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ABSTRACT

LYAPUNOV TYPE INEQUALITIES AND THEIR APPLICATIONS FOR
LINEAR AND NONLINEAR SYSTEMS UNDER IMPULSE EFFECT

Kayar, Zeynep
Ph.D., Department of Mathematics
Supervisor : Prof. Dr. Agacik Zafer

February 2014, [I59| pages

In this thesis, Lyapunov type inequalities and their applications for impulsive systems
of linear/nonlinear differential equations are studied. Since systems under impulse
effect are one of the fundamental problems in most branches of applied mathemat-
ics, science and technology, investigation of their theory has developed rapidly in the
last three decades. In addition, Lyapunov type inequalities have become a popular
research area in recent years due to the fact that they provide not only better under-
standing of the qualitative nature of the solutions of ordinary and impulsive systems,
for instance oscillation, disconjugacy, stability and asymptotic behavior of solutions,
but also deeper analysis for boundary and eigenvalue problems.

This thesis consists of 7 chapters. Chapter [I] is introductory and contains detailed
literature review, and brief information about the linear systems of impulsive dif-
ferential equations and Hamiltonian systems. The main contributions of the thesis,
which are presented in the second and third chapters, are to derive Lyapunov type
inequalities for the linear 2n x 2n Hamiltonian system with impulsive perturbations
and to prove the existence and uniqueness criteria for the solutions of inhomogenous
boundary value problems to such systems, respectively. Since changing the impul-
sive perturbation or assuming different conditions on the impulses leads to different
inequalities, presence of the impulse effect provides various Lyapunov type inequal-
ities. This shows that the systems of impulsive equations is richer and more fruitful



in the applications than the systems of ordinary differential equations and that is why
we are interested in these systems. Besides, the obtained inequalities are new even in
the nonimpulsive case and therefore they improve and generalize the previous ones
existing in the literature. In Chapter [3] the connection, which has not been noticed
even for the nonimpulsive case, between Lyapunov type inequalities and boundary
value problems has been revealed for the first time and two existence and uniqueness
criteria for the solutions of inhomogenous BVPs are proved by using the Lyapunov
type inequalities obtained in the previous chapter. Furthermore, the unique solution
of inhomogenous BVPs is expressed in terms of Green’s function (pair) and the prop-
erties of Green’s function (pair) are listed. Chapter[d]is devoted to the stability theory,
which is the application of Lyapunov type inequalities, for the linear planar Hamilto-
nian systems with impulsive perturbations. Two pairs of stability criteria are obtained,
one of which is the generalization of the results obtained for systems of ordinary dif-
ferential equations to the impulsive case and the latter is new and alternative to the
former. In Chapter [5]and [6] we establish several Lyapunov type inequalites, some of
which are generalizations of the nonimpulsive case while the others are new for non-
linear and quasilinear impulsive systems, respectively. As an application of Lyapunov
type inequalities, we investigate disconjugacy intervals and study the asymptotic be-
haviour of oscillatory solutions for the systems under considerations and find a lower
bound for the eigenvalues of the associated eigenvalue problems. The last chapter
serves as a conclusion and is a summary of our findings.

Keywords: Lyapunov Type Inequalities, Impulsive Differential Equations, Boundary
Value Problems, Stability
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IMPALS ETKISi ALTINDAKi LiNEER VE LINEER OLMAYAN SISTEMLER
ICIN LYAPUNOV TIPI ESITSIZLIKLER VE UYGULAMALARI

Kayar, Zeynep
Doktora, Matematik Boliimii

Tez Yoneticisi : Prof. Dr. Agacik Zafer

Subat 2014 , [159|sayfa

Bu tezde impalsif lineer/lineer olmayan diferansiyel denklem sistemleri i¢in Lyapu-
nov tipi esitsizlikler ve uygulamalar ¢alisilmigtir. Impals etkisi altindaki sistemler
uygulamali matematik, bilim ve teknolojinin ¢ogu dalinin temel problemlerinden ol-
duklar1 i¢in, son otuz yilda bu sistemlerin teorisinin incelenmesi hizli bir sekilde ge-
lismistir. Lyapunov tipi esitsizlikler ise sadece adi ve impalsif denklem sistemlerinin
coziimlerinin salinim, konjuge olmama (diskonjuge), kararlilik, asimptotik davranig
gibi niteliksel yapilarinin daha iyi anlagilmasini degil ayn1 zamanda da sinir ve 6zde-
ger problemlerinin daha derin analiz edilmesini sagladiklari i¢in son yillarda popiiler
arastirma alan1 haline gelmislerdir.

Bu tez 7 boliimden olugsmaktadir. Birinci boliim giris niteliginde olup detayl literatiir
taramasi ve impalsif lineer diferansiyel denklem sistemleri ve Hamiltonian sistemler
hakkinda kisa bilgiler icermektedir. Bu tezin temel katkilari, ikinci ve iiclincii bo-
liimde sunulan, sirastyla, impalsif perturbasyonlu lineer 2n x 2n Hamiltonian sistem-
ler i¢cin Lyapunov tipi esitsizlikler elde etmek ve bu sistemlere karsilik gelen homo-
jen olmayan sinir deger problemlerinin ¢oziimlerinin varlik teklik kriterlerini ispat-
lamaktir. Impalsif perturbasyonun degistirilmesi ya da impals iizerinde farkli kosul-
larin kabul edilmesi muhtelif esitsizliklere sebep oldugu i¢in impals etkisinin varlig
cesitli Lyapunov tipi esitsizlikler vermektedir. Bu ise impalsif diferansiyel denklem
sistemlerinin uygulamalarda adi diferansiyel denklem sistemlerinden daha zengin ve
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daha verimli oldugunu ve neden bu sistemlerle ilgilendigimizi gostermektedir. Uste-
lik elde edilen bu esitsizlikler impals olmayan durumda bile yenidirler ve bu yiizden
literatiirde var olan eski esitsizlikleri gelistirmis ve genellestirmislerdir. |3} boliimde
Lyapunov tipi esitsizlikler ve sinir deger problemleri arasindaki impals olmayan du-
rumda bile fark edilmeyen baglant1 ilk kez ortaya ¢ikarilmis ve homojen olmayan
sinir deger problemleri icin Onceki boliimde elde edilen Lyapunov tipi esitsizlikler
kullanilarak iki tane varlik teklik kriteri ispat edilmistir. Ayrica homojen olmayan si-
nir deger probleminin tek ¢oziimii Green’s fonksiyonu (cifti) cinsinden ifade edilmig
ve Green’s fonksiyonunun (¢iftinin) dzellikleri listelenmistir. ] bolim Lyapunov tipi
esitsizliklerin uygulamasi olan kararlilik teorisine ayrilmistir. Birinci ¢ifti adi diferan-
siyel denklem sistemleri i¢in elde edilen sonuglarin impals iceren duruma iki farkli
sekilde genellestirilmesi ve ikinci ¢ifti yeni ve birinciye alternatif olan iki ¢ift kararli-
lik kriteri elde edilmistir. [5] ve[6] boliimde, sirasiyla, lineer olmayan ve yari lineer (qu-
asilineer) impalsif sistemler i¢in bazis1 impals olmayan durumlarin genellestirilmesi
iken digerleri yeni olan ¢esitli Lyapunov tipi esitsizlikler olusturulmustur. Lyapunov
tipi esitsizliklerin uygulamasi olarak, ele alinan sistemlerin konjuge olmama aralik-
lar1 incelenmis, salinimli ¢oziimlerin asimptotik davranigt calisilmis ve ilgili 6zdeger
probleminin 6zdegerleri i¢in bir alt sinir bulunmustur. Son boliim sonug niteliginde
olup bu tezde yaptiklarimizin 6zeti seklindedir.

Anahtar Kelimeler: Lyapunov Tipi Esitsizlikler, iImpalsif Diferansiyel Denklemler,
Sinir Deger Problemleri, Kararhilik
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CHAPTER 1

INTRODUCTION

Describing the evolution processes of several real world problems, which have a sud-
den change in their states, by using ordinary differential equations is not adequate due
to the fact that they are subject to short time perturbation (harvesting, diseases, wars,
etc.) whose duration is negligible in comparison with the duration of the whole pro-
cess. Therefore, in the mathematical simulation of such processes it is convenient to
assume that this change takes place momentarily or the perturbations occur immedi-
ately as impulses and the processes change their states by jump. For instance, when a
hammer hits a string which is already oscillating, it experiences a rapid change of ve-
locity [[107]]; a pendulum of a clock undergoes a sudden change of momentum when
it crosses its equilibruim position [[107]]; in a real evolutionary process of the popula-
tion of a given species, since the perturbation or the influence from outside occurs at
certain moments as impulses, not continuosly, the population has some jumps at these
moments and these jumps follow a specific pattern [70l]; when the configuration space
of the system collapses instantaneously because of an inelastic collision, the system
suffers a sudden change of kinetic energy [28]; when passing from one optical media

to another, a ray of light splits into reflected and refracted rays [28]].

Since discontinuity is defined as an instantenous interruption at anytime of a contin-
uous process, in order to analyse dynamical systems with discontinous trajectories,
or with impulse effect, it becomes necessary to introduce impulsive differential equa-
tions, or sometimes differential equations under impulse effect, arising from the real
world phenomena and describing the dynamics of processes in which sudden, discon-

tinuous jumps occur at the points of impulses or jumps.



Impulsive differential equations have attracted a great deal of attention and the the-
ory of it has developed rapidly in the last three decades because they are appropriate
description of simulation processes and various phenomena encountered in mechani-
cal systems with impact [90, 377]], biological systems such as heart beats, blood flows
[3, 5], population dynamics [32} [122, 31]], theoretical physics [65} 20, 92], mathe-
matical economy [121}94], electrical technology [62,161]], ecology [[72,123]], biology
[73L153], epidemiology [97,111], chemistry [[75], engineering [30,17], control theory
[96, 152]], medicine [48), [74], networks (such as food webs, communication networks,
social networks, power grids, cellular networks, World Wide Web, metabolic systems,
disease transmission networks, neural networks) [[71] and chaos synchronization (for
example secure communication, parallel image processing) [66, [23]]. Moreover it has
been recognized that impulsive differential equations not only generalize the corre-
sponding theory of ordinary differential equations [25, 45, 44, [76] but also provide
more mathematical description for many real world phenomena. Therefore, impul-
sive differential equations are richer and more fruitful in applications compared to
the corresponding theory of ordinary differential equations. However, the dynamic
behaviour of systems under impulse effects is more complex than the behaviour of
dynamical systems without impulsive effects. Although there is a large body of liter-
ature on impulsive differential equations that we can not cover completely, we want to
mention the seminal books of Lakshmikantham, Bainov and Simeonov [60], Bainov
and Simeonov [10, 9], and Samoilenko and Perestyuk [93]] in which the qualitative
theory such as existence and uniqueness theorems for solutions, comparison theory,
stability, periodicity are investigated. In the book of Akhmet [4] in addition to the
fundamental theory, the new concepts B-equivalence and chaos teory of impulsive

differential equations are introduced as well.

1.1 Structure of the Thesis

The thesis is organized as follows:

In the present chapter, we provide related literature review for Lyapunov type inequal-
ities, boundary value problems and stability and summarize the previous results ob-

tained for the special cases of systems that we will study. Then we outline some facts
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about systems of impulsive differential equations and introduce Hamiltonian systems.
The main result of the thesis presented in Chapter [2]is to obtain new Lyapunov type
inequalities for linear 2n x 2n Hamiltonian systems under impulse effect. As appli-
cations, these inequalities are used to derive disconjugacy criteria and to find lower
bounds for associated eigenvalue problems. In Chapter[3] we consider inhomogenous
boundary value problems (BVPs) to the linear 2n x 2n Hamiltonian systems un-
der impulse effect and establish the existence and uniquness criteria for such BVPs.
Moreover we express the unique solution of the considered BVPs in terms of Green’s
function (pair) and properties of Green’s function (pair) is listed. Chapter[d]is devoted
to derive the stability criteria for the linear planar Hamiltonian systems under impulse
effect by using the connection between stability theory and Lyapunov type inequali-
ties. In Chapter [5]and Chapter[6] we consider nonlinear and quasilinear systems with
impulsive perturbations, respectively. For such systems Lyapunov type inequalities
are obtained and their applications in studying qualitative nature of the solutions such
as disconjugacy criteria, lower bounds for associated eigenvalue problems, bounded-
ness and asymptotic behaviour of oscillatory solutions are demonstrated. Finally, in

Chapter [7] we summarize our findings in this thesis.

1.2 Literature Review

Since we are interested in different subjects or different systems in each chapter, the
detailed literature review for all chapters is given in this section. In the sequel we

assume m*(t) = max{m(t),0}, m; = max{m;,0}, i € N.

1.2.1 Lyapunov Type Inequalities For Linear Hamiltonian Systems Under Im-

pulse Effect

Now we want to give a related literature review for Lyapunov type inequalities ob-

tained for linear equations and systems with or without impulses.

Let us consider the following second order ordinary differential equation

" +q(t)r = 0. (1.1)



In a celebrated paper of 1893, Lyapunov [69] prove the following result for (I.1]) in

attemp to find sufficient conditions for the stability of the related periodic equation to

(LT).

Theorem 1.2.1 ([69]) Let
q(t) >0, g(t) # 0.

If x(t) is a nontrivial solution of (L.I) with x(t;) = 0 = x(t2), where t1,t2 € R
with t1 < tq are consecutive zeros, i.e x(t) # 0 for t € (t1,ts), then the so-called
Lyapunov inequality

to
(ts — 1) / g(t)dt > 4, (1.2)

t1

holds.

Inequality (TI.2) is the best possible in the sense that if the constant 4 in (1.2)) is re-
placed by any larger constant, then there exists an example of for which
no longer holds, see [54, [13]]. After the initiated work of Lyapunov [69], many au-
thors have paid a considerable attention to Lyapunov type inequalities and various
proofs and generalizations or improvements have appeared in the literature such as
(1301114} 146. 79,157,180, 45,47, 136,164,126, 34,59, 14]. For a comprehensive exibition
of these results we refer two surveys [24}104] and references therein. We should also
mention the following theorems to clarify the main generalizations or improvements

of Lyapunov type inequalities.

When analyzing stability of the related periodic equation to (1.1)), Borg [[13]] changed

the nonnegativity condition of ¢() by nonnegative integral of ¢(¢) and improved in-

equality (L.2).
Theorem 1.2.2 ([13]) Let

/ " ()it > 0, g(t) £ 0.

If x(t) is a nontrivial solution of (L.I) with x(t1) = 0 = x(t2), where t,ts € R with
t1 <ty and x(t) # 0 for t € (t1,1s), then we have the Lyapunov type inequality

to 4
/ q(t)|dt > | (1.3)
t to — 11
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Wintner [114] used the same conditions of Theorem [I.2.2]and obtained the following
better inequality by replacing |¢(t)| by ¢ (t) = max{q(t),0} whereas Krein [57] es-
tablished the same result as in [114]] while studying the stability of the related periodic
equation to (L.T).

Theorem 1.2.3 ([114,57]) Let
to
[ ot =0, at) 0.
t1
If x(t) is a nontrivial solution of (L.1) with x(t) = 0 = x(t2), where t1,t2 € R with
t1 < tyand x(t) # 0 for t € (t1,1s), then we have the Lyapunov type inequality

/ﬁf®ﬁ>

. to— 1t

Hartman [45]] has generalized the classical Lyapunov inequality for the linear differ-
ential equation

(p(t)x") + q(t)z = 0. (1.4)

as follows.

Theorem 1.2.4 ([45]) Let p(t) > 0. If z(t) is a nontrivial solution of (1.4) with
x(t1) = 0 = x(tz), where t1,to € Rwitht; < ty and z(t) # 0 fort € (t1,t2),
then we have the Lyapunov type inequality

to 4
/ q*(t)dt > ——.
h /p*@ﬁ
t1

The results for (I.1) in [59,[14] are worth mentioning due to their contribution to these
subject. In [S9] it is shown that

to to 1
/)fmﬁ> /‘fmﬁ>

t to—t1’ to ty —ty’

where ¢ € (t1,t2) such that y/(to) = 0. Hence

b2 1 1 ty —t 4
/ifmﬁ> + = 21 > .
t to—t1 ta—ty (to—ti)(ta—to) ~ ta—t

In [[14] the authors obtained
to
/Q®ﬁ
t1

5

>

to — 11




which implies (I.3).

Although Lyapunov-type inequalities are well developed for ordinary differential
equations (ODEs) after the appearance of Lyapunov’s well-known inequality, the im-
pulsive version of it has not been studied until 2008. The second-order differential

equations under impulse effect

(p(H)2") + q(t)z =0, t# T
x(7i+) = kiz(1;), (px/)(ﬁr) = —Lix(r; ) + ki(pa')(7;7), i €N

(1.5)

was considered first in [43] and the extended Lyapunov-type inequality is given therein.

Theorem 1.2.5 ([43]) Let p(t) > 0 and k; # 0 for i € N. If x(t) is a nontrivial
solution of (L.3) with x(t]) = 0 = x(t;), where t;,ts € Rwitht, <ty and x(t) # 0
fort € (t1,t2), then we have the Lyapunov type inequality

V:ﬁdt} /tlt2q+(t)dt+ > (li_)+ -

Tie[tl,tg)
To the best of our knowledge, the first result concerning Hamiltonian system
= Alt)r + Bt)u, o =-C(t)x — A" (t)u, (1.6)

is due to Krein [58]. While investigating the stability criterion for the related periodic
system to the system (I.6), Krein proved a Lyapunov type inequality. When n = 1,
1.e., for

¥ =a(t)r+b(t)u, v =—c(t)r—a(t)u (1.7)
this inequality is reduced to the following one.

Theorem 1.2.6 ([58]) Let b(t) > 0 and c(t) > 0. If system (L.7) has a solution
(x(t),u(t)) with x(t1) = x(t2) = 0, x(t) Z 0 on (t1,t2), then

/t th la(t)]dt + ( /t f b(t)dt) " ( /: c(t)dt) - > 2.

Since the conditions are weakened, the improved version of Theorem [.2.6]is as fol-

lows.



Theorem 1.2.7 ([41]]) Let b(t) > 0. If system has a solution y(t) = (z(t), u(t))
with x(t1) = xz(ty) = 0, z(t) £ 0, then

/: |a(t)]dt + (/tt b(t)dt) v (/tt C+(t)dt> v > 9. (1.8)

While studying the stability for the periodic case, Wang derived the following Lya-

punov type inequality as an alternative to (1.8]).

Theorem 1.2.8 ([112]) Let b(t) > 0. If system has a solution (x(t), u(t)) with
x(t) Z 0 on (t1,t2), then for some ty € (t1,t2),

{ /t f? b() exp (—2 /t:a(s)ds) dt] ( /: c+(t)dt) >4 (1.9)

Theorem and Theorem [I.2.8 have been extended to impulsive system

' =a(t)r+b(t)u, u =—c(t)r— a(t)u, t# 7 (1.10)
o(rf) = kia(r7),  ulrt) = la() + ku(r7),  i€N |

1

in the next two theorems, respectively.

Theorem 1.2.9 ([42]) Let b(t) > 0 and k; # 0 for i € Z. If the impulsive system
(T.10) has a solution (z(t),u(t)) with z(t]) = z(ty;) = 0, z(t) # 0 on (t1,t3), then

to to 1/2 to l + 1/2
/ |a(t)|dt+( / b(t)dt> / )t + > (—) > 2.
t t1 t t1 <7 <ta i

Theorem 1.2.10 ([55]) Let b(t) > 0 and k; # O for i € Z. If the impulsive system
(T-10) has a solution (z(t),u(t)) with x(t]) = z(ty) = 0, x(t) # 0 on (t1,ts), then
for some ty € (t1,12),

[/:2 b(t) exp (—Q/t:a(S)ds) dt] [/:2 ct(t)dt +t ;t (;{—Z) 1 > 4.

More recently, Tang and Zhang [99]] improved and generalized the Lyapunov type
inequalities (I.8) and (1.9) to the general 2n x 2n system (I.6). To state their main

result, the following conventions should be made.
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Forany z € R™ and A € R™*"™ (the space of real n x n matrices), denote the Euclidean

norm of vectors and the matrix norm of matrices as

T

|z| =a'z, |A] =max]|Ax|,
|z|=1

respectively.

Definition 1.2.1 Let R7*" be the space of all real n x n symmetric matrices. By
B >0, we mean x B(t)x > 0 for all x € R™ and say that B is semi positive definite.

More generally, by By > Bs it is meant that By — By > 0.

Theorem 1.2.11 ([99]) Let B and C' be symmetric matrices and B(t) > 0. If system
(1.6) has a solution y(t) = (x(t), u(t)) with z(t,) = x(t2) = 0, z(t) # 0 on (t1,ts),

then
exp (/tt |A(s)\ds> </tt \B(t)|dt) (/tt |O+(t)\dt) >4, (L11)

where CT(t) is the matrix obtained from C' by replacing the diagonal elements c;; by

max {0, ¢} fori=1,2,...,2n.

Since 2 exp(—x/2) > 2 — z for all z € R, inequality (I.TT)) implies

/: [A(s)|ds + (/tt |B(t)|dt) 1/2 (/tt |C+(t)|dt) T,

and so all the previous results are also recovered by Theorem [[.2.TT] As a special

case of Theorem [1.2.11]one also has the following result, which gives improvements

of Theorem [[.2.71and Theorem [[.2.8]

Theorem 1.2.12 ([99], » = 1) Letb(t) > 0. If system has a solution (z(t), u(t))
with x(t1) = x(ty) = 0, x(t) # 0 on (t1,t2), then

exp ( /: ya(s)yds) ( /: b(t)dt) ( /: c*(t)dt) >4 (1.12)

1.2.2 Boundary Value Problems For Linear Hamiltonian Systems Under Im-

pulse Effect

To the best of our knowledge although many results have been obtained for linear

impulsive boundary value problems by using different techiques, there is little known
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for the linear 2n x 2n Hamiltonian system under impulse effect. The first order im-
pulsive differential equations are considered in [81] and [67] and the existence and
uniqueness criteria for linear constant coefficient impulsive boundary value problem
are shown by using Green’s function of the equation. Moreover the authors presented
the expression of Green’s functions of the related linear operator in the space of piece-
wise continuous functions and obtained the existence and uniqueness criteria for the
nonlinear equations. The variable coefficient case is considered in [83] and [82] and
Green’s function of linear equations is obtained. By using the operator theory and
Schaefer’s fixed-point theorem, the solvability and the existence of solutions of non-
linear problem are given. After defining Green’s function, some comparison results
and presentation of the upper and lower solution method and the monotone iterative
scheme are given in [39} 38, [2]. In [84], the authors obtained the explicit representa-
tion of the solution by providing the expression of the corresponding Green’s function
and by using this expression, they deduce sufficient conditions for the existence of so-

lutions with constant sign for the boundary value problem.

Green’s function of second order linear differential equations subject to linear impulse
conditions at the one impulse point and periodic boundary conditions is obtained and
its sign properties are investigated in [49]. Since the study of the existence of a solu-
tion of linear differential equations has an important role in the analysis of nonlinear
problems, the integral representation of the general solution of second order linear
impulsive boundary value problems is obtained by employing Green’s function and
by using this representation and monotone iterative method, which is based on find-
ing upper and lower solutions of the equations, the uniqueness and the existence of
solutions of nonlinear problem are obtained in [16} 29, 22, |110]. By defining integral
representation of solution of nonlinear second order impulsive boundary value prob-
lems, which is obtained by using Green’s function for linear problem, as an operator,
and by using the operator theory and some fixed point theorems such as Contraction
Mapping Theorem (or Banach Fixed Point Theorem), Schauder Fixed Point Thereom,
Schaefer’s Fixed Point Thereom and Krasnolesskii’s Fixed Point Thereom, the exis-
tence and uniquness of solutions of nonlinear second order impulsive boundary value

problems are investigated in [68} 8, (103}, (102} 120, 50, 51].

The higher order linear impulsive boundary value problems are considered in [[15,



108]. In [[15]], the solvability of linear impulsive equations with constant coefficient
are investigated by making use of Green’s function and the integral representation
of the general solution. Then the nonlinear problem is considered and the existence
criteria for such equations is derived by employing the method of upper and lower
solution coupled with the monotone iterative technique. The theory of higher order
linear impulsive boundary value problems, which is the generalization of nonimpul-
sive case given in [25, 77, [76], can be found in [108] or [107] in detail. In this work,
Green’s formula is defined and properties of Green’s function are introduced. Since
higher order linear differential equations can be written as a system of first order
equations as long as the leading coefficient of the equation is different from zero,

these results can be generealized to system of n first order equations.

The boundary value problem of system of ordinary differential equations are consid-
ered in [11] and references cited therein. In this paper adjoint form of the system
of boundary value problem is introduced and the relation of solutions of the original
system and its adjoint is proved. Similar to the ordinary diferential equations, it is ob-
tained that the nonexistence of nontrivial solution of the corresponding homogenous
system implies the uniqueness of the solution of nonhomogenous boundary value

problem.

A boundary value problem for impulsive system is studied in [35, [12, 21} [85]. In
[35]], the method of upper and lower solutions is employed to obtain the existence of
solutions of nonlinear impulsive boundary value problem. The necessary and suffi-
cient conditions of the solvability of the linear nonhomogenous impulsive system is
given in [12]. In [21], new results are obtained for the existence of solutions to an
impulsive first-order nonlinear ordinary differential system with periodic boundary
conditions by defining a suitable integral operator whose fixed-points are the solu-
tions of the considered system. In [85], the existence and uniqueness of solutions of
the nonlinear first—order impulsive differential system are considered and new results
are obtained for different right hand side of the equation which may grow linearly, or

sub— or super—linearly in its second argument.
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1.2.3 Stability of Linear Planar Hamiltonian Systems Under Impulse Effect

As is well known, stability is not only one of the major problems encountered in
theory of differential equations, but also it has attracted considerable attention due
to its important role in applications. Although there is an extensive literature on this
topic, we restrict ourselves on obtaining sufficient conditions for the boundedness of

solutions on R of periodic linear equations and systems with or without impulses.

As far as we know, stability analysis of linear Hamiltonian systems with periodic
coefficients goes back to Lyapunov [69]. The first stability criterion for the following

second order 1" — periodic ordinary differential equation

y" +q(t)y = 0. (1.13)

is obtained by Lyapunov [69].

Theorem 1.2.13 ([69]) Let q(t +T) = q(t). If

=
T 4
/ q(t)dt < =, (1.14)
0

then equation is stable.

The alternative proof of Theorem [[.2.13|can be found in the monograph [1].

Remark 1.2.1 The condition (1.14) is the best possible in the sense that if it is re-
T

4
placed by / q(t)dt < T + €, then the conclusion of Theorem|l.2.13|is no longer
0
true, see [54, 13|].

Then Borg [13] changed the conditions of the Theorem|[I.2.13]and obtained improved
result for equation (1.13)) by using different technique in the proof. In his result the

nonnegativity condition of ¢(t) is replaced by the nonnegativity integral of ¢(t).

Theorem 1.2.14 ([13]) Let q(t +T) = q(t). If
T
| atte = 0.0 £ 0,
0

11



)

/0 g(t)|dt <

N[

then equation (I.13)) is stable.

Krein [57] make an improvement on the above results for the equation (I.13) by

replacing the condition of Borg’s theorem by a weaker condition, i.e |¢(t)| by ¢* (¢) =

max{q(t),0}.
Theorem 1.2.15 ([57]) Let q(t +T) = q(t). If

/OT q(t)dt >0, q(t) # 0;

T 4
H(t)dt < =
/0 ¢ (t)dt < =,
then equation is stable.
The impulsive version of Theorem [[.2.15]is proven in the next theorem for the im-
pulsive equation (L.5]).
Theorem 1.2.16 ([43]]) Let equation be (T,r) — periodic. If

p(t) >0, k; #0 for i € Z;
1_[/’{12 =1;
i=1
T r L.
/ q(t)dt + Z ki >0, either q(t) Z0o0n [0,T)\ {m1,...,7}
0 i=1
or l; #0 someic {l,...,r};

U;ﬁdtl /OTq+(t)dt+ Z)(é—iy <4,

T¢€[O,T

then equation is stable.

To the best of our knowledge, the first result carried over for 2n—dimensional Hamil-
tonian system (1.6) is due to Krein whose main objective is to generalize Lyapunov’s
theorem [I.2.13] to the general case, see [56]. When n = 1, i.e., for system (1.7),

Krein’s second result is reduced to the following theorem.
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Theorem 1.2.17 ([58]) Let system be T — periodic. If

b(t) >0, c(t)>0, bt)c(t)—a(t) > 0;

2

/OTb(t)dt/OTc(t)dt— {/OTa(t)] > 0;
/OT la(t)|dt + UOT b(t)dt /OTc(t)dt} 1/2 <2,

then system is stable.

After the inspired work of Krein, many works have been devoted to stability of Hamil-

tonian systems [95, 27,40, 118, 116, [117]].

An improved version of Theorem [1.2.17|1s obtained by assuming weaker conditions
on the coefficient functions, a, b, ¢, and by using Floquet Theory in the proof of the

stability theorem for the first time.

Theorem 1.2.18 ([41]]) Let system be T — periodic. If

then system ({I.7) is stable.

Since Theorem and Theorem [I.2.18] have limitations, in other words they are
T 1/2

T T
not applicable in the case/ la(t)| dt > 2 or [/ b(t) dt/ c(t) dt} > 2, an
0 0
alternative stability criterion to these theorems, which can be used in either of such

cases, is obtained by Wang [112].

Theorem 1.2.19 ([112]) Let system be T — periodic. If
T 2(1)
t
/ [c(t)—a() dt > 0;
0 1

exo ([ tatwta) [ [ e : [ ] <2

then system is stable.
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In [42] and [55]], the extended versions of Theorem [I.2.18] and Theorem [1.2.19] to
system (I.10) are obtained by the following two theorems, respectively.

Theorem 1.2.20 ([42]]) Let system (I.10) be (T',r) — periodic. If

/OT la(t)]dt + {/OTb(t)dt} - [/OT ()t + 2 (2—) 1 " <9,

then impulsive system (I.10) is stable.

Theorem 1.2.21 ([55]) Let system be (T,r) — periodic. If

exp (/OT la(t)] dt) [/OT b(t)dt}é -/OTC+(t)dt+ z; (li—)+r < 2,

then impulsive system (I.10) is stable.

Remark 1.2.2 With or without impulse effect, Theorem and Theorem
are alternative to each other. Let x = ' la(t)| dt. If we compare the functions
f(z) =2 —zand g(x) = 2exp(—x), it can be seen that g(xz) < f(z)if0 < x <
1.594, therefore Theorem|[I.2.21]is better than Theorem|[[.2.20f When 1.594 < x < 2,

then f(x) < g(x) and so, Theorem is better than Theorem|1.2.21} For x > 2,
Theorem[[.2.20 can not be used whereas Theorem[[.2.2]] can.

More recently, Tang and Zhang [99] improved the stability criterion for the system

t
(I.7) in the sense that |a(t)] is replaced by _\a(2 ) ,
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Theorem 1.2.22 ([99]) Let system be T — periodic. If
T 2

ot

0 b(t)

exp (% /OT |a(t)|dt) [/OT b(t)dtr VOT c+(t)dtr <2,

then system ({1.7) is stable.

dt > 0;

T

Remark 1.2.3 Let/ la(t)| dt = z. Since 2exp(—x/2) > 2 —x forall x € R, all
0

the previous results are also recovered by Theorem|l.2.22

1.2.4 Lyapunov Type Inequalities For Nonlinear Impulsive Systems

Since Lyapunov type inequalities are important tools in many applications such as
oscillation theory, stability criteria for periodic differential equations, estimates for
intervals of disconjugacy, asymptotic behaviour of solutions, boundary and eigen-
value problems, it is necessary to generalize Lyapunov’s inequality (1.2]), which is
obtained for linear equation (L.I)), to the nonlinear equations and systems with or

without impulses.

In 1974, Eliason [34] has generalized the Lyapunov inequality for differential equa-

tions of the form

(r(t)y") +p(t) f(y(t)) = 0 (1.15)
'+ m(t)y +n()f(y(t) =0 (1.16)

as follows.

Theorem 1.2.23 ([34]) If the equation has a real nontrivial solution y such
that y(a) = y(b) = 0, a,b € R with a < b are consecutive zeros, then we have the
following Lyapunov type inequality

2

4 < f1(y())S*(a, bsp) (/ab Flt)dt) :

where fi(y) = o) y'(c) = 0 with c € (a,b) and S(a,b;p) = sup / p(s)ds.

a<u<v<b
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Theorem 1.2.24 ([34]) If the equation ([.16) has a real nontrivial solution y such
that y(a) = y(b) = 0, a,b € R with a < b are consecutive zeros, then we have the
following Lyapunov type inequality

2

£ < (0= 0@ e (S(a.bm) — et ([ 0*0ar)

where ) = max{fi(y(c1)), fi(y(ca))} with a < ¢; < co < b such that i (¢;) =
y'(c2) =0, I(a,b;p) <1Iif <b/ p(s)ds and fi, S are defined as in previous theo-
rem.

Besides the works [86, 87] on higher order differential equations, Pachpatte consider
the second order nonlinear differential equations and obtained generalized Lyapunov

type inequality for the following equations.

(r@®lY'1* ) +p)y +a(t)y + f(t,y) =0 (1.17)
Oy I2y) + p(t)y +a(t)y + f(ty) =0 (1.18)
(r@y 1" 'y) +a(®)lyl” 'y =0 (1.19)
rOlyPly'"2y) +a@®)ly 2y =0 (1.20)

Theorem 1.2.25 ([88]]) Let o > 1. If the equation has a real nontrivial solu-

tion y such that y(a) = y(b) = 0, a,b € R with a < b are consecutive zeros, then we

«

have the following Lyapunov type inequality
p(t)
t) —
q(t) = =

b b b
90t < (/ ral(t)dt) (Mla/ ! ’dt+M“/ w(t, M)dt),

where M = max{|y(t)| : a <t < b} and f(t,y) < w(t,]|yl|).

Theorem 1.2.26 ([88]) Let 3 > 0, v > 2. If the equation has a real nontrivial
solution y such that y(a) = y(b) = 0, a,b € R with a < b are consecutive zeros, then

we have the following Lyapunov type inequality

1< </abm T(t )dt)7 <M257/ab

where M and w are defined as in previous theorem.

-1

g(t) — pé” ‘ dt + M8 / (. M)dt) ,
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Theorem 1.2.27 ([89]) Let « > 1 and > 1. If the equation has a real
nontrivial solution y such that y(a) = y(b) = 0, a,b € R with a < b are consecutive

zeros, then we have the following Lyapunov type inequalities

1< MPe (/abral(t)dt>a/ab lq(t)|dt,
1 < MP-oet! ( / Cral(t)dt>a / C lq(t)|dt,
1 < MP-ogatt (/cbr?(t)dt>a/cb q(t)|dt,

where M = max{|y(t)| : a <t < b} = |y(c)| with ¢ € (a,b).

Theorem 1.2.28 ([89]) Let p > 0 and k > 2. If the equation (I.20) has a real non-
trivial solution y such that y(a) = y(b) = 0, a,b € R with a < b are consecutive

zeros, then we have the following Lyapunov type inequalities

1< ( / br?u)dt)k / (o),
| < 2k (/:mi(t)dt) - / g(8)dt,
1< 2k (/Cbrkll(t)dt) - /cb Iq(t)|dt.

Although there is extensive literature on linear and nonlinear equations, there is not

much done for the following nonlinear system.
v =a )z + B2, v = —a1(t)u — Bao(t)|z|’a, (1.21)

Note that if v = = 2, the system (1.21]) is reduced to system of 2-linear first order
differential equations (I.7). The first result for system (I.21)) is obtained in [106].

Theorem 1.2.29 ([106]) Let v > 2 and > 2. If the system has a real non-
trivial solution y = (x,u) such that x(a) = x(b) = 0, and x is not identically zero on
[a,b], where a,b € R with a < b are consecutive zeros, then we have the following

Lyapunov type inequalities

25 [ letopar+ i ([ w)dt)i (/ bﬁ?(t)dt)i ,
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2% < NP« (/bﬁl(t)dt)a_ /b By (t)dt,

where + + % =land M = max{|z(t)| : a < t < b} = |x(7)| with T € (a,b).

The better and alternative results to previous theorem are derived in [100} [105], re-
spectively for system (I.2T)). Like the above results, these works also include Lya-
punov type inequalities which relate the points where the first component of the so-
lution (x(t), u(t)) of system has consecutive zeros but also the point where the
first component of the solution (x(t), u(t)) of system is maximized.

For convenience the following definitions are made in [100} [105].

ha(t) = /a t Bi(w) exp (7 /w t al(s)ds) dw (122)

i) = [ e (3 [ utsjis) av.

Theorem 1.2.30 ([100]) Let v > 2 and 3 > 2. If the system has a real non-
trivial solution y = (x, u) such that x(a) = x(b) = 0, and x is not identically zero on
la, b], where a,b € R with a < b are consecutive zeros, then we have the following

Lyapunov type inequalities

bR RS
< | W) + ()

2 < exp (% /ab Ozl(t)dt> (/abﬁl(t)dt)}y (/ab 52+(1t)d1t)é

1,1 _
whereﬁ%—;—l.

By (t)dt,

Theorem 1.2.31 ([105]) Let v > 2 and 3 > 2. If the system has a real non-

trivial solution y = (x,u) such that x(a) = x(b) = 0, and x is not identically zero on
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[a,b], where a,b € R with a < b are consecutive zeros, then we have the following

Lyapunov type inequalities
’ Bs (1)
1§/a o)+
. b 1\

o< [ g tam) Ho

hie () + b (r) < M / 51
S 1
’ ( hb(t)) / i

2°‘<M5a(/ Byt exp(/ oy (t )dt) (/ ﬁj(t)dt)
|

where——i———landM max{|z(t)| : a <t < b} = |z(7)| with T € (a,b).

1.2.5 Lyapunov Type Inequalities For Quasilinear Impulsive Systems

Due to the fact that Lyapunov type inequalities are useful tools in oscillation theory,
disconjugacy, stability and boundary and eigenvalue problems, after the pioneering
work of Lyapunov in [69], many papers have followed to extend Lyapunov inequality
to half linear equations and in general to quasilinear systems. The second order half
linear equations (sometimes it is called differential equations with the one dimen-

sional a-Laplacian) can be defined as

(r@®)|y*2y) + pO|Y'|* %Y + q(t)]y|* %y =0, (1.23)

where r(t) > 0, a > 1 and p(u) = |u|*"2u is a-Laplacian operator. Recall that
solution space of equation (I.23)) is homogenous but not additive. Since half linear
equations describe various physical, biological and chemical phenomena, qualitative
nature of solutions of these equations have been investigated and half linear counter-

parts of Lyapunov inequlity have been established by many authors.

Theorem 1.2.32 ([91]) Let r(t) = 1, p(t) = 0, q(t) > 0. If the equation has
a real nontrivial solution y such that y(a) = y(b) = 0, a,b € R with a < b are

consecutive zeros, then we have the following Lyapunov type inequalities

<cia>g S/acq(t)dt, (bic)g S/qu(t)dt
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and

2" < (b—a)*! / gttt

1 1
where ¢ € (a,b) such that y(c) = max{|y(t)| : a <t < b} and o + 5 L.

Theorem 1.2.33 ([63]) Let r(t) = 1, p(t) = 0. If the equation has a real
nontrivial solution y such that y(a) = y(b) = 0, a,b € R with a < b are consecutive

zeros, then we have the following Lyapunov type inequalities

(L)< from (L)' foms

1 1
where ¢ € (a,b) such that y(c) = max{|y(t)| : a <t < b} and — + 5 L.
o

Theorem 1.2.34 ([119,33,113]) Let p(t) = 0. If the equation has a real non-
trivial solution y such that y(a) = y(b) = 0, a,b € R with a < b are consecutive

zeros, then we have the following Lyapunov type inequalities

2% < (/abrlﬁ(t)dt> /ab g (t)dt,

a—1

1 1
h -+ —==1.
werea+5

Theorem 1.2.35 ([63]) Let r(t) = 1. If the equation has a real nontrivial
solution y such that y(a) = y(b) = 0, a,b € R with a < b are consecutive zeros, then

we have the following Lyapunov type inequalities.

(i) If « > 2, then

s<ow ([ w0ja) 0-ar (oo

4 < 4/b Ip(t)|dt + (b — a)** /bq+(t)dt.

(ii) If 1 < o < 2, then

b
2a<exp</ Ip(t) |dt) (b—a)® /q+

b
2a<20‘/ Ip(t)|dt + (b —a)” /q+
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Theorem 1.2.36 ([113]) Let r(t) = 1. If the equation has a real nontrivial
solution y such that y(a) = y(b) = 0, a,b € R with a < b are consecutive zeros, then

we have the following Lyapunov type inequality

2% < exp (% / ’ |p(t)|dt> (b— a)! / g

The quasilinear elliptic system of partial differential equations can be reduced to the
following one dimensional system of two ordinary differential equations (it is called

(p, q)-Laplacian operators)

— (n(e) 2 u) = 1) [u]* 2 o),

: (1.24)
— (m(@ 172 = g ul’ [,
and to its generalization (p1, ps, . . ., pn)-Laplacian operators
— (r1(t)Pp, (u;))/ = fi(t)Pqp, (ur) H ¢qk3 uj), (1.25)
J=1(j#k)

where h(t),m(t),r,(t) > 0and p,q,pr > 1fork=1,...,n,and o, 5,6, 7, qr; > 0
fork,j =1,2,...,nand ¢,(z) = |2|P722, ¥,(2) = |2]%

Because of the usefulness of Lyapunov type inequalities in investigating the quali-
tative behaviour of solutions of differential equations, such as oscillation, disconju-
gacy and stability and utility of such inequalities in studying boundary and eigenvalue
problems, many authors generalize the pioneering work of Lyapunov in [69] to quasi-
linear systems (I.24)) and (I.23) in order to analysis the properties of solutions of such

systems.

Theorem 1.2.37 ([78]) Let h(t) = m(t) = 1, f(t),9(t) > 0, = 6, B = 7,
2 + é = 1, and p' and ¢ be conjugate numbers for p and q, respectively. If the
s];sten;] has a real nontrivial solution (u(t),v(t)) such that u(a) = u(b) =
v(a) = v(b) = 0, a,b € R with a < b are consecutive zeros, and u,v are not

identically zero on [a, b], then we have the following Lyapunov type inequality

208 < (h—a)p B'</f dt) (/abg(t)dt)g.
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0
Theorem 1.2.38 ([19,98,7]) Let e + é =1,—-+ - 1, and p" and ¢’ be conjugate
P q

D q
numbers for p and q, respectively. If the system has a real solution (u(t),v(t))
such that u(a) = u(b) = v(a) = v(b) = 0, a,b € R with a < b are consecutive zeros,

and u, v are not identically zero on [a, ], then we have the following Lyapunov type

inequality

b , o b / 5 b . b s
2018 < ( / h'=P (t)dt) ( / m!= (t)) ( / f+(t)dt) ( / g+(t)dt)
The generalization of Lyapunov inequality to system of (pi,ps,. .., p,)-Laplacian

operators is made as in the following theorems.

Theorem 1.2.39 ([18,98]) Let r(t) = 1, qxj = q;; fork,7 =1,2,....,nand

Z Ui — 1 and P be the conjugate number for p; for j = 1,2,...,n. If the system

— Dj

7j=1

has a real solution (uy(t), us(t), ..., u,(t)) such that ui(a) = uk(b) = 0 for
k=1,2,...,nand a,b € R with a < b are consecutive zeros and uy, us, . . ., u, are

not identically zero on |a, b], then we have the following Lyapunov type inequality

Z jj —1+ Z 9jj n b W
2771 < (b-a) 7 ] ( / f;(t)dt)
j=1 /@

(1.26)

Theorem 1.2.40 ([7]) Let qx; = q;; for k,j = 1,2,...,n and Z 93— 1 and P
— D
j=1

be the conjugate number for p; for j = 1,2,... ,n. If the system has a real

solution (uy(t),us(t), ..., u,(t)) such that ug(a) = ug(b) = 0 for k = 1,2,...,n
and a,b € R with a < b are consecutive zeros and uy, us, . . . ,u, are not identically

zero on [a, b], then we have the following Lyapunov type inequality
4

S () ([T 0

27=1 <
Theorem 1.2.41 ([6]) Let qi; = qj for k,j = 1,2,...,n. If the system ([.25)
has a real solution (uy(t),ua(t), ..., un(t)) such that ui(a) = ug(b) = 0 for k =

‘Ijlj
Pj

J
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1,2,...,nand a,b € R with a < b are consecutive zeros and uy, us, . . . , U, are not

identically zero on [a, ], then the following Lyapunov type inequality

ijej n

94=1 < H (/ab r;’lpk (t)dt) e (/ab f,j(t)dt) ’

k=1
holds for k = 1,2,...,n where (e1, e, ..., e,) is nontrivial solution of the homoge-
nous system
e (1 - %) - EELP— (1.28)
PR/ j2iGan PF

whereekZOforkzl,Z...,nandZe? > 0.
j=1

Theorem 1.2.42 ([115]) If the quasilinear system has a real solution
(ur(t), us(t), ..., uy(t)) such that ug(a) = ug(b) =0 fork =1,2,...,nand
a,b € R with a < b are consecutive zeros and u,, us, . . ., u, are not identically zero

on [a, b], then the following Lyapunov type inequality

n
> piej

97=1 < H (/ab r;‘lpk (t)dt) e (/ab f,j(t)dt) ’

k=1

holds for k = 1,2,...,n where (e1, e, ..., e,) is nontrivial solution of the homoge-

nous system (1.28)).

1.3 Linear System of Impulsive Differential Equations

The theory of impulsive differential equations has become an important object of in-
vestigation because of its wide applicability in biology, medicine, mechanics, control
and in more fields mentioned at the begining of Chapter [I[] The impulse condition
is the appropriate model for describing physical phenomena if the system changes its
state rapidly at certain moments. In this case system can not be modeled by traditional

ways, i.e by ordinary differential equations.

In this section we outline some basic facts about linear system of impulsive differen-
tial equations with fixed moments, for details and for systems with variable moments

of impulses, see [60, 10} 9,93, 4] and the references therein.
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For any interval J of R, let 7; be the given strictly increasing sequence of impulse
points in J, i.e 7; < 7;41. If J is a bounded interval of R, then 7; is a finite sequence,
otherwise, that is if .J is an infinite interval, then the sequence 7; may be infinite and

lim 7; = oo because this sequence have no finite accumulation points.
1— 00

Let J C R and the sequence 7; be fixed in J. We denote by PLC'(.J) the space of all
piecewise left continuous functions w : J — R having discontinuities of the first kind
at7; € J, i € Z. As usual, by PLC"'(J) we mean the set of functions w : J — R
such that w,w’ € PLC(J).

Linear system of impulsive equations can be described by three components: a con-
tinuous time ordinary differential equation, which governs the state of the system
between impulses; an impulse equation, which models an impulsive jump defined by
a jump function at the instant an impulse occurs; and a jump criterion, which defines a
set of jump points 7; at which the impulse equation is active. Mathematically a linear

system of impulsive differential equation takes the form

W o=Alt)w, t#T
Aw|i=;, = Bjw, i€Z.

(1.29)

where A(t) is an n x n matrix with entries a;; € PLC(J), B; is an n X n constant
matrix, i.e B; € R™*" for all © € Z and Aw denotes the jump operator at t = T;

defined as

AW|1t:n = W(Ti+) - W(Tz‘ )

such that w(7") = hlim+ w(m £ h).
—0

By a solution of system (1.29), we mean a vector valued function w defined for ¢ € R
such that w € PLC(J) and system (1.29) is fulfilled for all ¢ € R.

The main result for the existence and uniquness of the solutions of homogenous sys-

tem (1.29) is the following.

Theorem 1.3.1 ([93]) Ler A(t) € PLC(J) and B; € R™" for all i € Z. Then for
anyty € Jand § = [01,09, . ..,0,], there exists a unique solution w(t) = w(t,ty,6) of
system on J satisfying the initial condition w(ty) = ¢ provided det(I+ B;) # 0
foralli € 7.
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Remark 1.3.1 The condition det(I + B;) # 0, i € Z provides the existence, unique-
ness and continuability of solutions of system ([I.29) throughout J.

Clearly, w(t) = 0 for all J is a solution of system (1.29). Therefore the solution
w(t) = 0 is called trivial solution of the system (1.29).

Theorem 1.3.2 ([93,[107]) The set §2,, of all the solutions of the n—dimensional ho-

mogenous system ([[.29) defined on J is a n—dimensional vector space.

Theorem 1.3.3 ([93,107]) If 4(t) = {&1(t), d2(t), ..., dn(t)} is any set of n linearly
independent solutions of system on J, then the set ¢(t), which is a basis in the
space Q,,, is called a fundamental set of solutions of system (I.29) and the n x n
matrix ® = [¢1 ¢ ... ¢p] is called fundamental matrix of system . Every
solution of system ([[.29) is a linear combination of solutions of the fundamental set,

i.e any solution w(t) of system can be written in this form:
w(t) = (t)c = c191(t) + c2d2(t) + ... + catn(?)

where ¢ = [cy,Ca, ... c,|T is any column vector:

In the sequel, it is convenient to use the notation

G111 P12 .. Pin
D =[p1 ... 00 = ¢:21 gb:m ¢f” (1.30)
_¢n1 ¢n2 ¢nn_

Theorem 1.3.4 ([93]) The determinant of ®(t) is called Wronskian W (t) of solutions
of system ([.29) and it is computed as

W (t) = det ®(t) = det ®(to) exp (/t tmce(A(s))ds) ﬁdet(Bj_v_l) (1.31)

to

fOl" Tj—1 <ty < T < Tj+k < t < Tj+k+1-
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1.4 Hamiltonian Systems

In this section, we introduce conservative dynamical systems which were first studied
in mechanics and contain no energy dissipating elements, namely Hamiltonian sys-
tems, see [/6, [101]. Hamiltonian mechanics arising from Lagrangian mechanics, a
previous re-formulation of classical mechanics, is a re-formulation of classical me-
chanics that was introduced in 1833 by Irish mathematician William Rowan Hamil-
ton. The Hamiltonian method differs from the Lagrangian method in that instead
of expressing second-order differential constraints on an n-dimensional coordinate
space, it expresses first-order constraints on a 2n-dimensional phase space. Therefore
the number of degrees of freedom of a Hamiltonian system is n but the dimension of
the phase space is 2n. Let H (p, ¢) be Hamiltonian function with n degrees of freedom
where ¢ = [q1, ¢, .., qa]" and p = [p1,pa,...,pn|! denote n generalized position
coordinates and n generalized momentum coordinates, respectively. H(p, ¢) has the
form that H(p,q) = T(q,q") + W(q), where T denotes the kinetic energy and W
denotes the potential energy of the system. These energy terms are obtained from the

path independent line integrals

T@ﬁzlP@W%zAE)M@%, (1.32)
=1

W)= [ fmdn= 3 wan, (133

where f;, i = 1,2,...,n denote generalized potential forces. Integrals (I.32)) and
(1.33)) are path independent if and only if

Opi(e,4) _ Opi(4,4)
dq; dq;

i i=1,2,....n.

Conservative dynamical systems are described by the system of 2n ordinary differen-

tial equations

oOH oOH

9 i i =1.....m. 1.34
g m%n% s a%mm, i=1,...,n (1.34)
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Note that along the solutions ¢;(t), p;(t),7 = 1, ..., n the derivative of H(p, q) can be

computed by employing chain rule as
dH —~ 0H
——(p(t Z (.4 Z (p, 9)d;
dt (9 — dq;
—8H
= Z apz p, ) + Z p, q)

1= 1

——Z p, -I—Z p,)—O.

In other words, in a conservative system (1.34) the Hamiltonian, i.e the total energy

will be constant along the solutions of system ((1.34). This constant is determined by

the initial data p(0), ¢(0).
If the Hamiltoian function H is of quadratic form

p(t)

H(p.q) = %(pT q")H(t) )

where H(t) is symmetric matrix, then by replacing p(¢) and ¢(t) by z(¢) and wu(t),
respectively, and setting the function y(¢) as y = (x, u), one can rewrite system (1.34)

as a single vector differential equation

dy
=JH(t 1.35
g )y (1.35)
which is a standart form of the Hamiltonian systems, where .J is a symplectic identity
0 I,
defined as J = .
-1, 0

In general the Hamiltonian system of 2n-linear first-order equations has the form of
(T.35), where y € R?**!, H is a 2n x 2n symmetric matrix with piece-wise continuous

real-valued entries, and J is defined as above. Letting y = (z,u)” and

we may rewrite the Hamiltonian system in an alternative way

' = Alt)r + B(t)u, u =-C(t)x— AT(t)u. (1.36)
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Definition 1.4.1 The matrix M is Hamiltonian if it satisfies
MT(t)J + JM(t) =0, forall t.

In our case M = JH(t).

Definition 1.4.2 The matrix H (t) is symplectic matrix if it satisfies
HY(t)JH(t) = J.

In this case the Hamiltonian system is of symplectic structure.

28



CHAPTER 2

LYAPUNOYV TYPE INEQUALITIES FOR 2N x 2N LINEAR
HAMILTONIAN SYSTEMS WITH IMPULSIVE
PERTURBATIONS

2.1 Introduction

As is defined in Chapter [T| by (1.35) or (1.36), the Hamiltonian system of 2n-linear
first-order equations has the form
y =JH(t)y, teR,
or
= Alt)r + B(t)u, u =-C(t)x — AT(t)u. (2.1)

With regard to Definition[I.4.2] we want to remark that if

AT()C() = C(H)A(), —BH)C{) + AR)A(t) = —1I,

B(t)AT(t) = A(t)B(t), —AT()AT(t) +C(t)B(t) = I.,
then system (2.1)) is of symplectic structure and therefore our results are also valid for

symplectic systems under impulse effect.

In the present chapter we consider (2.1]) under impulse effect, that is,

v =At)x + Bt)u, o =—-C(t)x — A" (t)u, t>ty, t#m
(") = Kiz(r7), u(r") = —Lix(r;7) + Ku(r;), i€N={1,2,...}.
2.2)
where

(i) {7} is a strictly increasing sequence of real numbers,
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(i) A, B, and C are n x n matrices with entries left continuous on each interval
(75, T;+1) and two-sided limits at the point 7;, ¢ € N exist, and B = B and
C=CT,

(iii) {K;} and {L,} are sequences of n x n matrices such that each K has an inverse

fori € N.

By a solution of system (2.2), we mean a vector valued function y(t) = (x(¢), u(t))
defined for ¢ > ¢, such that y € PLC(I") and system (2.2)) is fulfilled for all ¢ > ¢,
where the set PLC(I') is defined by

PLC(T") = {w : " = [tp,00) — R is continuous on each interval (7;, 7,11 ), the

limits w(7;%) exist and w(7;") = w(7;) fori € N}.

Note that the second-order impulsive system

2 +Ct)x =0, t>ty, t#m

) (2.3)
(") = Kx(r)), 2/'(7) = —Lix(r7) + Ko/ (177), ieN

is equivalent to (2.2) with A = 0, B = [ and u(t) = 2/(t). In particular, choosing

n = 1 in system (2.2)) yields the following planar Hamiltonian system under impulse

effect

¥ =at)r+0b(t)u, u =—c(t)r— at)u, t>ty t#T7 o4
(1) = kix(r7),  u(r) = —Liz(r7) + kau(r,), ieN
where a, b, c € PLC(T") and k;, [; are real sequences for i € N. It is worth mentioning
that system (2.4) is of symplectic structure if b(t)c(t) — a®(t) = 1. Note that when
b(t) > 0if we take a(t) = 0, b(t) = 1/p(t), c(t) = q(t) and u(t) = p(t)a’'(t), then

we obtain the special case of (2.2)), the impulsive second-order differential equations

of the form
(p(t)2") + q(t)z =0, t>ty t#£7 05
a(rh) = kix(r),  (p2')(7") = —Liw(r;) + ki(pa')(77), ieN.

The next definition is adapted from [76].

Definition 2.1.1 (Dini derivative for piece-wise continuos functions) Let f € PLC(T).
Then the upper right Dini derivative D f is defined by

DT f(t) = limsup 2t +h) = oft)
h—0t+ h ’

t?éTi.
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Similarly, the upper left Dini derivative, lower right Dini derivative and lower left

Dini derivative are defined as follows, respectively.

x(t+h) — x(t)

D~ f(t) = limsup , t#ET
h—0~ h
D, f(t) = limsup 2t +h) = x(t), t#7
h—0+ h
and
D_f(t) = limsup wtth) = x(t), t# 7.
h—0~ h

For impulsive differential equations or systems, in general for piece-wise continuos
functions, the concept of a zero of a function is replaced by a so-called generalized

Z€10.

Definition 2.1.2 ([45,43,42]]) A real number c is called a zero (generalized zero) of
a function f if and only if f(¢™) = 0 or f(ct) = 0. If f is continuous function at c,

then ¢ becomes a real zero.

Now we give the definition of disconjugacy which is about the zeros of the solutions

of differential equations or systems.

Definition 2.1.3 ([45,43]) Equation (2.5)) is called disconjugate on an interval [t t5]
if and only if all solutions of equation (2.5) have at most one zero (generalized zero)

on an interval [ty,ts).

We generalize the definition of disconjugacy given in [45, 43]].

Definition 2.1.4 ([45,42]) System (2.2)) (or 2.3), (2.4)) is called disconjugate (rela-

tively disconjugate with respect to x) on an interval [t1,t5] if and only if there is no

real solution (x(t),u(t)) of system 2.2) (or 2.3), (2.4)) with a nontrivial x having

two or more zeros (generalized zeros) on L1, ts).

Our aim in this chapter, which constitutes for the main part of the thesis, is to improve
and extend Theorem [[.2.T1] to the more general impulsive system (2.2)), that is to

obtain Lyapunov type inequalities sharper than all the results existing in the literature.
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It is of great importance to obtain Lyapunov type inequalities since they are useful
tools not only in boundary value problems but also in oscillation theory, asymptotic
behaviour of solutions, disconjugacy, stability theory and eigenvalue problems. It
turns out that there is more than one way to approach the problem due to impulses.
Note that since changing the impulsive perturbation or assuming different condition
on the impulses leads to variety of inequalities, presence of impulse effect yields
different and new inequalities. This shows that systems with impulses are richer
and more fruitful than systems without impulses. Besides, we are able to improve

Theorem [I.2.TT]in the special cases when the impulses are absent.

This chapter of the thesis is organized as follows. Similar to [99]], the proof of the
theorems are based on estimating the involved fundamental matrices by using matrix
measure. Therefore, in the next section, we mention some properties of matrices and
prove an auxiliary lemma providing an estimation for fundamental matrix of homoge-
nous impulsive system. By the help of the lemmas presented in Section[2.2] we derive
new Lyapunov type inequalities in Section[2.3] As applications of Lyapunov type in-
equalities, we present disconjugacy criteria and find lower bounds for the eigenvalues

of the related eigenvalue problems in the last section.

2.2 Matrix measure and fundamental matrices

Forz € R"and A € R™", |x| = 27z and |A] = \/Amax(AT A) denote the Euclidean
norm and induced matrix norm, respectively. Let By, By € R?*". Then the property
By > B, is defined as in Definition and B; has a unique square root Bi1 /2 S
R™" such that B> > 0, and (B)/*)? = B;, i = 1,2.

Now, we give some elementary inequalities for norms.

Lemma 2.2.1 ([99]) (a) Let C € R}*". Then for any C* € RI*" with C* > C,
one has

2'Cx < |C*||z)?, z€R" (2.6)
(b) Let P € R"" and () € R?*"™ with () > 0. One has

|PQz| < |QV2PTPQYV?Y2(2TQx)Y?, = eR™ (2.7)
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Proof.

(a) Let C' € R?*". By definition we have
2'Cr < 2'C*x < |2||C*2| < |2]|C*||2| = |CF||2|*.

(b) Let P € R™™ and ) € R?*"™ with () > 0. Then
|PQaf = 2" QPTPQu = (Q'?2)" Q" P PQ'*(Q'/*x)
< |Q1/2x} ‘Ql/QPTPQ1/2‘ ‘Q1/2x‘
_ |Q1/2PTPQ1/2| (QI/Qx)T(Ql/Qx) _ ‘QI/QPTPQI/ZI a:TQx.

0

First we want to define the concept of matrix measure and show the relationship of
it with fundamental matrices of system of ordinary differential equations. Then this

relationship will be obtained for fundamental matrices of the impulsive systems.

Lemma 2.2.2 ([109]) For a matrix A € R™ ™, the matrix measure ji(A) € R is
defined by

. [T+ RhA -1
O
Trivially, for any matrix norm one has
— [A] £ —p(=A4) < R(Ai(A)) < p(4) <[4 (2.8)

where R(\;(A)) denotes the real part of eigenvalue \;(A) of matrix Afori =1,...,n.

Remark 2.2.1 The matrix measure of a matrix A can also be written as follows:

Amax (AT + A)

p(A) = =t —— (2.9)

The importance of the matrix measure in making estimations for fundamental matrix

solutions of ordinary differential equations is presented in the next lemma.

Lemma 2.2.3 ([99]) If Z(t, s) is a fundamental matrix (state transition matrix) for

= A(t)x (2.10)



satisfying 7 (s, s) = I, then

1Z(t,s)| < exp (/:u(A(r))dr) , t>s (2.11)

and

t
12(5,0)] < exp ( / u(—A(r))dr) i @.12)
The main contribution of this section, which is to derive estimations similarly to
(2.11)) and (2.12)) for the following impulsive systems,

¥ =Alt)x, t#m,
(") = Kyz(r;), i€N.

(2.13)
can be given as in the next lemma.

Lemma 2.2.4 Let (i)-(iii) hold and denote by X (t, s), X (s, s) = I, the fundamental
matrix of (2.13). Then we have the estimates:
t
Xl <o [uaene) T] Kl 25 @
s s<T; <t

and

| X (s,1)] < exp (/:#(—A(ﬂ)dr) I 15l t>s (2.15)

s<T; <t

Proof. Consider the initial value problem

z(rh) = Kio(r,7), (2.16)
z(s) = xo
For t # 7;, we may write that
_x(t+h) —x(t) , B
At)r = . +a(h),  lim g(h) =0.

After some manipulations and taking the norms of the both sides, we get
|zt +h)| < [RA() + I]|z(O)] + hn(R)], t# 7,

or

ot + )| = Ja@)] _ (PAW®) + 1] =1)[x@)]
h - h

+ n(h)], t#m. (2.17)
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By taking limsup of both sides of (2.17)) as ¢ — 07, we have
DT a(t)] < p(AW)[x(t)l,  t#7,

where D |x(t)| denotes the upper right Dini derivative of |z(t)|. Setting u(t) = |z(t)|
and using (2.16)), we obtain
DTu < p(A(t))u, t# 7,
u(r;") < |Kifu(r), (2.18)
u(s) = |-

From the classical comparison theory [76] [60], we know that any solution u(t) of

equation (2.18)) for ¢ > s is not greater than the maximal solution v,,(t) of

o = (Ao, t#
o(r") = | K;lv(r;), (2.19)
v(s) = |xo).
Since has the unique solution as

o0 = e [ utaonar) [ 161 o=

s<T; <t

for the solution of (2.18]) we have

t
u(t) < |zo| exp (/ M(A(r))dr) H |K;|, t>s. (2.20)
s s<T; <t
It follows that the counterpart of (2.11)) is
t
el <esp ([ utaonar) T 15l 12
§ s<T; <t

as desired.

To show that the estimate (2.13) holds as well, we start with the adjoint system of the
impulsive system (2.13)), which reads, see [93], as

y =—-A"(t)y, t#m,

U — () = = [T+ (K= 17| (K= Dyl = (Ko~ D y(r7).
(2.21)
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In this case, we have

DT |y(t)| < p(=AW)ly®)], t# 7,

ly(mO] < [Killy (7).
Hence, if Y (¢, s) is the fundamental matrix of the adjoint system with Y (s, s) =
I, then in a similar manner of (2.20)), from one has

(2.22)

w0 < ool [ ut-aenar) TT 1. e=s

s<ri<t
and hence
viesl <o ([ u-aena) [T KL 25 @2
S s<Ti<t
Using YT (t,8) X (t,s) = I gives Y (t,s) = X T(t,s) = XT(s,t) and so from (2.23),
the estimate is obtained. O

2.3 Lyapunov Type Inequalities

In this section we focus on obtaining different Lyapunov type inequalities for sys-
tem (2.2)) and for its particular cases, (2.3)), (2.4) and (2.5). These inequalities are so
important due to the fact that they are used to prove disconjugacy criterion for the
solutions of systems, to show the uniqueness of the solutions of associated inhomo-
geneous BVP, to study the stability of the solutions of planar periodic systems, to find
lower bounds for the eigenvalues of the associated eigenvalue problems and to anal-
yse the asymptotic behaviour of solutions of systems. Variety of the conditions on
K, yields applying different techniques in the proofs and establishing new Lyapunov

type inequalities.

In what follows, let (t) = max { ™ (A(t)), '+ (—A(t)) }, where pu(A(t)) and pu(— A(t))
are matrix measures of the matrices A(¢) and —A(¢), respectively, and
m*(t) := max{m(t),0}. Note that in view of (2.8)) we have

a(t) < |A(1)]. (2.24)

It is easy to see that if A is a diagonal, then «(¢) = | A(t)|, but the inequality (2.24)) is
in general strict, which can be verified through (2.9) by examples.
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Theorem 2.3.1 Suppose that the matrices A, AT, B, and C all commute with K; for
all 1 € N such that .
2

B(t) >0, / |B(t)| dt > 0. (2.25)

> )
If system has a solution y(t) = (x(t),u(t)) with nontrivial x such that
2(t]) = 2(t;) = 0, x(t) # 0 on (t1,ty), then for any C*(t) > C(t) we have the

Lyapunov type inequality

exp (/tt a(t)dt) (/tt |B(t)|dt> </tt Cr()ldt+ Y |si|> >4, (2.26)

t1<T<t2
where S; = K{ 'Ky ' . K" LiK; 1 ... Ky, i =2,3....
Proof. Define
My=1,and M; = K;K; ;... Kifori=1,2,...,m.
Let foreach: =1,2,...,m,
M;z(t) = z(t), Muo(t)=u(t), te (1, Ti1).
where we put t; = 79 and t5 = T,41.

It is easy to see that with the above transformation system (2.2)) becomes the following
system.
7 =At)z+ B(tyv, vV =-Clt)ly—A"(tyv, t#m

2y =2(17), v =v(r) = Siz(r;7), i=0,1,2...,m.

(2 K3

(2.27)

where S; = M, 'L;M;_,. Since z(7;) = 2(7;") = 2(7;"), 2 is continuous on [t1, 5]

and z(t1) = z(t2) = 0, and 2(¢) # 0 on (¢1,t5). Let ty € (t1,%2) be such that
ty)| = t)].
2(t0)] = max [2(0)
Let Z(t,s) be the fundamental matrix of (2.10). Then from the first equation of
system (2.27) we may write that

2(t) = Z(t,£)z(&) +/5 Z(t, s)B(s)v(s)ds. (2.28)

Putting ¢ = t, and replacing £ by ¢; and ¢, in (2.28)), we have

z(tg) = /to Z(to, s)B(s)v(s)ds (2.29)

t1
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and

to
z(ty) = — / Z(to, s)B(s)v(s)ds. (2.30)
to
From (2.7), 2.11)) and (2.29), we obtain

12(t0)] S/toexp </OM(A(T))CZ7’> B(s)[2 [o7(5) B(s)u(s)] V2 ds.  (2.31)

Applying the Cauchy-Schwarz inequality to the square of inequality (2.31)), we get

()l < | / " exp (2 " A ) B(slas| | / o (5) B(s)o(s)ds
<o (2 / wtaar) | Bsles [ o7 (5)B(s)o(s)ds
<o 2 / i) / 1B(s)|ds / VT () B()u(s)ds,

which yields

|Z t()

AZ = / IB(s)|ds / () B(s)u(s)ds.  (232)
oo (2 Tatnar)

Similarly from (2.7),(2.12) and (2.30), we obtain

< ew(2 /t:%*(—A(r))dr) / 1B(s)|ds /t:%ws)g(s)v(s)ds
< exp (2 /:a(r)dr> /t:2|B(s)\ds /t:Q o () B(s)u(s)ds

|Z t()

eXp( /to ) /lB |d5/ vi(s)B(s)u(s)ds.  (2.33)

or

A2 =

On the other hand, it is easy to see that

(o)) = =L ()C)2(t) + 0T () B)v(t), t# (2.34)
AT (r)v(n)) = 25 (m)u(rh) = 2T (m)v(r) = =25 (1) Siz(1). (2.35)

)

Integratin from ¢, to t; and using , we have
g g

/t ST B(o(t)dt = /t TWCWatdt+ S 2T (m)Sie(m).

t1<7;<tg
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Since C*(t) > C(t) and |z(t)| < |z(to)| for ¢ € [t1,t2] and by employing (2.6), we

can estimate the right-hand side of the previous inequality as

‘/Qv%wB@w@yu < /ﬁéqﬂCﬂﬂz@Mt+ S ()8

1 t t1 <1 <t2
to
< a(to)? ( / CH(@)]dt+ ) |Si|>. (2.36)
t t1<m <t

By using inequalities (2.32)) and (2.33), we see from (2.36) that

=t ( / o) < / clae S \Sz-l>

t1<T;<ta

to to
Aol [ Bl o)l [ 1Bt
t1 t1
Z to to + to to
exp <2/ a(s)ds) / |B(t)|dt  exp (2/ a(s)ds) / | B(t)]|dt
t1 t1 to to
S A A3
g @
(2.37)
where
to to
| 1B | 1Bt
t1 to
41 = to 9 g2 = s .
| 1Bl | 1B
t1 t1
As q1 + g2 = 1, we have
A2 A2
122 > 40 A, (2.38)
il 42

Therefore, from (2.37) we obtain

(/: |B(t)|dt> (/: |C*(t)|dt + Z |SZ~|> > 4exp (— /ja(t)dt)

t1<7i<to

O

An alternative Lyapunov inequality is possible by using (2.14) and (2.13)) instead of
(2.17)) and (2.12), respectively.

Theorem 2.3.2 Suppose that KI' K; = I for all i € N and 2.23)) holds. If system
has a solution y(t) = (z(t),u(t)) with nontrivial x such that x(t]) = x(t;) =
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0,x(t) # 0on (t1,t2), then for any C*(t) > C(t) we have the Lyapunov type inequal-

ity
to to
exp (/ a(t)dt) < 11 \Ki|2> (/ |B(t)|dt>
t1 T <to t1
= ft (2.39)
« / cWldt+ 3 |KiTLi|] >4
t t1<1i<t2

Proof. Let X(t,s) be the fundamental matrix of (2.13)) given in Lemma We
can write from system (2.2) that

z(t) = X (t,8)x(§) —1—/5 X(t,s)B(s)u(s)ds.

Letting £ — t{ and £ — ¢, , and if t = t(, we get

o(to) = /t " X(to. $)B(s)u(s)ds (2.40)
and .
x(tg) = —/ X (to, s)B(s)u(s)dr, (2.41)

where ty € (11, 12) is a point such that

|z(to)| = sup [z(t)].
tE(tl,tg)

In view of (2.14) and (2.40), (2.135) and (2.41)), proceeding along the similar lines as
in the proof of Theorem [2.3.1] we have

el < [ e ( /:OM(A(U)))dw) T KB [ (5)Bls)u(s)] 7 ds

t1 s<t;<to

and
to S
1/2
2 (to)] < / exp ( / u(—A(w))dw) TT KB [ (5)B(s)u(s)] V* ds.
to to to<Ti<s
and hence by applying Cauchy-Schwarz inequality to the square of the above inequal-

ities and similarly to the proof of Theorem [2.3.1] we obtain

ol < s (2 / alt)ir) Tk / Blsyas) | / o () Bls)ulds
and
[ (to) > < exp (2 /tot2a(t)dt) | <]:[t K /tt |B(s)|ds: /tt uT(s)B(s)u(s)ds: |
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Thus, we have

o= [ [mela] [ [ @seu] 42

t1

and

Qx| / B | / o () Bls)uls)as]. 2.43)
(1) o (1)

where ()1 =

o ([Tawas) T[ il ow([Caws) IT 1K1

t1<mi<to to<Ti<ts
On the other hand, in view of
A" (ri)u(r)) = —a" (1) K Liw(7s),
by integrating
(@' (Hu(®)) = —a" (OCH)x(t) +u' (OBHu(t), t#m

from s; to so, and then letting s; — ¢; and s, — t,, we get

/ T Bu(t)dt — / T@CWetdt+ Y o (r) KT Lia(r).

t1 t1 t1 <7 <to

Since C*(t) > C(t) and |x(t)| < |z(to)| for t € [t1,t2] and from (2.6), we have

to
/ C(s)lds + ) |KiTLi|]. (2.44)

t1 t1 <7;<to

/ T Byu(t)dt < [a(ty)?

t1

By using inequalities (2.42)), (2.43)) and (2.44), we obtain

1Bl 1o | [0 s)as+ S K7L
[ o] o [ | |

t1<7;<to

> [ /t :2 \B(t)\dt] [ /t jQ uT(t)B(t)u(t)dt]

= {/Q |B(t)|dt} {/to u® (t) B(t)u(t)dt + /t2 uT(t)B(t)u(t)dt} .
! ! ! (2.45)
By employing (2.38) in (2.45) with ()1, )2 which are defined as above and with the
same ¢, ¢» defined as in Theorem[2.3.1] we arrive at the desired Lyapunov inequality

2.39). O

Remark 2.3.1 Since a(t) < |A(t)|, Theorem and Theorem improve and

generalize all the results existing in the literature, in particular Theorem[1.2.11} [99,
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Theorem 2.4]. Therefore, our results are new and alternative to each other. If there is
no impulse, i.e K; = I, L; = 0 for all i € N, then Theorem and Theorem 2.3.2]
coincide but still improve [99, Theorem 2.4], which implies that Theorem [2.3.1 and

Theorem[2.3.2are new even for the nonimpulsive case.

Remark 2.3.2 Let us consider the special cases of the matrix C*(t). If C*(t) is taken
as C*(t) or C4(t) in 2:26) and 2.39), where C™(t) is defined as in Theorem|[1.2.11]
and C.(t) is defined by C(t) = L{C(t) + [C(t)CT(t)]"/?}, then the condition
C*(t) > C(t) is satisfied. Thus C*(t) can be replaced by C*(t) or C(t).

Remark 2.3.3 In view of ([2.24), we may replace the Lyapunov type inequalities

(2.26) and (2.39), respectively, by

exp (/tt |A(t)|dt) (/tt |B(t)|dt) </tt ctldt+ 3 |5,~|> >4 (2.46)

t1 <1 <t2
and
to t2
oo ([awlar) (T 1) | [ 1m0

t1 t1<Ti<t2 t

N 2.47)
. / C(s)las+ S KTL)| > 4

t t1 <7 <ta

Since inequalities (2.26)), (2.39) and (2.46), (2.47) are obtained due to assuming dif-

ferent conditions on the impulses, changing the conditions of the coefficient functions
appearing on the impulse effect or choosing different impulsive perturbation yields
more various inequalities than we present. Therefore existence of impulse effect pro-
vides new Lyapunov type inequalities. That is why we are interested in system of
impulsive differential equations than system of ordinary differential equations. In the

absence of impulse, inequalities (2.40), (2.47) and inequality (2.22) in [|99] coincide.

The following results are obtained from Theorem [2.3.1] and Theorem [2.3.2] for the

second-order impulsive system (2.3).

Corollary 2.3.1 Suppose that C' commutes with K; for all i € N. If system (2.3)) has

a nontrivial solution xz(t) such that z(t{) = z(t;) = 0,2(t) # 0 on (t1,ts), then for
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any C*(t) > C(t) we have the Lyapunov type inequality

to 4
[icwlas Y sz

1 t1 <1 <t2

where S; = K 'Kyt K ' LiKG 1. K, i =1,2, .

Corollary 2.3.2 Suppose that KI' K; = I for all i € N. If system has a non-
trivial solution x(t) such that x(t]) = z(t;) = 0,2(t) # 0 on (t1,t3), then for any
C*(t) > C(t) we have the Lyapunov type inequality

t1 <71 <to

In the case n = 1, or for system (2.4)), the commutativity of the coefficient functions

to 4
* KI'Li|| >
[ic@s s Y IKTL| =

—
t1 t1<Ti<to 2 1

a,b, c with k; for all ¢ € N is satisfied automatically, a(t) = |a(t)| and S; = [;/k;.
Besides, if ¢*(t) is the function which satisfies the condition ¢*(t) > ¢(t), then
Theorem [2.3.1] is reduced to the following corollary under the following version of

condition (2.23) t
b(t) > 0, / b(#)dt > 0. (2.48)

t1

Corollary 2.3.3 Assume (2.48)) holds. If system has a solution y(t) = (z(t), u(t))
with nontrivial x such that x(t]) = x(t;) = 0,2(t) # 0 on (t1,t3), then we have the

Lyapunov type inequality

exp ( /t ’ ]a(t)]dt) [ /: b(t)dt} [ /: o+ ;t (/l?)+] >4 (2.49)

Theorem is adapted to system as follows: The condition K7 K; = I for
all i € N turns out to be k? = 1 for all i € N. Therefore we have two cases due
to the given k;. Let us consider the case that k; = 1 for all ¢« € N which implies
the continuity of z(t) for all ¢ > ¢,. Hence there is impulse condition only on u(t)
and Theorem [2.3.1] and Theorem [2.3.2] coincide. In the latter case, i.e there exists an
o € N such that k;, = —1, system has an impulse effect on both x(¢) and u(t)
and Theorem [2.3.2]is reduced to following corollary.
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Corollary 2.3.4 Let k} = 1 for all i € N. Suppose that [2.48) holds. If system
has a solution y(t) = (z(t),u(t)) with nontrivial x such that x(t) = x(t;) =
0,z(t) # 0 on (t1,t2), then we have the Lyapunov type inequality

exp ( /: |a(t)|dt> [ /:b(t)dt] [ /t2c+(t)dt+ S k)| =4 @50

t t1 <1<t

Remark 2.3.4 Inequalities (2.49) and ([2.50) generalize all the results obtained for
planar Hamiltonian systems without impulse effect. In particular, Corollary[2.3.3]is
an extension of [99, Theorem 2.4] while Corollary is new and alternative to

Corollary[2.3.3)

The following corollaries are obtained directly from Theorem [2.3.1] and Theorem

for equation (2.5).

Corollary 2.3.5 If equation 2.3) has a nontrivial solution x(t) such that x(tf) =
x(ty) = 0,2(t) # 0 on (t1,ts), then we have the Lyapunov type inequality

to 1 [2) n l +
0 H\dt + 2t > 4, 2.51
[/m P(t) 1 [/m ¢ () tlgTZKm (k’) ] - ( )

Corollary 2.3.6 Let k? = 1 for all i € N. If equation (2.3) has a nontrivial solution
x(t) such that x(t]) = z(t;) = 0,2(t) # 0 on (t1,1s), then we have the Lyapunov
type inequality

{/: ;%t)dt] [/j g (t)dt + Z (liki)Jr] >

t1<1i<t2

Remark 2.3.5 Corollary and Corollary provide the same result as and
alternative result to [43, Theorem 4.5], respectively, for the case of the second order
impulsive differential equations [2.5)). Moreover if there is no impulse effect, they give

the same result of Wintner, Hartman and Krein [|114, 45, 57].

2.4 Applications

In this section we give some applications of Lyapunov type inequalities which are

used as a handy tool in studying of the qualitative nature of solutions. By making use
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of Lyapunov type inequalities, we prove disconjugacy criteria and find lower bounds
for the eigenvalues of the related eigenvalue problems to systems (2.2), (2.3), (2.4)
and to equation (2.5)).

2.4.1 Disconjugacy

Since Lyapunov type inequality leads immediately to disconjugacy criteria, in this

section we prove disconjugacy criteria for systems (2.2), (2.3), (2.4) and equation

2.3).

Note that if B = 0, system (2.2) is already disconjugate.

Theorem 2.4.1 Suppose that the matrices A, AT, B, and C all commute with K; for
all i € N such that (2.23) holds. If for some C*(t) > C(t)

exp (/:a(t)dt> </tt \B(t)\dt) (/tt it + 3 \si\> <4, 252

then system is disconjugate on [tq,ts5], where a(t) and S; are defined as in The-
orem

Proof. Suppose on the contrary that there is a real solution y(t) = (z(t), u(t)) with

nontrivial z(¢) having two zeros sq, s2 € [t1,%s] (51 < s3) such that z(t) # 0 for all

t € (s1, 7). Applying Theorem we see that

4< exp ( /:a(t)dt> ( / |B<t>|dt) ( / cWlde+ Y |Si|)

s51<1;<82
to to to
< exp (/ a(t)dt) (/ ]B(t)]dt) / Cr@)ldt+ Y [Si] ] -
t t t t1<7;<t2
Clearly, the last inequality contradicts (2.52)). The proof is complete. O

Since the proof of the following theorem is exactly same as the proof of Theorem

[2.4.1] it is omitted.

Theorem 2.4.2 Suppose that K K; = I for all i € N and [2.23)) holds. If for some
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Cr(t) = C(t)

exp </tlt2a(t)dt) ( 11 |KZ-|2> U; |B(s)|ds]

t1 <1 <t2
t2
X / |C*(s)|ds + Z |KZ.TLZ~|] < 4,
t t1<1; <t

then system is disconjugate on [t1, o), where a(t) is defined as in Theorem|2.3.1]

Remark 2.4.1 Disconjugacy on [t,t5] is equivalent to nonexistence of a nontrivial
solution of system satisfying x(t1) = x(to) = 0. This gives a sufficient condi-
tion for the uniqueness of solutions of the corresponding nonhomogeneous boundary

problem which is studied in the next chapter.

We have the following corollaries, which are obtained direcly from Theorem [2.4.1
and [2.4.2]for system (2.3)) and system (2.4), whose proofs are exactly the same as the
proof of Theorem[2.4.1] and so, omitted.

Corollary 2.4.1 Suppose that the matrices C commutes with K; for all i € N. If for
some C*(t) > C(t)

to . 4
(/ CH()ldt + Y |Si’><t2—t1’ (2.53)

t1 t1<7i<ta

then system is disconjugate on [ty,ts], where S; is defined as in Theorem m

Corollary 2.4.2 Suppose that K] K; = I for all i € N. If for some C*(t) > C(t)

to 4
K. |? * Tr.
(T ) | [Merom e 3 wrn] <t
t1<7<t2

1 t1<T;<t2
then system is disconjugate on [t1, ts).

Corollary 2.4.3 Assume (2.48) holds. If

exp ( /: |a(t)|dt> { /: b(t)dt} [ /: c+(t)dt+t ;t (11‘)1 < 4,

then system is disconjugate on [tq,ts).
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Corollary 2.4.4 Let k? = 1 for all i € N. Assume (2.48) holds. If

exp < /: |a(t)|dt) [ /: b(t)dt} [ /: Fde+ Y k)| < 4,

t1<T;<tg

then system is disconjugate on [tq,1s].

The next two corollaries are direct consequences of Corollary and Corollary
2.4.4] respectively, in the case b(t) > 0.

Corollary 2.4.5 If

to 1 t2 N L +
{/tl p(t) ] [/tl ! ( ) tlng;dz <kl) ] ) | )

then equation (2.5) is disconjugate on [t1,t5].

Proof. Suppose on the contrary that there is a real solution x(t) # 0 having two zeros

S1,82 € [t1,t2] (81 < s2) such that z(t) # 0 for all t € (sy, s2). Applying Corollary
2.3.5]we see that
st [ oa s (E)
4 < / —dt] / gt (t)dt + (—)
51 p(t) 51 51<T;<s2 i

LT
)]
t1<7;<t2

< U: ]%dt} _/: gttt + Y

Clearly, the last inequality contradicts (2.54)). The proof is complete. O

Since the proof of the last corollary is the same as the proof of Corollary [2.4.5] it is

omitted.

Corollary 2.4.6 Let k? =1 foralli € N. If

U:]%dt} [/tlt2q+(t)dt+ S (kt] <4

t1<7;<t2

then equation (2.5) is disconjugate on [t1,t5].
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2.4.2 Lower Bounds on Eigenvalues

Another application of Lyapunov type inequalities is that it can be used to provide
lower bounds for the eigenvalues of the associated eigenvalue problems. The proofs
of the following theorems and corollaries are based on the Lyapunov type inequalities

derived in Section[2.3]

Consider the following impulsive eigenvalue problems
v =At)z + Bt)u, o =-NCt)x—AT()u, t€ (ty,t)\{T1,7,. ., Tm}
(") = Ko(r7), u(r) = —pLix(ry) + Ku(r;), i=1,2,...,m,

(2.55)
and
$//+)\O(t)l'20, te (tlatQ)\{lele"aTm}a
z(1;") = Kio(7)),
(") () 056
(77 = —p Lix(r7) + K2/(77), i=1,2,...,m,
2(t1) = 2(ts) = 0
where A\, 1 € R.

Definition 2.4.1 A pair (\, ) is called an eigenvalue of (2.53) if there is a corre-
sponding solution (x,w) such that x(t) # 0 on (t1,t2).

Definition 2.4.2 A pair (\, ) is called an eigenvalue of if there is a corre-

sponding nontrivial solution x on (t1,t5).

Theorem 2.4.3 Suppose that the matrices A, AT, B, and C all commute with K; for
all i € N such that (2.25) holds. If (A, 1) is a positive eigenvalue pair of ([2.55)), then

A > 1

> - (/:a@)dt) </tt |B(t)\dt) (/tt |C*(t)\dt+ni§m;|5i]>,

for any C*(t) > C(t), where ) = 1/ X and «(t), S; are defined as in Theorem[2.3.1]

Proof. Let (\, 1) be a positive eigenvalue and (x, u) be the corresponding eigenfunc-

tions of the system (2.55)). If we apply Lyapunov type inequality obtained in Theorem
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2.3.1|for system (2.53)), we get

4 < exp (/:a(t)dt> (/tt |B(t)|dt) (A/: Cr@)ldt+p Y |Si|>

t1 <1 <to

Then for the eigenvalue A we can find the desired lower bound. 0
Since the proofs of the following theorem and corollaries are same as the proof of
Theorem [2.4.3] we skip them.

Theorem 2.4.4 Suppose that KI' K; = I for all i € N and (2.23)) holds. If (A, j1) is a
positive eigenvalue pair of (2.33), then

A > 4

e (/tlt2a(t)dt) (ﬁugw) M |B(t)|dt}

=1

Y

to m
/ Cr@ldt+ S |KTL
131 i=1

forany C*(t) > C(t), where n = p/ X\ and a(t) is defined as in Theorem

For the eigenvalue problem (2.56), the above theorems take the following simpler

forms.

Corollary 2.4.7 Suppose that C' commute with K; for all i € N. If (A, ) is a positive
eigenvalue pair of (2.56), then

4

|1 olae+n 31| 2~ )

t1 i=1

A >

Y

forany C*(t) > C(t), where n = p/\ and S; is defined as in Theorem

Corollary 2.4.8 Suppose that KI'K; = I for all i € N. If (\, ) is a positive eigen-
value pair of (2.56)), then

4

to m
/ @)t + 03 IKTL| (12— )
t1

=1

A >

(fe

forany C*(t) > C(t), where n = p/\.

Y
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In system (2.53) if n = 1, then the planar eigenvalue problem can be obtained as
follows.
' = a(t)x + b(t)u, = —Ac(t)x —a(t)u, te (t1,t)\{m1, 715, Tm},

x(ﬁr) = ki (1,

u/
() = —pla(r) + ku(ry), i=1,2,...,m,

(2.57)

where A\, 1 € R.

Definition 2.4.3 A pair (A, 1) is called an eigenvalue of [2.57)) if there is a corre-
sponding solution (x,u) such that x(t) # 0 on (t1,t2).

Then Theorem [2.4.3| and Theorem [2.4.4] are reduced to the following corollaries.

Corollary 2.4.9 Assume (2.48)) holds. If (X, i) is a positive eigenvalue pair of [2.57)),
then
4

exp (/tt |a(t)|dt) Utt b(t)dt} [/tt c*(ﬂdﬁni (llf_y] |

A>

i=1

where n = /.

Corollary 2.4.10 Let k? = 1foralli € N. Assume (2.48)) holds. If (\, 1) is a positive
eigenvalue pair of [2.57), then

A > A

exp (/: |a(t)|dt) Uj b(t)dt] [/: c+(t)dt+n§;(kili)+] ;

where n = /.

By taking a(t) = 0, b(t) = 1/p(t), c(t) = q(t) and u(t) = p(t)a'(t), we obtain the
special case of (2.37), the impulsive second-order eigenvalue problem, which has the
form
(p()z")" + Aq(t)z = O, t#m
o(r") =kx(ry),  (pa)(r") = —plsa(7;7) + ki(pa') (7)), i=1,2,...,m,
x(ty) = x(t2) =0
(2.58)
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where A\, 1 € R.

Definition 2.4.4 A pair (A, ) is called an eigenvalue of (2.58)) if there is a corre-

sponding nontrivial solution x on (ty,ts).

Theorem [2.4.3|and Theorem [2.4.4]lead to the following corollaries which are the final

results of the present chapter.

Corollary 2.4.11 If (), ) is a positive eigenvalue pair of ([2.38)), then
4

[ se] [ ron s )

A=

=1

where n = 1/ \.

Corollary 2.4.12 Let k? = 1 for all i € N. If (\, ) is a positive eigenvalue pair of

(2.58), then
4

Uj ]%dt} [/tt g (t)dt +n Zz::(kizi)*] |

A>

where n = 1/ \.
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CHAPTER 3

BOUNDARY VALUE PROBLEMS FOR 2N-DIMENSIONAL
LINEAR HAMILTONIAN SYSTEMS WITH IMPULSIVE
PERTURBATIONS

3.1 Introduction

In the present chapter our main aim is to prove an existence and uniqueness theorem
for solutions of the related BVP of (2.2), which is called as inhomogeneous Hamilto-

nian system under impulse effect, of the form

= Alt)r + Bt)u+ f(t), v =-C@t)r— AT (t)u+ g(t), t#7 (3.1a)

a(r;") = Kix(r; ) +ai,  u(r)") = —Lix(r;) + Kau(r;) + by, (3.1b)
x(t) =&, x(t2) = ¢, (3.1¢)
where

(i) The entries of the given n x n matrices A and symmetric matrices B, C' and
of the given n x 1 vectors f, g are real valued and left continuous functions on

each interval (7;, 7,5 1) having finite limit from both sides at 7;;

(ii) {K;},{L;} are given sequence of n x n matrices {a;} , {b;} are given sequence
of n x 1 vectors, {7;} is a real sequence of numbers for i = 1,2,..., p with

L=< <T<...<T<Tpy1 = ls;

(iii) B(t) > 0fort € (t;,t,) in the sense that v” B(t)x > 0 forall z € R™ and K *

exists foralli = 1,2,...,p; & and ( are given n X 1 vectors.

53



By a solution of system (3.1)), we mean a vector valued function y(t) = (z(t),u(t))
defined on J = [t1,t5] such that y € PLC(J) and system (3.1)) is fulfilled for all
t € J, where PLC(J) = {w : J — R is continuous on each interval (7;, 7;+1), the

limits w(7:

=) exist and w(7; ) = w(r;) for i € N}.
The corresponding homogeneous BVP of system (3.1]) takes the form

' = Alt)r + B(t)u, u =—-C(t)x— ATu, t € (t1,t2)\{m:} (3.2a)

(") = Kix(7,), wu(r’) = —Liz(r;) + Kiu(r;)), (3.2b)
z(ty) =0, a(t2) =0, (3.2¢)
If y = (z,u), system (3.2a)-(3.24) can be written in the form of
y = JH(t)y t# (3.3a)
y(r.")=By(r7), i=1,2,....,p (3.3b)
where
I I e (< G C] N
I, 0 A(t)  B() L K

The impulse condition (3.3b) (or (3.2b)) can be written in another form by using delta

operator as
Ayli=r, = y(r;") = y(r7) = (B = Dy(7;7) = Ciy(7;") 34
Let us recall the following definition. With regard to Definition [I.4.2] we want to
remark that if
AT()C(t) = CA(), —B)C() + AR)A(L) = —1n,
B(t)AT(t) = A(t)B(t), —AT(t)AT(t)+ C(t)B(t) = I,

then system (3.2a) is of symplectic structure and therefore our results are also valid

for symplectic systems under impulse effect.

In particular, choosing n = 1 in system (3.1) yields the following inhomogenous BVP

for planar Hamiltonian system under impulse effect
' =alt)r+bt)u+ f(t), v =—c(t)r—alt)u+g(t), t#71  (3.5a)
(1) = kiw(77) + ai,  u(tt) = —Lix(r]) + k() + by, (3.5b)

7

x(tl) = 57 x(tZ) = Ca (35C)
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where a, b, ¢, f, g are real valued piece-wise left continous functions having disconti-
nuities at the points 7; and k;, [;, a;, b; are real sequences for7 = 1,2, ..., p and £ and

¢ are given real numbers. The associated homogenous BVP is obtained for system

BIif f(1)=g(t) =0, t€ Ja;=b=0,i=1,2,...,pandE =( =0,ie

¥ =a(t)r +b(t)u, u =—c(t)r—alt)u, t# 7 (3.6a)
o(rf") = ka(r), u(r”) = —la(r) + kiu(ry), (3.6b)
2(t) =0, a(ts) =0, (3.6¢)

Note that when b(t) > 0, if we take a(t) = 0, b(t) = 1/p(t), c(t) = q(t), f(t) =0
and u(t) = p(t)2'(t), then we obtain the following impulsive BVP for second-order
differential equations, as a special case of (3.5), that is,

(p)2") +qt)x = g(t),  t e (t,ta)\{n} (3.7a)
o(") = k(7)) +ai,  (p2)(77) = —Lix(7;) + ki(p2') (7)) + bi, (3.7b)

The following BVP represents the associated homogenous BVP of (3.7).

(p(t)2") +q(t)x =0,  te€ (t,ta)\{7} (3.82)
x(ﬂ‘ﬂ = kix(1;), (Px/)(Tz’Jr) = —lix(r;) + ki(p2')(7;7), (3.8b)
z(ty) =0, xz(ty) =0. (3.8¢)

This chapter of the thesis is organized as follows. The proof of our result is based on
establishing Lyapunov type inequalities for linear Hamiltonian system under impulse
effect. Therefore after defining inhomogenous impulsive BVPs of 2n—dimensional
Hamiltonian systems, planar systems and second order equations as well as their ho-
mogenous counterparts, in Section[3.2] we restate Lyapunov type inequalities obtained
in Section [2.3]to show nonexistence of nontrivial solutions of systems (3.2)), (3.6) and
equation (3.8). Then in Section [3.3|we present fundamental theorems about homoge-
nous and nonhomogenous system of impulsive differential equations and give the
relationship between solutions of them. Section [3.4]is divided into subsections to
mention the properties of impulsive BVPs in detail. After introducing inhomogenous
BVP and defining Green’s function, the derivation of Green’s function is shown and

integral representation of unique solution of system (3.1) is expressed by Green’s
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function. Then the properties of Green’s function is given. After that system (3.5])
and equation (3.7) is considered as a special case of system (3.I) and their Green’s
functions are written in terms of the solutions of corresponding homogenous system
and equation. Section [3.5|contains the main results of the present chapter and is de-
voted to the existence and uniqueness criteria of solutions to (3.1)), (3.5)) and equation
(3.7). Since the proofs of the theorems are based on Lyapunov type inequalities, two
different inequalities for each system (3.2), and for equation yield two
alternative criteria for the uniquness of the solutions of systems (3.1), (3.3) and equa-
tion (3.7). To the best of our knowledge, our approach is quite new and our result is
the first work which gives the relation between existence and uniqueness theory of
boundary value problems and Lyapunov type inequalities. This relation has not been

noted even for the ordinary differential equations case.

3.2 Lyapunov type inequality for homogeneous problems

The following theorems are obtained in Section [2.3|to derive Lyapunov type inequali-
ties for systems (3.2)), (3.6) and equation (3.8). The importance of these inequalities in
showing the uniqueness of the solutions of inhomogeneous BVP (3.1)), (3.5) and
is the main result of this chapter and presented in the last section. Before concern-
ing the connection between Lyapunov type inequalities and inhomogeneous BVP, we
want to remind these inequalities obtained for system (3.2)), (3.6) and equation (3.8).
In the sequel, |A| = /Amax(ATA) and p(A) = Aoy (AT + A)/2, which are defined
as in Chapter denote the induced matrix norm and matrix measure of a matrix A,
respectively, m™ () = max{m(t),0} and m;” = max{m;, 0}. The first two theorems

are the main results which yield Lyapunov type inequalities for system (3.2).

Theorem 3.2.1 Suppose that the matrices A, AT, B, and C all commute with K; for
all i € N such that

to
B(t) > 0, / B(#)] dt > 0. (3.9)

> ;
If the homomogeneous BVP (3.2)) has a real solution (x(t),u(t)) such that x(t) # 0
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on (tq,1s), then for any C*(t) > C(t), we have the Lyapunov type inequality

exp (/tt a(t)dt) [/tt |B(t)|dt}

where S; = K 'Kyt K 'LiK; 1 ... Ky, i=2,3...,p,and

a(t) = max {u" (A(t)), " (—A(t)) }-

to
/ @t + Y (S]] =4 (3.10)

t t1 <7 <t2

Theorem 3.2.2 Suppose that K K; = I for all i € N and (3:9) holds. If the homo-
mogeneous BVP (3.2) has a real solution (x(t),u(t)) such that x(t) #Z 0 on (t1,1t2),
then for any C*(t) > C(t) we have the Lyapunov type inequality

exp (/:Zoz(t)dt> [ 11 |K,-|2] Utt |B(s)|ds]

t1<7;<to

[
/ C(s)lds + |KELZ«|] >4,

t1 t1<Ti<to

(3.11)

X

where a(t) is defined as in Theorem[3.2.1]

The next two theorems, which are corollaries of the above theorems, provide different

Lyapunov type inequalities for system (3.6).

Theorem 3.2.3 Suppose that

to
b(t) > 0, / b(t)dt > 0. (3.12)

t1
If the homomogeneous BVP of (3.6) has a real solution (x(t), u(t)) such that x(t) # 0
on (tq,1s), then we have the Lyapunov type inequality

oo /f e | /:b@dt] [ /tfc+<t)dt+ ) (;_1)*]24. 513

Theorem 3.2.4 Suppose (3.12)) holds. If the homomogeneous BVP of has a real
solution (z(t),u(t)) such that x(t) # 0 on (t1,t2), then we have the Lyapunov type

inequality

exp ( /: |a(t)|dt> [ /: b(t)dt} [ /: Fd+ Y (zikiﬁ] >4 (14)

t1 <1 <to
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Finally, we have the next two theorems giving Lyapunov type inequalities for equation

(3-3).

Theorem 3.2.5 [f the homomogeneous BVP of (3.8) has a real solution x(t) such
that x(t) # 0 on (t1,t3), then we have the Lyapunov type inequality

to 1 to N L. +
—dt t)dt = > 4. 3.15
[ |[[oone s (1) ]z e

Theorem 3.2.6 If the homomogeneous BVP of (3.8) has a real solution x(t) such
that x(t) # 0 on (t1,12), then we have the Lyapunov type inequality

U: z%dt} [/ ! @dt+ Y (li’fz‘)+] >4, (3.16)

a1 t1 < <ta

3.3 System of Linear Homogenous and Nonhomogenous Impulsive Differential

Equations

Before considering impulsive inhomogeneous BVP (3.1)), we will give fundamental
properties of system of linear impulsive equations (IDEs) of homogenous type (3.2a)-
(or equivalently (3.3))). These properties are similar to that of in system of
ordinary differential equations, see [25, 45, [76]] and can be found in detail in [60, 9,
93 [107]. A nonhomogenous system of impulsive differential equations (3.1a)-(3.1b)
can be defined similar to the theory of nonhomogenous system of ordinary differential

equations and can also be written in the form

y =JH@)y+ht) t#m7 (3.17a)
y(r") = By(r, )+, i=1,2,...,p, (3.17b)

where J, H(t), B; are defined as in system (3.3 and

The fundamental matrix of homogenous system (3.3)) (or (3.2a)-(3.2b)) has the fol-
lowing property due to the Theorem
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Remark 3.3.1 ([42]) Let ®(t) be the fundamental matrix of system satisfying
det ®(0) = I. Since trace(JH(s)) = 0, then Wronskian W (t) of solutions of system
B is
p P
W(t) = det &(t) = [ [ det B; = [[ K7
i=1 i=1

Jorti =1 < 71 <...<Tp < Tpp1 = ta.

After defining the solution of homogenous system (3.3)), now we are ready to give the
particular solution, general solution and unique solution of nonhomogenous system
(3-17). The relationship between the solutions of nonhomogenous system (3.17)) and

the associated homogenous system (3.3) can be given in the next theorem.

Theorem 3.3.1 ([93,107]) If p(t) and 1 (t) are the solutions of homogenous system
and nonhomogenous system (3.17), respectively, then p(t) + v(t) is again a
solution of system . Conversely, if 1(t), 15 (t) are solutions of nonhomogenous
system (3.17), then the difference 11 (t) — 12(t) is a solution of homogenous system

(3-3).

We find the general solution of nonhomogenous system (3.17) in terms of the solu-

tions of homogenous system (3.3)) by using Variation of Parameters Formula.

Theorem 3.3.2 ([93,107]) (Variation of Parameters Formula) Let ®(t) be a funda-

mental matrix solution of system ([3.3)). Then the general solution y of nonhomogenous

system is of the form

y(t) = O(t)c + /t O(t, s)h(s)ds + Z O(t, 7,7 )ei, t>to, (3.18)

to to<Ti<t

y(t):<I>(t)c—|—/t(1>(t,s)h(s)ds+ > ot e, t<to,

to to<tT; <t
where c is the column vector defined as ¢ = [cy,ca,. .. ,cn]T. The unique solution
y(t,to) of nonhomogenous system satisfying the initial condition y(ty) = ¢ is
of the following form
t
y(t, to) = ®(t, 1) + / O(t, s)h(s)ds + Z O(t, 7. )ci, t > t,

to to<mi<t
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and
t
y(t,to):q>(t,t0)5+/ O(t, s)h(s)ds — Y O(t,7; e, t <ty
to t<r;<to

where ®(t,s) = (1)1 (s).

The previous theorem states that like linear system of ordinary differential equations,
the general solution y of linear nonhomogenous system (3.17)) can be written as a sum

of complementary solution y;(t) = ®(¢)c of homogenous system (3.3)) and particular
t
solution y,(t) :/ O(t, s)h(t)+ Z ®(t, 7.")c; of nonhomogenous system (3.17),

to to<m <t

iey(t) = yn(t) + yp(t), see [93,[107].

3.4 Boundary Value Problems For 2n-dimensional Impulsive Systems

Throughout this section, we consider impulsive BVP (3.1)) and present the unique so-
lution of this system. By using the connection between the solutions of homogenous
systems (3.2)) and inhomogenous BVP’s (3.1)), we introduce Green’s function as well
as its properties. In contrast to system of ODEs, there is a pair of Green’s function
which has discontinuities at the jump points due to the impulses. We also remark the
importance of Green’s function in obtaining the representation of unique solution of
inhomogenous BVP (3.1). Moreover for the special cases of impulsive BVP (3.1,
system (3.5) and equation (3.7), Green’s function (pair) and representation of unique

solution are obtained as an application.

3.4.1 Inhomogenous Boundary Value Problems

In this subsection, we are interested in inhomogenous BVP, system (3.1). If y(t) =
(x(t), u(t)), then system (3.1) can be rewritten in the form of 2n-dimensional Hamil-

tonian system with impulsive perturbation as

y = JH(t)y + h(t) t£ 7 (3.19a)
y(r;7) = By(r, ) +c, i=1,2....p (3.19b)
Uly) = My(t:) + Ny(ta) = n, (3.19¢)
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where J, H(t), B; are defined as in Section [3.1| and h(t), ¢; is defined as in Section
I, 0 0 0 §

3.3land M = , N = ,and n =
0 0 I, 0 ¢

Here, U(y) is called a boundary form and in general it is defined as follows

2n

Uy<y> - ZMV]y](t1> +Nl/jyj(t2)7 V= 1,27...,271.

J=1

Remark 3.4.1 ([107]) The vector boundary form U has rank m ifU,, v =1,2,...,m,
are linearly independent boundary forms. In other words, the vector boundary form
U has rank m if and only if rank(M : N) = m, where the matrix (M : N) is defined
by
My ... My, Nz ... DNy
(M : N) = . . . . .
Myn1 ... Msyon Nopi ... Nopop

Remark 3.4.2 In our case, by definition of M and N, it is easy to see that rank(M :
N) = 2n. Therefore U,, v =1,2,...,2n, is linearly independent boundary form.

As in the theory of system of ordinary differential equations, the uniqueness of solu-
tion of inhomogenous system (3.1 (or (3.19)) depends on the nonexistence of non-
trivial solution of homogenous system (3.2)). The next theorem stating this fact is the

main argument to show the uniqueness of solution of inhomogenous system (3.1)).

Theorem 3.4.1 ([107]) Since the rank of the vector boundary form U is equal to the
dimension of system , thatis rank(M : N) = 2n, if the homogenous system

has only trivial solution, then the inhomogenous system (3.1)) has a unique solution.

3.4.2 Derivation of Green’s Function

In the next theorem with regard of Theorem [3.4.1] by assuming that the homogenous
system (3.2)) has only trivial solution, we show that the unique solution of inhomoge-
nous system (3.I) can be given in terms of Green’s Function. To find Green’s func-

tion, firstly we need to write the general solution of inhomogenous system (3.1) by
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using Variation Parameters Formula on the interval J = [t1,t5]. The next theorem

provides the detailed derivation and explicit formula for Green’s function.

Theorem 3.4.2 Let (i)—(iii) hold. Assume that the homogenous system has only
trivial solution. Then the unique solution y = (x(t),u(t)) of the inhomogenous sys-

tem (3.1) is expressible as

y(t) = w(t) + /t2 G(t, s)h(s)ds + Z G(t, e (3.20)

t1 t1<7;<tg

where

w(t) = (t) [M®(t)) + NP(t)] ",
and the Green’s function pair is given by

O(t)(I+ K)DP(s), s<t

G(t,s) = (3.21)
O(t)KDP1(s), s>t
and
1/ + ,
é(t,ﬁr) _ O(t)(I + K)d'(7,"), T <t (3.22)
O()KD(7;1), T; > t.

Proof. We start with the variation of parameters formula (3.18)) and write the general

solution of system (3.1a)), (3.1b)) as
y(t) = ®(t)c + O(¢) [/t D (s)h(s) + Z CI)I(T;F)CZ'] : (3.23)

t t1<1; <t
where c is a constant column vector which will be determined from the boundary

conditions (3.1c). Now, imposing the vector boundary conditions (3.1c) on (3.23])
yields

to
[M®(t)) + N®(t;)] ¢ = n — NDB(ts) [/ O (s)h(s)+ Y qu(rj)ci] .
t1 t1 <7 <ta
(3.24)
Since the homogenous system (3.2)) has only trivial solution, the matrix M ®(¢;) +
N®(t) has an inverse. Observe that y(¢t) = ®(t)d is a general solution of homoge-
nous system (3.2) where d is a constant column vector. The homogenous boundary

conditions satisfy if [M®(t1) + N®(to)] d = 0. If the matrix M ®(t;) + NP(t,) did

not have an inverse, then d would be different than zero and the homogenous system
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(3-2) would have other solutions than the trivial one. This contradiction leads us that
the matrix M ®(t;) + N®(t2) has an inverse and we have the uniqueness of solutions

of inhomogenous system (3.1]). Setting
K = — [M®(t;) + NO(t)] " NO(t),

we may solve c as

c=[M®(t) + NO(t,)] 'n+ K

/ o (sh(s)ds+ Y cpl(fj)ci].

t1 t1<T;<tg

Hence,

y(t) = @(t) [MO(tr) + N (t2)] 1

+ () (I + K) /tcb s)ds + Z i ]
+ (K /tQCI)‘l(s)h(s)der > <I>_1(Ti+)ci].

Therefore the unique solution of the BVP (3.1a)—(3.1¢) can be expressed as

/ G(t,s)h(s)ds + Z G(t, 7).

t1 <7<tz

where the pair of functions (3.21]) and (3.22) constitutes the Green’s function for (3.1).
0J

3.4.3 Properties of Green’s Function

Similar to the theory of system of ordinary differential equations, Green’s fuction
(pair) have some continuity and differenbility properties. Compared with the nonim-
pulsive case, Green’s function (pair) G(t,s) and G(¢,7;7), i = 1,2,...,p of linear
impulsive system (3.1]) are left continuous functions having discontinuities of the first
kind at the jump points 7;, « = 1,2, ..., p. To obtain more properties, we need to set

up the following rectangles, see [107],

= [t1, 7] x [t1, 7],
:(7'z 1,7 X [t1,n], i=2,3,...,p+1
= [ti, 1] X (11, 715], J=2,3,...,p+1
= (1io1, 7] X (1521, 15), 4,7 =2,3,...,p+1
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and triangles

T ={(t,s) € [t1,ta] X [t1,ta] : s >t}
T' = {(t,5) € [ty ta] X [t1,t2] : 5 <t}
Td={(t,s) € Ry :s>1t}y, 1=1,23,...,p+1
,I;lz':{(tas)eRii35<t}, 1=1,2,3,...,p+ 1.

as we construct for system of ordinary differential equations, see [25 [76]. In the
impulsive case, since instead of one interval [a, b], there are p subintervals which are
in the form of (7, 741), ¢ = 0,1,...,p, the only difference between continous and
discontinous case occurs at 7;, the points of discontinuities. We can summarized the
mentioned properties of Green’s function (pair) and give more of them in the next

theorem.

Theorem 3.4.3 ([107]) Let Green’s function (pair) be defined as (3.21) and (3.22)
for system (3.1). Then we have the following properties.

(G1) G(t, s) is continuous and bounded for (t, s) on the rectangles R;;,
i i=1,2... . p+1.

0G(t, s)
ot
the triangles T and T}

i’

(G2) is continuous and bounded on the rectangles R;; with i # j and on
i.e at the pointst = sandt =71, 1 = 1,2,3,...,p,

G(t, s) fails to be continous and bounded.

(G3) Atthe pointst = sandt =71, i =1,2,3,...,p, G(t,s) satisfies the following

Jjump conditions;

(a) G(8+73) - G(S_a 8) = Ia S 7& Ti

(b) G(t;*, 1) — BG(r; ,7;) = B;
0G(s*,s) 0G(s™,s)
© =5 = &

(G4) G(t,s), considered as a function of 1, is left continuous and satisfies

=JH(s), s# 7

y' = JH(t)y, t e J\{n}
y(mi+) = Biy(7;), iefi:m e} (3.25)
My(t1) + Ny(ta) =0

where J is any of the intervals [ty, s) or (s, to]
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(GS) A’t:né(t? Ti+) - G(Ti+77_i+) - G(Ti_ﬂ Tz’+> - (BZ - ])é<7i_v Ti+)

(G6) G(t,s), considered as a function of 1, is left continuous and satisfies (3.25).

Proof. The proofs of (G1) and (G2) are similar to the that of in ordinary differential

equations. Let us consider (G3).

(a) To see (a), we write for s # 7,

—
—~
VA
~—
|
&
—~
cDI
~—
K
L
—~
VA
~—

G(st,s) —G(s7,s) =D(s")(I+ K)P~
=P(s7) I+ K)P~

—
—~
»
~
I
K
—~
Cn‘
~—
K

L
—~
V)
~—
I
~

(b) (b) follows from
G(ri",7) — BG(r7, 1) = [®(r;") (I + K) — B;®(r7)K] 7 !(7)
(c¢) For (c), lett # 7;, then

IG(t, s) () + K)o '(s) = JH)P(t)(I + K)®P (s), s<t

ot (KD (s) = JHE)D() KD (s), s>t

and since s # 7,

IG(s*,s) 0G(s,s)

ot ot = J[H(sN®(sH) (I + K) — H(s™)®(s™) K] ®1(s)

= JH(s).

Next, we consider (G4). By definition, it is easy to see that G(t, s) is left
continuous function at t = 7;. Let us consider the interval [t;,s). The latter
is similar. The first equation in ((3.23) is a direct consequences of (c) and the

definition of G(t, s). Clearly,

G(r",8) = (1, )K® ! (s) = By® (1, )K® ' (s) = BiG(1;, )

7

and

MG(t1,s) + NG(ta,s) = MO(t)) KO (s) + NO(to)(I + K)P~(s)
= {[M®(t1) + NO(t2)] K + NO(t2)(I + K)} &~ '(s) = 0.

The proofs of (G5) and (G6) are similar to (b) and (G4), respectively. O

The following theorem is adapted from [107] and is presented to introduce the method

of finding Green’s function G(¢, s).
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Theorem 3.4.4 ([107]) If the homogenous system (3.2)) has only trivial solution, then
the properties (G1)-(G3) uniquely determine the Green’s function G(t, s).

Proof. Since G(t, s) satisfies the first two homogenous equation of (3.23), it can be

written as
D(t)e(s), s<t

Gt o) = B(t)d(s), s>t

fort € [t1, 1], where ®(t) is the fundamental matrix solution of

y = JH(t)y, t e J\{n}
y(ri+) = Biy(7; ), i€ {i:m e Js}.

In view of (a) of (G2),if s # 7;, 1 = 1,2,...,p, then

Therefore we have
c(s) —d(s) = ®71(s), s # 7.
In the case s = 7;, i € {1,2,...,p}, from (b) one has that

B; = G(r;", 1) — BG(r;,7;) = ®(7;")e(r;) — B;®(7;)d(T;)

(2

= B;®(7; )e(i) — Bi®(7; )d(7;)
which implies
o) —d(m) =2 (1), i € {1,2,...,p}.
Therefore, for all s € [t1, t2],

c(s) —d(s) = d71(s). (3.26)

Due to the fact that the boundary condition U(y) = 0 must be satisfied by G(t, s),

which is considered as a function of ¢, one can obtain
0=MG(t1,s) + NG(ta,s) = MP(t1)d(s) + NP(t2)c(s).
By using the relation in (3.26)), we have
0= M®(t))d(s)+N®(ts)(d(s)+P(5)) = [MP(t))+N®(ty)]|d(s)+NDP(ts)D ().
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Because of the argument used in Theorem 3.4.2} the matrix M ®(t,) + N®(t2) has as

inverse, which yields

d(s) = K& (s), c(s) = (I + K)® *(s), s € [t1,1a].

Hence
S+ K)P(s), s<t
Glts) — | BT+ E)B)
O(t) KD 1(s), s>t
exists and uniquely determined as a result of the left continuity of G (¢, s). U

3.4.4 Green’s Function For Planar System

Since system (3.5)) is 2-dimensional, we can present its Green’s function explicitly.

Let
x1(t) w2t
d(t) = 1(8) 22(f) L, B(0) =1
up(t) ua(t)
be a fundamental matrix for (3.6a))-(3.6b) (or equivalently (3.3, » = 1). Define

10
M = and N = .
0 0 10

For impulsive differential system (3.6a)-(3.6b) (or equivalently (3.3), n = 1), it is
known from Remark [3.3.T] that

p p
det ®(t) = [ [ det B; = [] &7
=1 =1
Therefore

D | up(t)  —wa(t)| g, | we(t)  —wa(t)
® <t>_det<1>(t) —w(t) @) _Hlk —ui(t) w1t

The matrices K and / + K can be computed as the following, respectively.

K = —[M®(t)) + Nb(ty)] " No(t)
_ 1 r1(ta)xa(t1)  wa(tr)za(ta)
w1 (t1)a(tz) — w1(t2)ma(ty) | —zy(t)ar(t) —a1(th)za(ts)
_ 1 332(751) 0 Il(tg) Jﬁg(tg)
z1(t)xa(ta) — 1 (ta)w2(t1) |0 vi(t) | |—21(ts) —xo(ta)
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and

B 1 i z1(t)zo(ta)  xa(ty)wa(ts)
I+K = x1(t1)za(te) — x1(t2)xa(ty) —x1(t1) 21 (2) 961(752)56’2(751)]
_ 1 l’g(tg) 0 xl(tl) l’g(tl)
w1 (t)ra(ta) — 21 (t2)wa(t) I wi(te) | | —z1(t1) —w2(ty) .

Now, we are ready to rewrite the Green’s function (pair) in terms of the solutions of

system (3.6a)-(3.6b) (or equivalently (3.3), n = 1) as follows

G(t,s) =S { Mi()Mifs), s <t (3.27)
Mg(t)Nl(S), S Z t
G(t,7) =S MM, <t (3.28)
My (t)Ny(;5), >t
I
Where S - xl(tQ)xQ(tZlS — Z)’J1<t1)ZL‘2(t2)
z1(ty) [21(8)2a(te) — wa(t)21(t2)]  22(t1) [21(F)22(t2) — 22(t)21(12)]
M (t) =
21(t1) [ur (D) za(ta) — ua(t)z1(te)] @2(ty) [ua(t)m2(te) — ua(t)x1(t2)]
and
z1(t2) [1(D)a(ts) — 22(D)21(t1)] 22(t2) [21(E)22(t1) — 22(t) 21 (t1)]
Mg(t) =
71 (t2) [ur (D)o (ts) — ua(t)z1(ty)]  m2(ta) [ua(t)m2(t) — ua(t)w1(t1)]
and

—x5($)
z1(s)

3.4.5 Green’s Function For Second Order Equation

Since the case of impulsive differential equations are slightly different than impulsive

differential systems, before introducing Green’s function of equation (3.7]), we need
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to present Variation of Parameters Formula and state and prove a theorem about the

uniqueness of solution of equation (3.7).

Let {11, 12} be the fundamental set of solutions of corresponding homogenous equa-

tion (3.8a)-(3.8b). Then v(t) = [1)1, 1] is the first row of the (Wronskian) matrix

V1(t)  Palt)

W(t) =
" CHOREAG

Theorem 3.4.5 ([107]) (Variation of Parameters Formula) Let 1)(t) = [i)1,1)s] be

row vector of fundamental solutions of (3.84)-(3.8b), then any solution of (3.74)-
is of the form

z(t) = ¥(t)

fooia9(8) 1+
c+/tO\I/ (s)megds—l— Z v (Ti)z], t >t

to<t;i<t

and

x(t) = ¥(t) c—l—/t \Il_l(s)ﬁegds— Z e

) t S th
p(S) t<t;<to

where ¢; = [a;, b;]T. In particular

U (tg)d + /t \I/_l(s)@egds + Z \I/_I(T;F)ci] , 1>t

to p(s) to<m<t

z(t) = p(t)

satisfies the initial condition
[E(t[)) = 51, $/(t0> = 52,

where the column vector § is § = [0y, 02| . A similar result holds for ty > t.

Our proof is again based on the fact that if the homogenous BVP (3.8)) has only trivial

solution then associated inhomogenous BVP (3.7) has a unique solution.

Corollary 3.4.1 Suppose that p,c € PLC(J), p(t) > 0, and o; # 0 for i =
1,2,...,p. Assume that the homogenous system (3.8) has only trivial solution. Then

the unique solution x(t) of the inhomogenous system is expressible as

z(t) = w(t) + /t2 G(t,s)g(s)ds + Z G(t, e (3.29)

t1 t1<7;<tg
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where

w(t) = (1) [MY(t) + N (ts)] 1,
and the Green’s function pair is given by

V)T + K)U 1 (s)"~ey, s<t

G(t,s) = P(s) (3.30)
’(ﬂ(t)K\IJ_l(S)ﬁez, s>t
and
—1(+ :
Gt ) = v (I + K ("), n<t (3.31)

() KO (7}1), T > t,
where K = — [MU(t)) + NU(t,)] " NU(t,), and e; = [0,1]7.

Proof. We start with the variation of parameters formula (3.4.5]) and write the general

solution of equation (3.7a))-(3.70) as

x(t) = (t)

ot / tw—@%mw 3 w—l(n+)c,~], (>t (332)

p{s t1 <1<t
where c is a constant column vector which will be determined from the boundary

conditions (3.7c). Now, imposing the boundary conditions (3.7c]) on (3.32) yields
x(t) =¢=1v(t)c

r(t2) = ¢ =1(ta)c+Y(l2) /thjl(s)]%@dS"‘ Z qjl(Tz’Jr)Ci] .

t1 <71 <to

Therefore we obtain linear system of algebraic equations

i(t) da(t)| fer| _ N (8)5
P1(t2) alta) | |c2 ¢ —(ta) (/t \11_1(5)%62d3+ Z \I/_I(Ti+)ci)

S
p t1 <1y <ta

Yi(t) ba(ty)

which has a unique solution, ¢y, ¢s if det P # 0 where P =

Vi(ta) ba(ta)

Since the homogenous equation (3.8)) has only trivial solution, the matrix P has an
inverse. Observe that x(t) = ¥(t)d = di91(t) + datho(t) is a general solution of
homogenous system (3.8) where d = [d; do]T is a constant column vector. The

homogenous boundary conditions satisfy if

w(ty) = Y(t1)d = dipi(tr) + dotha(ty) =
x(ty) = Y(te)d = diapr(ta) + dotha(ts) =

0
0
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If the matrix P did not have an inverse, then d would be different than zero and
the homogenous system (3.8) would have other solutions than the trivial one. This
contradiction leads us that the matrix P has an inverse and we have the uniqueness of

solutions of inhomogenous system (3.7]).

After applying the same steps of proof of Theorem [3.4.2] it is not difficult see that the
corresponding Green’s function (pair) becomes as (3.30) and (3.31). O

Let W (1)1, 12)(t) be Wronskian of the fundamental solutions of the corresponding
homogenous equation (3.8a)-(3.8b) and

OW @) = (P12 — pt)yen) =0, t#T
p(rYW(T) = kap(r) )W (177
implies that p(t)W (11, ¢2)(t) = C;, t € (7, Tia], Ci € R, is piecewise constant
function for t € J. Therefore one can obtain inverse of the matrix W(¢) as
_ 1 bat)  —ve(t)| _ 1 Pa(t)  —ia(t)
W, ¥a)(t) |—yt(t) o(t) | WELY)E) | —yi(t) ()

Note that the matrices K and / 4+ K can be computed as the following, respectively.

U=i(t)

K =—[MU(t))+ NU(t;)]" N (t2)
_ 1 Vr(t2)a(ts)  a(ti)a(te)
Y1(t1)a(ta) — P1(t2)a(ts) =y (t1)r(t2)  —a(th)a(ts)
_ 1 Ya(th) 0 Yi(ta)  alta)
Dr(t)a(ts) = i (t2)v2(t) 0 uta)| [—vi(t2) —ta(te)
and
B 1 Yr(t)a(tz)  va(ti)(tz)
frh = Ur(ta)ha(te) — i) o (t) | —apy (8) 21 (ts)  —tr(t2)za(ty)
_ 1 Ua(tz) O Pi(t)  a(ta)
Pi(t)ea(tz) — Pa(t2)v2(t) 0 Yilte) | [—i(t1) —tha(ty)

Now, we are ready to rewrite the Green’s function (pair) in terms of the solutions of

system (3.8a)-(3.8b)) as follows

[V1(8)ha(ta) — Ya(t)Pr(ta)] [=a(s)Pr(tr) + a(s)a(ts)], s <t

G(t, S) = Sl
[V () (ts) — Ya(t) 1 (tr)] [=tha(s)n(ta) + i(s)Ya(ta)], s>t
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and

[)1()aha(t2) ha(t)thi(t2)] Ms,

s <t

G(t,7F) = S,
(D1 (#)a(ty) Pa(t)r(t)] My, s>t
where
5 = ! ! ,
Ua(t1) 1 (t2) — r(tr)a(ta) p(s)W (11 (s), ¥a(s))
My — D1t (7)) = Yt (1) = (t) (") + Ya(ta)in (77)
| =10 (R7) + La(t)YI(RT) () ea(n) = da(t)in(n7) |
M, — 1 (t2) Py (1) — ot (1) —tha(t2)ha(7;") + Ya(ta) (1)
|~ ()P () + etV (1) ()t (7)) — Ya(ta)in (7)) |
and X )

%2 = a0 0 () — G (2 a(b) W (72 ) (7))

We should remark that G(¢, 7;7) is a row vector whereas G(t, s) is a scalar function.

3.5 The Main Result

The main result of the present chapter is the following two theorems and corollar-
ies. By employing Lyapunov type inequalities given in Section [3.2] we can prove
the uniqueness of solutions of inhomogenous system (3.1)), (3.5) and equation (3.7).
We should remark that Lyapunov type inequalities are obtained for homogenous sys-
tem (3.2), (3.6) and equation (3.8). Since for each system (3.2), (3.6) and equation
(3.9), two different Lyapunov type inequalities are derived and corresponding to each
Lyapunov type inequality there is one uniqueness criterion, we obtain two unique-
ness criteria which are alternative to each other for each system (3.1), (3.5) and for

equation (3.7)).

Theorem 3.5.1 Let (i)—(iii) hold. Suppose that the matrices A, AT, B, and C all
commute with K; for all i € N such that (3.9) holds. If for any C*(t) > C(t)

oo ([ o) [ [l | [ 2

then there exist a unique solution y(t) (x(t),u(t)) of BVP (3.1) which can be
expressed as (3.20) where a(t) and S; are defined as in Theorem|[3.2.1]

to
/ Cr@W)ldt+ Y 1S <4, (3.33)
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Proof. In order to prove the uniqueness of solutions of BVP (3.1, it suffices to show
that the homogeneous BVP (3.2a)—(3.2¢) has only the trivial solution. Suppose to
the contrary that z(¢) # 0 on (¢1,t3). By Theorem we see that Lyapunov type
inequality holds contradicting the inequality (3.33). Thus z(t) = 0 for all
t € [t1,t2]. Moreover, by we have

b(t)u = 07 t 7é Tis

which results in u(t) = 0 for ¢ # 7;. Taking limit we see that u(7;") = 0. As a result
we obtain (z(t),u(t)) = (0,0) for all ¢ € [ty,1s]. This completes the uniqueness of

the solutions. Since the form of unique solution of BVP (3.1) is given in Theorem

3.4.2]as (3.20), the proof is completed. O

The next theorem can be used when Theorem [3.5.1]is not applicable, i.e in the case
(3.33) fails. Since the proofs of following theorem and corollaries are exactly same

as the proof of Theorem 3.5.1] they are omitted.

Theorem 3.5.2 Let (i)—(iii) hold. Suppose that KI' K; = I for all i € N and (3.9)
holds. If for any C*(t) > C(t)

exp (/:a(t)dt) [ 11 |Ki|2] [/tlt2|B(s)|ds}

“9‘;2 (3.34)
2
X / C*(s)lds + ) |KZTLZ-|] <4,

1 t1 <1 <t2

then there exist a unique solution y(t) = (x(t),u(t)) of BVP (B.1) which can be
expressed as (3.20) where o(t) is defined as in Theorem[3.2.2}

Corollary 3.5.1 Suppose (3.12) holds. If

exp ( /: |a(t)|dt> [ /: b(t)dt} [ /j c+(t)dt+t1;i<t2 (1%)1 <4, (3.35)

then there exist a unique solution y(t) = (x(t),u(t)) of BVP (3.5) which can be

expressed as (3.20).

In case (3.35) does not hold, we have the following alternative for Corollary .30
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Corollary 3.5.2 Suppose (3.12) holds. If

exp < /: |a(t)|dt) [ /j b(t)dt} [ /t Cemat Y (liki)+] <4, (336)

t1<7;<t2
then there exist a unique solution y(t) = (x(t),u(t)) of BVP (3.5) which can be

expressed as (3.20).

Corollary 3.5.3 If

to 1 to N L. +
1 f)dt + )< 3.37
[/tl p(t) } [/n ) 1;1;1-62 <kl) ] ) ( )

then there exist a unique solution x(t) of BVP (3.7) which can be expressed as ([3.29).

When (3.37) is not satisfed, one can use the following alternative criterion for Corol-

lary f33

Corollary 3.5.4 If

U:z%dt} [/t2q+(t>dt+ > k)T <4, (3.38)

t1 t1<T;<ta

then there exist a unique solution x(t) of BVP (3.7) which can be expressed as ([3.29).

Remark 3.5.1 Note that there are two criteria providing the unique solution of sys-
tems (3.1)), and equation (3.7). These criteria are not only new but also alterna-
tive to each other. Since changing the impulsive perturbation or assuming different
condition on the impulses leads to variety of inequalities, presence of impulse effect

yields different uniqueness criteria.
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CHAPTER 4

STABILITY OF LINEAR PERIODIC PLANAR
HAMILTONIAN SYSTEMS UNDER IMPULSE EFFECT

4.1 Introduction

The planar Hamiltonian system has the form
y =JH(t)y, teR, (4.1)

where

is a symmetric matrix with piece-wice continuous real-valued entries, and

0 1
-1 0

J:

is the so called symplectic identity. Setting y,(t) = z(¢) and y»(t) = u(t), we may
rewrite system (4.1)) in a more convenient way, i.e as a system of 2-linear first-order

equations

' =a(t)xr+b(t)u, u =—c(t)r—a(t)u. 4.2)

With regard to Definition|1.4.2) we want to remark that if b(¢)c(t) — a?(t) = 1,t € R,
then system (4.2)) is of symplectic structure and therefore our results are also valid for

symplectic systems under impulse effect.
In this chapter we establish stability criteria for a special case of system (2.2), which
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is the following 2 x 2 linear periodic Hamiltonian systems under impulse effect

x/

=a(t)r +b(t)u, u =—c(t)r — a(t)u, t# 7
o(r) =kix(r),  w(r") =La(r) + ku(r), i€Z.

7

4.3)

Unless otherwise stated, we assume that

(i) {7} is a strictly increasing sequence of real numbers,

(i) a,b,c € PLC(—00,00) = {w : (—00,00) — R is continuous on each interval

(Ti, Tiz1), the limits w(7") exist and w(7;") = w(r;) for i € Z}, and

to
b(t) > 0, / b(t)dt > 0, 4.4)

t1

(iii) k;,[; are sequence of real numbers such that k; # 0 for i € Z.

By a solution of system (4.3), we mean a vector valued function y(t) = (x(¢), u(t))
defined for ¢ € R such that y € PLC(—o00,00) and system (4.3)) is fulfilled for all
teR.

Note that if b(¢) > 0, then the second-order impulsive differential equation

(p(t)") +q(t)x =0, t# T
() = kix(r7), 2'(r;Y) = —Lix(7]) + ki(p2) (1;), i€Z

4.5)

is equivalent to system (4.3) with a(t) = 0, b(t) = 1/p(t) and c(t) = ¢(t).

Periodicity of impulsive system (4.3) is defined as in the next theorem. It can be seen
that periodicity conditions depend not only on the periodicity of coefficient functions,
a, b, c but also on the periodicity of the constants appearing as an impulse conditions,

k;,l; and on the periodicity of the impulse points 7;, as expected.

Definition 4.1.1 ([93]) A linear impulsive system is (T',r) — periodic if

a(t+7T) =alt), b(t+T) =bt), c(t+T) = c(t)
kz’+r == /{Zi, liJrr,w - lz (46)

Tipr =Ti + 1
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Since system (4.3) is linear, stability of the system is equivalent to boundedness of the
all solutions of the system. Moreover periodicity of the system suggest that stability
of system on R™ = (0, c0) implies stability on R. Therefore we have the following

definition.

Definition 4.1.2 ([58,42]) System ({.3) is said to be stable if all solutions are bounded
on R, unstable if all nontrivial solutions are unbounded on R, and conditionally sta-

ble if there exits a nontrivial solution bounded on R.

For impulsive differential equations or systems, in general for piece-wise continuos
functions, the concept of a zero of a function is replaced by a so-called generalized

Z€10.

Definition 4.1.3 ([45,43,42]) A real number c is called a zero (generalized zero) of
a function f if and only if f(c¢™) = 0 or f(cT) = 0. If f is continuous function at c,

then ¢ becomes a real zero.

In this chapter our aim is to establish sufficient conditions for the stability of system
(4.3) by extending some continuous results from system of ordinary differential equa-
tions to system of impulsive differential equations and by deriving new results. The
proofs of the obtained stability theorems are based on both Floquet Theory due to the
periodicity and Lyapunov type inequalities which are given in Section[2.3] Therefore
the present chapter of the thesis is organized as follows. In the next section Lyapunov
type inequalities, which are derived in Section [2.3]and are the main arguments of the
proofs of stability theorems, are reminded. In Section 4.3] we outline the basic facts
about Floquet Theory whose detailed information can be found in [9, 93] in the pres-
ence of impulse and in [25| [76] for equations without impulse. Section d.4]is devoted
to two auxiliary lemmas which are essential for the proofs of stability theorems. The
main results of the paper, four stability criteria and their proofs and corollaries and

some remarks are given in the last section.
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4.2 Lyapunov Type Inequality

As far as Lyapunov type inequality is concerned, system (4.3) and equation (4.5) need
not to be periodic. So the periodicity conditions are not necessary. In the sequel, we

assume that m™ (¢) = max {m(t),0} and m;” = max{m;, 0}.

For system (4.3)), let us recall Lyapunov type inequalities obtained in Corollary
and Corollary 2.3.4]

Theorem 4.2.1 If system has a solution y(t) = (x(t),u(t)) with nontrivial x
such that x(t]) = z(t;) = 0,2(t) # 0 on (t1,ts), then we have the Lyapunov type

inequality

sze ([“awar) [ [ ] [ [ i (;_1)*] o

Theorem 4.2.2 If system has a solution y(t) = (x(t),u(t)) with nontrivial x
such that x(t]7) = z(t;) = 0,2(t) # 0 on (t1,ts), then we have the Lyapunov type

inequality

4 < exp ( /t ’ |a(t)|dt> [ /: b(t)dt} [ /: Fd+ Y (z,-k;m] @8

t1<1i<t2

Lyapunov type inequalities for equation (4.5) are obtained in Corollary [2.3.5] and
Corollary [2.3.6| as follows.

Theorem 4.2.3 If equation (&.5)) has a nontrivial solution x such that
z(t]) = x(ty) = 0,2(t) # 0 on (t1,ts), then we have the Lyapunov type inequality

4< U: I%dt} [/: q+(t)dt+t ;t <ll€—>+] . (4.9)

Theorem 4.2.4 If equation (&.5)) has a nontrivial solution x such that
z(t]) = x(ty) = 0,z(t) # 0 on (t1,ts), then we have the Lyapunov type inequality

4< Utt ﬁdt} [/tt gHtydt+ Y (likl-)+] . (4.10)

t1 <1 <ta
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4.3 Floquet Theory

Floquet theory for periodic impulsive system (4.3) can be summarized as follows. Let

xp= | 7Y =0 g2,
ur(t)  uo(t)
be a fundamental matrix solution of system (4.3). Since the coefficients of linear
system are real, the components of solutions (x1(t),uq(t)) and (x2(t), us(t))
can be taken real-valued. Since system (4.3)) is periodic, it is easy to see that
X(t+T) = X(t)X(T) is also fundamental matrix and the matrix X (7") is called

monodromy matrix of the system (4.3). The Floquet multipliers (real or complex) of

system (4.3)) are the eigenvalues of the monodromy matrix and they are the roots of
det(ply — X(T')) =0,
which is equivalent to
p*—Ap+ B =0,

where

A=2y(T) + ua(T) = pr+ p2, B=]]# = pipo-

i=1

Theorem 4.3.1 ([93]) For any multiplier p there exists a nontrivial solution
y(t) = (x(t),u(t)), which satisfies y(t +T) = py(t) of periodic impulsive system
. Conversely, if for a nontrivial solution y(t) and some number p relation

y(t +T) = py(t) holds, then p is a multiplier of this system.

In view of Theorem we easily obtain that y(t + mT) = p™y(t), m € Z.
Since |p| # 1 implies that y(¢) is an unbounded solution of system (4.3), |p| = 1

is necessary condition in order to have stability. It follows that if H k? # 1 then

=1
B = p1p2 # 1 and so at least one of the multipliers will have modulus different from
1. Therefore system (4.3)) cannot be stable unless B = 1. Clearly, if B = 1 then (4.3])
becomes

pPP—Ap+1=0

and |A| determines the stability criteria.
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Lemma 4.3.1 Assume that B = 1. Then system is unstable if |A| > 2, and
stable if |A| < 2.

A4+ VA2 —4
Proof. The roots of the quadratic equation 1| 1S given as p1 o = %

Therefore the two roots p; and py of (4.3)) are distinct if A2 — 4 # 0. We may assume
without any loss of generality that |p;| > |po|. It follows that system (4.3) has two
linearly independent solutions v (¢) and 5 (t) such that for all t € R\{r; : i € Z},

Pt +T) = priha(t), Yot +T) = prib(t)
and the general solution of system (4.3)) can be written as y(t) = c1¢1(t) + catha(t).
Hence for all m € Z,
y(t +mT) = ciihi(t + mT) + coa(t + mT) = c1p"1 (1) + copy'tpa(t) (41D

Now let us consider the case |A| > 2. Then the numbers p; and p, are real. Since
p1p2 = 1, we see that |p;| > 1 and |p2| < 1. Fixing ¢ and letting m — oo in
(@.11)) yield py — oo and p, — 0 but letting m — —oo implies p; — 0 and py —
oo. Therefore we see that one solution of system becomes unbounded on R,

implying that system (4.3)) is unstable.

If |A| < 2 then p; and p, are complex conjugate with |p;| = |pa| = 1. In this case we

have

[t + TN =[], [t +T) = [a(t)], € R\{7: i€ Z},

which implies that both v (¢) and )5(¢) are bounded on R, and hence system (4.3)) is
stable. U

Remark 4.3.1 If |A| = 2 then system is stable when uy (T') = xo(T) = 0; but

conditionally stable and not stable otherwise.

4.4 Preparatory Lemmas

In this section we give the following lemmas which are used to prove stability criteria
for (7', r)—periodic impulsive system (4.3)) and in particular for (7', r)—periodic im-
pulsive equation (4.5]). Although these lemmas are stated and proved in [42]], we give

them and their proofs for completeness of the thesis.
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Lemma 4.4.1 ([42]]) Let system be (T, r) periodic. Suppose that

f[ k2 =1 (4.12)
=1
and . (0 '
/0 {c(t)— 0 ] dt+;k—i >0 (4.13)
hold. If
A% > 4, (4.14)

then system has a nontrivial solution y(t) = (x(t), u(t)) with z(t1) = z(t2) =0
x(t) #0forallty <t <tysuchthat) <t; <T, to >t to—t, <T.

Proof. Since A% > 4 by (4.14), it follows from Theorem that system (4.3) has a
nontrivial solution y(t) = (z(t), u(t)) having the property that
y(t+7T)=py(t) forallt e R\ {r:ie€Z}, (4.15)

where p is a nonzero real number. Since system (&.3)) is linear and its coefficients are
real, we may assume without loss of generality that the components z(¢) and u(t) of

y(t) are real.

Firstly, our aim is to show the existence of a zero of z(¢) on [0, T']. Suppose not, then

x(t) # 0 for all ¢ € R. Define

and by @.15) we have
w(0) = w(T). (4.16)

From system (4.3)) it is easy to see that

@0 [ e T
w' = (t)+b(t) [\/@ + b(t)], t+, (4.17)

In view of (4.18)) and (4.16), integrating (4.17) over [0, T'] we get

/0 {C(t)_i(%)}dH;%__/o [\/@w—i— aét(i)] dt <0, (4.19)
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which contradicts (4.13). Thus z(¢) must have a zero at a point t; € [0, 7).

From (4.15) we see that z(¢) has also a zero at t; + 7. It is easy to show that on
the segment [¢1,t; + 7], (t) may have only finitely many zeros. Denote by ¢, the
smallest zero of x(t) lying to right of ¢; and different from ¢;. Clearly to < t; + T,
to > t1,and z(t) # 0 for all t € (¢y,t5). Thus the lemma is proved. O

Lemma 4.4.2 ([42]) Suppose that , hold, a/b € C[0,T], and

r a’(t) I
t) — dt - =0. 4.20
i =] e g = @20
=1
If either

there existi € N{ = {1,2,...,r} such thatl; # 0, (4.21)

or
a/b¢ PLC'0,T) andl; = 0 forall i € Ny, (4.22)

or

, 2
a/b € PLCY0,T], (%) —e(t) + Cz)((tt)) ~0andl; =0 foralli e NI, (4.23)

holds true then the conclusion of Lemma remains valid.

Proof. We proceed as in the proof of the previous lemma until (4.19). Using (#.20)
in (@.19) we have

a(t)
Vh(t)w + 50 =0, tel0,7],

which is equivalent to
b(t)u+a(t)r =0, tel0,T)]. (4.24)
In view of the first equation in (4.3)) and (4.24) we see that
z(t)=c¢, te(mn+), 1€ N;={0,1,...,7}, (4.25)
where ¢; is a constant and we put 7o = 0 and 7,,; = 7. Then by (#.24)) we obtain

u(t) = ——=c;, t€ (), €N. (4.26)
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Since z(t) has no zero by our assumption, we have that ¢; # 0 for any i € Nj.
From the impulse conditions in (4.3) we also have, taking into account that a/b is
continuous on [0, 77,

¢ = kici—1, 1€ Ny

a(t)

—(—Ci + kici,l) = —liCifl, Z - N{

b(t)

which implies

lici—l = 0, 1€ N{ (427)

Now under the condition {#.21), gives a contradiction because ¢; # 0 for any
i € Nj. contradicts condition (4.22) since u(t) belongs to PLC'[0, 7] as
solution of system (4.3)). Finally, under the condition {#.23)) substituting (4.25)) and
(4.206)) into the second equation in (4.3)), we get

[(%) —c(t) + C;)(—(:))] ¢ =0, te€(mTi), 1€ Ng.

But this contradicts (4.23). The remainder of the proof is exactly the same as that of
the previous lemma after (4.19) therein. O

4.5 Stability Criteria

The following theorems and corollaries are the main results of the present chapter
providing the sufficient conditions for the stability of system (4.3) and equation (4.5).
Since there are two different Lyapunov type inequalities obtained for system (4.3)), we
derived two different and new stability criteria for such systems. Moreover we prove
the alternative results to those criteria in the case they are not applicable. Therefore
we have four new stability criteria which can be used in place of each other. Besides

our results generalize the previous ones to the impulsive case.

Theorem 4.5.1 Assume that ({4.12), (4.13) and

exp (/OT|a(t)|dt> {/OTb(t)dt} [/UTC+(t)dt+ 3 (11‘)1 <4 (428)

0<m;<T

Then impulsive system ({.3)) is stable.
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Proof. In virtue of Lemma[.3.1]in order to prove the stability, it is sufficient to show
that A? < 4. Assume on the contrary that A> > 4. From Lemma4.4.1} the conditions
(4.12), (4.13)) and A* > 4 imply that x(t), the first component of the solution y(t) =

(x(t),u(t)), has two zeros at some points s, s, with s1 € [0, 7], s1 < s9 < 57+ T.

Then applying Theorem by using these zeros of x(t), i.e employing Lyapunov
type inequality, we see that
ED) s2 S2 L. +
4 <exp (/ \a(t)|dt) U b(t)dt} [/ o+ <Z< (E) ]
s1+T s1+T s1+T l; +
< exp (/Sl \a(t)\dt) {/gl b(t)dt] [/51 ct(t)dt + Z (k_z) ] :

1< <s1+T

s1+T
For T' — periodic function f, it is known that / ft)dt = / f(t)dt. Similarly
by using periodicity conditions given in Definition M.1.1]it can be seen that

Zai:Zai—FZai—Zai

s1<1;<s1+T s1<1;<s1+T 0<r;<s1 0<r;<s1
= Z a; — Z a; = Z a; — Z a;
0<7;<s1+T T<1;+T<s1+T 0<m<s1+7T T<titr<s1+T
= Z a; — Z Aty = Z a; — Z a;
0<r;<s1+T T<ri<s1+T 0<ri<s1+T T<rm;<s1+T
— Z a;
0<r<T

Hence we obtain

4 < exp (/OT\a(t)w)dt) UOT b(t)dt] [/OTC+(t)dt+ > (li—y] ,

0<rm;<T
which contradicts condition (4.28). Thus A? < 4 and hence system (4.3)) is stable.
This completes the proof. U

The next theorem can be used when Theorem [.5.1]is not applicable, i.e in the case
(@.28) fails. Since the proofs of the following theorems are exactly the same as the
proof of Theorem[.5.1] they are skipped.

Theorem 4.5.2 Assume that ({#.12), (#-13) and

exp (/j\a(t)\(t)dt) {/OTb(t)dt} [/OTC+(t)dt+ > k)| <4 (429

0<m<T

Then impulsive system ({.3)) is stable.
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In case (4.13) fails we have the following alternative for Theorem [4.5.1]

Theorem 4.5.3 Assume that (#.12), {#.28) hold and a/b € C(0,T). If {.20) an

either (.21) or (4-22)) or ({#.23), then impulsive system ({.3)) is stable.

If @.13)) and (4.28)) do not hold, the following alternative stability criteria can be used.

Theorem 4.5.4 Assume that (#.12), ({#.29) hold and a/b € C(0,T). If {.20) an

either (.21) or (4-22)) or {#.23), then impulsive system ({.3)) is stable.

Remark 4.5.1 As it is seen above, we have possibility to use four different stability

criteria two of which are new and alternative to the other two. Since in the absence of

impulse Theorem and Theorem coincide, we can conclude that existence
of impulse effect provides new inequalities, such as (4.28)) and #.29). This shows that

systems with impulses are richer and more fruitful than systems without impulses.

The next two corollaries can be given in the absence of impulse effect, i.e k; = 1

and [; = 0 for ¢ € Z. Since they are immediate consequences of Theorem 4.5.1) and

Theorem {.5.3] their proofs are omitted.

Corollary 4.5.1 Assume that

/0 ' [c(t) - a;((tt))] dt > 0,

exp (/0T|a(t)|dt) [/OTb(t)dt} U(]Tﬁ(t)dt] <4

Then system (4.3)) is stable.

Corollary 4.5.2 Assume that holds and a/b € C(0,T). If either
T 2 t
/ [c(t)—a ( th:o
0 b(t)

a/b ¢ PLC0,T),

or
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or a2 (t>

b(t)

a/b e PLC'0,T], (%) ety + LYW 2,

then system ({.3)) is stable.

Remark 4.5.2 For the nonimpulsive case Theorem and Theorem are re-
duced to Corollary which is the same as Theorem[I.2.22] Besides Corollary

can be used in the place of Corollary when ([#.30) does not hold.

When b(t) > 0, we can set a(t) = 0, b(t) = 1/p(t), and c(t) = ¢(t) in Theorem[4.5.1]
and Theorem [4.5.2] and obtained the following corollaries whose proofs are exactly

the same as the proof of Theorem[4.5.1| and so, they are skipped.

Corollary 4.5.3 Assume that (#.12)) holds. If

T T lz
/ q(t)dt + Z T > 0, either q(t) Z0on [0, T\ {m,..., 7}
0 — R

orl; #0 somei € {1,...,1};

[l weme s (i) ] =

Then equation (#.5) is stable.
The alternative result for Corollary 4.5.3]is obtained as follows.

Corollary 4.5.4 Assume that (4.12)) holds. If

T rog
/ q(t)dt + Z ]i—l > 0, either q(t) Z0on [0, T\ {m,...,7}
0 i=1

orl; #0 somei € {1,...,1};

[/OT 1%} [/qu+(t)dt+§;(liki>+} <4.

Then equation (#.3) is stable.

Remark 4.5.3 Corollary coincides with Theorem [I.2.16| while Corollary

vields an alternative result for them.

86



CHAPTER 5

LYAPUNOYV TYPE INEQUALITIES AND APPLICATIONS
FOR NONLINEAR IMPULSIVE SYSTEMS

5.1 Lyapunov Type Inequalities For The First Order Nonlinear Impulsive Sys-

tems

In this chapter we are interested in obtaining Lyapunov type inequalities for the non-

linear impulsive systems of the form

' = a1tz + L)), v =—o1(H)u— Bo(t)|x|P P2, t# T
(7)) = &Ga(ry),  w(r’) = &u(ry) — mila(r)| 2 (ry), CRY)
t>t, ieN={12..}

where v > 1, 5 > 1 are real constants and without further mention we assume that

(i) a1, B, P2 € PLC[tg,00) = {w : [to,00) — R is continuous on each interval

(73, Tit1), the limits w(7;5) exist and w(7;") = w(7;) fori € N}, B1(t) > 0,

i
(ii) {7} is a strictly increasing sequence of real numbers,

(iii) &;,n; are sequence of real numbers such that §; # 0 fori =1,2,.. ..

By a solution of system (5.1)), we mean x, u € PLC[tq, 00) satisfying system (5. 1) for
t > to. Such a solution is said to be proper if sup{|z(s)| + |u(s)| : t < s < o0} >0

for any t > t,.
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In the special case, a4 (t) = 0, system (5.1) reduces to
=G|, o = —Bo(t)|x|P e, t# T
(1) = &a(ry),  w(rh) = &ulry) — mila(r)|"2a(r)) (5-2)
t>ty, 1€N

which can be written in the form of the following impulsive Emden-Fowler type dif-

ferential equations by using the transformation u(t) = p(t)|2’|* %2/,

<mqu2’>+m>mW4w:a tF# T,

o(f) = (), .
o, >|:c< 2 (57) = p(rlal (I (7) = il )P ()
t>ty, 1€N

with

L U O XORO) 54)

Equation (5.3) becomes half-linear if o = £, i.e.,

((H$W2’)+4)MW”$=Q t# 7,

a(r") = &a(r), 55)
p(7; nx<>W2% ") = &p(r)|2 (O (1) = il ()P (7))
t>ty, i€N,

which is equivalent to (5.2) with u(t) = p(t)|2’|’~22’ and « replaced by 3 in (5.4).

Impulsive Emden-Fowler equation (5.3) is called super-half linear if 5 > « and sub-
half-linear if 8 < «, see [105]].

For convenience let us define a piece-wise constant function k as

k(t) _ 5152 e 5]7 te (Tj7 Tj—i—l]a j € N7 (56)
17 t e [to, 7'1]

and the sequence {k;} as

§i&2.. &, J =1
kj = ’ (5.7)

L, J<0.
For impulsive differential equations or systems, in general for piece-wise continuos
functions, the concept of a zero of a function is replaced by a so-called generalized

Z€10.
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Definition 5.1.1 ([45,42]) A real number c is called a zero (generalized zero) of a
function f if and only if f(c™) = 0 or f(c¢") = 0. If [ is continuous function at c,

then c becomes a real zero.

Now we give the definition of disconjugacy which is about the zeros of the solutions

of differential equations or systems.

Definition 5.1.2 ([45,43]) Equation (5.3)) (equation (5.5))) is called disconjugate on
an interval [ty,t5] if and only if all solutions of equation (5.3)) (equation (5.5))) have

at most one (generalized) zero on an interval [t;,1s).
We generalize the definition of disconjugacy given in [45, 42].

Definition 5.1.3 ([45,42]) System (5.1) is called disconjugate (relatively disconju-
gate with respect to x) on an interval [t1,ts] if and only if there is no real solution
(x(t),u(t)) of system (5.1) with a nontrivial x having two or more zeros (generalized

zeros) on [ty, ).
We will make use of the following definitions.

Definition 5.1.4 A proper solution y(t) = (x(t),u(t)) of system is said to be
weakly oscillatory if x(t) has arbitrarily large (generalized) zeros. This solution is
said to be oscillatory if both components of y have arbitrarily large (generalized) ze-
ros. If both components (at least one component) of y are different from zero for large
t, then the solution y of system is called nonoscillatory (weakly nonoscillatory).
System is said to be oscillatory if all the solutions are oscillatory.

Definition 5.1.5 A proper solution y(t) = (x(t),u(t)) of system is said to be
weakly bounded if x(t)/k(t) is bounded on [ty,00). The solution y is said to be
bounded if both x(t)/k(t) and u(t)/k(t) are bounded on [ty,c0). If both x(t)/k(t)
and u(t)/k(t) (at least one of them) are not bounded on [ty, 00), then the solution y
of system is called unbounded on [t(, o).

Since we restrict ourselves to establish Lyapunov type inequalities for system (5.1)),

we tacitly assume that system (5.1) has proper solutions. Although there is an ex-
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tensive literature on the Lyapunov type inequalities mentioned in Chapter [I] there is
not much done for nonlinear systems with or without impulse [[106, (100, [105]. The
present chapter which stems from [106, [105] is about nonlinear impulsive systems
(5.1) whose special cases are linear Hamiltonian systems under impulse effect (.3,
impulsive Emden-Fowler type equations (5.3, impulsive half linear equations (5.5])
and impulsive linear equations (I.5). The main objective of this chapter is to estab-
lish several Lyapunov type inequalities, which are generalization of the existing ones
in the literature, for system (5.1)) and its particular cases. Our results relate not only
points where the first component of the solution (z(¢), u(t)) of system has con-

. . . |a(t
secutive zeros but also the point at which

5 has supremum where k(t) is defined
as in equation (5.6).

5.1.1 Lyapunov Type Inequality

In this chapter, although the proofs of the theorems are based on the same argument,
by using different well-known inequalities we obtain several Lyapunov type inequal-

ities. Throughout this section, we define
t t
o) = [ ke (5 [ ai(s)ds) du
t1 w
to t
hy, (t) = / Br(w)|k(w)|"? exp <7/ al(s)ds) dw.
t w

Recall that the numbers p;, po > 1 are said to be conjugate if
1 1
JE— + JE—
p1 D2

In the sequel, we denote m™ () = max{m(t),0} and m; = max{m;, 0}.

(5.8)

=1.

Theorem 5.1.1 Let « be the conjugate of . If system has a solution
y(t) = (x(t),u(t)) with nontrivial x such that x(t7) = z(t;) = 0,2(t) # 0 on
(t1,t2), then we have the following Lyapunov type inequality

to
B () + hie(r) < M [ JRCLLOl D SN B
t t1<1;<t2

(5.9)

where
x(t)

_':

( (1)
k(?)

k(7) (5.10)

M = sup

tE(tl,tg)
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and hy, (1), hy, (1), k(t) and k; are defined as in equation (5.8), (5.6) and (5.7)), re-

spectively.

Proof. Let us define

It is easy to see that with the above transformation system (5.1]) becomes as
d=ai(t)e + L) RO 2] e, V= —ai(t)e = BT, t £ T

Ar) = 2(r7), () = () = /) lkiaa "2 2(0)1P 722 (77),

2 (2 7

t>ty, i€N.
(5.11)

Because of the definition of z, it is obvious that z € PLC/[t, c0). Therefore z(t) is
continuous on [t1, t]. Thus, z(t1) = z(t2) = 0 and z(t) # 0 for all ¢ € (1, t2). Since

z(t) is continuous, we can choose 7 € (t1, t) such that

= t) =M > 0.
|2(7) terg%)IZ()l

From (5.11)), one can obtain
(v2)" = B2 lo@)]" = BB, t#T7
(v2)(7]") = (2)(77) = = (m/&) ki |72 2(m)| 7.

Integrating the first equation of (5.12) from ¢, to ¢, and using 35 (t) = max {Ss(t),0}
and (n;/&)T = max {n;/&;, 0} yields,

(5.12)

[ B (1) k@) 2]t < / B ()R8 P2=(0)| Pt
ST ) () P

t1<T;<ta

(5.13)

From the first equation in (5.11]), we have

e (- / oq(s)ds)}' = BOIOT O (0 - / ()i )

(5.14)
and
e | ) cn(s)ds)]/ = OO ot e ( [ ) (o))
(5.15)
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Integrating (5.14) from ¢; to ¢ implies

/61 Y(0) 2o 0) P20 () exp (/ (s ) do

Taking absolute values of both sides and applying Holder inequality with indices ~

< [l e ([ aas) o
Uﬁl Jlk(w |”exp(/ (s ) du]

x [ / u(w) w)\“rv<w>|7dw}

— ) | [ okt >|7dw}

Taking a-th power of both sides yields

and o, we get

2=

|2()|“hy(t) g/t B (w) [k (w)|" 2 |v(w)]"dw. (5.16)

Similarly, if the above procedure is followed for equation (5.15]) on the interval [t, t5]

then one can obtain

|2(t)|“hyy @ /[J’l Nk (w)]" 2 v(w)|dw. (5.17)

Adding and (5.17) and replacing ¢ by 7 in the resulting inequality and using
inequality (5.13) yield

()] [A2 (1) + R () / BB k)2 o(0)[dt
< / B (8) k()| P22 (1) Pat (5.18)
+ Z () ki3 (7).

Since |z(7)| > |2(t)| for t € [t1, 2], we obtain from inequality (5.18)) that
to
2] [P (7) + by ()] < [2(7)) U B (t)|k(6)|"2dt
t1
+ Z (ni/fi)+|ki1|ﬁ2]

11 <7 <ta
Finally, if we use (5.10) in the last inequality the desired inequality (5.9) can be
obtained. U
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Theorem 5.1.2 Let o be the conjugate of ~y. If system (5.1) has a solution
y(t) = (z(t),u(t)) with nontrivial x such that x(t]) = x(t;) = 0,z(t) # 0 on
(t1,t2), then we have the following Lyapunov type inequality

+ > (m/&)ﬂki—ﬂﬁ_QI,

t1 <1 <t2

(5.19)

where hy, (T), hy,(T), M, k(t) and k; are defined as in equation (@) (@) (@) and
(5-7), respectively.

Proof. After following the same steps of the proof of Theorem [5.1.1] and arriv-
ing inequalities and (5.17), one can observe that hy (t1) = hy,(ta) = 0 and
hy, (ta) > 0, hyy(t1) > 0. Since hy, (t) and hy,(t) are continous functions, there exist
¢ € (t1,t2) such that hy, (¢) = he,(c) > 0. Hence, for t € [t1,c], hy, (t) < hy,(t) and
fort € [c, ta], he,(t) < hy,(t). Moreover, it is obvious that

2ht1 (t)ht2 (t)
he, (t) < T () + (1) t €[t c] (5.20)
and
hy, (1) < 20, (Dhes (1) € [c, to) (5.21)

B htl (t> + ht2 (t) ’
Adding (5.16) and (5.17)) and using (5.20) and (5.21) lead to

2ht1 (t)th (

R I A e T BCES

Replacing ¢ by 7 in inequality (5.22)), using (5.13) and employing z(7) > |z(t)| for
t € [t1,t2] resultin

poo [ ] ke <lor [ sromor-a

+ D (Ui/fi)+|ki—1|ﬁ_2]-

t1 <71 <to

Finally, if we use (5.10) in the last inequality the desired inequality (5.19) holds. [

Theorem 5.1.3 Let o be the conjugate of ~y. If system (5.1) has a solution
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y(t) = (x(t),u(t)) with nontrivial x such that z(t7) = z(t;) = 0,2(t) # 0 on
(t1,t2), then for some T € (t1,12) we have the following Lyapunov type inequality

90 < Mo [ /t :2 B1 ()| k(8) 2 exp (v /t ' al(s)ds) dt} o

x [/t?ﬂi(t)lk(t)lﬁ_QdH > (m/&)ﬂki_llB‘Q],

t1<7;<to

(5.23)

where M, k(t) and k; are defined as in equation @, @) and , respectively.

Proof. Since h(t) = t'~* is a convex function for ¢ > 0 and o > 1, Jensen inequality

h (852) < L [h(u) + h(€)] with pu = hy, () and € = hy,(7) and inequality (5.9) yield

{hm) + h@(r)} < L)+ o)

2 2
1 &
< | [ arolkor-ta
t1

+ 2 (m/&)+|k¢—1|ﬂ_2]-

t1<7;<to

By using the definition of h,, (7) and hy,(7), one can obtain the desired result. O

The next theorem differs from the previous ones for the reason that the point 7 where
|z(t)/k(t)| has supremum disappears in the Lyapunov type inequality. It is the main
result of the present chapter and is the generalization of all the existing results men-

tioned in the literature review in Section

Theorem 5.1.4 Let « be the conjugate of . If system has a solution
y(t) = (x(t),u(t)) with nontrivial x such that z(t7) = z(t;) = 0,2(t) # 0 on
(t1,t2), then we have the following Lyapunov type inequality

2% < M exp <% /t :2 |a1(t)\dt> { /t 52 51(15)\16(75)]7_265151 "

N (5.24)
X [/t B Ok 2dt+ ) (m/&)*!ki—ﬂ”]

t1 <7 <ta

where M, k(t) and k; are defined as in equation (5.10), (5.6) and (5.7), respectively.

Proof. Proceeding exactly as in the proof of Theorem[5.1.1| we arrive at (5.15). Then
integrating (5.14) from ¢ to 7, we get

() = / Bu(b) k(8P 2lo(t) 20 () exp ( / ' Ozl(w)dw> it,
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which implies

2(7)] < exp ( / : |a1<t>|dt) / B P oe) e, (5.25)

Similarly, by integrating (5.13)) from 7 to ¢5, we have
to to
12(7)] < exp ( / |cxl(t)]dt> / By () k()2 o). (5.26)

Let us define )1 = 12(7)] and ()2 = [2(7)]

exp < /t |a1(t)|dt>

Observe that

[2(7)|*2 _ [2(7) [/ 2(r)[**

exp <% /: |a1(t)|dt) e (% /t:|a1(t)|dt) exp (% /:2 |a1(t)|dt)

a/2
_ (Qle)a/4 < (Qlé@z) ’

b 2
where we have used the well known inequality ab < (%) . Therefore, from

(5.23)) and (5.26) we have

[N]])

[2(7)|*2 < [2(7)| N [2(7)]

exp (% /: |a1(t)|dt) | 2exp (/t:\al(t)klt) 2 exp (/t |a1(t)|dt)

<207 Uj Bl(t)|k(t)|”‘2|v(t)|7_1dt} % )

which implies

20122 (7)|?

e (4 (o)

< [ : OO o) g
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2
Taking —-th power, applying Holder inequality with indices v and « and using (5.13)),
o

we obtain

) = /2 Bu(®) k()2 u(t)] dt

exp G /: |a1(t)|dt) h
[/ BB 2dtr[/tltzﬁl(t)!k(t)ﬁZIU(t)Ithr

<[ momoral

2=

‘ [ t B () k()P () P

Q=

) /) ki )!ﬁ]

t1 <71 <to

Since |2(7)| > |2(t)| for all ¢t € [t, 2], we obtain from the above inequality that

2L <ot [ [ siomor—a]
o (5 / (o) g

[/ By (k@) 2dt+ > (/&) kil 2]

t1<7;<t2
Finally, we use (5.10) in the last inequality and take a-th power of both sides to see
that (5.24) holds. Il

Remark 5.1.1 When o4(t) = 0, Theorem and Theorem coincide.

In the special case when (5 and 7y are conjugates, (o« = (), then M disappears and we

have the following theorems.

Theorem 5.1.5 Let (3 be the conjugate of y. If system has a solution
y(t) = (x(t),u(t)) with nontrivial x such that x(t7) = z(ty) = 0,2(t) # 0 on
(t1,t2), then we have the following Lyapunov type inequality

he, P(7) + hay (1) [/ By Wk 2dt+ > (/&) ki P77

t1 <1 <t2

where hy (), hy,(7), k(t) and k; are defined as in equation (5.8), (5.6) and (5.7),

respectively.
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Theorem 5.1.6 Let (3 be the conjugate of . If system has a solution
y(t) = (z(t),u(t)) with nontrivial x such that x(t]) = x(t;) = 0,z(t) # 0 on
(t1,t2), then we have the following Lyapunov type inequality

-1 to
. {h1()+h1()} < l/ B2+ > (/&) kit

t1<7;<t2

where hy, (7T), by, (7), k(t) and k; are defined as in equation (5.8), (5.6) and (5.7),

respectively.

Theorem 5.1.7 Let 3 be the conjugate of . If system has a solution
y(t) = (x(t),u(t)) with nontrivial x such that z(t7) = z(t;) = 0,z(t) # 0 on
(t1,t2), then we have the following Lyapunov type inequality

to B-1

28 g[

B 2exp (7 [ an(s)ds ) dt
s ( /t ) ] (5.27)
t By ()|k(t)|"dt + Z (ni/gi)+’ki—1|52]>

t1 <7 <to

where k(t) and k; are defined as in equation @) and , respectively.

Theorem 5.1.8 Let (3 be the conjugate of . If system has a solution
y(t) = (x(t),u(t)) with nontrivial x such that x(t{) = z(t;) = 0,z(t) # 0 on
(t1,t2), then we have the following Lyapunov type inequality

<o (] / aoler) | / oIkt -

x [ / O IS <m/a>+|ki_1\ﬂ—2] ,

t1<7;<tg

where k(t) and k; are defined as in equation @) and , respectively.

The following corollaries obtained for second-order impulsive Emden-Fowler differ-
ential equations (5.3) and impulsive half linear equations (5.5) are immediate from
the previous theorems. In this case since a4 (t) = 0, the results of Theorem and

Theorem [5.1.4] coincide, hence they provide the same corollary.
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Corollary 5.1.1 Let « be the conjugate of . If the impulsive Emden-Fowler equation
(53-3) has a real nontrivial solution x such that x(t{) = z(t;) = 0,z(t) # 0 on

(t1,t2), then we have the following Lyapunov type inequality

to
B () + () < M [ [ @moras 3 o) 2|
b t1<7;<t2

(5.28)
where

M = sup
te(ti,t2)

t
s (£) = / P (w)|e(w) [ 2dw,
1 (5.30)

to
ha(®) = [ 5w k),
t
and k(t) and k; are defined as in equation @) and in equation , respectively.

) (5.29)

Corollary 5.1.2 Let o be the conjugate of y. If the impulsive Emden-Fowler equation
(3.3) has a real nontrivial solution x such that x(t{) = z(t;) = 0,z(t) # 0 on

(t1,t2), then we have the following Lyapunov type inequality

[ mm] = [ eomors

(5.31)
+ > (771‘/&)+|7€i—1|6_2] ,
t1 <1<tz
where hy, (t), by, (t), M, k(t) and k; are defined as in equation (5.30), , (5-6)
and in equation (5.7), respectively.

Corollary 5.1.3 Let o be the conjugate of y. If the impulsive Emden-Fowler equation
(33) has a real nontrivial solution x such that x(tf) = z(t;) = 0,z(t) # 0 on

(t1,t2), then we have the following Lyapunov type inequality

to a—1
r <o [ [T omoral
Lo (5.32)
X [/ g ()| k()| 2dt + Z (771'/52‘)+|ki—1\ﬂ_2] ;
2 t1 <7 <ta

where M, k(t) and k; are defined as in equation , @) and in equation ,

respectively.
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Corollary 5.1.4 Let 3 be the conjugate of ~y. If the impulsive Emden-Fowler equation
(3-3) has a real nontrivial solution x such that x(t{) = z(t;) = 0,z(t) # 0 on

(t1,t2), then we have the following Lyapunov type inequality

to
he P(7) + hyy P (7) < [ / g Ok 2dt+ Y <m/5i>+|ki_1|5—2] ,
t L1<T<t2
(5.33)
where hy, (t), hi,(t), k(t) and k; are defined as in equation (5.30), (5.6) and in equa-
tion (5.7), respectively.

Corollary 5.1.5 Let 3 be the conjugate of y. If the impulsive Emden-Fowler equation
(33) has a real nontrivial solution = such that x(t{) = z(ty) = 0,2(t) # 0 on

(t1,t2), then we have the following Lyapunov type inequality

-1 to
> {hnlm*h:(f)] < l/ atOROP 2+ Y /&) kil

t1<T;<ta

where hy, (t), he, (t), k(t) and k; are defined as in equation (5.30), (5.6) and in equa-
tion (5.7), respectively.

Corollary 5.1.6 Let 3 be the conjugate of ~y. If the impulsive half-linear equation
(3.3) has a real nontrivial solution x such that x(t{) = z(ty) = 0,z(t) # 0 on

(t1,t2), then we have the following Lyapunov type inequality

v<|f : PO o

t1

g (5.34)
x l/ ORI 2dE+ Y (/&) ki ()]

t t1<Ti<ta

where k(t) and k; are defined as in equation @, (IE) and in equation , re-

spectively.

The next theorems contain new Lyapunov type inequalities given in the subintervals
la, 7] and [7,b] where 7 is the point at which |x(¢)/k(t)| has supremum. When 7 is
an impulsive point, additional term occurs in Lyapunov type inequality. Therefore, in

the next results the location of 7 is important.
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Theorem 5.1.9 Let «v be the conjugate of v and M be given by (5.29). If the impul-
sive Emden-Fowler equation has a real nontrivial solution x such that x(t]) =
x(ty) = 0,2(t) # 0 on (t1,t2), then there exists T € (t1,ts) such that the following

inequalities hold:

(i) If T € (Ty_1, Tpn) for some n, then

1< Mo { | p1-7<t>|k<t>|7—2dt]

x [/t ORI+ Y (m/&)ﬂku\“]

and
a—1

| < Mo l / ; p1—7<t>|k(t)|v—2dt]

X [/2Q+(t)|k(t)|ﬂ_2dt+ > (771‘/&)+|ki—1|ﬁ_2]-

T <t2
(ii) If T = 1, then

1< Mo [ | pl—w)m(t)w—?dt}

t1

X [/Tqﬂt)\k(t)!”dﬂr > /&) ki

a1 t1 <<t

T+ max <m/&->+|ki_1|ﬂ—2]

1=1,2,....m

and
a—1

| < Mo l / ; p1—7<t>|k(t)|v—2dt]

< [ / RO RIS <m/si>+|ki_1|ﬁ-2] .

T <tl2

Proof. (i) The proof is obtained by applying the proof of the Theorem [5.1.4] step by
step for the intervals (¢;, 7) and (7, t5) separately and using z/(7) = 0 which implies

v(T) =0.
(i) Lett=7,and 7, < s < T, 1. We set

Br=p"(t), Balt) =q(t).
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If we repeat the same procedure of the proof of Theorem 2.1, for the interval (4, s),
we get

2(s)] < [ [ ﬂl<t>|k<t>\”dtr [ [ mokorwpa T s

On the other hand, one can show that

syt = s+ 3 /ol et

t1<1;<s

_ / BB RO 2ot / Bolt) ()P (1) Pt

Substituting (5.36) into (5.35)), we have

12(s)| < { / S &(t)lk(t)l”‘zdtr

(5.36)

Q~

" [/ts52(75)|/7f(1t)|5_2|2(1t)|ﬁd75+ > (Wi/fi)|ki—1|ﬁ_2|2(ﬁ)|6+Z(3)”(5_)]

t1<1;<s

Now, letting s — 77,

2(7)] < / m<t>\k<t>w-2dtr

Q=

t1<m<tt

- /tTﬁz(t)lk(t)lﬁ‘2|2(t)|ﬁdt+ > (m/&)ki152Z(Ti)6+z(7>”(7+)]

Note that z(7)v(7") < 0 and z(7)v(7~) > 0. Therefore,

{ /t : B (t)\/c(t)|7_2dt] 1

x [/; Ba(t) k(1) =2t +

Q[

[2(7)] < |2(7)]

Q-

S /bl + Z—”rkm\“]
1 <1<t n

Finally, by using |z(t)| < |z(7)| for all t € [ty,1s] and taking a-th power of both
sides, we obtain the desired inequality

| < MP-o [ /t 51(15)\/{@)17%14 "

X [/;5;(15)|k(75)|ﬂ_2dt+ D /&) ki + o (Th/fz‘)+|’fz’—1|ﬁ_2] :

1=1,2,..., m
t1 <7 <T
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Now, let 7 = 7,, and s < 7,, < T,+1. By the same procedure applied on (s, t), we get

a

o< ) Ol % I ) BT

which in a similar manner above leads to

2(s)] < V;Z ﬁl(t)\k(tﬂ”dt] %

Q=

< [ JRCILCIEEOES <m/a>|ki_1|6—2|z<n>|ﬁ—z<s>v<s+>]

s<T;<t2

and so, as s — 7, we obtain

2(r)| < [ / ) &(tﬂk(t)h*dt} %

Q=

x [/Qﬁz(t)lk(t)lﬁ_QIZ(t)lﬁdt+ > (m/éi)lki—llﬂ_2|2(ﬂ)lﬁ—Z(T)U(T_)] )

TT<t2

which yields
to a—1
1< MPe U 51(t)|k(t)|”‘2dt}

% [ / RO S <m/@>+|ki_1|ﬂ-2] .

7T <t2

g

Theorem 5.1.10 Let [ be the conjugate of . If the impulsive half-linear equation
has a real nontrivial solution x such that x(t]) = z(t;) = 0,z(t) # 0 on

(t1,12), then there exists T € (ty,1s) such that the following inequalities hold:

(i) If T € (Ty_1,Tn), for somen = 1,2,... m, then

T B-1 T
1< [/ pl”(t)!k(t)VZdt] [/ g )kt + > (m/&)ﬂk’zl!ﬁQ]

1 t1 t1 <71 <T

and

-1

to B to
1< [/ pl‘”(t)lk'(t)!”_?dt} [/ g (k@) 2dt+ ) (m/&)ﬂki—llﬁ_zl-

T<1;<t2
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(ii) If T = 7,, then

1< [/Tpl‘”(t)lk(t)l”_th] o

t1

X [/T ORI 2dE+ Y (/&) ki + i%axm(ﬁi/fi)ﬂkil\ﬁ_Q]

t1 u<m<r

and

to B-1 to
1< U pl‘”(t)\k(t)!””dtl [/ g Okt + > (/&) ki

T<1;<t2

Remark 5.1.2 Our results generalize all the previous results obtained for nonlinear

systems, nonlinear equations, linear systems and linear equations without impulse

effect.

Remark 5.1.3 If there is no impulse effect, i.e & = 1 and n; = 0 for all i € N,
then inequality (5.9) and (5.19) coincide with inequalities (2.27) and (2.34) of [105],
respectively. Theorem vields the same result as [105, Corollary 2.3]. Moreover,
it is the generalization of [[112] from the case o = 3 = ~y = 2 to the nonlinear system
(5-1). Besides, inequality (5.24) gives the same inequality as in Tiryaki and et al.
[106, Theorem 1]. Furtermore Theorem is reduced to Theorem 3 of the same

work.

Remark 5.1.4 Let o = 3 = v = 2. Then system is reduced to linear system of
two first order impulsive differential equations which is considered in [55] and [42].
It can be observed that Theorem gives the same result as [55, Theorem 5.1].
Let v = /t2 ay(t)dt. Since 2 exp(—x/2) > 2 — x, Theorem|5.1.4|is better than [42,
Theorem 5t1 1]. In the absence of impulse effect, inequality (5.24) in Theorem[5.1.4]is
sharper than the results obtained in [38|], [41] while it coincides with [99, Theorem

2.4] for the case n = 1.

Remark 5.1.5 Let o1 (t) = 0. Then system can be written in the form of equa-

tion (5.3). Therefore Corollary[5.1.1) Corollary[5.1.2]and Corollary[5.1.4} Corollary
B.1.5| provide new inequalities for impulsive Emden-Fowler equations (5.3) and im-

pulsive half linear equations for a = B, respectively. Furthermore, Corollary
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Theorem and Corollary Theorem generalize [106, Theorem
3] and [106} Corollary 4], respectively. If there is no impulse effect and o« = f3, then

Corollary [5.1.6| reduces to [33| Theorem 5.1.1] for half-linear differential equation.
Moreover; since the restricted condition, i.e. a bounded positive function, on the func-
tion r (in our case it is q(t) = Ba(t)) in [91) Theorem 2.3] is dropped, Corollary|[5.1.6]
improves [91, Theorem 2.3]. In this case Theorem[5.1.10| coincides with [163| Lemma
1].

Remark 5.1.6 When ay(t) = 0 and o = 3 = v = 2, Corollary [5.1.6 provides the
same result as [43, Theorem 4.5] for the case of the second order impulsive differen-

tial equations. Moreover if there is no impulse effect, then the same result of Krein

[57] is obtained.

5.2 Applications

This section is devoted to show the applicability of Lyapunov type inequalities, ob-
tained in Section[5.1.1] to investigate the asymptotic behaviour of solutions of system
(5.1). We are concerned with disconjugacy, finding lower bounds for the eigenvalues
of the associated eigenvalue problems and boundedness of weakly oscillatory as well

as weakly bounded solutions.

5.2.1 Disconjugacy

In this section by using the inequalities derived in Theorem Theorem
Theorem Theorem [5.1.8] Corollary [5.1.3] and Corollary [5.1.6] we establish

some disconjugacy results.

Theorem 5.2.1 Let v be the conjugate number of vy and M, k(t) and k; be defined
as in equations (5.10)), @) and , respectively. If for every T € (t1,t5)

20 > MP { /t ’ Bi(t)|k(t)] 2 exp (7 /t ' al(s)d,S) dt} o

X [/t 2 B ()| k()| 2dt + Z (ﬁi/ﬁz‘)+|ki—1|ﬂ_2]

t1<7;<to

(5.37)
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holds, then system (5.1)) is disconjugate on [ty, t5].

Proof. Suppose on the contrary that there is a real solution y(t) = (z(t), u(t)) with

nontrivial z having two zeros s, s2 € [t1,%2] (s1 < $2) such that z(¢) # 0 for all

t € (s1, 2). Applying Theorem we see that

20 < Ao [ / By (B) k(1) "2 exp (7 /t ' al(s)ds> dt} o

X [/82 By ()] k(1)|"2dt + Z (771'/51‘)+|ki—1|5_2]

s1<1;<S2

<o [ [Momorzes (7 [Tawas)al

% [ / B OROP A+ Y <m/sz»>+|kz-_1|ﬁ-2] .

t1 <1 <t2

-1

Clearly, the last inequality contradicts (5.37). The proof is complete. 0

Since the proofs of the following theorems are exactly the same as proof of the The-

orem[5.2.1] we omit them.

Theorem 5.2.2 Let (3 be the conjugate number of v and M, k(t) and k; be defined as

in equations (5.10), (5.6) and (5.7)), respectively. If for every T € (t1,12)
A1

2 > [ " ol 2ex (fy I oq(s)ds) dt]
Y [ [ sromoras 3 <m/@>+rk“\“]

t1<Ti<t2

holds, then system ((5.1)) is disconjugate on [ty ts).

Theorem 5.2.3 Let o be the conjugate number of vy and M, k(t) and k; be defined
as in equations (5.10), (3.6) and (5.7), respectively. If

2% > MP exp <% /: |a1(t)|dt> [ /: 61(t)|k(t)172dt1 o

x [/t262+(7f)|k(7f)!5‘2dtJr > (ni/§i>+|ki—1|ﬁ_2]

t1 <1 <t2

holds, then system ((5.1)) is disconjugate on [ty ts).
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Theorem 5.2.4 Let [3 be the conjugate of v and k(t) and k; be defined as in equations
(5-6) and (5.7), respectively. If

2% > exp (g /j |a1(t)|dt) U: ﬁl(t)|k:(t)|7—2dt} .

X [/tt2 5;(15)’/{(15)‘5*2(1154— Z (ni/&)ﬂkil"gz]

t1 <7<tz

holds, then system ((5.1)) is disconjugate on [t1, ts).

Again, we have the corresponding corollaries.

Corollary 5.2.1 Let « be the conjugate of v and M, k(t) and k; be defined as in
equations (5.29), (5.6) and (5.7), respectively. If

20 5 pP—o [ / § pl‘V(t)|k;(t)P_2dt} o

t1

., (5.38)
X [/ ¢ OIRD" A+ Y (m/ﬁ)*lki-ﬂﬁ”]

t1 t1 <1 <to

holds, then equation (5.3)) is disconjugate on [t1,ts).

Proof. Suppose on the contrary that there is a real nontrivial solution x of eqution
(5.3) having two zeros s1, $2 € [t1,t2] (51 < $2) suchthat z(t) # O forall ¢ € (sy, S2).
Applying Corollary [5.1.3| we see that

2% < MP~ [/2 pl—“/(t)|k(t)|”/—2dt] w

S1

x [/82q+(t)|k(t)lﬁ‘2dt+ > (m/&)*!ki_l\ﬁ_Q]

51 51<T;<s2

<o ]| ’ ]

t1

x [ / FOROP2a+ Y <m/si>+|ki_1|ﬁ-2] .

31 t1 <1 <ta

Clearly, the last inequality contradicts (5.38)). The proof is complete. 0

Since the proof of the following corollary is exactly the same as proof of the Corollary

we omit it.
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Corollary 5.2.2 Let 3 be the conjugate of v and k(t) and k; be defined as in equa-
tions (5.6) and (5.7), respectively. If

to -1 to
25>[/ pl‘”(t)!k(t)\””dt} [/ ¢ Okt + Y (/&) kil

t1 t1 t1<1i<t2

holds, then equation (5.5)) is disconjugate on [t1,ts).

5.2.2 Eigenvalue Problems

Now, we present an application of the obtained Lyapunov-type inequalities for system
(5.1) and equations (5.3)) and (5.5). The proofs of the following theorems are based
on the Lyapunov type inequalities derived in Theorem [5.1.3] and Theorem [5.1.4] and

Corollary [5.1.3]and Corollary [5.1.6]

Consider the system of impulsive eigenvalue problem
=itz + B2, o = —ar(t)u— N\o(t)|2] 2, t#T
o(r) = &a(r), u(r’) = &Gu(ry) — pmla ()1 2w (7)), (5.39)
x(ty) = x(t2) =0
and the impulsive Emden-Fowler type eigenvalue problem
(p()]2'|*7%2") + Ag(t)]x|" 2z =0, t#m,
2(7;") = (7)),
PO’ (T2 (7)) = & p(r) ! ()72 (777) — puilee ()72 (77)

(5.40)

where A\, 1 € R.

If « = [ in (5.40), then impulsive Emden-Fowler type eigenvalue problem (5.40)

becomes impulsive half linear eigenvalue problem.

Definition 5.2.1 A pair (A, p) is called an eigenvalue of (5.39) if there is a corre-
sponding solution (x,u) such that x(t) # 0 on (t1,t2).

Definition 5.2.2 A pair (A, ) is called an eigenvalue of (5.40) if there is a corre-

sponding nontrivial solution  on (t1,t5).

107



Theorem 5.2.5 Let « be the conjugate of 7. If (A, i) is a positive eigenvalue pair of

(5.39), then

2a
> —
)\_A

A = MPe { /t f? By (B) k(1) "2 exp (7 /t ' ozl(s)ds> dtr

X [/ttQ 52+<w)‘k(t)’5*2dt+§ Z (Ui/fi)+|k¢1\'32]

t1 <7<tz

where

-1

and M, k(t) and k; are defined as in equation (@, @ and , respectively.

Proof. Let ()\, 1) be a positive eigenvalue and (z, u) be the corresponding eigenfunc-

tions of the system (5.39). If for some 7 € (t1,%2) we apply Lyapunov inequality

obtained in Theorem [5.1.3|for system (5.39)), we get

g0 < Mo { /t f By (B) k(1) exp (7 /t ' al(s)ds> dtr

t1<1i<t2

-1

Then for the eigenvalue A we can find the desired lower bound. U

Since the proofs of the following theorem and corollaries are same as the proof of
Theorem we skip them.

Theorem 5.2.6 Let « be the conjugate of 7. If (A, i) is a positive eigenvalue pair of

(5.39), then

2a
A > —
- B

where

B = M exp (% /: |a1(t)\dt) [ /: ﬁl(t)\ka)y“dt} o

X [/tl2B;(t)|k(t)|5—2dt + g Z (m/&)+|ki_1|5_2]

t1 <1 <to

and M, k(t) and k; are defined as in equation (@) (@) and , respectively.
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Corollary 5.2.3 Let o be the conjugate of y. If (A, i) is a positive eigenvalue pair of

(5.40) then
A > 2
- C

where

€ = NP [ / ” pl_V(t)|k(t)|7_2dt} o

t1

x [ | o wmoras 3 (m/&)*lkz-—llﬁ‘Ql,

t t1 <7 <to
and M, k(t) and k; are defined as in equation , (5-6) and in equation (5.7),

respectively.

Corollary 5.2.4 Let [3 be the conjugate of ~y. If (\, p) is a positive eigenvalue pair of

impulsive half linear eigenvalue problem then

where

o[ ) P o

t1

< [ /t2q+<t>rk<t>|ﬁ—2dt+§ S &) ka2

t1 t1 <7;<to

and k(t) and k; are defined as in equation @) and in equation , respectively.

5.2.3 Boundedness

In this section, as an application of Lyapunov type inequality given in Section [5.1.1]
we obtain a sufficient condition for the boundedness of weakly oscillatory and weakly

bounded solutions of system (5.1).

Theorem 5.2.7 Suppose that for some T € (t1,12)

UOO By(#)[k(t)] "2 exp (v /tTal(s)ds) dt} T

| sromara < . s
Z (Uz’/fi)+|kz‘—1\ﬂ_2 < Q.
T; <00

Then the following hold:
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(a) Everyweakly oscillatory proper solution (x(t), u(t)) of (5.1) is weakly bounded.

(b) For each weakly oscillatory proper solution (x(t),u(t)) of (5.1), we have

lim & =0.
t—o0 k(t

~—

Proof. (a) Let (2(t), u(t)) be a weakly oscillatory proper solution of (5.I). Let

z(t) = x(t)/k(t). Suppose on the contrary that z(¢) is unbounded. Then given any
positive number M, we can find a positive number 7' = T'( M) such that |z(t)| > M;
for all ¢ > T. Since z is also oscillatory, there exists an interval (t1,ts) with t; > T

such that z(t1) = z(t2) = 0. Choose T € (t1,t2) such that
M = |z(7)| = max{|z(t)] : t1 <t < t2} > M.

Because of (5.41)), one can choose 1" > ¢, large enough so that for every t; > T,

a—1

[/: Bi(t) k()72 exp (7 /tT al(s)d:s) dt] < M (5.42)

and

[ s@ROP2as 3 kel < 64y

t1<1;<co

In view of (5.42) and (5.43)), we see from (5.23)) that

2< MM =1,

which implies a contradiction.

(b) From (a) we know that every weakly oscillatory solution is weakly bounded. Sup-

pose on the contrary that z(¢) does not tend to zero as t — co. Then

limsup |z(t)| = L > 0.

t—o00

Since z has arbitrarily large zeros, there exists an interval (¢, ty) with ¢; > T, where

T is sufficiently large, such that z(¢;) = z(t2) = 0. Choose 7 in (t1, t3),
M = |z(7)] = max{|z(t)| : t € (t1,t2)} > L/2.
The remainder of the proof is similar to that of part (a), hence it is omitted. 0
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Theorem 5.2.8 Suppose that

e (5 [ leatnae) | [ solkorar oo

/OO B3 (IR 2dt < oo, (5.44)
Z (Ui/fi)+|/fi—1|’3_2 < 0.

T; <00

Then the following hold:
(a) Everyweakly oscillatory proper solution (x(t),u(t)) of is weakly bounded.

(b) For each weakly oscillatory proper solution (x(t),u(t)) of (5.1), we have

_a(t)
tlggow =0

Proof. (a) Let (z(t), u(t)) be a weakly oscillatory proper solution of (5.1). Let

z(t) = x(t)/k(t). Suppose on the contrary that z(t¢) is unbounded. Then given any
positive number M we can find a positive number 7" = T'(M; ) such that |z(¢)| > M,
for all t > T. Since z is also oscillatory, there exist an interval (1, ts) with t; > T

such that z(¢;) = z(t2) = 0. Choose 7 € (1, t2) such that
M = |z(7)| = max{|z(t)] : t1 <t < ta} > M.

Because of (5.44), one can choose 1" > ¢, large enough so that for every t; > T,

to to a—1
o (5 [Clastola) [ [ siomora] <ar= o sas
t1 t1
and

/ ORGP+ S /) kel < L (5.46)

t1 <7 <t2

In view of (5.43) and (5.46), we see from that
2< M= M =1

Y

which implies a contradiction.

(b) From (a) we know that every weakly oscillatory solution is weakly bounded. Sup-

pose on the contrary that z(¢) does not tend to zero as t — oco. Then

limsup |z(t)| = L > 0.

t—o00
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Since z has arbitrarily large zeros, there exist interval (¢, t5) with ¢; > T, where T is

sufficiently large, such that z(t;) = z(t5) = 0. Choose 7 in (1, t2),
M = |z(7)| = max{|z(t)| : t € (t1,t2)} > L/2.

The remainder of the proof is similar to that of part (a), hence it is omitted. 0

Corollary 5.2.5 Let « be the conjugate of . Suppose that
| rrwikar <o

/ T Okt < oo,

Z (m/&)ﬂk‘i_ﬂﬁ_Q < Q.

T <00

Then every oscillatory solution x(t) of impulsive Emden-Fowler equation (5.3) satis-

fies
z(t)

lim —% = 0.

Remark 5.2.1 Corollary is valid for solutions of impulsive half-linear equation

(.3) by taking o = p.

We conclude the paper with a theorem on boundedness of the weakly bounded solu-

tions of (5.1).

Theorem 5.2.9 Suppose that
/ aq (t)dt > —o0,
[0t or e (- [ as)ds) e <
¢

Z Ini/§i||k3i—1|6_2 exp (— /.OO al(t)dt) < 00.

T; <00

Then every weakly bounded solution of is bounded.

Proof. Given z(t) = x(t)/k(t) is bounded, we only need to show that
v(t) = u(t)/k(t) is bounded as well. We know that

V't an(ty = —Ba) kO 22, £ T

() = o(r7) = (/&) kica |72 ()12 (7).
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and hence

e ([ t al(S)dSHI — e ( : (s ) BaOIKOP el 22, 147,
o) = o(57) — (/€D P2 ()P 270

Integrating from 7 to t, 7 < t < to, we get

o(0) = o) (— [ an(oyis)
~ [ (= [ i) it el

D e R Gt / ~as(s)is)

T<71; <t

from which we easily obtain that v(¢) is bounded. O
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CHAPTER 6

LYAPUNOYV TYPE INEQUALITIES AND APPLICATIONS
FOR QUASILINEAR IMPULSIVE SYSTEMS

6.1 Quasilinear Impulsive Systems For (p, ¢)-Laplacian

In this section we obtain Lyapunov-type inequality for Dirichlet problem associated

with the quasilinear impulsive system involving the (p, ¢)-Laplacian operator

— (MO W) = f@ a1 £
— () 1) = g0 1l o P, £ Ny
~ A (M P ) = ol ull r=r oD
A (m(t) /|92 U') = b fu’ o2, t=m

and for its more general form where the solution is not continuous, i.e, the case where

Aul,__ #0and Av|,__ # 0witha =0and 3 =7,

!/
= (r ) = F) ful* el t#T
!/
= (m(0) [ ) = gy Jul* o], t#T
Au = aq;u, Av = v, t=m, (062)

A (o) o2l ) = =, () P2 o) 2ol =

A (m(@) 1720 ) = =05 (m(@) 0172 ) + el ol 0, ¢ =7
Throughout this section, we assume that

(i) p,q > 1 and «, 3, ~, 60 > 0 are real numbers,
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(iii) {7} is a strictly increasing sequence of real numbers,

(i) h,m, f,g € PLC[ty,o0) = {w : [to,00) — R is continuous on each interval

(T3, Tix1), the limits w(Ti

7

) exist and w(7; ) = w(7;) fori € N}, h,m > 0,

(iv) a;, by, oy, &y, Biy i, 04, i are sequence of real numbers and «; # —1, &; # —1

for: € N.

Definition 6.1.1 By a solution w(t) = (u(t),v(t)) of system on the interval
[to, 00), we mean a nontrivial pair of continuous functions (u(t),v(t)) defined on
[to, 00) such that (h|u/[P~2 '), (m [v/|" "> ') € PLClty, 00) satisfying (6.1) for t >
to.

Definition 6.1.2 By a solution w(t) = (u(t),v(t)) of system on the interval
[to, 00), we mean a nontrivial pair of functions (u(t),v(t)) defined on [ty, 00) such

that u,v, (h|/[P2 '), (m [o'|""*v') € PLC[ty, 00) satisfying (6.2) for t > to.
For the sake of brevity, let us define

and make convention that (a; + 1)(ag + 1) ... (e +1) = 1if i = 0.

For impulsive differential equations or systems, in general for piece-wise continuos
functions, the concept of a zero of a function is replaced by a so-called generalized

Z€10.

Definition 6.1.3 ([45,42]) A real number c is called a zero (generalized zero) of a
function f if and only if f(c™) = 0 or f(c¢") = 0. If f is continuous function at c,

then c becomes a real zero.

Definition 6.1.4 The solution w(t) = (u(t),v(t)) of system (or system (6.2)))
has a zero (or generalized zero) at the point c if both components of the solution w

have a zero (or generalized zero) at this point.

We also need the following definitions.
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Definition 6.1.5 System ({6.1)) (or system (6.2)) is called disconjugate on an interval
la, b] if and only if there is no real nontrivial solution w(t) = (u(t),v(t)) of system

(or system ) having two or more zeros (or generalized zeros) on [a, b].

Definition 6.1.6 A nontrivial solution w(t) = (u(t), v(t)) of system is bounded
on [to, 00) if both components of w are bounded on [t, 00). If at least one component

of w is not bounded on [ty, 00), then this solution is called unbounded.

Definition 6.1.7 A nontrivial solution w(t) = (u(t),v(t)) of system is said to be
oscillatory if both components of w are oscillatory on [Ty, 00), i.e if for each T > T,
there is a point Ty € (T,00) such that u(Ty) = v(Ty) = 0. If either at least one
component of w is not oscillatory or they are oscillatory but they become zero at

different points, this solution is called nonoscillatory.

Definition 6.1.8 A nontrivial solution w(t) = (u(t),v(t)) of system (6.1) tends to
zero as t — oo if both components of w tend to zero as t — oo. If at least one com-
ponent of w does not approach zero as t — oo, then this solution does not approach

zero ast — oc.

Definition 6.1.9 A nontrivial solution w(t) = (u(t),v(t)) of system is said to
t t

i\(@), |]\ZE|13/‘1> are bounded

on [tg, 00), where M, is defined as in . If at least one component of W is not

be bounded on [ty, 00) if both components of w(t) = (

bounded on [ty, 00), then w is called unbounded.

Definition 6.1.10 A nontrivial solution w(t) = (u(t),v(t)) of system tends to
u(t)  v(t)

M’ ’Mi’p/q
where M; is defined as in (6.3). If at least one component of W does not approach

zero ast — oo if both components of w(t) = ) tend to zero ast — o0,

zero as t — oo, then w does not approach zero ast — oc.

Since our main interest is Lyapunov type inequalities for system (6.1)) and system
(6.2), we assume the existence of nontrivial solution of these systems. Our main pur-

pose is to establish Lyapunov type inequalities for the impulsive system of differential
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equations (6.1)) satisfying Dirichlet boundary conditions. We will also consider a re-
lated problem (6.2)) where the solutions are discontinuous. Although our motivation
comes from the papers of [[78, [115]], our results not only extend the results of such

papers and that of [[19, 98, [7] but also generalize them to the impulsive case.

6.1.1 Lyapunov Type Inequality

1 1
Recall that the numbers p;, po > 1 are said to be conjugate if — + — = 1.
b1 D2

In the sequel we denote m™ (t) = max{m(t),0} and m;” = max{m;,0}.

The main result of this section is the following theorem.

Theorem 6.1.1 Let p' and ¢ be conjugate numbers for p and q, respectively and
(€1, e2) be a nontrivial solution of the homogenous system

er(a—p)+ed =0

el +ex(y—q) =0
where e, > 0 for k = 1,2 and €2 + e2 > 0. If the system has a real nontrivial
solution (u(t),v(t)) such that u(a) = u(b) = v(a) = v(b) =0, a,b € Rwitha < b

are consecutive zeros, and u,v are not identically zero on [a,b], then we have the

([ )

(6.4)

following Lyapunov type inequality

gerptess < ( /a ' B (1) ) ( / m=/a(t dt)
( / Bt + Y b*) 2-

a<t;<b

(6.5)

Proof. Multiplying the first equation of system by u and integrating from a to b,

we have
/ (WO (1) P2 (1)) u(t)de = / O] o(t) Pdt
b
— (OB P () [+ / Bt (B)Pdt
+ > uf h(m) [ () [P~ (7)) -

a<t;<b
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Clearly, using fT(t) = max {f(t),0} and a; = max {a;,0} yield

| nolora = [ rou@reoras Y afuw) )

, (6.6)
S/ FrOlu®Pe®Pdt+ Y af fu(m)|*lo(m)).

a<t;<b

Similarly from the second equation of system (6.1]), we get

b b
/mwmms/ﬂmeWW+ZwMWWmeﬂ

a<t;<b

On the other hand by employing Holder inequality with indices p’ and p, one can

/acu'(t)dt‘ + /Cbu’(t)dx
b

< [ ol = [ 57 on @)

< ( / bh‘p’"(t)dt) g ( / h(t) |u’(t)|pdt)p

and so, combining with (6.6) implies,

b, o
2 lu(c)| < (/ h‘i(t)dt)
‘ L (68)

x [ FEO O o dt + Y af yu(n)mu(n)yﬁ] :

a<t;<b

obtain

2Ju(c)| =

Let |u(c)| = max u(t) and |v(d)| = max v(t), then from inequality we have

a<t<b a<t<b

ng([fﬁf@mﬁﬁﬁw@wfwwwflsz%wﬁ+§jcﬁ]. (6.9)

a<t;<b

In view of repeating the above procedure with

/adv’(t)dt /dbv’(t)dt s/ablv’(t)|dt:/abm?(t)mé(m“/(’f)'dt

one can obtain the following inequality

21 < (/abmif'(t)dt> lu(e)|® Jo(d)|"™? [/bg+(t)dt+ > bj]. (6.10)

a a<t;<b
Raising inequalities (6.9) and (6.10) by e; and e,, respectively, then multiplying the

2u(d)| = +

a
q

resulting inequalities yield

e1p geo

X [/bf+(t)dt+ Z aj] [/bg+(t)dt+ Z bj] :

a<t;<b a<t;<b

b
2Pe1+Qe2 < |u(c)|(oz—p)e1+662 |U<d)‘ﬁe1+(7—q)62 (/ hp (t)dt)
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In view of the homogenous system (6.4)) we finally arrive at (6.5). O

Remark 6.1.1 Theorem|6.1.1|is an impulsive generalization of [ 115, Theorem 1] in
the case n = 2. Since system ((6.1) is more general than system (20) of [19] and
system (1.16) of [98)], Theorem [6.1.1] extends [19, Corollary 2] and [98, Corollary
2.6]. Moreover since no sign condition is assumed for h(x) and k(x), Theorem

improves and generalizes [|78, Theorem 1.5].

The following corollaries provide new Lyapunov type inequalities for the particu-
lar cases of system (6.1I). Assuming different conditions on the relations between

a, 3,0,v,p and q yields more inequalities than we will show.

Corollary 6.1.1 Let p’ and ¢’ be conjugate numbers for p and q, respectively. Assume

that
a+7y=p
(6.11)
B+0=q
or
a+0=p
(6.12)
B+v=q

If system has a real solution (u(t), v(t)) such that u(a) = u(b) = v(a) = v(b) =
0, a,b € R with a < b are consecutive zeros and u, v are not identically zero on [a, b],

then we have the following Lyapunov type inequality

2P+q§(/ah”/” ) (/ m /(1) dt) (/ 7 dHa;@ )
([ £0)

a<t;<b

Proof. From the proof of Theorem [6.1.1] we see that condition (6.11)) or (6.12) im-
plies that e; = e; = 1 is a nonzero solution of (6.4). Now, Corollary [6.1.1]is a direct
consequence of Theorem O

Corollary 6.1.2 Let p’ and ¢’ be conjugate numbers for p and q, respectively. Assume
that
=1 (6.13)



If system has a real solution (u(t),v(t)) such that u(a) = u(b) = v(a) = v(b) =
0, a,b € Rwith a < bare consecutive zeros and u, v are not identically zero on [a, b],

then we have the following Lyapunov type inequality

29+5§(/abh_p//p ) (/ () dt) ( / () dt+a;<b )e/p
(o)

a<t;<b

Proof. From the proof of Theorem [6.1.1, we see that condition (6.13]) implies that
e; = — and e; = — is a nonzero solution of (6.4). Now, Corollary [6.1.2]1s a direct

consequence of Theorem[6.1.1] O

Remark 6.1.2 In the absence of impulse effect, corollary gives the same result
in [19, Corollary 2] but it still improves and generalizes [78, Theorem 1.5].

Corollary 6.1.3 Let p' and q' be conjugate numbers for p and q, respectively and
o =0 and B = . Assume that
a

—+—-=1 (6.14)
p 9

If system has a real solution (u(t),v(t)) such that u(a) = u(b) = v(a) = v(b) =
0, a,b € R with a < bare consecutive zeros and u, v are not identically zero on [a, b],

then we have the following Lyapunov type inequality

v ([ rorom) (focsoom)’ ([ roas 5 o)
(frowe )"

a<t;<b

(6.15)

Proof. From the proof of Theorem [6.1.1] we see that condition (6.14) implies that

er = @ and e; = — is a nonzero solution of (6.4). Now, Corollary |6.1.3|is a direct
q
consequence of Theorem|[6.1.1] O

Remark 6.1.3 Corollaryl6.1.3|recovers [[78, Theorem 1.5].
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We next consider system (6.2)) which has discontinuos solutions.

Theorem 6.1.2 Let p' and ¢' be conjugate numbers for p and q, respectively, and
(6.14) hold. Suppose that

éki: |Oéi+1’p/q—1, 512 ‘Oéi+1|p72 (CYZ—|—1)—1, 6Z: ‘Oéi—l-llp/q/—l, ZEN
If system has a real nontrivial solution (u(t),v(t)) such that u(a™) = u(b™) =

v(a™) = v(b™) = 0, a,b € R with a < b are consecutive zeros and u,v are not

identically zero on |a, b, then we have the Lyapunov type inequality

b ¥ b i "
g8 < (/ h—P’/P(t)dt) [/ Frdt+ > Jo+ 177 (QLH)

a<t;<b

b & b 7
X (/ m_q//q(t)dt) (/ gr(tydt+ Y |a2-+1|‘p/q'uj> .

a<t;<b

TR

Proof. Let a, b be generalized zeros of u, v, in other words u(a™) = u(b”) = 0 and
v(at) = vT(b7) = 0wherea =19 < 71 < ... < T, < band M; be given as in
equation (6.3). Define

1 1 .
y(t) = Mu(t) z(t) = Wv(t), t € (1i,7iv1), 1=0,1,...,m.
where we puta = 7o and b = 7,,,1. It is easy to see that with the above transformation

system (6.2)) becomes the following system

1p—2 ! a—2 B8
— (hO Py ) = F@ e t#
!/
= (m(®) 1172 2) = g@) Iyl |2 2, t#
Ay=0, Az=0, t=m (6.16)
—A(ht /1p—2 /): i a—2 257 t:Ti
Oy "y ot 17 (o £ 1) " "y 2]
= A (m@1y ) = 27, t=1,
(t) |2/ penrrcd NS
Applying Corollary [6.1.3]to system (6.16) with
_ Vi _ Hi
a; = P2 , b= T
la; + 1°77 (e + 1) o + 117
we easily obtain the desired result. U

Remark 6.1.4 Since system ({6.1), with 0 = « and v = (, is obtained from system
(6-2) by choosing a; = 0 for i € N, Corollary6.1.3]is generalized by Theorem|[6.1.2}
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6.2 Quasilinear Impulsive Systems For (p;, ps, . . ., p,)-Laplacian

Here we consider n-dimensional quasilinear impulsive systems
2 ! 2 -
— (h®) k2 ) = A fnl™ P T Jwsl™, t £

J=1(#k)

— A () P ) = b e [ 1=
J=1(#k)

(6.17)

(k=1,2,...,n, i€eN)

and its general form in which solutions are not contiuous,

n

L@ lun ™ P [T il t#7

J=1(j#k)

— (et )

Auy = oy, t=r1

_A (hk(t) [P u;> — B (hk(t) [P+ u;) (6.18)

n
+ Vik \uk|q’“_2uk H \u]-\qj, t=rT;
J=1(3#k)

(k=1,2,...,n, i€N).
Throughout this section, we assume that

(D fe,he € PLC[tg,00) = {w : [to,00) — R is continuous on each interval
(7i, Tit1), the limits w(7;") exist and w(7;") = w(7;) fori € N}, hy, > 0 for

k=1,2,...,n,
(I) pr > 1 and qy;, & > O are real numbers for k, 5 = 1,2,...,n,
(II) {r;} is a strictly increasing sequence of real numbers,

(V) a, ik, Bix, Vi are sequence of real numbers and o, # —1fork =1,2,....,n, 1 €

N.

Definition 6.2.1 By a solution (uy(t),us(t), ..., u,(t)) of system on [ty, 00),

we mean an n-tuple of continuous functions (uy (t), us(t), . . ., u,(t)) defined on [to, 00)
such that (hy, |[u)["* > u,) € PLC[ty,o0) for k = 1,2,...,n satisfying for
> 1.
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Definition 6.2.2 By a solution (uy(t),us(t), ..., u,(t)) of system on an in-
terval [ty,00), we mean an n-tuple of functions (uy(t),us(t), ..., u,(t)) defined on
[to, 00) such that uy, (hy |u, | ul) € PLCty,00) for k = 1,2,...,n satisfying

(6-18) for t > t,.

Since our main interest is Lyapunov type inequalities for system and system
(6.18), we assume the existence of nontrivial solution of these systems. Our main pur-
pose is to establish Lyapunov type inequalities for the impulsive system of differential
equations satisfying Dirichlet boundary conditions. We will also consider a re-
lated problem (6.18)) where the solutions are discontinuous. Although our motivation
comes from the papers of [18, [115], our results not only extend the results of such

papers and that of [98,[7, 6] but also generalize them to the impulsive case.

6.2.1 Lyapunov Type Inequality

The main result of this section is the following theorem which is a generalization of

Theorem|[6.1.1]to the systems with n equations.

Theorem 6.2.1 Let p; be the conjugate number for p; for j = 1,2,...,n. If system
has a real solution (uy(t), us(t), ..., u,(t)) such that uiy(a) = uk(b) = 0 for

k=1,2,...,nand a,b € R with a < b are consecutive zeros and uy, us, . . ., u, are

not identically zero on |a, b, then the following Lyapunov type inequality

E Dj€; n ) Sk Pk ek
: b Ik 7k b (6.19)
2=t <] / ol (t)dt / fEwdt+ > af,

k=1 a a

a<t;<b

holds for k = 1,2, ... ,n where (eq,es, ..., e,) is nontrivial solution of the homoge-

nous system

e1(p1 — qu1) — e2ga1 —€e3qz1 — ... — €nGn1 =0
—e1qi2 + €2(P2 — qa2) —€3q32 — ... — €2 =0

(6.20)
— €141n — €2¢2n, — €343 — ... — en(pn - an) =0
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whereekZOforkzl,Q,...,nandZe? > 0.
j=1

Proof. Consider the k-th equation of system (6.17). Since for all k, uy is continous
on the interval [a, b], there exist ¢ € (a,b) such that |uy(cx)| = max |ug(t)| for k =
1,2,...,n. By multiplying the k-th equation of system (6.17)) byiuik and integrating

from a to b, we get

/ab (hk(t) [P 2 uﬁg),uk(t)dt _ /ab folt) f[ | (£) |95t

S RGO S § (O

a a<t;<b j=1
which implies

n

/ ()| (D) Pt = / B T s () mdt + 3 aue T fus ()|

=1 a<t;<b j=1
b n n

< [ oI+ Y a ]l
a j=1 a<7;<b j=1

Now, it is easy to see that

Cl b b
/ oL (8)dt /u;(t)dt‘g/ (1) dt

-/ B (OB 6) i (0]
. ( [ hﬁ<t>dt) ([ |u;<t>|“)plk
< (/abh,ff’?c(t)dt>%

x [ IR (CUREDS a:kH|uj<n>|%]

a<t;<b j=1

2 [up(cr)| = +

By taking pr — th power of the both sides of the above inequality and by using

lug(ex)| = max uy(t), we have

Pk

/
Pk

b —prp p, 7 b
P fugfe) P < ( [ (t)dt) T fustepi [ [ swas Y- ]

a<T;<b
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and
n b =P Py,
2 fusle) " T] Juse)l < ([ 1 @
j=1(j#k) “
[ / fiwdt+ > a ]

a<t;<b
Raising the both sides of the above inequality to the power e, foreachk = 1,2,... n,

respectively, and multiplying the resulting inequalities side by side, we obtain

2x;pkekﬁ|ukck k<H</h”k ) [/ fEwdt+ > a ]

a<t;<b

where 0, = (pr — Qrr)ex — Z qrje; fork = 1,2, ..., n. By assumption, equation
J=1(k#j)

has nonzero solutions (ej,es,...,€e,) such that , = 0 for k = 1,2,...,n
where ¢, > 0 for & = 1,2,...,n and at least one ¢; > 0 for j = 1,2,...,n.
Choosing one of the solutions (eq, es, .. ., e,), we obtain the desired inequality. This
completes the proof of Theorem [6.2.1] O

Remark 6.2.1 Theorem is the generalization of [115 Theorem 1] to the im-
pulsive case. Morever it is extension and improvement of [/, |6|] due to the assuming
weaker conditions on the exponents q;. Let there be no impulse effect, i.e a;, = 0
fork =1,2,... . nandi € N. Since system is more general than system (7)
of Cakmak and Tiryaki [\I8|] and system (1.21) of Tang and He [98]] in the sense that
Qrj 7 Qpjfork #pand k,j,p = 1,2, ..., n, inequality extends inequality (27)
of [18, Corollary 3] and inequality (3.22) of [98, Corollary 3.3].

Remark 6.2.2 Let n = 2. Then inequality is reduced to inequality
which is the generalization of inequality (42) of Cakmak and Tiryaki [19, Corollary
2] and inequality (2.32) of Tang and He [98, Corollary 2.6] to the impulsive case. If
ag; = ojjfork,j=1,2,...,n, then Theoremimproves [78, Theorem 1.5].

Remark 6.2.3 Letn = 1 and a;y = 0 for i € N. In this case, Theorem reduces
to [33| Theorem 5.1.1] and gives the result for half-linear differential equation. More-

over, since the restricted condition, i.e. a bounded positive function, on the function

126



r (in our case it is fi1(x)) in [91, Theorem 2.3] is dropped, Theorem improves
[91, Theorem 2.3]. When hy(x) = 1 and p; = 2, the same result of Krein [57] is

obtained.

Remark 6.2.4 Let n = 1 and py = 2. Then Theorem [6.2.1] coincides with [43,
Theorem 4.5] which is obtained for the case of the second order impulsive differential

equations.

Corollary 6.2.1 Let p); be the conjugate number for p; for j = 1,2,...,n. Assume

Y gk=p k=12, n (6.21)
j=1
If system has a real solution (u1(t), us(t), . .., u,(t)) such that ug(a) = uy(b) =
Ofork=1,2,....,nand a,b € Rwith a < bare consecutive zeros and uy, us, . . . , Uy,

are not identically zero on |a, b, then the following Lyapunov inequality

oy (/abh,f?(t)dt>;i (/abf,j@)dH 3 ajk)

9i=1 <
a<t;<b

k=1

holds fork =1,2,... n.

Proof. From the proof of Theorem [6.2.1] we see that condition (6.21]) implies that
e = 1for k = 1,2,...,n is a nonzero solution of (6.20). Now, Corollary is a
direct consequence of Theorem [6.2.1] O

Remark 6.2.5 Corollary shows that by choosing different conditions on q;, and
pr for k.7 = 1,2,...,n, Theorem vields several new inequalities which were
obtained in [115] for the nonimpulsive case. Therefore existence of impulse effect

leads to more general result than the result of [115]].

Corollary 6.2.2 Let p} be the conjugate number for p; for j = 1,2,...,n. Assume
Qrj = Qe = Qe for k,j = 1,2,... nin system ([6.17) and

LRI AR | (6.22)
b1 b2 Pn
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If system has a real solution (u1(t), us(t), . .., u,(t)) such that ug(a) = uy(b) =
Ofork=1,2,...,nand a,b € Rwith a < bare consecutive zeros and uy, us, . . . , Uy,

are not identically zero on |a, b, then the following Lyapunov inequality

qu n I 4o b "
2 gH< / B <t>dt> H( / i+ 3 )
a k=1 a

a<t;<b

holds fork =1,2,...,n.

Proof. From the proof of Theorem [6.2.1] we see that condition (6.22)) implies that
er = Z—’; for k =1,2,...,n is a nonzero solution of (6.20). Now, Corollary is a
direct consequence of Theorem [6.2.1] O

Remark 6.2.6 In the absence of impulse effect corollary gives the same result
of Cakmak and Tiryaki [18, Corollary 3].

We now consider system (6.18)), which has discontinuos solutions, similar to (p, q)-

Laplacian case (6.2).

Theorem 6.2.2 Let p) be conjugate numbers for py, k = 1,2,...,n and (6.22)) hold.
Suppose that

yan
Qi = |Oéi1+1|p1/pk—1, Bi1 = |aia + 1|pl_2 (ii+1)—1, B = |ois + 1| =1, i €N

and k = 2,3,...,n. If system has a real solution (ui(t),ua(t),. .., uy(t))
such that ug(a™) = ug(b™) = 0 for k = 1,2,...,nand a,b € R with a < b are
consecutive zeros and uy,us, . . ., u, are not identically zero on |a, b, then we have

the following Lyapunov type inequality

P 7

a1
bo—ry P b . + P
27=1 < /h”l t)dt / F(t)dt + Vi1 ay + 1777
_(a : <>> (am) 3 (@) a1

9k

dk
" b= A b N\
<[] (/ B (t)dt> (/ NGRS 7;|ai1+1|—Pl/Pk) _
k=2 a a

a<t;<b
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Proof. Letu; (a) = ux(b”) =0anda =17 < 7 < ... < T, < b. Similar to the
proof of Theorem|6.1.2} let us define (aq; + 1)(a2; + 1) ... (a1 + 1) = N; and

_u(t) () C_ _
yl(t)—TZ yk(t)—WZlT/pk, tE(TZ‘,TZ‘+1), 1=0,1,....m, k=2,...,n.
where we put @ = 79 and b = 7,1 and make convention that (ay; + 1)(cw; +
1)...(ays + 1) = 1ifi = 0. It is easy to see that with the above transformation,
system (6.18) turns into the following system

n

-2 - ,
= (me® W) = A o™ o T sl t#
Jj=1(j#k)
Ay, =0, k=1,2,...,n, t=m
- i1 -2 . ,
- A (hl(t) il Qy/) = = ™ oy | lyl®s b=
' ' it + 11772 (v + 1) ]1_[2 ’
—2 ik - - .
—A (hk(t) [yil™ yé) = ™ P [T v t=m
jvia +1] J=1(ik)
(6.23)
Applying Corollary [6.2.2]to system (6.23) with
il ik
a1 = — 3 aik’:—/ak:2737"'an
it + 177 (a1 + 1) iy + 1[P/P
we easily obtain the desired result. U

6.3 Applications

In this section we give some applications of Lyapunov type inequalities which are
used as a handy tool in studying of the qualitative nature of solutions. Here we only
consider quasilinear systems with (p, ¢)-Laplacian but all the following results can be
generalized to the quasilinear systems with (py, . . ., p, ) —Laplacian considered
in Section

6.3.1 Disconjugacy

In this part by using the inequalities obtained in Section[6.1.1] we establish disconju-
gacy criteria for system and (6.2).
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Theorem 6.3.1 Let p' and ¢ be conjugate numbers for p and q, respectively and
(€1, €2) be a nontrivial solution of the homogenous system ((6.4). If

2€1p+82q></ahp/p ) (/ e 19( dt) (/ FH) dt+a;<b )
(o 2]

a<t;<b

(6.24)
holds, then system is disconjugate on |a, b).

Proof. Suppose on the contrary that there is a real solution w(t) = (u(t),v(t))
with nontrivial (u(t),v(t)) having two zeros s1,s2 € [a,b] (s1 < s2) such that

(u(t),v(t)) # 0 forall t € (s1,s2). Applying Theorem we see that

2y ‘%p 52 —q 6427/(1 52 “
201 Teat L ( / hp(t)dt> ( / mq(t)dt> ( / fH(t)dt + Z aj)
s1 S1 S1

S1§T¢<82
S9 €2
x(/ gtWdt+ Y bj)

$1<T;<S2

g(/jhf(wdt)?f(ab > (/ fros 2 o )
(o)

a<t;<b

Clearly, the last inequality contradicts (6.24)). The proof is complete. O
Again, we have the corresponding corollaries and theorem whose proofs are the same

as proof of Theorem [6.3.1] hence omitted.

Corollary 6.3.1 Let p' and ¢’ be conjugate numbers for p and q, respectively. Assume

that (6.11) or (6.12)) holds. If

2PTa > (/ab h_p//p(f)dt);/ (/ab m—q'/‘l(t)dt) (/ @) dt+a;<b )
( / Hdt+ Y b+>

a<t;<b

holds, then system is disconjugate on |a, b).
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Corollary 6.3.2 Let p' and ¢’ be conjugate numbers for p and q, respectively. Assume

(6-13) holds. If

2 ([rrma)] ([ netiiom) ([ roms ¥ @)W

a<t;<b
b Bla
x (/ grdt+ Y bj)

a a<t;<b

holds, then system is disconjugate on |a, b).

Corollary 6.3.3 Let p’ and ¢’ be conjugate numbers for p and q, respectively. Assume

a=0and =~ and hold. If

a<t;<b
b Bla
X (/ gr(tdt+ > bj)

a<t;<b

holds, then system is disconjugate on |a, b).

We give the next theorem, which is a direct consequence of Theorem[6.3.1] for system

(6.2).
Theorem 6.3.2 Let p' and ¢ be conjugate numbers for p and q, respectively, and
(6.14) hold. Suppose that

Q= oy +1PP =1, Bi=|ai+ 1P % (s +1)—1, & =|o;+1P" =1, i€eN.

If

=

b o b Nt P
2a+5>(/ hp’/Ptdt) / F(t)dt + < - ) i+ 17
) ([ () e
b o b :
X (/ m_q//q(t)dt) (/ gt (t)dt + Z wi o + 1\p/q/>

a<t;<b

holds, then system is disconjugate on |a, b).
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6.3.2 Eigenvalue problems

Now, we present an application of the obtained Lyapunov-type inequalities for system
(6.1) and (6.2). By using techniques similar to the technique in Napoli and Pinasco
[78]], we establish the following results which give lower bounds for eigenvalues of the
associated eigenvalue problems of system (6.1)) and (6.2). The proofs of the following
theorems are based on the Lyapunov type inequalities derived in Theorem [6.1.1] and
Theorem

Let f(t) = Aari(t), g(t) = ubra(t), a; = Aac;; and b; = pfcio. Then system (6.1)

reduces to the following eigenvalue problem
/
— (B WP ) = Aar(8) [u* P ulol” £ 7
19—2 /_ [% y—2
= (m&) 1) = uBra(t) [ul’ [0 v, 7
A (h(t) Wi u>

A <m(t) '[9 u'2>

= \acy |u|°‘_2 U |v|’3, 1=1,2,....m (6.25)
t:Ti_
=y

7::uﬁci2|u|a|v 7i:172a"'7m

I~
~—~
=
~—
I
g
~—
=
~—
I
I~
—
S
SN~—
I
I~
~—~
=
SN~—
Il

0.

Definition 6.3.1 A pair (\, ) is called an eigenvalue of (6.29) if there is a corre-

sponding solution (u,v) such that u,v # 0 on (a,b).

Theorem 6.3.3 Let p’ and q' be conjugate numbers for p and q, respectively, (1, es)

be a nontrivial solution of the homogenous system and

b
/ re()dt+ Y ex >0, k=12 (6.26)
a a<t;<b
, , 1/ CD \=
Then there exists a function h(\) = 3\ Dayr such that > h(\) for every

positive eigenvalue pair (\, (1) of the system where the constants C' and D are

given as

e

C = geterd </abh_5/(t)dt)_;}p (/abm_qq,(t)dt> "
D= </abr1(t)dt+ > cﬂ>_q (/abrz(t)dt+ > cm)_@.

a<t;<b a<t;<b
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Proof. Let ()\, 1) be a positive eigenvalue pair and (u, v) be the corresponding eigen-

functions of the system (6.23). If we apply Lyapunov inequality obtained in Theorem

6.1.1] for system (6.25]), we get

b ra “
gerptead < (/ h—p'/p(t)dt) (/ Aary(t)dt + Z )\04021)

a<t;<b

b qu/q ¢2
X (/ mq’/q(t)dt) (/ ppPro(t)dt + Z uﬁcQ)
¢ (6.27)

a<t;<b

= ([ v ) ( [ meaar)” 7 )
(/ Hdt+ Y cﬂ> (/ tdt+ c,2>

a<t;<b a<t;<b

For the eigenvalue 1« we can find the following lower bound as

—-q

e1pteaq —e1 b ) ;;17,” b —d a
1B > 25 (Na) /h Y Iv(f)dt /m ?/a()dt
1

—eq

X (/abrl(t)dt+ Z ci1> ; </abr2(t)dt—|— Z ci2>_

a<t;<b a<t;<b

Also by rearranging terms in ( , we obtain

D
e > CD
&elﬂez

O

Since the proofs of following corollaries are the same as that of Theorem [6.3.3] they

are omitted.

Corollary 6.3.4 Let p' and ¢’ be conjugate numbers for p and q, respectively,

1/C
or (16.12)) and (6.26)) hold. Then there exists a function hi(\) = 3 .
i > hy(\) for every positive eigenvalue pair (X, j1) of the system where the

1) such that
o

constants C'y and D, are given as

—e

oo ([t on)” ([ ton)
Dy = (/abrl(t)dtJr > cﬁ>_1 (/ab@(t)dw > cﬁ)_l

a<t;<b a<t;<b
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Corollary 6.3.5 Let p’ and ¢’ be conjugate numbers for p and q, respectively, (6.13

and (6.26) hold. Then there exists a function ho(\) =

constants Co and Dy are given as

a= 2 /abhsw)f (f
Dy = (/abrl(t)dt—i- > cﬁ>pe </@ ra(t)dt + Y c12>

a<t;<b a<t;<b

=B
q

Corollary 6.3.6 Let p' and ¢' be conjugate numbers for p and q, respectively, and
a =0 and B = . Assume ((6.14) and (/6.26) hold. Then there exists a function hz(\)

D
such that ;1 > hs(\) = 3 (C):?’ )i
a)p

system ([6.25]) where the constants Cs and D are given as

5
) for every positive eigenvalue pair (X, 11) of the

=B

Cy = 207 (/ab hf(t)dt> 7 </abmqql(t)dt) ! ,
Dy = (/ tdt + ) cﬂ) (/ dt+ ) cﬂ)

a<t;<b a<t;<b

=B
q

Now we will consider system and define an eigenvalue problem associated to
this system. Let f(t) = Aari(t), g(t) = ppbra(t), vi = Aacy and p; = pfeg. Then

system (6.2)) reduces to the following eigenvalue problem
1p—2 ! a—2 B
. (h(t) o] u> = xar(®) [u]* P ulol?, t £
1nq—2 ! a B—2
— (m@® W) = pBra) [ul [0 0, t £ 7,

Aul,_, = au, Av|__ =dw

—a ()| —@( W= w) = Xaca "2 ulol,
= & (m() "R )| = () 1) = e ful” o] v,

u(a®t) =u(b") =v(a") = U(b )=0

6.28)

where &; = oy + 179 — 1, B =|ai + 1P 2 (s +1) =1, & =|a; +1[77 =1
fori € N.
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Definition 6.3.2 A pair (\, 1) is called an eigenvalue of (6.28)) if there is a corre-

sponding solution (u,v) such that u,v # 0 on (a, b).

Theorem 6.3.4 Let p' and q' be conjugate numbers for p and q, respectively, and
b
/ redt+ Y pw >0, k=12
a a<t;<b

where p;, = cit|a; + 11*7/(a; + 1) and pa = cip|a; + 1|7/9. Then there exists a

function hy(\) = 1 ((ij?

g
pair (A, i) of the system where the constants E and F' are given by

e

such that i > hy(\) for every positive eigenvalue

|
13

F= </ Hdt+ le) i (/abrz(t)dﬂr > pm) ,

a<t;<b a<t;<b

Proof. Let (), 1) be a positive eigenvalue pair and (u, v) be the corresponding eigen-

functions of the system (6.28)). If we apply Lyapunov inequality obtained in Theorem

6.1.2] for system (6.28), we get

b o ]
g0t+B < e (t)dt / Aar (t)dt A S 12
< ([ w ) ( an(di+ 37 da=ja;+1]

a<t;<b

b, 5 b
X (/ mqq(t)dt) (/ ppPre(t)dt + Z uBcio|a; + 1] p/q>

a<t;<b
o
P
]ozZ + 112 p)
Q5

(/abhil(t)dt); (/a ri(t)dt + Y
X (#5)§ ( abm_qq/(t)dt>5 (/abT2(t)dt+ Z Ciolov; + 1|_p/q/>

< [®

S

= ()

Q@

a<T;<b
a<t;<b
For the eigenvalue x, we can obtain the following lower bound as

b T w6
us > (/ hp(t)dt) (/ t)dt + Z |az+1|2 p)

a<t; <b

—1
b
</ Tg(t)dt+ Z CiQ|O{i+1|_p/q/> .

a<1;<b

—q

—qo b ’ l
x 28A) (\a) T ( Tt )dt)
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Also by rearranging terms in the above inequality, we obtain

8 EF
qz 7

)\%u

23
arf3

6.3.3 Asymptotic Behavior of Oscillatory Solutions

In this section as an application of Lyapunov type inequality given in Section [6.1.1]

we establish the following results to study the asymptotic behavior of the oscillatory
solutions of system (6.1]) and (6.2).

Theorem 6.3.5 Let p' and ¢' be conjugate numbers for p and q, respectively, and

(€1, e2) be a nontrivial solution of the homogenous system (H) Let

(o) (] o) (] o )

X (/Oog+(t)dt+ > bj) < 0.

T; <00
Then every oscillatory solution w(t) = (u(t),v(t)) of system is bounded and

approaches zero as t — oo.

Proof. First we prove the boundedness of oscillatory solution w(t) = (u(t),v(t)). Let
us suppose that w(t) is oscillatory but not bounded. Then lim sup |w(t)| = co. Then
for every M, we can find T' = T'(M; ) such that |w(t)| > Mlt?oosallt > T. Since w is
oscillatory, there exists an interval (1, t2) with ¢t; > T such that w(t;) = w(ts) = 0.
By using Lyapunov inequality for ¢; > 7', we get

ge1pteq < (/ h™ P/P( )dt) v (/ m™4q /q( )d)
/ fryde+ > aj) </ grdt+ Y bj)
t1<7’,<t2 t t1 <71 <to

[
(o) (o)
</oof+ tdt+ Y aj) (/tl tdt+ Y b+> <1

t1 <1 <00 t1<1; <00

€24
q’

X

.Q

IN
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Then we get e;p + eoq¢ < 0 which implies contradiction. Therefore w is bounded.
Since w is bounded, |w(t)| < N fort > T for any T'. If w(t) does not approach zero

as t — oo, then there exists a constant d > 0 such that 2d < limsup |w(t)] < N.
t—o00
Since w has arbitrarily large zeros, there exists an interval ({1, t3) with ¢; > T, where

T is sufficiently large, such that w(t;) = w(t2) = 0. The remainder of the proof is

similar to above, hence it is omitted. U

The following corollaries and their proofs follow easily from Theorem [6.3.5] and its

proof, respectively.

Corollary 6.3.7 Let p' and q' be conjugate numbers for p and q, respectively, and

or hold. Let

(o) (] o) (] i .5

X (/Oog+(t)dt+ > bj) < 0.

T <OO

Then every oscillatory solution w(t) = (u(t),v(t)) of system is bounded and

approaches zero ast — oo.

Corollary 6.3.8 Let p' and ¢’ be conjugate numbers for p and q, respectively, and

hold. Let

(e’ (oo’
X (/Oong(t)dt—i- > bj) < 0.

T; <00

0

(/ FH() dt+za>

T; <00

U

Q[

Then every oscillatory solution w(t) = (u(t),v(t)) of system is bounded and

approaches zero ast — oo.

Corollary 6.3.9 Let p' and q' be conjugate numbers for p and q, respectively. Assume
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a=0and =~ and hold. Let

(/oo hp’/p(t)dt) ’ (/OO mq’/q(t)dt> v (/oo frde+ > aj) '

T; <00
B
X </ gr(tydt+ ) bj) < 0.

T <00

Then every oscillatory solution w(t) = (u(t),v(t)) of system is bounded and

approaches zero ast — oo.

Theorem 6.3.6 Let p' and ¢’ be conjugate numbers for p and q, respectively. Suppose
that &; = o+ 179 =1, B; = | + 1P 2 (s +1) =1, & = |y + 1/Y =1, i € N.
Let

o

(o) ([ w5 (52 o)

T; <00

@

B
7

X (/OO m—Q’/’l(t)dt)q (/oog+(t)dt+ > uj|ai+1|p/q'> e

T <00

Then every oscillatory solution w(t) = (u(t),v(t)) of system is bounded and

t t
w(t) = (IAL]\(/[Z) 7 |]&E|E/q) — 0 ast — oo where M, is defined as in equation .

Proof. Let w(t) = (u(t),v(t)) be an oscillatory solution of (6.2)). Let y(t) = u(t)/M,;
u(t)  v(t)

M; | Mi|p/q
is unbounded. Then given any positive number A/, we can find a positive number

T = T(M,) such that |w(t)| > M, for all t > T'. Since w is also oscillatory, there

and z(t) = v(t)/|M;[P/9. Suppose on the contrary that w(t) =

exists an interval (¢1,t5) with ¢; > T such that w(t;) = w(tz) = 0. Because of
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assumption, one can choose 7" large enough so that for every t; > T,

=3

to % + P
2a+ﬁ < </ h*p'/p ) </ f+ dt—i— Z ( Vi ) |Oé¢ + 1‘2—17)
t1 t1<1i<t2
t t g
(/ m~ (1 )dt) (/ gttt + u?!aﬁl\_p/q/)
t1 t1

t1<Ti<t2

</t°°h_,,//p )(/ FFd+ (a‘vj‘rl)+|ai+1|2—p>

QUw

X

SR

IN

t1<1;<co
. L. 7
’ a _ ’
x (/ mq/q(t)dt> / gtydt+ > pf e +17 ) <1
t t t1 <T;<00

Then we get a + 8 < 0 which implies contradiction. Therefore w is bounded. Since
w is bounded, |w(t)| < N fort > T for any T'. If w(¢) does not approach zero as
t — oo, then there exist a constant d > 0 such that 2d < hm sup lw(t)] < N. Since
w has arbitrarily large zeros, there exists an interval (¢, t) w1th ty > T, where T is
sufficiently large, such that w(t;) = w(t2) = 0. The remainder of the proof is similar

to above, hence it is omitted. O
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CHAPTER 7

CONCLUSION

This thesis is devoted to obtain Lyapunov type inequalities for linear and nonlin-
ear systems under impulse effect. The importance of Lyapunov type inequalities in
qualitative analysis of solutions of systems under considerations has been shown by
means of applications, for instance by proving disconjugacy criterion, by showing the
uniqueness of the solutions of associated inhomogeneous BVPs, by studying the sta-
bility of planar periodic systems, by finding lower bounds for the eigenvalues of the
associated eigenvalue problems and by analysing asymptotic behaviour of oscillatory
solutions of considered systems. Moreover it has been remarked that theory of system
of impulsive differential equations is richer and more fruitful than the corresponding
theory of system of ordinary differential equations due to the fact that existence of

impulse effet yields various new inequalities.

In Chapter [2] we have established Lyapunov type inequalities, which are generaliza-
tions of the inspired work of Lyapunov [[69] on second order linear ordinary differen-
tial equations, for linear 2n x 2n Hamiltonian systems with impulsive perturbations.
Since changing the impulsive perturbation or assuming different conditions on the
impulses leads to variety of inequalities, presence of impulse effect provides different
Lyapunov type inequalities. Moreover our result improve and generalize the previous
ones, in particular Tang and Zhang [99]], even in the special case when the impulses
are dropped. As applications of Lyapunov type inequalities, we have found a discon-
jugacy interval and a lower bound for the associated eigenvalue problems for linear

2n—dimensional Hamiltonian systems under impulse effect.

In Chapter [3] we have discussed the existence and uniqueness of solutions of inho-
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mogenous BVPs to linear 2n x 2n Hamiltonian systems with impulsive perturbations.
The proof of our theorem has based on the fact that if corresponding homogenous
BVP has only trivial solution, the sufficient condition of which is proved by Lya-
punov type inequalities, then inhomogenous BVP has a unique solution. Moreover
the unique solution of inhomogenous BVP has been expressed in terms of Green’s
function (pair) and properties of Green’s function (pair) has been stated. To the best
of our knowledge, our approach is quite new and our criteria are the first results which
give the relation between existence and uniqueness theory of boundary value prob-
lems and Lyapunov type inequalities. This relation has not been noted even for the

ordinary differential equations case.

In Chapter 4] we have dealt with stability problem for linear planar periodic Hamil-
tonian systems with impulsive perturbations. By combining Floquet theory and Lya-
punov type inequalities, we have derived two pairs of stability criteria and each pair
is alternative to the other one. The first pair of the criteria is generalization of Tang
and Zhang [99] while the other one is new and can be used in place of the first one

when it is not applicable. Therefore our results are new for the impulsive case.

In Chapter [5| we have derived several Lyapunov type inequalities for impulsive non-
linear systems and for their special cases, impulsive Emden-Fowler type equations
and impulsive half linear equations. Our results have related not only points where
the first component of the solution (x(t),u(t)) of considered system has consecutive
zeros but also the point where the first component of the solution (x(¢), u(t)) of such
system is maximized. As an application we have derived disconjugacy criteria, found
lower bounds for the associated eigenvalue problems and investigated asymptotic be-
havior of oscillatory solutions. Our results generalize the previous one existing in

literature, in particular [[105, [106].

In Chapter [6| we have obtained Lyapunov type inequalities for impulsive quasilinear
systems with (p, g)—Laplacian and (py, ps, . . ., p,)-Laplacian. First we have consid-
ered impulsive systems whose solutions are continous, i.e there is an impulse con-
dition only on derivative of solutions. After establishing Lyapunov type inequalities
for these systems, we have studied the systems with discontinous solutions which can

be transformed to the continuous sytems. Moreover the applications of Lyapunov
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type inequalities such as obtaining disconjugacy criteria, finding lower bounds for the
associated eigenvalue problems and investigating asymptotic behavior of oscillatory
solutions are demonstrated. Our results generalize the result of [78) 19, 98, [7] and
(18,98, [7, 6 [115] for (p, q¢)—Laplacian and (p1, pa, - - - , p,)-Laplacian, respectively.
Moreover we have derived new results by assuming different conditions on ¢;;, and

ppfork, 7 =1,2,... n.
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