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ABSTRACT

MIDDLE SCHOOL STUDENTS’ ACHIEVEMENT LEVELS, SOLUTION
STRATEGIES, AND REASONS UNDERLYING THEIR INCORRECT
ANSWERS IN LINEAR AND NON-LINEAR PROBLEMS

Ayan, Rukiye
M.S., Department of Elementary Science and Mathematics Education

Supervisor: Assoc. Prof. Dr. Mine ISIKSAL-BOSTAN

February 2014, 185 pages

Purposes of the study are three-fold. The first purpose is to investigate sixth, seventh,
and eighth grade students’ achievement levels in linear and non-linear problems
regarding length, perimeter, area, and volume concepts. The second purpose is to
determine correct solution strategies for these problems. The third purpose is to
explore underlying reasons for incorrect answers in these problems. A mixed-method

research design was utilized to reach these purposes.

Participants were selected through cluster random sampling. Data were collected
during the spring semester of 2012-2013 academic year from 935 sixth, seventh, and
eighth grade students enrolled in public middle schools in Yenimahalle District of
Ankara. The achievement test including 10 open-ended questions was administered.
Individual interviews were conducted with 12 participants to amplify their answers to

the problems.

v



Findings indicated that achievement levels of the participants in linear problems were
considerably high compared to those in non-linear problems. Findings also revealed
that students used a limited number of strategies for linear and non-linear problems.
These strategies were found to have lacked the argument of the linear and non-linear

relationships for most of the participants’ answers.

Underlying reasons for the incorrect answers of the participants were also explored.
The common reasons for incorrect answers in linear and non-linear problems were
inadequate knowledge in geometry or other mathematical concepts such as
proportions. The main reason for the low achievement level in non-linear problems
was assuming a linear relationship between the length and area or length and volume

of geometrical figures.

Keywords: Illusion of linearity, additive and multiplicative reasoning, proportional

reasoning, area and volume, middle school students
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ORTAOKUL OGRENCILERININ DOGRUSAL VE DOGRUSAL OLMAYAN
PROBLEMLERDEKI BASARI DUZEYLERI, COZUM STRATEJILERI VE
YANLIS CEVAPLARININ NEDENLERI

Ayan, Rukiye
Yiiksek Lisans, [lkdgretim Fen ve Matematik Alanlar1 Egitimi
Tez Yoneticisi: Dog. Dr. Mine ISIKSAL-BOSTAN

Subat 2014, 185 sayfa

Calismanin amaclar1 ti¢c kissmdan olusmaktadir. Calismanin birinci amaci, altinci,
yedinci ve sekizinci sinif 6grencilerinin uzunluk, ¢evre, alan ve hacim kavramlari ile
ilgili dogrusal ve dogrusal olmayan problemlerdeki basar1 diizeylerini incelemektir.
Calismanin ikinci amaci, bu Ogrencilerin bahsedilen problemlerde kullandiklari
¢Oziim stratejilerinin  belirlenmesidir. Calismanin {igiincii amaci, Ogrencilerin
problemlere verdikleri yanlis cevaplarin nedenlerinin arastirilmasidir. Bu amaglara

ulagmak i¢in karma bir arastirma yontemi kullanilmastir.

Veriler 2012-2013 o6gretim yili bahar doneminde Ankara’nin Yenimahalle
ilgesindeki devlet okullarima devam eden 935 altinci, yedinci ve sekizinci simif
ogrencilerinden toplanmistir. Katilimcilara 10 agik uclu problemden olusan basari
testi uygulanmistir. Ek olarak, her siif seviyesinden toplam 12 katilimci ile
katilimcilarin  testteki cevaplarint  agiklamalart amaciyla bireysel goriismeler

yapilmistir.
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Calismanin bulgular1 katilimcilarin dogrusal problemlerdeki basarilarinin dogrusal
olmayan problemlerdeki basarilarina gore daha yiiksek oldugunu gostermistir.
Ayrica, bulgular 6grencilerin dogrusal ve dogrusal olmayan problemler ic¢in sinirl
sayida strateji kullandiklarin1 gostermistir. Birgok katilimcinin cevaplarinda dogrusal

ve dogrusal olmayan iliskilere dayali bir akil yiiriitme olmadig1 goriilmiistiir.

Ogrencilerin sorulara verdikleri yanlis cevaplarin nedenleri de incelenmistir.
Dogrusal ve dogrusal olmayan problemlere verilen yanlis cevaplarin ortak
nedenlerinin geometri ve Olgme alaninda ya da oranti gibi diger matematiksel
kavramlardaki yetersiz  bilgiler oldugu gorilmiistiir. Dogrusal olmayan
problemlerdeki diisiik basarinin asil sebebinin geometrik cisimlerin kenar uzunluklari
ve alanlar1 ya da hacimleri arasinda dogrusal bir iliski oldugu varsayimindan

kaynaklandig1 goriilmiistiir.

Anahtar Kelimeler: Dogrusallik yanilsamasi, toplamsal ve c¢arpimsal iliskiler,

orantisal diisiinme, alan ve hacim, ortaokul 6grencileri
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CHAPTER 1

INTRODUCTION

Proportional reasoning lies at the heart of many mathematical structures, especially
those included in the primary and middle school mathematics curricula. In addition
to mathematical structures, proportional reasoning is also essential in understanding
many situations in science and in everyday life (Cramer & Post, 1993). Hence,
proportional reasoning is referred to as a watershed concept, a cornerstone of higher
mathematics, a capstone of elementary concepts (Lesh, Post, & Behr, 1988) and a
gateway to higher levels of mathematics success (Kilpatrick, Swafford, & Findell,
2001). Due to the importance attached to proportional reasoning, Common Core
State Standards for School Mathematics (CCSSM, 2010) places extensive emphasis
on proportional reasoning. Indeed, CCSSM identifies proportional reasoning as one
of the key areas to which a significant portion of the instructional period should be
devoted in sixth and seventh grade mathematics lessons. Similar to the American
Standards, the revised Turkish Middle School Mathematics Curriculum highlights
the importance of proportional reasoning and devotes a substantial portion of course

time to it (MoNE, 2013).

Despite the great emphasis on proportional reasoning in mathematics curricula,
several national and international studies reported low achievement and difficulties
of students with respect to this concept (Kaplan, 1§1eyen, & Oztiirk, 2011; Lobato &
Thanheiser, 2002; Modestou & Gagatsis, 2007; Thompson & Preston, 1994). It is
argued that the difficulties experienced by students in proportional reasoning might
be derived from the fact that students’ understanding of proportional reasoning tends
to be superficial and limited since proportional reasoning involves, as conventionally

referred to, solving missing-value problems (Post, Behr, & Lesh, 1988).



Nevertheless, there is a consensus in the mathematics education literature that
solving missing-value problems cannot be regarded as an indicator of proportional
reasoning (Cramer & Post, 1993; Post et al., 1988). In addition to solving missing-
value problems, proportional reasoning is also related to the capabilities to compare
quantities in a multiplicative rather than additive manner (Kestell & Kubota-
Zarivnij, 2013) and to discern mathematical characteristics of proportional reasoning
from those of non-proportional reasoning (Cramer & Post, 1993). However, the fact
that teaching of proportional reasoning does not go beyond teaching of standardized
rules for solving proportionality problems in a limited number of forms and
applications might result in students’ failure in proportional reasoning (Van Dooren,

De Bock, Verschaffel, & Janssens, 2003).

As a result of a limited understanding of proportional reasoning, together with
instruction focusing on procedural skills and solving missing value problems,
students might not be able to develop different strategies for proportional reasoning
problems. In fact, they might develop a habit of assuming a proportional relationship
between any two quantities and applying proportional strategies even where they are
not appropriate (Freudenthal, 1983). Applying proportional strategies where they are
not applicable might occur in two ways: applying proportional strategies where
additive strategies are required (Van Dooren, De Bock, & Verschaffel, 2010) and
applying proportional strategies where non-proportional strategies are required (De
Bock, Verschaffel, & Janssens, 1998). These two issues are considered as the reasons
underlying students’ difficulties in proportional reasoning and are to be investigated
within the scope of this study. Furthermore, one of the areas in which these issues

frequently constitute a problem is the area of geometry and measurement.

Kaput and West (1994) argued that geometry and measurement area is one of the
most vulnerable areas to erroneous additive reasoning. Furthermore, NCTM (1989)
pointed out that most students from grade 5 to grade 8 erroneously believe that “if
the sides of a figure are doubled to produce a similar figure, the area and volume also
will be doubled” (p.114-115). In other words, students believe that there is a

proportional relationship between the sides of a figure and its area.



As opposed to students’ beliefs, it is universally accepted that the valid principle for
the relationships among length, area, and volume of reduced or enlarged geometrical
figures is as follows: A linear enlargement or reduction by factor r multiplies lengths
by factor r, areas by factor r?, and volumes by factor r* (De Bock, Verschaffel, &
Janssens, 2002). Nevertheless, students might not necessarily be awakened by their
experiences in both real-life and mathematics lessons about the distinct growth rates
of length, perimeter, area, and volume. Hence, students might develop tendencies to
consider the relationship between length and area or between length and volume as
proportional instead of quadratic and cubic. In the literature on mathematics
education, this situation is referred to as “linear misconception”, “linear obstacle”,
“linearity trap” and ‘linear illusion” (De Bock et al., 1998, 2002; Freudenthal, 1983;
Modestou & Gagatsis, 2007) or “illusion of proportionality” and “proportionality
trap” (Behr, Harel, Post, & Lesh, 1992). However, in this study, the term ‘illusion of
linearity’ will be used to refer to the students’ belief that there is a linear relationship

between the concepts of length, perimeter, area, and volume.

Proportionality is referred to as linearity, and linear and proportional relationships
are used as synonyms in many studies (De Bock et al., 1998; 2002; Modestou &
Gagatsis, 2007; 2010). Similarly, proportional relationships between length and
perimeter are considered as linear relationships, and the terms proportional and linear

are used interchangeably throughout the study.

1.1 Purposes of the Study

The purposes of this study are to investigate sixth, seventh, and eighth grade
students’ achievement levels in linear and non-linear problems regarding length,
perimeter, area, and volume concepts and to determine students’ correct solution
strategies for these problems. This study also aimed at analyzing underlying reasons

for students’ incorrect answers in these problems.

1.2 Research Questions

e How successful are sixth, seventh, and eighth grade students at answering the
linear and non-linear problems regarding length, perimeter, area, and volume

concepts?



e  Which correct solution strategies do sixth, seventh, and eighth grade students
use to solve linear and non-linear problems regarding length, perimeter, area,

and volume concepts?

e What are the underlying reasons for students' incorrect answers in linear and

non-linear problems regarding length, perimeter, area, and volume concepts?

1.3 Significance of the Study

Proportional reasoning is related to many topics in mathematics and science, as well
as situations in everyday life (Cramer & Post, 1993; Lesh et al., 1988). Basic
scientific concepts related to proportional reasoning are temperature, density,
concentrations, velocities, and chemical compositions (Karplus, Pulos, & Stage,
1983; Spinillo & Bryant, 1999). Everyday life situations include deciding on a best
buy, grocery purchases, personal finances (Spinillo & Bryant, 1999), medicine
dosages, and economic and sociological predictions (Valverde & Martinez, 2012).
Moreover, proportional reasoning is an essential integrative concept which connects
many mathematics topics in grades 6-8 (NCTM, 2000). Besides, it is a key and
unifying concept in a wide variety of important topics beyond middle school (Van
De Walle, Karp, Bay-Williams, & Wray, 2013). To begin with, Lamon (1999) stated
that “proportional reasoning is one of the best indicators that a student has attained
understanding of rational numbers” (p.3). Other mathematics topics related to
proportional reasoning include ratios, fractions, percent, similarity, scaling,
trigonometry (Beswick, 2011), basic algebra, geometry, problem solving (Empson,
1999; Fuson & Abrahamson, 2005; Hasemann, 1981; Saxe, Gearhart, & Seltzer,
1999), functions, graphing, algebraic equations, measurement (Karplus et al.,1983;
Lamon, 2007; Vergnaud, 1988), probability and statistics, scale drawing, similar
figures, measurement conversions (Greenes & Fendell, 2000) and steepness (Cheng,
Star, & Chapin, 2013). In other words, proportional reasoning is a comprehensive,

unifying, and integrative concept.

Similar to the relevance of proportional relationships to daily life, a large number of
processes in daily life are also based on non-proportional situations (Ebersbach,
Lehner, Resing, & Wilkening, 2008). Examples of situations involving non-

proportional relationships include the acceleration of objects rolling down an



inclined plane, the bounce height of a dropped ball, the temperature change in
heating and cooling processes, the effects of compound interest rates, the spread of
infections, the world’s population growth, and-related to it-the decline of non-
renewable natural resources (Ebersbach & Wilkening, 2007). Considering the
geometry and measurement case, in the process of doubling or tripling each
dimension of a geometrical figure non-proportional relationships occur among the
length and area or length and volume of the figures. On the other hand, area is
proportional to length only when width is held constant, and volume is proportional
to length when width and height are held constant. Hence, students should be able to
make inferences about distinct growth rates that occur among length, perimeter, area,
and volume concepts when the figures are reduced or enlarged. Therefore, analyzing
how Turkish middle school students make sense of proportional reasoning problems
and proportional and non-proportional relationships in the context of geometry and
measurement is essential. Moreover, considering the fact that there are a limited
number of studies related to proportional reasoning skills in geometry and
measurement area in related Turkish literature, conducting such a study seems

significant.

Proportional reasoning is conventionally referred to as solving missing value
problems. Nevertheless, it was mentioned that this definition does not include the
essential components of proportional reasoning, which are the ability to distinguish
additive and multiplicative structures and the ability to distinguish proportional
situations from non-proportional ones. Therefore, it is significant to conduct a study
by taking into consideration the essential components of proportional reasoning
mentioned above. The results of such a study would give distinctive and valuable
information related to the abilities and difficulties of students related to the
components of proportional reasoning. Besides, the fact that the number of studies
focusing on these components of proportional reasoning is highly restricted improves

the significance of the present study.

NCTM (1989) states that “the ability to reason proportionally develops in students
throughout grades 5-8” (p. 82). In other words, middle school years are the critical
years for the development of proportional reasoning. Investigating students’

development of proportional reasoning in years when they begin to form their



proportional reasoning schemas is essential in order to understand how they make
sense of proportional and non-proportional situations. Lamon (2006) stated that the
number of people who are not proportional thinkers is even greater than half of the
adult population. Therefore, it is of great significance that students’ levels of
achievements are investigated and the difficulties they experience related to
proportional reasoning are addressed in early years before they constitute severe

problems in later years (Fujimura, 2001).

Several studies revealed low student achievement in areas of proportional reasoning
(Post, Behr, & Lesh, 1988), and geometry and measurement (Chappel & Thompson,
1999; Orhan, 2013; Sherman & Randolph, 2004; Tan-Sigsman, 2010). In fact, Post et
al. (1988) argued that “relatively few junior students of average ability use
proportional reasoning in a consistent fashion" (p. 78). Furthermore, Sherman and
Randolph (2004) reported low student achievement in geometry and measurement in
international studies, such as TIMSS and PISA. This study tries to bind these two
learning areas and aims to analyze students’ achievement levels, correct strategies,
and underlying reasons for their incorrect answers. Therefore, the results of this
study might yield valuable information related to these aspects in these two specific

areas and in the intersection point of these two areas.

Chapin and Johnson (2000) stated that students use distinct types of strategies for
distinct types of problems. Moreover, the difficulties students experience in a subject
might differ in its application to other contexts. To put it differently, students might
make use of different solution strategies in proportional reasoning problems in
geometry and measurement than they would in solving standard proportional
reasoning problems. Similarly, they might experience distinct types of challenges in
proportional reasoning problems related to length, perimeter, area, and volume
concepts. Even though students’ solution strategies for proportional word problems
are documented in related literature, a detailed examination of their strategies for
proportional and non-proportional problems related to concepts of length, perimeter,
area, and volume have not been encountered in the available literature. Hence,
investigating students’ solution strategies and addressing their difficulties in a
proportional reasoning task with a focus on areas of geometry and measurement and

investigating their reasons have the potential to make a significant contribution to the



existing literature in terms of not only identifying the difficulties students experience
but also preventing and overcoming these difficulties by examining their
implications to the classroom culture. On the other hand, the implications might also
be extended to mathematics curriculum and teacher education by means of

reconsidering the current curricula.

1.4 Definition of the Terms

Proportion: A proportion is defined as the multiplicative comparison of two

a c
equivalent ratios in the form - d

Proportional reasoning: Proportional reasoning is defined as “making multiplicative
comparisons between quantities” (Wright, 2005, p. 363) and “the ability to mentally
process this relation” (Cheng et al., 2013, p. 23). It is also defined as “an aspect of
mathematical reasoning used to make inferences and draw conclusions about

multiplicative relationships involving direct variation” (Benson, 2009, p. 2).

In this study, proportional reasoning is defined as being able to apply proportional
strategies only where they are applicable. Besides, it is also referred to as the ability
of distinguishing additive and multiplicative structures as well as proportional and

non-proportional situations.

Multiplicative Reasoning: Multiplicative reasoning is defined as “making

multiplicative comparisons between quantities” (Wright, 2005, p. 363).

Additive Reasoning: In the additive reasoning “the relationship within the ratios is
computed by subtracting one term from another, and then the difference is applied to

the second ratio” (Tourniaire & Pulos, 1985, p. 186).

Misinterpretation of additive and multiplicative reasoning is related to students’
incapability to understand additive and multiplicative structures, their
misinterpretation of additive and multiplicative relationships, and tendency to use

them at inappropriate situations in this study.

Linearity: Linearity is referred to as the property of a function as homogenous and
additive such that f (ax) = a f(x) for all a and f(x;+x,) = f(x;) + f(x2) mathematically.

Particularly, the function f(x)=ax, with a #0 satisfies both properties and can be seen



to be representative of the terms “linear” or “linearity”; hence, the graph of a linear

function is straight line passing through the origin (De Bock, Verschaffel, &

a c
Janssens, 2002). Looking at the inverse side, a proportion 5° 3 can be seen as a

relationship of a linearity between two variables (Freudenthal, 1983). Hence,

a ¢
linearity is also referred to as the equality of a multitude of equal ratios as 5
. . . . . . a C
In this study linearity refers to the proportionality in the form of - a and the

function f (x) = ax.

Hllusion of Linearity: In this study, illusion of linearity is defined as students’
tendency to apply the model of linearity also in situations where it is not applicable.
The term is also referred to as “linear misconception”, “linearity obstacle”, or
“linearity trap” (De Bock et al., 1998) or “illusion of proportionality” and
“proportionality trap” (Behr et al., 1992).

Within the scope of this study, linearity or a linear relationship is referred to as the
type of a relationship in the same dimension for the length, perimeter, area and
volume of geometrical figures. Also, illusion of linearity is referred to as ignorance
of the fact that a linear enlargement or reduction by factor r multiplies lengths by

factor r, areas by factor r%, and volumes by factor r°.

Area: Area is defined as “the two-dimensional space inside a region” (Van De Walle

etal., 2013, p. 384)

Perimeter: Perimeter is defined as “a measure of the length of the boundary of a

figure” (Ma, 1999, p. 84).

Volume: “Volume is defined as the size of three-dimensional objects” (Van De

Walle et al., 2013, p. 391).
Linear Problems: These problems require a linear solution approach in this study.

Linear-Length Problems: These problems are related to the length concept and

require a linear solution approach.

Linear-Perimeter Problems: These problems are related to the perimeter (or

circumference) concept and require a linear solution approach.



Linear-Area Problems: These problems are related to the area concept and

necessitate a linear solution approach.

Linear-Volume Problems: These problems are related to the volume concept and

necessitate a linear solution approach.
Non-linear Problems: These problems require a non-linear solution approach.

Non-linear-Length Problems: These problems are related to the length concept and

require a non-linear solution approach.

Non-linear-Perimeter Problems: These problems are related to the perimeter (or

circumference) concept and require a non-linear solution approach.

Non-linear-Area Problems: These problems are related to the area concept and

require a non-linear solution approach.

Non-linear-Volume Problems: These problems are related to the volume concept

and necessitate a non-linear solution approach.

Questionable Proportion Strategy: This strategy included the ambiguity of whether
the students considered the relationship between the variables given and asked in the
problem or they just used the numbers given in the problem and directly wrote the

proportion between these numbers for linear problems.

Reasonable Proportion Strategy: This strategy included an analysis of the problem
statement, finding the related variables (i.e. perimeter), judging the type of the
relationship between the variables, and then writing the direct proportion between the

related variables for linear problems.

Length-Length-Area/Volume Relationship Strategy: This strategy included
applying the linear relationships between the lengths of the figures and then finding
the area or the volume of the second figure by using the relationship between lengths

for non-linear problems.

Length-Area/Volume Relationship Strategy: This strategy included applying direct
strategies for the relationship between the length and the area or volume of the
figures, that is, anticipating that the area gets r? times larger than the length and the
volume gets r* times larger than the length when the length increases by r for non-

linear problems.



CHAPTER 2

LITERATURE REVIEW

The purposes of the current study include investigating the achievement levels of
sixth, seventh, and eighth grade students in linear and non-linear problems regarding
length, perimeter, area, and volume concepts. Besides, the study aims to analyze the
strategies the participants of the study use for these problems and explore the reasons
underlying their incorrect answers in these problems. In order to reach these
purposes, it is initially essential to describe what proportional reasoning is, what
strategies students use, and which difficulties they experience in solving proportions
in broader means. Then, the theories and studies that explain students’ strategies and
reasons underlying their incorrect answers in proportional and non-proportional
problems are stated. Lastly, concerns of the study related to areas of geometry and
measurement are mentioned. Only then is it reasonable and possible to locate the
goals of the study between the borders of proportional reasoning, and geometry and

measurement.

2.1 Proportional Reasoning

A proportion is the multiplicative comparison of two equivalent ratios in the form

a Cc

Pt Hence, proportional reasoning is related to ‘“making multiplicative

comparisons between quantities” (Wright, 2005, p. 363) and “the ability to mentally
process this relation” (Cheng et al., 2013, p. 23). Moreover, proportional reasoning is
referred to as reasoning in a system of two variables related by a linear function
(Karplus et al., 1983). Lamon (1995) stated that a student has proportional reasoning
skills if he makes reasonable judgments supporting the structural relationships which
occur when two ratios are equivalent. For instance, a student who understands that $2
for 5 apples is the same as $4 for 10 apples and justifies that the four is the same

multiple of two as ten is to five has proportional reasoning skills (Stemn, 2008). On
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the other hand, the student has to understand that the relationship between the
quantities remains the same even when the quantities might change (Cramer, Post, &

Currier 1993; Lobato & Ellis, 2010).

Proportional reasoning is referred to as a watershed concept, a cornerstone of higher
mathematics, a capstone of elementary concepts (Lesh et al., 1988) and a gateway to
higher levels of mathematics success (Kilpatrick et al., 2001). Parallel to the
importance attached to proportional reasoning, it is referred to as one of the four key
areas in sixth and seventh grade mathematics by The Common Core State Standards
for School Mathematics (CCSSM, 2010). Similarly, a significant portion of
importance is given to it in both current Turkish Middle School Mathematics
Curriculum and the revised version (MoNE, 2008, 2013). Therefore, it can be
inferred that proportional reasoning is one of the most crucial mathematical

proficiencies for middle school students to be developed.

The importance of proportional reasoning is on account of the fact that it is related to
many topics in mathematics and science, as well as situations in everyday life
(Cramer & Post, 1993; Lesh et al., 1988). Basic scientific concepts related to
proportional reasoning are temperature, density, concentrations, velocities, and
chemical compositions (Karplus et al., 1983; Spinillo & Bryant, 1999). Everyday life
situations include deciding on a best buy, grocery purchases, personal finances
(Spinillo & Bryant 1999), medicine dosages, and economic and sociological
predictions (Valverde & Martinez, 2012). Considering the mathematical concepts,
NCTM (2000) stated that proportional reasoning is an essential integrative concept
which connects many mathematics topics in grades 6-8. Besides, Van De Walle et al.
(2013) indicated that it is a key and unifying concept in a wide variety of important
topics beyond middle school. First, as indicated by Lamon (1999), “proportional
reasoning is one of the best indicators that a student has attained understanding of
rational numbers” (p. 3). Other mathematics topics related to proportional reasoning
include ratios, fractions, percent, similarity, scaling, trigonometry (Beswick, 2011),
basic algebra, geometry problem solving (Empson, 1999; Fuson & Abrahamson,
2005; Hasemann, 1981; Saxe et al., 1999), functions, graphing, algebraic equations,
measurement (Karplus et al., 1983; Lamon, 2007; Vergnaud 1988), probability and

11



statistics, scale drawing, linear functions, similar figures, measurement conversions

(Greenes & Fendell, 2000) and steepness (Cheng et al., 2013).

Despite being such an inclusive, comprehensive, and essential concept in the
curriculum, the definition of proportional reasoning is too superficial and restrictive
in such a way that it is conventionally referred to as solving missing-value problems
(Post et al., 1988). In other words, students who are able to solve problems asking for
the fourth value when three values related to a situation are given are conventionally
considered as reasoning proportionally. However, there is a consensus in the studies
conducted in recent years that solving missing-value problems cannot be regarded as

an indicator of proportional reasoning (Cramer & Post, 1993; Post et al., 1988).

2.1.1 Proportional Reasoning in the Turkish Mathematics Curriculum and

Textbooks

The arguments made for the teaching of proportional reasoning with a focus on
solving missing value problems might be considered valid when current Turkish
Mathematics Curricula (2008) and the revised version (2013), and middle school
mathematics textbooks are examined. For instance, within the context of the current
Turkish Middle School Mathematics Curriculum (2008) students in grade six are
expected to explain the concept of proportion and also the relationship between
proportional situations. In the seventh grade, students are expected to solve problems
including direct and inverse proportions. Even though there is no content area of
proportion in the eighth grade, students are expected to determine the proportional

lengths of similar figures.

The curriculum also stresses that proportion is not just related to writing two
equivalent ratios and finding the missing value (MoNE, 2008), but requires a rich
understanding of proportion in which proportional situations need to be recognized
and the corresponding relationship needs to be investigated by means of numbers,
tables, graphs, and equations. Hence, when the current curriculum is examined it is
seen that it mentions some characteristics of proportional reasoning, such as
recognizing proportional situations and the relationships. However, it is also seen

that there is no explicit definition of and emphasis on proportional reasoning
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especially for the issues of distinguishing additive and multiplicative relationship or
proportional and non-proportional situations. Moreover, the curriculum only gives
place to direct and inverse proportions and not the non-proportional situations. On
the other hand, when the revised version of Middle School Mathematics Curriculum
(2013) is examined it is observed that there is no place for proportions in the sixth
grade. However, an extensive emphasis is given to proportions and solving problems
related to proportional situations in seventh grade. The curriculum also points out
that students are expected to determine whether two quantities form a proportional
situation or not and distinguish additive and multiplicative structures (MoNE, 2013).
Similar to the arguments made for the current curriculum (2008), it is also seen that
there is no explicit definition of and emphasis on proportional reasoning and the
curriculum only gives place to direct and inverse proportions and not the non-

proportional situations.

In addition to the mathematics curricula, sixth, seventh and eighth grade mathematics
textbooks were also investigated in terms of the elements they included related to
proportional reasoning and the sequence of these elements. To begin with the sixth
grade textbook, the definition of ratio is given, and students are asked to compare the
quantities multiplicatively and find several ratios between these quantities. An
example of a problem related to finding the ratio between the number of quantities
and comparing the two ratios in the sixth grade textbook is presented in Figure 2.1

below.

Bir simitginin tezgahinda giin sonunda 5 simit, 7 podaca ve 8 ay ¢oredi kalmistir. Buna gdre
a) Simitlerin sayisinin ay gorekleri sayisina oranini farkl sekillerde yazalim.
b) Podaga sayisinin simit sayisina orani ile simit sayisinin pogaca sayisina oranini karsilastiralim.

Figure 2.1 Sample problem related to ratio in sixth grade textbook (MoNE, 2012a, p.
126)

In addition to finding the ratios between various pairs of quantities, the concept of
direct proportional relationships is introduced as “two quantities are directly

proportional if one of the quantities is increased (or decreased) at the same ratio
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when the other quantity is increased (or decreased)” (MoNE, 2012a, p. 130). Then,
some problems including direct proportional relationships are presented. A sample

problem is given in Figure 2.2 below.

Bir otomaobil fabrikasinda 1 saatte 2 otomobil Gretilmektedir. Bu fabrikada 6 saatte kag
otomaobil {retilebilecegini bulalim.

Figure 2.2 Sample problem including direct proportional relationships in sixth grade
textbook (MoNE, 2012a, p. 129)

The problem in Figure 2.2 asks the number of cars manufactured in six hours when
the number of cars manufactured in one hour is given in the problem statement. For
the solution of the problem, a table including the various number of cars according to
the changing values of time periods is constructed, and students are required to find
the answer by using this table. The solution to the problem in the textbook is

presented in Figure 2.3 below.

Yandaki tabloda géraldigu gibi sire; Tabio: Otomobil Uretimi

2.3, 4, ... kat artarken Uretilen otomobil [Sl:]re saat) |1 |2 ]| 3|4 | 5|6 |7]. ]
sayisi dgaynloranda?,ﬂ,_di, ...katart;;r. Otomobil 2lalealealiole 4l
Buna gére 6 saatte Uretilen otomobil Sayisi

sayisi 12 olur.

Figure 2.3 Solution to the problem including direct proportional relationships in sixth
grade textbook (MoNE, 2012a, p. 130)

The instruction in the textbook continues with a definition of proportion as “the
equality of two ratios” (MoNE, 2012a, p. 130). Then, the examples that require the

examination of whether a pair of ratios form a proportion or not are provided.

In the mathematics curriculum, seventh grade students are expected to solve
problems including direct and inverse proportions. In the seventh grade mathematics
textbook, the definition for the proportions and direct proportional relationships are

mentioned similar to the ones in the sixth grade textbook. In addition, the concept of
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scale factor is introduced. Some problems including direct proportional relationships
are provided similar to the ones in sixth grade mathematics textbooks. A sample

problem related to the proportional relationship is provided in Figure 2.4 below.

Okulumuzun dis cephesi boyanacaktir. \
1) 2 kg boya ile 25 m? lik alan boyanabilmektedir. Buna gére - ~,
. Boya Boyanacak
yanda verilen tabloyu doldurunuz. Miktan (kg) | Alan (m2)
+ Tabloyu yukarndan asadiya dogru okudugunuzda boya
7 , . . 2 25
miktarindaki degisim ile boyanan alan arasinda nasil bir
iliski oldugunu tartiginiz. 4
+ Tabloyu asagidan yukarya dogru okudugunuzda boya ]
miktarindaki degisim ile boyanan alan arasinda nasil 8
bir iliski oldugunu tartiginiz. 10
+ Tabloda her bir satir igin boya miktan ile boyanacak alanin
carpimini bulunuz. Buldugunuz oranlar arasindaki iligkiyi 12 S

soyleyiniz.

Figure 2.4 Sample problem including direct proportional relationships in seventh
grade textbook (MoNE, 2012b, p. 100)

The problem in Figure 2.4 is related to the direct proportional relationships between
the amount of paint and the amount of the plane to be painted. A table including the
various numbers for these two quantities is also provided. Another sample problem

including direct proportional relationships is presented Figure 2.5 below.

2 kg elmadan 750 mL elma suyu elde ediliyor. 9 kg elmadan kag mililitre elma suyu elde
edilecedini bulalim.

Figure 2.5 Second sample problem including direct proportional relationships in

seventh grade textbook (MoNE, 2012b, p. 132)

The problem in Figure 2.5 asks the amount of apple juice obtained from 9 kg when
the amount of apple juice obtained from 2 kg is given. The solution to the problem is

presented in Figure 2.6 below.
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2 kg elma 4>.<350 mL elma suyu Kullanilan elma miktan arttikga gikan

9 kg elma x mL elma suyu elma suyu miktan da artmaktadir.
Carpraz carpmalar esitlendiginden:
2.x=8.750
--Ej - 9.7650 375
2 2
x=9.375

¥ = 3375 mL bulunur.

Figure 2.6 Solution to the second problem including direct proportional relationships
in seventh grade textbooks (MoNE, 2012b, p. 101)

As seen in Figure 2.6, the problem is solved by cross-multiplication algorithm in
which a direct proportional relationship is established between the number of apples

and the amount of apple juice.

The teaching of proportional relationships in the seventh grade textbook continues
with the definition of inverse proportion as “two quantities are inversely proportional
if one of the quantities is decreased (or increased) at the same ratio when the other
quantity is decreased (or increased)” (MoNE, 2012b, p. 102). Then, some problems
related to the number of workers and work that is done is provided. A sample

problem is presented in Figure 2.7 below.

Asagida verilen problemi okuyarak kendi cimlelerinizle ifade ediniz.
Bir hall dokuma atélyesindeki 3 isci bir halry1 12 glinde dokuyor. Ayni haliyi, ayni
hizla galisan 5 isgi kag ginde dokur? Bulunuz.

Figure 2.7 Sample problem including inverse proportional relationships in seventh
grade textbook (MoNE, 2012b, p. 105)

The problem in Figure 2.7 is related to the inverse proportional relationships between

the number of workers and the time period required for manufacturing a carpet.

Even though there is no content area of proportion in the eighth grade, eighth grade
students are expected to determine the proportional lengths of similar figures. In the

meantime, the concept of scale factor is introduced and emphasized for the solution
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of the problems. A sample problem in the eighth grade textbook is provided in Figure

2.8 below.

Asadida verilen lggenlerin benzer olup olmadiklanini inceleyelim:

3 cm

3 cm c E
4.5 cm F

Figure 2.8 Sample problem related to determining the proportional lengths of similar
figures in eighth grade textbook (MoNE, 2012c, p. 115)

The problem in Figure 2.8 asks whether the given two triangles are similar or not.
The students are required to compare the ratios of the side lengths and determine

whether these ratios are equivalent or not. The solution to the problem is provided in

Figure 2.9 below.

Iki Gggenin karsilikli kenarlarini oranlayalim:

1Bl _ 2
IDFI ~ 3
ICl _4 _2
IDEI 6 3
IBCI _ 3 _2
FEI 45 3

Iki iggenin karsilikh kenarlarinin orani ayni oldugundan ABC ve DFE benzer degenlerdir.
AﬁC'nin kenar uzunluklan, DFE'nin kenar uzunluklarinin % si oraninda kigUhttlmGsOddr.

Bu nedenle benzerlik orani % "tlr.

Figure 2.9 Solution to the sample problem related to determining the proportional
lengths of similar figures in eighth grade textbook (MoNE, 2012c, p. 115)
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The teaching of the similar figures in the eighth grade textbook continues with
several examples related to determining whether two shapes are similar or not or
finding the missing length of one of the two similar figures. Even though, the ratio of
areas of two similar figures is not included in the teaching part a problem related to
the ratio of the areas of similar figures is given place in assessment part of the

section. The problem is provided in Figure 2.10 below. In the problem the ratio of
areas of two similar figures is given as g, and the ratio of the corresponding side

lengths of triangles are asked.

Benzer iki dggenin alanlarinin orani %'tir_ Bu iki dggenin karsihkh kenarlarinin orani
nedir? Aciklayiniz.

Figure 2.10 The problem related to the ratio of areas of similar figures (MoNE,
2012¢, p. 121)

The examination of the curricula and textbooks revealed that proportions are
introduced to the students by various problems including proportional situations. In
the solution processes of these problems the use of tables, equality of ratios, and
cross-product algorithm are emphasized. Then, situations including inverse
proportions are introduced. Several problems related to direct and inverse

proportions in limited contexts are presented.

2.1.2 Behaviors of a Proportional Thinker

It is discussed that conventional definitions of proportional reasoning is inadequate.
However, defining proportional reasoning is rather difficult. One possible way to
define proportional reasoning and to understand its components is classifying the
characteristics of a person who reasons proportionally. To this purpose, Cramer and
Post (1993) defined a set of behaviors of a proportional thinker. According to Cramer
and Post, a proportional thinker should have the following characteristics as stated in

Table 2.1 below:
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Table 2.1 Behaviors of a Proportional Thinker (Cramer & Post, 1993, p. 342)

Behaviors of a Proportional Thinker
Knowing the mathematical characteristics of proportional situations

Being able to differentiate mathematical characteristics of proportional thinking
from non-proportional contexts

Understanding realistic and mathematical examples of proportional situations
Realizing that multiple methods can be used to solve proportional tasks and that
these methods are related to each other

Knowing how to solve quantitative and qualitative proportional-reasoning tasks

Being unaffected by the context of the numbers in the task

Cramer and Post (1993) emphasized that a proportional thinker should know the
mathematical characteristics of proportional situations and discern proportional
situations from non-proportional ones. In other words, being able to decide where to
apply proportional reasoning and how to apply is a characteristic of a proportional
thinker. Furthermore, developing different strategies for proportional reasoning

problems is accepted as the sign of a proportional thinker.

Considering proportional reasoning in a narrower area, similarity concept is highly
related to proportional reasoning in such a way that similar shapes are visual
examples of a proportional situation (Van De Walle et al., 2013). Similarity in
mathematical matters means that the shapes are the same even if they have distinct
sizes. Similar figures have multiplicative relationships between the lengths and the
widths (Lamon, 1999). Cox (2008) asserted that similarity is the unique geometric
context for proportional situations, and children at or above 8 years of age can deal
with similarity tasks by the help of visualization and pre-proportional strategies. Cox
(2008) established a set of behaviors of a geometric proportional thinker based on
the framework of Cramer and Post (1993) related to proportional thinker. Cox
identified these behaviors in such a way that each behavior of a proportional thinker
is adapted so as to be consistent with the terms of geometry, specifically the concept
of similarity. The identified behaviors of proportional thinker (Cramer & Post, 1993)
and geometrical proportional thinker (Cox, 2008) are provided in Table 2.2 below.
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Table 2.2 Behaviors of a Geometric Proportional Thinker (Cox, 2008, p. 12)

Proportional Thinker

Geometric Proportional Thinker

Knowing the mathematical
characteristics of proportional
situations

Being able to differentiate
mathematical characteristics of
proportional thinking from non-
proportional contexts
Understanding realistic and
mathematical examples of
proportional situations

Realizing that multiple methods can
be used to solve proportional tasks
and that these methods are related to
each other

Knowing the properties of similar figures

Being able to recognize or surmise the
presence and absence of distortion

Understanding the principles of scale in
both realistic and mathematical contexts

Realizing that both within and between
ratios can be used to differentiate figures
and that these ratios also help judge the
reasonableness of constructed figures

Knowing how to solve quantitative
and

qualitative proportional-reasoning
tasks

Being unaffected by the context of the

numbers in the task

Knowing how to scale images
quantitatively and qualitatively and
realizing the continuous nature of the
scaling function

Being unaffected by the complexity or
simplicity of the figure, the relationship of
the labeled measurements, and the integral
or non-integral nature of the numbers in
the task

Cox (2008) maintained that a geometric proportional thinker should understand the
principles of scale in different contexts and grasp the effects of scaling. Moreover,
being able to understand principles of scale and effects of scaling in various complex

figures is another characteristic of a geometric proportional thinker.

Cramer and Post (1993) and Cox (2008) stated the characteristics of proportional
thinkers, more specifically geometrical proportional thinkers. However, literature on
proportional reasoning seems to have a consensus that becoming a proportional
thinker is not an easy and quick process; rather it requires a course of time period. In
this period, students should develop their understanding of mathematical
characteristics of proportional situations (Cramer & Post, 1993). One of the most

important characteristics of proportional situations is the multiplicative relationship
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between them rather than the additive one. According to Cramer and Post (1993), a
proportional thinker should be able to understand this multiplicative reasoning and
apply it in various contexts and situations. Besides, a proportional thinker should
determine whether a context requires a proportional reasoning or non-proportional
reasoning. Hence, if students are provided with the opportunity to explore these
mathematical characteristics, they might have a chance to learn and develop various
essential strategies for solving proportional reasoning problems (Cramer & Post,

1993).

Literature review on proportional reasoning indicated that students’ strategies
develop throughout a period of time by following three stages. For instance, Inhelder
and Piaget (1958) pointed out three levels of sophistication for proportional
reasoning as additive, pre-proportional, and proportional. They asserted that the
additive stage includes a partial awareness of proportionality with the ability to
recognize only one relationship at a time. Children in the additive stage might
concentrate on just one dimension and focus on the difference instead of a ratio. Pre-
proportional level, which corresponds to concrete operational stage, includes dealing
with ratio by means of additive strategies to build up patterns. Lastly, proportional
stage, which corresponds to formal operations stage, involves students’ abstractions
of ratio concept and symbolic representations of second-order relationships. Taking
Inhelder and Piaget’s three levels of sophistication as a basis, several classifications
of students’ solution strategies for solving proportional tasks are mentioned in the

following part.

2.2 Strategies for Solving Proportional Reasoning Problems

Several studies revealed alternative strategies which were used in solving
proportions. In their study which investigated the correct strategies for solving
proportions, Tourniaire and Pulos (1985) addressed two main strategies. These
strategies were multiplicative and building-up strategies. Tournaire and Pulos stated
that multiplicative strategies include a relation between the terms within a ratio, and
the same relation is extended to another ratio. They also indicated that building-up
strategies, which is a more elementary method, includes a relation within a ratio and

extending the relation to another ratio by adding. For example given the problem “If

21



5 candies cost 3 Turkish Liras how much would 15 candies cost?” multiplicative
strategies include understanding that the amount of candy gets three times as much
and deciding that the amount of the money should also get three times as much. On
the other hand, for the same problem, a student who uses a building up strategy
might continue as follows: 15 is 10 more than 5 and 10 is two multiple of 5. Hence,
two multiples of 3 is 6. So 3 + 6 is 9. Tourniaire and Pulos (1985) claimed that
building-up strategies are predominant in students during childhood and the
transition from building-up strategies to multiplicative strategies is slow and

complex.

Lamon (1993) conducted a study with sixth graders in which she investigated the
kinds of informal strategies children use for ratio and proportion problems prior to
experiencing instruction related to proportion. Participants were administered a test
including conventional ratio and proportion problems, and they were interviewed
after the administration of the test. Students’ solution strategies were coded as
incorrect strategy, pre-proportional reasoning, qualitative proportional reasoning or
quantitative proportional reasoning in terms of sophistication of the strategy. Pre-
proportional reasoning was said to result in correct answers without an understanding
of scalar or functional relations. These reasoning included direct modeling strategies,
1.e. counting, matching, building-up, or pattern recognition. Furthermore, it was
mentioned that proportional reasoning included an understanding of the equivalence
of scalar ratios and the invariant ratio between the two measures. It was noted that
the pattern building strategy included a lack of relational thinking. Lamon arranged

these strategies hierarchically as presented in Table 2.3 below.
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Table 2.3 Sixth-Grade Students’ Strategies for Solving Ratio and Proportion
Problems (Lamon, 1993, p. 46)

Strategies Characteristics

Nonconstructive Strategies

Avoiding No serious interaction with the problem

Visual or Additive Trial and error or
Responses without reasons or
Purely visual judgments (“It looks like...”) or
Incorrect additive approaches

Pattern Building Use of oral written patterns without understanding
numerical relationships

Constructive Strategies

Preproportional Intuitive, sense-making activities (pictures, charts
Reasoning modeling, manipulating) and
Use of some relative thinking
Qualitative Proportional ~ Use of ratio as a unit and
Reasoning Use of relative thinking and
Understanding of some numerical relationships
Quantitative Proportional Use of algebraic symbols to represent proportions with
Reasoning full understanding of functional and scalar
relationships

Taking this framework of Lamon (1993) as a foundation, Cox (2013) identified the
solution strategies of the students at ages 11-14 for geometric proportional reasoning
problems by interviewing 21 students. The researcher identified seven strategies as
avoidance, additive, visual, blending, pattern building, unitizing, and functional

scaling for scaling figures. These strategies are presented in Table 2.4 below.
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Table 2.4 Strategies Used by Students to Scale Geometric Figures (Cox, 2013, p. 13)

Strategy Description
Avoidance (AV) No serious interaction with the problem
Additive (AD) Student determines scaled lengths by adding the scale

factor to corresponding lengths in the original figure.
Lengths are determined prior to drawing.

Functional Scaling (FS) Application of scale factor as a functional ratio.
Lengths are determined prior to drawing.

Visual (VI) Student determines the size or placement of figures by
sight or intuition rather than measurement or arithmetic
calculation. Lengths are determined in the process of
drawing.

Unitizing (UN) Use of an original figure or component (length or
angle) as one unit. Scale factor indicates the number of
units in the corresponding image length. Lengths are
determined in the process of drawing.

Pattern Building (PB) Use of numeric patterns without understanding the
functional nature of the scale factor. Lengths or angles
are determined prior to drawing.

Blending (B) Students either (1) use a numeric strategy first and then
apply visual reasoning to “fix”” a perceived distortion,
or (2) they use a visual strategy and then apply numeric
methods to test or evaluate their scale drawing. Lengths
are adjusted throughout the process of drawing.

In the framework of Cox (2013), the first category included students’ responses
without a sense-making effort in the problem. The second category, which is the
additive one, involved participants’ efforts in scaling the lengths by taking the
differences as in all the other reported additive approaches. Third, it was reported
that students who used the functional scaling strategy multiplied the lengths by the
scale factor in order to find the enlarged or reduced lengths before beginning to draw.
Hence, in the additive and functional strategies students knew about the lengths
before they began drawing. The fourth category, which included visual strategies,
was related to visualization of the situations and was considered as more constructive
than the additive strategy. The unitizing category, which is the fifth one, was about
unitizing a figure in one or two dimensions taking the original figure as a unit and
making an enlargement of the figure by tessellation. The last category was blending,

which is related to either using a numeric strategy first and then applying visual
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reasoning or using a visual strategy first and judging the reasonableness of the image

by applying numeric methods.

In another study by Ben-Chaim, Keret, and Ilany (2012), strategies for solving
proportions were divided into two main categories as pre-formal and formal
strategies. Pre-formal strategies included six sub-categories as intuitive strategies,
additive strategies, division by ratio, finding the unit, determining the part from
whole, and missing value problems. The first category, intuitive strategies, includes
reaching the correct solution by direct experimentation but it does not involve the
awareness of the equality between the two ratios. The additive strategies category,
different from the building-up strategy in the study by Tourniaire and Pulos (1985),
focuses on the differences between numbers rather than the multiplicative
relationship between them. Ben-Chaim and colleagues claimed that additive
strategies will fail when the total items in the problem are impossible to be divided
equally into groups or the total is a huge number. The third strategy, division by
ratio, involves awareness of the given ratio and using the multiplicative relationship
between the numbers in the problem. It is stated that this strategy is a generalization
of the former strategy in such a way that multiplication replaces the repeated
additions. Both the fourth strategy “finding the unit” and the fifth strategy
“determining the part from whole” require students to define the unit ratio in order to
find the total amount or amount of each. Yet, the distinction between the two
categories is students’ awareness of the parts making up the whole and, hence, the

portion that each group receives in finding the unit strategy. Formal strategies are
related to writing the proportion formula % = 2 and solving the equation algebraically.

It is claimed that this strategy is typical of abstract thinking mostly used by adults

and adolescents.

Within the context of Rational Number Project (RNP), Harel and Behr (1995)
conducted a study in order to investigate the strategies of in-service teachers,
especially the ones who were successful, for solving multiplicative problems.
Participants were interviewed with the aim of identifying and classifying their
strategies by using a series of multiplicative problems. The main result of the study

was that only the teachers integrating the concepts of ratio and proportion while
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solving the problems were the ones who correctly solved the problems. Moreover,
the results of the study identified four categories of solution strategies as
multiplicative, pre-multiplicative, operation search, and keyword strategies. They
defined the multiplicative strategy as reasoning about the problem situation by using
the concepts of ratio and proportion and writing the algebraic equation to find the
unknown value. Furthermore, the pre-multiplicative strategy was defined as deriving
an approximate answer by building up an additive relationship or by the help of a
unit rate constructed multiplicatively. On the other hand, the operation strategy was
referred to as a process of elimination until getting a reasonable answer, and the
keyword search strategy was related to analyzing key words and deciding the
procedure to be followed by the help of those key words. Harel and Behr concluded
that the multiplicative strategy was the only correct strategy for solving
multiplicative problems, yet the pre-multiplicative strategies involved a pathway to

multiplicative reasoning.

In a recent study, Canada, Gilbert, and Adolphson (2008) have investigated 75
elementary pre-service teachers’ conceptions of proportional reasoning and their
approaches to proportional reasoning problems. The participants were asked to solve
the proportional reasoning problems individually and write their approaches and
explain their thinking. In line with the types of themes emerged from the literature
and the findings of the study, the researchers categorized participants’ explanations
and approaches as reasonable or questionable. They defined reasonable approaches
as considering a unit rate, demonstrating a between or within comparison or using
multiplicative structures. Furthermore, questionable approaches were defined as
including some level of confusion, lack of clarity, or erroneous thinking such as
additive reasoning. The findings revealed that approximately 20.0% of the
participants had given questionable responses or could not develop a proportional

strategy, and, hence, demonstrated a limited understanding of proportional reasoning.

Literature review on students’ and teachers’ strategies for solving proportional
reasoning problems demonstrated the use of various strategies, some of which
included a deep understanding of proportionality and proportional reasoning; yet
some of them were incorrect and some of them were primitive with little or no

understanding of these concepts. Therefore, stating the difficulties of students in
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proportional reasoning would provide a better understanding of their development of
proportional reasoning schemas. Thus, the difficulties of students in proportional

reasoning are mentioned in the following part.

2.3 Difficulties in Proportional Reasoning

Resnick and Singer (1993) claimed that learning of the ratio and proportion concepts
are challenging for students, and they constitute “one of the stumbling blocks of the
middle school curriculum” (p. 107). Weinberg (2002) further claimed that these
concepts are difficult especially for students who do not know what a specific
proportional situation means or the reason that a solution strategy is effective for the
given situation. Besides, Piaget and Inhelder (1975) indicated that proportional
reasoning is a late achievement in the development of pupils since it includes higher
order reasoning with an understanding of relations among relations. Several other
studies addressed specific difficulties of the students for the concept of proportional
reasoning. For instance, Thompson and Preston (1994) indicated that students
experience challenges in covarying quantities while keeping the relationship the
same while solving proportions. Besides, Lobato and Thanheiser (2002) stated that
using incorrect or irrelevant data in computations when solving proportional
problems is one of the common errors. Nevertheless, two other main difficulties,
which are the foci of this study, are using additive reasoning instead of a
multiplicative one (Harel, Behr, Lesh, & Post, 1994; Hart, 1984; Noelting, 1980),
and inability to discern proportional situations from non-proportional ones, and
applying proportional strategies for non-proportional situations (De Bock,
Verschaffel, & Janssens, 1998; Freudenthal, 1983; Modestou & Gagatsis, 2007; Van
Dooren, De Bock, Janssens, & Verschaffel., 2007). The former difficulty is referred
to as misinterpretation of additive and multiplicative reasoning, whereas the latter
one is referred as illusion of linearity in the present study. These two difficulties are
stated and explained with an emphasis on the results of related studies in the

following part.

27



2.3.1 Misinterpretation of Additive and Multiplicative Reasoning

Literature review on students’ solution strategies for proportional problems revealed
two main strategies as multiplicative reasoning and erroneous additive reasoning.
Misailadou and Williams (2003) pointed out that additive reasoning is the strategy
that was most commonly reported as an inappropriate strategy in solving

proportional reasoning problems.

Multiplicative reasoning is used as a synonym for proportional reasoning in the
current study and is defined as “making multiplicative comparisons between
quantities” (Wright, 2005, p. 363). On the other hand, in additive reasoning ‘“the
relationship within the ratios is computed by subtracting one term from another, and
then the difference is applied to the second ratio.” (Tourniaire & Pulos, 1985, p.186).
Additive reasoning is seen as a prior stage for multiplicative reasoning and, hence,
the development of multiplicative reasoning is built on students’ additive reasoning
skills (Fernandez, Llineares, Van Dooren, De Bock, & Verschaffel, 2010).
Throughout primary school and the early years of middle school, students’ reasoning
is expected to change from additive to multiplicative (NCTM, 2000; Harel &
Confrey, 1994; Fernandez & Llinares, 2009). Fernandez and Llinares stated that
discerning additive and multiplicative relationships from each other is a sign of
mathematical maturity. Therefore, misinterpretation of additive and multiplicative
reasoning is related to the incapability of students to understand additive and
multiplicative structures, their misinterpretation of additive and multiplicative

relationships, and tendency to use them in inappropriate situations.

Misinterpretation of additive and multiplicative reasoning might occur in two ways:
either using additive strategies for multiplicative problems or using multiplicative
strategies for additive problems. For instance, for the problem “Grandma adds 2
spoonfuls of sugar to the juice of 10 lemons to make lemonade. How many lemons
are needed if 6 spoonfuls of sugar are used?” (Van Dooren et al., 2010, p. 362)
students might erroneously think that the second mixture should include 6-2=4 more
spoonfuls of sugar and, hence, it should include 10+4 = 14 lemons. On the other
hand, for the problem “Sue and Julie were running equally fast around a track. Sue

started first. When she had run 9 laps, Julie had run 3 laps. When Julie completed 15
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laps, how many laps had Sue run?” (Cramer & Post, 1993, p. 344) students might

think that the correct answer is 45 by considering a multiplicative relationship as

IS S

= 2 . Nevertheless, it can be understood that the context of the problem requires an
additive reasoning instead of a multiplicative one, and the result is 21 laps.

Van Dooren et al. (2010) conducted a study in order to investigate 325 third, fourth,
fifth, and sixth grade students’ additive strategies to solve proportional problems.
The researchers also aimed at investigating the proportional strategies of the students
in order to solve additive problems and also students’ progress from additive to
multiplicative ways of thinking. The researchers administered a test in which half of
the problems required additive strategies and half of them required proportional
strategies. The two sample questions, one of which is additive, and the other is

multiplicative are provided in Figure 2.11 below.

Tom and his sister Ana have the same birthday. Tom is 15 years old when Ana
is 5 years old. They are wondering how old Ana will be when Tom is 75...
(additive situation)

Rick is at the fish store to buy tuna. The customer before him bought 250
grams of tuna and had to pay 10 euro. Rick needs 750 grams of tuna, and he

wonders what he will have to pay...(multiplicative situation)

Figure 2.11 Additive and multiplicative problems (Van Dooren et al., 2010, p. 361)

Van Dooren and colleagues described the first situation by a function f (x) = x+a and
explained that the situation is additive since the numbers are related by addition and
subtraction. Therefore, the correct solution strategy for the first problem is looking at
the differences of the ages of the two persons and applying the difference to the
second value. Moreover, they described the second situation by a function f (x) = bx
and justified that the situation was multiplicative (proportional or linear) since the
variables are related by multiplication and division. Thus, the correct solution
strategy for the second problem is writing a proportion between the given variables

or applying the ratio of the first two variables to the second variable. The researchers
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pointed out that the required reasoning in these situations is very distinct since the
first one deals with a difference, and the second one deals with a ratio between the
two values. The findings of the study revealed that students showed a tendency to use
additive strategies for multiplicative problems. Specifically, 46.6% of the students in
the third grade and 6.4% of the students in the sixth grade were additive reasoners.
Another finding of the study was that the tendency to use additive strategies for
multiplicative problems decreased with age, whereas the tendency to use

multiplicative strategies for additive problems increased with age.

In another study conducted by Misailadou and Williams (2003), constructing an
instrument to determine the misconceptions of the students in the domain of
proportional reasoning was aimed at. The researchers hypothesized that
misconception of the use of additive strategy for proportional problems would occur
in students’ answers frequently. 303 students between 10 and 14 years of age were
given a test prepared to determine students’ misconceptions related to proportional
reasoning. Students’ answers were coded as correct or erroneous for each item, and
the results were analyzed by means of the Rasch model in order to scale most
common errors. The findings of the study revealed that “tendency to additive

strategy” was the strongest and the most frequent misconception.

Kaput and West (1994) asserted that the area of geometry and measurement was one
of the most vulnerable areas to erroneous additive reasoning. This means that
students might use additive strategies for geometry and measurement problems
which are multiplicative in nature. To illustrate, a problem stated in the study of

Kaput and West (1994) is presented in Figure 2.12 below.
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The two sides of Figure A are 9 cm high and 15 cm long. Figure B is the same
shape but bigger. If one side of Figure B is 24 cm high, how long is the other
side?

9 cm 24 cm

15 cm
? cm

Figure 2.12 Missing value geometry problem (Kaput & West, 1994, p. 268-269)

A student who applies additive reasoning to this problem might think that since the
height is increased by the amount of 15 (24 — 9 = 15), the length is also increased by
15 and, the result is 30 (15 + 15 = 30 cm). However, it is not the case for this
problem since the shapes are similar and the lengths should increase by the same

ratio, not the same amount. Therefore, the correct solution for the problem should be

9 15 9 24 )
— = —or — = —, thatis 40 cm.
24 ? 15 ?

2.3.2 Illusion of Linearity

The second difficulty in proportional reasoning emphasized in the present study is
illusion of linearity which is related to students’ inability to discern linear situations
from non-linear ones and apply linear strategies where non-linear strategies are
needed or vice versa. Freudenthal (1983) brought out the issue of illusion of linearity
in mathematics education literature and warned the practitioners of mathematics
education about students’ tendency to overuse properties of the linear model. Since
then, the overgeneralization of linear methods in students’ reasoning has been
documented and discussed by several practitioners in the field of mathematics
education. The samples of the studies included students from kindergarten to

university, different countries having quite different mathematics curricula with
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didactic approaches and topics from a wide range of mathematical domains

(elementary arithmetic, graphing, probability, and geometry and measurement).

In the problem “One kilogram of apples cost 3 Turkish Liras. How much money do 4
kilograms of apples cost?”, it is clear that a true linear relationship occurs between
the weight of the apples and the cost, and the result is 12 Turkish Liras. However, in
a question like “Two bottles are filled with water. If the temperature of the water in
each bottle is 40 °C, what will be the temperature of the water if we combine the
water in the two cups?” (Adapted from Stavy, Babai, Tsamir, Tirosh, Lin, &
McRobbie, 2006), a student can immediately give the answer 80 °C considering that
a linear relationship occurs as 2 x 40 = 80. Nevertheless, it is not the case for this
question as it can be understood that the result is 40 °C considering the real life

situation.

In addition to word problems, there are studies related to the graph domain. To
illustrate, Hadjidemetriou and Williams (2010) conducted a study in which they
attempted to analyze graphing practices of students in schools and how graphing
practices come to privilege the linear model. They asked the participants to draw the
graph of the following statement: “Draw the graph of a height of a person relative to
his age in years”. Most of the students drew a graph of y= x with the explanation that
“the older you are, the taller you are”. The remaining students had a tendency to
draw a linear graph having distinct straight segments. The results of the study

showed that illusion of linearity is also observed in the domain of graphs.

Illusion of linearity has also been investigated in the domain of probability. The
difficulty in this area is related to the belief that a better chance occurs when an
object is selected from a set containing more of that object than another set. To
illustrate, in a study by Green (1982) the following counter problem is asked to the

participants:
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Twe other bags have black and white counters

Bag J J black and | white
Bag K & black and 2 white

Which bag gives a better chance (A} Same chanceD

of picking a black counter?
—_— (B} Bag J D

(C) Bag K [::j
(D} Don't know D

Figure 2.13 Illusion of Linearity in Probability (Green, 1982, p. 20)

Results of the study revealed that 62.0% of the participants chose the option C,
reasoning that Bag K has a higher number of black counters than does Bag J.
Nevertheless, it can be understood that both bags give the same chance since the ratio

of black balls to white balls is the same, and the answer is A.

The results of several studies conducted in recent years have indicated that illusion of
linearity also constituted a challenge in the area of geometry and measurement. For
instance, the results of these studies revealed that students thought that shapes with
the same area should have the same perimeter or vice versa (Chapin & Johnson,
2000; Stavy & Tirosh, 2000) or a shape with smaller area should have smaller
perimeter or vice versa (Marchett, Medici, Vighi, & Zaccomer, 2005; Stavy &
Tirosh, 2000). Results of several studies revealed that understanding of both students
and even in-service and pre-service teachers of the relationship between area and
perimeter was very poor (D’Amore & Fandifio-Pinilla, 2006; Latt, 2007; Ma, 1999;
Marchett et al., 2005; Menon, 1998; Rickard, 1996; Ryan & Williams, 2007). For
instance, a study conducted by Tan-Sigsman (2010) with 445 sixth grade public
school students in Turkey aimed to investigate students’ conceptual and procedural
knowledge and word-problem solving in the domain of length (also perimeter), area,
and volume concepts. Three types of achievement tests related to these concepts
were administered. The results of the study revealed that 6.1% of the students stated

that the areas of the figures were equal since their perimeters were equal. The
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findings also indicated that the students believed that if the perimeters were equal,

the areas should also be equal.

[lusion of linearity was also seen in the area of geometry and measurement in such a
way that students thought that there was a linear relationship between the lengths and
the area or the lengths and the volume of the geometric figures (De Bock et al., 1998,
2002; Modestou & Gagatsis, 2007; Van Dooren et al., 2004, 2007). To illustrate,
NCTM (1989) pointed out that most students from grade 5 to grade 8 erroneously
believe that “if the sides of a figure are doubled to produce a similar figure, the area
and volume also will be doubled” (p.114—-115). In other words, students believed
that doubling or tripling the dimensions of a figure resulted in a doubled or tripled
area and volume. The early history also witnessed this challenge, and the origins of
this challenge were reported in Plato’s dialogue Meno. Socrates asked a slave boy to

double the area of a given square and the following dialog occurred between the two:

Socrates: 1f the length of this side is two feet and the length of this one two

feet, how many feet would the area of the square be?

Slave: Four, Socrates.

Socrates: Could it be another ruled surface, double of this one, with all its
sides equal?

Slave: Yes.

Socrates: How many feet would it be?

Slave: Eight.

Socrates: Now try to tell me how large would its side be? The side of this

square is two feet. What would the side of the doubled be?

Slave: It’s obvious Socrates, that it would be doubled. (Fragkos, 1983, p.
70).

The slave boy immediately and spontaneously thought about doubling the sides of
the square, applying the idea of a linear relationship between the side of the square
and its area. However, it is universally accepted that there is not a linear relationship
among the concepts of length, perimeter, area, and volume. Instead, the valid

principle for the relationships among length, area and volume of reduced or enlarged
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geometrical figures is as follows: A linear enlargement or reduction by factor r
multiplies lengths by factor r, areas by factor > and volumes by factor r* (De Bock et
al., 2002). Besides, this relationship between the length and area, or length and
volume might be obtained by the following procedures stated in Figure 2.14, Figure

2.15, and Figure 2.16 below.

Original Area =1 % 1
Doubled Area = 2 x 2

={1x2) x(1x2) double each side of the original square

= (1% 1) % (2 x2) rearrange the order and grouping of the
factors

=1x4 original area times 4

=4 the new area is 4 times greater than

the original area

This can also be shown by analyzing the following diagram:

1 2

.

Figure 2.14 Doubling each side of a square (Chapin & Johnson, 2000, p. 179)

As illustrated in Figure 2.14, Chapin and Johnson explained that doubling the sides
of a square results in a four times larger area, since the two dimensions are doubled
at the same time. They further explained what happens to an area of a figure when
the sides of a square is tripled and even, quadrupled as illustrated in Figure 2.15

below.
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tripling dimensions quadrupling dimensions

1 x1 3x3 I =1 x4
A=1sq.unit A=9 sq. units A =1 sq. unit A= 16 sq. units

Figure 2.15 Tripling and quadrupling the dimensions of a square (Chapin & Johnson,
2000, p. 179)

As can be seen in Figure 2.15, Chapin and Johnson expressed that tripling the
dimensions of a square results in a nine times larger area and, quadrupling the
dimensions of a square results in a sixteen times larger area. Moreover, they stated

that the same relationships can be observed for rectangles, triangles, and circles.

Chapin and Johnson also examined the change in the volume of a rectangular prism
by unit cubes when one, two, or three dimensions are doubled. They took an example
of prism having the dimensions as 1 x 2 x 3 units. Then the volume of the prism was
6 unit cubes. Doubling one dimension of the prism resulted in a two times (x 2)
greater volume as 12 unit cubes, doubling two dimensions of the prism resulted in a
four times (x 2 x 2) greater volume as 24 unit cubes, doubling three dimensions of
the prism resulted in an eight times (x 2 x 2 x 2) greater volume as 48 unit cubes.
Therefore, the final volume is multiplied by eight as a result of each dimension
(length, width, and height) being multiplied by two (doubled), and then multiplied

together. This procedure is illustrated in Figure 2.16 below.
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[ /)]

e

2x3Ixl 2x3Ix2 2xbx2 dubxl

V= 6u3 double one double two double three
dimension dimensions dimensions
V=12u3 V= 24u3 V = 48u3

Figure 2.16 Doubling one, two, or all dimensions of a rectangular prism (Chapin &
Johnson, 2000, p. 181)

Finally, as a generalization when all three dimensions of the rectangular prism are
tripled, the volume gets 3x3x3 =27 times as much as that of the original one (Chapin

& Johnson, 2000).

The valid principle and a series of practical examples have been provided for the
relationship among length, area, and volume so far. Nevertheless, results of recent
studies have indicated that students are not necessarily awakened about the distinct
growth rates of length, area, and volume. Moreover, the results of these studies have
revealed that they have tendencies to consider the relationship between length and
area or between length and volume as linear instead of quadratic and cubic. Hence,

the results of several studies concerning this issue are stated in the following parts.

Considering illusion of linearity in the area of geometry and measurement, De Bock
and his colleagues conducted several studies with both elementary and high school
students concerning the issue of linearity illusion or predominance with respect to

problems related to length and area of geometrical figures beginning from 1990s.

To begin with, De Bock et al., 1998 conducted two parallel experimental studies with

the aim of investigating the predominance of linearity in seventh and tenth grade
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students working on mathematical word problems related to length and area of
square-shaped, circular, and irregular figures. The researchers also aimed at
investigating the effects of ready-made or self-made drawings on overcoming the
linearity illusion. In both studies, the subjects were separated into three groups; the
first group was considered as the control group and the other two groups were
considered as experimental groups. The study was conducted in two stages. In the
first stage, all groups took the same pretest including items related to enlargements of
similar geometrical figures. Six of these items were solvable and the remaining six
were not solvable by a linear approach. In this stage, the problems did not include
any pictures or drawings and the students were not given any clue or instruction.
After some time, three versions of the pretest were prepared for the three groups.
Each of these tests was administered to the three different groups. The first group
students experienced the second test in just the same way as the pre-test, the second
group students were required to make a self-drawing before answering the problems,
and the third group students were given a correct ready-made drawing attached to the
problems. The results of both experimental studies revealed that the misuse and
overuse of the linear model were seen in a vast majority of students. That is, most of
the students showed a tendency to apply a linear solution where it was not applicable.
Furthermore, the results showed that the students’ performance in the problems that
were solvable by a linear approach was very high, whereas their performance in the
problems that were not solvable by the linear model was very low. The researchers
also reported that neither ready-made drawings nor self-made drawings were
significantly effective in breaking the predominance of the linear model in both
studies. The researchers also classified three correct solution strategies students used
while solving non-linear problems. These strategies were as follows: the paving
strategy which included paving the bigger shapes with little ones and examining the
relationships between the areas, the strategy of computing and comparing the length
or area of both figures in which finding the lengths or areas of both shapes and
comparing them with each other, the strategy of applying the general rule which is
when a side is multiplied by r, area is multiplied by r%. The researchers concluded

that the second strategy was the most frequently employed strategy.
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Subsequently, a follow-up qualitative study was conducted by De Bock et al. (2002),
in which the aim was to investigate the aspects of students’ mathematical
conceptions, beliefs, and habits that were responsible for the presence and strength of
the illusion of linearity in problems of length and area of an irregular figure. To this
purpose, the researchers conducted task-based interviews with 20 seventh and 20
tenth graders. During the interviews, the participants were initially presented with a
non-linear problem, and then they were provided with clues in order to help them
create conflicting ideas in their mind and discover the non-linear structure of the
problem. The results revealed that the tendency to apply a linear solution process was
frequently occurred in both groups. Only two students in tenth grade were able to
arrive at the correct solution in their first attempt to solve the problem and the
remaining thirty-eight students followed the linear method of solution. During the
interview, with the help of the given clues, most of the students were able to realize
the non-linear nature of the problem but at different phases with different number of
clues. Nevertheless, four students from both groups insisted on their incorrect linear
answers. The analysis of students’ answers at each phase also provided significant
information about the underlying reasons for applying straightforward linear
calculation instead of a non-linear one. Firstly, the results indicated that one reason
for this was that linear approach was deeply rooted in students’ knowledge and
students used the linear solution subconsciously or spontaneously. The second reason
was that some students believed that the linear model was applicable to the situation
and asserted this belief explicitly and deliberately, especially for the context of
enlarging geometrical figures. The third reason stemmed from students’ deficiency in
geometrical knowledge, specifically about the effect of enlargement on the length
and the area of a figure. The last reason indicated in the results of this study was
students’ poor habits in problem solving, which is related to the fact that students
deal with problems superficially, just looking at the numbers and searching for

keywords without making sense of the problem.

In another experimental study by Van Dooren, De Bock et al. (2004), the researchers
aimed at designing a learning environment in line with the conceptual change theory
that would be tested to overcome eighth grade students’ intuitive tendency to answer

the questions by linear applications instead of a non-linear one in the context of the
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relationships among perimeter, area, and volume of geometrical figures. To this
purpose, the researchers developed 10 experimental class sessions to be conducted
with the participants. One class experienced these 10 experimental lessons within
two weeks while the other class (control group) experienced regular lessons at the
same time period. Both groups of students were administered the pre-test at the
beginning of the study, but only the experimental group was given the post-test.
Besides, a retention test was applied to both groups of students after three months.
The results of the study demonstrated that both groups of students performed better
on the linear items than the non-linear items, and 80.0% of the students solved non-
liner problems as if they were linear both in the pretest and the retention test.
Besides, there was no significant change in the answers of control group students on
the post-test and the retention test. On the other hand, the number of correct answers
provided by students in the experimental group regarding the non-linear problems
increased significantly from the pre-test to the post-test; yet this improvement was
not observed in the answers on the retention test. The other finding of the study
suggested that the number of correct answers of the experimental group students
regarding the linear problems decreased from pre-test to post-test. The researchers
concluded that the experimental lessons alerted students that there were some
problems not solvable by a linear approach and this situation caused students to
apply the non-linear solutions also to linear problems. Furthermore, the qualitative
analyses of the study demonstrated that non-linear relations and the relationships
among length, perimeter, area and volume of enlarged or reduced figures continued

to be challenging for many students.

Lastly, Van Dooren, De Bock et al. (2007) continued to search for ways to overcome
linear illusion for the problems related to length, perimeter, area and volume of
geometrical figures. To this purpose, the researchers created performance tasks as
alternatives for traditional school word problems and experimented whether
experiencing linear and non-linear problems within the context of these performance
tasks helped to prevent applying linear solutions for problems that needed to be
solved by non-linear methods of solution. A pre-test including six traditional word
problems was administered to 93 sixth graders. Then, the participants who applied a

linear method of solution for a problem that needed to be solved by non-linear
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methods of solution were selected for the individual interviews. During the
interviews, the control group students were presented with another non-linear
problem just as the ones in the pre-test, yet the experimental group students were
presented with a non-linear problem within a meaningful performance based task.
After a couple of days, a post-test similar to the pre-test was applied to the
participants. The results of the study claimed that the linearity illusion might be
diminished when students deal with problems within a performance task compared

with students who deal with traditional word problems.

Another study by Modestou, Gagatsis, and Pitta-Pantazi (2004) investigated the
predominance of the linear model in 12-13-year old students while dealing with
problems related to area and volume of rectangles. To this end, 307 sixth and seventh
grade students were administered a pre-test including problems related to the area
and volume of rectangles. Some of the problems in the test were to be solved by the
linear approach and some of them were not. The instrument was designed in order to
collect data on the frequency of using linear model when it was not appropriate. A
second test including the same problems with a different data set (the length of the
dimensions of the shapes) were implemented to the half of the students. The
remaining half received a third test in which different presentations of the same
problems were included. The results of the study depicted that there was a great
discrepancy between students’ success in the linear problems and non-linear
problems in favor of linear problems. As regards the other research question, it was
found that providing the length of the dimensions of the shapes and different problem
representations helped in a small degree in overcoming the issue of illusion of
linearity. The researchers concluded that students might have matched the area and
volume tasks with the prototype of linear model; that is, they assumed that there was
a linear relationship between the length and the area, or between the length and the
volume. They further claimed that the idea of doubling, tripling etc. led students to

use the operation of a linear multiplication with 2 or 3 etc.

Recent studies on illusion of linearity belong to Vlahovic-Stetic, Pavlin-Bernardic,
and Rajter (2010, 2011), who studied the effects of two distinct variables on
overcoming the misuse of linearity. The first variable was providing the answer

which is obtained by the misuse of linear strategies among the options. The
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participants were 112 students at the ages of 15-16 and 18-19. One group of the
participants solved non-linear problems in which the answer obtained by linear
strategies was provided, and the other groups solved non-linear problems in which
the answer obtained by linear strategies was not provided. The results of the study
confirmed students’ success in the linear problems and failure in the non-linear
problems. Besides, the results showed that when the linear answer was not provided,
students were more successful. The aim of the second variable was provide insight
into the level of the students’ performance on the pretest. To this end, the researchers
implemented a pretest to 121 eleventh grade students. The test included problems for
some of which the linear model was not suitable and for some of which the linear
model was suitable. Afterwards, some of the students were given feedback related to
their performance on the first test and there was no special treatment for the rest of
the students. The results of the study showed that the students who were given
feedback were more successful in the problems that were not suitable for linear

solution than the rest of the students.

No study focusing on the illusion of linearity or the relationships among the length,
perimeter, area, and volume of geometrical figures was encountered in the available
Turkish literature. Yet two related studies on the misconceptions of students in the

domain of ratio and proportion, and geometry and measurement are discussed below.

A case study exploring sixth grade students’ misconceptions about ratio and
proportion was carried out by Kaplan et al. (2011). The sample of the study consisted
of 42 sixth grade students. A diagnostic test on misconception, which included 10
open-ended questions, was utilized for data collection, and follow-up interviews
were conducted for further clarification. A related finding was that 63.0% of the
students fell into “illusion of linearity” in a question requiring the exploration of
effect of enlargement of a rectangular figure in its area. The researchers concluded
that students had misconceptions related to considering the ratio as a real quantity,
the formulation of a ratio from two given quantities, the misconceptions resulting
from readiness of students and considering non-linear situations as linear. Besides, in
the study of Tan-Sigman (2010) 74.3% of the students stated that when the volume of
a prism is tripled, all the dimensions are also tripled. Therefore, these findings also

revealed that students believe that if the sides of a rectangle are doubled, the area is

42



also doubled and that when the volume of a prism is tripled all the dimensions are
also tripled. In conclusion, illusion of linearity was a problem for the majority of the

participants.

2.4 Summary of the Literature Review

Literature review highlighted the importance of proportional reasoning not only in
mathematical and other school-related matters but also in daily life situations.
Various definitions proposed for proportional reasoning were encountered in the
literature. Among the related literature, the framework for behaviors of a
proportional thinker by Cramer and Post (1993) sheds light on the essential
components of proportional reasoning, which suggest that proportional reasoning is
related to the ability to work with multiplicative relationships rather than additive
relationships and to distinguish proportional situations from non-proportional
relationships. In addition to the framework of Cramer and Post (1993), an adapted
version of this framework named geometric proportional thinker by Cox (2008) was

used in the study.

A number of solution strategies on various tasks related to proportional reasoning
were also reported in several studies. Yet, most of these strategies showed similarity
and revolved around the three levels of sophistication stated as additive, pre-

proportional, and proportional by Inhelder and Piaget (1958).

The two issues that emerged from the two frameworks shed light on the difficulties
students experienced in solving proportion problems, which were reported in several
studies. The first difficulty is related to the inability to understand the characteristics
of additive and multiplicative reasoning and to use additive reasoning where
multiplicative reasoning was required or vice versa. The other difficulty is related to
inability to comprehend the characteristics of proportional and non-proportional
situations and to use proportional strategies where non-proportional strategies were
needed or vice versa. The former difficulty is referred to as misinterpretation of
additive and multiplicative relationships and the latter one is referred to as illusion of
linearity in the present study. Illusion of linearity is considered in terms of two
issues. The first one is related to the beliefs of students that there exists a linear

relationship among these concepts, i.e. same perimeter same area/volume or larger
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perimeter larger area/volume. The other component of illusion of linearity is related
to students’ belief that doubling or tripling the dimensions of a figure results in a
doubled or tripled area and volume. Several studies dealing with illusion of linearity
were mentioned. The results of these studies revealed that illusion of linearity was a
serious challenge for students. It was also noted that no study exactly dealing with
this misconception was found in the available Turkish literature. It was concluded

that proportional reasoning is a process that develops slowly over time.

All in all, the literature review provided us with the studies stressing the essential
components of proportional reasoning and aiming at analyzing the solution strategies
of students and their difficulties in proportional reasoning tasks in broader means.
Some difficulties students experienced in proportional reasoning tasks related to the
area of geometry and measurement and their reasons were also stated. However, no
study bringing all these issues together was encountered in the available literature.
Therefore, there is a gap in the literature in connection to research focusing on the
essential components of proportional reasoning and analyzing the correct solution
strategies and difficulties of middle grade students in line with these components.
Results of such a research study would contribute much into the literature in order to

observe the development of students’ proportional reasoning.
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CHAPTER 3

METHODOLOGY

This chapter is devoted to describe the research design, the population and the
sample of the study with their major characteristics, data collection instruments and
procedures, reliability and validity issues, analysis of the data, assumptions and

limitations, and lastly the internal and the external validity of the study.

3.1 Research Design of the Study

The purposes of this study were to determine sixth, seventh, and eighth grade
students’ achievement levels in linear and non-linear problems regarding length,
perimeter, area, and volume concepts and to investigate their correct solution
strategies for these problems. This study also aimed to analyze underlying reasons
for students’ incorrect answers in these problems. Hence following research

questions addressed this study:

1. How successful are sixth, seventh, and eighth grade students at answering the
linear and non-linear problems regarding length, perimeter, area, and volume

concepts?

2. Which solution strategies do sixth, seventh, and eighth grade students use for
linear and non-linear problems regarding length, perimeter, area, and volume

concepts?

3. What are the underlying reasons for sixth, seventh, and eighth students’
incorrect answers in linear and non-linear problems regarding length,

perimeter, area, and volume concepts?
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Fraenkel and Wallen (2006) stated that if the aim is to determine the existent status
of the population and to describe some aspects and characteristics of the population
survey design might be adopted. Hence, in order to determine the frequencies of
participants’ correct and incorrect answers in linear and non-linear problems
regarding length, perimeter, area, and volume concepts survey research design was
utilized for the study. Particularly, the study was designed as a cross-sectional survey
with the aim of collecting data at one point of time (Fraenkel & Wallen, 2006). More
specifically, sixth, seventh, and eighth grade students’ answers in the measuring
instrument were graded as blank, correct, and incorrect in order to examine the first
research question. Next, students’ answers in the achievement test were examined in
detail in order to understand the correct solution strategies that the participants used
for solving the linear and non-linear problems and the underlying reasons for their
incorrect answers. Lastly, some of the participants were selected to be interviewed in
order to examine the second and third research question. Through these interviews,
participants were asked to explain and clarify their correct solution strategies they
used by the help of the semi structured interview protocol. The other aim of the
interviews was to have an understanding of the probable underlying reasons for
students’ incorrect answers in linear and non-linear problems regarding length,
perimeter, area, and volume concepts. Therefore, a mixed method research with both
basic qualitative and quantitative approach was performed to address the three

research questions.

3.2 Population and Sample

The target population for the study was determined as sixth, seventh, and eighth
grade public school students in Ankara. The accessible population constituted sixth,
seventh, and eighth grade public school students in Yenimahalle District of Ankara

since it was not feasible to reach the whole target population.

Cluster random sampling method was used for selecting the sample of the survey
study. Fraenkel and Wallen (2006) stated that clusters, schools in this case, are
randomly selected in cluster random sampling method. In the sampling procedure of
the study, firstly the number of the public middle schools was determined based on

the information gathered from the Yenimahalle Directorate of National Education. It
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was seen that there were 97 public middle schools in the region. In order to ensure
generalizability at least 10.0% of these schools had to participate in the study
(Neuendorf, 2002). Thus, the names of all these 97 schools were listed randomly in
Microsoft Excel program. By using RAND function of the Excel program, all
schools were associated with a corresponding random number. These numbers were
listed from the greatest to the smallest. Then 17 of these schools that had the greatest
associated random numbers were contacted for getting permissions. Some of these
schools were considered as substitutes in case of any probable problem. The contact
information of the schools was obtained from the website of Yenimahalle Directorate
of National Education. The schools were contacted with the aim of informing the
principles about the purpose of the study and giving relevant details of the study.
Besides, the school administrators were asked for the number of students in each
grade in those schools so that enough copies of the achievement test could be made.
Furthermore, a suitable time for test administration was negotiated with them. Some
of the school administrators were not willing to take part in the study; but 11 schools
(more than 10.0% of the population) were visited in the end. Another problem
encountered related to data collection was that not all the students in these schools
could be reached. This was due to the fact that some teachers did not allocate time
for the data collection. Hence, the data were collected from the students of the
schools whose administrators and teachers were willing to participate in the study.

More detailed characteristics of the sample are displayed in Table 3.1 below:
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Table 3.1 Major Characteristics of the Sample by Grade Level and Gender

Gender Frequency Percent
Male
6 154 32.6
7 187 39.5
8 132 27.9
Total 473 100
Female
6 122 26.5
7 196 425
8 144 31.0
Total 462 100

As can be seen from the Table 3.1, the number of the participants was 935. The
number of the male participants was 473 (50.6 %) and the number of the female
participants was 461 (49.3 %). Furthermore, 276 participants were at 6th grade (29.5
%), 383 participants were at 7th grade (41.0 %), and 276 participants were at 8th
grade (29.5 %). Since all the schools were public schools in Yenimahalle District of

Ankara the students were assumed to have moderate socio-economic status.

In addition, the sample of the interviews included 12 students: 7 girls (3 sixth
graders, 3 seventh graders, and 1 eighth grader) and 5 boys (1 sixth grader, 1 seventh
grader, and 3 eighth graders). There were 4 students from each grade level in total.
Participants for the individual interviews were selected based on their achievement
levels, solution strategies they used, and incorrect answers they gave in the
achievement test. The sample of the interviews included students who used various
correct solution strategies and others who gave incorrect answers due to various
reasons in line with the pre-codes for solution strategies and reasons underlying
incorrect answers obtained in the pilot study. Those students were approached to
participate in the interviews. The interviews were conducted with the students who
were willing to participate. The sample of the main study is summarized in Figure

3.1 below.
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935 students (achievement test)

276 eighth graders

276 sixth graders 383 seventh graders

12 students (interview protocol)

4 sixth graders 4 seventh graders 4 eighth graders

Figure 3.1 Sample of the main study

3.3 Data Collection Instruments

An achievement test was utilized in order to collect data related to participants’
achievement in linear and non-linear problems regarding length, perimeter, area, and
volume concepts and to investigate their solution strategies and underlying reasons of
students’ incorrect answers in these problems. The aim of the achievement test was
to provide information related to all three research questions. This section describes

the features of the achievement test and its development process.

3.3.1 Achievement Test

The instrument included ten open ended mathematical problems. Nine of these
problems were adapted from the existing literature, and the last problem was written
by the researcher. In the adaptation process of the items in the instrument, the
objectives of national mathematics education curriculum were taken into account,
and a table of specification was prepared (See Appendix E). Two of these problems,
namely the sixth and ninth problems, included figures related to the problem
statements. All the problems were categorized into two distinct groups as linear and
non-linear. Six of these problems were linear, and four of them were non-linear.
Secondly, the problems were divided into four categories as length, perimeter, area
and volume with respect to the related concepts in the problem statement. Hence, the
problems were subdivided into eight (4x2) subgroups as linear-length, linear-

perimeter, linear-area, linear-volume, non-linear-length, non-linear-perimeter, non-
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linear-area, and non-linear-volume. The properties of these groups, the
corresponding problems in these groups, and the changes made in the original
problems are summarized below. The Turkish version of the achievement test is

available at Appendix C.

Linear-Length: These problems are related to the length concept and need a linear
solution approach. Two problems are included in this category. These problems are
the second and the eighth problems of the instrument used in this study. The original

versions and the changes made in the problems are mentioned below.

The second problem of the study was adapted from the study of Vlahovic-Stetic et al.
(2010). The problem was related to the relationship between the time and the work
done by a single person. The problem was very similar to textbook problems about
the proportional situations, and similar problems can be found in sixth and seventh

grade mathematics textbooks. The problem was a linear one and as follows:

Peter walked 1 hour and during that course of time he passed 4 kilometers.
How many kilometers will he pass in 2 hours if he keeps walking at the same

speed? (Vlahovic-Stetic et al., 2010)

a. 5 km b. 6 km c. 7 km d. 8 km e. 9 km

Figure 3.2 The original version of the second problem

The problem was related to the relationships among velocity, distance, and time
contextually. This problem was a multiple choice item. It was directly translated into
Turkish without any further modification but used as an open ended problem instead

of a multiple choice item in the present study as follows:
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Pinar walked 1 hour and during that course of time she passed 4 kilometers.
How many kilometers will she pass in 2 hours if he keeps walking at the same
speed? Show your solution way in detail.

a. 5 km b. 6 km c. 7 km d. 8 km e. 9 km

Figure 3.3 The second item in the instrument

The eighth problem was adapted from the study of De Bock et al. (1998). In the
original problem, two maps of Belgium were mentioned. The side lengths of the
maps were not given; yet the distance from one city to the second city and the
distance from this city to another city were provided in the problem. The distance
between the same two cities was provided on the second map that had a different
scale, and the distance between the last two cities were asked. The problem required
students to think about the fact that the real distance between the cities would not
change. The distances were different because of the fact that the two maps had
different scales; indeed the second one was four times enlarged version of the first

one. The problem is a linear one and as follows:

On a map of Belgium in an atlas the distance from Genk to Leuven is
approximately 5 cm and the distance from Genk to Ghent approximately 11
cm. On a map in front of the classroom the distance from Genk to Leuven is
approximately 20 cm. How long is the distance from Genk to Ghent on this
map? (De Bock et al., 1998)

Figure 3.4 The original version of the eighth problem

In order to use the problem in the present study, some changes were made in the
original problem. Firstly, the names of the cities were replaced with the city names in
Turkey. Then, the distances between the cities were written in accordance with the

real distances. No further modification was made as in the following figure:
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On a map of Turkey, the distance between Adana and Antalya is
approximately 5 cm and the distance between Antalya and Mugla is
approximately 3 cm. On another map of Turkey, the distance between Adana
and Antalya is approximately 10 cm. How long is the distance from Antalya
and Mugla on this map? Show your solution way in detail.

Figure 3.5 The eighth item in the instrument

Linear-Perimeter: These problems are related to the perimeter (or circumference)
concept and need a linear solution approach. Two problems are included in this
category. These problems are the first and the third problems of the instrument used
in the present study. The original versions and the changes made in the problems are

mentioned below.

The first question was adapted from the study of De Bock et al. (1998). The problem
was related to the relationship between the side length and the perimeter of a square

shape. The original problem is as follows:

Farmer Gus needs approximately 4 days to dig a ditch around a square pasture
with a side of 100 m. How many days would he need to dig a ditch around a
square pasture with a side of 300 m? (De Bock et al., 1998)

Figure 3.6 The original version of the first problem

A revised version of the problem was used in the present study. The nature of this
relationship between the side length and the perimeter was kept the same; yet the

problem situation was changed a little as in the following figure:
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Farmer Ahmet wants to dig an irrigation canal around his square pasture. He
can dig around this pasture with a side of 100 m in 4 days. How many days
would he need to dig around a square pasture with a side of 300m if he
continues to work with the same speed? Show your solution way in detail.

Figure 3.7 The first item in the instrument

The third problem was also adapted from the study of De Bock et al. (1998). The
problem was related to the relationship between the distance and the time period
contextually. The problem included the relationship between the perimeter of a
circular shape and the time to pass around this shape. The problem is a linear one and

stated below in Figure 3.8.

You need approximately 6 hours to sail around a circular island with a
diameter of 70 km. How many hours would you need to sail around a circular
island with a diameter of 140 km? (De Bock et al., 1998)

Figure 3.8 The original version of the third problem

The problem was related to the relationship between the time period and distance
taken contextually. In the original problem, the time for a person to sail around an
island is asked; yet the time for a sailing boat was asked in the problem that was
adapted in order to be suitable for Turkish language. Besides, whereas the diameter
of the circular shape was given in the original problem the radius of the circular
shape was provided in the present study. The aim for this change was to prevent
probable misuse of the circumference formula of the circle. The problem is adapted

as in Figure 3.9 below.
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A sailing boat needs approximately 6 hours to sail around a circular island
with a radius of 35 m. How many hours would the same sailing boat need to
sail around a circular island with a radius of 70 km if it keeps moving with the
same speed? Show your solution way in detail.

Figure 3.9 The third item in the instrument

Linear-Area: These problems are related to the area concept and need a linear
solution approach. One problem is included in this category. This problem is the

seventh problem of the instrument used in this study.

The seventh problem was adapted from the study of Modestou, Elia, Gagatsis, &
Spanoudis (2008). The problem was related to the amount of paint in order to paint
all the faces of a cubic tank when the amount of paint for one face was given. The
problem was related to the surface area of a cubic shape, and it was a linear one and

as follows:

Mr Ben emptied all the water of an open cubic tank, in order to paint it. If he
needs 10 L of paint to paint the bottom of the tank, how much paint will he
need for the entire tank? (Modestou et al., 2008)

Figure 3.10 The original version of the seventh problem

Some changes were made in the problem. To begin with, the context was changed a
little. Instead of a water tank, the object was chosen as a cubic money box which was
considered as a more familiar shape to the students. Since the size of the object was
changed the necessary amount of paint was also changed in accordance with the size.
Besides, the object was mentioned as a regular cube instead of an open cube. The
aim here was to prevent probable misuse of the surface area formula of the cube. The

seventh problem adapted and used in the present study is as follows:
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Asl1 wants to paint the exterior surface of her cubic money box. She needs 10
ml of paint in order to paint one face of her money box. How much paint will
she need for the entire faces of the money box?

Figure 3.11 The seventh item in the instrument

Linear-Volume: These problems are related to the volume concept and need a linear
solution approach. One problem is included in this category. This problem is the

tenth problem of the instrument used in this study.

A linear problem related to the volume of geometrical shapes was not encountered in
the available literature. Hence, the last problem was written by the researcher. The
problem was related to the effect of cutting off a rectangular prism from its half
height and parallel to the base on the volume of that shape. The problem is a linear

one and as follows:

A rectangular prism shaped box which has a volume of 60 m? is cut off from
its half height and parallel to the base. What is the volume of this box after
being cut? Show your solution way in detail.

Figure 3.12 The tenth item in the instrument

Non-linear-Length: These problems are related to the length concept and need a
non-linear solution approach. One problem is included in this category. This problem

is the sixth problem of the instrument used in this study.

The sixth problem was adapted from the study of De Bock et al. (1998). In the
problem, two different maps of Belgium were mentioned. The side lengths of the
maps were not given; yet the distance between the two cities and the area of the
country on the first map were provided. The distance between the same two cities
was provided on the second map that had a different scale, and the area of the

country on the second map was asked to the students. The problem required students
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to think about the fact that the real distance between the cities and the real area of the
country would not change. The distances were different because of the fact that the
two maps had different scales; indeed the second one was two times enlarged version

of the first one. The problem was a non-linear one and as follows:

On a map of Belgium in an atlas the distance from Genk to Tongeren is
approximately 2 cm and the area of Belgium approximately 250 cm2. On a
map in front of the classroom the distance from Genk to Tongeren is
approximately 6 cm. How large is the area of Belgium on this map? (De Bock
et al., 1998).

Figure 3.13 The original version of the sixth problem

Several changes were made to the problem in the adaptation process. Firstly, the
figures related to the two maps were provided in order to help students to visualize
the problem. The two figures were designed so as to be consistent with the given
values in the problem. Besides, the numbers given were changed since the areas of
Belgium and Turkey were different. The other reason was due to the fact that the
figures of the maps would be provided, so the numbers had to be smaller. The sixth

problem adapted and used in the present study is as follows:
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On a map of Turkey given below as Figure 1, the distance from Ankara to Istanbul
is 1 cm and the area of Turkey is 25 cm’. How large is the area of Turkey on
another map given below as Figure 2 in which the distance from Ankara to Istanbul
is 2? Show your solution way in detail.

AAAAAA

Figure 2

Figure 3.14 The sixth item in the instrument

Non-linear-Perimeter: These problems are related to the perimeter of geometrical
figures and need a non-linear solution approach. One problem had been included in
this category in the pilot study; yet the problem was deleted after the pilot study due
to some reasons that will be discussed in the following parts. Therefore, no problem

was included in the actual study for this category.

Non-linear-Area: These problems are related to the area of geometrical figures and
need a non-linear solution approach. Two problems are included in this category.
These problems are the fourth and the ninth problems of the instrument used in this
study. The original versions and the changes made in the problems are mentioned

below respectively.

The fourth problem of the study was adapted from the study of Modestou et al.
(2008). The problem was related to the two rectangular shapes; one of which was the

double of the other. The relationship between the side lengths and areas of these

57



shapes was asked to the students. The area of one shape was given while side lengths

were not provided in the question. The problem is a non-linear one and as follows:

George measured the surface of his classroom floor and found that its area is
25 m. The gym’s floor has double the dimensions of the classroom. What is
the area of the gym’s floor? (Modestou et al., 2008).

Figure 3.15 The original version of the fourth problem

The problem was directly translated into Turkish without any modification as

follows:

Ozlem measured the surface of his classroom floor and found that its area is
25 m. The gym’s floor has double the dimensions of the classroom. What is
the area of the gym’s floor? Show your solution way in detail.

Figure 3.16 The fourth item in the instrument

The ninth problem of the instrument was adapted from the study of Van Dooren et
al., (2003). The problem was related to the amount of paint needed to paint a
drawing. Two different situations were provided to the students together with the
amount of paint given for the first situation. The drawings were in irregular shape
forms; yet the drawing in the second situation was three times enlarged version of the
first drawing. But this relationship was not given explicitly in the problem; instead
the heights of the drawings were provided, and students were required to discover
this relationship. Therefore, the problem asked students to analyze the relationship
between the two shapes and then the amount of paint for the second drawing based
on the amount of paint for the first drawing. The problem is non-linear and as

follows:
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Bart is a publicity painter. In the last few days, he had to paint Christmas
decorations on several store windows. Yesterday, he made a drawing of a 56
cm high Father Christmas on the door of a bakery. He needed 6 ml of paint.
Now he is asked to make an enlarged version of the same drawing on a
supermarket window. This copy should be 168 cm high. Approximately how
much paint will Bart need to do this? (Van Dooren et al., 2003)

Bakery’s door Supermarket wind ow

Figure 3.17 The original version of the ninth problem

Several changes were made to the problem. The problem sentences were shortened in
order to prevent students’ hasty and careless readings. The story part in the problem
was deleted. Instead, students were directly required to find the amount of paint
necessary for the second painting based on the data given for the first painting.
Numbers were changed with nicer numbers in order to help students see the
relationship that the second shape was three times enlarged version of the first shape.
The figures of the two paintings were provided in order to help students visually. The

figures were designed so as to be consistent with the given numbers as follows:

59



6 ml of paint is needed to paint a Father Christmas picture with a height of 50
cm given in figure 1. How much paint will be needed to paint a copy of the
same picture with a height of 150 cm given in figure 2? Show your solution
way in detail.

A 150 em
50 cm
»
v
Figure 1 Figure 2

Figure 3.18 The ninth item in the instrument

Non-linear-Volume: These problems are related to the volume of geometrical
figures and need a non-linear solution approach. One problem is included in this

category. This problem is the fifth problem of the instrument used in this study.

The fifth problem of the study was adapted from the study of Modestou and Gagatsis
(2007). The problem was related to the volumes of two swimming pools. The
students were required to find the volume of another swimming pool whose
dimensions were two times of the first swimming pool. The problem was considered

as a non-linear one and as follows:

A gym’s swimming pool has a rectangular shape and 70 m?® of water capacity.
What is the water capacity of Nicosia’s public swimming pool if its
dimensions are two times the dimensions of the gym’s swimming pool
(Modestou & Gagatsis, 2007)

Figure 3.19 The original version of the fifth problem
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In the adaptation process of the problem, it was emphasized in the problem statement
that all the length, width, and height of the original shape were doubled whereas
these three dimensions were not clearly stated in the original problem. The aim was
to make students think about the effect of the enlargement on each dimension and
ultimately on the volume. Also, it was emphasized that the pool was in the shape of a
rectangular prism in the Turkish translation while it was stated as a rectangular shape

in the original problem as follows:

A swimming pool in a school is in the shape of a rectangular prism and has 70
m?® of water capacity. What would be the water capacity of another swimming
pool if its length, width and height were two times the dimensions of this
swimming pool? Show your solution way in detail.

Figure 3.20 The fifth item in the instrument

The categories and the corresponding problems in each category are summarized in

the Table 3.2 below.

Table 3.2 Table of Content for the Problems in the Achievement Test

Concepts Solution Approach
Linear Non-Linear Total Number
Length P2, P8 P6 3
Perimeter P1, P3 - 2
Area P7 P4, P9 3
Volume P10 P5 2
Total Number 6 4 10
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3.3.2 Interview Protocol

After the implementation of the achievement test, the answers of the students in the
achievement test were investigated, and some pre-codes were determined for their

correct solution strategies and underlying reasons for their incorrect answers.

Conducting interviews was essential in this study since it was not possible to clearly
understand their correct solution strategies and underlying reasons for their incorrect
answers in the problems. Indeed, the benefit that the interviews provided with was
the direct observation of students when they were interacting with the ideas, hence
diving into their strategies and intuitions (Cobb & Steffe, 1983). Therefore, semi
structured interviews were conducted with the participants who took the achievement
test in order to have an in-depth understanding of students’ correct solution strategies
and probable underlying reasons for their incorrect answers in the achievement test.
The data collected through these interviews were used to compare and support the

codes obtained from the investigation of students” work on the achievement test.

Prior to the interviews, the purposes of the study and interview were explained to the
students. These interviews were conducted in available classrooms in which the
participants felt comfortable. The interviews lasted approximately 30 minutes.
Throughout these interviews, participants were asked to amplify or clarify answers to
each item. In other words, they were required to explain and clarify solution
strategies they used for the problems. The whole interview process was guided by
open-ended questions that would yield participants’ responses clarifying their correct
solution strategies and revealing underlying reasons for their incorrect answers.
Participants’ initial responses to interview questions were probed by the interviewer
with the kinds of questions “How did you obtain this answer? Why did you think like
this?, What strategy did you use?”. These kinds of questions were asked for each of
the problems. All the interviews were audio-taped and transcribed. For the semi-

structured interview protocol see Appendix D.
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3.4 Validity and Reliability

Validity is the “appropriateness, correctness, meaningfulness, and usefulness of the
inferences” (Fraenkel & Wallen, 2006, p. 151). In other words, validity is related to
the consistency between the purposes of the study and the results drawn from the
data. More specifically, the content validity is related to the content and format of the
data collection tool (Fraenkel & Wallen, 2006). For the aim of ensuring content
validity, national mathematics education curriculum for middle school was examined
in terms of linearity and non-linearity; and also length, perimeter, area, and volume
concepts. Related objectives were written down, and the problems were matched
with those objectives based on the criteria whether the problems were intended to
measure the objectives. The table of specification that was constructed based on the
objectives of national mathematics education curriculum. For the table of

specification see Appendix E.

Subsequently, the test was given to three mathematics education specialists for the
expert opinions based on the table of specification. These three experts were
experienced academic members at the department of elementary mathematics
education from two public universities. The experts commented on the consistency
of the problems with the national objectives, appropriateness for the grade levels, and
the clarity of the items. Besides, one English teacher was consulted for the accuracy
of the translation of the problems from English to Turkish since it is essential to take

the cultural and psychological aspects into consideration while doing translations.

After taking the expert opinions and making the necessary revisions, a preliminary
version of the data collection instrument was piloted with one class of each grade.
Students were selected from public and private schools in Cankaya and Yenimahalle
Districts of Ankara. These classes were selected based on the criteria accessibility
and convenience. The aims for the pilot study were to check for the clarity and
comprehensibility of the items, the appropriateness for each grade level, and also for
deciding the average testing time. 17 students from sixth grade, 14 students from
seventh grade, and 20 students from eighth grade participated in the pilot study, none
of which would participate in the actual study. The researcher was present

throughout the administration process of the pilot study which took approximately 40
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minutes for each grade level. During the pilot study, it was observed that students
from all grades were able to deal with the problems with the exception that sixth
graders could not answer the non-linear problem related to the relationship between

the area and perimeter of a circular region.

The feedbacks from the students during the administration process and the analysis
of student answers on the pilot study provided considerable insight into the basic
issues and the final version of the data collection tool before the actual data
collection stage. Some modifications were done to the tool in line with those
feedbacks. First of all, the non-linear problem related to the relationship between
area and perimeter of a circular region was removed from the data collection tool
since none of the sixth grade students was able to answer the problem. Hence,
although the achievement test in the pilot study had included 11 problems the
achievement test in the actual study included 10 problems. Second, it was observed
that the students got bored of reading long sentences in the problems. Thus, the
problems were shortened where possible. Also, it was observed that students
experienced challenges while computing decimals and large whole numbers. Hence,
whole numbers with small values were included instead of decimals and large
numbers. Last, the analysis of the student work showed that there were three
problems that were solved by few students. Hence, some pictures related to the
problem situations were provided with the problems in order to help students

visually.

Reliability is referred to as “the consistency of the scores obtained” (Fraenkel &
Wallen, 2006, p. 157). To obtain reliability, internal consistency methods were used,
firstly. After the pilot implementation of the instrument, students’ answers in the
pilot version of the achievement test were analyzed by the researcher and a doctoral
student in mathematics education department. Crocker and Algina (1986) claimed
that Kuder-Richardson formulas can be used with items dichotomously scored to find
the coefficient alpha. Hence, in order to apply Kuder-Richardson formulas students’
answers to the problems were coded 1 only when the answer was correct; it was
coded as 0 in all other cases. The answers of the students were entered into computer
by using PASW (Predictive Analytics SoftWare) 20 statistics program. Kuder-

Richardson 20 formula was used to measure the internal consistency reliability of the
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scores. Reliability coefficient for the pilot study was computed as .77 by using the

formula in Figure 3.21 below (Crocker & Algina, 1986, p. 139).

-3

Figure 3.21 Kuder-Richardson 20 formula (Crocker & Algina, 1986, p. 139).

KRy =
2 k=1

In addition to the pilot study, the quantitative data collected for the actual study
was evaluated for the Kuder-Richardson 20 formula by the same process. The
reliability coefficient was found as .78. Fraenkel and Wallen (2006) mentioned that
reliability measures above .70 can be considered as relatively high in educational
sciences. Thus, analyses showed that scores were reliable.

Some procedures were also followed for the qualitative data of the study. A
mathematics educator and a doctoral student in Elementary Mathematics Education
department were asked to determine whether the interview questions work in line
with the research questions and the purposes of the study. These two experts also
checked the questions so that the questions were not biased or leading. Moreover, a
pilot study of the interview questions was conducted with one student from each
grade, none of which would participate in the actual study. During these pilot
interviews, the researcher tried to detect whether there were any confusing, unclear,
or irrelevant questions and also to determine whether the students understood the
questions and gave relevant answers. Final version of the semi-structured interview
protocol was constructed based on the feedbacks from the experts and the results of

the pilot interview study.

After the implementation of the interview protocol for the actual study, the
interviews of the actual study were also transcribed into the words. A doctoral
student in Elementary Mathematics Education department was informed about the
purposes and procedures of the study, and she was asked to analyze the interview
transcripts in order to identify and comment on the themes that would come up. The

co-coder did not see the actual names of the participants but their pseudonyms. The
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researcher and the co-coder independently read more than 10.0% of students’ work
on the achievement test in order to come up with common codes for students’ correct
solution strategies and underlying reasons for their incorrect answers in the
problems. Similarly, the two readers independently worked on the interview
transcripts in order to identify, compare, and support the common codes detected
from the students’ work on the achievement test. This process continued until 95.0%
agreement was reached on the final versions of the codes. Then, these codes were
saturated to form common themes related to solution strategies and reasons
underlying incorrect answers and rubrics were prepared for the categories of solution
strategies and underlying reasons for incorrect answers. In the meantime, it was also
ensured that all the students’ correct solution strategies and underlying reasons for

their incorrect answers were attributed to a single theme.

3.5 Data Collection Procedures

In the fall of 2012, the achievement test was developed based on the relevant
literature. Expert opinions were taken, and the necessary revisions were made by the
end of the same semester. The necessary permissions were taken from Middle East
Technical University Human Subjects Ethics Committee (see Appendix A) and the
Head of Elementary Mathematics Education program of the university prior to the
data collection process. Then, official permissions needed for conducting the main
study were taken from the Ministry of National Education (see Appendix B). All the
data were collected during spring semester of 2012-2013 academic year. A pilot
study of the instrument was conducted to ensure the validity and the reliability of the
instrument. After randomly selecting the schools, the school administrators were
called and asked for an appropriate time schedule so that the implementation of the
test did not coincide with students’ own exams or any ceremony that would take
place at the school. The students were administered the instrument during their
regular class time by the researcher. All the necessary explanations about how to
respond the items were made to the students at the beginning of the administration.
The students were informed about confidentiality and willingness. In other words, it

was announced that their answers on the items would be used only for the aims of the
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study and not for any other purposes. Besides, it was declared that they could refuse

to participate in the study or withdraw at any point of the administration process.

After a couple of weeks later from the administration of the instrument, semi-
structured interviews were conducted with some of the students participated in the
first part of the study. The aim for conducting these interviews was to clarify correct
solution strategies of the participants and to explore the reasons behind students’
incorrect answers in the instrument. The time schedule for the data collection process

is provided in the Table 3.3 below.

Table 3.3 Time schedule for the study

Date Events
October 2012- February 2013 Development of the measuring instrument
March 2013 Pilot study and revisions of measuring instrument
April-May 2013 Data collection
May-June 2013 Data analysis

3.6 Analysis of Data

In order to reach the purposes of the study and have a complete and holistic
understanding about the aims of the study, two different sets of data were analyzed.
These two data sets were students’ answers to the problems in the achievement test
and written transcripts of the interviews. First, students’ answers in the achievement
test were analyzed in order to evaluate achievement level, correct solution strategies,
and reasons underlying their incorrect answers. Then, the interview transcripts were
analyzed and integrated to the categories obtained from the achievement test in order

to support the findings.

In order to reach the first goal, students’ answers in the achievement test were
analyzed via an item-based analysis. A number of descriptive statistics in SPSS
PASW 20 program were used. The frequencies of correct and incorrect responses to

the items were evaluated by grade levels. Although the problems were open-ended,
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there was one right answer to each problem. Therefore, the answers were categorized
as blank, correct, and incorrect unlike the pilot study in order to make a distinction
between the blank, incorrect and correct answers. The answers of the students were
coded as 0 if there was no answer at all, 1 if the student answered the question
correctly, and 2 if the answer was incorrect. After entering participants’ blank,
correct, and incorrect answers in the PASW (Predictive Analytics SoftWare) 20
statistics program for each item, frequencies and percentages of these answers were

calculated for the linear and non-linear items separately.

The second purpose of the study is to investigate students’ correct solution strategies
for the linear and non-linear problems in the achievement test. In order to reach this
aim, students’ correct answers in the problems were analyzed thoroughly. Related
literature was reviewed first in order to reach relevant codes for students’ correct
solution strategies for linear and non-linear problems. However, some related data
coding was encountered in the accessible sources. Then, the data collected in the

pilot study were analyzed in order to determine some pre-codes.

The initial categories for the solution strategies in linear problems obtained from the
pilot study were named as using direct proportion, finding the answer by calculating
area or perimeter, and finding the answer without calculating the area or perimeter.
Moreover, the initial categories for the solution strategies in non-linear problems
obtained from the pilot study were named as using direct quadratic and cubic
relationships and finding the side length and using the relationships between the side
lengths to find the area or volume. Initial categories for the solution strategies
obtained from the analysis of the data from the pilot study is presented in Table 3.4

below.
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Table 3.4 Initial Categories for the Solution Strategies Obtained from the Analysis of
the Data in the Pilot Study

Solution Strategies

Linear Problems Non-linear Problems
Using direct proportion Using direct quadratic and cubic
relationships

Finding the answer by calculating area Finding the side length and using the
or perimeter, and finding the answer  relationships between the side lengths
without calculating the area or

perimeter

The initial categories regarding the underlying reasons for the incorrect answers in
non-linear problems were also determined. These were instinctive application of
linear strategies, not focusing on the concepts but only on the numbers, poor
knowledge of geometrical concepts. On the other hand, there were no pre-codes for
the underlying reasons for incorrect answers in linear problems and, hence, for the
common reasons. Initial categories for the underlying reasons in non-linear problems
obtained from the analysis of the data from the pilot study are presented in Table 3.5

below.

Table 3.5 Initial Categories for the Underlying Reasons for Incorrect Answers in

Non-linear Problems Obtained from the Analysis of the Data in the Pilot Study

Underlying Reasons for Incorrect Answers in Non-linear Problems

Instinctive application of linear strategies
Not focusing on the concepts but only on the numbers

Poor knowledge of geometrical concepts

The data obtained from the pilot study gave essential clues for the data coding for

correct solution strategies in linear and non-linear problems. Afterwards, students’
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answers in the measuring instrument in the actual study were analyzed thoroughly in
order to have an understanding about students’ correct solution strategies, the
underlying reasons for their incorrect answers and, hence, to determine codes for the
data analysis. Thus, categories obtained from the results of the pilot study were
extended with the data collected during the actual study. The data set was listed
under different categories for linear and non-linear problems. Categories were
determined by considering familiar characteristics they shared. Before adding a new
category, the strategy was compared with the previous strategies in order to avoid
unnecessary categories. In the naming process of the categories of correct solution
strategies for linear and non-linear problems regarding length, perimeter, area, and
volume concepts terms from the literature were used in such a way that they would

evoke the clues for correct solution strategy used.

Correct solution strategies for linear problems were listed in two categories upon the
examination of the data. The first correct strategy for the linear problems was to use
directly the numbers given in the problem and perform the operation by using these
numbers without what was given and asked in the problem. This strategy is called
questionable proportion. Students’ answers which included the ambiguity of
whether they considered the relationship between the variables given and asked in
the problem and using the numbers given in the problem and directly writing the

proportion between these numbers were placed in this category.

The second correct strategy for the linear problems was to analyze the problem
statement, find the related variables, and then, use direct proportion between the
related variables. This strategy is called reasonable proportion. Students’ answers
which included finding the related variables (i.e. perimeter) and writing the direct
proportion between the related variables or judging the type of the relationship
between the variables and determining that the same result would be reached by
writing a proportion between the given variables (i.e. length) were placed in this

category.

Correct solution strategies for non-linear problems were also listed in two categories
upon the examination of the data. The first correct strategy for the non-linear

problems was to obtain the area or volume of the second figure by using the
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relationships between the lengths of the two figures. This strategy is called /ength-
length-area/volume. Students’ answers which included finding arbitrary side lengths
or dimensions for the figures by using the given area or volume and using the
relationship between the lengths in order to find the area of the second figure were

placed in this category.

The second correct strategy for non-linear problems was to use direct quadratic
relationships between the areas of the two figures and direct cubic relationships
between the volumes of the two figures. This strategy is called length-area/volume.
Students’ answers which included the argument that area would be multiplied by r?
or the volume would be multiplied by r* when all the lengths or dimensions were

multiplied by r were placed in this category.

Correct solution strategies of students for linear and non-linear problems are

summarized in Table 3.6 below.

Table 3.6 Correct solution strategies for linear and non-linear problems

Linear Problems Non-linear Problems
Questionable Proportion Length-length-area/volume relationship
Reasonable Proportion Length-area/volume relationship

The third purpose of the study was to analyze the underlying reasons for participants’
incorrect answers in both linear and non-linear problems in the achievement test.
Literature review provided some reasons and codes for students’ incorrect answers
for both linear and non-linear problems. In addition, the pilot study was helpful for
spotting possible reasons for students’ incorrect answers for linear and non-linear

problems.

Analyses of the data in the pilot and actual study showed that some reasons for
students’ incorrect answers in linear and non-linear problems were common. The

common reasons for students’ incorrect answers are stated below once for both linear
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and non-linear problems. Later, specific reasons for students’ incorrect answers in
linear and non-linear problems are mentioned respectively. The first common reason
for students’ incorrect answers in linear and non-linear problems is inadequacy in
geometrical knowledge. This category included students’ inadequate knowledge in
properties of figures or confusion of terms and concepts. For instance, students’
answers which included such a statement that a cube has four sides were placed in
this category. Besides, students’ answers which included calculating the perimeter
instead of area or vice versa or calculating the area instead of volume or vice versa
were placed in this category. The second common reason for students’ incorrect
answers in linear and non-linear problems is misinterpretation of additive and
multiplicative reasoning. This category included students’ tendency to use additive
reasoning for solving linear and non-linear problems where multiplicative reasoning
was needed. For example, students’ answers which included the argument that
distances on a map should be increased by the same amount instead of the same ratio
when the scale was changed or that volume should be multiplied by six when the
dimensions of a figure are multiplied by two were placed in this category. In
addition, taking the difference between the two variables and adding this difference
to the second variable when a proportional situation exists were placed in this
category. The third common reason for students’ incorrect answers in linear and non-
linear problems is operational mistakes. This category included students’ mistakes in
four basic operations while solving linear and non-linear problems. Students’
answers which included computational mistakes with correct reasoning were placed
in this category. In addition, students’ answers which included a correct written
explanation for the solution of the problem without finding the correct answer were
placed in this category. The fourth and the last common reason for students’
incorrect answers in linear and non-linear problems is incomplete answers. This
category included students’ incomplete answers with correct reasoning. For instance,
writing the proportion correctly without calculating the answer or determining by
which factor the area or volume would be multiplied without calculating the answer
were placed in this category. Apart from common underlying reasons for students’
incorrect answers in both linear and non-linear problems, the findings included some

reasons that were specific to linear or non-linear problems. First, one reason that was
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only specific to linear problems is misinterpretation of proportional situations. This
misuse included students’ tendency to apply inverse proportion where direct
proportion was needed. One reason that was only specific to non-linear problems is
illusion of linearity. This misapplication included students’ tendency to apply linear
solution strategies where, actually, non-linear solution strategies were needed. To
illustrate, students’ answers including the argument that the area or volume would be
multiplied by the same scale factor when the lengths or dimensions of a figure are
multiplied by a scale factor were placed in this category. Besides, students’ answers
including writing a linear proportion between the variables in the problems where
non-linear strategies are required were placed in this category. Rubrics were prepared
for the categories of solution strategies and underlying reasons for incorrect answers
in the achievement test. For the rubrics see Appendix F. Underlying reasons for
participants’ incorrect answers in both linear and non-linear problems in the

achievement test were summarized in Table 3.7 below.

Table 3.7 Underlying Reasons for Incorrect Answers in Linear and Non-linear

Problems
Underlying Reasons for Incorrect Underlying Reasons for Incorrect
Answers in Linear Problems Answers in Non-Linear Problems

Common Underlying Reasons

for Incorrect Answers
1. Misinterpretation of 1. Inadequacy in Geometrical 1. Illusion of Linearity
Proportional Situations ~ Knowledge

2. Misinterpretation of additive

and multiplicative reasoning

3. Operational mistakes

4. Incomplete answers

3.7 Assumptions and Limitations

In this part, the basic assumptions and limitations of the research study are stated.

First of all, it was assumed that the achievement level of the participants in linear and
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non-linear problems regarding length, perimeter, area, and volume concepts can be
measured by the prepared achievement test. It was also assumed that students paid
close attention to each problem in the instrument, and that they were operative,
sincere, and truthful while completing the achievement test and answering the

interview questions.

In the survey part of this study, cluster sampling method was used to obtain the
sample of the population. The survey part of the study aimed to determine
participants' achievement level in linear and non-linear problems regarding length,
perimeter, area, and volume concepts. Even though the findings of this study might
be limited concerning its application to a more generalized population of sixth,
seventh, and eight grade students, the results related to participants' achievement in
the measuring tool can be generalized to students in similar contexts. On the other
hand, 12 interview participants were selected purposively based on some criteria
mentioned above. Therefore, the correct solution strategies of the participants and the
underlying reasons for participants' incorrect answers in problems might be limited

to those participants.

3.8 Internal and External Validity of the Study

Both internal and external validity matters are related to validity of any study. Thus,

the two validity types are discussed in this part.

3.8.1 Internal Validity of the Study

Internal validity means that observed differences on the dependent variable are
directly and solely related to the independent variable and not due to some other
variable (Fraenkel & Wallen, 2006). There are several threats to internal validity
related to the type of the study. Fraenkel and Wallen (2006) address three main
threats to internal validity in a survey study as mortality, location, and

instrumentation.

To start with, since the present study requires one-time data collection, mortality that
is related to loss of participants was not an issue. Besides, the researcher got in touch
with the school administrators about the time of data collection in order to ensure

maximum number of participation.
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Location which occurs as a threat when different individuals are tested in different
locations (Fraenkel & Wallen, 2006) was controlled in this study since the tests were
administrated in students' regular classrooms. It was assumed that the classroom

environments of public schools in Yenimahalle District of Ankara are very similar.

Instrumentation threat is related to how the data are collected and used. Instrument
decay, data collector characteristics, and data collector bias are threats constituting
the instrumentation threat (Fraenkel & Wallen, 2006). First of all, instrument decay
constitutes a problem when the instrument is changed during time or scored
differently (Fraenkel & Wallen, 2006). Nevertheless instrument decay was not
supposed to be a threat for the present study, since the instruments were implemented
to the students just one time, and the answers of the participants were evaluated by
two scorers in line with the pre-decided codes. Second, data collector characteristics
might cause a threat to internal validity when the data are collected by different
people (Fraenkel & Wallen, 2006). Lastly, data collector bias might occur when the
data collector has a personal effect on the results either consciously or unconsciously
(Fraenkel & Wallen, 2006). Yet these threats do not seem to have caused a problem
since the data collection procedures were conducted by the researcher for all of the
participants, and that the researcher administered the achievement test by herself. In
addition, the researcher did not communicate with the participants other than merely

explaining the expectations from the participants at the beginning.

Merriam stated that "the researcher is the primary instrument for data collection and
analysis." (Merriam, 1998, p. 42). Therefore abilities, instincts, and expectations of
the researcher might have an effect on the results of the study. Nevertheless, the
researcher was aware of the biases, and she followed some procedures in order to
reduce the biases. First, she tried to be sure that she understood participants'
responses and explanations correctly by paraphrasing participants' responses and
asking them to agree throughout the interviews. The researcher also conducted pilot
interviews in order to gain experience related to conducting interviews. Besides, the
researcher worked with another coder independently in order to reduce the researcher

bias in the data analysis.
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3.8.2 External Validity

External validity of the study is defined as "the extent to which the results of a study
can be generalized from a sample to a population" (Fraenkel & Wallen, 2006, p.108).
External validity involves two dimensions as population generalizability and

ecological generalizability.

Population generalizability refers to "the degree to which a sample represents the
population of interest" (Fraenkel & Wallen, 2006, p. 104). To ensure population
generalizability in a study, the sample should represent the intended population. In
the present study, the target population was sixth, seventh, and eighth grade public
school students in Ankara. The accessible population was sixth, seventh, and eighth
grade public school students in Yenimahalle District of Ankara. The achievement
test was administered to 935 students who were selected from the public schools in a
district of Ankara by cluster random sampling method. Hence, the results of the
study which were related to sixth, seventh, and eighth grade students' achievement
level might be generalized to the population under certain conditions since all the
students participated in the study experience the same national curriculum. On the
other hand, the interviews were conducted with 12 participants who were selected
purposively. Therefore, the results related to participants' solution strategies and
underlying reasons for their incorrect answers in problems might be generalizable

only to a part of the population.

Ecological generalizability refers to "the degree to which the results of a study can be
extended to other settings or conditions" (Fraenkel & Wallen, 2006, p. 106). The
study was carried out with sixth, seventh, and eighth grade students in urban public
schools where a national elementary mathematics education curriculum is
implemented. Besides, it was assumed that most public schools have similar settings.
Therefore, the results of the study might be generalizable to public elementary

schools with similar settings.
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CHAPTER 4

RESULTS

The purposes of this study are to determine sixth, seventh, and eighth grade students’
achievement level in linear and non-linear problems regarding length, perimeter,
area, and volume concepts, and to investigate students’ correct solution strategies for
these problems. This study also aims at analyzing the underlying reasons for

students’ incorrect answers in these problems.

In this chapter, the results of the data are presented in three main aspects. Each aspect
is related to the research questions in order. Firstly, the achievement levels of the
students in each of the linear and non-linear problems are presented in terms of the
grade levels. Secondly, the correct solution strategies that students used for linear
and non-linear problems are investigated respectively. Lastly, the underlying reasons
for students’ incorrect answers in linear and non-linear problems are explored

respectively.

In the first section, descriptive information about students’ achievement levels in the
measuring instrument is presented. In subsequent sections, the codes and the related
categories for students’ correct solution strategies in linear and non-linear problems
and the underlying reasons for their incorrect answers in these problems are
explained based on students’ answers in the achievement test. Then, these categories
and codes obtained from the achievement test are compared and supported with the

data obtained from the individual interviews.

4.1 Achievement Level in Linear and Non-linear Problems

The problem types in the instrument are categorized as linear and non-linear in terms

of the solution strategy needed. There are six linear problems regarding length,
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perimeter, area, and volume concepts in the instrument. Problems 1, 2, 3, 7, 8, and 10
are linear problems. The answers of the students in these problems were coded as
blank, correct, or incorrect at the first place as explained before. The corresponding
frequencies and percentages for students’ blank, correct, and incorrect answers were
calculated for each of the linear and non-linear problems in order to determine their
achievement level. Distribution of 935 students’ answers in linear problems across

problems and grade levels is presented in Table 4.1 below.
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Table 4.1 Distribution of participants’ blank, correct, and incorrect answers in linear

problems across problems and grade levels

Linear Problems

Pl P2 P3 P7 P8 P10
Blank 9 19 30 46 69 108
(3.3%) (6.9%)  (10.9%) (16.7%) (25.0%)  (39.1%)
Y Correct 203 237 162 162 122 127
E (73.6%) (85.9%) (58.7%) (58.7%) (44.2%) (46.0%)
G
Incorrect 64 20 84 68 &5 41
(232%)  (72%)  (30.4%) (24.6%) (30.8%)  (14.9%)
Blank 5 7 22 47 76 143
(1.3%) (1.8%) (5.7%)  (12.3%) (19.8%) (37.3%)
5 Correct 347 360 306 288 263 203
i (90.6%) (94.0%) (79.9%) (75.2%) (68.7%) (53.0%)
G
Incorrect 31 16 55 48 44 37
(8.1%) (42%)  (144%) (12.5%) (11.5%)  (9.7%)
Blank 9 2 25 27 43 75
(3.3%) (0.7%) (9.1%) (9.8%)  (15.6%) (27.2%)
% Correct 235 261 218 211 200 180
i (85.1%) (94.6%) (79.0%) (76.4%) (72.5%) (65.2%)
G
Incorrect 32 13 33 38 33 21
(11.6%)  (4.7%)  (12.0%) (13.8%) (12.0%)  (7.6%)
Blank 23 28 77 120 188 326
Total (2.5%) (3.0%) (82%)  (12.8%) (20.1%)  (34.9%)
Correct 785 858 686 661 585 510
Total  (84.0%) (91.8%) (73.4%) (70.7%) (62.6%) (54.5%)
Incorrect 127 49 172 154 162 99

Total  (13.6%) (5.2%) (184%) (16.5%) (17.3%)  (10.6%)

Table 4.1 showed that the achievement level of sixth grade students in linear
problems varied between 44.2% and 73.6%, the achievement level of seventh grade
students in linear problems varied between 53.0% and 94.0%, and the achievement

level of eighth grade students in linear problems varied between 65.2% and 94.6%.
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Furthermore, Table 4.1 indicated that achievement levels for each linear problem
varied in terms of the grade levels. Although eighth grade students and seventh grade
students had closer achievement levels to each other, sixth grade students had lower
achievement levels in all linear problems. Table 4.1 showed that achievement level
in linear problems varied between 54.5% and 91.8% across problems. Moreover, it
can be seen that problem 1 and 2 were mostly correctly answered problems whereas

problem 8 and 10 were least correctly answered ones by all grade students.

In addition to linear problems, the achievement test includes four non-linear
problems regarding length, perimeter, area, and volume concepts. Problems 4, 5, 6,
and 9 are non-linear problems. Similar to the linear problems, the answers of the
participants in these problems were coded as blank, correct, or incorrect at the first
place. The corresponding frequencies and percentages for students’ blank, correct,
and incorrect answers were calculated for each of the non-linear problems.
Descriptive analysis of 935 students’ answers in non-linear problems in terms of

grade levels is presented in Table 4.2 below.
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Table 4.2 Distribution of participants’ blank, correct, and incorrect answers in non-

linear problems across problems and grade levels

Non-linear Problems

P4 P5 P6 P9
Blank 56 82 81 39
(203%) (29.7%) (29.3%) (14.1%)
E Correct 33 8 10 0
g (12.0%) (2.9%) (3.6%) (0.0%)
Incorrect 187 186 185 237
(67.8%) (67.4%) (67.0%) (85.9%)
Blank - 118 84 38
(20.4%) (30.8%) (21.9%) (9.9%)
Z Correct 71 20 5 0
E (18.5%) (5.2%) (1.3%) (0.0%)
G)
Incorrect 234 245 294 345
(61.1%) (64.0%) (76.8%) (90.1%)
(15.6%) (24.6%) (17.0%) (7.2%)
x Correct 109 56 29 0
E (39.5%) (20.3%) (10.5%) (0.0%)
G)
Incorrect 124 152 200 256
(44.9%) (55.1%) (72.5%) (92.8%)
Blank Total 177 268 212 97
(18.9%) (28.7%) (22.7%) (10.4%)
Correct 213 84 44 0
Total (22.8%) (9.0%) (4.7%) (0.0%)
Incorrect 545 583 679 838
Total (58.3%) (62.4%) (72.6%) (89.6%)

Table 4.2 showed that achievement level of sixth grade students in non-linear
problems varied between 0.0% and 12.0%, the achievement level of seventh grade
students in non-linear problems varied between 0.0% and 18.5%, and the

achievement level of eighth grade students in linear problems varied between 0.0%
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and 39.5%. Furthermore, Table 4.2 also indicated that students’ achievement levels
for each non-linear problem varied in terms of the grade levels. Although sixth grade
students and seventh grade students had closer achievement levels to each other,
eighth grade students had higher achievement levels in all problems except problem
9. These values indicated that eighth grade students performed better than sixth and
seventh grade students for most of the problems. Table 4.2 also showed that
achievement level in non-linear problems varied between 0.0% and 22.8% across
problems. Moreover, it can be seen that problem 4 was mostly correctly answered

problem by all grades whereas no student in any grade correctly answered problem 9.

Table 4.1 together with Table 4.2 showed that students’ achievement in each of the
linear problems was higher than their achievement in any of the non-linear problems

regardless of their grade levels.

4.2 Analysis of Correct Solution Strategies for Linear and Non-linear Problems

The second research question of the study is related to investigating the correct
solution strategies of sixth, seventh, and eighth grade students for linear and non-
linear problems regarding length, perimeter, area, and volume concepts. Analysis of
students’ correct solution strategies for linear and non-linear problems in the
achievement test supported with the analysis of interview transcripts are stated in the

following parts respectively.

4.2.1 Analysis of Correct Solution Strategies for Linear Problems

In the achievement test, students were asked six linear problems related to length,
perimeter, area, and volume concepts. These linear problems required students to
analyze two cases and use a direct proportion between the related variables. The
analysis of the achievement test supported by the analysis of the interview transcripts
revealed that students used two main correct solution strategies for linear problems.
These two strategies are named as questionable proportion and reasonable

proportion, and are explained in the following parts.
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4.2.1.1 Questionable Proportion Strategy

The first strategy for solving linear problems is questionable proportion strategy. It is
related to using the numbers given in the problem directly and performing the
operation by using these numbers without focusing on the relationship between the
variables given and asked in the problem. This strategy was named as questionable
proportion since it wasn’t clear whether students considered the relationship between
the variables given and asked in the problem. Instead, it was deduced that students
used the numbers given in the problem and directly wrote the proportion between the
given numbers. To illustrate, students’ answers including the direct proportion
between the length of a figure and the time period needed to pass around that figure
were placed in this category since it was not clear that whether the students
considered the relationship between the length and the perimeter. The students might
have considered the linear relationship between the concepts and wrote the direct
proportion without writing any indication of their thought process. Yet, it might also
be the case that they skipped examining this relationship and wrote the proportion
automatically. Indeed, both situations were encountered in the interview transcripts
of the study. When the participants who directly performed the cross product rule
were asked about whether they examined the relationship between the lengths and
perimeter in the interview, some of their answers included an argument of the linear

relationship between the length and the perimeter but some of them did not.

It was seen that students used this strategy for solving the first and third linear
problems, which were categorized as linear-perimeter problems. These problems
required participants to write a proportion between the perimeters (or circumference)
of the shapes and the time periods needed to go around these shapes or to make an
interpretation that using lengths instead of perimeters in the proportion would yield
the same result. Students’ answers in the first and third problems including a
proportion between the lengths (or radii) and the time periods without reasoning the
linear relationship between the length and the perimeter were included in this
category. The frequencies of questionable proportion strategy for the first and third

problems are provided in Table 4.3 below.
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Table 4.3 Distribution of Questionable Proportion Strategy across Grade Levels

Problems Grade Levels
6 7 8 Total
P1 177 319 210 706
(87.2%) (91.9%) (89.4%) (89.9%)
P3 155 292 200 647
(95.7%) (95.4%) (91.7%) (94.3%)

The analyses of the achievement test revealed that 706 students (89.9%) among 785
students who answered the first problem correctly used questionable proportion
strategy for the first problem. This number was constituted of 177 sixth graders
(87.2%), 319 seventh graders (91.9%), 210 eighth graders (89.4%). Besides, 647
students (94.3%) among 686 students who answered the third problem correctly used
the mentioned strategy. This number was constituted of 155 sixth graders (95.7%),
292 seventh graders (95.4%), and 200 eighth graders (91.7%). In other words, most
of the students used this strategy for solving the first and third problems.

Examples from students’ answers in the first and third problems were given as

illustration in Figure 4.1 and Figure 4.2 below.

1.Ciftgi Ahmet kenar uzunlugu 100m olan kare seklindeki bahgesinin etrafina yapacadi
sulama kanalim 4 ginde kazabiliyor. Ayni bahgenin kenar uzuniugu 300m olsayd Ahmet
ayni mzda galigarak bu kanal kag giinde kazabilirdi? Cézim yolunuzu agik bir sekilde

yaziniz, oo
——— Ky u
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Figure 4.1 Questionable proportion strategy for the first problem

The given problem is related to the relationship between the side lengths and
perimeters of two squares. As seen in Figure 4.1, the student found the correct
answer without calculating the perimeter of the pasture or indicating the relationship
between the side lengths and the perimeter. Instead, he wrote a proportion between

the given quantities in the problem which were side lengths of the pastures and the
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time periods needed to dig around the pastures. It was not possible and reasonable to
decide whether the student constructed the proportion blindly by looking at his work
on the achievement test. However, his explanations for this solution strategy and
reasons for using that strategy in the interview transcripts gave evidence for his
thinking. In the interview, Participant 6 (Grade 7) explained that he wrote the
proportion just by looking at the problem sentence and ignoring the related concepts

in the problem. For instance:

“...I wrote a ratio and proportion here. I thought that if he finishes 100 m in
4 days, I asked in how many days would he finish 300 m and found the
answer 12 by writing a proportion. ...I understood that I had to write a
proportion by reading the question. The question is clear anyway. I looked
at the sentences and the numbers in the question; it was very explanatory for
me... The question is related to (distance in) meter concept of the pasture.
The irrigation canal is digged around the pasture. But I didn’t find the
perimeter of the pasture because it is given that he finishes 100 m in 4 days,
I used this information. I don’t know whether the same result would be
reached if I used the perimeter. I just used what was given in the problem.”

(Participant 6, Grade 7)

[...Oran orant1 kurdum burada. 100 m’yi 4 giinde bitirebiliyorsa 300 m yi
ka¢ gilinde bitirir dedim oran oranti kullanarak 12 buldum... Soruyu
okuyarak oran oranti kurmam gerektigini anladim. Soru agik zaten.
Sorudaki climlelere ve sayilara baktim agiklayictydi benim igin... Soru
bahg¢enin metre kavramiyla ilgili... Sulama kanali bahgenin c¢evresine
kaziliyor... Ama ben ¢evreyi bulmadim zaten 100 m’yi 4 giinde bitirdigi
verilmis ben bunu kullandim. Cevresini bularak yapsam ayni sonug¢ ¢ikar

miydi bilmiyorum. Ben soruda verilenleri kullandim sadece.]

Another solution for the third problem that was also coded as questionable

proportion is presented in Figure 4.2 below.
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3.Bir ye[kenh yanc,:apr 35 km olan daire g‘,sklmdem bir adanin etraflndak: turunu & saaite

turunuy kag saaﬂe tamamiayabilirdi? Cdzﬁ_ yolunuzu agik bir sekilde yaziniz. | _)_ S l!--[-e_
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Figure 4.2 Questionable proportion strategy for the third problem

The third problem was related to the relationship between the circumference of a
circle and the time period needed to go around this shape. As seen in Figure 4.2, the
student found the correct answer without calculating the circumference of the
circular island. Instead, he wrote a proportion between the given quantities in the
problem which were the radii of the two islands and the time periods needed to sail
around these islands. It was also hard to decide whether the student constructed the
proportion blindly, or he considered the relationship between the radii and the
circumference by looking at his work in the achievement test. However, his
explanations in the interview gave essential evidence for his thinking and solution
strategy. In the interview, Participant 1 (Grade 6) was asked about the related
concepts in the problem and whether he considered these concepts in his solution. He
stated that he did not consider those concepts since it was not asked in the problem.

The participant stated as:

“.In 12 hours...I used ratio and proportion here. I thought that the time
should increase since the distance gets longer. The problem is related to
(distance in) km of the island. I didn’t find the perimeter of the island
because it is not asked in the problem. So, I don’t have to find it.”

(Participant 1, Grade 6)

[...12 saatte. Burada oran orant1 kullandim. Yol arttig1 i¢in zaman da artmali
diye diisiindiim. Burada da adanin km’si ile ilgili soru bu. Ben ¢evresini

bulmadim ¢iinkii ¢evresini istememis. O ylizden bulmama gerek yok.]
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4.2.1.2 Reasonable Proportion Strategy

The second strategy used for solving the linear problems is reasonable proportion. It
is related to analyzing the problem statement, finding the related variables (i.e.
perimeter), and then using a direct proportion between the related variables. This
strategy was named as reasonable proportion since students focused on the
relationship between the related variables in the problem. That is to say, they, as a
first step, judged the type of the relationship between the variables, decided that a
linear relationship exists, and lastly performed the proportion. The first and third
problems which were categorized as linear-perimeter were solved by this strategy.
The frequencies of reasonable proportion strategy for the first and third problem are

provided in Table 4.4 below.

Table 4.4 Distribution of Reasonable Proportion Strategy across Grade Levels

Problems Grade Levels
6 7 8 Total
P1 26 28 25 79
(12.8%) (8.1%) (10.6%) (10.1%)
P3 7 14 18 39
(4.3%) (4.6%) (8.3%) (5.7%)

The analyses of the achievement test revealed that 79 students (10.1%) among 785
students who answered the first problem correctly used reasonable proportion
strategy. This number included 26 sixth graders (12.8%), 28 seventh graders (8.1%),
and 25 eighth graders (10.6%). In addition, 39 students (5.7%) out of 686 students
(i.e.7 sixth graders (4.3%), 14 seventh graders (4.6%), and 18 eighth graders (8.3%))
used the mentioned strategy for the third problem. In other saying, the number of the
students who used this strategy for the first and third problem was very few.
Examples from students’ answers in the first and third problems in the achievement

test were given as illustration in Figure 4.3 and Figure 4.4 below.
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1.Ciftgi Ahmet'kena,_r_u_zunlu-ju,‘l 00m olan kare geklindeki bahgesinin etrafina yapacad
sulama kanalini 4 glinde Kazabiliyor. Aynm bahgenin kenar uzunlugu 300m olsaydi Ahmet
ayni hizda galisarak bu kanali kag giinde kazabilirdi? Céz0m yolunuzu agik bir gekilde
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Figure 4.3 Reasonable proportion strategy for the first problem

As seen in the Figure 4.3, the student found the correct answer by finding the
corresponding perimeters of the two pastures and then writing a direct proportion
between the perimeters of the pastures and the time periods needed to dig around
these pastures. Student’s work on the achievement test was clear for placing into the
category of reasonable proportion. However, the finding that Participant 4 (Grade 6)
judged the relationship between the related concepts was also supported by the

interview data such as:

“I found the perimeter of the pasture... I found the perimeter of the pasture
whose side length was 100 m and the other pasture whose side length was
300 m. I found how many times bigger the perimeter of the second pasture
is than the perimeter of the first pasture. If he makes the irrigation canal
around the first pasture in 4 days he makes the canal around the second
pasture which is 3 times bigger than the first one in 12 days... One pasture
is 3 times the size of the other; hence I thought that 3 of the same canal
should be digged. Thus it should take longer...3 times longer...I wrote a

ratio and proportion and I also used the perimeters of the two pastures.

(Participant 4, Grade 6)

[Cevresini buldum bahgenin... Kenar1 100 m olan bahgenin gevresini
buldum bir de kenar1 300 m olan bahgeninkini. Bu c¢evreleri birbirine
bolerek kag kat1 oldugunu bulmusum. Ilk bahgeye kanali 4 giinde yaptigina
gore 3 kati olan ikinci bahgeye kanali 12 giinde yapar...Biri digerinin 3 kat1

oldugu icin aym: kanaldan 3 tane yapmak gerekir diye diislindiim...O
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ylzden daha uzun siirmeli.. 3 kat daha uzun...Hem oran oranti kurdum hem

de ¢evreleri kullandim. ]

Another solution for the third problem that was also coded as reasonable proportion

is presented in Figure 4.4 below.

3.Bir yelkenli, yarigap: 35 km olan daire seklindeki bir adanin etrafindaki turunu € saatte
tamamiayabiliyor. Ayni adanin yarigap| 70 km olsaydi bu yelkenli ayni hiziyla ada etrafindaki
turunu kag saatte tamamiayabilirdi? GtzUm yolunuzu agik bir sekilde yaziniz,
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Figure 4.4 Reasonable proportion strategy for the third problem

As seen in Figure 4.4, the student found the correct answer by finding the
corresponding circumferences of the islands and then writing a direct proportion
between the circumferences of the islands and the time periods needed to sail around
the islands. The thinking of Participant 4 (Grade 6) of the related concepts in solving

the problem was supported by the interview data as follows:

“First, I found the diameter by multiplying by 2...We find the perimeter of
the island if we multiply the diameter with n. I found the perimeter of the
second island in a similar way. It completes a tour in 6 hours for the first
one; therefore, it completes a tour in 12 hours for the second one... Because
when the perimeter is 210 the time is 6 hours hence when the perimeter is
420 then the time will be 12 hours. The perimeter is two times bigger than
that of the first one. I used the cross product and found 12. The time

increases directly proportional to the distance.” (Participant 4, Grade 6)

[Once ¢ap1 buldum... 2 ile garparak bir de pi sayis1 vardi ¢apla pi sayisini
carpinca gevreyi buluyoruz. Ikinci adanin cevresini de buldum ayni sekilde.

Ilkini 6 saatte tamamliyor o zaman ikincininki 12 saatte tamamlar... Ciinkii
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gevresi 210 ken 6 saatti 420 iken 12 saatte tamamlar. Cevresi 2 Kkati
oluyor...i¢ler dislar ¢arpimi yaparak 12 buldum. Yol artinca zaman da ayni1

oranda artryor.]

4.2.1.3 Strategies for the Remaining Linear Problems

The questionable and reasonable proportion strategies were categorized for the first
and the third linear-perimeter problems. Since there were six linear problems the
strategies for the remaining four linear problems, namely second, seventh, eighth,

and tenth problems are mentioned in this part.

The first strategy for the second, seventh, and eighth problems was writing direct
proportions between the variables in the problem and finding the answer. The use of
this strategy was not observed for the tenth problem. For instance, writing a
proportion between the time period and the distance in the second problem, between
the number of faces of a cube and the paint needed in the seventh problem, between
the corresponding distances on the map in the eighth problem were included in this
category. Examples from students’ answers in the achievement test are presented in

Figure 4.5, Figure 4.6, and Figure 4.7 below.

2.Pinar 1 saat boyunca sabit hizda ylriyerek 4 krﬁ yol kat etmistir. Pinar aynmi hizda
yurimeye devam ederse 2 saatte kag km yol alir? Gézim yolunuzu agik bir gekilde yazirniz,
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Figure 4.5 Using a direct proportion for the second problem

As seen in Figure 4.5, the student wrote a proportion between the distance taken and

the time period to travel the distance and found the correct answer.
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7. Asl, kip seklindeki kumbarasimin dig ylzlerini boyamak istiyor, Asli'nin bu kumbaranin bir
yiizind boyamasi igin 10ml boya gerekiyorsa, kumbaranin dis yiizlerinin hepsini boyamasi
i¢in kag ml boya gerekir? G6zim yolunuzu agik bir gekilde yazimz.
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Figure 4.6 Using a direct proportion for the seventh problem

As seen in Figure 4.6, the student wrote a direct proportion between the paint needed

for one face and the paint needed for all the six faces of the cube.

gir TUrkiye haritasinda Adana ile Antalya arasi uzaklik 5 cm ve Antalya Mugla arasi
uzaklik 3 cm'dir. Diger bir Tirkiye haritasinda ise Adana ile Antalya aras| uzaklik 10 cm'dir.
Buna gére, bu haritada Antalya’nmin Mudla'ya uzaklidi ne kadardir? Céziim yolunuzu agik bir

sekilde yaziniz.
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Figure 4.7 Using a direct proportion for the eighth problem

As can be seen in Figure 4.7, the student wrote a direct proportion between the

distances on the first map and the distances on the second map.

The second strategy for the second, seventh, eighth, and the tenth problem was
finding the scale factor mentally and multiplying (or dividing) the second value by
the scale factor without writing a proportion. Examples of multiplying (or dividing)
directly by the scale factor for each of the second, seventh, eighth, and tenth
problems are presented in Figure 4.8, Figure 4.9, Figure 4.10, and Figure 4.11 below.
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2.Pinar 1 saat boyunca sabit hizda ylrlyerek 4 km yol kat etmigtir. Pinar aym hizda
ylrimeye devam ederse 2 saatte kag km yol alir? Cézim yolunuzu agik bir sekilde yaziniz.

2. L= 9D\m

Figure 4.8 Multiplying the second value by the scale factor for the second problem

As seen in Figure 4.8, the student mentally calculated that the time period got two
times as much as the first time period, hence determined that the scale factor was 2.
Then, he directly multiplied the first distance taken by the scale factor and found the

correct answer.

7. Asli, kiip seklindeki kumbarasinin dig yizlerini boyamak istivor. Asli'nin bu kumbaranin bir
ylzlnd boyamasi igin 10ml boya gerekiyorsa, kumbaranin dig yizlerinin hepsini boyamasi
igin kag ml boya gerekir? GCézim yolunuzu agik bir sekilde yazimz,
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Figure 4.9 Multiplying the second value by the scale factor for the seventh problem

As seen in Figure 4.9, the student determined that the amount of paint should get six
times as much as the first amount since a cube has six faces. Hence, he multiplied the

first amount of paint by six and found the correct answer.
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. Bir Turkiye haritasinda Adana ile Antalya arasi uzaklik 5 cm ve Antalya Mudla arasi
zaklik 3 cm'dir. Dider bir TOrkiye baritasinda ise Adana ile Antalya aras! uzakhk 10 cm'dir.
iuna gére, bu haritada Antalya'nin Mugla'ya uzakhd ne kadardir? Cézim yolunuzu agik bir
ekilde yaziniz.
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Figure 4.10 Multiplying the second value by the scale factor for the eighth problem

As seen in Figure 4.10, the student determined that the distance for the first two cities
became two times longer on the second map and decided that the distance between
the other two cities had to become two times longer as well. Hence, he multiplied the

distance on the first map by two and found the correct answer.

.. 80 m* hacme sahip dikdértgenler prizmasi seklindeki bir koli yiiksekliginin yariss
nizasindan tabana paralel olacak sekilde kesiliyor. Bu kolinin kesildikten sonraki hacmi kag
7 olur? Coézim yolunuzu agik bir sekilde yaziniz.
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Figure 4.11 Dividing the second value by the scale factor for the tenth problem

As seen in Figure 4.11, the student divided the volume by two, hence determined the
scale factor as % since it was stated in the problem sentence that the box is cut off

from its half.

Two other strategies were encountered for the tenth problem. The first strategy was
finding the correct answer by giving arbitrary values to the dimensions of the
rectangular prism. The second strategy was drawing a figure of the rectangular prism
and observing what happens to the volume when the prism is cut off from its half.
Examples from students’ answers in the achievement test are presented in Figure

4.12 and Figure 4.13 below.
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.. 66 m® hacme sahip dikdértgenler prizmas| geklindeki bir koli yiksekliginin yarisi _)\_
hizasindan tabana paralel olacak gekilde kesiliyor. Bu kolinin kesildikten sonraki hacmi kag

m* olur? Gézim yolunuzu agik bir sekilde yaziniz.
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Figure 4.12 Giving arbitrary values to the dimensions of the rectangular prism for the
tenth problem

As seen in Figure 4.12, the student gave arbitrary values to the dimensions of the
rectangular prism in such a way that the volume would be equal to 60 m*. Then he

divided the height by two and calculated the corresponding volume.

6C m® hacme sahip dikdrigenler prizmasi geklindeki bir koli yiiksekliginin yaris
sizasindan tabana paralel olacak gekilde kesiliyor. Bu kolinin kesildikten sonraki hacmi kag
m? olur? Gézam yolunuzu agik bir sekilde yaziniz.
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Figure 4.13 Drawing the figure of the rectangular prism for the tenth problem

As can be seen in Figure 4.13, the student drew a rectangular prism and cut it from

its half and decreased the height to its half algebraically. Then, he determined that
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the volume would also be decreased to its half. Then, he divided the volume by two

in order to find the corresponding volume.

4.2.2 Analysis of Correct Solution Strategies for Non-linear Problems

Students were asked four non-linear problems related to length, perimeter, area, and
volume concepts in the achievement test. These non-linear problems required
students to analyze two cases and apply non-linear solution strategies rather than
using direct proportion. The analysis of students’ answers in the achievement test
supported by the analysis of the interviews revealed that the students used two main
correct solution strategies for non-linear problems. These two strategies are named as
length-length-area/volume relationships and length-area/volume relationships, and

are explained in the following parts.

4.2.2.1 Length-Length-Area/Volume Relationships Strategy

The first correct strategy for the non-linear problems was to find the area or volume
of the second figure by just using the relationships between the side lengths of the
two figures. This strategy was named length-length-area/volume relationship since
students moved from the side length of the first figure to the side length of the
second figure and then to area or volume of the second figure. Similar to the above
category, the fourth, sixth, and ninth problems which were categorized as non-linear
area, and the fifth problem which was categorized as non-linear volume were solved
by this strategy. Analysis revealed that 174 students (81.7%) among 213 students
who correctly solved the fourth problem correctly employed this strategy. This
number was constituted of 23 sixth graders (69.7%), 52 seventh graders (73.2%), and
99 eighth graders (90.8%) for the fourth problem. Besides, of 44 students who
answered the sixth problem correctly 15 students (34.1%) (i.e. 1 sixth grader
(10.0%), 2 seventh graders (40.0%), and 12 eighth graders (41.4%)) used this
strategy. Besides, no student from any grade level used the mentioned strategy for
the ninth problem. On the other hand, 34 students (40.5%) among 84 students who
correctly answered the fifth problem implemented the mentioned strategy for fifth
problem that was categorized as non-linear volume. This number included 3 sixth

graders (37.5%), 10 seventh graders (50.0%), and 21 eighth graders (37.5%). The
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frequencies of length-length-area/volume relationships strategy for the four non-

linear problems are provided in Table 4.5 below.

Table 4.5 Distribution of Length-Length-Area/Volume Relationships Strategy across
Grade Levels

Problems Grade Levels
6 7 8 Total
P4 23 52 99 174
(69.7%) (73.2%) (90.8) (81.7%)
P5 3 10 21 34
(37.5%) (50.0%) (37.5%) (40.5%)
P6 1 2 12 15
(10.0%) (40.0%) (41.4%) (34.1%)
P9 0 0 0 0
(0.0%) (0.0%) (0.0%) (0.0%)

Examples from students’ answers in the fourth, fifth, and sixth problems are

presented as illustration in Figure 4.14, Figure 4.15, and Figure 4.16 respectively.

4.Ozlem sinifinin taban alanini lgerek 25 m? olarak buluyor. Ozlem'in okulundaki sper
salenunun tabaninin kenar uzunjuklan bu sinifin kenar uzunluklarmm duguna gére
spor salonunun alani kag m¥dir? Gézium yolunuzu agik bir sekilde yaziniZ™ 1 (.0 ler_l;(

Alca= 2 Smt

Figure 4.14 Length-length-area relationship strategy for the fourth problem
As seen in Figure 4.14, the student assumed that the classroom had a square shape
and found the side lengths of the classroom as 5 m. Then he multiplied this length by

two and got the side length of the second classroom as 10 m. Then, he found the

correct answer for the area of the second classroom as 100 m?2. In other words, the
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student used the relationship between the side lengths of the two shapes and found
the area of the second shape. Participant 2 (Grade 6) explained his strategy and what

area meant to him in his own words as:

“...We multiply the lengths to find the area. Area means its base or inside
region. When I think of the class as a square, the side lengths of the square
become 5. I thought the class as a square since thinking of it as a rectangle
would be difficult. I multiplied 5 by 2 since it is stated that the side lengths
become twice as much of the other. Then I multiplied the side lengths to

find the area i.e. 10x10 and found 100.” (Participant 2, Grade 6)

[...Alan1 bulmak i¢in kenarlar1 carpariz... Alan cismin kapladig
taban...ylizey ya da i¢ kismi. Sinifi kare olarak diisiiniince bir kenar 5 m
oluyor... Dikdodrtgen olarak diisinmek zor olurdu diye kare olarak
diisiindiim. Kenar uzunluklar 2 kat dedigi i¢in 5’1 2 ile ¢arptim 10 oldu.
Sonra alan1 bulmak i¢in kenarlar1 ¢arptim yani 10 ile 10 u carptim 100

oldu.]

Another student’s answer in the sixth problem that was coded as length-length-area

relationships strategy is presented in Figure 4.15 below.
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Tarkiye'nin yiiz dlgimine karsilik gelen-alan@5 cin™dir. Buna gére-Ankare-ile-Istenbul arasi
uzald@o@ oldugu agafida Sekil 2'de verilen diger bir haritada Tirkiye'nin ylz dlgimine
kargiik gelen alan kag cm? olur? Gézim yolunuzu agik bir sekilde yaziniz.
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6. Ankara ile Istanbul arasi uzakigin 1 cm %sagmﬂi&mm 'de verilen bir haritada
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Figure 4.15 Length-length-area relationship strategy for the sixth problem

As seen in Figure 4.15, the student assumed that the maps had square shapes and
found the side lengths of the map as 5 m. Then he multiplied the side length by 2 to
get the side length of the second map. Then he found the correct answer for the area
of the second map as 100 m? In other words, the student used the relationship
between the side lengths of the two shapes to find the area of the second shape.
Participant 11 (Grade 8) explained his thinking and solution strategy in the interview

as follows:

“...I tried to find the side lengths on the first map. Since the area is 25 the
side length is 5. Then I multiplied this length by 2 in order to find the side
length on the second map. Then I found the area of the second map as 100
by multiplying the two lengths. The distance between Ankara and Istanbul
increased twice on the second map. Hence, all the lengths should increase

twice.” (Participant 11, Grade 8)

[...1lk haritadaki kenar uzunluklarini bulmaya calistim. Alan 25 oldugu icin

kenar 5 olur. Ikinci haritadaki kenar uzunlugunu bulmak i¢in bu uzunlugu 2
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ile carptim. Bu iki kenar1 carparak ikinci haritanin alanini 100 buldum.
Ikinci haritada Ankara ile Istanbul aras1 2 katmna ¢ikmus Bu yiizden tiim

uzunluklar 2 katina ¢ikmalt. ]

Another correct answer in the fifth problem that was coded as length-length-volume

strategy is presented in Figure 4.16 below.

/S./Bfr okulun dikdortgenler prizmasi seklindeki yiizme havuzu 70 m? su kapasitesine sahiptir. Bu
yizme havuzunun eni, boyu ve yiksekliginin her birinin 2 kati boyutlara sahip diger bir yilzme
havuzunun su kapasitesi ne kadar olur? Cozimiinizi agik bir bigimde ifade ediniz.

25 .2.1: 30~ L7
10.L-22 SEO0m

Figure 4.16 Length-length-volume relationship strategy for the fifth problem

As seen in Figure 4.16, the student assumed that the rectangular prism shaped pool
had the dimensions as 35 m, 2 m, and 1 m. Then he multiplied all the lengths by two
to get the dimensions of the second swimming pool as 70 m, 4 m, and 2 m. Then he
found the correct answer for the volume of the second swimming pool as 560 m*. In
other words, the student used the relationship between the dimensions of the two
shapes in order to find the volume of the second shape. In order to support this
finding and ensure that the student used the strategy mentioned above, the

explanations of Participant 10 (Grade 8) in the interview are stated as follows:

“I gave values to dimensions as 35 m, 2 m, and 1 m so that the volume
would be 70. Then I multiplied each of these lengths by 2 and found the
new lengths. Then the volume became 560.” (Participant 10, Grade 8)

[Kenar uzunluklarina deger verdim uzunluk 35 m, 2 m ve yiikseklik 1m
olacak sekilde boylece hacim 70 oldu. Sonra bu uzunluklart tek tek 2 ile

carptim yeni uzunluklar: buldum. Onun da hacmi 560 oldu.]
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4.2.2.2 Length-Area/Volume Relationships Strategy

The second correct solution strategy for non-linear problems was to use direct non-
linear relationships between the length and the area or between the length and the
volume. This strategy was named as length-area/volume relationships since students
used direct relationships between the length and the area or the length and the
volume of geometrical figures. For instance, this category included students’ answers
implying that the area would be four times larger and the volume would be eight
times larger when the side lengths of a figure gets twice as much. Analysis revealed
that the students used this strategy for solving the fourth, sixth, and ninth problems
which were categorized as non-linear area. Besides, the strategy was employed for
the fifth problem which was categorized as non-linear volume. The analyses of the
achievement test showed that few students used this strategy for solving the fourth,
sixth, and ninth non-linear area problems. Specifically, 39 students (18.3%) among
213 students who answered the fourth problem correctly obtained the correct answer
by this strategy. This number included 10 sixth graders (30.3%), 19 seventh graders
(26.8%), and 10 eighth graders (9.2%). In addition, 29 students (65.9%) among 44
whose answers in the sixth problem were correct used the mentioned strategy. This
number included 9 sixth graders (90.0%), 3 seventh graders (60.0%), and 17 eighth
graders (58.6%). Besides, no student from any grade used the mentioned strategy for
the ninth problem. Similarly, some students used this strategy for the fifth non-linear-
volume problem. The number of students who used the mentioned strategy for the
fifth problem was 50 (59.5%) among 84 students who answered the problem
correctly. This number was constituted of 5 sixth graders (62.5%), 10 seventh
graders (50.0%), and 35 eighth graders (62.5%). The frequencies of length-
area/volume relationships strategy for the four non-linear problems are provided in

Table 4.6 below.
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Table 4.6 Distribution of Length- Area/Volume Relationships Strategy across Grade

Levels
Problems Grade Levels
6 7 8 Total
P4 10 19 10 39
(30.3%) (26.8%) (9.2%) (18.3%)
P5 5 10 35 50
(62.5%) (50.0%) (62.5%) (59.5%)
P6 9 3 17 29
(90.0%) (60.0%) (58.6%) (65.9%)
P9 0 0 0 0
(0.0%) (0.0%) (0.0%) (0.0%)

Examples from students’ correct answers in the fourth, fifth, and sixth problems are

presented as illustration in Figure 4.17, Figure 4.18, and Figure 4.19 respectively.

4.Ozlem sinifinin taban alanini dlgerek 25 m? olarak buluyor. Ozlem'in ckulundaki spor
salonunun tabaninin kenar uzunluklar bu sinifin kenar uzunluklarinin iki kab olduguna gére

spar salonunun afani kag m”'dir? Cézium yolunuzu agik bir gekilde yaziniz.

Ale~ mid_@u iGin T ok d@ﬂ Bt kol oWwur
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Figure 4.17 Length-area relationship strategy for the fourth problem

The given problem included two rectangular shapes; one of which had side lengths

two times as much as the first one. The relationship between the areas of these

shapes and their side lengths was asked to the students. The students were required to

find the area of the second shape, which had sides two times as much as the first

shape, by using the area of the first shape. The area of one shape was given while

side lengths were not provided in the problem. As seen in Figure 4.17, the student

figured out that the area of the second shape would be four times larger than the area

of the first shape, and directly found the correct answer by multiplying the area of the

first shape by four. When Participant 4 (Grade 6) was asked to further explain this
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solution and reasoning, it was ensured that the student multiplied the area of the first
shape by four by understanding the relationship between the length and the area of
the shape by the following statements:

“...The side lengths of the sport hall are twice as much as those of the class.
That is, all the sides are twice as much... The area would be four times
bigger since it increases in two ways, the top and the side. That is, the side
length gets two times larger and also the top gets two times larger.
Therefore area becomes four times as much. So, four classrooms would fit

into the sports hall.” (Participant 4, Grade 6)

[...Spor salonunun kenar uzunluklar1 sinifin 2 katiymis... Tim kenarlar 2
kattymais... Alan 4 katina ¢ikar ¢ilinkii sadece bu kismi artmiyor alt kismi1 da
iist kism1 da yandan da artiyor. O yilizden yan kenar 2 katina cikiyor ist
kenar da 2 katina ¢ikinca alan da 4 katina c¢ikmis oluyor. Boylece spor

salonunda bu simiftan 4 tane olmus oluyor.]

Another participant’s answer in the fifth problem which was coded as length-volume

relationship is presented in Figure 4.18 below.

5. Bir okulun dikdértgenler prizmasi sekfindeki ylizme havuzu 70 m® su kapasizesine sahiptir. Bu
yilzme havuzrunun eni, hoyu ve yiksekliglnin her birinin 2 kat boyutlara sahip diBer bir ylizme
havuzunun su kapasitesi ne kadar olur? CozUmOn0zl agik bir bigimde ifade ediniz,

v Rele )(f_‘ ¥ rfomg
x%de, X4 < % -

Figure 4.18 Length-volume relationship strategy for the fifth problem

The given problem was related to the volume of a swimming pool. The students were
required to find the volume of another swimming pool whose dimensions were two
times as much of this swimming pool. As seen in Figure 4.18, the student figured out
that the volume of the second swimming pool would be eight times as much as the

volume of the first swimming pool. He directly found the correct answer by
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multiplying the volume of the first swimming pool by eight. The answer of
Participant 12 (Grade 8) was placed in length-volume relationship category since it
was ensured that he considered the relationship between the length and the volume of

the swimming pool as follows:

“...The bottom becomes twice as much and the side becomes twice as
much; hence the base becomes four times as much. In addition, the height
becomes twice as much; therefore the volume gets eight times as much. It
says the length, width, and height in the problem; hence there are 3 each 2.
We have to multiply by 2 three times and it makes 8 times. I multiplied 70
by 8 and found 560. In fact, we have to take into consideration the depth

since it is related to the volume and m*.” (Participant 12, Grade 8)

[...Suras1 2 artiyor surast 2 artiyor burasi (taban) 4 katina cikiyor. Bir de
yiiksekligi 2 katina ¢iktig1 icin 8 kat artiyor. Burada eni boyu ve yiiksekligi
dedigi i¢in 3 tane 2 var o yiizden 3 kere 2 ile carpmamiz lazim o yiizden 8
kat olur. 70 ile de 8 i carparak 560 olarak buldum. Zaten hacim oldugu i¢in

m? oluyor derinligi falan da diistinmemiz lazim]

Another participant’s answer in the sixth problem which was coded as length-area

relationship is provided in Figure 4.19 below.

6. Ankara ile Istanbul aras| uzakligin 1 cm oldugu agadida Sekil 1'de verilen bir haritada
Turkiye'nin yliz dlgiimiine kargilik gelen alan 25 cm™dir, Buna gére Ankara ile Istanbul aras)
uzakligin 2 cm oldugu agadida Sekii 2'de verilen diger bir haritada Turkiye'nin ylz élgimiine
karsilik gelen alan kag em? olur? Gézim yolunuzu agik bir sekilde yaziniz.

Gorks T tah ve olon  problen
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Figure 4.19 Length-Area relationship strategy for the sixth problem
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The given problem was related to comparing the areas of the two maps based on the
information implying that the distance between the two cities on the second map was
two times as much as the distance between the same cities on the first map. The side
lengths of the maps were not given; yet the distance between the two cities and the
area of the country on the first map were provided. The distance between the same
two cities was provided on the second map that had a different scale. The area of the
country on the second map was asked to the students. Students were required to think
about the fact that the real distance between the cities and the real area of the country
would not change and to find the area of the second map by using area of the first
map. As seen in Figure 4.19, Participant 8 (Grade 7) figured out that the area on the
second map would be 4 times as much as the area of the first map and directly found
the correct answer by multiplying the area of the first map by four. Interview data

supported this finding as follows:

“...The distances become twice as much since the scales of the maps are
different. In other words, the scale is twice the size of the other. Hence all
the lengths become twice as much. The side lengths of the maps became
twice as much and hence the area will become four times as much.”

(Participant 8, Grade 7).

[...Haritalarin Olgekleri farkli oldugundan uzakliklar 2 katina ¢ikmis. Yani
Olcekleri birbirinin 2 kati. Tiim uzunluklar 2 katina ¢ikmis oluyor. Haritanin

kenarlar1 da 2 katina ¢ikar o ylizden alan da 4 katina ¢ikmis olur.]

Students’ correct solution strategies for linear and non-linear problems were

summarized in Table 4.7 below.

Table 4.7 Students’ correct solution strategies for linear and non-linear problems

Linear Problems Non-linear Problems
Questionable Proportion Length-length-area/volume relationship
Reasonable Proportion Length-area/volume relationship
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4.3 Reasons for Incorrect Answers in Linear and Non-linear Problems

The third research question of the study is related to investigating the underlying
reasons for students’ incorrect answers in linear and non-linear problems regarding
length, perimeter, area, and volume concepts. In order to answer this research
question, each student’s written solutions in the achievement test were analyzed, and
the interview transcripts were explored in detail. These two sources of data were
used so as to support each other. Analysis of the achievement test supported with the
analysis of the interviews transcripts revealed that there were some common reasons
and some reasons specific-to-linear and specific-to-non-linear problems underlying

students’ incorrect answers.

The common reasons for incorrect answers in linear and non-linear problems are
operational mistakes, incomplete answers, misinterpretation of additive and
multiplicative reasoning, and inadequacy in geometrical knowledge. The one and
only reason specific to incorrect answers in linear problems is misinterpretation of
proportional situations, and the one and only reason specific to incorrect answers in
non-linear problems is illusion of linearity. These reasons with their frequencies and

percentages compared to all students are presented in Table 4.8 below.
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Table 4.8 Underlying reasons for students’ incorrect answers in linear and non-linear

problems
Underlying Reasons for Incorrect Underlying Reasons for Incorrect
Answers in Linear Problems Answers in Non-Linear Problems

Common Underlying Reasons

for Incorrect Answers
1. Misinterpretation of 1. Inadequacy in Geometrical 1. Illusion of Linearity
Proportional Situations ~ Knowledge (between 42.9% and
(at most 2.1%) (approximately between 78.5%)

3.7%% and 10.6%)

2. Misinterpretation of
Additive and Multiplicative
Reasoning (between 4.0% and
4.5%5.0%)

3. Operational Mistakes
(at most 1.9%)

4. Incomplete Answers
(at most 2.5 %)

As seen in Table 4.8, the percentage of misinterpretation of proportional situations is
at most 2.1% among all students, the percentage of inadequacy in geometrical
knowledge is between 3.7% and 10.6%, the percentage of misinterpretation of
additive and multiplicative reasoning is at most 4.5%, and the percentage of
operational mistakes is approximately at most 2.0%, the percentage of incomplete
answers is at most 2.0%, and the percentage of illusion of linearity was

approximately between 42.9% and 78.5% among all students.

The results of the analysis for the third research question are presented in three
sections. In the first part, analysis of the reasons for students’ incorrect answers that
are common in linear and non-linear problems is stated. Later, analysis of the
underlying reasons specific to incorrect answers in linear problems and non-linear

problems is provided respectively.
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4.3.1 Common Reasons for Incorrect Answers in Linear and Non-linear

Problems

Content analysis of the achievement test supported by the analysis of the interview
transcripts revealed that there were four underlying reasons for incorrect answers that
are common in linear and non-linear problems. These common reasons were
operational mistakes, incomplete answers, misinterpretation of additive and
multiplicative reasoning, and inadequacy in geometrical knowledge. These reasons
are explained in the following parts as parallel to their frequencies from the most

frequent to the least frequent in detail.

4.3.1.1 Inadequacy in Geometrical Knowledge

The first common reason for students’ incorrect answers in both linear and non-linear
problems was related to students’ inadequate knowledge in geometry. This category
was related to students’ inadequate knowledge in properties of figures and their
confusion of geometrical terms or concepts. It was observed that inadequacy in
geometrical knowledge constituted a challenge mostly for the seventh linear and
fourth non-linear problems. More specifically, the seventh problem was answered
incorrectly due to students’ inadequate knowledge in properties of figures, and the
fourth problem was answered incorrectly due to confusion of geometrical terms area
and perimeter. The number of students who answered the seventh problem
incorrectly due to their inadequate knowledge in properties of figures was 99(64.3%)
among 154 students who answered the problem incorrectly. This number was
constituted of 43 sixth graders (63.2%), 37 seventh graders (77.1%), and 18 eighth
graders (50.0%). Besides, 65 students (11.9%) among 545 answered the fourth item
incorrectly due to confusion of the concepts of area and perimeter. The distribution
of this number into the grade levels is as follows: 23 sixth graders (12.3%), 30
seventh graders (12.8%), and 12 eighth graders (9.7%). Since the percentage of the
number of students whose answers were incorrect due to inadequacy in geometrical
knowledge was calculated by dividing this number by the the number of students
whose answers were correct for the problem, the total number of answers of sixth,

seventh, and eighth graders are not equal to 100.0%. The frequencies of incorrect

107



answers due to inadequacy in geometrical knowledge are provided in the Table 4.9

below.

Table 4.9 Distribution of Inadequacy in Geometrical Knowledge across Grade Levels

Problems Grade Levels
6 7 8 Total
P4 23 30 12 65
(12.3%) (12.8%) (9.7%) (11.9%)
P7 43 37 (77.1%) 19(50.0%) 99(64.3%)
(63.2%)

An example of incorrect answer in the seventh problem due to inadequacy in

geometrical knowledge is provided in Figure 4.20 below.

7. Asl, kUp seklindeki kumbarasinin dig y0zlerini boyamak istiyor, Asli'min bu kumbaranin bir
ylzinl boyamasi igin 10mi beya gerekiyorsa, kumbaranin dig yizlerinin hepsini boyamasi
icin kag ml boya gerekir? Cozim yolunuzu agik bir $ekilde yazimz.

e

kb pon =l Yemart verd

Figure 4.20 Inadequacy in geometrical knowledge (properties of figures) obtained
from the solution of the seventh problem

The seventh problem was related to the amount of paint in order to paint all the faces
of a moneybox when the amount of paint for one face was given. As can be seen in
Figure 4.20, Participant 1 (Grade 6) thought that the number of faces of a cube equals
to four. Therefore he multiplied the amount of paint for one face with four. This
reflected his inadequate knowledge in properties of the cube. Furthermore, it was
also seen in the interview transcripts that the student used the word “side of the cube”
instead of “face of the cube”, and he confused the cube with a square. His sayings are

stated as follows:
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“...A cube has 4 sides and it is given in the problem that the paint for one
side is 10 ml. I multiplied 10 by 4 to find the paint needed for all sides...
Cube is similar to a square since it has 4 sides. All sides are equal to each
other. If the moneybox were rectangular prism the answer would be the
same, it is similar to a rectangle since it also has 4 sides.” (Participant 1,

Grade 6)

[...Kiipiin 4 kenar1 vardir, problemde bir kenar i¢in 10 ml boya gerekiyor
diyor. 10 ile 4’1 ¢arparak tiim kenarlar i¢in gereken boyay1 40 buldum. Kiip
iste kare gibi, 4 kenar1 var o ylizden. Bu kenarlar da esit birbirine. Kumbara
dikdortgenler prizmasi seklinde olsaydi da cevap yine ayni olurdu, o da

dikdortgene benziyor 4 kenari var. |

Another example of incorrect answers in the fourth problem due to confusion of

terms is provided in Figure 4.21 below.

4.0zlem sinifinin taban alanini digerek 25 m? olarak buluyor. Ozlem'in ckulundaki spor
salonunun tabaninin kenar uzuniuklari bu sinifin kenar uzuniuklaninin iki kat olduguna goére
spor salonunun alani kag m*dir? Céziim yolunuzu agik bir sekilde yaziniz.

25

=L andun taberuun. B banos up.unh}u
6x'2_=l’lapor/wﬂs(wmiaﬁm.um bir Bonor veunligu
{Q,xli-=hﬂvf'w selonunun. tebarun., done.
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Figure 4.21 Inadequacy in geometrical knowledge (confusion of terms) obtained
from the solution of the fourth problem

As can be seen in Figure 4.21, the student found the side length of the classroom by
dividing the area by four. Then, he multiplied the side length of the classroom by two
in order to obtain the side lengths of the sport hall. Lastly, in order to find the area of
the sport hall, he multiplied the length by four. In other words, the student applied
the rules for calculating the perimeter rather than the area at two steps of his solution
while calculating the side length of the first classroom and, also, while finding the

area of the sport hall. Participant 3 (Grade 6) explained this solution strategy in the
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interview, too. Moreover, when he was asked questions about the related concepts in
the problem in order to understand his knowledge about the area concept, it was seen
that he did not understand the meaning of the concept of area. In addition, it was seen
that he thought that the area could be calculated by multiplying the lengths by four.

His words are stated below as:

“I found the side of the classroom as 6 by dividing the area by 4. I
multiplied 6 by 2 since it says the other classroom has lengths twice as
much as this one. Then I multiplied 12 by 4 to find the area of the second
classroom...I multiplied the length by 4 in order to find the area of the
square. But the area is already given in this problem; hence I divided the
area by 4 for finding the side...That is I did the reverse... Finally, I
multiplied by 4 as usual. ” (Participant 3, Grade 6).

[Alan1 4’e bolerek siifin kenar uzunlugunu 6 buldum, 6’y1 2 ile carptim
¢linkii ikincinin kenar1 2 kati diyor. 12 ile de 4 ¢arparak ikincinin alanini 48
buldum... Karenin alanin1 bulmak i¢in kenar1 4 ile carparim. Ama bize
soruda alan verilmis zaten o yiizden kenar i¢in 4’e boldiim... Tersini yaptim

yani... En sonda da bu sefer normal olarak 4 ile ¢arptim.]

4.3.1.2 Misinterpretation of Additive and Multiplicative Reasoning

The second common underlying reason for students’ incorrect answers in linear and
non-linear problems was misinterpretation of additive and multiplicative reasoning.
This category was related to students’ tendency to use additive reasoning for solving
linear and non-linear problems where multiplicative reasoning was needed. Data
analysis revealed that misuse of additive and multiplicative reasoning prevented
students from answering the fifth and eighth problems correctly. The fifth problem
was non-linear whereas the eighth problem was linear. The answers of 42 students
(7.2%) among 583 students in the fifth problem were determined as incorrect since
they used additive reasoning instead of a multiplicative one. This number was
constituted of 11 sixth graders (5.9%), 26 seventh graders (10.6%), and 5 eighth
graders (3.3%). Moreover, the eighth problem was answered incorrectly by 37
(22.8%) students among 162 students due to the misuse of additive reasoning instead

of a multiplicative one. More specifically, 23 sixth graders (27.1%), 8 seventh
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graders (18.2%), and 6 eighth graders (18.2%) answered the eighth item incorrectly
since they used additive reasoning inappropriately. These frequencies of incorrect
answers due to misinterpretation of additive and multiplicative reasoning are

provided in the Table 4.10 below.

Table 4.10 Distribution of Misinterpretation of Additive and Multiplicative

Reasoning across Grade Levels

Problems Grade Levels
6 7 8 Total
P5 11 26 5 42
(5.9%) (10.6%) (3.3%) (7.2%)
P8 23 8 6 37
(27.1%) (18.2 %) (18.2%) (22.8%)

An example of incorrect answer in the fifth problem due to misinterpretation of

additive and multiplicative reasoning is given in Figure 4.22 below.

hﬁd-akwuzmahwuau-?‘ﬂ-m su kapasitesine sahiptir.
Bu yiizme hawzunur{ en boyu ve yuks&kllgmm hier birinin 2 kati boyutlara sahlp diger bir  ——
ylzme havuzuniun su kapasitesi ne kadar olur? Gozim yolunuizu agik bir sekilde yaziniz.

I = D oy = Hisafh = 30 Toplan =404 30 44
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Figure 4.22 Misinterpretation of additive and multiplicative reasoning obtained from
the solution of the fifth problem

As can be seen in Figure 4.22, the student thought the 70 m?® as the dimensions of the
swimming pool and multiplied the dimensions by two for each dimension, and then
added them up. Even though he misunderstood the problem, it was deduced that the
thinking of the Participant 5 (Grade 7) was related to the additive reasoning which

was supported by the interview transcripts:
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“Firstly, I found for one length by multiplying by 2. Since each dimension
becomes twice as much we have to multiply the length 3 times by 2.”

(Participant 5, Grade 7)

[...1Ik olarak, bir kenar icin nasil oldugunu buldum. Her boyut 2 katina

¢iktig1 icin uzunluklar1 3 defa 2 ile ¢arpmaliyiz.]

On the other hand, when the participant was asked to further explain and state the
reasons for this solution strategy, he drew a diagram in which he started with an
arbitrary length, multiplied it by two at the first step, and added two more shapes in

the next two steps. For instance:

“If the length is this (...draws the length and shows it) then it would be this
(adds one more length) in the first step. Then I add two more lengths in the
second step and also in the third step and get 6.” (Participant 5)

[Eger uzunluk buysa (...uzunlugu ciziyor ve gosteriyor) ilk énce bu olur
(ayn1 uzunluktan bir tane daha ekliyor). Daha sonra ikinci ve ti¢lincii adimda

da 2’ser tane daha eklersek 6 tane olur.]

The drawing related to the explanation of the student is provided in Figure 4.23

below.
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Figure 4.23 The drawing related to the explanation of the student in the fifth problem

Another example of incorrect answer in the eighth problem due to misinterpretation

of additive and multiplicative reasoning is given in Figure 4.24 below.

112



.. Bir Tarkiye haritasinda Adana ile Antalya arasi uzaklik 5 cm ve Antalya Mugla arasi
Jzaklik 3 cm'dir. Diger bir Tarkiye haritasinda ise Adana ile Antalya arasi uzakhk 10 cm'dir.
3una gére, bu haritada Antalya'nin Mugla'ya uzaklidi ne kadardir? GCézim yolunuzu agik bir

e Wartrinde A vre Ao gkl oas R
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o Bune asce (Q\n,}q\gﬂ_,uu«‘ﬂe. L 350 S o Aoy
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e
In Figure 4.24, it was seen that the student thought that the distance between Adana
and Antalya on the first map was increased by 5 cm on the second map. Then, he
decided that the distance between Antalya and Mugla on the first map had to be
increased by the same amount on the second map. In other words, Participant 1

(Grade 6) used an additive reasoning where multiplicative reasoning was required.

This finding also had a support from the interview transcripts:

“... The distance between Ankara and Antalya became 10 cm on the second
map whereas it was 5 cm on the first map. That means the distance became
Scm longer. Therefore the distance between Antalya and Mugla should be 8
cm by getting 5 cm longer as well...... The distances get longer because the
scale of the map grows. The answer is 8 since the lengths should increase by

the same amount.” (Participant 1, Grade 6)

[...1Ik haritada Ankara Antalya aras1 uzaklik Scm iken ikinci haritada 10 cm
olmus. Yani uzaklik 5 cm artmis. O zaman Antalya Mugla arasi da 5 cm
artarak 8 cm olmalidir... Uzakliklar artiyor ¢iinkii haritanin 6l¢egi biiytiyor.

Ayn1 miktarda biliylime olmali o yiizden 8 olur.]
4.3.1.3 Operational Mistakes
The third common underlying reason for students’ incorrect answers in linear and
non-linear problems was operational mistakes. This category was related to students’

mistakes in four basic operations while solving the linear and non-linear problems.

Students’ incorrect answers due to only operational mistakes with correct reasoning
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were placed in this category. It was seen that operational mistakes constituted a
barrier for students to answer the linear and non-linear problems correctly. These
mistakes were more frequent in linear problems than in non-linear problems. Indeed,
the third problem among the linear problems and the fifth problem among the non-
linear problems were mostly incorrectly answered problems due to operational
mistakes. Answers of 18 students (10.5%) among 172 whose answers were incorrect
for the third problem were due to operational mistakes. This number included 6 sixth
graders (7.1%), 7 seventh graders (12.7%), and 5 eighth graders (15.2%) among the
ones who answered the problem incorrectly in terms of grade levels. On the other
hand, 8 students (1.4%) among 583 who answered the fifth problem incorrectly made
operational mistakes. This number was constituted of 1 sixth grader (0.5), 1 seventh
grader (0.4%), and 6 eighth graders (3.9%). These frequencies of incorrect answers

due to operational mistakes are provided in the Table 4.11 below.

Table 4.11 Distribution of Operational Mistakes across Grade Levels

Problems Grade Levels
6 7 8 Total
P3 6 7 5 18
(7.1%) (12.7%) (15.2%) (10.5%)
P5 1 1 6 8
(0.5%) (0.4%) (3.9%) (1.4%)

An example of incorrect answer due to operational mistakes in the third linear

problem is presented for illustration in Figure 4.25 below.
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3 Bir yelkenli, yangapi 35 km olan daire geklindeki bir adanin etrafindaki turunu 6 saatte
tamamlayabiliyor. Ayni adanin yanigap 70 km olsaydi bu yelkenli aym hiziyla ada etrafindaki
turunu kac saatte tamamlayabilirdi? C8zUm yolunuzu agik bir sekilde yaziniz.

35‘ \>< (5 %{Fx :;/éﬁlé
30 K F-x =106
/!')(‘:S*‘E’ _[__
x= QO a0

Figure 4.25 Operational mistakes obtained from the solution the third problem

As seen in Figure 4.25 the student wrote the proportion between the radii of the
islands and the time periods needed to sail around those islands. Then he applied the
properties of direct proportion but he made an operational mistake while simplifying

5 and 10 by dividing both by 5 at the end of the solution.

Another example of incorrect answer due to operational mistakes in the fifth non-

linear problem is provided for illustration in Figure 4.26 below.

5. Bir okulun dikdérigenier prizmasi geklindeki yizme havuzu 70 m® su kapasitesine sahiptir.
Bu ylzme havuzunun eni, boyu ve ylkseklidinin her birinin 2 kati boyutlara sahip diger bir
ylzme havuzunun su kapasitesi ne kadar olur?-Gazim yolunuzu agk bir sekilde yazimz.
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Figure 4.26 Operational mistakes obtained from the solution of the fifth problem
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As can be seen in Figure 4.26, the student drew dimensions of a rectangular prism
shape, found the lengths of the second swimming pool, and wrote that the volume
increases by 8; yet he made an operational mistake while multiplying the volume of
the first swimming pool by 8. He multiplied 70 by 8 and found the answer as 420
instead of 560.
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4.3.1.4 Incomplete Answers

The fourth and the last common underlying reason for students’ incorrect answers in
linear and non-linear problems is related to the incomplete answers of students. This
category is related to students’ incomplete answers with correct reasoning. In other
words, the answers of students who attempted to solve the problem with a correct
reasoning but left the problem unanswered were placed in this category. The analysis
showed that 23 students (13.4%) among 172 students who answered the third
problem incorrectly left the problem as incomplete. This number was constituted of 7
sixth graders (8.3%), 10 seventh graders (18.2%), and 6 eighth graders (18.2%).
Moreover, the answers of 13 students (2.4%) among 583 who answered the fifth
problem incorrectly were placed in the category of incomplete answers. This number
was constituted of 1 sixth grader (0.5%), 5 seventh graders (2.1%), and 7 eighth

graders (5.6%). These frequencies are summarized in Table 4.12 below.

Table 4.12 Distribution of Incomplete Answers across Grade Levels

Problems Grade Levels
6 7 8 Total
P3 7 10 6 23
(8.3%) (18.2%) (18.2%) (13.4%)
P4 1 5 7 13
(0.5%) (2.1%) (5.6%) (2.4%)

An example of a student’s answer in the third problem which was coded as

incomplete answer is given below in Figure 4.27 below.

116



3.Bir yelkenli, yarigapi 35 km olan daire geklindeki bir adanin etrafindaki turunu 6 saatte
tamamiayabiliyor. Ayni adamin yarigap 70 km olsaydi bu yelkenli ayni hiziyla ada etrafindaki
turunu kag saatte tamamiayabilirdi? C6zim yolunuzu agik bir gekilde yazimz.

-

\FOk= 7

Figure 4.27 Incomplete answer obtained from the solution of fifth problem

As seen in Figure 4.27 above, the student wrote a proportion between the radii of the
circular islands and the time periods needed to sail around these islands. However,
the student did not bring the solution to the end. He might have experienced

challenges in applying the cross product algorithm or skipped the remaining part.

Another example of a student’s answer in the fifth problem which was coded as

incomplete answer is given below in Figure 4.28 below.

5. Bir okulun dikdértgeni vuzu 70 m® su kapasi
Bu yizme havuzunun eni, boyu ve ylksekliginin her birinin 2 kati boyutlara sahip diger bir
ylzme havuzunun su kapasitesi ne kadar olur? Cozim yolunuzu agik bir sekilde yaziniz.

Teko cont + bl SR e
AL~ CA

Figure 4.28 Incomplete answer obtained from the solution of fifth problem

As can be seen in Figure 4.28, the student wrote down the volume formula of the
swimming pool as base times height. He thought that the volume is multiplied by 2
for each of the three dimensions. It is seen that the student used a correct reasoning

but he did not complete his solution and find the correct answer.
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4.3.2 Reasons Specific to Incorrect Answers in Linear Problems

The analysis of the achievement test supported by the analysis of the interview
transcripts revealed one and only one underlying reason that is only specific to
incorrect answers in linear problems. The one and only reason specific to incorrect
answers in linear problems was misinterpretation of proportional situations. This
category included students’ tendency to apply inverse proportion where direct
proportion was needed based on the conventions in mathematics lessons. Data
analysis showed that the third problem was the mostly incorrectly answered problem
due to misinterpretation of proportional situations. The number of students who gave
incorrect answers in the third problem due to misinterpretation of proportional
situations was 20 (11.6%) out of 127 who answered the problem incorrectly. The
distribution of this number to grade levels was as follows: 4 sixth graders (4.8%), 13
seventh graders (23.6%), and 3 eighth graders (9.1%). The frequencies are

summarized in Table 4.13 below.

Table 4.13 Distribution of Misinterpretation of Proportional Situations across Grade

Levels
Problem Grade Levels
6 7 8 Total
P3 4 13 3 20
(4.8%) (23.6%) (9.1%) (11.6%)

An example of incorrect answer in the first problem due to misinterpretation of

proportional situations is presented in Figure 4.29 below.
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1.Ciftgi Ahmet kenar uzunlugu 100m olan kare seklindeki bahgesinin etrafina yapacadi
sulama kanalim 4 glinde kazabiliyor. Ayni bahgenin kenar uzunlugu 300m olsaydi Ahmet
ayni hizda galigarak bu kanali kag giinde kazabilirdi? Gézim yolunuzu agik bir sekilde

yazinz.
100> 4
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Figure 4.29 Misinterpretation of proportional situations obtained from the solution of
the first problem

As can be seen in Figure 4.29, the student wrote a proportion between the side
lengths of the pastures and the time periods needed to dig around these pastures.
Then, he applied the properties of inverse proportion instead of the direct one. When
Participant 1 (Grade 6) was asked about the reasons for his solution strategy in the
interviews, it was understood that his understanding of proportion was only
procedural. Besides, it was seen that he used inverse proportion since he was taught

that work problems had to be solved by using inverse proportion. To illustrate:

“It is written in the problem statement that Farmer Ahmet digs around the
pasture with side length 100 m in 4 days. Hence in order to find in how
many days he digs around the second pasture I used ratio and proportion.
But I used an inverse proportion. Because, we use inverse proportion in

work problems.” (Participant 1, Grade 6)

[Soruda Ciftci Ahmet’in 100 m kenari olan bahgenin etrafin1 4 giinde
tamamliyor diyor. Bu ylizden ikinci zamani bulmak i¢in oran oranti
kullandim. Ama ters orant1 kullandim. Ciinkii is¢i problemlerinde ters oranti

kullaniriz. ]

4.3.3 Reasons Specific to Incorrect Answers in Non-linear Problems

Analyses of data revealed one and only one underlying reason that was only specific
to incorrect answers in non-linear problems. This reason was related to students’

tendency to apply linear solution strategies where non-linear solution strategies were
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needed and named as illusion of linearity. The illusion of linearity was a major
reason for incorrect answers in all of the four non-linear problems. The frequencies

are summarized in Table 4.14 below.

Table 4.14 Distribution of Illusion of Linearity across Grade Levels

Problems Grade Levels
6 7 8 Total
P4 129 183 89 401
(69.0%) (78.2%) (71.8%) (73.6%)
P5 132 172 113 417
(71.0%) (70.2%) (74.3%) (71.5%)
P6 157 281 187 625
(84.9%) (95.6%) (93.5%) (92.0%)
P9 181 319 234 734
(76.4%) (92.5%) (91.4%) (87.6%)

As seen in Table 4.14, 401 students (73.6%) among 545 answered the fourth problem
incorrectly due to illusion of linearity. The distribution of this number into the grades
was as follows: 129 sixth graders (69.0%), 183 seventh graders (78.2%), and 89
eighth graders (71.8%). Moreover, the answers of 417 students (71.5%) among 583
students in the fifth problem were found to be incorrect due illusion of linearity. This
number was constituted of 132 sixth graders (71.0%), 172 seventh graders (70.2%),
and 113 eighth graders (74.3 %). For the sixth problem, illusion of linearity
constituted a challenge for 625 students (92.0%) among 679 students. The
distribution into grade levels was as follows: 157 sixth graders (84.9%), 281 seventh
graders (95.6%), and 187 eighth graders (93.5%). Lastly, the number of students who
answered the ninth problem incorrect due to illusion of linearity was 734 (87.6%)
among 838 students who answered the ninth problem incorrectly. This number was
constituted of 181 sixth graders (76.4%), 319 seventh graders (92.5%), and 234
eighth graders (91.4%).

Examples of incorrect answers in fourth, fifth, sixth, and ninth problems due to
illusion of linearity are presented in Figure 4.30, Figure 4.31, Figure 4.32, and Figure
4.33 respectively below.
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4.Ozlem sinifinin taban alanini 8igerek 25 md’ olarak buluyor. Ozlem'in okulundaki spor
salonunun tabanimin kenar uzuniuklan bu sinifin kenar uzunluklannin iki kat olduguna gére
spor salonunun alam kag m®dir? Cézim yolunuzu acik bir sekilde yaziniz.

2'151.t."h
2. . S
A5 Gomt Ait

Figure 4.30 Illusion of linearity obtained from the solution of the fourth problem

As can be seen in Figure 4.30, the student thought that the area of the shape had to be
multiplied by two since the side lengths were multiplied by two. In the interview,
Participant 9 (Grade 8) explained that he took only the problem sentence into
consideration. He said that he multiplied the area by two since the problem includes

the word “two times”. To illustrate:

“...The area of the classroom base is 25 m?. There is a sport hall who had
lengths 2 times of this classroom. The question asks how many m? the sport
hall is. I multiplied the area by 2 since it says it is 2 times of the classroom.
...The problem is related to the areas of the classroom and sport hall. I
didn’t find the lengths since it says it is 2 times of the classroom. I don’t

need to think anything else.” (Participant 9, Grade 8)

[...Smufin taban alan1 25 m? ymis. Bu smnifin kenar uzunluklarinin 2 kati
spor salonu varmis. Spor salonu ka¢g m? dir onu soruyor. 2 kat1 dedigi i¢in 2
ile ¢arptim... Soru smifin ve spor salonunun alanlarn ile ilgili. Kenar
uzunluklarin1 bulmadim ¢iinkii 2 kat1 diyor zaten baska bir sey diislinmeme

gerek yok.]

Another example of incorrect answer due to illusion of linearity obtained from the

solution of the fifth problem is presented in Figure 4.31 below.
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5. Bir okulun dikdzrtgenler arizmas: seklindeki yizme havuzue 70 m’ su kapasitesine sahiptir. Bu
ylizme havuzunun eni, boyu ve yiksekliginin her birinin 2 kati boyutiara sahip diger bir yilzme
havuzunun su kapasitesi ne kadar olur? Céziimiinizil agik bir bicimde ifade ediniz.
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Figure 4.31 Illusion of linearity obtained from the solution of the fifth problem

As seen in Figure 4.31, the student thought that the volume of the swimming pool
had to be increased at the same rate as the lengths, that is the volume had to be
multiplied by two. When Participant 7 (Grade 7) was asked about the reasons for this
solution, he implied that he did not focus on the volume concept but rather on the
problem statement. He told that he had to multiply the volume by two since it is
stated in the problem that the second swimming pool had lengths of the swimming

pool were twice as much as the first one. He stated:

“...The swimming pool has 70 m*® water capacity. I multiplied this by 2
since it says 2 times of this swimming pool and I didn’t consider anything
else. The problem is related to m? of the swimming pool. Volume means the
amount that an object can hold; like the water capacity in this problem. But I
didn’t consider the volume I just multiplied the given number by 2 since it

says 2 times of this swimming pool.” (Participant 7, Grade 7)

[...Havuz 70 m? liikk su kapasitesine sahipmis 2 kat1 dedigi i¢in 2 ile carptim
baska bir seye dikkat etmedim. Soru havuzun m? ii ile alakali yani hacmi ile
alakali. Hacim bir seklin igine alabildigi miktar demek, bu sorudaki su
kapasitesi gibi. Ama ben hacmi diistinmedim 2 kat dedigi i¢in verilen say1y1

direkt olarak 2 ile ¢arptim.]

Another example of an incorrect answer in the sixth problem due to illusion of

linearity is given in Figure 4.32 below.
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6. Ankara ile Istanbul aras) uzaklidin 1 cm oldufju agadida Sekil 1'de verilen bir haritada
Turkiye'nin yliz digomune karsilik gelen alan 25 cm®dir. Buna gore Ankara ile Istanbul arasi
uzakiigin 2 cm oldudu asagida Sekil 2'de verilen diger bir haritada Ttrkiye'nin yiz 8igiimine
karsilik gelen alan kag cm?olur? Géziim yolunuzu agik bir sekilde yaziniz.
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Figure 4.32 Illusion of linearity obtained from the solution of the sixth problem

As can be seen in Figure 4.32, the student thought that the area of the second map
had to be multiplied by two since the lengths were multiplied by two. When the
participant was asked to further explain and state his reasons for this solution strategy
in the interview, he implied that the increase in the area should be the same as the
increase in the lengths. Stated differently, Participant 3 (Grade 6) thought that the
relationship between the areas of the two maps would be linear instead of quadratic.

This idea found a place in the interview transcripts as follows:

“...The lengths got 2 times longer here and became 2 cm. Both width and
length increased... I wrote a proportion as if the area is 25 when the length
is 1 then the area should be 50 when the length is 2 and found the answer as
50... I thought that the area would also increase by 2. Since the map
increases by a certain ratio the area should increase by the same ratio. I used

a direct proportion here.” (Participant 3, Grade 6)
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[...Burda sekiller biiyiimiis 2 katina ¢ikmis ve uzaklik 2 cm olmus. En boy
hepsi artmis... 2 cm 2 katt oldugu i¢in 1 cm ken 25 ise 2 cm ken 2 ile
carptim 50 buldum. Orant1 kurdum yine sonugta 50 cm buldum... Alan1 da
2 katina ¢ikar diye diistindiim Belli bir oranda biiyiitiiyoruz haritalarda belli
bir oranda biiyiittiiglimiiz icin o da o oranda biiyliyecek. Dogru orantidan

yola ¢ikarak buldum.]

Illusion of linearity also constituted a barrier for students in answering the ninth
problem. Most of the students thought that the amount of the paint needed to paint
the second figure had to increase at the same rate as the height since the area would

increase at the same rate. An example is given in Figure 4.33 below.

. Agadida Sekil 1'de gtsterilen 50 cm uzunlugunda bir Noel baba resmini boyamak igin
6ém! boya gerekmektedir. Ayni resmin $Sekil 2'de gsterilen 150 em uzunlugunda bir
kopyasini boyamak igin ne kadar boya kullarminrakdir? GCzlm yolunuzu agik bir sekilde

yaziniz. : —

150 cm

1

Sekil 1

Figure 4.33 Illusion of linearity obtained from the solution of the ninth problem

Participant 9 (Grade 8) justified this solution strategy as stating that since the height
became three times longer the area, also the amount of the paint, should become
three times as much. This finding also had a support from the interview transcripts

as:
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“...Idivided 150 by 50 in order to find the difference. It resulted in 3 times.
That is, the second figure is three times bigger. I thought that if 6 ml is
needed for 50 cm then 18 ml is used for 150 cm since when it becomes 3
times more ml should also increase 3 times as much. The length becomes 3
times much, hence paint should become 3 times as much. The area of the
figures are painted. The area of the second figure is three times bigger.
Hence, the amount of should also become 3 times as much. ” (Participant 9,

Grade 8)

[150 yi 50 ye boldiim arasindaki farki bulmak i¢in, 3 ¢ikti. Yani, 2. Sekil 3
kat daha biiyiik. 50 cm i¢in 6 ml ise 150 cm i¢in 18 ml boya kullanilir dedim
clinkii 3 katina ¢ikiyorsa ml de 3 katina ¢ikar diye diistinmiistiim. Uzunluk 3
katina ¢ikiyor boya da 3 katina ¢ikar. Kat iligkisi var. Uzunlugu 3 katina
¢iktig1 icin alan da 3 katina ¢ikar. Bu soru seklin alanlart ile ilgili alanlarini
boyuyoruz. 3 kat daha biiyiik 2.’nin alani. O yiizden boya miktar1 da 3 kat
artacak. ]

4.4  Summary of the Findings

The aims of this study were three-fold. Determining the achievement level of the
participants in linear and non-linear problems regarding length, perimeter, area, and
volume concepts was the first aim of the study. Investigating the correct solution
strategies of the participants for these problems was the second aim. The last aim was
to explore the reasons behind participants’ incorrect answers in these problems. The
findings revealed that achievement levels of participants in all grades was higher in
linear problems than that in non-linear problems with a little lower achievement of
sixth graders compared to seventh and eighth graders. On the other hand,
achievement level of the students in non-linear problems was lower than that in
linear problems with a little higher achievement of eighth graders compared to sixth
and seventh graders. As a matter of fact, students’ achievement levels in each of the
linear problems were higher than their achievement level in any of the non-linear

problems regardless of their grade levels.

When the correct solution strategies of the participants were investigated in terms of

linear problems, it was found that students implemented two main strategies for
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solving the linear problems. The first strategy was the questionable proportion which
included using the numbers given in the problem and performing the operation
directly by ignoring the relationship between the variables. It was seen that most of
the students solved linear-perimeter problems by this strategy. The second strategy
was reasonable proportion which was related to paying attention to the related
variables by analyzing the problem sentence and using a direct proportion between
the related variables. Results showed that few students employed this strategy for

linear-perimeter problems.

The correct strategies for non-linear problems were also categorized into two groups.
The first solution strategy for non-linear problems was the length-length-area/volume
relationship which included finding the area or volume of the second figure by only
using the relationships between the side lengths of the two figures. The second
solution strategy for non-linear problems was the length-area/volume relationship
which included establishing direct non-linear relationships between the length and
area or between the side lengths and volume. It was noted that the first strategy did
not include the direct relationships between the areas or volumes of the figures in
contrast with the second strategy. Results indicated that students used length-length-
area/volume relationships more frequently than the first strategy. In other words, they
did not establish the direct relationships between the areas or volumes of the two
figures; instead they needed to give arbitrary values to the side lengths and find the

corresponding areas or volumes.

The correct solution strategies of the participants for both linear and non-linear

problems are summarized in Table 4.15 below.

Table 4.15 Correct solution strategies for linear and non-linear problems

Linear Problems Non-linear Problems
Questionable Proportion Length-length-area/volume relationship
Reasonable Proportion Length-area/volume relationship
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The findings revealed that a few number of students could correctly answer the non-
linear problems, and that they used a limited number of strategies similar to the linear
problems. What is more, the strategies that most of the students came up with
included linear relationships rather non-linear quadratic or cubic relationships
between the length and area or length and volume. That is to say, the strategies of
most participants lacked the argument of the linear relationships between the length
and the perimeter or non-linear relationships between the length and area or length

and volume for most of the participants’ answers.

In line with the third aim of the study, the underlying reasons for students’ incorrect
answers in linear and non-linear problems were investigated. Some common reasons
for both linear and non-linear problems, reasons specific to incorrect answers in
linear problems, and lastly reasons specific to incorrect answers in non-linear
problems were detected. Results revealed four common reasons which were
inadequacy in geometrical knowledge, misinterpretation of additive and
multiplicative reasoning, operational mistakes and incomplete answers. These four
reasons followed an order of frequency respectively from the most frequent to the
least frequent. Specifically, the one and only reason for incorrect answers specific to
linear problems was misinterpretation of proportional situations which included
applying inverse proportion where direct proportion was needed. Likewise, the one
and only reason for incorrect answers specific to non-linear problems was illusion of
linearity which included applying linear strategies where non-linear strategies were

suitable.

There were many reasons discussed underlying the incorrect answers in non-linear
problems. Mostly highlighted ones were misinterpretation of additive and
multiplicative relationships and inadequate knowledge in geometry and
measurement. Yet, the major finding of the study related to the reasons underlying
incorrect answers in non-linear problems was due to illusion of linearity. The
underlying reasons for students’ incorrect answers in linear and non-linear problems

are summarized in Table 4.16 below.
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Table 4.16 Underlying reasons for students’ incorrect answers in linear and non-

linear problems

Underlying Reasons for Incorrect Underlying Reasons for Incorrect
Answers in Linear Problems Answers in Non-Linear Problems

Common Underlying Reasons

for Incorrect Answers
1. Misinterpretation of 1. Inadequacy in Geometrical 1. Illusion of Linearity
Proportional Situations ~ Knowledge

2. Misinterpretation of additive

and multiplicative reasoning

3. Operational mistakes

4. Incomplete answers
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CHAPTER 5

DISCUSSION, IMPLICATIONS AND RECOMMENDATIONS

The motivation for this study was to investigate students' achievement levels in linear
and non-linear problems regarding length, perimeter, area, and volume concepts and
to analyze their solution strategies for these problems. The study also aimed at
revealing underlying reasons for students' incorrect answers in these problems. In
Chapter I, the importance of proportional reasoning and the domain of geometry and
measurement were stated. Besides, the need for analyzing students' solution
strategies and reasons underlying the difficulties they experienced in a task on
proportional reasoning in geometry and measurement was established. In Chapter 11,
definitions related to proportional reasoning in the geometry and measurement
domain were provided. Furthermore, results of several studies related to students'
solutions strategies and difficulties related to both proportional reasoning were
mentioned. At this point, particular attention was paid to the studies that focused on
"illusion of linearity" in the area of geometry and measurement. Next, Chapter III
dwelled on the development of the achievement test in addition to research design
and methodology. Both quantitative and qualitative findings of the study were
presented in line with the research questions in Chapter IV. This final chapter will
focus on the research questions in light of the quantitative and qualitative findings
presented in Chapter IV. Furthermore, some implications for educational practices

will be suggested and some recommendations will be given for future studies.

5.1 Discussion of the Findings

The purposes of this study were to determine sixth, seventh, and eighth grade

students' achievement levels in linear and non-linear problems regarding length,
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perimeter, area, and volume concepts and to investigate their solution strategies for
these problems. This study also aimed at analyzing underlying reasons for students'

incorrect answers in these problems.

This chapter is organized in such a way that each section refers to the research
questions in order. To be more specific, in the first section the achievement levels of
the participants in linear and non-linear problems are discussed. Next, students'
correct solution strategies for both linear and non-linear problems are discussed with
an emphasis on their frequencies. Finally, underlying reasons behind students'
incorrect answers in both linear and non-liner problems are discussed with reference
to their frequencies. The findings are also compared and contrasted with previous

research studies in the literature.

5.1.1 Discussion of Achievement Level

Quantitative analysis of the data revealed that the achievement level of students were
higher for linear problems than those in non-linear problems regardless of their grade
levels. In most of the linear problems, more than half of the students in all grade
levels gave correct answers. This finding might be considered as consistent with
previous research which reported students' higher achievement in linear problems
(De Bock et al., 1998; Modestou & Gagatsis, 2009; Van Dooren et al., 2004;
Vlahovic-Stetic et al., 2010). This higher achievement of students might be due to
their experience and familiarity with linear problems beginning from the early years
in mathematics lessons in school (De Bock et al., 1998) and also in other areas such
as science (Vlahovic-Stetic et al., 2010). This might also be valid for the findings of
the study since it is obvious that there is a strong emphasis on linear relationships
when Turkish Mathematics and Science curricula are examined. For instance,
proportionality problems and linear equations in mathematics or arithmetic problems

regarding velocity and distance in science are related to the linearity concept.

Although the achievement level of all students in linear problems was found to be
higher, there was a difference in terms of their grade levels in favor of seventh and
eighth graders in all linear problems. Similar findings related to the increase in the
achievement level in linear problems with higher grade levels were reported in

previous studies (De Bock et al., 1998, 2002; Vlahovic-Stetic et al., 2010). Some
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explanations might be given for this finding. First, the finding might be due to the
fact that students' knowledge and experience are accumulated throughout the grades;
that is, they extend their knowledge throughout years. In other words, higher
achievement in linear problems in upper grades might be resulting from students'
cognitive development or maturity (Vlahovic-Stetic et al., 2010). Besides, the
difference in seventh and eighth grade students' achievement level from that of sixth
graders might be attributed to the differences in mathematics curriculum according to
grade levels. It should be noted that students deal with proportional problems
extensively in the seventh grade and afterwards, whereas less emphasis on

proportions is given in the sixth grade mathematics curriculum (MoNE, 2008, 2013).

In addition to the grade levels, percentages of correct answers also showed variation
with respect to the six linear problems. It was observed that problem 1 and 2 were the
most correctly answered linear problems, whereas problem 8 and 10 were the least
correctly answered ones by all grade students. This might be due to the fact that the
first problem was related to the perimeter concept and the second problem was
related to the length concept as Chapin and Johnson (2000) mentioned that length
and perimeter concepts are easier than the area or volume concepts for students. It is
anticipated that students experienced difficulty in problem 8 because although
problem 8 was related to the length concept, the problem included scale drawings on
a map and as Cox (2008) mentioned, scale drawings are difficult for students.
Considering students' understanding of scale, the findings of the present study also
revealed that even though the students used the term "scale" in solving the problems,
it was seen that they used the term as a term specific to the maps without
understanding its mathematical meaning, which is in line with the findings of Cox
(2008). When the lower rate of correct answers in problem 10 is to be considered, it
might be the case that students faced challenges in understanding the volume concept

as Latt (2007) pointed out.

When the achievement level in non-linear problems is the point in question, it was
found that achievement level of students in non-linear problems was very low,
irrespective of their grade levels. A vast majority of the students gave incorrect
answers in most of the non-linear problems. This finding is also consistent with the

findings of previous research studies in which low achievement of students in non-
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linear problems were reported (De Bock et al., 1998; Modestou & Gagatsis, 2009;
Van Dooren et al., 2004; Vlahovic-Stetic et al., 2010). This finding might have
resulted from students' lack of familiarity with non-linear problems in school
mathematics as De Bock and others (1998) argued. Considering the fact that the
mathematics curricula and textbooks do not include adequate number of activities
and problems regarding non-linear relationships this might be a reasonable
explanation for students' low achievement level in non-linear problems in the present
study. Moreover, since it was deduced that students considered all the problems in
the test similar to each other and used the same strategies, such as cross
multiplication, for most of the problems the explanations seems quite reasonable.
That is to say, they might have assumed that all the problems in the test had similar

structures.

When the achievement level of students in non-linear problems were taken into
consideration in terms of grade levels, the findings revealed that there was an
increase in the achievement level of students in most of the non-linear problems in
favor of eighth graders. In other words, eight grade students' achievement level was
higher than those of sixth and seventh grade students for most of the non-linear
problems. This reason might be due to students' accumulation of knowledge
throughout the grades and also their cognitive development as stated above for upper
grade level students' higher achievement in linear problems. Hence, as a result of this
cognitive development eighth grade students might have had a chance to develop
different solution strategies and problem solving schemas as Vlahovic-Stetic and
colleagues (2010) asserted. Unquestionably, another reason might be due to the fact
that students deal with tasks and problems related to similarity concept in the eighth
grade. Therefore, eighth graders might have experienced these kinds of problems

while dealing with similarity tasks.

The percentage of correct answers in terms of the four non-linear problems proved to
show variation. To be more specific, problem 4 was the most correctly answered
problem by all grades, whereas no student in any grade correctly answered problem
9. The higher percentage of correct answers in the fourth problem might have
resulted from the fact that the problem was related to the concept of area, and the

concept of area was accepted to be easier than the concept of volume, which is
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similar to the arguments made for the linear problems. Another issue explaining the
higher percentage of correct answers in the fourth problem than in any other non-
linear problem might be due to using a square number as the area of the classroom.
In this way, students might have had a chance to think of the classroom as a square
and find the sides of the square and gave the correct answer easily. On the other
hand, there might be some explanations underlying the finding that nobody was able
to answer problem 9, which was related to the amount of paint needed to paint a
picture whose sides were three times longer than those of the other picture. To begin
with, the fact that the nature of problem 9 required an examination of the relationship
between the height of an object and its area might have been challenging for students
as Van Dooren and colleagues (2003) mentioned. In addition to the relationship
between the height and the area, students had to examine another relationship
between the amount of paint and the area of the figure. Hence, students might not
have been able to consider these two relationships at the same time and carry out the
necessary procedures. Furthermore, due to the fact that the figures did not have a
regular shape like a square or a rectangle, students might not have been able to
develop a strategy including the use of the relationships between the lengths. In order
to solve this problem, the students had to know the quadratic relationships between
the height of an object and the area of that object. In other words, length-length-
area/volume relationship strategy was not applicable to the problem since the shape
was irregular. Thus, students might not have been able to develop different strategies

if they had not known this quadratic relationship.

To sum up, the findings indicated that students' achievement level in linear problems
was higher than their achievement level in non-linear problems. In fact, the results
revealed that students' achievement level in each of the linear problems was higher
than their achievement in any of the non-linear problems regardless of their grade
levels. Moreover, these findings are highly consistent with previous research studies,

and several probable explanations are available for these findings.

5.1.2 Discussion of Correct Solution Strategies

Some strategies of students for solving linear and non-linear problems were detected

by means of both quantitative and qualitative data analyses of the study. To begin
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with the linear problems, the findings revealed that students used two main correct
strategies for linear problems. The first strategy was questionable proportion, which
included the ambiguity of whether the students considered the relationship between
the variables given and asked in the problem or they just used the numbers given in
the problem and directly wrote the proportion between these numbers. The
questionable strategy was also expressed in the study of Canada and colleagues
(2008), in which they investigated pre-service teachers' strategies for solving
proportions. The researchers included the strategies of the participants in the
questionable category when their strategies involved some level of confusion, lack of
clarity, or erroneous thinking, such as additive reasoning. Therefore, even though the
definitions for the category questionable proportion in the study of Canada and
colleagues (2008) and in the present study show some variance, they have a common
point that these strategies involve some ambiguity. Therefore, the answers of some
students in the present study lacked the clear indication of argument related to the
linear relationships between the concepts, such as length and perimeter, which is
similar to the findings of the study of Canada and others (2008). Some of these
students whose answers lacked the argument related to the relationship between these
concepts asserted that finding the perimeter was unnecessary since it was not asked
in the problem statement. However, some of those students stated that they had had
to take into account the perimeter, but they did not when answering the achievement
test. Therefore, it might be deduced that these students had a tendency to apply the
procedures for the given numbers in the problem just by looking at the problem
sentences. It might be possible that students focused on the way that the problems
were formulated; that is, the usual missing-value proportion problems. They might
have immediately written the proportion algorithm without focusing on the related
concepts such as perimeter since they thought that the problems were usual
proportion problems. Another reason might be due to the fact that most of the
students were not aware of the linear relationship between the length and the
perimeter. Hence, they were not able to develop different strategies implying the

relationship between the length and the perimeter.

The second correct strategy for linear problems in the present study is reasonable

proportion strategy. This strategy included an analysis of the problem statement,
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finding the related variables (i.e. perimeter), judging the type of the relationship
between the variables, and then writing the direct proportion between the related
variables. Similarly, Canada and colleagues (2008) had the same category for pre-
service teachers' strategies for solving proportions if their strategies involved
considering a unit rate, demonstrating a between or within comparison or using
multiplicative structures. Thus, even though the definitions for the category
reasonable proportion in the present study and in Canada and others (2008) show
some variance, they have a common point in that both categorizations include an
understanding of the problem structure. It is likely that students in the present study
were not aware of the linear relationship between the lengths and the perimeter.
Nevertheless, they had a chance to calculate the perimeters of the two shapes and
wrote a proportion between the perimeter and time periods since the lengths of the

two figures were given in the problem.

Considering the frequencies of these two strategies, results revealed that a vast
majority of the students in all grades used questionable strategies; that is, they wrote
a direct proportion between the given numbers in the problem without analyzing the
related concepts in the problem (i.e. perimeter or circumference), which is contrary
to the finding of Canada and colleagues (2008) in which they found only one fifth of
the participants using questionable strategies. The difference between the findings
might have resulted from the fact that their participants were pre-service teachers.
The higher frequency of the use of questionable strategies might be a result of
students' belief that the variables that are not asked in the problem does not need to
be considered as the analysis of the interview data revealed. Hence, they might have
thought that they did not need to calculate the perimeter or circumference and carried
out the operations with the given variables in the problems, such as side length or

radius.

Analysis of the data also revealed that correct solution strategies for solving non-
linear problems included two main strategies, which are length-length-area/volume
relationships and length-area/volume relationships strategy. Students who used the
length-length-area/volume relationships strategy applied only the linear relationships
between the lengths of the figures and then found the area or the volume of the

second figure by using the lengths they found as Ryan and Williams (2007)
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explained and illustrated. On the other hand, students who used length-area/volume
relationships applied direct strategies for the relationship between the length and the
area or volume of the figures. That is, they directly anticipated that the area gets 12
times larger and the volume gets r* times larger when the lengths increase by r. It
might be argued that the first strategy is related to linear relationships, whereas the
second strategy requires an examination of non-linear relationships. When a problem
related to the non-linear relationship between the lengths and the area of a square is
correctly solved, the strategy mostly applied by the students was the first strategy,
which is similar to the findings of the study of De Bock and colleagues (1998). This
might be the case since using square shapes with an area of a square number allowed
students to find the corresponding lengths more easily as stated before. Nevertheless,
when irregular shapes like Santa are used in the problems, the students were not able
to use length-length-area/volume strategy since it is not applicable to the problem.
These problems could only be solved by the second strategy as De Bock and others
(1998) claimed.

The findings revealed that the first strategy was the most frequently used one not
only in problem 4 but also in other non-linear problems; that is, the frequency of
using the second strategy was very low when compared to the first strategy. This
might be deriving from the fact that the students were not able to establish the non-
linear (quadratic or cubic) relationships among length, area, and volume. Instead,
they needed to give arbitrary values to the sides or the dimensions of the figures in
order to determine the effect of doubling or tripling the lengths of the figures on its
area or volume. Therefore, it might be inferred that even though some students found
the correct answers to the non-linear problems, most of them benefited from linear

relationships and not from the quadratic or cubic ones.

5.1.3 Discussion of Reasons for Incorrect Answers

Analysis revealed four reasons that were common for students' incorrect answers in
both linear and non-linear problems. Those were inadequacy in geometrical
knowledge, misinterpretation of additive and multiplicative reasoning, operational
mistakes and incomplete answers. Besides, one specific reason for each problem type

was found: misinterpretation of proportional situations for linear problems and
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illusion of linearity for non-linear problems. These reasons are further explained and

discussed in the following parts in order of most to least frequently observed.

To begin with, students' inadequate knowledge in areas of geometry and
measurement seemed to be a problem that was hindering student achievement in both
types of problems. Similarly, low achievement of students was documented in
previous international and national studies (Clements & Ellerton, 1996; EARGED,
2003, 2005; Hart, 1987, 1993; Kouba, Brown, Carpenter, Lindquist, Silver, &
Swafford, 1988; Orhan, 2013; Sherman & Randolph, 2004; Steele, 2006; Tan-
Sisman, 2010; Thompson & Preston, 2004). In line with the results of these studies,
the findings of the present study highlighted students' lack of geometrical knowledge
regarding the properties of figures and also the concepts of length, perimeter, area,
and volume. For instance, some students thought that a cube is similar to (or the
same as) a square and that a cube has four sides. What's more, some students used
the term "side" for the dimensions or faces of 3-D shapes. This inadequate
knowledge in properties of figures constituted a handicap mostly in problem 7. The
reason for this finding might be related to the fact that the teaching of the geometric
shapes may not be laying emphasis on the similarities and differences among the
shapes and that students may not be given the opportunity to gain practice in

examining relationships among shapes.

Another issue related to inadequacy is the confusion of perimeter, area, and volume
concepts. The findings of the present study revealed that students confuse the area of
a shape with the perimeter of that shape or vice versa, which is a similar finding to
the results of several studies (NAEP, 2007; Orhan, 2013; Ryan & Williams, 2007,
Sherman & Randolph, 2004; Tan-Sisman, 2010). Findings of previous research
studies have a consensus that the reasons for students' confusion might be due to
their lack of conceptual knowledge (Kamii & Clark, 1997; Martin & Strutchens,
2000) and their reliance on formulas (Chappel & Thompson, 1999; Orhan, 2013).
Similar to the findings of these studies, the results of the present study might be
interpreted as indicating that students do not grasp the concepts of length, perimeter,
area, and volume concepts especially while solving problems. They just apply the
general formulas for these concepts without analyzing the conceptual structure of the

problems and without giving much thought to deciding on which concept is
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applicable to the problem. This situation seems to have hindered students'
achievement in both linear and non-linear problems. Still, the frequency of incorrect
answers was found to be approximately between 4.0% and 10.0% among all

students.

As a second common reason underlying incorrect answers in linear and non-linear
problems, geometry and measurement areas are considered as the most vulnerable
areas to erroneous additive strategies, as Kaput and West (1994) argued.
Furthermore, the findings of previous research studies revealed that students use
additive strategies where multiplicative reasoning is required (Harel et al., 1994;
Hart, 1984; Noelting, 1980; Van Dooren et al., 2010). In line with the results of these
studies, misinterpretation of additive and multiplicative reasoning was considered as
a reason for students' incorrect answers in both linear and non-linear problems in the
present study. An example for a linear problem is that some students thought that the
distances on a map should increase by the same amount instead of the same ratio
when the scale of the map is increased. A good example for a non-linear problem is
that some students multiplied all three dimensions by 2 and then added them up and
hence concluded that when the dimensions increased by 2, the volume also increased

6 times, as given in question 5.

Despite the major emphasis related to misinterpretation of additive and multiplicative
reasoning given in the literature, the frequency of this reason in the present study was
found to be as low as close to 5.0%. This might be due to the fact that additive
strategies also worked for the two of the four non-linear problems, which asked for
the effect of increasing the sides of a figure by 2 on the area of that figure. That is to
say, if students thought that the area would increase by 4 since 2+2= 4 (additive)
instead of 22 = 4 (quadratic), they could answer the problem correctly. Moreover, the
same situation was also applicable to the linear problems, except for problem 8, since
in most of the problems, the lengths get two times as much of the original ones and,

additive, and multiplicative reasoning gave the same correct result.

Data analysis also showed that some students made operational mistakes in their
calculations although their reasoning was correct. As Ryan and Williams (2007)

pointed out, these mistakes do not stem from students' conceptual development but
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simple errors. This error was mostly observed in the linear problems in which the
students used the cross-product algorithm, but the frequency of occurrence of this
error was found to be as low as around 2.0%. This might be due to the fact that the

numbers in the problems were chosen as numbers that were easy to work with.

It was observed in the data analysis that some students began to solve the problem
with correct reasoning but could not pursue the correct reasoning till the end to find
the correct answer. It is possible that students might have experienced difficulty at
some point while solving the problem and left the problem incomplete, or they may
have just passed the question without giving further consideration to the problem.
The reason was incomplete answers and constituted the second common reason
underlying incorrect answers in both linear and non-linear problems. In fact, the

frequency of this reason was found to be as low as operational mistakes.

In addition to common reasons, one specific reason for incorrect answers in linear
problems is stated as misinterpretation of proportional situations. Literature review
revealed that learning the concept of proportion is highly challenging for students
(Piaget & Inhelder, 1975; Resnick & Singer, 1993; Weinberg, 2002). In line with the
findings of previous research, some students experienced difficulties in proportions
in such a way that they applied inverse proportion where direct proportion was
needed. However, the frequency of this error was found to be as low as
approximately 5.0% despite the great emphasis on the difficulties of proportional
reasoning. That is to say, the students could deal with the linear problems that
required proportional situations, and few students experienced challenges. This
finding might have resulted from the fact that the linear problems in the current study
were conventional proportion problems that they encounter in school. In other words,
students might have recognized the problem structures as usual problems that they
deal with in school lessons. Hence, they might have applied previously-known
strategies, such the cross multiplication algorithm. Considering the analysis of the
interview data it might be inferred that students only focus on the problem sentences
and the numbers in the problem. Similarly, Van Dooren and colleagues (2003) stated
that students automatically apply proportional solutions when the problems are asked
in a conventional missing-value proportion format. Therefore, while interpreting the

results of the current study it is important to note that the higher achievement level in

139



linear problems should not be understood as if students' understanding of proportion
is conceptual. Similar to the findings of the current study, students' proficiency in
procedural knowledge but failure in conceptual knowledge in proportional reasoning
is a well-known phenomenon that was emphasized in previous studies such as

Modestou and Gagatsis (2009).

Based on the findings of the present study, students' failure in conceptual knowledge
of proportional reasoning might also be inferred to be related to the tendency of
students to use proportional strategies where non-proportional strategies were
required. Since Cramer and Post (1993) included the ability to discern proportional
and non-proportional situations as one of the characteristics of a proportional thinker,
the inability to differentiate between the two situations might be an indicator of
failure in conceptual knowledge of proportional reasoning. Moreover, areas of
geometry and measurement are stated as one of the most vulnerable areas to this
inability to discern proportional and non-proportional situations from each other.
This situation is referred to as illusion of linearity in the current study, and it
constituted one single reason specific to incorrect answers in non-linear problems.
The findings of the previous research studies revealed that students could not
differentiate between linear and non-linear problems related to length, perimeter,
area, and volume concepts and used linear strategies where non-linear strategies were
required (De Bock et al., 1998; 2003; Modestou et al., 2007; Van Dooren et al.,
2007; Vlahovic-Stetic et al., 2010, 201 1). In line with the results of these studies, the
findings of the present study also confirmed that students overused linear strategies
for non-linear problems regarding length, perimeter, area, and volume concepts. That
is to say, most of the students were not aware of the fact that increasing the lengths
by r results in the increase in perimeter as r, area as r?, and volume as r°. Instead,
most of them thought that the relationship among all these concepts were linear. To
be more specific, most of the students thought that if lengths of a figure are doubled
all of the perimeter, area, and volume are also doubled. Furthermore, illusion of
linearity was a serious handicap hindering students' achievement in non-linear
problems, and the frequency of illusion of linearity was very high with a frequency

of approximately between 45.0% and 80.0% among all students according to the
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grade levels and problems. Hence, it might be deduced that it is the strongest reason

among all reasons for incorrect answers in non-linear problems.

Several reasons for the illusion of linearity were mentioned in the literature. Firstly,
the reasons related to the problem formulation and the test itself is to be discussed.
To begin with, Van Dooren and colleagues (2003) argued that formulation of the
problems as a missing-value format paves the way for automatically using a
proportional or linear solution method. This might be due to the fact since students
deal with a limited number of problem types (i.e. stereotypical linear problems) in
schools, they might recognize the problem type and use the standard algorithm for
solving that problem without deeply reasoning about the problems. This might be an
issue in the present study also since most of the students used the cross product
algorithm, which is one of the most preferred algorithms for solving proportional
problems. Moreover, the fact that students implied in the interview that they decided
on how to solve the problem by just looking at the problem sentence might be an

indicator of the previously mentioned issue of problem formulation.

The second reason reported was related to students' educational background rather
than the test itself. De Bock and colleagues (2002) argued that the linear
relationships are applicable to many problems, especially the ones covered in middle
school. Parallel to this usefulness, great emphasis is given to linear relationships both
in curricula and lessons. However, Van Dooren and others (2003) stated that this
great emphasis on linear strategies beginning from the early years of schooling
prevents students from developing meaningful strategies to solve non-linear
problems. In other words, since most of the problems in middle school are solvable
by linear strategies, teachers might focus only on these strategies such as cross
product algorithm. Consequently, this situation does not provide students with the
opportunity to deal with and comprehend non-linear relationships. This reason might
also be applicable for the findings of the present study when the important emphasis
of proportions and no emphasis of non-proportional relationships in the Turkish
Mathematics Curricula in any grade level are to be taken into consideration.
Furthermore, considering the fact that there is no place for non-linearity in the area of
either geometry or measurement, this reason seems to be very likely in the present

study.
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Last but not least, the simplicity and intuitiveness of linear strategies are seen as one
of the sources of illusion of linearity (De Bock et al., 2002; Van Dooren et al., 2005).
As argued by De Bock et al. (1998, 2002) students do not judge whether a direct
proportion is applicable or not and do not hesitate to use them at any place due to its
simplicity and wide applicability. Similar to these findings, it might be inferred that
students in the present study used linear strategies where non-linear strategies were
needed without further judgment. They automatically and intuitively used linear
strategies inappropriately, and most of them had no idea about whether their

strategies were correct or not as the analysis of the interview data revealed.

All in all, it was seen that the results of this study not only confirmed the findings of
previous studies but also moved the discussions one step ahead. The present study
not only examined students' achievement level in linear and non-linear problems but
also dealt with how students solved these problems correctly and why they might not
have solved them incorrectly. Therefore, this study took a deeper look at students'
development of proportional reasoning, and hence obtained the elements of the
bigger picture. Therefore, it would be very essential to provide some implications for
educational practices and recommendations for further studies based on the findings
of the present study and those of previous studies. Thus, the following two sections
try to shed light into the practical and research-based issues in line with the findings

of the present study together with the findings of previous studies.

5.2 Implications for Educational Practices

The findings of this study provides primary teachers, mathematics teachers,
curriculum developers, and teacher educators with essential information related to
students' achievement level in linear and non-linear problems regarding length,
perimeter, area, and volume concepts, their solution strategies for these problems and
the reasons underlying their incorrect answers in these problems. Therefore, some

implications for these stakeholders are provided in this section.

First, the findings of the study revealed that students' levels of achievement in linear
problems were higher than those in non-linear problems. However, despite this
higher achievement in linear problems it was observed that students used a limited

number of solution strategies, most of which were questionable strategies that
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focused on traditional algorithms. It was discussed that higher achievement of
students in linear problems might be resulting from the fact that students deal with
these types of routine problems in their mathematics lessons. Hence, it is highly
probable that students recognize the structure of the problem and apply a familiar
solution strategy. However, De Bock and colleagues (2007) claimed that high
achievement in linear problems does not guarantee that students might be able to deal
with linear problems asked in a more authentic and complex structure. Hence,
enabling students with more authentic and enthusiastic linear problems in a variety of
applications and contexts should be promoted in order to develop their conceptual
understanding of proportional reasoning. Students should be aware of the linear
relationships underlying the cross multiplication rule. This might be possible if the
curriculum developers give a place to these types of problems in the mathematics
curriculum beginning from the early grades of primary school. Yet, the teachers
should also provide students with the opportunities to deal with these kinds of

problems.

Findings of the present study also revealed that students' achievement level in non-
linear problems were very low. In fact, the achievement level of students in non-
linear problems was found to be so low that the findings of the study seem to be
causing an alarm for further consideration. It was discussed in the previous section
that students' failure in non-linear problems due to illusion of linearity might have
stemmed from the novelty of the problems to the students. Although students might
have encountered linear problems in their mathematics lessons beginning from the
early grades, they might not have experienced non-linear problems prior to the
present study. When the objectives of the middle school mathematics curriculum
were analyzed, an explicit objective regarding the discrimination between linear and
non-linear situations was encountered neither in the objectives related to ratio and
proportion nor in geometry and measurement. Therefore, first of all, mathematics
curriculum developers should give a place to not only linear investigations but also
non-linear ones in order to enhance the conceptual understanding of linear and non-
linear relationships and the discrimination between these relationships. It does not

mean that these issues should be covered as separate objectives. On the contrary,
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these issues could be included in the objectives related to ratio and proportion

concepts by modifying these objectives in order to highlight this discrimination.

In addition to the proportion objectives, the investigation of the linear and non-linear
relationships among the concepts of length, perimeter, area, and volume might be
integrated in the related objectives in the area of geometry and measurement area. In
this way the teachers can identify the similarities and differences between these two

types of relationships as linear and non-linear.

In addition to the integration of these issues into the curriculum, teachers should take
most of the responsibility to improve students' understanding and achievement in
linear and non-linear relationships. They should break the habit of putting most of
the emphasis on the procedural skills rather than the conceptual ones and focusing on

a single approach while solving linear problems.

There are various strategies by which teachers can help their students in
understanding linear and non-linear situations and in discriminating one from the
other. The first thing that might be done is that primary teachers and mathematics
teachers could allow students to deal with more authentic linear problems in order to
improve students' understanding of linear situations beginning from primary
education. Furthermore, they could put an emphasis on the essence and the structure
of non-linear problems. Another essential practice is that teachers could provide
students with the opportunities to help them understand the differences between
linear and non-linear situations not only in geometry and measurement but also in

other areas.

All the remedial exercises mentioned above might be possible with the integration of
modelling activities and investigations with technological tools into the mathematics
curriculum and classroom discussions. In this way, students could experience more
authentic and complex linear problems with the help of modelling activities that
would be more meaningful, attractive, and challenging for students. Besides, they
could have a chance to investigate the structure of the non-linear situations and to
discriminate the properties of linear and non-linear situations with the help of
technological devices. For the case of linear and non-linear relationships among

length, perimeter, area, and volume Geogebra or Sketchpad tools might be helpful
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for providing students with various situations as enlarging and reducing geometrical
figures. So, students might experience what happens to the area or volume when the

lengths or dimensions are increased or decreased.

It could be possible to arrange classroom environment where students can find the
opportunity to discuss with their peers and teachers about the fact that not every
relationship should be linear. For instance, considering the case of geometry as in
this study, students could investigate the effects of doubling or tripling the sides of a
figure on its area and volume. What's more, they could investigate a number of
different situations and reach the general rule that increasing the length by r results in

an increase in the perimeter by r, area by 12, and volume by r°.

One possible explanation for the high frequency of illusion of linearity might be
deriving from teachers' lack of knowledge and affects that they exhibit during the
instructional period. Because of the fact that former elementary and high school
curricula did not focus on the nature and structure of the non-linear problems,
especially in the geometry and measurement domain, both primary and middle
school mathematics teachers might not have adequate knowledge and experience in
order to teach these topics. Therefore, in-service teacher trainings focusing on the
linear and non-linear relationships especially in the geometry and measurement
domain with their similarities and differences might be conducted. These trainings
could also improve teachers' affect and insight related to the fact that every
relationship does not need to be linear; hence, teachers could develop a deep
understanding of whether a linear situation exists or not. In this way, their habits of
putting emphasis on the procedural skills and sticking to a single solution approach

might be broken down.

The implications related to improving teachers' knowledge and affect might also be
extended to pre-service teacher training. Pre-service teachers could also experience
some modelling activities and investigations with technological tools in order to form
and improve their linear and non-linear schemas. For instance, they could explore the
effects of doubling or tripling the lengths of a figure on its area or volume by the help
of modelling activities or computer simulations in methods courses in order to

improve their content knowledge related to linear and non-linear reasoning.
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Furthermore, discussions related to how they could make their future students
understand the structures of linear and non-linear relationships might improve their
pedagogical content knowledge. These discussions could be beneficial for improving
pre-service teachers' affects in relation to the fact that not every relationship is linear

and there is no single solution way.

To sum up, implications for educational practices were mentioned in this section in
line with the results of previous studies and those of the present study. Since some
issues emerged from the findings of the present study, a number of recommendations

are available in the following section.

5.3 Recommendations for Further Research Studies

The participants of the present study were selected based on random sampling
method from the accessible population which consisted of public schools in
Yenimahalle District of Ankara. First of all, some recommendations might be made
considering the sample of the study. To begin with, the same study could be
replicated with a larger sample randomly selected from nationwide schools in such a
way that the sample would be representative of all sixth, seventh, and eighth grade
students in Turkey. As such, the findings could be attributed to a wider range of
students. Next, the same study could be extended to secondary school students in
order to see the similarities and differences between the achievement levels, solution
strategies, and reasons underlying incorrect answers of middle school students and
secondary school students. Such a study might provide researchers with the
opportunity to comprehend secondary school students' understanding of linear and
non-linear relationships and ability to discriminate them. Besides, it might be
possible to see whether secondary school students could be able to develop different
strategies for both linear and non-linear problems owing to their cognitive
development. It might also be possible to see whether secondary school students
experience the same challenges as middle school students. Furthermore, the same
study might be conducted with pre-service and in-service teachers since assessing
their achievement level, solution strategies, and reasons for incorrect answers might

give a clue to their concurrent knowledge and also their future instructional practices.

146



This study was designed as a survey method supported with individual interviews;
hence, some changes might be done in the research methodology of the present
study. In order to see the changes in students' achievement level, solution strategies,
and reasons for incorrect answers, a longitudinal study investigating students'
development of linear and non-linear relationships throughout a time period might be
conducted. More specifically, a longitudinal study beginning with students in sixth
grade and observing the same students' development of linear and non-linear
relationships throughout their middle school education might be conducted. This
kind of study might give essential information regarding at which grade level
students experience difficulties, in which grade students develop an understanding of
linear and non-linear relationships and how they develop these relationships.
Besides, such a study might provide researchers with the opportunity to observe the
changes in students' strategies for the problems including linear and non-linear

relationships.

An experimental or an intervention study might also be conducted in order to see the
differences in students' achievement level and their solution strategies in a different
teaching environment focusing on conceptual understanding and supported by the
use of models, manipulatives, and real-life applications. Conducting these kinds of
studies especially with seventh grade students might give clues to the reasons
underlying students' low achievement level since during seventh grade, students deal
with proportional problems extensively. Besides, the results of such studies might
give essential information regarding how to improve achievement of students in
linear and non-linear problems, to help them develop various solution strategies, and
to overcome the difficulties that prevent them from answering the items correctly.
These experimental and intervention studies might be designed so as to focus on
more authentic modelling activities or to integrate technological tools into the

mathematics instruction.

Conducting intervention studies with the integration of technology is highly
recommended since there is no related study in the available literature. Hence, the
findings of such a study might help in terms of improving the achievement of
students in linear and non-linear problems in the geometry and measurement domain

or in any other domain, helping them to develop different solution strategies and to
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overcome their difficulties. This contribution could also be considered as essential
since previous studies reported the resistance of students in applying linear strategies
for non-linear problems. Thus, assessing how technologically supported instructions
might have an impact on student achievement on helping students to develop new
strategies and overcome their difficulties might make significant contributions to the

current literature.

Developing another achievement test with the same purposes is highly
recommended. To begin with, adding more problems into the sub-dimensions
especially in the non-linear perimeter sub-dimension would increase the internal
consistency of the achievement test. Besides, developing another achievement test
with more authentic or modelling problems might significantly contribute to the
literature since both the linear and non-linear problems in this study and in any
previous study were word problems. Finally, developing another achievement test
with the purpose of measuring the same research questions but in a different learning
area rather than geometry and measurement is highly recommended. Even though
there are some studies related to the domains of graphs and probability, a full test
with an acceptable reliable score is missing in the available literature. Therefore,
developing such a test dealing with other learning areas seem to contribute much into
the existing literature Furthermore, developing such a test might help teachers in

such a way that they could use the tests in their instructions.

Last but not least, studies might be conducted with the purpose of investigating
middle school or secondary school students and pre-service or in-service teachers'
affective domain related to linear and non-linear relationships. For example,
conducting studies investigating the relationship between metacognitive behaviors or
self-efficacy of students and the achievement in linear and non-linear problems is
highly recommended since the findings of such a study have a potential to explain

why students think that linear strategies are always applicable to any situation.
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APPENDIX C. ACHIEVEMENT TEST

Ad Soyad: Okul:
Sinif: Cinsiyet: Kiz[] Erkek []
SORULAR

1.Ciftci Ahmet kenar uzunlugu 100m olan kare seklindeki bahgesinin etrafina
yapacagd sulama kanalini 4 gunde kazabiliyor. Ayni bahgenin kenar uzunlugu
300m olsaydi Ahmet ayni hizda g¢alisarak bu kanali ka¢ ginde kazabilirdi?
¢C6zUm yolunuzu agik bir sekilde yaziniz.

2.Pinar 1 saat boyunca sabit hizda yurtyerek 4 km yol kat etmistir. Pinar
ayni hizda yarimeye devam ederse 2 saatte kag km yol alir? C6zim
yolunuzu aglk bir sekilde yaziniz.

3.Bir yelkenli, yarigapi 35 km olan daire seklindeki bir adanin etrafindaki
turunu 6 saatte tamamlayabiliyor. Ayni adanin yarigapi 70 km olsaydi bu
yelkenli ayni hiziyla ada etrafindaki turunu kag saatte tamamlayabilirdi?

C6zUm yolunuzu agik bir sekilde yaziniz.

4.0zlem sinifinin taban alanini éigerek 25 m? olarak buluyor. Ozlem’in
okulundaki spor salonunun tabaninin kenar uzunluklari bu sinifin kenar
uzunluklarinin iki kati olduguna goére spor salonunun alani kag m#dir? C6zim
yolunuzu agik bir sekilde yaziniz.

5. Bir okulun dikddrtgenler prizmasi seklindeki yuzme havuzu 70 m* su
kapasitesine sahiptir. Bu yizme havuzunun eni, boyu ve yuksekliginin her
birinin 2 kati boyutlara sahip diger bir ylzme havuzunun su kapasitesi ne
kadar olur? C6zum yolunuzu agik bir sekilde yaziniz.

6. Ankara ile istanbul arasi uzakligin 1 cm oldugu asagida Sekil 1’de verilen
bir haritada Tirkiye'nin yiiz dlcimiine karsilik gelen alan 25 cm?dir. Buna
gbre Ankara ile istanbul arasi uzakligin 2 cm oldugu asagida Sekil 2'de
verilen diger bir haritada Turkiye'nin ylz élgimune karsilik gelen alan kag
cm?olur? Céziim yolunuzu agik bir sekilde yaziniz.

Sekil 1
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7. Asli, kuip seklindeki kumbarasinin dis yuzlerini boyamak istiyor. Asli'nin bu
kumbaranin bir yizinu boyamasi i¢in 10ml boya gerekiyorsa, kumbaranin
dis yuzlerinin hepsini boyamasi igin kag ml boya gerekir? C6zim yolunuzu
acik bir sekilde yaziniz.

8. Bir Turkiye haritasinda Adana ile Antalya arasi uzaklik 5 cm ve Antalya
Mugla arasi uzaklik 3 cm’dir. Diger bir Turkiye haritasinda ise Adana ile
Antalya arasi uzaklik 10 cm’dir. Buna gore, bu haritada Antalya’nin Mugla’ya
uzakhgi ne kadardir? C6zim yolunuzu acgik bir sekilde yaziniz.

9. Asagida Sekil 1’de gosterilen 50 cm uzunlugunda bir Noel baba resmini
boyamak icin 6ml boya gerekmektedir. Ayni resmin Sekil 2’de gosterilen 150
cm uzunlugunda bir kopyasini boyamak i¢in ne kadar boya kullaniimalidir?
C6zum yolunuzu aclik bir sekilde yaziniz.

10. 60 m*® hacme sahip dikdértgenler prizmasi seklindeki bir koli ylksekliginin
yarisi hizasindan tabana paralel olacak sekilde kesiliyor. Bu kolinin
kesildikten sonraki hacmi ka¢g m? olur? C6zim yolunuzu acik bir sekilde
yaziniz.
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APPENDIX D. INTERVIEW QUESTIONS

Goriisme Sorular
1) Yaptigin ¢6ziim yolunu anlatir misin?
2) Neden bu sekilde yaptin (diislindiin)?
3) Neden bu ¢6ziim yolunu tercih ettin?
4) Problemden ne anladin?
5) Problemde hangi matematiksel kavramlar arasindaki iligkiden bahsediliyor?
6) Problemi ¢6zerken verilen bilgileri ve geometrik sekillerin 6zelliklerini inceledin mi?

7) Diger kavramlari (¢evre, alan ya da hacim) diisiinseydin sonug ayn1 ¢ikar mrydi?
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APPENDIX E. TABLE OF SPECIFICATION

Table of specification for the items based on the objectives of national mathematics

education curriculum

Objectives (MoNE, 2008) Sgii‘f Pfr{stljzflls
Solves and poses problems related to perimeter of plane

figures 6 P, P3
[Diizlemsel sekillerin ¢evre uzunluklar ile ilgili problemleri ’
¢Ozer ve kurar.]

Solves and poses problems related to direct and inverse P1, P2,
proportions 7 P3, P7,
[Dogru ve ters orantiyla ilgili problemleri ¢ozer ve kurar. ] P8, P10
Solves and poses problems related to area of plane figures.

[Diizlemsel bolgelerin alanlari ile ilgili problemleri ¢ozer ve 6 P4, P6, P9
kurar.]

Solves and poses problems related to area of quadrilaterals

[Dortgensel bolgelerin alanlar ile ilgili problemleri ¢ozer ve 7 P4, P6
kurar.]

Explains the relationship between side length and area of 7 P4, P6, P9
plane figures.

[Kenar uzunlugu ile alan arasindaki iligkiyi agiklar.]

Solves and poses problems related to volume of rectangular

prism, square prism and cube. 6 PS5, P10
[Dikdortgenler prizmasi, kare prizma ve kiipiin hacmi ile

ilgili problemleri ¢ozer ve kurar.]

Estimates area of plane figures by using strategies.

[Diizlemsel bolgelerin alanlarini strateji kullanarak tahmin 6 P4, P6, P9
eder.]

Explains the relationship between quantities with direct and P1. P3
inverse proportion. . . P7’ P8’
[Dogru orantili ve ters orantili nicelikler arasindaki iligkiyi 7 P’ 10 ’
aciklar.]

Calculates surface area of rectangular prism, square prism

and cube 6 P7
[Dikdortgenler prizmasi, kare prizma ve kiipiin ylizey

alanlarini hesaplar.]

Solves and poses problems related to surface area of

rectangular prism, square prism and cube 6 P7

[Dikdortgenler prizmasi, kare prizma ve kiipiin ylizey alani
ile ilgili problemleri ¢ozer ve kurar.]
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Solves and poses problems related to surface area of
geometrical figures.

[Geometrik cisimlerin yiizey alanlari ile ilgili problemleri
cozer ve kurar.]

Estimates the volume of rectangular prism, square prism and
cube by using strategies.

[Dikdortgenler prizmasi, kare prizma ve kiipiin hacmini
strateji kullanarak tahmin eder.]

Solves and poses problems related to volume of rectangular
prism, square prism and cube.

[Dikdortgenler prizmasi, kare prizma ve kiipiin hacmi ile
ilgili problemleri ¢ozer ve kurar.]

Estimates the volume of geometrical figures by using
strategies.

[Geometrik cisimlerin hacimlerini strateji kullanarak tahmin
eder.]

Solves and poses problems related to volume of geometrical
figures.

[Geometrik cisimlerin hacimleri ile ilgili problemleri ¢ozer ve
kurar.]

P7

PS5, P10

PS5, P10

PS5, P10

PS5, P10

*Translations are done by the researcher.
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APPENDIX F. RUBRICS FOR THE CATEGORIES

Rubric for the Solution Strategies
Strategies for Linear-Perimeter Problems
Questionable Proportion Strategy
e Using the numbers (i.e. side lengths) given in the problem and writing a proportion
between these numbers without calculating the perimeter
e Using the numbers (i.e. side lengths) given in the problem and writing a proportion
between these numbers without an argument that writing a proportion would yield
the same result as writing a proportion between the perimeters

Reasonable Proportion Strategy
e Finding the related variables (i.e. perimeters) and writing the direct proportion
between the related variables
e Judging the type of the relationship between the variables and determining that the
same result would be reached by writing a proportion between the given variables
(i.e. length) and between the related concepts (i.e. perimeters)

Strategies for the Non-linear Problems
Length-Length-Area/Volume Relationships
e Giving arbitrary side lengths for the figures by using the given area and using the
relationship between the lengths in order to find the area of the second figure
e (Giving arbitrary dimensions for the figures by using the given volume and using the
relationship between the dimensions in order to find the volume of the second figure

Length- Area/Volume Relationships

e Answers which included the argument that area would be multiplied by r? or the
volume would be multiplied by r*> when all the lengths were multiplied by r

e Answers which included the argument that volume would be multiplied by r* when
all the dimensions were multiplied by r

Rubric for the Underlying Reasons for Incorrect Answers
Inadequacy in Geometrical Knowledge
e Answers which included such a statement that a cube has four sides
e Answers which included calculating the perimeter instead of area or vice versa or
calculating the area instead of volume or vice versa.

Misinterpretation of Additive and Multiplicative Reasoning
e Taking the difference between the two variables and adding this difference to the
second variable when a proportional situation exists
e Answers which included the argument that distances on a map should be increased
by the same amount instead of the same ratio when the scale was changed
e Answers which included the argument that volume should be multiplied by six when
the dimensions of a figure are multiplied by two

Operational Mistakes
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e Answers which included computational mistakes with correct reasoning

Incomplete answers
e  Writing the proportion correctly without calculating the answer

e Determining by which factor the area or volume would be multiplied without
calculating the answer

e Answers’ which included a correct written explanation for the solution of the
problem without finding the correct answer

Misinterpretation of Proportional Situations
e Answers including the tendency to apply inverse proportion where direct proportion
was needed

Illusion of Linearity
e Answers including the multiplying the area by the same scale factor when the
lengths of a figure are multiplied by a scale factor
e Answers including multiplying the volume by the same scale factor when the
dimensions of a figure are multiplied by a scale factor
e Answers including writing a linear proportion between the areas or volumes when
the lengths or dimensions are multiplied by a scale factor
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APPENDIX G. TURKISH SUMMARY
Giris

Ozellikle ilkokul ve ortaokul konular1 olmak iizere bircok matematiksel durumun
Oziinde orantisal diisiinme yatmaktadir. Buna ek olarak, orantisal diisiinme fendeki ve
gilinliik hayattaki durumlar1 anlamak i¢in onemlidir (Cramer & Post, 1993). Orantisal
diisiinmeye verilen bu énem matematik miifredatlarinda da goriilmektedir. Ornegin,
Amerikan Matematik Standartlarinda orantsal diistinmeden 4 anahtar alandan biri olarak
bahsedilmektedir (Common Core State Standards for School Mathematics [CCSSM],
2010). Benzer bir sekilde, Tiirk Ortaokul Matematik miifredatinda bu konuya ayrilan
siirenin ¢oklugu dikkat ¢ekmektedir (Milli Egitim Bakanligi, [MEB], 2013).

Orantisal diisiinmeye verilen bu 6nem ve ayrilan zamana ragmen birgok ulusal ve
uluslararas1 ¢alisma ogrencilerin bu konu ile ilgili basarilarinin diisiik oldugunu ve
onlarin bu konuda zorluklar yasadiklarin1 gostermistir (Kaplan, isleyen, & Oztiirk, 2011;
Lobato & Thanheiser, 2002; Modestou & Gagatsis, 2007; Thompson & Preston, 1994).
Diisiik basarinin ve yasanan zorluklarin sebebinin 6grencilerin bu konu ile ilgili sinirh ve
yiizeysel bilgiye sahip olmalarindan kaynaklandig: éne siiriilmektedir. Oyle ki orantisal
diisinme bir¢cok kisi tarafindan verilmeyeni bulma problemlerini ¢6zmek olarak
algilanmaktadir (Post, Behr, & Lesh, 1988). Fakat, matematik egitimi literatiiriinde bunun
dogru olmadigina ve verilmeyeni bulma problemlerini ¢dzebilmenin orantisal
diistinmenin bir gostergesi olamayacagina vurgu yapilmaktadir (Cramer & Post, 1993;
Post vd., 1988). Orantisal diisiinme, bu problemleri ¢dzebilmenin yan1 sira ¢okluklar
toplamsal yerine ¢arpimsal olarak kiyaslama (Kestell & Kubota- Zarivnij, 2013) ve
orantisal durumlar ile orantisal olmayan durumlari birbirinden ayirt edebilmek ile ilgilidir
(Cramer & Post, 1993). Fakat yiizeysel bilgi ve islemsel becerilere 6nem veren dgretim
yontemlerinin uygulanmasi sonucuyla 6grenciler orantisal diistinme problemlerinde farkli
stratejiler gelistiremeyebilirler. Hatta 0grenciler orantisal stratejilerin uygun olmadigi
durumlarda bile orantisal c¢oziim stratejileri gelistirme ve kullanma aliskanligt
gelistirebilirler (Freudenthal, 1983). Bu durum iki farkli sekilde olabilir: toplamsal
iligkiler kullanmay1 gerektiren problemler i¢in ¢arpimsal (orantisal) stratejiler kullanmak
(Van Dooren, De Bock, & Verschaffel, 2010) ve orantisal olmayan iligkiler i¢in orantisal

stratejiler kullanmak (De Bock, Verschaffel, & Janssens, 1998). Bu iki durum
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Ogrencilerin orantisal diistinmede yasadiklar1 zorluklar olarak diisiiniilmekte ve bu
calismanin arastirma kapsamina girmektedir.

Bu iki zorlugun en ¢ok goriildiigii alanlardan birisi de geometri ve 6lgme alanidir.
Oyle ki, 5. ve 8. siif aralifindaki 6grencilerin birgogunun bir seklin kenarlar1 benzer bir
sekil olusturmak ic¢in iki katina ¢ikarildiginda alaninin ve hacminin de iki katina
cikacagini diisiinmektedirler (National Council of Teachers of Mathematics [NCTM],
1989). Yani 6grenciler bir seklin kenarlar1 ve alan ya da hacmi arasinda dogrusal bir iligki
oldugunu diisiinmektedirler.
Ogrencilerin bu diisiincelerinin aksine benzer sekillerin uzunluk, ¢evre, alan ve hacimleri
arasindaki iligkinin su sekilde oldugu kabul edilmektedir: bir seklin r oraniyla dogrusal
olarak genisletilmesi ya da daraltilmasi uzunluklar1 ayni1 oranda, alani 1> olarak ve hacmi
1* olarak etkilemektedir (De Bock, Verschaffel, & Janssens, 2002). Ornegin, bir seklin
tiim kenarlar1 2 katina ¢iktiginda gevresi 2 katina, alam 4 (2> =4) katina ve hacmi 8 (2°=8)
katina ¢ikar. Fakat bir¢ok Ogrenci giinliik hayattaki ve matematik derslerindeki
deneyimlerinin eksikliklerinden dolay1 bu durumun farkinda olmayabilir ve bu kavramlar
arasindaki tiim iligkilerin dogrusal oldugunu diisiinebilirler. Bu durum dogrusallik
yanilsamasi olarak adlandirilmaktadir (De Bock vd.,1998, 2002).
Calismanin Amaclar

Bu calismanin amaclar ti¢ kissmdan olusmaktadir. Calismanin birinci amaci,
altinci, yedinci ve sekizinci sinif 6grencilerinin uzunluk, ¢evre, alan ve hacim kavramlari
ile ilgili dogrusal ve dogrusal olmayan problemlerdeki basar1 diizeylerini incelemektir.
Calismanin ikinci amaci, bu 6grencilerin bahsedilen problemlerde kullandiklar1 ¢6ziim
stratejilerinin belirlenmesidir. Calismanin {igiincii amaci, 6grencilerin bu problemlere
verdikleri yanlis cevaplarin nedenlerinin arastirilmasidir.
Calismanin Onemi

Orantisal diisiinme, matematik ve fendeki bir¢ok konuyla ilgili olmasimnin yani sira

giinliik hayattaki bir¢ok durumla da alakalidir (Cramer & Post, 1993; Lesh vd., 1988).
Sicaklik, yogunluk, kimyasal karisimlar, bilesikler ve hiz konular fendeki konulara 6rnek
olarak verilebilir (Karplus, Pulos, & Stage, 1983; Spinillo & Bryant, 1999). Giinliik
hayattaki durumlara 6rnek olarak ise aligveris, biitce planlamalari ve en iyi fiyat
aragtirmalart (Spinillo & Bryant, 1999); ila¢ dozlari, ekonomik ve sosyolojik tahminler

(Valverde & Martinez, 2012) verilebilir. Bunun yani sira, orantisal diisiinme alt1 ve
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sekizinci smiflar arasi1 diizeydeki bircok matematiksel konu icin (NCTM, 2000) ve
ortaokul sonrasinda da birgok 6nemli konu i¢in (Van De Walle, Karp, Bay-Williams, &
Wray, 2013) biitiinlestirici bir kavramdir. Bu sebeple, ortaokul 6grencilerinin orantisal
diisiinme algilarin1 ve siireclerini incelemek 6nemlidir. Bu konuda yapilan ¢alismalarin
Tiirk alan yazininda yetersiz sayida oldugu ise bu ¢aligmanin 6nemini artirmaktadir.

Orantisal  diistinme  verilmeyeni  bulma  problemlerini  ¢d6zmek  olarak
algilanabilmektedir. Fakat bu tanim orantisal diisiinmenin 6zlinde yatan toplamsal ve
carpimsal iligkileri ve orantisal durumlar ile orantisal olmayan durumlari birbirinden ayirt
etme becerilerini igermemektedir. Bu sebepten dolayi, bu calisma orantisal diigiinme
kapsaminda bu iki beceriyi igerdigi i¢in dnemli goriilmektedir. Bu 6zellikleri 6ne ¢ikaran
calismalarin Tirk alan yazininda yetersiz sayida oldugu ise bu g¢alismanin Gnemini
artirmaktadir.

Orantisal diistinme 5 ve 8. smiflar arasinda gelismektedir (NCTM, 1989). Yani,
ortaokul yillar1 orantisal diisiinmenin gelismesi icin kritik yillardir. Bu sebepten dolay1
Ogrencilerin orantisal diisiinme semalarint olusturdugu yillarda bu konudaki basari
diizeyleri ve bu konu ile ilgili zorluklarini incelemek 6nemlidir.

Birgok g¢alismanin sonuglart 0grencilerin orantisal diisiinme ve geometri ve dlgme
alanlarindaki diisiik basarilarini ortaya koymustur (Chappel & Thompson, 1999; Post vd.,
1988; Sherman & Randolph, 2004; Tan-Sisman, 2010). Bu c¢alisma orantisal diisiinme ve
geometri ve Olgme alanlari birlestiren bir yapiya sahip oldugu i¢in bu ¢aligmanin
sonuclarinin &grencilerin basar1 diizeyleri, ¢oziim stratejileri ve yanlis cevaplariin
nedenleri ile ilgili her iki alanda ayr1 olarak ve bu alanlarin kesisim noktalarinda bilgi
vermesi beklenmektedir.

Ogrenciler farkli problemler igin farkli stratejiler kullanirlar (Chapin & Johnson,
2000). Bunun yani sira, 6grencilerin bir konudaki zorluklart o konunun diger alanlardaki
uygulamalart i¢in degisiklik gosterebilir. Yani 6grenciler geometri ve 6lgme alanindaki
orantisal diisiinme problemleri icin farkli stratejiler kullanabilir ve farkli zorluklar
yasayabilirler. Ogrencilerin orantisal diisiinme problemleri ile ilgili kullandiklart
stratejiler ve yasadiklar1 zorluklar aragtirilmig olsa bile onlarin uzunluk, g¢evre, alan ve
hacim ile ilgili dogrusal ve dogrusal olmayan problemlerle ilgili kullandiklar1 stratejiler
ve yasadiklar1 zorluklarla ilgili yapilan caligsmalar yetersizdir. Bu durum ¢alismanin

Onemini artirmaktadir.
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Onemli Terimlerin Tanimlar

a_c . o e
Oranty: Oranty, I seklindeki iki oranin esitligi olarak tanimlanmaktadir.

Orantisal Diigiinme: Orantisal diisiinme cokluklar arasinda carpimsal kiyaslamalar
yapmak (Wright, 2005) ve bu iligskiyi farkli bi¢imlerde kullanabilmek (Cheng, Star, &
Chapin, 2013) olarak tanimlanmustir.

Bu ¢alismada, orantisal diisiinme ayrica toplamsal ve carpimsal iliskileri ve orantisal
durumlar ile orantisal olmayan durumlar1 birbirinden ayirt edebilmek olarak
tanimlanmaktadir.

Carpimsal ve Toplamsal Diisiinme: Carpimsal diisiinme cokluklar arasinda ¢arpimsal
kiyaslamalar yapmak (Wright, 2005) olarak tanimlanmaktadir. Diger taraftan, toplamsal
diisiinme oranlar arasindaki iligkiler bir terimden digerini ¢ikarmak ve bu farki ikinci
orana uygulamak ile ilgilidir (Tourniaire & Pulos, 1985)

Bu ¢alismada, c¢arpimsal ve toplamsal iliskilerin yanlis anlamlandirilmasi 6grencilerin
carpimsal ve toplamsal iliskileri birbirinden ayirt edememesi ve ¢arpimsal ve toplamsal
stratejileri uygunsuz kullanmalar1 olarak tanimlanmaigtir.

Dogrusallik: Dogrusallik, matematiksel olarak bir fonksiyonun homojen ve toplamsal
olmasi, yani f(ax) = a f(x) (tiim a’lar i¢in) ve f(x;+x;) = f(x;) + f(Xx2) olmasidir. f(x)=ax, (a

#0) bu iki 6zelligi sagladig i¢cin dogrusal ya da dogrusalligi temsil etmektedir. Diger bir
taraftan, %=§ orantis1 iki degisken arasindaki dogrusal iliski olarak tanimlanabilir

(Freudenthal, 1983).

Dogrusallik Yanilsamasi (Illusion of Linearity): Dogrusallik yanilsamasi 6grencilerin
dogrusal stratejileri dogrusal olmayan durumlarda da kullanmasi olarak tanimlanmistir
(De Bock, Verschaffel, & Janssens, 2002).

Bu calismada, dogrusallik ya da dogrusal iliskiler uzunluk, ¢evre, alan ve hacim
arasindaki ayni boyuttaki iligkilere karsilik gelmektedir. Dogrusallik yanilsamasi da
Ogrencilerin bir seklin r oraniyla dogrusal olarak genisletilmesi ya da daraltilmasiyla
uzunluklar1 ayni1 oranda, alanin r* olarak ve hacmin r* olarak etkilenmesi durumlarinin
farkinda olmamalar1 ve tim bu iliskilerin dogrusal oldugunu diisiinmeleri olarak
tanimlanmustir.

Dogrusal (Orantisal) Problemler: Bu problemler dogrusal (ya da orantisal) ¢dziim

stratejileri gerektirmektedir.
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Dogrusal (Orantisal) Olmayan Problemler: Bu problemler dogrusal (ya da orantisal)
olmayan ¢oziim stratejileri gerektirmektedir.
Yontem
Evren ve Orneklem

Bu ¢alismanin 6rneklemini Ankara’nin Yenimahalle il¢esindeki devlet okullarina
devam eden 935 alti, yedi ve sekizinci siif 6grencisi olusturmaktadir. Bu 6grenciler
Ankara’nin Yenimahalle ilgesindeki 97 devlet ortaokulundan kiime Orneklemesi
yontemiyle secilmistir. Bu ogrencilerin temel karakteristikleri asagida Tablo 1 de
verilmigtir.

Tablo 1 Calismanin Katilimcilar1 ve Temel Karakteristikleri

Cinsiyet Say1 Yiizde
Erkek
6 154 32,6
7 187 39,5
8 132 27,9
Toplam 473 100
Kiz
6 122 26,5
7 196 42,5
8 144 31,0
Toplam 462 100

Bu katilimcilar arasindan her sinif seviyesinden 4 6grenci olmak {izere toplam 12
ogrenci ile bireysel goriismeler yapilmistir. Bu 6grencilerden 7°si kiz (3 altinct smif, 3
yedinci sinif ve 1 sekizinci sinif) ve 5°i erkektir (1 altinci siif, 1 yedinci siif ve 3

sekizinci smif). Goriismelerin  katilimcilar1  basar1  testindeki basar1  diizeyleri,
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kullandiklar1 ¢6ziim stratejileri ve testte verdikleri yanlis cevaplarin incelenmesi ve pilot
calismadan elde edilen kodlara gore secilmistir.
Arastirma Sorulan
Bu c¢alismanin {i¢ tane arastirma sorusu vardir.
1. Alti, yedi ve sekizinci sinif 6grencilerinin uzunluk, ¢evre, alan ve hacim kavramlari ile
ilgili dogrusal ve dogrusal olmayan problemlerdeki basar diizeyleri nedir?
2. Aln, yedi ve sekizinci simif 6grencileri uzunluk, ¢evre, alan ve hacim kavramlar ile ilgili
dogrusal ve dogrusal olmayan problemlerde hangi stratejileri kullanmaktadirlar?
3. Alt, yedi ve sekizinci sinif 6grencilerinin uzunluk, ¢evre, alan ve hacim kavramlari ile
ilgili dogrusal ve dogrusal olmayan problemlere verdikleri yanlis cevaplarin nedenleri

nelerdir?

Arastirma Yontemi

Arastirmada nitel ve nicel arastirma yontemlerini birlestiren karma bir arastirma
yontemi kullanilmistir.
Veri Toplama Araclar

Calismanin verileri katilimcilarin bagar1 testine verdikleri cevaplar ve bireysel
goriismeler araciligryla toplanmistir.
Basar Testi
Katilimcilarin uzunluk, g¢evre, alan ve hacim kavramlar ile ilgili dogrusal ve dogrusal
olmayan problemlerdeki basar1 diizeylerinin, bu problemlerde kullandiklar1 ¢o6ziim
stratejilerinin ve bu problemlerdeki yanlis cevaplarinin nedenlerinin incelenmesi
amaciyla bir basar testi gelistirilmistir. Bu basar1 testi 10 adet agik u¢lu matematiksel
problemden olusmaktadir. Bu problemlerden 9’u literatiirden alinmig 1 tanesi ise
arastirmaci tarafindan gelistirilmistir. Problemlerin adapte edilmesi siirecinde ortaokul
matematik Ogretim programinda yer alan kazanimlar goz Oniline alinmis ve belirtke
tablosu hazirlanmistir. Bu problemlerden ikisi (altinci ve dokuzuncu) problem ciimlesine
yonelik figiirler igermektedir. Tiim problemler dogrusal ve dogrusal olmayan problemler
olmak tiizere 2 gruba ayrilmistir. Ayrica, problemler ilgili olduklar1 kavramlara gore
uzunluk, cevre, alan ve hacim olmak {izere 4 gruba ayrilmistir. Yani, problemler 8 (4x2)
alt gruba ayrilmistir. Bu gruplar dogrusal-uzunluk, dogrusal-¢cevre, dogrusal-alan ve

dogrusal hacim; dogrusal olmayan-uzunluk, dogrusal olmayan-gevre, dogrusal olmayan-
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alan ve dogrusal olmayan-hacimdir. Bu gruplar ve bu gruplarda bulunan problemler

asagida Tablo 2’de belirtilmistir.

Tablo 2 Basar1 Testindeki Problemlerin Kategorileri ile Ilgili Igerik Tablosu

Kavramlar Coziim Yolu

Dogrusal ]())(l)fll:;sz:‘l: Toplam
Uzunluk P2, P8 P6 3
Cevre P1, P3 - 2
Alan P7 P4, P9 3
Hacim P10 P5 2
Toplam 6 4 10

Basari testi ve belirtke tablosu hazirlandiktan sonra {ic uzmanin goriisti alinmis ve
her smif seviyesinden bir sinif ile pilot ¢caligma yapilmistir. Pilot ¢calismadan ve asil
calismadan elde edilen skorlar ile Kuder-Richardson-20 analizi yapilmistir. Hem pilot
calismanin hem de asil ¢alismanin skorlar1 tutarli bulunmustur.

Bireysel Goriismeler

Basar testi uygulandiktan sonra katilimcilarin teste verdikleri cevaplar derinlemesine
incelenmis, kullanilan ¢6ziim stratejileri ve yanlis cevaplarin nedenleri ile ilgili ilk kodlar
olusturulmustur. Bireysel goriismeler i¢in katilimcilar bu kodlara gore secilmislerdir.
Bireysel goriismelerden elde edilen veriler katilimeilarin basari testindeki cevaplarindan
elde edilen kodlarla kiyaslanmis ve desteklenmistir. Gorlisme sorularinin arastirma
sorularina yonelik olup olmadigini belirlemek i¢in iki uzmandan goriis istenmis ve her
sinif seviyesinden bir 6grenci ile pilot goriismeler yapilmustir.

Goriismeler yaklasik olarak 30 dakika silirmiistiir ve bu slire igerisinde
katilimcilardan basari testine verdikleri cevaplarin agiklanmasi istenmistir. Ogrencilerin
aciklamalar1 “Bu sonuca nasil ulastin?”, “ Neden bdyle diistindiin?”, “Nasil bir strateji

kullandin?”” gibi agik uclu sorularla ilerlemistir.
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Goriismeler yapildiktan sonra bu goriismelerin transkriptleri yapilmustir. Ilkogretim
boliimiindeki bir doktora 6grencisi ile birlikte ortaya c¢ikan temalarla ilgili calismalar
yapilmistir. Ayrica, Ogrencilerin basar1 testindeki cevaplarmin en az %10’u ortak
kodlayici ile birlikte incelenmistir.

Veri Toplama Siireci

Calismanin  verileri 2012-2013 egitim 6gretim yilinin ikinci ddneminde
toplanmistir. Gerekli etik izinler alindiktan sonra Mart ayinda oncelikle pilot ¢aligmalar
yapilmig, Nisan ve Mayis aylarinda asil ¢aligmanin verileri toplanmistir. Basar1 testi
Ogrencilerin ders saatlerinde arastirmaci tarafindan uygulanmistir. Basari testinin
uygulamasindan birkag¢ hafta sonra se¢ilen 6grencilerle bireysel goriismeler yapilmistir.
Veri Analizi

Calismanin amaglarina ulagmas: igin iki farkli veri ¢esidi analiz edilmistir. Bunlar
Ogrencilerin bagar testindeki cevaplar1 ve bireysel goriismelerin yazili transkriptleridir.
Oncelikle &grencilerin basar1 diizeylerinin, ¢oziim stratejilerinin ve yanlis cevaplarinin
nedenlerinin belirlenmesi icin bagari testindeki cevaplar incelenmistir. Daha sonra basari
testinin incelenmesinden elde edilen kodlarin kiyaslanmasi ve desteklenmesi igin
goriismelerin transkriptleri analiz edilmistir.

Oncelikli olarak 6grencilerin basar1 testindeki cevaplar1 her problem icin bos,
dogru ve yanlis olarak kodlanmistir. Daha sonra dogrusal ve dogrusal olmayan
problemdeki bu cevaplarin sikliklar1 ve yiizdeleri ayr1 ayr1 hesaplanarak basar1 diizeyleri
belirlenmistir.

Katilimcilarin ¢oziim stratejileri ve yanlis cevaplarinin nedenlerinin belirlenmesi
icin 0grencilerin testteki cevaplari ve gorlisme transkriptleri derinlemesine incelenmistir.
Bunun yani sira alanyazindaki ilgili ¢alismalardan kategoriler taranmigtir. Tim bu siiregte
diger bir ilkdgretim boliimii doktora 6grencisi ile ¢alisilmis ve uzlagsma sarti aranmustir.

Arastirmanin Varsayimmlar: ve Simirhiliklar:

Arastirmanin ilk varsayimi 6grencilerin uzunluk, ¢evre, alan ve hacim kavramlari
ile ilgili dogrusal ve dogrusal olmayan problemlerdeki basarilarinin gelistirilen test
araciligiyla oOlgiilebilecegidir. Ayrica Ogrencilerin testi cevaplarken ve bireysel

goriismelerde icten, agik yiirekli ve igbirlik¢i olduklart varsayilmistir.
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Calismanin katilimcilar1 kiime oOrneklemesi yoluyla seg¢ilmesi sonuglarin daha
genis bir popiilasyona genellemesini sinirlandirmaktadir. Ayrica goriismeler icin secgilen
Ogrencilerin amaca yonelik secilmesinden dolay1 goriismelerden elde edilen veriler bu
katilimcilarla sinirl olabilir.

Bulgular ve Tartisma

Bu calismanin iic amaci bulunmaktadir. Katilimcilarin uzunluk, ¢evre, alan ve
hacim ile ilgili dogrusal ve dogrusal olmayan problemlerdeki basarilarinin belirlenmesi
birinci amagctir. Ikinci amag ise 6grencilerin bu problemler icin kullandiklar1 ¢oziim
stratejilerinin belirlenmesidir. Ugiincii ve son amag ise katilimcilarin bu problemlerdeki
yanlis cevaplarinin incelenmesidir.

Calismanin bulgular1 6grencilerin dogrusal problemlerdeki basarilarinin dogrusal
olmayan problemlerdeki basarilarina gore yiiksek oldugunu gostermistir. Bu bulgular
geemis calismalarin sonuglari ile tutarlilik gostermektedir (De Bock vd., 1998; Modestou
& Gagatsis, 2009; Van Dooren vd., 2004). Dogrusal problemlerde dogrusal olmayan
problemlere kiyasla goriilen yiliksek basarinin sebebi 6grencilerin dogrusal problemlere
olan asinalig1 ve dogrusal olmayan problemlere olan yabanciliklarindan kaynaklaniyor
olabilir (De Bock vd., 1998). Altinct simif Ogrencilerinin dogrusal problemlerdeki
basarilarinin yedi ve sekizinci smif 6grencilerinin basarilarina gore biraz daha diistik
oldugu goriilmiistiir. Bunun yani sira, sekizinci sinif 6grencilerinin dogrusal olmayan
problemlerdeki basarilarinin alti ve yedinci simif 6grencilerine gore biraz daha yiiksek
oldugunu gostermistir. Sinif seviyesine gore artan basarinin sebebinin Vlahovic-Stetic ve
arkadaglarinin  (2010) belirttigi  gibi  Ogrencilerin  biligsel gelisimleri ve bilgi
birikimlerinden kaynaklandigi 6ne stiriilebilir.

Ogrencilerin  dogrusal problemlerdeki ¢oziim stratejileri incelendiginde
ogrencilerin ¢ogunlukla iki strateji kullandiklar1 goriilmiistiir. Birinci strateji problemdeki
kavramlar arasindaki iligkiyi diisiinmeden verilen sayilar arasinda direkt olarak oranti
kurmay1 iceren kuskulu (questionable) orantidir. Bu stratejiyi kullanan 6grencilerin
bazilar1 gorligmelerde ¢evrenin ya da alanin bulunmasi gerekmedigini belirtirken bazilar
bulmalar1 gerektigini fakat problemi ¢ozerken bunu diisiinmediklerini dile getirmislerdir.
Buradan 6grencilerin yalnizca problem ciimlesine odaklanarak onceden bilinen islemleri
direkt olarak uygulama egilimi gosterdikleri yargisina varilabilir. Diger bir sebep ise,

ogrencilerin kenar ve ¢evre arasindaki dogrusal iliskinin farkinda olmamalar1 olabilir.
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Ikinci strateji problemdeki kavramlar ve degiskenler arasindaki dogrusal iliskileri
diisiiniip bu degiskenler arasinda oranti kurmay1 iceren mantikli (reasonable) orantidir.
Bu 6grencilerin kenar ve ¢evre arasindaki dogrusal iliskinin farkinda olmayabilecekleri
fakat iki seklin ¢evrelerini bularak bu g¢evreler arasinda oranti kurabildikleri sonucuna
varilabilir. Bu stratejilerin sikliklar1 incelendiginde ise bir¢ok 6grencinin dogrusal-gevre
problemleri i¢in kuskulu orant1 stratejisini kullandiklar1 ve mantikli oranti stratejisinin az
sayida 6grenci tarafindan kullandig goriilmiistiir.

Ogrencilerin dogrusal olmayan problemlerdeki ¢dziim stratejileri incelendiginde
ise 0grencilerin genellikle iki strateji kullandiklar1 goriilmiistiir. Birinci strateji alan1 veya
hacmi yalnizca iki seklin kenarlar1 arasindaki dogrusal iliskilerden yararlanarak bulmay1
iceren kenar-kenar-alan/hacim stratejisidir. ikinci strateji ise iki seklin alanlar1 ya da
hacimleri arasindaki ikinci ya da ii¢lincii derece iliskilerin direkt olarak kurulmasi ile
ilgili olan kenar-alan/hacim stratejisidir. Birinci stratejinin ikinci stratejiden farkli olarak
dogrusal olmayan iliskileri icermedigi goriilmiistiir. Ogrencilerin dogrusal olmayan
problemler i¢in ¢ogunlukla birinci stratejiyi kullandiklar1 goriilmiistiir. Yani, bir¢ok
Ogrencinin geometrik sekillerin uzunluklar1 ve alanlar1 ya da hacimleri arasindaki
dogrusal olmayan iliskileri kuramadiklar1 sonucuna varilabilir. Dogrusal olmayan ve
karelerin alanlar ile ilgili bir problem ¢o6ziildiiglinde en ¢ok kullanilan strateji kenar-
kenar-alan stratejisi olmustur. Bu sonug karenin alani olarak karesel bir sayinin verilmesi
ve dolayisiyla Ogrencilerin  karelerin  kenar uzunluklarini bulabilmeye olanak
saglamasindan kaynaklanabilmektedir. Fakat diizenli olmayan sekiller verildiginde
kullanilan strateji ise kenar-alan/hacim stratejisi olmustur. Bunun sebebi ise birinci
stratejinin bu tiir problemlerin ¢dziimiinde gecerli olmadigindan kaynakliyor olabilir.

Dogrusal ve dogrusal olmayan problemler i¢in kullanilan stratejilerle ilgili
sonuclar disilintldiigiinde, bulgular 6grencilerin  dogrusal ve dogrusal olmayan
problemler i¢in smirh sayida strateji kullandiklarini gostermistir. Bir¢ok katilimcinin
cevaplarinda uzunluk ile ¢evre arasindaki dogrusal iliskilere, uzunluk ile alan ya da
uzunluk ile hacim arasindaki dogrusal olmayan iligkilere dayal1 bir akil yiirtitme olmadig1
gorilmiistiir.

Bu c¢alismada Ogrencilerin sorulara verdikleri yanlis cevaplarin nedenleri de
incelenmistir. Dogrusal ve dogrusal olmayan problemlere verilen yanlis cevaplarin ortak

nedenleri ve dogrusal problemlerdeki yanlis cevaplara 6zel ve dogrusal olmayan
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problemlerdeki yanlis cevaplara 6zel nedenler bulunmustur. Caligmanin bulgulari
dogrusal ve dogrusal olmayan problemlerdeki yanlis cevaplarin ortak nedenleri geometrik
bilgideki yetersizlikler, toplamsal ve carpimsal iliskilerin yanhs anlamlandirilmasi,
islemsel hatalar ve eksik cevaplardir. Bu nedenler en sik goriilenden en az goriilene dogru
siralanmistir. Literatiirdeki diger caligmalarla tutarli olarak bu ¢alismada da 6grencilerin
geometrik bilgilerinin yetersiz oldugu gorilmistir (Clements & Ellerton, 1996;
EARGED, 2003, 2005; Steele, 2006; Tan-Sisman, 2010). Bu yetersiz bilgilerin sebebi
olarak geometri 6gretiminin sekillerin 6zellikleri arasindaki iliskilere dnem vermemesi ve
islemsel becerilerin 6ne ¢ikarilmasi durumlari gosterilebilir. Diger ¢alismalarin sonuglari
ile benzer bir sekilde bu calismada da 6grencilerin toplamsal ve c¢arpimsal iligkileri
anlamlandirmada zorluk ¢ektikleri goriilmiistiir (Hart, 1984; Van Dooren vd., 2010).
Islemsel hatalar ve eksik cevaplar birer neden olarak goriilse de sikliklarmin diisiik

diizeyde oldugu gorilmiistiir.

Dogrusal problemlerdeki yanlislara 6zel bir neden dogru oranti yerine ters oranti
kullanilmasi ile ilgili olan orantisal durumlarin yanlis anlamlandirilmasidir. Alanyazinda
Ogrencilerin oran ve orantt konulari ilgili yasadiklar1 zorluklara birgok ¢alismada yer
verilmistir (Resnick & Singer, 1993; Weinberg, 2002). Benzer olarak, dogrusal olmayan
problemlerdeki yanlislara 6zel bir neden dogrusal olmayan durumlar i¢in dogrusal
stratejiler kullanmay1 igeren dogrusallik yanilsamasidir. Alanyazindaki bir¢ok ¢aligmanin
sonuglarina paralel olarak, dogrusallik yanilsamasi yani geometrik cisimlerin kenar
uzunluklar1 ve alanlar1 ya da hacimleri arasinda dogrusal bir iliski oldugu varsayimi
dogrusal olmayan problemlerdeki diisiik basarinin en biiyiik sebebi olarak bulunmustur.
(De Bock vd., 1998; 2002; Van Dooren vd., 2007; Vlahovic-Stetic vd., 2010).
Dogrusallik yanilsamasinin sebebi olarak ilk olarak sorularin sorulus bigimi gosterilebilir.
Van Dooren ve arkadaglarinin (2003) belirttigi gibi problemlerin verilmeyeni bulma
problemi olarak sorulmasinin Ogrencileri otomatik olarak oranti kurmaya yonelttigi
soylenebilir. Ikinci sebep olarak ise ortaokulda goriilen birgok durumun dogrusal
stratejilerle ¢oziilebilmesinden dolay1 dogrusal iligkilere verilen 6nemden kaynaklandigi
sOylenebilir. Fakat Van Dooren ve arkadaslarinin (2003) 6ne siirdiigli gibi bu durum

ogrencilerin dogrusal olmayan problemler igin farkli stratejiler gelistirmelerine engel
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olabilmektedir. Son olarak, dogrusal stratejilerin kolay ve sezgisel olmasi seebiyle

Ogrencilerin bu stratejileri kullandiklar1 6ne stiriilebilir (De Bock vd., 2002).

Dogurgalar

Bu calisgmanin sonuglar ilkokul 6gretmenleri, matematik 6gretmenleri, program
gelistiriciler ve 6gretmen egiticileri icin dnemli bilgiler sunmaktadir.

Ik olarak dgrencilerin dogrusal problemlerdeki basarilarmin dogrusal olmayan
problemlerdeki basarilarmma gore yiiksek oldugu goriilmiistiir. Bu sebepten dolayr ilk
olarak matematik miifredatinda ve matematik derslerinde dogrusal olmayan durumlara
deginilmesi Onerilmektedir. Buna ek olarak, d6grencilerin dogrusal ve dogrusal olmayan
problemlerde sinirli sayida strateji gelistirdikleri goriilmiistiir. Bu sebepten dolay1
dogrusal ve dogrusal olmayan problemlerin anlamlandirilmasina ve bu problemler i¢in
farkli stratejiler gelistirilmesine 6nem verilmesi dnerilmektedir.

Ogrencilerin dogrusal ve dogrusal olmayan durumlari anlamlandirmalar1 ve bu
durumlarin farkliliklarin1 anlamlandirmalar1 i¢in modelleme etkinlikleri ve teknolojik
araclarla calismalar yapilmasi dnerilmektedir.

Ogrencilerin diisiik basarilarinin ve siirli sayida strateji kullanmalarinim sebebi
ogretmenlerin eksik bilgilerinden kaynaklaniyor olabilir. Bu sebepten dolay1 okullardaki
Ogretmenlere ve 6gretmen adaylarina yonelik seminerler organize edilebilir.

Tleriki Cahsmalar icin Oneriler

Ayni ¢alisma farkli katilmeilarla yiiriitiilebilir. Ornegin, tiim iilkeden &rneklem
secilerek daha fazla katilimci ile calismalar yiiriitiilebilir. Ayrica, aymi calisma lise
Ogrencileri, 6gretmen adaylar1 ya da 6gretmenlerle yapilabilir.

Calismanin metodunda degisiklikler yapilarak farkli ¢alismalar Onerilebilir. ilk
olarak, uzun siireli bir ¢alisma yiiriitiilebilir. Bunun yani sira, kavramsal anlamaya énem
veren, teknolojik araglarin kullanildigi, modeller ve modelleme etkinlikleriyle
desteklenen deneysel calismalar yiiriitiilebilir. Son olarak, ¢alismada kullanilan teste soru
eklemesi yapilabilir ya da farkli alanlarda (grafikler ya da olasilik) dogrusal ve dogrusal

olmayan problemler i¢eren testler gelistirilebilir.
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APPENDIX H. TEZ FOTOKOPISi iZiN FORMU

ENSTITU

Fen Bilimleri Enstitiisti

Sosyal Bilimler Enstitiisii X

Uygulamali Matematik Enstitiisii

Enformatik Enstitisi

Deniz Bilimleri Enstitusu

YAZARIN

Soyadi : Ayan
Adi :  Rukiye
Boliimii : Ilkogretim Fen ve Matematik Egitimi

TEZIN ADI : (Ingilizce): Middle School Students’ Achievement Levels,
Solution Strategies and Reasons Underlying Their Incorrect
Answers in Linear and Non-linear Problems

TEZIN TURU : Yiiksek Lisans X Doktora

Tezimin tamamindan kaynak gosterilmek sartiyla fotokopi alinabilir. X

Tezimin i¢indekiler sayfasi, 6zet, indeks sayfalarindan ve/veya bir
boliimiinden kaynak gosterilmek sartiyla fotokopi alinabilir.

Tezimden bir bir (1) yil siireyle fotokopi alinamaz.

TEZIN KUTUPHANEYE TESLiM TARIiHi: IMZA:
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