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ABSTRACT

ALGEBRAIC GEOMETRIC METHODS IN STUDYING SPLINES

Sipahi, Neslihan Os
Ph.D., Department of Mathematics
Supervisor : Assoc. Prof. Dr. Mohan Lal Bhupal
Co-Supervisor : Assoc. Prof. Dr. Selma Altinok Bhupal

December 2013, [103| pages

In this thesis, our main objects of interest are piecewise polynomial functions (splines).
For a polyhedral complex A in R", C"(A) denotes the set of piecewise polynomial
functions defined on A. Determining the dimension of the space of splines with poly-
nomials having degree at most k, denoted by C;(A), is an important problem, which
has many applications. In this thesis, we first give an exposition on splines and intro-
duce different algebraic geometric methods used to compute the dimension of splines
both on polyhedral and simplicial complexes. Then we generalize the important re-
sult of Mcdonald and Schenck [23]] on planar splines on a polyhedral complex. Also,
by using the method in [18]], we make generalizations on the dimension of the spaces
of splines on simplicial complexes in dimension three. This generalizaton includes
simplicial complexes having no interior points, and octahedrons with one interior
point. In the latter case, we make some generalizations by considering the number of
linearly independent interior planes.

Keywords: Spline, Polyhedral complex, Dimension formula, Hilbert polynomial, Ho-
mology modules
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PARCALI POLINOM FONKSiYONLARINI CALISMAK ICIN CEBIRSEL
GEOMETRIK YONTEMLER

Sipahi, Neslihan Os
Doktora, Matematik Boliimii
Tez Yoneticisi : Do¢. Dr. Mohan Lal Bhupal
Ortak Tez Yoneticisi : Dog. Dr. Selma Altinok Bhupal

Aralik 2013 ,[I03]sayfa

Bu tezde odaklanacagimiz temel nesneler parcali tanimli polinom fonksiyonlardir. A,
R™de ¢ok yiizlii bir bolge belirtmek tizere, A tizerindeki diizgiinliik derecesi r olan
pargali tanimli polinom fonksiyonlar C"(A) ile gosterilir. C;(A), C"(A)’nin derecesi
en fazla k olan polinomlar1 iceren bir alt kiimesidir ve bir vektdr uzayi olusturur
ve bu vektor uzayinin boyutunun hesaplanmasi, bircok uygulamasi olan onemli bir
problemdir. Bu tezde, dncelikle parcali tanimli polinom fonksiyonlar1 hakkindaki ca-
lismalar1 6zetleyip, hem polihedral, hem de simpleksler kompleksleri iizerindeki par-
cali tanimli polinom fonksiyonlarin boyut hesaplamasinda kullanilan farkl: cebirsel
geometrik yontemleri tanimliyoruz. Daha sonra, Mcdonald ve Schenck’in [23]], bir
polihedral kompleks A iizerinde taniml diizlemsel parcali polinom fonksiyonlarinin
olusturdugu vektor uzayinin boyutuna iliskin dnemli sonucunu genellestiriyoruz. Ay-
rica, [18]] makalesindeki metodu kullanarak, ti¢ boyuttaki bir simpleksler kompleksi
izerindeki pargali polinom fonksiyonlarinin boyutlarina iligskin genellestirmeler yapi-
yoruz. Bu genellestirmeler, hi¢ i¢ noktast olmayan simpleksler komplekslerini ve bir
i¢ noktas1 olan sekizyiizliileri kapsiyor. Sekizyiizliiler durumunda, iizerinde tanimli
spline uzaylarinin boyutlarini inceleyip onlarin lineer bagimsiz i¢ diizlemlerinin sayi-
sina bakarak boyutlari konusunda bazi genellestirmeler yapiyoruz.

vi



Anahtar Kelimeler: Spline, Polihedral kompleks, Boyut formiilii, Hilbert polinomu,
Modiil homolojileri
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CHAPTER 1

INTRODUCTION

Our main objects of interest in this thesis are piecewise polynomial functions, which
are also called splines or finite elements. For a polyhedral complex A in R", C"(A) is
the set of piecewise polynomial functions (splines) defined on A that are continuously
differentiable up to order r. For each k in N, C/(A) is the subset of C"(A) consisting of
the piecewise polynomial functions (splines) on A, such that on each face o of A, the
restriction of the piecewise polynomial function to o has degree less than or equal to
k. Determining the dimension of the vector space C;(A) has crucial importance, espe-
cially in geometric modelling and approximation theory. Splines are used in several
areas related with geometric design, graphics, and robotics supported by computers.
They increase the power to control of the shape of a surface. Computing the dimen-
sion of C;(A) involves several different branches of mathematics such as algebra and

geometry.

In this thesis we utilize not only the combinatorics, but also the geometry of A and
the algebraic properties of the functions forming the splines in order to compute the
dimension of C;(A). This is not an easy computation especially when the dimension
of the space in which A embedded is greater than 2. We present several algebraic
geometric methods to compute the dimensions of the vector spaces of splines on
2 and 3 dimensional polyhedral complexes. We make some generalizations on the

dimensions of the vector spaces of splines on some special complexes.

In [11], Billera and Rose presented a homological approach in the study of splines.
They showed that for a polyhedral complex A and fixed smoothness degree r, C;(A) ~
C F(A)k, and C F(A) = Ups0C ’(A)k, where A is defined to be the homogenization of A.



(Homogenization is explained in Chapter 2). Hence the dimension of the vector space
of splines is given as the Hilbert function of a graded algebra. Thus dim C}(A) is given
by a polynomial in k, f(A,r, k), for sufficiently large k, which is called the Hilbert
polynomial. Consequently, throughout the thesis, we are interested in computing
Hilbert series and Hilbert functions. Computation of Hilbert series is very important
for computational commutative algebra and algebraic geometry and appear in various

contexts.

In [18], Geramita and Schenck, presented a connection between fat points and the
inverse systems and using this gave the free resolution of an ideal generated by the
mixed powers of homogeneous linear forms. Using the latter together with the Hilbert
function, they were able to compute the dimension of planar splines on simplicial
complexes for any mixed smoothness degree r. In this thesis, we apply this method

to splines in 3-space to obtain new results.

In [8]], Alfeld and Schumaker obtain all three coefficients of the polynomial giving
the dimension of the vector space of splines on a simplicial complex A for dimension
2. Later, in [23], Mcdonald and Schenck improve their result and determine three
coeflicients of the polynomial f(A, r, k), which gives the dimension of the vector space
of splines on a d-dimensional polyhedral complex A with fixed smoothness degree
r, for sufficiently large k. In this thesis, one of our aims is to refine the formula
given by Mcdonald and Schenck to mixed smoothness degrees. We obtain all three
coeflicients of the polynomial f(A, @, k) giving the dimension of the vector space
of splines with mixed smoothness degrees @ = (o, s, ..., aflo) on a 2-dimensional
polyhedral complex A, each «; is the smoothness degree on the corresponding interior
1-face of A, and f} is the number of the interior 1-faces of A. More precisely, we prove

the following theorem:

Theorem 1.0.1 For a 2-dimensional hereditary, pure polyhedral complex A, we have

-0

5
" k+2 k+2—-a;—1
HP(C’(A),k):(fz—ff’)( ; )+Z( e )+ao<N>
P (1.1)
k+2 S (k+2—a;— 1
=(fz—f1°)( ; )+ ( e 2
i=1 l,bjEHl(Gé:i(A))

\S]



(1,,j+1

where c; = a)(HP(R/1,))) for1,, = (I;"", 15* -+ L,

In Chapter 2, we give some preliminaries and theoretical background necessary for
understanding the computations and generalizations contained in this thesis. We also

give a survey of the literature on splines.

In Chapter 3, we present methods contained in the literature to compute the dimen-
sions of splines and give a detailed review of the article of Geramita and Schenck
[18]], since the techniques and results will be used both in Chapters 4 and 5 to ob-
tain new results. In this article, a formula for the dimension of planar splines for any
2-dimensional simplicial complex is given. Their method depends on constructing a
special chain complex, and it transforms the computation of the dimensions of the
vector spaces of splines on A of degree less than or equal to k to the problem of com-
puting the Hilbert functions of ideals generated by powers of homogeneous linear

forms.

In Chapter 4, by using the results of Geramita and Schenck [18]] together with the
results of McDonald and Schenck [23]] for polyhedral complexes with fixed r smooth-
ness, we obtain a formula defining all three coefficients of the Hilbert polynomials of
the vector spaces corresponding to mixed degree splines. In this sense, we generalize

the formula in [23] to the case of mixed smoothness degree.

In Chapter 5, by modifying the method developed in [18]] to 3-dimensional simplicial
complexes, we obtain a general formula giving the dimensions of the space of splines
defined on n-gons with no interior points. Furthermore, we give a formulae for the
dimensions of the spaces of splines on octahedrons by considering the number of their

linearly independent interior hyperplanes.






CHAPTER 2

THEORETICAL BACKGROUND

In this chapter, we present preliminary definitions and the necessary theoretical back-

ground.

2.1 Polyhedral Complexes

Let C be a subspace of R?. If, for any two elements ¢y, ¢; € C, we have tc;+(1—1)c; €
C fort el =[0,1], then C is called a convex set. The convex hull, Conv(S), of a set
S consisting of finitely many points in R is the smallest convex set that contains S,
which is given as a set by

IS S|
COI]V(S){Z a;x; © «a; >0and Zai = 1},
i=1

i=1

where |§| is the number of points x; € §.

The convex hull of a finite set in R? is called a polytope. The lower dimensional
boundaries of a polytope are called its faces. For example, any triangle and any line

of an octahedron is a face of it.

Definition 2.1.1 ([22]) A € RY which is the finite union of polytopes is a polyhedral
complex, if the faces of each elements of A are elements of A, and the intersection of
any two elements of A is an element of A. 3-dimensional polyhedral complexes are

called as polyhedron.

Note that a k-dimensional element is called as a k-cell and we can think of a complex

as the union its cells.



Example 2.1.2 Fig. [2.1]is an example of a planar polyhedral complex, which has

three 2-cells, seven 1-cells, five O-cells and the empty set.
Figure 2.1: Example of a 2-dimensional polyhedral complex

In contrast to the polyhedral complex above, Fig. 2.2]is not a polyhedral complex,

since the intersection of some of its elements is not an element of the complex again.

\

L\

Figure 2.2: Example of a non-polyhedral complex

Definition 2.1.3 If each maximal element of a polyhedral complex A ¢ RY is d-

dimensional (with respect to inclusion), then A is called pure d-dimensional.

Example 2.1.4 Here is an example of a non-pure complex, since o, has dimension

0'2

Figure 2.3: Example of a non-pure complex

one:

Definition 2.1.5 In a complex A, if two d-dimensional polytopes intersect along a

common d — 1 dimensional face, they are called adjacent. A is called a hereditary

6



complex if, for any T in A (including the empty set), any d-dimensional polytopes o
and o in A that contain T can be connected by a sequence of d-dimensional polytopes
in A such that o = 01,05, ,0m = 0, where each o; contains T and for each i, o;

and oy are adjacent.

Example 2.1.6 In Fig. given below, the left one is not hereditary, since p is con-
tained in both o\ and o, but there is no sequence of 2-cells containing p connecting

o1 and 0. On the other hand, the figure on the right is a hereditary complex.

)
T T3
P T4

Figure 2.4: Example of a hereditary and non-hereditary complexes

2.2 Simplicial Complexes

A simplicial complex is a special polyhedral complex. Polyhedral complexes are
constructed by using polytopes, while simplicial complexes are constructed as the
finite union of simplices, which are special polytopes. Hence, all the definitions given

for polyhedral complexes are also valid for simplicial complexes.

A d-simplex is a d-dimensional polytope, which is the convex hull of its d + 1 vertices
Vo, V1, -+ , Vg satisfying the condition that {v; — vy, v, — vg, - ,v4 — vy} are linearly

independent. In particular, a d-simplex is the set of points

d
C=A{ayvg+avi+---+ayvgy : a; >0, for0<i<d, and Zaizl}.
i=0

We can denote a d-simplex by {vy, vy, -+ ,v4}. If we give an ordering to the vertices
of the simplex we show this by using the notation (vy, vy,---,v,). For example, a
I-simplex is a line, a 2-simplex is a triangle, and a 3-simplex is a tetrahedron. When

we write (v, V1, V), we work on a triangle with rotation sense as in the Fig. @

7



Vi

vV V2

Figure 2.5: Directed simplex

Example 2.2.1 Fig. below demonstrates the difference between a polyhedral

complex and a simplicial complex:

Figure 2.6: The difference between a simplicial complex and the polyhedral complex

Here the figure on the left is a polyhedral complex, but it is not a simplicial complex,
since it contains some elements that are not triangles. On the other hand, the figure on
the right is a simplicial complex, since each element of it is a simplex and obviously,

it is a polyhedral complex.

In this thesis, we focus on both simplicial and polyhedral complexes. In fact, making
generalizations about splines over simplicial complexes is much easier than that in
the polyhedral complex case. Some results about splines over simplicial complexes
are still open in the polyhedral case. In the next chapter, we give some methods that
we use to compute the dimension of the vector spaces of splines, but we will see that

some of these methods work only in the simplicial complex case.

2.3 Simplicial Homology

A chain complex is a sequence of abelian groups or modules, which are connected by

homomorphisms satisfying



Od+1 04 0
oA D Ag—o -2 A5 A — 0,

0; 001 =0.

For a (d + 1)-simplex o = (vg, vy, -+ ,V4), Where v;’s are the vertices, we define the

boundary map d, as
d
an(o-) = Z(_l)lo-l(vo,vl,m,\9,~,~~-,vd)-
i=0
Here ~ denotes a deleted vertex.

An open simplex is a simplex with all its proper faces deleted. Let A denote the set
of i-dimensional interior faces. Given a complex « of R-modules on the interior faces
of A,

7 0d-1
0—- @JeAdK(O_) - GayeAg_IK()/) e @ﬁeAgk(ﬁ) -0,

the i homology of this complex is defined to be H;(k) = ker d;/ im ;1.

2.4 Univariate Splines

Referring to [22]], we now give the basic definitions and theory about splines. We use
the notation and theory in . First, we give the definition of a univariate spline (a spline
defined over a polyhedral complex A on the real line). Let A be the interval [a, b] in
R. Consider the piecewise function F on the interval [a, b], defined by

filkx) ifxela,cl,
F(x) = 2.1)

f(x) if x € [c,b].
where f; and f, are polynomials in R[x], and c satisfies a < ¢ < b. In this case,
F is called a spline or piecewise polynomial function. By well-definedness of F,
fi(c) = f>(c), and this makes F continuous on [a, b]. The trivial case f; = f, is not
interesting. If we take different polynomials, we get extra control over the graph of
the function. Since f; and f, are polynomials, they have derivatives of any orders,
hence, for any r > 0, we can consider splines differentiable up to order r:

ﬁwm:fpw ifrela.cl

) if x € [c, bl.



If we want F to be a C" function (namely, F to be differentiable up to order r) on
[a, b], we should have fl(k)(c) = fz(k)(c) for any k, where 0 < k < r. Algebraically, this

property is equivalent to the next proposition.

Proposition 2.4.1 ([22, Proposition 3.2]) The piecewise polynomial function F de-
fined in Eqn. (2.1) is a C” function on [a, b] if and only if the polynomial f, — f is
divisible by (x — ¢)"™.

Proof. Suppose F € C". We need to show that (x —c)"*! divides f; — f>. We prove this
by induction on r. For r = 0 we have fi(c) = f>(c). Hence, fi(x) — f2(x) = (x —c)p(x)
for some p(x) € R[x]. For the induction step, assume that F € C""!, since F € C"!,
there exists a polynomial A(x) satisfying, fi(x) — f2(x) = (x — ¢)"h(x). We take the
" derivatives of both sides. Every term on the right-hand side, except the one r!h(x)
contains (x — ¢). Since fl(r)(c) - fz(’)(c) =0, (x — ¢) divides h(x), so (x — ¢)"*! divides

Si(x0) = fa(x).

Conversely, suppose that f;(x) — f>(x) is divisible by (x — ¢)"*!, then (f; — £)(x) =
(x — ¢)"*! p(x) for some p(x) € R[x]. When we take any " derivative of the equality
with 0 < ¢ < r, each term in the right-hand side contains (x — ¢), which implies that

FecC. |

We denote the piecewise polynomial function F in Eqn. (2.1) by the ordered pair
(fi, f») € R[x]*>. In this sense, C" splines form a subspace of R[x]?, under compo-
nentwise addition and scalar multiplication. The set of all splines (fi, f,) with the
degrees of the polynomials f; and f, less than or equal to £ is a finite dimensional
vector space C; C R[x]?. Any spline (f;, f>) in C; can be rewritten as a sum of pairs
(f1, fi) + (O, o = f1), in which each summand still has degree less than or equal to
k. Here (fi, f1) is obviously a C” spline for any r > 0. But the spline (0, 5 — f})
is not always C". By Prop. 0, f» — f1) is C" spline if and only if (x — ¢)"*!
divides f, — fi. If this spline is not trivial (f; # f,), a necessary condition for
(x —c)y*! to divide f, — fiisthat r + 1 < k. If r + 1 < k, linear combinations of
(0, (x — &)™), (0, (x — ¢)"*?), -+, (0, (x — ¢)*) are elements of C;. This gives us the

following proposition.

10



Proposition 2.4.2 ([22, Proposition 3.4]) In a subdivided interval [a,b] = [a,c] U
[c, b], the dimension of the space C| for one-variable spline functions is equal to
k+1 ifr+1>k,

dimg C; =
2k—r+1 ifr+1<k.

Note that, if » + 1 > k, C} contains only the trivial splines, so it has (1, 1), (x, x), - - -,
(x*, x*) as basis elements. But if » + 1 < k, in addition to the trivial splines, we also
have non trivial ones, and they are linear combinations of (0, (x—c)"*!), (0, (x—c)"*?),

.-+, (0, (x = ¢)*), which are also among the basis elements.

Proposition 2.4.3 ([25, Onerme 3.3]) Let [a,b] be a closed interval divided into s
subintervals in such a way that [a, b] = [xo, x1]U[x1, x2]U- - - U [x_2, X5-1] U [ X1, Xg].
i-) For an s tuple of polynomials (fi, f>, -+, fs), define a function F on the inter-
val [a,b] such that f; = Fl, ). Then F € C" if and only if for 1 < i < s -1,
fisr = fi € {x = x)*1),

ii-) The dimension of the space of C" splines with polynomials having at most k degree

is equal to
k+1 if r+1>k,
dimC; =
sk-r+r+1 ifr+1<k
Proof. For a detailed proof, see [25, Onerme 3.3]. |

2.5 Multivariate Splines

While working on R, we divided intervals into subintervals that intersect at common
endpoints. We apply the same idea to polyhedral complexes in R? by dividing them
into polytopes intersecting along common faces. Hence, we work on d-dimensional
pure and hereditary polyhedral complexes (and sometimes on simplicial complexes
having these properties) in RY. Ordering the d-cells of the complex oy, 02, -+ , T,
we consider a polyhedral complex A as the union of the d-cells: A = U 0. For a

d-complex A and i < d, let A;, A%, A?, fi(A) and f(A) denote the set of i-dimensional

11



faces, the set of interior faces, the set of i-dimensional interior faces, the number of
i-dimensional faces and the number of i-dimensional interior faces of A, respectively.

Note that d-faces are always considered as interior.

For a d-complex A and r € N, C"(A) is the set of the functions F' : A — R satisfying:
1) For each o € Ay, Fl, is in R[xy, - - -, x4]. (In fact F|,, is equal to the polynomial f;.)
ii) F' is continuously differentiable up to order r on A.

C(A) is a subset of C"(A). It consists of elements F' € C"(A) satisfying Fl, is a
polynomial of degree at most k for any o € A,. F is defined to have r smoothness at

a point p if for each o € A, containing p, F|, has the same value up to order r at p.

Adjacent d-cells o; and o; intersect along a (d — 1)-cell, since we work on hered-
itary complexes. The intersection is denoted as 7;;, which is contained in an affine

hyperplane V(/;;), where [;; € R[x, x,-- - , x4] is a polynomial of degree one.

2.5.1 Literature on multivariate splines

In [2], Courant gave the idea of using continuous splines in approximation theory.
Influenced by Courant’s idea, Strang introduced the problem of finding the dimension
of the spaces of splines in [3], [4]. Strang made the following conjecture: For a

generically embedded planar 2-manifold A,

dim C!(A) = (m; 2)f2 — Cm+ 1)) + 373, (2.2)

m

where f> is the number of triangles in A, f; and fé’ the number of interior edges and
interior vertices, respectively. In [5], Morgan and Scott showed that for m > 5 and
for any embedding of A, the dimension of C!(A) is equal to the right hand side of
Eqn. (2.2)) plus the number of rectangles triangulated by crossing diagonals. They
also gave an explicit basis for C} (A) for m > 5. In [6], they showed that their solution
was not true for m = 2 by an example. The Morgan-Scott formula was shown to be a
lower bound for all m > 2 by Schumaker, see [7]]. Also, he gave a lower bound for the
dimension of C; (A) for m > r + 1. By improving Morgan and Scott’s result, Alfeld
and Schumaker showed that Schumaker’s lower bound gives exactly the dimension

of C; form > 4r + 1 for all r [8].
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In [10], Billera considered the problem in a homological way, and by using the ho-
mological approach on the triangulated manifolds A in R%. He gave lower bounds on
the dimension of C/ (A) for all . He proved Strang’s Conjecture in the affirmative
in the case r = 1 over a triangulated manifold in R?. In [11]], Billera and Rose gave
computational techniques to find bases for the spaces C"(A) by using the Grobner
basis methods. Defining C"(A) as the kernel of a map between free modules, they
gave an exact sequence of graded modules. In [12], Billera and Rose focused on the
freeness of C"(A) depending on A, r, and d as an R-module, because in the case of
freeness of C"(A), the dimension is independent of the embedding of A in R? just on
its combinatorics. When d = 2, they proved that C"(A) is free if and only if A is a
manifold with boundary. They also showed that the module C"(A) is free if and only
if C"(star(0)) is free for all faces o of A (This has great importance, because A is the

star of the origin.).

In [[13], Schenck and Stillman showed that for dimension 2, C ’(A) is free if and only if
H(R/J) vanishes. They also gave a non-freeness result for 2-dimensional complexes
having interior edges, such that edges which do not reach the boundary. In this case,

there exists an ry satisfying that C ’(A) is non-free for all r > ry.

In [14], Schenk and Stillman showed that the dimensions of the splines given by
Billera and Rose were the same with the bounds on dimensions given by Alfeld and
Schumaker. They extended the Alfeld and Schumaker’s bounds for all degrees in

d = 2 case.

In [16l], Schenck defined a complex, top homology module of which was isomorphic
to C’(A) and he determined bounds on the dimension of the homology modules. He

showed that for all i < d, dimp H;(R/J) <i-—1.

Geramita and Schenck, in [18]], searched the relation between the ideals of fat points
and splines on a d-dimensional simplicial complex A embedded in R?. Moreover, by
using this relation, they derived a formula, which gave the number of planar splines

for sufficiently high degree.

In [[17]], Dalbec and Schenck focused on Rose conjecture saying that for a fixed sim-

plicial complex A, the freeness of C"(A) implies the freeness of C"~'(A). They showed
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that the conjecture is true for d = 2, but they gave a counter example in d = 3. Dalbec

and Schenck’s results are still not known to be true, when A is a polyhedral complex.

In [21], Rose considered the spline modules on polyhedral complexes as the syzygy
module of its dual graph with edges weighted by powers of linear forms. By using
some techniques without changing the isomorphism class of the syzygy module, Rose
took the dual graph into pieces and by these pieces, she calculated the homological

dimension of the Hilbert series of the module.

McDonald and Schenck, in [23]], extended the formula of Alfeld and Schumaker,
giving the dimension of the splines on a simplicial complex in R? by a polynomial
f(A,r, k), depending on the complex A, smoothness r and degree k (for sufficiently
large k). They gave the first three coefficients of the polynomial f(A, r, k) for poly-
hedral complexes of any dimension. In d = 2 case, they give the dimension of the

splines.

2.5.2 Main techniques for multivariate splines

The theorem given for univariate splines is generalized to multivariate spline case as

follows in [22]:

Proposition 2.5.1 ([22, Proposition 3.7]) Let A be a pure and hereditary complex
that contains m d-cells o; and F € C'(A) such that f; = Fl,, € Rlx,---,x4] for
1 <i < m. Then for each adjacent pair o;,0;in A, fi — f; € <l;;'1). Conversely, any
m-tuple of polynomials (fi,--- , f,n) satisfying f; — f; € (l;;fl) for each adjacent pair
0,0 of d-cells in A defines an element F € C"(A) by setting F|,, = f..

Proof. For a detailed proof, see [25, Onerme 3.6]. [ |

From now on, we consider FF € C"(A) as an m-tuple of R-polynomials such as
F =(fi,f2, -+, fm), where f; = F|,, and R = R[xy, x, - - - , x4]. By this representation
C"(A) can be regarded as an R-module under the pointwise addition and multiplica-

tion.

Forh € R, (fi,f2,- - . fm) and (g1, 82, , 8m) € C"(A),
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(fio oo s ) (81582, - 8m) = (1 + &1, 2+ 82, -+, f + &m) and
h'(fl7f29" : ’fm) = (h'fl’h'fZ"" ahfm)

We embed A into R**! by sending any element (a;, as, - - ,ay) in R? to
(aj,az, -+ ,aq,1) In R, In other words, we embed A to the hyperplane x;,; = 1,
and construct the convex hull of each o in A, with the origin p = (0,0,---,0) in R,

Hence, we get A = A.p, join of A with p.

We can give an example demonstrating the homogenization of a polyhedral complex

A:

>

v

Figure 2.7: Homogenization of the polyhedral complex A

Example 2.5.2 Here A is a simplicial complex, which is a quadrilateral splited into
4 triangles by its diagonals. We embed A € R* into R>. In this process, any point
(a,b) in A converts to (a,b,1) in R? and by joining these points with v, we derived A

which is a pentahedron.

In this way C ’(A) becomes an R-module, where R = R[x,,1]. And any function on A

can be carried to a cone over A, by taking the homogenization of itself. We define the

X X o, Xd
Xd+1’ Xd+1’ > Xav1””

Here 0f defines the total degree of f. We define the set of C"-splines over A as C'(A).
In [[I1], Billera and Rose showed that if F = (£}, f>, - - , f) € C"(A) then"F € C’(A),

homogenization " f of f(x;, x5, -+ , x;) € Ras follows: " f = xg‘f:lf(

and it is defined as
"E = (A f s f) = GOET R, XL TR O ), - 0RO L)), where F means

the maximum of the df;’s.

Billera and Rose in [[11] proved C'(A) is a finitely generated graded module over
R. Moreover, they have shown that there is a vector space isomorphism between
Ci(A)and C ’(A)k, which is the set of functions defined on A having degree exactly k.

Hence, we can consider the graded module C ”(A) as the union of C ’(A)k’s. Namely,
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C ’(A) = UisoC V(A)k. Instead of calculating dimg C;(A), we will generally be inter-
ested in finding the dimension of C ’(A)k. This leads us to Hilbert function and series
computations. Hence, let us recall the basic definitions and theorems about Hilbert

functions and series.

2.5.3 Hilbert function, Hilbert series and Hilbert polynomial

A finitely generated graded k[x;, - - , x;]-module S can be written as @izo S'; such
that Sy = k, where k is a field and S; denotes the i degree graded part of S. The
Hilbert function of S, HF (S, k) : Z — Z is defined by

HF : i~ dim; S;

mapping i to the dimension of the k-vector space S ;.

Hilbert series of S, HS (S, 1), is defined to be the generating function

HS(S,1) = Z HE(S, i)

i>0

Theorem 2.5.3 ([24]) Hilbert Series of any graded ring S can be given in rational

forms as:
00 L
1-)HS (S,1) = TG where Q(t) € Z[t] and d = dim k[xy,-- - , x4].
G(1) : - .
2-)HS(S,1) = a0 where G(t) € Z[t] is not divisible by (1 — t) and s = dim §.

For i sufficiently large, the Hilbert function of S is equal to a polynomial with rational
coefficients having degree d — 1. This polynomial is called as Hilbert polynomial

HP(S,1).

Now, since we have seen above that C"(A) is a finitely generated graded R-module,

the dimension of its graded pieces can be determined by using the Hilbert series:
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HS(C"(A), 1) = Z HF(C'(A), b,
k>0
= Z dimg C"(A), 2,
k>0

= ) dimg Ci(A).

k>0
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CHAPTER 3

ALGEBRAIC METHODS TO CALCULATE THE DIMENSION
OF SPLINES

3.1 Matrix Method

In this section, we first present the main technique, which can be used both for poly-
hedral and simplicial complexes. As we have mentioned before, we work with pure
and hereditary complexes. Let FF € C"(A) be a spline, where A is a d-dimensional
complex. Two adjacent d-cells o; and o; of A intersect along a (d — 1)-dimensional
interior face 7;;, which is contained in the hyperplane /;;. This can be written alge-

braically as follows:
fi— fi+ gl =0, where g; € R[xy,- -, Xql,

and here we denote F|,, and F|,, by f; and f;.

Example 3.1.1 We apply these ideas to compute the splines over the simplicial com-
plex A given in the Fig. A is a 2-dimensional simplicial complex with four
2-cells. We label these cells as oy, ...,04 in a clockwise fashion. An element F in
C’(A) is represented as (f1, fa, f3, f1), where f; = F|,, for 1 < i < 4. Here oy and o,
intersect along a line segment contained in the y = 0 plane. Hence we can express all

the intersections as below:
fi—f+ray* =0,
h=fitax-y* =0,
fi—fatgy™ =0,
h—fat g4xr+1 =0.

3.1
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0.1)

04 g1

(-1,0) (1,0)

0,0)

(-1.-1)

Figure 3.1: 2-dimensional simplicial complex with four 2-cells

where gi(x,y) € R[x,y]. We can rewrite these equations in a matrix form as follows.

fi
fa
1 -1 0 0 (! 0 0 0 bE 0
0 1 -1 0 0 (x—y! 0 0 Ja _ 0. (32)
0 0 1 -1 0 0 )+ 0 g1 0
I 0 0 -1 0 0 0 (x)! & 0
83
84

Here the elements of C"(A) are given as (fi, f>, f3» f4). If we consider the map R[x, y]® —
R[x, y]* given by the matrix,

1 -1 0 0 (! 0 0 0

01 -1 0 0 —y)ytt 0 0
M(A. ) = (x-y)

0 0 1 -1 0 0 »* 0

1 0 0 -1 0 0 0 (x)!

the first four components of the elements of the kernel of this map give the elements

of C'(A).

We can now generalize these arguments. Suppose A is a d-dimensional complex in

R[xy,- -+, x4] having m d-dimensional cells, then by labeling these cells as o, 0,
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-+, O, a spline F € C"(A) can be given as (fi, f>, -, fw). The d-cells intersect
along (d — 1)-cells, which we denote by 7;; and are contained in hyperplanes /;;. We
fix an order and rename these hyperplanes as [, l,, - - - , .. Then we get the M(A, r),the

e X (m + e) matrix, which is represented by:
M(A, r) = (0(A)ID). (3.3)

Here the e X m matrix d(A) part of M contains only 1, -1 and 0 as components. In
its s”* row, we check the 7,, if itis o; N o 5> and if i < j, then it takes 1 in its 0(A)
component and -1 in its d(A),; component and all the other entries in this row are

zero. The D part of M is an e X e diagonal matrix containing //*' in its diagonals:

l{“ o --- 0
0 l;“ o 0
0 o --- lg”

This construction leads to the following results given in [22, Proposition 3.10].

Proposition 3.1.2 /22, Proposition 3.10] For a pure and hereditary complex A in RY,
let M(A, r) be defined as in Eqn. 3.3}

(i) An m-tuple (fi, fo,- -+, fm) is in C"(A), if and only if there exists (g1,82," " , 8e)
satisfying (f1, fo, - 5 fm» 81,82, "+ » &) IS in the kernel of the map

R[}C], X250, xd]WZ+€ - R[xla X250, xd]e’
defined by the matrix M(A, r).

(ii) C"(A) is a module over R[xy, x,, -+ , x4]. If we construct the module of syzygies

on the columns of M(A, r), then the projection homomorphism

]m+e

R[xl’ X2, s Xg - R[Xl, X2,y -xd]m9

of the syzygy module onto the first m components gives C"(A).

(iii) C;(A) is a finite dimensional vector subspace of C"(A).
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Proof. See [22, p.395]. |

Since C"(A) has a module structure over R[xy, x», - - - , x4], we can use Grobner basis
to determine the kernel of M(A, r), and we can calculate the dimensions of C(A), for
any r, if C"(A) is free (we will explain the reason of this in the homology method
section). Consider the Ex. [3.1.1] By using CoCoA, we find a Grobner basis for
ker(M(A, 1)) as below:

Use R::=QQ[x,y];
M:=Module([1,9,0,1],[-1,1,0,0],([0,-1,1,0],[0,0,-1,-1],[y*2,0,0,0],
[0, (x-y)*2,0,0],[0,0,y*2,0],[0,0,0,x2]);

Syz0fGens (M) ;

Hence, the kernel of the map is given as:

MOdule([[l’ 17 19 1’ 07 09 05 0]7 [O,yzay27 07 1507 _150]7 [09 _-xy2 +
1/2y°,-1/2x%y, =1/2x%y, —=x + 1/2y, =1/2y,0,-1/2y], [0, 1/2xy*, =1/2x° +
x2y, =1/2x3 + x*y, 1/2x,-1/2x,0,—-1/2x + y]]),

In [12, Theorem 3.5], Billera and Rose have shown that for a 2-complex A, C"(A)
is free if and only if A is a manifold with boundary. In Ex. A is a man-
ifold with boundary and hence, C!(A) is a free module, so 7, = (1,1,1,1),h, =
0,0,v,2,y%), hs = (0, =xy* + 1/2y%, =1/2x%y, =1/2x%y) and hy = (0, 1/2xy?, —1/2x> +
x%y, —1/2x* + x*y) construct a basis for C!(A). Any element of C'(A) can be written

in the form:
1(1,1,1,1) + £(0,0,y%, y*) + 13(0, —=xy* + 1/2y°, —1/2x%y, —1/2x*y)+

14(0, 1/2xy*, =1/2x° + 2%y, =1/2x° + x%y),
where t; € R[x,y] forall 1 <i<4.

We can now compute the dimension of C ll(A) for each k. Fork < 2, C ,1 (A) contains
only the splines #,(1,1,1,1). Hence, for k = 0, the only generator is (1,1,1,1) and
dim C(l) = 1. For k = 1, the generators are ((1,1, 1, 1), (x, x, x, x), (v,y,y,y)) and

dimC i = 3. For k > 2, by counting the monomials, which give degree k multiplied
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with the generators, we get the following general dimension formula for C}(A):

| if k=0,
dim C(A) =43 ifk=1,

() +(5)+23) wkz2

Hence if we make the calculations we get dimg C; = 2k* — 2k + 3 for k > 1.

Note once again that, this method is applicable, only in the case C"(A) is free.

3.2 Hilbert Series Method

If we don’t need to find a generating set for C"(A), we can determine the dimen-
sion of the spline space by a computation of a Hilbert series. To do this, we con-
sider the homogenized polyhedral complex A, which has been presented in the pre-
vious chapter. Hence, C"(A) becomes a graded R-algebra and by using the iso-
morphism Cj(A) = C’(A)k given by Billera and Rose in [[11], we can determine
dimg C;(A) for each k. In the previous section, we have defined M(A,r). Recall-
ing that, M(A,r) = (0(A)|D), if we take the homogenizations of the entries of this
matrix, only D, the e X e part changes, because the d(A) part is homogeneous. The
l;j’s, which correspond to entries of the diagonal of D, may not be homogeneous,
and we denote their homogenizations as L;;. Hence the matrix defining the map from
R™¢ to R° is denoted by M (A, r). A is still hereditary by the construction of homog-
enization (since we have a cone of d-dimensional A in d + 1-space with the top point
v =origin). Then [11, Proposition 4.3] implies that Cr(A) =~ ker(M (A, r)), since Ais

hereditary. Also we have the following exact sequence of R-modules:
0 — ker(M(A, 1)) = R"® R(-r — 1)* - im M(A,r) - 0,
where R = Rx1, x2, -+, Xg41].
We use the additivity of Hilbert series, and we have the equality:
HS (ket(M(A, ), ) = HS (R" @ R(—r — 1), 1) — HS (im M(A, r), 1).
Thus, we obtain:
HS(C"(A),1) = HS(R" & R(=r — 1), 1) — HS (im M(A, r), 1).
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1 .- m
- )d+1 and HS(R",1) = a- )d+1
module R(-r — 1), we have R(—r — 1); = Ry, fork € N satisfyingk —r—12>0, so

r+1
5 — 4+l > = —
HSR=r =10, = HS K0 = 57
m+ et™!

of R™ eafi’(—r —1)as HS (I?’" GBIAQ(—r -1),1 = 1= )d+1 We also need to determine

the Hilbert series HS (im M (A, r)). Since the columns of M (A, r) construct a basis for

Note that HS (R, 1) = For the shifted graded

Then we can express the Hilbert series

im M(A, r), we can compute the Hilbert series of this module by using Buchberger
algorithm. By using CoCoA, we compute the Hilbert series of the Ex. [3.1.1]

Use R :: = QQ [x,y,z];
= [[178!0!1]![_1!1l®!®]l[85_171!®]7[®!®7_1l_1]![yA2!®1®!®]7
[®1(X‘Y)A2,®s®],[Q,Q,Y"Z,@]s[®,®-®,x"2]];

N : = Module (M);

I: =LTN);

Hilbert(I);

H(®) =3

H(t) = 2t22 + 6t + 1 for t >= 1.

Then the Hilbert series of im M (A, 1) is the infinite sum:

HSGmMA, D, ) =3+ 22 +6.+ Dt + @+ 12+ D> + - --
+QnE+6n+ D"+ - (3.4)

=34+9r+212 4+ + Q2> +6n+ D" +---

We can now compute the Hilbert series of C 1(A):

HS(C'(A),r) = HS(R*® R(-1 - )*,1) — HS (im M(A, 1), 1)

2 (3.5)
30421 4 4 @24 6nt ) +--0),

DS
To compute the Hilbert series of C'(A), we need to compute -0 Since
1
— = 1+t+P 4+ 4+ +---, we have
(I-9
4 + 4

T - (4+42)(1+3t+ 6 + 108 + 156" + 215 +--+)

=44+ 12t + 288 + 5262 + 847 + 1247 + - - -
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Then the result is

HS(C'(A),1) = (4 + 121 + 282 + 526 + 84 + 124F +---) — (3 + 91 + 217
+378 + 57 +81° -+ 2+ 6n+ D" +--+)

= 14+3t+7F2 + 158 + 2765 + 43P + - - -

In the above infinite sum, each coefficient of ¢* gives the dimg C"(A);. By using

Eqn. (3.5), we can also compute the Hilbert function. For the ring

N o k+d o

R = R[x{, x5, -+, x451], the Hilbert function is HF(R) = ( J ) and HF(R(-i)) =

(k+a’—i

. H ,
J ) ence

HF(C'(A), k) = HF(R* ® R(=1 = D* k) — HF(im M(A, 1), k)

2 2_1-1
:4(1“r )+4(k+ )—(2k2+6k+1),k21

2 2
:4(k;2)+4(’;)—(2k2+6k+1), k> 1

=2k —2k+3, k> 1.

3.3 Homology Method

In [10], Billera has introduced the homological view to focus on the splines. Recall
that for a simplicial complex A, o € A® denotes the set of interior faces of A. Billera
defined L, to be the homogeneous ideal of &, whose generators are homogeneous
linear polynomials. Then for a fixed » > 0, he has defined a complex J of ideals on
A:

J:=R/ IAQH.

Hence J is a subcomplex of the constant complex R on A” satisfying that R(c") = R

for any o € A°. Then the quotient of R by J gives the short exact sequence:
0->J->R->R/T—-O,

which gives a long exact sequence in homology,

<= Hi(Y) — Hi(R) —» Hi(R/Y) = Hi-i(J) = Hi-i(R) —» Hi_(R/F) — -+
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Billera showed that the spline module is isomorphic to the top homology module
H;(R/J). Thus, he was able to compute the dimension of the splines by the compu-

tation of the dimension of a homology module.

Later, Schenck in [16] has described a complex 7 of ideals on interior faces of A:

J(@)=0 for o € Ay,

J@ =1"" fore A) |,

VGEDW A for £ €AY, T €AY,
et

Joy= I forve Al re Al .

VET

Then, there is a short exact sequence
09 ->R->R/T —0.

This sequence corresponds to a long exact homology sequence:
= H(J) - Hi(R) - H(R/T) - Hi-i(J) = Hi.i(R) - Ha(RIT) — -+

We have H;(R/J) = Hi(R/9), since on d and d — 1-interior faces JJ and J are equal.

In [16], Schenck has proved that for all i < d, the dimension of H;(R/J)is < i— 1.
Then in d = 3 case, we have H{(R/J) = 0 and H,(R/J) is at most one.

As we have mentioned before, one method for determining the dimension of a spline
was to compute the Hilbert series and Schenck has shown that it depends on the

modules @ﬁerﬂ/j(B) fori=d,d-1,d - 2.

In [13]] and [[14]], Schenck and Stillman worked on the d = 2 case and they have shown
that the module C’(A) is free if and only if H;(R/J) vanishes, and C F(A) can be free
only, if A is a topological disk. Note that if A is a d-ball, H(R) = 0, for i # d. By the
long exact sequence, C’(A) ~R®H,; (9)and H(R/9) ~ Hi_1(9) foralli <d - 1.

Hence, as a conclusion, H;((J) has dimension less than or equal to i, fori < d —1. So,
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we can restrict the study of spline modules to the study of H,_{(J), which is much

easier.

In [16]], Schenck shows that, for a complex A satisfying H;(R) = 0 for all i < d, then
C’(A) is free if and only if H;(J) = 0 for all i < d — 1. If we know that the module
C ’(A) is free, then we can determine C’(A) just by the computation of the Hilbert
series of the R/ J (o), o € AY.

In this section, we have shown that the dimension of splines is known, if the homology
modules can be computed, but this is not always easy. Hence, in the next section, we

give another method to find dimg C*(A), by using the Euler characteristic equation.

3.4 The Method of Using Relations Among Fat Points, Inverse Systems and
Splines

In this section, we give the method given in the article [[18] of Geramita and Schenck.
In this article, by showing the connection between fat points and the inverse systems,
they give the free resolution of an ideal generated by the mixed powers of homo-
geneous linear forms. By using this, they compute the dimension of 2-dimensional

splines. We will also observe that this method does not work in higher dimensions.

3.4.1 Fat Points and Inverse Systems

Let X = {Py,---, P,} be a finite set of points such that P; = [pjy : pi1 : -+ : pia] € P2,
I(P) = 9; € R = K[xo,++ , x4, and Lp, = Y% p;,y;. The ideal I = N 0", o; > 1
is defined to be a fat points ideal. For S = k[yo,---,y4], R acts on S by partial
differentiation, such that x;y; = 8(y;)/d(y;). Since I is a submodule of R, it also
acts on S, so we can determine the elements of S annihilated by /, and define as
I"' = {f € S|I.f = 0}, in other words anng(I). The connection between /~' and
fat points ideals can be understood by the following theorem (Note that the notation

presented here will be used throughout the section):

Theorem 3.4.1 [[19]] Let I = ¢} ' np*" .. ‘Ne™*! be an ideal of fat points defined
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as above:

S if t < max{n;},
(I_l)t =
LSy + -+ LS, if £ > max{n; + 1.
and
dimy(I™"), = dimg(R/I, 1) = HF(R/I, 1).
Proof. See [20], p.22. |

Here Lj[,_l'”Sn1 + -+ L;‘”“Sns represents the " graded part of the ideal generated by

—nq t—-ng -
LPl , ,LPS insS.

By this theorem, we obtain a relation between fat points and the ideals generated by

powers of homogeneous linear forms.

Corollary 3.4.2 ([18, Corollary 2.3]) For any pairwise linearly independent homo-
geneous linear forms Ly,--- ,Lsin S = k[yo,y1], where 0 < a1 < --- < ayin Z, let

J be the ideal generated by the elements L{',--- LS. Then for each integer t, the

dimension of the vector space J, is given by the equality:

dim, J, = min{r + 1, Z max{t — a; + 1,0}).
i=1

Proof.. Since a; < --- < a, there exists an integer ¢, which is the largest one,

satisfying the inequality 7 — @; + 1 > 0, then we can arrange the summation as:

K q
min{r + 1, Z max{t — a; + 1,0}} = min{ + 1, Z(r —a; + D).

i=1 i=1

The integers larger than g, satisfy t—a; +1 < O then - a; <0, hence S,_,, = 0. Since
Jy = L'S o + -+ LSy, itturns to, J, = LT'S 4, + -+ + LZqSt_aq. By Theo.
if we choose n; =t — a; for I = 50’1_“1“ N gotz_“z“ N goi,_a"ﬂ, we have

. S, if t < max{t — a;},
)=
LYS gy 4+ Lg"S, g, if 1> max{r—a; + 1).

Since ¢ is always greater than ¢ — «;, we obtain for (/™'), = J; and by using Theo.

dimyg J, = dimg(R/1, 1) = dimg(R,/I,) = 1 + 1 — dimy I..
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Her, I is a principal ideal generated by a linear form F having degree Y,/ (1 —a; + 1).

Hence,

0 ifr <Y (t—a;+ 1),

dim S(- X7 (t—a;+ 1), ift>Y! (t—a;+1).
The case ¢t < Z?Z](t — a@; + 1) is equivalent to saying that r + 1 < Zf:](t —a; + 1),
which gives dim; J, = t + 1. The other case t > Z?zl(t — a; + 1) is equivalent to
t+1> 3" (t—a;+1)anddim J, = Y7, (t — a; + 1). When we combine these two
results, we reach the conclusion:
dimy J; = min{z + 1, i(t —-a; + 1)}

i=1

By this corollary, we obtain the conclusion that the dimension of the ideals generated
by the pairwise linearly independent linear forms do not depend on the linear forms,
but on their powers. We can also use this corollary in deciding the minimal generator

set of an ideal generated by powers of homogeneous linear forms in k[yy, y1].

Example 3.4.3 Let Ly, L,, L3, Ly, Ls € k[yy, y1] be pairwise linearly independent ho-
mogeneous linear forms. For J = (L7, L], LY, L}, L?), dim;Jy = min{9 + 1,(9 -5 +
D+O-7+1)+0O-8+1)+O-8+1)+9 -9+ 1)} =10. If we construct an
ideal J' = (L3, L], L8, L}), then dimy(J )o = min{9+ 1,(9-5+ D+ (9-T+ 1)+ (9 -
8+ 1)+ (9 —-8+1))} =10. This implies that Lg € J, hence J = J. In the same way,
we can show that L} ¢ (L?), LY ¢ (L3, L)) and L} ¢ (L3, L}, LY). Hence, the minimal
generator set of J is J =, L;, Lg, Lﬁ).

Corollary 3.4.4 Let J = (L{',--- L"), where 0 < @y < @y < --- < ay, then for
m> 2,
Q a a Z?i a;—m
Lrtg¢ (L, L)) © @y < #

Proof. Let J; = (L}',--- , L"), then L' ¢ J,, if and only if (J,,)a,.., # (Jus1)ay.,- BY
Cor. 3.4.2]

dimk(Jm)am+1 = min {am+l + 17 Z;’i](a'mﬂ —a;+ 1)},

. . 1
dlmk(Jm+l)wm+1 = min {a/m+l + 1, Z?Si (a’m+1 —q;+ 1)}
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Then we see that (J,,)q,., # (Jm+1)a,,, if and only if @y + 1 > 20 (@ — @i + 1),

which implies that @,,.1(m — 1) < >, @; — m + 1 and that gives, @, 1(m — 1) <

m
> —m
Y™ @; —m. Hence, @, < 24— _— =
m—1
From now on, when we write an ideal J = (L{',---, L"), we suppose that it has a

minimal set of generators. For the inequality Y./_,(r — @; + 1) > r, Q is defined to be

the least integer r satisfying the inequality. Hence,

t o —
Q= {—Zi:l i tl +1.

r—1
Theorem 3.4.5 ([18]) Let J = (L', -+ ,L;"). Then,

i+1 if0<i<a,
H(S/J,l) = (l+ 1)—Z{j|ajsi}(i—aj+ 1) if a) < i< Q,

0 if i > Q.

Proof. |25, Teorem 3.4] |

Theorem 3.4.6 ([18]) For a minimally generated ideal J = (L{',---, L"), so that
0= {Z?;l a;—1

1 | + 1, J has a resolution:

0->SEQM™eS(-Q- D% -l S(—a;) = J -0,

where No = Y/_(Q—a; + 1) = (Q+ 1) and No,y = Y-, a; + (1 — D).
Proof. [25| Teorem 3.5] |

Example 3.4.7 Recall Ex. where we have shown that J is minimally generated
5+7+8+8-4

by (L}, L3, L3, LY). Then Q = 11 +1=9, No=09-5+1)+0O9-7+

D+O-8+1)+(O-8+1)=O+1)=2 and N,y =5+7+8+8+(1-4)9 = 1.

Hence, J has the resolution:

0> S=972aS(-10) > S=3adS-=7adS(-8)?> > J—0.
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3.4.2 Piecewise Polynomial Functions on Simplicial Complexes

In this section, we use the notation in the multivariable splines section. We denote by
R the chain complex defined by R; = R , where R = R[x;,--- , x4, x4+1]. Here, 0;
denotes the ordinary simplicial boundary map:

0 Ot 0; 0i-
R Ceee @(IGA?HR(: Rfi+|) —)l @ﬁGA?R — @)IEA%IR _)] e

Here the homology of the chain complex R is the simplicial relative homology with
coeflicients in R. For any interior face vy, J(y) is defined to be the ideal gener-
ated by mixed powers of linear forms, which define hyperplanes incident to ¥, i.e.,
Jy) = ZygneAgil ij“. If we constrict the chain complex R to the ideals [J we get
the following chain complex:

i+1 0i-1

P 9,
T i =2 Bpepy J(@) = Spepo T (B) = Speno T(¥) = -+

Hence, we can define the quotient of R by 7, and we get a chain complex R/ J:

Oiv1

RIT -+ = Bpers RIT@ 23 BpenRITB) S Byeps RIT) S -

The top homology of this complex H,(R/J) is equal to the module C®(A). This
equality has been shown for equal «;’s in [[16]]. But, it has also been verified for
mixed ¢;’s. By using Euler characteristic equation, we can understand C®(A), if we
understand modules and the lower homology modules of the complex. Here under-
standing the modules in the chain complex is equivalent to understanding the ideals

generated by the powers of linear forms, in other words, fat points ideals.

In [16], by using localization techniques, it has been shown that, for fixed a;’s,
H;(R/J) has dimension at most i — 1 as an R-module. These techniques work also

for the case, when «@;’s are mixed.

We now consider the planar case, A embedded in R?. Then, H,(R/J) is a zero
dimensional R[x,y,z] module, so vanishes in sufficiently high degrees. The short

exact sequence of complexes:
09 ->R->R/TJ -0,
gives a long exact sequence of homology modules:
o= Hi(J) — H(R) - Hi(R/T) - Hi-i(J) — -+
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Since every interior vertex is connected to at least one outer vertex via an edge, then
(vp, v;) is meaningful for an inner vertex v; and an outer vertex v, which are connected
to each other. And 0,({v,, v;)) = (v;) — (vp) = (v;) € im 9y, thus (v;) + imJ; = im J;.
Which means that under the module of im 9, every vertex is equivalent to a vertex on
the boundary. Hence, Hy(R) = 0. Then by the long exact sequence, Hy(R/.J) is also

equal to zero.

Theorem 3.4.8 With the notation given above, for sufficiently large k,

2
dimg CY(A), = dimg Z(—l)" Bpery . RIT B (3.6)
i=0

Proof. By applying Euler characteristic equation to the complex:

XHRIIT)) = xRID),

we get

2 1
dimy Hy(R/ T )i = dim > (=1) @geny RIT Bl + dimz >~ (=1 Hy_(R/T )i
i=0 i=0

As mentioned before, we know that Hy(R/J) = 0 and for sufficiently large k,
H{(R/9) = 0. Since H>(R/J) is equal to the spline module C"(A), we obtain

the conclusion. |

Since we know,

‘ k+2
dlm]R GB(TEA(Z)R/‘ = fZO( 2 )’

and

S ffk+2) (k+2-ai-1

dimg & N R/T () = Z ( ) )_ ( 2 | )]’

i=1

we need to find
dimg @, )0 R/ T (V)i

In fact, we have computed this in the previous subsection. Here, we can translate 7;

to the origin, so J(y;) contains linear forms in variables x and y. Thus,

RIT (yi) = Rlz] ®r R[x, y1/ T (y)).
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By naming 3; as .1, let B/ = (Bi, ..., 3;) be the exponent vector of J(y;) with min-
Z?:l ﬁ] -1
t—1
isomorphism and Theo. f.1.T1} R/ 7 (y;) has the following free resolution:

imal generator set I? b ,L'f’. Then Q' = + 1. Hence, by the above

0 = R(=QN @ R(—Q' - Dot - & |R(-B)) > R = R/T(y:) = 0,
where NQ:‘ = Zz':l(Qi —ﬁ] + 1) - (Ql + 1) and NQi+1 = Z;:lﬁj + (1 — I)Ql

By the constriction of the resolution to the degree k& and using the additivity of the

Hilbert polynomial we obtain the equality:

) k+2 k+2-p; k—Q +2 k—Q —1+2
dimg G%-eASR/j(%)k = ( 2 )—éi( ) j)‘*‘Ngi( 2 )+NQi+1( 2 )

Theorem 3.4.9 For a simplicial complex A embedded in R?, we have
i

R k+2 k+2—-a;,—1
cmmﬂﬁnﬂﬁ—ﬁ+ﬁ%;)+zx4_za )
i=1

f . .
k+2—-p; k+2-Q' k+2-Q' -1
— LZ( ) J)—NQi( ’ )—NQi+l( ) )]’

i=1 jeﬁi
for k >> 0.

(3.7)

Proof. The Hilbert polynomial of each graded module can be determined and then

by applying Theo. [3.4.8] the conclusion can be drawn. [

Example 3.4.10 Let’s apply this result to Ex. [3.1.1] A has points at (1,0), (0, 1),
(-1,0), (-1,-1) and @ = (1, 1,1, 1) and it has only one interior vertex 7y (the origin)
and J(y) = (%%, (y + x — 22)*), which is the minimal generating set for J(y).
Then Q = 2+2+2-3)/3-1D]+1=2and N, =2-2+1)3-2+1) =0,
Npyi =2+2+2+(1-3).2=2. By Theo.[3.4.9,

A k+2\ (k+2-1-1
dm@c%mk:@—4+1% ;)+4('+ ) )

(733
(57 6)-=(5)
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for k >> 0.

Example 3.4.11 Let A be a planar simplicial complex with vertices at (0,0), (—1,2),
(_1’ _2)’ (_3, O): (5’ 0) and a = (1’ 2a 27 3)

Figure 3.2: Planar simplicial complex

In this example, A has only one interior vertex 7y (the origin) and J(y) = ((2x +
W2, v, 2x = ), y*), which has the minimal generating set {(2x + y)%,y?, 2x — y)*).
Then, Q=|2+3+3-3)/3-1]+1=3and N3 = 3-2+1)+2.3-3+1)-(3+1) =
0, N34y =2+3+3+(1-3).3=2 ByTheo.[3.4.9

) k+2) (k42-1-1\ _(k+2-2-1
dimRC“(A)k:(4—4+1)( er )+( " , )+2.( " , )

3o ) )

:“+2)+2“;2ﬁmk>>Q

2

Example 3.4.12 [n this example, we have a more complicated figure:

Figure 3.3: Complicated figure
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On the three edges of the interior vertices, we take a; = 2 and on the six edges
connecting the interior vertices to the boundary vertices, we have a; = 3. Hence, for
each of the interior vertices J(y) = (L3, Lg, L;‘, Li) where each L; are distinct linear
forms. Then, J (y) is minimally generated by (L?, Lg, L;‘). Then,
Q=1B+3+4+4-4)/4-1)]+1=4and
Ny=@4-3+D)+(@-3+1)+@-4+1)-(4+1)=0,Nyy; =3+3+4+(1-3)4=2.
By Theo.

) 2 2-2-1 2-3-1
dimRC"(A)k:(7—9+3)(k+)+3(k+ )+6(k+ 3 )

2 2 2

£

k+2 k-1 k-2 k-3
N I IR e T

If we try to apply the method given by Geramita and Schenck in dimension 3, we have

-3

two important problems to consider: one is the Hilbert function of the corresponding
fat points, which is much harder to compute than the case P!, and the second is the
second homology of the corresponding chain complex, which is not always zero. In

Chapter 5, we will use this method to obtain some new results.
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CHAPTER 4

SPLINES WITH MIXED SMOOTHNESS DEGREE ON
POLYHEDRAL COMPLEXES!

4.1 Splines with Mixed Smoothness Degrees on Polyhedral Complexes

In [11], Billera and Rose give a homological approaches to splines. They show
that for a polyhedral complex A and fixed smoothness degree r, Ci(A) = C"(A),
and C ’(A) = UC’(A)k. Hence the dimension of the vector space of splines becomes
the Hilbert function of a graded algebra. This means that dim C;(A) is given by a
polynomial in k, f(A, r, k), for sufficiently large k, called the Hilbert polynomial. In
[23]], McDonald and Schenck give a method to determine the first three coefficients
of the polynomial f(A,r, k). In case of dimension 2, their method gives the exact
polynomial. In this chapter we will extend their method by the techniques given
in [[18]] for the splines having different smoothness degree @ = {ay,..., O‘ff,’,l} on 2-

dimensional polyhedral complex A.

In [[11]], for a d-dimensional polyhedral complex A, Billera and Rose give the exact
sequence
0 C@A) - R @R (—r—1) S R S N >0,
where
lr+1
1

¢=| 04
lr+l

fia
and N is the cokernel of ¢ and R = R[x, y,z]. By applying Hilbert polynomial HP()

I'This work has been done under the supervision of co-advisor Selma Altinok; see [T].
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to the sequence we get
HP(C"(A), k) = fHPR, k) + f2  HP(R(~r — 1),k) — f  HP(R, k) + HP(N), k).

In [[11]], Billera and Rose show that N is supported on primes of codimension at least 2.
Hence calculating the k,_, coefficient of the Hilbert polynomial of C"(A) is equivalent
to calculating the k,_, coeflicient of the Hilbert polynomial of N since the contribution
of the other terms of the k,_, coefficient of the Hilbert polynomial of C’(A) can be
calculated combinatorially. Moreover Billera and Rose’s result implies that N has a
Hilbert polynomial of degree d — 2. Because of that in d = 2 case HP(N, k) becomes
a constant, (we will use a;_»(M) to denote the k,_, coeflicient of any graded module

M), hence we represent it as ay(N).

In the exact sequence N is the cokernel of the map ¢, so

N = (P R/L/0a.

TeAd |
Using localization techniques, Mcdonald and Schenck show that any codimension-
2 associated primes of N are linear. This result produces a list of candidates for
codimension-2 linear primes. As a result of this, they describe the submodule of N
supported in dimension (d — 2). The only contribution to the k%~? coeflicient of the
Hilbert polynomial of N comes from the elements of that submodule. The work of

Mcdonald and Schenck is done for the fixed smoothness degree r, that is, all d-faces

intersect along (d — 1)- interior faces with the same smoothness degree r.

In [23]] Mcdonald and Schenck states the following equality;

R k+2 k+2-r—-1
HP(C’(A),k>:(fz—ff’)( ; )+f1°( ’ zr )+ao(N)

-2 1 f0
:%k2+3f2(r+)flk+f2+(()—l)ﬁ)+ Z Cjs

. 4.1)
2 YieH (G (D))

where ¢; = ag(HP(R/1,))).

Here ag gives the constant term of the Hilbert polynomial of R/I,,, where I, =

r+1 gr+l r+1
(5L L.
In [23, Lemma 3.13], for a codimension-2 minimally generated ideal
— o+l g+l r+1
Iy =757, 0),

38



R/ I, has the free resolution:
0— R(=r—1-aW)"Y®R(-r -2 -a@))*™ - R(-r-1" - R - R/I,

where a(y) = [ 21|, s1) = (= Da@) +n—r-2,and s,) = r + 1 = (n = D).

Here we are interested in a free resolution of IA?/I¢ for a codimension-2 minimally

. v, . +1
generated ideal [, = (l‘f‘”, lg”l, e l;_/’ ).

Our aim is to refine Eqn. (4.1) for different smoothness degrees of polynomials.

Theorem 4.1.1 For a 2-dimensional hereditary, pure polyhedral complex A, we have

I
" k+2 k+2—-—a;—1
HP(Cr(A),k)=(fz—f1°)( ; )+Z( e )+ao<N>

i=1

50 (4.2)

=(f2—f]0)(k+2)+2(k+2_ai_l N

C .
2 2 )
i=1 Y j€H (G (D)

VA

n

where c; = ao(HP(R/1,,) for I, = (19", 127, .1,

J

+1
) will be given explicitly.
From now on we suppose that the smoothness degree is mixed, that is,
a=(a,..., af[?il),where the a; are not necessarily all equal. Then the exact sequence
changes into the following one:
fi-y

0—CA) >R e (P R-ai - 1) 5 R - N -0,
i=0
where

a/]+1
[

¢=| 04
laff1)4+1

i

The cokernel N of ¢ is isomorphic to

N = (P RIL/0a.

A0
T,EAd_l

We can start to convert the theory constructed in [23] for a mixed smoothness degree.
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Lemma 4.1.2 If J is a codimension-2 associated prime ideal of N, then J contains a

linear form (l.), where T € AY_,.

Proof.([23, Lemma 3.1]) Suppose that J contains no /., then [, becomes invertible
in R;, and this implies that N; = 0. Since J is an associated prime of N, it is not

possible. |

Lemma 4.1.3 (Version of [23, Lemma 3.2] for a mixed order) For a codimension-
2 linear space &, if o € A, has at most one facet whose linear span contains &, then
in the localization Nyg), every generator of N corresponding to a facet of o goes to

zero

Proof. Suppose that /;, is the linear span of the facet of o~ that contains &, then all the
other facets of o become invertible in R;). The generators of N corresponding to o

are as follows:

i+1 .
e LT +imd,,

i+1 .
LT R +imd,

i+1 .
et et L+ Ty +im g,

Here it is clear that R — I(£) annihilates the generators of N except the first one, since
it contains all /., for i > 2. But if we multiply the first component of N with the

element f; — f> of R—I(¢) then it falls into im d,. So R — I(£) annihilates N, i.e., in the

localization Ny, every generators of N corresponding to a facet of o~ goes to zero.

Theorem 4.1.4 If J is a codimension-2 associated prime ideal of N then it has the

form (I, L) for T;,T; € A]_,.

Proof. Suppose that there is only one /; in J, then by Lem. 4.1.2|only one hyperplane
which is the linear span of 7 € A2_1 contains V(J). Then, except for [, all the linear
forms I, becomes invertible in R;, by Lem. #.1.3] N, vanishes. This contradicts the

fact that J is an associated prime. |

To determine the codimension-2 associated primes on a polyhedral complex we need

more geometric knowledge than in case of a simplicial complex. In the simplicial
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case, the codimension-2 associated primes are the vertices of the complex. In light of
the above information we can determine the candidates of the codimension-2 associ-
ated primes of N. To decide exactly which codimension-2 associated primes exist we
will give a kind of dual graph definition which is related to both the combinatorics

and the geometry of a complex A.

Definition 4.1.5 ([23, Definition 3.5]) For A a d-dimensional polyhedral complex and
& a codimension-2 linear subspace, G¢(A) is defined to be the graph whose vertices
correspond to o € A; which has a (d — 1)-dimensional face whose linear span con-
tains &. Two vertices of G¢(A) are connected if and only if the corresponding d-faces

intersect along a (d — 1)-face whose linear span contains &.

[lustrate the definition, I will give here the example given in [23]] by Mcdonald and
Schenck.

Example 4.1.6 Let A be the polyhedral complex drawn as in the Fig.

fo

g3

Figure 4.1: Polyhedral complex containing extra codimension-2 space except the in-
terior vertices

In this example, for every interior vertex v, G,(A) is a triangle. Apart from the interior
vertices, there is another codimension-2 space which is the intersection point of the
edges connecting the interior vertices with the boundary vertices. If we name this

point as po, then G, (A) is also a triangle and depicted as in the Fig.

In Fig. if we move the top point of the outer triangle we get another polyhedral
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V3

Vi V2

Figure 4.2: Associated dual graph G ,,(A) for the point p, in Fig. {4.1]

complex A" having the same combinatorial properties as A. But in the new figure

there is no additional codimension-2 space as above.

Corollary 4.1.7 ([23, Corollary 3.8]) G:(A) is homotopic to a disjoint union of cir-

cles and segments

Proof. This corollary is a consequence of [23, Lemma 3.7]. |

By this stage, we get all the candidates of the codimension-2 associated primes of
N, but we are not sure which of them exactly exist. Mcdonald and Schenck give two
important results [23, Theorem 3.9, Proposition 3.10] which we now restate for mixed

smoothness degree but we will use the same technique with them in their proof.

Theorem 4.1.8 ([23], Theorem 3.9) Let A be a polyhedral complex and ¢ a codimension-

2 linear prime, then

Ny = @ (R/1y)1e),

YEH (G¢(A))
where y € H\(G£(A)) denotes the set of components of G¢(A) that are homotopic to a

circle, and

I, = <l§’j+1 | 1, € Ag_lcorresponds to an edge of w>.

Proof. By Cor. G¢(A) is formed from circles and segments but the generators of
N lying on segments in the localization Ny go to zero by Lem. #.1.3] Then for any
o € A corresponding to a vertex having valence two, there are elements 7;, 7; € Ag_l

such that in the localization Ry, I,, [;; are not invertible but all the other linear forms
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of facets of o become units. If we eliminate the column corresponding to o in 9,
with the unit entries of the columns of Dy we get a column having nonzero entries
only in the row corresponding to 7;, 7;. Repeating these steps we see that the cycle
corresponds to an essential submodule of Ny, with the generator quotiented by the

(ax + 1) powers of the forms corresponding to the edges of the cycle. [

Proposition 4.1.9 ([23, Proposition 3.10]) Let P be the set of all codimension 2 as-
sociated primes of N. Then there is a graded exact sequence

0—K—>N— @ ﬁ/[w—>C—>O,

YeH (Ge()
QeP

where K and C are supported in codimension at least 3. [

Corollary 4.1.10 Let P be the set of all codimension-2 associated primes of N. Then

()
fd—l

a4-2(C*(A)) =ag o (R + ) ago(R(-a; = 1)
i=1

F> > aaR/).

Q<P Y ;€H (Gy(g)(D))

We take I, as the ideal minimally generated by <l§"+1, R lZ"+1> with different

exponents. In [18], Geramita and Schenck give the following lemma:

Lemma 4.1.11 Any minimally generated ideal 1, = (1‘1"“, ngH, Loty

R[xo, X1, X2] = R, R/ Iy has a resolution as follows:

0 - R-Q)M @ R(-Q - D" - @ R(-~a;— 1) - R — R/I, — 0,

@i+ )-n

where Q = [Z L Na = 20 Q— (@ + D)+ 1) = (Q+ 1) and
Nosi = Zici(a; + 1) + (1 = n)Q

It follows that the Hilbert polynomial of R/ I, 1s

. k+2\ ~(k+2-a;-1
HP(R/1,, k) :( 5 )—Z( 5 )+
i=1



Hence, it gives that:

a(R/1,, k) = ax(R/1,,k) = 0

, " (q, Q-1 Q
aR/1,.k) = 1 —Z(‘;)HVQ( , )+NQ+1(2).

1

Proof of Theo. d.1.1L We have

7
N k+2 k+2—-a;-1
HP(C”(A),k)=(fz—f1°)( ; )+Z( e )+ao(N>,

j=1

where ag(N) = HP(N, k). We need to determine ay(N). By Prop. 4.1.9] we obtain

aN)=3, D, aR/l).

Q<P yjeH1(Gy(g)(A)

Hence the theorem follows. [ ]

As a result of this, we obtain
Corollary 4.1.12 Under the same assumption of Theo.

HP(C'(A), k) _f2k2 +5Gf- 22@, + 1)k + fo + Z(( ) )

[ Q-1 Q;
' Q;’W/GHI(GZV(@(A)) - Z (2) ' NQJ( 2 ) ' NQI/H( 2 )
In the planer simplicial case, the codimension 2 associated primes J corresponding
to a codimension 2 space ¢ are vertices of a simplex. We are interested in & such that
H(G¢(A)) # 0, which are exactly the interior vertices. For each interior vertex there
is only one corresponding cycle in the dual graph G:(A). Hence we obtain a formula

for planer mixed splines on a simplicial complex as follows.

Corollary 4.1.13 For mixed splines on a simplicial planer complex A,

fO
A k+2) Sh(k+2-ai-1
HP(C“(A),k):(fz—ﬁ°+fé)>( ; )*Z( ’ 2a )
i=1

k+2- a/l 1 k+2-Q; k—Q;—1+2
_Z Z _NQj 2 _NQJ-Jrl 2

for k sufficiently large.

, (4.4)
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This equality coincide with the formula given by Geramita and Schenk in [[18]].

4.2 Examples

Example 4.2.1 In this example we will apply Theo. to the complex A with
four 2-faces, six interior 1-faces and three interior vertices as given in the Fig.

We choose p; = (0,2), p» = 2,-1), p3 = =(2,-1), ps = (0,4), ps = (4,-2),

P4

/o)

Peo Ds

Figure 4.3: A with four 2-faces, six interior 1-faces and three interior vertices

pe = (—4,-2). In the Fig. po is the intersection of the lines connecting the
interior vertices with the boundary vertices, that is, the intersection point of the dotted

lines. Here l; implies the homogenized form of the linear space l;. Then we have

Figure 4.4: Ordered form of the linear forms of the Fig.
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L :x=0, L:x+2y=0, l3:x-2y=0,
ly:2y—-3x—-4z=0, Is:2y+3x—-4z=0, le:y+2z=0.

2-faces intersect along the interior 1-faces with smoothness degree ;. Here « is given

as

a = (CY], @), a3, A4, A5, 056)

=(1,2,1,1,1,2).

Let F = (f1, >, f3, f1) € R[x,y,2)* satisfying Fl|s, = f.. Then F € C’(A) if and only if

it satisfies the algebraic property given below;

fi—-fp+ax* =0, fi — i+ 842y —3x —42)* =0,
fH—fi+gx+2y)’ =0, fr—fi+gs2y+3x—42)7° =0,
fi— f5 + g3(x—2y)* =0, fi—fit+tgy+2)7>=0.

If we rewrite these equations in a matrix form we get ¢ as follows

¢'(fl’ f25 f‘39 f49 gl9g25 g39 849 gS’ g6)T = 09

where

We can write down the graded exact sequence:
oA B4 o P 40P 2 % a6
0—->C(A) >R ®R(-2)"®R(-3)" >R >N - 0.
By using the additivity of Hilbert polynomial on exact sequences we get

HP(C'(A)) = —2(k ; 2) + 4(];) + 2(k ; 1) + HP(N. k),

= 2k* — 8k + HP(N, k).

4.5)

To find the elements of N contributing to the k° coefficient of the Hilbert polyno-
mial, we define the codimension-2 prime ideals associated to N. By [23|] possible

candidates of the codimension-2 prime ideals associated to N can be determined as
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follows:

O
Q>
03

Qs :

Qs

Os :

Q1

Al b)) = (x,2y + x), Qo :
L, ) = (x,2y — x), Qo :
L)y =(x,2y—-3x—4z),  Qn
(I, sy = (x,2y + 3x — 4z), Q7 :
sy le) = (X, y +2), Qs
(b, 3) = 2y + x,2y — x), Qs :
Al le) = 2y —x,y +2), Ois

(b,le) = 2y +x,y +2),
(l3,14) = 2y = x,2y = 3x — 42),

: <l3’15> = <2y - X, 2y + 3x— 4Z>a

<12’ l4> = <2y + X, 2y - 3x - 4Z>’
(b,ls) = 2y + x,2y + 3x — 42),
<l4’ 16> = <2y - 3x - 41,}’ + Z)a

Als, le) = 2y +3x —4z,y + 2),

O13: 4, 1s) = 2y —3x—4z,2y + 3x — 4z).

Now we need to decide which codimension-2 associated primes of N has non-zero

H(Gyg)(A)). By [23, Corollary 3.11], it is shown that

ay(C" () = ap(R" ) + >

Qcp yjeH1(Gy()(A)

ao(R/1,).

Here ¢ € H\(Gy(g)(A) means that y is a component of Gy)(A) homotopic to S ! and

I, = e Ag_l corresponds to an edge of ).

For Q1 = (x,2y + x) € p,V(Q1) = V(Q2) = V(Q¢) = po and then G, is as follows:
This figure is homotopic to S'. For the ideal 1,, = (x*,(x + 2y)*, (x — 2y)?), it is the

V2

Vi

V3

Figure 4.5: G,,(A)

minimally generated ideal (x*,(x — 2y)*). Hence R/ Iy, has the following resolution

by Lem. BT.TT}

0 — R(-4) —» R(-2)* - R - R/I,, — 0,
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where Q, = 3, NQPO = 0 and NQ’)O+1 = 1. Then the constant term of the Hilbert

polynomial of R/ 1y, is equal to

HPR/1,,, k) = (k “ZL 2) - 2(];) + (k R 2)

= %[(k +2).(k+1)=2.k(k—=1)+ (k—2).(k-3)]
=4.

Similarly, for Q3 = (x,2y-3x-4) € 9, V(Q3) = p1 = V(Q4) = V(Q13) and then G, is
as follows: Again, it is homotopic to S'. The ideal I, = (x*, (2y+3x-4z)*, 2y—-3x—

V2
141 V4

Figure 4.6: G, (A)

42)?) is itself a minimally generated ideal. Hence, f?/lwl has the following resolution
by Lem. LT TT}
0 — R(-2"®R(-3)* - R(-2)’ - R — R/I,, — 0,

where Q, = 2, ngl = 0 and NQPI+] = 2. Then the constant term of the Hilbert

polynomial of R/ Iy, is:

HPR/I,,, k) = k ; 2) - 3(’;) + 2(k ; 1)

[(k+2)k+1)—=3k(k—1)+2(k—1)(k—-2)]

For Qs = (x+2y,2y +3x—4) € 9, V(Qs) = p» = V(Qo) = V(Qi5), and then
G,, becomes a triangle means that it is homotopic to S'. The ideal 1,, = {(x +
29)%, (v+2)°, Qy+3x—4z2)?) is minimally generated ideal. Then R/ I, has the following
resolution by Lem. {.1.11}

0 — R(-4)* > R(-2)®R(-3)* > R > R/I,, > 0,
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where Q,, = 3, ngz = 0 and NQP2+] = 2. Then the constant term of the Hilbert

polynomial of R/ 1y, is equal to

HPR/I,,.k) = (k er 2) _ (];) _ 2(1‘; 1) + 2(k ; 2),
- %[(k F 0k + D) = k(k—1) = 2.k = D).(k = 2) + 2.k — 2).(k - 3)].

= 5.

For Q19 = (x = 2y,2y = 3x—4) € p,V(Q10) = p3 = V(Q12) = V(Qus), and then G,
is homotopic to S'. The ideal 1,, = {(2y — 3x — 42)*, (y + 2)°, (x — 2y)*) is minimally
generated ideal {(x — 2y)*,(2y — 3x — 42)*). Then the constant term of the Hilbert
polynomial of f?/lll,p3 is equal to R/ 1y, , hence it has HP(ﬁ/I¢p3, k) = 4. Then by the
Eqgn. HP(C ’(A), k) is equivalent to:
A k+2\* (K (k=1
HP(C"(A), k) = —2( ; ) + 4(2) + 2( 3 ) + HP(N, ),
=2 -8k +4+3+5+4,

= 2k> — 8k + 16.

To check whether the result is true we use the exact sequence
0 - kerM(A, @)) —» R* @ R(-2)* @ R(=3)> > im(M(A, @)) — 0,

and calculate HP(ker(M(A, a)), k) since it is equivalent to HP(C ’(A), k). Firstly we
calculate H P(im(M(A, @)), k) by using CoCoA as follows:

Use R ::= QQ[x,y,2z];
“M:=[[1,0,1,1,0,01,(-1,1,0,0,1,60]1,[0,-1,-1,0,0,1],[6,0,0,1,1,11,
[x+2,0,0,0,0,0], [0, (x+2y)*3,0,0,0,0]1, (0,0, (x-2y)*2,0,0,0],
[0,0,0,(2y-3x-4z)+2,0,0],[0,0,0,0, (2y+3x-4z)+2,0],[0,0,0,0,0,
(y+z)*311;

N:=Module(M);

I:=LT(N);

Hilbert(I);

H(®) =3

H(1) =9

H(2) = 22

H(t) = 3t*2 + 9t - 10 for t >= 3
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Then HPGm(M(A, @)), k) = 3k* + 9k — 10 for k > 3. By the above exact sequence we

have

k
2

=2(k* + 3k +2) + 2(k* — k) + (K* = 3k + 2) — (3k* + 9k — 10)

HP(ker(M(A, ), k) = 4(k er 2) + 4( ) + 2(k ; 1) — HPGm(M(A, @)), k)

=2k’ — 8k + 16.

As we see two results coincide.

Example 4.2.2 In this example, we work on the polyhedral complex A given in the

Fig. 4.7 A has thirteen 2-faces and twenty interior 1-faces. We choose,
8

Figure 4.7: Polyhedral complex with thirteen 2-faces and twenty interior 1-faces

pP1 = (_2’ 1)? D2 = (2’ 1)’ p3 = (27 _1), D4 = (_2’ _1), D5 = (_47 2)7
Pe = (4’ 2)’ P71 = (4’ _2)’ Ps = (_4a _2)a Do = (_8’4)’ Pio = (8’ 4)’
pu=@,—4), pn=(-8,-4),
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P9 P1o

P12 P11

Figure 4.8: Ordered forms of the points and the linear forms of the Fig. 4.7]

and smoothness degree

r=(r1,r, 13,14, s, ¥6, 17,18, 79, 110, P11, 112, 713, T4, 15, F165 717, F185 19, 120)

=(1,1,2,1,2,2,3,2,2,1,3,2,2,1,3,2,3,2,1,2).

And (f1, fo» Fr i f5s for 3o Jis Joo fros i1 fras fi3) € RLx, y1" gives an element of C"(A)
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if and only if

o= fa+gi(x+6y—82)° =0, fs = fu+gnx -4z =0,
fi=fit g2(x =2y =0, fir = fio + gua(x +2y)* = 0,
fo—fs + 83Bx =2y - 82)* =0, fr=f+ g +22° =0,
fs = fo + ga(x +2y)° = 0, fiz = fi3 + g1a(x — 2y)> = 0,

fo— fo +85(x + 6y +82)° =0, fo— fis+gi1s(x+42)" =0,
fr = fs + 86(x = 2y)° = 0, fio = fi3 + gi6(x +2y)° =0,

fs— fo+8:(83x =2y +82)" =0, fi-fi+eny-2"=0,
fr—fo+gs(x+2y) =0, fi— fa+ gis(x—22)° =0,

fa= fio+ g(y—22° =0, fi—fo+ 890y +2° =0,

fio = fir + guo(x = 2y)* = 0, fi = fs + g0(x +22)° = 0.

Hence the matrix form ¢ satisfies:

S(fis foreeos f13, 81,820 -+ -»820)" =0,

where
(Y]+1
[z

$=| 04

a0+ 1
lTZO

So, we have the graded exact sequence:
05 C'A) > RPoR-2 @ R(-3)° o R-4)* 5 R 5 N > 0.

By using the additivity of Hilbert polynomial on exact sequences we get

HP(C'(A, k) = —7(k ; 2) + 6(k) + 10(" R 1) + 4(k R 2) + HP(N, k)

2 2 2 (4.6)

13 77
= 7]8 - ?k + 15+ HP(N, k).

To find the elements of N contributing to the k° coefficient of the Hilbert polyno-
mial of C "(A), we find the codimension-2 prime ideals associated to N satisfying that
Hi(Gyg)(A)) # 0. At the points pi, p2, P3, Pa Ps, Pe» P71, Ps in A together with the

point py which is not contained in A, H\(Gy)) is homotopic to a circle. Hence by

the Theo. we get
HP(N, k) =ay(R/1,,) + ap(R/1,,) + ao(R/1,,) + as(R/1,,) + ay(R/1,,) + ap(R/1,,)
+ag(R/1,,) + ap(R/1,,) + ap(R/I,,).
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For example, for po, G, (A) is as follows: G, (A) consists of a tetrahedron and four

V10 Y11
o —0 *—0
Vi Vg V5 Ve
o —0 *—0
V13 Vi2 V7 Vg V3 V4

Figure 4.9: G, (A) for py

line segments. In case of the tetrahedron component, G ,,(A) is homotopic to a circle.
Sol,, = ((x=29), (x+2y)*), and it is minimally generated. Then it has the following

resolution:
0 — R(-4)°®R(-5) —» R(-2) ® R(-3) - R — R/I,, — 0,

where Q, = 4, Non = 0 and NQP0+1 = 1. Then the constant term of the Hilbert

polynomial of R/ 1y, is equal to

. k+2) (K (k=1\ (k-3
andin o3 )-o)-(5)(5)

:%[(k +2)k+1D)—kk—-1)—(k=1).(k=2)+ (k—=3).(k—4)]

=6.

We find the result in a similar way at the other points, and we obtain the table: When

we replace all the calculations in Egn. we find HP(C"(A), k) as follows:

N 13 77
Hpm%m13:3%?-3w+15+Hme)
1
:-;H-f;k+15+6+8+4+4+5+5+5+5+6
13 77
= —k - —k .
> > + 63

for sufficiently large k.
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(OF]

g7

Figure 4.10: Polyhedral complex resembling to a spider web
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- P20

Ly

Figure 4.11: Ordered forms of the points and the linear forms of the Fig. @.10|
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Table 4.1: Table giving the some properties of G,(A)

| peAl] G,y(A) | 1, m.g.iideal | HP(R/1,.k) |
Do a tetrahedron and 4 line segments (B, 5 6
12 a tetrahedron and 3 line segments | (3, 13,,13) 8
p>» | atetrahedron and 3 line segments (G, 4
12 a tetrahedron and 3 line segments (B, 1) 4
Da a tetrahedron and 3 line segments | (/},5,5,) 5
Ds a pentagon and 2 line segments | (13,0, 13) 5
Ds a pentagon and 2 line segments | (55,2, 13) 5
D7 a pentagon and 2 line segments | ([1,,55,5,) 5
Ds a pentagon and 2 line segments (B,B) 6

Example 4.2.3 In this example, we work on the polyhedral complex A given in the
Fig. H.I0; A has seventeen 2-faces, and thirty two interior I-faces. We choose

1 =(3,3), p2=(4,0), p3=@3,-3), ps=(0,-4), ps=(-3,-3),
pe=(=4,0),  p7=(=3,3), ps=(0,4), po=1(6,6), pio=(8,0),
pn=(6,-6), pnn=(0,-8), pi3z=(-6,-6), puu=(-8,0), pis=(-6,0),
pis=0,8),  pi7=099), pis=020), po=(9,-9), pn=(0,-12),
P21 =(=9,-9), pn=(=12,0), pxn=(-9,9), pu=(0,12),

and smoothness degree

r =(r1, 12,73, 74, 15, 6, 7,13, F9, 110, F'11, 125 713, F'14, F'15, T165 F17, 185 195 120, 121,

22, 123, 24, 125, 126, 127, 1285 129, 130, 131, 132)

=(3,3,3,2,3,3,2,2,3,3,2,2,2,3,2,3,3,2,2,3,2,3,3,2,2,2,3,3,3,3,2,2).

Then (f1, f2, f3, fa» f55 fo» f75 135 Jou fr0s 115 fr20 135 fras fiss fres f17) € Rx, y]” gives an
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element of C"(A) if and only if

fi-Hh+g(x+3y-129* =0, = fio+ gir(x + 3y — 242)* = 0,
fi-fi+8.B3x+y-122"=0, fi— fir + £15.3x +y —242)° = 0,
fi—fi+tg.(Bx—y-1220" =0, fio— fiz + 810.3x —y — 242)° = 0,
fi—fs+ga(x =3y — 1220 =0, fs = fis + g20-(x = 3y — 242)* = 0,

fi— fo+ 8s.(x + 3y + 122" = 0, Jo— fia + go1.(x + 3y + 242)* = 0,
fi—fr+8.GBx+y+122)" =0, fr = fis + 82.(3x +y +242)* =0,
fi—fi+8.Gx—y+129° =0, Js = fio + 823.3x -y +242)* = 0,
fi— fo +gs.(x =3y + 122)* = 0, Jo— fiz + gaa(x =3y +242)° = 0,
f—fi+g(x—y)*=0, fio— fir + 82s5.(x — y)’ =0,

fs = fa+ g0y =0, fit = fiz + g6y’ =0,
fa—fs+gu(x+y)> =0, fiz— fis+ 8. (x+y)* =0,

fs— fo+ gnx =0, fiz = fia + gas.x* =0,
fo—fr+g(x—y)’ =0, fis = fis + 80.(x —y)* =0,
fi—fs+guy' =0, fis = fie + 830" =0,
fs—fo+gis(x+y) =0, fie = fir + &1.(x +y)’ =0,
H=fo+giext =0, fio = fir + g.x° = 0.

Hence the matrix form ¢ satisfies:

¢(f1,fz,---,f17,g1,gz,-.-,g32)T =0,

where
a+1
Iz,
d=| 04

a3+1
lT32

Then we have the graded exact sequence:
0-CA) - R eR=3)5 e R4 5?2 5N S0,
By using the additivity of Hilbert polynomial on exact sequences we get

HP(C"(A)) = —15(k ; 2) + 15(k ) 1) + 17(k ) 2) + HP(N. k)

17 175
= 7k2 - Tk + 51+ HP(N, k).

4.7)
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To find the elements of N contributing to the k° coefficient of the Hilbert polynomial,

we determine the possible candidates for codimension-2 prime ideals associated to

N:

L:x—y=0, lg: x—3y—12z=0, li5:3x—y—-24z=0,
L :y=0, ly: x+3y+ 12z =0, lig: x—3y—-24z7=0,
L:x+y=0, lio:3x+y+ 122 =0, li7: x+3y+24z=0,
Iy :x=0, ly1 :3x—y+ 122 =0, lig:3x+y+24z=0,

Is: x+3y—-12z =0, I : x—=3y+ 122 =0, lig: 3x—y+24z=0,
lg:3x+y—-12z =0, li3: x+3y—-24z7 =0, ly:x—3y+24z=0,
l7:3x—y—-12z=0, lig :3x+y—24z=0.

To find the elements of N contributing to the k° coefficient of the Hilbert polyno-

mial of C"(A), we find the codimension-2 prime ideals associated to N satisfying that

H,(Gy)(A)) # 0. At the points p\, p2, p3, Ps, Ps, Pe» P71, Ps» Po, Pio» Pit, P12, P13,
Dia Dis, Die in A together with the point py which is not contained in A, H;(Gyg)) is
homotopic to a circle. Hence by Theo.d.1.1|we get

HP(N, k) =ap(R/1,,) + ao(R/1,,) + ao(R/1,,) + ay(R/1,,) + ap(R/1,,) + ao(R/1,,)
+ag(R/1,,) + ap(R/1,,) + ao(R/ 1) + ag(R/1,,) + aog(R/1,,,) + ao(R/1,,))
+ag(R/1,,,) + ap(R/1,,,) + ag(R/1,,,) + ap(R/1,,,) + ao(R/1,,,).

For example, for py, G, (A) is as follows:

Both figures are homotopic to cycles. For the left one we get the ideal,
Iy, = (=20 ()% 27, (= 9y, (e + 907 o).

It is minimally generated by (x*,(x — y), (x + y)*). Then IQ’/L,,OJ has the following
resolution:
0 — R(-4)®R(-5) —» R(-3)* > R —> R/I,,, — 0,

where Q,,, = 4, No, = 1 and No,  +1 = 1. The Hilbert polynomial OfIAQ/prOA’I is

constant:
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Vo V4 V17 V12
Vg Vs Vie V13
V7 V6 Vis Vi4

Figure 4.12: Associated dual graph of pg

HP(R/1,,,k) = (k ; 2) - 3(k; 1) + (k ; 2) + (k ; 3)
:%[(k +2)(k+ 1) =3k = D)k = 2) + (k= 2)(k — 3)+

2k =3)(k—4)]
=7.

For the figure on the right we have the ideal,

Ly, ={(x =y, 97, (x + )% 2 (e = )% yh (e + )7, X0).

It is minimally generated by (x*,y*,(x = y)*, (x + y)°). Then R/1,,, has the following
resolution:

0 > R(-4)* - R(-3)* > R —> R/, — 0,

where Q, , = 3, NQPO'Z = 0 and Ngmﬁ = 3. The Hilbert polynomial of IAQ/I%,OY2 is

constant:

HPR/1,,,. k) = k+2) ( 1) + 3(k;2),

%(k+2)(k+l) 4.(k—1).Ck =2) + 3.(k = 2).(k = 3)],
= 6.

By applying the same method to the other points, we obtain:
When we replace all the calculations in Egn. we find HP(C "(A), k) as Jfollows:
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Table 4.2: Table giving the some properties of G,(A)

0

| peAf Gy(D) | I, m.g.ideal | HP(R/1,,k) |
Po 2 octagons (L, B, Byand(3, 3,53, 1) 7 and 6
D a triangle and 3 line segments (I 18, 1) 12
P2 a triangle and 3 line segments (03, 18, 15) 12
D3 a triangle and 3 line segments (B,B,B) 8
Da a triangle and 3 line segments (BB, 1) 8
Ds a triangle and 3 line segments GRS 10
De a triangle and 3 line segments (B, 5,15 10
D7 a triangle and 3 line segments B,BLB) 7
D3 a triangle and 3 line segments (B, 13,13 10
po | aquadrilateral and 2 line segments B, 1) 8
pio | aquadrilateral and 2 line segments (B,B,,Bs) 7
pii | aquadrilateral and 2 line segments (B,B, 1) 8
p12 | aquadrilateral and 2 line segments (BB, 1) 8
P13 | aquadrilateral and 2 line segments (BB, 1) 8
pis | aquadrilateral and 2 line segments B, U, 1y 12
pis | aquadrilateral and 2 line segments (B,B,. 1) 8
pis | aquadrilateral and 2 line segments (3,5, 11 8
N 17 175
HP(C"(A), k) = 718 —~ Tk +51 + HP(N, k)
17 175
= jkz—7k+51+7+6+12+l2+8+8+1()+10+7+1()+8
+74+8+8+8+12+8+8
17 175
= —k* — —k + 208,
2 2
for sufficiently large k.
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CHAPTER 5

RESULTS IN DIMENSION THREE

In this Chapter, we apply the method for planar splines given by Geramita and Schenck
[18] to dimension 3. While applying the method, we have two important problems to
consider: one of them is the computation of the Hilbert function of the correspond-
ing fat points, which is much harder than the case P!, corresponding to the planar
splines. The other problem is the second homology of the corresponding chain com-

plex, which is not always zero.

First, we develop a formula for simplicial complexes with no interior points.

5.1 Simplicial complexes with no interior point

In this section, we first show that the dimension of the vector space of a spline defined
on an n-gon base, A, in R? having no interior point is just related with the geometry
of A. In other words, it has H,(R/J) = 0. Suppose A is the convex hull of the vertices
Vo, V1, V2, V3, ..., Vor1 having no interior point with an n-gon base designed as in the
below picture, where n € N. A is a pure, hereditary polyhedral complex with

n interior 3-cells, n interior 2-cells, 1 interior 1-cell and O interior 0-cell. We can
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Figure 5.1: Simplicial complex with n-gon base having no interior point

number the 3-cells as oy, 03, ..., 07, in the following way.

o1 =Conv({vy, V1, V2, Vis1}),
o5 =Conv({vyp, V2, V3, Vpt1}),

o3 = COHV({VO, V3, V4, Vn+1})7

o, =Conv({vy, Vi, Vi, Vis1})-

We embed A into the hyperplane x, = 1 € R*, thus we can form A over A with the

vertex (v) at the origin.

The homology of the chain complex R is the simplicial relative homology with coef-

ficients in R = R[x, y, z, w].
R:0—>R" ﬁ> @aeAgR 2 EBaeA(l)R i 0.
The interior faces of the simplicial complex are:
A = {00, V15 Vie1)s (V05 V25 Vit s s V05 Vs Vs ),

A = {(Vur1, Vo))
AY = ).
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As we have defined in Chapter 3, for any interior face y the ideal J(y) = X cr.e A2 L.
Fory € A%, J(y)’s are given as:

T (0, Vi, Vas1)) =(P1)s
T V0, V2, Vi1)) =(P3)s
T V0, V3, Vus1)) =(P3)s

T (V05 Vs V1)) =(p2).

and for y € AY, T((Vs1,v0)) = (P71, P3. ... D). Here, p;’s denote the linear polynomi-

als corresponding to the planes.
If we take the quotient of R by J, we obtain the following chain complex:

03 152 01
RIT 10— R" = R/I{p}Y ®R/(p3) & ... ® R/{(p?Y = R/{p?, p3, ..., p2) = 0.

Note that, 95 acts on each o as:

03((V0s V15 V2, Vie1)) =(V15 V2, V1) = Vo, V2, V1) + V0, Vi, Vi 1) —
<V09 Vi, V2>a
03({v0, V2, V3, Vis1)) =(V2, V3, V1) = V0, V3, V1) + Vo, V2, Vi 1)—

(v, V2, 3),

03({V05 Vis Vi, V1)) =V, Vi, Vie1) = V05 Vi, V1) + V0, Vs Vi 1)—

(Vo5 Vs V1)
Hence,

05(81,82, - 8n) =(81 — 81)V05 V1, Vir1) + (=81 + 82){V0, V25 Vis1)
+ (=82 + 83)V0, V3, V1) + oo + (=8u=1 + €2){V0, V15 Vns1)
=((g1 — &n)> (81 + 82), (=82 + 83)5 s (—=&n-1 + &n))-

Also, note that 9, acts on Ag as:
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02({Vo, Vi, Vir1)) =(Vi, Vis1) — Vo, Var1) + Vo, V1),
02({vo, V2, Vir1)) =(V2, Vis1) — Vo, Vir1) + Vo, V2),

02({vo, V3, Vir1)) =(v3, Vir1) — Vo, Vir1) + V0, V3),

02({V0s Vi, V1)) =V, V1) — Vo, Vir1) + V0, V).

Thus, we have:

02(81, 82, -+ 8n) = (81 + &2 + .. + &) Vas15 V0)-
Now, it is easy to check that R/ is a complex:
02(03) = 02((81 — 8n), (=81 + 82), -+, (—8n-1 + &1))
=818~ 81 1t8& 811 8&n
=0.
01(0,) =0, since 9; = 0.

By applying the Euler characteristic equation (Eqn. (3.4.8))) to the complex R/, we
obtain the formula

dimg H3(R/ T = dim X7 o(=1) @peny  RIT (B + dimp T2 o(=1)'Ha (R/T ), in
which the top homology dimg H3(R/J ) is precisely the module dimg C*(A)y.

To compute dimg C *(A),, we need to calculate dimr(H>(R/ )i and dimr (H{(R/ ).
But for the complexes constructed above, H{(R/J)r = 0, since kerdy, = 0. We claim

that dimr (H>(R/9))x is also O for all k. Since H,(R/ ) = H(J) = ker d,/im0,, we

want to show that the map 9, is onto. To check the surjectivity of d,, we take any

[ €&enI) = (p?, p3. ..., pay such that f = hyp? + hyp} + ... + h,p2. We should

check that thereisa g = (g1, 82, ..-,8n) € EBﬂeAgj'(/l) satisfying 0,(g) = f. If we choose

g1 =—-hy, g =—-hy,.., g =—h,, then g = (g1, g2, ..., &) satisfies this condition. Thus

0, is onto, which implies that dimg(H,(9)) = 0, and hence dimg(H>(R/9J)) = 0.

As a result, for the simplicial complexes not containing any interior point, we obtain

the formula 5.1k

d
dimg C*(A), = dim ) (=1 @5py, RIT B (5.1)
i=0

66



For these type of simplical complexes, the planes defined by py, ..., p, form a pencil
of planes with the intersection line containing (v,.1, Vo). The plane defined by p; is a
linear combination of the planes defined by p; and py, if p;, p; and p; define distinct

planes. Hence, we have 2 situations:

a) R/{pl, p3, ..., p2) = R/{p?, p?) case, resulting with the formula:

. asis  [k+3 k+3 k+1
d1ka(A)—n( 3 ) n(( 3 ) ( 3 ))+4k
:n(k;1)+4k k0.

b) R/{p, p3, -, Pn) = R/(p}, P}, pip;) case, resulting with the formula:

dim C2(A) = n(k; 3) - n((k-:: 3) - (k; 1)) +3k+1

:n(k;1)+1+3k Vk>o0.

Remark 5.1.1 Note that, all the arguments are still valid, if the points vy, vy, ..., v, do

not lie on the same plane.

5.1.1 Dimension of a general tetrahedron

We can now give the detailed computations for the dimension of C}(A), when A is

a tetrahedron with no interior point. Let A be a tetrahedron having vertices at the

V2

Figure 5.2: Tetrahedron with no interior point

points vy = (ao, by, co), vi = (a1, by, ¢y),
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V) = (a29 b2’ 62)’ V3 = (a39b3’ 63)’ Vg = (a45 b4’ C4)' Hence’ A9 COHV({V19 V2, V3, V4})5 iS
a pure and a hereditary polyhedral complex with three 3-cells, three interior 2-cells,
one interior 1-cell and zero interior O-cell. Let’s number the 3-cells as o1, 05,03 In

the following way:
o1 = Conv({vy, vi, v2,v4}), 02 = Conv({vy, v2, v3, v4}), 03 = Conv({vo, v3, Vi, v4}).

In the figure, there is no interior point hence &, AgR/j (y) = 0. By embedding A into
the hyperplane x, = 1 C R*, we can form A over A with the vertex v = (0,0,0,0). In

that case, the chain complex becomes:

01

RIT 0 - R @,0RIT(@) 3 @y RITB) S 0.

For the interior faces, we have:
J) = {L¥" 1y c1; CAY),

Jvo,vi,v4)) = [(boct — bocy — bico + bicy + baco — baci)x + (—aopcy + apcs + ajco —
a1Cq —ayCy + a4cl)y + (aobl — a0b4 — Cllb() + a1b4 + a4b0 — a4b1)z + (—aob104 + a0b401 +

aybocy — aybsco — asbocy + a4bICO)]2(: P%),

T (vo, v2,v4)) = [(boca — bocy — byco + bacy + baco — bscy)x + (—apcy + agcs + axco —
arCyqy — AyCo + a4c2)y + (Clob2 - Clob4 - Clzbo +arbs + d4b0 - a4b2)z + (—a0b2c4 + a0b4c2 +

arbocs — arbacy — asbocy + asbrco)1*(= p3),

T vo,v3,v4)) = [(bocs — bocs — byco + bzcy + byco — bycz)x + (—apcs + apcq + azco —
aszCq — ayCpy + (14C3)y + (a0b3 — Cl()b4 — (13[?() + a3b4 + a4b0 — (14[93)2 + (—a0b3c4 + a0b403 +

asbocy — azbyco — asbocsy + ashzco) (= P% )

T (va,vo)) = {p1, p3, P3)-

In this case, R/J is the following complex:

RIT 0= R 5 RIpD @ RIpH @RKpY S RIPE 3 3 5 0.
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Hence, we have the formula:

3
dim C*(A), = dim " (-1 > (R/.T(B))x

i=0 ﬁGA?
=dim )" R - dim > (RIT @) +dim Y (R/.TB))x
kel pen? pent
k+3 k+3\ (k+1
:3( : )—3(( : )—( : ))+dim(7z/<p§, 2

We need to calculate dim(R/{p?, p3, pi)«. We write the defining equations of the

planes,

p? = [(b()Cl - b()C4 — b]CO + b1C4 + b4CO - b4C1)X + (—a0c1 + apCq4 +a1Co — aA1Cq4 — AyCo +
Cl4C1)y + (Clob] - a0b4 - Cl]bo + aiby + Cl4b0 - a4b1)z + (—Clob1C4 + Clob4C1 + Cl]b0C4 -

2
aybsco — asbocy + asbico))”,

p% = [(b()Cz - b0C4 - bZCO + brcy + b4C0 - b4C2)X + (—(,l()CQ + apcCy + arcy — aCq — aA4Cy +
a4cz)y + ((lob2 - a0b4 - a2b0 + a2b4 + a4bo - a4b2)z + (—a0b2c4 + a()b4C2 + a2b0c4 -

2
abaco — azbocy + asbico)l”,

p% = [(b003 - b0C4 — b3CO + b3C4 + b4CQ - b403)x + (—a0c3 + apCq + azCo — azCqy — AyCo +
a463)y + (a0b3 — apby — azby + azbs + asby — a4b3)z + (—dob3C4 + agbscs + azbocy —

2
azbscy — asbocs + asbscy)]”.

in the matrix form:
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A=

bo(c1 — c4) + b1(cq — co) + ba(co — c1)
bo(cz — c4) + ba(cq — co) + ba(co — ¢2)

bo(cs — c4) + b3(cq — co) + ba(co — ¢3)

ap(cq — c1) +ay(co — cg) + as(cy — co)
ap(cs — c2) + az(co — ¢4) + as(c2 — co)

ap(ca — ¢3) + az(co — ca) + ascsz — o)

ag(by — bg) + ar(by — bo) + as(bo — by)
aog(by — by) + az(by — bo) + as(bo — b2)
ag(bs — by) + az(bs — bo) + as(bo — b3)

ap(bycg — bacy) + ai(baco — boca) + ag(bocy — bico)
ap(bacs — baca) + azx(baco — bocy) + as(boca — baco)

ag(b3cq — bac3) + az(baco — bocy) + ag(bocs — bzco)

70



By using Singular, we can calculate the row reduced echelon form of the matrix A:

1 0 (=aop+as)/(co—cs) (—apcs+ asco)/(co—cs)
rowred(A) =10 1 (=bg+ bs)/(co—ca) (=bocs + baco)/(co —ca) |-
00 0 0

Here, we should consider the case ¢y = c4. We can write ¢ instead of ¢4 in A, and it

gives the following row reduced form of A:

I (=ap+as)/(bo—bs) O (—aobs+ asby)/(by — bs)
rowred(A) = |0 0 1 Co
0 0 0 0

Again, we have one more case ¢y = ¢4 and by = b4, and by replacing c4 by ¢y and by

by by in A, we get the following row reduced form:

01 0 by
rowred(A) =10 0 1 cof-
000 O

These three cases show that p; can be written by a linear combination of, p; and p,

which means dim(R/{p?, p3, p3) = dim(R/{p?, p3, prp2))k-

Hence, we have the formula (The second case explained in the previous section):

airy Ak 3 L (k+3) [k+1
dimC (A)k_3( 3 ) 3(( 3 ) ( 3 ))+3k+1

:S(k;1)+1+3k Vk>O0.

Remark 5.1.2 Again, note that, all the arguments are valid, if the points vy, vy, V3, V3

do not lie on the same plane.
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5.2 All Possible Dimensions for an Octahedron

In this section, we examine all possible situations for the dimension of C{’(A), when
A is an octahedron with one interior point. The dimension depends on the number
of interior two faces contained in the plane defined by L;;. This plane contains the
interior 2-cell o;;, which is the intersection of the adjacent 2-cells o; and o ;. Hence,
an octahedron with one interior point can have from 3 to 12 different interior hyper-
planes. Here, we consider each case and try to give a formula for dimg C}(A), when
the smoothness degree is 1, such that r = 1. In our calculations, we take the interior
vertex of the octahedron vy as (0,0, 0), since by a change of coordinates, it is always

possible to translate a point to the origin.

5.2.1 Octahedrons Having 3 Interior Hyperplanes

If we consider a regular octahedron, then the octahedron has three interior hyper-
planes. For such a construction H;() is always zero, [16]. Thus, we can calculate
the dimension of C}(A) just by combinatorial calculations. Below we work on a
specific octahedron having three interior hyperplanes, but we will show that any oc-

tahedron having three interior hyperplanes have the same dimension for C}/(A).

Here, we work on an octahedron having vertices at vy = (0,0,0),v; = (1,0,0),v, =

0,1,0),v3 =(-1,0,0),v4 = (0,-1,0),vs = (0,0, 1),vs = (0,0,—-1), given as: A has

Figure 5.3: Regular octahedron
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eight 3-cells which we name as:

o1 = Conv({vo, v, v2, vs}), o5 = Conv({vs, vo, vi, 2}),
o = Conv({vo, v2, 3, vs}), o6 = Conv({vs, vo, v2, v3}),
o3 = Conv({vo, v3,v4, vs}), o7 = Conv({vs, vo, v3, V4}),
o4 = Conv({vy, v4, vi, Vs}), og = Conv({ve, vo, V4, V1 }).

Ag is the set of the interior two faces of A, and it has 12 elements.

0
AZ :{<V(), Vi, V2>’ <V(), V2, V3>, <V0, V3, V4>, <V0, V4, V]), <V0, V2, V5>,
<V0, V3, V5>, <V0, V4, V5>, <V0’ Vi, V5>, <V6, V0, V2>, <V6, Vo, V3>,

(V65 Vo, Va), (V6> Vo, V1)

The set of the interior one faces, A(l), contains 6 elements:

A(l) = {vo, V1), {vo, v2), (o, V3), (o, V4), Vs, Vo), (Vs, Vo) }.

AJ, which is the set of the interior vertices has only one element, such that
A§ = {(vo)}.

Let, 0; be the relative simplicial boundary map, R is the chain complex defined by
R; = R, So the homology of R is the relative simplicial homology, with coefficients
in R.

R 0 = (vo, v, V2, V5) ® Vo, V2, V3, Vs5) ® (Vo, V3, V4, V5) B Vo, V4, V1, Vs)
® (ve, Vo, V1, V2) @ Ve, V0, V2, V3) @ (Vs, V0, V3, V4) ® Vs, Vo, V4, V1)
3 (Vo, V1, v2) @ (vo, V2, V3) ® (Vo, V3, V4) © (Vo, V4, V1)
® (v, V2, Vs5) ® (Vo, V3, Vs) @ (Vo, V4, V5) ® Vo, V1, Vs5) D (Vs, Vo, V2)
@ (vs, Vo, v3) @ (Ve V0, V4) © (Vs, Vo, V1) ﬁ) (vo, v1) @ (vo, v2)

0 0
® (v0, 3) ® (Vo, va) ® (vs, vo) ® (v, vo) — (vo) = 0.
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05 acts on the three faces of A as in the following way:

03({vo, V1, V2, V5)) =(v1, V2, Vs) — Vo, V2, Vs5) + {Vo, V1, V5)—
(vo, V1, v2),

93((vo, v2, v3,vs)) =(v2,V3,Vs5) = (Vo, V3, V5) + (Vo, V2, Vs)—
(vo, V2, v3),

03({vo, v3, V4, 5)) =(v3, V4, Vs5) — (Vo, V4, Vs) + (Vo, V3, V5)—
(V0> V3, V4),

03({vo, V4, V1, 5)) =(V4, V1, V5) — Vo, V1, Vs) + (Vo, V4, V5)—
Vo, V4, V1),

03({vs, Vo, V1, V2)) =(vo, V1, V2) — (Ve, V1, V2) + (Vs, Vo, V2)—
(V6> V0> V1),

03({vs, Vo, V2, V3)) =(vo, V2, V3) — Ve, V2, V3) + (v, Vo, V3)—
(V65 V0,5 V2)s

03({vs, v0, V3, v4)) =(Vo, V3, V4) — Ve, V3, V4) + (V6, Vo, Va)—
(V6> Vo, V3),

03({ve, V0, V4, V1)) =(Vo, V4, V1) — (Ve, V4, V1) + (Vs, Vo, V1)—
(V65 V0, Va).

Hence, the image of an element (g1, g>, g3, &4, &5, &6, £7, &s) under the map 05 is:

93(81, 82, 83, 845 855 86> 87> 88) =(85 = &1)(V0, V1, V2) + (86 = 82)(V0, V2, V3)
+ (87 — 83)vo, V3, va) + (88 — 84)(vo, V4, V1)
+ (g2 — 81)(vVo, V2, V5) + (83 — 82){Vo, V3, Vs5)
+ (84 — 83)(V0, V4, V5) + (81 — 84){Vo, V1, Vs5)
+ (85 — 86){Ve> Vo, v2) + (86 — 87)(V6> V0, V3)

+ (87 — 88){Ve, Vo, Va) + (83 — &5){Ve, V0, V1)»

03(81, 825 83, 845 85, 86, 87> 83) =((85 — 81), (86 — 82), (87 — &3), (83 — 84), (82 — &1), (83 — &2),
(84— &3), (81— &4), (85 — &6)» (86 — &7), (87 — &8)> (88 — &5))-

The actions of d, on the interior two faces are given below:

02({vo, vi,v2)) = Vi, v2) — (v, v2) + {Vo, V1),
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02({vo, v2,v3)) = (v2,v3) = (vo, v3) + (vo, 12),
02({vo, 3, v4)) = (3, va) = (v, va) + (vo, V3),
0>({vo, V4, v1)) = (v4, vi) = {vo, V1) + Vo, Va),
0:((vo, v2,vs)) = (va,Vs) — (vo, V5) + (vo, V),
02({vo, v3,v5)) = (v3,s) = {vo, vs) + (vo, v3),
0:((vo, v4, vs)) = (va, vs) — (v, Vs5) + (o, Va),
0:({vo, v1,vs)) = (v1,vs) — (vo, 5) + (vo, V1),
02({ves o, v2)) = (vo, v2) = Ve, v2) + Ve, Vo),
9:({vs, vo, v3)) = {vo,v3) — (v, v3) + (Vs Vo),
0>({ve> Vo, va)) = (o, va) = Ve, va) + Ve, Vo),

02({vs, vo, V1)) = {vo, Vi) — {Ve, V1) + {Vs, Vo).

So the image of an element (hy, h,, h3, hy, hs, he, h7, hs, ho, hyo, h11, h12) under the map

0, 1s:

0s(hy, hy, h3,ha, hs, he, hy, hg, ho, hyo, by, hio) = (hy — ha + hg + h12){(vo, V1)
+ (=hy + hy + hs + ho){vo, v2) + (=hy + h3 + he + hio){vo, V3)
+ (=h3 + hy + hy + hi1){vo, v4) + (hs + he + hy + hg){vs, Vo)

+ (ho + hyg + hyy + h12){ve, Vo).

The action of 9, is:

01(c1,¢2,€3,C4,C5,C6) = (—C1 — €3 — €3 — €4 + €5 + C6){Vo)-

Now, we are able to show that R is a complex.

02(03) = 92((85 — 81), (86 — 82), (87 — 83), (88 — 84), (82 — &1), (83 — 82), (84 — &3),
(81— 84), (85 — 86)> (86 — 87), (87 — 88), (88 — &5))s
=((85 — 81) — (88 = 84) + (81 — 84) + (85 — &5), =(85 — &1) + (86 — 82)+
(82— 81) + (85 — 86)> —(86 — 82) + (87 — &3) + (83 — &2) + (86 — 87):
—(87 —83) + (85 — 84) + (84 — 83) + (87 — 88), (82 — &1) + (83 — &)+
(84— 83) + (81 — 84), (85 — 86) + (86 — 87) + (87 — &3) + (85 — 85)),
=(0,0,0,0,0,0).
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01(02) = 01((hy — ha + hg + h12), (=hy + hy + hs + ho), (—ha + h3 + he + hyp),
(=h3 + ha + hy + hi), (hs + he + hy + hg), (he + hio + hi1 + h12)),
=—(hy —hy +hg + h;p) = (=hy + hy + hs + hg) — (=hy + hs + he + hyo)
—(=h3 4+ hy + h7 + hyy) + (hs + he + hy + hg) + (hg + hyg + hyy + hyp) = 0.
Hence, R is a complex. We define for any interior face y the ideal () = X .. A2 Ls.

J (y) is an ideal generated by the powers of homogeneous linear forms. In our exam-

ples, because of the choice of v, all the linear forms will be homogeneous.

T (o, vi,v2)) =22, T(vo. v, vs)) = X%, T (e, vo,v2)) = X7,
T (o, v2,v3) =22, T(vo. v, v5)) = ¥°, T (e, vo,v3)) = 7,
T (v, v3,va)) = 2%, T (vo, va, vs)) = X2, T (e, vo, v4)) = X7,
T (o, va,vi)) =22, T(vo,vi,vs)) = y7, T (ve, vo, vi)) = y7,

T o, vi)) = (. 2°), T (v, ) = (x%,2%),

T ((vo, va)) = (. 2, T (vo, va)) = (x%,2°),

T (vs,vo)) = (x%,¥7), T (ve, vo)) = (x%, ¥,

j((V())) = <x27 yza Z2>-

Taking A instead of A makes calculations easier, but it makes no change in the linear
forms, since they are all homogeneous. So, we will be working in R = R[x,y, z, w].
0; also gives us a map on the quotient of R by J. There is a short exact sequence of
complexes:

09 ->R->R/T —0.
This sequence gives us the long exact sequence of homology modules:

0 = Hy(J) = Hx(R) =Hx(R/J) = H\(J) = Hi(R) =
H\(R/J) = Ho(J) = Ho(R) = Ho(R/J) — 0.

Here, R is a manifold. Hence, H;(R) = 0 Vi < d. By [16, Theorem 4.10], if
A is a complex such that H;(R) = 0 Vi < d, then C"(A) is free if and only if
Hi(J)=0 Vi<d-1. Since H(R) =0 Vi < d, we get the following equalities:

HRIT) = Hi(J),  HI(R/T) = Ho(I).
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Working with H;(J') makes our calculations easier, hence instead of finding H;(R/9),
we will be interested in H;(J).

For the case i = 0, Hy(J) = ker dy/ im d,. Here, our question is that ‘is d; onto?” So

we should check that Y f = fix> + o) + f32* € (x%,¥%,2%), is there any

g = (81,82, 83, 84, 85, 86) €0, ) & (X, 2) & (", 2)®
(22 @ () @ (%)),
satisfying
01(81. 82 83, 84-85.86) = [iX’ + foy* + fi’,

which implies that

—g1— g -8 -8+ & +8 = [X + Y + [,

where

g1 € (%) = g1 =ay’ + b2,
g2 € (x*,2%) = 8 = X + b,
g€ %2 = g3 = asy’ + b2,
g4 € (3%, 7%) = g4 = asx* + by7%,
gs € (x*,y%) = g5 = asx’ + bsy”,
g6 € (x*,y%) = g6 = aex” + bey’.

If we choose
83=84+=85=86¢ =0,

and

ay =—fra=—f1,b1 = —f3,br =c; =, =0,

then the equality is satisfied. Thus,

01(81,82,83,84:85.86) = —81— &

= fixX’ + foy’ + fi2’.
This result implies that 9, is onto. So, Hy(J) = 0.
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By the Euler characteristic equation, y(H(R/J)) = x(R/9), we obtain the following
equality, since Hy(R/.J) is the homogeneous spline module C*(A).

3
dimg C*(A)e =dimg ) (=1*' )" (RIT(B))e + dimp Ho(R/T )

i=0 BeA?
=dimg Y Ry —dimg )" (RITB) +dimz > (RITB)x
keA? BeAd peay
— dimg Z R/T B + dimg Hy(R/ T i
ﬁeAg

:S(k ; 3 ) — 12 dimg R/{(x*) + 2 dimg(R/(Y*, 2*))

+2dimg(R/(x%, )i + dima(R/(X%, ) )i

— dimp(R/(x*, y*, 220 + dimg Ha(R/ T )i
But by [16]] we know H(J) = H,(R/J) and it is zero. Hence, the dimension of
C’(A), depends only on combinatorial calculations. When we compute these dimen-

sions, we get the following results:

dimp (R/(x*) = (k + 1),

1 ifk=0,
dimg(R/(?, 22 =
4k if k> 1.

1 ifk=0,
dimg (R/(x%, 2k =
4k if k> 1.

1 if k=0,
dimg(R/(2, y* )i =
4k if k> 1.

1 ifk=0,

4 ifk=1,
dimg(R/(x2, %, 22 =
7 ifk=2,

8 if k>3.

Replacing these in the equality, we reach the conclusion:

A k
dimg C*(A) = 8( ; 3) —12(k + 1)* + 6.4k — 8 + dimg Hy(R/ T )i

:8(k;3)—12k2—20 v k>3

78



In fact, this formula is valid for any octahedron having 3 interior two faces, since dur-
ing the calculations, we need only to know s A? dimg(R/ T (B))r and dimg(R/ T (vo))k»
but for the first dimension any interior line can only be contained in two different hy-
perplanes and this always gives the same result with ours. For the last calculation,
we should consider the hyperplanes containing v, and by our configuration, it is con-
tained in 3 hyperplanes that intersect at a point, vy, which implies that we can’t rewrite
any of them by the linear combinations of the others (If it was possible, we would be
able to put all the vertices in a space having dimension 2, which would never give an
octahedron). Hence the dimension is uniquely determined for a regular octahedron

with one interior point.

5.2.2 Octahedrons Having 4 Interior Hyperplanes

We can construct an octahedron with four hyperplanes by moving any boundary ver-
tex of a regular octahedron on one of the four boundary edges of the chosen vertex. To
be able to make a generalization, we consider the case that we obtain by moving one
of the vertices of the figure above. Hence, A = Conv({vy, vi, V2, V3, V4, Vs, V6}), Where
vo = (0,0,0),v; = (1/2,-1/2,0),v, = (0,1,0),v3 = (-1,0,0),v4 = (0,-1,0),vs =

(0,0,1),v6 = (0,0,—-1), in which we move vertex v; on the v;v, edge.

Figure 5.4: Octahedron having four hyperplanes

79



For any interior face y of the simplex, we determine the ideal [ (y):

T o, vi,va) =25, T (o, v2,vs)) = X2, T (ve, v, v2)) = x%,
J (v, v, v3)) = Zz, J(vo,v3,v5)) = }’2, Jvs, vo,3)) = )’2,
J(vo,v3,v4)) = Zz, J(vo,v4,V5)) = Xz, Jvs, vo,v4)) = XZ,

T o, va,vi) =22, T(vo,vi,vs) = (x+3)°,  T{ve,vo, V1)) = (x + )7,

T o, vi)) = ((x +y)*, 2, T (o, v2)) = (%, 2%,
T o, v3) = &, 2, T (o, va)) = (X%, 2%,
T (s, v0)) = (X%, %, (x + ), T (e, vo)) = (X%, 5%, (x + y)),

T (o)) = (6%, %, 22, (x +3)°).

We can show that 9, is onto. So, Hy(J) = 0. By x(H(R/J)) = x(R/9), we get the

following equality:
. A k+3 ) .
dimg C*(A), = 8. 3 |- 12.(k+ 1) +4.4k+2.3k+ 1) — 6 + dimg H,(R/ 9 )«

k+3
:8( ; )—12k2—2k—16+dimRH2(R/j)k vV ok>2.

In this nongeneric configuration, we know dimg H,(R/9J) = H(J) = 0 for all r by
[16]. So the dimension of our simplex, dimg C"(A)k is computable just by combina-

torial calculations and is equal to:
A k+3
dimg C*(A), = 8( ; )— 126> 2%k —16 ¥ k> 2.

In fact, we can generalize this to any point over the v4v; line. First of all, let’s consider
the regular octahedron with hyperplanes {x, y, z}. Hence moving v; to any point along
the line v4v;, we have v'1 = (1,0,0) + #[(0,—-1,0) — (1,0,0)], where t € [0, 1], thus
v'l = (1 -1t-1,0). We need to find the ideal J(y) for any interior face y of the

simplex:

Jo,vv) =2 Jvovavs) =2, T (e vo,v)) = ¥,
T (v, v2,v3)) = 22, T (o, v3,vs)) = 7, T Ve, vo,v3)) = ¥°,
T (V0. v3,va)) = 27, T Vo, va, v5)) = &, T Ve, vo, va)) = 7,
I (vo,vav)) = 22,
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Figure 5.5: Octahedron constructed by moving a vertex of a regular octahedron
through a line

T (vo, vy, vs)) = (xt = y(t = 1)),
T (vevo,v)) = (xt = y(t = D).
Tvo.vy)) = ((xt = y(t = D)%, 2, T (vo.v)) = (%, 2,
T (v, v3)) = (7.2, T (vo,va)) = (2, 2,
T (s, vo)) = (2, y2, (xt = y(r = 1)),
T (e, vo)) = (o, y2, (xt = y(1 = 1)),
T (vo)) = (7,37, 2, (xt = y(t = 1)),
0, is onto and so, Hy(J) = 0.
By x(H(R/T)) = x(R/.J), we get the result:

~ k+3
dimg C*(A), = 8.( ; ) —12.(k + D* + 4.4k + 2.3k + 1) — 6 + dimg H>(R/ T )«
k+3 5 .
=8 5 |- 12k* = 2k — 16 + dimg Ho(R/J ) ¥V k> 2.

Since dimg H,(R/J) = O for all r, the dimension of our simplex, dimg C“(A)k 18

computable just by combinatorial calculations and is equal to:
N k+3
dimg C*(A) = 8( 3 )— 12k =2k — 16 YV k> 2.

Here, the result is independent of the boundary vertex we’ve chosen to move, since
when we move any boundary vertex through one of the incident edges of its hyper-

planes (for a better comprehension, one can rename the vertices and call the moved
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vertex as v;), we get a hyperplane which can be written as a linear combination of the
other two and when r = 1, this gives the opportunity to decide the dimension in the

same way as in our example.

We can generalize the above cases. Let’s take the regular octahedron having three
interior hyperplanes {x,y, z} and move its vertex v, to a new point, remaining still
in the same plane with Conv({vy, v,, v3,v4}) (When we take a point in the regular
octahedron, it is contained exactly in two hyperplanes. Here, by moving, we mean
to leave it in one of the hyperplanes and move it out of the other). Thus, I choose
A = Conv({vg, v1, V2, V3, V4, 5, Vg}), Where vy = (0,0,0), vi = (1,0,0), v, = (2,3,0),
v; = (-=1,0,0), v4 = (0,-1,0), vs = (0,0, 1), v¢ = (0,0,—1). The calculation of the

Figure 5.6: Octahedron constructed by moving a vertex of a regular octahedron leav-
ing in a plane

ideal J (y) for any interior face vy is as follows:

Tvo,vi,v)) =22, F({vo,va,vs)) = Gx =292 JT({vo, v3,vs) =
T (vo, v2,v3)) = 22, T (v, v, v2)) = Bx = 2y)%, T (v, vo, v3)) = ¥,

J(vo,v3,v4)) = Zz, J (v, Va4, vs5)) = xz’ I (ve, vo,va)) = xza
T (o, va,vi)) =25, T (vo,vi,vs)) = ¥, T (e, vo, V1)) = Y7,
T (vo,vi)) = 022, T (v, v2)) = ((Bx = 2)%, 2%,
T (vo, va)) = (. 2%), T (vo,va)) = (X%, 2%,
T (vs,vo)) = (3%, (Bx = 2y)), T (ve, vo)) = (x%,y%, (Bx = 2y)),

T (o)) = (6%, ¥, 2%, Bx = 29)°).
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0; is onto and so, Hy(J) = 0. By y(H(R/9)) = x(R/Y), we get the following
equality:

dimg C*(A), = S(k ; 3) — 12.(k + 1)* + 4.4k + 2.3k + 1) — 6 + dimp H2(R/ T )
k+3 5 ,
=8 3 — 12k* = 2k = 16 + dimgp Ho(R/J ) ¥ k > 2.

In this nongeneric octahedron, we don’t know whether dimg H,(R/J) is 0, so we use

an algebraic calculation to compute dimg C*(A),.

Interior faces are given as:

TN 1 C VQ@3x—2y), oy Noy CV(Q@Bx—2y), orNt CV(2),
T2 N 13 C V(y), oy Nos CV(y), oy N7y C V(2),
73N 14 C V(X), o3 Noy C V(x), o3 N T3 C V(2),
TINT4 CV(Y), o Noy CV(y), o4 NT4 CV(2).

Anelement (fi, >, f3, 4, f5» for 1. f3) € R[x, y, z, w]® gives an element of C’(A) if and
only if

fl_f2+(3x—2y)2f9:()’ fS_f6+(3x_ZY)2f13:0’ Si—fs +sz17:0,

H=f+Yfio=0, fo—fi+Yfia=0, fi—fo+2"fis=0,
fi=fa+t X fi1 =0, fH-fi+Xfis=0, fi—fi+2fia=0,
fi—fi+y' fi=0, f-f+Yfis=0, fi—fs+22fu0=0.

fOr some f9af109f119f12af137f149f155f16’f179f18’f19’f20 € R[X,Y,Z,W]- These equa'

tions can be rewritten again in the vector matrix form.
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VI

0
0
0
0
0

0
0
0
0

Z 0 0 0 0 0 O

Z 0 0 0 0 O

0

Z 0 0 0 0

0 0
0 0 O

Z 0 0 0

0

A0

0 0 0 O

o O
o O
o O
o O
o O
() —_
|
—_ —
|
- O
o O
o O
o O
o O
o O
o L
><M o
o O
o O
o O
o O
o O

0

ML=x¢) 0 0 0

0 0 00 0 0 O

0
0
0
0

0 000 0 0 O

0O 0 000 0 O

0O 0 00 0 0 O

0

0

Lz —x¢) 0

0 0 O

0 000 0 0 O
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Thus, the elements of C’(A) are projections onto the first eight components of ele-
ments of the kernel of the map R[x,y,z, w]** — R[x,y,z, w]® defined by the matrix
M(A, r). The graded R[x,y, z, w]-modules construct the following exact sequence

(Let R be R[x, y, z, w]):
0 > ker M(A, 1) > R @ R(-2)'? - im M(A, 1) - 0.

Since the Hilbert series of M module and the LT(M) are the same, to calculate the
Hilbert series of im M(A), we apply the Buchberger algorithm, and we can calculate
the Hilbert series of the M module generated by the columns of the M(A) . By using
the CoCoA program, we calculate the Hilbert series of im M (A):

Use R :: = QQ [x,y,z,w];
M:=1[[1,9,0,1,0,0,0,0,1,0,0,0,],[-1,1,0,0,0,0,0,0,0,1,0,0],
(¢,-1,1,9,0,0,0,9,9,0,1,0]1,[0,0,-1,-1,0,0,0,0,0,0,0, 11,
[0,0,0,0,1,0,0,1,-1,0,0,0],[0,0,0,0,-1,1,0,0,0,-1,0,0],
[0,0,0,0,0,-1,1,0,0,0,-1,0],[0,0,0,0,0,0,-1,-1,0,0,0,-1],
[(3x-2y)*2,9,0,0,0,0,0,0,0,0,0,0],[0,y*2,0,0,0,0,0,0,0,0,0,0],
[0,0,x*2,0,0,0,0,0,0,0,0,0],(0,0,0,y*2,0,0,0,0,0,0,0,0],
[0,0,0,0,(3x-2y)*2,9,0,0,0,0,0,0],[6,0,0,0,0,y*2,0,0,0,0,0,0],
[0,0,0,0,0,0,x*2,0,0,0,0,0],[0,0,0,0,0,0,0,y42,0,0,0,0],
[0,0,0,0,0,0,0,0,z*2,0,0,0],(0,0,0,0,0,0,0,0,0,z*2,0,0],
[0,0,0,0,0,0,0,0,0,0,z42,0],[0,0,0,0,0,0,0,0,0,0,0,z22] 1;

N : = Module (M);

I: LT(N);

Hilbert(I);

H(®)=7

H(1)=28

H(t)=2t*3+12t*2+16 for t>=2

The Hilbert series’s of the graded module ker M(A) is the following
H(ker M(A, r),u) = HR™ & R(-r — 1)°,u) — H(im M(A, r), u).
Here we need to calculate H(R™ & R(—r — 1)¢, u) which is equal to:

HRE®R(-2)",u) = 8/(1 — )" + 124%/(1 = w)™*', n=3
=8+ 124%/(1 — u)*.
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Thus
Hker M(A, 1),u) =8 + 1212 /(1 —u)* = (T +28u+---+ Q2 + 122 + D' + ....)
=1+ 4u + 12u% + 301> + 64u* + 12217 + 212u° + ...

Here, H(ker M (A, 1),u) = dimg C ;(A). When we compare the two results, we see
that dimg(H,(9)) = 0, i.e., the dimension of A depends only on combinatorial calcu-

lations.

Moving v, by leaving it in the same plane with the Conv({vy, v3, v4, v1}) and preserv-
ing the convexity of the octahedron always give the same result with this example.
Because, under all circumstances, we get an hyperplane which is a linear combina-
tion of the others two (p; = ap, + bps, where a,b € R). In fact, in the last method
the important thing is the relation among the columns (or rows) of the matrix, but
changing a and b in the equation (ax + by)*> does not result with a change. (And
also we can choose any vertex to move, not specifically v,). Hence for such kind of

configurations, we know that

dimg C*(A), = 8.(k ; 3) — 12k* — 2k — 16.

5.2.3 Octahedrons Having 5 Interior Hyperplanes

The way of getting an octahedron having five hyperplanes is moving any boundary
vertex of a regular octahedron, in such a way that the vertex no more stays in both of
the hyperplanes containing it. Hence we can consider the example moving one of the
vertices of the first figure.

In this example we consider the case A = Conv({vy, vy, V2, V3, V4, V5, V6}), Where vy =
(0,0,0),v; = (1,0,0),v, = (0,1,0),vs = (-1,0,0),v4 = (0,-1,0),vs = (1,1, 1),v6 =
(0,0, 1) in which we move vertex vs not through any incident edges of it. For any

interior face y the ideal J(y) is as below.

Jovi, ) =25 T, va,vs) =(x =27 T(ve v, v3)) =V,
T(ov,va) =25, T, va,vs) = (=27 T(ve v, va)) = 7,
Tov,va) =25 T, vavs) =(x =27 T e vo,v1)) =,
Tovavi) =25 T vivs) = =27 T(vevo,0)) = &,
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Figure 5.7: Octahedron having 5 interior hyperplanes

T o, vi) = A2 (0 — 2, T (o, v2)) = (%, 22, (x — 2)%),
T (o, v3)) = %25, 0 — 207, T (vo,va)) = (%, 22, (x = 2%,
T{vs,v0)) = ((x = 2%, (v — 2)), T (ve, vo)) = (X%, 5%,

T o)) = (2,02, 2, (x = 2%, (v = 2.

Since we are working on a manifold we know that H;(R) = 0 Vi < d. And we can
show that 9, is onto. So, Hy(J) = 0.
By the Euler characteristic equation, y(H(R/J)) = x(R/9) we get the equality

A k+3
dimg C*(A);, = 8( ; )— 12(k + 1)* + 43k + 1) + 2.4k — 5 + dimg H>(R/ T )
k+3 ) .
=8 3 — 12k" — 4k — 13 + dimg Ho(R/I ) ¥V k> 1.

Here we don’t know what dimg H,(R/J) is, and to calculate it we use the matrix

method.

By using the CoCoA program we calculate the dimg C'(A), as the following
dimg C'(A), = 1+ 4u + 110® + 2843 + 61u* + 117u° + 205u® + 333u” + ...
When we compare two results we see that dimg(H,(J)) # 0. And we reach the

following conclusion

dimg(H(J))o =0, dimr(H(J)) =0,
dimp(H(J)), =0, dimp(H(J)); =1,
dimp(H(9)), = 2 for all t > 4.
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We can generalize this special example. In the example three planes intersect along a
line three times, which means that one of the planes can be written as a linear combi-
nation of the others two. Hence the dimension of R/{p?, pZ, (a1.pi + a2.p2)*) in R is
equal to 3k + 1 (since it is isomorphic to (R/{x?, y*, xy))), where a;,a, € R. For the
ideal 7 ((vp)) the generators can be identified as {p}, p3, p3, ps = (a.p1 + b.p3)*, ps =
(c.ps + d.p3)*} where a, b, c,d € R, by using the property of three planes intersecting
along a line, which has the same dimension with the ideal {(x?,y?, 7%, xz, yz). For the
combinatoric part knowing these dimensions are enough but what can be said about
the dimgr(H(J)),. In fact, in the second part of the calculation we used a special
matrix identifying our simplex. For any octahedron having five interior faces we can
rename the vertices to make the moved vertex vs, after that we will have M(A, r) sim-
ilar to the previous one, it is obvious that ps and ps will be different but they will
still be the linear combinations of the others as given in the example. Hence the rela-
tion among the rows of the matrix M(A, r) will be the same as the previous example.

Hence for this case we have
) oA k+3 5
dimrC"(A), = 8 3 |- 12k + 1)° + 4Bk + 1) + 2.4k — 5 + 2for all k > 4,

k+3

dimgC"(A); = 8( ;

) —12(k + 1)* + 43k + 1) + 2.4k — 3for all k > 4.

5.2.4 Octahedrons Having 6 interior Hyperplanes

In a regular octahedron any boundary vertex is contained in two inner hyperplanes,
and any two of the vertices share at least one of these hyperplanes. To obtain an octa-
hedron having 6 hyperplanes we move two vertices of the octahedron that contained
in three inner hyperplanes, through one of their four boundary edges in such a way
that they don’t stay in any of their comman hyperplanes after the movement (Here I
won’t consider the case that vertices and v, lie on the same line, since their movement
considered in the case ‘octahedrons having 4 interior hyperplanes’).

We consider the example for A = Conv({vy, v, v2, v3, V4, s, V¢}), Where vy = (0,0, 0),
vi =(1/2,-1/2,0), v, = (0,1/2,-1/2), v = (-1,0,0), v4 = (0,-1,0), vs = (0,0, 1),
ve = (0,0, —1) in which we move vertex v; through the v,v, edge, and v, through the

vyve edge.  We will find the ideal J(y) for any interior face y.
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Figure 5.8: Octahedron with six hyperplanes

T (o, vi,v2)) = (x+y +2)°, T ((vo, v, vs5)) = X2,
T (vo,v2,v3)) = (v + 2)°, T ((vo, v3,vs5)) = y°,
T (vo, va,va)) = 27, T ((vo, V4, vs)) = X°,
T (vo, vasv1)) = 27, T ((vo,vi,vs)) = (x +y)°,
T (v, vo. v1)) = (x + ), T (e, vo,v2)) = X7,
T (v, v0,v3)) = ¥ T (e, vo,v4)) = X7,
T (vo.va)) = (2,2, T (o, v2)) = (%, + 2%, (x +y +2)7),

T (o, v3)) = 0420+, To,vi)) ={(x+y+2)% (x + )% 2,
j(<V5, V()>) = <X2, yza (X + )’)2>, j(<v6a V()>) = <X2, yz’ (x + )’)2>,

T(o)) = (235,22, (x+ )5 0+ 2%, (x +y + 2)7).

We show that 9 is onto. So, Hy(J) = 0.
By y(H(R/Y)) = x(R/T) we get the following equality.

dimg C*(A); = 8.(k ; 3) —12.(k + 1)* + 53k + 1) + 4k — 4 + dimp Hy(R/ T )«

k+3
:8( ; )_IZkz_Sk‘11+dimRHz(R/J)k Vok>1.

Schenck in [16] obtains this case and says that dimg H;(J); = 0. By the movement,
5 interior lines contained in three hyperplanes such that one of them is the linear

combination of the others hence the combinatoric equality is unique.

) k+3
dimRC"(A)k:S( ; )—12k2—5k—11 Vok> .
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5.2.5 Octahedrons Having 7 interior Hyperplanes

We give a sample of an octahedron with seven hyperplanes. In this example, one
boundary vertex of the regular octahedron was removed not leaving it in any inner
hyperplanes incident to itself, and another vertex which share an edge with the first

one was removed through one of the four boundary lines incident to it. We consider

the case A = Conv({vo, vi, V2, V3, V4, s, V6}), where vo = (0,0,0),v; = (1,0,0),v, =
(_1/2, 1/2’ O),V3 = (_1’0’ O)’ V4 = (0’_1,0)7 Vs = (1’ 1, 1)’ Ve = (0’ 07_1)- For any

Vs

Figure 5.9: Octahedron with 7 hyperplanes

interior face y the ideal J(y) is decided below.

T vo,vi,v) =22, T (e, vo, v3)) = ¥, T Ve, vo, 1)) = (x + )7,

T v, v2,v3)) = 22, T (Ves Vo, va)) = 7, T (vo,v2,v5)) = (x +y = 22)?,
T (o, v3,va) =25, T (o, va,v5) = (x =2, T (v, v3,v5)) = (v = 2)%,
J(vo,vav) =22, T(ovi,vs) = =27 T{ve, vo,v1)) = ¥,

T (o, vi) =052, 00—, To,v2) = ((x+ ), 2%, (x +y — 22)%),

T o, v3) = A2, 0 =2 T (o, va)) = (2,2, (x = 2)%),

T e, vo)) = (X2, (x + )7, T{vs,vp)) = ((x = 2%, (v — 2%, (x +y — 22)°),
j(<V0>) = <X2, )’2, Zza (X - Z)z’ ()’ - Z)z’ (X + y)za (.X + y- 2Z)2>-

H;(R) =0 Vi<d,and 9, is onto. So, Hy(J) = 0.
By the Euler characteristic equation, y(H(R/J)) = x(R/9J) we get the following
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equality.

dimg C*(A), = 8(k ; 3) — 12(k + 1)* + 6(3k + 1) — 4 + dimg H,(R/J)x

k
= 8( ;3)— 12k* — 6k — 10 + dimg Hy(R/ ) VY k> 0.

Here we don’t know what dimg H,(R/9) is. And we use the matrix method to calcu-

late the dimg C*(A);. By using CoCoA we find that
dimg C"(A), = 1 +4u + 114 + 261> + 56u* + 1104° + 196u° + ...

When we compare two results we see that dimg(H,(J)) # 0. And we reach the

following conculusion

0 ifk=0,1,
dimp(H\(J ) =31 itk =2,
2 if k>3.

5.2.6 Octahedrons Having 8 Interior Hyperplanes

In this subsection we consider a A with eight hyperplanes in a specialized sam-
ple. A = Conv({vg,vi, V2, V3, V4, Vs, Ve}) Where vo = (0,0,0),v; = (2,-2,-1),v, =
(1,3,-2),v3 = (=2,1,1),v4 = (-1,-2,2),vs = (0,0,3),v¢ = (0,0,-3). For any
interior face y the ideal J(y) is decided below.

T (o, vi,v2)) = (Tx + 3y + 82)°, T (o, v2,vs)) = (Bx — y)°,
T (o, v2,v3)) = (5x + 3y + 72)°, T (vo,v3,vs)) = (x +2y)°,
T (vo,v3,v4)) = (4x + 3y + 52)°, T (vo, v4,vs)) = (2x — y)°,
T (vo, v, V1)) = 2x +y + 22)%, T (v, v1,v5)) = (x + )2,
T (ve, vo, v2)) = Bx —y)?, T ((Ves v, v3)) = (x +2y)°,
T (ve, vo, va)) = 2x = y)?, T (Ves vo, V1)) = (x +)?,
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T (o, vi)) =((Tx + 3y + 82)%, (2x +y + 22)%, (x + y)?),
T (v, v2)) =((Tx + 3y + 82)%, (5x + 3y + 72)*, Bx — y)*),
T (vo,v3)) =((5x + 3y + 72)%, (4x + 3y + 52)%, (x + 2)%),
T (v, va)) =((4x + 3y + 52>, @x + y + 22)°, 2x — y)*),
T (s, v0)) =((Bx = y)*, (x + 2y)%, 2x - y)*, (x + y)*),

T (e, v0)) =((Bx = y)*, (x + 2y)%, 2x — y)*, (x + y)*),

T (o)) = {(Tx + 3y + 82)%, (5x + 3y + 72)%, (4x + 3y + 52)%, 2x + y + 22)*.
Gx =y (x+ 29, 2x = y)%, (x + y)°)
We know that H;(R) = 0 Vi < d. and we can show that Hy(J) = kerdy,/im 9, = 0.
By using the Euler characteristic equation, y(H(R/J)) = x(R/9) we get that
) LA k+3 5 .
dimg C*(A); = 8 3 |- 12(k + 1)+ 63k + 1) — 4 + dimg H,(R/ S )
k+3 5 )
=38 3 |- 12k — 6k — 10 + dimg H,(R/J ) ¥ k>0

Here we don’t know what dimg H,(R/9) is. Here we use the matrix method to cal-

culate the dimg C “(A)k, and we find that
dimg C'(A) = 1 + 4u + 11u® + 2617 + 56u* + 1101 + 1961° + ...

When we compare two results we see that dimg(H,(J)) # 0. And we reach the

following conclusion

0 ifk=0,1,
dimp(Hi((I )k =11 if k=2,
2 ifk>3.

By the examples given in the latter two subsections, we see that dimension of an
octahedron having seven and eight hyperplanes depend not on combinatoric only, but
also on the dimension of H,(R/J). And most interestingly, even they have different
constructions, they have the same result. Another important situation need to be
mentioned here is that any octahedron having more than six hyperplanes will have

the same combinatoric part for » = 1. Since each line have to be contained at least
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three hyperplanes in each cases and there are six interior lines that brings the 6.(3k+1)
into the calculation. Hence calculating dimension of C,i(A) is depend on calculation

of the dimension of the H,(R/9J).

5.2.7 Octahedrons Having 9 Interior Hyperplanes

We will consider a A having nine hyperplanes by the following sample.

A = Conv({vy, v1, V2, V3, V4, Vs, Vs}) Where vo = (0,0,0), vi = (3/2,3/2,0), v, =
0,1,-1), v = (=3,0,0), v4 = (0,-3,0), vs = (-2,0,2), v¢ = (0,0,-3). For any
interior face y the ideal J(y) is decided below.

T (vo, vi,v2)) = (x =y = 2)?, T (vo,v2,vs5) = (x +y +2)?,
T (v, v2,v3)) = (v +2)°, T (vo, v3,v5)) = ()7,

T (o, v3,v4)) = (2)°, T (vo,va,vs)) = (x + 2%,

T (e, v, v2)) = (x), T (v, vo,v3)) = ()7,

T ((vo, va, v1)) = (@)%, T o, vi,vs)) = (x =y +2)°,
T (ve, vo, va)) = (x)7, T (e, vo,v1)) = (x = y)*,

T (o, v) ={(x -y -2, 2, (x =y + 2", (x = y)*),
T (o, va)) =((x—y =2, (y + 2%, (x +y + 2>, X,
T (vo,v3)) = (v + 20, 25, ),
T (vo, va)) = (2, (x + 2)°, X%,
T (s, v0)) = ((x +y + 2%, 3%, (x + 2%, (x = y + 2)°),
T (Ve vo)) = (., (x = )%,

To) =((x -y =% +2° 2 (x+y+ 27, (x + 2%, (x =y + 2%, X%, (x = p)?).

We know that H;(R) = 0 Vi < d. and also we can show that Hy(J) = kerdy/ im d; =
0.

By the Euler characteristic equation, y(H(R/J)) = x(R/J) get the following equal-
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ity.

dimg C'(A); = S(k ; 3) —12(k + 1)* + 6(3k + 1) — 4 + dimg Hy(R/ T )«

= S(k ; 3) — 12k* — 6k — 10 + dimg Hy(R/J ), ¥ k> 0.

Here we don’t know what dimg H,(R/J) is. Thus we apply the matrix method to
calculate the dimg C “(A)k.

By using the CoCoA program we calculate the Hilbert series’s of the graded module
dimg C"(A).

dimg C"(A) = 1+ 4u + 10u® + 244° + 54u* + 1084 + 194u° + ...

When we compare two results we see that dimg(H;(J)) = 0. And the dimension of

C'(A) is computed by combinatoric relations.

. k+3
dimg C'(A), = 8( ; )— 12k* — 6k — 10.

5.2.8 Octahedrons Having 10 Interior Hyperplanes

In this part we will consider A with ten hyperplanes in a special example.

A = Conv({vy, V1, V2, V3, V4, Vs, v6}) Where vy = (0,0,0), vi = (-4,-3,-1), v, =
(1,-3,1), vs = (2,1,2), vy = (-1,1,-1), vs = (0,-1,3), v¢ = (-1,-1,-2). For
any interior face vy the ideal J(y) is decided below.

T (o, vi,v2)) = (2x -y — 52)°, T (vo,v2,vs)) = (8x + 3y +2)°,
T (v, v2,v3)) = (x = 2)7, T (o, v3,vs)) = (5x — 6y — 22)°,
T ((vo,v3,v4)) = (x = 2)°, T (vo, v, v5)) = 2x + 3y + 2)°,
T (vo, va, v1)) = (4x = 3y = Tz)?, T (vo, v1,vs)) = (5x = 6y = 22)%,
T (ve, vo,v2)) = (Tx +y — 42)?, T (ve, vo, va)) = Bx +y = 22)%,
T (ve, vo, va)) = (2y = 2)?, T (ve, v, v1)) = (5x =Ty + 2%,
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T (o, v1)) = ((2x =y = 52)%, (4x = 3y = 72)*, (5x — 6y — 22)*, (5x = Ty + 2)°),
T (o, v2)) = ((2x —y = 52)%, (x — 2, B8x + 3y + 2%, (Tx + y — 42)*),

T (o, v3)) = ((x = 2)°, (5x — 6y — 22)%, (2y — 2)*),

T (v, va)) = ((x — 2)°,(4x = 3y = 72>, 2x + 3y + 2)>, Bx + y — 22)°),

T (vs,vo)) = (1(8x + 3y + 2)°,y*, (5x — 6y — 22)>, 2x + 3y + 2)°),

T e, vo)) = (Tx+y — 42,2y — 2>, Bx +y - 22)°, 5x = Ty + 2)°),

T (o)) = {(2x —y = 52)%, (x — 2), (4x — 3y — 72)%, (8x + 3y + 2)%, (5x — 6y — 22)%,
2x+3y+2% (Gx =Ty + 2, (Tx +y — 42, (2y — 2>, Bx + y — 22)°).
We know that H;(R) = 0 Vi < d, and we show that Hy(J) = kerdy/imd; = 0.

By the Euler characteristic equation, y(H(R/J)) = x(R/J) gives the following
equality

. k+3
dimg C'(A), = 8( ; )— 12(k + 1)* + 6(3k + 1) — 4 + dimg Ho(R/ T )«
k+3 5 ,
=8 3 — 12k* — 6k — 10 + dimg H>(R/J ) ¥ k> 0.

Here we don’t know what dimg H>(R/J) is. Thus we use the matrix method to

calculate it.

By using the CoCoA program we calculate the Hilbert series’s of the graded module

dimg C;(A) as follows.
dimg C'(A) = 1 + 4u + 10u® + 241’ + 54u* + 108u° + 194u° + ...

When we compare two results we see that dimg(H(J)) = 0. And The dimension of

C'(A) is computed by combinatoric relations.

R k+3
dimg C'(A), = 8( "; )— 12k* — 6k — 10.

5.2.9 Octahedrons Having 11 Interior Hyperplanes

In this section we will consider an example with A having eleven hyperplanes.

A = Conv(vg, vi, V2, V3, V4, Vs, Vs) Where vy = (0,0,0),v; = (2,0,0),v, = (1,2, -1),
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vy = (=2,-1,0),v4 = (0,-2,0),vs = (2,3,2),vs = (1,0,-2). For any interior face y
the ideal J (y) is decided below.

T (o, vi,v2)) = (y + 22)°, T (o, v2,v5)) = (Tx — 4y — 2)°,
T (v, v2,v3)) = (x = 2y = 32)°, T (vo, v3,v5)) = (x = 2y + 22)°,
T (o, v3,va)) = (2)°, T (V0. va, v5)) = (x = 2)°,

T (vo, v, v1)) = (2)°, T (vo, v1,vs)) = 2y = 32)%,

T Ve, v, v2) = (4x =y + 22, T ((Ves vo,va)) = (2x + 2)°,

T (e, vo, v3)) = 2x — 4y + 2)%, T (e, vo, V1)) = (),

T (vo, 1)) = (v +22)°, (2%, 2y = 32>, (),

T (o, v2)) = (v + 220, (x — 2y = 32)*, (Tx — 4y — 2)°, (4x — y + 22)°),
T (o, v3)) = ((x = 2y = 32)%, (2)°, (x = 2y + 22)%, (2x — 4y + 2)°),

T (v, va)) = (@), (x = 2)°, 2x + 2)%),

T (s, v0)) = ((Tx =4y — 2)%, (x = 2y + 2%, (x — 2%, 2y = 32)°),

T (ve,vo)) = ((4x = y +22)%, 2x — 4y + 2%, 2x + 2%, ),

T (o)) = (v +22)%, (x = 2y = 32)*, 2%, (Tx — 4y — 2)%, (x — 2y + 22)%, (x — 2)°,
2y — 32)%, ()%, (4x — y + 22)*, 2x — 4y + 2)*, 2x + 2)%).

We know that H;(R) = 0 Vi < d, and we can show that Hy(J) = ker 8o/ im d; = 0.

By applying the Euler characteristic equation, y(H(R/9J)) = x(R/J) we get the
following equality.

ke 3) —12(k + 1)* + 6(3k + 1) — 4 + dimg H>(R/ T )i

dimg C'(A), = 8( ;
k+3 5 ,
=8 3 )" 12k% — 6k — 10 + dimg Hy(R/ )i ¥ k > 0.

Here we don’t know what dimg H,(R/J) is. Thus we use the matrix method to

calculate the dimp C"(A)k.

By using the CoCoA program we calculate the Hilbert series of the graded module
dimg C r(A)u as following

dimg C"(A), = 1 + 4u + 104® + 244° + 54u” + 108 + 194u° + ...

96



When we compare two results we see that dimg(H;(J)) = 0. So the dimension of

C'(A) is computed by combinatoric relations.

dimg C'(A), = s(k ; 3) — 12K% - 6k — 10.

5.2.10 Octahedrons Having 12 Interior Hyperplanes

An octahedron can have at most twelve hyperplanes, in this part we will consider this
nongeneric case. In [15], Schenck remarks that in nongeneric octahedrons dimg H;(J) =
0 when r = 1. Thus dimension of that octahedron can be find by the combinatorial
calculations. Now we will calculate dimension of a nongeneric octahedron and ex-
tend it to the general nongeneric octahedrons. We consider the example for

A = Conv({vy, v{, V2, V3, V4, V5, Vs}), Wherev; = (3,1,1), v, = (5,-3,2),v3 = (-3,-2,-1),

Vs =(-2,2,0),vs =(1,1,3),ve = (0,1,3) and vy = (0,0, 0).

We find for any interior face y of the simplex the ideal T (y).

T ((vo,vi, ) = (5x —y — 142)°, T ((vo,v2,vs)) = (11x + 13y — 82)°,
T (vo, v2,v3) = (Tx =y = 192)%, T (o, v3,v5)) = (5x = 8y + 2)°,

T (vo, v3,v4)) = (x +y = 52)?, T ((vo,va,vs)) = Bx + 3y = 22)%,

T (vo, va, V1)) = (x +y — 42)?, T (vo, v1,vs) = (x =4y +2)?,

T (ve,vo,v2)) = (11x + 15y =522, JT({ve, vo, v3)) = (5x = 9y + 32)°,
T (e:vo,va)) = Bx + 3y — 2)%, T (ve,vo, v1)) = (2x — 9y + 32)°,

T o, vi)) = ((5x —y — 142)%, (x + y — 42)%, (x — 4y + 2)%, 2x — 9y + 32)%),
T (v, v)) = ((5x—y — 142)*, (Tx — y = 192)%, (11x + 13y — 82)°,
(11x + 15y - 52)%),
T (v, v3)) = {(Tx —y = 192)%, (x + y — 52)%, (5x — 8y + 2)>, (5x — 9y + 32)%),
T ((vo,va)) = {(x +y = 52)%, (x + y — 42)%, Bx + 3y — 22), Bx + 3y — 2)%),
T ((vs,vo)) = ((11x + 13y — 82)%, (5x — 8y + 2)%, Bx + 3y — 22)%, (x — 4y + 2)%),
T (v, vo)) = {(11x + 15y — 52)%, (5x — 9y + 32)*, 3x + 3y — 2)%, (2x — 9y + 32)?),
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J (o) =((Bx—y - 142>, Tx -y = 192)*, (x + y = 52)%, (x + y — 42)’,
(11x + 13y — 82)%, (5x — 8y + 2)%, (3x + 3y — 22), (x — 4y + 2)%,
(11x + 15y = 52)%, (5x — 9y + 32)%, 3x + 3y — 2)>, 2x — 9y + 32)*).

We can show that 0, is onto. So, Hy(9) = 0.
By y(H(R/9)) = x(R/J) we write the following equality.
) A k+3 5 .
dimgr C*(A); = 8. 3 |- 12.(k + 1)+ 63k + 1) — 4 + dimg Hy(R/ I )«
k+3 ) )
=8 3 — 12k — 6k — 10 + dimg H,(R/9 ) VY k > 1.

Since dimg H(J ), = 0, we can find the dimension of the octahedron just by combi-
natorial calculations. Here the combination is unique for any nongeneric case since
any interior line is contained in 4 hyperplanes and two of the hyperplanes generate the
other two hence dimg(R/J(vi, v;))r = 3k + 1. Also v, is contained in 12 hyperplanes
which are intersecting through 6 lines hence dimg(R/J(vo))r = 4 for k > 1. Thus,

. k+3
dimRC“(A)k:8( ; )—12k2—6k—10 VY k> 1.

In cases, after octahedrons having six hyperplanes case, in our calculations, we get the
same combinatorial part. But, in the examples having seven and eight hyperplanes,
the combinatorial part was different for the dimension of C"(A), but for the rest they

were equal.
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CHAPTER 6

CONCLUSION

In this thesis, we studied splines on simplicial and polyhedral complexes. After pre-
senting some results of Geramita and Schenck given in [18] in two dimension case,
we tried to extend their results to three dimension. To do this, we needed to extra ho-
mology that need to be calculated, which was not easy at all. We considered several
methods to calculate the dimension of splines, and by comparing their results, we tried
to obtain a way of controlling the dimension of the homology module (H,(R /J)). We
proved that on pure and hereditary simplicial complexes, if the dimension of the sec-
ond homology module is zero, then the result depends only on the geometry of the
complexes, and could be calculated by some combinatorial calculations. That made it
possible to make some generalizations. We have given a formula for the dimension of
the splines on n-gons having no interior points. Also, by using results given in [16],
we give explicit formulas for the dimensions of the splines on octahedrons with one

interior point. The formulas depend on the number of interior 2-faces.

Also in this thesis, one of our aims was to generalize a result of Mcdonald and
Schenck [23]. Their result gives the coeflicients of the polynomial showing the di-
mension of a spline space defined on a 2-dimensional polyhedral complex with the
fixed smoothness degree r. By connecting these ideas, with the work of [18], we
gave a formula for the coefficients of the Hilbert polynomial of a spline for the mixed

smoothness degree case, @ = (@1, @2, ..., ).

In dimension 3, still very little is known for splines on a simplicial complex. Hence

there are many open problems in dimension 3, which we plan to attack in the future.
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In this thesis, we have seen that different branches of mathematics are unexpectedly
connected, in our study it was among the geometry, algebra and combinatorics, so

that by interaction between seemingly distant branches may yield with new results.
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