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ABSTRACT

THE INPUT/OUTPUT MECHANISM OF CHAOS GENERATION

Fen, Mehmet Onur

Ph.D., Department of Mathematics

Supervisor : Prof. Dr. Marat Akhmet

September 2013, 134 pages

The main objective of this thesis is to develop a new method for chaos generation through
the input/output mechanism on the basis of differential and discrete equations. In the thesis,
this method is applied to various models in mechanics, electronics, meteorology and neural
networks. Chaotic sets of continuous functions as well as the concepts of the generator and
replicator of chaos are introduced. Inputs in the form of both continuous and piecewise con-
tinuous functions are applied to arbitrarily high dimensional systems with stable equilibrium
points, and it is rigorously proven that the chaos type of the inputs is the same as for the
outputs. Our theoretical results are based on the chaos in the sense of Devaney, Li-Yorke and
the one obtained through period-doubling cascade. Besides, replication of Shil’nikov orbits,
intermittency and the form of the bifurcation diagrams are investigated in the discussion form.
It is shown that the usage of chaotic external inputs makes the dynamics of shunting inhibitory
cellular neural networks exhibit chaotic motions. Moreover, the presence of chaos in the dy-
namics of the Duf�ng oscillator perturbed with a relay function is demonstrated . Models, in
which the Lorenz system, shunting inhibitory cellular neural networks and Duf�ng oscillators
are utilized as generators, are considered. Extension of chaos in open chains of Chua circuits
and quasiperiodic motions as a possible skeleton of a chaotic attractor are also discussed. The
controllability of the replicated chaos is theoretically proven and actualized by means of the
OGY and Pyragas control methods.

Keywords: Replication of Chaos, Continuous Chaos, Chaotic Models in Mechanics and Elec-

tronics, Shunting Inhibitory Cellular Neural Networks, Control of the Replicated Chaos
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ÖZ

KAOS ÜRET �IM�IN�IN G�IRD�I/˙IKTI MEKAN �IZMASI

Fen, Mehmet Onur

Doktora, Matematik Bölümü

Tez Yöneticisi : Prof. Dr. Marat Akhmet

Eylül 2013, 134 sayfa

Bu tezin as�l amac� diferansiyel ve ayr�k denklemler baz�nda girdi/ç�kt� mekan izmas� arac�l�-
�g�yla kaos üretimi için yeni bir metodun geli‚stirilmesidir. Bu metot tezde, mekanik, elek-
tronik, meteoroloji ve sinir a�glar�nda çe‚sitli modellere uygulanm�‚st�r. Kaosun üreticisi ve
ço �galt�c�s� kavramlar�n�n yan� s�ra sürekli fonksiyonlar�n kaotik kümeleri de ta n�t�lm�‚st�r.
Sürekli ve parçal� sürekli fonksiyon format�ndaki girdiler, kararl� de nge noktalar�na sahip
key� yükseklikte boyutu olan sistemlere uygulanm�‚st�r ve girdilerin kaos tipinin ç �kt�lar�nki
ile ayn� oldu �gu kesin olarak ispatlanm�‚st�r. Teorik sonuçlar�m�z Devaney, Li-Yorke tipin deki
ve periyot-çiftlenmesi çatallanmas� ile meydana gelen kaos tipine dayanmaktad�r . Bunun
yan� s�ra, Shil’nikov yörüngelerinin, kesintili kaosun ve çatallanma diyagr amlar�n�n replikas-
yonlar� tart�‚sma format�nda incelenmi‚stir. Kaotik harici girdilerin kullan�lmas�n �n manevra
engelleyici hücresel sinir a �glar�n�n dinami �ginin kaotik hareketler meydana getirmesini sa�gla-
d� �g� gösterilmi‚stir. Ayr�ca, bir röle fonksiyonuyla etkilenmi‚s Duf�ng osilatö rünün dinami �gin-
de kaosun varl� �g� ispat edilmi‚stir. Lorenz sistemlerinin, manevra engelleyici hücresel sin ir
a�glar�n�n ve Duf�ng osilatörlerinin üretici olarak kullan�ld� �g� modeller ele al�nm�‚st�r. Chua
devrelerinin aç�k zincirlerinde kaos geni‚slemesi ve yar�-periyodik har eketlerin bir kaotik çe-
kicinin muhtemel bir iskeleti olmas� ayr�ca tart�‚s�lm�‚st�r. Replike edilen kaosun k ontrol edile-
bilirli �gi teorik olarak ispatlanm�‚st�r ve OGY ve Pyragas kontrol metotlar� yard�m�yla hayata
geçirilmi‚stir.

Anahtar Kelimeler: Kaosun Replikasyonu, Sürekli Kaos, Mekanik ve Elek tronikte Kaotik

Modeller, Manevra Engelleyici Hücresel Sinir A �glar�, Replike Olan Kaosun Kontrolü
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CHAPTER 1

INTRODUCTION

The main subject of this thesis is chaos. Since the literature on the subject is very rich, we are

not original. In the same time, we consider in this thesis chaos as being an input for differential

equations. Formally speaking, we insert chaos in the right-hand-side of the equations. This

is what makes our studies a unique one among all others in the literature. One can remember

that standardly, chaos is formed by solutions of discrete equations and differential equations.

That is, chaos is an output with respect to these systems. One can consider, for example, the

Lorenz system, the Duf�ng’s oscillator and the Chua circuit. Another nove lty of this thesis

is that we describe expansion of chaos on the basis of the input-output mechanism by using

the concept of morphogenesis to emphasize that the expansion keeps geometrical properties

of chaos.

Let us describe the importance of the input-output mechanism in chaos analysis for both

theory and applications:

1. In the theory of dynamical systems, a large number of results use in their formulation

the input-output mechanism. For example, there are many theorems, which can be

loosely formulated as follows: if the perturbation is periodic (bounded, almost peri-

odic), then there is a unique periodic (bounded, almost periodic) solution. We propose

to consider in our results the following implication to be considered: if the perturbation

is chaotic, then there is a chaos in the set of solutions. Thus, one can say that our main

proposal is to return investigation of chaos into the main stream of classical dynamical

systems and, consequently, a huge number of rigorous mathematical methods, numer-

ical instruments and applications, which rely on the mechanism, will now be involved

for investigation of chaotic processes.

2. Despite the fact that many distinguished specialists in chaos theory and mathematics

have been involved in the investigation, there are still many challenging problems re-

lated to origins of the chaotic theory: we do not have rigorously approved chaos in

Lorenz systems, Duf�ng equations and other systems. Hopefully, the inpu t-output

mechanism will give new opportunities for the analysis of the basic models as well

as help to revise the theory of chaos. We believe that exploration of the mechanism in

considered models can give mathematical clarity there.
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3. The mechanism can become a strong instrument in applications to real world problems

through modeling the expansion of chaos. We hope that unpredictability of weather

and irregularity as a global phenomena will be re�ected in mathematical investig ations

more comprehensively. This is true not only for atmospheric processes, but also for

any large systems in economic theory, biology, neural networks and computer sciences.

Utilization of the input-output mechanism in cryptography and deciphering deals may

give effective results, too. The input-output mechanism is very popular, for instance, in

mechanics, chemistry, biology, cryptography, etc. Consequently, one can suppose that

what we suggest has to be realized immediately for these real world problems.

The studies mentioned here are attractive, in the mathematical sense, since for the �rst time

we have introduced what we understand as chaos for systems with continuous time. This

may give a push for functional analysis of chaos to involve the operator theory results, etc.

Hopefully, our approach will give a basis for a deeper comprehension and possibility to unite

different appearances of chaos. In this framework, we also hope that the results can be devel-

oped for partial differential equations, integro-differential equations, functional differential

equations, evolution systems, etc.

The content of this thesis is a good background for applications in mechanics, biology, molec-

ular biology, physiology, pharmacology, secure communications, neural networks, and other

real world problems involving complex behavior of models. Since chaos is present every-

where, we can say that our results are applicable in any �eld, where diff erential equations and

difference equations are utilized as models.

1.1 Chaotic Dynamical Systems

The theory of dynamical systems starts with H. PoincarØ, who studied nonlinear differential

equations by introducing qualitative techniques to discuss the global properties of solutions

[64]. His discovery of the homoclinic orbits �gures prominently in the studies o f chaotic

dynamical systems. PoincarØ �rst encountered the presence of homoclinic orbits in the three

body problem of celestial mechanics [22]. A PoincarØ homoclinic orbit is anorbit of inter-

section of the stable and unstable manifolds of a saddle periodic orbit. It is called structurally

stable if the intersection is transverse, and structurally unstable or a homoclinic tangency if

the invariant manifolds are tangent along the orbit [81]. In any neighborhood of a structurally

stable PoincarØ homoclinic orbit there exist nontrivial hyperbolic sets containing a count-

able number of saddle periodic orbits and continuum of non-periodic Poisson stable orbits

[81, 204, 206]. For this reason, the presence of a structurally stable PoincarØ homoclinic orbit

can be considered as a criterion for the presence of complex dynamics [81].

The �rst mathematically rigorous de�nition of chaos is introduced by Li and Y orke [134]

for one dimensional difference equations. According to [134], a continuous map F : J ! J;

where J � R is an interval, exhibits chaos if: (i) For every natural number p; there exists
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a p�periodic point of F in J; (ii) There is an uncountable set S � J containing no periodic

points such that for every s1;s2 2 S with s1 6= s2 we have limsupk!∞
��Fk(s1)� Fk(s2)

�� > 0

and liminfk!∞
��Fk(s1)� Fk(s2)

�� = 0; (iii) For every s 2 S and periodic point s 2 J we have

limsupk!∞
��Fk(s)� Fk(s)

��> 0:

Generalizations of Li-Yorke chaos to high dimensional difference equations were provided in

[20, 120, 133, 143]. According to results of [143], if a repelling �xed point of a differentiable

map has an associated homoclinic orbit that is transversal in some sense, then the map must

exhibit chaotic behavior. More precisely, if a multidimensional differentiable map has a snap-

back repeller, then it is chaotic. Marotto’s Theorem was used in [133] to prove rigorously the

existence of Li-Yorke chaos in a spatiotemporal chaotic system. Furthermore, the notion of

Li-Yorke sensitivity, which links the Li-Yorke chaos with the notion of sensitivity, was studied

in [20], and generalizations of Li-Yorke chaos to mappings in Banach spaces and complete

metric spaces were considered in [120].

Another mathematical de�nition of chaos for discrete-time dynamics was introdu ced by De-

vaney [64]. According to [64], a map F : J ! J; where J � R is an interval, has sensitive

dependence on initial conditions if there exists δ > 0 such that for any x 2 J and any neigh-

borhood N of x there exists y 2 J and a positive integer k such that
��Fk(x)� Fk(y)

��> δ : On the

other hand, F is said to be topologically transitive if for any pair of open sets U;V � J there

exists a positive integer k such that f k(U)\V 6= /0: According to Devaney, a map F : J ! J

is chaotic on J if: (i) F has sensitive dependence on initial conditions; (ii) F is topologically

transitive; (iii) Periodic points of F are dense in J. In other words, a chaotic map possesses

three ingredients: unpredictability, indecomposability and an element of regularity.

Symbolic dynamics, whose earliest examples were constructed by Hadamard [90] and Morse

[156], is one of the oldest techniques for the study of chaos. Symbolic dynamical systems are

systems whose phase space consists of one-sided or two-sided in�nite se quences of symbols

chosen from a �nite alphabet. Such dynamics arises in a variety of situations such as in

horseshoe maps and the logistic map. The set of allowed sequences is invariant under the shift

map, which is the most important ingredient in symbolic dynamics [64, 84, 92, 117, 232, 233].

Moreover, it is known that the symbolic dynamics admits the chaos in the sense of both

Devaney and Li-Yorke [8, 10, 12, 64, 179].

The Smale Horseshoe map is �rst studied by Smale [207] and it is an example of a diffeomor-

phism which is structurally stable and possesses a chaotic invariant set [64, 117, 233]. The

horseshoe arises whenever one has transverse homoclinic orbits, as in the case of the Duf�ng

equation [85]. People used the symbolic dynamics to discover chaos, but we suppose that it

can serve as an �embryo� for the morphogenesis of chaos.

From the mathematical point of view, chaotic systems are characterized by local instability

and uniform boundedness of the trajectories. Since local instability of a linear system implies

unboundedness of its solutions, chaotic system should be necessarily nonlinear [76]. Chaos in

dynamical systems is commonly associated with the notion of a strange attractor, which is an
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attractive limit set with a complicated structure of orbit behavior. This term was introduced by

Ruelle and Takens [183] in the sense where the word strange means the limit set has a fractal

structure [81]. The dynamics of chaotic systems are sensitive to small perturbations of initial

conditions. This means that if we take two close but different points in the phase space and

follow their evolution, then we see that the two phase trajectories starting from these points

eventually diverge [64, 89]. The sensitive dependence on the initial condition is used both

to stabilize the chaotic behavior in periodic orbits and to direct trajectories to a desired state

[196].

It was Lorenz [137] who discovered that the dynamics of an in�nite dimens ional system be-

ing reduced to three dimensional equation can be next analyzed in its chaotic appearances

by application of the simple unimodal one dimensional map. Smale [207] explained that the

geometry of the horseshoe map is underneath of the Van der Pol equation’s complex dynam-

ics which was investigated by Cartwright and Littlewood [48] and later by Levinson [131].

Nowadays, the Smale horseshoes with its chaotic dynamics, is one of the basic instruments

when one tries to recognize a chaos in a process. Guckenheimer and Williams [87] gave a

geometric description of the �ow of Lorenz attractor to show the structural s tability of codi-

mension 2. In addition to this, it was found out that the topology of the Lorenz attractor

is considerably more complicated than the topology of the horseshoe [85]. Moreover, Levi

[130] used a geometric approach for a simpli�ed version of the Van der po l equation to show

the existence of horseshoes embedded within the Van der Pol map and how the horseshoes �t

in the phase plane.

1.2 The Input/Output Mechanism of Chaos and Morphogenesis

It is natural to discover a chaos [52, 96, 134, 137, 143, 145, 175, 180, 181, 183, 186, 189, 200,

215], and proceed by producing basic de�nitions and creating the theor y. On the other hand,

one can shape an irregular process by inserting chaotic elements in a system which has regular

dynamics (let us say comprising an asymptotically stable equilibrium, a global attractor, etc).

This approach to the problem also deserves consideration as it may allow for a more rigorous

treatment of the phenomenon, and helps to develop new methods of investigation. Our results

are of this type.

In this thesis, we use the idea that chaos can be used as input in systems of equations. To ex-

plain the input-output procedure which is realized in our study, let us give particular examples

of systems used in the thesis. Consider the following system of differential equations,

dx
dt

= B(x): (1.1)

The system (1.1) is called the base-system. We assume that the system admits a regular

property. For example, there is a globally asymptotically stable equilibrium of (1.1). Next,

we apply to the system a perturbation, I(t); which will be called an input and obtain the
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following system,

dx
dt

= B(x)+ I(t); (1.2)

which will be called as the replicator system.

Suppose that the input I admits a certain property, let us say, it is a bounded function. We

assume then that there exists a unique solution, x(t); of the last equation, the replicator, with

the same property of boundedness. This solution is considered as an output. The process for

obtaining the solution x(t) of the replicator system by applying the perturbation I(t) to the

base-system (1.1) is called the input-output mechanism, and sometimes we shall call it the

machinery. It is known that for certain base-systems, if the input is periodic, almost periodic,

bounded, then there exists an output, which is also periodic, almost periodic, bounded. In

this thesis, we consider inputs of the new nature: chaotic sets and chaotic functions. The

motions which are in the chaotic attractor of the Lorenz system considered altogether provide

us an example of a chaotic set of functions. Any element of this set is considered as a chaotic

function. Both of these types of inputs will be used in our study effectively. To prove rig-

orously, by veri�cation of all ingredients, that there exists a certain type o f chaos generated

by the input-output mechanism, we use the concept of the chaotic set. For simulations we

shall use inputs in the form of chaotic functions. The diagram in Figure 1.1 illustrates the

input-output mechanism schematically. We have to say that in the �gure the inpu t I can be a

set of functions as well as a single function. The same is true for the output, x(t):

Figure 1.1: The input-output mechanism.

The main source of chaos in theory are difference and differential equations. For this reason

we consider inputs, which are solutions of some systems of differential equations or discrete

equations. These systems will be called generators in this thesis.

Thus, we can consider the following system of differential equations,

dz
dt

= G(z); (1.3)
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and it is assumed that this system possesses chaos. We shall call this system a generator. If

z(t) is a solution of the system from the chaotic attractor, that is, it is a chaotic solution, then

we notate I(t) = z(t) and use the function I(t) in the equation (1.2).

In this thesis, we have proved rigorously that the output is of the same type of chaos as the

input if base-systems are with globally asymptotically stable equilibriums. We use the concept

of morphogenesis for two reasons. First of all, morphogenesis is convenient to describe how

the input-output mechanism works if chaos is an input. Secondly, it provides information

about the structure of the chaos-output, if one knows the structure of the chaos-input. We give

a full description of the chaos expansion as morphogenesis, if base-systems are linear and

with constant matrices of coef�cients.

The term morphogenesis is used issuing from the sense of the words morph meaning �form�

and genesis meaning �creation�. This is similar to the idea such that morphogenesis is used

in �elds such as urban studies [58], architecture [182], mechanics [21 3], computer science

[36], linguistics [91] and sociology [25, 45]. Morphogenesis in this thesis is understood in

this weak sense, and mechanism of the replication is simple. In discussion form we consider

inheritance of intermittency, the double-scroll Chua’s attractor and quasiperiodical motions

as a possible skeleton of a chaotic attractor. We make comparison of the main concept of our

study with Turing’s morphogenesis [223] and John von Neumann automata [160], considering

that this may not be only a formal comparison, but will give ideas for the chaos development

in the morphogenesis of Turing and for self-replicating machines.

We propose a rigorous identi�cation method for replication of chaos from a prior one to sys-

tems with large dimensions. Extension of the formal properties and features of a complex

motion can be observed such that ingredients of chaos united as known types of chaos, De-

vaney’s, Li-Yorke and others. This is true for other appearances of chaos: intermittency,

structure of the chaotic attractor, its fractal dimension, form of the bifurcation diagram, the

spectra of Lyapunov exponents, etc.

In our theoretical results of chaos extension, we use coupled systems in which the generator

in�uences the replicator in a unidirectional way, that is, the generator aff ects the behavior of

the replicator, but not the converse. The possibility of making use of more than one replicators

and nonidentical systems in the machinery is an advantage of the procedure. On the other

hand, contrary to the method that we present, in the synchronization of chaotic systems, one

does not consider the type of the chaos that the master and slave systems admit. The problem

that whether the synchronization of systems implies the same type of chaos for both master

and slave has not been taken into account yet.

The concept of morphogenesis is considered carefully only in the second chapter of the thesis,

for systems with stable equilibrium, since for systems with stable equilibriums all the known

ingredients of chaos are proper.
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1.3 Synchronization of Chaotic Systems

One of the usage areas of master-slave systems is the study of synchronization of chaotic sys-

tems [1, 3, 82, 100, 122, 168, 184]. In 1990, Pecora and Carroll [168] realized that two identi-

cal chaotic systems can be synchronized under appropriate unidirectional coupling schemes.

Consider the system

x0 = G(x); (1.4)

as the master, where x 2 R
d ; such that the steady evolution of the system occurs in a chaotic

attractor. The dynamics of the slave system is governed by the equation

y0 = H(x;y): (1.5)

When the unidirectional drive is established, suppose that the right hand side of equation (1.5)

satis�es that

H(x;y) = G(x); (1.6)

for y = x; and the slave system takes the form

y0 = G(y); (1.7)

which is a copy of system (1:4); in the absence of driving. In unidirectional couplings, the

signals of the master system acts on the slave system, but the converse is not true. Moreover,

this action becomes null when the two systems follow identical trajectories [82]. The contin-

uous control scheme [67, 113] and the method of replacement of variables [61, 169] can be

used to obtain couplings in the form of the system (1:4)+ (1:5): Synchronization of a slave

system to a master system, under the condition (1:6); is known as identical synchronization,

and it occurs when there are sets of initial data Bx �R
d and By �R

d for the master and slave

systems, respectively, such that the equation limt!∞ kx(t)� y(t)k= 0 holds, where (x(t);y(t))

is a solution of system (1:4)+(1:5) with initial data (x(0);y(0)) 2 Bx �By:

In paper [4], Afraimovich et al. proposed the synchronization of chaotic systems that are dif-

ferent and not restricted in coupling. To realize this proposal, Rulkov et al. [184] considered

the concept of generalized synchronization for unidirectionally coupled systems.

Consider the unidirectionally coupled system (1:4)+ (1:5) such that the dimensions of the

master and slave systems are d and r; respectively. Generalized synchronization [1, 3, 82,

100, 122, 184] is said to occur if there exist sets Bx � R
d ; By � R

r of initial conditions

and a transformation ψ ; de�ned on the chaotic attractor of (1.4), such that for all x(0) 2 Bx;

y(0) 2 By the relation

lim
t!∞

ky(t)� ψ(x(t))k = 0 (1.8)

holds. In this case, a motion that starts on Bx �By collapses onto a manifold M � Bx �By

of synchronized motions. The transformation ψ is not required to exist for the transient tra-

jectories. Generalized synchronization includes the identical synchronization as a particular
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case. That is, if ψ is the identity transformation, then identical synchronization takes place.

The paper [100] deals with the case when the transformation ψ is differentiable.

According to Kocarev and Parlitz [122], generalized synchronization occurs in the dynamics

of the coupled system (1:4)+(1:5) if and only if for all x0 2 Bx; y10;y20 2 By; the criterion

lim
t!∞

ky(t;x0;y10)� y(t;x0;y20)k = 0 (1.9)

holds, where y(t;x0;y10);y(t;x0;y20) denote the solutions of the slave system (1.5) with the

initial data y(0;x0;y10) = y10; y(0;x0;y20) = y20 and the same x(t); x(0) = x0:

As a consequence of generalized synchronization, the behavior of the slave system (1.5) can

be predicted by the knowledge of the trajectories of the master system (1.4) and the trans-

formation ψ : The master system is also predictable from the slave system, if ψ is invertible

[122].

1.4 Control of Chaos

The idea of chaos control is based on the fact that chaotic attractors have a skeleton made

of an in�nite number of unstable periodic orbits [64, 82, 89, 114, 195]. S tability can be

described as the ability of a system to keep itself working properly even when perturbations

act on it, and this is the main goal to be achieved by the control strategy that is embedded

in the system [195]. In other words, the aim of chaos control is to stabilize a previously

chosen unstable periodic orbit by means of small perturbations applied to the system, so the

chaotic dynamics is substituted by a periodic one chosen at will among the several available

[82]. That is, when control is present, a chaotic trajectory transforms into a periodic one

[76]. Experimental demonstrations of chaos control methods were presented in the papers

[30, 32, 35, 68, 80, 94, 150, 194].

Small perturbations applied to control parameters can be used to stabilize chaos, keeping the

parameters in the neighborhood of their nominal values, and this idea is �rst introduced by

Ott, Grebogi and Yorke [163]. Experimental applications of the OGY control method requires

a permanent computer analysis of the state of the system. The method deals with a PoincarØ

map and therefore, the parameter changes are discrete in time. Using this method, one can

stabilize only those periodic orbits whose maximal Lyapunov exponent is small compared to

the reciprocal of the time interval between parameter changes [177]. Another control method

has been developed by Pyragas [177] to stabilize unstable periodic orbits applying small time

continuous control to a parameter of a system while it evolves in continuous time, instead of

a discrete control at the crossing of a surface [82]. Pyragas control method uses a delayed

feedback employing a suitably ampli�ed difference of an output measuremen t of the chaotic

system and the respectively delayed measurement for control. The control signal vanishes in

the post-transient behavior for the stabilized orbit. For this reason, the delay time has to be

the exact value of the period of the unstable periodic orbit that will be stabilized [97]. Both

of the OGY and Pyragas control methods will be utilized in the thesis.
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1.5 Neural Networks and Chaos

The chaos phenomenon has been observed in the dynamics of neural networks [5, 6, 77, 86,

126, 158, 159, 176, 201, 205, 220, 231], and chaotic dynamics applying as external inputs

are useful for separating image segments [201], information processing [158, 159] and syn-

chronization of neural networks [136, 140, 240]. Aihara et. al. [6] proposed a model of a

single neuron with chaotic dynamics by considering graded responses, relative refractoriness

and spatio-temporal summation of inputs. Chaotic solutions of both the single chaotic neuron

and the chaotic neural network composed of such neurons were demonstrated numerically in

[6]. Focusing on the model proposed in [6], dynamical properties of a chaotic neural network

in chaotic wandering state were studied concerning sensitivity to external inputs in [126]. On

the other hand, in the paper [201], Aihara’s chaotic neuron model is used as the fundamental

model of elements in a network, and the synchronization characteristics in response to exter-

nal inputs in a coupled lattice based on a Newman-Watts model are investigated. Besides, in

the studies [158, 159], a network consisting of binary neurons which do not display chaotic

behavior is considered, and by means of the reduction of synaptic connectivities it is shown

that the state of the network in which cycle memories are embedded reveals chaotic wander-

ing among memory attractor basins. Moreover, it is mentioned that chaotic wandering among

memories is considerably intermittent. Chaotic solutions to the Hodgkin-Huxley equations

with periodic forcing have been discovered in [5]. The paper [86] indicates the existence of

chaotic solutions in the Hodgkin-Huxley model with its original parameters. An analytical

proof for the existence of chaos through period-doubling cascade in a discrete-time neural

network is given in [231], and the problem of creating a robust chaotic neural network is

handled in [176].

1.6 Organization of the Thesis

The rest of the thesis is organized as follows.

In Chapter 2, we propose a rigorous method for replication of chaos from a prior one to

systems with arbitrary large dimensions. Extension of the formal properties and features

of a complex motion can be observed such that ingredients of chaos united as known types

of chaos, Devaney’s, Li-Yorke and obtained through period-doubling cascade. This is true

for other appearances of chaos: intermittency, structure of the chaotic attractor, its fractal

dimension, form of the bifurcation diagram, the spectra of Lyapunov exponents, etc. That is

why we identify the extension of chaos through the replication as morphogenesis. To provide

rigorous study of the subject, we introduce new de�nitions such as chaotic sets of functions,

the generator and replicator of chaos, and precise description of ingredients for Devaney and

Li-Yorke chaos in continuous dynamics. Appropriate simulations which illustrate the chaos

replication phenomenon are provided. Moreover, in discussion form we consider inheritance

of intermittency, replication of Shil’nikov orbits and quasiperiodical motions as a possible

skeleton of a chaotic attractor. Chaos extension in an open chain of Chua circuits is also
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demonstrated.

Chapter 3 deals with the Duf�ng equation forced with a pulse function, whos e moments

of discontinuity depend on the initial data. Existence of the chaos through period-doubling

cascade is proved, and the OGY control method is used to stabilize the periodic solutions.

Appropriate simulations of the chaos and stabilized periodic solutions are presented.

Taking advantage of external inputs, it is shown in Chapter 4 that shunting inhibitory cellu-

lar neural networks (SICNNs) behave chaotically. This is the �rst time that a theoretically

approved chaos is obtained in SICNNs. The analysis is based on the Li-Yorke de�nition of

chaos. We develop the concept of Li-Yorke chaos to continuous and multidimensional dynam-

ics of SICNNs. Appropriate illustrations which support the theoretical results are depicted.

The last chapter of the thesis is devoted to conclusions and possible future studies. Moreover,

a comparison of the synchronization theory of chaotic systems and replication of chaos is

mentioned.
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CHAPTER 2

REPLICATION OF CHAOS

2.1 Introduction

It is known that if one considers the evolution equation u0 = L[u]+ I(t); where L[u] is a linear

operator with spectra placed in the left half of the complex plane, then a function I(t) being

considered as an input with a certain property (boundedness, periodicity, almost periodic-

ity) produces through the equation the output, a solution with a similar property, bounded-

ness/periodicity/almost periodicity [54, 75].

A reasonable question appears whether it is possible to use as input a chaotic motion and to

obtain output also as a chaos of certain type. Our study is devoted to answer this question

even if the input is inserted non-linearly. One must say that we consider as an input �rst of all

a single function, a member of a chaotic set to obtain a solution, which is a member of another

chaotic set. Beside that we consider the chaotic sets as the input and the output. We have been

forced to consider sets of functions as inputs and outputs, since Devaney or Li-Yorke chaos

are indicated through relation of motions (sensitivity, transitiveness, proximality). Thus, we

consider the input and the output not only as single functions, but also as collections of func-

tions. The way of our investigation is arranged in the well accepted traditional mathematical

fashion, but with a new and a more complex way of arrangement of the connections between

the input and the output.

Since the concept of chaos is much more complex than just single periodic or almost periodic

solutions, we have to use a special terminology for the chaos generation through the input-

output mechanism, replication of chaos.

The technique of the replication used in this chapter is as follows. We need a source of chaotic

inputs, but mostly chaos can be obtained through solving differential or difference equations.

For this reason, we use special generator systems as the source of chaos or chaotic functions.

Nevertheless, we emphasize that the generator is not necessarily the element of the replication

procedure since it can be replaced by another source of a chaotic input, and in applications

present result may be considered with, for example, chaotic inputs obtained from experimental

activity. So, initially, we take into account a system of differential equations (the generator)

which produces chaos, and we use this system to in�uence in a unidirection al way, another
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system (the replicator) in such a manner that the replicator mimics the same ingredients of

chaos provided to the generator. In the present chapter, we use such ingredients in the form

of period-doubling cascade, Devaney and Li-Yorke chaos. For the study of the subject, we

introduce new de�nitions such as chaotic sets of functions, the generator and replicator of

chaos, and precise description of ingredients for Devaney and Li-Yorke chaos in continuous

dynamics.

Throughout the chapter, the generator will be considered as a system of the form

x0 = F(t;x); (2.1)

where F : R�R
m ! R

m is a continuous function in all its arguments, and the replicator is

assumed to have the form

y0 = Ay+g(x(t);y); (2.2)

where g : Rm �R
n ! R

n is a continuous function in all its arguments, the constant n � n real

valued matrix A has real parts of eigenvalues all negative and the function x(t) is a solution of

system (2.1). The generator-replicator couple, (2:1)+ (2:2); will be called in the remaining

parts of the chapter as the result-system.

Now, to illustrate the replication mechanism discussed in our study, let us consider the fol-

lowing example. For our purposes, as the generator we shall take into account the Duf�ng’s

oscillator represented by the differential equation

x00 +0:05x0 + x3 = 7:5cos t: (2.3)

It is known that equation (2.3) possesses a chaotic attractor [218]. De� ning the variables

x1 = x and x2 = x0; equation (2:3) can be reduced to the system

x0
1 = x2

x0
2 = �0:05x2 � x3

1 +7:5cos t:
(2.4)

Next, let us consider the following system

x0
3 = x4 + x1(t)

x0
4 = �3x3 � 2x4 � 0:008x3

3 + x2(t):
(2.5)

In this form system (2.5) is a replicator. One has to emphasize that the linear part of the

associated with (2.5) non-perturbed system

x0
3 = x4

x0
4 = �3x3 � 2x4 � 0:008x3

3;
(2.6)

has eigenvalues with negative real parts and does not admit chaos.

Figure 2.1 shows the trajectory of system (2.6) with x3(0) = �2 and x4(0) = 1: It is seen in

the �gure that the behavior of the solution is non-chaotic.

12
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Figure 2.1: The trajectory of system (2.6) with x3(0) = �2 and x4(0) = 1:

To visualize the process of replication by the result-system, (2:4)+ (2:5); let us consider the

PoincarØ sections of the both. By marking the trajectory of this system with the initial data

x1(0) = 2; x2(0) = 3; x3(0) = �1; x4(0) = 1 stroboscopically at times that are integer multi-

ples of 2π; we obtain the PoincarØ section and in Figure 2:2; where the chaos replication is

apparent, we illustrate its 2�dimensional projections. Figure 2:2;(a) represents the projec-

tion of the PoincarØ section on thex1 � x2 plane, and we note that this projection is in fact

the strange attractor of the generator system (2:4): On the other hand, the projection on the

x3 � x4 plane presented in Figure 2:2; (b) is the attractor corresponding to the replicator sys-

tem (2.5). One can see that the attractor indicated in Figure 2:2; (b) repeated the structure of

the attractor shown in Figure 2:2; (a) and this result is a manifestation of the replication of

chaos. One has to think about mathematical aspects of this phenomena and in our study we

handle this problem.
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Figure 2.2: The picture in (a) represents not only the projection of the whole attractor on
the x1 � x2 plane but also the strange attractor of the generator. In a similar way, the picture
shown in (b) represents the chaotic attractor of the replicator. The presented chaotic attractors
of the generator and the replicator systems reveal that the chaos replication mechanism works
consummately.
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In our theoretical results, we use coupled systems in which the generator in�uences the repli-

cator in a unidirectional way. In other words, the generator affects the behavior of the repli-

cator counterpart in such a way that the solutions of the generator are used as an input for the

latter. The possibility of making use of more than one replicator systems with arbitrarily high

dimensions in the extension mechanism is an advantage of our procedure. Moreover, we are

describing a process involving the replication of chaos which does not occur in the course of

time, but instead an instantaneous one. In other words, the prior chaos is mimicked in all

existing replicators such that the generating mechanism works through arranging connections

between systems not with the lapse of time.

Since we do not restrict ourselves in this chapter with a simple couple the generator-the

replicator, but get them in different combinations and numbers, having the geometric features

of chaos saved, we shall call the extension of chaos as morphogenesis.

In our study, we try to use the term morphogenesis issuing from the sense of the words morph

meaning �form� and genesis meaning �creation� [62]. In other words, similar to the ideas

of Ren ·e Thom [217], we employ the word morphogenesis as its etymology indicates, to de-

note processes creating forms. One should understand morphogenesis of chaos as a form-

generating mechanism emerging from a dynamical process which is based on replication of

chaos. Here, we accept the form (morph) not only as a type of chaos, but also accompanying

concepts as the structure of the chaotic attractor, its fractal dimension, form of the bifurcation

diagram, the spectra of Lyapunov exponents, inheritance of intermittency, etc.

To understand the concept of our study better, let us consider morphogenesis of fractal struc-

tures [141, 142]. It is important to say that Mandelbrot fractal structures exhibit the appear-

ance of fractal hierarchy looking in, that is, a part is similar to the whole. Examples for this

are the Julia sets [42, 152] and the Sierpinski carpet [170]. In our morphogenesis both direc-

tions, in and out, are present. Indeed, the fractal structure of the prior chaos has hierarchy

looking in, and the structure for the result-system is obtained considering hierarchy looking

out, that is, when the whole is similar to the part.

In our results, we do not consider the chaos synchronization problem, but we say that the

type of the chaos is kept invariant in the procedure. That is why the classes which can be

considered with respect to this invariance is expectedly wider then those investigated for

synchronization of chaos. Since we do not request strong relation and accordance between

the solutions of the generator and the replicator in the asymptotic point of view, the terms

master and slave as well as drive and response are not preferred to be used for the analyzed

systems. On the other hand, contrary to the method that we present, in the synchronization of

chaotic systems, one does not consider the type of the chaos that the master and slave systems

admit. The problem that whether the synchronization of systems implies the same type of

chaos for both master and slave has not been taken into account yet.

The phenomenon of the form recognition for chaotic processes has already begun in pioneer-

ing papers [48, 85, 87, 130, 131, 137, 207]. All these results say about chaos recognition, by

14



reducing complex behavior to the structure with recognizable chaos. In [7, 9, 10, 11, 12, 13,

16, 17], we provide a different and constructive way when a recognized chaos can be extended

saving the form of chaos to a multidimensional system. In the present study, we generalize

the idea to the morphogenesis of chaos.

Nowadays, one can consider the development of a multidimensional chaos from a low dimen-

sional one in different ways. One of them is the chaotic itinerancy [102, 107, 108, 109, 110,

190, 220, 221]. The itinerant motion among varieties of ordered states through high dimen-

sional chaotic motion can be observed and this behavior is named as chaotic itinerancy. In

other words, chaotic itinerancy is a universal dynamics in high dimensional dynamical sys-

tems, showing itinerant motion among varieties of low-dimensional ordered states through

high dimensional chaos. This phenomenon occurs in different real world processes: optical

turbulence [102], globally coupled chaotic systems [107, 108], non-equilibrium neural net-

works [220, 221], analysis of brain activities [78] and ecological systems [119]. One can see

that in its degenerated form chaotic itinerancy relates to intermittency [154, 175], since they

both represent dynamical interchange of irregularity and regularity.

Likewise the itinerant chaos observed in brain activities, we have low dimensional chaos in

the subsystems considered and high dimensional chaos is obtained when one considers all

subsystems as a whole. The main difference compared to our technique is in the elapsed time

for the occurrence of the process. In our discussions, no itinerant motion is observable and

all resultant chaotic subsystems process simultaneously, whereas the low dimensional chaotic

motions take place as time elapses in the case of chaotic itinerancy. Knowledge of the type of

chaos is another difference between chaotic itinerancy and our procedure. Possibly the present

way of replication of chaos will give a light to the solutions of problems about extension of

irregular behavior (crises, collapses, etc.) in interrelated or multiple connected systems which

can arise in problems of classical mechanics [154], electrical systems [51, 116], economic

theory [138] and brain activity investigations [78].

In systems whose dimension is at least four, it is possible to observe chaotic attractors with at

least two positive Lyapunov exponents and such systems are called hyperchaotic [211]. An

example of a four dimensional hyperchaotic system is discovered by Röss ler [181]. Combin-

ing two or more chaotic, not necessarily identical, systems is a way of achieving hyperchaos

[112, 115, 116]. However, in the present chapter, we take into account exactly one chaotic

system with a known type of chaos, and use this system as the generator to reproduce the

same type of chaos in other systems. On the other hand, the crucial phenomenon in the hyper-

chaotic systems is the existence of two or more positive Lyapunov exponents and the type of

chaos is not taken into account. In our way of morphogenesis, the critical situation is rather

the replication of a known type of chaos.

The paper [223] was one of the �rst studies that consider mathematically the self-replicating

forms using a set of reaction-diffusion equations [193]. Taking inspiration from the ideas of

Turing, Smale [208] considers the problem of whether oscillations can be generated through

coupling of identical systems which tend to an equilibrium. A similar question is also rea-
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sonable for the achievement of chaos in such systems and it is found out that, without using a

chaotic input, it is possible to obtain coupled systems which exhibit chaotic behavior. The ex-

istence of strange attractors in a family of vector �elds consisting of two Brus selators linearly

coupled by diffusion is proved analytically in the paper [71] and numerical examples of such a

chaotic behavior are provided in [72]. Such couplings display several cases of Hopf-pitchfork

singularities of codimensions 2, 3 and 4. In all these cases, the corresponding bifurcation di-

agrams provide regions of parameters such that the system exhibits synchronization, regions

where synchronization depends on the initial state and regions where orbits show in�nitely

many transients of synchronization [73]. Another example of a linearly coupled system which

exhibit chaotic behavior can be found in [241]. According to the results of paper [241], a suf-

�ciently large coupling coef�cient used in a network of linearly coupled ide ntical systems,

where each node is located in a non-chaotic region, leads to existence of a positive transversal

Lyapunov exponent and makes the system behave chaotically. The Lorenz systems with stable

equilibriums can be used in the construction of such a network of linearly coupled systems.

Distinctively, in our study, we make use of coupled systems such that exactly one of them

is chaotic with a known type of chaos and prove theoretically that the same type of chaos is

extended. Moreover, in the presented mechanism, we are not restricted to use linear couplings

as well as identical systems.

In the next section we will present assumptions for systems (2.1) and (2.2) which are needed

for the chaos replication, and introduce the chaotic attractors of these systems in the functional

sense.

2.2 Preliminaries

In the chapter, R and N denote the sets of real numbers and natural numbers, respectively, and

the uniform norm kΓk = sup
kvk=1

kΓvk for matrices is used.

Since the matrix A; which is aforementioned in system (2.2), is supposed to admit eigenvalues

all with negative real parts, it is easy to verify the existence of positive numbers N and ω such

that


eAt



� Ne�ωt ; t � 0: These numbers will be used in the last condition below.

The following assumptions on systems (2.1) and (2.2) are needed throughout the chapter:

(A1) There exists a positive number T such that the function F(t;x) satis�es the periodicity

condition

F(t +T;x) = F(t;x);

for all t 2 R; x 2 R
m;

(A2) There exists a positive number L0 such that

kF(t;x1)� F(t;x2)k � L0 kx1 � x2k ;

for all t 2 R;x1;x2 2 R
m;

16



(A3) There exists a positive number H0 < ∞ such that

sup
t2R;x2Rm

kF(t;x)k � H0;

(A4) There exists a positive number L1 such that

kg(x1;y)� g(x2;y)k � L1 kx1 � x2k ;

for all x1;x2 2 R
m; y 2 R

n;

(A5) There exist positive numbers L2 and L3 such that

kg(x1;y)� g(x2;y)k � L2 kx1 � x2k ;

for all x1;x2 2 R
m; y 2 R

n; and

kg(x;y1)� g(x;y2)k � L3 ky1 � y2k ;

for all x 2 R
m; y1;y2 2 R

n;

(A6) There exists a positive number M0 such that

sup
x2Rm;y2Rn

kg(x;y)k � M0;

(A7) NL3 � ω < 0:

Remark 2.2.1 The results presented in the remaining parts are also true even if we replace

the non-autonomous system (2:1) by the autonomous equation

x0 = F(x); (2.7)

where the function F :Rm !R
m is continuous with conditions which are counterparts of (A2)

and (A3):

At the present time, systems of differential equations which are known to exhibit chaotic

behavior are either nonautonomous and periodic in time such as the Duf�ng a nd Van der Pol

oscillators or autonomous such as the Lorenz, Chua and R ¤ossler systems. In a similar way, in

our investigations of chaos generation, we take advantage of periodic nonautonomous systems

as well as autonomous ones as generators.

Using the theory of quasilinear equations [93], one can verify that for a given solution x(t)

of system (2.1), there exists a unique bounded on R solution y(t) of the system y0 = Ay+

g(x(t);y); denoted by y(t) = φx(t)(t); which satis�es the integral equation

y(t) =
Z t

�∞
eA(t�s)g(x(s);y(s))ds: (2.8)
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Our main assumption is the existence of a nonempty set Ax of all solutions of system (2.1),

uniformly bounded on R: That is, there exists a positive number H such that sup
t2R

kx(t)k � H;

for all x(t) 2 Ax:

Let us introduce the sets of functions

Ay =
�

φx(t)(t) j x(t) 2 Ax
	
; (2.9)

and

A =
�
(x(t);φx(t)(t)) j x(t) 2 Ax

	
: (2.10)

We note that for all y(t) 2 Ay one has sup
t2R

ky(t)k � M; where M =
NM0

ω
:

Next, we reveal that if the set Ax is an attractor with basin Ux; that is, for each x(t) 2 Ux there

exists x(t) 2 Ax such that kx(t)� x(t)k ! 0 as t ! ∞; then the set Ay is also an attractor in

the same sense. Denote by Uy the set consisting of all solutions of system y0 = Ay+g(x(t);y);

where x(t) 2 Ux: In the next lemma we specify the basin of attraction of Ay:

Lemma 2.2.1 Uy is a basin of Ay:

Proof. Fix an arbitrary positive number ε and let y(t) 2 Uy be a given solution of the sys-

tem y0 = Ay+ g(x(t);y) for some x(t) 2 Ux: In this case, there exists x(t) 2 Ax such that

kx(t)� x(t)k ! 0 as t ! ∞: Let α = ω�NL3
ω�NL3+NL2

and y(t) = φx(t)(t): Condition (A7) implies

that the number α is positive. Under the circumstances, one can �nd R0 = R0(ε) > 0 such

that if t � R0; then kx(t)� x(t)k < αε and N ky(R0)� y(R0)ke(NL3�ω)t < αε : The functions

y(t) and y(t) satisfy the relations

y(t) = eA(t�R0)y(R0)+
Z t

R0

eA(t�s)g(x(s);y(s))ds;

and

y(t) = eA(t�R0)y(R0)+
Z t

R0

eA(t�s)g(x(s);y(s))ds;

respectively. Making use of these relations, one can verify that

y(t)� y(t) = eA(t�R0)(y(R0)� y(R0))

+
Z t

R0

eA(t�s) [g(x(s);y(s))� g(x(s);y(s))]ds

+
Z t

R0

eA(t�s) [g(x(s);y(s))� g(x(s);y(s))]ds:

Therefore, we have

ky(t)� y(t)k � Ne�ω(t�R0) ky(R0)� y(R0)k+
NL2αε

ω
e�ωt �eωt � eωR0

�

+NL3

Z t

R0

e�ω(t�s) ky(s)� y(s)kds:
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Let u : [R0;∞) ! [0;∞) be a function de�ned as u(t) = eωt ky(t)� y(t)k : By means of this

de�nition, we reach the inequality

u(t) � NeωR0 ky(R0)� y(R0)k+
NL2αε

ω
�
eωt � eωR0

�
+NL3

Z t

R0

u(s)ds:

Now, let ψ(t) =
NL2αε

ω
eωt and φ(t) = ψ(t)+ c; where

c = NeωR0 ky(R0)� y(R0)k� NL2αε
ω

eωR0 :

Using these functions we get

u(t) � φ(t)+NL3

Z t

R0

u(s)ds:

Applying Gronwall’s Lemma [55] to the last inequality for t � R0; we attain the inequality

u(t) � c+ψ(t)+NL3

Z t

R0

eNL3(t�s)cds+NL3

Z t

R0

eNL3(t�s)ψ(s)ds

and hence,

u(t) � c+ψ(t)+ c
�

eNL3(t�R0) � 1
�

+
N2L2L3αε

ω(ω � NL3)
eωt
�

1 � e(NL3�ω)(t�R0)
�

=
NL2αε

ω
eωt +N ky(R0)� y(R0)keωR0eNL3(t�R0)

�NL2αε
ω

eωR0eNL3(t�R0)+
N2L2L3αε

ω(ω � NL3)
eωt
�

1 � e(NL3�ω)(t�R0)
�
:

Thus,

ky(t)� y(t)k � NL2αε
ω

+N ky(R0)� y(R0)ke(NL3�ω)(t�R0)

�NL2αε
ω

e(NL3�ω)(t�R0)+
N2L2L3αε

ω(ω � NL3)

�
1 � e(NL3�ω)(t�R0)

�

< N ky(R0)� y(R0)ke(NL3�ω)(t�R0)+
NL2αε

ω � NL3
:

Consequently, for t � 2R0; we have that

ky(t)� y(t)k <

�
1+

NL2

ω � NL3

�
αε = ε ;

and hence ky(t)� y(t)k ! 0 as t ! ∞:

The proof of the lemma is completed. �

Now, let us de�ne the set U consisting the solutions (x(t);y(t)) of system (2.1)+(2.2), where

x(t) 2 Ux: Next, we state the following corollary of Lemma 2.2.1.
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Corollary 2.2.1 U is a basin of A :

Proof. Let (x(t);y(t)) 2 U be a given solution of system (2:1)+(2:2): According to Lemma

2.2.1, one can �nd (x(t);y(t))2 A such that kx(t)� x(t)k ! 0 as t ! ∞ and ky(t)� y(t)k ! 0

as t ! ∞: Consequently, k(x(t);y(t))� (x(t);y(t))k ! 0 as t ! ∞: The proof is �nalized. �

2.3 Description of Chaotic Sets of Functions

In this section, the descriptions for the chaotic sets of continuous functions will be introduced

and the de�nitions of the chaotic features will be presented, both in the Deva ney’s sense and

in the sense of Li-Yorke.

Let us denote by

B = fψ(t) j ψ : R ! K is continuousg (2.11)

a collection of functions, where K � R
q; q 2 N; is a bounded region.

We start with the description of chaotic sets of functions in Devaney’s sense and then continue

with the Li-Yorke counterpart.

2.3.1 Chaotic set of functions in Devaney’s sense

In this part, we shall elucidate the ingredients of the chaos in Devaney’s sense for the set B;

which is introduced by (2:11); and the �rst de�nition is about the sensitivity of chaotic sets

of functions.

De�nition 2.3.1 B is called sensitive if there exist positive numbers ε and ∆ such that for

every ψ(t) 2 B and for arbitrary δ > 0 there exist ψ(t) 2 B; t0 2 R and an interval J �
[t0;∞); with length not less than ∆; such that kψ(t0)� ψ(t0)k < δ and kψ(t)� ψ(t)k > ε ; for

all t 2 J:

De�nition 2.3.1 considers the inequality (> ε) over the interval J: In the Devaney’s chaos

de�nition for the map, the inequality is assumed for discrete moments. Let us rev eal how one

can extend the inequality from a discrete point to an interval by considering continuous �ows.

In [64], it is indicated that a continuous map ϕ : Λ ! Λ; with an invariant domain Λ �
R

k;k 2 N; has sensitive dependence on initial conditions if there exists ε > 0 such that for

any x 2 Λ and any neighborhood U of x; there exist y 2 U and a natural number n such that

kϕn(x)� ϕn(y)k > ε :

Suppose that the set Ax satis�es the de�nition of sensitivity in the following sense. There

exists ε > 0 such that for every x(t) 2 Ax and arbitrary δ > 0; there exist x(t) 2 Ax; t0 2 R

and a real number ζ � t0 such that kx(t0)� x(t0)k < δ and kx(ζ )� x(ζ )k > ε :
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In this case, for given x(t) 2 Ax and δ > 0; one can �nd x(t) 2 Ax and ζ � t0 such that

kx(t0)� x(t0)k < δ and kx(ζ )� x(ζ )k > ε : Let ∆ = ε
8HL0

and take a number ∆1 such that

∆ � ∆1 � ε
4HL0

: Using appropriate integral equations for t 2 [ζ ;ζ +∆1]; it can be veri�ed that

kx(t)� x(t)k � kx(ζ )� x(ζ )k�





Z t

ζ
[F(s;x(s))� F(s;x(s))]ds






> ε � 2HL0∆1

� ε
2
:

The last inequality con�rms that Ax satis�es De�nition 2 :3:1 with ε = ε=2 and J = [ζ ;ζ +∆1]:

So the de�nition is a natural one. It provides more information then discrete mo ments and for

us it is important that the extension on the interval is useful to prove the property for chaos

extension.

In the next two de�nitions, we continue with the existence of a dense function in the set of

chaotic functions followed by the transitivity property.

De�nition 2.3.2 B possesses a dense function ψ�(t) 2 B if for every function ψ(t) 2 B;

arbitrary small ε > 0 and arbitrary large E > 0; there exist a number ξ > 0 and an interval

J � R; with length E; such that kψ(t)� ψ�(t +ξ )k < ε ; for all t 2 J:

De�nition 2.3.3 B is called transitive if it possesses a dense function.

Now, let us recall the de�nition of transitivity for maps [64]. A continuous ma p ϕ with

an invariant domain Λ � R
k;k 2 N; possesses a dense orbit if there exists c� 2 Λ such that

for each c 2 Λ and arbitrary number ε > 0; there exist natural numbers k0 and l0 such that

ϕ l0(c)� ϕ l0+k0(c�)


< ε ; and maps which have dense orbits are called transitive.

Suppose that Ax satis�es the transitivity property in the following sense. There exists a func -

tion x�(t) 2 Ax such that for each x(t) 2 Ax and arbitrary positive number ε ; there exist a real

number ζ0 and a natural number m0 such that kx(ζ0)� x�(ζ0 +m0T )k < ε :

Fix an arbitrary function x(t) 2 Ax; arbitrary small ε > 0 and arbitrary large E > 0: Under the

circumstances, one can �nd ζ0 2 R and m0 2 N such that kx(ζ0)� x�(ζ0 +m0T )k < εe�L0E :

Using the condition (A2) together with the convenient integral equations that x(t) and x�(t)

satisfy, it is easy to obtain for t 2 [ζ0;ζ0 +E] that

kx(t)� x�(t +m0T )k � kx(ζ0)� x�(ζ0 +m0T )k+
Z t

ζ0

L0 kx(s)� x�(s+m0T )kds;

and by the help of the Gronwall-Bellman inequality [56], we get

kx(t)� x�(t +m0T )k � kx(ζ0)� x�(ζ0 +m0T )keL0(t�ζ0) < ε :
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The last inequality shows that the set Ax satis�es De�nition 2.3.2 with ξ = k0T and is transi-

tive in accordance with De�nition 2.3.3.

The following de�nition describes the density of periodic functions inside B:

De�nition 2.3.4 B admits a dense collection G � B of periodic functions if for every func-

tion ψ(t) 2 B; arbitrary small ε > 0 and arbitrary large E > 0; there exist eψ(t) 2 G and an

interval J � R; with length E; such that kψ(t)� eψ(t)k < ε ; for all t 2 J:

Let us remind the de�nition of density of periodic orbits for maps [64]. The s et of periodic

orbits of a continuous map ϕ with an invariant domain Λ � R
k;k 2 N; is called dense in Λ if

for each c 2 Λ; arbitrary positive number ε ; there exist a natural number l0 and a point ec 2 Λ
such that the sequence

�
ϕ i(ec)

	
is periodic and



ϕ l0(c)� ϕ l0(ec)


< ε :

Let us denote by Gx the set of all periodic functions inside Ax: Suppose that Ax satis�es den-

sity of periodic solutions as follows. For an arbitrary function x(t) 2 Ax and arbitrary small

ε > 0 there exist a periodic function ex(t)2 Gx and a number ζ0 2R such that kx(ζ0)�ex(ζ0)k<
ε :

Let us �x an arbitrary function x(t) 2 Ax; arbitrary small ε > 0 and arbitrary large E > 0:

In that case, there exist a periodic function ex(t) 2 Gx and ζ0 2 R such that kx(ζ0)�ex(ζ0)k <

εe�L0E :

It can be easily veri�ed for t 2 [ζ0;ζ0 +E] that the inequality

kx(t)�ex(t)k � kx(ζ0)�ex(ζ0)k+
Z t

ζ0

L0 kx(s)�ex(s)kds;

holds, and therefore for each t from the same interval of time we have

kx(t)�ex(t)k � kx(ζ0)�ex(ζ0)keL0(t�ζ0) < ε :

Consequently, the set Ax satis�es De�nition 2.3.4 with J = [ζ0;ζ0 +E]:

Finally, we introduce in the next de�nition the chaotic set of functions in Deva ney’s sense.

De�nition 2.3.5 The collection B of functions is called a Devaney’s chaotic set if

(D1) B is sensitive;

(D2) B is transitive;

(D3) B admits a dense collection of periodic functions.

In the next subsection, the chaotic properties of the set B will be imposed in the sense of

Li-Yorke.
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2.3.2 Chaotic set of functions in Li-Yorke sense

The ingredients of Li-Yorke chaos for the collection of functions B; which is de�ned by

(2:11); will be described in this part. Making use of discussions similar to the ones made

in the previous subsection, we extend, below, the de�nitions for the ingred ients of Li-Yorke

chaos from maps [20, 120, 134, 224] to continuous �ows and we just omit these indications

here.

De�nition 2.3.6 A couple of functions (ψ(t);ψ(t)) 2 B � B is called proximal if for arbi-

trary small ε > 0 and arbitrary large E > 0; there exist in�nitely many disjoint intervals with

length no less than E such that kψ(t)� ψ(t)k < ε ; for each t from these intervals.

De�nition 2.3.7 A couple of functions (ψ(t);ψ(t)) 2 B �B is frequently (ε0;∆)-separated

if there exist positive numbers ε0; ∆ and in�nitely many disjoint intervals of length no less

than ∆, such that kψ(t)� ψ(t)k > ε0; for each t from these intervals.

Remark 2.3.1 The numbers ε0 and ∆ taken into account in De�nition 2:3:7 depend on the

functions ψ(t) and ψ(t):

De�nition 2.3.8 A couple of functions (ψ(t);ψ(t)) 2 B �B is a Li�Yorke pair if it is prox-

imal and frequently (ε0;∆)-separated for some positive numbers ε0 and ∆.

De�nition 2.3.9 An uncountable set C � B is called a scrambled set if C does not contain

any periodic functions and each couple of different functions inside C �C is a Li�Yorke pair.

De�nition 2.3.10 B is called a Li�Yorke chaotic set if

(LY1) There exists a positive number T0 such that B admits a periodic function of period

kT0; for any k 2 N;

(LY2) B possesses a scrambled set C ;

(LY3) For any function ψ(t)2 C and any periodic function ψ(t)2 B; the couple (ψ(t);ψ(t))

is frequently (ε0;∆)�separated for some positive numbers ε0 and ∆:

2.4 Hyperbolic Set of Functions

The de�nitions of stable and unstable sets of hyperbolic periodic orbits of a utonomous sys-

tems are given in [166], and information about such sets of solutions of perturbed non-

autonomous systems can be found in [129]. Moreover, homoclinic structures in almost peri-

odic systems were studied in [151, 167, 192]. In this section, we give a de�nition for hyper-

bolic collection of uniformly bounded functions and before this, we start with the descriptions

of stable and unstable sets of a function.
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We de�ne the stable set of a function ψ(t) 2 B; where the collection B is de�ned by (2:11);

as the set of functions

W s (ψ(t)) = fu(t) 2 B j ku(t)� ψ(t)k ! 0 as t ! ∞g ; (2.12)

and, similarly, we de�ne the unstable set of a function ψ(t) 2 B as the set of functions

W u (ψ(t)) = fv(t) 2 B j kv(t)� ψ(t)k ! 0 as t ! �∞g : (2.13)

De�nition 2.4.1 The set of functions B is called hyperbolic if both the stable and unstable

sets of each function ψ(t) 2 B possess at least one element different from ψ(t):

Theorem 2.4.1 If Ax is hyperbolic, then the same is true for Ay:

Proof. Fix an arbitrary positive number ε and a function y(t) = φx(t)(t) 2 Ay: Let α =
ω�NL3

ω�NL3+NL2
and β = ω�NL3

1+NL2
: By condition (A7); one can verify that the numbers α and β

are both positive.

Due to the hyperbolicity of Ax; both the stable set W s(x(t)) and the unstable set W u(x(t)) of

x(t) contain at least one element different from x(t):

Let us take an arbitrary function u(t)2W s(x(t)) such that u(t) 6= x(t): Since kx(t)� u(t)k ! 0

as t ! ∞ and NL3 � ω < 0; there exists a positive number R1; which depends on ε ; such

that kx(t)� u(t)k < αε and e(NL3�ω)t < ωαε
2M0N for t � R1: Let y(t) = φu(t)(t): We note that

y(t) 6= y(t): Otherwise, if y(t) = y(t); then the equality g(x(t);y(t)) = g(u(t);y(t)) holds, and

this implies that x(t) = u(t) by condition (A4); which is a contradiction. We shall prove that

the function y(t) belongs to the stable set of y(t):

The bounded on R functions y(t) and y(t) satisfy the relations

y(t) =
Z t

�∞
eA(t�s)g(x(s);y(s))ds;

and

y(t) =
Z t

�∞
eA(t�s)g(u(s);y(s))ds;

respectively, for t � R1:

Therefore, one can easily reach up the equation

y(t)� y(t) =
Z R1

�∞
eA(t�s)[g(x(s);y(s))� g(u(s);y(s))]ds

+
Z t

R1

eA(t�s) f[g(x(s);y(s))� g(x(s);y(s))]+ [g(x(s);y(s))� g(u(s);y(s))]gds;
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which implies that

ky(t)� y(t)k �
Z R1

�∞
2M0Ne�ω(t�s)ds

+
Z t

R1

e�ω(t�s) (NL3 ky(s)� y(s)k+NL2 kx(s)� u(s)k)ds

� 2M0N
ω

e�ω(t�R1)+
Z t

R1

e�ω(t�s) (NL3 ky(s)� y(s)k+NL2αε)ds:

Using the Gronwall type inequality indicated in [242], we obtain that

ky(t)� y(t)k � 2M0N
ω

e(NL3�ω)(t�R1)+
NL2αε

ω � NL3
[1 � e(NL3�ω)(t�R1)]; t � R1:

For this reason, for all t � 2R1; one has

ky(t)� y(t)k � 2M0N
ω

e(NL3�ω)R1 +
NL2αε

ω � NL3
<

�
1+

NL2

ω � NL3

�
αε = ε :

According to the last inequality, we have that ky(t)� y(t)k ! 0 as t ! ∞: Hence, the function

y(t) belongs to the stable set W s(y(t)) of y(t):

On the other hand, let v(t) be a function inside the unstable set W u(x(t)) such that v(t) 6= x(t):

Since kx(t)� v(t)k tends to 0 as t ! �∞; there exists a negative number R2(ε) such that

kx(t)� v(t)k < βε for t � R2: Let ey(t) = φv(t)(t): It is worth noting that ey(t) 6= y(t): Now, our

purpose is to show that ey(t) belongs to the unstable set W u(y(t)) of y(t):

By the help of the integral equations

y(t) =
Z t

�∞
eA(t�s)g(x(s);y(s))ds;

and

ey(t) =
Z t

�∞
eA(t�s)g(v(s);ey(s))ds;

we obtain that

y(t)�ey(t) =
Z t

�∞
eA(t�s)[g(x(s);y(s))� g(v(s);y(s))]ds

+
Z t

�∞
eA(t�s)[g(v(s);y(s))� g(v(s);ey(s))]ds:

Therefore, for t � R2; one has

ky(t)�ey(t)k �
Z t

�∞
NL2e�ω(t�s) kx(t)� v(t)kds

+
Z t

�∞
e�ω(t�s)NL3 ky(s)�ey(s)kds

� NL2βε
ω

+
NL3

ω
sup
t�R2

ky(t)�ey(t)k :
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Hence, we attain that sup
t�R2

ky(t)�ey(t)k � NL2βε
ω

+
NL3

ω
sup
t�R2

ky(t)�ey(t)k : Accordingly, one

can verify that

sup
t�R2

ky(t)�ey(t)k � NL2βε
ω � NL3

< ε :

The last inequality con�rms that ky(t)�ey(t)k ! 0 as t ! �∞: Therefore ey(t) 2 W u(y(t)):

Consequently, the set Ay is hyperbolic since an arbitrary function y(t) 2 Ay has stable and

unstable sets which possess at least one element different from y(t):

The theorem is proved. �

Theorem 2:4:1 implies the following corollary.

Corollary 2.4.1 If Ax is hyperbolic, then the same is true for A :

Next, we continue with another corollary of Theorem (2:4:1); following the de�nitions of

homoclinic and heteroclinic functions.

A function ψ1(t) 2 B is said to be homoclinic to the function ψ0(t) 2 B; ψ0(t) 6= ψ1(t); if

ψ1(t) 2 W s (ψ0(t))\W u (ψ0(t)) :

On the other hand, a function ψ2(t) 2 B is called heteroclinic to the functions ψ0(t);ψ1(t) 2
B; ψ0(t) 6= ψ2(t); ψ1(t) 6= ψ2(t); if ψ2(t) 2 W s (ψ0(t))\W u (ψ1(t)) :

Corollary 2.4.2 If x1(t) 2 Ax is homoclinic to the function x0(t) 2 Ax; x0(t) 6= x(t); then

φx1(t)(t) 2 Ay is homoclinic to the function φx0(t)(t) 2 Ay:

Similarly, if x2(t) 2 Ax is heteroclinic to the functions x0(t);x1(t) 2 Ax; x0(t) 6= x2(t); x1(t) 6=
x2(t); then φx2(t)(t) is heteroclinic to the functions φx0(t)(t); φx1(t)(t) 2 Ay:

In the next section, we theoretically prove that the set Ay replicates the ingredients of De-

vaney’s chaos provided to the set Ax; and as a consequence the same is valid also for the set

A : The same problem for the chaos in the sense of Li-Yorke will be handled in Section 2.6.

2.5 Replication of Devaney’s Chaos

In this part, we will prove theoretically that the ingredients of Devaney’s chaos furnished to

the set Ax are all replicated by the set Ay:

Suppose that the function g(x;y) which is used in the right hand side of system (2.2) has
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component functions g j(x;y); j = 1;2; : : : ;n: That is,

g(x;y) =

0
BBBB@

g1(x;y)

g2(x;y)
...

gn(x;y)

1
CCCCA
;

where each g j(x;y); j = 1;2; : : : ;n; is a real valued function.

We start with the following assertion, which will be needed in the proof of Lemma 2.5.2.

Lemma 2.5.1 The set of functions

F =
�

g j(x(t);φx(t)(t))� g j(x(t);φx(t)(t)) j 1 � j � n; x(t) 2 Ax; x(t) 2 Ax
	

is an equicontinuous family on R:

Proof. Let us de�ne a function h : Rm �R
m �R

n ! R
n by the formula

h(x1;x2;x3) = g(x1;x3)� g(x2;x3):

Being continuous on the compact region

D = f(x1;x2;x3) 2 R
m �R

m �R
n j kx1k � H;kx2k � H;kx3k � Mg ;

the function h(x1;x2;x3) is uniformly continuous on D :

Fix an arbitrary ε > 0: Our aim is to determine a positive number δ = δ (ε) such that for all

t1; t2 2 R with jt1 � t2j < δ the inequality



h(x(t1);x(t1);φx(t)(t1))� h(x(t2);x(t2);φx(t)(t2))


< ε

holds for all x(t);x(t) 2 Ax:

By uniform continuity of the function h(x1;x2;x3) on D ; one can �nd a number δ1 = δ1(ε)> 0

such that for all
�
x0

1;x
0
2;x

0
3

�
;
�
x1

1;x
1
2;x

1
3

�
2R

m �R
m �R

n with


�x0

1;x
0
2;x

0
3

�
�
�
x1

1;x
1
2;x

1
3

�

< δ1;

the inequality 

h
�
x0

1;x
0
2;x

0
3

�
� h
�
x1

1;x
1
2;x

1
3

�

< ε

holds.

Since kx0(t)k � H0 for each x(t)2 Ax; the set Ax is an equicontinuous family on R: Therefore,

there exists a number δ2 = δ2(δ1) > 0 such that for all t1; t2 2 R satisfying jt1 � t2j < δ2 we

have kx(t1)� x(t2)k < δ1=3 for all x(t) 2 Ax:

Similarly, the set Ay is also an equicontinuous family on R; since ky0(t)k � kAkM +M0 for

each y(t) 2 Ay: Thus, one can �nd a number δ3 = δ3(δ1)> 0 such that for all t1; t2 2 R with

jt1 � t2j < δ3; the inequality ky(t1)� y(t2)k < δ1=3 is valid for all y(t) 2 Ay:
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In this case, for all t1; t2 2 R with jt1 � t2j < minfδ2;δ3g; one has



�x(t1);x(t1);φx(t)(t1)
�

�
�
x(t2);x(t2);φx(t)(t2)

�



� kx(t1)� x(t2)k+kx(t1)� x(t2)k+


φx(t)(t1)� φx(t)(t2)





< δ1;

for all x(t);x(t) 2 Ax:

Hence, taking δ (ε) = minfδ2;δ3g; one can see that for all t1; t2 2 R with jt1 � t2j < δ ; the

inequality




�
g j(x(t1);φx(t)(t1))� g j(x(t1);φx(t)(t1))

�

�
�
g j(x(t2);φx(t)(t2))� g j(x(t2);φx(t)(t2))

�




�


h
�
x(t1);x(t1);φx(t)(t1)

�
� h
�
x(t2);x(t2);φx(t)(t2)

�



< ε

holds for all 1 � j � n and x(t);x(t) 2 Ax: Consequently, the family F is equicontinuous on

R:

The lemma is proved. �

We continue with replication of sensitivity in the next lemma.

Lemma 2.5.2 Sensitivity of the set Ax implies the same feature for the set Ay:

Proof. Fix an arbitrary δ > 0 and let y(t) 2 Ay be a given solution of system (2.2). In this

case, there exists x(t) 2 Ax such that y(t) = φx(t)(t).

Let us choose a number ε = ε(δ )> 0 small enough which satis�es the inequality
�

1+
NL2

ω � NL3

�
ε < δ :

Then take R = R(ε)< 0 suf�ciently large in absolute value such that

2M0N
ω

e(ω�NL3)R < ε;

and let δ1 = δ1(ε;R) = εeL0R: Since the set of functions Ax is sensitive, there exist positive

numbers ε0 and ∆ such that the inequalities kx(t0)� x(t0)k < δ1 and kx(t)� x(t)k > ε0; t 2 J;

hold for some solution x(t) 2 Ax; a number t0 2 R and an interval J � [t0;∞) whose length is

not less than ∆:

Using the couple of integral equations

x(t) = x(t0)+
Z t

t0
F(s;x(s))ds;
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x(t) = x(t0)+
Z t

t0
F(s;x(s))ds

together with condition (A2); one can see that the inequality

kx(t)� x(t)k � kx(t0)� x(t0)k+
����
Z t

t0
L0 kx(s)� x(s)kds

����

holds for t 2 [t0 +R; t0]: Applying the Gronwall-Bellman inequality [56], we obtain that

kx(t)� x(t)k � kx(t0)� x(t0)keL0jt�t0j

and therefore kx(t)� x(t)k < ε for t 2 [t0 +R; t0]:

Let us denote y(t) = φx(t)(t): First, we will show that ky(t0)� y(t0)k < δ :

The functions y(t) and y(t) satisfy the relations

y(t) =
Z t

�∞
eA(t�s)g(x(s);y(s))ds

and

y(t) =
Z t

�∞
eA(t�s)g(x(s);y(s))ds;

respectively. Therefore,

y(t)� y(t) =
Z t

�∞
eA(t�s)[g(x(s);y(s))� g(x(s);y(s))]ds

and hence we obtain that

ky(t)� y(t)k �
Z t

t0+R
Ne�ω(t�s) kg(x(s);y(s))� g(x(s);y(s))kds

+
Z t

t0+R
Ne�ω(t�s) kg(x(s);y(s))� g(x(s);y(s))kds

+
Z t0+R

�∞
Ne�ω(t�s) kg(x(s);y(s))� g(x(s);y(s))kds:

Since kx(t)� x(t)k < ε for t 2 [t0 +R; t0]; one has

ky(t)� y(t)k � NL3

Z t

t0+R
e�ω(t�s) ky(s)� y(s)kds

+
NL2ε

ω
e�ωt(eωt � eω(t0+R))+

2M0N
ω

e�ω(t�t0�R):

Now, let us introduce the functions u(t) = eωt ky(t)� y(t)k ; k(t) =
NL2ε

ω
eωt and h(t) = c+

k(t); where c =

�
2M0N

ω
� NL2ε

ω

�
eω(t0+R):

These de�nitions give us the inequality

u(t) � h(t)+
Z t

t0+R
NL3u(s)ds:
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Applying Lemma 2:2 [34] to the last inequality, we achieve that

u(t) � h(t)+NL3

Z t

t0+R
eNL3(t�s)h(s)ds:

Therefore, on the time interval [t0 +R; t0]; the inequality

u(t) � c+ k(t)+ c
�

eNL3(t�t0�R) � 1
�

+
N2L2L3ε

ω
eNL3t

Z t

t0+R
e(ω�NL3)sds

=
NL2ε

ω
eωt +

�
2M0N

ω
� NL2ε

ω

�
eωReNL3(t�t0�R)

+
N2L2L3ε

ω(ω � NL3)
eωt
h
1 � e(NL3�ω)(t�t0�R)

i

holds.

The last inequality leads to

ky(t)� y(t)k � NL2ε
ω � NL3

+
2M0N

ω
e(NL3�ω)(t�t0�R);

and consequently, we obtain that

ky(t0)� y(t0)k � NL2ε
ω � NL3

+
2M0N

ω
e(ω�NL3)R

<

�
1+

NL2

ω � NL3

�
ε

< δ :

In the remaining part of the proof, we will show the existence of a positive number ε1 and

an interval J1 � J; with a �xed length which is independent of y(t);y(t) 2 Ay; such that the

inequality ky(t)� y(t)k > ε1 holds for all t 2 J1:

According to Lemma 2.5.1, there exists a positive number τ < ∆; independent of the functions

x(t);x(t) 2 Ax; y(t);y(t) 2 Ay; such that for any t1; t2 2 R with jt1 � t2j < τ the inequality
���(g j (x(t1);y(t1))� g j (x(t1);y(t1)))

�(g j (x(t2);y(t2))� g j (x(t2);y(t2)))
���

<
L1ε0

2n

(2.14)

holds, for all 1 � j � n:

Condition (A4) implies that, for all t 2 J; the inequality

kg(x(t);y(t))� g(x(t);y(t))k � L1 kx(t)� x(t)k

is satis�ed. Therefore, for each t 2 J; there exists an integer j0 = j0(t); 1 � j0 � n; such that

��g j0(x(t);y(t))� g j0(x(t);y(t))
��� L1

n
kx(t)� x(t)k :
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Otherwise, if there exists s 2 J such that for all 1 � j � n; the inequality

��g j (x(s) ;y(s))� g j(x(s);y(s))
��< L1

n
kx(s)� x(s)k

holds, then one encounters with a contradiction since

kg(x(s);y(s))� g(x(s);y(s))k �
n

∑
j=1

��g j(x(s);y(s))� g j(x(s);y(s))
��

< L1 kx(s)� x(s)k :

Now, let s0 be the midpoint of the interval J and θ = s0 � τ=2: One can �nd an integer

j0 = j0(s0); 1 � j0 � n; such that

��g j0(x(s0);y(s0))� g j0(x(s0);y(s0))
��� L1

n
kx(s0)� x(s0)k >

L1ε0

n
: (2.15)

On the other hand, making use of inequality (2:14); for all t 2 [θ ;θ + τ ] we have

��g j0 (x(s0);y(s0))� g j0 (x(s0);y(s0))
���
��g j0 (x(t);y(t))� g j0 (x(t);y(t))

��

�
��(g j0 (x(t);y(t))� g j0 (x(t);y(t)))� (g j0 (x(s0);y(s0))� g j0 (x(s0);y(s0)))

��

<
L1ε0

2n
:

Therefore, by means of (2.15), we obtain that the inequality

��g j0 (x(t);y(t))� g j0 (x(t);y(t))
��

>
��g j0 (x(s0);y(s0))� g j0 (x(s0);y(s0))

��� L1ε0

2n
>

L1ε0

2n

(2.16)

holds for all t 2 [θ ;θ + τ ] :

By applying the mean value theorem for integrals, one can �nd s1;s2; : : : ;sn 2 [θ ;θ + τ ] such

that

Z θ+τ

θ
[g(x(s);y(s))� g(x(s);y(s))]ds =

0
BBBB@

τ [g1(x(s1);y(s1))� g1(x(s1);y(s1))]

τ [g2(x(s2);y(s2))� g2(x(s2);y(s2))]
...

τ [gn(x(sn);y(sn))� gn(x(sn);y(sn))]

1
CCCCA
:

Thus, using (2:16); one can verify that






Z θ+τ

θ
[g(x(s);y(s))� g(x(s);y(s))]ds






� τ

��g j0(x(s j0);y(s j0))� g j0(x(s j0);y(s j0))
��

>
τL1ε0

2n
:

(2.17)
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It is clear that, for t 2 [θ ;θ + τ ]; the solutions y(t) and y(t) satisfy the integral equations

y(t) = y(θ)+
Z t

θ
Ay(s)ds+

Z t

θ
g(x(s);y(s))ds;

and

y(t) = y(θ)+
Z t

θ
Ay(s)ds+

Z t

θ
g(x(s);y(s))ds;

respectively, and herewith the equation

y(t)� y(t) = (y(θ)� y(θ))+
Z t

θ
A(y(s)� y(s))ds

+
Z t

θ
[g(x(s);y(s))� g(x(s);y(s))]ds

+
Z t

θ
[g(x(s);y(s))� g(x(s);y(s))]ds

holds. Hence, we have the inequality

ky(θ + τ)� y(θ + τ)k �





Z θ+τ

θ
[g(x(s);y(s))� g(x(s);y(s))]ds







�ky(θ)� y(θ)k�
Z θ+τ

θ
kAkky(s)� y(s)kds

�
Z θ+τ

θ
L3 ky(s)� y(s)kds:

(2.18)

Now, assume that max
t2[θ ;θ+τ]

ky(t)� y(t)k � τL1ε0

2n[2+ τ(L3 +kAk)] : In the present case, one en-

counters with a contradiction since, by means of the inequalities (2:17) and (2:18); we have

max
t2[θ ;θ+τ]

ky(t)� y(t)k � ky(θ + τ)� y(θ + τ)k

>
τL1ε0

2n
� [1+ τ(L3 +kAk)] max

t2[θ ;θ+τ]
ky(t)� y(t)k

� τL1ε0

2n[2+ τ(L3 +kAk)] :

Therefore, one can see that the inequality

max
t2[θ ;θ+τ]

ky(t)� y(t)k >
τL1ε0

2n[2+ τ(L3 +kAk)]

is valid.

Suppose that at a point η 2 [θ ;θ +τ ]; the real valued function ky(t)� y(t)k takes its maximum

on the interval [θ ;θ + τ ]: That is,

max
t2[θ ;θ+τ]

ky(t)� y(t)k = ky(η)� y(η)k :

For t 2 [θ ;θ + τ ]; by virtue of the integral equations

y(t) = y(η)+
Z t

η
Ay(s)ds+

Z t

η
g(x(s);y(s))ds;
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and

y(t) = y(η)+
Z t

η
Ay(s)ds+

Z t

η
g(x(s);y(s))ds;

we obtain

y(t)� y(t) = (y(η)� y(η))+
Z t

η
A(y(s)� y(s))ds

+
Z t

η
[g(x(s);y(s))� g(x(s);y(s))]ds:

De�ne

τ1 = min

�
τ
2
;

τL1ε0

8n(M kAk+M0)[2+ τ(L3 +kAk)]

�

and let

θ 1 =

(
η ; if η � θ + τ=2

η � τ1; if η > θ + τ=2
:

We note that the interval J1 = [θ 1;θ 1 + τ1] is a subset of [θ ;θ + τ ] and hence of J:

For t 2 J1; we have that

ky(t)� y(t)k � ky(η)� y(η)k�
����
Z t

η
kAkky(s)� y(s)kds

����

�
����
Z t

η
kg(x(s);y(s))� g(x(s);y(s))kds

����

>
τL1ε0

2n[2+ τ(L3 +kAk)] � 2τ1(M kAk+M0)

� τL1ε0

4n[2+ τ(L3 +kAk)] :

Consequently, the inequality ky(t)� y(t)k > ε1 holds for t 2 J1; where

ε1 =
τL1ε0

4n[2+ τ(L3 +kAk)] ;

and the length of the interval J1 does not depend on the functions x(t);x(t) 2 Ax:

The proof of the lemma is �nalized. �

Through Lemma 2:5:2; we mention the replication of sensitivity feature from the set of func-

tions Ax to Ay; that is, from the generator system to the replicator counterpart. In a similar

way, it is reasonable to analyze the sensitivity of the set of functions A ; which is de�ned

through equation (2:10): In the present case, we shall say that the set A is sensitive pro-

vided that Ay is sensitive. This description is a natural one since, otherwise, the inequality

kx(t)� x(t)k > ε0 implies that



�x(t);φx(t)(t)
�

�
�
x(t);φx(t)(t)

�

> ε0

in the same interval of time, which already signi�es sensitivity of A : But in replication of

chaos, the crucial idea is the extension of sensitivity not only by the result-system, but also by
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the replicator, and one should understand sensitivity of the result-system as a property which

is equivalent to the sensitivity of the replicator. According to this explanation, we note that if

Ax is sensitive, then Lemma 2.5.2 implies the same feature for the set Ay; and hence for the

set A :

Now, let us illustrate the replication of sensitivity through an example. It is known that the

Lorenz system

x0
1 = σ (�x1 + x2)

x0
2 = �x2 + rx1 � x1x3

x0
3 = �bx3 + x1x2;

(2.19)

with the coef�cients σ = 10;b = 8=3;r = 28 admits sensitivity [137]. We use system (2.19)

with the speci�ed coef�cients as the generator and constitute the 6 �dimensional result-system

x0
1 = 10(�x1 + x2)

x0
2 = �x2 +28x1 � x1x3

x0
3 = � 8

3 x3 + x1x2

x0
4 = �5x4 + x3

x0
5 = �2x5 +0:0002(x2 � x5)

3 +4x2

x0
6 = �3x6 � 3x1:

(2.20)

When system (2:20) is considered in the form of system (2:1)+(2:2); one can see that the di-

agonal matrix A whose entries on the diagonal are �5;�2;�3 satis�es the inequality


eAt



�
Ne�ωt with the coef�cients N = 1 and ω = 2: We note that the function g : R3 �R

3 ! R
3

de�ned as

g(x1;x2;x3;x4;x5;x6) =
�
x3;0:0002(x2 � x5)

3 +4x2;�3x1
�

provides the conditions (A4) and (A5) with constants L1 = 1=
p

3; L2 = 11
p

3=2 and L3 = 3=2

since the chaotic attractor of system (2:20) is inside a compact region such that jx2j � 30 and

jx5j � 50: Consequently, system (2:20) satis�es the condition (A7):

In Figure 2:3; one can see the 3�dimensional projections in the x1 � x2 � x3 and x4 � x5 � x6

spaces of two different trajectories of the result-system (2:20) with adjacent initial conditions,

such that one of them is in blue color and the other in red color. For the trajectory with blue

color, we make use of the initial data x1(0) = �8:57; x2(0) = �2:39; x3(0) = 33:08; x4(0) =

5:32; x5(0) = 10:87; x6(0) = �6:37 and for the one with red color, we use the initial data

x1(0) = �8:53; x2(0) = �2:47; x3(0) = 33:05; x4(0) = 5:33; x5(0) = 10:86; x6(0) = �6:36:

In the simulation, the trajectories move on the time interval [0;3]: The results seen in Figure

2.3 supports our theoretical results indicated in Lemma 2.5.2 such that the replicator system,

likewise the generator counterpart, admits the sensitivity feature. That is, the solutions of both

the generator and the replicator given by blue and red colors diverge, even though they start

and move close to each other in the �rst stage.

In the next assertion we continue with the replication of transitivity.
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Figure 2.3: Replication of sensitivity in the result-system (2:20): The picture in (a) represents
the 3�dimensional projection on the x1 � x2 � x3 space, and the picture in (b) shows the
3�dimensional projection on the x4 � x5 � x6 space. The sensitivity property is observable
both in (a) and (b) such that the trajectories presented by blue and red colors move together
in the �rst stage and then diverge. In other words, the sensitivity prope rty of the generator
system is mimicked by the replicator counterpart.

Lemma 2.5.3 Transitivity of Ax implies the same feature for Ay:

Proof. Fix an arbitrary small ε > 0; an arbitrary large E > 0 and let y(t) 2 Ay be a given

function. Arising from the description (2.9) of the set Ay; there exists a function x(t) 2
Ax such that y(t) = φx(t)(t): Let γ = ω(ω�NL3)

2M0N(ω�NL3)+NL2ω : Condition (A7) guarantees that γ is

positive. Since there exists a dense solution x�(t) 2 Ax; one can �nd ξ > 0 and an interval

J � R with length E such that kx(t)� x�(t +ξ )k < γε for all t 2 J: Without loss of generality,

assume that J is a closed interval, that is, J = [a;a+E] for some real number a:

Let y�(t) = φx�(t)(t): For t 2 J; the bounded on R solutions y(t) and y�(t) satisfy the relations

y(t) =
Z t

�∞
eA(t�s)g(x(s);y(s))ds;

and

y�(t) =
Z t

�∞
eA(t�s)g(x�(s);y�(s))ds;

respectively. The second equation above implies that

y�(t +ξ ) =
Z t+ξ

�∞
eA(t+ξ�s)g(x�(s);y�(s))ds:

Using the transformation s = s � ξ ; and replacing s by s again, it is easy to verify that

y�(t +ξ ) =
Z t

�∞
eA(t�s)g(x�(s+ξ );y�(s+ξ ))ds:
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Therefore, for t 2 J; we have that

y(t)� y�(t +ξ ) =
Z a

�∞
eA(t�s)[g(x(s);y(s))� g(x�(s+ξ );y�(s+ξ ))]ds

+
Z t

a
eA(t�s)[g(x(s);y(s))� g(x(s);y�(s+ξ ))]ds

+
Z t

a
eA(t�s)[g(x(s);y�(s))� g(x�(s+ξ );y�(s+ξ ))]ds;

which implies the inequality

ky(t)� y�(t +ξ )k �
Z a

�∞
2M0Ne�ω(t�s)ds

+
Z t

a
NL3e�ω(t�s) ky(s)� y�(s+ξ )kds

+
Z t

a
NL2e�ω(t�s) kx(s)� x�(s+ξ )kds

� 2M0N
ω

e�ω(t�a)+
NL2γε

ω
e�ωt �eωt � eωa�

+
Z t

a
NL3e�ω(t�s) ky(s)� y�(s+ξ )kds:

Hence, we get

eωt ky(t)� y�(t +ξ )k � 2M0N
ω

eωa +
NL2γε

ω
�
eωt � eωa�

+
Z t

a
NL3eωs ky(s)� y�(s+ξ )kds:

Through the implementation of Lemma 2.2 [34] to the last inequality, we obtain

eωt ky(t)� y�(t +ξ )k � 2M0N
ω

eωa +
NL2γε

ω
�
eωt � eωa�

+
Z t

a
NL3

�
2M0N

ω
eωa +

NL2γε
ω

(eωs � eωa)

�
eNL3(t�s)ds

=
NL2γε

ω
eωt +

�
2M0N

ω
� NL2γε

ω

�
eωaeNL3(t�a)

+
N2L2L3γε

ω(ω � NL3)
eNL3t

�
e(ω�NL3)t � e(ω�NL3)a

�
:

Multiplying both sides by e�ωt ; one can attain that

ky(t)� y�(t)k � 2M0N
ω

e(NL3�ω)(t�a)

+

�
NL2γε

ω
+

N2L2L3γε
ω(ω � NL3)

��
1 � e(NL3�ω)(t�a)

�

=
2M0N

ω
e(NL3�ω)(t�a)+

NL2γε
ω � NL3

�
1 � e(NL3�ω)(t�a)

�
:

Now, suppose that the number E is suf�ciently large such that

E >
2

ω � NL3
ln

�
1

γε

�
:
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If t 2 [a+E=2;a+E] ; then it is true that

e(NL3�ω)(t�a) � e(NL3�ω) E
2 < γε :

As a result, we have

ky(t)� y�(t +ξ )k <

�
2M0N

ω
+

NL2

ω � NL3

�
γε = ε ;

for t 2 J1 = [a1;a1 +E1] ; where a1 = a+E=2 and E1 = E=2: Consequently, the set Ay is

transitive in compliance with De�nition 2 :3:3:

The lemma is proved. �

The extension of the last ingredient of chaos in the sense of Devaney is presented in the

following lemma.

Lemma 2.5.4 If Ax admits a dense collection of periodic functions, then the same is true for

Ay:

Proof. Fix a function y(t) = φx(t)(t) 2 Ay; an arbitrary small number ε > 0 and an arbitrary

large number E > 0: Let γ = ω(ω�NL3)
2M0N(ω�NL3)+NL2ω ; which is a positive number by condition

(A7): Suppose that Gx is a dense collection of periodic functions inside Ax: In this case, there

exist ex(t) 2 Gx and an interval J � R with length E such that kx(t)�ex(t)k < γε ; for all t 2 J:

Without loss of generality, assume that J is a closed interval, that is, J = [a;a+E] for some

a 2 R:

We note that by condition (A4) there is a one-to-one correspondence between the sets Gx and

Gy =
�

φx(t)(t) j x(t) 2 Gx
	
; (2.21)

such that if x(t) 2 Gx is periodic then φx(t)(t) 2 Gy is also periodic with the same period, and

vice versa. Therefore, Gy � Ay is a collection of periodic functions and in the proof our aim

is to verify that the set Gy is dense in Ay:

Let ey(t) = φex(t)(t); which clearly belongs to the set Gy: Making use of the relations

y(t) =
Z t

�∞
eA(t�s)g(x(s);y(s))ds;

and

ey(t) =
Z t

�∞
eA(t�s)g(ex(s);ey(s))ds;

for t 2 J; we attain that

y(t)�ey(t) =
Z a

�∞
eA(t�s)[g(x(s);y(s))� g(ex(s);ey(s))]ds

+
Z t

a
eA(t�s)[g(x(s);y(s))� g(x(s);ey(s))]ds

+
Z t

a
eA(t�s)[g(x(s);ey(s))� g(ex(s);ey(s))]ds:
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The last equation implies that

ky(t)�ey(t)k �
Z a

�∞
2M0Ne�ω(t�s)ds

+
Z t

a
NL3e�ω(t�s) ky(s)�ey(s)kds

+
Z t

a
NL2e�ω(t�s) kx(s)�ex(s)kds

� 2M0N
ω

e�ω(t�a)+
NL2γε

ω
e�ωt �eωt � eωa�

+
Z t

a
NL3e�ω(t�s) ky(s)�ey(s)kds:

Hence, we have

eωt ky(t)�ey(t)k � 2M0N
ω

eωa +
NL2γε

ω
�
eωt � eωa�

+
Z t

a
NL3eωs ky(s)�ey(s)kds:

Application of Lemma 2.2 [34] to the last inequality yields

eωt ky(t)�ey(t)k � 2M0N
ω

eωa +
NL2γε

ω
�
eωt � eωa�

+
Z t

a
NL3

�
2M0N

ω
eωa +

NL2γε
ω

(eωs � eωa)

�
eNL3(t�s)ds

=
NL2γε

ω
eωt +

�
2M0N

ω
� NL2γε

ω

�
eωaeNL3(t�a)

+
N2L2L3γε

ω(ω � NL3)
eNL3t

�
e(ω�NL3)t � e(ω�NL3)a

�
:

Multiplying both sides by e�ωt ; we obtain that

ky(t)�ey(t)k � 2M0N
ω

e(NL3�ω)(t�a)

+

�
NL2γε

ω
+

N2L2L3γε
ω(ω � NL3)

��
1 � e(NL3�ω)(t�a)

�

=
2M0N

ω
e(NL3�ω)(t�a)+

NL2γε
ω � NL3

�
1 � e(NL3�ω)(t�a)

�
:

Suppose that the number E is suf�ciently large such that E >
2

ω � NL3
ln

�
1

γε

�
: If a+

E
2

�

t � a+E; then one has e(NL3�ω)(t�a) � e(NL3�ω)E=2 < γε : Consequently, the inequality

ky(t)�ey(t)k <

�
2M0N

ω
+

NL2

ω � NL3

�
γε = ε ;

holds for t 2 J1 = [a1;a1 +E1] ; where a1 = a+E=2 and E1 = E=2:

The proof of the lemma is accomplished. �

We end up the present part by stating the following theorem and its immediate corollary,

which can be veri�ed as consequences of Lemma 2.5.2, Lemma 2 :5:3 and Lemma 2:5:4:
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Theorem 2.5.1 If the set Ax is Devaney’s chaotic, then the same is true for the set Ay:

Corollary 2.5.1 If the set Ax is Devaney’s chaotic, then A is chaotic in the same way.

In the next part, the replication of chaos in the Li�Yorke sense is taken into account.

2.6 Replication of Li-Yorke Chaos

Our aim in this section is to prove that if Ax is chaotic in the sense of Li-Yorke, then the same

is valid for the set Ay; and consequently for the set A :

We start by indicating the following assertion, which presents the replication of proximality

feature in accordance with De�nition 2 :3:6:

Lemma 2.6.1 If a couple of functions (x(t);x(t)) 2 Ax � Ax is proximal, then the same is

true for the couple
�
φx(t)(t);φx(t)(t)

�
2 Ay �Ay:

Proof. Fix an arbitrary small positive number ε and an arbitrary large positive number E:

De�ne γ = ω(ω�NL3)
2M0N(ω�NL3)+NL2ω : Condition (A7) implies that γ is positive. Because a given

couple of functions (x(t);x(t))2 Ax �Ax is proximal, one can �nd a sequence of real numbers

fEig satisfying Ei � E for each i 2 N; and a sequence faig ; ai ! ∞ as i ! ∞; such that we

have kx(t)� x(t)k < γε ; for each t from the intervals Ji = [ai;ai +Ei]; i 2 N; and Ji \ J j = /0

whenever i 6= j:

Let us �x an arbitrary natural number i: Since the functions y(t) = φx(t)(t) 2 Ay and y(t) =

φx(t)(t) 2 Ay satisfy the relations

y(t) =
Z t

�∞
eA(t�s)g(x(s);y(s))ds;

and

y(t) =
Z t

�∞
eA(t�s)g(x(s);y(s))ds;

respectively, for t 2 Ji; we have that

y(t)� y(t) =
Z ai

�∞
eA(t�s)[g(x(s);y(s))� g(x(s);y(s))]ds

+
Z t

ai

eA(t�s)[g(x(s);y(s))� g(x(s);y(s))]ds

+
Z t

ai

eA(t�s)[g(x(s);y(s))� g(x(s);y(s))]ds:
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This implies that the inequality

ky(t)� y(t)k �
Z ai

�∞
2M0Ne�ω(t�s)ds

+
Z t

ai

NL3e�ω(t�s) ky(s)� y(s)kds

+
Z t

ai

NL2e�ω(t�s) kx(s)� x(s)kds

� 2M0N
ω

e�ω(t�a)+
NL2γε

ω
e�ωt �eωt � eωa�

+
Z t

ai

NL3e�ω(t�s) ky(s)� y(s)kds

is valid. Hence, we attain that

eωt ky(t)� y(t)k � 2M0N
ω

eωai +
NL2γε

ω
�
eωt � eωai

�

+
Z t

ai

NL3eωs ky(s)� y(s)kds:

Implementing Lemma 2.2 [34] to the last inequality, we obtain

eωt ky(t)� y(t)k � 2M0N
ω

eωai +
NL2γε

ω
�
eωt � eωai

�

+
Z t

a
NL3

�
2M0N

ω
eωai +

NL2γε
ω

(eωs � eωai)

�
eNL3(t�s)ds

=
NL2γε

ω
eωt +

�
2M0N

ω
� NL2γε

ω

�
eωaieNL3(t�ai)

+
N2L2L3γε

ω(ω � NL3)
eNL3t

�
e(ω�NL3)t � e(ω�NL3)ai

�
:

Multiplying both sides by the term e�ωt ; one can verify that

ky(t)� y(t)k � 2M0N
ω

e(NL3�ω)(t�ai)

+

�
NL2γε

ω
+

N2L2L3γε
ω(ω � NL3)

��
1 � e(NL3�ω)(t�ai)

�

=
2M0N

ω
e(NL3�ω)(t�ai)+

NL2γε
ω � NL3

�
1 � e(NL3�ω)(t�ai)

�
:

If E is suf�ciently large such that E >
2

ω � NL3
ln

�
1

γε

�
; then one has

e(NL3�ω)(t�ai) < e(NL3�ω)Ei=2 � e(NL3�ω)E=2 < γε ;

for t 2 [ai +Ei=2;ai +Ei] :

Since the natural number i was arbitrarily chosen, for each i 2 N; we have that

ky(t)� y(t)k <

�
2M0N

ω
+

NL2

ω � NL3

�
γε = ε ;
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for each t 2 eJi =
h
eai;eai + eEi

i
; where eai = ai +Ei=2 and eEi = Ei=2: Note that for each i the

interval eJi � R has a length no less than eE = E=2: As a consequence, the couple of functions�
φx(t)(t);φx(t)(t)

�
2 Ay �Ay is proximal according to De�nition 2 :3:6:

The proof is completed. �

The following lemma indicates the replication of the next characteristic feature of Li-Yorke

chaos.

Lemma 2.6.2 If a pair (x(t);x(t))2 Ax �Ax is frequently (ε0;∆)-separated for some positive

numbers ε0 and ∆, then the pair
�
φx(t)(t);φx(t)(t)

�
2 Ay � Ay is frequently (ε1;∆)-separated

for some positive numbers ε1 and ∆:

Proof. Since a given couple of functions (x(t);x(t)) 2 Ax �Ax is frequently (ε0;∆)-separated

for some ε0 > 0 and ∆ > 0; there exist in�nitely many disjoint intervals, each with a length

no less than ∆; such that kx(t)� x(t)k > ε0 for each t from these intervals. Without loss of

generality, assume that these intervals are all closed subsets of R. In that case, one can �nd

a sequence f∆ig satisfying ∆i � ∆; i 2 N; and a sequence fdig ; di ! ∞ as i ! ∞; such that

for each i 2 N the inequality kx(t)� x(t)k > ε0 holds for t 2 Ji = [di;di +∆i]; and Ji \ J j = /0

whenever i 6= j: Throughout the proof, let us denote y(t) = φx(t)(t) 2 Ay and y(t) = φx(t)(t) 2
Ay:

Our aim is to show the existence of positive numbers ε1;∆ and in�nitely many disjoint inter-

vals Ji � Ji; i 2 N; each with length ∆; such that the inequality ky(t)� y(t)k > ε1 holds for

each t from the intervals Ji; i 2 N:

As in Section 2:5; we again suppose that g(x;y) =

0
BBBB@

g1(x;y)

g2(x;y)
...

gn(x;y)

1
CCCCA
; where each g j(x;y); 1 �

j � n; is a real valued function. Using the equicontinuity on R of the family F ; which

is mentioned in Lemma 2.5.1, one can �nd a positive number τ < ∆; independent of the

functions x(t);x(t) 2 Ax; y(t);y(t) 2 Ay; such that for any t1; t2 2 R with jt1 � t2j < τ the

inequality

���(g j (x(t1);y(t1))� g j (x(t1);y(t1)))

�(g j (x(t2);y(t2))� g j (x(t2);y(t2)))
���

<
L1ε0

2n

(2.22)

holds for all 1 � j � n:

Suppose that the sequence fsig denotes the midpoints of the intervals Ji; that is, si = di+∆i=2

for each i 2 N: Let us de�ne a sequence fθig through the equation θi = si � τ=2:
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Let us �x an arbitrary natural number i: In a similar way to the method speci�ed in the proof

of Lemma 2:5:2; one can show the existence of an integer ji = ji(si); 1 � ji � n; such that

��g ji(x(si);y(si))� g ji(x(si);y(si))
��� L1

n
kx(si)� x(si)k >

L1ε0

n
: (2.23)

On the other hand, making use of the inequality (2:22); it is easy to verify that
��g ji (x(si);y(si))� g ji (x(si);y(si))

���
��g ji (x(t);y(t))� g ji (x(t);y(t))

��

�
��(g ji (x(t);y(t))� g ji (x(t);y(t)))� (g ji (x(si);y(si))� g ji (x(si);y(si)))

��

<
L1ε0

2n
;

for all t 2 [θi;θi + τ ] : Therefore, by favour of (2:23); we obtain that the inequality
��g ji (x(t);y(t))� g ji (x(t);y(t))

��

>
��g ji (x(si);y(si))� g ji (x(si);y(si))

��� L1ε0

2n
>

L1ε0

2n

(2.24)

is valid on the same interval.

Using the mean value theorem for integrals, it is possible to �nd numbers si
1;s

i
2; : : : ;s

i
n that

belong to the interval [θi;θi + τ ] such that





Z θi+τ

θi

[g(x(s);y(s))� g(x(s);y(s))]ds







=


















0
BBBBBBBBB@

Z θi+τ

θi

[g1(x(s);y(s))� g1(x(s);y(s))]ds
Z θi+τ

θi

[g2(x(s);y(s))� g2(x(s);y(s))]ds

...
Z θi+τ

θi

[gn(x(s);y(s))� gn(x(s);y(s))]ds

1
CCCCCCCCCA


















=













0
BBBB@

τ
�
g1(x(si

1);y(s
i
1))� g1(x(si

1);y(s
i
1))
�

τ
�
g2(x(si

2);y(s
i
2))� g2(x(si

2);y(s
i
2))
�

...

τ
�
gn(x(si

n);y(s
i
n))� gn(x(si

n);y(s
i
n))
�

1
CCCCA













:

Hence, the inequality (2:24) yields that





Z θi+τ

θi

[g(x(s);y(s))� g(x(s);y(s))]ds







� τ
��g ji(x(s

i
ji);y(s

i
ji))� g ji(x(s

i
ji);y(s

i
ji))
��

>
τL1ε0

2n
:

For t 2 [θi;θi + τ ]; the functions y(t) 2 Ay and y(t) 2 Ay satisfy the relations

y(t) = y(θi)+
Z t

θi

Ay(s)ds+
Z t

θi

g(x(s);y(s))ds;
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and

y(t) = y(θi)+
Z t

θi

Ay(s)ds+
Z t

θi

g(x(s);y(s))ds;

respectively, and herewith the equation

y(t)� y(t) = (y(θi)� y(θi))+
Z t

θi

A(y(s)� y(s))ds

+
Z t

θi

[g(x(s);y(s))� g(x(s);y(s))]ds

+
Z t

θi

[g(x(s);y(s))� g(x(s);y(s))]ds

is achieved. Taking t = θi + τ in the last equation, we attain the inequality

ky(θi + τ)� y(θi + τ)k �





Z θ+τ

θ
[g(x(s);y(s))� g(x(s);y(s))]ds







�ky(θi)� y(θi)k�
Z θi+τ

θi

(kAk+L3)ky(s)� y(s)kds
(2.25)

Now, assume that max
t2[θi;θi+τ]

ky(t)� y(t)k � τL1ε0

2n[2+ τ(L3 +kAk)] : In this case, one arrives at a

contradiction since, by means of the inequalities (2:24) and (2:25); we have

max
t2[θi;θi+τ]

ky(t)� y(t)k � ky(θi + τ)� y(θi + τ)k

>
τL1ε0

2n
� [1+ τ(L3 +kAk)] max

t2[θi;θi+τ]
ky(t)� y(t)k

� τL1ε0

2n
� [1+ τ(L3 +kAk)] τL1ε0

2n[2+ τ(L3 +kAk)]

=
τL1ε0

2n

�
1 � 1+ τ(L3 +kAk)

2+ τ(L3 +kAk)

�

=
τL1ε0

2n[2+ τ(L3 +kAk)] :

Therefore, it is true that max
t2[θi;θi+τ]

ky(t)� y(t)k >
τL1ε0

2n[2+ τ(L3 +kAk)] :

Suppose that the real valued function ky(t)� y(t)k takes its maximum value for t 2 [θi;θi+τ ]
at a point ηi: In other words, for some ηi 2 [θi;θi + τ ] ; we have that

max
t2[θi;θi+τ]

ky(t)� y(t)k = ky(ηi)� y(ηi)k :

Making use of the integral equations

y(t) = y(ηi)+
Z t

ηi

Ay(s)ds+
Z t

ηi

g(x(s);y(s))ds;

and

y(t) = y(ηi)+
Z t

ηi

Ay(s)ds+
Z t

ηi

g(x(s);y(s))ds;
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on the time interval [θi;θi + τ ]; one can obtain that

y(t)� y(t) = (y(ηi)� y(ηi))+
Z t

ηi

A(y(s)� y(s))ds

+
Z t

ηi

[g(x(s);y(s))� g(x(s);y(s))]ds:

De�ne the numbers

∆ = min

�
τ
2
;

τL1ε0

8n(M kAk+M0)[2+ τ(L3 +kAk)]

�

and

θ 1
i =

(
ηi; if η � θi + τ=2

ηi � τ1; if ηi > θi + τ=2
:

For each t 2 [θ 1
i ;θ 1

i +∆]; we have that

ky(t)� y(t)k � ky(ηi)� y(ηi)k�
����
Z t

ηi

kAkky(s)� y(s)kds

����

�
����
Z t

ηi

kg(x(s);y(s))� g(x(s);y(s))kds

����

>
τL1ε0

2n[2+ τ(L3 +kAk)] � 2M kAkτ1 � 2M0τ1

=
τL1ε0

2n[2+ τ(L3 +kAk)] � 2τ1(M kAk+M0)

� τL1ε0

4n[2+ τ(L3 +kAk)] :

The information mentioned above is true for an arbitrarily chosen natural number i: There-

fore, for each i 2 N; the interval Ji = [θ 1
i ;θ 1

i +∆] is a subset of [θi;θi + τ ]; and hence of Ji:

Moreover, for any i 2 N; we have ky(t)� y(t)k > ε1; t 2 Ji; where ε1 =
τL1ε0

4n[2+ τ(L3 +kAk)] :

Consequently, according to De�nition 2 :3:7; the pair
�
φx(t)(t);φx(t)(t)

�
2 Ay � Ay is fre-

quently (ε1;∆)�separated.

The proof of the lemma is �nalized. �

Now, we state and prove the main theorem of the present section. In the proof, we suppose

that Gx � Ax denotes the set of periodic functions inside Ax and the set Gy � Ay; de�ned

through equation (2:21); denotes the set of periodic functions inside Ay:

Theorem 2.6.1 If the set Ax is Li-Yorke chaotic, then the same is true for the set Ay:

Proof. It can be easily veri�ed that for any natural number k; x(t) 2 Gx is a kT�periodic

function if and only if φx(t)(t) 2 Gy is kT�periodic, where Gx and Gy denote the sets of all

periodic functions inside Ax and Ay; respectively. Therefore, the set Ay admits a kT�periodic

function for any k 2 N:
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Next, suppose that the set Cx is a scrambled set inside Ax and de�ne the set

Cy =
�

φx(t)(t) j x(t) 2 Cx
	
: (2.26)

Condition (A4) implies that there is a one-to-one correspondence between the sets Cx and

Cy: Since the scrambled set Cx is uncountable, it is clear that the set Cy is also uncountable.

Moreover, using the same condition one can show that no periodic functions exist inside Cy;

since no such functions take place inside the set Cx: That is, Cy \Gy = /0:

Since each couple of functions inside Cx � Cx is proximal, Lemma 2:6:1 implies the same

feature for each couple of functions inside Cy �Cy:

Similarly, Lemma 2:6:2 implies that if each couple of functions (x(t);x(t))2 Cx �Cx (Cx �Gx)

is frequently (ε0;∆)�separated for some positive numbers ε0 and ∆, then each couple of

functions (y(t);y(t)) 2 Cy � Cy (Cy �Gy) is frequently (ε1;∆)�separated for some positive

numbers ε1 and ∆: Consequently, the set Cy is a scrambled set inside Ax; and according to

De�nition 2.3.10, Ay is Li-Yorke chaotic.

The proof of the theorem is accomplished. �

An immediate corollary of Theorem 2:6:1 is the following.

Corollary 2.6.1 If the set Ax is Li-Yorke chaotic, then the set A is chaotic in the same way.

2.7 Morphogenesis of Chaos

Two different mechanisms of chaos extension (morphogenesis) through applying replication

are considered in this study. The �rst one is illustrated schematically in Figure 2.4. The

�gure represents consecutively connected systems as boxes and the b lue arrows symbolize

unidirectional couplings between two systems. In the �rst coupling, we take into account a

generator system, the leftmost box in the �gure, which is connected with a sec ond system

considered as a replicator in the couple. In the next coupling, the second system is considered

as a generator with respect to the third one. That is, it changes its role in the extension

process. In the third coupling, the third system is considered as a generator and the forth

one as a replicator. In summary, the mechanism proceeds as follows. We take into account

consecutive unidirectionally coupled systems such that the initial one is a generator and at

each next coupling the role of the previously chaoti�ed replicator change s and we start to use

it as a generator. As a result of the mechanism all individual subsystems are chaotic as well as

the system which consists of all subsystems. Moreover, the type of the chaos is saved under

this procedure.

In Figure 2.5 we show another mechanism of chaos extension. Here, the generator is sur-

rounded by three replicators and the blue arrows symbolize, again, unidirectional couplings

between two systems. Distinctively from the former mechanism, the replicators do not change
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Figure 2.4: Morphogenesis of chaos through consecutive replications

their role with respect to each other according to the special topology of connection. The gen-

erator is coupled with all other replicators such that it is rather a core than a beginning element.

The result of the mechanism is similar to the former such that all replicators as well as the

system consisting of all subsystems become chaotic, saving the chaos type of the generator.

Figure 2.5: Morphogenesis of chaos from a prior chaos as a core

We call the two ways as the chain and the core mechanisms, respectively, and the system

which unites the generator and several replicators, of type (2:2); in either extension mecha-

nism as the result-system. Theoretically, we do not discuss constraints on the dimension of

the result-system, but under certain conditions it seems that the dimension is not restricted for

both mechanisms. However, this is de�nitely true for the core mechanism even with in�nite

dimensions. We will discuss and simulate the chain mechanism in the chapter, mainly, since

the core mechanism can be discussed very similarly. One can invent other mechanisms, for

example, by considering �composition� of the two mechanisms proposed pres ently.

Next, to exemplify the chaos extension procedure of our study, according to the chain mech-

anism shown in Figure 2.4 we set up the following 8�dimensional result-system

x0
1 = x2

x0
2 = �0:05x2 � x3

1 +7:5cos t

x0
3 = x4 + x1

x0
4 = �3x3 � 2x4 � 0:008x3

3 + x2

x0
5 = x6 + x3

x0
6 = �3x5 � 2:1x6 � 0:007x3

5 + x4

x0
7 = x8 + x5

x0
8 = �3:1x7 � 2:2x8 � 0:006x3

7 + x6:

(2.27)

We note that system (2:27) consists of four subsystems with coordinates (x1;x2); (x3;x4);
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(x5;x6) and (x7;x8) such that the subsystem (x1;x2) is exactly the generator used in system

(2:4)+(2:5); while the subsystem (x3;x4) is the replicator of (2:4)+(2:5):

According to the theoretical results of the present chapter, system (2:27) possesses a chaotic

attractor in the 8�dimensional phase space. By marking the trajectory of this system with

the initial data x1(0) = 2; x2(0) = 3; x3(0) = x5(0) = x7(0) = �1; x4(0) = x6(0) = x8(0) = 1

stroboscopically at times that are integer multiples of 2π; we obtain the PoincarØ section

inside the 8�dimensional space. In Figure 2:6; which informs us about morphogenesis, the

3�dimensional projections of the whole PoincarØ section on thex2 � x4 � x6 and x3 � x5 � x7

spaces are shown. One can see in Figure 2:6; (a) and in Figure 2:6; (b) the additional foldings

which are not possible to observe in the classical strange attractor shown in Figure 2.2, (a).

-4
-2

0
2

4
6 -4

-2
0

2

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

x 6

a

x
2

x
4

1
1.5

2
2.5 0

1
2

3

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

x 7

b

x
3

x
5

Figure 2.6: In (a) and (b) projections of the result chaotic attractor on the x2 � x4 � x6 and
x3 � x5 � x7 spaces are respectively presented. One can see in (a) and (b) the additional
foldings which are not possible to observe in the 2�dimensional picture of the prior classical
chaos shown in Figure 2:2; (a). In the same time, the shape of the original attractor is seen in
the resulting chaos. The illustrations in (a) and (b) repeat the structure of the attractor of the
generator and the similarity between these pictures is a manifestation of the morphogenesis
of chaos.

Despite we are restricted to make illustrations at most in 3�dimensional spaces, taking in-

spiration from Figure 2.2 and Figure 2.6, one can imagine that the structure of the original

Poincar ·e section in the 8�dimensional space will be similar through its fractal structure, but

more beautiful and impressive than its projections. From this point of view, we are not sur-

prised since these facts have been proved theoretically.

Next, we shall handle the problem that whether the chaos extension procedure works for all

existing systems in the mechanisms presented above, from the theoretical point of view. Since

the core mechanism does not need any additional theoretical discussions, we will consider the

chain mechanism.
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In addition to the system (2:1)+(2:2), we take into account the system

z0 = Bz+h(y(t);z); (2.28)

where h : Rn �R
l ! R

l is a continuous function in all of its arguments, the constant l � l real

valued matrix B has real parts of eigenvalues all negative and y(t) is a solution system (2.2).

It is easy to verify the existence of positive numbers eN and eω such that


eBt



 � eNe�eωt ; for

all t � 0:

In our next theoretical discussions, the system (2:28) will serve as the third system in the

chain mechanism presented by Figure 2.4, and we need the following assumptions which are

counterparts of the conditions (A4)� (A7) presented in Section 2:2:

(A8) There exists a positive number eL1 such that

kh(y1;z)� h(y2;z)k � eL1 ky1 � y2k ;

for all y1;y2 2 R
n; z 2 R

l;

(A9) There exist positive numbers eL2 and eL3 such that

kh(y1;z)� h(y2;z)k � eL2 ky1 � y2k ;

for all y1;y2 2 R
n; z 2 R

l ; and

kh(y;z1)� h(y;z2)k � eL3 kz1 � z2k ;

for all y 2 R
n; z1;z2 2 R

l ;

(A10) There exists a positive number K0 such that

sup
y2Rn;z2Rl

kh(y;z)k � K0;

(A11) eNeL3 � eω < 0:

Likewise the de�nition for the set of functions Ay; given by (2:9), let us denote by Az the set

of all bounded on R solutions of system z0 = Bz+h(y(t);z); for any y(t) 2 Ay:

In a similar way to the Lemma 2.2.1, one can show that the set

Uz =
�

z(t) j z(t) is a solution of the system z0 = Az+g(y(t);z) for some y(t) 2 Uy
	

is a basin of Az: Furthermore, a similar result of Theorem 2:4:1 introduced in Section 2:4;

hold also for the set Az:

We state in the next theorem that similar results of the Theorems 2:5:1 and 2:6:1 presented in

Sections 2:5 and 2:6; respectively, hold also for the set Az:

We note that, in the case of the presence of arbitrary �nite number of systems , which obey

conditions that are counterparts of (A4)� (A7); one can prove that a similar result of the next

theorem holds for the chain mechanism.
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Theorem 2.7.1 If the set Ax is Devaney chaotic or Li-Yorke chaotic, then the set Az is chaotic

in the same way as both Ax and Ay:

Proof. In the proof, we will show that for each z(t) 2 Az and arbitrary δ > 0; there exist

z(t) 2 Az and t0 2 R such that kz(t0)� z(t0)k < δ ; which is needed to show sensitivity of Az:

The remaining parts of the proof can be performed in a similar way to the proofs presented in

Sections 2:5 and 2:6; and therefore are omitted.

Suppose that the set Ax is sensitive. Fix an arbitrary δ > 0 and let z(t)2 Az be a given solution

of system (2:28): In this case, there exists y(t) = φx(t)(t)2 Ay; where x(t)2 Ax; such that z(t)

is the unique bounded on R solution of the system z0 = Bz+h(y(t);z):

Let us choose a number ε = ε(δ )> 0 small enough which satis�es the inequality
 

1+
eNeL2

eω � eNeL3

!�
1+

NL2

ω � NL3

�
ε < δ

and denote ε1 =

�
1+

NL2

ω � NL3

�
ε : Now, take R = R(ε) < 0 suf�ciently large in absolute

value such that both of the inequalities
2M0N

ω
e�(NL3�ω)R=2 � ε and

2 eM0eN
eω e�(eNeL3�eω)R=2 � ε1

are valid, and let δ1 = δ1(ε;R) = εeL0R: Since the set Ax is sensitive, one can �nd x(t) 2 Ax

and t0 2 R such that the inequality kx(t0)� x(t0)k < δ1 holds.

As in the case of the proof of Lemma 2:5:2; for t 2 [t0 +R; t0]; one can verify that

kx(t)� x(t)k < ε

and

ky(t)� y(t)k � NL2ε
ω � NL3

+
2M0N

ω
e(NL3�ω)(t�t0�R):

According to the last inequality, we have ky(t)� y(t)k � ε1; for t 2 [t0 +R=2; t0]:

Suppose that z(t) is the unique bounded on R solution of the system z0 = Bz+h(y(t);z): One

can see that the relations

z(t) =
Z t

�∞
eB(t�s)h(y(s);z(s))ds

and

z(t) =
Z t

�∞
eB(t�s)h(y(s);z(s))ds;

are valid. Using these equations, it can be veri�ed that

kz(t)� z(t)k �
Z t

t0+
R
2

eNe�eω(t�s) kh(y(s);z(s))� h(y(s);z(s))kds

+
Z t

t0+
R
2

eNe�eω(t�s) kh(y(s);z(s))� h(y(s);z(s))kds

+
Z t0+

R
2

�∞
eNe�eω(t�s) kh(y(s);z(s))� h(y(s);z(s))kds:
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Since ky(t)� y(t)k < ε1 for t 2 [t0 +R=2; t0]; one has

kz(t)� z(t)k � eNeL3

Z t

t0+
R
2

e�eω(t�s) kz(s)� z(s)kds

+eNeL2ε1

Z t

t0+
R
2

e�eω(t�s)ds+2 eM0eN
Z t0+

R
2

�∞
e�eω(t�s)ds

� eNeL3

Z t

t0+
R
2

e�eω(t�s) kz(s)� z(s)kds

+
eNeL2ε1

eω e�eωt(eeωt � eeω(t0+R=2))+
2 eM0eN
eω e�eω(t�t0�R=2):

Now, let us introduce the functions u(t) = eeωt kz(t)� z(t)k ; k(t) =
eNeL2ε1

eω eeωt ; and v(t) =

c+ k(t) where c =

 
2 eM0eN
eω �

eNeL2ε1

eω

!
eeω(t0+R=2):

These de�nitions imply that u(t) � v(t) +
Z t

t0+
R
2

eNeL3u(s)ds and applying Lemma 2:2 [34]

leads to

u(t) � v(t)+ eNeL3

Z t

t0+
R
2

e
eNeL3(t�s)h(s)ds:

Therefore, for t 2 [t0 +R=2; t0] we have

u(t) � c+ k(t)+ c
�

e
eNeL3(t�t0�R=2) � 1

�
+

N2eL2eL3ε1

eω e
eNeL3t

Z t

t0+
R
2

e(eω�eNeL3)sds

=
eNeL2ε1

eω eeωt +

 
2 eM0N
eω �

eNeL2ε1

eω

!
eeωT e

eNeL3(t�t0�R=2)

+
eN2eL2eL3ε1

eω(eω � eNeL3)
eeωt
h
1 � e(

eNeL3�eω)(t�t0�R=2)
i
;

and hence

kz(t)� z(t)k �
eNeL2ε1

eω � eNeL3

h
1 � e(

eNeL3�eω)(t�t0�R=2)
i
+

2 eM0N
eω e(

eNeL3�eω)(t�t0�R=2):

Consequently, the inequality

kz(t0)� z(t0)k �
eNeL2ε1

eω � eNeL3
+

2 eM0eN
eω e(eω�eNeL3)R=2

<

 
1+

eNeL2

eω � eNeL3

!
ε1

< δ

is valid.

The theorem is proved. �
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2.8 Replication of Period-Doubling Cascade

We start this section by describing the chaos through period-doubling cascade [21, 92, 187]

for the set of functions Ax; and deal with its replication by the set of functions Ay; which is

de�ned by equation (2:9):

Suppose that there exists a function G : R�R
m �R ! R

m which is continuous in all of its

arguments such that F(t;x) = G(t;x;µ∞) for some �nite number µ∞; which will be explained

below.

To discuss chaos through period-doubling cascade, let us consider the system

x0 = G(t;x;µ); (2.29)

where µ is a parameter.

We say that the set Ax is chaotic through period-doubling cascade if there exist a natural

number k and a sequence of period-doubling bifurcation values fµmg ; µm ! µ∞ as m ! ∞;

such that for each m 2 N as the parameter µ increases (or decreases) through µm; system

(2:29) undergoes a period-doubling bifurcation and a periodic solution with period k2mT

appears. As a consequence, at µ = µ∞; there exist in�nitely many unstable periodic solutions

of system (2:29); and hence of system (2:1); all lying in a bounded region. In this case, the

set Ax admits periodic functions of periods kT;2kT;4kT;8kT; � � � :

Now, making use of the equation (2.8), one can show that for any natural number p; if

x(t) 2 Ax is a pT�periodic function then φx(t)(t) 2 Ay is also pT�periodic. Moreover, con-

dition (A4) implies that the converse is also true. Consequently, if the set Ax admits periodic

functions of periods kT;2kT;4kT;8kT; � � � ; then the same is valid for Ay; with no additional

periodic functions of any other period. Furthermore, the technique indicated in the proof

of Lemma 2.5.2 can be used to show that these periodic solutions are all unstable and this

provides us an opportunity to state the following theorem.

Theorem 2.8.1 If the set Ax is chaotic through period-doubling cascade, then the same is

true for Ay:

The following corollary of Theorem 2:8:1 states that the result-system (2:1)+(2:2) is chaotic

through the period-doubling cascade, provided the system (2:1) is.

Corollary 2.8.1 If the set Ax is chaotic through period-doubling cascade, then the same is

true for A :

Our theoretical results show that the replicator system (2.2), likewise the generator coun-

terpart, undergoes period-doubling bifurcations as the parameter µ increases or decreases
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through the values µm; m 2 N: That is, the sequence fµmg of bifurcation parameters is exactly

the same for both generator and replicator systems. In this case, if the generator system obeys

the Feigenbaum universality [74, 198, 218, 243] then one can conclude that the same is true

also for the replicator. In other words, when limm!∞
µm�µm+1

µm+1�µm+2
is evaluated, the universal con-

stant known as the Feigenbaum number 4:6692016 : : : is achieved and this universal number

is the same for both generator and replicator.

It is worth saying that the results about replication of period-doubling cascade as well as the

Feigenbaum’s universal behavior, which can be perceived as another aspect of morphogenesis

of chaos, are true also for chaos extension mechanisms shown in Figure 2.4 and Figure 2.5.

In our next example, using the chain mechanism, we will illustrate through simulations the

morphogenesis of period-doubling cascade.

In paper [189], it is indicated that the Duf�ng’s equation

x00 +0:3x0 + x3 = µ cos t (2.30)

admits the chaos through period-doubling cascade at the parameter value µ = µ∞ � 40. De�n-

ing the new variables x1 = x and x2 = x0; equation (2:30) can be rewritten as a system in the

following form

x0
1 = x2

x0
2 = �0:3x2 � x3

1 +µ cos t:
(2.31)

Making use of system (2:31) as the generator, let us constitute the 8�dimensional result-

system

x0
1 = x2

x0
2 = �0:3x2 � x3

1 +µ cos t

x0
3 = 2x3 � x4 +0:4tan((x1 + x3)=10)

x0
4 = 17x3 � 6x4 + x2

x0
5 = �2x5 +0:5sinx6 � 4x4

x0
6 = �x5 � 4x6 � tan(x3=2)

x0
7 = 2x7 +5x8 � 0:0003(x7 � x8)

3 � 1:5x6

x0
8 = �5x7 � 8x8 +4x5:

(2.32)

System (2.32) is designed according to the chain mechanism indicated in Figure 2.4. In

the coupling between the subsystems with coordinates (x1;x2) and (x3;x4) the former is the

generator and the latter is the replicator. In the second coupling between the subsystems

with coordinates (x3;x4) and (x5;x6); this time the former is used as the generator although it

was the replicator in the previous coupling. The �nal coupling between the s ubsystems with

coordinates (x5;x6) and (x7;x8) is constructed in a similar way. In this exempli�cation we will

refer to subsystems with coordinates (x1;x2); (x3;x4); (x5;x6) and (x7;x8) as the �rst, second,

third and the fourth subsystems, respectively.

According to our theoretical discussions, the result-system (2:32) with the parameter value

µ = µ∞ � 40 admits a chaotic attractor in the 8�dimensional phase space, which is obtained

52






































































































































































