Strategies
Solution | A Story Prefeences |[of St ud ¢Errors of These to Overcome
Methods | Problem | among Alternative Errors Elementary
Different Solution Student
Solution Methods Errors
Methods
la, 2a 8 1b, 2b, 5d 3a, 4a, 4b, 5a, | 1c, 2¢,3b,4c, | 1d, 2d,3c, le, 2e, 3d, 4e,| 10 9
6a, 7a 6b, 7b 4d, 5b, 7c 5c, 6¢,7d,




APPENDIX C

INTERVIEW PROTOCOL (IN ENGLISH)

SUBJECT MATTER KNOWLEDGE

il
1
il

1

What are the solution methods that you use to solve this question?

Do you know any other methods#s, please explain.

Could you generate a story problem which involves the volume formula
using a cornet, the length of arc, 15, radius and 54?

Could you solve the problem that you generated?

PEDAGOGICAL CONTENT KNOWLEDGE

0 Knowledge of Learners

)l
T

What method(s) do your students use to answer this question?

Which error(s) do you think your students will make in answering this
question?

What may be the reasons for the error?

Which teaching techniques/materials/strategies do you use to owercom
these errors?

According to you, what was the studémnking when s/he developdide

methods of solving the question?

U Knowledge of Curriculum

T

What other topic or topics within mathematics do you use to teach the
volume of 3D solids?

What othettopic or topics within other lessons do you use to teach the
volume of 3D solids?

How do you use real life examples to teach the volume of 3D solids?

0 Knowledge of Assessment

T

What methods do you use to assess

volumeof 3D solids?
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APPENDIX D

INTERVIEW PROTOCOL (IN TURKISH)

ALAN BKLGKSK

T Bu problemin -°9z¢m¢gnde
f Bakka y°ntem biliyo
T K¢l ah, uzunl uj u,

yay

r

hangi y°nteml
musunuz? Ejer b
| kuilanarak bacira - ap v e

bajéentéséné i-eren bir problem kurar
T Kurdujunuz probl emi -%zer misiniz?
PEDAGOJKK ALAN BKLGKSK
U¥Jrenci Bil gi si
T¥jrencileriniz belirttijiniz y°nteml
kull anarak bu probl emi -%zerl er?
T¥jrencileriniz bu probl emi -%zerken h
T Bu hatalarén kaynajé ne ol abilir?
1TSiz bu hatalaré d¢gzeltmek i -in hangi
tekni klerini/ materyalleri/stratejile
T¥Jrenci soruyu yanl ek - °&nee&r fvaer KK Jr et
ediyor/etmiyor.
T¥jJretmen, ©°jJrencinin hataséné giderm

kull anéyor .

U M¢gfredat Bil gi si

1 3 boyutlu cisimlerin hacmini matematikteki hangi konu veya konularla

ilikkilendirerek anl atérseénéz?

T 3 boyutl u ci si ndskerdekithangi koouweya konuldriaj er d
ilikkilendirerek anl atérseénéz?

T 3 boyutlu cisimlerin hacmini ger-ek

U ¥l -me Bil gi si

T ¥Jrencilerin ¢- boyutlu cisimlerin h
°l -mek i -1 nr ah-alnagrié e -kmel laanér sénéz?
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APPENDIX E

OBSERVATION PROTOCOL (IN ENGLISH)

Teacher School
Subject Date
(2]
(]
£ |
S © > EXPLANATIONS
> e g
() (@] =
prd wn <

SUBJECT MATTER KNOWLEDGE

i Teacher solves the questions using
alternative solution methods.

The mehods are:

fTeacher takes notid
solution methods and explains these
methods to the other students.

PEDAGOGICAL CONTENT
KNOWLEDGE

U Knowledge of Learners

1 Student solves the questions using differe
solution methds.

The methods are:

1 Student solves the questions incorrectly a
teacher does/ doesnd
error.

1 Teacher uses different strategies to
overcome student 6s

The strategies are:

U Knowledge of Instructional Strategy

9 Teacher transfers his/her knowledge to th
students. S/he uses teachentered
instructional method.

9 Teacher creates classroom environment t
gives students opportunity to share their
knowledge.
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U0 Knowledge of Curriculum

1 Teacher connectsehopic with

,,,,,,,,

mathematics
b)ot her topics (é
otherlessonf é e é ¢ é é é . )
c) real life

1 Teacher alters the order of the topic.

The order is:

U Knowledge of Assessment

i Teacter uses assessment strategies durin
the lesson.

The assessment strategies are

fTeacher uses assessment strategies
following the completion of the topic.

The assessment strategies are

217







